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Preface to Student

“Money is the root of all evil”’—so the old adage goes. Whether we agree with that sentiment
or not, we have to admit that if money is an evil, it is a necessary one. Love it or hate it,
money plays a central role in the world and in our lives, both professional and personal. We
all have to earn livings and pay bills, and to accomplish our goals, whatever they may be,
reality requires us to manage the financing of those goals.

Sadly, though, financial matters are often poorly understood, and many otherwise promis-
ing ventures fail as a result of financial misunderstandings or misjudgments. A talented chef
can open an outstanding restaurant, first rate in every way, only to see the doors closed as a
result of financial shortcomings. An inventor with a terrific new product can nonetheless fail
to bring it to market because of inadequate financing. An entrepreneur with an outstanding
vision for a business can still fail to profit from it if savvier competition captures the same
market with an inferior product but better management of the dollars and cents. And, on a
more personal level, statistics continually show that “financial problems” are one of the most
commonly cited causes of divorce in the United States.

Of course nothing in this book can guarantee you a top-rated restaurant, world-changing
new product, successful business, or happy marriage. Yet, it is true that a reasonable under-
standing of money matters can certainly be a big help in achieving whatever it is you want
to achieve in this life. It is also true that mathematics is a tool essential to this understanding.
The goal of this book is to equip you with a solid understanding of the basic mathematical
skills necessary to navigate the world of money.

Now, unfortunately (from my point of view at least), while not everyone would agree
that money is root of all evil, it is not hard to find people who believe that mathematics
is. Of course while some students come to a business math course with positive feelings
toward the subject, certainly many more start off with less than warm and cozy feelings.
Whichever camp you fall into, it is important to approach this book and the course it is
being used for with an open mind. Yes, this is mathematics, but it is mathematics being put
to a specific use. You may not fall in love with it, but you may find that studying math in
the context of business and finance makes skills that once seemed painfully abstract do fall
together in a way that makes sense.

Those who do not master money are mastered by it. Even if the material may occasionally
be frustrating, hang in there! There is a payoff for the effort, and whether it comes easily or
not, it will come if you stick with it.

ee e o0 oo b oeooocce
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WALKTHROUGH

The same logic applies to discount. If a $500 note is discounted by $20, it stands to reason
that a $5,000 note should be discounted by $200. If a 6-month discount note is discounted by
$80, it stands to reason that a 12-month note would be discounted by $160. Thus, modeling
from what we did for interest, we can arrive at:

The Mathematics of Money: Math FORMULA 2.1
B . . The Simple Discount Formula

for Business and Personal Finance is -

designed to provide a sound intro- P where

duction to the uses of mathematics e s AT URITY vALUE

in business Gnd personol ﬁnance d represents the interest DISCOUNT RATE (expressed as a decimal)
and

applications. It has dual objectives T represents the TERM for the loan

of teaching both mathematics and

financial literacy. The text wraps

each skill or technique it teaches in a

real-world context that shows you the

reason for the mathematics you're

learning.

The simple discount formula closely mirrors the simple interest formula. The differences
lie in the letters used (D rather than I and d in place of R, so that we do not confuse
discount with interest) and in the fact that the discount is based on maturity value rather
than on principal. Despite these differences, the resemblance between simple interest and
simple discount should be apparent, and it should not be surprising that the mathemati-
cal techniques we used with simple interest can be equally well employed with simple
discount.

Example 8.3.1 Computers bought 12 from the
The list price for the computers is $895.00, and the manufacturer offered a 25% trade

discount. How much did Ampersand pay for the computers?

As with markdown, we can either take 25% of the price and subtract, or instead just multiply
the price by 75% (found by subtracting 25% from 100%). The latter approach i a bit simpler.
(75%)($895.00) = $671.25 per computer. The total price for all 12 computers would be
(12)($671.25) = $8,055.

HOW TO USE THIS BOOK

This book includes several key peda-
gogical features that will help you
learn the skills needed to succeed in
your course. Watch for these features
as you read, and use them for review
and practice.

Even though it is more mathematically convenient to multiply by 75%, there are sometimes
reasons to work things out the longer way. When the manufacturer bills Ampersand for this
purchase, it would not be unusual for it to show the amount of this discount as a separate
item. (The bill is called an invoice, and the net cost for an item is therefore sometimes called
the invoice price.) In addition, the manufacturer may add charges for shipping or other fees
on top of the cost of the items purchased (after the discount is applied). The invoice might
look something like this:

International Difference Engines Invoice No. 1207
Box 404
Marbleburg, North Carolina 20252 VOICE
FORMULAS «ccccccccccccccccccscs Sold To:
. Ampersand Computers Date: May 28, 2007
Core formulas are presented in 4539 North Henly Steet orters: s0r2s
. Olean, NY 14760 Shipped:  May 17, 2007
formal, numbered fashion for easy
reference.

Quantity | Product # Description MSRP Total

12 87435-G | IDE-Model G Laptop | $895.00 | $10,740.00
EXAMPLES ..cccccciccccccccccnccacsed
Examples, using realistic businesses
and situations, walk you through the
application of a formula or tech- N
nique to a specific, realistic problem. L 25 gt %

PLUS: Freight $350.00
Total due | $8,405.00

DEFINITIONS ......ccceveeencnenn
Core concepts are called out and

defined formally and numbered for

easy reference.

The discount may sometimes be written in parentheses (as it is in the example above)
because this is a commonly used way of indicating a negative or subtracted number in

Definition 1.1.1

Throughout the text, key termsor « « - .
concepts are set in color boldface

italics within the paragraph and

defined contextually.

Interest is what a borrower pays a lender for the temporary use of the lender’s money.

Or, in other words:

Definition 1.1.2
Interest is the “rent” that a borrower pays a lender to use the lender’s money.
Interest is paid in addition to the repayment of the amount borrowed. In some cases, the

amount of interest is spelled out explicitly. If we need to determine the total amount to be
repaid, we can simply add the interest on to the amount borrowed.

One question that may come up here is how we know whether that 8/2% interest rate
quoted is the rate per year or the rate for the entire term of the loan. After all, the problem
says the interest rate is 8"2% for 3 years, which could be read to imply that the 8'2% covers
the entire 3-year period (in which case we would not need to multiply by 3).

The answer is that unless it is clearly stated otherwise, interest rates are always assumed
to be rates per year. When someone says that an interest rate is 8/2%, it is understood that
this is the rate per year. Occasionally, you may see the Latin phrase per annum used with

e " interest rates, meaning per year to emphasize that the rate is per year. You should not be
confused by this, and since we are assuming rates are per year anyway, this phrase can
usually be ignored.

The Simple Interest Formula
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Walkthrough

EXERCISES THAT BUILD BOTH
SKILLS AND CONFIDENCE
Each section of every chapter includes ot '

a set of exercises that gives you the A The Dfiion o an Aty
opportunity to practice and master
the skills presented in the section.
These exercises are organized in three
groupings, designed to build your
skills and your confidence so that you
can master the material.

Determine whether or not each of the following situations describes an annuity. If the situation is not an annuity, explain why it
s not.

1. A car lease requires monthly payments of $235.94 for 5 years

N

Your cell phone bill

©

The money Adam pays for groceries each week.

4. Ashok bought a guitar from his brother for $350. Since he didr't have the money to pay for it up front, his brother
agreed that he could pay him $25 a week until his payments add up to $350.

5. Caries' Candy Counter pays $1,400 a month in rent for its refail store.

o

The rent for the Tastee Lard Donut Shoppe is $850 @ month plus 2% of the monthly sales.

BUILDING FOUNDATIONS ccccccccccccce.
In each exercise set, there are several 7 ot s o core ot e o f o, o e 55 o s doy
initial groupings of exercises under a

header that identifies the type of prob-

st sl Gl and aves @ gaad Pttt et Ty i 590 i i i ot e i
hint of what type of problem it is.

©

Every single morning, rain or shine, Cieran walks to his favorite coffee shop and buys a double redeye latte.

©

s

In tesponse to her church's annual stewardshio campaian, Peaay pledasd to make an offering of $20 each week.

Exercises 42 161

B U I LD I N G CO N FI D E N CE S .. 5. Find the future value of an annuity due of $502.37 per year for 18 years at 5.2%. b i ioated i the annuky's present vuhie
In each set there is also a grouping of o ST
) T Tty kb e e %27
exercises labeled “Grab Bag.” These
Sedi ons co nTCIi nam iX Of pro b | ems 27. a t\sn put saha 03 each month into an account that earned 10.47% for 29 years. How much did the account end up ‘:i;d;:s";z;?:‘g:glf:::‘;l;%'%%%:%h
eing worth? 1g to accumulate a present or future value?

If Lisa had made her deposits at the beginning of each month instead of the end of the month, how much more
th

ix

covering the various topics of the sec- e P e
tion, in an intentionally jumbled order.

Find the future value of an ordinary annuity of $375 per month for 20 years assuming an interest rate of 7.11%
These exercises add an additional and

Differing Payment and Compounding Frequencies (Optional)

very important layer of problem solv- R e e S
ing: identifying the type of problem
and selecting an appropriate solution
. G. Grab Bag
technique. 31 Aders put §109.45 ach ot i a ot vestment occount that eamed 8.39% for 32 years, How mch el
32. J.J. deposits $125 at the start of each month into an investment account paying 7/%. Assuming he keeps this up, how

EXPANDING THE CONCEPTS ..-cccv..
Each section’s exercise set has one
last grouping, labeled “Additional
Exercises.” These are problems that
go beyond a standard problem for the
section in question. This might mean

Afinancil planner is making  presentation o a community group. She wants to make the point that small amounts
saved on a regular basis over fime can grow into surprisingly large amounts. She is thinking of using the following example:

Suppose you spend $3.25 avery rornin
investment account thot -~
offers. How much do you

Calculate the answer to | 162 Chapter 4 Annuities

cup of dourmet coffec, but inctead decide to put that §3.25 nto an

37. Suppose that Ron deposits $125 per month into an account paying 8%. His brother Don deposits $250 per month info
Find the future value of ¢ an account paying 4%. How much will each brother have in his account after 40 years?

Copyright 2008, The McGrawHil Comparies, .

How much interest will | 38. Suppose that Holly deposits $125 per month into an account paying 8%. Her sister Molly deposits $250 per month into
20 years? For 40 years? an account paying 4%. How much will each sister have in her account after 16 years?
that some additional concepts are
H . . el 36. Find the future value ann
introduced, certain technicalities are
39. The members of a community church, which presently has no endowment fund, have pledged to donate a total of

$18,250 each year above their usual offerings in order to help the church build an endowment. If the money is invested
at a5.39% rate, how much will they endowment have grown to in 10 years?

dealt with in greater depth, or that the
problem calls for using a higher level
of algebra than would otherwise be
expected in the course.

40. Jack's financial advisor has encouraged him to start putting money into a refirement account. Suppose that Jack
deposits $750 at the end of each year into an account earning 8%% for 25 years. How much will he end up with? How
much would he end up with if he instead made his deposits at the start of each year?

=

. Additional Exercises

A group of ambitious developers has begun planning a new community. They project that each year a net gain of
850 new residents will move into the community. They also project that, aside from new residents, the community’s
population will grow at a rate of 3% per year (due to normal population changes resulting from births and deaths). If
these projections are correct, what will the communitys population be in 15 years?

8

Find the future value of $1,200 per year at 9% for 5 years, first as an ordinary annuity and then as an annuity due.
Compare the two results.

Find the future value of $100 per month at 9% for 5 years, first as an ordinary annuity and then as an annuity due.
Compare the two results.

In both (a) and (b) the total payments per year were the same, the interest rate was the same, and the terms
Were the sarme. Why was the difference between the ordinary annuty and the anuity due smaller for the monthly
CO00C00000O0 .' annulty than for the annual one?

Suppose that Tommy has decided that he can save $3,000 each year in his retirement account. He has not decided yet
whether to make the deposit all at once each year, or to split it up into semiannual deposits (of $1,500 each), quarterly
deposits (of $750 each), monthly, weekl, or even daily. Suppose that, however the deposits are made, his account
earns 7.3%. Find his future value after 10 years for each of these deposit frequencies. What can you conclude?

(Optional.) As discussed in this chapter, we normally assume that interest compounds with the same frequency as the
annuity's payments. So, one of the reasons Tommy wound up with more money with daily deposits than with, say,
monthly deposits, was that daily compounding resuts in a higher effective rate than monthly compounding
Redlistcally speaking, the interest rate of his account probably would compound at the same frequency regardiess of
how often Tommy makes his deposits. Rework Problem 43, this time assuming that, regardless of how often he makes
his deposits, his account will pay 7.3% compounded daily.
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ICONS cccccceccsccccconcsanane

Throughout the core chapters, certain
icons appear, giving you visual cues to
examples or discussions dealing with

several key kinds of business situations.

retail

finance

END-OF-CHAPTER SUMMARIES

R R I |

Key Ideas, Formulas, and Techniques

CHAPTER 1

SUMMARY

Examples

The Concept of Interest, p. 3

Simple Interest as a Percent,
p.6

Calculating Simple Interest
foraLoan, p. 8

Loans with Terms in Months,
p.14

The Exact Method, p. 16

Bankers’ Rule, p. 16

Loans with Terms in Weeks,
.17

Finding Principal, p. 23

Finding the Interest Rate, p. 25

Finding Time, p. 27

« Interest s added to the principal of a loan to
compensate the lender for the temporary use of
the lender’s money.

« Convert percents to decimals by moving the
decimal place

If necessary, convert mixed numbers to decimal
rates by dividing the fractional part

Multiply the resut by the principal

The simple interest formula: | = PRT
Substitute principal, interest rate (as a decimal),
and time into the formula and then muitiply.

« Convert months to years by dividing by 12
« Then, use the simple interest formula

« Convert days to years by dividing by the
number of days in the year.

The simplified exact method always uses 365
days per year

Convert days to years by dividing by 360

« Convert weeks to years by dividing by 52

« Substitute the values of I, R, and T into the
simple interest formula

Use the balance principle to find P; divide both
sides of the equation by whatever is multiplied
byP

* Substitute into the simple interest formula and
use the balance principle just as when finding
principal

places to the right
Round appropriately (usually two decimal
places)

Use the simple interest formula and balance
principle just as for finding principal or rate
Convert the answer to reasonable time units
(usually days) by multiplying by 365 (using the
simplified exact method) or 360 (using bankers®

Convert to a percent by moving the decimal two

Sam loans Danielle $500.
Danielle agrees to pay
$80 interest. How much
will Danielle pay in total?
(Example 1.1.1)

Bruce loans Jamal $5,314.57
for 1 year at 8.72% simple
interest. How much will Bruce
repay? (Example 1.1.8)

Heather borrows $18,500

at 57% simple interest for

2 years. How much interest
will she pay? [Example 1.1.11)

Zachary deposited $3,412.59
at 5%9% for 7 months. How
much interest did he eam?
(Example 1.2.2)

Calculate the simple interest
due on a 150-day loan of
$120,000 at 9.45% simple
interest. (Example 1.2.5)

Calculate the simple interest
due on a 120-day loan of
$10,000 at 8.6% simple
interest using bankers’ rule.
(Example 1.2.6)

Bridget borrows $2,000 for 13
weeks at 6% simple interest.

Find the total interest she will

pay. (Example 1.2.8)

How much principal is needed
to ear $2,000 simple interest
in 4 months at a 5.9% rate?
(Example 1.3.1)

Calculate the simple interest
rate for a loan of $9,764.55
if the term is 125 days and
the total to repay the loan is
$10,000. (Example 1.3.2)

If Michele borrows $4,800
at 614% simple interest,
how long wil it take before
her debt reaches $5,000?
(Example 1.3.6)

Each chapter ends with a table sum-
marizing the major topics covered,
the key ideas, formulas, and tech-
niques presented, and examples of
the concepts. Each entry in the table
has page references that point you
back to where the material was in the

rule)
(Continued)

49

chapter, making reviewing the key

concepts easier.

50 Chapter 1 Simple Interest

Topic

Finding the Term of a Note
from Its Dates (within a
Calendar Year), p. 33

Finding Maturity Dates (within
a Calendar Year), p. 36

Finding Loan Dates (within a
Calendar Year), p. 36

Finding Terms Across Multiple
Years, p. 37

Finding Dates Across Multiple
Years, p. 38

Using Nonannual Interest
Rates (Optional), p. 44

Converting Between
Nonannual and Annual Rates
(Optional), p. 45

Key Ideas, Formulas, and Techniques

Examples

Convert calendar dates to Julian dates using
the day of the year table (or the abbreviated
table)

If the year is a leap year, add 1 to the Julian
date if the date falls after February 29.
Subtract the loan date from the maturity date

Convert the loan date to a Julian date
Add the days in the term

Convert the result to a calendar date by finding
itin the day of the year table

Convert the maturity date to a Julian date
Subtract the days in the term

Convert the result to a calendar date by finding
itin the day of the year table

Draw a time line, dividing the term up by
calendar years

Find the number of days of the note's term that
fall within each calendar year

Add up the total

Draw a time line

Work through the portion of the term that falls in
each calendar year separately

Keep a running tally of how much of the term
has been accounted for in each calendar year
until the full term is used

Convert the term into the same time units used
by the interest rate

Use the same techniques as with annual
interest rates

To convert to an annual rate, multiply by the
number of time units (days, months, etc.) per

year
To convert from an annual rate, divide by the
number of time units (days, months, etc.) per
year

Find the number of days
between April 7, 2003,
and September 23, 2003.
(Example 1.4.1)

Find the maturity date of
2135 day note signed on
March 7, 2005. (Example
1.4.5)

Find the date of a 200-day
note that matures on
November 27, 2006.
(Example 1.4.6)

Find the term of a note dated
June 7, 2004, that matures
on March 15, 2006. (Example
148)

Find the loan date for a
500-day note that matured
on February 26, 2003.

Find the simple interest on

$2,000 for 2 weeks i the rate

is 0.05% per day. (Example
52)

Convert 0.05% per day into
an annual simple interest rate
(Example 1.5.3)
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“And why do they call it interest?
There’s nothing interesting about it!”

“ _Coach Ernie Pantuso, “Cheers”

Learning Objectives Chapter Outline

LO 1 Understand the concept of the time value of 1.1 Simple Interest and the Time Value of Money
money, and recognize the reasoning behind the

payment of interest.

1.2 The Term of a Loan

1.3  Determining Principal, Interest Rates, and

LO 2 Calculate the amount of simple interest for a .
Time

given loan.

. . . 1.4  Promissory Notes
LO 3 Use the simple interest formula together with

basic algebra techniques to find the principal,
simple interest rate, or term, given the other
details of a loan.

1.5  Non-Annual Interest Rates (Optional)

LO 4 Determine the number of days between any two
calendar dates.

LO 5 Apply these skills and concepts to real-world
financial situations such as promissory notes.

@ ¢ 0 0000000000000 00 0000000000000 00000 000

1.1 Simple Interest and the Time Value of Money

Suppose you own a house and agree to move out and let me live there for a year. | promise
that while I’m living there I will take care of any damages and make any needed repairs, so
at the end of the year you’ll get back the exact same house, in exactly the same condition,
in the exact same location. Now since | will be returning your property to you exactly the
same as when you lent it to me, in some sense at least you’ve lost nothing by letting me
have it for the year.
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Despite this, though, you probably wouldn’t be willing to let me live there for the year
for free. Even though you’ll get the house back at the end just as it was at the start, you’d
still expect to be paid something for a year’s use of your house. After all, though you
wouldn’t actually give up any of your property by lending it to me, you nonetheless would
be giving up something: the opportunity to live in your house during the year that | am
there. It is only fair that you should be paid for the property’s temporary use. In other,
ordinary terms, you’d expect to be paid some rent. There is nothing surprising in this. We
are all familiar with the idea of paying rent for a house or apartment. And the same idea
applies for other types of property as well; we can rent cars, or party tents, or construction
equipment, and many other things as well.

Now let’s suppose that | need to borrow $20, and you agree to lend it to me. If | offered
to pay you back the full $20 one year from today, would you agree to the loan under those
terms? You would be getting your full $20 back, but it hardly seems fair that you wouldn’t
get any other compensation. Just as in the example of the house, even though you will
eventually get your property back, over the course of the year you won’t be able to use it.
Once again it only seems fair that you should get some benefit for giving up the privilege
of having the use of what belongs to you.

We ordinarily call the payment for the temporary use of property such as houses, apart-
ments, equipment, or vehicles rent. In the case of money, though, we don’t normally use
that term. Instead we call that payment interest.

Definition 1.1.1
Interest is what a borrower pays a lender for the temporary use of the lender’s money.

Or, in other words:

Definition 1.1.2
Interest is the ““rent” that a borrower pays a lender to use the lender’s money.

Interest is paid in addition to the repayment of the amount borrowed. In some cases, the
amount of interest is spelled out explicitly. If we need to determine the total amount to be
repaid, we can simply add the interest on to the amount borrowed.

Example 1.1.1 Sam loans Danielle $500 for 100 days. Danielle agrees to pay her
$80 interest for the loan. How much will Danielle pay Sam in total?

Interest is added onto the amount borrowed. $500 + $80 = $580. Therefore Danielle will
pay Sam a total of $580 at the end of the 100 days.

In other cases, the borrower and lender may agree on the amount borrowed and the amount
to be repaid without explicitly stating the amount of interest. In those cases, we can deter-
mine the amount of interest by finding the difference between the two amounts (in other
words, by subtracting.)

Example 1.1.2 Tom loans Larry $200, agreeing to repay the loan by giving Larry
$250 in 1 year. How much interest will Larry pay?

The interest is the difference between what Tom borrows and what he repays. $250 — $200 =
$50. So Larry will pay a total of $50 in interest.

It is awkward to have to keep saying “the amount borrowed” over and over again, and so
we give this amount a specific name.

Definition 1.1.3
The principal of a loan is the amount borrowed.
So in Example 1.1.1 the principal is $500. In Example 1.1.2 we would say that the principal

is $200 and the interest is $50.
There are a few other special terms that are used with loans as well.

3
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Definition 1.1.4

Adebtor is someone who owes someone else money. A creditor is someone to whom money
is owed.

In Example 1.1.1 Sam is Danielle’s creditor and Danielle is Sam’s debtor. In Example 1.1.2
we would say that Tom is Larry’s creditor and Larry is Tom’s debtor.

Definition 1.1.5
The amount of time for which a loan is made is called its term.

In Example 1.1.1 the term is 100 days. In Example 1.1.2 the term of the loan is 1 year.

Interest Rates as Percents

Let’s reconsider Tom and Larry’s loan from Example 1.1.2 for a moment. Tom and Larry
have agreed that the interest Tom will charge for a loan is $50. Now suppose Larry decides
that, instead of borrowing $200, he needs to borrow $1,000. He certainly can’t expect that
Tom will still charge the same $50 interest! Common sense screams that for a larger loan
Tom would demand larger interest. In fact, it seems reasonable that for 5 times the loan, he
would charge 5 times as much interest, or $250.

By the same token, if this loan were for $200,000 (one thousand times the original
principal) we could reasonably expect that the interest would be $50,000 (one thousand
times the original interest.) The idea here is that, as the size of the principal is changed, the
amount of interest should also change in the same proportion.

For this reason, interest is often expressed as a percent. The interest Tom was charging
Larry was ¥4 of the amount he borrowed, or 25%. If Tom expresses his interest charge as a
percent, then we can determine how much he will charge Larry for any size loan.

Example 1.1.3 Suppose that Larry wanted to borrow $1,000 from Tom for 1 year.
How much interest would Tom charge him?

Tom is charging 25% interest, and 25% (or '/4) of $1,000 is $250. So Tom would charge
$250 interest. Note that $250 is also 5 times $50, and so this answer agrees with our
commonsense assessment!

Of course, the situation here is simplified by the fact that 25% of $1,000 is not all that hard
to figure out. With less friendly numbers, the calculation becomes a bit trickier. What if,
for example, we were trying to determine the amount of interest for a loan of $1835.49
for 1 year at 11.35% simple interest? The idea should be the same, though the calculation
requires a bit more effort.

Working with Percents

When we talk about percents, we usually are taking a percent of something. The math-
ematical operation that translates the “of” in that expression is multiplication. So, to find
25% of $1,000, we would multiply 25% times $1,000.

However, if | simply multiply 25 times 1,000 on my calculator, | get 25,000, which is
far too big and also does not agree with the answer of $250 which we know is correct. The
reason for this discrepancy is that 25% is not the same as the number 25. The word percent
comes from Latin, and means “out of 100.” So when we say “25%,” what we really mean
is “25 out of 100”—or in other words 25/100.

If you divide 25/100 on a calculator, the result is 0.25. This process of converting a percent
into its real mathematical meaning is often called converting the percent to a decimal.

It is not necessary, though, to bother with dividing by 100 every time we need to use
a percent. Notice that when we divided 25 by 100, the result still had the same 25 in it,
just with a differently placed decimal. Now we don’t normally bother writing in a decimal
place with whole numbers, but we certainly can. 25 can be written as “25.”; now 0.25 is
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precisely what you would have gotten by moving that decimal two places to the left. This
is not a coincidence, and in fact we can always convert percents into their decimal form
simply by moving the decimal place.

So, when using percents, we can either go to the trouble of actually dividing by 100, or
instead we can just move the decimal place.

Example 1.1.4 Convert 25% to a decimal.
By dividing: 25% = 25/100 = 0.25
By moving the decimal: 25% = 0.25

Why did we place that extra zero to the left of the decimal? The zero placed to the left of
the decimal place is not really necessary. It would be just as good to have written “.25”.
Tacking on this zero does not change the numerical value in any way. It only signifies
that there is nothing to the left of the decimal. There is no mathematical reason to prefer
“0.25” over “.25” or vice versa; they both mean exactly the same thing. However, we
will often choose to tack on the zero because the decimal point is so small and easy to
miss. It is not hard to miss that tiny decimal point on the page and so .25 can be easily
mistaken for 25. This tiny oversight can lead to enormous errors; 0.25 is far less likely
to be misread.

Example 1.1.5 Convert 18.25% to a decimal.
Moving the decimal two places to the left we see that 18.25% = 0.1825.

Example 1.1.6 Convert 5.79% to a decimal.

Here, there aren’t two numbers to the left of the decimal. Simply moving the decimal point
two places to the left would leave us with “0._579"”. The blank space is obviously a problem.
We deal with it by placing a 0 in that position to “hold the space.” So 5.79% = 0.0579.

Let’s put this all together to recalculate the interest on Larry’s $1,000 loan once again.
Example 1.1.7 Rework Example 1.1.3, this time by converting the interest rate
percent to a decimal and using it.

We have seen that 25% = 0.25, and that to use it we multiply it by the principal. Thus:

Interest = Principal * Interest Rate as a decimal
Interest = $1,000 * 0.25
Interest = $250

This answer agrees with our previous calculations.

Notation for Multiplication

There are a number of different ways to indicate multiplication. Probably the most familiar
is the X symbol, though the asterisk * that we used above is also widely used, especially
with computers. It is also a standard mathematical convention that, when no symbol is
written between two quantities, multiplication is assumed. From this point forward, we will
be following that convention. To indicate “1,000 times 0.25” we will write:

(1,000)(0.25)

The parentheses are used to make the separation between the numbers clear. If we simply
wrote the two numbers next to each other without them, “1,000 0.25” could be easily
misread as the single number “10,000.25”. However, we don’t really need both sets of
parentheses to avoid this, and so we could equally well put parentheses around only one of
the numbers. So, to indicate “1,000 times 0.25” we may write any of the following:

(1000)(0.25) or (1000)0.25 or 1000(0.25).
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Back to Percents

So now let’s return to the problem proposed a while back of determining 11.35% interest
on an $1,835.49 loan. We must convert 11.35% to a decimal, which gives us 0.1135, and
then multiply by the amount borrowed. So we get:

Interest = (Principal)(Interest Rate as a decimal)
Interest = ($1,835.49)(0.1135)
Interest = $208.33

Actually, multiplying these two numbers yields $208.32811. Since money is measured
in dollars and cents, though, it’s pretty clear that we should round the final answer to
two decimal places. We will follow the usual rounding rules, standard practice in both
mathematics and in business. To round to two decimal places, we look at the third. If
the number there is 5 or higher, we “round up,” moving the value up to the next higher
penny. This is what we did above. Since the number in the third decimal place is an 8, we
rounded our final answer up to the next penny. If the number in the third decimal place is
4 or lower, though, we “round down,” leaving the pennies as is and throwing out the extra
decimal places.

Example 1.1.8 Suppose Bruce loans Jamal $5,314.57 for 1 year. Jamal agrees to
pay 8.72% interest for the year. How much will he pay Bruce when the year is up?

First we need to convert 8.72% into a decimal. So we rewrite 8.72% as 0.0872. Then:

Interest = (Principal)(Interest Rate as a decimal)
Interest = ($5,314.57)(0.0872)
Interest = $463.43

Actually, the result of multiplying was 463.4305, but since the number in the third decimal
place was not five or higher, we threw out the extra decimal places to get $463.43.

We are not done yet. The question asked how much Jamal will pay Bruce in the end, and
so we need to add the interest to the principal. So Tom will pay $5,314.57 + $463.43 =
$5,778.00.

Mixed Number and Fractional Percents

It is not unusual for interest rates to be expressed as mixed numbers or fractions, such as
5%4% or 8¥5%. Decimal percents like those in 5.75% and 8.375% might be preferable, and
they are becoming the norm, but for historical and cultural reasons, mixed number percents
are still quite common. In particular, rates are often expressed in terms of halves, quarters,
eighths, or sixteenths of a percent.!

Some of these are quite easy to deal with. For example, a rate of 4% is easily rewritten
as 4.5%, and then changed to a decimal by moving the decimal two places to the right to
get 0.045.

However, fractions whose decimal conversions are not such common knowledge require
a bit more effort. A simple way to deal with these is to convert the fractional part to a deci-
mal by dividing with a calculator. For example, to convert 9%:% to a decimal, first divide
5/8 to get 0.625. Then replace the fraction in the mixed number with its decimal equivalent
to get 9.625%, and move the decimal two places to get 0.09625.

Example 1.1.9 Rewrite 7 13/16% as a decimal.
%6 = 0.8125, and so 7'%6% = 7.8125% = 0.078125.

The use of these fractions is supposed to have originated from the Spanish “pieces of eight” gold coin, which
could be broken into eight pieces. Even though those coins haven’t been used for hundreds of years, tradition is

a powerful thing, and the tradition of using these fractions in the financial world has only recently started to fade.
Until only a few years ago, for example, prices of stocks in the United States were set using these fractions, though
stock prices are now quoted in dollars and cents. It is likely that the use of fractions will continue to decline in the
future, but for the time being, mixed number rates are still in common use.
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The Impact of Time

Let’s return again to Tom and Larry. Suppose that Larry returns to the original plan of
borrowing $200, but instead of paying it back in 1 year, he offers to pay it back in 2 years.
Could he reasonably expect to still pay the same $50 interest, even though the loan is now
for twice as long?

The answer is obviously no. Of course, Tom should receive more interest for letting
Larry have the use of his money for a longer term. Once again, though, common sense sug-
gests the proper way to deal with this. If the loan is for twice as long, it seems reasonable
that Larry would pay twice as much interest. Thus, if the loan is extended to 2 years, Larry
would pay (2)($50) = $100 in interest.

Example 1.1.10 Suppose that Raeshawn loans Dianne $4,200 at a simple interest
rate of 8'/2% for 3 years. How much interest will Dianne pay?

We have seen that to find interest we need to multiply the amount borrowed times the inter-

est rate, and also that since this loan is for 3 years we then need to multiply that result by 3.
Combining these into a single step, we get:

Interest = (Amount Borrowed)(Interest Rate as a decimal)(Time)
Interest = ($4,200)(0.085)(3)
Interest = $1,071.00

One question that may come up here is how we know whether that 8%2% interest rate
quoted is the rate per year or the rate for the entire term of the loan. After all, the problem
says the interest rate is 82% for 3 years, which could be read to imply that the 8%2% covers
the entire 3-year period (in which case we would not need to multiply by 3).

The answer is that unless it is clearly stated otherwise, interest rates are always assumed
to be rates per year. When someone says that an interest rate is 8%2%, it is understood that
this is the rate per year. Occasionally, you may see the Latin phrase per annum used with
interest rates, meaning per year to emphasize that the rate is per year. You should not be
confused by this, and since we are assuming rates are per year anyway, this phrase can
usually be ignored.

The Simple Interest Formula

It should be apparent that regardless of whether the numbers are big, small, neat, or messy, the
basic idea is the same. To calculate interest, we multiply the amount borrowed times the interest
rate (as a decimal) times the amount of time. We can summarize this by means of a formula:

FORMULA 1.1
The Simple Interest Formula

| = PRT

where
| represents the amount of simple INTEREST for a loan
P represents the amount of money borrowed (the PRINCIPAL)
R represents the interest RATE (expressed as a decimal)
and
T represents the TERM of the loan

Since no mathematical operation is written between these letters, we understand this to be
telling us to multiply. The parentheses that we put around numbers for the sake of clarity
are not necessary with the letters.

At this point, it is not at all clear why the word simple is being thrown in. The reason is
that the type of interest we have been discussing in this chapter is not the only type. Later
on, in Chapter 3, we will see that there is more to the interest story, and at that point it will
become clear why we are using the term “simple interest” instead of just “interest.” In the

7
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meantime, though, we will do a bit of sweeping under the rug and simply not worry about
the reason for the addition of the word simple.

Now, back to the formula. This formula is just a shorthand way of reminding us of what
we’ve already observed: to calculate simple interest, multiply the principal times the rate
as a decimal times the time. The formula summarizes that idea and also gives us a useful
framework to help organize our thoughts when solving these types of problems. An example
will illustrate this well.

Example 1.1.11 Heather borrows $18,500 at 57%% simple interest for 2 years. How
much interest will she pay?

The principal P = $18,500, the interest rate R = 0.05875, and the time T = 2 years. So we
begin with our formula:

| = PRT
Replace each letter whose value we know:
I = ($18,500)(0.05875)(2)
And then follow the formula’s instruction and multiply:
| =$2,173.75

The formula now tells us that I, the amount of interest, is $2,173.75.

Loans in Disguise

Sometimes interest is paid in situations we might not normally think of as loans. If you
deposit money in a bank account, you probably expect to be paid interest, even though

Even though we don't usually
think of it this way, a deposit is
a loan. © Keith Brofsky/Getty
Images/DIL
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you probably don’t think of your deposit as a loan. In reality, though, it actually is a loan.
When you are depositing money to a bank account you are actually loaning that money to
the bank. While it is in your account the bank has the use of it, and in fact does use it (to
make loans to other people.)

There are many different types of bank deposits. Checking and savings accounts
are familiar examples of ways in which we loan money to banks. These are sometimes
referred to as demand accounts, because you can withdraw your money any time that
you want (i.e., “on demand.”) Another common type of account is a certificate of deposit,
or CD. When you deposit money into a CD, you agree to keep it on deposit at the bank
for a fixed period of time. For this reason, CDs are often also referred to as term deposits
or other similar names. CDs often offer better interest rates than checking or savings
accounts, since with a CD the bank knows how long it will have the money, giving it
more opportunity to take advantage of longer term loans on which it can collect higher
interest rates.

Example 1.1.12 Jake deposited $2,318.29 into a 2-year CD paying 5.17% simple
interest per annum. How much will his account be worth at the end of the term?

Recall that the phrase per annum simply means per year.

| = PRT
I = ($2,318.29)(0.0517)(2)
I = $239.71

At the end of the term, his account will contain both the principal and interest, so the total
value of the account will be $2,318.29 + $239.71 = $2,558.00.

There are many different types of financial institutions that offer checking and savings
accounts, CDs, and other types of deposit accounts. Jake might have opened his CD at
a savings and loan or credit union just as well as at a commercial bank. While there are
differences in the range of services offered, eligibility to open accounts, and government
regulation among these different types of institutions, the basic principles we are working
with apply equally well to any of them. As is common practice in business, when we use
the term bank in this book, it should be understood that we are not necessarily referring
only to commercial banks, but to any sort of financial institution that offers loans and
deposit accounts.

A. Interest as Difference
1. Adrian borrowed $2,000 and paid back a total of $2,125. How much interest did he pay?

Exercises 1.1

EXERCISES

2. Sarah loaned Andrew $12,375 for 6 months. Andrew paid back $12,500. How much interest did he pay?

3. Kelli loaned Kerri $785.82, and 2 years later Kerri will pay back $854.29. How much total interest will Kelli receive?

4. Logan borrowed $24,318.79 and will have to repay a total of $27,174.25. How much interest will he pay?

9
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Adding Interest to Determine Repayment Amounts

Tony loaned Josh $2,000. Josh agreed to pay Tony $300 interest for this loan. How much will Josh pay back?

Hannah borrowed $4,200 from Fifth National Bank, agreeing to pay $400 in interest for this loan. How much will she
pay in total?

Jonas is borrowing $249.76 from Katrina for 1 year, and has agreed to pay $35.50 in interest. How much will Katrina
receive when he pays her back?

Haley has agreed to loan Taylor $85,529.68 and Taylor has agreed to pay $7,261.13 in interest. How much in total will
Taylor have to give Haley when she repays the loan?

Terminology

In each of the following situations, identify (a) the principal, (b) the term, (c) the creditor, and (d) the debtor.

9.

Jin's parents loaned her $2,500. She promised to pay them back $2,750 in 2 years.

. Promethean Combustion Products borrowed $800,000 from Venture Capital Funding Corp. Three years from now
Promethean will be required to pay back a total of $965,000.
Rewriting Percents as Decimals
. Rewrite each of the following percent interest rates as decimals.
a. 12% g. 9%%
b. 15.3% h. 19%%
c. 8% i. 5%%
d. 4.35% j.  207%6%
e. 0.75% k. 7/8%
f.  125% . 375%%
Interest as a Percent (One Year Loans)
. Taneisha is loaning Jim $12,000 for 1 year. They have agreed that the simple interest rate for this loan will be 8%. Find
the total amount of interest Jim will pay.
. Alonzo loaned Jeremy $325.18 for 1 year at a simple interest rate of 12%%. How much interest will Jeremy have to pay?
Samir borrowed $7,829.14 for 1 year at a simple interest rate of 9%4% per annum. How much will he need to repay the loan?
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21.
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23.
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. Terri has borrowed $8,200 for 1 year at a simple interest rate of 11.5% per annum. What is the total amount she will

need to repay the loan?

Interest as a Percent (Multiple-Year Loans)

. Westerman Capital Corp. loaned Milford Financial Inc. $100,000 for 2 years at 8% simple interest. How much interest

will Milford Financial pay?

. Kyle borrowed $800 from Gavin for 4 years at 5 4% simple interest. How much interest will Kyle pay for this loan?

. Reza borrowed $16,000 from Wiscoy Savings and Loan for 3 years at 9.65% simple interest. How much total interest

will he pay?

. Wendy loaned Tom $2,896.17 for 8 years at 6.74% simple interest per annum. How much total interest will Wendy earn?

Yushio is borrowing $3,525 from Houghtonville National Bank for 2 years at 12.6% simple interest. How much will he
need to repay the loan?

Mary has agreed to loan Karen $1,125.37 for 5 years at 774% simple interest. How much will Karen receive when the
loan is repaid?

Tris borrowed $25,300 at 9% simple interest for 3 years. How much will he need to pay off this loan?

Glenys made a loan of $16,425.75 for 3 years at 14.79% simple interest. How much in total will she receive when the
loan is repaid?

Grab Bag

Bob deposited $15,000 in a CD for 3 years paying 4.33% simple interest. How much total interest will he earn?

When | went out to lunch with a few coworkers last week | forgot my wallet. One of my coworkers paid my $10.75
check, and | paid her back $12 at the end of the week. How much interest did | pay?

June plans to deposit $800 in a certificate of deposit paying 6%% simple interest for 2 years. What will her CD be worth
at the end of the term?

Hassan has decided to deposit $3,257.19 into a bank CD paying 3.25% simple interest for 1 year. What will the CD be
worth at the end of the year?
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31.

32.

33.

34.
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37.
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39.
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Larissa has opened a CD at Canandaigua Federal Bank by depositing $27,392.04. The term of the CD is 4 years, and it
pays 5.44% simple interest. How much will she have in this account at the end of the term?

The Village of West Rochester made a short-term deposit of $476,903 in a local bank. When the village withdrew its
funds, the account had grown to $479,147. How much interest did it earn on the deposit?

Express 9'%5% as a decimal.

If you invested $1,825 at 574% simple interest, how much would your money have grown to after 2 years?

Find the amount of interest that would be paid on a $5,255.52 deposit at 5.25% simple interest for 1 year.

Levar’s Landscaping borrowed $79,500 to finance the purchase of new equipment. The simple interest rate was 8%:%,
and the term of the loan was 1 year. Calculate the total interest that the business will pay for this loan.

Martina deposited $4,257.09 in a certificate of deposit. Two years later, the value of her account had grown to
$4,503.27. How much interest did she earn?

Find the total amount that will be required to pay off a 3-year loan of $14,043.43 at 6.09% simple interest.

Express the following rates as decimals: (a) 4.37%, (b) 12.5%, and (c) 300%.

Additional Exercises
Sheldon paid $4,255 to settle a debt. The total interest he paid was $375. How much did he borrow originally?

Each of the following decimals represents an interest rate. Rewrite the rate as a percent.

a. 0.03 e. 0.387
b. 0.0475 f.  0.008
c. 0.125 g. .06569
d. 15 h. .0025

a. Tom deposited $5,000 in a 2-year certificate of deposit paying 8% simple interest. What was the value of his account
at the end of the 2 years?

b. Jerry deposited $5,000 in a 1-year certificate deposit paying 8% simple interest. At the end of the first year, he took
his money and opened up a new 1-year certificate of deposit, also paying 8% simple interest. How much was Jerry’s
account worth at the end of the 2 years?
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c. Since Tom and Jerry both had the same amount of money, the same amount of time, and the same interest rate, it

would seem that they should both have ended up with the same amount of money. Why didn’t they?

40. Mireille has been offered the opportunity to own a restaurant franchise. Right now, she makes $60,000 per year as

a computer analyst, but she projects that she would be able to earn $85,000 annually by quitting her current job and

working full time managing the restaurant. However, she would need to invest $500,000 in the business up front.
If she were to invest this money elsewhere, she believes she could earn 7% simple interest per year on her money.

Would she really be making more money from the franchise? Explain.

41. Determine the simple interest for a $2,000 loan at 5.25% for 6 months.

42. Determine the simple interest for a loan of $5,250 for 1 year if the simple interest rate is 1.25% per month.

The Term of a Loan

So far, we’ve considered only loans whose terms are measured in whole years. While
such terms are not uncommon, they are certainly not mandatory. A loan can extend for
any period of time at all. When the interest rate is per year, and the term is also in years,
we hardly even need to think about the units of time at all. When dealing with loans
whose terms are not whole years, though, we have to take a bit more care with the units
of time.

Loans with Terms in Months

It stands to reason that the units of time used for the interest rate must be consistent with the
units used for the term. Since interest rates are normally given per year, this usually means
that we must convert the term into years to be consistent. The following example will
illustrate how we have to handle a loan when the term is not a whole number of years.

Example 1.2.1 If Sarai borrows $5,000 for 6 months at 9% simple interest, how
much will she need to pay back?

As before, we can calculate her interest by using | = PRT, plugging in P = $5,000 and R =
0.09. T is a bit more complicated. We must be consistent with our units of time.

The term is 6 months, but we can't just plug in T = 6, since the 9% interest rate is assumed
to be a rate per year. Since the interest rate is per year, when we use it we must measure
time in years. Plugging in T = 6 would mean 6 years, not 6 months.

T should give the term of the loan in years. Since a year contains 12 months, 6 months is
equal to %12 of a year, and so we plug in T = 6/12. (Another way of looking at this would be
to say that since 6 months is half of a year, T = 1/2. Either way, we get the same result since
6/12=1/2=0.5)

Thus

| = PRT
I = ($5,000)(0.09)(6/12)
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I = ($5,000)(.09)(0.5)
| = $225

So Sarai will pay back $5,000 + $225 = $5,225.

So as we’ve just seen, when the term is given in months, we need to divide the number of
months by 12 to convert the term to years. In this first example, 6 divides into 12 nicely, but
of course, the same principle can be applied even when the numbers do not divide so neatly.

Example 1.2.2 Zachary deposited $3,412.59 in a bank account paying 5":% simple
interest for 7 months. How much interest did he earn?

We can use the simple interest formula once again, plugging in P = $3,412.59 and R =
0.0525. Since the term is expressed in months, we divide 7/12 to get T = 0.583333333.

I = PRT
| = ($3,412.59)(0.0525)(0.583333333)
| =$104.51

So Zachary earned $104.51 in interest.

This example raises an issue. Since 7/12 does not come out evenly, can it be rounded? In
general, the answer is no. In business it is accepted that a certain amount of rounding is
necessary, but a reasonable degree of accuracy is obviously expected. Too much rounding,
especially midway though a calculation, can cause results that are unacceptably far off of
the correct answer. In this text, rather than getting bogged down in determining how much
rounding is too much, we will follow the general rule that up until the final answer numbers
should be carried out to the full number of decimal places given by your calculator. In the
example above, the value was shown out to nine decimal places. Your calculator may have
more or fewer, but this will not be a problem. As long as you use the full precision of your
calculator, any differences will be small enough to be lost in the final rounding.

Fortunately, we can avoid the nuisance of having to write out or type in the entire
unrounded decimal. On most calculators, you can simply enter the whole expression into
the calculator at the same time:

Operation Result
3412.59*.0525%7/12= 104.51056875

which rounds to the expected answer of $104.51.
We will use that approach in the next example.

Example 1.2.3 Yvonne deposited $2,719.00 in an account paying 4.6% simple
interest for 20 months. Find the total interest she earned.

| = PRT

I =($2,719.00)(0.046)(20/12)

We evaluate the right side of this equation on the calculator:

Operation Result
2719*.046*20/12= 208.4566667

Rounding this result we get:

I = $208.46

So Yvonne earned $208.46.

Depending on your prior math background, you may be uncomfortable with the fraction
2712, You may have been told at some point that the numerator (the top) of a fraction must
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be smaller than the denominator (the bottom). Fractions whose numerators are larger are
called improper but there really is nothing mathematically improper about them at all.
There are cultural reasons why people may prefer to avoid such fractions—a recipe that
called for %2 cups flour would seem strange, while a recipe calling for 1%z cups wouldn’t—
but these reasons are a matter of tradition and style, not mathematical necessity. While we
could rewrite 212 as 1%, simplify that to 1%, and then convert it to a decimal, this would
accomplish nothing except needlessly adding steps. We will freely use “improper” frac-
tions whenever they show up.

Loans with Terms in Days—The Exact Method

After we have dealt with loans whose terms are measured in months, it’s not surprising
that our next step is to consider loans with terms in days. The idea is the same, except that
instead of dividing by 12 months, we divide by the number of days in the year.

Example 1.2.4 Nick deposited $1,600 in a credit union CD with a term of 90 days
and a simple interest rate of 4.72%. Find the value of his account at the end of its
term.

Since there are 365 days in a year, we divided by 365 instead of 12, since 90 days is %365
of a year.

| = PRT
I = ($1,600)(0.0472)(90/365)
| = $18.62

And so Nick’s ending account value will be $1,600 + $18.62 = $1,618.62.

Since we divided by 12 when the term was in months (since there are 12 months in the
year), it only makes sense that we should divide by 365 when the term is in days (since
there are 365 days in the year) as we did in this example.

Unfortunately, this is not quite as clear cut as it might seem. While there are exactly
12 months in each and every year, not every year has exactly 365 days. Leap years, which
occur whenever the year is evenly divisible by four? (such as 1996, 2000, 2004, 2008, . . .)
have an extra day, and if the year is a leap year we really should use 366.

This example didn’t state whether or not it occurred in a leap year, so we don’t know
for certain whether to use 365 or 366. And heaven help us if the term of the loan crosses
over two calendar years, one of which is a leap year and the other isn’t! Calculating
interest based on days can clearly become quite complicated. But even that is not the
end of the story; we can carry things even further if we really want to be precise. It actu-
ally takes the earth 365%2 days to circle the sun (the extra ¥ is why leap years occur one
out of every 4 years). In some cases interest may be calculated by dividing by 365.25
regardless of whether or not the year is a leap year. Taking that approach might be a little
bit extreme, and it is unusual but not completely unheard of to see it used in financial
calculations.®

Some businesses always use the correct calendar number of days in the year (365 in
an ordinary year, 366 in a leap year). Others simply assume that all years have 365 days,
while still others use 365.25. Having this many different approaches can be confusing, but
it is an unfortunate fact of life that any one of them could be used in a given situation. The
good news is that the difference among these methods is very small, as the next example
will illustrate.

2Actually, the rule is a bit more complicated: A year is a leap year if it is divisible by 4, except in cases where it is
also divisible by 100. But even this exception has an exception: if the year is also divisible by 400, it is a leap year
after all! Since the last time a year divisible by 4 was not a leap year was 1900, and the next time it will happen is
2100, for all practical purposes we can ignore the exceptions.

3For the truly obsessive, an even more exact value for the time required to circle the sun is 365.256363051 days,
called a sidereal year. The pointlessness of carrying things this far should be obvious.
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Example 1.2.5 Calculate the simple interest due on a 120-day loan of $1,000 at 8.6%
simple interest in three different ways: assuming there are 365, 366, or 365.25 days in

the year.
365 days: I = PRT = ($1,000)(0.086)(120/365) = $28.27
366 days: I = PRT = ($1,000)(0.086)(120/366) = $28.20

365.25 days: I = PRT = ($1,000)(0.086)(120/365.25) = $28.26

This example shows that, while the number of days used does indeed make a difference,
the difference is quite small—a few pennies on a $1,000 loan. The differences are not large
but they can be annoying, causing discrepancies that are small enough to not matter much
but still large enough to be frustrating.

Interest that is calculated on the basis of the actual number of days in the year is called
exact interest; calculating interest in this way is known as the exact method. For the
sake of simplicity (and sanity), it is not uncommon to adopt the rule of always assum-
ing that a year has 365 days, since that is the more common number of days for a year
to have, and using 365 or 366 makes very little difference. Always using a 365-day year
may be referred to as the simplified exact method. In this text we will adopt the rule that
unless otherwise specified, interest is to be calculated using the simplified exact method
(i.e. 365 days per year).

Example 1.2.6 Calculate the simple interest due on a 150-day loan of $120,000 at
9.45% simple interest.

Following the rules stated above, we assume that interest should be calculated using 365 days
in the year.

I = PRT
I = ($120,000)(0.0945)(150/365)
| = $4,660.27

Loans with Terms in Days—Bankers’ Rule

There is another commonly used approach to calculating interest that, while not as true
to the actual calendar, can be much simpler. Under bankers’ rule we assume that the year
consists of 12 months having 30 days each, for a total of 360 days in the year.

Bankers’ rule was adopted before modern calculators and computers were available.
Financial calculations had to be done mainly with pencil-and-paper arithmetic. Bankers’
rule offers the desirable advantage that many numbers divide nicely into 360, while very
few numbers divide nicely into 365. This simplifies matters and reduces the tediousness
of calculations without sacrificing too much accuracy. Five days out of an entire year does
not amount to much.

Since financial calculations today are mostly done with calculators and computers,
bankers’ rule has lost a lot of its appeal. There actually still are some reasons to like bank-
ers’ rule (we will run into a few later on) even with technology to do our number crunching,
but by and large bankers’ rule has been fading away. But it has been widely used for a very
long time and, thanks to its longstanding status as a standard method, remains in common
use today.

Calculations with bankers’ rule really aren’t done any differently than with the exact
method. The only difference is that you divide the days by 360.

Example 1.2.7 Rework Example 1.2.5 using bankers’ rule:

Calculate the simple interest due on a 120-day loan of $10,000 at 8.6% simple interest using
bankers rule.

360 days: I = PRT = ($1,000)(0.086)(120/360) = $28.67

Comparing this example to the results of Example 1.2.5, we can see that, while bankers’
rule does make a difference, the difference is not enormous.
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Because these different methods do give different results, it is important to be clear on
which method is being used in any given situation. Even though the differences are not big,
it is easy to see how confusion and disputes could arise if the choice of method were left
unclear. In practice, if the term of the loan is to be measured in days, the terms of the loan
should specify which method will be used in order to prevent misunderstanding.

You might suspect that the differences between bankers’ rule and the exact method leave
an opportunity for sneaky banks to manipulate interest calculations to their benefit. After all,
what prevents a bank from always choosing whichever rule works to its advantage (and thus
to the customer’s disadvantage)? In practice, the method to be used will be specified either in
a bank’s general policies, government regulations, or in the paperwork for any deposit or loan,
and in any case, as we’ve seen above, the difference is slight. It is probably true that some
banks select one method or the other to nudge things to their favor, but their benefit from doing
this would be minimal. A bank that wants to pay less interest on a deposit or charge more on
a loan won’t get very far playing games with the calculation method, and is far more likely to
just charge a higher or pay a lower rate pure and simple. In any case, an informed consumer
can (and should) use mathematics to compare different rates and calculation methods.

Loans with Other Terms

It is possible to measure the term of the loan with units other than years, months, or days.
While such situations are far less common, they can be handled in much the same way.

Example 1.2.8 Bridget borrows $2,000 for 13 weeks at 6% simple interest. Find the
total interest she will pay.

The only difference between this problem and the others is that, since the term is in weeks,
we divide by 52 (since there are 52 weeks per year).

| = PRT
I = ($2000)(0.06)(13/52)
I = $30

So Bridget's interest will total $30.

There is some ambiguity here, though. A year does not contain exactly 52 weeks; 52 weeks
times 7 days per week adds up to only 364 days. Each year thus actually contains 52 %7 (or,
if it is a leap year, 52%7) weeks. Since weeks are not often used, there is no single standard
accepted way of dealing with the extra fractional weeks. In this text we will follow the
reasonable approach used above, and simply assume 52 weeks per year.

EXERCISES

A. Loans with Terms in Months

1. Find the interest that would be paid for a loan of $1,200 for 6 months at 10% simple interest.

2. If Josh loans Adam $500 for 8 months at 5.4% simple interest, how much interest will Adam pay?

3. Allison loaned Lisa $15,453 for 22 months. The simple interest rate for the loan was 11%%. Find the total amount of
interest Allison earned.
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4. How much interest would you have to pay for a 30-month loan of $1,735.53 if the simple interest rate were 7.11%?

5. Zeropoint Energy Systems has just borrowed $800,000 from a private investor for 19 months, at a simple interest rate
of 9.53%. Find the total amount Zeropoint will have to repay.

B. Terms in Days: Exact Method

Use the simplified exact method (365 days/year) for the exercises in this section.

6. Toby loaned Jae $500 at a simple interest rate of 7.3%. Find the total interest Toby will earn if the loan’s term is 150 days.

7. Bushnell Savings and Loan borrowed $2,500,000 from Fullam Federal Bank for 10 days at a simple interest rate of
2.17%. Find the total interest the savings and loan will pay.

(o]

. If I deposit $1,875 in a CD that pays 3.13% simple interest, what will the value of the account be after 100 days?

0

Peg borrowed $3,715.19 at 157%% simple interest for 438 days. How much will she need in total to pay the loan
back?

10. How much interest will Hanif earn if he makes a loan of $4,280 for 210 days at 10% simple interest?

C. Terms in Days: Bankers’ Rule

Use bankers’ rule (360 days/year) for the exercises in this section.

11. The Hsang-wha Trading Company borrowed $720,000 for 30 days at 14.4% simple interest. Find the total amount of
interest the company paid.

12. Find the total interest owed for a 120-day loan of $815 if the simple interest rate is 8 '3%16%.

13. Alan agreed to loan Shane $215.50 for 500 days. Assuming that the simple interest rate is 20%, how much will Alan
earn from this loan?

14. One credit union agrees to make a short-term loan to another in the amount of $10,560,350. The loan will be paid
back, together with 3.75% simple interest, in 14 days. Find the total amount of the repayment.

15. Summer deposited $2,251.03 in a 264-day bank certificate of deposit paying 0.87% simple interest. What will her
account value be at the end of the term?
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D. Grab Bag

For exercises where the term is given in days, use the simplified exact method (365 days/year) unless otherwise specified.

16. Fishers Capital loaned Valentown Property Services Corp $40,000 for 7 months at 7 %16% simple interest. Find the total
interest to be paid.

17. Determine the value of a certificate of deposit at the end of its 300-day term if the initial deposit was $5,038.77 and the
simple interest rate was 6.35%.

18. B.O.Y. McTastee’s Goode-Tyme Burger Emporium temporarily financed a shipment of new fixtures with a 20-day loan at
12% simple interest calculated using bankers’ rule. The amount borrowed was $538,926. Find the total interest paid.

19. Elaine loaned Madison $250 for 8 weeks at 7.77% simple interest. How much interest did she earn from this loan?

20. How much interest would you earn if you deposited $808.08 in a certificate of deposit paying 1%4% simple interest for
2 months?

21. In order to cover a temporary funding crunch, the Eastfield Central School District had to borrow $1,700,000 at
a simple interest rate of 5.22% for 35 days. How much will the interest on this loan cost the district?

22. Erica borrowed $20,000 for 250 days. The terms of the loan require her to pay 18.99% simple interest calculated using
bankers’ rule. How much will she need to pay off the loan?

23. Sanjay loaned his brother $25,000 as start-up funds for a new business. They agreed that he would be repaid 21 months
later, together with simple interest at a rate of 2.50%. How much interest will Sanjay’s brother pay?

24. Ovid National Bank loaned Braeside Corporation $10,983,155.65 for 159 days at 9%% simple interest. How much
interest will the bank be paid?

25. If you invest $1,935.29 at 6.385% simple interest for 281 days, how much will you earn on the investment?

26. | loaned my brother $250 for 9 months at 5% simple interest. How much interest did he pay?

27. Contrapolar Power Controls borrowed $25,000,000 for 420 days at 6% simple interest. Assuming that bankers’ rule is
used, what is the total amount the company will need to repay?

28. A roofing contractor estimated that a reroofing job for a retail store would cost $15,700. The store’s owner cannot
afford to pay cash, but the roof is leaking badly and needs to be replaced right away. The contractor offers to make
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a loan for the cost of the job for 1 year at 10% simple interest. How much interest would the storeowner pay if she
accepted this offer?

A volunteer ambulance company was conducting a fund drive to buy a new ambulance when the old one broke down
entirely and had to be replaced. The fund drive was going well, but the company had not yet reached its goal, and so
could only pay for part of the cost of the new ambulance. They financed the remaining $22,453 with a 5-month loan
at 8.23% simple interest. Find the amount they will need to raise to pay off this loan.

Gustavo borrowed $2,400 for 1 year at 12.253% simple interest. How much will he need to repay the loan?

Calculate the simple interest on a $47,539 loan at 14 %% for 211 days.

Additional Exercises

Three years ago, Andre opened a CD at Hopewell National Bank with a deposit of $3,000. The certificate pays a simple
interest rate of 5.58%. The term of the certificate will end 1 year from now. What will the value of his account be at that
time?

45 days ago, Liam borrowed $800 from Tammy at 14% simple interest. He will pay her back 120 days from now. How
much interest will he owe Tammy at that time?

Two months from now Jessaca will repay a loan that she took out 7 months ago. The principal was $450 and the simple
interest rate is 10.3%. How much will she need to repay the loan?

Suppose that you deposit $500 at 4% simple interest for 20 days. How much interest will you earn?
a. |If interest is calculated using bankers’ rule.

b. If interest is calculated using the simplified exact method.

Assuming that the simple interest rate is the same either way, would a borrower prefer bankers’ rule or the exact
method? Which would a lender prefer?

Ralph deposited £2,948.35 in the Bank of Old South Wales for 200 days at 5.77% simple interest. (Note: £ is the
symbol for British pounds.) How much was his account worth at the end of the term?

Suppose that you deposited $2,000 in a 100-day certificate of deposit near the end of 2007. The simple interest rate is
7.22%, and the bank calculates interest using the exact method, using the exact number of days in the year. Thirty-nine
days of the certificate’s term fell in 2007, which was not a leap year; the rest fell in 2008 which was a leap year. Calculate
the interest for this deposit.
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Determining Principal, Interest Rates, and Time

So far, we have developed the ability to calculate the amount of interest due when we know
the principal, rate and time. However, situations may arise where we already know the
amount of interest, and instead need to calculate one of the other quantities. For example,
consider these situations:

»  Avretiree hopes to be able to generate $1,000 income per month from an investment
account that earns 4.8% simple interest. How much money would he need in the
account to achieve this goal?

» Jim borrowed $500 from his brother-in-law, and agreed to pay back $525 ninety days
later. What rate of simple interest is Jim paying for this loan, assuming that they agreed
to calculate the interest with bankers’ rule?

e Mariadeposited $9,750 in a savings account that pays 5 ¥4% simple interest. How long
will it take for her account to grow to $10,000?

In this section, we will figure out how to deal with questions of these types.

Finding Principal

Let’s begin by considering the situation of the retiree from above. Since this is a situation
of simple interest, it seems reasonable to approach the problem by using the simple interest
formula we developed in Section 1.2.

We know the amount of interest is $1,000, and so | = $1,000. We know the interest rate
is 4.8%, so R = 0.048. Also, since the interest needs to be earned in a month, we know that
T = 1/12. Plugging these values into the formula, we get:

| = PRT
$1,000 = (P)(0.048)(1/12)

We can at least multiply the (0.048)(1/12) to get:
$1,000 = (P)(0.004)

But now it seems we’re stuck. In our earlier work, to find | all we needed to do was mul-
tiply the numbers and the formula handed it to us directly. Here, though, P is caught in the
middle of the equation. We clearly need some other tools to get it out. We will be able to do
this by use of the balance principle.

The Balance Principle

When we write an equation, we are making the claim that the things on the left side of the
“=""sign have the exact same value as the things on the other side. We can visualize this
by thinking of an equation as a balanced scale. The things on the left side of the equal sign
are equal to the things on the right. If we imagine that we placed the contents of each side
on a scale, it would balance.

