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IFIP — The International Federation for Information Processing

IFIP was founded in 1960 under the auspices of UNESCO, following the First World
Computer Congress held in Paris the previous year. An umbrella organization for
societies working in information processing, IFIP's aim is two-fold: to support
information processing within its member countries and to encourage technology transfer
to developing nations. As its mission statement clearly states,

IFIP's mission is to be the leading, truly international, apolitical
organization which encourages and assists in the development,
exploitation and application of information technology for the benefit
of all people.

[FIP is a non-profitmaking organization, run almost solely by 2500 volunteers. It operates
through a number of technical committees, which organize events and publications.
[FIP's events range from an international congress to local seminars, but the most
important are:

* The IFTP World Computer Congress, held every second year;,
* Open conferences;
* Working conferences.

The flagship event is the IFIP World Computer Congress, at which both invited and
contributed papers are presented. Contributed papers are rigorously refereed and the
rejection rate is high.

As with the Congress, participation in the open conferences is open to all and papers may
be invited or submitted. Again, submitted papers are stringently refereed.

The working conferences are structured differently. They are usually run by a working
group and attendance is small and by invitation only. Their purpose is to create an
atmosphere conducive to innovation and development. Refereeing is less rigorous and
papers are subjected to extensive group discussion.

Publications arising from IFIP events vary. The papers presented at the IFIP World
Computer Congress and at open conferences are published as conference proceedings,
while the results of the working conferences are often published as collections of selected
and edited papers.

Any national society whose primary activity is in information may apply to become a full
member of IFIP, although full membership is restricted to one society per country. Full
members are entitled to vote at the annual General Assembly, National societies
preferring a less committed involvement may apply for associate or corresponding
membership. Associate members enjoy the same benefits as full members, but without
voting rights. Corresponding members are not represented in IFIP bodies. Affiliated
membership is open to non-national societies, and individual and honorary membership
schemes are also offered.
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Preface

We publish in this volume the plenary talks and a selection of the papers on
numerics, optimization and their applications, presented at the 22nd Conference
on System Modeling and Optimization, held at the Politecnico di Torino in July
2005. The conference has been organized by the Mathematical Department of
the Politecnico di Torino.

IFIP is a multinational federation of professional and technical organiza-
tions concerned with information processes. It was established in 1959 under
the auspices of UNESCO. IFIP still mantains friendly connections with spe-
cialized agencies of the UN systems. It consists of Technical Committees. The
Seventh Technical Committee, established in 1972, was created in 1968 by
A.V. Balakrishnan, J.L. Lions and G.I. Marchuk with a joint conference held
in Sanremo and Novosibirsk.

The present edition of the conference is dedicated to Camillo Possio, killed
by a bomb during the last air raid over Torino, in the sixtieth anniversary of
his death. The special session "On the Possio equation and its special role in
aeroelasticity” was devoted to his achievements. The special session "Shape
Analysis and optimization” commemorates the 100th anniversary of Pompeiu
thesis.

All the fields of interest for the seventh Technical Committee of the IFTP,
chaired by Prof. I. Lasiecka, had been represented at the conference: Opti-
mization; Optimization with PDE constraints; structural systems optimization;
algorithms for linear and nonlinear programming; stochastic optimization; con-
trol and game theory; combinatorial and discrete optimization. identification
and inverse problems; fault detection; shape identification. complex systems;
stability and sensitivity analysis; neural networks; fractal and chaos; reliability.
computational techniques in distributed systems and in information processing
environments; transmission of information in complex systems; data base de-
sign. Applications of optimization techniques and of computational methods
to scientific and technological areas (such as medicine, biology, economics,
finances, aerospace and aeronautics etc.).

Over 300 researchers took part to the conference, whose organization was
possible thanks to the help and support of the Department of Mathematics of the
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Politecnico di Torino. We would like to thank Istituto Boella, Fondazione Cassa
di Risparmio Torino, Unicredit Banca and the Regione Piemonte for financial
support. We also acknowledge support from Politecnico di Torino and INRIA.

We would like to thank the following colleagues, who organized special and
invited sessions, greatly contributing to the success of the conference:

V. Agoshkov, O. Alvarez, G. Avalos, A. Bagchi, U. Boscain, A.V. Balakrish-
nan, M. Bardi, F. Bucci, J. Cagnol, P. Cardaliaguet, P. Cannarsa , M.C. Delfour,
D. Dentcheva, A. Dontchev, H. Furuta, K. Juszczyszyn, P. Kall, A. Kalliauer,
R. Katarzyniak, D. Klatte, B. Kummer, M. A. Lopez, V. Maksimov, K. Marti,
J. Mayer, S. Migorski, Z. Naniewicz , N.T. Nguyen, J. Outrata, B. Piccoli,
S. Pickenhain, M. Polis, E. Priola, A. Ruszczynski, L.F. Sivergina, H. Scolnik,
J. Sobecki, J. Sokolowski, G. Tessitore, D. Tiba, F. Troeltzsch , S. Vessella,
J. Zabezyk, T. Zolezzi, J.P. Zolesio.

L. PANDOLFI
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THE LEGACY OF CAMILLO POSSIO TO
UNSTEADY AERODYNAMICS

R. Voss,!

LDIR institute of Aeroelasticity, Goertingen, ralph.voss @dlr.de *

Abstract

First a brief overview is given of Camillo Possio’s short but outstanding and
fruitful career. This is followed by an outline of the state of the art in flutter and
unsteady aerodynamic research, and the challenges and problems like high-speed
flight that arose in aircraft development at that time. Possio’s first publications
on gas dynamic and supersonic problems are reviewed. The main focus is on the
1938 report on unsteady subsonic compressible 2D flow that became famous and
was named after him, because he was the first person to developed an unsteady
compressible aerodynamic theory, which was urgently needed in those years.
The theory, which is based on Prandtl’s acceleration potential is briefly outlined.
Some discussions and comments that took place in Germany and other countries
at that time highlight the importance of this work for the scientific community.
Early solutions of Possio’s integral equation developed by himself and later ones
developed by other researchers are presented, as well as approaches that extended
the theory to 3 dimensional flows before the war, like Kuessner’s theory, which
was probably influenced by Possio. Finally Camillo Possio’s later scientific
contributions to wind tunnel interference and to hydrodynamics are described. A
summary of some developments of the 2nd half of the 20th century demonstrate
that Camillo Possio created a milestone for modern aircraft research during his
very short career.

keywords: Aeroelasticity, Unsteady Aerodynamics, Flutter, Integral Equa-

tion, Possio.

1. Introduction

Camillo Possio was born on October 30. 1913 and died on April 5. 1945.
He was killed by a bomb during the last air-raid over Turin. He received the
Laureate Degree in Industrial Engineering and in Aeronautics, both in Turin
in 1936 and 1937. He was a pupil of Modesto Panetti and Carlo Ferrari. He
was Assistant Professor and then Professor at Politecnico di Torino. His work
is well known in the world’s aeronautic community, particularly his method

*The author would like to thank Prof. H. Foersching for many fruitful discussions.

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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of calculating the unsteady airloads of harmonically oscillating wings in 2D
compressible flow, the key equation of which has been named after him. But
his fruitful scientific carreer also covers general problems of gas dynamics and
supersonic flow, 3D wing oscillations in incompressible flow, the influence of
free surfaces on hydrodynamics, as well as the influence of wind tunnel walls
on measurements. His work was published in about 16 papers, many of which
were translated from Italian to German and English. When he died at the age
of 31, he was one of the most promising experts of aerodynamics in Italy. He
possessed the special skill of using high-level mathematics to obtain results of
practical interest.

2. Aeroelastic and high-speed flight challenges

During the fast development of aircraft at the beginning of the last century, the
significance of aeroelastic effects soon increased. These phenomena resulted
from the interaction of the elastic structural system with a surrounding airflow.
Airplanes have to be built extremely lightly and their structure is flexible. Elas-
ticity of an aircraft increases with size more than proportional. Fig. 1depicts
the wing deformations of modern aircraft wings in flight.

Figure 1.  Deformation of a transport aircraft wing (1) and of a sailplane (r)

As long as strength requirements are fulfilled, structural flexibility itself is not
necessarily objectionable. But the static and dynamic deformations of lifting
surfaces generate steady and unsteady aerodynamic reactions, that in turn alter
the deformations. These interactions may lead to several different aeroelas-
tic problems with far-reaching technical consequences for flight. Of special
importance is the flutter stability of wings and control surfaces. Particularly
during the First World War pilots often reported of heavy oscillations of the
wings and tail planes, that resulted in many fatal accidents. Back then aircraft
were usually biplanes and the most frequent aeroelastic problems did occur not
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on the wings but with tail flutter. One of the first documented cases was the tail
flutter problem of the British Handley-Page 0/400 bomber. Biplane construc-
tions had a high torsional wing stiffness due to the interplane bracing. This
was lost when cantilever monoplanes were developed, and flutter became even
more dangerous. A remarkable example is the destruction of a big Ju90 air-
craft in 1938 by bending-torsional tail-plane flutter. Although these accidents
were not recognized to be a stability problem at that time, it seemed clear from
the beginning that a theoretical investigation of these destructive vibrations re-
quired knowledge of both the elastic oscillatory behaviour of the lifting surfaces
and the oscillatory motion-induced unsteady airloads. This presented a great
scientific challenge. A systematic investigation of wing flutter and unsteady
aerodynamics began about 1920 in Goettingen, Germany and in Turin, Italy. In
general three different forces interact and generate aeroelastic effects, namely
elastic forces E, aerodynamic forces A and inertial or mass forces I. They are
distributed continuously over an aircraft and are in equilibrium :

E(g)+Alg) +1{g) =Q (D

@ denotes a known external force, which is independent from the aeroelastic
system, rising for example from: atmospheric turbulence, gusts, landing gear
impacts. E, A, I are functions of the elastic geometrical deformations ¢g. If
@ = 0, the equation describes the general aeroelastic stability problem. The
analytical solution of this problem thus requires the calculation of the involved
system forces as a function of local elastic deformations for a complete aircraft
or for its components and the solution of the equilibrium equation.

The governing equations of fluid dynamics, the Navier-Stokes equations,
have been known since the 19th century. But with the exception of a few lim-
iting special cases there was no chance of finding analytical solutions. Only
the development of numerical CFD (Computational Fluid Dynamics) methods
since 1970 opened the way to computing particularly compressible and viscous
flow problems around complex 3D configurations. When powered flight began,
mainly experimental observations were used together with simplifications of the
basic equations in order to derive mathematical models of the flow around an
aircraft. In 1918 L. Prandtl developed his idea of a lifting line to represent the
effect of a lift generating wing. Since the mathematical value of the circulation
is directly related to the lift, the wing is replaced by a vortex line along the
span at 1/4 chord of the wing, with constant strength I". Flow visualisations
first in water tunnels for 2D wing sections for a starting motion showed the
presence of a bound vortex and of a free starting vortex of opposite sign, which
is swept down from the trailing edge to infinity by the main flow. These two
vortices compensate, thus fulfilling the vorticity conservation law. If the fluid
is incompressible and free of rotation - except for the bound and free vortices -
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a potential function exists for the velocity vector and fulfills the Laplace equa-
tion. This follows from mass conservation, while a relation between pressure
and velocity follows directly from momentum equation :

rotv =0— 7=V¢ and %—i—V(pﬁ):O p=const - Vi=»_¢=0

(2)
In 1922 Prandt] extended his concept to a theory of unsteady oscillating 2D
lifting surfaces. Every time the bound vortex strength ~ - and thus the lift -
changes, a small free vortex with the opposite strength € of this change is created
to fulfill the vorticity conservation law, and is carried downstream from the
trailing edge by the main flow. This model of unsteady free and bound vortices
was applied by Prandtl’s student W. Birnbaum, who developed a mathematical
singularity method for computing unsteady airloads induced by an oscillating
2D wing [17]. He showed that aerodynamic lift and moment on the oscillating
surface lag behind the forcing motion, and that this phase shift as well as the
magnitude of unsteady lift and moment strongly depend on a new similarity
parameter, the reduced frequency, see fig. 2.

T Wake vortjces &(x,t)
T yixt 7

————

— - CI:‘V\ K _
v Ny \}\/_)Q\ /\Xc;\( —

1

Figure 2. Vortex generation in the wake of an oscillating airfoil

He further remarked that modeling the unsteady problem requires a chordwise
vorticity distribution instead of one bound vortex. His work was key to under-
standing the physical mechanism of flutter as a dynamic aeroelastic stability
problem. This could be solved by assuming all forces including the unsteady
aerodynamics to be harmonic and then treating eq.(1) as a complex Eigenvalue
problem. Birnbaum died in 1925 at the age of only 28.

Structural dynamic modeling was either provided by a simplified elastic beam
theory or from experimental ground vibration tests. These soon reached a high
standard. In contrast the prediction of unsteady airloads remained a key prob-
lem, due to the mathematical complexity. Measurements of unsteady motion-
induced aerodynamics did not exist before 1938, and therefore the flutter test,
either in a windtunnel or in flight, provided the only -indirect - validation of
unsteady aerodynamic models.
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Birnbaum’s theory was later expanded by Kuessner and Schwarz in Germany
to include also control surface oscillations. Derivations of other solutions for
the same problem were performed in Italy by Possio’s colleague Cicala and in
the US by Theodorsen, adopting mathematical singularity models or conformal
mapping. As their results agreed, the development of unsteady incompressible
2D flow around airfoils was completed about 1930. The efforts that followed
focussed on 3D and compressible flow.

When flight speeds increased, new problems were encountered, especially
when sonic speeds were approached. A significant amount of flight stability
was lost, control surfaces lost their efficiency or even reversed their effect and
wings and rudders started heavy vibrations. The only chance to understand these
phenomena was to investigate the influence of the compressibility on unsteady
flows. The special complexity of compressible flow was already known at the
beginning of the last century. If flow velocity v was no longer much smaller
than the speed of sound a, the speed of disturbance propagation in the fluid
began to play an essential role, and the governing velocity potential equation
for unsteady flow became a wave equation, see fig. 3

Figure 3. Disturbance wavefronts in a compressible flow (1) and spatial waviness of the
velocity potential value (r)

The priciples of compressible flow, including supersonic flows and shock waves,
had already been elaborated around 1900 as gasdynamic theories. The only
practical application of this knowledge was in the design and analysis of steam
turbines and in the research of ballistic projectiles. Propeller blade tips had
already reached these velocities and after 1930 several airplanes reached veloc-
ities higher than 600 km/h, among them the German Messerschmidt 109 and
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the first jet airplane Hel78VI and the Italian waterplane MC72. For practical
aircraft applications Prandtl and Glauert derived that lift and pressure on wings
in compressible flow depend on Mach number by the factor 8 = /1 — Ma?.
Mach number Ma = v/a denotes the ratio between flight velocity and isen-
tropic speed of sound. A major milestone on the path of compressible flow
research was the 5th Volta Congress of the Royal Italian Academy of Sciences
in 1935 in Rome. This conference with the topic of "High Velocities in Avia-
tion"” had been initiated by Arturo Crocco, a general and aeronautical engineer.
The most famous aeronautical scientists of that time were invited to present
state of the art in high-speed flow research. Several topics adressed at this con-
ference soon influenced the work of young scientists like Camillo Possio in the
following years.

3. First publications until 1937

In [1] and {2] Camillo Possio investigated supersonic flow problems. The
choice of this topic was certainly influenced by the Volta Congress. In super-
sonic flow about bodies of revolution, like ballistic projectiles, often a curved
shock wave occurs, which abruptly decelerates the flow from supersonic to
subsonic and produces a strong drag on the body. Behind non-curved shocks
the flow around a prescribed sharp nosed geometry could already be calculated
by the method of characteristics. For the case of a body with blunt nose and
a curved shock the flow becomes nonisentropic and rotational downstream of
the shock. This law was named after L. Crocco, the son of A. Crocco. The
method of characteristics is no longer valid, but L. Crocco outlined a method
to overcome this dilemma at the Volta Congress, and he demonstrated that a
mathematical solution could be obtained by a method presented by C. Ferrari,
one of Possio’s teachers. Camillo Possio expanded Crocco’s work by deriving
a concept for general 3D flows, like inclined bodies of revolution or wings.

Possio’s key paper [2] on unsteady supersonic flow about airfoils remained
unknown in the international scientific community for several years. This might
be due to the fact that it was published in the “Pontificia Accademia Scientiarium
Acta”, and that its summary was written in Latin. Possio started his theory
by deriving the velocity potential of an acoustic source of pulsating strength
that moves rectilinear with supersonic velocity. This method was later also
adopted by Kuessner for his General Lifting Surface Theory. Possio derived
the induced velocity component normal to the airfoil which was represented
by a flat plate. He combined the effects of two different sources, with an
infinitesimal small distance to the upper and lower side of the thin plate, and
thus obtained the effect of a doublet singularity with pulsating strength. The
whole unsteady 2D supersonic flow was then modeled by a doublet distribution
along the chord of the plate, and the doublet strength distribution was calculated



The Legacy of Camillo Possio 7

from the normal velocity which in turn was forced by the airfoil oscillation, the
so-called downwash w.

4. Possio’s integral equation

In 1938 24-year old Camillo Possio outlined the very first theory for unsteady
compressible flow around 2D oscillating airfoils [3]. This was a complicated
problem, because for the unsteady compressible wave equation the use of vor-
tices as elementary solutions was not possible and the Prandtl-Glauert rule did
not hold for unsteady flow. The wave equation for the velocity potential is de-
rived from mass- and momentum conservation, and by linearly superimposing
steady and unsteady flow velocity components ¥ = tgo + Vg — ¢ = 0+ U
the following form is obtained :

2 2 2 92 2 92

(l_Ma)8g0+8 2Ma 0%  Ma” 0%

Az = Oy? v 8:10675 v2 Ot?

As for isentropic flow the density is a function of pressure only, the acceleration

vector has a potential ¢ too, which is a function of pressure only and thus has no

discontinuity in the flow except at compression shocks and at the lifting surface,

but not in the wake. Prandtl had presented the concept of the acceleration
potential at the Volta Congress:

Dv Dv dp
-V =V / ) 4
P o7 P~ 5 4

Adopting a Galilei-Transformation z = ¥ — vt,y = §,t = & Possio derived
a corresponding wave equation and fundamental solution ¥ p(z, y) in form of
a doublet singularity of strength A(¢,7).

=0 (3)

o 0% 1 0%

o2 Vo Taor )

¥p :Av2fl_2;€i(m+‘—“*—"‘g§ff2_—§>)£ (2)(w*Ma \/($—§)2+52(y—n)2)
s on 0 N B 1/2
(6)

The reduced frequncy is defined by w* = wb/v and b = /2 is half chord. If
the oscillating flat plate is modeled by doublet distribution of varying strength
along the chord, the total acceleration potential is computed by an integral with
a singularity at (z,y) = (&,7n). Evaluation of Cauchy’s mean value, yields
a relation between doublet strength and pressure jump across the plate, and
the doublet strength can be calculated from the boundary condition, which
prescribes the disturbance velocity w in y-direction induced by the airfoil os-
cillation. Performing differentiation and the limiting processy — Oandn — 0
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finally yields Possio’s equation

412
W = w(z,t)e ™ = / Sp(§)K[Ma,w* 2 l/—QO] (7
_z/z
K = 1 { iMaE[~M ! £]H (:)_Hg -
- gt e) - men
z—¢ .
+ i—Cd:e"iMaE/duﬂz(:)ei% (8)
43 0=

The kernel K depends on Mach number and reduced frequency and contains
cylindrical Hankel functions. As Possio did not find an analytical expression
for the kernel, he numerically calculated tables of K for Ma = 0, 0.25, 0.50,
0.75 and for a limited range of values £ = w*|z — £|Ma/(5%b). Using these
values he solved the integral equation by a series expansion for the unknown
pressure jump dp according to Birnbaum and Ackermann

op(6) = Aocot§+§:A sinnd cosf =¢/I 9)

n=1

Possio applied only 3 terms of this series and correspondingly solved his integral
equations by fulfilling it for w at 3 chorwise positions. This approximation was
sufficient for rigid heave and pitch motions, and the unsteady components of
lift and moment coefficients read

L s 1 M T
CL:W ‘—‘5[140-{-5141] Cp = %—2— 16[A1+ AQ] (10)
These results are valid for sinusoidal oscillations and depend linearly on the
oscillation amplitude and on its time derivative around the mean position. Possio
presented his results in a form that was common in Italy and the UK, see fig. 4.
The paper was translated in Germany in 1939, and the diagrams were trans-
ferred to the German standard definition of coefficients, which differed from
Possio’s. This work supported engineers in Germany with unsteady compress-
ible airloads in a form directly applicable for flutter computations. For more
complex oscillation modes, like trailing edge flaps, which encounter a discon-
tinuous behaviour at the hinge axis, more terms would have to be calculated.
In 1942 Dietze suggested an iterative scheme that is based on the development
of the kernel function in terms of its simpler incompressible counterpart, which
had been presented by Possio in his paper too.

The outstanding character of Possio’s key paper was mentioned soon by Kuess-
ner [18]in 1940 : “The oscillating wing for 0 < Ma < 1 has been investigated
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Figure 4. Results from Possio’s original paper

up to now in just a single investigation for the two dimensional problem” and
in 1981 by Garrick and Reed [23]: “There followed shortly afterward two short
outstanding contributions by Camillo Possio in Italy. In 1938 he applied the ac-
celeration potential to the two-dimensional nonstationary problem and arrived
at an integral equation (Possio equation)”.

5. Further unsteady aerodynamic contributions

With increasing flight speed v, the aerodynamic loads acting on an aircraft
structure increase like v2. Thus high elastic bending moments appeared for
wings with large aspect ratio (ratio of wing span to chord). The need to inves-
tigate wings with low ratios was also driven by the requirements of more agile
military aircraft and by the role of tail planes in flutter. As a result the effects of
the wing tips became important and unsteady 3D theories had to be developed.
In 3D flow the bound vortex line on the wing, together with the free vortices
behind the tip and the starting vortex far downstream form a closed vortex line.
For 3D unsteady flows around an oscillating wing the 2D unsteady model of
Birnbaum and the 3D steady model of Prandtl were refined by Sears, see fig. 5

-BEEE

n 2n

Figure 5. Lines of constant vorticity in the wake of a 3D oscillating wing



10 IFIP-TC7 2005

Vortex rings change periodically in strength and sign and leave the trailing
edge of the oscillating wing, which forms the unsteady wake. The figure reflects
that spanwise vorticity strength varies, thus producing a system of free vortex
lines. Calculation of the interaction between the system of free vortices and
bound vortices was too difficult whereas the simple model of just one single
bound vortex was too coarse. Different authors - v.Borbely in Germany, Sears
in the UK, Jones in the USA, and Cicala and Possio {8,9,11,12] in Italy -
developed different methods to approximate the varying vortex strengths for
both bounded and free vortices. In 1943 Kattenbach in Germany performed
a comparison of the different theories for a 3D wing of elliptical planform in
heavy oscillations with different reduced frequencies in incompressible flow.
Remarkably he spent much more effort in reviewing Possio’s theory in his paper
than the other ones. After the war unsteady incompressible 3D problems were
solved as a special case of Kuessners General Lifting Surface Theory, as soon
as computers became available.

Several high-speed wind tunnels, several of themin Germany and in Guidonia
near Rome, as well as both flutter and unsteady aerodynamic tests in high speed
flow were planned in the 1930s, but tests were not realized before the end of
the war. One of the problems with test results is that the model is tested in an
airstream, which is bounded either by the free atmosphere or by the walls of the
test section. Camillo Possio was among the first ones to investigate the influence
of tunnel walls on oscillating models [15]. He first demonstated, that tunnel wall
disturbances decreased with frequency like 1 /w. Then he calculated the effects
of the above mentioned closed walls and free jet conditions. He found that
esp. the imaginary part of unsteady lift coefficient was significantly changed
by the wall effects. In [6], [7] and [8] Possio investigated the problem of general
unsteady motions in 2D and 3D flows, namely non-harmonic impulsively started
motions.

6. Influence on the development of 3D theories

In Germany H.G Kuesnner in 1940 published his General Lifting Surface
Theory, which was the first German paper dealing with unsteady compresssible
flow. The strategy he chose for derivation of his theory, use of a Lorentz
Transformation to derive a wave equation for the velocity potential of a moving
source, was the same that Possio had used two years earlier. Kuessner was
very familiar with Italian work on aerodynamics and aeroelasticity, because he
reviewed several translated papers, including 10 by Possio. Kuessner derived
an integral equation relating the unknown load distribution on a lifting surface
dp(&,n) and the prescribed downwash velocity amplitude @ (x, y, z) normal to
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the surface, by means of a new Kernel function K.

_ (5p . 82 we eiw(/\—AMa\//\Lf—ﬁ?(y—n)2+ﬁ2z2)
w://dédn ewv—Q/dA
impu 0= L, 2+ B2y — ) + 5222
(11)
The theory is valid for lifting thin surfaces of an arbitrary planform in inviscid
and irrotational flow, but not in transonic flow. Kuessner demonstrated that
all other known theories of that time were special cases of this theory, but the
Kernel was left in the form of a highly singular integral, whose solution could
only be found for special cases like Possio’s 2D theory. Since no analytical
solution was found before the war, Possio’s theory of 2D strips along the span
of wings and tail planes was applied for the flutter analysis in high-speed flight.

7. Work in non-aerodynamic fields

The topic of lateral firing from an airplane was probably chosen in 1939 due
to Camillo Possio’s military service. The spinning axis and path of a projectile
fired from board of an aircraft in a direction different from the aircraft’s flight
direction are not parallel. This yields an effective aerodynamic incidence angle,
and therefore aerodynamic side forces. Possio calculated the airloads and the
projectile motion and showed that due to the spinning forces the axis of the
projectile soon turns to the direction of the path [10]. In 1941 Possio focused
on hydrodynamic problems. He investigated the influence of the free water
surface on moving underwater airfoils [13], [14]. He calculated forces on a
2D hydrofoil, the motion of which is governed by the Laplace equation for the
velocity potential. The effect of the free water surface is assumed to be a linear
perturbation. Possio used the constraints, that disturbance velocity vanishes at
infinity and that pressure on the water surface has a constant value. Modeling
both the hydrofoil and the disturbance velocity by a vortex distributions Possio
derived the result that lift and drag on the hydrofoil depend on the Froude
number F'r = v/+/gl and on the depth in which the hydrofoil of chord length
[ moves with velocity v, g denotes the gravitational constant.

8. Extension of Possio’s method after the war

Before the war 2D compressible unsteady flow based on Possio’s integral
equation was the best method available to model unsteady airloads in flutter
calculations. 3D unsteady methods existed only for incompressible flow, and it
was not before the 1960s that 3D unsteady compressible flow could be calcu-
lated by solving Kuessners equation. The Doublet Lattice Method (DLM)[19]
became the standard method for the years that followed. Similar to Possio’s 2D
theory, the flow is modeled by a doublet distribution on the lifting surfaces. The
unknown doublet strength is discretized on trapezoidal panels. This powerful
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method vields large linear svstems of equations and fully populated matrices

Figure 6. Discretization of an aircraft in DLM (1) and in TDLM (1)

A transonic extension, the so-called TDLM (Transonic Doublet Lattice Method)
has been developed later on [20]. In this method the unsteady transonic flow
is modeled as a perturbation of a mean transonic steady flow and is governed
by a nonhomogeneous wave equation for the acceleration potential. In contrast
to purely subsonic flow additional source singularities have to be distributed in
the flow field, the strength of which depends on the velocity potential of the
transonic steady flow. Thus the DLM model of doublet panels is extended by
volume elements of constant source strength, see fig. 6.

Oy O 0%, 8 | w' (y+1)Ma?d¢°

8:{:2+8y+8 T =Gt 42
Flutter became a problem in turbomachines when attempts to increase efficiency
and to reduce noise and emissions made the size of aircraft engines and thus the
blade size grow. Additional geometrical parameters as well as blade-to-blade
interactions play a significant role. A method developed in 1973 Carstens [21]
extended Possio’s integral equation to the case of a 2D cascade blade row, which
is a model of a surface cut through a fan at constant radius. The kernel of the
integral equation depends not only on Mach number and reduced frequency but
also on stagger angle A, interblade distance 7 and interblade phase angle 8. In
[21] efficient numerical methods are developed both for this kernel and for the
original Possio kernel. The computational results show the interesting effect
of blade resonance. For constant values of the Mach number and the reduced
frequency the lift coefficient of a reference blade varies strongly when the
interblade phase angle is changed, and even drops to zero for specific resonance
values. This effectis typical for unsteady compressible flows, and appears when
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disturbance waves propagating in a compressible fluid are reflected between
boundaries within a time period fitting the oscillation period of the boundary
motion. This effect was also observed in wind tunnel tests on oscillating models.
Fromme and Golberg [22] reformulated Possio’s kernel for a 2D airfoil in order
to include the boundary conditioins of wind tunnel walls and were able to
compute the effects of wind tunnel wall resonance.

These examples are demonstrating, that fast analytical methods are still of
high value, if the influence of several parameters in unsteady aerodynamics has
to be scanned. The performance of similar studies with modern CFD methods
requires a tremendous effort.

9. Conclusion

Comparing today’s capabilities of unsteady aerodynamic computation with
those of 60 years ago, much progress has been made due to the CFD develop-
ment and the enormous growth of computer power. The first unsteady nonlinear
transonic flow simulations with complex shock motions were obtained around
1975. They were based on nonlinear potential equations, and were soon fol-
lowed by solutions of the inviscid Euler- and the viscous Reynolds Averaged
Navier-Stokes (RANS) equations. All of these methods adopt finite volume or
finite difference methods to model the conservation laws of mass momentum
and energy together with gas equations of state and different turbulence mod-
els. Today they allow for computations of 3D flows around complete aircraft
configurations with strong shock waves and flow separation in the whole speed
range. Flutter computations are beginning to be performed by directly integrat-
ing the equations of motion of the structure in time, together with computing the
interaction between structural deformations and fluid dynamics. Such flutter
simulations usually take many hours of CPU, while calculations of the flut-
ter boundary as an Eigenvalue problem with Possio’s aerodynamics needs just
seconds or just minutes if TDLM aerodynamics is chosen.

We can conclude that Possio’s legacy is manifold. First his mathematical
models for unsteady aerodynamics are still valuable and his papers are still
being cited. Secondly he paved the way for Kuessner’s theory and for later
3D unsteady compressible methods like DLM and TDLM in addition to so-
phisticated analytical methods in turbomachinery. Third he has shown, how
fruitful analytical methods can be for understanding of physical mechanisms
and for providing engineers with a feeling for the importance and magnitude of
different parameters, both aspects of which are sometimes neglected today.
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Abstract

A central problem of AeroElasticity is the determination of the speed of the air-
craft corresponding to the onset of an endemic instability known as wing ‘flutter’.
Currently all the effort is completely computational:wedding Lagrangian NAS-
TRAN codes to the CFD codes to produce ‘Time Marching’ solutions. While
they have the ability to handle non-linear complex geometry structures as well
as viscous flow,they are based approximation of the p.d.e. by o.d.e., and re-
stricted to specified numerical parameters.This limits generality of results and
provides little insight into phenomena. And of course are inadequate for Con-
trol Design for stabilization. Retaining the continuum models,we can show that
the basic problem is a Boundary Value/Control problem for a pair of coupled
partial differential equations,and the composite problem can be cast as a non-
linear Convolution/Evolution equation in a Hilbert Space. The Flutter speed
can then be characterized as Hopf Bifurcation point, and determined completely
by the linearised equations. Solving the linearised equations is equivalent to
solving a singular integral equation discovered by Possio in 1938 for oscillatory
response.In this paper we examine the Equation and its generalizations from the
modern mathematical control theory viewpoint.

keywords: Possio Equation, AeroElasticity, Instability, Wing Flutter

1.

Introduction

The genesis of the Possio Equation and its role in the Aeroelasticity theory of
the 1950°s has been amply documented in [1]. This paper presents the current
outlook on this equation, including generalizations, from the vantage point of
recently developed control theory for partial differential equations [2].

A central problem of AeroElasticity is the stability of the wing structure in
air flow. Much of the interest is in subsonic compressible flow. This can be
formulated (see[3]) in the Time Domain as a nonlinear convolution/evolution
equation in a Hilbert Space,and the instability (‘Flutter’) speed as a Hopf Bi-
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ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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furcation point which by the Hopf theory is completely determined by the lin-
earised equations about the undisturbed flow. The linearised equations are of
the Neumann boundary type, and hence can be cast equivalently as an Integral
Equation — this is the Possio Equation,with a singular kernel.

We may also place it in the context of the currently fashionable numerical
computation schemes-indeed almost all the work in AeroElasticity today is
computational. In essence the partial differential equations are approximated
by ordinary differential equations — both Structural Dynamics and AeroDy-
namics,and the most subjective part-often mysterious even-is the wedding of
the Lagrangian Structure Dynamics to the Eulerian AeroDynamics. This is
exactly where the Possio Equation would come in,if the full continuum models
are retained.

