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Foreword

I was in the United Kingdom at the University of Wales, Swansea, during the
period 1979–1982 as a 1979 Nehru Scholar under the auspices of the Jawaharlal
Nehru Memorial (U.K.) Trust. An International Conference on Numerical Methods
for Coupled Problems was organised there in the month of September 1981 to
felicitate Prof. O.C. Zienkiewicz on his 60th birthday. Almost all the big names in
the area of finite elements including Profs. R.W. Clough, J.H. Argyris, R.L. Taylor,
R.H. Gallagher, J.T. Oden and T.J.R. Hughes in addition to many others were
present at this meeting. An idea of formation of an International Association for
Computational Mechanics (IACM) was mooted by Prof. Gallagher through circu-
lation of a half-page write-up. I was struck by the simplicity of this whole operation.
Their idea was to hold together all those involved in the theory and practice of finite
element and other numerical methods under one umbrella. It took some time for
them to organise the First International Conference on Computational Mechanics at
the University of Texas, Austin, in 1987. I started thinking about such a group in
our country. And the purest motive behind this was to strengthen good and credible
research within the country. Research in engineering was a new phenomenon in the
country. It started slowly from the Indian Institute of Science (IISc) at Bangalore
and was later strengthened by the inception of the Indian Institutes of Technology
(IITs). The IITs could not make much progress in the beginning since most of the
faculty were involved in the physical development of the institutes and, most
importantly, the faculty themselves did not have much idea about research. Good
research can be produced only in a conducive environment. I took the initiative to
organise a very successful scientific meeting, the International Conference on Finite
Elements in Computational Mechanics (FEICOM) in Bombay in December 1985,
where I tried to gather a sizable number of experts from around the world. The idea
for the formation of the Indian Association for Computational Mechanics (In-
dACM) germinated from this meeting and it could be officially formed only on 1st
January 2000. The idea was always to bring together like-minded people on a
common platform so that they could discuss their problems critically.

The first Structural Engineering Convention (SEC) was successfully held at the
Indian Institute of Technology Madras (IITM) in 1997. There was overwhelming
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response from researchers both from within and outside the country. A few well-
wishers and fellow structural engineering faculty and scientists approached me to
hold the second SEC. The second SEC2000 was organised at IIT Bombay during
5–8 January 2000. It was also a very successful meeting and most of the active
leaders in the structures’ area graced the occasion. It was here that people felt the
need for an organisation that could take forward the cause of structural engineering
research in the country through the SEC movement. The Indian Association for
Structural Engineering (IASE) was founded on the last day of SEC2000, that is, 8th
January 2000 with its headquarters at IIT Bombay. It was felt by all those present at
the meeting to organise international conferences, named SEC, biennially under the
auspices of IASE. Thus, SEC2001, SEC2003, SEC2005, SEC2008, SEC2010 and
SEC2012 were successfully held at IIT Roorkee, IIT Kharagpur, IISc Bangalore,
SERC Madras, Annamalai University and SVNIT Surat, respectively. What is
significant at these meetings is that most of the young researchers from premier
institutions, like IISc, IITs and NITs, participate in large numbers. They present
their research results, which after incorporation of comments from fellow
researchers present at the meeting finally get published in reputed journals through
a credible peer-review process. The organisers do keep a balance between research
and practice. It is common in SEC meetings to invite leading practitioners from the
real world to present their success stories for the benefit of all the participants.

The 9th SEC2014, organised by the Department of Civil Engineering at IIT
Delhi during 22–24 December 2014 has received overwhelming response from all
around the globe. I am deeply indebted to both Drs. A.K. Jain and Vasant Matsagar,
Chair and Secretary of the convention, who willingly agreed to take on themselves
the onerous task of organising this meeting. I am fully aware that organising an
international scientific event of this magnitude requires huge efforts. I am sure that
SEC2014 will be an event worth remembering by all those who participate in it.

I convey my greetings to all the contributors and trust that SEC2014 will be a
great success.

Prof. Tarun Kant
Institute Chair Professor

Department of Civil Engineering
Indian Institute of Technology (IIT) Bombay

Powai, Mumbai, India

President
Indian Association for Structural Engineering (IASE)
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Preface

I am delighted that the Department of Civil Engineering, Indian Institute of
Technology (IIT) Delhi has hosted the eagerly awaited and much coveted 9th
Structural Engineering Convention (SEC2014). The biennial convention has
attracted a diverse range of civil and structural engineering practitioners, acade-
micians, scholars and industry delegates, with the reception of abstracts including
more than 1,500 authors from different parts of the world. This event is an
exceptional platform that brings together a wide spectrum of structural engineering
topics such as advanced structural materials, blast resistant design of structures,
computational solid mechanics, concrete materials and structures, earthquake
engineering, fire engineering, random vibrations, smart materials and structures,
soil-structure interaction, steel structures, structural dynamics, structural health
monitoring, structural stability, wind engineering, to name a few. More than 350
full-length papers have been received, among which a majority of the contributions
are focused on theoretical and computer simulation-based research, whereas a few
contributions are based on laboratory-scale experiments. Amongst these manu-
scripts, 205 papers have been included in the Springer proceedings after a thorough
three-stage review and editing process. All the manuscripts submitted to the
SEC2014 were peer-reviewed by at least three independent reviewers, who were
provided with a detailed review proforma. The comments from the reviewers were
communicated to the authors, who incorporated the suggestions in their revised
manuscripts. The recommendations from three reviewers were taken into consid-
eration while selecting a manuscript for inclusion in the proceedings. The
exhaustiveness of the review process is evident, given the large number of articles
received addressing a wide range of research areas. The stringent review process
ensured that each published manuscript met the rigorous academic and scientific
standards. It is an exalting experience to finally see these elite contributions
materialise into three book volumes as SEC2014 proceedings by Springer entitled
“Advances in Structural Engineering”. The articles are organised into three volumes
in some broad categories covering subject matters on mechanics, dynamics and
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materials, although given the diverse areas of research reported it might not have
been always possible.

SEC2014 has ten plenary speakers, who are eminent researchers in structural
engineering, from different parts of the world. In addition to the plenary sessions on
each day of the convention, six concurrent technical sessions are held every day to
assure the oral presentation of around 350 accepted papers. Keynote speakers and
session chairmen for each of the concurrent sessions have been leading researchers
from the thematic area of the session. The delegates are provided with a book of
extended abstracts to quickly browse through the contents, participate in the pre-
sentations and provide access to a broad audience of educators.

A technical exhibition is held during all the 3 days of the convention, which has
put on display the latest construction technologies, equipment for experimental
investigations, etc. Interest has been shown by several companies to participate in
the exhibition and contribute towards displaying state-of-the-art technologies in
structural engineering. Moreover, a pre-convention international workshop organ-
ised on “Emerging Trends in Earthquake Engineering and Structural Dynamics” for
2 days has received an overwhelming response from a large number of delegates.

An international conference of such magnitude and release of the SEC2014
proceedings by Springer has been the remarkable outcome of the untiring efforts
of the entire organising team. The success of an event undoubtedly involves the
painstaking efforts of several contributors at different stages, dictated by their
devotion and sincerity. Fortunately, since the beginning of its journey, SEC2014
has received support and contributions from every corner. I thank them all who
have wished the best for SEC2014 and contributed by any means towards its
success. The edited proceedings volumes by Springer would not have been possible
without the perseverance of all the committee members.

All the contributing authors owe thanks from the organisers of SEC2014 for
their interest and exceptional articles. I also thank the authors of the papers for
adhering to the time schedule and for incorporating the review comments. I wish to
extend my heartfelt acknowledgment to the authors, peer-reviewers, committee
members and production staff whose diligent work put shape to the SEC2014
proceedings. I especially thank our dedicated team of peer-reviewers who volun-
teered for the arduous and tedious step of quality checking and critique on the
submitted manuscripts. I am grateful to Prof. Tarun Kant, Prof. T.K. Datta and
Dr. G.S. Benipal for penning the forewords for the three volumes of the conference
proceedings. I wish to thank my faculty colleagues at the Department of Civil
Engineering, Indian Institute of Technology (IIT) Delhi, and my Ph.D. Research
Scholars for extending their enormous assistance during the reviewing and editing
process of the conference proceedings. The time spent by all of them and the
midnight oil burnt is greatly appreciated, for which I will ever remain indebted. The
administrative and support staff of the department has always been extending their
services whenever needed, for which I remain thankful to them. Computational
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laboratory staff of the department had handled the online paper submission and
review processes, which hardly had any glitch therein; thanks to their meticulous
efforts.

Lastly, I would like to thank Springer for accepting our proposal for publishing
the SEC2014 conference proceedings. Help received from Mr. Aninda Bose, the
acquisition editor, in the process has been very useful.

Vasant Matsagar
Organising Secretary, SEC2014
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About Structural Engineering
Convention (SEC) 2014

The ninth structural engineering convention (SEC) 2014 is organised at Indian
Institute of Technology (IIT) Delhi, for the first time in the capital city of India,
Delhi. It is organised by the Department of Civil Engineering during Monday, 22nd
December 2014 to Wednesday, 24th December 2014. The main aim towards
organising SEC2014 has been to facilitate congregation of structural engineers of
diverse expertise and interests at one place to discuss the latest advances made in
structural engineering and allied disciplines. Further, a technical exhibition is held
during all the 3 days of the convention, which facilitates the construction industry to
exhibit state-of-the-art technologies and interact with researchers on contemporary
innovations made in the field.

The convention was first organised in 1997 with the pioneering efforts of the
CSIR-Structural Engineering Research Centre (CSIR-SERC), Council of Scientific
and Industrial Research, Chennai and Indian Institute of Technology (IIT) Madras.
It is a biennial event that attracts structural engineers from India and abroad, from
both academia and industry. The convention, as much as it did in its history,
is contributing to scientific developments in the field of structural engineering in a
global sense. Over the years, SEC has evolved to be truly international with suc-
cessive efforts from other premier institutes and organisations towards the devel-
opment of this convention.

Apart from the 3 days of the convention, an international workshop is also
organised on “Emerging Trends in Earthquake Engineering and Structural
Dynamics” during Saturday, 20th December 2014 to Sunday, 21st December 2014.
Eleven experts in the areas of earthquake engineering and structural dynamics
delivered keynote lectures during the pre-convention workshop. The convention
includes scholarly talks delivered by the delegates from academia and industry,
cultural programmes presented by world-renowned artists, and visits to important
sites around the historical National Capital Region (NCR) of Delhi.
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On Accurate Analyses of Rectangular
Plates Made of Functionally Graded
Materials

D.K. Jha, Tarun Kant and R.K. Singh

Abstract Functionally graded materials (FGMs) are recently developed advanced
composite materials and are being widely used in various innovative engineering
appliances. In recent years FGMs are gaining considerable importance and finding
wide applications in high temperature environments, such as, fusion-based nuclear
reactors, chemical plants, aerospace structural applications, etc. A mixture of
ceramic and metal or, a combination of different materials is used to make FGMs.
New methodologies need to be developed for engineering characterization of FGMs
with their increase in applications in various fields, and also to analyse and design
structural components, viz., beams, plates and shells made of these advanced
materials with reasonably high accuracy and computational efforts. In view of
above, an accurate higher order shear and normal deformation plate theory is
employed for stress and free vibration analyses of functionally graded (FG) elastic,
rectangular, and simply supported (diaphragm) plates in the present study. The
theoretical model is based on Taylor’s series expansion of in-plane and transverse
displacements in thickness coordinate defining the plate deformations. FGMs are
idealized as continua with mechanical properties changing smoothly with respect to
spatial coordinates. The material properties of FG plates are assumed to be varying
through thickness of plate in a continuous manner. Poisson’s ratios of FG plates are
assumed constant, but their Young’s moduli and densities vary continuously in
thickness direction according to the volume fraction of constituents which is
modelled here as exponential and power law functions. The effect of variation of
material properties in terms of its gradation index on deformations, stresses and
natural frequency of FG plates are studied.
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Keywords Functionally graded plates � Stress analysis � Free vibration � Natural
frequency

1 Introduction

To improve the properties of thermal-barrier systems, functionally graded materials
(FGMs) consisting of metallic and ceramic components are preferred because
cracking or de-lamination, which are often observed in conventional multi-layer
systems are avoided due to the smooth transition between the properties of the
components. The analysis of FGMs has been considered by many researchers due
to the increase of the applications of such materials. The concepts of FGMs were
proposed by the Japanese scientists [1] in early nineties. Suresh and Mortensen [2]
provided an excellent introduction to the fundamentals of FGMs. Intensive studies
have been done to analyze the mechanical, thermal and dynamic responses of
functionally graded (FG) beams, plates and shells. A broad review of recent
research works on FG structures can be found in Jha et al. [3]. In the present study,
a higher order shear and normal deformation plate theory is applied for stress and
free vibration of FG elastic, rectangular, and simply supported (diaphragm) plates.
The material properties of FG plates are assumed to vary through the thickness of
plate in a continuous manner. Young’s moduli and material density vary continu-
ously in the thickness direction according to the volume fraction of constituents
which are mathematically modelled as an exponential function or power law
function. The effect of variation of material properties in terms of gradation index
on deformations and natural frequency of FG plates are studied.

2 Theoretical Formulation

A linearly-elastic square/rectangular simply supported (diaphragm) FG plate of
uniform thickness h is considered as shown in Fig. 1.

2.1 Displacement Field

A linearly-elastic rectangular simply supported (diaphragm) FG plate of uniform
thickness h subjected to lateral load as shown in Fig. 1 is considered. The dis-
placement model assumed here as theoretical basis is based on higher-order theories
[4] designated as HOSNT11 with eleven middle surface parameters giving rise to
non-vanishing transverse normal strain term varying linearly through thickness and
realistic parabolic distribution of transverse shear strains through plate thickness.
HOSNT11 is represented as:

4 D.K. Jha et al.



uðx; y; zÞ ¼ uoðx; yÞ þ zhxðx; yÞ þ z2u�oðx; yÞ þ z3h�xðx; yÞ
vðx; y; zÞ ¼ voðx; yÞ þ zhyðx; yÞ þ z2v�oðx; yÞ þ z3h�yðx; yÞ
wðx; y; zÞ ¼ woðx; yÞ þ zhzðx; yÞ þ z2w�

oðx; yÞ
ð1Þ

2.2 Governing Equations

For deriving the equilibrium equations for stress analysis using the defined dis-
placement model, the Principle of Minimum Potential Energy (PMPE) is opted due
to its simplicity and also because its application gives simultaneously the natural
boundary conditions that are to be used along with theory. The general linear strain-
displacement relations at any point within a plate are considered. The constitutive
relations for an orthotropic FG plate in a 3D state of stress/strain are considered. On
the other hand, employing Hamilton’s principle with HOSNT11 model explained in
Eq. (1) yields the complete set of the equations of motion for free vibration. The
system of equations comprising of equilibrium equations, stress resultant-dis-
placement relations along with consistent boundary conditions constitutes the
complete set of governing equations and also constitute a completely defined and
properly-posed boundary value problem (BVP). It can be shown through algebraic

Fig. 1 Geometry of FG plate with positive set of reference axes and its displacement components
(for “HOSNT11” model)
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manipulation that these equations will ultimately give rise to a twenty-second order
partial differential equation (PDE) system in terms of eleven middle surface dis-
placement quantities.

2.2.1 Equations of Equilibrium

Following equations of equilibrium and the consistent boundary conditions are
obtained for stress analysis of FG plates using HOSNT11 as described in Eq. (1):

duo :
@Nx

@x
þ @Nxy

@y
¼ 0

dvo :
@Ny

@y
þ @Nxy

@x
¼ 0

dwo :
@Qx

@x
þ @Qy

@y
þ pzþ ¼ 0

dhx :
@Mx

@x
þ @Mxy

@y
� Qx ¼ 0

dhy :
@My

@y
þ @Mxy

@x
� Qy ¼ 0

dhz :
@Sx
@x

þ @Sy
@y

� Nz þ h
2
ðpzþÞ ¼ 0

du�o :
@N�

x

@x
þ @N�

xy

@y
� 2Sx ¼ 0

dv�o :
@N�

y

@y
þ @N�

xy

@x
� 2Sy ¼ 0

dw�
o :

@Q�
x

@x
þ @Q�

y

@y
� 2M�

z þ
h2

4
ðpzþÞ ¼ 0

dh�x :
@M�

x

@x
þ @M�

xy

@y
� 3Q�

x ¼ 0

dh�y :
@M�

y

@y
þ @M�

xy

@x
� 3Q�

y ¼ 0

ð2Þ

Here, Nx, Ny, Nxy, Nz, Mx, My, Mxy, Qx, Qy, Sx, Sy,
N�
x ;N

�
y ;N

�
xy;M

�
x ;M

�
y ;M

�
xy;M

�
z ;Q

�
x ;Q

�
y represent ‘stress resultants’, which are actu-

ally the ‘stresses’ defined in terms of equivalent forces per unit length (axial force,
shear, or bending moment imposed) acting on the middle surface of FG plate.
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The boundary conditions are as follows:
On the edge x = constant,

uo ¼ �uo or, Nx ¼ �Nx vo ¼ �vo or, Nxy ¼ �Nxy wo ¼ �wo or, Qx ¼ �Qx

hx ¼ �hx or, Mx ¼ �Mx hy ¼ �hy or, Mxy ¼ �Mxy hz ¼ �hz or, Sx ¼ �Sx
u�o ¼ �u�o or, N�

x ¼ �N�
x v�o ¼ �v�o or, N�

xy ¼ �N�
xy w�

o ¼ �w�
o or, Q�

x ¼ �Q�
x

h�x ¼ �h�x or, M�
x ¼ �M�

x h�y ¼ �h�y or, M�
xy ¼ �M�

xy

ð3aÞ

On the edge y = constant,

uo ¼ �uo or, Nxy ¼ �Nxy vo ¼ �vo or, Ny ¼ �Ny wo ¼ �wo or, Qy ¼ �Qy

hx ¼ �hx or, Mxy ¼ �Mxy hy ¼ �hy or, My ¼ �My hz ¼ �hz or, Sy ¼ �Sy
u�o ¼ �u�o or, N�

xy ¼ �N�
xy v�o ¼ �v�o or, N�

y ¼ �N�
y w�

o ¼ �w�
o or, Q�

y ¼ �Q�
y

h�x ¼ �h�x or, M�
xy ¼ �M�

xy h�y ¼ �h�y or, M�
y ¼ �M�

y

ð3bÞ

2.2.2 Equations of Motion

Following equations of motion along with consistent boundary conditions are
obtained for free vibration of FG plates employing the model HOSNT11 described
in Eq. (1):

duo :
@Nx

@x
þ @Nxy

@y
¼ i1€uo þ i2€hx þ i3€u

�
o þ i4€h

�
x

dvo :
@Ny

@y
þ @Nxy

@x
¼ i1€vo þ i2€hy þ i3€v

�
o þ i4€h

�
y

dwo :
@Qx

@x
þ @Qy

@y
¼ i1€wo þ i2€hz þ i3€w�

o

dhx :
@Mx

@x
þ @Mxy

@y
� Qx ¼ i2€uo þ i3€hx þ i4€u

�
o þ i5€h

�
x

dhy :
@My

@y
þ @Mxy

@x
� Qy ¼ i2€vo þ i3€hy þ i4€v

�
o þ i5€h

�
y

dhz :
@Sx
@x

þ @Sy
@y

� Nz ¼ i2€wo þ i3€hz þ i4€w
�
o

du�o :
@N�

x

@x
þ @N�

xy

@y
� 2Sx ¼ i3€uo þ i4€hx þ i5€u

�
o þ i6€h

�
x

dv�o :
@N�

y

@y
þ @N�

xy

@x
� 2Sy ¼ i3€vo þ i4€hy þ i5€v

�
o þ i6€h

�
y

dw�
o :

@Q�
x

@x
þ @Q�

y

@y
� 2M�

z ¼ i3€wo þ i4€hz þ i5€w
�
o

dh�x :
@M�

x

@x
þ @M�

xy

@y
� 3Q�

x ¼ i4€uo þ i5€hx þ i6€u
�
o þ i7€h

�
x

dh�y :
@M�

y

@y
þ @M�

xy

@x
� 3Q�

y ¼ i4€vo þ i5€hy þ i6€v
�
o þ i7€h

�
y

ð4Þ
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Here, superposed dot on displacement quantities denotes its differentiation with
respect to time. The inertia terms i1; i2; i3; i4; i5; i6; i7 in Eq. (4) are defined in terms
material density (ρ) as;

i1; i2; i3; i4; i5; i6; i7 ¼
Zh=2

�h=2

qðzÞ 1; z; z2; z3; z4; z5; z6
� �

dz ð5Þ

The boundary conditions on the edge x = constant and on the edge y = constant
are the same as described in Eqs. (3a) and (3b) respectively.

3 Numerical Studies

Navier solution technique is employed using the generalized displacement field
which can be assumed as Fourier series [5]. The standard steps are followed by
collecting the coefficients of the eleven displacement degrees of freedom in an
(11 × 11) system of simultaneous equations. Stress analysis and free vibration
studies are carried out of simply supported (diaphragm), FG plates using present
formulation and the solutions are validated with exact elasticity solutions and other
model’ solutions available in literature.

3.1 Stress Analysis of Simply Supported (Diaphragm) FG
Square

A sinusoidally loaded, simply supported (diaphragm), FG square plate of side-
length a = 1 m and thicknesses-to-width ratio h/a = 0.1 with material properties
given in Table 1 is considered [6].

Sinusoidal static load is considered as q x; yð Þ ¼ �q0 sin px=að Þ sin py=að Þ. The
normalized load is chosen as q0 ¼ 10�3Co

33, where Co
33 ¼ Eb 1� tð Þ= 1þ tð Þ½

1� 2tð Þ�. The analytical solution based on 3D elasticity theory for graded material

Table 1 Deflections material properties of FG plate (exponential model)

Mathematical modeling of FGM Material property E (GPa) υ

Cz
ij = Co

ij e
λ (z+h/2); λ = ln(Et/Eb)

Co
ij indicates material coefficients

on the bottom surface

At top (z = +h/2) 70 0.3

At bottom (z = −h/2) 151 0.3

8 D.K. Jha et al.



plate is presented at the point (a/4, a/4, −h/4) by [6] using RBF interpolation. These
parameters are presented at the same point usingHOSNT11model and comparedwith
solutions in [6] and also with exact 3D elasticity solutions by Zhang and Zhong [7].
The comparisons are presented in Table 2. These parameters are plotted along the
thickness of the FG plate in Figs. 2 and 3. Transverse loading term is taken as
pzþmn ¼ q0=mn, and m, n = 1. The results obtained using present model is in close
agreement with the exact solutions [7] and also to Wen et al. [6] with highest number
of collocation points. It can be seen here that the neutral surface of the FG plate does
not coincide with the middle surface (z = 0) of the plate and it is found to be at
z = −0.065h.

Table 2 Deflections and stresses in a sinusoidally loaded FG isotropic square plate

Theory Point
(x, y, z)

Non-dimensional displacements and stresses

u/a
(×10−3)

w/h
(×10−1)

rx=C0
33

(×10−3)
sxz=C0

33

(×10−3)
sxy=C0

33

(×10−3)

Exact [7] (a/4, a/4, −h/4) −1.6281 −2.9077 4.4392 −1.0124 −2.4118

RBF 3D
elasticity [6]

(a/4, a/4, −h/4) −1.6282 −2.9077 4.4397 −1.0124 −2.4118

(% error) (0.006) (0.000) (0.011) (0.000) (0.000)

Present
(HOSNT11)

(a/4, a/4, −h/4) −1.6279 −2.9072 4.4163 −1.0402 −2.4114

(% error) (−0.012) (−0.017) (−0.516) (2.746) (−0.017)

-0.5

-0.25

0 

0.25

0.5

-0.006 -0.003 0 0.003 0.006

z/
h

u(a/4,b/4,z)

-0.5

-0.25

0 

0.25

0.5

-0.3 -0.275 -0.25

z/
h

w(a/4,b/4,z)

(a) (b)

Present solution Exact solution

Fig. 2 Variation of non-dimensional displacements of simply supported (diaphragm) FG plate
along thickness: a in-plane displacement, b transverse displacement
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3.2 Free Vibration Analysis of Simply Supported
(Diaphragm) FG Square Plate

Free vibration analysis of rectangular FG plate with Zirconia as upper-surface
ceramic and aluminum as lower-surface metal is carried out using HOSNT11
model. The material properties [8] used for the numerical works is given in Table 3.

The non-dimensional frequencies (~xmn) of rectangular FG plates using HOS-
NT11 is presented in Table 4 along with second order shear deformation theory
(SSDT) solutions published in Shahrjerdi et al. [8]. The influence of constituents
volume fraction on the natural frequencies of FG plate is studied by varying the
value of material gradient index, k. As can be seen from the presented results, the
natural frequencies decreased with increasing the value of power index, k for the
same mode. For the same value of k, natural frequency increases for the higher
modes.

As can be seen, the frequency decreases significantly with the increase of k. It is
basically due to the fact that the Young’s modulus of ceramic is higher than metal.
The variation of same parameter with aspect ratios b/a of FG plates using HOS-
NT11 is plotted in Fig. 4.

-0.5

-0.25

0 

0.25

0.5

-0.010 0.000 0.010 0.020

z/
h

x τ τσ (a/4,b/4,z)

-0.5

-0.25

0 

0.25

0.5

-0.01 -0.005 0 0.005

z/
h

xy(a/4,/4,z)

-0.5

-0.25

0 

0.25

0.5

-0.002 -0.001

z/
h

yz (a/4,/4,z)

(a) (b) (c)

Present solution Exact solution

Fig. 3 Variation of non-dimensional stresses of simply supported (diaphragm) FG plate along
thickness: a bending stress, b in-plane shear stress, c transverse shear stress

Table 3 Material properties of FG plate (Power law model)

Mathematical modeling of FGM Material
property

E (GPa) ρ (kg/m3) υ

EðzÞ ¼ EcVc þ EmVm ¼ Em þ ðEc � EmÞðzh þ 1
2Þk

qðzÞ ¼ qcVc þ qmVm ¼ qm þ ðqc � qmÞðzh þ 1
2Þk

At top
(z = +h/2)
Ceramic
(ZrO2)

211 4,500 0.33

At bottom
(z = −h/2)
Metal (Al)

68.9 2,700 0.33

10 D.K. Jha et al.
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4 Concluding Remarks

For all cases studied here, the computed parameters are found to be close to the
exact analytical solutions. These numerical solutions with high accuracy can be
used as benchmarks to assess any other analytical/computational model for FG
plates. The results show that the natural frequencies decrease significantly with
increasing material gradient index. It can be observed by the presented results that
the gradation of the constitutive components is an important parameter for free
vibration analysis of FG plates. Although the presented formulation for FGM using
HOSNT11 involves large computations compared to FOST and CPT, the obtained
numerical results are very accurate when compared to the 3D elasticity solutions
especially for thick FG plates.

References

1. Koizumi M (1997) FGM activities in Japan. Compos B 28:1–4
2. Suresh S, Mortensen A (1998) Fundamentals of functionally graded materials, 1st edn. IOM

Communications, London
3. Jha DK, Kant T, Singh RK (2013) A critical review of recent research on functionally graded

plates. Compos Struct 96:833–849
4. Kant T (1982) Numerical analysis of thick plates. Comp Meth App Mech Eng 31:1–18
5. Reddy JN (1997) Mechanics of laminated composite plates, theory and analysis, 1st edn. CRC

Press, New York

2 

3 

4 

5 

6 

1 1.5 2 2.5 3 

m
n

(m
=n

=1
)

aspect ratio (b/a) 

a/h=2 

a/h=5

a/h=10

a/h=50

2 

3 

4 

5 

6 

1 1.5 2 2.5 3 

m
n
(m

=n
=1

)

k=0

k=0.2

k=0.5

k=1

k=10

aspect ratio (b/a) 

(a) (b)

Fig. 4 ~xmnðm ¼ n ¼ 1Þ of simply supported (diaphragm) FG plates as a function of aspect ratio
(b/a). a For different a/h with k = 0.2. b For different k with a/h = 10

12 D.K. Jha et al.



6. Wen PH, Sladek J, Sladek V (2011) Three-dimensional analysis of functionally graded plates.
Int J Numer Meth Eng 87(10):923–942

7. Zhang C, Zhong Z (2007) Three-dimensional analysis of a simply supported functionally
graded plate based on Haar wavelet method. Acta Mech Solida Sin 28(3):217–223

8. Shahrjerdi A, Mustapha F, Bayat M, Sapuan SM, Zahari R, Shahzamanian MM (2011) Natural
frequency of FG rectangular plate by shear deformation theory. IOP Conf Ser Mater Sci Eng
17:1–6

On Accurate Analyses of Rectangular Plates … 13



Static and Free Vibration Analysis
of Functionally Graded Skew Plates Using
a Four Node Quadrilateral Element

S.D. Kulkarni, C.J. Trivedi and R.G. Ishi

Abstract In this work, analysis of functionally graded skew plates with different
boundary conditions is performed using Modified Improved Discrete Kirchhoff
Quadrilateral (MIDKQ) element. The element has seven degrees-of-freedom
namely, three displacements, two rotations and two shear strains per node. The plate
considered in the study has isotropic, two-constituent material distribution through
the thickness. The modulus of elasticity is assumed to vary according to a power-
law distribution in terms of the volume fractions of the constituents. Poisson’s ratio
is assumed to be constant. The finite element results for various values of the
power-law index for non-dimensionalized deflection, stresses and natural fre-
quencies for functionally graded skew plates with different boundary conditions
obtained using IDKQ element are compared with the available results in literature
and with the results obtained using 20 node solid element of ABAQUS. It is
observed that the performance of the MIDKQ element is quite satisfactory for this
case also.

Keywords Skew � Discrete � Kirchhoff theory � Finite element � Quadrilateral

1 Introduction

In recent years, functionally graded materials (FGMs) have gained considerable
attention in many engineering applications. FGMs are new materials, microscopi-
cally inhomogeneous, in which the mechanical properties vary smoothly and
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continuously from one surface to the other. Many researchers have investigated the
static and dynamic behavior of functionally graded plates (FGP) using analytical as
well as finite element models based on different plate theories. Zenkour [1] pre-
sented generalized shear deformation theory for bending analysis of functionally
graded plates. Reddy [2] presented the non-linear static analysis of FGP using third
order shear deformation theory which does not require shear correction factor. The
same theory was used Kulkarni [3] for the static analysis of FGP wherein he used
the improved discrete Kirchhoff element by modeling the plate as a layered plate.
But as it is difficult to decide the exact number of layers this approach is not suitable
for all the cases. In this work instead of modeling the plate as a layered plate actual
variation of material properties is considered by developing MIDKQ, which has the
same number of degrees-of-freedom (DOF) as that of Improved Discrete Kirchhoff
Quadrilateral (IDKQ). Using MIDKQ, functionally graded skew plates with various
boundary conditions are analyzed for static and free vibration analysis. It is
assumed that plate has isotropic, two constituent material distribution through the
thickness. The modulus of elasticity is assumed to vary as per power law distri-
bution in terms of volume fraction of constituents. The Poisson’s ratio is assumed to
be constant. The finite element results for deflection, stresses and natural fre-
quencies for various values of power law index and skew angles are compared with
available results in literature as well as with 3D finite element results of ABAQUS
using twenty node solid elements. It is observed that the performance of the
MIDKQ element is quite satisfactory for both static and free vibration analysis.

2 Displacements Field Approximation for Reddy’s
Third Order Shear Deformation Theory

The plate considered is shown in Fig. 1. The mid-plane of the plate is chosen as the
reference plane (z = 0). Thus, z coordinate of top (ceramic) and bottom (metal)
surfaces are h/2 and −h/2, respectively. The functional relationship between E and
z for ceramic and metal FGP is assumed as

EðzÞ ¼ EðmÞ þ ½EðmÞ � EðcÞ� 2zþ h
2h

� �K

ð1Þ

where, E(m), E(c) are Young’s modulus of metal, and ceramic respectively and k is
the volume fraction index.

The normal strain components ɛx, ɛy, ɛz and shear strain components γxy, γyx, γxz
are related to displacement by,

ex ¼ ux;x; ey ¼ uy;y; ez ¼ w;z

cxy ¼ ux;y þ uy;x; cyz ¼ uy;z þ w;y; czx ¼ w;x þ ux;z
ð2Þ

where subscript comma denotes differentiation.
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The linear constitutive equation for the stresses σ, τ are expressed using the
assumption of rz ¼ 0, as

r ¼ �Qe; s ¼ Q̂c ð3Þ

where,

r ¼
rx
ry
sxy

2
64

3
75; s ¼ szx

syz

� �
; e ¼

ex
ey
cxy

2
64

3
75; c ¼ czx

cyz

" #

�Q ¼ Ez

1� m2

1 m 0

c 1 0

0 0 1�m
2

2
64

3
75; Q̂ ¼ Ez

1� m2

1�m
2 0

0 1�m
2

" #

In Reddy’s third order theory, the in-plane displacements are expressed by
imposing shear traction free condition at top and bottom surface as,

uðx; y; z; tÞ ¼ u0ðx; y; tÞ � zw0dðx; yÞ þ RðzÞw0ðx; yÞ ð4Þ

where,

u ¼ ux
uy

� �
; u0 ¼ u0x

u0y

� �
; w0d ¼ w0;x

w0;y

� �
; w0 ¼

w0x
w0y

� �

In Eq. (4), w0x and w0y are shear strains and R(z) is a global function in z given
as:

RðzÞ ¼ ½z� 4z3=ð3h2Þ� ð5Þ

Fig. 1 Geometry of
functionally graded plate
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Transverse displacement is considered as:

w0ðx; y; z; tÞ ¼ w0ðx; y; tÞ ð6Þ

3 Finite Element Formulation

The variation form of 2D theory is obtained using Hamilton principle and is given

in Eq. (7) using the notation ::h i ¼ Rh=2
�h=2ð. . .Þdz notation for integration over the

thickness as

Z

A

½ q@uT u
:: þq@w0@ w

::

0

� �
�dAþ

Z

A

½ @eTrþ @cTs
� 	� pz@w0ðx; y; tÞ�dA

�
Z

CL

rn@un þ snz@us þ snz@wh ids ¼ 0
ð7Þ

where A denotes the mid-plane surface area of the plate and CL denotes the
boundary surface at the mid-plane of plate with normal n and tangent s.
r; e; s and c denote in-plane stress, in-plane strain, transverse shear stress and
transverse shear strain components, respectively. pz is the force per unit area applied
on the mid surface of the plate in z direction.

A four node quadrilateral element (Fig. 2) having seven degrees of freedom per
node namely three translations, two rotations and two transverse shear strains at mid
plane is developed based on the Reddy’s third order shear deformation theory
presented above.

As the highest derivatives of u0x; uoy;w0x and w0y appearing in variational
equation are of first order, the convergence criteria requires their interpolation
function to be C0 continuous at the element boundary.

Fig. 2 Geometry of a four-
node quadrilateral element
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Accordingly, these variables are interpolated using bilinear Lagrange interpo-
lation function Niði ¼ 1; 2; 3; 4Þ, as

u0x ¼ Nue0x; u0y ¼ Nue0y; w0y ¼ Nwe
0x; w0y ¼ Nwe

0y ð8Þ

where,
ue0x ¼ u10x u20x u30x u40x


 �
ue0y ¼ u10y u20y u30y u40y


 �
we
0x ¼ w1

0x w2
0x w3

0x w4
0x


 �
we
0y ¼ w1

0y w2
0y w3

0y w4
0y

h i
N ¼ N1 N2 N3 N4½ �

The presence of second derivative of w0 in variational equation indicates that its
interpolation function should have C1 continuity at the element boundary, which is
difficult to achieve for a quadrilateral element. The need for C1 continuity
requirement is circumvented by using discrete Kirchhoff constraint approach, which
was proposed by Jaychandrabose et al. [4]. In this approach w0x;w0y are replaced by
rotation variables h0x; h0y, which then requires only C0 continuity. w0 and h0x; h0y
are interpolated independently, but the two are subsequently related by imposing
the constrains h0i ¼ w0;i at discrete points on the element boundary and at the
interior of the element. After applying this procedure h0x; h0y are interpolated as

h0x ¼ Gwe
0; h0x ¼ Hwe

0; ð9Þ

where
we
0 ¼ w1

0 w1
0;x w1

0;y w2
0 w2

0;x w2
0;y w3

0 w3
0;x w3

0;y w4
0 w4

0;x w4
0;y


 �
And G ¼ G1 G2 . . . G12½ �, H ¼ H1 H2 . . . H12½ �:
Gi and Hi are the interpolation function with close form expression as given in

[4]. Since no interpolation function is defined for w0 in the interior of the element
for computing strains, a bi-cubic expression for w0 is assumed for the calculation of
load vector. w0 is expressed as,

w0 ¼ a1 þ a2nþ a3gþ a4n
2 þ a5ngþ a6g

2 þ a7n
3 þ a8n

2g

þ a9ng
2 þ a10g

3 þ a11ng
3 þ a12n

3g

¼ �Nwe
0

ð10Þ

where, �N ¼ �N1 �N2 . . . �N12½ �:
The element stiffness matrix is obtained by substituting Eqs. (8) and (9) into

Eq. (7). The element load vector is obtained similarly by substituting Eq. (10) into
Eq. (7). Considering the contribution of all the element to area integral of Eq. (7) it
can be expressed as

P ¼ MU
:: þKU ð11Þ
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where P, M and K are assembled load vector, mass matrix and stiffness matrix
respectively. For free vibration analysis P is made equal to zero in Eq. (11). Sub-
space iteration technique is used to obtain natural frequencies.

4 Numerical Results and Discussion

The present formulation based on Reddy’s third order shear deformation theory is
assessed for static and free vibration analysis of skew FGP shown in Fig. 3 by
comparing the present results with those available in literature and 3D FE results of
ABAQUS.

4.1 Static Analysis

Full plate is considered for the analysis. The material properties of the plate con-
sidered for static analysis are

Em = 70 GPa, Ec = 380 GPa and ν = 0.3.
The deflection and stresses are non-dimensionalised as in [3].

Fig. 3 Skew plate
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4.1.1 All Edges Simply Supported Skew Plate with b/a = 1

The present results for fully ceramic plate (k = 0) for various values of skew angle
are presented in Tables 1 and 2. The present results of central deflection, normal
stresses and transverse shear stresses obtained using a mesh 48 × 48 are compared
with the 3D FE results obtained using a mesh 48 × 48 × 4 of 20 node solid
elements. For both plates results are quite close to the 3D FE results, indicating the
accuracy of MIDKQ element.

Additional results of central deflection, normal stresses and transverse shear
stresses for various values of skew angle and volume fraction index for a plate with
S = 10 are presented in Table 3. It is observed that as volume fraction index
increases central deflection also increases and as skew angle increases the central
deflection decreases.

Table 1 Deflection and
stresses for all edge simply-
supported skew plate (SSSS)
for S = 5

α Entity Present ABAQUS

15° w 4.0260 4.0289

σx 0.2680 0.2728

τzx 0.4841 0.4906

30° w 2.8279 2.8372

σx 0.2134 0.2194

τzx 0.4189 0.4348

45° w 1.4305 1.4401

σx 0.1388 0.1393

τzx 0.3199 0.3237

Table 2 Deflection and
stresses for all edge simply-
supported skew plate (SSSS)
for S = 10

α Entity Present ABAQUS

15° w 4.189 4.1558

σx 0.2694 0.2666

τxz 0.4764 0.4501

30° w 2.9687 2.9315

σx 0.2147 0.2172

τxz 0.4141 0.4156

45° w 1.5337 1.5377

σx 0.1397 0.1467

τxz 0.3165 0.3219
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4.2 Free Vibration Analysis

The material properties of the plate considered for free vibration analysis are

Em = 70 GPa, Ec = 151 GPa, ν = 0.3,
ρm = 2,702 kg/m3, ρc = 3,000 kg/m3.

For this analysis, also full plate is considered. The frequency is non-dimen-
sionalised as,

�x ¼ xh
ffiffiffiffiffi
qc
Et

r

4.2.1 All Edge Simply Supported Skew Plate with S = 10

Present results of natural frequencies using mesh of 20 × 20 for various values of
skew angle and volume fraction index k = 0 are compared with the results of [5] and
with the 3D FE element results of ABAQUS obtained using mesh of size
30 × 30 × 4 in Table 4. In Table 5 the present results for different values of skew
angle and k are compared with the results of Valizadeh et al. [5]. From both the
tables it is observed that the present results are quite satisfactory.

Table 3 Deflection and
stresses for all edges simply-
supported skew plate (SSSS)

α Entity w σx τzx

15° 1 8.3351 0.4170 0.4803

2 10.7268 0.4874 0.4488

3 11.8744 0.5231 0.4231

5 12.9216 0.5734 0.4019

7 13.5266 0.6203 0.4041

30° 1 5.8821 0.3317 0.4159

2 7.5747 0.3877 0.3885

3 8.3971 0.4162 0.3662

5 9.1573 0.4564 0.3478

7 9.8573 0.4464 0.3499

45° 1 3.0144 0.2129 0.3182

2 3.8875 0.2489 0.2970

3 4.3254 0.2674 0.2798

5 4.7436 0.2937 0.2656

7 4.9805 0.3179 0.2671

22 S.D. Kulkarni et al.



4.3 All Edge Clamped Skew Plate

Similar results of natural frequencies using a mesh of 20 × 20 for various values of
skew angle and k = 0 are compared with the results of [5] and with the 3D FE
element results of ABAQUS obtained using mesh of size 30 × 30 × 4 in Table 6.

Table 4 Frequencies for
SSSS plate Mode α Present Valizadeh et al.

[5]
ABAQUS

1 15 6.0869 6.100 6.283

30 7.246 7.300 7.485

45 10.112 10.105 10.335

60 16.785 16.800 17.016

2 15 13.314 13.500 13.674

30 14.598 14.600 14.778

45 18.185 18.100 18.554

60 27.088 27.100 27.212

Table 5 Fundamental
frequency for SSSS plate k α Present Valizadeh et al. [5]

0 15 6.0869 6.100

30 7.246 7.300

45 10.112 10.105

60 16.785 16.800

0.5 15 5.495 5.500

30 6.326 6.300

45 8.881 8.850

60 15.10 15.050

1.0 15 5.225 5.200

30 5.960 5.900

40 8.690 8.600

60 14.12 14.100

Table 6 Frequency
parameter for CCCC plate
with S = 10

Mode α Present Valizadeh et al. [5] ABAQUS

1 15 10.505 10.500 10.732

30 12.221 12.200 12.489

45 16.932 16.950 17.359

60 28.050 28.050 28.948

2 15 18.935 18.900 19.212

30 20.531 20.500 21.044

45 25.512 25.500 26.022

60 38.101 37.821 37.700
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The results closely match with those of [5] and of ABAQUS. In Table 7 the present
results for different values of skew angle and k are compared with the results of
Valizadeh et al. [5].

5 Conclusion

The developed MIDKQ element has been used for the analysis of functionally
graded skew plate by considering actual variation of material properties over the
thickness. The results for central deflection and stresses are observed to be quite
close to the 3D FE results of ABAQUS. The results of natural frequencies for all
round simply supported plate and for all round clamped skew plates are compared
with available literature and with 3D FE results of ABAQUS obtained using 20
node solid element observed to be quite close, indicating the satisfactory perfor-
mance of MIDKQ element.
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Table 7 Fundamental
frequency parameter for
CCCC plate with S = 10

k α Present Valizadeh et al. [5]

0 15 10.505 10.500

30 12.110 12.200

45 16.911 16.950

60 28.105 28.050

0.5 15 9.484 9.500

30 11.204 11.200

45 15.188 15.200

60 25.221 25.200

1.0 15 9.021 9.050

30 10.214 10.200

40 14.389 14.500

60 24.105 24.050
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Flexure Analysis of Functionally Graded
(FG) Plates Using Reddy’s Shear
Deformation Theory

P.S. Lavate and Sandeep Shiyekar

Abstract This paper presents a study on bending performance of transversely
isotropic functionally graded (FG) plate under transverse mechanical load. Com-
putational and analytical tools are used to study the behavior of FG plates under
bending. Analytical modeling is based on Reddy’s third order theory (TOT) and a
finite element computational tool ABAQUS is used to model FG material through
user defined subroutine UMAT. Elastic properties of FG material are based on
power law and varying across the thickness of the plate while Poisson’s ratio is kept
constant. Results from computational tools for a FG plate with standard boundary
and loading conditions are validated with literature and TOT. After validation, FG
plates with various boundary conditions are analyzed.

Keywords Analytical solution � Functionally graded plate � Plate � TOT �
ABAQUS � UMAT

1 Introduction

Functionally Graded Material (FGM) is relatively new technology used in com-
ponents exposed to high temperature. Laminated composite materials provide
design flexibility to achieve desirable stiffness and strength through the choice of
lamination scheme. Laminated composite structures often subjected to stress con-
centrations and due to discontinuities in material properties failures observed in
laminated composites in the form of delamination, matrix cracking, and adhesive
bond separation. FGM can sustain such problems due to continuous variation of
material properties from one surface to the other, especial in thickness direction.
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The geometry of the FG plate is such that the side ‘a’ is along ‘x’ axis and side
‘b’ is on ‘y’ axis. The thickness of the plate is denoted by ‘h’ and is coinciding with
‘z’ axis. The reference mid-plane is at +h/2 from top and −h/2 from bottom surface
of the FG plate as shown in the Fig. 1. Reference Cartesian axes system is shown in
Fig. 1 with mid-plane positive set of displacements along (x-y-z) axes.

Following displacement field (TOT) [10] is used to analyze FG plate considering
traction free surfaces at top and bottom.

uðx; y; zÞ ¼ u0 þ zhx � z3
4
3h2

hx þ @w0

@x

� �

vðx; y; zÞ ¼ v0 þ zhy � z3
4
3h2

hy þ @w0

@y

� �

wðx; yÞ ¼ w0

ð1Þ

2 Power Law Based Modeling of FG Material

A typical material property P is varied through the plate thickness according to the
power law expression PðzÞ ¼ ðPt � PbÞVf þ Pb where, Vf ¼ z

h þ 1
2

� �n
is volume

fraction of material, Pt and Pb denote material property of the top and bottom faces
of plate, respectively and n is a parameter that indicates the material variation
profile through the thickness. Here, we assume that Young’s modulus E varies as
per power law stated above and Poisson’s ratio v is assumed to be constant. Con-
sidering Pt ¼ Pc and Pb ¼ Pm are the properties of the ceramic and metal,
respectively. The metal content in the plate increases as the value of n increases. The
value of n = 0 represents a fully ceramic plate. The above power law assumption

Fig. 1 Geometry of FG plate simply (diaphragm) supported on all edges and positive set of
displacements and directions
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reflects a simple rule of mixtures used to obtain the effective properties of the
ceramic-metal plate. UMAT user defined subroutine is used to model FG material
applicable in plate analysis.

3 Results and Discussions

In this section examples of FG plates are presented to show the accuracy and
applicability of ABAQUS using UMAT under static loading. The results obtained
are compared with published results. Finally new results are generated for FG plates
under static loading.

Example 1 In this example, transverse displacements and transverse shear stress of
all sides simply supported FG plates subjected to doubly sinusoidal static
mechanical load are obtained using ABAQUS, TOT and higher order solutions
presented by Matsunaga [8].

Material properties used in the present example are

Metal (Aluminum, Al): Em = 70 GPa, mm = 0.3,
Ceramic (Alumina, Al2O3): Ec = 380 GPa, mc = 0.3.

Fig. 2 Variation of Young’s modulus (E) through thickness of FG plate
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In order to verify the accuracy of the ABAQUS results, convergence study is
done with respect to the numerical solutions according to theories by Matsunaga.
However, more mesh divisions are required for the convergence of the stresses as
expected. As such a mesh division of 100 is taken for all subsequent analysis to get
sufficiently accurate results corresponding to displacement as well as stresses. All
numerical results are normalized in the following manner.

�w ¼ w Ec
.

qþzmnh
� �� �

; �sxz ¼ sxz
.
qþzmn

ð2Þ

FG plate material properties vary continuously through thickness of FG plate.
Young’s modulus is going to vary as per power law variation across the thickness.
Figure 2 shows variation of Young’s modulus (E) through thickness of FG plate.

Results for normalized transverse displacement �w and normalized transverse
shear stress �sxz subjected to doubly sinusoidal normal pressure are tabulated in
Tables 1 and 2. Contour plots for non-dimensional transverse displacement �w of
simply supported square FG plate having aspect ratios (S = a/h) 5 and 10 with

Table 1 Non-dimensional
transverse deflection (�w) and
non-dimensional shear stress
(�sxz) for all edges simply
supported square FG plate
under sinusoidal loading for
a/h = 5

a/h n Source �w �sxz
5 0 Present (ABAQUS) 19.361

[−7.72b]
–

Reddy’s TOT [10] 21.4573
[2.27b]

1.19046
[−0.29a]

Matsunaga [8] 20.98b 1.194a

0.5 Present (ABAQUS) 29.754
[−6.40b]

–

Reddy’s TOT [10] 32.3535
[1.77b]

1.21762
[0.050a]

Matsunaga [8] 31.79b 1.217a

1 Present (ABAQUS) 40.356
[−2.50b]

–

Reddy’s TOT [10] 41.7981
[0.98b]

1.19046
[−0.29a]

Matsunaga [8] 41.39b 1.194a

4 Present (ABAQUS) 68.482
[5.18b]

–

Reddy’s TOT [10] 65.0557
[−0.08b]

0.96914
[−11.16a]

Matsunaga [8] 65.11b 1.091a

10 Present (ABAQUS) 81.016
[6.26b]

–

Reddy’s TOT [10] 76.7233
[0.63b]

1.05368
[−2.88a]

Matsunaga [8] 76.24b 1.085a

[ ]—% error w.r.t. Matsunaga [8]. a M1, b M5
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volume fraction n = 4 from ABAQUS are illustrated in Fig. 3. Effect of variation in
volume fraction on transverse deflection of simply supported square FG plate is
presented in Fig. 4 for aspect ratios 5 and 10 respectively. It can be observed that
ABAQUS results are in tune with M5 based results for all volume fractions. In
Tables 1 and 2 numerical results for non-dimensional transverse deflection (�w) and
non-dimensional transverse shear stress (�sxz) for all edges simply supported square
FG plate under doubly sinusoidal loading for a/h = 5 and 10 are presented.
ABAQUS results are deviating within 6–7 % as compared with M5 based results
for aspect ratio 5 and deviating within 10–20 % for aspect ratio 10. Further stress
results from ABAQUS are not presented due to gross deviation. However trans-
verse deflection (�w) results are under acceptable range.

Example 2 In this numerical investigation of FG plate, performance of FG plate
under various boundary conditions when subjected to sinusoidal distributed
mechanical loading is presented. Material properties and normalization are same as
in Example 1.

Table 2 Non-Dimensional
transverse deflection (�w) and
non-dimensional shear stress
(�sxz) for all edges simply
supported square FG plate
under sinusoidal loading for
a/h = 10

a/h n Source �w �sxz
10 0 Present

(ABAQUS)
262.694
[−10.42b]

–

Reddy’s TOT [10] 296.057
[0.59b]

2.38572
[−0.05a]

Matsunaga [8] 294.3b 2.3870a

0.5 Present
(ABAQUS)

373.084
[−17.17b]

–

Reddy’s TOT [10] 453.71
[0.73b]

2.43982
[0.19a]

Matsunaga [8] 450.4b 2.4350a

1 Present
(ABAQUS)

494.38
[−15.85b]

–

Reddy’s TOT [10] 588.953
[0.24b]

2.38572
[−0.05a]

Matsunaga [8] 587.5b 2.3870a

4 Present
(ABAQUS)

883.88
[0.18b]

–

Reddy’s TOT [10] 881.478
[−0.09b]

1.94372
[−10.92a]

Matsunaga [8] 882.3b 2.1820a

10 Present
(ABAQUS)

1,210.3
[20.19b]

–

Reddy’s TOT [10] 1,008.7
[0.16b]

2.1135
[−2.64a]

Matsunaga [8] 1,007b 2.1710a

[ ]—% error w.r.t. Matsunaga [8]. a M1, b M5
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Fig. 3 Contour plots for non-dimensional transverse displacement (�w) of simply supported square
FG plate having a/h = 5, and 10; volume fraction (n) = 4

Fig. 4 Effect of variation in volume fraction (n) on transverse deflection of simply supported
square FG plate (a/h = 5 and 10 respectively)
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Boundary conditions considered as;

SSSS—All four edges simply supported.
CCCC—All four edges clamped (fixed).
SSFF—Two opposite edges simply supported and remaining two edges are free.
CCFF—Two opposite edges clamped and remaining two edges are free.

Numerical results of non-dimensional transverse deflection of FG plate are recorded
in tabular form for aspect ratio 5 and 10 in Table 3. Non-dimensional transverse
deflection versus volume fraction of FG plate for various boundary conditions
having a/h = 5 is illustrated in Fig. 5.

Table 3 Effect of various boundary condition on non-dimensional transverse displacements (�w)
of a square FG plate for various boundary conditions having a/h = 5 and 10

a/h n SSSS SSFF CCCC CCFF

5 0 19.361 40.91 10.371 19.566

0.5 29.754 61.045 15.032 27.236

1 40.356 81.082 19.715 34.969

4 68.476 134.274 32.994 57.888

10 81.016 162.536 40.94 73.555

10 0 262.694 606.41 129.744 269.363

0.5 373.084 849.44 174.158 353.96

1 494.38 1,103.24 219.266 437.868

4 883.88 1,952.01 383.02 759.284

10 1,210.3 2,770.63 574.866 1,176.41

Fig. 5 Non-dimensional transverse deflection versus volume fraction of FG plate for various
boundary conditions having a/h = 5
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It is observed that SSFF case produces more deformations as compared with
CCCC for all the values of volume fraction n for a/h 5.

Example 3 In this example transverse displacement of FG plate is studied when
either ceramic or metallic face of FG plate subjected to sinusoidal loading. Material
properties and normalization are same as in Example 1.

Table 4 Effect on non-dimensional transverse displacements of all edges simply supported FG
plate (a/h = 5 and 10) when either ceramic or metallic face subjected to sinusoidal loading

a/h n When ceramic as loading face When metal as loading face

5 0 19.362 19.362

0.5 29.754 26.874

1 40.356 34.242

4 68.476 56.242

10 81.016 71.206

10 0 262.698 262.698

0.5 373.084 367

1 494.38 481.897

4 883.88 859.189

10 1,210.3 1,195.28

Fig. 6 Non-dimensional transverse deflection versus volume fraction of simply supported FG
plate having a/h = 5 when ceramic or metallic face of FG plate separately subjected to sinusoidal
loading
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Numerical values of transverse displacement are presented in Table 4 when
Ceramic as loading face and metal as loading face for aspect ratios 5 and 10 under
various volume fraction indices. Figure 6 shows variation of transverse displace-
ment with respect to volume fraction index. Reduction in displacement is observed
when metallic face subjected to loading.

4 Conclusion

Numerical investigation is presented in this paper on FG plate subjected to trans-
verse pressure. Comparison of numerical results of present ABAQUS and literature
results are presented with % deviation. Graphical variations are presented for non-
dimensional transverse displacement (�w) and transverse shear stress (�sxz) for FG
plate under all side simply supported boundary condition. Results of present
ABAQUS are validated using Reddy’s TOT formulation. Non-dimensional trans-
verse displacement (�w) from ABAQUS are in good agreement with M1, M5 and
TOT results for aspect ratios (S = a/h) 5 and 10. Results of transverse shear stress
(�sxz) are directly obtain from constitutive relationship by TOT and in excellent
agreement with M5 results. Numerical values of displacements and stresses
increases as value of volume fraction index n increases, as volume fraction
increases, Young’s modulus (E) decreases.

FG plate is analyzed for various boundary conditions. It is observed that the
value of Non-dimensional transverse displacement (�w) goes on decreasing for
SSFF, SSSS, CCFF and CCCC cases respectively. Study is carried out to observe
transverse displacement of FG plate when ceramic and metallic faces either sub-
jected to sinusoidal pressure. It concludes that the non-dimensional transverse
displacement (�w) gives lesser value for metallic face loading than ceramic face
loading.
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2D Stress Analysis of Functionally Graded
Beam Under Static Loading Condition

Sandeep S. Pendhari, Tarun Kant and Yogesh Desai

Abstract Two dimensional (2D) stress analysis is performed in this paper for
functionally graded (FG) beam under the plane stress condition of elasticity by
using semi analytical approach developed by Kant et al. [6]. Modulus of elasticity is
assumed to be varied exponentially through the thickness of beam. The mathe-
matical model consists in defining a two-point boundary value problem (BVP)
governed by a set of coupled first-order ordinary differential equations (ODEs) in
the beam thickness direction. Elasticity solutions presented by Sankar [9] is used to
show the accuracy, simplicity and effectiveness of present semi analytical solution.
It is observed from the numerical investigation that the present mixed semi ana-
lytical model predicts structural response as good as the one given by the elasticity
solution, which in turn proves the robustness of the presented formulation.

Keywords Functionally graded material � Plane stress � Laminated composite �
Sandwich materials � Semi analytical method � Transfer matrix method

1 Introduction

Laminated composite/sandwich materials are being increasingly used in the aero-
nautical and aerospace industry due to their lightweight and tailor made charac-
teristic. However, the main disadvantage of layered material is the weakness at
interfaces. In the absence of any graded material at the interface, there is every
chance of delamination to occur. To overcome of interface problem associated with
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layered materials, a new class of materials named functionally graded material
(FGM) has been proposed whose physical properties vary through the thickness in a
continuous manner and are therefore free from interface weaknesses. These
advanced composite materials were first introduced by a group of scientists in
Sendai (Japan) in 1984 [7, 14].

Three dimensional (3D) elasticity solutions based on the solution of partial
differential equations (PDEs) with appropriate boundary conditions are valuable
because they represent a more realistic and closer approximation to the actual
behavior of the structures. Sankar [9] has presented a 2D elasticity solution under
plane stress condition for functionally graded (FG) beams subjected to sinusoidal
loads by assuming Young’s modulus to vary exponentially through the thickness of
beam. Further, Sankar and Tzeng [10] extended the same elasticity solutions for a
FG beams subjected to thermal loads.

Bian et al. [1] extended the Soldatos and Liu [12] plate theory for stress analysis
of FG plate under cylindrical bending. Transfer matrix method (TMM) proposed by
Thomson [13] is used to derive the shape functions. TMM approach helps to
improve the computational efficiency as compared to original model developed by
Soldatos and Liu [12]. The shear stiffness and shear correction coefficients asso-
ciated with first-order shear deformation theory were calculated by Nguyen et al. [8]
for FG simply supported plates under cylindrical bending.

A finite element (FE) model based on first-order shear deformation theory
(FOST) is developed by Chakraborty and Gopalakrishnan [2] to study the ther-
moelastic behavior of FG beam structures. The exact solution of static part of the
governing differential equations is used in the formulation to construct interpolating
polynomials, which results in stiffness matrix having super-convergent property.
Extension of the formulation to capture wave propagation behavior in a FG beam
with high frequency impulse loading is also given by Chakraborty and Gopala-
krishnan [3].

The meshless local Petrov-Galerkin (MLPG) method is a novel numerical
approach. MLPG method allows the construction of the shape functions and
domain discretization without defining elements. The use of MLPG approach to
study transient thermoelastic response of FG composites heated by Gayssial laser
beam is demonstrated by Ching and Chen [4]. Extensive parametric studies for
transient and steady-state thermomechanical responses with respect to spatial dis-
tribution, volume fraction of material constituents, rate of laser power and radius of
laser beam have been presented. Further, Sladek et al. [11] has proposed MLPG
approach for crack analysis in anisotropic FG materials for quasi-static and transient
elastodynamic problems.

An effort is put in this paper to reformulate the semi analytical model developed
by Kant et al. [6] for stress analysis of simply (diaphragm) supported FG pate under
cylindrical bending. 2D elasticity solution presented by Sankar [9] is used for the
comparison.
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2 Semi-analytical Formulation

A FG beam (Fig. 1) supported on two opposite edges, x = 0 and L, is considered.
The length of beam is L and thickness is h. The beam is assumed to be in a state of
2D plane stress in x-z plane and width in the y direction is considered as unity. The
top surface of the beam is subjected to only transverse loading, which can be
expressed as,

pðxÞ ¼
X
m

p0m sin
mpx
L

; where m ¼ 1; 3; 5; . . . ð1Þ

The bottom surface is completely free of any stresses. In Eq. (1), m is assumed to
be odd. The loading is symmetric about the center of beam and any arbitrary normal
loading can be expressed with the help of Fourier series involving the terms of the
type p0m sin mpx

L .
The 2D equations of equilibrium are,

@rx
@x

þ @sxz
@z

þ Bx ¼ 0
@szx
@x

þ @rz
@z

þ Bz ¼ 0 ð2Þ

where, Bx and Bz are the body forces per unit volume in x and z directions,
respectively and from the linear theory of elasticity, the strain-displacement rela-
tions in 2D are,

ex ¼ @u
@x

; ez ¼ @w
@z

and cxz ¼
@u
@z

þ @w
@x

: ð3Þ

It is assumed here that the FG material is isotropic at every point. Further, it is
assumed that the Poisson’s ratio is constant through the thickness of the beam. The

Beam in plane-stress condition
L

h

z

x

( )p x

Eo

Eh

0
ZE eλ

Fig. 1 FG Beam subjected to transverse loading
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variation of the modulus of elasticity through the thickness of beam is given by
EðzÞ ¼ Eoekz. Therefore, the material constitutive relations for FG beam under
plane stress condition can be written as,

rx
rz
sxz

8><
>:

9>=
>; ¼

C11 C12 0
C21 C22 0
0 0 C33

2
4

3
5

ex
ez
cxz

8><
>:

9>=
>; ð4Þ

The reduced material coefficients, Cij for a FG beam are,

C11 ¼ C22 ¼ Eoekz

1� t2ð Þ C12 ¼ C21 ¼ tEoekz

1� t2ð Þ and C33 ¼ Eoekz

2 1þ tð Þ ð5Þ

where
k ¼ � ln Eo

Eh
Gradation factor

Eo Young’s modulus at the bottom of the beam
Eh Young’s modulus at the top of the beam
t Poisson’s ratio

The Eqs. (2)–(4) have a total of eight unknowns u;w; ex; ez; cxz; rx; rz; sxz in eight
equations. After a simple algebraic manipulation of the above sets of equations, a
set of PDEs involving only four primary dependent variables u;w; szx and rz are
obtained as follows,

@u
@z

¼ sxz
C33

� @w
@x

@w
@z

¼ 1
C22

rz � C21
@u
@x

� �

@sxz
@z

¼ �C11 þ C12C21

C22

� �
@2u
@x2

� C12

C22

@rz
@x

� Bx

@rz
@z

¼ � @sxz
@x

� Bz

ð6Þ

A secondary dependent variable, rx can be expressed as a function of the pri-
mary dependent variables as follows,

rx ¼ C11
@u
@x

þ C12
@w
@z

ð7Þ

The above PDEs defined by Eq. (6) can be reduced to a coupled first-order
ODEs by using Fourier trigonometric series expansion for primary dependent
variables satisfying the simple (diaphragm) support end conditions at x = 0, L, as
follows,
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uðx; zÞ ¼
X
m

umðzÞ cosmpxL
wðx; zÞ ¼

X
m

wmðzÞ sinmpxL
ð8Þ

From the basic relations of theory of elasticity, it can be shown that,

sxzðx; zÞ ¼
X
m

sxzmðzÞ cosmpxL
rzðx; zÞ ¼

X
m

rzmðzÞ sinmpxL
ð9Þ

Substituting Eqs. (7)–(8) into Eq. (6) and using orthogonality conditions of
trigonometric functions, the following ODEs are obtained,

dumðzÞ
dz

¼ �mp
L

wmðzÞ þ 1
C33

sxzmðzÞ
dwmðzÞ
dz

¼ C21

C22

mp
L

umðzÞ þ 1
C22

rzmðzÞ
dsxzmðzÞ

dz
¼ C11 � C12C21

C22

� �
m2p2

L2
umðzÞ � C12

C22

mp
L

rzmðzÞ � Bxðx; zÞ
drzmðzÞ

dz
¼ mp

L
sxzmðzÞ � Bzðx; zÞ

ð10Þ

Equation (10) represents the governing two-point BVP in ODEs in the domain
0 < z < h with stress components known at the top and bottom surfaces (boundary
conditions) of the beam. The basic approach to the numerical integration of the BVP
defined in Eq. (10) is to transform the given BVP into a set of initial value problems
(IVPs)—one non-homogeneous and n/2 homogeneous. The solution of BVP defined
by Eq. (10) is obtained by forming a linear combination of one non-homogeneous
and n/2 homogeneous solutions so as to satisfy the boundary conditions at z = 0 and
h [5]. This gives rise to a system of n/2 linear algebraic equations, the solution of
which determines the unknown components at the starting edge z ¼ 0. Then a final
numerical integration of Eq. (10) produces the desired results.

3 Numerical Study

Numerical investigations on simply supported narrow beam with plane stress
condition are performed to establish the accuracy of the formulation presented in
the preceding sections of the paper. The elasticity solution presented by Sankar [9]
is considered as benchmark solution for comparison. Elasticity modulus at the
bottom of beam is 1.0 GPa and Poisson’s ratio is 0.3. The ratio of elasticity
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modulus at top and bottom are 5, 10, 20, and 40. Following normalizations are used
here for the uniform comparison of the results.

u ¼ Ehuð0; zÞ
p0h

; w ¼ 100Ehh3wðL=2; zÞ
p0L4

rx ¼ rxðL=2; zÞ
p0L2

; sxz ¼ sxzð0; zÞ
p0L

; rz ¼ rz
p0

The normalized inplane normal stress (rx), transverse shear stress (sxz) and
transverse displacement (w) for different aspect ratios and different gradation factors
(k = 5, 10, 20 and 40) are detailed in Table 1. Through thickness variations of
inplane displacement (u), transverse displacements (w), inplane normal stress (rx)

Table 1 Normalized inplane normal stresses (rx), transverse shear stresses (sxz) and transverse
displacement (w) of FG beam under sinusoidal transverse load with different gradation factors

L/h Eh=E0
Inplane normal
stresses (rx) (x = L/2
and z = h)

Transverse shear
stresses (sxz)
(maximum values)

Transverse
displacement (w)
(x = L/2 and z = h)

Elasticity
solution

Present
solution

Elasticity
solution

Present
solution

Elasticity
solution

Present
solution

2 5 1.1861 1.1861 0.4971 0.4971 45.7170 45.7170

(.000) (.000) (.000)

10 1.4912 1.4912 0.5246 0.5246 63.9108 63.9108

(.000) (.000) (.000)

20 1.8640 1.8640 0.5606 0.5606 88.6534 88.6537

(.000) (.000) (.000)

40 2.3138 2.3138 0.6043 0.6043 121.7450 121.7450

(.000) (.000) (.000)

5 5 1.0507 1.0507 0.4960 0.4960 30.5457 30.5457

(−.000) (−.000) (−.000)

10 1.3157 1.3157 0.5166 0.5166 43.7268 43.7268

(.000) (.000) (.000)

20 1.6429 1.6429 0.5451 0.5451 62.3710 62.3710

(.000) (.000) (.000)

40 2.0437 2.0437 0.5843 0.5843 88.3008 88.3008

(.000) (.000) (.000)

10 5 1.0343 1.0343 0.4954 0.4954 28.6816 28.6816

(.000) (.000) (.000)

10 1.2932 1.2932 0.5156 0.5156 41.1518 41.1518

(.000) (.000) (.000)

20 1.6132 1.6132 0.5441 0.5441 58.9157 58.9157

(.000) (.000) (.000)

40 2.0063 2.0063 0.5817 0.5817 83.7957 83.7957

(.000) (.000) (.000)
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and transverse shear stress (sxz) for an aspect ratio of 5 are shown in Fig. 2. It can be
concluded from the results presented in Table 1 that the present semi analytical
formulation works well for any variation of Young’s modulus and for any aspect
ratio and therefore, it is very well proved about the stability, consistency, reliability
and accuracy of semi analytical formulation.

4 Concluding Remarks

A simple semi analytical formulation presented here for 2D stress analysis of FG
beam under plane stress condition of elasticity. A two-point BVP governed by a set
of coupled first-order ODEs is formed by assuming a chosen set of primary vari-
ables in the form of trigonometric functions along the longitudinal direction of the
beam which satisfy the simply (diaphragm) supported end conditions exactly. No
simplifying assumptions through the thickness of the beam are introduced. Exact
2D elasticity solution is used for comparison and to show the effectiveness and
simplicity of the semi analytical formulation. The present mixed semi analytical
model is relatively simple in mathematical complexity and computational efforts.
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Equivalent Orthotropic Plate Model
for Fibre Reinforced Plastic Sandwich
Bridge Deck Panels with Various Core
Configurations

Bibekananda Mandal and Anupam Chakrabarti

Abstract Fibre reinforced plastic sandwich panels with various core shapes are an
attractive solution for using as bridge deck panels. This type of profiles provide
very high stiffness-to-mass ratio along with numerous impressive properties like
corrosion resistance, non-magnetic, high impact strength, high dielectric strength
etc. The analysis of sandwich panels using exact three dimensional modelling is
very complicated and also time consuming. To overcome this problem, the whole
deck panel can be assumed as an equivalent orthotropic continuum for simplified
analysis. Using the present formulation a FRP sandwich panel can be modeled as a
simplified single layered orthotropic plate. In this study equivalent elastic constants
of fibre reinforced plastic sandwich bridge deck panel has been calculated numer-
ically using finite element based software ANSYS. The present numerical method is
applicable for finding equivalent orthotropic property of any core shape with
periodic nature. The results generated from the present method are validated by
comparing with the reported theoretical and numerical results.

Keywords Orthotropic � Plate � Sandwich � Fibre reinforced � Deck

1 Introduction

Sandwich panels, comprising of two face plates separated by a core of stiffeners
offers high strength and high stiffness to weight ratios. The analysis of laminated
composite structures are challenging since the behaviour of laminated composites
depends on the orientation of fibre reinforcement in each lamina. Also the FRP deck
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sections commonly used in bridge structures are sandwich structures with various
complex core configurations. Due to these complexities, the detailed three-dimen-
sional finite element model of a full bridge with sandwich FRP decks requires a
very large number of degrees of freedom. Consequently, simulations are compu-
tationally rigorous and expensive. For the simplified analysis of the laminated
composite sandwich panels with various cores may be simplified by assuming it as
an equivalent homogeneous orthotropic solid layer. Some researchers investigated
the equivalent stiffness parameters for sandwich panels with truss-core [9, 10] and
compared the deflection of the equivalent model with the actual model. Equivalent
homogeneous model for corrugated core sandwich panels have also been developed
by several researchers [4, 8]. Fung et al. [6] derived equivalent elastic constants for
Z-core sandwich panel. The transverse shear stiffness for various core configura-
tions has been calculated analytically and numerically by Nordstrand et al. [11].
The equivalent property for only the core parts of corrugated cores have been
investigated by Bartolozzi et al. [2, 3].

In the present work a numerical model is proposed which is much efficient,
versatile and easier than the previous models. The small deflection theory devel-
oped by Libove and Batdorf [7] has been used in the formulation. This numerical
model is applicable for sandwich bridge deck panels with any type of core con-
figuration. Equivalent orthotropic properties have been calculated numerically by
using finite element based software package ANSYS.

2 Mathematical Formulation

The present formulation is based on finding various elastic constants from the
bending and shear stiffnesses of a sandwich bridge deck panel. To calculate these
stiffnesses numerically using ANSYS, the deck has been modeled using 8 node
shell element SHELL281 with six degrees of freedom per node (viz. 3 translations
and 3 rotations in x, y and z direction). Finally, the behaviour of the sandwich panel
has been compared with an equivalent homogeneous orthotropic thick plate con-
tinuum as illustrated in Fig. 1.

2.1 Modulus of Elasticity and Poisson’s Ratio

Modulus of elasticity have been calculated from the bending stiffnesses (Dx and Dy)
of the deck. Poisson’s ratio have been calculated from the curvatures of the deck
panel due to application of bending moments. Bending stiffnesses of the rib core
sandwich unit subjected to either bending moment Mx or My can be estimated after
observing response of the deck panel due to this. Due to application of this moment,
strains developed at mid surface of the top and bottom face plates are shown in
Fig. 2.
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So, the curvatures in the xz plane ðjxÞ and yz plane ðjyÞ can be written as

jx ¼ @2w
@x2

¼ etopx � ebottomx

h
; jy ¼ @2w

@y2
¼ etopy � ebottomy

h
ð1Þ

Now, considering small deflection theory [7],

Dx ¼ �Mx

jx
; Ex ¼ 12Dx

h3
ð2Þ

Dy ¼ �My

jy
; Ey ¼ 12Dy

h3
ð3Þ

mxy ¼ � jy
jx

; myx ¼ � jx
jy

ð4Þ

Fig. 1 Transformation of a rib core sandwich representative element

Fig. 2 Strains at the mid
surface of the top and bottom
face plate of a rib core
sandwich deck representative
element subjected to bending
moments
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To calculate Dx numerically using ANSYS, moment Mx along x-axis at the two
ends of the panel has been generated applying force couples and the curvatures
have been calculated from the developed strains. To produce a uniform distribution
of moment Mx, lateral pressure of equal magnitude but opposite in nature has been
applied on edges along y-direction of the top and bottom face plate (in Fig. 3). To
evaluate Dy, similar type of modelling has been adopted considering the deck panel
subjected to moment My. In both cases sufficient length of the panel has been
ensured in the loading direction to avoid the edge effects. In all ANSYS models,
mid node of the deck bottom face plate has been considered as fixed to avoid rigid
body motion. Plates of high rigidity have been attached at loading ends of the deck
to avoid local deformation and to maintain constant depth.

2.2 In-plane Shear Modulus (Gxy)

In-plane shear modulus (Gxy) have been calculated from the twisting stiffness (Dxy)
of the deck after observing response of the deck panel due to application of the
twisting moment (Mxy). The shear strains (etopxy and ebottomxy ) developed at the mid
surface of the top face plate and bottom face plate respectively can be written in
terms of twist curvature ðjxyÞ as:

jxy ¼ @2w
@x@y

¼ etopxy � ebottomxy

h
ð5Þ

and Dxy ¼ Mxy

jxy
; Gxy ¼ 6Dxy

h3
ð6Þ

Fig. 3 Finite element model
using ANSYS, showing the
loads applied for determining
bending stiffness Dx
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To evaluate Dxy numerically using ANSYS, upward and downward forces are
applied at four corner nodes of the deck to generate uniform twisting moment as
shown in Fig. 4.

2.3 Transverse Shear Modulus (Gxz and Gyz)

Transverse shear modulus have been obtained from transverse shear stiffnesses of a
sandwich panel, which is calculated from the shear strains developed due to the
application of transverse shear forces. Considering a rib core sandwich panel
subjected to only transverse shear, the loading conditions and the deflected shape
can be described as shown in Fig. 5. To generate the shear force, an equal and
opposite force Vz has been applied from two sides. Due to application of the vertical
forces the panel will be subjected to shear forces and bending moments. To ensure
the panel subjected to shear only, an equal and opposite moment has been generated
applying a horizontal force Hx.

Fig. 4 Finite element model
using ANSYS, showing the
loads applied for determining
twisting stiffness Dxy

Fig. 5 A rib core sandwich panel unit subjected to transverse shear
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Gyz has been calculated by the following procedure:

cxz ¼
dx
h
þ dz

lx
; DQx ¼ Qx

cxz
and Gxz ¼ DQx

ksh
ð7Þ

where ks is the shear correction factor and has been assumed as a value of 5/6 and
Qx is the shear force per unit width of the c/s i.e. Vz/2p.

The transverse shear modulus Gyz has been calculated by the similar procedure
as described for Gyz. Transverse shear force Vy has been applied to the deck panel
and after that Gyz has been calculated as described below:

cyz ¼
dy
h
þ dz

ly
; DQy ¼ Qy

cyz
and Gyz ¼ DQy

ksh
ð8Þ

To evaluate DQx numerically using ANSYS, loads has been applied as shown in
Fig. 6. DQy has also been evaluated in similar way like DQx.

3 Results

Equivalent homogeneous orthotropic material property for sandwich bridge decks
with various core configuration has been calculated numerically. The present
method has been applied to FRP sandwich panels with three type of core config-
urations: rib, circular and triangle, to determine the flexibility of this present
method. The results have been compared with those available in published litera-
tures. Static and dynamic analysis has also been performed using the proposed
equivalent model and the results have been compared with the results obtained from
3D finite element model.

Fig. 6 Finite element model
developed using ANSYS, for
determining shear stiffness
DQx
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3.1 Equivalent Homogeneous Orthotropic Model
of a Triangular Core Sandwich Panel

For the validation of the proposed approach, equivalent elastic constants has been
computed for a triangular core sandwich panel. The panel is made of eight sand-
wich units, where the width = 1.2 m, length = 2 m as shown in Fig. 7a. The pitch
(p) = 60 mm, c/c height between two face plates (h) = 69 mm, thickness of face
plates (tf) = thickness of core plates (tc) = 3 mm, and E = 70 GPa, ν = 0.3 and
density = 2,700 kg/m3. The panel is clamped on all four edges. The equivalent
orthotropic material properties of the panel obtained from the present method have
been presented in Table 1 and calculated natural frequencies been presented in
Table 2. From the results it can be concluded that, the present model gives more
accurate results than the previous model.

Fig. 7 The detailed bridge deck cross section of a triangular core, b circular core

Table 1 Equivalent material properties for the triangular core sandwich bridge deck

Ex (GPa) Ey (GPa) Gxy (GPa) Gxz (MPa) Gyz (MPa) νxy
23.84 19.45 6.91 1,128.19 765.11 0.3001

Table 2 Natural frequencies (Hz) for the triangular core sandwich bridge deck

Frequency (Hz)

Mode-I Mode-II Mode-III

Present 3D model 460.71 561.39 712.13

Present equivalent model 437.71 (4.99 %)a 560.98 (0.07 %) 773.06 (−8.56 %)

Cheng et al. [5] 433.50 (5.91 %) 551.60 (1.74 %) –
a Values in the brackets are % difference with respect to result from the present 3-D model
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3.2 Equivalent Homogeneous Orthotropic Model
of a Circular Core Sandwich Panel

For further validation of this present approach, equivalent elastic constants has been
computed for a circular core sandwich panel. The panel has the dimensions:
length = 2 m, width = 0.96 m with thickness of face plates (tf) = thickness of core
plate (tc) = 3 mm, c/c height between two face plates (h) = 66 mm, radius of the
circular core (R) = 30 mm and pitch (p) = 2R as shown in Fig. 7b. The material
properties used for the analysis are: E1 = 172.25 GPa, E2 = 6,890 MPa,
G12 = G13 = 3,445 MPa, G23 = 1,378 MPa, ν12 = 0.25 and density (ρ) = 1,500 kg/m3.
All plates are made of lamination scheme (90°/45°/0°/90°/−45°/0°) with each layer
thickness 0.25 mm. The calculated equivalent orthotropic material properties obtained
from the present numerical method have been presented in Table 3. Natural mode
frequencies from the 3-D FE model and from the equivalent model have been pre-
sented in Table 4. It can be observed that the equivalent model (containing 64
elements) panel gives satisfactory results with significant time saving compared to 3-
D model (containing 12,992 elements).

3.3 Equivalent Orthotropic Model of a Rib Core
Sandwich Panel

To find out flexibility of the present method, this method has been applied to a
7.786 m × 10.06 m × 0.6486 m bi-directional rib core sandwich panel. This
problem has been taken from Aref et al. [1]. The rib stiffener spacings are 228.63
and 229 mm in x and y direction respectively as shown in Fig. 8. The material
properties used in the analysis are E1 = 23 GPa, E2 = 18 GPa, G12 = 9 GPa and
ν12 = 0.25. Fiber orientations and thickness of each component of the bridge deck

Table 3 Equivalent material properties for the circular core sandwich bridge deck

Ex (GPa) Ey (GPa) Gxy (GPa) Gxz (MPa) Gyz (MPa) νxy
28.28 19.97 4.38 598.59 17.10 0.2008

Table 4 Natural frequencies
(Hz) for the circular core
sandwich bridge deck

Mode Frequency (Hz) Error
(%)Present 3D

model
Present equivalent
model

1 229.84 224.31 −2.40

2 357.77 329.02 −8.04

3 435.07 450.56 +3.56

4 494.63 456.07 −7.79
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are as shown in Table 5. The bridge is subjected to 10 Pa pressure at the top surface.
The density of the bridge deck material has been taken as 1,826 kg/m3

(1.3259 × 10−10 ton/mm3). Maximum and the central deflection of the sandwich
FRP bridge deck and natural frequencies have been obtained by both equivalent
solid orthotropic model and exact 3-D finite element modeling. Calculated equiv-
alent material properties have been presented in Table 6.

Deflections calculated from the 3D FE model and from the proposed equivalent
model considering three different boundary conditions have been presented in
Table 7. The boundary conditions considered here are: FSFS, SSSS, CCCC where
F, S and C stands for free, simply supported and clamped respectively. Two longer
edges are free and two shorter are simply supported for the FSFS boundary con-
dition. Natural frequencies obtained from the two models considering the same
boundary conditions have been presented in Table 8.

Fig. 8 The FRP rib core deck panel geometry

Table 5 Material specifications and thickness of various components of the bridge deck

Fiber orientation Component No. of plies Total thickness (mm)

0 Top plate 7 12.8

90 Bottom plate 7 12.8

45 Rib cores 2 3.6

−45 Sides 3 5.5

Table 6 Equivalent orthotropic material property values estimated from the present method

Ex (MPa) Ey (MPa) Gxy (MPa) Gxz (MPa) Gyz (MPa) νxy
2,802.74 2,802.27 932.42 163.78 163.37 0.1925
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Table 7 Maximum and central deflection (in mm) of the rib core sandwich bridge deck

B.C. Wmax Wc

3D model Equivalent model 3D model Equivalent model

FSFS 9.289 9.062 8.4965 8.034

SSSS 4.628 4.748 4.628 4.748

CCCC 1.873 1.783 1.873 1.783

Table 8 Modal frequencies from the free vibration analysis of the rib core FRP bridge deck panel

Edge condition Mode Frequency (Hz) Error (%)

3D model Equivalent model

FSFS 1 20.35 21.1 3.69

2 25.50 27.74 8.78

3 37.34 – –

4 49.99 49.92 (mode 3) 0.14

5 65.81 65.21 (mode 4) 0.91

SSSS 1 32.51 30.98 4.71

2 60.11 61.43 2.20

3 72.04 – –

4 79.55 80.99 (mode 3) 1.81

5 93.74 – –

6 104.03 103.48 (mode 4) 0.52

CCCC 1 50.38 50.78 0.79

2 78.92 79.70 0.99

3 98.13 99.39 1.28

4 118.44 120.22 1.50

Fig. 9 For the SSSS boundary condition a mode-4 of equivalent model, b mode-6 of 3D model
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It can be noticed that some extra mode shapes have been generated in actual
model e.g., for SSSS boundary condition, mode 3 and mode 5 in actual model are
not present in the equivalent model. The mode shape-4 for the equivalent model and
the similar mode from the 3D model has been shown in Fig. 9. But, for the
boundary condition CCCC this type of extra modes are not available. After
observing the mode shapes from the two models, it’s very easy to find out the
similar mode shapes for the equivalent model.

4 Conclusions

A numerical method for evaluating equivalent homogeneous orthotropic material
property for FRP sandwich bridge deck panel has been presented. This method is
capable of transforming a FRP sandwich panel with any type of core configuration,
into an equivalent homogeneous layer. The present formulation is based on finding
various elastic constants from the bending and shear stiffnesses of a sandwich
bridge deck panel, which are calculated numerically using ANSYS. This numerical
method is much easier than previous methods and applicable to sandwich panel
having any type of core configuration.
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Experimental and Numerical Modal
Analysis of Laminated Composite Plates
with GFRP

Dhiraj Biswas and Chaitali Ray

Abstract Fibre reinforced polymer composites have gradually gained wide accep-
tance in civil engineering applications. Many possibilities of using FRP in the
strengthening and construction of concrete structures have been explored. The present
paper deals with the modal analysis of glass fibre reinforced laminated composite with
epoxy resin. The numerical as well as experimental investigations on the laminated
composite plates have been carried out. The finite element formulation for the com-
posite plates using first order and higher order shear deformation theories has been
developed using MATLAB. The finite element formulation has also been carried out
using the software package ANSYS 14.0. The numerical results have also been vali-
dated by conducting experimental investigation. The glass-epoxy laminated composite
plates have been manufactured in the laboratory by vacuum infusion method using the
vacmobile system. The dynamic analysis has been conducted by using B&K impact
hammer, unidirectional piezoelectric CCLD accelerometer (B&K type-4507), photon
plus data acquisition system and the modal analysis software (Pulse). The comparison
between the numerical and the experimental results is satisfactory.

Keywords Glass fibre reinforced polymer (GRPF) � Laminated composite �
Experiment � Finite element � Modal analysis

1 Introduction

The composite material has already received enormous importance to structural
engineers with their high specific strength, light weight and long service life to
replace traditional material like steel, concrete etc. Glass-FRP is used in the design
of structural elements like bridge deck, marine and aerospace structures.

D. Biswas (&) � C. Ray
Department of Civil Engineering, Indian Institute of Engineering Science and Technology,
Shibpur, Howrah 711103, India
e-mail: dhiraj.biswas@gmail.com

C. Ray
e-mail: chaitali@civil.iiests.ac.in

© Springer India 2015
V. Matsagar (ed.), Advances in Structural Engineering,
DOI 10.1007/978-81-322-2190-6_6

55



Han and Petyt [1] carried out the free vibration analysis of symmetrically lam-
inated, rectangular plates with clamped boundary conditions using the hierarchical
finite element method. Lee et al. [2] carried out the free vibration analysis of
symmetrically laminated composite rectangular plates with all edges elastically
restrained against rotation based on the first order shear deformation theory of
laminates. Experimental and numerical investigations of the free vibration of
composite FRP plates were carried out by Chakraborty et al. [3]. Liu et al. [4]
developed a mesh free formulation for static and free vibration analysis of com-
posite plates via linearly conforming radial point interpolation method using the
first order shear deformation theory. Xing and Liu [5] determined free vibration
natural frequencies of thin orthogonal rectangular plates based on the approach of
the separation of variables. Talha and Singh [6] studied functionally graded plates
using higher order shear deformation theory. They have carried out free vibration
and static analysis of such plates. Kumar et al. [7] determined free vibration
characteristics of laminates composite plates using higher order shear displacement
model with the help of zig-zag function. Mishra and Sahu [8] carried out numerical
and experimental works to study the free vibration of woven fiber Glass/Epoxy
composite plates in free-free boundary conditions. They carried out numerical
analysis using the first order shear deformation plate theory. Thai et al. [9] com-
puted static, free vibration and buckling analysis of laminated composite plates
using higher order shear deformation theory. The literature review reveals that the
hybrid laminates prepared in the present investigation has not been studied via
experiment and numerical analysis based on the finite element formulation con-
sidering third order shear deformation theory with a comparative perspective.

2 Mathematical Formulation

The first order shear deformation assumes constant transverse shear strain through
the thickness of the laminate. A shear correction factor is incorporated to eliminate
the discrepancies between the actual strain and the assumed strain. A refined form
of TSDT which only requires C0-continuity of generalized displacements (C0-
TSDT) has been used here. In the C0-TSDT type, two additional variables have
been included in the displacement field, and hence only the first derivative of
transverse displacement is required.

The displacement equations based on the third order shear deformation theory
are as follows:

u
v
w

8<
:

9=
; ¼

u0 x; yð Þ
v0 x; yð Þ
w0 x; yð Þ

8<
:

9=
;þ z

/1ðx; yÞ
w1ðx; yÞ
0

8<
:

9=
;þ z2

/2ðx; yÞ
w2ðx; yÞ
0

8<
:

9=
;þ z3

/3ðx; yÞ
w3ðx; yÞ
0

8<
:

9=
; ð1Þ
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where u0, v0 and w0 are the displacement components at any point (x, y) on the
middle plane of the laminated composite plate. Now the strain components asso-
ciated with the displacement field in Eq. (1) are:

e1
ey
c1y
c1z
c

8>>>><
>>>>:

9>>>>=
>>>>;

¼

e01
e0y
c01y

c01z
c0yz

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ z

k01
k0y
k01y
0
0

8>>>><
>>>>:

9>>>>=
>>>>;

þ z2

0
0
0
k21z
k2yz

8>>>><
>>>>:

9>>>>=
>>>>;

þ z3

k21
k2y
k21y
0

8>><
>>:

9>>=
>>;

ð2Þ

2.1 Finite Element Model of Composite Laminates

The finite element model consists three parts: (i) FEM formulation using 8 noded
isoparametric plate bending element having five degrees of freedom per node based
on FSDT (ii) Development of the model using the SHELL 281 element with six
degrees of freedom available in ANSYS 14.0, a finite element based software
package and (iii) FEM formulation using the eight noded isoparametric quadratic
plate bending element with seven degrees of freedom per node, viz., u, v, w, θx, θy,
ζx, ζy. The hybrid laminated plate is formulated considering the third order shear
deformation theory. A computer code has been developed using MATLAB 2013.
The element stiffness matrix for the plate element is given by

Ke½ � ¼
Z1

�1

Z1

�1

B½ �T D½ � B½ � Jj jdndg ð3Þ

in which [D] is the rigidity matrix and [B] matrix relates strain and displacement
and is expressed by the derivative of shape functions.

D½ � is the rigidity matrix of the laminated plates and is expressed as:

½A� ½B� ½E� 0 0
½B� ½D� ½F� 0 0
½E� ½F� ½H� 0 0
0 0 0 ½Az� ½Bz�
0 0 0 ½Bz� ½Dz�

2
66664

3
77775 ð4Þ

where, ðAij;Bij;Dij;Eij;Fij;HijÞ ¼
Pn

k¼1

R zk
zk�1

Qij
� �

kð1; z; z2; z3; z4; z6Þdz; i, j = x, y, s

Az
ij;B

z
ij;D

z
ij

� �
¼ Pn

k¼1

R zk
zk�1

Qij
� �

kð1; z2; z4Þdz; i, j = x, y.

The [B] matrix can be written as:
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B½ � ¼ B1½ � B2½ � B3½ � B4½ �½ �T ð5Þ

where,

B1½ � ¼
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@x
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0
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0 0 0 0 0
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6666664

3
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3
7777775

B3½ � ¼

0 0 0 c
@Nr

@x
0 c

@Nr

@x
0

0 0 0 0 c
@Nr

@y
0 c

@Nr

@y
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0 0
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0 0 0 3Nr 0 3Nr 0
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‘r’ denotes the node number and c ¼ 4=3h2 and

ef g ¼
X8
r¼1

Br½ � drf ge¼ B½ � df ge ð6Þ

The mass matrix of the plate element has been generated considering consistent
mass and is expressed by

Me½ � ¼
Z1

�1

Z1

�1

N½ �T m½ �k N½ � Jj jdndg ð7Þ
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where m½ �k is the mass matrix of kth layer and expressed as

½m�k ¼

I1 0 0 I2 0 c=3I4 0
0 I1 0 0 I2 0 c=3I4
0 0 I1 0 0 0 0
I2 0 0 I3 0 c=3I5 0
0 I2 0 0 I3 0 c=3I5
c=3I4 0 0 c=3I5 0 c2=9I7 0
0 c=3I4 0 0 c=3I5 0 c2=9I7

2
666666664

3
777777775

ð8Þ

with ðI1; I2; I3; I4; I5; I7Þ ¼
R t=2
�t=2 qk 1; z; z2; z3; z4; z6

� �
dz where qk is the density of

the material in the kth layer.

3 Experiments

3.1 Material Model of Composite Laminates

In the present investigation, the resin infusion process using vacuum bagging
technique is adopted to prepare the composite laminates in the laboratory because
of its high efficiency to control fixed fibre volume to resin volume ratio. The
laminates are prepared with a fixed fibre volume fraction as 0.55. The fibre used in
the present study is bi-directional glass fabrics as shown in Fig. 1. The epoxy resin
is used to prepare the laminates.

Fig. 1 Stitched glass fabric
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The vacuum bagging technique is a clamping method that uses atmospheric
pressure to hold the resin-coated components of a lamination in place until the
adhesive cures. It uses atmospheric pressure to hold the plies of a laminate together
tightly. The laminate is sealed within an airtight envelope. The envelope is made of
flexible membrane and solid mould surface. They are sealed by sealant tape against
the edges of the mould surface. A vacuum is then drawn in the vacuum bag and
atmospheric pressure compresses the material inside the bag while curing. The
flexible membrane is an extruded polymer film. This process has been conducted at
ambient temperature (23 °C) and atmospheric pressure acting upon the vacuum bag.
A vacuum pump is used to draw the vacuum properly. Figure 2 shows the final
product of a glass-FRP lamina. The laboratory set up for vacuum bagging process is
shown in Fig. 3.

3.2 Determination of Material Properties

3.2.1 Density of Laminates

The standard water displacement technique is used to determine the density of
specimen. The test samples of GFRP (5 nos. each) are tested to determine the
density of glass-FRP and the average value is calculated to obtain the density of
each type of specimen. Temperature during the total process is kept constant at
room temperature (17 °C).

Fig. 2 A laminated glass-
FRP plate
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3.2.2 Engineering Properties of Laminates

The engineering properties viz. Modulus of elasticity (E), Poisson’s ratio (ν) and
Shear modulus (G) have been determined by non-destructive testing approach with
reference to ASTM E494-10 [10], Standard Practice for Measuring Ultrasonic
Velocity in Materials using Olympus 45MG Ultrasonic thickness gage, Longitu-
dinal transducers (Olympus V110, V133) and Shear wave transducers (Olympus
V154, V156) as shown in Fig. 4.

The transducers along with the appropriate instrumental set up measure the
longitudinal and the shear wave sound velocities of the test specimens. The shear
wave sound velocity measurement requires a specialized high viscosity couplant or

Fig. 3 The complete
laboratory set up with vacuum
bagging process

Fig. 4 Ultrasonic sound
velocity measurement set-up

Experimental and Numerical Modal Analysis … 61



shear gel. The 45MG thickness gage can provide a direct reading of velocity of
sound waves within the material based on the thickness of the specimen measured
using digital slide calipers. The units are converted as necessary to obtain velocities
expressed in meters per second. The velocities thus obtained may be incorporated
into the equations available in the ASTM E494-10 [10].

3.3 Modal Testing Procedure

The Bruel & Kjaer accelerometer (type-4507) is used in this purpose and the
accelerometer is placed on a pre-specified degree of freedom. The impact is applied
at the selected degree of freedom by an impact hammer (B&K type-8206). The
input and output data are stored in computer using the data acquisition system
(B&K Photon plus) and RT pro modal analysis software (Figs. 5 and 6). The post
processing of acquired data using pulse reflex software has been used to determine
the mode shapes obtained experimentally.

4 Results and Discussion

4.1 Validation of Present Finite Element Procedure

A simply supported symmetric cross-ply (0°/90°/0°) square plate with length to
thickness ratio a/h = 100 and made of low modulus graphite/epoxy has been
considered for the analysis. The material properties are, ρ = 1,643 kg/m3,

Fig. 5 B&K modal analysis
instruments
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E22 = 7.6 × 109 N/m2, E11 = 25E22, G12 = G13 = 0.5E22, G23 = 0.2E22 and

ν12 = 0.25. The nondimensional natural frequencies �x ¼ xa2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E22h2

q
have been

calculated. The results obtained from the present finite element formulation has
been shown in Table 1 and compared with those obtained from Liu et al. [4]. It is
observed that the results obtained from the present FEM formulation based on the
first order shear deformation theory show excellent agreement with those obtained
from ANSYS software package and the published literature. However, the nondi-
mensional frequencies obtained from the present formulation using TSDT are of
slightly lower value.

Fig. 6 Screenshot of RT Pro software

Table 1 Non-dimensional natural frequencies of symmetric cross-ply plate

Mode
sequence

Liu et al.
[4]

Present analysis

ANSYS
14.0

FEM using
FSDT

FEM using
HSDT

1 15.13 15.32 15.18 14.63

2 22.66 22.94 22.82 21.36

3 39.64 40.69 40.23 38.39

4 55.45 56.88 56.23 55.52

5 59.29 61.28 60.25 57.97
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4.2 Simply Supported Square Laminates

The square laminated plates (3 nos. of each type) of dimensions 250 mm × 250 mm
each have been prepared. The measured longitudinal and shear wave sound
velocities in glass laminate is presented in Table 2. The material properties of glass-
epoxy laminae is computed as per ASTM E494-10 and presented in Table 3. All the
sides of the plates have been set to simply supported boundary condition. Three
types of laminates are prepared and tested in the laboratory. Glass-epoxy laminated
plates consisting of 4, 6 and 8 number of layers with average thickness of 2, 3 and
4 mm respectively. The results in terms of modal frequencies obtained from the
numerical models considering TSDT and FSDT and the experimental study have
been presented in Tables 4, 5 and 6. The Mode shapes corresponding to the first two
natural frequencies of laminate considering of 8 layers are shown in Figs. 7 and 8.
The reasonable percentage deviations of the natural frequency values show that the
experimental and numerical results tally very well.

Table 2 Measured sound velocities in glass-epoxy lamina

X-direction (m/s) Y-direction (m/s) Z-direction (m/s)

Glass-epoxy Longitudinal
velocity

4,457 4,457 2,399

Transverse velocity 2,378 2,378 1,390

Table 4 Simply supported 4 layer glass-epoxy laminate

Mode
sequence

HSDT
(Hz)

FSDT
(Hz)

Experiment
(Hz)

Deviation (%)

HSDT-
FSDT

HSDT-
experiment

FSDT-
experiment

1 99.888 109.310 100.848 9.433 0.961 7.741

2 275.7904 289.719 278.492 5.051 0.980 3.875

3 401.8966 439.084 413.861 9.253 2.977 5.744

Table 3 Material properties of glass-epoxy lamina

Material property Glass-epoxy Unit

Modulus of elasticity (E1) 30.4 GPa

Modulus of elasticity (E2) 30.4 GPa

Modulus of elasticity (E3) 9.95 GPa

Poison’s ratio (ν12) 0.247 –

Poison’s ratio (ν23) 0.301 –

Poison’s ratio (ν13) 0.301 –

Modulus of rigidity (G12) 3.99 GPa

Modulus of rigidity (G23) 11.7 GPa

Modulus of rigidity (G13) 11.7 GPa

Density 2,064 kg/m3
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Table 5 Simply supported 6 layer glass-epoxy laminate

Mode
sequence

HSDT
(Hz)

FSDT
(Hz)

Experiment
(Hz)

Deviation (%)

HSDT-
FSDT

HSDT-
experiment

FSDT-
experiment

1 136.115 148.953 137.391 9.431 0.937 7.762

2 375.631 394.613 379.243 5.053 0.962 3.895

3 545.853 596.825 560.539 9.338 2.690 6.080

Table 6 Simply supported 8 layer glass-epoxy laminate

Mode
sequence

HSDT
(Hz)

FSDT
(Hz)

Experiment
(Hz)

Deviation (%)

HSDT-
FSDT

HSDT-
experiment

FSDT-
experiment

1 181.4 198.6 183.175 9.482 0.979 7.767

2 500.5 525.8 508.843 5.055 1.667 3.225

3 726.5 794.5 725.1987 9.360 0.179 8.723

Fig. 7 Mode shape for 1st modal frequency of glass-FRP laminate. a Experimental. b Theoretical

Fig. 8 Mode shape for 2nd modal frequency of glass-FRP laminate. a Experimental. b
Theoretical
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5 Conclusions

The experimental studies on GFRP composite laminates have been carried out with
varying numbers of layers. The present study shows that the TSDT for the com-
posite laminates predicts slightly closer value of natural frequencies to those
obtained from experimental study than that obtained from FSDT or ANSYS
(FSDT). It can be concluded that the finite element analysis based on TSDT is
comparable to the experimental study in a better way for thicker laminate.
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Vibration Analysis of Laminated
Composite Beam with Transverse Cracks

S. Behera, S.K. Sahu and A.V. Asha

Abstract The present study deals with the effect of transverse cracks on the
dynamical characteristics of laminated composite beam based on first order shear
deformation theory (FSDT) is investigated. The cracks formulation is derived from
the fracture mechanics theory as the inverse of the compliance matrix calculated
with the proper stress intensity factors and strain energy release rate expressions.
The various parameters such as fiber orientation, volume fraction of fiber, crack
depth and crack location in the presence of cracks on the natural frequency are
studied in detail. The frequencies of vibration of a cracked beam is computed and
compares with the results of other investigators. A program is developed in
MATLAB environment to study the effects of various parameters on the natural
frequencies of composite beam with transverse cracks.

Keywords FOST � Laminated composite � Transverse cracks � Vibration analysis

1 Introduction

The beam is one of the most fundamental structural components, used frequently
used in many structures to carry and transfer loads in the machine and civil
structures. In recent years, the use of fiber reinforced composite in weight-sensitive
structures, such as the aerospace constructions, turbine blades, robot arm etc. have
been increased because of their high specific stiffness, high specific modulus and
tailor-ability. The problem related to strength degradation and structural integrity is
a major problem in such type of construction due to the presence of crack whose
investigations present a considerable importance. These cracks cause an increase in
amplitude of vibration level and finally lead to catastrophic failures. This may also
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cause changes in the structural parameters (e.g., the stiffness of a structural member
such as beam elements), which can change the dynamic properties (such as natural
frequencies and mode shapes). A good numbers of research works related to the
dynamic behavior of composite beam without crack are available in the literature.
But very few literatures are available on dynamic analysis of composite beam with
cracks. Krawczuk et al. [1] modeled and presented an algorithm for the creation of
characteristic matrices for the composite beam with single transverse fatigue crack.
They used finite element method for the analysis. Song et al. [2] investigated the
effects of multiple cracks on composite beam subjected to coupled bending-torsion
loading based on Timoshenko beam theory. Wang et al. [3] presented free vibration
analysis of cracked composite beams under coupled bending–torsion loading based
on a classical theory. Sridhar et al. [4] used pseudo spectral finite element method
for the wave propagation analysis in anisotropic and inhomogeneous un-cracked
and cracked structures. Kumar et al. [5] investigated free vibration analysis of the
cracked composite beam using experimental setup. Ghoneam [6] investigated
numerical and experimental analysis of Eigen parameters of laminated composite
beam with transverse open crack. Sung and Kim [7] investigated effect of a crack
due to rotating speed of composite beam based on Timoshenko Beam theory using
finite element method. Kisa [8] studied free vibration analysis of a cantilever
composite beam with multiple cracks using finite element and component mode
synthesis method. Loya et al. [9] found natural frequencies for bending vibration of
Timoshenko cracked beams using perturbation method. Krawczuk [10] studied the
static and dynamic analysis of the cracked composite beam using finite element
method. Krawczuk and Ostachowicz [11] investigated the Eigen frequencies of a
cracked cantilever composite beam. They presented two models of the beam. In the
first model, the crack was modeled by a mass-less spring and in the second model
the cracked part of the beam replaced by a cracked element.

In the present work, finite element method is used for the free vibration of
generally laminated composite beams with a transverse crack on the basis of first
order shear deformation theory (FSDT). The various parameters such as fiber ori-
entation, volume fraction of fiber, crack depth and crack location in the presence of
cracks on the natural frequency are studied in detail by selecting some numerical
examples and results of which has been compared with the results of other
investigators. A program is developed in MATLAB environment to study the
effects of various parameters on the natural frequencies of composite beam with
transverse cracks.

2 Mathematical Formulation

Considering a cantilever composite model of uniform cross section having trans-
verse open cracks of depth ‘a’ and located at a distance ‘x’ from fixed end as shown
in Fig. 1. The length, width and height of the beam are L, B and H respectively. The
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laminated composite beam is assumed to be made of unidirectional laminate
composite.

For laminated composite beam, the assumed displacement field based on FOST
can be written as

uðx; z; tÞ ¼ u0ðx; tÞ þ zhðx; tÞ ð1aÞ

wðx; z; tÞ ¼ w0ðx; tÞ ð1bÞ

where u0 and w0 are mid-plane axial and transverse displacements in x and z-
directions, h is the rotation of the normal to the mid-plane about the y-axis and t is
the time.

The strain-displacement relationships are given by

ex ¼ e0x þ zkx ð2aÞ

cxz ¼
@w0

@x
: ð2bÞ

Applying the finite element method in the beam vibration analysis, we obtained
the mass matrix M and a stiffness matrix K as

K½ � ¼
Z
V

BT
� �

D½ � B½ �dV ð3Þ

M½ � ¼
Z
V

½N�T ½q�½N�dV ð4Þ

Fig. 1 Geometry of cantilever composite beam with single cracked composite beam
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where [N] denotes the shape function and the matrix [D] can be written as

D½ � ¼
A11 B11 0
B11 D11 0
0 0 S55

2
4

3
5 ð5Þ

2.1 Crack Modeling

The most convenient method to determine the stiffness matrix of crack is to obtain
first flexibility matrix and then take the inverse of it. Derivation of a total flexibility
matrix of crack consists of two parts—first flexibility matrix due to crack, which
leads to energy release and additional deformation of the structure and second
consists of a flexibility matrix of intact beam. The stress intensity factors in the
fracture mechanics were used to model the crack. The beam has a uniform depth
along z-axis and is loaded with axial force P1; shear force P2 and bending moment
P3. The flexibility coefficient due to presence of crack can be obtained from Cas-
tiglione’s theorem in the following form.

Cij ¼ @2U
@Pi@Pj

ð6Þ

where U is the additional elastic strain energy of the element by the crack, while Pi
and Pj denote the independent nodal forces of the finite element. The additional
elastic strain energy in the case of cracks existing in unidirectional composite
materials is equal to

U ¼
Z
A

D1

Xi¼N

i¼1

K2
Ii þ D12

Xi¼N

i¼1

KIi

Xi¼N

i¼1

KIIi þ D2

Xi¼N

i¼1

K2
Ii

 !
dA ð7Þ

where A is the surface crack, Kij (j = I, II, i = 1, 2…n) are the stress intensity factors
and D1, D12 and D2 are coefficients depending on the material parameters are taken
from Krawczuck et al. [1].

The stress intensity factors for a composite beam with a crack are taken from
Tada et al. [12] are expressed as

Kij ¼ ri
ffiffiffiffiffiffi
pa

p
YjFji

a
H

� �
ð8Þ

where, ri is the stress for the corresponding fracture mode, a is crack depth, H is the
height of the beam, FjiðaHÞ (j = I, II, i = 1, 2, 3) is the correction factor for the finite
specimen size, Yj(ξ) (j = I, II) is the correction factor for the anisotropic material are
taken from Kisa [8].
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As a result Cij can be written as

Cij ¼
C11 C12 C13

C21 C22 C23

C31 C32 C33

2
4

3
5: ð9Þ

Total flexibility matrix CTotal of the cracked beam element can now be obtained
by

Ctotal ¼ Cintact þ Cij ð10Þ

where Cintact is the flexibility matrix of intact beam are taken from Sung and Kim
[7].

Finally, stiffness matrix of the beam element with crack can be written as

Kcrack ¼ TC�1
totalT

t ð11Þ

where T is the transformation matrix are taken from Sung and Kim [7].

3 Result and Discussion

The convergence study is first done for first non-dimensional frequencies of the
cracked composite beam as a function of angle of fibers for different mesh division
and is shown in Table 1. As observed, a mesh of 10 elements shows good con-
vergence of the numerical solutions for the free vibration and this mesh is employed
throughout for study in the subsequent vibration analysis of composite beam. For
intact beam the non-dimensional natural frequencies are normalized according to
the following relation [8].

xi ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x

ffiffiffiffiffiffiffiffiffiffiffiffi
12q
S11H2

rs
: ð12Þ

Table 1 Convergence of
non-dimensional free
vibration frequencies of
cracked composite beam for
different angle of fibers

Mesh division Non-dimensional frequencies for
different angle of fibers (α) degrees

α = 0 α = 30 α = 45

4 elements 1.8732 1.6544 1.4250

6 elements 1.8747 1.6588 1.4266

8 elements 1.8750 1.6597 1.4288

10 elements 1.8750 1.6597 1.4288

Kisa [8] 1.8774 1.6451 1.4848
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For cracked beam the non-dimensional natural frequencies are normalized
according to the following relation [8].

xj ¼ xcrackðaÞ
xncðaÞ ð13Þ

where, xcrack and xnc denote the natural frequency of the cracked and non-cracked
cantilever composite beam as a function of the angle of the fiber ðaÞ, respectively.

After convergence study, the accuracy and efficiency of present formulation are
checked through comparison with previous studies. First three non-dimensional
frequencies of the non-cracked beam for different angles of fibers obtained by
present formulation is compared with those obtained by Kisa [8] using finite ele-
ment method as shown in Fig. 2. First three non-dimensional frequencies of the
cracked beam for different angles of fibers with different crack ratio obtained by
present formulation is compared with those obtained by Kisa [8] as shown in Fig. 3.
The geometrical characteristics and material properties of the beam were chosen as

Fig. 2 Comparison of first three non-dimensional frequencies of the non-cracked composite beam
as a function of the angle of fibers α, value of V = 0.30

Fig. 3 Comparison of effect of angle of fiber on non-dimensional natural frequency of the cracked
composite beam for different the crack depth a/H = 0.0, 0.2, 0.4 and 0.6, values of V = 0.30
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the same of those used in [9]. The present results show good agreement with
previous results.

After the convergence study and comparison of formulation with the existing
literature, the studies extend to the investigation of the vibration analysis of lami-
nated composite beam with transverse crack including shear deformation effects
using finite element method. The geometrical properties of the beam were chosen as
the same of those used in Krawczuck et al. [11] and geometrical characteristics of
the beam are L = 381 mm, B = H = 25.4 mm. The numerical results are presented
below to show the effects of various parameters like crack ratio, crack depth, fiber
orientation and volume fraction of fibers on the natural frequency. The shear cor-
rection factor to be used is 5/6.

In Fig. 3, it is clear from the results that as the angle of the fiber increases from
0° to 90°, the non-dimensional natural frequency decrease. The variation of angle of
fiber with a volume of fraction of fiber 0.50 on the frequencies of vibration of
composite beam of varying crack depth is shown in Fig. 4. As observed, from the
results the decreases in natural frequencies become more with increasing crack
depth. When crack is perpendicular to fiber orientation decreases in natural fre-
quencies are higher as the angle of the fiber increases, the changes in the first
frequency reduce. For the value of the angle of fiber is greater than 30 these changes
are very low and nearly same to that of non-cracked beam. The effect of variation in
the angle of the fibers on the frequencies of vibration of composite beam with
varying crack location, constant crack depth ratio 0.2 and volume fraction of fibers
0.50 is shown in Fig. 5. As observed, from the results that crack near the free end
will have a smaller effect on the fundamental frequency than the closer end. The
first and second natural frequencies are changed when the cracks are located at the
near fixed end and middle of the beam respectively. The effect of variation of
volume fraction of fibers on the frequencies of vibration of composite beam of

Fig. 4 Effect of angle of fiber on non-dimensional natural frequency of the cracked composite
beams for different the crack depth a/H = 0.0, 0.2, 0.4 and 0.6: a relative first frequency, b relative
second frequency
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varying crack depth is shown in Fig. 6. As observed, from the results the decreases
in natural frequencies become more with increasing crack depth. It also shows that
the reduction in frequency highest takes place in between the volume of fibers 0.2
and 0.8.

4 Conclusion

In this paper, the free vibration analysis composite beam with transverse open crack
based on first order shear deformation theory (FSDT) using finite element method is
investigated. The effect of these parameters crack locations, crack depth, angle of
fiber and volume fraction of fiber on natural frequencies is studied. The stiffness

Fig. 5 Effect of angle of fiber on non-dimensional natural frequency of the cracked composite
beams for different the crack location at constant depth a/H = 0.2: a relative first frequency,
b relative second frequency

Fig. 6 Effect on non-dimensional fundamental natural frequencies of the cracked composite beam
as a function of the volume fraction of fibers for several values of the crack depth a/H = 0.2, 0.4
and 0.6
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matrix of cracked beam element is derived using stress intensity factors in the
fracture mechanics. The presented procedure can be used to identify cracks by
linking the variation in service of the composite structural beam natural frequencies
to the structural changes due to cracks.
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Non-linear Vibration Analysis of Isotropic
Plate with Perpendicular Surface Cracks

Gangadhar S. Ramtekkar, N.K. Jain and Prasad V. Joshi

Abstract A novel analytical model is presented for nonlinear vibration analysis of
a thin isotropic plate containing two perpendicular, partial surface cracks located at
the centre of the plate. The two cracks are continuous line cracks and each is
parallel to one of the edges of the plate. Using classical plate theory, the equation of
motion of the cracked plate is derived based on equilibrium principle. The crack
terms are formulated using the Line Spring Model (LSM) and Berger’s formulation
for the in-plane forces converts the equation of motion of cracked plate into a cubic
nonlinear system. Further, a nonlinear Duffing equation is obtained by applying the
Galerkin’s method. The frequency response relation for the cracked plate showing
geometric nonlinearity and peak amplitude is obtained using the perturbation
method of multiple scales. The influence of crack length ratios and boundary
conditions on the natural frequencies of square and rectangular plate is demon-
strated. The variation in the vibration characteristic of plate with two perpendicular
cracks is presented in this paper.

Keywords Vibration � Crack � Rectangular plate � Line spring model
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1 Introduction

Being a basic structural element, plate finds application in many fields such as
mechanical, civil, aerospace, ship building, bunkers, reservoirs etc. The knowledge
of vibration characteristics of rectangular plates is significant especially in the areas
of mechanics and aerospace engineering. Many structural systems such as aircraft
wings, vehicle parts, and helicopter blades are modeled as plates. The presence of
singularities in the form of crack(s) and hole(s) affect the vibration characteristics of
plates. Gorman [1] applied the method of superposition to study the free vibrations
of cantilever plates. Narita [2] studied the free vibration behavior of anisotropic
rectangular plates for combinations of general edge conditions. Cheng and Reddy
[3] applied Green’s functions for infinite and semi-infinite thin plates. Wu et al. [4]
studied exact solutions for free vibration analysis of rectangular plates using Bessel
functions. Rice and Levy [5] formulated using classical plate theory, the line spring
model wherein the crack is represented by continuously distributed line spring with
stretching and bending compliances. King [6] converted the coupled integral
equations given by Rice and Levy [5] to a set of linear algebraic equations thus
simplifying the line spring model. Zheng and Dai [7] then applied this simplified
line spring model to find stress intensity factors in their analytical modeling of a
rectangular plate with angled crack. Khadem and Rezaee [8] developed an ana-
lytical method for cracked plates and established that the presence of a crack at a
specific depth and location affects the natural frequencies differently. They intro-
duced modified comparison functions for vibration analysis of cracked rectangular
plate considering bending compliance. Qian et al. [9] and Krawczuk et al. [10]
studied vibration of cracked plates using a finite element scheme. Viola et al. [11]
investigated dynamics of thick composite plates containing crack using differential
quadrature finite element method and showed its application to plates of arbitrary
shapes. Natarajan et al. [12] further used the extended finite element method pro-
posed by Bachene et al. [13] for cracked functionally graded plates and considered
20 degrees-of-freedom for a 4 node quadrilateral plate element. Wu and Law [14],
in their work on thick plates concluded that the orientation of the crack affects the
frequency for free boundary condition. Wu and Shih [15] obtained nonlinear
response of cracked plate applied with periodic in-plane load and concluded that the
response of the system depends on crack location and aspect ratio of the plate. The
literature doesn’t appear to contain substantial research on analytical model of
cracked rectangular plate until Israr et al. [16] developed an approximate analytical
model for nonlinear vibrations of cracked plate using line spring model wherein, the
surface crack is parallel to one of the edges of the plate and is located at the centre.
Their work is based on classical plate theory and the line spring model [5] for
finding stress intensity factors of cracked plate is used therein to represent rela-
tionship between tensile and bending stress at far sides of the plate, and at crack
location. They concluded that the natural frequencies go on decreasing as the crack
length increases. Huang and Leissa [17] considered side cracks in the Ritz method
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for free vibration analysis of rectangular plates. Recently Huang et al. [18] estab-
lished a set of new admissible functions for the Ritz method in free vibration
analysis of simply supported square plate containing a through internal crack. More
recently, Ismail and Cartmell [19] considered various angular orientation of a partial
crack in their analytical model for vibration analysis thus extending the work of
Israr et al. [16]. The authors established relations for moment and in-plane force due
to orientation of the crack. Bose and Mohanty [20] considered arbitrary position
and orientation of part through crack in a thin isotropic plate for vibration analysis
and deduced that the orientation of crack affects the vibration characteristics of
plate. Huang and Chan [21] applied moving least squares interpolation functions in
their application of Ritz method for vibration of cracked plate. They considered
singular behavior of stress resultants at crack tips which are discontinuous in dis-
placement and slope across the crack. The literature shows that the nonlinear
vibration characteristics of cracked plate depend on parameters like crack length,
orientation, plate geometry, damping and location of the crack. Thus it is instructive
to study vibration characteristics of plates affected by the presence of two partial
perpendicular cracks located at the centre.

2 Problem Description and Methodology

The present work references the analytical model proposed by Israr et al. [16],
extended by Ismail and Cartmell [19] and applies it for the case of a rectangular
plate containing two perpendicular continuous line surface cracks as shown in
Fig. 1. L1 and L2 are plate dimensions along x and y direction respectively, d is the
offset distance between crack centre line and neutral plane of the plate. w is
transverse deflection and h is plate thickness. 2a and 2b are the crack lengths
parallel to x and y axis respectively. The equation of motion becomes nonlinear by
addition of in-plane forces according to Berger’s formulation [22]. The relationship
between nominal tensile and bending stress at the far sides of the plate and at the

2a

2b Crack depth

x
L1

L2

y z, wz, w

h

Fig. 1 Plate with two perpendicular partial surface cracks located at the centre

Non-linear Vibration Analysis of Isotropic Plate … 79



crack location given by the line spring model is applied for the two cracks. Thus
crack terms are formulated by appropriate compliance coefficients and three
boundary conditions namely (i) All edges simply supported (SSSS) (ii) Two
adjacent edges clamped and two free (CCFF) and (iii) Two adjacent edges clamped
and two simply supported (CCSS) are considered to analyze the effect of the two
cracks on the natural frequencies of vibration. The results of variation of natural
frequencies and amplitudes with length ratio of the two cracks are presented.
Furthermore, the method of multiple scales is applied to arrive at frequency
amplitude relation for and the phenomenon of bending hardening or softening is
demonstrated by plotting linear and nonlinear response curves.