Using this idea with our present situation, $1,000 = (P)(0.004), we’d have:

$1,000 = (P)(0.004)

21
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Now, suppose that you double the left side, turning $1,000 into $2,000. This would make
the left side “heavier” than the right, and the scale would then tilt:

(P)(0.004)
Not = ! -5____/
$2,000

But, if we also doubled the right side, the scale would be back in balance:

And so, even if we do something that changes the “weight” on one side, we can still have
a balanced scale if we make the same change to the other side. In this example we doubled
both sides, but it should be clear that it would also have been OK to have divided both sides
in half or added $50 to both sides. Or we could have subtracted $35 from both sides had we
wanted to. And so on. The basic idea at work here is:

The Balance Principle

You can make any change you like to one side of an equation,
as long as you make an equivalent change to the other side.

Finding Principal (Revisited)
So now let’s return to the problem we were considering a moment ago. We had reached
a dead end with

$1,000 = (P)(0.004)

but now the balance principle may be able to help us find P. It allows us to add anything
to, subtract anything from, multiply anything by, or divide anything into both sides that we
like. Above, we used it to double both sides, and while that is certainly allowed, it really
wasn’t much help. The resulting equation

$2,000 = (2)(P)(0.004)

is true but it does nothing to get us closer to the value of P.
But now let’s ask ourselves if there might be anything that we could add, subtract,
multiply or divide that would be helpful.
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Our problem is that we need to get rid of the (0.004) multiplied by P on the right side.
Now, since any number* divided by itself is 1, we can eliminate that 0.004 if we divide
both sides by 0.004.

$1000 _ (P)(0.004)
0.004 0.004

A calculator can easily handle the division on the left side. On the right we can divide 0.004
by 0.004 and get 1. Thus we get

$250,000 = P(1)
and since anything multiplied by 1 is just itself
$250,000 = P
which is the same as
P = $250,000.

And so, we can conclude that the amount that our retired friend needs in his account is
$250,000.
We can check this. Plugging in $250,000 for P into the simple interest formula, we get:

| = PRT
I = ($250,000)(0.048)(1/12)
I = $1,000

which is precisely what the interest was supposed to be. It worked!

Example 1.3.1 How much would you need to have in an investment account to earn
$2,000 simple interest in 4 months, assuming that the simple interest rate is 5.9%?

Following the approach we used above, we start with the simple interest formula, plugging
in $2,000 for I, 0.059 for R, and 4/12 for T. So:
| = PRT
$2,000 = P(0.059)(4/12)
$2,000 = P(0.01966667)
We then divide both sides of the equation by 0.01966667 to get:

$2,000  P(0.01966667)
0.01966667 =~ 0.01966667

P=$101,694.92

So we can conclude that you would need $101,694.92. It is a good idea to check this result
by using this value for P together with the R = 0.059 and T = 4/12 to make sure that the
interest actually is the desired $2,000.

In our first problem of this type, the number we had to divide by was a short decimal.
In Example 1.3.1, that was definitely not the case. Once we calculated 0.01966667, we
then had to write it down, and then enter “2000/0.01966667="into the calculator in order
to complete the calculation. Having to write this decimal down and then type it into the
calculator is a bit tedious, and it also invites the chance of making an error by accidentally
leaving out, mistyping, or switching digits.

Most calculators have a memory feature, which allows you to save a number into the
calculator memory and then recall it when you need it. Different calculator models will
have their memory keys labeled in a variety of different ways, and may require different
steps of keystrokes to save and then recall a stored number. You will need to check your
calculator’s owner’s manual, or ask your course instructor for the specific details of how to
do this on whichever calculator you are using.

“Actually this is not quite true. Zero divided by zero is not one, it is undefined. We can ignore this one exception,
though, as it will not come up in any of the problems we will be dealing with.
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Most Texas Instruments calculators have an “Ans” feature that recalls the result of the
last calculation. On most models it is located above the “(-)” key in the bottom row; you
can pull “Ans” onto your screen by hitting the “2"” key followed by the “(-)”. If you are
using one of these models, you can perform the calculations of Example 1.3.1 as follows
(the number of decimal places displayed may vary depending on the model):

Operation Result
0.059*4/12 = 0.01966667
2000/Ans = 101694.9153

While not absolutely necessary, using the calculator memory to store and recall values will
prove helpful in both this and future sections. If the instructions above are not sufficient to
figure out how to do this on the calculator model you are using, again, consult your owner’s
manual or your instructor for details on how to use your particular calculator.

Finding The Simple Interest Rate

Now let’s try our hand at the second scenario from the start of this section, where the inter-
est rate was the unknown. Jim borrowed $500 and paid $25 interest for a 90-day loan using
bankers’ rule. Plugging in the values we already know into the formula, we get:

| = PRT
$25 = ($500)(R)(90/360)
which is similar to the previous situation, except that now the R lies between the numbers
on the right side. Fortunately, though, this doesn’t pose any real problem. Order does not
matter with multiplication; 2 times 3 times 5 is the same as 3 times 5 times 2, which is the
same as 5 times 2 times 3, and so on. Whichever way you multiply 2, 3, and 5, you get 30.

This means that in our equation it makes no difference where the R is, and so we can go
ahead on the right and multiply ($500)(90/360) to get $125, and so:

$25 = $125(R).
We can now exploit the balance principle to get R alone by dividing both sides by $125:
$25  $125(R)

$125  $125
and so
02=R
or
R=02

While this is technically correct, it does require some interpretation. Does this mean that
the interest rate is 0.2%? That seems awfully low.

Remember that before we plug an interest rate into the formula, we move the deci-
mal point two places to the left. And so when we solve for R, what we are getting is the
rate with the decimal already moved. While R = 0.2 is technically a correct answer, the
fact is that we normally express interest rates as percents, and so we should do so here.
In order to turn this into a percent, we will need to move the decimal point two places
to the right.

R =0.2 =20%.

and so the simple interest rate is 20%.
Note that, just as we inserted zeros where necessary to hold the place when moving to the
left (8% becomes .08 for example), we had to insert a zero here to hold the place on the right.
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We can also check this result:

| = PRT
| = ($500)(0.20)(90/360)
| = $25

Example 1.3.2 Calculate the simple interest rate for a loan of $9,764.55 if the term
is 125 days and the total required to repay the loan is $10,000.

First we need to find the interest by subtracting. The total interest is $10,000 — $9,764.55 =
$235.45. Also, recall that since nothing was said otherwise, we assume the exact method with
365 days.

Plugging values into the formula gives:

| = PRT
$235.45 = ($9,764.55)R(125/365)
$235.45 = ($3,344.02397260)R

To solve for R, we divide both sides by 3344.02397260. As in Example 1.3.2 it is probably
easiest to take advantage of your calculator’s memory to do this. In any case, though, divid-
ing through we get:

R = 0.0704091842
Moving the decimal two places to the right, we can state the rate as 7.04091842%.

It is not usually necessary to carry the final answer out to this many decimal places, though.
There is no absolute rule about how many places to use, but in most situations two or at
most three decimal places in the final percent is acceptable. For our purposes in this text, two

decimal places will be fine, so we conclude that the interest rate is 7.04%.

Finding Time
Lastly, let’s consider the third scenario, where time was the unknown. Maria deposited
$9,750 in a savings account that pays 5%4% simple interest and wanted to know how long

it would take for her account to grow to $10,000.
We proceed as before:

| = PRT
$250 = ($9,750)(0.0525)(T)
$250 = $511.875(T)
$250 _ $511.875(T)
$511.875  $511.875
T = 0.4884004884

This answer seems like it must be wrong, since it makes no sense. T = 0.4884004884?
What does that tell us?

To make sense of this, we need to remind ourselves that as long as the interest rate is a
rate per year (which we assume unless explicitly told otherwise), the time in our formula
must also be expressed in years. So what this equation is telling us is that the required time
would be 0.4884004884 years. That would be a bit less than half a year, which does seem
reasonable. Leaving the answer in this form, though, is probably going to be unacceptable
to most people. “A bit less than half a year” is a tad too vague.

When talking about periods of time less than a year, instead of using messy decimals we
usually just use smaller units of time, such as months or days. So we need to convert this
decimal number of years into months or days.

To convert it into months, let’s recall how we went about things in the other direction.
When we were given a term in months, we divided by 12 to get the term in years. So:

months

years =~

25
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If we multiply both sides of this equation by 12, we get:

12(months)

12(years) = D)

and so:
12(years) = months

This also agrees with common sense. There are 12(1) = 12 months in 1 year, 12(2) =
24 months in 2 years, 12(3) = 36 months in 3 years, etc. So to convert our answer to
months we multiply by 12 to get:

T = 12(0.4884004884) = 5.860805861 months.

This answer is also unacceptable, though, since we don’t normally talk about messy deci-
mal numbers of months either. We could round this to the nearest month, in which case
we’d conclude that the term is six months. However, checking this answer we’d get:

| = PRT
| = ($9,750)(.0525)(6/12)
| = $255.94

which is close to what it should be, but not quite right. The rounding is the reason for the
discrepancy. The difference between our rounded answer of 6 months and the actual value
of 5.860805861 months is approximately 0.14 months, which works out to be about 4 days.
That isn’t a huge amount of time, but it is enough to cause trouble. We don’t have to accept
this, since we have the option of converting to days to get a more precise measurement of
the term.

Using the same logic for days as we did for months, we multiply by 365 to get

T = 365(0.4884004884) = 178.2661783 days

which we would round to 178 days, following usual rounding rules.

This is still a rounded answer, and in fact since we threw out 0.2661783 in the rounding,
it may actually appear as though the rounding is at least as serious an issue as it was with
the months. However, checking our answer shows that

| = PRT
I = ($9750)(.0525)(178/365)
| = $249.63

which is still not exactly $250, but it is quite a bit closer than before. The rounding is less
of a problem here since 0.2661783 days is considerably less time than 0.14 months.

Sadly, though, rounding is once again keeping our answer from being exact. We could
deal with this by moving to an even more precise measure of time, such as hours, minutes,
or even seconds. For obvious reasons, though, this is almost never done in practice. We
simply have to accept the fact that, using any reasonable units of time, we can get close to
the result we want, but we will not be able to get the interest to come out to exactly $250.

It’s pretty unlikely that Maria is going to care too much about being 37 cents short of her
goal when we are talking about sums of money on the order of $10,000. We conclude that
the best answer to this question is 178 days.®

Before moving on, let’s sum up our conclusion about how to convert the units of time
for these sorts of problems. Assuming that the interest rate is a rate per year, the solved-for
value of T will be in years. To convert this to months, we need to multiply by 12. To convert
this to days, we multiply by 365 (or 360 if bankers’ rule is being used.) Unless we have a

*You might object that even though Maria is only 37 cents short, she’s still short. The phrasing of the problem
could be taken to mean that she wants at least $10,000, which does not happen until day 179. This is technically
correct, but in most situations following the usual rounding convention is considered close enough. If the situation
did demand that she must have nothing short of $10,000, we would indeed need to use 179. It is in general
understood that insignificantly small differences between desired and actual results must necessarily occur and
aren’t worth losing sleep over.
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reason why we need to state the term in months, we will usually convert to days since they
are the most precise time unit that is commonly used.

Example 1.3.3 Suppose that you deposit $3,850 in an account paying 4.65% simple
interest. How long will it take to earn $150 in interest?

| = PRT
$150 = ($3,850)(0.0465)T
$150 = ($179.025)T

T = 0.837871806

This answer is in years. To convert it to more user-friendly terms, we can multiply by 365 to
get the answer in days:

T = (0.837871806)(365) = 306 days

A Few Additional Examples

Now that we have developed tools to work with the simple interest formula, it is worth
working through a few additional examples to get more comfortable.

Example 1.3.4 What amount of money must be invested in a 75-day certificate of
deposit paying 5.2% simple interest, using bankers’ rule, in order to earn $40?

| = PRT
$40 = (P)(0.052)(75/360)
$40 = (P)(0.010833333)

$40 _ (P)(0.0710833333)
0.070833333 ~ (0.070833333)
P = $3,692.31

The amount that must be invested is $3,692.31.

Once again, when the numbers run to many decimal places the use of calculator memory
is strongly recommended.

Example 1.3.5 If Shay borrows $20,000 for 9 months and pays interest totaling
$1,129.56, find the rate of simple interest for this loan.

| = PRT
$1,129.56 = ($20,000)(R)(9/12)
$1,129.56 = $15,000(R)
$1,129.56 _ $15,000(R)
$15,000 ~— $15,000

R = 0.075304

Moving the decimal two places to the right, we find that the rate of simple interest is 7.5304%.
Rounding to two decimal places gives that the rate is 7.53%.

Example 1.3.6 Suppose Michele borrows $4,850 at 6 /4% simple interest. How long
will it be before her debt reaches $5,050?

| = PRT
$200 = ($4,850)(0.0625)(T)
$200 = $303.125(T)
$200 _ $303.125(T)
$303.125 ~  $303.125
T = 0.659793814

Once again, T gives us the time in years, and clearly we need to convert this number to a
more reasonable unit of time. We could try months, but might as well just move directly to
days. Since the problem did not specify bankers’ rule, we'll assume a 365-day year to get
that the term is (365)(0.659793814) = 241 days.
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EXERCISES 1.3

A. Finding Principal

1. Find the principal for a loan if the term is 2 years, the simple interest rate is 9%, and the interest totals $63.00.

2. | would like to be able to earn $500 in interest from a certificate of deposit over the next 18 months. Wellsburg Savings and
Loan is offering a simple interest rate of 3.275% on 18-month CDs. How much would | need to deposit to achieve my goal?

3. Weston Corporation states in its financial report that the company earned $1,275 in interest from a 6-month loan to the
company’s CEO. It also reports that the simple interest rate for the loan was 7'2%. How much did the company loan

the CEO?

4. Because of a clerical error, the paperwork for a loan Simon took out at Protection National Bank failed to list the
amount he borrowed. It did, however, specify that the term of the loan would be 100 days, simple interest would be
paid at a rate of 12.63%, the interest would be calculated using bankers’ rule, and the total interest would be $49.12.
How much did Simon borrow?

5. The Capital City School District states in its proposed budget that it expects to need to take out a loan for 45 days
late in the school year to cover cash flow needs while the district waits to receive its state aid payment. The budget
document also states that this figure assumes a simple interest rate of 3.8%, and the amount the district has budgeted
for interest on this loan is $3,000. The budget document does not state how much the district will need to borrow, but
as a concerned citizen you would like to know this. How much is the district planning to borrow?

6. How much does Na need in her investment account if she wants to be able to receive $450 per month in income from
it, assuming a simple interest rate of 72%?

B. Finding the Simple Interest Rate

Where necessary, round interest rates to two decimal places. When using days, use the simplified exact method (365 days per
year) unless otherwise specified.

7. Convert each of the following decimals to a percent:

a. 0.0453 d. 1.043
b. 0.1011 e. 0.1825
c. 0.1043 f. 0.1

8. Find the simple interest rate for a loan if the principal is $5,000, the term is 2 years, and the interest totals $600.

9. Ahmed lent Chris $100. Two months later, Chris gave Ahmed a total of $105 to pay off the loan. What rate of simple
interest did Chris pay?
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| deposited $4,257.09 in a certificate of deposit, and 83 days later the value of my account had grown to $4,313.53.
If the interest was determined using bankers’ rule, what was the simple interest rate paid on my certificate?

. Collamer Financial Corp received $26,653.18 in interest for a 200-day loan of $350,000. What was the simple interest

rate?

Dantae borrowed $4,000 for 15 months. The interest for this loan will come to a total of $806.25. Find the simple
interest rate.

Finding Time

Answers should be expressed in an appropriate unit of time. Make sure to clearly state the unit of time that you are using in
your answer. When using days remember to assume the exact method unless stated otherwise.

13.

D.

19.

20.

21.

Convert 0.84159 years into days.

. Find the term of a loan if the principal is $20,000, the interest rate is 8%, and the total interest is $320.

. Jennifer borrowed $7,000 at a simple interest rate of 97%%. She paid $590.88 simple interest for this loan. What was

the term of her loan?

. NiftyTronic Corporation lent one of its suppliers $52,347.18 at a simple interest rate of 6.09%. When the supplier repaid

the loan, it paid a total of $53,675.50. How long did it take for the supplier to repay NiftyTronic?

. Pat and Jordan put $11,935.42 into a bank account paying 2.18% simple interest. How long will it take for the account

value to grow to $12,000?

. Tabitha earned $310 in interest for a $2,785 loan. The simple interest rate was 18.99%. What was the term of this

loan?

Grab Bag

Second Law Capital Ventures (SLCV) funded a start-up company with a loan of $2,857,000. Thirty months later, the
company repaid SLCV the principal together with interest of $612,826.50. What was the simple interest rate on this loan?

Trisha earned $20 interest on a 60 day loan of $500. What simple interest rate does this represent?

Alexis borrowed $675 from Peter at 5%% simple interest. They agreed to calculate the interest using bankers’ rule, and
also agreed that Alexis would repay the loan when her total debt had reached $700. How long will the loan run?
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Justine paid $40.36 simple interest on a 45 days loan of $1,200. Interest was calculated using bankers’ rule. Find the
simple interest rate.

Bloomfield Chemical Company paid $40,000 in interest to settle a 6-month simple interest loan whose interest rate was
7.46%. How much did the company borrow?

Allegany City College offers a special program for students who have a short-term financial need. The program allows
students to take out loans for short terms at a 3.5% simple interest rate. Robb borrowed $125 from this program, and
repaid $125.90. How long was the term of this loan?

A dentist purchased $14,763.25 in equipment for her office. The supplier agreed to extend her credit, and allowed her
to pay 45 days later. At the end of the 45 days, she paid $15,000 even to settle the debt. What rate of simple interest
did she pay?

Find the simple interest rate if a 7-month loan of $8,000 resulted in interest of $473.02.

Determine how long would it take for me to earn $10 simple interest from an investment of $7,354.29 if the simple
interest rate were ¥1%.

Chan deposited $800 in a credit union certificate of deposit paying 4.21% simple interest. How long will it be before
her certificate is worth $820?

Convert 1.315946 years into days.

The Computer Science Department at Aubuchon Community College wants to establish a scholarship that would award
$2,500 each year to a deserving student. In order to do this, the department plans to raise enough funds to create an
investment account that would earn $2,500 a year in interest, assuming a simple interest rate of 7%. How much does
the department need to reach this goal?

Additional Exercises

. Usury refers to the crime (or, in religious terms, sin) of charging excessive interest. In some religious traditions,

charging any interest at all is considered excessive and thus condemned as usury.® This is of course not the usual legal
interpretation in the United States. In the United States, usury is a crime, but “excessive” is defined by state law in most
cases, and the threshold for usury varies from state to state. The legal situation is further complicated by the fact that
the threshold for usury may vary, depending on the type of lender and/or borrower and/or the type of loan.

Suppose that the transactions below all occur in a state with a very straightforward usury law: the limit is a simple
interest rate of 25% regardless of the lender or loan type. In each case, guess whether or not the lender is guilty of
usury. Then calculate the simple interest rate to determine whether or not your guess was correct.

6Some verses of the Bible (such as Deut 23:19 and Ezekiel 18) and Quran (such as Al-Bagara 2:275-280 and Al-’Imran 3:130) have also been read as
supporting this view. The predominant modern Christian and Jewish view has mellowed to allow for interest that is not exploitive, though many Muslims
still refuse to pay or accept interest (though other accommodations usually are made to compensate the lender).
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Bill loaned Ted $95 for a month. Ted paid $5 interest for the loan.

Kendra borrowed $8,350 for 5 years and paid $10,000 simple interest.

Nansi borrowed $14,000 for 160 days. She paid $1,500 interest for the loan.

d. Triple-Z Mattress Factory borrowed $200,000 for 3 days. It paid $500 simple interest.

O~

g

32. If you wanted to earn $500 interest from a bank deposit of $12,500:
a. How long would it take at a simple interest rate of 8%?
b. How long would it take at a 4% simple interest rate?

How long would it take at 2%?

Q)

d. Make an educated guess as to how long it would take at 1%, and then check your guess by doing the calculation.

e. Make an educated guess for 16%, and then check your guess with the calculation.

33. Anitra’s telephone bill for the month of August came to $78.59, and was due on September 20. She paid the bill on
October 7, and because she paid it 17 days late she was subject to a late payment penalty of $5. This penalty is not
really interest, but we can think of this situation as if Anitra effectively “borrowed” the $78.59 on September 20 when
she failed to pay the bill and consider the $5 as if it were the interest paid on this “loan.” Looking at things in that way,
what was the simple interest rate Anitra paid?

34. Trista and Ryan opened CDs at two different banks. Both earned the same amount of interest. At Trista’s bank, the
simple interest rate was 3.66%, but at Ryan’s bank the simple interest rate was 2.75%. Who made the larger deposit?

Promissory Notes

Sometimes loans are made with an informal agreement. You would probably be willing to
spot a friend $10 until next Friday on a handshake and promise to pay you back. In general,
though, it benefits both the borrower and the lender to “get it in writing.”

Doing so protects both parties by preventing an unscrupulous lender or borrower from
trying to take advantage of the other by changing the terms after the fact. But even when the
loan is made between completely trustworthy parties, even among friends or family, hav-
ing the deal spelled out in writing greatly reduces the chances of honest misunderstandings
arising and creating conflict down the road.

Definition 1.4.1
A promissory note (Or just note for short) is a written agreement between a borrower and
a lender that sets out the terms of a loan.

To fulfill its purpose, a promissory note must contain enough information to clearly specify
the amount and timing of any payments that the loan requires. Some of the items that a note
may specify are defined below:

Definitions 1.4.2

The date (or loan date) of a note is the day it is signed and the loan is made.

The face value of a note is the amount of the loan for which it is written. (In every situation
we have encountered so far the face value is the same as the principal.)



32

Chapter 1 Simple Interest

On the day that the loan is to be repaid, we say the loan comes due and its note matures.
The date on which this happens is the maturity date and the total amount that must be
repaid is called the maturity value.

Even though a note should provide all of this information, it is not necessary for a note to
explicitly spell out all of these items. For example, a note might read:

Fromissory Note
I, Jane Doe, acknowledge a loan of $1,000 made to me today,
April 22, 2008, by the Seventh National Bank of Idaho Falle,
and agree to repay this loan in 6 months together with simple
interest calculated at a rate of 12%.

This note does not explicitly state the maturity date or maturity value. Yet the bank certainly
wouldn’t want that left up in the air! Even though these details aren’t stated, there is enough
information in this note for us to be able to figure out the maturity date by fast-forwarding
six months from April 22, 2006, to arrive at October 22, 2006. To find the maturity value we
can use | = PRT to find that the interest should be $60, and then add that onto the principal
to arrive at a maturity value of $1060. Now, it might be nice if the note actually spelled out
these details explicitly, but as it stands there is no ambiguity or potential for misunderstand-
ing. In fact, you might not want to explicitly state the maturity value and date since it would
be redundant, and it would be giving the same information more than once too.
On the other hand, a note like this one is deficient:

Promissory Note
This note acknowledges that John Smith has loaned Lisa Jones
$250 for 270 days and she hereby agrees to pay him back plus
interest.

Like the first, this one does not explicitly spell out all the relevant details of the loan. But in
the first case there was enough information to figure out the missing details. The informa-
tion given in this note is inadequate—there are details missing that cannot be determined
from the information given. It is impossible to determine either the maturity date (it’s
270 days from the note’s date, but the date is not given) or the maturity value (since the
neither the interest amount nor the interest rate is known.)

While the specific format and contents of a note can vary, it should be clear that the details
that are given should provide enough information to determine all of the relevant details.

Finding a Note’s Term from Its Dates

What about a note like this one?

Promissory Note
On this date, March 28, 2007, the West Forklift Federal Credit
Union has loaned Spencer Van Etten $2800, which he agrees
to repay on October 13, 2007 together with simple interest of
9% % per year.

This note does not specify the maturity value, even though that amount would be quite
important to both Spencer and the credit union. However, we do know the principal and
the rate, and we could figure out the term by counting the days between March 28 and
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October 13. So the note does contain enough information for us to be able to determine
the interest, and then add it to the principal to arrive at the maturity value.

Counting the days takes some work. There are 3 days remaining in March, plus all of April
(30 days), May (31), June (30), July (31), August (31), September (30) and then the first 13 days
of October. Totaling these gives aterm of 3 + 30 + 31 + 30 + 31 + 31 + 30 + 13 = 199 days.”
While counting like this is not exactly difficult, it is tedious, and it would not be hard to acciden-
tally miscount the number of days in a month or leave out a month in the counting.

Matters would be much simpler if the note’s date and maturity date fell in the same
month. If the loan were made on January 4 and came due on January 25, we could just find
the difference by subtracting 25 — 4 = 21 days. But unfortunately just subtracting like this
won’t work when the two dates fall in different months.

The problem lies in that the day numbers are reset at the end of each month. After
January 31 comes February 1, not January 32. So if a loan is made on January 4 and comes
due on February 1, we can’t just subtract the way we did when both dates fell in the same
month. However, if we think of February 1 as January 32, then we could take 32 — 4 =
28 days. This approach is not as silly as it sounds. February 1 is not really January 32, but
it is the 32nd day of the year. So if we think of January 4 as day 4 and February 1 as day
32, the subtraction approach would make perfect sense and work just fine.

A date given as the day of the year without using any month name is sometimes called
an ordinal date, or a Julian date.® Since February 1 is the 32nd day of the year, February 1
would have an ordinal (Julian) date of 32.

Knowing the ordinal (Julian) dates for ordinary calendar dates can solve our problem
with finding a note’s term. March 28 happens to be the 87th day of the year, and October
13th is the 286th day of the year. Knowing this, we could find the term of Spencer’s loan
by subtracting: 286 — 87 = 199 days.

Of course, this raises the question of how we are supposed to know what day of the year
each date is. A day of the year table like Table 1.3.1 is a helpful tool that can come to our
rescue here.

This table doesn’t do anything for us that we couldn’t have done ourselves by count-
ing, but it saves the time and effort of doing so. To find out what day of the year March 28
is, we need only look in the March column and 28th row to find that it is day 87. To find
October 13, we just look in the October column and 13th row to see that October 13 is
day 286.

The following example will provide another illustration of how this table can be used.

Example 1.4.1 Find the number of days between April 7, 2003, and September 23,
2003.

Looking in the table, we see that April 7 is day 97, and September 23 is day 266. So there
are 266 — 97 = 169 days between those two dates.

This table can obviously be quite handy when you need to do these kinds of calculations.

If you need the table and don’t have a copy of it handy, you can find ordinal (Julian) dates
by building and using an abbreviated version of this table. The key is to create a table that lists
the cumulative total number of days that have passed at the end of each month. January has
31 days, and so at the end of January a total of 31 days have passed in the year. February has 28
days (assuming the year is not a leap year) and so at the end of February a total of 31 + 28 =
59 days have passed. Likewise, March adds 31, so at the end of March 59 + 31 = 90 days have
passed. Continuing on in this way you can construct a table like Table 1.3.2.

7One way to keep track of how many days each month has is to make fists with both hands. Recite the names
of the months while moving across your knuckles and the spaces between. January rests on the first knuckle,
February on the space between first and second knuckles, March on the second knuckle, and so on. The knuckle
months have 31 days, the between-knuckle months don’t (30 for all except February.)

8Some object to calling this the Julian date, insisting that technically speaking a Julian date is the number of days
since January 1 of 4713 B.C.E. The Julian date for July 8, 2006, for example, would be 2453925. Nonetheless, the
use of the term as we have defined it is widespread, and so while we take no position on whether or not the term
should be used in this way, we recognize the fact that it commonly is used in this way.

1.4 Promissory Notes
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TABLE 1.3.1 §Jan. Feb. §Mar. Apr. May §.lune July §Aug. Sep. Oct. §Nov. §Dec.
Day of the Year Table : : : : : : : : : : : :
(For Non-Leap Years) 2032 060 91 112111521182 1213 1 244 1 274 ¢ 305 : 335
233 1 61+ 92 :122:153: 183 : 214 : 245 : 275 : 306 : 336
234 1 62 1 93 : 123 : 154 : 184 : 215 : 246 : 276 : 307 : 337
235 ¢ 63 : 94 1124 : 155 : 185 : 216 : 247 : 277 : 308 : 338
236 : 64 1 95 :125: 156 : 186 : 217 : 248 : 278 : 309 : 339
237 1 65 1 96 : 126 : 157 : 187 : 218 : 249 : 279 : 310 : 340
238 1 66 : 97 :127 158 : 188 : 219 : 250 : 280 : 311 : 341
239 1 67 : 98 1128 : 159 : 189 : 220 : 251 : 281 : 312 : 342
240 ¢ 68 1 99 1129 1160 : 190 : 221 : 252 : 282 : 313 : 343
241 ¢ 69 1100 : 130 ¢ 161 2 191 : 222 : 253 : 283 : 314 : 344
242 1 70 2101 ¢ 131 ¢ 162 : 192 2223 : 254 : 284 : 315 : 345
243 171 102 : 132 : 163 1193 2 224 : 255 : 285 : 316 : 346
S 44 1 72 1103 1133 : 164 : 194 1 225 : 256 : 286 : 317 : 347
245 1 73 1104 : 134 : 165 : 195 2 226 : 257 : 287 : 318 : 348
S 46 1 74 1105 : 135 : 166 1 196 : 227 : 258 : 288 : 319 : 349
247 75 1106 : 136 ¢ 167 : 197 : 228 + 259 : 289 : 320 : 350
248 1 76 1107 : 137 : 168 : 198 : 229 : 260 : 290 : 321 : 351
249 1 77 108 : 138 : 169 1 199 : 230 : 261 : 291 : 322 : 352
250 : 78 :109 : 139 : 170 : 200 : 231 : 262 : 292 : 323 : 353
251+ 79 : 110 : 140 : 171 + 201 : 232 : 263 + 293 : 324 : 354
252 1 80 : 111 : 141 :172: 202 : 233 : 264 : 294 : 325 : 355
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22 ¢ 22 : 53 ¢ 81 :112: 1421173 : 203 : 234 : 265 : 295 : 326 : 356
23 1 23 : 54 : 82 1113 : 143 : 174 : 204 : 235 : 266 : 296 : 327 : 357
24 : 24 : 55 : 83 : 114 : 144 :175: 205 : 236 : 267 : 297 : 328 : 358

N
(6]
N
o

: 56 : 84 :115: 145 : 176 : 206 : 237 : 268 : 298 : 329 : 359
257 85 : 116 : 146 = 177 + 207 + 238 : 269 + 299 : 330 : 360
258 : 86 : 117 : 147 : 178 : 208 : 239 : 270 : 300 : 331 : 361
: 259 : 87 :118: 148 : 179 : 209 : 240 : 271 : 301 : 332 : 362
29 129 - : 88 : 1191149 : 180 : 210 : 241 : 272 : 302 : 333 : 363
30 : 30 : 289 :120: 150 : 181 : 211 : 242 : 273 : 303 : 334 : 364
31 ;31 : :90 D151 : 12125243 : : 304 : : 365

...............................................................................

N NN
0 N O
N NN
0 N O

TABLE 1.3.2 Atthe 1111 Lononnnn
Abbreviated Day of the end of: : Jan. : Feb. : Mar. : Apr. : May : June : July : Aug. : Sep. : Oct. : Nov. : Dec.
Year Table (For Non-Leap The 31 : 59 1 90 :120:151: 181 +212: 243 + 273 + 304 - 334 + 365
Years) number : : : : : : : : : : : :

of days :

that have :
passed :

..................................................................................

To find the ordinal (Julian) date for any given calendar date, we begin with the total number
of days that passed as of the end of the prior month, and then add the number of days we
have gone into the current month. For example, for April 7, we would look in this table
to find that 90 days passed up through the end of March, and then add the 7 days we have
gone into April, 90 + 7 = 97, so the ordinal date of April 7 is 97. To find the date for
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September 23, we would add 243 + 23 = 266. Note that these dates agree with what we
found from the longer table in Example 1.4.1.

Example 1.4.2 Use the abbreviated day of the year table to find the number of days
between August 19, 2006, and October 1, 2006.

The ordinal date for August 19 is 212 + 19 = 231. The ordinal date for October 1 is 273 +
1 = 274. Subtracting to find the difference, we find there are 274 — 231 = 43 days.

Ordinal dates can also be readily found in other places when a table isn’t handy. Many
planners or daybooks print the day of the year for each date on the bottom of the page.
Often this will give the day of the year followed by the number of days left in the year, as
in the illustration below:

October 13

286/79

The 286/79 indicates that October 13 is the 286th day of the year, and 79 days remain in
the year. For our purposes, we are interested only in the 286.
Many computer spreadsheet programs, such as Microsoft Excel, also provide ordinal dates.
Once we can find the term of a note from its dates, we can go on to calculate other
values that depend on the term.

Example 1.4.3 Find the maturity value for the following promissory note:

Fromissory Note
I, Cameron Mills, acknowledge a loan of $2,500 made to me
today, January 19, 2005, by William Burgh, and agree to repay
this loan on June 30, 2005, together with simple interest
calculated at a rate of 10%.

June 30 is day 181, and January 19 is day 19, so the term of this loan is 18] — 19 =
162 days.

Using this to calculate the interest gives us:

I = PRT
I = ($2,500)(0.10)(162/365)
I=$110.96

Adding this onto the principal, we arrive at a maturity value of $2,500 + $110.96 = $2,610.96.

Leap Years

Leap years throw a wrench into the problems we have been considering. In leap years, the
60th day of the year is February 29, not March 1, which throws off all dates thereafter. We
could deal with this by creating separate tables for leap years. However, a simple way of
dealing with the problem is just to add one to the value shown in the table for all dates after
February 28 if the year is a leap year.

Recall that for any year between 1900 and 2100, any year divisible by 4 is a leap year.
When in doubt, you can check this by dividing the year by 4 on your calculator. If the result
is a whole number, then the year is divisible by 4 and is a leap year. If the result is not a
whole number, then it isn’t divisible by 4 and so it isn’t a leap year.

1.4 Promissory Notes
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Example 1.4.4 Find the number of days (a) between January 6, 2004, and May 1,
2004, and (b) between September 3, 2004, and November 16, 2004.

(a) In a non-leap year, January 6 is day 6, and May 1 is day 121. However, 2004 was a leap
year. Since January 6 falls before the leap day, it requires no adjustment. Since May 1 falls
after the leap day, we add one and conclude that May 1 was day 122 of 2004. Once we've
adjusted for the leap year, we proceed as before: 122 — 6 = 116 days.

(b) In a non-leap year, September 3 is day 246, and November 16 is day 320. We must add
one to each of these, though, since both fall after the leap day: 321 — 247 = 74 days.

If you are getting the day of the year from a day planner or computer program, though,
it will have taken the leap year into account already and so you should not add the day
in those cases. These would have given January 6, 2004, as day 6, but would have given
May 1, 2004, as day 122.

Finding Loan Dates and Maturity Dates

So far, we’ve found an efficient way to find the term of a note, given its date and maturity
date. We can also find the maturity date given the loan date and term, or the loan date given
the maturity date and term.

Suppose that you borrow a library book on July 6, and the book will be due in 14 days.
It is not hard to see that the due date for the book will be July 20. When we move forward
in time, we add, and 6 plus 14 makes 20. This applies equally well to longer terms.

Example 1.4.5 Find the maturity date of a 135-day note signed on March 7, 2005.

March 7 is day 66. If we start at day 66 and go forward 135 days, we arrive at day 201,
because 66 + 135 = 201.

Now, to convert this back to the usual calendar. Using the full day of year table, we
go looking through the table for day 201 and find that it is July 20, 2005, so that is
the maturity date of the note. Using the abbreviated table, we can see that the last
day of June is day 181 and the last day of July is day 212, so day 201 must fall in July.
Subtract: 201 — 181 = 20. So it must be the 20th day of July, so we conclude that the
maturity date is July 20, 2005.

Suppose on the other hand that you have a movie rental due on October 17. If the rental
period is 5 days, it’s not hard to see that you must have rented it on October 12. When we
move backward in time we subtract, and 17 take away 5 makes 12.

Example 1.4.6 Find the date of a 200-day note that matures on November 27, 2006.

November 27 is day 331. If we go backward 200 days, we arrive at day 131, since 331 —
200 = 131.

If we look through the body of the day of the year table we find that day 131 is May 11. Or,
using the abbreviated table, we see that the last day of April is day 120, and 131 — 120 = 11.

Either way, we see the note’s date must be May 11, 2006.

Be careful, though, if a leap year is involved.

Example 1.4.7 A 100-day note was signed on January 3, 2008. When does the note
mature?

January 3 is day 3, and so 100 days after that is day 103. Remember, though, that 2008 is a
leap year. Using the full table, we can see that this must fall after the leap day, so we actually
want to find day 102 in the table. The note’s maturity date is thus April 12, 2008.

Using the abbreviated table, we remember that every month from February on should have
one added to its ending date. The table shows March ending on day 90, which we realize
in a leap year should actually be 91. Subtracting, 103 — 91 = 12, and so we conclude that

the maturity date is April 12.
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Finding Terms across Two or More Calendar Years

In all of the previous problems the loan date and maturity date have fallen within the same
year. But just as date numbers resetting at the start of each month caused us trouble before,
day of year numbers resetting at the start of each new year will cause problems when a
loan’s term crosses from one year to the next. The techniques we have used so far require
some adjustment when the dates do not fall in the same year.

For example, suppose a note is dated December 22, 2005, and matures on January 19,
2006. January 22 is day 356, while January 19 is day 19. So far we have found our terms
by subtracting the loan date from the maturity date. But 19 — 356 is a negative number,
which does not make any sense. Now it may be tempting to switch the numbers and
subtract 19 from 356 to get a positive number. But while this switch will give a positive
answer, it won’t give a correct positive answer. That should be obvious in this case, since
subtracting 356 — 19 = 337 days, which is obviously much longer than the time between
December 22 and January 19.

The most straightforward way of handling this is to attack the problem directly at its
source. We didn’t run into any trouble when everything stayed within the same year, so let’s
break the term of this note up into pieces: the part in 2005 and the part in 2006. Counting the
days in 2005 is no trouble: the year ends on day 365, and so the note exists for 365 — 356 =
9 days in 2005. Counting the days in 2006 is easy. Since the note runs from the start of the
year until day 19, the number of days in 2006 is obviously 19. These two pieces together
make up the whole term, and so putting them together, we find that the term of the note is
9 + 19 = 28 days.

Visualizing this with a time line may be helpful:

2005 2006

9 days 19 days
12/22/05 End of 05 1/19/06

A problem with a long term will further illustrate this approach.

Example 1.4.8 Find the term of a note dated June 7, 2005, that matured on March
15, 2007.

June 7 is day 158, and March 15 is day 74. Since they fall in different years, we split the term
of the note by year into the parts that fall in 2005, 2006, and 2007.

In 2005, the note runs from day 158 to the end of the year, day 365. Thus the note lives for
365 — 158 = 207 days in 2005.

The note’s term includes all of 2006, which is 365 days.
In 2007, the note runs from the start of the year until Day 74, so there are 74 days in 2007.

This can be represented by a time line as follows:

| 2005 | 2006 2007
207 days 365 days 74 days
6/7/04 3/16/06

Thus, the term of the note is 207 + 365 + 74 = 646 days.

Itis not absolutely essential to draw the time lines, and some people find them unnecessary.
However, even if you did not find them necessary in these two examples, as we handle
more and more complicated problems you may find that drawing a time line is a very help-
ful tool to keep track of what is going on in a problem.

Finding Dates across Two or More Calendar Years

What about finding maturity dates and loan dates when the note crosses years? For example,
if I sign a 300-day note on November 1, 2006, | know that the maturity date cannot possibly

1.4 Promissory Notes
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still fall in 2006, since there aren’t that many days left in the year. It’s not surprising, then,
that following our original method of adding the days on doesn’t work: November 1 is day
305, and day 305 + 300 = day 605, which makes no sense.

We can adapt the method of Example 1.4.8 to this situation as well though. The note
starts in 2006. We can ask ourselves what portion of the note’s term will fall in 2006, and
then see how much is left over to run into 2007. From day 305 to the end of 2006 would
be 365 — 305 = 60 days. So of the total 300 day term, 60 days fall in 2006, which leaves
300 — 60 = 240 days to run into 2007. That would take us to day 240 of 2007, which leads
us to the maturity date of 8/28/07.

A time line may once again be helpful to illustrate this. Also, it may be helpful to keep
a running tally along the side to keep track of how many days we have left to account for
as we fill in the time line.

Running tally
We start with 300 days to account for: 300 days
The note lives for 365 — 305 = 60 days in 2006:
2006 60d
—60 days
60 days —Laas
11/1/06  12/31/06
Day 305 Day 365
Which leaves to carry into the next year: 240 days left
Extending 240 days into 2007 takes us to day 240: —240 days
2006 2007
I I | 0 days left
60 days 240 days
11/1/06 12/31/06
Day 305 Day 365 Day 240

Looking to the day of the year table, we see that day 240 is 8/28/07.
We can follow a similar approach to back up from a maturity date to the loan date, as
illustrated in the following example.
Example 1.4.9 Find the loan date for a 500-day note that matured on February 26,
2003.
Running tally
500 days

February 26 is day 57, and obviously we can’t go backward 500 days from that date without
crossing into a prior year. But we can account for 57 days of the term in 2003:

2003
[ — —-57d
57 days —rEe
11/03  2/26/03
Of the remaining 443 days, 2002 takes care of 365: —365 days
. 2002 . 2003 .
' 365 days 57 daysI 78 days
1/1/02 1/1/03  2/26/03

We will be able to cover the remaining 78 days in 2001. The year ends on Day 365, so
moving 78 days backward takes us to 365 — 78 = Day 287. Seeking out Day 287 from the
table gives us a date of October 14.
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200 2002 2003 78 davs

I T T 1

78 days 365 days 57 days
1014/01 1/1/02 11/03  2/26/03  Odays

So we can conclude that the note was signed on October 14, 2001.

EXERCISES 1.4

A. Promissory Notes
For each of the following promissory notes or situations, identify the loan’s (a) date, (b) face value, (c) maturity date,

(d) maturity value, and (e) term.

1. Tim borrowed $12,000 on January 17, 2004. He signed a note, agreeing to repay a total of $12,800 three months
later, on April 17, 2004.

2. The Keuka Park Federal Credit Union loaned Sandy $500 on April 1, 2006. She agreed to repay a total of $510 thirty
days later, on May 1, 2006.

3.
I, Jerry Wang, acknowledge a loan of $5,350 made to me by
Lisa Bryer on July 1, 20086. | agree to repay this loan together
with $150 in interest in ninety days, on September 29, 20006.
4.

Hottenkold Indoor Comfort Company hereby acknowledges a
loan of $75,000 made on January 1, 2006, and to satisfy
this debt agrees to repay the Third National Bank of
Branchport $60,000 on January 1, 2007.

B. Finding Terms within a Calendar Year

5. Rarefied Air Flight Schools signed a promissory note on June 11, 2005, with a maturity date of November 30, 2005.
Find the term of the note.

6. Christopher loaned his friend Evan $750 on March 17, 2006. Evan signed a note, agreeing to pay the loan back (with
interest) on December 31, 2006. Find the term of the note.

7. On September 3, 2006 a promissory note that Gilles had signed on February 12 of the same year came due. Find the
term of the note.
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. Serena signed a promissory note on April 1, 2007. The maturity date was June 19, 2007. How many days did she have

from when she borrowed the money until she had to repay the loan?

Finding Loan and Maturity Dates within a Calendar Year

. Enrique signed a 200-day promissory note dated May 6, 2005. When did the note mature?

. Infodynamic Industries International Inc. signed a 75-day note on January 19, 2007. Find the maturity date.

. To cover the expense of needed roof repairs, Second Congregational Church of Waterport took out a 100-day loan,

which matured on August 25, 2005. When was the note signed?

. Find the date of a 45-day note that matures on October 29, 2009.

Finding Terms Crossing Multiple Calendar Years

. Find the term of a note dated April 7, 2005 that matures on December 1, 2007.

. Elwood National Bank made a loan to a local business, for which the bank obtained a promissory note dated November 18,

2005, maturing on March 10, 2006. What is the term of this note?

. Geoff’s parents loaned him $2,000 on October 15, 2006. He agreed to pay them back on March 31, 2007. How long

does he have to repay the loan?

. As part of a negotiated relocation package, Garage Management Systems Inc. agreed to make an interest-free loan to

one of its executives on April 15, 2006. The loan must be repaid by December 31, 2007. How long does she have to
repay the loan?

Finding Loan and Maturity Dates Crossing Multiple Calendar Years

. On May 4, 2001, Karenna took out a 500-day certificate of deposit at her credit union. When did the CD mature?

. If I borrowed $5,000 for 80 days on November 28, 2006, when would | have had to repay the loan?

. Nakamura Signs had a 240-day note come due on April 13, 2007. When was the note signed?

The records of the Pumpkin Hook Federal Credit Union show that a 525-day note will be coming due on February 14,
2009. When was the note signed?
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F. Finding and Using Terms

In each of the following exercises, the term can be found by using the given dates.

21. A certificate of deposit dated June 5, 2009, matures on September 15, 2009. The face value is $10,000 and the simple
interest rate is 8%. Find the maturity value of the certificate.

22. If you borrow $1,200 at 9% simple interest on February 28, 2007, and the loan is to be repaid on July 1, 2007, how
much interest will you pay?

23. Taylor loaned Miranda $400 on November 7, 2001, which she repaid on April 19, 2002, together with $25 in interest.
Find (a) the term and (b) the simple interest rate.

24. Hayward College signed a note on June 30, 2002, with a face value of $125,000. The maturity date of the note was
March 15, 2003, and the maturity value was $131,450. Find the simple interest rate paid by the college.

In each of the following exercises, the term can be found by solving | = PRT.

25. Bellford Construction signed a note on March 9, 2005. The loan'’s principal was $12,000, the simple interest rate was
10%, and the note’s maturity value was $12,500. What was the note’s maturity date?

26. | deposited $1,500 in a certificate of deposit at my local bank on September 30, 2005. The account has a simple
interest rate of 4%%, and the maturity value of the CD is $1,580. When does the CD mature?

G. Finding Terms, Dates, and Maturity Dates with Leap Years
27. Anand signed a note on February 7, 2004. The maturity date was July 5, 2004. Find the term.

28. A note dated January 19, 2008, comes due on November 3, 2008. Find the term.

29. On July 7, 2008, the Arkport Aircompressor Company signed a short-term note with an August 21, 2008, due date.
Find the term.

30. A note dated January 3, 2004, came due on February 27, 2004. Find the term.

31. A 150-day note comes due on July 9, 2008. On what date was the note signed?

32. If you take out a 210-day loan on February 6, 2012, when will the note come due?
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Chapter 1 Simple Interest

On December 21, 2007, | signed up for a 100-day trial membership to a wholesale buying club. On what date did my
trial membership expire?

Find the maturity date for a 110-day note signed on March 23, 2008.

Grab Bag

Find the maturity value for this promissory note:

Promissory Note
Dated October 10, 2006
Truly Trustworthy Property Management Corp hereby
acknowledges a loan of $145,000 from Fairhaven First Financial
Funding. The loan, together with simple interest calculated at a
rate of 8.95%, will be repaid on March 15, 2007.

A note dated May 19, 2007, has a maturity date of July 11, 2008. Find the term of this note.

On April 16 Todd loaned Beth $580 for 100 days at 6.85% simple interest. Find the maturity value and maturity date of
this loan.

Find the maturity date for a 250-day note signed on February 27, 2008.

Portable Potables Beverages signed a 200-day note that comes due on May 16, 2010. On what date was the note
signed?

If you sign a promissory note on March 15 that comes due on October 5, what is the term of the note?

Gene and Dean'’s Clean Green and Pristine Landscaping Service borrowed $2,500 by signing a 13.5% simple interest
note on February 8, 2007. The note’s maturity date was August 25, 2007. What is the total interest for the loan?

A certificate of deposit was opened on November 30, 2005, and comes due on April 18, 2007. Find its term.

A note signed on October 15, 2009, has a term of 700 days. What is this note’s maturity date?
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44. Determine the maturity value for a $3,000 note signed on July 5, 2006, that comes due on April 17, 2007, assuming

Exercises 1.4

a 9%42% simple interest rate.

45. Find the simple interest rate for this promissory note:

I0U. Ted has loaned me $575 on January 18 and | hereby
promise to repay him $625 on August 30.
Signed,
Jenni

46. On what date was this promissory note signed?

Promissory Note
Sempronius Savings and Loan has made a loan of $12,500 to
Jack Miller as follows:
Maturity Value: $13,575
Maturity Date: September 28, 2007
Simple Interest Rate: 16%

47. Brad didn't pay the property taxes for his house on time. On December 17, 2009, the town sent him a letter warning
him that he had to pay his taxes within the next 75 days. When is the deadline?

48.

49.

50.

Additional Exercises

Suppose that you borrow $2,000 on January 1, 2009. The maturity date of the note that you sign is December 29,
2009, and the simple interest rate is 8% calculated using bankers’ rule.

a.
b.
c.

d.

Find the term of the note in days.
Use your answer from part a to find the total amount of interest you will have to pay.
If the term of the loan had instead been 1 year, how much interest would you have had to pay?

Why is part c a trickier question than it might seem to be at first?

Find the maturity date for a 200-day note signed on January 25, 2100.

Determine whether or not each of the following years is a leap year:

a
b.

o

43

2013 e. 2082
2018 f. 2092
2044 g. 2380
2058
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Nonannual Interest Rates (Optional)

Back in Section 1.1, we noted that, unless it is clearly stated otherwise, an interest rate is
always assumed to be a rate per year. While this is the accepted convention, there is abso-
lutely no reason why an interest rate could not be stated as a rate per month, week, day, or
any other unit of time we want, and in fact this does happen sometimes. We assume annual
rates simply because it is customary to do so, and because having a common standard makes
it easier to compare different rates.

For example, take a look at this excerpt from a credit card’s monthly statement:

Avg. Daily Daily Periodic Nominal FINANCE

Balance Rate Annual Rate CHARGE
Purchases $882.71 0.05203% 18.99% $14.23
Cash Advances $0.00 0.06025% 21.99% $0.00

Notice the column that gives the daily periodic rate. Because the balance on a credit card can
change from one day to the next, it is reasonable to think of the interest as being calculated
on a daily basis. And so, it may make sense to talk about a rate per day rather than per year.
(Credit cards will be covered in much greater detail in Chapter 10.) This doesn’t really pose
any new difficulties, except that the units of time used in the interest rate must agree with the
units of time used when you are plugging in for T. The following examples will illustrate:

Example 1.5.1 Suppose that my credit card charges a daily simple interest rate of
0.05%. How much interest would I owe for 1 day, on which my balance was $1,800?

The simple interest formula still applies. However, since the rate is per day it stands to reason
that the time, T, should be expressed in terms of days as well. Thus

| = PRT
I = ($1,800)(0.0005)(1)
I = $0.90 or 90 cents

Example 1.5.2 For the same credit card used in Example 1.5.1, how much interest
would I owe for two weeks during which my balance was $2,000?

Since our interest rate is per day, the term must also be in days. Since 1 week is equal to
7 days, 2 weeks is 2(7) = 14 days. Thus

| = PRT
I = ($2,000)(0.0005)(14)
I =$14.00

The interest rate being used in these two examples, 0.05%, is much lower than the rates
you are probably accustomed to seeing. It seems to run counter to the conventional wis-
dom about credit card rates—most people think of credit cards as having high rates. But
the number is actually a little deceptive; it is so small because it covers only a short period
of time. This points to another reason why someone might want to use a nonannual inter-
est rate: to make the interest look like less than it would if it were expressed as an annual
rate. What would the interest rate look like if it were expressed as a rate per year?

Converting to an Annual Simple Interest Rate

Looking back at the credit card statement excerpt, right next to the daily rate there is a
column for the nominal annual percentage rate. (For our purposes at the moment, the word
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1.5 Nonannual Interest Rates (Optional)

nominal can be ignored; we’ll discuss what that means in Chapter 3.) On the statement, the
issuer has stated the interest rate charged both as an annual rate and as a monthly rate. The
fact is, even though there may be reasons to use a daily rate, an annual rate actually could
have been used just as well. The rate of 0.05203% per day is equivalent to an annual rate
of 18.99%.

Example 1.5.3 Convert the rate 0.05% per day into an equivalent simple interest
rate per year.
For the (simplified) exact method, there are 365 days in a year. Thus, the interest for a full

year would be 365 times the interest for a single day. Thus, since 365(0.05%) = 18.25%, we
conclude that 0.05% per day is equivalent to 18.25% per year.

That 0.05% doesn’t seem so small now!
We can verify this claimed equivalence by calculating interest using the daily rate and
then again using the annual rate.

Example 1.5.4 Calculate the interest due for 10 days on a principal of $1,200 using
(a) a simple interest rate of 0.05% per day and (b) a simple interest rate of 18.25%
annually.

(a) Since the rate is daily, time should be measured in days, andso T = 10.

| = PRT
I = ($1,200)(0.0005)(10)
| = $6.00
(b) Since the rate is annual, time should be measured in years, and so T = 10/365.
| = PRT
| = ($1,200)(0.1825)(10/365)
I = $6.00

The answers to (a) and (b) agree, as they should. Notice that we had to be careful to make
sure that the time units for the value of T agreed with the time units of the interest rate.

Converting from an Annual Simple Interest Rate

In Example 1.5.3 we saw how to convert from a given daily rate to an equivalent annual
simple interest rate. What if we want to go the other direction?

Example 1.5.5 Convert an 18% annual simple interest rate to a rate per month.

There are 12 months in a year, or, in other words, 1 month is /12 of a year. Thus, the inter-
est for a month would be just /12 of the interest for a full year. Since 18%/12 = 1.5% we
conclude that a simple interest rate of 18% per year is equivalent to a simple interest rate of
1'/2% per month.

We can follow the principles of examples 1.5.3 and 1.5.5 whenever we need to change
the time units of an interest rate. If the new time unit is larger (as in Example 1.5.3),
we will end up multiplying; if it is smaller, we end up dividing (as in Example 1.5.5).
Common sense will also help avoid errors here. If you multiply when you should divide
(or vice versa) you will usually wind up with a final answer that is either far too large
(or too small) to make sense. It is always a good idea, in these or any other type of prob-
lems, to give your answers a quick reality check. A nonsensically large or small answer
is an obvious tip off that a mistake has been made and that you should double-check
your work.

Note that when an interest rate is given per day, or even per month, the rounding rule of
two decimal places that we have been using for annual rates will not provide enough preci-
sion. Daily rates should be carried out to at least five decimal places to avoid unacceptably
large rounding errors.

45
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Example 1.5.6 Convert an annual simple interest rate of 9.75% into a daily rate.

Following our default assumption of a 365-day year, we divide by 365: 9.75%/365 =
0.02671%.

Be careful not to move the decimal place. In finding interest rates, we get accustomed to
moving the decimal place to convert the decimals used in the formulas to percents. Seeing
0.02671 on the calculator is especially tempting—this result looks like the sort of answer
whose decimal place needs to be moved. But in this case, there is no reason to do so. The
rate is small because a day is a short amount of time.

Converting between Other Units of Time

Suppose that we have a rate per month and want the rate per day, or want to convert from a
rate per month to a rate per week, or from per day to a rate per month, and so on. How do
we handle these conversions? The idea is the same, except that the number we multiply or
divide by will be different.

Example 1.5.7 Convert a simple interest rate of 0.045% per day into a rate per
month. Assume that bankers’ rule is being used.

Under bankers’ rule, we assume that each month has 30 days. Since one month is 30 days,
we multiply 0.045% by 30 to get a rate of 1.35% per month.

Unfortunately, as we’ve seen previously, the calendar poses some problems. Conversions
between monthly and yearly rates are never a problem, because there are always exactly
12 months in a year. But there are not always exactly 30 days in a month. If we were not
using bankers’ rule, we would not have known what to multiply by in Example 1.5.6, since
not all months have the same number of days.

Since annual rates are the norm, though, we seldom have much reason to make a con-
version where neither time unit is years. Therefore, we will not address this matter any
further in this text.

EXERCISES

A. Using Nonannual Rates
1. Find the interest on a debt of $850.42 for 30 days if the simple interest rate is 0.035% per day.

2. How much interest would you owe on a loan of $4,000 for three weeks if the simple interest rate is 0.0475% per day?

3. If a daily simple interest rate of 0.0225% is charged on a loan of $35,750, how much interest would be paid on a
1-year loan?

4. Find the interest on a 7-month loan of $5,200 if the simple interest rate is %% per month.

5. Jens borrowed $875 for 3 months at a simple interest rate of 0.625% per month. Find the total amount he will need to
repay the loan.
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D.

10.

Exercises 1.5

Converting Nonannual to Annual Rates

Express each of the following simple interest rates as a simple interest rate per year.
a. 0.075% per day

b. 0.075% per week

c. 0.075% per month

Express each of the following simple interest rates as a simple interest rate per year.
a. 0.01375% per day

b. 0.25% per month

0.0825% per day

d. 2% per day

g

e. 2% per month

Converting Annual to Nonannual Rates

Express each of the following annual simple interest rates as a daily simple interest rate.

a. 3.65%
b. 15%
c. 1825%

Express each of the following annual simple interest rate as (a) a daily simple interest rate and (b) a monthly simple
interest rate.

a. 9%

b. 13%%
c. 24%
Grab Bag

Find the total interest due for a 45-day loan of $835.72 if the simple interest rate is 0.065% per day.

. Suppose that the annual simple interest rate for a credit card is 19.99%. (a) What is the simple interest rate per day?

(b) How much interest would be owed for one week in which the balance on the card was $1,555.93?

The monthly simple interest rate on a loan is 0.945%. How much interest would be payable for a 6-month loan for
which the principal is $13,546.75? What is the annual simple interest rate for this loan?

47

. The lowa Anvil Company charges a simple interest rate of 0.0575% per day for all late payments. A payment of $4,500

for a shipment was due on March 17. If payment is made on March 30, how much interest would be owed for this late

payment?
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E.

17.

Chapter 1 Simple Interest

. Find the total interest due for an 8-month loan of $10,857 if the simple interest rate is 1Y% per month.

. My credit card statement says that the periodic simple interest rate for cash advances is 0.06575% per day. What is this

as an annual simple interest rate?

. Express an annual simple interest rate of 19%% as a rate per day.

Additional Exercises

Property taxes in Camden County are due on October 15 of each year. Trent’s taxes on his body shop were $5,037.25.
If taxes are paid late, interest is charged at a simple interest rate of 12% per month “or portion thereof.” How much
would Trent owe if he pays his taxes in full on December 17?

. Aloan of $475.19 was made on April 17, 2007, at a simple interest rate of 0.0475% per day. When the loan was

repaid, the total amount required to repay the loan was $499.57. Find the date on which this loan was repaid.
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Topic

The Concept of Interest, p. 3

Simple Interest as a Percent,
p-6

Calculating Simple Interest
for a Loan, p. 8

Loans with Terms in Months,
p. 14

The Exact Method, p. 16

Bankers’ Rule, p. 16

Loans with Terms in Weeks,
p. 17

Finding Principal, p. 23

Finding the Interest Rate, p. 25

Finding Time, p. 27

Key Ideas, Formulas, and Techniques

Interest is added to the principal of a loan to
compensate the lender for the temporary use of
the lender’s money.

Convert percents to decimals by moving the
decimal place

If necessary, convert mixed numbers to decimal
rates by dividing the fractional part

Multiply the result by the principal

The simple interest formula: | = PRT
Substitute principal, interest rate (as a decimal),
and time into the formula and then multiply.

Convert months to years by dividing by 12
Then, use the simple interest formula

Convert days to years by dividing by the
number of days in the year.

The simplified exact method always uses 365
days per year

Convert days to years by dividing by 360

Convert weeks to years by dividing by 52

Substitute the values of I, R, and T into the
simple interest formula

Use the balance principle to find P; divide both
sides of the equation by whatever is multiplied
by P

Substitute into the simple interest formula and
use the balance principle just as when finding
principal

Convert to a percent by moving the decimal two
places to the right

Round appropriately (usually two decimal
places)

Use the simple interest formula and balance
principle just as for finding principal or rate
Convert the answer to reasonable time units
(usually days) by multiplying by 365 (using the
simplified exact method) or 360 (using bankers’
rule)

CHAPTER 1

Examples

©00000000000000000000000000000000i000000000000000000000000000000000000000000000000000eiocscsccccssscscccccccccccccccsoe

Sam loans Danielle $500.
Danielle agrees to pay
$80 interest. How much
will Danielle pay in total?
(Example 1.1.1)

Bruce loans Jamal $5,314.57
for 1 year at 8.72% simple
interest. How much will Bruce
repay? (Example 1.1.8)

Heather borrows $18,500

at 57% simple interest for 1
2 years. How much interest
will she pay? (Example 1.1.11)

Zachary deposited $3,412.59
at 5% % for 7 months. How

much interest did he earn? T e

(Example 1.2.2)

Calculate the simple interest

due on a 150-day loan of .
. L

$120,000 at 9.45% simple
interest. (Example 1.2.5) =

Calculate the simple interest
due on a 120-day loan of

$10,000 at 8.6% simple
interest using bankers’ rule. I
(Example 1.2.6)

E
Bridget borrows $2,000 for 13 B
weeks at 6% simple interest. ?l !
Find the total interest she will r
pay. (Example 1.2.8) s i

How much principal is needed
to earn $2,000 simple interest
in 4 months at a 5.9% rate?
(Example 1.3.1)

Calculate the simple interest
rate for a loan of $9,764.55
if the term is 125 days and
the total to repay the loan is
$10,000. (Example 1.3.2)

If Michele borrows $4,800
at 614, % simple interest,
how long will it take before
her debt reaches $5,000?
(Example 1.3.6)

(Continued)
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Topic

Finding the Term of a Note
from Its Dates (within a
Calendar Year), p. 33

Finding Maturity Dates (within :
a Calendar Year), p. 36

Finding Loan Dates (within a
Calendar Year), p. 36

Finding Terms Across Multiple
Years, p. 37 :

Finding Dates Across Multiple
Years, p. 38 :

Using Nonannual Interest
Rates (Optional), p. 44

Converting Between
Nonannual and Annual Rates
(Optional), p. 45

Key ldeas, Formulas, and Techniques

Convert calendar dates to Julian dates using
the day of the year table (or the abbreviated
table)

If the year is a leap year, add 1 to the Julian
date if the date falls after February 29.
Subtract the loan date from the maturity date

Convert the loan date to a Julian date

Add the days in the term

Convert the result to a calendar date by finding
it in the day of the year table

Convert the maturity date to a Julian date
Subtract the days in the term

Convert the result to a calendar date by finding
it in the day of the year table

Draw a time line, dividing the term up by
calendar years

Find the number of days of the note’s term that
fall within each calendar year

Add up the total

Draw a time line

Work through the portion of the term that falls in
each calendar year separately

Keep a running tally of how much of the term
has been accounted for in each calendar year
until the full term is used

Convert the term into the same time units used
by the interest rate

Use the same techniques as with annual
interest rates

To convert to an annual rate, multiply by the
number of time units (days, months, etc.) per
year

To convert from an annual rate, divide by the
number of time units (days, months, etc.) per
year

Examples

©00000000000000000000000000000000)0000000000000000000000000000000000000000000000000000e§00ccsccccssscscccccccccccccccsoe

Find the number of days
between April 7, 2003,
and September 23, 2003.
(Example 1.4.1)

Find the maturity date of
a 135 day note signed on
March 7, 2005. (Example
1.4.5)

Find the date of a 200-day
note that matures on
November 27, 2006.
(Example 1.4.6)

Find the term of a note dated
June 7, 2004, that matures
on March 15, 2006. (Example
1.4.8)

Find the loan date for a
500-day note that matured
on February 26, 2003.