We begin in section 2 with the Wing Structure model,where we need to cal-
culate the aerodynamic loading In section 3 we consider the AeroDynamic flow
model-the Euler Full Potential Equation with aeroelastic boundary conditions
for attached flow, and the Kutta-Joukowsky conditions. The linearization of the
equations is in section 4. Finally in section 5 we study the role of the Possio
Equation.

2. Structure Model

The simplest model — a uniform rectangular beam, endowed with two degrees
of freedom, plunge and pitch — goes back to Goland [4] in 1945 (too late for
Possio!). Let the projection of the flow velocity be along the positive X —
axis,with = denoting the chord variable, —b < z < b. Similarly with y denoting
the span or length variable, along the Y — axis, 0 <y <, let

X(l/? t) = Column (h(y7 t)? e(ya t)>>

where A(-) is the plunge or bending along Z-axis; and 6(-) is the pitch or torsion
angle about the elastic axis located at x = ab. Then the structure dynamics
equation is:

Mg X(.,t)+ KX(.,t) = Column (L(.,t), M(.,t)),

where Mg is the Mass/Inertia matrix and K is the stiftness differential operator:

4

2
Diagonal (EI 0 —GJa—a?P),

oy’

L() is the aerodynamic lift and M (-) the moment about the elastic axis, with
boundary conditions: a) Cantilever

h(0,8) = B (0,8) = 0 = 8(0,t) = 0'(1,£) = "' (1,t) = 0 = K" (L, t).
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b) Free-Free
6'(0,t) =0'(1,t) = R"(0,t) = K'(I,t) = h"(0,t) = " (I,¢) = 0.

See [5,6] for a Hilbert space formulation. The functions L(-) and M (+) have to
be determined from the Aerodynamic model.

3. AeroDynamic Model

The aerodynamic lift and moment (per unit length) are given by:

b
L(y,t) = /_b épdz

b

My, t) = ./—b (x — a)dpdz

where p(z,y, z,t) is the aerodynamic pressure,which along with the velocity
vector g(z,y, 2,t), the density o(z,y, z,t) are the basic aerodynamic vari-
ables of interest. Under some simplifying assumptions (see[8]), we can show
that the velocity is curl-free and is then characterized by the velocity potential
&(x,y, z,t) which satisfies the (Euler) Full Potential Equation:
¢  0(Ve.Ve) _ (v—1) (dc-90) 09
— + ——— =0 V.V¢(l -
ot Bt Ao V- VOl + == (= Bt
(V¢).(Vo) Vo.Vo
-5 ) = Ve.V(——)
2 2
where g is the undisturbed far-field velocity, a is the far field speed of sound,
0o 18 the far field density.

M (Mach Number) = (I&”—]) <1

O =~
The pressure is given by

_ /(v=1)
nggog% <1+(w ) () 86 (V¢-V¢))>" "

a?, 2 ot 2

It is assumed that the far field potential is given by
oo =T+ QY+ 332

where
4 = |@oo| cOS 5
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AeroElastic Boundary Conditions.
The aeroelastic boundary conditions are:
a) Attached Flow

80, _ 0o
9270~ "oz

where w,(-) is the normal velocity of the structure, and is given by:

wale,t) = —hly0) — (o —ab) oy, 1)) - P2EL0D g g

-@—(—85—“—) (W (y. 1) + (2~ a)8'(y,1)).

——lz=0 + wa(z,y,1)

b) Kutta-Joukowsky Condition:
8p = 0, off the structure and at the trailing edge (goes to 0, as ¢ — b_),

where Jp is the pressure jump :

6]3 =p($,y,0+,t) —p(:r,y,O—,t)

We do not have an existence theorem for this problem as yet!

4. Linearization

Because of the lack of existence theorem and other reasons it is customary to
simplify the Full Potential Equation to the Transonic Small Disturbance Poten-
tial (TSD) equation which is quasilinear and yet retains sufficient non-linearity
to yield shocks — see [8]. Here however we go straight to the linearzation. Thus
defining

Y= ¢ — P
we have:
B 8 & o 2 2.2 8o
5+ W ag s Ty T By = txll-Ma)g
+(1— M2 )g—f (1 - Mg 2)%—9”) (0
where now U
U=lgeo)li @ =Ucosai; M=——
The boundary conditions are
9y _
welz,y,t), 0<y<l |z|<b, (2)

9z
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where

wa(mayvt) = _h(y’t) - (CE - ab) 9(yat)) - QIe(yvt)
—q (W (y,t) + (z — ab) 'y, 1)).

With 1 denoting the linearised acceleration potential

_ago o) o) dp
(] §+Q18 +QQ8 +a 5

the Kutta-Jukowski conditions become:

v = Yli=o+ — Ylo- =0, off the structure, 3)
5y — Oasz—b—, O<y<l 4

These are the 3-D linear subsonic Compressible flow conditions with the aeroelas-
tic boundary conditions — see [8] for more details.

S. The Possio Integral Equation

Let us begin with a statement of the Possio Integral Equation — actually this
is a generalization of the original equation bearing his name which was 2-D,
zero angle of attack, Fourier Transform (sinusoidal response) version. We state
it for the 3-D case, in terms of the Laplace Transform variable A, Re A > o > 0,
because the integrals defining the equation will be convergent (which is not the
case for A = iw, as in the original formulation). Let

Wolz,y, ) = /Oooe_’\twa(x,y,t)dt

Alz,yt) = —=6¢

A(m,y,A) = /0 e~ Az, y, t) dt
To reduce complexity, we shall take

¢1 = 1 (zero angle of attack)

see [8] for the case 0 < ¢; < 1. Then the equation is (see [9])

RERT //Px—Cy—ka@,u,A)dcdv 5)

where |z < b,0 <y < [and

A
k=2
U
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and the spatial Fourier Transform of the kernel P(-, -, k) is

-~

—~ o0 x . ~
P(iwy,iwz, k) = / / e—l(wlm+w2y)P(az, y, k) dz dy,
0 (e e]

D(iwl,iwg, k)
= \ — LW 6
2k +ion) 00 < wWi,wr < 00, (6)

where
D(iwy,iw, k) = M?k? + 2k M? jw; + (1 — M?)wi + w3, (7)

We prefer the succinct form of the spatial Fourier Transform in contrast to the
P(-, -, k) which is too long to specify see [10,13]). It has a singularity at the
origin so that we have a singular integral equation [9]. Assume that (5) has a
solution. Then the solution of the linearised potential equation (1) specialized
for ¢ = 1,g2.93 both zero , is given by:

A\(iwl,iwg, /\)
k+ iwl
= —é(iwl,’iwz, —z,A), forz <0

—z+/ D(1wy iwg k)

é(iwl,iwg.,z,/\) = , 2> 0,

where —oc < w1, wy < o0 and

- oo 0 . .
@(iwlaiw%Z?/\) = / / @(%%Z:/\) e—(zw1x+lwzy) dz dy7
—00 J—00
00
Payzh) = [ eMplayztn

E(iwl,iwg, / / W“’““’”)A(aj,y, A)dz dy.

This is essentially a formula due to Kussner, an early German pioneer (see [1]).
We note that the existence of solution to (5) is still an open problem, despite
early work on the problem [11].

par To obtain the original 2D version of Possxo we need to specialize to the
‘airfoil’ case — or, ‘high-aspect-ratio’ wings where

[
- = 0

b

so that we may neglect the dependence on the y-coordinate . With ¢; equal to
unity, this becomes

2 2
99 oyl _

%y D%
.2
ot2 3wt~ %ol

Mg e ®




The Possio integral equation 21

And correspondingly (5) becomes:
b N
B(z,y,A) = / Pz — 5,k)A(s, \) ds, |z < b (9)
—b

where setting ws in (5) to be zero, we have, for w € (—o00, 0),

= o T2 75 YA
P(iw, k) :/ Pz, k)e " dx = VR & 2k W_+ (L= Mo .
-0 2(k + iw)

(10)
where we have discarded the subscript 1.E In this case it becomes actually a
Mikhlin multiplier — see [12 ].

Second we need to consider the case of ‘oscillatory’ response-Fourier Trans-
form in the time-domain; formally putting iwE for A everywhere. In this case,
the corresponding kernel function becomes rather involved and too long to
specify [13]; further, the integrals in the kernel function also require special
interpretation as in [10].

The importance of the Possio equation is that it links directly the structure
velocity-the “input’ in the problem to the ‘output’ E— the pressure jump which
is all that is needed in the aeroelastic problem. We do NOT need to solve for the
potential everywhere. On the other hand the potential can be determined from
the pressure jump - this is the formula of Kussner (8). Thus solving the Possio
equation is equivalent to solving the boundary value problem for the potential.
It is true that this holds only for the linearised equations-we don’t have yet a
‘non-linear’ Possio Integral equation. But if stability — or Flutter speed - is the
prime concern,then all we need is the solution to the Possio equation! Given
this,it is surprising there is hardly a mention of this equation in recent Texts [15].
Indeed, a systematic use of the Possio equation would have reduced the size
of the classic text [13]. Finally we note at present the existence/uniqueness of
solutions to the Possio Equation is known only for the ‘air-foil’ case and even at
that only for M = G and M = 1, (see [14 ]). See [7] for some approximations.
Otherwise the problem is open.
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Abstract A review of the papers written by Camillo Possio on Flight Dynamics and Hy-
drodynamics is presented. The scope of the note is to underline how the versatile
young researcher succeeded in delivering interesting contributions to the engi-
neering sciences that go beyond the renown equation that bears his name.
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1. Introduction

The works of Camillo Possio on unsteady aerodynamics [1]-[7] have deeply
influenced the studies in the field of aeroelasticity up to the present days, as
demonstrated by some recent works that exploited his derivations [8]}-[10]. For
this reason the related papers are considered as his most important contributions
to the engineering disciplines. As a matter of fact his scientific production was
extremely prolific and diverse in spite of his untimely death under the last
bombing that hit his native city, Turin, at the end of the Second World War, on
April 5th, 1945,

Beyond his seminal contribution to unsteady aerodynamics, Possio’s works
ranged from the analysis of fluid motion [11, 12] to studies on physical prop-
erties of fluids [13], from flight mechanics [14]-[16] and experimental fluid
dynamics [17] to free surface effects on the flow field generated by distribu-
tions of singularities [18]-[20]. These works deserve consideration not only
because they reveal the versatility of his mind in applying a rigorous mathe-
matical approach for describing physical phenomena, always preserving a deep
practical understanding of the underlying physical system, but also because
they are undoubtedly as interesting as the most renown ones. The present
note will focus on five papers that represent the legacy of Possio to the fields
of flight dynamics ([14] and [15]) and hydrodynamics ([18]-[20]), discussing
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their significance in the framework of the current studies of the time on the two
subjects.

In Refs. [14] and [15], both written in 1938, Possio exploited his experience
in managing basic models of oscillating lifting surfaces in order to derive some
analytical results aimed at evaluating aircraft stability derivatives, that is the
expressions of the perturbation terms of aerodynamic forces and moments that
are required in the linearization of rigid aircraft equations of motion. The last
part of his scientific activity was focused on the analysis of free—surface effects.
In particular, between 1941 and 1943 he wrote a sequence of three papers that
were devoted to the analysis of steady motion of heavy fluids under the influence
of adistribution of singularities [ 18], the interaction of a vortex in steady motion
with a free—surface [19], and to the estimate of marine propeller efficiency as a
function of its depth [20], pushing further the analysis of the problem that had
been given approximate solutions by other scientists of the time.

Without neglecting the originality and potential importance of the works
that will not be discussed in the present note, the legacy of Camillo Possio to
flight dynamics and hydrodynamics represents the major contribution (beyond
Possio equation) that the young scientist could develop into a complete research,
obtaining results that represented an advance in engineering knowledge at the
time the papers were written, while preserving also nowadays a significant
interest for the aerospace community.

2. Possio and aircraft stability derivatives

On January 1938 Camillo Possio published on the Commentationes Pontificia
Academia Scientiarum (Proceedings of the Pontifical Academy of Sciencies)
a work titled “On the Determination of Aerodynamic Coefficients for Aircraft
Stability Analysis” [14]. The importance of this work can be easily understood
when one considers that the formulation of rigid aircraft equations of motion
had already reached full maturity for a long time in 1938, the seminal book by
Bryan [21] dating back to 1911, but the evaluation of the so called dynamic
stability derivatives was still an open problem.

The approach proposed by Bryan for the analysis of aircraft stability is based
on the derivation of the equations of motion from first principles, the determina-
tion of aircraft equilibria (trimmed flight) and the linearization of the equations
of motion in the neighborhood of the considered trim condition. In Bryan’s
theory, aerodynamic forces and moments are expanded in linear form as a func-
tion of aircraft state and control variables, under some reasonable simplifying
assumptions.

After writing the linear model, the main problem for a meaningful aircraft
stability analysis is to provide reasonable estimates of aircraft stability deriva-
tives, that is, the partial derivatives of aerodynamic forces and moments with
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respect to state and control variables, divided by a mass parameter (the mass
for force equations or the relevant moment of inertia for each one of the three
attitude equations). Stability derivatives may change significantly, depending
on the considered trim condition and aircraft configuration. The determination
of the so called static stability derivatives (that is, stability derivatives made
with respect to aerodynamic angles or velocity components) can be performed
with different degrees of accuracy, but a reasonable estimate is not too a difficult
task. On the converse, the evaluation of rotary and dynamic derivatives, that is
stability derivatives with respect to angular velocity components and time deriv-
atives of aerodynamic angles, is never trivial. In his earliest work on aircraft
stability (that was written with W.E. Williams in 1903 before Wright brothers’
first powered flight, and published on January 1904 only three weeks after the
Flyer took—off!), Bryan simply neglected the terms depending on the rate of
change of incidence and sideslip angles [22]. Flight experience and more ac-
curate mathematical derivations rapidly demonstrated that unsteady downwash
effects on the horizontal tail were sizable and cannot be neglected.

Unfortunately, dynamic derivatives escape also direct experimental evalua-
tion, not only because of scale and wind-tunnel effects (the latter analyzed by
Possio in [17]) but also because forced oscillation experiments cannot deter-
mine separately the contributions of angular velocity and rate of variation of
aerodynamic angles to force and moment components.

As for evaluation of dynamic stability derivatives from theoretical aerody-
namic results, Possio himself underlined how the effects of small amplitude
oscillations on lift distribution cannot be described by a two—dimensional rep-
resentation, that, together with other limitations, would make it impossible
to evaluate stability derivatives with respect to roll angular velocity, nor by a
simple strip theory, even under the assumption of a low frequency parameter
w = 0Qb/(2Vh), Q being the frequency of the oscillation, b the wing span and
Vo the trim velocity [14]. Exploiting his analysis of the behavior of oscillat-
ing lifting surfaces, Possio derived a rigorous description of the vorticity and
pressure distributions over a lifting surface in a harmonic oscillation, under the
assumptions of small incidence and oscillation amplitude and large wing aspect
ratio \.

His derivation for a wing like that shown in Fig. 1 was based on Prandtl’s
acceleration potential approach [23]. The total derivative of the velocity V can
be expressed as

dVv

— = grad 1

5~ gade ¢
where the acceleration potential o satisfies Laplace equation V2 = 0. Writing
Eq. (1) in linear, nondimensional form (that is assuming small perturbation of
a uniform flow Vg of unity modulus), the vertical component v of the velocity
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X

Figure 1. Elliptic wing in a uniform current {14}

field must satisfy the equation

dp Ov  Ov
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Taking into account that v — 0 for x — —o0, it is possible to integrate Eq. (2),
so that

v(z,y,2,t) = /_; g—j(ﬁ,y,z,Hﬁ— z)d§

The restriction of v over the surface ¥ of the oscillating wing must satisfy
the flow tangency condition on ¥, that is v(z,2) = 0n/0t — o, where 7 is
the vertical displacement of the point (z,z) € ¥ and o the wing incidence.
For a harmonic oscillation all the terms can be expressed in complex form as
v = @e™t andv = Te™t, where i is the imaginary unit and ¢ and o are complex
functions of z, y, and 2. The restriction of ¥ over 2 can thus be written as

< 0

tw(é—x)
" e e @

Bz, z) =
Noting that for incompressible fluids no time derivatives of ¢ are present in
the Laplace equation governing acceleration potential, it is possible to state
that @ is the acceleration potential of a steady flow field C,, with asymptotic
velocity Vg around a lifting surface with the same shape of . Indicating
the horizontal and vertical velocity components of the steady flow field C,
with 1 -+« and w, respectively, and applying Bernouilli’s theorem for small
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perturbations v/, w < 1, itis ¢ = v’. Itis also /0y = dw/dz, because Cp
is irrotational. By substituting w in Eq. (3) and integrating by parts, one gets

T

oz, 2) =w(z, 2) — iw/ w(, z)ew(f_x)dﬁ 4)

-0

The flow field C, can be generated by a (steady) complex vorticity distribu-
tion 7(z, z) over X, that Possio determined following Prandtl theory for steady
motion of finite wings, expressing ¥ in terms of Glaurt’s trigonometric series.
The details of the procedure are here omitted for the sake of brevity, but can
be found on Possio’s paper [14]. It must be observed that, as explicitly under-
lined by Possio himself, the flow field C, and its vertical component w bear
no physical meaning. In particular, although w(z, z) can be decomposed into
the sum of two contributions wy and ws related to the circulation distribution
in Cp, on the wing and downstream of it, respectively, the two corresponding
terms 7; and Uy obtained by substituting w; and ws in Eq. (4) are not related to
the unsteady distribution of vorticity over and downstream of the wing in the
actual unsteady flow field.

In the final part of the paper Possio derived some simplified relations for the
particular case of an elliptic wing. He also demonstrated that the approximation
of his prediction for the unsteady case has the same accuracy of Prandtl’s model
for the steady case and developed a simple example for an isolated wing which
undergoes a vertical harmonic oscillation. He anticipated that a complete set
of results on aerodynamic forces and moments generated by roll, pitch, yaw
and heave oscillations of a complete aircraft configuration would have been
discussed in a subsequent note. On December 1938 this note was published by
the italian journal L’Aerotecnica under the title “Determination of Aerodynamic
Actions Due to Small Aircraft Oscillations” [15). Figure 2 shows some of
Possio’s original plots, namely Figs. 3 through 9 taken from Ref. [15].

It should be noted that Possio presented his results adopting the italian nota-
tion in use at his time, where C,, represents the lift coefficient, from the word
portanza, and C,,, is the roll moment coefficient, where mr stands for mo-
mento di rollio. In the paper, C, indicates the drag coefficient (resistenza), Cy
the side—force coefficient (deriva) while C,,; and C,,; indicate the pitch and
yaw moments (beccheggio and imbardata), respectively.

In the last paragraph of the paper Possio carried out a numerical example for
evaluating the differences with respect to what he called “the usual approximate
methods” that neglect part of the unsteady aerodynamic effects, rigorously taken
into account by his approach. While the terms in phase with the variation of
the angle of attack where shown to be predicted well even by the approximate
methods, the terms in quadrature with o were demonstrated to be significantly
different, with variations that ranged from 28% for the pitch moment stability



28 IFIP-TC7 2005

0.8 - : T - ] 0.2

: ke ] PV dce
i ‘4“0 n 517 { K i 1 b 5\"
; | : : | ‘ 1'
do. : : > > “d,
07 - ! y < : : - 01& ! { ¥ v
— o { ‘ E\ dig ds ™~
T ” : - \
4’4\ \
g
) - g
\

05 18 1.5 [ [1] 1.0 15 w
Fig. & Fig. 4
ya_fscg} | !
2 b (5& N b Se

——\?\‘\;"36 : \ ot f 2 ; —

, | . |
ot ' a5 [ - a—— / e
Fig. 5 : -
| | i
| N
ot a5 15 13
Fig.
QV SCmr !
I A:a I ; 3 Yi2 8 Crmr | ! i
oot T we R2E L ’.
~— .
\:3& o 326l I
0% A =
—ds5 :
e
L I !
-0002 , — e
Aad % TR, ™
00 ‘ — — T e
| i : I . ;
| - ; : :
5 73 15 o "he [ 18 5
Fig. 7 Hig, 8

Figure 2. Lift coefficient C, in plunge (Figs. 3 and 4) and pitch motion (Figs. 5 and 6), and
roll coefficient C,y,, for roll oscillations (Figs. 7 and 8) from Ref. [15}
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derivative with respect to & up to 200% for the lift derivative with respect to o
[15].

3. Possio’s analysis of free-surface effects

In 1941 Possio published his first work on free surface effects on the Annali di
Matematica Pura e Applicata (Annals of Pure and Applied Mathematics) [18],
analyzing the steady velocity field created by a distribution of singularities on
the free surface of a heavy fluid.

Lamb and Havelock demonstrated that under the usual hypotheses of perfect
fluid and infinitesimal perturbation an infinite set of solutions is analytically
plausible for this problem [24],[25]. Indicating with V and V} the local and
the asymptotic velocity, respectively, Rayleigh proposed a method to define a
well-posed problem by assuming that an elementary viscous-like force per unit
mass in the form — (V' — Vp) acts on the fluid, where p is a positive parameter.
The flow field for a perfect fluid was thus obtained in the limit as . — 0.

Possio provided an alternative formulation based on a more rigorous model.
While retaining the assumption of perfect fluid, he considered the stationary
motion as the limit of an unsteady one, started with the fluid at rest when a
perturbation created by the singularities is suddenly applied at ¢ = 0. The gen-
eral solution can be expressed in terms of velocity potential as ®(z,y, z,t) =
Q;(z,y, z) + Po(z,y, 2, t), where @, is the potential determined by the singu-
larities distribution and its value is suddenly assumed at ¢ = 0, while ®, is an
additive potential satisfying the Laplace equation V?®, = 0, with continuous
first derivatives in the half-space z > 0 and vanishing at infinity except in the
downstream direction. The formulation of the unsteady problem is well posed
and it admits a unique solution. If the perturbation is created by a distribution
of sources or doublets, the solution is given by

®i(z,y,2) = / a8 / F(m, 8)em 2 +imke g, 5)

B(z,y,2,t) = / de/ F(m, 8, £)emkHmks g ©6)

withk = g/Vi# andw = z cos(#) +ysin(d). F(m, ) is a continuous bounded
function, with continuous bounded first derivatives in the setm > 0 and —7w <
6 < 7, suchthat F — 0as e~™* if m — oo. Finally, f is an arbitrary function
such that the integral is defined in z > 0 and differentiation under the integral
sign is also defined.

Possio demonstrated that the stationary additional potential & obtained as
limy oo 4 (2, y, 2, t) coincides with the expression obtained by Rayleigh, and
satisfies the limit condition imposed on the potential and its first derivatives at
infinity. He also extended his approach to a more general situation where the
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perturbation is given by a pressure discontinuity, so as to include the flow field
generated by a propeller or an airfoil.

This investigation was naturally developed into the study of the potential that
describe the velocity field generated by a vortex with circuitation I" in uniform
motion at a depth A from a free surface [19]. In this case the potential can be
expressed as

B(z,y) = Vo + o tan" (L0 4 9, (2,) @

27 x

where @, is the additional potential required to satisfy the boundary condition
at the free surface, that is, pressure p in the fluid at the surface is equal to
the external pressure p, in the space over the surface. As usual, the potential
function ®, must satisfy the Laplace equation V2®, = 0 in the half-space
occupied by the fluid, the first derivatives vanishing upstream of the vortex, so
that a well-posed problem is obtained.

Possio found the expression of ®, and investigated its numerical computa-
tion. The theory was then applied to the problem of the uniform motion of an
airfoil of chord # for small values of the ratio ¢ = ¢/h. The resulting lift and
drag coefficients were expressed as

¢

_ — Bp—26..2
1+ rwhe~2Pe’ cp = fe et ®

CL
with 8 = gh/V{Z. The aerodynamic coefficients were similar to those obtained
by Prandtl for the small € case, expressed in terms of a virtual aspect ratio
A = 22 73z, Possio determined X for arbitrary values of &, although his
analysis was limited to the flat plate. In this case the virtual aspect ratio is given
by

)\ = 2F2¢2/(eF?)
m{J§ 1/ (2F2)] + Jf [1/(2F2)]}

where Jo( ) and Ji( ) are Bessel functions and F = V;//gf is the Froud
number. The diagram of Fig. 3 represent the behaviour of 1/ as function of
F for different values of €.

In Ref. [20] Possio investigated free surface effects on propeller efficiency.
This problem had been already addressed by Dickmann [26], under the as-
sumption that the field external to the wake created by the propeller can be
represented by a distribution of sinks over the propeller disc, thus exploiting
the results of Havelock on wave resistance generated by a given singularities
distribution [25].

Possio provided a more accurate computation of wave resistance and ex-
tended the investigation to the case of more than one propeller. Letting i be
the depth of the propeller disc center, measured along the z axis oriented down-
ward, and € = r/h the ratio between the disc radius and the depth, Possio

9
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Figure 3. Reciprocal of virtual aspect ratio as a function of Froud number.

represented the wave resistance generated by a uniform distribution of sinks on
the propeller disc o as

rmr? ) =
— ~LTl
Ro——87r,0< - >f, 20: o (10)
where 3 = gh/Vi and
o0
In<£t) - I2n+2€—x/ e—xcosh(?u) Cosh2n+2(u> du (11)
0

Dickmann results refers to the case of a sink distribution concentrated in the
disc center with € = 0, that is just the first term in the series expansion of Eq. 10.
On the converse, Possio computed f for different values of the ratio € and of
the Froud number.

He also evaluated propeller efficiency loss due to wave motion induced on the
free surface. Denoting with u;, the average velocity increment at the propeller,
with P and T the propeller power consumption and thrust, respectively, the
actual propeller efficiency is 1, = T'Vy/P, while the efficiency in an infinite
fluid is 7 = T(Vp + u),)/P. By taking into account that ) /Vo < 1, it is
possible to write

=g (12)

where uy denotes the velocity increment at the propeller disc.
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4. Conclusions

Camillo Possio demonstrated with his extremely diverse scientific activity an
unusual capability of handling complex mathematical models while preserving
a deep physical insight on the underlying engineering problem. This note was
aimed at presenting his works on flight dynamics and hydrodynamics subjects,
the only fields where fate allowed the young scientist to deliver an articulate
contribution beyond the state of the art of his time and beyond the seminal
equation that bears his name.
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Abstract This paper recalls the work of D. Pompeiu who introduced the notion of set
distance in his thesis published one century ago. The notion was further studied
by F. Hausdorff, C. Kuratowski who acknowledged in their books the contribution
of Pompeiu and it is frequently called the Hausdorff distance.

keywords: Hausdorff distance, Hausdorft-Pompeiu distance, Pompeiu func-
tions, Pompeiu conjecture, Schiffer conjecture

1. The thesis of Pompeiu

On March 31-st, 1905, Dimitrie Pompeiu (1873-1954), a distinguished Ro-
manian mathematician, defended at the Facult€ de Sciences de Paris his Ph.D.
work Sur la continuité des fonctions de variables complexes . The comission
was chaired by H. Poincaré and included G. Koenigs and E. Goursat and the
work was published the same year in [14]. P. Montel, a wellknown French
mathematician, has appreciated the remarkable contribution of Pompeiu’s the-
sis by the words: Pour un coup d’essai, ¢’est un coup de maitre, [1]). Ideas,
notions and results discussed in the thesis of Pompeiu have attracted the in-
terest of important contemporary mathematicians: P. Painlevé, A. Denjoy, F.
Hausdorff and is now a part of the universal mathematical heritage. Pompeiu
studied a problem formulated by Painlevé [13] already in 1897, concerning
the singularities of uniform analytic functions. At that time, it was generally
admitted that a uniform analytic function cannot be continuously extended on
the set of its singularities. However Pompeiu could construct examples of such
functions which are continuous on the set of their singularities and this set has
positive measure. The controversy that followed was solved in 1909 by Denjoy
who confirmed that the arguments of Pompeiu are correct. This was a turning
point in the theory of uniform analytic functions and Pompeiu was considered
as the best specialist in this field, at the beginning of the last century [1]. Pom-
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peiu used an example due to A. Koepcke (pag.45 in [14]) which was rather
complicated. Some years later, in [16], he constructed much simpler examples
of the same type, that is real functions with bounded derivatives that have roots
in any interval and are not identically zero in some interval. Such functions are
now called Pompeiu functions and are included in many monographs on real
functions.

Very well documented presentations of this moment from the history of
mathematics may be found in 8], [9]. In his arguments in the complex plane,
Pompeiu needed a notion of distance between closed curves. It is to be re-
marked that quite in the same period, M. Fréchet introduced in his Ph.D. thesis
(published a little bit later in [3]) the distance between two elements and the
axioms of metric spaces. This is the context in which D. Pompeiu defines in
1905 the notions of écart and écart mutuel between two sets ([14], p.17 and
18). Preserving his notations, let £y and Ej be two compact subsets in the
plane. The écart of E}, with respect to Ey, denoted by Apy was defined as the
maximum of the distances of an arbitrary point P, € Ej, to the set Ey. The sum
Apk + Agp was called the reciprocal distance (écart mutuel) between the sets
E}, and Ey,. This allows Pompeiu to see the compact subsets in the plane as the
elements of another set and to define in a natural way limits, closure, etc. for this
“set of sets”. Consequently, Pompeiu is also considered as one of the founders
of the theory of hyperspaces, see McAllister [10]. The thesis of D. Pompeiu
is the birth certificate of the notion of distance between sets and its importance
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was immediately remarked by the contemporary mathematicians. Already in
1903, in his report for the Jahrbuch fuer Mathematik, on p.455 A. Gutzmer
calls the Pompeiu distance Einfuehrung eines neuen Begriffes der Mengenlehre
(the introduction of a new concept in set theory). In 1914,in his famous book
[5], Hausdorff studies the notion of set distance, in the natural setting of metric
spaces and with a small modification (the sum si replaced by the maximum) :

d (A, B) = max {supd(x, B),supd(y, A)} .
€A yeB

He devotes a consistent paragraph to the study of the properties of the dis-
tance and he quotes correctly Pompeiu [5] on p. 463, as the author of this
notion. Moreover he also establishes that the distances defined with the “sum”
or with the “max” give the same toplogy, that is they are equivalent. The same
considerations may be found in his book from 1927, [6], where Pompeiu is
quoted at page 280. It is to be noted that at that time, the main text of a book
did not include any reference to the origin of a subject and all these references
were concentrated in a short appendix at the end (Quellenangabe). Probably,
due to this reason, many mathematicians didn’t notice the reference to Pom-
peiu’s work [14] and the set distance is frequently termed as the Hausdorff
distance. Other names used in the scientific literature are Pompeiu distance or
Pompeiu-Hausdorff distance, Hausdorff-Pompeiu distance. The great Polish
mathematician C. Kuratowski, in his treatise [7], on p. 106 mentions both the
thesis of Pompeiu from 1905 and the book of Hausdorff from 1914. This is
done in a footnote, on the page where the notion is introduced and is completely
accessible to the reader. In 1978, McAllister [10] published a remarkable his-
torical study devoted to the first 50 years in the theory of hyperspaces. The role
of Pompeiu’s thesis is underlined clearly: “who [Pompeiu] may with some jus-
tice be said to have invented hyperspaces, and Hausdorff’s use of them in 1914
in his treatise Grundzuege der Mengenlehre had made them very well known”
(p. 310) and similarly on p. 311 “I have found no evidence of the Hausdorff
metric itself before Pompeiu’s thesis”. There are many notions of set distance
which are not equivalent with the Hausdorff-Pompeiu distance. For instance,
one can define the distance between two Lebesgue measurable subsets in an
Euclidean space as the measure of their symmetric difference. However, the
Hausdorff-Pompeiu metric seems to be the only one with a remarkable com-
pactness property: if (A, ) is a sequence of compacts, bounded with respect to
n, then there is a compact subset A and a subsequence again indexed by n, such
that :

lim d(A,, A) =0.
n—oo

This property makes the Hausdorff-Pompeiu distance a fundamental notion in
the study of the topologies on families of subsets and in the modern theory
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of shape optimization (optimal design). The interested reader may consult
the recent monograph [11] and its references for a survey of the mathematical
literature on geometric optimization.

2. The Pompeiu conjecture

The whole mathematical work of Pompeiu is characterized by a profound
originality, by the introduction of many fruitful ideas and methods. We briefly
recall the definition in 1912 of the areolar derivative (see [15]), further devel-
oped by M. Nicolescu, Gh. Calugareanu, N. Cioranescu, N. Teodorescu, Gr.
Moisil and other. This is in fact the fundamental & — operator from complex
analysis. Inthis context, Pompeiu also proved the Cauchy— Pompeiu formula
which appeared here for the first time, [9]. Probably the best known paper of
Pompeiu is his Note [17] from 1929 (recent estimates indicate almost one thou-
sand articles quoting it). Here one can find the famous Pompeiu conjecture,
still unsolved completely :

Let f be a continuous function in the plane and D a compact subset such that

/f(a:,y)dxdyzo

o(D)

where o (D) denotes any compact subset in the plane obtained by rigid motions
of D. Then, is it true that fis null in the plane ?