The equation of motion governing the nonlinear vibrations of an isotropic
rectangular plate with two perpendicular part-through surface cracks located at the
centre of the plate is derived following the equilibrium principle. The two cracks are
in the form of continuous lines, with each parallel to one of the edges of the plate as
shown in Fig. 1. The force and moment equilibrium is employed with the
assumptions, that (1) the plate material is elastic, homogeneous, isotropic, (2) all
strains follow Hooke’s law, (3) the thickness of the plate h is small in comparison
with its other dimensions, (4) the crack(s) are in the form of continuous line, (5) the
effect of rotary inertia and through thickness shear is neglected and (6) the crack
terms are formulated using line spring model [16]. The equation of motion of an
intact rectangular plate based on classical plate theory considering in-plane forces is
rigorously treated in literature [23–25] and can be stated as,

D
@4w
@x4

þ 2
@4w

@x2@y2
þ @4w

@y4

� �
¼ �qh

@2w
@t2

þ Nx
@2w
@x2

þ Ny
@2w
@y2

þ 2Nxy
@2w
@x@y

þ Pz

ð1Þ

where Pz is the load, w is transverse deflection, q is the density, h is the thickness of
the plate and Nx;Ny;Nxy ¼ Nyx are the in-plane forces per unit length. D is flexural

rigidity defined as D ¼ Eh3
12ð1�m2Þ, E is the modulus of elasticity, and v is the Poisson’s

ratio. Following the equilibrium principle used in derivation of Eq. (1) for a plate
element with two continuous line perpendicular surface cracks of length 2a and 2b
at the centre, the equation of motion can be written as

D
@4w
@x4

þ 2
@4w

@x2@y2
þ @4w

@y4

� �
¼ �qh

@2w
@t2

þ @2M�y
@y2

þ @2M�x
@x2

þ N�x
@2w
@x2

þ N�y
@2w
@y2

þ Pz ð2Þ

where, M�y;M�x are bending moments per unit length and N�x;N�y are the membrane
forces per unit length due to the two cracks. The membrane or in-plane forces are the
functions of boundary conditions and may be caused due to temperature variation or
pre-stressing [23]. The in-plane forces due to the two cracks are shown in Fig. 2.
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Israr et al. [16] in their analytical model for a single surface crack neglected Ny and
Nxy for equilibrium due to discontinuity across y axis, as the crack was parallel to x
axis. They considered Nx, because along x axis there is continuum as the crack is a
line crack. In this work for the two cracks, it is necessary to neglect Nx, Ny and Nxy in
the equilibrium principle as is seen from Eq. (2), because there is discontinuity across
both x and y axes. By resolving the in-plane forces along Z axis, it can be shown that
the effect of membrane force N�y on the deflection is equivalent to a lateral force [16].
This principle is extended here to the in-plane force N�x.

Ismail and Cartmell [19] showed that the in-plane shear N�x�y appears only when
the crack is inclined to the edge of the plate. In this work, the two perpendicular
cracks are parallel to the edges of the plate and hence N�x�y is neglected in Eq. (2).

2.1 Crack Terms and Crack Compliance Coefficients

The line spring model (LSM) approximates the three-dimensional (3-D) crack
problem to a combined bending membrane problem by reducing the net ligament
stresses to the neutral plane of the plate. It gives the relationship between the
constraining effect produced by the net ligament and the tensile and bending
moments at far sides of the plate. The stress intensity factor along the crack front
may be approximated by corresponding stress intensity factor for an edge crack
strip under plane strain [26]. Using the LSM the relation between tensile and

 ( + )

( + )  dy     ( + + + )

( + )

( + + + ) ( + )

y

o

z

x

dx

Fig. 2 In-plane forces in a cracked plate element
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bending loads at far sides of the plate with those at crack surface for the two
perpendicular cracks are written as

N�y ¼ 2a
6abt0 þ att0ð Þ 1� m2ð Þhþ 2a

Ny ð3Þ

M�y ¼ 2a

3 abt0
6 þ abb0

� �
3þ mÞð1� mð Þhþ 2a

My ð4Þ

N�x ¼ 2b
6abt0 þ att0ð Þ 1� m2ð Þhþ 2b

Nx ð5Þ

M�x ¼ 2b

3 abt0
6 þ abb0

� �
3þ mÞð1� mð Þhþ 2b

Mx ð6Þ

In Eqs. (3)–(6) att0 ; abb0 ; abt0 ¼ atb0 are crack compliance coefficients for
stretching, bending and tensile-bending respectively at the centre of the cracks.
These three compliance coefficients are functions of depth of crack and plate
thickness. The cracks cause reduction in stiffness of the plate, thus Eqs. (3)–(6) are
employed with a negative sign, a phenomenon found in literature [8, 10, 16].
Expressing the terms N�x;N�y;M�x;M�y in Eq. (2) by those in Eqs. (3)–(6), and
substituting for Mx and My in terms of deflection w, the governing equation takes
the form

D
@4w
@x4

þ 2
@4w

@x2@y2
þ @4w

@y4

� �
¼ �qh

@2w
@t2

þ
2aDð@4w

@y4 þ m @4w
@x2@y2Þ

3 abt0
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3þ mÞð1� mð Þhþ 2a

� 2b
6abt0 þ att0ð Þ 1� m2ð Þhþ 2a

Nx
@2w
@x2

� 2a
6abt0 þ att0ð Þ 1� m2ð Þhþ 2a

Ny
@2w
@y2

þ Pz

ð7Þ

Aksel and Erdogan [26] found the stress intensity factors for the case of internal
and multiple cracks and established polynomials Bi, Ci for crack compliance
coefficients. They defined the shape functions for tension and bending in terms of
polynomials and the number of terms in the polynomial has been chosen by
appropriate curve fitting for finding the stress intensity factors. Defining the stress
intensity factor as [26, 27]
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KðsÞ ¼
ffiffiffi
h

p
ðrgtðsÞ þ mgbðsÞÞ ð8Þ

where KðsÞ is stress intensity factor for an edge crack strip under plane strain as
assumed in the LSM. σ and m are tensile and nominal bending stress at the crack
surface respectively. gt sð Þ and gb sð Þ are shape functions for tension and bending
given by,

gt sð Þ ¼ ffiffiffiffiffi
ps

p Xn
i¼1

Bis
2ði�1Þ ð9aÞ

gb sð Þ ¼ ffiffiffiffiffi
ps

p Xn
i¼1

Cisði�1Þ ð9bÞ

where, s is the ratio of depth of crack to plate thickness. The crack compliance
coefficients in Eqs. (6)–(9b) can be found as

cij ¼ 1
h

Zx

0

gigjdx ð10Þ

i, j = b, t can be used to find tensile, bending and tensile-bending coefficients for
depth of crack x.

3 Solution of Governing Equation

Applying the Galerkin’s method for the configuration of cracked plate shown in
Fig. 1, the general solution for transverse deflection of the plate is

wðx; y; tÞ ¼
X1
n¼1

X1
m¼1

AmnXmYnwmnðtÞ ð11Þ

where modal functions Xm and Yn, treated by different researchers satisfying the
boundary conditions of the plate can be obtained from [16, 23–25]. Amn is arbitrary
amplitude and wmnðtÞ is time dependent modal coordinate. Ramachandran and
Reddy [27] applied Berger’s formulation for nonlinear vibrations of rectangular
plate with cutouts. Israr et al. [16] applied the Berger’s formulation to find form of
Ny by expressing the middle surface strains in terms of lateral deflection. Berger
[22] obtained deflection of plate by neglecting the strain energy due to second
invariant of mid-surface strains and showed that the forms of in-plane forces
obtained work well for combinations of simply supported and clamped boundary
conditions. The in-plane forces Nx, Ny are often expressed in terms of mid-surface
strains [28]. The same form is extended here for Nx and Ny: By expressing the
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middle surface strains in terms of lateral deflection, applying Eq. (11) and inte-
grating over plate area one obtains

Nx ¼ D
6

h2L1L2

X1
n¼1

X1
m¼1

ZL1

0

ZL2

0

ð@Xm

@x
Þ2Yn2 þ mð@Yn

@y
Þ2X2

m

� �
dxdyAmn

2wmnðtÞ2 ð12Þ

Ny ¼ D
6

h2L1L2

X1
n¼1

X1
m¼1

ZL1

0

ZL2

0

ð@Yn
@y

Þ2Xm
2 þ mð@Xm

@x
Þ2Yn2

� �
dxdyAmn

2wmnðtÞ2 ð13Þ

Using Eqs. (12), (13) and applying the definition of w(x y t) to Eq. (7), multi-
plying both sides by XmYn and integrating over plate area one obtains,

qh
D

X1
n¼1

X1
m¼1

Amn

ZL1

0

ZL2

0

Xm
2Yn

2dxdy
@2wmn tð Þ

@t2
þ
X1
n¼1

X1
m¼1

Amnwmn tð Þ
ZL1

0

ZL2

0

ðXm
ivYn þ 2Xm

iiYn
ii þ Yn

ivXmÞ
	

� 2a mXm
iiYnii þ YnivXm

� �
3 abt0

6 þ abb0
� �

3þ mÞð1� mð Þhþ 2a
� 2b mXm

iiYnii þ Xm
ivYn

� �
3 abt0

6 þ abb0
� �ð3þ mÞð1� mÞhþ 2a

)
XmYndxdy

þ
X1
n¼1

X1
m¼1

Amn
3wmn tð Þ3

ZL1

0

ZL2

0

2aB2mnYniiYnXm
2

6abt0 þ att0ð Þ 1� m2ð Þhþ 2a
þ 2bB1mnXm

iiXmY2
n

6abt0 þ att0ð Þ 1� m2ð Þhþ 2a

� �
dxdy ¼ 0

ð14Þ

where,

B1mn ¼ 6
h2L1L2

P1
n¼1

P1
m¼1

RL1
0

RL2
0

ð@Xm
@x Þ2Yn2 þ mð@Yn@y Þ2Xm

2
n o

dxdy

B2mn ¼ 6
h2L1L2

P1
n¼1

P1
m¼1

RL1
0

RL2
0

@Yn
@y


 �2
Xm

2 þ m @Xm
@x

� �2
Yn2

� �
dxdy

The modal peak amplitude Amn is normalized to unity. The lateral load Pz is
neglected here for free vibrations. Equation (15) may be expressed in the form of
Duffing equation as

Mmn
@2wmnðtÞ

@t2
þ Kmnwmn tð Þ þ GmnwmnðtÞ3 ¼ 0 ð15Þ

where,

Mmn ¼ qh
D

X1
n¼1

X1
m¼1

Amn
ZL1

0

ZL2

0

X2
mY

2
n dxdy ð16Þ
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Kmn ¼
X1
n¼1

X1
m¼1

Amn

ZL1

0

ZL2

0

ðXm
ivYn þ 2Xm

iiYnii þ YnivXmÞ � 2aðmXm
iiYnii þ YnivXmÞ

3 abt0
6 þ abb0

� �ð3þ mÞð1� mÞhþ 2a

(

� 2bðmXm
iiYnii þ Xm

ivYnÞ
3 abt0

6 þ abb0
� �ð3þ mÞð1� mÞhþ 2a

)
XmYndxdy

ð17Þ

Gmn ¼
X1
n¼1

X1
m¼1

A3
mn

ZL1

0

ZL2

0

2aB2mnYniiYnXm
2

6abt0 þ att0ð Þ 1� m2ð Þhþ 2a
þ 2bB1mnXm

iiXmYn2

6abt0 þ att0ð Þ 1� m2ð Þhþ 2b

� �
dxdy ð18Þ

The natural frequencyx can be evaluated from Eq. (15) as

x2
mn ¼ Kmn=Mmn

3.1 Frequency Response and Peak Amplitude

The method of multiple scales as one of the perturbation methods, is well known by
the efforts of Murdock [29]. Israr et al. [16] applied this method to examine the
amplitude response for rectangular plate with single surface crack. The present
work extends the method to a rectangular plate with two perpendicular cracks. The
detailed derivation is omitted here and can be seen in the work of [16]. The solution
to Eq. (16) is approximated by perturbing the time function and thus giving the
peak amplitude as

Jp ¼ kmn
2xmnlD

p0 ð19Þ

where, p0 is the point lateral load taken as 10 N in this case, l is the damping factor
and

kmn ¼ Xm 0:375ð ÞYnð0:75Þ
Mmn

:

Equation (15) is rearranged by considering the external load and appropriate
delta function as given in the literature [16, 23]

€wmn tð Þ þ x2
mnwmn tð Þ þ dmnwmnðtÞ3 ¼ kmnp0ðtÞ ð20Þ

where dmn ¼ Gmn
Mmn

is the nonlinear term, Pz ¼ kmnp0ðtÞ. With the idealization of the
nonlinear damping to weak classical linear viscous damping l and the external load
to be harmonic, p0 tð Þ ¼ p0 cos hmnðtÞ the equation for cracked plate becomes
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€;mn tð Þ þ 2l _;mn tð Þ þ x2
mn;mn tð Þ þ dmn;mnðtÞ3 ¼ kmnp0 cos hmnðtÞ ð21Þ

References [16, 19, 29] shows the use of detuning parameter, emn which describes
the closeness of excitation hmn to xmn and can be written as hmn ¼ xmn þ cemn,
where c is perturbation parameter. Restricting the solution to first order perturbation
as higher order perturbations does not contribute much to the solution. Perturbing
the damping, cubic nonlinearity, external excitation and expanding wmn tð Þ and its
derivatives as

wmn t; cð Þ ¼ w0mn T0; T1ð Þ þ cw1mn T0; T1ð Þ ð22Þ
d
dt

¼ @

@T0
þ c

@

@T1
d2

dt2
¼ @

@T0
þ 2c

@

@T0

@

@T1

ð23Þ

where T0 ¼ t is fast time and T1 ¼ ct is slow time. Equations (22) and (23) can be
applied to Eq. (21) and separating the like terms of c0 and c1, one obtains,

@2w0mn

@T2
0

þ x2
mnw0mn ¼ 0 ð24Þ

@2w1mn

@T2
0

þ x2
mnw1mn ¼ �2

@

@T0

@w0mn

@T1

� �
� 2l

@w0mn

@T0
� dmnw

3
0mn

þ kmnp0cosðxmnT0 þ emnT1Þ
ð25Þ

The solution to Eqs. (24) and (25) for isotropic plate, by assuming a general
solution involving unknown complex amplitude and its complex conjugate can be
found in the literature [16, 29]. For steady state motion one obtains

emn ¼ 3dmnJ2
8xmn

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð k2mn
4x2

mnD
2J2

p20 � l2Þ
s

ð26Þ

J is modal amplitude of response as a function of emn and initial excitation
amplitude p0. Equation (26) is geometrically nonlinear frequency response for a
plate containing two perpendicular cracks. This relation is same as obtained in [16],
but it shows the bending hardening or softening phenomenon for a plate containing
two perpendicular cracks instead of a single surface crack in Israr et al. [16].
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4 Results and Discussion

The analytical model developed herein reduces to that given in Israr et al. [16]
when the two perpendicular surface cracks are replaced by a single surface crack
parallel to one of the edges of the plate. This study presents new results for natural
frequencies of plate with two perpendicular surface cracks. As is deduced by Israr
et al. [16], the presence of crack affects the first mode natural frequency signifi-
cantly hence results of 1st mode frequencies are examined. This section presents
results for natural frequencies of cracked rectangular isotropic plate with two
perpendicular cracks in the form of continuous line located at the centre as shown
in Fig. 1. The natural frequencies of the cracked plate are calculated for various
crack length ratio for the two cracks. Three boundary conditions and three plate
aspect ratios (L1/L2) are considered for analysis. The material properties taken are
E = 7.03 × 1010 N/m2, density = 2,660 kg/m3, Poisson’s ratio = 0.33 and damping
factor l ¼ 0:08. A point load of 10 N is considered to be acting at a point (0.375,
0.75) for amplitude response. The ratio of crack depth to plate thickness
throughout this work is taken as 0.6. Table 1 shows the 1st mode Natural Fre-
quency of an intact plate and that of a plate with surface crack, for four plate
aspect ratios (L1/L2), three boundary conditions and two half crack lengths,
a = 0.01 m, a = 0.025 m. The results obtained using the proposed model for single
surface crack when compared with Israr et al. [16] and Ismail [19] show close
agreement. Table 2 shows first mode natural frequencies for various crack length
ratio. The presence of crack at the centre significantly affects the first mode natural
frequency of the plate for all the three boundary conditions. There is decrease in
first mode natural frequency for all aspect ratios and the three boundary conditions
and this decrease is more as crack length increases. Also this effect is more
pronounced as plate dimensions decrease. Presence of two surface cracks affects
the frequency more as compared to a single surface crack as seen from Tables 1
and 2. For a square plate of side 1 m with two perpendicular surface cracks each of
length 50 mm, the decrease in frequency is 12 % in case of SSSS, 14 % in case of
CCSS and 18 % in case of CCFF plate when compared to an intact plate.
Comparing the decrease in frequencies from Table 2, it can be deduced that the
presence of crack parallel to the longer edge of the plate decreases the frequency
more as compared to the crack parallel to the shorter edge of the plate. As the
natural frequencies are influenced by the geometry of the plate; this is equally true
for the cracked plate also. Table 2 also shows that for a plate with same dimen-
sions, the effect due to increase of crack length ratio on frequencies is more
pronounced in case of CCFF boundary condition as compared to the other two.

Employing the method of multiple scales described earlier, the peak amplitude
of the vibrating plate containing a single and two perpendicular cracks is examined
for a point lateral load of 10 N at a location of (0.375, 0.75). The change in peak
amplitude for two different plate aspect ratios and for two different half crack
lengths of 10 and 25 mm is shown in Table 3. For all the three boundary conditions,
insertion of single or the two cracks increase the peak amplitude and this increase is
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Fig. 3 Linear and nonlinear response curves for the three boundary conditions
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substantial as the crack length increases. Also this increase is dependent on plate
dimensions, and is more for the two cracks.

Using Eq. (26), geometrically linear (dmn ¼ 0) and geometrically nonlinear
(dmn\0, soft spring and dmn [ 0, hard spring) response curves are plotted for a
square plate of side 1 m and half crack lengths of a = b = 0.01 m for a given
damping l and excitation. These linear and nonlinear response curves for the three
edge conditions are shown in Fig. 3. Comparison of the linear and nonlinear curves
shows the importance of the nonlinear term which describes the bending hardening
or softening phenomenon. The linear curves are symmetric around the resonant
frequency. The effect of the cubic nonlinear term dmn, is to bend the curve towards
right or left depending on whether it is hard or soft spring. This geometric non-
linearity bends the frequency response curve towards left(bending softening) for
CCSS and SSSS boundary conditions and towards right(bending hardening) for
CCFF condition, as opposed to an isotropic plate with a single surface crack as
deduced in Ref. [16]. It can also be concluded from Fig. 3 that the bending soft-
ening phenomenon for the SSSS boundary condition is more than the other two
boundary conditions which is in fact intuitive.

4.1 Finite Element Solution

For the purpose of comparison of results for the two surface cracks, FEM code in
ANSYS has been applied to find first mode natural frequencies for SSSS boundary
condition. Other boundary conditions are equally possible. The plate of thickness
10 mm, is modeled as a 3-D model with given geometric and mechanical properties.
Crack of depth 6 mm is introduced in the full plate model using Boolean operations
in ANSYS or by using cut feature in ABAQUS. Another method employed in
modeling the crack is to model quarter plate and define the crack area by using
suitable symmetric boundary conditions. Due to partial crack, it is necessary to
model the plate as a 3-D problem and 8 node brick element with reduced integration
and block Lanczos solver is employed for modal analysis. 2-D plate elements
cannot deal with the problem of plate with partial crack. Number of checks and
convergence tests are carried out to select the proper element type and element edge
length after convergence test is taken as 0.004 for a quarter plate square model of

Table 4 First mode natural frequency (Hz) for SSSS plate

L1 L2 SSSS (analytical solution) SSSS (FEM solution)

a = b = 10 mm a = b = 25 mm a = b = 10 mm a = b = 25 mm

1 1 46.44 43.33 46.35 43.24

0.5 1 114.71 105.33 114.52 105.25

1 0.5 114.71 105.33 114.52 105.25

0.5 0.5 185.79 173.34 183.35 172.79
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dimension 0.25 m. Table 4 below gives comparison of first mode natural fre-
quencies for SSSS plate for four aspect ratios. It is observed that the FEM results
show similar trend for the two surface cracks and upholds the analytical solution.
The values of frequency obtained by FEM are smaller than the analytical values
because the analytical treatment is based on classical plate theory which is known to
over predict natural frequencies.

5 Concluding Remarks

An analytical model is proposed for an isotropic plate containing two perpendicular,
partial continuous line cracks located at the centre of the plate. Each crack is
parallel to either edge of the plate. The decrease in stiffness of the plate due to the
two cracks is evaluated based on line spring model. It is observed that the presence
of the two cracks decreases the frequencies and increases peak amplitude. Also the
presence of crack parallel to longer side of the plate decreases the frequency more
as compared to a crack parallel to the shorter side. For a given plate of aspect ratio
the effect of increase in crack length ratio is more pronounced in CCFF boundary
condition as compared to the other two. It is also verified that geometry of the plate
affects the natural frequencies of cracked plate. It would be interesting to evaluate
the response of this analytical model using some shear deformation theory.
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Vibration and Dynamic Stability
of Stiffened Plates with Cutout

A.K.L. Srivastava

Abstract Stiffened plates are structural components consisting of plates reinforced
by a system of ribs to enhance their load carrying capacities. The stiffened plates are
often subjected to dynamic in-plane loads of varying magnitude and complexity.
Cutouts in aerospace, civil, mechanical and marine structures are inevitable mainly
for practical and design considerations. The applied load is seldom uniform and the
boundary conditions may be completely arbitrary in practice. Stiffened plates
subjected to dynamic in-plane loading may undergo unstable transverse vibrations
for certain combinations of the values of the load parameters. The present paper
deals with the dynamic instability analysis of eccentrically stiffened plates with
cutout subjected to harmonic in-plane partial edge load using Bolotin’s method and
Hill’s infinite determinants. Finite element formulation is applied to study the
effects of different boundary conditions, aspect ratios, various parameters of stiff-
ened plates, cutout size, various partial edge loading position and extent on exci-
tation frequency parameters and principal instability regions. In the present
analysis, the plate is modeled with the nine nodded isoparametric quadratic element
with five degrees of freedom, where the contributions of bending and membrane
actions are taken into account. Stiffened plates with cutout are more pronounced in
comparison to the unstiffened plates. The onset of instability occurs with lower
excitation frequencies for small cutout. The width of instability region increases
with the increase of cutout size for both simply supported and clamped edge
conditions.
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1 Introduction

Stiffened plates are structural components consisting of plates reinforced by a
system of ribs to enhance their load carrying capacities. The stiffened plates are
often subjected to dynamic in-plane loads of varying magnitude and complexity.
The present paper deals dynamic instability analysis of eccentrically stiffened plates
with cutout subjected to harmonic in-plane partial edge load using Bolotin’s method
and Hill’s infinite determinants. Finite element formulation is applied to study the
effects of different boundary conditions, aspect ratios, various parameters of stiff-
ened plates, cutout size, various partial edge loading position and extent on exci-
tation frequency parameters and principal instability regions. In the present
analysis, the plate is modeled with the nine nodded isoparametric quadratic element
with five degrees of freedom, where the contributions of bending and membrane
actions are taken into account. The formulation of the stiffener is done in such a
manner so that it may lie anywhere within a plate element. In order to maintain
compatibility between plate and stiffener, the interrelation functions used for the
plate are used for the stiffeners also.

The dynamic stability strength of stiffened plates with cutout is significantly
affected by the static components of load, with addition of restraint at the edges,
with increase of number of stiffeners. The onset of instability occurs with lower
excitation frequencies for small cutout. The width of instability region increases
with the increase of cutout size for both simply supported and clamped edge
conditions. Dynamic instability behavior under non-uniform compressive periodic
edge loading shows that the plate is less susceptible to instability under patch
loading near one or both ends of the loaded edges.

Large number of references in the published literature deal with the buckling,
vibration and dynamic instability behavior of rectangular plates subjected to in-
plane uniform loading. The problem becomes complicated when the loading is non-
uniformly distributed over the edges. A relatively less number of investigations deal
with the static and dynamic instability problems under in-plane non-uniform edge
loadings.

Parametric instability characteristic of rectangular plates with localized damage
subjected to in-plane periodic load is studied by Prabhakara and Datta [1]. Deolasi
and Datta [2] studied the dynamic stability of plates considering shear deformation
and presented results of dynamic stability of thin, square, isotropic plates for classical
simply supported boundary conditions having three degrees of freedom per node.

The parametric instability characteristics of doubly curved panels subjected to
various in-plane static and periodic compressive edge loadings, including partial
and concentrated edge loading are studied by Sahu and Datta [3] using finite
element analysis. A number of investigation do exist on buckling under uni-axial
uniform loads of stiffened plates having longitudinal equispaced stiffeners, mostly
based on shear deformation theories under different classical boundary conditions.

The onset of parametric resonance of a rectangular plate reinforced with closely
spaced stiffener was studied by several researchers. Duffield and Willens [4] treated
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rectangular stiffened and Merrit and Willens [5] investigated the skew stiffened
plates. In these studies, however, a uniformly distributed load has been treated
under relatively simple boundary condition. The effects of stiffener location on the
boundaries of the parametric instability regions have been discussed. It was shown
in their investigations that the principal regions of instability could significantly
overlap for a stiffened plate.

The dynamic stability of radially stiffened annular plates with radial stiffeners
located at equal angular intervals with both edges subjected to in-plane forces using the
finite element method have been studied by Mermertas and Belek [6]. The instability
regions are determined for a wide range of excitation frequencywith different boundary
conditions using Bolotin’s method by varying the number of stiffeners.

A finite element analysis of a clamped thin plate with different cutout sizes,
along with experiments was carried out by Monahan et al. [7] using holographic
interferometry. Ritchie and Rhodes [8] have investigated theoretically and experi-
mentally the behavior of simply supported uniformly compressed rectangular plates
with central holes, using a combination of Rayleigh-Ritz and finite element
methods. Paramsivam and Sridhar Rao [9] developed finite difference method for
obtaining the natural frequencies and mode shapes for rectangular plates, of varying
stiffnesses causing re-entrant corners, by assuming average curvature at the corners.

2 Governing Equation

The equation of equilibrium for vibration of a structure subjected to in-plane loads
can be written in matrix form as

M½ �f€qg þ Kb½ � � PðtÞ KG½ �½ � qf g ¼ 0 ð1Þ

P tð Þ ¼ PS þ Pt cosXt ð2Þ

PS ¼ aPcr; Pt ¼ bPcr ð3Þ

where PS is the static portion of P. Pt is the amplitude of the dynamic portion of P
and X is the frequency of excitation. The static elastic buckling load Pcr is the
measure of the magnitudes of PS and Pt. Here α and β are termed as static and
dynamic load factors respectively. Using Eq. (3), the equation of motion (1) is
reduced to

M½ �f€qg þ Kb½ � � aPcr KG½ � � bPcr KG½ � cosXt½ � qf g ¼ 0: ð4Þ

Finally, the instability equation leads to

Kb½ � � aPcr KG½ � � 1
2
bPcr KG½ � � X2

4
M½ �

� �
qf g ¼ 0: ð5Þ
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Equation (5) represents an eigenvalue problem for known values of α, β and Pcr.
The nine noded isoparametric quadratic elements with five degrees of freedom (u, v,
w, θX and θy) per node have been employed in the present analysis. The element
matrices of the stiffened plate element consist of the contribution of the plate and
that of the stiffener.

Using the isoparametric coordinates, the element stiffness matrix, element mass
matrix, geometric stiffness matrix is expressed as

Kb½ �p¼
Zþ1

�1

Zþ1

�1

Bp
� �T

Dp
� �

Bp
� �

Jp
�� ��dn dg ð6Þ

Mp
� �

e¼
Z1

�1

Z1

�1

N½ �T mp
� �

N½ � Jp
�� ��dn dg ð7Þ

KG½ �P¼
Zþ1

�1

Zþ1

�1

BGp
� � T

rP½ � BGp
� �

Jp
�� ��dn dg: ð8Þ

The geometric stiffness of the stiffener element can be expressed in iso-parametric
co-ordinate as

KG½ �S¼
Zþ1

�1

BGS½ � T rS½ � BGS½ � JSj j dn ð9Þ

3 Results and Discussion

The problem considered here consists of a rectangular plate (a × b) with longitu-
dinal stiffeners having a central rectangular cutout of size (g × d) subjected to
harmonic in-plane partial edge loading at the plate boundary. The stiffener cross-
section is shown in Fig. 1. To study the dynamic stability behavior of stiffened
plates with cutout under general non-uniformly distributed in-plane edge loading,
rectangular stiffened plates with different types of edge loading are considered. The
applied loadings at the edges are compressive in nature.

The results are presented in table and also in graphical form where the instability
region is shown by the upper and lower values of the non-dimensional excitation
frequency parameter (X ¼ Xa2

ffiffiffiffiffiffiffiffiffiffi
qt=D

p
). In all the cases, the excitation frequency

parameter is plotted against dynamic load factor (β) for different parameters as
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mentioned above. The region bounded by the two boundaries gives their stability
regions for various values of static and dynamic load factors.

3.1 Validation Studies with Previous Results

In order to validate the results, linear fundamental frequencies obtained in the study
can be compared with those available in the literature. Table 1 contains non-
dimensionalized natural frequency of a simply supported square plate with a central
square cutout for various values of plate side to cutout side ratio.

The poison’s ratio is taken as (ν = 0.3). An initial decreasing trend with increased
cutout size is observed from the Table 1. The results are well compared with Ali
and Atwal [10] given in bracket in the Table 1. To validate the formulation further,
the dynamic stability results for clamped unstiffened square plate are compared with
Hutt and Salam [11] in Table 2 and found good agreement.

Section A-A 

A

A 

bs

ds

a

b

Fig. 1 Stiffened plate cross-section

Table 1 Natural frequency coefficient of simply supported unstiffened plate

Natural frequency parameter (ω)

Mode Cutout ratio (g/a)

0 0.1 0.2 0.3 0.5 0.8

1 19.735
(19.7392)

19.86
(19.87)

20.19
(20.193)

20.87
(20.6983)

23.45
(24.243)

58.91
(58.358)

2 49.22
(49.348)

49.35
(49.355)

49.492
(49.416)

49.514
(49.512)

48.40
(48.409)

73.83
(76.012)

3 49.22
(49.348)

49.35
(49.355)

49.492
(49.416)

49.514
(49.512)

48.40
(48.409)

73.83
(76.012)

4 78.83
(78.956)

78.145
(78.427)

78.04
(77.152)

77.12
(76.052)

73.67
(76.58)

121.92
(126.71)
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3.2 Dynamic Stability Studies of Stiffened Plates with Cutout

The influences of various parameters like effects of static and dynamic load factors,
cutout sizes, stiffener parameters, boundary conditions, position of loads and load
width on the dynamic instability behavior of stiffened plates subjected to partial
edge load at one end have been studied. The effect of hole size on the instability
region of the simply supported stiffened plate at load position c/b = 0.4 is studied
from 0.0 (no cutout) to cutout ratio (ratio of size of cutout to length of plate) 0.8 at
an interval of 0.2 in Fig. 2. It can be observed from Fig. 2 that the width of
instability regions increases with the increase of cutout size (g/a) and the onset of
instability occurs with lower excitation frequencies for small cutout. With increase
of cutout size, the onset of excitation frequency increases having wider dynamic
instability regions.

The effect of load width (c/b) on instability region of simply supported stiffened
plate having one central stiffener with cutout (g/a = 0.4) subjected to partial edge
load at one end is studied taking static load factor (α = 0.2) and the results obtained

Table 2 Comparison of upper and lower excitation frequency parameter for simply supported
unstiffened square plate

Excitation frequency parameter (X)
β α = 0 β α = 0.6

Present Hutt and
Salam [11]

Present Hutt and
Salam [11]

U L U L U L U L

0.4 43.246 35.310 43.00 35.32 0.16 27.350 22.331 27.33 22.39
0.8 46.711 30.579 46.52 30.78 0.32 29.542 19.339 29.60 19.53
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Fig. 2 Effect of cutout size (g/a) on dynamic instability region of a simply supported stiffened
plate having one central stiffener with cutout subjected to partial edge load at one end. α = 0.2,
c/b = 0.4, a/b = 1
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are presented in Fig. 3. It is observed that for small value of c/b (c/b = 0.2), the
width of the dynamic instability regions is usually smaller in comparison to those
for c/b close to unity (c/b = 0.8). It is also observed that, the instability occurs at
lower excitation frequencies with increase of distance from the edges (c/b).

The analysis is further extended to stiffened plates having three stiffeners
(DX = 180, 300, 420 mm from the lower edge) for similar loading case, cutout size
and load width and the results are shown in Fig. 4. It is also noticed that the
variation of excitation frequency parameter is not very appreciable with the increase
of load width. This is because of varying number of stiffeners and also the posi-
tioning of stiffeners on the edges of cutout boundaries along the load direction.
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Fig. 3 Effect of load width
(c/b) on dynamic instability
region of a stiffened square
plate having one central
stiffener with cutout subjected
to partial load at one end.
α = 0.2, g/a = 0.4, a/b = 1
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Fig. 4 Effect of load width
(c/b) on instability region of a
simply supported stiffened
square plate having three
stiffeners with cutout
subjected to partial load at one
end. α = 0.2, g/a = 0.4,
DX = 180, 300, 420 mm

Vibration and Dynamic Stability of Stiffened Plates with Cutout 101



4 Conclusion

The instability regions tend to shift to lower frequencies with wide instability
regions with the increase of static load factor. The onset of instability occurs later
with narrow zones of instability with addition of restraint at the edges.

The width of instability regions is reduced with the decrease in value of c/b ratio.
The onset of instability occurs at higher excitation frequencies when the load is
nearer to the support. In higher range of β (≥0.4), the upper excitation frequency
parameter for higher c/b ratio is more compared to that corresponding to lower
c/b ratio. For lower values of β, the pattern is just opposite.

Dynamic instability behavior under non-uniform compressive periodic edge
loading shows that the plate is less susceptible to instability under patch loading
near one or both ends of the loaded edges. The dynamic stability strength of
stiffened plates with cutout is significantly affected by the static components of
load.

The onset of instability occurs with lower excitation frequencies for small cutout.
With increase of cutout size, the onset of excitation frequency increases along
higher frequency axis with wider dynamic instability regions.
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On Progressive Failure Study
of Composite Hypar Shell Roofs

Arghya Ghosh and Dipankar Chakravorty

Abstract Hyperbolic paraboloid (hypar) shell bounded by straight edges, an
aesthetically appealing doubly curved anticlastic surface, which is easy to fabricate
being doubly ruled, and is preferred as roofing units in many practical situations
demanding large column free spaces. The skewed hypar shells are architecturally
beautiful, easy to cast and are often preferred as roofing units. Laminated composite
shells are frequently used in various engineering applications including aerospace,
mechanical, marine and automotive engineering. Laminated composites gained
popularity in civil engineering structures as use of these materials results in reduced
mass and mass induced forces like seismic forces. Failure study of these materials is
necessary, which includes the load value (first ply failure load) at which failure
initiates and the failure propagation location and the ultimate load carrying
capacity. The present article aims to study a comparative failure propagation of
uniformly loaded simply supported hypar shells of different stacking orders using
finite element method. An eight noded curved quadratic isoparametric shell element
is used to develop the finite element program and validated through solution of
benchmark problems. Well accepted failure criteria are used to evaluate the failure
loads and failure propagation from engineering standpoint. While obtaining the
failure loads, each lamina is considered to be under plane stress condition i.e. no
transverse stresses are considered to act on any lamina. The results are analysed
thoroughly and the paper ends with a number of conclusions of design significance.
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Symbols

a, b Length and width of the shell
c Rise of hypar shell
u, v, w In-plane and transverse displacements
α, β Slopes along the plan directions
E11, E22, E33 Elastic moduli
G12, G13, G23 Shear moduli
Rxy Twist radius of curvature of the hypar shell
1, 2 and 3 Local coordinates of a lamina
x, y, z Global coordinates of the laminate
εx, εy In-plane normal strain components along x and y axis respectively
γxy In-plane shear strain in x-y plane
ε1, ε2 In-plane normal strains along 1 and 2 axes of a lamina respectively
ε6 In-plane shear strain in 1–2 plane of a lamina
σ1, σ2 and σ6 In-plane lamina stresses
νij Poisson’s ratio
ξ, η Natural co-ordinates of isoparametric elements
κx, κy, κxy Curvatures of the shell due to load

1 Introduction

The shell structural element is thin by definition and can resist any externally
superimposed load by combined inplane thrusts and bending of the surface.
A skewed hypar shell is aesthetically appealing and being doubly ruled is easy to
cast. Moreover, this configuration can allow entry of north light and due to this
advantage, it finds use as roofing units in practical civil engineering applications.

It is important to note that failure study of the laminated hypar shell is needed
for their confident application in the industry. First and ultimate ply failure of
composite plates have received attention from researchers like Singh and Kumar
[1], Akhras and Li [2] and Ganesan and Liu [3], who reported that the failure of
laminated composites is progressive in nature and the first ply failure load is much
lower than its ultimate load carrying capacity. Reddy and Pandey [4], Kam and
Jan [5], Kam et al. [6], Prusty et al. [7], Kumar and Srivastava [8] studied the first
ply failure of laminated plates and shells. The progressive failure analysis of
laminated composite plates under transverse static loading was carried out in linear
and elastic range by Pal and Ray [9] and Pal and Bhattacharyya [10]. A first ply
and progressive failure analysis of laminated unstiffened and stiffened composite
panels under static loadings was investigated by Prusty [11] using the geometric
and material linearity.

It is noted from the literature review that the failure study of skewed hypar shell
is not reported by any researchers although the importance of this shell form in the
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industry is enormous. To fill this lacuna the present investigation intends to study
the failure progress of hypar shell by a linear finite element approach from practical
engineering point of view.

2 Mathematical Formulation

A laminated composite hypar shell (Fig. 1) of uniform thickness h and twist radius
of curvature Rxy is considered. Keeping the total thickness the same, the thickness
may consist of any number of thin laminae each of which may be arbitrarily
oriented at an angle θ with reference to the x axis of the coordinate system. The
surface equation of this shell is:

z ¼ 4c
ab

ðx� a=2Þðy� b=2Þ: ð1Þ

An eight noded curved quadratic isoparametric element (Fig. 2) having five
degrees of freedom at each node which includes the in-plane, transverse displace-
ments, and slopes along the plan directions. The governing equations and the
systematic development of the stiffness matrix of the shell have been reported in
Sahoo and Chakravorty [12].

The static bending problem is solved by employing Gauss elimination method
and the displacements are further used to evaluate the stresses. In-plane strain
components for a lamina situated at a distance ‘z’ from the lamina mid-plane are
evaluated in global axes as:

ex ¼ e0x þ zkx; ey ¼ e0y þ zky and cxy ¼ c0xy þ zkxy: ð2Þ

Fig. 1 A typical hypar shell
surface

On Progressive Failure Study of Composite Hypar Shell Roofs 105



Lamina strains are transformed from the global axes of the shell to the local axes
of the lamina using transformation matrix,

e1
e2
e6
2

8
><

>:

9
>=

>;
¼

m2 n2 2mn
n2 m2 �2mn
�mn mn m2 � n2

2

4

3

5

ex
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exy
2

8
><

>:

9
>=

>;
ð3Þ

where m = sin θ and n = cos θ.
Lamina stresses are obtained using the constitutive relation of the lamina,

r1
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r6

8
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:

9
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;
¼

Q11 Q12 0
Q12 Q22 0
0 0 Q66
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5
e1
e2
e6

8
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:

9
=

;
ð4Þ

where, Q11 ¼ ð1� m12m21Þ�1E11, Q22 ¼ ð1� m12m21Þ�1E22, Q12 ¼ ð1� m12m21Þ�1

E11m21 and Q66 ¼ G12.
Four well accepted failure theories like maximum stress, Tsai-Hill, Tsai-Wu and

Hoffman failure criterion are used to evaluate the first ply and ultimate ply failure
loads of the composite skewed hypar shell under present study. The expressions of
the failure theories adopted here are those reported by Kam et al. [6]. After the first
ply failure (FPF), the stiffness of the failed element has been totally discarded from
the laminate and the remaining shell is considered for further analysis. Displace-
ments and stresses are recalculated and the stresses for the remaining shell portions
are verified against the selected failure criteria to compute the next failure load and
failure point that would fail immediately under the increased share of stresses.
Hence, the progressive failure study for the shell is carried out using this iterative
process, which ultimately achieves the ultimate ply failure (UPF) load.

3 Numerical Problems

The Q-1115 graphite-epoxy is considered as fabrication material for the hypar
shells under study and the corresponding material properties are reported in Table 1.
First ply failure loads from the present formulation are compared with the linear

Fig. 2 An eight noded finite
element
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failure loads reported by Kam et al. [6] in Table 2. The results match closely. For
the authors’ own problems, geometric properties of the skewed hypar shells under
simply supported condition and different lamina types are presented in Table 3 and
Table 4 respectively. The Gauss point locations for an element is clearly shown in
Fig. 3. The shell options under study are subjected to uniformly distributed trans-
verse static loading. The failure loads, failure locations on the shell surface and the
failed lamina, counted from the top of the laminate downwards, correspond to the
first ply failure and the ultimate ply failure loads of the laminated composite skewed
hypar shells are reported in Table 5.

Table 1 Material properties of graphite-epoxy (Q-1115)

Material constants Strengths

E11 142.5 GPa XT 2,193.5 MPa

E22 = E33 9.79 GPa XC 2,457.0 MPa

G12 = G13 4.72 GPa YT = ZT 41.3 MPa

G23 1.192 GPa YC = ZC 206.8 MPa

ν12 = ν13 0.27 R 61.28 MPa

ν23 0.25 S = T 78.78 MPa

Table 2 Comparison of first ply failure loads for a ð0�2=90�Þs plate
Failure criteria Side/thickness First ply failure

load [6] [N]
First ply failure load
(present formulation) [N]

Maximum stress 105.26 108.26 112.14

Hoffman 106.45 104.40

Tsai-Wu 112.77 110.50

Tsai-Hill 107.06 104.40

Table 3 Geometric
dimensions of the hypar shell Hypar shell dimensions Values (mm)

Length (a) 1,000

Width (b) 1,000

Thickness (h) 10

Rise of hypar shell (c) 200

Table 4 Different types of
lamina Lamina name Stacking orders

Symmetric cross ply (SYCP) 0°/90°/0°

Symmetric angle ply (SYAP) 45°/−45°/45°
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4 Results and Discussion

4.1 First Ply and Ultimate Ply Failure Loads

The first ply failure load and ultimate ply failure load for composite skewed hypar
shells are mentioned in Table 5. Both the FPF and UPF loads are evaluated using
four different well-established failure criteria and the minimum value among those
is picked up as the failure load. Symmetric angle ply (SYAP) laminate gives the
maximum FPF load value. In general, the performance of the angle ply shell is
better. It may be inferred from the results that among two laminates the one stiffer in
terms of FPF may not be the stiffer one in terms of the UPF load. It is also
interesting to note that the UPF load is by far higher than the FPF load. In practical
civil engineering apart from strength, serviceability is also considered as an
important parameter in design. In the present study the permissible deflection is
assumed as span/250 (according to Indian Standard IS: 456-2000) which is 4 mm
for the shell geometry considered here. It is very interesting to note that for the cross
ply shell, the FPF load corresponds to deflection greater than 4 mm and for the

Fig. 3 Arrangement of Gauss
points (2 × 2) in an element

Table 5 First ply and ultimate ply failure distributed load (MPa)

Types
of
lamina

Failure
criteria

First ply failure Ultimate ply
failure (UPF)
load

Load for 4 mm
deflection where
such load is less
than FPF load

Failure
load
(FPF)

Failed
ply

Failed
Gauss
point

Failed
element

S
Y
C
P

Maximum
stress

0.7980 1 1 8 265.7825 0.1870

Hoffman 0.7244L 2 1 8 296.7450

Tsai–Hill 0.7922 1 1 8 265.3874L

Tsai–Wu 0.7249 2 1 8 300.7547

S
Y
A
P

Maximum
stress

25.6408 1 1 57 504.5590

Hoffman 1.3737 1 4 8 356.7432

Tsai–Hill 1.5189 1 1 57 418.6368

Tsai–Wu 1.2917L 1 4 8 328.4164L

Note L represents the least failure load obtained from the four failure criteria
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Fig. 4 a Typical failure pattern of SYCP lamina. b Typical failure pattern of SYCP lamina.
c Typical failure pattern of SYCP lamina
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angle ply shell the deflection corresponding to FPF load is less than 4 mm. In case
of angle ply shell when the failure progress is deeply examined it is found that over
a wide range of load values one of the plies remains almost undamaged and this
accounts for the fact that the deflections remain arrested below 4 mm even when the
FPF load is exceeded. The geometry of a skewed hypar shell is such that the shell
tends to transfer the loads in the diagonal directions. In the angle ply laminate that is
selected here the fiber directions are aligned along the diagonal directions too. This
is why the angle ply shell is in general stiffer than the cross ply one and deflects less
even after getting partly damaged.

4.2 Failure Progress

The failure criterion from which the FPF load is obtained is more important than
that of UPF load. This is why the failure progress according to this criterion is
studied pictorially in discrete steps and lamina wise. Symmetric angle and cross ply
shells are taken up for such study where the failed elements are made dark corre-
sponding to first to fifth ply failure loads and corresponding to 0.25, 0.5, 0.75 and 1
UPF load. The typical failure pattern of SYCP shell is shown in Fig. 4a–c.

5 Conclusion

The present finite element code is capable of successfully assessing the first ply and
progressive failure behaviour of laminated composite skewed hypar shell with
simply supported boundary condition. Here, angle ply shell is mostly preferred by

Fig. 4 (continued)
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the practicing engineers for its better damage resisting capacity as the increase of
load as compared to cross ply. The location of the first ply failure point is extremely
important to be known to a practising engineer because any instrumentation needed
for hidden flaw detection should start from that point. In other words if it is found
that the point prone to first ply failure damage is free of any hidden flaw it can
safely be concluded that the shell surface is free of any damage caused due to
overloading.
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First Ply Failure of Laminated Composite
Conoidal Shell Roofs Using Geometric
Linear and Nonlinear Formulations

Kaustav Bakshi and Dipankar Chakravorty

Abstract A detailed review of literature on failure of composite shells shows that
no research report is available on failure of laminated conoidal shells using geo-
metrically nonlinear formulation. The present paper aims to fill the lacuna and
reports first ply failure of moderately thin composite conoidal shells. A number of
parameters like boundary condition, stacking order and lamination are varied to
study the failure loads, failure locations and failure modes/tendencies of the shell.
The paper concludes with a set of meaningful engineering design guidelines, which
are proposed keeping the serviceability criterion in mind.

Keywords Conoidal shell � First ply failure � Laminated composite

1 Introduction

Laminated composite is a popular fabrication material in weight sensitive engi-
neering applications like in civil, aerospace and marine structures since second half
of the last century. The diverse advantages offered by the material like high stiff-
ness/strength to weight ratio and the flexibility to optimize the material stiffness by
altering the lamina stacking sequences and number of laminae in the laminate made
it a lucrative option to the civil engineers.

The conoidal shells are stiffer than the flat plates due to its curved geometry,
which combines the axial and bending rigidities, which ultimately results in lesser
mass induced forces like seismic and foundation forces. Moreover, the conoidal
shell is aesthetically pleasing, easy to construct due to its ruled surface and allows
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entry of daylight and natural air, which is preferred by medicine and food pro-
cessing units. The shell is used in the construction industry to cover large column
free open spaces like car parking lots, stadiums, auditoriums, shopping malls and
aircraft hangers. Researchers like Hadid [1], Das and Chakravorty [2], Kumari and
Chakravory [3, 4] and Pradyumna and Bandyopadhyay [5, 6] studied static,
dynamic and instability behaviors of the laminated conoidal shells. Das and Cha-
kravorty [2] worked on static responses of conoidal shells while Kumari and
Chakravory [3, 4] reported bending and vibration of the delaminated conoids.
Pradyumna and Bandyopadhyay [5] studied static and dynamic responses using
higher order shear deformation theory. The authors [6] later reported dynamic
instability behavior of these shells.

The failure study of shells is important to consider for their confident applica-
tion. Singh and Kumar [7], Akhras and Li [8] and Ganesan and Liu [9] reported that
the laminated composite fails in a progressive manner, which initiates with first ply
failure and finally culminating into ultimate ply failure. They also reported that the
first ply failure load is significantly less than the ultimate ply failure load. Hence,
assigning a high factor of safety on the first ply failure load underestimates the load
carrying capacity of the material and results in a highly conservative design.
However, the first ply failure load is important to know to avoid a sudden catas-
trophe like complete collapse of the shell roof. Researchers like Reddy and Pandey
[10] and Reddy and Reddy [11] reported first ply failure of laminated plates using
geometric linear and nonlinear formulations respectively. Kam and Jan [12], Kam
and Sher [13] and Kam et al. [14] reported experimental first and ultimate ply
failure loads of graphite-epoxy plates. The authors also used geometrically non-
linear formulation and numerical methods like layer wise linear distribution method
[12], Ritz method [13] and finite element method [14] to compare the theoretical
results with the experimental values. First ply failure loads of stiffened plates were
reported by Ray and Satsangi [15] using eight noded plate elements and three noded
beam elements and by Kumar and Srivastava [16] using six noded triangular plate
elements and blade, I and hat section stiffeners. Lal et al. [17] reported stochastic
nonlinear failure analysis of laminated composite plates under compressive trans-
verse loading. First ply failure loads of single and doubly curved shells subjected to
static loads were reported by Prusty et al. [18] using the geometrically linear
formulation. Recently, Bakshi and Chakravorty worked on first ply failure of
laminated conoidal shells [19, 20] utilizing geometric linear formulation. Later the
authors [21] used the geometric nonlinear formulation to study the first ply failure
of composite cylindrical shells.

The literature review shows that no researcher worked on failure of laminated
conoidal shells using geometrically nonlinear approach. Hence, the present paper
aims to study the first ply failure of laminated composite conoidal shells using
geometrically linear and nonlinear formulations.
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2 Mathematical Formulation

The present study considers a laminated composite conoidal shell (Fig. 1) of uni-
form thickness ‘h’ and radii of curvatures ‘Ryy’ and ‘Rxy’. Thickness of the shell
may consist of any numbers of thin laminae oriented at an angle ‘θ’ with respect to
the global x-axis. The laminate stress resultant vector {F} is obtained from the
element strain vector {ε} by using the following relationship:

fFg ¼ ½D�feg ð1Þ

The laminate constitutive relationship matrix [D] for the conoidal shell is
adopted from Das and Chakravorty [2] and the {F} vector is the same as it was
reported by Bakshi and Chakravorty [20].

An eight noded curved quadratic element with C0 continuity is considered to
develop the present computer code. Each node of the element has five degrees of
freedom which are given as the following:

df g ¼ u v w a bf gT ð2Þ

The degrees of freedom u, v, w, α and β are depicted in Fig. 1. The element
degrees of freedom {d} are expressed in terms of their nodal values {de} using the
shape functions of the element [1]. The element strain vector {ε} following the von-
Karman type geometric nonlinearity [21] is given below,

feg ¼ e0x e0y c0xy kx ky kxy c0xz c0yz
� �

feg ¼ fegL þ fegNL ð3Þ

Fig. 1 A typical conoidal
shell
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where {ε}L is linear and {ε}NL is nonlinear mid-surface strains. The linear mid-
surface strains {ε}L are the adopted from Bakshi and Chakravorty [20]. The non-
linear strain vector is given below,

ef gNL¼ 1
2

@w0
@x � u

Rxx

� �2
1
2

@w0
@y � v

Ryy

� �2
@w0
@x � u

Rxx

� �
@w0
@y � v

Ryy

� �� �T

‘Rxx’ and ‘Ryy’ denote radii of curvatures along the x and y axes of the shell,
respectively and ‘Rxy’ represents radius of cross curvature. ‘Rxx’ is assigned high
value (1030) to make the respective curvature effectively zero in case of the conoidal
shell considered here.

The mid-surface linear and nonlinear strain vectors are related to the deflections
of the shell {d} by the following relationships.

ef gL¼ B½ �L df g ð4Þ

ef gNL¼ 1
2
B½ �NL df g ð5Þ

where [B]L is the linear strain-displacement matrix and adopted from Das and
Chakravorty [2]. The nonlinear strain-displacement matrix [B]NL for the conoidal
shell is given as the following,

B½ �NL¼ A½ � G½ � ð6Þ

A½ � ¼
@w0
@x � u

Rx
0

0 @w0
@y � v

Ry
@w0
@y � v

Ry

@w0
@x � u

Rx

2
64

3
75 G½ � ¼ � Ni

Rx
0 @Ni

@x 0 0

0 � Ni
Ry

@Ni
@y 0 0

" #
; i ¼ 1 to 8

The governing equation of the conoidal shell is derived based on the principle of
minimum total potential energy (π). The total potential energy is minimized fol-
lowing the steps reported by Bakshi and Chakravorty [20]. The nonlinear equi-
librium equation of the conoidal shell is obtained as the following:

Xne
i¼1

wi ¼
Xne
i¼1

ZZ
A

@ ef gT
@ df g D½ � ef gdxdy�

X8
i¼1

ZZ
A
Nif gT qf gdxdy

 !
i

ð7Þ

The nonlinear equilibrium equation is solved by using the Newton-Raphson
iteration method. The solution steps are the same as it was furnished Bakshi and
Chakravorty [21].

The displacements of the shell are used to obtain the lamina stresses following
the method depicted by Bakshi and Chakravorty [21]. The lamina stresses are used
in well known failure theories like maximum stress, maximum strain, Tsai-Hill,
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Hoffman and Tsai-Wu [10] to obtain the first ply failure loads. The failure modes/
tendencies of the composite shell are furnished in Tables 1 and 2 following the
guidelines proposed by Bakshi and Chakravorty [20].

3 Numerical Problems

In order to verify the accuracy of the bending formulation for conoidal shell, the
static displacements of an isotropic conoid obtained using the present computer
code are compared with the values reported by Hadid [1]. The elastic moduli in the
present computer code are assigned equal values to model the isotropic material
using the code developed for laminated shells. The comparison is furnished in
Fig. 2. The material properties and geometry of the shell are reported in the figure.

Table 1 Identification of
failure modes/tendencies
using maximum stress theory

Stress ratio Failure mode Designated by
r1
XT

[ 1 Fiber breakage 1
r2
YT

[ 1 Matrix cracking 2
r6j j
T [ 1 Matrix shear failure 3
r1
XC

[ 1 Fiber buckling 4
r2
YC

[ 1 Matrix crushing 5

Table 2 Identification of
failure modes/tendencies
using maximum strain theory

Strain ratio Failure mode Designated by
e1
XeT

[ 1 Fiber breakage 1
e2
YeT

[ 1 Matrix cracking 2
e6j j
Te

[ 1 Matrix shear failure 3

e1
XeC

[ 1 Fiber buckling 4
e2
YeC

[ 1 Matrix crushing 5

Fig. 2 Deflection profile of
isotropic conoid under
uniformly distributed load
along �y ¼ 0:5
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The accuracy of the failure formulation of the present code is confirmed by
comparing the linear and nonlinear failure loads of a partially clamped plate. Failure
loads obtained using the present code are compared with the values reported by
Kam et al. [14]. The comparison of the failure loads is presented in Table 3. The
material properties of the plate are reported in Table 4 and the geometry is furnished
with Table 3.

Apart from the verification problems, the present paper reports first ply failure of
point supported laminated conoidal shells subjected to concentrated load at the
centre. The spacing of point supports, stacking order and lamination are varied to
obtain the failure loads, failure locations and failure modes/tendencies. The results
of the additional problems are furnished in Tables 5 and 6. The topmost ply is
numbered one. The geometry of the conoid for the additional problems are reported
with Table 5 as footnote and the material property is reported in Table 4.

Table 3 Comparison of first ply failure loads in newton for a (0
�
2=90

�
)s plate

Failure
criteria

Side/
thickness

Failure loads Kam et al.
[14]

Failure loads (present
formulation)

Maximum
stress

105.26 108.26L 112.14L

147.61N 135.94N

Maximum
strain

122.86L 128.56L

185.31N 218.10N

Hoffman 106.45L 98.40L

143.15N 133.21N

Tsai-Wu 112.77L 110.50L

144.42N 134.50N

Tsai-Hill 107.06L 104.40L

157.58N 134.91N

Note 1 Length = 100 mm, ply thickness = 0.155 mm, load details = central point load
Note 2 L represents linear results and N represents nonlinear results

Table 4 Material properties of graphite-epoxy (Q-1115)

Material constants Strengths

E11 142.50 GPa XT 2,193.5 MPa Xεt 0.01539

E22 9.79 GPa XC 2,457.0 MPa Xεc 0.01724

E33 9.79 GPa YT = ZT 41.30 MPa Yεt = zεt 0.00412

G12 = G13 4.72 GPa YC = ZC 206.80 MPa Yεc = zεc 0.02112

G23 1.192 GPa R 61.28 MPa Rε 0.05141

ν12 = ν13 0.27 S 78.78 MPa Sε 0.01669

ν23 0.25 T 78.78 MPa Tε 0.01669
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Table 5 First ply failure loads (newton) of point supported cross-ply conoid

Lamination
(°)

Failure theory a′/a = 1/
2

a′/a = 1/
4

a′/a = 1/
8

a′/
a = 1.0

a′/
a = 1.0

a′/
a = 1.0

b′/
b = 1.0

b′/
b = 1.0

b′/
b = 1.0

b′/b = 1/
2

b′/b = 1/
4

b′/b = 1/
8

0/90 Maximum
stress

43,961L 45,975L 46,108L 42,378L 48,374L 48,271L

17,115N 18,788N 19,094N 20,527N 21,545N 22,255N

Maximum
strain

44,172L 46,199L 46,333L 42,379L 48,598L 48,497L

16,611N 18,249N 18,502N 19,492N 20,502N 21,143N

Hoffman 28,493L 29,613L 29,658L 30,596L 31,897L 31,609L

17,105N 18,781N 19,087N 20,498N 21,536N 22,247N

Tsai-Hill 32,174L 33,422L 33,470L 34,596L 36,061L 35,719L

17,139N 18,817N 19,123N 20,556N 21,586N 22,300N

Tsai-Wu 32,424L 33,721L 33,777L 34,738L 36,226L 35,929L

17,117N 18,795N 19,101N 20,517N 21,555N 22,268N

0/90/0 Maximum
stress

35,166L 36,973L 37,521L 33,637L 34,740L 34,888L

26,164N 27,300N 27,728N 24,897N 25,438N 25,867N

Maximum
strain

55,559L 60,896L 62,249L 52,023L 54,707L 55,359L

40,227N 42,921N 43,537N 35,049N 37,898N 40,026N

Hoffman 31,106L 32,286L 32,693L 29,951L 30,761L 30,819L

26,159N 27,295N 27,723N 24,892N 25,438N 25,862N

Tsai-Hill 32,907L 34,299L 34,755L 31,615L 32,531L 32,618L

26,221N 27,357N 28,109N 24,952N 25,456N 25,925N

Tsai-Wu 34,821L 36,300L 36,782L 33,445L 34,422L 34,517L

26,180N 27,317N 27,745N 24,913N 25,438N 25,884N

45/−45 Maximum
stress

10,225L 10,443L 10,477L 11,290L 11,636L 11,714L

8,432N 8,640N 8,672N 9,171N 9,385N 9,480N

Maximum
strain

9,079L 9,276L 9,308L 9,962N 10,253L 10,326L

7,692N 7,873N 7,904N 8,348N 8,553N 8,639N

Hoffman 10,223L 10,440L 10,474L 11,281L 11,625L 11,704L

8,428N 8,636N 8,667N 9,168N 9,382N 9,476N

Tsai-Hill 10,174L 10,390L 10,424L 11,226L 11,568L 11,646L

8,461N 8,670N 8,701N 9,202N 9,417N 9,512N

Tsai-Wu 9,890L 10,101L 10,134L 10,891L 11,218L 11,295L

8,441N 8,650N 8,681N 9,182N 9,396N 9,490N

45/−45/45 Maximum
stress

17,818L 18,536L 18,692L 19,773L 21,272L 21,574L

14,294N 14,898N 15,001N 15,238N 16,492N 16,741N

Maximum
strain

18,326L 19,204L 19,395L 20,308L 21,846L 22,233L

14,742N 15,434N 15,552N 15,669N 16,965N 17,260N

Hoffman 17,179L 18,410L 18,560L 19,668L 21,159L 21,449L

14,289N 14,891N 14,994N 15,233N 16,486N 16,735N

Tsai-Hill 17,804L 18,514L 18,668L 19,759L 21,257L 21,556L

14,340N 14,944N 15,048N 15,285N 16,541N 16,791N

Tsai-Wu 18,021L 18,769L 18,931L 19,994L 21,509L 21,828L

14,309N 14,912N 15,015N 15,254N 16,507N 16,757N

Note 1 L represents linear failure loads and N represents nonlinear failure loads
Note 2 a = 1,000 mm, b = 1,000 mm, a/h = 100, a/b = 1.0, hl/hh = 0.25
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4 Results and Discussion

Figure 2 shows that the static displacements of the isotropic conoid, obtained using
the present code, agree excellently with the values reported by Hadid [1]. Thus, it is
confirmed that the conoidal shell surface is accurately incorporated in the present
finite element code. The linear and nonlinear failure loads obtained from the present
code are in a close agreement with the results reported by Kam et al. [14]. Hence,
the accuracy of the geometric linear and nonlinear failure formulations of the
present code is confirmed.

The computer code is further used to study first ply failure loads of laminated
conoidal shells as indicated in the previous section. For a given boundary condition,
five different failure theories are used to obtain the first ply failure loads of a
lamination and among these failure loads, the minimum value should be designated
as the load carrying capacity of the material with the application of proper factor of
safety. The minimum linear and nonlinear failure loads for a given lamination are
highlighted in bold letters in Tables 5 and 6.

An in-depth study of the results furnished in Table 5 reveals to practicing
engineers that in order to obtain higher load carrying capacity of the conoidal shell
for a given boundary condition, the cross-ply laminations should be used as these
shells show greater linear and nonlinear first ply failure loads than the angle-ply
ones when the number of laminae in the laminate is kept constant. The transversely
loaded shells supported on opposite edges deform along the plan directions. The
fibers in cross-ply shells run along the plan directions and carry the governing
forces and moments. However, in case of angle-ply shells considered here, the
fibers run along the diagonal directions, which cause the matrix to carry the gov-
erning stresses. Since, the matrix is inferior in strength compared to the fibers, the

Table 6 First ply failure loads, locations, modes/tendencies of the conoidal shell

Lamination
(degree)

Failure
theory

Failure
load
(newton)

Deflection
at failure
(mm)

Location
(x, y) (m, m)

First failed
ply

Failure
mode/
tendency

0/90/0 Maximum
stress

37,521L 2.980L (0.5, 0.5) 3 2

27,728N 7.783N (0.5, 0.5) 3 2

Maximum
strain

62,249L 4.944L (0.5, 0.5) 3 2

43,537N 14.011N (0.5, 0.5) 3 2

Hoffman 32,693L 2.597L (0.5, 0.5) 3 2

27,723N 7.781N (0.5, 0.5) 3 2

Tsai-Hill 34,755L 2.761L (0.5, 0.5) 3 2

28,109N 7.918N (0.5, 0.5) 3 2

Tsai-Wu 36,782L 2.922L (0.5, 0.5) 3 2

27,745N 7.789N (0.5, 0.5) 3 2

Note 1 L represents linear results and N represents nonlinear results
Note 2 Boundary condition: a′/a = 1/8, b′/b = 1.0, a = 1,000 mm, b = 1,000 mm, a/h = 100, a/
b = 1, hl/hh = 0.25
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linear and nonlinear failure loads of the cross-ply shells are higher than the failure
loads of the angle-ply shells. Table 5 further shows that the nonlinear first ply
failure loads are significantly less than the linear failure loads. For a constant
boundary condition, the maximum difference between the linear and nonlinear
failure loads is found for the 0°/90° shell and the minimum difference in case of the
45°/−45° shell.

The differences between linear and nonlinear failure loads of the shell depend on
the lamination, stacking sequence and boundary condition of the shell as is evident
in Table 5. The table shows that when the linear and nonlinear failure loads of the
two layered shells are compared for a given boundary condition, the cross-ply
lamination shows higher difference than the angle-ply one. But the three layered
laminates show the reverse trend where the angle-ply lamination (45°/−45°/45°)
shows higher difference between the failure loads than the cross-ply (0°/90°/0°)
one. It is also found that the symmetric stacking sequence (0°/90°/0°) shows smaller
differences between the failure loads than the antisymmetric one (0°/90°) in case of
cross-ply lamination. However, for angle-ply lamination, the antisymmetric stack-
ing order (45°/−45°) shows smaller difference than the symmetric stacking order
(45°/−45°/45°).

The conoidal shell is expected to fail at higher magnitude of external load with
addition of point supports along the boundaries as the shell becomes stiffer by
locking more numbers of support degrees of freedom. This fact is reflected in
Table 5 where for a given stacking order of cross and angle-ply shells, the failure
loads increase monotonically with addition of point supports along the boundaries.
The shell with minimum interval of supports (one-eighth of span) shows the
maximum linear and nonlinear failure loads. The difference between the linear and
nonlinear failure loads of the shell is the maximum when it has the maximum
interval of point supports (half of the span) and the differences between failure loads
is the minimum when it has the minimum interval of point supports (one-eighth of
span). Among the plan directions of the shell, the 0°/90° shell shows higher linear
and nonlinear failure loads when its arch directions are supported at an interval of
half, one-fourth and one-eighth of span compared to a condition where its beam
directions are supported in a similar manner. But the 0°/90°/0° shell shows higher
failure loads while its beam directions are supported than the arch directions. A
shell supported along plan directions and subjected to transverse load deflects along
the shorter panel dimension. The shell supported on curved boundaries has the
shorter panel dimension along its arch direction and when supported on straight
edges, it has the shorter dimension along the beam direction. Hence, the 0°/90° shell
deflects along the arch directions when supported along curved boundaries and
along the beam directions when its straight edges are supported. The 90° fiber
stiffens the arch direction of the shell. Thus, higher failure loads are obtained when
the arch directions of the 0°/90° shell are supported than the beam directions.
Similarly, as the 0° fiber stiffens of the beam direction of the shell, the 0°/90°/0°
lamination shows higher failure loads when its beam directions are supported
instead of the arch directions. The differences between linear and nonlinear failure
loads of the 0°/90° shell are smaller when its arch directions are supported than the
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beam directions. The 0°/90°/0° shell shows smaller differences when its beam
directions are supported instead of the arch directions. The angle-ply shells show
higher linear and nonlinear failure loads when the arch directions of these shells are
supported than the beam directions.

Among the shell options considered here, the 0°/90°/0° shell shows the highest
linear and nonlinear first ply failure loads for all the boundary conditions. More-
over, this laminate shows the minimum difference between the linear and nonlinear
first ply failure loads among the cross-ply laminations considered in the present
study. It is important to note here, that all the shell options considered in the present
study fail first at their bottommost fiber. Thus, the 90° fiber fails first for the 0°/90°
shell and the 0° fiber fails first for the 0°/90°/0° shell. The conoidal shell is curved
along one of its plan directions along the other direction it has straight edges. The
arch direction of the shell is stiffer than the beam direction due to the curved
geometry. The 0° fiber stiffens the relatively weaker direction of the shell by its on-
axis rigidity. Thus, a balance of stiffness is achieved along both the plan directions
of the shell by utilizing the 0° fiber. This is why the 0°/90°/0° shell fails at greater
loads than the 0°/90° one. Moreover, two-thirds of its laminate thickness of the 0°/
90°/0° shell is fabricated using the 0° fibers and these are placed at the furthest
distance from the neutral surface which improves the bending rigidity of the shell
over the other shell options considered here. Thus, the 0°/90°/0° shell becomes the
stiffest options among all the shell options considered in Table 5. Hence, this
laminate is typically selected for further failure study which includes deflections of
the shell at failure, serviceability failure of the shell, failure locations on the shell
surface, first failed ply and failure modes/tendencies.

Table 6 shows that the 0°/90°/0° shell fails first at the middle of the bottommost
lamina where the concentrated load is applied. High stress concentration under the
load is responsible for the failure. The failure modes/tendencies of the shell
obtained using the geometrically linear and nonlinear strains are found same which
is matrix cracking under tensile stresses. The first ply failure loads of the shell are
largely overestimated obtained using the geometric linear theory. Moreover, the
deflections from geometrically linear and nonlinear theories are significantly dif-
ferent from each other as is evident in Table 6. Since, the geometric nonlinear
formulation considers the deformed shape of the shell to calculate its bending
stiffness the nonlinear strains should be used for realistic estimation of the failure
loads on which the engineering factor of safety should be applied. Table 6 also
shows that much ahead of the structural failure of the laminate, the nonlinear
deflections of the shell fails in serviceability if the allowable deflection is estimated
as span/250, which is 4 mm in the present case. The load corresponding to the
4 mm deflection of the 0°/90°/0° shell are 50,355 and 16,000 N obtained using the
geometrically linear and nonlinear formulations respectively. It is noted that even
for small deflections of the shell the difference between the linear and nonlinear
results is considerably prominent. These results are used to obtain the engineering
factor of safety, which is to be used on the nonlinear failure loads to get the working
load (load corresponding to 4 mm deflection of the shell). As the working load
obtained using the linear theory is nonconservative, the nonlinear working load is
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applied at the denominator to get the working load. Hence, the factor of safety is
proposed as 27,723/16,000 = 1.73. As the factors of safety in the design codes are
proposed as integer or as half the integer, keeping that in mind, the factor is safety is
proposed as 1.75.

5 Conclusion

The following conclusions can be drawn from the present study,

1. The finite element code proposed in the present study is capable to predict
accurate linear and nonlinear first ply failure loads of composite conoidal shells
as evident from the results of the validation problems.

2. The first ply failure loads are largely overestimated using the geometrically
linear strains compared to the nonlinear strains.

3. The differences between the linear and nonlinear strains are dependent on
boundary condition, lamination and stacking sequence of the shell.

4. Since, the geometric nonlinear formulation considers the deformed shape of the
shell and the nonlinear failure loads are less than the linear failure loads, the
nonlinear strains of the shell should be used for realistic estimation of the failure
loads.

5. The cross-ply shells yield higher linear and nonlinear failure loads than the angle-
ply ones for a given boundary condition, plan area and material consumption.

6. Among the cross-ply laminations considered in the present study, the 0°/90°/0°
one shows the highest failure loads for a given boundary condition. Hence, the
0°/90°/0° lamination can be used to fabricate the shell using the suitable factor
of safety.
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Stochastic Buckling and First Ply Failure
Analysis of Laminated Composite Plate

Appaso M. Gadade, Achchhe Lal and B.N. Singh

Abstract The present work deals with second order statistics of buckling strength
and first-ply failure by load of laminated composite plate subjected to compressive
loading with random system properties and strength parameters. The mathematical
formulation is based on higher order shear deformation theory (HSDT). An efficient
C0 linear finite element method procedure in conjunction with a second order
perturbation approach (SOPT) is developed and applied for failure problem in
random environment using Tsai-Wu failure criterion. It is observed that the random
system properties and strength parameters have a significant influence on the linear
first-ply failure load and buckling response of composite plate. The results obtained
using present solution approach is validated with the results available in the
literatures.

Keywords Laminated composite plate � First-ply failure loads � Random system
properties � Mechanical buckling loading � Finite element method

1 Introduction

The laminated composite structures made of polymer-matrix fiber reinforced
composite are increasingly used in aerospace, marine, automotive, mechanical and
structural industries due to outstanding mechanical properties such as high
strength and stiffness to weight ratio, very high fatigue characteristics, excellent
corrosion resistance, tailoring capability, damage tolerance and high structural
efficiency and durability. During services, they are subjected to high loading
levels due to compressive in-plane mechanical loadings. It is known that com-
posite are weaker in transverse direction due to low ratio of shear modulus to
Young’s modulus. As composites are mainly used in ships and aeroplanes it is
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necessary to predict actual failure limits of a composite laminate. Failure of
composite is a problem of much importance for researchers in India as well as
abroad because of the complexity of the problem. Earlier buckling strength of
composite is considered as a failure limit for the composite structures.

Engelstad and Reddy [1] developed probabilistic finite element analysis procedure
for laminated composite shells using total Lagrangian finite element formulation with
the full Green–Lagrange strains and first-order shear deformable kinematics. Onkar
et al. [2] predicted the failure load of composite plates subjected to in-plane com-
pressive loading using stochastic finite element method (SFEM) based on mean-
centered FOPT with basic formulation of Kirchhoff–Love plate theory. Lal et al. [3]
evaluated the first–ply failure response of laminated composite plates subjected to
transverse compressive mechanical loadings with random material properties via
higher order shear deformation plate theory with von-Karman nonlinearity using
direct iterative based probabilistic finite element method. Kam et al. [4] predicted
deflections and first-ply failure load for thin laminated composite plate by using finite
element approach. Lin [5] evaluated buckling and first ply failure load statistics based
on SOPT but finite element analysis is based on first-order shear deformation theory
(FSDT). In the present study second order statistics of buckling strength and first-ply
failure load is evaluated based on higher order shear deformation theory (HSDT).

2 Mathematical Formulation

A square laminated composite plate subjected to constant applied uniform com-
pressive load at one edge, with bottom edge clamped and having length (a), width
(b), and total thickness (t). It is assumed that a perfect bonding exists between the
layers so that no slippage can occur at the interface, and that the strains experienced
by the fibre, matrix and the composite are identical. It is also assumed that the
composite behaves like homogeneous composite materials and the effects of the
average constituent’s materials (i.e., matrix and fibre) are detected simultaneously.

2.1 Displacement Field Model

In the present study, the Reddy’s higher order shear deformation theory using C1

continuity are transformed into C0 continuity by assuming derivatives of out-of-
plane displacement as separate degree of freedom (DOFs).

The modified displacement field with C0 continuity along x, y and z directions
for arbitrary laminated composite plate are now written as [3, 6],

u ¼ uþ f1ðzÞ/1 þ f2ðzÞh1
v ¼ vþ f2ðzÞ/2 þ f2ðzÞh2
w ¼ w

ð1Þ
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where �u, �v and �w denote the displacements of a point along the x y zð Þ coor-
dinate axis u, v, and w are the corresponding displacements of a point on the mid
plane, /1 and /2 are the rotations at z = 0 of normal to the mid-surface with respect
to y and x, axes, respectively. h1ð¼w;xÞ and h2ð¼w;yÞ is the slope along x,
y respectively. The function f1ðzÞ and f2ðzÞ given in Eq. (1) can be written as

f1ðzÞ ¼ C1z� C2z
3 and f2ðzÞ ¼ �C4z

3 ð2Þ

where C1 ¼ 1; C2 ¼ C4 ¼ 4
�
3h2

The displacement vector for the modified C0 continuous model can be written as

q ¼ u v w h2 h1 /2 /1ð Þ ð3Þ

where, (,) denotes partial differential.
For the composite plate considered here, the relevant strain vector consisting of

strains in terms of mid-plane deformation, rotation of normal and higher order terms
associated are written as

ef g ¼ e1 e2 e6 e4 e5f g ¼ T½ � �ef g ð4Þ

Here

T½ � ¼

1 0 0 z 0 0 z3 0 0 0 0 0 0
0 1 0 0 z 0 0 z3 0 0 0 0 0
0 0 1 0 0 z 0 0 z3 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 z2 0
0 0 0 0 0 0 0 0 0 0 1 0 z2

2
66664

3
77775 ð5Þ

and

�ef g ¼ e01 e02 e06 k01 k02 k06 k21 k22 k26 e04 e05 k24 k25
� �T ð6Þ

where

e01 ¼ @u=@x; k01 ¼ @wx=@x; k21 ¼ �4=3h2ð@wx=@xþ @2w=@x2Þ;
e02 ¼ @u=@y; k02 ¼ @wy=@y; k22 ¼ �4=3h2ð@wy=@yþ @2w=@y2Þ;
e06 ¼ @u=@yþ @v=@x; k06 ¼ @wx=@yþ @wy=@x;

k26 ¼ �4=3h2ð@wx=@yþ @wy=@xþ 2@2w=@x@yÞ;
e04 ¼ wy þ @w=@y; k24 ¼ �4=h2ðwy þ @w=@yÞ;
e05 ¼ wx þ @w=@x; k25 ¼ �4=h2ðwx þ @w=@xÞ:
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The stress vector can be written as

rf g ¼ r1 r2 r6 r4 r5½ � ¼ �Q½ � ef g ð7Þ

where �Q½ � ¼

Q11 Q12 Q16 0 0
Q12 Q22 Q26 0 0
Q16 Q26 Q66 0 0
0 0 0 Q44 Q45
0 0 0 Q45 Q55

2
66664

3
77775 is the elasticity matrix.

The potential energy of laminate is written as

U ¼ 1
2

Z

V

ef gT rf gdV ¼ 1
2

Z
ef gT �Q½ � ef g� �

dA ¼ 1
2

Z
�ef gT D½ � ef g� �

dA ð8Þ

where D is the laminate elastic stiffness matrix [3].
The potential of the applied uniformly distributed compressive loading q(x) along

x-direction can be written as:

V ¼ �Wq ¼
Z

A

q xð ÞwdA ¼
Z

A

Nx½ �awdA ð9Þ

where

q xð Þ ¼ Nxð Þa ð10Þ

Nx, a and w are the in-plane stress per unit length, width and transverse dis-
placement, respectively.

2.2 Finite Element Model

The finite element method (FEM) is a numerical technique being used for finding an
approximate solution to a wide variety of engineering problems through variational
approach. In the present paper nine nodded isoparametric elements with seven
degree of freedom per node is employed for finite element plate modelling.

q ¼
XNN
i¼1

Niqi; x ¼
XNN
i¼1

Nixi; and y ¼
XNN
i¼1

Niyi ð11Þ

where Ni and qi are the interpolation function and vector of unknown displacements
for the ith node, respectively, NN is the number of nodes per element and xi and yi
are Cartesian coordinate of the ith node.
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The linear mid plane strain vector as given in Eq. (10) can be expressed in terms
of mid plane displacement field and then the energy is computed for each element
and then summed over all the elements to get the total strain energy. Following this,
and using Eq. (11), Eq. (8) can be written as

P1 ¼
XNE
e¼1

U eð Þ ¼ 1
2

qf gT K½ � qf g ð12Þ

where, NE is the number of elements and U(e) is the elemental total potential
energy. The parameters {q} and (K) are the global displacement vector and plate
stiffness matrix, respectively. Similarly, using finite element model Eqs. (9) and
(11), the external work done due to in-plane compressive mechanical loading can
be written as:

P2 ¼
XNE
e¼1

V eð Þ ¼ 1
2

qð ÞT Ff g ð13Þ

where Ff g is defined as global load vector (arises due to external compressive
mechanical loading) and is defined as:

Ff g ef g¼ q xð Þ 0 0 0 0 0 0ð ÞT ef g ð14Þ

Adopting Gauss quadrature integration numerical rule, the plate stiffness matrix,
displacement and load vectors, respectively can be obtained by transforming
expression in x, y coordinate system to natural coordinate system ξ, η. For the
present analysis, the full (3 × 3) Gaussian quadrature integration rule is used for
computing the stiffness matrix, load vector of the plate.

The governing equation for the present case can be derived using the variational
principle, which is a generalization of the principle of virtual displacement. For the
static analysis, the first variation of the total potential energy (Π) with respect to
displacement must be zero.

@

@ qf g P1 þP2ð Þ ¼ 0 ð15Þ

Substituting, Eqs. (12) and (14) into Eq. (15), ones obtains

K½ � qf g ¼ Ff g ð16Þ

The nodal displacement {q} can be computed from Eq. (16). Substituting nodal
displacement into Eq. (3) and computing the nodal displacement field vector with
all degree of freedom. The nodal strains and stresses are then computed using
Eqs. (4) and (8).
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2.3 Stochastic Finite Element Analysis

The present stochastic finite element analysis of laminated composite plate consisting
of random system parameters is base on the higher order shear deformation theory
(HSDT) [7] mean-centred second-order perturbation technique (SOPT). Equa-
tion (16) is the static equation which is random in nature, being dependent on the
random system properties. In deterministic environment, the Eq. (16) is evaluated
using conventional approaches. However, in random environment, it is not possible
to solve the problem using the above mentioned methods without changing the nature
of the equation. For this purpose, novel probabilistic procedure based on mean
centred first order perturbation technique (FOPT), second order perturbation tech-
nique (SOPT) and Monte Carlo simulation (MCS) methods are used.

Based on the mean-centered second-order perturbation technique, the stiffness
matrix, K, is expanded in terms of the random variables ai (i = 1, 2, …, 2N + 6),
which represent structural uncertainties existing in the plate, as

K ¼ K 0ð Þ þ
XM
i¼1

K 1ð Þ
i @ai þ 1

2

XM
i¼1

XM
j¼1

K 2ð Þ
ij @ai@aj ð17Þ

where @ai ¼ ai � �ai with �ai denoting the mean value of the random variable ai,
M = 2N + 6; K 0ð Þ is the zero-order structural stiffness matrix, which is identical to

the deterministic structural matrix; K 1ð Þ
i is the first-order structural stiffness matrix

with respect to random variables ai; and K 2ð Þ
ij is the second-order structural stiffness

matrix with respect to random variables ai and aj.
The nodal displacements are also influenced by the structural uncertainties and

thus the displacement vector possesses a similar expression:

D ¼ D 0ð Þ þ
XM
i¼1

D 1ð Þ
i dai þ 1

2

XM
i¼1

XM
j¼1

D 2ð Þ
ij daidaj ð18Þ

2.4 First-Ply Failure of Plate

A composite laminate is assumed to fail when any ply in the laminate fails. Failure
of the laminate is determined from first-ply failure analysis in which the Tsai-Wu is
adopted. If kp is defined as the strength ratio, Tsai-Wu criterion [8] expressed in
tensor form can be written as

k2pFijrirj þ kpFiri � 1 ¼ 0 ð19Þ
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where Fij;Fi are functions of material strengths and ri are stresses in material
directions. It is noted that failure of the laminate occurs when the strength ratio of
any ply, kp is less than or equal to the applied load.

The mean and variance of the strength ratio are expressed as [5]

E kp
� � ¼ k 0ð Þ

p þ 1
2

XM
k¼1

XM
l¼1

k 2ð Þ
p;klE dakdal½ � ð20Þ

and

E kp � k 0ð Þ
p

	 
2
� �

¼
XM
k¼1

XM
l¼1

k 1ð Þ
p;kk

1ð Þ
p;l E dakdal½ � ð21Þ

The zero, first, and second-order strength ratios in the above equations can be
determined from the truncated Taylor series form of Eq. (19) following the same
procedure as described in the previous section.

2.5 Buckling Strength of Laminate

The buckling analysis of laminated composite plate for determining buckling load
is based on Reddy’s higher order shear deformation theory (HSDT). The effect of
initial imperfections is not considered in the buckling analysis. As buckling is Eigen
value problem, its solution gives buckling load. The buckling equation is

K þ kbKg
� �

dq ¼ 0 ð22Þ

where Kg is the geometrical stiffness matrix to be decided by using above men-
tioned finite element analysis model and kb is buckling parameter. The buckling
strength of laminate is the smallest value of buckling parameter.

The mean and variance of buckling strength are expressed as [5]

E kb½ � ¼ k 0ð Þ
b þ 1

2

XM
i¼1

XM
j¼1

k 2ð Þ
b;ijE dakdal½ � ð23Þ

and

E kb � k 0ð Þ
b

	 
2
� �

¼
XM
k¼1

XM
l¼1

k 1ð Þ
b;kk

1ð Þ
b;l E dakdal½ � ð24Þ
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3 Results and Discussion

The above mentioned mean centered second order perturbation technique (SOPT)
via higher order shear deformation theory (HSDT) based stochastic finite element
analysis is used for failure analysis of laminated composite plate, under in plane
compressive loading. The material properties of the laminate composite plate used
in this study are taken from [9] and presented in Table 1. In the present study, a
computer program in MATLAB 9.0 (R2009b) has been developed to compute first
ply failure load and buckling strength of composite laminated square plate.

3.1 Boundary Conditions

In the present analysis, various boundary conditions of laminate composite plate
such as simply supported, clamped and combination of both are used and are
expressed as

All edges simply supported (SSSS):

v ¼ w ¼ h2 ¼ /2 ¼ 0; at n1 ¼ 0; a; u ¼ w ¼ h1 ¼ /1 ¼ 0 at n2 ¼ 0; b

All edges clamped (CCCC):

u ¼ v ¼ w ¼ /1 ¼ /2 ¼ h1 ¼ h2 ¼ 0; at n1 ¼ 0; a and n2 ¼ 0; b;

Two opposite edges clamped and other two simply supported (CSCS):

u ¼ v ¼ w ¼ /1 ¼ /2 ¼ h1 ¼ h2 ¼ 0; at n1 ¼ 0; a and n2 ¼ 0;

v ¼ w ¼ h2 ¼ /2 ¼ 0; at n1 ¼ 0; a; u ¼ w ¼ h1 ¼ /1 ¼ 0; at n2 ¼ b

Table 1 Material properties
of T300/5208 graphite/epoxy
pre-peg [9]

Properties Value Properties Value

E1 132.5 GPa Xt 1,515 MPa

E2 10.8 GPa Xc 1,697 MPa

E3 10.8 GPa Yt = Zt 43.8 MPa

G12 = G13 5.7 GPa Yc = Zc 43.8 MPa

G23 3.4 GPa R 67.6 MPa

ν12 = ν13 0.24 S = T 86.9 MPa

ν23 0.49 Ply thickness h1 0.127 mm
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3.2 Convergence Study

Based on the convergence study shown in Table 2, finite element mesh used in
present analysis is 4 × 4. The number of elements is 16 with nine node iso-
parametric elements. Also accuracy of the MATLAB code is justified by Table 2.

3.3 Validation Study

Validations of the present finite element model with earlier published work are
presented in Tables 3, 4 and 5.

Table 2 Convergence study and comparison of central deflection of square laminated [0/90]s
cross ply plate subjected to non dimensionalised sinusoidal load with simply supported boundary
conditions with different aspect ratios

Aspect
ratio (a/h)

Mesh
density

Normalised central deflection

Present Tolson and
Zabaras [10]

Ocha
et al. [11]

Reddy
[12]

Reddy
[13]

3D elas-
ticity [14]

10 2 × 2 1.6919 1.693 – 1.534 1.643 1.709

3 × 3 1.6816 – – –

4 × 4 1.6733 1.671 – –

5 × 5 1.6733 – – –

6 × 6 1.6733 – 1.790 –

20 2 × 2 1.1911 1.188 – 1.136 1.163 1.189

3 × 3 1.1826 – – –

4 × 4 1.1798 1.177 – –

5 × 5 1.1734 – – –

6 × 6 1.1730 – 1.216 –

Aspect ratio s = a/h = 10, E1/E2 = 25.0, G12/G23 = 2.5, υ12 = υ23 = 0.25

Table 3 Validation of non-dimensionalised first-ply failure load for different symmetric and
antisymmetric laminates with clamped end boundary conditions under in plane tensile loading

Lamination scheme First ply failure load (present) Difference (I) − (II)/(I) %

(I) Present (II) Reddy [9]

[45/−45/90/0/45/90/−45/0]s 1.1896e+006 1.167367e+006 1.87

[45/−45/0/90/45/0/−45/90]s 1.1874e+006 1.167367e+006 1.68

[45/0/−45/0/−45/90/0/45]s 1.4734e+006 1.455385e+006 1.22

[45/0/−45/0/−45/0/45/0]s 2.1555e+006 2.123379e+006 1.49

[45/−45/45]t 9.6114e+007 9.2514644e+007 3.74

[−45/45/−45/45]t 4.4309e+007 4.3535484+007 1.75
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3.4 Stochastic Results

The second order statistics of mean buckling strength and first-ply failure load for
the composite plate acted upon by in plane compressive load is considered for the
random material input variables, thickness, stacking sequence and compressive
strength(Xc) taking combined separately as basic random variables (RVs) as stated
earlier. The results are presented in Table 6.

Table 4 Validation of non-dimensionalised first-ply failure load for different symmetric and
antisymmetric laminates with hinged end boundary conditions under in plane tensile loading

Lamination scheme First ply failure load Difference (I) − (II)/(I)%

(I) Present (II) Reddy [9]

[45/−45/90/0/45/90/−45/0]s 1.1859e+006 1.167367e+006 1.56

[45/−45/0/90/45/0/−45/90]s 1.1862e+006 1.167367e+006 1.58

[45/0/−45/0/−45/90/0/45]s 1.4565e+006 1.455385e+006 0.07

[45/0/−45/0/−45/0/45/0]s 2.1402e+006 2.123379e+006 0.78

[45/−45/45]t 9.2589e+007 9.2514644e+007 0.08

[−45/45/−45/45]t 3.2087e+007 3.1102940e+007 3.07

Table 5 Validation of dimensionless uniaxial buckling load with Khadeir (a/h = 10, E1/E2 = 40,
G12/E2 = 0.6, ν12 = 0.25)

Lamination scheme Simply supported Clamped

Present Khdeir [15] Present Khdeir [15]

[45/−45] 5.2315 5.220 5.8041 5.824

Table 6 Effect of the variation of individual system property on the mean and COV, ai [{(i = 1 to
8)} = 0.10] of the buckling strength and first-ply failure load (I and II) for symmetric [0/+45/−45/
90]s square plate under uniaxial compressive loading for COC = 0.1, a/h = 100

ai Buckling strength First ply failure load
Mean COV Mean COV
FOPT SOPT FOPT SOPT FOPT SOPT FOPT SOPT

E1 3.160e+05 3.2506e+05 0.0574 0.0574 1.6040e+06 1.6130e+06 0.0113 0.0112
E2 3.160e+05 3.2674e+05 0.0679 0.0657 1.6214e+06 1.6322e+06 0.0132 0.0131
G12 3.160e+05 3.1632e+05 0.0021 0.0021 1.6214e+06 1.6218e+06 0.0004 0.0004
G13 3.160e+05 3.1603e+05 0.0002 0.0002 1.6214e+06 1.6215e+06 0.0000 0.0000
G23 3.160e+05 3.1602e+05 0.0001 0.0001 1.6214e+06 1.6214e+06 0.0000 0.0000
ν12 3.160e+05 3.1654e+05 0.0035 0.0035 1.6214e+06 1.6220e+06 0.0006 0.0006
Xc 3.160e+05 3.1600e+05 0000 0000 1.6214e+06 1.6453e+06 0.0841 0.0837
h 3.160e+05 3.3417e+05 0.0941 0.0913 1.6014e+06 1.6201e+06 0.1072 0.0967
θ 3.160e+05 3.1769e+05 0.0107 0.0107 1.6214e+06 1.6231e+06 0.0021 0.0021
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4 Conclusions

A stochastic, linear buckling and first ply failure response of a composite laminated
plate is investigated in above study by using stochastic finite element method based
on higher order shear deformation theory (HSDT). A first order perturbation
technique (FOPT) and second order perturbation technique (SOPT) are used to
decide variation in mean with 10 % variation in input variables. Under similar
conditions buckling load is lesser than first-ply failure load. It can be concluded
from the results obtained that the effect of variation of thickness is much higher on
mean buckling strength and first-ply failure load.
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Nonlinear Finite Element Bending
Analysis of Composite Shell Panels

S.N. Patel

Abstract This paper deals with the geometric nonlinear bending response of
laminated composite shell panels subjected to transverse loading. The eight-noded
degenerated shell element with five degrees of freedom per node is adopted in the
present analysis to model the composite shell panels. The Green-Lagrange strain
displacement relationship is adopted to formulate the matrices. The total Lagrangian
approach is taken in the formulation. The arc-length method of solution is adopted
in tracing the equilibrium path. The results by this method are compared with the
available results and the conclusions are made.

Keywords Degenerated shell element � Nonlinear analysis � Green-Lagrange
nonlinearity � Cylindrical panels � Arc-length method � Laminated composite

1 Introduction

The composite shell panels are extensively used in many modern engineering
structures in aerospace, hydrospace, automobile, missile, petrochemical and
building industries. This is primarily because of high stiffness-to-weight, high
strength-to-weight and lower machining and maintenance cost of the composite
structures. These composite structures can also be designed very effectively by
managing the volume of fibers, orientation of the fibers, volume of matrix etc.
according to the requirement. During the service life the composite shell panels are
subjected to heavy transverse load. At higher load the defection of the panels
become large compared to its thickness. At this stage the linear solutions to this
problem is not accurate. So a nonlinear analysis is preferred to trace the complete
load-deflection curve. In many cases the laminated composite shell panels becomes
unstable at some amount of transverse load. These structures may experience
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snap-through or snap-back instability during bending. So a proper solution scheme
is necessary to define the whole equilibrium path or the load-deformation path. The
Newton-Raphson method of solving the nonlinear equilibrium equation will not
work if any instability arises in the structure at any point of time or any point of
loading. Both the load-control and displacement-control fail in the snap-back type
of instability. In this situation the arc-length method is one of the best option to be
used in solving the nonlinear equation to trace the equilibrium path.

The nonlinear bending analysis of the shell panels has been carried out by many
investigators. Sabir and Lock [9] had used the strain-based finite element method to
carry out a large deflection analysis of isotropic cylindrical shells. To solve the
nonlinear equations Riks [8] proposed a new solution procedure to overcome the
limit points. Crisfield [3] modified the Riks’s approach and made it suitable for use
in the finite element. This arc length method [3] was applied in conjunction with the
Newton-Raphson method in both standard and modified forms. It is a path fol-
lowing technique where both load and displacement are independent parameters.

This method [3] can handle snap-through and snap-back type of instability during
bending. Chang and Sawamiphakdi [2] had performed the large deformation analysis
of laminated shells using finite element method. They had adopted a degenerated three-
dimensional isoparametric element in the analysis. The nonlinear geometric element
stiffness matrices were made on the basis of updated Lagrangian description. Sabir and
Djoudi [10] presented the results of geometrically nonlinear bending behavior of
shallow shells. Kim and Voyiadjis [5] studied the nonlinear bending behavior of
moderately thick plates and shells using an eight-noded shell element with six degrees
of freedom per node. It was limited to geometric imperfections that reduce the buckling
capacity. Sze et al. [11] had analyzed the popular benchmark shell problems with
geometric nonlinearity. They have solved eight benchmark shell problems by ABA-
QUS finite element software taking the effect of geometric nonlinearity and plotted the
load-deflection curves. Kundu and Sinha [6] had presented the post-buckling analysis
of transversely loaded laminated composite shells by finite element method.

In the present investigation, the nonlinear bending analysis of laminated com-
posite cylindrical panels is carried out. The eight-noded degenerated shell element
with five degrees of freedom per node is adopted in the present analysis to model
the cylindrical panels. The Green-Lagrange strain displacement relationship is
adopted and the total Lagrangian approach is taken in the formulation of the
matrices. The material behavior is assumed to be linear and elastic. The nonlinear
equilibrium equations are solved by Crisfield [3] arc-length method, explained by
Fafard and Massicotte [4] and the results are reported.

2 Formulation

The cylindrical panels are modeled with Ahmad et al.’s [1] degenerated shell
element with Green-Lagrange strain displacement relationship and laminated
composite material properties. The element contains five degree of freedom per
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node, θz is neglected. Shear correction factor of 5/6 is adopted in the stress-strain
relationship for transverse shear stresses. The formulation of the shell element is
presented below.

3 Shell Element

The formulation of the present shell element is based on the basic concept of
Ahmad et al.’s [1] shell element, where the three-dimensional solid element used to
model the shell is degenerated with the help of certain extractions obtained from the
consideration that the dimension across the shell thickness is sufficiently small
compared to other dimensions. The detail derivation of this element for isotropic
case and with linear strain displacement is available in the literature [1, 7, 13].

The element has a quadrilateral shape having eight nodes as shown in Fig. 1a
where the external top and bottom surfaces of the element are curved with linear
variation across the shell thickness. Figure 1b shows the global Cartesian and local
co-ordinate system at any node i. The geometry of the element can be nicely
represented by the natural coordinate system (ξ, η and ζ) where the curvilinear
coordinates (ξ-η) are in the shell mid-surface while ζ is linear coordinate in the
thickness direction. According to the isoparametric formulation, these coordinates
(ξ, η and ζ) will vary from −1 to +1 on the respective faces of the element. The
relationship (Eq. 1) between the global Cartesian coordinates (x, y and z) at any
point of the shell element with the curvilinear coordinates holds good. This is the
geometry of an element, which is described by the coordinates of a set of points
taken at the top and bottom surfaces, where the line joining a pair of points (itop and
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Fig. 1 a Eight-noded
quadrilateral degenerated
shell element in curvilinear
co-ordinates. b Global
Cartesian co-ordinate (x, y and
z) and local co-ordinate
system at any node i
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ibottom) is along the thickness direction i.e., normal to the mid-surface at the ith node
point. The line joining the top and bottom points is the normal vector (V3i) at the
nodal point i.
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where Ni are the quadratic serendipity shape functions in (ξ-η) plane of the two-
dimensional element.

Equation 1 may be rewritten in terms of mid-surface nodal coordinates with the
help of unit nodal vectors (v3i) along the thickness direction as,
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where, l3i, m3i and n3i are direction cosines of the nodal vector (V3i), i.e. compo-
nents of unit nodal vectors (v3i), v3i is the unit vector along (V3i) direction, hi is the
thickness at node i.

Two orthogonal tangential vectors V2i and V1i are formed at the node i which are
normal to V3i vector. The two tangential vectors V2i and V1i not necessarily follow ξ
and η directions. The unit vectors along V2i and V1i directions are v2i and v1i. The
local co-ordinates x′, y′ and z′ are directed along V1, V2 and V3 directions respec-
tively. The directions cosines of x′, y′ and z′ and V1, V2 and V3 are same as the
components of unit vectors v1, v2 and v3. The displacement u, v and w are along the
global coordinates x, y and z directions. Similarly the local displacement compo-
nents u′, v′ and w′ are along the local coordinates x′, y′ and z′ directions. The
rotations of the mid surface normal θx and θy are taken about the local coordinates y′
and x′ or v2 and v1 directions respectively.

The displacement field (Eq. 3) of a point within the element can be defined with
the help of three mid surface nodal translational displacement (ui, vi and wi) along
the global Cartesian co-ordinates directions and two rotational components θxi and
θyi about the local coordinates y′ and x′ directions.
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where, l1i, m1i and n1i are direction cosines of the nodal vector (V1i), i.e. compo-
nents of v1i, l2i, m2i and n2i are direction cosines of the nodal vector (V2i), i.e.
components of v2i, and {d} is nodal displacement vector,
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df g ¼ ½u1v1w1hx1hy1u2v2. . .hx8hy8�T : ð4Þ

The strain displacement relationship with Green-Lagrange strain of the element
in local co-ordinate system (x′-y′-z′) can be expressed as,
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After performing number of operations using Eqs. (2) and (3) we can write,

e0f g ¼ B0
0
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2
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nl


 �
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2
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G
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where, B0
0
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and B0

nl


 �
are strain-displacement matrices with respect to linear and

nonlinear strain components respectively in local co-ordinate system(x′-y′-z′). The
normal strain ez0 along z0 direction is neglected.

Knowing, the stress-strain relationship of the laminated composite material in
each layer in its material axis system (1–2–3), the stress-strain relationship in the
local co-ordinate systems(x′-y′-z′) can be found out by simple transformation. Here
material axis 3 is directed along z′ direction. The material axes 1–2 lie in x′-y′ plane
but it can be oriented at some angle θ. After transformation the stress-strain rela-
tionship in the local co-ordinate systems can be written as,

r0f g ¼ D0½ � e0f g ð9Þ

After finding B0
0
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, B0

nl


 �
and D0½ � matrices the secant stiffness matrix can be

expressed as,

k½ �S ¼
Z

B0
0


 �T
D0½ � B0

0


 �
dV þ 1

2

Z
B0
0


 �T
D0½ � B0

nl


 �
dV þ

Z
B0
nl


 �T
D0½ � B0

0


 �
dV

þ 1
2

Z
B0
nl


 �T
D0½ � B0

nl


 �
dV ð10Þ

Nonlinear Finite Element Bending Analysis … 141



This secant stiffness matrix is not symmetric. To efficiently use the storage
scheme which is used in linear analysis, this non symmetric scant stiffness matrix
can be made symmetric [12] as,
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where, D0½ � matrix is stress-strain matrix in local co-ordinate system, and s½ � and
snl½ � are stress matrix in local co-ordinate system for linear and nonlinear parts of
the strain respectively.

The tangent stiffness matrix, which is used in the nonlinear solution of the
equilibrium equation can be written as,
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The secant and tangent stiffness matrices of all elements of the laminated
composite cylindrical panel is calculated and assembled properly to form the global
secant and tangent stiffness matrices of the structure. The load vector is calculated.
The nonlinear equilibrium equations are solved by Crisfield arc-length method as
explained by Fafard and Massicotte [4]. The tolerance is defined with respect to the
displacement criterion.

4 Results and Discussions

The validation of the formulation is tested first by taking different examples, which
are solved by earlier investigators. A hinged cylindrical panel subjected to con-
centrated load with isotropic and laminated composite material properties is taken
for this purpose.

4.1 Hinged Isotropic Cylindrical Panel Subjected
to Concentrated Load

A hinged isotropic cylindrical panel (Fig. 2) is considered for the validation of the
results. The straight edges are hinged and the curved edges are free. The curved
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edge length is 508 mm and the angle θ is 0.1 radian. The projection of the curved
edge length is 507.153 mm, but for analysis we can take it as 508 mm. The
concentrated load P is applied at the center of the panel. The Young’s modulus
(E) is taken as 3,105 N/mm2 and the Poisson’s ratio (ν) is 0.3.

The whole panel is modeled with 8 × 8 mesh for the analysis. The load
deflection curve of the present analysis is presented in Fig. 3, along with the finite
element results of Sabir and Lock [9], Crisfield [3] and Sze et al. [11].
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The cylindrical panel is showing a snap-through type of instability during the
bending process. It can be observed that the present results are matching well with
the results of Sabir and Lock [9], Crisfield [3] and Sze et al. [11] up to the limit
point. The present solution scheme is unable to trace the curve beyond the limit
point. It needs little modification in the computer programming, which is being
carried out.

4.2 Hinged Laminated Composite Cylindrical Panel
Subjected to Concentrated Load

The same cylindrical panel with same geometry and loading is taken again to
validate the present formulation with the composite material properties. The panel
consist of three layer with equal thickness of lamina with 90/0/90 lamination
scheme. The numbering of layers starts from the bottom to the top of the panel.
The layer with 0° lamination means the fibers are aligned in the longitudinal
direction (i.e. towards y-direction). The whole panel is modeled with 8 × 8 mesh
for the analysis in this case also. The material properties considered are,
E1 = 3,300 N/mm2, E2 = 1,100 N/mm2, G12 = G13 = G23 = 660 N/mm2 and
ν12 = 0.25. The panel is subjected to a concentrated load at the center. The
equilibrium path is plotted in Fig. 4 along with the finite element result of Sze et al.
[11]. In this case also the present results are matching well up to the limit point
with the results of Sze et al. [11].
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5 Summary

The findings of the present investigation can be summarized as,

1. The formulation and geometrically nonlinear analysis of laminated composite
shell panel with Green-Lagrange strain displacement relationship in total
Lagrangian co-ordinate is presented. A computer program with Fortran 90 is
developed to implement the formulation and the results are obtained.

2. The deflection results are matching well with the previous results up to the limit
point both in isotropic and composite cases.
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Thermal Stress Analysis



Thermal Stress Analysis of Laminated
Composite Plates Using Third Order
Shear Deformation Theory

Moumita Sit, Chaitali Ray and Dhiraj Biswas

Abstract The strength properties of FRP collectively make up one of the primary
reasons for which civil engineers select for the construction of structures. The
higher order shear deformation theory accounts not only for transverse shear strains
of laminated composites but also for a parabolic distribution of the distribution of
the transverse strains through the thickness of the plate. Consequently, no shear
correction factor is needed. The laminated composite plates have been analysed
under thermal load using third order shear deformation theory. The plate is sub-
jected to constant temperature over the surface. The finite element modeling of the
plate has been generated using an eight node isoparametric plate bending element
with seven degrees of freedom per node. The results in terms of deflection and
stresses has been validated by formulating the laminated composite plates using
ANSYS 14.0 based on the first order shear deformation theory. The results compare
very well. The 2 × 2 gauss integration procedure has been adopted. The stresses
have been calculated at the gauss points and the nodal stresses have been computed
by extrapolating the stresses at the gauss points. The transverse stresses developed
due to the thermal load have been computed and plotted in the present study.

Keywords ANSYS � Isoparametric � Laminated composite plate � Thermal stress
analysis � Third order shear deformation theory

1 Introduction

FRP offers a number of advantages that can provide dynamic solution as well as
long term benefits such as light weight, corrosion resistance and high strength.
Strengthening and retrofitting of existing structures using externally bonded FRP
composites are one of the first applications of FRP introduced in civil engineering.
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FRP composites can be used in seismic retrofitting of reinforced concrete bridges in
the form of wrapped column. FRP composite bridge deck has become an emerging
structure as it offers easy installation, lightweight, and potential resistance against
environmental and chemical damages. The composite laminates used for such
structures may experience elevated temperature and so temperature induced stresses
develop in such cases. The higher-order shear deformation theory (HSDT) for plate
is introduced to remove the shear correction factors and improve the accuracy of
transverse shear stresses. Chaudhuri [1] studied nonlinear zigzag theory for finite
element analysis of highly shear-deformable laminated anisotropic shells. Khoa and
Thinh [2] studied the finite element analysis of laminated composite plates using
high order shear deformation theory. Wu et al. [3] proposed a global-local higher
order model with 4 node element considering transverse normal deformation to
predict the thermal response of laminated plates subjected to actual temperature
field. Singh and Verma [4] analysed the combined effects of temperature and
moisture on the buckling of laminated composite plates with random geometric and
material properties. A C0

finite element based on higher order shear deformation
theory was used for deriving the standard eigenvalue problem. Zhen and Wanji [5]
developed a C0-type higher order theory for bending analysis of laminated com-
posite and sandwich plates subjected to thermal/mechanical loads using four node
element. Raju and Kumar [6] studied thermal analysis of composite laminated
plates using higher-order shear deformation theory with zig-zag function. Thai et al.
[7] investigated analysis of laminated composite plates using higher-order shear
deformation plate theory and node-based smoothed discrete shear gap method. A
three node triangular element has been used by them. The thermal analysis of
laminated plate using quadratic element is not reported so far. The transverse
stresses developed due to the thermal load have been computed and plotted in the
present study. The higher order shear deformation theory accounts not only for
transverse shear strains of laminated composites but also for a parabolic distribution
of the transverse strains through the thickness of the plate. Consequently, no shear
correction factor is needed. The 2 × 2 gauss integration procedure has been adopted.
The stresses have been calculated at the gauss points and the nodal stresses have
been computed by extrapolating the stresses at the gauss points by curve fitting
technique. It is observed from the literature review that behaviour of various
laminates (varying lamination schemes) under a particular temperature field is not
studied. This has been accounted for in the present investigation.

2 Mathematical Formulation

When a multidirectional laminate is subjected to thermal (ΔT) loading due to
elevated temperature, a lamina k within the laminate is under a state of stress r½ �kx;y
and deformation e½ �kx;y. The thermo-elastic superposition principle states that the

strains e½ �kx;y in lamina k within the laminate are equal to the sum of the strains
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produced by the existing stresses in the lamina, r½ �kx;y, and the free (unrestrained)
thermal strains of the lamina, i.e.,
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where,

ex ¼ axDT ; ey ¼ ayDT ; es ¼ asDT

α is thermal expansion coefficient.
Inverting we get,
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i:e: r½ �kx;y ¼ Q½ �kx;y �0
� �

x;yþ Q½ �kx;y½j�0x;yzþ Q½ �kx;y½j�2x;yz3 � Q½ �kx;y e½ �kx;y

ð2Þ

Integration of the stresses from above equation across the thickness of each
lamina k and summation for all laminae in the laminate gives the force resultants.

½N�x;y ¼
Xn
k¼1

Zhk

hk�1

r½ �kx;ydz

¼
Xn
k¼1

Zhk

hk�1

Q½ �kx;y �0
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x;yþz½j�0x;y þ z3½j�2x;y � e½ �kx;y
n o

dz

ð3Þ
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½�N�x;y ¼ ½N�x;y þ NT
� �

x;y¼ A½ � �0� �
x;yþ B½ �½j�0x;y þ ½E�½j�2x;y ð5Þ
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½ �M�x;y ¼ ½M�x;y þ MT
� �

x;y¼ B½ � �0� �
x;yþ D½ �½j�0x;y þ ½F�½j�2x;y ð6Þ

where, ½�N� and ½ �M� are total force and moment resultants equal to the respective
sums of their mechanical and thermal components.

The plate has been modeled as an eight node isoparametric plate bending ele-
ment with seven degrees of freedom per node viz. u, v, w, θx, θy, ζx, ζy. The third
order shear deformation theory has been applied. The thermal load has been con-
sidered to be acting over the plate surface. The element load vector fPT

e g due to the
temperature increment is calculated as:

PT
e

� � ¼
Z1

�1

Z1

�1

B½ �T FT
� �

Jj jdndg ð7Þ

where {FT} is the thermal stress resultants vector. The stress resultant vector is
calculated as:

FT
� � ¼ D½ � ef g � Ff g ð8Þ

The stress resultants obtained due to the thermal/moisture loading are written as:

FT
� �T¼ NT

x NT
y NT

s MT
x MT

y MT
s PT

x PT
y PT

s 0 0 0 0
� � ð9Þ

If {PT} is the global thermal load vector, the basic equation to calculate the nodal
displacements the plate element subjected to thermal loading is given by

K½ �fdg ¼ PTH
� � ð10Þ

where [K] is the global stiffness matrix.

3 Numerical Results and Discussion

3.1 Simply Supported Square Symmetric Plate Subjected
to Temperature Field TðzÞ sinðPx

a Þ sinðPy
b Þ

A simply supported square cross ply [0°/90°/90°/0°] laminated plate subjected to
temperature field TðzÞ sinðPx

a Þ sinðPy
b Þ, has been studied here using HSDT. The

temperature profile is shown in Fig. 1. Length to thickness ratio of the laminate a/
h = 5. The material properties: EL = 181 GPa, ET = 10.3 GPa, GLT = 7.17 GPa,
GTT = 2.87 GPa, ν12 = 0.28, α1 = 0.02 × 10−6/K, α2 = 22.5 × 10−6/K. A 10 × 10
mesh division has been considered for the analysis. The normalized stresses are
being calculated. Wu et al. [3] solved the same problem by expressing the
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temperature field as a harmonic series expansion. The normalized stresses through
the thickness of the laminated plates are presented and compared in Fig. 2. A
convergence study also has been performed. The transverse stress obtained in the
present study using quadratic element gives slightly higher values than obtained
from the linear element.

3.2 Simply Supported Square Plate Subjected to Temperature
Field TðzÞsin ðPx

a Þsin ðPy
b Þ

A simply supported laminated plate subjected to temperature field
TðzÞ sinðPx

a Þ sinðPy
b Þ, has been studied here using HSDT. The temperature profile is
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shown in Fig. 1. Length to thickness ratio of the laminate a/h = 5. The material
properties: EL = 181 GPa, ET = 10.3 GPa, GLT = 7.17 GPa, GTT = 2.87 GPa,
ν12 = 0.28, α1 = 0.02 × 10−6/K, α2 = 22.5 × 10−6/K. A 10 × 10 mesh division has
been considered for the analysis. The normalized stresses are being calculated. The
normalized stresses through the thickness of the laminated plates are presented in
Figs. 3 and 4 for cross ply and Figs. 5 and 6 for angle ply.

4 Conclusions

The transverse shear stresses developed due to the thermal load have been com-
puted and plotted in the present study. The results obtained from the present for-
mulation have been validated by comparing the same with those available in the
published literature. An extensive parametric study with varying lamination scheme
has been carried out under a sinusoidally distributed temperature load over the
surface of the plate. The temperature also varies through the thickness of the
laminate. The variation of transverse shear stresses across the thickness of different
laminates is shown in Figs. 3, 4, 5 and 6. It is concluded from the figures that the
shear stress (τxz and τyz) patterns are different for cross ply and angle ply.
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Effect of Degree of Orthotropy
on Transverse Deflection of Composite
Laminates Under Thermal Load

Sanjay Kantrao Kulkarni and Yuwaraj M. Ghugal

Abstract The effect of degree of orthotropy on transverse deflection of orthotropic
and antisymmetric laminated plates under uniformly distributed thermal load has
been presented by using trigonometric shear deformation theory. The effect of the
ratio of thermal expansion coefficients on the central deflection of orthotropic and
two layer antisymmetric laminated plates under thermal load has been studied and
presented in this paper. The in-plane displacement field uses sinusoidal function in
terms of thickness co-ordinate to include the shear deformation effect. The present
theory obviates the need of shear correction factor and satisfies the shear stress free
boundary conditions on the top and bottom surfaces of the plate. Using principal of
virtual work, governing equations and boundary conditions of the theory are
obtained. Numerical results of transverse deflection obtained by present theory are
compared with first order shear deformation theory and classical plate theory.

Keywords Degree of orthotropy � Material anisotropy � Laminated plates �
Thermal load

1 Introduction

The thermal behaviour of laminated composite plates are strongly dependent on the
degree of orthotropy of individual layers, the low ratio of transverse shear modulus
to in-plane modulus and stacking sequence of laminates. With the increased use of
composite materials in thermal environments, there is a need to investigate the
thermal responses of composite structures.
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Classical plate theory (CPT) neglects the transverse shear stresses, which are
more effective in composite laminates. In case of first order shear deformation
theory (FSDT), shear strains are assumed to be constant in thickness direction;
hence, shear stress free boundary conditions at the top and bottom surface of the
plate are not satisfied. Trigonometric shear deformation theory (TSDT) takes into
account transverse shear stresses and satisfies shear stress free boundary conditions
at the top and bottom surface of the plate.

Displacement-based higher theory is presented by Ali et al. [1] for the flexural
analysis of symmetric laminated plates subjected to single sinusoidal thermal load.
Fares et al. [2] discussed thermal effect on bending of cross-ply laminated plate
subjected single sinusoidal thermal load using refined first-order theory. Ghugal and
Kulkarni [3] presented thermal stresses in cross-ply laminated plates subjected to
sinusoidal thermal load through the thickness of plate using refined shear defor-
mation theory. Matsunaga [4] presented the global higher order theory for the
laminated plates subjected to single sinusoidal thermal load. Zhen et al. [5] dis-
cussed a global-local higher theory considering transverse normal deformation to
predict the thermal response of laminated plate subjected to single sinusoidal
thermal load. A mixed variational formula is obtained by Fares and Zenkour [6].
This model accounts for a Mindlin type assumption on displacements and stresses
in consistence with general surface conditions due to which shear correction factor
is obviated. The static thermo-elastic response of laminated plates has been
investigated by the use of a unified shear deformation plate theory by Zenkour [7].
The flexural response of three layer symmetric cross-ply laminated plate subjected
to uniformly distributed linear and non-linear thermo-mechanical loads has been
presented using trigonometric shear deformation theory by Ghugal and Kulkarni
[8]. An equivalent single layer shear deformation theory for the evaluation of
displacements and stresses of cross-ply laminated plates subjected to non-linear
thermo-mechanical loads is presented by Ghugal and Kulkarni [9]. Thermal stresses
and displacements in orthotropic, two layer and three layer laminated plates sub-
jected to non-linear thermal load across the thickness of plate are presented by
trigonometric shear deformation theory by Ghugal and Kulkarni [10].

Objective of this paper is to present an equivalent single layer shear deformation
theory to study the effect of degree of orthotropy on transverse deflection of
orthotropic and antisymmetric laminated plates under uniformly distributed thermal
load.

2 Theoretical Formulation

Consider a rectangular cross-ply laminated plate of length a, width b, and total
thickness h composed of orthotropic layers. The material of each layer is assumed
to have one plane of material property symmetry parallel to x-y plane. The coor-
dinate system is such that the mid-plane of the plate coincides with x-y plane, and

158 S.K. Kulkarni and Y.M. Ghugal



z axis is normal to the middle plane. Thus, the plate in (O-x, y, z) right handed
rectangular Cartesian coordinate system occupies the region:

0� x� a; 0� y� b; � h
2
� z� h

2
ð1Þ

The displacement field at a point located at (x, y, z) in the plate is of the form
[11]:
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p
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wðx; y; zÞ ¼ wðx; yÞ

ð2Þ

Here, ðu; v;wÞ are the axial displacements along x, y and z directions, and are
functions of the spatial co-ordinates; ðu0; v0;w0Þ are the displacements of a point on
the mid-plane, and / and w are the rotations about the y and x axes in x-z and y-
z planes due to bending. The generalized displacements ðu0; v0;w;/;wÞ are func-
tions of the ðx; yÞ co-ordinates.

The normal and shear strains are obtained within the framework of linear theory
of elasticity. The infinitesimal strains associated with the displacement field (2) are
as follows:
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The thermo-elastic stress-strain relationship for kth layer of laminate can be
written as:
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where �Qk
ij are the reduced stiffness coefficients of kth layer as given below:

Q11 ¼ E1

1� l12l21
; Q22 ¼ E2

1� l12l21
; Q12 ¼ l12E2

1� l12l21
;

Q66 ¼ G12; Q44 ¼ G23; Q55 ¼ G13

ð5Þ
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The temperature distribution through the thickness of laminated plate is shown
in Fig. 1. The temperature variation through the thickness is assumed to be in the
form as given below:

Tðx; y; zÞ ¼ z
h
T1ðx; yÞ: ð6Þ

3 Governing Equations and Boundary Conditions

Using the expressions for stresses, strains, and principle of virtual work, variational
consistent differential equations and boundary conditions for the plate under con-
sideration are obtained. The principal of virtual work when applied to the plate
leads to:

Zh=2

�h=2

Zb

0

Za

0

½rxdex þ rydey þ syzdcyz þ szxdczx þ sxydcxy� dx dy dz ¼ 0 ð7Þ

where the symbol d denotes variational operator. Employing the Green’s theorem in
above equation successively and collecting the coefficients of dw; d/; dw; du0; dv0
and governing equations are obtained as follows:
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2u0

@x@y
þ F22

@3w
@y3

þ ðF12 þ 2F66Þ @3w
@x2@y

�H66
@2w
@x2

� H22
@2w
@y2

þ C44w � ðH12 þ H66Þ @
2/

@x@y
þ ðT12 þ T22Þ @T1

@y
¼ 0

ð12Þ

where laminate stiffness coefficients Aij and Bij � � � appeared in above equations are
defined in terms of reduced stiffness coefficients �QðkÞ

ij for the layers k = 1, 2,…, n as
follows:

ðAij;Bij;DijÞ ¼
Xn
k¼1

Zzkþ1

zk

�QðkÞ
ij ð1; z; z2Þdz; ð13Þ
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ðEij;Fij;HijÞ ¼
Xn
k¼1

Zzkþ1

zk

�QðkÞ
ij

h
p
sin

pz
h
ð1; z; h

p
sin

pz
h
Þdz ð14Þ

ðRij; Sij; TijÞ ¼
Xn
k¼1

Zzkþ1

zk

aðkÞi
�QðkÞ
ij ðz; z2; zh

p
sin

pz
h
Þ; ði; j ¼ 1; 2; 6Þ ði ¼ x; y for aÞ

ð15Þ

Cij ¼
Xn
k¼1

Zzkþ1

zk

�QðkÞ
ij cos2

pz
h
dz; ði; j ¼ 4; 5Þ ð16Þ

4 Illustrative Examples

To assess the performance of present theory in the prediction of thermal response of
laminates under thermal load, orthotropic and two layer laminated plates are con-
sidered herein. The material properties used are as follows:

Material I:

E1

E2
¼ 25; G12 ¼ G13 ¼ 0:5E2; G23 ¼ 0:2E2; l12 ¼ 0:25;

ay
ax

¼ 3

Material II:

E1 ¼ 31:8� 106 psi, E2 ¼ 1:02� 106 psi, G12 ¼ 0:96� 106 psi,

G23 ¼ G13 ¼ G12; l12 ¼ l23 ¼ l13 ¼ 0:31;
ay
ax

¼ 3

ax is coefficient of thermal expansion in the direction of fiber;
ay is coefficient of thermal expansion in transverse direction.