Find the simple interest on
$2,000 for 2 weeks if the rate
is 0.05% per day. (Example
1.5.2)

Convert 0.05% per day into
an annual simple interest rate.
(Example 1.5.3)
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CHAPTER 1

The following exercises are a mixture of problems from the topics covered in Chapter 1. One of the objectives of doing these
exercises is to be able to correctly identify which topics and tools from this chapter are needed for each problem. All of the
material covered in this chapter is fair game, except for topics that were identified as optional.

1. Find the amount that you would need to deposit at a simple interest rate of 8.45% in order to earn $200 in 3 months.

2. Express 57/s% as a decimal.

3. Mike loaned Jim $2325.17 for 80 days at 7 /2% simple interest. Find the total amount Jim will have to repay. ol

4. How long would it take for $1,835 to grow to $2,000 at 9.31% simple interest?

5. OnJanuary 7, 2005, Ming-zhu borrowed $186,547 at 11.35% simple interest. The note that he signed came due on /\
October 29, 2005. Find the note’s maturity value.

25 7
6. | borrowed $80 and paid $100 when the loan came due. How much interest did | pay? R

|

7. If a note is signed on December 17, 2005, and matures on April 13, 2007, find its term. : .‘
N

a

8. Ingrid invested $12,500 at 4.35% simple interest for 300 days. If bankers’ rule is used to calculate interest, how much i:
interest did she earn? %ﬂl

9. Lockwell Lockers Company borrowed $182,600 at 6516% simple interest on July 15, 2004. The note that the company
signed matured on February 3, 2005. How much interest did the company pay?

10. Johanna borrowed $350 for 100 days. She paid $375 in total to settle the loan when it came due on September 25.
Find (a) the amount of interest she paid and (b) the date the loan was taken out.

11. Find the maturity date and maturity value of the following promissory note.

| hereby acknowledge a loan of $5,235.17 made to me on
October 11, 2005, and agree to pay this loan back in 300 days,
together with simple interest calculated at a rate of 12%%.

51
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21.
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. Suppose that | loan someone $5,000 for 90 days. | will be repaid $5,125 when the loan comes due. Find the simple

interest rate.

. Apercu Industries borrowed $92,350 for 200 days at 15% simple interest. Find the total interest they will pay (a) using

bankers’ rule and (b) using the exact method.

. On March 1, Serge deposited $1,200 in a certificate of deposit paying 3.91% simple interest. The certificate’s maturity

date was November 21. Find the value of the certificate at maturity.

. What date is 890 days from March 29, 2005?

. Calvin loaned Erin $8,145 on August 10, 2005. On April 17, 2006, Erin paid off the loan with $8,525.47. Find the

simple interest rate for this loan.

. Axel put $939.39 in a bank account paying 5.35% simple interest. How long will it take before his account has grown

to $1,000?

. Axel put $939.39 in a bank account paying 5.35% simple interest on June 7, 2004. When will his account be worth $1,000?

. Find the interest due on a loan of $89,000 for 7 months at 7.38% simple interest.

Express each of the following percent interest rates as decimals:
a. 8%

b. 4%

c. 15.3%

d. 125%

e. 0.75%

On July 7, a real estate developer offered Danny $275,000 for a vacant building that he owns. The developer states
that this offer will expire in 35 days. On what date does this offer expire?

How much would you need to have in an investment account in order to generate monthly income of $850, assuming
a 7.5% simple interest rate?

Convert each of the following percent interest rates to decimals:
a. 4%%

b. 107:%

c. 13%6%

d. 5%
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 1 Exercises 53

Carl loaned Jerry $500 on February 12, 2008, and Jerry repaid a total of $515.93 on July 15, 2008. Find the simple
interest rate for this loan.

Find the maturity value of this promissory note:

Promissory Note
Today, July 30, 2007, |, Erwin Addison, acknowledge a loan of
$25,000 made to me by the Fourth National Bank of Fortuville,
and agree to repay this loan on September 19, 2007, together
with simple interest calculated at a rate of 9% per annum.

According to doomsayers, the ancient Mayan calendar terminates on December 21, 2012, and therefore the world will
end on that date. How many more days do we have left?

Andriy deposited $4,500 in a 1-year CD paying 6.15% simple interest. How much interest will he earn?

Calculate the simple interest on an $80,000 loan for 210 days at a simple interest rate of 12.285%. Assume that
bankers’ rule is being used.

A small business owner borrowed $19,275.13 and paid $21,045.61 to settle the debt. How much total interest did she pay?

The Tilsonboro Savings Bank pays 5.38% simple interest on 6-month certificates of deposit. If you deposit $12,500 in
such a CD, how much will it be worth when it matures?

A roofing contractor took out a short-term loan for $15,000 to pay for materials. The simple interest rate was 8% per
annum, and the term was 21 days. Find the total interest paid.

Your mobile phone statement shows a balance of $178.59 and the payment is due on April 20. The statement says that
payments received more than 15 days late will be charged a $20 late payment fee. By what date must you pay your
balance to avoid the fee?

Ralyd Pharmaceuticals’ patent on its top-selling drug expires on May 15, 2009. How many days of this patent were left
on November 8, 2006?

Determine the total amount required to repay a $5,000, 3-year loan if the simple interest rate is 10.3% per annum.

Find the total interest for a 15-month loan of $98,359.25 if the simple interest rate is 5.05%.
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37.

38.

39.

40.
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Qisun borrowed $4,818 at a 5% simple interest rate on September 5, 2005. When did the total amount she owed reach
$5,000?

St. Stephen’s Church is considering borrowing $850,000 to fund a building expansion. At the annual financial meeting,
the chair of the finance committee states that with the financing the committee is considering, the church would not be
required to repay any principal for 5 years, but would be required to make an interest payment of $20,000 per quarter.
What is the simple interest rate for this loan?

For the loan represented by the time line shown below, determine:
a. The principal

b. The amount of interest

c. The term

d. The maturity date

e. The simple interest rate

$3,250.67 $3,495.17
1 |
11/1/05 225 days

Find the interest for a 1-year loan of $400,000 at a 12'% simple interest rate.

Dick made a loan to George. Who is the creditor and who is the debtor?
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“Money is power, freedom, a cushion, the
root of all evil, the sum of blessings.”

- —Carl Sandburg, “The People, Yes”

Learning Objectives

Chapter Outline

LO 1 Understand the concept of simple discount, and 2.1  Simple Discount

ize situati here i b d. . . .
recognize situations where [t may be use 2.2  Simple Discount vs. Simple Interest

LO 2 Calculate the amount of simple discount for, and

. . 2.3  Secondary Sales of Promissory Notes
the proceeds of, a simple discount note.

LO 3 Use the simple discount formula and basic algebra
techniques to find the maturity value, simple
discount rate, or term, given the other details of a
discount note.

LO 4 Compare simple interest rates to simple discount
rates and calculate the equivalent simple interest
rate for a discounted note.

LO 5 Analyze secondary sales of promissory notes and
perform calculations necessary to evaluate the
simple interest rates earned by different parties
to a given financial transaction. .

2.1 Simple Discount

The size of a loan usually depends on the amount the borrower needs (or wants) to borrow.
That was certainly how we looked at things in Chapter 1, and it is probably the most
natural point of view in most situations.

However, there are times when a loan’s size depends more on the amount to be repaid
than on the amount to be borrowed. Consider the following few examples:
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« Jennifer knows she will be getting a paycheck for $500 at the end of the week, but she
needs money now. She takes out a loan against this paycheck, borrowing as much as
she can pay off with her check when it arrives.

*  When you file your federal income taxes, you find that you are owed a refund of
$737.15. Your tax preparer offers the option of getting your money right away, instead
of waiting for the IRS to process your return and send your refund check. In exchange
for agreeing to sign over your refund check when it arrives, the preparer agrees to lend
you $707.15 today.

e The Cedar Junction Central School District is scheduled to receive a state aid
check for $72,500 on April 1. The district needs the funds by mid-February to meet
expenses, but unfortunately the state is unwilling to make the payment early. In order
to avoid a cash crunch, the district borrows $71,342 from First Terrapin National
Bank, to be repaid on April 1 when the state aid arrives. The amount borrowed is
based on the $72,500 that the district will have available for repayment when the aid
check arrives.

In each of these cases, a loan is being made, and so it is reasonable for the lenders to
expect to be paid some “rent” on their money. In the previous chapter, we have described
that rent as interest, and thought of it as being added on to the principal. Looking at
things as principal + interest = maturity value, we might describe the tax refund loan
example as:

$707.15
+ $30.00

$737.15

While there is nothing wrong with this description, it doesn’t really represent things quite
the way they are happening. The figures are correct, but this mathematical description
suggests that you decided to borrow $707.15, added on $30 interest, and then arrived at
the $737.15 maturity value as a consequence. But that isn’t what happened at all. A truer
representation of the situation might be to turn the description around:

$737.15
— $30.00

$707.15

This second representation is financially and mathematically equivalent to the first, but it
presents a different way of looking at things. It suggests that you knew you could repay
$737.15, gave up $30.00 “interest,” and arrived at the $707.15 “principal” as a conse-
quence. This is much truer to what actually happened.

These examples demonstrate an alternative way of looking at the time value of money.
With this new way of looking at things, we will need some new terminology:

Definitions 2.1.1

A loan that is made on the basis of a fixed maturity value is called a discount loan. The
lender subtracts an amount, called the discount, from the maturity value, and pays the
result, called the proceeds, to the borrower.

If we were looking at the tax refund example as interest, we would call the $707.15 the
principal and the $30 the interest, and add them together to obtain the $737.15 maturity
value. Looking at it as discount, we start with the $737.15 maturity value, subtract the $30
discount, and arrive a $707.15 in proceeds.

Most of the rest of our terminology remains the same, with one notable exception. Term,
maturity date, and maturity value all still mean the same thing. Recall though that the
Jace value of a simple interest note has heretofore always been the same as its principal.
The “size” of the loan is the amount most likely to be shown prominently on the note’s
face, hence the term. When a promissory note is based on discount, however, the size of the

2.1 Simple Discount
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loan is more apt to be thought of as the maturity value.
And so:

Definition 2.1.2
The face value of a discount note is its maturity value.

Thus, the meaning of the term face value depends on
whether we are talking about interest or discount.

One common example of a discount note is U.S.
Savings Bonds (since 2001 sometimes referred to as
“Patriot Bonds”). Savings bonds can be purchased at
most banks, and many employers offer a program that
allows their workers to buy them by payroll deduction.
A savings bond is actually a promissory note issued by
the U.S. government, so when you buy a savings bond
you are loaning money to Uncle Sam. Savings bonds
used to be a much more popular investment than they

U.S. Savings Bonds are sold at a discount to their face value. are today, but many people still do use them as a way to

© Royalty-Free/CORBIS/DIL

save, and they are often given as gifts for occasions like
the birth or adoption of a child.

There are several types of savings bonds, but the type most familiar to most people
(Series EE bonds) is sold for half of its face value. This is one reason why savings bonds
are often used as contest prizes or promotional giveaways since a “$50 U.S. savings bond”
actually only costs $25, allowing the prize to be advertised as being twice its actual cost
and current value.! The $50 face value reflects the amount the government guarantees that
it will pay for the bond on maturity, which is usually many years away. (As of early 2005,
the maturity date for a savings bond was 20 years from the date purchased, though the
time to maturity changes depending on prevailing interest rates when the note is issued.)
Since the $50 face value encourages us to think of $50 as the size of the note, it is natural
to consider a savings bond as a type of discount note.?

Treasury bills (also known as T bills for short) are another common example of
a discount note. While they may be less familiar than savings bonds, they are actually
less complicated and in many ways better example of a discount loan. Treasury bills are
short-term loans to the U.S. federal government, carrying terms ranging from a few days
to 6 months, though the most common terms are 4, 13, or 26 weeks. They are sold at a
discount to their maturity values. For example, you might buy a $1,000 face value T bill
for $985, a $15 discount from the maturity value.

T bills cannot normally be purchased through banks or payroll deductions the way
that savings bonds can, and while savings bonds are issued with face values as low as
$50, T bills are sold in $1,000 increments, with $1,000 being the minimum face value.
T bills can be purchased through investment brokers, or directly from the government
through its Treasury Direct program (www.treasurydirect.gov).

Also, unlike savings bonds, the price of a T bill is not set in advance. When a T bill is
issued, the government offers it for sale on the market. The prices are set at auction, meaning
that the bonds are sold to whoever is willing to pay the highest prices for them. Like anything
else sold on the open market, the selling price of a $1,000 T bill is the best offer that the seller
(in this case, the federal government) can get for the thing being sold. Whatever the price
turns out to be, though, the note will clearly sell at a discount to its maturity value.

ILet’s be honest: that’s also a reason why they make great gifts.

2Savings bonds are actually quite complicated animals, with all sorts of features that ordinary discount notes lack.
They can, for example, be cashed in before the maturity date or left to grow beyond the maturity date. The rates
paid on savings bonds may vary, depending on the specific type of savings bond, date of purchase, and prevailing
interest rates. Since the rates vary, they actually usually reach their maturity value long before their supposed
maturity date, which is based on a guaranteed minimum interest rate. Furthermore, though they resemble discount
notes in many ways, their values actually are not calculated by simple discount. Nonetheless, their basic premise
makes an accessible and familiar illustration of a discount note. Because of all the extra bells and whistles,
though, savings bonds will not be further discussed in this chapter.
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The Simple Discount Formula

We can arrive at a formula for simple discount by thinking back to how we developed the
simple interest formula. We observed that the amount of simple interest should be propor-
tional to the amount borrowed, and that it should also be increased or decreased in proportion
to the loan’s term. From this, we arrived at the simple interest formula:

| = PRT

The same logic applies to discount. If a $500 note is discounted by $20, it stands to reason
that a $5,000 note should be discounted by $200. If a 6-month discount note is discounted by
$80, it stands to reason that a 12-month note would be discounted by $160. Thus, modeling
from what we did for interest, we can arrive at:

FORMULA 2.1
The Simple Discount Formula

D = MdT

where
D represents the amount of simple DISCOUNT for a loan,
M represents the MATURITY VALUE
d represents the interest DISCOUNT RATE (expressed as a decimal)
and
T represents the TERM for the loan

The simple discount formula closely mirrors the simple interest formula. The differences
lie in the letters used (D rather than | and d in place of R, so that we do not confuse
discount with interest) and in the fact that the discount is based on maturity value rather
than on principal. Despite these differences, the resemblance between simple interest and
simple discount should be apparent, and it should not be surprising that the mathemati-
cal techniques we used with simple interest can be equally well employed with simple
discount.

Solving Simple Discount Problems

The following examples illustrate the use of the simple discount formula.

Example 2.1.1 A $10,000 face value discount note has a term of 4 months. The
simple discount rate is 6%. Find the amount of the discount.

D = MdT
D = ($10,000)(0.06)(4/12)
D = $200.00

The note would be discounted by $200.

Example 2.1.2 A $5,000 face value note has a term of 219 days. The simple
discount rate is 9%:%. Find the proceeds of the note.

D = MdT
D = ($5,000)(0.09375)(219/365)
D = $281.25

The proceeds can be found by subtracting the discount from the maturity value: $5,000 —
$281.25 = $4,718.75. Thus the proceeds of the note would be $4,718.75.

With simple interest, we saw that we could use algebra on the formula to find the principal,
the interest rate, or the term. It comes as no surprise that we can do the same sort of thing
with simple discount. The next several examples will demonstrate how the techniques we
developed for simple interest can be applied for simple discount.

2.1 Simple Discount
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Example 2.1.3 A 3-month note is discounted by $28.75. The simple discount rate is
53%4%. Determine the maturity value and the proceeds of the note.

D = MdT
$28.75 = M(0.0575)(3/12)
$28.75 = M(0.014375)
82875 _
0.014375
M = $2,000
This gives us the maturity value. To find the proceeds, remember that discount is subtracted
from the maturity value. Since $2,000 — $28.75 = $1971.25, we conclude that the maturity
value is $2,000 and the proceeds are $1,971.25.

Example 2.1.4 When Nestor filed his federal income taxes, he was happy to learn
that he was due a refund of $799.45. He was less happy to learn that it would take
45 days for his refund check to arrive. His tax preparer offered to give him $775.00
on the spot, in exchange for Nestor’s tax refund check when it arrives. What simple
discount rate does this offer equate to?

The amount of discount is the difference between the $799.45 and the $775.00, so D =
799.45 — 775.00 = $24.45. Using this in the formula to find the rate, we get:

D = MdT
$24.45 = ($799.45)d(45/365)
$24.45 = $98.56232877d

d = 0.248066379

Moving the decimal place and rounding, we get that the simple discount rate is 24.81%.

Example 2.1.5 A $10,000 T bill with 182 days to maturity sold at auction for
$9,753.16. What is the simple discount rate?

The amount of discount is $10,000 — $9,753.16 = $246.84.

D = MdT
$246.84 = ($10,000)d(182/365)
$246.84 = ($4,986.3013699)d
d = 0.04950363

The simple discount rate is 4.95%.

Example 2.1.6 Killawog Financial Corp invested $49,200 in discount bonds with
face values totaling $50,000. The discount rate was 4%. How long will it be until the
notes mature?

The amount of discount is $50,000 — $49,200 = $800.

D = MdT
$800 = $50,000 (0.04)(T)
$800 = $2,000 (T)

T = 0.4 years

Multiplying by 365 to convert this term to days, we find that the notes will mature in 146 days.

Other types of problems that we solved with simple interest can also be solved if the loan
is made using simple discount instead. The date calculation techniques of Chapter 1 can be
readily adapted to simple discount problems as well.

Example 2.1.7 The Reeds Corners Central School District borrowed $4,959,247
on March 7, 2005, in anticipation of receiving a state aid payment of $5,000,000.
The loan was based on a simple discount rate of 4":%. On what date will the district
receive its state aid?

D = MdT

$40,753 = $5,000,000(0.0425)(T)
T = 0.1917788235 years or 70 days
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March 7 is the 65th day of the year, so the note matures on the 66 + 70 = 136th day of the
year. The state aid will be received on May 16, 2005.

The exercises include a number of other problems that make use of many of the skills
developed in Chapter 1.

EXERCISES 2.1

A. Terminology

In each of the following situations, find (a) the maturity value, (b) the proceeds, and (c) the amount of discount.
1. A lender loaned a borrower $750 on May 8, and the borrower repaid the loan by giving the lender $800 on June 10.

2. A note will mature for its face value of $20,000 in 100 days. You buy the note for $1,000 less than its face value.

3. Stewart’s New Arts Gallery received $18,000 from a lender on March 1, and paid off the loan on October 15 with a
check for $20,000.

4. The payments between a borrower and lender are illustrated in the following time line:

$23,467.19 $24,500
L |

10/3/05 7/19/06

5. Kyle will be getting a paycheck of $1,308.55 at the end of the month. Sammy agreed to give him $1,275 today in
exchange for the check when it comes.

6. If you give me $20 today, | will pay you back $25 next Tuesday.

B. Calculating Simple Discount and Proceeds

7. A note has a maturity value of $10,000. If the term is 200 days and the simple discount rate is 9%, find (a) the amount
of discount and (b) the proceeds.

8. To finance the building of a new fire station, the Farmview Fire District issued discount notes, each having a face value of
$1,000 and a term of 5 years. The notes were sold at a simple discount rate of 3%. Find the proceeds of each note sold.

9. Derron knows that he will be receiving $100,000 to settle an insurance claim, but he will not actually be paid for
another 2 months. Needing cash now, he is considering an offer from a finance company to buy this payment from
him by paying him cash today. The simple discount rate they are offering him is 35%. How much would he receive if
he takes this deal?
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D.

16.

20.

21.

22.
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. Brittany bought a discount bond issued by the State of California with a maturity value of $20,000. The discount rate

was 3.19% and the term was 175 days. How much did Brittany pay for the bond?

Finding Maturity Value, Discount Rate, and Term

. Find the maturity value of a 6-month discount note if the discount is $250 and the discount rate is 12.5%.

. Hall’'s Homestyle Horseradish Farms signed a $25,000 discount note with a term of 90 days. The company received

proceeds of $24,325. Find the simple discount rate for this note.

. Suppose that an investment manager buys a $10,000 U.S. government discount note for $9,759.16. If note matures in

217 days, find the simple discount rate.

. A note with a maturity value of $5,000 is sold at a simple discount rate of 4%. If the proceeds are $4,975, what is the

term of the note?

. Handy Dandy Discount Loans offers Jason $785.21 in exchange for a paycheck of $800, which he will be receiving in a

few days. If the simple discount rate is 75%, in how many days is Jason expecting his paycheck?

Grab Bag

A $2,000 face value discount note matures on June 17. Marco bought this note on April 8 at a simple discount rate of
5.72%. How much did he pay for the note?

You agree to pay me $180 one month from now if | will give you $160 today. What is the simple discount rate for this deal?

. Find the amount of discount if an $8000 maturity value T bill is sold at auction for $7,856.02.

. A $5,000 T bill is sold at auction for $4,876.52. The term is 182 days. Find the simple discount rate.

Find the proceeds for a discount loan if the maturity value is $23,507 and the amount of discount is $1,851.03.

Ed’s Worldwide Lawn Furniture Emporium has received an order for $875,000 worth of picnic tables. The buyer will pay
for the tables on delivery, 45 days from now. In need of cash right away, Ed considers selling this payment to a finance
company at a simple discount rate of 24%. What proceeds would he receive if he took this deal?

On June 28, 2005, | decided to invest some money by buying a $1,000 face value discount note, with a maturity date of
December 31, 2005 and a simple discount rate of 5.89%. How much of a discount will | get off the note’s face value?
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23.

24.

25.

26.

27.

28.

29.

30.
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If you are due a tax refund of $875.39 in 50 days and your tax preparer offers to give you $850.00 now in exchange for
your refund when it arrives, what is the simple discount rate?

What would be the proceeds of the following promissory note if it is sold on April 1, 2007, at a simple discount rate of
8.21%?

The County of Conesus will pay the owner of this note $10,000
on November 15, 2007.

A $10,000 T bill with 28 days to maturity is sold with a simple discount rate of 5.32%. Find the selling price.

A $1,000 T bill is sold for $982.56. The term is 91 days. Find the simple discount rate.

The City of Chester Rock, experiencing dire financial problems, has been promised a $17.5 million aid payment from
the state. The city desperately needs cash to pay its bills no later than May 1. Unfortunately, the state aid will not be
paid to the city until May 15. A group of investors agrees to provide the city with a cash payment on May 1 in exchange
for the May 15 state aid check. The simple discount rate for this loan will be 3.98%. How much profit will the investors
make on this deal? How much will the city receive on May 1?

At a 4% simple discount rate, a $5,000 face value note sold for $4,905.75 on March 12. Find (a) the term and (b) the
maturity date.

On April 3, 2007 Burana Financial Investment Corp. bought a $100,000 T bill for $99,353.29. The simple discount
rate was 4.44%. When is the maturity date?

Additional Exercises

Life insurance policies pay their death benefit on the death of the person insured. A viatical settlement is a business
agreement in which someone with a terminal illness may “sell” his or her insurance death benefit to an investor at a
discount. The investor becomes the beneficiary of the insurance policy, and receives the death benefit when the insured
person passes away.

Suppose that Ellwood has a $150,000 life insurance policy, and has been diagnosed with a terminal illness. His doctors
have told him that he can expect to live only another 9 months. A viatical company offers to buy his death benefit

for $117,300. Assuming that the doctors are correct about his life expectancy, what is the simple discount rate being
offered?

Simple Discount vs. Simple Interest

Suppose that Lysander Office Supply borrowed $38,000 for 1 year from Van Buren Capital
Funding Corp. The maturity value of the note was $40,000. Was this loan based on simple
discount or simple interest?
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There is no way of knowing this for sure from the information given. We could look at
this as simple interest. In that case, we would say that:

$38,000 (principal)
+ $2,000 (interest)
$40,000 (maturity value)

But we could equally well look at this as simple discount, in which case we would say:

$40,000 (maturity value)
— $2,000 (discount)
$38,000 (proceeds)

In fact, we could do this for any of the loans we’ve looked at so far, whether they were
actually simple interest or simple discount. While any given loan may be set up with either
simple interest or simple discount, the reality is that interest and discount are actually just
two different ways of looking at the same thing. In many cases, interest is the more natural
way of looking at things. In others, such as the examples of Section 2.1, discount may be
more natural. In some cases there may be legal, regulatory, or accounting reasons why a
loan must be treated as interest or discount. But whichever viewpoint is more natural, the
fact remains that any simple interest loan can be looked at as discount if we want to, and
vice versa.

Without knowing any of the details surrounding this particular loan, we just can’t tell
whether it was made with interest or discount. We can, though, take a look at the deal both
ways, and use it as an example to compare simple interest and simple discount rates.

Example 2.2.1 For the transaction described above find (a) the simple interest rate
and (b) the simple discount rate.
(a) | = PRT
$2,000 = ($38,000(R)(1)
R = 0.0526 = 5.26%

(b) D = MdT
$2,000 = $40,000(d)(1)

d = 0.05 = 5.00%

The results of Example 2.2.1 may be surprising. You might have expected that the “rate”
would be the same either way. After all, in both cases it is a percentage, and we’ve already
seem that the amounts of simple interest and simple discount are the same (in this case, it’s
$2,000 either way.) In fact, though, the simple interest and simple discount rates are not
the same thing.

Arate is a percent, and a percent must be of something. For simple interest, that some-
thing is the principal, but in the case of simple discount, that something is the maturity
value. When we calculated the simple interest rate, we looked at $2,000 as a percent of
$38,000. With discount, the rate was found by looking at that same $2,000 as a percent
of $40,000. Since these “of” amounts are different, it actually stands to reason that the
percents will end up being different.

In fact, we can take this observation a step further. Since the principal and maturity are
always different, for a given loan the simple interest rate and simple discount rate will
never be the same! (The only exception would be where no interest/discount is being paid.
If the interest and discount are both zero, then simple interest and simple discount rates are
both 0%.)

Notice also that in Example 2.2.1 the simple interest rate turned out to be larger than
the simple discount rate. This happened because $2,000 is a larger percentage of $38,000
than it is of $40,000. Since the principal is smaller than the maturity value, the interest rate
must be higher than the discount rate to arrive at the same $2,000. Ignoring the possible
but unlikely case of negative interest, the principal will always be less than the maturity
value for any loan. Thus, the simple interest rate will always be larger than the simple
discount rate.
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2.2 Simple Discount vs. Simple Interest

Even though the simple interest rate will always be higher, it does seem reasonable to
expect that, as we have seen in the examples above, the simple interest rate should be in the
same ballpark as the simple discount rate. The principal/proceeds in a given transaction (on
which the interest rate is based) are usually not far from the maturity value (on which the
discount rate is based). And so it makes sense that the rates based on them will not be too
terribly far from each other. This is not always true, though—when there is a big difference
between the principal/proceeds and maturity value, the rates can be widely different. This
will happen when the amount of interest is large in relation to the size of the loan, which
can result from very high rates and/or long terms. Some examples of these situations are
given in the Additional Exercises at the end of this section.

Determining an Equivalent Simple Interest Rate

From ordinary experience, we are much more accustomed to thinking about loans from
the point of view of interest rather than discount. Thus, when we hear a discount rate,
we are likely to want to interpret it as an interest rate, even though we have just seen that
simple interest and simple discount rates are not in fact the same thing. For example, back
in Example 2.1.6 a finance company bought bonds with a 4% discount rate. You probably
thought of that as basically the same thing as earning 4% simple interest. In fact, though,
we now know that the interest rate would be a bit higher.

Example 2.2.2 (Example 2.1.6 revisited) Killawog Financial invested $49,200

in bonds whose maturity values totaled $50,000. The remaining term of the bonds
was 146 days. The simple discount rate was 4%, but what would the equivalent simple
interest rate be?

To answer this question, we look at the same transaction as before, but now we interpret it
as though it were simple interest. Thus:

I = PRT
$800 = ($49,200)(R)(146/365)
$800 = $19,680(R)

R =4.07%

As expected, the simple interest rate is higher than the equivalent simple discount rate.

Even when simple discount is the logical and natural way of looking at things, we may
want to know the equivalent simple interest rate. Since most of us are more accustomed to
thinking in terms of interest, discount rates can be deceiving. It is easy to mistakenly read
a discount rate as an interest rate. The following example will illustrate:

Example 2.2.3 An investment manager is weighing a choice between two possible
investments for a fund that she manages. She originally had planned to invest in a
$10,000 face value, 9-month simple discount note issued by the Levy Pants Company,
which she was offered at a simple discount rate of 8%. On the other hand, the company
has offered to borrow the same amount of money from her fund by signing a note
carrying a simple interest rate of 8'/2%. Which is the better deal for the investment fund?

On the face of it, this looks like a pretty simple question; 8'/4% is higher than 8%, and so
obviously a lender would prefer the higher rate.

However, despite appearances, this really is not so simple, because one rate is interest, while
the other is discount, and so the comparison is not really “apples to apples.”

Suppose that she invested in the 8% discount note. Then:

D = MdT
D = ($10,000)(0.08)(9/12)
D = $600

And so the fund would pay $10,000 — $600 = $9,400 for the note.
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On the other hand, if we look at this note as simple interest:

| = PRT

$600 = ($9,400)(R)(9/12)

$600 = $7,050(R)
R=851%

The 8% simple discount rate is actually equivalent to earning an 8.51% simple interest
rate. Despite initial appearances, the fund would actually earn a better return from the
8% discount note.

When rates quoted for investments are based on discount, often both the interest and dis-
count rate will be given. For example, when the rates for T bills, which are discount notes,
are reported in newspapers or financial publications, it is not unusual to see both interest
and discount rates given. For example, rates for T bills might be shown in a table that
would look something like this one:

U.S. TREASURY BILL CURRENT MARKET RATES

Maturity Date Discount Rate Interest Rate
8/31/06 4.95% 4.97%
11/30/06 5.13% 5.20%

Note that the rates differ, depending on the maturity date for the note. This will usually
be the case. The amount of time for which an investor/lender is tying up her money often
will affect the rate of interest or discount she expects to receive. The rates for longer term
notes are usually higher than for shorter term ones, though there is no reason why this must
always be the case.

Rates in Disguise

Suppose that you are due a $750 paycheck at the end of the week, but want or need to get
your hands on the cash on Monday. A payday lender is an individual or business that will
offer to give you immediate cash in exchange for your agreement to sign over your check
to the lender when you receive it.* Suppose that such a lender offers to make this deal with
you for a fee of 2% of the paycheck. This is, for all intents and purposes, a loan. Your $750
is the maturity value, and the 2% will be calculated off of it, and subtracted from it, to
determine your proceeds.

Even though this scenario provides a classic example of discount, we need to be careful
in interpreting that 2% “rate.” It would be quite easy to think of that 2% as the simple
discount rate in the usual sense, and thus to treat it as a rate of 2% per year. But read that
description over once again—that is not the deal at all! The fee is “2% of the paycheck.” No
one said that the 2% was a rate of simple discount, annual or otherwise. The lender’s cut is
2%, not 2% “per” anything. So the lender will take a discount of (0.02)($750.00) = $15.00,
leaving you with $735.00.

What is the equivalent simple discount rate? The term of the loan is 4 days, and so using
this in the formula gives:

D = MdT
$15.00 = $750(d)(4/365)
d =1.825=182.50%

A 2% fee doesn’t sound like all that much to pay, but putting it in terms of an annual simple
discount rate puts a new perspective on it. The equivalent simple interest rate is just as
astounding:

| = PRT
$15.00 = $735(R)(4/365)
| = 1.8622 = 186.22%

This may be done by having you write a post-dated check from your own checking account.
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Whether or not it is worth paying $15.00 out of $750.00 to get your cash sooner is of course
a personal decision, depending entirely on your preferences and circumstances. The point
of this illustration is only that in evaluating the cost of a loan it is important to be very
clear about just what the “percent” really means. We all tend to automatically think of any
percent as an annual interest rate. That assumption can be very misleading, as this example,
hopefully, has made clear.

The fee deducted may not always be technically considered interest; some or all of it
may be considered a “service fee” or some other terminology. The technical legal treat-
ment of these fees really does not concern us here all that much though. An amount being
subtracted from the eventual payment amount is in concept discount or interest, regardless
of how it is treated for accounting or legal purposes.

Example 2.2.4 Ginny is expecting a $795 paycheck in 8 days. A payday lender
offers to give her cash now for this check. The lender’s fee is 1.5% of the amount,
plus a $10 service fee. Find the equivalent simple interest and simple discount
rates.

First, we need to determine how much Ginny will be giving up: 1.5% of her paycheck is
(1.5%)($795) = $11.93. Adding in the $10 service fee, the total is $21.93. Ginny would
receive $795 — $21.93 = $773.07.

As simple discount:

D = MdT
$21.93 = ($795)d(8/365)
d =1.2586 = 125.86%

As simple interest:

I = PRT
$21.93 = ($773.07)R(8/365)
R =1.2943 = 129.43%

Businesses also sometimes do something similar to raise cash. An amount that a business
is owed to be paid in the near future is called a receivable, and if a business needs cash
before the payment is due it may discount the receivable by “selling” this payment at a
discount. The amount of the discount might be expressed as a straight percent, as in our
examples above, or may be expressed as a rate. Since the difference between 2% discount
and 2% simple discount rate is so enormous, it is important to pay careful attention to how
things are worded.

A. Terminology

Each of the following situations could be thought of either as simple interest or as simple discount. First describe the loan in

Exercises 2.2
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terms of simple interest, identifying (a) the principal, (b) the maturity value, (c) the amount of interest, and (d) the face value.

Then describe the loan in terms of simple discount, identifying (e) the proceeds, (f) the maturity value, (g) the amount of

discount, and (h) the face value.

1. | signed a note to borrow $875 and paid back $900.

2. A state government issues a bond to a group of investors. The investors pay the state $4,753,259 for the bond, and will

be paid back $5,000,000 two years later.
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3. The payments exchanged by a borrower and lender are as illustrated in the timeline below:

$352.45 $363.79

I 1
4/4/04 7/13/04

4. The following promissory note:

On February 14, 2002, | borrowed $18,555.17 from The National
Bank of Northern South Dakota, and agree to pay back
$18,759.15 on February 14, 2003.

Walter W. Walters

B. Interest Rates and Discount Rates

For each of the following situations, find (a) the simple interest rate and (b) the simple discount rate.

5. A $10,000 face value discount note is sold for $9,393.93. The term is 300 days.

6. Port Gibson Mutual Insurance Company lends $62,500 to a real estate developer in exchange for a $70,000 payment
9 months later.

7. Mara loans her brother $15 and he pays her back $20 fourteen days later.

8. Stannards Capital Investment Corp invested $576,300 to buy a note that matures in 2 years for $725,000.

C. Finding Equivalent Interest Rates

In each of the following exercises, find the simple interest rate that would be equivalent to the stated simple discount
rate.

9. The simple discount rate is 12%, the maturity value is $7,500, and the term is 1 year.

10. A $5,000 maturity value note with a 150-day term is sold at a simple discount rate of 8.35%.

11. A real estate agent knows that he will receive a commission of $4,250 from the sale of a property when the deal is
completed 37 days from now. Needing cash to meet his expenses today, though, he signs a discount note at a credit
union, using his expected commission as the maturity value. The discount rate is 9.55%.

12. A $10,000 T bill with 73 days till maturity is sold at a 5.48% simple discount rate.
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D.

14.

20.

21.

22.
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. Algernon has just learned that his long-lost uncle has passed away, leaving him $120,000 in his will. He will not receive

the money, though, until his uncle’s estate is fully settled, which will take 1 year. Unfortunately, Algie could really use
some cash today to settle his gambling debts. He is able to arrange a discount note from a moderately disreputable
lender, using the money from his uncle as the maturity value, at a discount rate of 40%.

Rates in Disguise

Denarea will receive a $1,043.59 paycheck in 7 days. A payday lender offers to give her cash today for this check for
a fee of 12% of the check amount. Find (a) the amount of the fee, (b) the amount she will receive, (c) the equivalent
simple discount rate, and (d) the equivalent simple interest rate.

. Tom will be paid $789.95 in 10 days. A payday lender offers to give him cash today for his paycheck, taking as its fee

a discount of 1.75% plus an additional service fee of $5. Find (a) the amount of the lender’s fee, (b) the equivalent
simple discount rate, and (c) the equivalent simple interest rate.

. An insurance agent has just sold a large policy and will be paid a commission of $3,279.46 in 30 days. His brother-in-

law offers to give him cash right now in exchange for his commission check for a fee of 4%. Thinking that 4% sounds
like a pretty terrific rate for a loan, the agent agrees. What is the actual simple discount rate he is paying in this deal?
What is the equivalent simple interest rate?

Benny runs a machine tool business. A large customer owes him a payment of $750,000 due in 16 days, but Benny
needs cash now. A finance company offers to give him cash now for this debt; the fee would be 1%. What is the actual
simple discount rate Benny is being offered? What is the equivalent simple interest rate?

Grab Bag

. The Titan Siren Company is due to receive a payment of $475,000 in 27 days. A finance company offers to buy this

receivable today for $471,500. Find the simple discount rate being offered. Find the simple interest rate being offered.

A $10,000 T bill with 135 days to maturity is sold at a 4.44% simple discount rate. What is the equivalent simple
interest rate?

Suppose you buy a note with a $500 maturity value for $482.36. First describe the loan in terms of simple interest,
identifying (a) the principal, (b) the maturity value, (c) the amount of interest, and (d) the face value. Then describe the
loan in terms of simple discount, identifying (e) the proceeds, (f) the maturity value, (g) the amount of discount, and
(h) the face value.

An annual subscription to Unpopular Sports Weekly costs $79.95. My subscription renewal isn’t due for another
3 months, but the company offers to give me a 10% discount off the price if | renew now. If we looked at this early
payment as a loan, what would the simple interest rate be?

A $25,000 T bill with 18 days to maturity is sold with a 5.09% simple discount rate. Find the equivalent simple interest rate.
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The Gorham Widget Corporation will receive a payment of $1.8 million (i.e. $1,800,000) for a large order 3 months
from now. Unfortunately, in order to cover the costs of producing the items ordered, Gorham needs to get its hands

on the money sooner. If a finance company offers make a loan to them at a simple discount rate of 9.5%, how much
could Gorham borrow against this payment? If another finance company offers them a loan at a simple interest rate of
9.63%, would Gorham be better off taking that?

Justify your answer.

My tax preparer offered to give me $1,249.35 up front in exchange for my tax refund of $1,295, which | expect to
receive in 45 days. What is the amount of discount for this offer?

My tax preparer offered to give me $1,249.35 up front in exchange for my tax refund of $1,295, which | expect to
receive in 45 days. | want to use this money to buy a new refrigerator. If | buy the refrigerator on my credit card, | will
pay a simple interest rate of 21.99%. How does the simple interest rate my tax preparer is offering me compare to the
rate on my credit card?

Additional Exercises

Wilson borrowed $14,357 for 100 days at 15% simple interest. If we looked at this loan as simple discount instead,
what would the simple discount rate be?

There is an error in this table of T bill rates. For one of the maturities, an editor accidentally switched the interest and
discount rates. Which maturity had its rates switched?

U.S. TREASURY BILL CURRENT MARKET RATES

Maturity Date Discount Rate Interest Rate
4/30/07 5.55% 5.60%
5/31/07 5.57% 5.65%
6/30/07 5.62% 5.72%
7/31/07 5.80% 5.66%
8/30/07 5.82% 5.94%

Determine the equivalent simple interest rate for a 2-year simple discount loan, assuming a maturity value of $1,000
and a simple discount rate of 25%.

Determine the equivalent simple interest rate for a 5-year simple discount loan, assuming a maturity value of $5,000
and a simple discount rate of 18%.

Suppose that a $10,000 maturity value note is discounted with a simple discount rate of 6%. Determine the equivalent
simple interest rate assuming that the term is (a) 1 month, (b) 3 months, (c) 6 months, (d) 1 year. Is there anything that
someone might find surprising about these answers?
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2.3 Secondary Sales of Promissory Notes

Secondary Sales of Promissory Notes

Suppose that you borrow $1,000 from Friendly Neighborhood National Bank (FNNB).
You sign a 1-year note with a simple interest rate of 8%. By now, it is a simple matter for
us to calculate that this means that you will be required to pay back the original $1,000 plus
$80 simple interest for a total of $1,080 one year from the loan date.

But now suppose that 1 month after you sign the note, the bank decides that it wants
to be repaid early. Maybe it realized that it made more loans than it should have, maybe
it needs the cash for some other purpose, or maybe it just wants to take advantage of an
opportunity to loan that $1,000 to someone else at a better rate. Whatever the reason, the
bank wants its cash back 11 months sooner than originally agreed. Does it have the right to
demand that you repay the loan before the maturity date?

In most cases, the answer to this question would be no.* Unless the terms of the loan
specifically allow the lender to demand early payment, you would not normally be obli-
gated to pay up so much as a single day sooner than the maturity date. (Of course, there
is nothing to prevent a lender from asking for early payment, maybe even offering some
incentives to entice you to pay early.) But in the end, if the note says you have to pay up
3 weeks from next Tuesday, then you are under no obligation to pay until 3 weeks from
next Tuesday.

The lender does have other options, though. A key fact about notes is that they are
negotiable. This term can be misleading—it does not mean that the terms of the note can
be negotiated (that may well be true, but that is not what is meant by this term). The term
negotiable means that notes can be bought and sold.> Friendly Neighborhood National
Bank may not be able to collect from you before the maturity date, but it probably can sell
your note to someone else. Such a transaction is often referred to as a secondary sale of the
note. (Notes can be sold again and again and again, but no matter how many times a note
has changed hands any such sale is still called secondary.)

Here is how it works. Suppose FNNB sells your note to Cheery Community Savings
and Trust (CCST). On the maturity date your $1,080 will go to Cheery Community instead
of Friendly National. This really makes no difference to you. The sale does not affect the
maturity value or date, so you will still cough up the same $1,080 on the same maturity date
as before. At worst, this may require you to make your payment check out to CCST instead
of FNNB, and send it to a different address than you originally would have. And actually
it may not even require that, since sometimes the original lender simply agrees to pass on
your payment to the note’s new owner. In that case, you might not even be aware that the
note has been sold at all.

If FNNB does sell the note to CCST, how much should CCST pay? FNNB would
certainly be quite happy if it could get the full $1,080 maturity value, but then CCST
would make no profit on the deal. There is nothing to prevent CCST from paying $1,080
(or, for that matter, even more), but it is hard to imagine why it would willingly do that. In
all likelihood, CCST will pay something less than the $1,080 that it will receive at maturity.
For example, the two banks might agree to take $60 off the maturity value. The note would
then change hands for $1,080 — $60 = $1,020.

Notice that when FFNB and CCST decide on a selling price for this note, they are likely
to think of that price in terms of subtracting something from the maturity value. In other
words, they are likely to think in terms of discount. When you first borrowed the money,
the situation looked like simple interest, but matters look different when a note that already

“Sometimes a loan may include the provision that the lender can demand early repayment. Bank certificates of
deposit are an example; though the term of the CD is fixed, you (as the lender) typically can withdraw your money
sooner, though doing so usually will involve a significant financial penalty, such as forfeiting some of the interest
earned. Loans that can require early payment are not common for most situations, but such loans do exist. You
should always read the fine print of any agreement. Since you are the type of person who reads footnotes in math
books, you probably knew that already.

°It is possible for a note to have a provision that the lender can not sell it, or can sell it only under certain
circumstances, but that would be unusual.
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exists is being sold. The simple interest loan that created this note is water under the bridge.
It is now natural to think of the note in terms of discount rather than interest.

This secondary sale divides the creditor’s role between the two banks. This can be
visualized with a time line as

Creditor: Creditor:
FNNB T
$1,000 $1,020 ccs $1,080
L l |
I T 1
Loan Secondary Maturity
date sale date

However, from your point of view as the borrower, the loan still looks like this:

$1,000 $1,080
L |
I 1
Loan Maturity
date date

Even if you are aware that a sale has taken place, you could still look at the note in this way
since the sale does not affect you financially.

Example 2.3.1 Suppose that John loans Paul $20,000 for 1 year at 8% simple
interest. Three months later, John sells the note to Ringo at a simple discount rate of
7%4%. How much does Ringo pay for the note?

There are two different transactions to consider here: the original loan and the secondary
sale. While the question deals with the secondary sale, we first have to work out the details
of the original loan. We can't figure out the secondary sale price until we know the maturity
value of the note being sold.

Original loan: The original loan was made using simple interest.

| = PRT
I = ($20,000)(0.08)(1)
I =$1,600

The maturity value of the note would then be $20,000 + $1,600 = $21,600.

Secondary sale: The secondary sale is made using simple discount. Since 3 months of the origi-
nal 1-year term have already expired, the remaining term is 1 year — 3 months = 9 months.

D = MdT
D = ($21,600)(0.0775)(9/12)
D = $1,255.50
Subtracting this from the maturity value gives a price of $21,600 — $1,255.50 =

$20,344.50.

The discount rate used in a secondary sale does not necessarily have any connection to the orig-
inal interest rate. Under ordinary circumstances it is reasonable to expect that the rates would
be comparable. If the interest rate for the original loan is, say, 10%, then it stands to reason that
the rate that the secondary buyer would expect to be able to earn on the note would be in the
same ballpark. This does not necessarily have to be the case, as the next example illustrates.

Example 2.3.2 Tinker loaned Evers $997.52 for 235 days at a simple interest rate
of 6.54%. But 74 days later, he sold the note to Chance using a simple discount rate of
9.95%. How much did Chance pay for the note?

Original loan:

I = PRT
| = ($997.52)(0.0654)(235/365)
| = $42.00

Maturity Value = $997.52 + $42.00 = $1,039.52
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Secondary sale: The remaining term is 235 — 74 = 161 days.

D = MdT
D = ($1,039.52)(0.0995)(161/365)
D = $45.62

Chance then would have paid $1,039.52 — $45.62 = $993.90

In this example, Tinker sold the note for less than the original principal, so he actually lost
money on the deal! This can, and does, happen. There is nothing to guarantee that a given
note can be sold for more than its original principal. If the best deal that a note’s owner can
find is to sell at a loss, so be it. If that is unacceptable, then the owner of the note has the
option of holding on until maturity, or at least until a more attractive deal comes along. It
is not the buyer’s responsibility to guarantee the seller a profit.

It is very common for a lender to sell a note prior to maturity. Government bonds (such
as the T bills discussed in the prior section, as well as other, longer term bonds) as well
as bonds of corporations are frequently bought and sold by investors and financial institu-
tions. Also, loans such as car loans and mortgages are very widely bought and sold. Since
those types of loans involve payments made during the term of the loan, though, they are
more mathematically complex and will not be dealt with in this section. But we will work
with them later in the text.

Measuring Actual Interest Rate Earned

As we discussed in Section 2.2, when simple discount is used there is often good reason to
calculate the equivalent simple interest rate as well. Similarly, when notes are bought and
sold, it is often worthwhile to calculate the actual simple interest rate earned by each party,
so that each party can evaluate the deal in terms of the interest rate earned or paid. The
following example will illustrate.

Example 2.3.3 For the scenario described in Example 2.3.1, calculate the simple
interest rate that:

(a) John actually earns
(b) Ringo actually earns (assuming he does not sell the note prior to maturity)
(c) Paul actually pays

The overall scenario has many different parts, yet in each of these cases we are asked to
look at the problem only from one party’s perspective. So to find John's interest rate, we
need to look at only what happened from John's point of view; we can ignore everything else
that happened in the life of this note. In each case we will begin by putting ourselves in one
person’s shoes and then look at the deal only from his point of view.

Drawing time lines, while not essential, is often helpful.

(a) John made the loan at an 8% simple interest rate, and if he had held the note until
maturity that is the rate he would have earned. However, he didn’t do that, and since he sold
early the actual return on his investment may have been more or less than an 8% rate.

We can draw a time line and look at the story from John's point of view:

$20,000 $20,344.50
L |

3 months

From John's viewpoint, the principal is $20,000, the interest is $344.50, and the term is
3 months.
| = PRT
$344.50 = ($20,000)(R)(3/12)
$344.50 = $5,000(R)
R = 6.89%

So the rate John actually earned was 6.89%.
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(b) Though we dalready know that the price Ringo paid for the note was found with a 7%4%
simple discount rate, we also know from Section 2.2 that the simple interest rate will be
different. Look at the story from Ringo’s perspective:

$20,344.50 $21,600
L |
' 9 months '

From Ringo’s point of view, the principal is $20,344.50, the interest is $1,255.50 and the
term is 9 months.

I = PRT
$1255.50 = ($20,344.50)(R)(9/12)
$1,255.50 = $15,258.375(R)

R =8.23%

So we can conclude that Ringo earned a simple interest rate of 8.23%.

(c) Following the approach used in (a) and (b), we could draw a time line from Paul’s point
of view and then calculate the interest from there. That would give the correct answer, but
there is no need to go to that trouble. Paul agreed to pay 8% simple interest, and the fact
that his note was sold does not change that, no matter how many times it is sold. So the
simple interest rate that Paul pays is still 8%.

Even if a note is sold hundreds of times, we can always draw a time line from any indi-
vidual’s point of view and use that to calculate the simple interest rate that the individual
actually earned (or paid).

In Example 2.3.2, Tinker actually lost money. It is interesting to ask what sort of simple
interest rate that translates into.

Example 2.3.4 For the situation described in Example 2.3.2, calculate the simple
interest rate that Tinker actually earned.

$997.52 $993.90
74 days

In this case, instead of gaining interest, Tinker lost money. In other problems, we found the
amount of interest by subtracting, and following that approach we find that his interest was
$993.90 — $997.52 = —$3.62. The result is negative because Tinker lost money on the
deal. Proceeding to calculate his simple interest rate, we get:

| = PRT

~$3.62 = ($997.52)(R)(74/365)

—$3.62 = $202.232876712(R)
R=—1.79%

While a negative interest rate may sound ridiculous, it actually describes this situation
quite well. It stands to reason that losing money on a loan could be expressed as “earning”
a negative interest rate.

Negative rates seem strange because we aren’t used to seeing them. You can imagine a
bank’s marketing nightmares trying to attract deposits by offering negative interest rates on
deposits! (“Come watch your account value drop!”) Of course charging negative interest rates
for loans might make the marketing department’s job easy (“Pay back less than you bor-
rowed!”), but it wouldn’t do much to help keep the bank in business. For these reasons, if no
others, negative interest rates are almost never actually used directly.® But when a note or other
investment is sold for less than was paid for it, negative rates can arise and do make sense.

Since Tinker did so poorly on this deal, it is worth asking how Chance made out.

°Amazingly, this does happen sometimes. In the 1990s some Japanese savings accounts actually offered negative
interest rates. At the time the inflation rate in Japan was essentially zero, and huge losses in the stock and real estate
markets left people willing to put up with “negative interest” in accounts where they felt their money would at least
be kept safe. While it might be psychologically difficult to watch your savings balance erode thanks to the interest it
“earns,” this really isn’t any sillier than depositing your money in a “safe” account paying 3% when prices are rising by
5%. In either case, the real value of your money is less at the end than at the start, and so you are losing either way.
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Example 2.3.5 Find the simple interest rate that Chance actually earned in
Example 2.3.2.

$993.90 $1,039.52
| |
' 161 days '

I = PRT
$45.62 = ($993.90)(R)(161/365)
$45.62 = $438.405205479(R)
R=1041%

Since Chance bought the note for less than its principal, he actually earned more than Tin-
ker would have. Moreover, since he made the purchase closer to maturity, it took him less
time to earn this larger profit. So it stands to reason that Chance’s interest rate would turn
out to be quite high compared to the original simple interest rate.

One word of caution and advice: situations such as these that involve multiple parties
are more complicated that the simpler borrower and lender problems we’ve seen in prior
sections. It is important to read carefully. Drawing time lines often helps approach these
types of problems in an organized way. An example may serve to illustrate:

Example 2.3.6 On March 1, 2005, Simon loaned Paula $12,000 at 9%:% simple
interest. The maturity date of the note was October 17, 2005. Fifty days prior to
maturity, Simon sold the note to Randy at a simple discount rate of 8'/4%. What simple
interest rate did Simon actually earn?

Original loan:
$12,000
|
3/1/05 9%% simple interest 10/17/05

October 17 is day 290 of the year; March 1 is day 60. The term of the note is thus 290 —
60 = 230 days.

I = PRT
I =($12,000)(0.09375)(230/365)
I = $708.90

The maturity value of the note is thus $12,000 + $708.90 = $12,708.90.
Secondary sale: We can represent the note at the time of its sale by means of a time line.

$12,708.90
]
50 days 10/17/05

d=81%
D = MdT
D = ($12,708.90)(0.0825)(50/365)
D = $143.63

So the selling price of the note was $12,708.90 — $143.63 = $12,565.27.

Simon’s PO.V.: Since the original term was 230 days and he sold with 50 days left, Simon
was in on the deal for 180 days.

$12,000 $12,708.90
' 180 days '

I = PRT
$565.27 = ($12,000)(R)(180/365)
$565.27 = 5917.808219178(R)

R = 9.55%.
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When dealing with problems with this much complexity, never try to rush through things. It is
tempting to try to just jump into plugging in and then solving with one of our formulas to get to
the answer as quickly as possible. However, as the above examples hopefully have illustrated,
the values that you need to plug into the formulas really depend entirely on whose perspective
a given question asks you to take. Take your time and think things through carefully.

Secondary Sales with Interest Rates (Optional)

When a note is sold, the maturity value is already fixed, and, as we have seen, discount is
a natural way of handling secondary sales. Nonetheless, such sales can be determined by
using simple interest instead, though the calculation will require a bit more effort.

Consider this situation, for example. A note has a maturity value of $10,000 and a
remaining term of 5 months. For what price would this note be sold if the simple interest
rate of the sale were 6%?

We cannot use the simple discount formula—this isn’t simple discount. However, we
have a problem with the simple interest formula. While we can plug inR = 6% and T =
5/12, we don’t know the principal! It is tempting to plug in P = $10,000, but this would
be incorrect; $10,000 is the maturity value, not the principal, and in fact we know that
principal cannot possibly be $10,000. It must be something less, though how much less is
an open question.

We do know that maturity value is equal to principal plus interest. So:

P+ 1= $10,000

From the simple interest formula we know that | = PRT, and so we can use this in the equa-
tion above, replacing | with PRT to get:

P + PRT = $10,000
Substituting the known values, we get:

P + P(0.06)(5/12) = $10,000
P + P(0.025) = $10,000

The rules of algebra allow us to combine the P with the P(0.025) on the left side of this
equation through the process of combining like terms. If this is familiar to you, fine—if
not, the next step can be thought of in the following way. If you had seven P’s and put them
together with 2 P’s, it stands to reason that you would have 9 P’s altogether. In this case you
have 1 P, and when you put it together with 0.025 P’s you end up with 1.025P.

However we choose to think about it, we simplify the left side to get:

1.025(P) = $10,000
and then divide through to get:
P = $9756.10

EXERCISES

A. Basic Secondary Sales
Make sure to read the wording of each exercise carefully, especially when finding the remaining term of the note when it is sold.
1. Jasper Savings Bank loaned Colline $3,000 for 125 days at 8.45% simple interest then 45 days later sold the note

to Troupsburg Trust at a simple discount rate of 7.68%. Find (a) the maturity value of the note and (b) the amount
Troupsburg Trust paid for it.
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2. Harry borrowed $5,255 from Ron for 200 days at a simple interest rate of 12.25%. Then, 80 days later, Ron sold the
note to Hermione, using a simple discount rate of 9.28%. Find (a) the maturity value of the note and (b) the amount
Hermione paid.

3. Audra borrowed $2,750 from Thierry for 100 days at a simple interest rate of 16%. When 30 days were left until
maturity, Shawn offered to buy the note, using a simple discount rate of 12%. How much did Shawn offer for the
note?

4. Estimable Comestibles Catering borrowed $8,000 from Allegany Federal Credit Union at a simple interest rate of
10.3%. The term of the note was 220 days; 90 days later, the note was sold to Limestone Capital Venture Corp. at
a simple discount rate of 11.4%. What proceeds did Allegany Federal receive from the sale?

B. Secondary Sales with Dates

5. On January 16, Dan borrowed $10,000 to upgrade the ovens at his pizzeria. The note matured on November 15 of the
same year, and the simple interest rate was 9.92%. The note was sold on March 25, at a simple discount rate of 84%.
Find the proceeds from this sale.

6. Tien borrowed $2,500 from Kevin on February 11, 2007. The note matured on July 5, 2007, and the simple interest
rate was 15.02%. On February 26, Kevin sold the note to Byron at a simple discount rate of 9.31%. How much did
Byron pay?

7. Neela loaned Davis $6,000 on October 18, 2005. The term of the note was 200 days, and the simple interest rate was
6.75%. On November 23, 2005, she sold the note to Vic at a simple discount rate of 12.81%. How much did Neela get
from Vic?

8. On April 30, 2006, Wayneport General Hospital borrowed $538,000 from Macedon Funding Corp. The note’s maturity
date was February 7, 2007, and the simple interest rate was 4.59%. On October 16, 2006, the note was sold to
Palmyra Mutual Investment Company with a simple discount rate of 6.00%. Find the proceeds of the sale.

C. Measuring Actual Interest Earned

In each exercise, assume that no additional sales of the notes took place. That is, assume that the secondary buyer in each
exercise held onto the note until maturity.

9. In Exercise 1, find the actual simple interest rate (a) earned by Troupsburg Trust, (b) earned by Jasper Savings Bank,
and (c) paid by Colline.

10. In Exercise 2, find the actual simple interest rate (a) earned by Ron, (b) paid by Harry, and (c) earned by Hermione.

11. In Exercise 3, find the actual simple interest rate (a) earned by Shawn, (b) earned by Thierry, and (c) paid by Audra.
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. In Exercise 4, find the actual simple interest rate (a) paid by Estimable Comestibles, (b) earned by Allegany Federal

Credit Union, and (c) earned by Limestone Capital Ventures.

. In Exercise 5, find the actual simple interest rate that (a) Dan paid, (b) the original lender earned, and (c) the secondary

buyer earned.

. In Exercise 6, find the actual simple interest rate (a) earned by Kevin, (b) earned by Byron, and (c) paid by Tien.

. In Exercise 7, find the actual simple interest rate (a) that Neela earned, (b) that Vic earned, (c) that Davis paid.

. In Exercise 8, find the actual simple interest rate (a) paid by the hospital, (b) earned by Macedon Funding, and

(c) earned by Palmyra Mutual.

Secondary Sales with Interest Rates (Optional)

A note with a maturity value of $13,576.25 is sold 75 days before maturity with a simple interest rate of 6.75%. Find
the selling price of the note.

. A note with a maturity value of $7,645.14 was sold 20 days before maturity. The simple interest rate used to determine

the price was 9.36%. How much was paid for the note?

. Howard loaned Jenni $5,000 for 60 days at 7'42% simple interest. 45 days later he sold the note to Timo, using a simple

interest rate of 8%. How much did Timo pay for the note?

A $10,000 T bill with 38 days till maturity is sold at a simple interest rate of 5.21%. Find the selling price.

Grab Bag

Maria signed a $2,000 face value promissory note at Montour Falls Savings and Trust, with a term of 100 days and a
simple interest rate of 9.37%. Thirty days later, Watkins Glen National Bank bought the note with a simple discount rate
of 8.95%. Find the price paid for this note.

To finance a shipment of new cars, Cantor’s Auto World borrowed $547,813 from Alephone Financial Funding Corp.
by signing a 60-day promissory note with a simple interest rate of 6.44%. Then, 25 days later, the note was sold with
a simple discount rate of 6.75%. What rate of simple interest did Alephone Financial earn on this loan?

Andy loaned Bryan $800 on May 8. Bryan signed a note agreeing to pay the loan back on October 15 together with
5'2% simple interest. On July 17, Bryan sold the note to Curt. The discount rate of the sale was 3.88%. What simple
interest rate did Andy earn? Assuming Curt held the note to maturity, what simple interest rate did he earn?
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Emerson loaned Lake $29.375 for 180 days at a 8'4% simple interest rate. Thirty days later he sold the note to Palmer
at a 7'8% simple discount rate. What simple interest rate did Emerson earn from this deal?

