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Preface

Scheduling theory, born in the middle of the 1950s, has become an established area
of operations research, with numerous widely quoted books and influential surveys
that cover various stages of development in scheduling or addressing a particular
range of its models. Journals are published, and regular conferences are held with
scheduling as the main topic. Hundreds of researchers around the world work on
further advancing this branch of knowledge, and thousands of students of all levels
study its aspects either as a full course or as a part of more general courses related to
operations research, operations management, industrial engineering, and logistics.

As with most areas of operations research, scheduling is motivated by practical
needs and its achievements are fed back into various areas of industry, service,
transport, etc. Whatever the motivation or application, scheduling problems are
normally formulated in terms of processing jobs on machines, with a purpose of
optimizing a certain objective function. In classical deterministic machine
scheduling, it is assumed that for a given job, its processing times on the machines
are known and remain unchanged during the planning horizon. Although the
classical scheduling models form a solid theoretical background, due to their too
ideal nature, their immediate practical applications are very rare. It is not by chance
that a major current trend of scheduling calls for studies of more realistic models
that combine scheduling decisions with logistics decisions such as batching,
transportation, and maintenance.

The models of classical scheduling are too static and do not respond to possible
changes of processing conditions. In reality, actual processing times of a job may be
affected by the fact that either these conditions get worse, or they may improve, or
undergo some changes which affect the processing time in a less predictable, not
necessarily monotone way. One aspect addressed in this book is related to the study
of such time-changing effects.

The studies of scheduling problems with time-changing effects were originated
by O.I. Melnikov and Y.M. Shafransky (both from Minsk, Belarus) in the late
1970s. By the mid-1990s, such studies had become a noticeable part of scheduling
research, and currently, the total number of publications exceeds several thousands.
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There has been a need for summarizing the obtained results, identifying most
influential ones and presenting them from a unified position. Partly, such a purpose
was achieved by the book “Time-Dependent Scheduling” written by S.
Gawiejnowicz (Poznan, Poland) and published by Springer in 2008. The book,
however, gives a systematic treatment of only one particular type of time-changing
effect, under which the actual processing times of jobs depend on their start times in
a schedule. There are other effects, still not covered in the monographic scheduling
literature, including positional effects (the actual processing times of jobs are
affected by their position in a sequence on a machine), cumulative effects (times are
affected by the total value of some parameter of previously scheduled jobs), or
combined effects, where a combination of the “pure” effects mentioned above are
applied together.

Another reason that has motivated us to undertake the task of writing this book is
a need for studying the possibility of including certain activities in a schedule that
alter the processing conditions. As a simple example, imagine process jobs using a
cutting tool which gradually loses its sharpness, so it takes longer to process a later
scheduled job. The decision-maker may decide to stop and sharpen the tool or
replace it by a new tool, and such a maintenance activity may appear to be bene-
ficial for the overall performance. We hope that this example, simple as it is,
demonstrates the need for studying the scheduling problems with time-changing
effects and rate-modifying activities; the reader will find these words in the title of
our book.

Our personal interest in the models that we study in this book does not have a
long history. Vitaly Strusevich, among his other scheduling-related studies, was
involved in several papers on scheduling with changing times, jointly written with
the late V.S. Gordon (Minsk, Belarus), and C.N. Potts and J.D. Whitehead (both
from Southampton, UK). Kabir Rustogi, who pursued his PhD at the University of
Greenwich, London, UK, wrote his PhD thesis on this topic, with Vitaly Strusevich
as the first supervisor. The thesis was awarded the Best PhD Prize of the
Operational Research Society (2013). The content of that thesis along with several
joint papers, some additionally co authored by H. Kellerer (Graz, Austria), has
determined the content of this book to a very large extent.

It would be impossible to include into a one-volume book all relevant major
results, known and new, for all scheduling systems and all objectives. We have,
therefore, decided to be selective and to limit our consideration only to those
models and solution methods that are sufficiently representative to be of interest to
the reader and, at the same time, fall within the scope of our own research interests
to reflect our own contributions to the area.

In this book, we focus on two-machine environments. Most of the presented
results address scheduling problems on a single machine; however, we also con-
sider problems on parallel machines (identical, uniform, or unrelated). Scheduling
systems that involve multi stage processing, such as the flow shop, appear to be
outside the scope of this book.

We also have decided to limit our consideration to two objective functions: the
maximum completion time, known as the makespan, and the total completion time,
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in both unweighted and weighted forms. We do not discuss scheduling problems
with the objective functions related to due dates, such as the maximum lateness or
the total tardiness. We also do not include the models that involve assignments of
due dates or due windows to jobs.

From a methodological point of view, our main goal has been to systematically
present the results related to the computational complexity and approximability
of the chosen range of problems. Mainly, we explore how the classical and simple
scheduling models can be extended to incorporate more features related to practical
needs but still remain polynomially solvable by an appropriate adaptation of the
classical solution methods. For those problems that are NP-hard, so that the exis-
tence of a polynomial-time solution algorithm is unlikely, we present approxima-
tion algorithms and schemes with provable running times and accuracy. Exact
methods of guided enumeration, such as branch-and-bound techniques, and
heuristic procedures, e.g., local search or evolutionary algorithms, are left beyond
the content of this book.

The material of this book contains 20 chapters split into three parts. We have
tried to make each chapter to be a self-sufficient document, complete with its
individual bibliography. Chapters 1, 6, and 12 are introductory chapters to each
part; they are of a bibliographic nature, so that unlike the other chapters, the
corresponding literature references are placed within the body of each of these
chapters. All other chapters are accompanied with a section entitled “Bibliographic
Notes,” which is essentially a review that points out the sources of the material in
the main body of a chapter and provides references to further reading on the
relevant topic.

Part I introduces all required concepts of the classical scheduling theory and
delivers reviews of methods and techniques widely used in the remaining part of
this book. In all scheduling problems of this part, no time-changing effects are
assumed; i.e., the processing times remain constant. Chapter 1 describes the main
notions of scheduling theory, introduces notation, and gives a brief informal
introduction to issues of computational complexity and approximability. Chapter 2
gives a description of the pairwise interchange argument, presents a matching
algorithm for minimizing a linear form over permutations, introduces the concept of
a 1-priority rule, and shows how the interchange techniques can be used to solve
various classical scheduling problems. Chapter 3 reviews the techniques of solving
problems under precedence constraints, in particular of minimizing a
priority-generating function under series-parallel precedence constraints. Many
scheduling problems reduce to solving problems of Boolean linear and nonlinear
programming, and Chap. 4 gives an overview of the relevant issues. It includes
algorithms for the linear assignment problem with square and rectangular cost
matrices and approximation schemes for the linear knapsack problem and problems
related to minimizing a non-separable quadratic function known as the half-product.
Chapter 5 discusses the issues of convexity and V-shapeness of finite sequences, as
well as presents useful facts on combinatorial counting. Thus, Part I produces a
toolkit to handle enhanced scheduling models in the forthcoming parts of the book.
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Part II is devoted to scheduling problems with time-changing effects. A review
of all studied effects, including rationales and illustrative examples, is given in
Chap. 6. The remaining chapters of Part II address single machine problems under
an effect of a particular type, except the last chapter of the part, Chap. 11, which
handles models with parallel machines. Positional effects are studied in Chap. 7.
Start-time-dependent effects, both pure and combined with a positional effect, are
analyzed in Chap. 8 (for an additive form of the effect) and in Chap. 9 (for a
multiplicative form of the effect). Chapter 10 addresses single machine problems
with both pure and combined cumulative effects. Most of the results on single
machine models under time-changing effects are polynomial-time algorithms based
on adaptation of the matching approach, priority rules, and reductions to the linear
assignment problem. The respective problems with series-parallel precedence
constraints are also analyzed, where appropriate. For the parallel machine models in
Chap. 11, the issues of complexity and approximability are additionally considered.

The most advanced scheduling models are studied in Part III. In the most general
case, we not only allow time-changing effects to affect the actual durations of the
jobs, but also present the decision-maker with a range of rate-modifying activities,
including but not limited to maintenance, that alter the processing conditions.
A review of the relevant issues, including a generic procedure for solving most
general single machine problems of the described range, is given in Chap. 12.
Similar to Part II, the remaining chapters of Part III deal with a single machine
environment, except the last chapter of the part, Chap. 20, which addresses the
parallel machine environment. We start with simple models with compulsory
maintenance activities to be introduced in a schedule that do not alter the processing
conditions and either are placed in fixed time intervals (in Chap. 14) or start no later
than a given deadline (in Chap. 13). For problems considered in these two chapters,
along with polynomial-time algorithms, we discuss the issues of complexity and
approximability. Scheduling problems with no time-changing effects but with
rate-modifying periods (RMPs) to be included in a schedule are studied in Chap. 15.
Fully enhanced models that allow both RMP introduction and time-changing effects
are addressed in Chap. 16 (for positional effects), in Chap. 17 (for
start-time-dependent effects), and in Chap. 18 (for combined effects). The main
focus of these four chapters is on the adaptation of the generic procedure described in
Chap. 12 for the respective problems. Single machine problems that combine a
cumulative effect and a maintenance activity are considered in Chap. 19 with a
purpose of developing fully polynomial approximation schemes by adapting the
schemes known for relevant Boolean programming problems. For the parallel
machine models, in Chap. 20, we present a generic procedure for solving enhanced
problems and its adaptations for particular versions of the main model.

We have tried to provide detailed proofs to most of the statements presented,
either by adapting the original proofs or by developing new proofs. The reader
familiar with the basics of operations research should be able to follow the book
without consulting external sources. We perceive that most of the readers will be
research students of master or doctoral levels and researchers in operations research,
industrial engineering, and logistics. We hope that the practitioners will find the
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collected results useful, especially on enhanced models that attempt to address the
practical needs.

We have benefitted through stimulating discussions with many colleagues who
have been ready to encourage us and to share their knowledge and expertise. Apart
from our co authors mentioned above, we are grateful to J. Blazewicz (Poznan,
Poland), B. Chen and V.I. Deineko (both from Warwick, UK), A.V. Kononov and
S.V. Sevastianov (both from Novosibirsk, Russia), M.Y. Kovalyov and Y.M.
Shafransky (Minsk, Belarus), D. Shabtay (Be’er Sheva, Israel), N.V. Shakhlevich
(Leeds, UK), A. Shioura (Tokyo, Japan), and A.J. Soper (Greenwich, UK).

We are especially grateful to G. Mosheiov (Jerusalem, Israel) and S.
Gawiejnowicz (Poznan, Poland), the most prominent researchers who have shaped
the area of scheduling with changing times. It would be fair to say that their work
has motivated us to turn to this area of scheduling. Vitaly Strusevich visited them
both in 2015 during his sabbatical leave and enjoyed their hospitality, most
favorable work conditions, and fruitful exchanges of ideas. It has been a privilege to
join Professors Gawiejnowicz and Mosheiov in setting up the program of
International Workshop on Dynamic Scheduling Problems, a satellite event of
EURO 2016 in Poznan. Initiated and organized by S. Gawiejnowicz, the workshop
has been the first international conference with a clear focus on scheduling prob-
lems with variable parameters and hopefully will open up a series of similar
meetings.

We gratefully acknowledge support from the Department of Mathematical
Sciences of the University of Greenwich, London, UK, and appreciation of our
work by our colleagues there.

We wish to extend our gratitude to our families whose love, attention, and care
we have always felt and enjoyed. For both of us, their understanding and help,
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Chapter 1
Models and Concepts of Classical Scheduling

In a typical scheduling system, a number of tasks must be performed, given certain
resources for that purpose. It is required to allocate resources to tasks during suitable
time slots in order to achieve a required performance. Scheduling problems arise in
virtually all areas of human activity:

e Manufacturing/production: Components of products are to be made (tasks) on

machine tools, possibly assisted by human operators (resources);

Computing: Computational tasks are to be assigned to computers/processors

(resources);

Transport: In an airport, landings and takeoffs (tasks) compete for a runway

(resource);

Construction: Stages of a construction project (tasks) require heavy machinery

(resource) to be hired.

e Time-tabling: In an educational institution, classes (tasks) must be taught by
teachers (resources) in classrooms (another type of resources) during particular
time periods.

This list can be continued. Most of the problems that arise in classical scheduling
have common features which allow formulating and handling these problems without
a reference to a particular application that has motivated the problem. Traditionally,
in classical scheduling, the problems are formulated in terms of jobs to be processed
on machines.

In this chapter, we provide a general background of the classical scheduling theory.
We define terminology and notation that is used throughout the book and introduce
some basic scheduling models that are related to this study. We briefly discuss the
classification of the models, as well as the issues of the computational complexity of
combinatorial optimization problems, including the concepts of exact and approxi-
mation algorithms, and of their running time and performance.
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4 1 Models and Concepts of Classical Scheduling

The readers who want to access a wider range of scheduling models are advised
to use two very successful books by Brucker (2007) and Pinedo (2016), and each of
these books has held five editions in recent years. Among other books that address
classical scheduling models are Conway et al. (1967), Tanaev et al. (1984, 1987),
Leung (2004), and Baker and Trietsch (2009). Scheduling problems that occur in
various application areas are addressed in Blazewicz et al. (2001), Pinedo (2005),
and Brucker and Knust (2012). Additional aspects of scheduling theory can be found
in survey papers by Graham et al. (1979), Chen et al. (1998), and Potts and Strusevich
(2009).

1.1 Classical Scheduling Models

Typical models of classical machine scheduling can be described in the following
setting. The jobs of set N = {1, 2, ..., n} have to be processed on m > 1 machines
My, M,,...,M,.If ajob j € N is assigned to machine M;, 1 < i < m, then the
processing time of job j is equal to p;;, where we assume that all p;; values are
non-negative integers.

A schedule specifies for each machine M; and each job j one or more time
intervals during which job j is processed on machine M;. The actual representation
of a schedule may vary for different models. A useful visual representation of a
schedule is a Gantt chart.

The main assumptions of classical machine scheduling that are adopted in all
models discussed in this book are as follows:

e Each machine processes no more than one job at a time.
e No job is assigned to more than one machine a time.

A feasible schedule must satisfy the two assumptions stated above and possibly
additional conditions laid out by a particular problem type. Typically, a scheduling
problem is specified by three parameters:

e machine environment,
e job characteristics,
e an optimality criterion.

In the forthcoming sections, we consider these parameters in detail.

1.1.1 Machine Environment

A machine environment is defined by the configuration in which the machines are
available. Machine configurations can be broadly divided in to two classes: single-
stage systems and multi stage systems.
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In a single-stage system, each job requires exactly one operation. Such systems
involve either a single machine or m machines operating in parallel. In the case of
parallel machines, each machine has the same function. Traditionally, three types of
parallel machines are distinguished:

e Identical parallel machines: Each processing time is independent of the machine
performing a job;

e Uniform parallel machines: The machines operate at different speeds;

e Unrelated parallel machines: The processing time of a job depends on the machine
assignment.

The processing time notation p;; can be simplified for some of the single-stage
systems, other than those with unrelated machines. The subscript i is omitted if the
processing time of a job j is independent of the machine assignment. Thus, we write

e p;j = p; either for a single machine or for identical parallel machines;
e p;j = p;/s; for uniform parallel machines, where s; denotes the speed of machine
M;.

In the main body of this book, we focus on single-stage systems only. However,
for completeness, below we give a brief description of multi stage systems as well.

For a multi stage system, the processing of a job consists of several stages, i.e.,
a job consists of several operations. The three main types of classical multi stage
systems are characterized by the processing routes of the jobs, i.e., by sequences
according to which the operations of a job must or may be performed:

e Flow shop: All jobs have the same route given by My, M, ..., M,,;

e Open shop: Each job has to be processed on every machine, but the processing
routes are not given in advance and finding them is part of decision making;

e Job shop: The most general classical system, where each job has a fixed route that
may be different from the routes of other jobs; some machines may be missing in
the route, and some machines may occur more than once.

There are also generalizations and combinations of the scheduling systems intro-
duced above, e.g., the systems with some jobs having fixed routes (like in the job
shop or flow shop) and some jobs with the routes that are not fixed (like in the open
shop). There are also multiprocessor or hybrid variants of multi stage systems, where
each stage comprises of several parallel machines.

1.1.2 Job Characteristics

In addition to its processing time, a job j € N may be characterized by the following
parameters:

o Weight: The weight w; of a job j € N reflects the relative importance of the job;
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® Release date: The release date r; specifies the time at which a job j € N becomes
available for processing;

o Due date: The due date d; specifies the date at which a job j € N is expected
to complete; completion of a job after its due date is allowed, but a penalty is
incurred;

e Deadline: The deadline Ej specifies the time by which a job j € N must be
completed; unlike the due date, a deadline is a hard constraint.

Without loss of generality, we assume that all these values are non-negative
integers.

Due to various practical restrictions, some scheduling models allow precedence
constraints to be defined over the set of jobs. If job j has precedence over job k, then
k cannot start its processing until j is completed. Precedence constraints are usually
specified by a directed acyclic precedence graph G with vertices 1, ..., n. There is
a directed path from vertex j to vertex k if and only if job j has precedence over
job k.

Some scheduling models allow preemption: The processing of any operation may
be interrupted and resumed at a later time, either on the same or on a different
machine.

For a scheduling model, we denote a feasible schedule by S. Schedule S must
satisfy all the assumptions and the processing requirements of the given model. For
a schedule §, the completion time of job j € N is denoted by C;(S).

1.1.3 Optimality Criteria

Normally, the purpose of scheduling is to find a feasible schedule that guarantees
the best quality with respect to an accepted criterion. Such a criterion is usually
represented as a function that depends on the completion times of the jobs, and to
solve the problem, it is required to minimize that objective function ®(S). In most
classical scheduling models, the objective function is regular, i.e., is anon-decreasing
function of the completion times. For a regular function, it is impossible to achieve
a smaller value by delaying the completion of a job. For an objective function &, a
schedule S* is called optimal if the inequality ®(S*) < ®(S) holds for any feasible
schedule S.

In the most general setting, a job j € N can be associated with a function f;(S) =
fi(C;(8)) which defines the cost of completing job j at time C;(S). Popular forms
of function f;, apart from f;(S) = C;(S), are the following:

o Lateness L;(S) = C;(S) —d;, which is the deviation of the completion time of a
job from a due date; this quantity can be negative, zero of positive;

o Tardiness T;(S) = max{C;(S) — d;, 0}, which shows by how much time a job is
completed after its due date; this quantity is always non-negative;

o Unit penalty U;(S) = 1if C;(S) > d;, and U;(S) = 0, otherwise.

If there is no ambiguity regarding the schedule under consideration, we can write
fj» Cj, LJ’, Tj, Uj, and fj'
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Table 1.1 Standard scheduling objective functions

Minmax/Minsum Cost Notation | Name
® = max{ fjlj € N} fi JSmax Maximum cost
fi=Cj Cmax Makespan
fi=1L; Linax Maximum lateness
Q=32 cn fj fi > fi Total cost
fi=¢Cj > C;j Total completion time
fi=Cj > w;C; | Total weighted completion time
fi=T; > T Total tardiness
fi=w;T; > w;T; |Total weighted tardiness
fi=U;j >U;j The number of late jobs
fi=w;U; > w;U; | The weighted number of late
jobs

Table 1.1 lists typical regular objective functions that are studied in classical
machine scheduling. The functions are classified as minmax, i.e., to minimize the
maximum cost, or minsum, i.e., to minimize the total cost (see the first column).
The third column presents notation for the objective functions that is used in the
three-field classification scheme described below. Column 4 shows commonly
accepted names for these functions. Notice that alternative names are also possi-
ble, e.g., in this book along with the name “total weighted completion time,” we
often write “total weighted flow time” and “the sum of the weighted completion
times.”

We now present meaningful interpretations of some of the listed functions. For
simplicity, assume that the underlying scheduling model is a single machine model
in which the jobs are available at time zero, i.e., they do not have individual release
dates.

Suppose that to complete project j at time C;, the budget of f; (C j) must be
available (measured in appropriate monetary units). The maximum cost fi.x gives
us an optimal upper bound on the budget of an individual project, i.e., each project
should be given no more than f,,x monetary units, and this value is as small as
possible. Similarly, total cost > f; gives the smallest cost for conducting the whole
range of projects.

The makespan Cy,y is the time by which all jobs are completed. This is a very
popular quality measure, which is studied for various scheduling models in this book.

The maximum lateness Lpn,x can be interpreted as follows: If all due dates are
simultaneously changed from d; to d} = d + Lax, then there exists a schedule with
no late jobs with respect to the modified due dates d}.

The total completion time ) C; is another function actively studied in this book.
The completion time C; can be understood as the time that a job spends in the system.
If the value ) C; is divided by the total number of jobs, the result corresponds to the
average flow time, which shows how long on average a job stays in the system. This
is an important characteristic of a service system, also used extensively in queueing
theory.



8 1 Models and Concepts of Classical Scheduling

If a manufacturer pays a penalty w; for each order j that is delivered later than
an established due date, then the weighted number of late jobs > w;U; gives the
total penalty to be paid. If w; is the penalty for every day that order j is late, then
the total weighted tardiness ) w;T; corresponds to the overall penalty.

Other performance measures are also possible. For example, in the main body
of the book, we look at the functions C; and a linear combination of the latter
function and the makespan Ci,x.

1.2 Three-Field Classification Scheme

Looking at the developments in the classical scheduling theory from a historical
prospective, the main types of scheduling models were identified in the period of
1950-1970, with the arrival of the last classical machine environment, the open
shop, in 1976 (see Gonzalez and Sahni (1976)). Still, by the middle of the 1970s,
the area of scheduling lacked a unified terminology and generally accepted notation.
See a review on the history of scheduling by Potts and Strusevich (2009) for a wider
discussion of these issues.

The face of scheduling was dramatically changed by the survey by Graham et al.
(1979), which, arguably, is the most influential paper in the area. Among many
other achievements of that seminal paper is a three-field classification scheme, which
associates a scheduling problem to a three-field descriptor «|3|7y that captures the
most important features of the problem: « represents the machine environment, 3
defines the job characteristics, and -y is the optimality criterion.

Below, we explain the use of the three-field classification scheme. Let o denote
the empty symbol.

The first field takes the form o = «ja;, where «; and «, are interpreted as
follows:

eayc{o,P,Q,R F,0,J}

— « = o: a single machine;

— a1 = P:identical parallel machines;
— «y = Q: uniform parallel machines;
— «y = R: unrelated parallel machines;
— a1 = O: an open shop;

— a1 = F: aflow shop;

— a1 = J:ajob shop;

e «» = m: There is a fixed number m of machines; for a multi machine environment,
position a; can be omitted, and in this case, the number of machines m is seen as
variable.

Among characteristics that may appear in the second field 3 are the following:

L ﬁl € {Osrj}:

— 1 = o: No release dates are specified;
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— B1 = rj: Jobs have release dates;
o B € {0, pmin}:

— [ = o: No preemption is allowed;
— [, = pmtn: Operations of jobs may be preempted;

e (5 € {o, prec}:

— 33 = o: No precedence constraints are specified;
— [B3 = prec: Precedence constraints over the set of jobs are defined.

In particular, if field 3 is empty, then the jobs are available for processing from
time zero, they are processed with no preemption, and no precedence constraints are
imposed.

The third field defines the optimality criterion, which typically involves the min-
imization of a function listed in Table 1.1.

To illustrate the use of the three-field descriptors, below we present several exam-
ples:

e 1|r;, prec| > w;C; isthe problem of scheduling jobs with release dates and prece-
dence constraints on a single machine to minimize the total weighted completion
time;

e R|pmitn|Ly,y is the problem of preemptively scheduling jobs on an arbitrary
number of unrelated parallel machines to minimize the maximum lateness;

e Q3|| > w,;T; is the problem of scheduling jobs on three uniform machines to
minimize the total weighted tardiness.

Notice that the three-field classification scheme is an open structure, so that a
certain feature of the problem under consideration can be captured by adding the
required information to the relevant field using an appropriate encoding. Examples
of such extended problem descriptors are widely used in this book.

1.3 Computational Complexity

In this section, we discuss, in a rather informal manner, the issues of computational
complexity of problems of combinatorial optimization. The reader is referred to
the classical texts by Garey and Johnson (1979) and Papadimitriou (1994) for a
comprehensive exposition of computational complexity and related topics.

1.3.1 Time Complexity of Algorithms

As a mathematical discipline, scheduling is a part of combinatorial optimization. A
typical feature of a combinatorial optimization problem is that the set of feasible
solutions (permutations of a finite set, 0—1 vectors or matrices, subgraphs of a graph,
etc.) is finite. Given a problem of combinatorial optimization, it is often quite easy to



10 1 Models and Concepts of Classical Scheduling

decide whether the problem admits a feasible solution, and then, an optimal solution
can be found (at least, in theory) by checking all feasible solutions and taking the
best. However, for scheduling problems of modest dimensions (e.g., with dozens
of jobs), full enumeration of all feasible solutions is impossible within reasonable
time, even if performed on the fastest computers. Thus, not every method of solving
a problem should be seen as suitable, and the focus of research in combinatorial
optimization, including scheduling, has shifted toward a search for methods that
would deliver a solution fast. With the arrival of the seminal paper by Edmonds
(1965) on the matching problem, it became clear what should be called a fast, or, put
simply, a good solution algorithm. Edmonds (1965) argues that a “good” algorithm
is that whose running time depends polynomially on the length of the input (or
size) of the problem. A typical algorithm is a sequence of instructions such that
each instruction is followed by exactly one other instruction. Without going into
technicalities, the running time (also known as time complexity) of an algorithm is
determined as the number of elementary arithmetic and logical operations, such as
addition, multiplication, checking equality, and passing control to another instruction
to be performed in order to achieve the required output.

Since a computer uses the binary representation of the numbers, the length L of
the input of an instance of a problem is essentially bounded by the number of input
parameters times the length of the binary code of the longest of them. Recall that
the number of bits needed to encode an integer a is equal to log, a. For example, the
length of the input for problem R|| > w;C; of minimizing the weighted sum of the
completion times on m unrelated machines is bounded by L = nm log (max Di j) +
n log(max w j). An algorithm that requires O (LX) time, where k is a constant that
does not depend on L, is called polynomial-time (or simply polynomial) algorithm.
Recall that for functions f(x) and g(x) with positive values, f(x) = O(g(x)) holds
if and only if there exist positive M and x, values, such that f(x) < Mg(x), for
all x > xo. Intuitively, O(L¥) implies that the running time of the corresponding
algorithm grows at a similar rate as the polynomial L*.

In scheduling, quite often, an optimal schedule is defined by a permutation of
jobs, and such a permutation can be found by sorting the jobs according to certain
assigned priorities. See Chap. 2 for areview of the results of this type for the models of
classical scheduling. Typically, the running time of such an algorithm is determined
by sorting the priorities of n jobs, which can be done in O (nlogn) time.

For most of guided enumeration algorithms, e.g., those based on the
branch-and-bound or dynamic programming techniques, it is possible to exhibit an
instance of the problem so that the behavior of the method is not much better than
full enumeration, and the running time grows at least exponentially with the growth
of the size of the problem.

However, some of dynamic programming algorithms exhibit interesting behavior.
Consider, for example, the algorithm presented by Lawler and Moore (1969) for
solving problem 1|| > w;U; of minimizing the weighted number of late jobs on
a single machine. This is a dynamic programming algorithm that requires O (nT)
time, where 7 = min{maxd;, >_ p;}. If we assume the binary representation of
the input parameters, the algorithm requires time that is exponential with respect
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to the size L of the problem, where L = nlog(max{max p;, max w;, maxd,}).
However, assuming the unary representation under which an integer k is encoded as
k bits (so that, e.g., 5 becomes encoded as 11111), the running time of O (nT) should
be qualified as polynomial. The algorithms that require polynomial time under the
unary encoding are called pseudopolynomial; they are of some interest too, but less
practical than polynomial algorithms, and their behavior strongly depends on the
size of input parameters.

Until 1979, it has remained an open question whether solving linear program-
ming problems can be achieved in polynomial time. Since linear programming is the
main modeling tool in operations research, finding an answer to this question had
been of great importance. The first polynomial-time algorithm for linear program-
ming is due to Khachiyan (1979); several alternative methods have become known
since. The fact that linear programming problems are polynomially solvable has
given rise to a number of algorithms for finding exact and approximate solutions to
scheduling problems. Notice that although the well-known simplex method is quite
computationally efficient in practice, it remains an open question whether it can be
implemented to run in polynomial time.

1.3.2 Hard and Easy Problems

Although the goal of searching for polynomial-time algorithms was established,
researchers in combinatorial optimization were not able to find such algorithms for
most problems of practical and theoretical interest. In the beginning of the 1970s, the
general feeling of the community, that most of these problems had some “built-in”
difficulty, found a solid justification.

The ground breaking paper by Cook (1971) delivered the message: Some prob-
lems are “easy,” i.e., polynomially solvable and some are indeed “hard” and for
the latter problems, the existence of polynomial-time algorithms is unlikely. It is
beyond the scope of this book to discuss the main statement of Cook (1971), which
was formulated and proved in terms of language recognition on deterministic and
non-deterministic Turing machines. For the operations research community, Cook’s
discovery was interpreted by Karp (1972), where the first entries into the list of
computationally hard problems appeared, including a scheduling problem, namely
1 | | z w; U j-

Without going into a formal discussion, the findings of the theory of computational
complexity and their implications for scheduling can be stated as below. Our main
purpose is to provide enough information to the readers to enable them to follow the
computational complexity proofs presented in this book.

Most scheduling problems are optimization problems, in which we need to search
for a schedule S* that minimizes a certain objective function ®(.5). An optimization
problem can be associated with a decision problem, where it is required to give a
yes-or-no answer to the question of whether there exists a schedule Sy such that
®(Sp) < y holds for a given threshold value y. Clearly, if the decision version of the
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problem can be solved in polynomial time, then its optimization counterpart can be
solved by solving polynomially many decision problems, with the threshold values
generated, e.g., by binary search.

As mentioned in Sect. 1.3.1, standard or deterministic algorithms perform com-
putational instructions one by one, and each instruction is followed by exactly one.
Non-deterministic algorithms, on the other hand, for each instruction make a “good
guess” of the possible instructions to perform next. Decision problems that can be
solved (i.e., receive a yes-or-no answer) in polynomial time by deterministic algo-
rithms form the class PP; decision problems that can be solved in polynomial time by
non-deterministic algorithms form the class AP. It is not known whether these two
classes coincide, and the answer to this question is seen as one of the most important
open issues of modern mathematics. In fact, the “P versus NP> problem is one
of the seven problems put forward by the Clay Mathematics Institute in 2000. A
solution to each of these problems will be awarded a so-called Millennium Prize of
one million American dollars. See Cook (2006) for the presentation of the “P versus
NP> problem among other problems nominated for the Millennium Prize.

Although the question regarding classes P and A/P is not fully solved, a widely
accepted conjecture assumes that P % N P. Moreover, numerous problems have
been identified that are no easier than any other problem in A/P. These problems are
called NP-hard. If one of the NP-hard problems admits a polynomial-time algorithm
then all of them are polynomially solvable (and P = NP), while if we can prove
that for one of them there is no polynomial-time algorithm, then all of them cannot
be solved in polynomial time (and P # AP). Informally, if a problem is proved to
be NP-hard, this means that it is no easier than any other problem that is perceived
as hard, and it is assumed that the existence of a polynomial-time algorithm for its
solution is unlikely.

To prove that a (decision) problem P is NP-hard, we need to take an arbitrary
instance of a certain decision problem Q, known to be NP-hard, and transform it
in polynomial time (with respect to the length of input of problem Q) to a specific
instance of problem P such that the established instance of P has a solution (i.e.,
the “yes” answer) if and only if problem Q has a solution. Such a transformation is
called a polynomial reduction of problem Q to problem P. Informally, to solve the
constructed instance of problem P, one has to be able to solve an NP-hard problem
0, and therefore, problem P is no easier than problem Q, which is known to be hard.

Cook (1971) proves that a certain problem of mathematical logic (3- Satisfiability)
is NP-hard by definition, i.e., no easier than any problem in A/P. Using that fact,
Karp (1972) proves the NP-hardness of about twenty problems related to operations
research.

It was observed that some problems, while NP-hard with respect to the standard
binary encoding, are pseudopolynomially solvable. These problems have received
the name of NP-hard in the ordinary sense or binary NP-hard. Those problems which
remain NP-hard under the unary encoding have been named NP-hard in the strong
sense or unary NP-hard. To prove that a (decision) problem P is NP-hard in the
strong sense, we need to take a problem Q known to be NP-hard in the strong sense
and to show that Q reduces to P in pseudopolynomial time.
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An NP-hard problem (either binary or unary) that itself belongs to class NP is
called NP-complete (either binary or unary, respectively).

Below, we present a list of decision problems that are used in this book in the
NP-hardness proofs.

PARTITION: Given positive integers ey, ..., e, and the index set R = {1, ..., r} such
that e(R) = > ,.pei = 2R, is it possible to partition set R into disjoint subsets R;
and Ry such thate(Ry) = > . e; = Eande(Ry) = >, .p € = E?

EVEN-ODD PARTITION: Given positive integers ey, ..., e;- and the index set R =
{1,...,2r} such that ¢; < e;4; for 1 <i < 2r and e(R) = >, gei = 2R, is
it possible to partition set R into disjoint subsets R; and R, such that e(R;) =
ZieRl e; = E and e(R,) = ZieRz e; = E and foreach i, 1 <i < r, each set R;
and R, contains exactly one element of the pair {2i — 1, 2i}?

3- PARTITION: Given positive integers e, e, ..., 3, and theindexset R = {1, ..., 3r}
such that %E < e < %E, i € R,and e(R) = ZieR e¢; = rR, does there exist a
partition of set R into r disjoint subsets Ry such thate(Ry) = > e; = E foreach

iERk
k,1<k=<r?
SUBSET PRODUCT: Given the index set R = {1, ..., r}, positive integers ey, . . ., e,
and an integer V, does there exist a subset R € R such that Hj pei=V?
PRODUCT PARTITION: Given the index set R = {1,...,r} and positive integers
eq, ..., e, such that HieR e = E2, is it possible to partition set R into disjoint
subsets Ry and R, such that [, e = [[;cx, & = E?

The first two problems are NP-hard in the ordinary sense, while 3-PARTITION is
NP-hard in the strong sense.

SUBSET PRODUCT is claimed in Garey and Johnson (1979) to be NP-hard in the
strong sense; however, the problem is in fact NP-hard in the ordinary sense; the
corresponding corrections are done in Johnson (1981) and Chen (1996). The fact
that PRODUCT PARTITION is NP-hard in the strong sense is established in Ng et al.
(2010).

1.3.3 Implications to Scheduling

Starting from the works by Cook (1971) and Karp (1972), scheduling theory, with its
variety of models, has provided researchers with a wide range of problems that have
been studied with the purpose of establishing a clear borderline between the easy
problems and the hard ones. These complexity studies have stimulated the appearance
of the three-field classification scheme described in Sect. 1.2.

Among scheduling problems proved to be NP-hard by Karp (1972) is problem
P2| |Cax of minimizing the makespan on two identical parallel machines; its deci-
sion version is essentially equivalent to PARTITION. The first paper that systematically
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studies the complexity issues of scheduling problems and gives their classification
is due to Lenstra et al. (1977). It demonstrates the issues of polynomial reducibil-
ity between various scheduling models and gives numerous proofs of NP-hardness
based on standard NP-hard problems (PARTITION, 3-PARTITION, CLIQUE, HAMIL-
TONIAN CYCLE, etc.). The paper introduces an early version of the classification
scheme for scheduling problems, which takes its final form in Graham et al. (1979).

Given a scheduling problem of unknown complexity, it is useful to find its place
among similar problems, for which the complexity status has been found. We can
track how its complexity is affected by various assumptions and additional restric-
tions. For illustration, take problem 1/| >~ w;C;, a single machine problem to min-
imize the sum of the weighted completion times, which can be solved O (nlogn)
time due to Smith (1956) (see also Sect.2.2). If each job j € N has an individual
release date r;, then the resulting problem is NP-hard in the strong sense, even if
all weights w; are equal (see Lenstra et al. (1977)). If preemption is allowed, prob-
lem 1|r;, pmtn| > w;C; with equal weights becomes solvable in O (n?) time due
to an algorithm by Schrage (1968). Notice that the latter algorithm only operates
if the job weights are equal, while problem 1|r;, pmtn| >  w;C; remains NP-hard
in the strong sense. Changing the machine environment by increasing the number
of machines clearly does not simplify the problem. Let us start again with a poly-
nomially solvable problem 1||>" w;C;. Considering its enhancement with several
parallel machines, Bruno et al. (1974) show that problem P2|| > w;C; with two
identical parallel machines is NP-hard in the ordinary sense, while if the weights are
equal, there is a polynomial-time algorithm to minimize > C; on any number of
unrelated parallel machines (see also Sect.4.1.2).

Using similar reasoning, a fairly full description of the complexity of the schedul-
ing problems, including the “minimum hard,” “maximum easy,” and open problems,
can be derived. All relevant information can also be found at the Web site http://
www.mathematik.uni-osnabrueck.de/research/OR/class/ initiated by Peter Brucker
and maintained by Sigrid Knust, University of Osnabriick, Germany.

The NP-hardness of an optimization problem suggests that it is not always pos-
sible to find an optimal solution quickly. Thus, a methodological implication can
be derived: If the users want the exact optimum, then they should be prepared that
finding such a solution will require considerable time and often cannot be found for
problems of larger size. Among methods that may deliver an exact optimum are the
branch-and-bound techniques, reductions to mathematical programming problems
(integer or mixed integer), and, if applicable, dynamic programming methods.

On the other hand, quite often, for practical purposes, it is sufficient to search for
a solution that is fairly close to the optimum, which can be found by faster heuristic
or approximation algorithms. The quality of the performance of such algorithms can
be judged based on experimental data, provided the algorithm is applied either to
known benchmark instances or to randomly generated instances. Another approach
is to apply probabilistic analysis and derive conclusions regarding the expected
performance, provided that input parameters are drawn from a certain probability
distribution.


http://dx.doi.org/10.1007/978-3-319-39574-6_2
http://dx.doi.org/10.1007/978-3-319-39574-6_4
http://www.mathematik.uni-osnabrueck.de/research/OR/class/
http://www.mathematik.uni-osnabrueck.de/research/OR/class/
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A popular academic approach to evaluating the behavior of approximation algo-
rithms is the worst-case analysis, which is based on derived bounds on possible errors
produced by an algorithm that holds for all instances of the problem. In this book,
we discuss approximation algorithms from this point of view. The corresponding
definitions and a brief discussion are contained in the next section.

1.3.4 Approximation Algorithms

Below, we present the required definitions for scheduling problems only. Similar
definitions for the algorithms applicable to other problem areas, such as integer
programming, can be found in Chap. 4.

Consider a scheduling problem in which the objective is to minimize a cost func-
tion ®(S) > 0, where S denotes any feasible schedule for the given problem. As
earlier, let S* denote an optimal schedule so that for any feasible schedule S, the
inequality ®(S5*) < ®(S) holds. Further, assume that there exists a polynomial-time
approximation Algorithm H that generates a feasible schedule S*. Algorithm H is
called a p-approximation algorithm if the inequality

(87 < pd(S*) (1.1)

holds for all instances of the problem. We refer to p > 1 as a ratio guarantee for
Algorithm H. If ratio p is the smallest possible, then it is called the worst-case ratio
bound of Algorithm H. A bound p is called tight if there exists an instance of the
problem for which inequality (1.1) holds as equality.

The class of optimization problems for which there exists an approximation algo-
rithm with a ratio guarantee bounded by a constant is often denoted by AP X .

A family of p-approximation algorithms is called a polynomial-time approxima-
tion scheme (PTAS) if p = 1 4 ¢ for any € > 0, and the running time of every
Algorithm H; in such a family is polynomial with respect to the length of the prob-
lem input. Furthermore, if the running time of every Algorithm H. of an PTAS is
bounded by a polynomial in the input size and 1/¢, then the family is called a fully
polynomial-time approximation scheme (FPTAS).

For two problems P and Q of class AP X, a notion of the PTAS reducibility can
be defined, which informally implies that problems P and Q either admit a PTAS
or do not admit a PTAS. Similar to the concept of the NP-hardness, problem P is
called APX-hard if there is a PTAS reduction from any problem in AP X to problem
P. Unless P = NP, an APX-hard problem does not admit a PTAS.

A good review on approximability issues of scheduling problems is contained
in Chen et al. (1998). The existence of PTAS for scheduling problems is discussed
in Hoogeveen et al. (2001). Challenging open problems in the area are formulated
in Schuurman and Woeginger (1999).


http://dx.doi.org/10.1007/978-3-319-39574-6_4
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Chapter 2
Pairwise Interchange Argument
and Priority Rules

In this chapter, we consider a group of methods that are applicable to problems of
optimizing functions over a set of all permutations. The correctness of the basic meth-
ods is typically proved by the pairwise interchange argument, and the basic methods
can be further extended to become applicable to solve more general problems.

In this chapter and throughout the book, for job j = m(r) that occupies
the rth position in the sequence m = (7 (1), 7(2), ..., m(n)) of jobs of set N =
{1, 2, ..., n}, the completion time in a schedule S that processes the jobs on a single
machine in accordance with permutation 7 is denoted either by C;(S) or by Cr(.
The corresponding value can be written as

C‘/r(r) = Zpﬂ'(u)s 1 <r=<n. (21)

u=I1

If a schedule S is determined by a permutation 7, instead of writing the objective
function as F(S) = > C;(S), we may write F(m) = > Cr(); the same is applied
to other functions, e.g., to the weighted sum of the completion times > w;C;(S).

In Sect. 2.1, we give a proof of the classical result by Hardy et al. (1934) on mini-
mizing a linear form over a set of permutations and show its implications for various
scheduling problems, including problem 1| | > C;. The proofs provided are based on
the so-called pairwise interchange argument, which is an often used tool in this book.
We also introduce important concepts of a priority rule and of a 1-priority that are
widely used throughout this book. In Sect. 2.2, a priority rule is derived for problem
1] >  w;C; of minimizing the weighted sum of the completion times on a single
machine. In Sect. 2.3, the obtained results are extended to problems Pm| | >_ C; and
Om| | > C; of minimizing total completion time on parallel (identical or uniform)
machines.
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2.1 Minimizing a Linear Form

Given two arrays a = (a;, az, ..., a,) and b= (b, by, ..., b,), and two arbitrary
permutations 7 = (7 (1), 7(2),...,w(n)) and o = (o(1), 0(2), ..., o(n)), consider
an expression

L(m,0) =D ax(ybo(j) 2.2)
j=1

that is often called a linear form. The value L(7, o) is the sum of products of
elements, with one element from array a and the other from array b. Introduce
the problem of minimizing a linear form, i.e., the problem of finding permutations
e =(p(1),pQ2),...,¢Mm)and P = (¥(1),¥(2), ..., 1(n)) such that

L(p, ) = L(m, 0).

The problem admits a natural graph theoretical interpretation. Let G = (U, V; E)
be an undirected complete bipartite graph. The set of vertices consists of two parts
U=Aui,uy,...,u,} and V = {vy, va, ..., v,}. The set E of its edges consists of
n? edges (u,-, v j), where vertex u; € U is associated with a number a;, while vertex
v; € Visassociated with anumber b;. The weight of an edge (ui, Uj) € E isdefined
as the product a;b;. A collection M C E of n edges is called a (perfect) matching, if
no two edges in M are adjacent to the same vertex. The matching defined by given
permutations 7 and o is the set of edges {(ux(j), vo(jy)|1 < j < n}. The weight of
a matching M is defined as the sum of all weights of edges in M. The problem of
minimizing the linear form L (7, o) is equivalent to finding a matching of the smallest
total weight. If (u,-, v j) € M, we say that the values a; and b; match.

Example 2.1 Figure2.1 shows a complete bipartite graph G = (U, V; E) with three
vertices in each part. Let the values of (ay, az, a3) and (b, by, b3) that are associated
with the vertices of set U and set V, respectively, be as given in Table2.1. Given
permutations 71 = (1, 2, 3)and oy = (1, 2, 3), the matching M, consists of the edges
(uy, v1), (uz, vp), and (u3, v3), so that the value of the linear form L(m, o) can be
computed as

L(m,o01) =5%x242x14+4x3=24,

Fig. 2.1 A complete uy Ug Us
bipartite graph

G =(U,V;E) for

Example 2.1

U1 Vo Vs
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Table 2.1 The arrays for

j 1
Example 2.1 J
aj 5 2 4
bj 3

while for the permutations 7, = (3, 1, 2) and o, = (1, 2, 3), the matching M, con-
sists of the edges (u3, v1), (41, v2), and (u2, v3), so that the value of the linear form
L(m, o) can be computed as

L(my, o) =4x2+5x1+2x3=19.

The problem of minimizing a linear form can be simplified, so that only one
permutation is needed, e.g., ¢, that is defined with respect to a chosen permutation .
In particular, we may take a permutation v such that the sequence (bw( Hl<j = n)
is non-increasing. It is convenient to assume that the components of array b are
renumbered in such a way that

by =by > =b,. (2.3)

Under this numbering, a linear form can be written as

L(m) =D axb;. (2.4)
j=1
and to minimize L(m), we need to find a permutation ¢ = (¢(1), p(2), ..., p(n))

of the components of array a, such that the inequality

n

L(p) = D appb; < L(m) = D ax(pb; (2.5)
j=1

j=1

holds for any permutation 7.
It is clear intuitively that L(7) will take smaller values if larger values of b; are
matched to smaller values of a;. The statement below formalizes this observation.

Theorem 2.1 Provided that (2.3) holds, permutation ¢ = (p(1), p(2), ..., pn))
such that
Ap() < Ap) < 00 = A (2.6)

satisfies (2.5), i.e., minimizes the linear form L ().

Proof The proof given below utilizes the so-called pairwise interchange argument.
Assuming that there exists an optimal sequence that does not satisfy a certain rule,
a permutation that delivers a smaller value of the objective function can be obtained
by interchanging the two adjacent elements that do not obey that rule.
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In our case, suppose that ¢ = (¢(1), ©(2), ..., ¢(n)) is a permutation that satis-
fies (2.5), but does not follow the rule (2.6). Then, there exists an index k < n such
that

() =+ = Apg-1) = Aoy} Qg > dplket1)- 2.7

Consider the permutation ¢ = (¢'(1), ©'(2), ..., ¢'(n)), obtained from ¢ by
swapping the elements ¢ (k) and p(k + 1), i.e.,

GN=p() 1<j<k—-1k+1<j<n (2.8)
O'k) =k +1), ¢'k+1)=pk).

Define A := L(¢) — L(¢'). Due to optimality of ¢, we must have A < 0. How-
ever,

k—1 n
A =D aupbj+ apwbi + apuinbest + ) auib;
=1 j=k+1
k—1 n
—[ D avibi + apurnbe + apaobisi + D, apib;
j=1 j=k+1

= (apwbi + apurnbii1) = (@pwrnbe + apwbii1)

= bi(apw) — apern)) — bt (@pwy — apern)) = bk — b)) (@) — Gpgert))-

Since by > b4y due to (2.3) and a,x) > ayi+1) due to (2.7), we deduce that
A > 0.

Thus, permutation ¢ cannot be a solution that minimizes the linear form L (7).
Repeating this argument as many times as required, we conclude that for an optimal
permutation ¢, the condition (2.6) must hold. (]

Thus, we can describe the following algorithm for solving the problem of
minimizing a linear form. The permutation found by the algorithm matches larger
components of array b to smaller components of array a.

Algorithm Match

INPUT: Two (unsorted) arrays a = (a;, a2, ...,a,) and b = (b1, by, ..., by)
OUTPUT: A permutation ¢ = (¢(1), ¢(2), ..., p(n)) that satisfies (2.5)

Step 1.  If required, renumber the components of array b so that (2.3) holds.
Step 2.  Output a permutation ¢ such that (2.6) holds.

Algorithm Match reduces to two sorting procedures and therefore requires
O (nlogn) time. Simple as it is, the algorithm still plays an important role in opti-
mization over permutations, including numerous scheduling applications discussed
in this book.
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Applying Algorithm Match to the data in Example 2.1, we first renumber the
items so that (2.3) holds, i.e., item 3 with the largest b-value becomes item 1, item 1
becomes item 2, and item 2 becomes item 3. With respect to this new numbering,

b1=3>b2=2>b3=1,
and Algorithm Match outputs permutation ¢ = (3, 1, 2), so that
apy =a3 =2 <ayo =a1 =4 <da,3 =a =3,

and the minimum value of the linear form (the smallest weight of a matching in
graph shown in Fig.2.1) is equal to

2x34+4x2+5%x1=19,

i.e., smaller values in one array are matched to larger values in the other array.

2.1.1 Minimizing Total Completion Time on a Single
Machine

Consider a single machine problem, in which the jobs of set N = {1, 2, ..., n} have
to be processed on a single machine. The processing time of job j € N is equal to
p;j- Itis required to minimize total completion time, i.e., the sum of the completion
times. According to the three-field scheduling notation described in Sect. 1.2, the
problem can be denoted by 1| | 3" C;. Clearly, an optimal schedule for the problem
is defined by a permutation of jobs.

Suppose that the jobs are sequenced in accordance with some permutation 7w =
(m(1), 7(2), ..., m(n)). In accordance with (2.1), the total completion time can be
written as

n n j
F(m) = zcm') = ZZ Pry = Pa(h) + (Pr()y + Pr@) + (Pr(t) + Pr@) + Pr3)
=1 j=1i=1

+ o4 (pry + Pr + o+ Pre=n) + (Pr() + Pr@) ++ + Pr—1) + Prn))-

It can be seen that the contribution of job 7(1) to the objective function is np (i,
that of job w(2) is (n — 1) pr1), etc., so that the jth job in the sequence contributes
(n — j + Dpxgj), 1 < j < n. Thus, we can rewrite

n

F(m) =) "(n—j+ Dpx. (2.9)

j=1


http://dx.doi.org/10.1007/978-3-319-39574-6_1
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Clearly, F(m) is a linear form similar to (2.4) with
aj=pj, bj=m—j+1), 1 <j=<n,

so that the b-values form the decreasing sequence (n,n — 1, ..., 1). As follows from
Theorem 2.1, a permutation ¢ that minimizes F (7) can be found by sequencing the
jobs in non-decreasing order of their processing times.

This means that function F'(7) of the form (2.9) can be minimized by applying a
priority rule. This is very important concept that is widely used in this book.

Definition 2.1 For a scheduling problem of sequencing the jobs of set N =
{1,2,...,n}, an objective function ®(7) to be minimized over a set of permuta-
tions is said to admit a solution by a priority rule if job j can be associated with a
priority (or, more precisely, a 1-priority) w(j), and an optimal permutation can be
found by sorting the jobs in accordance with these 1-priorities.

Unless confusion arises, we will normally refer to the values of w(j) as 1-priorities
and not priorities. The term “1-priority” stresses that the values w(j) are associated
with individual jobs. We will use the term “priority” for problems with precedence
constraints (see, e.g., Chap. 3), where priorities will be associated with subsequences
of jobs, rather than with individual jobs.

Two priority rules are often used in scheduling and are of special importance in
this book.

Definition 2.2 The jobs of set N = {1, 2, ..., n} are said to follow the SPT rule
(shortest processing time) if the jobs are renumbered so that

P1 < D2 <..-< Pns (210)

and to follow the LPT rule (longest processing time) if the jobs are renumbered so
that
PL=p2>- > py. (2.11)

Thus, the following has been proved.

Theorem 2.2 For problem 1||>" C;, an optimal permutation can be found in
O (nlogn) time, by sequencing the jobs in accordance with the SPT rule.

As a rule, 1-priorities are defined in such a way that an optimal permutation
is found by sorting the jobs in non-increasing order of w(j), i.e., the higher the
1-priority is, the earlier the corresponding job is scheduled. For problem 1| | >" C;,
its 1-priorities are defined either as w(j) := —p; oras w(j) := 1/p;, j € N.

Notice that the SPT sequence of jobs solves problem 1| | 3" C;, provided that the
resulting permutation is formed from front to rear. It is also possible to fill an optimal
permutation from rear to front, so that the job with the largest processing time is
sequenced in the last position, the one with the second largest processing time takes


http://dx.doi.org/10.1007/978-3-319-39574-6_3
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the position one before last, etc. This can be interpreted as follows: Scan the jobs in
accordance with the LPT sequence and assign the next job to the right most available
position of the resulting permutation.

The theorem below demonstrates an important role of the SPT rule for minim-
izing more general functions than the total completion time >_ C;, such as > Cj
where z is a given positive number, and £Cpax + 7 > C%, where & and 1) are positive
coefficients.

Theorem 2.3 Let m = (w(1), ..., w(n)) be a permutation, in which two jobs u and
v such that

Pu = Pv (2.12)

occupy two consecutive positions r andr + 1, i.e., u = w(r) and v = w(r + 1). Let
permutation ©™ be obtained from © by swapping the jobs u and v. For a single
machine problem, let Cryy and Cr ) denote the completion time of the job
sequenced in the hth position in permutation w and 7', respectively, 1 < h < n.
Then, the equalities

0 forl <h<n, h#r

pu—py forh=r; 2.13)

Criny — Crny = [

hold.

Proof 1t is convenient to represent permutation 7 as m = (7, u, v, m), where
and 7, are subsequences of jobs that precede job u and follow job v in permutation
w, respectively. Then, 7' = (7q, v, u, m3).

We present the proof assuming that both sequences 7| and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The completion times of all jobs in sequence 7| are not affected by the swap of
jobs u and v, i.e., the equality (2.13) holds foreach h, 1 <h <r — 1.

Define X as the completion time of the job in the (r — 1)th position in sequence 7
(or, equivalently, in 7), i.e., X = Cr(—1) = Cr—1). For h = r, we see that Cr(,) =
Cu(m) =X+ py,and Cr(y = Cy (7r’) = X + py, so that due to (2.12), the equality
(2.13) holds for h = r.

For h = r + 1, we derive that

C7r(r+1) = Cv(ﬂ) =X+ Pu + Dv;
C7r’(r+1) =C, (71-/) =X+ py+ Pus

so that (2.13) holds for h = r + 1.

The jobs that follow the position r 4 1 form the same sequence 7, in both per-
mutations 7 and 7. Each of these jobs starts in permutation 7" exactly at the same
time as in permutation 7, and therefore, (2.13) holds foreach h,r +2 < h < n.

This proves the theorem. ]
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For single machine problems to minimize a regular objective function ® () that
depends only on the completion times, Theorem 2.3 demonstrates that in a sequence
that minimizes ® (), the jobs may be arranged in such a way that a job with a larger
processing time is not followed by a job with a smaller processing time. Examples
of such a function include, but not limited to Cj and ECpax +1 2. C ; This
immediately implies the following statement.

Theorem 2.4 Forproblem 1| |®, where ® € {Z C, ECmax +1 20 C;}, an optimal
permutation can be found by the SPT rule.

Reformulating Theorem 2.4, we conclude that problem 1| |®, where ® €

{Z C, ECmax + 1 2. CJZ-}, admits the 1-priority w(j) = 1/p;.

In Part 2 of this book, we present statements similar to Theorems 2.3 and 2.4 for
extended models with changing processing times.

‘We now formulate the following recipes for proving and disproving that a certain
function ®(7) admits or does not admit 1-priorities.

Recipe 2.1. How to prove that a function ®(7) admits 1-priorities.

To do this, apply the pairwise interchange technique. Take an arbitrary permutation
m = (n(1), 7(2),...,m(n)), select a position r, and introduce a permutation 7’
obtained from 7 by swapping the elements 7 (r) and 7w(r + 1). Derive a function
w : N — R such that for the inequality ®(m) < ®(7”) to hold, it is sufficient that
w(m(r)) =z w(m(r + 1)).

Recipe 2.2. How to disprove that a function ®(7) does not admit 1-priorities.

If () admitted a 1-priority w(j), then for any pair of jobs u and v such that
w(u) > w(v), the value of ® for any permutation 7 in which u precedes v should
be no larger than the value of ® for permutation 7’ obtained from 7 by swapping
the jobs u and v. Thus, we should exhibit an instance of the problem of minim-
izing ®(7) such that there exist two jobs u and v for which the following holds:

(i) There exists a permutation (7, u, 7, v, 73) in which job u is scheduled before
jOb v such that & (7, u, m, v, m3) < &(my, v, M, U, T3).

(ii) There exists another permutation (fn, u, T, v, 7?3) in which job u is scheduled
before job v such that ® (71, u, 72, v, #3) > ®(71, v, o, u, 73).

2.1.2 Minimizing the Sum of Products

Given two arrays a = (aj, az, ..., a,) and b = (b1, by, ..., b,), where a; > 0 and
either b; > 1 or b; <1 for 1 < j <n, and a permutation 7 = (7w(1), 7(2), ...,
m(n)), introduce the expression
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n n
K(m = axp [] broy (2.14)
j=1 i=j+1

and consider the problem of minimizing K (7) over the set of all permutations, i.e.,
we are looking for permutation ¢ = (¢(1), ¢(2), ..., ¢(n)) such that the inequality

K(p) < K(m) (2.15)

holds for all permutations 7.
Associate each j, 1 < j < n, with the ratio

. 4aj
Kk(J) = b, — i (2.16)

Theorem 2.5 Permutation p = (¢(1), ©(2), ..., @(n)) such that
Eo(l) = Kp2) == Rp(n) 2.17)
satisfies (2.15), i.e., minimizes the expression K (), provided that all a;’s are

non negative and all differences b; — 1 are of the same sign.

Proof The pairwise interchange argument is applied. Suppose that ¢ = ((1),
©(2), ..., p(n)) is a permutation that satisfies (2.15), but does not follow the rule
(2.17). Then, there exists an index k < n such that

Koy =+ = Kopk-1) = Kp()s Kek) > Kolk+1)-

Consider the permutation ¢ = (¢'(1), ¢'(2), ..., ¢'(n)), obtained from ¢ by
swapping the elements (k) and @(k + 1), i.e., ¢ and ¢’ satisfy (2.8).

Define A := K(p) — K(¢'). Due to optimality of ¢, we must have A < 0.
However,

k—1 n n
A=(Dap [] beor +aewr [] bow
j=1

i=j+1 i=k+1

n n n
+agurn [] e+ D acin [ bew

i=k+2 j=k+1 i=j+1

k—1 n n
> a0 [1 b¢<i>+%(k+1>(bgo<k> I1 bsﬁ(i))
j=1

i=j+1 i=k+2

n n n
+agw ] boor + 2 aciy |1 betr

i=k+2 j=k+1 i=j+1
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n n
= agp (bowrny — 1) H bty = agrn (bowy — 1) H by
i=k+2 i=k+2
n

= [T bow (@ (o) = 1) = apaern (bowy — 1))
i=kt2

By the choice of k, we have that

Ao(k) Ao(k+1)

boty =1~ bourny = 1

Since (b,p(k) — 1)(b9,(k+1) — 1) > 0, it follows that Ap(k) (b¢(k+1) — 1) > Ayp(k+1)
(byw) — 1), and we deduce that A > 0.

Thus, permutation ¢ cannot be a solution that minimizes K (7). Repeating this
argument as many times as required, we conclude that for an optimal
permutation ¢, the condition (2.17) must hold. (]

Theorem 2.5 implies that the problem of minimizing the sum of products K ()
admits a 1-priority w(j) = —k(j) = —aj/(bj — l). If we need to find a permutation
that maximizes the value of K (), then the corresponding permutation can be found
by sorting the values x(j) in non-increasing order.

2.2 Minimizing Total Weighted Completion Time

In this section, we consider problem 1| |> w;C;, which differs from problem
11| >° C; discussed in Sect.2.1.1 by the fact that each job j € N is given a pos-
itive weight w;. The weights reflect the relative importance of the jobs, so that the
jobs with higher weights should be completed earlier.

Suppose that the jobs are sequenced in accordance with some permutation 7 =
(m(1), 7(2), ..., m(n)). The completion time of job 7(j) satisfies (2.1), so that the
objective function for problem 1| | 3~ w;C; can be written as

n n J
Z(m) = D we(jCrijy = D Waij) D, Prti- (2.18)
j=1 j=I i=1

To solve problem 1||> w;C;, we need to find a permutation ¢ = (¢(1),
©(2), ..., p(n)) of jobs such that Z(yp) < Z(w) holds for all permutations 7. We
show that using the pairwise interchange argument, problem 1] | > w;C; can be
solved by applying the following extension of the SPT priority rule.
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Definition 2.3 The jobs of set N = {1, 2, ..., n} are said to follow the WSPT rule
(weighted shortest processing time) if the jobs are renumbered so that

n_r_ P

<= <...< 2 (2.19)
w1 w»y Wy

The following statement holds.

Theorem 2.6 For problem 1| | w;C;, an optimal permutation can be found in
O (nlogn) time, by sequencing the jobs in accordance with the WSPT rule.

Proof The proof is along the same lines as the proof of Theorem 2.1. Suppose
that ¢ = (©(1), ©(2),...,®(n)) is an optimal permutation of jobs for problem
11> w;C;, but it does not follow the rule (2.19). Then, there exist an index k < n
such that

We(1) We(k—1) Woky  We(k) Wo(k+1)

Consider the permutation ¢’ = (¢'(1), ¢'(2), ..., ¢'(n)), obtained from ¢ by
swapping the elements ¢(k) and p(k + 1), i.e., defined by (2.8).

For function Z () of the form (2.18), define A := Z(p) — Z(¢'). Due to opti-
mality of ¢, we must have A < 0. However,

k j k k+1 n J
A= z We(j) Z Pty T Wok) Z Pty T Wok+1) Z Pty + Z Wo(j) Z Pyl
j=1 i=1 i=1 i=1 j=k+2 i=1
k Jj k—1
=D W) D Py + w¢<k+1>(z Peti) + P¢<k+1>)
j=1 i=1 i=1
k+1 n J
TWo(k) Z PGy + Z Wo(j) Zpso(i) = Wepk+1) Pok) — We(k) Pok+1) > 0,
i=l1 Jj=k+2 i=1

where the last strict inequality is due to (2.20).

Thus, permutation ¢ cannot deliver an optimal solution to problem 1| | >~ w;C;.
Repeating this argument as many times as required, we conclude that for an optimal
permutation ¢, the condition (2.19) must hold. (]

2.3 Minimizing Total Completion Time on Parallel
Machines

In this section, we consider the problem of minimizing the sum of the completion
times on parallel machines. We show how the results of the previous sections of this
chapter can be extended to solve the problems in the classical settings, as well as
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their capacitated version in which a machine cannot process more than a predefined
number of jobs.

2.3.1 Uniform Machines

We start with the classical problem, traditionally denoted by QOm/|| Z C;. Here,
each job j of set N = {1, 2, ..., n} has to be assigned to be processed on one of
the m > 2 parallel uniform machines. Machine M; has speed s;. Without loss of
generality, we may assume that the machines are numbered in non-increasing order
of their speeds, i.e.,

S| >8> ... > Sy, (2.21)

It is also convenient to assume that the speed of the slowest machine M,, is equal
to 1, and the processing time of job j € N on machine M,, is equal to p;. In general,
if job j is assigned to be processed on machine M;, then such processing takes p; /s;
time units, 1 < i < m. A feasible schedule S is determined by

e a partition job N into m subsets Ny, N, ..., N ,,, so that the jobs of set N; and
only those are assigned to be processed on machine M;, 1 <i < m;

e the sequence of jobs 7l = (wll(1), 7li(2), ..., 7l (h;)) on machine M;, where
h; =|N;land 1 <i < m.

Take a machine M;, 1 <i < m, and suppose that in some schedule S, the jobs
#li(1), ..., wli(h;) are processed on M; in this order. We have that

Cringy = paingy/Sis
Criny = priny/Si + pring)/si,

Cﬂ-[il(hi) = pﬂ-[il(l)/si +...+ pﬂ-[i](h‘.)/si.

This implies that the contribution of the jobs of set N; toward the objective function

is equal to
h; h;

hi —j+1
E Cﬁm(j)Z E —_— . Prlil(j)s
1

j=1 j=1

i.e., an individual contribution for each job assigned to machine M; is equal to its
processing time multiplied by a positional factor of the form k/s;, where k is a
position of the job from the rear of the processing sequence on machine M;. In order
to minimize the total completion time, we need to match the processing times to the
n smallest positional factors of the form k/s;, where | <k <nand 1 <i <m. As
follows from Sect.2.1, in an optimal schedule, the larger values of the processing
times should be matched to smaller positional factors. This can be done by scanning
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the jobs in the LPT order and to match the next job to the smallest available positional
factor.
Formally, an algorithm for solving problem Qm| | Z C; can be stated as follows.

Algorithm QSum

INPUT: The processing times pjp, p2, ..., p, numbered in accordance with the
LPT rule (2.11) and the machine speeds sy, $3, ..., s, numbered in accordance
with (2.21)

OUTPUT: For each machine, M;, 1 < i < m, permutation 7/l that defines the process-
ing sequence of job on the machine in an optimal schedule

Step 1.  For each machine M;,i =1, 2, ..., m, define the positional factors z; =
1/s; and m empty sequences 71,

Step 2.  Scanning the jobs in the order of their numbering, for each job j from 1
to n, do

(a) Find the machine M,, 1 < v < m, associated with the smallest positional factor,
i.e.,
Zp ;= min{z;|1 <i < m}; (2.22)

If such a machine is not unique, break ties by setting v to be the largest index v
for which (2.22) holds.
(b) Assign job j to machine M, and place it in front of the current permutation %],
i.e., define
1
= (7™, 2 =20+ —.
Sy
The running time of the algorithm is O (nlogn), including the renumbering of

the jobs.
For illustration, consider the following example.

Example 2.2 To test a new scheduling algorithm, a researcher wants to run six sets
of test data on three computers. Compared to Computer 3, Computer 1 is three times
faster, while Computer 2 is two times faster. The computation time (in minutes)
needed to run the test sets on Computer 3 is given in Table 2.2. It is required to organize
the computational experiment in such a way that the average completion time of a
data set is minimized. Interpreting the three computers as three machines M, M>,
and M3, and the data sets as six jobs, we can reduce the original problem to problem

Table 2.2 Processing times of the tests sets on Computer 3 for Example 2.2
Set j 1 2 3 4 5 6

Processing | 12 36 24 42 18 30
time p;
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Q3|12 C; and solve it by Algorithm QSum. We may assume that the speed of
machine M3 (i.e., that of Computer 3) is taken as 1, so thats; = 3,5, = 2,and s3 = 1.
Table 2.3 shows how Algorithm QSum is run. The jobs are scanned in the LPT order.
Each row of Table2.3 shows the parameters after the corresponding job has been
assigned to the machine. Notice that when assigning jobs 3 and 5, the current smallest
positional factor is not unique, and we break ties giving preference to the machine
with the slowest speed (M3 for job 3 and M, for job 5). The last column shows the
actual processing times of the jobs, i.e., the initial values p; from Table 2.2 divided by
the speed of the machine the job is assigned to. Figure 2.2 presents a Gantt chart of an
optimal schedule. The completion times of the jobs (test sets) are shown in Table 2.4.
The average completion time is equal to (4 + 27 +24 +28 + 9+ 14)/6 = 17.667
min, i.e., 17 min 40 sec.

Notice that Algorithm QSum can be deduced from a solution procedure for a
more general scheduling problem Rm| | > C; on unrelated parallel machines (see
Sect.4.1.2).

Table 2.3 Running Algorithm QSum for Example 2.2

j | 2] B3 21 2 23 Actual processing times
i 1
0 0 0 3 > 1
2
4 @ 0 0 % 3 1 14
2 4) ) 0 z 1 1 18
6 6,4) 2) 0O 1 1 1 10
3 6,4 | @ ®3) 1 1 2 24
5 6,4) (5,2) 3) 1 % 2 9
1 1,6,4) (5,2 | (3 3 3 2 4
Computer 1 Set 1 Set 6 Set 4
Computer 2 Set 5 Set 2
Computer 3 Set 3

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

Fig. 2.2 An optimal schedule for Example 2.2
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Table 2.4 Completion times of the test sets in an optimal schedule for Example 2.2
Set j 1 2 3 4 5 6
Completion time p; 4 27 24 28 9 14

Algorithm QSum above can be easily modified to handle a capacitated ver-
sion of the problem, in which additional restrictions regarding the number of jobs
to be assigned to a machine are imposed. Formally, suppose that in any feasi-
ble schedule, machine M; processes no more than g jobs, where >, ¢!l > n,
so that a feasible schedule exists. We denote the problem under consideration by
Om|>" ¢! = n| > C;. The algorithm below is a minor modification of Algo-
rithm QSum: If no more jobs can be assigned to a machine, the machine is excluded
from consideration by setting the corresponding positional factor to infinity.

Algorithm QSumCap

INPUT: The processing times pi, pa, ..., p, numbered in accordance with the LPT
rule (2.11) and the machine speeds s, 7, . . ., §,, numbered in accordance with (2.21)
and machine capacities g!!!, ¢!, ..., g™

OUTPUT: For each machine, M;, 1 < i < m, permutation 7! that defines the process-
ing sequence of job on the machine in an optimal schedule

Step 1.  For each machine M;,i =1, 2, ..., m, define the positional factors z; :=
1/s; and m empty sequences 71,

Step 2. Scanning the jobs in the order of their numbering, for each job j from 1
to n, do the following:

(a) Find the machine M,, 1 < v < m, associated with the smallest positional factor
that satisfies (2.22). If such a machine is not unique, break ties by setting v to
be the largest index v for which (2.22) holds.

(b) Assign job j to machine M, and place it in front of the current permutation

. . [v] . .
w¥l ie., define wl"l := (j, l"). If z, = %, then exclude this machine from
consideration by defining z, := 4-00; otherwise, define z, := z, + Yl

The running time of Algorithm QSumCap is O (nlogn).

2.3.2 Identical Machines

The results of Sect.2.3.1 can be adapted to solving the problem of minimizing total
completion time on identical parallel machines. The speeds of all machines are
assumed equal to 1, so that the processing time of job j € N on any machine is equal
to p;. Problem Pm|(3|>" C; is a special case of problem Qm|3|" C;, where the
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field 3 either is empty or reads > -, ¢!"! > n. Thus, Algorithms QSum and QSum-
Cap solve the uncapacitated and capacitated versions of the problem on identical
machines, respectively.

Given a schedule S, let F(S) = > C;(S) denote the total completion time. For
problem Pm| | 3 C; on m parallel machines, a schedule found by Algorithm QSum
is denoted by S*(m). We exclude from consideration the case that m > n, since it is
optimal to assign exactly one job to each of n arbitrarily chosen machines.

Recall that for a real number x, the ceiling [x] is equal to the smallest integer
that is no less than x. Assuming that the jobs are numbered in accordance with the
LPT rule (2.11), in schedule S*(m), each of the first m jobs takes the last position
on one of the machines, each of the next m jobs takes the second from last position
on one of the machines, etc. This implies that job j contributes its processing time

to the objective function exactly IV#-‘ times, so that
- J

F(S* = il =1 2.23

(8*(m)) ;p,[mw (2.23)

For problem Pm| | >" C;, a solution algorithm can be designed based on differ-
ent principles, compared to Algorithm QSum. Indeed, an optimal solution can be
obtained by scanning the jobs in the SPT order (2.10) and building a schedule from
front to rear. Such an algorithm is presented below.

Algorithm PSumSPT

INPUT: The processing times pi, p2, ..., p, numbered in accordance with the SPT
rule (2.10)

OUTPUT: A schedule Sspr that is defined by permutations 7lil, 1 <i <m

Step1 For each machine M;,i = 1,2, ..., m, define sequence 7! := (i) that
consists of one job i.

Step 2 Scanning the jobs in the order of their numbering, for each job j fromi + 1
to n, do the following:

For the current partial schedule, by checking the machines in the order of their
numbering, determine the machine M,, 1 < v < m, that completes its jobs earlier
than other machines. Assign job j to machine M,, update 7!"! := (7l*], j).

Algorithm PSumSPT requires linear time, provided that the SPT sequence of jobs
is available.

2.4 Bibliographic Notes

Theorem 2.1 is a classical result that traces back to Hardy et al. (1934), where it
is formulated as Theorem 368 on p. 262. Several different proofs are provided for
the theorem, starting from that based on the pairwise interchange argument. Another
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proof of the theorem is given in Sect.4.1.3. More proofs of Theorem 2.1 and its
extensions can be found in Chap. 6, Section A of the book by Marshall and Olkin
(1979).

A link between the problem of minimizing a linear form and a single-flight
low-risk helicopter transportation problem is established in Qian et al. (2012). The
latter problem arises in the oil and gas offshore mining, when employees are to be
delivered to and picked up from a number of offshore installations (rigs or plat-
forms) by a helicopter, so as to minimize the number of people exposed to landings
and takeoffs. If the number of people to be delivered to and picked up from an instal-
lation j is equal to P; and Dj, respectively, then an optimal order of visits to the
installations can be found by Algorithm Match, so that the installations are visited
in non-decreasing order of P; — D;.

Theorem 2.5 is independently proved by Rau (1971) and Kelly (1982).

Historically, Theorem 2.6 on a priority rule for solving problem 1| | > w;C; is
one of the first scheduling results. It is proved by Smith (1956), and this is why the
WSPT rule stated in Definition 2.3 is often referred to as Smith’s rule. Queyranne
(1993) presents a minimal linear description of the solution polyhedron defined as
the convex hull of feasible completion time vectors and deduces Smith’s rule using
the greedy algorithm known in optimization over polymatroids.

A special case of Theorem 2.4 for problem 1| | Cjz. is proved in Townsend
(1978).

A solution algorithm for problem Qm| |2 C; is first described in the book by
Conway et al. (1967). Our exposition mainly follows the book by Brucker (2007).
Algorithm QSumCap for problem Qm|>""" | ¢/l > n|>" C; is presented in Rustogi
and Strusevich (2012).

Algorithm PSumSPT is also first presented in Conway et al. (1967). It should be
seen as a version of the famous list scheduling algorithm by Graham (1966) with a
list found by the SPT rule.

For an environment with m parallel identical machines with the objective func-
tion ® € {Cmax, >C j}, Rustogi and Strusevich (2013) consider the problem of
determining machine impact which shows what can be gained if extra machines are
added.

The link between problem Pm||>" C; and the low-risk multiflight helicopter
transportation problem is established by Qian et al. (2015). That paper presents a
number of approximation algorithms for the capacitated version of the problem with
pickup only.

While problem 1| |> w;C; is polynomially solvable, adding an additional
machine changes the complexity dramatically. Indeed, problem P2||> w;C; is
NP-hard even if p; = w; forall j € N (see Bruno et al. (1974)).
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Chapter 3
Sequencing Under Precedence Constraints

In this chapter, we review scheduling problems on a single machine, provided that
precedence constraints are imposed on the set of jobs, so that not all permutations of
jobs are feasible.

The precedence constraints are normally given in the form of a directed graph
(digraph). We pay a special attention to the case when the constraints are defined
by a series-parallel graph, so that a scheduling problem of interest can be solved
in polynomial time, provided that its objective function is priority-generating. For
illustration, we often refer to the problem of minimizing the weighted sum of the
completion times on a single machine, denoted either by 1|prec| > w;C; (if the
precedence constraints are arbitrary) or by 1|SP — prec| > w;C; (if the constraints
are series-parallel).

This chapter is structured as follows. Section3.1 provides all required defini-
tions regarding the reduction graphs. The concept of a priority-generating func-
tion is introduced and explored in Sect.3.2. In particular, it is shown that for the
problem of minimizing " w;C; on a single machine, the objective function is
priority-generating, while for the problem of minimizing a linear form, the objective
function is not priority-generating. The issues of minimizing a priority-generating
function under series-parallel precedence constraints are addressed in Sect. 3.3.

3.1 Graphs, Posets, and Other Definitions

Consider the following generic single machine scheduling problem. The jobs of set
N = {1,2, ..., n} have to be processed with no preemption on a single machine,
and the processing of job j € N takes p; time units. The jobs are simultaneously
available at time zero, and for each job j, a weight w; is given that indicates its
relative importance. The machine can handle only one job at a time and is permanently
available from time zero.
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For some schedule S, the completion time of job j € N is denoted by C;(S). If a
schedule S is defined by a permutation 7 = (7 (1), 7(2), ..., w(n)) of jobs, we may
denote the completion time of job j by C;(m). If no confusion arises, we may write
C;, without making a reference to a particular schedule or sequence. The objective
is to minimize a function ®(7), a non-decreasing function of C;, j € N. Mainly,
we will focus on three functions: the makespan Cpx(7m) = max{C_,| jEN }, the
total completion time F(m) = > ._, C;, and the weighted total completion time
Z(m) = ZjeN w;Cj.

It is often found in practice that some products are manufactured in a certain order
implied, for example, by technological, marketing, or assembly requirements. Thus,
in reality, not all permutations of jobs are permitted, and this can be modeled by
imposing precedence constraints onto set N of jobs to describe allowable (feasible)
sequences of jobs.

jeN

3.1.1 Reduction Graphs

Formally, precedence constraints among the jobs are defined by a binary relation — .
We write i — j and say that job i precedes job j if in any feasible schedule job i
must be completed before job j starts; in this case, i is a predecessor of j,and jisa
successor of i. Binary relation — is a strong order relation, that is both asymmetric
(i — j implies thatnot j — i) and transitive (i — jand j — kimplyi — k). We
write i ~ j if jobs are independent, i.e., neither i — j nor j — i. A sequence (or a
permutation) of jobs is feasible if no pair of jobs violate the precedence constraints.
Precedence constraints are usually given by a directed circuit-free graph G in which
the set of vertices is identical with the set of jobs and there is a path from vertex i
to vertex j if and only if job i precedes job j. Recall that a graph is circuit-free (or
acyclic) if it contains no cycles, i.e., contains no oriented closed paths with the same
initial and terminal vertices. Moreover, any directed acyclic graph (dag) induces a
partial order on its vertices: i — j if and only if there is a path from vertex i to
vertex j in G.

Given a dag, the outdegree and the indegree of a vertex are equal to the number
of arcs going from and coming to the vertex, respectively; a vertex of both zero
outdegree and zero indegree is isolated.

In the presence of precedence constraints, the set of jobs is partially ordered. A
partially ordered set (poset) P = (N, R) is defined by a set N of jobs and an order
relation R. Relation R is a binary relation, given by a set of (ordered) pairs (i, j),
where i and j are distinct elements of N, and i precedes j, i.e.,

(i, j) € Rif and only if i — j.
Thus, in our case, the notions of “precedence constraints,” “dag,” and “poset”

are interchangeable, and we will use that of these terms which we find the most
appropriate in a particular context.
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Fig. 3.1 a Dag G on five (a) 3 (b) 3

vertices; b the transitive
1 f
closure of G 1 4 '1/’ A

For adag, let (i, j) denote an arc that goes from vertex i to vertex j. The transitive
closure of a dag G is a dag G such that Gy contains an arc (7, j) if and only if
i # j and there is a path from i to j in G. An arc from vertex i to vertex j in G is
transitive (or redundant) if there is a path from i to j which avoids the arc (i, j). The
graph obtained from G by removing all transitive arcs is called the reduction graph
and is denoted by G . Notice that G is the unique dag which has no transitive arcs
and has the same transitive closure as G. The partial order induced either by G or
by G is the same as that induced by G. Therefore, we may assume that given a
dag with set N of vertices and without transitive arcs, we are given a relation — of
strong order which defines precedence constraints on N and vice versa.

Figure 3.1a shows dag G on five vertices, which is the reduction graph of the order
relation

R ={(1,2),(1,3),(2,4)}.

Its transitive closure is shown in Fig. 3.1b; in this graph, the path from vertex 1 to
vertex 4 initiates the arc (1, 4).

In terms of scheduling, the four jobs 1,2, 3, and 4 can only be sequenced in
accordance with one of the permutations

(1,2,3,4),(1,3,2,4),(1,2,4,3).

In graph G, vertex 5 is isolated. Thus, to produce a feasible sequence, job 5 can
be inserted into any position of any of the three sequences listed above.

3.1.2 Series-Parallel Graphs

Let G = (X, U) be a dag, where X is the set of vertices and U is the set of arcs. A
dag G = (X, U) is said to be the parallel composition of two dags G| = (X, Uy)
and G, = (X, Up)suchthat X, N X, = g, if X =X UX,and U = U, U U,. A
dag G = (X, U) is said to be the series composition of two dags G| = (X1, Uy)
and G, = (X», Uy) such that X, N X, = @,if X = X, UX,and U = U; UU,U U,
where U is the set of arcs going from each vertex of graph G, with zero outdegree
to each vertex of graph G, with zero indegree.

For illustration, look at two dags, G| and G in Fig. 3.2a. If these two graphs are
considered as a single graph that consists of two connected components, then this
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Fig.3.2 aTwodags G| and G, b the series composition of G| and G3, and ¢ the series composition
of G, and G

Fig. 3.3 Z-graph .

graph is the parallel composition of G| and G,. Figure 3.2b shows the graph obtained
as the series composition of G| and G, (applied in this order). The graph in Fig. 3.2¢c
is the series composition of G, and G (applied in this order).

Definition 3.1 A directed graph is called series-parallel (or an SP-graph ) if it
either consists of only one vertex, or can be obtained from two series-parallel graphs
by subsequent application of the operations of series and/or parallel composition.

There are several properties that identify an SP-graph. One of them is formulated
in terms of subgraphs that are forbidden for an SP-graph. Recall that a graph G’ =
(X', U') is a subgraph of another graph G = (X, U) if X’ € X and U’ C U, i.e.,
G’ is obtained form G by a removal of some vertices and/or arcs. Further, for any
subset X’ of vertices in graph G, an induced subgraph is the maximal subgraph of
G with the vertex set X’. A four-vertex graph shown in Fig.3.3 is called a Z-graph.

Theorem 3.1 Adag G = (X, U) with no transitive arcs is series-parallel if and only
if its transitive closure does not contain a Z-graph shown in Fig.3.3 as an induced
subgraph.

Let us denote the operations of parallel and series compositions by the letters P
and S, respectively. We write G = G|PG;, and G = GSG; if graph G is either
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Fig. 3.4 Tree representations a of parallel composition and b of series composition

the parallel composition or the series composition, respectively, of graphs G| =
(X1, Uy) and G, = (X3, U,). Parallel and series compositions can be represented
by the so-called decomposition trees shown in Fig. 3.4 for graphs G = G|PG; and
G = G,SGs.

In order to represent an SP-graph by a binary decomposition tree, we first associate
a one-node tree with each single-vertex graph which is used for constructing the
SP-graph and then use the rules shown in Fig. 3.4 to build larger trees from smaller
ones by applying operations P and S. Notice that several non-isomorphic binary
decomposition trees may correspond to the same SP-graph since the operation of
parallel composition is commutative, i.e., graphs G| and G, in Fig.3.4a can be
swapped, and both operations S and P are associative. See Fig.3.5 that illustrates

(@ 1

3 4 © e
2

® (s) ONO
(») (s) ® &)

O @ 0 W 0O O

Fig. 3.5 Representations of the SP-graph a by decomposition trees b and ¢
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how the SP-graph shown in Fig.3.5a can be represented by two non-isomorphic
decomposition trees in Fig.3.5b and c.

In what follows, we assume that SP-graphs have no transitive arcs and are given by
a decomposition tree. Notice that given an SP-graph G = (X, U), its decomposition
tree can be found in O (| X|?) time.

3.2 Priority-Generating Functions

There is a wide class of objective functions depending on the elements of a poset,
called priority-generating functions, which can be minimized in polynomial time,
provided that the precedence constraints are given by a series-parallel graph.

Consider a scheduling problem of processing a set N = {1, 2, ..., n} of jobs, in
which a schedule is defined by a sequence in which the jobs are processed. Let ®(7),
a non-decreasing function of C;, j € N, be the objective function to be minimized.

Recall that for a scheduling problem that can be solved by some priority rule, a
1-priority of a job j is a function w(j) such that in an optimal schedule, the jobs are
sequenced in non-increasing order of the w(j) values (see Sect.2.1.1). In particular,
the LPT rule corresponds to the 1-priority function w(j) = p;, while for the SPT
rule either w(j) = —p; orw(j) =1/p;.

In order to be able to handle scheduling problems under precedence constraints,
we need an extended notion of a priority function that is defined for subsequences
of jobs rather than just for individual jobs.

Definition 3.2 Let 7 = (7'a37”) and 77 = (7' Ban”) be two permutations of n
jobs that differ only in the order of the subsequences « and /3 (each of the sequences 7’
and 7" may be empty). For a function @ (7) that depends on a permutation, suppose
that there exists a function w(r) such that for any two permutations 7’ and 77,
the inequality w(a) > w(3) implies that ®(7*%) < &(7®), while the equality
w(a) = w(f) implies that & (78 = d(7%®). In this case, function  is called a
priority-generating function, while function w is called its priority function . For a
(partial) permutation 7, the value of w(m) is called the priority of «.

Intuitively, a priority function allows us to rank not only individual jobs but also
partial permutations of jobs. A priority function applied to a single job becomes a
1-priority for that job. Thus, for function ®(7) to be priority-generating, it is
necessary that the problem of minimizing ®(m) can be solved by an application
of a priority rule. On the other hand, functions that admit a 1-priority do not neces-
sarily admit a priority in the sense of Definition 3.2.

We now formulate the following recipes for proving and disproving that a certain
function ®(r) is priority-generating. Let 7% = (7'aB7”) and ©°* = (7'Bax”)
be two permutations of all jobs that only differ in the order of the subsequences «
and [.

Recipe 3.1 How to prove that a function ®(7) is priority-generating
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Derive a function w(m) that depends only the elements of a partial permutation 7
such that the sign of the difference CI>(7r““3) - <I>(7r//’“) depends on the sign of the
difference w(a) — w(f).

Recipe 3.2 How to disprove that a function ® () is priority-generating

Exhibit an instance of the problem that ® (%) < & (7”*) for some permutations
7% = (7'afBr") and 77 = (7'Bar”), while ®(o*’) > & (") for some other
permutations ¢*° = (¢'aB¢”) and P = (' Bay”).

Given a (partial) permutation 7, we denote the length of =, i.e., the number of
jobs in 7, by |x|. Let {rr} denote the set of jobs involved in permutation 7. If a job
J € N is associated with a parameter -y;, then () denotes the sum of all y-values

for the jobs in 7, i.e.,
ym =D ;.
jelr}
In particular, for the processing times p; and the weights w;, we write

p(m) = Z pj, w(m) = Z wj.
jeln} jeln}

3.2.1 Minimizing Total Weighted Completion Time

Consider problem 1| | >" w;C; with the objective of minimizing the weighted sum
of the completion times, which we denote by Z (). Recall that this function can
be minimized by sorting the jobs in non-increasing order of the 1-priorities w(j) =
w(j)/p(j) (see Sect.2.2). We show that function Z (7) is in fact priority-generating.

Theorem 3.2 For problem 1||> w;C;, the objective function is priority-
generating and

w(r) = —— (3.1)

is its priority function.

Proof Take permutations 77 = (7’af7") and 7°* = (7'Bar”) that only differ in
the order of the subsequences « and 3 and apply Recipe 3.1.

Notice that if the jobs are processed in accordance with permutation 77, then
the sequence of jobs « starts at time p(7'), the sequence of jobs (3 starts at time
p(ﬂ/a) = p(w’) + p(a), etc. The value Z(«) is the weighted sum of the com-
pletion times of the jobs in «, provided that the sequence « starts at time zero.
In sequence 77, each job in « starts p(7r/) time units later, so that the weighted
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sum of the completion times of the jobs in sequence « is given by the sum of
Z(a) + w(oz)p(w’). This implies that

Z(r'apr") = Z(x") + Z(e) + w()p(7') + Z(B) + w(B) (p(7') + p(®)
+Z(@") +w(7") ((p(7') + p(@) + p(B))):

Z(7'Bar”) = Z(x") + Z(B) + w(B) p(7') + Z(e) + w(a) (p(7') + p(B))
+Z@") +w(@) ((p(7') + pB) + p())).

Define A := Z(7*?) — Z(7%®). In order to verify that in the case under consider-
ation, the objective function is priority-generating, we need to determine a sufficient
condition for the inequality A < 0.

It follows that

A =w(B)p(a) —w(@)pB),

which implies that A < 0 if
wB) _w@

p(B) T pla)’

This proves that (3.1) is the required priority function. (]

3.2.2 Minimizing a Linear Form

Below, we demonstrate how Recipe 3.2 can be used to disprove that a linear form

n

L(m) = axb; (G.2)

j=1

is priority-generating. The problem of minimizing function (3.2) is studied in
Sect.2.1. Recall that if the condition

by=by=---=b, (3.3)

holds, Theorem 2.1 asserts that an optimal permutation can be found by sorting the
1-priorities w(j) = —a(j) in non-increasing order.

Theorem 3.3 Function L () ofthe form (3.2) is not priority-generating for arbitrary
a-values, even if the b-values are numbered in accordance with (3.3).

Proof Let 7% = (r'afBn”) and 77 = (7'Ban’”) be two permutations of all jobs
that only differ in the order of the subsequences « and S3.
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Assume that

B

o8| = |xbe| = .

7| =q. lal=u, |Bl=v, |7

For convenience, assume that

= r),....7(q), 7(g+1),...,7(q+u),

ud «a

mg+u+1),...,71qg+u+v),71(g+u+v+1),...,7(r)|,

153 il

so that

mhe = (ﬂ(l),...,7r(q),7r(q+u+1),...,7r(q+u+v),

7r(61+1),...,7T(q+u),7r(q+u+v—|—1),...,7r(r)).

It follows that

q q+u q+u+v r
3\ _ .
L(n%) =D axpbj+ D, axpbj+ D axpbi+ D axgby;
j=1 Jj=q+1 Jj=q+u+1 Jj=q+u+v+1
q q+vtu q+u r
3
L(x™) =D axpbj+ D axpbiut D, axpbiw+ D, axyb;.
J=1 j=q+u+1 Jj=q+1 j=q+utv+1

Define A := L(’/TO‘B) — L(wﬁa). The inequality A < 0 holds if and only if

q—+tu q+v+u
D anp(bi=bjw) < D any(bjou — b))
Jj=q+1 J=q+u+1

The latter inequality cannot be rewritten in the required form w(«) > w(f3), since
it depends not only on the sequences « and (3, but also on the number of jobs in
sequence 7'. O

3.2.3 Minimizing Makespan Versus Total Completion Time

The statement below is proved for the single machine models with constant process-
ing times. It demonstrates that the existence of a priority function w for the sum of the
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completion times > C; implies that w is also a priority function for the makespan
criterion C,. This statement can easily be extended to scheduling models with
various effects applied to the processing times (see Part II).

Theorem 3.4 Consider a single machine problem with constant processing times,
in which a job may start at a time the previously scheduled job is completed. If w is
a priority function for the sum of the completion times F (1) = ) C;, then w is also
a priority function for the makespan Cpax ().

Proof Take an arbitrary instance / of a single machine scheduling problem. Consider
any two permutations of the jobs of 7 that are of the form (7’ a57") and (7' Gar”). We
assume without loss of generality that w(a)) > w(/3) (otherwise, we can interchange
the labeling of « and (3). Since w is a priority function for the sum of the completion
times, we have F('af87n") < F(n'Bax”).

First, assume that w(«) > w((3). Suppose that w is not a priority function for the
makespan objective, i.e., Ciax (T'a37") > Cax (7' Bar”). Define

;L " F(r'Bar”) — F(r'aBn”) + 1 —‘
" T | Com(TaBT) — Con (7 B ||

3.4

Extend instance I by adding n’ additional jobs, with each additional job j having
the processing time p; = €, where ¢ is a small positive number. Denote the obtained
instance by I’ and an arbitrary permutation of the added new jobs by ¢’. Assuming
that e — 0, we deduce that in permutations 7w’ aS7"¢’ and 7’ Gan”o’, each of the
jobs of ¢’ completes at times Cpax (7' afB7”0”’) and Cpax (7' Ban” o), respectively.
Therefore,

lin(l){F(ﬂ/aﬂW”U') — F(7'Ban’o")} (3.5)
= (F(r'afn”") — F(r'Bar”)) + n'(Cpax (7' af7") — Crnax (7' Bar”)).

It follows from (3.4) that the right-hand side of (3.5) is strictly positive. However,
this contradicts the fact that w is a priority function for the sum of the completion
times. Therefore, Cax (7' a87") < Cpax (7' Bar’”), as required.

Now, consider the alternative case that w(a) = w(/3). Again, suppose that w is not
a priority function for the makespan objective, i.e., Ciax (7' a87") # Cpax (7' Bar”).
Since w is a priority function for the sum of the completion times, we have
F(#'apn”) = F(n'Ban”). Consider an instance I”, which is obtained from instance
I similarly to instance I’; however, now only one job n + 1 with p,1 = ¢ is added.

Let o” be the sequence that consists of one job n + 1. Considering the limiting
case when € — 0, we deduce

}in}) {(F(r'aprn”c"y — F(x'Bar” o)} = (F (@' apn’y — F(x' Bar"))

+(Cmax (7' afn”) — Cmax (7 Bar™)). (3.6)

Since the first term in (3.6) is equal to zero and the second term is nonzero, we
deduce that F(n’'af7"c”) # F (7' Barn”c”). Thus, again, we have a contradiction to
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the fact that w is a priority function for the sum of the completion times. Therefore,
Conax (' afB7") = Cruax (7' Ba”).

We have now verified that for the makespan objective function, the conditions of
Definition 3.2 are satisfied, and therefore, w is its priority function. O

As the contrapositive statement to Theorem 3.4, we obtain the following corollary.

Corollary 3.1 Consider a single machine problem with constant processing times,
in which a job may start at a time the previously scheduled job is completed. If the
makespan objective function is not priority-generating, then neither is the sum of the
completion times priority-generating.

In the next section, we present an algorithm for minimizing a priority-generating
function subject to series-parallel constraints.

3.3 Minimizing Priority-Generating Functions Under
Series-Parallel Constraints

Let @ () be a priority-generating function defined over aposet P = (N, R) and w(m)
be the corresponding priority function. Consider the problem of minimizing ® ()
over P = (N, R), provided that the poset P is defined by series-parallel precedence
constraints. Throughout this section, we assume that the constraints are given in the
form of a decomposition tree.

The key concept that we need for an algorithm that minimizes a priority-generating
function is that of a job module.

Definition 3.3 Given a poset P = (N, R), asubset M C N is a (job) module of P
if for every job k € N\ M one of the following holds:

(@ k— iforalli e M, or
(b) i > kforalli € M, or
(¢) i ~kforalli e M.

Clearly, each job j € N is a module, and the whole set N is a module. For
example, for the precedence constraints given by the graph in Fig. 3.2b, the set {3, 4}
is a module. Indeed, job 1 precedes both jobs 3 and 4, while each of the jobs 5, 6,
and 7 is a successor of both jobs 3 and 4; moreover, job 2 is independent of both jobs
3 and 4. On the other hand, the set {4, 5} is not a module, since 2 — 5but 2 ~ 4.

Figure 3.6 shows a decomposition tree of the digraph in Fig. 3.2b. Use this graph
for checking the following property.

Lemma 3.1 For an SP-graph, a subtree of its decomposition tree defines a module.

Thus, we can identify the following non-trivial modules of the digraph in
Fig.3.2b: (3,4}, {2,3,4}, (1, 2, 3,4}, {1, 2,3,4,5}, {6, 7}.

The algorithm that minimizes a priority-generating function under series-parallel
precedence constraints is based on the following statement.
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Fig. 3.6 Decomposition tree
for the graph in Fig.3.2b

Theorem 3.5 Let M be a module of a series-parallel graph G = (N, U) and o be a
permutation that minimizes function ® over set M. Then, there exists a permutation
that minimizes ® over set N, in which the jobs of M appear in the same order as in o.

Theorem 3.5 allows treating subsequences of o as modules. It is convenient to
think of a module as consisting of subsequences (or strings) of jobs, rather than of
individual jobs.

The algorithm scans the decomposition tree of the given digraph from leaves to
the root. In each iteration, a composition operation (parallel or series, depending on
the type of the node) is performed, forming a new module of two initial modules.

In the case of parallel composition of two modules M’ and M”, a new module
M is formed, which is the union of the elements of the two initial modules. For the
obtained module M, an optimal sequence o can be obtained by sorting its elements in
non-increasing order of their priorities. Such a sequence respects the given precedence
graph.

If series composition of two modules M’ and M” is to be performed, then the
resulting module M is obtained as the union of M’ and M”, provided that the smallest
priority of an element of M’ is larger than the largest priority of an element in M".
Otherwise, the elements of M’ with smaller priorities are merged with the elements
of M” with larger priorities to form a string with the priority that is smaller than the
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smallest priority of the remaining elements of M’ and larger than the largest priority
of the remaining elements of M”. The new module is formed to consist of the derived
string and the remaining elements of the two initial modules.

Formally, the procedure for series composition is outlined below. In the
description of the procedure, the elements of modules (i.e., jobs and strings) are
denoted by the Greek letters , A, u, etc. For a module, an element & is called w-
minimal (w-maximal) if w(x) is smaller (respectively, larger) than the priority of all
other elements of the module. For consistency, it is assumed that module M’ always
contains a dummy element with priority +oco, while module M” always contains a
dummy element with priority —oo.

Procedure SerComp(M', M")
INPUT: Two modules M’ and M”
OUTPUT: Module M, a result of series composition of M” and M”

Step 1. Find a w-minimal element A in M’ and a w-maximal element . in M”. If
w(A\) > w(), then return M = M’ U M”. Otherwise, remove the elements A\ and
1 from their respective modules (i.e., update M' := M'\{\}and M" := M"\{u}),
form the string « := (A, p), and compute its priority w(x).

Step 2.  Find a w-minimal element A in M’. While w()\) < w(k), do the following:
Remove A from M’ (i.e., update M’ := M’\{\}), include it to string « (i.e., update
K := (A, K)), and compute the priority w(x).

Step 3. Find aw-maximal element g in M”. While w(11) < w(k), do the following:
Remove i from M” (i.e.,update M" := M"\{u}), include it to string « (i.e., update
K := (k, w)), and compute the priority w(k).

Step4. Return M = MU M” U {k}.

The overall algorithm for minimizing a priority-generating function under
series-parallel precedence constraints given by the decomposition tree can be described
as follows.

Algorithm SerPar

INPUT:  An instance of a scheduling problem with n jobs to minimize the
priority-generating objective function ®, a decomposition tree of the precedence
digraph, and the priority function w for ®

OUTPUT: Permutation 7* of jobs that minimizes &

Table 3.1 Instance for Example 3.1

Jobs 1 2 3 4 5 6 7
p; 2 6 4 3 2 7 2
w; 5 2 3 4 8 2 4
T S S F RN £ R LR E
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Step 1.  Scanning the decomposition tree from leaves to the root, fork = 1ton—1,
do the following:

(a) Identify operation M'O;M", where M' and M"” are two modules and Oy
corresponds to an operation node of the decomposition tree.

(b) If Oy is an operation of parallel composition, then define M := M'UM".

(¢) If O is an operation of series composition, then M is the output of
Procedure SerComp (M i ”).

Step 2.  Sort the elements of the module M,_; in non-increasing order of its
priorities. Output 7* as the obtained permutation of the original jobs.

Algorithm SerPar can be implemented in O(nlogn) time, provided that the
priority w(m) for a given partial sequence 7 can be computed in O (n) time.

Example 3.1 In order to illustrate Algorithm SerPar, consider the problem of min-
imizing of the weighted sum of the completion times on a single machine, i.e.,
problem 1|SP — prec| > w;C;. The numerical parameters of the seven jobs, as
well as their 1-priorities w(j), are given in Table3.1. The precedence relation is
represented by the digraph in Fig. 3.2b. Its decomposition tree is shown in Fig. 3.6, and
the operation nodes are numbered in the order of iterations of Algorithm SerPar. The
run of Algorithm SerPar for this instance is presented in Table 3.2. For iterations 1,
4, and 6, the steps of Procedure SerComp are shown in details. The final permutation
(1,3,4,2,5,7, 6) is determined by module Mj.

3.4 Bibliographic Notes

Scheduling problems with precedence constraints have always been among the most
studied types of problems. The first positive results have been derived for rather
simple types of reduction graphs, such as chains and trees. The seminal paper by
Lawler (1978) has given the first example of a polynomially solvable problem with
series-parallel precedence constraints. That paper initiated extensive studies of
scheduling problems under series-parallel precedence conducted in the late
1970s—early 1980s, which have resulted in an elegant theory briefly overviewed
in this chapter.

Theorem 3.1 is independently proved by Gordon (1981) and Valdes et al. (1982);
however, already Sidney (1975) and Lawler (1978) present the Z-graph as the sim-
plest digraph that is not series-parallel. Alternative conditions that are necessary and
sufficient for a dag G = (X, U) to be series-parallel are proved in Gordon (1981)
(see also Gordon et al. (2005)). Theorem 3.1 is the basis of an algorithm that recog-
nizes an SP-graph in O (]X|?) time (see Shafransky and Yanova (1980) and Valdes
et al. (1982)).

The concept of a priority-generating function has been independently introduced
by Shafransky (1978a), Reva (1979), Monma and Sidney (1979), and Burdyuk and
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Reva (1980). We mainly follow Chap.3 of the book by Tanaev et al. (1984) for a
systematic exposition of related issues.

A formal proof of Theorem 3.2 is given in Tanaev et al. (1984); however, already
Horn (1972) and Lawler (1978) essentially use function (3.1) as a priority function
for a subsequence of jobs. Theorem 3.3 is proved in Tanaev et al. (1984), while
Theorem 3.4 and Corollary 3.1 are due to Gordon et al. (2008) (for scheduling
models with a deterioration effect).

Definition 3.3 of a job module is given by Sidney (1975), who has established
various properties that lead to a decomposition algorithm for minimizing functions
under series-parallel constraints, including Lemma 3.1 and Theorem 3.5. There are
multiple versions of algorithms that solve various scheduling problems under series-
parallel precedence constraints; here, we only mention algorithms by Lawler (1978)
for minimizing the weighted sum of the completion times on a single machine and
by Gordon and Shafransky (1978), Monma (1979), and Sidney (1979) for the two-
machine flow shop problem to minimize the makespan. The algorithms for min-
imizing an arbitrary priority-generating function in O (nlogn) time are given by
Shafransky (1978b), Monma and Sidney (1979), and Tanaev et al. (1984). In our
description of Algorithm SerPar, we mainly follow Lawler (1978).

Queyranne and Wang (1991) present a linear programming formulation of
problem 1|prec| > w;C; and prove that in the case of series-parallel precedence
constraints, their formulation completely describes the scheduling polyhedron. This
fact, as well as an alternative proof of the algorithm by Lawler (1978) for problem
1|SP — prec| > w;C}, is given in Goemans and Williamson (2000), who use an
elegant reasoning based on the so-called two-dimensional Gantt charts.

There is a more general type of precedence constraints that can be decomposed
into job modules of special structure. Provided that the objective function possesses
certain properties, it can be minimized over a poset in polynomial time. For com-
pleteness, below we give a brief discussion of this issue.

Let G = (N, U) be a dag corresponding to poset P = (N, R). Replacing all arcs
of its transitive closure Gr by undirected edges, we obtain the (undirected) graph
G = (N, E). We may assume that G = (N, E) is given to us in the form of the
adjacency matrix. A module M is a set of vertices that is indistinguishable in graph
G by the vertices outside M; that is, in graph G, any vertex in N\ M either is adjacent
to all vertices of M, or is adjacent to no vertex in M.

The complement graph of G = (N, E) is the graph (N, E’), where (u, v) € E’
if and only if (u,v) ¢ E. A graph is complement-connected if its complement
graph is connected. There are three distinct types of modules: parallel, series, and
neighborhood. Parallel modules are characterized by the property that the subgraph
induced by the vertices of the module is not connected. A module is a series module
if the subgraph induced by the vertices of the module is not complement-connected.
In a neighborhood module, the subgraph induced by the vertices of the module is
both connected and complement-connected.

Foraposet P = (N, R),asubsetS C N isinitial if foreachi € §, all predecessors
of i are also in S. For an initial set S, define the set
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I1(S):={j|j € S, j has no successors in S}.

The maximum size of any set I(S) is called the width of P. If the poset is
decomposed into modules, the size of any module does not exceed the width of
the original poset. The modular decomposition procedure of the original poset P is
implemented as an iterative process that is represented by a special data structure, a
composition tree, For details on the decomposition process and on the construction
of a composition tree, see Buer and Mohring (1983), Sidney and Steiner (1986), and
Muller and Spinrad (1989). Notice that the decomposition algorithm in Muller and
Spinrad (1989) requires O (n?) time.

One of the conditions under which an objective function ® can be minimized over
a poset is the so-called job module property: If ¢ is a permutation that minimizes
function ® over set M, then there exists a permutation that minimizes ¢ over set
N, in which the jobs of M appear in the same order as in o. In fact, Theorem 3.5
states that this property holds for series-parallel precedence constraints. For more
general constraints, it has to be assumed (see Sidney and Steiner (1986) and Monma
and Sidney (1987)). The corresponding sequencing algorithms are based on efficient
procedures by Mohring and Rademacher (1984) and Muller and Spinrad (1989).

Another condition is that function ® can be computed recursively over initial
sets by a dynamic programming algorithm. If this property is combined with the
job module property, then function ® can be minimized over a poset of width w
in O (n““”) time, as demonstrated by Sidney and Steiner (1986) who combine the
dynamic programming algorithm with the decomposition algorithm by M&hring and
Rademacher (1984, 1985).

Scheduling problems under arbitrary precedence constraints are normally
NP-hard, even if the objective is priority-generating. For example, Lawler (1978)
proves the NP-hardness of minimizing the weighted sum of the completion times
on a single machine, i.e., of problem 1|prec| > w;C;. Other examples of NP-hard
scheduling problems under precedence constraints are contained in Abdel-Wahab
and Kameda (1978), Lenstra and Rinnooy Kan (1978), and Monma (1980, 1981)
(see Tanaev et al. (1984) for a review). Methods of reducing the search for an optimal
permutation under arbitrary precedence constraints can be found in Monma (1981)
and Tanaev et al. (1984).
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Chapter 4
Relevant Boolean Programming Problems

Quite often, an algorithm that finds either an exact or an approximate solution to
a scheduling problem can be derived from a reformulation of the original problem
in terms of another problem of combinatorial optimization, e.g., a Boolean pro-
gramming problem. In this chapter, we review some of the most popular Boolean
programming problems which are relevant to the content of this book.

In Sect.4.1, we focus on different versions of the linear assignment problem,
including its forms with a square and rectangular cost matrix. We present several
polynomial-time algorithms, including Dinic’s algorithm for the rectangular assign-
ment problem. Besides, we link the linear assignment problem with a product cost
matrix to the problem of minimizing a linear form, studied in Sect.2.1. In Sect. 4.2,
we address the linear knapsack problem and its versions, such as the subset-sum prob-
lem. Here, the main focus is on the design of fully polynomial-time approximation
schemes (FPTASs) by converting pseudopolynomial-time dynamic programming
algorithms. Section 4.3 is devoted to the problem of minimizing a specific quadratic
function of Boolean variables, known as the half-product. This problem and its vari-
ants, without and with an additional linear knapsack constraint, are known to serve
as mathematical models for many scheduling problems. Section 4.4 addresses prob-
lems with the objective that is a special form of the half-product. The main topic of
Sects.4.3 and 4.4 is also the design of FPTAS.

4.1 Linear Assignment Problems

The linear assignment problem (LAP) is one of the most popular and intensively
studied problems in combinatorial optimization. Given a square or rectangular cost
matrix, the problem is to match each row to a different column in such a way that
the sum of the selected cost values is minimized.

A possible meaningful interpretation of the LAP is as follows. Suppose that n
jobs need to be assigned to m > n candidates, exactly one job per candidate. It is
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known that ¢;; is the cost of assigning job i to candidate j. The objective is to find
an assignment so that the total cost is minimized.

It is convenient to arrange all costs as an n x m cost matrix C = (c,- j), where the
ithrow, 1 <i < n, contains the elements c;y, ¢;2, . .., Cim, and the jth column, 1 <
J < m, contains the elements ci;, ¢z}, ..., Cyj. It is required to select n elements,
exactly one from each row and at most one from each column, so that their sum is
minimized. The n x m LAP is known as a rectangular assignment problem and can
be formulated as a Boolean programming problem in the following way:

n m

minimize E E CijXij

i=1 j=1

m
subject to Zx,-_,- =1, i=1,2,...,n;
j=1

Zn:xijfl, j=12,...,m;

i=l1

xj€(0,1}, i=12,...,n; j=1,2,...,m.

4.1)

A special case of the n x m LAP is the n x n LAP with a square cost matrix.
Below, we give its formulation in terms of Boolean programming:

n n
minimize E E CijXij
i=1 j=1

m
subject to inj =1, i=12,...,n;
j=1

n
injzl, ]=1,2,,n,
i=1

x;€{01), i=12....nj=12 . n

(4.2)

In the next subsection, we present two algorithms that can be used to solve a
rectangular assignment problem of the form (4.1).

4.1.1 Methods for Solving the Rectangular Assignment
Problem

In this subsection, we reproduce the main steps of two algorithms known for solving
ann xm rectangular LAP of the form (4.1). When applied to a square n X n cost matrix,
i.e. when the problem under consideration is of the form (4.2), these algorithms are
able to provide a solution in O (n*) time.
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We use the matrix terminology. Given a matrix C = (c;;), ~withm > n, either
a row or a column is called a line of C; a collection of n elements, no two of which
belong to the same line is called a diagonal; and a collection of k < n elements, no
two of which belong to the same line is called a subdiagonal. In the linear assignment
problem, it is required to find a diagonal with the smallest sum of its elements.

The first of the presented algorithms reduces the original (positive) elements of
the cost matrix on a line-by-line basis, so that some of them become zero. Two zeros
that do not belong to the same line are called independent. There are two types of
labels applied to a zero: It can be starred to become 0* or primed to become 0.
During the run of the algorithm, some lines are said to be covered. In all iterations
of the algorithm, the starred zeros are independent, and their number is equal to the
number of the covered lines, with each covered line containing exactly one 0*. The
algorithm stops having found # starred zeros in the current matrix. The primed zeros
in a current partial solution are seen as potential candidates to become starred zeros.

Algorithm LAPBL

Step 0. Considering the rows of matrix C in the order of their numbering, subtract
the smallest element from each element in the row.

Step 1.  Search for a zero, Z, in the matrix. If there is no starred zero in its row or
column, star Z. Repeat for each zero in the matrix.

Step 2.  Cover every column containing a 0*. If n columns are covered, the starred
zeros form the desired independent set; otherwise, go to Step 3.

Step 3.  Choose a non-covered zero and prime it; then, consider the row containing
the primed zero. If there is no starred zero in this row, go to Step 4. If there is a
starred zero Z in this row, cover this row and uncover the column of Z. Repeat
until all zeros are covered. Go to Step 5.