4.1 The Solution Scheme

Here, we are concerned with the closed-form analytical solutions of simply sup-
ported square plates. The boundary conditions for simply supported edges are:

v0 ¼ w ¼ w ¼ Nx ¼ Mx ¼ Ms
x ¼ 0 at x ¼ 0 and x ¼ a

u0 ¼ w ¼ / ¼ Ny ¼ My ¼ Ms
y ¼ 0 at y ¼ 0 and y ¼ b

ð17Þ
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The following is the solution form for u0ðx; yÞ; v0ðx; yÞ; wðx; yÞ; /ðx; yÞ; wðx; yÞ
that satisfies above boundary conditions exactly:

u0ðx; yÞ ¼
X1
m¼1

X1
n¼1

u0mn cos
mpx
a

sin
npy
b

ð18Þ

v0ðx; yÞ ¼
X1
m¼1

X1
n¼1

v0mn sin
mpx
a

cos
npy
b

ð19Þ

wðx; yÞ ¼
X1
m¼1

X1
n¼1

wmn sin
mpx
a

sin
npy
b

ð20Þ

/ðx; yÞ ¼
X1
m¼1

X1
n¼1

/mn cos
mpx
a

sin
npy
b

ð21Þ

wðx; yÞ ¼
X1
m¼1

X1
n¼1

wmn sin
mpx
a

cos
npy
b

ð22Þ

where u0mn; v0mn;wmn;/mn;wmn are arbitrary constants to be determined.
Thermal and transverse mechanical loads are expanded in double Fourier series:

T1ðx; yÞ ¼
X1
m¼1

X1
n¼1

T1mn sin
mpx
a

sin
npy
b

ð23Þ

where

T1mn ¼ 4
ab

Za

0

Zb

0

T1ðx; yÞ sinmpxa sin
npy
b

dx dy ð24Þ

The coefficients T1mn are defined as follows:

T1mn ¼ T0 for SSL

T1mn ¼ 16T0
nmp2

for UDL

3
5

where T0 represents intensity of the thermal load.

Substitution of solution form given by Eqs. (18)–(24) into governing Eqs. (8)–
(12) results into a system of the algebraic equations which can be written into a
matrix form as follows:
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k½ � df g ¼ ff g ð25Þ

From solution of these equations, unknown coefficients df g can be obtained
readily. Substituting these coefficients into Eqs. (18)–(24), generalized displacements
(u0; v0;w;/;w) can be obtained and subsequently transverse deflections can be
obtained.

5 Numerical Results

In this paper, transverse deflections for orthotropic and two-layer antisymmetric
cross-ply laminated plates under thermal loads are evaluated and effect of degree of
orthotropy has been studied.

6 Discussion of Results

Transverse deflections for square orthotropic plate subjected to single sinusoidal
(SSL) and uniformly distributed (UDL) thermal load for various aspect ratios are
shown in Table 1. The results of transverse deflections obtained by present theory
are in good agreement with the theory developed by Fares and Zenkour [6] and first
order shear deformation theory (FSDT).

Effect of orthotropy on transverse deflections of a square orthotropic plate
subjected to uniformly distributed thermal load is shown in Table 2. The results of
transverse deflections obtained by present theory are in good agreement with first
order shear deformation theory (FSDT) for aspect ratio 4, whereas classical plate

Table 1 Dimensionless transverse deflections �w ¼ 10wh=ða1T1a2Þ for square orthotropic plate
subjected to thermal load for various aspect ratios

a
h 0° (SSL) Material I 0° (UDL) Material I 0° (SSL) Material II

Present Fares and
Zenkour [6]

Present FSDT
k ¼ 5=6

Present Fares and
Zenkour [6]

100 1.0313 1.03131 1.4339 1.4339 0.9818 –

50 1.0317 1.03173 1.4349 1.4349 0.9819 0.981

25 1.0334 1.03337 1.4386 1.4387 0.9821 0.982

20 1.0346 1.03458 1.4413 1.4414 0.9823 0.982

12.5 1.0396 1.03962 1.4519 1.4521 0.9830 –

10 1.0439 1.04397 1.4605 1.4609 0.9837 0.983

6.25 1.0596 1.06017 1.4898 1.4911 0.9863 –

5 1.0709 1.07208 1.5097 1.5121 0.9885 0.988

2 1.1230 – 1.5967 1.6214 1.0056 –
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theory (CPT) under-predicts the transverse deflections as the modular ratio
increases. Classical plate theory (CPT) under-predicts the deflections even at lower
ratios of moduli. This effect of material anisotropy on transverse deflection of
orthotropic plate under uniformly distributed thermal load is shown in Fig. 2.

Transverse deflections for square two layer (0/90) antisymmetric laminated plate
subjected to single sinusoidal and uniformly distributed thermal load for various
aspect ratios are shown in Table 3. The results of transverse deflections obtained by
present theory are in good agreement with first order shear deformation theory
(FSDT) under uniformly distributed thermal load for various aspect ratios. The
results of transverse deflections for two layer laminated plate under single sinu-
soidal thermal load are compared with first order shear deformation theory (FSDT)

Table 2 Effect of orthotropy
on dimensionless transverse
deflections �w ¼
10wh=ða1T1a2Þ of a square
orthotropic plate subjected to
uniformly distributed thermal
load

E1
E2

a
h �w (present) �w (FSDT) �w (CPT)

5 4 1.5554 1.5555 1.5481

10 4 1.5487 1.5497 1.5006

15 4 1.5422 1.5443 1.4717

20 4 1.5370 1.5402 1.4505

25 4 1.5328 1.5372 1.4336

30 4 1.5292 1.5348 1.4193

35 4 1.5262 1.5329 1.4069

40 4 1.5234 1.5314 1.3960

0.00 10.00 20.00 30.00 40.00

1.35

1.40

1.45

1.50

1.55

1.60
TSDT [Present]

FSDT

CPT

Modular Ratio

w

Fig. 2 The effect of material
anisotropy E1=E2ð Þ on the
dimensionless transverse
deflection �w ¼
10wh=ða1T1a2Þ of a
orthotropic plate subjected to
uniformly distributed thermal
load for aspect ratio 4
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and mixed variational theory developed by Fares and Zenkour [6]. Present theory
shows the change in transverse deflections as the aspect ratio changes, whereas
transverse deflections by mixed variational theory developed by Fares and Zenkour
[6] and first order shear deformation theory (FSDT) are irrespective of aspect ratio.

Effect of orthotropy on transverse deflections of square two layer laminated plate
(0/90) under uniformly distributed thermal load is shown in Table 4. Present theory
yields identical deflections to first order shear deformation theory (FSDT) for all
moduli ratios. Classical plate theory (CPT) over-predicts the deflections even at
lower ratios of moduli. The effect of material anisotropy for two layer laminated
plate for aspect ratio 4 is shown in Fig. 3. It is clear that, the severity of shear
deformation effects also depends on material anisotropy of the layer.

Figure 4 shows the plot of dimensionless transverse deflection versus the ratio of
coefficients of thermal expansions for orthotropic plate. It is clear that for a given
aspect ratio, the deflection is linearly proportional to the ratio of coefficients of
thermal expansions. In addition, the deflection decreases as the aspect ratio
increases.

Table 3 Dimensionless transverse deflections �w ¼ 10wh=ða1T1a2Þ for square two layer
antisymmetric laminated plate subjected to thermal load for various aspect ratios

a
h 0°/90° (SSL) Material I 0°/90° (UDL) Material I

Present Fares and Zenkour [6] FSDT k ¼ 5=6 Present FSDT k ¼ 5=6

100 1.1503 1.58201 1.1503 1.7296 1.7295

50 1.1503 1.58201 1.1503 1.7293 1.7293

25 1.1500 1.58201 1.1503 1.7282 1.7280

20 1.1498 1.58201 1.1504 1.7274 1.7272

12.5 1.1490 1.58201 1.1504 1.7243 1.7240

10 1.1483 1.58201 1.1504 1.7219 1.7216

6.25 1.1450 1.58201 1.1504 1.7146 1.7146

5 1.1421 1.58201 1.1504 1.7101 1.7109

Table 4 Effect of orthotropy
on dimensionless transverse
deflections �w ¼
10wh=ða1T1a2Þ of a square
antisymmetric two layer
laminated plate (0/90)
subjected to uniformly
distributed thermal load

E1
E2

a
h �w (Present) �w (FSDT) �w (CPT)

5 4 1.8052 1.8080 1.8119

10 4 1.7841 1.7871 1.7974

15 4 1.7539 1.7569 1.7721

20 4 1.7271 1.7301 1.7492

25 4 1.7047 1.7074 1.7297

30 4 1.6858 1.6884 1.7133

35 4 1.6699 1.6722 1.6995

40 4 1.6564 1.6583 1.6876
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Fig. 3 The effect of material
anisotropy E1=E2ð Þ on the
dimensionless transverse
deflection �w ¼
10wh=ða1T1a2Þ of (0/90)
laminated plate subjected to
uniformly distributed thermal
load for aspect ratio 4
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Fig. 4 Effect of the ratio of
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on the central
deflection �w ¼
10wh=ða1T1a2Þ of a
orthotropic square plate under
sinusoidal thermal loading
(Material I)
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Figure 5 shows the deflection is linearly proportional to the ratio of coefficients
of thermal expansions for two layer antisymmetric laminated plates, and the
deflection increases as the aspect ratio increases.

7 Conclusions

A trigonometric shear deformation theory is used to investigate the material
anisotropy of the layer under thermal load. The results of transverse deflection
obtained by present theory are compared with first order shear deformation theory
(FSDT) and classical plate theory (CPT). In case of orthotropic plate, it is observed
that classical plate theory (CPT) under-predicts the deflections even at lower
modular ratios under uniformly distributed thermal load. On the other hand, in case
of two layer laminated plate classical plate theory (CPT) over predicts the deflec-
tions even at lower modular ratios. The results agree very closely with the results
obtained by first order shear deformation theory. It is clear that, the severity of shear
deformation effects also depends on the material anisotropy of the layer.
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Abstract The present work deals with an accurate prediction of natural frequencies
of sandwich plates with functionally graded material (FGM) core in thermal
environment. The sandwich plate is made of isotropic face sheets and FGM core.
The material properties of the FGM core are varied according to a power law
distribution in terms of volume fraction of the constituent material. The layerwise
theory used in this work is based on the assumption of the first-order shear
deformation theory in each layer and the imposition of displacement continuity at
each layer interface. An eight noded isoparametric element is used to model the
plate using the finite element method. Heat conduction and temperature dependent
material properties are taken into account. The thermal load considered is uniform
over the plate surface and varied across thickness direction only. The FEM results
are compared with benchmark solutions from literature for FGM plates in order to
validate the correctness of the present formulation. Parametric studies are carried
out to investigate the effects of geometric, elastic properties and boundary condi-
tions on the free vibration behavior of FGM sandwich plate.
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1 Introduction

Sandwich structures are widely used in several engineering applications due to their
superior stiffness-to-weight ratio. Recently, functionally graded material sandwich
structures have drawn attention of many researchers due to ability to withstand at
high temperatures. In some significant contributions, Kant and Mallikarjuna [7]
developed a C0 continuity element to predict the vibration response of laminated
composite and sandwich plates using eleven variable higher order shear deforma-
tion theory of Kant et al. [8]. A Critical review related to theoretical development of
linear free vibration, dynamic analysis and geometric nonlinear transient response
of multilayered sandwich and fiber reinforced composite plate was presented by
Mallikarjuna and Kant [10]. Rao and Desai [12] presented a semi-analytical method
to evaluate the natural frequencies, displacement and stress for simply supported,
cross-ply laminated and sandwich plates by using a higher order mixed theory.
Swaminathan and Patil [14] presented analytical solutions for the free vibration
response of skew sandwich plates. In recent years, layerwise (LW) and zigzag (ZZ)
theories, which can predict accurately the fundamental as well as higher modes of
vibration have drawn attention of many researchers. In this context, Ferreira et al.
[4] gave a layerwise theory and combined this theory with multiquadric discreti-
zation to carry out static and free vibration analyses of laminated composite and
sandwich plates. Xiang et al. [15] investigated free vibration of functionally graded
and composite sandwich plates using an nth order shear deformation theory. Hadji
et al. [5] studied vibration of functionally graded sandwich plates using four-vari-
able refined plate theory. Dozio [2] presented a unified Ritz method for accurate
evaluation of natural frequencies of thick and thin FGM sandwich plates with
various boundary conditions. Applying variable boundary conditions is a difficult
task, hence, several researchers used Finite element method (FEM) for the free
vibration analysis of sandwich plates. Some important contributions were made by
researchers like Chakrabarti and Sheikh [1] and Pandit et al. [11]. Kulkarni and
Kapuria [9] proposed a third order zigzag theory and analysed the composite and
sandwich plates using an improved discrete Kirchhoff quadrilateral element.

In the present work, a layerwise theory [3] has been employed for free vibration
analysis of FGM sandwich plates. The layerwise theory is based on the first-order
shear deformation theory in each layer and the displacement continuity at each layer
interface is satisfied. An eight-noded isoparametric element with 9 degrees of
freedom per node is employed to build finite element based FGM sandwich plate
model. The FGM sandwich plate is made of isotropic facesheets with ceramic at the
top, metal at the base and FGM core at middle. The material properties of the FGM
core are varied according to a power law distribution in terms of volume fraction of
the constituent materials. The plate is subjected to a thermal gradient and the elastic
properties of the FGM are considered to be temperature dependent. Thermal load is
assumed to have a nonlinear variation in the thickness direction and is constant over
a plane. In order to show the correctness of the present formulation, comparison
study is carried out for free vibration of single layered FGM plate subjected to
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different thermal loads and gradient index. Next, parametric studies are done in
order to investigate the effects of varying material gradient index, thermal loads,
core thickness, boundary condition on free vibration behavior of FGM sandwich
plate.

2 Mathematical Formulation

2.1 Layerwise Theory for FGM Sandwich Plate

Consider a FGM sandwich plate of uniform thickness h, Length a and width b. Fig-
ure 1 shows the one-dimensional representation of layerwise kinematics of a three
layered FGM sandwich plate. The displacement fields for the middle and top layer of
the sandwich are given by Eqs. (1) and (2) respectively as given by Ferreira et al. [3].
Here u(2), u(3), and v(2), v(3) are the in-plane displacements of the plate along x and
y directions, respectively and w(2) and w(3) are displacements in the transverse
direction. The superscript 2 and 3 stand for second (FGMcore) and third (ceramic top)
layers, respectively. The displacement field for the bottom layer are obtained by
replacing h2 by –h3, by −h1, h

ð3Þ
x by hð1Þx and z(3) by z(1) in Eq. (2).

uð2Þðx; y; zÞ ¼ u0ðx; yÞ þ zð2Þhð2Þx

vð2Þðx; y; zÞ ¼ v0ðx; yÞ þ zð2Þhð2Þy

wð2Þðx; y; zÞ ¼ w0ðx; yÞ
ð1Þ

uð3Þðx; y; zÞ ¼ u0ðx; yÞ þ zð3Þhð2Þx þ h2
2
hð2Þx þ h3

2
hð3Þx

vð3Þðx; y; zÞ ¼ v0ðx; yÞ þ zð3Þhð2Þy þ h2
2
hð2Þy þ h3

2
hð3Þy

wð3Þðx; y; zÞ ¼ w0ðx; yÞ:

ð2Þ

2.2 Temperature Distribution

The temperature field assumed in this work satisfies one dimensional heat con-
duction equation which is given by

� d
dz

½KðzÞ dT
dz

� ¼ 0 ð3Þ
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where K is the coefficient of thermal conductivity and is a function of thickness
(z) direction. Also T ¼ Tc at z ¼ h2=2 and T ¼ Tm at z ¼ �h2=2 (Fig. 1), where Tm
and Tc denote the temperature at the metal and ceramic sides, respectively.

The effective material properties Pe (such as Young’s modulus, Poisson’s ratio
etc.) can be expressed as PeðzÞ ¼ PmVm þ PcVc; here Pm; Vm and Pc; Vc are the
properties and volume fractions of metallic and ceramic phases, respectively. The
volume fraction of ceramic phase is expressed as

VcðzÞ ¼ 2zð2Þ þ h2
� �.

2h2
� �n

; where n� 0 ð4Þ

where n is material gradient index. Also all the temperature dependent material
properties of constituent materials such as E (Young’s modulus), m (Poisson’s ratio)
and a (thermal expansion coefficient) are assumed to be:

Pe ¼ P0ðP�1=T þ 1þ P1T þ P2T
2 þ P3T

3Þ ð5Þ

where Piði ¼ �1; 0; 1; 2; 3Þ are coefficients of temperature T and are unique for
each constituent material.

2.3 Finite Element Formulation

For present work, an eight noded C0 isoparametric element with 9 unknowns per
node ð u v w hð1Þx hð1Þy hð2Þx hð2Þy hð3Þx hð3Þy Þ is used to develop the finite

element procedure. If dif gðkÞ is the generalized nodal unknown vector within an
element of kth layer, generalized mid surface strain can be expressed in terms of
global displacements as

ef gðkÞ¼
X8
i¼1

Bi½ �ðkÞ dif gðkÞ ð6Þ

3

2

1

z (3)

h1

h3

h2
h

 z(1)

 z(2)

x

z

θ (3)
x

θ (2)
x

θ (1)
x

Fig. 1 1D representation of
layerwise kinematics
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where B½ �ðkÞ is the differential operator matrix of interpolating functions and k = 1,
2, 3. For free vibration analysis, the natural frequencies are determined by solving
the governing equation given by:

½K� þ ½KG�½ � � x2½M� ¼ 0 ð7Þ

where ½K� is the stiffness matrix, ½M� is the mass matrix and have standard finite
element meanings. Here, ½KG� is the geometric stiffness matrix and its derivation is
discussed in detail in next subsection.

2.3.1 Geometric Stiffness Matrix

Geometric stiffness matrix, also known as initial stress matrix, involves nonlinear
strains and has been derived employing the layerwise computational model for
FGM sandwich plate for first time. The displacement of 3rd (top) layer is given by
Eq. (2). The nonlinear strains for 3rd layer of the FGM sandwich plate are:

eð3Þxxnl ¼ ððuð3Þ;x Þ2 þ ðvð3Þ;x Þ2 þ ðwð3Þ
;x Þ2Þ

.
2; eð3Þyynl ¼ ððuð3Þ;y Þ2 þ ðvð3Þ;y Þ2 þ ðwð3Þ

;y Þ2Þ
.
2;

ð8aÞ

cð3Þxynl ¼ ðuð3Þ;x uð3Þ;y þ vð3Þ;x vð3Þ;y þ wð3Þ
;x wð3Þ

;y Þ; cð3Þxznl ¼ ðuð3Þ;x uð3Þ;z þ vð3Þ;x vð3Þ;z Þ; ð8bÞ

cð3Þyznl ¼ ðuð3Þ;y uð3Þ;z þ vð3Þ;y vð3Þ;z Þ ð8cÞ

where a subscript comma denotes partial differentiation. The strain energy Uð3Þ
nl due

to nonlinear strains for top layer of plate are expressed in terms of initial in-plane
stresses and non-linear strains as

Uð3Þ
nl ¼

Z
v

rð3Þ
n oT

eð3Þnl

n o
dv ð9Þ

here, rð3Þ
� �

and eð3Þnl

n o
are the initial stress vector and nonlinear strain vector for

third layer, respectively, and are given as rð3Þ
� �T¼ rð3Þxx ; r

ð3Þ
yy ; s

ð3Þ
xy ; s

ð3Þ
xz ; s

ð3Þ
yz

n o
and

eð3Þnl

n o
¼ eð3Þxxnl; e

ð3Þ
yynl; c

ð3Þ
xynl; c

ð3Þ
xznl; c

ð3Þ
yznl

n oT
. Total strain energy Uð3Þ

nl of third layer is

obtained by integrating Eq. (9) over plate thickness and summing up the strain

energies due to nonlinear strains. Nonlinear strain vector eð3Þnl

n o
of all the elements

of the discretized structure for top layer is written as
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Uð3Þ
nl ¼ 1

2

Xm
j¼1

df gTj ½kG�ð3Þj df gj ð10Þ

where df gj is generalized nodal unknown vector of jth element, m is the total

number of elements. Here, ½kG�ð3Þj denotes the geometric matrix or initial stress
stiffness matrix of jth element for 3rd (top) layer and is expressed as

½kG�ð3Þj ¼
Z

A

½G�ð3ÞT S½ �ð3Þ G½ �ð3ÞdA ð11Þ

where G½ �ð3Þ and S½ �ð3Þ are the differential matrix and stress matrix for the top layer,

respectively. ½kG�ð2Þj for middle layer and ½kG�ð1Þj for bottom layer can be obtained by

a similar procedure. By summation of ½kG�ð3Þj ; ½kG�ð2Þj and ½kG�ð1Þj ; the total initial
stiffness matrix of a 3 layered FGM sandwich plate is given by

½kG� ¼
X3
k¼1

Z

A

½G�T� �ðkÞ
S½ �ðkÞ G½ �ðkÞdA: ð12Þ

3 Results and Discussion

In all the numerical results presented here, the upper ceramic layer of the sandwich
plate is made of Zirconium oxide (ZrO2) and the lower metal layer is made of
titanium alloy (Ti-6Al-4V). The geometric properties of the square plates are given
by h = 0.025 m and a = b = 0.2 m. The temperature dependent material properties of
ZrO2/Ti-6Al-4V are listed in Table 1. The mass density and thermal conductivity
are given as ρc = 3,000 kg/m3, Kc = 1.80 W/m K respectively for ZrO2, and
ρm = 4,429 kg/m3, Km = 7.82 W/m K for Ti-6Al-4V, respectively. The Young’s
modulus and thermal expansion coefficient for these materials are assumed to be
temperature-dependent and are listed in Table 1. Poisson’s ratio assumed for
ceramic and metallic phase is by νc = 0.2882 and νm = 0.2884.

The following comparison study is taken up to show the correctness of present
FEM based formulation in thermal environment. In this problem comparison of
natural frequencies of ZrO2/Ti-6Al-4V single layered FGM plate is carried out.

Table 2 shows the non-dimensional frequency parameter X ¼
xða2�hÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qmð1� m2mÞ

�
Em

q
for different temperature gradients (Tc − Tm) and material

gradient index n, where x is dimensional value of natural frequency. It is observed
from Table 2 that, present layerwise theory results are in close agreement with that of
Huang and Shen [6] for different values of n and thermal gradients.
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After validating the present finite element model based on layerwise model,
parametric studies are taken up in order to investigate the effects of varying material
gradient index (n), core thickness, thermal gradient on the free vibration behavior of
FGM plate. Two configurations of FGM sandwich plate considered are 1-3-1 ð h1 ¼
h3 ¼ 0:2 h; h2 ¼ 0:6 hÞ and 1-8-1 ðh1 ¼ h3 ¼ 0:1 h; h2 ¼ 0:8 hÞ.

Tables 3 presents the non-dimensional frequencies Ω of 1-3-1 and 1-8-1 ZrO2/
Ti-6Al-4V FGM sandwich plates. The metallic bottom surface of the FGM sand-
wich plate is kept at a constant temperature of Tm = 300 K and the ceramic top
surface of the plate is subjected to three different temperatures of Tc = 300, 400 and
600 K. It is observed from Table 3 that for a particular value of temperature gradient
(Tc − Tm) and gradient index n, the non-dimensional natural frequencies of 1-8-1
sandwich plate are more than that for a 1-3-1 sandwich plate indicating the inter-
active effect of stiffness and mass of the core on the natural frequencies of the
sandwich plate. It is also observed for any particular value of temperature gradient
(Tc − Tm) and sandwich type the magnitude of natural frequency decreases as the
value of gradient index n increases from 0.5 to 2. Also for a fixed value of n and
sandwich type the natural frequencies decreases with increase in thermal gradient.

Next, the effect of varying boundary conditions on the natural frequencies of
FGM sandwich plate is discussed. Table 4 presents natural frequency parameter of
1-3-1 FGM sandwich plate under two boundary conditions. In the first boundary
condition, the plate is assumed to be fully clamped (CCCC) whereas, in the second
boundary condition, the two edges, y = 0 and b are assumed to be simply supported
(S) and the remaining two edges, x = 0 and a are clamped (C). This configuration is

Table 2 Comparison of non-
dimensional
frequency parameter Ω for
ZrO2/Ti-6Al-4V

Huang and
Shen [6]

Present

Mode Mode

n (1, 1) (1, 2) (1, 1) (1, 2)

Tm = 300 K
Tc = 300 K

0.0 8.273 19.261 8.365 19.741

0.5 7.139 16.643 7.176 16.948

1.0 6.657 15.514 6.719 15.864

2.0 6.286 14.625 6.350 14.979

∞ 5.400 12.571 5.474 12.923

Tm = 300 K
Tc = 400 K

0.0 7.868 18.659 7.760 18.569

0.5 6.876 16.264 6.801 16.232

1.0 6.437 15.202 6.430 15.324

2.0 6.101 14.372 6.128 14.574

∞ 5.322 12.455 5.433 12.569

Tm = 300 K
Tc = 600 K

0.0 6.685 16.986 6.420 16.401

0.5 6.123 15.169 5.985 14.909

1.0 5.819 14.287 5.797 14.309

2.0 5.612 13.611 5.647 13.810

∞ 5.118 12.059 5.390 12.818
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designated as (SCSC). From Table 4 it is observed that the non-dimensional fre-
quency parameter for CCCC FGM sandwich plate is higher than the corresponding
value for the SCSC plate for all material gradient index n and temperature gradients.
This is due to the higher stiffness of CCCC plate compared to that of SCSC plate.

4 Conclusions

Free vibration analysis of sandwich plate with FGM core in thermal environment
has been carried out to study the effect of elastic and geometric parameters. The
present layerwise formulation gives accurate results for free vibration analysis of
FGM sandwich plates. It is found from the present analysis that the parameters like
core thickness, gradient index, temperature gradient and boundary conditions ratio
has significant effect on natural frequencies of FGM sandwich plate.

Table 3 Non dimensional
natural frequency parameter
of 1-3-1 and 1-8-1 ZrO2/Ti-
6Al-4V sandwich plate in
thermal environment

1-3-1 1-8-1

Mode Mode

n (1, 1) (1, 2) (1, 1) (1, 2)

Tm = 300 K
Tc = 400 K

0.5 6.208 15.164 6.483 15.611

1 6.050 14.748 6.233 14.983

2 5.911 14.375 6.024 14.444

Tm = 300 K
Tc = 600 K

0.5 4.840 13.343 5.428 14.070

1 4.799 13.088 5.325 13.668

2 4.765 12.858 5.242 13.322

Table 4 Non dimensional
natural frequency parameter
of 1-3-1 ZrO2/Ti-6Al-4V
sandwich plate different
boundary condition

Boundary conditions

CCCC SCSC

n (1, 1) (1, 2) (1, 1) (1, 2)

Tm = 300 K
Tc = 400 K

0.5 11.150 20.950 9.868 18.557

1 10.827 20.313 9.588 18.014

2 10.533 19.724 9.335 17.517

Tm = 300 K
Tc = 600 K

0.5 10.687 20.059 9.171 17.296

1 10.423 19.549 8.965 16.895

2 10.180 19.074 8.775 16.524
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Thermoelastic Stress Analysis Perfectly
Clamped Metallic Rod Using Integral
Transform Technique

G.R. Gandhe, V.S. Kulkarni and Y.M. Ghugal

Abstract This manuscript deals with thermoelastic stress analysis of perfectly
clamped metallic rod of length, l. The metallic rod is subjected to arbitrary temper-
ature, T1 at the terminal end of rod, x ¼ l. The initial end of rod, x = 0 is thermally
insulated. Initially, the metallic rod is at non-zero constant temperature, T0. Under
these conditions, the temperature distribution and the thermal stress developed within
the metallic rod are required to be determined. The mathematical solution of heat
conduction equation is obtained by integral transform technique which gives ana-
lytical solution for temperature distribution in series form. The convergence analysis
of series solution is done. The result obtained for temperature distribution and thermal
stresses are expressed in the form of analytical solution and corresponding numerical
results for steel rod are shown graphically and illustrate technically.

Keywords Temperature change � Thermal stresses � Integral transform technique

1 Introduction

Abdel-Hamid [1] obtained the analytic solution for non-Fourier heat conduction in a
finite medium subjected to a periodic heat flux which was modeled using the finite
integral transform technique. Shidfar and Zakeri [2] developed a numerical technique
for backward inverse heat conduction problems in one-dimensional space with two
unknown terms. Taniguchi et al. [3] studied numerically stationary heat conduction in
one-dimensional hard point gas with molecular dynamics simulations and theoreti-
cally on the basis of extended thermodynamics. Pi et al. [4] carried out interval
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thermoelastic analysis for the response of elastically restrained steel beams under a
linear temperature gradient; and, subsequently they conducted realistic thermoelastic
buckling analysis for fixed slender beam by accounting for the variations of the
material and geometry of structure [5]. In this paper, themathematical solution of heat
conduction equation in metallic rod is obtained by Integral Transform Technique
which gives analytical solution for temperature distribution in series form. The
thermoelastic stress analysis of metallic rod subjected to arbitrary temperature dis-
tribution has a wide scope of application in heat exchangers, boilers, etc..

2 Mathematical Formulation

The temperature at any point of the rod (Fig. 1) at any time, t > 0 is governed by
heat equation,

@T
@t

¼ c2
@2T
@x2

; 0\x\l; t[ 0 ð1Þ

with the boundary conditions,

T x; 0ð Þ ¼ T0; 0\x\l ð2Þ
@T
@x

¼ 0; at x ¼ 0; t[ 0 ð3Þ

T l; tð Þ ¼ T1 ð4Þ

Solution

Temperature Change

Step 1: Application of Laplace Transform

Taking Laplace transform on both sides of Eq. (1), we have,

L
@T
@t

� �
¼ c2L

@2T
@x2

� �

PT x; pð Þ � T x; 0ð Þ ¼ c2
d2T
dx2

Fig. 1 A schematic representation of geometry and coordinates of metallic rod
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Using boundary condition (2), i.e. T x; 0ð Þ ¼ T0; 0\x\l

d2T
dx2

� P
c2

T ¼ � T0
c2

ð5Þ

Step 2: General Solution of Ordinary Differential Equation

General solution of ordinary differential Eq. (5) is given as,

T ¼ A cosh

ffiffiffiffiffi
P
c2

r
� x

 !
þ B sinh

ffiffiffiffiffi
P
c2

r
� x

 !
þ T0

P
ð6Þ

Step 3: Particular Solution of Ordinary Differential Equation

Now, to find unknown constants A and B, taking Laplace transform of boundary
conditions, consider boundary condition given by Eq. (3),

i:e: Tx 0; tð Þ ¼ 0; t[ 0

Taking Laplace transform,

L
@T
@x

� �
¼ dT

dx
¼ 0 at x ¼ 0

Using this value for Eq. (6), i.e. dT
dx ¼

ffiffiffi
P
c2

q
A sinh

ffiffiffi
P
c2

q
� x

� �
þ B cosh

ffiffiffi
P
c2

q
� x

� �n
þ0g gives B = 0.

So, Eq. (8) becomes,

T ¼ A cosh

ffiffiffiffiffi
P
c2

r
� x

 !
þ T0

P
ð7Þ

Now, consider boundary condition given by Eq. (4), i.e. T l; tð Þ ¼ T1; t[ 0
Taking Laplace transform,

L Tð Þ ¼ T ¼ L T1ð Þ ¼
Z1
0

T1 � e�Pt � dt at x ¼ l

T ¼ T1
P

at x ¼ l
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Using this value for Eq. (7),

i:e: T ¼ A cosh

ffiffiffiffiffi
P
c2

r
� x

 !
þ T0

P

T1
P

¼ A cosh

ffiffiffiffiffi
P
c2

r
� l

 !
þ T0

P

A ¼ T1 � T0

P � cosh
ffiffiffi
P
c2

q
� l

� �

Using this value of A in Eq. (7), one obtains,

T x;Pð Þ ¼ T1 � T0

P � cosh
ffiffiffi
P
c2

q
� l

� �
2
64

3
75 cosh

ffiffiffiffiffi
P
c2

r
� x

 !
þ T0

P
ð8Þ

Step 4: Application of Inverse Laplace Transform

Finally, taking inverse Laplace transform on both sides,

L�1 T x;Pð Þ� � ¼ T1 � T0ð ÞL�1
cosh

ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� �
2
64

3
75þ T0L�1 1

P

� �

T x; tð Þ ¼ T1 � T0ð ÞL�1
cosh

ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� �
2
64

3
75þ T0 � 1

ð9Þ

Applying Laplace complex inversion formula,

T x; tð Þ ¼ T1 � T0ð Þ 1
2pi

Zcþi1

c�i1

ePt cosh
ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� � dP

8><
>:

9>=
>;þ T0 ð10Þ

Now using,

1
2pi

Zcþi1

c�i1

ePt cosh
ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� � dP

¼ sum of all the residues of
ePt cosh

ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� � at the poles

ð11Þ
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The poles of
ePt cosh

ffiffiffi
P
c2

p
�x

� �
P�cosh

ffiffiffi
P
c2

p
�l

� � are simple poles occurring at P = 0 and

cosh
ffiffiffi
P
c2

q
� l

� �
¼ 0:

i:e: P ¼ 0 and

ffiffiffiffiffi
P
c2

r
� l

 !
¼ n� 1

2

� �
� p � i at n ¼ 0; n ¼ �1; n ¼ �2; . . .

i:e: P ¼ 0 and P ¼ � 2n� 1ð Þ2p2c2
4l2

¼ Pn at n ¼ 1; 2; 3; . . .

Now, residue at P = 0 is given by,

residue at P ¼ 0ð Þ ¼ lim
P!0

P� 0ð Þ
ePt cosh

ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� �
8><
>:

9>=
>; ¼ 1 ð12Þ

And residue at P = Pn is given by,

residue at P ¼ Pnð Þ ¼ lim
P!Pn

P� Pnð Þ
ePt cosh

ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� �
8><
>:

9>=
>;

residue at P ¼ Pnð Þ ¼ lim
P!Pn

P� Pnð Þ
cosh

ffiffiffi
P
c2

q
� l

� �
8><
>:

9>=
>;

ePt cosh
ffiffiffi
P
c2

q
� x

� �
P

8<
:

9=
;

First bracket of above limit is in 0
0 form, so applying L-Hospital rule,

residue at P ¼ Pnð Þ ¼ lim
P!Pn

1
l

2
ffiffiffiffiffi
Pc2

p sinh
ffiffiffi
P
c2

q
� l

� �
8><
>:

9>=
>;

ePt cosh
ffiffiffi
P
c2

q
� x

� �
P

8<
:

9=
;

residue at P ¼ Pnð Þ ¼ 2
ffiffiffiffiffiffiffiffiffi
Pnc2

p

l sinh
ffiffiffiffi
Pn
c2

q
� l

� �
8><
>:

9>=
>;

ePnt cosh
ffiffiffiffi
Pn
c2

q
� x

� �
Pn

8><
>:

9>=
>;

Using value, Pn ¼ � 2n�1ð Þ2p2c2
4l2

residue at P ¼ Pnð Þ ¼ 4
2n� 1ð Þpi

	 

e
� 2n�1ð Þ2p2c2 t

4l2

sinh n� 1
2

� �
pi

 �
8<
:

9=
; cosh

2n� 1ð Þpix
2l

	 
� �

ð13Þ
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Using Eqs. (12) and (13) in Eq. (11), one obtains,

1
2pi

Zcþi1

c�i1

ePt cosh
ffiffiffi
P
c2

q
� x

� �
P � cosh

ffiffiffi
P
c2

q
� l

� � dP

¼ 1þ 4
2n� 1ð Þpi

	 

e
� 2n�1ð Þ2p2c2 t

4l2

sinh n� 1
2

� �
pi

 �
8<
:

9=
; cosh

2n� 1ð Þpix
2l

	 
� � ð14Þ

Using Eq. (13), in Eq. (10),

T x; tð Þ ¼ T1 � T0ð Þ 1þ 4
2n� 1ð Þpi

	 

e
� 2n�1ð Þ2p2c2 t

4l2

sinh n� 1
2

� �
pi

 �
8<
:

9=
; cosh

2n� 1ð Þpix
2l

	 
� �* +

þ T0

Simplifying using cosh (ix) = cos x and sinh ixð Þ ¼ i sin x,

T x; tð Þ ¼ 4 u1 � u0ð Þ
p

	 
 �1ð Þn
2n� 1ð Þ e

� 2n�1ð Þ2p2c2 t
4l2

� �
cos

2n� 1ð Þpx
2l

	 
� �� �
þ u1

For, n ¼ 1; 2; 3; . . .

Step 5: Final Solution for Temperature Distribution

Combining all solutions,

T x; tð Þ ¼ T1 þ 4 T1 � T0ð Þ
p

	 
X1
n¼1

�1ð Þn
2n� 1ð Þ � e

� 2n�1ð Þ2p2c2 t
4l2

	 

cos

2n� 1ð Þpx
2l

� �	 


ð15Þ

which is required temperature distribution with rod.

Thermal Stresses

The resulting thermal stress in perfectly clamped rod is given by,

r ¼ P
A
¼ � kE

l
¼ � aE

l

Z l

0

T xð Þdx
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Using Eq. (15), in above equation, one obtains,

r ¼ � aE
l

Z l

0

T1 þ 4 T1 � T0ð Þ
p

	 
X1
n¼1

�1ð Þn
2n� 1ð Þ � e

� 2n�1ð Þ2p2c2 t
4l2

	 

cos

2n� 1ð Þpx
2l

� �	 
( )
dx

r ¼ � aE
l

T1l� 8l T1 � T0ð Þ
p2

	 
X1
n¼1

1

2n� 1ð Þ2 � e
� 2n�1ð Þ2p2c2 t

4l2

" #( )

ð16Þ

which is expression for required thermal stresses within perfectly clamped rod.

3 Numerical Calculation

The numerical calculations are performed for a steel rod with the material properties
as,

Thermal conductivity, k ¼ 53:6 ðW/mkÞ
Thermal diffusivity, K ¼ 14:74� 10�6 m2=s
Coefficient of linear thermal expansion, a ¼ 13� 10�6 ð1=K)
Young’s modulus, E = 210 GPa
With temperature conditions as:
Initial temperature, T0 = 0 K
Temperature given at end, x = l T1 = 50 K.

4 Convergence Analysis of Series Solution

Considering,

lim
n!1 e

� 2n�1ð Þ2p2c2 t
4l2 ¼ 0

Also, the term cos 2n�1ð Þpx
2l

� �
bounded.

Thus, necessary condition for convergence is satisfied; by applying D-Alemberts
ratio test, it can be easily verified that all the series in (15) and (16) are convergent.
Also, the term in the expression for temperature and stresses are negligible for large
value of n and it converges to zero at infinity. Therefore, for better accuracy
numerical calculations have been performed by taking, n = 100 with the help of a
computer programme.
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5 Concluding Remarks

In this paper, metallic rod is considered for which the expression for temperature
change, stress functions due to supply of arbitrary temperature at one end is
determined. The thermoelastic behavior is examined such as temperature change,
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Fig. 2 a Variation of temperature with space. b Variation of temperature with time. c Variation of
thermal stresses with time
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and stresses with the help of arbitrary initial heat supply at one end of rod. The
temperature variation with space and time variables are as shown respectively in
Fig. 2a, b and thermal stress variation with time as shown in Fig. 2c.
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The Emerging Solution for Partial
Differential Problems

P.V. Ramana and Vivek Singh

Abstract In this paper, we present a technique for solving ordinary and partial
differential equations (ODE and PDE) linear and nonlinear by an emerging method.
The emerging method consists of decomposing a given differential equation into
linear, nonlinear and remainder terms. Themethod has been applied quite extensively
by mathematicians for various cases. However, engineering applications are not that
many.While applying themethod to a static plate and static problemwe observed that
the solution with emerging one very close to numerical and analytical solutions. An
emerging method has been applied for linear equation plate problems to improve the
simplicity, accuracy and convergence of above mentioned problems. The plate
problems can easily be solved with help of emergingmethod, which is decomposition
technique and semi-analytical method. The decomposition emerging method results
are found to converge very quickly and are more close to exact solution.

Keywords Emerging decomposition method � Partial differential � Plate � Matlab

1 Introduction to Decomposition Emerging Method

A novel technique applied for solving continuous support bridge problems. In
recent years, the development of the high-speed digital computer and increased
interest in continuos and linear phenomena have led to an intensive study of the
numerical solution of ordinary and partial differential equations. The emerging
decomposition method is a non-numerical method for solving linear and nonlinear
differential equations, both ordinary and partial. The general direction of the paper
is towards obtaining solution for ordinary and partial differential equations (PDEs).
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In the 1985s, Adomian [1, 2] proposed a new and ingenious method to obtain exact
solution of linear and nonlinear equations of various kinds like algebraic, differ-
ential for both ordinary and partial, integral, etc. problems. The technique uses a
decomposition of the nonlinear operator as a series of Adomian functions. Each
term of this series is a generalized polynomial called the Adomian polynomial.
Some techniques which assume essentially that the linear and nonlinear system is
almost linear after equivalent linearization will not be able to retain the originality
of the problem. Present technique consists of splitting the given equation into linear,
remainder and nonlinear parts, inverting the highest order differential operator
contained in the linear operator on both sides, identifying the initial or boundary
conditions and the terms involving the independent variable alone as initial
approximation, decomposing the unknown function into a series whose components
are to be determined, decomposing the linear and nonlinear function in terms of
special polynomials, and finding the successive terms of the series solution. The
present emerging method provides the solution in a rapidly convergent series with
easily computable components. The main advantage of the method is that it can be
used directly to solve, all types of differential equations with homogeneous and
non-homogeneous boundary conditions. Another advantage of the method is that it
reduces the computational work in a tangible manner, while maintaining higher
accuracy of the numerical solution. The conventional have systematic procedure
and follows some assumed rules, but using the emerging method, one can solve the
problem straight way.

Recently, Morawetz [3] solved a first order nonlinear wave equation (NLWE)
problem differently and applied for wave equations only. The solution obtained by
this method is derived in the form of a power series with easily computable
components. The decomposition method requires that the nonlinear operator F be
separated into three terms as follows:

F = L + R + N where N is a nonlinear operator and L + R together form the linear
term. Here, L is chosen to be easily invertible and R is the remainder of the linear
term. To convey the idea and for the sake of completeness of the emerging
decomposition method, a three dimensional time variant (x, y, z, t) equation is
considered as shown below:

) Lxuþ Lyuþ Lzuþ Ltuþ NðuÞ þ RðuÞ ¼ gðx; y; z; tÞ ð1Þ

where Lx; Ly; Lz; Lt are nth order derivative operators. Solution for u is obtained
after operation with respect to x,

) Lxu ¼ gðx; y; z; tÞ � ðLyuþ Lzuþ Ltuþ NðuÞ þ RðuÞÞ ð2Þ

Now, pre-multiplication by L�1
x on both sides for Eq. (2)

) L�1
x Lxu ¼ L�1

x gðx; y; z; tÞ � L�1
x ðLyuþ Lzuþ Ltuþ NðuÞ þ RðuÞÞ ð3Þ
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This equation L�1
x Lx is multiplication of integration and differentiation of nth

order differential equation. Therefore, it yields n constants, a1; a2; a3; and an.

) u ¼ 0 n0constants þ L�1
x gðx; y; z; tÞ � L�1

x ðLyuþ Lzuþ Ltuþ NðuÞ þ RðuÞÞ
ð4Þ

Therefore the nth order equation is,

) u ¼a1 þ xa2 þ � � � þ xn�1an þ L�1
x gðx; y; z; tÞ � L�1

x ðLyuþ Lzu

þ Ltuþ NðuÞ þ RðuÞÞ ð5Þ

where a1, a2 and an are n constants of integration. For initial value problems (IVPs)
and boundary value problems (BVPs), the constraints need to be found from initial
and boundary conditions, respectively. The boundary conditions are: ujx¼0,

du
dx jx¼0,

ujx¼L, and
du
dx jx¼L and the initial conditions are: ujt¼0,

du
dt jt¼0. Here, the nonlinear part

N(u) is assumed to be a contracting (nonlinear) exact operator and decomposed as
an infinite sum of functions,

NnðuÞ ¼
Xn
i¼0

Aiðu0; u1; u2; . . .; un�1Þ ð6Þ

where Ai are the Adomian polynomials valid only for the specific NðuÞ. Adomian
polynomials Ai depend on ui for i = 0, …, n − 1 and form a rapidly convergent
series. Now, let the solution u of the above equation obtained as a series of func-
tions ui, i = 0 to n, i.e.

u ¼ u0 þ u1 þ u2 þ u3 þ � � � þ un: ð7Þ

With the preceding assumptions on u and N, the Adomian series equations are
solutions of basic equation. Next, it is required to find Adomian polynomials of
above equation, which are needed to derive a series of solutions of equation by
Adomian iterative procedure. Here, it may be noted that un is absent in the series
because Nn depends up on Adomian polynomial An�1, i.e. u0; u1; u2; . . .; un�1.

2 An Emerging Decomposition Applications

In some of the problems, it may be observed that boundary conditions are defined only
at one of the boundaries. It should not be construed that they are the only boundary
conditions, in which may not be equilibrium. For such cases, there will be obviously
other boundary conditions also to satisfy equilibrium. It may also be mentioned here
that specifying the boundary conditions on one boundary only is a special advantage
of an emerging decomposition method. The emerging decomposition method is
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applied to several one and two-dimensional Laplace’s and Poisson’s problems and the
accuracy and convergence characteristics of the method are investigated. In the first
few examples we are considering a two-dimensional problem. The first example with
forcing term (x, y), a known exact solution by using emerging decompositionmethod,
conventional and finite difference method (FDM).

2.1 Two Dimensional Bi-harmonic Equation with Mixed
Boundary Conditions

The first example is a bi-harmonic equation with a forcing term, i.e. a function of (x,
y). The governing bi-harmonic equation is,

@4u
@x4

þ 2
@4u

@x2@y2
þ @4u

@y4
¼ p

D
ð8Þ

where u is the transverse displacement of a plate subjected to uniformly distributed
load p only; problem 1 statement is given by:

Rectangular plate simply supported on all its four sides is loaded with uniformly
distributed load p shown by shaded area. It is known: E = 2.1 × 105 MPa, μ = 0.3;
t = 0.1 m, p = 2 kN/m2. a = 4 m, b = 6 m. Determine the values of deflection at the
center of plate.

Consider, a rectangular plate {0 ≤ x ≤ a, 0 ≤ y ≤ b} which is freely mounted
along the edges. This is the case of a simply supported plate. The boundary con-
ditions are:

u ¼ 0;
@2U
@X2 ¼ 0 for x ¼ 0 and x ¼ a;

u ¼ 0;
@2U
@y2

¼ 0 for y ¼ 0 and y ¼ b;

In the emerging decomposition method procedure, above Eq. (8) can be written
as,

Lxuþ 2Lxyuþ Lyu ¼ ðp
D
Þ

where

Lx ¼ @4

@x4
; Ly ¼ @4

@y4
; Lxy ¼ @4

@x2@y2

Lxu ¼ P
D

� �
� 2Lxyu� Lyu
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Using the Dirichlet and Neumann boundary conditions, pre-multiplying both
sides of the Eq. (8) by L�1

x ,

L�1
X LXu ¼ L�1

X
p
D

� �
� 2Lxyu� Lyu

n o
; where L�1

x ¼
ZZZZ

f ðxÞ@x

u ¼ mx3

6
þ cx2

2
þ dxþ eþ px4

24D
� L�1

x ð2Lxyuþ LyuÞ

u0 ¼ mx3

6
þ cx2

2
þ dxþ eþ px4

24D

where u0 is independent variable function.
Using Dirichlet and Neumann boundary conditions one can determine the

unknown constants,

m ¼ � pa
2D

; c ¼ 0; d ¼ pa3

24D
; e ¼ 0

Now, u0 can be written as,

u0 ¼ � pax3

12D
þ pa3x

24D
þ Px4

24D
at x ¼ a

2
value of u0 ¼ ð5pa4Þ

384D

u1 ¼ �L�1
x ð2Lxyu0 þ Lyu0Þ, reminder term will have a value of zero.

After putting the values of p, a and D from above problem deflection at centre
will be as below.

2.1.1 Emerging Solution

u ¼ 3:466� 10�4 mm; u ¼ � pax3

12D
þ pa3x

24D
þ Px4

24D

2.1.2 Exact (Analytical) Solution

u ¼ 3:185� 10�4 mm; u ¼
X1
m¼1

X1
n¼1

16p

Dp6ðaþ bÞ2

where a ¼ ðmaÞ2 and b ¼ ðnbÞ2

2.1.3 Finite Difference Method Solution

u ¼ 1:667� 10�4 mm, by taking nodes as shown in Fig. 1.

The Emerging Solution for Partial Differential Problems 197



2.1.4 Discussion of Results

The above problem has an important engineering application. It is a problem where
in plate uniformly distributed load is acting all over the plate. The x-axis is chosen
to vary from x = 0 to x ¼ xmax ¼ 4 and y = 0 to y = ymax = 6. Results of the present
approach or present technique are compared with those of conventional method,
FDM and exact. It may be observed that the results of emerging decomposition
method coincide perfectly with those of exact, which FDM results do not match
with the exact. The error however is quite small.

2.2 Two Dimensional Laplace Equation with Mixed
Boundary Conditions

This example is a Laplace equation with a forcing term i.e. zero. The governing
Laplace equation is,

@2u
@x2

þ @2u
@y2

¼ 0; 0\x\1 and 0\y\1ð Þ ð9Þ

The boundary conditions are,

u x ¼ 0; yð Þ ¼ �y3

u x ¼ 1; yð Þ ¼ �y3 þ 3 y2

Fig. 1 Simply supported
plate with uniformly
distributed load
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In the emerging decomposition method procedure, above Eq. (9) can be written as,

Lxuþ Lyu ¼ 0

where Lx ¼ @2

@x2 ; Ly ¼ @2

@y2 ;

Lxu ¼ �Lyu

L�1
x ðLxuÞ ¼ �L�1

x ðLyuÞ

where L�1
x ¼ RR

f ðxÞ@x

u ¼ aþ bx� L�1
x ðLyuÞ

u0 ¼ aþ bx

where u0 is independent variable function.
Using Dirichlet and Neumann boundary conditions one can determine the

unknown constants,

a ¼ �y3; b ¼ 3 y2

u0 ¼ �y3 þ 3y2x� L�1
x ðLyuÞ

Now,

u1 ¼ �L�1
x ðLyu0Þ

u1 ¼ �
ZZ

ðLyu0Þ
u1 ¼ �x3 þ 3x2y

Now,

u ¼ u0 þ u1

u ¼ � x3 þ y3
� �þ 3xy xþ yð Þ

2.2.1 Exact (Analytical) Solution

u ¼ � x3 þ y3
� �þ 3xy xþ yð Þ

Different solutions are shown graphically in Figs. 2, 3, 4 and 5.
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Fig. 2 Analytical solution

Fig. 3 Emerging solution

Fig. 4 FDM solution
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2.3 Two Dimensional Poisson’s Equation with Mixed
Boundary Conditions

This example is a Poisson’s equation with a forcing term i.e. the function on x and y.
The governing poisson’s equation is,

@2u
@x2

þ @2u
@y2

¼ �2 2y3 � 3y2 þ 1
� �þ 6 1� x2

� �
2y� 1ð Þ; 0\x\1 and 0\y\1ð Þ

ð10Þ

The boundary conditions are,

u x ¼ 0; yð Þ ¼ 2y3 � 3y2 þ 1

u x ¼ 1; yð Þ ¼ 0

In the emerging decomposition method procedure, above Eq. (10) can be written as,

Lxuþ Lyu ¼ �4y3 þ 6y2 � 12yx2 þ 6x2 þ 12y� 8

where Lx ¼ @2

@x2 ; Ly ¼ @2

@y2

Lxu ¼ �4y3 þ 6y2 � 12yx2 þ 6x2 þ 12y� 8� Lyu

L�1
x ðLxuÞ ¼ L�1

x �4y3 þ 6y2 � 12yx2 þ 6x2 þ 12y� 8
� �� L�1

x ðLyuÞ

u ¼ aþ bx� 2y3x2 þ 3y2x2 � 4x2 þ 6yx2 � yx4 þ x4

2
� L�1

x ðLyuÞ

u0 ¼ aþ bx� 2y3x2 þ 3y2x2 � 4x2 þ 6yx2 � yx4 þ x4

2

Fig. 5 Pdetool (MATLAB)
solution
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where u0 is independent variable function.
Using Dirichlet and Neumann boundary conditions one can determine the

unknown constants,

a ¼ 2y3 � 3y2 þ 1; b ¼ 5
2
� 5y

u0 ¼ 2y3 � 3y2 þ 1þ ð5
2
� 5yÞx� 2y3x2 þ 3y2x2 � 4x2 þ 6yx2 � yx4 þ x4

2

Now,

u1 ¼ �L�1
x Lyu0
� �

u1 ¼ �6yx2 þ 3x2 þ yx2 � 1
2
x4

Now,

u ¼ u0 þ u1

u ¼ 2y3 � 3y2 þ 1þ 5
2
x� 5xy� 2y3x2 þ 3y2x2 � x2

2.3.1 Exact (Analytical) Solution

u ¼ 2y3 � 3y2 þ 1� 2y3x2 þ 3y2x2 � x2

3 Conclusions

A number of problems which are generally encountered in engineering are solved
using emerging decomposition method. Most of the problems have exact solutions
as well as numerical solutions. Therefore, the results from emerging decomposition
method are compared with the exact and numerical solutions. Whenever the exact
or numerical solutions are not available, the emerging decomposition method
solution is compared with MATLAB solution.

In all the problems, it may be observed that emerging decomposition method
results perfectly agree with the exact solutions. Different types of problems have
been solved in order to confirm the robustness of the method over a wide variety of
second order axial bar and truss and also fourth order differential equation for beam
linear problems seen effectively. In the present paper, the problems considered have
important engineering applications. Therefore, the results from emerging decom-
position approach are compared with the exact solution. The emerging decompo-
sition approach procedure is simple to apply for axial bar, truss and beam problems.
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Like analytical solution, one can get convergent solution using present novel
technique. An emerging decomposition approach procedure is systematic and
simple. The novel technique can apply to any type ordinary or partial differential
equations.
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On Derivations of Stress Field in Bi-polar
Coordinate Systems

Payal Desai and Tarun Kant

Abstract In this paper, stress fields and physical components of strain tensor in bi-
polar coordinate systems are presented. Expressions convenient for practical use are
presented and derived for the corresponding equilibrium equations and the physical
components of strain in bi-polar coordinate system. The results obtained in this
paper are general, complete and can be useful for a wide range of applications such
as, eccentric circular ring, plate with eccentric hole, stress fields around two parallel
cylinders, eccentric cylinders, elastic half space with a rigid cylinder etc.

Keywords Bi-polar coordinates � Eccentric cylinders � Orthogonal curvilinear
coordinates

1 Introduction

Stress fields in elastic circular cylinders or circular plates with concentric hole have
been studied by many in the literature. The plates with eccentric hole or eccentric
cylinders/rings, however, have not been investigated by many in the past. The main
reason for this being, the elastic problems with concentric centers are formulated in
polar coordinates system, widely used. The Cartesian and polar coordinates systems
have limitations of tackling the problems having eccentricity and geometric irreg-
ularities in the structures. Boundary value problems (BVP) of the eccentric annulus
(Fig. 1), are quite complex and cannot directly be solved analytically using
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Cartesian or polar coordinates. However, the problem of eccentric holes, annulus
rings, cylinders etc. can better be treated using the bi-polar coordinates system
which is a two dimensional orthogonal curvilinear coordinate system. The objective
of the present work is to derive stress fields and physical components of strain in bi-
polar coordinate system.

2 Mathematical Formulation

a; b are defined as bi-polar coordinates, (x1, x2) are defined as cartesian coordinates.
The curvilinear basis can be expressed in terms of the Cartesian basis as [1]

(Fig. 2)

ê1 ¼ 1
h1

@xk
@n1

ek; ê2 ¼ 1
h2

@xk
@n2

ek; ê3 ¼ 1
h3

@xk
@n3

ek ð1Þ

x

y

q

Fig. 1 Eccentric ring
subjected to pressure

Fig. 2 Curvilinear
coordinates
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Here, k is the number of coordinate axes. ê1; ê2 (general notation) or êa; êb (in
bi-polar coordinates) are defined as the curvilinear basis in two dimensions.
Derivative of this curvilinear basis is required.

The scale factor for bi-polar coordinates are given as follows [2],

h1 ¼ ha ¼ hn ¼ a
cosh a� cos b

; h2 ¼ hb ¼ hg ¼ a
cosh a� cos b

; h3 ¼ hz ¼ 1

ð2Þ

Also, relation between the Cartesian and bi-polar systems are given by,

x1 ¼ x ¼ a sinb
cosh a� cos b

; x2 ¼ y ¼ a sinh a
cosh a� cos b

; x3 ¼ z ¼ z ð3Þ

Derivation of Cartesian coordinates with respect to the bi-polar coordinates,
using the quotient rule of differentiation,

@x
@a

¼ @

@a
a sin b

cosh a� cos b

� �
¼ �a sinh a sin b

cosh a� cos bð Þ2
@y
@a

¼ @

@a
a sinh a

cosh a� cos b

� �
¼ �a cosh a cos b� 1ð Þ

cosh a� cos bð Þ2
ð4Þ

Similar expressions can be written for the derivative with respect to β. Curvi-
linear basis in bi-polar coordinates with the use of Eq. (1) is written as follows:

êa ¼ ê1 ¼ 1
h1

@xk
@n1

ek ¼
1
a

cosh a� cos bð Þ
1
@a

a sin b
cosh a� cos b

� �
e1

þ
1
a

cosh a� cos bð Þ
1
@a

a sinh a
cosh a� cos b

� �
e2

êb ¼ ê2 ¼ 1
h2

@xk
@n2

ek ¼
1
a

cosh a� cos bð Þ
1
@b

a sin b
cosh a� cos b

� �
e1

þ
1
a

cosh a� cos bð Þ
1
@b

a sinh a
cosh a� cos b

� �
e2

ê3 ¼ 1
h3

@xk
@n3

ek
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Further derived simplification in Eq. (5) is written as follows.

êa ¼ ê1 ¼ 1
h1

@xk
@n1

ek ¼
1
a

cosh a� cos bð Þ
�a sinh a sin b

cosh a� cos bð Þ2
( )

e1

þ
1
a

cosh a� cos bð Þ
�a cosh a cos b� 1ð Þ

cosh a� cos bð Þ2
( )

e2

êb ¼ ê2 ¼ 1
h2

@xk
@n2

ek ¼
1
a

cosh a� cos bð Þ
þa cosh a cos b� 1ð Þ

cosh a� cos bð Þ2
( )

e1

þ
1
a

cosh a� cos bð Þ
�a sinh a sin b

cosh a� cos bð Þ2
( )

e2

ê3 ¼ 1
h3

@xk
@n3

ek

ð5Þ

Further derivative of curvilinear basis is required before deriving the equilibrium

equations, can be derived for the case, for example,
@êa
@b

as follows.

@êa
@b

¼ ê1 ¼ 1
h1

@xk
@n1

ek ¼ @

@b
cosh a� cos bð Þ

a
�a sinh a sin b

cosh a� cos bð Þ2
( )" #

e1

þ @

@b
cosh a� cos bð Þ

a
�a cosh a cos b� 1ð Þ

cosh a� cos bð Þ2
( )" #

e2

@êa
@b

¼ ê1 ¼ 1
h1

@xk
@n1

ek ¼ � cosh a� cos bð Þ � cos b � sinh a� sinh a sinb sin b

cosh a� cos bð Þ2
" #

e1

þ @

@b
cosh a� cos bð Þ

a
�a cosh a cos b� 1ð Þ

cosh a� cos bð Þ2
( )" #

e2

@êa
@b

¼ ê1 ¼ 1
h1

@xk
@n1

ek ¼ � cosh a� cos bð Þ � cos b � sinh a� sinh a sinb sin b

cosh a� cos bð Þ2
" #

e1

þ @

@b
� cosh a cos b� 1ð Þ

cosh a� cos bð Þ
� �� �

e2

¼ � cosh a cos b � sinh aþ cos2 b sinh a� sin2 b sinh a

cosh a� cos bð Þ2
" #

e1

þ @

@b
� cosh a cos b� 1ð Þ

cosh a� cos bð Þ
� �� �

e2

¼ � cosh a cos b � sinh aþ sinh a cos2 b� sin2 b
� �

cosh a� cos bð Þ2
" #

e1
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þ cosh a� cos bð Þ cosh a sin bf gð Þ þ cosh a cos b� 1ð Þ � sinbf g
cosh a� cos bð Þ2

" #
e2

¼ sinh a � cosh a cos bþ 2 cos2 b� 1ð Þ
cosh a� cos bð Þ2

" #
e1

þ cosh a sinb cosh a� cos b cosh a sin bþ cosh a cos b sin b� sin b

cosh a� cos bð Þ2
" #

e2

¼ sinh a � cosh a cos b� 1ð Þ
cosh a� cos bð Þ2

" #
e1 þ cosh a sin b cosh að Þ � sin b

cosh a� cos bð Þ2
" #

e2

¼ sinh a � cosh a cos b� 1ð Þ
cosh a� cos bð Þ2

" #
e1 þ cosh a sin b cosh að Þ � sin b

cosh a� cos bð Þ2
" #

e2

¼ sinh a � cosh a cos b� 1ð Þ
cosh a� cos bð Þ2

" #
e1 þ sin b cosh a cosh a� 1ð Þ

cosh a� cos bð Þ2
" #

e2

¼ sinh a � cosh a cos b� 1ð Þ
cosh a� cos bð Þ2

" #
e1 þ

sin b sinh2 a
� �

cosh a� cos bð Þ2
" #

e2

ð6Þ

Or alternatively, derivatives of unit vectors can be given by the following
equations [3],

@c1
@a1

¼ � c2@h1
h2@a2

;
@c2
@a2

¼ � c1@h2
h1@a1

;
@c1
@a2

¼ þ c2@h2
h1@a1

;
@c2
@a1

¼ c1@h1
h2@a2

ð7Þ

Here, substituting the values, c1 ¼ ea; c2 ¼ eb; a1 ¼ a and a2 ¼ b and h1, h2,

@ea
@a

¼ � eb cosh a� cos bð Þ
a

@

@b
a

cosh a� cos b

� �

¼ � eb cosh a� cos bð Þ
a

cosh a� cos b:0� a sin bð Þ
cosh a� cos bð Þ2

" #

¼ � eb �a sinh að Þ
a cosh a� cos bð Þ ¼ þ sinb

cosh a� cos bð Þ eb ð8aÞ

@c2
@a2

¼ � c1
h1

@h2
@a1

¼ � ea cosh a� cos bð Þ
a

@

@a
a

cosh a� cos b

� �

@eb
@b

¼ �ea cosh a� cos bð Þ �a sinh að Þ
a cosh a� cos bð Þ2 ;

@eb
@b

¼ @c2
@a2

¼ ea sinh a
cosh a� cos bð Þ

ð8bÞ
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@c1
@a2

¼ @ea
@b

¼ þ eb cosh a� cos bð Þ
a

@

@a
a

cosh a� cos b

� �

¼ eb cosh a� cos bð Þ
a

0� a � sinh a
cosh a� cos bð Þ2

( )
¼ �eb sinh a

cosh a� cos bð Þ ð8cÞ

@c2
@a1

¼ @eb
@a

¼ þ ea cosh a� cos bð Þ
a

@

@a
a

cosh a� cos b

� �

¼ ea cosh a� cos bð Þ
a

0� a � sin b
cosh a� cos bð Þ2

( )
¼ �ea sin b

cosh a� cos bð Þ ð8dÞ

Equations (8a)–(8d) are derivatives of unit vectors or curvilinear basis, which is
significantly used further in deriving the general equilibrium equations.

3 Equilibrium Equations

Divergence of a vector is written as follows [3].

rF ¼ 1
h1h2h3

@ h1h3F1ð Þ
@u1

þ @ h3h1F2ð Þ
@u2

þ @ h1h3F3ð Þ
@u3

� �

F1, F2 and F3 are the force components. Substituting the values of scale factor h1,
h2 and h3, and u1; u2; u3ð Þ ¼ a; b; zð Þ. Here, bi-polar coordinates are two dimen-
sional coordinates, and hence only a; bð Þ will be considered.

rF ¼ cosh a� cos bð Þ2
a2

@

@a
aF1

cosh a� cos b

� �
þ @

@b
aF2

cosh a� cos b

� �� �

¼ cosh a� cos bð Þ2
a2

cosh a� cos bð Þa � @F1
@a � aF1 sinh af g

cosh a� cos bð Þ2

þ
cosh a� cos bð Þa � @F2

@b � aF2 sin bf g
cosh a� cos bð Þ2

2
66664

3
77775

8>>>><
>>>>:

9>>>>=
>>>>;

¼ 1
a

cosh a� cos bð Þ � @F1

@a
� F1 sinh aþ cosh a� cos bð Þ @F2

@b
� F2 sin b

� �

ð9Þ
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Now, the stress can be expressed in terms of the traction components as

r ¼ eaTa þ ebTb; where,
F1 ¼ Ta ¼ raea þ sabeb
F2 ¼ Tb ¼ sabea þ rbeb

ð10Þ

Substituting Eqs. (10) into (9),

rF ¼ cosh a� cos bð Þ @ raea þ sabeb
� 	

@a
� raea þ sabeb
� 	

sinh af g

þ cosh a� cos bð Þ @ sabea þ rbeb
� 	

@b
� sabea þ rbeb
� 	

sin b

Further, simplification of above equations leads us to the following expressions
in bi-polar coordinate systems,

¼ cosh a� cos bð Þ ea
@ra
@a

þ ra
@ea
@a

þ eb
@sab
@a

þ sab
@eb
@a

� �
� raea sinh a� sabeb sinh a

þ cosh a� cos bð Þ ea
@sab
@b

þ sab
@ea
@b

þ rb
@eb
@b

þ eb
@rb
@b

� �
� rbeb sin b� sabea sin b

Substituting the derivatives of unit vectors Eqs. (8a)–(8d) in the above equations
leads us to the following equations:

rF ¼ cosh a� cosbð Þ ea
@ra
@a

þ ra
sin b

cosh a� cosbð Þ
� �

eb þ eb
@sab
@a

þ sab
�ea sin b

cosh a� cosbð Þ
� �� �

� raea sinh a� sabeb sinh a

þ cosh a� cos bð Þ ea
@sab
@b

þ sab
�eb sinh a

cosh a� cosbð Þ
� �

þ rb
ea sinh a

cosh a� cosbð Þ
� �

þ eb
@rb
@b

� �

� rbeb sin b� sabea sin b

Further simplification of the above equations leads us,

rF ¼ cosh a� cos bð Þea @ra
@a

þ ra sin beb þ eb
@sab
@a

cosh a� cos bð Þ � sabea sin b

� raea sinh a� sabeb sinh a

þ cosh a� cos bð Þea @sab
@b

� sabeb sinh aþ rbea sinh aþ eb
@rb
@b

cosh a� cos bð Þ
� rbeb sin b� sabea sin b

Separating out the terms with the unit vectors ea and eb separately,
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rF ¼ ðcosh a� cos bÞ @ra
@a

ea � sab sin bea � ra sinh aea þ ðcosh a� cos bÞ sab
@b

ea

þ sinh arbea � sab sin bea

þ ra sin beb þ sab
@a

ðcosh a� cos bÞeb � sab sinh aeb � sab sinh aeb

þ @rb
@b

ðcosh a� cos bÞeb � rb sinb eaeb

ðcosh a� cos bÞ
a

@ra
@a

þ sab
@b

� �
� 2sab sin b

a
� sinh a

ra � rb
� �

a
¼ 0

ðcosh a� cos bÞ
a

sab
@a

þ @rb
@b

� �
þ ra � rb
� �

a
sin b� 2sab sinh a

a
¼ 0

Dividing with the term on both sides in both of the above equations with
ðcosh a�cos bÞ

a gives us the general equilibrium equations in bi-polar coordinate system,

@ra
@a

þ sab
@b

� 2 sin b
ðcosh a� cos bÞ sab �

sinh a
ðcosh a� cos bÞ ra � rb

� � ¼ 0

sab
@a

þ @rb
@b

� 2 sinh a
ðcosh a� cos bÞ sab �

sin b
ðcosh a� cos bÞ ra � rb

� � ¼ 0
ð11Þ

4 Strain Displacement Equations

Gradient, / ¼ r/ ¼ 1
h1

@/
@a1

c1 þ 1
h2

@/
@a2

c2 þ 1
h3

@/
@a3

c3
Substituting the values as a1 ¼ a; c1 ¼ ea; a2 ¼ b; c2 ¼ eb and Eq. (2)
Displacement vector and strain tensor is defined as follows,

/ ¼ u ¼ uaea þ ubeb; e ¼ uaa uab
uab ubb

� �

Upon substituting the above equations of strain and strain tensor, and performing
the derivative operations, we get following equations,
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r/ ¼ cosh a� cos b
a

� @
@a

uaea þ ubeb
� 	

ea þ cosh a� cos b
a

@

@b
uaea þ ubeb

� 	
eb;

¼ cosh a� cos b
a

@ea
@a

ua þ @ua
@a

ea þ @ub
@a

eb þ @eb
@a

ub

� �
ea

þ cosh a� cos b
a

@ua
@b

ea þ @ea
@b

ua þ @ub
@b

eb þ @eb
@b

ub

� �
eb

¼ cosh a� cos b
a

@ea
@a

uaea þ @ua
@a

eaea þ @ub
@a

ebea þ @eb
@a

ubea

� �

þ cosh a� cos b
a

@ua
@b

eaeb þ @ea
@b

uaeb þ @ub
@b

ebeb þ @eb
@b

ubeb

� �

Upon substitution of derivatives of the unit vectors in above equations and
simplifying the equations further,

r/ ¼ cosh a� cos b
a

sin b
cosh a� cos bð Þ ebuaea þ

@ua
@a

eaea þ @ub
@a

ebea � ea sin b
cosh a� cos b

ubea

� �

þ cosh a� cos b
a

@ua
@b

eaeb � eb sinh a
cosh a� cos b

uaeb þ @ub
@b

ebeb þ ea sinh a
cosh a� cos b

ubeb

� �

r/ ¼ ua sin b
a

ebea þ @ua
@a

eaea
a

cosh a� cos bð Þ þ @ub
@a

ebea
a

cosh a� cos bð Þ � sin bub
a

eaea

cosh a� cos b
a

@ua
@b

eaeb � eb sinh a
a

uaeb þ cosh a� cos b
a

@ub
@b

ebeb þ ea sinh a
a

ubeb

Separating out the terms with the unit vectors ea and eb gives,

¼ ebea
ua sin b

a
þ @ub

@a
1
a

cosh a� cos bð Þ þ cosh a� cos b
a

@ua
@b

� �

þ eaea
@ua
@a

1
a

cosh a� cos bð Þ � sin bub
a

� �

þ ebeb
� sinh a

a
ua þ cosh a� cos b

a
@ub
@b

� �

Placing the above results into the strain displacement form e ¼ 1
2 ruþ ruð ÞT
 �

,
where e is the strain matrix and ru is the displacement gradient matrix and ruð ÞT
is its transpose, gives the desired relations in bi-polar coordinate equations. The
individual scalar equations are given by,
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uab ¼ 1
2

ua sin b
a

þ @ub
@a

1
a

cosh a� cos bð Þ þ cosh a� cos b
a

@ua
@b

� �

uaa ¼ @ua
@a

1
a

cosh a� cos bð Þ � sin bub
a

� �

ubb ¼ � sinh a
a

ua þ cosh a� cos b
a

@ub
@b

� �
ð12Þ

The above equations are the strain displacement relations in bi-polar coordinate
system.

5 Conclusions

The strain and stress in bi-polar coordinate systems, which is a two dimensional
orthogonal coordinate system, are proposed. By making use of orthogonal curvi-
linear coordinate systems, the scale factors, Cartesian coordinates in terms of bi-
polar coordinates, curvilinear basis in terms of Cartesian basis, and derivation of
curvilinear basis in terms of Cartesian basis, a general equilibrium equations and
physical components of strain are derived in bi-polar coordinate systems. The
equations are complete, and can easily be used for many practical problems such as
eccentric ring, eccentric cylinder, elastic half space with cylinder etc. with ease for
further analytical and numerical solutions.

Bibliography

1. Sadd MH (2002) Elasticity: theory, applications and numerics. Academic Press, An imprint of
Elsevier

2. Arfken GB (2011) Mathematical methods for physicists, 6th edn. Academic Press, San Diego
3. Chou PC, Pagano NJ (1967) Elasticity: tensor, dyadic and engineering approaches. Dover

Publications, Inc., New York

214 P. Desai and T. Kant



Vibration of Multi-span Thin Walled
Beam Due to Torque and Bending
Moment

Vinod Kumar Verma

Abstract In this paper, the flexural torsional vibration of a thin walled beam due to
combined action of bending moment and torque has been analyzed to calculate the
natural frequencies and corresponding eigenvectors under different combination of
bending moment and torque. The aim is to account the effect of intermediate
support on the dynamic behavior of beam compared to single span beam. Also, the
interaction formula has been derived for axial force, bending moment and torque for
single span and multiple span beams. In the case of lateral buckling of beams, the
critical bending moment is inversely proportional to length, which is the condition
of zero natural frequency. Therefore, the lowering of natural frequency due to
increased length is expected. However, the effect of length on the ratio of torsional
and flexural component of vibration is not so obvious in spite of the fact that a
phenomenon of flexural torsional vibration is important in long span beam only.
The calculation shows that as the length increases, given the bending moment, the
torsional component increases as the length increases. This fact is important in case
of long span bridges to show that in-plane flexural vibration will trigger the flexural
torsional vibration. The problem of multi-span beam is also important in hydro-
power plants where due to large length of turbo generator shaft, to control the lateral
vibration of shaft several intermediate guide bearings are provided to latterly
support the shaft. This is a case of multi-span shaft with lateral constraint but
torsionally unrestrained at intermediate support. The impact of intermediate support
on the on the torsional component of flexural torsional vibration may warrant the
consideration of flexural torsional vibration in the design of intermediate support.
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Notations

Am, Bm, Cm Amplitude of mth harmonic of displacement
Ar Cross sectional area
E Young’s modulus
G Modulus of rigidity
I0 Polar moment of inertia
Ib Moment of inertia about binormal
In Moment of inertia about principal normal
Iω Sectorial moment of inertia
Kt St. Venent torsional constant of section
L Length of the beam
m, m1 Rate of change of phase angle per unit length
Mn, Mb Bending moment along unit vectors n and b
Mt Twisting moment
mt Distributed torque
Qn, Qb Shear force along unit vectors n and b
Qt Axial force
Qy, Qx Euler’s buckling load
Qφ Torsional buckling load
qt, qn, qb Uniformally distributed load along unit vector t, n and b
s Distance measured along the arc of the curve from the fiducial point
t, n, b Unit vectors parallel to tangent, normal and binormal
ut, un, ub Displacement along unit vectors t, n, b
x, y, z Coordinate axes along b, n, t
ΔMn Second order term of normal bending moment
ΔMb Second order term of binormal bending moment
ΔMt Second order term of twisting moment
θt, θn, θb Rotation along unit vectors t, n, b
ρn, ρb Change in curvature along unit vectors n, b
μ Mass per unit length
ω Vibration frequency in rad/s

1 Introduction

The determination of natural frequencies and their modal shape is a classical
problem in structural dynamics. In case of multi-span beam, often the displacement
is constrained only in certain direction at the intermediate supports. Thus, in case of
roller supports or rocker supports not only axial displacement is unconstrained, but
torsional rotation and even lateral displacement in the direction of roller’s rotation
can be considered as unconstrained. It has been shown that [1] in the absence of
bending moment and torque the flexural vibration in two planes and torsional
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vibration are uncoupled. The torque couples the flexural vibration in both planes
and bending moment couples the torsional vibration with flexural vibration. Thus,
there are flexural component in both planes and torsional component for every
frequency. The second order effect on the beam are the effect of bending moment
and twisting moment. These forces are absent as long as beam is perfectly straight.
However, due to torque and bending moment beam cannot remain straight.
Therefore, it is necessary to consider the beam as a curved beam. Accordingly, the
equations developed by the author [2] has been used for calculating the frequencies
and their modal shape of a beam under different combination of bending moment
and torque. The case of single span beam has already solved by the author [3].

2 Differential Equation and Its Solution

For flexural buckling due to axial compression and torque the equation of equi-
librium for the beam in the absence of external load is [3].

� @

@s
�Qthn þ

@

@s
ðMn þ DMnÞ �Mbw� qnMt

� �
þ l

@2 un
@t2

¼ 0 ð1:1:1Þ

� @

@s
Qthb�

@

@s
ðMb þ DMbÞ �Mnpsi þ qbMt

� �
þ l

@2 ub
@t2

¼ 0 ð1:1:2Þ

�ðMnqn þMbqbÞ �
d
ds

Mt þ DMtf g þ lðI0 þ2m2 IxÞ over A @2 ht
@ t2

¼ 0 ð1:1:3Þ

In this case,

qb ¼
@ hn
@s

hb ¼ @ un
@s

; qn ¼ � @hb
partials

hn ¼ � @ ub
@s

w ¼ @ht
@s

ð1:1:4Þ

Also,
DMb ¼ ht Mn �Mt hn ð1:1:5Þ

DMn ¼ Mt hb �Mb ht ð1:1:6Þ

DMt ¼ Mb hn �Mn hb ð1:1:7Þ

Let, un ¼ AmeiðmsþxtÞ; ub ¼ BmeiðmsþxtÞ

And,

ht ¼ CmeiðmsþxtÞ
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Then,

qb ¼ m2 Bm eiðmsþxtÞ; qn ¼ m2 Am eiðmsþxtÞ; w ¼ imCm eiðmsþxtÞ

and

hn ¼ � imBm eiðmsþxtÞ; hb ¼ imAm eiðmsþxtÞ

Substituting Mb, Mn, Mt, θt, un and values of ub we get,

Mn ¼ EIn qb ¼ �EIn m2 Bm eiðmsþxtÞ ð1Þ

Mb ¼ �EIb qn ¼ EIb m2 Am eiðmsþxtÞ ð2Þ

Mt ¼ ðEIx m2 þGKtÞ w ¼ ðEIx m2 þGKtÞ im Cm eiðmsþxtÞ ð3Þ

DMn ¼ Mt hb �Mb ht ¼ ðimMt Am �Mb CmÞ eiðmsþxtÞ ð4Þ

DMb ¼ Mn ht �Mt hn ¼ ðimMt Bm þMn CmÞ eiðmsþxtÞ ð5Þ

DMt ¼Mb hn �Mn hb ¼ �im ðMb Bm þMn AmÞ eiðmsþxtÞ ð6Þ

Thus, equation of motion for beam column will become,

EIb
@4 un
@ s4

þ 2Mn
@2 ht
ds2

þ 2
@3 ub
@ s3

Mt

� �
þ l

@2 un
@ t2

¼ 0: ð7Þ

EIn
@4 ub
@ s4

þ 2Mb
@2 ht
@ s2

� 2
@3 un
@ s3

Mt

� �
þ l

@2 ub
@ t2

¼ 0 ð8Þ

2 Mn
@2 un
@ s2

þMb
@2 ub
@ s2

� �
� ðGKt þm2 EIxÞ @

2 ht
@ s2

þ lðI0 þ2m2 IxÞ
Ar

@2 ht
@ t2

¼ 0 ð9Þ

In case of buckling, frequency is zero therefore ω = 0 and

ðEIbm4 þ Qtm
2ÞAm �Mn m2Cm � 2im3 MtBm ¼ 0:

ðEInm4 þ Qtm
2ÞBm � 2Mbm2Cm þ 2im3 MtAm ¼ 0:

�2m2ðMnAm þMbBmÞ þ ðGKt þ EIxm2Þm2 þ Qt
ðI0 þ 2Ixm2Þ

Ar

� �
Cm ¼ 0
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These equations are frequency equations. The Eigen function and eigenvectors
of matrix K given below will give the square of frequencies and corresponding
modal shapes.

K ¼
ðEIb m4Þ �2im3 Mt �2m2 Mn

2im3 Mt ðEIn m4Þ �2m2 Mb

�2 Am2

ðI0 þ2m2 IxÞMn �2 Am2

ðI0 þ2m2 IxÞMb ðGKt þ Ix m2Þ Am2

ðI0 þ2m2 IxÞ

� �
2
64

3
75

In case of beam having intermediate support with constraint only in lateral
directions the vibration matrix will be,

K1 ¼
ðEIb m14Þ �2im13 Mt �2m2 Mn

2im13 Mt ðEIn m14Þ �2m2 Mb

�2 Am12

ðI0 þ2m2 IxÞMn �2 Am12

ðI0 þ2m2 IxÞMb ðGKt þ Ix m2Þ Am2

ðI0 þ2m2 IxÞ

� �
2
64

3
75

3 Discussion of Results

As an example, a typical beam having following data was analyzed (Tables 1 and 2):

Length = 5 m and intermediate support at mid-span section is ISMB
600@61.6 kg/m
Young’s modulus = 2.1058 × 1011 N/m2

Mbc = 90.7 kNm and Mtc = 2309.27 kNm.

Table 1 Flexural frequency

Without intermediate
support

With intermediate
support (lateral con-
straint in one axis)

With intermediate
support (lateral constraint
in both axis)

BM = 0
Torque = 0

9.063 Hz 9.063 Hz 36.251 Hz

BM = 2.08 × 105

Torque = 0
9.063 Hz 9.063 Hz 36.251 Hz

Flexural component
0.999, 0.0

Flexural component 1.0,
0.0

Flexural component
0.999, 0.0

Torsional component
0

Torsional component 0 Torsional component 0

BM = 2.08 × 105

Torque = 9.41 × 106
8.284 Hz 8.692 Hz 35.497 Hz

Flexural component
0.997, 0.072

Flexural component 1.0,
0.004

Flexural component 1.0,
0.04

Torsional component
0.00057

Torsional component
0.00014

Torsional component
0.00014
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4 Conclusion

From the above results, it can be seen that the dynamic behavior of the beam is
influenced by the constraints imposed by the intermediate support. The intermediate
support is not likely to offer any constraint to axial rotational motion of the beam
and therefore torsional frequency may be the lowest frequency. These constraints
reduces the cross flexural and torsional components of flexural vibration. The cross
flexural component is caused by torque and torsional component is caused by
bending moment. Thus, intermediate support suppresses the effect of torque and
bending moment on the vibration of beam by weakening the coupling of torsional
and flexural component.

References

1. Verma VK (2009) Buckling of beams under combined action of bending moment and torque.
In: 54th congress of Indian Society of theoretical and applied mechanics (ISTAM), Netaji
Subhas Institute of Technology (NSIT), New Delhi, India

2. Verma VK (1997) Geometrically nonlinear analysis of curved beams. In: 42nd congress of
Indian Society of theoretical and applied mechanics (ISTAM), South Gujrat University, Surat,
Gujarat (GJ), India

3. Verma VK (2001) Vibration of beams under combined action of bending moment and torque.
In: 46th congress of Indian Society of theoretical and applied mechanics (ISTAM), Regional
Engineering College (now, National Institute of Technology), Hamirpur, Himachal Pradesh
(HP), India

Table 2 Torsional frequency

Without inter-
mediate support

With intermediate support
(lateral constraint in one
axis)

With intermediate support
(lateral constraint in both
axis)

BM = 0
Torque = 0

19.456 Hz 19.456 Hz 19.456 Hz

BM = 2.08 × 105

Torque = 0
19.437 Hz 19.452 Hz 19.452 Hz

Flexural com-
ponent 0.274

Flexural component 0.015 Flexural component 0.015

Torsional com-
ponent 0.962

Torsional component 0.999 Torsional component 0.999

BM = 2.08 × 105

Torque = 9.41 × 106
19.438 Hz 19.452 Hz 19.451 Hz

Flexural com-
ponent 0.258,
0.165

Flexural component 0.015,
0.077

Flexural component 0.016,
0.026

Torsional com-
ponent 0.952

Torsional component 1.0 Torsional component 1.0
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A Convex Optimization Framework
for Hybrid Simulation

Mohit Verma, Aikaterini Stefanaki, Mettupalayam V. Sivaselvan,
J. Rajasankar and Nagesh R. Iyer

Abstract Hybrid simulation is a dynamic response evaluation technique which
involves the partitioning of the structure into parts—physical and numerical sub-
systems. The interaction between the two subsystems is realized with the help of a
transfer system (an actuator or a shake table). The objective of the hybrid simulation
is to find control input to the transfer system such that the impedance of the transfer
system is close to the numerical subsystem. The physical limitations of the system
needs to be accounted while designing controller for hybrid simulation. This paper
presents a framework which enables to pose controller synthesis for hybrid simu-
lation as a multi-objective convex optimization problem using linear matrix
inequalities (LMIs). Different control system tools based on LMIs which can be
used for abstract formulation are described. A mathematical model based on the
linear control theory is presented for the hybrid simulation of a three degrees of
freedom system using shake table. The controller obtained from the solution of
optimization is used to evaluate the frequency response of the closed loop hybrid
system. It is observed that the accuracy of the hybrid simulation decreases with the
decrease in the control effort.
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1 Introduction

Hybrid testing is performed with computation-in the-loop. The structure is divided
into two parts—physical and numerical subsystem. Physical subsystem consists of
an experimental component representing a portion of a structure while the
numerical subsystem consists of a computational model of the remaining structure.
Both the subsystems are made to actively interact during the test. The interface
conditions between the two subsystems are imposed by a transfer system (actuator
or a shake table).

Actuator delay is one of the major concerns in hybrid simulation where one
needs to apply large loads or accurate displacements over a range of frequencies and
is a difficult task to do without any delay. Every system has got its own response
time. This response time should be taken into consideration. The displacements or
loads should be calculated keeping in mind that the structure will not experience the
force/displacement immediately after application. Since, hybrid simulation is a
closed loop test, even minor inaccuracy results into feedback error which keeps on
accumulating. Various control strategies have been proposed in the past to com-
pensate for this delay. A controller based on minimal control synthesis algorithm to
compensate for the delay caused by the actuator was proposed by Neild et al. [1].
Feedforward controller with the modified inverse dynamics was used by Carrion
et al. [2] to compensate for the actuator dynamics. A method for online estimation
of delay which did not require any a priori information about the experimental setup
was proposed by Carrion et al. [2]. In order to improve the stability and accuracy of
the hybrid simulation, Chen and Tsai [3] proposed a dual compensation strategy
based on a combination of phase lead and a restoring force compensator. Recently,
H-infinity based loop shaping strategy to improve the accuracy and the stability of
the hybrid simulation was proposed by Gao et al. [4].

In this paper, we propose a framework for the hybrid simulation based on a multi-
objective convex optimization. The objective of the hybrid simulation is to find a
controller such that the impedance of the transfer system is as close as possible to the
numerical subsystem. The physical limitation of the system are incorporated as
constraints in the optimization problem. The proposed framework is applied to the
hybrid simulation of a three degrees of freedom system using shake table. The control
effort is varied in order to observe its effect on the accuracy of the hybrid simulation.
The frequency response of the closed loop hybrid simulation is evaluated based on the
results of the optimization. The framework is generic in nature and it can be used for
the different cases of hybrid simulation with little modification.

2 Convex Optimization Framework

In order to find an optimal controller for hybrid simulation, convex optimization
framework has been developed. This section describes various tools used for the
development of the framework.
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2.1 Linear Matrix Inequality (LMI)

A linear matrix inequality (LMI) is represented by the Eq. (1) [5]:

FðxÞ ¼ F0 þ
Xn
i¼1

xiFi\0 ð1Þ

where x is a vector of n real numbers andF0,F1,…,Fn are real symmetricmatrices. The
inequality implies that thematrixF(x) is negative definite. The functionF can be seen as
an affine functionmappingfinite dimensional vector space to a symmetricmatrix space.
LMI defines a convex constraint on x. Many problems in control systems can be
formulated using LMI’s. Convex optimization approach can be used to solve the
control design problem where the objective is known to be convex and the constraints
are represented using LMI’s. The optimization problem can be solved efficiently with
the readily available software for convex optimization. For more details, readers are
advised to refer a review paper on LMI by Van Antwerp and Braatz [6].

2.2 Controller Synthesis Using LMIs

We have assumes that we have access to all the states of the system. Therefore, we
have restricted our self to full state feedback controller design based on the norm
criteria described above. The state-feedback problem is defined for the following
system given by Eq. (2):

_x ¼ Axþ Bwwþ Buu

z ¼ Cxþ Dwwþ Duu
ð2Þ

where x represents the states of the system, w is the exogenous input, u is the control
input and z is the variable to be controlled. The objective is to keep the regulated
output z small relative to exogenous input w. There exists a constant gain controller
that internally stabilizes the system. The full state feedback controller is given by:

u ¼ Kx: ð3Þ

2.2.1 Controller Based on H∞ Norm

The controller is obtained by solving the LMI problem given by Eq. (4) [7]:

min
c;Q;Y

: c2

Subject to:

Q[ 0
QA0 þ AQþ BuY þ Y 0B0

u Bw QC0 þ Y 0D0
u

B0
w �c2I D0

w
CQþ DuY Dw �I

2
4

3
5\0:

ð4Þ
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The controller and the Hk k1 is given by:

K ¼ YQ�1;

Hk k1 � ffiffiffi
c

p
:

ð5Þ

2.2.2 Controller Based on H2 Norm

The H2 norm of the system can be evaluated by solving the optimization problem
given by Eq. (6) [7]:

min
Q;W

: TraceðWÞ
Subject to:

Q[ 0
QA0 þ AQ Bw

B0
w �I

� �
\0

W C
C0 Q

� �
[ 0:

ð6Þ

The controller and the Hk k2 is given by:

K ¼ YQ�1

Hk k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TraceðWÞ

p
:

ð7Þ

2.3 Multi-objective Optimization

Consider a case where we have two performance measures. Let the system be
described by the set of Eq. (8):

_x ¼ Axþ Bwwþ Buu

y ¼ x

z1 ¼ C1xþ D11wþ D12u

z2 ¼ C2xþ D21wþ D22u:

ð8Þ

The mixed performance specification states that the Hj jj j1 of the transfer
function from w to z1 should be minimized and the Hj jj j2 of the transfer function
from w to z2 should be less than ɛ. The mixed Hj jj j2= Hj jj j1 design problem can be
represented as:
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min
Q;W ;Y ;c

: c

Subject to:

Q[ 0
QA0 þ AQþ BuY þ Y 0B0

u Bw QC0
1 þ Y 0D0

12
B0
w �c2I D0

11
C1Qþ D12Y D11 �I

2
4

3
5\0

W C2Qþ D22Y
QC0

2 þ Y 0D0
22 Q

� �
[ 0

TraceðWÞ\e
Q ¼ Q0;W ¼ W 0:

ð9Þ

The controller is given by:

K ¼ YQ�1: ð10Þ

2.4 Framework for Hybrid Simulation

The optimal controller synthesis for hybrid simulation is a multi-objective opti-
mization problem whose objective are:

Transfer
system

Component

Controller

z 

w 

xu

Emulated system

Hybrid system 

Structure  
Model 

Component 
Model

Fig. 1 Framework for hybrid simulation
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1. Minimize hybrid simulation error which is the difference between the impedance
of the transfer system and virtual subsystem

2. The control effort should be less than prescribed value

The block diagram for the problem is shown in Fig. 1. The plant model consists
of the states of the emulated system (structure without partitioning) and the hybrid
system (system with partitioning). The control objective is to design a full state
feedback controller in such a way that the hybrid simulation error is minimized
keeping control effort below the prescribed value. The variables used in the Fig. 1
have already been defined in Sect. 2.2.

3 Numerical Example

In the hybrid testing system, the interface boundary conditions between the
numerical and physical is applied with the help of the actuator or the shake table. We
have considered the case in which the hybrid simulation is carried out with the help
of a shake table. In this section, we present the controller synthesis for a three
degrees of freedom (DOFs) system whose response is evaluated using hybrid sim-
ulation. The DOF attached to the fixed support is taken as the physical subsystem
while the other two DOFs are taken as numerical subsystem as shown in Fig. 2.

3.1 Emulated System

The emulated system consists of a 3-DOFs system and is shown in Fig. 2. The
dynamic equations of motion of the full system are given by Eq. (11).

Emulated system 

Hybrid system 

k 

m m 

k k 

m 

c c c 

x1, x2 x3, x4

w 

x5, x6

Component model Structure model 

Component Shake table (ST) 

k

m

c

Mt

x7, x8

w

x
9, x

10x
11

u

Fig. 2 Example system
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_x1 ¼ x2

_x2 ¼ �2x2
s x1 � 4fsxsx2 þ x2

s x3 þ 2fsxsx4 � w

_x3 ¼ x4

_x4 ¼ x2
s x1 þ 2fsxsx2 � 2x2

s x3 � 4fsxsx4 þ x2
s x5 þ 2fsxsx6 � w

_x5 ¼ x6

_x6 ¼ x2
s x3 þ 2fsxsx4 � x2

s x5 � 2fsxsx6 � w:

ð11Þ

where
x1; x3; x5 ¼ Displacement of the masses in emulated system;

x2; x4; x6 ¼ Velocity of the masses in emulated system;

m; c; k ¼ Mass, stiffness and damping of the component;

fs ¼ Damping ratio of the component;

xs ¼ Natural frequency of the component:

3.2 Hybrid System

Figure 2 also shows the hybrid system setup with the shake table. In the hybrid
system, shake table tries to emulate the structure model in the emulated system. The
equations of motion of the hybrid system can be written as:

_x7 ¼ x8

_x8 ¼ �x2
s x7 � 2fsxsx8 �Mt=m� w

_x9 ¼ x10
_x10 ¼ x11 � w

_x11 ¼ x2
oilx8 � x2

oilx10 � 2foilxoilx11 þ Kqu

ð12Þ

where

x7; x9 ¼ Displacement of the mass and actuator in hybrid system;

x8; x10 ¼ Velocity of the mass and actuator in hybrid system;

Mt ¼ Mass of the shake table;

Ap ¼ Area of the piston;

x11 ¼ Ap

Mt
ðDifference of the pressure in actuator chambers)

foil ¼ Damping associated with oil-column;

xoil ¼ Oil-column resonance frequency;

Kq ¼ Flow gain;

u ¼ Control input ðSpoold is placement):
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3.3 Controller Synthesis

The dynamics of the system is represented by the Eq. 8 where n is the number of
outputs to be regulated. The matrices in the above equation are:

x ¼ x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11½ �0; A ¼
Aemulated 0

0 Ahybrid

2
4

3
5

Aemulated ¼

0 1 0 0 0 0

�2x2
s �4fsxs x2

s 2fsxs 0 0

0 0 0 1 0 0

x2
s 2fsxs �2x2

s �4fsxs x2
s 2fsxs

0 0 0 0 0 1

0 0 x2
s fsxs �x2

s �2fsxs

2
6666666666666666664

3
7777777777777777775

Ahybrid ¼

0 1 0 0 0

�x2
s �2fsxs 0 0 �Mt

m

0 0 0 1 0

0 0 0 0 1

0 x2
oil 0 �x2

oil �2foilxoil

2
666666666666664

3
777777777777775

Bw ¼ 0 �1 0 �1 0 �1 0 �1 0 �1 0½ �0

Bu ¼ 0 0 0 0 0 0 0 0 0 0 Kq½ �0

C1 ¼ 1 0 0 0 0 0 �1 0 0 0 0½ �; D11 ¼ 0; D12 ¼ 0

C2 ¼ 0 0 0 0 0 0 0 0 0 0 0½ �; D21 ¼ 0; D22 ¼ 1:

The properties of the system are given in Table 1.
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The state matrices for the system are substituted in Eq. 9. The multi-objective
convex optimization problem is solved using CVX [8] software for disciplined
convex programming. The optimization problem is solved for three different values
of the Hwz2k k2 corresponding to control effort. The Hwz1k k1 values obtained from
the optimization corresponds to hybrid simulation error. The results of the opti-
mization are summarized in Table 2.

The frequency response of the closed loop hybrid system for all the three cases is
shown in Figs. 3, 4 and 5. The hybrid simulation error is found to increase with the
decrease in the control effort. When the control demand to match the impedance of
the transfer system and numerical subsystem is not met, the hybrid simulation error
is bound to increase. It can be seen from the Bode plots that the response of the
hybrid system matches well with that of the emulated system when there is lesser
restriction on the control input.

Table 1 Properties of the
system studied ωs ζs xoil foil Mt

m
Kq

2 Hz 0.02 30 Hz 0.1 2 105

Table 2 Results of the
optimization Case Hwz2k k2 Hwz1k k1

1 0.1 0.8297

2 5 0.0082

3 10 0.0028
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4 Summary and Conclusions

A framework is proposed to synthesize controller for hybrid simulation based on
convex optimization. The framework proposed is very generic and can be used for
the different cases of hybrid simulation. Linear matrix inequalities (LMI) are used
as a tool to design full-state feedback controller for hybrid simulation. The physical
limitations of the system are incorporated as constraints in the optimization prob-
lem. The proposed framework is demonstrated for hybrid simulation of a 3 degrees
of freedom structure. The controller is designed for three different values of control
effort. The controller obtained is thus used to evaluate the frequency response of
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closed loop hybrid system. It is observed that the hybrid simulation error becomes
high with the decrease in the control effort. Due to the physical limitations of the
testing system it may not be always possible to achieve the good match between the
response of emulated and hybrid system.
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Design Optimization of Steel Members
Using Openstaad and Genetic Algorithm

Purva Mujumdar and Vasant Matsagar

Abstract Design optimization of structures has evolved dynamically in the last
few decades. The optimization techniques in general facilitate designers to select
the best optimal design solution for the structure under consideration. An optimal
solution normally implies the most economic structure without impairing the
functional purposes the structure is supposed to serve. In this paper, the design
optimization of steel members using Genetic Algorithm (GA) technique is pre-
sented. Two computer models have been generated for the analysis, design and
design optimization of the steel members. The first model performs structural
analysis and design using Application Programming Interface functionality in
STAAD Pro i.e. OpenSTAAD®, and the second one undertakes design optimiza-
tion of the same members to attain maximum utility ratio by using built-in GA tool
box of MATLAB® software. A comparison between the actual utility ratio and the
one obtained after optimizing the design was made. The GA based optimal and
near-optimal solutions were found to be better, efficient and feasible compared to
the results of traditional methods from both functional and practical point of view.

Keywords Design optimization � Genetic algorithm � MATLAB® GA toolbox �
OpenSTAAD® � STAAD Pro

1 Introduction

Structural engineering is a special technological field that deals with the analysis
and design of engineering structures that must resist internal and/or external loads.
The design of such structures is an optimization process by which the resistance
capacity of the system is made to meet the demands posed to it by the environment.
While the capacity can be established by the engineer at each step of the design
process, the demand depends both on the characteristics of the system itself and on
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its interaction with its surroundings. The evaluation of the demands requires the
simulation of the behaviour of the structural system which enables the prediction of
the system’s behaviour. And that is where concept of evolutionary algorithms (EAs)
comes into existence. The EAs are shown to be a promising tool for the dynamic
identifications of structural systems as well as optimization of design solution in a
space of potential solutions [4].

2 Genetic Algorithm—An Overview

Research on the EAs in engineering design has a relatively long history. It was
initiated in Europe in the early seventies by Rechenberg [28] in the areas of fluid
mechanics, pipe design and structural engineering. Early applications of the EAs in
structural engineering used Evolution Strategy (ES) which evolved from structural
optimization approaches in the early 1960s. Goldberg [12] did the first application
of Genetic Algorithm (GA) in engineering optimization in the area of complex gas
pipeline systems. In the late 1980s and early 1990s, many researchers started
applying this new optimization method to a large spectrum of engineering design
problems. Since then, there has been a consistent stream of research contributing to
this area.

Gero and Schnier [10] worked on the evolution of a design knowledge repre-
sentation; using the GA. Bentley [5] developed a generic evolutionary design
system, which was able to evolve a range of various designs from scratch. The
system performed evolutionary design with an emphasis on the evolution of cre-
ative design concepts rather than their optimization. The application of genetic and
evolutionary computation to the design optimization of structures has followed
several avenues. The first is topology and shape optimization, in which the bulk of
the applications have included elastic truss structures subjected to static loading
[25, 27, 29].

There have also been research attempts devoted to developing algorithms for
optimized structure topologies to satisfy user-determined natural frequencies [31].
The second major area using the GA has been their application for optimal member
sizing for truss structures using linear elastic analysis with general stress criteria
[27], or U.S. design specifications [1–3]. The final major application of the GA has
been the automated design of steel frame structures. The vast majority of these
efforts have been restricted to the optimized design of planar structures using linear
elastic analysis [6, 7, 9, 19, 20, 24]. However, recent research efforts have begun to
utilize the GA to guide the design of steel framed structures where the structural
analysis includes nonlinear geometric behavior and nonlinear material behaviour
with semi-rigid connections [16, 21, 24].

Emergence of the GA in structural engineering design optimization was a
consequence of encountered problems and deficiencies of formal methods,
including mathematical programming and the optimality criteria methods, when
applied to more complicated structural design domains. The structural optimization
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problem involving sizing, topology and shape parameters has always been a
difficult problem to handle. Some of the design variables are discrete, the design
space is disjoint and traditional gradient-based methods cannot be employed.

Recently, the GA has been used for solving a variety of structural design
problems. They include the optimal design of a 10-bar truss [11], two dimensional
frame [23], truss-beam roof structure [18], and welded joints [8], planar and space
structures [9]. The application of the GA to solve relatively large structural systems
such as trusses has been explored by several researchers. Hajela and Lin [13–15]
used discrete design variables to find the minimum weight of an eight-bar truss
subjected to displacement constraints, as well as address larger problems
(25-member truss and 72-member truss) with stress constraints. Rajeev and
Krishnamoorthy [26] used the GA to find the minimum-weight truss systems with
discrete design variables subjected to stress constraints.

The problems addressed by structural optimization can be divided into three
major categories [25]:

Topology (layout) optimization also known as topological optimum design—
looking for an optimal material layout of an engineering system.
Shape optimization—seeking optimal contour, or shape, of a structural system
whose topology is fixed.
Sizing optimization—searching for optimal cross-sections, or dimensions, of ele-
ments of a structural system whose topology and shape is fixed.

3 Example Problem

For undertaking the design optimization of steel members, herein a computer model
has been generated for the structural analysis and design of the members. This
model performs structural analysis and design using Application Programming
Interface functionality in STAAD Pro i.e. OpenSTAAD®. Figure 1 illustrates the
steel beam section of 3 m length shown as AB applied with a uniformly distributed
load (excluding self-weight) value of 30 kN/m.

Fig. 1 Fixed steel beam to attain optimized design
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4 Analysis and Design of Steel Beam Using OpenSTAAD®

STAAD Pro is a general purpose program for model generation, performing
analysis and design and post-processing of results for a wide variety of structures.
All these features are integrated in one common graphical user interface (GUI). For
this type of problem, where there are very few members to be designed, STAAD
GUI is as easy as STAAD API i.e. OpenSTAAD®. Figure 2 illustrates the step-by-
step procedure of structural analysis and design using OpenSTAAD®.

If there is a large structure including several design members, it is quite difficult
and cumbersome to analyse and design each and every member using graphical
environment of STAAD Pro. OpenSTAAD® provides users with an application
programming interface (API) to STAAD’s analysis and design engines as well its
GUI for personal customization. It is a powerful tool that enables users to integrate
STAAD with other applications and export STAAD’s results in any manner. It also
allows users to link STAAD with third party software such as AutoCAD, Micro-
station etc. providing a path for two way exchange of model information with other
programs. Most major programming languages can be used to access STAAD
through the OpenSTAAD®. This includes visual basic for applications (VBA),
which is included in programs such as Microsoft excel. For this problem, STAAD
Pro v7 [30] is used for the analysis and design. And unlike other structural analysis
and design programs, STAAD Pro has an inbuilt database of all kinds of sections
that can be accessed through OpenSTAAD® while assigning section properties to
the members. The VBA code for analysis and design of the beam using
OpenSTAAD® is developed. Figures 3, 4, 5, 6 and 7 present the screenshots for
analysis and design of fixed steel beam. The design is done in accordance with the
IS 800:2007 [17].

5 Design Optimization of Steel Beam Using MATLAB®

GA Toolbox

Design optimization is the process of finding the best design parameters that satisfy
problem requirements. Optimization techniques iteratively tradeoff for determining
the best design. Design optimization often involves working in multiple design
environments in order to evaluate the effects that design parameters have across
interrelated physical domains. Traditionally, the design of a certain structure has
depended on the knowledge and experience of a designer where designed structures
have often been sub-optimal.

For this, the design considers a continuous search space, and consequently leads
to unrealistic solutions because structural members are not available in continuously
varying sizes. These designs evaluated during the process of optimization may not
be practically feasible even though they are mathematically feasible. In practical
problems of engineering design, the design variables are discrete. This is due to the
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Fig. 2 Flowchart representing analysis and design using OpenSTAAD®
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availability of components in standard sizes and constraints due to construction and
manufacturing practices. Optimization procedures that use discrete variables are
more rational ones, as every design evaluated is a practically feasible one. Unlike

Fig. 3 Load value on fixed steel beam

Fig. 4 Bending moment diagram (maximum value, M = 22.5 kN m)

Fig. 5 Shear force diagram (maximum value, V = 45 kN)

Fig. 6 Optimized design section (ISMB 200)

Fig. 7 Maximum utility ratio (u = 0.897)
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continuous optimization, discrete optimization deals only with discrete numerical
values that can appear not in the abstract but in the real physical world. Since the
optimization has to be done with available sections in the sections database in this
problem, the optimization procedure requires selecting only discrete values of
section reference number.

As discussed earlier, the optimal design of structural system can be classified as
sizing optimal design, shape optimal design, or topology optimal design problem.
The nature of the design variable determines the type of the optimal design prob-
lem. The optimization problem given in this question is sizing optimal design for
which the solution search space is the I-section member properties imported from
the sections database of STAAD Pro. These sections need to be initialized ran-
domly within MATLAB® [22] workspace and design optimization is done using
the GA toolbox provided by global optimization toolbox in MATLAB®. Global
optimization toolbox provides methods that search for global solutions to problems
that contain multiple maxima or minima. The flowchart in Fig. 8 explains the step-
by-step procedure of design optimization using MATLAB® GA toolbox.

For this problem, the design optimization undertakes only the section database as
the solution space to find the optimum solution, i.e. maximum utility ratio with the
assigned population size for desired generations. The structural analysis and design
of the beam is done in STAAD Pro using OpenSTAAD® and the input values,
i.e. fixed parameters such as maximum bending moment and required shear force are
provided directly to the GA before initialization of design sections for optimization.

5.1 Sections Database Required for Fixed Steel Beam Design

After obtaining absolute bending moment (M = 22.5 kN m), maximum shear force
(V = 45 kN) and design results (Optimum design section = ISMB200, u = 0.897),
sections database is imported to MATLAB® workspace.

5.2 Design Optimization Using GA

The first step in design optimization using the GA is to define the objective function
and design constraints in MATLAB®. The objective of this problem is to attain
maximum utility ratio by following discrete optimization approach. And, the utility
ratio is constrained to be less than as well as close to 1.

Objective function ! Utility ratio; u ¼ Maximize M=Md;V=Vd;D=Dmaxð Þ ð1Þ

where Md, Vd and Dmax is design bending moment, design shear force and maxi-
mum design deflection and M, V and D is required bending moment, shear force
and deflection respectively.
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Design constraint ! u \ 1 ð2Þ

5.3 Initialization of Random Section for Design Optimization

Initialization of random design section from sections database as well as defining
options for running the GA optimization is executed in MATLAB®, while the

Fig. 8 Flowchart for analysis, design and design optimization of beam
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objective function and design constraints can be called from an another file for
implementing the GA at the command file.

5.4 Options Defined for GA Optimization

Population size = “100” (An array of individuals)
Generations = “100” (At each iteration, the GA performs a series of computations
on the current population to produce a new population. Each successive population
is called a new generation.)
EliteCount = “2” (EliteCount represents the individuals in the current generation
with the best fitness values. These individuals automatically survive to the next
generation.)
TolFun = “1e-5” (Termination tolerance on the function value.)
CrossoverFraction = “0.80” (CrossoverFraction creates crossover children by
combining pairs of parents in the current population.)
MutationFcn = {@mutationadaptfeasible, 1, 0.5} (MutationFcn creates mutation
children by randomly changing the genes of individual parents.)
Display = “iter” (This option displays output at each iteration.)
PlotFcns = {@gaplotbestf} (User-defined plot function that an optimization func-
tion calls at each iteration.)

The options defined for GA based optimization through MATLAB® GA toolbox
are given in the Table 1.

The detailed genetic optimization algorithm with all the input values such as
fixed parameters, variables, sections database, objective functions and design
constraints is depicted in the flowchart in Fig. 9.

Table 1 Options defined for MATLAB® GA based optimization

S. no. Options for optimization Values

1 Population size 100

2 Generations 100

3 EliteCount 2

4 TolFun 1e-5

5 CrossoverFraction 0.80

6 MutationFcn @mutationadaptfeasible, 1, 0.5

7 Display iter

8 PlotFcns @gaplotbestf
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6 Discussions and Results

With the defined above mentioned options, the genetic optimization algorithm
returns a value of 0.9166667 as the maximum utility ratio in seven numbers of
generations after termination with the best and mean fitness value as shown in the
Fig. 10. As evident from the genetic algorithm application, the maximum utility
ratio returned by GA is 0.9167 for I-section reference number 3 i.e. ISMB150.
While the design optimization done in STAAD Pro using OpenSTAAD® gives the
maximum utility ratio of 0.897 for section ISMB200. It is evident that by applying
genetic algorithm for optimizing the size of a steel member section, better values of
utility ratios can be obtained. A value of 0.9166667 that is very close to 1 is
obtained with the section size of ISMB 150, which is a more cost effective option
than what was suggested by OpenSTAAD®.

Fig. 9 Flowchart for the genetic optimization algorithm
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7 Conclusions

The GA based solution of the example problem for optimizing design of a fixed
steel beam taken here for case study suggests that the genetic algorithm would
return optimal or near-optimal solutions to sizing of steel member sections. Hence,
it can be concluded that genetic algorithm based optimization is a much better
mechanism that provides more refined design results than other design softwares.
Similarly, other structures can also be designed and optimized for sizing, topology
or shape of the structures. Research work with the application of genetic algorithm
for optimizing design of more complicated structures is underway.
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Part IV
Blast/Impact Mechanics



A Numerical Study of Ogive Shape
Projectile Impact on Multilayered Plates

M.D. Goel

Abstract This investigation reports the numerical analysis of multilayered plates
subjected to high velocity projectile impact. The numerical model is used to explain
the residual velocity with respect to the time and study its effect on multilayered
plates made with different materials. It is observed that impact velocity reduces
significantly while using a layered combination of materials. The projectile is an
ogive nose shape and it is modeled as 3D rigid body wherein the target plates are
modeled as 3D deformable solids. Based on this study, effect of projectile velocity
on deformation of layered plates is explained using sophisticated material model
which is found to be the key to the success of such simulations. Mechanism of
deformation and relation between striking and residual velocities is presented.

Keywords Aluminum composite � Layered plates � Projectile � Numerical
simulation

1 Introduction

Multilayered plates are essentially the armour. Armour is a protective cover used
since ancient times and is used to protect a target (personnel or vehicle) from
damage by avoiding direct contact of projectile with the target. Armour is made of
different types of materials and is being continuously evolved in its design and
resistance against given threat. Personal armour is used to protect soldiers, and war
animals such as war horses wherein, vehicle armour is used on fighting vehicles and
warships. Metallic armours are designed with the knowledge based alloy devel-
opment, coupled with understanding of the projectile-target interaction. In the
present scenario, metallic armour research is focussed on the metallic component
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which form the part of hybrid materials armour design. This hybrid system of
armour materials requires that the properties are much higher than those of a
monolithic system against a given threat scenario. This requires continuous
development of new materials/structures which are lightweight, impact resistive,
and maintains structural integrity even after being hit by the projectile. In order to
develop such armour system, it is important to understand the physics of mecha-
nism of deformation under a given threat. With the advancement of the computers,
FE (Finite Element) simulation techniques proves to be beneficial for carrying out
detailed studies before actual field test. Using simulation, design options can be
widened and changes can be done until the converged solution is arrived upon
which satisfies functional requirements. This helps in minimizing physical testing
and results in reduced developmental time and cost.

In the past, several researchers studied the impact of projectile on metallic,
polymeric and hybrid armours [1–11]. However, effect of high strain rate materials
properties and their governing constitutive material model under such high velocity
impact is yet to be investigated particularly for the multilayered armour system.
Hence, in the present investigation, an attempt is made to study the effect of such
material models on residual velocity of projectile. Thus, present investigation is
aimed to study the analysis of multilayered plates subjected to high velocity pro-
jectile impact using ABAQUS/Explicit [12] with main contribution of using simpler
modeling techniques comprising of sophisticated strain rate dependent material
model. Further, numerical analysis is focused on residual velocity with respect to
the time and its effect on multilayered plates made with different materials.

2 Constitutive Models and Material Properties

Numerical simulation can provide much more detailed understanding about the
physics of the problem as compared to real ballistic tests. Basically, there are two
divisions allowing that estimation i.e. empirical method and numerical method.
Empirical methods are more time consuming, tedious and are based on experience
and tests results. But, numerical methods (such as FEM) results in more reliable
solutions and insight into the physics of problem. These methods are also more
cost-effective as compared to experimental analysis. Numerical methods are based
on mathematical equations describing the physics of projectile-target interaction.
These include mass, momentum and conservation of energy laws and constitutive
equations of the material model. The ability to accurately predict the behaviour of
such materials during impact requires use of material models that represent multiple
physical mechanisms. There are many failure modes in materials including com-
pressive, shear and tensile failure, delamination and others failures like spalling,
fragmentation etc. Several researchers have proposed models which attempt to
capture varying degrees of these mechanisms [13–16]. The model that will work
best for a given real world problem depends on a number of factors, including
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structural loading, impact velocity and boundary conditions. Therefore, having the
ability to incorporate most applicable damage and failure model for impact problem
is of great benefit to the analyst.

It is well known that shock waves are generated due to high velocity impact of a
projectile on a material. These shock waves results in pressure which is several
times higher in magnitude of strength of material itself. Under such situation,
material behaves as a fluid at initial stages with strength appearing at later stage.
This initial stage is considered as hydrodynamic and is represented by a proper
constitutive model. Whereas at second stage, where the strength of materials
appeared, it is governed by strength based constitutive model. The first stage can be
described more precisely using volumetric behavior by the Mie-Grüneisen Equation
of State [15] whereas the second stage known as deviatory behavior, is simulated
using Johnson-Cook plasticity model [13] in the present investigation. Tables 1, 2
and 3 presents the different parameters of these two constitutes models used for
different layer of materials in the present investigation.

The Johnson cook plasticity model is an incremental elastic-plastic rate model
which accounts for strain rate and thermal effect and compressibility of the material.
A, B, C, m, and n are all constants related to the material. Parameter A which is yield
stress, B hardening constant (coefficient of strain hardening), n is the hardening
exponent and m is thermal softening exponent. This form of the J-C constitutive
model is readily available in most hydrocodes and for that reason it is often chosen
to model material behavior. All these parameters define plastic hardening of the
material.

Table 1 Input parameters for Mie-Grüneisen EOS model for materials [13–16]

Material properties Aluminum 6061 Aluminum 2024 T3

Reference density, ρ0, (kg/m
3) 2,703 2,785

Grüneisen coefficient, Г0 1.97 2.00

Bulk sound speed, C0 (m/s) 5240 5328

Parameter, s 1.40 1.338

Reference temperature (°K) 293.2 293.2

Specific heat (J/kg °K) 885.0 875

Table 2 Input parameters for Johnson-Cook plasticity model for materials [13–16]

Material properties Aluminum 6061 Aluminum 2024 T3

Yield stress, A (MPa) 262.0 368.0

Hardening constant, B (MPa) 162.10 68.39

Hardening exponent, n 0.2783 0.73

Melt temperature (°K) 925 911.15

Thermal softening exponent, m 1.34 1.7

Parameter, C – 0.0083

Parameter, Є0 – –
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3 Validation

For the validation of numerical model, experimental results reported by Pieku-
towski et al. [17] are used. The plate is made by aluminum 6061 and square in
shape. The plate used as a target with size of 304 × 304 × 26.3 mm. The projectile is
an ogive-nose bullet 9 mm in length and 13 mm diameter [17]. For validation
purpose normal impact is simulated. The following constitutive material models are
used in the present investigation for validation as well as for investigation:

1. Mie-Grüneisen equation of state for modeling material at high pressure.
2. Johnson-Cook plasticity model that accounts for strain rate and thermal effects

of material and its compressibility.
3. Johnson-Cook dynamic failure model to define the ductile damage imitation

criterion.

The various materials properties for aluminum 6061 for these constitutive
relations have been reported in Tables 1, 2 and 3. The analysis is carried out using
ABAQUS/Explicit ver. 6.11 [12]. The projectile and target both are modeled using
solid elements with the properties as reported by Piekutowski et al. [17]. Figure 1
shows comparison of results obtained using present numerical simulation and

Table 3 Input parameters for Johnson-Cook dynamic failure model for materials [13–16]

Material d1 d2 d3 d4 d5 Shear modulus (Pa)

Aluminium 6061 0.77 1.45 0.47 0.0 1.6 26E9

Aluminium 2024 T3 0.112 0.123 1.500 0.007 0.0 28E9
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experimental results of Piekutowski et al. [17]. It can be observed that the results
are in close agreement with those obtained from experiments, hence, validating
present FE simulation.

4 FE Modeling

In the present investigation, analysis is carried out for studying residual velocity for
single and two layered plate system. Each plate is square in shape with dimension
of 304 mm × 304 mm. The total thickness of the plate is 26.3 mm. The projectile is
an ogive-nose bullet 9 mm in length and 13 mm in diameter. The Fig. 2 shows
schematic CAD model of the projectile used in the present investigation. The 3-D
solid elements (C3D8R) available in ABAQUS/Explicit element library are used to
model projectile and plate. The projectile is modeled as rigid element and target as
deformable solid element. Mesh sensitivity analysis was carried out and converged
mesh is used for modeling projectile and plate throughout the investigation. Pro-
jectile is assigned a target velocity of 400 m/s using velocity assignment option
available in ABAQUS/Explicit [12]. The edges of the plate are constrained using
encastered type potion of boundary condition available in ABAQUS/Explicit. Thus
plate boundary is restrained along the entire translational and rotational axis. Fig-
ure 3 shows the assembled and meshed model of bullet and plate.