For the case when D is a disk, there are counterexamples [4] of the form
f(z,y) = sin(ax + by) with a, b appropriately chosen real numbers. For any
other domains in the plane, the answer seems to be positive although just some
special cases are solved [19]. We underline the fundamental character in the
mathematical analysis of this property (if proved) and its relationship with the
Schiffer conjecture (formulated later) concerning the eigenvalues of the Laplace
operator with Cauchy conditions on the boundary, [2], [18].

O. Onicescu, a student of Pompeiu and a wellknown Romanian mathemati-
cian, said that the creations of Dimitrie Pompeiu are “simple, plastic, global
and full of significance in the world of science”, [12].
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SANDPILE GROWTH
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Abstract In the dynamical theory of granular matter, the so-called table problem consists
in studying the evolution of a heap of matter poured continuously onto a bounded
domain Q € R?. The mathematical description of the table problem, at an equi-
librium configuration, can be reduced to a boundary value problem for a system
of partial differential equations. The analysis of such a system, also connected
with other mathematical models such as the Monge-Kantorovich problem, is the
object of this paper. Our main result is an integral representation formula for the
solution, in terms of the boundary curvature and of the normal distance to the cut
locus of §2.

keywords: granular matter, eikonal equation, singularities, viscosity solu-
tions, optimal mass tranfer

1. A PDE model for sandpile growth

Inrecent years, the attention of many authors has been focussed on the system
of partial differential equations

—div(vDu) = f inQ, |Dul—=1=0 in{v >0} (1

in a given domain  C R™.

For n = 2, a typical context of application for (1) is granular matter theory.
The so-called ‘table problem’, for instance, consists of describing the evolution
of a sandpile created by pouring dry matter onto a table. Different approaches
to this problem have been proposed in the literature, such as: the variational
model developed by Prigozhin [20]; the ODE/PDE Model introduced in [2]
and [14] by Evans and co-authors; the BCRE Model initiated by Boutroux and
de Gennes[3] and elaborated by Hadeler and Kuttler[17]. In our analysis, we
shall be concerned with the BCRE model, where the table is represented by a
bounded domain 2 C R?, and the matter source by a function f(t,z) > 0.
The physical description of the growing heap is based on the introduction of
the so-called standing and rolling layers. The former collects the amount of
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matter that remains at rest, the latter represents matter moving down along the
surface of the standing layer—eventually falling down when the base of the
heap touches the boundary of the table.

As pointed out in [17], system (1) is related to equilibrium configurations
that may occur in presence of a constant source. To explain this connection, let
us denote by u(x) and v(z), respectively, the heights of the standing and rolling
layers at a point ¢ & 2, for an equilibrium configuration. For physical reasons,
the slope of the standing layer cannot exceed a given constant (the angle of
repose)—typical of the matter under consideration—that we normalize to 1.
Consequently, the standing layer must vanish on the boundary of the table. So,
|Dul < 1in Q and v = 0 on 9Q. Also, in the region where v is positive,
the standing layer has to be ‘maximal’, for otherwise more matter would roll
down there to rest. On the other hand, the rolling layer results from transporting
matter, poured by the source, along the surface of the standing layer at a speed
that is assumed proportional to the slope Du, with constant equal to 1. The
above considerations lead to the boundary value problem

—div(vDu) = f inQ

|Dul|—1=0 in {v> 0} @)
|Duj<1 w,v>0 inQ
©w=20 on 0N

Notice that (2) is the same equilibrium system one would obtain from Prigozhin’s
variational model.

1.1 Connection with optimal mass transfer

It is worth noting that system (1) arises in Monge-Kantorovich theory, as
explained in the monograph [15], and futher analyzed in [1] and [16]. In the
present context, we will just observe that the connection of the above system
with optimal mass transfer can be obtained by looking at the so-called ‘dual
problem’, which consists in maximizing

/ u(z)f(z)dz (3)
Q

among all Lipschitz continuous functions v : © — R, with Lip(u) < 1,
vanishing on 0€2. Indeed, as proved in [4], the boundary value problem (2)
turns out to be the system of necessary conditions satisfied by any maximizer u
of (3), taking v equal to the associated Lagrange multiplier. Such a framework
is also related to the optimization problem studied in [12].

1.2 Solution of the equilibrium system

The main purpose of the present work is to provide a full analysis of prob-
lem (2), including existence, uniqueness, and regularity of the solution. For
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existence and uniqueness, we shall follow the approach of [5] for the case of
n = 2, and of [6] for the general case n > 2. As for regularity, we shall rely
on the results of [7]. It is well-known that the eikonal equation

|[Du| =1

does not possess global smooth solutions in general, neither does the conserva-
tion law
—div(vDu) = f.

Therefore, we ought to explain what we mean by a solution of (2).
We say that a pair (u, v) of continuous functions in §2 is a solution of problem
(2)if

m u=00n0%Q, | Dulle,n < 1, and u is a viscosity solution of
Dul=1 in {ze€Q : v(z)>0}

» v > 0in {2 and, for every test function ¢ € C°(§2),

/Qu(a;xDu(x),D(b(z))dx:/Qf(m)(m)dm. @)

For the reader’s sake, we now recall the definition of viscosity solution. The
superdifferential of a function v : ! — R at a point z € A is the set

DYu(z) = {p € R" | limsup wz+h) —|Z‘(x) = (p.h) < O} ,
h—0

while the subdifferential D~ uis given by the formula D~ u(x) = —~ D™ (—u)(z).
We say that u is a viscosity solution of the eikonal equation |[Du| = 1 in Q if,
for any x € §2, we have

peD ulz) = Ipl>1, peDulz) = |p|<1.

Before describing our main results, we need to introduce some useful geomet-
ric properties of bounded domains with smooth boundary. This is the purpose
of the next section.

2. Distance function

Let {2 be a bounded domain with C? boundary 9. In what follows we denote
by d: €2 — R the distance function from the boundary of €2, that is,

d(z) = min ly =zl
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and by X the singular set of d, that is, the set of points z € {2 at which d is not
differentiable. Since d is Lipschitz continuous, X has Lebesgue measure zero.
Introducing the projection I1(z) of z onto & in the usual way, X is also the
set of points z at which II(z) is not a singleton. So, if [I(z) = {Z} for some
z € €, then d is differentiable at = and
r—7T
Dd(z) = ——.

@) =3
REMARK 1 We recall that the distance function d is the unique viscosity solu-
tion of the eikonal equation |Du| = 1 in §2, with boundary condition u = 0 in
0Q. Equivalently, d is the largest function such that | Dullecqo < 1 and u = 0
on 0. :

Forany z € 0 and ¢ = 1,...,n — 1, the number x;(x) denotes the i — th
principal curvature of J¢ at the point , corresponding to a principal direction
e;(x) orthogonal to Dd(xz), with the sign convention x; > 0 if the normal
section of 2 along the diregtion e; is convex. Also, we will label in the same
way the extension of «; to Q \ ¥ given by

ki(z) = ki(TI(z)) VzeQ\Z. (5)
Denoting by p ® ¢ the tensor product of two vectors p, ¢ € R", defined as

(r®g)(z)=plg,x), Yz € R",
for any z € Q and any y € II(z) we have
ki(y)d(z) <1 Vi=1,...,n—1.
If, in addition, z € Q\X, then

n—1 (o
ki(z)d(z) < 1 and  D%d(z) = — z 1_—7&%6@-(@ ®e;(z)

where e;(x) is the unit eigenvector corresponding to m%

‘We now turn our attention to the closure of X, a set that is also called the cur
locus of 92 in €2, and to the function

min {t >0 : x+tDd(x) € f} vz € O\T,
T(z) = (6)
0 VreX.

i=1

Since the map  — x + 7(z)Dd(x) is a natural retraction of {2 onto %, we will
refer to 7(-) as the maximal retraction length of 2 onto ¥ or normal distance to
3. The regularity properties of 7 are described by the following theorem due
to L1 and Nirenberg [19] (see also [18]).

THEOREM 2 Let  be a bounded domain in R™ with boundary of class C**.
Then the map T defined in (6) is Lipschitz continuous on 5.
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3. A representation formula for the solution

Before stating a precise result for our problem, let us show a formal derivation
of the representation formula for the solution in the case of n = 2. Suppose
(u,v) is a smooth solution of (2). In view of Remark 1, we can take u = d.
Moreover, suppose that v vanishes on Y—this is reasonable from the point of
view of the physical model, and can also be justified by a rigorous argument.
Let us proceed to compute, for a given point z € Q\X and forany ¢t € (0, 7(x)),
the derivative

%v(m +tDd(z)) = (Du(z + tDd(x), Dd(z))
= —v(z + tDd(z))Ad(z + tDd(z)) — f(z + tDd(z))
(recall that Dd(z + tDd(x)) = Dd(xz)). Now, observe that

_ ~lz)
1 —(d(z)+ t)k(z)

since k(z +tDd(z)) = k(z) and d(z + tDd(z)) = d(x) +t. Hence, V (¢) :=
v(z 4 tDd(x)) satisfies the Cauchy problem

{ V(1) = S V(1) + f(z + tDd(2)) = 0
V(r(z))=0.

Ad(z + tDd(z)) =

Thus, solving the above problem and noting that v(x) = V/(0), we conclude
that, in 2 \ X, v must be given by the formula

1—(d(z) +t)x(z)

T~ d@)n(a) dt VzeQ\X

r(a)
v(z) = /o f(z +tDd(2))

REMARK 3 We note that the above formula entails that v vanishes at all points
r € Q\ Y at which the half-line spanned by Dd(z) fails to intersect the
support of f before hitting ¥.. This description, which agrees with physical
evidence, extends to dimension 2 the analogous result obtained in [17] for the
one-dimensional case.

4. Existence, uniqueness, regularity

The following result, proved in [5] for n = 2 and in [6] for n > 2, ensures
the existence and uniqueness of the solution of (2), as well as a representation
formula for such solution.

THEOREM 4 Let Q C R be a bounded domain with boundary of class C?
and f > 0 be a continuous function in Q. Then, a solution of system (2) is
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given by the pair (d,vys), where

3 fla+ tDd() [T HERE® g ve e 0\ T,
vp(z) =
0 vz € T,
(7
where, r;(x) denotes the i — th principal curvature of 9 at the point II(z).
Moreover, the above solution is unique in the following sense: if (u,v) is
another solution of (2), thenv = vy in Q, andu = din {x € Q {vy > 0}.

A noteworthy aspect of the above result is that we do construct a continuous
solution vy, instead of just a measure or a function in L!(Q). So, Theorem 4
could also be viewed as a regularity result. Moreover, formula (7) can be used to
derive further regularity properties. This will be the object of our next section.

4.1 Regularity

A natural question to ask is what kind of regularity one can expect for the
solution (d, v) of problem (2). For the first component, this is well understood:
while dis of class C2 on a neighborhood of 8, the maximal regularity of d in the
whole domain Q is semiconcavity, a generalization of concavity preserving most
of the local properties of concave functions (see [8] for a detailed description
of such a class of functions).

On the other hand, the situation is different for the second component. In-
deed, formula (7) suggests that the regularity of vy should depend on the regu-
larity of f and 7. Therefore, our original problem leads to the question of the
global regularity of the normal distance.

While it is easy to prove that T is continuous on €2, and locally Lipschitz
in 2\ T when 9 € C?!, the following example shows that 7 may fail to be
globally Lipschitz continous on .

EXAMPLE 5 (THE PARABOLA CASE) Inthe cartesian plane consider the set
Q= {(z,y) € R? | y > 2}, whose boundary is a parabola with vertex (0, 0).
By the symmetry of OQ with respect to the vertical axis we deduce that &
must be contained in such an axis. Moreover, & = {(0,y) | y > 1/2} and
7((s,8%)) = %\/ 1+ 4s2. Then, a straightforward computation shows that, for
a > 0 sufficiently small,

7((a,1/2)) = 7((0,1/2))| = M|(a, 1/2) = (0,1/2)"/%,
for some M > 0. So, 7 cannot be Lipschitz continuous in the whole set 2.

On the positive side, we present two Holder regularity results in R? recently
obtained in [7]—the former for 7 the latter for vy.
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THEOREM 6 Let ) be a bounded simply connected domain in R? with analytic
boundary, different from a disk. Then, there exists an integer m > 2 such that

7 is Holder continuous in S0 with exponent gz:?

In particular, 7 is at least 2/3-Hoélder continuous, and Example 5 describes the
‘worst’ possible case.

THEOREM 7 Assume that [ is a Lipschitz continuous function and that {1 is
a simply connected bounded domain in R? with analytic boundary, different
from a disk. Then vy is a Holder continuous function with exponent ﬁ—‘T for
some integer m 2> 2.

S. Application to a variational problem

We conclude this paper with an application to a problem in the calculus of
variations which may seem quite unrelated to the present context at first glance.
Let us consider an integral functional of the form

T(w) :/Q[h(lDul) — f)dz, uwe W (Q), ®)

where f € L®(Q) is a nonnegative function and h: [0, +o0) — [0, +c0] is a
lower semicontinuous function (possibly with non—convex values) satisfying

h(R) =0, h(s)> max{0,A(s— R)} for some constants R,A > 0. (9)

In a pioneering work, Cellina [11] proved that, if 2 is a convex domain (that
is, an open bounded convex set) in R? with piecewise smooth (C?) boundary
and f = 1, then J does attain its minimum in W, ' (2), and a minimizer is
explicitly given by the function

ug(x) = Rd(x), z €, (10)

provided that the inradius rq of € is small enough. (We recall that 7o is the
supremum of the radii of all balls contained in €2.) This result has been extended
to convex domains in R™ and to more general functionals in subsequent works
(see [9, 10, 13, 21, 22]). One common point of all these results is that the set
) is always a convex subset of R™. In this paper we will see that, using the
representation formula (7), the function uq defined in (10) is a minimizer of .J
in I/Vol’1 (€2), even on possibly nonconvex domains.

We say that a set ) is a smooth K-admissible domain, K € R, ifitis a
connected open bounded subset of R™ with C? boundary, such that the mean
curvature of A€ is bounded below by K, that is

1
n—1

n—1
H(y) = doki(y) > K VWy<€oQ.
=1
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We note that every connected bounded open set 2 C R™ with C2 boundary is
a K -admissible smooth domain for every K satistying

< mi .
K < min H(y)

The following is a special case of a more general result obtained in [6].

THEOREM 8 Ler h:[0,00) — [0, 00] be a lower semicontinuous function sat-
isfying (9), let @ C R™ be a smooth K-admissible domain, and let f be a
nonnegative Lipschitz continuous function in §). If

[l c(K ma) < A, 1D

where
1—-(1-Krg)®
nK

then the function ug/(x) = R d(z) is a minimizer in W, "' () of the functional
J defined in (8).

We will now sketch the proof of Theorem 8 in order to point out the connection of
this problem with (2). Given f as above denote once again by vy the continuous
function defined in (7). The first step of the proof, we will comment no further
on in this context, consists of estimating the integrand in the representation
formula for vy as in [6], to show that

0 <vp(z) < [flleo e(K,m0), vz € Q. (13)

(K, rq) = FK#0, cK,rq):=rq if K=0, (12)

Therefore, in view of assumption (11), we have
0<wvs(x) <A, Ve (14)
Letu e WOI’I(Q). Since h satisfies (9) and vy satisfies (14), we have that

MIDu(z)l) 2z vp(z)(|Du(z)| - R)
h(|Dua(z)|) + vs(2)(Dd(z), Du(z) — Dua(z)),

Vv

hence
J(u) > J(uq) + A,

where

A= /Q [v(z)(Dd(z), Du(z) — Dug(z)) — f(z)(u(z) — ua(z))] de.

Since v; is bounded, by a density argument equation (4) holds for every ¢ €
Wol’l(ﬂ). Choosing ¢ = u — uq, we obtain that A vanishes, so that J(u) >
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J(ugq). Since u was an arbitrary function in Wy (2), we have proven that ugq
is a minimizer of J in W' (Q).

REMARK 9 We note:

1) The result of Theorem 8 can be extended to nonsmooth domains, such as
domains satisfying a uniform exterior sphere condition. See [6] for details.

2) If © is a convex domain with smooth boundary, then condition

Le(K,rq) <A
is certainly satisfied provided that
Lrg < A. (15)

Namely, it is enough to observe that a convex domain is a 0-admissible domain,
and that ¢(0,7q) = rq. Condition (15) was first introduced in [11] in the case
of f = 1. In [9] it was proven that, if (15) does not hold, then J needs not have
minimizers in W' ().

3) Assumption (11) of Theorem 8 for the existence of a minimizer of .J is
optimal in the following sense. Let A(s) = max{0, A(s— R)} for some positive
constants A and R, let f(z) = 1 and let Q@ = B.(0) C R™ Thenrq = r, and
Qis a (1/r)-admissible domain. Since ¢(1/r,r) = r/n, Theorem 8 states that
the function uq(z) = Rd(x) is a minimizer of J provided that 7 < nA. This
condition is optimal: indeed, functional J is not even bounded from below if
r > nA. Let us define the sequence of functions in W, (9)

k(r—lz|) ifnA<lz] <
@ ={ 7o) il ond

A straightforward computation shows that, for k > R,

Wn
=— A) — k+ A,
Tuw) = 22 p(nd) — 9]k + A,
where w, is the n-dimensional Lebesgue measure of the unit ball of R™, Ais a
constant independent of k, and ¥(p) = p" ! — (n+ 1)Ap™. Since 1 is strictly
increasing for p > nA, and r > nA, we have that ¥(nA) — ¥(r) < 0, hence
klim J(ug) = —o0.
— 00
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ON WARM STARTS FOR INTERIOR METHODS

A. Forsgren!

1Optimz'zazi0n and Systems Theory, Department of Mathematics, Royal Institute of Technology,
SE-100 44 Stockholm, Sweden, andersf@kih.se™

Abstract An appealing feature of interior methods for linear programming is that the num-
ber of iterations required to solve a problem tends to be relatively insensitive
to the choice of initial point. This feature has the drawback that it is difficult
to design interior methods that efficiently utilize information from an optimal
solution to a “nearby” problem. We discuss this feature in the context of general
nonlinear programming and specialize to linear programming. We demonstrate
that warm start for a particular nonlinear programming problem, given a near-
optimal solution for a “nearby” problem, is closely related to an SQP method
applied to an equality-constrained problem. These results are further refined for
the case of linear programming.

keywords: nonlinear programming, linear programming, interior method,
warm start.

1. Introduction

This paper concerns the solution of a nonlinear program in the form

minimize f(z)
TERN )
subjectto c¢(z) > 0,

where f : R” — R and ¢ : R” — R™ are twice-continuously differentiable.
Our interest is the situation where we want to solve (1) given the solution to
a “nearby” problem. This situation is commonly referred to as warm start. It
may for example be the case that one is interested in resolving the problem
when only some constraints have been changed. Our discussion specifically
concerns interior methods. We will study properties of the search directions
generated for the nonlinear programming case, and then specialize further to
linear programming. For related discussions concerning linear programming,
see, e.g. Jansen et al. [11], Kim, Park and Park [12], Gondzio and Grothey [9],

*Research supported by the Swedish Research Council (VR).

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].



52 IFIP-TC7 2005

Yildirim and Todd {18, 19], Yildirim and Wright [20], Gonzalez-Lima, Wei
and Wolkowicz [10]. For extensions to linear semidefinite programming, see
Yildirim [17].

2. Background

Methods for solving (1) all have to solve a combinatorial problem of identi-
fying the constraints that are active at the solution. This can roughly be done
in two ways: (i) by a “hard” estimate of the active constraints at each iteration
or by (ii) a “soft” estimate. Our focus is interior methods, which belong to
the latter class. However, in the discussion, sequential quadratic programming
methods, which belong to the former type of methods, arise too. In this section,
we review basic properties of these methods, and also give a brief review of
optimality conditions.

2.1 Optimality conditions

Given a suitable constraint qualification, an optimal solution z to (1), to-
gether with a Lagrange multiplier vector A € R™, has to satisfy the first-order
necessary optimality conditions associated with (1). These conditions may be
written in the form

g(z) - Al@)Ty = 0, )
c(z)—s = 0, 3
YSe = 0, y=0, s20, (4)

where g(z) = Vf(z), A(z) = ¢(z) and e is an m-dimensional vector of
ones. Here, and throughout the paper, we denote by upper-case letters ¥ and
S, the diagonal matrices formed by y and s respectively. In (2)—(4) we have
introduced the slack variables s associated with the constraints c(z) > 0. They
need not be present, since s may be eliminated from (3). They do not affect the
discussion, but simplify the notation. The analogous discussion could be made
without introducing s. A constraint qualification ensures that a linearization of
the constraints around a point of interest gives a suitable approximation to the
constraints. We will throughout the paper assume that a constraint qualifica-
tion holds at all points which we consider. For a more detailed discussion of
constraint qualifications in the context of interior methods, see, e.g., Forsgren,
Gill and Wright [6, Section 2.2].

Second-order optimality conditions typically involve the Hessian of the La-
grangian L(x,y) with respect to z, where L(z,y) = f(z) — yTc(z). We
denote this Hessian by H(z,y), i.e.,

Hiz,y) = V2 L(z,y) = V2 (z) - 3 i V2ei(a).
i=1
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Given a suitable constraint qualification, the curvature of the objective function
on the surface of the active constraints is captured by the curvature of H(x,y)
on the tangent surface of the active constraints. For further discussion, see, e.g.,
Forsgren, Gill and Wright [6, Section 2.2].

2.2 Interior methods

The interior methods of interest to this paper are based on approximately
following the barrier trajectory. This trajectory is defined as the set of solutions
to the perturbed optimality conditions

g(z) — Al)Ty = 0, )
celz)—s = 0, (6)
YSe = pue, @)

where y > 0 and s > 0 are held implicitly. Here, 1 is a positive parameter,
referred to as the barrier parameter. As in (2)—(4) , we have introduced slack
variables s. This slack reformulation is not of importance for the discussion,
but convenient for the notation.

A primal-dual interior method computes approximate solution to (5)—(7) for
decreasing values of 1z by Newton’s method. This means that the steps Az, As
and Ay are computed from the linear equation

< H(z,y) ~A(z)" ) ( Az ) ( 9(z) ~ A(z)Ty )
Alz) I As | = — clz) —s )
Y S Ay Y Se — e

Equivalently, we may eliminate As and solve

(Hep 7)) (2 2).

Note that there is no loss in sparsity when forming (9) from (8), since Y is
diagonal. Local convexity is typically deduced by the inertia of the matrix of
(9). If the inertia is such that the matrix has n positive eigenvalues and m
negative eigenvalues, the equations are solved. Otherwise, some modification
is made. The solution of this equation can either be done by factorization
methods or by iterative methods. See, e.g., Forsgren [4] and Forsgren, Gill and
Griffin [5] for a discussion of these issues.

In order to enforce convergence of the method, typically a linesearch strategy,
atrust-region strategy or a filter strategy may be used. We shall not be concerned
with the precise method, but focus on the linear equations to be solved. For more
detailed descriptions on interior methods, see e.g., Forsgren, Gill and Wright [6]
or Wright [15]. Note that for a solution of (5)—(7) , no constraints are active,
since > 0. Hence, the active constraints at the solution are determined
implicitly as p tends to zero.
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23 Sequential quadratic programming methods

In contrast to an interior method, where one system of linear equations is
solved at each iteration, a sequential programming method has a subproblem
which is an inequality-constrained quadratic program on the form

Pt 1,7 T
minimize sp* H(z, + g(z

nimize 3p H(z,y)p+9(z)"p a10)
subjectto  A(z)p > —c(x).

If the problem is locally convex, this subproblem is well defined. Otherwise,
sorne modification is made. We will assume that local convexity holds in
our discussion, and not consider the modifications. If p* denotes the optimal
solution of (10) and y* denotes the corresponding Lagrange multiplier vector,
then the next iterate for solving (1) is given by z + p*, and the next Lagrange
multiplier estimate is given by y*. Again, some strategy is required to ensure
convergence, but the basis of the subproblem is the solution of a quadratic
program on the form (10). Note that the prediction of the constraints that are
active at the solution of (1) are given by the constraints active at the solution of
(10). For a thorough discussion on sequential quadratic programming methods,
see, e.g., Nocedal and Wright [13, Chapter 18].

3. Warm starts of interior methods for nonlinear
programming

We now return to the issue of solving (1) by a primal-dual interior method.
Specifically, we consider the warm-start situation. Assume that the initial point
is given as a near-optimal solution on the trajectory to a different problem

minimize f(z
zeR™ /(@) (11)
subjectto  &(z) > 0,

where f and & have the same properties as f and c of (1). We denote this point
by Z. This means that for a small barrier parameter [i, we assume that Z, § and
7 solve

i@ -A@Ty = o (12)
HE)—35 = 0, (13)
YSe = fpe, §>0, §>0, (14)

where §(Z) = Vf(Z) and A(Z) = @(Z). Throughout the paper, we will
consider quantities related to matrices that are implicitly dependent on fi. The
notation O(f) will be used to denote a quantity that converges to zero at least
as fast as 1. Analogously, ©(f1) denotes a quantity that converges to zero at the
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same rate as fi, ©(1) denotes a bounded quantity that is bounded away from
zero as 1 — 0 and 2(1/[i) denotes a quantity whose inverse converges to zero
at least as fast as fi.

From the point given by (11), we want to take a primal-dual interior step
towards solving (1) for a given barrier parameter u. By (8) and (12)—(14), the
Newton equations take the form

9(2) + A(2)Ty
é(z) — () .15

H(%,9) ~A(z)T Az
Ay ( AS) :<

Y S Ay (1 — e
In order to make a more detailed analysis, we assume that the set {1,2,...,m}
can be partitioned into two sets, A and I, according to which constraints of (11)
that are ”almost active” at &, and which constraints that are “not almost active”
at Z. This means that AUT = {1,...,m}, where A = {i € {1,2,...,m} :
¢G(@) =0(m}tand I = {i € {1,2,...,m} : &(Z) = ©(1)}. This would
typically be the case in the neighborhood of a local minimizer of (1) where
strict complementarity holds. We will throughout this section let subscript “A”
denote quantities associated with A4, and similarly for . For example, the matrix
A(Z) is partitioned into A 4 (%) and A7(Z). By the above assumption, it follows
that ; = @(f), and that §4 = O(j1). We will also make the assumption that
A A(Z) has full row rank, and that H(Z, ) is positive definite on the nullspace
of A 4(&). With this partition, (15) may be written as

H(Z,9) —AA®)T -A@)T Az
AA(‘%) -1 ASA
Al(i) _ -1 . AS]
Ya Sa i Aya
Y S Ayr
—9(%) + A()7g
—ca(Z)
= | &(&) —c()
(n—p)e
(bw—p)e

We may now approximate these equations by ignoring the @(fi) terms in the
matrix, which gives a related system of equations

H(Z.9) —Aa(@)T -A@)T u
Aa(z)y -1 vA
A(z) -1 vr

Y4 ZA
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—g(2) + A(@)7

—ca(Z)
= 51(53) — C[(i")
(b — e
(1~ e
where v4 and Ay; may be eliminated so as to give the equivalent equations
va=(u—pY'e, (16)
21 = (u— )S7 e, (17)
< H(z,5) Aa(@)T ) < u )
Aa(Z) —z4
_ [ —9(&) +A@)Tg+ Ar(@)T 2
= . , (18)
—caA(Z) +va

v = ¢1(Z) — ¢7(2) + Ar(Z)u. (19)

From (16)-(19), we may identify u and §4 + 24 as the solution and Lagrange
multipliers of an equality-constrained quadratic program. By our assumptions,
the difference between Az, As, Ay, and u, v and z, respectively, is O(ji), as
the following lemma states.

LEMMA 1 Let I, §, and § satisfy (12)~(14). Assume that (i) As(Z) has full row
rank, (ii) that H(Z, ) is positive definite on the nullspace of A4(%), (iii) that
g1 = O(R), and (iv) that §4 = O(f1). Further, let Az, As and Ay satisfy (15),
and let u, v and z satisfy (16)—(19). Then, Az = u + O(f), As =v + O(f)
and Ay = z + O(f).

Proof The quantities u, v and z are solutions of a system of linear equations
whose matrix is bounded and nonsingular as iz — 0, by our assumptions.
Hence, since Ax, Ay and As satisfy (12)—(14), where the only difference is
that some O(ji) elements have been added to the matrix, the result follows. 1

This means that we may use properties of u, v and w to deduce properties of
our desired quantities Az, As and Ay, as stated in the following proposition.

THEOREM 2 Let Z, , and § satisfy (12)-(14). Assume that (i} Aa(E) has
Sull row rank, (ii) thar H(Z,y) is positive definite on the nullspace of A4(Z),
(iii) that 1 = O(f), and (iv) that §4 = O([i). Further, let Az, As and
Ay satisfy (15). Then, Ax differs by O(f1) from the optimal solution to the
equality-constrained quadratic program

minimize 3p" H(Z9)p+ (9(7) — (= MANETSe)p
subjectto  Aa(Z)p = —ca(Z)+ (u— ﬂ)YA_le.,
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and §a + Aya differs by O(fi) from the associated Lagrange multipliers.

Proof The optimality conditions for (20) are given by

H(Z,§)p" +9(&) - (n—- DA(&)S7e = Aa®TXy, @D
AA(@)p* = —cal@) + (n— DY e, (22)

for an optimal solution p* together with a Lagrange multiplier vector A%. Re-
arrangement of (21)—(22), taking into account that Z, § and 7 satisfy (12)—(14),
gives

H(z,)p" = Aa(®)T (\a — 94) = —9(2) + Aa(2)TGa
Hu—mANE)T S e, A@)pT = —cal@) + (n— DY e

By comparing these conditions with (18), it follows that p* = wand A% — 74 =
z4. Lemma 1 now gives Az = p* + O(f1) and X% — g4 = Ay + O(f2), as
required. 1

A consequence of Theorem 2 is that if 4 = [, then the step is near-optimal to
the equality-constrained problem where the active constraint are set as equali-
ties, as summarized in the following corollary.

COROLLARY 3 Let %, §j, and § satisfy (12)-(14). Assume that (i) A5(Z) has
full row rank, (ii) that H(Z,§) is positive definite on the nullspace of A (%),
(iii) that §; = O(fi), and (iv) that 54 = O(f1). Further, let Az, As and Ay
satisfy (15) for i = [i. Then, Az differs by O([i) from the optimal solution to
the equality-constrained quadratic program

minimize 3p" H(Z,§)p+ 9(%)"p
p T
subjectto  As(Z)p = —ca(),
and §a + Aya differs by O([1) from the associated Lagrange multipliers.

Another consequence is that for p = f, the step is near-optimal to the
“appropriate” inequality-constrained quadratic programming problem.

COROLLARY 4 Let Z, §j, and § satisfy (12)—(14). Assume that (i) A4 (Z) has
full row rank, (ii) thar H(Z, ) is positive definite on the nullspace of A4(Z),
(iii) that §; = O(fi), and (iv) that 84 = O(1). Further, let Az, As and Ay
satisfy (15) for u = fi. Then, Az differs by O(fi) from the optimal solution to
the equality-constrained quadratic program

minimize 3p” H(Z,§)p + 9(2)"p

p R
subjectto  a;()Tp > —c;(%), i€If, (23)
w(@)Tp < —a(@), i€l
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and § + Ay differ by O(f1) from the associated Lagrange multipliers, where
I;; ={i € A: g + 2z > 0}, where z is given by (16)—(19).

The conclusion is that if 4 is small, of the order of [, the primal-dual step
behaves like the sequential quadratic programming step, i.e., for small pertur-
bations we may expect the step to give a near-optimal solution, but for larger
perturbations, the step is likely to violate both inactive constraints (that are ig-
nored) and nonnegativity of the multipliers. In addition, we have not taken into
account the implicit requirement that y and s have to be maintained positive.

4. Warm starts of interior methods for linear
programming

The above analysis applies also to linear programming. However, linear
programming is special in the sense that there always exists a strictly comple-
mentary optimal solution, if an optimal solution exists, and the analysis may be
specialized further. To be consistent with the discussion in Section 3, we will
consider the linear program

minimize dfx
zER (24)
subjectto Az > b,

and a near-optimal solution to the retated linear program
minimize dlz

TERT 5 (25)
subjectto Az > b.

An underlying assumption is that the constraint matrix A has full column rank.
Our analysis is “classical” sensitivity analysis in the sense that the constraint
matrix A is assumed fixed, whereas the cost coefficients and the right hand sides
may differ.