Step 4. Construct a sequence of alternating starred and primed zeros as follows:
Let Zy denote an uncovered 0. Let Z; denote a 0* in Zy’s column (if any). Let Z,
denote the 0" in Z,’s row. Continue in a similar way until the sequence stops at a
(’, which has no 0* in its column. In the obtained sequence, unstar each starred
zero and star each primed zero. Erase all primes and uncover every line. Return
to Step 2.

Step 5. Let & denote the smallest non-covered element of the current matrix. Add
h to each covered row, and then subtract 2 from each uncovered column. Return
to Step 3 without altering any asterisks, primes, or covered lines.

Algorithm LAPBL can be implemented in O (n*m) time. An iteration of Algo-
rithm LAPBL is considered complete when all zeros are covered by the end of Step 3.
After this, a transition is made to Step 5, where we search for the minimal elements in
the uncovered part of the matrix and convert them to zero. At the end of an iteration,
one of the two outcomes is possible: New 0*s are either added to the matrix, or not.
If the total number of 0*s in the matrix is less than n, the existing 0*s represent a
partial solution to the assignment problem. If the total number of 0*s in the matrix
is equal to n, then the solution is considered complete and the optimal assignment is
given by the positions occupied by the 0*s.
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Another algorithm for solving a rectangular LAP is based on a concept of a
potential. In any step of the algorithm, each column j, 1 < j < m associated with a
potential A;. Let A = (Ay, ..., A,) be an array of these potentials. We introduce
a concept of A-difference

A
Ciji = Cijy = (cijy = Dj) = (cijy = Ajy)-

Along this definition, a A-minimal element is the element which, when subtracted
from any other element from the same row, returns a nonnegative value of A-
difference.

During an iteration of the algorithm, some columns and rows will be highlighted
or labeled. The highlighted elements form a subdiagonal of the matrix. A line with
no highlighted or labeled elements is called free. Let R denote the set of free and/or
labeled columns. Let Q be the set of labeled rows. In the beginning of each iteration,
all rows and columns are seen as non-labeled. For each row i, let ¢; (; be the A-
minimal element, and ¢; is the A-difference between the element that is A-minimal
among the elements of this row located in the columns in R and c¢; ;). Define ¢ as
the smallest 9; over all non-labeled rows.

In the beginning of an iteration, we have a subdiagonal of £ elements and an array
of potentials such that:

(i) Each highlighted element (i.e., an element of the current subdiagonal) of a
non-labeled row is A-minimal in its row;
(ii) The potentials of all free columns are equal.

Algorithm LAPD

Step 0. Find the smallest element in each row. For each column that contains
more than one such element, highlight any one of them. The highlighted elements
form the initial subdiagonal. Set all potentials to zero. Since there are no labeled
columns to begin with, R denotes the set of free columns. Compute § and identify
the extremal element ¢;, j, i.e., the element for which the difference that defines
d; is equal to 4.

Step 1. If¢ = n, and conditions (i) and (ii) are satisfied, accept the found diagonal
as a solution to the initial problem. If £ < n, check that conditions (i) and (ii) are
satisfied, then go to Step 2 with k = 1.

Step 2.  For current value of k, 1 < k < n, do:

(a) Increase the potentials of all columns in R by ¢ (element ¢;, ;, will become
A-minimal in its row, while each highlighted element remains A-minimal
in its row).

e Ifrow iy is not free, then label row i; by ““ji.”” (the number of the column of
the extremal element ¢;, ;). In row i, find the highlighted (subdiagonal)
element ¢;_j+ and label column j* by “i;”. Go to Step 2(b).
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o If row iy is free, then update the subdiagonal as follows. Include c;, j, into
the current subdiagonal (highlight it). If column j; is free, then complete
the iteration, update £ := ¢ + 1, and go to Step 1. If it is not free, it has a
label “7 ”” and contains the highlighted element ¢; ;. Remove that element
from the subdiagonal. Row i is labeled “;”. Include element ¢; ; into the
subdiagonal. This process is repeated until a free column occurs. Once
a free column is found, a new element is highlighted and the iteration
completed. Remove all labels, update £ := £ 4 1, and go to Step 1.

(b)  Update the sets R and Q. Compute ¢ and identify the extremal elementc;,,  j,.,, .
Update k := k + 1 and go to Step 2.

It is useful to employ a special data structure, a dictionary ¢ that consists of
records ¢; defined for each non-labeled row i. Record ¢; stores (i) the value ¢; and
(ii) column number j (i) such that element ¢; j(; is A-minimal among the elements
of row i located in the columns in R. Dictionary ¢ is created before the preliminary
stage and before the start of each iteration. When moving from one step to the next
within an iteration, the dictionary can be updated in O(n) time. In particular, the

A
value §; := min[é,-, Ciri) — c,-j], where j is the column labeled in the previous

step.

If m = n, the algorithm solves the assignment problem in O (n3) time. If m > n, it
can be implemented in O (n3 + nm) time. Below, we provide an example that walks
through each step of Algorithm LAPD.

Example 4.1 Consider a rectangular assignment problem with a cost matrix

12348
11348
15568
25682

Iteration 0. The following iterations as outlined in Algorithm LAPD will enable
us to find an optimal solution to the given assignment problem.

A; 0 0000 Step 0
Label| - - - - - Amin AminR (5,'
2 1 3 2%
1 3 2
1 5 4

6 | 4
R € {354}5 Q € {Q)}a 5 = 2’ Ciljl = C13

*

H

(98]

1
- |1
2

H

AN L W

o N B~

HOOOOOO
[\

5
5

In this tableau and in other tableaux related to the solution of Example 4.1, the
elements in boxes represent the highlighted elements, i.e., the elements in the
subdiagonal, and the starred element represents the extremal element c;, ;,. For
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each non-labeled row, Column A ,;, contains the A-minimal element in that row,
while Column A, g contains the A-minimal element among those located in
that row and in the columns of set R. Notice that £ = 3 < n = 4, and conditions
(1) and (ii) of a subdiagonal are satisfied.

Iteration 1. 'We proceed to a new iteration with k = 1.

A;J0O 0220 k=1

Label| I - ——- - Amin AminR 61’
3 [1]2348

- |1 [t]34 81| 1 0
8

- |1* 55681 | 1 | o
- |2 5682 2| 2 0
Re{1,3,4}, Qe{l}, 6§ =0, ¢;,j, =c3

Now, the iteration requires us to go back to Step 2 with k = 2. The potentials do
not change since § = 0. We include the current extremal element ¢;, ;, = c3; in the
subdiagonal. Also, note that c;, ;, lies in Row 3 which is free, but the corresponding
Column 1 is not free. Column 1 is associated with a label “1” and contains the
highlighted element c;;. Also, note that Row 1 is associated with a label “3”. We
remove element c;; from the subdiagonal and include element c;3 instead. The
resulting tableau is written as follows.

A; 10 0 220 k=2
Label| - — — — — [Apin|[Aminr |0
- |1 23|14 8| - - |-
— 11348 - - |-
- [1]5 568 - - |-
- |25 682 -] - |-
£ = 4. Tteration complete.

Notice that at the end of the first iteration, £ = n = 4, and conditions (i) and (ii) are
satisfied. Thus, the current diagonal represents the optimal solution to the initial
problem. The optimal value of the objective functionis givenas3+1+4+1+2 = 7.

We summarize the results discussed in this section as the following statement.

Theorem 4.1 Ann x m rectangular assignment problem can be solved in O (nzm)
time by Algorithm LAPBL and in O (n3 + nm) time by Algorithm LAPD.
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4.1.2 Minimizing Total Completion Times of Unrelated
Machines

In this subsection, we illustrate how the rectangular linear assignment problem can
be used for solving a classical scheduling problem of minimizing the sum of the
completion times on m unrelated parallel machines, i.e., problem Rm| | > C iz

Each job j of set N = {1, 2, ..., n} has to be assigned to be processed on one
of the m > 2 parallel unrelated machines. It is reasonable to assume that there are
more jobs than machines, i.e., n > m. In general, if job j is assigned to be processed
on machine M;, then such processing takes p;; time units, 1 < i < m. A feasible
schedule S is determined by

e apartition of set N into m subsets Ny, Na, ..., N ,, so that the jobs of set N; and
only those are assigned to be processed on machine M;, | <i < m;
e the sequence of jobs 7'l = (xll(1), 7!1(2), ..., 7l'(h;)) on machine M;, where

h; =|Niland 1 <i < m.

Take a machine M;, 1 < i < m, and suppose that in some schedule S, the jobs
7lil(1), ..., wlil(h;) are processed on M; in this order. We have that

Crinty = P(i.xinn))»
Crine) = P(ixiny)  P(inin )

Crinhy = P(iainy) -+ Pt

where p(; rin()) is the processing time of a job j = 7l (r) scheduled in position r
of permutation 7'l on machine M;. The above relations imply that the contribution
of the jobs of set N; toward the objective function is equal to

hi

hi
D Caingy = D _(hi =1+ Dp(i i)

r=1 r=1

compare this with the reasoning presented in Sect.2.3.1.
For a schedule S on unrelated machines defined by permutations 70! =

(711, 7111(2), ..., 7lil(h;)), the total completion time of all jobs can be written as
follows: i
D CiS) =D D> (hi =1+ Dp(i.aing)- (4.3)
=1 i1 =1

To minimize the objective > C;(S), let us define the cost function

Cjir) = (h, —r 4+ l)p,‘j, (44)
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which represents the contribution of a job j = 7lil(r) to the objective function (4.3).
Notice that to compute the costs ¢ i ,y, ] € N, 1 <r < h;, 1 <i < m, we require
knowledge of the number of jobs /; assigned to machine M;. However, irrespective
of h;, if job j is assigned to machine M;, it will contribute exactly one of the values
Dij» 2Dij, 3pij, - .., npij. Thus, we may set the value h; = n, 1 < i < m and
compute all possible costs ¢, 1 <r < n, 1 <i < m, by (4.4) for every job
jEN.

Define a rectangular assignment problem with an n x k cost matrix C = (c j’(i,,))
with n rows, each corresponding to a job j € N and k = nm columns. Number the
columns by a string of the form (i, r), where i, 1 < i < m, refers to a machine
index and r, 1 < r < n, indicates a position in a permutation of jobs assigned to the
machine. More precisely, the value of element c;  , at the intersection of the jth
row and the vth column of matrix C for v, 1 < v <k, suchthatv =n(i — 1) +r,
where 1 <i <m and 1 <r < n, is defined by the relation (4.4).

As a result, the problem of minimizing the objective function (4.3) reduces to a
rectangular assignment problem written as below:

n m n
minimize Z Z Z Ci.(i.r)Yj.G.r)

j=1 i=1 r=1
m n

subject to ZZyj,(i,,) =1, Jj=1...,n
i=1 r=1 4.5)
n
Zyj’(i”)fl’ i:l,...,m,r:L...,n;
j=1
Yian € {0, 1}, j=1...,ni=1,....,m,

r=1,...,n.

This problem can be solved by Algorithm LAPD outlined in Sect.4.1.1. In our
case, the algorithm is applied to an n x k cost matrix and therefore requires O (n+kn)
time, where k = nm. Thus, an optimal solution for problem (4.5) can be found in
O (n?) time, due to the assumption that n > m. For the found solution, y; ¢, = 1
implies that job j is assigned to the rth position of machine M;. The conditions of
(4.5) mean that each job will be assigned to a position and no position will be used
more than once. The following statement holds.

Theorem 4.2 Problem Rm||>_ C; can be solved in O (n3) time, by reduction to a
rectangular linear assignment problem.
4.1.3 Linear Assignment Problems with a Product Matrix

A special case of the LAP of the form (4.2) with a square cost matrix can be solved
faster if ¢;; = a;bj, 1 <1 < n, 1 < j < n, so that the input of the problem
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is determined by two arrays a = (a;,az,...,a,) and b = (b1, by, ..., b,). Such
a problem is known as the linear assignment problem with a product matrix. This
problem can be seen as another representation of the problem of minimizing a linear

form
n

L(m) = ax;b; (4.6)

j=1
over a set of all permutations. Provided that
by zby>---2b, 4.7)

holds, the problem reduces to finding a permutation ¢ = (¢(1), ©(2), ..., p(n)) of
the components of array a, such that for any permutation 7 = (7 (1), 7(2), ..., 7(n)),

the inequality
D apibj = D anb; (4.8)
j=1 j=1

holds. Section 2.1 of this book discusses this problem in detail and presents Theo-
rem 2.1, which is reproduced below, with an alternative proof.

The proof is based on the so-called Monge property of a matrix. A square matrix
C = (c,- j) is said to be a Monge matrix if its elements satisfy the following

property

nxn

Cijtces <cist+ej, 1<i<r=<n 1=<j<s=<n 4.9)

It is known that the linear assignment problem with a Monge cost matrix C =
(ci f)nxn has an optimal solution given by

[Lifi=
Yij = 0, otherwise,

so that the minimum total cost is equal to the sum of the elements of the main diagonal
of C.

Theorem 4.3 Provided that (4.7) holds, permutation p = (p(1), (2), ..., p[n))
such that

Ap(l) = Ap) = -+ = )
satisfies (4.8), i.e., minimizes the linear form (4.6).

Proof Renumber the elements of array a = (a;, as, ..., a,) in accordance with
permutation ¢, so that a; < ap < --- < a,. Then, matrix C = (c,-_,-)nm with
cij = a;b; is a Monge matrix. Take arbitrary rows i and 7, 1 < i < r < n, and

columns j and s, 1 < j, s < n. Write the cost matrix C = (cij) as
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aiby -+ aibj -+ aybs --- ayb,

aiby --- @bl ... ab, - a;b,

aby -+ ab; - labd - ab,
J

anby -+ apbj -+ ayby -+ ayb,
where the boxed elements are the costs ¢;; and c,, while the underlined elements
are the ¢;; and ¢,;. Notice that the boxed elements and the underlined elements form
a rectangle, and the inequality (4.9) compares the sum of the diagonal elements of
this rectangle.

Suppose that the property (4.9) does not hold for the four chosen elements, i.e.,

Cij + ¢y > Cis + Crj

or, equivalently,
aib; +a,by; > a;b; + a,b;.

The latter inequality can be rewritten as
Cl,‘(bj — bx) > a,(bj — bs)

Since (4.7) holds, we have a; > a,, which contradicts the chosen numbering a; <

a, < -+ < a,. Thus, matrix C is a Monge matrix, and the smallest total cost is
equal to Z;=1 a;b; and permutation ¢ = (¢(1), ¢(2), ..., ¢(n)) minimizes the
corresponding linear form. (]

Finding a permutation ¢ that minimizes the linear form (4.6) requires the sorting
of two arrays of n numbers, which can be done in O (n log n) time. This permutation
matches the larger components of one of the two given arrays with smaller com-
ponents of the other array. This process is formally described in Algorithm Match
presented in Sect. 2.1.

See Sect.4.5.1 for references and further discussion. In this book, we use different
versions of the linear assignment problem on several occasions.

4.2 Knapsack and Subset-Sum Problems

In this section, we give a brief discussion of the most popular problem of Boolean
programming, the linear knapsack problem, and its special case, the subset-sum
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problem. The main focus of the discussion is on derivation of the fully polynomial-
time approximation schemes for these problems.

Letx =(xy, x2, . .., X,) be a vector with n Boolean components, i.e., x; € {0, 1},
1 < j < n. Consider the following problem:

n
maximize E Bjx;
j=1

" (4.10)
subject to ZO{_I‘.X]‘ <A
j=1
x;€{0,1}, j=1,2,...,n.

This problem is known as the (linear) knapsack problem. Its popular interpretation
is as follows. There are n items, and an item j is associated with a weight «;
and a profit value 3;, 1 < j < n. All values of o; and 3;, 1 < j < n, are
positive integers. The decision-maker wants to determine which of these items to
place into a knapsack of the weight capacity A in order to maximize the total profit
of the taken items. A Boolean decision variable x; is equal to 1 if item j is placed
into the knapsack; otherwise, it is equal to 0, 1 < j < n. Let a Boolean vector
x*=(x}, x5, ..., x5) such that inequality >°}_, B;x% > >_7_, B;x; holds for all
feasible vectors x =(x1, x2, ..., x,) be called an optimal solution of the problem.

A popular version of the knapsack problem is the subset-sum problem, which we
will also call Problem SSP. In this problem, it is assumed that 3; = «j, 1 < j <n,
so that the problem becomes

n
maximize E QX
j=1
n
subject to E ajx; <A

j=1
x;ef{0.1}, j=12...,n

@.11)

A possible interpretation of this problem can be presented in the following way.
Given a set of n items with an item j is associated with a weight o;, 1 < j < n, itis
required to find a subset of items of the largest total weight that does not exceed the
maximum weight capacity A. This problem is closely related to a scheduling problem
of finding a non-preemptive schedule that minimizes the makespan on two parallel
identical machines, i.e., problem P2| |Cpax. Indeed, if we interpret the value «; as
the processing time p; of job j € N = {1,2,...,n} and define A := %p(N) =
% > jen Pj» then a solution to the problem (4.11) will determine the corresponding
optimal schedule: The jobs of set Ny = { jEN|x; = 1} are assigned to machine
M, while the remaining jobs of set N, = N\ N, are to be assigned to machine M.
The value of the makespan is equal to max{p(N;), p(N2)}.
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The decision version of problem (4.11) is related to the well-known problem
PARTITION. Below, we reproduce its formulation from Sect. 1.3.2.

PARTITION: Given positive integers ey, . . ., e, and the index set R = {1, ..., r} such
that e(R) = >, g e; = 2E, is it possible to partition set R into disjoint subsets R;
and R, such that e(R)) = ZieRl e; = E and e(Ry) = ZieRz e =E?

To see the link between PARTITION and problem (4.11), given an arbitrary instance
of the former problem, define an instance of the latter problem such that n = r,
aj =ej,1 < j<n,and A = E. Due to this link, we deduce that Problem SSP is
NP-hard in the ordinary sense. The same complexity status has the general knapsack
problem (4.10).

The knapsack problem admits a solution by a dynamic programming (DP)
pseudopolynomial-time algorithm. We first outline a general idea of the algorithm
and then present its efficient implementation.

The DP algorithm scans the items in the order of their numbering and for next
item k € N gives the variable x; a value of either O or 1, provided that the latter
option is feasible. The algorithm generates partial solutions associated with the states
of the form:

(ks Zi, yi),

where

k is the number of the assigned variables;
Z is the current value of the objective function; and
Vi = Zl;zl ajx;, the total weight of the items put into the knapsack.

Algorithm KPDP1

Step 1.  Start with the initial state (0, Zy, yo) = (0, 0, 0).
Step 2.  For all k from 1 to n, make transitions from each state of the form

(k =1, Zi—1, ye-1) (4.12)

into the states of the form
(k, Zi, yx) (4.13)

by assigning the next variable x;.

(a) Define x; := 1, provided that item k fits into the knapsack, i.e., if the
inequality y;_; + o4 < A holds. If feasible, the assignment x;. = 1 changes
a state (4.12) to a state of the form (4.13), where

Zy = Zk—1 + By Yk = Yi—1 + o (4.14)
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(b) Define x; := 0, which is always feasible. This assignment changes a state
of the form (4.12) to a state of the form (4.13), where

Zi = Zk—15 Yk = Vi1 (4.15)

Step 3. Find Z;, the largest value of Z, among all found states of the form
(n, Z,, yn). Perform backtracking and find vector x* = (xf, X3, ..., x,’;) that
leads to Z;;. Output x* as the solution vector and Z as the optimal value of the
objective function.

Below, we present a more efficient implementation of the DP algorithm. It com-
putes an array Z = (Z(0), Z(1), ..., Z(A)), where Z(d) represents the largest
current value of the objective function, provided that the size of the knapsack is
equal tod, 0 < d < D. The elements of the array can only be updated if the next
item k € N fits the knapsack, for the values of d between oy and A, taken in the
decreasing order. The value Z(d) is only updated if placing an item into the knapsack
increases the current value of the function.

Algorithm KPDP2

Step 1.  For all integer d from O to A, compute Z(d) := 0.

Step 2. For all k from 1 to n, do
For all integer d from A down to oy, do
if Z(d — o) + Br > Z(d), then compute Z(d) := Z(d — ay) + Ok.

Step 3.  Perform backtracking and find vector x* = (x},x3,...,x;) that leads
to Z(A). Output x* as the solution vector and Z(A) as the optimal value of the
objective function.

The running time of Algorithm KPDP2 is O(nA), which is pseudopolynomial
with respect to the length of input of the problem.

Algorithm KPDP2 computes “profits for weights,” i.e., computes the values of
the objective function (profits) for all possible values of the knapsack weight. It
is possible to design an alternative form of the DP algorithm, which computes the
knapsack weights for a range of possible values of profits. To determine such a range,
we need an upper bound U on the optimal value of the function.

For the knapsack problem, the “profit-weight” ratio «; /3; is called the efficiency
of item j € N. Notice that for Problem SSP, all items are equally efficient. For
the knapsack problem of the form (4.10), assume that the items are renumbered in
non-increasing order of their efficiencies and consider the continuous relaxation of
the knapsack problem obtained from (4.10) by replacing the integrality condition
x; € {0, 1} by the inequality 0 < x; < 1 for all j € N. The following statement
holds.

Theorem 4.4 Lerx*=(x}, x5, ..., x})andx® = (x{, x5, ..., x{) be optimal solu-
tions to the knapsack problem (4.10) and to its continuous relaxation, respectively.
Then, there exists an index t such that
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1, l<j<t
x]C= i(A—ZE;}a,), j=t
0 t+1<j<n

Besides, the inequalities

n n n
2B SU =2 B =2 Bix]
Jj=1 Jj=1 Jj=1

hold.

Thus, if the solution to the continuous relaxation is not fully integer, it contains
exactly one fractional component, 0 < x¢ < 1.

A DP algorithm, which can be seen as an alternative to Algorithm KPDP2, com-
putes “weights for profits”. More formally, it computes an array ¥ = (Y (0), Y (1),
..., Y(U)), where Y (¢q) represents the minimal smallest current weight of the knap-
sack, provided that the current profit value is equal to g, 0 < ¢ < U. The elements
of array Y can be updated if for an item k € N, the value of ¢ is between J; and U,
taken in the decreasing order. The value Y (¢) is only updated if placing an item into
the knapsack decreases the minimal current weight of ¢g.

Algorithm KPDP3

Step 1. Compute an upper bound U and set Y (0) := 0.

Step 2.  For all integer g from 1 to U, compute Y (q) := A + 1.

Step 3. For all k from 1 to n, do
For all integer ¢ from U down to i, do
if Y(¢ — Br) + ax < Y(g), then compute Y (q) := Y (g — Br) + .

Step4. Find Z* = max{q|Y (q) < A}. Perform backtracking and find vector x* =
(x]", X5, x:) that leads to Z*. Output x* as the solution vector and Z* as the

optimal value of the objective function.

The running time of Algorithm KPDP3 is O (nU), which is pseudopolynomial
with respect to the length of input of the problem.

We now explain how a dynamic algorithm can be converted into a fully
pseudopolynomial-time approximation scheme (FPTAS), which is the best possi-
ble approximation algorithm an NP-hard problem may admit.

We need to revise the definitions of approximation algorithms and schemes given
in Sect.1.3.4, which are presented for scheduling problems with a minimization
objective. For a collection of decision variables x, consider a problem of maximizing
a function ¢(x), with a positive optimal value ¢ (x*). A polynomial-time algorithm
that finds a feasible solution x*/ such that the inequality ¢ (x)/@o(x*) > p holds
for all instances of the problem is called a p-approximation algorithm and p < 1
worst-case ratio bound. A family of p-approximation algorithms is called a fully
polynomial-time approximation scheme (FPTAS) if p = 1 — ¢ for any € > 0 and
the running time is polynomial with respect to both the length of the problem input
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and 1/e. A special attention is paid to the design of FPTASs that require strongly
polynomial running time, i.e., time bounded by a polynomial that depends on n and
1/¢ only.

The easiest way to demonstrate that the knapsack problem admits an FPTAS
that requires strongly polynomial running time is to apply Algorithm KPDP3 to a
modified instance of the original problem, in which the profit values are scaled to
become ﬂ} = Iﬁj/ QJ, Jj € N, where Q is a suitably chosen scaling factor.

Algorithm KPFPTAS

Step 1. For a given € > 0, compute Q := Ei;ﬂ, where Opax 1= max{ﬂj|j € N}.

Step 2. Run Algorithm KPDP3 for the instance in which the profit values 3; are
replaced by ) = | 3;/Q],j € N.

Step 3.  For the found solution vector x°* = ()clE X5, ..., x;) compute the value
Z° of the objective function with respect to the original profit values 3;, j € N.
Output x° as the vector of an approximate solution and Z¢ as an approximated

value of the objective function.

Itis clear that in the scaled instance used in Step 2, the inequalities ﬂ; < g jEN,

n?

hold. This implies that the value n max{ 5;- |ljeN } < - can be used as an upper

bound U on the objective function of the scaled instance, i.e., Step 2 will require
onU)=0 (n3 / 6) time, i.e., the running time of Algorithm KPFPTAS is strongly
polynomial. It can be proved that it outputs a value Z° > (1 —¢) > jen 16} jx;f.
There are various techniques that can be used to reduce both time and space
required for implementing an FPTAS for the knapsack problem. To the best of our

knowledge, the best FPTAS requires O (n min{log n, log %} + Elz log é min{n, é log é})

time and O (n + g%) space, which makes it a practical algorithm for solving knapsack

problem of a reasonable size.
A better FPTAS is available the subset-sum problem (see the statement below).

Theorem 4.5 Problem SSP of the form (4.11) admits an FPTAS that for a given
positive g, either finds an optimal solution x7 € {0, 1}, j € N, such that

Zajx;f <(1—-9)A
JjeN
or finds an approximate solution x; € {0, 1}, j € N, such that
(1-2)A <> pixi <A
JjeN

Such an FPTAS requires O(min{n/z—:, n+ Eiz 10g(é)}) time and O (n + é) space.

Section 4.5.2 briefly discusses the related issues and provides necessary refer-
ences.
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4.3 Half-Product: Approximation and Relaxation

In this section, we give a brief discussion of the problem of quadratic Boolean
programming, known as the half-product problem. The main focus of the discussion
is on derivation of the fully polynomial-time approximation schemes for this and
related problems. We also present an approach to solving its continuous relaxation
in polynomial time.

4.3.1 Formulation and Approximation

Letx =(xy, x2, ..., x,,) be a vector with n Boolean components. Consider the func-
tion
n n
H(X): Z CV[B/X,‘)CJ‘—Z’YJ‘XJ', (416)
I<i<j<n j=1

where for each j, 1 < j < n, the coefficients «; and 3; are nonnegative integers,
while ; is an integer that can be either negative or positive. The function H (x) is
called a half-product since its quadratic part consists of roughly half of the terms
of the product (Z;l'=1 ajx]‘) (Z;f:l Bix j). Notice that we only are interested in
the instances of the problem for which the optimal value of the function is strictly
negative; otherwise, setting all decision variables to zero solves the problem.

We refer to the problem of minimizing function H(x) of the form (4.16), as
Problem HP. Leta Boolean vector x*=(x}, x3, ..., x;) such that inequality H (x*) <
H (x) that holds for all Boolean vectors x =(xy, X2, ..., X,) be called an optimal
solution of the problem. This problem is known to be NP-hard in the ordinary sense,
evenif o; = ;. It has numerous applications, mainly to machine scheduling. Notice
that in those applications, a scheduling objective function usually is written in the
form

F(x) = Hx) + K, (4.17)

where K is a given additive constant. We refer to the problem of minimizing function
F (x) of the form (4.17), as Problem HPAdd.

For illustration, below we give an example of a scheduling problem that can be
reformulated in terms of Problem HPAdd.

Consider the problem P2||> w;C;. The jobs of set N = {1,2,...,n} have to
be assigned to be processed without preemption on one of the machines M; or M,,
and each machine processes at most one job at a time. The processing of job j € N
on any machine takes p; time units. There is a positive weight w; associated with job
J» which indicates its relative importance. All values p; and w; are positive integers.
The goal is to minimize the weighted sum of the completion times.



4.3 Half-Product: Approximation and Relaxation 73

Assume that the jobs are numbered in such a way that

ﬂ<&<...<&_ (418)

wp w2 Wy

Recall from Sect.2.2 that the sequence of jobs numbered in accordance with
(4.18) is called a WSPT weighted shortest processing time sequence. In an optimal
schedule for the classical single machine problem of minimizing the sum of the
weighted completion times >,y w;C;, the jobs are processed according to the
WSPT sequence. Thus, for problem P2| | > w;C, there exists an optimal schedule
in which the jobs are processed on each machine in the order of their numbering.

Introduce Boolean decision variables and define

. 1, if job j is scheduled on machine M1
J 0, otherwise

Then, for a schedule in which the jobs are considered in the order of a chosen
numbering, a job j assigned to machine M| completes at time

J
= E PiXi;
i=1

otherwise, its completion time is

J
=> il —x).
i=1

For problem P2| | w;C;, we derive

n n J n J
ijcj = ijijp[xi +ij(l —.Xj) Zp,(l
j=1 j=1 i=I j=1 i=1

which due to xf = xj, j € N, can be rewritten as

n n j—1 n j—1
ZU)]’CJ' = ijxj Zp,-x,- + ij'(l —Xj) zp,(l —x,-)
j=1 j=1 i=1 j=1 i=1

+D pjwix;+ > pjwi(l —x;) (4.19)
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Since
E piw;i(1 —x)(1 —x;) = E Piwjxixj + E piw;
I<i<j<n I<i<j<n I<i<j=<n
n j—1 n
- z w;j +pj Z wi | X
j=1 i=1 i=j+1

we deduce that

ijC =2 Z piw;x;x; + Z p,w1+2pjw]

I<i<j<n I<i<j<n
j—1 n
—z wj z +p) z wi | )X
i=1 i=j+1
=2 z Diw;jXiX; + E Diw;
I<i<j<n 1<i<jzn
n j—1 n
—E w;j E pi |+ pj E w;i | |x;-
j=1 i=1 i=j+1

Thus, problem P2| | > w;C; reduces to Problem HPAdd with

Jj—1 n
Oéj=2pj,5j=wj,7j=wj<2m)+pj(zwi),jeN;KZ Z Piw;.

i=1 i=j+1 l<i<j=zn

Similarly to the problems related to the linear knapsack problem discussed in
Sect.4.2, a major direction of research on the half-product problem and its vari-
ants is aimed at designing fully polynomial-time approximation scheme (FPTAS),
especially those of strongly polynomial time.

We need to refine the definition of an FPTAS for a problem of minimizing a
function ¢ (x) which takes both positive and negative values, which happens to Prob-
lem HP. For such a problem, an FPTAS delivers a feasible solution x* such that
e(x) — p(x*) < elp(x)].

Below, we present an FPTAS for Problem HP of minimizing function H (x),
without an additive constant. We start with a pseudopolynomial DP algorithm and
then explain how it can be converted into an approximation scheme.

The DP algorithm scans the items in the order of their numbering and for next
item k € N gives the variable x; either a value of 0 or value of 1; here, both options
are feasible. The algorithm generates partial solutions associated with states of the
form (k, Zy, yx), which have the same meaning as in the case of Algorithm KPDP1
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from Sect.4.2, except y; := Z’;zl ajx; is not interpreted the total weight of the
items put into the knapsack. Since the optimal value of the function is negative, an
assignment x; = 1 is made only if it decreases the current value of the function.

Algorithm HPDP

Step 1.  Define the initial state (0, Zy, yo) := (0, 0, 0) and store that state.
Step 2. For all k£ from 1 to n, do

(a) Define x; := 0 and change a stored state of the form (4.12) to a state of the
form (4.13) by setting

Zy = Zi-1, Yk = Yk—1- (4.20)

(b) If Byyr—1 — % < O, then define x; := 1 and change a state of the form
(4.12) to a state of the form (4.13) by setting

Zy = Ziy + Beyk—1 — W Yk = Y-l o 4.21)

(¢) For all generated states of the form (4.13) with the same value Z;, store
only one, with the smallest yy.

Step 3. Find Z}, the largest value of Z, among all found states of the form
(n, Z,, yn). Perform backtracking and find vector x* = (xi‘, x5, ...,x,’f) that
leads to Z;. Output X* as the solution vector and Z7 as the optimal value of the
objective function.

Algorithm HPDP can be implemented in O (n D jen a_,-) time. Its correctness
follows from the fact that for two states (k, Z, y) and (k, Z;, y;) generated in
iteration k, we can keep only the former state, provided that Z; < Z; and y; < y;.

To convert Algorithm HPDP into an FPTAS for Problem HP, a popular technique
of thinning the solution space can be used. For a given ¢ > 0, we want to make
sure that the number of states kept after each iteration is O (n/¢<). For an iteration
k, 1 < k < n, compute L By, the smallest objective function value among all states
(k, Z, yr) generated after Step 2(b) of Algorithm HPDP. Recall that L By, as well
as all other function values computed by the algorithm, is negative. Thus, since
LB, > H(x*), we deduce that |L By| < |H(x*)|. For a given € > 0, define A :=
(e|LBk|)/n = —eL By /n. It follows that for each k, 0 < k < n — 1, the inequality
A < e|H(x*)|/n holds.

Now, we replace Step 2(c) by another storage mechanism:

(i) Divide the interval [L By, 0] into subintervals of length A.
(ii) From all states (k, Z, yi) of the form (4.13) generated after Step 2(b) with Z;
in the same subinterval, retain the one with the smallest yy.

Algorithm HPDP with Step 2(c) replaced by the actions (i) and (ii) described
above will be referred to as Algorithm HPFPTAS. Let vector x* be found by this
algorithm. It can be proved that H (x°) — H (x*) < ¢|H (x*)|.
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Notice that the number of subintervals created in each iteration is O (n/¢<). Since
for each subinterval, at most one state is kept with the function value in that subin-
terval, the total number of states kept in each iteration is O (n/¢).

Iteration k starts with O (n /<) states of the form (4.12) kept, and each state will
make transitions to at most two new states. For each of these states (k, Zy, yx) of
the form (4.13), it takes constant time to identify a subinterval I of length A; that
contains the value Z. If there is no kept state associated with subinterval 7, the state
(k, Zi, yr) becomes a kept state; otherwise, state (k, Z;, yi) is compared with the
kept state associated with / and the one with the smaller value yj, is kept. This means
that for each iteration, the storage mechanism outlined above can be implemented in
O(n/e) time.

Thus, Algorithm HPFPTAS behaves as an FPTAS, and the following statement
holds.

Theorem 4.6 Problem HP admits an FPTAS that requires O (nz / 8) time.

Notice that this running time is the best possible, at least regarding the number n
of items, since it takes O (nz) time to compute the value of function H (x) for a given
Boolean vector x.

Algorithms that behave as an FPTAS for Problem HP do not necessarily deliver
an e-approximate solution for Problem HPAdd of minimizing function (4.17). This
is due to the presence of an additive constant of the sign that is opposite to the sign
of the variable part of the function.

To illustrate this, consider a function of the form (4.17). If vector x* minimizes
function H (x) of the form (4.16), it will obviously minimize function F(x) as well.
Suppose that for minimizing function H (x), an FPTAS is available that delivers a
solution x°, such that H(x°) — H(x*) < ¢|H (x*)|.

For x° to be accepted as an e-approximate solution for minimizing function F(x),
we must establish the inequality

Fx™)y < (1 +e)F(x"). (4.22)
For a solution x° found by an FPTAS for minimizing H (x), we will have
Fx)=HX)+K < Hx") +¢e|HX"| + K = F(x*) + ¢|H(x")|.

Since H(x*) < 0, we have F(x°) < F(x*) —eHXx*) < (1 —e)F(x*) + ¢K.
If K > 0, there is no evidence that (4.22) will hold, and further analysis must be
performed.

There are several ways of achieving an FPTAS for Problem HPAdd. It is especially
challenging to develop an FPTAS of the best possible running time O (n2 / 5).

Several of these approaches are mentioned below.

Theorem 4.7 Let x° be a solution found by an FPTAS for Problem HP. If
|H (x*)/F(x*)| < pfor some positive p > 0, then F(x*) — F(x*) < epF (x*).
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Proof Ttfollows from H (x°)— H (x*) < e|H (x*)|that F (x*)— F (x*) = (H(x°) + K)
— (H(x*) 4+ K) < e|H(x*)|. Since by the theorem’s condition |H (x*)| < pF (x*),
we deduce that the theorem holds. O

Another approach is applicable if the ratio of an upper bound and a lower bound
on the optimal value of function (4.17) is bounded. For Problem HPAdd, suppose
that we know an upper bound U B on the optimal value F(x*). The following DP
algorithm is a modification of Algorithm HPDP. It also manipulates the states of the
form (k, Zy, yi), but now Z; is the current value of the objective function (4.17).
The states with a value of Z; greater than U B are not kept, since the corresponding
partial solutions cannot be extended to an optimal solution.

Algorithm HPAddDP

Step 1.  Start with the initial state (0, Zy, o) := (0, K, 0) and store that state.
Step 2. For all k£ from 1 to n, do

(a) Define x; := 0 and change a state (4.12) to a state of the form (4.13) by
setting (4.20).

(b)  If Byyk—1 — W < 0, then define x; := 1 and change a state of the form
(4.12) to a state of the form (4.13), by setting (4.21).

(¢) For a given upper bound U B, remove the states (k, Zi, y;) with Z; > UB.

(d) For generated all states of the form (4.13) with the same value Z; keep only
one, with the smallest yy.

Step 3. Find Z}, the largest value of Z, among all found states of the form
(n, Zy, yn). Perform backtracking and find vector x* = (x},x3,...,x}) that
leads to Z;;. Output x* as the solution vector and Z; as the optimal value of the

objective function.

Algorithm HPAddDP can be implemented in O(nUB) time. As for Algo-
rithm HPDP, the correctness of Algorithm HPAddDP follows from the fact that
for two states (k, Zy, yx) and (k, Z, y;) generated in iteration k, we can keep only
the former state, provided that Z;, < Z; and y, < y;.

To convert Algorithm HPAddDP into an FPTAS for Problem HPAdd, a technique
similar to that used above for developing Algorithm HPFPTAS can be employed. Let
LB be a lower bound on the optimal value F'(x*) such that UB/LB < p for some
p > 1. For an iteration k, 1 < k < n, compute U By, the largest objective function
value among all states (k, Zy, y) generated after Step 2(c) of Algorithm HPAddDP.
Define A := (¢L B)/n. We need to replace Step 2(d) by another storage mechanism:

(i) Divide the interval [0, U By] into subintervals of length A.
(ii) From all states (k, Zy, yx) of the form (4.13) generated after Step 2(c) with Z.
in the same subinterval, retain the one with the smallest yy.

Algorithm HPAddDP with Step 2(d) replaced by the actions (i) and (ii) described
above will be referred to as Algorithm HPRhoFPTAS.
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Theorem 4.8 For Problem HPAdd of minimizing function (4.17), denote the lower
and upper bounds on the value of F(x*) by LB and U B, respectively, i.e., LB <
F(x*) < UB. If the ratio UB/LB is bounded from above by some p, then Algo-
rithm HPRhoFPTAS delivers a solution x° such that F(x®) — LB < €LB in
O(pn?/e) time.

If the value of p is bounded from above by a polynomial of the length of the input
of the problem, then Algorithm HPRhoFPTAS behaves as an FPTAS. Moreover,
if p is a constant, then such an FPTAS requires the best possible running time of
o (n2 / e) .

4.3.2 Convex Half-Product and Its Continuous Relaxation

Using the fact that for Boolean variables sz = xj, j] € N, we can rewrite the
half-product function as

n n n J n
H(x) = Z i fjxix; — Z%‘Xj = Zﬁjxj Za,-xi - Z(%‘ +a;0))x;.
j=1 i=1 i=1

I<i<j<n j=1
(4.23)
The quadratic term of the above expression can be rewritten in the matrix form as

n J n
Zﬁjxj Za,-xi — %Z@jﬁjx]‘ = %XTGX,
j=1 i=1 j=1

where
a8 aifs - a1,

a1 cfh - cfy
G = . . . . 4.24)

alﬂn a2/8n e CYnﬁn

For illustration of the matrix representation of the half-product, consider the fol-
lowing example.

Example 4.2 Take the half-product function for n = 3 such that
ar=2, =3, a3=4 1 =3, =4, s =5.

Then, for a Boolean vector x =(x1, x, x3), we have that
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n J
Zﬁjx]‘ Zaixi = 3x; X 2x; +4x2(2x1 + 3x2) 4+ 5x3(2x; + 3x2 + 4x3)
j=1 i=1

= 6x7 + 8x1x2 4+ 10x1x3 + 12x3 4 15x2x3 + 20x7

and

Z ajfix; = Zajﬁjsz- = 6x,2 + 12x§ + 20x§’,
j=1 j=1

so that

n J n
1
E Bjx; E aiXi = 5 E o Bx; = 3x7 4 8x1x2 + 10xx3 + 6x3 4 15x2x3 4+ 10x3.
j=1 i=1 j=1

On the other hand,

1 2x32x%x42x5 X1
z(x1x2x3) 2x43x43x5]| x
2x53x54x%x5 X3

= 3x12 + 8x1x7 + 10x1x3 + 6x§ + 15x,x3 + 10x32.

The following statement holds.

Theorem 4.9 Matrix G of the form (4.24) is positive semidefinite and function H (X)
is convex, provided that the items are numbered so that

o &%) < Qn

< = o< 2
i~ BT T By

Many known scheduling applications reduce to minimizing function (4.17), either
without any additional constraints, i.e., to Problem HPAdd, or with an additional
knapsack constraint

(4.25)

Zajxj <A. (4.26)
j=1

We can view the value «; as the weight of item j, 1 < j < n,i.e., x; = | means
that item j is placed into a knapsack with capacity A, while x; = 0 means that the
corresponding item is not placed into the knapsack. An important feature is that the
coefficients «; in the knapsack constraint are the same as in the quadratic terms of
the objective function.

Below, we present an approach to solving a continuous relaxation of Problem
HPAdd which works even if the knapsack constraint is imposed, provided that the
objective function is convex. The continuous relaxation is obtained from the original



80 4 Relevant Boolean Programming Problems

Boolean formulation by relaxing the integrality constraints and replacing the condi-
tionx; € {0,1}by0<x; <1,j=1,2,...,n.

Introduce new decision variables x; = ajx;, j = 1,2,...,n, and using the
representation (4.23), rewrite the continuous relaxation of Problem HPAdd with the
knapsack constraint as

i=

n J
minimize Z = z CiXj 2 X — 2 Vixj + K’
. ) j=1 1 (427)
subjectto 377 _; x; < A

O0<x;<aj j=12,...,n

wherec; = (§;/a;, 7} = (%‘ + ajﬁj)/aj, J € N.We canreformulate the objective
function in an almost separable form

2
n j 1 = j g 1 n
ZC,’X[ZXJ‘ZEZCJX?+EZ(Cj—Cj+])(ZXi) +§Cn ZXj
=1 i=1 j=1 J=l

j=1 i=l
(4.28)
Due to the representation (4.28), the problem (4.27) can be reduced to finding a
flow of the minimum cost in a special network. Let G = (V, A) be a digraph called
network, where V is a set of vertices that contains a single source and a single sink
and A is the set of arcs. No arc enters the source, and no arc leaves the sink. A flow
f is a function that associates each arc of a network with a real number. Each arc
has a capacity, which is an upper bound on a feasible value of flow on that arc. The
value of the flow in a network is equal to the sum of flows on the arcs that leave the
source (or, equivalently, enter the sink). For all other vertices, the conservation law
must hold: The total flow that enters a vertex is equal to the total flow that leaves
that vertex. Additionally, each arc is associated with a cost of flow on that arc. In
the case that is most studied in the literature, the cost of flow f on an arc e is linear
and is equal to ¢, f. The problem of minimizing the sum of these costs is a classical
problem of network optimization known as the min-cost flow problem. Notice that
if the capacities of the arcs are integer, the min-cost flow is also integer.
Introduce the network G with the set V of vertices and set E of arcs. Set V consists

of a single source vy, a single sink v,, the vertices w,, w,_1, .. ., w,, and the vertices
tn,tazt, ..., 1. Set E consists of the following arcs: (v,, w,) of capacity A, (w;, t;)
of capacity «j, and (w;, w;_1) of capacities Z{;ll a;forj=n,n—1,...,3;(wy, )

and (wy, #1) of capacities a, and o, respectively; besides, for each j, 1 < j < n,
vertex ¢; is connected to the sink by the arc (tj, vz) of capacity «;. Let f be a
flow on an arc, then the cost of that flow is defined as %c,, f 2 for arc (vg, wy); as
%(cj,l — ¢;) f* foreacharc (w;, w;j—_y) where j =n,n—1,...,3; as %cjfz—v}f
for the arc that enters vertex t;, j =2,3,...,n; and as (¢; — %cz)f2 — v, f for arc
(w>, 1), while the cost of the flow on each arc that enters the sink is zero. It can be
verified that the minimum cost of the flow in the constructed network corresponds
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Fig. 4.1 A rooted tree for n = 4 with the leaves connected to the sink v; for Example 4.3

to the minimum value of Z — K, while the flow on the arc that enters vertex ¢; is
equal to the corresponding value of the decision variable ;.

Example 4.3 For illustration, consider the example below for n = 4. The network
is shown in Fig. 4.1, while its parameters are given in Table 4.1.

Thus, the problem (4.27) reduces to finding the flow that minimizes a quadratic
convex cost function. The latter problem admits a polynomial-time algorithm, as
stated below.

Theorem 4.10 Let G = (V, E) be a network that is a series-parallel digraph with
an additional single source and a single sink. Then, the problem of finding a flow
of total value q that minimizes a convex quadratic cost function can be solved in
O(|VI||E| + |E|log|E|) time, the flow values being piecewise linear functions of q.

Consult Sect.3.1.2 for the definition of a series-parallel digraph. In our case,
network G is a tree with a single source and a single sink, so that |V | = O (n) and
|E| = O(n). The value g of the total flow should be set equal either to > jeN @ if
no knapsack constraint is imposed or to A if the constraint (4.26) is added.

We conclude that the following statement holds.

Theorem 4.11 For a convex objective function, the continuous relaxation of Prob-
lem HPAdd, without and with the linear knapsack constraints, can be solved in O (n?)
time.


http://dx.doi.org/10.1007/978-3-319-39574-6_3

82 4 Relevant Boolean Programming Problems

Table 4.1 Parameters of the network for Example 4.3

Arc Capacity Cost for flow f
(v, wa) A zeaf?

(ws, w3) aj+a+a3 3(c3 — cq) 2
(wa, 14) a4 seaf? = f
(w3, wa) ap + o (e —c3) f?
(w3, 13) az 303 f2 = %f
(w2, 1) ey 1= f
(w2, 11) ai (c1 — 3 f2 = f
(1, vr) aj 0

(t2, vr) a 0

(73, vr) a3 0

(24, vr) o4 0

Theorem 4.11 can be used for finding a lower bound on the optimal objective
function values for problems related to minimizing the half-product.

4.4 Symmetric Quadratic Functions

In this section, we address the issues of design of the approximation schemes for
minimizing special forms of the half-product, without additional constraints and with
a linear knapsack constraint.

Consider the function

n

P(x) = Z a[ﬂjxixj+2ujxj+zvj(l—xj)—f-K, (4.29)

I<i<j<n j=1 j=1

where all coefficients «;,3;, 11}, v;, and K are nonnegative integers. The problem of
minimizing the function P (x) of the form (4.29) is called the positive half-product
problem or Problem PosHP. The knapsack-constrained variant of Problem PosHP
can be written as

minimize P(X) = Z o fBixix; + Z,ujxj + Zuj(l — xj) + K
I<i<j<n j=1 j=1
" (4.30)
subject to Zajxj <A
j=1
x;€{0,1}, j=1,2,...,nm,



4.4 Symmetric Quadratic Functions 83

which we call the positive half-product knapsack problem and denote by Prob-
lem PosHPK.
Consider also another quadratic function

Z(x) = z aiﬂjxix]-—i- Z alﬂj(l—xi)(l—xj)+2quj+ZVj(l—Xj)+K,

I<i<j=zn I<i<jzn j=1 j=1

431

where all coefficients are non-negative. We call function Z(x) of the form (4.31)
a symmetric quadratic function. The problem of minimizing function Z(x) without
additional constraints is called Problem SQ, and its version with a knapsack constraint
(4.26) is called the symmetric quadratic knapsack problem, or Problem SQK. The
term “symmetric” is used because both the quadratic and the linear parts of the
objective function are separated into two terms: one depending on the variables x;,
and the other depending on the variables (1 — x;).

Function Z(x) of the form (4.31) is a generalization of function P (x) of the form
(4.29), since the former function contains an additional quadratic term. The objective
function Z(x) of the form (4.31) can be rewritten as

n

Z) = [w—a Z B; — B Za, — v |xi (4.32)

i=l1 j=i+1

2 Z aﬁ]xlx,+K+Z Qi 25;4‘% ,

I<i<j<n Jj=i+1

i.e., in a form that used in the formulation of Problem HPAdd, i.e., both functions
(4.29) and (4.31) are special forms of the general half-product functions (4.17).
Table 4.2 summarizes the notation introduced above for all quadratic Boolean
programming problems considered in this and the previous sections.
The interest in functions (4.29) and (4.31) is motivated by the fact that for all
known scheduling problems that admit a reformulation as Problem HPAdd (with or
without the knapsack constraints), the objective function can in fact be rewritten as

Table 4.2 Notation for Boolean programming problems under consideration

Notation Objective/formulation Additional constraints
HP H(x) (4.16) None
HPAdd F(x) (4.17) None
PosHP P(x) (4.29) None
PosHPK P(x) (4.30) (4.26)
SQ Z(x) (4.31) None
SQK Z(x) (4.31) (4.26)
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either a positive half-product or a symmetric quadratic function. Specific features of
these functions allow us to design fast FPTASs for their minimization.

Theorem 4.12 Each Problem PosHP and Problem PosHPK admits an FPTAS that
requires O (n2 / 5) time, provided that the objective function is convex.

As one of the ingredients of these schemes, finding a solution to the continuous
relaxation is required, as described in Sect. 4.3.

Problem SQK also admits an FPTAS under special conditions, which hold for all
its applications.

Theorem 4.13 Problem SQK of minimizing function (4.31) subject to a linear knap-
sack constraint (4.26) admits an FPTAS that requires O (n4 / 82) time, provided that
either the problem admits a constant ratio approximation algorithm that requires at
most O (n*) time, or the objective function is convex and v; > a;f3;, j € N.

See Sect.4.5.3 for a discussion and references.

In the remainder of this section, we derive an FPTAS for minimizing function Z (x)
of the form (4.31), provided that the function is convex. The resulting FPTAS takes
the best possible running time of O (n2 / 5) and can be applied to various scheduling
problems, including problem P2| | > w;C; discussed in Sect.4.3.1.

First, notice that due to (4.32) function Z(x) is a form of the half-product, so
that we can rely on the results known for Problem HPAdd. The main ingredient for
developing the required FPTAS is Theorem 4.8. To be able to apply it, we need to
demonstrate that function Z(x) admits an upper bound U B and a lower bound LB
on its optimal value such that U B/L B < p, where p is a constant.

If function Z (x) is convex, then Theorem 4.11 holds and the continuous relaxation
can be solved in O (n?) time.

Letx¢ = (xlc, el xnc ),0 < xjc < 1, be the corresponding solution vector of the
continuous relaxation of the problem of minimizing a convex function Z(x). Clearly,
Z(x%) < Z(x*), and we may set LB = Z(x°).

To obtain an upper bound U B, we perform an appropriate rounding of the frac-
tional components of vector x¢. A very simple rounding algorithm is described
below.

Algorithm SQRound

Step 1. Given a vector x¢ = (xlc, ...,xnc), 0 < xjc < 1, a solution to the
continuous relaxation of the problem of minimizing function (4.31), determine

the sets I} = {j e N, ij < %} and I, = {j e N, xjc > %} and find vector

x = (xf!, ..., xH) with components

L [oifjen
j lifjeb
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Step 2.  Output vector x = (xf/, ..., x) as heuristic solution for the problem
of minimizing function (4.31).

The running time of Algorithm SQRound is O(n). Clearly, the inequalities
Z(x%) < Z(x*) < Z(x") hold, i.e., we may take Z(x*') as an upper bound U B on
the optimal value F)(x*). We now estimate the ratio UB/LB = Z(x")/Z (x%).

Theorem 4.14 Let X€ be an optimal solution to the continuous relaxation of the
problem of minimizing function Z(X) of the form (4.31) and x™ be a vector found by
Algorithm SQRound. Then,

Z(xM)
P=—F—cv =
Z(x%)
Proof For a vector x©, let I; and I, be the index sets found in Step 2 of Algo-
rithm SQRound. For a vector X = (xy, ..., x,), where 0 < x; < 1, define
Zi(x) = z aifBjxixj + Z a; B;(1 = x) (1 = x;);
I<i<j<n I<i<j<n
i jel i jel
Zx) = > afixixi+ D, il —x)(1—x));
I<i<j<n I<i<j<n
iel,jel, iel,jel,
Z3(x) := Z o Bixix; + Z i B;(1 —x)(1—x,);
I<i<j<n I<i<j<n
iEIz,jEI] i€12,j€11

Z4(X) = z a;Bjxix; + Z i f;(1 —x) (1 — x;);

I<i<j<n I<i<j=n
l',j€12 i,jEIz
Zs(x) == D ppx;+ > vi(l = x;);
jeh jeh
Ze(x) 1= > pix;+ > vi(l—x;).
jeh jeh

By the rounding conditions in Step 2 of Algorithm SQRound, we derive

Z,x") = Z;(x") = 0,
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while

1
Zx") = Z o;fj; Zl(Xc)ZZ Z o f};

I<i<j<n I<i<j<n
ijeh ijel
1
H . c )
Zux"y = D aify; Zax©) = 7 > b
1<i<j<n I<i<j<n
il ijeh
1
H , c .
Zs(x )=ZV_;'7 Zs(x )EEZV,‘,
jel Jeh
1
H ) c )
Zs(x )=2Mj, Ze(x™) = EZM,
Jjeh Jjeh

Thus, we have that

6
2" =" Zix") + K = 21 (") + Zox) + Zs(x") + Ze(x") + K
k=1
< 4Z1(x) +4Z4(x°) +2Z5(x°) +2Z6(x°) + K
6
<4> ZixE) + 4K =42(x6),
k=1

as required. ([

It follows immediately from Theorem 4.14 that for the problem of minimizing a
convex function (4.31), Theorem 4.8 is applied with p = 4. Hence, we obtain the
following statement.

Theorem 4.15 Problem SQ of minimizing a convex function (4.31) admits an FPTAS
that requires O (n2 / 6) time.

For illustration, apply Theorem 4.15 to problem P2| | > w;C;. First, notice that
the objective function in problem P2| | > w;C; given by (4.19) is a special case of
function (4.31) with

n
aj=pj, Bi=w;, uj=0,v; =0, jeN; K:ZP.iwj~
j=1

Moreover, function (4.19) is convex, which follows from the WSPT numbering
(4.18) (see Theorem 4.9). Thus, a direct application of Theorem 4.15 yields the
following result.

Theorem 4.16 Problem P2| | w;C; of minimizing the sum of the weighted com-
pletion times on two parallel identical machines admits an FPTAS that requires
O(nz/g) time.
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4.5 Bibliographic Notes

In this section, we give a brief review of the relevant literature sources that address
the Boolean programming problems discussed in this chapter.

4.5.1 Assignment Problem

A comprehensive exposition of various aspects of solving the linear assignment
problem is given in the monograph Burkard et al. (2009).

One of the most famous results in the area is the Hungarian algorithm by Kuhn
(1955) that solves the linear assignment problem of the form (4.2) with a square cost
matrix. Munkres (1957) proves that the Hungarian algorithm requires O (ng) time.

Algorithm LAPBL in Sect. 4.1.1 for solving a rectangular linear assignment prob-
lem of the form (4.1) is due to Bourgeois and Lassale (1971); this explains the use
of “BL” in the name of the algorithm.

Algorithm LAPD is given by Dinic (1976); this explains “D” in the name of the
algorithm. Algorithm LAPD was first published in Russian (for the maximization
problem) and to the best of our knowledge has not been earlier reproduced in English.
The method is based on the traditional ideas of Kuhn (1955) and Dinic and Kronrod
(1969), and its running time of O (n3 + nm) is the fastest known for the rectangular
assignment problem.

Horn (1973) and Bruno et al. (1974) reduce problem Rm| | >’ C; to a Boolean
programming problem similar to (4.5). The running time of O (n?) stated in Theo-
rem 4.2 can be derived without the use of Algorithm LAPD.

See Burkard et al. (1996) for applications of Monge matrices in combinatorial
optimization, including the property used in the proof of Theorem 4.3.

4.5.2 Linear Knapsack Problem

Various aspects of solving the linear knapsack problem, its variants, and extensions
are studied in detail in the monographs by Martello and Toth (1990) and by Kellerer
et al. (2004).

Algorithm KPDP1 implements a classical Bellman’s recursion given by Bellman
(1957). In our description of Algorithms KPDP2 and KPDP3, we follow Kellerer
et al. (2004). The basic FPTAS similar to that presented in Algorithm KPFPTAS can
be found in Kellerer et al. (2004) and Vazirani (2003).

Historically, the first FPTAS for the knapsack problem and for the subset-sum
problem is due to Ibarra and Kim (1975). The best-known FPTAS for the knapsack
problem is developed by Kellerer and Pferschy (1999, 2004) (see also Kellerer et al.
(2004)). Theorem 4.5 on the best known FPTAS for Problem SSP is proved in Kellerer
et al. (2003).
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4.5.3 Half-Product Problem and Its Variants

A detailed reviews on Boolean programming problems related to optimizing the
half-product and related functions are given in Kellerer and Strusevich (2012, 2016).

Problems of minimizing quadratic functions similar to (4.16) were introduced in
1990s as mathematical models for various scheduling problems by Kubiak (1995)
and Jurisch et al. (1997). Function (4.16) and the term “half-product” were intro-
duced by Badics and Boros (1998), who considered the problem of minimizing that
function H (x) with respect to Boolean decision variables with no additional con-
straints. Badics and Boros (1998) also prove that minimizing H (x) is NP-hard in
the ordinary sense even if o; = 3 forall j = 1,2, ..., n. By contrast, maximizing
function H (x) of the form (4.16) with respect to Boolean decision variables with
no additional constraints requires O(n3) time, as demonstrated by Kellerer et al.
(2015b).

The half-product function is a special case of the general quadratic function of
Boolean variables. Let (qi j)nxn be a symmetric quadratic matrix. For a Boolean

vector X =(xy, X2, .. ., X,), define the function
n
0(x) = Z qijXiXj — Z/ijj'
I<i<j<n j=1

The problem of optimizing function Q(x) subject to a knapsack constraint is
known as the quadratic knapsack problem. In general, this problem is NP-hard in
the strong sense. See Chap. 12 of the book by Kellerer et al. (2004) and a survey by
Pisinger (2007) for an overview of principal results on this problem. Badics and Boros
(1998) give an O (n*)-time algorithm that recognizes whether a quadratic function
Q(x) of n Boolean variables is a half-product.

Algorithm HPFPTAS based on converting Algorithm HPDP is due to Erel and
Ghosh (2008). This algorithm is the first FPTAS for the problem that requires strongly
polynomial time. It is proved in Sarto Basso and Strusevich (2016) that Algo-
rithm HPFPTAS can be modified to become an FPTAS for handling the problem
of minimizing function H (x) subject to a knapsack constraint (4.26).

Theorem 4.7 is proved by Kubiak (2005), while Theorem 4.8 is due to Erel and
Ghosh (2008). These theorems are used for deriving FPTASs for several scheduling
problems that can be reformulated as Problem HPAdd (see Kellerer and Strusevich
(2012, 2016)).

An approach to solving the continuous relaxation of the problem of minimiz-
ing a convex half-product function that is finalized in Theorem 4.11 is developed
by Kellerer and Strusevich (2010b). Theorem 4.9 is proved by Skutella (2001).
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The representation (4.28) is provided by Shioura (2009). Theorem 4.10 and the
corresponding algorithm for finding the min-cost flow with a convex quadratic func-
tion is due to Tamir (1993).

Problem PosHP of the form (4.29) and its knapsack-constrained version Prob-
lem PosHPK of the form (4.30) have been introduced by Janiak et al. (2005) and by
Kellerer and Strusevich (2013), respectively. Theorem 4.12 that demonstrates that
both problems admit the fastest possible FPTAS with the running time of O (nz/ 5)
is proved in Kellerer and Strusevich (2013).

The studies on Problem SQK of the form (4.31) have been initiated by Kellerer
and Strusevich (2010a,b) who prove Theorem 4.13. Notice that the assumptions
in Theorem 4.13 hold for all known scheduling applications of Problem SQK
(see, e.g., Sect.13.4.2). For Problem SQK without any additional assumptions
regarding the structure of the objective, Xu (2012) gives an FPTAS that requires
o (n4 loglogn + n4/52) time.

Theorems 4.14 and 4.15 which lead to the best possible FPTAS for Problem SQ
with a convex objective function are proved in Kellerer et al. (2015a).

For problem P2||» w;C;, Theorem 4.15 presents an alternative approach to
an FPTAS that requires O (n2 / 5) time. There are at least two schemes of the same
running time (see Sahni (1976) and Erel and Ghosh (2008)), where the latter paper
uses a reformulation of the problem in terms of minimizing a half-product.
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Chapter 5
Convex Sequences and Combinatorial
Counting

In this chapter, we establish certain properties that are used on several occasions in
this book. The main results that we present here primarily revolve around the convex
and V-shaped finite sequences and the inequalities that govern them. We prove an
inequality that involves an arbitrary non-decreasing function that depends on ceiling
functions, thereby establishing the convexity and V-shapeness of the corresponding
sequence. This sequence often appears in scheduling problems, especially when the
jobs of a given set are to be divided into a known number of groups. The V -shapeness
of this sequence enables us to speed up the running times of several algorithms that
we consider in this book (see, e.g., Chaps. 16 and 17).

Apart from the results related to convex and V -shaped sequences, we also present
a discussion on combinatorial counting. Again, such concepts are required when the
jobs of a given set are to be divided into a known number of groups.

5.1 Introduction to Convex and V-Shaped Sequences
A sequence A(k), 1 <k <n, is called convex if
A(k) < %(A(k—1)+A(k+1)), 2<k<n-1, (5.1)

i.e., any element is no larger than the arithmetic mean of its neighbors. For a convex
sequence, the rate V(k) = A(k+ 1) — A(k) does not decrease as k grows. A concept
of a convex sequence is closely related to the notion of a log-convex sequence, for
which

Ak) < VA —DAG+1), 2<k<n—1,

i.e., any element is no larger than the geometric mean of its neighbors. Any log-
convex sequence is also convex due to the inequality between the arithmetic and
geometric means.
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A sequence C(k), 1 <k < n,iscalled V-shaped if there exists a ko, | < ko < n,
such that

CA)y=---=Clko—1) = Clkp) =Clko+ 1) =--- = C(n).

If a finite sequence that contains n terms is V-shaped, then its minimum value
and the position k( of that minimum in the sequence can be found by binary search
in at most [log2 n—| comparisons.

There is also a somewhat dual concept of the A-shaped sequence, also known
as unimodal sequence or pyramidal sequence, in which the elements are placed in
non-decreasing order and then in non-increasing order.

Below, we give an elementary proof that a convex sequence is in fact V-shaped.

Lemma 5.1 A convex sequence C(k), 1 < k < n, is V-shaped.

Proof Suppose that a convex sequence C(k), | < k < n, is not V-shaped, i.e., there
exists a k;, 1 < k; < n, such that

Clky —1) <C(ky) > C(ky + 1).

Combining the inequalities

Clky = 1) = C(ky),
Cky) > Clky + 1),

we obtain 1
C(ky) > E(C(kl — 1)+ C(k; + 1)).

The latter inequality contradicts (5.1). O

The statement opposite to Lemma 5.1 is not true: Indeed, any monotone sequence
is V-shaped, but need not be convex.

It can be immediately verified that the sum of two convex sequences is convex and,
therefore, is V-shaped. On the other hand, the sum of two V-shaped sequences is not
necessarily V-shaped, which, e.g., is demonstrated by the following counterexample.
For an integer n, 0 < n < 9, both sequences +/|n — 1| and </[n — 9] are V -shaped,
but their sum is not, since the sum has two equal maxima atn = 0 and n = 5, as
well as two equal minimaatn = 1 andn = 9.

As an illustration, consider the following situation that we formulate as an inven-
tory control problem. Suppose that the sequence A(k), 1 < k < n, represents the
annual holding cost of some product, provided that k orders are placed during a year.
Let T be the cost of placing one order, so that B(k) = Tk is the total ordering cost for
k orders. The purpose is to determine the optimal number of orders that minimizes
the total cost C(k) = A(k) + B(k). Notice that the sequence B(k), 1 < k < n, is
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convex and the sequence A (k), 1 < k < n, is non-increasing (the more frequently we
order, the smaller the holding cost will be). Now, if the sequence A(k), 1 <k < n,is
convex, then C(k), 1 < k < n,is also convex and therefore V -shaped by Lemma 5.1.
Thus, the optimal number of orders can be found by binary search by computing at
most (log2 n} elements of sequence C(k), 1 < k < n. On the other hand, if the
sequence A(k), 1 < k < n, is not convex, then we cannot guarantee that sequence
C(k), 1 < k < n, is V—shaped. To see this, consider the case that 7 = 20 and
n = 5, while the sequence A(k), 1 < k < n, is as below.

A(l) =100, A2) =70, A(3) =60, A(4) =25, A(5) = 20.

The sequence A(k), 1 < k < n, is not convex, and it is easy to verify that the
resulting sequence C(k), 1 < k < n, is not V-shaped.

5.2 Convexity of a Sequence Involving Sums of Functions
of Ceilings

Recall that for a real number x, the ceiling [x7 is equal to the smallest integer that is
no less than x, while the floor | x| is equal to the largest integer that does not exceed
X.

The main focus of this chapter is on a specially structured sequence of the form

P<k>=2p,-g(m), l<k<n, 5:2)
=1

where p;, 1 < j < n, is a sequence of non-negative numbers and g is an arbitrary
non-negative non-decreasing function.
We start our consideration with a simpler sequence

G(k):Zg(’ré—‘), 1<k <n. (5.3)

j=1

The sequence G (k), 1| < k < n, isaspecial case of the sequence P (k), 1 < k < n,
defined by (5.2); however, it is of interest in its own right. Consider, e.g., the following
interpretation of the sequence G (k), 1 < k < n. Suppose that the customers are to be
assigned, in order, to one of k service centers. Provided that the assignment is done

to keep the centers uniformly loaded, a customer j will get the position H-I at one of

the centers. Thus, the value of function g (H-I) can be understood as dissatisfaction

of customer j with its position at the center. In this case, G (k) represents the service
cost measured as the total dissatisfaction of all customers, provided that k centers
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are open. Let T be the cost of running a center, so that 7 (k) = kT is the total
cost of running k centers. The purpose is to determine the number of centers to be
open so that the total cost C(k) = G(k) + T'(k), | < k < n, is minimized. The
sequence T'(k), 1 < k < n, is convex, and for the sequence C(k), 1 <k < n, to be
V-shaped, it is sufficient to show that the sequence G (k), 1 < k < n, is convex.
Below, we give an elementary proof of the convexity of the sequence (5.3).

Theorem 5.1 The sequence G(k), 1 < k < n, of the form (5.3) is convex.
Proof In accordance with (5.1), we need to prove that

2G(k) =Gk —-1)—Gk+1)<0,2<k<n-—-1, 54

Given a value of k,2 < k <n —1,fora j,1 < j < n, we can express j as

ak + b, where a is an integer in {0, 1,..., L%J} and b < k. We can write

Li]-1 & n—k[ ] n
k+b 2lk+Db

a=0 b=1 b=1

Lil-=1 & n—k| ]

= > (e [7])+ 2oz [7])

Since b < k, it follows that [ 2] = 1, so that

=~

201 izl
Go=> Sga+n+ > g(bJH)

a=0 b=1 b=1

Lz]

“ S+ oo 22 1)

where in the second line, r = a + 1 is a new summation index. Similarly, we deduce

|_kl

Ghk+D =+ D g(r)+(n—(k+l){k+lj) (LkilJ+l);

r=1

]

Gk—1)=(k—1) Z g(r)+(n—(k— 1){/{_ IJ) (L%J +1).
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To prove (5.4), we rewrite the difference 2G (k) — G(k+ 1) — G(k — 1) as

] L]
<k Zg(r) (k+1) Z g(r)) + (ng(r) k=1 Z g(r)

+2(” _kL%J)g(L%J + 1) - (” -G 1)Lﬁ 1J)g({k-n+ 1J + 1)
(e ol ) +)

and show that it is non-positive.
Notice that the expression

4] L
kD gr) —k+1) D g(r)
r=1 r=1

can be simplified by canceling the values of the function g computed for the same
values of r. Since L%J > Lk”ﬁj we obtain

4] L] 3] L]
KD gy =+ D gy =k D gr)—= D gr).
r=1 r=1 r=| 2 ]+ r=1
Similarly, since | 25 | > | %], we obtain
L] L] L]
ng(r) (k—1) Z g9(r) = Z gy —k D g0
r= L J+1

Combining the last two equalities displayed above, we deduce that

3] il 3] )
(ng(r) (k+1) Z g(r)) + (ng(r) (k—1) Z g(r))
K 2] L]
=k< > g - > g(r)>+ > g,

r=|_k"?J+l r=|_%J+1 r:l_k"?JJrl
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which reduces to

L] L]
(ng(r) (k+ 1) Z g(r)) + (ng(r) (k—1) Z g(r))

L1 L)
=k+1) D g —k=1 D g,
r=l 4+ r=L3 41

Coming back to the initial difference in (5.4), we have that

2G(k) —Gk+ 1) — Gk — 1)

3] L]
=k+D D g —k=1) D> g
r=| g+l r=2]+1

w2(n =k (] +1)
(n—(k+ 1){k+1J) (Lki 1J + 1)

Recombining, we deduce

2G(k) — Gk + 1) — Gk — 1)

4]
=&+ > g(r)+((k+1)—(n—(k+l){k+ J))g(hn?JJrl)
= e )2
[] i
—k-1 > g(r)+(2n—2k[J (k—l)) (Lﬂ“)
r=[¢]+2

(w5 ol ] )

To prove (5.4), we collect together the terms that make a positive contribution X
and a negative contribution Y so that 2G(k) — G(k+ 1) — G(k—1) = X — Y, and
show that X < Y. It follows that

((k“)q :IJ“) ')s (LkilJ“)

L]
NS g(r)+(2n+1)g(LJ+l)

r=Len 142



5.2 Convexity of a Sequence Involving Sums of Functions of Ceilings 97

Le4 ]

= ([T ]+0)a(| 2] +1)+ k=1 > g0+

r=L]+2

(rwn[ez ol +)

In the expression for X, the range of arguments of the function g is from L o J +1
to |_ J + 1, while in the expression for Y, the range of arguments of the function g
is from L”J + 1to L J + 1, so that we can write

Li]+1 Lt +1
X= > xgn), Y= D yg0),
r=gr ]+ r=L3]+1

where x, and y, are suitably chosen non-negative coefficients.

Computing
Li]+1
n
> x= (k+1)({mJ +1) —n
=L
Kk 1)(L%J - L{i IJ - 1) F @+,
et ]+

3@l - 1)
-0 |5 )

k
we deduce that both sums above are equal to (k + 1) U—;J +n + 1. Thus, each X and
Y can be seen as the sum of (kK + 1) L%J + n + 1 values of the function g; however,
foranyi, 1 <i < (k+1) L%J + n + 1, the ith smallest value of g(r) involved in
the expression for X is no larger than the ith smallest value of g(r) involved in the
expression for Y. This proves that X < Y,i.e.,2G(k) —G(k+1) -Gk —1) <0,
so that the sequence G (k), 1 < k < n, is convex. O

Now, we extend the convexity proof to the sequence (5.2), provided that the values
pj, 1 < j < n, follow a non-increasing sequence

P1L=p2= = Dy (5.5)

According to the terminology adopted in Sect.2.1.1, the values p; form an LPT
sequence.
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Theorem 5.2 The sequence P(k), | <k < n, of the form (5.2) is convex, provided
that (5.5) holds.

Proof Foragiven j, 1 < j < n, define

o= A) [ 45) o((sen

By Theorem 5.1, due to the convexity of the sequence G(k), | < k < n, we
deduce that

q
D Aik) <0 (5.6)
i=1

foreachk,2 <k <n—1,andallg,1 <qg <n.
In order to prove the theorem, we need to demonstrate that the inequality

D> piAjk) <0 (5.7)

J=1

holds foreach k,2 <k <n — 1.
Fixak,2 <k <n — 1, and transform

n—1

n n n—1 n—2
> piAi = pn(z Ai(k) — ZAi<k>)+ pn_l(z Ai(k) — ZAi(k))+ =
j=1 i=1 i=1 i=1 i=1

+p1A1(k)
n—2

n n—1
= Pn O AiK) + (pu1 = Pu) D Ai) + (Pu2 = pu1) D Ai(k) + -+

i=1 i=1 i=1

+p1A1(k)

n j—1 n
= Z[(p,-l - p,v)ZA,-(k)} +pu D Ai(R).
j=2

i=1 i=1

The last right-hand expression is non-positive due to (5.6) and the LPT numbering
of pj, so that the desired inequality (5.7) holds and the sequence P(k), 1 < k < n,
is convex. O

The convexity of the sequence P(k), 1 < k < n, as established in Theorem 5.2,
allows us to use an efficient binary search algorithm to solve several problems con-
sidered in this book (see, e.g., Sects. 16.2.4 and 17.4).
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5.3 Combinatorial Counting

Many scheduling problems reduce to enumeration of several feasible solutions, and
we are required to choose the best among them as an optimal solution. For complete-
ness, we provide a brief review of some basic principles of combinatorics, which are
often used in this book.

o Combinations: A v-combination of a set S is a subset of v distinct elements of
S. If |S| = u, then the number of v-combinations is equal to

(u) . u!
v] vl —v)!

Since —*“~ =u(u —1) x--- x (u—v—+1) <u’, we estimate

!
(u—v)!
(Z) < % (5.8)

u
v

e Arrangements: A v-arrangement of a set S is an ordered subset of v distinct
elements of S. If | S| = u, then the number of v-arrangements is equal to

which for a fixed v yields

u
( )v! =0®u"), (5.9
v

because (5.8) holds.

e Partitions: A partition of a positive integer u into exactly v positive summands
is a sequence (z1, 22, ..., Zy) of integers such that u = z; + 2z + --- 4+ z, and
71 > 22 > --- > z, > 1. The total number of partitions of u into at most v positive
summands (i.e., exactly v non-negative summands) is denoted by P(=" and can

be estimated as
u v—1

V-1 0.
The total number of partitions of u into exactly v positive summands is
P =pEY — P = o). (5.10)
e Compositions: A composition of an integer # made of v summands is a sequence

(z1, 22, ---, Zy) Of positive integers such that u = z; + z, + - -+ + z,. The total
number of compositions C*) in exactly v summands is given by
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® _ u—1
C, , (5.11D)
v—1

which can be estimated as O ((u — 1)""') = O(u"") because (5.8) holds. The
number of compositions into at most v positive summands (i.e., exactly v non-

negative summands) is
-1
clEv = (” ”;E 1 ) (5.12)

which can be estimated as O ((u +v—1)""") = O(u"""), because (5.8) and
u > v hold.

The number of compositions of all integers that do not exceed u into at most v
positive summands can be expressed as

CE = cl=vih = (” + ”)_ (5.13)

(=0 v

5.4 Bibliographic Notes

Convex sequences play an important role in the derivation of various inequalities.
Wu and Debnath (2007) give a necessary and sufficient condition for a sequence
to be convex in terms of majorization, and this gives access to a powerful toolkit
that is systematically exposed by Marshall and Olkin (1979). Various applications
of convex sequences to the problems of combinatorics, algebra, and calculus are
studied by Mercer (2005), Toader (1996), and Wu and Debnath (2007). An additional
important link between convex and log-convex sequences is pointed out by Dosli¢
(2009). In Operations Research, an application of convex sequences to a special form
of the assignment problem and their relations to the famous Monge property (see
Sect.4.1.3 for definitions) is discussed in Sect.5.2 of the monograph by Burkard
et al. (2009).

The V-shaped sequences often arise in optimization over a set of permutations, in
particular in machine scheduling. For a number of scheduling problems, it is possible
to establish that an optimal sequence of jobs possesses the V-shaped property; e.g.,
the elements of the input sequence of the processing times can be interchanged so that
the resulting sequence is V-shaped. This property has been explored in numerous
papers. Here, we refer to only five, mostly with the words “V -shaped” in the title (see
Alidaee and Rosa (1995), Alturki et al. (1996), Federgruen and Mosheiov (1997),
Mittenhal et al. (1995), and Mosheiov (1991)).

Theorems 5.1 and 5.2 are proved in Rustogi and Strusevich (2011) and Rustogi
and Strusevich (2012).

The pyramidal or A-shaped sequences are the main objects of study in identifying
efficiently solvable combinatorial optimization problems, in particular, the traveling
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salesman problem. Here, we only refer to the two most recent surveys by Burkard
et al. (1998) and Kabadi (2007).

The sequence (5.2), or some version of it, is commonly found in the scheduling
literature, especially in problems in which a given set of jobs needs to be divided
into a known number of groups. In Chaps. 16 and 17, we encounter such sequences
while studying the problem of scheduling jobs with rate-modifying activities.

It should be noticed that although the ceiling function and its counterpart, the
floor function find applications in many areas, publications that study the relations
that involve these functions are quite scarce; we mention only Chap.3 of Graham
et al. (1989) and Nyblom (2002). There are several papers devoted to obtaining

closed form expressions of the sums Z’}:l H—I and 22:1 HJ, as well as for their

generalizations; see Sivakumar et al. (1997) and Tuenter (1999, 2000).
In Sect.5.3, we mainly follow the terminology and notation of Flajolet and
Sedgewick (2009) and Mott et al. (1986).
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Part 11
Scheduling with Time-Changing Effects



Chapter 6
Introduction to Time-Changing Effects

In the models of classical scheduling such as those reviewed in Part I of this book,
the processing times of the jobs are given in advance and remain unchanged during
the whole planning period. Since the early 1990s, there has been a considerable
interest in enhanced models which allow the processing times of jobs to be affected
by their locations in the schedule. The material of this part presents the approaches to
handling scheduling problems under such time-changing effects. These models are
further extended in Part III, where we additionally allow for introducing activities
on the processing machines that are similar in nature to maintenance and change the
processing capabilities of the machines.

The purpose of this chapter was to introduce the reader to various time-changing
effects. For simplicity, below we focus on a single machine environment. We are given
jobsofset N = {1, 2, ..., n}tobe processed on a single machine. Each job j € N is
associated with its “normal” processing time p;. It is convenient to think of normal
processing times as the time requirements under normal processing conditions of
the machine, which might change during the processing, thereby affecting the actual
processing time of a job.

In the literature on scheduling with time-changing processing times, traditionally
there is a distinction between the so-called deterioration effects and learning effects.

Informally, under a deterioration effect, the later a job is placed in a schedule, the
longer it takes to process it. A common rationale, often found in practice, is that as the
schedule evolves the processing conditions of the machine get worse. For example,
in manufacturing, if the machine is a cutting tool it may lose its initial sharpness and
that will increase the actual processing times of some jobs.

Under a learning effect, an opposite phenomenon is observed: The later a job is
scheduled, the shorter its actual processing time is. To motivate a learning effect,
think of the machine as a human operator who gains experience during the process,
which leads to a certain processing time reduction.
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There is no reason to limit consideration of time-changing effects to monotone
effects only, such as deterioration and learning. This gives rise to an effect which has a
non-trivial influence on the actual processing times. For example, if a human operator
processes jobs on a certain equipment, then during the process the equipment might
be subject to wear and tear, i.e., it might deteriorate with time; however, the operator
simultaneously gains additional skills by learning from experience.

Mathematically, time-changing effects are represented by formulae that explicitly
show how normal processing time of a job is affected. There are several main types
of effects studied in the literature, which informally can be classified as follows:

e Positional effects: The actual processing time of a job is a function of its normal
processing time and the position it takes in a schedule;

e Start-time-dependent effects: The actual processing time of a job is a function of
its normal processing time and its start time in a schedule;

e Cumulative effects: The actual processing time of a job depends on its normal
processing time and a function of the normal processing times of previously sched-
uled jobs;

e Combined effects: These are non-trivial effects which usually combine a positional
effect with either a start-time-dependent effect or a cumulative effect.

In the reminder of this chapter, we present a brief discussion of each of the above
effects, mainly for a single machine environment.

6.1 Positional Effects

In general, a positional effect on the actual processing time of job j is defined by a
function g; (r), wherer, 1 < r < n,isthe position of job j in the processing sequence.
The actual processing time p;(r) of job j sequenced in position r is given by

pj(r)y=p;g;(r), jE N, 1 <r <n, (6.1)

where g;(r) is called a (job-dependent) positional factor. It is often assumed that
g;j(1) =1, j € N, which guarantees that for the job that is sequenced first, i.e., in
position r = 1, the actual processing time is equal to its normal time.

The formula (6.1) is useful when we want to trace the influence of the positional
factors on the normal time p;; otherwise, it suffices to say that actual processing
times are taken from a matrix P = ( Djr = Pj (r))nxn, where the rows represent the
jobs and the columns represent the positions. If each row of matrix P is monotone
non-decreasing (or non-increasing), then we have a situation of positional deterio-
ration (or of positional learning, respectively). In the most general setting, the rows
of matrix P need not be monotone. Among the first papers that consider scheduling
problems with a general positional effect (6.1) are Bachman and Janiak (2004) and
Mosheiov and Sarig (2009).
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A job-dependent positional effect implies that each job has a different (unique)
effect on the state of the machine. Quite often, though, a change in the machine’s
processing conditions reflects similarly on all jobs, in which case we may talk about
a positional job-independent effect given by

pj(r) =pjg(r), jE N, 1 <r <n, (6.2)

where ¢g(r), 1 <r <n, forms an array of positional factors that is common for all
jobs. Similar to the above, if array g(r), 1 <r < n, is monotone non-decreasing
(or non-increasing), then we have a situation of positional deterioration (or of
positional learning, respectively). For the most general job-independent positional
effect, we make no assumption regarding the monotonicity of the elements of array
gr),1 <r <n.

For an informal illustration of a positional deterioration effect, imagine that in a
manufacturing shop, there are several parts that need a hole of the same diameter to
be punched through by a pneumatic punching unit. Ideally, the time that is required
for such an operation depends on the thickness of the metal to be punched through,
and this will determine normal processing times for all parts. In reality, however,
there occurs an unavoidable gas leakage after each punch, due to which the punching
unit loses pressure, so that the later a part is subject to punching, the longer it takes to
perform it, as compared to the duration under perfect conditions. Clearly, a positional
deterioration effect is observed.

Being part of the academia, the authors have noticed that positional learning
takes place when a teacher marks a number of coursework scripts based on the same
question paper. It takes a reasonably long time to mark the first two or three scripts,
then the teacher realizes the key factors to be checked, typical strong or weak points to
be looked for, and the marking process goes faster and faster with each marked script.

Research on scheduling problems with positional effects conducted prior to the
critical review Rustogi and Strusevich (2012) has had several limitations, from the
point of view of the studied models. First, earlier authors focused on monotone effects
only, such as learning and deterioration; moreover, these two types of effects have
been often considered separately despite noticeable methodological similarities in
their treatment. Second, assumptions on the exact shape of positional factors have
been made (i.e., polynomial or exponential), despite the fact that many results would
hold for an arbitrary array of positional factors, as defined, e.g., in (6.2).

Single machine problems under positional effects to minimize the makespan, the
total completion time, and more general objective functions are considered in Chap. 7.
Problems on parallel machines under positional effects are addressed in Chap. 11

6.2 Time-Dependent Effects

We distinguish between two types of a start-time-dependent effect: additive and mul-
tiplicative. Under the additive effect, the actual processing time of a job is obtained
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as the sum of its normal processing time and a function that depends on its start time.
On the other hand, under the multiplicative effect, the actual processing time of a job
is obtained as the product of its normal processing time and a function that depends
on its start time. Let p;(7) denote the actual processing time of job j € N that starts
at time 7 > 0. Then, under a general additive effect, we define

pi(t) =pj+ fi(1), (6.3)

while under a general multiplicative effect, we define

pi(T) = p; fi(m), (6.4)

where f; is a job-dependent function of start time.

Itis common to assume thatin (6.3) for each j € N, the equality f;(0) = 0 holds.
Similarly, in (6.4) for each j € N, the equality f;(0) = 1 holds. These assumptions
make sure that for the job that is sequenced first, i.e., starts at time zero, the actual
processing time is equal to its normal time.

If in (6.3), the inequalities f;(7) > 0, j € N, hold, we deal with a deterioration
effect, while the inequalities f;(7) < 0, j € N, define a learning effect. In the latter
case, additional assumptions are normally imposed that prevent actual processing
times from becoming negative.

Similarly, in (6.4), a deterioration effect and a learning effect are represented by
the inequalities f;(7) > 1, j € N,and 0 < f;(7) <1, j € N, respectively.

A systematic exposition of various aspects of scheduling with start-time-dependent
effects has been undertaken in the monograph by Gawiejnowicz (2008). In partic-
ular, Sect.5.4 of this book presents numerous examples of practical applications of
scheduling problems. One of these examples, based on paper Gawiejnowicz et al.
(2008), describe a single worker who performs maintenance of corroded items, and
for an item treated later in a schedule, the maintenance time increases since the item
gets more corroded than in the beginning of the process.

Additive start-time-dependent effects are probably the most studied among known
time-changing effects that affect the actual processing time of jobs in a schedule.
Papers Shafransky (1978) and Melnikov and Shafransky (1980) must be seen as
historically the first that introduce not only scheduling models with (additive) start-
time-dependent effects, but open up the whole area of scheduling with changing
times. There are several influential surveys, such as Alidace and Womer (1999) and
Cheng et al. (2004), that review the developments in the area. Reviews of start-
time-dependent models with learning effects and deterioration effects are provided
in Biskup (2008) and Janiak and Kovalyov (2006), respectively. Most of the results
for an additive start-time-dependent effect are derived in the case of linear functions
Si(m).

Among the first papers which address a multiplicative start-time-dependent effect
(with either polynomial or linear functions f; (7)) are works by Kononov (1998) and
Kuo and Yang (2007), which, however, are not totally free from errors (see Sect.9.3
for details).
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Apart from the start-time-dependent effects in the pure form, we also consider
their enhanced versions, combined with positional effects. For example, we introduce
a job-independent start-time-dependent additive effect combined with a general
job-independent positional effect, so that the actual processing time of job j that
is scheduled in the rth position and starts at time 7 is given by

pi(rir)y=(p; + f(D)g(r),

where f is a function, common to all jobs, and array g(r), | < r < n,is a monotone
sequence of positional factors and defines a positional effect. We also consider its
analogue given by

pj(tir) = p;f(n)gr), (6.5)

i.e., a combination of a job-independent start-time-dependent multiplicative effect
combined with a general job-independent positional effect. Studies on a similar effect
have been initiated in Yin et al. (2009).

Scheduling problems with start-time-dependent effects, in the pure and combined
formats, are considered in Chap. 8 (in the case of the additive effects) and in Chap.9
(in the case of the multiplicative effects). Problems on parallel machines under pure
and combined start-time-dependent effects are addressed in Chap. 11

6.3 Cumulative Effects

Suppose that the jobs are processed on a single machine in accordance with a permu-
tation m = (mw(1), ..., m(n)). Under a cumulative effect, the actual processing time
p;(r) of ajob j scheduled in position r, 1 < r < n, depends on the normal process-
ing times of the previously sequenced jobs. One of the most general variants of a
pure cumulative effect defines the actual processing time of job j = m(r) sequenced
in positionr, 1 <r < n, as

pj(r) = p;f(P), (6.6)

where
r—1

P = Zl’w(h)

h=1

is the sum of the normal processing times of the earlier sequenced jobs. In the case
of learning, f is a non-increasing function, while in the case of deterioration, f is a
non-decreasing function. One of the first versions of the cumulative effect given by

r—1 A
pi(r) = Pj(l + an(m) , (6.7)

h=1
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is introduced by Kuo and Yang (2006a,b), who studied the effect in the learning
form, with A < 0.

A cumulative effect can be combined with a general job-independent positional
effect, so that the actual processing time of job j scheduled in the rth position of a
permutation 7 is given by

pi(r) = p;f(P)g(r), (6.8)

which is similar to (6.5). Studies on a similar effect have been initiated in Yin et al.
(2010).

It is assumed that in (6.6) and (6.8), the equalities f(0) = 1 and g(1) = 1 hold,
which guarantees that for the job which is the first in the processing sequence, the
actual processing time is equal to its normal time.

A common drawback of the scheduling models with a cumulative effect in the
form (6.6) is related to lack of convincing practical motivations. In particular, there
is no convincing justification why the actual processing time of the jobs must depend
on normal times of the previously sequenced jobs. Rustogi and Strusevich (2015)
introduce an alternative model which is more relevant to practice. Consider an effect
that arises when a job j € N is associated not only with normal processing time p;
but also with two additional parameters, b; and g, . The actual processing time of job
J scheduled in the rth position of permutation 7 is defined by

r—1
pi(r) = p,»(l +b; qu). (6.9)

h=1

where b; > 0 under a deterioration effect and b; < O under a learning effect. No
explicit dependence on the normal time of the previously scheduled jobs is assumed,
and the values of b; can be understood as job-dependent rates that reflect how sen-
sitive a particular job is to the previously scheduled jobs.

For illustration of this generalized model, suppose that a floor sanding machine
is used to treat floors in several rooms. The normal time p; is the time requirement
for sanding floors in room j, provided that the new sanding belt/disk is used. The
value of g; can be seen as the amount of generated saw dust or an appropriately
measured wear of the sanding belt/disk, which depends on the area of room j and on
the initial quality of the floor in the room but not explicitly on the time of treatment.
For some rooms, the actual treatment time can be seriously affected by the quality
of the equipment, whereas for some rooms, the effect is less noticeable, which is
captured in the rate parameter b;. It is not difficult to identify a similar cumulative
deterioration effect in other activities/industries.

To illustrate the effect (6.9) in a learning environment, consider the following
situation. Suppose a computer programmer is supposed to write n software pieces
for a particular project. These pieces can be developed in any order. Developing
these pieces require particular transferable technical skills (such as manipulating
a certain data structure), which the programmer initially does not possess. In the
beginning of the process, a software piece j € N can be completed in p; time units.
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Assume that after completing a particular software piece j, the technical skill of the
programmer increases by ¢; appropriately measured units and that skill might help
to speed up the creation of any piece to follow. Thus, the actual time needed to create
a particular piece depends on the accumulated skills gained during the development
of previously created pieces. Formally, the development time of a software piece
decreases linearly with the technical skill of the programmer, so that the actual time
taken to write a software piece j = 7w (r) is givenby p;(m;r) = p; —a; 22;11 qr(hy
where the quantity a; defines how sensitive the development time for software piece
Jj is to the gained technical skills. This formulation can be written in terms of the
effect (69) with bj = —Clj/pj.

Scheduling problems under pure and combined cumulative effects are addressed
in Chap. 10.
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Chapter 7
Scheduling with Positional Effects

In this chapter, we study the scheduling problems of minimizing makespan and total
completion time on a single machine, provided that the actual processing times of
the jobs are subject to a positional effect.

Forajob j € N = {1, 2, ..., n},its normal processing time p; is given. As stated
in Sect. 6.1, a general positional effect on the actual processing time of job j can be
defined by a function g; (r), wherer, 1 <r < n,isapositionof job j in the processing
sequence. The actual processing time p; () of job j sequenced in position r is given
by

pj(r)=pjgjr), je N1 <r <n. (7.1)

where g;(r) is a (job-dependent) positional factor.

If we do not need to trace how exactly a given normal time p; is affected by a
positional factor, we say that the actual processing times are taken from a matrix
P= ( Djr =Dj (r))nxy,, where the rows represent the jobs and the columns represent
the positions. In what follows, it is convenient to refer to an element p;, located in
Row j, 1 < j <n,and column r, 1 <r < n, of matrix P simply as p;(r). If each
row of matrix P is monotone non-decreasing (or non-increasing), then we have a
situation of positional deterioration (or of positional learning, respectively). In the
most general setting, the rows of matrix P need not be monotone.

As adopted throughout this book, if job j is sequenced in position 7 () of permu-
tation 7 = (7w (1), 7(2), ..., m(n)), its completion time is denoted either by C; ()
or by Cr(), whichever is more convenient.

We denote the problems of minimizing the makespan and the total completion
time on a single machine subject to an effect (7.1) by 1| pi(r) =p;g; (r)|Cmax and
1 | pi(r) =p;g; (r)| > C;, respectively. We also consider the problem of
minimizing a linear combination of these two criteria, i.e., the function {Cpax +
1> C;, where & and 7 are non-negative coefficients. The latter problem is denoted
by 1|pj(r) = pjgj(r)|§Cmax+7)ZCj. In Sect.7.1, we show that each of the
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problems 1|p;(r) = p;g;(r)|® with ® € {Crax, > Cj, {Cmax + 1> C;} under a
job-dependent positional effect (7.1) reduces to a square linear assignment problem
(LAP) and is solvable in O (n3) time.

In Sect.7.2, we pay attention to the problems with a positional job-independent
effect given by

pj(r)y=pjg(r), jeN,1 <r <n, (7.2)

where g(r), | <r < n, forms an array of (job-independent) positional factors that is
common for all jobs. Similar to the above, if array g(r), 1 < r < n,is monotone non-
decreasing (or non-increasing), then we have a situation of positional deterioration (or
of positional learning, respectively). For the most general job-independent positional
effect, we make no assumption regarding the monotonicity of the elements of array
g(r), 1 <r < n. The corresponding single machine problems with the objective
® € {Craxs 2. Cj. ECimax + 1> C; } are denoted by 1|p;(r) = p,g(r)|®.

As a rule, scheduling problems with a job-independent positional effect of the
form (7.2) reduce to an n x n LAP with a product matrix, i.e., to minimizing a linear
form (see Sect.4.1.3). For an arbitrary permutation © = (7w (1), w(2), ..., w(n)) of
jobs, such a linear form can be generically written as

O(m) = D W) prry + T (7.3)

r=1

where the values W (r) are positional weights that depend only on a position 7,
1 <r < n,ofajobinsequence 7. As stated in Sect. 2.1, a permutation that minimizes
function & () of the form (7.3) over all permutations of jobs of set N can be found by
Algorithm Match which requires O (n log n) time. We also show that if the sequence
W(r), 1 <r < n, of positional weights is monotone, then an optimal permutation
can be found by ordering the jobs in accordance with a priority rule, typically either
the SPT or the LPT rule applied to the normal processing times p;. Recall that if the
jobs are numbered in accordance with the LPT rule, then

pI=p2 > > py, (7.4)

while if they are numbered in accordance with the SPT rule, then

PL=p2=-= Dn. (7.5)

According to the terminology introduced in Sect.2.1, if a problem is solv-
able by the LPT rule, it admits a 1-priority function w(j) = p;, j € N. For a
problem solvable by the SPT rule, a 1-priority function can be written as either
w(j) = —pj.j €N, orw(j)=1/p;, j € N.

The existence of 1-priority functions is necessary (but not sufficient) for the
objective function to be priority-generating, which is important for solving relevant
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problems under series-parallel precedence constraints. The latter topic is the focus
of Sect.7.3. Please consult Chap. 3 for the relevant definitions and techniques, such
as the proof of an objective function to be priority-generating.

Recall that throughout this book for a (partial) permutation of jobs 7, its length,
i.e., the number of elements in 7, is denoted by ||.

The remainder of this chapter is organized as follows. Problems of scheduling
independent jobs under a job-dependent and a job-independent positional effect are
considered in Sects.7.1 and 7.2, respectively. Problems with series-parallel prece-
dence constrains are studied in Sect. 7.3.

7.1 Scheduling Independent Jobs Under Job-Dependent
Positional Effect

Given a matrix P = (p ir=Dj (r)) , of possible actual processing times, consider

nXr
problem l|p i(r) =Dpjg; (r)|Cmax. In any feasible solution, the actual processing
time of job j € N is determined by selecting exactly one element from Row j. Since
exactly one job must be assigned to a position r, 1 < r < n, it follows that exactly
one element from each column of P will be selected. Thus, a feasible solution is
associated with a choice of n elements of matrix P such that no two of them belong
to the same row or to the same column.

For problem 1 | pi(r)=p;g;r) |Cmax, the makespan is equal to the sum of actual
processing times. The actual times that deliver the smallest makespan can be found
by solving a linear assignment problem. Introduce n?> Boolean variables x jr» where

: 1<'<n’1<r<n.
0, otherwise; =J= <r =

. [ 1, job j is assigned to position r
ir =

Then, problem 1 | pi(r)y=pjg;r) | Cmax can be formulated as the following linear
assignment problem (LAP)

n n

minimize Z Z pi(r)x;,

j=1 r=1
n

subject to ijr =1, l<j=<n (7.6)

We now pass to problem 1|pj(r) = pjgj(r)|ZCj. It has been shown in
Sect.2.1.1 that for a given sequence of jobs, the contribution of a job scheduled
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in position r is equal to its processing time multiplied by its position in the
sequence counted by the rear of the sequence. Formally, for an arbitrary permu-
tation 7 = (7(1), w(2), ..., m(n)), the total completion time F' () is given by

F(m) =D (0 =7+ D) prr (1), (7.7)

r=1

where p.(r) is the actual processing time of a job j = 7(r) sequenced in position
r in permutation 7 (see (2.9)). This reduces problem l’pl,- (r)=pjgj (r)’ > Cjto
the following LAP

n n

minimize ZZ(n —r+Dpi(r)x;,

j=1r=1

subject to ijrzl, l<j=n (7.8)
r=1 '

n

ijrzl, 1<r<n;

j=1

xj €10, 1}, 1<j<n,1<r<n.

It is straightforward to see that problem 1|pj (r)=pjg; (r)|§CmaX +n>.Cj,
where ¢ and 7 are given non-negative coefficients, reduces to the following LAP

minimize Z Z(S +m—r+Dnp;r)x,

j=1r=1
n

subject to xXjpp=1, 1<j<n
! Z; y J (7.9)
ijr—l, 1<r<n;
=1
xjr €10, 1}, 1<j<n1<r<n,

Since solving an n x n linear assignment problem requires O (n?) time (see
Sect.4.1.1), we conclude that the following statement holds.

Theorem 7.1 Problem 1|pj(r) = pjgj(r)IZCj, problem lipj(r) = pjgj(r)I
> C; and problem 1 |pj r)=pjg;r) |§Cmax +n > C; under a general positional
Jjob-dependent effect (7.1) reduce to the linear assignment problem (7.6), (7.8) and
(7.9), respectively. Each of this problems is solvable in O (n3) time.

Example 7.1 For a single machine scheduling problem, consider the following
matrix of possible actual processing times
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Table 7.1 Solutions to the problems in Example 7.1

Objective function LAP solution matrix | Optimal permutation | Function value
01000
00001
Crnax 10000 (3,1,4,5,2) 21
00100
00010
10000
00010
>.Cj 00001 (1,4,5,2,3) 60
01000
00100
10000
00001
2Cmax +2.C; 00100 (1,4,3,5,2) 102
01000
00010
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For scheduling problems with the objective functions Cmax, 2 C;, and {Cpax +
n > C; (with & =2 and np = 1), Table7.1 presents optimal permutations as well as
solutions to the corresponding assignment problems.

7.2 Scheduling Independent Jobs Under Job-Independent
Positional Effect

For a single machine scheduling problem, a job-independent positional effect (7.2)
is defined by an array g(r), 1 <r < n. We refer to the value g(r) as a positional
factor. Notice that the elements of matrix P = (p;, = p;(r)),, of possible actual
processing times can be written as p;, = p;g(r),1 < j<n,1 <r <n.
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7.2.1 Minimizing Makespan

Let the jobs be processed in accordance with some permutation 7w = (7 (1), ..., 7(n))
and a job sequenced in position 7 () be associated with a positional factor g(r). Then
for problem 1| pi(r) =p; g(r)|CmaX, the makespan can be written as

n

Cmax(’/T) = z Pn(r)g("),

r=1

which satisfies (7.3) with W(r) = g(r), 1 <r <n, and I = 0. Thus, an optimal
schedule can be found by Algorithm Match, and this will take O (n logn) time.

Notice that here we do not require that the positional factors are monotone.
However, as established in Sect.2.1.1, a permutation that minimizes a linear form
(7.3) can be obtained by applying the LPT priority rule (or the SPT priority rule,
respectively), provided the sequence W(r), 1 <r < n, is non-decreasing (or non-
increasing, respectively).

If the positional factors g(r), 1 <r < n, are non-decreasing, i.e.,

g(1) =g@2) =--- < g(n), (7.10)

then we have a deterioration effect, so that an optimal permutation is obtained by
renumbering the jobs in the LPT order (7.4).
On the other hand, if the factors g(r) are non-increasing, i.e.,

g) =z g2 =--- =g (7.11)

we have a learning effect, and an optimal permutation is obtained by renumbering
the jobs in the SPT order.

The following statement summarizes the status of problem 1| p;i(r) = p;j g(r)\
Cmax-

Theorem 7.2 Problem l| p;i(r) = p;j g(r)|Cmax under a general positional effect
(7.2) reduces to minimizing a linear form (7.3) with W(r) = g(r), 1 <r <n, and
I' =0, and is solvable in O(nlogn) time by Algorithm Match. In the case of a
deterioration effect (7.10), an optimal permutation is obtained in O(nlogn) time
by renumbering the jobs in the LPT order. In the case of a learning effect (7.11), an
optimal permutation is obtained in O (nlogn) time by renumbering the jobs in the
SPT order.

In particular, the LPT priority rule is optimal for the following two popular dete-
rioration effects: for the polynomial positional deterioration effect that is defined by
the positional factors

gr)=rt, 1 <r<n, A>0, (7.12)
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and for exponential positional deterioration effect that is defined by the positional
factors
gr)=~"" 1<r<n ~v>1 (7.13)

Similarly, the SPT priority rule works for the following two popular learning
effects: for the polynomial positional learning effect that is defined by the positional
factors

gy =r*, 1<r<n, A<0, (7.14)

and for the exponential positional learning effect that is defined by the positional
factors
gr)=~"" 1<r<n 0<y<l. (7.15)

7.2.2 Minimizing Total Flow Time

Let the jobs be processed in accordance with some permutation m = (7 (1), ...,
m(n)). For the objective function in problem l| pi(r) =p; g(r)| > C; the equality
(7.7) holds, where for job j = 7(r) sequenced in position r of permutation 7, its
actual processing time is given by pr¢ () = g(r)p;. Then, the objective function
can be written as

F(m) = Ci(m) =D gtr)(n —r+ D)pre), (7.16)
j=1 r=1

which satisfies (7.3) with W(r) = (n —r + 1)g(r), 1 <r < n. Thus, an optimal
schedule can be found by Algorithm Match, and this will take O (n logn) time. As
in the case of the makespan, the positional weights do not have to be monotone.

If the factors g(r), 1 <r < n, are non-increasing, i.e., satisfy (7.11), then we have
alearning effect. In this case, forany r, 1 <r <n — 1, wehave that g(r) > g(r + 1)
andn—r+1>n—(r+1)+1,sothat

W) zW2)z--- =W,

and an optimal solution is achieved by renumbering the jobs in the SPT order.

Factors g(r), 1 < r < n, that satisfy (7.10) define a deterioration effect. Since for
anyr,l <r <n—1,wehavethatg(r) < g(r+ 1),butn —r+1>n—-(r+1) +
1, we cannot guarantee that the positional weights W (r), 1 < r < n,form a monotone
sequence. Thus, there is no evidence that a solution to problem 1|p;(r) = p; g(r)|
> C; with a deterioration effect can be obtained by a priority rule.

It is straightforward to verify that problem 1| pi(r)=pigr) |§ Crax +12.C;
reduces to minimizing the linear form (7.3) with the positional weights W (r) =
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&+ m—r+1n)g@), 1 <r < n.Similar to the problem of minimizing total com-
pletion time, here in the case of a positional learning effect (7.11), the sequence W (r),
1 <r < n, is non-increasing, so that the solution can be found by the SPT rule. Oth-
erwise, unless 1 = 0, the sequence of positional weights need not be monotone, so
that an optimal solution can be found by Algorithm Match, but not by a priority rule.

The following statement summarizes the status of problems 1] pi(r) = p; g(r)}

> Cjand 1]p;(r) = p;g(r)|¢Comax + 1 Y. C;.

Theorem 7.3 Under a general positional effect (7.2), problems 1’ pi(r) = p; g(r)}
> Cjand 1|p;(r) = p;g(r)|{Cmax + 1> C; reduce to minimizing a linear form
(7.3) with ' =0 and with W(r)=m—r+ 1)g(r), 1 <r <n, and W(r) =
E+m—r+1ng@), 1 <r <n, respectively. Both problems are solvable in
O(nlogn) time by Algorithm Match. In the case of a learning effect (7.11), for
each of these problems an optimal permutation is obtained in O (nlogn) time by
renumbering the jobs in the SPT order. In the case of a deterioration effect (7.10),
both problems do not admit a 1-priority function for an arbitrary non-decreasing
array g(r), 1 <r < n, of job-independent positional factors unless 1 = 0.

It is worth investigating whether 1 | pi(r) =pjg(r) | > C; can be solved by a
priority rule under additional assumptions regarding positional factors g(r), 1 <r <
n, that define a deterioration effect.

Consider first an exponential deterioration effect given by (7.13). As proved below,
for some values of ~, problem 1 ] pj(r) = p;j g(r)| > C; is solvable by a priority rule.

Theorem 7.4 For problem 1’ pi(r) = p; g(r)‘ > C; under an exponential posi-
tional deterioration effect (7.13), the following holds

@) fory =2, w(j)= pj, j €N, isal-priority function, i.e., the problem is solv-
able by the LPT rule;
(b) for1 < v < 2, no 1-priority function exists.

Proof Let Cpy () and F (), respectively, denote the makespan and the sum of the
completion times of the jobs sequenced in accordance with a (partial) permutation
7, provided that the sequence 7 starts at time zero. It can be seen from (7.16) that

||

F(m) = > (] —k+ Dprpy*". (7.17)
k=1

Letm = (7, u, v, ™) and ©’ = (71, v, u, m,) be two permutations of all jobs that
only differ in the order of two consecutive jobs u# and v. Assume that there are r — 1
jobs in permutation 7.

It follows that

F(m) = F(m) + (Conax (1) + pu¥ ™) + (Conax (1) + puy" ™" + puy”)
72| (Conax (1) + Puy ™" + Puy") + 7 F(m2)
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and by symmetry

F(') = F(m1) + (Conax (1) + P + (Conax (1) + poy ™ + puY”)
ol (Conax (1) + Py ™" + Puy") + 7 F(m2).

Define A := F(w) — F(x'). Then,

A =7+ mD)py + o1+ Im]) — 2+ [T po — YPu (1 + I72]))
=" py — p)(y — M2l + Im2ly = 2).

Suppose first that v > 2, and apply Recipe 2.1 to prove that w(j) = p;, j € N, is
a 1-priority function; i.e., the problem is solvable by the LPT rule. If |m,| = 0, 1i.e.,u
and v are the last two jobs in the permutations 7 and 7/, then we conclude that A < 0
if p, > p,, which corresponds to the LPT rule. If v = 2, then A = 0, and any order
of the jobs u and v is acceptable (including the one implied by the LPT rule).

If |m| > 1, then it can be verified that the function v — |m;| + |m2|y — 2 under
the constraint v > 2 stays positive. In fact, it reaches its minimum value of 1 for
v = 2 and |m,| = 1, which again proves optimality of the LPT rule.

Assumenow that 1 < v < 2. Notice thaty — |m| + |m|y — 2 = 0if |m] = (2 —
v)/(y — 1). Therefore, for any v, 1 < v < 2, there exist two consecutive integer
values of |m,| such that v — |m,| + |m2|y — 2 changes its sign. Due to Recipe 2.2,
this implies that the sign of A does not stay constant, and no 1-priority function
exists. ([

We now pass to problem 1‘ pj(r) =p; g(r)‘ > C; under a polynomial deteriora-
tion effect given by (7.12). Similar to its counterpart with an exponential deterioration
effect, our purpose is to find out for which range of A the problem admits a solution
in terms by a priority rule, either LPT or SPT.

For this model, the array of positional weights is given by

Wry=mn—r+Dr*, 1<r<n. (7.18)

Considering W (r) as a function of a continuous positive argument, observe that
d A A-1
d—(n—r—i—l)r =r""(A—r+ An — Ar),
;

so that it has a single maximum 7y, = AX“—:;). This means that the function increases
for r € (0, rmax) and decreases for r > rpax.

The consideration above implies that sequence W (r) of the form (7.18) in general
consists of an increasing subsequence followed by a decreasing subsequence. A

sequence of this structure is often called a A-shaped sequence (see Sect.5.1).
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Notice that an optimal permutation for problem 1 ] pj(r)y=p;gr) ] > Cjundera
polynomial positional deterioration effect (7.12) can be found by Algorithm Match,
which orders the jobs in such a way that smaller processing times are associated
with larger positional factors (7.18). This means that an optimal permutation of jobs
consists of a subsequence of jobs taken in non-increasing order of p; ’s, followed
by a subsequence of jobs taken in non-decreasing order of p;’s. A sequence of this
structure is often called a V-shaped sequence (see Sect.5.1).

For problem 1 | pi(r) =pj g(r)| > C; under a polynomial positional deterioration
effect (7.12) to be solvable by a priority rule, either SPT or LPT, we need that the
sequence (7.18) is either monotone increasing or monotone decreasing, respectively.

Lemma 7.1 Problem 1|pj (r) = pjg(r)| > C; under a positional polynomial dete-
rioration effect (7.12) is solvable by the SPT rule if A < logz(n”j), and by the LPT

rule if A > m. Otherwise, an optimal permutation is V -shaped.
2

Proof As demonstrated above, sequence (7.18) of positional weights is in general
A-shaped, and an optimal permutation found by Algorithm Match must be V -shaped.

If W(rg) > W(ro+ 1) for some value of ry, 1 < ry < n, then the subsequence
W(r),ro <r <n,isdecreasing. Thus, ifry = 1,1i.e., W(1) > W(2), then the whole
sequence (7.18) is decreasing. From W (1) = n and W(2) = (n — 1)24, the inequal-
ity n > (n — 1)24 implies that A < logz(n”j). Thus, under the latter condition,
Algorithm Match will sort the jobs in non-decreasing order of normal processing
times, i.e., in accordance with the SPT rule.