Fig. 2 3D CAD model of projectile
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5 Results and Discussions

5.1 Analysis of Single Layer Plate Impacted with Projectile

This plate is impacted by a projectile moving with a striking velocity of 400 m/s.
This plate is made of aluminum 6061. The residual velocity of the projectile after
exiting the back side of the plate is of primary interest in such type of analysis.
Figure 4 shows the deformation contours of single layer plate just before the impact
and after the impact has occurred. Figure 5 shows the variation of velocity with
time for single plate model. It can be observed from plots of striking velocity time
history that initial striking velocity of 400 m/s is reduced to 325.17 m/s during time
t = 7.0 E-5 s (Fig. 5). This final reduced velocity is termed as residual velocity.
Higher the velocity reduction, higher the penetration resistance and it results in
improved efficiency of armour plate. This is important for the target protection and
damage efficiency. Further, it can be noted that main area experiencing peak
deformation is near the tip of projectile which gradually keeps on increasing as
projectile penetrates the target plate material and finally exist from back side of the
plate. In the present FE analysis, elements were deleted those have been eroded by
defining the element erosion criteria available in ABAQUS/Explicit to avoid
numerical convergence issues.

5.2 Analysis of Two Layer Plate Impacted with Projectile

In this model, front plate is made of Al 2024 having a thickness of 13.15 mm and
square in shape having a dimension of 304 mm. Plate is modeled as 3-D,

Fig. 3 Assembled and meshed view of single plate and bullet in ABAQUS/explicit
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Fig. 4 a Undeformed plate at time, t = 0 s, and b deformed plate at time, t = 5.00E-04 s
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deformable using solid element available in ABAQUS/Explicit element library.
Back plate is made of Al 6061 having a thickness of 13.15 mm of same size as
those of front plate. Thus, total thickness of this combination is kept equal to single
plate i.e. 26.30 mm. In manufacture process, these plates are joined using high
strength epoxy/welding, however, in the present investigation, plates are assumed to
be perfectly bonded without explicitly modeling the epoxy material. This plate is
impacted by a projectile moving with a striking velocity of 400 m/s. Figure 6 shows
deformation contours of single layer plate just before impact and after the impact
has occurred. It can be observed from plots of striking velocity-time history that
initial striking velocity of 400 m/s is reduced to 208.11 m/s during the time
t = 7.0E-5 s (Fig. 7). This final velocity is termed as residual velocity. Further, it can
be noted that the main area experiencing the peak deformation is near tip of pro-
jectile which gradually keeps on increasing as projectile penetrates the target plate
material and finally exit from back side of the plate (Fig. 6b).

Figure 8 shows variation of kinetic energy with time for both the plate systems.
It can be observed from plot that kinetic energy is reduced to from 6,048 to
4,695.86 J for single plate system whereas it reduces from 6,048 to 245.56 J for two
plate systems, signifying the importance and effectiveness of multilayered armour.
This kinetic energy is absorbed through the deformation of armour plate materials.
In the beginning bullet velocity remains constant which means that the bullet
penetrates the upper plate easily. After reaching up to second plate its velocity goes
on decreasing. The final residual velocity obtained in this case is 208.11 m/s. This
velocity is much lower than the single plate case. This leads to a conclusion that
combination of plate material arranged strategically results in projectile velocity

Fig. 6 a Starting of deformation at time, t = 0 s, and b deformed plate at time, t = 7.00E-04 s
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reduction considerably. More detailed analysis is further required by considering
several such materials and their combination before actual field test in order to
testify their usefulness in development of armour system. However, major chal-
lenge is find detailed material properties for carrying out such investigations.

6 Summary and Conclusions

The aim of the present investigation was to evaluate the ballistic performance of
armour plate made from different lightweight material as a function of residual
velocity with main contribution of using simpler modeling techniques comprising
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of sophisticated strain rate dependent material model. Further, numerical analysis
was focused on residual velocity with respect to the time and its effect on multi-
layered plates made with different materials. ABAQUS/Explicit 6.11 was used as
numerical analysis tool. Johnson-Cook strength model parameters and Mie-
Grüneisen Equation of State model was used for construction of the target. Two
models were prepared with two different combinations of materials. Total thickness
of target plate for models is same and is equal to 26.3 mm in both the cases.
Projectile is modeled as rigid body in all the cases. Striking velocity of bullet in all
cases remains same which is equal to 400 m/s. In single layer plate made of
aluminum 6061, striking velocity of bullet is 400 m/s which reduce to 325.17 m/s.
In the second case with plate made up of two layers of material, the velocity of the
bullet also reduces rapidly. In second case residual velocity is 208.11 m/s. As
compared to single layer plate, residual velocity of two layer plate is much lower.
Another comparison is made on the basis of kinetic energy of bullet which is
initially equal to 6,480 J in all the cases. It can be observed that kinetic energy
reduction is much higher for multilayered plate system. Finally, it can be concluded
that ballistic projectile performance offered by aluminum 6061 and aluminum 2024
plate increases with increasing number of plates in the present investigation. It is
observed that residual velocity reduces to 208.11 m/s in case of two plate model.
Suggested numerical simulation methodology and material models proved to be
efficient in modeling the impact response before actual tests and underlies the
importance of use of detailed strain rate based material model. Further, some more
combination of materials needs to be evaluated to understand the detailed mecha-
nism using more sophisticated material models in future work.
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Stochastic Finite Element Analysis
of Composite Body Armor

Shivdayal Patel, Suhail Ahmad and Puneet Mahajan

Abstract The ballistic impact response of a composite target is an important
investigation to assess its reliability for applications to light weight body and vehicle
armors. The progressive damage model is developed and implemented in the finite
element (FE) code ABAQUS as a user-defined subroutine (VUMAT). A numerical
result is obtained using deterministic progressive damage model are validated
against existing experimental study in literature. Stochastic finite element analysis
(SFEA) is used to study the fiber failure in tension; fiber crushing and in-plane shear
failure modes due to ballistic impact. The random variation in material properties
and initial velocities are used to determining statistics of stress in the lamina. These
are compared to the random strengths in the limit state function and Pf surface is
obtained by using Gaussian process response surface method (GPRSM). The
comparison of Pf obtained from Monte Carlo simulation (MCS) and GPRSM. MCS
computationally 10 times more expensive in comparison to GPRSM. System Pf

based on a fault tree analysis is determined to cross and angle ply arrangement in
symmetric and anti-symmetric laminates. The Pf of symmetric cross ply laminate
arrangement for simply supported composite beams are found to be minimum.

Keywords Stochastic � Armor � Impact � Finite element � Probability of failure

1 Introduction

Laminated composite materials have found extensive applications in the construction
of mechanical, aerospace, marine and automotive structures, due to their high specific
strength, specific stiffness, good corrosion, and fatigue resistance. Fiber reinforced
composite beams are susceptible to damage due to ballistic impact by foreign objects
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and in-plane loading. A probabilistic prediction of the failure under ballistic impact
load is, therefore, an important area of research. Abrate [1] provided a review that
focused specifically on composite targets. The review outlined the literature related to
response of composites, damage mechanisms in composites and the residual prop-
erties of the composite after ballistic impact. The damage mechanisms included the
matrix cracking, debonding, delamination and fiber breakage. The energy dissipated
in these mechanisms during ballistic impact has led to use of these in applications
such as lightweight body armor. Naik and Doshi [2] studied the behavior of E-glass/
epoxy laminates of varying thickness subjected to ballistic impact. The effects of
projectile diameter, projectile mass and laminate thickness on the ballistic limit were
studied. A combined experimental and 3D dynamic nonlinear finite element (FE)
approach was adopted by Sevkat et al. [3] to study the damage in composite beams
subjected to ballistic impact. Castilo et al. [4] used both in-plane (τ12) and transverse
shear stress (τ13) in the fiber initiation failure criterion to model ballistic impact of
woven glass/polyester plates. The above mentioned authors used the same equation
for the damage evolution as developed by Matzenmiller et al. [5]. The above reviews
paper did not include the uncertainties of material properties and loading condition
while considering the failure of material due to the damage initiation and propaga-
tion. For reliability assessment of the composite the simulations for prediction of the
failure under ballistic impact, need to incorporate these uncertainties.

These uncertainties arise due to the volume fractions of matrix and fiber, excess
amounts of resins in plies or laminates, curing methods, voids and porosity in the
matrix, alignment of fibers, bonding between fibers and matrix, temperature effects
etc. Sriramula and Chyssanthopoulos [6] discussed the uncertainties in FRP com-
posites and deterministic studies that have attempted to quantify the mechanical
behavior of composite materials, considerable differences are observed between
theoretical predictions using micro-scale properties and experimental results at
component level. Stochastic studies were considered the uncertainties starting at the
constituent level (micro-scale), ply level (meso-scale) or at a component level (macro-
scale). Response variability in composite structures due to uncertain elastic modulus
[7, 8] and uncertain Poisson’s ratio [9] and uncertain shear strength properties [10] has
been widely studied. Jeong and Shenoi [11] also performed the probabilistic strength
analysis of simply supported rectangular anti-symmetric cross-ply and angle-ply fiber
reinforced plastic laminated plates using the Monte Carlo simulation method. Monte
Carlo Simulation (MCS) requires a large number of FE executions for structural
analysis making it computationally expensive especially for large and complex
structures with high reliability. In order to reduce the computational time to an
acceptable level, response surface methods (RSM) have been developed [12]. In
RSM, the actual limit state function is approximated, usually by a polynomial func-
tion. Current studies have investigated the limitations of theRSMand have shown that
themethod fails to estimate the probability offailure accurately in some problemswith
highly nonlinear limit state functions and in some problems with low probabilities of
failure [13]. Efficient global reliability analysis (EGRA) also called Gaussian process
response surface method (GPRSM) has been used by Bichon et al. [14] and Patel et al.
[15] have been shown to lead to more efficient estimation of probability of failure.

260 S. Patel et al.



The ballistic impact response of a composite target is an important investigation
to assess its reliability for armor applications. In view of the above survey of the
literatures no noticeable work have been performed to investigate the system
probability of failure of composite beams under ballistic impact load considering
random scatter in load and material properties. Enhancement of safety and reli-
ability of a composite target is possible through design optimization linked with
probabilistic analysis.

In order to investigate the probabilistic behavior of composite beam under
ballistic impact, a progressive damage model is developed and implemented in the
FE code ABAQUS. A user-defined subroutine (VUMAT) simulates ballistic impact
progressive damage of composite target. Numerical results are validated and found
to be in good agreement with experimental findings available in literature. A
computationally efficient method is adopted to investigate the probability of failure
for composite beam. GPRSM is considered the scatter in the material properties for
relevant projectile velocities. Optimum ply-ups and system Pf are carried out for
S2-Glass epoxy composite beams.

2 Composite Beams Under Ballistic Impact

A composite beam having 24 layers of S2-glass epoxy placed at different ply
arrangements and simply supported boundary condition. The basic dimensions and
material properties of impact or are taken from the literature [3]. However, some
new ply arrangements are made. Four composite beams of size
254 mm × 25.4 mm × 6.35 mm with the different lay-up schemes are used. These
are (a) symmetric cross ply, (b) symmetric angle ply, (c) anti-symmetric cross ply
(d) anti-symmetric angle ply. Each ply of the laminate is assumed to be transversely
isotropic. The material behavior of impact or is assumed to be governed by
Johnson-Cook plastic hardening model [16] for ductile materials. Experimental
values and respective statistical properties of glass epoxy are taken from the liter-
ature [3, 10]. The composite beam and impact are meshed with 8 node brick
elements. Full integration is used to avoid inaccuracies due to hourglass. The
general contact is used to prevent interpenetration between the impact or and the
beam. The coefficient of friction between the impact or and composite beam was
taken as 0.3. Cohesive surfaces based on traction and separation load are employed
to simulate and predict the extent of damage due to delamination. A semi-empirical
expression performed by Shi et al. [17] is used to develop the nonlinear shear
response. The non-linear shear behavior is implemented in constitutive model.
Progressive damage model given by Matzenmiller et al. [5] and Yen [18] has been
incorporated through user subroutine VUMAT in ABAQUS. The dynamic explicit
analysis is carried out to predict the extent of damage for each ply level.

Impact induced damage of composite beam is a probabilistic phenomenon due to a
wide range of uncertainties arising in the material properties and loading conditions.
The limit states are used for the fiber tension; fiber crushing and in-plane shear failure
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criteria. Probabilistic analysis of composite beam uses the limit state function based
on ultimate fiber failure initiation and propagation criterion in Yen [18] for com-
posites. SFEA the critical stress input the limit state which is computationally solve
using reliability software. If the stresses in the lamina are such that the limit state
function (g(x) < 0), GPRSM is used to predict the probability of failure (Pf) of the
lamina. The system probability of failure is carried out for using the fault tree
analysis.

3 Probabilistic Analyses of Composite Beams

Response under ballistic impact, essentially accounts for the most severe fiber
damage initiation and propagation occurring at the worst possible location in the
composite beam while it is subjected to the highest loads conceivable. In the
deterministic study of composite beams under ballistic impact and cannot be
guaranteed as absolutely safe because of the unpredictability of the loads, uncer-
tainties in the material properties, the use of simplified assumptions in the analysis
(which include limitations of the numerical methods used), and human factors
(errors and omissions). A probabilistic approach is a realistic solution that considers
the stochastic variability and distribution of characteristic data of materials. This
calculation takes into consideration the effect of scatter in elastic and strength
properties of composite beam and velocity of impact.

The SFEM involves a discretization of random fields that are to be represented
by a set of random variables. Karhunen-Loeve (KL) expansion is particularly useful
since it captures the variability of material properties using several random vari-
ables. However, for KL expansion, closed form solutions are available for some
special correlation functions and simple geometries. Therefore, a numerical solution
is essential to deal with complicated domains and more general correlation func-
tions [19].

4 Karhunen-Loeve (KL) Decomposition

KL expansion technique is the most commonly used for the representing the ran-
dom fields in terms of a finite set of random variables. The w(x, θ) is a random
process, a function of the position vector x defined over the domain Ф, with θ
belonging to the space of the random events of a bounded domain. The random
process is given by the following convergent series [19].

wðx; hÞ ¼ �wðxÞ þ
XM
i¼1

ffiffiffiffi
ki

p
uiðxÞniðhÞ ð1Þ
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Here, �wðx) denote the expected value that is bounded for all x 2 U. niðhÞ, is a set of
uncorrelated orthogonal random variables and M is the number of KL terms. ki and
phi are the Eigen values and Eigen functions respectively of the covariance function
Cðx1; x2Þ which can be obtained by solving Eq. (2) given below,

Z

U

Cðx1; x2Þuiðx1Þdx1 ¼ kiuiðx2Þ ð2Þ

The present study considers the variability of material properties: E1, E2, E3, ν12,
ν23, ν13, G12, G23, G13, S22, S12 and S13 and impact or velocity (U). However, the
stochastic finite element analysis is considered the above uncertain factors to estimate
the safety assessment of composite target. A limit state function/performance function
is hence defined as

g xð Þ ¼ Z xð Þ � Z 0ð Þ ð3Þ

Here, Z(0) is a limiting/permissible value of Z. The probability of failure (Pf) is an
integral estimated by the joint probability distribution of random variables in
fðX1;X2. . .XNÞ and the integration is performed over the failure region X where
g(x) < 0.

Pf =
ZZZ

f(X1,X2,X3. . .XN)dX1dX2dX3. . .dXN ð4Þ

This integral is presently computed by the standard Monte Carlo procedure [9].
Although the method is inherently simple, the large numbers of output sets are
generated to build an accurate cumulative distribution function of the output vari-
ables. It makes it computationally expensive. Furthermore, the need for a large
nonlinear finite element analysis makes the computation prohibitive.

For the present problem GPRSM is also used to obtain the probability of failure.
The efficiency of this method is compared with the Monte Carlo method. GRSM
adopts the steps as described [15]. A probabilistic investigation by Gaussian pro-
cess (GP) model is dissimilar from other substitute models because they provide not
just a predicted value at an un-sampled point, but a generalized linear regression
model with a mean value and a predicted variance as described by Chen et al. [20]
and Patel et al. [15].

5 The Limit State Functions

The limit states for the composite beam under ballistic impact are derived from fiber
tension, fiber crushing and in-plane shear failure of the Yen [16] failure model. The
initiation of fiber failure tension is determined from the following equation.
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6 Fiber Failure Criteria

Fib Tð Þ ¼ r11T
XT

� �2

þ s13
S13

� �2

� r21 r11� 0 ð5Þ

where, Fib(T) is fiber failure tension σ11T and XT are the tensile stress and asso-
ciated strength in the longitudinal (fiber) direction and τ13 and S13 are the out-of-
plane shear stresses and strength between fibers and matrix, respectively.

7 Fiber Crush Failure

Crush damage due to the high through thickness compressive pressure occurs and is
modeled as under

E3e33
S33

� �2

� r25 ð6Þ

Here S33 is fiber crush strength and r5 is the associated damage thresholds.

8 Matrix In-Plane Shear Failure

A composite laminate can be damaged under in-plane shear stress without occur-
rence of fiber damage. The in-plane matrix damage mode is given as under

G12c12
S12

� �2

� r26 ð7Þ

Here, S12 and c12 are the in-plane shear strength and strain 1–2 directions, and r6 is
the damage threshold.

The limit states are established according to the above criteria leading to a com-
parative probabilistic analysis. When the damage initiation criteria are met, Eqs. (5)–
(7), the material properties are gradually degraded, by using the following damage
variable where for fiber andmatrix tensile failure is expressed Yen [18]. A probabilistic
progressive damage analysis modified damage variable equation is used to a limit state
function for estimate the Pf. The material assumed completely damaged when the
damage variable reaches 0.98. The modify equation is given as follow

giðxÞ ¼ 0:98� eð1�rmi
j Þ1m rj � 1 ð8Þ
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Here, rj is damage threshold, For the fiber tensile and compressive damage modes 1
and 3 and matrix cracking tensile and compressive damage modes are denoted by
2–4, and fiber crushing and in-plane matrix in-plane shear failure are denoted by
modes 5 and 6 respectively.

The limit state function (g) is the mathematical model of the physical performance
of the system that is the defined as safe (g(x) > 0), unsafe (g(x) < 0) and (g(x) = 0) for
the limiting value.

9 Fault Tree Analysis

System probability of failure analysis involves multiple g-functions. Reliability
software uses a fault tree structure to define the system failure. A fault tree has three
major characteristics; bottom events, combination gates and the connectivity
between the bottom events and gates. Reliability software is presently limited to
AND and OR gates. Conditional gates can be simulated using the AND/OR gate
with appropriately defined conditional performance functions.

Reliability analysis uses a graphical approach to define the fault tree as shown in
the Fig. 1. First, the Pf block is selected to begin definition of the fault tree. Next
gates and bottom events are added to define the fault tree.

10 Probability of Failure of Parallel System

The three damage modes of failure namely, fiber tension (A), fiber crushing (B) and
in-plane shear (C) failure damage variables are linked in either in series or parallel.
If the failure of the system occurs due to fiber tension and fiber crushing and
in-plane shear failure together the system failure is termed as parallel failure.

Fig. 1 Fault tree analysis of
parallel and series system
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11 Probability of Failure of Series System

In case of series system failure occurs either due to fiber tension (A), fiber crushing
(B) and in-plane shear (C) damage variables any of the damage variables failures
with lead to system failure. In that case system is considered to be field when all the
failure takes place simultaneously.

12 Numerical Results

The material used for the numerical calculations is typical S2-Glass/Epoxy [3]. Its
material properties are considered gaussian random variables whose, means value
and coefficients of variation. The coefficients of variation of Young’s modulus,
poisson’s ratio and strengths properties are assumed 10 % of mean.

13 Validation Study of Impact Model

The results used for validation study are produced by Sevkat et al. [3] who per-
formed experiments and FE (finite element) analysis for an impact test using a
projectiles acting at velocities ranging 120–320 m/s. S2 glass-toughened composite
epoxy beams are used. The finite element analysis results, obtained presently are
validated by comparing the number of damaged layers with those of Sevkat et al.

Figure 2 shows the number of damaged plies of cross ply arrangement in a fixed
composite beam obtained presently. It is observed that there is a linear relation
between impact or velocities (120–300 m/s) and number of damaged layers. Using

Fig. 2 Validation study of
cross ply composite beams
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this linear relationship, the impact velocity to damage all 24 laminas is calculated at
327 m/s. FE simulations ranging from 120 to 326 m/s velocities showed that the
projectile partially penetrated at lower velocities fully penetrated at 327 m/s. The
number of damaged plies obtained by the present simulations show nearly the same
trend and values of experimental results published in literature. The difference in the
above results could arise because of the selection of element by Sevkat et al. FE
simulation used C3D8R element (with reduced integration).

14 Computational Efficiency of Reliability Methods

Cumulative density function plot (Fig. 3) shows the estimation of cumulative
probability of failure against variation of response (Z) using Monte Carlo simulation
(MCS) and Gaussian process response surface method (GPRSM). An impact at a
velocity of 300 m/s showed the progressive probability of fiber failure for the
bottom most ply of the composite beam. The comparison shows that the Pf obtained
from MCS and GPRSM are very close. However, MCS method required 5,000
cycles to determine Pf and to reach a constant value. It is computationally 10 times
expensive in comparison to GPRSM. The GPRSM is able to reduce the time
consumed and is computationally efficient while maintaining the acceptable
accuracy.

Comparative study of above three failure damage variables modes (fiber tension
compression, fiber crushing and in-plane shear) for different ply arrangements show
in Fig. 4.

Fig. 3 Comparative study of
reliability methods
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15 Progressive Probability of Failure of Simply Supported
Composite Beams

The probability of failure of the bottom most ply of all ply arrangements based on
fiber tensile damage mode criterion has 99.99 % greater than that for damage mode
in-plane shear failure criterion. The Pf of the bottom most ply of cross ply
arrangement (case-I) based on fiber tensile damage mode criterion has 87.21 %
lesser than that for fiber crushing damage mode criterion for same ply arrangement.
Similarly, the Pf of symmetric angle ply arrangement (case-II) using fiber tensile
damage mode criterion has 39.46 % greater than that for fiber crushing damage
mode criterion for same ply arrangement. It is also found that the Pf of anti-
symmetric cross ply arrangement (case-III) using fiber tensile damage mode cri-
terion has 96.86 % lesser than that for fiber crushing damage mode criterion for
same ply arrangement. Similarly, the Pf of anti-symmetric angle ply arrangement
(case-III) based on fiber tensile damage mode criterion has 92.67 % lesser than that
for fiber crushing damage mode criterion for same ply arrangement. It is also
observed that an in-plane shear damage mode criterion of symmetric cross ply lay-
ups show (56.84, 82.46 and 88.43 %) lesser Pf than namely symmetric angle ply,
anti-symmetric cross ply, and anti-symmetric angle ply.

Fig. 4 Comparative study of Pf for composite beams
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16 Progressive Pf and Design Optimization for Ply Lay
up Arrangements

In comparison of Pf of bottom most ply, it is observed that the fiber crushing
criterion only considered the transverse fiber compressive stress (σ33) and corre-
sponding fiber compressive strength (S33) and in-plane shear criterion only con-
sidered the in-plane shear stress (τ12) and corresponding shear strength (S12). It is
also observed on analyzing the results of failure initiation using fiber tensile and
crushing failure criteria that shear stress τ13 and corresponding shear strength S13
play an important role in initiating the failure. Fiber tensile failure criterion involves
the direct stress and both the shear τ13 while fiber crushing and in-plane shear
criterion did not use shear stress τ13. Furthermore, experimental and numerical
validation is carried out with respect to the present study. The experimental results
reported in the literature show the number of damaged plies due to impact. Close
matching of results shows the Yen fiber tensile failure criterion predicts the number
of damaged plies more accurately. The Pf in terms of fiber failure propagation for
bottom most ply predicted by Yen criterion for different ply lay-ups and boundary
condition are listed in Table 1.

17 Design Optimization of Simply Supported Composite
Beam for Tensile Fiber Damage Mode Criterion

Table 1 shows that Pf of the bottom most ply of symmetric cross ply arrangement
(case-I) has 96.66 % lesser than that for symmetric angle ply laminate arrangement
(case-II). Similarly, the Pf of anti-symmetric cross ply arrangement (case-III) has
64.79 % lesser than that for an anti-symmetric angle ply arrangement (case-IV). It is
also observed that the Pf of symmetric cross ply arrangement (case-I) has 28.53 %
lesser than that for an anti-symmetric cross ply arrangement (case-III). Similarly,
the Pf of symmetric angle ply arrangement (case-I) has 83.56 % lesser than that for

Table 1 Comparative study of bottom most ply Pf shows for the different ply lay-ups and
different damage modes of failure at impact or velocity 300 m/s

Cases Ply arrangements Fiber
crushing

In-plane
shear

Fiber
tensile

System
Pf (series)

System
Pf (parallel)

I Sym cross ply 1.083E−5 3.409E−2 4.360E−3 0.038 1.6090E−9

II Sym angle ply 7.041E−6 7.900E−2 1.305E−1 0.199 7.2581E−8

III Anti-sym cross ply 9.051E−5 1.944E−1 6.101E−3 0.199 1.0714E−7

IV Anti-sym angle ply 1.593E−5 2.947E−1 2.158E−2 0.309 1.0130E−7
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anti-symmetric angle ply arrangement (case-IV). The symmetric cross ply
arrangement (case-I) has lesser probability of fiber tensile damage mode criterion
than other ply lay-ups namely, symmetric cross ply, symmetric angle ply and anti-
symmetric angle ply.

Figure 5 shows that for fiber crushing damage mode criterion, Pf for all ply
arrangements has lesser than in-plane shear failure damage mode criterion for same
ply arrangement. It is also observed that an in-plane shear criterion of cross ply
symmetric and anti-symmetric ply arrangements and anti-symmetric angle ply
arrangement Pf is greater than for fiber tensile criterion for same ply arrangements.

18 System Probability of Failure of Damage Modes

System probability of failure is carried out using three failure damage modes (fiber
tension, fiber crushing and in-plane shear) criterion for different ply arrangements
show in Fig. 5.

19 Probability of Failure of Series System

Table 1 shows that series components Pf of the bottom most ply of symmetric cross
ply arrangement (case-I) is 80.90 % lesser than that for symmetric angle ply laminate
arrangement (case-II). Similarly, the Pf of anti-symmetric cross ply arrangement

Fig. 5 System Pf of different ply arrangements
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(case-III) has 35.59 % lesser than that for an anti-symmetric angle ply arrangement
(case-IV). It is also observed that the Pf of symmetric cross ply arrangement (case-I)
has 80.90 % lesser than that for an anti-symmetric cross ply arrangement (case-III).
Similarly, the Pf of symmetric angle ply arrangement (case-I) is 35.59 % lesser than
that for anti-symmetric angle ply arrangement (case-IV). The symmetric cross ply
arrangement (case-I) is a lesser probability of failure than other ply lay-ups namely,
symmetric cross ply, symmetric angle ply and anti-symmetric angle ply.

20 Probability of Failure of Parallel System

Table 1 shows that series components Pf of the bottom most ply of symmetric cross
ply arrangement (case-I) has 97.78 % lesser than that for symmetric angle ply lam-
inate arrangement (case-II). Similarly, the Pf of anti-symmetric cross ply arrangement
(case-III) has 5.45 % greater than that for an anti-symmetric angle ply arrangement
(case-IV). It is also observed that the Pf of symmetric cross ply arrangement (case-I)
has 98.49 % lesser than that for an anti-symmetric cross ply arrangement (case-III).
Similarly, the Pf of symmetric angle ply arrangement (case-I) is 28.35 % lesser than
that for anti-symmetric angle ply arrangement (case-IV).

The symmetric cross ply lay-ups (case-I) is a lesser Pf than other ply lay-ups
namely, symmetric cross ply, symmetric angle ply and anti-symmetric angle ply.

21 Conclusions

The progressive damage model is implemented in commercial software ABAQUS
with user defined subroutine (VUMAT) to carry out the SFEM. Linear relation
exists between impact or velocities (120–300 m/s) and number of damaged layers.
This behavior validates the currents finding with respect to published results. MCS
takes almost ten times more computational time than GPRSM. Comparative study
of different fiber failure initiation and propagation criteria showed fiber crushing
damage mode criterion is more conservative as compared to fiber tension and in-
plane shear damage mode criterion. The Pf of composite beams on the bottom most
ply of all ply arrangements based on fiber tensile damage mode criterion has
99.99 % greater than that for fiber crushing damage mode criterion. The progressive
probability of failure of symmetric cross ply arrangement for simply supported
composite beams has lesser than as compared to other lay-ups studied. The tensile
fiber damage mode criterion of symmetric cross ply lay-ups found (96.66, 28.53
and 79.80 %) lesser Pf than namely, symmetric angle ply, anti-symmetric cross ply
and anti-symmetric angle ply. An in-plane shear damage mode criterion of sym-
metric cross ply lay-ups found (56.84, 82.46 and 88.43 %) lesser Pf than namely,
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symmetric angle ply, anti-symmetric cross ply, and anti-symmetric angle ply.
Parallel systems probability of failure of damage modes for all ply arrangements has
99.99 % lesser than for series systems.
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A Progressive Failure Study
of E-glass/Epoxy Composite in Case
of Low Velocity Impact

Harpreet Singh, Puneet Mahajan and K.K. Namala

Abstract To predict the behavior of composites in case of low velocity impact,
there are various material models available in literature. Either the complex
implementation or determination of large number of required material parameters is
proving a common major limitation among all these. In the present study, low
velocity Impact experiments are performed on E-glass/epoxy composite and
numerically simulated using a continuum damage mechanics based material model.
The damage observed as back face signature on the laminate, contact forces and
displacement plots with respect to time are studied and compared with FE results to
demonstrate the effectiveness of the model. The digital image correlation (DIC)
technique is used for experimentation to obtain displacement on the surface of the
plate.

Keywords Epoxy composite � Low velocity impact � Progressive failure study �
VUMAT subroutine

1 Introduction

During the service of the components made of composite there is possible mass
impact (stone and debris) considered as Low Velocity Impact (LVI), for which
response of composite is complex and the damage occurred in the composite is
Barely Visible. Unlike metals and alloys, composites do not undergo plastic
deformation and transverse loads from impact due to debris or tool drop can result
in damage in the form of matrix cracking, debonding, delamination and fiber
fracture [1]. LVI response of composite laminates has been studied comprehen-
sively and reviews provide an understanding of composite structure response for
various impact velocities.
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In this study, a simplified damage model to predict the behavior of FRP
composites is presented and implemented as VUMAT subroutine in commercial FE
code ABAQUS/Explicit, which is verified by drop-weight impact tests on 6.4 mm
thick 8 ply unidirectional E-glass/epoxy composites followed by the comparison of
the time-histories of impact forces, energies, deflections with the recorded test
values. Digital image correlation (DIC) technique is used to evaluate the dis-
placement and strain field of composite specimens subjected to impact loading.
Damage zones are also checked by comparing the barely visible damage area from
tests with the numerically calculated damage zones. The mechanical properties of
the composite needed for the simulations are determined experimentally from the
coupon specimen tests.

2 Composite Damage Modeling (Literature Review)

Several studies have investigated experimentally the dynamic deformations of
plates due to impact loading for different cases. Caprino et al. [2] carried out
experiments on plain weave carbon/epoxy composite with fabric areal weight 193
gsm, 0.55 fiber volume fraction, and lamina thickness of 0.19 mm with a hemi-
spherical impactor of 1.8 kg mass and 12.7 mm yields maximum contact force of 2
kN for 10 mm maximum displacement. Reinforcement architecture, laminate stack
sequence, fiber orientation play secondary role in determining energy absorption of
the laminate and found total fiber thickness and impactor diameter are major factors
affecting the penetration energy of material. Mili and Necib [3] found that out of the
stack sequence of [02/906/02], [03/904/03] and [02/904/02] configurations impacted at
projectile velocities (0.53–3.1 m/s) [04/902/04] showed the highest deflection
measured by laser sensor. Belingardi and Vadori [4] performed experiments on
unidirectional and woven glass fiber/epoxy composites with impactor of mass 20 kg
at a velocity of 6.28 m/s for three different stack sequences. The threshold force at
which first damage occurred and maximum force were found independent of
stacking sequence. The mechanical characteristics of glass fiber epoxy matrix were
shown to have no sensitivity to strain rate effect. Aslan and Okutan [5] experi-
mented and analyzed numerically composite laminates for variations in impactor
velocity, mass and size and thickness of the target. They concluded that the max-
imum peak force increases and contact time decreases proportionately with lami-
nate thickness. Mitrevski et al. [6] performed impact experiments using
hemispherical, ogival and conical impactor shapes of 12 mm diameter on composite
laminates with [45/0/45/0]s and [0/45/0/45]s configurations. Hemispherical
impactor produced barely visible impact damage (BVID) where as others produced
permanent indentation and perforation. Peak force and damage threshold level were
greatest for hemispherical indenter with shortest contact duration. Schoeppner and
Abrate [7] identified Damage Threshold Level (DTL) on load-time history curves
for event with loads above DTL and found that it varied with laminate thickness.
Significant damage is expected when the predicted load is above DTL and
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allowable DTL curves assist in designing LVI damage resistant structures if the
impact threat is known. Ambur et al. [8] have concluded that damage initiation
varies with respect to thickness of the laminate for low speed impact. Damage due
to low-velocity impact in laminate composites is considered to be potentially
dangerous mainly because the damage might be left undetected.

There are various numerical material models available in literature to predict
damage initiation/evolution in composite in case of impact loading [9–13]. Most of
the models are based on the continuum damage mechanics approach which is being
proven a powerful framework to form a constitutive model for predicting the strain
softening behaviour of materials. First foundation, using the continuum damage
mechanics for the framework of progressive damage in composites, was laid by
Matzenmiller [14]. Damage variables representing the degradation of material are
introduced which are based on the phenomenological behaviour capturing the state
of defects. Defect development softening of composite material is predicted by an
exponential damage variable. Donadon [11] further simplified these strain con-
trolled continuum models by using direct linear relationships for the material
softening behaviour. Hasin failure criteria for the damage initiation is followed and
showed considerable match between the force-time history in case of different
dynamic loading ranges. The model is using Puck and Schurmann [15] proposed
formulation in case of matrix compression to predict the fracture plane and damage
degradation. An unconventional energy based damage model used to study the
woven and unidirectional composite material is presented by Iannucci and An-
kersen [10]. The 0 and 90 tensile response and shear response has checked at
coupon level, including relevant strain rate effects. Results show very good
agreement with the available coupon experimental data which indicates that rate
independent behaviour in case of tensile response whereas matrix dominated
modes, such as the shear response is highly rate dependent. Raimondo et al. [12]
has also formulated a phenomenological-based 3D damage model and validated
using one-integration point solid element and shown the matched behaviour with
reasonable accuracy. Raimondo et al. proposed fracture plane angle dependent
characteristic length for mesh regularisation purpose and proved the accuracy of the
model on a coarse mesh which reduces the computational time.

3 Mathematical Framework

3.1 Constitutive Model

The effective stress is based on the strain equivalence theory which states that
“A damaged volume of material under the nominal stress shows the same stress
strain response as a comparable undamaged volume under the effective stress.”
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For 1D case it is defined as

re ¼ r
1� D

or

Ee ¼ Eð1� DÞ
r ¼ EðDÞ�
re ¼ E�

r
1� D

¼ E�

For 3D case of anisotropic material

CðDÞ ¼ C½1� Dij�

where D is the fourth order tensor but by considering the transverse isotropy of the
composites it is finally reduced to second order tensor. Similarly Ω is integrity
tensor which is represented as

X ¼

1� D11 0 0 0 0 0
0 1� D22 0 0 0 0
0 0 1� D33 0 0 0
0 0 0 1� D44 0 0
0 0 0 0 1� D55 0
0 0 0 0 0 1� D66

2
6666664

3
7777775

Finally

CðDÞ ¼ CX

where

C ¼ 1
d

E11ð1� m23m32Þ E22ðm12 � m32m13Þ E33ðm13 � m12m23Þ 0 0 0
E11ðm21 � m31m23Þ E22ð1� m13m31Þ E33ðm23 � m21m13Þ 0 0 0
E11ðm31 � m21m32Þ E22ðm32 � m12m31Þ E33ð1� m12m21Þ 0 0 0
0 0 0 dG23 0 0
0 0 0 0 dG13 0
0 0 0 0 0 dG12

2
6666664

3
7777775

and

d ¼ 1� m12m21 � m23m32 � m13m31 � 2m12m23m13
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In incremental form

_r ¼ CðDÞ_�� _DC�

and

_D ¼

_D11 0 0 0 0 0
0 _D22 0 0 0 0
0 0 _D33 0 0 0
0 0 0 _D44 0 0
0 0 0 0 _D55 0
0 0 0 0 0 _D66

2
666666664

3
777777775

To make the constitutive relation positive definite, poisson’s ratio is changed as
per following

mijð1� DijÞ
Eiið1� DiiÞ ¼

mjið1� DjjÞ
Ejjð1� DjjÞ

Directional damage variables are further simplified as per following

1� D11 ¼ ð1� dtf Þð1� dcf Þ
1� D22 ¼ ð1� dtmÞð1� dcmÞ
1� D33 ¼ ð1� dtmÞð1� dcmÞ

D44 ¼ 0

D55 ¼ 0

D66 ¼ 0

This simplification is based on physical observations which are:

• Out of plane tensile/compressive damage depends upon in plane matrix tensile/
compressive damage.

• Out of plane and In-plane shear damage effects are very negligible.
• Non-linear behaviour of shear stress-strain is represented as per following [13].

rij ¼ Sijð1� e
�ðcijGijÞ

Sij Þ

where Sij is shear strength for i ≠ j.
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4 Damage Evolution Model

4.1 Fiber Damage

Fiber tension is initiated as per following criteria

Ft
11ðr11Þ ¼

r11
St11

� �2

�1� 0

Fc
11ðr11Þ ¼

r11
Sc11

� �2

�1� 0

where St11; S
c
11 is tangential tensile/compressive strength in fiber direction. After the

fiber damage is being started, this propagates as per following relation

1� D11 ¼ ð1� dtf Þð1� dcf Þ
_D11 ¼ ð1� dtf Þð _dcf Þ þ ð1� dcf Þð _dtf Þ

The damage variable is related to strain as

dtf ¼ dtf ð�Þ

dtf ¼
�ft11

�ft11 � �to

 !
�11 � �to

�11

� �

Similarly in case of compression

dtc ¼ dtcð�Þ

dcf ¼
�fc11

�fc11 � �co

 !
�11 � �co

�11

� �

The above mentioned relation between damage and strain is based on the
random strength model as per the physical behaviour. In incremental form

_dtf ¼
�ft11

�ft11 � �to

 !
�to
�11

� �
_�11

_dcf ¼
�fc11

�fc11 � �co

 !
�co
�11

� �
_�11

278 H. Singh et al.



4.2 Matrix Damage

4.2.1 Matrix Tension Damage

Matrix tension is initiated as per following criteria

Ft
22ðr22Þ ¼

r22
St22

� �2

�1� 0

where St22 is tensile strength in transverse direction. After the matrix damage is
being started, this propagates as per following relation

1� D22 ¼ ð1� dtmÞð1� dcmÞ
_D22 ¼ ð1� dtmÞð _dcmÞ þ ð1� dcmÞð _dtmÞ

The damage variable is related to strain as

dtm ¼ dtmð�Þ

dtm ¼ �ft22

�ft22 � �to

 !
�22 � �to

�22

� �

The above mentioned relation between damage and strain is based on the ran-
dom strength model as per the physical behaviour. In incremental form

_dtm ¼ �ft22

�ft22 � �to

 !
�to
�22

� �
_�22

4.2.2 Matrix Compression Damage

Unidirectional laminates fail in shear mode at a plane of fracture at θ * 53° with
respect to direction of compression load. A stress based failure criterion for
transverse compression, as per Puck and Shurmann, is given as following (Fig. 1)

Fc
22ðrnt ; rnl ; rnnÞ ¼

rnt
SA23 þ lnt r

n
n

� �2

þ rnl
S12 þ lnt r

n
n

� �2

� 1

where the subscripts n, l and t refer to the normal and tangential direction with
respect to the fracture plane direction and
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S12 ¼ In-plane Shear Strength

SA23 ¼ Shear Strength in the fracture plane

which is calculated as

SA23 ¼
Yc
2

1� sin/
cos/

� �

and

/ ¼ 2h� 90�

Yc ¼ Compressive Strength in transverse direction

and lnt and l
n
l are friction coefficients based on Mohr-Coloumb failure theory which

are calculated as

lnt ¼ tanð2h� 90�Þ

and

lnt
SA23

¼ lnl
S12

Damage variable in case of matrix compression is related to strain as

dcm ¼ dcmðcnt ; cnl Þ

dcm ¼ cmaxr

cmaxr � cfr

 !
cr � c fr

cr

� �

Fig. 1 Fracture plane in case
of matrix compression
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In incremental form

_dcm ¼ cmaxr

cmaxr � cfr

 !
cfr
cr

� �
_cr

With,

_cr ¼
cnt _c

n
t þ cnl _c

n
lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcnt Þ2 þ ðcnl Þ2
q

5 FE Formulation

5.1 Explicit FE Formulation

For simulating the impact of a rigid impactor of mass MI on a composite body, is
given as below

rij;j ¼ qai

where
rij Stress components
q Density of Composite Body
ai Acceleration Components

For simulation of composite beam, following equation is solved composite beam

MB€xþ C _xþ Kx ¼ FðtÞ

where
MB Mass of Beam
K Stiffness Matrix
C Damping Matrix

For rigid impactor

MI€x ¼ FðtÞ

where
MI Mass of Impactor

and F(t) is contact force between impactor and beam. These equations give dis-
placement as output. Based on these displacements, strains are calculated at gauss
points. Stresses are calculated as per the procedurementioned in the previous sections.
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5.2 Strain Localisation

It is observed that strain softening materials have the problem of mesh dependence
due to that they show the different energy consumption under different mesh sizes.
As the size of mesh decreases the total energy consumed due to softening behaviour
also decreases. This can be understood if a bar having stress-strain properties as
shown in figure is checked under a uniform tensile elongation applied at the ends.
At the strain level where the softening starts, it highly elongates a layer whose
thickness is equal to size of single element. As the energy required to deform this
element is proportional to volume of element, the total energy will have the
dependency on the size of element. This strain localization problem is sorted out by
using the given by Donadon et al. [11] which is based on the formulation given by
Bazant and Oh et al. According to this method it is assumed that direction of this
strain localisation which is equal to smeared crack is known and energy required to
separate two surfaces is equal to the fracture energy per unit area, Gf. As per this
concept, a dimensional property of an element called characteristic length is
introduced = 1/2 which is related to fracture energy per unit area, Gf as per fol-
lowing relationship

Gf ¼ 1
2
ro�

f Lc

where Lc is characteristic length and for 3D element it is calculated as per objec-
tivity algorithm given by Donadon et al. [11]. This algorithm is tested for specimen
in case of uni-axial loading by using different element sizes as shown in Fig. 2. This
mesh independence behaviour is checked for all three differently meshed FE
models for all cases by plotting Force-displacement behaviour as shown in Fig. 3.

6 Material Characterization

6.1 Specimen Fabrication and Configuration

Laminated composite panels about 250 × 250 mm in size were prepared with glass
fabric tapes by hand layup method. The matrix consisted of epoxy (LY256) and
hardener (HY 861) in the ratio of 100:8 by volume, in accordance with gel time.
The successive layers of glass fibre tape were wetted by resin system for each layer.
By the end of last fibre layer, resin system was used to drench all layers of fibre
completely. Resin system was allowed to pass through the layers till excess resin
was flowing out of fibre mat for 2 min. Air bubbles and excess resin were com-
pressed out by pressing with a roller along fibre direction of the last layer. The
orientation tolerance of the fibers was between 10 and 20 along composite laminate
layers. Curing of laminates was performed at room temperature for 12 h, followed
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by further curing at 800 C for 2 h before cooling to room temperature. In case of
composite laminates, parameters such as thickness, volume fraction, stack
sequence, flat composite laminate plate with a thickness tolerance of ±0.2 mm were
maintained.

Each laminate panel was cut into a specimen with a jewellers saw to a tolerance
of 0.3 mm with respect to specimen dimensions. The specimen configuration is
described in Table 1.

Fig. 2 Different mesh models to check the characteristic length effectiveness. a 3 Elements. b 21
Elements. c 98 Elements
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6.2 Mechanical Properties

The mechanical properties on E-glass/epoxy composites of the unidirectional
laminate were determined experimentally and are shown in Table 2. The tensile and
compressive properties such as Modulus, Poisson’s ratio and Ultimate Strength
were determined according to ASTM D3039 and ASTM D3410 for both longitu-
dinal and transverse directions. The shear properties were determined using Io-
sipescu test as per ASTM D5379. The tests were performed at a loading rate of 2
mm/min. The volume fraction of the composite was determined both by ignition
and digestion methods (ASTM D3171) to be 0.55 and 0.58 respectively.

7 Impact Testing

7.1 Drop-Weight Impact (Low Velocity Impact—LVI) Test

The drop weight impact test was performed using the method prescribed in ASTM
D7136 for measuring the impact resistance of a fibre-reinforced polymer (FRP)
composites. The specimen image for the test is shown in Fig. 4. The dimension of
impact specimen was 175 × 175 mm2. The rectangular specimen was subjected to
an out-of-plane concentrated impact (perpendicular to the plane of the laminate)
using a drop-weight device with a hemispherical striker tup of mass (1.475 kg). The
ratio of mass of impactor to mass of the target plate is 6.6, and can be classified as

Table 1 Specimen configuration

Fibre layup Stack
sequence

Density
(kg/m3)

Fibre volume
fraction (Vf)

Dimensions
(mm)

Thickness

Unidirectional [0]8 1,800 52.29 ± 0.20 175 × 175 6.4 ± 0.192

Table 2 Elastic and strength properties for the composite plate

Longitudinal modulus (GPa),
E11

40 Volume fraction of fiber (Vf) 0.54

Transverse modulus (GPa),
E22 = E33

10 In-plane shear strength (MPa) S12 = S13 60.6

TShear modulus (GPa), G12 =
G13

3.15 In-plane shear strength (MPa), S23 22

Shear modulus (GPa), G23 4.32 Long. tensile strength (MPa), XT 988

Poisson’s ratio, μ12 = μ13 0.3 Transverse tensile strength (MPa), YT =
ZT

44

Poisson’s ratio, μ23 0.21 Long. compressive strength (MPa), XC 1,432

Density (kg/m3) 1,780 Transverse compressive strength (MPa),
YC = ZC

285

284 H. Singh et al.



intermediate mass impact. The impact test device consists of dropping a hemi-
spherical tup dart on a free fall, guided by two bars allowing only the vertical
component of velocity. The specimen was placed in the rigid fixture, and securely
fixed using four screw clamps. The effective area of impact is a square of 125 × 125
mm. The drop-weight impact device utilized is shown in Fig. 4. A rebound catcher
was used to stop the impactor during its second drop. The impact velocity was
calculated as a function of the travelled time between a couple of LED sensors by a
flag attached to the frame, at the impact event. The impact force as function of the
contact time, t, was recorded digitally by reading the output of a load-cell installed
inside the impactor tup.

Specimens have been subjected to low velocity impacts at impact velocities 3,
3.5, 4 m/s or impacting incident energies 6.9, 9.48, 12.7 J respectively, maintaining
the value below the penetration energy. Three specimens were tested for each test
condition. The damage resistance is quantified in terms of the resulting damage
shape, size and type of the specimen. Distinct threshold levels of energy defining
the onset of delamination and matrix damage were observed and measured for
different incident levels of energy and velocity.

7.2 Digital Image Correlation (DIC)

The full-field analysis of deformation and strains over a structure is made possible by
Digital Image Correlation (DIC). It involves the acquisition and post-processing of
high speed digital images using the commercial software VIC 3D [27] to get the
measurements over full-field. Acquiring the response of the panels requires two

Fig. 4 Drop test setup
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cameras in three dimensional space, which were calibrated and synchronized for
image recording throughout the event. The calibration of the cameras was performed
by placing a predefined grid pattern in the test space where the glass fiber composite
specimens were positioned during the experiment. The grid was translated and
rotated with respect to specimen plane while recording the calibration images. As the
distance between the dots in the grid was predefined, the coordinates were extracted
for grid dot centres. Each image of both cameras has different image plane as shown
in Fig. 5, hence the coordinates of each dot extracted for each camera has a corre-
spondence to the unique coordinate system. These synchronised images of the
cameras by the system are called a frame. Prior to testing, the top face of composite
specimen is coated white and speckled black randomly. The speckle images of the
specimen during the event were captured and stored for post processing. The two
assumptions used in converting images to experimental measurements with respect
to specimen geometry, deflection, and strain. First, it is assumed that there is a direct
correspondence between the motion of the points in the image and that in the object.
This will ensure that the displacement of points on the image have a correlation with
the displacement of points on the object. Second, it is assumed that each sub-region
has adequate contrast so that accurate matching can be performed to define local
image motion. The post-processing of the images gives the full-field shape and
deformation measurement by mapping the predefined points on the specimen. The
DIC is then performed on the frames that are recorded during the impact event. The
deformed and un-deformed images are processed for image data with VIC 3D
software with common pixel subsets of the speckle pattern. The pixel subsets are
matched in calculating the three dimensional variation of distinct points position on
the specimen surface throughout event. Two high speed digital cameras, Photron
FASTCAM SA5 775K-M1, were positioned to capture the real-time deformation

Fig. 5 DIC test setup
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and deflection of the specimens. The high speed cameras were set to capture 60,000
frames per second. The specimen speckle response of the impact was recorded and
the high speed images were analyzed using VIC 3D to correlate the images from the
two cameras and generate real-time in-plane strain and out-of-plane deflection/
velocity histories. A schematic of the set-up is shown in Fig. 5.

7.3 DIC Analysis

A CMOS image sensor camera with a maximum spatial resolution of 1024 × 1024
pixels, a frame grabber, a gigabit (1,000 mbps) Ethernet adapter and two Lowel pro
white lights, digital image correlation processing algorithm, and a personal com-
puter. The scale of CCD capture region was 200 × 200 mm for calibration with
maximum resolution and thus the length-pixel ratio of the imaging system is about
0.195 mm/pixel. The area chosen for DIC calculation is 120 × 120 mm. The CCD
camera was used to record the speckle image of the specimen with a resolution of
768 × 640 pixels and the image data was saved. The displacement projection error
was 0.09 pixels by the analysis and calibration score was 0.05 which were below
limiting values prescribed in VIC 3D. The images were recorded continuously
during the tests at a rate of 60,000 frames/s. The full-field displacements of the
specimen surface were obtained. After acquisition of images, the displacement
fields in the DIC calculation area (green marked zone) can be computed by tracing
the gray level value of each point in the reference and deformed images and
performing their image correlation.

7.4 Testing Results

The force time graphs and extent of damage plots for unidirectional laminate are
presented in this section. The test results for unidirectional laminates of the incident
impact energies are described in Figs. 6, 7 and 8. The deformation of DIC analysis
is shown in Fig. 13.

7.4.1 Results for Unidirectional Laminates

The force-time plots for impact velocity of 3 m/s are as shown in Fig. 6. Figure 6
indicates two distinct regions where the contact force reduces and reaches a local
maximum. The first represents an initial threshold load or first failure point where
damage initiates due to matrix cracking. The flat second peak of the curve depicts
for this impact energy further damage in the composite experienced was through
interlaminar failure before the load drops to a null value following an approximately
linear path with respect to time. Figure 6 also shows the energy variation of
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Fig. 6 Force-time and energy-time histories obtained from the drop test in case of 3 m/s impactor
velocity

Fig. 7 Force-time and energy-time histories obtained from the drop test in case of 3.5 m/s
impactor velocity

Fig. 8 Force-time and energy-time histories obtained from the drop test in case of 4 m/s impactor
velocity
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tup. At the end of impact 5.8 J of 6.4 J has been transferred to the plate in the form
of kinetic and strain energy. At the time where indenter reaches zero velocity,
almost 0.6 J energy is unaccounted for. This has been probably been dissipated in
damage and friction. A small amount may also be stored as strain energy of
indenter. A similar pattern is observed for impact velocity tests at 3.5 and 4 m/s as
shown Fig. 7 and 8 respectively. In case of unidirectional laminates, the increase in
impact energy causes a proportional rise in contact force and absorbed energy of the
laminate. The plate was re-impacted at the same point with the same velocity, as
seen in Figs. 7 and 8 for specimen 01 (Sp 01) the first failure threshold was not
observed. This indicates that there is no additional matrix cracking during the
second impact of composite laminate. The reduced stiffness of the laminate leads to
decrease in contact force and increase in the contact duration. The deflection in the
second impact case was higher than first impact. Damage occurred in the laminate
in the form of delamination beneath the point of impact and more spread out matrix
cracking. The damage area for incident energies of impactor yields maps shown in
Fig. 9. The transparent nature of the composites made it possible to determine and
quantify the extent of damage within the specimen by looking at the back face as
shown in Fig. 10. For prearranged impact energies, the contact force was greater
and damage was high for higher incident energies in the laminates. The force-time
history curve and damage plots indicate for the velocities considered here that the
reduction in impact force because of damage occurs at the same time irrespective of
incident energies. Also the first threshold is due to increase in contact region during
impact loading from point contact to surface contact. This damage is due to matrix
cracking and hence material softening causing sudden decrease in contact force.

Fig. 9 Barely visible damage area comparison for all the specimen
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The specimens impacted for velocities show that for increase in impact velocities
the damage area has proportionally increased. For unidirectional laminates the
damage area is elliptical in shape with major axis along fiber direction. The testing
results are summarized in Table 3.

Burn off test was done in an oven at a temperature of 550 + 50 C on transparent
glass plate so as to visualize either side of the laminate as shown in Fig. 11. The
images of an unidirectional laminate indicates that neither (a) back face nor
(b) impact face has fiber damage observed on the impacted laminate which indicates
for the impact velocity of 4 m/s, there is no fiber failure in the composite laminate.

Fig. 10 Typical back face
damage area

Table 3 Performance after post filtering

Specimen type Velocity Longitudinal axis
(mm)

Transverse axis
(mm)

Ratio Shape

Unidirectional
[0]8

3 33.66 ± 0.577 16.33 ± 0.577 2.05 Elliptical

3.5 44 ± 1 20 2.20

4 54 25 ± 0.5 2.25
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7.4.2 DIC Results

As the cameras could not be placed normal to laminate, hence three points (namely
P1, P2, P3) at 14, 15 and 15 mm were considered near the impact zone for all the
velocities respectively as shown in Fig. 12.

For a impact velocity of 3 m/s, the duration of the impact event recorded is
within 2.5 ms. The closest point P1 chosen deflected by 1.12 mm. The deflection of
P1 for 3.5 m/s impact velocity is 1.4 mm, with contact time more than 2.5 ms.
Similarly for 4 m/s, P1 deflects 1.84 mm with a contact time of 3 ms. In case of
unidirectional laminates, with increase in impact velocity, the deflection of com-
posite laminate and the response time of the points considered at which they return
back to zero position is on rise. The nature of deflection observed for the impact
velocities is varying with respect to time. The consolidated graphs of deflections of
laminates were represented in Fig. 13 satisfy quasi-static response for large mass
impact.

Fig. 11 Burn off test specimen

Fig. 12 DIC test specimen observation points
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8 Numerical Simulation

The drop test is simulated using the FE method explained in earlier sections. The
model consists mainly the quarter model of 62.5 mm × 62.5 mm × 6.4 mm rect-
angular plate which is equivalent to actual plate size excluding the 25 mm of
gripped area. Total 8 ply are modeled separately connected with cohesive layer of
elements as shown in Fig. 14. As described in the previous section UD glass epoxy
material properties are applied. The hemispherical projectile of nose radius 5 mm is

Fig. 13 DIC test specimen
displacement-time history. a 3
m/s impactor velocity. b 3.5
m/s impactor velocity. c 4 m/s
impactor velocity
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modeled with rigid elements which is having total mass of 1.47 kg and of impact
energy 11.76 J equivalent to 4 m/s initial velocity. Contact between impactor and
plate is simulated using the penalty contact elements with coefficient of friction of
0.2. Quarter symmetry is used at symmetric faces whereas other boundary faces are
kept fixed. Single thickness element is used for each lamina. Fine mesh is used
around the point of impact. The delamination behaviour is simulated using the
cohesive elements between each layer. Delamination initiation is considered by
using the mixed mode theory.

Figures 15, 16 and 17 is showing the damage variable contour plots for fiber
tension, matrix tension and matrix compression respectively. The results are
showing that first of all a high compressive damage is started due to high stresses at
the contact point. After a particular level of indentation the delamination becomes
visible which is causing sudden drop in the contact force. This drop in the contact
force can be realized in terms of loss of stiffness of overall laminate due to
delamination. This kind of behavior in the form of valleys in the force time history
is continuously observed where the sudden delamination growth is expected. The
barely visible damage area is checked (refer Fig. 18) against the delamination area
of simulated model which is showing the comparable match maintaining the same
shape as shown in Figs. 19 and 20.

The overall impact phenomenon as shown in Fig. 21 can be subdivided into two
phases i.e. first is pre-rebound phase during which the contact force is in contin-
uously increasing mode till the velocity of the impactor become zero and contact
force become maximum and second is rebound phase during which contact force is
continuously decreasing till the total loss of contact between plate and impactor. It
is visible from Fig. 21 that there is slight mismatch in the force time history during
the rebound phase. It is expected that this behavior will be visible after introducing
the plastically coupled damage growth laws and left for the future scope. Energy

Fig. 14 FE model used for numerical simulation in case of impactor velocity of 4 m/s
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Fig. 15 Numerically predicted damage variable contour plot in case fiber tension with impactor
velocity of 4 m/s

Fig. 16 Numerically predicted damage variable contour plot in case matrix tension with impactor
velocity of 4 m/s
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Fig. 17 Numerically predicted damage variable contour plot in case matrix compression with
impactor velocity of 4 m/s

Fig. 18 Numerically predicted delamination area
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Fig. 19 Numerically predicted maximum delamination area of 49 mm length

Fig. 20 Numerically predicted maximum delamination area of 24 mm breadth
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time histories are also compared with experimental data as shown Fig. 22 and
showing the considerable match.

The same behavior is observed in case of displacement time histories where DIC
obtained data at 15 mm away from the point of impact is compared with numeri-
cally predicted displacement as shown in Figs. 23 and 24. The rebound behavior
which is showing that slightly larger numerically predicted displacements, is
proving the softer behavior of plate in actual than the software simulated. This also
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is evidencing the conclusion drawn from the force time history that there is a lack of
plastically damaged modeling.

To demonstrate the capability of this model, the strain data history obtained from
DIC experiment is also compared as shown in Fig. 25 and showing good match.
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9 Conclusion

Constitutive model based on CDM for the prediction of the onset and growth of
damage in case of low velocity impacts was presented computationally. This model
is ensuring that computed energy dissipation is independent of mesh size and
proving the objectivity of predicted solution with respect to mesh.

The computational model was used in the simulation of low velocity impact of
glass epoxy plate with 4 m/s impactor velocity. The model predicts force time
history as well as displacement time history which are compared with experi-
mentally obtained results. Comparison between the measured and calculated data
raises the necessity of incorporation of plastic nature of the epoxy in this consti-
tutive model.
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Capacity Estimation of RC Slab
of a Nuclear Containment Structure
Subject to Impact Loading

Hrishikesh Sharma, Santanu Samanta, Katchalla Bala Kishore
and R.K. Singh

Abstract The failure of reinforced concrete (RC) structures is increasing day by
day in all over the world due to different types of impact (such as aircraft impact,
missile impact, fragment impact, small vehicle impact) and explosive loadings
(blast loading). The number of occurrences of impact loading on the structures has
increased exponentially. It can damage the structural components (beam, column,
and slab) heavily and also cause the injuries to the mankind. Sometimes it is not
possible to repair the whole structures. So it becomes an important issue at present
time. This research estimates the capacity of RC slab as a nuclear containment
structural component. The RC slab is designed as per current code and guidelines.
A detailed finite element (FE) modeling of the RC slab is carried out in the present
study. A full scale experiment is conducted on the RC slab to evaluate the strength
of the RC slab in a similar mode of failure. Analytical calculations are performed to
estimate the load carrying and displacement capacity of the RC slab. The analytical
calculations and FE simulations are compared with the experimental investigation
to find out the effect of single degree-of-freedom approximation, rate effect and
other factors affecting the capacity of the RC slab during an impact event. This will
facilitate the accurate estimation of the dynamic capacity of RC slab during an
impact event. The results will help in modifying the code based provisions for
analysis and design of structural members subject to impact loading.
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1 Introduction

With the advent of modern aviation and warfare techniques, the threat to structures
has also increased tremendously. One of the growing threats today is different types
of impacts occurring in the world which affect the structures. The long list includes
aircraft impact, vehicle impact, and missile impact. Such an impact event can
damage the structural components (beam, column, and slab) heavily and also can
cause severe injuries to the mankind. Often the repair and rehabilitation in such
cases is not viable. Thus the need to design structures to withstand such a load has
become a paramount concern. A fair estimate of the growing threat can be seen
from the Fig. 1.

The majority of the essential structures such as nuclear power plants (NPP),
weapon industries, weapon storage places, water retaining structure like dams,
reservoirs, bridges and similar concrete structures should be designed as a self
protective structure which can bear any disaster accidents or unpleasant incidents
such as local impact damage generated by missiles impact, terrorists attack using
blast and similar.

First considerations on the safety of NPPs against aircraft impacts (or missile
impacts in a broader sense) were made in the late 1960s/early 1970s well before the
start of the construction phase of the majority of today’s operating commercial
nuclear power reactors [1]. After 1974 several plants in Switzerland and Belgium,
and all nuclear power stations in the Federal Republic of Germany had to be the
specifically designed to resist an accidental aircraft strike. In 1979, the Three Mile
Island nuclear station was highly affected by the aircraft impact reported by Gilbert
Associates. Following the September 11, 2001 terrorist attacks in New York and
Washington DC, USA, significant efforts have been undertaken to assess risks and

Fig. 1 Number of Impact and subsequent blast occurrence across the world (1999–2005) [10]
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vulnerabilities of high-risk structures, such as nuclear power plants, to aircraft and
missile impact [2]. Several case studies and surveys [3] has been reported that
worldwide about 99 accidents have occurred in nuclear power plant due to impact
loading, and in between them 57 accidents have occurred in USA.

Accordingly NPPs must be constructed and operated in order to protect indi-
viduals, society and the environment against an uncontrolled release of radioactivity,
including cases like crash of a jet aircraft. The relevance of such an accident has
become very significant after the tragic September 11, 2001 event in NY City, U.S.A
[4]. In USA there are more or less 70 nuclear power plants under construction and in
between them 30 % of the electric power generated is produced in nuclear stations.
Most of the NPPs are situated very close to the commercial and military airports.

The analysis of an aircraft crash on the nuclear containment structure is an
important topic in today’s world. The critical locations of strike for the containment,
aircraft impact response, response of different cracking strain. The dynamic global
response of aircraft impact (with different types such as horizontal impact, inclined
impact) on the reactor containment structure has been studied by Forasassi and Lo
Frano [4].

So now, it is essential to know the structural behavior of structural component
such as RC slab under impact loading. The type of loading and the rate of loading
due to impact have a great significance in different types of RC structures. Saito et al.
[5] has investigated the effects of plate structures with different sizes due to static,
high speed, low speed loading until the punching failure by simulation and exper-
imental study. Riera [6] described the responses, stress variation with time for critical
structures (RC and prestressed concrete structures) considering as a linear elastic,
undamped, single degree of freedom system. This enables to find the capacity of the
structure during an impact event. An overview of the design approaches of the
containment structures under different types of hard impact and the behavior of
concrete for high stress states and high strain rate effects using empirical formulae
has been reported by Daudeville and Malécot [7] as shown in Fig. 2.

Fig. 2 Aircraft impact on a
containment building [7]
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Impacts and explosive loadings are most extreme loadings in reality with a low
probability of occurrence Impact can be classified in two spheres—hard and soft
impacts. The effect of impact on RC slab which is a critical component of nuclear
containment structure is manifested in the following way:

(a) penetration, (b) cone cracking and plugging, (c) spalling: ejection of target
material from the proximal face of the target, (d) radial cracking associated with
(i) proximal face and (ii) distal face, (e) scabbing: ejection of fragments from the
distal face of the target, (f) perforation, (g) overall structural responses and failures,
shown in Fig. 3.

The limitations of current state of the art can be summarized as follows:

(a) Effect of different modes is not properly accounted in estimating the capacity
of the RC component.

(b) Current capacity estimation techniques are based on single degree of freedom
approximations.

(c) Effect of change in material property due to increase in rate of loading is not
properly accounted.

The present research aims to address these issues in determining the capacity of
RC slab subject to impact loading. The research starts with estimating the capacity
of RC slab in defined mode of failure. First of all, the capacity of the RC slab is

Fig. 3 Local impact phenomena caused by hard projectile impact [11]
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estimated analytically in the defined mode of failure which is taken as the impact or
(missile) striking the RC slab centrally. After that, a detailed finite element analysis
of the RC slab is performed. The RC slab is analyzed in static and dynamic
conditions. The static displacement and force capacity of the RC slab is computed.
These capacities are compared with the dynamic capacity which will lead to esti-
mate the effect of increased rate of loading and multi-modal effect. Next, a full scale
experiment on the RC slab is performed with the same loading conditions. The
results from the experiment will lead to accurate estimation of the deformation and
force capacity of the RC slab. The paper is organized in a similar fashion. In the
end, discussion and conclusion drawn from this research is presented.

2 Analytical Estimation of Capacity

In this section, an inelastic analysis of the RC slab is performed using the yield line
theory. The ultimate resistance of a two way element depends upon: (i) distribution
of the applied loads, (ii) geometry of the element (length and width), (iii) number
and type of supports and (iv) distribution of the moment capacity or reinforcement
in the case of reinforced concrete elements. RC slab is a two way element. The
detail of RC slab is shown in Figs. 4, 5 and 6. The yield line method assumes that
after initial cracking of the concrete at points of maximum moment, yielding
spreads until the full moment capacity is developed along the length of the cracks
on which failure will take place.

The positive yield line forms at the centre, and negative yield line forms at the
support of the RC slab. This analysis assumes a failure mechanism, hence ignores
the contribution from other modes, inertia and damping effects. Also, the increase in
the material properties due to strain rate effect is not considered in this analysis.

The analysis estimates the deformation and force capacity of the RC slab. The
negative moment carrying capacity of the RC slab is 76 kNm/m which is higher
than the positive moment carrying capacity of the RC slab which is 34 kNm/m. The

Fig. 4 Side cross sectional view of RC slab
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total load carrying capacity of the RC slab in transverse direction is 220.62 kN. The
RC slab can sustain an ultimate deflection of 74.75 mm which translates to a
rotation capacity of 2.85°. The analytical calculations will be compared to the
simulated value and experimental results in the subsequent sections.

Fig. 5 Plan of top and bottom reinforcement of RC slab

Fig. 6 Cross section of slab (shorter span and longer span)
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3 Finite Element Simulation

In this study, the commercial finite element program LS-DYNA is used for the
finite element analysis ([8]; Livermore Software Corporation). The finite models are
generated using Hypermesh [9]. A detailed model of the RC slab and the impact or
(actuator) is made in Hypermesh. A three dimensional (3D) solid model is used for
modeling the effect RC slab and actuator. The RC slab is modeled by a fully
integrated quadratic eight node element with nodal rotations. The reinforcement
bars are modeled explicitly using a one dimensional (1D) element. The contact
between the concrete and reinforcements is modeled using the Lagrangian coupling
method. This method saves the effort of matching the nodes of the reinforcement
and the concrete which might be very difficult in some cases. To model the effect of
gravitational load a static analysis is first performed in which the forces due to
gravity will be transferred to the concrete structure. The state of the concrete
structure after transfer of these forces and their subsequent effects are used as an
initial condition for the simulation. The RC slab is fixed at two opposite ends and
free at remaining two opposite ends. Mesh refinement is done to achieve conver-
gence and minimization of the hourglass energy is ensured.

A rate dependent material model is used for all the materials due to the sensi-
tivity of material properties with loading rate. In this research, a continuous surface
cap model available in the software is used to model the concrete. This model also
takes into account the strain rate dependency of the concrete strength. A strain rate
dependent elasto-plastic model is used as the material model for the reinforcement
bars. The actuators will be modeled using solid elements with rigid body properties.
Two simulations are performed (i) static simulation, (ii) dynamic simulation. The
static simulation is performed by applying quasi-static loading to the RC slab by
actuators. Dynamic simulation is performed by giving a linearly increasing dis-
placement profile to the actuator. The velocity is kept at 4 mm/s to model the
maximum stroke velocity of the actuator in the experiment. Figure 7 shows the
deflected shape of the RC slab after application of load by the actuator.

Formation of plastic hinge can be seen at the centre. This is in accordance with
the analytical calculations which show that the positive moment capacity of the RC
slab is less than the negative moment capacity. Figure 8 shows the force-dis-
placement curve of RC slab.

Fig. 7 Deflected shape of RC slab
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The maximum load carrying capacity of the RC slab from FE simulation was
found to be 680 kN for the static and dynamic case. The results of FE simulation
does not show any significant increase in the force capacity due to increase in
loading. This is because the rate of loading is very low (4 mm/s) which do not
significantly increase the material property. This limitation is due to the capacity of
the actuator in the experimental setup. But the FE simulation shows a significant
increase in the force capacity as compared to the analytical calculations.

4 Experiment on RC Slab

The RC slab is tested by applying load through an actuator at the centre. Figures 9
and 10 shows the schematic of the experimental setup. Figure 11 shows the setup
before the onset.
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Fig. 8 Force-displacement curve of RC slab

Fig. 9 Schematic elevation of experimental setup
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Fig. 10 Top view of whole experimental setup

Fig. 11 Experimental setup
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To apply vertical displacement to the RC slab at the top level, servo hydraulic
actuator (MTS, USA) is used. The actuator has a maximum stroke length of
508 mm in both positive and negative directions and had a static rated capacity of
1,000 kN (both tension and compression). The RC slab is instrumented by strain
gauge and LVDT. The strain gauges are bonded to the steel near hinge locations, at
equal distances from the face of the edge of the slab and at the middle of the slab.

Figure 12 shows the failure in RC slab at different locations. A similar load
pattern as predicted by the yield line theory is observed. Figure 13 shows the force-
displacement curve obtained for the experimentation on RC slab. Force is obtained
from the actuator load and displacement is observed at the centre of the RC slab.

Fig. 12 Failure of RC slab at different locations

310 H. Sharma et al.



5 Conclusion

A representative RC slab is examined in this research. A systematic study is made
by analyzing the RC slab by performing analytical calculations, FE simulation and
finally full scale experiment on the RC slab is investigated. In the experimental
study, in which the full scale specimen was tested, the observed failure mode is
bending with the formation of the crack as predicted by the yield line analysis in the
analytical calculations. The observed capacity of the RC slab is approximately
225 kN. This compares well with the analytical prediction which is 220 kN. The
deformation capacity in the analytical calculation is 75 mm which compares well
with 80 mm obtained from the experiment. Thus, the analytical calculation is able
to predict the static force and deformation capacity of the RC slab in the defined
mode of failure. The FE model will now be calibrated to the experimental findings
and will be used to predict the deformation and force capacity of RC slab with
increase in rate of loading. Thus, this research lays the foundation by incorporating
the of analytical calculations that are normally followed in code based provisions,
FE simulations which gives us leverage of examining different parameters without
carrying out costly and time consuming experiment, and full scale experiments that
shows the ground truth. The present work can be extended to test other RC slab
configurations and formulate the analytical expressions to accurately estimate the
dynamic capacity of RC slab. These analytical expressions can be used in design
procedures of structures subject to impact loading. Further, the results of these
studies can become a pivotal guidelines for design of nuclear containment
structures.

Fig. 13 Force-displacement (at centre) curve from experiment
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Finite Element Analysis of Composite
Hypar Shell Roof Due to Oblique Impact

Sanjoy Das Neogi, Amit Karmakar and Dipankar Chakravorty

Abstract Introduction of laminated composites in the weight sensitive branches of
engineering has opened a new avenue of application for their high specific stiffness
and good weathering resistance. In spite of these advantages laminated composites
are vulnerable to sudden impact due to their low transverse shear capacity than
other conventional construction materials like steel and concrete. In most of the
situations these impacts are oblique. In the cases of oblique impact due sliding of
the impactor friction generates. Present paper aims to carry out dynamic analysis of
composite hypar shell roof for clamped boundary condition under oblique impact
stricken at different oblique angles. Effect of dry friction between the impactor and
shell surface is considered in the present formulation. Time histories of contact
force and deflection are presented graphically and critically analysed to give some
conclusion of engineering significance at the end.

Keywords Composite � Hypar shell � Oblique impact

1 Introduction

Introduction of laminated composite in the weight sensitive branches of engineering
has opened a new field of application for its high specific stiffness and good
weathering resistance. In spite of these advantages laminated composites are vul-
nerable to sudden impact due to its low transverse shear capacity than other
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conventional construction material. Study of such impact dynamics requires proper
contact law to model the actual contact behavior with the possible permanent
indentation. The classical contact law between elastic solids derived by Hertz [1]
was found to be insufficient for composite materials and was modified by Tan and
Sun [2]. Time histories of contact force and displacement were reported by Sun and
Chen [3] for simply supported initially stressed plate under impact using steel ball
as an impactor. In most of the practical situation impact which may occur is an
oblique one. Rickerby and Macmillan [4] had shown the discrepancy between
experimental and theoretical modeling of crater generated due to impact of harden
steel sphere at different impact angle against a mild steel plate. Shu et al. [5] studied
simultaneous transverse and axial impulsive load at the tip of rigid plastic canti-
lever. Tu and Chao [6] investigated the contact behavior of a simply supported plate
considering anisotropic friction. A look through the literature reveals the fact that
impact response of civil engineering shell structures has not received due attention
though such shells may often be subjected to impact loads. A parallel review in the
area of composite shells reveal that the hypar shell was reported recently by Sahoo
and Chakravorty [7]. The only report on impact response of composite hypar shell
was due to Das Neogi et al. [8] where only normal impact was considered. Hence,
this paper aims to carry out impact response of composite hypar shell roof for
simply supported boundary condition under oblique impactt stricken at different
oblique angles. Dry friction is considered depending on normal pressure between
contact but nearly independent of sliding speed.

2 Mathematical Formulation

The basic mass and stiffness matrices of skewed hypar shell (Fig. 1) is adopted in
present study as reported by Sahoo and Chkravorty [7].

The dynamic equilibrium equation of the target shell for low velocity impact is
given by the following equation:

½M�f€dg þ kfdg ¼ fFg ð1Þ

where [M] and [K] are global mass and elastic stiffness matrices, respectively.{δ} is
the global displacement vector. For the impact problem, {F} is given as

fFg ¼ f0 0 0. . .FC. . .0 0 0gT ð2Þ

Here FC is the impact force given by the indentation law and the equation of
motion of the rigid impactor is given as:

mi €xi þ F::
C ¼ 0 ð3Þ
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where mi and xi are the mass and acceleration of the impactor respectively. The
evaluation of the contact force depends on a contact law, which relates the contact
force with indentation. If k is the contact stiffness and αm is the maximum local
indentation, the contact force Fc during loading is evaluated as [3]

Fc ¼ ka1:50\a� am: ð4Þ

If Fm is the maximum contact force at the beginning of unloading and αm is the
maximum indentation during loading, the contact force Fc for unloading and
reloading [3].

Unloading phase:

Fc ¼ Fm
a� a0
am � a0

� �2:5
ð5Þ

Reloading phase:

Fc ¼ Fm
a� a0
am � a0

� �1:5
ð6Þ

where α0 denotes the permanent indentation in a loading-unloading cycle and is
determined as [3]

bcðam � apÞ if am [ acr ð7Þ

a0 ¼ 0 if am\acr ð8Þ

where βc is a constant and αcr is the critical indentation beyond which permanent
indentation occurs, and the values are 0.094 and 0.01667 cm respectively for

Surface equation: )2 /( )2/4 byax
ab
cz −−= (

Fig. 1 Surface of a skewed
hypar shell and degrees of
freedom
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graphite-epoxy composite [3]. The indentation parameter α depends on the differ-
ence of the displacements of the impactor and the target structure at any instant of
time, and so also the contact force. Neglecting the contribution of plate displace-
ment along global x- and y-directions, α is given as

a ¼ wiðtÞ cos hi � wpðxc; yc; tcÞ ð9Þ

Fcyðiþ1Þ ¼ FcyðiÞðtÞ cos hi ð10Þ

Fcxðiþ1Þ ¼ FcxðiÞðtÞ � lxFczðiÞðtÞ sin hi ð11Þ

Fcxðiþ1Þ ¼ FczðiÞðtÞ � lxFczðiÞðtÞ sin hi ð12Þ

where wi and wp are the displacement of impactor and target shell in global z-
direction at impact point (xc, yc). µx, µx are the coefficient of friction in global x-
and y-direction of graphite-epoxy composite, whereas θi is the angle of impact. Fci
is the contact force at ith iteration. The solution for the equations of motion given
by Eqs. (1) and (3) is solved using Newmark’s constant-acceleration time inte-
gration algorithm in the present analysis. Equation (1) may be expressed in iteration
form at each time step.

3 Numerical Example

Problems are solved with two different objectives. The present formulation is
applied to solve natural frequencies of graphite-epoxy twisted plates which are
structurally similar to skewed hypar shells. This problem is expected to validate
both the stiffness and mass matrix formulation of present finite element code with
the published literature [9]. Another problem, solved earlier by Tu and Chao [6]
regarding the impact response of composite plate, is taken up as the second
benchmark to validate the impact formulation. The details of the benchmark
problems are furnished along with Table 1 and Fig. 2.

Apart from the problems mentioned above, impact response of skewed hypar
shells being impacted at the central point are also studied for clamped boundary

Table 1 Non dimensional natural frequencies ð-Þ for three layer graphite epoxy twisted plates
h=� h=h½ �
Angle θ of twist (°) 0 15 30 45 60 75 90

/ ¼ 15� Qatu and Lessia [9]
Present formulation

1.0035
0.9990

0.9296
0.9257

0.7465
0.7445

0.5286
0.5279

0.3545
0.3542

0.2723
0.2720

0.2555
0.2551

/ ¼ 30� Qatu and Lessia [9]
Present formulation

0.9566
0.9490

0.8914
0.8842

0.7205
0.7181

0.5149
0.5142

0.3443
0.3447

0.2606
0.2613

0.2436
0.2444
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condition, different laminations and impact velocities. The details of the problems
which are the authors’ own are given below.

(i) Boundary condition: Clamped (CL)
(ii) Lamination: +45°/−45° (AP)
(iii) Velocity of impact in (m/s): 1, 3, 5
(iv) Details of shell geometry: a = 1.0 m, b = 1.0 m, h = 0.02 m, c = 0.2 m
(v) Material details: E11 = 120 GPa, E22 = 7.9 GPa,

G12 ¼ G23 ¼ G13 ¼ 5:5 GPa

v12 ¼ 0:30; q ¼ 1:58� 10�5 N� s2=cm4

l1 ¼ 0:3; l2 ¼ 0:3; hi ¼ 0�; 15�; 30�; 45�

The converged value of time step Δt = 3 μs is adopted for present analysis.

4 Results and Discussions

The results of Table-1 show that the fundamental frequency values of the twisted
plates obtained by the present formulation agree closely to those reported by Qatu
and Lessia [9]. Thus, the correct incorporation of stiffness and mass matrix for-
mulation in the present code is established. Figure 2 shows the time variation of the
contact force induced in a composite plate under impact as obtained by Tu and
Chao [6]. The values obtained by the present formulation are also presented

Fig. 2 Contact force history of a simply supported plate under oblique impact E1 = 128 GPa,
E2 = E3 = 8 GPa, G12 = G13 = 4.5 GPa, G23 = 1.6 GPa. m12 ¼ m23 ¼ m31 ¼ 0:28; γ = 1515 kg/m3,
µ1 = 0.2, µ2 = 0.4, a = 150 mm, b = 150 mm h = 9.95 mm, Ds = 25.4 mm, ms = 0.125 kg,
vx = 20.0 m/s, vz. 5.0 m/s
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graphically in the same figure in a different style. Here again excellent agreement of
results is observed which establishes the correctness of impact formulation.

For studying the impact response of clamped (CL) angle ply (AP) shell Figs. 3, 4
and 5 are to be studied. All the results of contact force and displacement that are
presented, in either graphical or tabular form, are arrived at after a study of time step
convergence. The finite element mesh adopted is also based on force and dis-
placement convergence criteria. When low velocity normal impact response of
clamped angle ply shell is studied being struck by the spherical impactor centrally
at angle (hi) it is observed that the contact force shows a sort of parabolic variation
with a single peak. After a given time span of the contact force dies down to a null
value. It is interesting to note that higher the impactor velocity higher is the contact
force as expected, but the force dies down to a null value earlier. This behavior may
be attributed to the fact that higher the velocity, more rapid is the elastic rebound of
the impactor followed by detachment, which causes the contact force to decay out.
It is also very interesting to observe that the time instant corresponding to peak
contact force and that for peak displacement do not match. This is because the
resultant displacement at any time instant is a cumulative effect of the instantaneous

-50
0

50
100
150
200
250
300
350

0 50 100 150

C
on

ta
ct

 fo
rc

e 
(N

)

Time (µs)

0 degree

15 degree

30 degree

45 degree

0

0.00005

0.0001

0.00015

0.0002

0 200 400 600

D
is

pl
ac

em
en

t 
(m

)

Time (µs)

0 degree

15 degree

30 degree

45 degree

Fig. 3 Impact response of clamped angle ply (CL/AP) composite hypar shells for impact velocity
1 m/s

0
200
400
600
800

1000
1200
1400

0 50 100

C
on

ta
ct

 fo
rc

e 
(N

)

Time (µs)

0 degree

15 degree

30 degree

45 degree

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0 200 400 600

D
is

pl
ac

em
en

t 
(m

)

Time (µs)

0 degree
15 degree
30 degree
45 degree

Fig. 4 Impact response of clamped angle ply (CL/AP) composite hypar shells for impact velocity
3 m/s

318 S.D. Neogi et al.



contact force value and the inertia effect of the previous instant. The figures
showing the transient displacements reflect the fact that vibration continues even
after the force dies down with successively occurring peaks though, the peak values
are less in magnitude than the highest peak which occurs a bit after the instant of
maximum contact force but before the full decay of it. Due to oblique impact a
friction force between the shell surface and the impactor generates, which reduces
the contact force and the deflection. It is evident from the results that higher the
impact angle higher is the contact time. This is because the sliding time of the
impactor on the shell surface gets increased.

5 Conclusions

(i) The close agreement of the results obtained by the present method with those
available in the published literature establishes the correctness of the approach
used here.

(ii) Under the influence of low velocity impact the contact force shows a parabolic
combined loading and unloading curve with a single peak for the practical
class of shells considered here. Higher magnitude of impact velocity results in
higher value of the peak contact force. However, due to a sharp elastic
rebound the total duration of contact force is less for higher velocity of
impactor.

(iii) The peak value of contact reduces significantly in oblique impact and there is
also a phase lag between the peck contact forces of normal impact and oblique
impacts. This is because in case of oblique impact a component of the pro-
jectile is casing the contact and the indentation. These reduce due to friction
between impactor and shell surface.

(iv) The time instants at which the maximum contact force and the maximum
dynamic displacement occur show a phase difference and interestingly in some
cases the maximum displacement and hence stresses may occur even after the
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contact force dies down totally. Thus it is concluded that the study should be
continued only after when the major peaks of the dynamic displacement die
down and not after the full decay of the contact force only.
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Analysis of Aluminum Foam for Protective
Packaging

M.D. Goel

Abstract Recent developments in the field of metal foams lead to their usage in
variety of industrial applications wherein, foam is used for protective packaging
in case of impact due to various accidental reasons. Excessive accelerations during
impact may damage the equipment thus indicating the importance of properly
chosen packaging material. The present investigation aims for the study of appli-
cability of aluminum fly ash foam for protective packaging of delicate equipment.
Present investigation is carried out from the perspective of behavior of a circuit
board in foam packaging dropped at an angle onto a rigid surface. The mathe-
matical model of packaging, foam and circuit board is developed in finite element
software and it is subjected to a simulated drop from a given height. The main aim
is to assess whether these foam packaging is adequate to prevent circuit board
damage when the board is dropped from a particular height.

Keywords Impact � Aluminum foam � Polymeric foam � Energy absorption �
Packaging � Finite element analysis

1 Introduction

Aluminium foams are finding wide range of applications in strategic sectors like
space and defence as well as in engineering sectors like automobiles, electronic
packaging, sound and vibration controls and thermal managements. Two types of
aluminium foams are available primarily based on their cell structures i.e. open cell
and closed cell foams. Depending on the cells structures, the application of these
foams varies [1–3]. Furthermore, their processing techniques also differ. In open
pore foam there is no cell boundary in between the neighbouring cells. Here the
cells are defined with their edges. In closed cell foams, each of the neighbouring
cells are separated from each other with the thin film called cell boundary or cell
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walls. In some cases partially open or partially closed cell foams are also observed.
Closed cells foams are formed by entrapping gaseous phase within a melt after
solidification and most commonly used for structural applications. Wherein, in open
cell foam, cells are replicated from the cells of precursor and/or preform [4–7].
Worldwide extensive attentions have been paid on the development of metal foams
particularly aluminium foams with uniform porosity. Some of the methods devel-
oped for synthesis of metal foams are gas injection technique, foaming by using
blowing agent through liquid metallurgy and/or powder metallurgy route, roll
cladding technique etc. [4–7]. In India, CSIR-AMPRI Bhopal first initiated this
work and currently CSIR-AMPRI Bhopal, CSIR-NML, Jamshedpur and DMRL,
Hyderabad are working in the area of aluminum foam development and their
characterization and applications.

Hence, the main aim of the present numerical analysis is to investigate the
impact of a circuit board in protective aluminum foam packaging in comparison
with polymeric foam dropped at an angle onto a rigid surface and to assess whether
the foam packaging is adequate to prevent circuit board damage when the board is
dropped from a particular height.

2 Material and Properties

Two types of foam i.e. polymeric foam and metal foam (developed by CSIR-
AMPRI Bhopal) are used in the present investigation. The circuit board is assumed
to be made of a PCB elastic material with a Young’s modulus of 45 × 109 Pa and a
Poisson’s ratio of 0.3. The mass density of the board is 500 kg/m3 [8]. The foam
packaging material will be modeled using the crushable foam plasticity model. The
elastic properties of the polymeric foam packaging have Young’s modulus of
3 × 106 Pa and plastic Poisson’s ratio of 0.0. The material density of the polymeric
foam packaging is 100 kg/m3. The yield surface of crushable foam in the p–q
(pressure stress-Mises equivalent stress) plane is illustrated in Fig. 1 [9].

Fig. 1 Pressure stress-Mises
equivalent stress plane for
foam used in present
investigation [9]
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The initial yield behavior is governed by the ratio of initial yield stress in
uniaxial compression to initial yield stress in hydrostatic compression, and the ratio
of yield stress in hydrostatic tension to initial yield stress in hydrostatic compres-
sion. Hardening effects are also included in the material model definition. Figure 2
shows the mechanism of energy absorption in such foams and their usefulness due
to enhanced plateau stress over a large strain range.

Figure 3a, b show compressive stress-strain curves for the two types of foams,
i.e. dytherm and aluminum fly ash foam used in the present investigation. The
ordinate axis represents the logarithmic plastic strain and the transverse axis rep-
resents the true compressive stress. These two foams have similar level of plateau

Fig. 2 Mechanism of energy
absorption in foams
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Fig. 3 Strain hardening behavior of foams under compression a Dytherm (ABAQUS), and
b aluminum fly ash foam
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stress whereas the maximum plastic strain values are dissimilar. Thereby, the two
types of foams chosen represent altogether different strain hardening behavior; and
bring out their effectiveness in energy absorption due to drop of the circuit board.
Table 1 shows various mechanical properties of the two types of foams used in the
present investigation.

3 FE Modeling

In order to develop foam and packaging model using ABAQUS-CAE, first of all
three parts representing packaging, circuit board, and floor are created. The chips
are represented using discrete point masses. The packaging is developed using
three-dimensional, deformable part with an extruded solid base feature available in
ABAQUS. The circuit board is modeled as a thin, flat plate with chips attached to it
using three dimensional, deformable planar shell feature available in ABAQUS.
The chips are represented by three datum points and these points are used to
position the chips on the board. The floor on which circuit board will impact is
modeled as rigid. For computing output stress in longitudinal and lateral directions
for circuit board, local material orientation for the circuit board mesh is defined.
Packaging and boards are assembled on the floor using assembly option available in
ABAQUS. Contact between different parts is defined using contact definition as
tangential behavior with penalty based formulation with a friction coefficient of 0.3.
Coefficient of friction is an empirical property of the contacting materials and it
depends on the surfaces in contact. Further, most of the dry materials in combi-
nation have friction coefficient values between 0.3 and 0.6 [10]. Hence, in the

Table 1 Mechanical properties of foam materials used in the present investigation

Mechanical
properties (units)

Dytherm foam (DF)
(ABAQUS)

Aluminum fly ash foam (AF) [2]

Density, ρ (kg/m3) 100 300

Young’s modulus,
E (MPa)

3.0 5.0

Plastic Poisson’s
ratio, ν

0 0

Initial yield stress
in uniaxial
compression,
r0c ðMpaÞ

0.22 2.2

Ratio, k ¼ r0c=p
0
c 1.1 1.72

Ratio, kt ¼ pt=p0c 0.1 0.16

Material model Crushable foam plasticity
model (isotropic, elastic-plastic,
volumetric hardening)

Crushable foam plasticity model
(isotropic, elastic-plastic,
volumetric hardening)
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present investigation friction value of 0.3 is used to simulate the drop of packaging
containing circuit board. Reference point on the floor is constrained in all directions
using ENCASTRE boundary condition. Using the swept mesh technique, pack-
aging is meshed with C3D8R elements and board with S4R elements from Abaqus/
Explicit library. Fine meshing was done to avoid mesh convergence issues and
converged mesh results are reported herein. Enhanced hourglass control is used for
the packaging mesh to control hourglassing effects.

Normally, while carrying such packaging, it is held in hand which being around
at a height of 1–1.2 m. Hence, in the present investigation this criterion was chosen
to represent the free fall of packaging containing circuit board with a height of 1 m.
Further, it is to be noted that there are two methods to simulate drop of the
packaging. Packaging can be modeled at a height of 1 m above the floor and the
software is allowed to simulate the free fall motion under the influence of gravity.
However, this method is computationally demanding and impractical because of the
large number of increments required for completing the free fall simulation. The
more efficient way is to model the complete packaging at an initial position close to
the surface of the floor and specify an initial velocity to simulate 1 m drop. This
approach is adopted in the present study which results in computationally effective
simulation. Drop height of 1 m is modeled by positioning the circuit board and
packaging very close to the surface of the floor and specifies an initial velocity of
4.43 m/s to simulate the drop. Figure 4a, b shows the CAD model and assembled
and meshed model of the circuit board and foam packing, respectively.

Circuit 
Board 

Floor 

Foam
Packaging 

(b)(a)

Fig. 4 a CAD model of circuit board and foam packaging. b Assembled and meshed FE model of
the circuit board and foam packing
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4 Results and Discussions

After the numerical model is developed, it is submitted for processing by defining
the dynamic analysis. The deformation of circuit board and foam packaging during
and after impact is studied carefully to understand the physical behavior of foam.
From deformation view of the model, it is noted that initial impact occurs over first
4 ms of the analysis. A second impact occurs from about 8 to 15 ms. The deformed
state of foam and board at approximately 4 ms after the impact is shown in Fig. 5a
for polymeric and b for aluminum fly ash foam. It can be observed from this figure
that foam packing is damaged more in case of polymeric foam as compared to the
aluminum foam. Also, it is observed that the foam packing bounces higher after the
impact with floor in case of polymeric foam as compared to the aluminum fly ash
foam. This result in higher stress level in circuit board packed in the aluminum
foam packaging. The reason for such a behavior is attributed to the higher stiffness
of the aluminum foam as compared to the polymeric foam which shows the highly
elastic behavior after the impact.

Figure 6 shows the displacement-time history of the two types of foam used in
the present investigation. Displacement-time history is computed at three different
point RP1, RP2 and RP3 as shown in Fig. 4b. It can be observed from this figure
that maximum displacements at different point considered for the aluminum fly ash
foam are almost 50 % lower than the dytherm foam under similar conditions. This
signifies the effectiveness of metal foam in peak response reduction as compared to
the polymeric foam. Similarly, plots of acceleration-time history are also computed
and the same are reported in the Fig. 7. It can be observed that aluminum fly ash
foam results in higher acceleration in chip as compared to the dytherm foam. It is to
be noted that excessive accelerations during impact may damage the chips and
hence, their peak value should be restricted. This is the reason for higher stress in

Fig. 5 Deformed state of the foam and board at approximately 4 ms. a Polymeric foam
packaging, and b aluminum fly ash foam packaging
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case of aluminum foam even though it results in almost 50 % lower displacements.
The dynamic stresses are higher for stiffer foam i.e. aluminum fly ash foam used in
the present investigation as compared to the polymeric foam.

In order to understand the behavior of foam under free drop, plots of energy
versus time are computed and same are reported in Fig. 8 for both types of foam
packaging considered in the present investigation. From plots of kinetic energy
(KE) for dytherm foam, it can be observed that at the beginning of the simulation
the components are in free fall position, and kinetic energy is large. The initial
impact with floor deforms the foam packaging, thus reducing the kinetic energy
considerably. The components then bounces above the floor and rotate about the
impacted corner until the opposite side of foam packaging impacts floor at about
8 ms, further leading to reduction in kinetic energy. Deformation of the foam
packaging during impact causes a transfer of kinetic energy to internal energy (IE)
in foam packaging and circuit board leading to stress generation in circuit board.
From Fig. 8, it can be observed that internal energy increases as the kinetic energy
decreases. In fact, the internal energy is composed of elastic energy and plastically
dissipated energy (PD). Elastic energy rises to a peak and then falls as elastic
deformation recovers, but plastically dissipated energy continues to rise as foam is
deformed permanently. Energy plots of aluminum fly ash foam are slightly different
as compared to the dytherm foam. At time t = 8 ms, other end of the fly ash foam
packaging impacted with the floor leading to second rise in kinetic energy more
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prominently visible as compared to the dytherm foam. This may be attributed to
higher density of aluminum fly ash foam as compared to dytherm foam which leads
to kinetic energy jump.

5 Summary and Conclusions

The present investigation is carried out by numerically analyzing the impact of a
circuit board in protective aluminum foam packaging and its comparison with the
dytherm foam dropped at an angle onto a rigid surface. The major objective was to
assess whether the aluminum foam packaging is adequate to prevent circuit board
damage when the board is dropped from a particular height. Based on this inves-
tigation it is observed that aluminum foam resulted in lower displacements as
compared to the dytherm foam but at the same time acceleration was higher incase
of aluminum foam packaging and so was the dynamic stresses. From energy
studies, it is concluded that dytherm foam is better for such packaging as compared
to the aluminum fly ash used in the present investigation.
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Blast Response Studies on Laced
Steel-Concrete Composite (LSCC) Slabs

A. Thirumalaiselvi, N. Anandavalli, J. Rajasankar
and Nagesh R. Iyer

Abstract Laced Steel-Concrete Composite (LSCC) system consists of perforated
steel cover plates, which are connected using reinforcing members and cross-rods,
and in-filled with concrete. Experimentally, it has been demonstrated that the LSCC
beam possesses high rotational capacity, which makes it suitable for structures
resisting suddenly applied loads, such as blast loads. The LSCC slab is developed
by integrating the individual units of LSCC flexural units through provision of
continuous cross-rods. In this paper, towards understanding the blast response
behaviour of LSCC system, numerical investigations are carried out on LSCC slabs
subjected to blast loading. Finite element model of the LSCC slab is generated
using a combination of solid, shell and beam elements. The response of the LSCC
slab system to blast loads is obtained by using finite element analysis software
ABAQUS. Dynamic explicit analysis is carried out. Peak displacement at centre is
extracted and used as response parameter to demonstrate the effectiveness of the
LSCC slabs on the blast resistance capacities. Its performance has been numerically
demonstrated to be better than other forms of slabs in resisting blast loads by
comparing with some results available in the literature. Parametric studies are
carried out on the LSCC slab subjected to blast loading. Steel plate thickness,
concrete grade, diameter of lacings and diameter of cross-rods are varied to study
their influence on the response of behaviour of slab. From the numerical investi-
gations, it is found that plate thickness significantly affects the response than the
cross-rod diameter and lacing diameter for same grade of concrete.
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1 Introduction

Blast loading is different from other loadings not only by the way it loads the
structure but also due to its transient nature. Peak pressures are much higher than
the static collapse load of the structure, but their durations generally are extremely
short compared to natural periods of structures and structural components. Rein-
forced concrete (RC), which is a widely used material in construction of structures,
is brittle and has low tensile strength. As a result, concrete members exposed to
blast loading could not resist such loads and developed stresses will result in
collapse of the structure, or severe cracking as well as fragmentation. Composite
structural systems such as Steel Fibre Reinforced Concrete (SFRC), Fibre Metal
Laminates (FML), Sacrificial Layered Construction (SLC), Corrugated Metal
Sandwich Core Construction (CMSCC), Laced Reinforced Concrete (LRC) and
Steel-Concrete Composite (SCC) construction are some of the prevailing alternative
forms of construction systems that can be explored for resisting blast loads.

Among these, SCC system, which utilizes strength of steel and concrete in an
efficient way seems to be promising in blast resistant construction. Structural per-
formance of SCC system has shown its superiority over traditional engineering
structures in application requiring high strength, high ductility, as well as high
energy absorbing capability [9–11] Laced Steel-Concrete Composite1 (LSCC)
system has been found to possess the essential properties, namely, high ductility,
support rotation and structural integrity [2]. It consists of two thin steel cover plates
connected using lacings and cross-rods, and filled with concrete. In this paper,
numerical investigations are carried out on LSCC slab subjected to blast load.
Response of LSCC slab to blast loads are investigated by using finite element code
ABAQUS. Peak displacement is used as response parameters to demonstrate the
effectiveness of LSCC slabs on the blast resistance capacities. Parametric studies
are carried out on LSCC slab by varying steel plate thickness, concrete grade,
diameter of lacings and diameter of cross-rods to study their influence on the
response of slab subjected to blast loading.

2 Blast Loading

In engineering analysis, behaviour of explosion is simulated using pressure-time
variation. This pressure time function is further simplified by modelling the blast
wave as triangular pulse. This triangular pulse is characterized by peak reflected
over pressure and reflected impulse.

1 Indian Patent filed—1886DEL2011, dated 05.07.2011.
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2.1 Pressure-Versus-Time Equations

This section enumerates the equations used herein by which these parameters are
obtained. Equations are reproduced from Kinney and Graham [7]. Equation 1 gives
the ratio of overpressure to atmospheric pressure in terms of Z, the scaled distance.

PSO
PO

¼
808 1þ Z

4:5

� �2
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z

0:048

� �2
� �s

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z

0:32

� �2
� �s

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z

1:35

� �2
� �s ð1Þ

Z ¼ fd � actual distance

W1=3
ð2Þ

fd ¼ q
qO

� �1=3

¼ P
PO

� �1=3

� T
TO

� �1=3

ð3Þ

In Eqs. 1 and 2, PSO is the peak overpressure, PO is atmospheric pressure, Z is the
scaled standoff distance, fd is an atmospheric transmission factor (expressed in Eq. 3
in terms of atmospheric pressures and temperatures), and W is the mass of TNT.

Equation 4 gives the expression for the ratio of positive phase duration over
mass of TNT, taking scaled standoff distance as the sole parameter.

tO
W1=3

¼
980 1þ Z

0:54

� �10
� �

1þ Z
0:02

� �3
� �

� 1þ Z
0:74

� �6
� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Z
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� �2
� �s ð4Þ
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W1=3
ð5Þ

ft ¼ fd
a
aO

� �1=3

ð6Þ
where to is duration of the positive pressure phase, W is the mass of TNT, Z is the
scaled duration, ft is an atmospheric transmission factor for time, ao is the speed of
sound in the reference atmosphere and a is the speed of sound. With overpressure
and atmospheric pressure known, arrival time is given by the following integral:

tA ¼ 1
ax

Zr

rc

1

1þ 6PO

7PA

2
4

3
5

1
2

dr ð7Þ

where ax is the speed of sound in the undisturbed atmosphere (340.4 m/s used
herein), r is the distance from the centre of the charge to the point of interest and
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rc is the radius of the charge. As charge radius appears in the integral, the shape of
the charge matters. For the purpose of this study, the TNT is assumed spherical, the
geometry of which can be found by using the mass and density of TNT.
Equations 1 through 7 highlight the criteria necessary to obtain the key parameters
of a blast.

2.2 MATLAB Modelling

The equations found in previous section provide the basis for modelling a blast load
profile on a slab. MATLAB code was selected as an easy way to load the ABAQUS
model. A series of programs are written in MATLAB which took standoff distance,
mass of TNT, and altitude as input and calculates peak overpressure (as a point
load), arrival time, and duration. Therefore, if arrival time, blast duration, and
overpressure for each element upon slab are calculated, then a reasonably realistic
profile to enter into ABAQUS for simulation can be made.

3 Finite Element Analysis

The LSCC one way slab (obtained by integrating two individual units of LSCC
beam) is taken for analysis [12]. The three main components of the LSCC slab
namely concrete core, cover plates, lacings are geometrically modelled using solid-
shell-link approach [1]. Simply-supported boundary conditions are simulated.
A mesh with square elements of size 25 mm is employed in all calculations. Mesh
sensitivity studies revealed that additional mesh refinements did not improve the
accuracy of the calculations appreciably. Finite element model of LSCC one way
slab is shown in Fig. 1.

The analysis and modelling of composite structures under blast loads requires
quasi-static, dynamic constitutive parameters and proper interaction mechanism
between the elements. Behaviour of concrete in compression including strain soft-
ening has been modelled according to Attard and Setunge concrete model [3]. Stress-
strain relationship for concrete in tension assumes that the tensile stress increases
linearly with tensile strain up to concrete cracking stress. After cracking of concrete,
the post peak stress-strain behaviour is defined using the model proposed by Guo
and Zhang [5]. Details of tensile test of cold formed sheets, reinforcing steel [2] are
taken from literature and the corresponding stress-strain curve is adopted. Concrete
damaged plasticity (CDP) model is adopted in the present study as this technique has
the potential to represent complete inelastic behaviour of concrete [6]. For com-
parison purpose concrete grade of 30 MPa strength is chosen. Mechanical interaction
between the steel cover plate and concrete surfaces is modelled using friction
formulation in tangential direction and hard contact in normal direction to avoid
penetration into each other.
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The blast load is characterized using a triangular pressure pulse as described by
Eq. (8) where PSO is the peak over pressure, tA is the arrival time and tO is the blast
duration.

P tð Þ ¼
0; 0� t� tA
PSO tO�tð Þ
tO�tAð Þ ; tA � t� tO þ tAð Þ

0; t[ tO þ tAð Þ

8<
: ð8Þ

The blast pressure is assumed to be uniform over the surface of the slab. The slab
is subjected to air blast loading of 100 kg TNT at a distance of 5 m and corre-
sponding triangular pressure time pulse (as shown in Fig. 2a) is arrived using
MATLAB code written. Dynamic explicit analysis is carried out and explicit time
integration method used is the central difference method. Time increment of
0.0000025 s is chosen.

3.1 Peak Displacement

Under the triangular loading profile shown in Fig. 2a, structure will achieve its
maximum displacement within two phases. Within positive phase duration tO the
structure is said to achieve the maximum displacement within the forced-vibration

Fig. 1 Finite element model of LSCC one way slab system. a Concrete core. b Steel plate with
lacings, cross-rod

Fig. 2 a Pressure time history; b time history of displacement for slab
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phase. The other phase occurs outside tO, in which the maximum displacement
occurs within the free-vibration phase [4].

Typical time history of displacement at the centre of the slab is shown in Fig. 2b.
Peak maximum displacement is found to be 7.467 mm. The deflection reaches a
maximum value at about 5 ms and then rebounds and oscillates around its per-
manent value (5.3 mm).

3.2 Comparison of Responses of SCSS Panel and LSCC Slab

Blast response of LSCC slab is compared with that of steel-concrete-steel sandwich
(SCSS) composite panels. Extensive large-scale test programme on a series of
composite structural components subjected to explosive loading was conducted by
Lan et al. [8]. From the data base of specimens of SCSS panels tested earlier, SCSS
panel of plan size 1.2 m × 2.2 m with thickness 150 mm, subjecting to air blast
loading due to an explosion of 100 kg TNT at a distance of 5 m is taken up for
comparison. These specimens were made up of the bottom and top plates, three
connection channels (100 × 50 × 5) along the shorter span and side plates. The
maximum displacement of SCSS panel was measured to be about 11 mm.
Numerically, the peak displacement of LSCC slab is found to be 7.647 mm.

Table 1 summarizes the details of SCSS panel and LSCC slab. It can be
observed that SCSS panel experienced peak displacement greater than that expe-
rienced by LSCC slab. Behaviour of LSCC slab is much better as compared to that
of SCSS panel, in-spite of span of LSCC slab being more than that of SCSS panel
and plate thickness of SCSS panel being more than that of LSCC slab.

Table 1 Comparison of response of LSCC slab and SCSS panel

Parameter LSCC slab SCSS panel

Span (mm) 2,400 2,200

Top and bottom plate thickness (mm) 3 9

Grade of concrete (MPa) 30 30

Peak displacement (mm) 7.647 11

Table 2 Parameters
considered in the study Parameters Abbreviation Values

Plate thickness (mm) PT 2, 3, 4, 5

Diameter of lacing (mm) LD 8, 10, 12

Concrete core grade (MPa) CG 20, 30, 40

Cross-rod diameter (mm) CRD 8, 10, 12
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Fig. 3 Typical time history of displacement for slab

Fig. 4 Effect of plate thickness. a CG-M20 & CRD-8mm; b CG-M20 & CRD-10mm; c CG-M20
& CRD-12mm; d CG-M30 & CRD-8mm; e CG-M30 & CRD-10mm; f CG-M30 & CRD-12mm;
g CG-M40 & CRD-8mm; h CG-M40 & CRD-10mm; i CG-M40 & CRD-12mm
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4 Parametric Studies

The LSCC slab of span 2.4 m, cross-section 300 mm × 150 mm is taken in the
parametric study. Finite element modelling is done (as explained earlier) and
simply-supported boundary condition is simulated. The slab is subjected to air blast
loading due to an explosion of 100 kg of TNT at a distance of 5 m and dynamic
explicit analysis is carried out. Parameters considered and values used in the study
are given in Table 2.

First analysis is carried out with concrete grade of 20, lacing diameter of 8 mm,
cross-rod diameter of 8 mm. Plate thickness is varied as 2, 3, 4 and 5 mm. Thus,
four responses will be obtained. Then, concrete grade of 30 is chosen. But, lacing
diameter and cross-rod diameter are the same. This will add another 4 results. In a
similar fashion, analysis is carried out. In total, 108 independent analyses are
carried out. Typical time history of displacement is plotted in Fig. 3. This corre-
sponds to different plate thicknesses for concrete of grade 20 MPa, lacing diameter
8 mm and cross-rod diameter 10 mm.

Fig. 5 Effect of concrete grade. a LD-8mm & CRD-8mm; b LD-8mm & CRD-10mm; c LD-8mm
& CRD-12mm; d LD-10mm & CRD-8mm; e LD-10mm & CRD-10mm; f LD-10mm & CRD-
12mm; g LD-12mm & CRD-8mm; h LD-12mm & CRD-10mm; i LD-12mm & CRD-12mm
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4.1 Effect of Cover Plate Thickness

Thickness of the cover plates is varied from 2 to 5 mm. All other parameters are kept
same. Peak displacement at centre of the slab is obtained. Variation of peak displace-
mentwith thickness is plotted in Fig. 4. It can be observed that the variation is nonlinear.
Similar trend is observed for all concrete grades, lacing diameter and cross-rod diam-
eter. It can be inferred that plate thickness affects significantly the peak displacement.

4.2 Effect of Concrete Grade

Variation of peak displacement with concrete grade is shown in Fig. 5. Peak dis-
placement is not affected by the change in concrete grade to that extent as that
because of change in the plate thickness.

Fig. 6 Effect of lacing diameter. a CG-M20 & CRD-8mm; b CG-M20 & CRD-10mm; c CG-M20
& CRD-12mm; d CG-M30 & CRD-8mm; e CG-M30 & CRD-10mm; f CG-M30 & CRD-12mm;
g CG-M40 & CRD-8mm; h CG-M40 & CRD-10mm; i CG-M40 & CRD-12mm
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4.3 Effect of Lacing Diameter

Peak displacement varies in a trend as shown in Fig. 6 due to change in the lacing
diameter. It can be observed that peak displacement is not significantly affected by
the change in lacing diameter, but not too negligible as that of concrete grade.

4.4 Effect of Cross-Rod Diameter

From the parametric studies conducted, cross-rod diameter is found to have neg-
ligible effect on the peak response as seen from Fig. 7.

From peak displacement variation, it is very clear that plate thickness has more
influence on the peak response. It is also noticed that lacing diameter has com-
paratively more influence than cross-rod diameter and concrete grade.

Fig. 7 Effect of cross-rod diameter. a CG-M20 & LD-8mm; b CG-M20 & LD-10mm; c CG-M20
& LD-12mm; d CG-M30 & LD-8mm; e CG-M30 & LD-10mm; f CG-M30 & LD-12mm; g CG-
M40 & LD-8mm; h CG-M40 & LD-10mm; i CG-M40 & LD-12mm
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5 Conclusions

To understand the blast response characteristics of the LSCC systems, numerical
investigations are carried out on the LSCC slabs subjecting to blast loading and are
discussed in details in this paper. Finite element modelling of the LSCC slab is
done, triangular pressure pulse loading is simulated corresponding to particular kind
of air blast and dynamic explicit analysis is carried out. Its performance has been
numerically demonstrated better than other forms of slabs in resisting blast loads.
Parametric study is also conducted to determine the influence of different param-
eters on the response of the LSCC slabs under blast loading. Parametric studies
leads to the conclusion that plate thickness significantly affects the response than
the cross-rod diameter and lacing diameter for same grade of concrete used. From
the numerical analysis carried out, it has been concluded that the LSCC slab has
great potential applications in the blast-resistant structural design. However, before
actual field application experimental study on the LSCC slab needs to be conducted.
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Dynamic Analysis of Twin Tunnel
Subjected to Internal Blast Loading

Rohit Tiwari, Tanusree Chakraborty and Vasant Matsagar

Abstract The present study deals with three dimensional nonlinear finite element
analyses of underground twin tunnels in soil with reinforced concrete (RC) lining
subjected to internal blast loading for blast occurring in one tunnel. The blast load
has been simulated using coupled Eulerian-Lagrangian (CEL) analysis tool avail-
able in finite element software Abaqus/Explicit. Soil mass and RC lining have been
modeled using three dimensional eight node reduced integration Lagrangian ele-
ments (C3D8R). Beam elements (B31) have been used to model reinforcement of
RC lining. A 50 kg TNT charge weight has been used in the analysis. Eight node
reduced integration Eulerian elements (EC3D8R) have been used to model the TNT
explosive and the surrounding air. Drucker-Prager plasticity model available in
Abaqus has been used to simulate strain rate dependent behavior of soil mass. For
simulating strain rate dependent behavior of concrete and steel, concrete damaged
plasticity and Johnson-Cook plasticity models, available in Abaqus, have been
used, respectively. The explosive (TNT) has been modeled using JWL equation-of-
state. Investigations have been performed for studying the deformation of RC lining
and surrounding soil mass. Pressure in the RC lining and surrounding soil mass,
caused by explosive induced shock wave have also been studied for both tunnels. It
is observed that deformation in tunnel away from blast decreases with increasing
soil cover in between two tunnels.
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1 Introduction

Tunnels are important infrastructure in any modern metropolis. To safeguard traffic
tunnels from fanatic activities, it is necessary to design the tunnels in such a way
that the structure will undergo minimum damage and can be brought back to
functionality with minimal repair and in minimum time when subjected to an
extreme unanticipated loading like blast. Blast resistant design of tunnel infra-
structure requires that the response of the tunnels are understood in depth through
advanced numerical modeling. Numerical analyses of underground tunnels sub-
jected to blast loading have been reported in the literature by several researchers.
Chille et al. [7] investigated dynamic response of an underground electric power
plant subjected to internal explosive loading using three dimensional numerical
analysis procedures. Coupled fluid-solid interaction was considered in their study,
however, the nonlinearity and failure behavior of rock and concrete as well as the
interaction between different solid media were not simulated. Lu [21], Gui and
Chien [13] and Liu [20] used finite element (FE) procedure to perform blast
analysis of tunnels in soil subjected to external blast loading and reported stresses
and deformation in tunnel. However, they did not consider high strain rate behavior
of soil. Also, blast load was simulated using CONWEP. Feldgun et al. [10, 11] and
Karinski et al. [16] used the variational difference method to analyze underground
tunnels and cavities subjected to blast loads. Yang et al. [24] studied response of
underground metro tunnel subjected to above ground explosion through finite
element analysis procedure using von-Mises material model for soil. Liu [19]
performed finite element analysis of underground tunnels with cast-iron lining
subjected to blast loading simulated using CONWEP. Higgins et al. [14] carried out
plain strain analysis of tunnel in sand subjected to internal blast loading considering
high strain rate stress-strain response of soil using a bounding surface plasticity
constitute model. However, their study assumed elastic stress-strain response for
concrete lining in the tunnel. Chakraborty et al. [6] compared the performance of
steel and concrete conventional tunnel linings with sandwich panel linings made up
of shock absorbing foam material as the core of the sandwich panels in under-
ground tunnels subjected to blast loading. The blast load was calculated through a
coupled fluid dynamics simulation and applied as a pressure pulse on the tunnel
lining. However, advanced three dimensional nonlinear dynamic analyses of
underground tunnels in soil with reinforced concrete (RC) tunnel lining, rigorous
modeling of the reinforcement cage inside the lining, properly simulated explosive
load using JWL equation-of-state (EOS), interaction between explosive cloud and
the surrounding lining and soil are rather unavailable in the literature due to the
extremely challenging nature of the problem.

The specific objectives of the present study are to perform three dimensional
(3D) nonlinear dynamic FE analysis of blast loading inside one of the tunnels for an
underground twin tunnel and to understand the response of tunnel linings and
surrounding soil when subjected to the blast load. The tunnel in which the blast is
occurring is named in this manuscript as donor tunnel and the other tunnel is named
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as receiver tunnel. The FE analyses are performed using commercially available FE
software Abaqus version 6.11 [1] through the coupled Eulerian-Lagrangian (CEL)
technique. The soil and RC lining of the twin tunnels are modeled using Lagrangian
elements. The TNT explosive and surrounding air have been modeled using the
Eulerian elements. Blast loading may generate up to 104/s strain rate in any material
[8, 22]. Hence, strain rate dependent material properties have been used for all
materials used herein. Soil stress-strain response is simulated using the Drucker-
Prager constitutive model [18, 20]. The stress-strain response of concrete lining is
simulated using the concrete damaged plasticity model [6]. The stress-strain
behavior of steel reinforcement is simulated using the Johnson-Cook (J-C) plasticity
model [15]. The pressure-volume relationship of the explosive is simulated using
the Jones-Wilkens-Lee (JWL) EOS. The analysis results have been studied for
deformation of RC lining and soil, pressure on lining.

2 Three Dimensional Finite Element Modeling

2.1 Lagrangian Finite Element Modeling of Soil and RC
Concrete Lining

The three dimensional FE model of the twin tunnels in soil is developed using
Abaqus (version 6.11) software with the Lagrangian analysis option. The FE mesh
of the soil, tunnel lining, and reinforcement inside the lining are shown in
Figs. 1a–e. A 20 m long tunnel geometry has been prepared in soil with the central
axis of the tunnel placed at a depth of 7.5 m from the ground surface. The steel
reinforcement has been modeled with 10 and 12 mm diameter Fe 415 bars in
longitudinal and hoop reinforcement directions, respectively. The hoop reinforce-
ment rings are placed at 250 mm center to center spacing. The longitudinal rein-
forcement bars are placed at a distance of 850 mm center to center. Two layers of
hoop reinforcement are placed with 120 mm distance between the inner and the
outer hoop reinforcement rings. The 20 m long tunnels are placed in a soil domain
of 20 m long and 20 m × 15 m cross section. The FE models of the soil and concrete
lining are developed in Abaqus/CAE using the three dimensional part option and
eight node brick element (C3D8R) with reduced integration, hourglass control and
finite membrane strains. Mesh convergence and boundary convergence studies are
performed and higher mesh density is used in tunnel lining and soil close to the
lining to achieve higher accuracy. The steel reinforcement is embedded using the
two node beam elements (B31). Proper bonding between concrete and reinforce-
ment bars is assured by embedding the reinforcement bars in RC linings. The
contact between tunnel linings and soil is modeled with the general contact option
in Abaqus with hard contact in normal direction and frictionless contact in
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tangential direction. Among the boundary conditions, the bottom plane of the soil
domain is fixed in all Cartesian directions—x, y and z. The vertical side planes and
the front and back side planes of the soil domain and the lining have been provided
with pinned support as detailed in Fig. 1a by constraining the normal displacements
perpendicular to the plane (U) and the out of plane rotations (UR).

20 m 20 m

15 m

Ux = 0, URy = URz = 0

(Both Sides)  
Uz = 0, URx = URy = 0

(Front and Back)  

Ux = Uy = Uz = 0,
URx = URy = URz = 0
(Bottom)

Donor 
Tunnel

Receiver Tunnel

RC Lining Thickness tw

12 mm diameter 
bar @ 250 mm 

c/c

18 Nos. 10 mm 
diameter bar

120 mm

(a) 

(b) 

(d)

(c) 

(e) 

10 m

Fig. 1 Twin tunnels geometry, explosive location and reinforcement details. a Typical geometry,
mesh and boundary conditions for twin tunnels in soil
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2.2 Eulerian Finite Element Modeling of Explosive

The explosive material has been modeled using the Eulerian modeling technique in
Abaqus. Figure 1c shows the explosive position inside the donor tunnel. Explosive is
placed at the middle of donor tunnel 150 mm away from the RC lining (right side
wall). In Abaqus CEL modeling option, the Eulerian material flows through the
Lagrangian structure. Thus, the simulation, which generates a large amount of
deformation and stress in the elements and results in an error or inaccuracy in the
Lagrangian analysis, may be successfully carried out using the CEL tool. Herein,
Eulerian continuum three dimensional eight node reduced integration elements
(EC3D8R) are used [1].