The analysis of the previous section applies. However, here we need not
make any assumption about nonsingularity of the resulting limiting Newton
system. Again, we assume that a “small” barrier [ is given, and that Z, § and 3
solve

d— ATy = o0, (26)
Ai—b—35 = 0, (27)
Yse = 4, §>0, §>0. (28)

In addition to the assumption on full column rank of A, we make the assumption
that the barrier trajectory for the perturbed problem (25) is well defined, i.e.,
{(z,s): Az —s=1b,5 >0} #0and {y : ATy =&y > 0} # 0.
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From the initial point given by Z, § and ¢, we want to take a primal-dual
interior step towards solving (1) for a given barrier parameter i. The Newton
equations may be written as

AT\ [ Az d-d 0
A -I (m): b—b +(H—,1)<o). (29)
Yy § e

If As is eliminated from (29), the resulting equivalent system of equations
becomes

AT Az d—d ) 0
<A W—1><Ay> - <b—8>+(“—“)<f"1e>’ o
As = AAz+b-b, (31)

where W = S-1Y. By further eliminating Ay, we obtain

ATWAAz = d—d+ATW(H-0b) + (u— )ATS e,  (32)
WAy = b-b—AAz+ (u— )V e, (33)
As = AAz+b—b. (34)

From this latter system, we obtain explicit expressions for Az, Ay and As as

Az = (ATWAY(d-d)

+ (ATWATTATW OB =b+ (u— )Y te), (35)
Ay = WAATWA)Y(d—d)

+ WI - AATWATIATWY b —b+ (u— )Y 'e)  (36)

= WAATWA)"I(d - d)

+ Z(ZTWZ) 12T (b - b+ (u— p)Y " te), (37)
As = Aldz+b-b, (38)

where Z is a matrix whose columns form a basis for null( A7). Note that (37)
is obtained from (36) from the relations
W — A(ATWA) 14T
— W1/2<I _ W1/2A(ATWA>—1ATW1/2)W1/2
— WI/Q(W—1/2Z(ZTW—1Z)-—IZTW—I/2>W1/2
=Z(ZzTw-1z)"tz7T. (39)
A special property of linear programming is that the elements of w can be

split into “large” and “small” elements, denoted by A and [ in consistency with
the analysis of Section 3, as stated in the following lemma.
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LEMMA 5 Assume that {(x,s) : Az —s = b,s > 0} # Qand {y : ATy =
Gy > 0} # 0. Ler &, § and § satisfy (26)-(28). Then, we may partition
{1,...,m}=AUI with AN I =0, such that

§i = @(1)? gl 9(,&)3 wl = @(IEL)) (S I7
§ = Op), 4 =0(1), w; = @<1/&)7 i€ A,

where 0; = §; /8,1 =1,...,m.
Proof See, e.g., Wright [16, Lemma 5.13]. 1

We may get a further description of Az, As and Ay by utilizing the follow-
ing result, which essentially states that we may obtain (ATW A4)~ TATW as a
convex combination of solutions obtained from nonsingular n x n submatrices
of A.

THEOREM 6 (DIKIN [2]) Let A be an m x n matrix of full column rank, let
g be a vector of dimension m, and let D be a positive definite diagonal m x m
matrix. Then,

det(Dy) det(As)? Ay,
ZKEJ(A) det(DK) det(AK) J ’

(ATDA)'ATDg= > (
JeJ(A)

where J (A) is the collection of sets of row indices associated with nonsingular
n x n submatrices of A.

Proof See, e.g., Ben-Tal and Teboulle [1, Corollary 2.1]. &

Note that an implication of Theorem 6 is that || (A7 W A) =1 ATW || is bounded
when W varies over the set of positive definite and diagonal matrices. For fur-
ther discussions on thisissue, see, e.g., Forsgren [3] and Forsgren and Sporre [7].

In order to give the results on the search directions, we first need a result
on the behavior of (AT A)~!(d — d). As in the previous section, we will let
subscript “A” denote quantities associated with A, and similarly for 1.

LEMMA 7 It holds that | (ATW A)=!(d — d)|| = O() if d — d & range(A])
and ||(ATW A)~1(d — d)|| = 2(1/ ) otherwise.

Proof First assume that d — d € range(A%). Then, d — d = AZu for some w.
We then get
(ATWA)"Hd —d) = (ATWA) 1 ATu = (ATWA) T ATWW 1 Lyu,
(40)
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where 14 is the diagonal matrix with ones in diagonals corresponding to A
and zeros in diagonals corresponding to /. Taking norms in (40), taking into
account that ||W =114l = W3], gives

I(ATWA)"Hd - D)) < [ATWATATWIIW ] @D

Theorem 6 gives [ (AT W A)~TATW || = O(1), Lemma 5 shows that | W || =
O(f) and u is a fixed vector. Consequently, (41) gives [|(ATW A)~1(d—d){| =
O(f), as required. )

Now assume that d — d ¢ range(AL). Then, Z5(d — d) # 0, where
Z 4 is a matrix whose columns form a basis for the null space of Ay, Let
7= (ATWA)~1(d - d), 1.e., ¥ solves

(AL Wada+ ATW AN =d —d. (42)
Premultiplication of (42) by Z7 gives
ZEATW A = 2% (d - d),

and consequently 3

|25 -
| ZEAT WA
Lemma 5 shows that || ZTATW A || = O(f). Since Z% (d—d) # 0, it follows
from (43) that ||0]] = 2(1/4), as required.  §

18]l >

(43)

Analogously, a result on the behavior of W (I — A(ATW A)~*ATW)(b—b)
is needed.

LEMMA 8 It holds that |W (I — A(ATWA)"TATW)(b —
ba—ba € range(Ay) and |W(I — A(ATWA)"TATW)(b —

otherwise.

Proof First assume that by — by € range(Ay4). Then, b — b= Au+ 7 for
some v and r with r4 = 0. We then get

W — AATWA)TATW) (b - b)

= (I - WAATWA)TATYW (Au + )

= (I - WAATWA) AW, (44)
Taking norms in (44) gives

W (I = AGATWA)TTATW) (b = b)|| < |IT = WAATWA) AT ||| Wr.
(45)
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Theorem 6 gives || — WA(ATW A)~1AT|| = O(1). Note that since 4 = 0,
we obtain |[Wr| = ||[Wrr;||. Lemma 5 shows that HWIH = O(fi) and 7 is a
fixed vector. Consequently, (45) gives ||[W (I — A(ATWA)~TATW)(b—b)|| =
O(fi), as required. )

Now assume that by — by ¢ range(A4). Then, null(AL) # 0, and there
is an orthonormal matrix Z 4 whose columns form a basis for null(A%). Since
ba—ba ¢ range(A4), it holds that Zf;(bA - EA) # 0. Moreover, there is an
orthonormal matrix Z whose columns form a basis for null(47) of the form

2=(% 2)
where Z; and Z, are suitably dimensioned, possibly empty. It follows from
(39) that
W(I - AATWA)TTATWY b —b) = Z2(ZTW ' 2) 2T (b - b).  (46)
Consequently,
IW (I~ AATWA)TATW) (b - b)| = [(ZTW12)7 27 (b - B)]|.
Lety = (ZTW=12)"1ZT(b — b). Then ZTW 12y == ZT (b — b), or equiv-

alently
zZi 0 Wit o < Za Zy > < v1 >
zl zf 0o Wit 0 Z Yo

_(z} o ba — '@' A
zl 77 by—br )
The first block of equations implies that

. Zu Z -
Tiir—1 A 1 i\ _ o1 _
(ziwit o) ( ; Z2> <y2> = Z%(ba — ba).

Consequently,
H(Z5wgt o) 1Zlyl > 125 (ba —ba)].

By assumption, (| Z5 (b4 — ba)| # 0. Lemma 5 shows that |[IW | = O(q),
and Z is a fixed matrix. Consequently, (46) gives

IW(I - A(ATWA)TTATW) (b - b)|| = 2(1/R),

as required. |
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The following proposition now gives a characterization of Az. Note that
Az is unbounded if d — d ¢ range(AL).

THEOREM 9 Ifd — d € range(AYL), then

Ar = (ATWA)TTATW (b — b+ (u— )Y "te) + O(h).
Otherwise, Az = 2(1/[1).
Proof This is a consequence of Lemma 7 in conjunction with (35). &

Analogously, the following proposition now gives a characterization of Ay.
Note that Ay is unbounded if by — b4 & range(A4).

THEOREM 10 Ifbs — by € range(Ay), then
Ay = WAATWA)Y(d-d)
+ (=)W - AATWA)ATW)Y e + O()
= WAMATWA)d-d)
+ (p—p)Z(ZTW2) 1 ZTY e + O(f).
Otherwise, Ay = 2(1/[1).

Proof This is a consequence of Lemma § in conjunction with (37). 1

Finally, for the case of primal and dual nondegeneracy, it follows that both
primal and dual steps are bounded.

COROLLARY 11 If A4 is square and nonsingular, then
Az = A7'(ba—ba+ (- @Y 'e)+ O(),
Ass = (u— @)V e+ 0,
As; = AfA7(ba—ba+ (n— )Y e) = b+ by + O(h),
Aysa = A7T(d—d—(p—p)ATST e) + O(h),
Ayr = (p—p)Ste+O(@).
Proof If A 4 is square and nonsingular, Theorem 6 in conjunction with Lemma 5
gives
(ATWA) AW = AT+ O(f) and  |(ATWA) Y = O(R). (47)

Consequently, |(A7WA)"LATW;Y; 1| = O(i1). The result for Az now
follows by using (47) in Theorem 9. The result for As follows from Az.
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Analogously, we may let
(Za\ [ —AZT A
7= ( Z1 > B ( 1 ’
for which

(ZTWrZ)T Zf Wit =1+ 0(h) and [(ZTWTIZ)7H] = O(R).
: 3 (48)
Consequently, [|[(ZTW=12)~1Z1Y || = O(f1). The result for Ay now fol-
lows by using (47) and (48) in Theorem 10. 1

Corollary 11 gives the result from the nonlinear programming case, special-
izedtolinear programming, since the limiting Newton equations are nonsingular
in this situation.

4.1 Example linear programming problem

Consider the example linear programming problem where A, b and d are

given by
10 ! P
A=t -1 0], b= —-1], and dz(l
01 0

Then, # = (0)T, 5= (A2 1)T and § = (1 1)T. Hence, & = S~1Ye =

N~

(i 2 1/@)F. Accordingly,
w0 N
- - < 2
WA=|-a 0], ATWA:<(¢ 8)
0o 1 fi
s
1 1
171 ﬁt Tii/~17\—1 p
Z=\1), W Z=|=|, (Z2W2Z2)" ==L
H 2
0 0
We may use Theorem 6 to express
= x 171 0 0 170 -1 0
T —1 4T - s
@AWATAW = 2<0 0 1)*2(0 0 1>
1 1
5 —35 0
— 2 2
<0 0 1>. (49)

In this example A4 = (0 1). Since A4 has full row rank, a combination of
Theorem 10 and (49) gives

Ayz(-

1

0
g) (d2d11)+<u—m<é)+0<m.

O NI—o—
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However, since A 4 does not have full column rank, Theorem 9 shows that Az
is 2(1/4) unless dy = dy. For dy = dj, a combination of Theorem 9 and (49
gives

11 0 by +1 0
sz(% : 1) by + 1 +<u—ﬂ>(1>+0<ﬂ).
b3

For large-scale problems, the explicit representations from this small problem
are naturally not available, but we have included the example to give a feeling
of what Theorems 9 and 10 say.

5. Summary

We have characterized search directions that would arise in warm starts for
interior methods, first for the general nonlinear programming case, and then
more specialized results for the linear programming case. The difficulties in
warm starts for interior methods are emphasized by these characterizations,
since the directions are similar to directions what would arise in a sequential-
quadratic-programming method applied to the active constraints only.

The results are related to “false convergence” of interior methods on non-
convex problems in that the iterates are close to the boundary of the inequal-
ity constraints, but not well centered with respect to the trajectory. See e.g.,
Wichter and Biegler [14] or Forsgren and Sporre [8], for further discussions
on false convergence.
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Abstract A new active set algorithm (ASA) for large-scale box constrained optimization is
introduced. The algorithm consists of a nonmonotone gradient projection step,
an unconstrained optimization step, and a set of rules for switching between
the two steps. Numerical experiments and comparisons are presented using box
constrained problems in the CUTEr and MINPACK test problem libraries.

keywords: Nonmonotone gradient projection, box constrained optimiza-
tion, active set algorithm, ASA, cyclic BB method, CBB, conjugate gradient
method, CG_DESCENT, degenerate optimization

1. Introduction

We present a new active set algorithm for solving the box constrained opti-
mization problem
min {f(x) : x € B}, (1)

where f is a real-valued, continuously differentiable function defined on the
box

B={xeR':1<x<u}. 2)
Here 1 < u; possibly, I[; = —oc or u; = co. The following notation is used
throughout the paper: || - | is the Euclidean norm of a vector, the subscript

k is used for the iteration number, while x; stands for the i-th component of
the iterate x;. The gradient V f(x) is a row vector while g(x) = Vf(x)T
is a column vector and T denotes transpose. The gradient at the iterate xj, is
gr = g(xy), the Hessian of f at x is V2 f(x), and the ball with center x and
radius p is B,(x).

*This paper is based upon work supported by the National Science Foundation under Grant No. 0203270.
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Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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Gradient Projection Method (NGPA)

A i A

Unconstrained Optimization Algorithm (UA)

Figure 1. Structure of ASA.

The problem (1) may result from the discretization of a variational inequality
such as the obstacle problem [42, 49]:

min /HVu(x)Hz +2f(2)ulz)de
subj%ct tou{z) > ¥(x) a.e.
It may come from the discretization of a control problem such as
min f(x,u)
subject to x = Ax + Bu, x(0) =x¢, u>0 a.e.,

where A and B are operators and the dot denotes time derivative. It also
appears as the subproblem in augmented Lagrangian or penalty methods [18,
4,26, 27, 30, 32, 47]. For example, in an augmented Lagrangian approach to
the nonlinear optimization

min f(x) subjectto h(x) =0, x>0,
we might solve the box constrained subproblem
min f(x) + ATh(x) + p|h(x)||? subject to x > 0,

where p is the penalty parameter and A is an approximation to a Lagrange mul-
tiplier for the equality constraint. Thus efficient algorithms for large-scale box
constrained optimization problems are important, both in theory and practice.

2. Gradient projection methods

Our active set algorithm (ASA) has two phases as indicated in Figure |
a gradient projection phase and an unconstrained optimization phase. For the
unconstrained optimization phase, we exploit the box structure of the constraints
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ik = X](_ akgk

Xk

Q

Figure 2. The gradient projection step.

in (1), while the gradient projection phase can be applied to any problem with a
closed, convex feasible set. Hence, in this section, we consider a more general
problem in which the box B is replaced by a nonempty, closed convex set €2

min {f(x):x € Q}. (3)

Let P denote the projection onto §2. The gradient projection step at iteration
k is depicted in Figure 2. Starting from the current iterate x, we take a positive
step @k, along the negative gradient arriving at X, = X — @8k If X is outside
), then we apply the projection P to obtain a point P(Xj) on the boundary of
Q. The search direction dj, is along the line segment [xx, P(Xx)]. The new
iterate X1 is obtained by a line search along the search direction.

A more precise statement of the gradient projection algorithm follows:

Nonmonotone Gradient Projection Algorithm (NGPA)
Initialize k = 0, xo = starting guess, and f7; = f(xo).
While || P(xx — k) — Xk|| > €

1. Choose @y € [min, Cmax) and set dg = P(xXp — Tr8k) — Xi-

2. Choose ff so that f(xx) < fi < max{f]_;, fi'*} and ff <
fiax infinitely often.
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3. Let fg be either ff or min{f®*, fI}. If f(xx +di) < fr+
5ggdk, then o = 1.

4. If f(xx +dg) > fr + 0gldy, then ax = 1’ where j > 0 is the
smallest integer such that

flxe +77dy) < fr+ gl ds. 4)

5. Setxp41 =X + agdgand k =k + 1.
End

The statement of NGPA involves the following parameters:

€ € [0,00) - convergence tolerance (P (X, — gr) = Xz if and only if x4
is a stationary point)

[0min, Omax] C (0, 00) bound on the stepsize in Step 1

e - max{f(xx—q): 0 <4 < min(k, M — 1)} (local maximum
of function values near xx, M > 0)

d,ne(0,1) - parameters entering the Armijo line search in Step 4

In Step 2, the requirement that “ f7 < f"** infinitely often” is needed for global
convergence. This is a rather weak condition which can be satisfied by many
strategies. For example, every L iteration, we could simply set ff = f?*
Another strategy, closer in spirit to the one used in the numerical experiments, is
to choose a decrease parameter A > 0 and an integer L > 0 and set ff = fi"®*

if
f(xr—r) — f(x) < A

Thus we set f[ = f*® when the function values decrease “too slowly.”

For our numerical experiments, the initial step & in Step 1 is generated by
a cyclic Barzilai-Borwein method developed in [20]. The traditional Barzilai
and Borwein stepsize [3] is

-

—BB Sk Sk

ak+1 = STy ) (5)
LYk

where s;; = Xg+1 —Xg and yx = gi+1 — 8k 1f the same BB stepsize is repeated
for several iterations, then even faster convergence can be achieved (see [20]).
These schemes in which the same BB stepsize are repeated for several iterations
are called cyclic BB schemes (CBB). The CBB update formula is

'&k+j=§fB forj=0,...,m—1,
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where m is the cycle length, and % is a multiple of m. The cycle length can be
chosen in a adaptive way, as explained in [20].

Our line search along the search direction dj, is an Armijo type line search
[1], which may be viewed as a relaxed version of the Grippo, Lampariello,
and Lucidi nonmonotone line search [34] (denoted GLL). For NGPA, the GLL
scheme corresponds to f{ = f;"®* for each k. In practice, we have obtained
faster convergence results by allowing the reference function value f] to decay
more slowly on average than f"®*.

Our statement of the gradient projection algorithm employs a direction op-
erator d®(x) given by

d®(x) = P(x — ag(x)) — x,

where « is a scalar. Some properties of d* are summarized below (see [37] for
further details concerning these properties and other results presented in this

paper):
PROPOSITION 1 P and d® have the following properties:
Pl. |P(x) — P(y)|| < [lx — y|| forallx and 'y € R™

P2. Foranyx € Qand o > 0, d*(x) = 0 if and only if X is a stationary
point for (3).

P3. Suppose x* is a stationary point for (3). If for some x € R", there exist
positive scalars A and v such that

(8(x) — g(x))T(x —x*) > 7lx —x*| (6)
and
lg(x) —g(x")|l < Allx —x7, )
then we have _
* — L)l
x=xl < (=22 i) ®

P4. Suppose that f is twice-continuously differentiable near a stationary
point x* of (1) satisfying the strong second-order sufficient optimality
condition, that is, there exists v > 0 such that

d"V2f(x")d > y(d|? 9)

Sforalld € R"™ with the property that d; = Owhen x; = Oand g;(x*) > 0.
Then there exists p > O with the following property:

2
Ix - x| < % . (“—gjl“) 1 (x)] (10)
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whenever x € B,(x™), where X is any Lipschitz constant for V f on
B, (x*).

In P3 we assume a convexity/monotonicity type condition at x; for any x
which satisfies (6) and the Lipschitz condition (7), we can estimate the error
in x in accordance with (8). In P4, we make a convexity type assumption at
x* (the strong second-order sufficient optimality condition), and we have the
error estimate (10) in a neighborhood of x*. Based on P3 and P4, the Lipschitz
continuity of d*(-) implied by P1, and the fact P2 that d! (x) = 0 if and only if
X is a stationary point, the function d*(x) can be used to measure the error in
any iterate X. In particular the convergence condition || P(xy — k) — Xx|| < €
in NGPA is equivalent to ||d! (xx)]| < e.

Sufficient conditions for the global convergence of NGPA are given below.

THEOREM 1 Let L be the level set defined by
L={xeQ: f(x) < f(xo)} (11)
Assume the following conditions hold:
Gl. f is bounded from below on L and dpmax = supy||di|] < oo.

G2. If L is the collection of x € £ whose distance to L is at most dpay, then
V f is Lipschitz continuous on L.

Then NGPA with ¢ = 0 either terminates in a finite number of iterations at a
stationary point, or we have

liminf |d!(xz)|| = 0.
k—o0

When f is a strongly convex function, Theorem 1 can be strengthened as
follows:

COROLLARY 2 Suppose f is strongly convex and twice continuously differen-
tiable on §2, and there is a positive integer L with the property that for each k,
there exists j € [k, k + L) such that f] < fi"®. Then the iterates x; of NGPA
with € = 0 converge to the global minimizer x*.

3. Active Set Algorithm

In this section, we focus on the active set algorithm. Unlike the gradient
projection algorithm where the feasible set can be any closed, convex set, we
now restrict ourselves to box constraints. Moreover, to simplify the discussion,
we consider (without loss of generality) the special case ] = 0 and u = oc. In
other words, the constraint is x > 0.
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Although the gradient projection scheme NGPA has an attractive global con-
vergence theory, the convergence rate can be slow in a neighborhood of a local
minimizer. We accelerate the convergence by exploiting a superlinearly conver-
gent algorithm for unconstrained minimization. For the numerical experiments,
we utilize the conjugate gradient code CG_DESCENT [35, 38, 36, 39] for the
unconstrained algorithm (UA). In general, any UA satisfying the following
conditions can be employed:

Unconstrained Algorithm (UA) Requirements

Ul. xx > 0and f(xg+1) < f(xg) for each k.
U2. A(xg) C A(xg+1) for each k where A(x) = {i € [1,n] : z; = 0}.

U3. If z;; > 0for j > k, then 1im>'1knf lgi(x;)] = 0.
32

U4. Whenever the unconstrained algorithmis started, compute X1 = P(x—
argr(xk)), where oy is obtained from a Wolfe line search. That is, a
is chosen to satisfy

¢(on) < 6(0) + 6ced’(0) and  ¢'(0) > 9'(0),

where ¢(a) = f(P(xx — agr(xx))), 0 < § < o < 1, and gr(x) is the
part of the gradient associated with inactive constraints:

(X) . 0 ifl‘i = 0,
gri\x) = gi(x) ifz; > 0.

Conditions U1-U3 are sufficient for global convergence, while Ul-U4 are
sufficient for the local convergence results summarized below. U4 could be
replaced by another descent condition for the initial line search, however, the
local analysis in [37] has been carried out under U4,

The active set algorithm is based on a set of rules which determine when we
switch between NGPA and UA. These rules correspond to the double arrows in
Figure 1. Before presenting the switching rules, we give some motivation. A
fundamental set embedded in our switching rules is the “undecided index set”
U:

Ux)={ie[Ln]:1g:(x)] > |d (0))|* and z; > [|d* (07}, (12)
where o € (0,1) and § € (1,2) are fixed constants. In the numerical experi-
ments, we take @ = 1/2 and 8 = 3/2. Observe that at a local minimizer x*,
the only components of the gradient which do not vanish are associated with
components of x* at the boundary of the feasible set. The undecided index set



74 IFIP-TC7 2005

consists of indices of large gradient components with large x components (in
the sense of (12)).

We show [37] that if f is twice continuously differentiable, then for any
algorithm converging to a stationary point where each iterate is generated by
either NGPA or a UA satisfying U1-U4, the set{ (x, ) is empty for & sufficiently
large. This result does not depend on the rules used to switch between NGPA
and UA. When U (x}) becomes empty while performing NGPA, we feel that
the strictly active constraints at a stationary point are almost identified and we
may switch to UA to exploit its faster convergence.

Another quantity which enters into our switching rules is the ratio between
the norm of the inactive gradient components ||gs(x)|| and the error estimator
ld}(x)]l. By U3, g(xx) tends to zero as iterates are generated by the UA. By
U2, UA does not free constraints; hence, any limit, say y*, of iterates typically
does not solve the original problem (1). In other words, d!(y*) may not be 0.
We stop the UA and switch to the NGPA when ||gr(xy )| is sufficiently small
relative to ||d!(xg)||. More precisely, we introduce a parameter 1 > 0 and we
branch from UA to NGPA when

lgr(x)l| < plld?(xp)]]. (13)

Unlike UA where bound components are fixed by U2, NGPA allows bound
components of x; to move into the interior of the feasible set. Hence, by
switching from UA to NGPA, the iterates are able to move to a new face of the
feasible set. In NGPA we may decrease u, in which case the accuracy with
which we solve subproblems in UA increases.

Assuming f is twice continuously differentiable, we show in [37] that for
a local minimizer x* satisfying the strong second-order sufficient optimality
condition (9) and for any sequence of iterates generated by either NGPA or a
UA satisfying U1-U4, there exists a scalar u* > 0 such that

gz (i)l 2 pild! (xe) (14)

for k sufficiently large. As a result, when u becomes sufficiently small, condi-
tion (13) is never satisfied; hence, if the switch from UA to NGPA is dictated
by (13), we conclude that the iterates will never leave the UA. In other words,
we eventually solve (1) using the unconstrained optimization algorithm.

With these insights, we now state ASA, or equivalently, we give the switching
rules:

Active Set Algorithm (ASA)

1. While {|d*(xx)|| > € execute NGPA and check the following:
a. IfU(xy) = 0, then
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If lgr(xx) || < plld(xx)]l, then = pp.
Otherwise, goto Step 2.

b. Elseif A(xy) = A(xk—1) = ... = A(Xk_n, ), then
It ||gr(xx) ]| = plld" (xx)

, then goto Step 2.
End

2. While {|d!(xy)|| > € execute UA and check the following:

a. If |lgr(xx)|l < plld*(xx)||, then restart NGPA (Step 1).
b. If [A(xg-1)} < |A(xx)], then
IfU(xx) = 0 or |A(xx)| > |A(xk—1)| + no, restart UA at xg.
Else restart NGPA.
End

End

In addition to the convergence tolerance € introduced previously, ASA utilizes
the following four parameters:

we (0,1) - lgrGee)ll < plld* (xk)| implies the UA subproblem solved
with sufficient accuracy

p€(0,1) —  decay factor used to decrease 1 in NGPA

ni,m2 € [1,n) - integers connected with active set repetitions or change

A strong convergence theory can be developed for this algorithm. The fol-
lowing global convergence property holds:

THEOREM 3 Let L be the level set defined by
L={xeB: f(x) < fxo)}
Assume the following conditions hold.:
Al. f is bounded from below on L and dmax = supy||dzll < oo.

A2. If L is the collection of x € B whose distance to L is at most dmax, then
V f is Lipschitz continuous on L.

A3. UA satisfies U1-U3.

Then ASA with € = Q either terminates in a finite number of iterations at a
stationary point, or we have

lign inf d!(xz)]l = 0. (15)



76 IFIP-TC7 2005

For strongly convex objective functions, the global convergence result can
be strengthened as follows.

THEOREM 4 If f is strongly convex and twice continuously differentiable on
B, and assumptions A2 and A3 of Theorem 3 are satisfied, then the iterates X,
of ASA with e = 0 converge to the global minimum.

Under the hypotheses of the following theorem, ASA eventually reduces to
the unconstrained algorithm with a fixed active constraint set. In other words,
the constrained problem is eventually solved by the unconstrained algorithm.

THEOREM 5 If f is twice-continuously differentiable and the iterates X, gen-
erated by ASA with € = 0 converge to a stationary point satisfying the strong
second-order sufficient optimality condition, then after a finite number of iter-
ations, ASA performs only the UA without restarts.

When f is a strongly convex quadratic function, the iterates x; converge
to the global minimizer x* by Theorem 4. Thus, if the UA is based on the
conjugate gradient method, it follows from Theorem 5 that ASA converges in
a finite number of iterations, since the conjugate gradient method has finite
convergence when applied to a convex quadratic.

In our analysis, summarized above, we never claim that the active indices ata
stationary point x* can be identified in a finite number of iterations. Infact, there
is a fundamental difference between the gradient projection algorithm presented
in this paper, and algorithms based on a “piecewise projected gradient” [11-
13]. For our gradient projection algorithm, we perform a single projection,
and then we back track towards the starting point. We are unable to show
that the active constraints are identified in a finite number of iterations. In
the piecewise projected gradient approach, where a series of projections may
be performed, the active constraints can be identified in a finite number of
iterations. Even though we do not identify the active constraints, we show in
[37] that the components of x;, corresponding to the strictly active constraints are
on the order of ||x; — x*||2. Moreover, in our experience, the single-projection
approach is more efficient in practice.

4. Numerical Experiments

In this section, we compare the CPU time performance of ASA to the per-
formance of other algorithms for box constrained optimization. We begin with
a brief overview of algorithm development for box constrained optimization.

One important line of research focused on the development of conjugate gra-
dient methods for box constrained problems with a quadratic objective function.
Polyak’s 1969 seminal work [50] considers a convex, quadratic cost function.
The conjugate gradient method is used to explore a face of the feasible set, and
the negative gradient is used to leave a face. Since Polyak’s algorithm only
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added or dropped one constraint in each iteration, Dembo and Tulowitzki pro-
posed [21] an algorithm CGP which could add and drop many constraints in an
iteration. Later, Yang and Tolle [55] further developed this algorithm so as to
obtain finite termination, even when the problem was degenerate at a local min-
imizer x*. Thatis, for some 7, z} = 0 and ¢;(x*) = 0. Another variation of the
CGP algorithm, for which there is a rigorous convergence theory, is developed
by Wright [53]. Moré and Toraldo [49] point out that when the CGP scheme
starts far from the solution, many iterations may be required to identify a suit-
able working face. Hence, they propose using the gradient projection method to
identify a working face, followed by the conjugate gradient method to explore
the face. Their algorithm, called GPCG, has finite termination for nondegener-
ate quadratic problems. Recently, adaptive conjugate gradient algorithms have
been developed by Dostal et al. [24, 25, 27] which have finite termination for
a strictly convex quadratic cost function, even when the problem is degenerate.

For general nonlinear functions, some of the earlier research [4, 14, 33, 44,
48] focused on gradient projection methods. To accelerate the convergence,
more recent research has developed Newton and trust region methods. In[1, 13,
18, 29] superlinear and quadratic convergence is established for nondegenerate
problems, while [31, 32, 43, 46] establish analogous convergence results, even
for degenerate problems. Although computing a Newton step can be expen-
sive computationally, approximation techniques, such as a sparse, incomplete
Cholesky factorization [45], could be used to reduce the computational expense.
Nonetheless, for large-dimensional problems or for problems where the initial
guess is far from the solution, the Newton/trust region approach can be inef-
ficient. In cases where the Newton step is unacceptable, a gradient projection
step is preferred.

The affine-scaling interior point method of Coleman and Li [10, 15-17] is
a different approach to (1), related to the trust region algorithm. More re-
cent research on this strategy includes [22, 40, 41, 52, 56]. These methods
are based on a reformulation of the necessary optimality conditions obtained
by multiplication with a scaling matrix. The resulting system is often solved
by Newton-type methods. Without assuming strict complementarity (i. e. for
degenerate problems), the affine-scaling interior-point method converges su-
perlinearly or quadratically, for a suitable choice of the scaling matrix, when
the strong second-order sufficient optimality condition [S51] holds. When the
dimension is large, forming and solving the system of equations at each itera-
tion can be time consuming, unless the problem has special structure. Recently,
Zhang [56] proposes an interior-point gradient approach for solving the system
at each iteration. Convergence results for other interior-point methods applied
to more general constrained optimization appear in [28, 54].

We compare the performance of ASA to the following four codes:
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Figure 3. Performance profiles, 50 CUTET test problems (left), 42 sparsest CUTEr problems,
23 MINPACK-2 problems (right)

» L-BFGS-B [57]: The limited memory quasi-Newton method of Zhu,
Byrd, Nocedal (ACM Algorithm 778).

m SPG2 Version 2.1 [7, 8]: The nonmonotone spectral projected gradient
method of Birgin, Martinez, and Raydan (ACM Algorithm 813).

» GENCAN [6]: The monotone active set method with spectral projected
gradients developed by Birgin and Martinez.

s TRON Version 1.2 [46]: A Newton trust region method with incomplete
Cholesky preconditioning developed by Lin and Moré.

These codes are all carefully written, high quality codes that reflect the different
approaches to box constrained optimization summarized above. All codes are
written in Fortran and compiled with 77 (default compiler settings) on a Sun
workstation. The stopping condition was

1P(x ~ g(x)) = %o < 207°,

where || - ||« denotes the sup-norm of a vector. In running any of these codes,
default values were used for all parameters. Our test problem set consisted
of all 50 box constrained problems in the CUTEr library [9] with dimensions
between 50 and 15,625, and all 23 box constrained problems in the MINPACK-
2 library [2] with dimension 2500. The performance of the algorithms, relative
to CPU time, was evaluated using the performance profiles of Dolan and Moré
[23]. That is, for each method, we plot the fraction P of problems for which the
method is within a factor 7 of the best time.

TRON is somewhat different from the other codes since it employs Hessian
information and an incomplete Cholesky preconditioner, while the other codes
only utilize gradient information. In Figure 3, left, we compare the performance
of the four gradient based codes ASA, L-BFGS-B, SPG2, and GENCAN using
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Figure 4, Performance comparison for P-ASA and ASA, ¢ = 107° (left), for ¢ =
1072 d* (x0) || oo (right)

the 50 CUTEr test problems. In a performance profile, the top curve corresponds
to the method which solved the largest fraction of problems in a time within a
factor 7 of the best time. According to Figure 3, left, ASA achieves better CPU
time performance than the other methods for this test set.