To be able to buy seed and fertilizer, a farmer borrowed $35,000 from a local bank, signing a 120-day note carrying a
simple interest rate of 7.5%. Thirty days before maturity, the bank sold the note to a private investor, with a discount rate
of 5.2%. Find (a) the maturity value of the note, (b) the price for which the note was sold, (c) the rate of simple interest
the bank earned, and (d) the rate of simple interest the private investor earned.

On May 6, 2007, Ronda bought a $10,000 T bill maturing on July 7, 2007, at a 6.53% simple discount rate. She sold
the note for $9,984.50 on June 19. What rate of simple interest did she earn?

Groucho loaned Chico $293,547.17 for 257 days at a 13.29% simple interest rate. Then, 118 days before the note
matured, he sold the note to Karl at an 11%4% simple discount rate. What simple interest rate did Chico actually pay?

On April 1, 2008, the Cattarauqua Ginseng Company borrowed $40,000 for 100 days at 11.63% simple interest. On
May 12, 2008, the note was sold at a simple discount rate of 24.39%. What simple interest rate did the original lender
earn?

To encourage The Superwonderful Stuff Company to expand its warehouse operation in the community, the Town of
Localville agreed to lend the company $2,500,000 for 3 years at a simple interest rate of 3.25%. One year later, facing
a budget crunch, the town was forced to sell the note to raise cash. Municipal County agreed to buy the note, with a
simple discount rate of 4.33%. Find both the amount of interest and the simple interest rate Localville earned.

What financial impact does Localville’s sale of the note (from Exercise 29) have on the Superwonderful Stuff Company?

Additional Exercises

. Sean borrowed $480 from Shawn for 300 days at a simple interest rate of 7%. Fifty days later, Shawn sold the note to

Siann at a discount rate of 11.5%, and 120 days after that, Siann sold the note to Shaun at a discount rate of 9.25%.
What simple interest rate did Sean actually pay?

AAA Enterprises made a loan to the BBB Company at a simple interest rate of 5%. A while later, AAA Enterprises sold
the note to CCC Inc. at a simple discount rate of 5%. Was the actual interest rate earned by AAA Enterprises less than
5%, equal to 5%, or more than 5%?

An investment manager purchases a $10,000 face value simple discount government bond. The simple discount rate
was 3.57%, and the remaining term of the note was 147 days; 93 days later, he sold the note at a simple discount rate
of 3.41%. Find the simple interest rate he actually earned.

On July 5, Crassus loaned Cesar $25,000 for 155 days at a simple interest rate of 10%. Crassus sold the note to
Pompey for $25,800. The simple discount rate used was 8%. On what date did Pompey buy the note?
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Simple Interest Versus Simple

Key Ideas, Formulas, and Techniques

Discount is subtracted from the maturity value
of a note

Discount is useful when the maturity value must
be a set amount

Use the simple discount formula D = MdT to
calculate discount

Subtract discount from maturity value to find
the proceeds

Plug the known quantities into the simple
discount formula, and use the principle of
balance to find the unknown quantity
Adjust the result using appropriate rounding
and/or units

Approach is the same as for similar simple
interest problems

Regardless of how it was originally set up, a
loan can be regarded as using simple interest or
simple discount.

To find the simple interest rate, use the simple
interest formula to solve for R

To find the simple discount rate, use the simple
discount formula to solve for d

Find the proceeds of the note using the simple
discount rate and formula

Use the proceeds as the principal in the simple
interest formula and solve for R

Discount may be expressed as a percent of the
maturity value without regard to time

To find the proceeds, multiply the percent (as

a decimal) by the maturity value, and subtract.
An additional flat dollar amount may sometimes
also be subtracted.

An equivalent simple interest or discount rate
can be found using the simple interest or simple
discount formula

The owner of a promissory note may sell the
note to someone else.

This sale does not affect the maturity value or
maturity date of the note, so these should be
calculated first.

The selling price is based on the previously
determined maturity value and date.

Examples

00 0000000000000000000000000000000i0000000000000000000000000000000000000000000000000cocsiocscccsccccscccsccccccscscccscccccosccs

Discussion at beginning of
Chapter 2.1

A $5,000 face value discount
note has a term of 219 days.
The simple discount rate is
9%/s%. Find the proceeds.
(Example 2.1.2)

A $10,000 T bill with 182
days to maturity is sold at
auction for $9753.16. What
was the simple discount rate?
(Example 2.1.5)

Lysander Office Supply
borrowed $38,000 for 1 year.
The note’s maturity value
was $40,000. Find the simple
discount rate, and find the
simple interest rate. (Example
2.2.1)

A $10,000 face value,
9-month simple discount
note is offered with an 8%
simple discount rate. What is
the equivalent simple interest
rate? (Part of Example 2.2.3)

Ginny is expecting a $795
paycheck in 8 days. A
payday lender offers cash
now, charging a fee of 1.5%
plus $10. Find the equivalent
simple interest and simple
discount rates. (Example
2.2.4)

John loans Paul $20,000 for
1 year at 8% simple interest;
3 months later, John sells
the note to Ringo at a 7% %
simple discount rate. How
much does Ringo pay?
(Example 2.3.1)

(Continued)
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Topic

Measuring Actual Interest
Earned, pp. 72-73

Negative Interest Rates, p. 74

Secondary Sales with Interest
Rates (Optional), p. 76

Key ldeas, Formulas, and Techniques

The simple interest rate earned by each party
to a promissory note transaction can be
determined.

Draw a time line that reflects what happened
from a given party’s point of view.

Substitute the information from that time line
into the simple interest formula to solve for the
rate that party actually earned.

When someone loses money on a deal, we can
consider this as earning negative interest, and
express the investment result with a negative
interest rate.

A secondary sale may be determined by using
simple interest rather than simple discount
Substitute the interest rate, term, and maturity
value into P + PRT = M

Use algebraic steps to solve for P

Chapter 2 Summary 81

Examples
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For the scenario of Example
2.3.1 (see above), calculate
the simple interest rate that
John earns, the rate that
Ringo earns, and the rate that
Paul pays. (Example 2.3.2)

Tinker loaned Evers $997.52
and 74 days later he sold the
note to Chance for $993.90.

What simple interest rate did
Tinker earn? (Example 2.3.4)

A $10,000 maturity value note
with 5 months remaining term
is sold at a 6% simple interest
rate. Find the selling price.
(See page 000.)




CHAPTER 2

The following exercises are a mixture of problems primarily from the topics covered Chapter 2. One of the objectives of these
exercises is to be able to correctly identify which topics and tools are needed for each problem. While the emphasis is on
material covered in Chapter 2, some problems covering Chapter 1 material are also included. All of the material covered in

this chapter is fair game, except for optional topics, which are not included in these exercises.

82

1.

A note with a maturity value of $18,340 is due in 90 days, and is discounted at a rate of 11.3%. Find the amount of the
discount and the proceeds of the loan.

. A note with a maturity value of $25,000 is discounted at a rate of 14%. The maturity date of the note is December 15,

and the loan date was February 28. (a) Find the loan proceeds. (b) Find the equivalent rate of simple interest for this
loan.

. Nancy loaned Lisa $12,700 for 200 days at a simple interest rate of 5.2%. Thirty days later, she sold the note to Lynn at

a simple discount rate of 4%4%. Find the amount Lynn paid for the note.

. Find the term of a discount note if the maturity value is $10,000, the proceeds are $9,715, and the simple discount rate

is 5.09%.

Topical Tropical Fruit Company is borrowing money by offering to sell discount notes that mature for $20,000 on
March 30, 2007. On September 25, 2006, Bestinvest Financial Management bought one of the notes at a discount
rate of 6.27%. Find the amount paid for the note, and the simple interest rate for this loan.

If a 6-month note has a simple discount of $200 and a simple interest rate of 8%, what is its maturity value?

A note that matures for $700 is sold for $680. If the term is 2 months, find the simple discount rate and simple interest
rate.

. Tom bought a 180-day note from Jerry for $11,346. The note’s maturity value is $11,857. Find the rate of simple

interest for the note. Find the rate of simple discount for this note.

Hugh borrows $23,000 from Derron, signing a 150-day note at a simple interest rate of 9.3%. Sixty days later, Derron
sells the note to Louise at a discount of 8.26%. How much did Louise pay for the note?

. Larry borrows $20,000 from Bob, signing at 215-day note at a simple interest rate of 11.5%. Ninety days later, Andy

buys the note from Bob at a simple discount of 11.8%. (a) How much did Andy pay? (b) What simple interest rate does
Bob actually earn on the transaction? (c) What simple interest rate does Larry actually pay?
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. Find the term of a discount note with a maturity value of $100,000 if the proceeds are $92,984.17 and the discount

rate is 8.73%.

On June 5, 1998, Dudley purchased a 1-year $10,000 Treasury bill at a simple discount rate of 4.2%. On January 14,
1999, he sold it on the secondary market at a simple discount rate of 4.1%. (a) How much did he pay for the note?
(b) How much did he sell the note for? (c) What simple interest rate did he earn on the transaction?

. A $13,575 maturity value note is discounted at an 8%. The term is 100 days. Find the proceeds.

Calculate the amount of discount if the maturity value is $4,000 and the proceeds are $3,750.

. Josie is expecting a paycheck of $1,435.19 in 10 days. If | pay her $1,400 today in exchange for this check when it is

received, what is the simple discount rate for the loan? What is the simple interest rate?

. Alvin borrowed $8,912.35 from Theodore for 125 days at a simple interest rate of 8'42%. Find the amount of simple

interest and the total amount to repay the loan.

On April 17 Lucy made a loan to Linus, for which he signed a 100-day note at 7.85% simple interest. The total interest
he agreed to pay is $31.58. What is the maturity date of the note, and how much will he have to pay Lucy on that date?

. Find the amount of discount on a note with a maturity value of $5,000 if the proceeds are $4,848.59.

. Janelle loaned Nicole $2,569 on January 18, 2005. The simple interest rate for the loan was 7% and the term was

300 days. On August 1 she sold the note to Parvati, using a simple discount rate of 8%. What rate of simple interest
did Nicole pay?

On April 1, 1999 Josie signed a 300-day note for $20,000 at a simple interest rate of 12%%. Find (a) the maturity date
of the note and (b) the maturity value.

A note with a $3,000 maturity value is sold for $2,857.16. What is the amount of discount?

Samuel bought a discount note with a $5,000 maturity value at 6% simple discount for 45 days, using bankers’ rule.
Find the proceeds.

On April 1, 2009, Presho Potato Products Company borrowed $15,000 at 8%4% simple interest for 200 days. On July 8,
2009, the lender sold the note with a 7.97% simple discount rate. Find the selling price of the note.
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Find the simple interest and simple discount rates for the loan illustrated by the following time line:

$17,357.19 $19,357.08
' 250 days '

A $10,000 T bill with 130 days until maturity is sold with a 5.01% simple discount rate. Find the proceeds.
Faryal sold a note with a $20,000 maturity value, with a $1575 discount. Find her proceeds.

Alfie loaned Betty $3,000 for 200 days at 11% simple interest. Thirty days later he sold the note to Gemma with a 15%
simple discount rate. How much did Gemma pay for the note?

Virginia borrowed $3,500 for 100 days from Matta National Bank at 8.43% simple interest. Twenty days later, the bank
sold the note to Po Financial at a 7%% simple discount rate; 25 days after that the note was sold to NiVestment Corp
with a 9.26% simple discount rate. What simple interest rate did Virginia actually pay?

For the loan illustrated by the time line shown below, determine the (a) proceeds, (b) maturity value, (c) simple interest,
and (d) simple discount.

$25,000 $32,500

I 1
5/7/08 12/4/10

A $50,000 maturity value note with 100 days till maturity is sold at a 4.44% simple discount rate. Find the proceeds.

A $10,000 maturity value note is sold for $9,899.43 with a 6.57% simple discount rate. What is the note’s remaining term?

A $10,000 maturity value note is sold for $9,899.43 with a 6.57% simple discount rate. What is the equivalent simple
interest rate? (Hint: Use the answer to Exercise 31.)

Jessamyn is due an $824.15 tax refund, which she expects to receive on April 30. On March 17 her tax preparer offered to
buy this refund by giving her $800 on the spot. What is the simple discount rate for this offer? What is the simple interest rate?

Austin is due to receive a commission check for $1,845.17 in 9 days. He needs cash now. A business associate offers to
give him cash now in exchange for the check when it is received. Austin would have to give up a fee of 1% of his check.
What is the simple interest rate equivalent to this offer?

Jersey Shore Financial Funding made a $10,000 loan to a small business for 300 days. The maturity value of the note
was $10,850. Fifty days later, Jersey Shore sold the note to the Bank of Shamokin Dam for $9,795. What rate of simple
discount was used for this secondary sale? What simple interest rate did the original lender earn?
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“The most powerful force in the universe
is compound interest.”

“ —Quote often attributed to Albert Einstein

Learning Objectives Chapter Outline

LO 1 Recognize the difference between simple and 3.1 Compound Interest: The Basics
compound interest, and understand the reasoning 3.2 Compounding Frequencies
behind compound interest.
] 3.3 Effective Interest Rates
LO 2 Find the future value or present value of a sum

of money invested at compound interest. 3.4  Comparing Effective and Nominal Rates

LO 3 Calculate compound interest using different 3.5 Solving for Rates and Times (Optional)

compounding frequencies.

LO 4 Evaluate the impact of compounding frequency
on the total amount of interest earned.

LO 5 Find and interpret the effective interest rate
for a given nominal rate and compounding
frequency.

LO 6 Apply the mathematical tools for compound
interest to other types of compound growth.

® 6000000000000 0000000000000 0000000000000 00

3.1 Compound Interest: The Basics

So far our discussion of interest (and discount) has dealt only with simple interest and
discount. Saying “simple interest” as opposed to just plain “interest” suggests that
there is some other kind. Though we have not yet used the term in this text, you have
nonetheless probably heard the term compound interest at some point or other. In this
chapter we will investigate compound interest and see how it differs from its simple
cousin.
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3.1 Compound Interest: The Basics

To begin with, let’s consider a $5,000 loan for 5 years at 8% simple interest. From our
previous work we can easily calculate the interest:

| = PRT
| = ($5,000)(0.08)(5)
| = $2,000

and so the maturity value would be $5,000 + $2,000 = $7,000.

What we have not yet looked at is the way the loan progresses toward this goal as time
passes through the 5-year term. This calculation takes us from principal to maturity value
without any thought about how the amount of interest grows over the loan’s term. Suppose,
then, that instead of just jumping from the $5,000 principal to the $7,000 maturity value
5 years later we take a look at the loan year by year along the way.

In the first year, the interest would be

| = PRT
I = ($5,000)(0.08)(1)
| = $400

In the second year, the interest would be the same. The principal is still $5,000, the interest
rate is still 8%, and the second year is 1 year long, just like the first one. Likewise, the inter-
est in the third, fourth, and fifth years would also be the same. Thus under simple interest
the loan is growing at a constant rate of $400 per year:

Year Interest Balance
Start : N/A :  $5,000.00
Year 1 : $400.00 : $5,400.00
Year 2 : $400.00 :  $5,800.00
Year 3 : $400.00 : $6,200.00
Year 4 : $400.00 : $6,600.00
Year 5 : $400.00 : $7,000.00

........................................................

We see that at this pace we arrive at an ending balance of $7,000.00 at maturity, just as
expected.

This is all well and good, but now imagine that this is a deposit that you have made in
a bank certificate. At the end of the first year, you would have $5,400.00 in your account.
That money belongs to you. By leaving it on deposit at the bank for the second year, you
are in effect loaning the bank your $5,400.00. Yet, according to our simple interest calcula-
tion, you are being paid interest only on your original $5,000.00. Even though your account
balance grows and grows because of the accumulation of interest, you continue to be paid
interest only on that original $5,000.00.

That is how simple interest works. No matter how long the loan continues, under simple
interest the borrower pays (and lender receives) interest only on the original principal,
not on any interest that accumulates along the way. Thus, in year 2 you get interest on the
$5,000, since that was original principal, but you are not entitled to any interest on the
$400. Even though that money is yours, and even though you are letting your bank have
use of it, it is not considered principal and it does not earn interest. The same thing happens
in years 3, 4, and 5. It doesn’t matter how big your balance gets; only the original $5,000
earns interest. Even if you left the account open at the same rate for 10,000 years (in which
time your balance would grow to more than $4 million), you would still continue to earn
interest at the same plodding rate of $400 per year.

This doesn’t seem quite fair. It seems reasonable that you should receive interest
on the entire amount of your account balance. If the bank has the use of $5,400 of
your money in year 2, then you have every reason to expect that it should pay you
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Year : Start

1 ¢ $5,000.00
2 1 $5,400.00
3 1 $5,800.00
4 $6,200.00
5 $6,600.00

......................

interest on the $5,400. In other words, you want to receive interest on your accumulated
interest!

That is precisely the point of compound interest. \With compound interest, interest is
paid on both the original principal and on any interest that accumulates along the way.
When interest is paid on interest, we say that it compounds. To see how this works, let’s
revisit the $5,000 bank account, this time calculating compound interest.

Compound Interest

Consistent with our first view of this account, suppose that we look at the account balance
year by year, assuming that interest is credited to your account annually. Then in the first
year you would earn interest on your original $5,000, just as before:

First Year

| = PRT
| = ($5,000)(0.08)(1)
| = $400.00

Things change though in the second year. Since we are now using compound interest,
when we calculate interest for the second year we will treat the entire $5,400.00 as the
principal:

Second Year

| = PRT
| = ($5,400.00)(0.08)(1)
| = $432.00

Not surprisingly, in the second year you earn more interest. The extra $32 is due entirely to
“interest on interest.” You can verify for yourself that $32 is 8% interest on $400 for 1 year.

In the third year, the interest grows even larger, since interest will now be paid on the
accumulated balance of $5,400 + $432 = $5,832.

Third Year

| = PRT
| = ($5,832.00)(0.08)(1)
| = $466.56

As the balance grows year by year, so does the interest. It is worthwhile to compare the
growth of the account year by year under compound interest versus its growth under simple
interest.

SIMPLE INTEREST . COMPOUND INTEREST

. Difference in
Interest . End Start . Interest . End *  End Balance
$400.00 : $5,400.00 : $5,000.00 : $400.00 : $5,400.00 : $0.00
$400.00 : $5,800.00 : $5,400.00 : $432.00 : $5,832.00 : $32.00
$400.00 : $6,200.00 : $5,832.00 : $466.56 : $6,298.56 $98.56
$400.00 : $6,600.00 : $6,298.00 : $503.88 : $6,802.44 :  $202.44
$400.00 : $7,000.00 : $6,802.44 : $544.20 : $7,346.64 :  $346.64

...................................................................................

Note that, as time goes by and the account balance grows, so does the impact of
compounding. Over the first couple of years, the difference between simple and com-
pound interest is not all that significant. But as the principal used for compound interest
grows larger and larger, the interest earned on that principal also grows and grows. Even
more interestingly, while the pace of growth under simple interest remains constant, the
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account balance under compound interest is not only growing, but it is growing at an
accelerating rate!

Looking back to the problems from Chapters 1 and 2, it is worth noting that, with
few exceptions, the terms have generally been fairly short, with most under 1 year and
very few extending further than 2 or 3 years. The reason for this should now be apparent.
A lender would have to be quite foolish to pass up the opportunity to profit from the power
of compounding over the long term. Even on this 5-year example, the advantage (to the
lender) of compounding is obvious.

What about even longer terms? There is certainly every reason to expect that the gap
between simple and compound interest will continue to widen. What if, instead of 5 years,
we consider our $5,000 at 8% for 50 years? It is no trouble to see what the account would
grow to under simple interest:

| = PRT
I = ($5,000)(0.08)(50)
I = $20,000

and so the account would grow to a total of $25,000, which doesn’t sound too bad for a
$5,000 investment.

Yet we know that under compound interest you would fare even better. How much
better? Before we actually try to calculate the difference, it’s worth venturing a guess.
Could the difference be as much as double the balance, or $50,000? $100,000 would be
4 times as much, which would be a huge difference. But, in fact, these guesses are both far
too low, as can be seen from Table 3.1:

TABLE 3.1 Comparison of Simple and Compound Interest

Assumptions: $5,000 deposited at 8% interest; compound interest is compounded annually.

SIMPLE INTEREST . COMPOUND INTEREST
Year Start Interest End Start Interest End
1 : $5000.00 : $400.00 : $5,400.00 : $5,000.00 :  $400.00 $5,400.00 :
2 $5,400.00 : $400.00 : $5,800.00 : $5,400.00 :  $432.00 $5,832.00 :
3 $5,800.00 : $400.00 : $6,200.00 : $5,832.00 :  $466.56 $6,298.56 :
4 $6,200.00 : $400.00 : $6,600.00 : $6,298.56 :  $503.88 $6,802.44 :
5 $6,600.00 : $400.00 : $7,000.00 : $6,802.44 :  $544.20 $7,346.64
6 $7,000.00 : $400.00 : $7,400.00 : $7,346.64 :  $587.73 $7,934.37 :
7 $7,400.00 : $400.00 : $7,800.00 : $7,934.37 :  $634.75 $8,569.12 :
8 : $7,800.00 : $400.00 : $8,200.00 : $8569.12 :  $685.53 $9,254.65
9 : $8,200.00 : $400.00 : $8,600.00 : $9,254.65 :  $740.37 : $9,995.02 :
10 : $8,600.00 : $400.00 : $9,000.00 : $9,995.02 :  $799.60 : $10,794.62 :
11 & $9,000.00 : $400.00 : $9,400.00 : $10,794.62 :  $863.57 : $11,658.19 :
12 ¢ $9,400.00 : $400.00 : $9,800.00 : $11,658.19 :  $932.66 : $12,590.85 :
13 ¢ $9,800.00 : $400.00 : $10,200.00 : $12,590.85 : $1,007.27 : $13,598.12 :
14 : $10,200.00 : $400.00 : $10,600.00 : $13,598.12 : $1,087.85 : $14,685.97 :
15 : $10,600.00 : $400.00 : $11,000.00 : $14,685.97 : $1,174.88 : $15,860.85 :
16 : $11,000.00 : $400.00 : $11,400.00 : $15,860.85 : $1,268.87 : $17,129.71 :
17 & $11,400.00 : $400.00 : $11,800.00 : $17,129.71 : $1,370.38 : $18,500.09 :
18 : $11,800.00 : $400.00 : $12,200.00 : $18,500.09 : $1,480.01 : $19,980.10 :
19 & $12,200.00 : $400.00 : $12,600.00 : $19,980.10 : $1,598.41 : $21,578.51 :

Difference in
End Balance
$0.00
$32.00
$98.56
$202.44
$346.64
$534.37
$769.12
$1,054.65
$1,395.02
$1,794.62
$2,258.19
$2,790.85
$3,398.12
$4,085.97
$4,860.85
$5,729.71
$6,700.09
$7,780.10
$8,978.51

(Continued)
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TABLE 3.1 Comparison of Simple and Compound Interest (Continued)
SIMPLE INTEREST COMPOUND INTEREST

Difference in
Year Start Interest End Start Interest End : End Balance
20 : $12,600.00 $400.00 $13,000.00 : $21,578.51 : $1,726.28 : $23,304.79 : $10,304.79
21 % $13,000.00 : $400.00 $13,400.00 : $23,304.79 : $1,864.38 : $25,169.17 : $11,769.17
22+ $13,400.00 : $400.00 $13,800.00 : $25,169.17 : $2,013.53 : $27,182.70 : $13,382.70
23 . $13,800.00 : $400.00 : $14,200.00 : $27,182.70 : $2,174.62 : $29,357.32 : $15,157.32
24 . $14,200.00 : $400.00 : $14,600.00 @ $29,357.32: $2,348.59 : $31,705.90 : $17,105.90
25 ¢ $14,600.00 : $400.00 : $15,000.00 : $31,705.90 : $2,536.47 : $34,242.38 : $19,242.38
26 : $15,000.00 : $400.00 : $15,400.00 : $34,24238 : $2,739.39 : $36,981.77 : $21,581.77
27 : $15,400.00 : $400.00 : $15,800.00 : $36,981.77 : $2,958.54 : $39,940.31 : $24,140.31
28 . $15,800.00 : $400.00 : $16,200.00 : $39,940.31 : $3,195.22 : $43,135.53 : $26,935.53
29 ¢ $16,200.00 : $400.00 : $16,600.00 : $43,13553 : $3,450.84 : $46,586.37 : $29,986.37
30 : $16,600.00 : $400.00 : $17,000.00 : $46,586.37 : $3,726.91 : $50,313.28 : $33,313.28
31 : $17,000.00 : $400.00 : $17,400.00 : $50,313.28 : $4,025.06 : $54,338.35 : $36,938.35
32 : $17,400.00 : $400.00 : $17,800.00 : $54,338.35: $4,347.07 : $58,685.41 : $40,885.41
33 : $17,800.00 : $400.00 : $18,200.00 : $58,685.41 : $4,694.83 : $63,380.25 : $45,180.25
34 : $18,200.00 : $400.00 : $18,600.00 : $63,380.25: $5,070.42 : $68,450.67 : $49,850.67
35 : $18,600.00 : $400.00 : $19,000.00 : $68,450.67 : $5,476.05 : $73,926.72 : $54,926.72
36 1 $19,000.00 : $400.00 : $19,400.00 : $73,926.72: $5914.14 : $79,840.86 : $60,440.86
37 : $19,400.00 : $400.00 : $19,800.00 : $79,840.86: $6,387.27 : $86,228.13 : $66,428.13
38 : $19,800.00 : $400.00 : $20,200.00 : $86,228.13: $6,898.25 : $93,126.38 : $72,926.38
39 : $20,200.00 : $400.00 : $20,600.00 : $93,126.38 : $7,450.11 : $100,576.49 : $79,976.49
40 : $20,600.00 : $400.00 : $21,000.00 : $100,576.49 : $8,046.12 : $108,622.61 : $87,622.61
41 & $21,000.00 : $400.00 : $21,400.00 : $108,622.61 : $8,689.81 : $117,312.42 : $95,912.42
42 1 $21,400.00 : $400.00 : $21,800.00 : $117,312.42 : $9,384.99 : $126,697.41 : $104,897.41
43 . $21,800.00 : $400.00 : $22,200.00 : $126,697.41 : $10,135.79 : $136,833.20 : $114,633.20
44 % $22,200.00 : $400.00 : $22,600.00 : $136,833.20 : $10,946.66 : $147,779.86 > $125,179.86
45 1 $22,600.00 : $400.00 : $23,000.00 : $147,779.86 : $11,822.39 : $159,602.25 : $136,602.25
46 ¢ $23,000.00 : $400.00 : $23,400.00 : $159,602.25 : $12,768.18 : $172,370.43 : $148,970.43
47 % $23,400.00 : $400.00 : $23,800.00 : $172,370.43 : $13,789.63 : $186,160.06 : $162,360.06
48 : $23,800.00 : $400.00 : $24,200.00 : $186,160.06 : $14,892.80 : $201,052.87 : $176,852.87
49 ¢ $24,200.00 : $400.00 : $24,600.00 : $201,052.87 : $16,084.23 : $217,137.09 : $192,537.09
50 : $24,600.00 : $400.00 : $25,000.00 : $217,137.09 : $17,370.97 : $234,508.06 : $209,508.06

...........................................................................................................

With time, compound interest roars ahead, leaving simple interest in the dust. The compound
interest earned in the last year alone is almost as much as the total simple interest for the
entire 50 years! Clearly, compounding is a powerful force.

A Formula for Compound Interest

Looking at things year by year is a good way to get a sense of how compound interest
works, but a tedious and impractical way of doing an actual calculation. Hopefully we can
find a more efficient way to calculate compound interest.

Let’s begin by noting that 8% interest for a single year on 1 dollar amounts to exactly
8 cents. Another way of saying this would be to note that in 1 year $1.00 turns into
$1.08. What happens to $5,000.00? Well, it stands to reason that a starting balance
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5,000 times as large should grow to an ending balance 5,000 times as large. Following
this idea suggests:

End of year 1 balance = $5,000(1.08) = $5,400.00

which agrees with the result in the table.

What about the next year? Since crediting one year’s interest is equivalent to multiplying
by 1.08, to credit the next year’s interest, we multiply by 1.08 again. Or, in other words, to
get to the second year’s balance we multiply the original balance by 1.08 twice:

End of year 2 balance = $5,000(1.08)(1.08) = $5,832.00

which once again agrees with the result in the table.

The rationale behind this approach is logical, and the results so far have agreed with
the table. So we have every reason to expect continued success. Using it for 5 years, we
find:

End of year 5 balance = $5,000(1.08)(1.08)(1.08)(1.08)(1.08) = $7,346.64

which agrees with the table once again. We seem to be on to something here. In fact,
however many years are involved, we can find the amount the account balance will grow
to by repeatedly multiplying by 1.08.

This approach is far more efficient than building an entire table, yet the repeated mul-
tiplications are still tedious. We can accomplish the same thing more efficiently by using
exponents.

An exponent is a way of denoting repeated multiplication of the same number. In
general, ¥ means y-many x’s multiplied together. For example, 2° means three 2s multiplied
together, or (2)(2)(2), which equals 8. Likewise:

(1.08)(1.08)(1.08)(1.08)(1.08) = (1.08)

Most calculators have a key for exponents; the calculator that you are using with this text
should have one. Different calculator models, though, may mark their exponent keys dif-
ferently. Often this key will be labeled “*”, or “x¥”, or “y*”. (Be careful, though; many
calculators also have keys labeled “e*”—this is not the key you are looking for.) Whichever
symbol is used on your calculator, locate this key and let’s try it out. To multiply five 1.08s
together:

1. Enter 1.08

2. Press the exponent key
3. Enter5

4. Press “=" (or “Enter”)

The result should be 1.469328. This was what we multiplied by the original principal, and
so, taking things one step further, if we multiply this result by $5,000, we come up with
$7,346.64, the same as when we went to the trouble of actually doing the multiplication
five times.

Using exponents with a calculator frees us to compound interest over longer periods of
time. For example, we can now find an account balance after 50 years with no more effort
than it took for 5.

(1.08)%° = 46.901612513

(Your calculator may give more or fewer decimal places, but that is nothing to worry about;
the difference will be insignificant in the final answer.)

Multiplying this result by $5,000, we arrive at $234,508.06, which once again agrees
with the answer we know from the table.

If the interest rate were different, it should be clear that we could use the same logic,
just using the new rate the same way we used the 8%. Likewise, a different principal
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would simply take the place of the $5,000. We can sum up all of these observations in a
formula:

FORMULA 3.1.1
The Compound Interest Formula

FV = PY(1 + i)"

where
FV represents the FUTURE VALUE (the ending amount)
PV represents the PRESENT VALUE (the starting amount)
i represents the INTEREST RATE (per time period)
and
n represents the NUMBER OF TIME PERIODS

This formula introduces two new terms: present value and future value. As defined
above, present value refers to the amount at the beginning of the term. In this context,
the present value is essentially the same idea as the principal. Likewise, since the future
value is the amount at the end of the time period in question, it can be thought of as
maturity value. (However, future value is not always the same as maturity value. We
might use the formula to figure out an account balance at some point prior to a note’s
actual maturity.)
To see how the formula works, let’s revisit a problem we’ve already worked out.

Example 3.1.1 Use the compound interest formula to find how much $5,000 will
grow to in 50 years at 8% annual compound interest.

FV =PV(] +i)r

FV = $5,000(1 + 0.08)*°

FV = $5,000(1.08)%°

FV = $5,000(46.9016125132)

FV = $234,508.06

Order of Operations

Notice that in the above calculation, we used the exponent before multiplying, even though
reading from left to right it might appear as though the multiplication should have come
first. For that matter, we added what was inside the parentheses before multiplying, also
defying left to right order. While in English we read from left to right, there is a different
set of “rules of the road” in mathematics known as order of operations, which determines
the order in which calculations are performed. These rules are summarized below:

Order Operation
It Parentheses
2nd Exponents
3 Multiplication/division
4t Addition/subtraction

Following order of operations, we must first do whatever is inside parentheses, and so we
first added 1 + 0.08 to get 1.08. Next come exponents, ahead of multiplication, so this
requires that we evaluate 1.08% before multiplying by $5,000.

Aside from needing to play by the rules, there is another very good reason for doing
things in this order as well. If we had worked from left to right and multiplied $5,000(1.08)
and then raised the result to the 50th power, the number the exponent applies to would have
included the $5,000 in it. So instead of just multiplying fifty 1.08s (which we know we
want), we also would have been throwing in fifty $5,000s (which we don’t want). It stands
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to reason that we would have to apply the exponent before multiplying to avoid including
things to which it should not apply.

Many calculators are programmed to follow order of operations automatically. This
is true of most (but not all) newer models. On those calculators, if you enter the entire
expression 5000*1.08~50 or 5000*(1 + .08)"50, the result will be correct. These calculators
understand the order in which the operations should be done. On other models, though, the
calculator performs operations in the order you enter them, and so with those calculators
you must firstadd 1 + .08, then enter 1.08"50, obtain the result, and then multiply by 5000.
Using your calculator, you should at this point try working through Example 3.1.1 (where
you know what the answer should be) to determine how the model you are using works.
If your calculator does not recognize order of operations, it may be worth investing in one
that does, since the work we have ahead will be much easier with calculator we can trust to
observe order of operations correctly.

Before moving on, let’s work one more example to get the hang of the formula:

Example 3.1.2 Suppose you invest $14,075 at 7.5% annually compounded interest.
How much will this grow to over 20 years?
In this case, $14,075, the amount you start with, is the present value, so PV = $14,075. The

interest rate is 7.5%, so i = 0.075. And since the term is 20 years, n = 20. Plugging those
into the formula gives:

FV =PV(1 +i)

FV = $14,075(1 + .075)%
FV = $14,075(1.075)%

FV = $14,075(4.247851100)
FV = $59,788.50

Of course, your calculator may allow you to get this result entering the expression to be cal-
culated all at once. If so, it is not necessary to work it through line by line.

Calculating Compound Interest

The simple interest formula calculates the amount of interest directly. If you want to know
maturity value, you need to take the extra step of adding the interest onto the principal. The
compound interest formula, though, works a bit differently. This formula calculates the
future value directly. No extra adding step is needed. Because it eliminates the need for an
extra step, the compound interest formula is a bit more convenient when the final balance
is our goal.

But what if we instead want to know the total interest earned? Then the situation is
reversed. While the simple interest formula answers that question directly, the compound
interest formula does not. A few moments thought,
though, reveals the solution.

Example 3.1.3 Suppose you invest $14,075 at
7.5% annually compounded interest. How much total
interest will you earn over 20 years?

In Example 3.1.2 we found that the future value for this
account would be $59,788.50. Of that account value,
$14,075 comes from your original principal, so the rest must
be the interest, $59,788.50 — $14,075 = $45,713.50. So
$45,713.50 is the total interest you will earn.

Be careful when working problems (and also of course
when using these formulas in the real world) to be clear
about whether it is total interest or fu!:ure .Value that you i o high rate of compound interest, even small investments can grow
are after. The extra step of subtracting isn’t too great to large future values over time. © S Meltzer/PhotoLink/Getty Images/DIL
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an inconvenience, but it is easy to overlook. Read questions carefully to make sure that,
whether you are finding future value or total interest, you actually are answering the
question asked.

Example 3.1.4 Suppose that $2,000 is deposited at a compound interest rate of
6% annuadlly. Find (a) the total account value after 12 years and (b) the total interest
earned in those 12 years.

(a) Finding the future account value is just a matter of using the formula. To wit:

FV =PV(1 +i)
FV = $2,000(1 + 0.06)'2
FV = $4,024.39

(b) The difference between the future value and present value is the total interest. Thus:

Total interest = $4,024.39 — $2,000 = $2,024.39

In all of our examples in this section, we are assuming that the interest is credited each
year, just as it did in the example we used to start this chapter. Because the interest com-
pounds each year, we say that it is compounded annually. It is possible to have interest
that compounds more often than once a year, though we will not see any examples of this
until Section 3.2.

Finding Present Value

The algebraic tools we have developed in prior sections are still useful with the compound
interest formula as well.

Example 3.1.5 How much money should I deposit today into an account earning 7%:%
annually compounded interest in order to have $2,000 in the account 5 years from now?

Before beginning with the formula, it is important to notice that in this case the $2,000 is
the FV, not the PV.
FV = PV(T + i
$2,000 = PV(1 + 0.07375)°
$2,000 = PV(1.42730203237)
It is the PV that we are after. Using the same reasoning that we used in Chapters 1 and 2,
we can divide both sides by the 1.42730203237 to get PV by itself. (Remember that it may

be helpful to use your calculator’s memory to avoid having to type in the long decimal when
you divide.)

Doing this gives us a final answer of:
PV = $1,401.25
| should therefore deposit $1,401.25.

In Chapter 1 we used algebra on the | = PRT formula to obtain each of the quantities
included in that formula. We solved for P, then solved for R, then solved for T. In Chapter 2,
we did the same thing with the simple discount formula. So it is natural to expect that our
next move would be to look at problems where we need to find the interest rate i or the
time n in the compound interest formula. Unfortunately, solving for these values requires a
much more significant algebraic investment, and so we will dodge those questions for now.
We can, though, find approximate answers using a handy tool known as the Rule of 72.

The Rule of 72

The Rule of 72 is a useful rule of thumb for estimating how quickly money will grow at
a given compound interest rate.
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FORMULA 3.1.2
The Rule of 72!

The time required for a sum of money to double at a compound interest rate of x%
is approximately 72/x years.
(The interest rate should not be converted to a decimal.)

Look back at Example 3.1.4, where we had $2,000 invested at 6% compound interest
for 12 years. The rule says that the time required to double your money at 6% compound
interest should be approximately 72/6 = 12 years. And in fact this was pretty much what
happened; the original $2,000 a bit more than doubled in 12 years.

The Rule of 72 is strictly an approximation; it is no substitute for the compound inter-
est formula, but it does have its uses. It is a useful tool for coming up with quick, ballpark
estimates, and can also be useful as a quick way of validating the reasonableness of a com-
pound interest calculation. The following examples will illustrate this.

Example 3.1.6 Jarron deposited $3,200 into a retirement account, which he expects
to earn 7% annually compounded interest. If his expectation about the interest rate is
correct, how much will his deposit grow to between now and when he retires 40 years
from now? Use the Rule of 72 to obtain an approximate answer, then use the compound
interest formula to find the exact value.

Using the Rule of 72, we know that his money should double approximately every 10 years,
since 72/7 = 10.2857, a bit more than 10. So in 40 years, his account should experience
approximately 40/10 = 4 doublings. Thus:

Time . Approximate Account Value
Start : $3,200

After 10 years $6,400

After 20 years : $12,800

After 30 years : $25,600

After 40 years $51,200

....................................................

We could also have arrived that this by doubling his account balance four times using an
exponent:

FV = $3,200(2)(2)(2)(2) = $3,200(2*) = $3,200(16) = $51,200

So we expect Jarron's future value to be “in the neighborhood of $50,000.” Using the com-
pound interest formula, we have

FV = $3,200(1.07)* = $47,918.27

The actual result is not particularly close to the $51,200 given by the Rule of 72. The
difference between the two is over $3,000. However, we shouldn’t kid ourselves about
what Rule of 72 is—it is strictly a means of getting a quick and rough estimate. While there
is a gap between the two answers, they are in roughly the same ballpark. If Jarron needs a
precise future value, the Rule of 72 is not all that helpful, but then no one ever claimed that
it would be. However, if he just wants to get a rough idea of how large the account might
grow, the Rule of 72 would suffice. It is also useful as a way of validating the more precise
calculation; $47,918.27 seems like an awfully large amount for $3,200 to grow to, but the

1The Rule of 72 is sometimes instead called the Rule of 70, in which case, as the name suggests we use 70 in
place of 72. This actually gives a slightly better approximation in some cases. However, tradition sides with 72,
which has the advantage of being evenly divisible by more numbers than 70 is. In any case, either rule gives only
a rough approximation, so we could just as well use the “Rule of Whatever Number in the Low 70s That You Like.”
Be careful, though: there is also a Rule of 78, which, despite the similar sounding name, has nothing at all to do
with what we are talking about here.
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fact that the two calculations are consistent should give him some comfort that he did the
calculation correctly.

Using the Rule of 72 to Find Rates

The Rule of 72 can also be used to estimate the rate needed to achieve a desired future
value. Suppose you have $30,000 in an investment account, and hope that the account
will grow to $1,000,000 by the time you retire 30 years from now. It would be helpful
to know what sort of rate that would require, so that you can figure out whether or not
your hope is realistic.

We can adapt the rule to deal with problems like these. With a little algebraic effort, we
can set up the Rule of 72 to answer this question.

Lo 72
doubling time = Tate

Multiplying both sides by the rate gives:
(doubling time)(rate) = 72
And then dividing by doubling time we get:

_ 72
rate = doubling time
This leads us to:
FORMULA 3.1.3

The Rule of 72 (Alternate Form)

The compound interest rate required for a sum of money to double in x years
is approximately 72/x percent.

Example 3.1.7 What compound interest rate is required to double $50,000 in 5 years?

72/5 = 14.4, and so the interest rate would need to be approximately 14.4%. (The fact that
the amount was $50,000 is irrelevant.)

Returning to the question we posed a bit earlier, consider this example:

Example 3.1.8 What compound interest rate is required for $30,000 to grow to
$1,000,000 in 30 years?

This does not ask for just a single doubling, and so we first must determine how many dou-
blings are required. One way to do this would be to take the initial amount and repeatedly
double it until it reaches the target FV. Doing so gives:

Number of Doublings : Account Value
Start : $30,000
1 $60,000
2 $120,000
3 : $240,000
4 : $480,000
5 : $960,000
6 $1,920,000

From this table we can see that we reach $1,000,000 just a bit after 5 doublings.

Alternatively, we could note that $1,000,000/$30,000 =~ 33.33. Now, no number of dou-
blings will give you exactly 33.33 times your original money, but we will try to get as close as
possible. One doubling gives you twice your original money, two doublings gives you (2)(2) =
22 = 4 times your money, and so on. Keeping this up, we soon see that five doublings would
give 2° = (2)(2)(2)(2)(2) = 32 times your original money, and so we see that we need a bit
more than 5 doublings.
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Whichever way we arrive at the number of doublings, we can finish the problem by noting
that since the time allowed is 30 years, the money would need to double approximately every
30/5 = 6 years. Then 72/6 = 12, and so we conclude that the interest rate would need to
be approximately 12%.

It is important to remember though that this is only a rough approximation. You can see for
yourself just how close it is by using this interest rate with the $30,000 for 30 years to see
how close the future value is to the desired $1,000,000. You can improve on the approxi-
mation by finding the future value and tweaking our 12% estimate. If 12% gives a value
that is too high, try a rate that is a bit lower. If 12% gives a too low future value, try using
a rate that is a bit higher. Improving on the Rule of 72 estimate in this way requires a bit of
trial and error, but it does allow us to come up with a more precise value if we need it.

EXERCISES 3.1

A. Basics of Compound Interest

1. Suppose that you deposit $2,500 in an account paying 7% interest that compounds annually for 4 years. Fill in the
missing values in the table below, which shows how your account value would grow:

Year Start of Year Interest End of Year
$2,500.00 :

.........................................................................

2. If the account from Exercise 1 had paid simple interest, how much less would you have had at the end of the
4 years?

3. Suppose that you deposit $4,250 in an account that pays 62% annually compounded interest for 5 years. Set up
a table similar to the one used in Exercise 1 and use it to show the growth in this account’s value over the course of its
5-year term.

B. Using the Compound Interest Formula for FV

Be sure to read each question carefully to determine whether it is asking for the future value or the total interest.

4. If | invest $25,112 at 7.24% annually compounded interest for 25 years, how much will | end up with?

5. Tris deposited $3,275.14 into a 5-year credit union certificate of deposit paying 5.13% interest compounded annually.
How much will his CD be worth at maturity?
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6. How much interest would you earn if you invested $1,000 at 8% annually compounded interest for 5 years?

7. Suppose you put $5,000 into a retirement account that earned 9% annually compounded interest. How much would
your account be worth in 10 years? In 20 years? In 40 years? (Assume that you make no additional deposits into the
account.)

8. Ken took out a personal loan for $2,500. Interest on this loan compounds annually at a rate of 12%%. If he pays the
loan off in its entirety 5 years later, how much total interest will he have paid?

9. If your great-great-great-great-great-great-great-great grandfather had invested $5 at 8% annually compounded
interest 200 years ago, and his account had been passed down from generation to generation without any additional
deposits or withdrawals, how much would the account be worth today?

C. Using the Compound Interest Formula for PV

10. How much would you need to deposit today into an account paying 6.52% annually compounded interest in order to
have $5,000 in 3 years?

11. Jake’s bank statement shows that he has $4,268.97 in a CD that he opened 4 years ago. The account'’s interest rate
has been 5.04% compounded annually. How much did he originally deposit?

12. Marisol wants to set up an account for her newly born granddaughter, in the hopes that with compound interest it will
grow to $1,000,000 by the time her granddaughter is 70 years old. Assuming that this account will earn 5% annually
compounded interest, how much should Marisol deposit? How much total interest would the account earn? What if the
account instead earns 10% compounded annually?

13. Find the PV if the FV = $4,250, the rate is 5.67% compounded annually, and the term is 6 years.

14. Determine the present value if the future value is $300, the interest rate is 11% % compounded annually, and the term
is 10 years.

D. The Rule of 72

In each of the following problems, use the Rule of 72 to obtain an approximate answer.

15. How long will it take to double your money at an annually compounded interest rate of (a) 1%, (b) 2%, (c) 4%, (d) 6%,
(e) 8%, (f) 12%?

16. | have $1,000 in an account which pays 5.45% annually compounded interest. Assuming this interest rate does not
change, how long will it take for my account to grow to $2,000?
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What interest rate would you need to earn in order to double your money in (a) 1 year, (b) 2 years, (c) 4 years,
(d) 6 years, (e) 8 years, (f) 12 years?

. Tanya plans on retiring in 7 years. She has an investment account that she is using to save for retirement, and right now

she has about half of the amount she wants to have in the account on retirement. Assuming she makes no additional
deposits to this account, what interest rate will she need to earn in order to achieve her goal?

. Laurie has $2,500 in an investment account. What annually compounded interest rate would she need to earn in order

for the account to grow to $10,000 in 20 years?

Rafael has just invested $1,000 at 8% annually compounded interest. How long will it take for this to grow to $8,000?

Use the interest rate that you found in Exercise 19 and find the future value of $2,500 at that rate in 20 years. How
good an approximation was your answer for Exercise 19?

Use the time you found in Exercise 20 and find the future value of $1,000 at 8% compounded annually. How good an
approximation was your answer in Exercise 20?

Grab Bag

Common sense says that a high interest rate will result in more interest than a low one, and a long period of time will
result in more interest than a short one. This problem will demonstrate just how significant the size of the rate and
length of time can be with compound interest.

Fill in the following table by calculating the future value of $1,000 at the interest rate given by the row and the period
of time given by the column. For example, the first entry, which is filled in for you, gives the future value of $1000 in
5 years at 3% compound interest.

5 years 10 years 20 years 40 years

3%
6%
9%
12%

I I I T R I R R I T I I I A OO Y

D I I S )
D I I S )
D I I S )
D I I S )

. . . .

. An alternative way of looking at the effect of time and rate would be to look at things from the point of view of

accumulating a specific target future value. The higher the rate and the longer the time, the less money you need to
deposit in order to achieve the same result.

Fill in the table below by calculating the present value needed to grow to $100,000 at the interest rate given by the row
and the period of time given by the column. For example, the first entry is filled in for you, showing the amount needed
to grow to $100,000 in 5 years at 3% compound interest.

5 years 10 years 20 years 40 years
3% i $86,260.88 : : :
6% : : :
% : : :
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At a town board meeting, the financial manager states that the town’s financial situation has improved. However, while
it is no longer borrowing money to fund its operations, interest on prior borrowings continues to compound, and if
nothing is done the town’s debt will double in the next 10 years. Approximately what interest rate is the town paying on
its debt? At this rate, how long would it take for the debt to quadruple?

Gita plans to open a CD with a goal of having $2,500 in the account after 2 years. If the best rate she can find is 5.97%
compounded annually, how much should she deposit to reach her goal?

Five years ago, Jill deposited $1,172.39 in an account that has consistently paid 4.11% compounded annually. How
much interest has she earned?

Wes put $2,000 into an investment account that pays 7.5% annually compounded interest. Approximately how long
will it take for his deposit to grow to $32,000? Using this period of time, find the future value of $2,000 at 7.5%
compounded annually to see how good your approximation was.

Moshe invested $2,500 at 6% compounded annually for 8 years. How much did he end up with?

Find the future value of $3,255.09 at 6.17% annually compounded interest for 1 year.

| invested $1,011.35 in a 6-year CD that pays 7.15% compounded annually. How much more interest will | earn than if
| had invested my money at 7.15% simple interest?

Ryann borrowed $3,031.95 at 9.34% annually compounded interest for 2 years. How much total interest will
she pay?

As of July 26, 2005, the total debt of the U.S. federal government was $7,870,499,539,830, which works out to
$26,534 per person. Assume that the only growth in the debt per person comes from interest on the existing debt, and
not from any changes in the U.S. population or from any additional borrowing.? Assuming an interest rate of 4.5%
compounded annually, how much will your share of the debt have grown to in 2035?

Additional Exercises

Oliver and Olivia both opened 4-year CDs on the same day. Oliver deposited $3,500, and his account paid 6.25%
compounded annually. Olivia’s account paid only 5.55% compounded annually, but she ended up with exactly the same
account value as Oliver. How much did Olivia deposit?

linvested $1,011.35 in a 1-year CD that pays 7.15% compounded annually. How much more interest would | earn than
if | had invested my money at 7.15% simple interest? Compare your result to Exercise 31.

2This problem is obviously completely hypothetical.
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36. Ernie deposited $1,000 with annually compounded interest for 10 years, and wound up with an account worth
$4,000. If his interest rate had been twice as large, would he have had more than $8,000, less than $8,000, or

exactly $8,000?

37. In some situations it may be illegal for a lender to charge compound interest to a borrower. Suppose that you agree
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to lend a business associate $10,000 for 5 years at 8% annually compounded interest. Later, though, you learn that it
is illegal to charge compound interest for this loan. You realize, though, that you can still end up with the same future
value using simple interest by using a different rate. What simple interest rate would you need to charge to wind up with

the same future value?

38. The Rule of 70 is a variation on the Rule of 72. It works in the same way, but uses 70 instead of 72. Use the Rule of

72 to approximate the interest rate needed to double your money in 4 years. Do the same thing using the Rule of 70.

Then, find the future value of $1,000 in 4 years using each approximation.

Compounding Frequencies

The comparisons between simple and compound interest make it plain that the “interest on
interest” that compounding provides makes an enormous difference over time. Yet the dif-
ference only becomes significant after several compoundings have taken place.

In the examples we looked at in Section 3.1, there was no difference between simple
and compound interest at the end of the first year. Since no interest was credited to those
accounts until the end of the first year, there was no opportunity for interest on interest
until after that first crediting took place. In the second year, interest on interest began to
make a difference, and the difference became more pronounced the following year, as
interest on interest combined with interest on interest on interest. As the years went by
the cumulative effect of compounding on compounding accounted for the dramatic end
results we saw.

Of course, none of this can happen until interest is first credited to the account. Yet there
is no reason why we must wait an entire year for this to happen. Interest could be credited,
say, at the end of each month. Then, rather than waiting for an entire year for compounding
to begin, we would have to wait only one month for compound interest to start working its
magic. What’s more, over the course of each year compounding would take place a total
of 12 times, rather than just once. The advantage of this (to the lender at least) is obvious.
Putting the power of compounding to work sooner and more often can’t help but add up to
more interest and bigger account balances.

But how much more interest would this monthly compounding mean? If we invested
$5,000 at 8% compounded annually, when the first interest is credited at the end of the first
year we would have $5,400. Now suppose that we look at the same $5,000 at the same 8%,
but this time we compound the interest every month.

The interest earned for the first month would be:

| = PRT
| = ($5,000.00)(0.08)(1/12)
| = $33.33

So at the end of the first month the account balance would be $5,033.33. Following the
same approach we find that the next month’s interest works out to $33.56—a bit more—
and continuing on through the rest of the year we get:
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. Beginning Interest End of Month
Month Balance Earned Balance

$5,000.00 : $33.33 : $5,033.33

1
2 $5,033.33 $33.56 P $5,066.89
3 $5,066.89  : $33.78 P $5,100.67
4 $5,100.67 : $34.01 P $5,134.68
5 $5,134.68 - $34.23 : $5,168.91
6 $5,168.91 $34.46 P $5,203.37
7 $5,203.37 $34.69 T $5,238.06
8 $5,238.06 : $34.92 P $5,272.98
9 $5,272.98 : $35.15 : $5,308.13

10 : $5308.13 $35.39 i $5,34352

1 i $534352 $35.62 i $5,379.14

12 : o $5379.14 $35.86 : $5,415.00
Notice that this is $15.00 more than we had at the end of the first year with annual
compounding. Not an enormous amount more, but more nonetheless. As we expected
would happen, more compounding results in more interest.

The Compound Interest Formula for Nonannual Compounding

The previous example shows that monthly compounding doesn’t work all that differently
from annual compounding. Using the same reasoning as in Section 3.1, we can observe that
crediting the first month’s interest is the same as multiplying the principal by (1 + 0.08/12),
and that crediting 12 months’ interest is the same as multiplying by (1 + 0.08/12)*2.

Still, it might come as a bit of a surprise that we can use the same compound interest
formula as before. But in fact, even though we didn’t take note of it in Section 3.1, this
was already built into the compound interest formula. Recall that i is the interest rate per
time period, and n is the number of time periods. While in Section 3.1 the time periods
were always years, there is no reason that the time periods couldn’t be months, or days, or
whatever.

We repeat it here:

FORMULA 3.1 (AGAIN)
The Compound Interest Formula

FV = PY(1 +i)"

where
FV represents the FUTURE VALUE (the ending amount)
PV represents the PRESENT VALUE (the starting amount)
i represents the INTEREST RATE (per time period)
and
n represents the NUMBER OF TIME PERIODS

Since interest rates are usually given as annual rates, when using other compounding peri-
ods we will have to divide. If the term is stated in years, as it often is, we will usually have
to multiply. The following examples will illustrate.

Example 3.2.1 Find the future value of $2,500 at 6% interest compounded monthly
for 7 years.

The PV is $2,500, but the values of i and n require some work.

Since the interest is compounded monthly, the 6% (per year) needs to be divided by 12 (since
each month is 1/12 of a year) to make it monthly. By the same token, the term of 7 years
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must be expressed in months, and so we must multiply it by 12 (since there are 12 months
per year.) So

._0.06 _
=55 = 0.005
and
n=7(12) =84

Substituting these into the formula we get:
FV = PV(] + i)
FV = ($2,500)(1 + 0.005)*
FV = $3,800.92

Let’s work through a second example to get comfortable with how this works.

Example 3.2.2 Find the future value of $3,250 at 4.75% simple interest
compounded daily for 4 years.

Since there are 365 days in a year, we must divide the annual rate by 365 to get a daily rate,
and multiply the term in years by 365 to get the term in days.

._0.0475 _
=35 =0.000130137

and
n = 4(365) = 1,460
Substituting these values into the formula we get:

FV = PV(T + i)
FV = $3,250(1.0001301 37)14¢°

FV = $3,930.01

In Example 3.2.2 the value of i unfortunately did not come out to a nice neat value the way
it did in Example 3.2.1. This will often happen, especially with daily compounding, since
few numbers divide by 365 evenly. It is important to be careful with rounding in these
cases. Since i is so small, it must be carried out to many decimal places to avoid significant
rounding errors. (For example, if we had rounded to four decimal places and used i =
0.0001, our answer would have come out to be $3,760.86, which is pretty far off the mark.)
The value of i should always be taken out to the full number of decimal places given by
your calculator. (The number of decimal places on your calculator may be more or fewer
than those shown in this text, but as long as you take the value to your calculator’s full
precision there will be no problems.)

Tediousness (and potential for errors due to typos) can be avoided by finding the
value of n first. Then, when we find i, we can just leave that number stored in the
calculator, add 1, raise the result to the n power, and multiply by the PV. If your
calculator does not have order of operations built-in, the keystrokes (after finding n)
would then be:

Operation Result
.0475/365= 0.000130137
+1= 1.000130137
~1460= 1.20923465
*3250= 3930.01

If your calculator recognizes order of operations, the entire formula can be entered all at
once.

Operation Result
3250*(1+.0475/365) ™~ 1460= 3930.01
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Assuming that this all works out all right with your calculator, you are likely to find that
entering everything at once is easier. The danger is the potential for a keystroke error when
entering such a lengthy expression. It is especially easy to misplace or forget the parenthe-
ses, a seemingly minor error with disastrous results. You may want to try working through
a few problems with each approach to see which you like best. Remember too that when-
ever you get an answer, you should ask yourself whether the numbers you end up with are
reasonable. A quick reality check will often, though not always, catch mistakes.

Let’s work through one more example. You may want to try evaluating the value both
ways to see which you like best. Of course, make sure that you choose an approach that
will give the correct answer with whatever model of calculator you are using.

Example 3.2.3 Find the future value of $85.75 at 8.37% compounded monthly for
15 years,

Since there are 12 months in the year:

i=00837 g n=(15)(12) =180

12
Plugging this into the compound interest formula we get:
FV =PV(] + i)
80
Fv = $85.75 1 + 2.0837)
We can evaluate this on the calculator as:
Operation Result
.0837/12= 0.006975
+1= 1.006975
~180= 3.494330151
*85.75= 299.64
Or:
Operation Result
85.75*(1+.0837/12) ~ 180= 299.64

Either way, the future value comes out to be $299.64.

Just as we saw in Section 3.1, we can use the formula to find the present value needed to
grow at compound interest to a desired future value.

Example 3.2.4 How much do I need to deposit today into a CD paying 6.06%
compounded monthly in order to have $10,000 in the account in 3 years?

Since interest compounds monthly, i = 0.0606/12 and n = 3(12) = 36
FV =PV(l + i)
3
$10,000 = pv(, n 0.0606) 6

12
$10,000 = PV(1.19882570)

As in the past, we divide both sides through to get the PV. Also as in the past, using calculator
memory may make things easier.

PV = $8,341.50

So I need to deposit $8,341.50.

Comparing Compounding Frequencies

From everything we’ve seen so far, it seems reasonable to expect that the more often
interest compounds, the larger the total. This is in fact correct. The following example will
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illustrate this by finding a future value with a number of commonly used compounding

frequencies.

Example 3.2.5 Find the future value of $5,000 in 5 years at 8% interest
compounded annually, semiannually, quarterly, monthly, biweekly, weekly, and daily.

The results are displayed in the table below. (You may want to work through these calcula-
tions yourself to get some more practice in using your calculator.)

Daily (exact
method)

: 5(365) = 1,825 1 Fv = $5,000(1+ 498

365 1 0.08/365 36

As we would have expected, the table shows that more frequent compounding does indeed
result in more interest. This is true in general, though it may be a bit disappointing that the
gain in interest as the compounding frequency increases is not all that impressive beyond
a certain point. The gain in interest between annual and, say, monthly is far greater than
the gain between monthly and daily. This effect is due to the fact that, while a small a
time interval means plenty of compoundings, it also means that the interest rate is divided
among so many compoundings that each time interval brings only a miniscule amount of
interest. This is illustrated by the following very silly example.

Example 3.2.6 Find the future value of $5,000 at 8% interest for 5 years, assuming
that the interest compounds every minute.

This problem is basically the same as the previous example, except that we first need to
determine how many minutes there are in a year. Since each day has 24 hours, and each
hour has 60 minutes:

(365 days/year)(24 hours/day)(60 minutes/hour) = 525,600 minutes/year And so we add a
new line to the table from Example 3.2.3

Formula

Frequency : Times/Year : i : n

5(525,600)

525,600 —2,628,000

Every minute : 0.08/525,600 LRV = $5,000(1 +

While more than 2% million compoundings sounds astounding, in fact each compounding
contributes such a miniscule amount of interest that the end result produces just a whop-
ping 32 cents more than plodding along with daily compounding! Ridiculously frequent
compounding actually produces rather dull results, and thus (aside from the occasional

Formula

Frequency Times/Yr i n FV = PV(1 + i)
Annual 1 0.08 5 © FV = $5,000(1 + 0.08)°
Semiannual 2 0.08/2 52)=10 i FV=$50001 + %)m
Quartery  : 4 0.08/4 54)=20 RV = 350001 + 208

: _ o 0.08 |¢°
Monthly : 12 0.08/12 512)=60 : Fv=$50001 + 29
Biweekly 0.08)'%
(Fortnightly) © 26 0.08/26 5(26) = 130 FV = $5,000(1 + %8|

: _ Yo 0.08
Weekly P52 0.08/52 5(52) = 260 : FV = $5,000(1 + 928
Daily : : B S 0.08
(oankers' ruley . 3601 0.08/360 15(360) = 1,800 FV = $5,ooo(1 + 98

FV = PY(1 + i)

0.08
525,600

Future
Value

$7,346.64

$7,401.22
$7,429.74

$7,449.23

$7,454.54

$7,456.83

$7,458.79

$7,458.80

....................................................................................................

Future
Value

$7,459.12

.......................................................................................................
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marketing gimmick) it is seldom considered seriously. For any practical purposes, there is
seldom any point in compounding more frequently than daily.

Continuous Compounding (Optional)

But what if we really push the envelope? While compounding every minute didn’t produce
much of a gain, it still did earn more than just daily compounding. What if we compound
interest every second? Or every thousandth of a second? How about compounding every
nanosecond?® Compounding interest a billion times each second must result in some pretty
staggering gains! Even if the quantity of interest earned each nanosecond is vanishingly
small, surely the power of interest building upon itself so mind-bogglingly often can be
expected to result in a staggering future value!