2.3 Types of Analyses

To ensure the validity of the present numerical simulations the results of CEL
analyses of the blast loading on a concrete slab have been compared with numerical
simulation results collected from Du and Li [9]. Further, numerical studies are
carried out for a 350 mm thickness RC lining and 50 kg charge weight of TNT
explosive. The M30 grade of concrete and Fe350 grade of steel (tensile yield
strength fs of 350 MPa) is used in RC lining. In the present study, the modulus of
elasticity of concrete Ec = 27.4 GPa, compressive strength of concrete fck = 30 MPa,
mass density ρc = 2,400 kg/m3 and Poisson’s ratio νc = 0.2 have been considered.
Figure 2a, b show the stress-strain curves for M30 concrete in compression and
tension, respectively [4, 5]. Figure 2c, d show the damage-strain curves for M30
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Fig. 2 Stress-strain and damage-strain curves for M30 grade of concrete [2, 4, 5]
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concrete in compression and tension, respectively [2]. The strain rate dependent
strength properties of concrete and the dynamic increment factor (DIF) under
compressive and tensile loading are obtained from Bischoff and Perry [3]. Herein,
DIF values of 2.1 and 6 at 100/s strain rate have been used on the static compressive
and tensile strength values of concrete, respectively.

For steel, modulus of elasticity Es = 200 GPa, tensile yield strength
fs = 350 MPa, ρs = 7,800 kg/m3 and Poisson’s ratio ν = 0.3 are considered. For
strain rate dependent modeling using the J-C model, the material constants are
obtained from mechanical testing and adopted herein for strain rate of 100/s, as,
A = 360 MPa, B = 635 MPa, n = 0.114, C = 0.075. These values are computed
based on tensile test data of the material as per the J-C model by neglecting the
temperature effects [12].

For sand, modulus of elasticity Esand = 28 MPa, mass density ρsand = 1,560 kg/m3

and Poisson’s ratio νsand = 0.2, friction angle ϕ = 30° and dilation angle ψ = 5° have
been considered. Figure 3 shows the stress strain relationship of Ottawa sand at
1,000/s strain rate as obtained from Veyera and Ross [23]. The pressure (P)-volume
(V) relationship of the explosive is simulated using Jones Wilkens Lee (JWL) EOS
[25] given by

P ¼ Ae�R1V þ Be�R2V þ CV� 1þxð Þ ð1Þ

Table 1 shows the material properties for JWL equation of state as reported by
Lee et al. [17].
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Table 1 JWL material properties for TNT explosive [17]

Density
(kg/m3)

Detonation wave
speed (V) (m/s)

A (MPa) B (MPa) ω R1 R2 Detonation energy
density (ρd) (kJ/kg)

1,630 6,930 373,800 3,747 0.35 4.15 0.9 3,680
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The analysis is performed in the single step using the dynamic explicit module
available in Abaqus, which follows the central difference integration scheme [1].
For studying the response of complete 20 m tunnel section, the duration of analysis
is maintained at 26 ms such that the shock wave can travel through the complete
length of the tunnel.

3 Validation of FE Model and Cel Procedure

3.1 Validation for Capability of JWL EOS in Blast
Simulation

The validity of the current modeling approach using CEL procedure and JWL EOS
for explosive is also ensured by comparing the simulation results with the numerical
simulation results collected from Du and Li [9]. Du and Li [9] analyzed dynamic
behavior of RC slabs under blast loading. RC slab of size 2 m × 1 m × 0.1 m is used
in these analyses. The slab is assumed to be reinforced with 10 and 12 mm diameter
bars with 100 mm center to center spacing, in both directions. A charge weight of
1,000 kg TNT was placed at a stand-off distance of 10 m from the centre of the slab.
The FE software LS-Dyna was used for the analysis performed by Du and Li [9]. The
Johnson-Holmquist material model was used to model concrete whereas the Cowper
and Symond’s model was used for steel. In the present study, the RC slab is modeled
using the CEL procedure, with the same explosive charge weight and scaled dis-
tances as considered by Du and Li [9]. The JWL EOS has been used to model
explosive material. The material properties of steel and concrete have been con-
sidered to be the same as that assumed by Du and Li [9]. Concrete damaged plasticity
model has been used for concrete whereas von-Mises model has been used for steel.
Figure 4 shows the maximum central node displacement (Δc) of the concrete slab
subjected to blast load for different slab thicknesses. The current simulation results
compare with that reported in the literature with reasonable accuracy.
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4 Results and Discussion

Numerical investigations for underground twin tunnels in soil are carried out to
understand the response of twin tunnels when one tunnel is subjected to blast load.
Figure 5 shows the various paths considered along the RC lining and the sur-
rounding soil. Figure 6 shows the x directional displacement of RC lining and the
surrounding soil along the path defined at their sidewalls at time instant 26 ms. It is
observed from Fig. 6a that RC lining and surrounding soil of donor tunnel with
explosive placed near to its RC lining shows higher displacement. The RC lining of
donor tunnel shows a maximum displacement of 135 mm at the middle of tunnel
right side wall. Soil surrounding the RC lining of the donor tunnel shows a max-
imum displacement of 284 mm near the middle of tunnel right side wall. Figure 6b
shows the x directional displacement of RC lining and the surrounding soil of the
receiver tunnel. The RC lining and surrounding soil of the receiver tunnel shows
less displacement at its left side wall. It is observed that due to attenuation of shock
wave and particle rearrangement, left side wall of receiver tunnel shows very less
displacement.

Figure 7 shows the y directional displacement of soil from donor tunnel crown to
ground level and x directional displacement of soil column between receiver and
donor tunnel at the time instant 26 ms. It is observed that displacement of soil

Path Along Tunnel Right Side 
Wall  at RC Lining and Soil Level

Path along Tunnel Crown
at RC Lining and Soil Level

Path Along Tunnel Right Side 
Wall  at RC Lining and Soil Level

Path along Tunnel Crown
at RC Lining and Soil Level

(a)

(b)

Fig. 5 Paths defined for visualization. a Paths defined along the tunnel with explosive. b Paths
defined along the tunnel opposite to the explosive
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surrounding the RC lining increases from tunnel crown to ground level up to a
distance of 900 mm, after that displacement of soil decreases toward the ground
level. Almost similar displacement pattern is observed in the soil column between
the donor and receiver tunnel. Figure 8 shows the displacement contours in the soil
at 26 ms. Higher deformation of soil is observed near to the donor tunnel.
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Deformation in soil decreases towards the receiver tunnel due to attenuation of
shock wave and particle rearrangement.

Figure 9 shows the pressure in RC lining and surrounding soil at different time
instances. Figure 9a, b show the pressure in the donor tunnel, along the defined path
in RC lining and surrounding soil. Higher pressure is observed in the RC lining and
surrounding soil of the donor tunnel. In case of the donor tunnel’s RC lining,
maximum blast pressure (2.1 MPa) is generated at time instant 1 ms, and gradually
decreases with time. In soil surrounding the donor tunnel however, higher pressure
is observed which increases with increasing time due to propagation of shock wave
in donor tunnel and damage of RC lining. Figure 9c, d show the pressure in the
receiver tunnel at different time instances. Similar pattern of pressure is observed in
the RC lining and surrounding soil of receiver tunnel. The shock wave propagates
through the soil between the twin tunnels and generates maximum blast pressure
(0.18 MPa) in RC lining of the receiver tunnel at the time instant 20 ms.

5 Conclusions

Blast response of underground twin tunnels is investigated using three dimensional
nonlinear finite element (FE) analyses when blast occurs in one tunnel only.
Explosion inside the donor tunnel is simulated using the coupled Eulerian-Lagrangian
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analysis tool in finite element software Abaqus/Explicit. The soil and reinforced
concrete lining is modeled using Lagrangian elements. The explosive TNT is mod-
eled using Eulerian elements. The following conclusions are drawn:

i. The donor tunnel shows maximum displacement and damage in RC lining and
surrounding soil. Displacement in RC lining and soil increase as time progress.

ii. The receiver tunnel shows less pressure in RC lining and surrounding soil,
which may increase with increasing charge weight.

iii. Displacement of soil surrounding the donor tunnel increases up to a certain
distance from RC lining and then gradually decreases.
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Performance of Laced Reinforced
Geopolymer Concrete (LRGPC) Beams
Under Monotonic Loading

C.K. Madheswaran, G. Gnanasundar and N. Gopalakrishnan

Abstract This paper describes the ductility behavior of Laced Reinforced Geo-
polymer concrete beam (LRGPC). Laced Reinforced Concrete (LRC) construction
techniques are widely used in blast resistant design and seismic resistant design of
structures. LRC structural element consists of equal reinforcement in tension and
compression faces along with lacings. Lacing is a form of continuous shear rein-
forcements as compared to the form of conventional stirrup reinforcement. It is
placed in the plane of principal bending and anchored in position by means of
transverse bars. LRC enhances the ductility and provide better concrete confine-
ment. In general, ductile failure of Reinforced Concrete (RC) beams with con-
ventional stirrups is not possible when the shear span-to-depth ratio is less than 2.5
due to the influence of severe diagonal cracking. Improved ductile failure of such
members can be achieved by proper detailing of reinforcement with inclined bars in
the case of normal concrete mix, and also by improving the tensile strength and
ultimate strain of concrete with help of steel fibers. Portland cement (PC) is widely
used as binder material for concrete in a wide variety of constructions. However,
this cement is proving to be ecologically hazardous material due to its inherent high
internal energy content besides occurrence of emission of large quantities of carbon
dioxide during its production. Therefore, there has been search for alternative
binder material. Geopolymer is a type of binder that can be obtained by activating
silicon dioxide and aluminium oxides present in industrial wastes such as blast
furnace slag powder and fly ash, to form inorganic polymer binder system.

C.K. Madheswaran (&) � N. Gopalakrishnan
Advanced Seismic Testing and Research Laboratory, CSIR-Structural Engineering
Research Centre (SERC), Taramani, Chennai, India
e-mail: ckm@serc.res.in

G. Gnanasundar
Sree Sastha Institute of Engineering and Technology, Chembarambakkam,
Chennai 602103, India

© Springer India 2015
V. Matsagar (ed.), Advances in Structural Engineering,
DOI 10.1007/978-81-322-2190-6_31

355



Monotonic load testing on two specimens with 45° lacing are conducted. Experi-
mental results indicate that both the beams exhibit almost similar strength perfor-
mance. Response of LRGPC, LRC and conventional RC beams are compared.

Keywords Concrete � Geopolymer � Laced reinforcement

1 Introduction

Very often, reinforced concrete structures are to be designed for severe dynamic
loads such as earthquake or blast loads. As these loads are very high in magnitude
and last only for small interval of time, several codes of practice impose the criteria
of ductile failure apart from strength and stability criteria. A number of publica-
tions, codes of practice, design aids and text books are available for the design and
detailing of reinforced concrete structures and structural elements subjected to
normal type of loadings such as flexure, shear, torsion, and combination of these
force vectors. However, there are some situations where reinforced concrete ele-
ments are to be designed using certain special design criteria which are not nor-
mally applicable to common structures. The case of reinforced concrete used in
construction of blast-resistant structures is a typical example of such a case war-
ranting special efforts. It is generally agreed that it will be unnecessary and
uneconomical to design the structures exposed to accidental explosions, and certain
types of impact, earthquake loadings and impulsive loadings to be still serviceable
after the accident. For example, if there is an internal explosion inside a reinforced
concrete cubicle, the structure should be able to contain the explosion, and shall not
allow its effects to be transmitted to the adjoining buildings and structures. Rein-
forced concrete (RC) and Laced Reinforced Concrete (LRC) are used in such
structures. LRC consists of continuous steel bent lacings and tie the reinforcements
on both sides of the structural element. LRC structural members are found to
possess higher support rotation up to 4°. Even though, LRC has enhanced ductility
and energy absorbing capability, its construction is complex due to the presence of
lacings besides longitudinal and transverse steel. In a LRC beam, the lever arm
between the longitudinal reinforcements in tension and compression is reduced due
to the presence of concrete cover, and the method of detailing with the transverse
bars being outside the main reinforcements. In this study, Laced reinforced Geo-
polymer concrete (LRGPC) system is proposed. In this paper, details of experi-
mental investigations carried out on two LRGPC beams are presented. Experiments
are carried out to measure the strength and displacement capacity of the typical
LRGPC beams subjected to monotonic loading. Response of the LRGPC beams are
compared with that of RC and LRC beams to bring out the advantage of the
proposed system. The application of laced reinforcement was confined to blast
resistant design of structures. The exhaustive manual [9] details the advantages of
LRC elements such as: (i) Large support rotation that can be obtained as compared
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to conventional stirrup reinforced elements, (ii) typical strain hardening beyond
yield plateau under inelastic deformation, (iii) limited spalling after yield limit and
(iv) high shear resistance under transient blast loading. Further investigations car-
ried out by Keiger et al. [7] and Lakshmanan et al. [8] indicate the superior per-
formance of LRC elements in inelastic region under blast loads, except for high cost
of construction as compared to the usual stirrup construction methods.

Geopolymer concrete is a type of inorganic polymer composites, which form a
substantial element of an environmentally sustainable construction and building
products industry by replacing/supplementing the conventional concrete. The term
geopolymer was first introduced by Davidovits in 1970s [1] to name a three-
dimensional alumino-silicates material, which is a binder produced from the reac-
tion of a source material or feedstock rich in silicon (Si) and aluminum (Al) with a
concentrated alkaline solution. The source materials may be industrial waste
products such as fly ash, slag, red mud, rice-husk ash and silica fume used as
feedstock for the synthesis of geopolymers. The alkaline liquids are concentrated
aqueous alkali hydroxide or silicate solution, with soluble alkali metals, usually
Sodium (Na) or Potassium (K) based. The geopolymerisation process involves a
substantially fast chemical reaction between various alumino-silicate oxides and
silicates under alkaline conditions, yielding polymeric Si–O–Al–O bonds.

Experimental results [2] have shown that higher the ratio of sodium silicate
solution-to-sodium hydroxide solution ratio by mass, higher is the compressive
strength of geopolymer concrete. The addition of naphthalene sulphonate-based
super plasticizer, up to approximately 4 % of fly ash by mass, improves the
workability of the fresh geopolymer concrete. However, there is slight degradation
in the compressive strength of hardened concrete when the super plasticizer dosage
is greater than 2 %.

2 Research Significance

One of the potential areas of application of GPC, which provides significant value
addition to the material and helps to realize the concept of green habitat, is its utility
as structural concrete. However, the suitability of laced reinforced GPC to various
structural components is to be established by large number of experimental studies.
Hardjito and Rangan [2] had investigated this aspect by using fly ash based heat
treated GPCs. This paper considers reinforced GPC beams with different binder
compositions and produced by ambient temperature curing.

The compressive strength ranges from 30 to 50 MPa. Two number of laced
reinforced GPC having mix combination of 50 % GGBS and 50 % fly ash in the
binder system were tested for behavior under monotonic loading. The LRC
structural element has equal tension and compression reinforcement along with
continuous bent shear lacings. The LRC technique is cost-effective compared to RC
for same level of protection: the reinforcement requirement can be reduced by
30–40 % for LRC. Comparison of response of LRC, LRGPC and RC beams were
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carried out. Performance aspects such as load carrying capacity, moments,
deflections, and strains at different stages were studies. The failure was recorded for
the beams. The paper presents of the results the performance of laced reinforced
geopolymer concrete beam (LRGPC) under monotonic loading.

3 Materials Used

Following materials are generally used to produce GPCs:

(i) Fly ash
(ii) GGBS
(iii) Fine aggregates and
(iv) Coarse aggregates.

3.1 Fly Ash and Ground Granulated Blast Furnace Slag

FA conforming to grade 1 of IS 3812 [5] and Ground granulated blast furnace slag)
confirming to IS 12089 [3] were used. River sand available in Chennai was used as
fine aggregates. The Geopolymer concrete (GPC) was obtained by mixing calcu-
lated quantities of FA and GGBS, fine aggregates, coarse aggregates with Alkaline
Activator Solution (AAS). FA obtained from Ennore Thermal Power Station and
GGBS obtained from Quality polytech, Mangalore conforming to IS 12089 [3]
were used.

3.2 Aggregates

River sand available in Chennai was used as fine aggregates. It was tested as per IS
2386 [4] standards. The specific gravity of coarse aggregate and sand are 2.72 and
2.65 respectively. In this investigation locally available blue granite crushed stone
aggregates of maximum size 12.5 mm and down size were used and character-
ization test was carried out as per IS 2386.

4 Mixing and Casting of Geopolymer Concrete

In this mix design was done by using ACI-211.1 (Part-1) code. Geopolymer
concrete can be produced by adopting the conventional techniques used in the
manufacture of Portland puzzolana cement concrete. In the laboratory, the fly ash,
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GGBS and the aggregates were mixed together dry in a pan mixer for about 3 min.
The aggregates were prepared in saturated-surface dry (SSD) condition. The binder
composition consists of 50 % fly ash and 50 % GGBS. The alkaline liquid used in
this study for the polymerization are sodium hydroxide (NaOH) and sodium silicate
(Na2SiO3). The sodium hydroxide is available in the form of pellets and mixed with
the distilled water and prepared alkaline solution one day before casting. The
Sodium silicate is added just before casting. The AAS is added to the dry material
and mixing continued for another 4 min. The fresh geopolymer concrete was casted
and compacted by the usual methods in the case of Portland cement concrete [2].

The dry mixture consisting of FA, GGBS, coarse and fine aggregates were
swiveled in the pan mixer for about 3 min before the addition of the AAS. After the
addition of the AAS, the mixture was mixed for duration of 5 min for obtaining
good homogeneity. It was found that the fresh geopolymer was slightly dark in
color, and was also more cohesive due to higher paste volume. The dark color can
be attributed due to the presence of FA. The pan mixer used is shown in Fig. 1.

5 Experimental Investigation

5.1 Preparation of Beam Specimens

The test specimens are two laced reinforced GPC beams designed as per the pro-
vision of IS 456 [6] (refer Fig. 3). A complete experimental programme was carried
out at Structural Heavy testing Laboratory in CSIR-SERC, Taramani, Chennai. All
the test beams are 300 mm × 300 mm in cross-section with a height of 0.82 m
(Fig. 2). Figure 3 shows the resistance versus rotation in degrees of LRC element.

Fig. 1 Pan mixer used for
mixing concrete
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5.2 Reinforcing Steel

High tensile, weld-able quality BSt 500/550 S steel was consistently used for all
reinforcing bars. All the lacings and longitudinal bars were 12 mm diameter and has
fixed end beam bottom 16 mm diameter bars were used. In the construction of tied
inclined lacing specimens, lacing were placed in position and tied to longitudinal
and traverse bars at the nodes. Figure 4 shows the details of reinforcement with
beam mould. Figure 5 shows the casting of laced reinforced geopolymer concrete
beams. Figure 6 shows the details of laced steel reinforcements.

Sufficient distance was maintained from the nodes to avoid simultaneous action
of stresses due to bending of the bar and welding effect. This concept was devel-
oped to construct LRC specimens by prefabrication technique.

The beam specimens were cast horizontally in wooden moulds. Prior to casting,
the inner walls of moulds were coated with lubricating oil to prevent adhesion with
the concrete specimens. The concrete was placed in the moulds in three layers of
equal thickness and each layer was vibrated until the concrete was thoroughly
compacted by the needle vibrator. The slump and density of every batch of fresh
concrete was also measured was also measured in order to observe the consistency

Fig. 2 Typical LRC beam
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of the mixes. The density of mixes was 2,390–2,420 kg/m3 respectively. Concrete
with a mix proportion of 1:1.5:2.5, and liquid binder ratio of 0.65 is used as in-filled
concrete. A typical beam specimen after casting as shown in Fig. 5. Two LRGPC
beams were cast. Six control specimen of size 100 mm × 100 mm × 100 mm are
cast and their compressive strength on 28th day is evaluated to be 52 MPa. The
specimens were demoulded after one day and were air cured under ambient con-
ditions in the laboratory until test age.

6 Test Procedure

All the specimens were white washed in order to facilitate marking of cracks. The
instrumentation setup is shown in Fig. 7, and the experimental setup for monotonic
test is shown in Fig. 8.

Fig. 4 Beam mould with
reinforcements

Fig. 5 Beam specimen after
casting
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The test specimens are designed as per the provisions of IS 456 [6]. A total of
two beams, each with LRC construction technique was used. All the test beams
were 300 mm × 300 mm in with a height of 0.82 m and detailed sufficiently for
fixity at the base. All the lacings and longitudinal bars were 12 mm diameter and
fixed end beam bottom were 16 mm dia bars used. In the construction of specimens,
lacing were placed in position and tied to longitudinal and traverse bars at the
nodes. The beam specimens were cast horizontally in wooden moulds.

Testing was carried out on a loading frame of 50 tons capacity. Monotonic loads
are applied through hydraulic energypac jack at the top of the LRC beam. Hydraulic
jack is connected at one end to the heavy-duty reaction frame and the other end is
connected to the top slab of LRGPC beam, through a calibrated load-cell. The
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monotonic load is applied load at a distance of 160 mm from the free end of
cantilever beam. Two LVDTS were used for measuring deflections of beam. One
for measuring deflections under the loading point and another at free end of can-
tilever beam. Prior to loading, the LVDT were checked and the initial reading were
set to zero. The steel strains were recorded by electrical resistance strain gauges
connected to a MGC plus data logger. The loading cell fitted at the top of the
loading point of the beam. The load applied was increased gradually and the cracks
were marked. The behavior of the beam was observed carefully. All the mea-
surements including deflections, strain values and crack width were recorded at
regular intervals of load until the beam failed. The failure mode of the beams also
recorded.

7 Discussion of Results

Electrical resistance strain gauge of foil type are used. Strains at different locations
at maximum load are shown in Fig. 8. In the case of tension steel yield condition
under flexure, it is essential to limit the shear capacity based on flexure. This is
essential because most of the times the capacity of the section under pure shear
(capacity of concrete plus capacity of stirrup steel) can exceed the capacity under
pure flexure. The shear resistance for the members without web reinforcement is
observed to be proportional to split cylinder strength rather than flexure tensile
strength. The load versus microstrain (µε) relation as shown in Fig. 9. The
measured strain in steel reinforcement is 5,000 µε.

Fig. 8 Experimental test setup for monotonic test
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7.1 Theoretical Analysis

The tip deflection under monotonic loading has been computed as the summation of
deformation components due to flexure and shear. The computed deflections the-
oretically and the experimentally obtained deflections along with other data are
given in follows:

Theoretical deflection of cantilever beam is given by,

d ¼ Fs2

EIð3L� sÞ

where F = load act on beam, s = Dial gauge distance from the face of the support,
E = Modulus of Elasticity, I = Moment of Inertia, L = Length of the beam. Average
The theoretical deflection of beams δthe is 15 mm and Experimental deflection of
beam δexp is 20 mm. A good correlation is seen between the experimental and
theoretical results. A good correlation is seen which indicates the validity of the
empirical approach suggested for use in design computations.

7.2 Failure Modes

At a section, lacings (outward and inner) develop tensile and compressive forces.
As the diagonal chord is strong in compression, the lacing provided in that direction
records less force as compared to the lacing provided in the tension direction.

Rupture of tensile steel in inclined Laced Reinforced beams: Ordinary
reinforced concrete beams with inclined lacings failed by rupture of tension steel.
SL beams had failed in flexural—shear tension or flexural shear compression
respectively. Ordinary reinforced concrete beam with conventional rectangular
stirrup also failed flexural-shear compression. All the geopolymer concrete rein-
forced beams failed by rupture of tension steel (see Fig. 10). Ultimate failure
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process is a complex state and is yet to be understood clearly. The post yield
behaviour of the beams (∞s < 4) is governed by flexure and shear interaction. Here,
all the beams were provided with very strong compression chord (Asc = 0.87 %). No
specimen exhibited buckling failure of compression steel, even though the spacing
of ties was twice in laced reinforced beams (=160 mm) as compared to the con-
ventional stirrup reinforced beams. By eliminating the flexural buckling failure of
compression steel the choice for ultimate failure had to be either rupture of tension
steel or shear compression/shear tension failure.

The crack width opening is governed by tensile strength of concrete. If the
diagonal compression and tension members are adequately strengthened then the
ultimate failure is only by progressive failure of tension steel. Hence the contri-
bution of diagonal reinforcement is significant, by transforming the ultimate failure
of the member to a failure by rupture of tension steel. This characteristics failure is
very predominant in laced reinforced beams and thus required ductility levels can
be achieved even under the influence of dominant shear. At the stage of ultimate
load compression chord failed under shear compression. Hence it is essential to
consider shear interaction. It explains that even in equal doubly reinforced sections,
without web stiffening by inclined reinforcement, it is difficult to obtain tension
rupture failure at higher percentage of tensile steel.

The load displacement response of LRGPC beam at its centre is shown in
Fig. 11. Initially, load-displacement curve is found to be linear up to a load of
50 kN, after which it is nonlinear up to a peak load of 100 kN. Visible cracking in
concrete is observed at 60 kN in between the loading points. The failure crack
pattern of LRGPC are shown in Fig. 10. LRC enhances the ductility and provides
better concrete confinement. LRC beam has high rotational capacity as compared to

Fig. 10 Rupture of tension
steel failure under monotonic
loading
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that of RC beams. Weight of steel is less in LRC compared to that RC beams. In
view of all these aspects, behaviour LRGPC beam can be much better and eco-
nomical than ordinary LRC or RC beams of comparable dimensions and materials.

8 Conclusions

Based on the experimental investigations carried out on laced reinforced geo-
polymer concrete cantilever beam the following conclusion are drawn,

1. Monotonic load testing under two point flexure with displacement control has
been conducted on two LRC beams. The specimens are tested with fixed
conditions.

2. In LRC beamwith 45° lacing, thefirst crack load is observed as 12 kN and ultimate
load is 100 kN. The measured ultimate displacement of the beam is 20 mm. The
experimental and theoretical displacement obtained shows good agreement.

3. Inclined lacing is found to be better alternative method of detailing of web
reinforcement for providing adequate shear capacity and large ductility under
static loadings as compared to the vertical hoop reinforced members.

4. Beams reinforced equally on compression and tension sides with sides adequate
a lateral reinforcement can give very large deformations and are suitable for
blast-resistant design of structures.

5. LRC enhances ductility and energy absorbing capability, its construction is
complex due to the presence of lacing besides longitudinal and transverse steel.

6. Laced reinforced concrete construction technique potential in structures sub-
jected to suddenly applied dynamic load, especially blast load.

The structural behavior of LRGPC beam is similar to laced reinforced
Portland concrete beam. So LRGPC can be used for blast-resistant design of
building and structures.

7. Apart from less energy intensiveness, the GPC utilize the industrial wastes for
producing the binding system in concrete. There are both environmental and
economical benefits of using fly ash and GGBS.
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Dynamic Analysis of the Effect
of an Air Blast Wave on Plate

S.V. Totekar and S.N. Madhekar

Abstract Blast analysis is gaining importance as terrorist activities are increasing
all around with more devastating tools and techniques. The September 11, 2001
attack on World Trade Centre towers in New York, Murrah Federal office building
in Oklahoma city on 19th April 1995 showed different strategies used by terrorist
for destruction. The plates are having wide range of applications in structural
systems. The plates are used as infill panels to enhance catenary action in framing
systems, protective systems for malls or any commercial places. In the present
study, the effect of blast loading is analyzed on a square super austhenitic stainless
steel (AL-6XN) plate of side 300 mm with 6 mm thickness. The dynamic analysis is
performed using the Abaqus explicit finite element program. The modeling of the
blast is done using the blast modeling software CONWEP (Conventional Weapons
Effects), which is an empirical based loading model within finite element programs.
The property of the blast load is specified using the incident wave interaction
property and the CONWEP charge property at the model level and the incident
wave interaction at the step level. The different weight charges are used for the
analysis as equivalent TNT. The Johnson-Cook [1] flow stress model exhibits
elasto-plastic behavior to calculate deformation due to the impulse loading pro-
duced by the explosive detonation. The different weight charges used for the
analysis were in the range of 1.5–5 kg TNT. The maximum displacement of charge
weights were in the range of 25–103 mm for strain rate independent model and
75–450 mm for strain rate effect. From results it is observed that the plate defor-
mation is characterized into permanent or elastic deformation. Also it is observed
that there is increase in stress level in strain rate dependent model than strain rate
independent model.
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1 Introduction

Blast analysis is gaining importance as terrorist activities are increasing all around
with more devastating tools and techniques. Blast activity comes with many folds
i.e. pressure, fire, ground shock, fragments with massive energy associated with it
which proves hazardous to structure or facilities, in turn affecting human and
important equipment. Because of these, there is need to understand and provide
protecting system for structure. An advance numerical technique helps in stimu-
lating explosive events which enable to understand effect and behavior of structure.
The advancement in material e.g. metal foam which absorbs energy undergoing
deformation without bouncing back, also these are advantageous as they can be
recycled. Material behavior under impact load needs to be considered as under high
stain rate strength increases compared to static loading conditions.

The plates are having wide range of applications in structural systems. The plates
can be used as infill panels to enhance catenary action and joint performance in
framing systems, protective systems for malls or any commercial places.

Damping in the system proves to be insignificant as load is impulsive which last
for few milli seconds. There are active damping systems which activate within milli
seconds e.g. Magneto Rheological dampers and smart material however these
proves to be expensive and their use is restricted to developed nations. Blast effects
on human need to be understood to take into account probable injuries or casualties’
caused due to blast and after effects like fragmentation and fire. Planning aspect can
also substantially affects the blast loading as location of blast, amount of charge
weight and method of causing event.

2 Blast Loading Basics

Explosions are distinguished as detonations and deflagrations. The difference
between detonations and deflagrations is the velocity of the reaction zone in the
explosive. Deflagrations have a slower reaction zone than the sound speed. Deto-
nations have a faster reaction zone than the sound speed. The most common explo-
sives react with detonations. To compare different explosives the TNT equivalent can
be used. The TNT equivalent is a method for quantifying the energy released in the
detonation of an explosive substance, by comparing it to that of an equal quantity of
TNT. It is known that 1 kg TNT releases the energy of 4.520 × 106 J.

2.1 Air Blast Waves

Blast overpressure radiates from the point of detonation but decays exponentially
with distance from the source and time, and eventually becomes negative (outward-
rushing force) subjecting the building surfaces to suction forces as a vacuum is
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created by the shock wave. The pressure at point is given by Friedlander equation
[2] depends on time t.

The main characteristics of the development of the blast pressure wave are:

I. The arrival time ta of the shock wave to the point under consideration. This
includes the time of the detonation wave to propagate through the explosive
charge.

II. The peak overpressure pmax—The pressure attains its maximum very fast
(extremely short rise-time), and then starts decreasing until it reaches the
reference pressure p0 (in most cases the normal atmospheric pressure).

III. The positive phase duration td, which is the time for reaching the reference
pressure. After this point the pressure drops below the reference pressure until
the maximum negative pressure pmin. The duration of the negative phase is
denoted as tn.

IV. The incident overpressure impulse, which is the integral of the overpressure
curve over the positive phase td.

The idealized (free air blast) form of the pressure wave of Fig. 1 can be greatly
altered by the morphology of the medium encountered along its propagation. The
effects of the reflection depend on the geometry, the size and the angle of incidence.

The reflected overpressure pr is

pr ¼ 2pmax
7po þ 4pmax

7po þ pmax

� �
ð2:1Þ

All parameters of the pressure time history are normally related to scale distance,

z ¼ rffiffiffiffi
w3

p ð2:2Þ

Fig. 1 Pressure-time curve
for air blast wave
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2.1.1 Pressure Time Distribution

The pressure at point can be described by the modified Friedlander equation (Baker)
and depends on the time t from arrival of the pressure wave at time (t = to − ta)

pðtÞ ¼ po þ pmax 1� t
td

� ��bt
td ð2:3Þ

Parameters involved in Eq. (2.3) are atmospheric pressure po, maximum over-
pressure pmax, duration of the positive pressure td and wave decay parameter
b. Wave decay parameter b can be calculated from impulse. Blast wave parameters
are presented on logarithmic scale with the scaled distance z as abscissa, also it can
be obtained using different empirical expressions. The charts and expressions
correlating scale distance and blast wave parameters are available in TM-5-1300 or
UFC-3-340 manual of DoD of US and also implemented in program CONWEP
which is inbuilt in Abaqus [3, 4].

2.1.2 Impulse

The impulse of the air blast wave has big influence on the response of the structures.
The impulse is area under the pressure-time curve with the unit of pressure-sec,
which is given as

I ¼
0:067

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z=0:23ð Þ4

q

z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z=1:55ð Þ43

q ð2:4Þ

2.1.3 Negative Phase

Detonation produces a peak overpressure and afterwards the pressure decreases and
drops below reference pressure i.e. atmospheric pressure. Effect of negative phase
depends on scale distance. For scale distance greater than 50 and less than 20, effect
of negative phase can’t be neglected.

2.1.4 Wave Form Parameter

The wave decay or form parameter b in the Friedlander equation (Baker) describes
the decay of the pressure-time curve. The Friedlander equation has the parameters
pmax, td, and b.
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pmax and td can be readily found as described in Sect. 2.1.1. There are several
relations available to calculate the decay parameter b by using another known value
of the pressure-time curve.

2.1.5 Shock Front Velocity

The arrival time of the shock front at different points can be used to calculate the
velocity of the shock front, which can be obtained using the Rankine Hugoniot
(Cabello) relationship.

2.2 TNT Equivalence

The different explosive materials are converted into equivalent of TNT using energy
of TNT as the reference. This helps to simplify the charge weight of explosives in
kilogram as a single entity.

3 Methodologies Adopted

In the present study, the plate having dimensions 300 × 300 × 6 mm is analyzed for
the different blast scenario with and without strain rate effect. The finite element
package Abaqus is used to simulate blast using inbuilt CONWEP tool. The fixed
boundary conditions were applied on two edges and rest two edges were free. The
standoff distance considered is 50 mm from surface of plate located 50 mm below
the center of plate. The model was meshed with 20 × 20 C3D8R explicit element as
shown in Fig. 2.

3.1 Abaqus Modeling

The model was done in standard/explicit environment of Abaqus with following
parameters. The solid plate is modeled using 3D continuum element with creating
required reference points for defining blast load. The material models were used one
with strain rate independent and one with strain rate dependent plasticity model
with mechanical properties as mention below.

The mechanical properties of the super austhentic stainless steel (AL-6XN) are:
Young’s modulus of 1.61 × 105 MPa, Poisson’s ratio of 0.35, density of
7.85 × 10−6 kg/mm3, and coefficient of expansion of 452 × 103 Nmm/kg.
A Johnson-Cook model is used to model the elastic–plastic behavior with the
following coefficients and constants: A = 400 MPa, B = 1,500 MPa, C = 0.045,
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n = 0.4, m = 1.2, and έp0 = 0.001 s−1. The Johnson-Cook (Cabello) model is a
phenomenological model, i.e. it is not based on traditional plasticity theory that
reproduces several important material responses observed in impact and penetration
of metals. The three key material responses are strain hardening, strain-rate effects,
and thermal softening.

rY ep; _ep; T
� � ¼ Aþ B ep

� �n	 

1þ C ln _e�p

� �
1� Tð Þm½ � ð3:1Þ

where ep is the equivalent plastic strain, _ep is the plastic strain-rate, and A, B, C, n,
m are material constants. The normalized strain-rate and temperature in equation are
defined as

_e�p ¼
_ep
_ep0

ð3:2Þ

T� ¼ T � T0ð Þ
Tm � T0ð Þ ð3:3Þ

where _ep0 is a user defined plastic strain-rate, T0 is a reference temperature, and Tm is
a reference melt temperature. For conditions where T* < 0, it is assumed that m = 1.

Fig. 2 Meshed model with
reference point
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3.1.1 Analysis and Blast Cases

Explicit dynamic analysis is performed using Johnson Cook plasticity model for
blast cases considered i.e. with four different charge weights of 5, 3, 2 and 1.5 kg
with two material models as discussed in Sect. 3.1. The duration of analysis is 2 s.

Table 1 Peak displacement and stress for different charge weights

TNT (kg) Strain rate dependent Strain rate independent

Displacement (mm) Stress (MPa) Displacement (mm) Stress (MPa)

1.5 78 240 22 150

2 150 300 47 275

3 315 1,025 65 400

5 450 1,050 103 425

Fig. 3 Deformation contours for strain rate dependent model
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4 Results and Discussion

The model is validated for 3 kg TNT at 0.2 m standoff distance using available
literature [1]. The percentage difference in deflection observed was 15 %. The
observed maximum deflection for plate with strain rate dependent model was
450 mm and without strain rate effect it was 103 mm for 5 kg TNT. The maximum
strain observed for 5 kg TNT was 0.595. Also maximum stress observed was
1,050 MPa for strain rate effect while for strain rate independent model it was
425 MPa. The high value of stresses observed, as blast loading is highly impulsive
i.e. rate of loading is high. Table 1 shows the peak displacement and stress for
different charge weights. The Figs. 3 and 4 show deformation and stress contours
respectively for 1.5, 2, 3 and 5 kg TNT for strain rate dependent model. Similarly
Figs. 5 and 6 shows deformation and stress contours respectively for strain rate

Fig. 4 Stress contours for strain rate dependent model
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independent model. The Fig. 7 show stress strain plot while Fig. 8 show defor-
mation time history for strain rate independent and dependent model. The Fig. 9
show rupture plot for 5 and 3 kg TNT loading.

The stress and displacement contour depicts the stress and displacement varia-
tion at different locations specially near blast and at boundaries. The stress strain
plot shows yield point prominently while displacement history plot shows variation
in plate displacement at every instance of time. The time history animation showed
that the plate was stabilized after 0.4 s. The rupture of plate being observed from
Fig. 9a, b for 5 and 3 kg of TNT.

Fig. 5 Deformation contours for strain rate dependent model
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Fig. 6 Stress contours for strain rate dependent model

Fig. 7 Stress strain plot. a Strain rate dependent, b strain rate independent
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5 Conclusion

The dynamic analysis is carried out on a stainless steel plate using Abaqus, finite
element package. The material behavior with strain rate dependency is modeled
using Johnson Cook flow stress model. The blast load is applied using CONWEP
tool. The maximum deflections observed in case of strain rate independent model
are in range of 22–105 mm while for strain rate dependent the deflection are in the
range of 75–450 mm for different charge weight. The stress plots also reveal the
significant increase in stress due to strain rate effect i.e. in range of 250–1,050 MPa
while without strain rate effect it was in range of 150–425 MPa for different charge
weights. The plate failed for 3 and 5 kg TNT loading as von Mises stresses exceeds
the ultimate stress value of 655 MPa.

The present study shows that rate of loading significantly affects the material
behavior. The blast load is impulsive in nature with high strain rate which enhances
material response which will advantageous in design of blast resist structures.

Fig. 8 Displacement time history plot. a Strain rate dependent, b strain rate independent

Fig. 9 Rupture contours of plate
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Control of Blast-Induced Vibration
of Building by Pole Placement and LQG
Control Algorithm

Sanjukta Chakraborty and Samit Ray-Chaudhuri

Abstract Application of innovative smart control technology is becoming
increasingly popular among researchers and practitioners particularly for a structure
under wind or seismic excitation. However, the active control technology for a
structure subjected to an underground blast loading has not been done so far.
A typical blast-induced loading generates high frequency waves (having a very
short duration with large amplitude acceleration) that significantly excite the high
frequency modes of a structure during the forced regime. However, the transient
part of the structural response is governed by the low frequency modes of the
structure. As a result, the structure first suffers large floor acceleration responses
followed by a large displacement response. In this study two algorithms, namely,
pole placement and LQG control are used in order to control both the displacement
and acceleration of a three-story building. For active conrod mechanism, a real time
single input force is applied through an actuator. The performance of the system
under these control methodologies is then compared to judge the suitability and
effectiveness of a smart control scheme over widely used passive controlled system.

Keywords Blast induced vibration � LQG control algorithm � Pole allocation
method � State space formulation

1 Introduction

Underground blast is a common source of ground vibration and may arise from
mine blasting, tunnel blasting, bench blasting etc. Besides, accidental explosions of
various storage facilities such as ammunition storage, air raid shelters, oil,
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inflammable gas storage are sources of blast. The underground vibration thus
generated due to such incidents may be detrimental to nearby structures depending
upon the location and type of structure, characteristics of surrounding soil and the
intensity of blast.

The nature of ground vibration generated from underground blast has different
characteristics as compared to the earthquake-induced vibration. The blast pulses
are consisted of high frequency waves with large amplitudes that act for a very short
duration. Surrounding structures get excited during the major shock period. How-
ever, during the transient period of vibration the low frequency modes of an affected
structure govern the structural response [1, 2]. Therefore, the structure under a blast-
induced ground vibration is subjected to high peak floor acceleration at the
beginning (during the major shock period) followed by a large displacement
amplitude (during the transient phase) [3]. Further, the effect of underground blast
vibration may be more significant as compared to the earthquake induced vibration
(for the same propagation distance) as the epicentral distance is much lower for the
blast-induced ground motion as compared to seismic ground motion [4]. Thus, the
structures subjected to blast-induced loading should be protected for both peak floor
acceleration and peak displacement.

A lot of passive or active vibration control strategies have been developed for
structural control considering earthquake- and/or wind-induced vibration. However,
the blast-induced vibration has not got serious attention so far except a few limited
studies. For example, [5] used fluid viscous damper for the response control of steel
buildings. Wu et al. [6] used sand layer below the foundation for the control of the
vibration. A base isolation study considering lead plug or N-Z bearing has been
made by Mondal et al. [7] on a SDOF systems, where the optimal base isolation
parameters were found out minimizing both peak absolute acceleration and peak
base displacement. The study is further extended to a five-story building. However,
these passive control systems are subjected to many limitations. For example, a
passive base isolation device undergoes severe damages caused by large blast-
induced load. The re-installation of such devices are very expensive. Moreover, the
optimal parameters chosen for a passive control system subjected to certain exci-
tation can not adapt themselves if the excitation characteristic changes. Thus, the
implementation of active control forces in such a case may be a beneficial one.

Now-a-days, a significant amount of research is going on to include active/semi-
active control strategies to enhance the overall performance of a structure. Many
optimal control algorithms such as LQG, LQR, pole placement, H2, H1, fuzzy
logic based control, sliding mode control, have been proposed for structural
applications. A good review of experimentally verified active and semi-active
control systems for structural applications are found in [8]. In most of the cases,
numerical and experimental studies are made for base isolated structures or struc-
tures under earthquake base excitations. However, till now implementation of such
technologies for a structure undergoing blast-induced vibration has not been con-
sidered. In this study, active control algorithms are implemented where a three-story
building subjected to under ground blasting, is controlled and the results are
compared with the uncontrolled systems. Two different algorithms are used, one is
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the pole placement and another is the LQR control. The pole allocation method is
implemented by trial and error to reduce both peak structural displacement and floor
acceleration. In the later part of the study, LQR control algorithm is considered. The
performances of both the algorithms are compared in terms of peak floor acceler-
ations, peak displacements and the control forces.

2 The Characteristic of the Blast Loading

In the study, the blast-induced ground acceleration is generated from an under-
ground explosion which is modeled by an exponentially decreasing function [9] as
given below. Blast-induced ground acceleration (€XgðtÞ) can be expressed by the
equation as follows.

€XgðtÞ ¼ �ð1=tdÞ�_Xg expð�t=tdÞ ð1Þ

In the above equation, �_Xg is the peak particle velocity (PPV) and td is the time
required for arrival of blast wave (arrival time). td is provided as td ¼ R=Cp. R and
Cp denote the distance to the charge center from the structure undergoing vibration
and the propagation velocity of the wave in soil and rock, respectively. Cp is
provided as

ffiffiffi
E

p
=q where, E is the young modulus and q is the average mass density

of soil or rock. PPV is computed from the empirical relation given by Hao and Wu
[4]. Figure 1 describes the variation of the ground acceleration along with time. The
properties of the rock as considered in estimating the blast-induced ground accel-
eration is provided in Table 1.
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Fig. 1 Vibration of blast-
induced acceleration with
time

Table 1 The properties of
the rock and blast-induced
acceleration

R (m) CP (m/sec) PPV (�_Xg) (m/sec) €Xg (m/sec2)

50 5,280 0.2266 23.928
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3 Response of Structure

In the study, the structure is considered as a three-story shear building modeled as a
spring-mass-damper system with the mass lumped at floor levels of the building.
The structural properties of the building are detailed below. Mass distribution is
considered to be uniform (i.e. 5,897 kg), stiffness and damping matrices of the
building are provided as follows in Eqs. 2 and 3.

K ¼
62825000 �29093000 0
�29093000 57714000 �28621000
0 �28621000 53575000

2
4

3
5 ð2Þ

Cd ¼
15150 �3178 0
�3178 14592 �3126
0 �3126 14139

2
4

3
5 ð3Þ

The structural response of the building is considered as an impulse force. The
control force is designed for the transient part of the response only with the initial
conditions taken from the forced regime of the response. The blast load excites the
higher mode of the structure. Thus, if the modal decomposition is carried out, it can
be seen that the higher mode is also contributing to the total response considerably,
especially in case of acceleration. However, the component corresponding to the
higher mode dies out rapidly because of the higher decay rate and hence, the lower
modes govern the response in later stage. The initial conditions are considered
corresponding to 0.1 s. Displacements and velocity initial conditions for all floors
are provided in Eqs. 4 and 5 respectively.

X0 ¼ �0:001 �0:0025 �0:002f gT ð4Þ

_X0 ¼ �0:17 �0:17 �0:14f gT ð5Þ

The displacement vector can be provided by the following equation.

X ¼
X

Uq ¼ U1q1 þ U2q2 þ U3q3 ð6Þ

where U is the normalized modal matrix. q1, q2, q3 are the responses for the first,
second and the third modes respectively. The expression for the displacement of a
particular mode at a time instant t can be provided as follows.

qi ¼ e�n1xn1 tAi cosðxdi t þ ;Þ ð7Þ

where, A is the amplitude and ; is the phase angle, ni is the damping ratio, xni is the
undamped natural frequency and xdi is the damped natural frequency for the ith
mode. Similarly the acceleration at a particular mode will be
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€qi ¼ ðxniÞ2e�nixni tA cosðxdi t þ /Þ þ 2nxnixdi e
�nixni tA sinðxdi t þ /Þ ð8Þ

From the amplitude of individual modes (Table 2) it can be observed that for
blast loading the initial mode is excited considerably and the participation of the
second and the third mode is almost the same. Therefore, along with the dis-
placement response, the acceleration response increases considerably because of the
equal participation of the second mode. The control design thus should be such that
to minimize not only the displacement but also the acceleration responses. From the
response expression (Eqs. 7 and 8), it can be observed that the increase in the
natural frequency of the structure decreases the displacement. However, this in turn
increases the acceleration to a great extent as the acceleration is proportional to the
square of the natural frequency of the structure (Eq. 8). Therefore, the way to reduce
both the displacement and the acceleration is to increase the damping of the system.

4 The Control Design

In feedback control design, active control algorithms are used to determine the
control force depending upon the response of the system. In the study, at first pole
allocation method is used for obtaining the desired response. Later, LQR control is
used for the comparison purpose.

4.1 State Space Formulation

The building is a three degrees-of-freedom system. The controller is assumed to be
a single input controller and the actuator force is applied at the top floor of the
building. Present configuration satisfies the controllability criteria. In a similar way
the observer is considered as a velocity sensor at the top floor of the building and it
also satisfies the observability criteria. The state space formulation of the building is
presented as below.

Ma _Xa þ KaXa ¼ Fa ð9Þ

where Ma ¼ 0 M
M Cd

� �
, Ka ¼ �M 0

0 K

� �
, Fa ¼ 0

F

� �
, Xa ¼

_X
X

� �
, Fa ¼ Bu,

B ¼ 0 0 0 0 0 1½ �T and C ¼ 0 0 1 0 0 0½ �. In the above equation

Table 2 Modal responses of
the system displacement in
meter

1st mode 2nd mode 3rd mode

Amplitude 0.2758 0.0376 0.0377

Phase 0.029 −0.0087 −0.0073
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M, K, Cd are the mass, stiffness and the damping matrices respectively; B is the
controllability matrix and C is the observability matrix.

5 Pole Allocation Method

This is a very effective algorithm in modern control theory. The control force may
be a single input or multiple input. In case of single input, the controller can be
designed to locate the poles of the system to its desired location, if the controlla-
bility criteria is satisfied. However, in case of multiple input, along with the pole
location, eigen structure of the system can also be modified by proper designing of
the controller. In control design, the state of the system is predicted from the output.
Therefore, a full-state observer is also needed satisfying the observability criteria.
From the output, an approximate state is predicted and the observer is deigned to
converge the approximate state to real state within a finite time. The control force
thus applied is proportional to the predicted state of the system. The simulated
system considering the controller and the observer is shown in Fig. 2. It can be
shown that the combined system does not cause any instability to the system and
the system poles remains the same as was chosen for the controller and the observer
separately.

Figure 3 demonstrates the locations of the poles of the current system and the
shifted poles. In the figure n, xn and xd are the damping ratio, natural frequency
and the damped natural frequency, respectively. The poles for different modes of
the system are shown in this figure. The plots of the open-loop poles indicates that
the system damping is very low for all the three modes. The shifted locations of
every pole is determined by trial and error so that the natural frequency corre-
sponding to every mode remains almost the same but the damping angle changes
(see Fig. 3).

Fig. 2 Schematic diagram
showing the closed-loop-
system with controller and
observer
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6 Results from Pole Allocation Method

The displacement and velocity responses obtained for the uncontrolled and the pole
allocated systems are shown in Figs. 4 and 5 respectively. It can be observed from
the figures that for the first floor, maximum displacement and velocities decayed to
almost zero between 1 and 2 s. The similar responses are obtained for other two
floors as well. In case of displacement, the peak value for the first floor is almost
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equal to the uncontrolled system (Fig. 4). Similar observation can be made for the
velocity as well (Fig. 5). The displacement and velocity responses for the second
and third floor levels is much lower for the pole allocated system as compared to the
uncontrolled system.

The acceleration responses of the three floor levels are shown in Fig. 6. The
maximum acceleration for the first floor increases considerably for the pole allo-
cated system than that for the uncontrolled system. However, the second and third
floor accelerations reduce considerably for the pole allocated system in comparison
to the uncontrolled system. This increase in the velocity and acceleration response
occur because of the increase in the natural frequencies of the pole allocated system.

However, in spite of a huge response reduction and having independence to
change the poles of the system to a desired location, pole placement algorithm
requires a huge control force to get the modification to the system. LQR control
algorithm is an alternative that provides the system modification in an optimal
manner controlling the response as well as the control force to the system.

7 LQR Algorithm

The most common technique for the minimization of the response is the LQR
algorithm where the gain for the placement of the pole is designed minimizing (i)
the overall response over a time period and (ii) minimizing the control force. The
performance index that is considered for the LQR control is taken as follows:

J ¼ 1
2

ZT

t0

ðXT
a QXaÞ þ uTRuÞdt ð10Þ

In Eq. 10, Xa, u are the states and control force of the system, respectively; Q and
R are the weight factors for the system states and the control force respectively. The
optimal control force is given in the following equation.
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u� ¼ �R�1BTPx ð11Þ

where, u^* is the optimum value of the control force, P is a positive definite matrix
obtained from solving the Algebraic Riccati equation (ARE) as described below.

ATPþ PAþ Q� PBR�1BTP ¼ 0 ð12Þ

Here, only the steady state condition is taken and therefore, P value is not time
dependent. Also the input is considered to be a single input. Therefore the weighing
matrix R is a single scalar parameter. The weight matrix Q, for the system states is
provided as follows:

Q ¼

1000 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 1 10000000

2
6666664

3
7777775

ð13Þ

8 Results from LQR Algorithm

The displacement, velocity and the acceleration responses of all the floors are
demonstrated in Figs. 7, 8 and 9, respectively for the LQR algorithm. The results
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for the uncontrolled system and the pole allocated systems are also plotted. In case
of displacement (Fig. 7), the response is lower than the uncontrolled system but
higher in comparison to the pole allocated system. The displacement reduces
gradually whereas in case of pole allocated system, the displacement decreases
suddenly because of the increase in system damping. In case of velocity, the peak
velocity at the first floor level is lower for LQR system as compared to the pole
allocated system (Fig. 8). The first floor acceleration is also significantly lower for
LQR system in comparison to the pole allocated system as can be seen from Fig. 9.
The reason may be the slight increase in the modal frequency for the pole allocated
system that causes significant amplification of peak acceleration, especially for the
higher modes. This leads to an increase in the acceleration at the lower floor level
where the higher modes contributes significantly. However for the higher floor
levels, the velocities and accelerations for LQR control system increase in com-
parison to the pole allocated system (Figs. 8 and 9). A comparison between the
control forces are made for the pole placement algorithm and the LQR control
algorithm (Fig. 10). From this figure one can notice that the use of LQR control
algorithm reduces tremendous amount of control force as compared to the pole
allocated system. Thus, for the LQR controlled system a satisfactory response
reduction is achieved for a much lower control force as compared to the pole
allocated system.
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9 Conclusion

In the present study, a three-story shear building under blast-induced load is con-
trolled through active control technology. Blast-induced vibration causes an
increase in the acceleration during the forced regime of vibration and increases the
displacement of the system during the free regime of vibration. A pole placement
algorithm is considered first where the damping ratios for all the modes are
increased in order to resist both displacement and acceleration. This increase pro-
vides a considerable displacement reduction during the transient part of the
vibration. However, the control action increases the velocity and acceleration
responses at the lower floor level. An LQR control algorithm is then considered
where the reduction in displacement response lies between the response of the pole
allocated system and the uncontrolled system. However, a considerable reduction in
the first floor acceleration and velocity are achieved for the LQR control system as
compared to the other two systems. Further, the tremendous reduction in the control
force for LQR algorithm clearly indicates the effectiveness of the LQR control
algorithm as compared to the pole placement algorithm.
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Performance Study of a SMA Bracing
System for Control of Vibration Due
to Underground Blast Induced Ground
Motion

Rohan Majumder and Aparna (Dey) Ghosh

Abstract Underground blast load is important for all civil structures which are
situated close to mines and construction activities. Large amplitude waves of high
frequency which behave like an impulse load are the main characteristic features of
the ground motion generated by underground blasting activities. The blast induced
ground motion (BIGM) is quite significantly different from seismic ground motion
and though there has been extensive research on the vibration control of structures
subjected to the latter, the study of structural vibration mitigation for underground
blast load is still not well developed. Lately, smart materials such as Shape Memory
Alloys (SMAs) have attracted a great deal of attention in controlling the vibrations of
structures. Passive control involves utilization of the superelastic property of SMAs
such as Nitinol. The current study aims to investigate the potential of using SMAs as
passive control devices for structures subjected to BIGM. This is carried out through
a simulation study in standard finite element software on a three-storied steel frame
structure with SMA bracings, subjected to ground accelerations due to underground
blast. The investigation reveals that SMA devices provide considerably superior
performance to that of the conventional steel bracings and may hold great potential
for sensitive structures situated close to underground blasting sources.
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1 Introduction

Civil structures, which are situated in the close vicinity of underground mines and
construction activities are vulnerable to underground blast loads. The design of
underground facilities such as ammunition storage, oil and water storage caverns
also require the consideration of underground blast loads. The ground motions
caused by underground blasts are significantly different from earthquake ground
motions. The former are characterized by large amplitude waves of high frequency
and behave like an impulse load of an immensely short duration of time. Pioneering
research in this field was carried out by Dowding [3] who gave an empirical relation
for predicting the peak acceleration generated from underground explosion. Ma
et al. [10] have provided an expression for the motion generated by underground
explosion in terms of the Peak Particle Velocity (PPV) by using an isotropic
continuum model. Hao and Wu [6, 7] and Lu et al. [9] have made important
contributions to the modeling of underground explosions.

Structures subjected to blast induced ground motions or BIGM undergo two
phases of vibrations. In the first forced vibration phase, the response is characterized
by high accelerations and small displacements and there are chances of sudden
shear failure of the structure. In the succeeding free vibration phase, the structure
experiences large displacements and smaller accelerations [2]. The damage to a
structure from BIGM may range from severe to that of non-structural components
only, depending on the intensity of the explosion, distance of the site from the
blasting source, the soil characteristics and the type of structure. A review of
available literature on the vibration control of structures subjected to underground
blast load reveals that the subject is still not well developed. Wu et al. [17] has
presented a numerical model with sand base layer to reduce structural response due
to BIGM in both high and relatively low frequency ranges. Mondal et al. [12] have
reported that the N-Z base isolation system is fairly effective in reducing both
structural accelerations and displacements due to BIGM but may have problems of
isolator deformation and permanent drift.

Recently, in the field of structural engineering, several intensive research efforts
have been devoted to employing smart structure technologies in the vibration
control of structures. The shape memory alloys (SMAs) constitute a class of smart
materials that exhibit some extraordinary properties, chief among them being the
shape memory effect and the superelastic effect. SMAs can regain their original
shape even after being deformed beyond 6–8 % strain due to phase transformations
that may be induced by either a stress or a temperature change [8]. The SMA
properties of high strength, good fatigue and corrosion resistance, large damping
capacity, recentering-ability and availability in different shapes and configurations
make them very appealing for application in civil engineering structures. Amongst
the early researchers, Graesser and Cozzarelli [4] have explored the possibility of
using SMAs as a new material for seismic isolation. Sharabash and Andrawes [16]
have introduced and investigated the performance of a new passive seismic control
device for cable-stayed bridges composed of SMAs. Ozbulut et al. [14] have
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presented a comprehensive review of seismic control strategies using SMAs. Gur
et al. [5] have established the significant improvement of the performance in the
shape-memory-alloy supplemented rubber bearing (SMARB) over the traditional
elastomeric bearing (LRB) in isolating multi-storeyed building frames against
earthquakes.

This paper seeks to explore the potential of using SMAs as passive vibration
control devices for structures subjected to BIGM. First, a brief description of SMAs
is given. Then, the BIGM model is presented. Next, a simulation study is carried
out in standard finite element software, on a three-storied steel framed structure,
which is subjected to ground acceleration due to underground blast. A SMA bracing
system is then incorporated into the structure and the response reductions are
evaluated. A parametric study on the bracing configuration and on the number of
SMA wires and their cross-sectional areas is carried out. The results obtained are
compared with that of the conventional steel bracings.

2 Shape Memory Alloys (SMAS)

SMAs are a subclass of metals that have two main phases with different crystal
structures. The parent phase, called austenite, has a cubic crystal structure and is
stable at high temperatures and low stresses. The converse is true for the other phase
called martensite, which has a less-ordered crystal structure and can exist in two
forms depending on the direction of crystal orientation: twinned or detwinned
martensite.

By virtue of its property of the shape memory effect, an SMA material can regain
its original configuration after being deformed by temperature changes. If the ori-
ginal temperature is below Mf (the martensite finish temperature), the SMA is in its
twinned martensite phase and when stressed above a critical level transforms into
detwinned martensite, retaining this phase even upon removal of the load. Now on
raising the temperature above the austenite finish temperature Af, the material
transforms into the austenite phase. On subsequent cooling, the SMA transforms
into the original twinned martensite phase and thus there is no residual deformation.
The other unusual property of SMAs is the superelastic effect, which is observed
when a strain is imposed on an SMA material at a constant temperature above Af.
There is a phase transformation from austenite to the unstable detwinned martensite
and when the stress is removed, a reverse transformation to the austenite phase
occurs, which results in complete strain recovery and a large hysteresis loop. The
stress-strain curve, thermal cycle and associate phase transformations of the shape
memory effect and the stress-strain curve of the superelastic effect are illustrated in
Ozbulut et al. [14].

It may be noted that since the SMA material requires a temperature change in
order to demonstrate the shape memory effect, the use of this SMA property in civil
engineering applications is restricted to active control techniques [11, 15] and is
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thus limited. It is the superelastic effect for which SMAs are finding wide appli-
cations in civil engineering.

Many types of SMAs have been discovered but amongst them, owing to superior
thermo-mechanical and thermo-electrical properties, Nitinol is the most commonly
used SMA. The composition of the alloy determines the range of phase transfor-
mation temperatures of that particular NiTi alloy. Copper based SMA alloys are also
being used in commercial applications as they are relatively inexpensive and easier to
machine but they have long term aging problems at room temperatures. The main
copper based SMA alloys are based on CuAl and CuZn. Often a third metal is added
to the binary alloys of nickel and copper to achieve some desirable property for a
specific application. The development of ferrous based SMAs is also in progress.

2.1 Model for Underground BIGM

A model for underground BIGM in the time domain is considered. The average
empirical attenuation relation for peak particle velocity or PPVs on the ground
surface due to an underground blast as given by Hao and Wu [7] is expressed as

PPVs ¼ 2:981 f s1 ð
R

Q0:33Þ
�1:3375 ð1Þ

with

f s1 ¼ 0:121ðQ=VÞ0:2872 ð2Þ

where
f s1 decoupling factor for PPVs,
R distance in meters measured from the charge center,
Q TNT charge wt. in kilogram
V volume of the charge chamber in cubic meter.

The blast induced ground acceleration is then obtained from the following
expression given by Carvalho and Battista [1].

€ugðtÞ ¼ �ð1
td
ÞPPVs expð� 1

td
Þ ð3Þ

Here, td ¼ R=Cp = arrival time and Cp = Propagation velocity of wave in the
rock.

For the present study, the values of the various parameters considered for the
BIGM model are as follows.

V = 1,000 m3; Cp = 5,280 m/s; R = 50 and 100 m; Q = 10 and 100 ton.
The resulting acceleration time histories of BIGM are presented in Fig. 1.
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2.2 Model for Nonlinear Hysteretic Behavior of SMA

The SMA material considered in this study is Nitinol. The SMA damping device
used in this study is in the form of cables consisting of bundled or twisted SMA
wires. A one-dimensional tension-only SMA material model was used. It was
implemented in the finite element software Ansys 14.0 material library and then
employed in the study to illustrate the constitutive behavior of the SMAs realisti-
cally. The model is capable enough of describing the force-deformation relationship
of superelastic SMAs at a constant temperature as illustrated in Fig. 2 [16]. Six
parameters are used to define the model. These parameters are austenite elastic
stiffness KA, the transformation elastic stiffness KT (=αKA), martensite elastic
stiffness KM (=γKA), phase transformation starting force Fs, phase transformation

Fig. 1 Acceleration time
histories of BIGM—
a Q = 100 t; b Q = 10 t
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finishing force FF and the unloading force at the end of the reverse transformation
Fu (=βFs). A complete recovery of the original shape is obtained at the end of each
cycle. The values of strain at the start and the end of the phase transformation were
taken as 1 and 6 % respectively in this model as these values are typical for
superelastic SMAs.

The design of the SMA device is directly related to the response of the reference
structure. A reference force FR and reference displacement δR is established from
the reference structural response and these values are utilized to determine the
mechanical characteristics of the SMA device. In this study the reference force is
defined as the maximum axial force developed in the steel bracing of the uncon-
trolled frame. The level of force which is introduced to the system by the SMA
device which would define the number of SMA cables at each location is defined as
a fraction of FR. In order to relate the force of the SMA device with the reference
structure, the phase transformation force of SMA is computed from Fs = KS/R FR,
where KS/R is a factor that could take a value between 0.0 and 1.0, and FR is the
reference force as mentioned earlier. The factor KS/R is a parameter that specifies the
level of force desired at the point where the SMA device is installed and accord-
ingly determines the number of SMA cables required to achieve this level of force.
Here KS/R is taken as 1.0. The strain hardening ratios of the SMAs during phase
transformation (α) and martensite phase (γ) were assumed to be constant and equal
to 0.05 and 1.0 respectively. Furthermore, the parameter β, which defines the ratio
between the unloading and loading stresses at the end and start of phase transfor-
mation respectively was also assumed to be constant and equal to 0.4. The chosen
values of β and γ are typical for many SMA types, including Nitinol. The various
salient points in characteristic P-δ curve are calculated as Fs = 0.022504 N,
FF = 0.028129 N and Fu = 0.0090016 N.

Fig. 2 Force-deformation
relationship of the simplified
superelastic SMA model
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2.3 Simulation Study

Although the cost of Nitinol has decreased due to growing demands from various
industries, it still is expensive and SMA devices have to be configured in such a
way so as to use minimum amount of the alloy. Ozbulut et al. [13] in their study on
seismic response mitigation using SMAs, carried out experimental tests on a large-
scale steel frame equipped with small SMA devices fitted in the bracing system.
They have been reproduced here in Fig. 3 for easy visualization. The same
dimensions of the frame and configuration of SMA-bracing system have been used
for the present simulation study.

The frame is 9 m high, 3 m in length and 2 m wide. For the present simulation
study, all columns and beams have been assumed to be composed of ISA
150 × 150 × 10 rolled steel sections of grade Fe250. The SMA device consists of
strands of wires. The diameter of individual SMA wires is taken as 1 mm. The
properties of the frame, together with the number and cross-sectional area of SMA
wires per brace per floor are listed in Table 1.

The frame is subjected to base accelerations as described in Fig. 1 and the
simulation is carried out in Ansys 14.0. The SMA device is modeled by using the

Fig. 3 Three storied steel frame installed with SMA bracings [13]
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nonlinear model expressed in Fig. 2. To ascertain the SMA performance in miti-
gation of structural vibration due to underground BIGM, the displacement and the
acceleration time histories of the top of the frame are obtained for the uncontrolled
bare frame, frame with conventional steel wire bracings and with the SMA brac-
ings. In case of the steel bracings, linear steel elements with axial stiffness equal to
the initial stiffness of the SMA braces are considered. Three sample time histories
are shown in Figs. 4, 5 and 6 and the structural responses for the different cases are
presented in Tables 2 and 3.

The results clearly reflect a significant reduction in vibrational response, both in
acceleration and in displacement, for the structure installed with the Nitinol SMA
devices as compared to that of the structure with conventional steel bracings.
Oscillatory response is almost entirely eliminated by employing the SMA bracings.

Next, a parametric study is carried out by varying the number of wires and hence
the cross-sectional area of the SMA braces at the three floor levels. Several combi-
nations of numbers of wires per brace for the three floor levels are considered as
shown in Table 4. The combination used in the foregoing section was obtained
by Ozbulut et al. [13] from an optimality study considering seismic excitation.
The objective here is to assess if the same or another combination would provide a
better performance in case of the underground BIGM. The peak values of

Table 1 Characteristics of the frame and the SMA braces

Floor Mass
(kg)

Stiffness
(kN/m)

Damping coefficient
(kNs/m)

No. of wires per
SMA brace

Cross-sectional area
of SMA wires in each
brace (mm2)

1 6,500 1,595 5,388 35 27.5

2 6,500 1,038 8,055 30 23.6

3 6,500 2,488 6,041 20 15.7

Fig. 4 Displacement time
history for uncontrolled bare
frame at top (R = 50 m,
Q = 100 ton)
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displacement at the top of the frame are evaluated and also compared with those
obtained by considering steel wire bracings instead of SMAwires but having the same
cross-sectional area. The diameter of an individual wire, be it of SMA or steel, is
1 mm. The BIGM considered for the study is that for R equal to 50 m and Q equal to
100 ton.

Fig. 5 Displacement time
history for frame with steel
and SMA bracings at top
(R = 50 m, Q = 100 ton)

Fig. 6 Acceleration time
history for uncontrolled frame
and frame with steel and
SMA bracings at top
(R = 50 m, Q = 100 ton)

Table 2 Simulation study showing the peak values of displacement at top for varying Q and R

R (m) Q (ton) Uncontrolled frame (mm) Steel bracings (mm) SMA bracings (mm)

50 10 11.40 5.98 3.12

100 10 7.25 4.63 1.31

50 100 33.00 14.00 11.00

100 100 19.00 8.69 4.02
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The results in Tables 4 and 5 indicate that for all the combinations considered,
the SMA wire bracings perform better than the steel bracings.

Table 3 Simulation study showing the peak values of acceleration at top for varying Q and R

R (m) Q (ton) Uncontrolled frame (m/s2) Steel bracings (m/s2) SMA bracings (m/s2)

50 10 11.4 5.98 2.68

100 10 8.25 3.36 1.31

50 100 25 20.5 12.0

100 100 15.5 8.85 4.0

Table 4 Parametric study for controlled frame with steel wire bracings

Floor
level

Cross sectional area
(mm2)

Peak displacement at top
level (mm)

No. of wires per steel
brace

1 19.63 13.76 25

2 15.7 20

3 7.85 10

1 23.56 13.5 30

2 19.63 25

3 11.78 15

1 27.5 13.0 35

2 23.6 30

3 15.7 20

1 31.42 11.92 40

2 27.49 35

3 19.63 25

Table 5 Parametric study for controlled frame with SMA wire bracings

Floor
level

Cross sectional area
(mm2)

Peak displacement at top
level (mm)

No. of wires per SMA
brace

1 19.63 10.84 25

2 15.7 20

3 7.85 10

1 23.56 10.7 30

2 19.63 25

3 11.78 15

1 27.5 10.56 35

2 23.6 30

3 15.7 20

1 31.42 10.41 40

2 27.49 35

3 19.63 25
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3 Conclusions

Through this work, the applicability of SMA as a structural vibration control device
for framed structures subjected to underground blast induced ground motion has
been investigated. The superelastic effect of Nitinol SMA in the form of a small
device incorporated in the bracing of a framed structure has been appropriately
modeled. A simulation study on an example steel frame with these Nitinol SMA
bracings indicate very substantial vibration mitigation when compared with that of
the uncontrolled frame and also significant improvement over the conventional steel
braced frame. Both acceleration as well as displacement responses can be controlled
very effectively, and even oscillatory response is almost entirely eliminated.
Besides dissipating energy, SMAs also possess re-centering capability, which
enables the structure to return to its original position after the blasting effect.

Thus, SMA dampers have great potential in controlling structural response due
to underground blast. The solution is also economically viable if the SMA material
is used sparingly and the design of the SMA device is straightforward that lowers
fabrication costs. The number and location of the dampers are also important, they
should be optimized for structural response control vis-s-vis cost.
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Dynamic Analysis of Curved Tunnels
Subjected to Internal Blast Loading

Rohit Tiwari, Tanusree Chakraborty and Vasant Matsagar

Abstract The present study deals with three dimensional nonlinear finite element
analyses of underground tunnels with curved alignment in the longitudinal direc-
tion, subjected to internal blast loading. Blast load is simulated using coupled
Eulerian-Lagrangian (CEL) analysis tool available in finite element software
Abaqus/Explicit. A 50 kg explosive weight is used in the analysis. The explosive
and the surrounding air are modeled using the Eulerian elements. Soil, concrete
lining are modeled using the Lagrangian elements. The explosive (TNT) is modeled
using JWL equation-of-state (EOS). Drucker-Prager plasticity model have been
used to simulate strain rate dependent behavior of soil. The concrete damage
plasticity model has been used to simulate strain rate dependent behavior of con-
crete. The deformation, stress and damage response of tunnel lining are investi-
gated. Attenuation of blast induced stress wave velocity in soil has also been
studied. It is observed that deformation and damage of tunnel lining and soil are
dependent on the location of explosive positions inside the tunnel. Higher defor-
mation and damage are observed in tunnels with lesser radius of curvature.
Significant amount of ground heave is observed in all analyses.
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1 Introduction

Underground tunnels are an important part of urban infrastructure due to their
frequent use in many purposes i.e. transportation tunnels, utility pipe lines for gas,
tunnels for electricity cables, water and waste transportation. In many countries
experimental investigations of tunnel are difficult due to social and political barriers.
Hence advanced numerical analyses are of utmost importance to predict the
response of underground tunnels subjected to blast loading.

Several researchers studied the effect of internal explosion on underground
tunnels. It was observed in the numerical investigations that the amount of reflected
pressure from tunnel surfaces is not the same as the reflected pressure estimated
using CONWEP (Department of Army, the Navy, and Air Force 1990 [17]). Lu
[15], Gui and Chien [10], Liu [13] studied response of underground tunnels in soil
when subjected to external blast loading. They reported deformation and stress in
tunnel structure. However blast loading was simulated using CONWEP. Also strain
rate dependent behavior of soil was not considered in the finite element simulations.
Choi et al. [7] used three-dimensional finite element (FE) method and coupled fluid-
solid interaction procedure to study the blast pressure and resulting deformation in
concrete lining for traffic tunnels. Yang et al. [20] used finite element procedures to
understand the response of underground metro tunnel due to above ground
explosion. They used von Mises material model to simulate the stress-strain
response of soil. Liu [14] performed finite element investigations to understand the
response of cast-iron lining in tunnels in soil subjected to explosive loading.
However in their analyses, blast load was applied using CONWEP. Chakraborty
et al. [6] performed numerical investigations to understand the performance of steel,
concrete and steel fiber reinforced concrete lining materials and sandwich panel
linings under blast loading. Coupled fluid-solid interaction used to determine the
pressure caused by blast load, however, the interaction between shock wave and the
surrounding soil media was not simulated.

The present study successfully deals with the extremely challenging three
dimensional (3D) nonlinear dynamic FE analysis of an underground tunnel with
curved alignment subjected to internal blast loading. Blast response of tunnel lining
and the surrounding soil along its arc length is investigated for different explosive
positions. The numerical investigations are performed using the commercially
available FE software Abaqus version 6.11 (Abaqus manual version 6.11). Blast
load is simulated using coupled Eulerian-Lagrangian (CEL) technique available in
Abaqus. The soil and concrete lining of the tunnel are modeled using Lagrangian
elements. The TNT explosive and surrounding air are modelled using the Eulerian
elements. Blast loading may give rise to high strain rate (up to 104/s) in soil and
concrete, depending on the explosive weight and distance of explosion [8] (Ngo
et al. [16]). Hence both concrete and soil have been modelled herein using strain
rate dependent material properties. Soil is modelled using Drucker-Prager consti-
tutive model, which is used extensively in modelling the granular materials with
strain rate dependent material properties [12, 13]. Concrete damage plasticity model
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is used to model the strain rate dependent, stress-strain response of concrete lining
[6]. Jones-Wilkens-Lee (JWL) EOS is used to simulate the pressure-volume rela-
tionship of the TNT explosive. Numerical investigations have been performed by
varying explosive position inside the tunnel curvature.

2 Three Dimensional Finite Element Modelling

2.1 Lagrangian Finite Element Modelling of Soil
and Concrete Lining

The three dimensional FE model of the tunnel in soil is developed using Abaqus/
CAE with the Lagrangian analysis option. The FE mesh of the soil and tunnel lining
are shown in Fig. 1a, b. The underground tunnel has radius of curvature of R = 30 m
and the central axis of the tunnel is placed at a depth of 7.5 m from the ground
surface. The arc length of tunnel is 53.6 m and it is placed in a soil domain of 70 m
long and 70 m × 15 m cross section. The mesh of concrete lining and soil is
generated using eight node brick element (C3D8R) with reduced integration,
hourglass control and finite membrane strains. Among the boundary conditions, the
bottom plane of the soil domain has been fixed in all Cartesian directions, x, y and
z. The vertical side planes and the front and back side planes of the soil domain and
the concrete lining have been provided with pinned support as detailed in Fig. 1 by
constraining the normal displacements perpendicular to the plane (U) and the out of
plane rotations (UR).

2.2 Eulerian Finite Element Modelling of Explosive

The explosive material has been modeled using the Eulerian modeling technique in
Abaqus. Figure 1b shows a typical FE mesh of the explosive. In Abaqus CEL
modeling option, the Eulerian material flows through the mesh. Thus, the simula-
tion that generates a large deformation and stress in the elements and hence, results
in an error or inaccuracy in the case of Lagrangian analysis may be successfully
carried out using the CEL tool. Herein, Eulerian continuum three dimensional eight
node reduced integration elements (EC3D8R) are used (Abaqus/Explicit user
manual 2011 [1]) to model Eulerian explosive material and the surrounding air
domain inside the tunnel.

The pressure (P)-volume (V) relationship of the explosive is simulated using
Jones Wilkens Lee (JWL) EOS [21] given by
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P ¼ Ae�R1V þ Be�R2V þ CV� 1þxð Þ ð1Þ

where A, B, C, R1, R2 and ω are material constants. Parameters A, B and C represent
the magnitudes of pressure. Rest of the constants are dimensionless. In JWL
equation of state, the first two exponential terms on the right hand side represent
high pressure generated during explosion and the last term on right hand side is a
low pressure term which deals with high volume due to explosion. The material
properties used herein for JWL are listed in Table 1.

70 m

70 m

15 m

Ux = 0, URy = URz = 0

(Both Sides)  

Uz = 0, URx = URy = 0

(Front and Back)  Ux = Uy = Uz = 0,
URx = URy = URz = 0
(Bottom)

Alignment of  Tunnel

Left Side Wall at Soil Level

Left Side Wall at Lining Level

Tunnel Crown at Soil Level

Tunnel Crown at Lining Level

(a)

(b)

Fig. 1 Details of tunnel geometry. a Typical geometry, mesh and boundary conditions for tunnel
in soil. b Enlarged mesh for tunnel with tunnel lining and explosive position

Table 1 JWL material properties for TNT explosive (Lee et al. 11)

Density (ρ)
(kg/m3)

Detonation wave speed
(V) (m/s)

A
(MPa)

B
(MPa)

ω R1 R2 Detonation energy
density (ρd) (kJ/kg)

1,630 6,930 373,800 3,747 0.35 4.15 0.9 3,680
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2.3 Constitutive Models for Concrete and Soil

2.3.1 Constitutive Model for Concrete

Concrete in the lining has been modelled as M30 grade (ultimate compressive
strength 30 MPa) using the concrete damage plasticity model in Abaqus. In the
present study, the modulus of elasticity of concrete Ec = 27.4 GPa, ultimate static
compressive strength of concrete fck = 30 MPa, mass density ρc = 2,400 kg/m3 and
Poisson’s ratio νc = 0.2 have been considered. Figure 2a, b show the stress-strain
curves for M30 concrete in compression and tension, respectively [4, 5]. Figure 2c, d
show the damage-strain curves for M30 concrete in compression and tension,
respectively. The strain rate dependent strength properties of concrete and the
dynamic increment factor (DIF) under compressive and tensile loading are obtained
from Bischoff and Perry [3]. Herein, DIF values of 2.1, 6 at 100/s strain rate have been
used on the static compressive and tensile strength values of concrete, respectively.

2.3.2 Constitutive Model for Soil

The stress-strain response of soil has been simulated using the Drucker Prager
plasticity model. A non-associated flow rule is considered in the present analysis by
considering the dilatancy angle of sand to be different from the friction angle. For
sand, modulus of elasticity Esand = 28 MPa, mass density ρsand = 1,560 kg/m3 and
Poisson’s ratio νsand = 0.2, friction angle ϕ = 30° and dilation angle ψ = 5° have
been considered. Coefficient of earth pressure (K0) is considered as 0.5 for all cases.
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Fig. 2 Stress-strain and damage-strain curves for M30 grade of concrete under compression and
tension at 100/s strain rate [2, 4, 5]
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The strain rate dependent stress-strain response of sand has been obtained from
Veyera and Ross [19]. Figure 3 shows the stress strain relationship of Ottawa sand
at 1,000/s strain rate as obtained from Veyera and Ross [19].

2.4 Types of Analyses

Herein, both validation of blast analysis and parametric sensitivity studies of tun-
nels under blast loading are performed. To ensure the validity of the present
numerical simulations the results of CEL analyses of blast loading on a concrete
slab have been compared with (i) the analysis results when blast loading is simu-
lated using a pressure pulse calculated using TM5-1300, UFC 3-340-02 and
modified Friedlander’s equation. Further, parametric sensitivity studies are carried
out for different explosive locations in curved tunnels. In the first study a 50 kg
explosive weight is placed at the middle of tunnel arc length and the quarter half of
the tunnel arc length. Response of the lining and surrounding soil against different
explosive positions is investigated. Explosive weight of 50 kg is used in all
numerical simulations. Thickness of concrete lining (tw) is maintained at 350 mm in
all cases. Table 2 shows the different analysis considered in the present study.

2.5 Solution Scheme

The analysis has been performed in the single step using the dynamic explicit
module available in Abaqus. For studying the response of complete curved tunnel
section, the duration of analysis is maintained at 60 ms so that the shock wave can

0.00 0.04 0.08 0.12 0.16
0

25

50

75

100

125

150

Compressive Strain

C
om

pr
es

si
ve

 S
tr

es
s 

(M
P

a) 1000/sec
Fig. 3 Stress-strain curve for
Ottawa sand at 1,000/s strain
rate [19]

Table 2 Cases considered
for numerical simulations Cases of parametric

studies
Explosive positions

Values of parameters Centre of arc length

Quarter of arc length

Other values R = 30 m, ϕ = 30°, tw = 350 mm

fck = 30 MPa, W = 50 kg
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travel through the complete arc length of the tunnel. Dynamic explicit module in
Abaqus follows the central difference integration scheme.

3 Validation of FE Model and CEL Procedure

3.1 Validation for Capability of JWL EOS in Blast
Simulation

To ensure the validity of JWL EOS in blast simulation of concrete structures, a
1.2 m × 1.2 m × 0.09 m reinforced concrete (RC) slab has been analyzed numerically
using the CEL method. The RC slab is subjected to a blast loading caused by 1.69 kg
TNT explosive weight (W). Three different scaled distances of 0.5, 1.0, 2 m/kg1/3

have been used to investigate the response of RC slab. In CEL, JWL EOS has been
used to simulate the TNT explosive. The boundaries of the concrete slab are
restrained in vertical (y) Cartesian direction. In another set of analysis, for the same
explosive weight and scaled distances as mentioned above, the blast load is
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Fig. 4 Comparison of central node displacement time histories for simulations using JWL
equation-of-state and pressure time history calculated from TM5-1300, UFC 3-340-02 and
modified Friedlander’s equation
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calculated using TM5-1300 [17] and UFC 3-340-02 [18] codes and the modified
Friedlander’s equation [9]. Figure 4a–c shows the comparison of central node dis-
placement calculated using pressure time pulse by TM5-1300 and results obtained
from the simulation using JWL model. From Fig. 4, it is clearly observed that the
results from both the analyses are comparable with reasonable accuracy.

4 Results and Discussion of Parametric Studies

Parametric sensitivity studies of an underground tunnel in soil has been carried out
for different explosive positions inside the tunnel. All numerical simulations are
performed with 50 kg TNT. Concrete with maximum static strength of 30 MPa
(fck = 30 MPa) is used for concrete lining of the tunnel. Figure 5a shows curved
tunnel geometry inside soil. Figure 5b shows the position of TNT explosive at the
middle and the quarter of tunnel arc length. Figure 5c represents the paths defined at
tunnel crown, left side wall, right side wall and the ground level just above the
tunnel crown and left side wall for studying the results. The lining thickness has
been maintained 350 mm in all investigations. Explosion takes place inside the
tunnel without any delay time.

Figure 6a–c show the displacement of concrete lining with different explosive
positions along the paths defined along tunnel crown, left side wall and right
sidewall respectively. For visualization, various paths considered along the tunnel
lining are also shown at the top of Fig. 6. It is observed from the Fig. 6a that the

Explosive Position at the 
Centre of Tunnel

Explosive Position at the 
Quarter of Tunnel

Path Along Tunnel Crown
at Ground Level

Path Along Tunnel Left Side Wall at Ground 
Level

Path Along Tunnel Crown
at Lining and Soil Level

Path Along Tunnel Right Side Wall
at Lining and Soil Level

Path Along Tunnel Left Side Wall 
at Lining and Soil Level

(a) (b)

(c)

Fig. 5 Paths for visualization and explosive position at middle and quarter arc length of tunnel
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explosive placed at the middle of tunnel curvature causes more displacement in the
crown of lining as compared to the explosive placed at the quarter half of the tunnel
arc length. It is observed that explosive placed at the middle of curved tunnel hits
the lining for a longer time duration than the explosive placed at the quarter half of
the lining. Hence, explosive placed at the middle of tunnel curvature causes more
damage of the lining on the left side wall and shock wave propagates further
towards the ends of tunnel geometry. Propagation of shock wave creates positive
inward displacement of tunnel lining along its left side wall. The displacement in
right side wall lining is lower than the displacement in the left side wall lining when
explosive is placed at the middle of the tunnel. A deformed shape of tunnel lining
can be seen in the figure inserted at the inset of Fig. 6c. From the deformed shape it
is exhibited that the explosion cloud clearly causes more suction on left tunnel wall
as compared to that on right tunnel wall, thus causing more deformation of the left
side wall. Once the shock wave propagates from the middle of tunnel towards the
ends of it, the intensity of shock decreases and the support from soil surrounding the
tunnel lining becomes more dominant which limits the deformation of tunnel lining
away from the point of explosion.

Figure 7a–c present the displacement of soil surrounding the lining for different
explosive positions along paths defined at crown, left side wall and tunnel right side
wall respectively. It is observed from the figures that the deformation of soil sur-
rounding the tunnel follows the similar trend as the deformation of the tunnel lining.
It is also observed from the figures that larger deformation in soil at crown and left
side wall is caused due to the explosive placed at the middle of tunnel. Soil at right
side wall of tunnel exhibits lesser displacement as compared to that of left sidewall
due to lesser damage of tunnel lining along right sidewall. Also, higher displacement
in right side wall is observed for explosive placed at the quarter of tunnel length.
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5 Conclusions

The present numerical investigations deals with the three dimensional nonlinear
finite element (FE) analyses of underground tunnels with curvature subjected to
internal blast loading. Numerical investigations are carried out using the coupled
Eulerian-Lagrangian analysis tool in finite element software Abaqus/Explicit. The
soil and concrete lining has been modeled using Lagrangian elements. The
explosive TNT has been modeled using Eulerian elements. Parametric sensitivity
studies have been performed for different explosive positions. The following con-
clusions are drawn:

1. Explosive positioned at the middle of tunnel generates more deformation than
explosive positioned at the quarter of tunnel. For better performance of under-
ground tunnels in curvature design of tunnel lining at curvature should be
checked separately.

2. Due to explosion inside tunnels significant amount of ground heave is observed
in all cases.
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Blast: Characteristics, Loading
and Computation—An Overview

M.D. Goel

Abstract This paper presents the state of the art for blast load characterization,
loading pattern and its computation for the analysis of engineering structures.
Various empirical relations available for computation of blast load in the form of
pressure-time function are presented in concise form for easier understanding.
Based on this study, functions are suggested for computing the pressure-time load
history for a structural response. Explanation is presented for empirical, semi-
empirical and numerical methods for prediction of the blast load. Different
numerical simulation techniques for modelling the blast load are presented. Various
material models available in hydrocodes are also discussed for modelling advanced
structural materials to be used in blast response mitigation.

Keywords Blast wave � Empirical relations � Friedlander wave equation � Peak
pressure � Impulse

1 Introduction

In last 20 years, majority of terrorist attacks on civil buildings and structures are
carried out using high explosive devices. The reason is that, high explosives results
in devastating effects and meagre survivability of structure and its occupants. It is
September 11, 2001 attack, which lead to change in focus of research in particular
to analysis, design and protection of buildings against blast. More and more
research emphasis is put towards making building/structures safe against such
manmade devastating attacks.
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Explosion is categorized into three main categories i.e. physical, nuclear and
chemical explosion. Example of physical explosion include failure of gas cylin-
der, eruption of volcano or mixing of two liquids at different temperature or the
mixing of a hot particulate material with a cool liquid. In nuclear explosion,
energy is released from formation of different atomic nuclei by redistribution of
protons and neutrons within the interacting nuclei. Whereas, a chemical explosion
involves rapid oxidation of fuel elements (carbon and hydrogen atoms) contained
within the explosive compound. Chemical explosion is major source of terrorist
attacks all over the world. Most of explosives are condensed, which means that
these are either solid or liquid. There are two terms associated with the explosion
(a) detonation and (b) deflagration. When explosive material decomposes at a rate
much below the speed of sound in material, process is known as deflagration,
whereas, detonation is the form of reaction of explosive which produces a high
intensity shock wave and is the main characteristics of high explosives. Explo-
sives are classified on the basis of their sensitivity to ignition and named as
primary or secondary explosives. Primary explosives like mercury fulminate and
lead azide can be easily detonated by simple ignition from spark, flame or impact.
Secondary explosives such as TriNitroToluene (TNT) and Ammonium Nitrate
Fuel Oxide (ANFO) when detonated create blast/shock waves and result in large
scale damage to the surrounding [1].

1.1 Reference Explosive

There exist wide range of explosives and energy release after the explosion for each
type of explosive is different. TNT is referred as standard explosive and all other
explosives are expressed in ‘Equivalent TNT’ by using a conversion factor based on
their mass specific energy. These factors are presented in Table 1 for some of the
commercially available explosives and can be used for conversion to reference
explosive for analysis purpose [2]. Explosion results in very high pressure blast
wave propagating away from the centre of explosive source. This blast wave will
load the structures or any obstruction to a very high magnitude of loading. The
major characteristic of blast wave is short duration and high magnitude. In order to
safeguard the structure against such loading, first requirement is to isolate the
structure and secondly, structure should be designed to resist such high magnitude
and short duration loading. This can be only be achieved by understanding the
loading pattern and behaviour of structure in this complex situation. Hence, it is of
prime importance for a structural designer to understand the blast and blast loading.
This is the main focus of present paper to explain in a very simple way about the
blast and blast loading.
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2 Brief History of Blast Analysis

Herein focus is on high intensity blast waves which are the characteristics of high
explosives. Their characterization in free air by experimental methods has a long
history dating back to World War II [3]. Stoner and Bleakney [4] reported results of
free air experiments conducted with small TNT and Pentolite charges of various
shapes. Goodman [5] compiled the free air blast measurement conducted after World
War II. Baker [6] provides an excellent historical summary of the blast experiments.
Kingery [7] complied and analysed the blast wave properties from ground burst of
large hemispherical TNT charges. Dewey et al. [8], Jack [9], Wenzel and Esparza
[10] measured normally reflected pressure and proposed their relationships with the
incident blast pressure. A good description of the characteristics of blast wave has
been provided by Baker [6], Swisdak [11], and Glassstone and Dolan [12].
U.S. Army conducted several such experiments and presented a standard document,
which was having a set of standard curves for free-air detonation and surface det-
onation [1]. These curves are based partly on experiments, and partly on the analyses
and computer code computation. However, all these documents were for the defence
purpose mainly and were not easily accessible to structural designers.

Later on, Brode [13], Henrych [14], Kingery and Bulmash [15] and Smith and
Hetherington [16] based on modelling and experimental results recommended
expression for blast generated peak overpressure for free air explosion for a given
standoff distance and TNT equivalence. Formby and Wharton [17] conducted

Table 1 TNT equivalence of commercially available explosives [2]

S. No. Explosive Mass specific
energy Qx (kJ/kg)

TNT equivalent
(Qx/QTNT)

1 Torpex (42 % RDX, 40 % TNT,
18 % aluminium)

7,540 1.667

2 Nitroglycerin (liquid) 6,700 1.481

3 PETN 5,800 1.282

4 HMX 5,680 1.256

5 Semtex 5,650 1.250

6 RDX (Cyclonite) 5,360 1.185

7 Compound B (60 % RDX, 40 % TNT) 5,190 1.148

8 Pentolilte 50/50 (50 % PETN 50 % TNT) 5,110 1.129

9 TNT 4,520 1.000

10 Tetryl 4,520 1.000

11 Blasting gelatin (91 % nitroglycerin, 7.9 %
nitrocellulose, 0.9 % antacid, 0.2 % water)

4,520 1.000

12 60 % Nitroglycerin dynamite 2,710 0.600

13 Amatol (80 % ammonium nitrate 20 % TNT) 2,650 0.586

14 Mercury fulminate 1,790 0.395

15 Lead azide 1,540 0.340
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experiments for various explosives detonated at ground level and reported the
results. Chapman et al. [18] carried out blast wave simulation using commercially
available hydorcodes and results were compared with those obtained with experi-
ments conducted by earlier researchers. Remennikov and Rose [19] carried of
numerical simulation by modelling blast loads on buildings in complex city
geometries and studied the effect of adjacent buildings on shadowing or enhance-
ment of the blast. Jankowiak et al. [20] modelled pressure distribution after
explosion using commercially available code. Similarly, many researchers
throughout the world, particularly in academia, are using commercially available
codes for simulation of blast in order to reduce the experimental load and for deep
understanding of the complex physics involved in blast phenomenon. The various
relationships proposed by these researchers have already been reported in detail by
the author in his earlier paper [21]. Therefore, in the present manuscript emphasis is
on the most commonly used relations for blast loading and their numerical mod-
elling and simulation using available codes.

3 Blast Wave

After the explosion, there is sudden release of large amount of energy and it moves
outward from the centre of explosion. This outward movement of energy causes the
surrounding air to get compressed and move forward with a velocity front. This
wave profile experienced by any object is dependent on type of explosive and its
distance from source. Generally, most of high explosives results in ideal blast wave
profile as shown in Fig. 1 [21]. Blast wave is characterized by instantaneous
increase in pressure from ambient atmospheric pressure (P0) to a peak incident
overpressure (Ps0). The peak incident overpressure decays exponentially with time
and return back to ambient air pressure in time t0, which is known as positive phase
duration. This is followed by a negative pressure wave with duration, t�0 , which is
approximately 2–5 times of the positive phase in duration. In most of the hardened
structure design, this negative phase is ignored being very small. The blast wave
profile is described by Friedlander’s equation as follow for spherical charge deto-
nated in free air:

PðtÞ ¼ Pso 1� t
t0

� �
exp

A� ðt � taÞ
t0

� �
ð1Þ

where, P(t) is the pressure at time, t (kPa); Ps0 is the peak incident pressure (kPa);
t0 is the positive phase duration (ms); and A is the wave decay coefficient
(dimensionless). In order to account for hemispherical blast, above equation is
multiplied by a factor of 1.8 to take into account the reflection from ground [16].
The impulse of incident pressures associated with blast wave is obtained by inte-
grating area under pressure-time curve as follow:
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i ¼
Ztaþt0

ta

PðtÞdt ð2Þ

here, ta is the arrival time (ms).

3.1 Blast Wave Scaling Law

According to this law “self-similar blast waves are produced at identical scaled
distances when two explosive charges of similar geometry and of the same
explosive but of different sizes are detonated in the same atmosphere”. Most
commonly used scaling laws are those proposed independently by Hopkinson [22]
and Cranz [23]. Hopkinson and Cranz scaling law is commonly described as cube
root scaling law. Figure 2 shows concept of this scaling law. Scaled distance,
Z (=R/W1/3) is commonly used for expressing the distance in equivalent form,
where, R is expressed as distance from charge centre in ‘m’, and W is the charge
weight in ‘kg’ of TNT.

t0

ta

Area, is

t

PS0
+

Po

P (t)

Positive duration Negative duration

PS0-

Fig. 1 Blast wave pressure—time history from ideal explosion (i.e. blast wave profile) [21]
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Fig. 2 Hopkinson-Cranz scaling laws [22, 23]
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4 Blast Load Calculation

Blast wave parameters for conventional high explosive materials had been focus of
a number of research studies during 1950 and 1960. Several researchers put forward
their analysis during this period based of experimental work carried out by them
[1–20]. These methods are divided into three basic categories for prediction of the
blast effects on a structure:

(a) Empirical (or analytical) methods
(b) Semi-empirical methods, and
(c) Numerical methods.

4.1 Empirical Methods

These are essentially correlations with experimental data and are treated as outcome
of the experimental work. Most of these approaches are limited by extent of
underlying experimental database. The accuracy of all empirical equations dimin-
ishes in case of near field explosion. In this paper, most commonly used empirical
method is presented in later section.

4.1.1 TM-5-1300 [1]

This manual was one of the most widely used documents available for both military
and civilian sector for designing structures to provide protection against blast effects
of an explosion before the UFC’s manuals (Unified Facility Criteria). This manual
presented the methods of design for protective construction used in facilities for
development, testing, production, storage, maintenance, modification, inspection,
demilitarization and disposal of explosive materials. The main objective of this
manual was to establish design procedures and construction techniques whereby
propagation of explosion or mass detonation can be prevented along with the
protection for personnel and valuable equipments. Its secondary objective was the
establishment of blast load parameters for design of protective structures, methods
for calculating dynamic response of structural elements, constructional details and
guidelines to obtain cost effectiveness in both planning and structural arrangements
of blast resistant structures. It contained step-by-step analysis and design procedures
including information on (i) blast loading; (ii) principles of non-linear dynamic
analysis; and (iii) reinforced concrete and structural steel design.

The design techniques presented in this manual were outcome of the numerous
full and small-scale structural response and explosive tests (of various materials)
conducted. Several computer programs were included in this manual, which later
formed the base of other related design manuals or programs. There exist total four
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categories of protection as per this manual namely protection category 1–4. The
design curves presented in the manual give the blast wave parameters as a function
of scaled distance for three burst environments: (i) free air burst; (ii) air burst; and
(iii) surface burst. Figure 3a, b show the scaling chart for the positive phase blast
wave parameters for a surface burst of spherical and hemispherical TNT explosion
in free air at sea level [1]. Such scaling charts provide blast load pressures at a
distance R (called the standoff distance) along the ground from a specific explosive.
Using these charts blast load pressures and duration can be computed. To compute
blast loads at points above the ground, a simplified approach is presented later in
this paper.

4.1.2 TM 5-855-1 [24]

This manual presented the procedure for design and analysis of protective structures
subjected to effects of conventional weapons. It was intended for structural engi-
neers involved in design of hardened facilities. It includes air blast effects, blast
loads on structures, and auxiliary systems (air ducting, piping, etc.). The manual
provides closed-form equations to generate predicted air blast pressure-time
histories.

This manual can also be used to evaluate blast loading on multi-storey buildings.
Load-time histories for buildings and building components located at some height
above the ground can be calculated according to the methodology presented in
TM5-855-1. The basic steps are outlined as below:

1. Divide a surface into sub-sections and evaluate a pressure-time history and
impulse for each small zone.

2. The total impulse applied to the surface is then obtained by summing up the
impulses for each sub-section.

3. The total load-time history is then defined to have an exponential form with a
peak calculated assuming an average peak pressure applied over all the surfaces.

Major limitations of this simplified method lies in neglecting the true physics of
the blast wave-structure interaction phenomena. It assumes that load-time history is
applied to all parts of surface at the same time which is not experimentally true.
This assumption provides a poor approximation particularly for near field blast. To
overcome the above limitation, another algorithm has been developed in which total
load on a surface at a particular time is computed by summing up load on each sub-
surface at that time. Thus, calculation predicts a load-time history that has same
total impulse as estimated by TM5-855-1 procedure, but with a different load versus
time relationship.
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4.1.3 CONWEP Airblast Load Model [25]

Kingery and Bulmash [15] developed equations to predict the air blast parameters
from spherical air bursts and hemispherical surface bursts. These equations are
widely accepted as engineering predictions for determining free-field pressures and
loads on the structures. The Kingery-Bulmash equations have been automated in
the computer program CONWEP [25]. Their report [15] contains a compilation of
data from explosive tests using charge weights from less than 1 kg to over
400,000 kg. They used curve-fitting techniques to represent the data with high-
order polynomial equations, which were incorporated in CONWEP program. These
equations can also be found in TM5-855-1 but in graphical form only.

Unlike TM5-855-1, where an approximate equivalent triangular pulse is pro-
posed to represent the decay of the incident and reflected pressure, CONWEP takes
a more realistic approach assuming an exponential decay of the pressure with time
using Friedlander’ wave equation. The airblast parameters in above equation (peak
incident and impulse, positive phase duration, and time of arrival) are calculated
using the equations proposed by Kingery and Bulmash [15]. Using the peak
pressure, impulse and duration, the program iterates to find the wave decay coef-
ficient. The program then uses the Friedlander’s wave equation to find blast pres-
sure values at various time steps. Thus, finally a pressure-time history is applied on
the structure directly using this model.

4.1.4 UFC 3-340-02 (Unified Facility Criteria) [26]

This document presents methods of design for protective construction used in
facilities for development, testing, production, storage, maintenance, modification,
inspection, demilitarization, and disposal of explosive materials. Further, it provides
design procedures and construction techniques whereby propagation of explosion
(from one structure or part of a structure to another) or mass detonation can be
prevented and personnel and valuable equipment can be protected. This document
is revised version of TM 5-1300.

4.2 Semi-empirical Methods

These are based on simplified models of physical phenomena. Herein, attempt is
made to model the underlying important physical processes in a simplified way.
These methods rely on extensive data and case studies. Their accuracy is generally
better than that provided by the empirical methods.
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4.3 Numerical Methods

These methods are based on the mathematical equations that describe basic laws of
physics of the problem. These principles include conservation of mass, momentum,
and energy. The physical behaviour of materials is described by constitutive rela-
tionships. These models are commonly used in Finite Element Analysis (FEA)
coupled with computational fluid dynamics (CFD) approaches. FEA has capability
of predicting distribution of internal stresses and strains that are difficult to be
measured experimentally. Also, FEA can be employed to understand how structures
fail and to identify critical parameters. With the advancement in computational
techniques finite element offers possibility to evaluate response of impulsive
loading on structure using commercially available software packages as it is very
difficult to conduct the field test. Some of the commonly used such packages are
presented in Table 2. In the next section most commonly and widely accepted
relation for computing the blast time history is presented.

4.4 Blast Pressure Calculation

Based on numbers of experiments and analysis carried out, several researchers
proposed various empirical relationships as reported by author elsewhere in detail
[21]. However, most commonly accepted relations are those proposed by Kinney
and Graham due to their close proximity with the experimental results [27]. The
peak positive overpressure and positive phase duration are computed using the
following relations:

Table 2 Examples of computer programs used to simulate blast effects

S. No. Name Purpose and type of analysis

1 BLASTX Blast prediction, CFD code

2 CTH Blast prediction, CFD code

3 FEFLO Blast prediction, CFD code

4 FOIL Blast prediction, CFD code

5 SHARC Blast prediction, CFD code

6 DYNA3D Structure response with CFD (coupled analysis)

7 ALE3D Coupled analysis

8 LS-DYNA Structure response with CFD (coupled analysis)

9 Air3D Blast prediction, CFD code

10 CONWEP Blast prediction (empirical)

11 AUTO-DYN Structure response with CFD (coupled analysis)

12 ABAQUS Structure response with CFD (coupled analysis)

13 SHOCK Blast prediction (empirical)
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Once, peak positive overpressure, positive phase duration is known blast wave
front parameters are computed using following relations [28],

US ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6PS þ 7P0

7P0

r
� a0 ð5Þ

P0 ¼ 6PS þ 7P0

PS þ 7P0
� q0 ð6Þ

qS ¼ 5P2
S

2 PS þ 7P0ð Þ ð7Þ

Pr ¼ 2Ps
7P0 þ 4Ps

7P0 þ P

	 

ð8Þ

where, a0 is the speed of sound in air at ambient pressure, ρ0 is the density of air at
ambient pressure ahead of blast wave, ρs is the air density behind wave front, Us is
the blast wave front velocity, and qs is the maximum dynamic pressure.

Based on these parameters following IS 4991-1968, pressure profile at different
sides of structure can be computed and then structural analysis can be carried out [29].

5 Numerical Modelling and Simulation in Blast Analysis

In numerical simulation of blast load due to explosion and its effects on structures,
analysis consists of basically two major parts,

(a) Modelling the blast load, and
(b) Modelling the material.
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5.1 Modelling the Blast Load

The load that is being generated due to an explosion using numerical techniques can
be modelled by following methodology:

5.1.1 Defining Pulse-Time Curve

The process of directly defining pulse-time curve is quite straightforward and is one
of the easiest ways to model blast loads. Pressure-time history can be obtained
using different models available as discussed already. However, coupling effects of
loads and structures (such as the change of structural curvature and shock wave
reflections) are not easy to consider in such modelling. Therefore, sometimes
simulation results of this method are not satisfactory. But still this method provides
the basic behaviour of the structures under such complex loading.

5.1.2 Defining Blast Loads Using Blast Pressure Functions

Blast loads can be conveniently calculated using blast pressure functions such as
CONWEP [25]. CONWEP function produces non-uniform loads exerted on
exposed surface of the structure. This blast function is used for two cases i.e. free air
detonation of a spherical charge, and ground surface detonation of a hemispherical
charge. The input parameters include equivalent TNT mass, type of blast (surface or
air), detonation location, and surface identification for which pressure is applied. It
takes into account the reflection from surface and then apply total blast pressure as
computed based on the following equation,

PðtÞ ¼ Pr � cos2 hþ Pið1þ cos2 h� 2 cos hÞ ð9Þ

where, θ is the angle of incidence, defined by the tangent to the wave front and the
target’s surface, Pr is reflected pressure, and Pi is incident pressure. It can be seen
that CONWEP calculates reflected pressure values and applies these to designated
surfaces by taking into account angle of incidence of blast wave. It updates angle of
incidence incrementally and thus account for the effect of surface rotation on
pressure load during a blast event. The major drawback of CONWEP is that it
cannot be used to simulate purely localized impulsive loads produced by explosive
flakes or prisms.

5.1.3 Modelling Explosive as a Material

In this method, explosive is modelled as a material using equation of state (EOS) of
explosives with help of CFD codes. When explosive is detonated, its volume
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expands significantly and interacts with the structure. Contact force between
expanded explosive product and structure is then calculated. Expansion of explo-
sive is defined by three parameters i.e. position of detonation point, burn speed of
explosive and geometry of the explosive. Explosive materials are usually simulated
by using Jones-Wilkins-Lee (JWL) high explosive equation of state, which
describes pressure of detonation [30]. JWL equation is written as,

P ¼ A 1� xq
R1q0

� �
e�R1

q0
q þ B 1� xq

R2q0

� �
e�R2

q0
q þ xq2

q0
Emo ð10Þ

where, P is the blast pressure, ρ is the explosive density, ρ0 is the explosive density
at the beginning of detonation process, A, B, R1, R2, ω and Emo are material
constants, which are related to the type of explosive and can be found in explosive
handbook [30].

5.2 Modelling of Materials

Blast loads typically produce very high strain rates in the range of 102–104/s. This
high loading rate would alter dynamic mechanical properties of target structures
and, accordingly, expected damage mechanisms for various structural elements. For
reinforced concrete structures subjected to blast, strength of concrete and steel
reinforcing bars increases significantly due to strain rate effects. Figure 4 shows
approximate ranges of expected strain rates for different loading conditions. It can
be seen that ordinary static strain rate is located in the range: 10−6–10−5/s, while
blast pressures normally yield loads associated with strain rates in the range:
102–104/s [31]. Commonly used material models for metals and concrete are dis-
cussed here in brief.

10-6       10-4        10-2        100         102         104        106        108

106        104        102          100         10-2        10 -4      10-6       10-8

Fig. 4 Strain rate associated with different types of loading [30]
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(a) The Johnson-Cook material model is a widely used constitutive relation, which
describes plasticity in metals under strain, strain rate, and temperature condi-
tions [32].

ry ¼ ðAþ Bep
nÞð1þ c ln _e�Þð1� T�mÞ ð11Þ

where A, B, C, m and n are used defined material constants; ep is effective
plastic strain; _e�, being effective plastic strain rate, for _e0 = 1 s−1; and
T* = (T–Troom)/(Tmelt–Troom). The constants for a variety of materials are found
in a book by Johnson and Cook [32].

(b) If only the strain rate effect is considered, the above model is equivalent to
another famous material model i.e. Cowper-Symonds model, in which strain
rate is calculated for time duration from start to the point, where strain is nearly
constant from the equivalent plastic strain time history [33]. In Cowper-Sy-
monds model, dynamic yield stress (σdy) is computed by,

rdy ¼ ry 1þ _e
D



1=n !

ð12Þ

where σdy is the static yield stress and D and n are material constants.
(c) Concrete can be modelled using concrete damaged plasticity model available in

various computer codes. The damage plasticity constitutive model is based on
the following stress-strain relationship,

r ¼ ð1� xtÞ�rt þ ð1� xcÞ�rc ð13Þ

where, �rt and �rc are the positive and negative parts of the effective stress
tensor, �r, respectively, and xt and xc are two scalar damage variables, ranging
from 0 (undamaged) to 1 (fully damaged) [34].

6 Computer Simulation

Computational methods in the area of blast effects mitigation are generally divided
into two major streams i.e. (a) for prediction of blast loads on the structure, and (b)
for calculation of structural response to loads. Computational programs for blast
prediction and structural response use both first-principle and semi-empirical
methods. Programs using first principle method can be categorized into uncoupled
and coupled analyses. Uncoupled analysis calculates blast loads as if the structure
(and its components) are rigid and then applying these loads to a responding model
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of structure. Shortcoming of this procedure is that when blast field is obtained with
a rigid model of structure, loads on structure are often over-predicted, particularly if
significant motion or failure of structure occurs during loading period. For a cou-
pled analysis, blast simulation module is linked with structural response module. In
this type of analysis, computational fluid mechanics (CFD) model for blast load
prediction is solved simultaneously with computational solid mechanics (CSM)
model for structural response. By accounting for the motion of structure while blast
calculation proceeds, pressures that arise due to motion and failure of the structure
can be predicted more accurately. Examples of this type of computer codes are LS
DYNA, ABAQUS AUTODYN, and DYNA3D [30, 34–36]. Table 2 summarizes a
listing of computer programs that are currently being used to model blast-effects on
structures. Prediction of blast induced pressure field on a structure and its response
involves highly nonlinear behaviour. Comparing calculations to experiments must
therefore validate computational methods for blast-response prediction. Consider-
able skill is required to evaluate output of computer code, both as to its correctness
and its appropriateness to situation modelled; without such judgment, it is possible
through a combination of modelling errors and poor interpretation to obtain erro-
neous or meaningless results. Therefore, successful computational modelling of
specific blast scenarios by engineers unfamiliar with these programs is difficult, if
not impossible and should be used carefully.

7 Conclusions

Kinney and Grahm’s equations are most commonly used by researchers due to their
close agreement with the experiments. The blast profile is exponentially decaying
wave profile computed using Friedlander’s wave equation. Using this profile
reflected and dynamic pressure can be computed as suggested and used in the
analysis. For detailed structural analysis use of coupled FE software is recommended.
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Response of 45 Storey High Rise RCC
Building Under Blast Load

Z.A.L. Qureshi and S.N. Madhekar

Abstract In the recent past, trend has been shifted towards construction of tall and
slender buildings to mitigate the scarcity of land in the busy areas. In today’s
scenario threat of enemies and terrorist attack is increasing. A bomb explosion
within or immediately nearby a building can cause catastrophic failure of the
building, loss of life and injuries to occupants (Dharaneepathy et al. in Comput
Struct 54:587–595, 1995 [1]). Therefore consideration of blast load in analysis and
design of important structures is essential. The study explores three-dimensional
nonlinear dynamic responses of typical tall building under blast loading. The 45
storey symmetric reinforced concrete building is designed for dead, live and wind
loads. The influence of the variable blast source distance (30, 40, 50 m) and variable
blast source height (8th, 23rd, 38th storey at 30 m ground zero distance) on the
lateral load response in terms of peak deflections, accelerations, inter-storey drift
and hinge formations were investigated. Performance level of building as per
FEMA 273 was also checked for each individual case. Structural response pre-
dictions were performed with a commercially available three-dimensional finite
element analysis programme using non-linear direct integration time history anal-
yses. Results for buildings with variable blast source distance were compared.
Similar study is performed for variable blast source height. A detailed study on the
response of blast excited building is presented for 500 kg of TNT placed on ground
and in the air. The work mainly focuses on the dynamic response and performance
level of building under different cases of blast. The calculation of Blast load on
building for all cases is carried out by using IS 4991 (1968) criteria for blast
resistant design of structures for explosions above ground. The results revealed that
for a tall building, effect of blast decreases as standoff distance increases and there is
consequent decrease in the non-linear dynamic response. It has been observed that
performance level of building is critical for minimum standoff distance. In case of
variable blast source height, explosion created at 23rd floor and 30 m ground zero
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distance is critical because building will be subjected to more blast force above and
below the blast level. It has been observed that the dynamic response is random and
not maximum at top storey.

Keywords Tall building � Blast load � Terrorist attack � Dynamic response �
Standoff distance � Performance level � Hinge formation

1 Introduction

Rising alone above the crowd has always held a special thrill. Every country is
trying its best to leave a mark on the map of world by constructing high rise
structures. The growth in modern multistoried building construction, which began
in late nineteenth century, is intended largely for commercial and residential pur-
poses. The development of the high-rise building has followed the growth of the
city closely. Recent history suggests that if the building is tall, it will attract more
attention from terrorist, that is why the design and construction of high rise
building, to provide life safety in the face of explosion is receiving renewed
attention from engineers. The threat of terrorism is increasing in major cities of the
world, e.g. 9/11 attacks in New York and vehicle bombing in Oklahoma City
(USA) in 1995. Under all such circumstances it becomes necessary to study the
effect on high rise building when subjected to blast load. In the recent past terrorists
have used explosive laden vehicles and aircrafts. These are used for striking the
targets, thereby causing the damage and destruction to the life and property.
Structures may experience blast loads due to military actions, accidental explosions
or terrorist activities. Such load may cause severe damage or collapse due to their
high intensity, dynamic nature, and usually different direction compared to common
design loads. Collapse of one structural member in the vicinity of the source of
explosion, may then create critical stress redistributions and lead to collapse of
other members, and eventually of the whole structure. Developments are being
made in arriving at a methodology in designing of the structures to withstand the
effects of blasts.

When an explosion takes place, an exothermic chemical reaction occurs in a
period of few milliseconds. The explosive material (in either solid or liquid form) is
converted to very hot, dense, high-pressure gas. This highly compressed air, trav-
eling radially outward from the source at supersonic velocities is called the shock
wave front. It expands at very high speeds and eventually reaches equilibrium with
the surrounding air. Usually, only about one-third of the chemical energy available
in explosives is released in the detonation process. The remaining two-third energy
is released relatively slowly as the detonation products mix with air and burn. While
this process of burning has little effect on the initial blast wave because of its
delayed occurrence than the original detonation, it can influence the later stages of
the blast wave, particularly in explosions in confined spaces. As the shock wave
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expands, pressure decreases rapidly with distance because of spherical divergence
and dissipation of energy in heating the air. Also, pressure decays rapidly over time
(as exponential function), typically in milliseconds. Thus, a blast causes an almost
instantaneous rise in air pressure from atmospheric pressure to a large overpressure.
As the shock front expands, the pressure drops but becomes negative as shown in
Fig. 1. Usually, this negative pressure is sustained for a duration longer than the
positive pressure, and is less important in design of structures than the positive
phase [2]. The magnitude and distribution of the blast loading effectively acting on
a structure vary greatly with

(a) Properties of explosive (type of material, quantity of explosive and energy
output),

(b) Location of detonation relative to the structure, and
(c) Reflections of shock front on the ground and structure.

A number of studies on the lateral load response of buildings have been carried
out by researchers.

Ngo et al. [3] proposed blast loading and blast effects on structures—an over-
view. This study mainly focuses on blast phenomena. Due to the threat from such
extreme loading conditions, efforts have been made during the past three decades to
develop methods of structural analysis and design to resist blast loads. The analysis
and design of structures subjected to blast loads require a detailed understanding of
blast phenomena and the dynamic response of various structural elements.

Mendis and Ngo [4] proposed vulnerability assessment of concrete tall buildings
subjected to extreme loading conditions. This paper presents a vulnerability/sur-
vivability assessment procedure based on the analysis of a typical tall building in
Australia. The structural stability and integrity of the building was assessed by
considering the effects of the failure of some perimeter columns, spandrel beams
and floor slabs due to blast overpressure or impact.

Jayatilake et al. [5] proposed response of tall buildings with symmetric setbacks
under blast loading. this study explores three-dimensional nonlinear dynamic
responses of typical tall buildings with and without setbacks under blast loading.
The influence of the setbacks on the lateral load response due to blasts in terms of

Fig. 1 Blast characteristics:
overpressure time history with
critical blast parameters.
Source FEMA 426 [16]
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peak deflections, accelerations, inter-storey drift and bending moments at critical
locations were investigated. Structural response predictions were performed with a
commercially available three-dimensional finite element analysis programme using
non-linear direct integration time history analyses.

Draganic and Sigmund [6] have shown effect of blast loading on structures. The
paper describes the process of determining the blast load on structures and provides
a numerical example of a fictive structure exposed to this load. The blast load was
analytically determined as a pressure-time history and numerical model of the
structure was created in SAP2000. The results confirm the initial assumption that it
is possible with conventional software to simulate an explosion effects and give a
preliminary assessment of the structure.

The response of real structures when subjected to a large dynamic input involves
significant nonlinear behaviour [7]. Dynamic inelastic analysis of three dimensional
(3D) models of buildings enables more realistic assessment of their performance
under unpredictable time varying, explosive loads. Inelastic behaviour is associated
with hinge forming in some critical locations of the buildings. Occurrence of these
hinges must be predicted and controlled in order to prevent collapse of the building.

This paper reports the 3D nonlinear dynamic analyses of typical 45 storey high-
rise building under blast loading. This building has been designed for conventional
(dead, live and wind) loads, with obvious deficiencies and vulnerabilities to blast
attack. The influence of various locations of blast on the lateral load response in
terms of peak deflections, accelerations, inter-storey drifts and velocity at selected
locations (including hinge formation) is investigated. The component failure and
structural failure of building is also determined, accordingly performance level of
building is determined.

2 Method and Material

The specific objective of this study is to analyse the relative performance of typical
45 storey reinforced concrete symmetric building for 500 kg of TNT placed at
different locations.

Description of the buildings used in the study: After a preliminary study on wall-
frame buildings of different heights, a typical reinforced concrete office building of
45 storeys was selected for dynamic analysis. It represents a typical high-rise
building. For 45 storey building wind, rather than earthquake, dominates the lateral
loading. All 45 storeys had a storey height of 4.2 m. The plan dimensions are
42 m × 45 m. The typical floor plan of the building and computer generated 3D
model of the building are shown in Figs. 2 and 3 respectively.

The dimensions of the beams are 900 mm × 900 mm, while those of the columns
are 1,800 mm × 1,800 mm up to the 20th storey, 1,400 mm × 1,400 mm up to 35th
storey and 1,000 mm × 1,000 mm beyond that. The floor slab thicknesses
are 200 mm and shear wall thickness is 400 mm. The material properties of the
concrete used had a compressive strength of 50 N/mm2 for beams and columns,
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40 N/mm2 for shear wall, 30 N/mm2 for slabs, Young’s modulus of elasticity
according to IS 456 (2000), Poisson’s ratio of 0.2, and density of 25 kN/m3. Grade
of concrete for columns and beams, shear wall and slabs are M50, M40 and M30
respectively

Static analysis: A static analysis was carried out on 45 storey building for dead
load, imposed load and wind load with STAAD Pro. The design of reinforcement

Fig. 2 Typical floor plan for
the buildings (element sizes
not to scale)

Fig. 3 3D SAP 2000 model
of 45 storey high rise R.C.C
building
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for the structural members was carried out with STAAD Pro to conform to IS 456
criteria. Grade 30, 40 and 50 concrete and reinforcement yield strength of 415 and
500 MPa were used as material strengths.