In order to compare ASA to the Hessian-based code TRON, we incorporated
preconditioning in the conjugate gradient iteration. The preconditioner was the
inverse of the incomplete Cholesky factorization of the Hessian at the current
iterate. Thatis, we extracted the incomplete Cholesky factorization from TRON
and used it in our code; hence, the two codes were using precisely the same
approximation to the Hessian at each iterate. We let P-ASA denote this pre-
conditioned version of ASA. Since TRON is targeted to large-sparse problems,
such as the MINPACK problems, we compare P-ASA to TRON using the 23
MINPACK-2 problems and the 42 sparsest CUTEr problems (the number of
nonzeros in the Hessian at most 1/5 the total number of entries in the Hessian).
In Figure 3, right, we see that P-ASA has better CPU time performance than
TRON in this test set.

In Figure 4, left, we compare the performance of P-ASA to that of ASA using
the 42 sparsest CUTEr problems and the 23 MINPACK-2 problems. Clearly,
the preconditioning was effective for this problem set and the convergence
tolerance ¢ = 107°. In Figure 4, right, the convergence tolerance is relaxed
to e = 1072||d*(x0)}|co- With this relaxed convergence tolerance, there is not
much difference between the preconditioned and the unconditioned codes.
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Abstract The paper describes and analyzes an application of the p-regularity theory to
nonregular, (irregular, degenerate) nonlinear optimization problems. The p-
regularity theory, also known as the facror-analysis of nonlinear mappings, has
been developing successfully for the last twenty years. The p-factor-approach is
based on the construction of a p-factor-operator, which allows us to describe and
analyze nonlinear problems in the degenerate case.

First, we illustrate how to use the p-factor-approach to solve degenerate op-
timization problems with equality constraints, in which the Lagrange multiplier
associated with the objective function might be equal to zero. We then present
necessary and sufficient optimality conditions for a degenerate optimization prob-
lem with inequality constraints. The p-factor-approach is also used for solving
mathematical programs with equilibrium constraints (MPECs). We show that
the constraints are 2-regular at the solution of the MPEC. This property allows
us to localize the minimizer independently of the objective function. The same
idea is applied to some other nonregular nonlinear programming problems and
allows us to reduce these problems to a regular system of equations without an
objective function.

keywords: Lagrange optimality conditions, degeneracy, p-regularity

1. Introduction

The main goal of this paper is to describe and analyze an application of the p-
regularity theory to nonregular, (irregular, degenerate) nonlinear optimization
problems. In the first part of the paper, we recall some definitions of the p-
regularity theory [2, 3]. In the second part, we illustrate how to use the p-factor-
approach to solve degenerate optimization problems with equality constraints,
in which the Lagrange multiplier associated with the objective function might
be equal to zero. Inthe third part, we present necessary and sufficient optimality
conditions for a degenerate optimization problem with inequality constraints. In
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the last part of the paper we consider mathematical programs with equilibrium
constraints (MPECs).

Notation. Let £(X, V) be the space of all continuous linear operators from
X to Y and for a given linear operator A : X — Y, we denote its image by
ImA ={y €Y |y = Az forsome z € X}. Also, A* : Y* — X* denotes the
adjoint of A, where X™* and Y™ denote the dual spaces of X and Y, respectively.
Let pbe anatural numberandlet B : X x X x...x X (with p copies of X) —
Y be a continuous symmetric p-multilinear mapping. The p-form associated to
Bis the map B[]P : X — Y defined by B{z|? = B(z,z,...,z),forz € X.

If F: X — Y is a differentiable mapping, its derivative at a point x € X
will be denoted by F'(z) : X — Y. If F : X — Y is of class CP, we let
F®)(z) be the pth derivative of F at the point x (a symmetric multilinear map
of p copies of X to Y) and the associated p-form, also called the pth—order
mapping, is F®)(z)[h)P = F®)(2)(h,h, ..., h).

2. The p-factor-operator and the p-regular mappings

In this section, we recall some definitions of the p—regularity theory [2, 3].
Consider a sufficiently smooth mapping F' from a Banach space X to a
Banach space Y. The mapping F is called regular at some point Z € X if

ImF'(z) =Y.

We are interested in the case when the mapping F' is nonregular (irregular,
degenerate) at Z, i.e., when

ImF'(z) #Y. (1)

We recall the definition of the p-regular mapping and of the p-factor-operator.
We construct a p-factor-operator under an assumption that the space Y is de-
composed into a direct sum

Y=Y19..8Y, (2)

where Y1 = lIm F'(Z), ¥; = clSp (ImPz, FO(2)[]),i =2, ...,p — 1,
Y, = Z,, Z; is a closed complementary subspace for (Y1 & ... @ Y1) with
respectto Y,i =2, ...,p, and Py, : Y — Z; is the projection operator onto
Z;along (Y16 ...® Y1) withrespectto Y, i =2, ...,p.

Define the mappings [2]

file) : X =Yi,  [filz) = Py F(z), i=1,....p, (3)

where Py, : Y — Y is the projection operator onto Y; along (Y1 &...9Y; 1@
Yit19 ... @Y,) withrespectto Y, i =1, ...,p.
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The p-factor-operator plays the central role in the p-regularity theory. The
number p is chosen as the minimum number for which (2) holds. We give the
following definition of the p-factor-operator.

DEFINITION 1 The linear operator ¥p(h) € L(X,Y1®...@Y,), defined by
Up(h) = fi(2) + @) + ..+ [P @B, heX,
is called a p-factor-operator of the mapping F(x) at the point Z.

Now we are ready to introduce another very important definition in the p-
regularity theory.

DEFINITION 2 We say that the mapping F' is p-regular at T along an element
hifImU,(h) =Y.

The following definition is a specific form of Definition 1 for the case of
p=2and F:R" - R™
DEFINITION 3 A linear operator ¥a(h) : R™" — R™,

Uo(h) = F'(z) + PLF"(x)h, heR™ |hl=1,

is said to be the 2—factor-operator, where P is a matrix of the orthoprojector
onto (Im F'(Z))*, which is an orthogonal complementary subspace to the
image of the first derivative of I evaluated at 7.

The next definition is a specific form of Definition 2.

DEFINITION 4 The mapping F is called 2-regular at T along an element h if
ImUy(h) =R™

3. Degenerate optimization problems with equality
constraints

In this section, we consider the nonlinear optimization problem with equality
constraints:
minir}r{lize f(z) subjectto F(z) =0, 4)
€

where f : X — R. We will denote a local solution of (4) by . We assume that
F, f are CP*! in some neighborhood of Z and that the mapping F : X — Y is
nonregular at 7, i.e., the condition (1) holds.

The Lagrangian for problem (4) is defined as

L(z, 20, A) = Ao f(z) + (A, F(z)), (5)
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where (Ao, A) € (R x Y*)\{0} is a generalized Lagrange multiplier.

The classical first-order Euler-Lagrange necessary optimality conditions for
problem (4) state that there exists a generalized Lagrange multiplier (\g, \)
such that ~

Aof /() + (F'(@))" A =0,
F(z) =0,
A2+ [IN2 = 1.

In other words, the point (Z, Ag, A) is a solution of the following system of
equations:

Aof' () + (F'(2))"A )
= 0. (©)

L(z, 00, \) = ( F(z)
R DY

We are interested in the case, when the Lagrange multiplier A might be equal to
zero. In this case, the mapping £ and the system (6) are degenerate at (Z,0, A).
However, if the mapping £ is p-regular at (&, 0, \) with respect to some vector A,
then solving system (6) can be reduced to solving a regular system of equations.
This result is stated in the following Theorem 5.

Before we give the theorem, introduce the notation z = (z, Ao, A) and the
functions [;(z) associated with the mapping £(z) introduced in (6). We define
functions [;(z) by (3) with f;(z) = l;(2) and F(z) = L(z). We also define
¥, (h) to be a p-factor-operator of the mapping £(z) at the point Z = (Z,0, A).

THEOREM 5 Let Z be a solution of (4) and let (0, \) be a generalized Lagrange
multiplier such that (%,0, \) is a solution of (6). Assume that the mapping L(z),
defined in (6) is p-regular at the point 3 = (Z,0, \) with respect to some vector
h. Assume also that KerU,(h) = {0}. Then the following system has a locally
unique regular solution %:

L(z) =UL(2)+(2)h] + ...+ P DRt =0. 7

Example. Consider the problem

min(nirr%ize y subjectto F(z,y) =% —¢> =0, (8)
z,y

This problem has a solution (z,7)T = (0,0)7 and F'(0,0) = (0,0). The
Lagrangian for (8) is defined as

L(l;:ya /\0: )\) = /\Oy + (‘I2 - y3))\
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Then the system (6) for problem (8) has the form

2z A

/\0—-32/2)\ -0
$2_y3 = V.
AN+ —1

‘C(:E7 Y, /\0> A) =

This system has a unique degenerate solution (Z, §, Ao, A) = (0,0,0,1).
Since L£(x,y, Ao, A) is 3-regular at (0,0,0,1)7 with respect to the vector
h=(0,1,0, O)T, we get by Theorem 5 that the system (7) is defined as

2z A

Ao — 3%\

—3y* — 6y

A+ -1

,C—(SC, Y, /\07 >\) =

This system has a locally unique regular solution (0, 0,0,1)T.

4. Optimality conditions for degenerate optimization
problems

In this section, we consider the nonlinear optimization problem with inequal-
ity constraints

minimize f(z) subject to g(z) = (9:(2);.. . gm(x))T 20, (9

where f, g; : X — R!and X is a Banach space. We will denote a local solution
of (9) by Z.
For some p > 2, we say that we have the completely degenerate case if

@) =0, r=1,...,p—1, iel(@) ={i|g(@ =0} (10

Introduce the sets

Hy(@) ={h e X|g® ()P 20,ic(z)}, (11)

L(z,h) = {i € 1(z) |6 P (2) (AP = 0, h € Hy(1)},

and
Ho = {h € Hy(7)|lg: P (@) AP| < o, i € I(T), |Rf = 1}.

Introduce the definition.
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DEFINITION 6 A mapping g(z) is called strongly p-regular at T if there exists
o > 0 such that sup [[{¥,(h)}7}| < .
heHy

Let fix some element A € X and introduce the p-factor-Lagrange function

[3]:
Lp(z, h, A Z/\% g ()[R, (12)

THEOREM 7 Let T be a local solution to problem (9). Assume that there
»(Z), such that the vectors {g; P (z)[h)P~,
i € I,(Z,h)} are linearly independent. Then there exist Lagrange multzplzers
Mi(h) such that

() >0, XN(hR) >0, NMAg@E) =0 i=1,...,m.

Furthermore, suppose that the mapping g(z) is strongly p-regular at T. If
there exist w > 0 and A(h) such that

2X(h)

Loo(@,mAR) =0 and Lpae <f,h,p(p+1)>[h]22wl[hy|2 (13)

forall h € H,(Z), then T is an isolated solution to problem (9).

S. Mathematical programs with equilibrium constraints
(MPECs)

The MPEC considered in this section is a mathematical program with non-
linear complementary problem (NCP) constraints:

minimize f(z) subjectto g¢(z)>0, z>0, (g(z),z)=0, (14)

where f: R" — R, g : R™ — R"™ are twice continuously differentiable func-
tions. We are interested in the case when the strict complementarity condition
does not hold at the solution Z, i.e., when there exists at least one index 7 such
that g;(Z) = 0and Z; = 0.

We show that under a certain condition, the problem (14) can be reduced to
solving a system of nonlinear equations, which is independent of the objective
function.
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By introducing the slack variables s? and y]Q we reduce (14) to the problem
with only equality constraints in the form:

g1(z) — st

gn(1» "'5%
Iy — y%
Flz,s,y) = = 0. (15)
Tn _'y%
S141

SnlYn
System (15) is a system of the 3n equations in the 3n unknowns z, s, and y.
The corresponding Jacobian is given by

gi(z) —2s1(eh)” 0
gn(z) —2sn(e")T 0
(el)T' 0 __2y1<el>T
F'(z,s,y) = , (16)
(e")T 0 ——2yn(e”)T
0 yi(eh)” s1(et)”
0 yn(e™)T sn(e™)T
where e!, ... e" denotes the standard basis in R™. If there exists an index j

such that y; = 0 and s; = 0 (the strict complementarity condition does not
hold), then the Jacobian matrix (16) is singular.

Assume that we can identify the set Iy of the weakly active constraint indices,
thatis, [y = {{ = 1,...,n|¢;(Z) = 0 and Z; = 0}. There are different
techniques to identify the set Iy, for example, ones described in [1] or in [4].

Define the vector h = (h1,...,hy) as

b — 1, 1€ I
I

and a vector h € R3™ as hT = (0L, T, hT).

From the explicit form of the Jacobian (16), the orthoprojector P+ onto
(Im F'(z, s,y))* in R®" is a diagonal matrix P+ = diag(p;)32, that is con-
stant in some neighborhood of (Z, 3, §) and that is given by

1 i=2n+j, andjely
pi= 0, otherwise.
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Construct the mapping

U(z,s,y) = F(z,s,y) + PYF'(z,s,y)h.

Without loss of generality, we assume that Iy = {1,...,r}. Then
g1(z) — st
gn(z) = s
Ty — ?J%
Tn —:yQ
U(z,s,y) = n = 0. (17)

S11+ 81+

SrYr + Sr + Yr
Sr4+1Yr+1

SnlYn

The Jacobian of (17) is nonsingular at (Z, 5, 7). Consequently the system (17)
has a locally unique regular solution (Z,5,%). Thus, we have reduced the
solution of the problem (14) to solving system (17) that is independent of the
objective function f(x).
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NON MONOTONE ALGORITHMS FOR
UNCONSTRAINED MINIMIZATION:
UPPER BOUNDS ON FUNCTION VALUES

U.M. Garcia-Palomares’
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Abstract Non monotone algorithms allow a possible increase of function values at certain
iterations. This paper gives a suitable control on this increase to preserve the
convergence properties of its monotone counterpart. A new efficient MultiLineal
Search is also proposed for minimization algorithms.

keywords: Non Monotone, Lineal Search, Trust Region.

1. Introduction

This paper is concerned with algorithms for solving the unconstrained mini-
mization problem of finding a local minimizer Z and the local minimum value
f = f(Z) of ascalar function f(:) € C! : § C IR® — IR. Armijo’s inequality
(1) has been frequently used by monotone algorithms: given z;,d; € IR", the
algorithm must determine a stepsize A; so that the new iterate x;,1 gives a
sufficient decrease in the function value,

Flxirn) = flzs + Xidi) < f2) + 0.010V f(z) T d. (D

Under suitable assumptions (A1-Ad below) a (sub)sequence {z; } ;¢ fulfill-
ing (1) converges to a point Z satisfying the first order necessary optimality
condition; namely Vf(Z) = 0 [14]. Additional conditions, mainly in the
choice of {d;}$°, are obviously required to ensure a superlinear rate of con-
vergence. Monotone algorithms force strict decrease of function values, i.e.,
f(xsr1) < f(z;). This stringent condition may impair the convergence of the
algorithm. Although the asymptotic rate of convergence is preserved, narrow
valleys may demand an excessive number of function evaluations, which is
normally considered a poor performance index when comparing optimization

*Paper written with support of USB and Universidade de Vigo, Spain.
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algorithms. Non monotone algorithms (NMAs) climb on the surrounding hills;
ie., f(@it1) > f(z;), and may avoid this undesirable behavior. Moreover, it
has been shown that NMAs may jump over local minima [20] and become more
fitted to global optimization [4].

A well known non monotone line search strategy was proposed by De Gripo
et al [8, Section 3]. An iterate x;11 = x; + A;d; is accepted if

f(:l)i_H) = f(CL’Z + /\idi> < max f(:z:i_j) + 0-01)\7;Vf(xi)Td¢. (2)
0<j<q

This strategy has been adopted by many researchers in constrained and un-
constrained problems with success. Currently many monotone algorithms have
a non monotone counterpart [6]. The reader may consult additional material in
[8,9, 12,16, 17,19, 21} and references therein.

This paper adapts a sufficient decrease condition that does not require the
computation of derivatives [5, 15]. Therefore, it can be used in derivative-free
optimization and gradient-related algorithms. Furthermore, line search is not
mandatory and can be replaced by trust region or some other technique. Finally,
the maximum f(-) value on the previous g iterations is replaced by an upper
bound ¢; > f(z;), which essentially has to be decreased a certain number of
iterations (assumption AS below). An iterate ;1 is accepted if

flzir) <o — o(]]di]]), (3)

where ¢(-) : Ry — Ry, 11{101 ¢(r)/7 = 0. Note that a monotone algorithm

is recovered when ¢; = f(xz;) for all 4, and the algorithm will behave as
explained before; on the other hand, if the function upper bound ¢; is very
loose, the algorithm would trend to stay more often on the hills, which implies
extra function evaluations.

Next section describes and proves formally the convergence of our non
monotone algorithm. It also includes a new approach that we call MultiLine
Search (MLS). Section 3 gathers implementation remarks and report prelimi-
nary results to compare the monotone version with its non monotone counter-
part.

Our notation is standard with minor peculiarities: all vectors are in the Euclid-
ean space JR", unless otherwise stated. IR7 are vectors in JR* with non negative
components; 7y is the usual inner product 3.7, z*y*, and M = zy7 is an
n x n matrix with elements m¥ = z'y/. Lower case Greek letters are real
values, capital Latin letters I, J, K are subsets of iteration indices. An infinite
sequence is denoted as {(+); }$°, and a subsequence by {(-); }scs. The notation
{(")i}ier < o means that all elements in the subsequence are real numbers not
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Table 1. Non Monotone Algorithm (NMA)

Inmput: p<1<v,e>0 constants
1 = 0, Choose z1, 71 Initial values
DO i1=1+1 next iteration
Update ¢; satisfying AS

Choose d; : 0 < ||d;|]| < 1
1F f(zi + di) < i — o(7)

Tiv1 =2+ d; move
0 < 7is1 < vldsl ||d]| may expand
ELSE
Tit1 = &4 no move
Tkl = UT; line search, trust region

LOOP UNTIL ||V f(z;)]] < ¢

bigger than c. Throughout the paper the set D; = {d;1,...,dim } is asetof m
unit vectors in JR"™. Theset 7D = {rd : d € D}.

2. Non monotone algorithms

Our aim is to propose a non monotone algorithm that generates a converging
subsequence {z; };es — &, Vf(Z) = 0 under suitable conditions. Table 1 de-
scribes the algorithm as close as possible to a gradient related method, including
the usual stopping criterium ||V f(z)|| < €. This version tries to satisfy (3) for
Zi11 = z; + d;. Table 2 describes a more practical version where (3) is tested
on multiple search directions. Theorem 4 below proves that with a slight modi-
fication and some usual extra assumptions on f(-) the non monotone algorithm
exhibits a superlinear rate of convergence. We now list the assumptions and
prove convergence.

Al: f(-)is bounded below, and {x; }$° remains in a compact set,
A2: f(.) is Fréchet differentiable, that is, Vf(-) : IR™ — IR" is everywhere
defined and f(z +d) = f(z) + Vf(z)Td + o(||d]]) for all z,d € R".

. Vi) -
A3: 3(a>0): {HVf(iCidei”}iEI s

A4 [{di}iel — O] = [{Vf(xi)}iel - O]

AS: Let J be the index set of successful iterations. The sequence of reference
values {; }§°
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a) is an upper bound, f(xz;) < ;, and
b) decreases sufficiently every “q" successful iterations, 1.e.,
1L.VY(ieJ)3(yedi<y):p; <o — O(ldi]]), where
®(-): Ry — Ry, and for any index subset K
He(ldil)}iex — 0} = [{[|di]l}iex — 0.

1yl

2. Between ¢ and j there are at most “q" successful iterations.

Assumptions A1-A4 are required by most algorithms that solve smooth prob-
lems. A5 is easy to comply. The sequence {; }{° may remain constant except
at those iterations where it is forced to decrease. It is easy to show that (2) is a
special case. We now prove that the non monotone algorithm is well defined;
specifically we have

LEMMA 1 If f(z;) > @i — o(||dil]) forall i > j, then V f(z;) = 0.

Proof: As ||d,1|| = ul|d; -» 0. Besides, for all
i > j we have that f(z; + d ) > @ — D therefore
Vf(xj)Td¢= flzs+di) - f(Ij)*O(Hd»zH)
> o = fz;) — ollldif]) — o(lldi]])
= —o(||di[}) — o(lldil])

Coupling this inequality with A3 we assert for ¢ € I that

O N 1 1Y
02 el = VIO o > el lal

Since ||d;|] — 0 we deduce that ||Vf(z;)|| = On
LEMMA 2 {d;}5° — 0.

Proof: If the number of successful iterations is finite then by construction
lldi+1]| = w]|ds]| for all 7 large enough and the lemma is valid.

If, on the contrary, the number of successful iterations is infinite, let K be
the index set where the upper bound actually decreases. For any two consec-
utive indices 4, j € K we have that f(z;) < ¢; < ¢; — ®(||di]]); hence
{®(}|di|]) }iex — 0, otherwise {(; };ex would be unbounded below, which in
turn forces {f(z;)}iex to be unbounded below contradicting A1. By A4 we
deduce that {||d;||};ex — 0; but forany j ¢ K,
i € K. Therefore, we conclude that {d;}{° — On

As a direct consequence of the previous lemma we can state

REMARK 3 If ®(||d]]) = ¢(]|d]!) = 0.01 d"d, the convergence of a descent
method that satisfies AI-A4 is ensured, provided ||d;+1|| < ~||d;|| at all suc-
cessful iterations.
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We now establish the superlinear rate of convergence along the lines given
in [14, theorem 4.1.8].

THEOREM 4 (SUPERLINEAR RATE) Assume that for all i large enough:

The Hessian NV f(z;) is uniformly positive definite and B;d; = —Vf(z;),
where B; € IR™"™ is a uniformly positive matrix that satisfies the necessary
condition for superlinear rate of convergence ||(V2 f (z;) — B;)d;|| = o(||d;}]).

The proposed Non monotone algorithm exhibits a superlinear rate of con-
vergence if 11{51 (||7|))/7% = 0.
T

Proof: We assume that the proof is asymptotic: it happens for all 7 large
enough. From lemma 2 we obtain that {d;}5° — 0 and by the assumptions in
the theorem we also obtain that {Vf(z;)}$° — 0. The algorithm exhibits a
superlinear rate of convergence if and only if f{z; + d;) < @; — ¢(||di]]) [3].
Letv;, = (V2f(a:1) - Bi)di. Note that

vld; = o(d] d;) and d} Vf(2;) = —df Byd; = v} d; — dI V2 f(z:)d;;
therefore

Foi+di) = flz) +df Vf (@) + $d] V2 f2:)d; + o(d] dy)

= f(z;) = 3dTV2f(zi)d; + vl di + o(d] d;)

2 dld - drd;
Let A > 0 be a lower bound of the minimum eigenvalue of {V?f(z;)} for
all i large enough. When ||d;|| is small enough we obtain
(ol dil + fo(df di)])/df di < 3;
hence, f(z; + d;) < f(z;) — %ddei < i — o(|ldsl])m

2.1 Line Search(LS), MultiLine Search(MLS),
Trust Region(TR)

A straightforward implementation of the NMA is by line search (LS); that
is: if f(z; + d;) < @; — &(||di]]), it generates x;4.1 = z; + d; as its monotone
counterpart; otherwise, it simply defines d; 11 = pd; and proceeds with the next
iteration. The Trust Region (TR) approach is a natural extension of LS. It tries
to satisfy (3) on a ball of radios 7; around z;. This technique has attracted a lot
of interest in the optimization community [1, 2, 13]. Essentially TR replaces

the true function f(z; + d;) by a model f(z;,d) and finds

d; = arg min Nasi,d. 4
8 min J(@d) @

Ti+1 = ; + d; is accepted if (3) holds; otherwise, it is rejected. The 7 value

is adjusted depending upon the proximity of the model value f (x;, d;) to the
true value f(z; + d;). There are various issues that TR must face, mainly
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Table 2. Multiple LineSearch NonMonotone Algorithm

(MLSNMA)
PSEUDOCODE REMARKS
T=2¢=10"%n,z € R" Remark 7
fo = fz), ¢ = max(f./2,2f:) + 10
success= 0
DO Generate d Remark 8

IF [|d] > 5004/7 min(0.01,7)
Contract d : ||d|] = 500+/n min(0.01, 7)

ELSEIF (||d|| < min(107%,7) 7) Remark 9
Expand d : ||d}| = min(107*,7) 7

7= [|d|l Keep ||d]|

Generate D = {di1,...,dn} Remark 10

k = 0; done= FALSE
WHILE (NOT DONE) anD (k < n)

LINESEARCH (dg) Remark 11
k=k+1 Next direction
IF (NOT DONE) x is blocked
=027
UNTIL (T < €) Remark 12

¢ To define an appropriate model, and
e to solve subproblem 4
Current research offers several options that greatly affect the TR perfor-

mance. See [1, 11, 18] and references therein to be aware of the difficulties en-
countered in TR methods. We propose here another technique, whichis, compu-
tationally, between LS and TR. Instead of solving subproblem (4}, we carry out
a multiline search (MLS). Specifically, given the iterate z; € R™, p;, > f(z;),
a set of m unit directions D; = {d;1,...,dim} and a parameter 7; > 0, we
declare that z; is blocked if

Y(d e D) flay+d) > ¢ — d(1), (5

where ¢(-) : IRy — IR and lim, o ¢(7)/7 = 0. To try to unblock z;
the algorithm imposes a reduction on the norm of the next search directions;
namely d;+1 € pumiDia1, o < 1. The iteration will be considered successful
if ;01 = x; -+ d satisfies (3) for some d € 7;D;. It is obvious that under
assumption A6 below the algorithm ensures convergence.

A6: D; = {d;1,...,dim} is a finite set of m unit directions and 3d € D, that
satisfies A3.
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This assumption cannot be verified on some practical problems, where no
derivative information is at hand; however the following theorem is very useful
when D; positively spans IR", that is,

V(l’ € IR”)E!(oq >0,...,am >0z =0o1di1 + - + mdim.

THEOREM 5 If {D;}5° — D = {di,...,dm} positively span R", and f{-)
is strictly differentiable at limit points of {x;}{°, then

I m>(n+1).
2V(ze RM3(de D;):zTd< 0.

3 lim [z + mdi) — flas)
r; —Z,7 10 7
dip — di,k=1,...,m
0.

>0| = V3@ =

Proof: These are known facts. The proof can be found in [4, 5]m

Based on the previous theorem, we propose the following MLS strategy:
Generate d;, let 7; = ||d;||, and generate a set D; of unit directions that satisfies
A6, with (d;/7;) € D;. If (3) holds for 2,11 = z; + d, for some d € 7;D; the
iteration has been successful and we proceed with the next iteration; otherwise,
we declare that z; is blocked and go to the next iteration forcing ||d; 11 || = ur;.
We now outline the convergence proof of the algorithm described in table 2 and
remark 11, which contains this MLS strategy.

THEOREM 6 Let f(-) be strictly differentiable. Under assumptions A1,A2,
A4,A5,A6 the algorithm shown in table 2 generates a subsequence {z; };¢ 1 that
converges to a point T satisfying a necessary optimality condition.

Proof: If the number of blocked points is infinite we use theorem 5, or lemma
1; otherwise, we use lemma 2m

3. Implementation and numerical results

This section shows up a number of remarks that complement the description
of the algorithm given in table 2.

REMARK 7 The starting point z, the stopping value €, 7, @, and the number
of iterations q where  is constant may be input parameters.

REMARK 8 d may be randomly generated when no derivative information is
available. Depending upon the amount of information at hand d could even be
the Newton direction.



98 IFIP-TC7 2005

REMARK 9 This safeguard prevents a premature stop due for instance to sin-
gularities when d = — BV f(z).

REMARK 10 The choice of D seems to have a tremendous impact on the
performance of derivative free optimization algorithms [5]. When derivative
information is available we suggest the orthogonal directions

diy = —sign(u®)(ex — 2ufu), where v = =V f(2:)/I|V f(2:)l], ex is the
k — th column of the identity matrix, and sign(a) = 1 if o > 0, sign(a) =0
otherwise. Note that d{u = Iuk] > 0,k = 1,...,n; hence we assert that
3d € D : du > 1/\/n, because otherwise

n

=Y P = S < S (1) = 1,
k=1

k=1 k=1
a contradiction.
REMARK 11 This procedure assumes ||d|| = 1 and evaluates f(x + 7d). It

returns TRUE if the iteration is successful. It also updates x and p. We use the
updating on @ suggested above.

LINESEARCH (d)
z=x+7d; [, = f(2)
done= FALSE
1F (f, < ¢ — 7min(1074, 72))
=z, fr=f. Accept 2

success= success+ 1
IF (success=q)
p = frysuccess=0  Update ¢
done= TRUE
end of linesearch

REMARK 12 We have chosen this termination criterium because it is also
valid for derivative free optimization.

We carried out preliminary numerical tests with functions from the Moré,
Garbow and Hillstrom collection. The MatLab code was taken from [10]
and run on a Pentium 4 desk computer. We used the quasi Newton direction
d = —sign(Vf(2)TBV f(z))BV f(z), and B was updated with the symmet-
ric formula B = B+(s—By)(s—By)T /(s—By)Ty, where s = ;11 —z;,y =
Vf(zis1) =V f(z;). Table 3 shows the number of function evaluations needed
for functions SINGX, ROSENX, which have an adjustable number of variables.
For ¢ € {1,5,10,20} it was observed that the algorithm’s performance gen-
erally improves for ¢ > 1. It was also observed in tests not reported here that
LS was superior to MLS on the steepest descent method. These results are by
no way conclusive, and a more complete numerical test must be carried out in
future research.
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Table 3.  # of Function evaluations

singx rosenx
 constant (g)  constant (g)
variables 1 5 10 20 1 5 10 20
8 321 283 159 154 533 362 343 343
12 647 583 366 232 988 1006 990 793
24 930 930 844 844 3949 2772 2838 2463
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ON THE EFFICIENCY OF THE e-SUBGRADIENT
METHODS OVERNONLINEARLY CONSTRAINED
NETWORKS

E. Mijangos,!
1Um'versity of the Basque Country, Department of Applied Mathematics, Statistics and Opera-
tions Research, Spain, eugenio.mijangos @ehu.es

Abstract The efficiency of the network flow techniques can be exploited in the solution of
nonlinearly constrained network flow problems by means of approximate sub-
gradient methods. In particular, we consider the case where the side constraints
(non-network constraints) are convex. We propose to solve the dual problem
by using e-subgradient methods given that the dual function is estimated by
minimizing approximately a Lagrangian function with only network constraints.
Such Lagrangian function includes the side constraints. In order to evaluate the
efficiency of these -subgradient methods some of thern have been implemented
and their performance computationally compared with that of other well-known
codes. The results are encouraging.

keywords: Nonlinear Programming, Approximate Subgradient Methods,
Network Flows.

1. Introduction

Consider the nonlinearly constrained network flow problem (NCNFP)

minimize f(z) (1)
subjectto =z € F (2)
c(z) £0, 3

where:

m  The set F is
F={zeR"| Az =b, 0<z <T},

where A is a node-arc incidence m X n-matrix, b is the production/de-
mand m-vector, x are the flows on the arcs of the network represented
by A, and T are the capacity bounds imposed on the flows of each arc.

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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m  The side constraints (3) are defined by ¢ : R® — R", such that ¢ =
[c1, -+, cr]t, where ¢;(z) is linear or nonlinear and twice continuously
differentiable on the feasible set F forall ¢ =1, --- 7.

m f:R"™— R isnonlinear and twice continuously differentiable on F.

Many nonlinear network flow problems (in addition to the balance constraints
on the nodes and the capacity constraints on the arc flows) have nonlinear side
constraints. These are termed nonlinearly constrained network flow problems,
NCNEFP. In recent works [11, 12], NCNFP has been solved using partial aug-
mented Lagrangian methods with quadratic penalty function and superlinear-
order multiplier estimates (ALM).

In this work we focus on the primal problem NCNFP and its dual problem

. . o t
maximize glp) = min Nz, p) = min {f(z) + ple(z)} (4)
subject to: e M, (5)

where M = {u | n > 0, g(u) > —oo}. We assume throughout this paper
that the constraint set M is closed and convex, and ¢ is continuous on M,
and for every p € M some vector z(u) that minimizes {(z, u) over z € F
can be calculated, yielding a subgradient ¢(z{u)) of ¢ at u. We propose to
solve NCNFP by using primal-dual methods, see [2].

The minimization of the Lagrangian function {(z,u) over F can be
performed by means of efficient techniques specialized for networks, see [21].