Yet the astounding answer to this question is that even incomprehensibly fast com-
pounding produces little extra beyond dowdy, boring old daily compounding. In fact,
mathematicians discovered hundreds of years ago that there is a limit to just how much
the interest can grow to, no matter how fast it compounds. Assuming that the interest
compounds every fraction of a fraction of a fraction of a second is known as continuous
compounding. Continuous compounding can be a tricky idea to wrap your mind around.
How fast is it? Continuous compounding is so fast that no matter how fast you want your
interest compounded, continuous compounding is faster. Continuous compounding is the
“limiting case,” the result of assuming that interest compounds the fastest it even theoreti-
cally could.

If we go ahead and pretend that our interest is compounding infinitely often, our com-
pound interest formula becomes useless. We would have to divide our interest rate by
infinity (whatever that means) and then use an infinite exponent (whatever that means).
However, the following remarkable formula gets the job done:

FORMULA 3.2.1
The Continuous Compound Interest Formula

FV = PVe"

where
FV represents the FUTURE VALUE (the ending amount)
PV represents the PRESENT VALUE (the starting amount)
e is a mathematical constant (approximately 2.71828)
r represents the ANNUAL INTEREST RATE
and
t represents the NUMBER OF YEARS

The e used in the formula is a mathematical constant. Like its better known cousin 1, e
is an irrational number, meaning that when we try to represent it with a decimal, the
decimal never stops or forms any repeating pattern. This of course makes the precise value
of e impossible to work with. However, for all practical purposes, we only need to use an
approximate value for e that is accurate to the first few decimal places (just as the value of
 is often approximated by 3.14 or 22/7.) For us, the approximation e = 2.71828 will be
close enough for all practical purposes.

Example 3.2.7 Find the future value of $5,000 at 8% interest for 5 years, assuming
that the interest compounds continuously.

This problem is yet another variation to add to the table from Example 3.2.5. This time, we
use the continuous compounding formula to find the result:

FV = PV(e")

FV = $5,000(2.71828)0-%95)

>A nanosecond is one billionth of a second.
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FV = $5,000(2.71828)04

FV = $5,000(1.491824296)

FV = $7,459.12
This is the same answer we had when interest compounded every minute. The answers
aren't really the same; continuous compounding does provide slightly more. However, that

“more” is very slight indeed—less than a penny—and so the miniscule difference is lost in
the rounding.

Continuous :  “Infinitely many” © n/fa . nfa .  FV = $5000e%4

You may find it strange that the exponent in the above problem was not a whole
number. The most familiar explanation of what an exponent is, and the one we have
used in developing the compound interest formula, defines exponents in terms of
repeated multiplication. Thus e° would be understood as five e’s multiplied together, or
(e)(e)(e)(e)(e). But e>4° makes no sense with this view; how do you multiply together
0.40 e’s? The answer to this puzzle is that our usual understanding of an exponent is
fine when the exponent is a whole number, but there is much more to the story. Expo-
nents have a deeper meaning that allows them to be negative numbers, fractions, deci-
mals, irrational numbers, and worse. A proper explanation of this lies well beyond the
scope of this book. The curious reader can find more information in a college algebra
or precalculus textbook; the less curious reader can be content with the knowledge that
any calculator will be able to handle these exponents, and that will suffice for practical
business purposes.

The astute (and/or paranoid) reader may also notice that in evaluating this formula
we appear to have violated order of operations. Order of operations says that exponents
should be done before multiplication, yet we multiplied (5)(0.08) before we used the
result as an exponent. The reason for this apparent violation of order of operations is that
when we write the “rt” together up in the exponent, it is understood that they make up the
exponent together, and so we must evaluate the result of multiplying them together first.
It is as though there were parentheses around them. In mathematical notation, it is com-
mon practice to not bother to write in parentheses when it is clear from the way things
are written that things are meant to be grouped together in this way. This is known as an
implied grouping.

This does become an issue, though, when working out compound interest with a
calculator. If you are entering the entire formula at once and trusting the calculator to fol-
low order of operations, we have to insert parentheses around the things in the exponent.
When typing an expression into a calculator, there is no “up there” making it clear what is,
or is not, in the exponent. So, to perform the calculation from Example 3.2.6, you would
need to enter:

Correct Operations Result

5000*2.71828 "~ (.08*5)= 7459.12

If you leave out the parentheses, the result is far off the mark

INCORRECT Operations Result
5000*2.71828 ™~ .08*5= 27082.18

If you are concerned about forgetting this, you may want to actually write the implied
parentheses into your formula. While this is not the standard way of writing it, it is a correct
alternative form.

Frequency : Times/Year 1+ N Formula :  Future Value

.........................................................................................
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FORMULA 3.2.1
The Continuous Compound Interest Formula
(Alternative Version)

FV = PVe®

where
FV represents the FUTURE VALUE (the ending amount)
PV represents the PRESENT VALUE (the starting amount)
e is a mathematical constant (approximately 2.71828)
r represents the ANNUAL INTEREST RATE
and
t represents the NUMBER OF YEARS

Compound Interest with “Messy” Terms

So far, all of the problems we have looked at in this section have had terms measured in whole
years. This is of course not required in the real world, and so we will need to consider other
terms as well—terms that do not happen to be a whole number of years. Those sorts of terms
don’t require any new formulas, but require a bit more effort in determining the value of n.

The key fact to remember is that n must give the term in the time units of the compound-
ing. The following examples will illustrate:

Example 3.2.8 Luisa deposited $2,850 in a credit union certificate of deposit, paying
4.8% compounded monthly for 2'/> years. What will the maturity value of her certificate be?

We must convert years to months. In previous problems, we have multiplied years by 12 to
get months; that doesn’t change here. So n = (2'/2 years)(12 months/year) = (2.5 years)
(12 months/year) = 30 months.

FV = PV(] + i)

30
FV = $2,850(7 + O-?§‘8)
FV = $3,212.60

For some students, a non-whole number in the term is sometimes distracting enough to
cause confusion about whether to multiply or divide when they are finding n. Remember
that however we calculate it, n is supposed to represent the term in months. If you had gotten
confused and divided here instead of multiplying, you would have come up with 2.5/12 =
0.208333333333. It should be obvious that 2%, years is not the same as 0.2083333333
months, and so thinking about whether the value you are using for n makes sense will spot
any mistakes of this type.

There is never any ambiguity in converting between months and years. There are always
12 months in every year, so the number we use in our conversion will always be 12. Convert-
ing between months and days, though, presents a bit of a problem, since a month may have
28, 29, 30, or 31 days, and unless we know the specific months in question we can’t know
the correct number of days. One way of dealing with this is to extend bankers’ rule. We can
pretend that the year has 360 days, and it is divided into 12 months of 30 days each.

Example 3.2.9 Nigel deposited $4,265.97 in a savings account paying 3.6%
compounded daily using bankers rule. He closed the account 3 years, 7 months, and
17 days later. How much did he have in his account when he closed it?

Here we have a term expressed in a variety of units. The simplest approach is to convert each
to days and then find the total. Under bankers’ rule we pretend that the year has 360 days,
which we divide equally into months of 30 days each. So:

(3 years)(360 days/year) = 1,080 days
(7 months)(30 days/month) = 210 days
17 days = 17 days
And so in totaln = 1,080 + 210 + 17 = 1,307 days
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FV = PV(I + i)
FV = $4,265.971 +
FV = $4,861.58

0.036 )’ 307
360

If we are using the exact method, though, matters are a bit more complicated.

Example 3.2.10 Nigel deposited $4,265.97 in a savings account paying 3.6%
compounded daily using the exact method. He closed the account 3 years, 7 months,
and 17 days later. How much did he have in his account when he closed it?

This problem looks identical to the previous one. Unfortunately, this switch away from bank-
ers’ rule presents a big problem in the conversion of months to days. Since not every month
contains the same number of days, it is actually impossible to know for sure how many
days were in the term, which makes it impossible to answer the question exactly unless we
know which specific months were included. (If we knew, for example, the dates on which he
opened and closed his account we could find the exact number of days it was open.) For
that matter, to get an exact count of the days we would also need to know whether or not
the term included a leap year.

There is no definitive way to deal with this. One typical approach would be to use 365 days per
year but assume 30 days per month. In most (but not all) cases this will slightly understate the
term, but it will never be too far from the exact value. Using this approach we would have

n = (3)(365) + 7(30) + 17 = 1,322 days

In which case:

FV = PV(1+i)
Fv = $4,265.97(1+ 2036
FV = $4,860.07

Another not so commonly used but more accurate approach is to assume that each month
has 30.5 days (sort of “averaging” the 30 and 31 day months), discarding any half days in
the end (to recognize that February has fewer.) Using this approach we would have

n = (3)(365) + 7(30.5) + 17 = 1,325.5 days, which we drop to 1,325 days
In which case:
FV = PV(1 +i)
FV = $4,265.97(1+

0.036 )"325
360

FV = $4,861.51

Overall, though, this is all much ado about not much. The difference is quite small, and
in either case the answer can never be any more than an approximation. Whichever
approach is used, the most important thing is to be clear about the fact that the answer is
an approximation, and not necessarily the actual exact future value. Neil’s actual future
value will depend on the actual number of days; while we don’t know this, the bank
knows the actual days and months involved, and so they will. There is nothing wrong
with approximating, so long as we realize that that is what we are doing, and Nigel is not
likely to be much bothered by the small difference between the approximation and actual
values. Approximations can lead to conflicts and misunderstandings, though, when they
are mistaken for exact numbers and so we should make sure to be crystal clear that our
answer is only an approximation.

We will close with one more example, this time illustrating the need to not overthink things!

Example 3.2.11 Suppose I deposit $1,200 in a certificate of deposit paying 6%
compounded monthly for 9 months. How much interest will | earn?

Since interest is compounded monthly, i = 0.06/12. For n, we need to know the term in
months. Don’t overthink this—there is no conversion to do! The term is already given in
months, son = 9.
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FV =PV(] +i)
_ 0.06Y’
Fv = $1,200(1 + 298]
FV = $1,200(1.04591058)
FV = $1,255.09
Since the question asked for the amount of interest to be earned, we subtract to get
$1,255.09 — $1,200 = $55.09.

Nonannual Compounding and the Rule of 72

In Section 3.1 we discussed the Rule of 72 when interest compounds annually. Can we
still use this rule if the interest compounds more often? The answer to this question is yes.
While, as we have seen, compounding frequency does make a difference, the difference is
modest, and the Rule of 72 is an approximation anyway. The frequency of the compounding
can thus be ignored when you are using this rule. Compounding frequency makes a differ-
ence, of course, but the difference is not large enough to seriously affect the Rule of 72.

EXERCISES 3.2

The Concept of Nonannual Compounding

. A bank account with an initial balance of $1,450 pays 6% interest compounded quarterly. Using the simple interest

formula to find the interest earned each quarter, fill in the missing values in the following table, showing the growth in
the account’s value over the first year.

. . . End of Quarter
Quarter . Beginning Balance . Interest Earned Balance

$1,450.00

............................................................................

Using the Compound Interest Formula

For each of the following combinations of interest rates, compounding frequencies and terms, find the value of i (the
interest rate per period) and n (the number of periods) that would be used in the compound interest formula. The value
of i may be either left as a fraction or divided out to its decimal form.

a. 8%, quarterly compounding, 10 years
b. 9%, compounded monthly, 7 years
c. 15%, compounded semiannually, 15 years

d. 5%, daily compounding using bankers rule, 8 years

For each of the following combinations of interest rates, compounding frequencies and terms, find the value of i (the
interest rate per period) and n (the number of periods) which would be used in the compound interest formula. The
value of i may be either left as a fraction or divided out to its decimal form.

5%, daily compounding using the simplified exact method, 8 years

a
b. 7.19%, compounded quarterly, 2 years

(g)

3.03%, compounded daily, 1 year
d. 4%%, compounded monthly, 29 years
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For each of the following problems, find the appropriate values of i and n to use in the compound interest formula.
Then find the future value of the given amount of money, assuming interest compounds at the stated interest rate and
compounding frequency for the given period of time.

a
b.

0

$7,250 at 5% compounded quarterly for 3 years
$1,175.09 at 9.27% compounded semiannually for 9 years
$2,025.50 at 7.3% compounded daily for 5 years

$500 at 378% compounded monthly for 25 years

For each of the following problems, find the appropriate values of i and n to use in the compound interest formula.
Then find the future value of the given amount of money, assuming interest compounds at the stated interest rate and
compounding frequency for the given period of time.

a
b.

0

$31,805.23 at 5.47% compounded daily for 10 years
$3,000 at 10% compounded quarterly for 1 year

$97,500 at 7% compounded daily (bankers rule) for 2 years
$2,000 at 9%4% compounded daily for 38 years

Jeremy deposited $2,500 in a certificate of deposit paying 4.49% compounded daily for 3 years. How much will he end
up with in his account?

Kim invested $13,700, which earned 5.25% compounded monthly for 5 years. How much interest did she earn?

The interest rate offered for a 7-year certificate by Kossuth Savings Bank is 6.11% compounded daily. How much total
interest would the bank pay on a $3,200 deposit into one of these certificates?

How much would | need to deposit into an account paying 4.33% compounded quarterly in order to have $1,000 in 4 years?

. What present value is needed to grow to $2,800 in 10 years if the interest rate is 11.5% compounded daily (bankers’

rule)?

. Ramesh wants to have $50,000 in an investment account when his son starts college 17 years from now. Assuming that

the account pays 5.61% compounded daily, how much should he have in the account now? (Assume that he will not
make any additional deposits.)

. The interest rate offered on a 5-year certificate of deposit at the National Bank of Emporium is 8.42% compounded

daily. If Art deposits $72,500 in one of these CDs, how much will it be worth at maturity?

. Olivier invested $362,000. He expects to earn 7Y% compounded quarterly. Assuming he is right about the rate he will

earn, how much will his investment be worth in 20 years?



112 Chapter 3 Compound Interest

C. Comparing Compounding Frequencies

14. Complete the following table comparing the future value of $1,600 at 9% interest in 20 years, using different
compounding frequencies.

. . . . . Future
Frequency Times/Year i n Formula Value
Annual
Semiannually *
Quarterly
Monthly
Daily (bankers” :
rule)

Daily (exact
method)

..................................................................................................

D. Continuous Compounding (Optional)

15. Xiaoyi has deposited $2,199.50 in a 2-year CD paying 4.84% compounded continuously. How much will this account
be worth at the end of its term?

16. How much should | invest in order to have $5,000 at the end of 3 years if my account will earn 5.4% compounded
continuously?

17. Tessa deposited $1,056.25 in a 4-year CD paying 6.01% compounded daily. How much more interest would she earn if
the CD paid the same rate compounded continuously?

18. Suppose that you borrowed $850 at 11.3% compound interest for 5 years, but don’t remember how often the interest
compounds. What is the largest amount you could possibly need to pay off the loan at maturity?

E. Compound Interest With “Messy” Terms

19. Find the future value of the given amount of money, assuming interest compounds at the stated interest rate and
compounding frequency for the given period of time.

a. $1,300 at 6.6% compounded monthly for 3'% years
b. $2,125 at 9.25% compounded quarterly for 5% years

c. $913.75 at 4% compounded daily (bankers’ rule) for 4% years
d. $4,000 at 10.09% compounded monthly for 7 years and 5 months
e. $6,925.35 at 5%% compounded monthly for 63 months
$1,115.79 at 23%4% compounded daily (bankers’ rule) for 4 years, 7 months, and 15 days.
g. $75,050.95 at 3.85% compounded daily (bankers’ rule) for 19 years, 2 months, and 28 days
h. $3,754.77 at 4.31% compounded daily (exact method) for 535 days

20. How much interest would you earn from a $4,200 deposit in 30 months if the interest rate is 5.64% compounded monthly?
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
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Heather bought a new dining room set from a furniture store that was offering a special “make no payments and pay
no interest until 2010!"” promotion. Even though she could pay for the furniture up front, she figured that she might as
well take advantage of the offer, put the money in a CD, and earn some interest until she has to pay up. The last day
that she can pay off the furniture without being hit with interest is 2 years, 7 months, and 3 days away. The furniture
cost $3,007.79, and her bank will pay an interest rate of 4.76% compounded daily (bankers’ rule) for the CD. How
much does she need to deposit in order to have the right amount when the time comes?

Grab Bag

Find the total interest earned in 5 years on a deposit of $83,000 at 7.5% compounded daily.

How much should | deposit in an account today in order to have the value grow to $18,000 in 5 years, assuming the
account earns 5.37% compounded quarterly.

Interest compounds on my savings account daily. What interest rate would | need to earn in order to double my
account’s value in 10 years?

Find the future value of $1,735.12 at 3.75% compounded monthly for 20 years.

Trevor invested $32,500 in a 30 month certificate of deposit which paid 4.63% compounded monthly. How much
interest did he earn?

Keitha invested $24,915 in a 30-month certificate of deposit that paid 5.07% compounded daily (bankers’ rule). How
much interest did she earn?

Cherise deposited $1,955.19 at 6% interest compounded daily for 7 years. How much more did she earn than if the
interest had compounded quarterly?

Use the Rule of 72 to approximate how long it would take me to double my money if | can earn 5.85% compounded
daily.

Shimura-Taniyama Corp. invested $475,000, which earned 5%% interest compounded daily for 4 years, 8 months,
and 17 days. Can you determine the exact amount of interest the company earned? If so, find it. If not, calculate a
reasonable approximation of the amount.

Find the future value of $13,355.09 at 7.07% compounded monthly for 5 years.

Find the future value of $13,355.09 at 7.07% compounded monthly for 60 months.
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Additional Exercises

In all of the problems we have looked at so far, we have assumed that the interest rate remains constant. For some situations
(such as most CDs) this is a reasonable assumption. However, in many other situations the interest rate may well change.

Suppose that Sandra deposits $1,350 in a bank account for 5 years. For the first 2 years, the account pays 6%
compounded monthly, then for the last 3 years the account pays 5.4% compounded quarterly.

a. Find the value of Sandra’s account at the end of the first 2 years.

b. Find the value of Sandra’s account at the end of the next 3 years. (Hint: Your answer to (a) will be the PV for the
last 3 years.)

In Example 3.2.9 we said that using a 365-day year and 30 days per month will usually, but not always, underestimate
the number of days. Give an example where this rule does not underestimate the number of days.

On April 3, 2006, | deposited $4,302.59 in a certificate of deposit paying 5.73% compounded daily. The certificate
matured on July 9, 2007. What was the maturity value?

Repeat Exercise 38 from Section 3.1, this time assuming that the interest is compounded daily. Does daily compounding
affect your assessment of Rule of 70 versus Rule of 72?

Find the amount of interest earned on a $3,000 investment at 5.5% for 3 years, assuming interest compounds every
nanosecond.

Effective Interest Rates

Comparing Interest Rates

Whether managing a business or our own personal finances, we are often presented with
some choice in options for loans, deposits, and other investments. As borrowers, we want
to pay as little interest as possible, and so want to be able to find a low interest rate; as
lenders, the shoe is on the other foot and we want to seek out a high interest rate.

Of course, rates are not the only thing to consider. You probably would not choose to
open a savings account at a bank with inconvenient branches and rude customer service
just to earn a slightly higher rate on your account. But all other things being equal you want
to find the best rate you can.

Now, it would seem that comparing interest rates would be a fairly easy thing to do: if
you are borrowing go for the smallest percent, and if you are lending go for the highest.
And in some cases, it really is that simple. For example:

Example 3.3.1 Which of the following banks is offering the best rate for a
certificate of deposit?

Bank 5 Rate . Compounding
Maplehurst Savings and Loan @ 3.79% Annual
Killbuck First Financial 3%% Annual

...........................................................

Both rates are compounded annually, so for comparison we need only look at the rates. Since
3%% = 3.75%, it is not hard to see that Maplehurst S&L is offering a slightly higher rate.




Copyright © 2008, The McGraw-Hill Companies, Inc.

3.3 Effective Interest Rates

Here is another easy choice:

Example 3.3.2 Which of these two banks is offering the best CD rate?

Bank : Rate . Compounding

Cato National Bank and Trust T 435% Daily
Meridian Mutual Building and Loan 4.35% Quarterly

..................................................................

Both rates are the same, but Cato National compounds interest daily. Since more frequent
compounding means more interest overall, we know that Cato National will end up paying

more interest, and so their rate is the better one.

Example 3.3.2 illustrates the fact that in making comparisons it is not enough to look at the
rate alone. Compounding also must be taken into account. This makes matters a bit more
complicated. What are we to make of a choice such as this one?

Bank Rate Compounding
Bank of Bolivar 4.04% Annual
Richburg Savings Bank 3.98% Daily

.........................................................

On the one hand, Bank of Bolivar’s rate is higher. Yet on the other, Richburg Savings is
offering daily compounding. It is possible that Richburg’s daily compounding will more
than make up for its lower rate, and that despite initial appearances Richburg may in the
end be offering more interest. Yet it is also possible that Richburg’s daily compounding is
not enough to catch up with Bolivar’s higher rate.

Whether or not a higher rate is better than more frequent compounding really depends
on the rates involved. If the annual rate were much higher, we would know which to pick.
We know that even though daily compounding results in more interest, it isn’t that much
more. Given a choice between 8% compounded quarterly and 2% compounded daily and
we can easily tell which is the better rate. Likewise, if the rates were very, very close to
each other we would also know which to choose. Given a choice between 5.51% com-
pounded daily versus 5.52% compounded annually and we know that daily compound-
ing will more than make up for a mere 0.01% difference in the rates. But in cases like
this one, where the rates are far, but not too far, apart, there is no easy way to tell simply
by looking at them which is the winner.

We can resolve the question by actually trying both rates out. We can determine the
future value of the deposit at each bank and see which one is higher. Unfortunately, we
don’t know how much money is involved, nor do we know how long the account will be
open. Fortunately, though, this doesn’t matter. For comparison purposes, we can use any
amount of money as a present value. Interest is calculated as a percent, and so whichever
rate is higher for a $100 deposit will also be higher for a deposit of $100,000, or any other
amount for that matter. Likewise, we can use any period of time we like for comparison
purposes. Whichever rate is faster for 1 year will also be faster for 3% years; if you always
run faster than | do, you will win a race with me regardless of how long the race is.

Since we can choose whatever PV and time we like, we might as well choose some nice
round numbers. Suppose we use PV = $100 and a term of 1 year. Then:

Bolivar: FV = $100(1.0404)' = $104.04

0~g2598 )365 — $104.06

From this, we can see that in this case daily compounding does indeed make up for the
lower rate. Richburg wins by a small margin. Of course, it would be possible for Bolivar to
raise its rate enough to match, or even beat, Richburg. A worthwhile question to consider
is this: How much would Bolivar have to raise its rate to match Richburg’s? Readers are
encouraged to attempt to answer this question for themselves, though we will hold off
answering this for a bit.

Let’s consider another comparison of different rates and compounding frequencies.

Richburg: FV = $1oo(1 +
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Example 3.3.3 Leo has a life insurance policy with Trustworthy Mutual Life of
Nebraska. The company credits interest to his policy’s cash value* and offers Leo the
choice of two different options:

Option : Rate : Compounding
Daily Dividends 8.00% Daily (bankers’ rule)
Annual Advancement 8.33% Annual

....................................................................

Which option would give Leo the most interest?

Using the same approach as before, we find the future value using any amount and any
term that we like. As before, we will make “nice” choices of PV = $100 and time = 1 year.
Daily Dividends: FV = $IOO(I + % - $108.33

Annual Advancement: FV = $100(1 + 0.0833)' = $108.33

)360

This one ends in a draw. Both options pay the same result, and so it makes no difference
ratewise which option Leo chooses.>

When two rates and compoundings give the same result, we say that they are equivalent.
Since both options result in the same amount of interest being paid, we can use the two
interchangeably. Even if Leo chose the Daily Dividends option paying 8% compounded
daily, the company could just as well credit his interest using the 8.33% with annual
compounding.

For any given interest rate and compounding frequency, there is always an equivalent
annually compounded rate. Before taking this idea further, let’s introduce some terminology
to keep things straight.

Definitions 3.3.1

The annually compounded rate which produces the same results as a given interest rate
and compounding is called the equivalent annual rate (EAR) or the effective interest rate.
The original interest rate is called the nominal rate.

So, for example, we could say that if the nominal rate is 8.00% compounded daily (bank-
ers’ rule), then the equivalent annual rate (or the effective rate) is 8.33%.

How to Find the Effective Interest Rate for a Nominal Rate

Now let’s return to the question posed immediately before Example 3.3.3. Recall that the
Bank of Bolivar was offering an annually compounded interest rate that did not quite match
the daily compounded rate offered by Richburg Savings Bank. What annually compounded
interest rate should Bolivar offer to match 3.98% compounded daily? Or in other words,
what effective rate is equivalent to 3.98% compounded daily?

Suppose we call the effective rate R. Then, if we were to use R to find the future value
of $100 in 1 year, we would need to end up with $104.06, the same FV we got using 3.98%
compounded daily. So, plugging R into the future value formula, we would get:

FV = $100(1 + R)!
$104.06 = $100(1 + R)!

Since an exponent of 1 doesn’t really do anything, it can be ignored, and so we then get:

$104.06 = $100(1 + R)

“The cash value of a life insurance policy is an amount of money for which the policy can be “cashed in.” Not all
types of policies have cash values, but for those that do the cash value usually grows with time.

>Actually, there is a very slight difference between the two. The future value using the annual rate is exactly
$108.33, while the future value with the daily rate actually comes out to be $1.0832774,399, which rounds to
$108.33. The difference is slight, but it is still there, and might not be lost in rounding if we use a higher PV.
However, since it amounts to less than a penny on a $100 deposit over the course of an entire year, in just about
any situation we would consider the difference far too small to matter.
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Then, dividing both sides by 100 we get:
1.0406 =1 +R
And then subtracting 1 from both sides gives us:
R =0.0406 or 4.06%.

This should come as no surprise, and in fact you may well have figured this out for yourself
without bothering with the algebra. The 3.98% compounded daily earned $4.06 interest
above and beyond the original $100, and figuring out what percent that represents of $100
is simple. In fact, this was actually the reason why we chose to use $100 and 1 year origi-
nally—because with these choices the effective interest rate is easy to see.

We can use this approach whenever we need to find the effective rate for a given nominal
rate.

“FORMULA" 3.3.1
Finding the Effective Interest Rate

To find the effective rate for a given nominal rate and compounding frequency,
simply find the FV of $100 in 1 year using the nominal rate and compounding. The
effective interest rate (rounded to two decimal places) will be the same number as

the amount of interest earned.

The following example will illustrate:
Example 3.3.4 Find the equivalent annual rate for 7.35% compounded quarterly.

Following the procedure given above:

FV = $zoo(1 + 00735)

= $107.56.

The interest earned is $7.56, and so we conclude that the equivalent annual rate is 7.56%.
We can verify this by using this rate to find the same future value:

FV =$100(1 + 0.0756)' = $107.56.

Of course, the equivalent annual rate in Example 3.3.4 is not exactly 7.56%. The future
value was rounded to two decimal places, as is customary, and so the rate based on this
answer is also rounded to two decimal places. In many situations two decimal places is
good enough; however, if more precision is needed we can get it by carrying the future
value out to as many decimal places as we need.

Example 3.3.5 Rework Example 3.3.4, this time finding the rate to three decimal places.

FV = $100(1+00735) $107.555

As strange as it may seem to carry a dollar value out to three decimal places, this allows us
to conclude that the equivalent annual rate is 7.555% (to three decimal places.)

A Formula for Effective Rates (Optional)

The procedure given above is perfectly adequate to find effective rates in any circum-
stance. For those who desire a more traditional style of formula, though, we can develop
one. Suppose we let:

r = the nominal rate
¢ = the number of compoundings per year
R = the effective rate

Then using the fact that the nominal and effective rates will give the same future value, and
once again using $100 and 1 year, we get the equation:

$100(1 + £)° = $100(1 + R)’
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Writing off the exponent of 1 and dividing both sides by $100 we get:
(1+&=0+R)

Then, subtracting 1 from both sides, we obtain the formula;

FORMULA 3.3.2
The Effective Rate Formula

Effective rate = ('I + %)c -1

where
r = the NOMINAL INTEREST RATE
and
c = the number of COMPOUNDINGS PER YEAR

Example 3.3.6 Rework Example 3.3.5, this time using the formula

.0735
4

Effective rate = (z + )" — 1 =1.07555 — 1 = 07555 = 7.555%

Note that, since the formula gives the effective rate as a decimal, in order to have three
decimal places in the percent we needed to round to 5 decimal places, so that we would
have the correct number when we moved the decimal to the left.

Using Effective Rates for Comparisons

One of the main advantages of effective rates is that they allow us to readily compare
nominal rates with different compounding frequencies. By using equivalent annual rates,
we can make an “apples to apples” comparison, making any comparison of rates as simple
as the one in Example 3.3.1.

The following example will illustrate:

Example 3.3.7 Which of these interest rates is actually the highest?

Bank Rate Compounding
Tully Savings Bank 5.95% Annual
Bank of Manlius : 5.85% : Monthly
Cincinnatus Trust 5.75% Daily

.............................................................

To compare these nominal rates, we convert each to its equivalent annual (effective) rate.®

For Tully Savings, no work is required since the rate is already annual.

2
For Bank of Manlius: FV = $zoo(1 + 095285)’ —~ $106.01

For Cincinnatus Trust: FV = $Ioo(1 + Oé’gg 5 )365 — $105.92

This allows us to complete a new table using the effective rates:

Bank : Nominal Rate . Effective Rate
Tully Savings Bank : 5.95% annually ~ : 5.95%
Bank of Manlius 5.85% monthly : 6.01%
Cincinnatus Trust 5.75% daily 5.92%

................................................................

By comparing the effective rates, we see that Bank of Manlius is actually offering the highest
interest rate, followed by Tully Savings Bank, with Cincinnatus bringing up the rear.

6While in this example we use the $100 and 1-year procedure to determine the effective rates, the optional formula
can equally well be used.
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Effective Rates and The Truth in Lending Act

Under most circumstances, financial institutions must disclose the effective rate for deposit
accounts. The nominal rate may or may not be given, but the effective rate usually must
be. The point of requiring this is to enable consumers to readily compare different rates
without being confused by the effects of different compounding frequencies.

The Truth in Lending Act (also known as Regulation Z) is the main federal law in the
United States that requires financial institutions to make these disclosures. The regulations
that require this, however, are complex, and the terms effective rate or equivalent annual
rate will not generally be used. The most common term for the effective rates when deal-
ing with deposit accounts is APY, or annual(ized) percent yield. Depending on the type of
financial institution and type of deposit, investment, or loan, various different terms may
be used, including:

* Annual percentage yield (APY)
»  Effective rate

»  Effective yield

»  Effective annual rate

e Annualized yield

and so on.

Matters are made worse by the fact that in some cases the rate labeled as the APY may
not actually match what we would have calculated as the effective rate, if the financial prod-
uct requires payments of certain types of fees, or if the interest rate can vary in the future.
The full details fall far outside the scope of this book. However, it is important to recognize
that by whatever name it is given, this rate is intended as a means of “apples to apples” com-
parison. In many cases it will simply be the effective rate that we have been using. But even
when it is not, the purpose of this disclosure is to allow the consumer to compare the overall
interest rates being offered from different financial institutions and/or products.

It should also be noted that similar rules apply to the rates for loans as well as deposits.
With loans, the term “APR” (annual percentage rate) is often used. However, since most
loans require payments to be made during their terms, compounding is not quite so straight-
forward as with deposits. The APR for a loan is not the same as the APY for a deposit.
However, the “apples to apples” purpose is pretty much the same.

Normally, though, when we are talking about deposit accounts, the term APY will be
used, and unless the type of account has some unusual fees required or “bonuses” offered,
the APY will correspond to the effective rate as we have been discussing it. This example
is typical of how nominal and effective rates may be presented side by side:

Account Type . Interest Rate . APY
Interest Checking 0.88% . 0.88%
Premium Checking : 1.25% L 1.26%
Premium Select Savings * 1.85% © o 1.88%
CD 3 months-1 year 2.45% . 248%
CD 1 year-3 years : 3.10% : 3.15%
CD 3 years-10 years 3.65% 3.72%

.......................................................

Again, the purpose of this disclosure is to make comparisons easier. If another bank is
offering a nominal rate of 3.66% for a 5-year CD, we can’t really tell from this whether or
not that rate beats the one offered in the table above, since we don’t know the compounding
frequencies, and even if we did we cannot directly compare nominal rates with different
frequencies. However, if we know that the APY for a 5-year CD at that other bank is 3.69%,
we can directly compare that to the APY shown above and see that the competing bank’s
interest rates are in fact a bit lower.
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Using Effective Rates

Though interest may be actually credited to an account by using the nominal rate and
compounding, we can also use effective rates, since they are by definition equivalent to
the nominal rate and compounding. The important thing to remember is that the effective
rate is treated as though the compounding is annual regardless of the actual compounding
frequency used with the nominal rate.

Example 3.3.8 Twelve Corners Federal Credit Union compounds interest on all of

its accounts daily. The credit union is offering an effective rate of 7.33% on its 5-year
certificates of deposit. If someone put $20,000 into one of these CDs, how much would
the certificate be worth at maturity?

Even though we know that the interest will compound daily, we do not know the nominal rate
being used with that daily compounding. We do have the effective rate, though, which we
can use just as well since it is equivalent to the nominal rate. The effective rate uses annual
compounding though. So:

FV = PV(1 + i)
FV = $20,000(1.0733)°
FV = $28,486.27

It is critically important to be clear about whether a given rate is nominal or effective. Even
though we know that the interest in the previous example will actually be compounded daily,
it will not be compounded daily with a 7.33% rate. While it would be an easy and entirely
understandable error to use that 7.33% with daily compounding, this would be incorrect. The
nominal compounding frequency is used with the nominal rate; the effective rate is always
treated as annual compounding regardless of how frequently interest actually compounds.

Using Effective Rate with “Messy” Terms

In the previous example, annual compounding made matters quite a bit simpler, since it
meant we didn’t have to divide the rate by anything to get i, or do anything to the term to
get n. This will not always work out so well, though.

Example 3.3.9 Twelve Corners FCU also allows its customers to set up a CD with
whatever term suits them. For CDs with terms between 2 and 5 years, the effective
rate currently being offered is 6.25%. If a customer deposits $20,000 to a CD with a
term of 1,000 days, how much will it be worth a maturity?

Here, since the effective rate is annual, n must be in terms of years. In the past, whenever
we have had to calculate n, we have multiplied. To convert years into days, for example, we
have multiplied by 365 (or 360 if bankers’ rule is being used.) Here we want to go the other
direction, and so we instead divide by 365 to get n = 1,000/365 = 2.739726027. While
it may seem strange to have a fraction or decimal in an exponent, this is actually perfectly
permissible mathematically. Marching forward:

FV =PV(I +i)
FV = PV(1.0625)739726027
FV = $23,613.70

Typing the entire decimal into the calculator is annoying, and can be avoided just by
entering the fraction as the exponent. In that case, though, parentheses need to be put
around the fraction. Using this with the previous example, we would enter:

Operation Result
14+.0625= 1.0625
~(1000/365)= 1.180685089
*20000= 23613.70
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Or, if we enter the expression all at once:

Operation Result
20000*1.0625 "~ (1000/365)= 23613.70

The reason the () are required is order of operations. Without them, the calculator will take
the exponent prior to division, and so 1.0625 will be raised to the 1,000 power, and then the
result will be divided by 365. That is not the same as using 1,000/365 as the exponent. The
good news is that it is so different that if you accidentally forget to put in the parentheses
in most cases the result will be so absurdly far from a reasonable answer that it should be
immediately obvious that it is not correct.

Alternatively, we could divide “1000/365” and store the result in the calculator’s
memory, reclaiming that value to use in the exponent in the next step.

When “Interest” Isn’t Really Interest

In all of our discussions so far, we have considered only situations where the growth from
present value to future value was due to the action of interest. There are, though, many
similar situations which don’t involve actual interest—"rent”paid for the temporary use of
money—nbut do look quite similar. Consider the following examples:

» According to an article in an industry publication, the suggested retail price of a pair of
Treadworthy Sneaker Company’s TWS-42 shoes was $75.49 seven years ago, and has
increased at an annual rate of 4.8% since then. How much would the suggested retail
price of the shoes be today?

e Amazingly Awesome Internet Stuff Corp.’s stock has increased in value over the last
5 years at a rate of 28.4% annually. If you had invested $2,000 in the company’s stock
5 years ago, how much would it be worth today?

* A union contract sets a worker’s hourly wage at $16.35 an hour this year, and also
states that this hourly rate will be increased by 3.5% in each of the next 4 years. What
will the hourly rate be at the end of the 4 years?

e The population of the Republic of Freedonia was 1,534,670 according to the 2005
national census. If the population grows at an annual rate of 2.4%, what will the popu-
lation be in 2015?

Let’s look at the first example. Clearly, this is not a situation where interest is involved. When
you buy a pair of sneakers, you are not lending the manufacturer or retailer any money. You
are buying their product. This is a purchase, not a loan.” However, the situation seems entirely
analogous to the one where the increases were due to interest. The price grows by a percent-
age each year, just as an account value grows by earning interest. Each year’s increase is a
percentage on top of the prior year’s price, just as each year’s interest is earned on top of the
previous year’s. Even though the price increases really have nothing to do with any actual
interest, it seems as though the mathematics could be worked out in much the same way.

The other examples are similar. If you buy stock in a company, you are putting your
money to use, but you are not lending it to the company or to anyone else for that matter.
Stock represents ownership of a company, and so when you buy stock, you are buying a
piece of the company. Likewise, hourly wage rates are not in any sense a loan, and their
contractual growth most certainly is not interest. It would be even more absurd to think of
a country’s population as a loan, or its growth rate as interest on one.

However, each of these cases does bear a strong similarity to compound interest. In
each case something is growing, the rate of growth is a set percent, and each year’s growth
builds upon the previous years. These were the essential attributes of compound interest

7Even if you borrow the money to buy the shoes, that is a separate issue, and has nothing to do with the
suggested retail price that the company sets.
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used to develop our formulas, and we could use exactly the same reasoning in each of these
cases. Thus, it is mathematically legitimate to use the compound interest formula in these
cases. The following example will illustrate:

Example 3.3.10 Using the information given above, find the current suggested
retail price of TWS-42 sneakers.

FV =PV(T +i)
FV = $75.49(1.048)"
FV = $104.81

The “future value” here represents the current price, so we conclude the current retail price
is $104.81.

It is left as an exercise (Exercises 29 to 31) for the reader to work out the other three
examples.

In this book, we will usually distinguish actual interest from situations such these which
are analogous to, but not really the same as, interest. We will use the more generic terms
growth rate and compound growth when the growth may not actually be interest. You
should be aware, though, that in practice people are often not so precise, and the terms
“interest” and “interest rate” will often be used for things that really aren’t. While this is an
abuse of terminology, it is a mostly harmless abuse, and in business it is just an unspoken
assumption that everyone understands the real deal.

EXERCISES 3.3

A. Comparing Interest Rates

Don’t be afraid to do calculations to answer these questions, but try to avoid doing calculations that aren’t really necessary.

1. Luis is shopping around for the best rate on a deposit account. Which of the following is offering the best rate?

Bank Rate Compounding
Lockport National 5.07% Monthly
Brockport Mutual : 5.15% : Monthly
Rockport Savings and Loan 5.09% Monthly

.......................................................................

2. KT is shopping around for the best rate on an auto loan. Which of the following is offering the best rate?

Bank Rate Compounding
Whitney Point National 8.37% Daily
McGraw Mutual : 8.11% : Daily

Homer Savings and Loan 8.08% Daily

..........................................................

3. Robinson plans on opening a new savings account. Which of the following is offering the highest rate?

Bank . Rate . Compounding

Bank A ¢ 2.44% : Quarterly
Bank B 2.44% :  Monthly
Bank C : 2.44% . Dadily (Bankers Rule)

.......................................................
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Melissa plans on opening a 5-year CD. She has gotten rate quotes from three different financial institutions:

Bank Rate Compounding
Ellicott Savings Bank 4.97% Daily
Little Valley S&L : 5.19% : Annually
Seneca Junction Savings : 5.16% Monthly

..............................................................

Which would pay her the most interest?

Mohan needs to take out a personal loan. He has gotten rate quotes from three different places. Which one is offering
the best rate?

Bank : Rate . Compounding

First Cattaraugus Bank 11.25% Annually
Chautauqua Mutual Trust 11.01% Monthly
Allegany Federal Credit Union : 10.95% Daily

................................................................

Finding Effective Rates

Interest rates should be rounded to two decimal places.

6.

Find the effective rate equivalent to each of the following nominal rates:
a. 4.35% compounded daily

b. 12.99% compounded monthly

7.05% compounded quarterly

d. 19%% compounded daily

(g

e. 5% compounded annually

Find the effective rate equivalent to each of the following nominal rates:
9% compounded annually

a.
b. 9% compounded semiannually

o

9% compounded quarterly
d. 9% compounded monthly
e. 9% compounded daily

Find the effective rate equivalent to 9.78% compounded daily with bankers’ rule.

Find the effective rate equivalent to 13.29% compounded monthly.

. Find the effective rate equivalent to 4%% compounded quarterly.

. Find the effective rate equivalent to 72% compounded semiannually.
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Using Effective Rates for Comparisons

Find the effective rate equivalent to each of the three rates in question 5. Which of the effective rates is lowest? Does
this agree with your answer to question 5?

. Find the effective rate equivalent to each of the rates given in the table below, and use them to decide which rate is

actually the highest and which is actually the lowest.

Bank : Rate . Compounding
First National Bank 8.81% Daily
Second National Bank - 8.99% Quarterly
Third National Bank 5 9.12% 5 Annually
Fourth National Bank ~ * 8.84% Monthly
Fifth National Bank 9.04% Annually

...............................................................

Which of the following financial institutions is offering the most attractive rate for personal loans?

Bank : Rate © APR
Bank of Newark : 10.95% S 11.57%
Port Gibson Financial ~ * 11.15% S 11.74%
Seneca Castle Savings ~ : 10.99% 11.56%

..........................................................

Which of the following financial institutions is offering the most attractive rate for certificates of deposit?

Bank : Rate © APY
Perinton Trust 3.97% compounded daily 4.05%
Penfield Mutual : 4.19% compounded annually :  4.19%

Pittsford Savings Bank ¢ 4.06% compounded monthly : 4.14%

....................................................................

Using Effective Rates in Calculations

Emma put $1,209.35 into a 4-year CD. The effective interest rate for her account was 3.99%. How much will her CD
be worth when it matures?

. Javier invested $2,881 at an effective interest rate of 7.25% for 2 years. How much interest did he earn?

. If you can earn an effective rate of 7.29% on an investment, how much would you need to invest in order to have

$1,000 in 3 years?

. Toby’s bank compounds interest daily in his account. If the effective interest rate is a constant 6.02%, how much will

$750 grow to in 5 years?
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The Bank of Machias compounds interest on all of its CDs monthly. Ciara opened a 5-year CD there by depositing
$20,000. The effective rate is 5.85%. How much total interest will she earn?

When Keo opened a CD at Shinglehouse National Bank, he was told that the APY was 6.59%. Interest on his CD
compounds daily. He deposited $40,000 and the CD’s term was 3 years. What will the CD’s value be at maturity?

Adam hopes to have $250,000 in his retirement savings account when he retires in 35 years. How much would he
need to have in his account today to reach this goal if he earns an effective interest rate of 7.2%.

Using Effective Rates with “Messy” Terms

Irma invested $50,000 for 2! years at an effective interest rate of 5.9%. How much was her investment worth at the
end of its term? How much total interest did she earn?

How much interest would a credit union pay on a $475 deposit for 215 days if the effective interest rate was
2.83%?

Find the future value of $372,000 at a 9.92% effective rate for 9 months.

Mike has a line of credit at his bank, a flexible type of loan which allows him to borrow money and pay it back as he
wishes. The effective rate is 17.45%. How much interest would he pay if he borrowed $835.00 and then paid it back
with interest 37 days later?

How much interest would be paid on a 10-month loan of $3,000 if the effective interest rate were 9.00%?

Determine the present value required to produce a $25,000 future value in 500 days assuming a 12%% effective
rate.

When “Interest” Isn’t Really Interest

Amazingly Awesome Internet Stuff Corp.’s stock has increased in value over the last 5 years at a rate of 28.4% annually.
If you had invested $2,000 in the company’s stock 5 years ago, how much would it be worth today?

A union contract sets a worker’s hourly wage at $16.35 an hour this year, and also states that this hourly rate will be
increased by 3.5% in each of the next 4 years. What will the hourly rate be at the end of the 4 years?

The population of the Republic of Freedonia was 1,534,670 according to the 2007 national census. If the population
grows at an annual rate of 2.4%, what will the population be in 2017?
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In 2005 it was estimated that there were 100 million Internet users in China. If this number grows at an annual rate of
8% for the next 5 years, how many internet users will China have in 2010?

Over the course of the twentieth century, the inflation rate in the United States averaged somewhere between 3 and 4%
(depending on how the rate is calculated). Suppose that for the next 50 years the rate of inflation runs at 3%, and that
candy prices rise at this same rate. How much will a candy bar that now costs 59¢ cost 50 years from now?

Grab Bag

Find the effective interest rate equivalent to 4.92% compounded daily.

Would you be better off with an investment that pays 6.55% compounded daily or one that pays 6.68% compounded
quarterly? Justify your answer.

Vince has just opened an 18-month certificate of deposit on which interest compounds daily. He deposited $4,635 and
the effective rate of interest is 4.73%. How much total interest will he earn?

According to a mutual fund company, their Core Equity mutual fund has on average grown at an effective rate of
10.75%. If you invest $10,000 in this fund, and it grows at this claimed rate for the next 10 years, what will your
account be worth?

In 2005, total U.S. petroleum demand was estimated to be 21.5 million barrels per day, and was projected to grow at
a 2% effective rate in the future. Assuming these figures are correct, what will the daily demand be in 2020?

Jacinda invested $1,250 in an account that pays 5% compounded quarterly. Would she have been better off with an
account that pays 4.93% compounded daily? Justify your answer.

Holland and Wales Federal Credit Union states that it is offering an interest rate of 11.99% compounded daily for
personal loans. What is the effective rate?

Which of these financial institutions is offering the best rate for a 3-year CD?

Bank Rate
Duke Center Trust 5.33% compounded daily
Bradford Financial : 5.51% compounded annually

Knapp Creek National Bank : 5.45% compounded quarterly

.......................................................

Interest on my 2-year certificate of deposit compounds quarterly. The APY is 7.11%. If | originally deposited $5,432.10,
find this CD’s maturity value.
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Find the effective rate equivalent to 6.45% compounded annually.

Additional Exercises

Tamara walked into the lobby of her bank and saw the following sign:

New Account Spectacular!
Open a new 6-month CD and enjoy a .257% interest ratel
(Effective rate 5.15%)

She immediately knew that whoever wrote the sign had made a mistake. How did she know?

Marta opened a CD for 2 years that paid an effective rate of 8%. At the end of its term, she took the proceeds and
invested them in a new 2-year CD that paid a 12% effective rate. At the same time as Marta opened her original
account, Dylan opened up a 4-year CD paying an effective rate of 10%. Both Marta and Dylan started by depositing
the same amount of money. Who had more at the end of 4 years?

Portageville Savings and Loan offers a 3.25% nominal rate on its savings accounts, compounded monthly. What interest
rate compounded quarterly would be equivalent to this rate?

Find the effective rate equivalent to 6% compounded continuously.

The population of Waldburg is presently 58,273 and is predicted to decline at a 1.4% annual rate in the future.
According to this prediction, what will the population be in 20 years?

Comparing Effective and Nominal Rates

In the previous section we developed the idea of an annually compounded rate equivalent
to a given nominal rate. In this section, we will explore this equivalence, and take note of
some issues in using effective rates in place of nominal ones.

If we know the effective rate for a given nominal rate, it would seem that we could use

the two rates interchangeably. This is true, by and large, as the following examples will
illustrate.

Example 3.4.1 Melvin deposited $1,896 in a savings account for 4 years at

3.98% compounded daily. In the previous chapter, we found that this nominal rate is
equivalent to 4.06% compounded annually. Find his future value using both rates and
compare the results.

Nominal rate: FV = $l,896(1 + 0~0398)”60 = $2223.18
365
Effective rate: FV = $1,896(1.0406)* = $2,223.17

The answers are not exactly the same, but they are very close.
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Example 3.4.2 In Example 3.3.7 we found that a nominal rate of 5.75%
compounded daily is equivalent to a rate of 5.92% compounded annually. Suppose
you deposit $3,475 for 2 years at this nominal rate. Find the future value using the
nominal rate, find the future value using the effective rate, and compare the two
results.

Nominal rate: n = 2(365)=730  FV = $3,475(1 + 20273/

22| = $3,898.47

Effective rate: FV = $3,475(1 + 0.0592)? = $3,898.62

Despite the fact that the two rates are supposed to be equivalent, the future values are not
the same. The difference is small, but it is still a difference.

What gives? The claim that the rates are equivalent implies that they should give the same
results. In fact, that was the basis of our very definition of equivalent rates! While the dif-
ference between the two results in both examples was quite small, there were differences
nonetheless.

The reason for these differences lies in the fact that both of these effective rates were
rounded to two decimal places. Since these effective rates are rounded, there is a bit of
inaccuracy in them, and so it is actually not surprising that they do not give perfectly
accurate results. Any time rounding is involved, there will exist at least the potential for
these sorts of small discrepancies. In Example 3.4.1 the discrepancy was extremely small
because, even though the rate was rounded, the amount of rounding involved was very
small. In Example 3.4.2, the rounding was more significant, and so the resulting discrep-
ancy was also larger.

One way to get around this problem is to demand more decimal places from our
effective rates. If we went out to, say, five decimal places, the effective rate in Example
3.4.2 would have been 5.91805%. Using this as our effective rate, the future value
comes out to be $3,898.47, and the discrepancy vanishes. Actually, though, the two
future values are still different, but the difference is less than a penny and so is lost
when we round the final answers. With a much larger present value and/or a much
longer term, the difference might once again become large enough to show up in the
final answer.

Another way around the problem is simply to just decide to live with it. Suppose that
you calculated your future value with the 5.92% effective rate, and so expected a future
value of $3,898.62. Your bank, however, used the nominal rate, and so when you arrive
to claim your future value on the maturity date you find that the account is worth 15 cents
less than you expected. While you might wonder why the two numbers differ, you are
hardly likely to be too concerned about such a trivial difference. Is a 15-cent discrepancy
on a nearly $4,000 account balance, over 2 years, really worth worrying about or making
an issue over?®

Rounding is a necessary evil, and as an unavoidable consequence there will always be
some minor discrepancies in financial calculations. So long as the rounding is not exces-
sive, the discrepancies will not be large enough to be a cause for concern. We have been
using two decimal places for effective rates, since in most cases that will give results that
are close enough; in cases where greater precision is required more decimal places can be
used.

Accountants sum up this fact of financial life as the principle of materiality. Unless we
have some reason why we need to demand a very high degree of precision, we accept small
discrepancies as the unavoidable price of the convenience of being able to do a reasonable
amount of rounding. Rather than lose sleep over these minor discrepancies, we instead
simply decide to live with them.

8] would bet that if you did insist on making an issue of this, the branch manager would gladly fork over the extra
15 cents from his own pocket just to make you go away. | would also bet that he would be telling stories about
you and your precious 15 cents at cocktail parties for many years to come!
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In an ideal financial world we might all like all of our answers to be infinitely
precise, but it is actually just common sense to temper that expectation. Small errors,
while undesirable, are not worth the cost and effort of chasing down. If you find a
$500 discrepancy when balancing your checkbook, it is well worth investing a couple
of hours to chase down the problem. But wasting an evening to chase down a nickel is
a waste of time. It would be nice to have everything match to the penny, but it is a far
better decision to write off the nickel difference than to waste valuable time and effort
to chase it down.

This is not license for sloppiness, nor is it a statement that we don’t really care all that
much about getting the right answer. Taking a materiality point of view simply means that
we agree to accept some small inaccuracies as a regrettable fact of life. It does not mean
that we throw accuracy to the wind and stop caring about having the right answers. We still
will make every reasonable attempt to see everything work out exactly. We just decline to
exert unreasonable effort for to-the-penny exactness.

For most purposes, effective rates rounded to two, or at most three, decimal places result
in discrepancies that are small enough to be ignored for all practical purposes.

Example 3.4.3 Tris deposited $5,000 at 6.38% compounded daily for 16 years. Find
his account’s future value in two ways: (a) using the nominal rate and (b) by finding the
effective rate and using it to find the future value.

(a) n = (16 years)(365 days/year) = 5,840 days. Then:

FV = $5,ooo(; N % )5,840

Fv = $13,875.83

(b) We first need to find the effective rate. Even though we know that Tris actually deposited
$5,000 and the account was actually open for 16 years, we do not need (or want) these
details when finding the effective rate.

FV = PV(1 + i)

B 0.0638 %5
FV = $IOO(I + 0063 )
FV = $106.59

From which we conclude that the effective rate is 6.59%.

Now to use the effective rate. Remember that even though we know that Tris’s interest actu-
ally compounds daily, the effective rate is always annually compounded.

FV = PV(] + i)
FV = $5,000(1 + 0.0659)'¢
FV = $13,881.40

The actual balance in Tris’s account would be $13,875.83, since the nominal rate would be
the one really used. The disagreement between these two answers is once again due to the
rounding of the effective rate.

Example 3.4.3 illustrates the fact that “close enough” depends on context. An error
of more than $5 would be quite serious if the Tris’s account’s size were $20. How-
ever, with an account balance of many thousands of dollars over a term of 16 years,
this isn’t much. This is only common sense, but it does demand that we think about
the situation and use sound judgment when asking whether or not a difference is big
enough to matter. Considering the size of the account and time period, the discrepancy
between the two answers is unlikely to be much of an issue. If, however, a situation
did demand greater precision, we could get it by taking the effective rate out to more
decimal places.
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EXERCISES 3.4

A. Comparing Effective and Nominal Rates

1. An bank is offering to pay an interest rate of 6.3% compounded monthly. The APY is given as 6.49%. Find the future
value of $3,560.75 in 2 years, using the nominal rate and then using the APY. Do your answers match? Should they?

2. A credit union is offering to pay an interest rate of 4.92% compounded daily. The APY is given as 5.04%. Find the
present value required to produce $20,000 in 1 year, first using the nominal rate, and then using the APY. Do your
answers match? Should they?

3. Melina invested $4,000 for 7 years at a nominal rate of 5.43% compounded quarterly.
a. Find the effective interest rate which is equivalent to 5.43% compounded quarterly.
b. Find Melina’s future value using the nominal rate.

Find Melina’s future value using the effective rate.

Q)

d. Do your answers to (b) and (c) agree? Should they?

4. Bob deposited $17,345.92 at a nominal rate of 4%4% compounded daily for 1 year.
Find the effective rate of interest.

a.
b. Find the future value using the nominal rate.

o

Find the future value using the effective rate.

d. Do your answers to (b) and (c) agree? Should they?

5. Kelsey deposited $39,559.01 in a 5-year certificate of deposit paying 5.98% compounded monthly.
Find Kelsey’s future value using the nominal rate.

a.
b. Find the effective interest rate.

g

Find the future value using the effective rate.

d. Your answers to (a) and (c) will not be the same. Which answer gives the actual value of her account at the end of
5 years?

6. Paolo borrowed $3,945 for 6 months at an interest rate of 12.99% compounded monthly.
Find the total interest he will pay using the nominal rate.

a.
b. Find the effective interest rate.

0

Find the total interest he will pay using the effective rate.

d.  Which is the actual amount of interest he will pay, (a) or (c)?

7. Meryl invested $2,500 for 2 years at 9.75% compounded daily.
a. Find the total interest he will earn using the nominal rate.

b. Find the effective rate, and use it to find the total interest he will earn.
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c.  Which answer, (a) or (b), gives the actual amount of interest he will earn?

8. Oswayobank offers a 7.52% rate compounded monthly for a 7-year deposit account.

a. Find the APY for this account.

b. Use the APY to determine how much someone would need to deposit in order to end up with a $5,000 account
value at maturity.

c.  Rework (b) using the nominal rate.

B. Additional Exercises

9. Parul deposited $4,000 in a CD paying 6.29% compounded continuously. Find the effective interest rate and use it to
find the future value after 4 years. Also, find the future value after 4 years by using the nominal rate.

10. Howard invested $67,945.16 for 3 years, 8 months, and 17 days in an account paying 8.19% compounded daily
using bankers’ rule. Find the total interest he will earn, both directly by using the nominal rate, and then by finding the
effective rate and using it.

Solving for Rates and Times (Optional)

So far, we have dodged the question of how to use the compound interest formula to find
interest rates and terms. While the Rule of 72 provides a way to approximate these answers,
in this section we will see how to find exact answers. This will, however, require more
advanced algebraic techniques than we have been using so far, and this section assumes
that the reader has more than basic algebra skills. Solution methods are presented in the
following by means of examples.

Solving for the Interest Rate (Annual Compounding)

Example 3.5.1 Suppose that an investment grows from $2,500 to $3,000 in 5 years.
What is the effective interest rate earned by this investment?

We begin by substituting the values we have into the compound interest formula.
FV =PV(] + i)
$3,000 = $2,500(1 + i)®

We need to whittle away at this equation to isolate the i. A first step toward this goal would
be to eliminate the $2,500 by dividing both sides.

1.2=(1 +i)

This helps, but it leaves the difficulty of getting rid of the exponent. To do this, we will use the
fact that when something raised to a power is itself raised to a power, you can multiply the
exponents. We've previously noted that exponents do not have to be whole numbers, and so
if we raise both sides of this equation to the I/5: power we get:

(1.2)7=((1 +ip)"
(1.2)%= (1 + i)’
1.0371372893 = 1 +i
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We then subtract 1 from both sides to get i = 0.0371372893. Moving the decimal, we
conclude that i = 3.71%.

Remember that there is a particular need for caution when using fractional exponents with
your calculator due to a side effect of order of operations. If you enter 1.2 1/5 = on most
calculators, the result will be 0.24, not the correct 1.0371372893. The reason is that under
order of operations, exponents take precedence over division, and so the calculator interprets
this entry as “first raise 1.2 to the power 1, then divide the result by 5.” To obtain the correct
answer, you must use parentheses around the 1/5, and so instead enter 1.2 (1/5) = which
will give the correct result.

Solving for the Interest Rate (Nonannual Compounding)

Example 3.5.2 Kelli has a certificate of deposit on which the interest compounds
monthly. The balance in the account is $4,350.17 today, and the certificate will mature
2 years from today with a value of $4,715.50. What is the interest rate on her certificate?

We follow the same basic steps here as in the previous problem (being careful to note that
n must be in months):

FV =PV(1 +i)
$4,715.50 = $4,350.17(1 + i)*
1.083980626 = (1 + i)
1.083980626" = 1 + i
1.003365652 =1 + i
i =0.003365652

This gives i as a rate per month, however. Since i is the annual rate divided by 12, we must
multiply by 12 to get the annual interest rate: (0.003365652)(12) = 0.040387829, and so
the interest rate to two decimal places is 4.04%.

Converting from Effective Rates to Nominal Rates

In Section 3.3 we discussed finding the effective rate for a given nominal rate. We did
not discuss going the other direction. We can, however, use a similar approach to that in
Example 3.5.2 to accomplish this.

Example 3.5.3 What quarterly compounded nominal interest rate is equivalent to
an effective rate of 17.4%?

We know that compounding at the unknown nominal rate for one year provides the same
result as using the effective rate for one year. Therefore:

1.1747 = (1 +i)*

1.174% =1 +i
1.040919212 =1 +i
i=0.040919212

Multiplying this by 4 gives a nominal quarterly rate of 16.37%.

Solving for Time

Example 3.5.4 How long will it take for $100 to grow to $500 at 6% interest
compounded quarterly?
We begin once again by substituting into the formula, remembering to divide the rate by 4
because it is compounded quarterly:
FV =PV(] + i)
$500 = $100(1 + .015)
5= (1.015)
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The difficulty now is to get the n out of the exponent and by itself. This can be accomplished
by using a logarithm:
log(5) = nlog(1.015)

_ log(5)
"~ Tog(1.0715)

n = 108.09858293

So the term is just over 108 quarters. To convert to years, we must divide by 4 to get a term
of just over 27 years.

EXERCISES 3.5

Solving for Interest Rate (Annual Compounding)

. In Example 3.1.5 we used the Rule of 72 to estimate the rate required for $30,000 to grow to $1,000,000 in 30 years.
Using the techniques of this section, find the effective rate. How good was our estimate?

. If Max has $40,057.29 in his investment account, what effective interest rate would he need to earn for this account to
grow to $500,000 in 25 years?

. What effective rate does David need to earn on his investments for their value to grow from $594,895 to $1,000,000 in
8 years?

. The population of Oakview Junction is now 23,500, and an urban planner has predicted that it will grow to 30,000 in
10 years. What growth rate is assumed in this projection?

. What effective rate would you need to earn for $20 to grow to $100,000 in 20 years? In 50 years? In 100 years?

Solving for Interest Rate (Nonannual Compounding)

. If Silvestre’s account balance grew from $1,595 to $1,703.27 in 3 years, and interest compounded daily, what nominal
rate did the account earn?

. What nominal rate, compounded quarterly, would | need to be able to have $21,500 grow to $30,000 in 5 years’
time?

. Find the nominal rate compounded monthly that is equivalent to an effective rate of 8.25%.

. A bank advertises an effective rate is 5.35% on a certificate of deposit. The interest actually compounds monthly. Find
the nominal rate.
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C. Solving for Time

10. According to his financial planner, Rodney’s investment portfolio can be expected to earn an 8'2% effective rate.
Assuming this is correct, how long will it take for his portfolio’s value to grow from $259,000 to $500,000?

11. If my savings account pays a constant 3.65% compounded daily, how long will it take for my $1,893.25 account
balance to grow to $2,000?

12. Use the Rule of 72 to approximate the time needed to double a sum of money at a 6.5% effective rate. Then use the
techniques of this section to find the actual time required. How good was the estimate?

D. Grab Bag

13. Find the nominal rate compounded daily that would be equivalent to an effective rate of 8.77%.

14. Chey’s retirement account has a balance of $797,503. Assuming that she makes no deposits or withdrawals, and that
her account earns 6% compounded monthly, how long will it take for her account balance to reach $1,000,000?