Similarly, if W(n — 1) < W(n), then the whole sequence (7.18) is increas-
ing. From W(n — 1) = 2(n — 1)* and W(n) = n*, the inequality 2(n — 1)4 < n*

implies that A > —L——_ In an optimal permutation delivered by Algorithm Match,

log, (727)
the jobs are placed in non-increasing order of normal processing times, i.e., in accor-

dance with the LPT rule. O

Example 7.2 Consider problem 1 ] pi(r) = p; g(r)} > C; under a polynomial posi-
tional deterioration effect (7.12) with n = 7 jobs. By Lemma 7.1, the largest A that
guarantees that the positional weights (7.18) form a decreasing sequence is equal
to logz(%) = 0.222, while the smallest A for which the array of positional weights
(7.18) forms an increasing sequence is equal to 4.496. Table 7.2 shows the positional
weights computed for A = 0.2 and A = 4.5. Clearly, the positional weights W (r) are
suitably sorted. All reported computations are accurate up to three decimal places.

We conclude this section by presenting Table 7.3 that summarizes the results for
problems 1|pj(r) = pjg(r)}d> with ® € {Crax, 2. Cj, ECmax + 11 2. C;}.

Table 7.2 Positional factors for Example 7.2

A w(1) w(2) W(3) W(4) W(5) W (6) W (7)

0.2 7 6.892 6.229 5.278 4.139 2.278 1.476
45 7 135765 |701.481 |2048.000 |4192.667 |6349.077 |6352.449
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Table 7.3 Solution algorithms for single machine problems with a job-independent positional
effect

O] Factors g(r) Algorithm
Crax arbitrary Match
Cmax (7.10) LPT
Cax (7.11) SPT
>.C; arbitrary Match
ECmax +1 2. C; arbitrary Match
e (7.11) SPT
ECmax +12.Cj (7.11) SPT
>C; (7.12), A < 1og2(#) LPT
>C; (7.12), 4 > logy ' (;24) SPT
>c; (7.13), 7 > 2 LPT

7.3 Scheduling with Series-Parallel Precedence Constraints
Under Positional Effects

In this section, we consider single machine problems to minimize an objective func-
tion & € {Cmax, >C j} with specific job-independent positional effects. Unlike in
Sect. 7.2, here we assume that the jobs of set NV are not independent and a precedence
relation given by a series-parallel reduction graph G = (N, U) is imposed over the
set N of jobs. The purpose of this section is to investigate whether for some of the
scheduling problems generically denoted by 1} pj(r) =p;g(r), SP — prec|®, the
objective function is priority-generating, so that the corresponding problem is solv-
able in O(nlogn) time. See Chap. 3 for definitions and main results on scheduling
under precedence constraints, including the concept of a priority-generating objec-
tive function and a priority function for partial permutations, as well as Recipes 3.1
and 3.2 that contain recommendations how to prove or disprove that an objective
function is priority-generating.

Recall that it follows from Chap. 3 that for an objective function to be priority-
generating, the existence of a 1-priority function w(j), j € N, is necessary, so that
the best permutation among all permutations of jobs of set N can be found by
sorting the jobs in non-increasing order of their 1-priorities. In particular, if a prob-
lem is solvable by the LPT rule, then it admits a 1-priority function w(j) = pj,
J € N, while if the SPT rule finds an optimal permutation, then the problem admits
a 1-priority function w(j) = 1/pj, j € N. As seen from Sect.7.2, among the can-
didate problems that might have a priority-generating objective function are prob-
lems 1 | pi(r)=pigr) | Chax under either a positional deterioration effect (7.10) or a
positional learning effect (7.11), as well as problem 1 ] pi(r) = p; g(r)} > C; under
a positional learning effect (7.11).
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It appears that the fact that the array g(r), | <r < n, is ordered is not enough
to guarantee that an objective function is priority-generating. Instead, we provide
analysis for two popular types of monotone positional effects, namely polynomial
and exponential, establishing both positive and negative results regarding priority-
generating objective functions.

Given a scheduling problem with a positional job-independent effect, let 7 be a
(partial) permutation of jobs contained as a subsequence in some schedule. Assume
that (i) the first job in this permutation is sequenced in the rth position in an overall
schedule and (ii) this first job starts at time ¢ > 0. Under these assumptions, let
Chax (75 t; ) denote the maximum completion time of the jobs in 7.

7.3.1 Exponential Positional Effect

In this subsection, we consider the single machine model in which the processing
time of a job depends exponentially on the position in which it is scheduled, i.e.,

gry=~"", 1 <r<n, (7.19)

where + is a positive constant, not equal to 1.

We start with the problem of minimizing the makespan under a positional effect
(7.19), without making any assumption on value of y; i.e., we do not distinguish
between a deterioration effect (y > 1) or a learning effect (0 < v < 1).

It immediately follows from (7.19) that for an arbitrary permutation 7, we have
that

7|

Conax (3 0; 1) = D~ prjyy’ ™,

Jj=1

and, if the first job in 7 is sequenced in the rth position and starts at time ¢ in an
overall schedule, we deduce that

Coax (T3 1, 7) =1 + 7" 7' Cona (713 05 1).

Let 7% = (m1a8m,) and 77 = (7 Bam,) be two permutations of all jobs that

only differ in the order of the subsequences o = (a(1), ..., a(u)) of u jobs and
B=(B1),...,5v)) of vjobs.
Define

A 1= Cgx (1) = Conax (17) = Cinax (771 0 1) = Conax (773 0: D). (7.20)

In accordance with Recipe 3.1, we need to determine a sufficient condition for
the inequality A < 0 to hold. The form of such a condition should be suitable for
defining a priority function.
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Assume that there are r — 1 jobs in permutation 7. It follows that Cyax (71 a875;
0; 1) = Cmax(ﬂ—]; O; 1) + Cmax(aﬂﬂ'Z; 0; I‘) and Cmax(ﬂ-lﬂaﬂ'Z; O; 1) = Cmax(Trl;
0; 1) 4+ Chax (Barmy; 0; 1), so that

A= Cmax(a5ﬂ—2; 0;r) — Cmax(BO”TZ; 0; r).
Further, we deduce that

Cmax(aﬁﬂ—Z; 0;7r) — Cmax(ﬁaWZ; 0;r)
= Cmax (125 Cmax (@53 0; 7); F + 1t + v) — Crnax (725 Cinax (Bev; 05 7)5 ¥ + u + v)
|2l

= Cmax(aﬁ; O; r) + ,yr+u+U*1 Z pﬂ'(j)’yj71
j=1
|2

Conax (B 0;7) + 7T pryy/ ™!
j=1

= Cinax (@33 0; ) — Crnax (Bt 05 7) = 4" Conax (a3 0; 1) — 4"~ Crnax (Ba; 05 1).

Thus, the sign of A depends on the sign of the difference Cpx(a3; 0; 1) —
Cinax(Ba; 0; 1). We deduce

Cinax (@3; 0; 1) — Crax (Bav; 05 1)
= Crax (35 Crax (@; 0; 1); 4 4+ 1) — Crax (@3 Crnax (8 0; 1); v 4 1)
= (Cmax (@3 0; 1) 4+ 7" Crnax (85 0: 1)) = (Comax (85 05 1) + 7" Crnax (@3 05 1))
= Cnax (3 0; 1) (7" — 1) — Crpax (3 0 (7" = 1.

Therefore, A < 0 if
Crmax (35 0; D (7 = 1) < Cpax(a; 0; D = 1), (7.21)

and the following statement holds.

Theorem 7.5 For problem 1‘ pi(r)=p; g(r)|CmaX under an exponential positional
effect (7.19), the objective function is priority-generating and

i ,
> l’vr(J')'}/171
Crax(m;0; 1) j=1

= 7.22

w(m) =

is its priority function. Problem 1|p‘,~ (r)=pjgr),SP — prec|Cmax is solvable in
O(nlogn) time.

Proof Dividing both sides of (7.21) by (v* — 1)(«” — 1), which is positive for all
positive 7y not equal to 1, we derive that A < 0, provided that



126 7 Scheduling with Positional Effects

Crax(c; 0; 1) - Crnax (35 05 1)
-1 T =1

For an arbitrary (partial) permutation 7, define the function w(w) by (7.22),
7|

since Crnax (3 0; 1) = X pr(jyy/ " It is easily verified that w(a) > w(B) implies

Jj=1
Cmax(ﬂ'aﬁ) = Cmax(ﬂ"ﬁa)v while w(a) = w(B) implies Cmax(ﬂ'a‘ﬁ) = Cmax(ﬂ-ﬂa)’ as
required by Definition 3.2. (I

Notice that if (7.22) is applied to a single job j, i.e., to a permutation of length
one, then the right-hand side of (7.22) boils down to p; /(v — 1). This correlates well
with Theorem 7.2, which implies that for problem 1 | pi(r) =p;jgr) } Cmax under an
exponential positional effect (7.19):

e For 0 < v < 1 (learning), w(j) = —p; is a l-priority function, and SPT is an
optimal priority rule.

e Forvy > 1 (deterioration),w(j) = p;isa 1-priority function, and LPT is an optimal
priority rule.

Notice that for a slightly more general effect

pi(r) = piy " +a;.
the makespan remains priority-generating and

|7

> P!
=1

(.L)(?T ) = W
remains a priority function.

‘We now pass to consideration of the single machine problem to minimize the sum
of the completion times > C; under an exponential positional effect (7.19).

Problem 1|p;(r) = p;g(r)| > C; under an exponential positional effect (7.19)
due to Theorem 7.3 is solvable by the SPT rule in the case of learning (0 < v < 1),
while by Theorem 7.4, it is solvable by the LPT rule in the case of fast deterioration
(7 = 2). These facts, however, do not imply that the objective function is priority-
generating for the relevant values of v. We demonstrate this below for two particular
values of ~.

Recall from Sect.3.2 that in accordance with Recipe 3.2, in order to dis-
prove that an objective function @ is priority-generating, the following approach
can be employed. An instance of the problem should be exhibited such that
& (1%) < ®(77) for some permutations 7*° = (1) and 77 = (m Bam,),
while ® (p*?) > & () for some other permutations p*’ = (' B¢”) and p** =
(¢’ Bag").

All counterexamples in the lemma below and the lemmas in the following sub-
section have a similar structure: There are four jobs, and permutations o = (1, 2),
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B = (3) and m, = (4) are selected. In the proofs, we compare two pairs of permu-
tations: 7’ = (a3,4) = (1,2, 3,4) and 77 = (Ba, 4) = (3, 1, 2, 4), as well as
0 = (4,a8) = (4,1,2,3) and " = 4, fo) = (4,3, 1,2).

Lemma 7.2 For problem 1|pj r)= pjg(r)| > C; under an exponential positional
effect (7.19) withy =2 and v = % the objective function is not priority-generating.

Proof For v = 2, consider the following instance of the problem in question. Take
four jobs with the normal processing times

pr=4 pp=1 p3=3, ps=1

and select permutations o = (1, 2), § = (3). Let F () denote the sum of the com-
pletion times of the jobs sequenced in accordance with a permutation 7, defined by
(7.17). Comparing permutations 7’ = (a3, 4) and 77 = (Ba, 4), we see that

FaB,4)=4x@xD)+3x (1x2)+2x (3x2))+1x2>=54
>FBa,4)=4x3xD+3x(4x2")+2x (I x2%)+1x2°

On the other hand, comparing permutations p*’ = (4, a3) and ©** = (4, o),
we compute
F4, aB) =60 < F(4, Ba) = 62.

For v = %, consider the four-job instance with the normal processing times

p1=19, p=1, p3=14, ps=1
and select permutations « = (1,2), 8= (3). We see that F(af,4) = 84% <

F(Ba, 4) = 85§, but F(4, af) = 343 > Crax(4, far) = 343,
This proves the lemma. U

7.3.2 Polynomial Positional Effect

We start this subsection with analyzing problem 1| pi(r)=p;jgr) |Cmax, where
gy =rt, 1<r=n. (7.23)

In the beginning, we do not make any assumption on the sign of A, i.e., do not
distinguish between learning and deterioration. On the other hand, we limit our
consideration to integer values of A.

Similar to Sect.7.3.1, below we also manipulate values Cpax (7; £; 7). It immedi-
ately follows from (7.23) that for an arbitrary permutation 7, we have that
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7|
Conax (3 0; 1) = D prjy ™
j=1
7|
Conax (730, 7) = D prjy(r 4 j — D™
j=1
||
Coax (T 1:7) = 14+ D pa(y(r +j — DY =1 4 Coax(m: 0:7). (7.24)
j=1

Let 7% = (m1a8m) and 77 = (7 Bam,) be two permutations of all jobs that
only differ in the order of the subsequences « (of u jobs) and 3 (of v jobs). Define
A by (7.20).

Following Recipe 3.1, in order to verify that in the case under consideration, the
objective function is priority-generating, we need to determine a sufficient condition
for the inequality A < 0 to hold.

Assume that thereare r — 1 jobs in permutation 7m; and denote Cpx(7; 0; 1)
by t'. Since Cpax(m1af72; 0; 1) = Chax(afB87o; t'; 1), it follows from (7.24) that
Crax (M1 aBm2; 0; 1) = 1" 4+ Crax (aBm2; 0; r); similarly, Crnax (1 Sams; 0; 1) =t 4
Chax (Barry; 05 1), so that

A = Cpax (0725 0; 1) — Crax (Bama; 05 7).

Besides, Crax (08m2; 05 7) = Crax (85 0; 1) + Crnax (125 0; ¥ + 1 + v) and Cax
(Bama; 0; 1) = Crax (B 0; 1) + Crax (25 0; 7 + v 4 u), so that

A = Crax (a5 0; 1) — Crax (Bav; 05 7).

We obtain

Conax (@3: 0:7) = D~ paiy(r +i = D* + D" ppiy(r +u+j — D™
i=1 j=1

Conax (B0 0;7) = D~ piy(r 4+ j = D* + D paiy (r +v +i — D,
j=1 i=1

so that
A= pup(r+i—D*=(+v+i-1? (7.25)
i=1

+> s (r+u+j— DA =+ j = DY),
j=1
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For A = 1, (7.25) simplifies to

A=—v Z PaGy T U Z PBG)- (7.26)
i=1 =1

and the following statement holds.

Theorem 7.6 For problem 1| pi(r) =p; g(r)|CmIX under the deterioration effect
(7.12) with A = 1, the objective function is priority-generating and

Z, | Pr(j)

(7.27)
|7r]

w(m) =

is its priority function. Under these conditions problem 1’pj (r)=pjgr),
SP — prec|Cnax is solvable in O (nlogn) time.

Proof Taking (7.26) and dividing the left-hand by uv, we deduce that A < 0, pro-

vided that )
u
Zi:1 Pai) - Zj:l Ppj)
u - v '

For an arbitrary (partial) permutation 7, define the function w(7) by (7.27). It
is easily verified that w(c) > w(B) implies Cpax (1) < Cpax (77%), while w(a) =
w(B) implies Cpax (1) = Cax (77%), as required by Definition 3.2. O

The meaning of w(m) of the form (7.27) is the average normal processing time
of the jobs in sequence , which correlates well with the fact that w(j) = p; is a
1-priority function for the problem.

The existence of the priority function for the case above is due to the fact that for
determining the sign of the difference A, we are able to (i) remove all parameters that
are not related to permutations «v and 3, and (ii) to separate the parameters associated
with permutation « from those related to 3.

It is unlikely that a priority function exists for other (integer) values of A. The
exhibited counterexamples in the statements below follow the same pattern as in
Sect.7.3.1.

The lemma below demonstrates that there is no priority function for A = 2.

Lemma 7.3 For problem l| pir)=p jg(r)|Cmax under the deterioration effect
(7.12) with A = 2 the objective function is not priority-generating.

Proof Consider the following instance of the problem in question. Take four jobs
with the normal processing times

pi=1 pr=6, p3=4,andps = 1.

and select permutations o = (1, 2), 3 = (3). Comparing permutations 70 = (af, 4)
and 77 = (Ba, 4), we see that
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Coax(@3,4) =1 4+6x224+4x32+1x4>=77
< Coax(Ba,4) =4+ 1x224+6x3%+1x4>=78.

On the other hand, comparing permutations ¢’ = (4, ) and ©** = (4, Ba),
we compute

Crax(@, a8) = 123 > Cpax (4, o) = 122,

which proves the lemma. U

Lemma 7.3 can be extended to the problem under the deterioration effect (7.12)
with integer A > 2.

Now we consider problem 1|, p;(r) = p; g(r)| > C; under the deterioration
effect (7.12) for integer A. Recall that Corollary 3.1 states that for a scheduling
model, the fact that the makespan is not a priority-generating function implies that
neither the total completion time is a priority-generating function. Due to Lemma 7.3,
we only need to look at the case of A = 1. However, Lemma 7.1 states that an opti-
mal permutation for A = 1is V-shaped; i.e., the problem does not admit a 1-priority
function. This means that for A = 1, the objective function is not priority-generating.

We now turn to the models with a learning effect (7.14). Unlike for its deterio-
ration counterpart, where at least one particular effect is associated with a priority-
generating function, a learning effect does not lead to a priority-generating objective
function, for both objectives, the makespan and the total completion time.

Lemma 7.4 For problem 1|P.i r) = pjg(r)|Cmax under the learning effect (7.14)
with A = —1 and A — 2 the objective function is not priority-generating.

Proof For A = —1, consider the following instance of the problem in question. Take
four jobs with the normal processing times

p1 =12, p» =96, p3 =36,and py =4

and select permutations o = (1, 2) and 8 = (3). We see that Cpx(af,4) =73 <
Cmax(ﬁa’ 4) =75, but Ciax (4, Oéﬁ) =51 > Cnax (4, ﬁOé) = 50.
For A = —2, consider the four-job instance with the normal processing times

P1 =36, p2=252, p3=72, p4=4

and select permutations o = (1, 2) and 3 = (3). We see that Cpux (a3, 4) = 107% <
CmaX(ﬂaa 4) = 1094]_‘5 but Cpax (4, O‘ﬂ) = 45% > Cnax (4, ﬂa) = 41%
This proves the lemma. O

Due to Corollary 3.1 and Lemma 7.4, we deduce that for problem 1| pi(r) =
Dj g(r)| > C; under the learning effect (7.14) with A = —1 and A — 2, the objective
function is not priority-generating.
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7.4 Bibliographic Notes

In this section, we only review the publications relevant to the content of this
chapter. The problems with parallel machines under positional effects are discussed
in Chap. 11. For other relevant models and problems with other objective functions,
the reader is referred to focused surveys Janiak and Rudek (2006) and Rustogi and
Strusevich (2012b).

Among the first papers that consider scheduling problems with a general position
effect (7.1) are Bachman and Janiak (2004) and Mosheiov and Sarig (2009). How-
ever, reductions to a full form linear assignment problems similar to those presented
in Sect.7.1 appear in Biskup (1999) and Mosheiov and Sidney (2003). Although
the authors of the two latter papers consider problems with a learning effect, the
assumption on learning in not used in the reduction.

Research on scheduling problems with positional effects conducted before the
critical review Rustogi and Strusevich (2012b) has had several limitations. First,
earlier authors focused on monotone effects only, such as learning and deterioration;
moreover, these two types of effects have been considered separately despite their
similarities. Second, assumptions on the exact shape of positional factors have been
made (i.e., polynomial or exponential), despite the fact that many results would hold
for an arbitrary array of positional factors. Third, the choice of solution approaches
has included only simple priority rules, such as either the LPT or the SPT, and a
reduction to a full form of the linear assignment problem, while a possible use of
Algorithm Match has been neglected.

Surprisingly, the fact that problem 1| pir)=p jg(r)|Cmax for an arbitrary array
g(r), 1 <r < n, of positional factors is solvable in O (n log n) time has been estab-
lished only in Rustogi and Strusevich (2012b). The same can be said about optimality
of the LPT rule for the a general positional deterioration effect (7.10) and about opti-
mality of the SPT rule for a general positional learning effect (7.11). For special
cases of the general position deterioration effect, optimality of the LPT rule has been
established earlier: for the polynomial deterioration (7.12) by Mosheiov (2005) and
for the exponential deterioration (7.13) by Gordon et al. (2008). Similarly, optimality
of the SPT rule has been established for the polynomial learning (7.14) by Mosheiov
(2001) and for the exponential learning (7.15) by Gordon et al. (2008).

Notice that some authors study scheduling problems with alternative forms of
position-dependent processing times. For example, Bachman and Janiak (2004) con-
sider a single machine problem to minimize the makespan in which the processing
time of job j scheduled in position r is given by p;(r) = A; + b;r, where A; is
the normal processing time and b; is a job-dependent rate (positive in the case of
deterioration and negative in the case of learning). As shown in Rustogi and Stru-
sevich (2012b), even for a more general situation, e.g., when the actual time of job
J scheduled in position r is defined by p;(r) = A; (a j+b; g(r)), for an arbitrary
permutation 7 of jobs, the makespan can be written as
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n n
Cmax(’/T) = z ATF(r)a’]T(V) + Z Aw(r)bw(r)g(r)a
r=1 r=1

which satisfies (7.3) with W(r) = g(r), 1 <r <n, pj=A;b;, jeN,and I' =
Zj‘:] Ajaj, so that the problem of minimizing the makespan is solvable by Algo-
rithm Match in O (n logn) time.

Rustogi and Strusevich (2012a,b) solve problem 1|pj (r)= pjg(r)| > C; for
an arbitrary array g(r), 1 <r < n, of positional factors by Algorithm Match in
O (n log n) time. They also prove optimality of the SPT rule under a general positional
learning effect (7.11). Optimality of the SPT rule for the case of a polynomial learning
effect (7.14) has been proved by Biskup (1999) and for an exponential learning effect
(7.15) by Gordon et al. (2008). Surprisingly, for problem 1|pj (r)= pjg(r)| >.C;
with a deterioration effect (7.10), no polynomial algorithm faster than O (n3) time
has been known prior to Rustogi and Strusevich (2012a,b). Theorem 7.4 which
resolves the issue of the existence of a 1-priority function for the problem under
an exponential positional effect (7.13) is proved in Gordon et al. (2008). Mosheiov
(2005) demonstrates that for the problem with a polynomial deterioration effect
defined by (7.12), an optimal permutation is V -shaped; his proof is different from the
reasoning given in Sect.7.2.2. Yang and Yang (2010) claim that the latter problem
can be solved by a technique used by Biskup (1999), which, however, cannot be
transferred to deterioration.

As mentioned above, the single machine problem to minimize the makespan with
the effect p;(r) = A + b;r, introduced by Bachman and Janiak (2004), is solvable
in O(nlogn) time, even in more general settings. By contrast, if the objective is
the total completion time, the problem does not reduce to minimizing (7.3) and it is
essential to use a full form linear assignment problem for its solution (see Yang and
Yang (2010)).

The material of Sect. 7.3 is based on paper Gordon et al. (2008).

Regarding related objective functions, notice that Mosheiov (2001) shows that
problem 1| p;i(r) = p;j g(r)| > w;C; under a polynomial learning effect (7.14) can-
not be solved by the WSPT rule, even for a two-job instance. The exact status of the
problem remains unresolved.
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Chapter 8
Scheduling with Pure and Combined
Additive Start-Time-Dependent Effects

In this chapter, we study the problems of minimizing the makespan and the total
completion time on a single machine, provided that the actual processing times of
the jobs are subject to a special form of a start-time-dependent effect. We also study
effects in which such a start-time-dependent effect is combined with a positional
effect.

Forajob j € N ={1,2,...,n},its normal processing time p; is given. Suppose
that the jobs are processed on a single machine in accordance with a permutation
m = (w(l), ..., m(n)). As defined in Sect. 6.2, if the actual processing time of a job

depends on its normal processing time and its start time in the schedule, we call such
an effect start-time-dependent.

Following Sect. 6.2, we distinguish between two types of a start-time-dependent
effect: additive and multiplicative. Let p;(7) denote the actual processing time of
job j € N that starts at time 7 > 0. Then, under a general additive effect, we define

pi(T) = p; + f;i (1), (8.1)

while under a general multiplicative effect, we define

pi(T) = p; fi(1), (8.2)

where f; is a job-dependent function of the start-time.

Scheduling problems with a multiplicative start-time-dependent effect are con-
sidered in Chap.9. In this chapter, we focus on the problems with an additive effect
of the form (8.1). We also study additive models in which the function f;(7) is
job-independent, so that the additive effect is of the form

pi(T) =p;+ f(7). (8.3)
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In fact, we shall study a more general form of the effect (8.3) that combines a job-
independent start-time-dependent effect with a general job-independent positional
effect, so that the actual processing time of job j that is scheduled in the rth position
and starts at time 7 is given by

pi(mir) = (p;j + f(1)g(r), (8.4)
where

e f:[0,4+00) — Risacontinuous differentiable function, common to all jobs, that
depends on the start time 7 of the job in the rth position;

e Array g(r), 1 <r < n, is a monotone sequence of positional factors and defines
a positional effect.

Notice that if function f is non-negative and non-decreasing (non-positive and
non-increasing), we deal with a start-time-dependent deterioration (learning) effect.
In the case of a learning effect, an additional assumption

f(r) <min{py, p2,..., pn}, 7> 0, (8.5)

is required. This assumption guarantees that under a learning effect, the actual
processing times remain non-negative for each job j € N.

Problems with positional effects are considered in Chap.7. Recall that if the
sequence g(r), | <r < n, of positional factors is non-decreasing (non-increasing),
we deal with a positional deterioration (learning) effect.

In this chapter, we assume that f(0) = 0 and g(1) = 1, which guarantees that for
the job which is the first in the processing sequence, the actual processing time is
equal to its normal time.

As adopted throughout this book, if job j is sequenced in position 7 (r) of per-
mutation 7, its completion time is denoted either by C; () or by Cr(., whichever is
more convenient.

Many problems from the considered range admit a solution by a priority rule.
Recall that if the jobs are numbered in accordance with the LPT rule, then

P1=Z P22 = Dn, (8.6)

while if they are numbered in accordance with the SPT rule, then

PL=p2=:= Dn. (8.7)

This chapter is structured as follows. Section 8.1 studies single machine problems
with no precedence constraints under various effects, including a combined effect
(8.4) and linear job-dependent and job-independent effects. Section8.2 considers
problems with series-parallel precedence constraints, mainly under pure start-time-
dependent linear effects.
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8.1 Scheduling Independent Jobs

In this section, we address various versions of single machine scheduling problems,
provided that no precedence constraint is imposed on the set of jobs and the actual
processing times are subject to an additive start-time-dependent effect of the form
(8.1) or a combined effect of the form (8.4).

8.1.1 Combined Effects

Consider a job-independent nonlinear additive start-time-dependent effect which
is combined with a positional effect so that the actual processing time of a job
is given by (8.4). For the combined effect (8.4), the problems of minimizing
the makespan and the total completion time on a single machine are denoted by
Up;;r)=(p;+ f)g()|Crax  and by 1|p;(mir) = (pj + f(1)g(r)]
> C;, respectively.

Function f can take both positive and negative values; in the latter case, it satisfies
(8.5).

We start with a rather general statement, which should be seen as an extension of
Theorem2.3.

Theorem 8.1 Letm = (n(1), ..., w(n)) be a permutation, in which two jobs u and
v such that

Pu > Do (8.8)

occupy two consecutive positions r andr + 1, i.e., u = w(r) and v = w(r + 1). Let
permutation 7w’ be obtained from © by swapping the jobs u and v. Then for a single
machine problem with a combined effect (8.4) the inequality

Cry = Cry (8.9)

holds for all h, 1 < h < n, provided that function f is non-decreasing and the array
g(r), I <r < n, is non-increasing, i.e., it follows

l=9(1)=9@2)=---=gn). (8.10)

Proof 1t is convenient to represent permutation 7 as 7 = (7, u, v, m), where m;
and 7, are subsequences of jobs that precede job u and follow job v in permutation
w, respectively. Then, 7' = (7, v, u, m3).

We present the proof assuming that both sequences 7| and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence 7
are not affected by the swap of jobs u and v, i.e., (8.9) holds as equality for each #,
Il<h<r-1.


http://dx.doi.org/10.1007/978-3-319-39574-6_2

138 8 Scheduling with Pure and Combined Additive Start-Time-Dependent Effects

Define X as the completion time of the job in the (r — 1)th position in sequence
m (or, equivalently, in 7’), i.e., X = Cr(—1y = Cp(—1y. For h = r, we derive that

Criy = Cu(m) = X + (pu + f(X))g(r);
Cw’(r) = Cv(ﬂ/) =X+ (pv + f(X))g(l")

Due to (8.8), we see that inequality (8.9) holds for 7 = r.
For h = r + 1, we derive that

Crg+1y = Co(m) = X + (pu + f(X))g(r)

+(po + fX + (pu + F(X))g(r)g(r + 1);
Cri+ny = Cu(7) = X + (pu + f(X)g(r)

+(pu + fFX + (po + F(XD))gr)g(r + 1).

Define
A= C7r’(r+1) - Cﬂ'(r-H)-

Writing out the actual processing times of jobs u and v in permutations 7 and 7,
we obtain

A= (py,—p)gr)—gr+1) (8.11)
+(fX + (py + f(X)Ng() — (X + (pu + fF(X)g@)Ng(r + 1).

Due to (8.8) and (8.10), we have that

(pv — Pu)(g(r) —g(r +1)) <0.

Besides, X + (py + f(X)g9(r) = Cr) < Crpy = X + (pu + f(X))g(r), so
that

FX 4 (po+ f(X))g(r) = f(X + (pu + f(X))g(r)) =0,

since f is non-decreasing. Thus, A <0, i.e., (8.9) holds for h = r + 1.

The jobs that follow the position 4 1 form the same sequence 7, in both per-
mutations 7 and 7’. Each of these jobs starts in permutation 7’ no later than in
permutation 7, and therefore, (8.9) holds foreach h,r +2 < h < n.

This proves the theorem. ]

Since the positional factors satisfy (8.10), it follows that Theorem 8.1 addresses
a single machine model in which a start-time-dependent deterioration effect is com-
bined with a positional learning effect. Theorem 8.1 demonstrates that in a sequence
that minimizes any objective function ®(7) that depends only on the completion
times, the jobs may be arranged in such a way that a job with a larger normal
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processing time is not followed by a job with a smaller normal processing time.
Examples of such a function include, but not limited to Cpx, > C j , Where z is a
given positive number, and their linear combination {Cyy.x +1 > C JZ

Theorem 8.2 For problem 1|p‘,- (t;r) = (pj + f(T))g(r)’CD, where @ €
{Cmax, > Cj ECmax + 12 C;} under an effect (8.4) that combines an additive
start-time-dependent deterioration effect and a positional learning effect an optimal
permutation can be found in O (nlogn) time by sorting the jobs in accordance with
the SPT rule (8.7), provided that function f is non-decreasing and the positional
factors g(r), 1 <r < n, are non-increasing, i.e., (8.10) holds.

Reformulating Theorem8.2, we conclude that problem 1| pi(T;r) =
(pj + f(D)g(r)|®, where ® € {Cmax, > CECman + 12 Cf},underacombined
effect (8.4) with a non-decreasing function f and non-increasing positional factors
g(r), 1 <r < n, admits the 1-priority w(j) = 1/p;.

It appears that the analysis of a combined effect (8.4) with an additive start-
time-dependent learning effect and a positional deterioration effect, defined by a
non-increasing function f and non-decreasing positional factors g(r), 1 < r < n,is
not fully symmetric to that presented in Theorem 8.1. We need additional conditions
on the derivative of f, and even then only a less general statement can be proved.

Before we present the next result, we reproduce a classical statement, known in
mathematical analysis as the Lagrange’s mean value theorem.

Theorem 8.3 Ifa function f is continuous on a closed interval [a, b], where a < b,
and differentiable on the open interval (a, b), then there exists a point ( € (a, b)
such that

f@— f®) = f'(Ola—b).
Theorem 8.3 is used in the proof of the theorem below.

Theorem 8.4 Letm = (n(1), ..., w(n)) be a permutation, in which two jobs u and
v such that

Pu < Pv,

occupy two consecutive positions r andr + 1, i.e., u = w(r) and v = w(r + 1). Let
permutation 7' be obtained from 7 by swapping the jobs u and v. Then for prob-
lem 1’pj (r;r) = (pj + f(T))g(r)|CmaX with a combined effect (8.4) the inequality
Cnax (7r/) < Cmax (1) holds, provided that

(i) f is differentiable and non-increasing on [0, +00);
(ii) positional factors g(r), 1 < r < n, are non-decreasing, i.e.,

l=91) =92 <--- =g, (8.12)

and
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@iii) |f'(1)| < 1/g(n) for T € [0, +00).

Proof The first part of the proof follows that of Theorem 8.1. We represent permuta-
tions 7 and 7" as w = (7y, u, v, m,), where 7| and 7, are subsequences of jobs that
precede job u and follow job v in permutation 7, respectively. We present the proof
assuming that both sequences 7| and 7, are non-empty; otherwise, the corresponding
part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence
are not affected by the swap of jobs u and v. Define X as the completion time
of the job in the (r — 1)th position in sequence 7 (or, equivalently, in 7’), i.e.,
X := Crp—1) = Crr—1). For h = r, we have that Cr) = X + (py + f(X))g(r)
and Cr )y = X + (py + f(X))g(r).Notice that p, < p,, whichimplies that Cr(y <
Cr(ry. This explains why under the conditions of Theorem 8.4 it is not possible to
prove a more general statement, similar to Theorem 8.1.

Further, for the jobs in position r + 1, as in the proof of Theorem8.1, define
A = Cr 41y — Cr+1y, Which can be rewritten as (8.11). Since p, < py, g(r) <
g(r + 1) due to (8.12), and function f is non-increasing, we deduce that A < 0, i.e.,
Cri+1) < Crit1)-

The rest of the proof relies on condition (iii) and is done by induction. Assume
that the inequality (8.9) holds for each &, where r +1 <h <g—1<n—1. We
prove that (8.9) holds for 4 = g.

The jobs that follow the position r + 1 form the same sequence 7, in both per-
mutations 7 and 7’. Let x be the job scheduled in position ¢, i.e., x = 7(q) = 7'(g).
We deduce that

Crg) = Co(m) = Crig-y + (px + f(Crig-1))) 9(q);
Crigy = Cu(7) = Crig—ny + (P + [(Crig-1))) 9(@)-
Define § := Cr(y—1) — Crg—1y. If 6 = 0, then Cr(y) = Cr(y); otherwise, by the
induction assumption, § > 0.

By Theorem 8.3 and due to the fact that f is non-increasing, there exists a point
(e [Cﬂ—/(qfl), Cﬂ—(qfl)] such that

F(Crig-1) = f(Crig-n +8) = =6 f'(Q) = 8| f(Q.

By condition (iii), we have that |f’(§)| < 1/g(n), which implies that f(CWr(q,l))
— f(Crg—1) + ) < §/g(n). Thus, we deduce that

Crig) = Crtq) = (Carg—1) = Crig—1)) + (f(Crg—1) = [ (Crig-1)))9(@)

)
0+ (f(Crig-1y) = f(Crrig-1y +9))9(q) < =0 + mg(q) <0,

where the last inequality holds because g(g) < g(n) due to (8.12).
We conclude that the inequality (8.9) holds for each i, 7 + 1 < h < n. In partic-
ular, Criny < Crinys 1€, Cnax (77/) < Cpax (7). This proves the theorem. U
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Notice that if f is additionally non-positive, the start-time-dependent compo-
nent of the combined effect (8.4) represents a learning effect. Condition (iii) of
Theorem 8.4 ensures that the learning rate is not too large, so that the actual process-
ing times of jobs never become negative.

Theorem 8.4 immediately leads to the following statement regarding single
machine scheduling problems to minimize the makespan.

Theorem 8.5 For problem 1 |pj (r;r) = (pj + f(T))g(V)iCmax under the com-
bined effect (8.4), an optimal permutation can be found in O (n log n) time by sorting
the jobs in accordance with the LPT rule (8.6), provided that the conditions of The-
orem 8.4 are satisfied.

Notice that the proof of Theorem 8.4 in fact demonstrates that the inequality (8.9)
holds for each & other than r, while Cr(y < Cyr (. This fact does not allow us to
derive any conclusions regarding the status of problem 1| pi(T;r) = (p i+ f (7'))
g(r)| 2_ Cj, provided that function f is non-increasing on [0, +00). Below, we
present a counterexample that demonstrates that the problem can be solved neither by
the SPT rule nor by the LPT rule, even if a pure additive start-time-dependent effect
is considered, i.e., even if g(r) = 1, 1 <r <n. Notice thatifg(r) =1,1 <r <n,
then condition (iii) of Theorem 8.4 simply becomes ‘ f ’(7')] < 1 for 7 € [0, +00).

Example 8.1 Consider an instance of problem 1| pi(m)=p;+f (T)| > C; tomin-
imize the sum of completion times under the additive effect (8.3) with the function
f(r)y=—-1+1/(1+7), 7 > 0. There are 8 jobs with the normal processing times
listed below

pi=1,pr=2 p3=3, pa=4, ps=5, ps=5, pr=6, pg=6.

It is clear that f(0) = 0 and function f is decreasing. Also, its derivative | f ’(T)| =
ﬁ < 1,for7 €[0, 400). Thus, f satisfies the conditions of Theorem 8.4. For this
instance, the total completion time > C; is minimized neither by the SPT sequence,

Table 8.1 Computations for Example 8.1

7=(1,2,3,4,56 |7=8.7.6,544 |7=2.1345,

7,8) [SPT] 3,2, 1) [LPT] 6.7.8)
Crity 1.00 6.00 2.00
Cr2) 2.50 11.14 2.33
Cr3) 4.79 15.23 4.63
Cry 7.96 19.29 7.81
Cr(s) 12.07 2234 11.92
Cre) 16.15 24.38 16.00
Crn) 21.21 25.42 21.06
Crr(8) = Crmax () 26.25 25.46 26.11
> Cuii) 91.92 149.24 91.87
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Table 8.2 Results for scheduling independent jobs on a single machine with an additive start-time-
dependent effect

Condition on | Condition on | Condition on | Objective Rule Statement

g f f!

9\ ./ - Cmax SPT Theorem 8.2
9\ v - > C; SPT Theorem 8.2
9\ f/ - ECmax + SPT Theorem 8.2

n2.C;

g9/ f NG 3f |£] <1/9(n) | Crmax LPT Theorem 8.5
g=1 £\ 3f lf'] =<1 > C; Open Example 8.1

nor by the LPT sequence. The corresponding computations (accurate to 2 decimal
places) are shown in Table 8.1. We see that permutation (2, 1, 3, 4, 5, 6, 7, 8) delivers
a smaller value of the total completion time than that produced by each of the SPT
and the LPT sequences.

The results presented in Sect.8.1.1 are summarized in Table 8.2. Here, we write
g =1 to indicate that g(r) = 1, 1 <r < n; besides, in the first and the second
columns, we use symbols /' and Y\ to indicate that either the sequence g(r) or
the function f is non-decreasing or non-increasing, respectively.

8.1.2 Job-Dependent Linear Effects

In this subsection, we address a single machine scheduling problem under pure linear
additive job-dependent start-time-dependent effects. Each job j € N is associated
with a normal processing time p; and a non-negative rate a;. We study the effects,
under which the actual processing time p;(7) of job j that starts at time 7 is given
either by

pj(t) =pj+a;r, (8.13)

or by
pi(T) =p;j —a;T. (8.14)

Here, a; is a positive number that represents either a deterioration rate (in the case
of effect (8.13)) or a learning rate (in the case of effect (8.14)) of job j € N.

It is clear that both effects (8.13) and (8.14) are versions of the general additive
effect (8.1) with either f;(1) = a;7 or f;(T) = —a;T, respectively. Notice that in
the case of the learning effect (8.14), an additional assumption

Clj<1, aj(Zpi—pj)<pj,jeN, (815)
i=1



8.1 Scheduling Independent Jobs 143

is required. The first part of this assumption guarantees that for minimizing a regular
objective function, an unnecessary delay in starting a job is counterproductive, and
the second part which follows from (8.5) guarantees that the actual processing times
are kept non-negative.

First, we provide a closed form formula for computing the completion times on a
single machine under the effects (8.13) and (8.14).

Lemma 8.1 Let the jobs be processed on a single machine in accordance with
a permutation ™ = (w(1), 7(2), ..., w(n)). Under the effect (8.13) the completion
times can be computed by the formula

k k
Cﬁ(k) = Zpﬂ(j) H (1 + aﬁ(l')), 1<k <n, (8.16)
j=1 i=j+1

while under the effect (8.14) they can be computed as

ﬂ-(k) = Zp,r(j) H 1 —aﬂ-(,) 1 < k <n. (817)

i=j+1
Proof We present the derivation of (8.16); the derivation of (8.17) is similar. The
v

proof is by induction. Recall that by a standard agreement, H(~) = 1, provided that

i=u
u>"v.

For k = 1, we see that the actual processing time of job 7(1) is pr(), so that
Cra) = prq), as required for the basis of induction.

Assume that (8.16) holds for all k, where 1 <k < g — 1 <n — 1. We prove that
(8.16) holds for k = g. By definition and the induction assumption, we have that

Crig) = Crig-1) + Prig) + @riqyCrig—1) = Prigy + (1 4 ari)) Crig—1)

g—1 g—1
= prigy + (1 + ) D e [ (1 + @)
j=I i=j+1
q—1 q q
= Pr(g) T Z Dr(k) H 1+ ) Z Pk H 1+ arp)),
j=1 i=j+1 i=j+1
which proves the lemma. (]

We denote the single machine problems for minimizing a function & under the
effects (8.13) and (8.14) by 1|p;(7) = p; +a;7|® and 1|p;(1) = p; — a;7|®,
respectively.

Lemma 8.1 together with Theorem 2.5 on minimizing the sum of products implies
the following statement.
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Theorem 8.6 For problem lypj (r) =pj+ ajT}Cmax, with a deterioration effect
(8.13), an optimal permutation can be found in O (n log n) time by sorting the jobs in
non-decreasing order of the ratios p;/a;. For problem 1|p;(T) = p; — (1j7'|Cmax,
with a learning effect (8.14) under the assumption (8.15), an optimal permutation
can be found in O (nlogn) time by sorting the jobs in non-increasing order of the
ratios pj/a;.

Proof 1t follows from Lemma 8.1 that for a given permutation 7, we have

n

Conax (1) = Criy = D Py [ | (1 + @)
j=1

i=j+1

for problem 1|pj (ry=p;+ ajT|Cmax, while

Crax () = C7r(n) = Zpﬂ(j) H (1 - a"(i))
=1

i=j+1

for problem 1|pj(7') =p;j —aj7-|Cmax. In either case, minimizing Cpax(7) is
equivalent to minimizing the sum of products K () defined by (2.14). The conditions
of Theorem2.5 regarding components b; hold, since in the case of problem
lp;j(r) = p;+a;7|Cmax, all differences b; —1=(14a;)—1=a; are
non-negative, while in the case of problem l| pi(t)=pj—a jT|Cmax, all differences
bj —1=(1—-a;) — 1 = —a; are non-positive. O

Reformulating Theorem8.6 in terms of 1-priorities, we conclude that prob-
lem 1|pj(7) =p;+ ajTICmax admits a 1-priority function either w(j) = a;/p;
or w(j) = —pj/a;, while problem 1|p;(r) = p; — a;T|Cpax admits a 1-priority
function w(j) = p;/a;. Sequencing jobs in non-increasing order of 1-priorities
solves the corresponding problem.

We now pass to problems of minimizing functions related to the sum of the
completion times.

Theorem 8.7 Problems 1|pj(7') =p; —|—a_,-7'| >.C; and 1|p_,-(7') =pj—a;T
> C; do not admit a 1-priority function.

Proof We present the proof for problem l|p i(T)y=pj+a j7'| > C;; the proof
for problem 1|p;(t) = p; —a;7| > C; is similar. To prove the theorem, we use
Recipe 2.2 from Sect.2.1.1. Consider an instance of problem 1|p; (1) = p; + a;T

> C; with four jobs such that py =--+- = py =1 and

a1:l, 612:2, 613:1, a4:1.
Let F () denote the sum of the completion times of the jobs sequenced in accor-

dance with a permutation 7. If F(7) admitted a 1-priority function w(j), then for
any pair of jobs u and v such that w(u) > w(v), the value of F for any permutation


http://dx.doi.org/10.1007/978-3-319-39574-6_2
http://dx.doi.org/10.1007/978-3-319-39574-6_2
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Table 8.3 Computation for the proof of Theorem 8.7

m=1((1,2),3,4) |[7=(2,1),3,4) |7=@3,4,(1,2)) |7=3,4,2,1)
Cr(1 1 1
Cri2) 4 3 3 3
Cr(3) 9 7 7 10
Cr@ 19 15 22 21
F(m) 33 26 33 35

m in which u precedes v should be no larger than the value of F for permutation 7’
obtained from 7 by swapping the jobs u and v.

Table 8.3 presents the details of relevant computation that is based on (8.16). We
see that

F((1,2),3,4) =33 > F((2, 1),3,4) = 26;
F@3,4,(1,2) =33 < F3,4, (2, 1)) = 35.

For the first pair of permutations (those which finish with 3, 4), ordering the jobs
1 and 2 as (1, 2) gives a better value of the function compared to the order (2, 1) of
these jobs. On the other hand, for the second pair of permutations (those which start
with 3, 4), the opposite phenomenon is observed. We conclude that no 1-priority
function exists. ]

The problem of minimizing the weighted sum of the completion times > w;C;
under the effect (8.13) is NP-hard, as proved below by polynomial reduction in the
following problem.

NON-NUMERICAL 3-PARTITION. Given positive integers ey, ez, ..., e3, and the
index set R = {1, ..., 3r} such that

e ¢; is bounded by a polynomial of r, i € R,
e 1E <e¢; < 1E,i €R,and
e ¢(R)=>,.pei =TR,

does there exist a partition of set R into r disjoint subsets R; such that e(R;) =
ZieRk e; = E foreachk,1 <k <r?

Theorem 8.8 Problem 1|pj (r)y=p;+ aj7'| > w;C; is NP-hard in the ordinary
sense.

Proof We show that NON-NUMERICAL 3-PARTITION reduces to the decision version
of problem 1|p;(1) = p; +a;7| > w;C;. The difference between 3-PARTITION
formulated in Sect.1.3.2 and NON-NUMERICAL 3-PARTITION is that in the latter
problem, it is additionally assumed that each e; is bounded by a polynomial of r.
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Given an instance of NON-NUMERICAL 3-PARTITION, define the following instance
of problem 1|p;(1) = p; +a,;7| > w;C;. Compute

D=r(r+3), y=r(r+3)D"DE

There are n = 4r + 1 jobs, which are split into two classes: the U-jobs, denoted by
U;, 1 <i <3r, and the V-jobs, denoted by V;, k € {0, 1, ..., r}. For the U-jobs,
the parameters are set equal to

pu, =0, ay, =D —1, wy, =1, 1 <i <3r

i

For the V -jobs, define

v =1, ay =0, wy,=y+1;
Py, = DFE. ay, =0, wy, = pr+1-bE
We show that NON-NUMERICAL 3-PARTITION has a solution if and only if for
the constructed instance of problem 1] pi(t)=pj+a jT‘ > w;C; there exists a
schedule Sy for which the value of the objective function is at most 2y + 1.

First, assume that NON-NUMERICAL 3-PARTITION has a solution, and Ry, 1 <
k < r, are the found sets. Then, a required schedule Sy exists and can be found as
follows: The V-jobs are scheduled in the sequence Vp, V1, ... Vi, and between each
pair of jobs V;_; and V}, a triple of jobs U; with i € R; are processed.

To demonstrate that for schedule Sy, the value of the objective function is at most
y + 1, compute the contribution Fy = wy, Cy, for each V -job.

It is clear that job V; completes at time 1, so that Fy = y + 1. Suppose that
Ry = {i1, i2, i3} and assume that in schedule Sy, jobs U;,, U;, and U, are processed
in this order. Finally, job Uj;, starts at time 1, its actual processing time is D1 — 1 and
it completes at time D¢1. Similarly, job Uj;, starts at time D1, its actual processing
time is (D2 — 1) D1, and it completes at time D1 D2 . Finally, job U;, completes
at time D% D¢ D¢ = D*®R)_Notice that the completion time of the block of these
three jobs, i.e., the start time of job V|, does not depend on the order of the jobs
within the block. Thus, we deduce

F] — (DE(R]) + DE)DI‘E — DE(R])JH‘E + D(rJrl)E
Similarly, we obtain that the start time of job V; is (DE(RI) + DE )De(RZ), so that

F2 — ((DE(R]) + DE)DE(Rz) + DZE)D(rfl)E
_ peRIFRI+HC-DE | pe(R)+E | pO+DE.

Extending, we derive that for an arbitrary k, 1 < k < r, the equality
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k
k
Fk — 2 D(Zv:u e(Rv))+(r+u—k)E + D(r+1)E (818)

u=I1

holds for an arbitrary k, 1 <k <r.
Since NON-NUMERICAL 3-PARTITION has a solution, we know that e(R;) = E,
1 < k < n, which implies that

Fr=(k+1D)D"VE 1 <k <,

so that

1
Fk = 5}"(}" + 3)D(r+l)E.
k=1

Each U-job completed between jobs V;_; and V; makes a contribution to the
objective function which is no larger than the completion time of job Vi, i.e., Fi/wy,.
Since Fy/wy, < Fy/wy,, it follows that a triple of the U-jobs completed between
jobs Vi_; and V; makes a total contribution that is no larger than 3 Fj /DE.

For schedule Sy, the objective function is the sum of >, _, Fi plus the total
contribution of the U-jobs which does not exceed

r 3 r r
(y—i—l)—i—ZFk—i—ﬁZFk<(y+1)+22Fk=2y+1,
k=1 k=1 k=1

as required.

Now assume that there exists a required schedule Sy, in which the sum of weighted
completion times does not exceed 2y + 1.

It immediately follows that job V must be scheduled in the time interval [0, 1];
otherwise, its contribution Fyy > 2wy, is at least 2y + 2.

Using Theorem 2.6 on optimality of the WSPT rule for problem 1| | X" w;C}, itis
easy to show that in schedule Sy, the V-jobs should be sequenced in non-decreasing
order of the ratios py, /wy,, i.e., in the order of their numbering Fy,, Fy,, ..., Fy,.

Let Ry denote the index set of the U-jobs sequenced between the jobs Fj_; and
Fr, 1 <k < r. Suppose that for some k, we have that e(R;) > E. Then, it follows

from (8.18) that
Fy > DCROTE L pU+DE 5 p(E+D+E | pO+DE _ pe+DE(p 1 1) 5 .

Therefore, we must have that e(R;) < E for each k, 1 <k <r. This together
with e(R) = rE yields e(Ry) = E, 1 <k <r;i.e., the sets R, form a solution to
NON-NUMERICAL 3-PARTITION, as required.

The presented reduction requires time that is polynomial in » and E. Although
NON-NUMERICAL 3-PARTITION is NP-complete in the strong sense, the presented
reduction is polynomial, not pseudopolynomial, which only allows us to conclude
that problem 1| pi(t)=pj+a j7'| > w;C; is NP-hard in the ordinary sense. O
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8.1.3 Job-Independent Linear Effects

In this subsection, we address a single machine scheduling problem under linear
additive job-independent start-time-dependent effects. We study these effects in
combination with positional effects. If each job j € N is associated with a nor-
mal processing time p;, then under the studied effect, the actual processing time
p;(7) of job j that starts at time 7 and is placed in position r, 1 <r < n, is given
either by

pi(miry=(p;j +ar)g(r) (8.19)

or by
pi(T;r) = (pj — aT)g(r). (8.20)

Here, a is a positive number that represents either a deterioration rate (in the
case of effect (8.19)) or a learning rate (in the case of effect (8.20)), and this rate
is common for all jobs j € N. Array g(r), 1 <r < n, is a possibly non-monotone
sequence of positional factors and defines an arbitrary positional effect. In general,
the sequence g(r), 1 < r < n,need not be monotone; however, if it is non-decreasing
(non-increasing), it represents a positional deterioration (learning) effect. Notice that
both effects (8.19) and (8.20) are special cases of (8.4).

As usual, it is assumed that g(1) = 1, which guarantees that for the job which is
the first in the processing sequence, the actual processing time is equal to its normal
time. Notice that in the case of a start-time-dependent learning effect (8.20), we must
also adopt the additional assumption

1
= maxig(1), 92, ... g}’

at < min{py, p2,..., pn}, 7> 0, (8.21)

which follows from (8.5) and (8.15) and guarantees that there is no idle time before
the processing of a job and the actual processing times do not assume negative values.

For the combined effect (8.19), the following statement immediately follows from
Theorem 8.2.

Theorem 8.9 For  problem 1|pj(7'; r)= (pj + aT)g(r)|d>, where  ® €
{Cmax, > Cf, ECmax + 1> CZ»], under an effect (8.19) that combines an additive

start-time-dependent deterioration effect and a positional learning effect, an optimal
permutation can be found in O (nlogn) time by sorting the jobs in accordance with
the SPT rule, provided that the array g(r), 1 <r < n, is non-increasing, i.e., (8.10)
holds.

Reformulating Theorem 8.9 in terms of 1-priorities, we conclude that problem
1|p]~(7'; r) = (pj +a7’)g(r)|<l> for ® € {Cmax, > C%, ECmax +772C§-} admits a
1-priority function either w(j) = 1/p; or w(j) = —p;, provided that (8.10) holds.

For the combined effect (8.20) with a negative sign, the following statement
follows from Theorem 8.5.
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Theorem 8.10 For problem lypj (t;r) = (p_,- - a7’)g(r)|CmaX, under an effect
(8.20) that combines an additive start-time-dependent learning effect and a posi-
tional deterioration effect, an optimal permutation can be found in O (nlogn) time
by sorting the jobs in accordance with the LPT rule, provided that the condition
(8.21) holds, and the array g(r), 1 <r < n, is non-decreasing, i.e., (8.12) holds.

Theorem8.5 is applicable because for problem 1‘ pi(T,r) = (p i — ar)
g(r)|Cax, the start-time-dependent function f(7) = —art decreases on [0, 00), and
due to the assumption (8.21) we have that |f/(7')| =a < 1/g(n).

Reformulating Theorem 8.10 in terms of 1-priorities, we conclude that problem
1|pj(7'; r) = (pj — a7’)g(r)|Cmax admits a 1-priority function either w(j) = p; or
w(j) = —1/p;, provided that (8.12) holds.

Now, we show that single machine problems with the combined effects (8.19)
and (8.20) are polynomially solvable for a range of objective functions, even if
the sequence g(r), 1 <r < n, is not monotone. As demonstrated in Chap. 7, many
single machine scheduling problems with a positional job-independent effect reduce
to minimizing a function

O(m) = D W) e, (8.22)

r=1

where W(r), 1 <r <n, is a suitably defined positional weight which denotes the
contribution of a job scheduled in the rth position to the objective function. Function
(8.22) is in a linear form, and an optimal permutation can be found in O (nlogn)
time by Algorithm Match given in Sect.2.1.

Theorem 8.11 Problems 1|pj (r;r) = (pj + aT)g(r)|<D and 1|pj (r;r) =
(pj — a7)g(r)|¢>, where ® € {Cmax, > Ci ECmx +12 Cj}, under no assump-
tion on the array g(r), 1 <r <n, can be reduced to minimizing a generic objec-
tive function (8.22). Each of the problems can be solved by Algorithm Match in
O(nlogn) time.

Proof We present a detailed proof for effect (8.19); effect (8.20) can be treated
similarly. Let 7 = (7 (1), m(2), ..., m(n)) be an arbitrary permutation of jobs. It is
easy to deduce from Lemma 8.1 that the completion times of jobs can computed as

Cray = p=yg(D);
Cr) = Cxay + (Pr2) +aCr1))9(2) = Pr9(2) + Cry(1 + ag(2))
= prayg(D(1 +ag(2)) + pr2)9(2);

r

Criy = D Privg®) ] A +ag), 1<r <n, (8.23)
k=1 i=k+1

where, as before, for k + 1 > r, an empty product [] (-) equals one.
i=k+1
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For the makespan objective, i.e., for problem 1|p;(7; r) = (p; + a7)g(r)|Cmax
adopting (8.23), we deduce that

n n
Conax () = pﬂr)(g(r) ITa+ ag(i))),
r=1 i=r+1
which can be rewritten as (8.22) with
W) =g0) [] A +agi). 1=r<n. (8.24)
i=r+1
Clearly, problem 1|p;(7;r) = (p; —a7)g(r)|Cmax reduces to minimizing
(8.22) with the positional weights
W) =gr) [] A —agi), 1 <r<n. (8.25)
i=r+1

For the total completion time objective, i.e., for problem 1| pi(T;r) = (pj + ar)
g(r)| > C;, adopting (8.23), we deduce that

> Ci(m = Z(Z pravgte) T 1+ ag(i))).
r=1 \k=1 i=k+1

Changing the order of summation, we get

n n k
> cim=> pﬂr)g(r)(z [Ta+ ag(i)))
r=1

k=r i=r+1

which can be rewritten as (8.22) with

n k
W(r) = g(r)(z [Ta +ag<i))), 1<r<n (8.26)

k=r i=r+1

Clearly, problem 1|p;(7; ) = (p; — at)g(r)| X_ C; reduces to minimizing (8.22)
with the positional weights

n

k
W(r) = g(r)(z [Ta- ag(i))), l<r<n. (8.27)

k=r i=r+1

Finally, using the above relations together with (8.24) and (8.25), we reduce prob-
lems 1|p;(r:ir) = (p;j +ar)g(r)|éCmax + 1>, C; and 1|p;(rir) = (p; — ar)
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g(r)|ECmax + 1Y C; to minimizing a generic objective function of the form (8.22)
with the positional weights defined by

n n k
W<r>=£[g<r> I1 (1+ag(i))}+’r/[g(r)(z 11 (1+ag(i)))}, L<r<n, (828)

i=r+1 k=r i=r+1
and
n n k
W(r) =£[g<r> [Ta —ag(z'))} +77[g(r)(z [Ta —ag(i)))}, 1<r<n,
i=r+l k=ri=r+1
respectively.

As stated in Sect.2.1, a permutation that minimizes function ®(7) of the form
(8.22) over all permutations of jobs of set N can be found by Algorithm Match which
requires O (nlogn) time. (]

Theorem8.11 guarantees that an optimal solution to problem 1| pi(T;r) =
(pj + aT)g(r)|<I>, where ® € {Cmax, > Cj ECmax + nZCJ-} can be obtained in
O (n log n) time under much more general assumptions that those imposed in Theo-
rems 8.9 and 8.10. In general, for problem 1 }pj (t;r) = (pj + aT)g(r) | ® an optimal
permutation need not be obtained by a simple priority rule, such as SPT or LPT.

According to Theorem 8.9, an optimal permutation for problem 1| pi(T;r) =
(pj + aT)g(r)|<I>, where @ € {Cmax, > C ECmax + nZCj} and the array g(r),
1 <r < n, are non-increasing, can be found by the SPT rule. The same conclusion
can be derived from Theorem 8.11, which reduces the problem to minimizing a func-
tion (8.22) by Algorithm Match. Indeed, it is easy to verify that for each of these
problems, the sequence of the positional weights W (r), 1 < r < n,is non-increasing.
For illustration, observe that in the case of the makespan objective, it follows from
(8.24) that for any r, | <r <n — 1, the inequality

W)y  gl)
Wr+1)  gr+1)

(I4+agr+1)>1

holds. Recall that according to Algorithm Match, in order to minimize the objec-
tive function (8.22), the jobs must be sequenced in non-decreasing order of their
processing times, i.e., in accordance with the SPT rule.
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On the other hand, notice that Theorem 8.9 guarantees that a permutation that is
optimal for problem 1|pj(7'; r)= (pj + a7’)g(r)| > Cj can be found by the SPT
rule, while such a conclusion does not follow from Theorem8.11.

Notice that Theorem8.10 does not resolve the status of problem 1| pi(T) =
( Dj— aT) g(r) | > C;, while this can be easily done by applying Theorem8.11, even
if the array g(r), 1 <r < n, is not monotone. Moreover, if g(r) =1,1 <r <n,
Theorem 8.11 implies the following statement.

Corollary 8.1 For problem 1 |p‘,~ (1) =p; — aT’ >.C;, under a pure additive
start-time-dependent learning effect, an optimal permutation can be foundin O (n log n)
time by sorting the jobs in accordance with the SPT rule, provided that (8.21) holds,
Le,a < 1.

Proof Accordingto Theorem 8.11, for problem 1 |pj (1) =pj — aT‘ > C;,theobjec-
tive function can be written in the form of a generic objective function (8.22) with
the positional weights given by (8.27), applied with g(r) = 1, 1 <r < n. We get

n k n 1_(1_a)n7r+1
wn=> [[d-o=>0-a"=———— 1<r=<n
k=r

a
k=r i=r+1

(8.29)

Notice that since a < 1, the positional weights W (r), 1 < r < n, given by (8.29),
form a non-increasing sequence. Thus, in an optimal permutation generated by Algo-
rithm Match, the jobs are sequenced in non-decreasing order of their normal process-
ing times, i.e., in accordance with the SPT rule. O

Reformulating Corollary 8.1 in terms of 1-priorities, we conclude that problem
1|p;j(r) = p; —ar| > C; admits a 1-priority function w(j) = 1/p;.

Theorem 8.11 reduces several problems to an assignment problem with a product
matrix, a tool which is extensively used in Chap. 7 to study problems with positional
effects. In fact, for an objective function ® € {Cmax, >C j}, there are interesting
links between problems 1|p;(7) = p; — ar|® and 1|p;(7) = p; + ar|®, on one
hand, and problems of minimizing Cy,,x With positional effects (see Sect.7.2.1).
Theorem 8.11 implies the following statement.

Corollary 8.2 The following problems are equivalent:

(a) problem 1|pj (1) =p; — aT‘CmaX under a pure additive start-time-dependent
learning effect and problem 1|p;(r) = p;g(r) |Cmlx with a positional exponen-
tial deterioration effect (7.13); both problems are solvable by the LPT rule;

(b) problem 1| pi(t)=pj+ aT|Cmax under a pure additive start-time-dependent
deterioration effect and problem 1 | pi(r) =p;gr) ’Cmax with a positional expo-
nential learning effect (7.15); both problems are solvable by the SPT rule;

(¢) problem1|p;(1) = p; —at|>. C; andproblem1|p;(t) = p; +at|> C;, on
one hand, and problem 1 |pj (r)=pjgr) | Cmax With a positional learning effect,
on the other hand; all these problems are solvable by the SPT rule.
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Proof In order to prove statement (a), take problem 1‘ pj(t) =pj— aT‘CmaX.
According to Theorem8.11, for problem 1| pj(T) =pj— aT’Cmax, the objective
function can be written in the form of a generic objective function (8.22) with the
positional weights given by (8.25). Substituting g(r) = 1, 1 < r < n, we get

wr=[]a-ay=0-a"", 1<r<n
i=r+1

Define v := 1/(1 — a) and rewrite
Wr)=l-a)" 'y ' 1<r<n

Notice that v > 1,since 0 < a < 1. Disregarding the sequence-independent mul-
tiplicative constant (1 —a)"~!, we see that problem 1|pj (1) =p; — aT|Cmax is
equivalent to the problem of minimizing the function >""_, pry" ~!. The latter
function is the objective function in problem 1| pi(r) =p; g(r)|Cmax with a posi-
tional exponential deterioration effect of the form (7.13). According to Theorem 7.2,
the latter problem is solvable by the LPT rule, which complies with the earlier proved
Theorem 8.10.

The proof of statement (b) is similar. In this case, problem 1|p;(7) = p; + ar|
Chax 18 equivalent to the problem of minimizing the function Z'::, p,r(,w’_',
where 7 = 1/(1 + a) < 1. The latter function is the objective function in problem
1 ’ pj(r)y=p;jg(r) ‘ Cmax With a positional exponential learning effect (7.15). Accord-
ing to Theorem 7.2, the latter problem is solvable by the SPT rule, which complies
with the earlier proved Theorem 8.9.

The proof of statement (c) follows from Corollary 8.1. Problem 1| pi(T) =
pj+ a7’| > C; isequivalent to the problem of minimizing the function (8.22), where

n—r+1
W(r)=w7 1<r<n,

a
which form a non-increasing sequence, i.e., W(l) > W(2) > ... > W(n). For
g(r) = W(r), 1 <r <n,problem 1|pj(7') =p;+ aT| > C; is equivalent to prob-
lem 1|p;(r) = p;g(r)|Cmax With a positional learning effect that satisfies (7.2) and
(7.11). According to Theorem 7.2, the latter problem is solvable by the SPT rule,
which complies with the earlier proved Theorem 8.9.

Problem 1|p; () = p; — ar| Y. C; canbe handled similarly, with non-increasing
sequence of the positional weights given by (8.29) (see the proof of Corollary 8.1).
Thus, problem 1’pj(7) =pj— aT‘ > C; reduces to problem lypj(r) =
pjg(r)|CmaX with g(r) = W(r), 1 <r < n. The latter problem is solvable by the
SPT rule, which complies with Corollary 8.1. O

The results of Sect. 8.1.3 are summarized in Table 8.4.
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Table 8.4 Results for scheduling independent jobs on a single machine with additive start-time-

dependent job-independent linear effects
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Effect Condition on g Objective Rule Statement
(pj + aT)g(r) g Crnax SPT Theorem 8.9
(pj+ar)gtr) |g \ > C SPT Theorem 8.9
(pj+ar)gr) |g \ £Cmax +1 2 C5 | SPT Theorem 8.9
(pj —ar)g(r) g Crax LPT Theorem 8.10
pj—ar - >Cj SPT Corollary 8.1
( pj £ m—) q(r) Arbitrary Cmax Algorithm Match | Theorem8.11
(pj £ar)g(r) | Arbitrary > C; Algorithm Match | Theorem 8.11
(pj + aT)g(r) Arbitrary ECmax + 1> Cj | Algorithm Match | Theorem 8.11

8.2 Scheduling Under Precedence Constraints

In this section, we consider single machine problems under additive start-time-
dependent effects. Unlike in Sect.8.1, here we assume that the jobs of set N are
not independent and a precedence relation given by a series-parallel reduction graph
G = (N, U) is imposed over the set N of jobs.

In the remainder of this section, we focus on problems 1|p;(7) = p;+
a;7,SP — prec|Cmax and 1|pj(7') =p;—a;7,SP — prec|CmaX, as well as on
problems 1|pj(7') =pj+ar,SP— prec| > C; and 1|pA,~(T) =p;—ar,SP—
prec| > C;. We show that in these problems, the objective function is priority-
generating, which means that each of these problems is solvable in O (n log n) time.
See Chap. 3 for definitions and main results on scheduling under precedence con-
straints.

Given a scheduling problem with an additive start-time-dependent effect, let m be
a (partial) permutation of jobs contained as a subsequence in some schedule. The
length of a permutation 7, i.e., the number of elements in 7, is denoted by |x|.

Assuming that the first job in a partial permutation 7 starts at time ¢ > 0, let C 7(:(),{)
denote the completion time of the job sequenced in the kth position. Let Cpx (7; 1)
denote the maximum completion time of the jobs in 7.

8.2.1 Job-Dependent Linear Effects

We present our reasoning for problem 1|pj (1) =pj+a;7,SP — prec|Cna; the
reasoning for problem 1 ] pj(t)=pj—a;7,SP — prec|Cmax is similar. For a partial
permutation 7, rewrite (8.16) in an equivalent form

k
[T (0 +am). 1<k <nl.

i=j+1

k
P =" paii (8.30)
=1
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For our analysis, we need the following auxiliary result.

Lemma 8.2 For problem 1|pj (r)y=p; + aj7'|Cmax, if the jobs are sequenced in
accordance with a permutation m and the first job starts at time t, then the completion
time C;t()k) of the job in position k, 1 < k < ||, is given by

k
Clly = Cotoy + 1 [ 1(1 + ax) (8.31)
i=1
k k k
Z ﬂ(/) (1 + azp) + H (1+ arp)-
: + i=1

Proof The proof is by induction. First, observe that

COL =14 (Pr(y + azyt) = paqy + 11+ azy) = CQ)) + 1 (1 + azq),

which corresponds to (8.31) for k = 1.
Assume that (8.31) holds for all k such thatk < g — 1 <n — 1. We derive

) _ A~ (f)
Cry =Crg-n t+ (Pw(q) + aﬂ(q)cn(q 1)) Crig-n +ax@) + Prg)-

By the induction hypothesis,

g—1 g—1 g—1
Cff(l,) =d +“w<q>)(z pey [] (T +ar) +¢[]01 +“w<i>)> + Prg)

j=1 i=j+1 i=1

q— q q q
=> e [ 1+ a0) + prg + 1 [[(1+ anwy) = €l + 1 [](1+ ani),
j= i=j+1 i=1 i=1

as required. (I

We now demonstrate that the makespan under the deterioration effect (8.13) is
priority-generating. Let 7% = (m;a7,) and 7°® = (7, fa,) be two permutations
of all jobs that only differ in the order of the subsequences « (containing u jobs) and
(3 (containing v jobs). Define

A= Cmax(ﬂ'ae) - max(ﬂﬁa) = max(ﬂ' ;0) — max(ﬂ-ﬁa; 0).

In order to verify that the objective function is priority-generating, we need to
determine a sufficient condition for the inequality A < 0 to hold. From Lemma3§.2,
we obtain
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Cmax (7T|Oéﬁ7'('2; O) = Cmax (772; Cmax(ﬂ-laﬁ; 0))
2|

= Conax (123 0) + Crnax (12 3: 0) [ [(1 + amy()):
j=1

Crax(m18amy; 0) = Crax (25 C (11 8a; 0))

|2l

= Cmax(ﬂ'Z; 0) + Cmax(ﬂ-lﬂo‘; 0) H(l + aﬂz(j))’
j=1

|ma|

sothat A = (Cpax (m18; 0) — Crnax (7185 0)) T] (1 + aﬂz(j)).ApplyingLemmaSQ
j=1

again, we obtain

v

Cmax(ﬂ'laﬁ; 0) = max(aﬁ 0) 4+ Cmax (15 0) H 1 + aa(])) H(l + a@(j));

j=1 j=1
Cnax (11 Bt, 0) = Cinax (B0t; 0) + Cna (71 0) H (1 +aacy) [T + asp)
j=1 j=1

||
s0 that A = (Ciax(@5; 0) — Crax (Bcr; 0)) T] (1 + aﬂz(j)). Another application of
j=1

Lemma 8.2 gives
v
Cmax(aﬂ; 0) = Cmax(ﬂ; 0) + Cmax(a; 0) H(l + a;’i(j));
j=1

Cmax(ﬁa; 0) = Cmax(a; 0) + Cmax(/B; 0) H(l + a(l(j))’

J=1

and this yields
Im2|
A =[]0 +ang) (8.32)
j=l1

x (Cmax(a,O)<H(l +ag(j)) — 1) — Cmax (B, 0)(H L+agj)) — ))
j=1 j=1

Using (8.32), we can establish the following result.
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Theorem 8.12 For problem 1|p‘,~ (r)=pj+aj7,SP — prec’Cmax, the objective
function is priority-generating and

7|

1
[1(1+ax) -1 Hl(l +an(p) — 1
j:

j=1

Cmax (Tr; O)

w(m) = (8.33)

]

Sipe 1 (1 +ax0)

i=j+1

is its priority function. Problem l|pj (r)=pj+aj7,SP — prec|Cmax is solvable
in O(nlogn) time.

Proof Dividing (8.32) by Cpax(a; 0)Crax (8; 0), we deduce that A < 0, provided
that

Hl(l +da(p) — 1 Hl(l +ap(p) — 1

Jj= j=

>
Crax (a5 0) - Crnax (8; 0)

For an arbitrary (partial) permutation 7, define the function w(7) by (8.33). It
is easily verified that w(a) > w(B) implies Cpax (T?) < Cpax (7°%), while w(a) =
w(B) implies Cpax (1) = Cpnax (7°%), as required. [l

Observe that if (8.33) is applied to a single job j, then for the corresponding prob-
lem with independent jobs, w(j) = a;/p; is a 1-priority function, which complies
with Theorem 8.6.

For problem 1‘1)]'(7') =pj—a;7,SP — prec|Cmax, a result similar to
Theorem 8.12 is easy to derive. The corresponding priority function is

7] |7
(1 = an(p) = 1 [1(1—axg) -1
w(m) = =l = =
Crnax (73 0) N I ’
" S Py H+l(1 — ax)
i=j

which in the case of a single job complies with Theorem 8.6.

The results obtained for the makespan cannot be extended to the minsum
objective functions of completion times. Indeed, Theorem 8.7 states that problem
1|p;(r) = p; +a;7| > C; does not admit a 1-priority function.

8.2.2 Job-Independent Linear Effects

We present our reasoning for problem 1|pj (r)=pj+ar,SP — prec} > Cj; the
reasoning for problem lypj (r)=pj—ar,SP — prec| > C; is similar. First, we
derive a preliminary result on the function and
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7|

F(mt) = ¢ (m)
k=1

which represents the total completion time for a partial permutation 7, provided that
the first job in this permutation starts at time ¢. Notice that it directly follows from
Lemma38.2 that

k
Cly = CO + 1 +a) =" pry(1+ ! +1(1 + a)*. (8.34)
j=1

Lemma 8.3 For problem l’p_,- (1) =p; + aT| > Cj, ifthe jobs are sequenced from
time 0 according to a permutation (7’7" "), then

I
F(@'z"7";0) = F(w';0) + F(x";0) + F(x"; 0) + Couax (7': 0) >_(1 + @)*  (8.35)
k=1

|7rw| \71'/” [

+Cmax (7, 0) (1 + @)™ D (1 + @) + Crax (", 0) D" (1 + ).
k=1 k=1

Proof Denote t' := Cyax(n'; 0). Applying Lemma 8.2 successively, we obtain

F(r'n"n":0) = F(x',0) + F(x"; 1) + F(7", Crax (/7" 0))
|

=F@;0) + | F(r":0) +z’Z(1 + a)*
k=1

‘77W|

+[ F@";0) + Conax (7775 0) D~ (1 + @)
k=1

Further, since
Conax (173 0) = Conax (73 1) = Corax (7":0) + 1/ (1 + @)™

we obtain the desired expression (8.35) for F (7’7" n"; 0). O

It can be verified that Theorem 3.4 formulated for constant processing times holds
for a deterioration effect (8.13). Thus, if a priority function exists for the objective
> Cj, it must be given by the function w which serves as the priority function for
minimizing the makespan. In our case, the required function can be obtained by
adapting (8.33) to the case of equal rates a; = a, j € N, and can be written as

(I4+a)™m—1 (1+a)™—1

L N (8.36)
Cinax (3 0) Zj:l Pw(j)(l + a)‘ﬂij

w(m) =
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We now establish that w given by (8.36) is indeed the required priority function.

Theorem 8.13 For problem 1|pj (r)=pj+ar,SP — prec} > Cj, the objective
function is priority-generating and (8.36) is its priority function. Problem
1|pj(7') =pj+ar,SP — prec| > C; is solvable in O (nlogn) time.

Proof Letn®’ = (mafm)and 77 = (1) Barm,) be two permutations of all jobs that
only differ in the order of the subsequences « (containing u jobs) and 3 (containing
v jobs). Define

A = F(r®%;0) — F(x7*;0) = F(ma7; 0) — F(m Bam; 0).

Using (8.35) for 7’ = 7y, 7" = af, and 7" = m,, and for 7’ = 7y, 7" = Ba, and
7" = m,, we obtain

|2
A = (F(aB;0) — F(af; 0)) + (Crnax (af8; 0) — Crnax (Ba; 0)) Z(l +a)*.
k=1
(8.37)
A further application of (8.35) for ' = a, 7’ = 3, and for ' = 3, 7" = «, where
7" is empty in both cases, yields

F(af3; 0) = F(af; 0) = Crnax(a; 0) D_(1 +@)* = Conax (3, 0) D_(1 + )" (8.38)
k=1 k=1

_ ((1 + @) Cinax (@ 0) Crnax (35 0>) ((1 +a)’' =1 (+a" - 1)

N Cnax (3; 0) Crmax(c; 0) ’

a

Suppose that w(a) > w(F). From (8.38), the value of F(af,0) — F(aS,0) is
negative, while the value of Cyax (8, 0) — Chax (Bay, 0) is non-positive since w is a
priority function for the makespan. Thus, we deduce from (8.38), that A is negative.
Similarly, for w(a) = w(F), we obtain F(af3,0) = F(af,0) and Cyax(af, 0) =
Cax (B, 0), so we deduce from (8.38) that A = 0. This completes the proof. [

Observe that if (8.36) is applied to a single job j, then w(r) reducestoa/p;,i.e.,
w(j) = 1/p;j is a 1-priority function, which complies with Theorem 8.9.

For problem 1|pj (r)=pj —a;7,SP — prec|Cmax, a result similar to Theo-
rem 8.13 is easy to derive. The corresponding priority function is

(1—a) —1
S pepy — @)=’

w(m) =

which in the case of a single job complies with Theorem 8.10.
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8.3 Bibliographic Notes

Papers by Shafransky (1978) and Melnikov and Shafransky (1980) must be seen
as historically the first ones that introduce not only scheduling models with start-
time-dependent effects, but open up the whole area of scheduling with changing
times.

Start-time-dependent effects are probably the most studied among known effects
that affect the actual processing time of jobs in a schedule. There are several influ-
ential surveys, such as Alidaee and Womer (1999) and Cheng et al. (2004) that
review the developments in the area. Reviews of start-time-dependent models with
learning effects and deterioration effects are provided in Biskup (2008) and Janiak
and Kovalyov (2006), respectively. A systematic exposition of various aspects of
scheduling with start-time-dependent effects has been undertaken in the monograph
by Gawiejnowicz (2008).

8.3.1 General Additive Job-Independent Effects

We are not aware of any prior work on the models that combine a general additive
start-time-dependent effect with a positional effect. However, models that combine a
linear additive start-time-dependent effect with a positional effect have been studied
before.

Wang (2006) and Yang and Kuo (2009) consider a model of the form (8.19)
with time-dependent deterioration and polynomial positional learning, i.e., g(r) =
r?, b < 0, and prove that each of the problems of minimizing the makespan and the
total completion time is solvable by the SPT rule. Theorem 8.9 is a generalization of
the results presented in these papers.

Yang (2010) consider a model of the form (8.20) with time-dependent learning
and polynomial positional deterioration, i.e., g(r) = r’. b > 0, and prove that the
LPT rule is optimal for the problem of minimizing the makespan. Theorem 8.10 is
a generalization of this result. For the problem of minimizing the total completion
time, Yang (2010) reduces the problem to minimizing (8.22), so that the results of
Theorem 8.11 are applicable.

A pure additive start-time-dependent effect (8.3) is introduced by Melnikov and
Shafransky (1980). For the pure effect, simplified versions of Theorems 8.1 and 8.4
follow from Melnikov and Shafransky (1980) (in the case of the makespan). For
minimizing the total completion time, an analogue of Theorem 8.1 is formulated as
Theorem 6.146in the book Gawiejnowicz (2008). However, the provided sketch of
its proof refers to a statement similar to Theorem 2.5 on minimization of the sum of
products, and it remains unclear how that statement may be used.

The results presented in Kuo and Yang (2007) should be seen as a special case
of Theorem 8.1 applied to a particular function f(7) = > | \;7"", where for some
integer m, the values \; and r;, 1 <i < m, are given non-negative constants.
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8.3.2 Linear Additive Job-Dependent Effects

The linear additive job-dependent deterioration effect (8.13) has been introduced by
Shafransky (1978), while its learning counterpart (8.14) together with the assumption
(8.15) is due to Ho et al. (1993) and Ng et al. (2002).

For problem 1|p (M) =pj+a jT|Cmax, analogues of Theorem 8.6 have been
independently proved by many authors, including Shafransky (1978), Tanaev et al.
(1984), Gupta and Gupta (1988), Brownie and Yechiali (1990) (in the stochastic
settings), and Gawiejnowicz and Pankowska (1995). In Sect.6.1.3 of the book by
Gawiejnowicz (2008), several alternative proofs of the part of Theorem 8.6 that con-
cerns problem 1| pi(t) =p;+a jT|Cmax with a deterioration effect are presented.

An analogue of Theorem 8.6 for problem 1 |pj (1) =pj —a;7 | Cmax With a learn-
ing effect is given in Ho et al. (1993), where it is interpreted as a feasibility problem,
in which all jobs have a common deadline.

The presented proof of Theorem 8.8 on the NP-hardness of problem 1‘ pi(T) =
pj+ aj7'| > w;C; is based on Bachman et al. (2002).

The fact that problem 1| pi(t) =p;+a jT| > C; does not admit a 1-priority
function is established in Gordon et al. (2008) see Theorem 8.7. It is stated in Cheng
etal. (2004) that problem 1| p; (1) = p; + a;7| > C; is NP-hard in the strong sense,
provided that the makespan is bounded by a given value (or, equivalently, all jobs have
to be complete by a common deadline). Various properties of an optimal schedule for
problem l| pi(t)=1+a jT| > C; are established in Mosheiov (1991), where it is
proved that an optimal sequence is V -shaped with respect to the a; values. However,
still the complexity status of problem 1|p; (1) = p; + a;7| > C; remains unknown,
even if p; =1, j € N, which is confirmed in Cheng et al. (2004), Gawiejnowicz
(2008), and Janiak and Kovalyov (2006). Kubale and Ocetkiewicz (2009) show that
problem 1| pj(t) =p;+a j7'| > C; is solvable in polynomial time, provided that
all deterioration rates a; are different and the difference between any two rates is
bounded from below. Ocetkiewicz (2009) presents an algorithm that behaves as an
FPTAS for problem 1| pi(t)=pj+a j7'| > C;, provided that deterioration rates
are different and no smaller than a certain constant.

8.3.3 Linear Additive Job-Independent Effects

Most of the presented results for single machine problems with an additive lin-
ear job-independent effect are special cases of more general results. For problem
1|pj (M =pj— a7'| > Cj, Corollary 8.1 is due to Ng et al. (2002) (notice the mis-
leading words “deteriorating jobs” in the title of that paper which studies only learning
models). Their proof is based on the equality (8.29); however, no working is pro-
vided in the original paper that demonstrates that the equality holds. An analogue of
Corollary 8.1 presented in the book Gawiejnowicz (2008) is not accompanied by a
detailed proof, either.
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For problem 1 | pi(t) =p;+ aT‘ > w;C; of minimizing the sum of the weighted
completion times, Mosheiov (1996) gives a characterization of an optimal per-
mutation, provided that the weights w; are proportionate to the normal process-
ing times p;; i.e., the ratio p;/w; is constant. An optimal permutation is unique
and is an alternating A-shaped sequence with respect to normal processing times
pj; 1e., if the jobs are numbered in accordance with the SPT rule, then the
optimal sequence is (1,3,5,...,n,...,4,2). Such a permutation can be found
in O(nlogn) time, but not by a single sorting of jobs. This implies that problem
l| pi(t)=p;+ a7'| > w;C; under the additional condition on the constant ratio
pj/w; does not admit a 1-priority function.

8.3.4 Scheduling with Precedence Constraints

Theorem8.12 is proved in Shafransky (1978) (see also Tanaev et al. (1984)).
Theorem 8.13 is due to Gordon et al. (2008).
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Chapter 9
Scheduling with Pure and Combined
Multiplicative Start-Time-Dependent Effects

In this chapter, we study the problems of minimizing the makespan and the total
completion time on a single machine, provided that the actual processing times of
the jobs are subject to a special form of a start-time-dependent effect. We also study
effects in which such a start-time-dependent effect is combined with a positional
effect.

Forajob j € N ={1,2,...,n}, its normal processing time p; is given. Suppose
that the jobs are processed on a single machine in accordance with a permutation
m = (w(l),...,m(n)). As defined in Sect. 6.2, if the actual processing time of a job
depends on its normal processing time and its start time in the schedule, we call such
an effect start-time-dependent.

Following Sect. 6.2, we distinguish between two types of a start-time effect: addi-
tive and multiplicative. Let p;(7) denote the actual processing time of job j € N
that starts at time 7 > 0. Then, under a general additive effect, we define

pi(T) = p; + f;i (1), 9.1)

while under a general multiplicative effect, we define

pi(T) = p; fi(1), 9.2)

where f; is a job-dependent function of start time.

Scheduling problems with an additive start-time-dependent effect are considered
in Chap. 8. In this chapter, we focus on the problems with a multiplicative effect of
the form (9.2). In the case of learning, f; : [0, +00) — (0, 1] is a non-increasing
function, while in the case of deterioration, f; : [0, +00) — [1,+00) is a non-
decreasing function.

We also study multiplicative models in which the function f(7) is job-
independent, so that the multiplicative effect is of the form
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pj(m) = p; f(1). (9.3)

In fact, we shall study a more general form of the effect (9.3) that combines a job-
independent start-time-dependent effect with a general job-independent positional
effect, so that the actual processing time of job j that is scheduled in the rth position
and starts at time 7 is given by

pi(rir) = p; f(m)g(r), 9.4)
where

e f is a continuous differentiable function, common to all jobs, that depends on the
start time 7 of the job and takes positive values;

e array g(r), 1| <r < n,is a monotone sequence of positional factors and defines a
positional effect.

It is assumed that f(0) = 1 and g(1) = 1, which guarantee that for the job which
is the first in the processing sequence, the actual processing time is equal to its normal
time.

As adopted throughout this book, if job j is sequenced in position 7 (r) of per-
mutation 7, its completion time is denoted either by C; () or by Cy (), whichever is
more convenient.

Many problems from the considered range admit a solution by a priority rule.
Recall that if the jobs are numbered in accordance with the LPT rule, then

D1 = pr>- = Dy, 9.5)

while if they are numbered in accordance with the SPT rule, then

PrL=p2=-- = Dpn. (96)

This chapter is structured as follows. Section 9.1 studies single machine problems
with no precedence constraints under various effects, including a combined effect
(9.4) and linear job-dependent and job-independent effects. Section9.2 considers
problems with series-parallel precedence constraints, mainly under pure start-time-
dependent linear effects.

9.1 Scheduling Independent Jobs

In this section, we address various versions of single machine scheduling prob-
lems, provided that no precedence constraint is imposed on the set of jobs and the
actual processing times are either subject to a combined effect of the form (9.4) or a
multiplicative job-dependent start-time-dependent effect of the form (9.2).
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9.1.1 Job-Independent Combined Multiplicative
Nonlinear Effects

In this section, we provide results for a combined effect given by (9.4). For the
combined effect (9.4), the problems of minimizing a regular objective function ® on
a single machine are denoted by 1] pi(r)=p;f(n)gr) ‘ D.

For our reasoning, the behavior of the following auxiliary function

o) =1 =N f(X) +Auf(X +1) = pf(X + ), 9.7

is important.

Lemma 9.1 For function ¢(t) defined by (9.7) with X > 0, the inequality

o) <0

holds forallt > 0 if

(a) > 1,0 < u <1 and function f is convex on [0, +00), or
(b) 0 < X <1, u>1and function f is concave on [0, +00).

Proof Notice that
e0) = 1A =N fX) + A f(X) —pfX) =@ —DA-DfFX),

which is non-positive, since the differences 4 — 1 and A — 1 are of the opposite signs.

To prove the lemma, we show that its conditions (a) and (b) imply that func-
tion (#) is monotone non-increasing on [0, +00). Differentiating function ((t), we
obtain

o) = (X +0) — f/(X+ ).

Under conditions (a), ¢t < At and since f is convex, i.e., f’ is non-decreasing,
we have that ¢/(¢) < 0. Under conditions (b), # > At and since f is concave, i.e.,
f’ is non-increasing, we again have ¢’(¢) < 0. This means that in any case ¢'(¢) is
monotone non-increasing, i.e.,

o) =p0) = f(X)(-DA-1) <0,

as required. O

Apart from the above result, we need the Lagrange mean value theorem used in
Sect. 8.1.1. For completeness, we reproduce it below.

Theorem 9.1 Ifa function f is continuous on a closed interval [a, b], where a < b,
and differentiable on the open interval (a, b), then there exists a point ( € (a, b)
such that
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fl@) — f®) = f'(Oa—b).

We start with an effect that combines a start-time-dependent effect with positional
learning. Define ppax := max{p;j|j € N}.

Theorem 9.2 Letw = (w(1), ..., w(n)) be a permutation, in which two jobs u and
v such that

Du > Do, 9.8)

occupy two consecutive positions r andr + 1, i.e., u = w(r) and v = w(r + 1). Let
permutation 7' be obtained from w by swapping the jobs u and v. Then for a single
machine problem with a combined effect (9.4) the inequality

Crany = Coy (9.9)

holds for all h, 1 < h < n, provided that

(i) function f is convex on [0, +00),
(ii) the array g(r), 1 < r < n, is non-increasing, i.e., it follows

l=9g(1)=g@2)=--- =g, (9.10)
(iii)  either f'(0) > —1/pmax or function f is non-decreasing on [0, +00).

Proof We represent permutations 7 and 7’ as 7 = (m, u, v, m) and as 7’ =
(m1, v, u, m), respectively, where m; and 7, are subsequences of jobs that precede
job u and follow job v in permutation 7, respectively.

We present the proof assuming that both sequences 7 and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence 7
are not affected by the swap of jobs u and v, i.e., (9.9) holds as equality for each #,
l<h<r-1.

Define X as the completion time of the job in the (» — 1)th position in sequence
7 (or, equivalently, in 7'), i.e., X := Cr¢—1) = Cr(—1y. For h = r, we derive that

Criy = Cu(m) = X + pu f(X)g(r);
Cfr’(r) = Cv(ﬂ-/) =X+ pu f(X)g(r).

Due to (9.8), we see that inequality (9.9) holds for 4 = r.
For h = r 4+ 1, we derive that

Crp+1y = Co(m) = X + pu f(X)g(r) + po f(X + pu f(X)g(r))g(r + 1);
Crirny = Cu() = X + po fX)g(r) + pu f(X + pu f(X)g(r))g(r + 1).

Define
A= C7r’(r+1) - Cﬂ'(r-H)-
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We show that A < 0. Writing out the actual processing times of jobs u and v in
permutations 7 and 7', we obtain

A= py f(X)gr) + pu f (X + po f(X)g(r)gr + 1) — pu f(X)g(r)
— Pof (X + pu f(X)g(r)g(r + D).

Define
A= pu/pv 9.11)
and |
= M (9.12)
g(r)

and rewrite the expression for A as

A = pug((d =N f(X) + Apnf (X + py f(X)g(r))
— o f(X + Apu f (X)g(n)).

Applying (9.7) with t = p, f(X)g(r), we deduce that

A = pug(r)e(po f(X)g(r)). (9.13)

Since A > 1, u < 1, and f is convex, it follows that condition (a) of Lemma 9.1
is valid. Thus, p(p, f(X)g(r)) < 0and A < 0, as required.

The rest of the theorem is proved by induction with respect to 4. Assume that the
inequality (9.9) holds forall 2,1 <h < g — 1, wherer 4+ 2 < g < n. We prove that
it holds for & = q.

Let x be the job scheduled in position ¢, i.e., x = 7(q) = 7'(q). We deduce that

Crig) = Ca(m) = Ca(g—1) + Px [ (Crig—1)9(@);
Crigy = Cu(7') = Crig—1y + P f(Crig—1))9@),

where by the induction assumption Cr—1) = Crg—1)-

If Crg—1) = Cr(g—1, thenit follows that Cr ) = Cr(y), and (9.9) holds as equal-
ity forh = q.

Assume now that Cr—1) > Cr—n. If function f is non-decreasing, then
f(Crg-1y) = f(Crig—1)) and (9.9) holds for h = q.

In the remainder of this proof, assume that f is not necessarily non-decreasing, so
that the theorem’s condition (iii) means that f/(0) > —1/pmax. Since the derivative
f’ is non-decreasing, we deduce that f/(7) > —1/puax for all 7 € [0, +00).

By Theorem 9.1, there exists a point { € [Cﬂr(q_l), Cﬂ(q_l)] such that

f(Crg—1y) = F(Crig-1) = F(O(Crig-1) = Crig-1))-
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Then

Cr@) = Crig) = (Crig—1) = Cwig-1) + Px (f(Crig-1) = f(Crig-1))9(®)
= (Caxig-1) — Crig—1) + Px9@) [ (O (Crig—1) — Crg-1))-

Since g(q) < 1, we deduce from f"(() > —1/pmax that 1 + p,g(q) f'(¢) > 0.
The theorem is fully proved. (]

For single machine problems, to minimize a regular objective function ® () under
a combined effect (9.4), Theorem 9.2 sets conditions on functions f and g that define
the effect, which guarantee that in a sequence that minimizes ® () the jobs may be
arranged in such a way that a job with a larger normal processing time is not followed
by a job with a smaller normal processing time.

Theorem 9.3 For problem 1|pj (t;r) = pjf(T)g(r)|<D with ® € {Cmax, > C_Z:,

ECmax +1>.C f} under an effect (9.4) that combines a start-time dependent effect

with a positional learning effect, an optimal permutation can be found in O (nlogn)
time by sorting the jobs in accordance with the SPT rule, provided that the conditions
of Theorem 9.2 hold.

Reformulating Theorem 9.3, we conclude that problem 1 | pi(r;r)y=p;f(Dg)|®,

where @ € {Cmax, 2. C5ECmax + 02 Cf} with an effect (9.4) admits the 1-priority
w(j) = 1/pj, provided that f and g satisfy the conditions of Theorem 9.2.

Notice that the analysis of the effect (9.4) defined by a concave function f is not
fully symmetric to that presented in Theorem 9.2, and only a less general statement
can be proved.

Theorem 9.4 Let m = (w(1), ..., w(n)) be a permutation, in which two jobs u and
v such that

pu <pl)7

occupy two consecutive positions r andr + 1, i.e.,, u = w(r) and v = w(r 4+ 1). Let
permutation 7' be obtained from 7 by swapping the jobs u and v. Then for prob-
lem 1|pj (r;r) = pjf(7')g(r)|Cmax with an effect (9.4) the inequality Cpax (w/) <
Chnax () holds, provided that

(i) function f is concave and non-decreasing on [0, +00),
(it) the array g(r), 1 <r < n, is non-decreasing, i.e., it follows

l=9(1) =92 <---=gm). (9.14)

Proof As in the proof of Theorem 9.2, we represent permutations 7 and 7’ as
m = (m,u,v,m) and as ©’ = (my, v, u, ), respectively, where 7 and m, are
subsequences of jobs that precede job u and follow job v in permutation , respec-
tively.
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We present the proof assuming that both sequences m; and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence 7| are
not affected by the swap of jobs u and v. Define X as the completion time of the job
in the (r — 1)th position in sequence 7 (or, equivalently, in 7), i.e., X = Cr¢—1) =
Cr(r—1y. It is clear that Cr() = X + p, f(X)g(r) and Cr(y = X + p, f(X)g(7).
Notice that p, < p,, which implies that C,() < Cr (. This explains why under
the conditions of Theorem 9.4 it is not possible to prove a more general statement,
similar to Theorem9.2.

We now prove that A = Crr¢41) — Cr¢+1) < 0. Asin the proof of Theorem 9.2, A
canbe rewritten as (9.13), where A\ and p are defined by (9.11) and (9.12), respectively.

Since A < 1, p > 1, and f is concave by the theorem’s condition, it follows
that condition (b) of Lemma 9.1 is valid. Thus, ¢(p, f(X)g(r)) < 0and A <0, as
required.

Notice that function f is non-decreasing, as in one of the conditions (iii) of
Theorem 9.2. Following the proof of that theorem, we deduce that the inequality
Cr(g) < Cr(g holds for each ¢, r +2 < g < n. In particular, Cry < Cr(n), i€,
Cnax (w’) < Chax (), as required. O

For a single machine problem with a combined effect (9.4), Theorem 9.4 sets
conditions on functions f and g, which guarantee that in a sequence that minimizes
the makespan C,,« (7), the jobs may be arranged in such a way that a job with a larger
normal processing time is not followed by a job with a smaller normal processing
time.

Theorem 9.5 For problem 1|pj (t;r) = pjf(T)g(r)‘Cmax, with a multiplicative
start-time dependent effect (9.4) an optimal permutation can be found in O (nlogn)
time by sorting the jobs in accordance with the LPT rule, provided that functions
f and g satisfy the conditions of Theorem 9.4.

Reformulating Theorem 9.5, we conclude thatproblem 1| p; (75 1) = p; f(T)g(r)]
Cmax With an effect (9.4) admits the 1-priority w(j) = p;, provided that functions
f and g satisfy the conditions of Theorem 9.4.

Notice that the proof of Theorem 9.5 demonstrates that the inequality (9.9) holds
for each £ other than r, while C(y < Cy . This fact does not allow us to derive any
conclusions regarding the status of the problem of minimizing the total completion
time for an effect that satisfies the conditions of Theorem 9.4. The status of this
problem remains open evenif g(r) = 1,1 <r <n.

Below we present a counterexample that demonstrates that for problem
1] pi(t)=p;f (7)‘ > C; with a function f that satisfies the conditions of Theo-
rem 9.4 neither the LPT sequence nor the SPT sequence is optimal.

Example 9.1 Consider an instance of a single machine problem to minimize the sum
of the completion times under effect (9.3) with the function f(7) = (1 + 7')%. Itis
clear that function f is concave and increasing on [0, +00), i.e., the conditions of
Theorem 9.4 hold. There are 3 jobs with the normal processing times listed below
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p1=6, pp=7, p3=09.

For this instance, the total completion time > C; is minimized neither by the SPT
sequence, nor by the LPT sequence. The corresponding computations, accurate up to
three decimal places, are shown in Table 9.1. We see that permutation (2, 1, 3) deliv-
ers a smaller value of the total completion time than that produced by the SPT and
the LPT sequences.

In Sect.9.1.2, we present another example of a similar nature.

The results on single machine scheduling problem with an effect that combines
a multiplicative time-dependent effect with a positional effect are summarized in
Table9.2. Here, in the first and the third columns, we use symbols ' and \ to
indicate whether the corresponding function or arrays are non-decreasing or non-
increasing, respectively. Additionally, we write g = 1 if g(r) = 1,1 <r < n.

Table 9.1 Computations for Example 9.1

m=(1,2,3) [SPT] |7=(3,2,1)[LPT] |7=(,1,3)
Crty 6.000 9.000 7.000
Cr2) 24.520 31.136 23.971
Cr(3) = Crnax () 69.986 65.149 68.944
> Caiy 100.506 105.285 99.914

Table 9.2 Results for scheduling on a single machine with a combined effect (9.4)

Condition on | Condition on | Condition on | Objective Rule Statement

f I g

f convex |- g \\ Cmax SPT Theorem 9.3

fconvex /|- N 2.C; SPT Theorem 9.3

f convex | — g \\ ECmax + SPT Theorem9.3

n2. C;

f convex f(0) > g\ Cmax SPT Theorem 9.3
—1/ pmax

f convex f(0) > g\ > C; SPT Theorem 9.3
—1/ Pmax

f convex f(©0) > g\ ECmax + SPT Theorem 9.3
—1/ Pmax n> Cj

f concave /' |— g/ Crnax LPT Theorem 9.5

f concave ' |— g=1 >.Cj Open Example 9.1
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9.1.2 Job-Independent Combined Multiplicative
Polynomial Effects

In this subsection, we consider single machine scheduling problems with an effect
that combines a multiplicative start-time-dependent polynomial effect of the form

fm=a+br)?" (9.15)

or
f(m) =1 =br)", (9.16)

with a positional effect given by an array g(r), 1 <r < n.Inboth (9.15) and (9.16),
b is a positive job-independent rate. For the effect (9.16), we additionally assume
that the inequality

bt < 1, (9.17)

holds for all 7 > 0. This inequality guarantees that the actual processing times of
the jobs will remain non-negative. Recall that an assumption of a similar nature has
been made regarding learning effects studied in Chap. 8.

A direct application of Theorems 9.3 and 9.5 yields the following statement.

Theorem 9.6 Given problem l‘pj(r; r)=p;(1+ bT)Ag(r)’dl where & €
{Cmax, > Cj, ECmax + 1> C;}, with an effect of the form (9.4) that combines a
start-time-dependent effect (9.15) with a positional learning effect defined by an array
g(r), 1 <r < n, an optimal permutation can be found in O (nlogn) time by sorting
the jobs in accordance with the SPT rule, provided that (9.10) holds and either A > 1
or —1/(bpmax) < A < 0. Besides, for problem 1|pj (r;r)=p;A+ bT)Ag(r)|Cmax,
with a positional deterioration effect, an optimal permutation can be found in

O (nlogn) time by sorting the jobs in accordance with the LPT rule, provided that
(9.14) holds and 0 < A < 1.

Proof The proof is by checking the conditions of Theorems 9.3 and 9.5.

Itis clear that for A > 0 (a time-dependent deterioration effect), function f(7) =
(1 + b7)A is increasing. Its second-order derivative f” = A(A — 1)b>*(1 + br)4A~2
is non-negative for A > 1, so that function f is convex, i.e., the conditions of Theo-
rem 9.2 hold and Theorem 9.3 applies. On the other hand, if 0 < A < 1, then f” is
negative, so that function f is concave, i.e., the conditions of Theorem 9.4 hold and
Theorem 9.5 applies.

For A <0 (a time-dependent learning effect), function f(7) = (1 4 b1)* is
decreasing. Its second-order derivative f” is positive, so that function f is convex.
Since f’(0) = Ab, it follows that for Ab > —1 pyax, the conditions of Theorem 9.2
hold and Theorem 9.3 applies. (]

Notice that Theorem 9.6 guarantees that no priority rule exists for problems
Upj(rsr) = pj(L+ b7 g(r)[Crmax and  1]p;(r3r) = p;(1 +b7) g(r)| X ;.
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Table 9.3 Computations for Example 9.2

7= (1,2,3) [SPT] T=(21,3)
Crt) 10.0000 11.0000
Cri2) 10.0909 11.0694
Cr(3) = Comax (T) 30.4146 28.2314
> Crii) 50.5055 50.3008

provided that A < —1/bpnax. Example 9.2 below demonstrates that for effect (9.15)
with g(r) = 1,1 <r <n,and A = —2, an optimal permutation is obtained neither
by the SPT rule nor by the LPT rule.

Example 9.2 Consider an instance of a single machine problem to minimize the sum
of completion times under effect (9.3) with the function f(7) = (1 + 7) 2. Itis clear
that function f is concave and is decreasing on [0, 400), i.e., neither the conditions
of Theorem 9.3 nor those of Theorem 9.5 are satisfied. There are 3 jobs with the
normal processing times listed below

p1 =10, p, =11, p3 = 2500.

For this instance, the total completion time > C ; is minimized by neither the SPT
sequence, nor the LPT sequence. The corresponding computations, accurate up to
four decimal places, are shown in Table 9.3. The computation for the LPT sequence
is not presented, since in this sequence job 3 is scheduled first to complete at time
2500. We see that permutation (2, 1, 3) delivers smaller values of both the makespan
and the total completion time as compared to those produced by the SPT and the
LPT sequences. In fact, (2, 1, 3) is an optimal permutation for both these functions.

For the problems with the effect (9.16), a statement similar to Theorem 9.6 can
be proved.

Theorem 9.7 Given problem 1|pj(7'; r)y=p;(1- bT)Ag(r)|®, where @ €

{Cmax, > C;, ECmax + 1> CZ»], with an effect of the form (9.4) that combines a
start-time-dependent effect (9.16) with a positional learning effect given by an array
g(r), 1 <r < n, an optimal permutation can be found in O (nlogn) time by sorting
the jobs in accordance with the SPT rule, provided that (9.10) holds and either A < 0
orl < A < 1/(bpmax)-

9.1.3 Pure Multiplicative Linear Effects

In this section, we consider single machine scheduling problems with a pure
multiplicative linear effect, so that in the main formula (9.2) for non-negative rate
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bj, j € N, either
fi(r)=1+b;1 (9.18)

(in the case of deterioration) or
fitry=1=b;t 9.19)

(in the case of learning). We also consider special cases of the above effects with
constant rates, i.e., forb; = b, j € N.

First, observe that the multiplicative effect (9.18) should be seen as a special case
of the additive effect (8.13). Indeed, under the effect (8.13), the actual processing time
of job j € N that starts at time 7 is equal to p;(7) = p; + a;7, while under the effect
(9.18), we have that p;(7) = pj(l + bjT) = p; + p;b;7. A similar equivalence is
observed between the learning effects (9.19) and (8.14). Thus, the results derived in
Sect. 8.1.2 applied witha; = p;b; carry over for the problems with the effects (9.18)
and (9.19), respectively. Notice also that for learning effect (9.19) to be meaningful,
we adapt the assumption (8.15) to become

bj(z pi — Pj) <1, 1<j<n, (9.20)
-1

which makes the learning rates b; rather small numbers. See also the earlier used
assumption (9.17) for the case of equal b;.

It follows from Sect.8.1.2 that for a permutation 7 = (7w (1), ..., 7(n)), the
makespan under the effect (9.18) can be written as

n

n
Cinax (M) = Crrny = Zpﬂ(j) H (1 + priybrii),
=1 i=j+1

while under the effect (9.19)

Crax () = C7T(l‘l) = Zp‘fr(j) H (1 - pﬂ(i)bﬂ(i))‘
j=1

i=j+1
Adapting Theorem 8.6 for a; = p;b;, we obtain the following statement.

Theorem 9.8 Forproblem 1 ’pj (M) =p;j(1+b;7) |Cmax, with a deterioration effect
(9.18), an optimal permutation can be found in O (nlogn) time by sorting the jobs
in non-increasing order of b;. For problem 1|pj (m) = pj(l — bjT)|Cmax, with a
learning effect (9.19) under the assumption (9.20), an optimal permutation can be
found in O (nlogn) time by sorting the jobs in non-decreasing order of b;.

Reformulating Theorem 9.8 in terms of 1-priorities, we conclude that problem
1|pj(7') = pj(l + bjr)]Cmax admits a 1-priority function w(j) = b;, while prob-
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lem 1|p; (1) = p; (1 — b;T)|Crmax admits a 1-priority function either w(j) = 1/b;
or w(j) = —b;. Sequencing jobs in non-increasing order of 1-priorities solves the
corresponding problem.

Notice that problem 1|p;(7) = pj(l +b;7)|>C; with p;=1, jeN,
becomes 1|p;(r) =1+b;7|> C;, ie. for a;=b;, problem 1|p;(r)=
p](l +b;7)| X C; coincides with problem 1|p;(t) = 1+ a;7| > C; considered
in Chap. 8. The complexity status of the latter problem remains open; see Sect. 8.3.

In the remainder of this section, we consider the case of a constant rate, i.e., we
assume that effects (9.18) and (9.19) are applied with b; = b forall j € N.

Lemma 9.2 Let the jobs be processed on a single machine in accordance with a
permutation m = (n(1), w(2), ..., m(n)). Under the effect (9.18) applied with b; =
b, j € N, the completion times can be computed by the formula

k

i I
Crt = 3 [[(1+bpe) — 5. 1<k <m, 9.21)
i=1

while for the effect (9.19) applied with b; = b, j € N, the completion times can be
computed by the formula

1

1 k
Crto =5 = 3 [ [(1=bp)), 1=k =, (9.22)
i=1

Proof We present the proof of (9.21) for the deterioration effect; the proof for the
learning counterpart is similar. The proof is by induction.
By definition, Cr(1y = px(1). On the other hand, from (9.21) with k = 1, we get
Cry = %(1 +bp1)) — %) = px(1). This establishes the basis of induction.
Assume that (9.21) holds for all k, where 1 <k <g — 1 < n — 1. We prove that
(9.21) holds for k = g. By definition and the induction assumption, we have that

Crig) = Crig—1y + Prigy(1 + bCrig—1)) = Paig) + Caig—1y (1 + bprg))

19 1
= Drig) T (l—] H(l +bpr) — Z)(l + bprig))

i=1

@'I'—‘

1 1
= Prp) T b H(l + bpﬂ(i)) b( + bpﬂ(q)

1 1
b (l
: l:[ + bpri) Ty
as required. (I
Applying (9.21) with k = n, we immediately deduce the following statement.

Corollary 9.1 For problem 1 | pi(t)=p;1+ b7')|C,mlX the makespan can be writ-
ten as
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n

1
Cmax () = Z H(l + bpﬂ(i)) -

i=1

S| o=

while for problem 1|pj (1) =p;(— b7)|CmaX the makespan is

n

1 1
Cinax () = Z - E H(l - bpﬂ(i))'

i=1
In either case, the makespan is sequence independent.

We now pass to considering problems with the objective functions related to the
sum of the completion times. First, Theorems 9.6 and 9.7 applied with A = 1 yield
the following statement.

Corollary 9.2 For each problem 1|pj (m)=p;jA+b1) | o and 1|pj (1) =
pi(l— bT)|<I>, where ® € {Z Cj, ECrmax + ny. CZ.}, an optimal permutation can
be found in O (nlogn) time by the SPT rule.

Reformulating Corollary 9.2 in terms of 1-priorities, we conclude that for ® €
{Z C5, ECrmax +772C§} each problem 1|p;(r) = p;(1+ b7)|® and |p;(1) =
pi(l— bT)|<I> admits a 1-priority function either w(j) =1/p; or w(j) = —p;.
Sequencing jobs in non-increasing order of 1-priorities solves the corresponding
problem.

Unlike many other models with changing times, for the model under consideration,
it is possible to deduce a positive result regarding minimization of the weighted sum
of completion times.

Theorem 9.9 Problem l‘p_,- (1) =p;A+ bT)’ > w;C; is solvable in O(nlogn)
time by sorting the jobs in non-increasing order of the ratios %H]p’) Problem
1|pj (m=p;a- b7)| > w;C; is solvable in O(nlogn) time by sorting the jobs
. . . . w;(1-bp))
in non-increasing order of the ratios -
Proof We present the proof for problem 1|pj (r)y=p;d+ bT)‘ > w;C; with a
deterioration effect; the proof for its learning counterpart is similar. Both proofs
follow Recipe2.1.