Since ¢(u) is approximately computed, we consider approximate subgradi-
entmethods [13] inthe solution of this problem. Author’s purpose is to improve
the efficiency obtained by using the multiplier methods with asymptotically ex-
act minimization [11, 12]. Moreover, these methods allow us to solve problems
of the kind of NCNFP where the dual function might be nondifferentiable in
spite of having a differentiable Lagrangian function, as this could happen if the
conditions given by the Proposition 6.1.1 in [2] are not fulfilled. The basic
difference between these methods and the classical subgradient methods is that
they replace the subgradients with inexact subgradients.

Different ways of computing the stepsize in the approximate subgradient
methods have been considered. The diminishing stepsize rule (DSR) suggested
by Correa and Lemaréchal in [4]. A dynamically chosen stepsize rule based
on an estimation of the optimal value of the dual function by means of an ad-
justment procedure (DSAP) similar to that suggested by Nedi¢ and Bertsekas
in [18] for incremental subgradient methods. A dynamically chosen stepsize
whose estimate of the optimal value of the dual function is based on the re-
laxation level-control algorithm (DSRLC) designed by Brénnlund in [3] and
analyzed by Goffin and Kiwiel in [9]. The convergence of these methods was
studied in the cited papers for the case of exact subgradients. The convergence
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of the corresponding approximate (inexact) subgradient methods is analyzed in
[13], see also [10].

The main aim of this work is to evaluate the efficiency of the approximate
subgradient methods when we use DSR, DSAP, and DSRLC over NCNFP
problems, for which we compare it with that of the augmented Lagrangian
method (ALM) when it uses superlinear-order estimates [11, 12], and with that
of the well-known codes filterSQP [7] and MINOS {17]. Also, we compare
the quality of the computed solution by the e-subgradient methods.

This paper is organized as follows: Section 2 presents the approximate sub-
gradient methods; Section 3, the solution to the nonlinearly constrained network
flow problem; and Section 4 puts forward the numerical tests.

2. Approximate subgradient methods

When, as happens in this work, for a given p € M, the dual function value
g(u) is calculated by minimizing approximately I(z, u) over z € F [see (4)],
the subgradient obtained, as well as the value of ¢(u), will involve an error.

In order to put forward such methods, it is useful to introduce a notion of
approximate subgradient [2, 20]. In particular, given a scalar ¢ > 0 and a
vector I with ¢(f1) > —oo, we say that ¢ is an e-subgradient ar i if

g(p) <q(@) +e+c(p—pm), YpeR" (6)

The set of all e-subgradients at 7 is called the e-subdifferential at 7@ and
is denoted by 9.q(m). Note that every subgradient at a given point is also an
e-subgradient for all € > 0. Generally, however, an ¢-subgradient need not be
a subgradient, unless € = 0.

An approximate subgradient method is defined by

’uk-f-l - [/“Lk + Skck]+, (7)

where ¢ is an £;-subgradient at ¥, []T denotes the projection on the closed
convex set M, and sy is a positive stepsize.

In our context, we minimize approximately [(x, u*) over x € F, thereby
obtaining a vector z* € F with

k

ot 1) < ot i(w, 1) + e (8)

As is shown in [2, 13], the corresponding constraint vector, c(wk), is an
ex-subgradient at pF. If we denote g., (¢F) = I(z%, u*), by definition of
q(1*) and using (8) we have

g(1®) < go, (W) < q(pF) +er k. 9)
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2.1 Stepsize rules

Throughout this section, we use the notation

¢ = sup (), M*={peM/|qp)=q"},
HEM

and |- || denotes the standard Euclidean norm.
In this work, three kinds of stepsize rules have been considered.

2.1.1 Diminishing stepsize rule (DSR). The convergence of the subgra-
dient method using a diminishing stepsize was shown by Correa and Lemaréchal,
see [4]. Next, we consider the special case where ¢k isan gx-subgradient.

In a recent work [13], the following proposition is proved.

PROPOSITION 1 Let the optimal set M™ be nonempty. Also, assume that the
sequences {sy} and {ex} are such that

o o0 x>
sk>0,Zsk:oo,ZSi<oo,Zskak<oo. (10)
k=0 k=0 k=0

Then, the sequence {u"*}, generated by the -subgradient method, where c* ¢
O, q(pF) (with {||c*||} bounded), converges to some optimal solution.

An example of such a stepsize is
st =1/k, (11)

for k = [k/m| + 1. In this work we use by default m = 5.
Aninteresting alternative for the ordinary subgradient method is the dynamic
Stepsize rule

S = %—HEWZ——, (12)

with ¢f € 9¢(uF) and 0 < v < 4, < 7 < 2, which was introduced by Poljak
n [19] (see also Shor [20]).

Unfortunately, in most practical problems ¢* and ¢(u*) are unknown.
Then, the latter can be approximated by g, (u*) = (2", 1) and ¢* replaced
with an estimate qfev. This leads to the stepsize rule

k k
Qrey — Qe M
Sk :fykﬂw(__), (13)

where c* € 8;,¢(u*) is bounded for k =0,1,....
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2.1.2 Dynamic stepsize with adjustment procedure (DSAP). An op-
tion to estimate ¢* is to use the adjustment procedure suggested by Nedié
and Bertsekas [18&], but fitted for the e-subgradient method, its convergence is
analyzed by Mijangos in [13], see also [10].

In this procedure qlkw is the best function value achieved up to the kth
iteration, in our case maxXo<;<k Ye; (u?), plus a positive amount &, which is
adjusted according to algorithm’s progress.

The adjustment procedure obtains qlkev as follows:

ko (7
Tew Orgfgchj(u ) + Ok,

and 6% is updated according to

5k+1 — pék, if Qeprn (uk+1) > ql’fw’
max{38k,6}, if ge,, (W) < gl

where dg, 6, [, and p are fixed positive constants with § < 1 and p > 1.

2.1.3 Dynamic stepsize with relaxation-level control (DSRLC). An-
other choice to compute an estimate qlkev for (13) is to use a dynamic stepsize
rule with relaxation-level control, which is based on the algorithm given by
Brénnlund [3], whose convergence was proved by Goffin and Kiwiel in [9] for
€ = 0 forall k.

Mijangos in [13] has fitted this method to the dual problem of NCNFP (4-5)
for {ex} — 0 and analized its convergence, see also [10].

In this case, in contrast to the adjustment procedure, ¢* is estimated by qlkw,
which is a target level that is updated only if a sufficient ascent is detected or
when the path long done from the last update exceeds a given upper bound B.

ALGORITHM 1

Step 0 (Initialization): Select u°, dg > 0,and B > 0.

Set oo =0 and ¢}

Set k=10, =0 and k(I) = 0, where k(I) will denote the iteration
k when the lth update of g, occurs. Then k(I) =k will be set.

= Q.

Step 1 (Function evaluation): Compute g, (1*) and c* € 8., q¢(u*).
If g (1) > gfict set g, = gz, (u5)-

Otherwise set gt = gFz!.

Step 2 (Stopping rule): If ||c¥|| = 0, terminate with p* = .

Step 3 (Sufficient ascent detection): If g., (u*) > qfé?—%%ék,set k(l+1) =
k, op =0, 8§41 =6, 1:=1+1, and go to Step 5.
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Step 4 (Oscillation detection): If o) > B,set k(I +1) =k, ox = 0,
81 = %55, li=1+1.

Step 5 (Iterate update): Set gf, = grs + 6. Choose 7 € (7,7 and
compute x*+1 by means of (7) with the stepsize sj obtained by (13).

Step 6 (Path long update): Set o1 = oy + sgllc¥|l, k:=k + 1, and go
to Step 1.

Note that g, . keeps the record of the highest value attained by the iterates that
are generated so far; i.e., g%, = maxo<;<k g, (1?). Moreover, the algorithm
uses the same target level ¢f = g + 6, for k = k@), k(1) + 1, k(I +
2),...,k(l+1)— 1. In [13] we analize the convergence of the -subgradient
method with the stepsize (13) for gj.,, given by this algorithm.

3. Solution to NCNFP

An algorithm is given below for solving NCNFP. This algorithm uses the
approximate subgradient method described in Section 2.

The value of the dual function g(u*) is estimated by minimizing approx-
imately [(z,u*) over z € F (the set defined by the network constraints)
so that the optimality tolerance, Tglf, becomes more rigorous as k increases;
i.e., the minimization will be asymptotically exact [1]. In other words, we
set gz, (1*) = I(2¥, u*), where z* minimizes approximately the nonlinear
network subproblem NNSj

nimize | k
minimize (z, u™)

in the sense that this minimization stops when we obtain a * such that
124V, M) < 7

where limy_, T;C = {0 and Z represents the reduction matrix whose columns
form a base of the null subspace of the subspace generated by the rows of the
matrix of active network constraints of this subproblem, see [16]. Let 7% be the
minimizer of this subproblem approximated by z*. Then, it can be proved (see
[13]) that there exists a positive w, such that I(zF, u¥) < I[(FF, u*) +wrk for

k=1,2,.... Ifweset g = wa, this inequality becomes (8). Moreover, as
Tl = otk forafixed « € (0,1),

then > po &k < 00, and so limg .o €r = 0. Consequently, we can denote
g, = 1(z*, 1F), which holds the inequality (9), and we may use the methods
described in Section 2. In this work, « = 107} by default. Note that in this
case, £ = TFw = 107F 1y
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ALGORITHM 2 (APPROXIMATE SUBGRADIENT METHOD FOR NCNFP)

Step 0 [nitialize. Set k =1, Nypaq, T2, €, and 7,. Set pl = 0.

Step 1 Compute the dual function estimate, g, (1*), by solving NNS, so
that if || Z¢V,{(z*, u*)|| < 7%, then 2* € F is an approximate solution,
ge,, (1F) = 1(zF, %), and ¢ = ¢(2*) is an ¢j-subgradient of ¢ in p*.

Step 2 Check the stopping rules for u*.

(e5)* b+ k
T < 7, where (¢f)* = max{0, ¢;(z%)}.

qk _ (qk—l + qk—2 + qk——S)/3
1+ gk

Ty: Stopif max {
i=1,...,r

Ty: Stop if

< €, , where ¢" =

Gen (1)

O — —ie
Ts: Stop if ZZHuk P T e < e
i=0

Ty: Stop if k reaches a prefixed value Nyqz.

If * fulfils one of these tests, then it is optimal, and the algorithm stops.
Without a duality gap, (z*, %) is a primal-dual solution.

Step 3 Update the estimate 1* by means of the iteration

pErl = P+ spel, if pf o+ spck >0
' 0, otherwise

where s; is computed using some stepsize rule. Go to Step 1.

In Step O, for the checking of the stopping rules, 7, = 107>, ¢, = 1075 and
Niaz = 200 have been taken. In addition, 70 = 10~! by default.

Step 1 of this algorithm is carried out by the code PFNL, described in
[14] (downloadable from website http://www.ehu.es/~mepmifee/).

In Step 2, alternative heuristic tests have been used for practical purposes. 7
checks the feasibility of z*, as if it is feasible the duality gap is zero, and then
(z*, 4*) is a primal-dual solution for NCNFP. T and T3 mean that z does
not improve for the last NV iterations. Note that N = 4.

To obtain s in Step 3, we have used the iteration (7) with the three rules
considered in Section 2 for computing the stepsize:

> Diminishing stepsize rule DSR given by (11), which holds (10), for the ¢,
given above.
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> Dynamic stepsize with adjustment procedure DSAP, using p = 2, 5 = 1/p,
v = 1forall k, 6 = 0.05]|(c})*]|, and § = 107]I(z0, po)|, where zV
is the initial feasible point for Step 1 and £ = 0.

> Dynamic stepsize with relaxation level-control DSRLC, replacing B in Al-
gorithm 1 with B; = max{B, B/l} when an oscillation is detected, for
B =1073||z! — 2% and B = 0.01. As can be seen, >.7°; B; = co. In
addition, we sety; = 1forall k, = 107°|l(zg, uo)}, do = 0.5//(c})*|| B

The values given above have been heuristically chosen. The implementa-
tion in Fortran-77 of the previous algorithm, termed PFNRNOS, was designed
to solve large-scale nonlinear network flow problems with nonlinear side con-
straints.

4. Numerical tests

In order to obtain an evaluation of PFNRNOS, some computational tests
are performed, which consist in solving nonlinear network flow problems with
nonlinear side constraints using this code and comparing the results with those
obtained using PFNRN (with ALM), filterSQP and MINOS (see Section 1).
These last two solvers are available on the NEOS server [5] with AMPL input
[8]. (See the site http://www-neos.mcs.anl.gov/.) PFNRN is executed
on a Sun Sparc 10/41 work station under UNIX (which has a similar speed to
that of the NEOS machines).

Table 1. Test problems.

problem #arcs #nodes #sideconst. #actives #sb. arcs

D12e2 1524 360 180 5 75
D13e2 1524 360 360 10 89
D1l4e2 1524 360 36 31 151
D12nl 1524 360 180 22 685
D13n} 1524 360 360 38 681
Dl4nl 1524 360 36 31 596
D21e2 5420 1200 120 3 30
D22e2 5420 1200 120 18 45
D23e2 5420 1200 120 17 238
D3]el 4008 501 5 1 63
D3le2 4008 501 5 1 60

The problems used in these tests were created by means of the following
DIMACS-random-network generators: Rmfgen and Gridgen, see [6]. These
generators provide linear flow problems in networks without side constraints.
The inequality nonlinear side constraints for the DIMACS networks were gen-
erated through the Dirnl random generator described in {14]. The last two
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Table 2. Comparison of the computed solution.

DSR DSAP DSRLC
Problem  e/f" el e/fT el e/f" el
Di2e2 107% 107% 0. 10°T7T 0. 10-11
D13e2 10°* 1078 1077 1078 1077 1078
Dl4e2 1074 1073 107% 107° 107%  107°°
Di12nl 107% 1073 0. 1078 1007 107
D13nl 107% 1073 1077 107° 1077 1077
Dl4nl 107%  107° 107 10°° 0. 10~
D21e2 1074 1072 107 1077 0. 1011
D22e2 107% 1072 107 107° 0. 1077
D23e2 1075 107! 1078 1077 107% 1077
D3lel 1077 1077 0. 107! 0. 107
D31e2 1078 107 0. 107 0. 1077

Table 3. Comparison of the efficiency.

Problem filterSQP MINOS ALM DSR DSAP DSRLC

D12e2 33 0.5 1.0 0.3 0.6 0.4
D13e2 5.0 0.7 2.3 0.6 0.5 0.6
Dl4e2 22.7 - 18.7 4.1 33 4.2
D12nl 409.6 311 46.2 483 58.3 39.6
D13n1 560.8 47.9 60.5 73.3 54.0 46.6
Dl4nl - ~ 1623 3303 1783 103.3
D2le2 38.7 3.7 2.2 1.4 1.4 1.6
D22e2 63.5 6.8 5.4 25 1.9 1.9
D23e2 1124 239.3 20.0 5.8 6.2 5.9
D3lel 287 45.6 2.0 1.6 1.6 1.6
D31e2 227 14.1 1.3 0.9 1.0 1.0

letters indicate the type of objective function that we have used: Namur func-
tions, n*, and EIOI functions, e*. The EIO1 family creates problems with a
moderate number of superbasic variables (i.e., dimension of the null space) at
the solution (# sb. arcs). By contrast, the Namur functions [21] generates
a high number of superbasic arcs at the optimizer, see Table 1. More details
about these problems can be found in [14, 15].

In Table 2, e/ f* represents the relative error in the computation of the opti-
mum value of the objective function, whereas |[¢]|» represents the maximum
violation of the side constraints in the optimal solution; that is, it offers infor-
mation about the feasibility of this solution and, hence, about its duality gap.
The results point out that the quality of the solution computed by PENRNOS
when it uses DSR is lower than that obtained when using dynamic stepsizes,
such as DSAP or DSRLC.
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In Table 3, for each method used to compute the stepsize the efficiency is
evaluated by means of the run-times in CPU-seconds. The efficiency for the
three stepsizes is very similar and, for these tests, the subgradient methods
were more efficient than the quadratic multiplier method, ALM (see Section
1), filterSQP, and MINOS. Moreover, with default values, filterSQP was more
accurate than MINOS.

These results encourage to carry out further experimentation, which also
includes real problems, and to analyze more carefully the influence of some
parameters over the performance of this code.
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Abstract The paper describes a new conjugate gradient algorithm for large scale nonconvex
problems with box constraints. In order to speed up the convergence the algorithm
employs a scaling matrix which transforms the space of original variables into
the space in which Hessian matrices of functionals describing the problems have
more clustered eigenvalues. This is done efficiently by applying limited memory
BFGS updating matrices. Once the scaling matrix is calculated, the next few
iterations of the conjugate gradient algorithms are performed in the transformed
space. The box constraints are treated by the projection as previously used in [R.
Pytlak, The efficient algorithm for large-scale problems with simple bounds on the
variables, SIAM J. on Optimization, Vol. 8, 532-560, 1998]. We believe that the
preconditioned conjugate gradient algorithm gives more flexibility in achieving
balance between the computing time and the number of function evaluations in
comparison to a limited memory BFGS algorithm. The numerical results show
that the proposed method is competitive to L-BFGS-B procedure.

keywords: bound constrained nonlinear optimization problems, conjugate
gradient algorithms, quasi-Newton methods.

1. Introduction

In this paper we consider algorithms for the problem:

i 1) v
s.t. l<z<u, (2)

where [, u € R"™.
In [9] (see also [4]) a new family of conjugate gradient algorithms has been
introduced whose direction finding subproblem is given by

di = —Nr{gr, —Brdr-1}, (3)

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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where Nr{a, b} is defined as the point from a line segment spanned by the
vectors a and b which has the smallest norm, i.e.,

| Nr{a,b} ||= min{]] Aa + (1 = \)b [: 0 < A < 1}, @

|| - || is the Euclidean norm and gx = V f(xy).

Notice that if 8y = 1 then we have the Wolfe-Lemaréchal algorithm ([7],
[13]). In [9] it was shown that the Wolfe-Lemaréchal algorithm is in fact the
Fletcher-Reeves algorithm when directional minimization is exact. Moreover,
the sequence {0x} was constructed in such way that directions generated by
(3) are equivalent to those provided by the Polak—Ribiére formula (under the
assumption that directional minimization is exact). This sequence

2
g = — ol )
gk — Gk—1, Gk)|

has striking resemblance to the Polak—Ribiére formula.

2. General preconditioned conjugate gradient algorithm

The idea behind preconditioned conjugate gradient algorithm is to transform
the decision vector by linear transformation D such that after the transformation
the nonlinear problem is easier to solve. If £ is transformed x:

&= Dz 6)
then our minimization problem will become
min [f(2) = f(D7'#)] )
and for this problem the search direction will be defined as follows
dp = —Nr{V f (&), —Grde—1} (8)
Notice that
Vi(#) =D TV f(#) ©)
therefore we can write
dp = —Nr{D"TV (D" &), —Bedp—_1}. (10)

If we multiply both sides of (10) by D! we will get
dp = =M D7DV f(r) + (1= M) Brdrr. (1)
where 0 < A; < 1 and either

Br=1 (12)



Conjugate gradient algorithm 115

for the Fletcher-Reeves version, or

B = k]2 _ gt D7D Ty,

|<§k - gk—-lagkﬂ | (gk - gk__l)T D_ID_Tgkt

for the Polak-Ribiere version.
The equation (11) can be stated as

di = =M HV f(21) + (1 — M) Brdi—1. (13)

where H = D7D~7. This suggests that D should be chosen in such a way
that DT D is an approximation to V2, f(Z) where 7 is a solution of problem

(1.
Moreover, if D is an upper triangular matrix then at each iteration of the
algorithm we will have to solve the system of linear equations

DTge =gy, Ddp = dx (14)
It is worthwhile to notice that the following holds (see [11]):
(g dx) < ~|ldi]| and (gg, di) = —|dx 1%, (15)

if0 < Ap < 1.

If box constraints (2) are present in our problem then we can tackle them by
using the projection procedure proposed initially in [1] (see also [10]).

In the rest of the paper we consider, for the simplicity of presentation, the
problems with simpler constraints z > 0. We define the set of indices I}

L ={ieT,n: (z); <exand Vg, f(zg) > 0}, (16)
where {¢y, } is such that g, > 0 and

li — Plzy, — - lim £ = 0.
kg}(ﬂxk k= Vfixll=0 & Jin e, 0 (17

for any subsequence {zx }rcx. Here, by P[-] we denote the projection operator
ontheset {zx € R": [ < z < u} ([1]).

The sets [ ,j' are used to modify the direction finding subproblem. Instead of
solving problem (3) we find a new direction according to the rule

dy = =Nr{Vf(xx), —Brdi_;}. (18)

Here d;_l is defined by

N di_1)s ifig I
(i) '“{ OV fla)/Be Hiely (19)
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To complete the description of the main components of our algorithm we
have to show how to use scaling matrices in its preconditioned version. Having
the set of indices / ,j we do not scale variables corresponding to them and we
apply general scaling to the others. Therefore, we use the scaling matrix of the
form

ne=5 .|
0 I,

where ng = |/
Inorder to describe the line search procedure notice that the function f (Plxg+

ady,]) can be interpreted as a composition of two functions: the first one is Lip-

schitzian and the second one continuously differentiable. If we define

ik

aldy), ifa<al

zrp(a) = zx + dip(a), where (dx(a)); := { ol(dh) if o> al (20)
and the breakpoints {},}7 are calculated as follows
; (k)i
o = — ,t=1,...,n 2n
k (dk)s

(assuming that if (dy); > 0 then afC = 00), then our directional minimization
rule can be stated as follows.

R1 find the largest positive number ¢, from the set {Gk ck=0,1,...,0¢
(0,1)} such that for . € (0,1) we have

flan(on)) — @) <~ |ox T @7+ 3 ) o atian))

g il

Notice that in the rule R7 we employ dj, instead of dy as (15) would imply.

Since we assume that D,{Dk are uniformly bounded from below and above (in
the sense of condition (26)) there exist constants 0 < ¢; < ¢y < -+00 such
that ¢; [|di|| < |ldi]| < ca]/dil. Thus the use of dj on the left on inequality in
the rule R1 is justified (it corresponds to appropriately choosing the coefficient
w). It is worthwhile to observe that our descent direction rule allows for such
inaccurate directional minimization search.

Our general algorithm is as follows:

Algorithm Parameters: € (0,1), € > 0, {5}$°,

{Dy}5°, Dy € R™" nonsingular matrix, T € R™*" nonsingular diagonal
matrix.

Data: zg
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1) Set k = 0, compute dx = —gyi, go to Step 3).
2)Compute: wi = xx — Plzg — TV f(z1)], e = min(e, [Jwg

),

DI, = g (22)
de = —Nr{g, —Osdi_;} (23)
Didy = dy (24)

If wi = 0 then STOP.
3) Find a positive number «y, according to the rule R7.
4) Substitute Plxy + axdy] for i1, increase k by one, go to Step 2.

We can prove the lemma

LEMMA 1 Assume that xy, is a noncritical point, D,{Dk is positive definite
and dy. # 0 is calculated in Step 2 of Algorithm. Then there exists a positive
g such that the condition stated in the rule R1 is

C}eréo f(Plzy + ady]) = —c0. (25)
To investigate the convergence of Algorithm we begin by providing a crucial
lemma which requires the following assumptions.
ASSUMPTION 1 There exists L < oo such that
V) = V@)l < Ly — =]
Sorall x, y from a bounded set.
ASSUMPTION 2 There exist dj, dy such that 0 < d; < d, < +o00 and
diljul® < T DI Dyu < dy|ul? (26)
foralluw € R™ and k.

LEMMA 2 Suppose that Assumptions 1-2 hold, the direction dy, is determined
by (22)—(24) and the step-size coefficient oy, is calculated according to the rule
R1. Then, for any bounded subsequence {xy }xc i either

lim o — Plag + dil|| = 0, @7
or

L Yz — Plag — Vf(zi)] = 0. (28)

For the convenience of future notations we assume that variables (z); have
been reordered in such a way that dj. can be partitioned into two vectors (d}, d2)
where the first vector d}. is represented by

di = {(di)i}igrs-
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The same convention applies to other vectors.

THEOREM 3 Suppose that Assumptions 1-2 are satisfied. Moreover, assume
that for any convergent subsequence {zy } e x whose limit is not a critical point

i) {8k} is such that
liminf (Bl d_y ) = v liminf | V" £ (z)] (29)

where vy is some positive constant,

ii) there exists a number va such that vo|| Dy T |2l Dk—1]12 € (0,1) and

(VHf(2k), dier) < vV F (@)l [, whenever Mg € (0,1).
(30)

Then limg—.oo f(zx) = —00, or every accumulation point of the sequence
{z1}5° generared by Algorithm is a critical point.

Our global convergence result is as follows.

THEOREM 4 Suppose that Assumptions 1-2 are satisfied. Then Algorithm
generates {xy } such that every accumulation point of {x } satisfies necessary
optimality conditions for problem (1)—(2) provided that:

i) ﬁk is given by

B T e — . (31)
(V5 2821)) — VEf(Zh-1), VEF((E5, 2221)))]
ii) there exists M < oo such that o, < M, VEk.
3. Scaling matrices based on the compact representation

of BFGS matrices

In the previous section we showed that for a given nonsingular matrix H =1 =
DT D the preconditioned conjugate gradient algorithm is globally convergent.
The use of constant scaling matrix is likely to be inefficient since the function f
we minimize is nonlinear. Therefore, we are looking at the sequence of matrices
{Hy} such that each Hk_1 is as close as possible to the Hessian V2, f(z) and
can be easily factorized as D,:le_T where Dy, is a nonsingular matrix. We
assume, for the simplicity of presentation, that n; = 0.

In the paper we present the preconditioned conjugate gradient algorithm
based on the BFGS updating formula. To this end we recall compact represen-
tations of quasi—-Newton matrices described in [8]. Suppose that the £ vector
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pairs {s;, y; f__fol satisfy s;fyi >0fori=k—m-—1,...,k—1. If we assume
that By = 7] and introduce matrices My = [v£ Sk Yz].

Se = [Sk—m—la A Sk—l] , Y = [Z/k—m—la cee 7yk—1} (32)

where s; = 2,41 — z; and y; = gi+1 — ¢, then LBFGS approximation to the
Hessian matrix is

By, = vl — MW MT (33)

and W € R™>*™ is nonsingular ([3]).
In order to transform the matrix By to the form D;{Dk we do the QR factor-
ization of the matrix M kT :

MT = QyRx (34)

where Qi is n x n orthogonal matrix and Ry the n X m matrix which has zero
elements except the elements constituting the upper m x m submatrix. Taking
into account that Q{Qk = I we can write (33) as

By = QF |l — REWiRy| Qx. (35)

Notice that the matrix R} Wy Ry has zero elements except those lying in the
upper left m x m submatrix. We denote this submatrix by T} and we can
easily show that it is a positive definite matrix. If we compute the Cholesky
decomposition of the matrix v Ix — Tk, Vel — T = C{Ck then eventually
we come to the relation

By = QL FL F.Qx (36)
with
o 0
F =
R N 7 S
(37)

The desired decomposition of the matrix By is thus given by
By = Di Dy, Dy = Fr.Qy (38)

where the matrix Dy, is nonsingular provided that s y; > Ofori =k —m — 1,
..,k — 1. Notice that the matrix ()} does not have to be stored since it can be
easily evaluated from the Householder vectors which have been used in the QR
factorization.
Recall the relation (14) which now can be written as

QrFlgn =gr,  FrQudy = ds. (39)
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4, Scaling matrices - the reduced Hessian approach

The approach is based on the limited memory reduced Hessian method pro-
posed by Gill and Leonard ([5],[6], see also [12])

Suppose that G = span {go, g1, - - -, gx } and let Gi- denote the orthogonal
complement of Gy in R™. If By € R™ " have columns that define the basis
of G, and

Hy = QiTx
is the QR decomposition of By then

T _( ZIByZy 0
Qi BrQr = ( 0 o Tnor,

(40)

where Qr = (Zy W) and range(By) = range(Zy). (40) follows from the
theorem which was stated, among others, in [6]:

THEOREM 5 Suppose that the BFGS method is applied to a general nonlinear
Sunction. If By = ol and

Bydr = — gy,

then dy, € Gy, for all k. Furthermore, if z € Gy, and wy € g,ﬂ-, then Byz € Gy
and Brw = cw.

From (40) we have

ZIB.Z 0
N R I/t
=Tk

Therefore, it follows that we can take as Dy:
Ry, 0 > T T
Dy, = =G
g < 0 oL, )9k =GO
At every iteration we have to solve equations

QGTa, = aGrQldy = dy.

Solving these equations requires multiplication of vectors in R”™ by the or-
thogonal matrix Q) (or Qg), and this can be achieved by the sequence of
m multiplications of the Householder matrices Hy, ¢ = 1,...,m such that
Qr = HLH}--- H. The cost of these multiplications is proportional to .
Furthermore, we have to solve the set on n linear equations with the upper
triangular matrix Gy, or its transpose.



Conjugate gradient algorithm 121

5. Numerical experiments

In order to verify the effectiveness of our algorithm we have tested it on
problems from the CUTE collection ([2]). We tried it on problems with vari-
ous dimension although its application is recommended for solving large scale
problems.

Algorithm has been implemented in C on Intel PC under Linux operating
system. We compared our algorithm with the L-BFGS-B code which is the
benchmark procedure for problems with box constraints for which evaluating
the Hessian matrix is too expensive. L-BFGS-B code was used with the para-
meter m = 5 and we applied m = 5 and we recalculated matrices Dy, every five
iterations in Algorithm. The stopping criterion was ||V f(z)||/ max(1, ||z]]) <
10~7. We used the scaling matrices as described in Section 3.

10 1 0.1
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I
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Figure 1. Performance comparison of Algorithm against the L-BFGS-B code.
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The performance comparison of Algorithm is given in Figure 1. where we
compare it with the code L-BFGS-B presented in [14]. For each problem the
bars represent the ratio of the number of iterations (LIT), number of function
evaluations (IF) and computing time (CPU) needed by the Algorithm divided
by those from the executions of the L-BFGS-B code. Therefore values above
one testify in favor of the L-BFGS-B and below one — in favor of our algorithm.
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Abstract Reliability and durability of civil infrastructure systems such as highway bridges
play a very important role in sustainable economic growth and social devel-
opment of any country. The bridge infrastructure has been undergoing severe
safety and condition deterioration due to gradual aging, aggressive environmen-
tal stressors, and increasing traffic loads. Maintenance needs for deteriorating
highway bridges, however, have far outpaced available scarce funds highway
agencies can provide. Bridge management systems (BMSs) are thus critical to
cost-effectively allocate limited maintenance resources to bridges for achieving
satisfactory lifetime safety and performance. In existing BMSs, however, visual
inspections are the most widely adopted practice to quantify and assess bridge
conditions, which are unable to faithfully reflect structural capacity deterioration.
Failure to detect structural deficiency due to, for example, corrosion and fatigue,
and inability to accurately assess real bridge health states may lead to unreliable
bridge management decisions and even enormous safety and economic conse-
quences. In this paper, recent advances in risk-based life-cycle maintenance
management of deteriorating civil infrastructure systems with emphasis on high-
way bridges are reviewed. Methods of predicting lifetime safety and performance
of highway bridges with and without maintenance are discussed. Treatment of
various uncertainties associated with the complex deterioration processes due
to time-dependent loading, environmental stressors, structural resistances, and
maintenance actions are emphasized. The bridge maintenance management is
formulated as a nonlinear, discrete, combinatorial optimization problem with si-
multaneous consideration of multiple and conflicting objectives, which address
bridge safety and performance as well as long-term economic consequences. The
effectiveness of genetic algorithms as a numerical multiobjective optimizer for
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producing Pareto-optimal tradeoff solutions is demonstrated. The proposed prob-
abilistic multiobjective optimization BMS is applied at project-level for similar
bridges and at network-level for a group of different bridges that form a highway
network.

Keywords:  System reliability, optimization, civil infrastructure, bridges, genetic algorithms.

1. Introduction

Future sustained economic growth and social development of any country
is intimately linked to the reliability and durability of its civil infrastructure
systems such as highway bridges, which are the most critical but vulnerable
elements in highway transportation systems. Highway bridges have been and
are constantly subject to aggressive environments and ever-increasing traffic
volumes and heavier truckloads, which degrade at an alarming rate the long-
term bridge performance. In the United States, nearly 30% of the 600,000
existing bridges nationwide are structurally deficient or functionally obsolete;
the associated costs of maintenance, repair, and replacement are enormous [14].

Deteriorating civil infrastructure leads to increased direct and indirect costs
for business and users. Catastrophic failure of civil infrastructures due to nat-
ural hazards (e.g. earthquakes, hurricanes, and floods) and manmade disasters
(e.g. vehicular collision and explosive blasts due to terrorists’ attacks) [15]
can cause widespread social and economic consequences. Therefore, timely
and adequate maintenance interventions become indispensable to enhance re-
silience of civil infrastructure to adverse circumstances. This can substantially
increase a country’s economic competitiveness. In addition to development
of advanced inspection and maintenance technologies, methodologies for cost-
effective allocation of limited budgets to maintenance management of aging
and deteriorating civil infrastructure over the life-cycle are urgently needed in
order to optimally balance the lifetime performance and life-cycle cost while
ensuring structure safety above acceptable levels.