15. A wind turbine manufacturer’s sales were $18,576,950 in 2005. An investment analyst predicts that the company’s
sales will grow at an effective rate of 18% per year. Assuming this prediction is correct, how long will it be before the
annual sales reach $100,000,000?

16. Jack’s investment portfolio was worth $37,500 at the start of 2004, and had grown to $65,937 by the start of 2007.
What was the effective growth rate of his account during that time period?

E. Additional Exercises

17. Suppose that Kimberly invests $10,000, which grows at an effective rate of 8% for 3 years. For the next 2 years the
investment grows at an effective rate of 11%, and then for the last 5 years it grows at only 5%. Taking the entire
10 years as a whole, what was the overall effective rate that she earned?

18. Irakli invested $30,000 in a stock. Eight years later it was worth $75,000. In the last 3 years, the stock grew at a steady
4% rate. What was its effective growth rate for the first 5 years?
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Topic

The Concept of Compound
Interest, pp. 86-88

Calculating Future Value with
Compound Interest, p. 93

Calculating Compound
Interest, p. 93

Calculating Present Value

with Compound Interest, p. 94

The Rule of 72, p. 96

Compounding Frequencies,

p. 103

Comparing Compounding
Frequencies, pp. 104-105

Continuous Compounding
(Optional), p. 106

Key ldeas, Formulas, and Techniques

©00000000000000000000000000000000i000000000000000000000000000000000000000000000000000eioccssccscscscscccccccccccccccsoe

Simple interest is only paid on the original
principal, not on accumulated interest
Compound interest is paid both on principal
and on accumulated interest

The compound interest formula: FV = PV(1 + i)
Substitute present value, interest rate per
period, and number of time periods into the
formula

Be careful to follow order of operations when
evaluating the formula

Find the future value, using the compound
interest formula

The amount of compound interest is the
difference between the PV and the FV

Substitute future value, interest rate per period,
and number of time periods into the compound
interest formula

Use the principle of balance to solve for PV

The doubling time for money growing at x%
compound interest is approximately 72/x

The compound interest rate required to double a
sum of money in x years is approximately 72/x%

If interest compounds more frequently than
once a year, the same compound interest
formula is used

i must be the interest rate per period. The
annual rate must be divided by the number of
time periods per year

n must be the number of time periods. The term
in years must be multiplied by the number of
time periods per year.

The more frequently a given interest rate
compounds, the more interest.

Continuous compounding assumes that interest
compounds “infinitely many” times per year
The continuous compounding formula: FV = PV e"
e is a mathematical constant, approximately
2.71827

Continuous compounding only provides slightly
more interest than daily compounding

CHAPTER 3

Example(s)

See discussion at the
beginning of Chapter 3.1.

Suppose you invest
$14,075 at 7.5% annually
compounded interest. How
much will this grow to in
20 years? (Example 3.1.2)

Suppose you invest $14,075 |
at 7.5% annually compounded ; L
interest. How much interest

will you earn over 20 years?

(Example 3.1.3)

How much money should |

invest today into an account T e
paying 7%£% annually

compounded interest to have

$2,000 five years from now.

(Example 3.1.5) e,

What compound interest e
rate is required for $30,000
to grow to $1,000,000 in
30 years? (Example 3.1.8)

Find the future value of
$3,250 at 4.75% interest
compounded daily for

4 years. (Example 3.2.2)

Compare the future value

of $5,000 in 5 years at 8%
compounded annually,
semiannually, quarterly,
monthly, biweekly, and daily.
(Example 3.2.5)

Find the future value of
$5,000 at 8% for 5 years
assuming continuous
compounding. (Example
3.2.7)

(Continued)
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Topic : Key Ideas, Formulas, and Techniques Example(s)
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B s i -

Compound Interest with
“Messy” Terms, pp. 108-109

Effective Interest Rates, p. 117

Using Effective Rates for
Comparisons, p. 118

Using Effective Rates with
“Messy” Terms, p. 120

Compound Growth Other than

Interest, pp. 121-122

Effective versus Nominal
Rates, p. 129

Solving for Rates and Times
(Optional), pp. 131-132

n in the compound interest formula must be the
number of time periods

The term must be converted to the same time
units as the compounding.

The effective interest rate for a given nominal
interest rate is the annually compounded rate
which would give the same results as the given
rate.

To find the effective rate, find the future value of
$100 for one year at that rate. The effective rate
is the same number as the amount of interest
earned.

Or, as an alternative, Formula 3.3.2 can be used.

Nominal rates cannot be directly compared if their

compounding frequencies are not the same
To compare nominal rates fairly, compare their
effective rates.

Effective rates compound annually, so n in the
compound interest formula must be in years.
If the term is not a whole number of years,
decimals and fractions can be used in an
exponent.

The compound interest formula can be used any
time something is growing at a constant percent
rate, even if the growth is not interest.

Calculations done with the effective rate should
match calculations done with the nominal rate
Results will not match exactly because the
effective rate is rounded.

The compound interest rate can be used to solve
for times and interest rates

The algebra to do this requires the use of
fractional exponents and/or logarithms

The Rule of 72 can provide approximate answers
without requiring as much algebra

Nigel deposited $4,265.97
in a savings account paying
3.6% compounded daily. He
closed the account 3 years,
7 months, and 17 days later.
How much did he have
when he closed it? (Example
3.2.10)

Find the equivalent annual
rate for 7.35% compounded
quarterly. (Example 3.3.4)

Which rate is highest: 5.95%
compounded annually,
5.85% monthly, or 5.75%
daily? (Example 3.3.7)

Find the future value of a
$20,000 CD for 1000 days at
a 6.25% effective rate.
(Example 3.3.9)

A pair of sneakers cost
$75.49 seven years ago. The
price has been rising at a
4.8% growth rate. What is
the price today? (Example
3.3.10)

Tris deposited $5,000 at
6.38% compounded daily for
16 years. Find his account’s
future value two ways: using
the nominal rate and by
finding the effective rate and
using it. (Example 3.4.3)

How long will it take for
$100 to grow to $500 at 6%
compounded quarterly?
(Example 3.5.4)
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CHAPTER 3

The following exercises are a mixture of problems primarily from the topics covered Chapter 3. One of the objectives of
these exercises is to be able to correctly identify which topics and tools are needed for each problem. While the emphasis is
on material covered in Chapter 3, some problems covering material from Chapters 1 and 2 may also be included. All of the
material covered in this chapter is “fair game”, except for optional topics, which are not included in these exercises.

1.

Abigail deposits $4,000.00 in a certificate of deposit at a bank for 3 years at an interest rate of 8.36%
compounded quarterly. Find (a) the value of the certificate at the end of the 3 years and (b) the total amount of
interest earned.

Bruce needs to borrow $7,300 for 2 years. Colden National Bank offers him the loan at 7.26% compounded daily, and
Angola National Bank offers him the loan at 7.35% compounded monthly. (a) How much would he need to pay back
at each bank? (b) Which bank is offering the better deal?

Sylvia is shopping around for a bank to open a savings account. She considers three: NetnetBank, which offers a rate
of 4.35% compounded annually; SNB Bank, which offers 4.29% compounded weekly; and TJBank, which offers 4.17%
compounded daily. Which of the three banks offers the best deal?

Jayson is 35 years old and has set the goal of retiring at age 60 with $750,000. (a) How much money does he need to
set aside today to reach his goal, assuming his investments earn an effective annual interest rate of 11.4%? (b) How
much would he have had to set aside if he had started 15 years earlier? (c) Rework both (a) and (b), assuming that
instead his investments earn only 5%.

Eden Financial is offering an interest rate of 6.25% compounded daily on 1-year certificates of deposit. Derby Savings
Bank is offering a higher rate, 6.35%, but that rate compounds quarterly. Which would be the better choice for your
deposit?

Cheyenne has invested $3,000 in a 5-year bank certificate on which the interest rate is 6'/4% compounded daily. Find
the value of the certificate at the end of five years in two ways:

a) Calculate the FV using the 64% compounded daily rate.
b) Find the effective rate and then use it to find the FV.

c) Do your answers to (a) and (b) match? If not, explain why not.

Find the effective interest rate equivalent to 12.7% compounded daily (bankers’ rule).

Frank has borrowed $12,349.16 at an interest rate of 14% compounded monthly for 17 months.

a) Calculate the amount needed to repay the loan using the given interest rate.
b) Find the equivalent annual rate for the given interest rate.
c) Calculate the amount needed to repay the loan using the equivalent annual rate.
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9. Deidre borrowed $1,236.95 for 14 months at an interest rate of 9.2% compounded daily. Find the payoff amount for
the loan.

10. The State of Wyoming issued a $50,000 face value discount bond that matures on July 1, 2007. Pike Capital Corp
bought this note for $48,359 on November 18, 2006. Find the simple interest rate and the simple discount rate.

11. Harry has a store charge account on which the effective interest rate is 21.6%. Suppose he charges a new stereo for
$750, and makes no payments for 10 months. (a) How much will he owe at the end of the 10 months? (b) Suppose
instead that he forgets about the account and moves to a monastery in Nepal (where the store’s collection department
can't find him) and returns 12 years later. How much will he owe when he returns?

12. Vladimir opened a savings account with a deposit of $3,279.14 at an interest rate of 7.2% compounded daily. The
account remained open for 2 years, 3 months, and 17 days, during which time he made no deposits or withdrawals.
How much was the account worth at the end when it was closed?

13. Jacqui borrowed $575.00 for 1 year and 7 months at an interest rate of 6.3% compounded monthly. How much did she
have to repay?

14. Find the effective interest rate equivalent to 3.59% compounded (a) daily, (b) monthly, (c) quarterly, (d) semiannually,
and (e) annually.

15. Which of the following financial institutions is offering the best rate for a certificate of deposit?

Bank Rate Compounding

Naples Savings and Trust : 955% Annually
National Bank of Cohocton : 9.35% Quarterly
Springwater Savings Bank 9Va% Daily

.......................................................

16. Find the effective rate equivalent to 7.17% compounded annually.

17. How much would | need to deposit at 5.22% compounded daily for an investment to grow to $35,000 in
30 years?

18. Find the future value of $478,923 in 5 years, given an APY of 9.12%.

19. Lois deposited $1,375.29 in a savings account that paid 4.79% compounded daily for 300 days. Would she have been
better off if she had earned a 4.87% effective rate? Justify your answer.
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20.

21.

22.

23.

24.

25.
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The population of Allegany City is 27,540. An urban planning consultant predicts that the population will grow at
a 1.95% effective rate for the next 10 years. What is she predicting the population will be in 10 years?

Find the effective rate equivalent to 8.01% compounded monthly.

Approximately how long would it take to double your money at a rate of 4.59% compounded quarterly?

Burali-Forti Logic Processors Inc. had sales of $375,000,000 in the last year. The company predicts that its sales will
grow at an 8% annual rate for the foreseeable future. According to this prediction, what will the company’s sales be in
5 years?

Gabriela invested $3,500 at 4'%% compounded monthly for 4V years. How much interest did she earn?

Approximately what effective interest rate would you need to earn in order for a $2,500 investment to grow to $10,000
in 12 years?
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Recognize financial situations that can be
described as annuities, and distinguish between
present and future values and between ordinary
annuities and annuities due.

Calculate the future value of an annuity, using
annuity factors obtained from formulas, tables,
and/or calculator or computer programs.

Find the payments necessary to accumulate a
desired future value goal, given a period of time
and interest rate.

Calculate the present value of an annuity, using
annuity factors obtained from formulas, tables,
and/or calculator or computer programs.

Find the annuity payments that are equivalent to
a specified present value, given a period of time
and interest rate.

Apply present and future value annuity calcula-
tions to real-world financial situations, such as
long-term investment programs or loans.

Construct amortization tables for loans, and use them
as a tool to illustrate and draw conclusions about the
workings of loan interest.

- —Ralph Waldo Emerson

“Annuities

“No man acquires property without
acquiring with it a little arithmetic also.”

Chapter Outline

4.1
4.2
43
4.4
4.5
4.6

4.7

What Is an Annuity?

Future Values of Annuities
Sinking Funds

Present Values of Annuities
Amortization Tables

Future Values with Irregular Payments: The
Chronological Approach (Optional)

Future Values with Irregular Payments: The
Bucket Approach (Optional)
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4.1 whatls an Annuity?

All of the situations we have considered so far, whether simple interest, simple discount, or
compound interest, have had something in common. In every case, a sum of money is lent
and then the loan is repaid in full all at once at the maturity date. While the terminology and
formulas have varied, timelines for any of these loans have looked like:

Money Loan
borrowed repaid
|

This is all well and good, but there are many financial situations where this sort of time-
line is far too simple. Take a car loan for example. Suppose you borrow $14,500 at 8%
compounded monthly for 5 years to buy a car. The deal is unlikely to be that you get the
$14,500 up front, do nothing for 5 years, and then repay the entire loan at the end, all in a
single lump sum. Such an arrangement would not make sense either to you or to the lender.
Instead, the usual arrangement requires you pay off the loan by making payments every
month. A timeline for your car loan would instead look more like this:

Payments made monthl
Money L l l l l l y y |

borrowed” " T T T T '

This loan’s consistent and regular payments are an example of an annuity. Clearly, we will
need to go beyond the mathematics we have so far to deal with such situations. Before we
do that, though, we’ll need to first define some new terminology.

Definition 4.1.1
An annuity is any collection of equal payments made at regular time intervals.

Annuities are very common in business and personal finance. A number of examples are
given below; with a few moments’ thought you can probably come up with many others.

Some Examples of Annuities

e Monthly payments on a car loan, student loan, or mortgage
*  Your paycheck (if salaried or if hourly with hours that are always the same)

The payments on a car loan
are an example of an annuity.
© Jack Star/PhotoLink/Getty
Images/DIL
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« Rent payments (until the rent changes)
»  Pension or Social Security payments (as long as payments do not change)
e “Budget plan” utility bills (same amount paid each month)

» Regularly scheduled deposits to a savings program, such as an Individual Retirement
Account (an IRA)

Some Examples That Are Not Annuities

*  Monthly credit card payments (unless you pay the same amount each month)
*  Your paycheck (if hours vary, or if paid on commission)

» Daily receipts of a business

e “Pay as you go” utility bills

A few words of caution about terminology are in order. The term annuity can be used for a
type of insurance contract (including such variations as fixed annuities, variable annuities,
and tax-sheltered annuities). While these products often have features that involve a series
of payments that fits our definition, it is important not to confuse the annuities we are talk-
ing about with these types of insurance contracts. For clarity’s sake, we will use the term
insurance annuity when referring to these contracts, though you should be aware that in
the real world people are not always so clear and the plain “annuity” is generally used for
them. Fortunately, it is usually clear from context which sort of annuity one is talking about,
and the terminology doesn’t create any more confusion than the fact that Washington is the
name of both a city and a state.

Present and Future Values of Annuities

In some situations, such as IRA deposits, the annuity payments are made for the purpose
of accumulating a sum of money at a future date. In others, such as a mortgage or car loan,
the payments are being made in exchange for a sum of money received at the start of the
annuity. In both cases, the sum of money involved is important enough to have a name
attached to it.

Definitions 4.1.2

A sum of money to which an annuity’s payments and interest accumulate in the end is called
the annuity’s future value.

A sum of money paid at the beginning of an annuity, to which the annuity’s payments are
accepted as equivalent, is called the annuity’s present value. (The present value is also
sometimes called the amount of the annuity.)

Note that we already have used the terms present value and future value with compound

interest. Their meanings here are consistent with what these terms meant in the compound

interest sections: present value comes at the beginning, future value comes at the end.
Some examples will help illustrate these terms:

Example 4.1.1 Distinguishing between present value and future value of an annuity.

(a) Dylan deposits $25 from each paycheck into a 401 (k) savings plan at work.
He will keep this up for the next 40 years, at which time he plans to retire,
hopefully having accumulated a large balance in his account. Since equal
payments are being made into the account at regular intervals, this is an annuity.
Is the value of the account when Dylan retires a present value or a future value?

The value of the account when Dylan reaches retirement would be the future value.

(b) Thalissa borrowed $160,000 to buy a house. To pay off this mortgage loan, she
agreed to make payments of $1,735.52 per month for 30 years. Since her mortgage
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payments are all equal, and are made at regular intervals, they constitute an
annuity. Was the amount she borrowed this annuity’s present value or future value?

The $160,000 was received at the start of the annuity payments. Therefore it would be the
present value of the annuity.

Just as with compound interest, the terms “present” and “future” here do not necessarily
correspond to the actual present or future. When Dylan reaches retirement, the value of his
account will still be considered a future value, even though his retirement will no longer be
in the future. Likewise, regardless of how long ago Thalissa took out her loan and bought
her house, we still call the $160,000 the annuity’s present value.

The Timing of the Payments

Our definition of an annuity demands that payments be made at regular intervals (annu-
ally, monthly, weekly, daily, etc.), but it is silent about the timing of the payments within
each interval. If | agree to pay $245 monthly for 60 months for a car loan, this clearly
fits the definition of an annuity. But do my payments begin right away (the payment due
at the start of each month) or can | wait 30 days before making the first payment (the
payment is due at the end of each month)? Our annuity definition says nothing about
this detail.

An annuity actually can be set up either way; either timing of the payments would
meet the definition. However, since the timing of the payments does matter, we do want to
distinguish annuities whose payments come at the start of each period from those whose
payments come at the end.

Definitions 4.1.3

An ordinary annuity is an annuity whose payments are made at the end of each time
period.

An annuity due is an annuity whose payment are made at the beginning of each time
period.

As the name ordinary suggests, annuities are assumed to be ordinary unless otherwise
specified.

Example 4.1.2 Distinguishing between ordinary annuities and annuities due.

(a) John took out a car loan on May 7. Payments will be made monthly. The first
payment is not due until June 7 (the second will be due on July 7, etc.). Is this an
ordinary annuity or an annuity due?

Because his first payment is not made until the end of the first month, the second at the end
of the second month, and so on, his car payments are an ordinary annuity.

(b) Jenna won a lottery jackpot which will pay her $35,000 per year for

the next 26 years. She does not have to wait an entire year to get her first
check—she will be paid the first $35,000 right away. Her second payment will
come a year from now, at the start of the second year, and so on. Is this an
ordinary annuity or an annuity due?

Since the payments come at the start of each year, her prize payout is an annuity due.

Don’t misunderstand the terms start and end here. In John’s example, we said the pay-
ments were made at the end of the month, even though they were in fact due on the seventh
day—nowhere near the time to turn the page of the calendar. End of the month refers to
a month counted from the date the annuity begins. It does not mean end of the calendar
month. Likewise, Jenna does not necessarily receive her lottery payment at the start of each
calendar year (on January 1). Rather, the years in question are measured from the date her
payout annuity begins. She would only receive her payments on January 1 if by coinci-
dence that happened to be the starting date of the annuity.
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EXERCISES 4.1

A. The Definition of an Annuity

Determine whether or not each of the following situations describes an annuity. If the situation is not an annuity, explain why it
is not.

1. A car lease requires monthly payments of $235.94 for 5 years.

2. Your cell phone bill.

3. The money Adam pays for groceries each week.

4. Ashok bought a guitar from his brother for $350. Since he didn’t have the money to pay for it up front, his brother
agreed that he could pay him $25 a week until his payments add up to $350.

5. Caries’ Candy Counter pays $1,400 a month in rent for its retail store.

6. The rent for the Tastee Lard Donut Shoppe is $850 a month plus 2% of the monthly sales.

7. Cheryl pays for her son’s day care at the beginning of every month. Her provider charges $35 for each day her son is
scheduled to be there during the month.

8. Every single morning, rain or shine, Cieran walks to his favorite coffee shop and buys a double redeye latte.

9. According to their divorce decree, Terry is required to pay his ex-wife $590 a month in child support until their daughter
turns 21.

10. In response to her church’s annual stewardship campaign, Peggy pledged to make an offering of $20 each week.

B. Present and Future Values

Each of the following problems describes an annuity. Determine whether the amount indicated is the annuity’s present value
or future value.

11. Artie bought a policy from an insurance company that will pay him $950 a month guaranteed for the next 20 years. Is
the amount he paid a present value or future value?

12. The Belcoda Municipal Electric Company expects that in 5 years’ time it will need to make significant upgrades to its
equipment. In order to set aside enough money to pay these expenses, the utility has begun depositing $98,000 each
quarter into an investment account. Is the amount they are trying to accumulate a present or future value?
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13. Wyatt just attended a sales presentation held by the investment company that administers his employer’s 401 (k)
savings plan. According to the sales representative, if he puts just $125 into the plan with each paycheck he could be
a millionaire when he hits retirement age. Is the $1,000,000 projection a present or future value?

14. Otisco County won a judgment against a former contractor that will require the contractor to pay the county $52,000
per year for the next 20 years. Instead of having to make payments for the next 20 years, the contractor offers to pay
the county $835,000 in one lump sum today. Would this be a present value or future value?

15. Fifteen years ago, Ken quit smoking, and instead of spending $30 a week on cigarettes he put that money in a special
savings account each week. Is the value of his account today a present or future value?

16. Three years ago, Len bought a new car and borrowed the entire cost. Is the cost of the car the present value of his
monthly payments or the future value?

17. During his college years, Teddy took out student loans to pay his tuition and living expenses. Now he is making equal
payments each month on those loans. Is the amount he borrowed the present value or the future value of his loans?

18. Tessa was laid off from her job and was out of work for 6 months. Every month, she borrowed $1,000 from her father
to help cover her living expenses. Was the total she owed him at the end of the 6 months the present value or the future
value of the amounts she borrowed?

C. Ordinary Annuities and Annuities Due

Each of the following problems describes an annuity. Determine whether it is an ordinary annuity or an annuity due. Justify
your answer.

19. John won a lottery jackpot, which will pay him $100,000 every year for 20 years, starting right away.

20. At the end of each quarter, the TiJiBi Acoustic Electric Corporation pays each of its shareholders a dividend of 25 cents
for each share owned.

21. Because he is self-employed, Dylan does not have income taxes withheld from paychecks. Instead, he is required to
make estimated tax payments to the IRS. This year, he has to pay $1,845 each quarter.

22. Every month | pay my insurance company $78.59 for my car insurance premium.

23. The rent for Lourdes’ apartment is $845 a month and is due at the beginning of each month.

24. A customer of the Mendon Falls Gas and Electric Company pays his utility bills on a budget plan. Instead of having his
bill fluctuate from month to month, he pays the utility $165 at the end of each month.

25. Jenny and Rob’s monthly mortgage payment is $1,257.09.
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For each of the following scenarios, determine whether or not the payments describe an annuity. If they do, determine whether
they are an annuity due or an ordinary annuity. Also, determine whether the amount indicated is a present value or a future value.

26. For the past 20 years, Steve has put $100 in a special savings account at the beginning of each month. He now has

27.

28.

29.

30.

$31,575.16 in that account.

Ever since their daughter was born, Jim and Lara have been setting aside money to pay for her college. At the end
of each month, they have always deposited at least $200 into a college savings account for her. They presently have
$18,735.92 in the account.

Delsimar Devices Corp. sets aside $275,000 at the end of each quarter. The money goes into a special fund the
company plans to use for a long-term expansion plan. The company expects that in 5 years it will have accumulated
$5,800,000 in this account.

Two years ago, | took out a $25,000 business loan. The payments are $500 per month.

Sonja paid an insurance company $400,000 for a policy that will pay her $3,000 a month in income for the rest of her life.

Future Values of Annuities

In the previous section, we saw several examples of present and future values of annuities,
but did not discuss how to actually find the present or future value of any given annuity.
This will require more sophisticated mathematical tools than the ones we have been using
so far. In every calculation we have done so far, there has always been a single starting
amount (the principal, proceeds, or present value) and a single ending amount (the maturity
value or future value), with no payments made along the way. Yet with annuities, there are
lots of payments being made along the way.

In this section, we’ll begin to develop the mathematical tools we’ll need to work with
annuities. At first, we will focus just on finding future values, though later on in the chapter,
we will also address present values. At first we will concern ourselves only with ordinary
annuities. Later in this section we will see how to handle annuities due as well.

Looking ahead, you will no doubt notice that this is a very long section. It takes quite a
bit of space to develop the formulas and techniques used to handle annuity future values.
Depending on the level and objectives of the course that you are taking, your instructor may
or may not be covering all of the material in this chapter. If you have any doubts about which
material is being covered in your class, make sure to check with your instructor.

The Future Value of an Ordinary Annuity

Suppose that you deposit $1,200 at the end of each year into an investment account that
earns 7.2% compounded annually. Assuming you keep the payments up, how much would
your account be worth in 5 years? Your annual payments constitute an ordinary annuity,
and since we are asking about their accumulated value with interest at the end, we are look-
ing for the future value.

It turns out that we actually can find this future value by using the tools we already have.
We will consider this example problem from several different lines of attack, in the hope of
developing approaches that we can use with annuities in general.
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Approach 1: The Chronological Approach

A natural way to approach this problem is to build up the account value year by year, credit-
ing interest as it comes due and adding new payments as they are made.

At the end of the first year, $1,200 is deposited. No interest would be paid, since there
was no money in the account prior to this deposit.

At the end of the second year, 1 year’s worth of interest would be paid on the $1,200,
raising the account value to $1,200(1.072) = $1,286.40. In addition, $1,200 comes in from
the second-year deposit, bringing to total to $2,486.40.

We could continue along this way until the end of the 5 years, the results of which can
be summarized in the table below:

Starting Interest Ending

Year : Balance : Earned : Deposit : Balance
1 $0.00 : $0.00 i $1,200.00 :  $1,200.00
2 * $1,20000 : $86.40 i $1,200.00 :  $2,486.40
3 P $2,486.40 i $179.02  :  $1,200.00 :  $3,865.42
4 T $3,865.42 i $27831 i $1,200.00 : $5,343.73
5 $5,343.73 . $38475 .  $1,200.00 : $6,928.48

.................................................................................

This approach is logical, does not involve any new formulas, and it nicely reflects what goes
on in the account as time goes by. But it is obvious that we wouldn’t want to use it to find
the future value of 40 years of weekly payments. This chronological approach may be fine
in cases where the total number of payments is small, but clearly we have reason to find an
alternative.

Approach 2: The Bucket Approach

Suppose now that you opened up a new account for each year’s deposit, instead of making
them all to the same account. Assuming that all of your accounts paid the same interest rate,
and assuming you didn’t mind the inconvenience of keeping track of multiple accounts,
would this have made any difference to the end result?

The bucket approach arises from the observation that keeping separate accounts would
make no difference whatever in the total end result. It doesn’t make any difference whether
you have a dollar or 20 nickels, and it doesn’t make any difference whether you have
one large account or 20 smaller ones. Since everything would come out the same if each
deposit (and its interest) were kept in a separate “bucket,” we pretend that this is actually
what happens. That’s probably not what actually does happen, but since the result would be
the same if it did, pretending this happens won’t change our final answer.

The first payment of $1,200 is placed in the first bucket. This money is kept on deposit
from the end of year 1 until the end of year 5, a total of 4 years. So, at the end of the fifth
year, its bucket will contain a total of $1,200(1.072)* = $1,584.75.

We do the same for each of the other five payments, and then put them all back together
again at the end for the total:

Payment from Year Payment Amount Years of Interest Future Value
1 $1,200 : 4 : $1,584.75
2 $1,200 : 3 i $1,47831
3 : $1,200 : 2 : $1,379.02
4 : $1,200 : 1 : $1,286.40
5 $1,200 0 $1,200.00
Grand total $6,928.48

Notice that we arrive at the same total as with the chronological approach, as we would
have hoped. Unfortunately, the bucket approach would still be very tedious to use if there
were a lot of payments instead of just five. As things stand, we still have not found our goal
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of a final way to handle these situations, though, as we will see before long, the bucket
approach can be adapted to efficiently handle those other situations.

Approach 3: The Annuity Factor Approach

There is a third alternative. Suppose that instead of payments of $1,200, the payment were
instead $3,600, three times as much. It makes sense that the future value would then be
three times as much. So to find the future value of the $3,600 annuity, we wouldn’t need
to start from scratch, we could just multiply the $1,200 annuity’s future value by 3 to get
FV = 3($6,928.48) = $20,785.44. If you have doubts about this, you can verify it for your-
self by working through the future value of a $3,600 annuity using either of the approaches
we used above.

In general, a larger or smaller payment changes the future value proportionately.
Exploiting this, we can define the future value annuity factor.

Definition 4.2.1

For a given interest rate, payment frequency, and number of payments, the future value annu-
ity factor is the future value that would accumulate if each payment were $1. We denote this fac-
tor with the symbol s_., where n is the number of payments and i is the interest rate per payment
period. [For convenience, this symbol can be pronounced ““snigh” (rhymes with ““sigh™).]

When we find annuity factors, we carry the results out to more than the usual two decimal
places, to avoid losing too much in the rounding. It is conventional not to write a dollar
sign in front of the annuity factor, since, among other reasons, using the dollar sign will
look strange with numbers carried out to more than two decimal places. Now, let’s revisit
our problem by using an annuity factor. Since there are 5 annual payments, and since the
interest rate is 7.2% per year, the annuity factor we are looking for is s; .. Using the
bucket approach, this time with payments of $1, we get

Payment from Year Payment Amount Years of Interest Future Value
1 : 1.00 : 4 P 1.32062387

2 : 1.00 : 3 P 1.23192525

3 : 1.00 : 2 P 1.14918400

4 : 1.00 : ] : 1.07200000

5 1.00 0 1.00000000

Grand total 5.77373311

Since our payments were actually $1,200, or 1,200 times as much, it is logical that the
future value we want is:

FV = $1,200(5.77373311)
FV = $6,928.48

The Future Value Annuity Formula

It should be apparent that if the amount of the payments were something other than $1,200, if the
time period were something other than 5 years, and if the interest rate were something other than
7.2%, the same principles would apply. This allows us to generalize a future value formula:

FORMULA 4.2.1
The Future Value of an Ordinary Annuity

FV = PMTs,,

where
FV represents the FUTURE VALUE of the annuity
PMT represents the amount of each PAYMENT
and
S is the FUTURE VALUE ANNUITY FACTOR (as defined in Definition 4.2.1)



4.2 Future Values of Annuities 149

It’s nice to have a formula, but at this point alarms should be going off in your head. Sure,
we do have a general formula now, but in order to use it we need to calculate the annuity
factor, and the way we did that was not much of an improvement over just using the bucket
approach in the first place! At least this formula would nicely allow us to change the pay-
ment amount if we wanted to without having to recalculate everything from scratch. But a
far greater improvement would be some more efficient way of getting the annuity factors.
Fortunately, we can do this.

Finding Annuity Factors Efficiently—Tables

One way to find annuity factors is simply to have a table listing the factors for certain inter-

est rates and numbers of payments. An example of such a table is given below:

Number of RATE PER PERIOD (i)

Payments
() 0.50% 1.00% 2.00% 4.00% 6.00%
1 1.00000000 : 1.00000000 : 1.00000000 : 1.00000000 :  1.00000000 :
2 2.00500000 : 2.01000000 : 2.02000000 : 2.04000000 :  2.06000000 :
3 3.01502500 : 3.03010000 : 3.06040000 : 3.12160000 :  3.18360000 :
4 403010012 : 4.06040100 : 4.12160800 : 4.24646400 :  4.37461600 :
5 5.05025063 : 5.10100501 : 5.20404016 : 5.41632256 : 5.63709296 :
8 8.14140879 * 828567056 @ 858296905 : 9.21422626 :  9.89746791 :
10 10.22802641 : 10.46221254 : 10.94972100 : 12.00610712 : 13.18079494 :
15 ¢ 1553654752 : 16.09689554 : 17.29341692 : 20.02358764 : 23.27596988 :
20 2097911544 : 22.01900399 : 24.29736980 : 29.77807858 : 36.78559120 :
25 i 2655911502 : 2824319950 : 32.03029972 : 41.64590829 : 54.86451200 :
30 i 32.28001658 : 34.78489153 : 40.56807921 56.08493775 1 79.05818622 :
40  : 44.15884730 : 48.88637336 : 60.40198318 : 9502551570 :
50  : 56.64516299 : 64.46318218 : 84.57940145 : 152.66708366 : 290.33590458

SAMPLE TABLE OF ANNUITY FACTORS

8.00%

1.00000000
2.08000000
3.24640000
4.50611200
5.86660096
10.63662763
14.48656247
27.15211393
45.76196430
73.10593995
113.28321111

154.76196562 @ 259.05651871

: 573.77015642

............................................................................................................
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This table allows us to look up the value of the appropriate annuity factor for any of the
interest rates and values of n that the table includes. For example, if we need the annuity
factor for a 15-year annual annuity at 8%, we would look in the n = 15 row and 8% column
and see that the value is 27.15211393. Using our annuity factor notation, we would write
Sges = 27-15211393.

The following example will illustrate the use of a table factor to find the future value
of an annuity.

Example 4.2.1 How much will | have as a future value if | deposit $3,000 at the end
of each year into an account paying 6% compounded annually for 30 years?
The payments are equal and at regular intervals, and their timing is at the end of each

period, so we have an ordinary annuity. Using Formula 4.2.1 with the annuity factor from
the table above:

FV = PMTs,
FV = ($3,000)s% 4
We can find the value of the needed annuity factor from the table. We look in the n = 30 row

and the 6% column and find that the value of the annuity factor is 79.05818622. We can
then plug this into our formula and finish the calculation:

FV = ($3,000)(79.05818622)
FV = $237,174.56
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The obvious shortcoming of this approach is that a reasonably sized table can list only a limited
number of interest rates and number of payments. If the interest rate was 6%:%, or the time
period 35 years, we’d be out of luck. The obvious solution is to get a bigger table, but a table
that gave every possible rate together with every possible number of payments would be cum-
bersome. Still, this has historically been a commonly used approach, and many libraries still
have in their collections books containing lengthy tables of annuity and other financially use-
ful factors. Fortunately technology has largely eliminated the need for such monstrous tables.

That being said, such tables do exist. At most large bookstores you can find books for
sale that include such annuity factor tables, and they are available on some Internet sites
as well.

Finding Annuity Factors Efficiently—Calculators and Computers

Some calculators and software packages have features to automatically calculate annu-
ity factors. This is not a standard feature on most calculators on the market today, but it
is not an unusual feature either, particularly on models sold specifically as “business” or
“financial” calculators. For the course that you are taking, you may or may not be using a
calculator with this feature. If you are, your instructor or the calculator’s owner’s manual
can provide the details of how to obtain these factors from your calculator.

It is also possible to quickly obtain annuity factors by using many common types of
business software, such as Microsoft Excel.

It is not necessary to buy a special calculator or have access to a computer to find
annuity factors, however. We will derive a formula for Sy that can be worked out on almost
any calculator.

A Formula for S

Deriving the s_. formula requires a bit of algebra and a bit of cleverness. Readers without
a solid algebra background can skip over this derivation can go directly to Formula 4.2.2
(though doing so will deprive you of all the fun . . . .)

Let’s look back at the bucket approach’s calculation of Sy The values that we added up
to get Sy Were:

S = 1(1.072) + 1(1.072)* + 1(1.072)2 + 1(1.072) + 1

Now (for entirely nonobvious reasons) let’s multiply both sides of this equation by 1.072
to get:

(1.072)5mi = 1.072[1(1.072)* + 1(1.072)® + 1(1.072)? + 1(1.072) + 1]
Distributing on the right side, and neatening things up a bit, we get:
(1 '072)Smi = (1.072)°+ (1.072)* + (1.072)3 + (1.072)% + (1.072)
Now (once again mysteriously) suppose we add 1 to both sides to get:
(1 'O72)Sma + 1 =(1.072°>+ (1.072)* + (1.072)* + (1.072)? + (1.072) + 1

Now it looks like we’ve have really made a mess—that is, until we notice that most of the
right-hand side is something we’ve seen before:

(].O72)sm + 1 =(1.072)° + (1.072)* + (1.072)% + (1.072)> + (1.072) + 1
Hey, that's _!

sAli’

So:
(1 '072)Sma +1=(.072°+ S
Nowy, if we subtract 1 from both sides, and also subtract Sy from both sides, this becomes:

(1.072)s,, — s, = (1.072)° = 1
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which leads to:
(0.072)s,,, = (1.072)° — 1

Finally, dividing both sides by 0.072, we get:

_1.0725 -1
S50z = T 0.072

Evaluating this gives:
S5072 = 5.77373311

which is the same annuity factor we calculated earlier. It worked!

Now this may seem like an awfully complicated way of getting at Sy far more
effort than just the direct bucket approach. However, notice that we could repeat this
process for any interest rate and number of payments. There was nothing special about
n=>5and | = 0.072. If we have n = 40 and i = 0.565, the same process would work.
Rather than slog through the details a second time, though, we can just skip to the end
and get:

Si5035 = 102050 = 1 — 14179020544

Since this reasoning would hold up for any n and i, it turns out that what we have found
here is what we were seeking all along; a formula that will enable us to efficiently find
annuity factors, and thus to find annuity future values. We can now generalize this as a
formula:

FORMULA 4.2.2
The Future Value Annuity Factor
_(a+i)-1
=T
where
i represents the INTEREST RATE per payment period

and
n represents the NUMBER OF PAYMENTS

The following example will illustrate the use of this formula:

Example 4.2.2 Find the future value annuity factor for a term of 20 years with an
interest rate of 7.9% compounded annually.

Here, i = 20 and n = 0.079. Plugging these values into Formula 4.2.2 we get:

. _(+i)—=1_(1+0079* -1

i i 0.079
We need to be careful evaluating this. This formula is far more complicated than others
we have used so far. Order of operations demands that we must first add the 1 + 0.079
because it is in ()’s, and next raise the result to the 20th power, to get 4.575398165. Order
of operations next says to do multiplication and division, but clearly it is impossible to divide
4.575398165 — 1 by 0.079 without first doing the subtraction. In this case, we are allowed
to subtract first. The fraction line is considered an implied grouping symbol, which means
that we treat it as though there were ()’s around both top and bottom even though we don’t
bother to write them—it is simply assumed that everyone knows that they are there. And so
we next do the subtraction, getting 3.575398165, which we divide by 0.079 to get a final
answer of

S5il07 = 45.258204619

That description was probably a bit hard to follow. It will probably be much easier to follow
if we summarize the calculator steps in a table. If your calculator does not follow order of
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operations, or if you do not want to try to enter a formula this large all at once, the steps
would be:

Operation Result
1+.079= 1.079
~20= 4.575398165
—1= 3.575398165
/.079= 45.25820462

If in previous work you have been entering the entire formulas into the calculator in one
step, you can do that here also. You must, though, be careful about the implied grouping.
Since you cannot enter things on top of one another, the calculator does not know about the
implied grouping. You have to make the implied grouping explicit to the calculator, and so
you must make sure to put in parentheses around the top yourself.

Operation Result
((1+.079) "~ 20—-1)/(.079)= 45.25820462

Make sure not to overlook these implied parentheses! The result of leaving them out will
usually be an answer that is miles away from the correct one. Because of the length of the
formula and the many opportunities it presents to make a mistake typing it in, the all-at-once
approach is not recommended.

A third alternative would be to enter by combining some, but not all of the steps. For example,
we could calculate this annuity factor as:

Operation Result

(1+.079) "~ 20= 4.575398165
-1= 3.575398165
/.079= 45.25820462

You may want to try calculating annuity factors each way for yourself to see which approach
you like best.

Now that we’ve figured out how to calculate the annuity factors, we can put them to work
to find actual future values.

Example 4.2.3 Suppose that $750 is deposited each year into an account paying
7.9% interest compounded annually. What will the future value of the account be?

Since the payments are equal and made at regular intervals, this is an annuity; since the
timing of the payments is unspecified, we assume it to be an ordinary annuity and use
Formula 4.2.1. The annuity factor we need is the one calculated in Example 4.2.2.

FV = PMTs,,

FV = $75O sﬁ‘079

FV = ($750)(45.258204619)

FV = $33,943.65

Getting comfortable with these calculations will no doubt take additional practice. There
will be numerous opportunities to get that practice from the remaining examples and exer-
cises in this section.

Nonannual Annuities

Even though the annuities we’ve worked with so far in this section have all had annual
payments, there is no reason why we can’t use the same techniques with an annuity whose
payments are quarterly, monthly, weekly, or any other frequency. The transition is basically the
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same as the one we made with compound interest when we moved from annual compounding
to other compounding frequencies.

Example 4.2.4 Find the future value of quarterly payments of $750 for 5 years,
assuming an 8% interest rate.

We first determine the values of i and n. This is done exactly the same we did it with com-
pound interest in Chapter 3:

i =208 _ 002
and
n=5(4) = 20

Before we can proceed, we need to find the annuity factor. To obtain the factor by using the
formula, we plug in these values of n and i to get:

(I +iy—1 _(1+002% -1
Sai = i N 0.02
Evaluating this on the calculator step by step we get:
Operation Result
1+.02= 1.02
~20= 1.48594740
—1= 0.48594740
1.079= 24.2973698
Alternatively:
Operation Result
(1+.02) "~ 20= 1.48594740
—1= 0.48594740
1.079= 24.2973698

(You should find the same value for the annuity factor if you are using a table, or if you are
using a preprogrammed calculator feature as well.)

Now that we have the annuity factor, we can complete the calculation. Plugging into our
annuity formula, we get:

FV =PMT s,

FV = ($750) s5.0

FV = ($750)(24.2973698)

FV = $18,223.03

While lengthy, this last problem was not much different from a problem with annual pay-
ments. Calculating annuity factors for nonannual annuities can become a bit stickier, though,
since nonannual compounding means that we will usually have to divide to get i. If the result
does not come out evenly, this can require an awful lot of tedious typing with rich potential for
typos. The following example will illustrate ways to accurately complete this calculation.

Example 4.2.5 Find the future value annuity factor for a monthly annuity, assuming
the term is 15 years and the interest rate is 7.1% compounded monthly.

Here,

. 0.071

i Y 0.005916667

and

n=(15)(12) = 180
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We can work this out exactly as before:

Operation Result
1+.005916667= 1.005916667
~180= 2.891749861
-1= 1.891749861
/.005916667 = 319.732352909

Though the decimal makes this a bit tedious, this will work fine, and this is the preferred
method if you happen to be using a calculator that does not follow order of operations.

It may be more efficient to avoid the decimal and enter i as a fraction, combining steps
as before. Make sure to put ()’s around the denominator!

Operation Result
(1+.071/12)~180= 2.891749861
—1= 1.891749861
/(.071/12)= 319.732352909

If you have been entering the formula all at once, you can do that here as well, but between
the fractions and the added percents it gets awfully long, which invites typos.

Either of the approaches demonstrated in Example 4.2.5 will work out fine. The important
thing is to make sure that you can consistently and correctly use whichever approach suits
you and your calculator best.

Example 4.2.6 Each month, Carrie deposits $250 into a savings account that pays
4.5% interest (compounded monthly). Assuming that she keeps this up, and that

the interest rate does not change, how much will her deposits have grown to after

5 years?

Carrie’s payments are equal, and made at regular intervals, and so her deposits make up
an annuity. Since the timing of the payments is not specified, we assume it is an ordinary
annuity, and so we can use Formulas 4.2.1 and 4.2.2 to find its future value. We first must
find the annuity factor, and to do that we must first find:

;0045
12

and
n=5(12) = 60

Note that we have decided here to leave i as a fraction. Substituting into Formula 4.2.2,
we get:

(140085

I+ -1 12 _
S = ; = 0.045 = 67.14555214
12
Using this in Formula 4.2.1, we get
FV = PMTs_,

FV = $250(67.14555214)
FV = $16,786.39

Notice that in all of our examples the payment and compounding frequencies are the
same. We quietly assumed this in developing our formula for s_.. It is of course possible
for the annuity payments and compounding frequencies to differ, but this difference con-
siderably complicates matters. A way of dealing with this situation is outlined at the end
of this section, but for most purposes we would normally just assume that the frequencies

are identical.
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4.2 Future Values of Annuities

Finding the Total Interest Earned

Our annuity formulas do not provide any easy, direct way to find the total amount of interest
earned. However, we can easily find this out with a slightly indirect approach:

Example 4.2.7 How much total interest did Carrie (from Example 4.2.6) earn?

To solve this, we first observe that the money in her account comes from two sources: the
money she deposits, and the interest she earns. It is not hard to determine the total of her
deposits. She made monthly deposits for 5 years, for a total of n = 60 deposits. Each one
was for $250, so in total she deposited (60)($250) = $15,000.

If $15,000 of her future value came from her deposits, the rest must have come from
interest. So

Carrie’s total interest = $16,786.39 — $15,000 = $1,786.39.

The Future Value of an Annuity Due

With an annuity due, payments are made at the beginning of each period rather than the
end. Each payment is made earlier, so it stands to reason that an annuity due would have
a larger future value than an ordinary annuity, since the payments have longer to earn
interest.

To see how much more, let’s revisit the 5 year, $1,200 per year annuity with 7.2%
interest, this time, though, as an annuity due. The first payment would earn interest
from the start of the first year until the end of the fifth year, for a total of 5 years. The
second payment would earn interest for 4 years, the third payment for 3 years, and so
on. Thus, following the bucket approach just as we did before, we get that the future
value would be:

Payment from Year Payment Amount Years of Interest Future Value
1 : $1,200 : 5 : $1,698.85
2 : $1,200 : 4 : $1,584.75
3 : $1,200 : 3 : $1,478.31
4 : $1,200 : 2 : $1,379.02
5 $1,200 1 $1,286.40
Grand total $7,427.33

Notice that this is the same table we used for the ordinary annuity, except that every pay-
ment is being credited with 1 additional year of interest. Since crediting 1 year’s extra
interest is equivalent to multiplying everything through by 1.072, we get our future value
by multiplying the ordinary annuity’s future value by 1.072. Trying it out, we see that
$6,928.48(1.072) does indeed equal $7,427.33.

This leads us to a formula for annuities due:

FORMULA 4.2.3
Future Value for an Annuity Due

FV = PMT s_ (1 + i)

where
FV represents the FUTURE VALUE of the annuity
PMT is the amount of each PAYMENT
i is the INTEREST RATE per period
and
Sqi is the FUTURE VALUE ANNUITY FACTOR (as defined in Definition 4.2.1)
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Example 4.2.8 On New Year’s Day 2004, Mariano resolved to deposit $2,500 at the
start of each year into a retirement savings account. Assuming that he sticks to this
resolution, and that his account earns 8'4% compounded annually, how much will he
have after 40 years?

The payments are equal and made at the start of each year, so this is an annuity due. Thus:
FV = PMTs_ (1 + )
FV = $3,000 sz 45,5 (1 + 0.0825)

Before going any further, we must find the annuity factor. Using Formula 4.2.2 we get:

(1) =1 (] +0.0825)% — ]
Smi — i = 0.0825

Returning to the FV formula by plugging in this annuity factor, we get:

FV = $3,000(276.72205752)(1.0825)
FV = $898,654.88

So if Mariano does stick with the program, he will have $898,654.88, or nearly $900,000
after 40 years.

= 276.72205752

Summing Up

We’ve covered a lot of ground in this section. Before wrapping up with discussion of some
optional topics, it’s worthwhile to briefly summarize the formulas of this section together
in one place.

Future Value of Annuity Formulas Summary
Ordinary annuities: FV = PMT s,

Annuities due: FY = PMT S (1+1i)

For both formulas, the annuity factor is given by the formula:
_(@+i)-1
Si= T

When Compounding and Payment Frequencies Differ (Optional)

As noted previously, we normally assume that interest compounds at the same frequency
as payments are made to an annuity. When interest compounds more frequently than pay-
ments are made, the future value can be found by first finding an equivalent interest rate that
compounds at the same frequency as the payments. The following example will illustrate.

Example 4.2.9 Suppose that $300 is deposited each quarter into an account paying
6% interest compounded monthly. Find the future value of the account in 5 years.

There are 3 months in each quarter, and so the interest compounded each quarter will
amount to multiplying the balance by (1.005)%. Thus, we use this factor in place of the
(1 + i), and in place of i we use (1.005)° — 1 in the Sa formula to get:

(1 +ip =1 _[0.0050] 1

o - =S oosp — T = 23.1407801

Thus the future value would be FV = $300(23.1407801) = $6,942.23.

Note that if we had simply ignored the monthly compounding and just used 6% compounded
quarterly, the future value would have been $2,312.37. While the monthly compounding
does make a difference, that difference is not large.

In cases where the payments are made more frequently than interest compounds, every-
thing depends on how the between-compoundings payments are treated. It is likely the case
(though not necessarily so) that payments made between compoundings will earn interest
for the portion of the period for which they are in the account. Assuming this, the approach
is basically the same as in Example 4.2.8, though the exponents are uglier.
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Example 4.2.10 Suppose $100 per month is deposited in an account for which the
interest is 6% compounded quarterly. Find the future value after 5 years.

Each month is one-third of a quarter, and so the interest compounding for a month would be
(1 + 0.06/4)'". Proceeding as in the previous example, we get

:(7 +,‘)n_ ] :[(, +%)1/3]@()7’

S : (1 . 0.0é)’/a " 69.7167087
4

And so the future value would be ($100)(69.7167087) = $6,971.67

If we have instead just used 6% compounded monthly, the future value would have been
$6,977.00. Once again, there is a difference, but it is not large.

If, however, the between-compounding payments earn no between-compounding inter-
est, then the situation is the same as if all of the payments for a given compounding period
were made all at once at the end of the compounding period.

Example 4.2.11 Suppose that $100 per month is deposited in an account for which
the interest is 6% compounded quarterly. Find the future value after 5 years, assuming
that each quarter’s interest is paid only on the funds that were in the account at the
start of the quarter.

It makes no difference here whether you make $100 payments each month or instead just
keep the payments in a coffee can until the end of the quarter and then make a single $300
deposit then. So the future value can be found by assuming payments of $300 per quarter,
in which case the future value will be $6,937.10.

Recall from Chapter 3 that, while the compounding frequency does matter, the difference
between monthly and quarterly compounding is not huge. In all of the previous examples, had
we just assumed that interest compounded at the same frequency as the payments, the differ-
ence would not have been all that great. If the situation demands an exact value, this difference
would of course matter, and so we would not be able to ignore it. However, if the future value is
a projection or illustration, where it is understood that the figure given is not meant to be taken
as exact, using quarterly compounding would probably be close enough. It is often understood
that the future value in question is not to be taken too literally, and so it is usually reasonable
to stick with the same frequency assumption. With the exception of a few clearly marked exer-
cises in this section, we will assume matching frequencies for the remainder of this book.

EXERCISES

In all of the exercises in this section, assume that there are no additional deposits or withdrawals from the accounts other
than those described.

A. The Chronological and Bucket Approaches

1. Suppose that you deposit $1,359.55 at the end of each year into an investment account that earns 5.7% interest
compounded annually for 4 years. Determine the future value of your payments using (a) the chronological approach
and (b) the bucket approach by completing the tables below:

a. Chronological

Year Starting Balance Interest Earned Deposit Ending Balance
1 $0.00 : $0.00 : $1,359.55  :
2 : : : $1,359.55
3 : : : $1,359.55
4 o : . $1,359.55

.................................................................................................
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b. Bucket
Payment from Year Payment Amount Years of Interest Future Value
1 $1,359.55
2 o $1,359.55
3 : $1,359.55
4 . $1,359.55
Grand total

B. Finding Future Values by Using Annuity Factors (Ordinary Annuities, Annual Payments)

Exercises 2 and 3 are intended only for those evaluating annuity factors by using the formulas.

2. Calculate sz, 5., as follows.

a. Write the annuity factor formula, plugging in the appropriate values for n and i.

b. Evaluate the formula by following the calculator steps shown below and filling in the values in the Result column of
the table below.

Operation Result

(1+.0042) "~ 48=
— '| =
/.0042=

3. Calculate sz; .5 as follows

a. Write the annuity factor formula, plugging in the appropriate values for n and i.

b. Evaluate the formula by following the calculator steps shown below and filling in the values in the Result column of
the table below.

Operation Result
(1+.065) " 54=
— 'I =

/.065=

To find the annuity factors for these problems, use whatever method your instructor is requiring you to use in the course you
are taking. Depending on the precision of your calculator (or table) your answers may have more or fewer decimal places
than the “back of the book” answers.

4. Calculate Sai ifn=24andi = .015.

5. a. Calculate smiif n=20andi= .095.

b. Use your answer from (a) to find the future value of $1,000 invested at the end of each year for 20 years, assuming
a 9.5% interest rate.

6. a. Calculate sz, .-

b. Use your answer from (a) to find the future value of the annuity from Problem 1.



Exercises 4.2 159

7. You deposit $3,000 each year into an investment account that earns 7.5% interest for 25 years.

a) Find n.

) Find i (expressed as either a fraction or a decimal).
c) Find the value of Shi-

) Find the future value of the annuity.

8. a. Cadlculate Sqi ifn=60andi = .03.

b. Use your answer from (a) to find the future value of $500 invested at the end of each year for 60 years, assuming
a 3% interest rate.

c. Use your answer from (a) to find the future value of $500 invested at the end of each quarter for 15 years,
assuming a 12% interest rate.

9. Donni has decided to invest $2,000 each year in an account that she expects to earn 8.25%. If she keeps this up for
35 years, how much would she end up with in her account?

10. Find the future value of $857.35 per year for 20 years at 6'4%.

11. Saint Viateur College does not have much of an endowment,' and the college’s administration has developed a
multiyear plan to build it up by appealing to their alumni for contributions. The administration believes that it can raise
$800,000 in each of the next 7 years, and can invest this money at 7.3%. If it is successful, how much will the plan have
raised at the end of the 7 years?

12. Suppose | deposit $5,000 each year into a retirement account. (a) How much will | have in 40 years if my account
earns 5%? (b) How much will | have in 40 years if my account earns 10%?

C. Future Values for Nonannual Ordinary Annuities

13. Calculate sz 082, as follows.
. 12

a. Write the annuity factor formula, plugging in the appropriate values for n and i.

b. Evaluate the formula by following the calculator steps shown below and filling in the values in the Result column of
the table below.

Operation Result
(14.082/12)~ 72
—1=
/(.082/12)=

'An endowment is a fund owned by an organization such as a college, charity, church, hospital, or similar organization that is invested and used to support the
organization’s mission. Colleges, for example, might use their endowments to provide scholarships, keep tuitions lower, build better facilities, or fund research.
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160

Chapter 4 Annuities

For each of Problems 14 to 17:

20.

21.

22.

23.

24.

a) Find n.

b) Find i (expressed as either a fraction or a decimal).
c) Find the value of S

d) Find the future value of the annuity.

. You deposit $175 each month into an account that earns 6% interest for 10 years.

. You deposit $1,200 quarterly into an account that earns 5.94% for 18 years.

. You deposit $47.26 each week into an account that earns 11.33% for 37 years.

. You deposit $135.29 monthly into an account paying 8%% for 27 years.

. At the end of every month, Adam puts $100 into his savings account, which pays 3% interest. Assuming this keeps up

for 5 years, how much will his deposits grow to?

. Kulbir has set up an “automatic account builder” plan with an investment company. At the end of each month,

the company automatically deducts $125 from his checking account and deposits it into an account he has set up
to save for his kids’ college costs. If this continues for 17 years, and the account earns 6.36%, how much will his
account grow to?

The Fillmore Fan Company sets aside $28,500 from each quarter’s profits and invests the money in a special account
to help pay for future planned improvements to its facilities. If this account earns 4%%, how much will it have grown
to in 3 years?

Chun has a Holiday Club account at her local savings bank. At the end of each week, she deposits $20 into the
account, which pays 2.8% interest. How much will the account have grown to at the end of the year?

Finding Total Interest Earned

If you put $40 each month into an account that earned 7.8% interest for 30 years, how much total interest would
you earn?

Find the total interest earned on an ordinary annuity of $65.49 per month for 8 years, assuming an 8.43%
interest rate.

Finding Future Values Using Annuity Factors: Annuities Due

Suppose that Donni (from Problem 9) made her deposits at the beginning of each year, but that everything else
remained the same. How much would she end up with?
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25.

26.

27.

28.

29.

30.

32.

33.

34.

35.

36.
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Find the future value of an annuity due of $502.37 per year for 18 years at 5.2%.

Suppose that you deposit $3,250 into a retirement account today, and vow to do the same on this date every year.
Suppose that your account earns 7.45%. How much will your deposits have grown to in 30 years?

a. Lisa put $84.03 each month into an account that earned 10.47% for 29 years. How much did the account end up
being worth?

b. If Lisa had made her deposits at the beginning of each month instead of the end of the month, how much more
would she have wound up with?

Differing Payment and Compounding Frequencies (Optional)

Find the future value of an ordinary annuity of $375 per month for 20 years assuming an interest rate of 7.11%
compounded daily.

Find the future value of an ordinary annuity of $777.25 per quarter for 20 years, assuming an interest rate of 9%
compounded annually, and assuming interest is paid on payments made between compoundings.

Repeat Problem 29, assuming instead that no interest is paid on between-compounding payments.

Grab Bag

. Anders put $103.45 each month in a long-term investment account that earned 8.39% for 32 years. How much total

interest did he earn?

J.J. deposits $125 at the start of each month into an investment account paying 74%. Assuming he keeps this up, how
much will he have at the end of 30 years?

A financial planner is making a presentation to a community group. She wants to make the point that small amounts
saved on a regular basis over time can grow into surprisingly large amounts. She is thinking of using the following example:

Suppose you spend $3.25 every morning on a cup of gourmet coffee, but instead decide to put that $3.25 into an
investment account that earns 9%, which falls well within the average long-term growth rate of the investments my firm
offers. How much do you think that account could grow to in 40 years?

Calculate the answer to her question.

Find the future value of a 25-year annuity due if the payments are $500 semiannually and the interest rate is 3.78%.

How much interest will | earn if | deposit $45.95 each month into an account that pays 6.02% for 10 years? For
20 years? For 40 years?

Find the future value annuity factor for an ordinary annuity with monthly payments for 22 years and an 8%% interest rate.
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37. Suppose that Ron deposits $125 per month into an account paying 8%. His brother Don deposits $250 per month into
an account paying 4%. How much will each brother have in his account after 40 years?

38. Suppose that Holly deposits $125 per month into an account paying 8%. Her sister Molly deposits $250 per month into
an account paying 4%. How much will each sister have in her account after 16 years?

39. The members of a community church, which presently has no endowment fund, have pledged to donate a total of
$18,250 each year above their usual offerings in order to help the church build an endowment. If the money is invested
at a 5.39% rate, how much will they endowment have grown to in 10 years?

40. Jack’s financial advisor has encouraged him to start putting money into a retirement account. Suppose that Jack
deposits $750 at the end of each year into an account earning 8%4% for 25 years. How much will he end up with? How
much would he end up with if he instead made his deposits at the start of each year?

H. Additional Exercises

41. A group of ambitious developers has begun planning a new community. They project that each year a net gain of
850 new residents will move into the community. They also project that, aside from new residents, the community’s
population will grow at a rate of 3% per year (due to normal population changes resulting from births and deaths). If
these projections are correct, what will the community’s population be in 15 years?

42. a. Find the future value of $1,200 per year at 9% for 5 years, first as an ordinary annuity and then as an annuity due.
Compare the two results.

b. Find the future value of $100 per month at 9% for 5 years, first as an ordinary annuity and then as an annuity due.
Compare the two results.

c. Inboth (a) and (b) the total payments per year were the same, the interest rate was the same, and the terms
were the same. Why was the difference between the ordinary annuity and the annuity due smaller for the monthly
annuity than for the annual one?

43. Suppose that Tommy has decided that he can save $3,000 each year in his retirement account. He has not decided yet
whether to make the deposit all at once each year, or to split it up into semiannual deposits (of $1,500 each), quarterly
deposits (of $750 each), monthly, weekly, or even daily. Suppose that, however the deposits are made, his account
earns 7.3%. Find his future value after 10 years for each of these deposit frequencies. What can you conclude?

44. (Optional.) As discussed in this chapter, we normally assume that interest compounds with the same frequency as the
annuity’s payments. So, one of the reasons Tommy wound up with more money with daily deposits than with, say,
monthly deposits, was that daily compounding results in a higher effective rate than monthly compounding.
Realistically speaking, the interest rate of his account probably would compound at the same frequency regardless of
how often Tommy makes his deposits. Rework Problem 43, this time assuming that, regardless of how often he makes
his deposits, his account will pay 7.3% compounded daily.
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Sinking Funds

So far we have looked at annuities from the point of view that the payments determine
the future value. If instead we set up an annuity with a future value goal in mind, we
would need to look at things in the opposite direction. We call such annuities sinking
funds.

Definition

A sinking fund is an annuity for which the amount of the payments is determined by the
future value desired.

The difference between a sinking fund and a garden variety annuity is one of attitude, not
substance. Mathematically, there is no difference between a sinking fund and any other
annuity. The same terms and formulas we developed for annuities in general apply equally
well whether the annuity is a sinking fund or not.

Example 4.3.1 Suppose Calvin has set for himself a goal of having $10,000 in a
savings account in 5 years. He plans to make equal deposits to the account at the end
of each month, and expects the account to earn 3.6% interest. How much should each
of his deposits be?

Using the future value formula, we get:
FV = PMTs_,
$710,000 = PMTsz 15
$10,000 = PMT(65.63160098)

Dividing through both sides to solve for PMT gives:

PMT = $152.37

Note that in this example, we did not show the work done to calculate sg; ... In Section 4.2
we got quite a bit of practice with these, and so we are assuming at this point that everyone
is able to work out the value of any future value annuity factor needed. From this point
forward in the text, when an annuity factor is required we will give its value, but not show
the steps done to obtain it. If you are having difficulty calculating these factors yourself,
you should go back to Section 4.2 for additional practice before continuing on with the
remainder of this chapter.
Sinking funds for annuities due work in much the same way:

Example 4.3.2 Shauna owns a software development company, and as part of a

new product she has licensed the right to include in it some code owned by her friend
Elena. To allow Shauna time to develop and market the product, Elena has agreed to
wait 2 years before getting the $10,000 Shauna has agreed to pay. If, in anticipation
of paying Elena, she decides to make equal deposits at the start of each quarter into
an account paying 4.8% how much should each deposit be?