Modal analysis: A modal analysis was performed and mode shapes were
examined. In the modal analysis run, the first 12 modes were extracted along with
their frequencies. To get the lateral translational mode participation for buildings,
modes up to a maximum of the 5th mode had to be considered. When designing
high-rise buildings it is often necessary to consider more number of modes than just
the fundamental mode, in order to account for 90 % of the modal mass [8]. As such
the integration time step had to be reduced to 0.001 s to get convergence.

Blast analysis: The two equally important parameters that directly influence the
blast loading on a structure are the charge weight and the standoff distance. The
charge weight can be expressed in terms of an equivalent mass of TNT. Ambrosini
et al. [9] suggest that 200–500 kg of TNT corresponds to the medium range of
terrorist attacks to buildings [10]. For most civilian buildings situated in urban
settings large standoff distances are unattainable. These buildings will be exposed to
more localized, high intensity blast pressures. When an explosion occurs at or very
near the ground surface it is treated as a hemispherical surface burst [11]. In the
majority of cases, terrorist activity has occurred in highly populated areas of cities,
where devices are placed on or very near the ground surface. IS 4991 (1968)
presents a table to calculate the blast characteristics. These have been used for
ground burst as well as air burst. In this study it is considered that the building is
subjected to a surface and air blast that is equivalent in yield to 500 kg of TNT
placed at different locations and symmetrical with respect to the blast loaded face.

The 500 kg charge weight marks the upper boundary of TNT weight used in the
medium range of terrorist attacks to buildings. The 30, 40 and 50 m standoff
distance is chosen as per IS 4991 (1968) [12] that is practically possible in urban
settings. In case of air blast, some stories are selected randomly as 8th, 23rd and
38th storey level. The direction of interest is the Y direction of the building (see
Fig. 2), along which there are 8 in-plane frames. For dynamic analysis of structures,
the blast effects are most conveniently represented by a loading-time history that is
applied to the structural members as transient loading. The magnitude and the
pressure time history of the blast load were calculated using Table 1 given in IS
4991 (1968) [12].

Table 1 Nonlinear dynamic response

Response criteria Standoff distance

30 m 40 m 50 m

Top displacement (m) 0.372 0.274 0.168

Top velocity (m/s) 1.554 1.130 0.720

Top acceleration (m/s2) 8.881 6.750 4.442

Max displacement (m) 0.525 (35th) 0.390 (35th) 0.205 (15th)

Max velocity (m/s) 3.500 (9th) 2.820 (9th) 2.120 (8th)

Max acceleration (m/s2) 210.05 (6th) 180.75 (6th) 132.12 (5th)
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It was assumed that time varying triangular forces were acting on each beam-
column joint on the front face of the building. These pulses have zero rise time and
decay linearly as shown in Fig. 4. Blast loads were calculated separately for each
joint of the front face of the building, taking into account the distance to each joint
from the source of explosion and the angle of incidence. The variation in the time of
arrival of the blast waves at various points, depending on the distance to the joint,
was also considered in constructing and applying loading functions.

Loading function durations varied in the range 15–30 ms, depending on the
standoff and angle of incidence value for the joint of interest. The effects of
damping are hardly ever considered in blast design because (i) damping has very
little effect on the first peak of response, which is usually the only cycle of response
that is of interest; (ii) the energy dissipated through plastic deformation is much
greater than that dissipated by normal structural damping; and (iii) ignoring
damping is a conservative approach. Hence, damping was not included in the
numerical models.

Computer modeling and analysis: Computer modeling of the building was
performed using the finite element software SAP2000 (Non-linear version 15) [13].
The 45 storey reinforced concrete building modeled was a wall frame structures
composed of columns, beams, slabs and shear walls, having a shear wall core in the
middle. The columns and beams were modelled as frame elements while the slabs
and shear walls were modeled as shell elements. The columns were assumed to be
fixed at their bases. The 3-dimensional models of the complete buildings were
created using SAP2000, which is able to represent material non-linearity of frame
elements to model yielding and post-yield behaviour through plastic hinges. Non-
linear representation of the columns and beams was employed to accommodate
simulation of plastic hinges. Moment hinges were assigned for beam elements at the
two ends. To account for the axial force—biaxial moment interaction, coupled axial
force and biaxial moment (PMM) hinges were assigned to column elements at the
two ends. Coupled PMM hinges yield depending on the interaction of axial force
and bending moments at the hinge location. Default hinge properties are based on
Applied Technology Council, USA (ATC)—40 [14] and Federal Emergency
Management Agency, USA FEMA-273 [15] criteria. The most general approach
for solving the dynamic response of structural systems is direct numerical inte-
gration of the dynamic equilibrium equations. For most real structures which
contain stiff elements, a very small time step is required to obtain a stable solution.

Fig. 4 Typical time history
function [13]
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Reducing the integration time step will increase the accuracy, and generally a time
step size which is less than 0.01 times the fundamental time period is selected. For
carrying out the simulations, the time step was decided as 0.001 s. The non-linear
direct integration time history analyses were run for a duration of 1 s with 1,000
time steps for all the buildings, and encompassed one cycle of structural response.

3 Results and Discussions

3.1 Overall Response Results

The building response is characterized by that of the fourth in-plane frame from the
left hand side (frame 4-4 in Fig. 2), as this was found to have the maximum
response. The top and maximum response values of all buildings obtained from the
analyses are presented in Table 1 with storey at which it occurs. Typical time
history obtained for top storey acceleration is shown in Fig. 5. The maximum
acceleration response occurs immediately after the blast, while the maximum dis-
placement occurs at a later stage in the time history. Careful observation of dis-
placement time histories reveals that for all considered cases, the building has a
more regular variation of displacement.

Tables 1 and 2 show the response of stories which are selected as benchmark,
and Maximum response with its magnitude and the corresponding storey at which it
occurs. It has been observed that responses are maximum at lower storey because
the effect of blast load is concentrated within lower storeys.

For variable blast source height responses are maximum at top storeys because
application of blast load is maximum at top for 23rd and 38th storey level blast. For
8th storey blast, responses are maximum within lower storeys.

Figures 6, 7 and 8 represent the variation of responses over the height of building
for comparison. All the responses follow similar pattern in case of variable blast
source distance except acceleration, which is to some extent follow same pattern.

Fig. 5 Plot function for
acceleration
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It can be seen from the Figs. 6, 7 and 8 that response is reducing as standoff distance
is increasing because the number of storey exposed to blast decrease as distance of
blast increases. Top response for 30 m standoff distance increases by 24–28 % than
40 m. The response for 40 m standoff distance increases by 33–39 % than 50 m.
Similarly maximum response for 30 m standoff distance increases by 20–25 % than
40 m and response for 40 m standoff distance increases by 25–48 % than 50 m.

In case of variable blast source height, except acceleration, response follows a
particular pattern as seen from Figs. 9, 10 and 11. It can be seen that the response

Table 2 Nonlinear dynamic response

Response criteria Blast source height

8th storey 23rd storey 38th storey

Top displacement (m) 0.794 3.356 2.273

Top velocity (m/s) 3.417 10.193 8.296

Top acceleration (m/s2) 10.714 98.670 278.21

Max displacement (m) 0.979 (35th) 3.356 (45th) 2.273 (45th)

Max velocity (m/s) 4.420 (8th) 10.193 (45th) 8.296 (45th)

Max acceleration (m/s2) 238.32 (6th) 323.45 (37th) 287.96 (45th)

Fig. 6 Variation of
displacement over storey
height for variable standoff
distance

Fig. 7 Variation of velocity
over storey height for variable
standoff distance
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for 23rd storey level blast is more than 8th storey level and 38th storey level
because shock front covers more area of building. Therefore number of storey
exposed to blast is more compared to 8th and 38th storey level. Number of storey
exposed to blast is nearly the same for 8th storey and 38th level blast but location of
application of load is different; 38th storey level blast covers top portion of
building. For this reason, the response is more in 38th storey level blast. Maximum
response increased by 40–70 % from 8th to 23rd storey level and decreased by
18–32 % from 23rd to 38th storey level. The top storey response increased by
70–90 % from 8th to 23rd storey level and decreased by 20–60 % from 23rd to 38th
storey level.

Figures 12 and 13 show the hysteresis loop for beam and column. The typical
moment-curvature relationship is shown of those members which fail. It is found
that in case of beams for a particular range of rotation, moment is almost same and
after that there is increase in rotation with decrease in moment capacity. In case of
columns, loop behaves differently. For a small range of rotation, moment also varies
and becomes negligible with increase in rotation.

There are basically two types of failure i.e. local and global failure. Similarly for
high rise building these two failures are found out. Local failure is related with the
number hinges developed in beams. It can also be determined from Fig. 14 by

Fig. 8 Variation of
acceleration over storey
height for variable standoff
distance

Fig. 9 Variation of
displacement over storey
height for variable blast
height
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Fig. 10 Variation of velocity over storey height for variable blast height

Fig. 11 Variation of acceleration over storey height for variable blast height

Fig. 12 Typical hysteresis loop for beam
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finding the members having red coloured hinges which indicates the total collapse
of member. FEMA 273 presents guide lines regarding the global failure which is
based on the inter drift ratio. The inter drift ratio is calculated and performance level
of building for each individual case is found out. Details regarding performance
level of building is presented in Table 3.

Fig. 13 Typical hysteresis loop for column

Fig. 14 Deformed shape of
the building and development
of plastic hinges in beam and
columns for 30 m standoff
distance
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4 Conclusions

Based on the results of the analyses, the following major conclusions are drawn for
typical 45 storey reinforced concrete building subjected to a blast equivalent to
500 kg TNT (the probable maximum from a medium range terrorist attack) placed
at various locations.

1. Variation of displacement is non-uniform trough the height of building and
different from earthquake and wind. The building does not behave as a canti-
lever structure under blast load.

2. As standoff distance increases non-linear dynamic response reduces.
3. Performance level of building is reached to collapse point for minimum standoff

distance.
4. There is tremendous increase in response when blast occurs at mid height of

building.
5. Performance level of building is critical if blast occurs at upper half stories of

building; the building is likely to collapse totally.
6. Plastic hinges are developed in all beams for most of cases and in case of

column hinges are forming at foundation and where column changes cross
section.

7. Performance level of plastic hinges in element connected to shear wall is below
immediate occupancy, thus shear wall increases resistance of structural members
subjected to blast.

8. For the important structures, blast analysis needs to be carried out by keeping in
view the terrorist activities in today’s scenario. Performance level of building and
possible damages to the structure should also known for various locations of blast.
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Dynamic Response of Cable Stayed Bridge
Pylon Subjected to Blast Loading

P.J. Shukla and C.D. Modhera

Abstract After the terrorist attack of 2001, concern regarding possible terrorist
attacks to important buildings and bridges are increased worldwide. In India,
guidelines for blast load analysis of buildings are described in IS: 4994 and IS:
6922. However, there are no such guidelines available for bridges. In present study,
typical bridge model of cable-stayed bridge proposed for Surat city, Gujarat, India
is selected. The bridge having 300 m span and 23 m width is selected for blast load
analysis. Blast pressure is calculated as per method described in TM-5-1300. The
blast pressure intensities are converted into quassi-static blast loading. The calcu-
lated blast load is applied at different heights on pylon and with varying standoff
distances with different charge weights. The analysis of model was carried out using
computer application SAP2000. Comparative results for various heights of explo-
sion were obtained in form of various graphs for maximum bending moment, shear
force for different standoff distances. The results were discussed in detail at the end
of the paper.

Keywords Blast load � Bridge pylon � Cable stayed � Dynamic analysis �
Mathcad � Quasi-static � TM-5-1300

1 Introduction

Cable supported bridges have been widely used as major structures to connect areas
separated by a body of water such as a river, a bay or a sea or by a valley. Due to
importance of these structures the prevention of progressive collapse of a cable
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supported bridge under any condition is one of the important objectives in design of
these bridges. Currently, special consideration in design of such important structure
is its vulnerability to earthquake and terrorist attack. While Indian standards pro-
vides complete guidelines for seismic design of such structures, blast resistant
design guidelines are available only for building as describe in IS:4991-1968 [1]
and IS:6922-1973 [2]. As bridges are major transportation elements and damage to
which affect not only the economy of country but also life of people, it is very
important to analyze the bridge for blast load application.

Son and Lee [3] analysed two different types of cable stayed bridge pylons, a
hollow steel box pylon and concrete filled composite pylon using the nonlinear
explicit finite element analysis program and established that the performance of the
concrete filled pylon was superior than hollow steel box pylon subjected to blast
loading. In the study performed by Tang and Hao [4], numerical simulation of
dynamic responses of a large cable stayed bridge under explosive loading was
carried out using explicit finite element code. It was found that the failure is caused
predominantly by compressive crushing and spalling of concrete materials with
localized steel reinforcements and steel plate failure. Islam and Yazdani [5] studied
the performance of AASHTO girder bridges under blast loading by applying the
blast load at various location of Model Bridge and observed that typical AASHTO
girder bridges may be unable to resist probable blast loads.

2 Methodology of Present Study

Most of the computational models are based on finite-element or finite-difference
methods. In most cases, as structure can be replaced by an idealized (or dynamically
equivalent) system, which behaves time-wise in nearly the same manner as the
actual structure. The blast load is calculated for typical blast scenario which is then
applied as equivalent blast load as concentrated loads acting on the structure. In the
present study the typical cable stayed bridge model is studied under blast load
scenario. Typical cable stayed bridge resembles to the bridge over the river Tapi at
Surat City, Gujarat, India is selected as bridge geometry. The bridge is assumed to
have concrete deck section of width 23 m and a depth 2 m. The length of cable
stayed portion is considered to be 300 m and height of concrete pylon is assumed as
35 m above the deck.

2.1 Calculation of Blast Load

Detonation of high explosives such as Trinitrotoluene (TNT) results in the shock
wave, which is a pressure disturbance that propagates radially outward in all
directions from the source. Figure 1 shows the idealized shape of a pressure pulse at
a point caused by the shock wave from a high explosive detonation. Blast pressure
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for given charge weight and given standoff distance was calculated using in house
developed Mathcad sheet. The Mathcad worksheet uses the equations for the blast
parameters associated with a TNT charge in air. The equations are based on curves
presented in TM 5-1300 [6] and ASI [7]. The reflected overpressure time history
obtained by the prepared Mathcad worksheet was then converted into equivalent
load time history by multiplying the ordinates of reflected overpressure time history
with average width of pylon and length of pylon affected by blast load as illustrated
in Fig. 1. From the bridge configuration, a regular truck or any other vehicle,
commonly used to carry explosive charges cannot go closer than 2 m to pylon and it
is reasonable to assume minimum standoff distance of 2 m from the point of
explosion to pylon surface. The maximum range used in this model analysis is 7 m,
beyond which the impact of the explosion is assumed negligible. Present study
considers horizontal pressure on pylon when explosion occurs at various standoff
distances and various heights above deck.

Figure 2 shows typical length of pylon affected by blast pressure. If the
explosion occurs at 2 m standoff distance from pylon, the spherical distribution of

Fig. 1 Typical pressure-time
history of an air blast in free
air [6]

Fig. 2 Typical length of
pylon affected by blast
pressure
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pressure extends 4 m total length of pylon assuming 45° angle of projection of
pressure wave. In order to simplify the method of blast distribution, it was assumed
that the blast pressure beyond this region, which diminishes with the distance, has
negligible impact on the structure.

2.2 Blast Load Cases

The blast load was considered as an extreme load with unity factor according to
AASHTO LRFD Bridge Design Specification [8]. The effect of truck live load is
negligible compared to that of blast load and hence it is not considered in the
analysis.

WT ¼ 1:25 D:Lð Þ þ 0:5 L:Lð Þ þ 1:00 E:Vð Þ

Here, WT = total load, D.L. = dead load, L.L. = truck live load and E.V. = extreme
event load.

The load cases mainly include horizontal pressure on the pylon when explosion
occurs above bridge deck at various heights with different charge weights. The blast
load cases are divided into nine different groups based on their position of appli-
cation on bridge model and charge weight as shown in Table 1. The blast loads of
various load cases are obtained by Mathcad worksheet as described earlier. The
blast load was applied as time history function to pylon and analysis is carried out
using computer code SAP2000 [9].

3 Results and Discussion

3.1 Displacement Time Histories for 100 kg of TNT
Explosion

Figure 3 shows comparison of displacement time histories for Blast Load Case 1, 2
and 3. It is observed that as the standoff distance increases displacement is decrease,
but as height of blast above deck increase displacement is also increases. It is
observed that maximum displacement 0.09 mm occurs for 3 m height of blast above
deck and 2 m standoff distance, while minimum displacement 0.04 mm occurs at
1.5 m height of blast above deck and 7 m standoff distance.
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3.2 Displacement Time Histories for 250 kg of TNT
Explosion

Displacement time histories for various load cases of 250 kg of TNT charge weight
are indicated in Fig. 4. The maximum displacement 0.21 mm occurs for 3 m height
of blast above deck and 2 m standoff distance, while the minimum displacement
0.08 mm occurs at 1.5 m height of blast above deck and 7 m standoff distance. The
values indicate that as the standoff distance increases displacement is decrease, but
as height of blast above deck increase displacement is also increase.

Table 1 Blast load cases

Load cases Charge weight
(kg of TNT)

Location (point of application
of blast above deck) (m)

Standoff distance (m)

Case 1 100 1.5 2

100 1.5 5

100 1.5 7

Case 2 100 2 2

100 2 5

100 2 7

Case 3 100 3 2

100 3 5

100 3 7

Case 4 250 1.5 2

250 1.5 5

250 1.5 7

Case 5 250 2 2

250 2 5

250 2 7

Case 6 250 3 2

250 3 5

250 3 7

Case 7 500 1.5 2

500 1.5 5

500 1.5 7

Case 8 500 2 2

500 2 5

500 2 7

Case 9 500 3 2

500 3 5

500 3 7
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3.3 Displacement Time Histories for 500 kg of TNT
Explosion

Figure 5 shows comparison of displacement time histories for various load cases for
500 kg of TNT charge weight. The maximum displacement 0.32 mm occurred at
maximum height of blast above deck 3 m and the minimum standoff distance 2,

Fig. 3 Displacement time history of 100 kg of TNT explosion

Fig. 4 Displacement time history of 250 kg of TNT explosion
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while the minimum displacement 0.134 mm occurs at minimum height of blast
above deck 1.5 m and maximum standoff distance 7 m.

3.4 Displacement Time History for 1.5 m Height of Blast
Above Deck

The comparison of time histories for 1.5 m height of blast above deck for three
different charge weights 100 kg of TNT, 250 kg of TNT and 500 kg of TNT are
presented in Fig. 6. It can be observed from graph that maximum displacement of
0.23 mm occurs for 500 kg of TNT at minimum standoff distance 2 m, while the
minimum displacement 0.04 mm occurs for 100 kg of TNT at maximum standoff
distance 7 m. It can be observed that displacement increase as increase in charge
weight while displacement decrease as increase in standoff distance.

3.5 Displacement Time History for 2 m Height of Blast Above
Deck

Figure 7 indicates the variation of displacement due to three different charge
weights when applied at 2 m height above deck. It is observed from graph that the
maximum value of displacement 0.25 mm occurred at maximum charge weight
500 kg of TNT at minimum standoff distance 2 m. It can be seen from graph that

Fig. 5 Displacement time history of 500 kg of TNT explosion
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minimum charge weight 100 kg of TNT and maximum standoff distance 7 m gives
the minimum value of displacement 0.04 m. The graph indicates that with increase
in standoff distance displacement is decrease but as increase in charge weight the
displacement is also increase.

Fig. 6 Displacement time history for 1.5 m height of blast above deck

Fig. 7 Displacement time history for 2 m height of blast above deck
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3.6 Displacement Time History for 3 m Height
of Blast Above Deck

Figure 8 shows the displacement time histories for 3 m height of blast above deck
for different charge weights 100 kg of TNT, 250 kg of TNT and 500 kg of TNT and
different standoff distance 2, 5 and 7 m. The maximum displacement 0.32 mm
occurs for 500 kg of TNT blast load and 2 m standoff distance. The minimum
displacement 0.057 mm obtains for 100 kg of TNT charge weight and 7 m standoff
distance. It can be observed that maximum charge weight and minimum standoff
distance gives maximum displacement. Figure 9 shows variation of maximum shear
force versus Standoff distance for different load cases. It can be observed from
graph that charge weight and height of blast above deck both affect the value of
maximum shear force. The value of shear force increases as increase in charge
weight and height of blast above deck, but it decrease as standoff distance increase.
Based on the analyzed cases, Maximum shear force 206.37 kN is obtained for
500 kg of TNT explosion applied at 3 m height above deck and at standoff distance
2 m. The variations of maximum bending moment (+ve) versus Standoff distance
for different load cases are presented in Fig. 10. The Maximum bending moment
2,346.62 kN m at base of pylon is obtained for maximum charge weight 500 kg of
TNT explosion applied at maximum 3 m height above deck and at minimum
standoff distance 2 m.

Figure 11 shows variation of maximum bending moment (−ve) versus Standoff
distance for different load cases. Maximum bending moment (−3,019.43) kN m at
base of pylon is obtained for 500 kg of TNT explosion applied at 3 m height above
deck and at standoff distance 2 m. This indicates that the maximum negative

Fig. 8 Displacement time history for 3 m height of blast above deck
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bending moment occurs at base of pylon for maximum charge weight and maxi-
mum height of blast above deck with minimum standoff distance. It is observed that
the maximum displacement of 0.32 mm for the blast load of 500 kg of TNT applied
at 2 m standoff distance and 3 m height above deck, while minimum displacement
of 0.04 mm for the blast load of 100 kg of TNT applied at 7 m standoff distance and
1.5 m height above deck.

Fig. 9 Maximum shear force versus standoff distance in pylon for various charge weights and
various point of application of blast load above deck

Fig. 10 Maximum bending moment (+ve) versus standoff distance for pylon for various charge
weights and various point of application of blast load above deck
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It can be observed from study that the displacement increase with decrease in the
standoff distance while displacement increases with increase in Blast load magni-
tude and height of blast above deck. It is observed from the study that the increase
in the blast load magnitude and height of blast above deck increase the key
structural forces like Shear Force and bending moments. However, the increase in
the standoff distance reduces the key structural forces. In the present study maxi-
mum shear force of 207.37 kN is observed for the blast load of 500 kg of TNT
applied at the 2 m standoff distance and 3 m height above deck and similarly for
Bending moment of amount (−3,019.43) kN m is observed for the 500 kg of TNT
blast load applied at the 2 m standoff distance and 3 m height above deck.

4 Conclusions

In present study, the vehicular bomb is considered as blast loading scenario. The
blast pressures due to the different car bomb loading are predicted as per the
methodology described in TM 5-1300 using the computational application Math-
cad. The blast pressure intensities are converted into quassi-static blast loading. The
calculated blast load is then applied at various heights of pylon and different
standoff distance with different charge weights to evaluate its severity on the
selected bridge structures. The blast load is applied in form of time history function
and non-linear time history analysis is carried out using computer application
SAP2000 [9]. The displacement and key structural forces at point of application of
blast load are monitored corresponding to blast load. The results of the present

Fig. 11 Maximum bending moment (−ve) versus standoff distance for pylon for various charge
weights and various point of application of blast load above deck
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study reveal that the displacement at point of application of blast load increase with
increase in charge weight and height of blast above deck, while the displacement
decrease with increase in standoff distance. Increase in charge weight and height of
blast above deck also increase shear force and bending moment at base of pylon but
increase in standoff distance reduces the value of shear force and bending moment
at base of pylon. Similar parametric study can be employed for the investigation of
the structural behavior of other component of cable stayed bridge structure in order
to investigate effect of extreme loading conditions.
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Retrofitting of Seismically Damaged Open
Ground Storey RCC Framed Building
with Geopolymer Concrete

Pinky Merin Philip, C.K. Madheswaran and Eapen Skaria

Abstract Retrofitting is a technique in damaged structure is strengthened to
original design requirements. The recent earthquake occurred in India during 2001
in Gujarat, damaged many buildings that were seismically deficient. So there is an
urgent need for retrofitting of damaged buildings. This calls for techniques that are
technically sound and economically feasible to upgrade deficient and damaged
structures. Also, Portland cement (PC) production is under critical review due to
high amount of carbon dioxide gas released to the atmosphere and Portland cement
is also one among the most energy-intensive construction materials. The current
contribution of greenhouse gas emission from Portland cement production is about
1.5 billion tons annually or about 7 % of the total greenhouse gas emissions to the
earth’s atmosphere. So retrofitting of existing deficient building using eco-friendly
material which could promise higher structural performance than the original
building is essential. Many retrofitting methods such as epoxy injection, CFRP,
GFRP wrappings etc. are used currently, but there is a mismatch in tensile strength
and stiffness of these materials with that of concrete structure. The Geopolymer
concrete (GPC) is fire and acid resistant, highly durable, less shrinkage, low per-
meable and attains strength within 3 days of ambient air curing. So the feasibility
study of geopolymer concrete in retrofitting of damaged reinforced concrete (RC)
beams and RC building is presented in this paper. An open ground three storey
seismically damaged RCC building is retrofitted with GPC at cracked portions. And
free vibration test is carried out using reaction mass shaker to obtain the natural
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frequencies and mode shapes. Also using finite element method in ANSYS
software modal analysis is done on the building for natural frequencies and mode
shapes. This paper presents the experimental and analytical results of natural fre-
quencies and mode shapes.

Keywords Retrofitting � Geopolymer concrete � Natural frequency �Mode shapes

1 Introduction

In the present scenario, infrastructure rehabilitation costs are staggering. Large
numbers of buildings and infrastructures around the world are facing serious
deterioration due to earthquakes, dynamic overloading etc. Repair and strength-
ening is essential task to upgrade the deteriorated reinforced concrete structures so
that it can withstand the applied loads and stresses. Retrofitting is a technique or
method in which damaged structure is strengthened by using additional rein-
forcement, ejection of concrete into cracks, replacement of damaged portions,
which gives strength and stability to damaged structure. In USA the rehabilitation
cost estimated for repair and replacement of bridges and structures is about
1.6 trillion dollars. Many retrofitting methods such as epoxy injection, CFRP,
GFRP wrappings, concrete jacketing etc. are used currently, but the structural
performance of epoxy changes as temperature changes.

The performance of current techniques of rehabilitation and strengthening using
externally bonded steel plates and fibre-reinforced plastic (FRP) laminates has been
extensively investigated. The technique of retrofitting using externally bonded steel
plates has gained widespread popularity, being quick, causing minimal site dis-
ruption, and producing only minimal change in section size, but has several
problems, including the occurrence of undesirable shear failures, difficulty in
handling heavy steel plates, corrosion of the steel and the need for butt joint systems
as a result of limited workable lengths. FRP materials as thin laminates or fabrics
would appear to offer an ideal alternative to steel plates. They generally have high
strength to weight and stiffness to weight ratios and are chemically quite inert,
offering significant potential for lightweight, cost effective and durable retrofit.
Retrofitting using FRP is also vulnerable to undesirable brittle failures due to large
mismatch in the tensile strength and stiffness with that of concrete.

The key advantage of geopolymer concrete for retrofitting is that unlike steel and
FRP, their tensile strength, stiffness and coefficient of linear thermal expansion are
comparable to that of the parent material. Geopolymer appears to be an alternative
to ordinary Portland cement, due to high mechanical performances and environ-
mental advantages. Epoxy adhesive used in the construction industry is very sen-
sitive to temperature variations; experimental results [1] reported that the
temperature should not exceed 70 °C to maintain the strength for other retrofitting
materials. But GPC possess high stability at high temperature.
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1.1 Research Significance

One of the most important applications of geopolymer is in construction industry.
However, the suitability of GPC to various structural components is yet to be
established by large number of experimental studies. Various experimental works
have been done to find out the suitability of geopolymer concrete to replace the
Portland cement concrete (PCC) and based on these results the geopolymer concrete
application can create an environmental friendly construction industry.

The majority of existing buildings are deficient for resisting earthquakes, so
nowadays retrofitting of the building has become a major issue. This calls for tech-
niques that are environmental friendly, technically sound and economically feasible
to upgrade deficient structures. An attempt was made using geopolymer composite
material for retrofitting of seismically damaged open ground storey RCC framed
building.

2 Geopolymer Concrete

Geopolymer concrete is a non-Portland cement binder based on alkaline activation
of industrial wastes fly ash and ground granulated blast furnace slag (GGBS). The
geopolymer concrete used for retrofitting was produced from grade 1(IS: 3812) fly
ash with specific gravity 2.2 obtained from Ennore power plant and GGBS with
specific gravity 2.9 obtained from Quality Polytech, Mangalore. River sand with
specific gravity 2.49 was used as fine aggregate and crushed granite stones of size
6 mm was used as coarse aggregate.

3 Beam Details

The specimens include two numbers reinforced concrete (RC) beam of 100 mmwide
and 150 mm deep. They are 1,500 mm in length and simply supported over an
effective span of 1,350 mm with M40 grade concrete. The beams are made with 2
numbers of 8 mm diameter compression reinforcement and 2 numbers of 16 mm
diameter tension reinforcement. Also 8 mm diameter stirrups are provided at 125 mm
c/c. The clear cover of the beam was 25 mm as shown in Fig. 1. These reinforced

100mm

150 mm

1500mm

Fig. 1 Reinforcement details of beam specimen
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Portland pozzolana cement (RPPC) concrete beam specimens before its first flexural
test is considered as control specimens. Then the beams after flexural test is retrofitted,
of the two specimens one beam is retrofitted with 5M and other one with 3M GPC.

4 Retrofitting of Beams

Concrete is removed from the damaged portion of the beam nearly about 300 mm
length in middle portion of the beam. The damaged concrete portions were cut and
loose materials were removed and blower was used to clean the surface. Then the
beams were placed with moulds. Prior to casting, the inner walls of moulds are
coated with lubricating oil to prevent adhesion with the hardening concrete. GPC
binder is mixed in a pan mixer machine of 60 kg capacity for about three minutes.
At the end of this mixing, the alkaline activator solution (AAS) is added to the dry
materials. Then mixing is continued for another four minutes till a uniform con-
sistency is achieved. Immediately after mixing, the fresh concrete is casted in three

Fig. 2 a RPPC beam before retrofitting, after removing spelled concrete. b Beam after retrofitting
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layers of equal thickness and each layer is thoroughly compacted. Specimens are
demoulded after 24 h. The retrofitted beams are cured with subsequently air cured
under ambient conditions in the laboratory for a period up to 28 days after casting.
Figure 2 shows the retrofitting of seismically damaged beams. Even though the
beams were subjected to ultimate stage of loading at the time of damage, rein-
forcement of the beams are not retrofitted.

5 Flexural Test on Beams

The beam specimen was mounted in a UTM of 100 tons capacity. The beam
specimen was simply supported on reaction blocks mounted on a sturdy box section
of length 1,700 mm placed on the bottom platen of the UTM. The beam was simply
supported over a span of 1,350 mm, which is considered as the effective span. The
load was applied on two points each 225 mm symmetrically away from centre of
the beam towards the support through a load spreader as shown in Fig. 3. A dial
gauge of 0.01 mm least count is used at mid span for measuring the deflection and
two dial gauges below the loading points.

The retrofitted beam specimens were tested under two point loading until failure.
As the load increased, beam started to deflect and flexural cracks developed along the
span of the beams. All the beams failed in the same fashion due to yielding of the
tensile steel (primary tension failure) followed by crushing of concrete at the com-
pression face (secondary compression failure). Figure 4 shows the load deflection
characteristics of retrofitted RPPC beams and control RPPC beam. From the graph it
is clear that both the retrofitted beams attain about 80% strength of control beam. And
the ultimate deflection value of control beam is less compared to retrofitted beams;
this is because the retrofitted beam reinforcements once subjected to yield condition.

Fig. 3 Test setup
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6 FEM Modeling of the Beam

For the analytical study on the flexural behaviour of reinforced beams, finite element
method was adopted by using ANSYS. Solid 65 elements were used to model PPC
concrete and GPC. In retrofitted portions GPC properties are provided. The Young’s
Modulus and Poisson’s ratio of PPC concrete and GPC are different. To have bond
between old concrete and new concrete nodes are merged. All reinforcements were
modeled using Link 8—3D spar element, the reinforcements are provided by con-
necting the nodes. The required diameters for tension and compression reinforce-
ments and lateral ties can be assigned. Flexural behaviour of control beam and
retrofitted beam was studied using ANSYS. The Fig. 5a shows the loading of control
beam. Similarly the Fig. 5b shows the loading of retrofitted RCC beam with geo-
polymer concrete. The Fig. 6 shows comparison of experimental and analytical
studies on flexural behaviour of RPPC retrofitted beam. The input values in ANSYS:
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young’s modulus of PPC and GPC are 31.62 × 109 and 27.9 × 109 N/m2 respectively.
The Poisson’s ratio of PPC and GPC are 0.2 and 0.27 respectively.

7 Building Details

The three dimensional reinforced concrete frame structure is having two-bays in X-
direction, single bay in Y-direction with a total height of 4.8 m. Reinforcement
detailing provided for the reinforced concrete frame model is shown in Fig. 7. The
photographic view of the reinforced concrete building before seismic damage is
shown in Fig. 8a. Each storey is 1.6 m high. The elevation of the reinforced concrete
building model is shown in Fig. 8b. The section size of beams and columns are
150 mm × 150 mm, with a 100 mm thick slab. The RC building model is an open
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Fig. 6 Comparison of load-deflection characteristics of retrofitted beam experimentally and
analytically

Fig. 7 Reinforcement details
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ground storey, with second and third floor levels filledwith the brick infill. The base of
the three dimensional reinforced concrete RC building model is having a raft foun-
dation with a thickness of 150 mm. The longitudinal beam and transverse beam
reinforcement consist of two numbers of 16 mm diameter and two numbers of 10 mm
diameter bars respectively. Columns are reinforced with four numbers of 12 mm
diameter bars. Lateral ties in the columns and beams are 6 mm diameter two legged
stirrups at a spacing of 150 mm c/c. Materials used are M 25 grade OPC concrete and
Fe 415 steel. For retrofitting the building geopolymer concrete of grade 40 is used.
The specimen is seismically damaged by applying earthquake loads up to 7.99 m/s2

ground acceleration in a shake table. Figure 9 shows the crack pattern in the ground

Fig. 8 a RCC frame model before seismic damage. b Elevation of the building

Fig. 9 Crack pattern in the ground storey columns
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storey columns which is damaged. Figure 10 shows the sliding cracks formed in the
brick-infill wall instead of ‘X’-crack. The building had only cracks in the concrete, the
reinforcement bars are not yielded, so there is no need of retrofitting reinforcement.

7.1 Dimensions of the Reinforced Concrete Frame

Dimensions of the reinforced concrete frame are as follows: Dimension of the frame
is 3,600 × 2,600 × 4,950 mm, length of the beam in shorter direction is 2 m; length
of the continuous beam in longer direction is 3 m. And length of the column is
1.6 m. The total length of the frame in shorter direction is 2.15 m and the total
length of the frame in longer direction is 3.15 m. The total height of the frame is
4.95 m and the total length of the raft slab is 3.6 m.

8 Retrofitting of Seismically Damaged Building

The various steps involved in the local retrofitting of the building are:

• Removal of spelled concrete in ground storey columns and damaged brick
masonry wall panel.

• Retrofitting the damaged portion of columns with geopolymer concrete (GPC).
• Air curing at room temperature.
• Construction of brick masonry wall panels.

Fig. 10 Failure crack pattern of brick-infill wall panels of open ground storey building
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8.1 Retrofitting

Figures 11, 12 and 13 shows the steps involved in the retrofitting of the building.
Before the removal of damaged concrete the building should be supported with
wooden planks to avoid the collapse. The crack concentration of the seismically
damaged building was mainly at the beam column joints and at the bottom of
column of ground storey as shown in Fig. 11. The concrete at cracked portion was
removed completely by chipping of concrete without causing any disturbance to the
reinforcement using a chisel as shown in Fig. 12. The chipped column portions
were shuttered using wooden planks with providing some provision for concreting
the GPC. The removal of loosen concrete and retrofitting with GPC in all six
columns of ground storey was carried out in three stages, at each stage only two
columns were considered. After shuttering the freshly prepared GPC using 5M
alkaline solution was poured. After 24 h the wooden shutters were demoulded, then

Fig. 11 Damaged structure a cracks at column bottom, b cracks at beam-column joint

Fig. 12 Building columns after the removal of spelled concrete a at column bottom, b at beam
column joint
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finishing was done and kept for air curing Fig. 13a. The brick masonry with a total
thickness of 105 mm using 1:4 OPC mortar mix was constructed in eight bays, 4
each in 1st and 2nd floor. The brick infill was provided with a door opening of size
1,450 × 450 mm at the mid portion of the bay as shown in Fig. 13b. Before
retrofitting the brick masonry of the building was 70 mm thick without having any
opening. But for retrofitted building infill has a door opening with a thickness of
infill of 115 mm. By providing a door opening in brick masonry the stiffness of the
2nd and 3rd storey is equalized for original and retrofitted building.

9 Free Vibration Test on the Building

In this experiment reinforced cement concrete (RCC) open ground three storey
building having door opening infill is tested for free vibration test using a shaker to
find out the natural frequencies and mode shapes. The RCC building specimen is
retrofitted with geopolymer concrete (GPC) on ground storey columns and has door
open infill on upper stories. The open ground storey building is excited using the
shaker, the structural response; in the form of acceleration was measured using
piezoelectric accelerometer. The instrumentation set up consists of reaction mass
shaker, power amplifier, Accelerometer, Conditioning amplifier, FFT analyzer and
Low distortion audio generator. Accelerometer, conditioning amplifier and FFT
analyzer was used for measurement of natural frequencies and mode shapes of
building. The test instrumentation set up for the experiment is shown in Fig. 14.

Fig. 13 Retrofitted building a all ground storey columns are retrofitted with GPC at beam-column
joint and at column bottom, b new brick masonry infill
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The audio generator and power amplifier are input instruments to the reaction
shaker and the conditioning amplifier and FFT analyzer are output devices.

10 Test Results

A graph is plotted between acceleration and corresponding output frequencies from
FFT analyzer as shown in Fig. 15. The fundamental natural frequencies corre-
sponding to each peak acceleration is taken. The first natural frequency is 4 Hz and
second natural frequency is 18 Hz. For finding the third mode experimentally
requires missing mass correction since the frequency lies above 33 Hz.

Fig. 14 Block diagram of instrumentation setup. A reference accelerometer, B1 first floor
accelerometer, B2 second floor accelerometer, B3 third floor accelerometer

Fig. 15 Acceleration
response of third floor
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11 Mode Shapes

The mode shape of building which is locally retrofitted with GPC obtained from the
free vibration test, for the first mode is given in Fig. 16. Similarly the second mode
shape is plotted for 18 Hz as in Fig. 17. The Table 1 shows the comparison of the
natural frequencies of original and retrofitted building.

Fig. 16 First mode shape a locally retrofitted building, frequency f1 = 4 Hz, b original building,
frequency f1 = 4.15 Hz (experimentally)

Fig. 17 Second mode shape a locally retrofitted building, frequency f2 = 18 Hz, b original
building, frequency f2 = 18.8 Hz (experimentally)

Retrofitting of Seismically Damaged Open Ground Storey … 475



12 Analytical Model

The natural frequency of the building at differentmodes was determined analytically by
finite element method. The update version offinite element software ANSYS is used to
analyze the building before and after retrofitting. For modeling the beams and columns
of the building 2 nodded beam 188 element is used and for brick masonry also 2
nodded beam element is used. The brick masonry is modeled as diagonal element
having same thickness of brick masonry and width equals one third of its diagonal
length. The 4 nodded shell 63 element is used for modeling slab, with 100 mm
thickness. In order to have good bond between infill and RCC frame, nodes are merged
after meshing. The building is modeled with the same dimensions of the test specimen.
The input parameters in ANSYS for different materials are shown in Table 2.

To provide the raft foundation to the building, the bottom nodes of all ground
storey columns was provided with fixed support i.e. degree of freedom restrained in
all direction. The young’s modulus value and Poisson’s ratio for modeling the
building was obtained from the experimental test. The natural frequencies of
building before and after retrofitting were compared. The modeling of the non-
retrofitted building with door opening infill in ANSYS is shown in Fig. 18. And
Fig. 19 shows its translational mode shapes after modal analysis.

Similarly Fig. 20 shows the retrofitted building with door opening infill walls.
The size of door opening located at the center of wall panel is 450 mm width and
1,450 mm high. Experimentally, the retrofitting was carried out about 300 mm at the

Table 2 Properties of PPC, GPC and masonry infill

Type Modulus of elasticity
E (N/m2)

Poisson’s
Ratio µ

Density
ρ (kg/m2)

Portland pozzolana cement (PPC) concrete 25 × 109 0.2 2,500

Geopolymer concrete (GPC) 27.9 × 109 0.27 2,500

Masonry infill 4.125 × 109 0.17 1,800

Table 1 Comparison of natural frequencies of the original and retrofitted building

Mode Original building frequency
experimentally (Hz)

Retrofitted building frequency
experimentally (Hz)

First mode 4.15 4

Second mode 18.8 18
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Fig. 19 Translational mode shapes a first mode, f1 = 4.25 Hz, b second mode, f2 = 14.08 Hz,
c third mode, f3 = 24.76 Hz

Fig. 18 ANSYS model of non-retrofitted RCC building with door opening infill a beam model,
b 3-D solid model
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top and bottom of ground storey columns. So in the analysis also 300 mm at the top
and bottom of ground storey column are provided with the properties of Geopolymer
concrete. Figure 21 shows the mode shapes of the building after retrofitting. The
modal analysis using subspace method is adopted for analysis in FEM.

12.1 Results

The translational modes shapes and natural frequencies are obtained in ANSYS of
the original building and retrofitted building is compared. Also the experimental
results of original and retrofitted building are listed in the Table 3.

From Table 3 the natural frequencies of retrofitted building is greater than that of
original building in FEM, this is because the Young’s modulus and Poisson’s ratio
value of geopolymer concrete (GPC) is greater than that of PPC M25 grade con-
crete in FEM analysis. Experimentally and analytically both original and retrofitted
building has almost same natural frequencies i.e. having same stiffness.

Fig. 20 Retrofitted building model in ANSYS a using beam element, b solid model
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Fig. 21 Translational mode shapes of retrofitted building a first mode, f1 = 4.51 Hz, b second
mode, f2 = 14.94 Hz, c third mode, f3 = 25.295 Hz
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13 Conclusions

Based on experimental and analytical study following conclusions are made:

• Comparison of the load-deformation behaviour of retrofitted RPPC and control
RPPC were carried out. It can be clearly seen that the FEM predictions are in
very good agreement with the test results. Based on the analysis of results, the
geopolymer concrete can be used for strengthening of seismically damaged
framed reinforced concrete structures.

• For retrofitting geopolymer concrete made of 5M alkaline activator solution is
found to be optimum both in attaining strength and workability.

• A sophisticated 3D finite element model of the open ground storey building is
developed using ANSYS. The model has proved to be effective in terms of
predicting the natural frequencies and mode shapes.

• Natural frequencies of retrofitted and control open ground storey building are
found to match experimentally as well as analytically.

• Finite element analysis also provides an insight into realistic behaviour. Natural
frequencies of retrofitted and control open storey building are found to be
predicted exactly by finite element analysis.

• Thus retrofitting on seismically damaged building using geopolymer concrete is
found to be aesthetically as well as structurally adequate.
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Evaluation of Shear Strength of RC
Columns Strengthened by Concrete
Jacketing

M. Komathi and Amlan K. Sengupta

Abstract Reinforced concrete columns in existing multi-storeyed buildings may
need to be strengthened to enhance the performance during an earthquake. An
experimental study on strengthening of columns for shear by concrete jacketing is
presented in this paper. 38 rectangular beam-column specimens were tested under
monotonic single point lateral loading, in the presence or absence of axial load. The
parameters considered for the study are compressive strength of jacket concrete,
amounts of longitudinal and transverse reinforcements, thickness of jacket and level
of axial load. The test programme, specimen details, test set-up and results in terms
of the influence of the variation of each parameter on the shear strength of the
specimens, are discussed in this paper.

Keywords Building � Column � Concrete jacket � Reinforced concrete � Shear
strength

1 Introduction

Recent and past earthquakes have exposed the vulnerability of multi-storeyed
reinforced concrete (RC) buildings in India to seismic forces (location and year of
occurence of some devastating earthquakes: Jabalpur, 1997; Bhuj, 2001; Andaman
Islands, 2004; Sikkim, 2011). Buildings are to be designed and built as per the updated
seismic codes. But the structures built prior to the revision of codes or the ones built
using flawed design and detailing, need to be strengthened for future earthquakes. The
vital members in a framed building to resist lateral loading are the columns. Column
deficiencies exposed by the earlier earthquakes have led to their flexural and/or shear
failures. Apart from global strengthening of a building, a few local retrofit strategies
such as concrete jacketing, steel jacketing, use of ferrocement and fibre reinforced
polymer wrapping are available.
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Concrete jacketing of columns involves addition of longitudinal and transverse
(tie) reinforcements along with concrete. This technique is adopted in the present
study for its advantages such as considerable enhancement of flexural and shear
capacities, increase in ductility, distributed increase in storey stiffness and
improvement in durability. Increase in column size and decrease in carpet area of
the floor, drilling of holes through existing concrete of slabs and possibly other
members, and disruptions to users of the building are some limitations of this
method. Tests were carried out on short jacketed beam-column specimens to
investigate the effects of several parameters on the enhancement of shear strength.
The paper presents the test programme, specimen details, test set-up and results.

2 Research Significance

Short columns with reduced height-to-depth ratio are shear-critical. These stiff
columns attract large forces to deform and are subjected to brittle shear failure. Such
failures can be avoided by adequate strengthening. Limited experimental data is
available on parameters influencing shear strength of columns strengthened by RC
jacketing. Beam-column specimens were tested to investigate the parameters.

3 Literature Review

Studies conducted on column specimens retrofitted by concrete jacketing are briefly
presented. Jacketing the columns of existing buildings with mortar and welded wire
fabric was found to improve their shear strength and ductility, with avoidance of
brittle shear failure [6]. Shotcreted short column specimens showed improved
stiffness and lateral strength under constant axial load and reversed cyclic lateral
displacement history [1]. Jacketed columns exhibited poor flexural behavior when
jacketing was done in the presence of axial load, as compared to when the jacketing
was done after unloading [3]. Retrofitted column specimens showed improved
flexural strength, stiffness, ductility and energy dissipation under single-curvature
bending due to quasi-static lateral cyclic loading in the presence of constant axial
compression [7]. Columns damaged by concrete crushing and bar buckling can have
their shear strength and ductility restored to pre-damaged level after jacketing [4].

Column specimens with plain bars as longitudinal reinforcement and without
adequate lapping of the bars showed good deformation and energy dissipation
under cyclic loading after jacketing [2]. Specimens representing typical ground
storey columns of a framed building were tested to investigate the effectiveness of
three types of jacket configurations [8]. These are jackets with welded tie ends,
jackets with welded tie ends along with dowels connecting old and new concrete,
and jacket with longitudinal bars of original section and jacket connected by bent
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bars. Specimens with bent bars exhibited better energy dissipation capacity. Col-
umn and beam-column sub-assemblage specimens were tested to study the
enhancement in flexural behaviour due to jacketing [5].

4 Experimental Program

The objective of the experimental program reported here was to study the
parameters affecting shear strength of jacketed beam-column specimens. The
contributions to shear strength of a jacketed member are broadly grouped into two:
concrete contribution and tie contribution. The following parameters affecting the
concrete contribution of shear strength were studied: compressive strength of jacket
concrete, percentage of jacket longitudinal reinforcement traversing a transverse
crack, thickness of jacket and the level of axial load. The studied parameter
affecting tie contribution of shear strength was the amount of additional transverse
reinforcement. First, 4 beam-column specimens without jacket (designated as ori-
ginal) were tested under monotonic single point lateral loading at mid-span. Next,
34 jacketed specimens were tested under similar loading conditions, in the presence
or absence of axial load. For each combination of parameters, 2 specimens were
tested. The shear span-to-effective depth ratios of the specimens were chosen in
such a way that the specimens fail under shear by diagonal cracking.

4.1 Specimen Details

The grouping of the specimens based on the parameters under study is shown in
Fig. 1. Sectional and reinforcement details are shown in Figs. 2, 3 and Table 1. The
designation BCO is for the original specimens without jacket and BCJ is for the
jacketed specimens. The inner portions of the jacketed specimens are similar to the
original specimens. The parameters were varied for the jacket region (shown in bold
italics in Fig. 1). BCO 1, 2 and BCJ 1-30 were provided with ties at each support
and loading point to avoid local failure and to support the longitudinal reinforce-
ment. Concrete cover of 25 mm was provided for the specimens.

4.2 Preparation of Concrete Jacket

The inner portion of a specimen was first casted. After sufficient curing, it was
subjected to surface roughening by hand chipping. The jacket longitudinal and
transverse bars were placed around the inner portion. The assembly was placed in
the mould and the mixed micro-concrete/self-compacting concrete was poured.
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4.3 Material Characteristics

Concrete and reinforcing steel were the materials used in the preparation of
specimens. Three types of concrete were used: normal concrete, self-compacting
concrete and micro-concrete. Trial cubes were casted and tested to arrive at the
target compressive strengths. 150 mm size cubes were used for normal concrete and
SCC. 70 mm size cubes were used for MC. The achieved concrete strengths are
shown in Table 1.

Normal concrete was used for casting the original specimens and inner portion
of jacketed specimens. The constituents of normal concrete were ordinary Portland
cement, fine aggregate (river sand), coarse aggregate of 20 mm nominal size and
water. Mineral/chemical admixtures were not added. SCC of three different grades

fcm (MPa) 

pt (%) 

43.7

53.0

57.1

69.1

0.38

BCJ 7, 8

1.54 3.83

BCJ 9, 10 BCJ 11, 12
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Fig. 1 Grouping of
specimens
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was used for casting the jackets. Its constituents were Portland pozzolana cement,
fine aggregate (river sand), coarse aggregate of nominal size 8 mm, polycarboxylic
ether based low viscosity high performance superplasticizer and water. Slump flow
tests were conducted to check its flowability and workability. A general purpose
non-shrink commercial micro-concrete was used for casting the jacket. Its con-
stituents include Portland cement, graded aggregates and fillers and additives
imparting controlled expansion characteristics in plastic state.

High yield strength deformed bars were used as inner and jacket reinforcement.
The yield strengths obtained from the tension testing of bars are given in Table 2.

4.4 Test Set-Up, Loading and Instrumentation

Two types of test set-ups were adopted as shown in Fig. 4. In the first set-up, the
lateral load was applied vertically using the hydraulic jack and cross beam of a
bending machine. In the second set-up, the lateral and axial loads were applied
using two separate jacks. Each specimen was simply supported with hinge at one
end and roller at the other end. Linear variable displacement transducers (LVDTs)
and demec gauges were used to measure diagonal shear strains at shear spans,
longitudinal strains and vertical deflection at the mid-span. Load cells were placed
to monitor the applied loads.

Fig. 2 Specimens without jacket. a Section A–A of BCO 1, 2. b Longitudinal section of BCO 1, 2
(2 ties at each support and loading point). c Section B–B of BCO 3, 4. d Longitudinal section of
BCO 3, 4. Note All dimensions are in mm
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Fig. 3 Jacketed specimens. a Section C–C of BCJ 1-24. b Section C–C of BCJ 25-28. c Section
C–C of BCJ 29, 30. d Section D–D of BCJ 31-34. e Longitudinal section of BCJ 1-30.
f Longitudinal section of BCJ 31-34. Note All dimensions are in mm
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Table 1 Details of specimens

S. No. Specimen Cube compressive
strength of inner
concrete (MPa)

Inner
reinforcement

Cube compressive
strength of jacket
concrete (MPa)

Jacket
reinforcement

1 BCO 1 21.1 B:3-16φ;
T:2-8φ; No
tiesa

– –

2 BCO 2 ” ” – –

3 BCO 3 ” B:3-16φ;
T:2-8φ;
6φ@150 ties

– –

4 BCO 4 ” ” – –

5 BCJ 1 19.8 B:3-16φ;
T:2-8φ; No
ties

57.1 B: 2-8φ; T:
2-8φ; No ties

6 BCJ 2 ” ” ” ”

7 BCJ 3 ” ” ” B: 2-16φ; T:
2-8φ; No ties

8 BCJ 4 ” ” ” ”

9 BCJ 5 ” ” ” B: 2-25φ; T:
2-8φ; No ties

10 BCJ 6 ” ” ” ”

11 BCJ 7 ” ” 43.6 B: 2-8φ; T:
2-8φ; No ties

12 BCJ 8 ” ” ” ”

13 BCJ 9 ” ” ” B: 2-16φ; T:
2-8φ; No ties

14 BCJ 10 ” ” ” ”

15 BCJ 11 ” ” ” B: 2-25φ; T:
2-8φ; No ties

16 BCJ 12 22.6 ” ” ”

17 BCJ 13 ” ” 69.1 B: 2-8φ; T:
2-8φ; No ties

18 BCJ 14 ” ” ” ”

19 BCJ 15 ” ” ” B: 2-16φ; T:
2-8φ; No ties

20 BCJ 16 ” ” ” ”

21 BCJ 17 ” ” ” B: 2-25φ; T:
2-8φ; No ties

22 BCJ 18 ” ” ” ”

23 BCJ 19 17.7 ” 52.6 B: 2-8φ; T:
2-8φ; No ties

24 BCJ 20 ” ” ” ”

25 BCJ 21 ” ” ” B: 2-16φ; T:
2-8φ; No ties

26 BCJ 22 ” ” ” ”

27 BCJ 23 ” ” 53.7 B: 2-25φ; T:
2-8φ; No ties

28 BCJ 24 ” ” ” ”

(continued)
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Table 1 (continued)

S. No. Specimen Cube compressive
strength of inner
concrete (MPa)

Inner
reinforcement

Cube compressive
strength of jacket
concrete (MPa)

Jacket
reinforcement

29 BCJ 25 ” B:3-16φ;
T:3-16φ; No
ties

55.1 B: 2-16φ; T:
2-16φ; No ties

30 BCJ 26 20.0 ” 56.0 ”

31 BCJ 27 ” ” 55.1 ”

32 BCJ 28 ” ” 56.0 ”

33 BCJ 29 ” ” 52.3 ”

34 BCJ 30 ” ” ” ”

35 BCJ 31 ” B:3-16φ;
T:3-16φ;
6φ@150 ties

53.3 B: 2-16φ; T:
2-16φ;
6φ@100 ties

36 BCJ 32 ” ” ” ”

37 BCJ 33 17.7 ” 53.7 B: 2-16φ; T:
2-16φ;
6φ@200 ties

38 BCJ 34 ” ” ” ”

Bar diameter (φ) and tie spacing are in mm
B bottom bars; T top bars
a No ties means the absence of ties in the test region. Ties were present at the support and loading points

Table 2 Yield strength of reinforcement bars

S. No. Bar diameter (mm) Inner reinforcement (MPa) Jacket reinforcement (MPa)

1 6 512.8 512.8

2 8 517.3 517.3

3 16 503.6 477.5

4 25 – 468.8

Fig. 4 Test set-ups. a Set-up for testing under lateral load only. b Set-up for testing under
simultaneous lateral and axial loads
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5 Results and Discussions

Each specimen failed in shear, and hence half of the ultimate load gave the shear
strength in each shear span. Figure 5 shows the typical crack pattern under shear
failure. On application of lateral load, initially very less mid-span deflection was
observed. Then, thin flexural cracks appeared on the soffit at or near the mid-span,
which did not propagate. With increased loading, shear crack formed and extended
between the faces of a support and the loading point. This crack widened exten-
sively with increased mid-span deflection, causing sudden shear failure. For a
specimen with initial axial loading, any lateral deflection of the specimen due to
slight eccentricity of the axial load was monitored and was avoided.

The influence of the parameters affecting shear strength is shown in Fig. 6.
Figure 6a compares the shear strengths of original and jacketed specimens, with and
without ties. Figure 6b shows the variation of shear strength for 4 different grades of
concrete and for a selected amount (0.38 %) of jacket longitudinal reinforcement.
Figure 6c gives the variation of shear strength for 3 percentages of jacket longi-
tudinal reinforcement, for a certain concrete compressive strength (43.7 MPa).
Figure 6d exhibits the enhancement of shear strength in the presence of axial load.
Figure 6e shows a notable increase in shear strength with increase in jacket
thickness. Figure 6f compares the variation of shear strength in terms of the amount
of transverse steel.

Fig. 5 Typical shear failure patterns of specimens. a Failure of specimen under lateral load only.
b Failure of specimen under simultaneous lateral and axial loads
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Fig. 6 Influence of
parameters affecting shear
strength. a Shear strengths of
original and jacketed
specimens. b Variation of
shear strengths with jacket
concrete compressive
strength. c Variation of shear
strengths with jacket
longitudinal reinforcement
percentage. d Variation of
shear strengths with level of
axial load. e Variation of
shear strengths with jacket
thickness. f Variation of shear
strengths with spacing of
jacket ties
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6 Summary and Conclusions

Experimental investigation of strengthening of columns for shear by concrete
jacketing is presented in this paper. 38 rectangular beam-column specimens were
tested to study the parameters affecting shear strength, such as compressive strength
of jacket concrete, amounts of longitudinal and transverse reinforcements, thickness
of jacket and level of axial load. First, specimens without jacket were casted and
tested to study the concrete and tie contributions of shear strength. Next, for the
jacketed specimens the inner portions were subjected to surface roughening by hand
chipping. Two types of concretes were used for the jacket region, one is self-
compacting concrete and the other is commercially available micro-concrete. Both
the types exhibited good flowability and workability such that the jacket concrete
did not suffer any segregation or bleeding. The specimens were tested under
monotonic single point lateral loading, in the presence or absence of axial load. All
the specimens failed in shear.

The test results for the variations of shear strength with respect to the studied
parameters are presented. The shear strength increased substantially after jacketing.
The increase in shear strength due to the increase in jacket compressive strength is
evident. The increase in percentage of jacket longitudinal reinforcement did not
affect the load at first shear cracking, though there was improvement in the shear
strength. The presence of axial load marginally improved the shear strength. With
increase in jacket thickness, the load at first shear crack and the ultimate load at
failure, both increased adequately. The increase in tie spacing reduced the shear
strength.

Fig. 6 (continued)
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Steel Shear Panels as Retrofitting System
of Existing Multi-story RC Buildings:
Case Studies

Antonio Formisano and Dipti Ranjan Sahoo

Abstract The seismic retrofitting of existing reinforced concrete buildings is
currently a major economic and social activities for the redevelopment of congested
urban areas. Innovative reversible technologies by metal devices are capable of
protecting buildings from damage, providing high levels of structural safety. The
current paper is framed within this context, where steel plate shear walls (SPSWs)
as retrofitting system of multi-story residential RC buildings, designed for vertical
loads and located in the historic center area of Torre del Greco (Naples, Italy), have
been used. The vulnerability analysis performed on the inspected buildings have
shown their inability to withstand seismic actions. Therefore, the retrofitting design
of such buildings through partial bay and full bay SPSWs has been done. The
retrofitted buildings behaviour has been assessed through numerical analysis carried
out in the non-linear field. The achieved results have shown a significant
improvement of the structural performance of the tested improved buildings in
terms of strength and stiffness. As a further research development, the available
information on the design of SPSWs for retrofitting existing RC buildings will
allow to design useful design charts capable of providing the optimal plate geo-
metric dimensions as a function of predetermined performance targets.
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1 Introduction

Earthquakes are by far the most frequent cause of damage to structures. Since the
seismic design codes are subject to frequent revisions, need to adapt to them repents
in an ever more pressing way in order to both properly assess the vulnerability of
existing buildings and adopt any protective measures. With particular reference to
RC buildings, widespread in all Countries and very often suffering serious damages
under earthquakes, several techniques for their seismic retrofitting have been pro-
posed and implemented. These structural interventions may be made either at the
local level, intervening on the single existing structural elements only, or at the
global one, by inserting further seismic-resistant systems, such as steel bracings,
base isolation devices and shear walls.

The latter systems, when they are based on the use of unstiffened metal plates,
can be particularly advantageous because of the excellent increase of stiffness and
strength provided to the structure where they are inserted, the erection speed, the
increase of building usable spaces and the lower weight transferred to the foun-
dation with respect to RC shear walls. When this technique is used to reinforce an
existing RC building, the primary structure (RC frame) should bear the gravity
loads, while shear walls should be designed to resist horizontal actions, thanks to
the development of a tensile diagonal strips mechanism (tension field). This
mechanism can occur along the entire plate area when its aspect ratio (height/width)
changes between 0.8 and 2.5. In this way the contribution of the frame columns on
the stiffness of the frame-panels composite system is not involved [1].

The potential of such devices for seismic upgrading of RC buildings has already
been considered by the first Author, who in recent years has conducted an extensive
systematic study on that topic, before implementing an appropriate design meth-
odology, then developing numerical models interpretative of their behaviour and
finally performing experimental tests on a full-scale RC building retrofitted with
steel and aluminium plates [2]. Based on these results, in the present paper the
design methodology of SPSW is presented and extended to multi-storey RC
buildings designed for vertical loads only.

2 Literature Review on SPSWs

Steel Plate Shear Walls (SPSWs) are usually used to improve the seismic perfor-
mance of steel buildings, whereas their use within RC frame structures is still very
limited.

In this framework the first intervention was proposed by Mo and Perng [3], who
tested experimentally RC frames reinforced with trapezoidal steel sheeting. The
tested system, although with high potential of use, could not be considered
appropriate for practical applications due to the reduced amount of energy dissi-
pated, because of the high relative displacements between RC members and the
steel panel.
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This passive control system was therefore revised by Kono et al. [4], who tested
cyclically four 1:2 scale corrugated steel sheeting differently connected to a RC
portal frame. The experimental results showed that tested panels had large hys-
teretic cycles until the peak load, when instability phenomena occurred, and sub-
sequently suffered a resistance reduction not so drastic as in the RC walls.

In 2008 Mowrtage [5] tested a 1:2 scale 3D frame on the shaking table at the
Bogazici University in Istanbul (Turkey). Increasing accelerations were applied at
the structure base in order to obtain moderate damages there. The damaged frame
was subsequently adjusted on each side with two longitudinal SPSWs, they having
a width less than the frame span, and was again tested under the same seismic
actions. The tests showed that the retrofitted structure was able to reduce five times
both the bare frame inter-story drift and the beam-to-column rotations, other than
increasing twice the system resistance and improve its stiffness.

The scarcity of studies on SPSWs for seismic retrofitting of RC framed struc-
tures has pushed from several years the first author and his research group to
undertake an extensive theoretical-numerical-experimental research on these devi-
ces. Such activities were finalized in the retrofitting design of two-story and eight-
story Greek buildings [6–8] and in the application of steel and aluminium SPSWs
for retrofitting purpose of a full-scale two-storey Neapolitan building, tested
experimentally in the framework of the ILVA-IDEM research project [9–15].

The current research activity, described in the following sections, is therefore
framed as a natural continuation of the studies undertaken, with the aim of giving
general validity to the design procedure developed in the past for seismic retrofit-
ting of RC buildings using steel shear panels.

2.1 A Case Study in Torre del Greco (Naples, Italy)

The research presented is part of the European COST Action C26 project “Urban
Habitat Constructions under Catastrophic Events”, which ended in September 2010
with a final conference in Naples [16], aimed to assess the built-up vulnerability
towards natural and artificial hazards. In particular, the complex risk scenario
arising from a possible Vesuvius eruption has been hired as a case study in the
Working Group 4 (WG4) “Risk Assessment for Catastrophic Scenarios in Urban
Areas” of the project. To this purpose, some areas of the most populous city in the
Vesuvius region, that is Torre del Greco, having about 90,600 people, have been
investigated. The situ investigation activities aimed at the evaluation of the seismic
and volcanic vulnerability of different construction types, such as residential and
monumental buildings, school buildings and villas.

Within this project, researchers from five Italian and foreign universities and
research institutes (University of Naples “Federico II”, Second University of
Naples, University of Malta, University of Aveiro and ENEA research centre of
Bologna) investigated especially residential buildings and schools mainly located in
the historic centre of Torre del Greco.

Steel Shear Panels as Retrofitting System … 497



Four teams, each of them made of four people, surveyed three different areas of
the city. The first zone, which includes 281 buildings, coincides with the historical
centre of Torre del Greco; the second zone, which is considered as a “sacrificial
area”, consists of 20 residential buildings placed 4 km far from the Vesuvius crater;
the third area includes 15 schools located in different areas of the urban land.

In the current framework, the focus is on residential RC buildings situated in the
historic downtown area of Torre del Greco (Fig. 1). These buildings have been
initially subjected to a visual examination accompanied by a photographic survey,
with the aim to fill a survey form developed ad hoc by the PLINIVS Centre
(Director Prof. Giulio Zuccaro) in collaboration with the Italian Civil Protection
Department.

From morphological-structural-technological examination of survey forms on
the investigated buildings, it was found that:

1. 80 % of the built-up was built between 1960 and 1970;
2. 60 % of these buildings has a rectangular plan with average plan dimensions of

30 m × 12 m;
3. The number of floors is variable from 3 to 7, with a prevalence of 5 levels;
4. The ground floor houses commercial activities;
5. Seismic-resistant frames are located in one-direction only, they being connected

in the other direction from the floor and the perimeter beams;
6. Staircases, placed in the building central position, are usually made of knee

beams;
7. Cladding walls are mostly built of tuff blocks with thickness of 30 cm;
8. The most widely used materials are Italian Rcm 225 ( fcm * 22.5 MPa) concrete

and Aq50 ( fy = 270 MPa) steel [17].

The buildings examined, indicated with different numbers corresponding to the
cadastral map records, have been grouped in typological classes according to the
instructions contained in the RISK-UE project [18], whose classification is derived
from the EMS-98 scale appropriately adapted and expanded [19]. They belong to

Fig. 1 Location on the map (filled with colors) and external views of some investigated buildings

498 A. Formisano and D.R. Sahoo



three different typologies of the mentioned project: RC1 (RC frames), RC3.1 (RC
frames with regular cladding walls) and RC3.2 (RC frames with regular cladding
walls).

In Fig. 2 the vulnerability typological curves of the buildings investigated have
been reported, they evaluating the mean damage level “μD” as a function of the
macroseismic intensity “I ”. In the same figures also the fragility curves of the
structural typologies contemplated in the RISK-UE project have been plotted, they
being useful for comparison purpose with those of examined buildings.

From the above figures it is clear that the buildings belonging to the types RC1
and RC3.1 have vulnerability curves placed in the higher average damage area. The
type RC3.2, having major vulnerability, refers to a single inspected building and
has a vulnerability curve positioned in the upper medium possible damage, there-
fore less likely to occur than the previous damages.

In Fig. 3 the vulnerability indices VI of buildings, achieved on the basis of the
macroseismic method developed in the Risk-UE project, are shown under form of
histograms. In this method the indices are calculated by the following relationship:

VI ¼ V�
1 þ DVm ð1Þ

where: VI
* is the typological vulnerability index for the individual building and ΔVm

is the behaviour modifier factor, depending on the structural system type, as well as
on the height, the plan and in-elevation irregularity and the maintenance state of the
building itself.

In the same figure the colour assigned to each column is representative of only
one of 27 buildings investigated, whose shape is filled with the same colour in Fig. 1.

From the results it is noticed that all buildings have a medium-to-high vulner-
ability towards seismic actions and, therefore, should be retrofitted. The same
results have been also derived by performing pushover analysis using the seismic
vulnerability assessment procedure provided by the Italian Technical Standards for
Constructions (NTC 2008) [20], reported in Fig. 4, for the sake of example, with
reference to a 5-storey building insisting on a type C soil.

Aiming at experiencing an innovative and effective seismic protection system
based on the use of metal plates for the structural types under study, reference has
been made to a typical building that could averagely represent the structural features
of constructions detected insitu (Fig. 5).

This building has the following geometric characteristics:

• Total side length in direction dir. x—Lx = 30 m;
• Total side length in direction dir. y—Ly = 12 m;
• Span length dir. x—ax = 4.5 m;
• Span length dir. y—ay = 6.0 m;
• Staircase width a = 3.0 m;
• Number of floors = 5;
• 1st floor height—HIf = 4.0 m;
• Standard floor height—Hsf = 3.2 m.
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Fig. 2 Fragility curves of RC1 (a) RC3.1 (b) and RC3.2 (c) examined RC buildings

500 A. Formisano and D.R. Sahoo



On this building a retrofitting design by SPSWs based on predefined perfor-
mance targets has been setup. Consequently, non-linear static analyses have been
carried out on the retrofitted building aiming at validating both the device effec-
tiveness and the used analysis method.

Fig. 3 Seismic vulnerability ranking of inspected RC buildings

Fig. 4 Seismic vulnerability check of a 5-story building made of Rcm225 concrete and Aq50 steel
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3 SPSWs as Seismic Retrofitting System

3.1 The Retrofitting Design

The seismic upgrading of RC structures by metal shear panels can be developed on
the basis of the procedure described in the ATC-40 United States guidelines [21].
Based on the displacement level required to the original structure by the design
earthquake, the target spectral displacement of the retrofitted structure should be
determined, it allowing to identify the panel features suitable to fulfill this task.

As extensively reported in [8, 14], by assuming the principle of displacement
equality between the retrofitted structure with elastic-plastic behaviour and that
having an indefinitely elastic ideal behaviour, the fundamental period and, conse-
quently, the stiffness of the strengthened structure can be calculated. Finally, the
retrofitted structure maximum strength is achieved postulating that it guarantees, for
the assumed performance level, at least the same damping level of the bare one.

In the case study examined, the target displacement corresponding to the “Near
Collapse” performance level has been taken equal to 2/3 (δu − δy), where δu and δy
are the structure ultimate displacement and the yielding one, respectively.

In Fig. 6 the design capacity curves of the retrofitted structure in the x and
y directions are plotted.

Once the performance points of the retrofitted structure are identified, the con-
tributions given by shear panels in terms of strength Vp (914 kN in dir. x and
2431 kN in dir. y) and stiffness Kp (14,842 kN/m in dir. x and 58,274 kN/m in dir. y)
have been estimated.

Fig. 5 Standard floor layout of the typical RC building in the Torre del Greco historical center
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Therefore, two retrofitting interventions have been designed:

1. with partial bay SPSWs (two in dir. x and four in dir. y) (Fig. 7a);
2. with full bay SPSWs (two in dir. x and two in dir. y) (Fig. 7b).

These panels have been placed inside a steel frame, made of UPN 220 profiles
designed on the basis of provisions given in [22], which is connected by M16 steel
bars to the RC members. In the case of partial bay panels, the frame has been
provided with an intermediate beam to reduce their aspect ratio within acceptable
limits [1].

The installation of SPSWs has also required the reinforcement with steel profiles
of those RC columns interested by interventions. Therefore, HEB260 and UPN220
coupled profiles in the case of partial bay panels and full bay ones, respectively,

Fig. 6 Retrofitted design of the inspected RC building in dir. x (a) and y (b)

Steel Shear Panels as Retrofitting System … 503



have been used as strengthening members. Moreover, the same UPN220 coupled
profiles have been used for reinforcement of longitudinal foundation beams, which
have been also realized in the building transverse direction to both create a spatial
beam grid and allow the SPSWs installation.

According to the indications reported in [8, 12], the design of both types of used
SPSWs has been made on the basis of strength and stiffness requests of the ret-
rofitted structure. In the examined case, by assuming the SPSWs width (1.65 m for
partial bay panels and 4.50 m (dir. x) and 6.00 m (dir. y) for full bay panels) and
constituent material (S235JR steel) as assigned data, the panel thickness design has
been affected by the stiffness rather than by the resistance. In addition, by using a
Cm2 coefficient equal to 1.7 in the x and y directions to take account of the
deformability of steel columns in contact with the panel with respect to an ideal
situation [23], the thickness values of the SPSWs two types in the two main
directions of the building have been computed, as shown in Table 1.

Fig. 7 Placement of partial bay (a) and full bay (b) SPSWs
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3.2 Numerical Analyses and Checks

In order to validate the design procedure setup, two retrofitted building FEM
models reinforced with the two types of inspected panels have been implemented
by the SAP2000 calculation software [24] (Fig. 8).

The RC members, as well as the steel profiles for both column reinforcement and
panel insertion, have been modelled by means of frame elements, while the panels
have been schematised as trusses according to the strip model theory (Fig. 9) [22].

The connections between RC columns and reinforcement steel sections have
been modelled by rigid links through the command “end offset”. Then, pushover
analyses have been performed considering a distribution of forces proportional to
the first vibration mode and lumped plasticity hinge models.

Later on, in order to evaluate the building seismic behaviour improvement as a
result of the SPSWs installation, the structure modal deformed shapes corre-
sponding to the fundamental vibration periods in the pre and post-intervention
phases have been monitored and compared each other (Figs. 10 and 11).

The analysis results performed in the building weak direction (y) are shown in
Fig. 12, where a precise correlation between the rigidity assumed in the design
phase and those obtained numerically for RC structures is gotten. Instead, the
differences found in terms of resistance are clearly due to the fact that the used panel
thickness, dictated by the stiffness design, are excessive with respect to those
required by the strength design formula.

3.3 Conclusions and Further Developments

In this paper a design procedure for seismic upgrading of existing multi-storey RC
buildings through SPSWs has been presented. First of all, this procedure, already
ideated and applied by the first author on three-dimensional two levels RC frames

Table 1 SPSWs thicknesses
used for the retrofitting design Floor Partial bay Full bay

Dir.
x (mm)

Dir.
y (mm)

Dir.
x (mm)

Dir.
y (mm)

5 1.00 1.80 0.40 1.20

4 1.00 1.80 0.40 1.20

3 1.00 1.80 0.40 1.20

2 1.00 1.80 0.40 1.20

1 1.50 2.50 0.60 1.50
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Fig. 8 FEM models of the RC building retrofitted with partial bay (a) and full bay (b) steel
SPSWs
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reinforced by metal plates, has been extended to the case of some multi-storey
residential buildings in the centre of Torre del Greco (district of Naples). From this
design methodology the size of two panel types (partial bay and full bay) has been
deducted for the application to a case study.

The design predictions have been confirmed by numerical studies, which
showed a significant increase of the retrofitted building performance in terms of
strength and stiffness, as well as a regular structural behaviour, manifested through
fundamental vibration modes clearly defined.

Overall, the results achieved have shown the validity of the submitted design
procedure and the proposed intervention effectiveness. However, the retrofitting
design objectives may be caught in an even more accurate way if low yield SPSWs
are used. Indeed, such devices could reduce the resistance increase given to the bare
RC structure, thus avoiding additional reinforcement of its structural members.

Further developments of the research will be devoted to take profit of achieved
result to implement useful design charts for SPSWs as retrofitting devices of dif-
ferent types of existing multi-story RC buildings. These charts will represent useful
design tools capable of satisfying, in the framework of the performance based
design widespread and modern design approach, the designer requests and of
extending the practical application of this simple and effective passive control
seismic protection system to multi-story RC buildings.

Fig. 9 Partial bay steel shear
panels modelled through the
strip model technique
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Fig. 10 Modal deformed shapes of the bare RC building: 1st mode (a), 2nd mode (b) and 3rd
mode (c)
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Fig. 11 Modal deformed shapes of the retrofitted RC building: 1st mode (a), 2nd mode (b) and
3rd mode (c)
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Softened Truss Model for FRP
Strengthened RC Members Under Torsion
Including Tension Stiffening Effect

Mukesh Kumar Ramancha, T. Ghosh Mondal and S. Suriya Prakash

Abstract This paper presents an analytical model for prediction of torsional
behavior of reinforced concrete beams strengthened with fiber reinforced plastics
(FRP). Improved model proposed in this study is based on softened truss model
(STM) which was developed to predict the response of reinforced concrete (RC)
members under torsional loading. Tensile strength of concrete being very low, its
contribution to torsional capacity of a RC member was neglected in the original
STM. However, previous studies have suggested that neglecting tension stiffening
may lead to considerable discrepancies in STM predictions. Therefore, in the
present study the original STM has been modified to include the effect of tension
stiffening for improved predictions of FRP strengthened RC beams. The developed
model has been validated with experimental data obtained from literature. The
proposed model shows the contribution of externally bonded FRP to the torsional
capacity of RC members in addition to enhancing the ductility and is well supported
by the experimental results. RC beams with two different FRP configurations, i.e.
continuously wrapped and strip wise wrapped, were considered in this study. The
analytical prediction of the overall torque-twist behavior compare favorably with
the test data. The developed model can also be used for future parametric studies on
FRP retrofitted RC beams under torsion.
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1 Introduction

Reinforced concrete members may be subjected to loads of higher magnitude than
that considered as design loads. For most of the cases, bending and shear are
considered to be the primary effect and torsion is considered as secondary load [12].
Torsion becomes primary for situations such as spandrel and curved beams [7].
Torsional strengthening of an RC member can be achieved by increasing the cross
sectional area of the member, increasing the transverse reinforcement ratio or by
applying axial load to the member by post-tensioning [15]. In recent years, fiber
reinforced polymer composites provide another great option for torsional
strengthening of RC members. The application of FRP had been proved to be a
competitive technique for strengthening of RC members because of several
advantages concerning composites, such as high strength to weight ratio, high
resistance to corrosion, easy to apply characteristics, simple repairing and retrofit-
ting techniques of deficient structures [3].

Torsional loadings can significantly affect the flow of internal forces and defor-
mation capacity of RC members. This in turn can influence the performance of vital
components of structures such as beams and columns. Moreover, presence of tor-
sional loading increases the possibility of brittle shear dominated failure which may
result in unanticipated collapse of the structure. However, a review of previously
published studies indicates that the torsional behaviour of reinforced concrete beams
strengthened with FRP composites had not been investigated sufficiently leaving a
knowledge gap in this area of research. Chalioris [3] used softened truss model
(STM) [9] to predict the behaviour of an RC beam under torsional loading. Tensile
strength of concrete being very low, its contribution to torsional capacity of RC
members was neglected in the original STM. The aim of this study is to modify the
existing STM to include the effect of tension stiffening for improved prediction of
the torsional response of RC members. The developed model was validated through
experimental data obtained from different literatures as described later in this paper.
The prediction of the proposed model was found to be in good agreement with the
test results. It was concluded that tension stiffening has a significant influence on the
torsional response of RC members strengthened with FRP composites. It was further
observed that, strengthening of RC memberswith continuous FRP sheets provides
more efficient confinement than that with FRP strips [1, 4]. However, the authors did
not include the efficiency of the retrofitting configurations in their formulations. The
findings of this study may provide useful information for future studies in this field.

2 Analytical Model

Tension stiffening is the capacity of intact concrete between the cracks to continue
to carry tensile stresses and offer stiffness. At the crack locations, the entire tensile
stress is carried by the reinforcement, but between the cracks some amount of
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tensile stresses are transferred through bond to the surrounding concrete which
results in reduction of stresses and strains in reinforcement [12]. This phenomenon
becomes important in depicting the behaviour of RC members particularly in the
post-cracking region. For calculating the post cracking torsional response of RC
members retrofitted with FRP, a well-known softened truss model (STM) for tor-
sion [8] modified to include FRP strengthening effect and concrete tension stiff-
ening (TS) effect has been used in this study. In this approach to implement the
effect of epoxy bonded FRP, the terms of FRP stresses are added to the equilibrium
equations. Moreover, the confinement of concrete due to FRP wrapping is con-
sidered in constitutive laws of concrete under compression.

2.1 Equilibrium Equations

Aftercracking of concrete, RC members can be idealised as a space truss [3] as
shown in Fig. 1. The applied torsional moment (T) is resisted by an internal torque
resulting from a shear flow (q) in a shear flow zone of thickness td. A concrete
element (element E in Fig. 1) that lies in the plane of shear flow, is subjected to in
plane stresses [9] as shown in the figure. l-t coordinate axes represent the direction
of longitudinal and transverse steel bars, whereas d-r coordinate axes define
direction of principle internal stresses. The effect of FRP is included in equilibrium

Fig. 1 Torsional deformation of a FRP strengthened RC beam and in-plane and the stresses of an
element taken from shear flow zone
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equations by considering FRP as an additional external reinforcements. Thus, the
two dimensional equilibrium equations that include the effect of FRP were deduced
as shown in Eqs. 1–3.

rl ¼ rd cos2 aþ rr sin2 aþ qsl fsl þ qfl ffl ð1Þ

rt ¼ rd sin2 aþ rr cos2 aþ qst fst þ qft fft ð2Þ

slt ¼ �rd þ rrð Þ sin a cos a ð3Þ

In the equations stated above, rl and rt are applied normal stresses in longitu-
dinal and transverse direction respectively. rd and rr are diagonal principle com-
pressive and diagonal principle tensile stress respectively; α is angle of inclination
of d-axis to l-axis (crack angle). slt is the applied shear stress in l-t coordinates and
qsl and qst are the ratios of steel in longitudinal and transverse directions. qfl and qft
are FRP ratios in longitudinal and transverse directions. fsl; fst; ffl and fft are the
stresses in steel and FRP in longitudinal and transverse directions respectively.

The reinforcement ratios and FRP ratios used in above equations can be cal-
culated by the following expressions,

qsl ¼
Asl

potd
ð5aÞ

qst ¼
Astpst
potds

ð5bÞ

qfl ¼
Afl

potd
ð6aÞ

qft ¼
Aftpft
potdsf

ð6bÞ

where Asl and Ast are the areas of longitudinal and transverse steel bars respectively.
po is perimeter of centre line of shear flow zone and td is width of the shear flow
zone. pst is the perimeter of steel stirrup and pft is the perimeter of strengthened RC
member cross section in transverse direction and s is the spacing of stirrup. The
torsional moment induced by internal shear stress can be expressed as

T ¼ sltð2A0tdÞ ð7Þ

where T is torsional moment and A0 is the area enclosed by the centreline of the
shear flow.
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2.2 Compatibility Equations

In plane deformations of shear element E, of Fig. 1 should satisfy the following
compatibility equations,

el ¼ ed cos2 aþ er sin2 a ð8Þ

et ¼ ed sin2 aþ er cos2 a ð9Þ
clt
2
¼ �ed þ erð Þ sin a cos a ð10Þ

el; et and clt are average strains in l-t coordinate system. ed and er are average strains
in d-r principle axis system. The compatibility equations are alone, not sufficient to
solve the torsion problem. In fact additional equations that relate, the out of plane
warping effects are necessary, the curvature of the concrete struts (ψ) can be related
by geometry to the angle of twist (θ), angle of inclination (α), the thickness of shear
flow zone ðtdÞ and the outer face strain of the concrete strut ðedsÞ as shown below.

h ¼ po=2Ao

� �
clt ð11Þ

w ¼ h sin 2a ð12Þ

td ¼ eds=w ð13Þ

ed ¼ eds=2 ð14Þ

2.3 Constitutive Laws of Materials

Softened compressive stress strain relationship of concrete proposed by Belarbi and
Hsu [2] and modified by Chalioris [3] to include the effect of FRP confinement [16].
The same has been used in this study but also considering the efficiency of FRP
configuration. Figure 2 shows Stress-strain curve of concrete under different con-
ditions, from this fig it is evident that k—confinement coefficient and ζ softening
coefficient is strongly dependent on behaviour of concrete at micro level’s.

The equations are as follows:

rd ¼ rp 2
ed
ep

� ed
ep

� �2
" #

for ed � ep ð15aÞ

rd ¼ rp for ed [ ep ð15bÞ
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rp ¼ kff 0c ð15cÞ

ep ¼ k2feo ð15dÞ

where, f 0c is the compressive strength of concrete. eo is strain at peak compressive
stress of concrete (−0.002). f is softening coefficient and k is FRP confinement
parameter. The parameters are calculated as follows,

f ¼ 0:9=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 600erð Þ

p
ð16aÞ

k ¼ 1þ 1:4 anxx ð16bÞ

an ¼ 1� b2 þ h2

3Ac
ð16cÞ

xx ¼ volume of FRPmaterial
volume of confined concrete core

ffu
fc

ð16dÞ

ffu is ultimate tensile strength of FRP, Ac is the area of gross cross section (b × h).
Figure 3 shows the variation of concrete stress and strain across shear flow thick-
ness under different conditions.

The tensile stress-strain relationship of concrete given by Jeng and Hsu [11] is
used in this study, which is given as follows.

rr ¼ Ecer for er � ecr ð17aÞ

Fig. 2 Stress-strain curve of
concrete under different
conditions A1 Softened
concrete, A2 Normal concrete,
A3 Confined concrete
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rr ¼ fcr
ecr
er

� �0:4

ð17bÞ

where Ec ¼ 5000
ffiffiffiffi
f 0c

p
and fcr ¼ Ececr.

Stress-strain relations in mild steel are as follows,

fs ¼ Eses for es � ey ð18aÞ

fs ¼ fy for es [ ey ð18bÞ

The yield strain of steel ðeyÞ was calculated dividing yield strength by Es,
young’s modulus of steel.

FRP materials have a linearelastic behaviour up to failure [6], hence the con-
stitutive law is a simple Hook’s law as stated below, also shown in Fig. 2.

ff ¼ Ef ef for ef � efe ð19Þ

where, Ef is the young’s modulus of FRP and ef is tensile strain in FRP. efe is effective
tensile strain of FRPwhich can be calculated as per Deifala andGhobarah [7] (Fig. 4).

Ao and po have been expressed as functions of td as follows,

Ao ¼ Ac � pctd
2

þ t2d ð20aÞ

Fig. 3 Variation of concrete
stress and strain across shear
flow thickness

Fig. 4 Constitutive
stress–strain laws for FRP
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po ¼ pc � 4td ð20bÞ

Expressions for el and et

el ¼ ed þ Aord
Aslfsl þ Aflffl
� � ð21aÞ

et ¼ ed þ Aord
Astpst
s fst þ Aftpft

sf
fft

� � ð21bÞ

3 Experimental Corroboration of Analytical Model

This analytical model is validated by comparing the predicted response with the
response obtained experimentally for different specimens tested by Chalioris [3],
Ameli et al. [1] and Panchacharam and Belarbi [14]. The cracking, ultimate torque
and twist values obtained from the analytical and experimental results, on com-
parison, yielded an appreciable correlation. The details of the test specimens are
summarized in Tables 1, 2 and 3.

Two beams shown in Table 1 were tested by Chalioris [3] and the beams were
strengthened using epoxy bonded CFRP materials as external transverse rein-
forcement. The longitudinal reinforcement of the two beams comprises four number
of 8 mm diameter bars. Specimen Ra-FC (1) is retrofitted with continuous FRP
sheets which was wrapped around the rectangular cross-section of the beams along
their entire lengths. However, specimen Ra-FS150 (2) was strengthened by discrete
FRP strips which was also wrapped around the cross-section. The wrapping

Table 1 Characteristics of
FRP strengthened beams
tested by Chalioris [3]

Specimen Id Ra-FC(1) Ra-FS150(2)

b/h (mm/mm) 100/200 100/150

fc ðMPaÞ 27.5 27.5

Asl ðmm2Þ 201 201

fysl ðMPaÞ 560 560

Ast=s ðmmÞ – –

fyst ðMpaÞ – –

CFRP configuration Wrapped-
continuous

Wrapped-strips
ðwf =sf ¼ 150=300Þ

Number of FRP
layers ðnf Þ

1 2

Thickness of FRP per
ply in mm ðtf Þ

0.110 0.110

Asf =sf ðmmÞ 0.110 0.110

Width wf and spacing sf of FRP sheets in mm; Af ¼ nf � tf � wf
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patterns of the FRP materials are summarized in Table 1. Unidirectional carbon
FRP (SikaWrap-200C) with thickness tf ¼ 0:11 mm per ply were used. The fibres
were oriented perpendicular to the longitudinal axis of the beam. The specified
elastic modulus, ultimate tensile strength and elongation at failure of the fibre were
Ef ¼ 230 GPa; ffu ¼ 3;900 MPa and fu ¼ 1:5 % mm/mm respectively. A two-
component rubber toughened cold-curing-construction epoxy adhesive (Sika-
dur330) with density 1,310 kg/m3, elastic modulus 3,800 MPa and tensile strength
30 MPa was also used for bonding the FRP to concrete [3]. Comparison between
analytically predicted torsional behaviour and experimental observations are pre-
sented in Fig. 7

Table 2 Characteristics of
FRP strengthened beams
tested by Ameli et al. [1]

Specimen Id CFE CFS

b/h (mm/mm) 150/350 150/350

fc ðMPaÞ 39 39

Asl ðmm2Þ 804.2 804.2

fysl ðMPaÞ 502 502

Ast=s ðmm) 0.35343 0.35343

fyst ðMpaÞ 251 251

CFRP configuration Wrapped-
continuous

Wrapped-strips
ðwf =sf ¼ 100=200Þ

Number of FRP
layers ðnfÞ

1 1

Thickness of FRP per
ply in mm ðtfÞ

0.163 0.163

Asf=sfðmmÞ 0.163 0.0815

Table 3 Characteristics of
FRP strengthened beams
tested by Panchacharam and
Belarbi [14]

Specimen Id A90W4 A90S4

b/h (mm/mm) 279.4/279.4 279.4/279.4

fc ðMPaÞ 34 34

Asl ðmm2Þ 800 800

fyslðMPaÞ 420 and 460 460

Ast=s ðmm) 0.468 0.468

fystðMpaÞ 420 420

GFRP
configuration

Wrapped-
continuous

Wrapped-strips
ðwf =sf ¼ 114:3=228:6Þ

Number of FRP
layersðnfÞ

1 1

Thickness of FRP
per ply in mm ðtfÞ

0.373 0.373

Asf=sfðmmÞ 0.373 0.1865
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The two beams in Table 2 were tested by Ameli et al. [1], and the beams were
then strengthened by carbon fibre (Mbrace CF130) which is having a thickness
tf ¼ 0:163 mm per ply and are oriented perpendicular to the longitudinal axis of the
beam. The specified elastic modulus, ultimate tensile strength and elongation at
failure of the fibre were Ef ¼ 244 GPa; ffu ¼ 3;943 MPa.Comparisons between
analytically predicted torsional curves and experimental ones are presented in Fig. 5.

The two beams presented in Table-3were tested by Panchacharam and Belarbi
[14]. GFRP (MBrace EG 900 E-Glass fibers) is used to strengthen test specimens
that have a thickness of tf ¼ 0:373 mm per ply and these GFRP fibres were oriented
perpendicular to the longitudinal axis of the beam. The specified values of elastic
modulus, ultimate tensile strength and elongation at failure of the fibre were
Ef ¼ 72 GPa; ffu ¼ 1;520 MPa. Comparisons of analytically predicted torsional
curves with experimental observations are presented in Fig. 6.

4 Torsional Response

The torque-twist behaviours predicted by the proposed model are shown in Figs. 5,
6 and 7 and are compared with experimental results in the same graphs. The
predicted values are multiplied by a coefficient which takes care of confinement
offered by FRP laminates. The value of the coefficient was taken as 1.1 for con-
tinuous wrapped FRP configuration (i.e. for beams Ra-FC(1), CFE, A90W4) and
0.9 for strip wrapped FRP configuration (i.e. for beams Ra-FS150(2), CFS, A90S4).

Fig. 5 Experimental behaviour and comparisons with the analytically predicted curves for the
FRP strengthened beams tested by Ameli et al. [1]
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Fig. 6 Experimental behaviour and comparisons with the analytically predicted curves for FRP
strengthened beams tested by Panchacharam and Belarbi [14]

Fig. 7 Experimental behaviour and comparisons with the analytically predicted curves for the
FRP strengthened beams tested by Chalioris [3]
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The interaction between confinement and softening is not clearly established yet in
the literature. Retrofitting configuration plays a major role in establishing this level
of interaction. It is intuitive that full wrap configuration is more effective in con-
fining the concrete and reducing the softening effect due to torsion. A number of
parametric studies were carried out to determine these efficiency factors based on
experimental observations. Hence, efficiency factors were introduced as 1.1 and 0.9
for full wrapping and strip configuration of FRP composites. The modified ana-
lytical predictions incorporating this coefficient of confinement are compared with
experimental values. Future work should focus on improving the equations for ‘k’
to include the effect of efficiency of strengthening configuration.

The beams strengthened with FRP showed enhanced torsional capacity when
compared to control specimens. It is evidentfrom the graphs that the increase in
torsional strength is significantly higher for FRP strengthened beams with contin-
uous wrapping than with strips, as Ra-FC(1) has significantly higher torsional
capacity when compared to Ra-FS150(2), although both beams have the same FRP
ratio of 0.33 %. Soon-after cracking, the torsional stiffness degrades considerably.
Due to sudden change in stiffness due to cracking, the twist increases at the same
load level. This observation has been made in the experimental study of specimens
used for validation of improved model proposed in this study. STM was originally
developed for cracked elements only. The pre-cracking torsional behaviour of RC
members under torsion is known to be linear. Therefore, one can plot the variation
of torque with twist before cracking, using expressions from literature [5]. The
result of different tension stiffening models was considered in the development of
model. Due to space constraints these results are not presented here. Previous
studies [13] have clearly shown that, on consideration of the tension stiffening
effect, the twist levels were reduced considerably under torsion. Further, the
comparison between the calculated and the experimental values of the cracking and
ultimate torsional moment of the tested specimens are presented in Table 4 which
showed a good correlation.

Table 4 Analytical predictions and comparisons to the experimental data for the FRP
strengthened beams of the present study and from the literature

Beam Tcr;exp ðkNmÞ Tcr;cal ðkNmÞ Tcr;exp
	
Tcr;cal

Tu;exp ðkNmÞ Tu;cal ðkNmÞ Tu;exp
	
Tu;cal

CFE 10.40 10.34 1.005 28 25.88 1.08

CFS 10.30 10.34 0.99 21.70 21.2 1.02

A90W4 22.00 23.56 0.93 45.00 43.35 1.04

A90S4 21.00 23.56 0.90 34.00 35.46 0.96

Ra-FC(1) 2.80 2.34 1.19 4.87 4.42 1.10

Ra-FS150(2) 2.22 2.34 0.95 3.02 3.24 0.93
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5 Concluding Remarks

The developed model is used to predict the full torsional behaviour of FRP
strengthened RC beams before and after cracking. The model is calibrated through
experimental results on RC beams under torsion with and without axial
compression.

The results presented in this paper imply that the proposed model closely pre-
dicts the overall torque-twist behaviour of the tested beams strengthened with FRP
composites. The predicted values of cracking and ultimate torsional moment
showed a good correlation with the test results. The interaction between confine-
ment and softening is not clearly established yet in the literature. A number of
parametric studies were carried out to determine these efficiency factors based on
experimental observations. Hence, efficiency factors were introduced as 1.1 and 0.9
for full wrapping and strip configuration of FRP composites. The close proximity of
predicted values with the experimental results can be attributed to the inclusion of
tension stiffening in the model. Hence, it can be concluded that tension stiffening
has a significant influence on the torsional response of RC beams. It was observed
in this study that this increase in torsional strength is significantly higher for FRP
strengthened beams with continuous wrapping than with strips. Future studies
should aim at finding a more reliable relationship which includes the interaction of
softening of concrete due to torsion and confinement of concrete due to FRP in a
rational way.
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Part VI
Joints/Connections and Structural

Behaviour



A Strain Based Non-linear Finite Element
Analysis of the Exterior Beam Column
Joint

Shivaji T. Bidgar and Partha Bhattacharya

Abstract The aim of the present work is to study the behavior of an exterior RC
beam-column sub assemblage in a building frame. A nonlinear analysis is carried out
up to the yielding of the reinforcement both in compression and tension zone sub-
jected to monotonic loading. The analysis up to the failure of the exterior beam-
column joint is carried out using a FE based numerical model. A strain based
nonlinear finite element analysis program is developed using 2D plane stress for-
mulation, modified compression field theory, concept of equivalent principal strains,
smeared rotating crack approach and secant stiffness formulation in MATLAB
environment. The concrete is modeled as four node isoparametric plane stress ele-
ment and the reinforcement as two node bar element with two degrees of freedom at
each node. A perfect bond is assumed at the interface between the concrete and the
reinforcement. The load-deformation behavior of lower column, upper column and
the beam is measured and compared with the linear ANSYS model and are in well
agreement. Subsequently the variation in stresses and strains in the beam column
joint are obtained for nonlinear zone and are presented and discussed.

Keywords Reinforced concrete � Nonlinear analysis � Secant stiffness � Plastic
hinge � Finite element method � Exterior beam column joint � Monotonic load

1 Introduction

The study of RC structural frames under strong ground motion is a case of concern
for the structural engineers in general and that for researchers and disaster
mitigation agencies like FEMA, EERI, NICEE etc. in particular. The behavior of
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beam-column joint under seismic load is a complex phenomenon. The major cause
for the collapse of structure is that the structural members fail to develop suitable
collapse mechanism reproducing ductile behavior. The formation of plastic hinges
at predetermined locations is very crucial issue with respect to collapse of structure.
The aim of capacity design approach is to avoid formation of plastic hinges in the
column except at the base of column and to develop the plastic hinges in the beams
near column face, which is predefined. This avoids column sway mechanism which
leads to collapse of structure. The capacity design procedure is based on strong
column weak beam philosophy to achieve the ductility and energy dissipation
mechanism under strong ground motion. From the study of recent earthquakes,
severe damage or collapse of many RC framed buildings is due to the poor rein-
forcement detailing of beam, column and beam-column joints. The inappropriate
transverse reinforcement and improper anchorage of longitudinal beam bars in
columns are the main reasons for failure. The integrity of beam-column joint should
be maintained throughout the loading history as it plays important role in ductile
moment resisting frames. Many international codes such as ACI 318-2002 NZS
3101-1995 and Euro-code 8 differ in their design approach of beam-column joint.

A literature study is carried out to assess the state-of-art of the reinforced con-
crete beam column joint of RC frame building. Experimental and numerical study
of exterior beam column joints of different sizes and varying reinforcement con-
figurations were carried out with different boundary conditions and loadings.
Kumar [1] carried out experimental investigations on cyclic behavior of lightly
reinforced beam to column joints. The beam-column joint sub-assemblages were
tested under monotonic and cyclic load applied at free end of beam with help of
actuator and load cell. The boundary conditions for four specimens were column
resting on strong floor and both ends fixed. Here the joint rotation is restricted and
for other specimens joint rotation was allowed. The test results indicate that
allowing free joint rotation is beneficial and leads to increase in ductility and energy
dissipation capacity. The use of cross reinforcement in the joint reduces the damage
in the joint region but stiffens the joint there by reducing the ductility and energy
dissipation capacity. The other observation recorded by Kumar was that the pres-
ence of axial load on the column increases strength and ductility and reduces the
damage in the joint region. A full scale RC exterior beam column joints fabricated
to simulate those in as built RC frame buildings designed to BS 8110 were tested by
Wong and Kuang [2] under reverse cyclic loading. They investigated seismic
behavior of non-seismically designed joints. The conclusions of their study were (1)
The beam-column depth ratio has a significant effect on strength and ductility of
beam-column joints. (2) Intermediate longitudinal reinforcement in the column
enhances the shear strength and improves the hysteretic behavior of the beam-
column joints. (3) Horizontal links in the beam-column joint cores improve the
seismic behavior and enhance the joint shear strength. The presence or absence of
column ties within the connection zone of a RC beam-column assemblage was
investigated by Scott et al. [3] and Hamil and Scott [4] using test results from
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sixteen connection specimens. Eight specimens were made using high strength
concrete and the results were compared with those from a similar set of normal
strength concrete specimens. The initial joint cracking was strongly influenced by
the tensile strength of the concrete within the connection zone and the number of
connection zone ties did not affect the performance of the joint. Sharma et al. [5]
carried out an experimental and the numerical study of exterior beam column joints
designed for gravity loads only or designed based on code provisions from 1970 or
earlier. In their study emphasis was given to the formation of first diagonal crack in
the joint as a fundamental event. From this event the joint contribution to the global
deformation of the sub-assemblage start increasing significantly with consequent
decrease of strength and stiffness of the specimen.

The focus of the present study is to develop a strain based nonlinear finite
element analysis model for analysis of an exterior beam-column joint. The program
is developed in MATLAB (R2009a), using modified compression field theory [6],
smeared rotating crack model, material orthotropy, equivalent principal strains [7,
8] and secant stiffness approach. The model is capable of assessing location of
cracks and plastic hinges. It is also capable of assessing load at which the first crack
develop and the load at which subsequent cracks and plastic hinges develop.

2 Materials and Methods

2.1 Concrete Stress Strain Model

The stress-strain behavior of the concrete is different in tension and in compression
under uniaxial and biaxial loading. Hence the concrete in tension and compression
is modelled separately. The concrete for all purpose is assumed isotropic and linear
within the elastic range under monotonic loading. The stress-strain relation in the
tension is assumed linear up to maximum cracking stress and in the compression it
is linear up to 1/3 fc with constant value of modulus of elasticity Ec. When the
concrete is loaded beyond elastic range it is no more isotropic and the microcracks
develop in tension and compression. In this state the concrete behaves as two phase
system and it is assumed as orthotropic material. The nonlinear behavior of the
concrete in tension and compression is described by the equivalent principal strains
[7] in direction perpendicular to crack (tension) and parallel to crack (compression).
The stress-strain model used for the present nonlinear analysis is shown in Fig. 1.
The model in Fig. 1 is based on Vonk’s curve [9] in the compression and in the
tension it is bilinear model suggested by He et al. [8], with modeling of unloading
and reloading for tension stiffening effect. The details of the stress-strain relation-
ships and the nonlinear finite element formulations are given Bidgar and Bhat-
tacharya [10].
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2.2 Reinforcement Stress Strain Model

The stress-strain relationship for reinforcement in the concrete is assumed as elasto-
plastic with strain hardening as given by Wong and Vecchio [11] and the model is
shown in Fig. 2.

3 Numerical modeling of Exterior Beam-Column Joint

The numerical modeling of the exterior RC beam-column sub-assemblage under
monotonic loading is presented in this section. The modeling is based on a finite
element approach wherein the nonlinear behavior is analyzed using modified com-
pression field theory (MCFT) [6], equivalent principal strain concept [7], smeared
rotating crack model and the secant stiffness approach. The reinforcement bars are
modeled using one-dimensional bar element for axial behavior only. The exterior RC
beam-column sub-assemblage taken for numerical modeling is the one which is
tested by the Scott et al. [3], Hamil and Scott [4]. The sizes of beam and column along
with details of reinforcement are given in Table 1 and it is shown in Fig. 3.

Fig. 1 Concrete stress strain model in tension and compression [12]

Fig. 2 Reinforcement stress
strain model [11]
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Table 1 Details of beam-column joint sub-assemblage

Item Size in mm Main reinforcement Ties/stirrups

Beam 210 × 110 2 No. T16 at top and bottom
each

6 mm φ @ 125 mm c/c

Column lower
and upper

150 × 150 4 No. T16 6 mm φ @ 112 mm c/c

Fig. 3 Details of beam-
column joint [4] with
modified boundary condition
and loading
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4 Finite Element Modeling

Reinforced concrete exterior beam column joint subjected to lateral loading is
numerically modeled and analyzed to observe the displacement behavior and the
cracking pattern. A plane stress condition is assumed for the present analysis and
the normal and shear stresses along z direction are assumed as zero. The concrete is
modeled as plane stress element and all reinforcement as discrete bar element. A
perfect bond is assumed at the interface between the concrete and the steel. The
finite element descretization of the beam-column joint is shown in the Fig. 4. An

Fig. 4 Finite element model
of beam-column joint
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axial load is applied at the top of upper column in single load step and then the
monotonic lateral load is applied at top upper left corner in several load steps and
points of application of load are shown in Figs. 3 and 4. The numerical analysis is
carried out to study the effect of axial load on failure pattern. The axial load of 0,
60, 120 kN was applied at the top of column and it is equally distributed among all
nodes. The lateral load along with the axial load is applied at upper top left corner
of the column monotonically. The properties of concrete and steel reinforcement
used in the present analysis are given in Table 2.

The boundary conditions for the beam-column sub-assemblage are as shown in
the Figs. 3 and 4. The top reinforcing bars of beam are bent down in the lower
column and bottom reinforcing bars are bent up in the upper column at 90° for
anchorage.

5 Validation With ANSYS

The exterior beam-column joint is modeled in ANSYS and same is modeled in
MATLAB. The concrete is model with PLANE-182 elements and reinforcement is
modeled with LINK-1 elements. Meshing was 6 × 30 for beam and lower and upper
column and in joint it is 6 × 6. The nodes of LINK-1 elements are concurrent with
nodes of PLANE-182 elements. Linear analysis is carried out with ANSYS soft-
ware and with the present MATLAB program developed by authors with identical
boundary conditions and loading. The schematic diagram of beam-column joint
which indicates the ANSYS nodes and MATLAB nodes is shown in Fig. 5. The
results of the deflection at some typical nodes are presented in Table 3.

Table 2 Properties of
concrete and steel
reinforcement

Sr.
No.

Description Value Unit

1 Compressive strength of
concrete

53.00 MPa

2 Tensile strength of concrete 2.70 MPa

3 Yield stress of main
reinforcement

460 MPa

4 Yield stress of ties and stirrups 250 MPa

5 Modulus of elasticity of
concrete

3.64e04 MPa

6 Modulus of elasticity of steel 2.0e05 MPa

7 Poisson’s ratio 0.15
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Fig. 5 Schematic diagram
of beam-column joint
indicating ANSYS and
MATLAB nodes

Table 3 Deflection results
obtained from ANSYS and
present MATLAB program

MATLAB
program
node

ANSYS
node

X displacements

MATLAB
results

ANSYS
results

1 1 −2.5122e−05 −2.4726e−05

7 2 −2.5111e−05 −2.47153e−05

679 470 +2.5089e−05 +2.4693e−05

673 500 +2.5100e−05 +2.4704e-05

Y displacements

217 8 −4.5525e−06 −4.4900e−06

439 218 −4.5525e−06 −4.4900e−06

247 260 −4.8551e−05 −4.7900e−05

469 290 −4.9139e−05 −4.8400e−05
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6 Results and Discussion

The present study on nonlinear analysis of beam-column joint is based on the
previous work of nonlinear analysis of reinforced concrete beam using secant
stiffness approach [10], which is validated with the past experimental and numerical
work and also with the experimental work done by the present authors. The non-
linear analysis of beam-column joint subjected to monotonic load at the beam tip
[12] was carried out and same is validated with experimental results of exterior
beam-column joint by Hamil and Scott [4]. Further more the results of present
linear analysis program developed by the authors in MATLAB (R2009a) are
compared with the ANSYS reulsts (see Table 3) and they are in well agreement.
The above mentioned program validated for linear and nonlinear analysis, is used
for the nonlinear analysis of an exterior beam-column joint subjected to axial load
and lateral load on the upper column as shown in Figs. 3 and 4. The lower column
base nodes are locked for both the degrees of freedom i.e. x and y. The beam is
allowed to move horizontally while vertical movement at the tip of beam is
restricted. This is to simulate the seismic loading and seismic boundary conditions
in the numerical analysis of the joint. In the push-over analysis method, lateral loads
are assumed to be acting at each floor level in the RC frame structure. The present
beam-column joint sub-assemblage considered for the analysis is a section of full
frame. Here the lateral load is applied at quarter point i.e. at 0.75 m from face of
joint. The floor to floor height is assumed as 3.0 m. The effect of the lateral load is
to cause free joint rotation and formation of plastic hinges in the beam near face of
the column. The lower and upper column along with joint is subjected to lateral
displacement and concrete along with longitudinal reinforcement on outer face will
be subjected to tension and inner face under compression.

The results of numerical analysis with varying axial load on the column for three
different cases are given in Table 4. The results shown here are obtained from the
present program developed by authors. Due to singularity problem further load can
not be applied. The stiffness matrix becomes singular and hence the numerical
instability arises and program stops working.

The behavior of concrete in tension with progressive cracking and final cracking
is well modeled and shown in Fig. 6. Once the concrete finally cracks then there is
only rigid body motion and crack width goes on increasing. The ultimate cracking
strain when the concrete finally cracks is calculated from fracture energy concept
[13]. For the present numerical analysis the ultimate cracking strain is taken as
0.0013 and it is obtained from the numerical experiment done by authors and it is
given in the reference [12]. The numerical result of concrete in compression is
shown in Fig. 7. The stress-strain curve for beam bottom reinforcement near face of
column as obtained from numerical analysis is shown in Fig. 8. The load deflection
results of top left corner of upper column are shown in Fig. 9. The typical cracking
pattern of concrete in tension in beam-column sub-assemblage is shown in the
Fig. 10.
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From the above result it is observed that due to lateral loading on the column the
cracks are developed in the joint region and at the bottom of the beam starting from
the column face. The plastic hinge is formed in the beam bottom reinforcement near
the face of column. The typical cracking pattern of concrete in tension observed for
case II is shown in Fig. 10. For case I and case II there are cracks in the concrete at

Fig. 6 Stress-strain curve for concrete in tension

Fig. 7 Stress strain curve for concrete in compression
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the base of the lower column where there is no axial load or 50 % axial load.
For case III axial loading no cracks are observed at the base of lower column. As
the axial load increases, there is increase in the lateral load and lateral deflection.

Fig. 8 Stress-strain plot for beam bottom bar element near face of column

Fig. 9 Load deflection curve for upper column top left corner
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7 Conclusion

From the results of present numerical analysis of the exterior beam column joint
subjected to axial load and lateral load, the following conclusions are drawn.

1. When there is no axial load on the column, the lateral load required to develop the
first tension crack at the bottom of beam near face of column is on higher side.

2. The cracking of concrete is observed at the base of lower column for the lower
axial load.

Fig. 10 Cracking pattern of
concrete in tension under
axial load case II and lateral
load
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3. The plastic hinges are formed in the beam bottom reinforcement near the face of
column.

4. The damage in the joint increases with the increase in axial load.
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Numerical Modeling of Compound
Element for Static Inelastic Analysis
of Steel Frames with Semi-rigid
Connections

M. Bandyopadhyay, A.K. Banik and T.K. Datta

Abstract The effect of geometric nonlinearity and material nonlinearity in the
analysis of semi-rigid jointed steel frame is investigated. Nonlinear analysis of
semi-rigid jointed frame is carried out using general purpose finite element software
SAP-2000 NL. In the numerical model, Link elements and one dimensional beam
elements are adopted. A compound element modeled with a Link element is con-
sidered to take care of combined effect of semi-rigid connection and material
nonlinearity (member inelasticity). In the study, semi-rigid connections are simu-
lated by its linear, multi-linear or nonlinear moment-rotation curve and member
inelasticity is simulated by plastic hinges. Also, elastic analysis is carried out to
study the independent and combined effects of semi-rigid connections, geometric
nonlinearity and material nonlinearity. The verification and application of the
simplified numerical model developed in the present study are demonstrated by
considering three different examples. Results in terms of beam moment and nodal
displacement are presented for both inelastic and elastic analyses. The influence of
connection nonlinearity is observed to be predominant in comparison to material
and geometric nonlinearity. From the force displacement curve, it is observed that
presence of semi-rigid connection changes the sequence of plastic hinge formation.
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1 Introduction

The current design codes (AISC-LRFD, AISC-ASD, Eurocode3, IS 800) [1–4]
consider the effect of semi-rigid connections in the design of steel frame structures.
AISC-LRFD [1] refers use of partially restrained (PR) and fully restrained (FR)
connections whereas AISC-ASD [2] refers to type-1 (rigid framing), type-2 (simple
framing) and type-3 (semi-rigid framing) connections. Eurocode3 [3] gives clear
demarcation between rigid, semi-rigid and flexible connections. Indian steel design
code IS 800: 2007 [4] also includes design of steel structures with semi-rigid con-
nections. Taking consideration of the effect of semi-rigid connections, makes the
analysis procedure nonlinear as the connection behaviour is nonlinear in the entire
load domain [5]. In elastic analysis, geometric nonlinearity and in inelastic analysis,
both geometric nonlinearity and material nonlinearity are considered. Analysis of
frames, especially the large frames, with so many nonlinearities requires the use
of sophisticated numerical tool. To reduce the exhaustive computational efforts of
nonlinear analysis, linear analysis method is still popular in the engineering com-
munity [6]. But with the advent of high performance computers and sophisticated
numerical analysis tools, the nonlinear analysis of large frames may easily be done.

Development of analysis methods for semi-rigid jointed frames started long back
in 1930 when conventional methods of analysis were suitably modified to consider
the effect of semi-rigid connections. Application of computers in 1960s, facilitated
the incorporation of true connection behaviour in matrix methods of analysis [7].
Extensive studies in the analysis and design of semi-rigid jointed frame were done
in last three decades. Researchers [8–11] focused their study on the behaviour of
flexibly connected unbraced and braced frames. Both elastic and inelastic studies
were done by these researchers. Methods of inelastic analysis may be categorized
into two groups; firstly, distributed plasticity or plastic zone method and secondly,
lumped plasticity or plastic hinge method. In the former method, each member is
divided into several beam elements and the cross section of the member is further
discretized into several longitudinal and transverse elements. In the later method,
plasticity is lumped at member ends in the form of plastic hinges and the portion of
member between plastic hinges is considered to behave elastically. The plastic zone
method encounters the effects of residual stresses and strain hardening. Kitipornchai
et al. [12] demonstrated that plastic zone analysis is only suitable for detailed study
but for practical purposes, lumped plasticity or plastic hinge method is suitable. The
plastic hinge method is approximate as it fails to consider gradual plastification of
the section and hence there was a need for a refined plasticity model which suitably
considers the gradual plastification effect. King et al. [13] developed a suitable
lumped-plasticity model for inelastic analysis of flexibly jointed frames. Yau and
Chan [5] used improved plastic hinges to take care of gradual plastification. They
used springs in series model for inelastic and stability analysis of flexibly jointed
frames. Two springs were modeled at each beam end, one each for simulating the
connection and the plastic hinge with gradual plastification model. Sekulovic and
Danilovic [14] also developed springs in series model, where plastic hinge is
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modeled to simulate both elastic-perfectly plastic behaviour and improved plasticity
with gradual plastification. Stiffness matrix was developed and a computer program
was prepared for the analysis of the frames. Liu et al. [15] developed a compound
element by combining these springs in series. Plastic hinge models adopted by these
researchers are different from each other. Liu [6] developed a hybrid member
stiffness matrix to consider the combined effect of connection flexibility and
member inelasticity. These analysis methods developed so far accurately simulated
the behaviour of semi-rigid frames. Based upon these studies, few researchers
developed their own program for the analysis of large frames. But all these pro-
grams are unique in nature and may not be easily available for wide use by design
engineers. Development of well validated numerical model prepared using finite
element based general purpose commercial software may be a good filler between
these analytical approaches and design office requirement.

Anderson and Kavianpour [16] developed numerical model for nonlinear anal-
ysis of semi-rigid frames. Kitipornchai et al. [12] developed a finite element model
for inelastic and large deflection analysis of semi-rigid jointed space frames. Suparb
[17] developed a finite element model in ABAQUS, where connections were
modeled as three dimensional solid elements and frame as one dimensional beam
elements. For estimation of sway of semi-rigid frames, Asraf et al. developed
numerical model for regular frames [18] and irregular frames [19] using ANSYS.
They considered only nonlinear elastic analysis and hence used elastic beam ele-
ment BEAM3 for modeling of frame and COMBIN39 for modeling of connections.
Bandyopadhyay and Banik [20] also developed numerical model using ANSYS to
investigate the effect of semi-rigid connections and geometric nonlinearity. Material
nonlinearity was not considered in their study as they have done only elastic
analysis. In the present study, effect of material nonlinearity is also considered.
Finite element based numerical model is developed to take care of all these types of
nonlinearity using general purpose software SAP-2000 NL [21]. Compound ele-
ment developed by Liu et al. [15] is used to characterize the link element. Single
storey portal frame with rigid and semi-rigid connections from published literature
is used for validation of the model and one bay two storey frame is analysed with
rigid and different semi-rigid connections. Also, elastic analysis is carried out to
study the independent and combined effect of semi-rigid connections, geometric
nonlinearity and material nonlinearity.

2 Compound Element

Compound element [15] is the assembly of rotational springs connected in series
(Fig. 1a), one each for semi-rigid connection and plastic hinge. Rotational stiff-
nesses of semi-rigid connection (Rc) and of plastic hinge (Rp), shown as series
element in Fig. 1b, are combined together to obtain rotational stiffness of compound
element (R) as shown in Fig. 1c. hc and hp stand for connection rotation and plastic
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hinge rotation. Elastic rotation being very small is often ignored in analysis. If total
rotation (h) of compound element is given by,

h ¼ hc þ hp ð1Þ

then, for any applied moment (M) at beam end, relationship between rotational
stiffness (R) of compound element and its rotation (h) is expressed as,

R ¼ M=h or; h ¼ M=R ð2Þ

and similarly,

hc ¼ M=Rc and hp ¼ M=Rp ð3Þ

From Eqs. (1–3) it is expressed that,

M=R ¼ M=Rc þM=Rp ð4Þ

Given the value of Rc and Rp, rotational stiffness of compound element is given
by

1=R ¼ 1=Rc þ 1=Rp or; R ¼ RcRp=ðRc þ RpÞ ð5Þ

Rotational stiffness of semi-rigid connection (Rc) may be obtained from the
linear, multi-linear or nonlinear moment rotation relationship of the connection.
Nonlinear moment rotation relation is expressed by power model or polynomial
model. Both three-parameter and four-parameter power models may be used to
define the semi-rigid connection.

Three parameter power model of Kishi and Chen [22] may be given by Eq. (6),

hc ¼ M

Rki 1� M=Muð Þnð Þ1=n
or; M ¼ Rkihc

1þ hc=h0ð Þnð Þ1=n
ð6Þ

where, Rki is the initial connection stiffness, Mu is the ultimate capacity of con-
nection moment, n is the shape parameter and h0 is reference plastic rotation given
by Mu=Rki (Fig. 2a).

Fig. 1 a Analytical model of semi-rigid connection and member-inelasticity. b Springs in series.
c Compound element model
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Four parameter power model of Richard and Abbott [23] is given by Eq. (7),

M ¼ ðRki � RkpÞhc
1þ hc=h0ð Þnð Þ1=n

þ Rkphc ð7Þ

where, Rkp is strain hardening/softening stiffness and h0 is reference plastic rotation
given by, M0=ðRki � RkpÞ, M0 being reference relative moment (Fig. 2b).

Four parameter power model reduces to three parameter power model, if strain
hardening/softening stiffness Rkp considered as zero. Using three parameter power
model, connection rotation (θc) is obtained directly from the equation, whereas four
parameter power model involves iterative procedure for finding θc. This is the
reason why three parameter model is used by most of the researcher in their
analysis, though it is unable to reflect the strain hardening/softening nature of
connection. Plastic hinge model may be an elastic-perfectly plastic or a gradual
plastification model. In the present study, plastic hinge of gradual plastification
model is adopted as per Grierson et al. [24] and defined by Eq. (8),

hp ¼ ;p 1� 1� M �My

Mp �My

� �e0� �1=e0( )
for;My �M�Mp ð8Þ

where, e0 and ;p are defined as shape parameter and full-yield rotation for the
section, respectively. Experimental or analytical results can be used to determine
these two parameters. Based on the previous work [24], values e0 = 4 and
;p = 0.0025 radians per unit length are applied in the analyses.