A variety of practical bridge management systems (BMSs) have been de-
veloped and implemented in the United States for achieving desirable man-
agement solutions to maintain satisfactory bridge infrastructure performance,
including BRIDGIT [20] and Pontis [30]. Most existing BMSs, however, utilize
the least long-term economic cost criterion [28]. Recently, practicing bridge
managers showed that this approach may not necessarily result in satisfactory
long-term bridge performance [29]. Additionally, visual inspection is the most
widely used practice to determine the condition and performance deterioration
of bridges [1]. This highly subjective evaluation technique leads to significant
variability in condition assessment [27]. More importantly, the actual level of
structure safety against sudden failure and progressive degradation risks cannot
be faithfully or accurately described by visual inspection-based bridge condition
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assessment [13]. Accordingly, maintenance decisions made solely on visual in-
spection results are not necessarily cost-effective and may cause tremendous
safety and economic consequences if inadequate or unnecessary maintenance
interventions are performed.

In order to resolve the above problems, all necessary long-term performance
and expense considerations need to be incorporated into the maintenance man-
agement decision-making process. These multiple aspects include bridge per-
formance such as visual inspection-based condition states, computation-based
safety and reliability indices, and life-cycle costs such as agency cost and user
cost. Unlike the traditional cost minimization approach, the above multiple
criteria should be treated simultaneously so that a multiobjective optimization
formulation is generated. As a result, the proposed risk/reliability-based main-
tenance management methodology leads to a group of optimized management
solution options, exhibiting tradeoff between reducing life-cycle cost and im-
proving structure performance. This significantly enables bridge managers to
actively and preferably compromise structure safety/reliability and other con-
flicting objectives under budget and/or performance constraints.

In order to make rational decisions in preservation of deteriorating civil
infrastructure, it is imperative that sources of uncertainty associated with the
deterioration process with and without maintenance be addressed appropriately.
These include imperfect description of mechanical loadings and environmental
stressors as well as inexact prediction of deteriorating structure performance.
There are two general types of uncertainty: aleatory and epistemic. The aleatory
uncertainty is caused by inherent variation of structure deterioration due to
combined effects of complex traffic loadings and environmental stressors as
well as physical aging. The epistemic uncertainty stems from the random-
ness caused by subjective assumption in evaluating demand and load-carrying
capacity of bridges or insufficient knowledge in understanding, for example,
deterioration mechanisms. This type of uncertainty may be reduced provided
more information is available [12]. Probable maintenance actions over the life
cycle add further uncertainty to accurate prediction of time-varying structure
performance.

In this paper, recent advances in application of multiobjective optimization
techniques to risk-based maintenance management of civil infrastructure, in
particular, highway bridges are reviewed. The multiple and competing objec-
tive functions of interest include condition, safety and life-cycle cost. Uncer-
tainties associated with the deterioration process with and without maintenance
interventions are treated by Monte Carlo simulation and/or structural reliability
theory. The basic theory and effectiveness of evolutionary computation tech-
niques such as genetic algorithms (GAs) in solving multiobjective optimization
problems are discussed. Two application examples of GA-based bridge main-
tenance management are provided. The first example deals with project-level
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maintenance management of preserving a large population of similar deteriorat-
ing highway reinforced concrete crossheads. The second example is concerned
with network-level bridge maintenance management for a number of different
bridges that form a highway transportation network.

2. Multiobjective Optimization Algorithms

Because bridge management involves scheduling of different maintenance
strategies to different bridges at discrete years, it can be readily formulated as a
combinatorial optimization problem for which multiple and usually conflicting
objectives need to be considered. In this section, the basic concept of multiob-
jective optimization is presented, the techniques of genetic algorithms (GAs)
are discussed, and the application of GAs to the civil infrastructure management
problems is emphasized.

2.1 General Formulation

A generic multiobjective optimization problem can be stated as

Optimize f (x) = [f1(x), f2(x), -, fm (X)]
Subject to C (x) = [C1(x),Ca(x), -+, Cp(x)] <0

where f is a set of objective functions that are usually conflicting in nature;
C is a set of constraints that define the valid solution space; x = a vector of
design variables. Unlike optimization problems with single objectives, there
are no unique solutions that can optimize all objectives simultaneously for a
multiobjective optimization problem. Instead, a group of Pareto-optimal or
nondominated solutions are present, which exhibit the optimized tradeoff in
compromising these objectives. A solution x* is Pareto-optimal if and only if
there does not exist another solution that is no worse in all objectives and is
strictly better in at least one objective. If all objectives are to be minimized,
this can be stated mathematically as

(D

fi(x) Sfi()g*),fori=l,2, ...,m; and @)
fx(x) < fi(x7), for at least kth objective.

2.2 Genetic Algorithms

Most traditional optimization algorithms are problem-dependent and single-
objective oriented. Gradients are usually utilized to guide the search process
and continuous design variables are often assumed. These pose significant dif-
ficulties to practical maintenance management problems. In contrast, heuristic
algorithms based on evolutionary strategies such as GAs [19], simulated an-
nealing [25], and tabu search [18] are very suitable for practical maintenance
scheduling problems. In particular, GAs are stochastic search and optimiza-
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tion engines that follow the survival-of-the-fitness theory from the biological
sciences. Since their inception in the 1960’s, GAs have been successfully used
in a wide array of applications due to their ease of implementation and robust
performance for difficult engineering and science problems of vastly different
natures. GAs are general-purpose numerical tools and gradients are no longer
needed and discrete-valued design variables can be handled without difficulty.
More importantly, GAs can handle multiple objectives simultaneously.

GAs usually operate on solutions that are encoded as genotypic representa-
tions (i.e. chromosomes) from their original phenotypic representations (i.e.
actual data values). GAs start with a set of initial solutions (population) that
is randomly generated in the search space. For each solution in the current
population, objective functions defining the optimization problem are evalu-
ated and a fitness value is assigned to reflect its (relative) merit standing in the
population. Based on the fitness values, GAs perform a selection operation that
reproduces a set of solutions with higher fitness values from the previous gen-
eration to fill a mating pool. A crossover operation is then pursued with which
two parent solutions in the mating pool are randomly selected and interchange,
with a prescribed probability, their respective string components at randomly
selected bit locations referred to as cross sites. The resulting new solutions are
called children or offspring. This step is meant to hopefully combine better
attributes from the parent solutions so that child solutions with improved merits
could be created. The next operation in GA is mutation that changes the geno-
type value at one or more randomly selected bit locations in a child solution
with another prescribed probability. This operation serves to possibly recover
useful information that could by no means be accessible through selection or
crossover operation and therefore encourages search into a completely new so-
lution space. After these three basic operations, a new generation is created.
The search process continues until prescribed stopping criteria are met.

A successful multiobjective GA must have the ability to obtain a nondomi-
nated set of solutions close to the global Pareto-optimal front, and to have this
solution set as diverse as possible, that is, to prevent solution clustering from
occurring. Note that the selection operation is based on the relative fitness
measures of solutions. Unlike single-objective problems where the objective
function itself may be used as the fitness measure, after scaling and constraint-
handling treatment, a multiobjective GA needs a single fitness measure that
reflects the overall merit of multiple objectives. Multiobjective GAs have been
fruitfully studied and developed in the last decade [7], many of which adopt
Goldberg’s nondominated sorting technique [19] to rank all solutions in a pop-
ulation, as discussed in the following.

For a given population of solutions, a nondominated subset is first identi-
fied according to the definition of Pareto optimality as defined previously. All
solutions in this nondominated subset are assigned a rank of one and are then
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Figure 1. Population ranking based on nondominated sorting
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temporarily deleted from the population. The nondominated subset of the re-
maining solutions is identified and assigned a rank of two. This procedure
continues until all solutions in the population have been assigned appropriate
ranks. A solution in the front of a lower-numbered rank is assigned a higher
fitness than that of a solution in the front of a higher-numbered rank. As a result,
solutions closer to the global Pareto-optimal front have higher fitness values.
As an illustration, consider a generic problem that has two objectives to be min-
imized. Fig. 1 indicates, in the solution space, ten solutions that are classified
into four fronts with varied ranks. To assign fitness values to solutions with the
same rank, niching strategies are used to determine relative fitness values by,
for example, a crowding distance measure [10]. This measure is taken as an
average distance of the two solution points on either side of the current solution
along each of the objectives and thus serves as an estimate of the density of
solutions surrounding a particular solution in the population.

Constraints in the GA-based optimization must be handled appropriately in
GAs [6]. One possible approach is to assign to constraint-violating solutions
dummy fitness values, which are defined in terms of degrees of constraint vio-
lation and are always less than those of valid solutions in the population. Thus
the original constrained optimization problems are equivalently converted into
unconstrained problems. Alternatively, constraint-violation may be considered
by modifying genetic operators instead of assigning fictitious fitness values to
invalid solutions. Deb [10] proposed a constrained binary tournament selection
scheme that determines from two randomly picked solutions in the population
the better solution based on three rules: (i) if both solutions are feasible, the
one with higher fitness wins; (ii) if one solution is feasible and the other is in-
feasible, the feasible one always wins; (iii) if two solutions are both infeasible,
the one with less degree of constraint-violation wins.

In multiobjective GAs, elitists usually refer to the generation-wise nondom-
inated solutions. It is beneficial to retain elitist solutions in the subsequent
generations for evolution operations due to their excellent genetic properties.
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The stochastic nature of GAs, however, may disturb this ideal situation espe-
cially at early generations when the number of elitists is much smaller than
the population size. To solve this problem, the elitist strategy may be adopted
by forcibly inserting nondominated solutions (elitists) from the last generation
back to its offspring population after basic genetic operations (i.e. selection,
cross, and mutation) are performed. An updated set of elitists is then identified
based on the population augmented by the elitists from the last generation. Pre-
vious studies have shown that the elitist scheme plays a crucial role in improving
the optimization results [10].

2.3 GA-Based Maintenance Management

Research on use of multiobjective optimization techniques in maintenance
management of civil infrastructure has appeared recently in the literature. Mul-
tiple and conflicting performance indicators such as condition, safety, durabil-
ity along with life-cycle cost are simultaneously considered as separate criteria
{21,24,26,17]. Interestingly almost all these research activities are conducted
using GAs as numerical optimizers. This is because the practical maintenance
management problems can be best posed as combinatorial optimization [18].
Due to their inherent features as previously discussed, GAs are very effective
for solving these kinds of problems.

Many GAs work with a fixed population size. As generations evolve, the
nondominated solutions fill most solution slots in a population, which may make
it very difficult for dominated solutions to enter the population for genetic op-
erations. As a result, the diversity of nondominated solutions in the subsequent
generations may not be fully explored due to lack of information from valid
yet dominated solutions. In this study, the initial GA population consists of
1,000 randomly generated trial solutions and each of the subsequent genera-
tions contains 200 offspring solutions plus the nondominated solutions from the
previous (i.e. parent) generation. In addition, the fitness value is determined
according to Goldberg’s nondominated sorting plus Deb’s crowding distance
measure; Deb’s constrained binary tournament selection scheme is adopted; a
uniform crossover is applied with a probability of 50%; a uniform mutation
is performed with a probability of 5%. Although this is a relatively high rate
of mutation, by using elitism to preserve the nondominated solutions at each
generation, mutation tends not to be very disruptive; sometimes a high level of
mutation is used to avoid premature convergence.

3. Bridge Maintenance Management at Project-Level

Much effort has been devoted by researchers and practitioners to develop
methodologies for long-term maintenance management of deteriorating brid-
ges (8,12, 13, 16, 17] Most previous research can be categorized as project-level
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types because only individual bridges or a group of similar bridges are consid-
ered. In this section, the time-dependent bridge performance deterioration with
and without maintenance interventions is predicted by a continuous compu-
tational model [16]. This model describes the performance profiles without
maintenance by a curve characterized by an initial performance level, time to
damage initiation, and a deterioration curve governed by appropriate functions
and, in the simplest form, a linear function with a constant deterioration rate.
Effects of a generic maintenance action include prompt performance improve-
ment, deterioration suppression for a prescribed period of time, deterioration
severity reduction, and prescribed duration of maintenance effect. Epistemic
uncertainties associated with the deterioration process are considered in terms
of respective probabilistic distributions of the controlling parameters of this
computational model. Monte Carlo simulation is used to account for these un-
certainties by obtaining statistical performance profiles of deteriorating struc-
tures.

3.1 Problem Statement

The GA-based management procedure is used to prioritize maintenance
needs for deteriorating reinforced concrete highway crossheads through simul-
taneous optimization of both structure performance and life-cycle maintenance
cost. The maintenance management problem is thus posed as a combinatorial
multiobjective optimization problem in that, for any year over the specified time
horizon, at most one maintenance strategy may be carried out. Time-dependent
performances of these structures are described using appropriate indicators in
terms of condition and safety states.

For reinforced concrete elements under corrosion attack in the United King-
dom, Denton [11] categorized visual inspection-based condition states into four
discrete levels, denoted as 0, 1, 2, and 3, that represent no chloride contami-
nation, onset of corrosion, onset of cracking, and loose concrete/significant
delamination, respectively. A value larger than 3 indicates an unacceptable
condition state. As a subjective measure, however, the condition index may not
faithfully reflect the true load-carrying capacity of structural members. Accord-
ing to bridge specifications in the United Kingdom, the safety index is defined
as the ratio of available to required live load capacity {9]. It is considered
unacceptable structure performance if the value of safety index drops below
0.91.

The goal is to obtain a set of sequences of maintenance actions applied over
the specified time horizon that, in an optimized tradeoff manner, (i) decrease the
largest (i.e. worst) lifetime condition index value, (ii) increase the smallest (i.e.
worst) lifetime safety index value, and (iii) decrease the present value of life-
cycle maintenance cost. The constraints are enforced such that the condition
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index value must be always less than 3.0 and the safety index value must be
always greater than 0.91.

Five maintenance strategies are considered: replacement of expansion joints,
silane, cathodic protection, minor concrete repair, and rebuilding [11,22]. Re-
placement of expansion joints is statistically the least costly. It does notimprove
performance or delay deterioration but alleviates deterioration severity of both
condition and safety performance. The silane treatment reduces chloride pen-
etration but does not correct existing defects or replace deteriorated structural
components. Statistically speaking, silane reduces deterioration of condition
more efficiently than replacement of expansion joints while having the same
effects on safety deterioration. Cathodic protection replaces anodes and thus
suppresses corrosion of reinforcing bars almost completely. It postpones deteri-
oration of both condition and safety for 12.5 years upon application. The minor
concrete repair strategy is applied to replace all cover concrete with visual de-
fects but not corroded reinforcing bars. The rebuilding strategy improves both
condition and safety levels to those values typical of a new structural component.

3.2 Numerical Results

In the numerical implementation, Monte Carlo simulation with a sample size
of 1,000 is used to consider effects of uncertainty on prediction of both structure
performance and life-cycle maintenance cost. All three objective functions are
evaluated in terms of sample mean values. The service life is considered 50
years and the monetary discount rate is 6%. A number of different optimized
maintenance planning solutions are generated. These solutions represent the
optimized tradeoff among the condition, safety, and life-cycle maintenance cost
objectives. Three representative maintenance solutions with different levels of
performance enhancement and maintenance needs are shown inFig. 2. Detailed
information can be found in [22].

4. Bridge Maintenance Management at Network-Level

Compared to the above project-level maintenance management, a transporta-
tion network-oriented methodology provides more rational solutions because
the ultimate objective of maintenance management is to improve performance
of the entire transportation network instead of merely that of individual struc-
tures in the network. In this section, performance evaluation of deteriorating
bridge networks is discussed and network-level maintenance management is
presented and illustrated with numerical examples.

5. Problem Statement

The network reliability measures the level of satisfactory network perfor-
mance. Most studies on assessment of reliability for transportation highway
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Figure 2. Tradeoff of three project-level maintenance-scheduling solutions
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infrastructures have focused on maintenance management of deteriorating road
networks for which a travel path consists of multiple links (i.e. roadways be-
tween any two nodes) with binary states (either operational or failed). There
are three network reliability measures with ascending levels of sophistication:
connectivity reliability, travel time reliability, and capacity reliability [4,5]. The
connectivity reliability is associated with the probability that nodes in a high-
way network are connected; in particular, the terminal connectivity refers to the
existence of at least one operational path that connects the origin and destination
(OD) nodes of interest. The travel time reliability indicates the probability that a
successful trip between a specified OD pair can be made within given time inter-
val and level-of-service. Based on this reliability measure, the appropriate level
of service that should be maintained in the presence of network deterioration
can be determined. The third measure is the capacity reliability, which reflects
the possibility of the network to accommodate given traffic demands at a speci-
fied service level. In this formulation, link capacities may be treated as random
variables to consider the time-dependent probabilistic capacity deterioration.
Inherent in the last two reliability measures are the determination of risk-taking
route choice models for simulating travelers’ behavior in the presence of both
perception error and network uncertainty [5].
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For maintenance management of deteriorating highway networks, it is also
very important to use economic terms as a measure of the overall network
performance. There are two basic types of costs: agent cost and user cost. The
agent cost is composed of direct material and labor expenses needed to perform
routine and preventive maintenance, rehabilitation, and replacement of existing
transportation facilities. The indirect user costs are caused by loss of adequate
service due to, for example, congestion and detour. In some situations the user
cost may be a dominating factor in evaluating the overall life-cycle costs for a
transportation network. The uncertainty associated with capacity degradation
and demand variation should be integrated in the analysis in order to obtain a
reliable cost measure.

In this study, the goal of network-level maintenance management is to prior-
itize maintenance needs to bridges that are of most importance to the network
performance and over the specified time horizon. The overall goal is to satisty
the following two requirements in a simultaneous and balanced manner: (i) the
overall bridge network performance, which is measured by the lowest level of
the lifetime reliability of connectivity between the origin and destination loca-
tions, is improved, and (ii) the present value of total life-cycle maintenance cost
is reduced.

Four different maintenance strategies are considered herein for enhancing
bridge network performance in terms of reliability levels of deteriorating re-
inforced concrete bridge deck slabs: resin injection, slab thickness increasing,
steel plate attaching, and complete replacement [17]. Resin injection is the
least costly maintenance type among the four options. It injects epoxy resin
into voids and seals cracks in concrete, which repairs the aging deck slabs by
reducing the corrosion of reinforcement due to exposure to the open air. The
reduction rate in reliability deterioration is assumed 0.03/year for 15 years. The
other three maintenance strategies instantly improve the bridge reliability level
by various amounts upon application. Increasing slab thickness and attaching
steel plate increase the system reliability indices by a maximum of 0.7 and 2.0,
respectively, with unit costs being US$300/m? and US$600/m?, respectively.
The complete replacement option restores the structural system to the initial
reliability level with a unit cost of US$900/m?.

5.1 Numerical Results

The network-level maintenance management is illustrated using a real bridge
network in Colorado [3]. This network consists of thirteen bridges of different
types. The network performance is evaluated in terms of the terminal reliability
for connectivity between two designated locations. Flexure failure of bridge
slabs is considered as the only failure mode [2]. Deterioration of reinforcement
is caused by deicing chemicals related corrosion. The life cycle is consid-
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Figure 3. Tradeoff of three network-level maintenance-scheduling solutions
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ered 30 years and the discount rate is 6%. The optimized solutions by GA
represent a wide spread tradeoff between the conflicting network connectivity
{equivalently network disconnectivity probability) and the total maintenance
cost objectives. Tradeoff of three representative solutions is plotted in Fig. 3.
Detailed information can be found in [23].

6. Monitoring-Integrated Maintenance Manage-
ment

Itis interesting and challenging to integrate the recent developments of struc-
tural health monitoring (SHM) technologies into intelligent maintenance man-
agement of civil infrastructure systems. Utilizing advanced sensing/information
technology and structural modeling/identification schemes, SHM detects, lo-
cates, and quantifies structural damages caused by catastrophic natural or man-
made events as well as by long-term- deterioration. These data assist bridge
managers in assessing the health of existing bridges and thus in determining
immediate or future maintenance needs for safety consideration and lifespan
extension. Most existing research and practice in BMS and SHM, however,
are carried out in a disconnected manner. Therefore, a unified framework is
necessary to bridge this gap between these two research areas.

Research in these areas represents a crucial step toward improving the tradi-
tional approach to BMSs by providing bridge managers with an efficient tool to
make timely and intelligent decisions on monitoring, evaluation, and mainte-
nance of deteriorating highway bridges. This can be achieved by exploring the
interaction between SHM and BMS strategies in terms of whole-life costing and
structural safety/health/reliability. Prediction of time-dependent bridge perfor-
mance with monitoring is essential in this endeavor. With monitored data, the
time-dependent performance will be more reliably estimated and the mainte-
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Figure 4. Bridge performance profiles with and without monitoring-integrated maintenance
interventions
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nance interventions will be more accurately applied than in the case without
monitoring. Fig. 4 schematically illustrates the influence of monitoring ac-
tions on the prediction of bridge performance and on the ensuing maintenance
interventions. In Fig. 4(a), with sensed data, earlier reaching the prescribed
performance threshold is predicted, which incurs a timely maintenance inter-
vention. Otherwise, if based on the non-monitoring performance prediction,
the maintenance would not have been applied, which would cause tremendous
risk concerns and consequences due to failure occurrence. Fig. 4(b) indicates
another situation where the monitoring-enriched performance prediction makes
unnecessary the maintenance actions predicted by the non-monitoring profile;
in this case savings of maintenance costs can be enormous. Therefore, inter-
actions among maintenance, monitoring, and management must be accurately
analyzed in order to maintain bridges in timely and economical manners.

7. Conclusions

This paper reviews recent developments of risk-based maintenance manage-
ment of civil infrastructure systems especially of highway bridges, emphasizing
simultaneous consideration of multiple criteria related to long-term structure
performance and life-cycle cost. Sources of uncertainty associated with the
deterioration process are considered in probabilistic performance prediction
of structures with and without maintenance interventions. The usefulness of
genetic algorithms in solving the posed combinatorial multiobjective optimiza-
tion problems is discussed. Two illustrative numerical examples are provided.
The first example deals with project-level maintenance scheduling for a group
of deteriorating reinforced concrete crossheads over a specified time horizon.
Structure performance measures, in terms of visually inspected condition and
computed load-carrying safety indices, and the present value of long-term main-
tenance cost are treated as competing objectives. The second example is asso-
ciated with network-level bridge maintenance management, in which a group
of spatially distributed bridges that form a highway network is studied. The
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overall network performance is assessed in terms of the terminal connectivity
reliability. A maintenance solution contains a sequence of maintenance inter-
ventions that are scheduled at discrete years to be applied to different bridges.
The conflicting objectives of the network connectivity reliability and the total
maintenance cost are subject to balanced optimization. A set of alternative so-
lutions is produced that exhibits the best possible tradeoff among all competing
objectives. Bridge managers’ preference on the balance between the lifetime
performance and life-cycle cost can be integrated into the decision-making
process. Finally, research needs of integrating bridge management systems and
structural health monitoring are discussed and illustrated.
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Abstract In order to establish a rational bridge management program, it is necessary to
develop a cost-effective decision-support system for the maintenance of bridges.
In this paper, an attempt is made to develop a new multi-objective genetic algo-
rithm for the bridge management system that can provide practical maintenance
plans. Several numerical examples are presented to demonstrate the applicability
and efficiency of the proposed method.

keywords: Bridge Maintenance, Genetic Algorithm, Life-Cycle Cost, Multi-
Objective Optimization, Repair

1. INTRODUCTION

In this paper, an attempt is made to apply a Multi-Objective Genetic Algo-
rithm (MOGA) for the establishment of optimal planning of existing bridge
structures. In order to establish a rational maintenance program for the bridge
structures, it is necessary to evaluate the structural performance of existing
bridges in a quantitative manner. So far, several structural performance indices
have been developed, some of which are reliability, durability, and damage in-
dices. However, it is often necessary to discuss the structural performance from
the economic and/or social points of view.

Life-Cycle Cost (LCC) is one of useful measures for evaluating the structural
performance from another standpoint. Using these measures, the overall cost
can be reduced and an appropriate allocation of resources can be achieved. In
general, LCC optimization is to minimize the expected total cost which includes
the initial cost involving design and construction, routine or preventive main-
tenance cost, inspection, repair and failure costs. Then, the optimal strategy
obtained by LCC optimization can be different according to the prescribed level
of structural performance and required service life.

Please use the following format when citing this chapter:
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ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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Figuyre 1. Pareto solutions

In this paper, an attempt is made to discuss the relationships among sev-
eral performance measures and provide rational balances of these measures by
using MOGA. Furthermore, another attempt is made to develop a new multi-
objective genetic algorithm for the bridge management problem that have a lot
of constraints. Several numerical examples are presented to demonstrate the
applicability and efficiency of the proposed method.

2. MULTI-OBJECTIVE GENETIC ALGORITHM
2.1 Multi-Objective Problem

A multiple-objective optimization problem has two or more objective func-
tions that cannot be integrated into a single objective function [1]. In general,
the objective functions cannot be simultaneously minimized (or maximized). It
is the essence of the problem that trade-off relations exist among the objective
functions. The concept of "Pareto optimum" becomes important in order to
balance the trade-off relations. The Pareto optimum solution is a solution that
cannot improve an objective function without sacrificing other functions (Fig-
ures 1 and 2). A dominated, also called non-dominant, solution is indicated in
Figure 1.

2.2 Multi-Objective Genetic Algorithm (MOGA)

Genetic Algorithm (GA) is an evolutionary computing technique, in which
candidates of solutions are mapped into GA space by encoding. The follow-
ing steps are employed to obtain the optimal solutions [2]: a) initialization, b)
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A Relationship between safety level and cost
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Figure 2. Cost-effective domain including Pareto solutions

crossover, ¢) mutation, d) natural selection, and e) reproduction. Individuals,
which are solution candidates, are initially generated at random. Then, steps
b, ¢, d, and e are repeatedly implemented until the termination condition is
fulfilled. Each individual has a fitness value to the environment. The environ-
ment corresponds to the problem space and the fitness value corresponds to the
evaluation value of objective function. Each individual has two aspects: Gene
Type (GTYPE) expressing the chromosome or DNA and Phenomenon Type
(PTYPE) expressing the solution. GA operations are applied to GTYPE and
generate new children from parents (individuals) by effective searches in the
problem space, and extend the search space by mutation to enhance the pos-
sibility of individuals other than the neighbor of the solution. GA operations
that generate useful children from their parents are performed by crossover op-
eration of chromosome or genes (GTYPE) without using special knowledge
and intelligence. This characteristic is considered as one of the reasons of the
successful applications of GA [3].

3. FORMULATION OF BRIDGE MAINTENANCE
PLANNING

It is desirable to determine an appropriate life-cycle maintenance plan by
comparing several solutions for various conditions [4]{5]. A new decision
support system is developed here from the viewpoint of multi-objective opti-
mization, in order to provide various solutions needed for the decision-making.

Inthisstudy, LCC, safety level and service life are used as objective functions.
LCC is minimized, safety level is maximized, and service life is maximized.
There are trade-off relations among the three objective functions. For example,
LCC increases when service life is extended, and safety level and service life
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decrease due to the reduction of LCC. Then, multi-objective optimization can
provide a set of Pareto solutions that can not improve an objective function

without making other objective functions worse [6].

In the proposed system, DNA structure is constituted as shown in Figure 3,
in which DNA of each individual consists of three parts such as repair method,
interval of repair, and shared service life (Figure 4). In this figure, service life
is calculated as the sum of repairing years and their interval years. In Figure 4,
service life is obtained as 67 years which is expressed as the sum of 30 years
and 37 years. The repair part and the interval part have the same length. Gene
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of repair part has ID number of repair method. The interval part has enough
length to consider service life. In this system, ID 1 means surface painting,
ID 2 surface coating, ID 3 section restoring, ID 4 desalting (re-alkalization) or
cathodic protection, and ID 5 section restoring with surface covering. DNA of
service life part has a binary expression with six bits and its value is changed
to decimal number.

In crossover, the system generates new candidates by using the procedure
shown in Figure 5. For mutation, the system shown in Figure 6 is used.

Then, objective functions are defined as follows:

Objective functionl : Cyptr = Z LCC; — min €})

where LCC; = LCC for bridge;

Objective function2 : Yiptg = Z Y, — mazx )

Constraints : Y; > Yiequired
where Y; = Service life of bridge;, Yrequireq = Required service life

Objective function3F Pt = Z P, — max 3)

- Constraints : P; > BProrget
where Pi,rge: = Target safety level

The above objective functions have trade-off relations to each other. Namely,
the maximization of safety level or maximization of service life cannot be
realized without increasing LCC. On the other hand, the minimization of LCC
can be possible only if the service life and/or the safety level decreases.
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4. NEW MULTI-OBJECTIVE GENETIC ALGORITHM

As mentioned before, the formulation of bridge maintenance planning has
several constraint conditions. In usual, it is not easy to solve multi-objective
optimization problems with constraints by applying the multi-objective genetic
algorithm. ,

In this study, an improvement is made on the selection process by introducing
the sorting technique. The selection is performed using so-called sorting rules
which arrange the list of individuals in the order of higher evaluation values.
Then, the fitness values are assigned to them by using the linear normaliza-
tion technique. In usual, if the fitness values are calculated directly according
to the evaluation values, the differences among every individuals decrease so
that the effective selection can not be done. On the other hand, the linear nor-
malization technique enables to keep the selection pressure constant so that it
may continue the selection well. In this study, the selection procedure is im-
proved coupling the linear normalization technique and the sorting technique.
Using the evaluation values, the individuals are reordered and given the new
fitness values. Figure 7 presents the process of the selection proposed here.
The individuals of satisfying the constraints are arranged first according to the
evaluation values and followingly the individuals of unsatisfying the constraints
are arranged according to the degree of violating the constraints. Accordingly,
all the individuals are given the fitness values using the linear normalization
technique.

In order to apply the sorting rules to the multi-objective optimization prob-
lems, the non- dominated sorting method is used. In the non-dominated sorting
method, the Pareto solutions are defined as Frontl. Then, Front2 is determined
by eliminating the Frontl from the set of solution candidates. Repeating the
process, the new Front is pursued until the solution candidates diminish. Fur-
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ther, the Fronts are stored in the pool of the next generation. If the pool is full,
the individuals in the Front are divided into the solutions to survive or die based
on the degree of congestion.

In this study, the individuals are divided into the group of satisfying the
constraints and the group without satistying the constraints. The former is called
as live individual, and the latter dead individual. While the live individuals
are given the fitness values according to the evaluation values after the non-
dominated sorting, the dead individuals are given the same fitness value. When
implementing the non-dominated sorting, the Pareto front may not exist at the
initial generation, because there remain a lot of dead individuals after the non-
dominated sorting. Then, the dead individuals are arranged in the order of
degree of violating the constraints and some of them are selected for the next
generation. Thus, the multi-objective optimization problem with constraints
are transformed into the minimization problem of violation of constraints. The
elite preserve strategy is employed for the selection of survival individuals.

When the generation is progressed, live individuals appear and then both the
live individuals forming the Pareto front and the dead individuals arranged in
the order of violation degree exist together. In this case, appropriate numbers
of live and dead individuals are selected for the next generation. If the number
of individuals involved in the Pareto front increases, only the individuals are
selected for the next generation.

S. NUMERICAL EXAMPLES

Figures 5 through 9 present the results calculated for BO1 model (Bridge
1) with the constraint that safety level should be greater than 0.6 under the
environment that neutralization is dominant. From Figure 5, it is seen that
the number of live individuals immediately increases after 20 generations and
reaches to 1000 at 40 generations. Similarly, the number of Pareto solutions
increases with some fluctuation and converges after 125 generations. As the
generation proceeds from 100 to 3000, the Pareto solutions can be improved
smoothly. Figure 5 shows that the proposed method can provide solutions
satisfying the safety requirement very well. Figure 10 shows the repair methods
given by the proposed method. Figure 11 presents the results of BO4, which
gives the safety for every structural element that is greater than the prescribed
target value 0.6, though the safety levels are different. Figure 12 shows the
optimal combination of repair methods.

6. CONCLUSIONS

In this paper, an attempt was made to formulate the optimal maintenance
planning as a multi-objective optimization problem. By considering LCC,
safety level, and service life as objective functions, it is possible to obtain
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the relationships among these three performance indicators and provide bridge
maintenance engineers with various maintenance plans with appropriate allo-
cations of resources. Furthermore, another attempt was made to develop a new
multi-objective genetic algorithm for the bridge management problem that has
a lot of constraints. Based on the results presented in this paper, the following
conclusions may be drawn:

Since the optimal maintenance problem is a very complex combinator-
ial problem, it is difficult to obtain reasonable solutions by the current
optimization techniques.

Although Genetic Algorithm (GA) is applicable to solve multi-objective
problems, it is difficult to apply it to large and very complex bridge
maintenance problems. By introducing the technique of Non-Dominated
Sorting GA-2 (NSGA?2), it is possible to obtain efficient near-optimal
solutions for the maintenance planning of a group of bridge structures.