This represents a sinking fund, since her deposits are being made for the purpose of
accumulating a specific future value—the $10,000 she will need to pay Elena. Since she is

making these deposits at the start of each quarter, though, this is an annuity due and so we
need to begin with the annuity due formula.

FV = PMTs, (1 + i)
$10,000 = PMTsj ,,, (1.012)
$10,000 = PMT(8.344186128)(1.012)
$10,000 = PMT(8.444316362)
PMT = $1,184.23

4.3 Sinking Funds

163



164

Chapter 4 Annuities

Sinking Funds with Loans

Knowing that her company had a large expense ahead on the horizon, it was prudent of
Shauna to set up a fund to be able to meet it, rather than just wait and then get hit with
a major expense all at once. However, Example 4.3.2 didn’t say that she was under any
obligation to do this. Shauna could just as well have chosen to not worry about the obliga-
tion until the end of the 2 years, hoping that she would be able to come up with the money
when needed. Of course, this risks the unpleasant possibility of being unable to come up
with the required amount to meet the obligation, or being able to come up with it but finan-
cially jeopardizing her company’s finances if its financial position is not strong enough to
comfortably weather a $10,000 payment all at once. Shauna was smart to not want to take
that chance.

But it is not only Shauna who should be concerned about this. Elena must realize that if
Shauna can’t come up with the $10,000 when it is due, she may not get paid. If funds have
not been set aside along the way, and if Shauna’s business isn’t flush enough with cash to
pay the $10,000 all at once, Elena may find that trying to collect her money is trying to
get blood from a stone. Elena may have legal contracts to show that Shauna must pay, and
Shauna might be a decent and honest person with no intention of cheating her friend—but
if the money isn’t there, the money isn’t there. Elena might have to wait longer than she
agreed to before she can collect, she might have to hound Shauna or even sue her to get the
funds, or she may not even be able to collect at all.

Given these possibilities, Elena has good reason to want Shauna to be building up that
balance along the way. To help ensure that she will in fact be able to pay her when the
time comes, it is possible that Elena might insist that as part of their agreement Shauna be
required to set up and pay into a sinking fund. This would not be an unusual provision to
include in their deal.

Loans provide another situation where one party might require another to have a sinking
fund. The following example will illustrate.

Example 4.3.3 The Shelbyville Water and Sewer District has borrowed $1.5 million
from a group of investors. The note carries an interest rate of 5.52% compounded
annually, and matures in 7 years. No payments will be made to the investors during
the term of the loan, but the deal requires the district to establish a sinking fund, and
make semiannual deposits into this fund in order to accumulate the full maturity value.
As required, the district sets up an account at a local bank, which offers an interest
rate of 3.8%. How much should each of the deposits be?

Before determining the sinking fund payment, we must first determine the future value
to be accumulated. The future value will be the $1.5 million borrowed, together with the
interest that it accumulates. This is not an annuity, but rather is a case of regular com-
pound interest:

FV = PV(T + iy
FV = $1,500,000(1.0552)7
FV = $2,184,915.96

On an amount this large, anything less than a dollar is insignificant, so we can reasonably
round this future value to $2,184,916.

Now that we know the desired future value, we can readily find the sinking fund payment.
FV = PMTs_,
$2,184,916 = PMTs

$2,184,916 = PMT(15.86753836)
PMT = $137,697.23

While we have generally tried to avoid having to write down and retype long decimals, in
these cases trying to combine everything into a single calculator entry is impractical.
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Of course, given the size of the deposits involved, the district would most likely round the
payments to $137,697, or even $137,700. On a payment of this size, rounding to the nearest
dollar does not seem unreasonable. From this point forward in the text, we will feel free to
round large values to the nearest dollar in our final answers. This of course raises the ques-
tion of how large is “large”? This is a judgment call, but from here on in we will use the
following rule of thumb: when a dollar amount in a final answer is larger than $10,000, we
will feel free to round to the nearest dollar. Of course, it is also still correct to keep dollar
and cent accuracy if you prefer.

Notice that the interest rate that the district pays to the investors is completely indepen-
dent from the rate that it receives from the bank on its deposits. While the sinking fund was
required as a term of the loan, financially it is a separate account and there is no necessary
connection between the rates.

Situations such as these are actually the source of the term sinking fund. The purpose
of the deposits is to take care of that looming future value, and so, with each deposit, more
and more of the future obligation is taken care of, and the amount of the obligation that is
not covered declines, or “sinks.” Hence the name.

Sinking Funds and Retirement Planning

One particularly useful application of sinking funds is in retirement planning. It is hard to
avoid being bombarded with news reports and commentaries about the pressing need for
all of us to “save more for retirement.” Many companies offer 401(k) or similar retirement
savings plans and encourage workers to use them to save, and the perpetual debate over
the future of the U.S. Social Security system includes plenty of discussion about ways to
require or provide incentives for people to save for their long-term financial needs.

While the benefits of saving money over time are obvious, it is less obvious just how
much saving is enough. On general principle, the answer should probably be “as much as
possible,” but that is hopelessly vague and not especially helpful. Treating a retirement
goal as a sinking fund can help to provide a clearer answer.

Suppose that Joe is now 25 years old, and hopes to be able to retire 45 years from now,
at age 70. To ensure that he can do so comfortably, he has decided to start making deposits
into an investment account which he assumes can earn an average of 9%. The deposits will
be automatically deducted from his paycheck when he receives it on the first and fifteenth
of each month. To get some sense of how large his deposits should be, he has set a goal
of having $1,000,000 in the account. These deposits will form an annuity, and since he is
letting the goal future value determine their size, this is a prime example of a sinking fund.
We can thus work out the size of each payment:

Example 4.3.4 Using the scenario described above, determine how much Joe should
have deducted from each paycheck to reach his goal.

First, to determine n and i. Joe is paid twice a month (semimonthly), which would be
24 times per year (12 months times 2 paychecks/month). Over the course of 45 years, that
is n = 45(24) = 1,080 deposits. For i, we assume as usual that interest compounds at the
same frequency as the payments, or semimonthly, so i = 0.09/24 = 0.00375.

FV = PMTs,
$1,000,000 = PMTs15:5, 00175
$1,000,000 = PMT(14923.819794054)
PMT = $67.01

To reach his goal on the basis of these assumptions, Joe needs to be deducting $67.01 from
each paycheck.

This answer may seem surprising; $67.01 out of every paycheck is not exactly peanuts, but
it seems awfully small compared to future value that sounds like a lottery jackpot. We can
get some insight into how this happens by finding the total interest Joe will earn.

4.3 Sinking Funds
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EXERCISES

A.
1.

Sinking Funds

Example 4.3.5 For the scenario of the previous example, determine how much total
interest Joe would be earning.

Since he is making 1,080 deposits of $67.01 each, his total deposits add up to (1,080)($67.01)
= $72,370.80. So the total interest earned is:

Total interest = $1,000,000 — $72,370.80 = $927,629.20

So most of Joe’s million comes from the result of compound growth over time. He is planning
on earning a fairly high rate, and while his account balance probably won’t be much in the early
years, what there is will be earning compound interest for a very long period of time, and, as we
have repeatedly seen, compound interest over a long period of time is powerful stuff indeed.

Whether or not Joe’s assumptions (that he should have $1,000,000 and that he can
earn 9%) are reasonable is a matter that will be addressed in other parts of this book, in
Chapters 6 and 7. However, whether they are too high, too low, or a mix, the inescapable
mathematical conclusion here is that compound interest working over long periods of time
can accumulate a large sum from surprisingly small deposits. The following example will
illustrate the importance of time.

Example 4.3.6 How much would Joe’s semimonthly deposits need to be to
accumulate $1,000,000 at age 70, again assuming a 9% growth rate, assuming that
he starts at (a) age 65, (b) age 50, (c) age 35, (d) age 25 (already done), (e) age 18,
and (f) at age 2 (obviously assuming someone started the deposits for his benefit)? For
each starting age, determine how much of the $1,000,000 comes from his deposits,
and how much comes from interest on the deposits.

Each of the calculations will be essentially the same as the one we did above, so we will not
show them here. For practice, though, you should verify the calculations for at least one or
two of the rows. The results are displayed in the table below:

Starting : Number of - . Each : Total

Age Deposits Annuity Factor Deposit Deposits Total Interest
2 ¢ 1,632 :119,650.08513797 : $8.36: $13,643.52 : $986,356.48

18 1 1,248 : 2822156380297 :  $35.43: $44,216.64 : $955,783.36
25 ¢ 1,080 : 14,923.81979405:  $67.01: $72,370.80 : $927,629.20
35 840 : 5919.72900240 : $168.93: $141,901.20 : $858,098.80
50 @ 480 : 1,341.15067989 : $745.63 : $357,902.40 : $642,097.60
65 - 120 - 151.19807368 - $6,613.84 : $793,660.80 : $206,339.20

It should come as no surprise that the sooner the deposits start, the smaller they can be, but

it may still be surprising just how much of an impact this has.

A community college is planning to add a new academic building 5 years from now. The college’s administration wants to
set aside some money from its annual budget in each of the next 5 years in order to accumulate a fund of $1,200,000 to
use toward the project. If the college can earn 4.55% interest, how much should it set aside each year to meet this goal?

Brad has nothing in his savings account right now, but realizes it would be a very good idea to build up a savings
balance. His account pays 4% interest. How much should he deposit each month if he wants to have $10,000 in this
account in 2 years.



Copyright © 2008, The McGraw-Hill Companies, Inc.

D.

10.

Exercises 4.3 167

Find the quarterly payment needed to accumulate $30,000 in 8 years, assuming an interest rate of 5.17%.

If Trina wants to have $800,000 in her retirement account in 40 years, how much should she deposit into the account
each week, assuming she can earn 9.51%?

Carlos wants to start law school in 3 years, and figures that he needs to save up $12,500 between now and then to
help pay for his tuition and living expenses. How much should he set aside at the beginning of each month to reach this
goal, assuming his savings earn 4.05%?

Sinking Funds with Loans

A company borrowed $40,000 for 3 years at 6% compounded daily. It will not make any payments on this loan prior to
maturity. Find the quarterly sinking fund payment needed to accumulate this maturity value, assuming a 5% rate.

Jason’s uncle loaned him $37,500 to help him start a landscaping business. They agreed that Jason would pay off the
entire loan plus 3%2% annually compounded interest in 3 years, and that in the meantime he would make monthly deposits
into a bank account to make sure that he has the amount needed when the loan comes due. The bank account will pay
3%. (a) Find the total amount Jason will need to repay the loan. (b) How much should each of his monthly deposits be?

Sinking Funds and Retirement Planning

Astrid figures that in the next 20 years she needs to build up a balance of $500,000 in a retirement account she has
just opened. Deposits into this account will be made by deductions from her biweekly paychecks. If her account can
earn 8.4%, how much should each deposit be?

Redit hopes to build up an account value of $1,600,000 over the next 40 years in an account that he thinks will earn
11.27%. Under these assumptions, how much should he invest each month?

Grab Bag

The business manager of the Rock City Central School District commented at a school board meeting that in 7 years
the district will have a loan coming due that will require $996,423 to pay. He recommended that the district should
prepare for this payment by setting funds aside each year in an account paying 3.09% to build up the needed balance.
According to his plan, how much should each payment be?

. | just borrowed $30,000, which | will have to pay off in 5 years, together with interest. Interest accumulates at an effective

rate of 10.33%. How much should | deposit to a sinking fund each month to be able to pay off this loan, assuming that
my account pays 3.68% compounded monthly?

. Paul has nothing in his savings account, but he wants to have $8,000 in it 1 year from now. If the account pays 2V2%,

how much should he deposit each week?

. How much would you need to deposit each week into an account earning 8.5% in order to have $1,000,000 in 40 years?



168

14.

15.

16.

17.

Chapter 4 Annuities

Find the monthly sinking fund payment needed to accumulate $5,000 in 3 years, assuming a 6.1% interest rate.

Kinzua County borrowed $4,250,000 at an effective rate of 4.25% for 5 years. In order to make sure it has the money
needed to repay the loan when it comes due, the county is making deposits into a sinking fund at the beginning of each
quarter. The sinking fund pays them 3.21%. How much should each payment be?

Additional Exercises

Suppose that you want to have $1,000,000 in an investment account when you turn 70. Based on your current age,
how much would you need to deposit each week, starting on your next birthday, assuming that you earn 6% on your
money. What if you earn 9%? 12%?

The town of Dettsville borrowed $20,000,000 for 7 years at a 5%% simple interest rate. The town will not make any
payments to its creditors until maturity, but it is setting up a sinking fund for this debt. Find the quarterly payment it
needs to make, assuming that it earns 32% in the sinking fund account.

Present Values of Annuities

So far, we have considered annuities whose payments and interest build up toward a future
value. This covers plenty of situations, but there are many others that it does not fit so well.
In Section 4.1 we saw that there are also many common examples of annuities where it is
the present value, not the future value, that interests us. In this section, we will develop the
mathematical tools to deal with annuity present values.

It seems reasonable to expect that we should be able to approach present values in much
the same way that we did future values. This expectation is correct. Just as we had annuity
factors for future values, we will have annuity factors for present values, though since pres-
ent and future values are different we should expect that present and future value annuity
factors will come out to be the same numbers.

There is no need to maintain any suspense about this.

Definition 4.4.1

For a given interest rate, payment frequency, and number of payments, the present value
annuity factor is the present value of an annuity at this rate, payment frequency, and num-
ber of payments if each payment were $1. We denote this factor with the symbol ayp where n
is the number of payments and i is the interest rate per payment period. (For convenience,
this symbol can be pronounced “annie”.)

We will use these present value annuity factors in much the same way as we did future
value annuity factors.

FORMULA 4.4.1
The Present Value of an Ordinary Annuity

PV = PMTa,,

where
PV represents the PRESENT VALUE of the annuity,
PMT represents the amount of each PAYMENT,
and
a;,is the PRESENT VALUE ANNUITY FACTOR as defined in Definition 4.4.1

The formula for the present value of an annuity due should come as no surprise either.
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FORMULA 4.4.2
The Present Value of an Annuity Due
PV = PMT"mi (1+19)
Finding Annuity Factors Efficiently—Tables
Just as tables of annuity factors exist for future values, they also exist for present values.
An example of such a table is given below:
SAMPLE TABLE OF ANNUITY FACTORS
A it RATE PER PERIOD (i)
Payments -
(n) . 0.25% 0.50% 0.75% 1.00% 1.25% 1.50%
24 23.2659796 22.5628662 21.8891461 21.2433873 20.6242345 20.0304054
36 34.3864651 32.8710162 31.4468053 30.107505 28.8472674 27.6606843
48 45.1786946 42.5803178 40.1847819 37.9739595 35.9314809 34.0425536
60 55.6523577 51.7255608 48.1733735 44.9550384 42.0345918 39.3802689
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............................................................................................................

Just as with the future value annuity factor table, this table allows us to look up the value of
the appropriate annuity factor for any interest rates and values of n that the table includes.
For example, if we need the annuity factor for a 3-year monthly annuity at 6%, we would
look in the n = 36 row and 0.50% column and see that the value is 32.8710162. Using our
annuity factor notation, we would write az .. = 32.8710162.

The following example will illustrate the use of a table factor to find the present value
of an annuity.

Example 4.4.1 Find the present value of $275 per month for 3 years at 6%.
Following our present value formula we have:

PV = PMTa,

PV = ($275)az 4s

The annuity factor we are looking for can be found in the table; in fact, it is the factor we
used as an example in our discussion above:

PV = ($275)(32.8710162)

PV = $9039.53

The use of tables presents the same issues as it did with future values. A table needs to be
quite large to cover every reasonably possible value for n and i. However, there are a number
of situations where tables may be a very useful approach for present value calculations. As
we saw when first discussing annuities, one common application of annuities is payments
on loans. The table given above might be used, for example, by the finance office of a car
dealership. Payments on car loans are almost always monthly, and cars usually are financed
only over 2, 3, 4, 5, or at most 6 years. Similarly, though almost any interest rate is possible
for a car loan, it would not be unusual to have only certain selected interest rates in use at
any given time. If there are only a limited number of possible values for n and i, a table of
annuity factors can be kept to a reasonable size.

Example 4.4.2 A customer at a car dealership says that he can afford a $275
monthly car payment. He is looking for a used car and would be taking out a 3-year
loan; on the basis of his credit rating, he would qualify for a 6% rate. How much can
he afford to pay for the car?

The monthly payments are an annuity, and the money to buy the car would be the
present value of that annuity. This question, then, is the same as the one we worked out
in Example 4.4.1. He can afford to pay $9,039.53.
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For convenience’s sake, when a table is used in situations such as these, the columns will
often be labeled with the nominal annual interest rates instead of the rates per period. This
saves having to divide the rate by 12 to get the rate per month. So the table we are using
might instead look like this:

Number of

SAMPLE TABLE OF ANNUITY FACTORS

8 INTEREST RATE
Payments -
(n) . 3% 6% 9% 12% 15% 18%
24 23.2659796 22.5628662 21.8891461 21.2433873 20.6242345 20.0304054
36 34.3864651 32.8710162 31.4468053 30.1075050 28.8472674 27.6606843
48 45.1786946 42.5803178 40.1847819 37.9739595 35.9314809 34.0425536
60 55.6523577 51.7255608 48.1733735 44.9550384 42.0345918 39.3802689

............................................................................................................

Be careful to make sure that you know whether it is the rate per period or the annual interest
rate that is shown in the column headers, so that you get the correct factor.

Finding Annuity Factors Efficiently—Calculators and Computers

Just as with future value factors, some calculators and computer software have the built-in
ability to calculate present value factors. The same comments made for future values apply
for present values. If you are using this approach to get your future value factors, you will
probably want to also use the approach for present value factors. You should consult your
instructor and/or owner’s manual for details of how to obtain these factors on the specific
hardware you are using.

Finding a Formula for the Present Value Factors

It is not necessary to have a table or special calculator to find present value factors any
more than it was necessary for future value factors. We can develop a formula for ay, just
as we did for Sy To get things started, consider the following example, similar to some of
the problems we considered in Section 4.3:

Example 4.4.3 Suppose that Jon borrows $8,000 from his uncle to buy a car. Rather
than deal with the hassle of monthly payments to his uncle, they agree that Jon will
repay the loan in full all at once at the end of 3 years. They agree that the loan will
carry an interest rate of 4.2%, compounded monthly. To make sure that he has the
money to pay off the loan when it comes due, Jon decides to set up a sinking fund at
his company’s credit union, into which he will make monthly payments. Coincidentally,
the sinking fund also carries an interest rate of 4.2% compounded monthly. How much
should Jon deposit each month?

Remember that before we can determine the sinking fund payments, we must first determine
how much Jon will actually need to pay his uncle:

FV =PV(] + i
FV = ($8,000)(1 + .0035)%
FV = $9,072.26

Knowing that, we can determine the sinking fund payment:
FV = PMTsm,.
$9,072.26 = PMTs55 0.5
$9,072.26 = PMT(38.29504816)
PMT = $236.90

So Jon’s monthly deposits should be $236.90.
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Now, let’s make a few changes to the scenario described above. Suppose that instead
of borrowing the $8,000 from his uncle, Jon borrowed the money from the same credit
union where he set up his sinking fund. Would this change how we worked the problem?
Of course not! It didn’t matter in the slightest whether Jon was borrowing the money from
his uncle, his credit union, or anyone else for that matter. Jon’s monthly sinking fund pay-
ment is exactly the same regardless of who loaned him the $8,000.

But from a practical point of view, this does sound kind of strange. After all, the idea was
that Jon wouldn’t have to make any payments to his uncle until the very end. But if the lender
is the same credit union to which he is making his deposits anyway, it would seem awfully
awkward to keep the loan and the sinking fund separate given that both are deals between
the same players: Jon and his credit union. There is no reason why the two deals couldn’t be
kept separate, but it would be far simpler to just have Jon’s monthly payments go directly
toward paying off his loan.

With that, we’ve made an important leap. The key to dealing with annuity present values
is recognizing that

Jon and His Uncle
To Jon: $8,000 To his uncle:
L

Jon and His Credit Union
To Jon: $8,000 To credit union: $236.90
L l l

is the same as:

Jon and His Credit Union
To Jon: $8,000 To credit union: $236.90
L l

This realization enables us to develop formulas for annuity present values.

Formulas for the Present Value of an Annuity

Suppose that we know the payments, term, and interest rate for an annuity, and want to
determine its present value. We can find the future value that this annuity could accumulate
to by using:

FV = PMTs_,

As we’ve just seen, we can relate this future value to the present value by means of the
compound interest formula

FV = PV(1 + i)
In both cases, the FV we are talking about is the same amount of money. So then
PV(1 + i) = PMTs_,

since both of these are equal to the FV.

To get the present value by itself, we can divide both sides of this equation by (1 + i)
to get:
PI\/‘\Tsmi

V=07

Which we can adjust slightly to get:
S,
_ i
PV = PMT 75
Notice that this formula is essentially the ordinary annuity present value formula from the
start of this section, except that sﬁ"/(l + i)"is sitting where ay sat. Since both formulas give
us the present value, it must be that we have found our formula for ay!
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FORMULA 4.4.3
The Present Value Annuity Factor

— S
G T+

Example 4.4.4 Use Formula 4.4.3 to find a_, when n = 36 and | = 0.0035.

This formula depends on Sy SO we will start by finding that. We calculate this just the same
as we have been doing all along:
_ (I +ip—1_(1+0.0035°%* -1
Sa i 0.0035

Now, we add on the extra step of dividing. Following Formula 4.4.3, we get

__Smi _ 3829504816
Mmoo (I +i)" (14 0.0035)%
For entry in the calculator, your best bet is to calculate the future value factor however you
have been doing it, and then once you have that result on the screen, follow step 2 below:

= 38.29504816

= 33.76891092

a

Operation Result
Steps to evaluate s, 39.29504816
/(1+.0035) "~ 36= 33.76891092

Notice that the values of i and n here are the same as they were in the example we used in
Example 4.4.3, Jon’s car loan. We can confirm that our work here was correct by using this
to find Jon’s car payment, using the present value factor. We will hopefully end up with the
same monthly payment!

Example 4.4.5 Use the annuity factor calculated in Example 4.4.4 to find the
monthly payment on an $8,000 car loan at 4.2% for 3 years.

PV = PMTa,,
$8,000 = PMT(33.7681092)

As we have done in many other similar situations, we divide both sides through to arrive at
the payment:
$8,000  PMT(33.76891092)
33.76891092  33.76891092

PMT = $236.90

The fact that this is the same payment that we arrived at before should give us some confi-
dence that we are doing things correctly.

An Alternative Formula for a, (Optional)

Formula 4.4.3 is not the traditional formula for a_.. It does, however, offer some advantages
over the traditional formula, especially in that it builds on the work that we have already
done to find future value factors. To calculate the present value factor of an annuity, we
calculate the future value annuity factor (which at this point should be old hat), and then
just add the one additional step of dividing it by (1 + i)".

While the author’s personal preference is to take that approach, the more traditional for-
mula can certainly be used just as well. We will briefly derive it here, and then demonstrate
its use.? If we begin with the formula:

2The reader can skip the derivation and jump to the final formula without losing anything other than the pleasure
of the mathematics.
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and then replace S with its formula, we get:
(T +i)yr—1
_ i
G T Ty
We can simplify this formula by multiplying both top and bottom by 1/(1 + i)™

(eir =t 1)
ar, = |.n (]+|)
(e

1+
which simplifies to:
) —
G T
- 1
T
9T T
IR
9= 7
Stating this formally, we write:
FORMULA 4.4.4
The Present Value Annuity Factor (Traditional Form)
1= i)
e

Admittedly, this does offer some advantages over our original formula, particularly in that
is does not require calculating Sy first. There is also something to be said for following con-
vention and tradition. On the other hand, at this point plenty of practice should have us all
reasonably comfortable calculating S and so finding Sy ON the way to a_. doesn’t impose
too heavy a burden. The conventional formula is not appreciably simpler, and it involves a
negative exponent, something with which you may or may not be comfortable, depending
on your prior algebra background and something that can easily lead to calculator errors if
you are not careful.

Rather than insist on one formula or the other, we will present both. The difference
between the two is a matter of taste and style, not mathematical necessity. Both formulas
will give correct results in all situations. Your instructor may allow you the choice of using
either, or may require you to use one or the other. If you are given the choice, you should
try a few examples calculating the factor each way so that you can find which formula
works best for you.

The following example will illustrate calculating ay in each way.

Example 4.4.6 Find the present value annuity factor for a 5-year annuity with
quarterly payments and a 9% interest rate.

Using Formula 4.4.3:
We first find the future value annuity factor just as we have been:

0.091°
. :(z+;)~—z:(’+—4 =
ali i 0.09

4

= 24.91152003

Then plugging this in to Formula 4.4.3, we get:

_ Smi 2491152003 _
e (e (1 " 0.09)20 = 15.96371237
4
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For entry in the calculator, once again your best bet is to calculate the future value factor
however you have been, and then once you have that result on the screen, follow step
2 below:

Operation Result
Steps to evaluate s, 24.91152003
/(1 + .09/4) "~ 20= 15.96371237

Using Formula 4.4.4:
Plugging in to the formula we get:

I = (14" _ 1= (1 +0.0225 2

a,, , 00095 = 15.96371237

On the calculator, this can be evaluated either step by step or by entering everything at
once.

Step by step (the first steps):

Operation Result

.09/4= 0.0225

+1= 1.0225
~~20= 0.640816472

Unfortunately, we want to subtract this value from 1, and with subtraction the order matters.
This forces us hold this result (either by writing it down or by storing it in the calculator’s
memory) and then use it in the next step:

Operation Result
1-0.640816472= 0.359183528
/(.09/4)= 15.96371237

Alternatively, entering it all at once we get:

Operation Result
(1—=(1+.09/4) ™~ —20)/(.09/4)= 15.96371237

However you choose to enter these, be careful about the negative exponent. On many
popular calculator models, there are two “—" keys, one for subtraction and one for negative
numbers. You want to make sure that you are using the “—" key for negative numbers when
you enter the exponent. Using the wrong key will most likely lead to an error.

Annuity Present Values and Loans

One of the most common applications of present values is using them to find loan pay-
ments. Most loans with a fixed payment schedule can be mathematically analyzed by using
annuity present values (though there are a few exceptions, discussed in Chapter 10.) The
following examples will illustrate this:

Example 4.4.7 Cienna is thinking about buying a condominium. She figures that
she can afford monthly loan payments of $650, and that she would be taking out a
30-year loan with an interest rate of 8.4%. On the basis of these assumptions, what is
the most she can afford to borrow? If she has $7,500 to use as a down payment, what
is the most she can afford to pay for the condo?

To begin with, we can see that $650 per month is an annuity, and the money that she
receives to buy the condo is its present value.
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Since this is a 30-year loan with monthly payments, n = (30)(12) = 360 and i = 0.084/12
= 0.007. We know that we will need the present value annuity factor for this, so we first will
find that. This factor may be found from a table, from calculator programs, or by using one
of our formulas. We will show the calculation for each of the two formulas; of course, when
doing these problems yourself, you do not need to calculate the factor more than once.

Using Formula 4.4.3:

We first find the future value annuity factor just as we have been doing:
_ (I +i—1_(1+0.007)p% —1

Sq ; 0.007 = 1,617.137554
Then, plugging this into Formula 4.4.3, we get:
Sq 1,617.137554
— i _ b —
T (1 +0.007)% ~ 131.2615606
Using Formula 4.4.4:

Plugging values into the formula we get:

T — (140" 1 —(1+0.007)%°
i = i - 0.007

Whichever way we find the annuity factor, we can now use it to complete the problem.

= 131.2615606

PV = PMT a,,
PV = $650 asz o0

PV = ($650)(131.2615606)
PV = $85,320.01

Assuming that on an amount this large we can ignore the pennies, we conclude the most she
can afford to borrow is $85,320. In addition to what she borrows, she has her $7,500 to put
toward the purchase price, and so the most she can afford to pay is $85,320 + $7,500 =

$92,820.

In the remainder of this section, we will not show the work to calculate the annuity factors,
but you should calculate them yourself and make sure that your factors agree with those
used in these examples. The exercises at the end of this section also offer many opportuni-
ties to practice and get comfortable with calculating the present value annuity factor.

Finding Total Interest For a Loan

Finding the total interest paid on a loan is similar to, but not exactly the same as, finding
the total interest in an annuity’s future value.

Example 4.4.8 Pat and Tracy are buying a house, and will need to take out a
$158,000 mortgage loan. They plan to take out a standard 30-year mortgage loan,
on which their interest rate will be 7.2%. If they make all their payments as scheduled,
how much total interest will they pay over the course of the 30 years?

First, we need to determine their monthly payments. (While the problem did not explicitly
state that payments would be monthly, that is usually the case and can be assumed unless
otherwise specified.)

We know that we will need the present value annuity factor. Since the payments are monthly
for 30 years, n = 30(12) = 360 and i = 0.072/12 = 0.06. Using a table, calculator pro-
gram, or one of the annuity factor formulas, we can calculate that aszg, ., = 147.3213568.
Putting this to use, we get:

.006

PV = PMT a_,
$158,000 = PMT a5z o5
$158,000 = PMT(147.321356802)

PMT = $1,072.49
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This payment includes both principal and interest, but doesn’t reveal how much goes to each
category. To determine the total interest they will pay, we can use an indirect approach similar
to the one we used with future values. This loan requires 360 payments of $1,072.49, and
so the total they will pay over the entire life of the loan is (360)($1,072.49) = $386,096.40.
Since they borrowed $158,000, we know how much of that total must go toward principal,
and so the rest must be interest. Thus:

Total interest = $386,096.40 — $158,000 = $228,096.40

Over the course of the 30-year loan, Pat and Tracy will be paying an awful lot of interest. In
fact, more of their money will go to pay interest than to pay for the house! It is good to be
aware of this, even if the knowledge is depressing. The good news, though, is that knowing
how to work with annuities allows us to consider alternatives and choose the most favorable
options. Since debt is an unfortunate but unavoidable fact of both business and life, being
able to work through the mathematics that underlies it holds obvious advantages—you
generally do better at games where you know how to play.

Example 4.4.9 Suppose that Pat and Tracy from Example 4.4.8 decided instead
to try to save some of the interest by paying off their loan more quickly. If they were
to go with a 15-year loan rather than a 30-year loan, how much higher would their
payments need to be (assuming the same interest rate)? How much interest would
they save?

Common sense says that to cut the term in half, they would need to double their payments.
Sometimes, though, common sense is wrong.

PV = PMT a,
$158,000 = PMT a5 .,
$158,000 = PMT(109.884466016)
PMT = $1,437.87
So they would need to increase their payments by $1,437.87 — $1,072.49 = $365.38.

While that is quite a bit more of a monthly payment, it is nowhere near double the original.
(We will explore the reasons for this in Section 4.5.)

Underthis scenario, their total payments would be (180)(1,437.87) = $258,816.60, and so their
total interest would be $258,816.60 — $158,000 = $100,816.60. Compared to the 30-year
schedule, this is an interest savings of $228,096.40 — $100,816.60 = $127,279.80.

Interest is the incredibly powerful force that allowed us to accumulate astonishingly
large future values from relatively small payments over long periods of time. But when
we are the borrowers, instead of earning that interest, we pay it. By paying extra on
the loan, we reduce the principal more quickly, and thus reduce the interest that we
must pay dramatically. We will be able to see this all worked out in greater detail in
Section 4.5.

Other Applications of Present Value

Loans are by no means the only uses for annuity present values, however. The following
examples illustrate some other uses, which have nothing to do with loan payments.

Example 4.4.10 Charlie has accumulated $557,893 in his 401 (k) retirement savings
account. Now that he has retired, he is planning to start using this fund to provide him
with some income. He expects that the account can continue to earn 4'2% interest,
and plans to make monthly withdrawals from the account over the next 20 years.
Under these assumptions, how much can he afford to withdraw each month?

It is tempting to just take the $557,893 and divide it by 240, but that would ignore the inter-
est that the account will be earning over those 20 years. In essence, Charlie is talking about
using his $556,893 as the present value of a 20-year annuity. And so:




Copyright © 2008, The McGraw-Hill Companies, Inc.

Exercises 4.4 177

PV = PMT a;,
$557,893 = PMT a5 00575
$557,893 = PMT(158.065436810)
PMT = $3,529.51

So Charlie’s account will support a monthly income of $3,529.51 for 20 years.

So far our examples have all been ordinary annuities. There are, however, some cases
where we need the present value of an annuity due, as this example shows:

Example 4.4.11 The New York State Lotto Jackpot is advertised to be $52 million.
However, this jackpot is not paid out all at once as a single lump sum. Rather, it is paid
out in equal annual installments for 26 years (beginning immediately). The advertised
$52 million is the total of all the payments. When you buy a ticket, you can choose

to have the jackpot paid to you as a lump sum should you win, but in that case you
receive the present value of the payments. If the interest rate used is 6%, what is the
value of the jackpot as a lump sum?

The payments do represent an annuity, and since they begin immediately they represent
an annuity due. A lump sum received up front instead of the payments clearly would be
their present value. The $52,000,000 is not the present value, but instead is the total of all

the payments. Since the jackpot annuity is 26 equal payments totaling $52 million, each
payment would be $52,000,000/26 = $2,000,000.

PV = PMTa;l,.(I +i)
PV = $2,000,000 G351 06 (1.06)
PV = ($2,000,000)(13.003166187)(1.06)
PV = $27,566,712.32
So winners who choose to take their winnings entirely up front will receive just a bit over half

of the advertised jackpot. The practice of advertising the total payments of an annuity as the
prize is very commonly used not only for lotteries but for other sweepstakes as well.

EXERCISES

A. Using Future Values to Find Present Values

1. To buy their new townhouse, Marc and Jun borrowed $116,509 from International National Mortgage Company for
30 years. The interest rate was 7.2% compounded monthly.

a. Suppose that instead of making monthly payments on the loan, the entire balance together with all the interest it
accumulates will be paid all at once at the end of the 30-year term. How much would that amount be?

b. Suppose that Marc and Jun made monthly payments into a sinking fund earning 7.2% compounded monthly to
accumulate the total from part (a). How much would the sinking fund payment be?

c. Parts (a) and (b) are completely hypothetical; in reality, the mortgage company will require Marc and Jun to pay
their loan off with monthly payments. How much will each of their monthly mortgage payments be?

B. Using Tables for Present Value Calculations
Questions 2 to 5 relate to the scenario below and the table given on the next page.
In the United States, the most common terms for a mortgage loan are 15 years or 30 years. In working with his clients, Jeff,

a real estate agent, finds it convenient to have a table of annuity factors for monthly loan payments for these two terms at a
selection of interest rates typical in the current market. He carries a small card with the table shown below in his briefcase:
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INTEREST RATE
Years . 7.0% : 7.5% : 8.0% : 8.5% : 9.0%
15 ¢ 111.255958 : 107.873427 : 104.640592 : 101.549693 : 98.5934088
30 i 150.307568 : 143.017627 : 136.283494 : 130.053643 : 124.281866

............................................................................................

2. How much could someone afford to borrow on a 30-year loan with an 8.5% interest rate, assuming a $950 monthly
payment?

3. Aclient says that he can afford a monthly payment of $1,200. On the basis of his credit, Jeff thinks he would qualify for
a 7.5% rate. How much could this client borrow with a 15-year loan? A 30-year loan?

4. What would the monthly payment be for a $120,000 loan for 30 years at 9.0%?

5. Jeff took a couple out to look at a house on the market for $187,500. This couple could afford a $7,500 down
payment, so they would need to borrow $180,000 to buy the house. Assuming that they would qualify for the loan at
an 8% rate, what would their monthly payment be for a 30-year loan?

For another example of how tables like these are often used, see the Additional Exercises 37 to 39.

C. Finding Present Value Annuity Factors

Questions 6 and 7 deal with finding present value annuity factors, using Formula 4.4.3.

6. Ifn=120andi = 0.00475,
a. Find Sa
b. Find az-

7. fn=96andi = 0.076/12,
a. Find Sa
b. Find ag;-

Instructions for Exercises 8 through 12: Multiple different ways for calculating present value annuity factors have been
presented in this chapter. If your instructor has told you that one of these methods is the one you should use, then find the
factor in that way. If you are allowed your choice of methods, try working these problems with each method to see which one
you like best.

8. Find a, if n

60 and i = 0.005.

9. Find ag; ifn=15andi = 0.02.

10. Find a, ifn=12andi = 0.035.

11. Find ai3510.007-
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Find 03515 00725

For each of Exercises 13 to 17:

D.

18.

20.

21.

22.

23.

24.

a) Find n.

b) Find i (expressed as either a fraction or a decimal).
c) Find the value of a_.

d) Find the present value of the annuity.

. The monthly payment is $150, the interest rate is 9%, and the term is 10 years.

. The monthly payment is $184.39, the interest rate is 6'/4%, and the term is 15 years.

. The quarterly payment is $1,750.42, the interest rate is 5%, and the term is 5 years.

. The weekly payment is $37.45, the interest rate is 11.74%, and the term is 25 years.

The monthly payment is $735.35, the interest rate is 12.59%, and the term is 7 years.

Present Values and Loans

I've figured out that the most | can afford to pay each month for a car loan is $250.00. My credit union will make me
a 3-year used car loan with an interest rate of 8.4%. What is the most | can afford to borrow?

. A replacement window company ran a newspaper ad stating that an average homeowner could replace all windows

and pay nothing down and just $165 a month. The fine print said that this payment is based on a 10-year loan and
a 7.8% interest rate. What total cost is the window company assuming for the windows?

Emilio’s accountant told him that if he continues to pay $50 a month on his credit card, it will take him 42 years to pay
off his current balance (assuming the interest rate doesn’t change and assuming he doesn’t charge anything else on
that card). His credit card interest rate is 18.99%. What is his balance?

Geoff borrowed $23,990 for 7 years at 9.3% to buy a boat. How much is his monthly payment?

Warren bought a new house for $175,300. He made a $20,000 down payment, and financed the rest with a 30-year
loan at an interest rate of 7.52%. What will his monthly mortgage payment be?

Find the monthly payment on a $17,500 loan if the term is 7 years and the interest rate is 11/4%.

Other Applications of Present Value

Gord is looking forward to retiring in a few years, and hopes that he will have enough in his retirement savings account
to provide him with an income of $2,400 a month for 30 years. How much will he need in his account when he retires
to do this, assuming that it will earn 4%?



180

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
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A company knows that it will need to pay $750,000 each year for the next 10 years to clean up toxic pollution at a
former plant site. Management wants to set aside a lump sum now that will be enough to provide for those costs. If the
money earns 5% interest how much would the company need to set aside today?

Jack won a sweepstakes jackpot, payable in the form of a 15-year annuity with equal annual payments beginning
immediately and totaling $3,000,000. If he wishes, he can choose to instead receive the present value of this annuity,
calculated by using a 7'/2% interest rate. How much would he get under that option?

As the result of a personal injury lawsuit, Garret won a $1,800,000 judgment. However, he does not get the money

all at once; the judgment will be paid to him in 20 equal annual installments totaling $1,800,000, starting right away.
Garret doesn’t want to wait for his money, though. A company offers to give him a lump sum immediately, in exchange
for all of his payments from the judgment. If the interest rate is 8%, how much would this lump sum be?

Grab Bag

Find the present value of a 10-year ordinary annuity with $500 quarterly payments if the interest rate is 5%.

Miguel and Cindi borrowed $189,750 to buy their house, for which they took out a 30-year loan at 7.29%. (a) Find their
monthly payment. (b) What would their payment have been if they had instead taken out a 15-year loan at the same
interest rate?

If Emilio (from Exercise 20) does continue to only pay $50 a month, how much total interest will he pay before his
credit card account is paid off?

Find the present value annuity factor for an 8-year annuity with semiannual payments and an interest rate of 4.49%.

A letter to the editor of the local newspaper complains that $775,000 “wasted” on a “useless” economic development
study could have been better used. The writer claims that “if the money had been invested at just 4% interest, it could
have provided enough money to keep an additional cop on the streets for the next 20 years!” Assuming a level cost per
year over the next 20 years, what is the writer assuming it costs to pay a police officer for a year?

Jamie has just been accepted to pharmacy school. When she met with a college financial aid officer, he told her that,
at the current 4.35% interest rate, she could expect that after graduating her student loan payments would be about
$275 a month for 20 years. According to these figures, how much student loan debt will she have when she graduates?

Find the monthly payment on a 4-year, $11,500 loan at 11.97%.

Claudette owes $3,725.86 on her credit card. She has stopped using the card, and wants to get herself out from under this
debt in 1 year. How much will she need to pay each month to do this, assuming the card carries a 15.99% interest rate?

Additional Exercises
Kathy’s monthly payment on her 30-year mortgage is $725.14. Her interest rate is 6.59%.

a. How much total interest would Kathy have saved if, instead of her 30-year loan, she had gone with a 15-year loan
at the same interest rate?
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38.

39.
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b. Not only do shorter terms save you money by paying off the loan more quickly, they often (though not always) offer
a lower interest rate. How much total interest would Kathy have saved if instead of her 30-year loan she had gone
with a 15-year loan at a 5.92% interest rate?

In Exercises 2 to 5 we considered an abbreviated table of annuity factors used by a real estate agent to be able to
quickly calculate mortgage payments. To find the amount to be borrowed based on a payment, you needed to multiply
by these annuity factors; however, to find the payment based on a loan amount, you need to divide.

Sometimes an alternative to these tables is used, which, instead of giving the annuity factor, gives the monthly payment
per $1,000 borrowed. This is sometimes preferred, since if we know this we do not need to divide.

Suppose that our real estate agent Jeff instead had this table:

MONTHLY PAYMENT PER $1,000 BORROWED

INTEREST RATE
Years 7.00% : 7.50% : 8.00% : 8.50% : 9.00%

15 $8.99 : $9.27 : $9.56 : $9.85 i $10.14
30 - $6.65 : $6.99 : $7.34 : $7.69 : $8.05

............................................................................................

Rework Exercises 4 to 5 using this table. Do your answers match?

Rework Exercises 2 and 3, using the table from Exercise 37.

Create a “payment per $1,000 borrowed” table like the one from Exercise 37, this time for a car salesman who wants
to be able to find monthly payments at interest rates of 6%, 7%, 8%, and 9%, and terms of 3, 4, and 5 years.

As the result of litigation against the tobacco industry, Conesus County received a large judgment, payable as an
annuity over 20 years. Rather than take its payments over time, the county decided to “sell” these payments to

a finance company in exchange for a lump sum. Company A offered to give the county the present value calculated
at a 9% interest rate. Company B offered a 10% rate. Which company offered the better deal? Why?

Amortization Tables

There were some surprises in Section 4.4. In Examples 4.4.8 and 4.4.9, we compared a 30-year
mortgage to a 15-year mortgage, and found that, despite the commonsense expectation that
halving the time would require doubling the payments, the 15 year loan’s payments were not
anywhere near twice the 30 year’s. We attributed the difference to the shorter term’s allowing
for less interest, which generally makes sense, but it is a bit unsatisfying to have to leave it
at that. Unfortunately, our annuity factor formulas allow us only to calculate payments from
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present value or vice versa. While we might have a vague and conceptual idea of what is
going on as the payments are made—each payment chips away at the amount owed until the
debt is entirely paid off—we don’t yet have a way to look more specifically at the details.
Being able to do so would provide a better means of understanding of how all of this works.

Amortization tables are a tool to do this. The word amortization actually comes from the
French phrase a morte, meaning toward death, a fitting name for a look at how we Kkill off
the debt!® There are several different formats that can be used for amortization tables, but
any amortization table will provide a payment-by-payment detail of how each dollar paid
on a loan is allocated between paying the interest owed versus reducing the debt.

Setting Up an Amortization Table

The rows of an amortization table correspond to the scheduled payments for the loan.
Normally, there are columns for the number of the payment, the amount of the payment,
the amount of the payment that goes toward interest, the amount that goes toward princi-
pal, and the remaining balance after the payment is made. (Sometimes, the column for the
payment amount is left out. If all payments are assumed to be the same, repeating it is a
bit redundant. We will, however, include this column since later on we will be considering
tables where the payments can vary.)

To illustrate, let’s consider a loan of $1,000 at 8% interest for 4 years with payments due at
the end of each year. The annual payment (calculated by using the techniques of Section 4.4)
would then be $301.92. The amortization table for this loan would then look like this:

Payment .  Payment : Interest :  Principal : Remaining
Number : Amount : Amount : Amount : Balance
] $301.92 $80.00 T$221.92 i $778.08
2 P$301.92 i $6225 i $23967 i $538.40
3 P$301.92 1 $43.07 i $25885 i $279.56
4 :$301.92 ¢ $2236 i $27956  : $0.00

.................................................................................

We can see from the table how each payment is split up between interest and principal, and
that the balance owed declines with each payment until it reaches zero after the last pay-
ment is made. How, though, is the split between interest and principal determined?

To answer this question, let’s walk through the calculation of the entries in the first two
rows. In the first year, the amount owed is the original $1,000, since no payments are made
until the end of that year. Interest is assumed to compound annually, and so no compounding
goes on during the year. The interest owed would be:

| = PRT
| = ($1,000)(0.08)(1)
| = $80.00

The first payment is $301.92, and since $80.00 of that must go to pay interest, the remain-
ing $301.92 — $80.00 = $221.92 is left to go toward principal. Taking that off of the prin-
cipal, the remaining balance would be $1,000 — $221.92 = $778.08, which is the amount
in the Remaining Balance column. Notice that these amounts agree with those shown in
the first row of the table.

Moving on to the second row, we repeat the same steps, though this time the principal is
no longer $1,000 but instead the $778.08 left after the first payment. Thus:

Interest: | = PRT = ($778.08)(0.08)(1) = $62.25
Principal: $301.92 — $62.25 = $239.67
Remaining Balance: $778.08 — $239.67 = $538.40

30r, alternatively and perhaps equally fitting, for looking at how debt can kill you.
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You can (and should) verify the third and fourth rows of the table by repeating these steps
for those payments.

Some Key Points about Amortization

Beyond being able to fill in the rows and columns of an amortization table, there are some
key points worth noting about amortization.

e The amount of each payment is the same, but the split between interest and principal
changes with each payment.

* As the balance is paid down, the portion of each payment dedicated to interest
declines. A larger share of early payments will thus go toward interest than later
payments.

e As interest’s share of the payments decreases, principal’s share of the payments
increases. So not only does each payment reduce the amount owed, but also the pace
of the reduction is accelerating. The first payment killed off $221.92, but the last pay-
ment wiped out $279.56.

*  We might have expected that the interest would be compound interest, but notice that,
since each payment must cover the entire amount of interest for the period, interest
never gets a chance to compound upon itself.

Example 4.5.1 Pat and Tracy (from Examples 4.4.8 and 4.4.9) took out a 30-year
loan for $158,000 at 7.2%. Their monthly payment was $1,072.49. Complete an
amortization table for their first 12 monthly payments.

For the first month, interest would be paid on the full $158,000, so the interest would be
I = ($158,000)(0.072)(1/12) = $948.00. This leaves $1,072.49 — $948.00 = $124.49
to go toward reducing principal, and so after this payment they will owe $158,000 —
$124.49 = $157,875.51.

The calculations for the next month are similar, except that instead of using $158,000 we
instead use the slightly smaller $157,875.51. Because this is smaller, it requires less inter-
est, increasing the amount that is left for principal. As expected, this trend continues in the
ensuing months as well.

Payment Payment Interest Principal Remaining
Number Amount Amount Amount Balance
1 T $1,07249 ¢ $948.00 i $124.49 . $157,875.5]
2 $1,072.49 :  $947.25 1 $12524 . $157,750.27
3 $1,072.49 1 $94650 i $125.99  : $157,624.28
4 $1,072.49 :  $94575 i $12674 . $157,497.54
5 $1,072.49 :  $94499 . $12750 : $157,370.04
6 $1,072.49 :  $944.22 i $12827 . $157,241.77
7 $1,072.49 :  $943.45 . $129.04 . $157,112.73
8 ©$1,07249 1 $94268 i $129.81 1 $156,982.92
9 ©$1,07249 ¢ $941.90 :  $13059 & $156,852.33
10 ©$1,07249 ¢ $941.11  : $131.38 & $156,720.95
11 T $1,07249 ¢ $940.33  : $132.16 : $156,588.79
12 ©$1,07249 ¢ $93953 ¢ $13296 - $156,455.83

.................................................................................

We used Pat and Tracy’s mortgage before, in the previous section, where we compared the
payment on a 30-year mortgage to the payment on a 15-year loan. Looking at the amortiza-
tion table now, we can start to see why the payment didn’t need to be that much larger for
the 15-year loan. Interest is based entirely on the amount owed, and so the “extra” money
in the payment does not go toward any extra interest. The extra goes entirely to principal.
An amortization table can help illustrate this:
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Example 4.5.2 Suppose Pat and Tracy took out a 15-year mortgage instead, also
for $158,000 and at a 7.2% rate. Their monthly payment would then be $1,437.87.
Construct an amortization table for their first 6 monthly payments.

For the first month, interest would be paid on the full $158,000, so the interest would be
| = ($158,000)(0.072)(1/12) = $948.00, just as in the 30-year example. This leaves
$1,437.87 — $948.00 = $489.87 to go toward reducing principal, and so after this pay-
ment they will owe $158,000 — $489.87 = $157,510.13. Note that, because of the larger
payment, more progress is made toward reducing the balance than with the first payment
of the 30-year example.

The calculations for the next month are similar, except that instead of using $158,000 we
instead use the slightly smaller $157,510.13, applying the same logic as before.

Payment Payment Interest :  Principal : Remaining
Number 0 Amount 0 Amount 0 Amount 0 Balance

1 $1,437.87 : $948.00 :  $489.87 : $157,510.13
2 $1,437.87 :  $947.25 i $490.62 : $157,019.51
3 $1,437.87 1 $94650 i $491.37 i $156,528.14
4 $1,437.87 ¢ $94575 i $492.12 : $156,036.02
5 $1,437.87 :  $944.99 . $492.88 . $155,5543.14
6 $1,437.87 : $93326 i  $504.61 : $155,038.53
7 $1,437.87 : $93023 :  $507.64 . $154,530.89
8 T$1,437.87 1 $927.19 i $510.68 i $154,020.21
9 T$1,437.87 ¢ $924.12 i $513.75 : $153,506.46
10 T$1,437.87 1 $921.04 i $516.83 i $152,989.63
11 T$1,437.87 ¢ $917.94 i $519.93 1 $152,469.70
12 : $1,43787 - $91482 . $523.05 : $151,946.65

.................................................................................

Note that while the amount of interest in the first month is the same for both the 15-year
and 30-year loans, in the second month this is no longer true. This is because the first pay-
ment does more to drop the balance of the 15-year loan, and so its smaller balance leads to
less interest. This trend continues in the ensuing months, and in fact the difference becomes
more pronounced as time goes by. The greater progress toward killing off the balance with
the 15-year loan comes both from the larger payment and also from the interest savings of
having a smaller balance. While the interest savings are small early on, they grow over time
and become more and more significant as time goes by.

In these examples we compared 30-year and 15-year mortgage loans. While we assumed
that the interest rates were the same, we did consider these as two separate potential loans.
That did not necessarily have to be the case, however. In most circumstances, a borrower
can choose to pay more than the required monthly payment on a loan and enjoy the interest
saving benefits of doing so. The ability to do this is a consequence of an approach to inter-
est on a loan sometimes referred to as the United States Rule. For most financial situations
in the United States, for each time period you pay the interest only on the amount that you
actually owe. If you pay extra to reduce the balance, this reduces the amount of interest
you pay.

Some loans, however, will have what are known as prepayment penalties. \When
a loan has such a penalty, paying extra to reduce the term of the loan may mean that
extra fees will be charged to the borrower. Once common, prepayment penalties are now
fairly rare.

Also, some loans, or other financial transactions that closely resemble but may not tech-
nically speaking actually be loans (such as leases or “rent-to-own” plans), do not work
in this way, and either forbid extra payments or apply them in some other way (such as
treating any extra you pay this month as an early payment of the next month’s payment.)
Again, this is not the norm, but it should be noted that that this sort of thing does sometimes
happen. As with anything in the financial world, read the fine print!
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We will use the term amortized loan to refer to any loan whose payments are calculated
by using the annuity factors and whose progress toward payoff therefore follows what
is illustrated in an amortization table. We will move forward assuming that all loans are
amortized unless stated otherwise.

The Remaining Balance of a Loan

One very depressing fact about longer term loans is that, early on, very little progress is made
toward paying off the debt. Most of the early payments go toward interest, with little left
over to reduce the balance. In Example 4.5.1, after 6 months of payments, Pat and Tracy had
reduced their debt from $158,000 down to $157,241.77. If that slow progress is not depress-
ing enough in itself, we can note that they have paid a total of 6($1,072.49) = $6,434.94 to
reduce their debt by a whopping $158,000 — $157,241,77 = $758.23. After 12 months, the
progress was not much more impressive.

At some point, though, this has to change. Little by little, the principal is dropping,
and with each passing month more and more of the payment goes toward killing it off.
In the next 6 months, we can see from the amortization table that Pat and Tracy pay off
$157,241.77 — $156,455.83 = $785.94. This is more than $758.23, and in the following
6 months it stands to reason they will pay off still more, and so on and so on. How far along
will they be after, say, 5 years? Or 10 years? Or 20 years?

We could answer these questions by carrying our amortization table farther. This would
certainly work, but it wouldn’t be much fun. Even if we programmed a computer to do the
calculation, an amortization that carried out monthly payments for 5, 10, or 20 years would
be quite an undertaking.

We can determine the remaining balance of a loan at any point by giving a sly answer
to the question “What do they still owe?” The answer we want to this question is of course
the lump sum dollar amount that is owed, but another way of answering the question would
be to observe that they owe the remaining payments on the loan! This seems like a smart-
alecky and not very helpful answer until we realize that whatever the remaining debt, it
must be equivalent to the remaining payments. To illustrate:

PV of remaining
payments
| |

Remaining payments

The remaining payments on the loan form an annuity, and the remaining balance is a single
sum at the start of this annuity that is equivalent to it. In other words: the amount owed is
the present value of the remaining payments. Even though this is not a formula per se, it
seems significant enough to deserve special notice:

“FORMULA"” 4.4.5
The Remaining Balance of a Loan

At any point in the term of an amortized loan, the amount owed is equal to the
present value of the remaining payments.

We can test this out by using it to find the amount that Pat and Tracy would owe after
6 months of their 30-year mortgage. We know from the amortization table that this amount
is $157,241.77. Using this new approach, we would observe that the original loan called
for 360 payments, and after the sixth payment there would be 360 — 6 = 354 left. And so:

PV = PMTGF“

PV = $1,072.49a523 106

PV = $1,072.49(146.614395231)
PV = $157,241.77

The fact that the answers come out the same both ways should gives us extra confidence
in this approach.
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Example 4.5.3 Assuming that they make all their payments as scheduled, how much
will Pat and Tracy owe on their mortgage after 5 years? 10 years? 15 years? 20 years?
25 years?

Following the approach used above, we find after 5 years they will have made 60 payments.

And so 360 — 60 = 300 payments remain. The amount they owe is the present value of
those payments. So:

PV = PMTami

PV = $1072.49a%5 106

PV = $1,072.49(138.96827618)
PV = $149,042.09

The remaining calculations are essentially the same. The results are displayed in the table
below.

. Remaining : . Remaining
Elapsed Years . Payments . Annuity Factor : Balance
5 : 300 : 138.96827618 : $149,042.09
10 : 240 1 127.00843213 @ $136,215.27
15 : 180 1 109.88446602 : $117,849.99
20 : 120 1 85.36656977 :  $91,554.79
25 : 60 . 50.26213003 :  $53,905.63

.................................................................

Note that, as expected, the balance declines much more slowly in the early years than in
later ones. In the first 5 years, it drops from $158,000 down to $149,042, meaning that in
the first 5 years only $9,958 of the original debt is eliminated. In each subsequent 5-year
period, the amount of debt eliminated grows, and in the last 5 years $53,906 is paid off
(since after the final payment the balance must be zero).

Extra Payments and the Remaining Balance

What if Pat and Tracy paid more than their required payments in one or more months?
Suppose that they paid an extra $500 in the first month, but otherwise stuck with the pay-
ment schedule. Can we still use this approach to find out how much they owe later on? The
answer to this question is yes—and no.

Itis still true that the amount they owe is the present value of their remaining payments,
and so in theory we could still approach the problem in this way. However, by making that
extra payment, they reduced their balance, and thus shortened the amount of time that it
will take to pay off the loan. After 5 years the number of remaining payments would not
be 300, it would be something smaller. And in that “something” lies the difficulty. It is not
easy to determine the actual number of remaining payments if we deviate from the original
payment schedule. In theory the amount owed is still the present value of the remaining
payments, but in practice, since we cannot readily determine how many payments actually
remain, we will not normally be able to use this approach if there has been a deviation from
the original payment schedule.

Loan Consolidations and Refinancing

In many cases it may be advantageous to replace one or more existing loans with a new
loan. Suppose, for example, that someone started a construction business and borrowed
money to buy needed equipment. Since he was just starting the business, lenders consid-
ered it risky to lend him money, and the best interest rate he could find was 15%. Three
years later, though, his business has been very successful, and he finds that he can borrow
at much better rates. In fact, the very same lender would now make the loan to him at 8%.
Obviously, he would be much happier paying the lower rate.

In most cases, a borrower can take advantage of a more attractive opportunity by
refinancing a loan. Refinancing means paying off an existing debt by taking out a new
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loan, using the new loan to borrow the amount needed to pay the old one off. In this
example, he could pay off the balance of his 15% loan by borrowing the money he needs
to do that at the more attractive 8% rate. This effectively cuts his interest rate to 8% for the
remaining term of his loan. The following example will illustrate this in more detail:

Example 4.5.4 Suppose Kwame has 12 years remaining on a business loan at 15%,
on which the quarterly payments are $2,531.00. If he refinances this debt with a new
12-year loan at 8%, what will his new monthly payment be? How much total interest
will he save by doing this?
First we need to determine how much he owes now. There are (12)(4) = 48 remaining pay-
ments on his loan, and so
PV = PMTa,
PV = ($2,531)az5 ys7s
PV = ($2,531)(22.11112866)
PV = $55,963.27
So this is the amount he needs to pay off the old loan.Borrowing this amount at 8% with
quarterly payments for 12 years would require payments of:
PV = PMTa,
$55,963.27 = (PMT)az ,,
$55,963.27 = PMT(30.67311957)
PMT = $1,824.51
This results in a savings of $2,531.00 — $1,824.51 = $706.49 per quarter, or a total of

(48)($706.49) = $33,911.52 over the remaining term of the loan. Since refinancing did not
change the amount of principal he owed, this savings is entirely due to interest.

Obviously, Kwame needs no greater motivation to refinance than the potential to save
nearly $34,000 in interest, and taking advantage of a lower rate is certainly one reason to
replace an existing loan with a new one. Another reason for doing this may be to make
things simpler by combining several smaller loans into a single loan. Doing this is some-
times referred to as consolidating the loans.

Example 4.5.5 Andrea has a car payment of $288.95 a month at 9% with 37 months
remaining, a student loan of $353.08 at 5.4% with 108 months remaining, and a
mortgage payment of $1,104.29 at 7.35% with 19 years remaining.

A finance company suggests that she could refinance her mortgage and consolidate it
with her other loans to lower her monthly payments. They propose that she take out a new
30-year mortgage loan at 7.74%, borrowing enough to pay off all three existing loans.

What would her new monthly payment be?

We first need to calculate the amounts she owed on her existing loans. For the sake of space
we will not show all those calculations here. These amounts can be found as in our previous
examples, by taking the present value of the remaining payments. Doing this, we find that
she owes $9,306 on the car, $30,149 on the student loan, and $135,486 on the house.

To consolidate these, she would need to borrow $9,306 + $30,149 + $135,486 = $174,941
with the new mortgage. Calculating the monthly payment on this present value using 30 years
and 7.75%, we can see that her new payment would be $1,253.30.

This sounds like a pretty good deal. Each month, Andrea is now paying a total of $288.95 +
$353.08 + $1,104.29 = $1,746.32. Consolidating these loans will reduce her debt pay-
ments by nearly $500 each month!

There is more to the story, though:

Example 4.5.6 How much, in total, will Andrea save by doing this consolidation?

Withthe new loan, she willmake 360 paymentsof $ 1,253.30each, totaling (360)($1,253.30) =
$451,188.
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EXERCISES

A. Amortization Tables

With her old loans, her remaining payments would total:

. :  Remaining Total
Loan 5 Payment :  Payments . Remaining
Car i $28895 37 i $10,691
Student : $353.08 108 : $38,133
Mortgage : $1,10429 : 228 - $251,778
Total $300,602

Surprisingly, we see that she will actually not save anything by consolidating. The total she
would pay with the new loan is over $ 150,000 more than what she would pay on her existing
loans!

How can this be? We just saw a moment ago that consolidating and refinancing would save
Andrea nearly $500 a month. How can it be that she would end up paying so much more?

The reason lies in the number of months. By consolidating, she did lower her monthly
payment, but she took debts that would be paid off in 19 years, 9 years, and just over
3 years and converted them into a debt that will take 30 years to pay off. Stretching this out,
in fact, was the main reason why the new consolidated loan payment is so much lower.

Does this mean that consolidating and/or refinancing is a bad idea? Absolutely not.
Andrea may decide that freeing up $500 cash in her monthly budget is well worth extend-
ing her final payoff farther into the future. Money may be tight now, and she may figure
that things hopefully will not be so tight far in the future when those extra payments will
be made. The decision of whether or not this sort of deal is a good one is complex, and it
requires weighing the competing desires to get out of debt and to keep her payments down.
There may be other factors to consider as well.*

There is no simple answer to whether or not consolidation is a good idea. At least in
this example, there are both pros and cons to consolidating. What can be said in general,
though, is that it is always worthwhile to make sure that you know what the deal is, and
crunch the numbers to make sure you understand just exactly what you will be paying.
Andrea may decide the greater overall payment is worth the lower monthly payment, but
she should make that decision with her eyes open, understanding that the lower monthly
payment comes at a price.