From Eqs. (1), (6) and (8), moment rotation relationship of the compound ele-
ment is given by,

h ¼ M

Rki 1� M=Muð Þnð Þ1=n
þ ;p 1� 1� M �My

Mp �My

� �e0� �1=e0( )
ð9Þ

Fig. 2 a Three-parameter power model, b four-parameter power model
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3 Numerical Model

Numerical model is developed in SAP-2000 NL for inelastic analysis of semi-rigid
jointed frame using beam element and link element. Link element may represent
either compound element or plastic hinge, characterised by Eqs. (8) and (9) respec-
tively. In case of elastic analysis, link element represents semi-rigid connection only
and it is defined by Eq. (6). The portion of beam and column between link elements is
modelled as elastic beam element. Details of input requirement during modeling and
analysis procedure are illustrated through three different examples. Objectives of
these examples are: validation of the model, inelastic analysis and comparison of
inelastic and elastic analysis.

4 Validation of the Model

4.1 Validation with Analytical Study

A two dimensional one bay, one story, steel portal frame earlier analysed by
Ihaddoudene et al. [25] is considered for the validation of present study. They
adopted mechanical model for the analysis of the frame with semi-rigid joints and
established modified stiffness matrix considering flexible connections, where
member end flexibility is considered using rotational springs. Modulus of elasticity
(E) and Poison’s ratio (μ) for steel is taken as 2 × 105 MPa and 0.3 respectively.
Geometry of the frame is shown in Fig. 3. Numerical model of the frame used in
SAP-2000 is given in Fig. 4a, where five link elements are inserted at the locations
shown in the Fig. 4b. Three different analysis cases are considered, (i) rigid jointed
frame shown in Fig. 3a, (ii) semi-rigid joints at beam ends shown in Fig. 3b and (iii)
semi-rigid joints at beam ends and column bases shown in Fig. 3c. Numerical
model with Link and beam elements are shown in Fig. 4a, b. In the first case, all the
link elements are defined as plastic hinge only. In the second case, Link 1 and Link
2 are characterised by compound elements and other links are defined as plastic

Fig. 3 a Rigid jointed model, b semi-rigid connections at beam ends, c semi-rigid connections at
beam ends and at column bases
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hinges. In third case, only the Link 5 is defined as plastic hinge, whereas other links
are compound elements. In SAP-2000, link elements are defined as multi-linear
elastic hinges. All the directional properties except the “R3” are kept as fixed
(Fig. 5). Moment-rotation curve of plastic hinge or compound elements forms the
input for the nonlinear properties of “R3”. The moment rotation relationship curve
for the plastic hinge is developed using Eq. (8) and given in Fig. 6a.

The tri-linear moment rotation curve of semi-rigid connection adopted from the
literature is shown in Fig. 6b. Plastic moments of the joints and members are 114.13
and 192.96 kN-m respectively. These two moment rotation curves are combined
together using Eq. (1) to obtain the compound element. It is to be noted that, in this
case plastic moment of joint is less than that of yield moment (171.2 kN-m) of the
member; hence compound element is dominated by the characteristics of semi-rigid
connection.

The failure loads (W) of the three cases given in the literature are 128.64,
111.122 and 91.293 kN respectively and corresponding values obtained in the
present study are 128.64, 111.13 and 91.31 kN. The horizontal displacements at
joint 2 of the frame are reported in the literature as 54.2, 55.6 and 95.7 mm. In the
present study, these displacements are obtained as 60.6, 63.8 and 131.5 mm for

Fig. 4 a SAP model: node numbering, b SAP model: element numbering

Fig. 5 Link element definition in SAP-2000
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gradual plastification model and 58.2, 60 and 131.2 mm for elastic perfectly plastic
(EPP) model (Fig. 7). Failure loads estimated by the SAP model are in good
agreement with those reported in the literature, whereas displacements obtained in
the present study are on higher side as compared to those given in the literature.
Moreover, sequence of plastic hinge formation in the first case is at joints 4, 2, 5
and 3, in the second case is at joints 2, 4, 5 and 3, and in the third case is at joints 2,
4, 3 and 1, which are similar to those reported in the literature. It is observed that
semi-rigid connections not only reduce the load carrying capacity of the frame but
also change the sequence of plastic hinge formation.
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4.2 Validation with Experimental Study

Liew et al. [26] conducted series of experimental study of semi-rigid jointed frames,
which are very useful for validation of analytical and numerical methods of anal-
ysis. A single storied portal frame shown in the Fig. 8 is chosen from the experi-
ments conducted by them. Beam and column sections are 254 × 146 × 37 UB and
203 × 203 × 60 UC. Modulus of elasticity (E) and Poison’s ratio (μ) for steel is
taken as 2 × 105 MPa and 0.3 respectively. Yield stress (σy) of the material of
columns and beam are 345 and 336 MPa respectively. Residual stress is assumed to
be 0.3 σy. Plastic moment carrying capacities of beam and columns are 116.6 and
154.3 kN-m respectively and respective yield moments are 104.5 and 137.5 kN-m.
Richard and Abbott [23] four parameter power model given in Eq. (7) is used to
define the moment rotation curve for the semi-rigid connections at the beam ends
and column bases. The parameters of semi-rigid connection at beam ends (joints 3
and 6) and column bases (joints 1 and 2) obtained by curve-fitting technique [15]
are given in the Table 1.

Moment rotation curves for plastic hinges and compound elements are generated
following same methodology discussed in previous section. SAP-2000 NL is used
for analysis of the frames, like previous analysis, link elements inserted at joint 1, 2,
3 and 6 are defined by compound elements and link elements at joints 4 and 5 are
defined by the plastic hinges.

Force-displacement curves obtained by experimental setup and those obtained
using SAP-2000 are superimposed and presented in Fig. 9. As the actual data for

Fig. 8 Geometry and
loadings

Table 1 Parameter for specified connection taken from published research paper

Connection parameter Notation Unit Beam-end Column base

Reference moment of connection M0 kN-m 79 148

Initial/elastic rotational stiffness Rki kN-m/rad 7202 24721

Strain hardening/softening stiffness Rkp kN-m/rad 144 151

Shape parameter of connections n 0.57 0.78
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test results is not available, force-displacement curve is digitized from the published
literature and the same is used for comparison purpose. It is observed that results of
numerical analysis are very close to that obtained through experiment.

5 Analysis of Rigid and Semi-rigid Jointed Frame

Numerical model developed in the paper is validated by comparing the analysis
results of one bay, one storied, portal framewith those reported in published literature.
For further study, a two dimensional one bay two storey frame is analysed (Fig. 10).
The elastic analysis of the frame with rigid joints was done by Subramanian [27] and
with different semi-rigid joints by Bandyopadhyay and Banik [20]. In the present
study, loading and support conditions of the frame are changed from those considered
in earlier studies. Objective of the present study is to observe effect of geometric
nonlinearity, material nonlinearity and semi-rigid connections on behaviour of a
planar frame. Material property for steel is considered as E = 2 × 105MPa and μ = 0.3.
Semi-rigid connections are modeled in joints 2, 3, 7 and 8.
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Three types of semi-rigid connections are considered to cover the wide range of
semi-rigidity. The moment-rotation relationships of these connections are linear
(C1) and tri-linear (C2) and nonlinear (C3) respectively (Fig. 11). C1 and C2
connections are adopted from Ihaddoudene et al. [25].

Linear moment rotation relationship of connection C1 is defined by a rotational
stiffness of 45,200 kN m/rad. Tri-linear moment rotation relationship of connection
C2 is similar to that shown in Fig. 6b, where K1 = 45,200 kN m/rad,
K2 = 7,062.5 kN m/rad, K3 = ∞, M1 = 135.6 kN m and M2 = 214.7 kN m. Con-
nection C3 is an extended end plate (EEP) connection and its connection parameters
are adopted from [15]. Three parameter power model given in Eq. (6) is used to
develop the moment rotation curve for C3 connection, for which connection
parameters are reference moment (M0) = 137.86 kN m, initial/elastic rotational
stiffness (Rki) = 18,984 kN m and shape parameter (n) = 5.11. Moment rotation
curve for plastic hinges at the ends of beam 2-4-7 and 3-5-8 are generated using
Eq. (8) and shown in Fig. 11. Plastic moments of beam 2-4-7 (ISMB 350) and 3-5-8
(ISMB 225) are 222.4 and 87.07 kN m respectively. The moment-rotation curve of
the compound element at these beam ends with C1 type connections are shown in
Fig. 12. The moment rotation curves of compound elements for other types of
connection are also generated but not shown here. Geometric nonlinearity is con-
sidered by performing P-Delta with large displacement analysis.

Results of the inelastic analysis are presented in Table 2 in terms of bending
moments and displacements at different locations. As the rotational stiffness of
connections gradually reduces from rigid to semi-rigid type C3 (Fig. 11), beam
mid-span moments (M4 and M5) increase and beam end moment (M74) decreases.
Plastic hinges are not formed in frame with rigid and C1 type connections, as
maximum moments in members 3-5-8 and 2-4-7 are less than the plastic moment
carrying capacity of these beams. But for frame with C2 and C3 type connections,
plastic hinges are formed in joint 4 as the bending moment reaches the plastic
moment carrying capacity of the beam. For the frame with C3 type connection, joint
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5 also proceeds for plastic hinge formation. While geometric nonlinearity is con-
sidered in the analysis, mid-span moments increase further and thus bending
moment at joint 5 reaches its plastic moment carrying capacity. Plastic hinges are
formed at joint 4 in case of frame with C2 connections and at both joint 4 and joint
5 in case of frame with C3 type connections. Both vertical displacements (V4 and
V5 at joint 4 and 5 respectively) and horizontal displacements (U2 and U3 at joint 2
and 3 respectively) increase gradually from frame with rigid to C3 type connec-
tions. Geometric nonlinearity further enhances the displacements also.
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Table 2 Results of inelastic analysis

Quan-tity Unit Without geometric nonlinearity With geometric nonlinearity

Rigid Semi-rigid Connections Rigid Semi-rigid Connections

C1 C2 C3 C1 C2 C3

M4 kN-m 212.27 221.67 222.4 222.4 211.88 221.41 222.4 222.4
M5 kN-m 84.32 85.80 85.82 87.04 85.44 86.74 86.72 87.07
M76 kN-m 113.2 104.71 99.49 74.98 112.27 103.47 97.96 65.38

M74 kN-m 188.88 176.95 170 137.86 188.36 176.32 169.47 137.86

M78 kN-m 77.56 72.25 70.54 62.88 76.09 72.85 71.51 72.47

M8 kN-m 75.68 76.5 77.98 83.93 78.57 77.8 79.38 87.04

V4 mm 62 71.2 82.7 220 62.1 71.0 84.4 229.9

V5 mm 90.4 95.1 95.2 102.8 92.7 98.5 99.4 111.1

U2 mm 17.9 19.6 23.3 42.9 18.4 20.2 24.3 47.4

U3 mm 41.3 45.6 54.2 100.9 42.5 47 56.2 105.7
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Apart from inelastic analysis, elastic analysis is also done to observe the inde-
pendent and combined effect of semi-rigid connections, material nonlinearity and
geometric nonlinearity. Results are shown in Table 3. In elastic analysis also, beam
mid-span moments (M4 and M5) increase and beam end moment (M74) decreases
with decrease of connection rigidity. Both vertical displacements (V4 and V5) and
horizontal displacements (U2 and U3) increase gradually. Geometric nonlinearity
enhances the moments and displacements to a very small extent.

The frame is capable to carry the entire load in both elastic and inelastic analysis
with all types of connections at the cost of increased displacements and mid-span
moments due to different types of nonlinearity. Mid-span moments for elastic anal-
ysis are on higher side as there is no limitation because of plastic hinge formation.
Horizontal displacement at node 3 is plotted at Figs. 13 and 14 and presented at

Table 3 Results of elastic analysis

Quan-tity Unit Without geometric nonlinearity With geometric nonlinearity

Rigid Semi-rigid connections Rigid Semi-rigid connections

C1 C2 C3 C1 C2 C3

M4 kN-m 212.55 222.69 229.43 248.36 213.06 224.24 230.08 249.28

M5 kN-m 84.45 86.13 86.29 88.62 86.09 87.79 87.93 90.27

M76 kN-m 113.04 103.33 95.31 75.74 112.89 103.05 94.89 74.70

M74 kN-m 188.6 174.93 164.08 137.06 189.14 175.46 164.60 137.21

M78 kN-m 75.56 71.59 68.77 61.33 76.25 72.41 69.71 62.51

M8 kN-m 77.44 76.18 77.26 76.51 78.73 77.53 78.73 78.20

V4 mm 61.77 68.95 72.65 84.84 62.04 69.25 73.04 85.46

V5 mm 89.96 94.24 94.65 100.59 92.12 96.49 96.89 102.96

U2 mm 17.9 19.57 22.61 27.73 18.44 20.25 23.5 29.17

U3 mm 41.32 45.64 52.69 65.39 42.61 47.2 54.66 68.46
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Table 4 to focus the discussion. It is observed that connection nonlinearity increases
the displacement by 58.23, 60.67, 144.08 and 147.58 % for frame with rigid con-
nection to C3 type connection in elastic, elastic with geometric nonlinearity, inelastic
and inelastic with geometric nonlinearity analysis procedures respectively. Among
all the connections, frame with C3 type of connection is greatly affected by material
nonlinearity.

6 Conclusions

Numerical model is developed for static inelastic analysis of semi-rigid jointed 2D
frame using SAP-2000 NL. Compound element which takes care of material
nonlinearity and connections nonlinearity is modelled using Link element available
in SAP-2000 NL. Effect of geometric nonlinearity is also considered. The model is
validated against the analytical and experimental results available in published
literatures. Observations noted in the present study are related to the frame and its
boundary conditions and may not be generalised. From the numerical analysis done
in the paper it may be concluded that different types of nonlinearity i.e. material
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Table 4 Comparison of horizontal displacements at Node 3 (mm) for different type of
connections and different analysis procedures

Analysis Procedure Horizontal displacements at Node 3 (mm)
for different type of connections

Rigid C1 C2 C3

Elastic 41.32 45.64 52.69 65.38

Elastic with geometric nonlinearity 42.61 47.19 54.66 68.46

Inelastic 41.33 45.63 54.18 100.88

Inelastic with geometric nonlinearity 42.69 47.19 56.23 105.69
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nonlinearity, geometric nonlinearity and connections nonlinearity influence the
behaviour of the frame but the frame is most influenced by connection nonlinearity.
Significant differences are observed between inelastic and elastic analysis results of
the frame with C3 types of connection. In all cases, influence of geometric non-
linearity is very limited. Compound element used in the numerical analysis is very
useful for both inelastic and elastic analysis of semi-rigid jointed frame. It is
believed that development of numerical model discussed in the paper shall be useful
for practicing engineers and researchers. In the present study, inelastic analysis of
semi-rigid jointed 2D frame is carried out under static loading condition. Further
study may be carried out for semi-rigid jointed 3D frame under both static and
dynamic loading conditions.
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Parallel Flange I-Beam
Sections—Theoretical Study
and Finite Element Analysis

Swati Ajay Kulkarni and Gaurang Vesmawala

Abstract Parallel flange I-beam sections are most preferred, popular and widely
used in steel seismic resisting buildings worldwide. However, in India tapered
flange I-beam sections are generally used. Nowadays, hot-rolled parallel flange
I-beam sections of yield stress 250, 300 and 350 MPa are manufactured and
available in the Indian market, however their usage is limited. These sections may
be adopted and used for steel structures due to advantages such as: (a) increased
lateral stiffness; (b) 10–15 % cost reduction; (c) easy to weld and bolt; (d) sub-
stantial availability of numbers and grades. This paper presents the theoretical and
finite element analysis of external beam to column joints comparing parallel and
tapered flange I-beam sections of 250 MPa.

Keywords Finite element analysis � Hot roller section � Indian standard

1 Introduction

Hot-rolled tapered flange (TF) I-beam sections (Fig. 1a) are widely used for
commercial and industrial structures in India. Hot-rolled parallel flange (PF) I-beam
sections (Fig. 1b) are available in the market nowadays however their usage is very
limited. Parallel flange sections are available with 250 MPa and higher grades
whereas [1–3], tapered flange sections of only 250 MPa grade are available [4–7].

Parametric analysis by Goswami et al. [8] has shown that Indian hot-rolled
I-sections (parallel as well as tapered) having yield stress 250 MPa do not meet
compactness requirements specified in the Indian standards as well as of those
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countries with advanced seismic provision for frames used in high seismic zones.
Even those that satisfy the stability requirements, their sizes are so small that they are
insufficient from strength and stiffness points of view to be able to construct large
span and high-rise earthquake resistant constructions in strong seismic regions.

Kulkarni and Vesmawala [9] compared frames with I-beam sections with
250 MPa grade. Study indicated that, (1) insufficient number of tapered I-beam
sections to design a frame above 33 m height; (2) limited availability of parallel
I-beam sections to design a above 48 m height; (3) for this exercise, symmetrical
buildings with 2, 3, and 4 bays were considered in three different Indian seismic
zones such as III, IV and V. Each bay case with three different heights was taken to
indicate low-rise, mid-rise, and high-rise structures. Analysis also revealed that, up
to 12–15 % reduction in material is possible if parallel flange sections are used
instead of tapered flange sections.

The limited research carried out in the past on performance of ‘Tapered’ versus
‘Parallel’ flange I-beam sections as well as connections led to a study on this topic.

2 Classification, Availability and Properties of Sections

According to Indian Standard (IS), IS 800-2007, IS 808-1989, and IS 12778-2004
[1, 4, 5], I-sections used as a beams and columns are classified as shown in Tables 1
and 2.

From above Tables 1 and 2, it can be observed that, (1) number of available
parallel flange beam sections is four times more and (2) for column sections five
times more than that of tapered flange sections. Further, market survey conducted
by the authors lead to observation that, sections such as ISMB 100, 150, 175, 200,
and 250 are available the in local market whereas any section of ISJB, ISLB, ISWB,
ISHB, and ISSC are rarely available. However, NPB and WPB sections are readily
available.

Further, according to the IS 808-1989 [5], if section depth of 200 mm is con-
sidered, only one section is available with tapered I-beam, whereas it can be
observed that 9 parallel I-beam sections are available for the same depth (Fig. 2).

Fig. 1 a Hot-rolled tapered
flange I-beam section, b hot-
rolled parallel flange I-beam
section
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Further, Design Manual for Effective Use of Parallel Flange Sections, INSDAG,
Kolkata [10] indicated that use of parallel flange I-beam sections is beneficial due
to: (1) these sections exhibit better sectional properties such as section modulus,
radius of gyration, and moment of inertia; (2) these sections are available up to

Table 1 Classification of tapered flange I-beam sections

Beams No. of
sections

Columns No. of
sections

Indian standard junior beams (ISJB) 04 Indian standard column
sections (ISSC)

09

Indian standard light weight beams (ISLB) 21 Indian standard heavy
weight beam (ISHB)

17

Indian standard medium weight beams (ISMB) 14

Indian standard wide flange beams (ISWB) 14

Total 53 26

Table 2 Classification of parallel flange I-beam sections

Beams No. of
sections

Columns No. of
sections

Indian standard narrow parallel
flange beams (NPB)

70 Indian standard wide parallel
flange beams (WPB)

122

Indian standard wide parallel
flange beams (WPB)

122

Total 192 122

Fig. 2 Snapshot of highlighted sections with depth 200 mm from IS 12778-2004
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depth of 900 mm whereas maximum depth of tapered flange section is 600 mm;
(3) the parallel flange sections have more compression load carrying capacity as
compared to conventional tapered section of equivalent weight; (4) the moment of
inertia about the minor axis of these sections is considerably higher than that of the
tapered sections. This enhanced property helps the parallel flange sections to be
effective in resisting biaxial bending.

3 Finite Element Analysis to Observe the Behavior

Sections with nominal yield stress 250 MPa are considered for this study. Speci-
mens were considered on the basis of theoretical analysis of the frames performed
by Kulkarni and Vesmawala [9]. The sizes/weights of the members considered to
model the exterior connections are listed in Tables 3 and 4. Specimens PF1 and TF1
were studied without continuity plates (CP) as shown in Fig. 3a. Specimen’s PF2
and TF2 were studied with continuity plates, where thickness of CP is equal to the
beam flange thickness as shown in Fig. 3b.

The ANSYS Multiphysics [11] finite element software was used to model the
specimens for nonlinear analysis. The analyses were primarily intended to inves-
tigate the overall behavior of the external subassemblies. An element SOLID45
from ANSYS Multiphysics Ver. 13 element library was used for the 3-D finite
element modeling (Fig. 4a, b). The fundamental assumptions made to idealize steel
mechanical properties are: Young’s modulus of 2 × 105 MPa, Poisson’s ratio of 0.3.
Multi-linear stress strain curve was input directly as element material property for

Table 3 Member sizes in accordance with IS 808-1989 and IS 12778-2004

Member/Sr. No. as per IS
12778-2004

Mass
(kg/m)

Depth d
(mm)

Web Thk.
tw (mm)

Flange width
bf (mm)

Flange Thk.
tf (mm)

WPB 150(15) 36.98 162 8 154 11.5

WPB 150(13) 23.00 152 5.8 152 6.8

NPB 200(9) 22.36 200 5.6 100 8.5

NPB 180(6) 18.10 180 5.3 91 8.0

ISMB 250 37.30 250 6.9 125 12.5

ISMB 200 24.20 200 5.7 100 10

ISMB 175 19.60 175 5.8 85 9

Table 4 Specimens considered for study

Specimen Column size Beam size Continuity plates provided

TF1 ISMB 250 ISMB 200 NO

TF2 ISMB 200 ISMB 175 YES

PF1 WPB 150(15) NPB 200(9) NO

PF2 WPB 150(13) NPB 180(6) YES
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cyclic analyses (Fig. 4c). The beam web and flanges were directly connected to the
column. To achieve the convergence optimum element size is selected through
several trials. The column base was assumed as pin connected at both the ends.

Fig. 3 a Connection without continuity plates, b connection with continuity plates

Fig. 4 a Specimen modeling, b finite element mesh, c idealized uniaxial tensile response
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For the specimens (Fig. 5) drift was applied monotonically to the tip of the beam
following standard SAC loading history Clark et al. [12] and observations are noted
at 0.02 radians.

4 Result and Discussion

From von Mises stress distribution diagrams at 0.02 radians the following obser-
vations can be made.

For specimens PF1 and TF1, maximum range of von Mises stresses are 435–
485 MPa and 406–457 MPa, respectively in panel zone as well as in the vicinity of
junction. For specimen PF2 and TF2 maximum range of von Mises stresses are
306–345 MPa and 324–363 MPa. It shows that provision of continuity plates
reduce the values of overall stress as well as it reduce the stress in panel zone below
yield stress (Figs. 6b and 7b).

Column flange buckling can be observed in the specimen PF1, however no beam
buckling was observed. Behavior of specimen TF1 was significantly different from
specimen PF1. The lateral torsional buckling of the beam was observed (Fig. 7a).
Column flange buckling as well as column web buckling was observed for this

Fig. 5 a Configuration of subassembly, b SAC loading history

Fig. 6 a von Mises stress distribution in the specimen at 0.02 PF1, b von Mises stress distribution
in the specimen at 0.02 PF2
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specimen. However, response of both specimens with continuity plates was dif-
ferent from without continuity plates. Column flange/beam buckling, lateral tor-
sional buckling of beam is not observed in both specimens PF2 and TF2.

By comparing weights of the specimens (WPB150: 36.98 kg, WPB150:
23.00 kg, NPB200: 22.36 kg, NPB180: 18.10 kg, and ISMB250: 37.30 kg,
ISMB200: 24.10 kg, ISMB175: 19.60 kg), it can be observed that weights of the
parallel flange sections used are slightly less than that of tapered sections. Overall, it
seems 10–12 % material as well as cost reduction may be possible.

When subjected to the forces resulting from the motions of the design earth-
quake: special moment frames (SMF) are expected to withstand significant inelastic
deformations (drift angle of at least 0.04 radians); intermediate moment frames
(IMF) are expected to withstand limited inelastic deformations (drift angle of at
least 0.02 radians); ordinary moment frames (OMF) are expected to withstand
minimal inelastic deformations, in their members and connections. From the above
analysis, it can be observed that specimens without continuity plates do not reach
drift angle 0.02 radians of plastic rotation. However, specimens with continuity
plates reach the 0.02 radians of plastic rotation.

5 Conclusions

Following conclusions can be drawn from the study aimed at examining behavior
of hot-rolled ‘parallel’ and ‘tapered’ flange I-beam sections.

1. In similar scenario, behavior of parallel flange I-beam sections is better than the
tapered flange I-beam sections, in fact, provides some benefit to connection
performance.

2. Overall, it seems 10–12 % material/cost reduction may be possible.
3. The presence of a stiffeners or continuity plates is observed beneficial to both

types of specimens. Presence of continuity plates significantly reduces the local
flange buckling and local web buckling in the column for all connections.

Fig. 7 a von Mises stress distribution in the specimen at 0.02 PF1, b von Mises stress distribution
in the specimen at 0.02 PF2
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A Novel Statistical Model for Link
Overstrength

Jaya Prakash Vemuri

Abstract The Eccentrically Braced Frame (EBF) has both high ductility and high
stiffness characteristics. The key member of the EBF is the link, which acts as a
sacrificial fuse by dissipating seismic energy. Steel design codes prescribe a con-
stant overstrength factor for links, but experimental results have shown that such
assumption can lead to either conservative or unsafe designs. In this paper, a
statistical model to estimate overstrength due to strain hardening in steel EBF links
is presented. The analysis involves a new parameter, “peak rotation”, a quantity
which is not known a priori by the designer, but corresponds to the link rotation
observed at maximum shear resisted by the link. A regression analysis is performed
on experimental link data obtained from literature. The normalized link length, peak
link rotation and the ratio of ultimate strength to yield strength are observed to affect
link overstrength. A good fit is obtained between the calculated values from the
model and the actual experimental values. The parameter estimates and their errors
are tabulated and are found to be statistically significant. The residual analysis
carried out on the independent parameters shows no trends.

Keywords Eccentrically braced frame � Link � Strain hardening � Peak rotation �
Overstrength

1 Introduction: The Eccentrically Braced Frame

The Eccentrically Braced Frame (EBF) has both high ductility and high stiffness
characteristics. The EBF was first introduced in 1970s [9] and has since been widely
adopted in construction. Figure 1 shows members in an EBF. The key member of the
EBF is the link, which acts as the sacrificial fuse by dissipating seismic energy.
All other members are designed using the capacity based design method to remain
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elastic under seismic action. The Indian Steel Design Code (IS: 800-2007) does not
contain any guidance for the analysis and design of EBFs and designers are advised
to consult ‘specialist literature’.

The seismic design specifications of other countries (e.g. AISC-341-10) for EBF
prescribe a constant overstrength factor for links, but experimental tests on links
have demonstrated that links exhibit a range of overstrength values. A more rational
approach would be to evaluate factors affecting link overstrength and develop a
statistical model for better estimates of link overstrength.

2 Link Behaviour

Links can be sub-classified as shear-yielding or flexural-yielding, based on the
normalized link length, e=ðMp=VpÞ; where Mp and Vp are the plastic moment and
shear capacities, respectively, of the link cross section. Using the shear-moment

Fig. 1 Members in an
eccentrically braced frame

Table 1 Summary of test results on EBF links used for statistical analysis

Reference n Grade of steel Normalized link
length ðe=Mp=VpÞ

Peak link
rotation (cult)

Hjelmstad and Popov [10] 15 A36 1.26–2.77 0.014–0.064

Malley and Popov [15] 12 A36 1.25–1.48 0.022–0.078

Kasai and Popov [12] 7 A36 1.12–1.70 0.019–0.079

Ricles and Popov [19] 8 A36 1.50 0.085–0.085

Engelhardt and Popov [7] 14 A36 1.34–3.95 0.0125–0.0425

Arce and Engelhardt [2] 11 A992 1.0–3.0 0.025–0.079

568 J.P. Vemuri



interaction diagram of a wide flange beam and applying static equilibrium of a link,
Malley and Popov [15] obtained:

e ¼ 2M
V

ð1Þ

where M is the link end moment and V is the link shear. Kasai and Popov [13]
estimated that the maximum link end moment reaches 1.2Mp and the link shear
reaches 1.5Vp. Hence, the limiting link length can be computed as:

e ¼ 2M
V

¼ 2ð1:2MpÞ
ð1:5VpÞ ¼ 1:6

Mp

Vp
ð2Þ

A shear-yielding link therefore has e=ðMp=VpÞ� 1:6 and dissipates energy pri-
marily by developing the plastic shear capacity of the web of the link while
undergoing plastic rotation up to 0.08 rad. Short links provide large inelastic rota-
tions under cyclic load and these rotations can be reasonably predicted. They fail by
web fracture or severe web buckling. A flexure-yielding link, with e=ðMp=VpÞ� 2:6
develops large moments and plastic hinges at its ends, while undergoing smaller
plastic rotations in the order of 0.02 rad. In accordance with CSA S16-09 [5], the link
resistance, Vm, in ductile eccentrically braced frames is given by the smaller of the
shear forces associated with the shear yielding and flexural-yielding mechanisms:

Vm ¼ minð/V 0
p; 2/

M0
p

e
Þ ð3Þ

where / is the resistance factor for steel. The shear capacity of the link accounting
for applied axial force, V 0

p, is:

V 0
p ¼ Vp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð Pf

A � Fy
Þ2

s
ð4Þ

where Pf is the applied tensile or compressive force in the link due to the factored
applied loads, A is the gross area of the link and Fy is the specified minimum steel
yield strength.

The moment capacity of the link accounting a applied axial force, M0
p is:

M0
p ¼

1
0:85

Mp 1� Pf

A � Fy

� �
�Mp ð5Þ

where Mp is the plastic moment capacity of the link when no axial force is present.
The plastic shear capacity of the link, Vp, is computed as:

Vp ¼ 0:55wd Fy ð6Þ

where w is the web width and d is the overall depth of the cross section. Krawlinker
[14] states Eq. (6) was derived for plastic design by multiplying the yield stress in
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pure shear (according to the von-Mises criterion), Fy=
ffiffiffi
3

p
or 0.58Fy, by the effective

web shear area, 0.95wd. The definition of Vp in AISC 341-10 [1] is different:

Vp ¼ 0:6wðd � 2tÞFy ð7Þ

where t is the thickness of the flange. Hence, the design equation for the link is

Vm �Vf ð8Þ

where Vf is the shear demand on the link due to factored seismic loads. For EBFs with
long links, the link beam and brace-beam angle can experience limited yielding in
flexure and hence a loss of strength. Tests conducted at UC Berkeley by Engelhardt
et al. suggest, however, that “limited yielding” is acceptable and may be beneficial
since it contributes to “energy dissipation and reducing inelastic deformation demands
on the link” [8]. In reality, “the design goal ofmaintaining an elastic beam is difficult to
achieve in many cases” [6] because several parameters, e.g. the link-web area, link
stiffness, brace influence the axial force and bending moment transferred to the link
beam. Hence, as long as the EBF design can ensure the occurrence of the preferred
collapse mechanisms, limited yielding in the beam and brace may be allowed. Jain
et al. [11] have suggested that “several countries including Canada prescribe the same
overstrength factor for shear and flexural links, while there is no reason why some
limited yielding of the beam outside of the flexural link cannot be accepted”.

3 Strain Hardening in Links

Shear yielding in links in EBFs produces very fat and stable hysteresis loops.
Figure 2 shows strain hardening in an EBF link specimen [15]: a clear yield point is
exhibited during the initial cycle of loading and the shear resistance during the final
cycle is 50 % greater than this value due to strain hardening. Even after the first few
cycles, the specimen displays stable loops while undergoing further displacement
cycles to dissipate energy. Link overstrength is primarily due to strain hardening.
Researchers have carried out experiments to determine link overstrength. Richards
[17] tabulated results of experiments conducted on 77 links tested between 1984
and 2003. Table 1 shows a summary of the range of test parameters.

Yielding and energy dissipation occur primarily in the links and the hysteric
energy is absorbed through the process of strain hardening. Strain-hardened links
have higher capacity and thus develop higher forces. The forces developed in links
that strain-hardened can vary significantly. Short links exhibit very high over-
strength values compared to long links. This can be attributed to (a) more plastic link
rotation than long links (b) greater strain hardening than long links and (c) higher
stress at link failure than long links. Long links develop much less overstrength and
they are “less efficient energy dissipaters because less material of the member
is plastically deformed” [16]. For very long links, the “end moments reach Mp.,
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thus forming flexural hinges at both ends before shear yielding can occur” [7]. Also,
it has been observed that highly concentrated bending strains at the link end cause
failure of link flanges at relatively low link rotation values. The current provisions in
AISC-341-10 and CSA S16-09 [5] do not relate overstrength to the normalized link
length and provide no guidance on the use of different overstrength factors for
various link types.

Figure 3 shows the method to measure link rotation. The peak rotation, cult,
which is not known a priori by the designer, corresponds to the maximum shear
resisted by the link, Vult.

Byfield et al. [4] present a survey of tensile tests (mill tests) and conclude that the
strain hardening behaviour is independent of material thickness and steel grade.
In CSA S16-09 [5] it is assumed that flanges do not contribute to the shear strength
of W-sections and hence, the overstrength due to strain hardening is not dependent
on flange width or thickness.

Barecchia et al. [3] used FEM program ABAQUS to estimate overstrength in
shear links with e=ðMp=VpÞ� 1:6. Boundary conditions were imposed on various
types of shear links to ensure shear deformation and overstrength factors were

Fig. 2 Hysteric loops for link
(from Malley and Popov [15],
used by permission)

Fig. 3 Peak rotation and
maximum shear (from
Richards and Uang 2005 [18],
used by permission)
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determined corresponding to peak link rotations of 0.10 rad. The following formula
was proposed for the overstrength factor:

V
Vy

¼ 1:5þ
b=d

e
.
ð1:6Mp

Vp
Þ

ð9Þ

where b is the flange width of the W-shape. Although this equation was derived for
European steel shapes at link rotations that are 25 % greater than the maximum
specified in S16-09, clearly e=1:6ðMp=VpÞ and b/d are key parameters. However,
both numerical analyses and experimental tests [3] have demonstrated that Euro-
pean hot-rolled steel shapes possess large overstrength factors due to strain hard-
ening. Barecchia et al. suggest that the “compact webs of typical European shapes
profiles, which allow large strain hardening to be developed, even in the absence of
web stiffeners” could be the explanation. Steel shapes typically used in USA and
Canada having the similar b/d ratios may have more slender webs and so lesser
overstrength factors. However, Eq. (9) indicates clearly that the European steel
sections exhibit a minimum overstrength of 1.5, which is greater than the 1.43
currently specified in CSA S16-09.

4 Linear Regression Analysis

A multiple linear regression analysis was carried out (excluding built-up link
specimens) to determine the influence of key parameters on overstrength factor,
Vult=Vp. The independent variables considered in the analysis were: the normalized
link length, e=ðMp=VpÞ; the link rotation corresponding to the ultimate shear
capacity as observed in the test, cult; the ratio of ultimate tensile strength to yield
strength, Fu=Fy (only data from flange coupons are considered); the ratio of
member depth to flange width, d=b; ratio of member depth to web thickness, d=w;
the ratio of flange width to flange thickness, b=t; and, the normalized stiffener
spacing, a=ao. The parameters d=w, b=t and a=ao were found to be statistically
insignificant. The resulting model is:

Rstr ¼ 1:057� 0:251
e

Mp
�
Vp

þ 2:515 cult þ 0:360
Fu

Fy
ð10Þ

with all parameters statistically significant (p = 0.00001 and R2 = 0.81) and a
standard error of 0.087. Table 2 summarizes the predicted coefficients and their
errors: all have p-values much smaller than 0.05 and so are statistically significant.
Figure 4 shows the good fit between the predicted values and the experimental
results. The line on the figure corresponds to the predicted value equaling the
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experimental value. The coefficient of variation of Rstr varies due to the constant
value of the standard error and a variable mean value of Rstr. The mean value of Rstr

ranges from 0.737 (for long links) to 1.481 (for short links) and the corresponding
CoV values range from 0.045 to 0.112.

Figure 5 show plots of residual errors of Eq. (10) versus the independent vari-
ables e=ðMp=VpÞ and cult. The residuals are plotted on the vertical axis and the
independent variables are plotted on the horizontal axis. No trend is observed in
either figure. It is concluded that the computed model, Eq. (10) is adequate for
predicting overstrength.

Table 2 Results from the regression analysis for the generic model

Constant Fu=Fy cult e=ðMp=VpÞ
Coefficient 1.057 0.3598 2.5149 0.2510

Error in coefficient 0.1854 0.0232 0.5724 0.1066

p-value 10−4 10−4 0.0013 10−4
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Fig. 4 Fit between test results and predicted results (Eq. 10)

Fig. 5 Residuals of Eq. (10) versus e=ðMp=VpÞ and cult
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5 Summary

This paper presents a new statistical model to estimate overstrength due to strain
hardening in steel EBF links. The analysis involves a new parameter, “peak rota-
tion”, a quantity which is not known a priori by the designer, but corresponds to the
link rotation observed at maximum shear resisted by the link. A regression analysis
is performed on experimental link data obtained from literature. The normalized
link length, peak link rotation and the ratio of ultimate strength to yield strength are
observed to affect link overstrength. A good fit is obtained between the calculated
values from the model and the actual experimental values. The parameter estimates
and their errors are tabulated and are found to be statistically significant. The
residual analysis carried out on the independent parameters shows no trends. It is
concluded that the computed model is adequate for predicting overstrength.
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An Investigation of the Compressive
Strength of Cold-Formed Steel Built
up Channel Sections

G. Beulah Gnana Ananthi, G.S. Palani and Nagesh R. Iyer

Abstract Cold-formed steel members have been used extensively in low and mid-
rise residential building construction. The usage of cold-formed steels as primary
structural members has been increased due to its high load to weight ratio. Cold-
formed steel built-up sections are commonly used as compression elements to carry
larger loads and over longer spans when a single individual section is insufficient.
However, not much research has been done on built-up sections. This paper aims to
investigate the compressive capacity of pin-ended cold-formed steel built-up lipped
channel sections using finite element analysis (FEA). In the study, cold-formed
steel built-up lipped channel consists of two identical C-channel sections oriented
back to back with spacing between them and having a ratio of Ixx = Iyy which are
connected by battens at top and at bottom throughout its lengths at regular intervals
according to code based provisions. A non-linear finite element model is developed
and verified against theoretical results. The thickness of the members is thin and
hence they are susceptible to buckling, shell elements S4R are used in FE modeling.
The theoretical analysis is based on effective width method and direct strength
method and the results are generally conservative for cold-formed steel built-up
channel sections.

Keywords Built-up � Cold-formed steel � Finite element method � Direct strength
method � Effective width method
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1 Introduction

Cold-formed steel sections have been extensively used in low and mid-rise resi-
dential buildings. The usage of cold-formed steels has been increased because of its
high strength to weight ratio. Built-up cold-formed steel sections are commonly
used as columns to carry larger loads and over longer spans when a single indi-
vidual section is not enough. However, only very few research work has been done
so far on built-up sections. The singly symmetric sections are having relatively
small torsional rigidity that is weak in twisting compared to doubly symmetric
sections. In this study, the cold-formed steel built-up closed sections with spacing
between them are investigated. These members are composed of two or more
structural sections connected by transverse elements in the form of batten plates.
The transverse members ensure that the built-up member is acting as one integral
unit to achieve the required moment of inertia. An equivalent slenderness ratio of
the column is used to account for the shear force effect. In addition, the ratio is used
to calculate the overall buckling load of the built-up member. In the current
investigation, a non-linear finite element model is employed to study the behavior
of built-up battened columns composed entirely of thin-walled plates. Furthermore,
the proposed model was formulated to account for the effect of the overall
imperfection of the built-up column. The models account for steel plasticity, geo-
metric non-linearities, and geometrical imperfections. The models were verified
using experimental results available in the literature and used in an extensive
parametric study. In the parametric study the slenderness ratio was varied from 20
to 120 for the selected sections. The strength obtained from the numerical analysis
were compared with the design strengths obtained using the direct strength method
in the North American Specification [1] for cold-formed steel structures. In the
calculation of the direct strength method, local buckling stress and distortional
buckling stress are required.

2 Literature Review

The research performed on hot-rolled built-up members is the foundation of cold-
formed steel built-up member re-searches. Previous researches made by Rondal and
Niazzi [7] based on the formulas given by Johnson [6] for spaced hot rolled
columns in which the battens are attached to the chords by hinged connections, are
the only dedicated recommendations to calculate the resistance of such cold-formed
built-up members. Georgieva et al. [4] evaluated the normal force capacity of
columns with built-up cross-section shapes from CFS profiles according to the
direct strength method. Aslani and Goel [2] verified the modified slenderness ratio
analytically and experimentally for hot-rolled members, thereby verifying the AISC
built-up member design method. Temple and Elmahdy [10] carried out an exper-
imental and theoretical study to investigate the behaviour of battened columns made
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of standard channel hot rolled steel sections. A combination of an equivalent
slenderness ratio and limitations to the slenderness ratio of the main members
between batten plates (interconnectors) are provided. El Aghoury et al. [3] studied
the effect of the interaction between the leg outstands width–thickness ratio, the
angle overall slenderness ratio, and the overall member slenderness ratio on the
ultimate capacity of battened columns composed of four equal slender angles.
Georgieva et al. [5] studies on built-up CFS members showed, however, that along
with buckling, fastener flexibility also affects the member stability and strength,
especially when bolts are used to interconnect the profiles and clearances are
provided to ensure ease of assembly. The additional flexibility due to slip in con-
nections further complicates the development of a suitable design method for built-
up CFS members.

3 Finite Element Modelling

The behavior of built-up columns with batten plates connected by battens com-
posed of thin-walled members is investigated numerically using the finite element
method. Experimental results by Vishuvardhan and Samuel Knight [11] were used
to verify the efficiency of the numerical model in predicting ultimate capacities and
the corresponding response of the tested specimens. In this regard, the experimental
studies encountered a wide range of cross sectional shapes, and loading conditions
to ensure the validity and adaptation of the finite element model. Special emphasis
was given to the consistency of both local and distortional experimental buckling
modes to those developed using the finite element model. The current study adopted
finite element software ABAQUS 6.10. Thin-shell elements with four nodes and six
degrees of freedom at each node were used to model the columns. Both large
deflection analyses and elasto-plastic material response have been incorporated in
the finite element model. The elastic modulus (E) and the yield stress of the steel
material (σy) were considered as 200,000 and 250 N/mm2, respectively. The shear
modulus (G) was assumed equal to 78,000 N/mm2. In order to account for the
elasto-plastic behavior, a bilinear stress-strain curve was adopted, having a tangent
modulus (ET) of 4,000 N/mm2. The columns were loaded under uniform com-
pression throughout the whole cross section. The load was incrementally increased
through successive load steps. In order to investigate the behavior and the load-
deformation response in both pre and post-buckling ranges, the arc-length technique
with modified Newton–Raphson iterations were used in solving the non-linear
system of equations. The end conditions of the columns were pin ended with the
loaded end prevented from both rotation about the z axis, and translations in both x
and y directions. On the other hand, the unloaded end was prevented from trans-
lation in the three directions x, y, and z and from rotation along the z-axis. Local
geometric imperfections in both flanges and web, as well as the overall imperfec-
tions for the whole member were considered for the investigated models. The local
imperfections in both web and flange are assumed to be following that of the local
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buckling mode where the amplitude of the half-sine wave equals to the depth of the
web. Such shape proves to have the greatest influence on the post-buckling
behavior. In addition, the torsional-flange mode of initial imperfections was mod-
eled by considering one half sine waves for the channel flanges to investigate its
influence on the post–buckling behavior of the built-up strut. From the detailed
considerations from the literature, the local and distortional imperfection was taken
equal to the 0.006wt and 1.0t respectively as recommended by Salem et al. [8] and
Schafer and Pekoz [9], in addition the global imperfection magnitude was taken as
1/1,000 of the full length of the column at the mid-height section for lipped
channels were used in the parametric study models to initiate the nonlinear anal-
yses. For the boundary conditions, the rigid fixed Multi Point Constraint (MPC)
which is located at the geometric centroid of the section at upper and lower end of
the model is applied to the independent nodes. Whereas the dependent nodes are
connected to the independent node by using a rigid beam and all six structural
degrees of freedoms are rigidly attached to each other. This MPC acted as a rigid
surface that was rigidly connected to the upper and lower end of the columns as
shown in Fig. 1a. Using the modified RIKS method, the displacement control load
was applied in increments to the master node. All the specimens are loaded axially
through the centriod of the specimens. The mesh independent option available in
the software was used to connect the battens and built-up sections. The geometric
limitations for the specimens is presented in Fig. 1b.

4 Section Design

The cross-section dimensions for the lipped built-up battened channel column were
suitably chosen. The geometric limitations and the sectional properties for the
specimens are presented in Table 1.

Spacingbetween the chordswas chosen such thatmoment of inertia aboutminor axis
is twice that of moment of inertia about major axis. To ensure that the built-up member

Fig. 1 a Parametric model-rigid region and the geometric. b Geometric limitations for lipped
channel sections
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acts as a unit, AISC E6.2 requires that individual components of built-up compression
member connector spacing be such that the effective slenderness ratio of each com-
ponent does not exceed three-fourths of the slenderness ratio of the built-up member.
In this study, spacing between the battens was chosen to satisfy this requirement.

5 Validation

The numerical model was calibrated against the experimental work presented by
Vishuvardhan and Samuel Knight [11]. The comparisons of finite element analysis
result with test result are shown in Fig. 1b that shows the limiting condition as per
AISI for the lipped channel section.

The experimental, numerical and theoretical ultimate loads obtained for channels
welded toe to toe as box sections and also their ratios is presented in Table 2 that
shows the cross section chosen for the study which is with the limiting condition as
per AISI. The provision of lip increases the ultimate load carrying capacity of
double channels welded toe to toe up to 24 and 16 % from the FEA and experi-
mental studies respectively.

The prediction of ultimate load carrying capacity by IS method for the double
channel welded back to back section is in good correlation with the FEA and
experimental results, whereas the prediction by BS method underestimates the FEA
results up to 14 %. The percentage of underestimation by IS and NAS method with
respect to the FEA results are up to 7 % and the percentage of overestimation is 12 %.
For all the specimens the prediction by the British standards is the least (Fig. 2).

Table 1 Section properties
and geometry SI No. 1

Column designation BC 1

Thickness-t (mm) 2

Web-d (mm) 50

Flange-bf (mm) 90

Lip-d1 (mm) 15

Spacing-s (mm) 26

Batten width (mm) 62.08

Table 2 Comparison of experimental and finite element analysis (FEA) and the codal values for
double channel sections welded back to back

Double channels
welded back to back

Length
(mm)

PEXP
(kN)

PFEA
(kN)

PEXP/
PFEA

PIS/
PFEA

PNAS/
PFEA

PBS/
PFEA

60 × 30 × 15 × 2.1 180 198.9 203.67 0.98 1.12 1.12 0.98

80 × 40 × 20 × 3.3 250 311.5 294.49 1.06 0.96 0.93 0.82

100 × 50 × 20 × 3.3 300 271.4 315.66 0.86 1.10 1.09 0.98

Mean 0.97 1.06 1.05 0.93

SD 0.08 0.07 0.08 0.75
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The FEM results are slightly higher than the test results. The difference in the
numerical model is more likely due to assumed imperfections of the sections.

6 Parametric Study

In the parametric study, theoretical and numerical analyses were carried out for a
cross-section as mentioned in Table 1. For each cross-section different member
lengths are chosen to obtain a wide range of member slenderness ratios, varying
from 20 to 120. Totally 11 analysis were carried out by DSM and EWM. The
ultimate strength obtained by finite element analysis is compared with the direct
strength method as shown in Table 3.

As a sample, the deformed shape at failure load from finite element method is
shown in Fig. 3. Figure 4 shows the load versus axial shortening curves for BC1
and BC2 series columns.

Fig. 2 Failure of deformed
shape. a FEA. b Experimental
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Table 3 Comparison of results

Specimen ID PFEM
(kN)

PDSM
(kN)

PEWM

(kN)
PFEM/
PDSM

PFEM/
PEWM

Failure
mode

BC-20-B3 185.66 165.86 170.88 1.12 1.09 L + D + F

BC-30-B4 194.62 162.16 170.04 1.20 1.14 L + D + F

BC-40-B4 177.48 155.63 140.10 1.14 1.27 L + D + F

BC-50-B5 183.63 149.90 133.30 1.23 1.38 L + D + F

BC-60-B5 178.09 141.28 123.34 1.26 1.44 L + D + F

BC-70-B6 165.23 131.52 114.82 1.26 1.44 D + F

BC-80-B7 154.55 120.77 105.44 1.28 1.47 D + F

BC-90-B7 143.18 108.29 94.54 1.32 1.51 D + F

BC-100-B8 136.36 97.18 84.84 1.40 1.61 D + F

BC-110-B8 132.05 85.17 74.35 1.55 1.78 D + F

BC-120-B9 99.69 74.68 65.19 1.33 1.53 D + F

Mean 1.28 1.42

Standard deviation 0.12 0.19

Fig. 3 Deformed shapes at failure loads from FEM. a For BC-20-B3. b For BC-30-B4. c For BC-
40-B4
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For the slenderness ratio less than 70 all the specimens failed by combined local
(L), distortional (D) and flexural (F) mode. For slenderness ratio greater than 70, the
specimens failed by combined distortional (D) and flexural (F) mode. The DSM
approach un-conservative predicts the strength of the built-up battened columns.
The un-conservatism increases with increasing the member slenderness ratio. For
slenderness ratio greater than 70, the rate of un-conservatism is more. From the
graph it is observed that the curve follows similar trend. So their behavior will be
similar irrespective of the cross section.

7 Conclusions

A total of 11 axially loaded built up battened columns were numerically and the-
oretically studied in this paper. The following conclusions on the axial compressive
strength of the built-up battened columns are drawn within the limit of the present
investigation.

1. The developed finite element models using ABAQUS shows a reasonable
agreement with the test results available in literature, henceforth, ABAQUS
program can be used to simulate battened columns.

2. The use of modified slenderness ratio in DSM un-conservatively predicts the
strength of the built-up columns.

3. The ultimate strength of the member decreases with increase of overall slen-
derness ratio irrespective of section geometry.

4. For slenderness ratio between 70 and 120, the predominant failure mode is
distortional with flexural buckling.

Fig. 4 Load versus axial shortening behaviour of 90 × 50 × 15 × 2 mm batted column by FEA
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Shear Behavior of Rectangular Lean
Duplex Stainless Steel (LDSS) Tubular
Beams with Asymmetric Flanges—A
Finite Element Study

J.K. Sonu and Konjengbam Darunkumar Singh

Abstract This paper presents a numerical investigation in structural behavior of
rectangular Lean Duplex Stainless Steel (LDSS) tubular beams subjected to three
point loading using the commercial finite element software Abaqus. The effect of
compression flange thickness (tf) on shear capacity is assessed through a parametric
study considering various ratios (2–5) of compression flange thickness/web thickness
(tf/tw) for web slenderness (hw/tw) ranging from (20 to 300). Based on the FE analyses
it can be seen that the shear capacity is increased with decrease in web slenderness
and increase in compression flange thickness (tf). For the slender web (hw/tw = 300),
increase of flange thickness from 2 to 5 led to 40 % increment of shear capacity. The
shear buckling factor calculated from FE showed higher values (*140 %) compared
to the capacity curve from EN 1993-1-4 (2006) indicating that the EN design curve is
conservative.

Keywords Hollow steel beam � Shear behavior � LDSS � Abaqus

1 Introduction

In the last few decades, construction industry is dominated by carbon steel due to
several advantages like low cost, easy availability, long experience, established
design rules and different strength grades. But it suffers from disadvantages of
corrosion and heavy cross-sections due to low yield strength. Recently, stainless
steel has become popular in the construction industry due to its advantages like high
mechanical strength; good corrosion resistance, low maintenance costs, high duc-
tility, impact resistance, greater durability, and is more aesthetically appealing [7].
Austenitic stainless steel grades which are used prominently in the construction
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industry, has higher cost compared to carbon steel due to nickel content of *8–
11 % by mass [3, 12, 16]. The problem of high cost has been solved by the
introduction of new stainless steel grade EN 1.4162 (Lean Duplex Stainless Steel,
LDSS) with low nickel content of *1.5 % which reduces the material cost. In
addition to the property of stainless steel mentioned above, more advantages are
twice the mechanical strength compared to common austenitic grades and ferritic
stainless steel; less expensive, high corrosion resistance, facilitate the reduction in
usage of steel leading higher strength to weight ratio and high temperature prop-
erties [3, 14, 15]. LDSS has been recently included in the material standard EN
10088-4 [3], but there is no structural design code covered for this material due to
lack of sufficient information regarding structural behaviour. As a result, in recent
years, researchers have started showing interests of using LDSS in elaborate pro-
gram of numerical and experimental studies in structural elements like beams [10,
17, 18], columns [16], non rectangular/square columns [12], perforations [19],
beam-column [11] to investigate the structural behaviour. In addition to the
aforementioned studies in closed sections, researches have been conducted in LDSS
open sections (e.g. I-section) [14, 15]. As per the literature survey, no work has
been reported in the shear response of rectangular hollow LDSS beam. The con-
ventional cross-sections used to support the shear load are I-sections, which has the
web carrying shear and flanges for bending moment. If an eccentric load (appli-
cation of load is away from the longitudinal axis) is coming into the I-sections,
torsional resistance is very less compared to hollow sections. In contrast to open
sections, hollow beam sections have the advantage of better distribution of material
around the axis of hollow section thereby exhibiting excellent structural properties
like flexural-torsional stiffness and strength. In this paper, a systematic study has
conducted to test the shear capacity and failure modes of rectangular hollow LDSS
beam by varying the compression flange thickness. The FE results are compared to
the design standard, ENV 1993-1-4 [5] for stainless steel. Shear buckling factor are
also plotted for the considered specimen.

2 Finite Element Modelling Through ABAQUS

A finite element study has been conducted on rectangular hollow beam by using the
FE software, ABAQUS 6.9 EF [1]. The variation of shear capacity has been studied
by varying the compression flange thickness of rectangular section.

FEmodelling approach followed in this paper is same as the work published in the
literatures based on numerical modelling for plated structures by various researchers
(e.g. [16]). The hollow beam from experiment conducted by Theofanous and Gardner
[17, 18] was used to validate the modelling approach followed in the present study.

The cross-sectional geometry of the beam is shown in Fig. 1a, where hw, tw, wf, tf
and a are height of web, web thickness, flange width, flange thickness and shear
span respectively. The in-plane deformation of the beam is constrained at both ends
and midspan via kinematic coupling [17, 18] available in ABAQUS. Loading and
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support conditions are applied through the reference points (RP1, RP2 and RP3)
which are coupled to the nodes of cross-section as shown in Fig. 1b.

Load is applied through RP2 to transfer uniformly to the flanges and webs of the
coupled cross-section. In order to get constant shear along the span of the beam,
beam is supported at the both ends (one end is hinge and other is roller) and point
load is applied statically at the midspan of the beam as shown in Fig. 1c.

The reduced integration four noded general purpose shell element (S4R) with six
degrees of freedom per node has been used as recommended by the various
researchers for similar type studies conducted in thin walled structures [17, 18].
Approximate global size of mesh chosen according to the dimension of beam is
18 × 18 mm.

Geometrical imperfections are the undulations on geometry compared to ideal-
ized one; it exists in actual structure and affects the structural performance. The
local imperfection amplitude (Eq. 1) [2, 14, 15, 17, 18] is applied to lowest Eigen
mode and then utilized to perturb the actual geometry of the beam for subsequent
geometrical and non-linear analysis.

xo ¼ 0:023
r0:2
rcr

� �
t ð1Þ

where r0:2 is the 0.2 % proof stress and rcr is the elastic critical buckling stress of
plated elements, t is thickness of web.

The material properties (Tables 1 and 2) adopted for the present study is from the
experiment conducted on hollow beams [17, 18], to develop the stress-strain curve
for stainless steel. The stress (σ)-strain (ε) curve of LDSS have two parts (a)
Ramberg and Osgood [13] material model has been used up to 0.2 % proof stress
(<σ0.2), reported good prediction of material property for stainless steel, (b) beyond
the proof stress (>σ0.2), the model predicted by Gardner and Ashraf [8] is for the
compression property.

Weighted averages of tensile and compressive properties are assigned to the
tension and compression regions of the beam. Poisson’s ratio was taken as 0.3.
Figure 2 shows the schematic stress-strain diagram of LDSS of grade EN 1.4162

(a) (b) (c)

wf

hw

tf

RP1

RP2

RP3

Load

L

a 
L

Fig. 1 a Schematic diagram of FE LDSS hollow beam. b FE mesh (RP1, RP2 and RP3) are
reference points. c Boundary condition
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used to input in the FE model after the conversion of engineering stress-strain to
true plastic stress (rtrue)-strain (epltrue) using the Eqs. (2) and (3).

rtrue ¼ rnorm 1þ enormð Þ ð2Þ

epltrue ¼ ln 1þ enormð Þ � rtrue
E0

ð3Þ

where rnorm and enorm are engineering stress and strain.

3 Verification of Finite Element Model

Validation of themodeling approach has been done in square hollowLDSS beam (SHS
60 × 60 × 3-B2) as in Table 3, from the experiment conducted by Theofanous and
Gardner [17, 18]. In addition to the above mentioned material model for flat plates, the
tensile corner properties are assigned to the corner regions [9]. The moment versus
rotation curve (Fig. 3) shows good agreement between the numerical and experimental,
especially in ultimate moment capacity. The deformed shape (Fig. 4) shows the local

Table 1 Tension flat material properties

Cross-section E (MPa) σ0.2 (MPa) σ1.0 (MPa) σu (MPa) Compound R-O
coefficients

n n00:2;0:1

SHS 60 × 60 × 3 209,797 755 819 839 6.0 4.3

Table 2 Compression flat material properties

Cross-section E (MPa) σ0.2 (MPa) σ1.0 (MPa) σu (MPa) Compound R-O
coefficients

n n00:2;0:1

SHS 60 × 60 × 3 206,430 711 845 5.0 2.7

Fig. 2 Schematic diagram of
stress-strain curve of LDSS
material Grade EN 1.4162 [8]
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buckling at themiddle of the beamon compression flange, which is similar to deformed
shape from experiment. Hence the validation proves that, the present modeling
approach can be used in further parametric study of hollow beams.

4 Parametric Study Hollow Steel Beam

After successful validation of FE model to the experimental result, the shear
behavior and failure mode is studied by varying flange/web thickness ratio
(tf/tw = 2–5), for web slenderness (hw/tw = 20–300) in shear span of a/hw = 1.0.

5 Results and Discussions

Figure 5 shows the variation of V/Vy versus mid-span vertical deflection (δ) of
rectangular hollow beam with hw/tw = 300 (a/hw = 1.0). The normalized shear load,
V/Vy, shows the yield shear capacity of section with respect to yielding of webs

Table 3 Beam dimensions [17, 18]

Specimen L (mm) B (mm) D (mm) t (mm) ri (mm) wo

SHS 60 × 60 × 3-B2 1,100 60 60 3.10 2.3 Equation 1

L length, B width, H depth, t thickness, ri internal corner radius, wo local geometric imperfection
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Fig. 3 Variation of mid-span
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(SHS 60 × 60 × 3-B2)

Fig. 4 Experimental [17, 18] and FE failure modes of SHS 60 × 60 × 3-B2
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(without considering shear resistance of flange), where Vy (=Aw × fy/√3, in which Aw

is area of web, fy is yield tensile stress) is theoretical yield shear capacity of the web.
If Vu/Vy < 1, the section failed by local buckling prior to yielding; while VuVy > 1, the
beam yielded prior to ultimate shear. It can be seen that shear capacity (Vu), ductility
and deformation capacity (δu) increase with increase in flange thickness. Shear
capacity is improved by 40 % with increase in flange thickness ratios from 2 to 5. For
the lower ratios of flange thickness (tf/tw < 4), the load-displacement curve had a
sudden drop at post ultimate load, while in higher ratios (tf/tw ≥ 4); the curve is
flattened out and shows the improvement in ductility with increase in flange rigidity
due to the redistribution of stress, resulting in the delay of the formation of plastic
hinges in flange. Thus it can be seen that although shear capacity of section depends
upon web thickness, Vu and δu are significantly improved by increase in flange
thickness. From Fig. 5, it can be seen that all sections failed prior to yielding
(Vu/Vy < 1), as a result of local buckling in web and flanges (Fig. 7a, b). Figure 6
shows the variation of Vu/Vy versus hw/tw for flange thickness ratios from 2 to 5. It can
be observed that, shear capacity reduces with increase in web slenderness and raises
with increment in flange thickness. The sections with hw/tw < 75, Vu/Vy > 1, yielded
the sections prior to reach Vu and it improves with increase in flange thickness.

Different failure modes are observed in the deformed shapes, which were like the
observations made in studies conducted in shear behavior of open sections by various
researchers [6, 14, 15], they are bending, shear and combination of shear and
bending. For the bending failure mode, the formation of plastic hinge is at midspan or
near to the midspan of beam as shown in Fig. 7a. (e.g. tf/tw = 2, hw/tw = 300), as the
flanges is not rigid enough to resist the direct compressive stress by flexure. In the
case of shear failure mode, shear buckling develops in webs by pure shear stress and
the formation of plastic hinges in flanges located near the support as shown in Fig. 7b.
(e.g. tf/tw = 5, hw/tw = 300). Deformed shapes from FE results show that, shear
buckling appears only in slender webs (hw/tw ≥ 60) with rigid flanges (e.g. Fig. 7a–c).
Once the web is yielded by principal tensile stress which develops orthogonal to
the principal compressive stress, plastic hinges appear in flanges at supports.
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Fig. 7 Failure modes. a Bending (tf/tw = 2, hw/tw = 300). b Shear (tf/tw = 5, hw/tw = 300).
c Bending + shear (hw/tw = 150, tf/tw = 2, a/hw = 1.0)
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The location of hinge moved from midspan to supports with increase in flange
thickness from 2 to 5. The tensile stress distribution in web is extended over large area
with increment in flange rigidity (Fig. 7a, b). In combined failure mode, shear
buckling took place in web and plastic hinge in midspan as shown in Fig. 7c (e.g. tf/
tw = 2, hw/tw = 75).

FE results are used to assess the applicability of shear resistance model in EN
1993-1-4 (2006) for LDSS rectangular hollow beams. The shear capacity from FE
is compared to the design shear strength from EN 1993-1-4 (2006) for flange
thickness (tf/tw) of 2 as shown in Fig. 8. This shows that the overall behavior of
unfactored design strength given by Eurocode is giving the mean and co-efficient of
variation (COV) of Vu,FE/VEN 1993-1-4 for all the ratios of flange thickness as 1.12
and 0.25 respectively.

Figure 9 shows the contribution of web in shear carrying capacity in terms of
shear buckling factor vwð Þ against slenderness parameter �kw (vw and �kw are given in
Appendix) for shear span of a/hw = 1.0. FE results have been plotted by the nor-
malization of web shear capacity (reduced shear capacity of flange from Vu,FE) to Vy.
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It can be seen that vw decreases with increase in web slenderness (�kw). It means that,
higher web slenderness gives lesser contribution of web panel to the total shear
mechanism. The buckling factor above 1.2 at low slenderness represents strain
hardening of the sections (e.g. [14, 15]). The curve proposed for shear buckling
factor by EN 1993-1-4 (2006) is highly conservative in comparison to FE results, FE
results predicted *140 % more than the design curve.

6 Conclusions

This work reports a FE study in the shear behavior of rectangular lean duplex
stainless steel beams through ultimate shear capacity and deformed shapes by
changing the cross-sectional parameter of flange thickness. From the FE results,
following conclusions have been made:

1. The ultimate shear capacity and ductility of the hollow beam increase with
decrease in web slenderness (hw/tw) and increase in flange thickness (tf/tw). The
yielded area in webs is seen to be larger for higher flange thickness, resulting in
improved ductility.

2. For the shear failure mechanism, plastic hinges occur near the supports. It
happens in beams which have enough compression flange rigidity and high web
slenderness. Increment in rigidity (by increasing flange thickness) of compres-
sion flange shifts the failure mode of beam from bending to shear buckling
mode. Beams with thicker web failed by yielding of web and flanges, without
any shear buckling in webs.

3. Shear buckling factor calculated based on FE results show *140 % higher than
the design curve of EN 1993-1-4 (2006), showing conservative nature of the
codal curve, in comparison to the FE results.

Appendix

Shear buckling reduction factor (vw) (EN 1993-1-4 2006)

vw ¼ g for �kw � 0:6
g

; vw ¼ 0:11þ 0:64
�kw

� 0:05
�k2w

for �kw [
0:6
g

The slenderness parameter, �kw ¼ bw
37:4�t�e� ffiffiffi

ks
p

bw = clear distance between flanges, t = thickness of plate

g ¼ 1:2, e ¼ 235
fy

E
210;000

h i0:5
, E = Young’s modulus, fy = yield stress,

kτ = Shear buckling co-efficient [4]
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ks ¼ 5:34þ 4:00 b
a

� �2
when a=b� 1, ks ¼ 4:00þ 5:34 b

a

� �2
when a=b\1

a is the distance between the support and loading
b is the width of the plate (for web the clear distance between flanges hw).
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Evaluation of Mean Wind Force
Coefficients for High-Rise Building
Models with Rectangular Cross-Sections
and Aspect Ratio’s of 6 and 8
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Abstract Studies on measurement of wind loads on rigid models (geometric scale
of 1:300) of tall rectangular high-rise buildings having plan dimensions of 7.5 cm
(b) × 15 cm (d) with two different heights (h) of 45 cm and 60 cm, under simulated
open terrain condition was carried out using Boundary Layer Wind Tunnel (BLWT)
facility at CSIR-SERC, Chennai. The measurements of mean base forces (�Fx, �Fy
and �Fz) and torsions (�Tx, �Ty and �Tz) were made using a six-component force/torque
sensor for 8 different angles of wind incidence (θ), ranging from 0° to 90° and for 4
various mean wind velocities (�Uref ). Based on the analysis, mean base forces/
torsions in three mutually perpendicular axes, mean force coefficients in body fixed
axes X and Y, mean drag, lift force and torsion coefficients were obtained corre-
sponding to reference mean pressures measured at top of the building. It is observed
that the magnitudes of measured forces/torsions for model with h/b = 8 are found to
be high when compared with forces for model with h/b = 6. The evaluated values of
mean force coefficients obtained from the present study were compared with the
values reported in IS: 875 and found that the values given in code are found to be
conservative. Further, the % difference between them is observed to be within 5 %,
especially for wind direction normal to longer width of models with h/b = 6 and 8,
respectively.
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1 Introduction

Demand for tall buildings is being rapidly increasing worldwide including in India
due to their significant economic benefits in dense urban land use. Wind load is one
of the most important loads that influence the design of tall buildings. Using wind
tunnel, different techniques are being adopted in quantifying the integrated force
and its associated dynamic response on tall high-rise buildings. One such efficient
technique is measurements using High Frequency Force Balance (HFFB), which
was developed in 1980’s and importance of the HFFB technique is felt by the many
researchers worldwide even at present. Using HFFB, a benchmark study (Inter-
national HFFB Comparison Project) on two tall rectangular building models having
different side ratios and aspect ratios which was carried out by various participating
wind tunnel laboratories internationally and comparison among various partici-
pating groups was made by Holmes and Tse [4] on the results of base moments
(mean, maximum and minimum) and accelerations (at the top of the building at the
geometric centre, and at a corner of the roof) for three different design mean wind
speeds (20 m/s, 30 m/s and 40 m/s) and for two different damping ratios (1 % and
2.5 %). It was reported that for building with dimensions of l × b × h of
30 × 45 × 180 m, there was a good agreement in mean sway moments with
coefficients of variation of about 8–10 % for the largest values, more scatter in mean
torsional moments and fair amount of scatter in the predicted maximum accelera-
tions. Further, it was reported that for building with dimensions of l × b × h of
24 × 72 × 240 m, there was a good agreement in mean sway moments and more
scatter in mean torsional moments with coefficients of variation of about 20 %.
Chen et al. [1] presented an analysis of framework for coupled dynamic response of
tall buildings with HFFB technique apart from an alternative approach for esti-
mating the mean and background response components directly using HFFB
measurements without mode shape corrections and the contributions higher modes.
Further, e-technology aspects in conjunction with HFFB technique such as web-
based on-line analysis framework for buildings with uncoupled mode shapes used
in NALD (NatHaz Aerodynamic Loads Database), which facilitates the use of
HFFB data for preliminary design stages of tall buildings subject to wind loads
were also discussed. Prediction of wind force coefficients for rectangular high-rise
buildings using wind tunnel data through Artificial Neural Networks (input
parameters as terrain ‘α’, side ratio ‘b/d’ and aspect ratio ‘h

� ffiffiffiffiffi
bd

p
’) was studied and

reported by Wang et al. [9]. Effects of model geometry (side ratios, aspect ratios),
effects of boundary layer (urban, sub-urban, open) on wind loads through mean
base shear coefficients, rms (root mean square) base shear coefficients and reduced
base moment spectra along with characteristics of local and special coherence of
wind loads studied by a series of wind tunnel aerodynamic tests on rectangular
shaped prisms were reported by Cheng et al. [2]. Studies on characteristics of local
wind forces (in terms of mean and rms force coefficients, power spectral density,
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spanwise correlation and coherence) acting on tall buildings with different rectan-
gular cross sections using wind tunnel were reported by Lin et al. [7]. Ho et al. [3]
reviewed some of the components in the force balance data analysis both in his-
torical perspective and in its current advancement including basic formulation of the
force balance methodology in both frequency and time domains. Further, the effects
of various simplifications and omissions were discussed based on wind tunnel test
using a building model. Li et al. [6] carried out wind tunnel tests on models of
rectangular tall buildings with different cross sections to investigate the character-
istics of torsional wind loads (rms force coefficients, power spectrum densities as
well as vertical correlation functions of torsional wind loads). Further, based on the
test results, formulas were proposed having side ratio as parameters and on basis of
the formulas, a simplified expression to evaluate the dynamic torsional wind loads
on rectangular tall buildings in urban terrain was also presented. The IS: 875 [5]
specify the overall force coefficients for buildings with rectangular cross section
based on plan/aspect ratio. The aim of the present study is to investigate the effect of
h/b ratio (with same plan ratio) on mean force coefficients for the simulation under
considered. This paper presents results on mean base force/torque, mean force
coefficients in body fixed axes X and Y, mean drag, lift and torsion coefficients
obtained through measurements of loads on high-rise building models with plan
ratio of 1:2 and aspect ratios (height to shorter width, h/b) of 6 and 8 using force/
torque sensor under simulated open terrain in BLWT facility at CSIR-SERC,
Chennai.

2 Wind Tunnel Investigations on High-Rise Building
Models

2.1 Details of the Models and Instrumentation

For the present study, two rigid models with light weight material (thermo coal
skinned with plywood sheet) with a geometric scale of 1:300 were used for wind
tunnel investigations. The dimensions of the models are of 75 mm (b) × 150 (d)
mm, in plan, and height (h) of 450 and 600 mm, which lead to a plan ratio of 1:2
and aspect ratio, h/b) ratios of 6 and 8, respectively. An aluminum hollow circular
pipe was provided at the geometric centre of the model as a sensing element with
height same as the model and was placed on a six-component force/torque sensor to
measure the mean base forces (�Fx, �Fy and �Fz) and torsions (�Tx, �Ty and �Tz). The
schematic diagram of the model with its axes is shown in Fig. 1. The force balance
has self weight of 250 g, having diameter of 75 mm and height of 33 mm. The
diagram of the force/torque sensor and its electronic hardware outline are shown in
Fig. 1.
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2.2 Simulation of Terrain Characteristics

The high-rise buildings are assumed to be located in the terrain category 2, as per
IS: 875. Accordingly, profiles of mean velocity, turbulence intensity and turbulence
spectrum corresponding to open terrain with a length scale of 1:300 were simulated
in the wind tunnel by using a trip board followed by boards of wooden roughness
elements, as vortex generators. The results on simulated wind characteristics viz.
profiles of mean velocity, turbulence intensity, and turbulence spectrum with
Karman spectrum reported by Simiu and Scanlan [8] are shown in Fig. 2. The
power law coefficient, ‘α’ of the mean velocity profile is 0.165 and turbulence
intensities of 11.5 % and 10.5 % at top of building models with h/b = 6 and 8,
respectively.
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2.3 Wind Tunnel Investigations

Direct measurements of forces/torques in X, Y and Z axes were made on the models
for 8 different angles of wind incidence (θ) ranging from 0° to 90° and for 4 various
mean wind velocities, measured at top of buildings. Data were acquired with sam-
pling rate of 1,000 Hz and sampling period of 15 s. For each angle of wind incidence,
3 sets of data were acquired for reliable evaluation of mean force coefficients.
Typical views of the models tested in wind tunnel for θ = 0° are shown in Fig. 3. The
overall base forces/torques of the models were measured using a six-component
force/torque sensor. The force/torque sensor is capable of measuring the forces up to
±130 N in X and Y axes and up to ±400 N in Z axis, respectively, and torque up to
±10 N-m about X, Y and Z axes. The measured voltages are converted to the force/
torque values, using the in-built calibrated data in ATIDAQFT software.

3 Results and Discussions

3.1 Variation of Mean Base Forces (�Fx; �Fy and �Fz)

The variation of mean base forces �Fx, �Fy and �Fz acting along X, Y and Z axes with
angles of wind incidence, θ, for maximum wind velocity measured at top of
building models are shown in Fig. 4a. As expected, the magnitudes of measured
forces along Y axis are found to be high for both the models when compared with
forces along X axis. It is noted that the mean base forces �Fx (especially, for θ
between 0° and 45°) along X axis and �Fy along Y axis are observed to be high for
model with h/b = 8 when compared with model with h/b = 6. This is attributed to
larger suction pressures generated in the wake region of the former model. The
mean base force �Fz along Z axis for both the models are observed to be more or less
equal and these magnitudes of forces are found to be insignificant when compared
with forces acting along X and Y axes.

Fig. 3 Typical views of models with h/b of a 6 and b 8 tested in BLWT for θ = 0°
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3.2 Variation of Mean Base Torsions (�Tx; �Ty and �Tz)

The variation of mean base torsions �Tx, �Ty and �Tz acting about X, Y and Z axes
with angles of wind incidence, θ, are shown in Fig. 4b. The observations based on
mean base torsions are found to be similar with the observations based on mean
base forces. As expected, the magnitudes of measured torsions about X axis are
found to be high for both the models when compared with torsions about Y axis. It
is noted that the mean base torsions �Tx and �Ty (especially, for θ between 0° and 45°)
acting about X and Y axes are observed to be high for model with h/b = 8 when
compared with h/b = 6. The mean base torsion �Tz acting about Z axis for both the
models are observed to be more or less equal and these magnitudes are found to be
insignificant when compared with torsions acting about X and Y axes. Further, it is
noted that variation of �Tx has the similar trend (but negative with varying magni-
tudes) with respect to variation of �Fy and variation of �Ty has the similar trend with
respect to variation of �Fx.

4 Evaluation of Aerodynamic Force Coefficients

With reference to body fixed axes (X and Y), orientations of mean base forces �Fx,
�Fy and �Fz and torsions �Tx, �Ty and �Tz along with drag and lift directions corre-
sponding to angle of wind incidence, θ are indicated in Fig. 1. The mean force
coefficients (�Cfx and �Cfy) along body fixed axes (X and Y) were deduced from the
measured mean base forces �Fx and �Fy, mean torsions �Tx and �Ty. By resolving �Cfx

and �Cfy in the direction of wind and perpendicular to the direction of wind, the
mean drag and lift force coefficients �Cd and �Cl are evaluated, and the corresponding
overall force coefficients (base) are obtained. The mean base shear force of the
model (for ex: h/b = 6) can be defined as,

�F ¼
ZHþ0:02

0:02

0:6�Cf �U
2 bdz ð1aÞ

considering the values of H = 0.45 m, b = 0.075 m, �U2 ¼ U2
refðz=zrefÞ2a, zref ¼

Hþ 0:02 and α = 0.165 in Eq. (1a), integrating w.r.t. ‘z’ and substituting the limits,
the relation between the measured base shear forces and square of the reference
mean velocities can be obtained and is given as,

�F ¼ 0:208847�CfbU2
ref ð1bÞ
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The base torsion of the model (for ex: h/b = 6) can be defined as,

�T ¼
ZHþ0:02

0:02

0:6�Cf �U
2bz dz ð2aÞ

considering the values of H, b, �U2, zref and α as mentioned above in Eq. (2a),
integrating w.r.t. ‘z’ and substituting the limits, the relation between the measured
base torsions and square of the reference mean velocities can be obtained and is
given as,

�T ¼ 0:056848�CfbU2
ref ð2bÞ

Similarly, for the model with h/b = 8, the base shear force and torsion can be
expressed as,

�F ¼ 0:276794�CfbU2
ref and �T ¼ 0:098954�CfbU2

ref ð3Þ

4.1 Variation of Mean Base Forces/Torsions with Square
of Reference Mean Velocities

The variations of mean base forces/torsions with square of reference wind velocities
(8.0 m/s, 10.6 m/s, 13.3 m/s, 15.9 m/s for h/d = 6 and 8.3 m/s, 11.1 m/s, 13.9 m/s,
16.7 m/s for h/d = 8) for various angles of wind incidence are to be fitted in order to
find the slopes. The respective force coefficients are calculated from the slopes by
equating the constant terms in mean base shear force/torsion using Eqs. (1b) and
(2b) for h/b = 6 and Eq. (3) for h/b = 8, respectively. For example, the graphs
representing the linear fits between the mean base forces/torsions and square of
reference mean velocities for an angle of wind incidence of 30° are shown in Fig. 5.

4.2 Typical Calculations of Force Coefficients

Force coefficients along body fixed axes X and Y are calculated by using mean base
shear force and torsion equations and those coefficients were averaged to obtain
mean force coefficients. Force coefficients in along wind and across wind are cal-
culated by using mean base shear force and torsion equations and then those
coefficients were averaged to obtain mean drag and lift force coefficients. Here, the
typical calculations for force coefficients for the model having an aspect ratio of 6
for θ = 30° are discussed.
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4.3 Mean Force Coefficients (�Cfx and �Cfy) from Mean Base
Shear Forces

The values of �Cfx and �Cfy are obtained from mean base shear forces using Eqs. (4a)
and (4b).

�Cfx ¼ slope of �Fx
constant in �F expression� b

ð4aÞ

From Fig. 5a, the slope of �Fx is 0.0166, from Eq. (1b), the constant in �F
expression is 0.208847 and b = 0.075 m. Therefore, �Cfx ¼ 1:060.

�Cfy ¼ slope of �Fy
constant in �F expression� d

ð4bÞ

From Fig. 5b, the slope of �Fy is 0.0240, from Eq. (1b), the constant term in �F
expression is 0.208847 and d = 0.15 m. Therefore, �Cfy ¼ 0:766.

4.4 Mean Force Coefficients (�Cfx and �Cfy) from Mean Base
Torsions

The values of �Cfx and �Cfy are obtained from mean base torsion using Eqs. (4c) and
(4d).

�Cfx ¼ slope of �Ty

constant in �T expression� b
ð4cÞ

From Fig. 5d, the slope of �Ty is 0.0046, from Eq. (2b), the constant term in �T
expression is 0.056848 and b = 0.075 m. Therefore, �Cfx ¼ 1:079.

�Cfy ¼ slope of �Tx

constant in �T expression� d
ð4dÞ

From Fig. 5c, the slope of �Tx is -0.0062, from Eq. (2b), the constant term in �T
expression is 0.056848 and d = 0.15 m. Therefore, �Cfy = 0.727.

Hence, average �Cfx ¼ ð�Cfx from �Fx þ �Cfx from �TyÞ=2 ¼ 1:069 and average
�Cfy ¼ ð�Cfy from �Fy þ �Cfy from �TxÞ=2 ¼ 0:747.
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4.5 Mean Torsion Coefficients (�Ctz) from Mean Base
Torsions

The values of �Ctz are obtained from mean base torsions using Eq. (4e).

�Ctz ¼ slope of �Tz

constant in �T expression � b0 � d0
ð4eÞ

From Fig. 5e, slope of �Tz is −0.00012, from Eq. (2b), the constant term in �T
expression is 0.056848 and for θ = 30°, the project widths b′ = 0.139952 m and
d′ = 0.167404 m. Therefore, �Ctz ¼ �0:090.

4.6 Mean Drag and Lift Force Coefficients (�Cd and �Cl)
by Using Mean Base Shear Forces

By resolving �Fx and �Fy, in the direction of wind and perpendicular to the direction
of wind, the mean drag and lift forces �Fd and �Fl are evaluated and is given in
Eq. (5a) as,

�Fd ¼ ð�Fx cos hþ �Fy sin hÞ and �Fl ¼ ð�Fy cos h� �Fx sin hÞ ð5aÞ

Equation (5a) can be written as similar to Eq. (1b) as,

�Fd ¼ 0:208847 �Cd b0 U2
ref ¼ ððslope of �FxÞ cos hþ ðslope of �FyÞ sin hÞ ð5bÞ

�Fl ¼ 0:208847 �Cl d0U2
ref ¼ ððslope of �FyÞ cos h� ðslope of �FxÞ sin hÞ ð5cÞ

The values of �Cd and �Cl are obtained using Eqs. (5b) and (5c) and are given as,

�Cd ¼ ðslope of �FxÞ cos hþ ðslope of �FyÞ sin h
constant in �Fd expression� b0

ð5dÞ

For θ = 30°, the project width b′ = 0.139952 m and from Eq. (5b), the constant in
�Fd expression is 0.208847. Therefore, �Cd ¼ 0:902.

�Cl ¼ ðslope of �FyÞ cos h� ðslope of �FxÞ sin h
constant in �Fl expression� d0

ð5eÞ

For θ = 30°, the project width d′ = 0.167404 m and from Eq. (5c), the constant in
�Fl expression is 0.208847. Therefore, �Cl ¼ 0:357.

Evaluation of Mean Wind Force Coefficients … 607



4.7 Mean Drag and Lift Force Coefficients (�Cd and �Cl)
by Using Mean Base Torsions

The values of �Cd and �Cl are obtained from mean base torsions using Eq. (6a) as,

�Td ¼ ð�Ty cos hþ �Tx sin hÞ and �Tl ¼ ð�Tx cos h� �Ty sin hÞ ð6aÞ

Equation (6a) can be written as similar to Eq. (2b) as,

�Td ¼ 0:056848 �Cd b0 U2
ref ¼ ððslope of �TyÞ cos hþ ðslope of �TxÞ sin hÞ ð6bÞ

�Tl ¼ 0:056848 �Cd d0 U2
ref ¼ ððslope of �TxÞ cos h� ðslope of �TyÞ sin hÞ ð6cÞ

�Cd ¼ ðslope of �TyÞ cos hþ ðslope of �TxÞ sin h
constant in �Td expression� b0

ð6dÞ

For θ = 30°, the project width b′ = 0.139952 m and from Eq. (6b), the constant in
�Td expression is 0.056848. Therefore, �Cd ¼ 0:890.

�Cl ¼ ðslope of �TxÞ cos h� ðslope of �TyÞ sin h
constant in �Tl expression x d0

ð6eÞ

For θ = 30°, the project width d′ = 0.167404m and from Eq. (6c), the constant in �Tl

expression is 0.056848. Therefore, �Cl ¼ 0:323. Therefore, average �Cd ¼ ð�Cd from
�Fd þ �Cd from �TdÞ=2 ¼ 0:896 and average �Cl ¼ ð�Cl from �Fl þ �Cl from �TlÞ=2 ¼
0:340.

4.8 Variation of Base Mean Force Coefficients (�Cfx and �Cfy)

The variation of �Cfx and �Cfy with angles of wind incidence, θ, are shown in Fig. 6.
Based on Eqs. (1b) and (2b), the slopes for overall force coefficients along X and Y
axes were obtained by plotting the square of the velocities measured at top of
building models in X axis and the measured base mean base forces/torsions in Y
axis. For θ = 0°, the values of average �Cfx from force and torsion for models with h/
b = 6 and 8 are found to be 1.01 and 0.98. The values of �Cfx are increasing with
increase in angles of wind incidence up to 30°, (�Cfx ¼ 1:12 and 1.10 which are
10 % more than value corresponding for θ = 0°) and reduces with increase in angles
of wind incidence. For θ = 90°, the values of �Cfx is found to be zero, for both
models. For θ = 0°, the values of average �Cfy are found to be zero, for both models.
The values of �Cfy are found to be increasing with increase in angles of wind
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incidence i.e., from 0° to 90°. For θ = 90°, the values of average �Cfy are found to be
1.32 and 1.35 for models with h/b = 6 and 8, respectively.

4.9 Variation of Mean Drag and Lift Force Coefficients
(�Cd and �Cl)

The variation of �Cd and �Cl with angles of wind incidence, θ, are shown in Fig. 7.
Using Eqs. (5a)–(6e), the values of �Cd and �Cl were obtained in the direction and
perpendicular to direction of wind. It is seen from Fig. 7 that the values of average
�Cd are more or less same (about 0.9 for both models) up to θ = 60° and beyond
which it increases with increase in angles of wind incidence. It is observed that for
θ = 0°, the value of average �Cd is found to be about 1.0 for both models and for
θ = 90°, the value is found to be about 1.3 i.e., 30 % more when compared with
value corresponding for θ = 0°. It is observed that the values of average �Cl for
θ = 0° and 90° are found to be about zero. The values of �Cl found to be increasing
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with increase in angles of wind incidence i.e., up to 60° and decreasing with
increase in angles of wind incidence. For θ = 60°, the maximum values �Cl are found
to be as 0.50 and 0.53 for h/b = 6 and 8, respectively.

4.10 Variation of Mean Torsion Coefficients (�Ctz)

The variation of �Ctz with angles of wind incidence, θ, are shown in Fig. 8. It is
observed that the values of average �Ctz for θ = 0° and 90° are found to be about
zero. It is noted that values of maximum positive (0.20 and 0.18 for h/b = 6 and 8)
and negative �Ctz (−0.26 and −0.18 for h/b = 6 and 8) are obtained for θ = 10° and
60°, respectively.

5 Comparison Between Evaluated Values and Values
Reported in Literature

The evaluated values of �Cd are compared with values reported in code [5] and are
shown in Fig. 9. For wind direction normal to shorter width of the models, the
evaluated values of �Cd obtained from the present study are found to be less (by
18 % and 28 % for h/b = 6 and 8) than the values reported in code i.e., values given
in code are conservative. For wind direction normal to longer width of the models,
the evaluated values of �Cd obtained from the present study are found to be less
(by 1 % and 3 % for h/b = 6 and 8) than the values reported in code i.e., values
given in code are conservative. It is interesting to note that for wind direction
normal to longer width of the models, the values obtained from the present study
under open terrain condition are near to the values reported in code under uniform
flow condition. It is be noted that the values given in code [IS: 875] are overall force
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coefficients for rectangular clad buildings of uniform section with flat roofs in
uniform flow. Further, comparison between the values of mean drag force coeffi-
cients obtained from the present study and the values of mean base shear coeffi-
cients (corresponding to open terrain with α = 0.15) reported by Cheng et al. [2]
was made. It is noted that the values of mean drag force coefficients obtained from
the present study are found to be more (by 6 % and 8 %) than the values of mean
base shear coefficients reported by Cheng et al. [2] for side ratios of b/d = 2 and 0.5,
aspect ratio of h=

ffiffiffiffiffi
bd

p ¼ 4:2 and for h=
ffiffiffiffiffi
bd

p ¼ 5:7, the values of mean drag force
coefficients obtained from the present study are found to be less (by 8 %) and more
(by 7 %) than the values of mean base shear coefficients reported by Cheng et al.

6 Summary and Conclusions

Measurements of wind loads on rigid models (geometric scale of 1:300) of tall
rectangular high-rise buildings having plan ratio of 1:2 and height to shorter width,
h/b of 6 and 8 was carried out under simulated open terrain condition using BLWT.
The models were of light weight material (thermo coal skinned with plywood sheet)
with an aluminium hollow circular pipe provided at the geometric centre. Direct
measurements of base forces (Fx, Fy and Fz) and torsions (Tx, Ty and Tz) were made
by using a six-component force/torque sensor. The mean base forces/coefficients,
mean drag, lift and torsion coefficients were evaluated with reference pressures at
top of building models. The magnitudes of measured base forces for direction of
wind normal to longer widths are found to be high when compared for direction of
wind normal to shorter widths, for both the models. It is noted that the mean base
forces along the direction of wind and direction perpendicular to wind are observed
to be high for model with h/b = 8 when compared with h/b = 6. This is attributed
due to size of the wake created behind former model.
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The magnitudes of mean base torsions (about Z axis) are found to be considerably
smaller than the sway moments (i.e., about X and Y axes). For wind direction normal
to shorter width, the value of mean drag coefficients for both models is found to be
around 1.0 and the variation of mean drag coefficients is gradually increases when
the angles of wind incidence increases. The maximum values of mean lift force
coefficients are found to be 0.50 and 0.53 for θ = 60° for h/b = 6 and 8, respectively.
The values of maximum positive (0.20 and 0.18 for h/b = 6 and 8) and maximum
negative (−0.26 and −0.18 for h/b = 6 and 8) torsion coefficients are observed for
θ = 10° and 60° for h/b = 6 and 8, respectively. The evaluated values of mean drag
coefficients are compared with the values reported in IS: 875. For both wind
directions (i.e., normal to shorter and longer widths), the evaluated values of mean
drag coefficients obtained from the present study are found to be less than the values
reported in code i.e., values given in code are conservative. Further, evaluated values
of mean drag coefficients are compared with the values reported (corresponding to
open terrain with power law coefficient of 0.15) in the literature and the % difference
between them is found to be within 10 %. The study can be further extended to
understand the effects of boundary layer wind flows on wind loads acting on such tall
buildings.
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Comparative Analysis of High Rise
Building Subjected to Lateral Loads
and Its Behavior

Deepak B. Suthar, H.S. Chore and P.A. Dode

Abstract The race towards new heights and architecture has not been without
challenges. Tall structures have continued to climb higher and higher facing strange
loading effects and very high loading values due to dominating lateral loads. The
design criteria for tall buildings are strength, serviceability, stability and human
comfort. But the factors govern the design of tall and slender buildings all the times
are serviceability and human comfort against lateral loads. This paper reviews the
evolution of tall building’s structural systems. For the primary structural systems,
various schemes for the buildings is presented. While modular type structural
systems for tall buildings are discussed. In this present study, main focus is to check
the feasibility of the new scheme (replacing columns and beams by R.C.C. walls
using Aluminum modular formwork) and its effectiveness over the regular scheme.
Necessity of transfer mechanism is also discussed. Residential cum commercial
building with G + 40 storey has been considered for the analysis. To carry out
detailed investigation on tall buildings, two different structural systems have been
considered for the analysis such as (A) model I—regular frame system and (B)
model II—modular wall slab system. The building is analysed for various load
cases, mainly gravity loads (due to dead load and live load) and lateral loads (due to
earthquake and wind load). For seismic analysis response spectrum method has
been used as dynamic analysis and for wind analysis gust factor method has been
used. Feasibility of the scheme is studied for both the options. Analysis is carried
out by using standard package ETABS. The comparison of these models for dif-
ferent parameters like storey drift, storey displacement, storey shear, and mode
shape with respect to time period are presented for various load cases.
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Keywords High rise � Transfer mechanism � Modular formwork � Base shear �
Storey displacement � Storey drift � Mode shape

1 Introduction

High Rise Buildings are those buildings whose height creates different conditions in
the design, construction, and use than those that exist in common buildings of a
certain region and period. Transfer Mechanism can be defined as either flexural or
shear structures that transmit heavy loads from columns or walls acting on its top
and redistribute them to supporting columns or walls. These transfer structures may
be in the form of transfer beams, transfer girders or transfer plates. Modular
formwork is the aluminium formwork system which has been found suitable for
mass housing construction under the slum rehabilitation scheme in Mumbai. The
modular nature of the system enables speedy, economical and quality construction.
The design of tall buildings essentially involves a conceptual design, approximate
analysis, preliminary design and optimization, to safely carry gravity and lateral
loads. The design criteria are strength, serviceability, stability and human comfort.

Building design often involves podium structure that houses other functional
spaces such as shopping mall or a large lift lobby which require an unobstructed
spatial layout in order to give a more impressive view. While for the upper
structure, it is often used as office or residential units using more economical shorter
span design, or sometimes even with the putting in of very congested core wall for
lift shaft and other building services. So design aspect mainly involves following
the critical aspect in the design of structural framing at lower level to accommodate
such podiums, parking, lobby services, shopping malls etc. Upper level optimum
structural framing to get maximum space utilization is transfer mechanism to
accommodate both the framing system mentioned above to transfer the loads safely.

The design criteria are

• Strength—satisfied by limit stresses
• Serviceability—satisfied by drift limits in the range of H/500 to H/1000.
• Stability—satisfied by sufficient factor of safety against buckling and P-δ effects.
• Human comfort aspects—are satisfied by accelerations.

Subsystems and Components

• Floor systems
• Vertical load resisting system
• Lateral load resisting systems
• Connections
• Energy dissipation systems and damping.

The most commonly used structural systems (Fig. 1)

• Moment resisting frames
• Shear wall-frame systems
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• Shear truss-outrigger braced systems
• Framed-tubes
• Tube-in-tube systems with interior columns
• Bundled tubes
• Truss tubes without interior columns
• Modular tubes.

2 Building Description

A building is assumed for lateral load (seismic and wind) analysis that consists of a
G + 40 R.C.C. residential cum commercial building. The plan of the building is L-
shape irregular in nature. It has multiple usages like retail shop up to 3rd. floor,
parking for 4th and 5th floor, Amenity floor, service floor and upper residential
floors. The building is considered in category 3 for wind and zone III for seismic
and is assumed to be in Mumbai region with basic wind speed of 44 m/s. The
building is 128.2 m in height 47.82 m in length and 31.45 m in width. The
important features of this building are shown in Table 1.

Figure 2 shows the typical floor plan of Architectural drawing showing the usage
of area and its schematic arrangement.

Fig. 1 Conceptual details of structural system can be adopted for the tall buildings.
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Table 1 Salient features of the building

1 Type of structure Multi-storey pin jointed frame

2 Category (wind) 3

3 Basic wind speed 44 m/s

4 Seismic zone III

5 Layout As shown in Figure no 2

6 Number of stories 41 (G + 40)

7 Total height of buildings above
natural ground level

128.2 m

8 Floor heights Gr flr = 4.1 m; first/second floor = 4.1 m; third
floor = 4.1 m; fourth floor = 4.1 m; fifth
floor = 4.1 m; sixth floor = 2.0 m

All typical floors = 3.00 m

9 External walls 200 mm thick including plaster

10 Internal walls 150 mm thick including plaster

11 Live load 2.0, 3.0, 5.0 kN/m2

12 Materials M30, M40, M50 and Fe 500

13 Wind analysis Dynamic (gust factor) method

14 Seismic analysis Dynamic (response spectra) method

15 Design philosophy Limit state method conforming to IS 456:2000

Fig. 2 Typical floor architectural plan
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3 Model and Analysis

Building is modeled using standard software package ETAB. Beams and columns
are modeled as two noded beam elements with six DOF at each node. Shear wall
are modeled using shell element. Dynamic (gust factor) analysis for wind and for
dynamic (response spectra) analysis for seismic performed on models. Based on
analysis, the parameters such as lateral displacement, storey drift, storey shear and
the time period is compared for both models. Following models are considered

• Model I: Regular column/wall, beam slab system
• Model II: Replacing the beams and columns with Modular wall slab system for

residential floors.

Figure 3 shows the Structural framing for Model I showing the R.C.C. columns/
walls at regular interval with beams and slabs. Figure 4 shows the Structural
framing for Model II showing the modular wall type framing i.e. replacing all
masonry with the R.C.C. walls. Figure 5 shows the 3-D view of building with
Model II from ETABS.

Fig. 3 Model I (regular frame of wall/column-beam slab system)

Comparative Analysis of High Rise Building … 617



4 Results and Discussions

4.1 Storey Drift

Figures 6 and 7 shows the graphical representation of storey drift in X and Y
direction in seismic condition. Figures 8 and 9 shows the graphical representation
of storey drift in X and Y direction due to wind loads.

From the storey drift in X and Y direction for two different model, it is seen that
the model I clearly shows the higher storey drift at upper level above 5th floor in X
direction and above 8th floor in Y direction as compared to model II due to change
in stiffness of the structure. Further, the storey drift is higher in model II below 5th
floor in X direction and below 3rd floor in Y direction. Due to L-shaped building
the storey drift pattern observed in both model in two directions is not similar. The
storey drift as found in both the models is well within the limit as imposed by IS
1893 (Part I) [1].

4.2 Lateral Displacement

Figures 10 and 11 shows the graphical representation of lateral displacement in X
and Y direction in seismic conditions. Figures 12 and 13 shows the graphical
representation of lateral displacement in X and Y direction due to wind loads.

Fig. 4 Model II (modular wall slab construction type)
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Fig. 5 Model II (3-D view)

Fig. 6 Storey drift in
X-direction (seismic)
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Fig. 7 Storey drift in
Y-direction (seismic)

Fig. 8 Storey drift
in X-direction (wind loads)

Fig. 9 Storey drift
in Y-direction (wind loads)
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From the graphical representation thereof as shown in Figs. 10, 11, 12 and 13 it
is found that the building as model II is stiffer than the model I. In both the model,
displacement is linearly increasing as the height increase. Limit of lateral storey
displacement as per IS code 1893 (Part I) 2002 is H/500. From Fig. 14, it is clearly
observed that building is more susceptible to wind loads in Y direction.

Fig. 10 Lateral displacement
in X-direction (seismic)

Fig. 11 Lateral displacement
in Y-direction (seismic)
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Fig. 12 Lateral displacement
in X-direction (wind load)

Fig. 13 Lateral displacement
in Y-direction (wind load)

Fig. 14 Storey shear in
X-direction (seismic)
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4.3 Storey Shear

Figures 14 and 15 shows the graphical representation of storey shear in X and Y
direction in Seismic conditions. Figures 16 and 17 shows the graphical represen-
tation of Storey shear in X and Y direction due to wind loads.

Fig. 15 Storey shear in
Y-direction (seismic)

Fig. 16 Storey shear in
X-direction (wind load)

Fig. 17 Storey shear in
Y-direction (wind load)
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From the storey shear in X and Y direction for two different model, it is observed
that the graph is slightly curved in nature in seismic conditions, whereas it is linear
in case of wind loads.

4.4 Time Period and Mode Shape

The mode shape with respect to time period for different models shown in Fig. 18.
From Fig. 18, the fundamental time period is found to be more in mode shape 1

from model I. The trend of time period is less in model II considered in the present
findings. As per IS code 1893 (Part I) 2002, the time period should not be more than
0.1 times of number of floors in mode shape 1 i.e. 4.1 s. The model I does not
satisfy the criteria of mode shape. From Fig. 11 shows the fundamental time in
mode shape 1 in model II, this condition governs the case time period is very less as
per compared to model I.

4.5 Time Period Variations

Figure 19 shows the graphical representations of time period for the structure as per
the IS 1893 (Part I) [1] and actual time period obtained from the model. From above
graph it is observed that the code gives very conservative values results in more
base shear.

Fig. 18 Mode shape with
respect to time period
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5 Conclusion

The behavior of high rise structure for both the scheme is studied in present paper.
In this paper we got the results from mathematical model for model I and model II.
The graph clearly shows the story drift, lateral displacement and time period is more
in model I as compared to model II.

From all the results it is found that model II is very effective in resisting the
lateral forces induced by earthquake and wind. Because of the box effect of modular
type scheme, it is increasing overall stiffness of the building thus, reducing the sway
problem in the structure. As building is in irregular “L-shape” the behavior in both
directions is not similar. Further, the comparison between regular and modular type
indicates the overall feasibility of the scheme without affecting its stability in
gravity as well as lateral loads.

Reference

1. IS 1893 (2002) Criteria for earthquake resistant design of structures, part I: general provisions
and buildings (5th revision). Bureau of Indian Standard, New Delhi

Fig. 19 Time period variations
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Variations of Water Particle Kinematics
of Offshore TLPS with Perforated
Members: Numerical Investigations

Srinivasan Chandrasekaran and N. Madhavi

Abstract Offshore Tension Leg Platforms (TLP) are often subjected to critical
environmental loads that cause serious damage; MARS TLP in GoM, damaged by
hurricane Katrina in 2005 is an example. Existence of external perforated cover
reduces hydrodynamic forces on the existing members caused by direct wave
impact. Although many studies confirm this fact but variations in the water particle
kinematics along the water depth needs a detailed investigation to verify the phe-
nomenon. Geometric configuration of the column member of the damaged MARS
tension leg platform (TLP) is modeled on a 1:100 scale with an external perforated
cover. Variations of water particle kinematics of the column member, encompassed
by perforated cover are presented through detailed CFD analysis. Traces of the
horizontal water particle velocity along the water depth are derived for a wide range
of wave period under the critical wave amplitude. Results of the numerical studies
show that there is a significant reduction in the water particle velocity, which
verifies the fact of reduction in forces on the column members. The attempted study
can be seen as a prime-facie to investigate the retrofitting and rehabilitation process
of the damaged TLP.

Keywords Perforated cylinder � Computation fluid dynamics (CFD) � Velocity
vector � Hydrodynamic response � Offshore TLP
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1 General

An attempt is made to simulate the hydrodynamic response of a perforated cylinder
with porosity 10 %, which is similar to that of a perforated outer cylinder. The
numerical capabilities enabled in different modules to simulate viscous drag and
turbulence effects that are caused by perforations are considered as an advantage to
the software used. Details of the simulation, as attempted through several stages of
the numerical modeling are discussed in steps; various settings such as mesh and
physics models used in the study and their significance are also presented. In
October 1993, Shell announced plans to develop Mars utilizing an in-house
designed and engineered TLP. The TLP was installed 3 years later in May at a
water depth of 2,940 ft, making it the deepest TLP at the time as measured from its
base on the seabed to the top of its tower. In 2005, Mars was damaged when
Hurricane Katrina hit the Gulf of Mexico but returned to production ahead of
schedule in May 2006 and was producing slightly above its pre-Katrina rates in July
2006. Among the first-ever accomplishments were, most notably, the lift of the
1,000 ton damaged rig substructure, the repairs to both of the Mars product export
pipelines in 2,000 ft of water and the mooring of the Safe Scandinavia in 3,000 foot
water depth. The Mars recovery project encompassed more than one million man-
hours without a recordable injury.

2 Critical Review of Literature

2.1 Perforated Cylinders

Wang and Ren [10] analytically investigated the wave kinematics around a pro-
tected impermeable pile with porous outer cylinders. As the annular spacing
becomes smaller, the long waves demonstrate larger forces on the inner cylinder
than do the short waves. Williams and Li [11] founded that there was a significant
reduction in wave field and hydrodynamic forces experienced by the interior cyl-
inder which was surrounded by semi porous cylindrical breakwater. The porosity of
structure resulted in a significant reduction of both the hydrodynamic loads expe-
rienced by the cylinders and the associated wave run-up [12]. William et al. [13]
founded that the permeability, size and location of the porous region have a sig-
nificant influence on the horizontal component of the hydrodynamic excitation and
reaction loads, while its influence on the vertical components in most cases is
relatively minor. Neelamani et al. [3] founded that the ratio of the force on per-
forated caisson to the force on caisson with zero percent porosity reduces to an
extent of up to 60 % with increase in the porosity of the caisson from 1.6 to 16.9 %.
Neelamani and Muni Reddy [2] showed that there was a significant reduction in
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forces on the vertical cylinder due to the perforated barriers. Zhong and Wang [14]
investigated on solitary waves interacting with surface-piercing concentric porous
cylinders. They also founded that existence of exterior porous cylinder reduces
hydrodynamic force on the interior cylinder. Song and Tao [5] studied 3D short-
crested wave interaction with a concentric porous cylindrical structure. It was found
that the porous-effect parameter should be chosen less than 2 in order to provide
meaningful protection to the interior cylinder from wave impact. Vijayalakshmi
et al. [9] examined hydrodynamic response of a concentric twin-perforated cylinder
and recommended porosity of 10–15 % to have significant effect on force reduction.
Sankarbabu et al. [4] showed that for an optimum ratio of radius of inner cylinder to
that of outer cylinder of 0.5, hydrodynamic performance of the break water was
found to be satisfactory.

2.2 Offshore Structures with Perforated Members

Ker and Lee [1] discussed the coupling problem of linear waves with porous
tension leg platforms (TLP). It is seen that drag in porous body changes response
behaviour of TLP significantly and at resonance, in particular. For long waves,
porous TLP acts relatively transparent and dissipates most of the wave energy
arising from short waves. They also verified the fact that force reduction takes place
in the TLPs with porous members under wave-structure interaction. Srinivasan and
Pandian [6] studied response behaviour of perforated cylinders in regular waves and
quantified the force reduction on inner cylinders with perforated outer cylinders
through experimental investigations; influence of porosity 2 ratio and size of per-
forations on response reduction were highlighted. Deployment of compliant
structures in deep sea necessitated research methods that shall reduce the encoun-
tered wave and wind forces; use of perforated members in offshore compliant
structures is one of the possible solutions. Emerged and submerged perforated
cylindrical structures reduce wave structure interactions and scouring problems
considerably, but their use on a compliant offshore structures is limited. Srinivasan
and Sharma [7] carried out numerical studies on floating offshore structures with
perforated columns. They showed a significant reduction in surge and pitch
response which was influenced by length and location of perforations on the
members. Srinivasan et al. [8] studied the influence of perforated member on a TLP
experimentally and highlighted the reduction in the responses on all degrees-of-
freedom and quantified the force reduction due to the presence of outer perforated
cover. Based on the critical review of literature, it is seen that investigations on
hydrodynamic response of perforated cylinders is scarce in the literature; no sig-
nificant attempt is made to examine hydrodynamic response of offshore compliant
structures with perforated members; hence the current study justifies the defined
objectives.
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3 Modelling

Mars TLP has selected for the current study. The details of the TLP are tabulated in
Table 1. Scaled model of 1:100 ratio has been generated using “SolidWorks” and
the same are used in the numerical study. The details about the model used for the
present study is shown in Fig. 1. The perforation is introduced in the outer cylinder

Table 1 Dimensional
analysis (MARS tension leg
platform)

Description Prototype Model

Scale used 1:100
Length of deck (m) 75 0.75

Width of deck (m) 75 0.75

Deck of deck (m) 14 0.14

Draft 894 8.94

Draft of cylinder (m) 30 0.3

No. of column (nos) 4 4

Hull type Steel Steel

Column diameter (m) 22 0.22

Column height (m) 49 0.49

No. of pontoon (nos) 4 4

No. of tendons (nos) 12 12

Total length of tendon (m) 959 9.59

Hull weight (T) 13,608 0.013608

Displacement (T) 49,099 0.049099

Diameter of the inner cylinder (m) 22 0.22

Diameter of the outer cylinder (m) 44 0.44

Fig. 1 Details of the perforated cylinder used for the simulation
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in the splash zone to get the maximum advantage. The details of the perforation are
shown in Fig. 1. Optimum ratio of radius of inner cylinder to that of outer cylinder
is maintained as 0.5.

Double walled hollow perforated outer cylinder with solid inner cylinder is
generated using the software which is as shown in Fig. 2a. Figure 2b shows the
section view of the same model generated using the software.

4 Imported Model in Star CCM+

The geometries of inner cylinder and inner cylinder with perforated outer cylinder
are exported from Solid works as a “.STEP” file; new simulation is initiated using
STAR-CCM+ from the imported files. Using “Laboratory Co-ordinate system”, a
domain block, defined by coordinates of opposite corners namely: (−15.0, −3.0,
−0.5 m) and (15.0, 1, 5 m) is created using the “Parts” under “Geometry”. Centre of
the inner cylinder is made to be at the origin and the domain and the model is built
up further for simulation. Length of the domain (Block) is taken in such a manner
so as to reduce the reverse flow effect in the simulation while width of the block is
taken equivalent to the width of wave flume; height of the domain is taken as the
characteristic length of the inner cylinder that is effective during wave-structure
interaction.

Perforated outer cylinder

Solid inner cylinder

(a) (b)

Fig. 2 a Perforated outer cylinder with solid inner cylinder modeled using SolidWorks.
b Sectional view of perforated outer cylinder with solid inner cylinder modeled using SolidWorks
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5 Meshing Models

A surface and subsequently a volume mesh are generated using the meshing tools in
STAR-CCM+ using surface re-mesher model that is defined by the “Base Size”
while trimmer model is used to generate the volume mesh. Efficiency of the gen-
erated model is relatively high as it is capable of producing high quality grids that
consist of hexahedral cells mostly. A core mesh is thus generated and the cells are
trimmed on the basis of the surface mesh. The selection of the cell size is governed
by the size of faces in the surface mesh; automatic curvature refinement feature of
this meshing model refines the grid. Prism layer meshing model is used along with
the trimmer model to improve the accuracy of flow solution. This model generates
orthogonal prismatic cells adjacent to the wall boundaries.

The numerical model is governed by number of layers and thickness of each
layer. Parameters defining the size of cell in the mesh, number of prism layers and
their layer thickness shall be defined at different levels namely: (i) in a region; (ii)
on a boundary; and (iii) on a feature curve. In addition to the above, volumetric
controls shall also be used to change the mesh density locally. In the present
numerical simulation, mesh parameters are set globally and altered at specific
boundaries; volumetric controls are used to generate the desired mesh after
assigning the appropriate regions and other required parameters as discussed above.

5.1 Reference Values for Mesh Size

Details of the reference values of mesh size for numerical simulation of the inner
cylinder are as follows: (i) base size of the mesh is taken as 250 mm; (ii) absolute
prism layer thickness is taken as 12.5 mm; (iii) number of prism layers is taken as 3;
and (iv) surface size is taken 25–100 % of that of the base size (25–100 mm).
Customized mesh size is used in the region to obtain finer mesh in the perforated
regions.

5.2 Volumetric Control

The necessity of using volumetric control is to make the water surface in the
immediate vicinity of the model as a finer grid. “Block” defined by the coordinates
of the corners as: (−15.0, −0.2, −0.5 m) and (15.0, 0.4, 0.5 m) is created as a new
shape under the “volume shapes” node. The “Customize isotropic size” and
“Trimmer anisotropic size” under the “Trimmer” child-node and the “Customize
surface remesher” options in the “Mesh Conditions” node are checked; custom
isotropic size is set to a relative size of 25 % which corresponds to 62.5 mm.
Trimmer anisotropic size child node is enabled in Y axis and 10 % relative to base
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is used for the study which corresponds to 25 mm. For simulation finer mesh is
attempted around the perforated cylinder. The “Customize isotropic size” under the
“Trimmer” child-node and the “Customize surface remesher” options in the “Mesh
Conditions” node are checked; custom isotropic size is set to a relative size of 10 %
which corresponds to 25 mm. This mesh with volumetric control is as shown in
Fig. 3.

6 Creating Regions

6.1 Assigning Part to Region

After defining the mesh models, the created part is assigned to a region through the
chosen option of “Create one boundary per part surface” and the five regions
assigned are as follows (i) inlet; (ii) outlet; (iii) wall; (iv) inner cylinder; and (v)
perforated outer cylinder. The finer mesh is created around the perforation using
node “Feature curves” under region node. With customized mesh size between 1
and 1.5 % which is 2.5–3.75 mm are generated to get a defined boundary around
the perforation. After completion of the above steps of mesh generation, “Generate
volume mesh” tool is used to generate the mesh. 557,683 cells and 1,659,743 faces
are generated. Generated mesh details of the model is as shown in Fig. 4.

7 Physics Models

On successful completion of meshing, a child node “Physics 1” will be added
automatically. Several physics models are activated to simulate the wave forces on
both the numerical models. As a first step, “Implicit Unsteady” model is chosen
under the “Time” group; under the chosen approach, each physical time-step
involves number of iterations to converge at the desired solution for that given

Block

Outer perforated cylinderCylinder

Fig. 3 Domain of perforated cylinder generated with volumetric control
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instant of time. The “Volume of Fluid” model is used to simulate the behavior of
two fluids (Air and water) within the same continuum. As these two fluids are of
different phases, the “Eulerian Multiphase Model” is used in the present simulation.
As the flow is turbulent, “Turbulent” option is chosen in the “Viscous Regime”
group. The turbulence effects are simulated by selecting the “K-omega Turbulence”
in the “Reynolds-Averaged Navier-Strokes Turbulence” group which is most
widely used numerical model for such applications. Effect of gravity is simulated
using the “Gravity Model” while simulation of waves is made possible by choosing
the option of “VOF Waves”. A total of 16 physics model are used in the present
simulation and activated.

8 Defining Waves

A new first order wave is created under the “Waves” child node of the “VOF
Waves” node in the list of chosen physics models. The “Point on Water Level” is
set to 0.3 m is assigned. Wave amplitude is set to be 0.075 m. Specification type is
set to “Wave period” and numerical simulations are run for six waves for each
model, for wave periods of 0.8–2.4 s with an interval of 0.2 and 2.5 s.

9 Setting Initial Conditions

The “Initial Conditions” child node is available under the “Physics 1” node under
“Continua”. Changes are made to the settings under “Volume Fraction”, “Velocity”
and “Pressure” nodes. The “Volume Fraction” is set to composite and the method of

Fig. 4 Outer perforated
cylinder with solid inner
perforated cylinders generated
with volumetric control
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each of the phases, water and air, set to “Field Function”. The scalar function
chosen to define the volume fractions of water and air are the “Volume Fraction of
Heavy Fluid of First Order VOF Wave” and the “Volume Fraction of Light Fluid of
First Order VOF Wave” respectively. Velocity and pressure are also described
using the field functions namely: “Velocity of First Order VOF Wave” and
“Hydrostatic Pressure of First Order VOF Wave” respectively for simulation.

10 Setting Boundary Conditions

Boundaries in the region are set to match various types of boundary conditions
namely: (i) “Inlet” boundary is set as a velocity inlet; (ii) “Outlet” boundary is set as
a pressure outlet; and (iii) “Inner cylinder” and “Outer perforated cylinder” are set
as wall boundaries. The “Velocity Specification” method in the velocity inlet is
changed to “components” and the “Velocity” and “Volume Fraction” values are set
identical. Similarly, the “Volume Fraction” and “Pressure” settings of the pressure
outlet are also set accordingly.

11 Initializing the Solution

The “Time-Step” property of the “Implicit Unsteady” solver is set to 0.001 s. Under
the “Stopping Criteria”, the “Maximum Inner Iterations” property is set to 5 and the
“Maximum Physical Time” is set to 5 s. The “Initialize Solution” tool is selected to
activate the required simulation.

12 Visualizing the Results

An iso-surface with an iso-value of 0.5 and a scalar set to “Volume Frac-
tion > Water” is used to visualize the free surface. Scalar is used to visualize as
shown in Fig. 5.

A “XY-plot” is generated by along the depth of the cylinder at two different
sections between the cylinder by introducing a line probe and monitoring the same.
The details of section of monitors are considered at every one third between the
annular spacing as shown in Fig. 6. While the residuals plot is generated auto-
matically. All the monitors are set to acquire data for every iteration.
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13 Numerical Simulation

The simulated models are subjected to unidirectional waves of 10 cm wave height
(WH). Wave periods are varied from 0.8 to 2.5 s. In these simulations, the Rey-
nolds-Averaged Navier-Stokes equation is solved. Such a solution is assumed to be
converged when the residuals decrease by multiple orders before settling around
0.001. Figure 7 shows the variation of continuity over duration of the simulation.

Fig. 5 Simulation of inner solid cylinder with perforated outer cylinder

Line probe at -0.19 
m- Section 2 -2

Line probe at - 0.15m-
Section 1 -1

No slip boundary 
condition

Linear theory applicable

Fig. 6 XY plot section considered between the solid inner and perforated outer cylinders
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The above procedure is followed and the simulation is generated for the solid
cylinder without outer perforation cylinder and the velocity variation along the depth
for different time period varying between 0.8 and 2.5 s is obtained. Figure 8a, b
shows the simulation of solid cylinder without the perforation cover and the monitor
location of the section where velocity variation are derived.

14 Results and Discussion

From the existing literature, Investigations of wave kinematics on the perforated
members is one of the active research areas in offshore structures.The cylinder is
subjected to unidirectional waves of 10 cm wave height. Figure 9 shows about 25 %
reduction in the horizontal force in the inner cylinder with and without perforation
cover.

Fig. 7 Residuals during numerical simulation

Fig. 8 a Simulation—inner cylinder without perforation cover. b XY plot section considered
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The velocity variation along the depth is derived using the generated simulation
for time period between 0.8 and 2.4 s and 2.5 s with an interval of 0.2 s. Horizontal
velocity variation along the depth of the cylinder is plotted for different wave period
for various sections considered between the annular spacing as shown in Figs. 10
and 11.
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Fig. 9 Reduction of force on the inner cylinder

Fig. 10 Horizontal velocity variation along the depth of cylinder for various time period T, at
Section 1-1 and WH = 10 cm
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Fig. 11 Horizontal velocity variation along the depth of cylinder for various time period T, at
Section 2-2 and WH = 10 cm

Fig. 12 Change in horizontal velocity along the depth of cylinder for various section considered
between the cylinder, at T = 1.4 s and WH = 10 cm
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The influence of perforation ratio on the horizontal velocity is clearly shown in
Fig. 12. The figure shows the horizontal velocity variations along the water depth at
the two different choose section between the cylinder and the velocity variation of
the solid cylinder without perforation cover. The plot indicates that there is sig-
nificant reduction of horizontal velocity along the wave advancing direction. From
the plot it is seen that the horizontal velocity which is associated directly to hori-
zontal force increases in the region of perforation as it is placed just beneath the free
surface. It is seen that the horizontal components of hydrodynamic characteristics
are significantly influenced by the presence of porous zone.

To understand the velocity variation along depth of the perforated cover two
sections are considered near front and rear side of the outer perforated cylinder as
shown in Fig. 13.

Input section 

Output Section

Fig. 13 XY plot section considered in near the outer perforated cover
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Figure 14 shows the velocity variation along the depth of the cylinder in the
section considered as shown in Fig. 13. This shows the velocity in the perforation
zone are highly nonlinear. Hence study has study on velocity variation along the
water depth has gained its importance.

Table 2 shows the location at which the maximum percentage of reduction of
horizontal velocity occurs with perforated cover. Table 3 shows the location at
which the maximum percentage in increase in the horizontal velocity occurs with
the perforated cover.

It is clearly understood that maximum and minimum velocity occurs only in the
zone of perforation. The design engineers can recommend the accordingly the zone
of perforation for the damaged member. This technique indeed is recommended as a
rehabilitation technique to increase the life of the structure without replacing the
damaged member as a economical approach.