For an arbitrary permutation of jobs 7 = (7 (1), w(2), ..., m(n)), using (9.21) we
can write out the objective function as

n 1 n k
z Wr) Criy = b Z ww(k)(n(l +bpri) — 1)-
k=1 k=1

i=1
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Define

W(m) = (H(l +bpi)” )(Z W H +bpri) )

The problem of minimizing ZZZI Wr k) Crk) 1s equivalent to that of minimizing
W (7). We rewrite the expression for W () in the form that is similar to the sum of

products (2.14):
V(m) = Zwr(k) H L+ bpry)~
i=k+1

It follows from Theorem 2.5 that a permutation that minimizes W (7) the jobs can
be sorted in non-decreasing order of

k() = w; __wi(l+bpy)
(l—l—bpj)*l—l bpj ’

as required.
For problem 1|p;(7) = p;(1 — b7)| > w;C}, the sequence-dependent term can

written as .
W(r) = Z wey [ (1= bpaiy) ™"
i=k+1

and a permutation that minimizes W () the jobs can be sorted in non-decreasing

order of
O P B U )
(1=bpj)~t =1 bp,

The theorem is proved. O

Reformulating Theorem 9.9 in terms of 1-priorities, we conclude that prob-

w, (1+bp))
bpj :

while problem 1 | pi(m)=p;(1— b7)| > w;C; admits a 1-priority function w(j) =

w;(1=bp; . . . . . .
%. Sequencing jobs in non-increasing order of 1-priorities solves the corre-
J

sponding problem. Notice that since b > 0, it can be removed from the denominators
in the expressions for the 1-priorities.
The results presented in Sect.9.1.3 are summarized in Table 9.4.

)

lem 1|pj (m)=p;d+ b’T)| > w;C; admits a 1-priority function w(j) =
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Table 9.4 Results for scheduling independent jobs on a single machine with a multiplicative linear
start-time-dependent effect

Effect Objective 1-Priority Statement
pj(m) =pj(14b;7) | Cmax b Theorem 9.8
i@ =p;j(1 —b;j7) | Cmax 1/b; Theorem 9.8
pi(m=pj(1+b;7) | >C;j Open

pi() =pi(1—bj7) | 3C; Open

pj(m)=pj(1+b7) | Cmax v Corollary 9.1
pj(1) = pj(1 —=b1) | Cmax A Corollary 9.1
pi(M=pjd+br) |>XC: 1/p; Corollary 9.2
pi(m)=pj1+b1) |[ECmax +1. CJZ- 1/pj Corollary 9.2
pj(t) =p;(1 —b7) ZC; 1/pj Corollary 9.2
pi(m)=pj1—b7) |[ECmax +1>. C/ 1/pj Corollary 9.2
pj(m)=pj1+br) |>w;C; % Theorem 9.9
pi(m) =p;jd—=br) |>w;C; 7111,'(;7;;;1)]) Theorem 9.9

9.2 Scheduling Under Precedence Constraints

In this section, we consider single machine problems under the multiplicative start-
time-dependent effects (9.18) and (9.19) applied with b; = b, j € N. Unlike in
Sect. 9.1, here we assume that the jobs of set V are not independent and a precedence
relation given by a reduction graph G = (N, U) is imposed over the set N of jobs.

It follows immediately from Corollary 9.1 that for each problem 1‘ pi(T) =
pj(1 +b7), prec|Cmax and 1| p; (1) = p;(1 — bT), prec|Cuax with arbitrary prece-
dence constraints, any permutation that is feasible with respect to graph G deliv-
ers an optimal solution. Problems 1|p;(r) = p;(1 + b;T), SP — prec|Cpa and
1|pj(m) = p;(1 = b;T), SP — prec|Cmax are special cases of problems 1|p;(7)
=pj+a;7,SP— prec|CmX and llpj(T) =pj—a;7,SP — prec’CmX with an
additive start-time-dependent effect. The latter problems are proved solvable in
O (nlogn) time in Sect. 8.2.1.

In the remainder of this section, we focus on problems 1| pj(t) = p;(1 +bT1),
SP — prec|> w;C; and 1|pj(7') =pj(1—b1),SP — prec| > w;C; with
precedence constraints given by a series-parallel graph. We show that in these prob-
lems, the objective function is priority-generating, which means that each of these
problems is solvable in O (n log n) time. See Chap. 3 for definitions and main results
on scheduling under precedence constraints.

Given a scheduling problem with a multiplicative start-time-dependent effect, let
7 be a (partial) permutation of jobs contained as a subsequence in some schedule.
The length of a permutation 7, i.e., the number of elements in 7, is denoted by |7|.

Assuming that the first job in partial permutation 7 starts at time ¢ > 0, let

C 7(:(),{) denote the completion time of the job sequenced in the kth position. Also,
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let Cpax (75 t) denote the maximum completion time of the jobs in 7, and

||

Z(Tl'; t) = Z w,r(k)C,Et)(ﬂ)

k=1

denote the sum of weighted completion times for permutation 7.
We present our reasoning for problem 1|p‘,~ (r) =p;jd +b1),SP — prec
> w;C; with a deterioration effect; the proof for the learning counterpart is similar.
First, it is straightforward to extend Lemma 9.2 and to prove that for any ¢ > 0
and any partial permutation 7, the completion times of jobs can be computed as

1+ bt u

@ _
Cﬂ(k) =

1
) =5 1k <lnl (9.23)

Indeed, for k=1, we have that Crq =1+ pm)(l + bt) = p,r(l) +
(14 bprq)t, while it follows from (9.23) that Cr) = ( + bpry) —
Py + (14 bpr))t, as required. Then, assuming that (9 23) holds for all k,
1<k <q—1<|nm| — 1, wederive for k = g that

@ _ (1)
Crig) = Pr@) T Cﬂ(qfl)(l + bprig))

+bt 4
= Prig) + ( H 1+ bpriy) — b)(l +bpr(g)

q q
5 (1 + bprg)) =

In particular,
7|

1
[T+ bpry) — . (9.24)

i=1

1+ bt

Crax (5 1) =

We prove that function Z (7; f) is priority-generating for any positive #. The proof
follows Recipe 3.1. Let 77 = (ma3m,) and 77¢ = (m, Barr,) be two permutations
of all jobs that only differ in the order of the subsequences a = (a(1), ..., a(u))
of u jobs and 8 = (6(1), ..., B(v)) of v jobs. Define

A = Z(1"P; 1) — Z(77; 19) = Z(miaBma; to) — Z(mi Bam; t).

We need to determine a sufficient condition for the inequality A < 0.Let?’ denote
the completion time of the last job in permutation 7y, i.e., #’ = Cpax (71; fo). Then,
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Z(mafmy; tg) = Z(my; to) + Z(os t') + Z(B; Cax (@ 1) + Z (125 Cruax (035 1)),

and

Z(m Bamy; o) = Z(m; 1) + Z(B5 1) + Z(0; Cnax (8, 1)) + Z (25 Crnax (Ba; 1))

Since for the effect under consideration the makespan is sequence-independent,
we deduce that Ciax (a3, t') = Cnax(Ba, t'), and therefore,

A =Z(; 1)+ Z(B; Crax (o 1) — Z(B5 1) — Z(0; Crax (65 1)).

For simplicity, for an arbitrary partial permutation, define

k
Xr(o) = H(l +bprijp), 1 <k <zl

j=1
Using this definition and (9.23), we obtain

1+ bt 1 1 + bCrax (03 1) — 1
A= ( : Wa) Xk — E) - (+ > warxsw — 3

k=1 k=1

1+ bt < 1 1 + bCrax (55 1) ~ 1
—( b Z WHk) X5k — Z) - (+ Z WatkyXatk) = 3 )

k=1 k=1

From (9.24), we have

+ bt’ 1 1+ bt 1
Cmax(a; t/) = H + aa(j) b = b Xau) — l_);

1+ bt’ 1

Cmax(ﬁ; t/) = b XBw) — Z»

so that

1
1+ bCnax (03 1) 1+b( P Ko — ) 1+ bt’
= Xa(u)»
b b b W

Lbt' 1
1+ bCrax (B; 1) I+ b(%xﬁ(") - Z) 1+ bt’
b - b =T, M-
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Thus,

1+ bt “ v
A = b ((1 — Xﬁ(v)) Z Wak)Xak) — (1 — xa(u)) Z w@’(k)xﬁ(k)), (9.25)

k=1 k=1
from which we can derive the following result.

Theorem 9.10 For problem llpj(T) =p;j(1+b1),SP — prec! > w;Cj, the
objective function is priority-generating for any positive start time ty and

1 - Hljlll (1+ bpr(j)
Ly W [Ty (14 bpai)

is its priority function. Problem 1|pj(7) =p;+b7),SP— prec| > w;Cj is
solvable in O (nlogn) time.

Proof Dividing (9.25) by ZZ:I Wa (k) Xa(k) ZZ:I W3Rk XB(k)> WE deduce that A <0,
provided that

1 — Xa@) 1 — xp0)
7 z < .
kel WadmXa®)  Dpet WHRXH®K)

For an arbitrary (partial) permutation 7, define the function w(7) by (9.26). It
is easily verified that w(a) > w(f) implies Z(7*; ty) < Z(7; 1), while w(a) =
w(B) implies Z(7*%; ty) = Z(75; ty) for any 1y, as required. O

Observe that if (9.26) is applied to a single job j, then it follows that for the
corresponding problem with independent jobs, w(j) = —bp;/(w;(1 + bp;)) is a
1-priority function, which can also be written as w(j) = w;(1 + bp;)/bp;, which
complies with Theorem 9.9.

By applying symmetric reasoning, it can be proved that for problem 1‘ pi(T) =
pj(1—bT1),SP — prec| > w;C;, the objective function is priority-generating for
any positive start time #( and its priority function is given by

1=T1Z, (1 = bpriy)
S wao [Ty (1= bpacsy)

w(m) =

9.3 Bibliographic Notes

The results presented in Sect. 9.1.1 on the general multiplicative start-time-dependent
effect of the form (9.4) build up on the work by Yin et al. (2010) where this effect
(in the learning form) is combined with a general positional learning effect. The
assumption that function f is non-increasingly used in Yin et al. (2010) is not always
needed, and therefore, more general statements Theorems 9.2 and 9.4 can be proved.
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Not all published results related to pure multiplicative start-time-dependent effect
appear to be correct, and this section fixes some of the discovered flaws.

The polynomial effect (9.6) with A < 0 (learning) has been introduced by Yang
and Kuo (2010) who claim that each problem 1|p;(7) = p;(1 + br)*|® with ® €

{Z Ci, &Cmax +12.C jz} is solvable by the SPT rule for all A < 0. Unfortunately,

this is wrong; see Sect.9.1.2 and, in particular, Theorems 9.6 and 9.7, as well as
Example 9.2.

Statements similar to Theorem 9.9 are presented in Kononov (1998) and Zhao et al.
(2003) (for problem 1|p; (1) = p;(1 + b7)| > w;C;). However, Kononov (1998)
simply states without a proof that for problem 1|p i(m)=p;d+ bT)| > w;Cj, the
1-priority function is w(j) = w; (p—lj + 1). This expression is also quoted in Theo-
rem 6.197 of the book Gawiejnowicz (2008), but in fact, it needs to be corrected as
given in Theorem 9.9. A simple counterexample demonstrates that the job sequences
obtained by sorting the jobs in non-increasing order of the 1-priorities computed as

suggested in Kononov (1998) are not optimal. Consider an instance of problem
1|p;j(m) = p;(1 + bT)| > w;C; with b = 0.05 and two jobs such that

pr=5w =2; pp=2,w; =1.
Computing the 1-priorities as suggested in Kononov (1998), we obtain
w(l)=24,w?2) =15,

which implies that the sequence (1, 2) should be optimal with the value of the objec-
tive function 17.5. However, computation in accordance with Theorem 9.9 yields

w(l) =10, w(2) =11,

so that the optimal permutation is (2, 1) with the value of the objective function 17.

Statements similar to Corollary 9.1 are independently proved in Kononov (1998)
and Zhao et al. (2003) (for problem 1|p; () = p;(1 4 bT)|Cpax) and in Wang and
Xia (2005) (for problem 1|p;(7) = p;(1 — b7)|Crnax).

The results presented in Kuo and Yang (2007) should be seen as a special case
of Theorem 9.3 applied to a particular function f (1) = > /-, \;7", where for some
integer m, the values \; and r;, 1 <i < m, are given non negative constants.

Theorem 9.10 is presented in Wang et al. (2008) with no detailed proof. The proof
given in Sect.9.2 follows the proof techniques outlined in Tanaev et al. (1984) and
Gordon et al. (2008).
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Chapter 10
Scheduling with Pure and Combined
Cumulative Effects

In this chapter, we study single machine scheduling problems, provided that the
actual processing times of the jobs are subject to a cumulative effect. We also study
effects in which a cumulative effect is combined with a positional effect.

Forajob j € N ={1,2,...,n},its normal processing time p; is given. Suppose
that the jobs are processed on a single machine in accordance with a permutation
= (m(1l),...,m(n)). As stated in Sect. 6.3, under a general cumulative effect, the

actual processing time p;(r) of a job j = 7(r) sequenced in positionr, 1 <r < n,
depends on the normal times of the previously sequenced jobs, which is given by

pj(r) = p;f(P), (10.1)

where

r—1
Pr = an(h)
h=1

is the sum of the normal processing times of the earlier sequenced jobs. In the case
of learning, f : [0, +00) — (0, 1] is a non-increasing function, while in the case of
deterioration, f : [0, +00) — [1, +00) is a non-decreasing function.

As adopted throughout this book, if job j is sequenced in position 7(r) of per-
mutation 7, its completion time is denoted either by C; (7) or by Cr(,y, whichever is
more convenient.

We denote the problems of minimizing an objective function ® on a single
machine subject to an effect (10.1) by 1|p‘,- (r) = pjf(P,)‘CD. Typically, we will
have either ® = Cpqx in the case of minimizing makespan or ® = »" C; in the
case of minimizing total completion time. Whenever possible, we also consider the
problems of minimizing more general objective functions, such as > C i» where z
is a given positive number, and the linear combination {Cnax + 7>, C; with positive
coefficients.
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In this book, we often turn to the most popular cumulative effect given by

r—1 A
pi(r) = p,»(l +bY pﬁ(m) : (10.2)

h=1

where b is either a positive or a negative constant suitably assigned to ensure that
the actual processing times do not become too high, or too low or negative. Provided
that b > 0, the constant A is negative in the case of learning and is positive in the
case of deterioration. We denote the problems of minimizing an objective function
® on a single machine subject to an effect (10.2) by 1|p;(r) = p;(1 + bP)A ‘d>.

In this chapter, we also study more general effects, e.g., an effect that combines
a general cumulative effect with a general monotone positional effect, so that the
actual processing time of job j scheduled in the rth position of a permutation 7 is
given by

pi(r) = p; f(P)g(r), (10.3)

where

e f is a continuous differentiable function, common to all jobs, that depends on the
sum P, of normal processing times of jobs scheduled in the previous positions and
takes positive values;

e array g(r), | <r < n, is a monotone sequence and defines a positional effect.

Itis assumed that £(0) = 1 and g(1) = 1, which guarantees that for the job which
is the first in the processing sequence, the actual processing time is equal to its normal
time.

Many problems from the considered range admit a solution by a priority rule.
Recall that if the jobs are numbered in accordance with the LPT rule, then

DPIL=pr> - = py, (10.4)

while if they are numbered in accordance with the SPT rule, then

This chapter is structured as follows. Section 10.1 studies single machine prob-
lems with no precedence constraints under various forms of a combined effect (10.3).
In Sect. 10.2, we consider problems with pure cumulative effects, including a gener-
alized linear effect (6.9), under which the actual processing time depends on accumu-
lated values of a parameter different from the normal processing time. Section 10.3
considers problems with series-parallel precedence constraints, mainly under pure
cumulative effects.
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10.1 Scheduling Independent Jobs with a Combined
Job-Independent Cumulative Effect

In this section, we consider single machine problems under the combined effect
(10.3). We prove general statements that compare the completion times of jobs in
two permutations that differ only by the positions of two consecutive jobs. Then, we
show its implications for problems of minimizing the makespan, the total completion
time, and their generalizations.

Similarly to Sect. 9.1 that considers a combined multiplicative start-time-dependent
effect of the form (9.4), which resembles (10.3), in this section our reasoning relies
on the behavior of function

o) = A =N f(P) +Auf (P +1) — pf (P + A1), (10.6)

which is established in Lemma9.1. To make this chapter self-consistent, below we
repeat the formulation of that lemma.

Lemma 10.1 For function ©(t) defined by (9.7) with P, > 0, the inequality

o) <0

holds for allt > 0 if

(a) A>1,0< p <1land f is convex on [0, +00), or
(b) 0 <A <1,u>1and f is concave on [0, +00).

We split our further consideration into two parts. Our analysis and the final results
depend on the behavior of function f that defines a cumulative effect (10.1) and
whether the array of positional factors g(r) represents a learning effect or a deterio-
ration effect.

10.1.1 Combining General Cumulative Effects with
Positional Effects

Let us first analyze scheduling problems with a combined effect (10.3), provided that
function f is convex and the array g(r), | <r < n, is non-increasing, i.e., represents
a positional learning effect. Under this assumption, it is possible to prove a rather
general statement, which should be seen as an extension of Theorem 2.3.

Theorem 10.1 Let w be a permutation, in which two jobs u and v such that

pu > pvv (107)
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occupy two consecutive positions r and r + 1, i.e, u =7(r) and v =7 + 1),
where 1 <r < n — 1. Let permutation 7’ be obtained from w by swapping the jobs u
and v. Then for a single machine problem with a combined effect (10.3) the inequality

Cry = Cry (10.8)
holds for all h, 1 < h < n, provided that

l=9(1)=9@2)=---=gMn), (10.9)

and f is convex on [0, 400).

Proof 1t is convenient to represent permutation 7 as w = (7, u, v, my), where m;
and 7, are subsequences of jobs that precede job u and follow job v in permutation
w, respectively. Then, ' = (7, v, u, m3).
Define
A= pu/Po- (10.10)

We present the proof assuming that both sequences m; and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence
m are not affected by the swap of jobs u and v, i.e., the inequality (10.7) holds as
equality foreach i, 1 <h <r — 1.

Denote P, = Zz;ll D@y and define Y as the completion time of the job in the
(r — Dthposition in sequence 7 (or, equivalently, in 7’),i.e., Y = Cr¢—1y = Cr—1)-
For h = r, we derive that

Cw(r) =Cu(m) =Y + pu f(P)g(r);
Criy = Co(n) =Y + pu f(P)g(r).

Due to (10.7), we see that inequality (10.8) holds for 2 = r.
For h = r + 1, we derive that

Crirs1y = Co(m) = Cu(m) + po f(Pr + p)g(r + 1)
Cris1y = Cu(7) = Co(T') + pu f(Pr + p)g(r + 1).

Define
A= C7T’(r+1) - Cﬂ'(rJrl)- (1011)

We show that A < 0. Writing out the actual processing times of jobs u# and v in
permutations 7 and 7/, we obtain

A= p,f(P)gr)+ puf(Pr+ p)glr +1) — p.f(P)g(r)
— pof (P + pu)g(r + 1).
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Using (10.10), A can be rewritten as

A=p, (f(Pr)g(r) + %f(Pr + pogr + 1)

—%f(Pr)g(r) — [ (P + pug(r + 1))

= po(f(P)g(r) + Af(Pr + p)g(r + 1) (10.12)
—Af(P)g(r) — f(Pr+ Apu)g(r + 1))
= po(L =N f(P)g(r) + Af(Pr + po)g(r + 1) — f(Pr 4+ Apu)g(r + 1)).

Further, denote

1
G (10.13)
g(r)
and rewrite (10.12) as
A = pug(N)((L =) f(P) + Apf(Pr + py) — pf (Pr + Apy))
Applying (10.6) with t = p,,, we deduce that
A = pyg(r)p(po). (10.14)

By assumption (10.7), we have that A > 1, and due to (10.9), the inequality ;1 < 1
holds. Since f is convex by the theorem’s condition, it follows that condition (a) of
Lemma 10.1 is valid. Thus, ¢(p,) < 0 and A <0, as required.

The actual processing times of all jobs in the sequence 7, are not affected by
the swap of jobs u and v. Besides, due to (10.8) proved for # = r + 1, each job in
position A, r +2 < h < n, starts in the schedule associated with permutation 7 no
earlier than in the schedule associated with 7. This means that (10.8) holds for each
h,r +2 < h < n. The theorem is fully proved. |

Theorem 10.1 immediately implies that for the combined effect (10.3) defined
by a convex function f and a non-increasing array (10.9), any regular objective
function @ (7) that depends only on the completion times is minimized if the jobs
are arranged in a sequence in which a job with a larger normal processing time is not
followed by a job with a smaller normal processing time. Examples of such a function
include, but not limited to Cyyax, 2, C JZ where z is a given positive number, and their
linear combination {Crpax + 17 >, C;.

Theorem 10.2 For problem 1|p;(r) = p; f(P,)g(r)|® with ® € {cmax, > C,
ECmax + 12 CJZ} under an effect (10.3) that combines a cumulative effect with

a positional learning effect, an optimal permutation can be found in O (nlog n) time
by sorting the jobs in accordance with the SPT rule, provided that f is convex on
[0, +00).
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The latter theorem should be seen as an extension of Theorem 2.4.
Reformulating Theorem 10.2 in terms of 1-priorities, we conclude that prob-

lem 1]p;(r) = p; f(P,)g(r)|®, where ® ¢ {Cmax, S C%, €Comax + nzc;}, with

an effect (10.3) admits the 1-priority w(j) = 1/p;, provided that functions f and g
satisfy the conditions of Theorem 10.1.

Now, we pass to analyzing scheduling problems with a combined effect (10.3),
provided function f is concave and the array g(r), 1 <r < n, is non-decreasing,
i.e., represents a positional deterioration effect.

It appears that the analysis of the effect (10.3) defined by a function convex f
and positional factors defined by a non-decreasing array g(r), 1 < r < n,is not fully
symmetric to that presented in Theorem 10.1. A certain symmetry is observed only
for the problem of minimizing makespan: If function f is concave and the array
g(r), 1 <r <n, is non-decreasing, then an optimal permutation can be found by
the LPT rule. On the other hand, for minimizing the total completion time, an LPT
permutation need not be optimal for such an effect.

Theorem 10.3 Let 7w be a permutation, in which two jobs u and v such that

Pu < Dv,

occupy two consecutive positions r andr + 1, i.e., u = w(r) and v = w(r + 1). Let
permutation 7' be obtained from 7 by swapping the jobs u and v. Let permutation 7’
be obtained from T by swapping the jobs u and v. Then for a single machine problem
with a cumulative effect (10.3) the inequality Cpmax (71'/) < Cmax () holds, provided
that

l=g()=<g?2) <---=<gn), (10.15)

and f is concave on [0, +00).

Proof As in the proof of Theorem 10.1, we represent permutations 7 and 7’ as
m = (7, u, v, m) and as ©’ = (7, v, u, m3), where 7; and 7, are subsequences of
jobs that precede job u and follow job v in permutation 7, respectively.

We present the proof assuming that both sequences 7, and 7, are non-empty;
otherwise, the corresponding part of the proof can be skipped.

The actual processing times and the completion times of all jobs in sequence 7| are
not affected by the swap of jobs u and v. Denote P, = Z;:l Pr(ny and define Y as the
completion time of the job in the (+ — 1)th position in sequence 7 (or, equivalently,
in 7'), i.e., Y = Crp—1y = Cr—ny. It is clear that Cr(y =Y + p, f(P,)g(r) and
Criy =Y + pyf(P)g(r). Notice that p, < p,, which implies that Cry < Cr ().
This explains why under the conditions of Theorem 10.3 it is not possible to prove
a more general statement, similar to Theorem 10.1.
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We now prove that Cr/(.1) < Cr(-+1). As in the proof of Theorem 10.1, define A
by (10.11). Defining A by (10.10) and g by (10.13), rewrite A as (10.14).

Unlike in the proof of Theorem 10.1, here A < 1 and i > 1, so that condition (b)
of Lemma 10.1 is valid. Thus, ¢(p,) < 0and A < 0, as required.

The actual processing times of all jobs in the sequence m, are not affected by the
swap of jobs u and v. Besides, since Cr¢+1) < Cr(-+1), it follows that each job in
position A, r + 2 < h < n, starts in the schedule associated with permutation 7 no
earlier than in the schedule associated with 7’. This means that Cyp,y (7T/) < Chax ()
holds, which proves the theorem. O

Theorem 10.3 immediately leads to the following statement regarding single
machine scheduling problems to minimize the makespan.

Theorem 10.4 For problem 1|pj(r) = pjf(P,)g(r)|Cmax under an effect (10.3)
that combines a cumulative effect with a positional deterioration effect, an optimal
permutation can be found in O (nlogn) time by sorting the jobs in accordance with
the LPT rule, provided that function f is concave on [0, +00).

Reformulating Theorem 10.4, we conclude that problem 1] pj(r)y=p;f(P)
g(r)|Crax With an effect (10.3) admits the 1-priority w(j) = p;, provided that func-
tions f and g satisfy the conditions of Theorem 10.3.

Notice that the proof of Theorem 10.3 in fact demonstrates that the inequality
(10.8) holds for each & other than r, while Cr() < Cr. This fact does not allow
us to derive any conclusions regarding the status of the problem of minimizing
total completion time under an effect (10.3), provided that function f is concave on
[0, 4-00) and (10.15) holds. The status of this problem remains open even if g(r) = 1,
1<r<n.

Below, we now present a counterexample that demonstrates that problem
1 |pj (r) = pjf(P,)| > C; can be solved neither by the SPT nor by the LPT rule.

Example 10.1 Consider an instance of a single machine problem to minimize the
sum of completion times under the cumulative effect (10.1) with the function f(P,) =
14+ P) > Ttis clear that f is concave on [0, +00). There are 3 jobs with the normal
processing times listed below

p1=6 pp=7 p3=09.

For this instance, the total completion time > C; is minimized neither by the SPT
sequence, nor by the LPT sequence. The corresponding computations, accurate up to
three decimal places, are shown in Table 10.1. We see that permutation (2, 1, 3)
delivers a smaller value of the total completion time than that produced by the SPT
and the LPT sequences.



192 10  Scheduling with Pure and Combined Cumulative Effects

Table 10.1 Computations for Example 10.1

™= (1,2,3) [SPT] 7= (3.2, 1) [LPT] T=(2.13)
Cr) 6.000 9.000 7.000
Cr 24.520 31.136 23.971
Cr3) = Cmnax(m) | 58.195 55.875 57.645
> Crijy 88.715 96.011 88.616

10.1.2 Combining Polynomial Cumulative Effects
with Positional Effects

Below, we consider the implications of the general statements proved above for
effects with a specific function f.

Let us first consider the combined effect (10.3) in which f(P,) = (1 + bP,)4, so
that the resulting effect is given by

pi(r)=p;(1+bP) g(r). (10.16)

Recall that b is a suitably defined constant which can be either positive or negative.
For the problem of minimizing the makespan, Theorems 10.2 and 10.4 imply the
following statement.

Theorem 10.5 For problem l’p_,- (r)=p;j(1+ bP,)Ag(r)}Cmax under an effect
(10.16) applied with either A < 0 or with A > 1, and g(r) defined according to
(10.9), an optimal permutation can be found in O (nlogn) time by sorting the jobs
in accordance with the SPT rule, while if the effect is applied with 0 < A < 1, and
g(r) is defined according to (10.15), then an optimal permutation can be found in
O (nlogn) time by sorting the jobs in accordance with the LPT rule.

Proof To see that the theorem holds, apply Theorems 10.2 and 10.4 to the function
f(P) = (14 bP,)*. We see that the second-order derivative

d*f

——— = A(A - DP*(1 + bP)*?

4P’ ( )b ( )
is non-negative, i.e., f is convex, provided that either A < 0 or A > 1. On the other
hand, (‘;ZTJ; is non-positive (and f is concave) if 0 < A < 1. O

Assuming that b > 0, Theorem 10.5 implies that problem 1| pi(r) =
p;i(1+ bPr)Ag(r)|Cmax for A < 0 (a learning cumulative effect) or A > 1 (a fast
deterioration cumulative effect) along with a positional learning effect is solvable
in O(nlogn) time, and an optimal permutation is found by sequencing jobs in
the SPT order, i.e., w(j) = 1/p; is the 1-priority. On the other hand, for problem
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Table 10.2 Results for scheduling on a single machine with a combined effect (10.3)

Condition on f Condition on | Objective Rule Statement
g

f convex g \¢ Crmax SPT Theorem 10.2
f convex g\ > Cj. SPT Theorem 10.2
f convex g\ ECmax + 112, C; SPT Theorem 10.2
f concave g/ Cmax LPT Theorem 10.4
f concave g=1 >.C; open Example 10.1
F=0+bP)A, g\ Crmax SPT Theorem 10.5
A<QOorA=>1
f=A+bP)", g\ > SPT Theorem 10.5
A<QOorA>1
f=+bP)A, g\ ECmax + nZC, SPT Theorem 10.5
A<QorA>1
f=+bP)A, g/ Crmax LPT Theorem 10.6
0<A<l1
(J; =/§1 +]bPr)A, g=1 >c; open Example 10.1

<A<

1p;(r) = p;j(1 +bP)*g(r)|Cmax with 0 < A <1 (a slow deterioration cumula-
tive effect) and a positional deterioration effect, an optimal solution can be found in
O(nlogn) time by the LPT rule, i.e., w(j) = p; is the 1-priority.

Reformulating Theorem 10.5, we conclude that for problem 1| pi(r) =
p;j(1+ bP,)Ag(r)}Cm&IX under an effect (10.16), the 1-priority is eitherw(j) = 1/p;
(if A <0Oor A > 1, and g(r) is defined by (10.9)) orw(j) = p; (if0 < A <1, and
g(r) is defined by (10.15)).

For other single machine problems, Theorem 10.2 leads to the following statement.

Theorem 10.6 Let z be a positive number. For problem 1| pi(r) =
p;i(1+ bP)* g(r)|® under an effect (10.16) applied with either A < 0 or with
A > 1, and g(r) defined according to (10.9), an optimal permutation can be found

forall® e {Z Ci ECmax + 1 > Ci} in O (nlog n) time by sorting the jobs in accor-
dance with the SPT rule.

The proof of this theorem is the same as that of Theorem 10.5.

Thus, problem 1|pj(r) =p;Q —I—bPr)Ag(r)| ZCJZ for A <0 (a learning
effect) or A > 1 (a fast deterioration effect) along with a positional learning effect
is solvable in O (nlogn) time, and an optimal permutation is found by sequencing
jobs in the SPT order. Reformulating Theorem 10.6, we conclude that for problem
l|pj(r) =p;1+ bP,)Ag(r)| > C; under an effect (10.16), the 1-priority is either
w(j)=1/p; Gf A <Oor A >1, and g(r) is defined by (10.9)) or w(j) = p; Gf
0 < A <1, and g(r) is defined by (10.15)).
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The status of problem 1| p; (r) = p;(1 + bP,)"g(r)| > C; for0 < A < 1 (aslow
deterioration effect in the case of b > 0) is left undecided. As demonstrated in Exam-
ple 10.1, for this problem even if g(r) = 1, 1 <r < n, there exists an instance for
which neither the SPT sequence nor the LPT sequence is optimal.

The results presented in Sect.10.1 for combined effects are summarized in
Table 10.2. Here, in the second column, we use symbols  and \ to indicate whether
the sequence g(r), 1 <r <n, is non-decreasing or non-increasing, respectively.
Additionally, we write g = 1if g(r) = 1,1 <r < n.

10.2 Pure Cumulative Effects

Many results for a pure cumulative effect can be easily obtained from the statements
in the previous section by setting g(r) = 1, 1 <r < n; see, e.g., Table 10.3. This is
why in this section we focus of the results which cannot be derived from considering
an effect of the form (10.3).

10.2.1 Job-Dependent Linear Generalized Cumulative Effect

Consider an effect that arises when a job j € N is associated not only with normal
processing time p; but also with two additional parameters, b; and ¢;. The actual
processing time of job j scheduled in the rth position of permutation 7 is defined by

r—1
pi(r) = p,-(l +b,Zqﬁ(m), (10.17)

h=1

where b; > 0 under a deterioration effect and b; < 0 under a learning effect. No
explicit dependence on the normal time of previously scheduled jobs is assumed, and
the values of b; can be understood as job-dependent rates that reflect how sensitive
a particular job is to the previously scheduled jobs.

As pointed out in Sect.6.3, this effect more realistically reflects situations of
practical interest.

In this section, we demonstrate that under effect (10.17), the problem of mini-
mizing the makespan can be solved by a variant of the WSPT rule, which delivers
an optimal solution to a single machine problem 1| | > w;C; of minimizing the
weighted sum of the completion times. Assume that in problem 1| | > w;C}, the
processing time of job j € N is denoted by g;. Then, the value of the objective
function for a schedule associated with a permutation 7 = (7w (1), 7(2), ..., w(n)) is
given by
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n n h
D WenCriy = D Wty D s
h=1 k=1 r=1

and an optimal permutation can be found in O (n logn) time by sorting the jobs in
accordance with the WSPT rule (also known as Smith’s rule), i.e., in non-decreasing
order of the ratios g;/w;; see Theorem 2.6.

Theorem 10.7 For a single machine problem of minimizing the makespan under the
effect (10.17), an optimal permutation can be found in O (nlogn) time by sorting
the jobs in non-decreasing order oqu/(pjbj).

Proof To prove the theorem, we reduce the problem under consideration to problem
1] | > w;C;, with the processing times equal to ¢; and the weights defined by

W Z:bjpj, j €N. (10.18)
For the original problem, we have

r—1
Crax (M) = pray + Z pr(r)(l + brgr) zqﬂh))

r=2 h=1

n n r—1
= Z Prir) + Z by Prir) Z Gr(h)
r=1 r=2 h=1
n n r—1
= Z Prr + Z by Prer) z qr(h)s
r=1 r=1 h=1

where the last equality is due to 22:1 Grny = 0.
Using (10.18), we further rewrite

Cmax (7'(') Z Pr(r) + Z Wr(r) Z qr(h)

h=1

n
= Z Prtr) + Z Wr(r) Z Gr(h) — Z Wr(r)Gr(r)
= Z W (r) Z Gr(n) + Z —w;q;).

h=1

Thus, Cnax () is minimized if the minimum of > "'_ | wr(y D, Gr(n) 1S attained.
The latter expression is the objective function in problem 1] | > w;C}, so that the
optimal permutation can be found by the WSPT rule. In terms of the original problem,
an optimal permutation is obtained by sorting the jobs in non-decreasing order of the

ratios qj/(bjpj). O
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Reformulating Theorem 10.7, we conclude that for the problem of minimizing
the makespan under an effect (10.17), the 1-priority is w(j) = b;p;/q;-

Corollary 10.1 Ifeffect (10.17) is applied with q; = pj, then the resulting problem
1|p]~ (m;r) = p; (1 +b; P,) |Cmax is solvable in O (nlogn) time by sequencing jobs
in non-increasing order of b;.

10.2.2 Job-Independent Linear Cumulative Effect

In the remainder of this section, we consider a pure cumulative effect of the form
(10.2) applied with A = 1, i.e., a linear effect given by

r—1
pj(r) = pj(l +b2pw<m). (10.19)

h=1

According to Theorem 10.5, for an effect (10.16) if A = 1 and g(r) is defined
according to (10.9), an optimal permutation for minimizing the makespan can be
found by sorting the jobs in accordance with the SPT rule, and if A =1 and
g(r) is defined according to (10.15), an optimal permutation for minimizing the
makespan can be found by sorting the jobs in accordance with the LPT rule. Notice
that effect (10.19) can be seen as a special case of effect (10.16) with A =1 and
g(r) =1,1 <r < n,sothatboth (10.9)and (10.15) are satisfied. Thus, Theorem 10.5
implies that both SPT and LPT rules will result in an optimal solution for problem
1 | pj(r)=p;(1+bP,) |Cmax. In fact, we can prove an even more general statement.

Lemma 10.2 For problem 1 }pj ) =p;A+ bP,)}CmaX with a cumulative effect of
the form (10.19), the value of the objective function does not depend on the sequencing
of jobs.

Proof A possible proof of the lemma demonstrates that for an arbitrary permutation
T = (w(l),...,m(n)), the expression for Cp.x(7) can be written in a sequence-
independent way. Due to (10.19), we have that

n r—1
Crax (1) = pray + Zpﬂ(r)(l +0b pr(h))

r=2 h=1

n n r—1
= Z Pry T b Z Dr(r) Z Dr(hy-
r=1 r=2 h=1
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effect

pj(r) Condition Objective 1-Priority Statement
pjf(Pr) f convex Crmax 1/p; Theorem 10.2
pjf(P) f convex > Cj 1/pj Theorem 10.2
pjf(P) f convex ECmax + 12, C; 1/p; Theorem 10.2
pjf(P) f concave Crnax Dj Theorem 10.4
pi+bP)4 | A=1 Crnax v Lemma10.2
pj(l —|—bP,)A A<OorA>1 Crmax 1/p; Theorem 10.5
pi(L+bP)HA 0<A<l1 Crnax pj Theorem 10.5
pi(l+bP)* | A<OorA>1 2 C 1/p; Theorem 10.6
pi(L+bP)A A<OQorA>1 gcmax+n2c§ 1/pj Theorem 10.6
p;l +bP)A 0<A<l1 >.C; open Example 10.1
(10.17) Crmax qj/(bjpj) Theorem 10.7
pi(1+b;P) Crax b Corollary 10.1

Changing the order of summation, we obtain

n—1

Cmax(ﬂ—) Z pﬂ'(r) + b pr(r) z Pw(h) - Z pﬂ'(r) + b z p‘/r(r)pﬂ'(h)
h=r+1 I<r<h<n
Since
n
(Z Pw(r)) z Proy T2 Z Pr(r) Pr(h)»
r=1 1<r<h<n
we deduce
1< Py
2
Z Pr(r)Pr(h) = E(Z pﬂ'(r)) ) Zpﬂ-(r)’
1<r<h=<n r=1 r=1
so that

2
b n
Cmax(’/T) zpw(r)+ (ZPW(")) _Ezpi(”)‘
r=1

The right-hand side of the above expression is in fact sequence-independent, so
that it can be written as

Cmax(ﬂ-)zzpj‘i‘ ij _gzp?’
j=1 j=1 j=1
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which implies that for problem 1 | pjr)=pj(1+DbP,) ‘ Cmax With acumulative effect
(10.19), the makespan is a constant that does not depend on the order of jobs.
Another evidence that Lemma 10.2 holds comes from Theorem 10.7. Indeed,
since for problem 1|p;(r) = p;(1 + bP,)|Crax, Theorem 10.7 applies with ¢; =
pj.b;j =b, j € N, and we see that any permutation is optimal. O

The results for pure cumulative effects that follow from Sects.10.1 and 10.2
are summarized in Table 10.3. Here, we use symbol V to indicate that an arbitrary
permutation is optimal.

10.3 Scheduling Under Precedence Constraints

In this section, we consider single machine problems to minimize an objective
function ® € {Cmax, > C j} with a deterioration cumulative effect (10.2) applied
with A > 1. Unlike in Sects.10.1 and 10.2, here, we assume that the jobs of
set N are not independent and a precedence relation given by a reduction graph
G = (N, U) is imposed over the set N of jobs. We denote the corresponding prob-
lems by 1] pj(r)y=p;(1+ bP)A, prec]CD (for arbitrary precedence constraints)
and by 1‘pj (r)=p;(1+bP)* SP — prec|<l> (for series-parallel precedence con-
straints). See Chap. 3 for definitions and main results on scheduling under precedence
constraints.

Let m be a (partial) permutation of jobs contained as a subsequence in some
schedule. The length of a permutation 7, i.e., the number of elements in 7, is denoted
by ||.

10.3.1 Minimizing Makespan

We start with considering the problem with the makespan objective function.

First, observe that Lemma 10.2 immediately implies that for problem 1 | pi(r) =
pi(1+DbP,), prec|Cmax with a cumulative effect (10.2) applied with A = 1, any
permutation that respects the given precedence constraints is optimal. Such a per-
mutation can be found in O (n) time.

Now, we pass to considering the problem of minimizing the makespan with a
cumulative effect (10.2) applied with A = 2 and show that the objective function is
priority-generating. Recall that Cy,,x admits a 1-priority for A > 1, which is a neces-
sary requirement for the objective function to be priority-generating. In accordance
with Sect. 3.2, we apply Recipe 3.1.

In the proofs below, the following notation is used. For a partial permutation 7
that is contained as a subsequence in some schedule, assume that (i) the first job
in 7 starts at time 7 and (ii) the sum of the normal processing times p; of the jobs
that precede the first job in 7, i.e., those completed by time 7, is equal to ¢. Under


http://dx.doi.org/10.1007/978-3-319-39574-6_3
http://dx.doi.org/10.1007/978-3-319-39574-6_3
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these assumptions, let Cp,x(7; 7; ¢) denote the maximum completion time of the
jobs in 7.

Theorem 10.8 For the single machine problem to minimize the makespan under the
deterioration effect (10.2) applied with A = 2 and b > 0, the objective function is
priority-generating and

2] 1 Pr(j)

ZIWI
j=1 Pai)
is its priority function. In the case A =2 and b <0, the priority function is

—w(m). Problem 1|pj(r) =p;1+ bP)A, SP — prec|Cmax with A = 2 is solvable
in O(nlogn) time.

w(m) = (10.20)

Proof We present the proof for the case b > 0. For problem 1| pi(r) =p;j
(1+bPHA |Cmax, by definition, we have that

2

7| Jj—1
Cnax (M5 75 0) =T + Crax (13 0; Q) = 7 + pr(j)(l + b(C + Z pﬂ(i))) .

j=1 i=1

(10.21)

Let 7*° = (mafm) and 77 = () Barr,) be two permutations of all jobs that

only differ in the order of the subsequences « (containing u jobs) and 3 (containing
v jobs).
Define

A = Coax (1) = Conan (17) = Cina (173 0; 0) — Conax (7775 0; 0).

Let ¢’ denote the total sum of the normal processing times of the jobs in 7. It
follows from (10.21) that

Crax (m1472; 05 0) = Crnax (7115 03 0) + Crnax (323 0; (1),
Cmax(ﬂ'laﬁﬂ?» 0,0) = Cax(m1;0; 0) + Cmax(ﬁaﬂ-% 0; C/);
80 that AC = Cpax (@f8m; 0; (') — Chax (Bams; 0; ¢'). Furthermore,

Crmax (08725 0; (') = Crnax(@3; 05 ()

|

2
+2sz(k) (1 + b(C + Zl’a(;) + ZPJ(;) + ZPm(z))) ,

Cmax (Bam; 0; C,) = Cmax(Ba; 0; C )

|2

2
+ZP772(1¢) (1 +b<C + ZP&(,) + Zpo(z) + Zprz(z))) ,

so that AC = Cmax(a/B; 0; CI) - Cmax(ﬂa; 0; C/)
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Next, we deduce

2
v u k—1
Crnax (@; 0: ¢') = Conax (@ 0: ) + > ey (1 +b (C/ + D paiy + Zp3<j>))

k=1 i=1 j=I1

u k—1
=> Pa(k)(l + b((' +> Pa(i)))
k=1 i=1

2
v u k-1

+D Pow) <1 +b (C’ + 2 Pty T 2 l’d(i))) :
k=1 i=1 Jj=1

2

2
u v k—1
Cinax (B3 0; (') = Conax (85 0; ) + D patty (1 +b (c’ +> P+ pa@))

k=1 =1 i=1
v k—1 2
=D pow | 1+b{ ¢+ D psi
k=1 =
u v k—1 2
+ D ot [ 1+6[C+ D psgh + D pair | | -
k=1 = i=1

so that for A, we derive

u k—1 2
A = Z Dak) (1 + b(C’ + Z p(y(i)))
k=1

i=1

v k—1
—(1+5( ¢+ D poiy + D paiy
j=1 i=1

[

v u k—1
+ D s | | 142+ D paw + D o
k=1

i=1 j=1

2
k—1

—( 1+ +D psiy
j=1
Proceeding further, we obtain
u v k—1 v 2
A=-— Z Paio | 2 Z Pﬁ(j)(l + b(C’ + Z pam)) + b(z Psa))
k=1 j=1 i=1 i=1

2

v u k—1 u
+> pow |22 pow | 1+ + D psiy | | + b(z Pa(i))
k=1 i=1 j=1 i=1
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2

u
:szpa(i) Z PBG)PB®K) +me<k>(ZPa<z>)
i=1

1<j<k<v

u
—2b z PBG) Z PahPat) | — b Z pa(k)(z p;i(z))
i=1

1<j<k=u

Adding and subtracting b >"}_; Paw) Z;zl pé(j) and b [ _| Pk Dy pi(i),
we obtain

u v 2 v u 2 u v
> pa@(z pm) b zpa@(z pam) Y e S
k=1 i=1 k=1 i=1 k=1 i=1
v u 2 u v 2 v u
—prs(k)(zpam) —bzpa<k>(zpﬂ<i>) +b D P D, Pey
k=1 i=1 k=1 i=1 k=1 i=1

which reduces to

v u u v
A=bD pswy D, Pay —b D Pat) D, P (10.22)
k=1 i=1 k=1 i=1

Dividing both sides of (10.22) by b >} _, pa(k) >y pﬁ(l), we deduce from b > 0
that A < 0, provided that

u v
21 Pot) _ 2iz1 PBO)
U 2 - v 2
2z Pay  2iz1 Pag)

For an arbitrary (partial) permutation 7, define the function w(7) by (10.20). It
is easily verified that for b > 0, the inequality w(c) > w(3) implies Cpax (7*7) <
Crnax (77), while the equality w(a) = w(B) implies Cpax (1) = Crax (77%), as
required by the definition of the priority function.

For b < 0, the inequality A < 0 holds, provided that

u v
Zi:l Pai) < Zi:l Pj)
u 2 — v 2 ’
i Paiy 2ot Paiy

which leads to a priority function that is the negation of w(w) defined by
(10.20). ]

Observe that if (10.20) is applied to a single job j, i.e., to a permutation of length
one, then the priority function becomes a 1-priority function w(j) = 1/p;, which is
consistent with the SPT being an optimal priority rule for the corresponding problem
with independent jobs; see Theorem 10.5.
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It is unlikely that a priority function exists for A greater than 2, as the lemma
below demonstrates for A = 3.

Lemma 10.3 For the single machine problem under the deterioration model (10.2)
with A = 3 the makespan is not a priority-generating objective function.

Proof Inorder to disprove that an objective function @ is priority-generating, we rely
on Recipe 3.2. outlined in Sect. 3.2. An instance of the problem should be exhibited
such that ®(7*%) < ®(77*) for some permutations 7’ = (m;afm,) and 77 =
(71 Bamy), while ® (%) > ® (") for some other permutations ¢ = (¢'af”)
and o’ = (¢'Bay”).

Consider the following instance of the problem in question. There are four jobs
with

pr=3, pp=8 p3=7, ps=06.

Let « = (1,2), 8 = (3), and m, = (4) with permutation 7, being empty, so that

7% = (af, 4) and 77 = (B, 4). We have that

Coax (00,4 =3x P 4+8x (14+3°+7x (1 +3+8>+6x(1+3+8+7)°
= 53765;

Coax (B, ) =T x P+3x 1+ +8x 1 +74+3)>+6x (1 +7+3+8)°
= 53345,

so that Cax (a3, 4) > Cax(Ba, 4).
On the other hand, taking ¢’ = (4) and empty permutation ¢’ we obtain

Crnax (4, @) = 49859 < Cpnax (4, Bar) = 49943,

which proves the lemma. O

‘We now pass to consider a pure job-dependent generalized linear cumulative effect
(10.17).

Theorem 10.9 For the single machine problem to minimize the makespan under the
cumulative effect (10.17), the objective function is priority-generating and

e
2 j=1 Pr(hbr(i)

Y gng

j=1947()

is its priority function. The problem is solvable in O(nlogn) time.

w(m) = (10.23)
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Proof We present the proof for the case b > 0. For the problem under consideration,

7| Jj—1
Conax (75 750) =T+ Crpax (73, 0; ) =7+ prr(j)(l + bﬂ(j)(C + Z%T(i)))'

j=1 i=1

As in the proof of Theorem 10.8, let 7B = (miafm,) and e = (m1 Bam,) be
two permutations of all jobs that only differ in the order of the subsequences «
(containing u jobs) and 3 (containing v jobs). Define A := Cax (T%%) — Cpax (779),
and let ¢’ denote the total sum of the normal processing times of the jobs in 7. Then,
A = Cax (@775 05 (') — Crax (Bama; 0; ¢'). Furthermore,

Crmax (afm2; 0; (') = Crax (@3; 0; ()

|2l

+ Z Pra(k) (1 + by (k) (C + an(z) + Z%(;) + qu(l)))

Crnax (Bary; 0; C/) = Ciax(Ba; 05

|72
< ) + me(k) (1 + b7r2(k) (g + Zq}(]) + Z%(z) + ZQW2(1)>)

k=1 j=1 i=1 i=1

so that AC = Cmax(aﬂ; 0; C/) - Cmax(ﬂa; 0; C/)
Next, we deduce

u k—1
Crmax (@35 0; () = Crnax (a5 0; ) + ZPi(k) (1 + bag <C + D qai) + ZW;(,)))

k=1 i=1 Jj=1

k=1
= z pa(k)(l + ba(k)(C + an(z)))

i=1

v u k—1
D) (1 +bs) (C' + D daty + C/B(j))) ;

k=1 i=1 j=1

k—1
Cmax (Ba; 0; C) = Cmax(3; 0; <)+Zpa(k)(l + baw) (C +Zqﬂ(1) +an(1)>>

k=1 j=1 i=1

v k—1
=D Psw <1 + b (C’ +> qsu)))

k=1 j=1

k-1
+an<k)(1 + bak) (C +an</) +an(l>>>

j=1 i=1
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so that for A, we derive

u k—1
A= Z Pa(k)((l + ba(k)(c/ + Z QQ(i)))
k=1 i=1

k—1

v
[ 1+ bago [ ¢+ D asih + D et

j=1 i=1

v u k—1
+ > o | [ 1+ s [ ¢+ D qeir + D900
k=1 i=1 j=1
k—1
—[ 1+ o [ ¢+ D s
j=1

Performing cancellations, we obtain

u v v u
A=— Z Patbae Z q50) + Z Patoba Z Gali)-
k=1 j=1 k=1 i=1

Dividing by >/_| qa) 21— 45> We deduce that A < 0, provided that

izt Powbawy _ Xici Poirbsw
u —_ v N
2k=1 9otk 2= 4500

For an arbitrary (partial) permutation 7, define the function w(7) by (10.23). It
is easily verified that w(a) > w(B) implies Cyax () < Cpax (77%), while w(a) =
w(B) implies Cpax (T?) = Ciax (7°%), as required by the definition of the priority
function. (Il

Observe that if (10.23) is applied to a single job j, i.e., to a permutation of length
one, then the priority function becomes a 1-priority function w(j) = b; p;/q;, which
is consistent with Theorem 10.7.

10.3.2 Minimizing Total Completion Time

Consider now the problem of minimizing the sum of the completion times F(7) =
> C; under the deterioration model (10.2).

Suppose that some subset of jobs is processed starting at time zero in accordance
with a permutation 7. The sum of their completion times can be written as
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A
|| k—1
F@m)y = > (xl=k+ Dpriy | 1+ D Py | (10.24)
k=1 j=1

which can be deduced by replacing constant processing times in (2.9) by their actual
processing times found by (10.2).

Below, we demonstrate that no priority function exists for the problem of mini-
mizing F(m) = > C; for small integer-valued A.

First, recall that Theorem 3.4 of Chap. 3 states that for a single machine problem,
the priority function for the total completion time objective remains the priority
function for the makespan. It is straightforward to verify that the proof of Theorem 3.4
carries over if the jobs are subject to a deterioration effect of the form (10.2). In fact,
in that proof all new jobs that should be added to the initial instance should be
given normal time p; = €. Further, as the contrapositive statement to Theorem 3.4,
we derive that if for the problem of minimizing the makespan the objective is not
priority-generating, then neither is the objective of minimizing the total completion
time. Combining this with Lemma 10.3, we deduce the following statement.

Lemma 10.4 For the single machine problem under the deterioration model (10.2)
with A = 3 the sum of the completion times ), C; is not a priority-generating objec-
tive function.

Thus, in the remainder of this section, we focus on the problem with a cumulative
deterioration effect applied with A € {1, 2}.

Lemma 10.5 For the single machine problem under the deterioration model (10.2)
with A € {1, 2} the sum of the completion times F(m) = Y Cr(j) is not a priority-
generating objective function.

Proof The proofis similar to that of Lemma 10.3 and is based on Recipe 3.2. Consider
the instance of the problem with four jobs with normal processing times

pi=1, pr=6, p3=4, ps=1T,

and let o = (1,2) and 8 = (3).
Applying (10.24) for A = 1, we compare

F(ap,4) = 188 > F(Ba, 4) = 187;
F(4, af) = 220 < F(4, Ba) = 226.

Similarly, for A = 2, we compare

F(aB,4) = 1596 > F(Ba,4) = 1531;
F(4, af) = 2092 < F(4, Ba) = 2098.

This demonstrates that a priority function exists neither for A =1 nor for
A=2. O
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10.4 Bibliographic Notes

The cumulative effects have been introduced by Kuo and Yang in a series of
papers. They focus on the learning effect (10.2) withb =1and A < 0. For A < 0,
the optimality of the SPT rule for problems 1| pi(r)=p;A+ P)* |Cmax and
1p;(r) = p;(1 + P,)*| > C; is proved in Kuo and Yang (2006a) and in Kuo and
Yang (2006b), respectively. See Janiak et al. (2011) for a review of scheduling with
pure cumulative effects.

The results similar to Theorem 10.1 are proved by Yin et al. (2009), who, however,
make an unnecessary assumption that function f is non-increasing.

A special case of effect (10.2) is introduced by Koulamas and Kyparisis (2007).
The authors define the actual processing time of job j scheduled in rth position of

permutation 7 as
r—1 A
(= pﬂ'
pi(r) = pj(1 - %) , (10.25)

where p(N) = Z;f:, p;. Itis easy to see that in the case of learning A > 1, func-
tion f(P.) = (1 — P,/p(N))* has a non-decreasing derivatives, i.e., due to Theo-
rems 10.5 and 10.6 for a single machine scheduling problem to minimize function

d e {Cmax, > C; ECmax + 1> C;} under the cumulative learning effect (10.25),

an optimal schedule can be found by the SPT rule. Koulamas and Kyparisis (2007)
prove this for ® = Cpax and ® = > C; from the first principles. Notice that (10.25)

can be rewritten as B
n
Zh —r Pr(h) )

pj(r)zpj(z Pr(n
h=1 /T

which means that the learning effect depends not on the earlier processed jobs, but
on the jobs which follow job 7 (r). We share an opinion of Biskup (2008), who finds
such a dependence strange. Indeed, as argued in Biskup (2008), if p; =1, j € N,
and A = 1, then the actual processing time of the job in the second position is 0.8,
0.9, and 0.95 for n = 5, n = 10, and n = 20, respectively; however, the learning
experience gained prior processing and the second job is exactly the same in all three
instances.

Cheng et al. (2008) consider a version of a combined cumulative effect such that

A
D her Pt
pj(r) =Pj(—ﬁ Sl A

2 h=1 Prwy

where A > 1, a < 0. The authors prove that the SPT rule is optimal for minimizing
the makespan, as well as for minimizing the sum of the completion times.

A special case of problem 1|pj ) =p;A+ bP,)Ag(r)|Cmax with b =
1/p(N), g(r) = r%, is studied by Lu et al. (2015) for 0 < A < 1, a > 1, and by
Wu and Lee (2008) for A < 0, a < 0. The result proved by Lu et al. (2015) is a
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corollary of Theorem 10.5. For the problem of minimizing the sum of the completion
times under the same effect, Lu et al. (2015) prove that an optimal permutation is
V-shaped with respect to the normal processing times. On the other hand, Wu and
Lee (2008) prove that the SPT rule is optimal for minimizing the makespan, as well
as for minimizing the sum of the completion times; both these results follow from
Theorem 10.5.

Huang and Wang (2015) consider a version of a combined cumulative effect such

that

r—1 A

pir) = pi[ 1+ D bW peay | -
h=1

where A > 1l andarray b(r),1 < r < n,isnon-increasing, i.e., represents a positional
learning effect. It is proved that for each problem of minimizing a function ® €

{Cmax, 2. C5ECma +n 2 Cj} on a single machine, an optimal permutation can

be found by the SPT rule.
Job-dependent linear cumulative generalized effect has not been studied prior to
Rustogi and Strusevich (2016), even for the variant with g; = p;; see Theorem 10.7.
The material of Sect.10.3 is based on Gordon et al. (2008) and Rustogi and
Strusevich (2016).

References

Biskup D (2008) A state-of-the-art review on scheduling with learning effects. Eur J Oper Res
188:315-329

Cheng TCE, Wu C-C, Lee W-C (2008) Some scheduling problems with sum-of-processing-times-
based and job-position-based learning effects. Inf Sci 178:2476-2487

Gordon VS, Potts CN, Strusevich VA, Whitehead JD (2008) Single machine scheduling models
with deterioration and learning: Handling precedence constraints via priority generation. J Sched
11:357-370

Huang X, Wang J-J (2015) Machine scheduling problems with a position-dependent deterioration.
Appl Math Model 39:2897-2908

Janiak A, Krysiak T, TrelaR (2011) Scheduling problems with learning and ageing effects: a survey.
Decis Mak Manuf Serv 5:19-36

Koulams C, Kyparisis G (2007) Single-machine and two-machine flowshop scheduling with general
learning functions. Eur J Oper Res 178:402-407

Kuo W-H, Yang D-L (2006a) Minimizing the makespan in a single machine scheduling problem
with a time-based learning effect. Inf Proc Lett 97:64—67

Kuo W-H, Yang D-L (2006b) Minimizing the total completion time in a single-machine scheduling
problem with a time-dependent learning effect. Eur J Oper Res 174:1184-1190

Lu Y-Y, Wang J-J, Huang X (2015) Scheduling jobs with position and sum-of-processing-time
based processing times. Appl Math Model 39:4013-4021

Rustogi K, Strusevich VA (2016) Single machine scheduling with a generalized job-dependent
cumulative effect. J Sched (In press), doi:10.1007/s10951-016-0497-6

Wu C-C, Lee W-C (2008) Single-machine scheduling problems with a learning effect. Appl Math
Model 32:1191-1197

Yin Y, Xu D, Sun K, Li H (2009) Some scheduling problems with general position-dependent and
time-dependent learning effects. Inf Sci 179:2416-2425


http://dx.doi.org/10.1007/s10951-016-0497-6

Chapter 11
Scheduling on Parallel Machines
with Various Effects

In this chapter, we consider scheduling problems on parallel machines, provided that
actual processing times of the jobs are subject to various effects.

Inabasic model, the jobsof set N = {1, 2, ..., n}aretobe processed on m parallel
machines My, M, ..., M,,. Without loss of generality, we assume that n > m.

Given m parallel machines, a schedule S is associated with a partition of set N into
m subsets N1, Ny, ..., N, some of which may be empty. The jobs of set N;, and only
those, are assigned to machine M; and are processed on that machine in accordance
with a sequence 7l!l = (7r[”(1), i), ..., Wlil(nlil)), where nl!l = N;,1 <i <m.
Notice that we can see the jobs being split into several machines as being split into
several groups, and starting from this chapter, the group-dependent parameters are
accompanied by a superscript of the form [x], where x is the group number. This is
why in the above text, we write 7! and nl.

Ifajob j € N is scheduled on machine M;, 1 < i < m, itis associated with a
normal processing time p;;. The actual processing time of a job may depend on its
position on the machine it is assigned to, or on its start time, or on a combination of
both.

Unless stated otherwise, in all problems considered in this chapter, the objective
is the total completion time, i.e., the sum of the completion times. Recall that in
the case of the makespan objective, problem P2||Cp.x on two identical parallel
machines is NP-hard in the ordinary sense, even if the processing times are constant;
see Sect. 1.3.3.

The following statement is frequently used to solve the problems considered in
this chapter.

Lemma 11.1 Suppose n jobs are to be scheduled on m machines, such that machine
M;,i €{1,2,...,m}hasn'" jobs assignedto it, sequenced in accordance with a per-
mutation wlil = (7r[i](1), e, Wlil(nlil)), where Z;"zl nl'l = n. Further, sequencing
ajob j in a position w1 (r) generates a positional weight WV (r), so that the overall
contribution of job j to the objective function is equal to W(r)p; = WU (r) pring.
A generic objective function can be written as
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m  nlil

() = D> W) pring. (11.1)

i=1 r=1

which can be minimized by using Algorithm Match, if the obtained positional weights
are job-independent.

The proof for the above statement follows from Theorem 2.1.

11.1 Combined Effects

In this section, we address parallel machine scheduling problems under combined
effects considered in Sect.8.1.3. The jobs are subject to an additive linear job-
independent start-time-dependent effect of the form similar to (8.19). The actual
processing time p;;(7; r) of job j that is sequenced in position r, 1 < r < n, and
starts at time 7 > 0, on machine M;, is given by

pij(rir) = (pij £a7) g ), 1<r<n, 1<i<m, jeN, (11.2)

where

e the factor gl'!(r) is used to incorporate a job-independent positional effect, and the
superscript “[i]” is used to stress that the effect is machine-dependent, i.e., for the
same job, a different positional effect may be applied depending on its assignment
to particular machine;

e a4l > 0is a given machine-dependent rate which is common for all jobs; in the
case of p;; + all7, we have a deterioration effect, while p;; — allT defines a
learning effect.

Notice that if a machine M;, 1 < i < m, is under a start-time-dependent learn-
ing effect, i.e., a negative sign is used in (11.2), we must also adopt an additional
assumption of the form (8.21), which guarantees that the actual processing times do
not assume negative values. Other than this additional assumption, the treatment for
both deterioration and learning versions of the effect (11.2) is the same and does not
depend on the sign used in front of a1 7.

For each machine M;, the function gl is given as an array of n numbers, which in
general need not be monotone. If array gl''(r), 1 <r <n,1 <i < m, is monotone
non-decreasing, so that an analogue of (7.10) holds (or non-decreasing, so that an
analogue of (7.11) holds), then we have a situation of positional deterioration (or of
positional learning, respectively).
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11.1.1 Identical and Uniform Machines

First, let us consider the problem of minimizing the total completion time on uniform
machines under a combined effect (11.2). The actual processing time of ajob j € N,
if processed on machine M;, 1 <i < m, starting at time 7 > 0, at a position r > 1
of permutation 7! is given by

(pj £al7)g"(r)
Si ’

pij(T;1r) = <n, 1<i<m, (11.3)
where p; is the normal processing time of job j and s; is the speed of machine M;.
The factors gl'!(r) incorporate an arbitrary positional effect, so that the sequence
g"l(r),1 <r <mn,1 <i < m,isnot necessarily monotone. We denote this problem
by Om|pij(rir) = (p; £ a'7)g" (1) /s:| 3 C;.

Recall from Sect.8.1.3 that for problem 1|pj(7; r) = (pj + aT)g(r)| > Cjon
a single machine, the total completion time is given by (8.26). Adopting (8.26) for
a schedule S defined by permutations 71! = (#l1(1), #l11(2), ..., 7l (nl"")), where
> nlil = n, the total completion time of all n!"! jobs on a machine M; under the
effect (11.3) can be given by

alil il i ](r) lil

ZCWIM) = Z L (r)g z H (1 £a"g"(g))

k=r qg=r+1

Thus, for schedule S, the total completion time for all jobs on all machines can
be written as

nli]

icj(s) ZZ an(r)g Aer) Z H (1 £a"g7(g)) |, (11.4)
j=1

i=1 r=1 k=r g=r+1

which can be rewritten as the generic objective function (11.1) with the positional
weights

. iy 2 .
Wiy = 40 DT £dg%@) ). 1<r <al 1 <i <m. (115)
S
k=r g=r+1

Notice that the positional weights given by (11.5) are job-independent; thus, due
to Lemmal1.1, an optimal solution may be delivered by Algorithm Match. How-
ever, none of the positional weights WU!(r) can be computed without exact knowl-
edge of the number nl! of jobs assigned to machine M;. If the number of jobs
to be scheduled on each machine is known in advance, so that Z;"zl nlll = p,
then we will have a total of n positional weights. In order to solve problem
Om|p;;(r;r) = (p; £d'17) g (r)/s;| > C;, the obtained n positional weights
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must be matched with n jobs, so that the generic objective function (11.1) is
minimized, and this can be achieved in O (nlogn) time by Algorithm Match.

Unfortunately, for problem Qm|p;;(r;r) = (p; £ all7)glil(r)/s;| > C; in its
general form, the number of jobs nl!!, 1 < i < m, is notknown in advance. Moreover,
there is no easy way to determine the optimal values of nl’!, 1 < i < m. Thus, to solve
problem Qm|p;;(t; r) = (p; £ a'17)g"1(r)/s;| > C;, we must generate all possi-
ble values for nll, 1 <i < m, so that >/~ n!"! = n, and for each instance, solve
the resulting problem Qm|>"" | nl'l = n, p;;(r;r) = (p; £ a''7) g (r) /si| X C;
by Algorithm Match. Finally, the instance that results in the smallest value of the
objective function is chosen as the optimal solution.

To generate all possible values for !, 1 < i < m, we need to gener-
ate all compositions of n into at most m summands. See Sect.5.3 for a discus-
sion on combinatorial counting. This generates O(n"~') instances of problem
om|> " nl'h = n, pij(r;r) = (p; £a'17) g (r)/s;| 3 C;, with known values of
nll, 1 < i < m. The SPT sequence of jobs can be found in advance, and accord-
ing to Algorithm Match, to match the jobs to the n weights Wlil(r),1 < r <
nll 1 < i < m, these weights have to be sorted in non-decreasing order. For each
instance of problem Qm|> " nll = n, p;;j(r;r) = (p; £ a''7) g (r)/si| > Cj.
this sorting requires O (n log n) time for an arbitrary positional effect. Thus, problem
Om|pij(r;r) = (p; £a'7) g (r)/s;| > C; can be solved in O (n™ logn) time.

A similar solution approach can be used to solve the problem on identical parallel
machines. For that model, we assume that g!'1(r) = g(r), 1 <r < n, and a/l = q,
s;i = 1, for all 1 < i < m. Let us denote the resulting problem with identical
parallel machines by Pm|pij (t;r) = (pj + aT)g(r)| > C;. There are two impor-
tant points of differences between problems Pm| pij(T;r) = (p i £ aT) g(r)| >.C;
and Om|p;;(r;r) = (p; £a'17)g1(r)/s;| > C;. First, in the case of uniform
machines, even for the classical problem Qm||>  C j» an optimal schedule need
not use all machines, leaving slower machines empty, whereas in the case of iden-
tical machines, an optimal schedule belongs to the class of those schedules in
which all machines are used, provided that n > m. Second, in the case of uni-
form machines, the machines are not identical with respect to their speeds and
positional factors. Thus, for problem Qm|p;;(; ) = (p; £ a'l7) g (r) /si| > C;.
we need to generate all compositions of 7 into at most m summands, whereas for
problem Pm‘p,-j (r;r) = (pj + ar)g(r)‘ > C;, we need to generate all partitions
of n into exactly m summands. This still generates O (n"~!) instances of problem
Pm|Z:":1 nlil =n, pii(r;r) = (pj :l:aT)g(r)| > C;, with known values of nll,
1 <i < m. Thus, problem Pm|p,-j(T; r=(p;£ ar)g(r)| >" C; can be solved in
at most O (n™ log n) time, i.e., it is not simpler computationally than its counterpart
on uniform machines.

The following algorithm formally describes the steps required to solve the problem

Om|p;;(r;r) = (p; £dl7) g (r) /5| > C;.
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Algorithm QSumCombil

INPUT: An instance of problem Qm|p;;(r; r) = (p; £ a'17) g () /si| > C;
OUTPUT: An optimal schedule S defined by the processing sequences 71, 1 <i <m

Step 1. Form a list L of jobs by sorting the values p;, j € N, in the SPT order.
Step 2.  For each choice of values 1, 1 <i < m, do

(a) Foreachi, 1 <i < m, compute the values WI'l(r) by (11.5) and store them
in a list G;.

(b) Merge the lists G; 1 < i < m, into a single list G, sorted in non-increasing
order of its elements.

(c) Compute the contribution of each job to the objective function, by multiplying
the jth element of list L by the jth element of the list G, 1 < j < n. If an
element of G that is matched to job j is W!I(r), then job j is placed into the
rth position of sequence 7!'!. Compute the objective function as the sum of
all found products.

Step 3. Output a schedule defined by the processing sequences 7lil, 1 < i < m,
that correspond to the choice of nll, 1 < i < m, that leads to the smallest value
of the objective function.

In Algorithm QSumCombil applied to the problem on uniform parallel machines,
the values n!'l are generated as possible compositions of 7 into at most m summands.
To solve the problem on identical machines, the same algorithm can be used for
g1(r) = g(r) and @l = @, s;, = 1, 1 < i < m, provided that the values n!'! are
generated as possible partitions of n into exactly m summands.

The following statement holds.

Theorem 11.1 Problems Qm|p,-j (t;r) = (pj + a[i]T)g[i](r)/si| > C; and Pm
|pij(T; r)= (pj :|:a7)g(r)| > C; can be solved by Algorithm QSumCombil in
O (n™logn) time, even if the sequence g[i](r),l <r <n1 <i < m,isnot
necessarily monotone.

Notice that if a pure positional effect is considered, the corresponding problems
Qm|p,-j(r) = pjg[i](r)/si| > Cjand Pm|pij(r) = pjg(r)| > C;j canstill be solved
by Algorithm QSumCombil applied with al’! = 0, 1 < i < m. This still requires
O(n™logn) time, i.e., the problems with a pure positional effect are not compu-
tationally simpler than their counterparts with a combined effect. However, if a
pure start-time-dependent effect is considered, the running time can be considerably
improved, as shown in Sect. 11.3.

11.1.2 Unrelated Machines

We are given m unrelated parallel machines. The combined effect is applied, so that
the actual processing time of job j assigned to the rth position on machine M; and
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starting at time 7 > 0 is given by (11.2), where the factors gl’!(») incorporate an
arbitrary job-independent positional effect, so that the sequence gli!(r),1 < r <
n,1 <i < m, is not necessarily monotone. We denote the problem of minimizing
the total completion time by Rm |p;; (75 r) = (pi; + a'l7) gl (r)| > C;.

Under the effect (11.2), for a schedule S on unrelated machines defined by per-
mutations 711 = (7l(1), 7111(2), ..., 71 (nl1)), 1 < i < m, the total completion
time of all jobs can be adopted from (11.4) and be written as

nlil k

n m  nl
D=2 paanyd” O D [ 1 £a"" @) ). L6
j=1 i=1 r=1 k=r g=r+1

where p; qi1(,) is the normal processing time of a job j = 7l(r) scheduled in
position r of permutation 7! on machine M;.
To minimize the objective > C;(S), let us define the cost

nll k
ciin = pigd e D] ] (1 £d"9" @) |. (11.7)
k=r qg=r+1

which represents the contribution of a job j = 7lil(r), to the objective function.
Notice that none of the costs ¢j ), j € N, 1 <r < ntl 1 < i < m, can be
computed without exact knowledge of the number n!!! of jobs assigned to machine
M;. Thus, similar to the solution to problem Qm|p;; (3 r) = (p; £ al'lt) glil(r) /s:|
> C; presented in Sect.11.1.1, we must generate all possible values for nl'l,
1 <i <m,sothat > -, n!"l = n, and for each instance, solve the resulting prob-
lem Rm|>"L n'l = n, p;;(r;r) = (pij £a'17) g (r)| X C;. To obtain all possi-
ble values for nl!, 1 < i < m, we need to generate all compositions of n into at
most m summands, which according to (5.12) can be done in O (n"~!) ways.

Notice that the objective function > C;(S) given by (11.6) cannot be expressed as
(11.1) because the value of the normal processing time is dependent on the machine
it is assigned to. Therefore, Lemma 11.1 cannot be applied.

To solve problem Rm|> /", nl'=n, p;;(r;r) = (pi; £ a'7) g ()| > C;.
define a linear assignment problem with an n x n cost matrix C = (c; ) hav-
ing n rows, each corresponding to a job j € N, and n columns, each corresponding
to an available position; see Sect.4.1 for information on the linear assignment prob-
lem (LAP). Number the columns by a string of the form (7, r), where i, | <i <m,
refers to a machine index, and r, 1 < r < nl/l, indicates a position in permutation 7!’/
of jobs assigned to machine M;. More precisely, the value of element c; (; - at the
intersection of the jth row and the vth column of matrix C is defined by the relation
(11.7); here, v =n +p& .. 4 pli- 4 where ] <i <mand1 < r < nlil,

As a result, the problem of minimizing the objective function (11.6) reduces to
LAP written out below
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m  nli

n
minimize z Z Z cj,(i,,)xj,(i,,)
j=1 i=1 r=1
m  nlil
subject to ZZ)CJ-,([,,):L j=1,...,m
=S (11.8)
n
ij,(i,r) =1, i=1,....m r=1 nll
j=1
xjan €10,1}, j=1...,ni=1,...,m,

The algorithm to solve an assignment problem of the form (11.8) has been
outlined in Sect.4.1. The running time of this algorithm is O (n*). Suppose that
for some i, 1 < i < m, the solution of the assignment problem (11.8) related to
problem Rm|>" nl'l = n, p;;(r;r) = (pi; £ a'7)g"1(r)| 3 C; is found, then
xjur = 1 implies that job j is assigned to the rth, 1 < r < nlil, position of
machine M;, 1 < i < m. This process is repeated O (n’”’l) times, for each gener-
ated instance of problem Rm| Y"1, nli! = n, p;; (5 r) = (pi; £ a17) gl (r)| > C;,
and the instance that delivers the smallest value of the objective function is chosen to
produce an optimal solution to problem Rm |p;; (t; r) = (pi; £ a'l7) g (r)| > C;.
The following statement holds.

Theorem 11.2 Problem Rm|p,-j (t;r) = (p,-j + a[”T)g[”(r)| > Cj, in which
unrelated machines are under a combined job-independent effect (11.2), can be
solved in O (n”’*z) time, by reducing the problem to solving a series of linear assign-
ment problems, even if the sequence g[i](r), l<r<n1<i<m,jeN,isnot
necessarily monotone.

Notice that if a pure positional effect is considered, i.e., all =0, 1 <i < m, the
resulting problem Rm | pij(r) = pij gl (r)| > C; cannot be solved any faster than in
O (n™*2) time. However, for the same running time, it may be possible to consider
a more general positional effect instead.

Consider problem Rm ‘ pij(r) = pij ggi](r)’ > C;, with job-dependent positional
effects, so that the actual processing time p;; (r) of job j that is sequenced in position
r on machine M; is given by

pii() = pygt(r), 1<r<n, 1<i<m, jeN. (11.9)

For each machine M; and job j € N, the function ggi] is given as an array of n

numbers, which in general need not be monotone. If monotone, the array represents
either a positional deterioration effect

1=g <@ =< <g"m), 1<i<m, jeN, (11.10)

or a positional learning effect


http://dx.doi.org/10.1007/978-3-319-39574-6_4

216 11 Scheduling on Parallel Machines with Various Effects
=gl ) =g = =g m). 1<i<m, jeN. (11.11)

Under the effect (11.9) with non-monotone positional factors, for a schedule
S on unrelated machines defined by permutations 7!'! = (7lil(1), #l1(2), ...,
7li(nl1)), the total completion time of all jobs can be adopted from (11.6) and
be written as

m  nlil

Z Cj (S) = Z Zp(i,,r[ﬂ(,)) (I’l[i] —r+ 1)95:[!’](”(7').
j=1

i=1 r=l1

To minimize the objective > C;(S), define the cost
cjan = pij(n" —r + 1)95-i](r),

for known values of n'!, 1 < i < m, and solve an LAP of the form (11.8). Similar
to problem Rm|p;;(7;r) = (pi; £ a'l7)gi1(r)| 3 C;, all possible values for nl'l,
1 <i < m, can be generated in om™ Y ways, and for each composition, an LAP
can be solved in O (n3) time, so that the following statement holds.

Theorem 11.3 Problem Rm‘pij(r) = p,'jgy'(r)’ > Cj, in which unrelated
machines are under a job-dependent positional effect (11.9), can be solved in
O(n"'”) time, by reducing the problem to solving a series of linear assignment
problems, even if the sequence gE»i](r),l <r <nl<i<mjeN,isnot
necessarily monotone.

Note that if a pure time-dependent effect is considered, the running time can be
considerably improved, as shown in Sect. 11.3.

11.2 Start-Time-Dependent Job-Dependent Linear Effects

In this section, we address a problem of scheduling jobs on m identical parallel
machines under an additive job-dependent linear deterioration effect. Eachjob j € N
is associated with a normal processing time p; and a non-negative rate a ;. We study a
deterioration effect under which the actual processing time p;(7) of job j that starts
at time 7 is given by

pi(t) =p;+a;T. (11.12)

For the problems on a single machine, this effect is considered in Sect. 8.13.

For the purpose of establishing the complexity status of relevant scheduling prob-
lems, we consider a simplified effect p;(7) = a;7. Such an effect can be seen as
a special case of the linear additive effect (11.12), provided that p; = 0, j € N.
Besides, it is also a special case of a multiplicative effect p;(7) = p;a;7, provided
that p; =1, j € N.
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Unlike other start-time-dependent effects considered in this book, under the effect
p;j(T) = a;T, there is no guarantee that for the job that is scheduled first the actual
start time is equal to its normal time. Moreover, if the first job starts at time zero, then
the problem degenerates, with all actual processing times and all completion times
to become zero. To avoid such a degeneracy phenomenon, it is common to assume
that the first job on each machine starts at time 7y > 0.

Consider a schedule § associated with permutations 7! = (7li(1), #l1(2), ...,
li] (n[”)), 1 <i < m. We deduce

C,T[i](l) = 70 + dglil(yT0 = 7'()(1 + aﬂ[i](l));
Cring) = Caiingry + azinn@) Criigry = (14 @zing)) Crinngy = 101 + azing) (1 + azing))-

Extending this argument, it is easy to verify that

r
Cﬂ-[i](r) = T0 H(l + aﬂ[i](k)), 1 <r < n[i].
k=1

For schedule S on m parallel machines, denote the completion time of the last job
scheduled on machine M; by C?V, 1 <i < m.

11.2.1 Minimizing Makespan: Complexity
and Approximation Scheme

We show that problem P2|p;(7) = a;7|Cmax of minimizing the makespan on two
identical parallel machines is NP-hard in the strong sense, but still even a more
general problem Pm | pi(t)=pj+a ]-T|Cmax admits an FPTAS. Recall that problem
P2]| |Cpax is NP-hard in the ordinary sense.

In order to establish the complexity status of problem P2|p (1) =a jT|CmaX, we
provide polynomial reduction of PRODUCT PARTITION to a decision version of prob-
lem P2| pi(t)=a jT|Cmax. For completeness, we formulate PRODUCT PARTITION
below.

PRODUCT PARTITION: Given the index set R = {1,...,r} and positive integers
er, ..., e, such that HieR e = E2, is it possible to partition set R into disjoint
subsets R; and R, such that HieRl e = HieR2 e; = E?

Recall that PRODUCT PARTITION is NP-complete in the strong sense, see
Sect. 1.3.2 for discussion. Notice that without loss of generality, we may assume
that ej > 2.

Theorem 11.4 Problem PZ} pi(t)=a j7'|Cm,;tx is NP-hard in the strong sense.

Proof Given an arbitrary instance of PRODUCT PARTITION, define the following
instance of the decision version of problem P2‘ pi(1) = a;7|Cpax.
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There are n = r + 2 jobs, such that

aj=e¢;—1, 1 <j<r;

Ar41 = Ar42 = 2E — 1.

We show that PRODUCT PARTITION has a solution if and only if for the constructed
instance of problem P2} pi(t)=a jT|Cmax there exists a schedule S, for which the
value of the objective function is at most ¥ = 279E? for an arbitrary chosen start
time 79 > 0.

First, assume that PRODUCT PARTITION has a solution, and R; and R, are the
found subset of R, i.e., HieRl e = HieRz e; = E. Then, a required schedule Sy
exists and can be found as follows:

e machine M) processes jobs of set R; in the order of their numbering, followed by
jobr +1;

e machine M, processes jobs of set R; in the order of their numbering, followed by
jobr +2.

We see that

Cry1 =170 H (1+a;) |(1 +a,41) = 0EQE) =21 E?;
JER

Cra=mf [](1+4;) | +ar2) = WEQE) = 21E?,
JER>

s0 that Cppax(So) = 210E2 = Y.

Now assume that there exists a required schedule Sy, in which the makespan does
not exceed Y.

If in schedule Sy jobs r + 1 and r 4 2 are processed on the same machine, then
the completion time of the later scheduled job is at least 7o(1 4+ a,+1)(1 4+ a,42) =
T70(2E)(2E) = 419E? > Y. Thus, jobs r + 1 and r + 2 are assigned to different
machines. Without loss of generality, we may assume that in Sy job r + 1 is assigned
to machine M, while job r 4 2 is assigned to machine M>.

Let T C R denote the set of jobs that in schedule S are processed on machine M.

Compute

O =n ([T +a) | +as) =2n| ] +a) | E:

JjeT JjeT

c® =7 [] (1+a) |A+an =20 [] (1 +a)|E.
JER\T JER\T
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Since Crax(So) = max{CP, C?} < Y, we deduce that

max H(1+aj), H (1+aj) <E.

jer JERT
This is only possible if
H(1+a_,-)= H (1+a,~)=E,
jeT JER\T

i.e., if sets T and R\T form a solution to PRODUCT PARTITION.
Since PRODUCT PARTITION is NP-complete in the strong sense, it follows that
problem P2| pi(t)=a jT’Cmax is NP-hard in the strong sense. (I

Unlike majority problems that are NP-hard in the strong sense, problem P2 ‘ p;i(7)
= a;7|Cmax and, in fact its generalization, problem Pm|p;(1) = p; + a;7|Cinax
admit a fully polynomial-time approximation scheme (FPTAS); see Sect. 1.3.4 for
relevant definitions and discussions.

Any schedule for problem Pm|p;(1) = p; + a;7|Cmax is defined by

(a) a split of the set of jobs N into m subsets Ny, Ny,..., N,, such that the jobs of
set N; and only those are processed on machine M;, 1 <i < m;

(b) asequence in accordance with which the jobs of set N; are processed on machine
M;,1<i<m.

It follows from Theorem 8.6 that given a partition Ny, N,,. .., N,, into m subsets, the
smallest makespan is attained if the jobs of set N; are sequenced in non-decreasing
order of the ratios p;/a;. Thus, throughout this section, we assume that the jobs are
numbered in such a way that

PL_P_  _ P

a @ an

(11.13)

This allows us to develop a dynamic programming (DP) algorithm for solving
problem Pm| pj(t)=pj+a jT|CmaX. Informally, a DP algorithm scans the jobs
in the order of their numbering and tries to assign the next job to become the last
on a machine. Formally, let x = (x|, x,, ..., x,) be an n dimensional assignment
vector with integer components from the set {0, 1, ..., m}. Each vector x defines a
(partial) schedule for problem Pm | pj(t)=p;j+a jT|Cmax in the following way: If
x;j =1i>1,thenjob j, 1 < j < n, is processed on machine M;, 1 <i < m, while
xj = 0, then job j is not yet assigned for processing.

Givenavectorx = (x1, x2,...,x,)andak, 1 <k <n,letxy; = (x1, x2, ..., X,
0, ..., 0) denote a “truncated” vector obtained from x by replacing n—k last compo-
nents by zero. Each vector X4 is a partial assignment vector and is associated with m
values F[’}{] (x[k]), 1 < i < m, so that under the assignment X, the last job assigned
to machine M; completes at time F["kI (x[k]).


http://dx.doi.org/10.1007/978-3-319-39574-6_1
http://dx.doi.org/10.1007/978-3-319-39574-6_8
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Algorithm ParMachLinDeterDP

Step 1.  If required, renumber the jobs in accordance with (11.13). Define x[o; :=
0,0,...,0),and F{m (x[o]) =0,1<i<m.
Step 2. For k from 1 to n do

(a) For each vector Xjx—1] € Yx_1, form m vectors Xx obtained from Xj;_;; by
keeping all its components unchanged, except the k -th component x[(,f]) which
ismadeequal toi, 1 <i <m.

(b) For each vector X} obtained from a vector Xjx_1) compute

i | Fiemny (e—n)) + P+ ax Fje_py (X)) if ) =i
Flkl(XlkJ) = [F[ik1J (X[k—l])v otherwise.
(11.14)

Step 3. The optimal makespan is equal to min max{F[‘;q] (x[,,]) [1<i< m} where
the minimum is taken over all vectors X(,,;. An optimal assignment can be found
by backtracking.

Notice that the running time of Algorithm ParMachLinDeterDP is not pseudopoly-
nomial with respect to the length of the input of the problem. Still, the algorithm can
be converted into an FPTAS.

Before we present an FPTAS for problem Pm|p;(T) = p; + a;7|Crax, we
describe the following auxiliary partitioning procedure. Let A be a subset of the
assignment vectors and H (x) be a function which puts a positive number into corre-
spondence to a vector X € A. For a given positive v, we want to partition set A into
ry disjoint subsets A{', ... Al such that the inequality

|H(x') — H(x")| < vmin{H (x), H(x")} (11.15)

holds for any pairs x” and x” of vectors of each set A,, 1 < £ < ry.
Procedure Parti(A, H, v)

Step 1.  If required, renumber the vectors of set A in accordance with
0<H(x) << H(x)- (11.16)

Define h; := 0. Set £ := 1.
Step 2.  Starting from vector X, ,+1, try to determine the index £, such that

H(Xh[) = (1 + U)H(thfrl*l)v H(Xhz+1) > (1 + U)H(Xh£71+1).
If hyexistsand hy < |A|,f0rmsetAf = {thH, R xh[},updateﬁ :={+1and

repeat Step 2; otherwise, define ry := £ — 1, form set AZ = {thH, e, X‘A|}
and Stop.



11.2  Start-Time-Dependent Job-Dependent Linear Effects 221

If the values H (x) are known for all x € A, then the procedure requires O (|A|log|Al)
time. Lemmas below establish several properties that hold for a partition found by
Procedure Parti(A, H, v).

Lemma 11.2 Let subsets A¥, ... Arfz form a partition of set A found by Proce-
dure Parti(A, H,v). Then (11.15) holds for any pair X' and X" of vectors of each set
A1 <t <ry.

Proof Take an arbitrary set AZ which contains at least two vectors x’ and x”. Due
to the numbering (11.16), we have that

min{H(x/), H(x”)} > H(xh[71+]), max{H(x/), H(x”)} <1+ v)H(xh27|+1).

thatSince max{H(x/), H(x”)}—min{H(x’), H(x”)} = |H(x’) — H(x”) },itfo]lows
|H(x’) — H(x”)| <vH(xp,_,41) < vmin{H (X), H(x")},

as required. (]

Lemma 11.3 Let the vectors of set A be numbered in accordance with (11.16). If
H(xy) = 1 and v < 1, then Procedure Parti(A, H, v) finds a partition of A in rg
subsets such that
log H
< 02 H (xia1)

v

+2. (11.17)

Proof Since log H (X4)) > 0 for H(x4) > 1, we see that (11.17) holds, provided
that ry < 2.
For ry > 2, we see that

H (Xp41) > (1+0)H (Xpg41) = (1 + v) H(xy)

and
H(Xp41) > (L+0)H (X 1) = 1+ Hx)2 < <ry—1,
so that
H(xa) = H(xp,, 1) > (14 V)" H (xp),
from which (11.17) can be derived. ([l

Now, we are ready to state and analyze an FPTAS for problem Pm ‘ pj(t) =pj+
a jT| Crax-
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Algorithm ParMachLinDeterFPTAS

Step 1.  If required, renumber the jobs in accordance with (11.13). Define x[o; :=
0,0,...,0),and F[i)] (x[o]) =0,1 <i <m.FormsetY,:= {x[o]}. For a given
£, compute v := <, where e = lim, oo (1 4+ 1)" =2.71828... Set k := 1.
Step 2.  For the current k, perform the following

(a) For each vector Xxj;—1; € Y;—; form m vectors Xy obtained from Xxp;_1; by
keeping all its components unchanged, except the kth component xl(,f]) which
is made equal to i, 1 <i < m. Call the resulting set of vectors Y,é.

(b) For each vector xj) € Y/ obtained from a vector Xx_1) € Yi—;, compute
Fiiy (xi) by (11.14).

(¢) Ifk =n,goto Step 3.

(d) Ifk < n,then for each i,1 < i < m, call Procedure Parti(Y,, Flikl’ v) to

obtain a partition of ¥} into disjoint sets Y{" L v . For each choice of
integers u; € {1, R rp[}, 1 < i < m, introduce string (ul, Uy -+ ,um).
Using string (ul, Uy, -+, um) as an identifier, define a set

m

- F;

Yy ) = ﬂ Yui[v
i=1

and for each non-empty set Y, u,..u,) find the assignment vector
X(uy,ua, u,y Which delivers the smallest makespan for all associated partial
schedules, i.e.,

max{F[’}(] (Xyuzsoee i) 11 < i < m}

= min{max{F["k] (x[k])ll <i< m}|x[k] € Y(ul,uzﬁ...,um)}.
Form the set

Yy = {X(ul,uz,---,um) € Yz ) Ui € {1’ T rFi}’ I=i=< m}

Update k := k 4 1 and repeat Step 2.

Step 3.  Output vector X, € Y, such that

max{F{,;(x)|1 <i <m} = min{max{F},(xp)|1 <i <m}|xp € Y,}.

A schedule that correspond to this solution can be found by determining an assign-
ment jobs to machines backtracking. The makespan of the corresponding schedule
is equal to max{ F},,(x.)|1 <i < m}.

Define

vii=v;, i i=v+ {0+ v)n_,2 <k =<n. (11.18)
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For problem Pm’pj(T) =pj+a;7|Cnax, let x* = (xf,xik, ...,x;‘) be an
assignment vector that defines an optimal schedule S$*. For k, 1 < k < n, let
xf‘k] = (xl* x50, 0) denote the truncated optimal assignment vector that
differs from x* by the fact that its last n — k components are zero.

In order to evaluate the accuracy of Algorithm ParMachLinDeterFPTAS, we first
prove the following auxiliary statement.

Lemma 11.4 For each k, 1 < k < n, Algorithm ParMachLinDeterFPTAS finds a
vector Xy, € Y, with the last n — k zero components such that for the truncated
optimal assignment vector X, the inequality

| Fi (X{er) — Fiig (i) | < v Fag (3 (11.19)
holds for eachi, 1 <i < m.

Proof The proof is by induction. For k = 1, suppose that a string (ul, up -, um)
is such that xf\, = (x{,0,....0) € Yuupu S Y- Let Xy uy,u,) be an
assignment vector found in set Y, u,.... .u,) in Step 2(d) of the first iteration of the
scheme. It is possible that X, u,, .- u,,) 18 different from x{;;; however, it follows from
Lemma 11.2 applied to A = Y| and H = Fyj; that inequality

IF{'u(Xi‘u) - F[ilj(X(uuuzmum))| = ”F[iu (Xfu) = UlFLiu(Xru)

holds for each i, 1 < i < m. Thus, we may set XEI] ‘= X(uy,up,,u,) tO Obtain a
required vector.

Assume now that for each k, 1 < k < g < n, the inequality (11.19) holds for
eachi, 1 <i <m.

Suppose that for some a string (u1, Uz, - - - , Uy,), x[q] = X(uy 1z, i) > 1€,

| i (%51) = Fioy (K, | < 09 Figp (X))

holds for each i, 1 < i < m. Take vector x[*q+1I = (xf,xf, .. xq,xqﬂ, 0,..., 0)
and define vector X, u,,.,u,) Obtained from vector X, u,,...u,) Dy making its
(g + Dth component equal to x;, ;. Recall that the value x; 41 corresponds to the

number of machine to which job ¢ + 1 is assigned in an optimal schedule. For i =

Xy41, compute
| [q+1](XFq+11) - F[’;1+11(’~‘<u1 ]
= | Fiy (X{g1) + Pa+1 + age1 Fiyy (g
F[lq] (X(un,uzw-,um)) — Pg+1 — aq+1F[q] (X<u1,uz,---,um))|
= |(1 +a4+1)(FIlql(qul) - F[lql(x(uwzmum)))| < (1 +aQ+1)quIlql(qul)
=<

Vg (Fig (Xi) + Pt + gt Figy (X5)) = vg gy (Xy1)-
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4 *
For i # x;,, we deduce

| Flgin (%) = Figion Rawrson) | = [Figy (%0) = Fioy Kaun ez o) |-

Thus, the inequality

|F o (55 11) = Fiysny Reanien o) | < g oy (55 411) (11.20)

holds for each i, 1 < i < m. In particular, (11.20) implies that

F[iq+1](iwuzwwum)) =(1+ ”q)F[qu](XEqu]) (11.21)

holds foreachi, 1 <i < m.

Now, letastring (v, v2, - -+ , Uy) be such that X, uy - u,) € Yvy,00, 00 S Yoip-
Let Xy, v,,--v,,) b€ an assignment vector found in set Yy, v, ,... v, i Step 2(d) of the
(g + 1)th iteration of the scheme. It is possible that Xy, y,,....y,) 1S different from
X(u,u, - uy) s hOWever, it follows from Lemma11.2 applied to A = Y, and H =

F{, ) that inequality

‘F[iq-i—l](i(ul-uzv"wum)) - F[l;1+l](X(Ulvv%“'»vnz))| (11.22)
< VF o R ) < V(1 +0g) Fig g (X7417)

holds for each i, 1 <i < m, where the last inequality of (11.22) is due to (11.21).
Using (11.20) and (11.22), we deduce

|F[i1+1](xfkq+1]) - F[iq+1] (i(ul.uz,~~,um))|
= |F[161+1](XE2]+1]) - F[qurl] (i(uhu%"'«um))

+(Flgrn) R ) = Flgny Rz ) |
= |F[lq+1](qu+1]) - F[lq+1] (i(ul»ub‘“vum))|
—HElq+1](i(ul,ltz»"',um)) - F[lq+1](i(u1~,uz,“wum))|

i * i * _ i *
< g Flg g (X[ny) + o (14 vg) By (X5 101) = g1 Fg (XG1))
as required. (]
Lemma 11.4 is the basis of the main statement of this section.

Theorem 11.5 For problem Pm\pj (1) =p; + (1j7'|Cmax, Algorithm ParMachLin-
DeterFPTAS behaves as an FPTAS.



11.2  Start-Time-Dependent Job-Dependent Linear Effects 225
Proof Let $* be an optimal schedule, associated with an optimal assignment vector
x*, so that

Con(87) = max{ iy (<) 1 = = m}.

Also, let S. be a schedule associated with the vector x. found by Algorithm
ParMachLinDeterFPTAS, so that

Crnax(S2) = max{F, (x.)|1 <i <m}.
It follows from Lemma 11.4 that
Crnax(82) < (1 4 0,) Crnax ().
It is easy to verify that (11.18) implies that

v, =1 +v)"—1.

Recall that
1
=>4
!
= k!
so that
— 1
k=1
‘We deduce that

=

) n n n! € ¢
(1+v) —1=Z(k)”k_1= (n—kﬂk!n"(e—l)

k=0
1 e \* € “ ]
— < —<
k!(e—l) _(e—l)Zk! =

Crmax(Se) < (1 +5)Cmax(S*)y

= |l

IA

k=1

so that

as required.
To complete the proof of the theorem, we need to estimate the running time of
Algorithm ParMachLinDeterFPTAS.
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Define

Pmax = maX{PJU < ] < n};
Amax = max{a.,-|1 =< J =< n};

L = logmax{n, 1/, pmax, | + @max}-

For each k, 1 < k < n, the kth iteration of Step 2 of Algorithm ParMachLinDe-
terFPTAS requires 0(|Y fh | 10g|Y i |) time. We see from Step 2(a) and Step 2(d) that

|Y,§| < m|Yr_1], where
m
Yeorl < [] e
i=1

We deduce from Lemma 11.3 that
rr; < (10g(pmax (1 + ama)")) /v +2 < en(n +2)L/e +2, 1 <i <m,

so that
|Yk’| = O(mnz’”Lm/sm),

and
o(|¥{|1og|Y{]) = O (m*n*"L"*+! /™).

Thus, we conclude that the running time of Algorithm ParMachLinDeterFPTAS
is O (m?n®™ 1 L™ /™) which is polynomial with respect to the length of the prob-
lem’s input. (]

11.2.2 Minimizing Total Flow Time: Complexity

In this subsection, we still consider the start-time-dependent effect p;(7) = a;T,
Jj € N, and prove that problem P2| pj(T) =a jT’ > C; to minimize the sum of the
completion times on two identical parallel machines is NP-hard in the ordinary sense.
The following problem is used for reduction.

SUBSET PRODUCT: Given the index set R = {1, ..., r}, positive integers ey, . . ., e,
and an integer V/, does there exist a subset R” € R such that [[; .z e; = V?

Recall that SUBSET PRODUCT is NP-hard in the ordinary sense; see Sect.1.3.2
for a discussion. Notice that without loss of generality, we may assume that e; > 2,
since if e; = 1 then item j can be always included into set R'.


http://dx.doi.org/10.1007/978-3-319-39574-6_1
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Denote
Ui=]]es w=u/v. (11.23)

JER

It can be assumed that W is an integer, since otherwise SUBSET PRODUCT does
not have a solution.
We will need the following auxiliary statement.

Lemma 11.5 Given an instance of SUBSET PRODUCT, for any set T < R the
inequality
Wlles+Vv [] e =2v. (11.24)

jer JER\T

holds. Moreover, (11.24) holds as equality if and only if ||
HjeR\T ej=W)

Proof Indeed, denote

jerei =V (and hence

w = WHej, vi=V H ej,

JET JER\T

so that U = wv, since U = VW and U = [];.r ¢, [];cp\r €;- Then, by the
classical inequality on the arithmetic mean and the geometric mean, we have that
w + v > 2,/wv, and the equality holds if and only if w = v. (]

Now, we are ready to prove that SUBSET PRODUCT polynomially reduces to a
decision version of problem P2|p; () = a;7| 3> C;.

Theorem 11.6 Problem P2|pj (r) = aj7| > C; is NP-hard in the ordinary sense.

Proof Given an arbitrary instance of SUBSET PRODUCT, define the following
instance of the decision version of problem P2| pi(t)=a j7'| > Cj.
There are n = r + 4 jobs, such that

Clj=€j—1, 1§j§r,
ar+1=UV_], ar+2:UW_],

3
a3 =a,44=U" — 1.

We show that SUBSET PRODUCT has a solution if and only if for the constructed
instance of problem PZ‘ pi(t) =a jT} > C; there exists a schedule Sy for which
the value of the objective function is at most ¥ = 7y (2U S+ U 4), where 7y is an
arbitrarily chosen start time of the first job on each machine.
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First, assume that SUBSET PRODUCT has a solution, and R’ is the found subset
of R, i.e., HjeR, ej =V and HjeR\R, ej = W. Then, a required schedule Sy exists
and can be found as follows:

e machine M| processes jobs of set R in the order of their numbering, followed by
the sequence (r + 2, r + 3) of jobs;

e machine M, processes jobs of set R\ R’ in the order of their numbering, followed
by the sequence (r + 1, r + 4) of jobs.

‘We see that

Cr=n [] (1+a;) |Ad+a)=nWUV)=rU
JER\R'

Cro=n [J(1+a) | +a42) =nVWUW) =7U
JjerR

Cri3 = Cra(l 4+ ay43) = 1oU”;

Cria = Crp1(1 + ay14) = 70U°.

Notice that C; < Cy4p = Cyy for j € R"and C; < C,4 for j € R\R’, so that

ch <I’Cr+1.

JER

Thus, for schedule Sy, we compute

r+4
D Ci0) =D Cj+Cryi+Criz+ Crizs+ Crpa
j=1 jeRr

< (r+2)Crp1 +2Cri3 = (r +2)10U* + 21U°
< 10(2U° + UY),

where the last inequality is due to U? > U > 2" > r + 2.

Now assume that there exists a required schedule Sy, in which the sum of the
completion times does not exceed Y.

If in schedule Sy jobs r + 3 and r + 4 are processed on the same machine, then
the completion time of the later scheduled job is at least 7o(1 4+ a,4+3)(1 + a,4+4) =
ToU® > Y. Thus, jobs r + 3 and r + 4 are assigned to different machines.
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Ifin schedule Sy jobs r 41 and r 4-2 are processed on the same machine, then either
jobr+43orjobr+4isalsoassigned to that machine, and the completion time of that of
these three jobs that is scheduled last is at least 7o(1 + a,+1)(1 + @, 42)(1 + a,43) =
To(UV)YUW)U? = 79U% > Y. Thus, jobs r + 1 and r + 2 are assigned to different
machines.

Without loss of generality, we may assume that in Sy jobs » + 2 and r + 3 are
assigned to machine M;, while jobs r + 1 and r + 4 are assigned to machine M.
Let T € R denote the set of jobs that are processed on machine M.

Compute

C(l) =70 H(l +aj) (I'+ar2)(1 +ar43)

jeT

=n|[J(1+a) |V =n[W]](1+a;) |U"
jeT jeT

CO=mn( [] 1 +a) |0 +a)0+as)
JER\T

=n| [] O+a) | oM’ =n[v [] (1+a)) |U"

JER\T JER\T
‘We have that
r+4
D> CiS) =V +c? =nutw][(1+a)+V [] (1+4)
j=1 jeT JER\T

If SUBSET PRODUCT does not have a solution, i.e., [];.7(1 +a;) # V and
[Tjcrr(14aj) # W, we derive from Lemma11.5 that

wl[i+a)+Vv [] (1 +a))>2U.

JeT JER\T
so that
r+4
> Ci(S0) > U QU + 1) =Y.

j=1

Thus, if schedule Sy with Z;’:} C;(So) <Y exists, SUBSET PRODUCT must have
a solution.
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The presented reduction requires time that is polynomial in » and W. Since
SUBSET PRODUCT is NP-complete in the ordinary sense, it follows that problem
P2|pj (r) = aj7| > C; has the same complexity status. (]

11.3 Start-Time-Dependent Job-Independent Linear
Effects

In is section, we address parallel machine scheduling problems to minimize the sum
of the completion times under linear additive start-time-dependent job-independent
effects. The jobsof set N = {1, 2, ..., n} are to be processed on m parallel machines.
If ajob j € N scheduled on machine M;, 1 <i < m, is associated with a normal
processing time p;;, then the actual processing time p;;(7) of job j that starts at time
T is given by

pij(1) = pij £all7, (11.25)

where al'l > 0 is a given machine-dependent rate which is common for all jobs;
in the case of p;; + all7, we have a deterioration effect, while p;; — all7 defines
a learning effect. Notice that if a machine is under a start-time-dependent learning
effect, i.e., the negative sign is used in (11.25), we must also adopt the additional
assumption al’! < 1, 1 < i < m, which follows from (8.15) and guarantees that
the actual processing times do not assume negative values. Other than this additional
assumption, the treatment for both deterioration and learning versions of the effect
(11.25) is the same and does not depend on the sign used in front of alil7.

11.3.1 Identical and Uniform Machines

First, let us consider problem Qm|p;;j(t) = p;/s; £a'r| > C; on uniform
machines under an additive linear job-independent effect (11.25), so that we have
pij = pj/si, 1 < i < m, j € N. As in Sect.11.1.1, to solve problem
Pm|p;j(t) = p; £ar|> C; on identical parallel machines under the effect
(11.25), we can use the same algorithm as for problem Qm |p;; (1) = p;/s; +allr
> C;, applied withs; = 1 andall = a, 1 <i <m.

Under the effect (11.25), for a schedule S on uniform machines defined by per-
mutations 7'l = (7li(1), 711(2), ..., 7l (nl1)), 1 < i < m, the total completion
time can be easily obtained by substituting gi'l(r) = 1, 1 <r <n, 1 <i < m,
in (11.4), which is an expression for the total completion time for the more general
problem Qm|p;;(r) = (p; £ a'l7)gl'l(r)/s;| > C;. We deduce that for problem
Om|pij(T) = pj/si £a'r| 3 C;, the sum of the completion times for all jobs on
all machines can be written as


http://dx.doi.org/10.1007/978-3-319-39574-6_8
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m  nlil nlil

ZC,(S)zZZpT“I(” D H (1+alh)
j=1 i=1 r=1 k=r q=r+1
m nll
- ZZ””“ © Z (1 a)* (11.26)
i=1 r=1 Si
m nll 1ia[[])n _r41 _1

_ Z z Prlil(r)

io1 =1 i all

which can be rewritten as the generic objective function (11.1) with

(1 +a[il)11["]fr+1 —1

wlil) = . L l<r<n? 1<i<m, (11.27)
s;alil
for the case of deterioration and
) _ (1 _ a[i])nm—r-H
wliley = B cl<r<nl 1<i<m, (11.28)
s;al’

for the case of learning. Notice that the positional weights given by (11.27) and
(11.28) are job-independent; thus, a solution of the corresponding problem can be
found by Algorithm Match due to Lemma 11.1. Below, we present a procedure for
solving problem Qm’ pij(T) = pj/si + a[‘]7'| > C; withadeterioration effect. Solu-
tion to problem Qm| pij(t) = pj/si —a" ]7'| ZC with a learning effect can be
found in a similar way.
Denote
Xy =(1+a") =1, 1<r<n, 1<i<m,

and set the value nl’! = n, 1 < i < m. Compute all possible positional weights
wlilry,1 <r <n,1 5 < m, by (11.27). These weights can be organized in an
n X m matrix such that

XM/ (sial) X/ (s2a) e Xy /(spal™)
XM =1/ (s1a") B = 1)/(s2a) - XM = 1)/ (s0a™)

WIQ/(a) A (nd) @)
XM/ (siaM) = 1/s1 X2 (1)/(s2a2) = 1/52 - X" 1)/ (smal™) = 1/5

(11.29)

where each column of the matrix represents all possible positional weights that can
be associated with a particular machine, the first element of column i representing
a weight associated with the first position of machine M;, while the last element
of column i, representing a weight associated with the last, i.e., the nth position
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on machine M;, 1 < i < m. Notice that the elements of each column form a
non-increasing sequence of the weights, i.e.,

whil1y > w2y > ... > wlil(n).

The above inequality will also hold for problem Qm|p;;(1) = p;/s; —a'l7|
> C; for a learning effect. Also notice that the elements of matrix (11.29) can
be found recursively for each column by using

(Wi + Dsya 4+ 1) (1 +al) — 1)

W) = s;alil
l

,1<r<n-1,1<i<m,

(11.30)

for a deterioration effect and

(Wil + Dsyal — 1) (1 — @) 4 1)

Wi = sialil
1

) lfrfn_171§l§m9

(11.31)

for a learning effect.
The following statement explains how problem Qm|p;; () = p;/s; + all7|
> C; can be solved, without prior knowledge of the values n''l, 1 <i < m.

Theorem 11.7 Given problem Qm|pij(7') =pj/si+ Cl[i]T| > Cj, where1 <i <
m, compute the matrix (11.29) of all possible positional weights WU (r) and choose
the n smallest among them. If in each column the chosen elements occupy consecutive
positions starting from the last row, then assigning the jobs with the largest normal
processing times to the positions associated with the smallest positional weights will
ensure that the objective function (11.1) is minimized.

Proof In a schedule for problem Om \p,j () = pj/si + a[”ﬂ > C;, at most n posi-
tions can be used on each machine. Matrix (11.29) provides the weights for nm
positions, in which n jobs can be potentially scheduled on m machines. Recall that
the contribution of a job j = 7l’l(r) to the objective function is given by Wl (r)p;.
Thus, in order to ensure the smallest value of the objective function, we must choose
n positions that correspond to the smallest positional weights. The smallest posi-
tional weight for a machine is associated with the last position on that machine,
irrespective of the number of the assigned jobs, i.e., for machine M;, in accordance
with (11.27) the smallest weight is W (nli) = 1/s;. The next smallest positional
weight on machine M; is located immediately above in the same column, and so on.
Thus, the n smallest positional weights are found in the consecutive positions of the
columns at the bottom of the matrix (11.29).

For each machine M;, either the found positions form a block of n!’! consecutive
positions that completes at the last row of the ith column of matrix (11.29) or no
positions are taken from the ith column. In the former case, we have a list of nll
positional weights that will be associated with the nl!! jobs assigned to M;. In the
latter case, n!l = 0, so that no jobs are assigned to machine M;.
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An optimal schedule can be found by matching the n found smallest positional
weights to the jobs with the largest processing times, which is performed by
Algorithm Match. (]

Notice that Theorem 11.7 is only applicable to solving those scheduling problems
with changing processing times, for which all possible positional weights can be com-
puted in advance, which is not the case, e.g., for problem Pm|p,~j (r) = (pj + ar)
g(r)| 2 C; considered in Sect. 11.1.

The problem of finding the n smallest positional weights and matching them to
the appropriate jobs is structurally similar to that of problem Qm|| >" C;. The latter
problem can be solved by a method described in Sect.2.3.1.

Adapting this approach to our problem, consider the jobs in the LPT order. To
assign the first job, compare the m values 1/s;, 1 <i < m and assign the job to the
last position of the machine associated with the smallest value of 1/s;, 1 <i < m.
The next positional weight that can be taken from this machine is computed and
replaces the previously used one. The process continues, and for the current job,
the smallest of the m available positional weights determines the machine and the
position within the machine, where the job should be assigned. This approach does
not require any advance knowledge of the number of jobs n!!! in each machine, or
in fact, even an advance knowledge of the full matrix (11.29) since the recursive
formulae (11.30) or (11.31) may be used.

A formal description of the algorithm is given below.

Algorithm NSmallQM
INPUT: An instance of problem Qm|p;; (1) = p;/s; + a'l7| > C;
OUTPUT: An optimal schedule S defined by the processing sequences 71, 1 <i < m

Step 0. Renumber the jobs in the LPT order.

Step 1.  For each machine M;, 1 < i < m, define an empty processing sequence
7lll ;= (@) and the weight WUl := 1/s;. Create a non-decreasing list Q2 of the
values Wl 1 < i < m.

Step 2.  For each job j from 1 to n do

(a) Take the first element W in list , the smallest available positional weight.

(b) Assign job j to machine M, and place it in front of the current per-
mutation 7", i.e., update 7°! := (j, 7[")) and associate job j with the
positional weight W, Remove W from the list . Update Wl :=
(Wlsya™ + 1) (1 + a™) — 1)/(sya™) in accordance with (11.30) and
insert the updated value W"! into Q, while maintaining the list  non-
decreasing.

Step 3. With the found permutations 7l'l, 1 < i < m, compute the optimal value
of the objective function >_ C;(S) by substituting appropriate values in (11.1).

The same algorithm may be used to solve problem Qm|p;; (1) = p;/s; — all7|
> C; by updating the recursive formula in Step 2(b) in accordance with (11.31).

Step 0 of Algorithm NSmallQM requires O (n log n) time. In Step 1, list 2 can be
created in O (m logm) time. Each iteration of the loop in Step 2 requires O (log m)
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time, since the insertion of the updated weight into a sorted list can be done by binary
search. Since n > m, the following statement holds.