“For example: Mortgage interest is usually tax deductible, even for a refinanced loan, while interest for car loans is

not and interest for student loans may or may not be. The new loan’s interest rate may be much better, or much
worse, than the rates on the old loans. And so on and so forth.

1. Fill in the missing portions of the amortization table. The loan’s initial balance was $23,450, payments are monthly, and
the interest rate is 9%. (Note that these are only the first six rows of a much longer table; the balance will not reach zero

in row 6.)

Payment
Number

Payment Interest Principal Remaining
Amount Amount Amount Balance
$250.00

$250.00

$250.00

$250.00

$250.00

$250.00

.................................................................................
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2. Calculate the quarterly payment for a loan of $28,300 at 7.25% for 10 years. Construct an amortization table for the
first four quarterly payments.

:  Payment : Interest . Principal : Remaining
Quarter : Amount : Amount : Amount : Balance

.................................................................................

3. Suppose that you borrow $8,000 to pay to put a new roof on your house. The loan term is 6 years, payments are
monthly, and the interest rate is 8.14%. Find the monthly payment on this loan, and determine how much of your first
monthly payment goes toward interest and how much goes toward reducing the balance you owe.

4. Toran just graduated from college, and he owes $17,035 on his student loans. He is scheduled to make equal monthly
payments intended to pay off the loan over 20 years. The interest rate is 5.75%. Construct an amortization table for his first
three monthly payments.

5. Albert has a credit card on which he owes a balance of $3,765.42. The interest rate is 18.99%. His minimum monthly
payment is $62.50, but Albert is planning on paying $250 each month to get the card paid off more quickly. Assume
he makes no further charges to this card.

a. If he pays the minimum this month, how much will go to interest and how much will go toward principal?
b. If he pays $250 as he is planning on, how much will go to interest and how much will go to principal?

c. Make an educated guess about how long it will take him to pay off his balance if he continues to pay $62.50
per month. Make an educated guess about how long it will take him if he continues to pay $250 per month.
(Note: You do not need to try to actually calculate these values; you only need to try to make a reasonable guess.)
The actual times required are given in exercise answers in the back of the book.

B. The Remaining Balance on a Loan

6. My mortgage payment is $734.55 and the interest rate is 6%. | have made all of my payments as scheduled, and
| have 25 years of monthly payments left until the loan is paid off. How much do | owe today?

7. Suppose that you have 20 payments left on a personal loan. Your monthly payment is $188.75, and the interest rate is
8.91%. If you wanted to pay off the loan in its entirety today, how much would you need to do it?

8. Sylvain borrowed $200,000 at 7.39% for 10 years for start-up costs for his new business. Assume he makes all of his
monthly payments as scheduled.

(a) How much of his first payment will go toward interest, and how much will go toward principal?

(b) How much of his 37th payment will go toward interest versus principal? (Hint: First, find how much he owes when
he has 84 payments left to make).

(c) How much of his last payment will go to interest versus principal?
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Phyllis took out a 6-year loan to buy a new car. She borrowed $18,000 and the interest rate was 7.56%. Assuming
she makes all payments as scheduled, how much will she owe after 3 years, when she is halfway through the term of
the loan?

Consolidation and Refinancing

Luke and Stacey have 21 years remaining on their mortgage, for which the interest rate is 8'2% and the monthly
payment is $915.72. They have made all of their payments as scheduled. Mortgage rates have recently come down
quite a bit, and they are thinking about refinancing.

a. How much do they owe today?
b. If the refinance their loan by replacing it with a new, 21-year loan at 5.5%, what will their new payment be?
c. How much would they save by doing this?

d. Suppose that instead of a 21-year loan, Luke and Stacey decided instead to take out a new, 30-year loan at 6.5%.
In that case, what would their new payment be, and how much would they save?

. Kalpana has accumulated the following collection of loans:

Monthly :  Remaining

Loan Type Payment . Payments : Interest Rate
Mortgage $875.19  : 24 years 7.5%
Car loan 0 $335.99 : 38 payments : 8.95%

Personal loan $101.49 145 payments 12.55%
Motorcycle loan $202.15 17 payments 9.75%

.................................................................

Total $1,514.82
a. She is planning on refinancing her mortgage. Suppose she refinances her mortgage with a new 24-year loan at a
6.3% interest rate. What would her new mortgage payment be? How much would she save by doing this?
b. How much in total does she owe now for all of her loans?

c. Instead of just borrowing enough with her new mortgage to pay off her old one, her mortgage broker has told her
that she could borrow enough to pay off all of her loans with the new mortgage. If she does this, what would her
new mortgage payment be?

d. Your answer to (c) should be quite a bit lower than the total of her current monthly payments. The interest rate on
the new mortgage is lower than the current rates on each of these loans. Does this necessarily mean that she will
save money by consolidating all of these loans into her new mortgage?

Grab Bag

lan took out an $80,000 business loan. His payments are quarterly, the interest rate is 9.75%, and the term of the loan
is 8 years. He has made all of his payments exactly as scheduled, and now has 5 years remaining on the loan.

a. Construct an amortization table for the first 3 quarters of his loan.

: : : : Remaining
Month : Payment : Interest : Principal : Balance

.................................................................................
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b. Determine how much he owes on this loan now.

c. Construct an amortization table for his next 3 monthly payments.

: : : . Remaining
Month : Payment : Interest : Principal : Balance
5 5 5 5
14
15

.................................................................................

d. How much total interest will lan have paid over the entire life of the loan, assuming that he continues to make all
of his payments as scheduled.

e. Between today and the end of the loan’s term, how much total interest will lan pay, again assuming he makes all
of his payments as scheduled.

f.  How much total interest has lan paid over the course of the first 3 years?

. | have a student loan with 12 years left to go. My monthly payment is $188.75 and the interest rate is 8.5%. | have the

opportunity to refinance this loan with a new 12-year loan at 5%. What will my new payment be? How much will | save
by refinancing?

. Complete the missing entries in the following (partial) amortization table. The interest rate is 7% and the initial balance

was $207,913. Payments are monthly.

Payment Payment Interest Principal Remaining
Number : Amount : Amount : Amount : Balance

1 : $3,750.00 : : :

2 © $3,750.00

3 $3,750.00

.................................................................................

. To finance a new office building, Hydrotech Nanowidget Inc. borrowed $1,850,000 at 7.45% interest. The company is

scheduled to make quarterly payments of $59,735 on this loan. Find the amount of the first payment that goes toward
interest, the amount that goes toward principal, and the remaining balance on this loan after the company makes the
first payment.

Additional Exercises

Jenny and Hamid took out a mortgage loan for $122,305 for 30 years at 6.39%. Assuming they make all their
payments as scheduled, how much total interest will they pay in the first 5 years of the loan?

. When she retired 5 years ago, Neryssa had $793,000 in her retirement account. She invested the money with an

insurance company, which agreed to send her monthly payments for 30 years, using her $793,000 as the present value
of the payments and an interest rate of 5.3%. Every month the company credits her account with the interest due, and
then withdraws the amount of her monthly payment and sends it to her. What is the balance of her account today?
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18. Krystof took out a personal loan for $3,569.74, with monthly payments for 5 years. The interest rate was 11.39%.

a.

b.

C.

Construct an amortization table for the first 6 months of this loan.

: : . Remaining
Payment : Interest 5 Principal 5 Balance

.................................................................................

Use the “present value of the remaining payments” method to find the amount he would owe after 6 months of

payments.

Why doesn’t your answer to (b) agree with the balance shown in the last row of the amortization table?

Future Values with Irregular Payments: The
Chronological Approach (Optional)

Annuities provide a powerful tool to work with streams of payments, but they have some
serious limitations. The most serious of these is the requirement that all the payments must
be the same. Our annuity formulas do not allow us to skip payments or change them, even
though it is not hard to imagine realistic situations in which that might happen.

In this section, we will consider some of these situations. It turns out that the tools we
have already can be used to find future vales of “annuities” whose payments change or
stop. In particular, we will see that these problems can often be tackled by looking at the
series of payments in pieces, in the order in which they are made. For convenience, we will
refer to this method of attack as the chronological approach.

“Annuities” Whose Payments Stop

Suppose that you start funding an investment or savings account by making equal pay-
ments at regular intervals (required for an annuity), but then at some point along the way
decide to keep the account open but stop making any more payments (not allowed for an
annuity.) This situation doesn’t fit the requirements we demand of an annuity, but it’s not
hard to imagine it happening. Can we adapt the mathematics of annuities to figure out how
much the account will grow to?

The account we are talking about here is not an annuity for its entire life, but until the
payments stop it is. So we can at least use our annuity formulas to look at this first part of
the story. Then notice that, once the payments stop, the account becomes a sum of money
growing at compound interest for a period of time. That’s something we can handle by
using the compound interest formula. By looking at the account “as time goes by” we can
break the problem up into two pieces, each of which can be handled with tools we already
have. As noted, we will refer to this way of approaching problems as the chronological
approach. The following example will illustrate:

Example 4.6.1 For 2 years, | deposited $175 monthly into a savings account. Then
I stopped, but kept the account open for 3 more years. The interest rate was 3.6%.
How much did I have in the account at the end of the full 5 years?
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For the first 2 years, this account was an annuity, and so we can find its future value by using
the annuity formula:

FV = PMTs,,

FV = $175553 405

FV = $175(24.84650638)

FV = $4,348.14
So at the end of the first 2 years, the account had grown to $4,348.14.

Now for the last 3 years, no payments are being made, but that $4,348.14 does continue
to grow at compound interest:

FV =PV(I + i)

FV = $4,348.14(1.003)%

FV = $4,348.14(1.113867644)
FV = $4,843.25

So at the end of 5 years, the account was worth $4,843.25.

Don’t be confused by the fact that $4,348.14 was the FV in the first step of this solution,
but the PV in the second step. This amount came at the end of the annuity portion, so there
it was the FV. In the plain compound interest portion it came at the beginning, and so there
it was the PV. Using time lines can help keep this straight.

Breaking the life of an account up chronologically allows us to take on all sorts of situ-
ations like this one. Before moving on to try it out with other types of problems, let’s use
this approach on another problem similar to this example.

We have seen the surprising power of compound interest throughout Chapters 3 and 4,
and we will see it again in Chapter 5. We have noted that compounding is especially power-
ful over long terms, where interest on interest (on interest on interest . . . ) has the chance to
really pile up. Comparatively modest sums can build up into shockingly large future values,
and most of those large future values come from interest, not the payments themselves. This
might lead us to wonder about questions like the one proposed in the following example:

Example 4.6.2 Wanda is 25 years old. She has decided to put $2,500 each year into
a retirement account starting this year, but she plans to make these deposits for only
10 years. Her twin brother Wayne is also 25 years old. More of a procrastinator, he
plans to wait 10 years before putting anything into his retirement account. But once he
starts, he plans to keep up deposits of $2,500 per year until he is 65.

Assuming that Wayne and Wanda both earn 8.4% interest, how much will each have at
age 65?

Wanda's stream of payments is similar to Example 5.1.1. If we look at the first 10 years, her
account is an annuity, since she is making equal payments every year. However, for the last
30 years no payments are being made at all, but compound interest does accumulate.

Again, we don't have a single formula that will allow us to find her future value at the end of the
40 years. But let’s look at Wanda's account chronologically. The first 10 years of Wanda'’s
account can be looked at as an annuity, and so we can find the future value for those:

FV = PMTs_,
FV = $2,500s:3 o6,
FV = $2,500(14.76465595)
FV = $36,911.64
Of course, this represents the value of her account at the end of the 10 years, or when she is
35. The account still will be open for another 30 years, with no payments made. While that
isn’t an annuity, that money will still be earning compound interest. And so the last 30 years
can be dealt with by using the regular compound interest formula:
FV =PV(1 +i)
FV = $36,911.64(1.084)%
FV = $414,993.99
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Wayne's future account value is less of a challenge. Once his payments start, they continue
on to the end, and so Wayne’s account is an annuity:

FV = PMTs,,

FV = $2,500s o6,

FV = $2,500(121.9393221)

FV = $304,848.30

So even though he makes the payments for 30 years instead of Wanda’s 10, Wayne winds
up with less money in his account in the end!

The results of this example may be a little surprising. Wanda’s account ran for 40 years
versus Wayne’s 30—that doesn’t seem that much longer. But Wayne made contributions
for 30 years versus Wanda’s 10, so he contributed 3 times as much as she did—that does
seem like a big difference. Yet Wanda came out ahead because of the power of com-
pound interest over time. Another view of those future values may help explain Wanda’s
victory:

Example 4.6.3 How much of Wanda'’s future value came from interest? How much
of Wayne's did?

Wanda contributed $2,500 a year for 10 years, so her total deposits were ($2,500/year)
(10 years) = $25,000. Since her future value totaled $414,993.99, her total interest earn-
ings were $414,993.99 — $25,000 = $389,993.99.

Wayne contributed $2,500 a year for 30 years, so his total deposits were ($2,500/year)
(30 years) = $75,000. His total interest earnings, then, were $304,848.30 — $75,000 =
$229,848.30.

Those extra 10 years that Wanda had compound interest working for her made all the
difference, even making up for her much smaller total contributions. This is interesting
mathematically, but it also interesting from a practical point of view: if you want to have
an account grow into a large future value, how soon you start putting money to work can
be far more important than how much money you put to work.

“Sinking Funds” Whose Payments Stop

What if, instead of letting the payments determine the future value, we let a target future value
determine the payments? This is basically the same idea as a sinking fund, except that now
we are open to the possibility that the payments might stop at some point along the way.

Example 4.6.4 Dario wants to have $1,000,000 in his retirement account when he
reaches age 70, 45 years from now. Dario thinks that his account can earn 9.6%, and
he'd like to reach his goal by making monthly deposits for just the next 10 years. How
much should each deposit be?

Here we need to work backwards. For the last 35 years, the account simply earns interest,
and so at the start of the period its value must have been enough to grow to the target

$1,000,000. So:
FV = PV(T + i)
$1,000,000 = Pv(] 4 0.0% )“2"

12
PV = $35,202.74

So the payments for the first 10 years must accumulate to this amount:
FV = PMT Sai
$35,202.74 = PMT s, 0%/,
: 12
PMT = $175.82
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As the examples of this section hopefully demonstrate, a change in the payment stream
need not stop us from calculating an account’s future value. Such changes do, however,
require us to break the problem into parts. The chronological approach that we have used in
this section is an effective way of doing this in many cases. In Section 4.7, we will see an
alternative way of looking at things that may prove more useful in other situations.

EXERCISES 4.6

A. “Annuities” Whose Payments Stop
1. a. Suppose that you invest $350 a quarter for 10 years at 8%. How much will you have at the end of the 10 years?

b. Suppose that you then stop making payments, but keep the account open and your money continues to earn 8%
compounded quarterly for the next 25 years. How much will your account grow to?

2. Destiny has been depositing $3,000 each year into an account earning 9.25% for the last 15 years. She has 20 years to
go until retirement.

a. How much does she have in her account today?

b. Assuming she decides to stop making new deposits but keeps her account open, earning the same rate, how much
will she have when she retires in 20 years?

c. Assuming she decides to keep making $3,000 annual deposits, and her account continues to earn 9.25%, how
much will she have when she retires in 20 years?

3. If you deposit $100 each month into an account earning 7% for 20 years, and then stop making deposits but keep your
money invested, earning this same rate for another 10 years, how much in total will you have in the end?

4. Based on the scenario in Exercise 3, how much total interest would you earn?

5. When he was 3 years old, Toby’s parents started investing $25 each week in an investment account for him, thinking he
would use the money for college. When he was 18, his parents stopped making these deposits, but Toby didn’t need to
money for college since he won a football scholarship. He kept the money invested, but didn't put any more money in
the account.

Assuming that his account earns 7.8%, how much will he have in it when he turns 65? How much of that total will be
from interest?

6. | deposited $25 each week into a savings account earning 5% for 1 year. Then | stopped making deposits and just let
the account grow at compound interest for the next 3 years. How much total interest did | earn?

B. “Sinking Funds” Whose Payments Stop

7. | want to have $200,000 in an investment account 20 years from now and plan to reach this goal by making equal
quarterly deposits for the next 12 years, and then stopping the deposits and just letting the account grow. My account
earns 10%. How much do | need to have in the account when | stop making deposits? How much should each of my
quarterly deposits be?
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Grab Bag

Anja and Ted both have just set up investment accounts. Suppose that Anja deposits $1,000 each year for 10 years
and then stops, while Ted deposits nothing for 10 years and then starts and continues depositing $2,000 each year.
How much will each person have at the end of 25 years, assuming they both earn 8.2%? How much total interest will
each person earn?

. Eigen’s Valuemart needs to have $20,000,000 in a special account 20 years from now in order to meet an employee

benefits commitment. The company plans to make equal quarterly deposits for the next 8 years and then leave the money
invested to grow to the needed future value. If their account will earn 8%/4%, how much should each quarterly deposit be?

. Amy wants to have $1,000,000 in her retirement account in 40 years. She believes her account will earn 9%

compounded monthly.

a. Assuming she keeps making the same monthly deposit for the entire 40 years, how much should she deposit each
month to her account?

b. Assuming she wants to make monthly payments for the next 20 years and then stop her deposits, how much
should she deposit each month?

c. Assuming she wants to make monthly payments for the next 10 years and then stop her deposits, how much
should she deposit each month?

. How much will | have in my retirement account when I’'m 64, assuming that | invest $375 each month beginning at

age 27 and then stop making investments at age 39. Assume that my account earns 11%.

Additional Exercises

. Suppose that you deposit $120 each month into an account earning 8% for 5 years. You continue your deposits at this

same pace, but the interest rate is increased to 10% for the next 15 years. How much in total will you have at the end
of 20 years?

Future Values with Irregular Payments: The Bucket
Approach (Optional)

The previous section’s approach works well in some circumstances, but in others it falls
short. It will handle annuities whose payments stop, but it isn’t adequate to handle “annui-
ties” whose payments change, or accounts that begin with some amount of money already
in them. We can address those sorts of problems with another technique, which we will
refer to as the bucket approach.

“Annuities” That Don’t Start from Scratch

Suppose you have $5,000 in an account that earns an effective rate of 4.35% for 8 years.
This account will grow to $7,029.26 at the end of the 20-year term. Now, suppose that
instead of one account with $5,000, you opened up two accounts, each with $2,500. Would
you have earned more by doing this? Less? The same?

A deposit of $2,500 at 4.35% for 8 years grows to $3,514.63. Each of your two accounts
would have grown to this. In total you would have $7,029.26, the same as if you had kept
the entire amount in a single account. As we noted back when we were trying to find
a future value annuity formula, it makes no difference whether you kept everything in
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a single account, or split the money up. In the end, you still have every single one of your
$5,000, together with all the compound interest each dollar accumulates.

This observation is the key to the bucket approach. Since it makes no difference whether
or not the money is all kept in a single account, it will not change anything if we pretend
that an account is split into separate “buckets” whenever it helps us to do this.

The following example will illustrate:;

Example 4.7.1 Brandon has $1,457.06 in his savings account, which pays 3.6%
interest compounded monthly. Each month he deposits $75 into this account. How
much will he have in his savings account after 2 years?

Brandon’s monthly payments are an annuity, but we also have to deal with the $1,457.06
which was in the account from the start. To handle this, we will pretend that the original
$1,457.06 is kept in a separate account from his new deposits.

Bucket 1: The original $1,457.06, earning compound interest.
FV =PV(] +i)

Fv = $1,457.06[1 + 2036}
FV = $1,565.67
Bucket 2: The monthly $75 payments.
FV = PMTs,,
FV = $75$§|.03%2
FV = $1,863.49

Of course, Brandon'’s actual account contains all the money we pretended was separated into
those two buckets. So his total future value will be $1,565.67 + $1,863.49 = $3,429.16.

“Annuities” with an Extra Payment
The same approach works nicely to deal with additional payments made to an annuity as well.

Example 4.7.2 Kevin deposited $1,000 each year into a savings account that earned
a 5% effective rate for 10 years. In the third year, though, he was able to deposit
$5,000 instead of his usual $1,000. How much did he have at the end of the 10 years?

We need to break Kevin's payments up into buckets that can be handled either as an annuity
or as a single sum of money growing at compound interest. There are several ways to do this,
but the most efficient one is to make the first bucket an annuity of $1,000 each year (pretend-
ing that the third-year payment was $1,000, like all the others). The second bucket, then,
would be an extra $4,000 in the third year. (The second bucket is $4,000 and not $5,000
because $1,000 in the third year was included in the first bucket annuity).

Bucket 1: $1,000 per year for 10 years.

FV = PMTs_,

FV = $1,000s7 ,

FV = $12,577.89
Bucket 2: The extra $4,000 paid in year 3. This money will earn compound interest for the
last 7 years. So:

FV =PV(I +i)

FV = $4,000(1.05)”

FV = $5,628.40

Putting the two buckets together, we see that Kevin's future value was $12,577.89 +
$5,628.40 = $18,206.29.

“Annuities” with a Missing Payment

What if instead of an extra payment, a payment is missed? This approach can handle that
sort of situation as well.

197
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Example 4.7.3 For the last 5 years, the management of Watermill Corp. has put
$25,000 from its profits each quarter into a fund intended to provide capital for future
expansion plans. Unfortunately, in the last quarter of the third year the company had
some financial difficulties, and skipped making this deposit. If the account earned
4.8%, how much did the company have at the end of the 5 years?

There are quite a few different ways to break this account into buckets, but, just as in
Example 4.7.2, the most efficient solution is to start with a bucket that assumes that the
regular annuity payments were made for the entire term.

Bucket 1: $25,000 per quarter for 5 years.

FV = PMTSF“
FV = $25,000s5 ,,,
FV = $561,321.59

In the previous example, the second bucket was the extra money, but here we don’t have any
extra money—instead money is missing. Here, though, we can make a second bucket out of
the missing money, and calculate what it would have grown to with interest if the payment
hadn’t been missed.

Bucket 2: The missing $25,000 from the end of the third year. This money was missing for
the last 2 years, so we calculate what it would have grown to in those last 2 years:

FV =PV(] + i)
FV = $25,000(1 + 0.012)%
FV = $27,503.26

Bucket 1 assumes that all the payments were made, Bucket 2 contains the missing payment
together with all the interest it would have earned. The company’s actual account was bucket 1,
take away the contents of bucket#2. So the actual future value is $561,321.59 — $27,503.26 =
$533,818.33.

Annuities with Multiple Missing or Extra Payments

What if an “annuity” has more than one extra and/or missing payment? In that case, we
can follow the approach we used in the previous two examples. Start out assuming that all
of the payments were the same, and then create a separate bucket for each extra or missing
payment. Then at the end, add the extra and subtract the missing. A few of the exercises
will require this.

What if instead of just a few deviations up or down, the “annuity” payments actually
change?

Example 4.7.4 For 15 years | deposited $2,500 each year into an investment
account that earned 7'/2%. Then, for the next 5 years, | kept making payments, but
only $1,000 each. How much was my account worth at the end of 20 years? How much
total interest did | earn?

Bucket 1: Once again, we start by assuming the $2,500 payments continued for all 20 years.
FV = PMTs,,

FV = $2’5005%|.O75
FV = $108,261.70

Bucket 2: In each of the last 5 years, $1,500 was missing compared to what we assumed for
bucket 1. These missing payments form an annuity:

FV = PMTs,,
FV = $1,500s5 ..
FV = $8,712.59

The overall future value, then, is the bucket 1 annuity less the missing deposits and their
interest. So the future value is $108,261.70 — $8,712.59 = $99,549.11.
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The second question, how much interest | earned, can be answered by subtracting the total
payments from the future value. | made 15 payments of $2,500 each, and 5 payments of
$1,000 each, so the total payments were 15($2,500) + 5($1,000) = $42,500. So the total
interest earned was $99,549.11 — $42,500 = $57,049.11.

“Sinking Funds” That Don’t Start from Scratch

Sometimes we have a set goal for a sinking fund, but already have some funds in the account
working toward our goal. The following example will illustrate how we can address this
sort of situation.

Example 4.7.5 Alexis will be retiring in 5 years, and wants to have a balance of
$600,000 in an investment account at that time. Right now, she has $375,000 in this
account. She expects her account to earn 8.4%. How much does she need to deposit
each month to reach this goal?

Since Alexis already has quite a bit of money in her account, her payments only need to
make up the difference between what she will already have and the $600,000 target. The
money she has, though, will keep earning interest for these next 5 years, and so we need to
see how much it will grow to.

Bucket 1: The $375,000 with its interest.
FV =PV +ip
FV = $375,000(1.007)%°
FV = $569,901.11

Since she can expect this much in her account without making payments, the payments just
need to make up the difference. So their future value must be $600,000 — $569,901.11 =

$30,098.89.
Bucket 2: A sinking fund with a $30,098.89 future value.
FV = PMTs_,
$30,098.89 = PMTsz 0,
PMT = $405.38

So monthly payments of $405.38 would be enough to fill the gap.

Dealing with problems like the ones in this section can be a challenge. Take your time
and think each one through; these are not the sort of problems that you can expect to coast
through on autopilot. Keep in mind that, when you break a problem up into buckets, every
dollar and its interest must be included in one, but only one, of the buckets. Also, don’t be
afraid to look back at the examples; while not every problem will match up with one of
them, the ideas exploited in the examples can be put to use in other situations as well.

EXERCISES

A. “Annuities” That Don’t Start from Scratch

1. HuperMart Convenience Stores Corp. has $1,598,375 in an account set aside for longer term employee benefit
commitments. The company is depositing $37,500 each quarter into this account. Assuming these deposits continue,
and assuming the account earns 7'2%, how much will it have in this account in 10 years?

2. Trevor has $296,101.43 in his 401 (k). Assuming he keeps up deposits of $275 each month and his account continues
to earn 7.825%, how much will he have in his 401(k) when he retires in 20 years?
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“Annuities” with an Extra Payment

Suppose Kerry deposits $2,000 each year into an investment account every year. The only exception to this schedule is
that for her 10th payment she deposits $5,000 instead of her usual $2,000 deposit. If her account earns 6.98%, how
much will she have at the end of 30 years?

Allyson deposits $3,000 at the beginning of each year into an account earning 10% for 25 years, except that in the
15th year she deposits an additional $5,000 above and beyond her usual $3,000 deposit. How much will she have at
the end of the 25 years? How much total interest will she earn?

“Annuities” with a Missing Payment

Mike deposited $2,500 into his individual retirement account (IRA) every year for 25 years. He missed his deposit in
the eighth year because he was temporarily laid off, but other than that he has kept his deposits up every year. If his
account earned 7.72%, what was his account value at the end of 25 years?

Suppose you deposit $1,250 each year for 30 years, except that in year 21 you deposit only $750 instead of your usual
$1,250. How much do you have at the end of the 30 years, assuming your account earns 5.25%?

“Annuities” with Multiple Missing/Extra Payments

. Suppose that the Cauchy-Schwartz Equalization Corp set aside $150,000 each quarter for 12 years into a special fund

to cover potential environmental cleanup costs. For the next 8 years, the company reduced its deposits to $80,000 per
quarter. Find the value of this account at the end of 20 years, assuming it earned a 5.3% interest rate for the entire
period.

Kelly deposited $135 per month into her retirement account for 20 years. For the next 12 years she increased her
deposits to $175 per month. Assuming she earned 8.13%, find her account’s future value. Find the total interest
earned on this account.

“Sinking Funds” That Don’t Start from Scratch

Bud has $1,357.15 in a special vacation savings account. He hopes to have $2,500 in this account 1 year from now.
If his account earns 6% interest, how much does he need to deposit each month to reach his goal?

. The Business Department at McKeanville Community College is trying to raise money for a scholarship fund. The

department’s goal is to have $25,000 in the scholarship fund in 5 years. Right now there is $7,346.19 in the fund.
Assuming that the fund earns 7.15%, and that no scholarships will be paid from this fund until the goal is reached, how
much needs to be deposited to this fund each quarter to reach the goal?

Grab Bag

. a. Lucy has $275,935 in her individual retirement account right now. She wants to have $1,500,000 in this account

in 20 years. Assume that her account earns 6.85%. How much does she need to deposit each month to reach
this goal?

b. If she lowers her goal to $750,000 in 20 years, how much does she need to deposit each month to reach this
goal?
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| have $1,575.19 in my savings account right now. It earns 3.6% interest. If | deposit $200 into this account each
month, how much will | have in 3 years?

. Find the future value of an “annuity” of $500 per year at 9% for 20 years, assuming that the 12th and 15th annual

payments are $850 instead of $500.

. Leslie deposits $400 each month for 10 years into an investment account. She then increases her deposits to $500 per

month. If her account earns 8.4%, how much will she have at the end of 16 years?

Pat deposited $2,000 per year for 25 years into an account earning 9.35%. He missed his scheduled payment in years
10 and 15, and deposited an extra $3,000 in year 20. Find the future value of his account.

Additional Exercises

Suppose | deposit $125 per month for 10 years into an account earning 6%. For the next 15 years | increase my
deposits to $150 per month, then for the next 5 years after that | decrease my deposits to $80 per month. Find my
total future value.
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Any series of regular payments can be analyzed as
an annuity. Key terms: present value, future value,
ordinary annuity, annuity due.

The Future Value Ordinary Annuity
Formula: FV = PMTs_,

s, is the future value annuity factor.

The annuity factor may be found from tables,
calculator/computer programs, or formulas.

(1 +i)—=1
Sqi = i
n is the number of time periods, i is the interest
rate per period.

To find the total interest earned in an annuity,
subtract the total payments from the future
value.

The Future Value Annuity Due

Formula: FV = PMTs_ (1 + i)

The calculation is done the same way as an
ordinary annuity’s, but then multiply by (1 + i) at
the end.

A sinking fund is just an annuity whose
payments are determined by the desired future
value.

Use the future value annuity formula, find the
annuity factor, and then use algebra to find the
payment amount.

To accumulate a large future value, the period of
time makes an enormous difference in the size
of the payments needed.

The Present Value Ordinary Annuity
Formula: PV = PMTa_,

a., is the future value annuity factor

The annuity factor may be found from tables,
calculator/computer programs, or formulas.

— Smf
=T+
1=+
Al i
Either formula can be used; both give the same
results.

Examples

See discussion in Chapter 4.1

How much will | have as a
future value if | deposit $3,000
at the end of each year into an
account paying 6%?
(Example 4.2.1)

Find the future value annuity
factor for a monthly annuity
with a 15-year term and a
7.1% interest rate.
(Example 4.2.5)

Carrie deposits $250 each
month into an account paying
4.5% for 5 years. How much
interest does she earn?
(Examples 4.2.6 and 4.2.7)

Mariano deposits $2,500

at the start of each year at
81/4%. How much will he have
after 40 years. (Example 4.2.8)

How much should Shauna
set aside at the start of

each quarter to accumulate
$10,000 in 2 years, assuming
her account earns 4.8%7?
(Example 4.3.2)

To accumulate $1,000,000 by
age 70, how much would Joe
need to deposit semimonthly
assuming he starts at age

65, 50, 35, 25, 18, or age 2?
(Example 4.3.6)

How much can you afford to
borrow on a car loan if your
payments will be $275 per
month for 3 years at 6%.
(Example 4.4.2)

Find the present value annuity
factor for a 5-year annuity with
quarterly payments and a 9%
interest rate. (Example 4.4.6)

(Continued)
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Finding Loan Payments,
pp- 175-176

Finding Total Interest Paid,
pp. 175-176

The Present Value of an
Annuity Due, p. 177

Amortization Tables, p. 183

Use the present value annuity formula, find the
annuity factor, and then use algebra to find the
payment amount.

To find the total interest paid in an annuity,
subtract the present value from the total of the
payments.

The Present Value Annuity Due

Formula: PV = PMTa_ (1 +)

The calculation is done the same way as an
ordinary annuity’s, but then multiply by (1 +i) at
the end

An amortization table shows payment by
payment the amount of interest, the amount of
principal, and remaining balance on a loan.
The amount to interest is calculated by using

Determine the amount owed on each loan, and
then use the result as the present value of the

Pat and Tracy took out a
30-year, $158,000 mortgage
at 7.2%. How much will
their monthly payment be?
(Example 4.4.8)

Pat and Tracy took out a
30-year, $158,000 mortgage
at 7.2%. How much total
interest will they pay?
(Example 4.4.8)

A lottery jackpot is paid out
as annual $2 million payments
for 26 years. If you choose
instead to receive a lump

sum payment all at once,

how much will you receive,
assuming a 6% interest rate?
(Example 4.4.11)

Pat and Tracy took out a

30 year, $158,000 mortgage
at 7.2%. Create an
amortization table for their

with a 12-year loan at 8%?
(Example 4.5.4)

the simple interest formula. first twelve monthly payments. 7
e The amount to principal is the difference (Example 4.5.1) |
between the payment and the interest amount. ;
e The remaining balance is the previous period’s
balance, less the amount paid to principal. ; 7
The Remaining Balance of a ¢ To find the remaining balance on an amortized Assuming that they make all 5
Loan, p. 186 loan, calculate the present value of the remaining their payments as scheduled, ,
payments. how much will Pat and Tracy |
owe on their mortgage after "
10 years? (Example 4.5.3) P S
Consolidation and e Aloan may be paid off by borrowing the amount Kwame has 12 years ?‘
Refinancing, p. 187 needed to do so with a new loan. remaining on a business loan 'k l
¢ Refinancing is replacing a single loan with a at 15%. His payments are s,
new one. Consolidation is replacing several $2,531. What would his new E‘ |
loans with a single new loan. payment be if he refinances — L;'
}

The Chronological Approach

to Future Values with Irregular

Payments (Optional),
pp- 192-193

The Bucket Approach to
Future Values with Irregular
Payments (Optional), p. 197

new loan.

The future value of a stream of payments that is
not an annuity can be calculated by building the
future value chronologically.

The future value of a stream of payments that is
not an annuity can be calculated by imagining
the payments broken up into separate accounts
(“buckets”).

For 2 years, | deposited $175
monthly. For the next 3 years
there were no payments
made. If my account earned
3.6%, what was my future
value? (Example 4.6.1)

Kevin deposited $1,000 each
year into an account earning
5% for 10 years. In the third
year, though, he deposited
$5,000 instead of $1,000.
Find his future value.
(Example 4.7.2)




CHAPTER 4

The following exercises are a mixture of problems primarily from the topics covered in Chapter 4. One of the objectives of
these exercises is to be able to correctly identify which topics and tools are needed for each problem. While the emphasis is
on material covered in Chapter 4, some problems covering material from Chapters 1 to 3 may also be included. All of the
material covered in this chapter is “fair game,” except for optional topics, which are not included in these exercises.

1. Zeno bought his house with a 30-year mortgage at 9% interest. His monthly payment for the loan is $813.25. How
much did he borrow to buy his house? If he made a down payment of $8,927.77, how much did he pay for the house?

N 2. George is participating in his company’s 401(k) plan by contributing $25 every week (at the end of the week) to his
| account. He expects his investments to earn 9%. How much will he have in his account after 30 years? How much total
interest will George earn?

3. A school district issues a bond to provide for a new addition to the local high school. The terms of the bond call for the
district to repay a total of $5,243,816 at the end of 5 years, and also require that the district establish a sinking fund
to accumulate the amount to be repaid. The sinking fund will be funded by deposits made at the beginning of each
quarter into an account that pays 5.6% interest. How much will the district have to contribute each quarter?

£

\, 4. Lex just won his lawsuit against the Amber Rainbow Restaurants Corp. for injuries sustained when he poured a carafe

S SRPL of hot coffee on himself at one of their restaurants. The court awarded him $5,000,000 to be paid as a structured
settlement with payments at the beginning of each year for the next 10 years. The $5,000,000 is the total of all the
payments, not the present value. A private investor offers to purchase these payments with a lump sum payment today,
calculated at an interest rate of 14.6%. How much would he receive if he accepted this offer?

5. Hiroshi wants to retire in 45 years with $2,000,000. He plans to achieve his goal by making annual deposits at the end
of each year into an IRA account, on which he believes he will earn 11.2%. How much does he need to deposit each
year in order to achieve his goal?

6. Marat bought a car, which he financed with a 5-year loan at 11.3% interest. He made a down payment of $2,000 and
his monthly payment is $317.98. How much did he pay for the car?

7. MostlyXAct Testing Labs borrowed $2,500,000 to expand its facilities by taking out a loan at 8.4%. The lender requires the
labs to pay off the loan by making payments at the end of each quarter for 7 years. How much will each payment be?

8. Vern wants to buy a new car that costs $14,362.50. His credit union will loan him the money with a 4-year loan at 7.8%
interest. How much will his monthly payments be? How much will his total payments be? How much total interest will he pay?

9. Tom'’s property taxes are $3,300 per year. The bank that holds his mortgage requires him to make monthly deposits
into a sinking fund at the beginning of each month in order to accumulate the total for his taxes at the end of the year.
If the account earns 4.8% interest, how much should each monthly payment be?

204
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The Ampersand Corporation borrowed $2,500,000 from a group of private investors in order to finance an expansion
of its manufacturing facilities. The investors will not receive any payments during the course of the loan, but under
terms of the loan, the company must make quarterly payments into a sinking fund for 10 years.

a) If the loan interest rate is 12% compounded quarterly, how much will Ampersand have to accumulate in order to
pay off its creditors at the end of 10 years?

b) If the sinking fund earns 6.6% interest, how much will each of Ampersand’s quarterly payments have to be?

. Internet vendor EPottingSoil.com borrowed $1,000,000 from a group of investors for 5 years at a 9.74% effective

rate. The company will not make any payments to these investors until the maturity date of the note. However, loan
covenants require the company to establish a sinking fund for the purpose of accumulating the maturity value, into
which PottingSoil.com must make equal deposits at the end of each quarter. If the sinking fund earns 4.5% interest,
how much must each deposit be?

Chris pays $15 each week into a Christmas Club account at his credit union. The account pays 3.7% interest. How
much will he have in the account at the end of 1 year?

. Ubiquitous Advertising Associates financed its new office building with a 10-year loan on which payments of $3,142.00

are due at the beginning of each month. The interest rate of the loan is 8.1%. How much did the company borrow?
How much total interest will it pay?

. Seven years ago, Taneisha took out a 30-year mortgage at 7.83%. Her monthly payments are $603.80. She has made

all of her payments as scheduled to date.
a) How much did she originally borrow?
b) How much does she owe today?

c) Suppose that Taneisha decided to refinance her mortgage today with a new 30-year loan at 7.5%. What would
her new monthly payment be? How does the new payment compare to the old one? Would she save money by
doing this?

. Steve bought a house for $137,000 with a down payment of $16,000. He financed it with a 30-year mortgage at

7.83%. How much total interest will he pay over the life of the loan? Suppose that he instead took out a 15-year loan
at the same interest rate. How much higher would his monthly payment be? How much total interest would he pay over
the life of the 15-year loan?

. Julia deposits $175 at the beginning of each quarter into an account earning 6.7% for 30 years. How much money will

she have at the end of those 30 years? How much total interest will she earn?

Rhonda has just graduated from Wassamatta U. and has student loans totaling $12,375. She must now start making
payments monthly. Her loans’ interest rate is 8.88%, and she will pay the loan off over 18 years. How much will her
monthly payments be? Of her first payment, how much will go for interest and how much for principal?

. Mark is saving up for a tuition deposit for veterinary school. He will need $4,500 in 3 years, and is trying to build up this

amount by making monthly deposits into an account earning 3.93%. How much should each monthly deposit be?
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19. Aaron would like to have $2,000,000 when he retires 42 years from now. How much should he set aside each week if
his investments can earn 9.1%?

20. McCabe Industrial Corp. borrowed $750,000 for an upgrade of its plant, borrowing the money at 8.5% compounded
daily for 5 years. McCabe is not required to make any payments to the lender until maturity, but is required to set up a
sinking fund for the purpose of accumulating the loan’s maturity value. If they make quarterly deposits into an account
earning 4.8%, how much should each payment be?

21. Dawn deposited $3,000 into an investment account paying 5.29% compounded daily for 5 years. How much total
interest will she earn?

} 22. | have a $3,031.59 balance on my credit card. The interest rate is 21.95%. If | pay $300 this month, how much of
_ ! my payment will go toward interest? What will my balance be after my payment (assuming | make no additional
FaL harges).

1 charg

23. Nicole is about to retire, and has $800,000 saved in a 401(k) plan, from which she wants to take monthly
//‘\ payments for the next 25 years. If the account can be expected to earn 6% interest, how much will each monthly
N payment be?

24. Mary just won the Rhode Island Lottery, with a total jackpot of $5,200,000. She will receive the money spread out as
equal payments at the beginning of each year for the next 26 years. The $5,200,000 is the total of all payments, not
AN, N the present value. So she is entitled to 26 annual payments of $5,200,000/26 = $200,000 per year. If she decided
' instead to take her winnings as one lump sum, the interest rate used would be 6%. How much would she receive as a
lump sum? (Do not take taxes into account in this calculation.)

25. Harald put $2,000 into his retirement savings account at the end of each year for 40 years. The account earned an
B interest rate of 7.2%.
L VS

a) How much did his account grow to at the end of the 40 years?

b) Suppose that Harald decides to use the money in his account to provide a monthly income in retirement. If his
account earns 5.4% during his retirement, how much can he withdraw each month if he wants his account to last
20 years?

26. Find the future value of $25 a week for 30 years at 7.23%.

27. Walt borrowed $30,000 for 7 years at 8.4%. Find his monthly payment, and construct an amortization table for his first
three payments.

. . . . Remaining
Month . Payment : Interest . Principal Balance

...............................................................................
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28.

29.

30.
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Daniel and Shauri have a 30-year mortgage. They borrowed $177,259 and their monthly payment is $1,205.79. If they
make all of their payments exactly as scheduled, how much total interest will they pay?

Suppose that $425 is invested each quarter into an account paying 6% for 20 years. Find the total interest earned.

If n =100 and i = 0.0045, find Sxi and oy
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“A wise man should have money in his
head, but not his heart.”

Learning Objectives Chapter Outline

LO 1 Create basic spreadsheets as tools for financial 5.1  Using Spreadsheets: An Introduction

calculations. 5.2  Future Values with Spreadsheets
LO 2 Use s;.Jreads'heets to find future values of annuities 53 Amortization Tables with Spreadsheets
or series of irregular payments.

5.4  Solving Annuity Problems with Spreadsheets

LO 3 Create amortization tables using spreadsheets. 8 by P

LO 4 Use spreadsheets as a tool to solve annuity and
other financial problems for values that cannot
be readily determined with formulas and algebra.

5.1 Using Spreadsheets: An Introduction

The tools we developed in Chapter 4 allow us to work mathematically with all sorts of
streams of payments. But if there are a lot of extra or missing payments, or a lot of changes
in the amount of the regularly scheduled payments, these approaches can get awfully
tedious. Spreadsheet programs provide an alternative way to handle these problems. As
we will also see in this chapter, spreadsheets are a very useful tool for a wide range of
business and financial calculations.

The most commonly available spreadsheet program on the market today is Microsoft
Excel. There are alternatives, but other spreadsheets are similar enough that you can adapt
to them quickly if you know how to use Excel. This section will discuss the use of spread-
sheets for financial calculations, and demonstrate how this can be done, using Excel.

The Layout of a Spreadsheet

A spreadsheet is a rectangular arrangement of individual packets of information. Each
of these packets is called a cell. A cell can contain words (text), numbers, or formulas.
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A group of cells that falls into a line horizontally is called a row, a group
of cells in a vertical line is called a column. The rows of a spreadsheet
are numbered, starting from the top. The columns are identified by letters,
starting from the left. Each cell is identified by the letter of its column and
the number of its row. Figure 5.1 at the bottom of this page is an example
of a simple spreadsheet, giving the sales of the three wonderful products
offered by the InterGlobal Incredibly Useful Products Company.

A cell is identified by the column and row that it falls in; usually the
column is given first. For example, in this spreadsheet, A5 is the cell in
column A, row 5. A5 contains the text “Totals”. B3 is the cell in column
B, row 3, which contains the number 880. The total dollar value of all the
product sales is contained in cell D5.

It is important to understand that the contents of a cell are not always
what they appear to be. For example, cell C2 appears to contain the
text “$23.95” but in fact it only contains the number 23.95. The dollar
sign shown is not actually part of the contents of this cell. In all the
problems we have worked so far in this text, we have recognized that in
calculations the $ symbol is not important, and we have ignored it when
working through problems. We only put a “$” in front of an answer to
make it clear that the answer was an amount of money. Likewise, the
spreadsheet does not need the $ for its calculations, but, since the con-
tents of the cell are supposed to be an amount of money, we do want it
to be displayed on the screen.
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How does the computer know that the contents of the cell C2 should ~ Spreadsheets are widely used in the business world.

be shown with a dollar sign (“$23.95” not “23.95”), while the contents of
cell B2 should not be given a dollar sign (“1800” rather than “$1800.00”)?
Each cell can be given a format, instructions to the program about how
to display the information in the cell. Because the numbers in cells C2 through C4 and D2
through D5 represent money, these cells have been formatted to display their contents with
a $sign in front. The formatting does not matter from a strictly mathematical point of view,
but it does make the spreadsheet easier to read and therefore more user-friendly. There is
a lot that can be done with formatting, such as use of different colors, fonts, highlighting,
and so on, to make a spreadsheet more attractive and user-friendly. In this text we are
mostly interested in spreadsheets as tools for calculations, and so we will not pay too much
attention to formatting. We won’t completely ignore it, though, because, without decent
formatting a spreadsheet can be difficult to read, and difficult to use as a result.

Formatting is not the only way that a cell can contain something different than what it
appears to. Cell D2 appears to contain the number 43,110, but actually that number is not
what is in that cell at all. D2 should represent the total dollar amount of sales of solar fish
gutters, which is $43,110. Now, if we didn’t already have this figure and wanted to figure
out just how much those sales total, we would need to multiply the number of items sold
(which is contained in B2) times the price per item (contained in C2). We could do this
ourselves on the calculator and then type the result into D2, but spreadsheets allow another
option. Since the spreadsheet contains the two values to be multiplied, we can instead put
a formula in the cell that tells the program to multiply B2 times C2. By entering formulas
like this, we allow the spreadsheet program to do the calculations for us.

photographer/DIL

A B C D
1 Product Units Sold Unit Price | Product Sales
2 | Solar Singing Fish Gutter 1800 $23.95 $43,110
3 Home Crash Test Kit 880 $127.95 $112,596
4 | Twelve Tone Door Chime 500 $44.99 $22,495
5 Totals 3180 N/A $178,201

FIGURE 5.1

© The McGraw-Hill Companies, Inc./Jill Braaten,
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Now that we have discussed some of the basics behind this spreadsheet example, let’s
start off by recreating it. Open Excel on a computer, and follow the instructions spelled out
below to recreate this spreadsheet yourself.

Creating a Basic Spreadsheet

When you open up Excel, the program will start you out with a blank spreadsheet, which
should look something like the one shown here.

A B C D E

a|lbh|lw|N|IE=

The number of columns and rows that you’ll see, the specific colors that show up, and
other such details may vary depending on the version of the program you are using. How-
ever, your starting point will most likely be in cell A1, and this will be apparent by that cell
being highlighted in some way. If you begin typing, what you type will appear in that cell.
We want cell Al to contain the word “Product” so let’s type that now, and then hit Enter.
The result should look like this.

A B C D E
Product

alh|lw|IN|E

You can move to other cells either by using the arrow keys on the keyboard, or by mov-
ing the cursor with your mouse and clicking on the cells you want to go to next. Now, let’s
move to each of the remaining cells in row A and column 1 and type in the text for each.
The result will probably look similar to this.

A B C D E
Product Units Sold Unit Price Product Sales

Solar Singing Fish Gutter
Home Crash Test Kit
Twelve Tone Door Chime

Aa|lbh|[w|IN|F

Totals

This is a bit of a mess, because the text is too long to fit in some of the cells. The text
in A2, for example, in addition to looking sloppy as it overruns its cell, will cause prob-
lems when we put the items sold information into B2, since both the text from A2 and the
numerical value from B2 will be trying to show up in the same place on the screen. To fix
this, we need to adjust the width of the cells to fit their contents.



Copyright © 2008, The McGraw-Hill Companies, Inc.

5.1 Using Spreadsheets: An Introduction

»  With the mouse, click on cell A1 and hold the button down when you do.

»  Then with the mouse, move the cursor all the way to D5. (This will highlight the area
we are using for the spreadsheet.)

e Select (click on) the Format menu from the menu bar at the top of the screen.
»  Select Column from that menu.

e This will bring you to yet another menu, and from that one select Autofit Selection.
This will automatically adjust the widths of the columns to fit the contents of the
cells.

The result should be a much more manageable looking, as you can see here.

A B C D
Product Units Sold Unit Price Product Sales

Solar Singing Fish Gutter
Home Crash Test Kit
Twelve Tone Door Chime

Ol |[wW|IN|F

Totals

In the original version, which we saw back in Figure 5.1, all of the text was centered
inside the cells. We can make this happen by once again highlighting the area we are
using. Most likely there will be three buttons in the toolbar at the top of your screen,
one of which shows text all justified to the right, one of which shows it centered, and
one of which shows it justified to the left. If you click on the one with the text cen-
tered, it will format the cells you have highlighted so that their contents will be cen-
tered. If those buttons are not on your toolbar, you can do this by selecting the Format
menu, then Cells, then Alignment, then Horizontal, then Center. (From here on in,
we’ll indicate a string of menu selections like this: Format = Cells = Alignment -
Horizontal = Center.)

To make the text in row 1 bold, you can highlight that row, and then either hit the bold
“B” button from the toolbar, or use Format = Cells = Font = Font Style = Bold. You can
bold A5 in the same way.

Now, to the numbers. Type in the Units Sold (cells B2, B3, and B4) and Unit Price (cells
C2, C3, and C4) values. Your resulting spreadsheet will look like the one here.

A B C D
1 Product Units Sold Unit Price | Product Sales
2 | Solar Singing Fish Gutter 1800 23.95
3 |Home Crash Test Kit 880 127.95
4 | Twelve Tone Door Chime 500 44.99
5 Totals

To format the cells in the Unit Price column to look like money, highlight these cells and
then use Format = Cells = Number = Currency = 2 decimal places.

Now, moving on to the formulas in column D, in D2, we want the program to multiply
the contents of B2 by the contents of C2. To do this, enter “=B2*C2” in that cell. (The “="
is necessary to tell the program that we are entering a formula. Without it, the program will
think you want it to store the text “B2*C2” and will display that text in the cell.) Once you
hit enter, the cell should display the result, 43200.

For D3 and D4 we want the spreadsheet to do the same thing. Rather than type a similar
formula into each cell, we can copy what we did in D2. To do this, highlight D2 and then
Edit = Copy (or click on the copy icon from the toolbar.) Then, highlight D3 and D4 and
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Edit = Paste (or click on the paste icon.) You should see the correct amounts now in the
product sales column.t

Here, we exploited of one of the biggest advantages of spreadsheet programs. When
we copied D2 to D3, we didn’t mean we wanted an exact copy of D2 in D3. We didn’t
want D3 to contain “=B2*C2”. We wanted it to have a formula that would do the same
sort of thing, but one row down: “=B3*C3". Fortunately for us, when you copy a formula
the spreadsheet program automatically assumes that if you are moving the formula down
one row, you must want all the cells in that formula to be moved down a row as well. If
you highlight D3 and look in the edit line, you will see that the formula in D3 is what we
wanted, “=B3*C3”. Likewise, the formula in D4 is “=B4*C4”. The advantage of being
able to do this should be obvious; even if we were working with 1,000 different products in
1,000 rows, we could still set up a spreadsheet to calculate the product sales for each and
every row easily and quickly just by copying and pasting.

The spreadsheet should now look like this.

A B C D
1 Product Units Sold Unit Price | Product Sales
2 |[Solar Singing Fish Gutter 1800 $23.95 43110
3 Home Crash Test Kit 880 $127.95 112596
4 | Twelve Tone Door Chime 500 $44.99 22495
5 Totals

Lastly, we want to set up the program to put the totals in the last row. We can once again
do this with a formula. In B5, enter the formula “=SUM(B2..B4)”. This formula tells the
program to add up all the values in the range of cells from B2 to B4. We can then copy this
into cell D5 to get the sum of the product sales. (We won’t do this in column C, because a
sum of all the unit prices is probably not something anyone would be interested in, so we
can just put the text “N/A” in that cell.)

At this point, you may want to format column D. Since the dollar amounts are fairly
large, it makes sense to format this column for O decimal places (so it will display the
amounts rounded to the nearest dollar.) You may want to bold the total row as well to make
it stand out more. The result, shown here is the table we set out to create.

A B C D
1 Product Units Sold Unit Price | Product Sales
2 | Solar Singing Fish Gutter 1800 $23.95 $43,110
3 Home Crash Test Kit 880 $127.95 $112,596
4 | Twelve Tone Door Chime 500 $44.99 $22,495
5 Totals 3180 N/A $178,201

Making Changes in a Spreadsheet

Suppose that, after building this spreadsheet, we realize that we had inaccurate information.
There were actually 1,500 door chimes sold, not the 500 we put in our original spreadsheet.
This will change the total sales for that product, the total units sold, and the total overall
sales of the company. Just this one change will result in many other changes.

There are also shortcut ways to copy and paste, depending on the version of the program you are using. In this text,
we are giving the steps to do most things from menu selections, since those steps will work on just about any version
of Excel. However, your instructor may show you some shortcuts that can be used with the specific spreadsheet
program that you are using.
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Here is where using formulas in a spreadsheet really pays off. Fortunately, since we set the
spreadsheet up to calculate those values with formulas, updating the spreadsheet is quite easy.
Simply go to cell B4 and type in the number 1500 to replace the 500 that is already there. As
you can see here, the values in B5, D4, and D5 will automatically change as a result.

A B C D
1 Product Units Sold Unit Price | Product Sales
2 | Solar Singing Fish Gutter 1800 $23.95 $43,110
3 Home Crash Test Kit 880 $127.95 $112,596
4 | Twelve Tone Door Chime 1500 $44.99 $67,485
5 Totals 4180 N/A $223,191

You can experiment for yourself by making changes in units sold, or changes in unit
prices. No matter how many changes you make to the units sold or unit prices, the spread-
sheet automatically updates all the results that depend on these values.

We can now easily make changes to the sales and prices for the three products we
included in our sheet, but what if we realize that we needed to add a fourth product to
the list? Suppose we now realize that we forgot that the company also sold 1,200 Widget
Detectors at $8.95 each and need to add those to the sheet. This requires a little more effort,
since we need to insert an entire new row above the total column.

To accomplish this, click on cell A5, and then use Insert = Row. This will insert a row
above the Total row, moving the Totals down to row 6. (Once again, the formulas automati-
cally update to reflect this change.) In the new A5, type in the product name, in the new B5
type in the number of units sold, and in the new C5 type in the unit price. We can copy the
formula for D5 from D4.

Since the row was inserted into the range of cells included in the sum formulas, those
formulas should automatically update to include the values from the new rows. There
should be no need to adjust the formulas in B6 and D6.2 Once we make any needed format-
ting adjustments, the result should be a spreadsheet like the one here.

A B C D
1 Product Units Sold Unit Price | Product Sales
2 | Solar Singing Fish Gutter 1800 $23.95 $43,110
3 Home Crash Test Kit 880 $127.95 $112,596
4 | Twelve Tone Door Chime 1500 $44.99 $67,485
5 Widget Detectors 1200 $8.95 $10,740
6 Totals 5380 N/A $233,931

Before moving on, let’s work through another spreadsheet example similar to the one
we’ve created here.

Example 5.1.1 A company has four employees who all work different hours and are
paid different hourly rates. Adam earns $12.75 per hour, Betty earns $11.85 per hour,
Carole makes $13.95 per hour, and Dario earns $12.50. Last week each person worked
the following hours: Adam: 20, Betty: 28, Carole: 36, and Dario: 27.5.

Set up a spreadsheet to find the total gross (i.e., before deductions) pay for each
person and the total gross pay for all four employees for last week.

To create this spreadsheet, we follow essentially the same steps as in the first example. In
fact, the formulas are essentially the same as in that example, though column D should be

2You should make sure to check that this actually does happen though. In some versions of Excel this does not
consistently work as expected.
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formatted to give dollars and cents instead of showing values rounded to whole dollars. The
end result should look similar to this:

A B C D
1 Employee Hours Rate Gross Pay
2 Adam 20 $12.75 $255.00
3 Betty 28 $11.85 $331.80
4 Carole 36 $13.95 $502.20
5 Dario 27.5 $12.50 $343.75
6 Totals 111.5 N/A $1,432.75

Once you have a spreadsheet set up for a particular application, you can reuse it over and
over again, as the next example illustrates.

Example 5.1.2 In the next week, Adam worked 22.5 hours, Betty worked 25, Carole
put in 32, and Dario worked 35. Find the total gross payroll for the company for that
week.

To find this, all we need to do is change the hours in the spreadsheet we created in

Example 5.1.1. The program then automatically calculates the desired values.

A B © D
1 Employee Hours Rate Gross Pay
2 Adam 22.5 $12.75 $286.88
3 Betty 25 $11.85 $296.25
4 Carole 32 $13.95 $446.40
5 Dario 35 $12.50 $437.50
6 Totals 114.5 N/A $1,467.03

The total gross payroll for the company this week is $1,467.03.

Rounding in Spreadsheets

In this example, the formatting we used hid something from us. If Adam worked 22.5 hours
and made $12.75 per hour, his total gross pay would be (22.5)($12.75) = $286.875. Of
course, we know enough to round this to $286.88, and that is the value that was displayed
as Adam’s gross pay on the spreadsheet.

Unfortunately, the spreadsheet displays $286.88, but that is not actually what the pro-
gram “thinks” Adam’s gross pay for the week should be. While you and | know that money
must be rounded to two decimal places, the spreadsheet doesn’t. It displays the value to
two decimal places because that is what we told it to. However, if this value is used in any
further calculations, the spreadsheet will use 286.875, not 286.88. Now, the discrepancies
that this may cause are not large, but they can be aggravating. Further, Adam’s actual gross
pay really will be rounded, and so it actually is not correct for the program to think his
gross pay is 286.875.

We can, and should, address this by including an instruction in the formula to tell the
program that it actually should round to two decimal places—not just in the display,
but in the actual numerical value as well. The instruction to do this in Excel may look
a bit strange at first. To indicate that something should be rounded, you use the formula
“=ROUND(number, number of decimal places)”. So in the case of Adam’s pay, the formula
in that cell should be “=ROUND(B2*C2,2)”. This formula should likewise be copied into
the gross pay column for each of the other employees.

Do we need to alter the total formula in D6? Actually, we don’t. Since each employee’s
gross pay is now rounded to dollars and cents, there is no way that the total of all of the
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gross pay amounts could have any extra decimal places in it. Of course, it doesn’t hurt
anything to tell the program to round it, and you may want to get in the habit of including
rounding of any formulas whose answers should be dollar amounts.

While failing to actually round did not make any difference in this payroll example, in a
large spreadsheet that involves many repeated calculations, rounding can become an issue.
For that reason, from here on in we will adopt the practice of rounding all formulas that
calculate money values.

Illustrating Compound Interest with Spreadsheets

In Chapter 3, we first looked at compound interest by using a table and watching the account
value grow with each compounding. Then we developed the compound interest formula,
and so we had a much more efficient way of getting from present value to future value, and
we abandoned the compounding-by-compounding table approach.

When we just use the formula, though, we lose the ability to see how that growth
occurs. While the huge final account values that compound interest can create over time
should no longer be surprising to us, it was probably hard to believe at first, which is
why having a table that shows the growth year by year was helpful to convince us that
the figures really were correct. This is of course useful if you need to convince someone
else that a figure that seems unrealistic is actually correct. Also, if we want to be able
to see where the account value is at different points along the way, a table makes it easy
to see, while getting those answers with the formula would require using the formula over
and over again.

Of course, creating these sorts of table by hand is tedious, but it is not too hard to do with
a spreadsheet. In the following example, we will use a spreadsheet to create such a table.

Example 5.1.3 Tom deposited $5,000 at 7% compounded annually for 4 years.
Use a spreadsheet to find his future value and illustrate the compound growth by
showing the interest earned with each compounding.

Our goal here is to create a table similar to the ones we saw at the start of Chapter 3. So
as a starting point, we will want to label columns for time, starting balance, interest earned,
and ending balance:

A B C D
Time Starting Balance Interest Earned Ending Balance

AIWIN|PF

You may need to adjust the column widths to fit these labels.

We should then have rows for each year, so we will want to label our rows for time 1, 2, 3,
and so on. We could do this by typing that into each row. But we can avoid all that typing by
use of formulas. We will enter 1 in cell A2, and then, since the cell below it should be 1 more,
we can enter into that cell the formula “=A2+1". Then, we copy this formula, highlight cells
A4 through 5, and paste into those cells. The result should be:

A B C D
1 Time Starting Balance Interest Earned Ending Balance
2 1
3 2
4 3
5 4
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Since Tom’s starting balance was $5,000, we will enter 5000 in cell B2. The interest he
earned in the first year can be found by using | = PRT = $5,000(0.07)(1) = $350. However,
rather than just enter 350 in C2, we will use a formula. “=B2*.07*1"” would work to let
the spreadsheet program do the calculation. However, as discussed above, we need to
include an instruction in our formula so that the value will be rounded appropriately. The
formula we need then is “=ROUND(B2*.07*1,2)".

The ending balance for the first year should be $5,000 + $350 = $5,350, but once again,
we'll let the spreadsheet do the work. Since the ending balance is the starting balance plus
the interest earned, entering the formula “=B2+C2" in cell D2 will do the trick. We don’t
need to include rounding instructions in this formula, since the numbers we are adding will
already be in dollars and cents terms. However, as we discussed above, it doesn't hurt to
round it either, so “=ROUND(B2+C2,2)" would also be acceptable.

Your spreadsheet should now look like this:

A B 