Table 2 Maximum change in horizontal velocity of section between the cylinder

Description Velocity at
Section-1
(−0.19 m) m/s

Velocity at
Section-2
(−0.15 m) m/s

Maximum
change in
velocity m/s

Horizontal velocity (m/s) at
0.36 m from bottom at 0.8 s

−0.308 −0.078 0.23

Horizontal velocity (m/s) at
0.36 m from bottom at 1 s

−0.226 0.003 0.223

Horizontal velocity (m/s) at
0.34 m from bottom at 1.2 s

0.435 0.298 0.137

Horizontal velocity (m/s) at
0.34 m from bottom at 1.4 s

0.612 0.290 0.322

Horizontal velocity (m/s) at
0.34 m from bottom at 1.6 s

0.506 0.302 0.204

Horizontal velocity (m/s) at
0.37 m from bottom at 1.8 s

−0.287 −0.035 0.252

Horizontal velocity (m/s) at
0.36 m from bottom at 2 s

−0.334 −0.059 0.275

Horizontal velocity (m/s) at
0.34 m from bottom at 2.2 s

0.502 0.252 0.25

Horizontal velocity (m/s) at
0.34 m from bottom at 2.4 s

0.577 0.372 0.205

Horizontal velocity (m/s) at
0.36 m from bottom at 2.5 s

−0.245 −0.021 0.224
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15 Summary

From the numerical studies carried out, it is found that the velocity profile is highly
non-linear perforation zone. The horizontal components of the hydrodynamic
characteristics of the cylinder are significantly influenced by the presence of porous
zone. The study also confirms that there is a significant reduction in the horizontal
velocity along the wave advancing direction. While encompassing the damaged
cylindrical columns of offshore structures with perforated cover is seen as an
effective method of reducing the wave effects, computation of water particle
kinematics is highly complex. The developed tables that quantify the velocity
variations along the water depth for different sea states chosen for the study shall be
seen as design aids to handle this complexity. The design charts substitute the
velocity computations obtained from the detailed numerical analyses, which show
the qualitative variations of the water particle velocity along the water depth.

Acknowledgments Authors gratefully acknowledge the financial support extended by the “Naval
Research Board, Government of India” to conduct this research.

Table 3 Minimum change in horizontal velocity of section between the cylinder

Description Minimum velocity
at Section-1
(−0.19 m) m/s

Minimum velocity
at Section-2
(−0.15 m) m/s

Change in
velocity m/s

Horizontal velocity (m/s) at
0.26 m from bottom at 0.8 s

0.094 0.285 −0.191

Horizontal velocity (m/s) at
0.26 m from bottom at 1 s

0.097 0.292 −0.195

Horizontal velocity (m/s) at
0.25 m from bottom at 1.2 s

0.023 0.218 −0.195

Horizontal velocity (m/s) at
0.25 m from bottom at 1.4 s

0.023 0.220 −0.197

Horizontal velocity (m/s) at
0.26 m from bottom at 1.6 s

0.094 0.297 −0.203

Horizontal velocity (m/s) at
0.25 m from bottom at 1.8 s

0.024 0.223 −0.199

Horizontal velocity (m/s) at
0.26 m from bottom at 2 s

0.094 0.297 −0.203

Horizontal velocity (m/s) at
0.26 m from bottom at 2.2 s

0.096 0.299 −0.203

Horizontal velocity (m/s) at
0.26 m from bottom at 2.4 s

0.093 0.291 −0.198

Horizontal velocity (m/s) at
0.26 m from bottom at 2.5 s

0.095 0.284 −0.189
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Force Reduction on Ocean Structures
with Perforated Members

Srinivasan Chandrasekaran, N. Madhavi
and Saravanakumar Sampath

Abstract Presence of perforated members in ocean structures reduces the wave-
structure interaction significantly; breakwaters with perforated members are clas-
sical examples of such kind. Detailed analyses to quantify the force reduction on
ocean structures encompassed with perforated covers are scarce in the literature.
Present study is focused on the hydrodynamic response of perforated members
under regular waves using numerical simulation; results are also validated with the
experimental studies. Hydrodynamic responses of cylinders with and without per-
forated cover are estimated for different sea states. Force reduction, in the presence
of perforated outer cover is quantified and validated with the existing experimental
results. Based on the studies carried out, it is shown that the maximum reduction is
about 14 %. Results of the numerical simulations compare well with that of the
existing experimental results with the maximum error of about 6 %.

Keywords Force reduction � Hydrodynamic response � Perforated members �
Ocean structures � CATIA

1 General

The numerical studies on perforated cylinders through simulation in STAR-CCM+
software. An attempt is made to simulate the hydrodynamic response of perforated
cylinder with perforation 6.3 %, which is similar to that of perforated outer cylinder
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designated as A. Simulation through STAR-CCM+ software is chosen due to the
numerical capabilities enabled in different modules to simulate viscous drag and
turbulence effects that are caused by perforations. Details of the simulation, as
attempted through several stages of the numerical modeling are discussed in steps;
various settings such as mesh and physics models used in the study and their
significance are also presented.

2 Critical Review of Literature

2.1 Perforated Cylinders

Wang and Ren [1] analytically investigated the wave kinematics around a
protected impermeable piles with porous outer cylinders. As the annular spacing
becomes smaller, the long waves demonstrate larger forces on the inner cylinder
than do the short waves. Williams and Li [2] found that there was a significant
reduction in wave field and hydrodynamic forces experienced by the interior
cylinder which is surrounded by semiporous cylindrical breakwater. The perfora-
tion of structure result in a significant reduction in both the hydrodynamic loads
experienced by the cylinders and the associated wave run-up [3]. William et al. [4]
found that the permeability, size and location of the porous region have a significant
influence on the horizontal component of the hydrodynamic excitation and reaction
loads, while its influence on the vertical components in most cases is relatively
minor. Neelamani et al. [5] found that the ratio of the force on perforated caisson to
the force on caisson with zero percent perforation reduces to an extent of up to 60 %
with increase in the perforation of the caisson from 1.6 to 16.9 %. Neelamani and
Muni Reddy [6] showed that there is a significant reduction in forces on the vertical
cylinder due to the perforated barriers. Zhong and Wang [7] investigated on solitary
waves interacting with surface-piercing concentric porous cylinders. and found that
existence of exterior porous cylinder reduces hydrodynamic force on the interior
cylinder. Song and Tao [8] studied 3D short-crested wave interaction with a con-
centric porous cylindrical structure. It is found that the porous-effect parameter
should be chosen less than 2 in order to provide meaningful protection to the
interior cylinder from wave impact. Vijayalakshmi et al. [9] examined hydrody-
namic response of a concentric twin-perforated cylinder and recommended perfo-
ration of 10–15 % to have significant effect on force reduction. Sankarbabu et al.
[10] showed that for an optimum ratio of radius of inner cylinder to that of outer
cylinder of 0.5, hydrodynamic performance of the break water is found to be
satisfactory.
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2.2 Offshore Structures with Perforated Members

Ker and Lee [11] discussed the coupling problem of linear waves with porous
tension leg platforms (TLP). It is seen that drag in porous body changes response
behaviour of TLP significantly and at resonance, in particular. For long waves,
porous TLP acts relatively transparent and dissipates most of the wave energy
arising from short waves. They also verified the fact that force reduction takes place
in the TLPs with porous members under wave-structure interaction. Srinivasan and
Pandian [12] studied response behaviour of perforated cylinders in regular waves
and quantified the force reduction on inner cylinders with perforated outer cylinders
through experimental investigations; influence of perforation ratio and size of
perforations on response reduction are highlighted. Deployment of compliant
structures in deep sea necessitated research methods that shall reduce the encoun-
tered wave and wind forces; use of perforated members in offshore compliant
structures is one of the possible solution. Emerged and submerged perforated
cylindrical structures reduce wave structure interactions and scouring problems
considerably, but their use on a compliant offshore structures is limited. Srinivasan
and Sharma [13] carried out numerical studies on floating offshore structures with
perforated columns. They showed a significant reduction in surge and pitch
response which is influenced by length and location of perforations on the mem-
bers. Based on the critical review of literature, it is seen that investigations on
hydrodynamic response of perforated cylinders is scarce in the literature; no sig-
nificant attempt is made to examine hydrodynamic response of offshore compliant
structures with perforated members; hence the current study justifies the defined
objectives.

3 Modelling in CATIA

A model of the perforated cylinder in CATIA V5. Model is a “Product” developed
by assembling “Parts” and other “Products” in the “Assembly Design” module are
found under “Mechanical Design” of the software. A new part is created by opening
the “Part Design” module under “Mechanical Design”. For the chosen XY plane,
the “Sketch” tool is selected and a circular profile is drawn. Subsequently, the “Pad”
tool is selected to assign length of the cylinder; inner and outer cylinders are thus
generated for the required dimensions. Figure 1 shows the model of the perforated
outer cylinder generated in the software. Table 1 shows details of both inner and
perforated outer cylinder while Table 2 shows the details of the perforations. Using
“Pocket” tool, perforations are created along the circumference and length of the
outer cylinder using “Circular pattern” and “Rectangular pattern” tools respectively.
Figures 2 and 3 show images of outer perforated cylinder and the assembly of inner
with perforated outer cylinder respectively.
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4 Imported Model in Star CCM+

The geometries of inner cylinder with perforated outer cylinder are exported from
CATIA V5 as a “.stl” file; new simulations are generated started in STAR-CCM+
from the imported files. Using “Laboratory Co-ordinate system”, a block, defined
by coordinates of opposite corners namely: (−6.0, −0.5, −0.46 m) and (12.0, 0.5,
1.015 m) is created using the “Parts” under “Geometry” for the simulation of inner
cylinder. Centre of the inner cylinder is at the origin with its bottom surface on the
XY plane where origin of Z axis is located. Length of the domain (Block) is taken

Fig. 1 Perforated outer cylinder

Table 1 Details of cylinders
Details of cylinders Inner cylinder Outer cylinder A

Diameter (mm) 110 315

Length (mm) 1,900 1,930

Thickness (mm) 4.4 8.7

Table 2 Details of
perforations Details of perforations Outer cylinder A

Diameter of the perforation 10 mm

Length of perforation 1,450 mm

Number of perforations
along the length

41 nos

Number of perforations
along the circumference

28 nos

Perforation 6.3 %
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in a such a manner so as to reduce the reverse flow effect in the simulation while
width of the block is taken equivalent to the width of the experimental test set up
(wave flume width); height of the domain is taken as the characteristic length of the
inner cylinder that is effective during wave-structure interaction. Similarly, a block
that is defined by coordinates namely: (−6.0, −0.5, −0.1175 m) and (12.0, 0.5,
1.4325 m) is created for the simulation of inner cylinder with perforated outer
cylinder simulation whose origin is located at the centre of outer perforated cylinder
in its bottom.

Fig. 2 Perforations along the circumference and length

Fig. 3 Inner cylinder with perforated outer cylinder
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5 Meshing Models

A surface and subsequently a volume mesh are generated using the meshing tools in
STAR-CCM+ using surface re-masher model that is defined by the “Base Size”
while trimmer model is used to generate the volume mesh. Efficiency of the gen-
erated model is relatively high as it is capable of producing high quality grids that
consist hexahedral cells mostly. A core mesh is thus generated and the cells are
trimmed on the basis of the surface mesh. The selection of the cell size is governed
by the size of faces in the surface mesh; automatic curvature refinement feature of
this meshing model refines the grid. Prism layer meshing model is used along with
the trimmer model to improve the accuracy of flow solution. This model generates
orthogonal prismatic cells adjacent to the wall boundaries.

The numerical model is governed by number of layers and thickness of each
layer. Parameters defining the size of cell in the mesh, number of prism layers and
their layer thickness shall be defined at different levels namely: (i) in a region; (ii)
on a boundary; and (iii) on a feature curve. In addition to the above, volumetric
controls shall also be used to change the mesh density locally. In the present
numerical simulation, mesh parameters are set globally and altered at specific
boundaries; volumetric controls are used to generate the desired mesh after
assigning the appropriate regions and other required parameters as discussed above.

5.1 Reference Values for Mesh Size

Details of the reference values of mesh size for numerical simulation of the inner
cylinder are as follows: (i) base size of the mesh is taken as 100 mm; (ii) absolute
prism layer thickness is taken as 7 mm; (iii) number of prism layers is taken as 2;
and (iv) surface size is taken 25–100 % of that of the base size (25–100 mm). For
simulation of inner cylinder with perforated outer cylinder, respective reference
parameters are namely: (i) base size is taken as 200 mm; (ii) absolute prism layer
thickness is taken as 2 mm; (iii) number of prism layer is 2; and (iv) surface size is
taken as 25–100 % of that of the base size (50–200 mm). Customized mesh size is
used in the region to obtain finer mesh in the desired regions.

5.2 Volumetric Control

The necessity of using volumetric control is to make the water surface in the
immediate vicinity of the model as a finer grid. “Block 2” defined by the coordi-
nates of the corners as: (−6.0, –0.5, 0.36 m) and (12.0, 0.5, 0.72 m) is created as a
new shape under the “Parts” node for simulation of the inner cylinder and (–6.0,
–0.5, 0.7025 m), (12.0, 0.5, 1.0625 m) for that of the simulation of inner cylinder
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with perforated outer cylinder. The “Customize isotropic size” under the “Trimmer”
child-node and the “Customize surface remesher” options in the “Mesh Conditions”
node are checked; custom size is set to a relative size of 40 % which corresponds to
40 mm for simulation of the inner cylinder while it is set as 50 % of that of the base
size which corresponds to 100 mm for simulation of inner cylinder with perforated
outer cylinder. Figures 4 and 5 show the mesh generation of inner cylinder and

Fig. 4 Domain of inner cylinder generated with volumetric control

Fig. 5 Domain of inner cylinder with perforated outer cylinder generated with volumetric control
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inner cylinder with perforated outer cover respectively; distribution of elements
attained using the chosen volume control makes the mesh denser in the fluid region
which is seen from the figures.

6 Creating Regions

6.1 Assigning Part to Region

After defining the mesh models, the created part is assigned to a region through the
chosen option of “Create one boundary per part surface”. This results in a region
being created with four boundaries for the simulation of inner cylinder namely: (i)
inlet; (ii) outlet; (iii) wall; and (iv) inner cylinder while five boundaries for the
simulation of inner cylinder with perforated outer cylinder namely: (i) inlet; (ii)
outlet; (iii) wall; (iv) inner cylinder; and (v) perforated outer cylinder.

6.2 Customizing Mesh on Selected Boundary

Under the “Mesh Conditions” node, the “Custom Surface Size” option is checked
and the “Custom Prism Mesh” is set to “Specify Custom Values”. Under the “Mesh
Values” node, number of prism layers and thickness of each layer is set to the
specific values that are required for simulating both the desired cases as discussed
below: Under the “Surface Size” child node, minimum and maximum size are set to
the specific values. In the simulation of inner cylinder, customized mesh is applied
on inner cylinder boundary; parameters and the customized values are namely: (i)
number of prism layer is taken as 4; (ii) prism layer thickness is taken as 2 mm; (iii)
minimum surface size is taken as 5 mm; and (iv) maximum is take as 10 mm. The
respective values that are used for simulation of inner cylinder with perforated outer
cylinder are given in two sets namely: (i) for the inner cylinder; and (ii) for the
perforated outer cylinder. For inner cylinder boundary, relative values are namely: (i)
number of prism layer is taken as 4; (ii) prism layer thickness is taken as 1 mm; (iii)
minimum surface size is taken as 5 mm; and (iv) maximum is taken as 25 mm while
for the perforated outer cylinder, these values are 4, 1, 1.5 and 5 mm respectively.

6.3 Generation of Volume Mesh

After completion of the above steps of mesh generation, “Generate volume mesh”
tool is used to generate the mesh. 716,801 cells and 2,167,056 faces are generated
for simulation of the inner cylinder while 3,242,875 cells and 9,671,484 faces are
generated for that of the inner cylinder with perforated outer cylinder.
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7 Physics Models

On successful completion of meshing, a child node “Physics 1” will be added
automatically. Several physics models are activated to simulate the wave forces on
both the numerical models of inner cylinder and inner cylinder with perforated
outer cylinder. As a first step, “Implicit Unsteady” model is chosen under the
“Time” group; under the chosen approach, each physical time-step involves number
of iterations to converge at the desired solution for that given instant of time. The
“Volume of Fluid” model is used to simulate the behaviour of two fluid (Air and
water) within the same continuum. As these two fluid are of different phases, the
“Eulerian Multiphase Model” is used in the present simulation. As the flow is
turbulent, “Turbulent” option is chosen in the “Viscous Regime” group. The tur-
bulence effects are simulated by selecting the “K-Epsilon Turbulence” in the
“Reynolds-Averaged Turbulence” group which is most widely used numerical
model for such applications. Effect of gravity is simulated using the “Gravity
Model” while simulation of waves is made possible by choosing the option of
“VOF Waves”. New Eulerian phases are created and defined; water is defined as a
“Constant Density” fluid and air as an “Ideal Gas”. Subsequently, the “Segregated
Fluid Isothermal” option is chosen from the “Energy” group. Motion of the
structure is selected as “stationary” for both the simulations. A total of 16 physics
model are used in the present simulation and activated.

8 Defining Waves

A new first order wave is created under the “Waves” child node of the “VOF
Waves” node in the list of chosen physics models. The “Point on Water Level” is
set to 0.54 m for simulation of inner cylinder and 0.8825 m for the simulation of
inner cylinder with perforated outer cylinder; the chosen values also match the
relevant values used in the experimental investigations. Wave amplitude is set to be
0.05 m. Specification type is set to “Wave period” and numerical simulations are
run for six waves for each model, for wave periods of 1–2 s with an interval of
0.2 s.

9 Setting Initial Conditions

The “Initial Conditions” child node is available under the “Physics 1” node under
“Continua”. Changes are made to the settings under “Volume Fraction”, “Velocity”
and “Pressure” nodes. The “Volume Fraction” is set to composite and the method of
each of the phases, water and air, set to “Field Function”. The scalar function
chosen to define the volume fractions of water and air are the “Volume Fraction of
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Heavy Fluid of First Order VOF Wave” and the “Volume Fraction of Light Fluid of
First Order VOF Wave” respectively. Velocity and pressure are also described
using the field functions namely: “Velocity of First Order VOF Wave” and
“Hydrostatic Pressure of First Order VOF Wave” respectively for both the
simulations.

10 Setting Boundary Conditions

Boundaries in the region are set to match various types of boundary conditions
namely: (i) “Inlet” boundary is set as a velocity inlet; (ii) “Outlet” boundary is set as
a pressure outlet; and (iii) “Inner cylinder” and “Outer perforated cylinder” are set
as wall boundaries. The “Velocity Specification” method in the velocity inlet is
changed to “components” and the “Velocity” and “Volume Fraction” values are set
identical to match the experimental setup. Similarly, the “Volume Fraction” and
“Pressure” settings of the pressure outlet are also set accordingly.

11 Initializing the Solution

The “Time-Step” property of the “Implicit Unsteady” solver is set to 0.01 s. Under
the “Stopping Criteria”, the “Maximum Inner Iterations” property is set to 10 and
the “Maximum Physical Time” is set to 10 s. The “Initialize Solution” tool is
selected to activate the required simulation.

12 Visualizing the Results

An iso-surface with an iso-value of 0.5 and a scalar set to “Volume Frac-
tion > Water” is used to visualize the free surface. Scalar is used to visualize both
the inner cylinder and inner cylinder with perforated outer cylinder as shown in
Figs. 6 and 7 respectively.

A plot is generated by a monitor which is in turn created from a report while the
residuals plot is generated automatically. All the monitors are set to acquire data of
every iteration. Force on the inner cylinder is created in a plot for both the
numerical simulations.
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Fig. 6 Simulation of inner cylinder

Fig. 7 Simulation of inner cylinder with perforated outer cylinder
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13 Results of Numerical Simulation

Both the simulated models namely inner cylinder and inner cylinder with perforated
outer cylinder are subjected to unidirectional waves of 10 cm wave height. Wave
periods are varied from 1 to 2 s with 0.2 s variation.

13.1 Residuals

In these simulations, the Reynolds-Averaged Navier-Stokes equation is solved.
Such a solution is assumed to be converged when the residuals decrease by multiple
orders before settling around 0.001. Figure 8 shows the variation of continuity over
duration of the simulation.

13.2 Forces on the Inner Cylinder

Figures 9 and 10 show the variation of forces on inner cylinder with and without
perforated outer cover, respectively for wave height of 10 cm and wave periods
ranging from 1 to 2 s.

14 Comparison of Results

Forces on inner cylinder with and without perforated outer cylinder are obtained
from the numerical simulation for 10 cm wave height and wave periods ranging
from 1 to 2 s; obtained results are shown in Tables 3 and 4 for inner cylinder with
and without perforated outer cylinder, respectively; comparison is also shown with

Fig. 8 Residuals during
numerical simulation
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that of the results obtained from the experimental investigations obtained from the
existing literature [14].

It is seen from the Table 3 that forces on inner cylinder without perforated outer
cover computed from both the numerical simulations and experimental results are
ranging from 1.99 to 13.63 %; results obtained from the numerical simulation
matches well with that of the experimental results with average error of 7.08 %.
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Fig. 9 Force on inner cylinder (WH = 10 cm; WP = 1.6 s) in numerical simulation

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2
2.5

3

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

F
or

ce
 o

n 
in

ne
r 

cy
lin

de
r 

(N
)

Iterations

Fig. 10 Force on inner cylinder with perforated outer cylinder in numerical simulation
(WH = 10 cm; WP = 1.6 s)

Table 3 Forces on inner cylinder (WH 10 cm)

Wave period (s) Numerical (N) Experimental (N) Error in %

1.0 11.06 10.11 8.59

1.2 10.2 8.81 13.63

1.4 8.45 7.69 8.99

1.6 6.84 6.65 2.78

1.8 6.52 6.39 1.99

2.0 6 5.61 6.50
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In case of forces computed on inner cylinder with perforated outer cylinder, errors
between numerical simulations and experimental results are ranging from 2.51 to
11.28 %; results obtained from numerical simulation match well with that of
experimental investigations with an average error of 7.5 %. Figure 11 shows the
graphical comparison of the results obtained from numerical simulation and
experimental investigations. It is also seen from the figure that both the results agree
well within the acceptable error of tolerance for the chosen range of wave periods.

Acknowledgments Authors gratefully acknowledge the financial support extended by the “Naval
Research Board, Government of India” to conduct this research.

Table 4 Forces on inner cylinder with perforated outer cylinder (WH 10 cm)

Wave period (s) Numerical (N) Experimental (N) Error in %

1.0 4.02 3.73 −7.81

1.2 3.65 3.28 −11.28

1.4 3.106 3.03 −2.51

1.6 2.75 2.85 3.51

1.8 2.51 2.77 9.39

2.0 2.32 2.59 10.42

Fig. 11 Comparison of forces on inner cylinder with and without perforated outer cylinder
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Influence of Pipeline Specifications
and Support Conditions on Natural
Frequency of Free Spanning Subsea
Pipelines

Mrityunjoy Mandal and Pronab Roy

Abstract Free spanning is a critical problem of subsea pipelines due to lying down
of uneven seabed and scouring phenomena around the unburied pipelines. Analysis
of free spanning is important to avoid resonance which leads to damage of pipe-
lines. Frequency of vibration due to hydrodynamic forces should not be closer to
the natural frequency of the pipelines. Pipeline specifications, support conditions,
effective axial force, seabed conditions etc. affect the natural frequency of subsea
pipelines. This paper focuses on the effect of geometry of pipelines and support
conditions in determination of lowest natural frequency elaborately. The analytical
and numerical studies are performed. This paper tries to quantify the influence of
pipelines specifications such as outer diameter to thickness ratio, concrete coating
around the pipes and support conditions such as fixed-fixed, fixed-pinned and
pinned-pinned conditions on the natural frequency. In this paper wide range of ratio
of outer diameter to thickness is considered. It is seen that lowest natural frequency
of the pipeline increases if the value of ratio of diameter to thickness decreases. It is
also observed that the lowest natural frequency of the pipelines is high for fixed-
fixed support condition and for less amount of concrete coating. These findings can
be used while choosing pipe specifications for designing subsea pipelines.
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1 Introduction

In recent years, the applications of offshore pipelines increase more and more due to
the energy crisis. Pipelines consume less amount of energy than other ways of
transportation, e.g. tankers that’s why pipelines are preferable for transferring the
resources from subsea to other regions. This pipeline industry is laid on seabed by
either embedded in a trench (buried) or laid on uneven seabed (unburied). But due
to the rapid and economic performance, constructions of unburied pipelines are
completely inevitable under deep sea. Because of uneven seabed, pipelines are
lowered from the lay barge to sea bottom without being buried (as shown in Fig. 1).
Free spans or suspended spans are formed. Suspended spans are also formed due to
the scouring of the underlying soil and flow turbulence.

Free spanning is a critical problem of subsea pipelines. Analysis of free spanning
is important to avoid resonance which leads to damage of pipelines and may
develop more fatigue on the pipelines. Resonance occurs when the frequency of the
hydrodynamic forces induced by a vortex shedding around the pipelines becomes
equal to the natural frequency of the pipelines. Therefore, it is necessary to study
the hydrodynamic frequency induced by vortex shedding around the pipelines and
to calculate the natural frequency of the subsea pipelines in free span.

Several parameters such as pipeline specifications, axial forces, seabed soil
conditions, boundary conditions can influence the natural frequency of the pipeline.
This paper focuses on the effect of geometry of pipelines and support conditions (as
shown in Fig. 2) in determination of natural frequency. Here three ideal support
conditions are considered such as fixed-fixed, fixed-pinned and pinned-pinned as
shown in Fig. 2. In this paper it is performed to quantify the effect of outer diameter
to thickness ratio (D/t) ratio of free spanning subsea pipelines, for three different

Fig. 1 Schematic diagram of a free spanning pipeline due to irregular seabed

Fig. 2 Represents the three ideal support conditions of the pipeline
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support conditions and for three different concrete thickness on natural frequency.
All pipes are thin pipe (i.e. for (D/t) > 20, where, D is outer diameter and t is pipe
thickness).

2 Literature Review

Fredsoe and Sumer [10] determined the role of free spans in unburied offshore
pipelines and they concluded that resonance and fatigue are vital problem for the
pipe laid on free span. DNV [7] and ABS [1] proposed that to avoid fatigue damage
the free spanning length should be reduced to the allowable length. These guide-
lines also proposed a formulation to calculate the natural frequency considering the
pipelines specification and seabed conditions. Xu et al. [12] calculated natural
frequency based on the real seabed condition by applying modal analysis. Later,
Bai [3] also applied the modal analysis to determine the allowable length of free
span for offshore pipelines. Choi [5] used energy balance concept to find the natural
frequencies of the free span. He also studied the effect of axial forces and indicated
that the axial force has a significant influence on the natural frequency of the free
spanning pipeline. DNV [8] guidelines proposed a formulation to calculate the
natural frequency considering the pipeline specifications, axial forces and static
deflection. Bakhtiary et al. [4] investigated the effect of seabed formation along with
axial force on natural frequency of offshore pipelines. They concluded that the clay
formation reduced the intensity of natural frequency of pipelines, whereas the rock
formation (at the same condition) increased the intensity of natural frequency. The
intensity of axial force was dominant in the seabed with clay formations because it
increases the natural frequency of the pipelines. Axial force could be neglected only
when the free spanning support was the fixed-fixed boundary condition in the
different seabed formations. Zhi-Gang and Xiao-Ling (2010) analyzed the natural
frequency based on the boundary conditions, mass of hydrocarbon product, axial
force, and multiple spans by finite element method in Abaqus software. Yeghoobi
et al. [13] investigated the natural frequency of free spanning pipelines and influ-
ence of soil characteristics in support of pipelines in free span. In this regard, they
considered various boundary conditions. They concluded that for fixed-fixed sup-
port condition and for shortening of pipeline length natural frequency increased. For
free spanning natural frequency of the pipeline increased with increasing the soil
stiffness. Forbes and Reda [9] determined the effect of axial restraint for moderately
out of straight free spans which can cause significant deviation in the calculation of
the free spanning natural frequency.

From the literature review it is seen that the effect of (D/t) ratio for different
support conditions and concrete thickness on natural frequency are not considered.
Therefore, the purpose of this paper is to quantify the effect of (D/t) ratio for three
different support conditions and for three different concrete thicknesses on natural
frequency.
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3 Methodology

Analytical and numerical methods are used to find out the natural frequencies of the
free span pipelines. Lowest natural frequency is used for all calculations and
plotting.

3.1 Analytical Method: Calculation of Natural Frequency
of the Pipeline with Equation

The natural frequency of a subsea pipeline can be obtained by applying the Ray-
leigh method. According to this method, the maximum potential energy of the
system is equal to its maximum kinetic energy. The natural frequency for a pipe can
be determined by applying the following equation [6].

x2 ¼ k
m

ð1Þ

where, k is the total stiffness; m is the total mass.
Total stiffness includes pipe flexural stiffness (stiffness of the pipelines specifi-

cations) dependent cross section and pipe type, spring stiffness for pipe soil
interaction, geometric stiffness caused by axial force. Therefore the stiffness can be
determined by applying the following equation [13]:

k ¼ ZLeff

0

EI 1þ CSFð Þ;00 xð Þ2dxþ ZLeff

0

ks; xð Þ2dxþ ZLeff

0

N;0 xð Þ2dx ð2Þ

where, ; xð Þ is the first mode shape; E is the modulus of elasticity; I is the bending
moment of inertia of pipeline; ks is the spring stiffness per unit length; and N is the
axial force.

The total mass is defined by pipeline mass, mass of concrete coating and mass of
hydrocarbon product [6].

Therefore:

m ¼ ZLeff

0

me;ðxÞ2dx ð3Þ

where, ; xð Þ is the first mode shape; me is effective mass.
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3.1.1 Concrete Stiffness Factor (CSF)

The stiffening effect of concrete coating may be accounted for by DNV [8]:

CSF ¼ kc
EIconcrete
EIsteel

� �0:75

ð4Þ

where, CSF denotes the stiffness of concrete coating relative to the steel pipe
stiffness and (1 + CSF) is the stress concentration factor due to the concrete coating
and localized bending. The parameter kc is an empirical constant accounting for the
deformation/slippage in the corrosion coating and the cracking of the concrete
coating. The value of kc may be taken as 0.33 for asphalt and 0.25 for PP/PE
coating [8], where, PP stands for Polypropylene (polypropene) and PE stands for
Polyethylene (polyethene). The cross-sectional bending stiffness of the concrete
coating, EIconc is the initial, uncracked stiffness. Young’s modulus for concrete may
be taken as [8]:

Econc ¼ 10;000 f 0:3cn

where, fcn is the construction strength of the concrete. Both Econc and fcn are to be in
N/mm2.

Leff is effective length of free span which is determined by DNV code as follows:

Leff
L

¼
1:12 L

D � 40
1:12� 0:001 L

D � 40
� �

40� L
D � 160

1:00 L
D � 160

8<
:

9=
; ð5Þ

Considered the stiffness of the pipelines specifications in Eq. (2):

k ¼ ZLeff

0

EI 1þ CSFð Þ;00 xð Þ2dx ð6Þ

To obtain the natural frequency of the pipelines specifications, substitution of
Eqs. (6) and (3) into Eq. (1)

x2 ¼
R Leff
0 EI 1þ CSFð Þ;00 xð Þ2dxR Leff

0 �m; xð Þ2dx
ð7Þ

Solving the above integrals, the natural frequency of the pipelines specifications
was obtained as:

fn ¼ k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EIð1þ CSFÞ

�mL4eff

s
ð8Þ
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where, k1 is found out by applying the boundary conditions.

k1 = 1.57 for pinned-pinned boundary condition.
k1 = 2.45 for fixed-pinned boundary condition.
k1 = 3.57 for fixed-fixed boundary condition.

3.2 Numerical Analysis by Using FE Software

FE software package Abaquas [11] is used for determining lowest natural frequency
of each pipe specimen. Outer pipe diameter is considered 323.85mm. Pipe line length
is 20m. 10 numbers of pipe thickness are considered i.e. 12.70, 9.52, 8.74, 8.38, 7.14,
6.35, 5.56, 5.16, 4.77 and 4.37 mm [2] for getting 10 numbers of (D/t) ratios. 3 types
of concrete thicknesses are considered i.e. 40, 68 and 96 mm, which are not exceed
150 mm [8]. For numerical analysis PIPE 21H element and elastic material model are
used. Young’s modulus for steel pipe is 206GPa. Poisson’s ratio is 0.3. Density of the
steel pipe is 7,850 kg/m3. Modulus of elasticity for concrete is 5,000

ffiffiffiffiffi
fck

p
N=mm2,

where, fck is characteristic compressive strength of concrete at 28 days. Grade of
concrete is considered M30. Density of concrete is 3,040 kg/m3. Three combinations
of support conditions i.e. fixed-fixed, fixed-pinned and pinned-pinned are considered
for each pipe specimen varying thickness and concrete coating.

Figures 3, 4 and 5 represent FE Model in Abaqus software for fixed-fixed, fixed-
pinned and pinned-pinned support conditions respectively for pipe and concrete
thickness 4.369 and 40 mm respectively.

Fig. 3 FE model for fixed-fixed support condition
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4 Results and Discussion

Lowest natural frequency of the subsea pipeline was determined both analytically
and numerically then the figures are plotted showing influence of (D/t) ratios on
lowest natural frequency for different support conditions as well as for different
concrete coatings around the pipeline.

Stiffness is highest for fixed-fixed support condition among the all support
conditions. From the Figs. 6, 7 and 8 it is seen that for fixed-fixed support condition
natural frequency is much more than fixed-pinned and pinned-pinned support

Fig. 4 FE model for fixed-pinned support condition

Fig. 5 FE model for pinned-pinned support condition
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conditions. Whereas, for pinned-pinned support condition the stiffness is very less
that’s why this type of support condition gives least amount of natural frequency.
From the Figs. 6, 7 and 8 it is also seen that with the increase of the concrete coating
natural frequency of the subsea pipeline decreases. From the Figs. 6, 7 and 8 it is
clear that with the increase of the pipeline thickness the natural frequency of the
pipeline increases that’s why for smaller (D/t) ratio of pipeline, natural frequency is
higher than that of higher (D/t) ratio of pipeline.

From the numerical analysis it is found that for the increase of (D/t) ratio from
25.5 to 74.1 the fundamental natural frequency decreases by 35.13, 35.05 and
35.14 % for fixed-fixed, fixed-pinned and pinned-pinned support conditions
respectively considering 68 mm concrete coating. On the other hand for analytical
analysis it is seen that due to the increase of (D/t) ratio from 25.5 to 74.1 the
fundamental natural frequency decreases by 26.06, 25.91 and 26.31 % for

Fig. 6 Effect on natural frequency for various (D/t) ratios considering 40 mm concrete coating

Fig. 7 Effect on natural frequency for various (D/t) ratios considering 68 mm concrete coating
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fixed-fixed, fixed-pinned and pinned-pinned support conditions respectively for
68 mm concrete coating.

From the analytical analysis it is found that for the increase of concrete coating
from 40 to 96 mm the fundamental natural frequency decreases by 15.88, 15.80 and
15.87 % for fixed-fixed, fixed-pinned and pinned-pinned support conditions
respectively considering (D/t) = 25.5. The numerical analysis gives that for the
increase of concrete coating from 40 to 96 mm the fundamental natural frequency
decreases by 33.57, 33.58 and 33.71 % for fixed-fixed, fixed-pinned and pinned-
pinned support conditions respectively considering (D/t) = 25.5.

5 Conclusions and Limitations

(i) The study shows that the pipeline specifications and boundary conditions
influence the natural frequency of free spanning subsea pipeline very much.

(ii) With the increase of the pipeline thickness, the natural frequency of free
spanning subsea pipeline increases for same outer diameter. For fixed-fixed
support condition natural frequency is much higher than fixed-pinned and
pinned-pinned support conditions.

(iii) The concrete coating also influences the natural frequency of free spanning
offshore pipeline. For less amount of concrete coating the natural frequency of
the pipeline becomes higher.

(iv) Due to the increase of (D/t) ratio of subsea pipeline from 25.5 to 74.1 the
fundamental natural frequency decreases for numerical analysis around 35 %
and for analytical analysis around 26 % for all support conditions.

These findings will be helpful for the designer while choosing the pipe speci-
fications for designing of subsea pipelines to avoid resonance.

Fig. 8 Effect on natural frequency for various (D/t) ratios considering 96 mm concrete coating
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The effects of seabed conditions, axial force, imperfection factor, temperatures
on natural frequency should be considered for determining the more approximation
results of natural frequency of free spanning subsea pipeline.
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Stochastic Dynamic Analysis
of an Offshore Wind Turbine Considering
Soil-Structure Interaction

Arundhuti Banerjee, Tanusree Chakraborty and Vasant Matsagar

Abstract This work investigates the dynamic response of a 5 MW offshore wind
turbine with monopile foundation subjected to wind and wave actions. The study
includes the dynamic interaction between the monopile and the underlying soil
subjected to wind and wave loading. The presence of softer soil strata can influence
the dynamic response of the structure. The offshore wind turbine tower has been
modelled as multi degree of freedom (MDOF) structure. The model comprises of a
rotor blade system, a nacelle and a flexible tower where the mass of the rotor, blade
and nacelle has been lumped at the top of the tower for simplicity. In this work a
lumped mass model for the dynamic analysis of a monopile-type support structure
for offshore wind turbine has been presented using the finite element software
ANSYS 14. Simulations are performed for the MDOF turbine subjected to sto-
chastic wind and wave loading using the Kaimal spectrum and the Pierson-
Markowitz spectrum correlating wind and wave forces, respectively. The soil-
structure interaction effect is taken into consideration by including rotational as well
as lateral spring constants. The results are visualized in frequency domain for both
wind and wave spectral forcing in the form of power spectral density functions
which gives an insight on how the response of the structure depends not only on the
external forces but also on the soil structure interaction effect. The structure shows
significant increase in response when the soil-structure interaction effect is taken
into account.
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1 Introduction

Offshore wind turbines compared to other structures are dynamically sensitive due
to their critical slenderness ratio with respect to the lateral loads it bears. Due to this
critical slenderness ratio (low value of 5–6) of offshore wind turbines, the combi-
nation of wind and wave forces may produce excessive vibrations that will inhibit
the mechanical system in the nacelle of the turbine from converting wind energy to
electrical energy [1]. The ratio of drag force to lift force in case of wind turbines is
around 15 compared to the airliners having the ratio as 7. Hence it is extremely
important to conduct a dynamic analysis on these sensitive structures considering
all the important parameters such as the turbulent loading due to wind and waves as
well as the flexibility imparted to it by the soil through the consideration of soil
structure interaction.

The sea wind blowing over the waves produces pressure differences along the
wave crest (inward and outward), causing the wave to grow. This process is
unstable because, as the wave grows and gets larger, the pressure difference
increases, and the wave grows in an exponential pattern. Finally, the waves interact
among themselves to produce longer waves [1]. So far very few work has been
done taking into consideration the randomness of the wind and wave loading.
Randomness in the wind is described in term of wind velocity whereas in case of
waves in the sea, it is represented in terms of wave height elevation. An expression
regarding the wind velocity spectrum was proposed by [2] for the distribution of
energy with frequency which was dependent on wave height. Another wind
velocity spectrum was proposed by [3] which was independent of wave height, and
that guaranteed a non-zero integral length scale of turbulence. A wind spectrum
based on a modified version of the Von-Kàrmàn spectrum was provided by [4],
which included the variation of spectral energy with height. An expression
including eddy currents of varying size acting between the structural nodes was
developed by [5]. The randomness in the sea wave is represented by the Pierson-
Moskowitz spectrum which depends upon the peak period as well as the significant
height of the waves.

Several research studies on wind turbines has been conducted by [6–9]. In [6], a
three dimensional (3D) finite element analysis was carried out in time domain to
investigate the dynamic response of the mono-pile foundation. A similar finite
element analysis was carried out by [7] which indicated that the results based on p-
y method overestimated the soil stiffness at high depths. A number of design charts
were presented by [8] for ultimate lateral resistance for a pile. Two alternative
flexible foundation models were considered by [9] in his work which were com-
pared with the response of a fixed base model and it was concluded that the results
as well as the loading were higher for the flexible base models. Again a lot of work
was reported on wind turbine superstructure in [1, 10, 11]. In [1], a lumped mass
model of an offshore wind turbine was considered with a liquid tune column
damper to mitigate excessive vibrations at the top of the structure. A stochastic
method for analysing offshore wind turbine towers subjected to random sea waves
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and strong motion earthquakes was presented by [10]. In [11], mechanical dampers
were installed on the structure to mitigate the responses due to random wave forces.
However in their work, the foundation and the soil region was not included for
simplicity. Current design approaches for wind turbine structures are mostly based
on quasi-static load on the structure where the dynamic part of the loading is
incorporated by including a factor which takes into account the dynamic nature of
the loading. The quasi-static response of the structure is the dominating one as
compared to the resonant response for offshore wind turbine. However if the natural
frequency of the structure is quite low and close to energy rich loading frequencies,
resonant response becomes significantly important. The soil-structure interaction
effect reduces the natural frequency of the structure. Hence, a dynamic analysis of a
coupled wind turbine and foundation system considering proper soil-structure
interaction under combined wind and wave loading is indeed necessary for rational
design.

The main objective of the present work is to investigate the response of a flexible
base structure subjected to random loading and to study how the response is
amplified due to the presence of soil. To meet the objective of the present work, a
lumped mass model of an offshore wind turbine has been considered with an
uncoupled lateral and rotational spring in the base to incorporate flexibility of the
soil which will be subjected to random wind and wave loading. The analysis results
are studied in the form of power spectral density functions (PSDF) for displacement
and acceleration.

2 Model Description

In the present work a 5 MW 3-bladed offshore wind turbine with monopile-type
support is considered for carrying out the wind-wave spectral analysis with the
equivalent dashpot model. The finite element model is prepared using the ANSYS
finite element software [12] by using beam elements (BEAM4) for simulating the
tower. The blades and nacelle have been signified by a concentrated mass Mtop at
the tip of the tower by using MASS21 element on which the random horizontal
wind spectra is applied. The entire model is discretised into seven nodes as shown
in Fig. 1.

In Fig. 1 the structural model under consideration is presented where the mass is
lumped at the nodes idealized as the lumped mass model approach. The base of the
tower is taken as 4.3 m in diameter and the tower head tapering to 3.5 m. The tower
is considered to be made of steel with thickness as 18 and 10 mm at the bottom and
the top of the structure, respectively. Steel with an elastic modulus equal to
210 × 109 N/m2 is assumed. The structural damping ratio is assumed to be 0.01.
The tower base is given flexibility with the help of an uncoupled equivalent spring
dashpot model. The method for determining the stiffness and damping constants for
the springs and dampers in parallel are given in [13].
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The wind spectra is applied at node 7 whereas the wave spectra is applied at
node 3. The values adopted for the model parameters used in the present study are
summarized in Table 1. Figure 2 shows the geometrical details of the wind turbine
tower to be used herein. Figure 3 shows the lumped mass model prepared with the
help of finite element software ANSYS.
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Fig. 1 Offshore wind turbine
model used in present study

Table 1 Summary of the
parameters used in present
study

Mass at top (with blades) 87.7 tonnes

Drag coefficient CD 1.05

Inertia coefficient CI 1.00

Lateral spring constant Kx 2.16 × 109 N-m

Lateral damping constant Cx 0.002

Rotational spring constant Kθ 3.63 × 1012 N-m

Rotational damping constant Cθ 0.01

Shear modulus G 10 MPa
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H 

d 

H = 80 m
d = 20 m
E = 2×105MPa 
Dbase = 4.3 m 
Dtop = 3.5 m 
tbase = 18 mm 
ttop = 12 mm 

H = tower height, d = water depth, E = elasticity- 
modulus, Dbase = base diameter, D = top diameter, 

thickness at base, ttop = thickness at top 
top 

tbase = 

Fig. 2 Geometrical properties of the offshore wind turbine

Fig. 3 Lumped mass model in ANSYS used in the study
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2.1 Wind Excitation

The wind loading acting on the structure is discretized into two parts. One is the
constant loading with time and the other constitutes the random or rather gust
loading which varies with time imparting the dynamic component to the loading.
The spectrum used in this work to simulate the fluctuating along wind velocity
spectrum proposed by [11] as:

SvvðxÞ ¼ v2�
2px

200 nm
1þ 50 nmð Þ5=3

ð1Þ

where,

nm ¼ n Z
Vm

ð2Þ

with z = the vertical coordinate, n is the frequency in Hz, ν* = friction velocity (m/s),
nm = Monin coordinate.

When a continuous structure is discretised into a MDOF system, the modal
fluctuating drag force power spectrum, which includes spatial correlation infor-
mation, is expressed as:

SF ¼ CDATqð Þ2
Xn
k¼1

Xn
l¼1

Svk vlðxÞVm kð ÞVm lð Þ/j kð Þ/j lð Þ ð3Þ

where, AT = total area of the structure exposed to the wind, k and l are spatial nodes,
SVkVl = velocity auto PSDF when k = l and the cross PSDF when k is not equal to l,
Vm(k) and Vm(l) = mean wind velocities at nodes k and l respectively, and ϕj(k) and
ϕj(l) = nodal k and l components of the ‘jth’ mode shape.

2.2 Wave Excitation

In the present work a Pierson-Moskowitz wave spectrum (for fully developed sea
condition) is adopted for dynamic analysis of the support structure for the offshore
wind turbine given as:

SggðxÞ ¼ 2p
apm � g2

x5 � exp �bpm
xp

x

� �4
� �

ð4Þ
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where,

apm ¼ 0:0081; bpm ¼ 5
4
; x4

p ¼
0:74
bpm

g
V

� �4
ð5Þ

with ω = 2π/T, ωp = spectral peak angular frequency, η(t) = local free surface
elevation with respect to the mean sea level (m.s.l.), V = intensity of characteristic
wind speed at the reference height of 19.5 m above mean sea level (m.s.l).

The total wave force acting on the offshore wind turbine is given as:

P tð Þ ¼
Zd

0

f z; tð Þ/ zð Þdz ð6Þ

where ϕ(z) = shape function of the offshore structure exposed to the wave loading,
d = depth of the water surface, z = vertical coordinate axis, f(z, t) = wave force
acting on the column that can be calculated by the linearized Morison equation
given as:

f z; tð Þ ¼ CIax z; tð Þ þ CD

ffiffiffi
8
p

r
rv z; tð Þ vx z; tð Þ ð7Þ

where CD = drag coefficient, CI = inertia coefficient, σv = standard deviation of the
velocity at location z, ax (z, t) = acceleration and vx (z, t) = water particle velocity.
The force acting per unit length on the wet part of the support structure associated to
a random sea state with spectral energy density Sηη as defined by Eq. 4 can be
obtained by considering the expression of η, x and velocity and substituting into
Eq. 7 as:

F z; tð Þ ¼ x
sinh kd

�CIix cosh kzð Þ þ CD

ffiffiffi
8
p

r
cosh kzð Þr _x z; tð Þ

" #
g tð Þ ð8Þ

By making the Fourier transform of such an expression the force spectrum is
obtained as a function of the wave energy spectral density given as:

SFF x; zð Þ ¼ x
sinh kd

� �2
CIx cosh kzð Þ½ �2þ CD

ffiffiffi
8
p

r
cosh kzð Þr _x z; tð Þ

" #2
2
4

3
5SggðxÞ

ð9Þ
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The standard deviation of water particle velocity is given as:

r2_x zð Þ ¼
Zinf

0

Sxx x; zð Þdw ¼
Zinf

0

x
cosh kz
sinh kd

� �2

�SggðxÞdw ð10Þ

where Sxx(ω,z) = spectrum of water particle velocity using linear wave theory,
k = wave number, ω = frequency in rad/s.

3 Results and Discussion

In the present work the analyses are carried out first considering wind and wave
forces separately and then considering their mutual interaction. Figure 4 shows the
first three mode shapes that are used in the analyses which corresponds to frequency
values of 0.152, 1.522 and 3.50 Hz for fixed base whereas 0.125, 1.317 and 3.11 Hz
for flexible base conditions. Figure 5 shows the input wind and wave force spectra
applied to the lumped mass model. The input spectra was developed by the above
mentioned formulations using MATLAB 13 programming language.

2nd
3rd1st

Fig. 4 First three mode
shapes to be analyzed
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3.1 Results for Wind Force Spectra

Wind force spectra was applied at node 7 for fixed and flexible base conditions and
the corresponding results are presented in Figs. 6, 7, 8 and 9. The results show the
power spectral density function (PSDF) for displacement as well as acceleration.

The peak for PSDF of displacement as shown in Fig. 6 is 1.35 m2/Hz for fixed
base condition corresponding to the frequency of 0.152 Hz. Similarly for Fig. 7, the
peak for PSDF of acceleration is 1.14 m2/s4 Hz corresponding to the frequency of
0.152. For Fig. 8, i.e. for flexible base condition, the peak for PSDF of displacement
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is 3.78 m2/Hz corresponding to the frequency 0.125 Hz whereas for PSDF of
acceleration the peak is 1.43 m2/s4 Hz for 0.125 Hz as shown in Fig. 9.

As observed from the results, in fixed base conditions, the peak displacement at
the top node (node 7) is 1.35 m2/Hz at frequency 0.152 Hz but under flexible base,
it increases to 3.78 m2/Hz at a lower frequency of 0.124 Hz. This is a 180 % rise in
the displacement value. In the similar manner the acceleration at the top node
increases from 1.1.4 to 1.43 m2/s4 Hz which is a 25 % rise in acceleration.
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3.2 Results for Wave Force Spectra

Wave force spectra was applied at node 3 for fixed and flexible base conditions and
the results presenting the power spectral density function for displacement as well
as acceleration are given in Figs. 10, 11, 12 and 13. From Fig. 10, it can be
comprehended that the peak for PSDF of displacement for fixed base condition is
0.0277 m2/Hz that occurs at 0.152 Hz whereas for flexible base condition, it is
0.0285 m2/Hz analogous to the frequency of 0.125 Hz as shown in Fig. 12. In the
case of acceleration, the peak value is 0.0241 m2/s4 Hz for fixed base corresponding
to the frequency of 0.152 Hz as shown in Fig. 11. However for flexible base, the
peak is 0.0481 m2/s4 Hz for a frequency of 1.317 Hz and for the second mode as
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shown in Fig. 13. Due to the flexibility at the base, there is a marginal increase in
the displacement at the top node, but acceleration at tower top increases from
0.0241 to 0.0481 m2/s4 Hz which is approximately 70 % rise. The scenario is quite
different in the case of acceleration at the tower top, which now has its peak
corresponding to the second mode with a higher frequency of 1.317 Hz. This
increase in the response may be attributed due to the presence of soil at the base of
wind turbine.

10-3 10-2 10-1 100 101 102

10-12

10-10

10-8

10-6

10-4

10-2

PS
D

F 
of

 a
cc

el
er

at
io

n

Frequency (Hz)

Peak= 0.0241 m/s2

Wave spectra

7 

6
5

4
3
2
1

Fig. 11 PSDF of acceleration
in x direction with frequency
(fixed base)

10-4 10-3 10-2 10-1 100 101 102

10-12

10-10

10 -8

10 -6

10 -4

10 -2

PS
D

F 
of

 d
is

pl
ac

em
en

t (
m

2
/H

z)

Frequency (Hz)

Peak= 0.0285 m2/Hz
Freq= 0.125 Hz
Wave spectra

7 

6

5

4
3
2
1

Fig. 12 PSDF of
displacement in x direction
with frequency (flexible base)

684 A. Banerjee et al.



3.3 Results for Combined Wind and Wave Force Spectra

Herein wind force spectra at node 7 and wave force spectra at node 3 are applied
simultaneously and the results for the PSDF for displacement as well as acceleration
are given in Figs. 14 and 15 for flexible conditions. Figure 14 shows the peak value
of PSDF of displacement as 6.243 m2/Hz corresponding to a frequency of
0.125 Hz. Figure 15 shows the PSDF of acceleration as 2.363 m2/s4 Hz for the
frequency of 0.125 Hz. It may be noted that due to flexibility constraints, now the
peaks occur at a higher value and at a lower frequency as seen in the figures below
as compared to that under wave and wind spectra applied individually. The dis-
placement at the top now increases to 6.243 m2/Hz at a lower frequency which
corresponds to that of the flexible base conditions. However, other higher modes do
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not participate in the response of the system which can be seen from its peak values
corresponding to very low values that can be ignored. The acceleration at the tower
top again attains a high value of 2.363 m2/s4 Hz at the fundamental frequency of the
flexible base system.

The results of the analysis has been summarized in Table 2.

4 Conclusion

In this work, a lumped mass model of an offshore wind turbine [1] has been taken
for study which is subjected to random wind and wave loading by using Kaimal
spectrum and Pierson-Moskowitz spectrum respectively where the behavior of the
soil which imparts flexibility to the structure that has been simulated using an
uncoupled spring and dashpot model.

Analysis has been divided into stages in which (i) first only the wind loading is
applied to the fixed and flexible base conditions, (ii) next wave loading is applied
and (iii) both the wind and wave loading are applied simultaneously to the model in
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Table 2 Summary of the results

Constraint Load PSDF displacement
(m2/Hz)

Frequency
(Hz)

PSDF acceleration
(m2/s4 Hz)

Frequency
(Hz)

Fixed base Wind 1.35 0.152 1.14 0.152

Flexible base Wind 3.78 0.124 1.43 0.124

Fixed base Wave 0.0277 0.152 0.0241 0.152

Flexible base Wave 0.0285 0.124 0.0481 1.317

Flexible base Wind
and wave

6.243 0.125 2.363 0.125
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flexible base condition thus depicting the actual scenario in practical design based
conditions. The following conclusions are derived from the analysis:

(1) There is a very high percentage rise (180 %) in the top displacement and
acceleration as seen from Table 2 which concludes that flexibility of the wind
turbine structure significantly affect the response of the system.

(2) Under wave loading for flexible base conditions the peak acceleration corre-
sponds to a higher frequency and thus the second mode shape. Therefore, it
may be concluded that it is necessary to include the first and second mode
shapes for the dynamic analysis, as opposed to only the fundamental mode
generally considered for the analysis in a normal practice.

(3) Due to flexibility imparted by soil, the natural frequency now reduces to a
lower value which can be a very critical condition for the offshore wind
turbine structures, as many high energy loads are present towards the lower
frequency range including the wave and the wind turbulence, the rotor fre-
quency and the blade passing frequency as well as the vortex shedding criteria.
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Numerical Modelling of Finite
Deformation in Geotechnical Engineering

T. Gupta, T. Chakraborty, K. Abdel-Rahman and M. Achmus

Abstract Geotechnical investigation of a project is an important aspect to ensure
and improve the functioning of a structure. One of the most commonly used test for
geotechnical investigation is cone penetration test which is used in field to deter-
mine soil profile and soil properties. This test involves finite scale deformation of
soil which is not possible to simulate in a numerical model using the conventional
Lagrangian approach. Present work deals with the numerical modeling of field cone
penetration test using coupled Eulerian Lagrangian (CEL) approach in the finite
element software Abaqus. Herein the soil is modeled as an Eulerian part to
incorporate the finite scale deformation coupled with the cone modeled as a
Lagrangian rigid body. The Mohr Coulomb plasticity criterion is used to charac-
terize the behavior of soil in this study. Analysis for cone penetration test is carried
out to establish a relationship between mean effective stress and cone bearing
pressure for different relative densities of sand. Finally the use of CEL analysis to
model finite scale deformation in soil is addressed with its capability to simulate
real life geotechnical problems.
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1 Introduction

Cone Penetration test (CPT) is a widely used in situ test for calculation of soil
parameters like relative density, friction angle and stiffness modulus [1, 2]. Cone
penetrometer test was primarily limited to soft soils but with the application of
enhanced functionalities like piezocone CPT with pore water pressure measurement
and modern jacking techniques, it is possible to use CPT for wide variety of soils
and for soft rocks as well.

There are various analytical methods available to study cone penetration in dense
sand which includes bearing capacity theory by limit plasticity [3–5], cavity
expansion theory [6–8] and strain path method [9]. Laboratory chamber studies
[10–13] have also been carried out to study penetration of cone in soil media.

Advances in numerical computation software have encouraged various
researchers to simulate difficult real life geotechnical problems in a numerical
model. With use of finite element analysis it is possible to implement any type of
constitutive model with increased accuracy even with difficult geometry. Finite
element method has been used by researchers [14–16] to simulate cone penetration
test. Finite element formulation of cone penetration is very advantageous because it
takes into account the effect of soil stiffness and compressibility, considers the effect
of initial stresses, calculates the stresses during penetration with reasonable accu-
racy, and no assumption of failure modes is required, and utilizes various consti-
tutive models to simulate behavior of soil. But cone penetration involves large
distortion of mesh in high strain concentration area around the cone tip which leads
to loss of accuracy as the penetration depth is increased. The cone penetration has
been analyzed as a bearing capacity problem by some researchers [3, 17] assuming
Mohr-Coulomb failure criterion of soil. Vesic [8] incorporated the application of
kinematic field for soil which has similar movements as proposed in cavity
expansion theory [8]. Baligh analyzed the cone to be surrounded by an incom-
pressible, inviscid fluid to determine the deformation pattern of soil around the cone
and calculating the theoretical strain and pore water distribution in soil using these
deformation patterns. Another approach to calculate the response of very soft
cohesive clays was developed using conformal mapping technique for analytical
calculations of strain rates around the cone tip assuming an inviscid fluid flow [18].
But the results from both these methods [18, 19] have limited validity because of
the assumptions taken for simplification of problem. The deformation patterns
assumed in bearing capacity theory and cavity expansion theory are not justified by
the experimental observations. Application of kinematic field to soil nodes accounts
for stress calculation in later stages of analysis but it is not justified because of its
inability to account for initial stress state of soil.

With more advanced numerical computation techniques, an Eulerian part is
introduced in finite element analysis. A study of cone penetration is considered by
Van Den Berg et al. [15] using Arbitrary Lagrangian Eulerian (ALE) methodology
for layered deposit. The objective of Van Den Berg et al. [15] was limited to
application of ALE technique in analyzing layered soil medium rather than analysis
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of cone penetration simulation. Van Den Berg et al. [15] assumed the cone to have
rigid boundary conditions and the soil to move around the cone tip in specified
displacement field. This application of ALE technique created a new benchmark in
finite element models to calculate the effect of large scale deformation in soil
domain. Van Den Berg et al. [15] started his analysis by placing the cone in a pre-
bored hole which may result in underestimation of horizontal stresses on cone.
However the work by Van Den Berg et al. [15] was also limited by prescribed
displacement field of soil around the cone tip.

The adaptive remeshing technique for simulation of finite deformation is used
with explicit iteration method which is more effective than implicit iteration. It is
because of the fact that the analysis run time is directly proportional to the mesh
size in explicit analysis whereas it is directly proportional to the square of the wave
front times the number of degrees of freedom [20] in implicit analysis. Thus it is
possible to simulate a model with very fine mesh in the expected zone of effect for
penetration while carrying out ALE adaptive remeshing technique. Adaptive
remeshing used by Susila and Hryciw [21] established a reasonable axisymmetric
numerical model to simulate finite scale deformation which occurs during cone
penetration.

Huang et al. [22] simulated a numerical model for cone penetration in cohe-
sionless soil. Huang et al. [22] used basic mathematical equations to separate the
cone resistance from sleeve friction resistance. These equations are used in this
study to separate the cone resistance from sleeve friction. The resistance to pene-
tration of cone consists of two terms. The first term is the resistance encountered by
the conical area which is termed as cone resistance and second is the resistance
encountered by the sleeve of the cone which is called sleeve friction. A mathe-
matical correlation is used in this study to separate these values. According to
Huang et al. [22],

Ft ¼ Fc þ Fs ð1Þ

where, Ft is total force experienced during penetration of cone, Fc is cone resistance
encountered in terms of force and Fs is sleeve resistance encountered during pen-
etration. Out of these two components of total force, the most important engineering
design parameter is the cone resistance expressed in form of stress,

qc ¼ 4Fc=pd
2
c ð2Þ

where, qc is the cone tip resistance, dc is the diameter of cone.
To separate Fc from Ft, the interface friction angle is set to zero and total force is

determined during penetration (refer Fig. 1). Thus the obtained force with interface
friction angle equal to zero is equal to cone resistance without any frictional
resistance, i.e. Fc|ϕsc=0 = Ft|ϕsc=0. It is to be noted that when the interface friction is
not zero, then there will be a component of interface friction in addition to Fc|ϕsc=0.

Now to account for the contribution of interface friction in cone resistance, we
will multiply the cone resistance at zero friction (�qc) with a cone tip factor η so that,
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qc ¼ g�qc ð3Þ

where, qc is the actual cone tip resistance and as per,

qcAc ¼
Z

A0
c

pn sin a=2ð Þ þ cos a=2ð Þ tan/scð ÞdA0
c

¼ sin a=2ð Þ þ cos a=2ð Þ tan/scð Þ
Z

A0
c

pndA
0
c

qcAc=�qcAc ) g ¼ 1þ cot a=2ð Þ tan/sc

ð4Þ

where, A0
c represents tip area of cone. According to Huang et al., a factor υ is

introduced in this equation to account for effect of dilation angle:

g ¼ 1þ t cot a=2ð Þ tan/sc 0:7\t\1:1 ð5Þ

where υ is a fitting parameter determined through least-square fit method. A value
of 0.86 is chosen in this study for υ which is used in Eq. (5) based on numerical
CPT data and least square fit method as discussed by Huang et al. [22].

The objective of this study is to perform cone penetration analysis numerically
accounting for finite scale deformation occurring in soil domain as a result of cone
penetration. In this study, numerical simulation of cone penetration in different
relative densities of sand has been carried out using three dimensional nonlinear
finite element program (ABAQUS) and the coupled Eulerian-Lagrangian (CEL)
method. Herein, soil domain has been modelled using Eulerian elements and the
cone has been modelled using Lagrangian elements. The stress-strain response of
soil is simulated using the Mohr-Coulomb constitutive model and the cone is
modelled as steel with rigid body properties. The elasto plastic deformation of soil
is presented and output in the form of cone tip resistance is used for establishing a
relationship between cone tip resistance and mean effective stress.

∫ ′cn Adp

∫ ′φ cscn tan Adp

c cAq

cd

Fig. 1 Illustration of contact
interface friction angle to
cone resistance
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2 Geometry and Mesh

The numerical model presented in this study is prepared by taking advantage of the
symmetry of problem. The soil domain is modelled as a quarter cylindrical domain
of height 3.5 m and radius 0.5 m. The cone is modelled as 0.031 m long and apex
angle 60° as presented in Table 1. The soil domain has a void section of 50 cm in
the upper part as shown in Fig. 2 to model the flow of material displaced by the
insertion of cone. Up to 1 m penetration of cone is considered in the present work.

3 Modelling Details

Boundary and Initial Conditions: The velocity of nodes at the bottom of the soil
domain is kept zero in all active degree of freedoms. The outer surface of cylindrical
domain is kept constrained from horizontal motion of nodes i.e. in x and y direc-
tions, the velocities are zero. Symmetric boundary conditions are applied on the
plane of symmetry in model. The x-plane of symmetry in the model restricts the
velocity of nodes in the x-direction but allow the nodes to move in the y and z-
directions. Similarly the velocity of nodes in y-direction is kept zero for y-plane of
symmetry while keeping the velocity in the x and z directions to be free.

Initial stresses are defined in the model based on the density of soil and sur-
charge applied at the soil void interface. The earth pressure coefficient at rest
(K0 = 1 – sin ϕ′) is used to calculate the horizontal stresses at any given depth.
A reference point is defined in this analysis to control the motion of rigid body
cone. Six active degrees of freedom have been specified at the reference point.

Table 1 Material and geometrical properties of cone

Height of conical
part (m)

Apex angle
(°)

Density
(tones/m3)

Young’s modulus
(kPa)

Poisson’s
ratio

0.031 60 7.75 2.1 × 108 0.30

Void 
Assigned material 

Rigid body 

Fig. 2 Mesh diagram of CPT
model
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Initial conditions in the form of velocity are applied to this rigid body reference
point to control the motion of cone. This reference point has been assigned a
constant velocity of penetration in z-direction and all other five degrees of freedom
have been assigned zero velocity throughout the analysis.

Loading: There are two types of loading applied in this study to account for the
effect of gravity and surcharge loading. The effect of gravity is introduced by
specifying an acceleration of 10 m/s2 in negative z-direction for the material
assigned section in the Eulerian part.

The second type of loading used herein is the application of surcharge at the soil-
void interface. This surcharge is applied to study the effect of higher depth of soil
penetration without modelling the complete depth of soil medium. For example, a
surcharge of 80 kPa represents that the soil void interface is located at a depth of 4 m
in soil domain of unit weight 20 kN/m3. Different values of surcharge are used in this
study to study the dependence of cone tip resistance on the surcharge applied.

Analysis: Two types of analysis are carried out for one simulation of cone
penetration. One analysis is carried out with frictionless interface and the other with
frictional interface and interface friction angle equal to two-third of soil friction
angle. The analyses are carried out till a constant value of tip resistance is achieved.
Then the Eqs. (3) and (5) are used to calculate the cone resistance from this constant
value corresponding to frictionless analysis and sleeve resistance is calculated by
subtracting cone resistance from the total resistance obtained by frictional analysis.

4 Material Modelling

Soil domain in this study is modelled using Mohr-Coulomb plasticity criterion with
parameter specified in Table 2 depending on the relative densities of sand. The
Young’s modulus is maintained constant in the soil domain. The cone is modelled as
a rigid body which will not undergo any deformation during analysis. A reference
point is generated in space to control the motion of cone which is needed to assign a
constant velocity of penetration to cone.

The following simplified relationship is used to calculate the dilation angle (ψ)
for different types of sands having different friction angles [23]:

w ¼ /0 � /cv ð6Þ

where ϕ′ denotes the friction angle for sand and ϕcv denotes critical state friction
angle equal to 30°. The general contact algorithm in Abaqus and penalty contact
with interface friction angle equal to two-third of sand friction angle is used
between cone and soil to define the contact between cone and the surrounding soil.
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5 Results and Discussions

Calibration: The calibration of the numerical model is presented to prove that the
analysis is independent on the size of elements in mesh and velocity of penetration.
Table 3 shows description of three different types of mesh used in this study to
calibrate the numerical model. Figure 3a shows the output from three different
numerical models with different size of mesh in the form of total force required to
penetrate the cone in soil domain. These analyses are performed for contact
interface friction angle equal to two-third of the friction angle for dense sand. Based
on these results, the medium mesh is chosen in this study to simulate the cone
penetration problem.

The second step of calibration in this study is performed to ensure that the results
are independent of the velocity of cone penetration. Figure 3b shows result in form
of total force required to penetrate the cone in soil domain. A velocity of 0.4 m/s is
chosen for further analysis of cone penetration. This velocity is preferred because it
will decrease the CPU time and increase the economy of analysis.

The main emphasis in this study is given on the tip resistance encountered by the
cone tip during cone penetration in cohesionless soil. Tip resistance is calculated by
using Eq. (3) with results obtained from frictionless interface between soil and cone.
However, distribution of total global sleeve friction is also presented in this study.
In this study the sleeve friction is calculated for the complete shaft which is pen-
etrated in the soil domain. Thus the contact area between cone tip and soil remains
constant after the full penetration of cone tip but the contact area between sleeve
and soil keeps on increasing with increasing penetration depth. Figure 4 shows
distribution of cone tip resistance and global sleeve friction for dense sand (ϕ
= 37.5°). The graph shows that at the penetration depth of 1 m, magnitude of cone
resistance is equal to 6,876 kPa as compared to the sleeve friction value of 12 kPa.
The average value of friction ratio for 1 m penetration is recorded as 0.72 %. Based
on Robertson and Campanella [24], soil with friction ratio 0.72 % and cone
resistance as 6,876 kPa will be classified as sandy soil. According to Douglas and
Olsen [25], soil will be classified as non-cohesive coarse grained soil. This value of
friction ratio and cone resistance justifies the material modelling of soil as dense
sand.

Table 2 Soil parameters for various types of sands used in this study

Soil type Density
(tones/m3)

Young’s modulus
(kPa)

Poisson’s
ratio

Friction
angle (°)

Dilation
angle (°)

Loose sand 2.0 80,000 0.25 32.5 2.5

Dense sand 2.0 100,000 0.25 37.5 7.5

Very dense sand 2.0 120,000 0.25 40 10

Table 3 Description of mesh
size Mesh size Coarse Medium Fine

Number of elements 28,905 34,317 44,649
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The variation of sleeve friction along the sleeve length is also considered in this
analysis. Figure 5 shows the stress distribution on the sleeve at penetration depth of
0.35 m. The values on y axis represent the distance of points from the conical part
of cone. The distribution shows a constant value of 2 kPa for penetration depth of
0.35 m with zero surcharge and dense sand (ϕ = 37.5°).

Figure 6 shows the variation of horizontal stresses at fixed points in soil domain.
These points are chosen at depths of 0.25, 0.50 and 0.75 m. The values of stresses
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are plotted on logarithmic scale because of very high value of stress corresponding
to an individual point when the cone passes through that point. This distribution
shows that there is very high increase in horizontal stresses when the cone passes
through a particular point but as the cone goes down, the sleeve resistance come
into play and the horizontal stresses become constant which is unaffected by further
penetration of cone.

The analysis is performed for different values of surcharge r0
v0 like 40, 80, 160

and 240 kPa in order to simulate different depths of soil. The Eq. (7) given by
Clausen et al. [26] is used to calculate the relative density of soil for applied
surcharge and the obtained cone resistance qc because the Mohr Coulomb model
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does not take into consideration of soil relative density. According to Clausen et al.
[26], the relative density DR of soil is,

DR ¼ 0:4 ln
qc

22:
ffiffiffiffiffiffiffiffiffiffiffi
r0
v0pa

p
" #

pa ¼ 100 kPa ð7Þ

The equation by Clausen et al. [26] is used to present the results of current study
in terms of relative density of sand. This relative density of sand depends on the
stress conditions and compressibility of soil. The compressibility of the soil is in
turn dependent on the change in void ratio divided by the change in stress. The
average of these relative densities for a particular soil type is taken and then that
type of soil is symbolized by this average relative density. Table 4 shows the value
of averaged relative density as obtained from Clausen et al. [26]. The results of
finite element analyses are then compared with that reported in Baldi [2] in terms of
averaged relative densities as calculated from Eq. (7). Figure 7 shows the com-
parison between current study and Baldi [2]. The comparison shows good agree-
ment between current study and Baldi [2] for sands with same relative density.

The next comparison is made between results from current study and various
results from bearing capacity theory, calibration chamber testing and cavity
expansion solutions. Results from bearing capacity solution of Durgunoglu and

Table 4 Relative densities of
sands under study as
calculated according to
Clausen et al. [26]

Soil type Relative density by
Clausen et al. [26] (%)

Loose sand 60

Dense sand 75

Very dense sand 86
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Mitchell [4, DM], cavity expansion solutions from Collins et al. [27] combined with
correlation of Yasafuku and Hyde [28], YH&C); cavity expansion solution of
Collins et al. [27] combined with bearing capacity factor correlation of Ladanyi and
Johnston [29], LJ&C); average chamber correlation of Houlsby et al. ([13], HH);
and experimental results from Yu and Mitchell [30] are compared with current
solution by CEL analysis in this section (Fig. 8). The comparison between nor-
malized stresses (qc=r0

v0) for surcharge value 240 kPa shows good agreement
between the results.

6 Conclusions

As observed in the numerical analysis, the CEL procedure is very well suited for
problems involving large deformation. The successful representation of cone pen-
etration test using CEL proves that CEL is a potential tool for large deformation in
Geotechnical Engineering.

Herein, numerical simulation of cone penetration test is performed to understand
the response of cohesionless soil for different relative density values. The material is
modelled using the Mohr-Coulomb failure criteria and the response of soil is
studied. Comparison with existing numerical results and experimental data show
that the response of numerical model presented in this study is reasonable for
intermediate depths of cone penetration. The relationships derived in this study are
purely numerical and proper site investigation and consultation must be sought
before using these results.
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Effects of Soil-Structure Interaction
on Multi Storey Buildings on Mat
Foundation

Ankit Kumar Jha, Kumar Utkarsh and Rajesh Kumar

Abstract The analysis of the interaction between structural foundation and
supporting soil is of fundamental importance for structural engineers. The present
Indian standards for distribution and transfer of loads from superstructure to the soil
assume rigid connection between foundation and soil. This is attributed to the
perception that neglecting the effects of soil-structure interaction (SSI) leads to a
conservative design. However its effect becomes significant for certain class of
structures such as high rise building subjected to dynamic loads. Results of such
analyses provide information which can be used in the structural design of foundation.
Multi-storey symmetric buildings have been modeled and subjected to seismic load.
Finite Element Method was employed to compare the response of the structure under
various load combinations for two cases: one with a rigid foundation soil connection
and the other taking considerations of foundation-soil flexibility. Fictional contact has
been used to imitate SSI effect. The results obtained showed increase in displacement
at different storey when SSI effects are taken into account. Higher value of storey drift
has been observed at lower heights. This study reveals that the behavior of structure
changes with the change in nature of interaction between soil and foundation elements.
Soil-structure interaction may become critical in some cases, however, uncertainties
too exists with SSI. Hence a comprehensive and extensive method of analysis has to be
devised for accurate analysis, and an economical and conservative design.

Keywords Soil-structure interaction � Response spectrum � Finite element
method � Seismic analysis � Multi-storey building

1 Introduction

The response of any structural system comprising of more than one element depends
upon the interaction between its structural components. In case of Soil–Founda-
tion–Structure system, the soil-structure interaction plays a key role in determining
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response of the structure. However in current practice the effects of supporting soil are
neglected primarily because of complexities associated in the modelling of soil and
assumptions of conservative design on simplification of the model. Apparently, this
perception stems from oversimplifications in the nature of seismic forces adopted in
most of the present codes [1]. Even the present Indian code IS 1893:2002 Part-I which
addresses the need of dynamic analysis in buildings however, do not provide detailed
provisions for including SSI. There has been continuous research on the effect of this
interaction on thewhole structure [2].Mainly twomethods have been devised for soil-
foundation interaction analysis namely the direct analysis and substructure method
[3–9]. Direct analysis includes soil and structure in the samemodel and analyses it as a
whole whereas substructure method treats each component separately and then
combines them to get the result [10].

This paper addresses the issue of soil structure interaction and gives a detailed
comparison between fixed base type analysis and structure with a flexible base
subjected to ground motion. A number of three bay multi-storey framed structures
with different heights have been modeled on mat foundation, with same mat depth
for each case. Finite element method (FEM) has been employed to study the effects
of soil on response of the structure subjected to ground acceleration. The model is
simulated on ANSYS 14.5 (general purpose finite element software). The model is
exited from the base and response of the structure is calculated. Deformation along
X axis (horizontal) has been compared for different cases. For better accuracy and
results non-linearity associated with structure has also been considered.

2 Soil-Structure Interaction

Soil structure interaction (SSI) refers to the effect of soil and its sub-grade on
response of the structure. SSI accounts for the difference between the actual
response of the structure and the response when the connection is assumed to be
rigid [11]. SSI effects can be classified as inertial interaction effects, kinematic
interaction effects, and effects of soil-foundation flexibility [12]. With reference to
engineering analysis these effects can be referred to:

Foundation stiffness and damping. Shear, moment and torsion are generated due to
vibration, causing displacements and rotations at the interface. These displace-
ments dissipate energy, which significantly affects response of the system. All of
this originates due to the flexibility of the foundation. These contribute to overall
structural flexibility and increases the building period [10, 13]. The relation
between time periods of single degree of freedom system can be expressed as:

~T
T
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfixed

kx
þ kfixedh2

kh

s
ð1Þ
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where ~T is the new time period, T is the fixed base model period, kfixed is the
stiffness of fixed base model, kx is stiffness of new model in x-direction, kh is the
rotational stiffness, and h is the height of building, for multi-degree freedom
system h is the height of the centre of mass for the first mode shape.

Foundation Deformation. Flexural, axial, and shear deformations of structural
foundation elements occur as a result of forces and displacements applied by the
superstructure and the soil medium.

Difference between foundation input motions and free-field ground motions. There
can be difference between foundation input motion (FIM) and free-field ground
motion because of kinematic interaction and relative deformations at soil
foundation interface.

There are two methods of evaluating the above effects.

Direct analysis: In direct analysis the soil and structure are included within the same
model and analysed as a complete system. The soil and structure both are rep-
resented as a continuum. The Direct analyses renders all of the SSI effects,
however in practice, this approach is generally avoided because of high compu-
tational time especially when the geometry of the system is complex or irregular.

Substructure approach: This method is rather convenient and a step by step pro-
cedure. In the first step evaluation of free-field soil motions is done, next step
involves computation of transfer functions to convert free-field motions into FIM.
Lastly springs are employed to represent stiffness and damping at soil-foundation
interface and then analysis is done on the complete system (Figs. 1 and 2).

Fig. 1 Direct method of analysis [10]
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3 Modelling and Formulation

3.1 Geometry

As stated earlier the modelling and simulation of the problem has been done on
ANSYS, a finite element software package. Meshing was performed in ANSYS and
the details have been shown in Table 1. In brief G + 7, G + 11, G + 18, and G + 25
multi-storey structures has been subjected to earthquake motions for two different
cases; one with rigid connection to the underlying soil and other taking into con-
siderations of soil foundation flexibility. All the buildings were symmetric in plan
with three bays. The size of beams and columns were taken as 450 × 450 mm and
300 × 500 mm respectively with slab thickness as 250 mm. It is quite obvious that
the shape and size of beams and columns are decided based on serviceability and

Fig. 2 Substructure method of SSI [13]. a Complete system, b kinematic interaction,
c foundation-soil flexibility, d excitation with FIM of structure with foundation flexibility/damping
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strength criteria, and hence for different storey height their dimensions may not be
the same. However, the dimensions adopted here were unified for all class of
buildings. This is justified in the manner that the prime purpose here is to compute
and compare stresses and other parameters at various sections in the building. It is
suggested that for practical design purpose all the relevant parameters should be
checked after analysis and then the dimensions should be modified accordingly
(Fig. 3).

Table 1 Details of meshed
soil-structure interaction
model

Building Total number
of nodes

Total number
of elements

G + 7 62,995 29,270

G + 11 72,533 24,252

G + 18 109,615 52,646

G + 25 145,222 71,009

Fig. 3 Isometric meshed model of G + 11 storey building with underlying soil
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3.2 Soil Model

Soil beneath the foundation and surrounding the building has been modeled in three
layers each having different sets of parameters. The boundary of the soil has been
taken 25 m in horizontal direction from centre of the structure, which is more than
three to four times the radius of foundation. This has been done to minimise the
effect of reflexive waves [14]. Similarly vertical boundary has been taken 45 m deep
from the centre of foundation to ensure the same, and divided into three layers.
Drucker-Prager Yield criterion has been used to model soil and concrete with other
suitable physical properties.

3.2.1 Drucker-Prager Model

A Drucker-Prager yield criterion is used for modeling soil and other granular
material such as concrete. It is used to determine whether the material has failed or
undergone plastic yielding. Mathematically it is expressed as

ffiffiffiffiffi
J2

p ¼ Aþ BI1 ð2Þ

where I1 is the first invariant of the Cauchy stress and J2 is the second invariant of
the deviatoric part of the Cauchy stress. A and B are constants which are determined
from experiments (Table 2).

3.2.2 Soil-Foundation Contact

Several approaches for modeling soil structure interface have been proposed. The
most common and widely used is the fixed base assumption model. A fixed base
model assumes rigid foundation elements connected to a rigid base. However such
model is just a simplification of the actual situation. In reality the flexibility of soil
and foundation elements comes into play and hence many contact models have

Table 2 Material properties

ν γ (g/cc) E (MPa) φ

Soil around mat 0.3 2.07 100 36°

Top layer of soil 0.3 2.07 100 36°

Second layer of soil 0.3 2.08 150 22°

Third layer of soil 0.3 2.07 180 18º

Concrete NL 0.18 2.5 30,000 –

ν Poisson’s ratio
γ Bulk density
E Young’s Modulus
φ angle of friction
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been proposed such as the rigid bathtub model, baseline model, and Winkler spring
model. In general the soil-foundation contact is represented by complex-valued
impedance function. This impedance function represents frequency dependent
stiffness and damping, where real part corresponds to stiffness and imaginary part is
related to damping. Solution of this function [15] can be mathematically repre-
sented as

�kj ¼ kj þ ixcj ð3Þ

where, �kj denotes the impedance function; �kj and cj denotes frequency dependent
foundation stiffness and damping; j denotes modes of displacement.

Different methods of modelling soil are chosen according to requirements and
importance of the structure. In this analysis the contact between soil and foundation
has been considered to frictional. The coefficient of friction was taken as 0.36.

4 Analysis

4.1 Earthquake Vibrations

EI Centro Ground motions in all three global directions were selected for the pur-
pose of carrying out SSI investigations. The selected data has been converted from
time domain into frequency domain using the Fast Fourier Transform (FFT). Since
frequency domain is only capable of dealing with linear responses, therefore all the
results hence obtained are as per governing linear methods of analysis. The
transformed input motions were applied at the base of the model. A graphical view
of the original ground motion data and the modified data in all three directions has
been shown in the following figures (Figs. 4, 5, 6, 7, 8 and 9).

Fig. 4 EI Centro ground motion data in north south direction converted to frequency domain
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Fig. 5 EI Centro ground motion data in east-west direction converted to frequency domain

Fig. 6 EI Centro ground motion data in vertical direction converted to frequency domain

Fig. 7 EI Centro ground motion data in north south direction in time domain
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4.2 Modal Analysis

Modal analysis is used to determine natural mode shapes and frequencies of any
body. It is the study of dynamic properties of a body under free vibrations. This also
serves as a prerequisite to perform response spectrum analysis. The modal analysis
was performed to determine natural modes of frequencies of the structural model.
150 modes of frequencies were determined; this was done so as to keep effective
mass more than 70 % in the each direction. It was found that a major contribution of
effective mass came from a specific mode, which was different for each model.

Fig. 8 EI Centro ground motion data in east-west direction in time domain

Fig. 9 EI Centro ground motion data in vertical direction in time domain
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4.3 Response Spectrum Analysis

The general dynamic equation associated with the response of the structure to
ground motion is given as

KuðtÞ þ C _uðtÞ þM€uðtÞ ¼ mx€ugxðtÞ þ my€ugyðtÞ þ mz€ugzðtÞ ð4Þ

where K is the stiffness matrix; C is the damping matrix; M is the diagonal mass
matrix; u, _u, €u are the relative displacements, velocity, and acceleration. with
respect to the ground; mx, my, mz are the unit acceleration loads; and €ugx, €ugy, and €ugz
are components of ground acceleration.

A response spectrum analysis derives the maximum response of this equation
and gives it as output. The responses can be in form of displacement, velocity, or
acceleration. This method uses the modes obtained from the modal analysis and
based on modal frequency, modal mass, and combination rules value of the total
maximum response of the system is given as output. There are many combination
rules such as Square Root of the Sum of the Squares (SRSS) method, Complete
Quadratic Combination (CQC) method. Response spectrum analysis can be of two
types namely; single-point response spectrum analysis, and multi-point response
spectrum analysis. In this paper all the modes from the modal analysis were used to
perform the response spectrum, single-point method was used and SRSS method of
combination was applied.

5 Results and Discussions

The analysis performed on the soil-structure model render wide variations in
deformation and stresses when soil-structure interaction is considered. A plot of
maximum deformation along X-axis versus storey height shows high value for the
frictional model (SSI model) than the fixed base model. This was expected as the
restraint near contact region of soil and structure was released. A comparison of
storey drift between the fixed base model and the frictional model shows that in
fixed case the deformation followed the general pattern where the values of
deformation at a fixed level increased with increasing overall building height. This
can be clearly seen from the graph (Fig. 11) that at a fixed level say 9.5 m the
deformation follows the pattern G + 25 > G + 18 > G + 11 > G + 7. However, in the
case of frictional model the values of deformation at low level (as 9.5 m) is highest
for G + 7 building, and nearly same for G + 18 and G + 25 building. Whereas, for
the higher levels, the trend followed is same as for fixed base model (Fig. 10).

Values of maximum shear stress for all building models have been found to be
located at the base of the first storey and at the junction of middle column of the
outer column line. A further investigation shows that the frictional model has
comparatively higher value than the fixed base model except in the case for G + 25
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Fig. 10 Storey drift along X-direction versus storey height for all the four multi-storey buildings
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storey building. This is in contrast to what is normally expected. SSI effects are
associated with increase in time period of the system and hence it is expected that
the response of the structure under ground motion should decrease but this is not
always true as evident from the results obtained (Table 3).
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Fig. 11 Cumulative of storey drift for all four buildings in one graph

Table 3 Values of maximum
shear stress (N/mm2) Building Frictional contact model Fixed base model

G + 7 1.0703e+06 3.1442e+05

G + 11 9.3034e+05 4.7505e+05

G + 18 1.1443e+0.6 5.5426e+05

G + 25 8.1327e+0.5 8.4921e+05
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Effect of Buoyancy on Stitched Raft
of Building with Five Basements
in Presence of Ground Anchors

D.P. Bhaud and H.S. Chore

Abstract Buildings with deep basements and without substantial weight of the
super-structure, when constructed within highly fluctuating rise and fall of under-
ground water level, experiences significant uplift pressure due to buoyancy effect.
Use of pre-stressed rock anchor is a prominently accepted technique to fix the
structure to the ground against the excessive hydrostatic pressure, when the sound
rock is available at the level of basement stitched raft. The efforts are made in this
study to suggest a suitable design approach and arrive at appropriate constitution of
various parameters like locking of anchors to partial capacity, residual load in
anchors, spacing of anchors, raft thickness and reinforcement consumption in raft,
to achieve practical and economical solution which will help maintain structure in
position.

Keywords Buoyancy � Stitched raft � Basements � Ground anchors

1 Introduction

Large scale developments in building construction and lack of available space on
account of cluster development has produced demand to go deep into the ground to
manage parking and other services of the building. At places, where fluctuations in
the underground water are quite considerable and the water is expected to rise up to
or above the ground level due to heavy floods during monsoon, the basement rafts
are designed for the critical case. This critical case is the net total uplift force arrived
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at after deducting the self weight of the structure from weight of the volume of
water displaced by the structure.

The solution to the above problem, sometimes is done by increasing the self
weight of the structure by counter weight filling. However, in the deep and large
basements, this may not be an appropriate solution. In regions like Mumbai, where
the strong rock is available at about 9–10 m below the ground level, use of the
pre-stressed rock anchors in deep basement stitched raft is significantly accepted
solution to counteract the uplift due to the buoyancy.

In the current study, suggested solution for the mentioned problem is presented.
The suggestion includes use of permanent ground anchors instead of heavy counter
weight systems or tension piles to stabilize substructure of the building against
floatation. The sub soil drainage system is also one of the systems occasionally
adopted to reduce the uplift due to buoyancy. However, in view of the challenges
and difficulties observed while maintaining the overall system in running condition
throughout the life of the building, this system is accepted at very few locations
where the quantity of underground water is expected to be very less. The efforts are
made in this study to understand the effect of locking off the ground anchors in
design of the deep basement stitched rafts.

2 Literature Review and Findings

Blake and Tomlinson [1] stated the design approach for raft designed for uplift due
to rise in ground water. It was specified that when the stitched raft is placed on the
rock surface, the settlement would be negligible and hence the raft can be designed
as an inverted flat slab. Darwish [2] presented the use of cables for fixation of empty
underground tanks against underground-water-induced floatation and showed as to
how the vertical grouted anchors are effective in holding the structure down when
the tank is empty. The code of practice for foundation [3] explained about factor of
safety against floatation states that any structure will resist buoyancy by its own
weight and other suitable anchoring resistance such as ground anchors. It further
states that if a factor of safety is taken as 1.5 against floatation due to highest
anticipated flood level whereas the resistance is taken as combined dead loads and
permitted anchoring resistance, further checking on stability of the structure against
overturning due to buoyancy may not be explicitly required.

Indian standard specifications [4] explain about stressing of anchor for extra load
of 10 % higher than the total design load. The anchor elongation is measured and
then the anchor is locked either to design load or part of the design load depending
upon the requirements. However, appropriate part of the design locking load is not
mentioned in the code. Present study is carried out on fixing the “ideal lock off load”
and states the appropriate range for such “partial locking load”. The British Standard
[5] states about stressing of anchor, effect of residual load, displacement of anchor.
This code also specified additional stressing load in excess to the anchor design load.
However, there is no clear information given about lock off load. The choice is left to
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the engineer. This code also specifies the factor of safety to be considered for design
of permanent anchors holding the structure down is 1.50. Jeet [6] specified that if
the factor of safety of 2 is considered in arriving at the capacity of the permanent
anchor, then rock anchors can be modeled as supports. However, present report use
this logic to some extent and rock anchors are modeled as point loads instead of a
support with a factor of safety as 1.50 as mentioned in design codes of different
countries as stated in paragraphs above, when the lock off load is 100 %.

Horvath [7] provided important information about suitable analytical simulation
and modeling techniques of rock anchors in the raft analysis. The author had raised
concern about the analytical assumptions and methods used in routine practice. This
information is importantly utilized in present study. Along the lines similar to the
one suggested by Blake and Tomlinson [1] that stitched raft resting on strong rock
can be designed as inverted flat slabs. Taking the same further and using the results
of the study carried out by Regan [8] on deflection of flat slabs, in the present study,
the criteria for flat slab is used in checking the upward limiting deflection of stitched
raft under action of net buoyant force due to ground water. Regan [8] stated that
actual deflection limits of flat slab for short term and long term deflection is L/500
and L/1,500, where L is the length of flat slab across which it spans.

Martin et al. [9] presented the use of high capacity anti-floatation bar anchors
against uplift due to underground-water-induced floatation and had mentioned the
responses in their reports. On the similar approach, the present study has undertaken
the research on the role of such anchors in design of the stitched rafts for various
geometric configurations. The British Standard design code BS 8004:2004 [10]
states about factor of safety to be considered for working out gravity load to resist
the uplift forces due to buoyancy. The effect due to this factor of safety has been
considered in the present study to arrive at the unbalanced uplift force, which is
further considered to arrive at design anchor loads. The Indian Standard design
code IS 1904:1986 [11] states about factor of safety to be considered for working
out net the uplift forces due to buoyancy in a similar way as stated in the above
paragraph. This factor of safety has been utilized in the present study to arrive at the
unbalanced uplift force, which is further considered to arrive at design anchor loads.

3 Design Philosophy and Approach

A multi basements parking building situated in Mumbai is considered for this study.
A building with five numbers of basements is chosen for this study and comparison.
Strong rock is located at foundation level of lowermost basement. The focus of this
paper is on studying the action of internal forces in rock anchor on design of
the reinforced concrete stitched raft. The design of stitched raft with anchors fixed
in rock is proposed to be studied in this report. Appropriate factor safety to arrive at
design load and spacing of these anchors is considered in this report. Suitable
analytical simulation of anchors is adopted in this study to arrive at acceptable
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solutions. Different combinations are prepared in this report to arrive at reasonable
value at which rock anchors can be stressed partially. As boundary conditions, in
design of the stitched raft with anchors, care is taken such that there is no uplift
in the footings and at the same time differential deflection in the raft slab is within
permissible limits even when the anchors are locked to the part of their design load.

4 Parameters

The parameters for this study are selected upon their contribution in composite
design of stitched raft for hydrostatic uplift and are categorized as follows:

4.1 Constant Parameters

1. Composition of the underground strata remains same for all conditions, SBC of
1,000 kN/m2 with an estimated average settlement of foundation of 10 mm is
assumed to remain constant for this study. This settlement is used to find out the
sub-grade modulus for this study.

2. Depth of the plum concrete (counter weight filling) of 1,200 mm. over the raft
kept constant for this study.

3. Water table assumed to be at the ground level all the times.
4. Public parking building is chosen for this study with 5 basements + gr. floor,

typical column spacing @ 9 m × 9 m. Bottom of raft is at 19.1 m. below the
ground level.

4.2 Variable Parameters

Spacing of anchors is the first variable parameter which applicable for the above
building.

1. Spacing between anchors = L/2
2. Spacing between anchors = L/3
3. Spacing between anchors = L/4

where, L = Span between the columns (9 m for this study).
The second unseen variable parameter in this study is the thickness of stitched

raft, which is dependent on the spacing between anchors. Thickness of raft is
considered as “1/8th of the Spacing between anchors” for the all parameters con-
sidered in this study. Third and very important parameter is “locking of anchors to
the part of their design load”.
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1. Locking of anchors @ 100 % of its capacity
2. Locking of anchors @ 80 % of its capacity
3. Locking of anchors @ 60 % of its capacity
4. Locking of anchors @ 30 % of its capacity
5. Locking of anchors @ 15 % of its capacity

Parameters used for this study are mentioned below in Table 1.

5 Anchor Design Load and Spacing

To begin with design optimization, global stability check to safeguard structure
against uplift due to hydrostatic pressure become of primary importance. As stated
in the design philosophy, appropriate factor of safety is considered to arrive at the
design load of the rock anchors. Safety factor of “1.5” has been taken as basis for
this study. Design capacity of anchors and their respective spacing for five numbers
of basements is arrived at as shown below in Table 2.

6 Model and Analysis

As stated in the design philosophy, engineering models are prepared for various
combinations as per list mentioned below. Software “SAFE” version 12.3.0 is used
for finite element analysis of stitched raft in presence of anchors. List of the
mathematical models for optimization study are mentioned in Table 3.

In continuation to the statement made in the design philosophy, the mathematical
simulation of anchors is very crucial for this study. Instead of modeling anchors as
support for all conditions, they are modeled as point load when they are stressed for
full of their capacities and are modeled as point load plus point spring in tension
for residual load when they are locked for part of their design capacities. The effect
on behavior of the raft deflection due to adopted simulation under the effect of uplift
force produced by ground water is shown in Figs. 1, 2, 3, 4, 5 and 6.

Conditions shown in Figs. 3 and 5 are modeled in “SAFE” models for various
combinations of the basements and spacing of the anchors as mentioned in Table 1.

Table 1 Variable parameters
for the study No. Parameters

1 Spacing of
anchors (Sa)

L/2 L/3 L/4

2 Raft thickness Sa/8 Sa/8 Sa/8

3 Locking of
anchors @ (%)

100 80 60 30 15
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Table 2 Design load of anchors for 5 basements

No. Design components Basements—5 nos.

Description of parameters Unit Spacing of anchors

L/2 L/3 L/4

1 Basement foundation
system details

No. of basements Nos 5 5 5

Basement floor height m 3.5 3.5 3.5

Spacing between columns m 9 9 9

Spacing of anchors m 4.5 3 2.25

Thickness of raft m 0.6 0.4 0.3

Finished basement level
below ground floor

m 17.5 17.5 17.5

Basement top PCC
thickness

m 0.1 0.1 0.1

Plum concrete thickness m 1.2 1.2 1.2

Bottom level of raft m 19.4 19.2 19.1

2 Uplift force Hydrostatic pressure kN/m2 −194 −192 −191

3 Downward loading Top PCC kN/m2 2.4 2.4 2.4

Plum concrete kN/m2 24 24 24

Raft kN/m2 15 10 7.5

4 Total downward loading kN/m2 41.4 36.4 33.9

5 Net upward unbalanced load excluding self weight
of structure

kN/m2 −152 −155 −157

6 Structure details Grid spacing in “X”
direction

m 9 9 9

Grid spacing in “Y”
direction

m 9 9 9

No. of floors supported
above

Nos 5 5 5

Average floor thickness m 0.3 0.3 0.3

Dead load intensity per
floor

kN/m2 7.5 7.5 7.5

Total downward intensity of structure at base level kN/m2 37.5 37.5 37.5

Reduced dead load intensity for uplift calculation (10 %
deduction)

kN/m2 33.7 33.7 33.7

Net upward unbalanced load including self weight of
structure (load to be taken by rock anchors)

kN/m2 −118 −121 −123

7 Rock anchor arrangement
details

Number of anchors in one
bay

Nos 4 9 16

Factor of safety in
capacity

1.5 1.5 1.5

Rock anchor capacity T 365 165 95
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Table 3 List of mathematical models

S. No. Analysis
model no.

Parameters

No. of
basements

Anchor
spacing

Raft
thickness

Locking
anchor @ (%)

1 Model 1 5 L/2 Sa/8 100

2 Model 2 5 L/2 Sa/8 80

3 Model 3 5 L/2 Sa/8 60

4 Model 4 5 L/2 Sa/8 30

5 Model 5 5 L/2 Sa/8 15

6 Model 6 5 L/3 Sa/8 100

7 Model 7 5 L/3 Sa/8 80

8 Model 8 5 L/3 Sa/8 60

9 Model 9 5 L/3 Sa/8 30

10 Model 10 5 L/3 Sa/8 15

11 Model 11 5 L/4 Sa/8 100

12 Model 12 5 L/4 Sa/8 80

13 Model 13 5 L/4 Sa/8 60

14 Model 14 5 L/4 Sa/8 30

15 Model 15 5 L/4 Sa/8 15

Fig. 1 FBD of loadings on raft—analytical simulation

Fig. 2 Deflected shape of raft in absence of anchors
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Loading is applied as shown in the design Table 2 mentioned in earlier section for
five numbers of basements. Plan showing raft modeled in SAFE analysis software
and the images of the deflected shape of the raft due to buoyancy uplift are indi-
cated below in Figs. 7 and 8.

Fig. 3 FBD of loadings on raft—analytical representation (in presence of anchors stressed and
locked for full capacity)

Fig. 4 Deflected shape of raft in presence of anchors (locked at full capacity)

Fig. 5 FBD of loadings on raft—analytical representation (in presence of anchors stressed and
locked at partial capacity)
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Fig. 7 Plan view of the stitched raft (image from SAFE)

Fig. 6 Deflected shape of raft in presence of anchors (locked at partial capacity)
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7 Results and Discussion

7.1 Displacement Below Footings for Various Percentage
of Locking of Anchors

Results obtained through these analyses are transformed to plot graphs. These
graphs shows how locking of anchors at partial load will result in behavior of the
raft. In addition, as mentioned earlier in the report, boundary conditions of loss of
contact in the footings and permissible differential deflection of the raft are carefully
observed through results presented below. Variation in the displacement below the
footing for various condition of locking of the anchors is displayed in Fig. 9.

Figure 9 shows “percent locking of anchors from 0 to 100 %” on X-axis and
“Displacement below footing in mm” on Y-axis. Figure 9 shows how stressing and
locking load in the anchor influence the displacements below footing. On account
of sub-grade modulus which is considered while performing the analysis in SAFE,
footing tends to settle down by corresponding distance. When the anchors are
stressed and locked for their full design load, the settlement below the footing is as
per a criterion which was used to derive SBC at the founding level. The value of
settlement below the footing for 100 % lock off load condition nearly matches the
value mentioned in the design parameters. However, the settlement appears to be
reducing for lesser percentage of lock off loads in the anchors. From Fig. 9, it is
observed that there exists tension in the footing when the anchors are locked at
55 % and 35 % of their design loads and when they are placed at spacing of “L/2”

Fig. 8 Deflected shape of raft in presence of anchors (image from SAFE)
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and “L/3” respectively. There is no tension observed below the footing when the
anchors are placed at spacing of “L/4”. Even when the anchors are locked at lower
loads, the footing do not dislodge from the ground. However, the other criteria of
differential deflection in the raft become more important in this case, which is
observed in the next result.

7.2 Differential Deflection (Settlement) in Raft for Various
Percentage of Locking of Anchors

Variation in the differential settlement (deflection) in the raft for various condition
of locking of anchors is displayed in Fig. 10.

Figure 10 shows “percent locking of anchors from 0 % to 100 %” on X-axis and
“Differential deflection (settlement) in raft in mm” on Y-Axis for corresponding
locking of Anchors. Figure 10 shows the behavior of the raft during various stages
of locking of anchors for building with five basements. As the raft is resting on
rock, deflection behavior of raft can be treated similar to that of flat slab. Taking the
reference of one of the study carried out on actual deflection of the flat slabs,
permissible deflection values for long term deflection may be considered as span/
1,500. In this study, 6 mm is referred as the value for differentiation. As noticeable
for different values of lock off load in the anchors, it is observed that when the
anchors are designed for lesser loads and are closely spaced, the differential dis-
placement (i.e. upward deflection) in the raft increases in comparison to the other
conditions where the anchors are placed at sufficient distance apart and are designed
for the higher loads.

Fig. 9 Displacement below footing for various %age of lock off load in anchor—for 5 basements

Effect of Buoyancy on Stitched Raft … 727



7.3 Construction Cost Per Unit Area of Stitched Raft
for Various Percentage of Locking of Anchors

Variation in the construction cost per unit area of the stitched raft for various
condition of locking of anchors is displayed in Fig. 11.

Figure 11 shows “percent locking of anchors from 0 % to 100 %” on X-axis and
“Construction cost of stitched raft in rupees per sq.m” on Y-Axis for corresponding

Fig. 10 Differential deflection in raft for various %age of lock off load in anchor—for 5
basements

Fig. 11 Cost per sq.m area of raft for various %age of lock off load in anchor—for 5 basements
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locking of anchors. Figure 11 shows the effect of various stages of locking of
anchors on construction cost of stitched raft of building with five basements. The
constructions cost is worked out for parameters like concrete, reinforcement and for
pre-stressed anchors. The optimum cost of construction is observed to be near to
Rs. 18,600 per sqm. for the anchor spacing of “L/3” and for lock off load of 75 % of
the anchor design load.

8 Conclusion

When the rock anchors are spaced at “1/2 of the span between the columns”, no
uplift in the footing is observed when lock off load for the anchors is more than
55 % of the design anchor load. Similarly, when the anchors are spaced at “1/3rd of
the span between the columns”, no uplift is observed when lock off load is more
than 35 %. Value of lock off load can be further reduced to 20 % of the design load
when the anchors are spaced at “1/4th of the span between the columns”.

It can be further stated that for the anchors spaced at “1/4th of the span between
the columns”, the ideal value of lock off load for anchors is required to be more than
70 % to restrict the differential deflection between the raft and footing to the
appropriate value. Similarly when the anchors are spaced at 1/3rd of the span
between columns, the ideal lock off load for anchors shall be more than 30 % of
their design load to restrict heavy upward deflection of the raft. However, when the
anchors are spaced at 1/2 of the span between the columns”, no major differential
settlement is observed even at lower percentage of lock off loads as the anchor loads
are considerably high.

The afore-mentioned conclusions provide information to the user to choose a
safe partial lock off load for a given spacing of the anchors considering the men-
tioned two important measures. It is also understood that to get the optimum cost of
construction for stitched raft of building having five basements, anchors shall be
spaced at “1/3rd of the span between the columns”, the ideal value of lock off load
for anchors is required to be near 75 % of the anchor design load.
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Influence of Soil-Structure Interaction
on Pile-Supported Machine Foundations

Karmegam Rajkumar, R. Ayothiraman and Vasant Matsagar

Abstract Influence of soil-structure interaction (SSI) on pile-supported machine
foundation supporting low speed rotary machine is discussed. The importance of
pile foundation in soft soil conditions in comparison with raft foundation is also
discussed. An analytical model using lumped mass approach is developed to study
the effect of the SSI on the dynamic response of pile-supported framed-foundation.
Frequency-independent stiffness and damping coefficients are used to model the
foundation-soil system. Newmark’s method is used to solve the governing equa-
tions of motion. It is found that, the SSI significantly reduces the natural frequency
of the raft-supported framed-foundation resting on soft to very soft soil conditions.
Though, the fundamental natural frequency is well separated from the operating
frequency of the machine, there is possibility of resonance in higher modes in soft
soil conditions and amplification in the peak amplitudes. The pile foundations are
found to be a suitable system in soft to very soft soil conditions to control vibrations
of framed-foundation. The damping in soft soil plays an important role to suppress
the amplitude of vibration.
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1 Introduction

Machine foundations are inevitable components of any industrial infrastructure,
which support heavy machines, transmit both static and dynamic loads. In that case,
even vibrations of small magnitude may induce cracks instructural member,
wearing in bearings, loosening of connections, reduced efficiency in operations and
also cause discomfort to workers. Such effects are more significant even in low
speed rotary machines like crushing mills, motor generators, compressors, and
rolling mill stands. Framed-foundation supported either on a raft/pile foundations
are the suitable solution for such problems, which can prevent vibrations. The
option of raft or pile foundation depends largely on type of soil conditions and at
the site having poor soil conditions, pile-supported framed-foundations is very
common. Mayerhof [16] recognized the importance of superstructure-foundation-
soil interaction in the design of machine foundation and elaborated the soil-struc-
ture-interaction. Barkan [3] explained different methods for analysis of framed-
foundation. Blake [7], Baxter and Bernhard [4], and Richart et al. [23] presented
design guidelines and charts for limits of amplitude of vibration, which is com-
monly used in practice. Novak and Grigg [20] proposed the stiffness and damping
of pile group under the steady-state vertical vibrations may be obtained by fre-
quency-independent expressions. Novak [18] proposed the stiffness and damping
coefficients of single pile in soil-pile system. Lapin [15] studied the effects of
transmission of vertical vibrations from machine foundations to adjacent building
foundations. Arya et al. [2] explained different methods for analysis of framed-
foundation and the limits of vibration amplitudes. BIS [6] explained design and
construction of machine foundation supporting low frequency rotary type machines.
Gazetas [12] discussed the response of shallow and deep foundations subjected to
harmonic loadings. Wolf [24] explained the mass-spring-dashpot models for the
dynamic analysis of machine foundations. Costain and Robichaud [8] explained
various practical methods for vibration control of industrial equipment. ACI [1]
explained the analysis and design guidelines for foundations supporting dynamic
equipment. Kumar and Reddy [14] studied the effect of springs placed between the
machine and foundation. Prakash and Puri [21] modeled the foundation and soil
system as mass-spring-dashpot model having multi-degrees of freedom. Fleischer
and Trombik [11] recommended that the foundation supporting rotary machine has
to be stiff enough to avoid interaction between fundamental frequencies of machine
foundation and substructure. Bhatia [5] explained interaction between machine,
foundation, and soil. From the above review, it can be inferred that only very few
studies have reported the SSI effects on framed-foundation by simplified methods.
Hence, it will be interesting to study the dynamic behavior of framed-foundation
supporting low speed rotary machines supported by raft and pile foundations. The
specific objectives of the present study are: (i) to mathematically model the pile-
supported machine foundation and numerically solve the governing equations of
motion; (ii) to investigate the effects of soil-structure interaction (SSI) on the
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dynamic response of framed-foundation; and (iii) to study the influence of the
stiffness of super structure and foundation-soil system on the dynamic response of
machine foundation by considering different soil conditions.

2 Mathematical Modeling

In the present study, the amplitude method [3] is used to analyze the framed-
foundation in which, vertical vibration analysis is carried out for each transverse
frame independently. Figure 1 shows the transverse frame in a framed-foundation
supported by raft and pile foundations. The whole system is idealized mathemati-
cally as lumped-mass modelas shown in Fig. 2.

F(t)

c2k2

m2

cv or cv,gkv or kv,g

m0

c1k1

m1
y1

y2

y0

Fig. 2 Idealized lumped-
mass model of raft-supported
and pile-supported framed-
foundation

Machine

Deck slab

Raft foundation

Soil layer

Soil layer

Pile foundation 

k1

0.5k2 0.5k2

(b) (a) 

Fig. 1 Typical a raft-supported, and b pile-supported framed-foundation resting on soil layer
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2.1 Modeling of Superstructure

The assumptions made in mathematical modeling of the structural system are: (i)
the superstructure is considered to remain within the elastic limit during the har-
monic excitation from machine; (ii) the masses of frame columns and beams with
machine are supposed to be lumped at different levels; (iii) the system is subjected
to an unbalanced harmonic force in vertical direction generated from a typical low
speed rotary machine; (iv) the effect of longitudinal beams on vertical vibrations of
transverse frames are neglected; (v) the difference between the vertical deformations
of individual frame column is negligible; (vi) the contribution of gravity force and
its corresponding spring reaction force is not considered for the dynamic vibration
analysis; and (vii) stiffness of machine itself is not considered.

2.2 Modeling of Foundation-Soil System

2.2.1 Frame Supported by Raft Foundation

The foundation on deformable soil can be represented as simple mass-spring-
dashpot model with the following frequency-independent relations. The effect of
footing embedment is not considered in the present study. The frequency-inde-
pendent expressions of stiffness (kv) and damping (cv) properties of foundation-soil
system in vertical direction is expressed as [21],

kv ¼ 4Ga
1� l

ð1Þ

cv ¼ 3:4a2
ffiffiffiffiffiffiffi
Gq

p
1� l

ð2Þ

where, G is shear modulus of soil (G = ρvs
2); ρ is density of soil; vs is shear wave

velocity of soil; a is equivalent radius of circular footing; µ is Poisson’s ratio of soil.

2.2.2 Frame Supported by Pile Foundation

There are many methods proposed by different researchers for obtaining the
impedance of soil-pile system under vertical vibrations. For the current study, the
stiffness and damping coefficients of single pile in soil-pile system is obtained from
equations given by Novak [18] which are expressed as below.
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kv ¼ EpA
r0

f1 ð3Þ

cv ¼ EpA
vs

f2 ð4Þ

where, kv and cv are the stiffness and damping values of single pile in pile-soil-pile
system in vertical direction; Ep is modulus of elasticity of the pile material; A is
cross-sectional area of the pile; r0 is radius of the pile; vs is the shear wave velocity
of soil; f1 and f2 are stiffness and damping parameters for homogeneous soil which
is obtained from the charts given by Novak and El-Sharnouby [19].

Novak and Grigg [20] proposed that the stiffness and damping of pile group
under the steady-state vertical vibrations may be obtained by following frequency-
independent expressions,

kv;g ¼
Pn

1 kvPn
1 an

ð5Þ

cv;g ¼
Pn

1 cvPn
1 an

ð6Þ

where, kv,g and cv,g are stiffness and damping values of the pile group; kv and cv are
stiffness and damping values of the single pile in pile-soil-pile system in vertical
direction; n is number of piles; and αn is group interaction factor [22].

2.3 Unbalanced Dynamic Force

During the operation of rotary machine, some unbalanced forces always exist.
These unbalanced forces are developed, when the mass centroid of rotating part
does not coincide with center of rotation. The unbalanced force produced by such a
system in vertical direction can be expressed as,

Fv ¼ F0 sinxmt ð7Þ

where, F0 is the force amplitude depends on unbalanced mass (m), eccentricity (e),
and rotational frequency of the machine (ωm). The unbalanced force considered in
the present study is 1,000 N for low speed rotary machines (500–1,500 rpm).
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3 Governing Equations of Motion

The governing equations of motion for the structure-foundation-soil system by
considering vertical soil degree of freedom as shown in Fig. 2 can be expressed as,

M½ � €yf g þ C½ � _yf g þ K½ � yf g ¼ FðtÞf g ð8Þ

ð9Þ

ð10Þ

ð11Þ

where, [M], [C], and [K] are the mass, damping, and stiffness matrices for entire
frame-foundation-soil system, respectively (partitioning indicates without SSI, i.e.
fixed base condition); m1, m2, and m0 are the equivalent lumped masses of beam
(including machine), column, and substructure, respectively; k1 and k2 are the
flexural stiffness of beam and axial stiffness of column, respectively; kv and cv are
the stiffness and damping properties of soil in vertical direction which is obtained
from Eqs. (1–6), respectively. The damping matrix of superstructure is not known
explicitly, which is constructed by assuming the critical damping ratio in each mode
of vibration. The critical damping ratio of superstructure (ξs) is taken as 5 %. And,
the damping matrix of entire structure-foundation-soil systemis non classical, it is
constructed by using substructure technique [10]. F(t) is the forcing vector for the
given framed-foundation structure by considering that the unbalanced vertical
harmonic force acts at first degree of freedom.

4 Solution of Equations of Motion

In this study, a numerical program is developed to solve the equations of motion for
unbalanced vertical harmonic forces from the machine. The superstructure-foun-
dation-soil system used for the analysis has non-classical damping properties, i.e.
the damping of the superstructure and soil are different. The equations of motion are
solved by using Newmark’s method of step-by-step integration; using linear vari-
ation of forces over a small interval of time, Δt [9, 10]. The time interval for solving
the equations of motion is taken as 0.002/100 s (i.e. Δt = 0.2 × 10−4 s).
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5 Numerical Study

The present study investigates the effects of SSI on the response of framed-foun-
dation subjected to a vertical harmonic motion and the response quantities of
interests are natural frequency (ωn) and peak amplitudes in the deck level (y1). To
limit the responses it is essential to understand the different parameters affecting the
dynamic response of framed-foundation.

5.1 Properties of Superstructure

For the present study, the length and height of frame considered is 4 m and 6 m,
respectively. The cross-sections of the beam and columns are 0.5 m × 0.2 m and
0.4 m × 0.2 m, respectively. For these dimensions, the properties of lumped-mass
model are evaluated and given in Table 1 [5].

5.2 Properties of Foundation/Soil

For the present study, frame supported by raft foundation of 3.1 m × 4.0 m with an
equivalent radius, a = 2 m is considered. The lumped mass of raft foundation (m0) is
considered as twice the total mass, mt (i.e. m0 = 2mt), where, mt = m1 + m2. To
consider the pile-soil-pile-structure interaction effect, a pile cap with 2 × 2 pile
configuration in square pattern is considered. The effect of pile cap embedment into
soil is not considered. The details of piles used in the pile-supported foundation are
as follows: (i) pile tip is assumed to be fixed with pile cap and piles are of floating/
friction type; (ii) the diameter and lengths are assumed as 0.3 and 15 m, respec-
tively; (iii) the spacing of piles in both the direction are assumed as 1.2 m; and (iv)
the pile cap thickness is assumed such that the lumped mass of pile foundation (m0)
is equivalent to total mass (i.e. m0 = mt). The soil properties used in the present
study are given in Table 2 [13, 17].

Table 1 Superstructure
properties Property (unit) Value

Lumped mass at beam, m1 (kg) 5,450

Stiffness, k1 (N/m) 6.73 × 107

Lumped mass at column, m2 (kg) 1,342

Stiffness, k2 (N/m) 8 × 108
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5.3 Effect of SSI on Frequency Response Curve

To study the effect of the SSI in machine foundations, a typical framed-foundation
ωn = 106.75 rad/s) is analyzed under machines of different speeds (500–1,500 rpm).
The peak displacement (y1) at deck level for framed-foundation supported by raft
and pile foundation considering different soil conditions are shown in Fig. 3. It is
observed that in case of raft foundation there is no change in thenon-resonance
region except soft soil condition (Fig. 3). Pile-supported framed-foundation is
analyzed under soft soil conditions with different shear wave velocity (by keeping
density and Poisson’s ratio of the soil as same). From the trend observed from plots,
it is seen that the results from pile-supported framed-foundation are close to fixed
base solutions and no change in the non-resonance region. Hence, the pile foun-
dations are found to be the ideal system in soft to very soft soil conditions to control
the vibrations of framed-foundation.

To understand the effect of soil conditions on frequency response curve (FRC),
Fig. 3 is re-plotted as displacement versus dimensionless frequency ratio, a0
(a0 = ωma/vs for raft foundation and a0 = ωmr0/vs for pile foundation), as shown in
Fig. 4. It is observed from the Fig. 4 that, the results obtained from firm rock and
dense soil produce quite narrow curves; however, the variation is wider for stiff and
soft soil conditions for raft-supported framed-foundation. Hence, the effect of SSI
widens the bandwidth of frequency response curve for stiff soil to soft soil condi-
tions, thereby increases the damping valuein raft foundation. However, the FRC is

Table 2 Soil properties

Soil type Density, ρ (kg/m3) Shear wave velocity, vs (m/s) Poisson’s ratio, µ

Firm rock 2,200 1,500 0.25

Dense soil 2,000 400 0.30

Stiff soil 1,800 200 0.35

Soft soil 1,600 150 0.40
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quite narrow for pile-supported framed-foundation. To understand the role of
damping of soil in framed-foundations, the dynamic responses are obtained for
undamped case (i.e. by giving negligible amount of damping for superstructure-
foundation-soil system) and the results obtained for raft and pile foundation are
shown in Fig. 5, which gives an insight on frequency shifting due to change in shear
wave velocity of soil. Comparing results from Figs. 3, 4 and 5 it can be observed
that, the damping of soil play an important role in framed-foundation to suppress
the amplitude of vibration significantly.

5.4 Effect of SSI on Natural Frequency

To understand the effect of the SSI on the superstructure properties, framed-foun-
dations having different mass ratios (m1/m2) are analyzed. The variations in natural
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frequencies in fundamental mode are shown in Fig. 6. As stiffness of the soil
decreases, the natural frequency of the entire system decreases as observed from
Fig. 6. The reduction in natural frequency is practically negligible for raft-supported
framed-foundation with wider foundation dimension except stiff soil and soft soil
condition (up to 25 % in case of stiff soil and up to 45 % in case of soft soil). In
addition to that, the reduction in natural frequency not only depends on the prop-
erties of substructure (raft foundation) and soil, but also depends on the properties
of superstructure (frame). Up to a mass ratio (m1/m2) of 2, significant reduction in
natural frequency due to the SSI occurs; after that the reduction in natural frequency
is insignificant. It is also noted from the Fig. 6 that, for pile-supported structure, the
fundamental natural frequency is unaffected irrespective of shear wave velocity
being double (from 75 to 150 m/s). This behavior also confirms the IBC [13] site
classification, i.e. site having shear wave velocity less than 180 m/s would behave
practically similar, however requires detailed analysis.

In addition to that, the percentage of reduction in natural frequency is higher in
second mode than the fundamental mode. The variations in natural frequency in
second mode are shown in Fig. 7. The reduction in natural frequency in second
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mode is in the range up to 40 % in case of dense soil, 65 % in case of stiff soil, and
75 % in case of soft soil for framed-foundation supported by raft foundation. The
reduction in natural frequency at higher modes is independent of superstructure
properties (Fig. 7). Hence, irrespective of superstructure properties, the effect of the
SSI significantly decreases the natural frequency in higher modes in raft-supported
framed-foundation. However, in case of pile-supported framed-foundation, the
reductions in natural frequencies (both in fundamental and higher modes) are
almost negligible even for soft soil conditions (Fig. 7).

6 Summary and Conclusions

Influence of soil-structure interaction (SSI) on pile-supported and raft-supported
machine foundation supporting low speed rotary machine is discussed. Different
soil conditions are considered and the responses are plotted as frequency response
curve. An extensive parametric study is carried out to study the effect of SSI and the
benefits of pile foundation over raft foundation. From the trends of the results of the
present study, following conclusions are drawn:

1. The SSI significantly reduces the natural frequencies in framed-foundation (both
fundamental mode and higher modes) and the effect is substantial for rigid frame
supported by raft foundation resting on soft soil. In comparison to raft, the
reduction in natural frequency is almost negligible for pile foundation.

2. The effect of the SSI widens the bandwidth of frequency response curve for
medium to soft soil condition, which in turn increases damping of foundation-
soil system which plays an important role in suppressing the amplification of
vibration in case of raft-supported framed-foundation.

3. Raft foundations are suitable for hard and medium soil conditions, because raft
foundations are typically wide in plan, hence the stiffness and damping of
foundation-soil system is more. However, the raft foundations are not suitable
for soft soil conditions.

4. Pile foundations are the suitable system for soft to very soft soil conditions. The
stiffness of pile foundation is always higher than that of corresponding shallow
foundation and the fundamental natural frequency is unaffected irrespective of
shear wave velocity of soil.
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