Theorem 11.8 Algorithm NSmallQM solves problem Qm’pij (1) =pj/si £ a[i]T}
> C; on uniform machines under an additive linear job-independent effect (11.25)
in O(nlogn) time.

Let us now consider problem Pm| pij(t) =p; = a7'| > C; on identical parallel
machines under an additive linear job-independent effect (11.25), with p;; = p; and
al = a, 1 <i < m. To solve problem Pm|p,-j(T) =pj :I:a7| > C;, we simply
need to run Algorithm NSmallQM with values s; = 1, all = a, 1 <i < m. Due
to this simplification, Steps 1 and 2 can be completed faster, but Step O still requires
O (nlogn) time. The following statement holds.

Corollary 11.1 Algorithm NSmallQM solves problem Pm|p,~j(7') =pj*ar
> C;, in which identical machines are under an additive linear job-independent
effect (11.25), in O(nlogn) time. The optimal schedule has a balanced load on
all machines, i.e., the difference between the number of jobs assigned to any two
machines is no more than 1.

Proof We show that for problem Pm| pij(t) =p; £ aT| > C;, Algorithm
NSmallQM can be simplified; however, it will still require O (n log n) time.
Let us recompute the matrix (11.29) with values s; = 1, afl =a, 1 <i < m,

+(1+a) —1)/a *((1+a)'—Dja --- £(1+a)"—1)/a
+HAta)" ' =1)/at(Ata)" ' —1)/a - £(Q+a)" " —1)/a

:I:((l:l:a')2—l)/a :I:((l:l:a.)z—l)/a :i:((l:l:a.)z—l)/a
1 1 1

Notice that the positional weights for each machine are identical for a given
position 7, 1 < r < n. Obviously, the n smallest weights are found in consecutive
positions at the bottom of the matrix. The smallest m positional weights are associated
with the last position on each of the m machines. The next smallest m positional
weights are associated with the second last positions of each of the m machines,
and so on. Assuming that n = Am + p, where A and p are non-negative integers,
© < m — 1, the optimal number of jobs in each group can be given by

0 [ﬂ:AJrl, I<i<u
ntl =

|Z2] =\, pt+1<i<m.
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With known values of nl'l and Wi(r), 1 <i <m,1 <r < nll, Steps 1 and
2 of algorithm can be completed in constant time. Step O still requires O (nlogn)
time; thus, an optimal solution to problem Pm| pij(t) =p; = a7| > C j is found in
O (nlogn) time. O

11.3.2 Unrelated Machines

Now, we study problem Rm|p;;(r) = p;; £a'l7| > C; on unrelated parallel
machines under an additive linear job-independent effect (11.25).

Consider a schedule S on unrelated machines defined by permutations 7lil =
(71D, 7112), ..., 7l (nl1)), 1 < i < m. Under the effect (11.25), for schedule
S, the total completion time of all jobs can be adopted from (11.26) and be written
as

m o (14 a1

DCiH =D piany | £ i : (11.32)
j=1

i=1 r=1

where p; zin(y) is the normal processing time of a job j = 7lil(r) scheduled in

position r of permutation 7'*! on machine M;. Notice that the above objective function

cannot be expressed as (11.1) because the value of the normal processing time is

dependent on the machine it is assigned to. Therefore, Lemma 1 1.1 cannot be applied.
To minimize the objective >"_; C;(S), let us define the cost

(1 ia[i])"“‘—’“ —1

alil

Cjin = Ppij| £ , (11.33)

which represents the contribution of a job j = wll(r), to the objective function.
Next, set the value nl! = n, 1 < i < m, and compute all possible costs c; ),
1<r<n,1<i<m,by(11.33)forevery job j € N.

Define a rectangular assignment problem with an n x k cost matrix C = (c j,(i_,))
having n rows, each corresponding to a jobj € N, and k = nm columns. Number
the columns by a string of the form (i, ), where i, 1 < i < m, refers to a machine
index, and r, 1 < r < n, indicates a position within the machine. More precisely,
the value of element c;  , at the intersection of the jth row and the vth column of
matrix C forv, 1 < v < k,suchthatv = n(i —1) +r, where 1 < i < m and
1 < r < n, is defined by the relation (11.33). Notice that the matrix C represents a
set of all possible values of c; (; ,y and can be computed in O (nzm) time.

As a result, problem of minimizing the objective function (11.32) reduces to a
rectangular assignment problem written out below
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n m n
min Z Z Z Cji i) Yj,Gi,r)

j=1 i=1 r=1
m n

subject to ZZyj,(i,) =1, j=1,...,m
=1 =1 (11.34)
Zyj,(i,r)EL i=1,...,m,r=1,...,n;
j=1
yj,(,‘,,-)E{O,l}, j=1,...,n,i=1,...,m,

The algorithm to solve a rectangular assignment problem of the form (11.34)
is outlined in Sect.4.1.1. The running time of Algorithm LAPD is O (n® + kn),
k = nm > n,for an n x k cost matrix. Thus, an optimal solution for problem (11.34)
can be found in O (n?) time due to n > m.

Suppose that for some i, 1 < i < m, the solution to the assignment problem
(11.34) related to problem Rm|pij (1) =pij £ a[i]T| > C;isfound. Then, y; ;i =
1 implies that job j is assigned to the rth position of machine M;. The conditions
of (11.34) mean that each job will be assigned to a position and no position will
be used more than once. Moreover, the fact that the cost function c; (; ) defined by
(11.33) forms a monotone non-increasing sequence with respecttor, 1 < r < n,
ie.,cji1 = Cja2 = =Cjun, 1 <1 <m,je N, guarantees that the found
assignment admits a meaningful scheduling interpretation, because for each of the
m machines either several consecutive positions starting from the first are filled or
the machine is not used at all.

Notice that the sign in front of the rate al’l in (11.25) has no influence on the
solution procedure outlined above, i.e., the method works for both deterioration and
learning effects. The following statement holds.

Theorem 11.9 Problem Rm|pij (1) = pij = a[i]T| > Cj, in which unrelated
machines are under an additive linear job-independent effect (11.25), can be solved
in O (ng) time, by reducing the problem to a rectangular assignment problem.

11.4 Bibliographic Notes

We are not aware of any publications that study combined effects on parallel
machines. Below, we review several important results, related to pure positional
or time-dependent effects on parallel machines.

Mosheiov (2001) studies problem Pm| pijr)=p jrb | > C; with a polynomial
positional learning effect on identical machines. Mosheiov and Sidney (2003) study a
more general problem Qm‘ pij(r) = pijr® | > C; with a job-dependent polynomial
positional learning effect on uniform machines. Both papers claim to solve the prob-
lem of minimizing the total completion time in O (n’”+3) time (as reported in Biskup
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2008), whereas according to Theorem 11.3, a more general problem can be solved in
o (nm”) time. The higher running time obtained by Mosheiov (2001) and Mosheiov
and Sidney (2003) is due to the fact that they overestimate the number of LAPs to
solve as O (n™), instead of O (n™~"). Rustogi and Strusevich (2012) study problem
Om|p;;(r) = p;g"l(r)/s;| > C;, with a job-independent, possibly non-monotone
positional effect on uniform machines and show that the problem can be solved
in O(n™logn) time by reducing the problem to solving a series of linear assign-
ment problems with a product matrix. Theorem 11.1 presents a generalization of
this result. Gara-Ali et al. (2016) study problem Rm ‘ pij(r) = pijgg.i](r)‘ > C; with
a job-dependent, possibly non-monotone positional effect on unrelated machines.
Similarly to Theorem 11.3, they show that the problem of minimizing the total com-
pletion time can be solved in O (nm”) time.

Theorem 11.4 on the complexity status of problem P2| pi(Tt) =a jT|Cmax is due
to Kononov (1997). The fact that PRODUCT PARTITION is NP-hard in the strong
sense is established in Ng et al. (2010).

Our presentation of the FPTAS for problem Pm | pi(t)=p;+a jT|CmaX follows
the paper Kang and Ng (2007), which in turn is heavily based on the work by
Kovalyov and Kubiak (1998) that develops an FPTAS for a single machine problem
with a special deterioration effect. In our description, we have fixed multiple technical
and presentational flaws contained in Kang and Ng (2007). Notice that problem
Pm| pi(t)=p;+a jT|Cmax belongs to a rare type of combinatorial optimization
problems for which a pseudopolynomial-time dynamic programming algorithm is
not possible unless P=NP, but an FPTAS exists. See Kang and Ng (2007) and
Kovalyov and Kubiak (2012) for discussion.

The proof of Theorem 11.6 on the complexity status of problem P2| pi(T) =
pj+a j7'| > C; is due to Chen (1996); an alternative proof is given by Kononov
(1997). Notice that in the original paper by Chen (1996), it is stated that problem
P2’ pi(T) =a j7'| > C; is NP-hard in strong sense, since the author assumed the
unary NP-hardness of SUBSET PRODUCT, as claimed in Garey and Johnson (1979).
However, in fact, both SUBSET PRODUCT and problem P2| pi(T)=a jT| >C j are
NP-hard in the ordinary sense; the corresponding corrections are done in Johnson
(1981) and Chen (1997), respectively. See Kang and Ng (2007) and Sect. 1.3.2 for
discussion.

The result of Corollary 11.1 follows from Kuo and Yang (2008), who study prob-
lem Pm | pij(t) =p; £ a7'| > C;, inwhichidentical machines are under an additive
linear job-independent effect (11.25).
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Chapter 12
General Framework for Studying Models
with Rate-Modifying Activities

The importance of the planning of machine maintenance for production enterprises
and service organizations is widely recognized by both practitioners and manage-
ment scientists; see for example, popular books on maintenance Palmer (2012) and
Nyman and Levitt (2010), as well as various Internet emporiums such as www.plant-
maintenance.com, www.maintenanceworld.com, www.maintenanceresources.com.

We will distinguish between several types of maintenance and rate-modifying
activities that take place in a certain time period. Essentially, during such a period,
the machine is not available for processing jobs, and activities done during the period
may alter the processing conditions and therefore affect the processing times of jobs
scheduled after the period.

In this introductory chapter, we use the single machine environment to introduce
all concepts that are needed further in this part of the book.

In Sect. 12.1, we introduce problems with compulsory maintenance, i.e., a main-
tenance activity should take place in a given interval. Section 12.2 addresses a more
flexible situation, where a maintenance activity must start before a given deadline.
Maintenance activities which modify processing rates of the jobs that follow that
activity are presented in Sect. 12.3. Finally, Sect. 12.4 considers scheduling prob-
lems for which the jobs are subject to various effects studied in Part II of this book
and rate-modifying activities. For each model, we introduce decisions that should
be taken in order to solve the corresponding problems. For the most general model
givenin Sect. 12.4, we present a generic procedure aimed at solving the relevant prob-
lems on a single machine. This procedure and its extension to the parallel machine
environment presented in Chap. 20 are widely used throughout the remainder of the
book.
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12.1 Compulsory Maintenance

Suppose that the jobs of set N = {1, 2, ..., n} are processed on a single machine.
Consider the simplest situation that the machine is not available during the time
interval [s, #], which is known is advance. This interval can be understood as the
period of planned compulsory maintenance, and we will refer to it as the compulsory
maintenance period (CMP). The decision-maker may alter neither the start of the
CMP nor its duration. Typically, a CMP may correspond to a compulsory break/rest
period, or the end of a work period. The processing time of each job is not affected
by a position of the job, before or after the CMP, i.e., it remains constant throughout
the whole planning horizon.

For a given sequence of jobs, a job £ € N that starts before a CMP but cannot
be fully completed before it begins is called a crossover job. Depending on how a
crossover job is handled, we distinguish between two scenarios:

e resumable: A crossover job is interrupted when a CMP begins and resumes after
the CMP from the point of interruption;
e non-resumable: A crossover job restarts from scratch after the CMP.

Example 12.1 To illustrate the model with a single CMP and the two scenarios of
handling the crossover job, consider a lecturer who cannot finish proving a theorem
by the end of the lecturing hour. If she has another hour of lecturing after a short
five or ten minute break, she may proceed with the proof from where it was stopped
before the break, expecting the students to remember the details of the proved part.
However, if that was the last lecturing hour for today, and the next lecture takes place
only in a week’s time, then it will be wise to start the proof from the very beginning,
since the gap is too big for most of the students to be fully engaged. This example
represents the resumable and the non-resumable scenarios.

It is not within the scope of this book to give a comprehensive exposition of
scheduling problems with CMPs. The main reason is that in these models the
decision-maker simply faces the CMPs as intervals of machine non-availability and
they do not affect the processing times of jobs. This does not correspond to the spirit
of this book, which focuses on changing processing times and those maintenance
periods that may alter processing conditions. The reader is advised to consult the
survey papers Lee (1996, 2004) and Ma et al. (2010) for a comprehensive exposition
of scheduling problems with CMPs.

In this book, we only discuss the single machine problems with a single CMP
to minimize the makespan Cp,x, the total completion time > C;, and its weighted
counterpart »  w;C;; see Chap. 13. In order to find a schedule that minimizes a certain
function that depends on the completion times, the decision-maker should take two
decisions:

CMP Decision 1.  Splitting in groups: To split the jobs into groups, one before the
first CMP and others after each CMP.
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CMP Decision 2.  Sequencing within groups: To sequence the jobs of each group
so that the resulting schedule delivers an optimal value of the chosen objective
function.

The reason why in Chap. 13 we mainly discuss the models with a single CMP
can be explained by the fact that the relevant problems with more than one CMPs
are not only hard to solve, but also hard to approximate. A noticeable exception is
the situation that the CMPs should be introduced into a schedule on a periodic basis,
so that exactly T time units should elapse between two consecutive CMPs. A model
with periodic compulsory maintenance is also among those studied in Chap. 13.

12.2 Flexible Maintenance

An extension of the CMP model described above gives more freedom to the decision-
maker. In reality, a maintenance period (MP) does not always start exactly at a pre-
scribed time. In most practical situations, itis required that an MP either starts before a
given deadline Dyp or should take place within a given window [s, #]. Such situations
occur when manufacturers insist that the users should perform equipment mainte-
nance after so many working hours/days, e.g., car servicing. Alternative examples
include mobile phone recharging or vehicle refilling.

Compared to the CMP model, the above model with a single flexible MP provides
more control to the decision-maker who now has to make the following decision:

Start MP Decision. ~When an MP starts: To assign a start time 7 for an MP.

Once the Start MP Decision is taken, the position of the MP becomes fixed, and
to solve the corresponding scheduling problem, we need to take CMP Decisions 1
and 2 above.

A certain flexibility regarding the start time of an MP allows us to introduce a more
enhanced and again more applicable model, which also reduces to the sequence of
decisions: Start MP Decision, CMP Decision 1, and CMP Decision 2. This enhanced
model assumes that the duration of an MP is not a constant but a non-decreasing
function A (7) of its start time 7. Typically, the later maintenance starts, the worse are
the equipment conditions and more work is needed to improve them. The models with
start-time-dependent maintenance have been introduced by Kubzin and Strusevich
(2005, 2006) for the two-machine shop environments.

We discuss the single machine problems with a single flexible MP to minimize the
makespan Cpay, the total completion time >, C;, and its weighted counterpart  w; C;
in Chap. 14. We look at the models with a start-time deadline, the MP window, and
also at the models in which an MP is repeated in an “almost” periodic basis, with a
regular pattern for the windows in which the next MP should be placed.
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12.3 Rate-Modifying Activities

A common drawback of the models with machine maintenance discussed earlier in
this chapter is that they fail to address the issue of changing processing conditions,
i.e., do not alter the processing times of the jobs scheduled before and after an MP.
Thus, the introduced periods are maintenance periods only by name, not by nature.
This calls for a study of enhanced models which treat a maintenance period as a
rate-modifying activity.

One of the first papers that study an effect of maintenance on processing conditions
is that by Lee and Leon (2001), who in fact have introduced the term “rate-modifying
activity” into the scheduling literature. They look at the problem of scheduling a
single MP and assume that the processing time of a job j that is sequenced before
the MP is p;, while if it is sequenced after the MP, the processing time becomes \;p;,
where \; > 0 is a rate-modifying multiplier for job j. Notice that if an RMP is a
maintenance period that improves processing conditions, then, following Lee and
Leon (2001), we may assume that \; < 1; however, \; > 1 is possible, e.g., when
an MP alters the machine to prevent a breakdown, but the alterations make it work
slower.

In Chap. 15, we consider single machine scheduling problems with a single rate-
modifying maintenance period (RMP). In the case of a single RMP, the decisions to
be taken reduce to Start MP Decision, CMP Decision 1, and CMP Decision 2, as
above.

The model with a single RMP can be extended to a general situation, in which
the decision-maker is presented with a list (RMP!'l, RMP[?!, .., RMP¥l) of K > 1
possible rate-modifying activities, which can be either distinct or alike. The decision-
maker may decide which of the listed RMPs to insert into a schedule, on which
machine (in the case of parallel machines) and in which order. Notice that an order
in which the selected RMPs are introduced on a machine can be different from the
order in which the RMPs appear in the list.

Each RMP may have a different effect on the machine conditions, i.e., different
RMPs may have different sets of the rate-modifying multiplies. Such a situation
is natural if the selected RMPs are different in nature, e.g., one RMP replaces the
cutting tool of the machine, whereas the other refills gas in the system. However,
a similar situation can also arise if the RMPs are identical, but their efficiency in
performing the desired task changes depending on their position in the schedule. For
instance, consider a scenario in which the RMP is aimed at improving the machine
conditions by running maintenance. In real life, it is often observed that even after
a maintenance activity, some wear and tear might still remain in the machine, and if
the same RMPs are performed every time, this deviation might get accumulated.

Consider a scheduling problem of minimizing an objective function ®, provided
that several RMPs can be chosen from a given list of K RMPs and to be included
into a schedule. The decision-maker must make the following decisions:

RMP Decision 1.  The number of RMPs: Decide how many of the K available
RMPs are to be included in the schedule.
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RMP Decision 2. The choice of RMPs: For the chosen number of the RMPs,
decide which particular available RMPs are to be included in the schedule.

RMP Decision 3.  The sequence of RMPs: Determine the optimal order in which
the selected RMPs are scheduled on a machine.

Suppose that RMP Decisions 1-3 have been taken. If out of the K available RMPs
k — 1 are selected and included in a schedule on some machine, then the jobs on
that machine will be divided into k, 1 < k < K + 1 groups, one to be scheduled
before the first RMP and one after each of the k — 1 RMPs. Since the RMPs are
known to affect the machine conditions differently, it follows that the jobs contained
in different groups are treated differently. In general, we allow groups to be empty,
i.e., two or more RMPs can be scheduled as a block, one immediately after another.

We present further explanations assuming that the jobs of set V are to be processed
on a single machine; it is not hard to extend the notions introduced above to parallel
machines, see Chap. 20. If k — 1 RMPs are chosen to be introduced into a schedule,
then renumber those RMPs in the order they appear in the schedule. The set of jobs
is then split into k groups, N¥1, 1 < x < k. The set of jobs NI forms group x, i.e.,
the jobs of this group are scheduled either before the first RMP (if x = 1) or between
the (x — 1)th RMP and the xth RMP (if 1 < x < k).

In general, the duration of each of the chosen RMPs is start-time-dependent. In
the most studied linear model, the duration of RMPD] is associated with its own
duration parameters, (™ and P!, 1 < y < K, so that its duration Al](7) is given by

A[y](T) = (Mg b, (12.1)

where 7 is the start time of the RMP, measured either from time zero in the case
of the first RMP or from the completion time of the previous RMP. The value of
n[~"] can be understood as the duration of all tests that form the mandatory part of a
maintenance procedure, while ¢ 7 reflects any additional maintenance work that
depends on how long the machine has worked without maintenance. If RMPD] is
inserted into a schedule as the xth RMP, then 7 is the total actual processing time of
the jobs of group N1, 1 <x <k — 1.

A special case of (12.1) with (" = 0, 1 <y < K corresponds to the situation
that the duration of RMPD] is given by a constant nl!.

A more general interpretation of the variable duration of the RMP has been intro-
duced by Finke et al. (2016). For a schedule with k — 1 selected RMPs, the duration
A of the xth RMP, 1 < x < k — 1, is determined as a linear function of the actual
durations of the jobs in the preceding group. Assuming that the actual processing
time of job j € N is equal to p!*, this job contributes Cj[x]pj[x] toward Al of the xth
RMP, so that

A = " (Hpil g, (12.2)

JjeNK

where Cj[x] is a positive job-dependent coefficient. Notice that if Cj[x] is job-independent,
ie., (j[x] = ¢ for all jobs in group x, then A satisfies (12.1).
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Thus, as a result of taking RMP Decisions 1-3, we determine k — 1 < K RMPs,
their type and the order in which they are inserted into a schedule. Then, we need to
split the jobs into k groups, one before the first RMP and others after each RMP. To
find the resulting schedule, we need to find a sequence of jobs in each group. These
actions are essentially equivalent to the CMP Decisions 1 and 2. The latter decisions
will determine the start times of each RMP in accordance with a chosen sequence.
In more detail, the main principles of solving relevant problems are formulated in
Sect. 12.4, for more general settings.

The decision-making in the presence of multiple RMPs is illustrated in Chaps. 15
and 20, based on scheduling problems on a single machines and on parallel machines,
respectively.

12.4 Changing Processing Times and Rate-Modifying
Activities

Scheduling problems with various time-changing effects that define the actual
processing times of the jobs have been considered in detail in Part IT of this book. It
must be admitted that the practical impact of research on scheduling models with a
learning/deterioration effect alone is somewhat questionable. In practical situations,
it is often observed that the machines/operators are subject to (periodic) maintenance
activities or replacements. These activities modify the rate of change of processing
times, so that the learning/deterioration process is disrupted. Indeed, for a large
number of jobs, if the processing conditions are not altered by some sort of a rate-
modifying activity, the processing times will either reduce to zero in the case of a
learning effect or will grow to unacceptably large values in the case of deterioration.
Such situations are not realistic.

This implies that to address practically relevant situations, we need integrated
scheduling models that address (i) possible changes in actual processing times of
the jobs due to learning/deterioration or an alternative non-monotone effect, and
(ii) introduction of rate-modifying activities that alter the processing conditions and
therefore influence the processing times of the jobs that follow such an RMP. In the
most natural models of this type, the jobs are subject to deterioration and the RMPs
are understood as maintenance periods that bring the processing machines to better
conditions.

The following quotation from the influential paper by Gopalakrishnan et al. (1997)
is especially close to the spirit of this book:

Industrial systems used in the production of goods are subject to deterioration and wear
with usage and age. System deterioration results in increased breakdowns leading to higher
production costs and lower product quality. A well-implemented, planned preventive main-
tenance (PM) program can reduce costly breakdowns... Deciding what PM tasks to do, and
when, constitutes a critical resource allocation and scheduling problem.
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As seen from the quotation above, in the planning of rate-modifying activities
in a processing sequence, the decision-maker is faced with a trade-off between
two processes: (i) change of the processing conditions and (ii) allocation of a rate-
modifying period in order to control the changing conditions. However, until very
recently, the processes (i) and (ii) have not been fully integrated in the models studied
in the scheduling literature. One of the purposes of Part III of this book is to provide
a uniform formal treatment of such integrated scheduling models.

A systematic study of integrated models that include both various rules of changing
the processing times and the introduction of the RMPs of different nature has been
conducted by Rustogi and Strusevich (2012a,b, 2014, 2015). These papers make the
basis of Chaps. 16-20. The considered models address most of known time-changing
effects: positional, cumulative, start-time-dependent, and their combinations. Rate-
modifying activities of different nature are considered.

If an RMP is an actual maintenance, there is no need to assume that such an RMP
fully restores the machine to its default state every time it is performed. Besides,
RMPs to be inserted into a schedule should not be limited to maintenance periods
only. It is possible that introducing an RMP in fact slows down the processing, which
happens, e.g., if the RMP is related to the replacement of an experienced operator
by a trainee. Under another possible effect, an RMP is used to further enhance the
learning capabilities of the machines/operators. In any case, as a result of introduction
of several RMPs, the jobs are split into the corresponding groups, and the actual
processing time of a job will be dependent on the group it is scheduled in. We
refer to such an effect as a group-dependent effect. To the best of our knowledge,
the group-dependent effects in conjunction with rate-modifying and maintenance
activities have been first introduced in Rustogi and Strusevich (2012a).

Below, we give an illustration of a possible application of group-dependent effects.

Example 12.2 A human operator uses a tool to process n jobs. During the processing
of the jobs, the tool undergoes deterioration, whereas the performance of the operator
is influenced by both deterioration and learning effects. It is known that two RMPs
will be included in the schedule. The first RMP is a maintenance period which restores
the machine to its original condition. However, the deterioration rate of the machine
becomes greater after the maintenance period, since original spare parts are not used.
This RMP also provides the operator with sufficient rest, so that after this first RMP,
the operator is as fresh as he/she was at the beginning of the schedule. Additionally,
the operator gets a technical briefing from his supervisor, so that his learning curve
changes. The second RMP does not repair the machine at all; instead, a new operator
is brought in. Below, we give details how these effects are modeled mathematically
and compute the resulting positional factors g*!(r). The actual processing time of
job j scheduled in position r of group x is defined equal to g*!(r)p;.

We distinguish between the positional factors associated with the machine and
the operator by using the subscript “m” for the machine and “w” for the operator
(worker), respectively. The actual positional factor is defined as the product g (r) :=

g2 (gl ().
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In a feasible schedule, the jobs will be split into k = 3 groups; let n¥] denote the
number of jobs in the xth group. For the machine, a positional exponential deterio-
ration effect with a rate A; > 0 is applied before the first RMP and a similar effect
with a rate A, after the first RMP, where A, > A|. As a result, the positional factors
associated with the machine for the three groups are given as glll(r) = (A;)""!,
g2(r) = (A", and gB(r) = (A;)"" ", respectively. The two operators are
subject to a positional polynomial deterioration effect with rates B; > 0 and B, > 0,
respectively. They are also subject to positional polynomial learning effects. The rate
with which Operator 1 learns before the first RMP is C; < 0, while the rate with
which she learns after the RMP is C; < C; < 0. The learning rate of Operator 2
is given by C3 < 0. As a result, the positional factors associated with the operators
for the three groups are given as glll(r) = rB17C1, gl21(r) = rB1 (n" 4 1)<, and
gfﬂ(r) = rB2%G respectively. Thus, the positional factors for the entire processing
system can be given as

9"'(r) = g, (g, (1) = (AP

97(r) = g, (09, (1) = ()P (WM 4 )
a2l —

970) = g, (g, (1) = (A" IO

Notice that this model allows us to assume that during an RMP, if Operator 1 is
not replaced, he/she does not lose his/her skills which have been improved due to
learning in the earlier groups of the schedule. Similarly, if during an RMP a machine
is not fully repaired, our model is capable of handling the resulting situation in which
the deterioration effect from the group before the RMP must be carried forward to
the next group. These issues are captured by adjusting the relative position of a job
in the relevant group. For example, the learning factor involved in the computation
of g?!(r) is given by (n[” + r) © (implying that Operator 1 has completed n!!! jobs
before group 2 starts), and the deterioration factor involved in the computation of
g¥(r) is given by (A;)""*~! (implying that since its last RMP, the machine has
completed 1! jobs before group 3 starts).

Below, we discuss some general principles of solving single machine schedul-
ing problems in which the jobs are subject to certain effects (positional, start-time
related or combined), and the RMPs may be inserted into a schedule. The jobs of
set N = {1, 2,...,n} are to be processed on a single machine. Each jobj € N is
associated with a normal processing time p;. The decision-maker is presented with
a list (RMPII, RMPP1 | RMPIX)) of K > 1 possible rate-modifying activities.
Let 1|8, RMP(K)|® denote a generic problem of minimizing an objective function
®(S), where the string 3 denotes additional conditions, such as a time-changing
effect and/or a rule for computing the duration of the RMPs chosen to be inserted
into a schedule.

The original problem 1|8, RMP(K)|® reduces to a sequence of the auxiliary
problems, which we denote by 1|3, RMP(k — 1)|®. An instance of each problem
118, RMP(k — 1)|® is defined by
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(A1) an outcome of the RMP Decisions 1-3;
(A2) anumbering of the chosen kK — 1 RMPs by integers x, 1 <x <k — 1, in the
order of their appearance in a schedule.

To solve problem 1|5, RMP(k — 1)|®, we need to take three decisions, which can
be seen as extensions of the CMP Decisions 1 and 2 from Sect. 12.1:

(B1) to determine the number n!*! of jobs in group N/, 1 < x < k, where the jobs
of group N are sequenced before the xth RMP, and the jobs of group N'¥I
are scheduled after the last RMP;

(B2) determine a partition of the jobs of set N into k groups N Ml <x<k;

(B3) find a permutation 7!*! for the jobs of group N1,

At the moment, we focus on the most general situation, in which there is no
obvious way of taking Decision (B1) above, i.e., there is no method that would allow
us to determine the number of jobs in each group in a schedule that is optimal for
problem 1|3, RMP(k — 1)|®. In this situation, we will need to generate all possible
values n®1, 1 < x < k.

For a particular outcome of Decision (B1), introduce a schedule Sg; (k) for an
auxiliary problem 1|8, RMP(k — 1)|® associated with certain outcomes of Deci-
sions (B2) and (B3). In schedule Sg;(k), the jobs are organized in groups N,
1 < x < k; each group N*! contains n™*! jobs, where z];:l n™ = n. Fur-
ther, let the jobs in N be sequenced in accordance with a permutation 71 =
(7M(1), 7t(2), ..., 7l (n™)), 1 < x < k. The actual processing time of a job
j = 7¥(r), scheduled in position r, 1 < r < nl, of the xth group, 1 < x < k, is
denoted by p][.x] (r) and depends on particular features of the model, normally captured
by the string 3.

Associate schedule Sg (k) with an overall permutation of jobs 7 = (711, 72],

.., w¥1y of set N. In most problems considered in Chaps. 1518, the objective func-
tion for schedule Sg; (k) admits a generic representation

ko

D(Spi (k) = D(m) = D D" W (paiagy + k), (12.3)

x=1 r=1

where I" (k) depends only on k and some constant terms, while Wi’{}] () is a posi-
tional weight that in general is both job-dependent and group-dependent. The product
erﬂ(r) (r)pai () Tepresents the contribution of job j = w*1(r) scheduled in position
r, 1 <r <nW, of group x, 1 < x < k, to the objective function (12.3).

For an outcome of Decision (B1), let S§, (k) be the best schedule that is defined
by taking Decisions (B2) and (B3) in such a way that schedule S, (k) minimizes
function (12.3),i.e., ® (SEl (k)) < @ (S (k)) holds for all possible schedules Sg; (k).
Further, let S* (k) denote a schedule that is optimal for problem 1|3, RMP(k — 1)|®,
ie., ©(S*(k)) < <I>(S§1 (k)) holds for all possible outcomes of Decision (B1).

Assuming that for a particular outcome of Decision (B1), each weight Wj[x](r),
jeN,1 <x<k,1<r<nP canbecomputed in advance in constant time, finding


http://dx.doi.org/10.1007/978-3-319-39574-6_15
http://dx.doi.org/10.1007/978-3-319-39574-6_18

250 12 General Framework for Studying Models with Rate-Modifying Activities

schedule S§, (k) can be reduced to solving a linear assignment problem (LAP); see
Sect. 4.1 for definitions and a review.

Suppose first that the weights Wim (r) are job-dependent. In order to minimize
®(Sgy(k)), define a LAP with an n x n cost matrix C = (cj,(xﬂ). Each row of matrix
C corresponds to a job j € N. Itis convenient to label the columns of C by strings of
the form (x, r), where x, 1 < x < k, refers to a group index, and r indicates a position
in a permutation of jobs assigned to a group. Since Z’;Zl n*! = n, there are exactly
n columns in matrix C. Notice that the first n! columns (1, 1), (1, 2), --- , (1, nl!h)
of matrix C are associated with the positions in group 1, the next n?! columns
2, 1),2,2),---, (2, n?) are associated with the positions in group 2, and so on. It
follows that the elements of the cost matrix of the LAP can be written as

Gy =W p, 1 <x <k 1<r=<nl (12.4)

With the cost values defined by (12.4), the problem of minimizing function (12.3)
reduces to the following LAP

n k  n
minimize E E ECj,(x,r)Zj,(x,r)

j=1 x=1 r=1
k nl
subject 0 D"z = 1. 1<j<m (12.5)
x=1 r=1
n
> e = 1. lsxsk 1=r=ab;
j=1

Zioan €10,1}, 1 <j<n1<x<k, 1 <r<n.

A problem of the form (12.5) can be solved in O(n?) time, as follows from The-
orem4.1. For the found solution, z; (v, = 1 implies that in schedule S§, (k), job j is
assigned to the rth position of group x. The conditions of (12.5) mean that each job
will be assigned to a position and no position will be used more than once.

In several scheduling problems, the positional weights appear to be job indepen-
dent, i.e., for each j € N the equalities Wj[x] (r) = WH¥() hold for 1 < x < k,
1 < r < a". In this case, the matrix with the elements (12.4) becomes a product
matrix and the corresponding LAP can be solved in O(nlogn) time by adapting
Algorithm Match; see Sect.4.1.3.

In any case, we can write out a generic procedure for finding a schedule S* that
is optimal for problem 1|3, RMP(K)|®.

Procedure RMP1
Step 1.  Given problem 1|3, RMP(K)|®, for each outcome (A1) and (A2) do

(a) Define an auxiliary problem 1|3, RMP(k — 1)|®.
(b) For each outcome of Decision (B1) do
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(i) Compute appropriate positional weights Wj[x](r), JEN, 1 <x<k 1<
r < n%!, and the constant I' (k) that define the objective (12.3).
(i) Create the cost matrix C = (cj,(x,)) with the elements (12.4).
(iii)  Find schedule S, (k) by solving the linear assignment problem, either
in the full form (12.5) or with a product matrix, if appropriate.
(¢) Determine schedule S*(k) that is optimal for the current problem
113, RMP(k — 1)|®, i.e., such that ®(S*(k)) < ®(S§,(k)) holds for all
schedules S}, (k) found in Step 1(b).

Step 2. Determine schedule S* that is optimal for the original problem
1|8, RMP(K)|®, i.e., such that ®(5*) < ®(5*(k)) holds for all schedules S* (k)
found in Step 1.

Notice that Procedure RMP1 is presented under the assumption that all out-
comes (A1) and (A2) as well as all outcomes of Decision (B1) should be generated.
There are, however, situations when this full enumeration is not needed, and faster
approaches can be employed. Without going into technicalities, this happens when
all possible positional weights Wj[X](r), 1 <r<n,1 <x <k,canbe found without
any prior knowledge of the values n'*!, and the computed positional weights form a
monotone sequence for each group.

The lemma below gives an estimation of the number of possible outcomes (A1)
and (A2) in Step 1 of Procedure RMP1, as well as the number of all possible Deci-
sions (B1) to be taken for a particular outcome (A1) and (A2). These estimations
are used in the remaining chapters of this part for a purpose of evaluating the run-
ning times of algorithms based on Procedure RMP1. To count the number of the
related instances, we use various combinatorial configurations and identities listed
in Sect.5.3. In the presented estimations, we assume that the number K of avail-
able RMPs is a constant, which is reasonable since usually the number of possible
rate-modifying activities to be performed is fairly small.

Lemma 12.1 The number of outcomes (Al) and (A2) in Step 1 of Procedure RMP1
can be estimated as O(KK ) For a particular combination of outcomes (Al) and
(A2), the number of possible outcomes of Decision (B1) that may lead to an overall
optimal schedule S* is O(nk_l). Moreover, the total number of all possible outcomes
(Al) and (A2) and outcomes of Decision (Bl), i.e., the number of the assignment
problems to be solved, is O(nK )

Proof For a particular k, 1 < k < K + 1, the number of ways of selecting k — 1
RMPs from K available RMPs and order them (RMP Decision 2 and 3) is equal to
the corresponding number of arrangements (klfl) (k — 1)!, which according to (5.9)
does not exceed K*~!. Trying all possible values of k, 1 < k < K + 1 (i.e., trying
all possible options of RMP Decision 1), an upper bound on the number of auxiliary
problems 1|3, RMP(k — 1)|® to be solved is ZkK:ll K51,

The number of all possible outcomes of Decision (B1) that need to be generated
for each auxiliary problem 1|3, RMP(k — 1)|® is equal to the number of all non
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negative integers nP*l, 1 < x < k, such that Z’;zl n™ = n. Thus, the number of all
values n1, 1 < x < k, that may lead to an overall optimal schedule S* is equal to the
number of compositions C{=% of n in at most k positive summands. Applying (5.12)
with u = n and v = k, we have that the total number of all values n™*!, 1 < x < k,
to be generated for each auxiliary problem 1|5, RMP(k — 1)|® is

n+k—1 nk=1 _ b1
( k—1 )Em—O((n-}-k) )

Since we may assume that there are less RMPs than jobs, i.e., k < n, we further

deduce O((n+ k)*~') = o(n*").
Finally, the total number of the linear assignment problems to be solved is given by

LSRN n+k—1y (K .
;(k_l)(k—l)z( Lo )5Z(k_l)(n+k)

k=1

x o=
LI

(K
< (k B 1)(211)"1 = 2n+ DX = 0(n"),

k=1

as required. O

In Chaps. 15-18, the described Procedure RMP1 forms the basis of the design
of the solution algorithms for single machine scheduling problems in which various
(group-dependent) effects are combined with the introduction of available RMPs. An
extension of Procedure RMP1 to parallel machines and examples of its adaptation
to relevant scheduling problems is contained in Chap. 20.
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Chapter 13
Scheduling with Fixed Compulsory
Maintenance Periods

A large volume of research address scheduling models in which a machine is not
permanently available but may become non-available for processing during one
or more given intervals. Such intervals are referred to as intervals of machine
non-availability. One of the possible meaningful interpretations of a machine
non-availability interval is that a mandatory machine maintenance must be performed
during such an interval.

In this chapter, we consider single machine problems, provided that several such
compulsory maintenance periods (CMPs) have to be inserted into any
feasible schedule.

In a general case, assume that the total number of CMPs is equal to K > 1, and
the kth CMP is denoted by I = [si, tx], 1 < k < K. The duration of a CMP I} is
denoted by Ay =t — Sk.

Forajobje N ={1,2,...,n}, its processing time p; is given and remains con-
stant throughout the planning period. For a given sequence of jobs, a job £ that starts
before a CMP but cannot be fully completed before it begins is called a crossover job.
Depending on how a crossover job is handled, we distinguish between two scenarios:

e resumable: a crossover job is interrupted when a CMP begins and resumes after
the CMP from the point of interruption;
e non-resumable: a crossover job restarts from scratch after the CMP.

It is not within the scope of this book to give a comprehensive exposition of
scheduling problems with CMPs. The main reason is that in these models the
decision-maker simply faces the CMPs as intervals of machine non-availability,
they do not affect the processing times of jobs which remain constant. This does
not correspond to the spirit of this book, which focuses on changing times and
the maintenance periods that may alter processing conditions. Thus, in this chapter
we overview known results on scheduling with CMPs for a basic single machine
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environment. The main focus will be on the complexity and approximability issues
of the problems under the resumable and non-resumable scenarios. In fact, unless
stated otherwise, in the problems considered in the main body of the chapter there
will be only one CMP. Alternatively, we will consider the model with periodic main-
tenance.

As elsewhere in the book, we mainly consider the objective functions of makespan
and (weighted) total flow time. Notice that problems of this range have generated
most publications in the area of scheduling with machine non-availability intervals.
Section 13.5 contains discussions and reviews of relevant results not presented in
detail in the main body of this chapter.

In scheduling problems discussed in this chapter, a job j € N may be associated
with a weight w; associated with job j, which indicates its relative importance. All
values p; and w; are positive integers. The machine processes at most one job at a
time, with no processing during the CMPs. The completion time of job j € N in a
feasible schedule S is denoted by C;(S), or shortly C; if it is clear which schedule is
referred to.

Extending standard notation for the scheduling problems, we generically denote
the problem considered in this chapter by 1|CMP(K), Sc|®, where CMP(K) means
that there are K > 1 CMPs in a schedule, ® € {Cmax, >CL > wJCj} denotes the
objective function and Sc € {Res, N — Rres} specifies either the resumable sce-
nario or the non-resumable scenario. Throughout this chapter, we often use notation
F(S) =2 Ci(S) and Z(S) = D" w;C;j(S). Let S* denote a schedule that is optimal
for a scheduling problem of minimizing a function ®(S5), i.e., ®(S*) < ®(S) for all
feasible schedules S.

For those problems which are NP-hard, we present the results on design and
analysis of approximation algorithms and schemes. As defined in Sect.1.3.4, a
polynomial-time algorithm that finds a feasible schedule S# such that the inequality
®(S")/D(S*) < pholds for all instances of the problem is called a p-approximation
algorithm and p > 1 is called a worst-case ratio bound. A fully polynomial-time
approximation scheme (FPTAS) is a family of p-approximation algorithms such that
for any positive € > 0 (i) p = 1 + ¢ and (ii) the running time depends polynomially
on the length of the problem’s input and 1/¢.

For problem 1|CMP(1), Res|® under the resumable scenario, suppose that the
jobs are sequenced in accordance with some permutation 7 = (7(1), 7(2), ...,
mw(n)), and let £ denote the position of the crossover job, i.e., w(£) is the job that
cannot be competed before time s and is resumed after time 7. Under the resum-
able scenario, the crossover job starts at time Zf;,l Dr() and then is processed for

Xpy =8 — Zf;ll Dr¢) time units, is interrupted at time s, and is processed after

time ¢ for yr(¢ time units, where y ) = Pr) — Xxe) = Zle Drg) — §- Thus, the
completion times for the jobs can be written as
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> prp.  l=r<t—1
j=1

Coop = (13.1)

¢
A+ pr. L <i<n,
j=1

where A = ¢ — s is the duration of the CMP.

A feasible schedule for problem 1|CMP(1), N — Res|® under the
non-resumable scenario is defined by a partition of set N into two groups N'!l and
NP, and the sequences 7111 and 72! of these jobs, respectively, such that

(i) the jobs of the first group N!'! are processed from time zero as a block,
without intermediate idle, follow sequence 7l and complete before time s, i.e.,
p(N1) <

(i) the jobs of the second group N'?! are processed from time ¢ as a block, without
intermediate idle, and follow sequence 71,

Scanning the jobs of set N in a certain order introduces a Boolean variable x; in
such a way that
~_ ] 1, if jobj completes before the CMP / (13.2)
7710, otherwise. ’

Thus, N = {j € Nl|x; = 1} and N?! = N\ NU. For problem 1|CMP(1),
N — Res|® with ® € {Cpax, X Cj, > w;C;} afeasible schedule S is associated with
a vector X =(xy, x2, . .., X,) with n Boolean components such that

> i <, (13.3)
j=1

which corresponds to the requirement that the jobs of the first group N1 must be
completed by time s. In what follows, we may refer to the value of the objective
function computed not with respect to a particular schedule S but with respect to
the associated vector x, so that we may write ®(S) and ®(x), whichever is more
convenient.

The structure of this chapter is as follows. In Sect. 13.1, we consider the comp-
lexity and approximability issues of the problem of minimizing the makespan under
both scenarios, including the model with periodic maintenance. The complexity of
the problem of minimizing the sum of the weighted completion times with a single
CMP is resolved in Sect. 13.2 (for the non-resumable scenario) and in Sect. 13.3 (for
the resumable scenario). Approximation algorithms and schemes for these problems
are presented in Sect. 13.4.
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13.1 Makespan: Complexity and Approximation

In this section, we consider the problems of minimizing the makespan in the presence
of a single compulsory maintenance period (CMP) I = [s, t] with a fixed start time
s and of fixed duration A = t — 5. The resumable and non-resumable scenarios are
studied. Besides, we also consider the model in which a CMP of duration A occurs
periodically, after each T time units.

13.1.1 Single Maintenance

It is fairly easy to establish the complexity status of the problem 1|CMP(K), Sc|
Chax, of minimizing the makespan with Sc € {Res, N — Res}.

Problem 1|CMP(1), Res|Ciax, is trivially solvable. Indeed, for a schedule Sges
associated with an arbitrary permutation 7 of jobs, the equalities (13.1) imply that

Conax(Sres) = A+ D pry = A+ p(N). (13.4)
j=1

This observation can be extended to any number of CMPs.

Theorem 13.1 Problem 1|CMP(K), Res|Cax, for any K > 1 is solvable in O(n)
by sequencing the jobs arbitrary.

To resolve the complexity status of problem 1|CMP(1), N — Res|Cpax, using
(13.2), define a vector x =(xy, x, ..., x,) with n Boolean components such that
(13.3) holds. The value of the makespan for a schedule S associated with a feasible
vector X is given by

Coax(8) = Coax(®) =1+ D _pi(1 —x)) =t +p(N) = D _ppx;.  (13.5)

j=1 j=1

Disregarding the additive constant ¢ + p(N), finding a schedule S* that is optimal
for problem 1|CMP(1), N — Res|Cmax, can be reduced to the subset-sum problem,
see Sect.4.2. In such a problem, it is required to find a vector x*:(x]k, X5, ... ,x;lk),
which delivers an optimal solution to the problem

maximize Z DjXj
j=1
" (13.6)
subject to Z DiXxj < s
j=1
x€{0,1}, j=1,2,...,n.
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According to Sect. 4.2, this problem is NP-hard but s solvable in pseudopolynomial
time, so that we deduce the following statement.

Theorem 13.2 Problem 1|CMP(1), N — Res|Ciax, is NP-hard in the ordinary sense.

Recall that the subset-sum problem is known to admit a fully polynomial-time
approximation scheme (FPTAS) that requires O(n/¢) time; see Theorem 4.5. Based
on this scheme, we establish the approximability status of problem 1|CMP(1), N —
Res|Chax.

Theorem 13.3 Problem 1|CMP(1), N — Res|Cyax admits an FPTAS that requires
O(n/e) time.

Proof Problem 1|CMP(1), N — Res|Cnax, reduces to the subset-sum problem
(13.6). According to Theorem 4.5, an FPTAS for the problem (13.6) either finds
an optimal solution x;‘ € {0, 1}, j € N, such that

ijx;‘ < (1 —-e)s

jeN

or finds an approximate solution xf € {0, 1}, j € N, such that

(1—¢e)s < ijx; <.

JjeN
In the case of the first outcome, associate the vector x*:(x’f, X3, ...,x;) that
delivers an optimal solution to the problem (13.6) with a schedule in which the
jobs of the set H!'l = {x}‘ =1jeN } form the first group, while the jobs of the set

H™?I = N\H!"! form the second group. For any partition of set N into two subsets
N; and N, such that p(N;) < s, we have that p(H'?)) < p(N,), i.e., due to (13.5) a
schedule associated with the partition N = H!J U H'?! is an optimal schedule S;_g..
with the makespan Cinax (S§_ges) = ¢ + p(H™).

In the case of the second outcome, define two groups of jobs N := {xf =1

jeNt and NP :=N\NU and consider the associated schedule S°. Since

p(N") > (1 — &)s, we have that p(N'') = p(N)— p(N!V) < p(N) — (1 —&)s. It
follows that

Crnax(5) =1+ p(N?) < (t — ) + p(N) + &s.

Due to (13.4), we have that Cpax (SI’Q?RES) > Cnax (Si;es) = A+ p(N), and
besides, Cpax (S{Q_Res) > s. This results in

Cnax (5%) < Crnax (Slfijes) + €Chnax (S;PRes) s

which proves the theorem. O
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The approximability status of the problem changes dramatically if more than one
CMPs is introduced, as demonstrated below.

Theorem 13.4 Forafixed p > 1, the existence of a polynomial-time p-approximation
Algorithm H for problem 1|CMP(2), N — Res|Cnax implies that P = N'P.

Proof To prove the theorem, we show that Algorithm H, if existed, would solve to
optimality an NP-hard problem 1|CMP(1), N — Res|Cax.

Let ST be a schedule that is optimal for problem 1|CMP (1), N — Res|Crax, With a
single CMP [;. Consider an arbitrary instance of the decision version of this problem,
in which it is required to verify whether there exists a schedule S such that Cp,,x (S) <
y for a given y.

Define the instance of problem 1|CMP(2), N — Res|Cyax, Which is obtained from
the taken instance of the decision version of problem 1|CMP(1), N — Res|Cpax, by
inserting an extra CMP [, = [y, py]. Let S5 be a schedule that is optimal for this
problem with two CMPs.

If Cinax (S7) < y,then Cpax (S5) = Cinax (ST). Otherwise, the jobs that are processed
after time y in schedule ST have to be processed after time py in schedule S3. Since
no preemption is allowed, it follows that Ciyax (S3) = py 4+ Crmax (S7) — y.

Apply Algorithm H to the defined instance of problem 1|CMP(2), N — Res|Crax.
It will find a schedule Sy such that

Cmax(SH) <
—— =< p.
Crmax(53)

We show that by verifying the value of Cpax(Sy) it is possible to deduce whether
for problem 1|CMP(1), N — Res|Cpax, a schedule S} with Cpa (ST) <y exists.

Suppose that Cyax (Sg) < py. Then, the actual completion time of schedule Sy is
before the second CMP, i.e., Ciax (Sy) < y. It is obvious then that

Cmax(ST) = Cmax(S;) < Crnax(Sy) < Yy,

so that for problem 1|CMP(1), N — Res|Cpax the required schedule exists.
Suppose now that Crax (Sg) > py. Then, the inequality Ciyax (S5) < y would imply

Cmax(SH) - Py —
Cmax(83)

a contradiction. Therefore, Cpax(S5) > y. If Cnax(ST) <y, then we would have
Cinax(S3) = Cmax(S7) <y, a contradiction. Thus, for problem 1]/CMP(1),
N — Res|Ciax the required schedule does not exist. ([
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13.1.2 Periodic Maintenance

In industrial environment, the compulsory maintenance often takes place
periodically, with a fixed period of time T that should elapse before the first CMP
and between any pair of consecutive CMPs. In the remainder of this section, we
consider the problem of minimizing the makespan under the non-resumable sce-
nario and periodic maintenance. As before, let A denote the duration of a CMP.
We refer to this problem as 1|CMP(period), N — Res|Cpax. It is assumed that
T > max{pj[j eN }; otherwise, the problem has no feasible solution.

In any schedule S that is feasible for problem 1|CMP(period), N — Res|Cumax,
the set N of jobs is split into b > 1 groups N!!!, NI NI where the jobs in
group N 4] are processed in any order in the time interval [(q — (T + A), qT+
(g — DA], 1 < g < b— 1, while the jobs of group N'"! are processed starting from
time (b — 1)(T + A). In other words, the jobs of group N are processed before
the first CMP, the jobs of each group N la] are processed between the (¢ — 1)th CMP
and the gth CMP, 2 < g < b — 1, while the jobs of group N'! are processed after

the last used CMP. Due to feasibility, p(N[q]) <T,1<q<b.

Below we show that for problem 1|CMP(period), N — Res|Cpax
a 2-approximation algorithm is the best possible. The proof uses the following
NP-complete problem; see Sect. 1.3.2.

PARTITION: Given positive integers ey, .. ., ¢, and the index set R = {1, ..., r} such
thate(R) = > ;. ¢ = 2R, is it possible to partition set R into disjoint subsets R; and
R, such that e(R}) = ZieRl e;=FEand e(R)) = ZieRz ei =E?

Theorem 13.5 If there exists a polynomial-time Algorithm H, which for prob-
lem 1|CMP(period), N — Res|Cnax finds a schedule Sy such that for some e,
0 < ¢ < 1, the bound Cpax (St)/ Cinax (8*) < 2 — € holds, then P = N'P.

Proof Given an instance of PARTITION, we define a particular instance of problem
1|CMP(period), N — Res|Cpx, such that from a solution found by Algorithm H
applied to that instance it would be possible to deduce whether PARTITION has a
solution.

Take an ¢, 0 < ¢ < 1, define

N=R n=r;pj=e¢; T=E; A=[2E(1 —¢)/c].

Suppose that PARTITION has a solution, and R; and R, are found subsets of R
with e(R;) = e(R,) = E. For the constructed instance of problem 1|CMP (period),
N — Res|Chax, consider a schedule S, with two groups nlal = Ry, g € {1, 2}. Since
p(N [”) = E, the jobs of this group are completed before time 7, i.e., before the
first CMP. Thus, schedule S is feasible and Cyx(S) = p(N) + A =2E + A, i.e.,
this schedule is in fact an optimal schedule S*, due to (13.4). Thus, if Cyax(S*) >
2F + A, then PARTITION has no solution.

On the other hand, if PARTITION has no solution, then in any feasible schedule S
for the first group NI, we have that p(N!1) < E — 1. To process the remaining jobs,
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they have to be partitioned in at least two groups N> and NP, with p(NF1) > 1.
This implies that Cyax (S*) > p(N) +2A + 1 = 2E 4+ 2A + 1. Thus, if Cpp (S*) <
2E + 2 A, then PARTITION has a solution.

Suppose that Algorithm H exists and for the constructed instance of prob-
lem 1|CMP(period), N — Res|Cn,x outputs a schedule Sy such that Cpx(Sy)/
Crax(§*) <2 —¢.

If Cinax (Sg) < 2(E + A), then Cpax (S*) < 2(E 4+ A), and PARTITION has a solu-
tion. Otherwise, if Ci.x(Sg) > 2(E + A), then

Cmax(SH) - 2(E + A)
2—¢ 2—¢

Cmax (S*) Z

By definition of A, we derive that Ac > 2E(1 — ¢), so that € > 2E/(2E + A).
Substituting this inequality, we obtain

2(E+ A
Cinax (S7) > G 2E) =2E + A,
2— 2E+A
and PARTITION has no solution. O

In fact, problem 1|CMP (period), N — Res|Cax admits several polynomial-time
2-approximation algorithms, which due to Theorem 13.5 should be seen as best
possible. Most of these algorithms are applicable to problems more general than
1|CMP(period), N — Res|Ciax; some of them are discussed in Sect. 14.2.2. Below,
for illustration, we present one such algorithm.

Assume that the jobs are numbered in non-increasing order of their processing
times, i.e., in the LPT order given by

pPr=p2= - = Pn 13.7)

Consider the following approximation algorithm for problem 1|CMP (period),
N — Res|Ciax.-

Algorithm LPT_Period

Step 1.  If required, renumber the jobs in accordance with (13.7). Define
b:=1, NM:=g, pN":=0, ¢g:=1.
Step 2. Forj from 1 to u do

(a) If p(N [q]) +p; > T, then go to Step 2(b); otherwise, update

Nl .= Nlal U gy, p(N[‘f]) ::p(N[q]) +p;

and go to Step 2(c).
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(a)l ‘5‘6‘CMP1|IZ‘3‘4‘

(b)
‘ 1 ‘ 2 ‘ ‘CMPl

7 T [ o]

Fig. 13.1 a An optimal schedule $*; b schedule S pr

(b) If g < b, then update g := g + 1 and return to Step 2(a); otherwise,
define
b:=b+1, N :={j}, p(N") :=p;.

(¢) Restore ¢ := 1 and take the next job.

Step 3. Output a schedule Sy pr that consists of b found groups N oy Nl

Algorithm LPT_Period takes the jobs in the LPT order and assigns the next job to
the first available group it fits. If the job does not fit into any available group, then a
new group is started. The running time of the algorithm is O(nz). To see that, notice
that in the worst case to find a placement for job j up to j — 1 comparisons may be
needed. The following theorem regarding its worst-case performance can be proved.

Theorem 13.6 For schedule Sy pr the following bound

Cinax (SLpT) <9

Crax(§*) (139

holds, and this bound is tight.

A discussion of algorithms similar to Algorithm LPT_Period is givenin Sect. 13.5.
The proof of Theorem 13.6 can be deduced from the proofs of more general state-
ments given in Sect. 14.2.2. Below we only present a numerical example which
demonstrates that a worst-case bound of 2 in (13.8) is tight.

Example 13.1 To see that the bound (13.8) is tight, consider the instance of problem
1|CMP(period), N — Res|Cp,x with the following parameters

p1=06pr=p3s=ps=4, ps=pe=3T =12,
and the duration of a CMP set equal to some value A.

An optimal schedule S$* shown in Fig. 13.1a has no gaps and uses only one CMP
and all jobs are completed by the beginning of the second CMP, so that Cyax (S*) =
24 + A. Schedule Sy pr shown in Fig. 13.1b has two gaps of total duration 3 and uses
two CMPs, so that Cyax (Sppr) = 27 + 2A. We deduce that
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Cmax(SLPT) _ 27 + ZA
Coax(S¥) ~ 244+ A7

and this ratio approaches 2 as A — oo.

13.2 Weighted Total Flow Time: Complexity
for the Non-resumable Scenario

In this section, we consider problem 1|CMP(1), N — Res| > w;C; of minimizing the
sum of the weighted completion times with a single compulsory maintenance period
(CMP) represented by a given time interval I = [s, ¢] of length A = ¢ — 5. The focus
is on the non-resumable scenario.

13.2.1 Properties of the Objective Function

We state the properties of the objective function and establish the link between
problem 1|{CMP(1), N — Res| > w;C; and the knapsack problem with a quadratic
objective function related to the half-product; see Sects.4.3 and 4.4. Consider a
schedule Sy_g., that is feasible for problem 1|CMP (1), N — Res| > w;C;. Assume
that Sy _ges 1S associated with two groups N [4] which are ordered in accordance with
permutation mlal, respectively, g € {1, 2}. Denote nld] = )N [4] ‘, let wlel (i) be the
job located in the ith position of permutation 77["], where 1 < i < nl4l. We deduce
that

J J
CW[I](]‘) = Zpﬂ-m(i), 1 S] < I’l[l]; Cﬂ-m(]‘) =1+ Zpﬂ-m(,‘), 1 S] < I’l[zl. (139)
i=1 i=1

Thus, for a schedule Sny_gres associated with the partition NU!'! and N?! and
sequences 7!!l and %!, the value of the objective function can be written as

ntll j nl2l Jj
Z(SN—Res) = Z Wrlil(j) Zpﬂ[l](i) + Z wﬂ[Z]U)(ZPW[Z](,‘) + t) (13.10)
=1 i=1 =1 i=1
nl?!

Al j 21 j
= Z Wrltl(j Zpﬂm(i) + Z Wrl21 () Zpﬂm(i) + tz Wi (j)-
j=1 i=1 j=1 i=1 j=1
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It is clear that if a partition N = N1 U NI is fixed, then in order to minimize
Z(S) of the form (13.10) we need to minimize the sum of the weighted completion
times of the jobs in set N!!! and in set N'?/. This can be done by solving prob-
lems 1| | > w;C; with a permanently available machine for the jobs of set N!!!
and for those of set N2, It follows from Theorem 2.6 that for this purpose the
jobs of each set must be ordered in accordance with the WSPT rule, i.e., in non-
decreasing order of the ratios p; /w;. Thus, for problem 1|CMP(1), N — Res| >_ w;C;
throughout of this chapter, unless stated otherwise, the jobs are numbered in such a

way that

po_p_ P (13.11)

w; W wy
Notice that for the unweighted version of the problem, i.e., for problem 1|CMP(1),
N — Res| Y C;, we assume that the jobs are numbered in accordance with the SPT

rule, i.e., in such a way that

Thus, our further consideration of the problems under the non-resumable scenario
is based on the following statement.

Lemma 13.1 For problem 1|CMP(1), N — Res| 3 w;C; (correspondingly, problem
1|CMP(1), N — Res| > C;) there exists an optimal schedule in which the jobs sched-
uled before the CMP and those scheduled after the CMP are processed in the WSPT
order (correspondingly, in the SPT order).

For function ® € {F, Z}, consider the value ®( () of the objective function in
problem 1| |®, with a continuously available machine. In particular, define

noj
Fo(m) := > > pri (13.13)

j=1 i=1

n J
Zo(m) = D Wry D Prii- (13.14)
=1 i—1
For the numbering (13.11), let 7VSPT be the identity permutation (1,2, ..., n). It

follows from Theorem 2.6 that the inequality

Zo(m") = > piwy < Zy(m) (13.15)

1<i<j<n

holds for any permutation 7.
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We now establish links between problem 1|CMP(1), N — Res|> w;C; and
problems of Boolean quadratic programming.

Using (13.2), take the jobs in the order of their numbering and define a vec-
tor X =(x1, x, ..., x,) with n Boolean components such that (13.3) holds. If job j
completes before interval 1, then

J
C = Zp,-x,-, (13.16)

while if it completes after interval 7, then

J
C=t+> pl—x)
i=1

Thus, for a vector x =(xy, x2, ..., Xx,) with n Boolean components, the sum of the
weighted completion times can be written as

n J n J
Z(x) = ijxj Zpixi + ij(l —xj)(f + Zpi(l —xi))
Z Diw;jxix; + Z piw;(1 —x;)(1 — x;) —}—tZwJ(l

I<i<j<n I<i<j<n
For a vector X =(xy, x, . .., Xx,) with Boolean components, define
f(x) = Z Diw;xiXj + Z piw;(1 —x;)(1 — x;), (13.17)
I<i<j<n I<i<j<n
so that .
Zx) =fx) +1 > wi(l —x). (13.18)

J=1

Taking into account that

which holds for x; € {0, 1}, we deduce that problem 1|CMP(1), N — Res| > w;C;
can be formulated as the following Boolean quadratic programming problem



13.2 Weighted Total Flow Time: Complexity for the Non-resumable Scenario 267

minimize Z(X) = Z Diw;xixj + Z piw;(1 —x)(1 —x;)

1<i<j<n 1<i<j<n

Y wi(l—x) + D pwy
P P (13.20)

subject to Z pixj < s
j=1
xe{0,1}, j=1,2,...,n.

Recall the definition (4.31) of a symmetric quadratic function. If in (4.31) we
define

n
aj=pj, B=w;, =0, yy=wit, j=1,2,...,n A=y, K:ijwj,
j=1

then the objective function in (13.20) becomes a special case of (4.31). Thus, accord-
ing to the terminology adapted in Sect. 4.4 problem (13.20) is an instance of a sym-
metric quadratic knapsack problem.

13.2.2 Useful Lower Bounds

Notice that the value f(x) defined by (13.17) can be understood as the sum of
the weighted completion times in problem P2| | > w;C; on two parallel identical
machines for a schedule in which the jobs of set {j € Nlx; = 1} are assigned to one
machine, while the other jobs are assigned to the other, and on each machine the jobs
are processed in accordance with their numbering given by (13.11); see Sect.4.3.1.
Intuitively, f(x) should not be larger than Z, (WWSPT) defined in (13.15). The formal
proof of this fact is below.

Lemma 13.2 For any Boolean vector X = (xy, .. ., x,), the inequality

ZO(TWSPT)= Z piwj > Z PiwjXiXj + Z piwi(1 —x)(1 —x) =f(x) (13.21)

1<i<j<n 1<i<j<n 1<i<j<n

holds.

Proof For any Boolean vector x = (xy, ..., x,), we have that for any pair of indices
iandj, 1 <i <j < n, the inequality x;x; + (1 — x;)(1 — x;) < 1 holds, so that

Z piw; = Z Diw;xixj + Z piw;(1 —x)(1 —x) = f(x),

1<i<j<n 1<i<j<n 1<i<j<n

as required. O
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The following lower bound can be derived.

Lemma 13.3 For problem (13.20), let X = (x1, ..., Xx,) be a Boolean vector that
defines a feasible solution vector, and X* = (x{, ..., x}) be a Boolean vector that is
associated with an optimal solution. The following lower bound

FE 45D wil = x7) = f(x). (13.22)

j=1
holds.

Proof Notice that leisisn piw;x;x; + leigjgn piw(1 =x)H(1 —xf) +s
Z;‘:, w;(1 — x7) is the value of the objective function in a single machine scheduling

problem to minimize the sum of the weighted completion times, provided that each
job j with x}' = 1 completes before time s, and each job j with x;" = 0 starts after

time s. Thus

Z p,w]xx + Z piw;(1 — x)(l—x)+¥2w]1—x)> Z piwj,

1<i<j<n 1<i<j<n 1<i<j<n

where the right-hand side is equal to Z; , the optimal value of the objective
function in problem 1| | > w;C;. The required lower bound follows immediately
from Lemma 13.2. U

(WWSPT)

Lemma 13.3 is used in the analysis of approximation algorithms for problem
1|CMP(1),N — Res| > w;C;.

13.2.3 Computational Complexity

We resolve the complexity status of problem 1|CMP(1), N — Res| > w;C; by show-
ing that problem 1|CMP(1), N — Res| 3" C; with the unweighted objective function
is NP-hard. In the proof of the NP-hardness, the following NP-complete problem is
used for reduction; see Sect. 1.3.2.

EVEN-ODD PARTITION: Given positive integers ey, ..., ey, and the index set
R=1{1,...,2r} such that ¢; < e;4; for 1 <i <2r and e(R) = ZieR e; = 2R, is
it possible to partition set R into disjoint subsets R; and R, such that e(R|) =
Dicr, € = Eand e(Ry) = 3 ;. e = E and for each i, 1 <i <r, each set Ry and
R, contains exactly one element of the pair {2i — 1, 2i}?

Theorem 13.7 Problem 1|CMP(1), N — Res| Y C; is NP-hard in the ordinary
sense.
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Proof Given an instance of EVEN-ODD PARTITION, choose integers M and P such
that
M > 2rE; P> Q,

where

0= Z(l’ — i+ (a1 +e) + (27 +4r + 1)M + (r + 2)E.

i=1
Define the instance of problem 1|CMP(1), N — Res| Y C; with

n=2r+1; pp=M+e, 1 <i=<2r; ppry1 =P;
s=rM+E;, A=M; t=r+1)M+E.

We show that EVEN-ODD PARTITION has a solution if and only if in the const-
ructed instance of the problem there exists a schedule Sy such that F(Sy) <y =
O+P.

Suppose that EVEN-ODD PARTITION has a solution represented by the sets R, and
R>. Then, schedule Sy with Cpax (Sp) = y exists and can be found as follows. Define
Nl .= R, and let <p["] denote a sequence of jobs of set N [4] sorted in the SPT order,
g € {1, 2}. In schedule Sy, process the jobs of the first group NIl in accordance with
sequence ! before the CMP, and the jobs of in the second group N'?! in accordance
with sequence ¢!?! starting at time ¢. Additionally, assign job 2r + 1 to be processed
last. Notice that the structure of schedule S satisfies Lemma 13.1.

It follows that

Zpier+Zei=rM+E, q €{1,2}.

ieNlal i€R,

Since p(N) = s, we see that schedule S is feasible. Using (13.9), compute

r r
> Congy = D (r— i+ Dpyingy:
i=1 i=1

Z Cw[Zl(i) =rt+ Z(V —i+ 1)p¢[21(i)

i=1 i=1

,
=r((r+ DM +E)+ D (r— i+ Dpyegy;
i=1
Coy1= D pi+A+ D pitpy =20M+E)+M+P
ieNtl ieNl

=@Qr+1)M+2E+P.
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Since the e-values form a non-decreasing sequence, we obtain

2r+1 r r
D CiSo) =D (r—i+ Dpgngy + D (r— i+ Dpyeg
i=1 i=1 i=1

+r((r+ DM +E)+ Qr+1)M +2E+ P

=D =i+ Dley1+en) +2M Y (r—i+1)
i=1 i=1

+r((r+1)M+E)+ Q2r+1)M+2E+P

=D (r—i+ ezt +e) +r(r+ DM
i=1

+r(r+ DM +E)+ Qr+1)M +2E+ P

= Z(” — i+ D)(ex—1 + €2)

i=1

L2 (r 4+ DM + Q2r+ )M + (r + 2)E + P
=Q0+P=y,

i.e., Sy is indeed a required schedule.

Suppose now that a schedule Sy such that > T' C;(Sy) < y exists, and set NI'!
(set N'21) is the subset of jobs of set {1, 2, ..., 2r} processed before the CMP (after
the CMP, respectively) in schedule Sy. Since py,+1 > s, job 2r 4+ 1 must be processed
after the CMP. Due to Lemma 13.1, we may assume that the jobs of each set NI
and N1 U {2r + 1} are processed in the SPT order; in particular, this implies that
job 2r + 1 is the last job. For g € {1, 2}, denote the sequences of jobs of set N [4] by
rl4al and nlel = ‘N[q]‘.

Since

pi>M, 1<i<2r (13.23)

and s = rM + E < (r + 1)M, it follows that n!'1 < r. Suppose that 'l < r — 1, so
that n/?! > r + 1. Compute

2r+1 nthl nt?l

> CiSo) = D (i =i+ Dpangy + D (i =i+ Dprey
i=1

i=1 i=1
+n((r + DM 4+ E) + Coy 1.

Due to (13.23), ignoring the contributions of the e-values to the processing times,
we have

gl("[q] —it l)pvr[‘ﬂo') > WM gef{l,2).

i=1
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Notice that

(1 (1 1 2l(p2] 4 1

n (n + ) n n (n + )

2 2
n[l](n[l] + 1) (2r—n['])(2r—n[1] + 1)

+

2 2
=2rr =2 4 r + (n“])2 = (r2 + r2) —2rmM 4+ (n“])2
=rr+ )+ —n)*>rr+1)+1,

where the last inequality is due ton; <r — 1.
The block of jobs of set NI starts at time t = (r + 1)M + E, so that C,| >
(r + DM + E + n®'M + P. Thus, due to n'?! > r + 1 we deduce

2r+1

> Ci(So) > r(r+ DM + M + (r+ D((r + DM + E)

=l +(r+ DM +E+ @+ DM+ P
=rr+ DM +M+r(r+ DM+ @+ DE+30r+1)M +E+P
=2rr+ DM +3r+ 1M+ +2)E+M+P
= (2’ +4r+ )M + (r + 2)E + (r + 3)M + P.

Observe that

D r—i+ Desir+ex) <r D (eri1+ex)=2E <M< (r+3)M,

i=1 i=1

so that
2r+1
> Ci(So) > v,
i=1
and we deduce that n!!! = n!?! = r. Compute
2r+1

D CiSo) = D (r— i+ Dpang + (Z(r — i+ Dpaoig + rz) + Corg
i=1

i=1 i=1

= Z(r — i+ Dpug + (Z(r — i+ Dprog + rt)

i=1 i=1

-
+(f + ZPWLZJ(,')) + P
i=1
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= Z(r — i+ Dpamg + Z(r — i+ Dprog + Zpﬂm(i)

i=1 i=1
+@@ 4+ D)((r+1)M +E) + P.

i=1

Transforming further, we obtain

2r+1 r 1
> Ciiso) = (Z(r — it Deqmg + r(r; )M)

i=1 i=1

r 1 r
+(Z(’ =i+ Degag + r(r; )M) ! (Z exiip + rM)

i=1 i=1
+(r+D({(r+1)M+E)+P

= Z(r — i+ Demng + Z(r — i+ Degg + Zeﬂm(i)
i=1 i=1 i=1
+(2r* +4r + 1)M + (r + DE +P.

Since Zf:{l Ci(So) <y, we must have that
r r r
D r—it Deang + D (r—i+ Dewoigy + D enigy
i=1 i=1 i=1

<D (r—i+Dlex1+e)+E.

i=1

We may think of the expression > ._, (r — i + 1)(e2—1 + ¢;) as the smallest value
of the sum of the completion times on two identical parallel machines for 2r jobs
with the processing times ¢;, | < i < 2r, since this expression gives the value of the
objective function delivered by Algorithm PSumSPT presented in Sect. 2.3.2. Thus,

D =it Deqng + D (r =i+ Deqn = D (r =i+ Diex-i + e,

i=1 i=1 i=1

which implies that

-
Z €xl213j) <E.
i=1
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Since S is a feasible schedule, the inequality

-
anlll(i) =s
i=1

holds, which simplifies to

r

Z Exlil(i) < E.

i=1

Thus, we deduce that

r r
Z exl(y = Z erai = E.
i=1 i=1

If we set R, = N Lal, q € {1, 2}, we obtain a solution to EVEN-ODD PARTITION.
|

To fully resolve the complexity status of problem 1|CMP(1), N — Res| >" w;C;,
we show that it can be solved in pseudopolynomial time by a dynamic programming
(DP) algorithm. We present the corresponding algorithm in terms of solving the
symmetric quadratic knapsack problem (13.20).

The decision variables xy, xs, . . ., X, are scanned in the order of their numbering
and are given either the value of 1 (an item is put into the knapsack) or O (an item is
not put into the knapsack).

Define

k
Ay ::Zp,-,k:l,Z,...,n.
j=1

and suppose that the values xi, x5, ..., x; have been assigned. The described DP
algorithm deals with partial solutions associated with states of the form

(k, Zi, yi),
where

k is the number of the assigned variables;
Zy. is the current value of the objective function;
Vi = Zf:l Dpjxj, the total weight of the items put into the knapsack.

We now give a formal statement and implementation details of the DP algorithm.
Algorithm NResDP

Step 1. Start with the initial state (0, Zy, yo) = (0, > pjwj, 0). Compute the values
Ay = Zf:ﬂ’j,k: 1,2,...,n.
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Step 2. For all k£ from 0 to n — 1 make transitions from each stored state of the
form (k, Zg, yi) into the states of the form (k + 1, Z;41, yr+1) by assigning the
next variable x4 1.

(a) Define x;4; = 1, provided that item k + 1 fits into the knapsack, i.e., if the
inequality y; + pr+1 < sholds. If feasible, the assignmentx;; = 1 changes

a state (k, Z;, y;) to a state of the form (k 4 1, Zy11, yr+1) Where

Ziy1 = Zy + Wi 1Yks Yikl = Yk + D1

(b) Define x;+; = 0, which is always feasible. This assignment changes a state
(k, Zi, yi) to a state of the form (k + 1, Z;1, yxs1) such that

Ziv1 = Zi + w1 (Ak — Y1) + Wit ts Yir1r = i

Step 3.  Output the optimal value of the function that corresponds to the smallest
value of Z, among all found states of the form (n, Z,, y,).

Algorithm NResDP can be implemented in O(ns) time.

13.3 Weighted Total Flow Time: Complexity
for the Resumable Scenario

In this section, we consider problem 1|CMP(1), Res| > w;C; of minimizing the sum
of the weighted completion times with a single compulsory maintenance period
(CMP) represented by a given time interval I = [s, ¢] of length A = ¢ — 5. The focus
is on the resumable scenario.

13.3.1 Properties of the Objective Function

For problem 1|CMP(1), Res| 3" w;C; under the resumable scenario, given a permu-
tation permutation 7 of jobs with the crossover job 7(¢), we may assume that the
jobs of set N\{m(£)} are split into two subsets, Ni(7) and N, (7) such that the jobs
of set Ny (m) = {n(1),, ..., w(£ — 1)} are sequenced before the crossover job, while
the jobs of set No () = {w(€ + 1), , ..., m(n)} are sequenced after the crossover job.
Similarly to the non-resumable scenario, for the purpose of minimizing the total
weighted completion time the jobs prior to the crossover job and those after the
crossover job should be ordered in the WSPT order. Thus, the following statement
holds.
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Lemma 13.4 For problem 1|CMP(1), Res| > w;C; (correspondingly, problem
1|CMP(1), Res| 3", C;) there exists an optimal schedule in which the jobs scheduled
before the crossover job and those scheduled after the crossover job are processed
in the WSPT order (correspondingly, in the SPT order).

Notice that unlike in Lemma 13.4 that handles the non-resumable scenario,
Lemma 13.4 does not say anything about the crossover job itself. For example,
in the case of problem 1|CMP(1), Res| >  w;C; in an optimal schedule associated
with a permutation 7 of jobs with a crossover job 7 (€) the sign of each of differences
Prech _ Pat) Drty _ Preh) oqp be arbltrary

w(t—1) Wr(e) Wr(e) Wr(e4

For problem 1|CMP(1), Resl > w;C;, we use (13.1) to write out the objective

function for a schedule Sges associated with a permutation 7 and the crossover job

w(¢) as

-1
Z(Sres) = Z Wr(j) ZPw(l) + wr(@)(l + (pr(/) - S))

j=1 i=1 i=1

()

= Z Wr(j) ZPm) + W me + Z Wr(j) me)

Jj=t+1

+Z Wy (t = $).

J=t

Using (13.14), we may write

n J n n

Z(SRres) = z Wr(j) Zl’w(z’) + Z War(e)(t — 8) = Zo(m) + (t — 5) Z Wr(j)-

j=1 i=1 j=t j=t
(13.24)

For problem 1|CMP(1), Res| > w;C;, suppose that a certain job is chosen as the
crossover job. Denote the processing time and the weight of the chosen crossover
job by p and w, respectively, and renumber the remaining jobs taken according to
the WSPT rule by the integers 1,2, ..., m, where m =n — 1.

A feasible schedule for problem 1|CMP(1), Res| > w;C; with a fixed crossover
job can be found by inserting the crossover job into a schedule for processing the
jobs 1,2, ..., m under the non-resumable scenario. For problem 1|CMP(1), Res|
> w;Cj, let S* denote the optimal schedule that delivers the smallest value Z(S*)
of the objective function, while S(p, w) denote a feasible schedule with a fixed
crossover job with the processing time p and weight w. Denote the smallest value of

the function among all schedules with the chosen crossover job by Z*(p, w).
Define the Boolean decision variables x; such that (13.2) holds for each j,
1 <j < m. It follows from (13.20) that for an arbitrary assignment of variables x;
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the sum of the weighted completion times of the corresponding schedule S, under
the non-resumable scenario is given by

m m
I = Z DiW;jXiXj + Z p,-wj(l —x;)(1 7)(1‘) +t2wj(1 7)6]') + ijwj,

I<i<j<m I<i<j<m Jj=1 Jj=1

where

m

ijxjfs, xef0,1},j=12,...,m.
j=1

To convert a schedule S, into a schedule S(p, w) that is feasible for problem
1|CMP(1), Res| >_ w;C; with the chosen crossover job, we process the crossover job
for px time units before the non-availability interval starting at time

m
Y = D P,
j=1

where either x = 1, if

or

otherwise. The former case should be ignored, since the chosen job completes earlier
than time s and is not a crossover job. In the latter case, the chosen job is the crossover
job that is additionally processed for p(1 — x) time units starting at time #, and this
increases the starting (and the completion) time of each job with x; = 0 by p(1 — x).
The value of the objective function of the resulting schedule S(p) can be written

as
Z(p) =Zn+ HQm, Wy, x), (13.25)

where W, = >, w;(1 — x;) and

H(ynu ‘/me X) = LU(Z +P(1 —)C)) + me(l _x)‘

13.3.2 Computational Complexity

First, we establish that problem 1|CMP(1), Res| > C; to minimize the sum of the
completion times under the resumable scenario can be solved in polynomial time.
In fact, the corresponding optimal schedule is specified by a sequence of jobs sorted
in the SPT order, i.e., in non-decreasing order of their processing times. This should
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be seen as an extension of the classical result which states that problem 1| | > C; is
solvable by the SPT rule; see Theorem 2.2.

Theorem 13.8 For problem 1|CMP(1), Res| Y C;, an optimal schedule can be
Sfound in O(nlogn) time, by sequencing the jobs in accordance with the SPT rule.

Proof Take an arbitrary time 7 > 0, and let for a permutation 7 of jobs the number
of jobs that are completed by time 7 be denoted by n(7; 7).

For an arbitrary sequence 7 of jobs, the equality (13.24) applied to problem
1|CMP(1), Res| 3" C; can be written as

n J n
F(Skes) = D D priy + Dt — ) = Fo(m) + (t — $)(n — n(s; ).
j=t

j=1 i=1

The nature of the SPT ordering is such that for the sequence 7577 = (1,2, ..., n)
the inequality n(T; WSPT) > n(7; ) holds for any 7 and any 7. Since for any permu-
tation 7, the inequalities

Fy (WSPT) < Fy(m), n— n(s; WSPT) <n—n(s; 7,

SP

hold, it follows that a schedule associated with permutation 75FT is optimal. O

The complexity status of the problem under the resumable scenario changes if the
function become the sum of the weighted completion times. Below, we prove that
problem 1|CMP(1), Res| 3" w;C; is NP-hard. As in the proof of Theorem 13.5, we
use PARTITION to prove the NP-hardness.

Theorem 13.9 Problem 1|{CMP(1), Res| 3" w;C; is NP-hard in the ordinary sense,
even if pj = wj, j € N.

Proof Given an instance of PARTITION, define the instance of problem 1|CMP(1),
Res| " w;C; with

N=R;pj=wj=¢, JEN; s=E, t =2E.

We show that PARTITION has a solution if and only if in the constructed problem
there exists a schedule Sy such that Z(So) <y = >, (eie;) + E%.

Suppose that PARTITION has a solution represented by the sets R; and R,. Then,
schedule Sy with Z(Sp) = y exists and can be found as follows. Define N, := Ry,
q € {1, 2} and let in S, the jobs of set N be processed before the CMP, while the
jobs of set N, be processed as a block starting from time ¢. Notice that since p; = wy,
J € N, the jobs of each set N, can be processed in any order. Since p(N;) = e(R;)
=, Sy is a feasible schedule in which the jobs of set N; are completed before time
s and there is no crossover job. Notice also that w(N,) = E.

Due to (13.24), we have that
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n J
Z(So) = ijZpi—F(t—s)ij = Z (eie;) +E? =y,

j=1 i=1 JEN> 1<i<j<n

as required.

Suppose now that a schedule Sy such that Cyx(Sp) <y exists. Assume that
in this schedule the jobs are processed in accordance with a permutation
= (m1),72),...,7(n)),and Ny, g € {1, 2} are the sets of jobs completed before
the CMP and after the CMP, respectively. Thus, due to (13.24),

Z(S0) = Zo(m) + (t — ) D w; < y.

JEN>

The value Zy(7) reaches its minimum if the jobs are ordered in the WSPT order;
however, in our case, since p; = wj, j € N, we have that

n J
Zo(m) > Z w; ZP:‘ = Z (e,-ej).
=1 =l

1<i<j<n

Since S is a feasible schedule, we must have that p(N;) < E, which implies that
w(Ny) > E.
Thus,
YZZ©S) = > (eie) +E* =y,

1<i<j<n

which is only possible when Z(Sy) = y and w(N,) = E, so that p(N;) = E.
If we set R, = Ny, g € {1,2, }, we obtain a solution to PARTITION. [l

Based on the consideration presented in Sect. 13.3.1, we may apply the following
approach to finding a schedule S* that is feasible for problem 1|CMP(1), Res| >~ w;C;.
For j from 1 to n, choose job j as the crossover job. Let the processing time of the
chosen job be p and its weight be w. Then,

(1) Find and store an optimal schedule under the non-resumable scenario.

(i) Temporarily remove the chosen crossover job. Find schedule S,, that minimizes
the sum of the weighted completion times for the remaining m = n — 1 jobs
under the non-resumable scenario.

(iii) Insert the chosen job into schedule S,, to start at the completion time of the
last job completed before the CMP in schedule S,,. Ignore the situation that
the inserted job also completes before the CMP; otherwise, store the resulting
schedule S(p, w).

(iv) Among the stored schedules, find the one that minimizes the objective function
and output it as schedule S*.

This approach is based on solving O(n) problems 1|CMP(1), N — Res| > w;C;
with O(n) jobs. It follows from Sect. 13.2.3 that each such problem can be solved in
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O(ns) time. Thus, we conclude that 1|CMP(1),Res|> w;C; is solvable
in O(nzs) time, i.e., admits a pseudopolynomial algorithm. Together with
Theorem 13.9, this observation fully resolves the complexity issue of problem
1|CMP(1), Res| > w;C;.

13.4 Weighted Total Flow Time: Approximation
Algorithms and Schemes

As shown in Sects.13.2 and 13.3, problems 1|{CMP(1), N — Res| > w;C; and
1|CMP(1), Res| >" w;C; are NP-hard, even in the case of a single CMP. This fact
has stimulated a large volume of research on design of approximation algorithms
and schemes for relevant problems.

13.4.1 Constant Ratio Approximation Algorithms

Given the role that the WSPT rule plays in minimizing the sum of the weighted
completion times, it is most natural to study the worst-case performance of the
algorithm in which the jobs are processed in the order of their numbering given by
(13.11). In our description of the algorithm, we exclude from consideration the case
that p(N) < s, i.e., when all jobs can be completed before the CMP and the WSPT
sequence is optimal.

Algorithm CMP_WSPT

Step 1. Scanning jobs in the order of their numbering (13.11), assign them to be
processed from time zero until a job £ is identified such that

-1 4
E pj =, E pj > S.
= =1

Step 2. If Zf;l p;j = s, then irrespective of the scenario start job £ at time ¢; other-

wise, either start job £ at time ¢ (for the non-resumable scenario) or start job £ at
time f;ll pj» interrupt its processing at time s, and resume at time f to complete
at time Zle pi + A.

Step 3. Assign the remaining jobs in the order of their numbering to be processed
starting from the completion time of job ¢. Call the resulting schedule Sgv>FT

where Sc € {Res, N — Res}.

The running time of Algorithm CMP_WSPT is O(n log n). Below we analyze its
worst-case performance.
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(1] \ CMP ﬂ 2

NEE | CMP

[N}

IE | CMP
0 1 s ¢

!

Fig. 13.2 a Schedule Swspr for the non-resumable scenario; b schedule Swspr for the resumable
scenario; ¢ optimal schedule S*

Lemma 13.5 For problem 1|CMP(1), Sc| > w;C; with Sc € {Res, N — Res}, let S§,
and Sg‘éSPT be an optimal schedule and a schedule found by Algorithm CMP_WSPT,
respectively. Then the ratio Z (S;’\C’SPT) /Z (S;‘C) can be arbitrary large.

Proof Consider an instance of problem 1|CMP(1), Sc| " w;C; with two jobs such
that

pr=wi=15p=W+1, wy,=W; s=W+1, t=W*+W+1.

In schedule S;’ZSW, the jobs are processed in the order (1, 2), so that irrespective of
the scenario Cy (S°*") = 1. For problem 1|CMP(1), N — Res| >_ w;C;, job 2 starts
after the CMP, so that

Co(SWkes) = (W2 + W+ 1) + (W +1) = W +2W + 2;
see Fig. 13.2a.

On the other hand, for problem 1|CMP(1), Res| >" w;C; job 2 in schedule SySF T
is the crossover job that is processed for 1 time unit after the CMP, so that

Cr(Spe) = W2+ W +2;

see Fig. 13.2b.
Thus, for the non-resumable scenario,

Z(SYSPT) = 1+ 14+ W (W2 4+2W +2) = W3+ 2W2 +2W + 1.

while for the resumable scenario,
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Z(Sp) =114+ W(W> + W +2) = W + W> +2W + L.

No matter which scenario is chosen, in an optimal schedule S5, the sequence of
jobs is (2, 1), so that

Ca(S5) =W +1, C1(S5) =W+ W +2,

and
Z(S5) =WW+D+1- (W +W+2)=2W*+2W +2;

see Fig. 13.2c.
In either case, the ratio Z(S$.°"") /Z(S%,) goes to infinity, as W — oo. O

Define ¢

5= -. (13.26)
N

The lemma below analyzes the performance of Algorithm CMP_WSPT with
respect to J for the resumable scenario.

Lemma 13.6 For problem 1|CMP(1), Res| > w;C; the bound
7 SWSPT
M <0 (13.27)
Z(SRes)
holds.

Proof For problem 1|CMP(1),Res| > w;C;, let w* = (7*(1),7*(2),...,
w*(n)) be the sequence according to which the jobs are processed in an optimal

schedule Si... Let 7VSPT = (1,2, ..., n) be the permutation in which the jobs are
scheduled in the order of their numbering that defines the corresponding schedule
ST

Assume that in schedule Sl‘égPT job £ is the crossover job and let Ny and N, denote

the sets of jobs that in schedule Sy>FT precede and follow job ¢, respectively, i.e.,

Ny ={l,....,£—=1}and N, = {¢ + 1, ..., n}. For an optimal schedule S, define

the sets N/ of jobs that complete before and after the CMP, respectively, ¢ € {1, 2}.
Using (13.24), we have that

Z(SpFT) = Zo (7 VSPT) + (¢ — ) w(V> U {€});
Z(Ses) = Zo(7*) + (1 — Hw(N3).

Since Z (S}ggPT) >7 (S]’{es) and ZO(WWSPT) < Zy(m*), it follows that
w(N, U{€}) = w(N3).

For an optimal schedule S§_, define sets

es’

N ={j e NIG;(S*) < Co(SRTT)}s N” =N\N'.
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The nature of the WSPT ordering is such that the total weight of jobs completed
by time 7 = C, (S&;EPT) in schedule SI‘Q:SPT is no less than the total weight of jobs
completed by time 7 in a feasible schedule S associated with an arbitrary permutation
m. In particular, for 7 = 7* this means that
wN; U{e}) = w(N'),
so that we deduce

W) = wN) — Wi U {€)) < w(V) — w(V') = w(N").

Notice that since job £ is the crossover job in schedule Syo'T, it follows that
Ce(Swspr) = 1, so that

= e NIG(S) > 1} 2 [ e NIG(S) > CUSI)) = V.

and therefore
w(Ny) < w(N") < w(N3).

This and (13.24) applied to schedule Syo'T allow us to deduce an estimate of the
value Z(Syee"") as follows

Z(SRPT) = Zo(7VSPT) + (1 — Hyw(N2 U {€})
< Zo(m*) 4 (t — )w(N2) + (1 — s)wy
< Zo(m*) + ¢ — Hw(N3) + (¢ — 9wy

V4

(SReS) + (= sHwe = (S;;es) + (6 — 1)swy.

Besides, since job ¢ is the crossover job in schedule SXgPT, it follows that
Zle pi > s, and therefore, we derive a lower bound

Z(SEes) =7 (W*) WSPT z wj ZP: > Wy sz > Swy.

Thus, for the resumable scenario, we obtain
Z(Spes” ") = Z(Skes) + (0 = DZ(Sges) = 0Z(Sies)-
so that (13.27) holds. O

For problem 1|CMP(1), Sc| 3" w;C;j, introduce the following minimization linear
knapsack problem, which we call Problem KP.
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n
minimize E W;y;j
j=1

n n
subject to ij v > ij —s

J=1 j=1

yi€f{0,1}, j=1,...,n

In Problem KP, we aim at finding the smallest possible total weight of the jobs
processed after the CMP (for these jobs y; = 1), provided that the other jobs will
complete before the CMP (this is represented by the knapsack constraint). We can
think of this problem as the problem 1|d, = s| > w;U; of minimizing the weighted
number of late jobs, provided that the jobs have a common due date s.

Suppose that a vector y = (y,, ..., y,) delivers an optimal solution to Problem
KP, and we have found its approximate solution associated with a Boolean vector

vy =M, ..., y") such that

> wpt <p> wy, (13.28)
j=1 =

where p > 1. Based on this approximate solution, we can define a heuristic sched-
ule S that is feasible for problem 1|CMP(1), N — Res| > w;C;, and, therefore, for
problem 1|CMP(1), Res| > w;C;.

Algorithm HKP(p)

Step 1.  For Problem KP, find a Boolean vector y¥ = (y/, ..., y#) such that

(13.28) holds for some p > 1.
Step 2. Define the variables xjH =1- yJH =0, 1 <j < n, and define the sets of

jobs N1 = { jeNxt = 1} and N¥ = N\N. Output schedule S”, in which the

block of jobs of set N, is processed starting from time zero, and the block of
jobs of set NI is processed starting from time #; within each block, the jobs are
processed in the order of their numbering.

We now analyze the worst-case performance of Algorithm HKP(p).

Theorem 13.10 For problem 1|CMP(1), Sc| 3" w;C; with Sc € {Res, N — Res}, let
S%. be an optimal schedule, and S™ be a schedule found by Algorithm HKP(p). The
bounds

7 H
(*S ) <l+p (13.29)
Z(SN—Res)
and "
VACES) 1
< -, 13.30
Z(5i) "7 (30

hold, where § is defined by (13.26).
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Proof For a Boolean vector x =(x1, x, ..., X,) define
n
wx) = Y wi(l - x).
j=1

Let x? = (xf, xf, ..., x7) be the vector found in Step 2 of Algorithm HKP(p).
For problem 1|CMP(1), Sc| >_ w;C; with Sc € {Res, N — Res}, an optimal schedule
S%. can be associated with a Boolean vector x§,=(x}, x3, ..., x¥) such that jobj € N
is completed before the CMP if and only if x7" = 1.

Since for vector y” the knapsack constraint in Problem KP is satisfied, it follows
that p(N{') <'s, i.e., the obtained schedule ¥ is feasible. Due to (13.28), we deduce

Since vector y delivers an optimal solution to Problem KP, for any Boolean vector
x the inequality
n n
2wy = 2 wi(l - x)
j=1 j=1

holds. In particular, for vector xg, we have that

2wy = D> wi(l =) = w(xg,).
j=1 j=1
so that
wx) < pw(xg,). (13.31)
It follows from (13.18) that
Z(8") = zx") = fF(x") + 1tw(x"), (13.32)

and due to (13.22), we obtain

Z(x") < (X _Res) T+ SWXE_ges) + tw(x)
= f(X;I—Res) + sw(XIfI—Res) + ptw(x;l—Res)
= Z(X;tIfRes) + sw(x;lfRes) + (p - l)tw(x;\(lfRes)

S Z(X;—Res) + ptw(x;l—Res) S (1 + p)Z(XltI—Res)’
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where the last inequality due to

n J
Z(xt) = 2Z(8%) = D w1 =x) D (pi(1 —xf) +1) = rw(xg).  (13.33)
j=1 i=1

Thus, for the non-resumable scenario (13.29) holds.
In order to analyze the resumable scenario, we apply Lemma 13.2 with x = x
to derive

H

F&y = D7 papdx + > pwy(1 = (A = xfh)

l=i<j<n l<i<j=<n

n J
ij Zpi = ZO(WWSPT) < Zo(7*),
=1 =l

IA

where 7WSPT = (1,2, ..., n) and 7* is an optimal permutation according to which

the jobs are processed in schedule S_.. We deduce from and (13.31) and (13.32) that

Z(s") = 2y = £y + ro ) = Z () + wx) < Zo() + priv (gey)
=27 (w*) + (1 — HW(XRes) + (0 — DIW(XRes) + 5W(XReg)-

Using (13.24), we further obtain
Z(S") = Z(Skes) + (p = Diw (X)) + 5w (Xe),

and applying (13.26) and (13.33), we finally deduce

2(5") = 2(530) + (o= 14+ 5 Jcsico = (o 5 ) 2655,

i.e., (13.30) holds as required. U

Notice that Problem KP admits a fully polynomial-time approximation scheme
(FPTAS) that requires O(n/¢) time for any positive €; see Sect.4.2 for a discussion
of the FPTAS for the linear knapsack problem in the maximization form. Thus, in
Step 1 of Algorithm HKP(p) we may apply such an FPTAS, which guarantees that
p =1+ e. This results in the following statement on constant ratio algorithms for
problems problem 1|CMP(1), Sc| 3" w;C; with Sc € {Res, N — Res}.

Theorem 13.11 For problem 1|CMP(1), Sc| >" w;C; with Sc € {Res, N — Res}, let
83, be an optimal schedule, and SH be a schedule found by Algorithm HKP(p) with
p = 1 + . Additionally, let SIXEPT be an a schedule found by Algorithm CMP_WSPT
for the problem under the resumable scenario. The following bounds hold:
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Z(SH)

Z(SN—Res)

and
min{Z (SpieFT), Z(S%)}

Z(Skes)

<&+, (13.35)

where &y = %\/3 + % = 1.618... is the positive root of the equation § = 1 + %

Proof The inequality (13.34) follows immediately from (13.29) applied with p =
I +e.

For the resumable scenario, Lemma 13.6 and Theorem 13.10 (applied with p =
1 4 ¢) guarantee that

min{Z(SIXEPT), Z(s™} < min[é, 14+e+ %]Z(Si;es) < (64 00)Z(Sges) -

as required. ([

Notice that finding schedules that deliver the bounds stated in Theorem 13.11
requires O(nlogn + n/e) time.

13.4.2 Approximation Schemes

Consider a problem of minimizing a function Z(x), where x is a collection of deci-
sion variables, e.g., a Boolean vector or a schedule. Recall that if x* is an optimal
solution such that Z(x*) > 0, an FPTAS delivers a feasible solution x° such that
Z(x%) < (1 +¢e)Z(x¥).

Each problem 1|CMP(1), Sc| > w;C; with Sc € {Res, N — Res} is known to
admit an FPTAS; however, the corresponding schemes are rather technical and their
detailed description is beyond the scope of this book. Below, we only briefly present
the ideas based on which an FPTAS can be designed.

As follows from (13.20), problem 1|CMP(1), N — Res| > w;C; reduces to a sym-
metric quadratic knapsack problem, denoted by Problem SQK in Sect. 4.4. According
to Theorem 4.13, Problem SQK admits an FPTAS, provided that is admits a constant
ratio approximation algorithm. We know from Theorem 13.11 that such an algorithm
exists and requires O(nlogn + n/¢) time. Thus, Theorem 4.13 is applicable and the
following statement holds.

Theorem 13.12 Problem 1|CMP(1), N — Res| > w;C; admits an FPTAS that
requires O(n4 / 52) time. In the unweighted case, the running time becomes O(n3 / 62).

We know that a schedule for problem 1|{CMP(1), Res| " w;C; can be obtained
by inserting one of the jobs as the crossover job into a schedule found for problem


http://dx.doi.org/10.1007/978-3-319-39574-6_4
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1|CMP(1),N — Res| >_ w;C; with the set of the remaining jobs. Thus, an FPTAS
from Theorem 13.12 can be used as a subroutine for each choice of the crossover
job. Besides, extra care should be taken regarding the total weight of the jobs sched-
uled after the CMP, which additionally requires O(n/¢<) time for each choice of the
crossover job. Thus, the following statement holds.

Theorem 13.13 Problem 1|CMP(1), Res| >" w;C; admits an FPTAS that requires
0(n6/53) time.

See Sect. 13.5 for references and discussions.

13.5 Bibliographic Notes

This section provides a brief bibliographic review of the relevant results. Additional
information can be found in surveys by Lee (2004) and Ma et al. (2010).

13.5.1 Minimizing Makespan

Theorem 13.4 is proved in Breit et al. (2003).

The studies on problem 1|CMP (period), N — Res|Cax, have been initiated in
Ji et al. (2007), where Algorithm LPT_Period is introduced and Theorem 13.6
is proved. An alternative 2-approximation algorithms for problem 1|CMP (period),
N — Res|Chx, 1s given in Yu et al. (2014), where a detailed analysis of the number
of groups in schedules created by various approximation algorithms is presented.

Analysis of approximation algorithms in Ji et al. (2007) and Yu et al. (2014)
is based on a useful link between problem 1|CMP(period), N — Res|Cnax, and a
well-studied problem of combinatorial optimization, known as the bin-packing. The
bin-packing problem is NP-hard, and the main focus of its studies in on design and
analysis of approximation algorithms. In terms of bin-packing, an instance of problem
1|CMP(period), N — Res|Cnax, can be interpreted as follows. The jobs correspond
to items; the size of item j € N is equal to the processing time p; of job j. The items
are to be packed into bins of size 7. In the bin-packing problem, it is required to find
the smallest number of bins, which we denote by b*. For schedule S* that is optimal
for problem 1|CMP (period), N — Res|Cyax, the number of groups is denoted by b*,
and it is equal to the number of bins used in an optimal solution to the associated
bin-packing problem. Although the objective in problem 1|CMP(period), N —
Res|Cnax, and in the associated bin-packing problem is different, similar decisions
should be taken to solve these problems, so that various algorithmic ideas known in
the bin-packing studies can be employed to handle problem 1|CMP (period), N —
Res|Ciax. In particular, Algorithm LPT_Period can be seen as a scheduling adap-
tation of a bin-packing algorithm that implements the strategy known as First Fit
Decreasing; see, e.g., Simchi-Levi (1994).
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13.5.2 Minimizing Weighted Total Flow Time: Complexity

The reformulation of problem 1|CMP(1), N — Res| > w;C; in terms of a symmetric
quadratic knapsack problem (13.20) is presented in Kellerer and Strusevich (2010);
see also the survey Kellerer and Strusevich (2012) and its updated version Kellerer
and Strusevich (2016). The presented proof of Theorem 13.7 is given by
Lee and Liman (1992). Their proof is simpler than a previously known proof by
Adiri et al. (1989).

Algorithm NResDP is an adaptation of a dynamic programming algorithm for
solving a symmetric quadratic knapsack problem given in Kellerer and Strusevich
(2010).

Lee (1996) studies problem 1|CMP(1), Res| >_ w;C;. He proves the formulation
of the objective function in the form (13.24) and mentions the fact that problem
1|{CMP(1), Res| > Cj is solvable by ordering the jobs in the SPT order.

Theorem 13.9 on the complexity of problem 1|CMP(1),Res|> w;C;,
is proved by Lee (1996). For problem 1|CMP(1), Res| > w;C;, Lee (1996) gives aDP
algorithm that requires O (nspmax) time, where py.x = max {pj jeN } The approach
to solving problem 1|CMP(1), Res| >_ w;C;, by inserting a chosen crossover job into
a schedule for the non-resumable scenario, that results into an algorithm that requires
O(n’s) time, is developed in Kellerer and Strusevich (2010).

13.5.3 Minimizing Weighted Total Flow Time: Approximation

The first approximation algorithms for the problems of the range under consideration
have been developed for problem 1|CMP(1), N — Res| 3 C;, with the unweighted
objective function. Lee and Liman (1992) by refining the analysis by Adiri et al.
(1989) demonstrate that an algorithm that finds schedule Sspr in which the jobs
are sequenced in the SPT order is a (9/7)-approximation algorithm. An algorithm
with a worst-case performance ratio of 20/17 is given by Sadfi (2005). A further
improvement is done by Breit (2007). A polynomial-time approximation scheme
(PTAS) for the problem is presented in He et al. (20006).

Lemma 13.5 has been proved by several authors, e.g., by Lee (1996) for the
resumable scenario and by Kacem and Chu (2008) for the non-resumable scenario;
see also Megow and Verschae (2009). For the non-resumable scenario, Kacem and
Chu (2008) provide a modified algorithm that outputs a schedule Sywspr. They show
that under some additional assumptions min{Z(Sywser), Z(Swspr)} < 3Z(5*), but
in general, the performance of the modified algorithm remains arbitrary bad. For the
resumable scenario, Lee (1996) provides an algorithm that combines the WSPT
heuristic and an attempt to schedule the jobs with large weights before time s.
It is proved that for schedule Scomp produced by this combined algorithm the
inequality Z(Scomb) < 2Z(S*) holds, provided that p; = wj, j € N;butin general, the
performance of the combined algorithm remains arbitrary bad.
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For problem 1|CMP(1),Res|> w;C;, Wang et al. (2005) design a
2-approximation algorithm that requires O(nz) time. Kellerer et al. (2009) demon-
strate that the existence of a p-approximation algorithm for problem 1|CMP(1),
Res| > w;C; implies the existence of a (2p)-approximation algorithm for problem
1|CMP(1), N — Res| 3" w;C; with the same set of jobs.

Lemma 13.6 is proved in Megow and Verschae (2009). Theorems 13.10 and
13.11 for the non-resumable case are given in Kellerer et al. (2009), while their
versions for the resumable scenario are proved in Epstein et al. (2012). For problem
1|CMP(1), N — Res| >" w;C;, a 2-approximation algorithm that requires O(nz) time
is due to Kacem (2008).

An FPTAS for Problem KP that is needed for Algorithm HKP(p) applied with
p = 1 + € can be found in Kellerer et al. (2004); see also Sect.4.2.

Theorems 13.12 and 13.13 are proved in Kellerer and Strusevich (2010). This
paper also presents detailed descriptions of the corresponding approximation
schemes. Problem 1|CMP(1), N — Res| > w;C;, is known to admit a
faster FPTAS that requires O(n3 /52) time; see Epstein et al. (2012) and Kacem
and Mahjoub (2009).
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Chapter 14
Scheduling with Flexible Maintenance

In most problems considered in Chap. 13, a single machine is subject to a single
compulsory maintenance, and the start time s of the compulsory maintenance period
(CMP) and its duration A are fixed. In this chapter, we also consider single machine
scheduling problems with maintenance activities; however, now, the location of a
maintenance period (MP) is less restrictive, and in fact, it is a decision variable so that
its value may affect the objective function. Unless stated otherwise, in scheduling
problems discussed in this chapter, the jobs of set N = {1,2,...,n} are to be
processed on a single machine. The processing of job j € N takes p; time units.
There is a weight w; associated with job j, which indicates its relative importance.
All values p; and w; are positive integers. The machine processes at most one job
at a time. The completion time of job j € N in a feasible schedule S is denoted by
C;(S), or shortly C}, if it is clear which schedule is referred to.

In one of the simplest models, a single flexible machine maintenance inter-
val can be viewed as a non-availability period of length A that may start at
any time 7 that does not exceed a given deadline Dy, p. For an objective func-
tion ® € {Cpax. >.C;, > w;C;}, we denote problems of this type either by
1|7 < Dyp, A|®, provided that the duration of an MP is constant and is equal to A,
orby 1|7 < Dyp, A(T)|®, provided that the duration of an MP is a non-decreasing
function of its start time 7.

An extension of the model with the maintenance start-time deadline is the model
with the due window, where it is assumed that the MP must start and finish within
a given time window [s, ¢]. Similar to the above, we denote problems of this type
either by 1|M P € [s,t], A|®, provided that the duration of an MP is constant and
isequalto A, orby 1|MP € [s, t], A(T)|D, provided that the duration of an MP is
a non-decreasing function of its start time 7, where 7 > s and 7 + A(7) < t.

For those problems which are NP-hard, we present the results on design and
analysis of approximation algorithms and schemes. Let S* denote a schedule that
is optimal for a scheduling problem of minimizing a function ®(S), i.e., (5*) <
®(S) for all feasible schedules S. Recall that a polynomial-time algorithm that finds
a feasible schedule S*7 such that the inequality ®(S™)/®(S*) < p holds for all
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instances of the problem is called a p-approximation algorithm and p > 1 is called a
worst-case ratio bound. A fully polynomial-time approximation scheme (FPTAS) is
afamily of p -approximation algorithms such that for any positivee > 0(1) p = 1+¢
and (ii) the running time depends polynomially on the length of the problem’s input
and 1/e.

The structure of this chapter is as follows. In Sect. 14.1, we consider the complexity
and approximability issues of the problem of minimizing the makespan, the total
flow time, and the sum of the weighted completion times, provided that a single
flexible maintenance period (either of a constant duration or of a start-time-dependent
duration) must start before a given due date. Section 14.2 considers the model with
an MP that must be scheduled within a given window, including its extension to
periodic maintenance.

14.1 Flexible Maintenance: Start-Time Deadline

We start with single machine models in which a single maintenance has to be com-
pleted before a given deadline.

Recall that in the case of a compulsory maintenance periods, in Chap. 13, we
consider a possible resumable scenario of processing the jobs that might be affected
by the introduction of the MP. Below, we show that for the flexible maintenance,
there is no advantage in using the resumable scenario.

Lemma 14.1 For problem 1|17 < Dyp, A(T)|P, where & € {Cmax, > Cj,
> w;C; } there exists an optimal schedule in which no job is interrupted and the
MP starts at the completion time of some job.

Proof For problem 1|7 < Dyp, A(T)| D, consider a feasible schedule S, in which
the jobs are processed according to the sequence m = (w (1), ..., w(n)) and the MP
starts at time 7. Let 7(£) be the crossover job that starts at time 26;11 Dr(j)> but
cannot be completed before time 7. The transformation of schedule S is illustrated in
Fig. 14.1, where it is for simplicity assumed that the duration of the MP is constant
and is equal to A.

Under the resumable scenario, job 7(£) is processed for x time units before the
MP and resumes at time 7 + A(7), so that the duration of its processing after the MP
is pr@y — x (see Fig. 14.1a). Transform schedule § into a schedule S’ by swapping
the MP and the time interval of length x in which the part of the crossover job is
processed before the MP. In schedule §’, the MP starts at the completion time of
job (£ — 1) and completes at time 7 — x + A(T — x), and is now followed by the
whole job 7(€); i.e., S’ is feasible for the original problem 1|7 < Dyp, A(T)| P (see
Fig. 14.1b). In schedule §’, the duration of the MP is no longer than it is in schedule
S, and the completion time of each job 7w (¢£), w(£+1), ..., w(n) in §’ does not exceed
thatin S, i.e., ®(S") < ®(S). O
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(a)

()] - | 7(l=1) |w(¢) MP )| 7({+1) | -+ |7w(n)
«;L‘»;—A—»

(b)

()| -+ | 7(t—1) MP w(f) +1) | - |x(n)
A —]

Fig. 14.1 a Schedule S; b schedule S’

Further in this chapter, unless stated otherwise, we only consider schedules in
which the MP starts at the completion time of some job. Similar to the non-resumable
scenario for problems with a single CMP considered in Chap. 13, a feasible schedule
S is defined by a partition of set N into two groups Nl and N2 and the sequences
7l and 7! of these jobs, respectively, such that

(i) the jobs of the first N are processed from time zero as a block, without inter-
mediate idle time, follow sequence 7!'!, and the MP starts at time p(N'1);

(ii) the jobs of the second group N'?! are processed after the MP as a block, without
intermediate idle time time, and follow sequence 7!2.

First, observe that problem 1|7 < Dy p, A(7T)|Cnax is trivial, since it is optimal
to start the MP at time zero and create a schedule in which the MP is followed by
an arbitrary sequence of all jobs. The makespan of such a schedule is p(N) + A(0),
which is obviously the smallest possible. If the MP duration is constant and equal to
A, then optimal makespan becomes p(N) + A, so that the MP can start either at time
zero or after a suitable number of jobs. In any case, the following statement holds.

Theorem 14.1 Problem 1|7 < Dyp, A(T)|Crax is solvable is O (n) time.

For minimizing the total flow time F(S) = > C}, it is useful to renumber the
jobs in the SPT order given by

PL=p2=p3s=<-- = pu, (14.1)

since, as shown in Theorem 2.2, permutation (1, 2, ..., n) delivers an optimal solu-
tion to problem 1| | > C;, with a continuously available machine.

For problem 1|7 < Dyp, A(T)| D C}, it is easy to verify that there exists an
optimal schedule, the jobs of the first group and the jobs of the second group are
processed in the SPT order. Moreover, a stronger property holds: Below, we prove
that there exists an optimal schedule, in which the jobs are processed in the SPT
order.
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Lemma 14.2 For any non-decreasing function A(t) of the MP duration, problem
1|7 < Dyp, A(T)|Crax admits an optimal schedule S* in which the jobs are
sequenced in the SPT order.

Proof Assume that the jobs are numbered in accordance with (14.1), and let 7y =
(1,2, ..., n) be the SPT sequence of jobs.

For problem 1| | 3" C; with continuously available machines, for a schedule §
associated with an arbitrary permutation 7, the objective function can be written as

n o Jj
Fo(m) =D > prio- (14.2)

j=1 i=1

For problem 1|7 < Dyp, A(T)|D.C » introduce two feasible schedules Sy and
S}, such that (i) in schedule S, the jobs are processed in accordance with permutation
mo; (ii) in schedule S, the jobs are processed in accordance with some permutation
permutation 7 = (w(1), m(2), ..., w(n)); and (iii) in both schedules, the MP starts
at the completion time of the first £ jobs. Notice that due to the SPT ordering, if a
schedule S, is feasible, then schedule S is also feasible, but not vice versa. It follows
that

F(Sp) = Z C;i(Sk) = ZZP Z Z(p + A(Z p)) (14.3)

j=1li=1 Jj=k+1i=1

k
= Fo(mo) + (n — k)A(Z pi);

i=1

j k
Z Z Priiy + (n — k)A(Z pm)) = Fo(m) + (n — k)A(Z pm)).

j=li=l1 i=1

Due to Theorem 2.2, we know that Fy(my) < Fy(w). Besides, due to the SPT
ordering, the expression Zf: \ Pi is the smallest sum of arbitrary selected k jobs of set

N, and since A(7) is non-decreasing, it follows that A (Zle pi) <A (Zf.;l pﬂ@).
As aresult, we deduce that F(S;) < F (S,i), which proves the lemma. |
Lemma 14.2 implies that in order to find an optimal schedule, we need to determine

the position of the MP within the SPT sequence. Such a position can be found by
comparing values F(S;) defined by (14.3).

Algorithm MP1TFT_DD

Step 1.  For problem 1|7 < Dyp, A(7)| > C;, renumber the jobs in accordance
with (14.1) and let 79 = (1, 2, ..., n). Compute


http://dx.doi.org/10.1007/978-3-319-39574-6_2

14.1 Flexible Maintenance: Start-Time Deadline 295

n J n
Fo(mg) =D > pi=D (n—j+Dp;. (14.4)

j=1 i=1 j=1

Compute F(Sy) := Fo(mg) +nA(0).
Step 2. Considering the jobs in accordance with permutation 7, find the job £

such that
o1 ¢
zpj < Dyp, ij > Dyp.
j=1 j=1

Step 3. Compute the values 74 := Z’;zl pj.k=1,...,£—1.

Step4. For each k from 1 to £ — 1, compute F(Sy) := Fy(m) + (n — k) A(7y).

Step 5. Determine £*, 1 < k* < £ — 1, such that F(S;+) := min{F (S;)|0
< k < £ — 1}. Output an optimal schedule $* = S+, in which NI ={1,... k},
Nl = {k +1,...,n} and the MP starts at time 7, = Zl;:, pj, where k = k*.

Algorithm MPITFT_DD requires O (nlogn) time due to the SPT ordering; the
other steps of the algorithm can be implemented in O (n) time, under the assumption
that for any 7, the value of A(7) can be computed in constant time. The algorithm
determines an optimal way of inserting the MP into the SPT sequence of jobs. Thus,
the following statement holds.

Theorem 14.2 Problem 1|7 < Dyp, A(T)| X" C| is solvable in O (nlogn) time by
Algorithm MPITFT_DD.

Notice that in the case of problem 1|7 < Dyp, A| D C j» with a constant duration
of the MP, Algorithm MP1TFT_DD can be slightly simplified, since it is optimal
to insert the MP after job £ — 1 found in Step 2. Indeed, comparing F(S,—;) =
Fo(mg) + (n — £+ 1)A and F(S;) = Fy(mp) + (n — k) A, we obtain that

F(S*) = F(Si_1) < min{F(S0)10 <k < £ — 1).

Now, we consider problem 1|7 < Dyp, Al > w ;Cj to minimize the weighted
total flow time Z(S) = > w;C;(S). Introduce the associated problem 1|CM P(1),
Res| > w;C; studied in Sect. 13.3, in which the fixed CMP of length A is defined by
[s,2] = [Dyp, Dyp + Al, while the processing times of the jobs and their weights
remain equal to p; and w;, respectively, and the resumable scenario applies.

Lemma 14.3 Problem 1|7 < Dyp, A|D> w ;C; and the associated problem
1|ICMP(1), Res| > w;C; are equivalent.

Proof For the associated problem 1|{CM P (1), Res| > w;C;, consider a schedule
Sgres in Which the jobs are processed according to the sequence 7 = (7 (1), ..., w(n)),
with 7 () as the crossover job. Applying the transformation described in the proof of
Lemma 14.1, we obtain schedule S in which the MP now starts at time 7 = Zf;ll D)
and is followed by the whole job 7(£). Schedule S is feasible for the original problem
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1|7 < Dyp, Al w;Cj, and in §, the completion times of all jobs remain as in
schedule Sges, S0 that Z(S) = Z(Sres) (see Fig. 14.1 for illustration).

Now, for problem 1|7 < Dyp, A|D w ;Cj, consider a feasible schedule S in
which the jobs are processed according to the sequence m = (7 (1), ..., w(n)). Due
to Lemma 14.1, we may assume that the MP of length A starts exactly when the
first £ — 1 jobs are completed, i.e., at time 7 = Zf;ll Pr(jy < Dyp. Compute
y := Dyp — 7. We only need to consider the case that y > 0. The processing of
job m(£) that follows the MP can be seen as consisting of two parts: part 1, of y time
units, that starts at time 7 + A and completes at time 7 + A + y = Dyp + A, and
part 2 that starts at time Dy p + A (see Fig. 14.2).

Interchange part 1 of the processing of job 7 (£) with the MP. The obtained sched-
ule Sges is feasible for the associated problem 1|CM P (1), Res| > w;C;, with the
MP that starts at time 7 + y = Djyp and with job m(£) as the crossover job. In
schedule Sges, the completion times of all jobs remain as in schedule S, so that
Z(Sres) = Z(S). U

Lemma 14.3 implies that any schedule feasible for the associated problem
1|CMP(1), Res| > w;C;, can be transformed into a schedule for the original prob-
lem 1|7 < Dyp, Al D w ;C;, and vice versa, without any change in the objective
function value. Due to Lemma 14.3, we may use Theorems 13.9 and 13.13 to deduce
the complexity and approximability statuses of problem 1|7 < Dyp, A| D" w;C;.

Theorem 14.3 Problem 1|7 < Dyp, A| D w;C; is NP-hard in the ordinary sense,
evenif pj = wj, j € N, and admits an FPTAS that requires 0(n6/63) time.

In the rest of this subsection, we consider problem 1|7 < Dyp, A(T)| D w iCj,
in which a single MP has to be introduced into a schedule so that (i) its start time 7
does not exceed a given deadline D, p and (ii) its duration A(7) is a non-decreasing
concave function of 7. It is required to find a schedule S* that minimizes the sum of
the weighted completion times, i.e., function Z(S) = > w;C;(S).

Each feasible schedule S is associated with a partition of set N into two groups
N and N1, where the jobs of group N'9! are scheduled in accordance with a
permutation wlal, q € {1,2}. We only consider schedules, in which the MP starts
exactly at the completion time of the block of jobs N!!!. Similar to Sect. 13.2, the
jobs are assumed to be numbered according to the WSPT rule, i.e.,

P1 P2 < &

T <cZ << . (14.5)
w1 w»y Wy
e A

a(l)| - | wl—-1) MP w(€) 7(l+1) | -+ |n(n)
T
T Dwmp

Fig. 14.2 Schedule S
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Problem 1|7 < Dyp, A(T)] ijCj is NP-hard (see Theorem 14.3 for the
complexity of its special case with the MP of a constant duration). Consider the
following approximation algorithm.

Algorithm MP1WTFT_DD

Step 1.  Scanning the jobs in the order of their numbering given by (14.5), deter-
mine the job k; € N such that

ki1 k
E pj < Dyp < Dj-
=1 =1

Step 2. Define a schedule S° in which the first group is empty, the second group
of jobs consists of all jobs and the MP starts at time zero.

Step 3. Foreachk, 1 <k < k; — 1, define a schedule S* in which the first group
and the second group of jobs are given by {1,...,k} and by {k+1,...,n},
respectively, and the MP starts at time 7, = Zl;zl pj-

Step 4. Introduce the following minimization linear knapsack problem, which we
call Problem KP.

n
minimize E w;y;
j=1

n n
subject to Zp] yj = ij — Dyp
=1 =1

yje{ovl}a J=1,,n

Use an FPTAS for the linear knapsack problem that finds a Boolean vector y# =
(i, ..., yM). Define schedule Skt in which the first group and the second group

of jobs are given by {j € lef = 0} and by {j € N|y;1 = 1}, respectively, and
the MP starts at time 7, = >,y P; (1 - yJH)
Step 5. Output schedule S¥, which is the best of the found schedules.

Step 3 of Algorithm MPIWTFT_DD is similar to actions performed by Algo-
rithm HKP(p) of Sect. 13.4.1. Both algorithms involve finding an approximate solu-
tion to Problem KP, aimed at determining the smallest possible total weight of the
jobs processed after the MP (for these jobs y; = 1), provided that the other jobs
will complete before the MP (this is represented by the knapsack constraint). We
can think of this problem as the problem of minimizing the weighted number of late
jobs, provided that the jobs have a common due date Dy, p.

The running time of Algorithm MPIWTFT_DD is defined by (i) sorting the jobs
in the WSPT order, which requires O (nlogn) time, and (ii) solving Problem KP
by an FPTAS, which can be done in O(n/¢<) time. Thus, the overall running time is
O(nlogn+n/e).
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Below, we analyze the worst-case performance of the algorithm. In particular, we
prove the following statement.

Theorem 14.4 For problem 1|7 < Dyp, A(T)| D] w;C; with a concave function
A(T) of the MP duration, suppose that in an optimal schedule S* the MP starts at
time T*. If 7% < Ty,_1 then

min{Z($)10 <k <k —1} < gz(s*).

In order to prove Theorem 14.4, we start with proving several auxiliary state-
ments. Suppose that the value of 7* is known. Scanning the jobs in the order of their
numbering, determine the job £ € N such that

1 ¢
*

E pj<T = E pj

j=1 j=1

and find sucha 6, 0 < 6 < 1, that

£—1
D pitlpe=T".

j=1
Modify the set N of jobs by replacing job £ by a pair of jobs £' and £” such that
pe =0pe, we =0w; per = (1 —0)pe, wer = (1 —O)yw,.
Denote the modified set of jobs by N, i.e., define Ny = {1, Lo b=1,00",
£+ 1, ..., n}. For jobs of set N, consider a schedule S such that the sequence

of jobs (1, =1, Z’) is processed before time 7, while the sequence of jobs
(Z”, L+1,..., n) is processed after the MP. It follows that

j -1
Z(Sw) = w; Zl’i + 9wz(z pi + 919@)
; ; el

+(1 — G)we(z (Z pi + op[)) (14.6)
5 u(E0eo(E0em))
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Lemma 14.4 The lower bound

Z(5%) = Z(Sw)
holds.

Proof Suppose that in schedule S*, job ¢ starts at time R,. Take schedule $* and
replace job £ by a sequence of jobs (¢, £”) and let the modified schedule be called
S’. The completion times of all jobs other than £ are the same in both schedules, S*
and §’. We also have

weCe(S*) = we(Re + po);
weCp (') = Owe(Re + 0py);
werCor(S') = (1 = O)we(Re + pe).

so that
lU(C(g(S*) — w[/Cgf(S) “+ wyr Cg//( ) =6(1 — Owype > 0,
which proves the lemma. (]

If in schedule S, the pair of jobs ¢’ and £” is replaced by job £, then the resulting
schedule is not feasible for the original problem 1|7 < Dy p, A(T)| > w;C;, since
job £ is partitioned. Convert S into schedules, called S(}) and S(z)’ that do not allow
any job splitting.

In schedule S(e)’ the MP starts at the completion time of job £ — 1, while job ¢
starts immediately after the MP, so that

-1 J n
S(/Z) Z Wi Z pi+ Z wJ(Z pi + A(Z Di )) (14.7)
j=1 i=1 j=t

Since in schedule S(*}z) the MP starts no later than in schedule S*, we know that

S{! is feasible for the original problem.
In schedule S{;), the MP starts at the completion time of job ¢, while job £ + 1
starts immediately after the MP, so that

¢ j n
St)) ZWJZPHF Z wJ(ZPHrA(Zp,)) (14.8)
Jj=1 i=1 j=t+1 i=1

There is no guarantee that schedule S(lz) is feasible for the original problem, since
the MP may start after the deadline.
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Lemma 14.5 The inequality
: A B 4 7
min{Z(S3). Z(S@)} < 3 (Sw)

holds.

Proof Since function A(7) is concave, we have that

(=1 L -1
A(Z pi + 9175) > GA(Z pi) +- G)A(Z pi).
i=1 i=1 i=1

Compare Z(S()) and 62( (z)) Notice that

- j -1 ¢ J
ZWJZP +9wz(ZPz+9Pz)—9zijPi

i=1

j=1
-1 J J
= w;j p+9we21’1+9 wgpg—GZw,Zp,—ngZp,—Hwepe
j=1 i=1 i=
-1 J
=(=0)> w; > pi+00 - Dwep,.
j=1 i=1

Besides, since function A(7) is concave, the inequality

(1 — Ow, Zp, + A(Z pi + 9[7() > (11— 9)wg(z pi + A(Z p))

i=1

holds. Further, we deduce that

Sozrel(zrom)) e 2o ()

— -9 Zl: wjipi+ Z wj(A(ZZ_:Pi—i-Gm)—HA(;Pi))

j=t+1 =1 j=t+1 =
n J n -1
SIS Y TS w,-A(zpi)
j=t+1 i=1 Jj=t+1 i=1

=(1-0) Z w](z pi + A(Z p))

Jj=t+1 i=1
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Thus, the following inequality

-1

J
Z(S(g)) — HZ(S(%) >({1-0) Z w,(z p[) +6(1 — 9)wepg
i=1

J=1

4 -1
+(1 - 9)w«(2 pi + A(Z p,))
i=1 i=1

+(1-0) Z w,(Zp, + A(Zp,))

j=t+1 i=1
=1 —-0Z(Sy) + 60 — Dwep,

holds.
Since 6 < 1, we obtain 0 > (8 — Dw,pe > 6(6 — l)Z(S(%), so that

Z(Sw) = 0Z(8) = (1= 0OZ(SG) + 00 = DZ(S),
ie.,
Z(Sw0) = (1 =0Z(S) +0°Z(53) = (0% — 0+ 1) min{Z(SG)), Z(5)}-

It is easy to verify that the minimum of #*> — 6 + 1 is achieved for § = % and is
equal to %, which proves the lemma. ]

If we knew the value of 7*, we would be able to find schedules S(/}) and S(i), and
provided that the latter schedule is feasible, for the better of the two schedules the
value of the function would be at most ‘3—‘ times the optimum. Having found job k;
in Step 1 of Algorithm MP1IWTFT_DD, divide the time interval [0, Dy,p] into k;
intervals

ki—1 k-1

[0, p1], (p1, p1 + p2], ZPJ,ZP, , ij,DMP ,
j=1

or, equivalently, into the intervals

(70, 711 [71, 721, - oo [T—2 Th—1 ] [Te—1. e ]

The optimal start time 7* belongs to one of these intervals. The assumption of The-
orem 14.4 says that 7* belongs to one of the intervals [1g, 7], [71, 2], - . ., [Tkl_z,
Tkl,l]. Under this assumption, job £ is one of the jobs 1,2, ..., k; — 1. Thus, both
schedules S(’}) and S(lfz) are contained among schedules S¥, 1 < k < k; — 1, and
Theorem 14.4 follows from Lemmas 14.4 and 14.5.
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Table 14.1 Complexity and approximability of problems 1|7 < Dyp, A(T)|P

Objective Function A A(T)
Ciax O(n) O(n)
F(S$)=>C; O(nlogn) O(nlogn)
Z(S) => w;C; NP-hard NP-hard
FPTAS 0 (n®/&3) (14 %2 +¢)-approximation

To complete the analysis of Algorithm MPIWTFT_DD, we must consider the
assumption that 7* € [Tkl 1, Dy p]. The following statement can be proved.

Theorem 14.5 For problem 1|7 < Dyp, A(T)| D] w;C; with a concave function
A(T) of the MP duration, suppose that in an optimal schedule S* the MP starts at
time TF € [Tkl_l, DMP]. Then

min{Cpax (S71), Crnax (1)} < (1 + ? + a)cmax(s*).

The proof of this theorem is rather technical and is not presented here (see
Sect. 14.3 for details).

The results of this section on the complexity and approximability of the problems
with a single MP that has to start by a given deadline are summarized in Table 14.1.

14.2 Flexible Maintenance Within a Window

In this section, we study extended versions of the problems considered in Sect. 14.1,
in which the MP should be placed within a given window [s, ¢]. The focus is on the
problems with a constant duration MP.

14.2.1 Minimizing Makespan: Single Maintenance

In a schedule that is feasible for problem 1|M P € [s, t], A|Cmax, the MP starts at
time 7 such that 7 > s and 7 + A < ¢. If it is allowed to interrupt the processing
of a job by the MP and resume it immediately after the MP, i.e., if the resumable
scenario is applied, then it is trivial to find a schedule that is optimal for the problem
of minimizing the makespan. Indeed, in such a schedule, the jobs are processed in
an arbitrary order and the MP starts at time s. This schedule remains optimal even if
the duration of the MP is given by a non-decreasing function A(7) that depends on
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start time 7 of the maintenance period. The makespan in such a schedule is equal to
p(N) + A(s), which cannot be reduced.

Below, we assume that the non-resumable scenario is applied. In a feasible sched-
ule S, the jobs are split into two groups: N scheduled in accordance with a sequence
7! before the MP and N'?! scheduled in accordance with a sequence 7%/ after the
MP. We discuss the complexity status of problem 1|M P € [s, t], A|Cnax and prove
that the problem is NP-hard. We also demonstrate that an FPTAS for the subset-sum
problem can be adapted to result into an FPTAS for problem 1|M P € [s, t], A|Cax-

In the proof of the NP-hardness, the following NP-complete problem is used for
reduction (see Sect. 1.3.2).

PARTITION: Given positive integers ey, . . ., e, and the index set R = {1, ..., r} such
that e(R) = >, g e; = 2E, is it possible to partition set R into disjoint subsets R;
and R, such that e(R;) = ZieRl e, =FEande(Ry) =D ;.p i = E?

Theorem 14.6 Problem 1|M P € [s, t], A|Cmax is NP-hard in the ordinary sense.

i€ER,

Proof Given an instance of PARTITION, define the instance of problem 1|MP €
[s, 1], A|Cmax With

N=R; pj=3e¢j, jeN; s=3E—1,t=3E+1, A=1.

Thus, in a feasible schedule, the MP of duration A = 1 must be placed within the
window [3E — 1,3E + 1] of length 2.

We show that PARTITION has a solution if and only if in the constructed problem
there exists a schedule Sy such that C.x(Sp) < 6E + 1.

Suppose that PARTITION has a solution represented by the sets R; and R,. Then,
schedule Sy with C.x(So) = 6E + 1 exists and can be found as follows. Define
Nlal = R4, g € {1,2}, and letin S the jobs of set N pe processed before the MP,
while the jobs of set N'?! be processed as a block starting from time 7. Notice that the
jobs of each set N1 can be processed in any order. Since p(N!") = e(R)) = 3E,
the MP starts at time 3E € [s, t] and completes at time t = 3E + 1. Thus, we have
that

Crnax (S0) = p(N™M) + A+ p(NP®) =3E + 14+ 3E = 6E +1,

as required.

Now suppose that a schedule Sy such that Cx(So) < 6E + 1 exists. The MP
cannot start after time 3E. Let N'!! denote the set of jobs completed before the MP.
If p (N '“) < 3E — 1, then in S, the machine is idle before the MP may start, and we
have that Cnax(So) = s + A+ p(N\N") > GE- 1)+ 14+ BE+ 1) =6E + 1,
which is impossible.

Thus, 3E — 1 < p(N'") < 3E. Since each p; is an integer that is a multiple
of 3, we may only have that p(N'") = 3E. Thus, if we define R; := N and
R, := N\N!"!, we obtain a solution to PARTITION. O

Since the value 7 — A serves as the deadline for the completion time of the jobs
of the first group, the NP-hardness of problem 1|M P € [s, t], A|Cnax, can also be
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deduced from Theorem 13.2 that proves that problem 1|CM P (1), N — Res|Cpax 18
NP-hard in the ordinary sense.

Associate problem 1|M P € [s, t], A|Cnax With the following subset-sum prob-
lem studied in Sect.4.2. In such a problem, it is required to find a vector x*=
(xf, X3y, x,’f), which delivers an optimal solution to the problem

n
maximize E DjXj
=1

" (14.9)
subject to ijxj <t—-A
j=1
x;€{0,1}, j=1,2,...,n.
Any feasible solution X =(x, x2, ..., x») defines a feasible schedule S for prob-

lem 1|MP € [s,t], A|Cmax. in which the jobs are split into two sets, NIl =
{j € Nix; =1} and N = {j € N|x; = 0}. The block of jobs N!! is processed
starting from time zero, the MP starts at time 7 = max{s, p(N')}, and the block of
jobs N'2! starts on the completion of the MP. In particular, an optimal schedule S* is
defined by the two groups H!!! := {j € Nlxj = 1} and H'? := {j € Nlxj = 0}.

Recall that the subset-sum problem is known to admit a fully polynomial-time
approximation scheme (FPTAS) that requires O(n/e) time (see Theorem 4.5).
Based on this scheme, we establish the approximability status of problem 1|M P €
[s7 t]’ Alcmax-

Theorem 14.7 Problem 1|M P € [s,t], A|Cnax admits an FPTAS that requires
O(n/e) time.

Proof Let the vector with the components x; € {0,1}, j € N, be a solution
delivered by the FPTAS for problem (14.9). Define Nl := { j €N = 1},

NEB .= { JjENIX; = 0], and let S¢ be a schedule associated with these sets. Con-

sider an optimal schedule S* in which the block of jobs H!! is processed before the
MP and the block of jobs H'?! is processed after the MP. According to Theorem 4.5,
the inequality

p(N")y = 1 —e)p(H™) (14.10)

holds. We want to prove that
Crnax(857) < (1 + ) Crnax (S*) (14.11)
If p(N™M) > s, then in schedule ¢ the MP may start at time p(N7), so that
Cmax(5%) = p(N!)+ A+ p(N™') = p(N)+ A and this schedule is in fact optimal.

Thus, in the rest of this proof, we assume that p(N[”) < s, so that Cx(S°) =
s+ A+ p(N¥) =54+ A+ p(N) — p(N1).
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If p(H™) > s, we deduce
s (V1) = p(H) = p(NU) = ep(H1),
so that
Crax(S) = s+ A+ p(N) — p(NM) < A+ p(N) +ep(H™) < (1 + &) Crax (S*).

On the other hand, if p(H"') < s, then Cpax (S*) = s+ A+ p(H?) = s+ A+
p(N) — p(H“]), so that due to (14.10), we have that

Cmax(SE) =s+ A+ p(N) — p(N[I]) = Cmax(S*) — (p(N[I]) _ p(H[l]))
< Coax (8*) = (1 =) p(H!) + p(HM) < Couax (8¥) + ep(H!)

and (14.11) holds. O

14.2.2 Minimizing Makespan: Periodic Maintenance

In Sect. 13.1.2, we consider a single machine problem to minimize the makespan in
which the compulsory maintenance takes place periodically, with a fixed period of
time T that should elapse before the first CMP and between any pair of consecutive
CMPs. In this subsection, we consider a more general version of that problem in which
each maintenance should be placed inside a window that is repeated periodically.

More formally, let A denote the duration of an MP. For consistency of explanation,
assume that each schedule includes a dummy “zero” MP that starts and completes at
time Ty = 0. For ¢ > 1, let N9 be the group of jobs that is scheduled between time
T,_1, the completion of the (¢ — 1)th MP, and the beginning of the gth MP. The gth
MP must start no earlier than s time units since the completion of the previous MP
and must finish no later than ¢ time units since the completion of the previous MP, i.e.,
the gth MP must be placed into a window [Tq,l + s, T;—1 + t]. If the jobs of group
N1 complete within the window, i.e., if T,_; + p(N¥) € qul +5, Ty1 + 1],
or equivalently, p(N') € [s, 1], then the gth MP starts at time 7, := T,_j + p
(N'41); otherwise, if p(N'™) < s, then the gth MP starts at time 7, := T,_; + s.

We refer to this problem as 1|M P(period), A|Cpnax. It is assumed that s >
max{ pjli €N }; otherwise, the problem has no feasible solution.

Problem 1|CM P (period), N — Res|Cyx studied in Sect. 13.1.2 is a special case
of problem 1|M P(period), A|Cnax, and the two problems coincide if 1 = s 4+ A,
i.e., if each MP starts exactly after s time units after the completion of the previous
MP.

For problem 1|CM P(period), N — Res|Cyax, Theorem 13.5 states that the
problem does not accept a p-approximation algorithm with p < 2, unless P = N'P.
This immediately implies that for problem 1|M P(period), A|Cmax, the best
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approximation algorithm we could hope for is a 2-approximation algorithm. One
such algorithm is presented below.

Algorithm LS_Period

Step 1. Define
b:=1, NW.= g p(NH:=0, ¢g:=1.

Step 2. For j from 1 to n do
(@ If p(N) + p; > ¢ then go to Step 2(b); otherwise update

Nlal.— nlal Uk p(quJ) = p(N[qJ) +p;

and go to Step 2(c).
(b) 1Ifg < bthenupdate g := g + 1 and return to Step 2(a); otherwise define

b:=b+1, N®":={j}, p(N")) = p;.

(¢) Restore g := 1 and take the next job.
Step 3. Output a schedule S g that consists of b found groups NU N2 el

Algorithm LS_Period implements the idea of list scheduling (see Sect.2.4). It
scans the jobs in an arbitrary order and assigns the next job to the first available
group it fits. If the job does not fit into any available group, then a new group is
started. The running time of the algorithm is O (n?).

Theorem 14.8 For schedule Sy s the following bound

Cmax (SLS) <2

5 = (14.12)

holds, and this bound is tight.

Proof Consider schedule S g with b groups. If b = 1, then all jobs are completed
before the first MP, so that Sgp, is in fact an optimal schedule. Thus, throughout the
remainder of this proof we assume that b > 2.

Since for each ¢, 1 < g < b, we have that p(N'9) <1 — A. It follows that

Cmax(SLS) = b(t - A) + (b - l)A
For any two groups N and Nl such that 1 < ¢y, ¢, < b, q1 # ¢, we have
that
p(N¥Y) + p(N'®]) > ¢ — A; (14.13)

otherwise, these groups could be merged into one.
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If b is even then we may split the groups into b/2 pairs N9 and NI for which
(14.13) holds, so that

p(N) > g(l —A). (14.14)

If b is odd, then there is a group N'%! such that p(N [43]) > %(t — A); otherwise,
(14.13) would not hold for any pair of groups. Taking such a group and splitting
the remaining groups in (b — 1)/2 pairs N1 and N'%2! for which (14.13) holds, we
obtain

N lt A b_lz A
p()>§(— )+T(_ ),

so that again (14.14) holds.
This implies that there must be at least [»/2] MPs in any optimal schedule S*,
ie.,

Cmax (S¥) = p(N) + [b/2]A > g(t — AN+ [b/2]A.
Since b — 1 < 2|b/2], we deduce
Cmax(SLS) S b(t - A) + (b - I)A S b(t - A) + 2|_b/2JA =< 2Cmax(S*)a

which proves the bound (14.12).

To see that the bound (14.12) is tight, consider the instance of problem 1|M P
(period), A|Cpnax in which the duration of an MP set equal to some value A, while
the other parameters are as follows:

P1=5 pr=06,p3=5ps=6, ps=2;,5=9;t—A=12,

i.e., in any feasible schedule an MP starts no earlier that 9 and no later than 12 time
units from the completion of the previous MP.

An optimal schedule S* shown in Fig. 14.3a uses only one MP, and all jobs are
completed by the beginning of the second MP, so that Cp,.x (S*) = 24 + A. Sched-
ule Sps obtained by scanning the jobs in the order of their numbering is shown in
Fig. 14.3b. It uses two MPs, so that Cyax (SLs) = 24 + 2A. We deduce that

(a)
1 3 5| MP, 2 3

(b)

1 2 MP; 3 4 MPy |5

Fig. 14.3 a An optimal schedule S*; b schedule S.s
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Crmax(SLs) 24+ 2A
Coax(S*) 244+ A

and this ratio approaches 2 as A — oo. (]

14.2.3 Minimizing Total Completion Time

In this subsection, we study problem 1|MP € [s,t], A| > C; of minimizing the
sum of the completion times, i.e., the objective function F(S) = > C;(S).

If it is allowed to interrupt the processing of a job by the MP and resume it
immediately after the MP, i.e., if the resumable scenario is applied, then problem
1IMP € [s,t], A D C; becomes equivalent to problem 1|CM P(1), Res| > C;,
provided that in the latter problem, the maintenance period start at time s, the left
point of the window in problem I|[MP € [s,t], Al D C;. Thus, Theorem 13.8
applies and leads to the following statement.

Theorem 14.9 Under the resumable scenario problem 1|M P € [s,t], A| D Cjis
solvable in O (nlogn) time by processing jobs in accordance with the SPT sequence
(14.1).

Further below in this subsection, we focus on the non-resumable version of
problem 1|MP € [s,t],A|D.C ;. In a schedule that is feasible for problem
1|MP € [s,t], Al > C;, the jobs are split into two groups, N and N1, scheduled
before and after the MP, respectively, and the MP starts at time 7 such that 7 > s
and T+ A <.

The value 7 — A serves as the deadline for the completion time of the jobs of
the first group scheduled before the MP; therefore, due to similarity of problems
1IMP € [s,t], A|D> Cjand 1|CMP(1), N — Res| 3 C;, the following statement
can be deduced from Lemma 13.1 and Theorem 13.7.

Lemma 14.6 Under the non-resumable scenario, in an optimal schedule for
problem 1|M P € [s,t], A| >_ Cj, the jobs are sequenced in SPT order before and
after the MP. Finding an optimal schedule is NP-hard in the ordinary sense.

In this section, we present and analyze the following algorithm for solving
problem 1|MP € [s,t], Al > C;. In the algorithm, we exclude from consider-
ation the situation that p(N) < t — A, since then it is optimal to schedule all
jobs in the SPT sequence before the MP. By symmetry, we ignore the case that
min{p;|j € N} > t — A, since then all jobs must be scheduled in the SPT order
after the MP.

Algorithm MP1TFT_Win

Step 1. For problem 1|M P € [s,t], A| > C;, renumber the jobs in accordance
with (14.1) and let mp := (1,2, ..., n).
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Step 2. Considering the jobs in accordance with permutation 7, find the job £

such that
¢

-1
ijft—A, ij>t—A.
Jj=1

Jj=1

Step 3. Compute A := Zf;ll pj and 7 := max{A, s}.

Step4. Output schedule Sspr in which the jobs of the first group NI :=
{1,..., € — 1} and processed as a block starting from time zero, are followed
by the MP that starts at time 7, which is followed by the block of jobs of the
second group N2/ := {¢, ..., n} that starts at time 7 + A.

The running time of Algorithm MPI1TFT_Win is O (n logn). Below we analyze
its worst-case performance.

Theorem 14.10 For problem 1|M P € [s,t], A] D Cj, let S* be an optimal sched-
ule and Sspr be a schedule found by Algorithm MPITFT_Win. The bound

Fsm) 2 (14.15)
F(§*) — 7 '

and this bound is tight.

Proof For schedule Sgpr, define n!!! := ¢ — 1 = |[N!!!| and n! := |N'?I|. We know
that in schedule Sspr, both groups N U1 and N are non-empty, i.e., n1 > 1 and
n'2l > 1. Also, define the sequences 7l!! = (1,..., nt!), 7121 = (a1 + 1, ... nl?)
and TSPT = (7'('[1], 71'[2]).

Suppose that in an optimal schedule $*, the jobs are processed in accordance with
a sequence 0 = (o(1), 0(2), ..., o(n)). Introduce two sets H'! and H'?!, and the
corresponding sequences o'l and ¢!?!, such that

(i) set H! contains n'!! jobs that are processed from time zero and follow the
sequence o'l = (o1(1), 611(2), ..., oM (nl1));

(ii) set H?! contains n?! jobs that are processed in accordance with the sequence
ol = (0[21(1), a2, ..., o (n[zl)).

Notice that the sets H!!'! and H?! need not form the groups that are processed before
and after the MP in schedule S*.

For schedule Sspr, define 6 := 7 — A. This is the length of a possible idle time
between the completion of the jobs of group N!!! and the start of the MP. Similarly,
let 6* denote a possible idle time in an optimal schedule S*. Clearly, 6* is no larger
than the idle time in any other feasible schedule, so that

0> 0%

By the SPT ordering, set NI contains n!!! shortest jobs of the instance, i.e.,
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-1 nlll
2 Pi=2 P =2 Py = D P
jenNm j=1 r=1 jeHW

holds. Besides, if we add the processing time of the first job of the sets N2 and H'?!
to both sides of the above inequality, we get

ll all

ij + Pangr = Zpg“](r) + pot2(1)- (14.16)
j=1 r=1

The inequality (14.16) holds because its left-hand side is the sum of the n'!l 4 1
shortest processing times. By construction,

Ll

ij—i-p,,m_H =A+p>t—A,
j=1

and it follows that in schedule S*, the last job of set H!!! completes after the MP, and
the block of jobs H'! also starts after the MP.
Inequality (14.16) implies that

D Pt Pyt + 0+ + A< D pid poriy + 546"+ A,

jeNm jeHM
which is equivalent to
Crii1) (Sspr) + 0% < Comiry (8¥) +6,

i.e.,

Cri1) (Sspr) < Corir)(S*) + (6 — 6%).
The above inequality can be generalized to all subsequent jobs, i.e., to
Cringiy (Ssper) < Comi (S¥) + (6 — %), 1 <i <n®. (14.17)
Define F(S) as the sum of the completion times for all jobs in schedule S, and
define Fy (S) as the sum of the completion times for all jobs in schedule S that belong
toaset V C N. It follows from (14.17) that

Fyu(Sspr) < Fym (S*) +n? (6 — 6%). (14.18)

For schedule S*, let o'1() be the last job completed before the MP, i.e., the MP
starts at time 7% = > ' _| pyiigy + 0%
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If § = 0, then §* = 0 and there is no idle time in both schedules Sspr and S*. For
an arbitrary permutation 7 of jobs, recall the definition of Fy(7), given by (14.2).
Using the representation (14.2), we may write

F(Sspr) = Fo(mspr) +n?1A; F(S*) = Fo(0) + (n —u)A
and since Fy(mspr) < Fo(o) and n?! = n — n!" < n — u, we deduce that Sspr is an

optimal schedule. In the remainder of this proof, we assume that § > 0.
If 6* = 0, then it can be immediately verified that

nlll

Z pj + 6 = Crn(uuy(Sser) + 6
j=1

=5 < Zpgllj(r) < Co.[lj(n[]]) (S*) < Co.[lj(n[lj)(s*) + 5*,

r=1

while if 6* > 0, we have
Cw[ll(,,[ll)(SSPT) +6 = Couy (S*) +0" < Crf“](n[”) (S*) + 0%
Thus, in any case for §* > 0, we deduce
Crm(uuny (Sspr) = Com iy (se) — (5 — 5*).
Moreover, since all jobs in 7!l are in SPT order, it follows that
Cringiy(Sser) < Comy (), 1 <i <nll
From the last two inequalities, we derive that
Fyum(Sspr) < Frm (S*) — (6 — 6%). (14.19)

Combining (14.18) and (14.19), we obtain Fyui(Sspr) + Fyi1(Sspr) < Fym(S*)
— (6 — 0%) + Fyei(S*) + n?1(6 — 6*), which yields

F(Sspr) < F(S*) + (n™ = 1)(5 — 6%). (14.20)

Recall that if in schedule Sspy there exists an idle time of length ¢ before the start
of the MP, then all jobs of set N (21 are longer than the duration of the idle time, i.e.,
p; > 0, j € N'; otherwise, the algorithm would include them into set N'!!. Using
this observation, we can derive the following lower bound
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2l 41
Fye($*) = 0 +25+ -+ +n?§ = n™® (%)5

(21(521 1 1
> w(a — 5. (14.21)

If schedule Sspr is not optimal, then sets N Ul and A" are different, which implies
that there exists a job i which is assigned to set N'!! in schedule Sspr, but is assigned
to set H?! in schedule S*. Thus, we have the following relation

Fyn(S*) = Fiy(S*) = Ci(S*) =5 =0 > 6 — 6" (14.22)

Combining (14.21) and (14.22), we obtain

[21(,[2]
Fym(S*) + Fyu (S*) = F($*) = (%)(5 -6, (1423)

Using the bounds (14.20) and (14.23), we have

2 *
A (n® —1)(6 — &%)

P=TFEy = F(5)
(2 —1)(6 — 6% 2(n —1)
<1+-— =1+ . (14.24)
(nH(nl ;+1)+2)(5 P n(nP 4 1) +2

Taking the derivative of the function

2(x — 1
Fay= —> =D

=—— 1 <x<n-1,
x(x+1)+4+2

with respect to x, we obtain

2 =3)(x+ 1)

T =G nror

We see that function f(x) achieves a maximum value of 2/7 for x = 3, and the
worst-case performance bound given by (14.24) can be updated as

<1-i—2—9
p=1T7=7

To see that the bound (14.15) is tight, consider the following instance of problem
1IMP €[s,t], Al > C;:

pi=lLp=pi=ps=W,s=W-1t=W+1,A=1,
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where W > 2 is a large given number.

Algorithm MP1TFT_Win will schedule the jobs in the sequence 7!l = (1) and
ml?l = (2, 3, 4). The completion time of job 7!!!(1) is given by Cyun(jy = 1. The MP
of length 1 unit starts at time 7 = W — 1, leaving the machine idle for 6 = W — 2
units. The completion times of the remaining jobs are given by Craiy = 2W,
Crzipy = 3W, and Cr13y = 4W. The sum of completion times is equal to 9W 4 1.

On the other hand, in an optimal schedule, the jobs are processed in accordance
with the sequence (2, 1, 3, 4), so that o!!! = (2) and ¢!*! = (1, 3, 4). The completion
time of job o!(1) is given by C,i(;y = W. An MP of length 1 starts at time 7 = W,
leaving no machine idle time. The completion times of the remaining jobs are given
by Co1(1y = W2, Cor2y = 2W 42 and Copi(3y = 3W +2. The sum of completion
times is equal to 7W + 6.

The performance ratio given by (OW + 1)/(7W + 2) tends to 9/7 as W goes to
infinity. (]

14.3 Bibliographic Notes

The models with maintenance periods whose duration depends on their start time
have been introduced by Kubzin and Strusevich (2005, 2006), for two-machine shop
scheduling problems such as flow shop, flow shop no-wait, and open shop.

The fact that problem 1|7 < Dysp, A(T)|Cmax can be solved by starting the MP at
time zero, as well as an alternative proof of Lemma 14.2, is stated in Luo et al. (2015)
(see also Graves and Lee (1999) for the case of a constant duration MP and exten-
sions). Luoetal. (2015) also present an algorithm similar to Algorithm MP1TFT_DD,
but implemented in O (n?) time.

For problem 1|7 < Dpyp, Al> w;C;, Lemma 14.3 is proved by Kellerer
and Strusevich (2010). A direct proof of the NP-hardness of problem 1|7 <
Dyp, Al D w;C| is given in Graves and Lee (1999).

As pointed out in Kellerer and Strusevich (2010), problem 1|7 < Dyp, A|
> w;C;j isclosely related to one of the single machine scheduling problems with two
competing agents, studied by Agnetis et al. (2004) among other two-agent schedul-
ing problems. Suppose that two agents intend to use a single machine. Agent A owns
the A-jobs, while Agent B owns the B-jobs. Agent A wants to minimize the sum
of the weighted completion times of the A-jobs, while Agent B wants to have all
the B-jobs completed by a given deadline d. It is easily verified that in any feasible
schedule, the B-jobs can be processed as a block, without intermediate idle time,
and this will not increase the objective function of Agent A. Thus, provided that the
processing times and weights of the A-jobs are equal to p; and w;, respectively, and
the total processing time of the B-jobs is equal to A, the two-agent problem is equiv-
alent to problem 1|7 < Dy p, Al D> w ;Cj with Dy p = d. Notice that the two-agent
problem is proved NP-hard in the ordinary sense (see Agnetis et al. (2004)).
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Algorithm MPIWTFT_DD and the full proof of Theorem 14.5 are given in Luo
et al. (2010).

The proof of Theorem 14.6 is based on the work by Yang et al. (2002).

The study on problem 1|M P (period), A|Cnax has been initiated by Chen (2006,
2008). In particular, Chen (2008) presents a version of Algorithm LS in which the
jobs are organized in the LPT list (see Sect. 13.1.2 for a similar algorithm for prob-
lem 1|CMP(period), N — Res|Cpnax). The running time of Chen’s algorithm is
O(nz), although in the original paper Chen (2008), the running time is estimated
as O(n2 log n) Xu et al. (2009) show that Chen’s LPT algorithm is in fact a 2-
approximation for problem 1|M P(period), A|Cpax. Algorithm LS_Period and its
analysis in Theorem 14.8 are due to Xu and Yin (2011); in fact, in the latter paper, the
result of Theorem 14.8 is extended to the online version of the problem. An extension
of problem 1|M P(period), A|Cnax is considered in Low et al. (2010), where it is
additionally required not to process more than k jobs between any two consecutive
MPs; for k > 2, a (2 — 2/k)-approximation algorithm is developed based on the
LPT scheduling.

Analysis of Algorithm MPITFT_Win is performed by Yang et al. (2002), who
base their reasoning on the work by Lee and Liman (1992), where a similar SPT
g-approximation algorithm applied to a less general problem 1|CMP(1), N —
Res| " C;, is analyzed.
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Chapter 15
Scheduling with Rate-Modifying Activities

In this chapter, we discuss scheduling problems on a single machine, provided that
rate-modifying activities can be inserted into a schedule. We are given the jobs of
set N = {1, 2, ..., n} with known normal processing times. The actual processing
time of the job is affected by its relative position with respect to the rate-modifying
periods (RMPs) that might be introduced into a schedule.

As described in Sect. 12.3, the decision-maker is presented with a list (RMP!,
RMP2, ..  RMP!X]) of K > 1 possible rate-modifying activities, which can be
either distinct or alike. The decision-maker may decide which of the listed RMPs to
insert into a schedule and in which order.

The algorithms presented in this chapter for solving relevant problems are adapta-
tions of the generic Procedure RMP1 from Sect. 12.4. As a rule, to solve scheduling
problems under consideration, it is required to generate all outcomes of certain deci-
sions to produce auxiliary problems with fixed parameters, such as the number of
RMPs to be inserted, and/or the number of jobs in a group. To count the number
of the related outcomes, we use various combinatorial configurations and identities
listed in Sect.5.3. As agreed earlier, in the estimations of the running times of the
presented algorithms, we assume that the number K of available RMPs is a constant.

Whenever possible, we discuss faster solution algorithms, not based on full enu-
meration of certain decisions.

As often is the case in this book, two sequences of the jobs are important. Recall
that if the jobs are numbered in accordance with the LPT rule, then

P1= P22 = Dn, (15.1)
while if they are numbered in accordance with the SPT rule, then

P1<pr=<---<p, (15.2)
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We start with considering problems on a single machine to minimize the makespan
and the total completion time, provided that at most one RMP can be inserted into
a schedule (see Sect. 15.1). The problem of minimizing the makespan and the total
completion time for the case of multiple RMPs is studied in Sect. 15.2. The problems
of minimizing the total completion time on parallel machines are considered in
Chap. 20.

15.1 Single Rate-Modifying Maintenance on a Single
Machine

We start with a simple model, in which the jobs of set N = {1, 2, ..., n} have to be
scheduled on a single machine, and a single RMP can be inserted into a schedule.
All jobs are available at time zero, and no preemption is allowed. Forajob j € N, its
(normal) processing time p; is given and remains constant throughout the planning
period if job j is processed before the RMP. On the other hand, if job j is processed
after the RMP, then the processing time is given by A; p;, where A; > 0 is the rate-
modifying factor.

In general, there are no restrictions imposed on the value of A;. If A\; < 1 for
some job j € N, then the introduction of the RMP is beneficial for the job and its
actual processing time becomes shorter than the normal time. If A\; < 1 for all jobs
J € N, then the rate-modifying activity can be understood as maintenance. We do
not exclude from consideration that the rate-modifying factors are smaller than 1 for
some jobs and larger than 1 for other jobs.

In this section, we address the situation that the duration of the RMP depends
linearly on its start time 7. Adopting the formula (12.1) for a single RMP, the duration
A(1) of the RMP is given by

A(T) =(T+n, (15.3)

where ( and 7 are positive constants. If ¢ = 0, then the duration of the RMP is
constant equal to 7).

The objective functions considered in this section are the makespan and total
completion time. For each of these objective functions, the respective problems are
denoted by 1|/RM P (1), A(T)|Cimax and 1|RM P (1), A(T)| >_ C;.

In the case of a single available RMP, outcomes (A1) and (A2) from Sect. 12.4
boil down to deciding whether to include the RMP into a schedule or not. Thus, in
accordance with the reasoning presented in Sect. 12.4, a schedule S* that is optimal
for problem 1|RM P (1), A(7)|® is the better of the two schedules S*(1) and S*(2),
which are optimal for the corresponding auxiliary problems 1|RM P (k — 1), A(1)| D,
where k € {1, 2}.

If k=1,1ie., k—1=0 and no RMP is to be included, then in schedule S$*(1)
all jobs are scheduled as one group starting form time zero. If ® = Cy,x, then the
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sequence of this jobs is arbitrary, while for ® = " C;, the jobs must be sequenced
in accordance with the SPT rule (15.2), as follows from Theorem 2.2.

In the consideration below, we discuss how to find an optimal schedule S*(2), in
which the RMP is inserted.

Let S be a schedule with a single inserted RMP, in which the n jobs are partitioned
in two groups, N' and NP, with ]N["]| = n1, wherex € {1, 2}andn! + n® = 5.
Further, the jobs of the xth group are sequenced in accordance with a permutation
7l = (7b(1), 751(2), ..., al1(n)); ie., schedule S is associated with a permu-
tation of jobs m = (7r[”, 77[2]). In order to find an optimal schedule S*(2), we need
to find the optimal value of n!!! (or n/?!) and the job sequence 7, so that the objective
function ® € {Cpax, > C;} is minimized.

15.1.1 Minimizing Makespan

For a schedule S associated with a permutation 7, the makespan can be written as

il alll 21
Conax () = D paingey + [ €D pangey +1 | + D Astigry Py
r=1 r=1 r=1
il 2

= (1 + C) Z Prlir) + Z >\7rm(r)p7rm(r) + 7.

r=1 r=1

It is fairly easy to find schedule $*(2) that minimizes this function and, therefore,
to find schedule S* that is optimal for the overall problem 1|RM P (1), A(T)|D.

Algorithm RMP1Cmax

Step 1. For each j from 1 to n do
If (1 4+¢) < Aj,j € N,thenadd job j to group 1; otherwise, add job j to group 2.

Step 2. Permute the jobs arbitrarily in each group and create a schedule S*(2)
associated with the obtained permutation.

Step 3. If Z’:Sl (1 + Q) priry — Asiry Priziry) > 1, then output schedule S*(2) as
an optimal schedule S*; otherwise, output an optimal schedule S*(1) in which all
jobs are arbitrary sequenced in one group and no RMP is involved.

Theorem 15.1 Algorithm RMPICmax returns an optimal solution for problem
IHIRMP(1), A(T)|Cax in O(n) time.

Proof Step 1 compares the contribution of a job to the makespan, when it is scheduled
before and after the RMP. If a job is found to contribute less before the RMP, it is
scheduled in group 1; otherwise, it is sent to group 2. Notice that the sequence of jobs
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in a particular group has no impact on the makespan; hence, they can be scheduled
arbitrarily. Steps 1 and 2 can be completed in O (n) time. Step 3 gives a condition
which allows us to choose the better of the two schedules $*(1) or S*(2). Step 3 can
also be completed in O (n) time. O

If the RMP’s duration is assumed to be a constant, i.e., ( = 0, then the resulting
problem 1|RM P (1), A|Cpax Will still be solvable by Algorithm RMP1Cmax that
requires O (n) time.

The following statement immediately follows for simpler versions of problem
HRM P (1), A(T)|Crax-

Corollary 15.1 Forproblem 1|RM P (1), A(T)|Cmax, if the RMP is a period of main-
tenance that improves the running times of all jobs, i.e., \; < 1, j € N, orifthe factor
Aj is job-independent, i.e., \j = A\, j € N, then an optimal schedule is the better
of the two schedules: S*(1) in which no RMP is run and the jobs are processed
from time zero; or S*(2), in which the RMP is run from time zero and all jobs are
sequenced after the RMP.

15.1.2 Minimizing Total Completion Time

For problem 1|RM P (1), A(T)| 2 C;, we show how to adapt Procedure RMP1 to
its solution. We only consider the situation that the RMP is included into a schedule.
Consider an arbitrary outcome of Decision (B1), i.e., fix the number of jobs in the
second group to be equal to £, 1 < £ < n. Then, n"! = n — £. For a schedule Sg; (2),
associated with a permutation of jobs 7 = (w!!l, 7!?1), the completion time of a job
j = ml'(r) sequenced in position r, 1 < r < n!!l, of the first group can be written
as

.
Cringy = ZPWUJ@'),
i=1

while the completion time of a job j = 7?!(r) sequenced in positionr, 1 < r < n?l,
of the second group can be written as

I’Z”] r

Crigy = (14C) D pringy + D, Aaiyy Py + 1.

r=1 i=1

Extending formula (2.9), the sum of completion times for a schedule Sg;(2) can
be written by

nlll pl2l

F(S312) = > (n—r+ 1+ ™) pagy + D (P = r + 1) Ay priziy +nn.

r=l1 r=I1
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The above expression can be represented as

2 [x]
F(Sp1(2) = D D WL (1) privigry + 17, (15.4)

x=1 r=1
where

n—r~|—1—|—§n[2], l<r<nM x=1,

2y ])/\ﬁm(r), 1<r<nb x=2, (15.5)

W;)[Cx]](r) (r)= [ (

is a job-dependent positional weight, such that for a job j = 7*/(r) scheduled in
position , 1 < r < n™, of group x, 1 < x < 2, the product WE}J () (") Pris ) Tepre-
sents the contribution of the job to the objective function (15.4).

Thus, the objective function (15.4) admits a generic representation (12.3), so that
Procedure RMP1 is applicable.

Notice that to compute the weights Wi’f}] 11 < ™, 1<x<2 jeN,
given by (15.5), we require knowledge of the number of jobs n'*! assigned to group
x, and these values are determined by Decision (B1), i.e., by the choice n!?! = £. The
total completion time of all jobs in schedule Sg;(2) associated with a permutation
7= (!, 7121) with n!?! = ¢ can be written as a function of £, 1 < € < n, given by

2 pl

F(S1(2) = D> cargy.er + 0. (15.6)

x=1 r=1

where the costs ¢xixi() (x,r) are defined by

L n—r+1+(n[2]p-, l<r<nll=pn—¢, x=1,
Cirter) += [ ( —r+ 1),\,p3, ! l<r<nP=¢ x=2. as.7
As discussed in Sect. 12.4, a schedule Sg,(2) such that F(SE1 (2)) < F(Sg1(2))
holds for all schedules Sg;(2) with the same number ¢ of jobs in the second group
can be found by solving the linear assignment problem (LAP) (12.5) withann x n
cost matrix C = (c;,(x,»)) defined by (15.7). Such an LAP can be solved in O (n®)
time, as follows from Theorem4.1. For the found solution, z; (. » = 1 implies that
in schedule F (SE1 (2)) job j is assigned to the rth position of group x.

Trying all values of £, we will find schedule $*(2) which is optimal among all
schedules with a single inserted RMP, i.e., F(S*(2)) < F (Sgl (2)) holds for all out-
comes of Decision (B1). An overall optimal schedule S* is the best of the schedules
S$*(1), with no RMP, and $*(2), so that the following statement holds.

Theorem 15.2 Problem 1|[RM P (1), A(T)| > C; reduces to O(n) square linear
assignment problems and can be solved in O (n4) time.
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If the RMP’s duration is assumed to be a constant, i.e., { = 0, then solving the
resulting problem 1|RM P (1), A| >’ C; still requires O (n4) time, due to a similar
reduction in O (n) linear assignment problems.

Now, let us consider a special case in which the rate-modifying multiplier is job-
independent, i.e., \; = A, for all j € N. Under this assumption, the formula (15.4)
for the sum of the completion times for a schedule Sg;(2) can be written as

2 alt

F(Sp1(2) = D D" W) prgy +n?ln, (15.8)

x=1 r=1

where
n—r+1+¢n? 1<r<n¥ x=1,

whl () = [ (nm ot 1))\7 l<r<nb x—=2 (15.9)
is a job-independent positional weight, such that for a job j = 7*1(r) scheduled in
positionr, 1 < r < nl! of groupx, 1 < x < 2, the product W™I(r) ppix1, represents
the contribution of the job to the objective function (15.8).

Thus, the objective function (15.8) admits a generic representation (12.3), so that
Procedure RMP1 is applicable.

Notice that to compute the weights W), 1 <r<nP 1<x <2, given by
(15.9), we still require knowledge of the values n*!, which are determined by the
choice n!?! = ¢. The total completion time of all jobs in schedule Sg;(2) associated
with a permutation 7 = (71, 712!) with n? = ¢ can be written similar to (15.6),
where the cost function is given by ¢j v,y = W(r)p;, 1 <r <nPl 1 <x <2.
Asdiscussedin Sect. 12.4, a schedule S§, (2) such that F(SE1 (2)) < F(Sg1(2)) holds
for all schedules Sg;(2) with the same number ¢ of jobs in the second group can be
found by solving an LAP with a cost matrix C = (c; ). Notice that matrix C with
theelements ¢ ., = W(r)p;, 1 <r <nll, 1 <x <2, mayberepresented as a
product matrix, which makes the LAP solvable using Algorithm Match (see Sect. 4.1
for details). For a given value of ¢, Algorithm Match requires O (n) time, since within
a group, the positional weights W), 1 < r <nP 1 < x <2, are monotone, and
hence, they can be sorted in O (n) time.

Trying all values of £, we will find schedule $*(2) which is optimal among all
schedules with a single inserted RMP, i.e., F(S*(2)) < F(S;,(2)) holds for all out-
comes of Decision (B1). An overall optimal schedule S* is the best of the schedules
S*(1), with no RMP, and S*(2), so that the following statement holds.

Theorem 15.3 Problem 1|RMP (1), A(T)|>.C; with job-independent rate-
modifying multipliers, i.e., \j = A, for all j € N, reduces to O(n) linear assign-
ment problems with a product matrix and can be solved in O (nz) time.

If the RMP’s duration is assumed to be a constant, i.e., ( = 0, then solving the
resulting problem 1|/RM P(1), A| X" C; will still require O (n?) time, due to a similar
reduction to a series of linear assignment problems with a product matrix.
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15.2 Multiple Rate-Modifying Maintenance Periods
on a Single Machine

The model with a single RMP can be extended to a general situation, in which the
decision-maker is presented with a list (RMP!'1, RMP!, . RMPIX]) of K > 1
possible rate-modifying activities. Each RMP can have a different effect on the
machine conditions, so that inserting RMPP! will modify the processing time of a
job j scheduled after it by a factor of )\E.y], 1 <y < K. Notice that the factor AEﬁV !
applies not only to all jobs that are scheduled in the group that immediately follows
that RMP, but also to all jobs in all subsequent groups.

Example 15.1 For illustration, take a list of K > 4 RMPs and suppose that only two
RMPs, namely RMP?! and RMP™ | are chosen to be inserted into a schedule and
performed in this order. Then, all jobs will be split into three groups. The processing
times of the jobs scheduled in the first group, before the first scheduled RMP, i.e.,
RMP?!, will be unaffected. For each job j scheduled in the second group, i.e.,
between RMP!?l and RMP!¥, the actual processing time becomes )\IjZI p;. For each
job j scheduled in the third group, i.e., after RMP!*!, the actual processing time
becomes )\5.2])\5.4] Dj-

If kK — 1 RMPs are chosen from the available K options, then the jobs are divided
intok, 1 <k < K + 1 groups. Depending on which RMPs are chosen and the order
in which they are performed, the actual processing time of a job j € N, scheduled
in position r of the xth group, can be given by

Py =i pp 1<r <n 1 <x <k, (15.10)

where /,L_[].X] represents a group-dependent rate-modifying multiplier for job j, which
depends on the previously scheduled RMPs and can be written as

m HA["], 1<x<k. (15.11)

v=1

For illustration, referring to Example 15.1 above, if RMP Decisions 1-3 determine
that RMP?! and RMP!*! are chosen to be inserted into a schedule in this order, then we
have ,u[” =1,pu [2] = )\[2] and []ﬂ = )\[2])\[4] for all j € N, where for the A-values
we maintain the numbermg asinthe 1mt1a1 llst On the other hand, if the chosen RMPs
are inserted in the opposite order, then u[l] =1, [; = )\[4] and p B I= /\[2])\[4]

As described in Sect. 12.3, the duration A™ of the xth RMP is glven by

Al — z C[X] ](r)+77 (15.12)

JjeNKI
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where (j[-x], j € N, and n™™) are known parameters. It is assumed that in a schedule
jobs that belong to set N1 are scheduled in group x, i.e., before the xth RMP, and
the contribution of a job j € N™! toward the actual duration A1 of the xth RMP is
equal to Cj[x] pgx](r). Here, pgx] (r) is the actual processing time of job j as defined in
(15.10).

The problem of minimizing the makespan and the total completion time, respec-
tively, under the settings defined by (15.10) and (15.12) is denoted by 1|RM P(K),
AN @, for @ € {Cpax. > C;}, where the first term in the middle field represents
that a list of K RMPs is available for maintenance activities and the second term
indicates that the durations of the RMPs follow a rule given by (15.12).

In order to solve problem 1|RM P (K), A1|® for ® € {Cpax. > C;}, we adapt
Procedure RMP1 outlined in Sect. 12.4. Fix outcomes (A1) and (A2), and for a par-
ticular outcome of Decision (B1), introduce a schedule Sg; (k) for an auxiliary prob-
lem 1|RM Pk —1), A |CI>, associated with certain outcomes of Decisions (B2)
and (B3). In schedule Sg; (k), the jobs are organized in groups N ] 1 < x <k, each
group N contains 7! jobs, where 3% _ n*] = n. The jobs in N are sequenced in
accordance with a permutation 7! = (71¥1(1), 7112, ..., 7 (nl)), 1 < x < k.

‘We now derive an expression for the total time it takes to process all jobs in a group
x, 1 <x <k, in a schedule Sg; (k). It follows from (15.10) that the total processing
time of the jobs assigned to group x can be given by

)

E¢ =), prvey, 1 <x <k. (15.13)

r=1

In accordance with (15.12), the duration A™! of the RMP scheduled after the xth
group is given by

v

To = > Chl o mbih g Py + 1, 1< x <k — 1 (15.14)

r=1

15.2.1 Minimizing Makespan

For a schedule Sg; (k), the makespan can be written as

Coax(SB1(k) =E1+T1 +Ex+ T+ -+ Exy + Ty + E,.
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It follows from (15.13) and (15.14) that

k—1 n¥l

Conax (Sp1(K)) = D >~ (14 CEL il prn (15.15)

x=1 r=1
alkl

+ Z,u (r)pr (r) + ZU[X]

The above can be represented as

nlxl

Crnax (Sp1 (k) = Z > WL peie + Z ™, (15.16)

x=1 r=1

where

BRI [x] _
whl = I (1 +¢ »]lm) gy T Sr=n® lsxsk=1 " o

:uﬂ-[l]d(r)’ lf 1 S r S n[X]v X = ky

is a job-dependent positional weight, such that the product W (r) Drlvl(r) TEPresents
the contribution of job j = 7*1(r) scheduled in position r, 1 < r < nl*1, of group
x, 1 < x <k, to the objective function (15.15).

The function (15.16) admits a generic representation (12.3), so that Proce-
dure RMP1 is in principle applicable. However, in this case, a faster approach can
be employed, which neither requires full enumeration of possible outcomes of Deci-
sion (B1), nor requires the solution of a linear assignment problem in Step 1(b).

Notice that Wiﬁ]] o) depends on the group only, not on the position of a job within
the group. Thus, for each job j, we can compute all weights without any knowledge
of the number of jobs in a group as

X 1+[x]) Wi <x <k—1,
Wil — ( C[kl (15.18)
Wi if x = k.

Let S*(k) denote a schedule that is optimal for problem 1|RM P (k — 1), A|
Chax, for all possible outcomes of Decision (B1). Schedule $*(k) can be found by
the following algorithm.

Algorithm RMPkCmax

Step 1. Foreachjob j € N, compute the multipliers ,ug’(] by (15.11) and the weights
Wi by (15.18).
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Step 2. For j from 1 to n do
Identify a group index x; such that Wj[X" 1_ min{W}X] [1<x< k}. Assign job

Jj € N to a group Nl
Step 3. Permute the jobs arbitrarily in each group and output schedule S*(k) asso-
ciated with the obtained permutation.

Algorithm RMPkCmax places each job into a group where it is matched to the
smallest weight available for that job. The following statement obviously holds.

Lemma 15.1 Algorithm RMPkCmax returns schedule S* (k) that is optimal for prob-
lem 1|{RM P (k — 1), A¥|Cppax in O (nk) time.

Thus, in the case under consideration, we may simplify Procedure RMP1 by
replacing Steps 1(b) and 1(c) by the following:

Step 1(b)’. Find schedule $*(k) by running Algorithm RMPkCmax.

In an optimal schedule S*(k), for an instance of problem 1|RM P (k — 1), AM]|
Chax, it s possible that some of the k groups do not receive any jobs at all. Such a
situation can occur if many RMPs, when performed back to back, are able to restore
the machine to a better state, as compared to that achieved when a single RMP is
performed. Moreover, the reduction in processing times of jobs scheduled after these
RMPs is greater than the constant time it takes to perform the RMPs.

As proved in Lemma 12.1, the number of all possible outcomes (A1) and (A2)
can be estimated as Zf:ll K*~1. Since Algorithm RMPkCmax requires O (nk) time
to run for a given k, 1 < k < K + 1, the total running time required to solve prob-

lem 1|RM P(K), A™!|Cpyax can be estimated as O (n > kK"—l) = 0(mKX+th),
which is linear in n for a constant K. Thus, the following statement holds.

Theorem 15.4 An optimal solution for problem 1 |RMP(K), Al |Cmax can be
found in O (nK K +1) time by using Algorithm RMPkCmax as a subroutine.

Notice that the running time of O (nK ¥ *') may be reduced if we have a situation
in which some of the RMP Decisions do not need to be taken. For example, if all
available RMPs are identical, then only RMP Decision 1 must be taken; i.e., we
only need to find the optimal number of the RMPs in the schedule. In this case, the
running time required to solve problem 1|R MP(K), A |Cmax can be estimated as
0( o nk) = O(nKk?).1f K = 1, then the running time reduces to O (n), which
complies with Theorem 15.1.

Now, let us consider a special case in which the found positional weights are job-
independent, i.e., when )\5-’“] =\ 1 <x<K+1,and Cj[-x] =(M 1 <x <K, for
all j € N. Such a case corresponds to a situation, in which each RMP has the same
effect on every job, and every job has the same effect on the duration of each RMP.
Under these circumstances, Step 2 of Algorithm RMPkCmax requires constant time
only, instead of O (nk) time, since it can be proved that each job will be scheduled in
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the last group. To see this, we adapt (15.18) and rewrite the found positional weights

as
[xT),,[x] :
o [+ il <x <k -1,
WH= [ MO P (15.19)

It is clear that in an optimal schedule, only those RMPP! for which A\ < 1,
1 <y < K, will be inserted, since they guarantee that the processing time of every
job scheduled after an inserted RMPY! is less than its normal processing time. Other
RMPs can be ignored. If several such RMPs with AT < 1 are inserted in a schedule,
it is easy to verify from (15.19) that the last group is associated with the smallest
value of W, 1 < x < k. As a result, all jobs will be scheduled in the last group,
leaving the first k — 1 groups empty.

Finally, to know which RMPs to schedule, we are required to enumerate all pos-
sibilities of outcomes (A1) and (A2), since each RMP is associated with different
duration parameters and affects the subsequent processing times differently. Notice
that the positional weights found by (15.19) are not affected by the order of the
inserted RMPs, since only the positional weights associated with the last group are
significant. Moreover, for given outcomes (A1) and (A2), the value of the makespan
can be found in constant time, if the sum of all processing times is known in advance.
The latter can be done in O(n) time. As proved in Lemma 12.1, the number of all
possible outcomes (A1) and (A2) can be estimated as > 5 ' ( ) = 2K, since the
order of jobs is not important.

Since Algorithm RMPkCmax requires O (k) time to run for a given k, 1 < k <
K + 1, the total running time required to solve problem 1|RM P(K), A[X]|Cmax,

can be estimated as O (n + >3] k(kl_(l)) = O(n +2XK) = O(n). The following
statement holds.

Theorem 15.5 Anoptimal solution for problem 1 ‘RMP(K) Al |Cmax, with /\[x] =
AT <x<K+1, and(m (M 1<x <K, forall jeN, canbefoundm

O (n) time by using Algorlthm RMPkCmax as a subroutine.
15.2.2 Minimizing Total Completion Time

For a schedule Sg; (k), the completion time of a job j = 7¥!(r) scheduled in position
r of the xth group can be given by

Covigy = Ex+ Ti 4+ B2+ T+ Exoy + Tt + 0 bl e

u=1
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It follows from (15.13) and (15.14) that

x—1 nt!
[v] [v]
‘](r) = Z Z(l + Cﬂlfl](u))ﬂﬁvl(u)pﬂ[”](u)
v=I u=lI

+ Z u,r[x 1y Pty + Z n

u=1

Thus, the sum of the completion times F(Sg; (k)) = > C;(Sg1(k)) can be written
as

F(Sgi(k))

¥ x—1 pl

k x—1
z Z z Z(l C[v 1(,,))M7T[v1(u)p~r""(u) + Z Nﬂlxl(u)p'r @ T Z n[v]
x=1 v=lI

r=1| v=1 u=1 u=1

Substitute the constant term

¥l x—1

T(k) = ZZZ" (15.20)

x=1 r=1 v=1

and rearrange the above expression to obtain

k x—1 nlv) N
F(Sp1(k) = 2| ™ 30 (4 Gl Dt Prtsin + 22 D ik Prtsin
x=1 v=1u=1 r=1u=1
+F(k)
nl¥l k
=Sttt ) (32 )
v=x+1
nlxl
+ZZ —r+l “Eﬂl(r)pwm(r) + )
x=1r=1
k nl¥l k
_ [x]
= Z Z|:( Z U])(l + C,r)[(x](r)) + ( Xl 4 1):|,u7r|x](r)pﬂ[x](r)
x=1r=1 v=x+1

+T (k).
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The above can be represented as

ko nlxl

F(Spi(k)) = D D WL (1) prisigry + T k), (15.21)

x=1 r=l1

where

k
Wiﬁll(r)(r) = |:( Z ”[v])(l + Cﬁ)}(r)) + (M —r + 1):|N£}xu]1(r),

v=x+1
l<x<k, 1 <r<n™,
is a job-dependent positional weight, such that the product WJT){]] (n Pt (r) TEPrESENLS
the contribution of job j = 71 (r) scheduled in position r, 1 <r < n*1 of group
x, 1 < x <k, to the objective function >" C;(Sg; (k)).

The function (15.21) admits a generic representation (12.3), so that Proce-
dure RMP1 is in principle applicable. In particular, for each outcome of Deci-
sion (B1), i.e., for fixed values n™!, 1 < x <k, of the numbers of jobs in each
group, schedule S, (k) that corresponds to the smallest value of function (15.21)
can be found by solving an LAP. Notice that the weights are job-dependent so that
for each outcome of Decision (B1), the corresponding LAP will have an n x n cost
matrix (see Sect. 12.4).

Thus, in order to solve problem 1|RM P(K), A[x]| > C;, we apply Procedure
RMP1, which involves solving a linear assignment problem (LAP) in the full form
as a subroutine in Step 1(b). According to Lemma 12.1, the number of times an LAP
will have to be solved is equal to O (n*). The running time required to solve ann x n
LAP (see Sect.4.1) is equal to O (n?). Thus, the following statement holds.

Theorem 15.6 An optimal solution for problem 1|RMP(K), A[X]| > C; can be
found in O(nK +3) time applying Procedure RMPI and solving a series of n X n
linear assignment problems.

Now, let us consider a special case in which the found positional weights are job-
independent, i.e., when /\5-"] =M1 1<x<K+1,and Cj[.x] =(" 1 <x <K,for
all j € N, so that we have

k
W[x](r) — |:< Z n[”])(l +<[x]) + (n[x] —r+ 1):|‘u/[x]7 l<x<k l<r< nlxl

v=x+1

If the positional weights are given as above, the function (15.21) admits a generic
representation (12.3), so that Procedure RMP1 is in principle applicable. Since the
weights are job-independent, Procedure RMP1 involves solving a linear assignment
problem with a product matrix as a subroutine in Step 1(b). According to Lemma 12.1,
the number of times an LAP will have to be solved is equal to O (nK ) The running
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time required to solve an LAP with a product matrix is equal to O(nlogn); see
Sect. 12.4. Thus, the following statement holds.

Theorem 15.7 Anoptimal solution for problem 1 ‘RMP(K), Al |Cmax, with /\5.’“] =
A1 <x <K+ 1, and Cj[»x] =(" 1<x <K, forall j €N, can be found in
o (nK+' log n) time applying Procedure RMP1 and solving a series of linear assign-
ment problems with a product matrix.

15.3 Bibliographic Notes

The concept of rate-modifying maintenance activities was first introduced by Lee
and Leon (2001). It is described how this idea is relevant in the electronic man-
ufacturing industry. They consider a range of problems for a model in which the
processing times of jobs vary depending on whether the job is scheduled before
or after the RMP. The main model uses a rate-modifying multiplier \;, which is
job-dependent; however, simplified models with job-independent rates are also con-
sidered. The objectives considered in Lee and Leon (2001) are the makespan, the
sum of the completion times, the weighted sum of the completion times, and the
maximum lateness. Polynomial-time algorithms are provided for the first two objec-
tives; however, pseudo polynomial-time algorithms are provided for the latter two.
Mosheiov and Sidney (2010) extend that work and study a situation in which the
duration of the RMP is not constant but is a non-decreasing linear function of its
start time. They provide polynomial-time algorithms for the problems of minimizing
the makespan, the sum of the completion times, the maximum lateness, the total
earliness, tardiness, and due-date cost, and the number of tardy jobs. In particular,
Theorem 15.1 is proved in Lee and Leon (2001) for the RMP of a constant dura-
tion, while Corollary 15.1 is proved in Mosheiov and Sidney (2010), provided that
the duration of the RMP is linear and satisfies (15.3). Similarly, Theorem 15.2 is
proved in Lee and Leon (2001) and in Mosheiov and Sidney (2010), for the RMP of
a constant duration and of the duration given by (15.3), respectively.

Lee and Lin (2001) consider a situation in which the machine is allowed to break
down if an MP is not inserted until a given instant. This instant is a random variable,
with a known probability density function. If the machine is found to break down,
then a repair activity must be performed, which takes considerably longer than an
MP. Similar to Lee and Leon (2001), this paper also assumes that the processing
times of jobs vary depending on whether the job is scheduled before or after the
MP. The rate-modifying multiplier A; is, however, assumed to be job-independent.
The objectives considered by Lee and Lin (2001) are the makespan, the sum of the
completion times, and the maximum lateness. Both resumable and non-resumable
scenarios are considered.
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Chapter 16
Scheduling with Maintenance
and Positional Effects

In this chapter, we discuss single machine scheduling problems with positional effects
and rate-modifying activities to minimize the makespan. Our main focus will be to
explore models with both job-dependent and job-independent deterioration effects
and maintenance activities. We provide a variety of solution approaches that effi-
ciently solve different versions of the general problem. We provide a full account of
the entire range of single machine problems that can be solved using the developed
solution approaches.

In the problems considered in this chapter, the jobs of set N = {1, 2, ..., n} are
to be processed on a single machine. Each job j € N is associated with a normal
processing time p;. The actual processing time of the job is affected by its position
in the processing sequence, as well as by its relative position with respect to the
rate-modifying periods (RMPs) introduced in a schedule.

As described in Chap.7, under a job-dependent positional effect, the actual
processing time p;(r) of a job j sequenced in position 7 is given by

pi(r) =pjgi(r), jeN, 1 <r <n,

where g;(r),j € N,is ajob-dependent positional factor. Recall that if the values g;(r),
1 < r < n,form anon-decreasing sequence for eachj € N, we deal with a positional
deterioration effect. Such a model represents a scenario in which each job wears out
the machine in a different way; hence, each jobj € N is associated with a unique set
of positional factors. On the other hand, if the sequence is non-increasing for each
J € N, alearning effect is observed.

Under a job-independent positional effect, the actual processing time p;(r) of a
job j sequenced in position r is given by

pi(r) =pjg(r), jeN,1 <r=<n,

© Springer International Publishing Switzerland 2017 333
V.A. Strusevich and K. Rustogi, Scheduling with Times-Changing Effects

and Rate-Modifying Activities, International Series in Operations

Research & Management Science 243, DOI 10.1007/978-3-319-39574-6_16


http://dx.doi.org/10.1007/978-3-319-39574-6_7

334 16 Scheduling with Maintenance and Positional Effects

where g(r), | <r < n, forms an array of positional factors that is common for all
jobs. Similar to the above, if array g(r), 1 < r < n, is monotone non-decreasing (or
non-increasing), then we have a situation of positional deterioration (or of positional
learning, respectively). Assuming that the processing machines are continuously
available, scheduling problems with positional effects and their generalizations are
studied in Chap.7.

In this chapter, we consider enhanced single machine scheduling models in which
the processing times of the jobs are subject to positional effects and various RMPs
can be introduced on the processing machine.

Consider a general situation, outlined in Sect. 12.4, in which the decision-maker is
presented with alist (RMPI'I, RMP[?!, . RMP¥1)of K > 1 possible rate-modifying
activities. The decision-maker may decide which of the listed RMPs to insert into
a schedule and in which order. Chapter 15 presents the results on scheduling with
RMPs, provided that the normal processing times of the jobs are only affected by
the rate-modifying multipliers associated with the inserted RMPs.

If k — 1 RMPs are chosen from the available K options, then the jobs are divided
intok, 1 <k < K 4 1 groups. Depending on which RMPs are chosen and the order
in which they are performed, the actual processing time of a job j € N, scheduled in
position r of the xth group, can be given by

PP =pg), L<r<n 1<x<k (16.1)

where g}x] (r) is a job-dependent group-dependent positional factor. The presence of
group-dependent positional factors implies that the actual processing time of a job
is dependent on the position of the job in a group and also on the group that job
is scheduled in. This is the most general positional factor known, since it allows a
three-way dependency, namely on a job, a group, and a position.

If the positional effect is job-independent, the actual processing time of a job
J € N, scheduled in position r of the xth group, can be given by

P =pigtr). 1<r<n 1<x<k (16.2)
where g*!(r) is a group-dependent positional factor.
If a pure deterioration model is considered, then the positional factors within a
group x are in non-decreasing order

1=g' W =g?'@ < sg'm, L<sx<k jeN.  (163)

whereas if a pure learning model is considered, then the positional factors within a
group x are in non-increasing order

1> g =g = = gMm). 1<x<k jeN. (16.4)
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Notice that the group-dependent positional factors g}x] (r) reflect an influence that
the RMPs may have on actual processing times, and as such, they include possible
rate-modifying multipliers )\J[.x] that are used in the models studied in Chap. 15.

If the positional effect is job-independent, then the inequalities (16.3) and (16.4)
hold without the subscript j, for a deterioration effect and a learning effect, respec-
tively. As discussed in Chap. 7, it is also possible to have an arbitrary non-monotone
positional effect, which could possibly arise due to a combination of deterioration
and learning effects. We study such combined effects with different types of RMPs
in Chap. 18.

In this chapter, we focus on the problems of minimizing the makespan under
a pure deterioration effect, so that (16.3) holds, with and without job dependence.
In this case, the RMPs can be understood as maintenance periods, which might be
included into a schedule in order to handle the deteriorating machine conditions.

See Example 12.2 for an illustration and a description of a practical situation that
corresponds to the problem with group-dependent positional effects.

Problems of minimizing the makespan with RMPs and learning effects are con-
sidered in Chap. 18 among the problems with more general scenarios. Chapter 18
also considers problems of minimizing the total completion time under positional
and more general effects.

The algorithms presented in this chapter for solving relevant problems are adap-
tations of the generic Procedure RMP1 from Sect. 12.4.

To count the number of the related instances, we use various combinatorial con-
figurations and identities listed in Sect.5.3. In the estimations of the running times
of the presented algorithms, we assume that the number K of available RMPs is a
constant, which is reasonable since usually the number of possible rate-modifying
activities to be performed is fairly small.

As often is the case in this book, the LPT sequencing of the jobs is important.
Recall that if the jobs are numbered in accordance with the LPT rule, then

P1L=p2r> - > py (16.5)

16.1 Job-Dependent Deterioration Effects

In this section, we study job-dependent positional deterioration effects along with
rate-modifying maintenance activities. The duration of an RMP included in a sched-
ule is determined as a linear combination of the actual processing times of the jobs
in the preceding group. It is assumed that in some schedule, jobs that are scheduled
in group x, before the xth RMP, form set N1, and the contribution of a job j € N™*!
toward the actual duration A of the xth RMP is equal to C}!xl p]'.x'(r). Here, p;x](r)
is the actual processing time of job j scheduled in position r within the xth group,
defined as p}x](r) = p_,-gj[x] (), where the positional factors satisfy (16.3), i.e., a dete-
rioration effect within a group is observed. Thus, the duration of the xth RMP is
given by
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A =3 P+, (166)

JjeNt

as defined in (12.2).

The problem of minimizing the makespan, under the general settings defined
by (16.1) and (16.6), is denoted by 1‘ p(r) = pigi (). RMP(K), AW (cmax, where
the first term in the middle field represents the presence of job-dependent positional
factors which follow (16.3), the second term points out that the list of K RMPs is
available for maintenance activities, and the third term indicates that the durations
of the RMPs follow a rule given by (16.6).

Similar to a less general problem 1|RMP(K ), Al |Cmax studied in Sect. 15.2, an
optimal solution to problem 1 ‘ () = pig™(r), RMP(K), AW
by adapting Procedure RMP1 from Sect. 12.4. In what follows, we show that problem

Cmax can be found

X

o) = pig}
its full form and can be solved in polynomial time.

](r), RMP(K), Al¥ ‘ Chax reduces to a linear assignment problem in

16.1.1 Computing Positional Weights

For problem l‘p_}"](r) = pjgj'.x'(r), RMP(K), AW ’Cmax, in accordance with Proce-
dure RMP1 fix outcomes (A1) and (A2), and for a particular outcome of Deci-

sion (B1) introduce a schedule Sg; (k) for an auxiliary problem 1 p}xl (r) =p; g}xl (r),

RMP(k — 1), AM|C,.x associated with certain outcomes of Decisions (B2) and (B3).

In schedule Sg; (k), the jobs are organized into groups N X1 1 < x < k, in which each
group N™ contains 7" jobs, where 3"*_, n* = n. The jobs in N are sequenced in
accordance with a permutation 7 = (7¥(1), #t(2), ... #lI(n)), 1 < x < k.

It follows that in schedule Sg; (k), the total processing time of the jobs assigned
to group x can be given by

nlxl

Ec =) paagi, (), 1 <x < k.

r=1
In accordance with (16.6), the duration A" of the RMP scheduled after the xth
group is given by

ntl

T, = Z Cjﬂl(r)p,r[xl(,)g;ﬁ](r)(r) + I <x<k-1

r=1
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Thus, for a schedule Sg; (k), the makespan can be written as

Cmax(SBl(k)) = El + Tl + E2 + T2 +-- 4+ Ex—l + Tx—l + Ex
k—1 n¥

=D D A+ )0 (P (16.7)

x=1 r=1

kel

+ Zg k](r) (r)pﬂ[" (r) + Z WM

The above can be represented as

nl
Conax (Sp1(K)) = Z > WH (Ipaie + T ), (16.8)
x=1 r=1
where the constant term is defined as
rk)=> 7", (16.9)
=
and
x] ( C[»J )D{] M, 1<r<n¥ 1<x<k-1
Wi (1) = e Gaicr - - (16.10)
-,r[kl(r)(r) 1<r=<n" x=k,

is a job-dependent weight, such that the product wh! il (Pl () TEPTESENLS the contri-
bution of jobj = 7*!(r) scheduled in position r, 1 < r < n*, of groupx, 1 < x <k,
to the objective function (16.7).

The function (16.8) admits a generic representation (12.3), and Procedure RMP1
is in principle applicable. In particular, for each outcome of Decision (B1), i.e., for
fixed values 1, 1 < x < k, of the numbers of jobs in each group, schedule S}, (k)
that corresponds to the smallest value of function (16.7) can be found by solving a
linear assignment problem (LAP). Below, we give implementation details of a less
straightforward implementation of Procedure RMP1, which is based on the fact that
the positional factors follow (16.3), i.e., are non-decreasing.
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16.1.2 Reduction to Rectangular LAP

In this subsection, we describe a solution approach, which is able to solve problem
1 pj[x] (r) = pjgj[x] (r), RMP(k — 1), AM|Cppax without prior knowledge of the number

of jobs n*! in each group, i.e., no specific outcome of Decision (B1) is needed.
The only prerequisite condition is that the computed positional weights Wj[x](r),
1 < r < nP, should be monotone within each group, i.e., should follow

WD) < W@ < < wHel), 1<x <k jeN. (16.11)

It is easy to notice that because the positional factors gj[x](r) follow (16.3), the
computed positional weights Wj[x](r), 1 < r < n%, defined by (16.10), are non-
decreasing within each group x, 1 < x <k, for each jobj € N.

In the case under consideration, Step 1 of Procedure RMP1 can be simplified, and
finding schedule S*(k) defined in Step 1(c) can be reduced to solving an LAP.

Define an LAP with a rectangular cost matrix that has n rows, each corresponding
to a jobj € N, and m = nk columns. Number the columns by a string of the form
(x, r), where x refers to a group, | <x <k, and r, 1 <r < n, indicates a position
within the group. Create an n x m cost matrix C = (cj,(x,,)) by setting n*! = n,
1 < x <k, and computing all values of the costs ¢;j (. r) by

e = WP, 1<r<n, 1 <x<k jeN, (16.12)

where the values Wj[x](r), 1 <r<n,1<x<k,comefrom(16.10). More precisely,
the value of the element c; (., located at the intersection of the jth row and the vth
column of matrix C for v, 1 < v < m, such that v = n(x — 1) 4+ r, corresponds to
the contribution of job j to the objective function, if it is scheduled at the rth position
of the xth group, where 1 < x < k and 1 < r < n. Notice that matrix C represents a
set of all possible values of ¢; ) and can be computed in O(n’k) time.

As a result, the problem of minimizing the generic objective function (16.8)
reduces to a rectangular assignment problem written as below:

k n
minimize Z Z Z Cj.(x,r)%j.(x.r)

JjeN x=1 r=1
subject to ZZj,(x,r) <L 1<x<k 1=sr=<m
jen (16.13)
k n
ZZZ,‘,()”) =1,j€N;
x=1 r=1

Ziwrn €{0,1}, jeN, 1 <x<k, 1<r=<n.
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Recall that a rectangular assignment problem of the form (16.13) can be solved by
Algorithm LAPD outlined in Sect.4.1.1. The running time of this algorithm applied
toa LAP with ann x m cost matrix, m > n,is O(n> + nm). Thus, an optimal solution
for problem (16.13) can be found in O(n® + n’k) time.

Suppose that for some k, 1 < k < K + 1, the solution of the assignment prob-
lem (16.13) related to an auxiliary problem 1|p"(r) = p;g" (r), RMP(k — 1), AM)
Cmax is found. Then, z; (. = 1 implies that in the corresponding schedule S*(k),
job j is assigned to the rth position of group x. The conditions of (16.13) mean that
each job will be assigned to a position and no position will be used more than once.
The condition (16.11) guarantees that the found assignment admits a meaningful
scheduling interpretation, because for each of the k groups either several consec-
utive positions starting from the first are filled or the group is not used at all. In
principle, the same solution approach remains valid even for the case with non-
monotone positional factors, since setting n =n, 1 < x <k, does indeed generate
a set of all possible cost functions ¢; (. ) for the latter case as well. However, since
the condition (16.11) does not hold for the case with arbitrary positional effects, it
cannot be guaranteed that consecutive positions (starting from the first position) are
filled in each group, thereby resulting in an infeasible solution. To ensure feasibility
of the obtained solution, it is essential that the obtained positional weights should be
monotonically ordered within a group.

Thus, in the case under consideration, we modify Procedure RMP1 by replacing
Step 1 by the following:

Step 1. Given problem 1
come (A1) and (A2), do

pjm r) = pjgj[x] (r), RMP(K), A™|Cpax, for each out-

(a) Define I' (k) by (16.9) and compute positional weights Wj[x] (r),jeN,1<
r < n, by (16.10) applied with ™ =n, 1 < x < k.

(b) Create the cost matrix C = (cj,v,»)) with the elements (16.12).

(c) Find schedule S*(k) by solving the linear assignment problem (16.13).

The following statement holds.

Lemma 16.1 An auxiliary problem l‘pj[.x](r) = pjgj[x](}"), RMP(k — 1), Nx])

Chax Under a positional deterioration effect (16.3) can be solved in o> + n*k)
time by reduction to a rectangular LAP of the form (16.13).

In accordance with the modified Procedure RMP1, in order to obtain a sched-
ule S* that is optimal for the original problem l‘ p_][-xJ (r) = pjg}xJ (r), RMP(K), A["])
Chax, We need to generate all possible outcomes (Al) and (A2), to find sched-
ule S*(k) for each generated auxiliary problem 1‘ p][.x](r) = pjg}”(r), RMP(k — 1),
AWM |Cpnyy and identify the best of the found schedules.

As proved in Lemma 12.1, the number of all possible outcomes (A1) and (A2) can

be estimated as Z,[f:ll K*! Sinceforak, 1 <k <K+ 1, solving the correspond-

ing rectangular LAP requires O(n3 + nzk) time, the total running time required to
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solve the general version of problem 1 pj[.x] r) = pjgj[x] (r), RMP(K), AM|Cpax by

the modified Procedure RMP1 can be estimated as O(n3K K423 kK"_l).

Due to
K+1 2
1 1 K*-2
> kK = ——— 4 KK ——— = (K",
P K12 K (K — 1) (k™)

the overall running time can be written as O(n*K* + n? KXy = O(n’K* (n + K)),
which is polynomial in n for a constant K.

Theorem 16.1 Problem 1‘p][.x](r) =pjgj[x] (r), RMP(K), A[x]‘Cmax under a

positional deterioration effect (16.3) can be solved in O(nzKK n+K )) time by
reduction to O(K K ) rectangular linear assignment problems.

Notice that the running time stated in Theorem 16.1 may be reduced if we consider
a less general situation, in which some of RMP Decisions do not need to be taken.
Let us evaluate the number of different combinations for RMP Decisions 1-3 that are
needed to solve less general versions of the problem. We may consider in total 23 = 8

versions of problem 1 p}xl(r) = pjg_}xl(r), RMP(K), A¥!|Cpay, distinguishing them
based on the three criteria:
(a) The RMPs are identical or distinct;

(b) Deterioration factors are group-independent or group-dependent, and
(c) Durations of the RMPs are constant or defined by (16.6).

Notice that the model with the RMPs of constant duration is a special case of
(16.6) with all coefficients Cj[x] equal to zero. More specifically, the duration of an
RMP[Y], 1 <y <K, in the given list is equal to 77[»"].

For each version, an individual auxiliary problem 1 ‘p}x](r) =pig’ (1),
RMP (K), A™ |Cmx is solved by reduction to a rectangular LAP, as discussed above.

Table 16.1 states the numbers of possible outcomes (Al) and (A2), i.e., the
number of auxiliary problems 1 pj[.x] (r) =p g}x](r), RMP(k — 1), AW )Cmax that are

needed to be solved in order to solve a version of problem 1‘ p][.x] (r) = pjgj[x](r),

RMP(K), A¥|Cpax. In the rows of Table 16.1 and several other tables presented
later in this chapter, we write either GI or GD, depending on whether the deteriora-
tion factors are group-independent or group-dependent, respectively.

Notice that if all available RMPs are identical, then only RMP Decision 1
must be taken, i.e., only an optimal number of the RMPs in the schedule has to
be determined. Thus, problem l‘pj[-x] r) = p_jgj[x] (r), RMP(k — 1), AM|Cpax must
be solved K + 1 times. In this case, the running time required to solve problem
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Table 16.1 Number of subproblems to solve for different versions of problem lp][.x](r)

= i) RMP(K). A ()| Cna

Constant duration RMP Variable duration RMP
Identical | Distinct Identical Distinct
GI K+1 K+1 K+1 2K
@ K+l S k-nl K4 £ 5wy

l‘pj[x](r) =pjg][x](r),RMP(K), AW Chox can be estimated as O(n*(K + 1)+

Skt 2 ) = 0(n?K (n + K)).

Now, consider the situation when the RMPs are distinct, but the deterioration
effects are group-independent. This problem corresponds to a scenario, in which
distinct RMPs are performed in the schedule, but they all restore the machine to the
same state. Thus, the order of the RMPs is irrelevant (i.e., any outcome of RMP
Decision 3 may be accepted), and the decision regarding the choice of the RMPs
to be included into a schedule (RMP Decision 2) is made only on the basis of the
durations of the RMPs.

If the durations of the RMPs are constant, then for each k, 1 <k <K + 1, we
need to take k — 1 RMPs with the smallest values of 1!, which can be found in
O(K log K) time by sorting and renumbering the list of the RMPs in non-decreasing
order of their durations, so that

holds. Thus, if RMP Decision 1 is assumed to be taken, so that X — 1 RMPs are to
be included in the schedule, 1 < k < K + 1, then RMPIH, ... RMP¥*—! are to be
chosen and inserted into a schedule in the order of their numbering. Finally, K + 1
options need to be evaluated in order to make RMP Decision 1.

On the other hand, if the durations are determined by (16.6), there is no easy way
of selecting the best k — 1 RMPs from the K available RMPs. Thus, all possible
selections need to be tried and this can be done in (k ]) ways. Trying all possible
valuesofk,1 <k <K+ 1 (1 e., taking RMP Decision 1), the total number of options
can be estimated by ZK+1 ( ) = 2K Thus, the total running time required to solve

this version of problem 1 ‘ pP(r) = pig™(r), RMP(K), AW|C
as O(n'2X + T4 k(X)) = 0(P2% (n + K)).

The corresponding running times required to solve different versions of problem
Lpj" (1) = pig;" (r), RMP(K), AN

Cmax can be estimated

Chax are given in Table 16.2.
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Table 16.2 Running time required for different versions of problem lpj[x] (r) = pjgj[x](r),
RMP(K), A ()| Cma

Constant duration RMP Variable duration RMP

Identical Distinct Identical Distinct
GI O(n’K(n+K)) O(n*K(n+K)) O(n’K(n +K)) 022X (n + K))
GD |O(n*K(n+K)) OM*KXn+K)) |Om*K@®n+K)) O(n* k¥ (n+K))

16.2 Job-Independent Effects

In this section, we study job-independent positional deterioration effects along with
rate-modifying maintenance activities. The duration of an RMP is given by

A[V](T) = C[y]T+T][y], (1615)

as introduced in (12.1), where 7 is the starttime of the RMP, measured either from
time zero in the case of the first RMP or from the completion time of the previous
RMP. Notice that the duration given by (16.15) is simply the job-independent version
of (16.6).

The problem of minimizing the makespan, under the general settings defined
by (16.2) and (16.15), can be denoted by 1‘p][.x] (r) = pijg"™(r), RMP(K), A'XI(T))
Chax, Where the first term in the middle field represents the presence of job-
independent positional factors which follow (16.3), the second term points out that
K RMPs are available for maintenance activities, and the third term points out that
the duration of the RMPs follows a job-independent rule as given by (16.15).

An optimal solution to problem 1 ‘ pj[.x] (r) = pjg™l(r), RMP(K), AW (7))
Chax can be found by adapting Procedure RMP1 from Sect. 12.4. In what follows, we
show that problem 1‘ p]m (r) = pjg™(r), RMP(K) A (7) ‘Cmax reduces to a series of

linear assignment problems with a product matrix and can be solved in polynomial
time.

16.2.1 Computing Positional Weights

For problem 1 ‘ PP (r) = pg™)(r), RMP(K), AL (T)‘Cmax, in accordance with Pro-
cedure RMP1 fix outcomes (A1) and (A2), and for a particular outcome of Deci-

sion (B1), introduce a schedule Sgi(k) for an auxiliary problem lp][.x]

(r)y= pjg["](r), RMPk — 1), AD] (7) | Cmax associated with certain outcomes of Deci-
sions (B2) and (B3). In schedule Sg,(k), the jobs are organized into groups N¥,
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1 < x < k, and each group N™! contains n™ jobs, where 3"*_ ™l = n. The jobs in
N™ are sequenced in accordance with a permutation 7 = (x¥(1), #1(2), ...,
lxl (n[x])), 1<x<k.

Computing the value of the makespan for schedule Sg; (k) is quite similar to that
presented in Sect. 16.1.1. It follows that for a schedule S (k), the makespan can be
written as

k=1 nk nlkl k—1

Conax (SB1(0)) = D >~ (1 + Mg (g + D gM Opaingy + D ™.

x=1 r=1 r=1 x=1

(16.16)
The above can be represented as a generic objective function of the form

k n

Conax(Se1(K) = D D" W)y + T k), (16.17)

x=1 r=1

where I" (k) is defined by (16.9) and

(14+¢"NgWr), 1<r<n 1<x<k-1,

g™ @), l<r<n¥ x=k (16.18)

W) = l

is ajob-independent weight, such that the product Wm (nPri () TEpresents the contri-
bution of job j = 71 (r) scheduled in position 7, 1 < r < a™!, of groupx, 1 < x <k,
to the objective function (16.16).

The function (16.8) admits a generic representation (12.3), and Procedure RMP1
is in principle applicable. Notice that the weights are job-independent so that for
each outcome of Decision (B1), the corresponding linear assignment problem will
have a product cost matrix(see Sect. 12.4).

Below, we consider eight versions of problem 1

P (r) = pig™(r), RMP(K),

AD] (7')‘Cmax distinguishing between them based on three criteria (a), (b), and
(c) listed in Sect. 16.1.2. We present three solution approaches, which handle dif-
ferent versions of problem 1 pj[-xJ (r)= pjg[x] (), RMP(K), AWM (T)‘Cmax. All three

approaches are able to take Decision (B1), i.e., to find the optimal values of n™¥,
1 <x <k, on the fly. The approaches differ in how outcomes (A1) and (A2) are
generated. Based on these differences, we study different versions of the main prob-
lem in three separate subsections. The three solution approaches require different
running times, but they all use a subroutine which implements the ideas of Algo-
rithm Match, i.e., the corresponding optimal permutation of jobs is obtained by
matching jobs with large normal processing times to small positional weights.

Table 16.3 lists the different versions of problem 1pj[x](r) = pig™(r),

RMP (K), A¥)(7)|Cpnax considered in this chapter and gives references to the
appropriate sections.
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Table 16.3 Different versions of problem 1 p][.x] () = pjg™ (), RMP(K), AW (7)|Cinax

Constant duration RMP Variable duration RMP
Identical Distinct Identical Distinct
GI Sect. 16.2.4 Sect. 16.2.4 Sect. 16.2.3 Sect. 16.2.2
GD Sect. 16.2.3 Sect. 16.2.2 Sect. 16.2.2 Sect. 16.2.2

16.2.2 Reduction to LAP with a Product Matrix

Let us begin our consideration with the most general version of problem 1 p][.xJ (r)=

pig™(r), RMP(K), AW (7-)|Cmax, with group-dependent deterioration factors and
distinct RMPs of start-time-dependent durations. We describe a solution approach,

which is able to solve the auxiliary problem 1 pj[.x](r) = p;g"(r), RMP(k — 1),

AM(7)|Cpnax without prior knowledge of the number n!*! of jobs in each group. Sim-
ilar to (16.11), we require a prerequisite condition that computed positional weights
WHl(r), 1 < r < nM, should follow

w1y < whH@) <. < whlEM), 1 <x <k (16.19)

It is easy to notice that because the positional factors gt*!(r) follow (16.3), the
computed positional weights W¥!(r), 1 < r < n™*l, are non-decreasing within each
groupx, 1 <x <k.

Theorem 16.2 Given an auxiliary problem lpj[x](r) = p;g"(r), RMP(k — 1),

Al (T)|Cmax, where 1 <k <K + 1, compute all possible positional weights
WH (), 1 <r<n1<x <k using (16.18) withn™ = n and choose the n smallest
among them. For a particular group, if the chosen elements occupy consecutive posi-
tions, then assigning the jobs with the largest normal processing times to the positions
associated with the smallest positional weights will create a schedule S* (k) which
minimizes the objective function (16.17).

Proof The proof of the theorem is rather straightforward. Notice that at most n posi-
tions can be used in each group. In a schedule with k groups, we have a choice of
at most nk positions, in which n jobs can be potentially scheduled. Each of these
positions has a certain positional weight associated with them. Recall that the contri-
bution of a job j = m*(r) to the objective function Cinax (S(k)) is given by W (r)p;.
Thus, following from Sect. 2.1, in order to ensure the smallest value of the objective
function, we must choose n positions that generate the smallest positional weights.
Since all possible values of W*!(r) are known, we can identify these positions.
Moreover, due to (16.19), it can be ensured that for each group, the found positions
form a block of consecutive positions starting from position 1. These positions may
be used to create a feasible schedule. For a group x, the number of chosen positions
gives us the value n?*!, 1 < x < k. O
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We now apply Theorem 16.2 to finding an optimal solution S$*(k) to problem
1 ‘p}x](r) = p;g"(r), RMP(k — 1), AW () ‘Cmax. This can be done by the following

algorithm. In the description of the algorithm, it is assumed that the jobs are numbered
in the LPT order (16.5).

Algorithm NSmallPosi

INPUT: An instance of problem 1

PY(r) = pighl(r), RMP(k — 1), AF/(7)| Crnax

OUTPUT: An optimal schedule S* (k) defined by the processing sequences 71!, 1 <
x <k

Step 1. For each group x, 1 <x <k, define an empty processing sequence
7 := (@) and the weight W := WI(1) computed as in (16.18). Create a non-
decreasing list €2 of the values Wl 1 < x < k; to break ties, place the weight
associated with a group with a smaller index x earlier in the list.

Step 2.  For each job j from 1 to n, do

(a) Take the firstelement Wl in list , the smallest available positional weight.

(b) Assign job j to group v and place it after the current permutation 7(*!,
i.e., update 7" := (#l"!, j) and associate job j with the positional weight
Wl Remove W' from list Q. Compute r = |7!"!|. Use (16.18) to update
Wl .= Wl + 1), and insert the updated value Wl into €, maintaining
list 2 non-decreasing.

Step 3. The found permutation 7* = (7', #f?I, ... 7l¥) defines an optimal
schedule S* (k). Compute the optimal value of the objective function Cp.x (S*(k))
by (16.17).

In Step 1 of Algorithm NSmallPosi, list €2 can be created in O(k log k) time. Each
iteration of the loop in Step 2 requires O(log k) time, since the insertion of the updated
weight into a sorted list can be done by binary search. Notice that the total number
of the weights computed in Steps 1 and 2 does not exceed n + k. Since n > k, the
following statement holds.

Lemma 16.2 For an auxiliary problem lpj[.x](r) =pjg["](r), RMP(k — 1),

A (T)|Cmax under a positional job-independent deterioration effect, Algorithm
NSmallPosi finds an optimal schedule S*(k) in O(nlogn) time, or in O(nlogk)
time, provided that the LPT sequence of the jobs is known.

Thus, in the case under consideration, we modify Procedure RMP1 by replacing
Step 1(b) and (c) by the following:

Step 1(b"). For each outcome of Decision B(1), do
Find schedule S* (k) by applying Algorithm NSmallPosi.
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Table 16.4 Running time required for diffrent versions of problem 1 p][.x](r) :pjgm(r),

RMP(K), AM(7)|Cinax

Constant duration RMP Variable duration RMP

Identical Distinct Identical Distinct
GI Sect. 16.2.4 Sect. 16.2.4 Sect. 16.2.3 0(n2K log K)
GD Sect.16.2.3 O(nkXlogk) | O(nKlogK) O(nkX log K)

As proved in Lemma 12.1, the number of all possible outcomes (A1) and (A2)

can be estimated as Zf:ll K*=1. Since Algorithm NSmallPosi requires O(n log k)

time to run for a given k, 1 < k < K + 1, the total running time required to solve the
most general version of problem 1‘pjm (r) = pjg™(r), RMP(K), A (T)‘Cmax can
be estimated as O(n KK log k) = O(nK* log K), which is linear in n for a
constant K.

Now, let us consider other less general versions of problem 1‘ pj[.x] (r) =p; g l(r),

RMP(K), A¥)(7)|Cpnax. Similar to Sect. 16.1.2, we consider 8 versions of problem
1 p_}x](r) = pjg[x] (r), RMP(K), A™ (T)‘Cmax. For each version, the auxiliary prob-

lem 1)p}"](r) = g™ (r), RMP(K), AW (7) ‘Cmax is  solved  in
O(nlogk) time by applying Algorithm NSmallPosi. Again, similar to the job-
dependent version of the problem, Table 16.1 states the number of times the auxiliary
problem 1‘ pj[.x](r) = p;g"(r), RMP(k — 1), AW (T)‘Cmax must be solved in order to

solve  different  versions of  problem 1‘ p][.x] (r) = pjg™(r), RMP(K),
AM(T) | Cpax.

The corresponding running times required to solve different versions of prob-
lem l‘p}x](r) = pig™(r), RMP(K), A™(7) ‘Cmax are given in Table 16.4. Notice
that although Algorithm NSmallPosi is able to solve all eight versions of problem
l‘p}x] (r) = pjg™(r), RMP(K), A™ (T)‘Cmax, for some cases, it is possible to make
RMP Decisions 1-3 on the fly by using another solution approach, which allows the
optimal solution to be found faster. For such cases, a reference to the relevant section
is made in Table 16.4.

Below, we present examples of situations in which the outlined approach based
on Algorithm NSmallPosi is not applicable.

First, the approach cannot be used for the problem lpj["](r) = pjg™(r),

RMP (K), A (1) |Cmax of minimizing the makespan with non-monotone positional
factors. Although setting n¥! = n. 1 < x < k does indeed generate a set of all possi-
ble positional weights W1(r), still the condition (16.19) does not necessarily hold,
and it cannot be guaranteed that the n smallest positional weights come from the
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consecutive positions (starting from the first position) of a group, thereby resulting
in an infeasible solution.

Second, the approach cannot be extended to minimizing another objective func-
tion, i.e., the total completion time. For illustration, take problem 1| p(r) = p;re,
RMP(K), A(T)| > C; with a group-independent polynomial deterioration effect,
i.e., g[x] (r)=r% a > 0,and K identical maintenance periods that have start-time-
dependent durations, i.e., (' = ¢ and n*) =7, 1 < x < K. It can be proved that
for this problem, solving an auxiliary problem 1|p(r) =pir*, RMP(k — 1), A(T)}
> C; reduces to minimizing a generic function of the form (16.17) with the posi-
tional weights

Wity = [ T+ O = ] 2 12 r i
=1

nld —r 4 1) I<r<n¥ x=k

(16.20)

Notice that for the positional weights defined above, it is not possible to generate a
set of all possible values of W (r),1 < r < nl¥, 1 < x < k, without prior knowledge
of the number n*! of jobs in each group. Thus, Theorem 16.2 does not hold, and as
a result, Algorithm NSmallPosi cannot be used.

We revisit both situations in Chap. 18 and solve the corresponding problems
and their generalizations. In particular, problem 1|p(r) =pir*, RMP(k — 1), A(T)I
> C; will be proved solvable in O(n* logn) time by full enumeration of possible
outcomes of Decision (B1), i.e., of all possible values of n™1, 1 < x < k.

16.2.3 On the Fly Decision Making

In this subsection, we present a solution approach that allows making RMP Deci-
sions 1-3 on the fly, without enumerating all possible options. This gives the desired
outputs (Al) and (A2) and helps us to considerably reduce the running time for

solving variants of the original problem 1‘p][.x](r) = p;g™l(r), RMP(K), A¥(7)
Cmax listed below.

P (r) = pig™(r), RMP(K)
j — jg ) )

A (7')‘CmaX with group-dependent deterioration factors and distinct RMPs of

Problem Posil: This is a version of problem 1

constant durations. Assume that for each RMPD] from a given list, b =0,
1 <y <K, holds and the RMPs are numbered in non-decreasing order of their
durations, i.e., (16.14) holds. The positional factors g'“(r), 1 < r < n, are asso-
ciated with jobs of the first group that is created before the first RMP. If a certain
RMP[y], 1 <y <K, is included in the schedule, then the jobs of the group that
follows that RMP are associated with the positional factors g[y“] r,l <r<n.
Under the numbering of the RMPs given by (16.14), the factors associated with
a certain position in group form a non-decreasing sequence, i.e.,
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M) =g = ="M Tsrn (16.21)

Problem Posil is a generalization of one of the cases found in Table 16.4, in which
group-dependent deterioration factors are considered along with identical RMPs
of constant duration, i.e., ¢ bl = 0, 17[)’] =1, 1 <y < K. For the latter problem,
it is reasonable to assume that (16.21) and (16.14) hold simultaneously, based on
the following argument. If identical RMPs of equal duration are performed on the
machine, then after an RMP the condition of the machine can be no better than
its condition after the previous RMP. In such a case, every position (including the
first position) in a group after an RMP will have a worse deterioration factor than
its counterpart in an earlier group.

Problem Posi2: This is a version of problem 1 p}x](r) =pjg(r), RMP(K),

ADbl (7)|Cmax  With group-independent deterioration factors, ie., g"¥(r) =
g(r), 1 <r<n,1 <x <K+ 1, and distinct RMPs with start-time-dependent
durations with agreeable parameters, i.e., ¢ ] < ¢ [>2] implies n[y‘] < n[yz] for
every pair of the RMP indices y; and y,. Assume that the given K RMPs are
numbered in such a way that

C[l] < C[z] <...< C[K] (16.22)

and (16.14) hold simultaneously. This version is a generalization of one of the
cases found in Table 16.4, in which group-independent positional factors are con-
sidered along with identical RMPs of start-time-dependent duration, i.e., (! = ¢,
77["] =1, 1 < x < K. The latter problem corresponds to a scenario in which iden-
tical RMPs are performed in the schedule and they all restore the machine to the
same state.

In order to solve both versions of problem 1pj[x](r) = pjg™(r), RMP(K),

A7) | Chax described above, an optimal choice for RMP Decisions 2 and 3 can be
made easily. If RMP Decision 1 is assumed to be taken, sothatk — 1,1 <k < K + 1,
RMPs are to be included in the schedule, then for both problems, RMP!!I, ...
RMP*~1I are to be chosen and inserted into a schedule in the order of their num-
bering. For a chosen k, this gives the best outputs (A1) and (A2) for Problem Posil,
since the chosen RMPs have the shortest durations, and moreover, the created groups
will be associated with the smallest deterioration factors, since (16.21) and (16.14)
hold simultaneously. This gives the best outputs (A1) and (A2) for Problem Posi2
as well, since the groups are identical from the point of view of the associated posi-
tional factors, and the RMPs with smaller indices have smaller values of the duration
parameters, because (16.22) and (16.14) hold simultaneously.

For an assumed value of k, let RMP Decisions 2-3 be made, and let problem

l’p_}x](r) = pjg™(r), RMP(k — 1), AW (1) ’Cmax be the resulting auxiliary problem.
This problem can be solved by minimizing the generic objective function of the

form (16.17). For Problem Posil, obtain the required positional weights W (r) by
substituting (¥ = 0, 1 < x < k, in (16.18) so that
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W) =g"), 1<r<nt 1T <x<k, (16.23)

while for Problem Posi2, substitute g™ (r) = g(r), 1 <r <n¥, 1 < x <k, so that

I+ g, 1<r<n¥ 1<x<k—1,

[x] _
WH(r) = g(r) l<r<nPl x=k.

(16.24)

Take k = K + 1 and define n¥! := n, 1 < x < k. Compute all positional weights
WH(),1 <r <n,1<x <K+ 1, for each problem by using the formulae above.
Notice that the computed positional weights represent a list of all possible values of
W (r) across all possible groups.

Definition 16.1 If for each auxiliary problem 1 pj[x](r) = p;g*(r), RMP(k — 1),

AM(7)|Corax. 1 <k <K + 1, associated with problem 1|p\(r) = p;g™l(r),

RMP(K), AP)(7)|Cpax, for each possible position # the positional weight in group
x does not exceed the positional weight in the same position in another group y,
group x is said to dominate group y, | <x <k, 1 <y <k, x # y. If all available
groups can be linearly ordered with respect to the introduced dominance relation, then

problem 1 pjm (r) = pjg[x] (r), RMP(K), AM(T)|Cpay is said to satisfy the “K-domi”

condition.

Both Problems Posil and Posi?2 satisfy the K-domi condition. For Problem Posil,
due to (16.21), the positional weights associated with a position r are ordered so that
foreachk,1 <k < K + 1, we have

W) < W) <. <WH@E), 1 <r<n,

while for Problem Posi2, due to (16.22), the positional weights are ordered so that
foreachk,1 <k < K + 1, we have

W@ < will) < W) <. < Wy 1 <r <

These observations guarantee the required dominance for any pair of groups in
any of these two problems.

For versions of problem l’p}xl(r) = pjg[x] (r), RMP(K), A¥ (1) ’Cmax that simul-
taneously satisfy (16.14) and the K-domi condition, it is possible to take all RMP
Decisions 1-3 and to compute the optimal values of a1, 1 < x <k, on the fly.
Recall that for Problems Posil and Posi2, for a fixed outcome of RMP Decision 1,
we know the optimal outcomes of RMP Decisions 2 and 3. Thus, in order to solve
these problems, we apply the following methodology that is based on Theorem 16.2.

Similar to Algorithm NSmallPosi from Sect. 16.2.2, the method presented below
also finds an optimal schedule S* (k) with k groups, 1 < k < K + 1, by searching for
the n smallest positional weights and assigns the jobs with the largest values of p; to
the positions corresponding to the smallest positional weights. The main difference
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between the two algorithms lies in the way the list of the n smallest positional
weights is found. For each k, 1 < k < K + 1, Algorithm NSmallPosi searches for
the n smallest positional weights by comparing nk positional weights across k groups.
On the other hand, for each k,2 < k < K + 1, the method presented below searches
for the n smallest positional weights by comparing the n positional weights used in
schedule S*(k — 1) and the n positional weights that are obtained, if the kth group is
opened. As a result, the problem reduces to finding the » smallest elements from at
most 2n candidates, as opposed to nk candidates.

Formally, the approach outlined above is implemented by manipulating two
lists, which we denote by G(k — 1) and H (k). List G(k — 1) contains all the posi-
tional weights corresponding to the positions used in the previously found schedule
S*(k — 1), while list H (k) contains the positional weights that will be introduced if
the kth group is opened.

List H(v), 1 < v < K + 1, is defined differently for Problems Posil and Posi2.
For Problem Posil, H(v) contains the positional weights WI'I(r), 1 <r <n—
v+ 1, for !l = n, so that by (16.23), we have H(v) := (¢""!(1), g™ (2), ..., g
(n—v+1)), 1 <v <K+ 1. For Problem Posi2, notice that the values of the
positional weights given by (16.24) change dynamically as the value of k is
changed. Thus, we define H (v) so that this effect is incorporated; initialize H(1) :=
(g(1), g(2), ..., g(n)) and define H(v) := ((1 4+ ¢"M)g(D), (1 + M), ...,
(14 ¢P"Mg(n—v+1),2 <v <K + 1. Notice that for both problems, list H (v)
has at most n — v + 1 elements sorted in a non-decreasing order, | <v < K+ 1. It
suffices to keep only n — v + 1 elements in list H(v), since the condition K-domi
guarantees that each of the v — 1 earlier groups will have at least one job scheduled
in them.

For k =1, list G(1) is defined essentially as a copy of list H(1). For each &,
2 <k <K + 1, list G(k) is obtained be merging the lists G(k — 1) and H (k) and
taking the n smallest elements of this merger, keeping them in non-decreasing order.

Define P(S*(k)) as the sum of actual durations of the jobs in an optimal schedule
with k groups. Let ;(k) denote the ith element in the sorted list G(k), so that G(k) =
(71(k), v2(k), . .., yu(k)). This implies that

P(S* (k) = D pj(k),

j=1

so that
n k—1
Conax (87 (K)) = P(S* (k) + T (k) = > piyik) + D ™. (16.25)
j=1 x=1

where I' (k) is a constant term as defined in (16.9).
The following algorithm solves an instance of problem l‘pj[,x] (r) = pig™(r),
RMP(K), A™ (T)|Cmax and returns the optimal number of RMPs, k* — 1, to be
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included in the schedule (RMP Decision 1) along with the optimal schedule S*(k*)
with k* groups.

Algorithm NSmallPosi2

INPUT: An instance of either Problem Posil or Problem Posi2 with the jobs renum-
bered in the LPT order

OUTPUT: An optimal schedule S*(k*) defined by the processing sequences 7',
1 <x<k*

Step 1. For Problem Posil, define H(1) := (¢"'(1), ¢'"(2), ..., ¢! (n)), while
for Problem Posi2, define H(1) := (g(1), g(2), ..., g(n)). For a given prob-
lem, set G(1) := H(1). Compute Cpax(S*(1)) by formula (16.25). Define k' :=
K+ 1.

Step 2. For k from 2 to £/, do

(a) Createthelist G(k) = (v1(k), v2(k), ..., Y, (k)) that contains the n smallest
elements in the merger of the lists G(k — 1) and H (k).

(b) Compute Cpax (S*(k)) by formula (16.25). If P(S*(k)) = P(S*(k — 1)), then
define k' := k — 1 and break the loop by moving to Step 3; otherwise, con-
tinue the loop with the next value of k.

Step 3. Find the value k*, 1 < k* < k/, such that
Conax (87 (k%)) = min{Cax (S*(0)) 1 < k < K'}.

Step 4. Run Algorithm NSmallPosi for the found value of £* to obtain the optimal
processing sequence m* = (w11, 721, . #lK7T),

Our method is justified, because list G(k — 1) already contains the n smallest posi-
tional weights coming from the first k — 1 groups. Thus, to search for the n smallest
weights needed for schedule S(k), there is no need to scan the first k — 1 groups
again. In other words, we utilize the fact that if a certain position in the first k — 1
groups is not used in schedule S*(k — 1), it will not be used in schedule S* (k) either.
In Step 2, for every k, both lists G(k — 1) and H (k) have at most n elements sorted
in anon-decreasing order; therefore, each Step 2(a) and Step 2(b) can be completed in
O(n) time. If the loop in Step 2 is not broken throughout the run of Algorithm NSmall-
Posi2, the final value of k' remains equal to K + 1,i.e., it is possible that all RMPs will
be run and all groups will be opened in an optimal schedule. The loop in Step 2 may
be stopped when in Step 2b the condition P(S*(k)) = P(S*(k — 1)) is achieved. This
condition implies that the opening of the kth group does not provide any positional
weights smaller than those contained in the list G(k — 1). If this happens for the
kth group, all groups that could be opened after this would provide even worse posi-
tional weights, because list H (k + 1) is dominated by list H (k), 1| < k < K. Thus, the
makespan cannot be reduced by running more RMPs after the k'th group is opened,
so that there is no need to examine further values of k. With the found value of &/,
the overall optimal schedule will be found among the schedules $*(k), 1 < k < k.



352 16 Scheduling with Maintenance and Positional Effects

Table 16.5 Run of Algorithm NSmall2 for Example 16.1

i p 6w lpy [H@ [6@) [pry [HG) [GG) [py [H@ (6@ [piy
1 10 |1 10 |2 1 10 |2 1 10 |3 1 10
2 9 2 18 |4 2 18 |4 2 18 |6 2 18
3 6 2 12 |4 2 12 |4 2 2 6 2 12
4 3 3 9 6 2 6 6 2 6 2 6
5 3 3 9 6 3 9 2 6 2 6
6 2 4 8 3 6 3 6 3 6
P(S*(1)) 66 | P(S*(2) 61 | P(S*(3) S8 | P(S*4) |58
r(1) 0 rQ) 1 r@3) 3 I 4) 6
Crnax (S*(1)) 66 Cmax (8*(2)) | 62 Cmax (8*(3)) | 61 Cinax (S*(4)) | 64

Theorem 16.3 Algorithm NSmallPosi2 solves an instance either of Problem Posil
or of Problem Posi2 in O(nK) time, provided that the LPT order of the jobs is known.

Example 16.1 We illustrate Algorithm NSmallPosi2 by considering an instance of
version Problem Posi2, i.e., a version of problem 1 pj[.x] (r) = pjg["] (r), RMP(K),

ARI(T) | Chax- Six jobs are to be scheduled which have the following normal process-
ing times listed in an LPT order

p1=10,p2 =9,p3 =6,ps = 3,ps =3, ps = 2.
The decision-maker has a choice of K = 5 RMPs, with the following parameters

. A [ _ q.
RMP! : ¢ L, n 1;
RMPE!: ¢l =1, yl& = 2;
RMPB! - 4[3] =2 77[3] -3
RMPH!: (W =2, 5l = 4;

RMPP! : ¢V =3, 51 = 4,

so that they obey (16.14) and (16.22) simultaneously. Each of the RMPs restores the
machine to an “as good as new” state. The group-independent positional factors are
as follows:

g =1, 92)=2, 93) =2, g4 =3, g5 =3, g(6) =4

Table 16.5 shows the details of the run of Algorithm NSmallPosi2 for the above
instance. Since v,(3) = 7,(4), for each r, 1 < r < 6, the algorithm stops after the
iteration k = 4, so that k' = 3. The algorithm outputs the minimum value of the
makespan from the set { Ciax (S*(k))|1 < k < 3}, which is Cppax (S*(3)). In an optimal
schedule for k* = 3, the sequence of jobs 7!l = (1, 2, 3, 6) is processed in the first
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group, the sequence of jobs 72! = (4) is processed in the second group, and the
sequence of jobs w131 = (5) is processed in the third group. The makespan of the
resulting schedule is 61.

Algorithm NSmallPosi2 can also be applied to solve problem 1p}xl(r) =

pig"(r), RMP(K), A™(7)|Cpnax With group-independent deterioration factors and
constant duration RMPs (both identical and distinct). This is possible since both
conditions (16.14) and the K-domi condition can be satisfied simultaneously. The
required running time is again O(nK). We do not discuss the solution of this problem
here, as it is possible to solve it faster using another solution approach, presented in
Sect. 16.2.4.

Now, consider a version of problem 1‘ p][.x] (r) = pjg™(r), RMP(K), A (7))
Chax in which the conditions K-domi and (16.14) do not hold simultaneously. Algo-
rithm NSmallPosi2 can still be used to obtain an optimal value for RMP Decision 1
and to find an optimal permutation of jobs, but to make RMP Decisions 2 and 3, full
enumeration of options might be required. As a result, the overall running time to

solve problem 1 ‘ p}x] (r) = pig"!(r), RMP(K), AP)(7) ‘ Crnax turns out to be no smaller
than that obtained by using the general solution approach presented in Sect. 16.2.2.

16.2.4 Binary Search in Convex Sequences

In this section, we deal with problems in which the computed positional weights are
group-independent, i.e., of the form W¥l(r) = W(r), 1 < x < k, and additionally,
they are ordered in a way such that W(1) < W(2) <-..- < W(n). Such a situa-
tion arises for versions of problem 1‘ p}x](r) = p;g*(r), RMP(K), AWM (1) ‘Cmax, in

which the deterioration factors are group-independent, i.e., g (r) = g(r),1 < r <n,
1 < x < K + 1, while the RMPs are of constant duration, i.e., C[y] =0,1<y<K.
Below, we assume that the RMPs are distinct; the problem with identical RMPs is
its special case, and no faster solution algorithm than that described below is known.

Formally, we denote the described problem by 1 p;x](r) = p;jg(r), RMP(K),

AM|Cpax. In the middle field, the first term is used to notify that the deterioration
factors are group-independent, the second term RMP(K) is used to notify that a total
of K RMPs are available to be included in the schedule, and the third term is used to
notify that the RMPs are of constant duration, but their values are group-dependent.

As in Sect.16.2.3, we assume that the RMPs are numbered in such a way
that (16.14) holds. Thus, if Kk —1, 1 <k <K + 1, RMPs are to be included in
the schedule, then RMP!, ..., RMP¥*~! are to be chosen and inserted into a

schedule in the order of their numbering. The resulting problem 1‘ pj[.x] (r) =pig(r),
RMP(k — 1), A™|Cprax can be solved by minimizing the generic objective function
(16.17). Obtain the required positional weights W (7) by substituting g™ (r) = g(r),
1 <r<n,and (M =0,1 < x <k, in (16.18), so that we have
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W) =g, 1<r<n 1<x<k

Below, we outline a approach to solving problem lpj[.x](r) =pjg(r),

RMP(k — 1), AW |Cpax, which is again based on Theorem 16.2.

Notice that for a given position r, 1 < r < n, the positional weights are the same
for every group, and within each group, they are sorted in a non-decreasing order. This
implies that unlike for the problems studied in Sect. 16.2.3, the n smallest positional
weights for this problem are known. The k smallest positional weights are due to the
first positions of each of the k groups. The next k smallest positional weights are due
to the second positions of each of the k groups and so on. Assuming thatn = Ak + p,
where A and y are non-negative integers, ;1 < k — 1, the optimal number of jobs in
each group can be given by

T :A+1 1<x<u
(EI R ,1<x<
" _H%}=>\7 p+1<x<k. (16.26)

With known values of WI¥(r), 1 <r <nW, and nl*, 1 < x <k, an optimal
makespan Cpax (S*(k)) for problem 1|p!*(r) = p;g(r), RMP(k — 1), A ‘cmax can
be found by performing an appropriate matching. If the jobs are considered in the
LPT order, the first k jobs will be assigned to the first positions in each of the k groups,
the next k jobs will be assigned to the second positions in each of the k groups, and
so on, until all jobs have been scheduled. The following statement holds.

Theorem 16.4 Problem l‘p}x](r) = pig(r), RMP(k — 1), AW|Cpax  in O(n)

time, provided that the LPT order of the jobs is known.

To determine the optimal solution for problem l‘p][X](r) = pjg(r), RMP(K),

A |Cmax, all options associated with RMP Decisions 1-3 must be enumerated.
RMP Decisions 2 and 3 have already been taken optimally; thus, we only need
to determine the optimal value of the number of RMPs to be included into a
schedule. A straightforward approach would involve solving all auxiliary problems

l‘p}x](r) = p;g(r), RMP(k — 1), AW|Cpay, 1 < k < K + 1,and choosing the sched-
ule S*(k) with the smallest makespan as an overall schedule S*. This brute-force
PPr) = pig(r), RMP(K), AW ‘cmax in 0(K) time.

This running time can be improved, since we prove that the sequence Cyax (S* (k)),

1 <k < K + 1,isin fact V-shaped, so that in order to search for the smallest value of
Crmax (S*(k)), we only need to evaluate [log,(K + 1) ] options of k, 1 <k < K + 1.

algorithm solves problem 1
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Recall from Sect.5.1 that a sequence A(k) is called V-shaped if there exists a ko,
1 < ky < K + 1, such that

A(l) > -+ >A(ko — 1) > A(ko) <Alko+ 1) <--- <AK+1).
For a schedule S(k)), let P(S(k)) denote the sum of the actual durations of the
jobs, and I"(k) be the total duration of all K — 1 RMPs defined by (16.9), so that
Chax (S(k)) = P(S(k)) + I' (k) holds. The following statement holds.

Lemma 16.3 Forproblem 1

p(r) = pig(r), RMP(k — 1), AM ‘Cmax, if the jobs be
numbered in the LPT order, then the makespan of the optimal schedule can be written
as

k—1

Conax (8 (K)) = P(S* (k) + T (k) = Zp,-g(M) +2 M ISk sK 4L
j=1 x=1

(16.27)

Proof The value Cpax (S(k)) can be seen as P(S(k)) + I'(k), where P(S(k)) denotes
the sum of the actual durations of the jobs in a schedule S(k) and I"(k) is the total
duration of all kK — 1 RMPs defined by (16.9). Recall that if the jobs are numbered in
the LPT order, then to minimize the value P(S(k)), we need to assign the first k jobs
to the first positions in each of the k groups, then the next k jobs going to the second
positions in each of the k groups, and so on, until all jobs have been sequenced.
Formally, if j = Ak, then the predecessors of j are placed into the first A positions of
groups 1,2, ...,k — 1 and take A — 1 positions of group k, so that job j is assigned to

position A = H—I of group k. Ifj = Ak + pfor1 < p < k — 1, then the predecessors
of j will take the first A positions in each group and additionally the (A 4 1)th position

]

ineachofthe groups 1, 2, ..., u — 1,sothatjobj gets position A + 1 = | ¢

I

in group

It follows that the actual processing time of a job j € N in an optimal schedule
S*(k) is equal to pjg(H—l), and the total processing time for all jobs is equal to

P(S*(k)) =Zp,~g(“—.—‘), l<k<K+1, (16.28)
j=1

as required. (I

Theorem 16.5 For  problem 1 p_}xl(r) = p;g9(r), RMP(K), Al ’Cmax, the
sequence Cpnax(S*(k)) = P(S* (k) +T'(k), 1 <k <K+ 1, given by (16.27), is V-
shaped.
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Proof The proof is based on the concept of a convex sequence, a discrete analog of a
convex function. Recall from Chap. 5 that a sequence I'(k), 1 <k < K + 1,is called
convex if

(k) < %(r(k D ATG4D). 2 <k <K

Also recall Theorem 5.2, in which it is stated that a sequence

P(k) = Zp,-g(m), 1<k=<n,
j=1

is convex, provided that the jobs are ordered in the LPT order and the sequence g(r),
1 < r < n, is non-decreasing. It immediately follows that the sequence P(S*(k)),
1 <k <K + 1, given by (16.28) is convex.

The sequence I' (k) = Zﬁ;} n"¥, 1 < k < K 4 1, can also be proved to be convex.
Indeed, (16.14) corresponds to the inequalities n*~! < nl¥, 2 < x < K, which can
be rewritten as 77[)"” < %n[)"” + %n[)‘], 2 <x<K.Taking a k, 2 <k <K, and
summing up, we deduce

k

k k
> i< %(Z AR n["]);
x=2 x=2

x=2
k—1 1 k=2 k 1 1
Zn[X] < E(Z n[X] 4 an) 4 En[k_l] _ z,,7[11
x=1 x=1 x=1
=

12 k
[x] [x]
Sz )
x=1 x=1
The last inequality is true since (16.14) holds, so that
1
k) < E(F(k -D+Tk+1), 2<k<K,

and the sequence I'(k), 1 <k < K + 1, is convex. Note that the latter inequalities
become equalities if the RMPs have identical durations.

Since the sum of two convex sequences is convex, the sequence Cp,x(S*(k)) =
P(S*(k)) +T'(k), 1<k<K+1, is also convex and by Lemma 5.1 is
V-shaped. (I

Theorem 16.5 allows us to find the optimal number of groups k*, 1 < k* < K + 1,
to be created by the following binary search algorithm.
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Algorithm BinSearchPosi

INPUT: An instance of problem 1 pj[x] (r) = pjg(r), RMP(K), A™|Cppax

OUTPUT: The optimal number of RMPs to include in the schedule

Step 0. If required, renumber the jobs in an LPT order and renumber the RMPs in
a non-decreasing order of their durations so that n''! < y*l < ... < yl¥,

Step 1. Definek := 1,k := K 4+ landk := [(K 4 1)/2]. Compute Cp.x (S*(k)) by
formula (16.27) for k € {lg, x, Z}.

Step 2. If Coax (S*(5)) < Cunax ($*(K)), then go to Step 3; otherwise, go to Step 4

Step 3. Redefine k= % Cinax (S* (E)) = Chax (S* (%)) and go to Step 5.

Step 4. Redefine k := k, Coyax (S*(K)) 1= Cinax ($*(%)) and go to Step 5.

Step 5. Redefine k= ((l_c + %) /2_|. If k= k =k, then output k* = k, and stop;
otherwise, compute Cpax (S *(’IE)) and go to Step 2.

Itis clear that due to the V-shaper}sess of the sequence Ciax (S*(k)), 1 < k < n, the
inequality Cp,x (S* Lk)) < Chnax (S* (k)) implies that the subsequence Ci.x (S*(k)),
k < k < n, is monotone ngn—decreasing, so that the minimum should be sought
between the values k and k. Similarly, the inequality Cpax(S*(k)) > Cinax (S*(k))
implies that the minimum should be sought between the values k and k. All together,

Algorithm BinSearchPosi explores at most (logz (K + 1)—‘ values of k and the fol-
lowing statement holds.

Theorem 16.6 Algorithm BinSearchPosi solves an instance of problem 1‘ p][,x] (r) =
p;ig(r), RMP(K), A¥|Cprax in O(nlog K) time, provided that the LPT order of the
Jjobs is known.

Table 16.6 summarizes the corresponding running times required to solve different
versions of problem 1‘ pj[,"] (r) = pjg™(r), RMP(K), A™ (T)}Cmax, provided the jobs
are available in the LPT order.

Table 16.6 Running time required for different versions of problem 1

() = pig™l (),

RMP(K), AP(T) | Cnax
Constant duration MPs Start-time-dependent MPs
Identical Distinct Identical Distinct
Group-indep O(nlogK) O(nlogK) O(nk) O(n2K log K)
Group-dep oK) O(nKK log K) O(nKlogK) O(nKK log K)
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16.3 Bibliographic Notes

One of the first papers that study the problem of changing processing times with
rate-modifying activities is due to Kuo and Yang (2008). They study problem

1p(r) = pjr?,a > 0, RMP(n), A

deterioration effect, i.e., g["] (r) =r?, a > 0, and identical RMPs, whose duration

Cimax, With a group-independent polynomial

is assumed to be constant. To solve the resulting auxiliary problem l‘pj[x] (r) =

pir®,a > 0, RMP(k — 1), A|Cmlx with k£ — 1 RMPs, they prove the so-called group
balance principle, according to which in an optimal schedule with k groups the dif-
ference between the numbers of jobs in any two groups is at most one. With a known
number of jobs in each group, they apply a method similar to Algorithm NSmall-

Posi to solve problem l)pj[-x](r) =p;ir*,a> 0,RMP(k — 1), A‘Cmax. Trying all pos-

sible values of k, 1 < k < n, an optimal solution to problem 1

pj[.x](r) =pjrf,a >0,
RMP(n), A|Cpax is obtained in O(n?) time. It should be noted that Kuo and Yang
(2008) claim that their algorithm requires O(nlogn) time. In fact, they do not take
into account the linear time that is needed to compute the value of the makespan for
each k, 1 <k < n.In Sect. 16.2.4, we prove that the running time for solving prob-
lem 1 pj[.x] (r) =pjr?,a > 0, RMP(n), A‘Cmlx can indeed be reduced to O(nlogn),
since Algorithm BinSearchPosi is applicable.

Zhao and Tang (2010) study a problem similar to that in Kuo and Yang (2008),
but with job-dependent polynomial effects. Due to the group balance principle, the
auxiliary problem l‘p][.x] (r) =pjr¥,a; > 0, RMP(k — 1), A‘Cmax is reduced to an
LAP, which is solvable in O(n?) time. Trying all possible values of k, | <k <n, a
solution to problem 1‘pj[-x] (r) =pjr%,a; > 0, RMP(n), A‘C,mlx is found in 0(n4)
time. Yang and Yang (2010) study a problem similar to that in Zhao and Tang
(2010), but the durations of the RMPs are given as a linear function of their start

time, so that the resulting problem is denoted as 1 pj[-x] (r) =pjr¥%,a; > 0, RMP(n),

A(T)|Cax- Yang and Yang (2010) solve the auxiliary problem llpj["](r) = p;rY,

a; > 0,RMP(k — 1), A(T) |Cmax by proving the group balance principle for the first
k — 1 groups, which allows them to guess the number of jobs in those groups.
However, for the last group, they are not able to guess the number of jobs, so
they resort to enumerating all possible options for the number of jobs in that
group. As a result, the running time needed to solve this problem is n times
greater than that required by Zhao and Tang (2010), thereby making problem
| ‘pf‘] (r) = p;r¥. a; > 0, RMP(n), A(7) ‘cmax solvable in O (r%) time.

Rustogi and Strusevich (2012) further generalize the problems considered by Kuo
and Yang (2008), Zhao and Tang (2010), and Yang and Yang (2010), by introducing

general group-dependent positional effects, so that the actual processing time of a
job is dependent on both the position of a job in a group and the position of the group
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in a schedule. This is the first paper in which the RMPs are allowed to be distinct;
however, the choice and order of the RMPs are fixed in advance. For the most

general problem 1‘p]m (r) = pjg}xl(r),RMP(n), Al (7')‘C,mlX with job-dependent
P = pigt (). RMP(k — 1),

AR () ‘ Chax 1s solved by reduction to a rectangular linear assignment problem. The
resulting problem is solved by Algorithm LAPBL (see Chap.4 for details) which
requires 0(n3k) time. Trying all possible values of k, 1 < k < n, a solution to prob-

pj[x](r) = pjgj[x](r), RMP(n), AV (7-)‘Cmax is found in O(n®) time. Rustogi and

Strusevich (2012) also provide a faster solution approach that requires 0(n4) time for

deterioration effects, the auxiliary problem 1

lem 1

two special cases of problem 1 )pl[.x] (r) = pjg][xl (r), RMP(n), AFI(1) ) Crnax, i.€., When
(i) duration of RMPs is constant and known in advance and (ii) duration of RMPs is
start-time-dependent, but positional factors are group-independent. For these special
cases, it is proved that the rectangular assignment problem can be solved in O(n3)
time due to a special structure observed in the cost matrix, thereby making the overall
problem solvable in 0(n4) time. In the same paper, problems with job-independent
deterioration effects are also considered and a solution approach is presented that is
similar to Algorithm NSmallPosi2.

Finke et al. (2016) generalize the problem considered by Rustogi and Struse-
vich (2012) by introducing RMPs with the durations of the form (16.6). Similar
to Rustogi and Strusevich (2012), they prove that for their problem denoted by

1

p_}xl (r) =pj g][.x] (r), RMP(n), A¥ (1) ’ Cmax, the resulting auxiliary problem denoted

by l‘p][?‘](r) = pjg/" (r). RMP(k — 1), AW (T)‘Cmax can be solved by reduction to a
rectangular linear assignment problem. However, instead of Algorithm LAPBL, as
used by Rustogi and Strusevich (2012), they use a more efficient Algorithm LAPD
(see Chap.4 for details) which requires O(n3 + nzk) time. Trying all possible

values of k, 1 <k <n, a solution to the general problem l‘pj[.x](r) = pjg}"](r),
RMP(n), A¥(7)|Cpnax is found in O(n*) time.
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Chapter 17
Scheduling with Maintenance
and Start-Time-Dependent Effects

In this chapter, we discuss single machine scheduling problems with time-dependent
deterioration effects and rate-modifying maintenance activities. The structure of this
chapter is similar to that of Chap. 16. We provide a full account of the entire range
of single machine problems to minimize the makespan that can be solved using the
developed solution approaches.

In the problems considered in this chapter, the jobs of set N = {1, 2, ..., n} are
to be processed on a single machine. Each job j € N is associated with a normal
processing time p;. As described in Chap. 8, in the case of time-dependent effects,
one of the most studied models is given by a linear function of the start time of a job,
so that the actual processing time p;(7) of a job j € N that starts at a time 7 > 0 is
given by

pi(m) = pi +a, (17.1)

where g; is a constant, which is strictly positive in the case of deterioration and strictly
negative in the case of learning. In this chapter, we mainly concentrate on effects that
are derived from a job-independent version of (17.1) and are given by

pi(1T) =pj +ar, (17.2)

where in the case of deterioration the rate a > 0 is common for all jobs.

In this chapter, we consider enhanced single machine scheduling models, in which
the processing times of the jobs are subject to time-dependent deterioration effects
of the form (17.2) and various rate-modifying periods (RMP) can be introduced on
the machine to restore the processing conditions, either fully or at least partly.

Consider a general situation, outlined in Sect. 12.4, in which the decision-maker
is presented with a list (RMP!!!, RMP?!, ..., RMPX]) of K > 1 possible rate-
modifying activities. The decision-maker may decide which of the listed RMPs to
insert into a schedule and in which order. Each RMP may restore the machine to a
different state, so that different deterioration rates are applied in different groups. For
each RMPD] in the list, we are given the deterioration rate alb+1l > 0,1<y<Kk,
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that applies to the jobs sequenced in the group that follows RMPD], provided it is
included into a schedule. As part of the input, we are also given the deterioration
rate al'l > O that applies to the first group that starts at time zero, before the first
scheduled RMP.

If kK — 1 RMPs are chosen from the available K options, then the jobs are divided
intok, 1 <k < K + 1, groups. Depending on which RMPs are chosen and the order
in which they are performed, the actual processing time pj[.x] (1) of ajob j € N that
is located in the xth group and starts at time 7 measured from the beginning of the
group is given by

Pl =pi+dir 120 1<x <k (17.3)

where al®! > 0 is the deterioration rate. For a particular schedule, the inserted RMPs
are renumbered in the order of their appearance, so that a group sequenced after the
xth RMP is associated with a deterioration rate a1 > 0, 1 <x <k — 1, and it is
assumed that the time 7 is reset after every RMP. Notice that these group-dependent
deterioration rates al*! > 0 are analogous to the group-dependent positional factors
studied in Chap. 16 and imply that the actual processing time of a job is dependent
on the starting time of a job in a group and also on the group that job is scheduled in.

Recall that during each RMP no job processing takes place. The duration of an
RMPDL], 1 <y <K, is given by

A[y] (7_) — C[y]T + n[y]’ (174)

as introduced in (12.1), where 7 is the start time of the RMP, measured either from
time zero (in the case of the first RMP) or from the completion time of the previous
RMP.

In this chapter, we mainly focus on the problems of minimizing the makespan
under the general settings defined by (17.3) and (17.4). The most general problem of
this range is denoted by l‘ p][?‘] (1) = pj + a7, RMP(K), A (T)‘Cmax, where the
first term in the middle field indicates that the actual processing times are start time
dependent as given by (17.3), the second term points out that the list of K RMPs is
available for maintenance activities, and the third term indicates that the durations
of the RMPs follow the rule (17.4).

Similarly to problem 1|p/"!(r) = p;g"I(r), RMP(K), A¥(7)|Crax studied in
Sect.16.2, an optimal solution to problem 1 pj[.x] (1) = p; + a7, RMP(K),
AM(7)|Cpnax can be found by adapting Procedure RMP1 from Sect. 12.4. Recall
that in particular Procedure RMP1 requires taking the RMP Decisions 1-3.

The example below illustrates a situation where the problem defined above may
be applicable.

Example 17.1 Six jobs should be processed by a human operator who has equipment
with multiple cutting tools. The processing times (in appropriate time units) of these
jobs under perfect conditions of both the operator and the tools are given by
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pl = 10,172:97[73 :6’p4=3’p5 :35176:2'

During the processing, the operator gets tired and the tool loses its sharpness,
which leads to extending the actual processing time, i.e., to a deterioration effect.
During the planning period, up to K =5 types of maintenance activities can be
performed. Some can be seen as rest periods for the operator (leaving the tools’
conditions unchanged), and some of them are related to improving the cutting capa-
bilities of one or several tools (with the operator having rest as well). In any case, the
duration of RMPD] , 1 <y < 5,isdefined in accordance with (17.4) and may include
a constant term n[y], which can be seen as the duration of mandatory standard tests
to be run for the maintenance activity of this type, as well as the start-time-dependent
term ¢ [*]7, which is understood as the duration of repair activities that depends on
the conditions of the tool(s). The rates ¢ [>] are different for different types of main-
tenance activities, since they involve work on different tools. Any RMP improves
the processing conditions, but not to an initial (perfect) state, so that a different dete-
rioration rate might be in effect after each RMP. As a result, the jobs are split into
several groups, one before the first RMP and one after each scheduled RMP. The
actual processing times of the jobs follow the rule (17.3). For a group x, the job dete-
rioration rate al! is set by the preceding (x — 1)th RMP. The default deterioration
rate is given as a''! = 0.1. The other numerical parameters are given by

RMP!!: ¢ =0.05, o'l =10, ¢ =0.15;
RMP?: (21 =0.10, =8, & =0.20;
RMPP : ¢(B1 = 0.025, P =6, o' =0.25;
RMPY : (¥ =0.15, 9 =2, & =0.20;
RMPWB! : (Pl =02, o8 =0, 4 =0.15.

In the setting of this example, RMP Decision 1 is to choose k types of maintenance
activities to be included into the schedule, e.g., 3 out of 5. Then RMP Decision 2
selects particular types of maintenance, e.g., RMP!I, RMPI, and RMP*, RMP
Decision 3 determines the sequence in which the three chosen RMPs are included
into the schedule, e.g., RMP3!, RMPI*!, and RMP!!!. In the resulting schedule, there
will be 4 groups, with the job deterioration rates equal to 0.1, 0.25, 0.20 and 0.15,
respectively.

In what follows, we show that problem 1 pEX](T) = p; + d"I7, RMP(K),

A7) | Chax reduces to a series of linear assignment problems with a product matrix
and can be solved in polynomial time. As a rule, to solve scheduling problems under
consideration, it is required to generate several instances of auxiliary problems with
fixed parameters, such as the number of RMPs to be inserted, and/or the number
of jobs in a group. To count the number of the related instances, we use various
combinatorial configurations and identities listed in Sect.5.3. In the estimations of
the running times of the presented algorithms, we assume that the number K of avail-
able RMPs is a constant, which is reasonable since usually the number of possible
rate-modifying activities to be performed is fairly small.
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As often is the case in this book, the LPT sequencing of the jobs is important.
Recall that if the jobs are numbered in accordance with the LPT rule, then

P1L=pr> - = py (17.5)

17.1 Computing Positional Weights

For problem 1 ‘pj[-x] (1) =p; + a¥r, RMP(K), AW (1) ‘Cmax, in accordance with Pro-
cedure RMP1 fix outcomes (Al) and (A2), and for a particular outcome of
Decision (B1), introduce a schedule Sg; (k) for an auxiliary problem 1 ‘ pj[x] (m)=p;j+
a¥7r, RMP(k — 1), AW (7')|C,mlX associated with certain outcomes of Decisions
(B2) and (B3). In schedule Sg; (k), the jobs are organized into groups NW¥I, 1 < x <k,
and each group N™ contains n*! jobs, where >*_ nl = n. The jobs in N
are sequenced in accordance with a permutation 7! = (7l(1), 741(2), ..., 7™
(n[x])), 1<x<k.

For schedule Sg; (k), denote the total processing time of the jobs assigned to group
x by F,. In accordance with (17.4), the duration A®!(7) of the RMP scheduled after
the xth group is given by

To=CF +n 1<x<k-1 (17.6)

Let us denote the total duration of the first 7 jobs in a groupx by Fy ), 1 <x <k,
1 < r < n™ It follows from (17.3) that F(, 1) = pw(1). The actual processing time
of the second job in the group is given by p,ui() + al™ F(, 1), which implies that

Fuo = Fun + (P +a"Fi 1) = (1+ @) praqy + paiaa).-

Similarly, for the third job in group x, the actual processing time is given by
Prn3) + a[x]F(Lz), so that

Fe3) = Faoy + (Prng) + dF o) = (14 a) (14 @)y + pataa)) + Patas)
= (1 + am)zpﬂm(]) + (1 + am)pﬁm(z) + Prla(3)-

Extending, we deduce that for the jobs in the first » positions in group x, the

formula
-

Firn = Z(l +d"N) " pangy, 1 <r <1 <x <k,

u=1

holds.
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Thus, the total time it takes to process all jobs in a group x can be given by

nl¥l
bl _p
Fo=Funy =D, (1+a)" “puagy, 1 <x <k (17.7)

r=1

The makespan of a schedule Sg; (k) is the sum of the durations of all scheduled
groups and the RMPs and is given by

CoaxSBi1k) =F1+T1 +Fo+To + -+ Froy + Ty + F,

where T is the duration of the RMP scheduled after the xth group. Substituting the
value of T, from (17.6) into the above equation, we get

k—1 k—1
Conax (SB1(0)) = D" (1 + " DF + Fi+ D g,

x=1 x=1
Now substituting the value of F, from (17.7), we get

k=1 nk

nl—r
Conax(Sp1(K) = D> A+ D (1+a)" " pangy) (17.8)
x=1 r=1
ntl k-1

30 (1) gy + .
r=1

x=1

We see that in (17.8) a job j scheduled in position r of group x, 1 <x <
k—1,1 < r < n™ will contribute to its normal processing time p; = pix () taken
nl—r . . .. . .
(14 ¢ (1 4 ald) times. If job j is scheduled in the last group x = k, then its
nl“—r . . . . . . .
contribution s (1 + a®)" ™" times p;. This implies that the objective function (17.8)
can be written as a generic function of the form

k n

Conax (SB1(0)) = D >~ WM (r)praary + T k), (17.9)

x=1 r=1

where the constant term is defined by

k—1
NGRS (17.10)
x=1

and
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Xl
[x] I [x] —
W[X](V)ZH(1+< )(1+a ) 1 <r=n 1<x<k-1, (17.11)

k] _
(L 4a*)™ ", 1<r<n¥ x=k,

is a job-independent weight, such that the product Wlp, 1, represents the contri-
bution of job j = 7! (r) scheduled in position 7, 1 < r < n¥, of groupx, 1 < x <k,
to the objective function (17.8).

The function (17.9) admits a generic representation (12.3), and Procedure RMP1
is applicable. Notice that the weights are job-independent, so that for each outcome
of Decision (B1) the corresponding linear assignment problem will have a product
cost matrix (see Sect. 12.4).

Similarly to Chap. 16, below we consider eight versions of problem 1 p}x] (r) =

pj + a7, RMP(K), A (7)|Cpnax distinguishing between them based on three cri-
teria:

(a) the RMPs are identical or distinct;
(b) deterioration factors are group-independent or group-dependent, and
(¢) durations of the RMPs are constant or defined by (17.4).

We present three solution approaches, which handle different versions of prob-
lem 1 pj[X] (1) = pj + a7, RMP(K), AM (T))Cmax. All three approaches are able to

take Decision (B1), i.e., to find the optimal values of nl 1 < x <k, on the fly.
The approaches differ in how outcomes (Al) and (A2) are generated. Based on
these differences, we study different versions of the main problem in three separate
subsections. The three solution approaches require different running times, but they
all use a subroutine which implements the ideas of Algorithm Match; i.e., the corre-
sponding optimal permutation of jobs is obtained by matching jobs with large normal
processing times to small positional weights.

Table 17.1 lists different versions of problem 1 pj[-x] (1) = pj + a*'7, RMP(K),
AW (7)|Cax considered in this chapter and gives references to the appropriate sec-
tions. In the rows of Table 17.1 and several other tables presented later in this chapter,

we write either GI or GD, depending on whether the deterioration factors are group-
independent or group-dependent, respectively.

Table 17.1 Different versions of problem 1 p][-ﬂ (1) = pj + a7, RMP(K), AW |Cpax

Constant duration RMP Variable duration RMP

Identical Distinct Identical Distinct
GI Sect. 17.4 Sect. 17.4 Sect. 17.3 Sect. 17.2
GD Sect. 17.3 Sect. 17.2 Sect.17.2 Sect. 17.2
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17.2 Reduction to LAP with a Product Matrix

b =
pj + a7, RMP(K), A")(7)| Cppax in the most general setting, i.e., when the deteri-
oration rates are group-dependent and the K RMPs are known to be distinct, with
start-time-dependent durations. We describe a solution approach, which is able to

i) = py + allr, RMP(k = 1), AW (7)| G with-

out prior knowledge of the number n*! of jobs in each group. The only condition is
that the computed positional weights W*!(r), 1 < r < n*!, should follow

In this section, we describe a solution approach which solves problem 1

solve the auxiliary problem 1

W > wH©Q) > o> WG, 1 <x <k (17.12)

Set the value n™ =n, 1 <x <k, and compute all possible positional weights
W), 1 <r <n,1 <x <k,by(17.11), where for convenience we denote U*! :=
(14+¢M), 1 <x<k—1, and UM := 1. The resulting n x k matrix is given by

UM (1 4 aly=! gR21(1 4 a2)"" L gl (1 4 gtk

U1 + am)"—Z U1+ am)"—z UM+ a[k])H

: : el (17.13)
UM (1 +aM)? U1 4a2)? L (1 4 alh)?

UN(1+a) U1 +a2) . gBI(1 k)

yi y2 c UE

Each column of the above matrix represents all possible positional weights that
can be associated with a particular group. The first element of column x represents a
weight associated with the first position in group x, while the last element of column
x represents a weight associated with the last, i.e., the first from the rear end position
of group x, 1 < x < k. We allow up to n positions in each group. Notice that the
elements of each column form a non-increasing sequence of the weights, so that
(17.12) holds.

The following statement explains how problem 1pjl-xJ(T) =p; + a1,

RMP (k — 1), A™ (7')’Cmax can be solved, without prior knowledge of the values
M1 <x<k.

Theorem 17.1 Given  problem l‘pj[-x] (1) = p; + a7, RMP(k — 1), AP(7)

Chax, Where 1 < k < K + 1, compute the matrix (17.13) of all possible positional
weights WY (r) and choose the n smallest among them. If in each column the chosen
elements occupy consecutive positions starting from the last row, then assigning the
Jjobs with the largest normal processing times to the positions associated with the
smallest positional weights will ensure that the objective function (17.9) is minimized.
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Notice that Theorem 17.1 is only applicable to solving those scheduling problems
with changing processing times, for which all possible positional weights can be
computed in advance, which is not the case, e.g., for problems of minimizing the
total flow time or for problems with combined effects. We study these problems in
Chap. 18.

The proof of Theorem 17.1 is straightforward and is similar to the proof of
Theorem 16.2. According to Theorem 16.2, an optimal schedule can be found by
choosing the n smallest positional weights and assigning the jobs with the largest
processing times to the positions corresponding to the smallest positional weights.
Notice that the n smallest positional weights are found in consecutive positions of the
columns at the bottom of the matrix (17.13). The smallest positional weight in a group
is associated with the last position in that group, irrespective of the number of jobs in
that group, i.e., for group x, in accordance with (17.11) the weight W (n¥1) = U1,
The next smallest positional weight in group x is located immediately above in the
same column, and so on.

The problem of finding the n smallest positional weights and matching them to the
appropriate jobs is structurally similar to that of scheduling jobs on uniform parallel
machines to minimize the total flow time (see Sect. 2.3.1 for details). According to
this method, the jobs are scanned in the LPT order and the machines are filled in the
reversed order, from the last position to the first one.

Adapting this approach to our problem, consider the jobs in the LPT order. To
assign the first job, compare the k multipliers UM, 1 < x < k, and assign the job to
the last position of the group associated with the smallest value of U™, 1 < x < k.
The next positional weight that can be taken from this group is computed and replaces
the previously used one. The process continues, and for the current job the smallest
of the k available positional weights determines the group and the position within
the group, where the job should be assigned. This approach does not require any
advance knowledge of the number of jobs n*! in each group or, in fact, even an
advance knowledge of the full matrix (17.13).

A formal description of the algorithm is given below.

Algorithm NSmallTime

Input: An instance of problem 1’;7})‘](7) =p;+ a™r, RMP(k — 1), AP(1)
Chax With the jobs renumbered in the LPT order

Output: An optimal schedule S§*(k) defined by the processing sequences 7!, 1 <
x <k

Step 1.  For each group x, 1 < x < k, define an empty processing sequence 7% :=
(@) and the weight W1 = U¥], Create a non-decreasing list 2 of the values
WHW 1 < x < k; to break ties, we place the weight associated with a group with
a smaller index x earlier in the list.

Step 2.  For each jobj from 1 to n do

(a) Take the first element WV in list 2, the smallest available positional weight.
(b)  Assign job j to group v and place it in front of the current permutation 7*!,
i.e., update V! := (j, 7[") and associate job j with the positional weight
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WPl Remove W from list Q. Update W1 := WI(1 + a[*1) and insert
the updated value W into 2, while maintaining list Q non-decreasing.

Step 3. With the found permutation 7* = (#!!, 721, .. 7!¥1), compute the opti-
mal value of the objective function Cp,x (S*(k)) by substituting appropriate values
in (17.9).

In Step 1 of Algorithm NSmallTime, list €2 can be created in O(k logk) time.
Each iteration of the loop in Step 2 requires O(logk) time, since the insertion of
the updated weight into a sorted list can be done by binary search. Since n > k, the
following statement holds.

Lemma 17.1 For an auxiliary problem 1 p}x] () =p; + a7, RMP(k — 1),

A (T)|Cmax under a time-dependent deterioration effect, Algorithm NSmallTime
finds an optimal schedule S* (k) in O(nlogn) time, or in O(nlogk) time, provided
that the LPT sequence of the jobs is known.

Thus, in the case under consideration, we modify Procedure RMP1 by replacing
Step 1(b) and (c) by the following:

Step 1(b’). For each outcome of Decision B(1) do
Find schedule S* (k) by applying Algorithm NSmallTime.

Example 17.2 We illustrate Algorithm NSmallTime by solving the instance
described in Example 17.1, provided that three RMPs chosen from the original list
are RMPB!, RMPI*!, and RMP!"!, and they are scheduled in this order. The parame-
ters (P, n[«"], and a1 are renumbered according to the order in which the groups
appear in the schedule. After renumbering, the parameters become

al' =0.10;
¢ =0.025, pll =6, o =0.25;
(Pl =0.150, n' =2, 4B =0.20;
¢B1'=0.050, 73 = 10, a®® = 0.15.

The computation is shown in Table 17.2. For each job, the chosen positional weight
is shown in a box in the previous row.

In the resulting schedule, the sequence of jobs (4, 2) forms Group 1, while Group 2
and Group 3 consist of job 5 and job 3, respectively, and the last Group 4 processes
the sequence of jobs (6, 1). The makespan of this schedule can be computed by
(17.9), where I' (3) is equal to 5!l + 72! + nl31 = 18, so that the resulting makespan
is equal to 34.6575 + 18 = 52.6575.

As suggested in Procedure RMPI, to determine an optimal solution for the
general problem l‘pj[.x] (1) = p; + a7, RMP(K), AW (T)‘Cmax, all options asso-
ciated with outcomes (Al) and (A2) must be enumerated and the solutions of
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Table 17.2 Run of Algorithm NSmallTime for Example 17.2 with the chosen sequence of MPs

Jj | pj | Groupl Group 2 Group 3 Group 4 Contribution
of jobj
witl 7| w2 72| wil 721 | w4 74
1.025 2} 1.15 (%) 1.05 o |0 (%)
1| 10 | [LO2S @ 1.15 @ 1.05 2} I%1.15 [¢)] 1%10
219 | L025x1.1 | (2) 1.15 o | [L03 2] 1.15 (€] 1.025 %9
3|6 | L1273 2) 1.15 %] 1.05%x1.2 | 3) | 1.15 (€] 1.05% 6
43 | 1.1275% 1.1 | (4,2)| LIS o] 1.26 3) | 1.15 (€)) 1.1275 % 3
513 | 1.24025 (4,2)| 1.15%1.25 | (5) | 1.26 3) | LIS [¢)] 1.15%3
6|2 | 1.24025 (4,2)| 1.4375 (5) | 1.26 3) | L15%1.15| (6,1) | 1.15%2

the resulting auxiliary problems 1 pj[x] (1) =p; + a7, RMP(k — 1), A (T))Cmax
be compared.

For a known k, 1 <k < K + 1, the number of ways to select k — 1 RMPs
from K available RMPs (RMP Decision 2) is equal to (). Notice that the
positional weights (17.11) that are associated with the first k — 1 groups do not
depend on the order of the RMPs. However, the kth group is differently struc-
tured from the others, since for this group U (k1 = 1, so it matters which RMP is
to be scheduled last, i.e., at the (k — 1)th position. Thus, the number of choices
for RMP Decision 3 is equal to kK — 1. Trying all possible values of k& (RMP
Decision 1), 1 <k < K + 1, the total number of options to be evaluated is given
by >t (X)) (k — 1) = 2X~'K. Since Algorithm NSmallTime requires O(n log k)
time to run for a given k, 1 < k < K + 1, the total running time required to solve the
most general version of problem l‘pjl-x](T) =p;+ a¥r, RMP(K), AW (1) ’Cmax can
be estimated as O(n > og k(k'fl) (k — 1)) = O(n2XK log K), which is linear in

n for a constant K.
Now, let us consider other less general versions of problem l‘p}x] (1) =p;+

a7, RMP(K), A¥)(7)|Cpax. Similar to Chap. 16, we consider 8 versions of prob-
lem 1‘ p}x] (1) = p; + a7, RMP(K), AW (T)‘Cmax. For each version, the auxiliary
problem l‘pj[x] (1) = pj + a7, RMP(k — 1), A (T))Cmax is solved in O(nlogk)
time by applying Algorithm NSmallTime. Table 17.3 states the number possible out-
comes (A1) and (A2), i.e., the number of auxiliary problems 1 ‘ pj["] (1) =p; + a¥r,
RMP(k — 1), AW (T)ICmaX that are needed to be solved in order to solve a version
of problem 1),;![."] (T) = p; + allr, RMP(K), A¥(r) ‘ Coas.

Notice that if all available RMPs are identical, then only RMP Decision 1
must be taken; i.e., only an optimal number of the RMPs in the schedule has

to be determined. Thus, problem 1‘ pjm (1) = pj + a7, RMP(k — 1), AM(7)|Cpnax
must be solved K 4+ 1 times. In this case, the running time required to solve
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Table 17.3 Number of auxiliary problems to solve for different versions of problem
1p(r) = pj + a7, RMP(K), AW(7)|Cona

Constant duration RMP Variable duration RMP
Identical Distinct Identical Distinct
GI Sect. 17.4 Sect. 17.4 Sect. 17.3 2K
GD Sect.17.3 2K K+1 2Kk

problem 1‘17[.”(7) =p; + a7, RMP(K), A")(7)|Cmax can be estimated as

O(n >Ktlogk) = O(nK log K).

Now consider the situation when the RMPs are distinct, but the deterioration
rates are group-independent, i.e., a'=a, 1 <x <k. This problem corresponds
to a scenario, in which distinct RMPs are performed in the schedule, but they all
restore the machine to the same state. Thus, the order of the RMPs is irrelevant (i.e.,
RMP Decision 3 need not be taken), and RMP Decision 2 regarding the choice of the
RMPs to be included into a schedule is made only on the basis of the durations of the
RMPs. If the durations are determined by (17.4), there is no easy way of selecting
the best k — 1 RMPs from the K available RMPs. Thus, all possible selections need
to be tried and this can be done in (klf 1) ways. Trying all possible values of k,
1<k<K+1 (e, taklng RMP Decision 1), the total number of options can be
estimated by 35 ' (X |) = 2X. Thus, the total running time required to solve this

version of problem 1’pl I(7’) =p;+ a® 7, RMP(K), A¥(7)|Cpmax can be estimated

as O(n (X)) log k) 0(n2¥logK), a factor of K less than in the general
case.

For the problem with group-dependent deterioration rates and distinct RMPs of
constant durations, i.e., (¥ =0, 1 <x <k — 1, the computed positional weights
can be written as

By
W[x](r)=(1+a[x])n 71<;/-<n 1<x<k

by making appropriate substitutions in (17.11). Clearly, the found positional weights
are dependent on the type of the RMP, but not on their order. Thus, as above the total
number of options can be given by >t (,X,) and the total running time required
to solve this version of problem l‘ p_][.x](T) = pj + a7, RMP(K), A¥(7)|Cpax can
be estimated as O(n2¥ log K).

The corresponding running times required to solve different versions of prob-
lem 1‘p}xl (1) = p; + a7, RMP(K), A“"(T)‘CmaIX are given in Table 17.4. Notice
that although Algorithm NSmallTime is able to solve all eight versions of problem
1 ‘p}x] (1) = pj + a7, RMP(K), AW () ‘Cmax, for some cases it is possible to make
RMP Decisions 1-3 on the fly by using another solution approach, which allows the

optimal solution to be found faster. For such cases, a reference to the relevant section
is made in Table 17.4.
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Table 17.4 Running time required for different versions of problem 1 pj[.x] (1) = pj + a7,

RMP(K), AP (7)|Crnax

Constant duration RMP Variable duration RMP

Identical Distinct Identical Distinct
Gl Sect.17.4 Sect.17.4 Sect. 17.3 0(n2X log K)
GD Sect.17.3 0(n2X logK) O(nK logK) 02X K logK)

17.3 On the Fly Decision Making

In this subsection, we present a solution approach that allows us to make RMP
Decisions 1-3 on the fly, without enumerating all possible options. This gives the
desired outputs (A1) and (A2) and helps us to considerably reduce the running time
for solving variants of the original problem 1 ) pj[-x] (1) = p; + a7, RMP(K), A ()
Cnax listed below:

p(r) = p; + a7, RMP(K),
Al (7')|Cmax with group-dependent deterioration rates and distinct RMPs of

Problem Timel: This is a version of problem 1

constant durations. Assume that for each RMPD] from a given list, ("' =0,
1 < x < K, holds and the RMPs can be ordered such that

al < g < ... < gIKH1 (17.14)

and

< << (17.15)
hold simultaneously. This version is a generalization of one of the cases found
in Table 17.1, in which group-dependent deterioration rates are considered along
with identical RMPs of constant duration, i.e., (M =0, nl =7, 1 <x <K.
For the latter problem, it is reasonable to assume that (17.14) and (17.15) hold
simultaneously, based on the following argument. If identical RMPs of equal
duration are performed on the machine, then after an RMP the condition of the
machine can be no better than its condition after the previous RMP. In such a case,
the deterioration rates do not decrease as more groups are created.

Problem Time2: This is a version of problem 1 pj[-x] (1) = p; + a7, RMP(K),

AM(7)|Cpnax With group-independent deterioration rates, i.e., al = a, 1 <x <
K + 1, and distinct RMPs of start-time-dependent durations, subject to the con-
dition that the duration parameters of the RMPs can be ordered such that

C“] < 4[2] <...< C[K]’ (17.16)

and (17.15) hold simultaneously. This version is a generalization of one of
the cases found in Table 17.1, in which group-independent positional rates are
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considered along with identical RMPs of start-time-dependent duration, i.e.,
M=¢( ¥ =n1<x<K.

In order to solve both versions of problem 1 pj[-x](T) =p; + a%¥7, RMP(K),

A7) | Chax described above, the optimal choice for RMP Decisions 2 and 3 can be
made easily. [f RMP Decision 1 is assumed to be taken, sothatk — 1,1 <k <K + 1,
RMPs are to be included in the schedule, then for both problems, RMPH, . .,
RMP*—!1 are to be chosen and inserted into a schedule in the order of their number-
ing. For a chosen £, this gives the best outputs (A1) and (A2) for Problem Timel,
since the chosen RMPs have the shortest durations and, moreover, the created groups
will be associated with the smallest deterioration factors, since (17.14) and (17.15)
hold simultaneously. This gives the best outputs (A1) and (A2) for Problem Time2
as well, since the groups are identical from the point of view of the associated posi-
tional factors, and the RMPs with smaller indices have smaller values of the duration
parameters, because (17.15) and (17.16) hold simultaneously.

For an assumed value of k, let RMP Decisions 2-3 be made, and let problem

l‘p}x] () =p; + a7, RMP(k — 1), AW (7')‘Cmax be the resulting auxiliary prob-
lem. This problem can be solved by minimizing the generic objective function of the
form (17.9). For Problem Timel, obtain the required positional weights W (r) by
substituting (¥ = 0, 1 < x < k, in (16.18) so that

nl—p

Wy = (1+d)" " 1<r<a™ 1 <x <k, (17.17)

while for Problem Time2, substitute ¢! = g, 1 < x < k, so that

A+ +a™ 7 1<r<n 1<x<k-1,

17.18
A+ a)™, l<r<n? x=rt. ( )

W) = [

Set the value n*l =n, 1 <x <k, and k = K + 1, and compute all positional
weights W (), 1 <r<n,1 <x <K+ 1,forboth problems by using the formulae
above. Notice that the computed positional weights represent a set of all possible
values of W (r) across all possible groups.

Notice that both Problems Time1 and Time? satisfy the K-domi condition, defined
in Definition 16.1. Inequality (17.14) ensures that the positional weights associated
with Problem Timel are ordered so that foreach k, 1 <k < K + 1, we have

Wil < Wl < < W), 1 <r<n,

while because of (17.16), the positional weights for Problem Time?2 are ordered so
that foreach k, 1 <k < K + 1, we have

Wil =Wy =Wy < < wWEe), 1T<r <n.

These observations guarantee the required dominance for any pair of groups in
any of these two problems.
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For instances of problem 1 ‘ p}x] (1) = pj + a7, RMP(K), APN(7)|Cinax that
simultaneously satisfy (17.15) and the K-domi condition, it is possible to compute
the optimal values of n™¥1, 1 < x < k, and take all RMP Decisions 1-3 on the fly.
Recall that for a fixed outcome of RMP Decision 1, the optimal outcomes for RMP
Decisions 2 and 3 are already known. Thus, in order to solve these problems, we apply
the following methodology that is based on similar ideas as Algorithm NSmallPosi2
outlined in Sect. 16.2.3.

Recall that Algorithm NSmallPosi2 is implemented by manipulating two lists,
which we denote by G(k — 1) and H(k). List G(k — 1) contains all the posi-
tional weights corresponding to the positions used in the previously found schedule
S*(k — 1), while list H (k) contains the positional weights that will be introduced if
the kth group is opened.

List H(v), 1 <v < K + 1, is defined differently for Problems Timel and Time2.
For Problem Timel, H(v) contains the positional weights W), v<r<n, so
that by (17.17) we have

(14 a)™™
(1 +a[v])n7(v+l)

Hw) = | X l<v<K+1
(14 al)
(1 + )
1

For Problem Time2, notice that the values of the positional weights given by
(17.18) change dynamically as the value of k is changed. Thus, we define H(v) so
that this effect is incorporated: Initialize

(1 +a)11—l
(1 +a)n—2

H(l):=]"
(1+a)?
(I+a)
1

and define
U[v—l](l +a)n—v
U[vfl](l +a)n7(v+l)
Hw) = |: L 2<v<K+1,
U[”_l](l + a)2
ul=1(1 4 a)
ylv-1l

where UV~ = (1 + C["’”), 2<v<K-+1.
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Notice that for both problems, list H(v) has at mostn —v+ 1, 1 <v <K +
1, elements sorted in non-increasing order. It suffices to consider only n — v + 1
positions in list H(v), since condition K-domi guarantees that each of the v — 1
earlier groups will have at least one job scheduled in it.

For k =1, list G(1) is defined essentially as a copy of list H(1). For each &,
2 <k <K+ 1, list G(k) is obtained be merging the lists G(k — 1) and H (k) and
taking the n smallest elements of this merger, keeping them in non-decreasing order.

Define P(S*(k)) as the sum of actual durations of the jobs in an optimal schedule
with k groups. Let v;(k) denote the ith element in the sorted list G(k), so that G(k) =
(71(k), v2(k), . .., yu(k)). This implies that

P(S*(k)) = D (k)
j=1
so that

n k—1
Conax (S (K)) = P(S*(K)) + T(k) = D pyysk) + D . (17.19)
j=1 x=1

where I' (k) is a constant term as defined in (17.10).

p(r) = p; + aVr,
RMP(K), A¥)(7)|Cpax and returns the optimal number of RMPs, k* — 1, to be
included in the schedule (RMP Decision 1) along with the optimal schedule S*(k*)
with k* groups.

Algorithm NSmallTime2

The following algorithm solves an instance of problem 1

Input: An instance of either Problem Timel or Problem Time?2 with the jobs renum-

bered in the LPT order

Output: An optimal schedule S$*(k*) defined by the processing sequences 71, 1 <

x < k*

Step 1. For k = 1, find list H(1) for the problem at hand. Define a sorted list G(1)
by reordering the elements of H (1) in the opposite order. Compute Cyax (S*(1))

by formula (17.19). Define k' := K + 1.
Step 2. For k from 2 to kK’ do

(a) Create the list G(k) = (v1(k), v2(k), ..., V. (k)) that contains n smallest ele-
ments in the merger of the lists G(k — 1) and H (k).

(b) Compute Cpax (S*(k)) by formula (17.19). If P(S*(k)) = P(S*(k — 1)), then
define k' := k — 1 and break the loop by moving to Step 3; otherwise, con-
tinue the loop with the next value of k.

Step 3. Find the value k*, 1 < k* < k/, such that

Conax (S (k")) = min{ Conan (S* ()1 < k < K'}.
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Step 4. Run Algorithm NSmallTime for the found value of £* to obtain the optimal
processing sequence 7* = (7!, 72 . #lKT).

Notice that similar to Algorithm NSmallTime, Step 2 of the above algorithm also
follows Theorem 17.1 and searches for the n smallest positional weights for a given
k, 1 <k <K+ 1, and assigns the jobs with largest values of p; to the positions
corresponding to the smallest positional weights. The main difference between the
two algorithms lies in the way the list of n smallest positional weights is found. For
eachk,1 <k < K + 1, Algorithm NSmallTime searches for the n smallest positional
weights by comparing the positional weights across all groups. On the other hand,
Algorithm NSmallTime?2 in each iteration compares the elements in only two lists,
G(k — 1) and H (k). Our method is justified, because list G(k — 1) already contains
the n smallest positional weights coming from the first k — 1 groups. Thus, to search
for the n smallest weights needed for schedule S*(k), there is no need to scan the
first k — 1 groups again. In other words, we utilize the fact that if a certain position
in the first k — 1 groups is not used in schedule S*(k — 1), then it will not be used in
schedule S* (k) either.

In Step 2, for every k each list G(k — 1) and H (k) has at most n elements sorted in
a non-decreasing order; therefore, each Step 2(a) and Step 2(b) can be completed in
O(n) time. If the loop in Step 2 is not broken throughout the run of Algorithm NSmall-
Time2, the final value of k’ remains equal to K + 1; i.e., it is possible all RMPs will
be run and all groups will be opened in an optimal schedule. The loop in Step 2 may
be stopped when in Step 2b the condition P(S*(k)) = P(S*(k — 1)) is achieved. This
condition implies that the opening of the kth group does not provide any positional
weights smaller than those contained in the list G(k — 1). If this happens for the
kth group, all groups that could be opened after this would provide even worse posi-
tional weights, because list H (k + 1) is dominated by list H (k), 1 < k < K. Thus, the
makespan cannot be reduced by running more RMPs after the k’th group is opened,
so that there is no need to examine further values of k. With the found value of &/,
the overall optimal schedule will be found among the schedules $*(k), 1 < k < k'.

Theorem 17.2 Algorithm NSmallTime2 solves an instance either of Problem Timel
or of Problem Time2 in O(nK) time, provided that the LPT order of the jobs is known.

Example 17.3 We illustrate the working of Algorithm NSmallTime2 by an instance
of Problem Time2, obtained by modifying the generic instance of Example 17.1. For
Problem Time?2, the deterioration rate is group-independent and is known to be equal
to a = 0.1. Such a situation arises when each RMP is able to restore the processing
conditions to an “as good as new” state. We also modify the duration parameters of
the RMPs to make them obey (17.15) and (17.16) simultaneously, so that they are
now given as

RMPU: ¢l = 0.025, 5!l = 2;

RMPZI: (1 = 0.05, 5P =4;

RMPB! (Bl =0.15, Bl = 4;

RMPH: (¥ =0.25, o =6;

RMPP!: (BT =0.25, P =6.
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The rest of the setting of this example remains similar to Example 17.1, with the
normal processing times given by

pl = lospz :97p3 =67p4 = 37p5 =3’p6 :2

Table 17.5 shows the details of the run of Algorithm NSmallTime2 for the above
instance. Since v, (4) = 7,(3) foreachr, 1 < r < 6, the algorithm stops after iteration
k = 4, so that k' = 3. The algorithm outputs the minimum value of the makespan
from the set {Cpux(S*(k))|1 < k < 3}, which is Cpx (S*(2)). Optimal sequences

Table 17.5 Run of Algorithm NSmallTime2 for Example 17.3

k=1|r H(1) G(1) Y (Dpr
1 1.61051 1 10
2 1.4641 1.1 9.9
3 1.331 1.21 7.26
4 1.21 1.331 3.993
5 1.1 1.4641 43923
6 1 1.61051 3.22102
Conax (S*(1)) = 30_, 7,(1)pr = 38.76632
k=2|r G(1) H(2) G(2) Yr2)pr
1 1 1.500703 1 10
2 1.1 1.364275 1.025 9.225
3 1.21 1.24025 1.1 6.6
4 1.331 1.1275 1.1275 3.3825
5 1.4641 1.025 1.21 3.63
6 1.61051 1.24025 2.4805
Coax(5*(2) = 3.8, 7, (2)pr + 1 = 35318 + 2 = 37.318
k=3|r G(2) H(3) G@3) Yr(3)pr
1 1 1.53065 1 10
2 1.025 1.3915 1.025 9.225
3 1.1 1.265 1.1 6.6
4 1.1275 1.15 1.1275 3.3825
5 1.21 1.15 3.45
6 1.24025 1.21 2.42
Comax(5*(3)) = 3.0, % 3)pr + 1T 4 B2 = 35.0775 + 2 + 4 = 41.0775
k=4|r G3) H(4) G4) (@)
1 1 1.5125 1 10
2 1.025 1.375 1.025 9.225
3 1.1 1.25 1.1 6.6
4 1.1275 1.1275 3.3825
5 1.15 1.15 3.45
6 1.21 1.21 2.42
Cnax(5*(#) = 30 7 @)pr + B 4 g2 1 3081 = 35.0775 4+ 2 + 4 + 4 = 45.0775
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of jobs in the two groups can be obtained by running Algorithm NSmallTime and
are found to be 7!!1 = (5, 3, 1) and 72! = (6, 4, 2). The makespan of the resulting
schedule is 37.318.

Algorithm NSmallTime2 can also be applied to solve problem 1 pj[-x] (1) =pj+

a¥lr, RMP(K), A¥(7)|Cinax with group-independent deterioration rates and con-
stant duration RMPs (both identical and distinct). This is possible since both con-
ditions K-domi and (17.15) can be satisfied simultaneously. The required running
time is again O(nK). We do not discuss the solution of this problem here, since
it is possible to solve it even faster using another solution approach, discussed in
Sect. 17.4.

Now consider a version of problem 1 pj[-x] (1) = p; + a7, RMP(K), A[x](T))
Chnax in which the conditions K-domi and (17.15) do not hold simultaneously. Algo-
rithm NSmallTime2 can still be used to obtain an optimal value for RMP Decision
1 and to find an optimal permutation of jobs, but to make RMP Decisions 2 and 3,
a full enumeration of options might be required. As a result, the overall running
time to solve problem 1‘ p][.x] (1) = p; + a7, RMP(K), AW(7)|Cpnay turns out to be
no smaller than that obtained by using the general solution approach presented in
Sect. 17.2.

We view the material of this subsection as a strong evidence of similarity between
the problems with time-dependent effects and positional effects. These two models
have been traditionally considered as different in nature.

17.4 Binary Search in Convex Sequences

In this subsection, we deal with problems in which the computed positional weights
are group-independent, i.e., are of the form WH () = W(r), 1 <x <k, and addi-
tionally, they are ordered in a way such that W (1) > W(2) > --- > W(n). Such

a situation arises for the versions of problem 1 pj[-X](T) = p; + d"7, RMP(K),

Al (T)|Cmax, in which the deterioration rates are group-independent, i.e., al =
a, 1 <x <K+ 1, while RMPs are of constant duration, i.e., (1 =0, 1 <x <
py(r) =p;+ar, RMP(K),
A |Cmax. We focus on the problem in which RMPs are distinct, since the problem
with identical RMPs is not known to admit a faster solution algorithm.

Notice that for problem l‘p][?‘] (1) =p; + ar, RMP(K), A[X]‘Cmax, the optimal
choice for RMP Decisions 2 and 3 can be made easily. Assume that for prob-
pj[.x] (1) = p; +ar, RMP(K), A™|Cpay, an optimal schedule includes k — 1
RMPs, so that the jobs are divided into k, 1 < k < K + 1, groups. Since it is known

that the RMPs create groups associated with the same deterioration rates, it follows
that the order in which the RMPs are performed is immaterial. Further, it is obvious

K. Formally, we denote the described problem by 1

lem 1
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that in order to choose k — 1 RMPs out of the available K ones, the RMPs with
smaller durations must be given priority. To ensure that the shortest k — 1 RMPs are
chosen in an optimal schedule, we renumber the K available RMPs in a way that
(17.15) holds and selects the ones with indices 1,2, ...,k — 1, and include them
into a schedule in the order of their numbering.

With RMP Decisions 1-3 having been made (for an assumed value of k), the aux-

iliary problem 1‘ p(r) = pj + ar, RMP(k — 1), AW }Cmax can be solved by mini-
mizing the generic objective function (17.9). Obtain the required positional weights
W (r) by substituting a¥! = a, ("' =0, 1 < x <k, in (17.11) so that we have

W[x](r) — (1 +a)n[’f]7r’ 1 <r< l’l[X], 1 <x< k.

Notice that, unlike for most previously considered models, here the positional
weights in the last group are computed similarly to all other groups.
To solve an instance of problem l‘pj[x] (1) = pj +ar,RMP(k — 1), A[X]‘Cmax,
below we outline a solution approach which is again based on Theorem 17.1.
First, set the value n! = n, 1 < x < k, and from the resulting set of positional
weights
(1 _|_a)n—l (1 +a)11—1 . (1 +a)11—1
(1 _|_a)n—2 (1 +a)n—2 (1 +a)n—2

: : (17.20)
1+a? (I+a? - (1+a)?

14+a Ad+a ---+a)

1 1 sl

choose the n smallest of them. Obviously, the n smallest weights are found in consec-
utive positions at the bottom of the matrix. The smallest k positional weights are due
to the last positions of each of the k groups. The next smallest k positional weights
are due to the second last positions of each of the k groups, and so on. Assuming
that n = Ak + p, where X and . are non-negative integers, 4 < k — 1, the optimal
number of jobs in each group can be given by

2] =X p+1<x<k.

With known values of W (r), 1 <r <nl¥, and n¥, 1 <x <k, an opti-
mal makespan Cpay(S*(k)) for problem 1‘pj[.x] (1) = pj +ar, RMP(k — 1), AM
Cmax can be found in O(n) time by running the matching algorithm.

p(m) = p; + at, RMP(K),
AW Crax, all options associated with RMP Decisions 1-3 must be enumerated.

RMP Decisions 2 and 3 have already been taken optimally; thus, we only need to
determine the optimal value of the number of RMPs. We can do this by solving

To determine the optimal solution for problem 1
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problem l‘p][.x] (t) =p; +ar, RMP(k — 1), A["]‘Cmax for all values of k, 1 <k <
K + 1, and choosing the instance that delivers the smallest value of Cyax (S*(k)).
Thus, problem 1 ‘ p(r) = pj + ar, RMP(k — 1), AW (Cmax can be solved in O(nK)
time. However, we prove that the sequence Cyax (S*(k)), 1 <k < K + 1, is in fact
V-shaped and thus, in order to search for the smallest value of Cp,x(S*(k)), we only

need to evaluate |—log2(K + 1)-| options of k, 1 < k < K + 1. Recall that a sequence
A(k) is called V-shaped if there exists a kg, 1 < ko < K + 1, such that

A(l) = --- > Atkg— 1) > Ako) <Ak +1) <--- <AK +1).
If we define
hg):=(0+a)?", 1<qg=<n, (17.21)

then a column of the matrix (17.20) of positional weights becomes

h(n —1)
hin —2)
h2)
n(1)

For a schedule S(k) with k groups, let P(S(k)) denote the sum of the actual
durations of the jobs, and I"(k) be the total duration of all k — 1 RMPs defined by
(17.10).

Lemma 17.2 For problem l‘p}x] (1) =p; +ar, RMP(k — 1), A["]‘Cmax, if the jobs
are numbered in the LPT order, then the makespan of the optimal schedule can be
written as

k—1

: ) S J .
Cinax (87 (k)) = P(S™(k)) + I'(k) = FZPW(’V%—D + ;n[ L1<k<K+1,
(17.22)
where we denote h(q) = (1+a)? ', 1 <g <n.

Proof 1t is clear that Cp, (S(k)) = P(S(k)) + I' (k). If the jobs are numbered in the
LPT order, then to minimize the value P(S(k)) we need to assign the jobs one by
one to an available position with the smallest positional weight. Irrespective of the
number of jobs in each group, this can be done by distributing the first k jobs to the
last positions in each of the k groups, then the next k jobs to the second last positions
in each of the k groups, and so on, until all jobs have been sequenced.

If j = Ak, then the predecessors of j are placed into the last \ positions of groups
1,2,...,k— 1 and the last A — 1 positions of group k, so that job j is assigned to
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group k and gets position A = H—I fromtherear. If j = Mk +pforl < pu<k—1,
then the predecessors of j take the last A positions in each group and additionally
the (A + 1)th last position in each of the groups 1,2, ..., u — 1, so that job j gets

position A + 1 = H-‘ from the rear in group .
It follows that in an optimal schedule S*(k), the contribution of a jobj € N to the

objective function is equal to p;(1 + a){ﬂ_l, and the total processing time for all
jobs is equal to
; j
P(S*(k)) = (|| ), 17.23
(8" (k) jZ_l‘,p, (M) (17.23)

as required. ([

Theorem 17.3 For  problem 1 ‘p}xl (1) =p; +ar, RMP(K), A[x]‘Cmax, the
sequence Cmax (S*(k)), 1 <k <K 41, given by (17.22), is V —shaped.

Notice that the sequence h(qg) := (1 + )l 1< g < n, is non-decreasing, so
the proof of Theorem 17.3 is similar to the proof of Theorem 16.5.

Theorem 17.3 allows us to find an optimal schedule with an optimal number of
groups k* by performing binary search in sequence Cpx(S*(k)), 1 <k <K +1,
with respect to k. This can be done by an appropriate adaptation of Algorithm Bin-
SearchPosi from Sect. 16.2.4. As a result, at most [logz (K + 1)-| values of k need to

be explored, so that the optimal solution for problem 1 pj[x] (1) = pj +ar, RMP(K),

AW Cpax can be found in O(nlog K) time.

As in Sect. 17.3, the approach we use for the problem with group-independent
start-time-dependent effects is very similar to the one used in Sect. 16.2.4 for schedul-
ing with group-independent positional effects. This is another evidence that the two
types of models with changing processing times are closer than has been perceived
(see Corollary 8.2 that establishes the equivalence of some single machine problems
with additive start-time-dependent effects and with positional effects).

Table 17.6 summarizes all the problems considered in this paper along with the
running times needed to solve them, provided that the jobs are taken in the LPT order
of their normal processing times.

Table 17.6 Computational complexities of different versions of problem 1
RMP(K), AM(7)| Conax

P () = pj + a7,

Constant duration RMP Variable duration RMP

Identical Distinct Identical Distinct
GI O(nlogK) O(nlogK) 0(nk) O(nZK log K)
GD O(nk) 0(n2X log K) O(nK log K) O(n2XK log K)
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17.5 Bibliographic Notes

Although many papers have considered the problem of time-dependent deterioration
with maintenance periods, most of them, however, only see an RMP as a fixed
non-availability period, which does not necessarily improve the machine conditions.
Only a handful of studies have considered problems in which an RMP is actually
used to restore the machine to its original state, so that the effects of time-dependent
deterioration are repaired.

Lodree and Geiger (2010) study problem 1 pjm (1) = a;7, RMP(1), A|Cpax, with

a time-dependent effect of the form p;(7) = a;7,a; > 1, and a single RMP in the
schedule. They provide an optimal policy to determine the number of jobs to be
included in each of the two created groups. According to this policy, if n is even,
both groups should contain (% + 1) jobs, whereas if n is odd, one group should
contain (“£!) jobs and the other should contain (*42) jobs.

Rustogi and Strusevich (2015) solve the problem of minimizing the makespan
for a linear time-dependent deterioration effect which is enhanced by including
various maintenance activities in the schedule. They show that even in the pres-
ence of distinct maintenance activities and group dependence, the problem of min-
imizing the makespan can be solved by an efficient polynomial algorithm, which
does not involve full enumeration. Rustogi and Strusevich (2015) study enhanced
models that allow the deterioration rates to be group-dependent and the RMPs
to have different duration parameters. Similar to the structure of this chapter,
they propose three solution approaches that solve different versions of problem
1 pj[x] (1) = pj + a7, RMP(K), A¥|Cpax. Most of the material presented in this
chapter is based on Rustogi and Strusevich (2015).

Notice that to the best of our knowledge, apart from the problems studied by
Lodree and Geiger (2010) and Rustogi and Strusevich (2015), all other problems
related to time-dependent effects and rate-modifying activities require the prior
knowledge of the number of jobs in each group, and therefore, the resulting run-
ning times contain at least a multiple n*, since the optimal number of jobs in
each group is often found by full enumeration. Yang and Yang (2010) study prob-

lem l‘pjm (1) = pj +ar, RMP(K), A‘ > Cj, with a linear time-dependent deterio-

ration effect with a known number, K, of RMPs and provide an optimal solution in
O(n* " log n) time. The same method is extended by Yang (2010) and Yang (2012),

to study different versions of problem 1 p][X](r, T) = (pj + aT) r?, RMP(K), A)

F,F e { Cinaxs 2 Cj}, with a combined effect and a known number, K, of RMPs.
For their respective models, both papers claim to solve the problem of minimizing
the makespan and the problem of minimizing the total flow time in O(nK +log n)
time each. Rustogi and Strusevich (2014) also show that the running times of
O(nK +og n) are applied to a range of much more general problems with group-
dependent combined effects (see Chap. 18).
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Chapter 18
Scheduling with Rate-Modifying Activities
and Enhanced Effects

In this chapter, we study enhanced models which combine various effects that
determine the actual processing times of the jobs discussed so far, including

e Positional and time-dependent effects;
e Learning and deterioration effects;
e Rate-modifying activities.

We develop a general model and solve the problems of minimizing the makespan
and the total completion time by reducing them to a series of linear assignment
problems with a product matrix.

In all problems that we consider, we assume that the jobs of set N = {1, 2, ..., n}
have to be processed on a single machine. At time zero, all jobs are available and
the machine is assumed to be in a perfect processing state, in which case the normal
processing time of job j € N isequal to p;. The processing conditions might change,
with respect to both the elapsed time and the number of processed jobs. As outlined in
Sect. 12.4, the decision-maker is presented with a list (RMP!, RMP2! ... RMPIKT
of K > 1 possible rate-modifying activities. The decision-maker may decide which
of the listed RMPs to insert into a schedule and in which order.

Recall that in Sect.8.1.3 we have reviewed models in which a linear time-
dependent effect is combined with a positional effect, so that the actual processing
time of a job j € N sequenced in position  and starting at time 7 > 0 of a schedule
is given by

pi(rir) = (pj +ar)g(r), (18.1)

where a represents a rate that is common for all jobs j € N and is either positive (for
a deterioration effect) or negative (for a learning effect). Array g(r), 1 <r <n,isa
sequence of positional factors that defines an arbitrary positional effect. In general,
the sequence g(r), 1 < r < n,need not be monotone; however, if it is non-decreasing
(non-increasing), then it represents a positional deterioration (learning) effect.
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For the objective functions under consideration, it is proved in Theorem 8.11 that
problem 1|pj(7'; r)= (pj + ar)g(r)|<l> with ® € {Cmax, > Cj} under no assump-
tion on the sign of a and on the monotonicity of array g(r), | < r < n,canbe reduced
to minimizing a generic objective function (8.22), so that the corresponding optimal
schedule can be found by Algorithm Match in O (n log n) time.

In this chapter, we extend the results of Theorem 8.11 by studying the effect that
combines the introduction of rate-modifying activities and the time-changing effects
of the form (18.1). Such a model allows handling many quite general situations,
in particular simultaneous learning and deterioration effects of both types (time-
dependent and positional).

So far in this book, we have mainly considered problems in which an RMP is
treated as a maintenance period and is used to compensate deterioration effects.
However, in this chapter, an RMP is allowed to have any arbitrary effect on the
machine conditions. It can still be seen as a maintenance period, which is aimed
at restoring the machine conditions to a better state, so that the processing times
become smaller. On the other hand, we now allow an RMP to be an activity in which,
e.g., a machine/operator is replaced, so that all learning advantages are lost and the
actual processing times of jobs become larger. Another form of an RMP may allow
the learning rate of the machine to be further enhanced after running the RMP.

An illustration of a schedule with different types of RMPs is provided in Exam-
ple 12.2, in which we combine learning and deterioration effects for a pure positional
model. In the same example, we also consider a situation in which the positional fac-
tors gi*1(r) are found to be dependent on the number of jobs in previous groups. In
this chapter, we extend such a model by combining it with a time-dependent effect.
As a result, in our main model the actual processing time of a job is seen as affected
by the following factors:

the group of a job is assigned to;

the position of the job within its group;

the number of jobs scheduled in each of the previous groups;
the time elapsed before processing the job within its group;
the time elapsed in each of the previous groups.

18.1 Enhanced Model Description

In order to solve the described problems, we adapt Procedure RMP1 from Sect. 12.4.
Assume that outcomes (A1) and (A2) are known and a certain outcome of Deci-
sion (B1) is determined. Consider a schedule Sg;(k), in which kK — 1 RMPs are
chosen from the available K options, so that the jobs are divided into k, 1 <
k < K + 1 groups. Assume that each group contains a total of nl*! jobs, so that
] = (77[)‘](1), 7X@, ..., ¥ (n[x])), 1 < x <k, where Zi:l ntl = p, Depend-
ing on which RMPs are chosen and the order in which theyare performed, the actual
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processing time of a job j = 7l¥1(r), scheduled in position r, 1 < r < n¥1, of the
xth group, 1 < x < k, is given by

ng](T; r) = (Pﬂ[x](r) +GEX]F1 + a£x1F2 +--+ a)[ﬁlFx—l + a;[cx]F(x,rfl))g[x](r),
l<r<nll 1<x<k,
(18.2)
where F, denotes the total processing time of all jobs scheduled in a group v,
1 <v <x — 1, while F, , represents the total duration of the first 7 jobs in a group
x. For completeness, it is assumed that Fy = F, o) := 0. The terms gi*!(r) represent
positive group-dependent job-independent positional factors, which do not have to
be monotone within a particular group. The terms aEx], agx], e, a)[f] are real num-
bers and represent the group-dependent rates associated with time-dependent effects.
Notice that some of the rates a%x], aéx], R a)[f] may be negative, which corresponds
to a learning effect. Without going into technical details, in what follows we assume
that the rates a%x], agx], ..., a™ are such that the processing times remain positive
(see, e.g., Sect. 8.1.3), where the required conditions are explicitly written out for a
less general combined effect.
For a group x, 1 < x <k, a coefficient a,[j‘] reflects the influence of the total
duration F, of jobs in group v, 1 < v < x — 1, on the actual processing time of any

jobin group x. Notice that such an influence can be different for different groups;i.e.,

for the same value of v the rates, aL[,x ] and a,[" ] do not have to be equal for x" # x”.
For ajob j scheduled in position r of group x, the rates a?], ag‘], ey a)[ﬁ | determine

how the length of each previous group affects the job’s processing time, whereas al*!
determines how the processing time of the job is affected by the time elapsed since
the opening of the xth group till job j starts. The superscript [x] associated with these
rates stresses that the rates are group-dependent and can assume different values and
signs depending on the group x, 1 < x <k, a job is scheduled in. For example,
to determine the actual processing time of a job scheduled in the third group, the

required rates are aP], aE], and a£3], whereas if a job is placed in the fourth group,

the required rates are aE‘”, agﬂ, ag”, and aé[f].

IfanRMPM, 1 < y < K,isinserted into a schedule, its duration, which we denote
by API(7; @), depends on time 7 elapsed and the number of jobs o processed,
relative to a certain reference point. The nature of such a reference point is content-
dependent, and it will become clear from the explanations to follow. Provided that a
reference point is identified, the general formula that defines the duration of RMPL

is given by
ADI (1; @) = (C[.v]T + n[y])h[.v](w)’ (18.3)

where, as in (12.1), the coefficients (P! and nP! > 0 are known, while hP(w)
represents a positional factor.

Notice that (18.3) is a generalization of the definition of the RMP duration AP(7)
given in (12.1). First, the Formula (18.3) additionally allows a positional factor, so
that the duration of the RMP is dependent not only on the start time of the RMP,
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but also on the position of the RMP in the processing sequence. Second, for AP1(7)
defined by (12.1) 7 is the duration of the group that immediately precedes RMPY!,
so that the reference point for measuring 7 is the start time of that group and it is
not affected by any of the earlier scheduled groups; on the other hand, in (18.3) the
reference point for computing AN (7; @) for RMPY! may go back to the starting
point of any earlier group, which can be located several groups away from RMPDT,

It is always assumed that during an RMP the system undergoes neither learning
nor deterioration. Thus, the actual processing times of the jobs and the RMPs are
independent of the duration of the previously scheduled RMPs.

For a schedule Sg;(k), we will explain how to compute T, the duration of an
RMP after the xth group, by (18.3), so that T, is expressed as a function of the values
F,,1<v<ux.

Let us start this with a small-sized example. Consider an instance in which a
machine is a device controlled by an operator. The machine undergoes deteriora-
tion and learning simultaneously. Two RMPs are to be included into the processing
sequence, the first being used as a training period for the operator, while the second
being a maintenance activity which repairs the device. As a result, three groups are
created, with the number of jobs in each being n!!!, n?! and, n'3!, and the duration
of these groups being Fy, F>, and F3, respectively.

The first RMP starts when the first group is completed, so that time zero, the
beginning of the first group, is taken as the reference point for applying (18.3). Thus,
we have

Ty = [CVE, + gV A (n) = ¢RI (n1) Fy 4 AU (1),

The second RMP starts when the second group is completed. The device undergoes
continuous deterioration during the first two groups, since the first RMP does not
affect the state of the device. In this case, again time zero, the beginning of the first
group, is taken as the reference point for applying (18.3). The time elapsed until the
second RMP starts is equal to F; + F5, while the number of jobs scheduled until that
point is equal to n'!! + n?. According have

T, = [C[z](Fl + F) +77[2]]h[2](n[1] +n[2])
— C[Z]hm (nll] +n[2])(F1 + F) +77[2]h[2] (n[ll +n[2])_

For the first RMP, define
dl] — Clllhlll(nlll)’ ﬁll] - nlllhlll(nlll)’
and for the second RMP, define
¢ = (i (IR (1] (20T 20020 (1] pl2T),

so that we can write
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T =Gl F + 7Y
T, = 1[2]F1 +C£2]F2 +ﬁ[2].

Extending this example, we can write out an expression for T, the duration of the
xth RMP, 1 < x <k — 1, in schedule Sg;(k), provided that the nature of the RMP
delivers an appropriate reference point for applying (18.3). The suggested expression
can generically be written as

T, =Ch + TR+ 4 R 7, 1T <x <k—1, (18.4)

where the values ( l[x], ;x], ..., ¢l determine how the length of each previous group
affects the duration of the RMP scheduled after the xth group, and 7! > 0 is a

constant, 1 < x < k — 1. Typically, *! is function of * and 4!, where the factor

K™ depends on all or some n["!, 1 < v < x. The coefficients CI[X], %x], .o, ¢ can
be seen as analogues of the rates a{x], aéx], el a)[ﬂl, defined in (18.2). Similarly to

the rates, the values (,EX/] and QP‘/] can be different for different groups x" and x”.
Notice that the values C{x], Cg], ..., ¢ can assume any sign as long as it is ensured
that the duration of the RMPs is positive. They allow us to incorporate RMPs of a
different nature in a schedule.

For an objective function ® € {Cmax, >C j}, we extend the standard three-field
notation to denote the problem of single machine processing subject to the described
effects by 1|Effect (18.2), RM P(K), A (r; w)|®. Here, in the middle field we
write “Effect (18.2)” to stress that the processing times are subject to a combined
effect (18.2), we write “RM P(K)” to indicate that a total of K rate-modifying
activities are available, and we write “A™!(7; @) ” to indicate that the duration of
RMP™ is found in accordance with (18.3).

For problem 1|Effect (18.2), RM P(K), A¥!(; @) |®, in accordance with Pro-
cedure RMP1 fix outcomes (A1) and (A2), determine a certain outcome of Decision
(B1) and denote the resulting auxiliary problem as 1|Effect (18.2), RM P (k — 1),
A (7; @) |®, where ® € {Ciax, > C;}. The required input for problem 1|Effect
(18.2), RMP(k — 1), A¥(7; @) |® includes:

e the processing times py, pa, ..., Py, of jobs;

e the rates a{"], agxl, ...,a" foreachx, 1 <x <k;

e the positional factors g["] (r),1 <r <n,foreachx, 1 <x <k;

e the values C{x], éx], <o, (17 related to the duration of the xth RMP, for each

x,1<x<k-1.

The introduced model allows us to handle a wide range of practical problems,
which have not been studied in the scheduling literature until very recently. Com-
plicated as it looks, the model essentially incorporates and generalizes almost every
job-independent effect known in scheduling with changing processing times. It is
flexible enough to serve as a model of many plausible scenarios that may be found
in practice, e.g., in the area manufacturing or shop floor production planning. Below
we give an illustration of a possible application.
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Example 18.1 A human operator (Operator 1) uses a tool to process n jobs. During
the processing of the jobs, two RMPs will be included in the schedule. It is known
that the first RMP, associated with the coefficients " and 77/, is actually a maintenance
period which restores the machine to its original condition. However, the deterioration
rate of the machine becomes greater after the maintenance period, since the original
spare parts are not used. This RMP also provides the operator with sufficient rest, so
that after the first RMP the operator is as fresh as he/she was at the beginning of the
schedule. The duration of this RMP is dependent on its start time, so that for x = 1,
we have dl] = (¢’ and ' = 7. The second RMP takes a constant time 7", i.e.,
1[2] = f] = 0 and 7'*! = 7, but does not repair the machine at all. Instead, a new
operator (Operator 2) is brought in. Below, we distinguish between the learning and
deterioration parameters for the machine and those for the operator(s) by using the
subscript “m” for the machine and “w” for the operator(s)/worker(s), respectively.

In a feasible schedule, the jobs will be splitinto k = 3 groups. The machine suffers
from a linear time-dependent deterioration effect, the deterioration rate being equal
to d,, > 0 before the first RMP (the first group), and equal to d;, > d;, > O after
the first RMP (for the second and the third groups). Additionally, the machine is
also affected by a positional exponential deterioration effect of the form (d,;1 + 1)"1
before the first RMP and of the form (d), + 1)"~" after that RMP. The operators
are also subject to time-dependent effects; the deterioration and learning rates for
Operator 1 are d/, > 0 and I, < 0, respectively, and those for Operator 2 are d, >
0 and I] < 0, respectively. It is known that in addition to the skills gained while
processing the jobs, Operator 2 also passively learns with a rate [;, < 0, while she
observes Operator 1 processing the jobs in groups 1 and 2. Last, the performance of
the workers is also affected by a polynomial positional effect and is quantified by
r°, where the appropriate value of § is one of d/,, I/, d! and, [/, depending on the
scenario. There is no positional effect associated with the passive learning effect of
Operator 2.

For the described example, the parameters of our model (18.2) can be set as shown
in Table 18.1.

Notice that our model allows us to assume that during an RMP, if the operator is
not replaced, they do not lose their skills, which have been improved due to learning
in the earlier groups of the schedule. Similarly, if during an RMP a machine is not
fully repaired, our model is capable of handling the resulting situation, in which the
deterioration effect from the group before the RMP must be carried forward to the
next group. The same phenomenon is also observed in the passive learning effect of
Operator 2, in which the skills gained during groups 1 and 2 are carried forward to
group 3. The time-dependent effects can be captured by the group-dependent para-
meters al*), 1 <v <x — 1, | <x <k. Thus, to model the situation in the given
example, we define aF] := 1/, (implying that during F time units Operator 1 has
gained an experience), aP] := 1" (implying that Operator 2 has gained a passive
learning experience during F time units) and a5’ := d/, + [ (implying that dur-
ing F, time units the machine has deteriorated and Operator 2 has gained a passive
learning experience). The associated positional effects can be easily captured by
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Table 18.1 Parameters for Example 18.1

Group Parameter Value
1 al!! d, +d, +1,
g1 () (d,/n + l)r_lrd',ﬂ'*'[,w, 1 <r<nlll
2 o L
at?! d)+d, +1,
g21(r) (d,/,; + 1)"71(,1[11 + r)l'/vrd;ﬂ, 1<r<n
3 al 4
a;J d)+1
b d+d) + 1)
g¥r) (dy + 1)1 dt 1 < r < B

adjusting the relative position of a job in the relevant group, as illustrated in Exam-
ple 12.1.

As demonstrated in the above example, with an appropriate use of the parameters
al¥ (1 < v <x,g"¥(r), 1 <r <n,and™, foreach x, 1 < x < k, our model
as defined by (18.2) and (18.4) can be used to represent a wide range of practical
situations.

In what follows, we show that problem 1|Effect (18.2), RM P(K), A¥(7; @) |
®, for ® € {Cmax, >cC j} reduces to a series of linear assignment problems with a
product matrix and can be solved in polynomial time.

For all problems considered in this chapter, we are required to perform full enu-
meration to determine the number of jobs to schedule in a particular group, so that
the resulting running times contain at least a multiple nX.

18.2 Computing the Completion Times

For problem 1|Effect (18.2), RMP(K), A¥l(r;w)|®, in accordance with
Procedure RMP1 fix outcomes (Al) and (A2), and for a particular outcome of
Decision (B1), introduce a schedule Sg; (k) for an auxiliary problem 1|Effect (18.2),
RMP(k — 1), A¥(1; @) |®, associated with certain outcomes of Decisions (B2)
and (B3). In schedule Sg;(k), the jobs are organized into groups N W1 <x <k,
and each group N/ contains n™! jobs, where 3"%_ n'*! = n. The jobs in N™*! are
sequenced
in accordance with a permutation ™ = (7l¥(1), 7¥(2), ..., 71 (n17)),
1 <x<k.

We now derive an expression for the total time it takes to process all jobs in a
group x, | < x <k, in a schedule Sg; (k).
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Recall that throughout this book, it is assumed that an empty product is equal to
one, while an empty sum is equal to zero, i.e., H ()=1and Z::j(') =0, for
i=]
j>r.
Lemma 18.1 Givenagroupx, 1 < x <k, and job j = 7™ (r) sequenced in the rth

position, | < r < n¥ of the group, the completion time Fy ,, of the job with respect
to the start time of the group is given by

r

Fomy = D (A" + priagy) B . ), (18.5)

u=1

where AW .= 3" al¥VF, and

B, ry == g"w) [] (1+ag"6). 1 <u<r (18.6)

i=u+1

Proof We prove this lemma by induction. For job j = 7*I(r), the value F(, , for
r = 1 is given in accordance with (18.2) by
[x] _ [x] [x] L [x] [x]
p; () =|\paaqy+ay Fir+a, Fo+---+a; Fer)g (1)
= (Praqy + AM) g™ (1) = (priaqry + AM) BHI(A, 1),

which corresponds to the right-hand side of (18.5).
Assume that for r, 1 < r < nl¥, the equality

r—1

Firon) = Z(Al*J + Prinigey) B u, r — 1), (18.7)

u=1

holds. We know that
Fury = Far—n + PﬁxJ(")-

Substituting (18.2), we get

Fory = Far-n + (Pﬂl“(r) + A 4 a)lcx]F(x,r_l))gm(r)
= (1 + a)[cX]g[X](r)) F(x,rfl) + (pﬂ-h](r) + A[x])g[x](r),
Substituting the value of F, ,_y from (18.7), we obtain
r—1

Fary = (14ag™) D (A + piag) B @, r = 1) + (A + priag)) g™ o).

u=1
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It can be easily verified that (1 +a*lg™(r))B¥ (u,r — 1) = B¥(u, r) and
g"1(r) = BY¥!(r, r), so that we obtain

r—1

Fary = D (A" + priagy) BM @, 1) + (AY) + priagy) B (r, 7)

u=1

= D (A" + prigy) BM w, 1),

u=1
which proves the lemma. O

Due to Lemma 18.1, the total processing time of a group x, 1 < x < k, can be
written as

)

Fe= F(x,nm) = Z(A[X] + pﬂm(’))Bm (r’ n[x])

r=1

¥ 7x—1 nl¥l
= Z( a,[j‘JFv)B[)‘J (r, nm) + pWL.xJ(,)B[XJ (r, anJ)
1 1

r=1 \v= r=

nlrl nlxl

x—1
= > (@S B ) | By 4> prii BY ().
v=1 r=1 r=1
For convenience, denote
nlxl
DY =" pragy BY (r.nM), 1 < x <k, (18.8)
r=1
and
nlxl
b= alt > BY (), 1<v<x -1, 1 <x <k (18.9)
r=1

Then F, can be rewritten as
Fo=b"Fy + 05 P + - 4+ 6 Foy 4+ DL (18.10)

Lemma 18.2 The fotal processing time of a group x, 1 < x <k, is given by

F, = Z EW~1plvl (18.11)

v=1

where E¥¥ := 1 and forv < x — 1
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X—v

El] . Z z b[vl]b[vzlb[v3] .. ploel (18.12)
V1 :

V-1’
w=1 V=U)<V]<--<Vpy=X

where in (18.12) for each w, 1 < w < x — v, the second summation is taken over
all increasing sequences of w + 1 distinct integers (vy, v1, .. ., Uy) With vy = v and
Vy = X.

Proof Please notice the zigzag pattern of the subscripts and superscripts in the right-
hand side of (18.12), as outlined below.

[v1] [v2] v vw-1] (V]
S NS N S S N /!

Vo U1 1%) . Vw—1

The proof of the lemma is by induction. For x = 1, it follows from (18.10) that
F; = D', On the other hand, for x = 1, (18.11) reduces to F; = EL11DMI and
since E!"!1 = 1 by definition, we also obtain F; = D'

Assume now that the lemma holds for all groups 1, 2, ..., x — 1, and prove that
it holds for group x < k. Starting with (18.10), we write

x—1
Fo=>"bMF, + DY,
v=1

and use the induction assumption to substitute (18.11) into the above expression to
obtain

x—1 x—1 x—1

F, _Zb[x]ZEb U]D[\]+D[X]_ZZb[X]E[U Yipll 4 pl¥l
v=1 y=I v=1 y=v
x—1 x—1
— [x] prlv,v] [x] v, y] [v] [x]
_Z buxEvv_I_ZbyxEv\ ptl 4 pt,
v=1 y=v+1

Further, using the induction assumption, replace E!™V! by 1 and substitute
E™>1 v < y, in accordance with (18.12). We deduce

x—1 x—1 y—v
Fe=>"(b4+ > bg,”(z > b,Egl]bL?Jbg?]---b{,'y]l) Dl 4 pll

v=1 y=v+1 w=1 V=V9<V] < <Uy=y
x—1 x—1 )

I LD 3 S R T
v=1 y=v+lw=1l v=U<v]<-<vy=y
x—1 x—1 y—v

— b,[Jx]-F Z Z Z b,Ezl]b[UZ]b[US] br[Jz,W]lb&] pll ¢ plal.
v=1 y=v+lw=1l v=U0<v]<-<vy=y



18.2 Computing the Completion Times 395

Observe that for a fixed w the equality

x—1
[vi]plv2]pglv3] [vw] plx] — [vilplvalplvsl [vw] plx]
2 ) D R et

y=v+l Vv=vp<v]<--<Uyp=Yy V=Up <V <+ <Uy <x—1

holds, where the summation in the right-hand side is taken over all increasing
sequences of w + 1 distinct integers (v, vy, ..., Vy,) Withvy = vand v, < x — 1.

Notice that for y = v+ 1 and for y = x — 1, we have that w = 1 and w = x —
v — 1, respectively, i.e., | < w < x — v — 1. This means that

x—1 x—v-—1
Fe=>" b+ > > pllplalplial . ploal plal ) plel 4 plel,
v=1 w=1 V=00 <V <<V <x—1

Replacing w with w — 1, rewrite

x—1 x—v
o= 2 |00+ 2 > bl ol b ) ot gDt
v=1 w=2 Vv=Ug<V < <Uy_1<x—1

It can be easily verified that
1 [vu-1]
Vy—
b =7 > BBl by bl L < v < x - 1

w=1 V=0 <V <+ <Uy—] <Upy =X

so that F,, 1 < x < k, can be rewritten as

x—1 /x—v
[vu-1], o,
Fe = Z(Z > el gl g i

v=1 \w=1 v=vp<v] < <Vy_1 <Vy=X
x—1 X
— Z EApll 4 plexlpld — Z Elxplv
v=1 v=1
which proves the lemma. O

The expressions in Lemma 18.2 look heavy; below we illustrate them for small
values of x, e.g., x < 4. Recall that for x = 1, we have F, = D!, For x = 2, the
formula (18.10) gives F, = b[lz] F, + D = bEZ]D“] + D1, which complies with
(18.11) forx = 2,since E"? = p* and E2?) = 1. Similarly, for x = 3, the formula
(18.10) reduces to

Fy = 0P F 4+ 6 F, 4+ DB = P pl] +b£3](b[12]D“' + D[2I) + phl

_ (bF] +b§2]b£3])D“] +pPp 4 pB,
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It can be easily verified that this complies with (18.11) for x = 3. For x = 4, using
(18.10) we obtain

Fy = B Fy 4+ B Ey 4 o Fy 4 DI
= p4plll 4 pl (bFJD“] + Dm) +bg4J((b%31 +b&21b£31)Dm +pP D2 4 Dm) + pi4

_ (b54] +b52]b£4] +b£3]bg4] +b52]b£3]b£4])D“‘ + (b£4] +b£3]b£4])D[2] +bg4]D[3‘ + DI,

On the other hand, using (18.11) we obtain

Fy = EM4Ipl 4 pRADEI L pBAIHBI | pldl pidl
3

w 1
IR S R I

w=1 l=yy<v)<-<vy=4

2
w 2
>3 sk )o®

w=1 2=vy<v|<--<v,=4

> ploilplial . ploel | pBI 4 pll

w=1 3=yy<v|<---<v,=4

plutl Z b[Ul]b[U7] Z bLT(J)l]bL'?]bl[)l;s] ptl ¢

vo vo
1= v0<v1—4 I=vpg<v)<vr=4 l=vg<v)<vr<v3=4

[vl] + z b][]l())]]b'[}:Z] pl2l + Z b'[)l()]l] pBl + pl4

2= vo<v1—4 2=vp<v)<vy=4 3=vg<vi=4

= (o4 P10k 6 BRI DU - (b1 4 BEIBET) DR 4 5 DI - D,

Notice that the number of terms contained in the expression
D i<ty <oy —x PRIBIIBRST - Bl Sinyolved in the right-hand side of (18.12),

is (X v 1) Thus, to determine all values ofE[” M 1l<v<x—1,2 <x <k,thetotal
number of products to be computed is %, ¥ 71 S (v =2k —k — 1.

w—1
Recall that the durations of the RMPs are given by (18.4). Including the time
spent on rate-modifying activities, the completion time Cri( of a job scheduled in

position r, 1 < r < n¥!, of the xth group, 1 < x < k, can be written as

Cinpy=F+T1+Fh+Th+- -+ Fi+ T + Fur

x—1 x—1 x—1
:Z 1+Z<1Ew] FU+F(x,r)+z;]\{v]'
v=1

w=v v=1
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For convenience, denote

x—1
grrth=14+ > (M l<v<x—1, 1<x <k (18.13)
and rewrite |
x—1 xX—
Crinigy = D€ Fy 4 Fiey + D 1. (18.14)
v=1 v=1

Applying the results of Lemmas 18.1 and 18.2, the completion time can be written
in terms of the original problem parameters.

18.3 Minimizing the Makespan

Let us now specifically consider an auxiliary problem 1|Effect (18.2), RM P(k — 1),
AP(7; @) |Cax. For a schedule Sg;(k), denote the makespan by Ciax(Sp1(k)).
If schedule Sg; (k) is associated with a permutation 7 = (x!!l, 721, ... 7*1)  then
Chnax (SB1(k)) is equal to C_u (n1t1) the completion time of the last job in the last kth
group. From (18.14), we have

k—1

Crnax (Sp1(k)) = C,rm(nlkl) = Zé[’“’k‘”Fx + F 4+ I'(k),
x=1
where the constant term is defined as
k—1
Lk =D 7. (18.15)
x=1

Using (18.11), rewrite

v= v=1

k—1 x k
Cinax (Sp1 (k) = Zf‘*"‘“( E‘”'D'“') + > EMHDU 4T (k).
x=1 1

Rearranging the terms, we get

k k—1
Cax (SB1(k)) = Z(Z g[v,k—l]E[x,v] + E[x,k])D[x] 1+ T (k).

x=1 \v=x
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Substituting the value of D™! from (18.8), we further derive

k k—1 plxl
Cax (Sp1(k)) = Z(Z £[v,k—1]E[x,v] + E[x’k])zpﬂ[xl(r)B[X] (r, n[x]) + (k)

x=1 \v=x r=1
k  nl¥ k—1
= > paanBY(r. n[x])(z gok-lglel 4 E[X*k]) + T (k).
x=1 r=I v=x
The above can be represented as
k nl
Conax (S516)) = D D" W) priay + T (k). (18.16)
x=1 r=I

where

k—1 k—1
Wil = B, nm)(z<1 +> cgw])E[’“”] + E["'k]), l<r<nM 1<x<k,

(18.17)
is ajob-independent weight, such that the product W p_1, represents the contribu-
tion of job j = wl*1(r) scheduled in positionr, 1 < r < n™, of groupx,1 < x <k,
to the objective function. The expression for computing the positional weights (18.17)
can be written in terms of the original parameters by the use of (18.6), (18.9), and
(18.12).

Let T(W) denote the time required for computing the positional weights for
an auxiliary problem 1|Effect (18.2), RMP(k — 1), A¥(r; ) |® expressed as a
function of n and k.

Finding all values of B[x'(r, nm), 1 <r<n™ 1<x <k, by (18.6) requires

o(zﬁ;:l n[ﬂ) = O(n) time. After that, all values of b, 1 <v <x — 1,1 <x <

k, can be found by (18.9) in O (k2) time. Following Sect. 18.2, computing all val-
ues El" 1 <v <x — 1,1 < x <k, requires O (2*) time. Finally, all n positional
weights WH¥(r), 1 <r <nl¥l, 1 < x <k, will be computed in O(n) time, pro-
vided that all other quantities have been found. Thus, for an auxiliary problem
1|Effect (18.2), RMP(k — 1), AM(7; @) [Crax is T(W) = O(2n +k*+2%) =
O (n), provided that k is a given constant.

The function (18.16) admits a generic representation (12.3), and Procedure RMP1
is in principle applicable. In particular, for each outcome of Decision (B1), i.e., for
fixed values n*1, 1 < x < k, of the numbers of jobs in each group, schedule S (k)
that corresponds to the smallest value of function (18.16) can be found by solving
an LAP. Notice that the weights are job-independent so that for each outcome of
Decision (B1) the corresponding LAP will have a product cost matrix (see Sect. 12.4).

Notice that the computed positional weights W!(r), 1 <r < n*l, given by
(18.17) may be non-monotonically ordered within each group x, 1 < x < k. Addi-
tionally, the term n'*! appears in (18.17), and thus, it is not possible to generate a set
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of all possible values of W), 1 <r <n,1 <x <k, without prior knowledge of
the number n'*! of jobs in each group. As a result, Theorem 16.2 does not hold and
none of the solution approaches presented in Chaps. 16 and 17 can be applied.

Thus, in order to solve problem 1|Effect (18.2), RM P (K), A (7; @) |Cpax, We
apply Procedure RMP1, which involves solving an LAP with a product matrix as a
subroutine in Step 1(b), so that the following statement holds.

Theorem 18.1 Problem 1|Effect (18.2), RMP(K), A¥(r; @) |Cmax can be
solved in O(nK+1 log n) time by applying Procedure RMPI and using Algorithm
Match as a subroutine.

Proof According to Lemma 12.1, the number of times an LAP will have to be solved
is equal to O (nK ) It takes T(W) = O(n) time to compute all positional weights
given by (18.17). The running time required to run Algorithm Match used for solving
an LAP with a product matrix is equal to O (nlogn). Thus, the total running time
required to solve problem 1|Effect (18.2), RM P(K), A¥(T; @) |Cpax is given by
O((n +nlogn)n®) = 0 (n* ' logn). O

At the end of Sect. 18.4, we present a numerical example, in which we solve the
problem of minimizing the makespan for the situation discussed in Example 18.1.

18.4 Minimizing the Total Completion Time

We now address problem 1|Effect (18.2), RM P(k — 1), A¥l(r; w) | > C;. For a
schedule Sgj(k) with k groups associated with a permutation 7 = (77[”,
w2, ..., wltl), the total completion time can be written as

kol
F(Sp1(k) = D" Ci(S1(k) = D >~ Cinigr.

x=1 r=1
Substituting (18.5) into (18.14), we rewrite the expression for Cyix(,y as

x—1 x—1

Catagy = D&V HE, + D (AM 4 priagy) B (w, ) + > 7

v=1 u=1 v=1

x—1 r r x—1
=D & UE 4+ AN BY ) + D priaey BY @, ) + D 7.

v=1 u=1 u=1 v=1
Substituting AKXl = 3" 4l F,  into the above equation, we obtain
x—1

x—1 r r
C’]T[X](r) = Z(&[U,X—l] _l_al[)x] Z B[x] (M, }"))Fv + Z p']‘r[x](u)B[X](u7 r) + Zfﬁ[v]

v=1 u=1 u=1 v=1
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Thus, the total completion time of schedule Sg; (k) can be written as

k¥ rx—1 r r
FSmik) = > [Z(é“”*” +a" > B, r))Fv + 2 Prii B, r>} + Ak

x=1r=1Lv=1 u=1 u=1

k| x=1 o Al
Z|:z< xlelvx—1] +a ZZB (u, r))F +Zz[)”‘](”)3 (u, r):|

x=1[ v=1 r=1u=1 r=1u=1

+A(k),

where the constant term is given by

¥l x—1

Ak) _ZZZ*{” (18.18)

x=1 r=1 v=1
: . N :
It can be easily verified thatthe term > >"" _| p.wiqy B¥ (u, r) can be rewritten

[x] [x]
as >y Prinry >, BN (r, u), 1 < x < k, so that we have

B b1l ] bl
F(Sg1(k)) = z |:z< [A]E[U x—1] +a[X] Z Z B[X](r u)) Fy + Zp () Z B[X](r, u)
u=r

x=1[ v=I r=1u=r

+A k).

For convenience, substitute the value £["*~! from (18.13) and denote

el plx]
Gl = eIy 4 Zg[w] +al! ZZBX](r ), l<v<x—1,1<x <k,
r=lu=r
(18.19)
so that we have
nlxl nlxl

F(Sp1(k)) —Z ZG'”‘F +Zpﬂu<,>23'“(r W) | + AK).
=1

Substituting the value of F, from (18.11) into the above equation, we deduce

k [x-1 nlxl ]
F(Spi1(k) = > D Gl Z Elw-vlplv] +zpﬂu 1 2, BY 0w | + AR
x=1 \v=1 w=1 r=1 u=r

x—1/x—1 nl¥l nl¥l
-> Z(Z GriE wJ)D[“ZM»ZB“J(r w |+ A0

x=1| v=1 \w=v u=r
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k 1 k nlrl
> 2 (UZ GielEr w])D[X] * Zipr“'m Z B u) + Ah)

x=1v=x+1 \w=x x=1r=1

k k nl¥] nlxl

SDIED I IIETERS 3 TS S LES TS
x=1 v=x+1 w=x x=1r=1

Further, substituting the value of D™l from (18.8) and rearranging terms, we
obtain

x=1 r=1 v=x+1w=x

k nlx]
F(Sg1(k)) = Z|:<zpwm(r)3[x] r n[x] ) Z Z Glwvl glx.wl
nlx] nlxl
+ Z Pt > BYGru) | + AGh)
r=I1 u=r
k nl¥l k bl
D0 W TS o WSS o

x=1r=1 v=x+1 w=x

+A k).

Thus, the total completion time can be represented as

k  nt

F(Sp1(k) = D D" W) priagy + Ak, (18.20)

x=1 r=1
with the positional weights defined by

k v—1 nlx]
whl ) = gl (r, n["]) > > gl £ 3 Bl Gy, 1<r <nl 1 <x <k

v=x+1wW=x u=r

(18.21)

The expression for the positional weights (18.18) can be written in terms of the
original parameters by the use of (18.6), (18.19), (18.12), and (18.9).
All values B™(u, r),1 <u <r <n™, 1 < x <k, can be computed by (18.6) in

¥ (lxl .
O(Zk M) = 0 (n?) time. After that, all values of G, 1 < v <x — 1,

x=1

1 < x <k, can be found by (18.19) in O (k?) time. As discussed in Sect. 18.3, com-
putingall values E"*1 1 < v < x — 1,1 < x < k,requires 0(2") time. Finally, all n
positional weights W¥(r),1 < r < a1 1 < x < k, will be computed in O (n) time,
provided that all other quantities have been found. Thus, the overall running time
needed to compute the positional weights for an auxiliary problem 1|Effect (18.2),
RMP(k — 1), AP (m; @) [ X2C; is  T(W)=0(n+n>+k*+25) = 0(n?),
provided that k is a given constant.



402 18 Scheduling with Rate Modifying Activities and Enhanced Effects

Similar to Sect. 18.3, the function (18.20) admits a generic representation (12.3).
Thus, in order to solve problem 1|Effect (18.2), RMP(K), A¥/(7; @) |Cpax, We
apply Procedure RMP1, which involves solving an LAP with a product matrix as a
subroutine in Step 1(b), so that the following statement holds.

Theorem 18.2 Problem 1|Effect(18.2), RM P(K), A¥)(1; @) | Y. C; canbe solved
in O (nK +2) time-applying Procedure RMPI1 and using Algorithm Match as a sub-
routine.

Proof The proof of Theorem 18.2 is similar to the proof of Theorem 18.1. The only
difference is that it takes T (W) = O (n?) time to compute all positional weights given
by (18.21). Thus, the total running time required to solve problem 1|Effect (18.2),
RMP(K), A*N(7; @) | > C; is given by O((n* + nlogn)n®) = 0(n*?). O

Below we provide a numerical example, in which we solve the problems of min-
imizing the makespan and the total completion time for the situation discussed in
Example 18.1. We present the solution for a particular combination of outcomes
(Al), (A2) and, (B1).

Example 18.2 Eight jobs must be processed on a single machine. The normal
processing times of the jobs, after renumbering them in LPT order, are:

Pr=8 p2=7, p3=6 ps=06 ps=4 ps=2 p;=1, pg=1.
The number of jobs in each of the three groups is known in advance as
At =3, pl2 =2, n¥ =3,

The values of the parameters for the machine and the operators as defined in
Example 18.1 are also known and given by

d, =0.1, d, =0.15, d,, = 0.2, I, = —0.15, d|, = 0.15, I, = —0.1, I, = —0.02,
C/:z, 77/:57 77//:6'

Using the formulae provided in Table 18.1, the functions for the positional factors
reduce to

gy = (dy, + 1) At = LT T < <3
0.2

RN _ (g r—1¢, (1] Lod, =1 T .
g7 ) = (d), + 1) (! + r)erde = (1.15) —(r+3)0'15,1§r§2,

) = (dr,r; + l)n‘2‘+r71rd’w’.+lg = (1.15)" 7199 | <y <3,
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Table 18.2 Values of B (u,r), 1 <u <r <nl¥! 1 < x < 3, for Example 18.2

Group 1 BUI(1, 1) = 1.00;

BU(1,2) =1.17, BU(2,2) =1.14;

B (1, 3) = 1.40, BM(2,3) = 1.36, BM(3,3) = 1.28;
Group 2 B21(1,1) = 0.81;

B21(1,2) = 0.98, B2(2,2) = 1.04;
Group 3 BB, 1) =1.32;

BBI(1,2) =1.74, BB1(2,2) =1.57;

BBI(1,3) =2.38, BB1(2,3) =2.16, BB1(3,3) = 1.85.

and all required input parameters are computed as

g (1) =1.00, g112) = 1.14, ¢M3) = 1.28; al'' = 0.15;
g2(1) = 0.81, g2(2) = 1.04; a? = —0.15, al! = 0.20;
g1 =132, ¢¥12) = 1.57, ¢¥1(3) = 1.85; ol = —0.02, o} = 0.13, o' = 0.20.

and

Notice that while solving this example, we have computed all values with high
precision, but here and below for the ease of presentation we report them rounded to
two decimal places. Applying (18.6), all values of B¥ (u, r), 1 <u <r <nW, 1 <
x < 3, are computed and are presented in Table 18.2. For the problem of minimizing
the makespan, we will only need to use the values given in the last row of each block
in Table 18.2, whereas for the problem of minimizing the total completion time we
will require all of them.

Applying (18.9), all values of b1, 1 < v < x — 1, 1 <x < 3, are computed as

b'? = (—0.15)(0.98 + 1.04) = —0.30;
b = (—0.02)(2.38 +2.16 + 1.85) = —0.13,
b = (0.13)(2.38 4 2.16 + 1.85) = 0.83.

Applying (18.12), all values of El 1 <yp<x,1<x <3, are computed as

E™ = 1.00;
EU2 = pi2 = —0.30, E*? = 1.00;
EUST = pP 4 pPIpl = —0.38, EY = b)) = 0.83, EB* = 1.00.

Finally, applying (18.17), the positional weights W*(r), 1 < r <nl¥l, 1 <x < 3,
for the problem of minimizing the makespan can be rewritten as
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Wiy = B 3 (14" ) 4 (14 P BN 4 B, 1< <3
W) = B 2 (14 ) ER 4 ) 1 < <2

WBIe) = B3 3)(B3), 1= <3,
and their values computed as

w1y =3.23, wil2) =3.15, wll(3) = 2.96;
w(1) = 1.80, W (2) = 1.90;
wBl(1) = 2.38, wBl(2) =2.16, WP (3) = 1.85.

To solve problem 1|Effect (18.2), RMP(k — 1), A¥/(7; @)|Cpnax, the com-
puted positional weights are sorted in non-decreasing order and stored in list
L = ({,7%.-...7)- The constant term I"(3) can be computed as I'(3) = 7' +
7?1 = 11.00. The resulting optimal schedule S’(3) is associated with a permutation
w* = (p, w2, 14B1); all relevant computation is presented in Table 18.3.

Next, for the problem of minimizing the total completion time, we also must
additionally compute the values of G"*1, 1 <v < x — 1,1 < x < 3. Using (18.19)
and the values obtained in Table 18.2, we compute

G =558, GI'31 =8.78, G =4.43.

Applying (18.21), the positional weights WG, 1 <r <n™ 1 <x <3, for
the problem of minimizing the total completion time can be rewritten as

3
W[l](r) — B[l](r, 3)(G[112]E[111] 4+ G pLal G[Z’S]E[I’Z]) + z B[l](r7 w), 1 <r<3;
u=r
2

W) = B0, 2 (GRIERY) £ B u), 1< <2;

u=r

3

wBlGy = > BPl(rnu), 1<r <3,

u=r

and their values computed as

w1y = 21.72, wih2) =20.16, w(3) = 17.91;
wil(1) = 6.14, W(2) = 5.64;
wBl(1) = 5.44, wBI(2) =3.73, wP¥(3) = 1.85.

To solve problem 1|Effect (18.2), RM P(k — 1), A¥l(r; )| > C;, the com-
puted positional weights are sorted in non-decreasing order and stored in list
L":=(v{,7,...,7)). The constant term A(3) can be computed as A(3) =
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Table 18.3 Calculation of the optimal value of the makespan and the optimal value of the total
flow time for the problem outlined in Example 18.2

j pj v, p* Vip; v [ * Vip;
Makespan Flow time
1 8 1.80 w2 (1) 14.36 1.85 ©Bl3) 14.78
2 7 1.85 uB1(3) 12.93 3.73 oBl2)  |26.12
3 6 1.90 w22) 11.39 5.44 ©Bl(1) 32.66
4 6 2.16 wBl2) 12.94 5.64 ol21(2) 33.82
5 4 2.38 pBly - 19.53 6.14 o1y |24.56
6 2 2.96 1 (3) 5.93 17.91 o1 3) 35.83
7 1 3.15 pt2) 3.15 20.16 o12) 20.16
8 1 3.23 (1) 3.23 21.72 oM (1) 21.72
Total 73.46 Total 209.65

Cinax (S'(3)) = 73.46 + 11.00 = 84.46
> C;(S"(3)) = 209.65 + 43.00 = 252.65
p*=(8,7,6,1,3,54,2); ¢*=(8,7,6,5,4,3,2,1)

a2 4 (A + 721 nB) = 43.00. The resulting optimal schedule S”(3) is associ-
ated with a permutation ¢* = (ap“], o2, 50[3]); all relevant computation is presented
in Table 18.3.

18.5 Some Reduced Models

In this section, we explore single machine models which can be expressed as spe-
cial cases of the general problems 1|Effect (18.2), RM P(K), A¥(7; @) |Cpax and
1|Effect (18.2), RM P(K), A¥l(r; w) | > C;. We look at their simplified versions
with effects less general than that given by (18.2) and (18.3), and possibly with
additional simplifications. The main purpose of this section is to verify whether
the running time of the solution approach given in Sects. 18.3 and 18.4 for the
general problems 1|Effect (18.2), RM P(K), AF(T; @) |Cpax and 1|Effect (18.2),
RMP(K), AM(r;@)|> C i, respectively, can be reduced for their simplified coun-
terparts.

18.5.1 Simple Combined Effects

First, we demonstrate that as long as a time-changing effect combines both a posi-
tional effect and a (linear) start-time-dependent effect, the running times established
in Sects. 18.3 and 18.4 for the general problems cannot be reduced.
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Consider a situation in which a machine undergoes time-dependent deterioration
and positional polynomial learning. Moreover, the machine is subject to K identical
maintenance periods with constant duration equal to 7, all of which must be run.
The model assumes that the effects are group-independent and after an RMP, the
learning advantages are lost and both the operator and the machine are brought to the
original conditions. For a schedule S(k), with k = K + 1 groups, assume that each
group contains a total of n*! jobs, so that 71 = (x¥1(1), 741(2), ..., #l¥I(nP1)),
1 < x <k, where 3*_, n"l = n. The actual processing time of a job j = 7*1(r),
scheduled in position r, 1 < r < nl*!, of the xth group, 1 < x < k, is given by

Plmn = (p tarht i sr Al 1sesk (82)

where a > 0, and b < 0.

The resulting problem is denoted as 1|Effect (18.22), RM P(K), A|®, for
(ONS {Cmax, > C j}. Notice that for this problem, RMP Decisions 1-3 need not be
taken, since the RMPs are identical and all of them are known to be included in any
order, e.g., in the order of their numbering. As a result, problem 1|Effect (18.22),
RMP(K), A|® can be written as a special case of problem 1|Effect (18 2)
RMP(K), AW (7; @) |® with the parameters g)(r) = r?, and &} = o} = ... =

a =0,a¥ =q, forallx, 1 <x <k,and ("= =... = g};ﬂl = Qj" =0,
andﬁ{x] =y, forallx,1 <x <k—-1=K

It follows that the objective function for problem 1|Effect (18.22), RM P(K), A |
Cmax may be written in the form (18.16), with the positional weights found by mak-
ing appropriate substitutions in (18.17). It can be easily verified that the resulting
positional weights for problem 1|Effect (18.22), RM P(K), A |Cax can be found as

e
W[x](r)—rbH +ai’),1<r<n™ 1<x<K+1. (18.23)
i=r+1

Similar to computing the positional weights for an auxiliary problem, associ-
ated with the general problem 1|Effect (18.2), RM P (K), A¥(1; @) |Cpax, the
running time required to compute the positional weights for an auxiliary prob-
lem 1|Effect (18.22), RMP(k — 1), A|Cpax (With k = K + 1) using (18.23) is
given by T (W) = O(n). Also, notice that the computed positional weights W*!(r),
1 <r <n™ 1 <x < K + 1, are non-monotonically ordered within each group x,
1 < x < k, since the terms a and b are of opposite signs. Additionally, the term 7n*!
appears in (18.23), and thus, it is not possible to generate a set of all possible values of
W), 1 <r <n,1 <x <k, without prior knowledge of the number of jobs, nlxl,
in each group. As a result, Theorem 16.2 does not hold and in order to solve prob-
lem 1|Effect (18.22), RM P(K), A |Cpnax, we must apply Procedure RMP1 which
involves full enumeration of outcomes of Decision (B1) and solving an LAP with
a product matrix as a subroutine in Step 1(b). According to Lemma 12.1, the num-
ber of these outcomes for k = K + 1 is O(nK ) Thus, the results of Theorem 18.1
are applicable, so that the resulting running time to solve problem 1|Effect (18.22),
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RMP(K), A|Cnax is equal to O (nK +1og n), which is the same as that required for
solving the general problem 1|Effect (18.2), RM P(K), A¥/(T; @) |Cpax-

Notice that problem 1|Effect (18.22), RM P(K), A |Cpax may admit a faster run-
ning time if the terms @ and b are of the same sign. We are still required to generate
all values of n!*1, since they appears in (18.23), but because a and b have the same
sign, the found positional weights W1(r), 1 < r < nl¥], are monotonically ordered
in each group, x, I < x < k. Thus, sorting all positional weights in a non-decreasing
order requires O (n min{ K, log n}) time instead of O (n log n) time. As aresult, Algo-
rithm Match requires O (n min{K, logn}) time and the overall running time of the
problem can be given as O ((n + nmin{K, logn})n*) = O (n*+' min{K, logn}).

Now, let us consider problem 1 |Effect (18.22), RMP(K), A|>.C ;- Theresulting
objective function may be written in the form (18.20), with positional weights found
by making appropriate substitutions in (18.21). It can be easily verified that the
resulting positional weights for problem 1|Effect (18.22), RMP(K), A|> C; can
be found as

x nl¥) Ay
whlgy = (n — Zn[”])rh H (1 + aib) +rb z H (l +aih), (18.24)
v=1 i=r+1 u=ri=r+1

1<r<n®l 1<x<k.

Similar to computing the positional weights for an auxiliary problem, associated
with the general problem 1|Effect (18.2), RM P(K), A¥N(7; @) | Y C;, the run-
ning time required to compute the positional weights for an auxiliary problem
1|Effect (18.22), RMP(k — 1), A| > C; (with k = K + 1) using (18.24) is given
by T (W) = O(n?), since the total number of terms to be calculated is O (n?). Also,
notice that the term n!*] appears in (18.24), and thus, similar to the situation of
problem 1|Effect (18.22), RM P(K), A|Cpnax, We apply Procedure RMP1, which
involves full enumeration of outcomes of Decision (B1) and solving an LAP with
a product matrix as a subroutine in Step 1(b). Thus, the results of Theorem 18.2
are applicable, so that the resulting running time to solve problem 1|Effect (18.22),
RMP(K), A|Y. C; is equal to O(n¥*?), which is the same as that required for
solving the general problem 1|Effect (18.2), RM P(K), A¥N(; @) | > C;.

Theorem 18.3 Problem 1|Effect (18.22), RMP(K), A¥(1; @) |®, for & e
{Cmax, > Cj} can be solved in O (nK+1 log n) and O(nK+2) time, respectively, by
applying Procedure RMP1 and using Algorithm Match as a subroutine.

Hence, it can be seen that as long as a model incorporates a combined time-
dependent and a positional effect, even the simplest versions of the general problem
1|Effect (18.2), RMP(K), AM(r; @) |®, for ® € {Cpax. >.C;}, require
O (n**'logn) and O (n**+2) time, respectively. However, if either a pure positional
effect or a pure time-dependent effect is considered, faster solutions are possible.
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18.5.2 Pure Positional Effects

In this subsection, we discuss a version general problem of the form 1|Effect (18.2),
RMP(K), A¥(1; ) |® with a pure positional effect, so that for schedule Sg) (k)
associated with a relevant auxiliary problem, the actual processing time of a job j
scheduled in position r of a group x, 1 < x < k, is given by

PG =pig¥ ). 1<r<n 1<x <k (18.25)

A similar model is considered in Chap. 16 for a deterioration environment, in
which the positional factors g["J(r), 1 <r <n,1 <x <k, are in a non-decreasing
order and the RMPs are understood as maintenance periods. Moreover, in Chap. 16
we do not allow the positional factors to be dependent on the number of jobs scheduled
in previous groups.

In this subsection, we study positional effects without these restrictions, so that
the positional factors can be non-monotone within a group and the RMPs can be of
an arbitrary nature with their durations given by (18.3). In other words, we consider
position-dependent models that combine deterioration and learning effects with rate-
modifying activities. An illustration of such a scenario is presented in Example 12.1.
Let us denote problems of this type by 1|Effect (18.25), RM P(K), A¥(1; w) | D,
where ® € {Cmax, ch}-

Assuming that a particular combination of outcomes (A1) and (A2) is known
and a certain outcome of Decision (B1) is chosen, the resulting auxiliary problem
1|Effect (18.25), RM P (k — 1), A®1(1; ) |® can be seen as a spemal case of prob—
lem 1[Effect (18.2), RMP(k — 1), AW (7; @) |® with ol = &l = ... = o) =
a®l =0, forallx, 1 <x <k.

To solve an auxiliary problem 1|Effect (18.25), RMP(k — 1), A¥(r; @) |
Chax, the required positional weights can be obtained by making relevant substi-
tutions in (18.17), so that we have

witgy = | (1 )ge 1= r=abl pse k-1 oo o
g l<r<nal x=k

The running time required to compute the above positional weights is given by
T (W) = O(n), as for a more general problem considered in Sect. 18.3.

To solve problem 1|Effect (18.25), RMP(k —1), AN (r; @) | > C},
the required positional weights can be derived from (18.21), so that we have

I:Zﬁ x+1 n[v](] + Zur X [w]) + (n[X] —r+ 1)]9[X](r)s I<r=< n[x]’
WlXJ(r): 1<x<k-1,
(n[x] —r+ l)g["](r), 1<r<nl
x =k.
(18.27)
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To calculate the running time required to compute the above positional weights,
rewrite (18.27), so that for each r, 1 < r < n!, the weights are found by

((n —r+1- ZE;} n[”]) + Zﬁ;i Ll (n — >l n[w]))g["](r), l<x<k-1;
whler) =
' (nlx] —r+ l)gl)‘J(r), x =k.

Notice that for a given group x, 1 < x < k, the term (n — Zﬁ;} n[”]) + z];;)l( ¢

(n - > n[w]) is constant and essentially requires the summation of (k — x 4 1)
terms, so that it can be computed in O(k — x 4 1) time. If the value of this term
is known, the value of the positional weight Wl(r), for a givenr, 1 <r < nxl,
1 < x <k, can be found in constant time. Thus, for a given group, the total num-
ber of operations required is O (k — x + 1 + n*1), 1 <x < k. For all groups, the
running time to compute all required positional weights will be equal to T(W) =

o (fo:l (x + n["])) = O(n 4 k?) = O(n), assuming k is a constant.

It can be observed that the found positional weights for both problems are possi-
bly non-monotonically ordered within each group. Moreover, they do not allow us
to generate a set of all possible values of W¥(r), 1 <r <n, 1 < x <k, without
prior knowledge of the number of jobs, n*), in each group. Therefore, we apply
Procedure RMP1, which involves full enumeration of outcomes of Decision (B1)
and solving an LAP with a product matrix as a subroutine in Step 1(b), so that the
following statement holds.

Theorem 18.4 Problem 1|Effect (18.25), RM P(K), A¥(1; @) |®, for ® € {Cpax.
>C j} can be solvedin O (nK +log n) time by applying Procedure RMP1 and using
Algorithm Match as a subroutine.

The proof of Theorem 18.4 is similar to that of Theorem 18.1. It can be noted that
although there is no change in status for the problem of minimizing the makespan, the
problem of minimizing the total completion time is solved faster for this model with a
pure positional effect. This speed up is possible because of the time taken to compute
the positional weights W), 1 <r <nl 1 <x <k, for an auxiliary problem
1|Effect (18.25), RM P(K), A™(1; @) | > C;is T(W) = O(n), one order of mag-
nitude less than required for the corresponding general problem 1|Effect (18.2),
RMPk — 1), A¥(r; @) | > C;.

Let us now extend our consideration to problems in which a pure job-dependent
positional effect is observed, so that for known outcomes (A1) and (A2), the actual
processing time of ajob j scheduled in position 7 of a group x, 1 < x < k,in schedule
Sg1(k) is given by

p5X1(r) = pjgg.x](r), l<r<n, l<x<k, (18.28)

Recall that we consider such a model in Chap. 16 for a deterioration environment,
in which the positional factors gﬁx] (r),1 <r <n,1 < x <k,areinanon-decreasing
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order for each j € N, and the RMPs are understood as maintenance periods.
Below, we study job-dependent positional effects without these restrictions. Denote
the resulting problems by 1|Effect (18.28), RM P(K), A¥(7; w)|®P, where ® €
{Cmax, >C j}. It can be easily verified by analogy with the job-independent case
studied above that an individual auxiliary problem 1|Effect (18.28), RM P (k — 1),
AP¥(7; ) |® reduces to minimizing a generic objective function

k nll

o(m) = > > Wh) o (Pt + OK), (18.29)

x=1 r=1

of the form (12.3).

For problem 1|Effect (18.28), RM P(K), A¥(7; @) |Cpax, the constant term
O(k) is given by (18.15), and for each j € N the job-dependent positional weights
W][x] (r),1 <r <n™ 1 < x <k, canbe found by appropriately modifying (18.26),
so that we have

1+32 [“’]) ) 1<r<a 1<y <k—1,
w}“(r)=i( T2 G )9 L= =it TS < (18.30)

g () l<r<n x=k

For problem 1|Effect (18.28), RM P(K), A¥l(r; )| 3" C;, the constant term
O(k) is given by (18.18), and for each j € N the job-dependent positional weights

W), 1 <r <n™, 1 <x <k, can be found by appropriately modifying (18.27),
so that we have

[Z{():)ﬁtl ”M(l + va;lx C)[cw]) + (nl)‘J —-r+ 1)]95;](”’ 1 <r <nl,

Wil = I<x=<k-1,
J (n[)‘] —r+ l)gy](r), 1 <r<nl,
x =k.
(18.31)

Notice that for both problems, all positional weights for a given j € N can be
computed by (18.30) and (18.31), respectively, in O (n) time each. The computation
is done similarly to the job-independent version of the problem. As a result, for
every j € N, positional weights W][x](r), 1<r<n 1<x<k, j € N, can be
computed in 7 (W) = O (nz) time, for both problems.

The function (18.29) admits a generic representation (12.3), and Procedure RMP1
is applicable. Again, the found positional weights for both problems are possibly non-
monotonically ordered within each group, and all n*) values must be generated. As
a result, the solution approach presented in Chap. 16 for job-dependent positional
effects cannot be applied. Thus, in order to solve both problems, which involve full
enumeration of outcomes of Decision (B1) and solving an LAP with an n x n cost
matrix as a subroutine in Step 1(b), so that the following statement holds.
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Theorem 18.5 Problem 1|Effect (18.28), RM P(K), AM(1; @) |®, for ® € {Cpax,
> Cj} can be solved in O (nKH) time by applying Procedure RMPI and solving a
series of n X n linear assignment problems.

Proof According to Lemma 12.1, the number of times an LAP will have to be
solved is equal to O (nK ) The running time required to solve an n x n LAP (see
Sect.4.1) is equal to O(n?). Moreover, it takes T (W) = O(n?) time to compute
all positional weights given by (18.30) and (18.31), respectively. Thus, the total
running time required to solve problem 1|Effect (18.28), RM P(K), A¥(1; w) |®,
for ® € {Cmax, > C;} is given by O((n? + n’)n¥) = O (n*+3). O

18.5.3 Pure Time-Dependent Effects

In this subsection, we discuss a variant of the general problem of the form 1|Effect
(18.2), RM P(K), A™(1; w) |® with a pure time-dependent effect, so that for sched-
ule Sgp) (k) associated with a relevant auxiliary problem, the actual processing time
of a job j scheduled in position r of a group x, 1 < x <k, is given by

p&x](r) = Paldl() +a=X]F1 + a%X]Fz + .- +a)[cx_]1Fx_1 +a)[cx]F(x,r_1), 1<r<n,1<x<k.
(18.32)

Notice that effect (18.32) is obtained from the general effect (18.2), by removing
the positional factor g"*!(r). A reduced form of the time-dependent effect (18.32)
is considered in Chap. 17, in which, however, we do not allow the duration of the

previous groups to affect the actual processing time of the current job, so that a%x] =

agx] - .. = a["]1 =0, forall x, 1 <x < k. Moreover, in Chap. 17, we only study a
deterioration environment, so that a)[j‘] > 0,1 < x < k, and the RMPs are understood
as maintenance periods. In this subsection, we do not impose these restrictions,
so that the rates a{x], agx], R af‘], 1 < x <k, can be of an arbitrary sign and the
RMPs can be of an arbitrary nature with their durations given by (18.3). Let us
denote problems of this type by 1|Effect (18.32), RM P(K), A¥(r; ) |®, where
D e {Cmax, ZCJ-}.

Assuming that a particular combination of outcomes (A1) and (A2) is known
and a certain outcome of Decision (B1) is chosen, the resulting auxiliary problem
1|Effect (18.32), RM P (k — 1), A¥1(; @) |® can be seen as a special case of prob-
lem 1|Effect (18.2), RMP(k — 1), A¥(7; @) |® with g™1(r) = 1,1 <r < n, for
allx, 1 <x <k.

To solve problem 1|Effect (18.32), RMP(k — 1), A¥(7; @) |Cpax, the
required positional weights can be obtained by making relevant substitutions in
(18.17), so that we have


http://dx.doi.org/10.1007/978-3-319-39574-6_12
http://dx.doi.org/10.1007/978-3-319-39574-6_4
http://dx.doi.org/10.1007/978-3-319-39574-6_17
http://dx.doi.org/10.1007/978-3-319-39574-6_17

412 18 Scheduling with Rate Modifying Activities and Enhanced Effects

k—1
W) = (1 +a§x1)"“'—r(2(1 + (P EWT 4 E["'k]), l<r=<nM 1<x<k (1833)

v=x

where the quantities 1,1 <v <x — 1,1 < x <k, are given by (18.12), and by
(18.9) the quantities b*! reduce to

[x]
a [x]
b[;”:ﬁ((wa}f])" —1),l<v<x—1, l<x <k

X

Notice that all positional weights W¥1(r), 1 < r < nl¥, 1 < x < k, can be com-
puted by (18.33) in 7 (W) = O (n) time.

Similarly, to solve problem 1|Effect (18.32), RM P(k — 1), A¥(r; )| Y C;,
the required positional weights can be obtained by making relevant substitutions in
(18.21), so that we have

ko v—-1 nl*l
W) = (14a0)™ = S0 S Gl 3 By, 1< <al 1< x <k,
v=x+1 w=x u=r

(18.34)

where the quantities G"*1, 1 <v < x — 1,1 < x <k, are given by (18.19), while
by (18.6) the quantities B! (r, u) reduce to

BYu,r) = (1 +a£x])’_”, l<u<r<n™ 1<x<k

Forafixed x, 1 < x < k, the difference r — u takes at most n*! — 1 values, so that
atmost n*! — 1 distinct values of B*1(u, r) need to be computed. Summing up for all
x, we deduce that the number of all distinct values B™!(u, r) to be found in order to
compute the positional weights W¥!(r) is O(n). As a result, all positional weights
W), 1 <r <all 1 < x <k, can be computed by (18.34) in T (W) = O(n)
time.

It can be observed that the found positional weights for both problems, given
by (18.33) and (18.34), respectively, are possibly non-monotonically ordered within
each group, and as for most problems in this chapter, all possible values of n!
have to be generated. Therefore, we apply Procedure RMP1, which involves full
enumeration of outcomes of Decision (B1) and solving an LAP with a product
matrix as a subroutine in Step 1(b). so that the following statement holds.

Theorem 18.6 Problem 1|Effect (18.32), RM P(K), AM(1; @) |®, for ® € {Cpax,
> Cj} can be solvedin O (nK+1 log n) time by applying Procedure RMPI and using
Algorithm Match as a subroutine.

The proof of Theorem 18.6 is similar to that of Theorem 18.1. It can be noted that
although there is no change in status for the problem of minimizing the makespan,
the problem of minimizing the total completion time is solved faster for a model
with a pure start-time-dependent effect. This speed up is possible because of
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the time taken to compute the positional weights WFl(r), 1 <r <all, 1 <x <
k, for problem 1|Effect (18.32), RM P(K), APV (r; @) | > C; is T(W) = O(n),
as opposed to T(W) = O(nz) required for problem 1|Effect (18.2), RM P(K),
AT @) | D C;.

18.6 Bibliographic Notes

Most of the results in this chapter follow from Rustogi and Strusevich (2014). The
models introduced in this chapter cover most previously known models related to
combined effects. Historically, several papers have been published with different
combinations of learning and deterioration effects, for various objective functions.
Below, we review several important publications, related to minimization of the
makespan and the total completion time.

Yang (2010) studies problem 1‘p§”(7; r) = (pj — ar)r’, RMP(1), A(T)‘CD,

where & € {Cmax, >C j}, with a time-dependent learning effect and a polynomial
deterioration effect, i.e., g[x](r) =r’ b>0, along with a single RMP of variable
duration. The paper claims to solve the problem of minimizing the makespan and
the problem of minimizing the total completion time in O (n* logn) time each.

Yang (2012) studies problem 1)}75)6](’7'; r)=(p;j +ar)r’, RMP(K), A(T)“b,

where & € {Cmax, > C; }, with a time-dependent deterioration effect and a polyno-
mial learning effect, i.e., g*!(r) = r?, b < 0,along with K identical RMPs of variable
duration.

The paper claims to solve the problem of minimizing the makespan and the problem
of minimizing the total completion time in O (n® ™! logn) time each. We notice,
however, that the paper underestimates the running time needed to solve the problem
of minimizing the total completion time. This is because the running time needed
to compute the values of the positional weights has been ignored. It can be easily
verified that this running time is O(nz), for the problem of minimizing the total

completion time. Thus, problem l‘pgx](r; ry=(pj+ar)r’, RMP(K), A‘ > C;

cannot be solved in less than O (n**?) time.
Yang and Yang (2010) study three reduced problems with pure positional and time-

dependent effects. First, they solve problem 1} pg.x](r) =p jr”f, RMP(K), A(T)’

> C;, with a job-dependent polynomial deterioration effect, i.e., with g/ (r) = rbi,
b; >0, j € N, along with K identical RMPs of variable duration. They reduce the
problem to solving a series of linear assignment problems and present a solution
approach that requires O (nK +3) time. Second, they solve a job-independent version
of the first problem, i.e., with g*1(r) = r?, b > 0, and present a solution approach
that reduces the problem to solving a series of linear assignment problems with
a product matrix and requires O (nK +1og n) time to minimize the total comple-

tion time. Third, they solve problem l‘pgx](T) =p;+ar, RMP(K), A(T)| > C;,
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with a linear time-dependent deterioration effect, along with K RMPs of variable
duration. This problem reduces to a problem to solving a series of linear assignment
problems with a product matrix and requires O(nK *log n) time to minimize the
total completion time.

Ji and Cheng (2010) study a relatively more complicated problem with a job-

dependent group-dependent polynomial learning effect, so that gEx](r) = )\B?C]

s
(Z;;}nm +r) ],aj <0,je N,whereAB.x],O < )\5?‘] <1,1<x<k,je€ N,rep-

resents a job-dependent group-dependent learning factor with )\5.]] =1, j € N.This
is the first paper of its kind, which combines a learning effect with a rate-modifying
activity. The RMPs are aimed at further enhancing the learning rate of the opera-
tor. Notice that the positional factors in this model are dependent on the number of
jobs scheduled in the previous groups. This indicates a continuous learning process
across groups. The duration of each RMP is a constant. Ji and Cheng (2010) reduce
the problem to solving a series of linear assignment problems and present a solution
approach that requires O (nK +3) time. They further extend this model to a parallel
machine environment and show that an optimal solution can be found in O (n™+%+2)
time, where m is the number of machines.

The work by Lee and Wu (2009) on positionally dependent setup times for models
that arise in group technology scheduling forms a background for formula (18.3),
which allows the duration of an RMP to be dependent on its start time, as well as on
its position in the processing sequence.
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Chapter 19
Scheduling with Maintenance and Linear
Cumulative Effects

In this chapter, we study single machine scheduling problems, provided that the
actual processing times of the jobs are subject to a cumulative deterioration effect
and a single rate-modifying maintenance period is inserted into a schedule.

Forajob j € N ={1,2,...,n},its normal processing time p; is given. Suppose
that the jobs are processed on a single machine in accordance with a permutation
m = (mw(1), ..., m(n)). The most general model studied in this chapter, a job j € N,

is additionally associated with two parameters, b; and g; > 0. The actual processing
time of job j scheduled in the rth position of permutation 7 is defined by

r—1
pj(r) = Pj(l +b; Z%(h)), (19.1)

h=1

where b; > 0 can be understood as a job-dependent deterioration rate that reflects
how sensitive a particular job is to the accumulated g-value Q, of previously sched-
uled jobs, i.e.,

r—1
Qr =D Geiy- (19.2)
h=1

Problem 1|p;(r) = p;(1 + b; Q,)|Cimax of minimizing the makespan under the
effect (19.1) is studied in Chap. 10, where it is proved that an optimal permutation
can be found by scheduling the jobs in non-increasing order of the ratios hé Ll jeN
(see Theorem 10.7). This is why throughout this chapter we assume the jobs are

renumbered in such a way that

pl_blzpz_bzz...zpnb". (19.3)
q1 q2 Wy
As a special case of effect (19.1), we also consider a less general linear effect
given by
r—1
p;(r) = pj(l +b2pﬂ(h)). (19.4)
h=1
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Here, the deterioration rate b is the same for all jobs, and the actual processing
time explicitly depends on P,, the accumulated normal processing times of previously
scheduled jobs, i.e.,

r—1
Pr =" pran (19.5)
h=1

Problem 1| p;(r) = p;(1 + bP,)|Crax under the effect (19.4) and its generaliza-
tions are also studied in Chap.10. In particular, for problem 1| pi(r) =
pj(1 +bP,)|Cnax it is proved that any permutation of jobs is optimal (see
Lemma 10.2). Notice that for problem 1} pi(r)=p;(1+ bP,)|Cmax all ratios l%
in (19.3) are equal to b, since g; = p; and b; = b, j € N. '

A single maintenance period (MP) can be introduced into a schedule to prevent
uncontrolled deterioration. As usual, during an MP no processing takes place, and
after the MP the processing facility is in better processing conditions. The duration
of an MP is either a constant or depends on its start time 7. The most general problem
studied in this chapter is denoted by 1|p;(r) = p; (1 + b; Q,), M P(N)|Cax, where
M P()\) means that the duration of the MP is A7 + 7, where n and A are given
constants; in particular, M P (0) corresponds to the MP of constant duration 7. Unless
stated otherwise, we additionally assume that in problem 1 | pj(r) =p;j (1 +b; Q,),
M P (\)|Crax the MP does not fully restore the initial processing conditions. More
precisely, it is assumed that for a job j € N scheduled after the MP, the normal
processing time changes from p; to op;, where o > 1 is a given constant.

The results presented in this section are fully polynomial-time approximation
schemes (FPTAS) for the scheduling problems with a cumulative deterioration and
a single MP. The approximation schemes are developed by adapting schemes known
for Boolean programming problems such as the problem of minimizing a half-product
and the subset-sum problem. The reader is advised to refer to Chap. 4, which contains
a detailed discussion of related issues.

This chapter is organized as follows. In Sect. 19.1, we demonstrate that problem
1p;(r)=p;(14b;0,), MP(X)|Crax reduces to Problem HPAdd introduced in
Sect.4.3, i.e., to the problem of minimizing a Boolean quadratic function known
as the half-product. The simplest version of the original problem, namely prob-
lem 1|p;(r) = p;(1 + bP,), MP(0)|Cpax with ¢ = 1 is shown to reduce to the
subset-sum problem, and in Sect. 19.2, we show how to adapt an FPTAS known
for the subset-sum problem to finding an e -approximate solution to this schedul-
ing problem in O(n/c) time. Finally, in Sect.19.3, we use Theorem4.8 on the
existence of an FPTAS for Problem HPAdd to develop an FPTAS for problem
1p;(r)=p;(14+b;0,), MP(N)|Cpax that requires O (n? /<) time.
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19.1 Half-Product Reformulations

In this section, we establish links between problem 1|p;(r) = p;(1+b;0,),
M P ()\)|Chax and its variants to Boolean programming problems. This will help
us to establish the complexity of the simplest problem of this range, i.e., problem
1p;(r) =p;(1 + bP,), M P(0)|Cpax with the deterioration effect (19.4), an MP of
a constant duration and o = 1.

Recall from Sect. 4.3 that the half-product is the function

n n
Hx)= D afixixj— D vx;. (19.6)
I<i<j<n j=1
defined for a vector x =(x1, X, . .., x,,) with n Boolean components; the coefficients

aj and 3; are non negative integers, while «y; is an integer that can be either negative
or positive.

For problem 1|p;(r) = p;(1+ b;Q,), M P(\)|Crax, in a schedule with a single
MP the jobs are split into two groups: group 1 consists of the jobs scheduled before
the maintenance and group 2 contains all other jobs. Let N/l be the set of jobs in
group i and |[N'"!| = n"l, for i € {1, 2}. Recall that due to Theorem 10.7, we may
only consider schedules in which the jobs of each group are sequenced in the order
of their numbering given by (19.3).

Introduce a Boolean variable x; in such a way that

v = 1, if job j is scheduled in the first group
7710, otherwise

foreachjob j, 1 < j <n.

Taking the jobs in order of their numbering, if job j € N is scheduled in the first
group then it completes at time

Jj—1
Cj = ijj(l +bj Zq;xi),

i=1

so that the MP starts at time

n j—1
T = ijxj(l +b] ZC],‘X,’).
j=1 i=1
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If job j is scheduled in the second group, then its completion time is given by

j—1
Ci=7+OM\r+n+op;( —xj)<1 +b; > gl —x,-))

i=1

n j—1 j—1
=\+D> pjx; (1 +b; ZQix,-) +op;(l —xj)<1 +b; > qi(1 —x,-)> +1.

=1 i=1 i=1

This implies that in order to solve problem 1|pj (r) = pj(l +b; Q,), MP()\)’
Cmax, We need to minimize the function

n Jj—1 n Jj—1
YX) = A+ 1D pjx; (1 +b; Zqixi) +o > pid —xj><1 +b; > gl —xi)) +1
i=1 i=1

j=1 j=I
n j—1 n j—1

ZZ()\+1)bjl7jxj Z‘]ixi +Zo’bjpj(1—xj) Ztﬁ(l—xz‘)
j=1 i=1 j=1 i=1

n n
+A+ DD pixj+o > pil—x))+.
j=1 j=1

Define w; :=b;p;, j € N, and rewrite Y (X) as

Y = D A+ Dgwixixj+ D oqiw;(1—x)(1 —x))

I<i<j<n I<i<j=<n

+A+ DD pixj+0o D> pi(l—x)+1. (19.7)

J=1 Jj=1

This function reminds a so-called symmetric quadratic function (4.31) with non-
negative coefficients reproduced below as

Z(x) = Z a,-[)’jxixj—i— Z ()zl'ﬁj(l—xl')(l—Xj)+Z/Lij+ZVj(1—Xj)+K,

I<i<j=<n I<i<j=n Jj=1 Jj=1
(19.8)
which can be seen if we define
aj=gqj, B =w;, uj=AN+Dpj, vj=o0p;, jeN; K=n.

In fact, (19.7) is more general than (19.8). Indeed, the quadratic terms in (19.7)
are not entirely symmetric, since they contain additional factors of A 4+ 1 and o,
respectively.
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This loss of symmetry does not prevent us from reformulating (19.7) as a special

case of the half-product function (19.6), as demonstrated below.
Since

Z giw;(1 —x;)(1 —x;) = Z qiw;xix;j + Z qiw;

I<i<j<n I<i<j<n I<i<j<n
n j—1 n
—E W E qi )+ a; E w; | X,
j=1 i=1 i=j+1

function Y (x) derived above may be written as

Y®) = D (A +o+Dgwjxx;

1<i<j<n

n Jj—1 n
+Z<(A—a+1)pj—a<wj<zqi)+qj( > wi))>xj (19.9)
j=1 i=1 i=j+1

n
Hnro| et 2 @) ).
j=1 1<i<j<n

The variable terms of (19.9) can be written in the form (19.6) of

aj =A+o+ Dwj, §; =g,

j—1 n
v =A—-o+Dpj—o wj(z%')"'%‘ > wi|]. jeN,

i=1 i=j+1
so that function Y (x) is a special case of function
Fx)=HX)+ K. (19.10)

Recall that in Sect. 4 the Boolean programming problem of minimizing a function
of the form (19.10) is called Problem HPAdd.
Thus, we obtain the following statement.

Theorem 19.1 Problem lipj (r)= pj(l +b; Qr), MP()\)|Cmax reduces to mini-
mizing function (19.7) over the set of all n-dimensional Boolean vectors, which is a
special case of Problem HPAdd.

Consider the simplest form of problem l|pj (r) =pj (1 +b; Q,), MP()\)ICmaX
with g; = p;,b; = b, j € N, A = 0and o = 1, ie., problem 1|p;(r) =
pi(1+bP), M P(O)‘Cmax. Notice that for this problem the assumption o = 1 is
made, which implies that the processing conditions after the maintenance period are
fully restored.
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It follows directly from Theorem 19.1 and they made simplifying assumptions
that problem 1| pjr)y=p;j(1+bP), M P(O)|C1mlx reduces to minimizing function

n j—1 n Jj—1
Yox) =D pixj [ 146D pixi | + D pid—xp|{ 14+bD pil —xi) | +7.
j=1 i=1 j=1 i=1

(19.11)

Notice that the first quadratic term of function Y (x) defined by (19.11) can be
rewritten as

n j—1
IO (BT
j=1 i=1
n n j—1
=D X Th D pix; D pini
j=1 j=1 i=1
n b n n j—1 n
=2 P3| 2P 22 P D pixi = D Py
j=1 j=1 j=1 i=1 j=1
n n n
b , b 2.2
=D P+ 5 2 i )P - 5 D P
j=1 j=1 j=1
Since x; € {0, 1}, we deduce that

n j—1 n n n

b b
PO (Y5 3R B D A LS SRS o
j=1 i=1 Jj=1 j=1 j=1

Recall that in a schedule associated with a Boolean vector x, the jobs of the first
group form the set NI = {j € N|x; = 1}, so that we may further rewrite

n .171
ijx]'(l—i—bzpixi):g ij 2*’21’1‘_;21’?’
=1 i=1

jent jeNtm jeNm

which, using our standard notation p(Q) = > jco Pj»can be expressed as
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In a similar way, the second quadratic term of function Y, (x) defined by (19.11)
can be expressed in terms of the set N/ := N\ N!!l of jobs of the second group as

n Jj—1

b
ij(l—xj)(l—l—pri(l—x,-)):ip(N[z]) +p(N®) - Z P
j=1 i=1

jeN

Thus, for problem 1|pj (r)=p;jA+bP,), MP(0)|Cmax with ¢ = 1 a schedule
S is determined by splitting the set of jobs into two subsets Nl and N1, so that the
objective function can be written as

Conax(8) = = (p(N")? + p(N®)?) + p(N) — %’Z;ﬁ +1. (19.12)

JjeN

NI@

This implies that in order to achieve the smallest makespan in problem 1 | pi(r) =
pj(1+bP), MP(O)‘Cmax with 0 = 1, we only need to partition the set N of]obs
into two subsets, N and NI, in such a way that the value p(N™)? + p(N'#)? is
as small as possible.

The obtained representation allows us to give an easy proof that problem
1p;(r) = p;j(1 +bP,), MP(0)|Crnax is NP-hard in the ordinary sense, even if
o = b = 1. In the proof of the NP-hardness given below, the following well-known
NP-complete problem is used for reduction (see Sect. 1.3.2).

PARTITION: Given positive integers ey, . . ., e, and the index set R = {1, ..., r} such
that e(R) = > ;. e; = 2R, is it possible to partition set R into disjoint subsets R;
and R, such that e(R|) = ZieRl ei = E and e(Ry) = ZieRz e =E?

Theorem 19.2 Problem 1|p;(r) = p;(1 +bP,), MP(0)|Cax is NP-hard in the
ordinary sense, even if o = b = 1.

Proof Given an instance of PARTITION, define the instance of problem 1 | pi(r) =
pi(14+bP,), MP(0)|Cpax with

N=R; pj=e¢j, jeN; o=b=1; n=E*—1.

We show that PARTITION has a solution if and only if in the constructed problem
there exists a schedule Sy such that Cpax(So) < y := 2E% 4+ 2FE — % ZieR e? -1

Suppose that PARTITION has a solution represented by the sets R and R,. Then
schedule Sy with Cpay (So) = y exists and can be found as follows. Define N/ := R;,
i € {1,2} and let in S the jobs of set N'!! form the first group, while the jobs of set
N form the second group. It follows from (19.12) that
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Cnax (S0) = (E2+E +2E — Ze +

/eR

1
=2E2+2E—§Ze§—1=y,

JjE€R

as required.

Suppose now that a schedule Sy such that Cpax(Sp) < y exists and NI for
i € {1, 2} are the sets of jobs processed in the first and the second groups, respectively.
Thus, due to (19.12),

1 1
Conax(S0) = 2 (p(N)? + p(NP1)?) + p(N) = 2 D" pj + (E7 1)
JjeN
1
CCURTICEREIEED WARCED
]EN
Denote

E, = p(N"), E;, := p(NP).

For schedule Sy, we must have

(E1 + E3) < E*.

| =

However, the minimum of the expression 3 (E7 + E3) under the condition E; +
E, =2FE isequal to E? and is achieved for E1 E, = E. Thus,if weset R; = N1,
i €{l,2,}, we obtain a solution to PARTITION. O

It is clear that problem 1|p;(r) = p;(1 + bP,), MP(0)|Cpax With 0 = b = 1
is the simplest version of problem 1|pj r) = pj(l +b; Q,), MP()\)|Cmax. Thus,
the best possible approximation result that can be derived for either problem is an
FPTAS. In the subsequent sections, we develop such approximation schemes.

19.2 Constant Maintenance: FPTAS via Subset-Sum

In this section, we present an FPTAS for problem 1|p;(r) = p;(1 + bP,), M P(0)|
Cimax With 0 = 1. Although the problem has been reduced to quadratic Boolean pro-
gramming, we demonstrate that the problem in fact is related to the subset-sum prob-
lem, with a linear objective function. The latter problem admits an FPTAS (see the
discussion in Sect.4.2). We demonstrate that an FPTAS available for the subset-sum
problem can be adapted to handle problem 1 | pjr)=p;(1+bP), M P(0)|Cmax.
First, we show that the smallest value of p(N!)? 4 p(N?1)? can be achieved
if the values p(N!!) and p(N™!) are as close as possible. The latter problem can
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be formulated as the well-known subset-sum problem discussed in Sect.4.2. The
generic formulation of the subset-sum problem is

maximize Zajx §
j=1
" (19.13)
subject to Zajxj <A
j=1
x;€{0,1}, j=1,2,...,m

however, for the purposes of this section, we will use the formulation written in terms
of normal processing times of problem 1 |pj (r)=pj(1+bP.), MP(0) |Cmax:

maximize E DjXj

JjeN
subject to ijxj <T (19.14)
JjeN
x;€{0,1}, jeN,
with
T'=:p(N)/2. (19.15)

Assume that a schedule $* that is optimal for problem 1|p;(r) = p;(1 +bP,),
M P(0)|Cnax is associated with the partition of the jobs into two groups H'' and
H"?1, processed before and after the MP, respectively.

Lemma 19.1 Supposethatx; € {0, 1}, j € N, are the optimal values of the decision

variables for the problem (19.14). Define N{ := {j € Nlx} = 1} and N5 = N\Njy.

Then for problem 1|pj (r)=p;(0+bP), MP(0)|Cmax with o = 1 there exists an
optimal schedule S* in which the jobs of set HY = N} are scheduled in one group
and the jobs of set H*! = N are scheduled in the other group.

Proof Without loss of generality, we may assume that p(N;) < p(N3), so that there
exists a non negative  such that

p(NY) =T =6, p(N;) =T +0.

Suppose that the sets N|* and N; defined by an optimal solution to the subset-
sum problem (19.14) do not define an optimal schedule, i.e., in schedule S* the first
group and the second group consists of the jobs of set H!! = N| and H®! = Nj,
respectively, such that

P(ND? + p(N)? < p(NH)? + p(N5)>.
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Without loss of generality, we may assume that p(N{) < p(N;). Since the sets
N{ and Nj are not defined by an optimal solution to (19.14), we deduce that there
exists a positive v such that

p(N}) = p(N}) — v, p(Ny) = p(N3) +v.
If wesete = 0 + v > 0, we obtain
p(N) =T —¢, p(N)) =T +e¢.
On the other hand,

PIND?+ p(N)? = (T —e)® + (T + )% = 2T% + 2%
PN+ p(NH? = (T — 8)* + (T 4 6)> = 2T? + 267 < p(N))* 4+ p(N;)>.

The obtained contradiction proves the lemma. O

Lemma 19.1 implies that for solving problem 1|pj (r)=p;j(1+bP), MP(O)\
Chax With 0 = 1 it suffices to find a solution to the subset-sum problem (19.14).
The latter problem being a special case of the linear knapsack problem admits an
FPTAS (see the discussion in Sect.4.2), in particular Theorem 4.5. For convenience,
we reformulate that theorem below.

Theorem 19.3 Problem SSP of the form (19.14) admits an FPTAS that for a given
positive €, either finds an optimal solution x;‘ € {0, 1}, j € N, such that

ijx;‘ <1 —-9eT

JjeN

or finds an approximate solution x; € {0, 1}, j € N, such that

(1—o)T <> puxi <T.

JjeN

Such an FPTAS requires O(min{n/s, n—+ 6i log(é)}) time and O (n + %) space.

Below we explain how an FPTAS that exists for the subset-sum problem can be
adapted for solving problem 1|pj r)=p;1+bP), MP(O)|Cmax witho = 1. It
can be seen from (19.12) that the objective function in the scheduling problem under
consideration consists of a variable part and a constant part. Due to Lemma 19.1,
an FPTAS available for the subset-sum problem can be used to approximate the
variable part of the objective function. However, since the variable part p(N “])2 +
p(N [21)2 is positive and the constant part p(N) — 5 3",y p 4 1 can be negative,
a solution delivered by an FPTAS for minimizing the variable part need not be to an
e-approximate solution for the overall function.
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To illustrate this, consider a function of the form

Fx)=G6x) + K,

where G (x) represents a variable part of the overall function F(x) to be minimized,
and K is aconstant. If x* minimizes the function G (x), then it will obviously minimize
the function F(x) as well. Assume that G(x*) > 0 and suppose that for minimizing
function G (x), an FPTAS is available that delivers a solution x°, such that G (x) —
G(x*) < eG(x*).

For x* to be accepted as an e-approximate solution for minimizing the function
F(x), we must establish the inequality

F(x) < (1 +e)F(x). (19.16)

For a solution x° found by an FPTAS for minimizing G (x), we will have

Fx)=GX)+K <(14+e)Gx")+K = F(x")+eG(x*) = (1 + ) F(x*)—eK.

If K > 0, the inequality (19.16) holds; however, if K < 0, there is no direct
evidence that (19.16) will hold, and further analysis must be performed. Recall that
we have faced a similar situation in Sect. 4.3, where for Problem HPAdd the variable
part of the objective function is negative and an additive constant is positive, and
therefore converting an FPTAS that exists for Problem HP of minimizing a half-
product function with no additive constant to an FPTAS for Problem HPAdd is
non-trivial.

In the remainder of this section, we prove that in order to obtain an FPTAS with
the accuracy ¢ for problem 1|pj(r) =p;(1+bP), MP(O)!Cmax with o = 1, we
may apply an FPTAS with g = —; to problem (19.14).

Algorithm EpsCumuMP(

INPUT: An instance of 1|pj(r) =pij(1+bP), MP(0)|Cmax with ¢ = 1 and an
e>0

OUTPUT: A schedule S¢ such that Cp,,x(S°) < (1 4 €)Cipax (5*)

Step 1.  For a given ¢ > 0 define ¢y := H“%l

Step 2.  With the defined £, run an FPTAS for problem (19.14) to find the values
x5 € (0,1}, j € N. Define Nf i= {j € Nixj = 1] and N := N\N;.

Step 3. Output schedule S°¢ for the original scheduling problem, in which the jobs
of set NI := N7 are assigned to one group and sequenced before the maintenance
and the jobs of set N> := N; are assigned to the other group to be scheduled
after the maintenance. Stop.

We prove that Algorithm EpsCumuMPO gives an appropriate treatment to the
negative constant and therefore allows us to adapt an FPTAS that is guaranteed by
Theorem 19.3 to deliver an e-approximate solution for minimizing the makespan in
the scheduling problem under consideration.
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Theorem 19.4 For problem lypj (r)=p;(0+bP), MP(O)’CmaX with o = 1,
Algorithm  EpsCumuMP0O is an FPTAS that runs in O(min ’n/s,

n—+ (1 + %)zlog(l + é) ]) time.

Proof Using an FPTAS from Theorem 19.3 with ¢g = ﬁ, we observe that

On/eo) = O(n=2l) = 0(n/2) and Llog(L) = (1+1)2log(1+ 1), so that
& CO &
the required running time is achieved. To complete the proof, we need to prove that
Crmax (59) = (1 4 &) Crnax (57).
For our analysis, we will need a lower bound

b
Conax (§%) 2 bT? + p(N) = = > pj +1, (19.17)

JjeN

where T is defined by (19.15).

To see that (19.17) holds, apply (19.12) and observe that for any partition of set
N into subsets N; and N, the inequality p(N;)?> + p(N,)?> > 2T? holds. The latter
fact is used in the proof of Theorem 19.2.

Due to Theorem 19.3, we only need to consider the case that the FPTAS used as a
subroutine in Step 2 of Algorithm EpsCumuMPO0 does not find an optimal solution to
problem (19.14); otherwise, schedule S¢ is optimal. Therefore, below we only look at
the instances of problem 1|p;(r) = p;(1 +bP,), MP(O)|Cmax for which p; < T,
J € N, since otherwise an optimal solution can be obtained by scheduling the largest
job in one group and the remaining jobs in the other.

It follows from Theorem 19.3 that

(1 —20)T < p(N)) < T.
There exists a d, 6 < &, such that

(1 -¢e)T < p(N)) =T —-6) <T;
p(Ny) =1 +0T.

Applying (19.12) and (19.17), we have that

b
Crax (9) = 5 (P(N)? + p(N3)?) + p(N) = 5 > pj + 1

JjeN

NSRS

b
=b(T* + 6*T?) + p(N) — > D PF 41 = Cran(SY) + T2,
JEN

Below we demonstrate that 5§ (1 — &) T2 is a lower bound on the optimal makespan
Chnax (8™). Consider the problem
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max Z p?

JjeEN
subject to pj=0-=§8T
ngll (19.18)
> pi=0+0T
JEN;5

0<p;<T, jeN.

The problem of this structure is known to be solvable by the greedy algorithm,
which in the case under consideration scans the values p; in any order and gives each
of them the largest possible value. Thus, the greedy algorithm will find an optimal
solution to (19.18) in which one of the p;’s is equal to T', one to (1 — 6)T', and one
to 6T, while all others are equal to zero. We deduce that

D IS A= T T2+ (6T) =2T7(* =5+ 1)
JjeN

provides an upper bound on the sum of squares of the processing times for all
instances of the original scheduling problem for which Step 2 of
Algorithm EpsCumuMPO delivers p(Nf) = T(1 —46) and p(N5) = (1+0)T,
including the instance under consideration.

Substituting this upper bound into (19.17), we derive a lower bound

Crnax(8¥) = b(6 — 6%)T? + p(N) +1n = bo(1 — 5T

Cmax (S* )

m, so that

This lower bound implies that bT? <

)
Cmax(SE) S CmaX(S*) + b52T2 S (1 + m)cmax(S*)

Since 125 increases and § < e, we have that

0]

CmﬂX(Se) S (1 + )Cmﬂx(S*)'
1 —¢o

Thus, if we use an FPTAS for problem (19.14) applied with €9 = %, we obtain

an FPTAS for our scheduling problem which has the accuracy e. (]
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19.3 The General Problem: FPTAS via Half-Product

We now turn to the general problem 1|p;(r) = p;(1+b;0,), MP(N)|Cpax. As
shown in Sect. 19.1, this problem reduces to minimizing a quadratic function of the
form (19.7), which is a special case of the objective function in Problem HPAdd.

Section4.3 discusses several approaches to converting an FPTAS available for
the problem of minimizing the half-product function (19.6) into an FPTAS for Prob-
lem HPAdd, in which the objective function (19.10) contains an additive constant.
One of these approaches is addressed in Theorem 4.8, which for convenience is
reproduced below.

Theorem 19.5 For Problem HPAdd of minimizing function (19.10), denote the lower
and upper bounds on the value of F(x*) by LB and U B, respectively, i.e., LB <
F(x*) < UB. If the ratio UB/LB is bounded from above by some p, then there
exists an algorithm that delivers a solution x° such that F(x°) — LB < €LB in
O(pn?/e) time.

Section4.3.1 presents an algorithm that is guaranteed by Theorem 19.5, namely
Algorithm HPRhoFPTAS. If the value of p is bounded from above by a constant,
then Algorithm HPRhoFPTAS is an FPTAS that requires the best possible running
time of O (n*/e).

Section4.4 describes an approach to developing an FPTAS for minimizing a
symmetric quadratic function (19.8), provided that the function is convex. Prob-
lem 1|pj (r)=pj (l +b; Q,), MP()\)|Cmax reduces to minimizing a slightly more
general and not entirely symmetric quadratic function (19.7); however, an FPTAS
for this problem can be developed in a very similar way.

First, notice that the convexity of function (19.7) is guaranteed by the numbering
(19.3) (see Theorem 4.9). Since the variable part of function Y (x) defined by (19.7),
or rather by (19.9), is a special form of the half-product, it follows that Theorem 4.11
holds, so that the continuous relaxation of the problem of minimizing function (19.9)
can be solved in O (n?) time.

Letx€ = (xlc, ce, xnc ),0 < xjc < 1, be the corresponding solution vector of the
continuous relaxation of the problem of minimizing a convex function Y (x). Clearly
Y (x) < Y (x*), and we may set LB := Y (x°), as a lower bound that is required by
Theorem 19.5.

To obtain an upper bound U B, we perform a simple rounding of the fractional
components of vector x€, as described below.

Algorithm SQRound2

Step 1.  Given a vector x¢ = (xlc, e, xnc), 0< xjc < 1, a solution to the contin-
uous relaxation of the problem of minimizing a convex function Y (x) of the form
(19.9) determines the sets I, = {j e N, x].c < %} and I, = {j €N, xjc > %}
and finds vector x7 = (xf1, ..., x) with components
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u Joitjen
YT vifjeh
Step 2.  Output vector x = (xf7, ..., x[) as heuristic solution for the problem
of minimizing function (19.9).

The running time of Algorithm SQRound2 is O(n). Clearly, the inequalities
Y(x%) < Y(x*) < Y(x') hold; i.e., we may take Y (x’) as an upper bound U B
on the optimal value Y (x*). We now estimate the ratio UB/LB = Y (x/)/ Y (x©).

Lemma 19.2 Let x¢ be an optimal solution to the continuous relaxation of the
problem of minimizing function Y (X) of the form (19.9) and x" be a vector found by
Algorithm SQRound?2. Then,
Y (x)
P= oy =
Y (x6)

Proof For a vector x©, let I; and I, be the index sets found in Step 2 of Algo-
rithm SQRound?2. For a vector X = (x1, ..., x,), where 0 < x; < 1, define

Vi) =+ D gwixixj+o D qiw;(l—x)(1 —x));

1<i<j<n I<i<j<n
ijel ijel
N = A+FD D g to D gw(l—x)(1—x);
I<i<j<n I<i<j=n
iel,jel, iel,jel,
3x) = A +1) D gquwixx;+o D gw;(—x)(1—x));
I<i<j<n I<i<j<n
i€12,j€1] i€12,j€11
Ysx) :=(A+ 1) Z qiwjxixj +o Z qiwj(l—x,-)(l—xj);
1<i<j<n I<i<j<n
ijen i,jeh
Y50 = A+ D D pi+o D pi(l=x));
jel jel
Ye(X) := (A + I)ijxj —i—Uij(l —xj).
jebh Jjeh

It follows from (19.7) that
6
Y(x) =D Yi(x) + 1.
k=1

By the rounding conditions in Step 2 of Algorithm SQRound?2, we derive

Y,(x") = v3(x") =0,
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while

o
Vix?)=¢ Z qiwj; Yl(XC)EZ Z qiWw;,

1<i<j<n I<i<j<n
i,jel i,jel
H e A+ D _
Vaxfy = A+ 1) Z giwss Ya(x®) = = Z qiw;;
I<i<j<n I<i<j<n
i,jel, i.jel
g
B =03 pjs AL EE DI
jel Jeh
H . C /\+1 .
Yox™) = A+ D D pyi Vo) = =2 pjs
Jebh jeh

Thus, we have that

6
Y(x) =" Ve + 0= Vi(x") + Vo) + Vs (x™) + Vs (x™) +
k=1
< 4Y1(x9) + 45 (x9) 4+ 2Y5(x9) +2Y6(x) + 1
6
<4 Vi) +4n = 4r (x),
k=1

as required. (]

It follows immediately from Lemma 19.2 that for problem 1| pi(r) =
pj(l + b_,-Q,), MP(/\)|Cmax Theorem 19.5 with p = 4 is applicable. Hence, we
obtain the following statement.

Theorem 19.6 Problem 1|p;(r) = p;(1+b;Q0,), MP(N)|Cnax  admits  an
FPTAS that requires O(n2 / 8) time.

19.4 Bibliographic Notes

Kellerer et al. (2013) study problems 1|p;(r) = p;(1 + bP,), MP(0)|Cpax and
1| pir)=pij(A+bP), M P()\)|Cm.dx (in a slightly general form) with exactly one
MP introduced into a schedule and o = 1. In other words, for the problems studied
in Kellerer et al. (2013) the MP is assumed to fully restore the processing conditions,
so that after the maintenance the machine is “as good as new.”

It is shown in Kellerer et al. (2013) that problem 1|pj (r)=pj(1+bP),
M P(0)|Cax is related to the subset-sum problem and an FPTAS presented in
Sect. 19.2 is developed. The FPTAS for the subset-sum problem in Theorem 19.3 is
due to Kellerer and Pferschy (2004) (see also Sect.4.2).
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Problem (19.18) is related to one of the basic problems of submodular
optimization, a so-called resource allocation problem with a convex separable objec-
tive function. This explains the fact that problem (19.18) admits a solution by the
greedy algorithm (see Hochbaum and Hong (1995) and Katoh and Ibaraki (1998)
for details on optimizing convex functions under submodular constraints).

The general problem 1 ’pj (r) =pj (1 +b; Qr), MP()\)}Cmax with a single main-
tenance period is introduced and studied by Rustogi and Strusevich (2016). Unlike
in Kellerer et al. (2013), here the MP is a rate-modifying activity, in a sense used by
Lee and Leon (2001) (see also Chap. 14).

Theorem 19.5 is due to Erel and Ghosh (2008), the algorithm for solving the
continuous relaxation of the problem of minimizing 19.9 is given in Rustogi and
Strusevich (2016) (see also Sect.4.3.2). Lemma 19.2 and Theorem 19.6 are from
Rustogi and Strusevich (2016).

Kellerer et al. (2013) in their study of problem 1|pj ) =pijA+bP), MP()\)I
Chax With A > 0 and ¢ = 1 also rely on Theorem 19.5, but an approxi-
mate solution to problem 1|pj ) =p;jA+bP), MP(0)|Cmax is used as a lower
bound LB, and the ratio U B/LB is bounded by a linear function of A. To make
Theorem 19.5 applicable, an additional assumption is needed, that A < 1. The
approach described by Rustogi and Strusevich (2016) and in Sect. 19.3, based on
the rounding algorithm and Lemma 19.2 can also be applied to handling problem
1p;(r) = p;j(1 +bP,), MP(N)|Cpax with A > 0 and o = 1. It will lead to an
FPTAS with the running time of O (n?/¢), as in Kellerer et al. (2013), but no addi-
tional assumption regarding the value of ) is needed.
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Chapter 20
Scheduling with Rate-Modifying Activities
on Parallel Machines Under Various Effects

Unlike in the preceding chapters of this part, in this chapter we turn to the mod-

els on parallel machines. The jobs of a set N = {1, 2, ..., n} have to be processed
on m parallel machines M, M, ..., M,,, where m < n. Additionally, the decision-
maker is presented with a list (RMP!!, RMP?!, ... RMPIX]) of K > 1 possible

rate-modifying activities. The decision-maker may decide which of the listed RMPs
to insert into a schedule, on which machine and in which order. We present algorithms
that solve problems on parallel machines, provided that the processing times of the
jobs are subject to various time-changing effects, and rate-modifying activities can
be inserted into a schedule. We aim at designing algorithms with a running time that
is polynomial in n. The only considered objective function is the total completion
time F(S) = > C;(S), since minimizing the objectives Cpax and > w;C; is NP-hard
even on two parallel identical machines.

As a rule, the problems that we consider in this chapter are reduced to solving
a series of linear assignment problems (LAP). Recall from Chap.4 that solving an
LAP with a full-form n x n square cost matrix takes O(n*) time, while for a product
cost matrix Algorithm Match is applicable, which requires O(n log ) time.

In order to count the number of the LAPs to be solved, we use various combi-
natorial configurations and identities listed in Sect.5.3. In the estimations presented
in this chapter, we assume that the number K of available RMPs and the number of
machines m are constants.

20.1 Generic Procedure for Parallel Machines

Recall thatin Sect. 12.4 we develop a generic Procedure RMP1 that handles all single
machine models that combine time-changing effects and rate-modifying activities. In
this section, we present an extension of that procedure to solving problems on parallel
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machines. The generic problem to be solved is denoted by am|3, RMP(K)| > C;,
where o € {P, O, R}, depending on whether the parallel machines are identical, uni-
form, or unrelated. In the presentation below, we consider the most general case of
the unrelated machines, so that the normal processing time of job j € N on machine
M; is equal to py;.

Similarly to a generic single machine model considered in Sect.12.4, here the
original problem aum|3, RMP(K)| > C; reduces to a sequence of the auxiliary prob-
lems. Such an auxiliary problem is denoted by am’|3, RMP(k — 1)| >_ C;, where
m', 1 <m’ < m, denotes the number of busy machines, i.e., the machines that
will be assigned at least one job. Notice that in the case of unrelated or uni-
form machines, some machines are not necessarily used. Each auxiliary problem
am'|3, RMP(k — 1)| >_ C; is defined by the following outcomes:

(AP1) a collection of m’' busy machines, 1 < m’ < m, which will have jobs
assigned to each of them; if required, the selected busy machines are renum-
bered to become M, M, ..., M,,;

(AP2) anoutcome of the RMP Decisions 1-3 and a distribution of the RMPs over
the chosen m’ machines, i.e., by a selection of k — 1 RMPs from a list of K
available RMPs and an assignment of the selected RMPs to busy machines,
so that a busy machine M;, 1 <i <, is assigned k; — 1 RMPs in a given
order, where Zf”zl ki=k—1;

(AP3) a numbering of the k; — 1 RMPs chosen to be introduced on a each busy
machine M; by strings (i, x), | <x < k; — 1, in the order of their appearance
in a schedule.

To solve an auxiliary problem am'|3, RMP(k — 1)| 3" C;, we need to take three
decisions, which essentially are multi-machine extensions of Decisions (B1)-(B3)
from Sect. 12.4:

(BP1) split the jobs into such a way that ¢g; jobs are assigned to be processed
on machine M;, 1 <i < m’, where Z:":/l q[” = n, and determine the number
nt"¥1 of jobs in group N"*!, 1 < x < k;, where for a machine M;, 1 <i < m/,
the equality > nl"* = ¢; holds, and the jobs of group N are sequenced
before the xth RMP, while the jobs of group N"%! are scheduled after the last
RMP;

(BP2) for each busy machine M;, 1 <i < m/, determine a partition of its ¢; jobs
into k; groups N/¥1, 1 < x < k;;

(BP3) find a permutation 7l>*] for the jobs in each group NI, 1 <i<m/, 1 <
x <k;.

Extending the reasoning presented in Sect.12.4, for a particular outcome
of Decision (BP1), introduce a schedule Sgp;(k) for an auxiliary problem
am'|3, RMP(k — 1)| 3 C; associated with certain outcomes of Decisions (BP2) and
(BP3). In schedule Sgpi(k), on each busy machine M;, 1 <i < m/, the jobs are
organized into groups N'"¥1, 1 < x < k;, and each group N'"*! contains nl"*! jobs,
where 3% nlt*1 = ¢, Further, let the jobs in N'*! be sequenced in accordance with
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a permutation 71" = (7l1(1), 7lt21(2), ..., 741 (nl*41)), 1 < x < k;. The actual
processing time of a job j = 7l (r), scheduled in position r, 1 < r < al"¥1, of the
xth group, 1 < x < k,onmachine M;, 1 <i < m’,is denoted by P li-x (r) and depends
on particular features of the model, normally captured by the strings o and 3. In any
case, the total number of groups is equal to m’ + k — 1, which counts > | k; groups
scheduled before all RMPs and one group scheduled on each busy machine after the
last RMP.

Associate schedule Sppi(k) with m’' permutations !l = (mltl) 7li2l
W[i'kf]), which specify the sequence of jobs on each busy machine M;, 1 <i < m'.
In most problems on parallel machines considered later in this chapter, the sum of
the completion times G;(Sgp;(k)) on machine M;, 1 < i < m/, in schedule Sgp; (k)
admits a generic representation

u]

Gi(Sep1 () = G(x'") ZZ o PPiaiag + T, 1<i<m', (20.1)

x=1 r=1

where I'(k;) depends only on k; and some constant terms, while WT['[,f](,)

positional weight that in general is job-, machine- and group-dependent. The prod-
uct W7E—l[;ﬂ(r)(r)pi.,ﬂ'“‘”(l‘) represents the contribution of job j = wl"¥1(r) scheduled

(r)is a

in position 7, 1 < r < a1, of group x, 1 <x < k;, on machine M;, 1 <i <m/,
to the expression (20.1). Since F(Spp;(k)) = Z:" 1 Gi(Sgp1(k)), it follows that
W['[fﬂ(r) (r)pixixgy defines the contribution of the respective job into the overall
value of the total completion time, which can be written as

ki plix]

F (S (k) = Z DD W Mpising + D Tk (20.2)

i=1 x=1 r=l1 i=1

For an outcome of Decision (BP1), let Sgp, (k) be the best schedule that is defined
by taking Decisions (BP2) and (BP3) in such a way that schedule S§p, (k) mini-
mizes function (20.2), i.e., F (S;P] (k)) < F(Sppi1(k)) holds for all possible sched-
ules Sgp; (k). Further, let S*(k) denote a schedule that is optimal for problem
am'|3, RMP(k — 1)| 3 Cj, i.e., F(S*(k)) < F(Sjp,(k)) holds for all possible out-
comes of Decision (BP1). ‘

Assuming that for a particular outcome of Decision (BP1) each weight Wj[”x] (r),
jeN,1<x<k,1<r<nl can be computed in advance, finding schedule
Sip1 (k) can be reduced to solving a linear assignment problem (LAP) with ann x n
cost matrix C = (cj,(,;x,,)) with the cost values equal to

Gy = WPpy, 1< r<n™ 1 <i<m/ 1<x<k,jeN. (203)

In the cost matrix C, each of the n rows correspond to a jobj € N. We number
the columns of matrix C by strings of the form (i, x, r), i.e., (machine, group on the
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machine, position in the group). For each machine M;, 1 < i < n//, the first al"! of
n available positions are related to group N1, the next n'"?! positions are related to
group N'>2! and so on. The first >~ n!"*] columns of matrix C correspond to the
available positions associated with machine M;, and the next fo:l nl21 columns
are associated with the positions on machine M,, etc. Since n = 37 Sk plixl,
there will be exactly n columns in matrix C.

As a result, finding schedule S}y, (k) reduces to an LAP written out below

. nlid

n m k
minimize z Z Z z Cj,(i,x,r)Zj,(i,x,r)

j=1 i=1 x=1 r=1
.l

k
subject to iZsz,(mﬂ =1, 1<j=<m

iﬁl x=1 r=1 (204)
sz,a,x,n =1, I<i<m, 1<x<k,
J=1

1<r< n[i’X];
Ziixr €10, 1}, l<j<n 1<i<m,
l<x<k, 1<r<n.

Extending Procedure RMP1 from Sect. 12.4, we can set up a generic procedure
for finding a schedule S* that is optimal for problem am|3, RMP(K)| > G

Procedure RMPPar

Step 1.  Given problem aum|3, RMP(K)| > C;, for each combination of outcomes
(AP1)-(AP3) do

(a) Define an auxiliary problem am’|3, RMP(k — 1)| > C;.
(b) For each outcome of Decision (BP1) do
(i)  Foreachbusy machine M;, 1 < i < m', compute appropriate positional
weights Wj["'xl(r),j eN, 1 <x<k,1<r=<nl and the constant
I (k;) that define (20.2).
(i) Findschedule Sgp, (k) by solving the linear assignment problem (20.4)
or its suitable version that is applicable for a particular version of the
generic model am|3, RMP(K)| > C;.
(¢) Determine schedule S*(k) that is optimal for the current auxiliary problem
am'|3, RMP(k — 1)| _ C;, i.e., such that F(S*(k)) < F(SEPl (k)) holds for
all schedules Sp, (k) found in Step 1(b).

Step 2. Determine schedule $* that is optimal for the original problem am|f,
RMP (K)| >" Cj, i.e., such that F(S*) < F(S*(k)) holds for all schedules S*(k)
found in Step 1.

The lemma below gives an estimation of the number of possible outcomes (AP1)-
(AP3) in Step 1 of Procedure RMPPar, as well as the number of all possible Deci-
sions (BP1) to be taken for a particular combination of outcomes (AP1)-(AP3). These
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estimations are used in the forthcoming sections of this chapter for a purpose of
evaluating the running times of algorithms based on Procedure RMPPar. Below, the
counting arguments are presented for the most general environment, with unrelated
parallel machines.

Lemma 20.1 For problem am|3, RMP(K)| Y C;, the number of outcomes (AP1)-
(AP3) in Step 1 of Procedure RMPPar can be estimated as O(K K n”’_l). For a par-
ticular combination of outcomes (API1)-(AP3), the number of possible outcomes
of Decision (BP1) that may lead to an overall optimal schedule S* is O(n””’k_z).
Moreover, the total number of all possible outcomes (AP1)-(AP3) and outcomes of
Decision (BP1), i.e., the number of the assignment problems to be solved in order to
find an overall optimal schedule S* is O(n”‘“( ’1).

Proof For an outcome (AP1), there are (m) ways to choose a value of m'. It follows
from Lemma 12.1 that the number of ways that k — 1 RMPs can be selected from
the given list of K available RMPs and ordered is (kl_( )k — 1! < K*'. Now, we
need to find a way of sharing m’ + k — 1 groups between m’ machines. The number
of options is equal to the number of compositions cm) k1 Of m" +k — 1 in exactly
m’ positive summands. Applying (5.11) with u = m’ + k — 1 and v = m’, we have
that the number of generated options is

(m’+k—2) _m+k=2)""

m —1 (m' —1)!

Recall that with K — 1 RMPs introduced into a schedule on m’ parallel machines
the total number of groups is m’ + k — 1 < n, so that

(m+k=2)"" 1!
m—D = -1

Finally, an upper bound on the number of outcomes (AP1)-(AP3) can be estimated

as
K+1 m o — K+1

ZKk 12 (’: )' <" lsz 1_ Kknmq)’

k=1

as required.

In order to count all possible outcomes of Decision (BP1) we need to count
the number of ways that integer n can be split in exactly m’ + k — 1 positive sum-
mands n'**!. The required number is equal to the number of compositions C{=" =1
and applying (5.11) with u = n and v = m’ + k — 1, we have that the total number
of all values nl™*!, 1 <i <m, 1 <x <k, to be generated for each auxiliary prob-
lem am'|B, RMP(k — 1)| > Cj is (”;";:Sz) < (m,fz_z), since the number of groups
m’ + k — 1 does not exceed the number of jobs n. Thus, we have that
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2n / /
m+k—2 _ m'+k—2
(m’+k—2) = @n) _O(n )’

as required.
The total number of the linear assignment problems to be solved is given by

Mk 2 (m\(m +k=2\(n+m +k—-2
S5 )e-o>
p k—1 o=\ m —1 m +k—2
K+1 m /4 k—
K ’ k—2 2 m'+k—2
=2 (e 2 GO
P k—1 v m m —1 m +k—2)!
where the inequality follows from (5.8) applied withu =n — land v =m + k — 2.
Further,
m +k—2 1 _ 1
m—=1 Jm+k=2)! m—Dlk—-DV
so that
K+1 m e
K "+k—2\ Q@nyntk?
()2 GO )=
P k—1 — m m —1 m' +k—2)!
K+1 K m m (zn)m’+k—2
< ~ 7
(L) Z ()=
k=1 m'=1
K+1 m
K m 1
< 2 m+k—2
= (k— 1)( ") 2 (m) ' —1)!
k=1 m'=1
K+1 K+1
K K
2m+K m+k—2 _ A2m+K  m—1 k—1
<2 Z(k—l)n =2 n Z(k—l)n
k=1 k=1
— 22m+Knm71(n + l)K — 0(nm+K71)’
which proves the lemma. O

Notice that if the machines are identical, then all machines will be busy in an
optimal schedule, while in the case of uniform machines the m’ fastest machines will
be selected as busy, i.e., there are 1, m and 2™ possible outcomes (AP1) for identical,
uniform and unrelated parallel machines, respectively. This observation, however,
does not affect the order of magnitude of all estimates presented in Lemma 20.1.

In the forthcoming sections of this chapter, Procedure RMPPar forms the basis
of the design of the solutions algorithms for scheduling problems, in which various
effects are combined with the introduction of available RMPs.
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20.2 Models with Rate-Modifying Activities

In this section, we show how to adapt Procedure RMPPar from Sect. 20.1 to solving
scheduling problems on parallel machines, provided that multiple RMPs can be
introduced into a schedule and they may affect the production rate of the jobs that
are scheduled after such an RMP. The models we study here are extensions of a
single machine model addressed in Sect. 15.2.

20.2.1 Unrelated Machines

Formally, the jobs of a set N = {1, 2, ..., n} have to be processed on m unrelated
machines M, M, ..., M,,, where m < n. Additionally, the decision-maker is pre-
sented with a list of K > 0 possible rate-modifying activities, which can be either
distinct or alike. For an RMP[«V], 1 <y <K, itis known if that RMP is introduced
on machine M;, 1 <i < m, then the normal processing time of every job j sched-

uled after that RMP is multiplied by /\j[l’y 1 Further, the duration A"*! of each RMP
introduced into a schedule is given by an extension of the general formula (12.2);
see (20.6) below for details. Under these conditions, the problem of minimizing the
sum of completion times can be denoted by Rm|RMP(K), AlY1| Y C;.

In order to solve problem Rm|RMP(K ), A[i’x]‘ > Cj, we adapt Procedure
RMPPar. Fix outcomes (AP1)-(AP3). Recall that the machines are renumbered in
such a way that in accordance with an outcome (AP1), the machines My, ..., M,y
and only those are busy. For a particular outcome of Decision (BP1), introduce a
schedule Sgp; (k) for problem Rm'|[RMP(k — 1), Al"*1| 3" C; associated with certain
outcomes of Decisions (BP2) and (BP3). In schedule Sgp; (k), the jobs are organized
in groups NI"¥1, 1 < i <m’, 1 < x < k;, so that each group N1 contains a1 jobs,
where 3% nli*1 = ¢, Further, let the jobs in N'*! be sequenced in accordance with
a permutation 7'+¥ = (w'i’xl(l), w12y, L, w[i'xl(nli'x] Jl<i<m,1<x<k.
Associate schedule Sgp; (k) with m permutations wll = (mlt1] 7lt2)  qlikl),
which specify the sequence of jobs on each machine M;, 1 <i < m.

Depending on outcomes (AP1)-(AP3), i.e., on which RMPs are chosen, on which
busy machines they are to be performed and in which order, the actual processing
time of a job j = 7!"*(r), scheduled in position r of the xth group of machine M; is
given by

Py = plpy 1<r<n™ 1 <x <k 1<i<m,

where u}i'x] represents a group-dependent rate-modifying multiplier, which depends
on the previously scheduled RMPs and can be written as
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x—1
k! H/\[”‘ T 1<x<k. (20.5)

v=I

For a schedule Sgp; (k) with k — 1 selected RMPs, the duration Al of the x-th
RMP on a busy machine M;, 1 <x <k —1,1 <i < wm/, is determined as a linear
function of the actual durations of the jobs in the preceding group. The corresponding
formula is a multi-machine extension of (12.2) and can be written as

A[i,x] — Z C[z ,x] [l x] _i_n[i,x]’ (20.6)

JjeNW!

where Cj[i‘x] and n'**! are given positive coefficients. Assuming that the actual process-
ing time of job j € NIl is equal to p][-i’xl, this job contributes (}i’xlp}i’xl towards the
duration A1 of the x-th RMP on machine M;.

It follows from (15.21), where the sum of the completion times has been computed
for a single machine under the same effect that the sum of the completion times
G;(Sgp; (k)) on a busy machine M;, 1 <i < m/, in schedule Sgp; (k) can be written

as
k u]

Gi(Sep1 (k) = > Z W oy (ODizingy + T k), 1 <i<m, (20.7)

x=1 r=1
where the constant term is given by

ki a1 x—1

Dk => > > v, (20.8)

x=1 r=1 v=1

and

ki
W[t’)ﬂ(r)(r) = |:( Z L, v])(l + <[t’xrl(')) + (n[t,xl —r+ 1)i|ﬂ£:ff»]](,.)’ (20.9)

v=x+1

l<r<n™ l<x<k, l<i<m,

is a job-dependent positional weight, such that the product W7lr'[x]] (nP i (r) TEpresents
the contribution of job j = 7l**1(r) scheduled in position r, 1 < r < nl*l, of group
x, 1 <x < k;, on machine M;, 1 < i </, to the objective function F(Sgp; (k)).

Thus, for schedule Sgp; (k) the total completion time on all busy machines can be
written as

l x] m
F(Sgp1 (k) = Z Z Z o) (Piziay + > T (k). (20.10)
i=1

i=1 x=1 r=I
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The objective (20.10) admits a generic representation (20.2), so that Proce-
dure RMPPar is applicable. Let S§p, (k) denote a schedule such that F (Sgpl(k)) <
F (Sgp1(k)) for a fixed outcome of Decision (BP1).

‘We know from Sect. 20.1 that finding schedule Sjp, (k) reduces to solving an LAP
(20.4) with a square cost matrix defined by

iy = Wi epy, 1<i<m, 1 <x<k1<r=<n™, (20.11)

where the positional weights are defined by (20.9). Notice that solving each of these
linear assignment problems requires 0(n3) time, and the total number of these
problems is O(n" ™ 1) as proved in Lemma20.1. Thus, a direct application of
Procedure RMPPar with full enumeration of all outcomes (AP1)-(AP3) and all
outcomes of Decision (BP1) leads to the following statement.

Theorem 20.1 Problem Rm‘RMP(K ), A[i”‘]| > C; reduces to solving O(n"”'K_l)
linear assignment problems of the form (20.4), each of which requires O(n3) time

to solve, so that the overall running time needed to find an optimal schedule is
O(l’lm+K+2).

Below we present an alternative, less straightforward approach. Recall that in
order to compute the positional weights W}r'[;ﬂ M 1=r=< a2 <x <k, 1<
i < m’, we require prior knowledge of the number of jobs n'"*1 in each group, which
is determined by an outcome of Decision (BP1). However, for the first group on every
machine, i.e., for x = 1, the positional weights W}r’}.l&(,) (r) can be computed without
that knowledge. It is easy to verify that irrespective of the number of jobs 1! in the

first group on a busy machine M;, the positional weights can be computed as

m/ ok
"Vj[l’l](l’l[i’l]) — (Zn[z.v])(l 4 Cj[t,l]) + 1:|Mj[1,1];

v=2

-/ k
ij[i.l](n[i,l] _ 1) — (Zn[i,u])(l + Cj[:,l]) +2:|Iuj[z,1];

v=2

m/ ok
W/j[l,l](l) — (Z n[lv])(l + Cj[l,l]) +n[l,l]:|uj[l,l].

v=2

The above formulae for the positional weights hold for all values of nl"!,
1 <nlt1 <p, 1 <i<m'. Now, assume that we know the number of jobs nlexl in
each groupx,2 < x < k;,1 < i < m/,inadvance, so that zlm:] ZI;’ZZ nli*1 < p. Thus,
for a busy machine M;, the maximum value of nl*'! can be A1l = n — 3% ulil In
such a situation, the function ), C; of the form (20.10) can be minimized by reducing
the problem to an LAP of the form (4.1) with a rectangular cost matrix. The number
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of jobs nlb11 1 < nlt11 < Bl to be scheduled in the first group of each machine
M;, 1 <i < m, can be found on the fly using this procedure.
Define an LAP with a cost matrix C = (cj (ix ,)) that has n rows and nm’ columns.

The cost values are still given by (20.11), with W[’ ] (r) defined according to (20.9).
In the cost matrix C, each of the n rows corresponds to a jobj € N, and each of the
nm columns corresponds to positions available on m’ busy machines, where each
machine has n positions associated with it. We number the columns of matrix C
by strings of the form (i, x, r), i.e., machine, group on the machine, and position
in the group. The first n columns of matrix C correspond to the available positions
associated with machine M|, the next n columns are associated with the positions on
machine M, etc. For each busy machine M;, 1 < i < n?/, the first 4>!1 of n available
positions are related to group N1, the next nl"-?! positions are related to group N1,
and so on. Recall that Al>11 4+ ZI;:Z nll =p 1 <i<m.

As a result, the problem of minimizing the objective function > C; reduces to a
rectangular assignment problem written out below

[i.x]
minimize z Z Z Z Cj, (i3, %, Giox,r)

j=1 i=1 x=1 r=1
ki nliAd
subject to ZZZZJ(,“) l<j=<n;
i= 1 x=1 r=1
ZZj,<i,1,r) <1 Il<i<m, 1<r<h" (2012
> gan =1, I<i<m, 2<x<k,

1 <r < nlil;
Ziaxr €10, 1} l<j<n, 1<i<m,
1<x<k, 1<r<nli,

For the found solution, z; ;; », -y = 1 implies that in the associated schedule Sgp, (k)
job j is assigned to the rth position of the xth group on a busy machine M;. The
conditions of (20.12) mean that each job will be assigned to a position and no position
will be used more than once. Notice that the above problem of the form (20.12) is
more constrained, compared to the rectangular assignment problem defined in (4.1).
The third constraint in the above formulation is added to ensure that n'** jobs are
scheduled in each groupx,2 < x < k;, 1 <i < m/, provided that k; > 2. On the other
hand, the number of jobs scheduled in the first group of each machine can be given
by nltll = 3 S g 1 <i<m

A constrained linear assignment problem of the form (20.12) can be solved by a
version of Algorithm LAPBL outlined in Sect. 4.1.1, while a faster Algorithm LAPD
apparently is not applicable. In our case, the algorithm is applied to an n x (nm’ )
cost matrix and therefore requires O(n’m’) time.
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Thus, for solving the original problem Rm|RMP(K), A"*1| 3" C;, we may modify
the generic Procedure RMPPar by replacing Step 1(b) by the following

Step 1(b). For each choice of values nl"*1, 1 <i<m/, 2 <x <k;, such that
Z;il Zﬁ:z 1 < n do
(i) For each busy machine M;, 1 <i < m, define hl"!l :=n — Zﬁ’:z a1,
compute the positional weights W/j[i”‘](r) and the constant I"(k;) by (20.9)
and (20.8), respectively, applied with n!"!1 = pli-11,
(i)  Find schedule S;p, (k) by solving the linear assignment problem (20.12).

In accordance with Procedure RMPPar, in order to find schedule $* (k) that is the
best among all generated in Step 1(b), the LAP defined in (20.12) must be solved
for all assumed values of n!**! in each group x, 1 <i <m', 2 <x <k;, so that

;":/] Z)]?:Z nli*l < . Since zlm:] (ki — 1) = k — 1, and there is at least one, first
group on each machine, finding all values n™*1, 1 <i <m/, 2 < x < k;, requires
enumeration of integer compositions of integers that do not exceed n in at most
k — 1 positive parts. Applying (5.13) with u = n and v = k — 1, this value is equal

, : et ) )
to (”ﬁ : 1), which does not exceed (”(,le)), Thus, since k is a constant, problem

Rn!/|RMP(k — 1), Al“*1] 3" C; can be solved in O(m'n**?) time.

Lemma 20.2 A schedule S*(k) that is optimal for an auxiliary problem Rm'
|RMP(k -1, A[i’x]| > C; can be found in O(m/nk”) time by reducing the problem
to a series of O(nk’l) constrained linear assignment problems of the form (20.12)
with a rectangular cost matrix.

To determine schedule S* that is optimal for the general problem Rm|RMP(K),
Al 3" C;, all outcomes (AP1)-(AP3) must be enumerated and the solutions of the
resulting auxiliary problems Rm’ |RMP(k -1, A[i”‘]| > C; be compared. Applying
Lemma20.1, the total number of auxiliary problems Rm’ |RMP(k -1, N”‘” > G
that must be solved is given by >t ([5,)(k — DI _ (%) (" H72).

Thus, the running time required to solve problem Rm|RMP(K), Al"*)| 3" C; can
be estimated as

K+1 K m m m’+k—2 m,nk+2
O(;(k_l)(k_l)!zz:l(m/)( m —1 )!(k—l)!

m

B )ECC)

m'+k—2
m'—1

Recall that as in the proof of Lemma 20.1, the term ( ) is shown to have an

upper bound of n”~1/ (m’ — l) 1, so that

i (:’Z/) (m’m_l’/_fz 2) < om Z nm’fl — O(nmfl).

m'=1 m'=1
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Besides, > 4/ (.5, )n*t? = n3(n + DX = O(n+3). Thus, the overall running
time can be written as O (n"5+2),

Theorem 20.2 An optimal solution for problem Rm|RMP(K), AU 3" C; can be
foundin O (n'"+K +2) time by reduction to a sequence of rectangular linear assignment
problems.

Both approaches, a straightforward one and a more elaborated one, considered in
Theorems 20.1 and 20.2, respectively, result in the same running time for the general
problem. One disadvantage of the former approach is that solving each auxiliary
problem Rm'|RMP(k — 1), Al"*)| 3" C; requires O(n™**+1) time, since according
to Lemma20.1 there are O(n"’*k’z) LAPs to solve, in 0(n3) time each. For the
latter approach, Lemma 20.2 holds that gives a better running time for each auxiliary
problem.

The difference between the two approaches becomes noticeable if we apply them
to simpler versions of the general problem. For example, assume that all given K < m
RMPs are identical and no more than one RMP is allowed on a single machine.
The number of all possible outcomes (AP1)-(AP3) does not depend on n. For the
straightforward approach, the overall running time due to Theorem 20.1 is O (n*"*2).
For the elaborated approach, it can be seen that the overall running time is 0(n’”+3)
(see Sect.20.4 for a discussion and references).

20.2.2 Uniform Machines

We now consider the problem of minimizing the total completion time F(S) =
> C;(S) on m uniform parallel machines. There are three main points of difference
between the problem under consideration and problem Rm|RMP(K ), A[i'x]| > G
considered in Sect.20.2.1:

e the rate-modifying multipliers associated with RMPD] are job-independent and
machine-independent, i.e., )\j[y] = )\[y], JEN, 1 <x<K.

e the jobs of aset N = {1, 2, ..., n} have to be processed on m uniform machines
M, M, ..., M,, m < n, where the speed of machine M;, 1 <i < m, is equal to
s, so that we have p; = p;/s;, forj € N;

e the duration of RMPL’] chosen to be performed on machine M; is given by
ATy = ¢l 4 gplio), (20.13)

where 7 is the start time of the RMP, measured from either time zero or from the
completion time of the previous RMP on M;, so that Cj[l"v 1_ ¢ [i2] for JjEN.

We denote the resulting problem by Qm|RMP(K), Al*(1)| 3" C;. Similarly
to Sect.20.2.1, fix outcomes (AP1)-(AP3) and for a particular outcome of Deci-
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sion (BP1), introduce a schedule Sgp; (k) for an auxiliary problem Qm’'|RMP(k — 1),

Al¥(7)| 3 C; associated with certain outcomes of Decisions (BP2) and (BP3).
Making the above-mentioned changes in (20.9) and (20.10), we deduce that for

schedule Sgp) (k) the total completion time on all busy machines can be written as

ki nlidd m

F(Sgpi (k) = Z D> Wi E)paiag) + Z (k). (20.14)

i=1 x=1 r=I

where the constant term I'(k;) is given by (20.8) and

[i,x]

ki
lix] o [i,v] [i,x] lix] I
w uy{(zpz)a+c)+@ wHﬂsﬁ

v=x+1

l<r<n™ 1<x<k, 1<i<m,

is a job-independent positional weight, such that the product W*p .1, represents
the contribution of job j = 7le¥1(r) scheduled in positionr, 1 <r < nli2 of group
x, 1 < x < k;, on machine M;, 1 <i < m’, to the objective function F(Sgp; (k)).

The objective (20.14) admits a generic representation (20.2), so that Proce-
dure RMPPar is applicable. Let Sjp, (k) denote a schedule such that F(Sgp, (k)) <
F(Sgp; (k)) for a fixed outcome of Decision (BP1). We know from Sect.20.1 that
finding schedule S§p, (k) reduces to solving a linear assignment problem. Since the
weights W1 (r) are job-independent, it follows that the cost matrix of such an
LAP is a product matrix and the problem can be solved by Algorithm Match (see
Sect.4.1.3).

Assume that the jobs are numbered in accordance with the LPT rule, so that

PL=p2> =y (20.15)

holds. Finding this sequence is done once, for all auxiliary problems to be solved.
Algorithm Match will match the uth largest processing time to the uth smallest
positional weight, 1 < u < n. Notice that within each group N"*! the positional
weights Wi (r), 1 <r <nl*l, 1 <x <k;, 1 <i < m, are monotone, so that a
sorted sequence of all positional weights can be obtained in O(n) time. Thus, if we
know the number of jobs scheduled in each group, then schedule S§p, (k) can be
found in O(n) time.

To determine the optimal solution for the general problem Qm|RMP(K), Al"*)(7)|
> C;, all options associated with outcomes (AP1)-(AP3) have to be generated and
the solutions to the resulting auxiliary problems Qm’|RMP(k — 1), Al (T)| > G
must be compared. As established in Lemma20.1, the total number of options to be
enumerated can be estimated as O(n’"“( -1 ), and we deduce the following statement.

Theorem 20.3 An optimal solution for problem Qm’RMP(K ), Al (7')‘ > Cjcan
be found in O(n"’+K ) time by using Algorithm Match as a subroutine.

Notice that for m = 1 and K = 1, Theorem 20.3 complies with the result of The-
orem 15.3.
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20.3 Models with Changing Processing Times
and Rate-Modifying Activities

In this section, we extend our results from Chap. 18 to the problems of minimizing
total completion times on parallel machines with time-changing effects and rate-
modifying activities.

Formally, the jobs of a set N = {1, 2, ..., n} have to be processed on m parallel
machines My, M5, ..., M,,, where m < n, which may be subject to effects of the
forms (18.2), (18.25), (18.28), or (18.32), which correspond to an enhanced com-
bined effect, an enhanced positional effect, or an enhanced time-dependent effect,
respectively, as presented in Chap. 18. Additionally, the decision-maker is presented
with a list (RMP! RMP!, ... RMPX!) of K > 1 possible rate-modifying activi-
ties. The duration of each RMP is given by the general formula (18.4).

If an RMP is inserted into a schedule to become the xth RMP on machine M;,
denote its duration by Al"*!(7; ). It depends on time 7 elapsed and the number of
jobs w processed on machine M; before the RMP starts, relative to a certain reference
point. Such a reference point is content-dependent, and its nature can be explained
as in Chap. 18, for single machine models. The way to compute the durations of the
RMPs is explained below, see (20.16). The range of the resulting problem is generi-
cally denoted by am|Effect (), RMP(K), Al"“*)(7; )| 3" C;, where a € {P, O, R},
and e € {(18.2), (18.25), (18.28), (18.32)}.

Given a problem am|Effect (), RMP(K), AU"*)(1; @)| 3" C; of the indicated
range, fix outcomes (AP1)-(AP3). Recall that the machines are renumbered in such
a way that in accordance with an outcome (AP1), the machines My, ..., M,, and
only those are busy. For a particular outcome of Decision (BP1), introduce a sched-
ule Sgp (k) for an auxiliary problem aum’ [Effect (e), RMP(k — 1), Al¥(r; @)| 3 C;
associated with certain outcomes of Decisions (BP2) and (BP3). In schedule Sgp; (k),
the jobs are organized in groups NU**, 1 <i <m’', 1 < x < k;, so that each group
N1 contains nl™* jobs, where 3% nlt*1 = ¢;. Further, let the jobs in NU-¥
be sequenced in accordance with a permutation 7l = (zltxI(1), #lt1(2), ...,
rli(nl)), 1 <i <m/, 1 <x < k;. Associate schedule Sgpy (k) with m’ permu-
tations wll = (7l 72 7likd) “which specify the sequence of jobs on each
machine M;, 1 <i <wm'.

For schedule Sgp; (k), let F; , denote the durations of the xth group on machine M,
1 <i < m'. Extending (18.4), we can write out an expression for 7, the duration
of the xth RMP, 1 < x < k; — 1, on machine M, in schedule Sgp; (k), as

Tix = CPF + 5 P+ + IR+, 1 <x<k—1,  (20.16)

i,x

where for machine M;, 1 <i < m/, the values ¢/, (", ..., ¢!, determine how

the length of each previous group affects the duration of the RMP scheduled after
the x-th group, and ﬁ””‘] >0isaconstant, ] <x <k —1.
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20.3.1 Unrelated Machines

Let us begin with problem Rm|Effect (18.28), RMP(K), Al"*(7; @)| 3" C;,in which
unrelated parallel machines are subject to positional effects of the form (18.28).
Depending on outcomes (AP1)-(AP3), i.e., on which RMPs are chosen, on which
busy machine they are to be performed and in which order, the actual processing
time of a job j = 7l**!(r), scheduled in position r of the xth group of machine M; is
given by

pj[.i’x](r) :p,:]-g}i’x](r), l<r<n® 1<x<k, 1<i<m. (20.17)

It follows from Sect. 18.5.2, where the sum of the completion times has been
computed for a single machine under an effect of the form (20.17), that the sum of
the completion times G;(Sgp; (k;)) on a busy machine M;, 1 <i < m’, in schedule
Sgpi (k) can be written in the form (20.7). The constant term I' (k;) is given by (18.18),
and the positional weights are given by (18.31), so that for a machine M;, 1 <i < n?/,

we have
kil x—1

Py =D > > 7™,

x=1 r=1 v=1

and
[l 0 (1 e it + () — ) g0, 1 < < li0),
li.x] I<x<k-—1,
W () = . . )
J (n[t,x] —r+ l)gj[z,x](r)’ 1 <r<nlial,
x = kj.
(20.18)

where the latter is a job-dependent positional weight, such that the product Wi’};ﬁ(,) (r)
Prtiai(y represents the contribution of jobj = 7l*!(r) scheduled in positionr, 1 < r <
nlt¥1 of group x, 1 < x < k;, on machine M;, 1 < i < m’, to the objective function
F(Sgp1 (k).

Thus, for schedule Sgp (k) the total completion time on all busy machines can
be written in the form (20.10), which admits a generic representation (20.2), so
that Procedure RMPPar is applicable. As explained for problem 1|Effect (18.28),
RMP(K), AU (r; w)‘ > C; considered in Sect.18.5.2, all positional weights
W), 1 <r<nl™ 1 <x <k,1 <i<mjeN,canbe computed by (18.31)
in O(nz) time. Since the found positional weights are job-dependent, a full-form
LAP will be employed in Step 1(b) of Procedure RMPPar. Solving each of these
LAPs requires 0(n3) time, and the total number of these problems is O(n’"JrK’I)
as proved in Lemma 20.1. Thus, a direct application of Procedure RMPPar with full
enumeration of all outcomes (AP1)-(AP3) and all outcomes of Decision (BP1) leads
to the following statement.
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Theorem 20.4 Problem Rm|Effect (18.28), RMP(K), AU¥(r; w)’ > C; reduces
to solving O(n"’*K’l) linear assignment problems of the form (20.4). Each such
assignment problem can be created in O(nz) time and solved in O(n3) time, so that
the overall running time needed to find an optimal schedule is O(n’”+K+2).

Similar to the solution of problem Rm|Effect (18.28), RMP(K), Al"*(r; w)|
> C;j, problem Rm|Effect (18.32), RMP(K), AX (7 w)’ > C; with a time-
dependent effect of the form (18.32), and problem Rm|Effect (18.2), RMP(K), Al
(15 w)| > C; with a combined effect of the form (18.2), may also be solved. We
skip most of the technical details. It suffices to state that the objective function for
each of these problems reduces to the form (20.10), which admits a generic repre-
sentation (20.2), so that Procedure RMPPar is applicable. The relevant positional
weights may be found by adapting the positional weights (18.34) and (18.21), found
for problems 1|Effect (18.32), RMP(K), A"(r; w)| > C; and 1|Effect (18.2),
RMP(K), Al¥(T; w)| > Cj, respectively, in Chap. 18. Notice that for each prob-
lem, the positional weights can be computed in O(n) and O(n?) time, respectively.
Please also notice that although the positional weights found for the latter prob-
lem are of job-independent nature, a full-form LAP is still required to be solved in
Step 1(b) of Procedure RMPPar in order to solve each problem Rm|Effect (18.32),
RMP(K), A*(1; )| > C; and Rm|Effect (18.2), RMP(K), Al*)(r; )| 3" C;.
This is because the resulting square cost matrix C = (cj,(,-,x,,)),,xn, where

iy = Wiy, 1<i<m/, 1 <x<k1<r<n™

does not satisfy the Monge property (4.9). Intuitively, this happens because the value
of the normal processing time is dependent on the machine it is assigned to. Thus,
the following statement follows from Lemma20.1.

Theorem 20.5 Each of problems Rm|Effect (18.32), RMP(K), AU (r; w)| > G
and Rm|Effect (18.2), RMP(K), Ai)(7; )| 3 C; reduces to solving O(n"™ K1)
linear assignment problems of the form (20.4), so that the overall running time needed
to find an optimal schedule is O(n"™X+2).

20.3.2 Uniform Machines

Let us begin with problem Qm|Effect (18.25), RMP(K), A"Y(r; @)| > C;,in which
uniform parallel machines are subject to positional effects of the form (18.25).
Depending on outcomes (AP1)-(AP3), i.e., on which RMPs are chosen, on which
busy machine they are to be performed and in which order, the actual processing
time of a job j = wl"*1(r), scheduled in position r of the xth group of machine M; is
given by

P = (’ﬁ)g[‘*”(r), l<r<nlsx<k l<ism.
5

L
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. .. . [i,x]
Redefining the positional factors gl (r) := gs—(’), Il<r<ml<x<k 1<
i < m', we can write

Py =pd o), 1<r<n l<x<k I<i<m. (20.19)

It follows from Sect. 18.5.2, where the sum of the completion times has been
computed for a single machine under an effect of the form (20.19) that the sum of
the completion times G;(Sgp; (k;)) on a busy machine M;, 1 <i < m’, in schedule
Sgp1 (k) can be written in the form (20.7). The constant term I" (k;) is given by (18.18),
and the positional weights are given by (18.27), so that for a machine M;, 1 <i < n?/,
we have the constant term I"(k;) as before and

[Zocar e (14 S ) (i — 1) [0, 1 < 7 <l
1<x< ki -1,
(n[i’x] —r+ 1)@\["’”0), 1 <r<alital,

x =kj.

wlil ) =

(20.20)

where the latter is a job-independent positional weight, such that the product
WU (#)p iy represents the contribution of job j = 7l"*I(r) scheduled in position
r,1 <r < nl™ of groupx, 1 < x < k;, on machine M;, 1 <i < n?, to the objective
function F (Sgpy (k)).

Thus, for schedule Sgp (k) the total completion time on all busy machines can
be written in the form (20.10), which admits a generic representation (20.2), so
that Procedure RMPPar is applicable. As explained for problem 1|Effect (18.25),
RMP(K), A*(1; )| 3" C; considered in Sect.18.5.2, all positional weights
W), 1 < r <nl™¥ 1 <x <k, 1 <i<m', canbe computed by (20.20) in O(n)
time. Since the found positional weights are job-independent, an LAP with a product
matrix will have to be solved in Step 1(b) of Procedure RMPPar (see Sect.20.2.2 for
details). Solving each of these LAPs requires O(n log n) time, and the total number
of these problems is O(nm+K ’1) as proved in Lemma 20.1. Thus, a direct application
of Procedure RMPPar with full enumeration of all outcomes (AP1)-(AP3) and all
outcomes of Decision (BP1) leads to the following statement.

Theorem 20.6 Problem Om|Effect (18.25), RMP(K), A"(r; @)| Y C; reduces
to solving O(nm“(’l) linear assignment problems with a product matrix, each of
which is solved using Algorithm Match in O(nlog n) time, so that the overall running
time needed to find an optimal schedule is O(n’”+K log n)

Similar to the solution of problem Qm|Effect (18.25), RMP(K), Al"*(r; w)|
> C;, problem Qmi|Effect (18.32), RMP(K), Ali*)(r; w)| > C; with a time-
dependent effect of the form (18.32), and problem QOm|Effect (18.2), RMP(K),
AlX(7; )| 3 C; with a combined effect of the form (18.2), may also be solved.
To do this, the approaches outlined in Sect.20.3.1 for the respective problems in
an environment with unrelated machines can be adopted, and the only difference
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Table  20.1 Computational — complexities ~ of  different  versions of  problem
am|Effect (e), RMP(K), Al-¥(r; @)| 3 C;

Problem Reference Running time
Rm|Effect (18.28), RMP(K), Al¥(7; @)| 3 C; Theorem 20.4 O(nm+k+2)
Rm|Effect (18.32), RMP(K), Al¥(7; @)| > C; Theorem20.5 O(nm+k+2)
Rm|Effect (18.2), RMP(K), Al"¥l(r; )| 3 C; Theorem 20.5 O(nm+k+2)
Om|Effect (18.25), RMP(K), Al*)(7; )| > C; Theorem 20.6 O(n"+K logn)
Om|Effect (18.32), RMP(K), Al*)(7; @)| > C; Theorem 20.7 O(n+K logn)
Om|Effect (18.2), RMP(K), All(7; @)| 3" C; Theorem 20.7 O(nmHk+1)

is that since the machines are uniform, there is no need to employ a full-form
LAP in Step 1(b) of Procedure RMPPar. In fact, problems Om|Effect (18.32),
RMP(K), Al1(r; w)| > C; and Qm|Effect (18.2), RMP(K), Al(T; w)| > G
may be solved by reduction to O (n" 1) linear assignment problems with a product
matrix, and each of which can be solved in O(nlogn) time. Recall that the relevant
positional weights for problems Qm|Effect (18.32), RMP(K), Al*(r; w)| > C;
and Om|Effect (18.2), RMP(K), A"*/(r; @)| X" C; may be computed by using the
formulae (18.34) and (18.21) in O(n) and O(n?) time, respectively. Thus, the fol-
lowing statement follows.

Theorem 20.7 Each of problems Qm|Effect (18.32), RMP(K), AU (r; w)| > G
and Qm|Effect (18.2), RMP(K), AU (r; w)| > C; reduces to solving O(nm+K—l)
linear assignment problems with a product matrix. Each of these assignment prob-
lems can be created in O(n) and O(nz) time, respectively, and solved in O(nlogn)
time for both problems, so that the overall running time needed to find an optimal
schedule is O(n™* logn) and O(n™ %), respectively.

The main results of this section are summarized in Table 20.1.

20.4 Bibliographic Notes

For the models with no time-changing effects, the problems on parallel machines
to minimize the total completion time, provided that at most one RMP per machine
can be introduced into a schedule, are studied by Wang et al. (2011), for identical
machines, and by Cheng et al. (2011) for unrelated machines. Wang et al. (2011)
present a rather straightforward result, similar to Theorem?20.1, to minimize the
total flow time, so that a solution can be found in 0(n2m+3) time. Notice that this
running time has been overestimated, since applying Theorem 20.1 with K = m will
result in a running time of O (n*"*?). Cheng et al. (2011) present an algorithm that is
based on the elaborated approach discussed in Sect. 20.2.1 and allows the problem of
minimizing the flow time to be solved in 0(n’”+3) time. The material of Sect.20.2.1
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is a generalization of the method presented by Cheng et al. (2011) for models with
multiple RMPs (see Theorem 20.2).

Theorems20.5 and 20.7, related to models with rate-modifying activities and
combined or time-dependent effects, follow from Rustogi and Strusevich (2014).
We are not aware of any others publications that study these effects on parallel
machines. . _

Gara-Ali et al. (2016) study problem Rm ‘pl[;’x](r) — pygl™(r), RMP(K), AM)
> C;, with job-dependent positional effects on unrelated machines and RMPs whose
durations are given by (16.6). They propose a solution approach similar to that
discussed in Theorem20.4, so that the problem of minimizing the total flow time
is solvable in O(nm+K+2) time. Rustogi and Strusevich (2012) also solve the same
problem in O (n"*X*2) time, but for a model in which the RMP durations are given
by a simpler formula of the form (16.15). Notice that the solution approach presented
in Sect.20.3.1 for solving problem Rm|Effect (18.28), RMP(K), AU (r; w)| > C
can easily be extended so that it is able to handle RMP durations of the form (16.6).
Another special case of problem Rm|Effect (18.28), RMP(K), Al(r; w)| X C;is
considered by Ji and Cheng (2010), who study the effect of RMPs on identical parallel
machines that are subject to a job-dependent learning effect. Ji and Cheng (2010)
show that the problem of minimizing the total flow time is solvable in O(nm+K +2)
time (see Sect. 18.6 for a review of this model for a single machine environment).

Rustogi and Strusevich (2012) study problem Qm pl[j’."x] (r) = pig™(r),
RMP(K), AM| 3" C; with job-independent positional effects on uniform machines
and RMPs whose durations are given by (16.15). They propose a solution approach

similar to that discussed in Theorem 20.6, so that the problem of minimizing the total
flow time is solvable in O(n’"“( log n) time.
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