Furthermore, the new GA method proposed here can much more im-
prove the convergence and efficiency in the optimization procedure, by
introducing the sorting based selection.

The proposed method can provide many near-optimal maintenance plans
with various reasonable LCC values, safety levels and service lives.
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Abstract An approach for the Mixed Discrete Non-Linear Problems (MDNLP) by Particle
Swarm Optimization is proposed. The penalty function to handle the discrete
design variables is employed, in which the discrete design variables are treated
as the continuous design variables by penalizing at the intervals. By using the
penalty function, it is possible to handle all design variables as the continuous
design variables. Through typical benchmark problem, the validity of proposed
approach for MDNLP is examined.

keywords: Global Optimization, Particle Swarm Optimization, Mixed Dis-
crete Non-Linear Problems

1. Introduction

Particle Swarm Optimization (PSO), which mimics the social behavior, is an
optimization technique developed by Kennedy et. al. [1]. It has been reported
that PSO is suitable for the minimization of the non-convex function of the
continuous design variables through many numerical examples. Few researches
of PSO have been reported about the discrete optimizaton [2]. These researches
handle the discrete design variables as the continuous ones, directly. That
is, firstly all design variables may be handled as the continuous ones, and
optimized. Finally, the round-off or cut-off are applied to get the discrete
optimum. These approaches may be valid in a sense, but some problems are
included as shown in Fig.1(a), (b).

Fig.1(a) shows a case. x represents the optimum of the continuous design
variables. Point A and B represent the discrete design variables close to x .
In this case, Point B is chosen as the neighborhood of x;, by the round-off.
However, the objective function at Point B makes a change of the function
value worse, when compared with the objective function at Point A. [3] Another
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Figure 1. The nature of discrete optimization

case shown in Fig.1(b) is well known. That is, the optimum obtained by the
round-off or the cut-off does not satisfy all feasibilities [4].

PSO is suitable for the global optimization of the non-convex function of the
continuous design variables. Therefore, all design variables should be handled
as the continuous ones whenever PSO is applied to the mixed or discrete design
variables problems.

In this paper, the penalty function approach to handle the discrete design
variables is proposed. By using the penalty function for the discrete design
variables, it is possible to handle the discrete design variables as the continuous
ones. Through typical MDNLP, the validity of proposed approach is examined.

2. Particle Swarm Optimization

Particle Swarm Optimization (PSO) is one of the global optimization meth-
ods for the continuous design variables [6]. PSO does not utilize the gradient
information of function like Genetic Algorithm. In PSO, each particle has the
position and velocity, and they are updated by a simple addition and subtraction
of vectors during search process.

The position and velocity of particle d are represented by m’; and U’é, respec-
tively. k represents iteration. The position and velocity of particle d at k+1 th
iteration are calculated by following equations.

ohtt =z + ot (1)
Ufz“ =w x v+ c1r1 x (P — @8) + o x (PZ —zh) (2)

in which the coefficient w is called as inertia term, and 1 and ro denote random
number between [0,1). The weighting coefficients ¢; and ¢ are parameters.
In general, ¢; = ¢3 = 2 is often used. pg called as pbest, represents the best
position of particle d till £ th iteration, and pg called as gbest, represents the
best position in the swarm till & th iteration. That is, pg is chosen among pg.
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The inertia term in Eq.(2) gradually decreases during the search iteration.

Wrmaz — Wmin
wzwmm————k————xk 3)
max

in which, W,z and W,y represent the maximum and minimum value of inertia.
kmaz represents the maximum number of search iteration. In general, Wiy =
0.9 and Wy, =0.4 are recommended [7].

2.1 PSO as an Optimization Technique
From Eq.(1) and Eq.(2), the following equation can be obtained.
it = af +w x v+ alg - z5) 4)
in which «a and g are represented as follows, respectively.
o =cyr + Car ©)]
cirph + 027“2175

g (©6)

€171 + €272

From Eq.(4), it is possible to interpret that g — :c’fi represents the search direction
when we imagine the similarity to the gradient methods. « in Eq.(4) also may
be regarded as stochastic step-size, in which its lower and upper bounds are
0 and cy+c¢s, and the mean value is (¢; + ¢2)/2. From these relationships,
it is possible to consider that PSO has a search direction vector and stochastic
step-size even though PSO does not utilize the gradient information of function.

3. Penalty Function Approach for MDNLP by PSO

3.1 Problem Definition

In general, the Mixed Discrete Non-Linear Problem (MDNLP) is described

as follows [5]:
f(x) — min (N

eh <z <2V i=1,2,-,m (8)

$m+iEDi Di:{di,lvdi,Qa"'adi,q} ’L.:1,2,"',7'L (9)

ge(x) <0 k=1,2,-- ,ncon (10)

where x represents the design variables, which consist of the continuous and

discrete design variables. f(x) is the objective function, and gi(x) is the behav-
ior constraints. ncon represents the number of behavior constraints. x; denotes
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the continuous design variables, and m is the total number of continuous design
variables. ¥ and 2¥ denote the lower and upper bounds of continuous design
variables, respectively. On the other hand, n is the total number of discrete
design variables. D; is the set of discrete values for the ¢-th discrete design
variable. d; ; is the j-th discrete value for the i-th discrete design variables. ¢
represents the number of discrete values.

3.2 Penalty Function
In this paper, the following penalty function suggested by [8] is adopted.

"1 2w x o, 1«—0.25 dq;,' +3di7'
¢(m):2§szn[ {7 (dij1 i)}

i=1

+1 (11
dij41 — dij ! )

where 2%, ; is the continuous design variables between d; ; and d; j11. Then
the augmented objective function F'(x) is constructed by using above penalty
function as follows:
ncon
F(z) = f(z)+sx ¢(x) +7 > maz[0, gx(z)] (12)
k=1

in which s and r denote the penalty parameters for Eq.(11) and Eq.(10), respec-
tively. Finally, MDNLP is transformed into the following continuous design
variables problem.

F(x) — min (13)
eh<z<zl i=1,2,--m (14)
di,l S x';crn-H' S di,q 1= 112a eyn (15)

For the simplicity, the design variables are supposed as the discrete design
variables in the following discussion. In the case of the mixed design variables,
we discuss at section 3.7 separately.

3.3 Characteristics of Penalty Function

The value of Eq.(11) becomes small around the neighborhood of discrete
value. On the other hand, the value of Eq.(11) becomes large, turning from
discrete value. When pg satisfies the following equation, the discrete value

resides around the neighborhood of p’g‘.

¢(ph) < e (16)

¢ in Eq.(16) represents small positive value. As a result, the penalty parameter
sin Eq.(12) must be updated so that Eq.(16) is satisfied. In order to examine the
effect of the penalty parameter s, let us consider a following simple problem.
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f(g;) =74 g —2x2+8m—>min (7

ze{-1,0,1,2} (18)

In this simple example, the objective f(x) and the augmented objective
function F'(x) are shown in Fig.2.

Augmented objective function
AV

/\
\f(x)
\ 1 2 7x

-5 Original function

s=10
Figure 2. Behavior of the augmented objective function

From Fig.2, it is apparent that F'(x) becomes non-convex and continuous.
Additionally many local minima are generated around the neighborhood of
the discrete values. As a result, the problem to find the discrete optimum is
transformed into finding global minimum of F(x). Additionally, the discrete
values are given at the point, where the relative error between f(z) and F(x)
becomes small. The following equation is utilized as terminal criteria.

|[F(p§) — f(p5)]
\F'(p})]

<e 19

PSO does not use the gradient information of function, so that it is difficult
to satisfy Eq.(16) strictly. Then, Eq.(19) is used instead of that.

Behaviors of F'(x) for various penalty parameter s are shown in Fig.3. From
Fig.3, it is found that to determine a penalty parameter s in advance is very
difficult.

3.4 Initial Penalty Parameter s

An initial search point x4 of particle d is determined randomly. Then the
value of penalty function in Eq.(11) is calculated for each particle. The penalty
parameter s is determined as follows.

sg=1+¢(xg) d=1,2,-- agent 20)

where s, represents the penalty parameter of particle d. agent in Eq.(20) is the
total number of particles. And initial penalty parameter s;,;¢:4; 18 determined
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Figure 3. Behavior of the augmented objective function for some parameter

as follows.
Sinitial = min{sl, 82,0, Sagnet} 2Zn

At the initial stage to search the optimum, F'(x) is actively transformed
into non-convex and continuous function, and many local minima are enerated
around the neighborhood of the discrete value.

3.5 Update Scheme of Penalty Parameter s

The following equation is used to update the penalty parameter s.

s=sxexp(l+ ¢>(p§)) (22)

The behavior of F'(z) by updating the penalty parameter s is shown schemat-
ically in Fig.4.

In Fig.4, solid line shows F'(x) at k th iteration, and dotted line shows F(x)
at k+1 th iteration. As shown in Fig.4, F'(x) at k+1 th iteration becomes highly
non-convex function in comparison with F(zx) at & th iteration. For example,
point ‘A in Fig.4 corresponds to the point pg at k th iteration. By updating
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Figure 4. Update of penalty parameter s

penalty parameter s, p§ corresponds to the point A’ on the dotted line. As
discussed in section 2.1, PSO has similar structure to the gradient methods, so
that it is expected that p’; moves to the direction in Fig.4. Finally, it is also

expected that p’gg will satisfy Eq.(19).

3.6 Initilization of Penalty Parameter s

When Eq.(19) is satisfied, the discrete value around the neighborhood of pg
resides. Then an initial penalty parameter by Eq.(21) is utilized in order to find
another discrete value, because F'(x) becomes highly non-convex function by
updating the penalty parameter s. It is assumed that p}gC fails to escape from
local minimum. In such occasions, F'(x) is relaxed by using an initial penalty
parameter when Eq.(19) is satisfied. As a result, it is expected that pg can
escape from local minimum.

3.7 In the Case of Mixed Design Variables

The component of p’gC can be expressed as follows:

pg — (wcontywdiscrt)T (23)

where £°™ and £ %"t represent the components of the continuous and discrete
design variables, respectively. Then, the components of the continuous design
variables "™ in p’; are neglected when the terminal criteria by Eq.(19) is
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applied. That is, only the components of the discrete design variables ¢t
in p’; are checked when the terminal criteria by Eq.(19) is utilized.

3.8 Difference between Traditional and Proposed Method

The penalty function of Eq.(11) is the same as [8]. However, its approach
is very different from each other. Shin et. al. have searched an optimum by
regarding all design variables as the continuous at the initial stage, the penalty
parameter s in Eq.(12) has been set as zero. After the optimum obtained by
regarding all design variables as the continuous has been found, the penalty
function of Eq.(11) has been introduced to avoid the search procedure of global
minimum among many local minima of F{(x).

On the other hand, the penalty parameter s is actively introduced at the initial
stage in our approach. Obviously F'(x) becomes non-convex and continuous.
However, this is not serious problem because PSO is applied to F'(xz). The
new update scheme of penalty parameter s by Eq.(22) is proposed. In the past
reports [4, 8], the constant positive number is used to update the penalty para-
meter. However, the constant positive number depends on the problems. On
the other hand, the penalty parameter s may always changes in our approach
because the value of d)(p’;) is utilized. It may be expected that flexible appli-
cations may be possible. Finally, the initialization of the penalty parameter s
is also introcuded in order to relax F'(x). As a result, it is expected that plg can
escape from local minimum.

Binary PSO is also easy to handle the discrete design variables [9, 10].
However, the search process of binary PSO is stochastic. Additionally, no
proof that the objective or design domain is continuous is given. On the other
hand, our approach adopted here utilizes the characteristics of PSO and the
penalty function of Eq.(11), in order to find optimum. That is, our approach
may be deterministic, when compared with binary PSO.

3.9 Algorithm
The proposed algorithm for MDNLP by PSO is shown in Fig.5.

4. Numerical Example

To examine the validity of proposed approach, let us consider the optimum
design of pressure vessel as shown in Fig.6.

This problem is one of the most famous benchmark for MDNLP [9, 11-
14]. Several results are shown in table 1. From table 1, it is very difficult
to find optimum solutions even though this problem consists of only 4 design
variables. The design variables are 1) Radius R (continuous design variables:
x1), 2) Length L (continuous design variables: z3), 3) Thickness T (discrete
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Figure 5. The algorithm for MDNLP by PSO
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Figure 6. Optimum Design of Pressure Vessel

K]
A 4

design variables: x3), and 4) Thickness T}, (discrete design variables: x4). An
optimization problem is defined as follows.

fla) = 0.6224z 2923 + 1.7781xixy + 3.1661z023 + 19.84z 2% — min

(24)

10 < 21,29 < 200 (25)

0.0625 < z3,74 < 6.1875 (26)
.01

gfa) = 2087 @7)

3
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0.00954
gale) = 20094 (28)
T4
)
=2 g« 29
g3(x) 940 <0 (29)

1296000 — 27 a3
ga(x) = —3—1-1<0 (30)

in which z3 and x4 are the discrete design variables, and are integer multiples
of 0.0625 inch.

Behavior constraints from Eq.(27) to Eq.(30) are handled as penalty function
by using Eq.(12) The penalty parameter 7 is set as 1.0 x 108, The number of
particle is set as 50, and the maximum number of search iteration k. is also
set as 500. 10 trials are performed with different random seed. The best result
during 10 trials is shown in the last column "Kitayama" in table 1. From table 1,
best result could be obtained by our proposed method. The average of function
calls through 10 trials is 22500.

Table 1. Comparison of results

Sandgren Qian  Kannan Hsu He Kitayama

Rlinch]: z; 47.00 58.31 58.29 N/A 42.10 42.37
Llinch}: z2 117.70 44.52 43.69 N/A 176.64 17342
Tslinch): z3 1.125 1.125 1.125 N/A 08125 0.8125
Thlinch]: x4 0.625 0.625 0.625 N/A 04375 0.4375
g1(x) -0.19 0.00 0.00 N/A © 0.00 0.00
g2(x) -0.28 -0.11 -0.11 N/A -0.08 -0.08
g3(x) -0.51 -0.81 -0.82 N/A -0.26 -0.28
ga(x) 0.05 -0.02 111 N/A 0.00 0.00

Objective 8129.80 7238.83 7198.20 7021.67 6059.71 6029.87

5. Conclusions

In this paper, PSO has been applied to MDNLP. The penalty function for
the discrete design variables is introduced, in order to handle as the continu-
ous design variables. The augmented objective function becomes non-convex
function of continuous design variables, by introducing penalty function. As
considered that PSO is naturally suitable for the global search of non-convex
function of the continuous design variables, our proposed approach may be
valid. A method to determine the penalty parameter s and new update scheme
of penalty parameter s have been also proposed. Through typical benchmark
problem, the validity has been examined.
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Abstract In a plastic injection molding, design of cooling pipe system is one of the impor-
tant problems to reduce internal residual stresses of molded products. If plastic
materials in the injection molding die are cooled down uniformly and slowly,
generation of the residual stresses can be reduced.

In this paper, a new method to design a cooling pipe system in the plastic
injection molding die taking account of coolant flow in the pipe are presented.
To consider the effect of the coolant flow, two kinds of models assumed plastic
injection die are prepared. And shape optimization techniques are applied to
design the cooling pipe system in the models. To evaluate the optimality, two
kinds of evaluation functions, one is to obtain uniform temperature distribution
and the other is to control cooling rate, are defined.

keywords: Fluid Dynamics, Heat Transfer, Coupled Problem, Finite Ele-
ment Method, Design Optimization

1. Introductions

Plastic injection molding is used widely to mold complex shapes of indus-
trial products for mass production. In the plastic injection molding, one of
the serious problems is the generation of residual strain and stress caused by
non-uniform solidification of plastic materials. Cooling velocity of the injected
plastic is slower than that of metal because of low heat conductivity of plas-
tics. Therefore, differences of the cooling velocity part by part due to partial
temperature gradient is appeared. These differences produce different molding
shrinkage and internal residual stresses, which cause warps and cracks in the
plastic molded products in some years after the molding. If the plastic materials
in the solidification process are controlled well and cooled down uniformly, it
is expected that the generation of the residual stress can be reduced much.

Many researchers have tried to optimize the cooling pipe system to reduce
the generation of residual stresses by numerical simulation. The automatic

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
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Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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design system of cooling pipes used straight line cooling pipe has been given
[1, 2]. Koresawa et al. suggested the automatic layout design system adopting
complex cooling channels [3]. Recently, the plastic injection die with complex
cooling channels can be produced by stereolithography system of metal powder.
Therefore the complex layout will be adapted to plastic injection die.

However, in these researches, some factors such as a coolant flow in the
cooling pipe have not been taken into consideration. The coolant flow has not
been considered when a cooling pipe system is designed and optimized.

In this paper, we discuss about an optimization method of the cooling pipe
system by taking coolant flow into account. For this purpose, two kinds of
numerical models have been prepared; one is to confirm the validity of the
evaluation function of objectives, the other is to consider the effect of the coolant
flow in the process of optimization. These models are analyzed by the finite
element code, which implements the heat transfer analysis and the fluid analysis.
And the temperature distribution and its variation as well as the coolant velocity
during the cooling process calculated by the analyses are adopted to optimize the
cooling pipe system. Then, to decide the position of the cooling pipe, the basis
vector method [4], which is one of the ways to treat a shape change and to control
mesh adaptation, is adopted. In the basis vector method, the design variables
are set by using the orthogonal array of the design of experiment (DOE). From
the numerical analysis results the response surfaces are constructed. Then the
optimum shape of the cooling pipe system is obtained by the mathematical
programming method.

2. How to optimize a cooling pipe system
2.1 Optimization procedure

In this research, the shape and the position of the cooling pipe system are
taken as the design variables. The sampling points are assigned by the orthogo-
nal array in DOE, and the numerical simulations have been implemented. Then
the response surface for the evaluation fanctions are constructed and optimized.
Figure 1 shows flow chart of the design processes.

2.2 Numerical model

The objective of this paper is to establish an optimization methodology for
the cooling pipe system considering the coolant flow effect. To confirm the
effect of suggested methodology, a numerical model shown in Figure 2, which
is two dimensional model, with two kinds of different conditions, which are
called "Case 1" and "Case 2", is prepared. The Case 1 does not consider the
coolant flow effects. Therefore only the heat transfer analysis will be done. On
the other hand, the Case 2 takes account of the coolant flow, which requires
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analyzing both the fluid flow and the heat transfer. And we make the numerical
model to compare the optimization results between Case 1 and Case 2. If the
optimum shape of Case 2 is different from the shape of Case 1, we can confirm
the effect of coolant flow.

[ Preparation of Initial Numerical Model |

rGeneration of Basis Veetors l

{ Shape Changes by Basis Vectors

Change Design
Variables by DOE

Mold Cooling Analysis

Tniet &5 i > Outlet

Calculation and Optimization of Response Surface

Optimum Shape

Figure 1. Flow chart to optimize cooling pipe
system

Figure 2. Numerical model

In the numerical analysis, we consider only half of the numerical model
because the conditions of the model are given symmetric with respect to the
X-axis.

2.3 Basis vector method

When an optimization method is applied to the shape design problem, the
basis vector method is adopted to decide the shape and position of cooling pipe,
and to reduce the number of design variables. The basis vector method can pre-
vent the mesh warping due to the boundary shape changes during optimization.
In the basis vector method, an original shape vector and basis vectors need to
be prepared. In general, a new coordinate G is generated from the following
equation,

G:G0+ZOL¢(V¢—G0) H
i=1

where Gg is an original shape vector, V; is a basis vector, n is the number of
basis vectors and «; is a design variable, respectively.
In this study, the new shape vector is calculated from the following equation,

non

n
G=Go+» a;y V; )
=1 j=1
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where non is the number of node in a numerical model and V; corresponds to
(Vi — Go).

Four kinds of basis vectors that include four design variables are prepared.
Figure 3 illustrates the shape changes of the numerical model by using the basis
vectors.

(a) Inclined straight pipe (b) Curved pipe

Figure 3. Examples of shape change using basis vectors

2.4 Response surface approach [5, 6]

In the optimization problem using numerical analyses, when much calcula-
tion time is required for one analysis, the design space may be approximated
to optimize effectively. Some approximate optimization techniques have been
developed, such as the response surface method (RSM), Kriging model, the ra-
dial basis function (RBF) and so on. In this study, we have applied the RSM to
predict the numerical results without a lot of analyses in optimization process.

When the shape of numerical model is changed by using basis vector method,
a few numbers of design variables have to be decided. In this study, the com-
bination of these design variables is determined by an orthogonal array of the
design of experiment (DOE) to be calculated efficiently under required relia-
bility. And an orthogonal polynomial calculated by a regression model based
on the array is regarded as the response surface.

2.5 Evaluation function

In a plastic injection molding, when the temperature distribution of melted
plastic in a cavity is uniform and the cooling rate is slow, the generation of
residual stresses is suppressed. Therefore, we introduce two kinds of quantities
to evaluate these conditions. One is an average heat quantity Q). defined by
Eq.(3) to obtain uniform temperature distribution along the cavity surface. The
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other is a deviation of heat quantity Qgey defined by Eq.(4) to measure the
cooling rate during te,q in the molding die.

ten en
Qave Z/(; ’ Qavedt = —kA/ : ZZ 1 3

ten en
Qdevz/o ? Gevdt = —kA/ d\/z (D= Tae)® 0y

n-—1

where gave and gqev are heat flows of the cavity surface nodes at unit time, fepnq
is calculation time, k is thermal conductivity, A is an area of the cavity surface,
T, is a temperature of cavity surface node, Ty is an average temperature of
the surface and n is number of the nodes, respectively.

After normalizing these two functions, an objective function summed up
these functions with weighted coefficients is introduced to transform this multi-
objective optimization problem into a single one.

f=w1Qave + w2Qqev (w1 > 0,wz > 0, wy +wp = 1) (5)

where w; and wsp are weighted coefficients.

3. Shape optimization problem of cooling pipe system in
plastic injection molding

3.1 Optimum shape of cooling pipe system

A simple design model of cooling pipe system (Figure 2) is considered to
confirm the coolant flow effects between the different conditions, the Case 1
and the Case 2, as mentioned above. The same initial conditions are assumed
for the both cases. As the boundary conditions, a constant cool temperature is
given for all area of cooling pipe in the Case 1. On the other hand, in the Case
2 a constant velocity and temperature at inlet, a constant pressure at outlet and
no slip condition at cooling pipe wall are assumed to consider the coolant flow
in cooling pipe.

The analytical models are made from the combination of the basis vectors
based on the orthogonal array Lo7(3*). Using 27 kinds of numerical results
analyzed these models by the FEM, the response surface is constructed.

The response surfaces in the design space are illustrated in Figs.4. These
graphs show the relationship among the average heat quantity, the deviation of
heat quantity and the transformed single objective function. By changing the
coefficient values of w; and ws in Eq.(5), a Parato front drawn by red symbol
is obtained.

The optimum shapes of cooling pipe systems shown in Figs.5 and 6 are
obtained by using the response surfaces (Eq.(5)) and the mathematical pro-
gramming method under the condition of w; = 0.5, wy = 0.5. The optimum
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Figure 4.  Response surface of Case 1 (left), Case 2 (right)

shape of cooling pipe in the Case 1 shows round and symmetric as shown in
Figure 5 because of the symmetry of simulation model. On the other hand,
the shape is asymmetry and that the cooling pipe approaches the cavity toward
outlet and goes away from the cavity toward inlet in the Case 2 (Figure 6).

Figure 5. Optimum shape of Casel Figure 6.

Optimum shape of Case2

3.2 Discussions

The optimum shape in Case 1 can be expected to reduce the differences of the
temperatures distribution and to cool down fast on the cavity surface. Compared
with the optimized model in Case 1, we can find clearly the difference of the inlet
and outlet coordinate of the cooling pipe. When the coolant flow is considered,
the coolant temperature of inlet side is higher than that of outlet side because of
the absorption of heat. This will cause the nonuniform temperature distribution
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in the die. From this reason, the asymmetry optimum shape in Case 2, has been
obtained in order to make a temperature distribution uniformly.

In Figs.5 and 6, the Parato fronts are obtained to optimize the objective
function with the different values of the weights. The pipe shapes of these
solutions in Figure 6 are illustrates in Figure 7. The trade off relationship
between the average heat quantity (Q,ve and the deviation of heat quantity Q4ev
is observed. From the shapes of Parato solution, we can recognize that it is
necessary to make the position of inlet go away from the cavity for uniform
temperature distribution.

When the optimum results shown in Figure 6 are focused, the result of devi-
ation of heat quantity is the minimum at the optimized results as shown Figure
7. In Figure 7, the result of average heat quantity is not the minimum of objec-
tive function, because the function value depends on the normalizing standard.
However, changing the weighted coefficient, Parato front is obtained. There-
fore, we consider the objective function and evaluation functions show a natural
phenomenon in plastic injection molding.

360
340
320
300
280
260
240
220
200

e Qe

Objective function

Figure 7. Shapes of parato solutions in Case2

4. Conclusions

A new approach to optimize the cooling pipe system'in the plastic injection
molding taking account of the coolant flow has been developed. To confirm the
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coolant flow effect, we prepared a simple cooling pipe system model, and opti-
mized the model with two different conditions. In the optimization processes,
we defined the two kinds of quantities to evaluate the cooling process in the
cavity of plastic injection die, and adapted the basis vector method to control
the shape of cooling pipe system and the response surface method to optimize
effectively. As a result, we obtained the different optimum shapes that appear
the coolant flow effect. And the response surfaces using the optimizations ex-
press the trade off relation ship between the cooling rate and the uniformity of
the temperature distribution in the die. However, the optimum shape is lean
to keep the uniformity compared with the cooling rate when two evaluation
functions are treated at the same rate. However, we can obtain the parato front
to change the weight of two functions.
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Abstract This paper suggests an innovative design methodology of heat transfer system
based on a so-called adaptive growth law, which is an essential optimum growth
rule of branch systems in nature. The branch systems in nature can grow by adapt-
ing themselves automatically to the growth environments in order to achieve better
global functional performances, such as the maximal absorption of nutrition or
sunlight in plants and the intelligent blood delivery of a vascular system in animal
body. Thus, it can be expected that an optimum layout of heat transfer system
would be obtained by the generation method based on the growth mechanism of
branch systems in nature. First, the emergent process of branch systems in nature
isreproduced in computer model by studying their common growth mechanisms.
The branch systems are grown by the control of a so-called nutrient density so as
to make it possible that the distribution of branches is dependent on the nutrient
distribution. Then, the generation method is applied to the layout design prob-
lem for heat transfer systems. Both the conductive heat transfer system and the
convective heat transfer system are designed by utilizing the generation method
based on the growth mechanisms of branch systems in nature. The effectiveness
of the suggested design method is validated by the FEM analysis and by the
comparison with other conventional optimum design methods.

keywords: Layout Optimization, Cooling Channel, Branch System, Bionic
Design

1. Introductions

Geometric forms (shapes and topologies) of branch systems in nature, such
as lungs, vascular tissues, botanical tree (canopies, roots, leaves), etc., always
show approximating a globally optimal performance that can minimize the
costs of the construction and maintenance of the fluid transportation system
under restraints of growth environment. So the branch systems are interested
in modeling and visualizing not only by biologists but also by engineers. By
studying the growth mechanisms of branch systems in nature, branch systems
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ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].



170 IFIP-TC7 2005

of plants and animals have been simulated by some kinds of approaches [1]- [4].
On the other hand, development of more intelligent and optimum engineering
systems are expected by utilizing the optimality of branch systems in nature,
and some effort have been done on this issue. For example, a topology design
optimization method to generate stiffener layout pattern for plate and shell
structures has been suggested [5], in which a growing and branching tree model
is applied. The effectiveness of the method is proved because discrete stiffener
layout pattern rather than a vague material distribution can be obtained.

In this paper, an innovative layout design methodology of heat transfer sys-
tem by utilizing the optimality of branch systems in nature is suggested. The
method bases on such essential characteristics of branch systems in nature that
the branches can grow by adapting themselves automatically to the growth en-
vironments and achieve better global functional performances, such as maximal
absorption of nutrition or sunlight in plants and intelligent blood delivery of a
vascular system in animal bodies. Thus, it can be expected that an optimum lay-
out of heat transfer system would be obtained by utilizing the generation method
based on the growth mechanism of branch systems in nature. First, optimality
and growth mechanisms of branch systems in nature are studied, and a repro-
duction approach of emergent process of branch systems is proposed. Branches
are grown by the control of a so-called nutrient density so as to make it possible
that the distribution of branches is dependent on the nutrient distribution. The
growth of branches also satisfies the hydrodynamic conditions and minimum
energy loss principle. If the so-called nutrient density in the generation process
of branch system is referred to as the temperature in a heat transfer system,
the distribution of branches is responsible to the distribution of cooling chan-
nels. Because branch system can grow adaptively corresponding to the nutrient
distribution in order to absorb the nutrition to the maximal extent, the cooling
channel can be constructed adaptively by the control of the temperature so as to
make it possible to achieve comparative uniform temperature distribution of the
whole heat transfer system. Having the similar optimality of branch systems
in nature, the constructed cooling channel can be designed flexibly under any
complex thermal boundary conditions within any shapes of perfusion volumes
to be cooled and will achieve good cooling performance. The design problems
of both the conductive heat transfer system and the convective heat transfer
system are studied, and the cooling performances of the designed heat transfer
systems are confirmed being improved by carrying out the FEM analysis and
by comparing with the results designed by other conventional design methods.
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2. Reproduction of Emergent Process of Branch Systems
in Nature

It is necessary to reproduce the emergent process of branch systems in na-
ture in order to apply the optimality of branch systems in nature to engineering
design, thus a generation approach of the emergent process for a hierarchical
dichotomous branch system being considered as a material or energy trans-
portation system is studied. A certain distributed nutrition density is assigned
in advance in the perfusion space to control the growth of branches to make it
possible that the distribution of branches is dependent on the distribution of the
so-called nutrition density. During the generation process of branch system, the
nutrition density in the whole perfusion space decreases by growing branches
and its distribution tends to be uniform. The prerequisites of constructing such
branch system are briefly described as follows:

1 Branching law stands for the relationship of radii between the parent
branch and the daughter branches, which is adopted at every bifurcation
point. For a dichotomous branch system, it is formulated as the following

Eq.(1).

7*6\ = 7‘1\ + 7"5\ (1
where rg, 1 and 7o are radii of the parent branch and the daughter
branches, as shown in Figure 1. The bifurcation exponent, A, is physi-
ologically reasonable when it is in the range of 2 < A < 3. Murray’s
law shows the energy loss for transporting material throughout the whole

network can be made minimum when A = 3.

2 Growing law relates to the growing direction and the growing velocity
tor a new branch, which is assumed to be dependent on the local nutrient
distribution. A new terminal site is always positioned at the point with
the highest nutrient density in the local growth space (vicinity) around
the grown branches. If there is more than one such point in the local
growth space, a point is selected by a pseudo random number sequence.

3 The hydrodynamic conditions are assumed as that each terminal branch
has the same flow and pressure so as to bathe the whole perfusion space
evénly. The branches are assumed to be cylinders. Flows in the branches
are assumed as fully developed laminar flow, so they obey Poiseuille’s
law formulated by the following Eq.(2).

= 2

where @ is the volumetric flow rate, AP is the pressure drop, 7 and [
are radius and length of the vessel, and v is the dynamic viscosity of the
fluid.
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4 The volume of whole branch system is selected as the cost function, so
the branch system is designed in such a way that the volume of it is
minimized,

n
V => ril; — min 3)
i=1
where r;, [; are radius and length of branch ¢, and n is the total number
of branches.

According to the above prerequisites, the growth process can be implemented
as follows. A certain nutrition density distribution is assigned in a specified
perfusion area in advance. The initial branches are grown, which satisfy the
hydrodynamic conditions and a certain branching law. The local nutrition den-
sities nearby the existent branches are updated. Then a new terminal site is
selected at a point with the highest nutrition density in the growth area. If there
is more than one point having the highest nutrition density, a candidate point
is selected at random by a pseudo random number sequence. Therefore the
density of branch distribution is dependent on the initial nutrition density of the
perfusion area in order to absorb nutrition as much as possible. Next, the new
terminal site is attached to the existent branches near it. For each attachable
candidate branch, the bifurcation point is selected optimally with the objective
of minimum volume of the whole network under the restraint of hydrodynamic
conditions, and the new terminal site connects with the bifurcation point tenta-
tively. The radius of the new branch is decided according to Poiseuille’s law,
and radii of all parents of the new segment are updated according to the branch-
ing law. Then the connection is dissolved but the volume of whole network
for the connection is recorded. By comparing volumes of all possible tenta-
tive connected topologies, a connected topology with the minimum volume is
finally adopted permanently. The growth process will stop when the average
nutrition density in the perfusion area cannot be decreased anymore.

Figure 2 shows the simulation result of the growth process for a 2-dimensional
branch system filled up a circular space. The initial nutrition density is distrib-
uted uniformly, as shown in Figure 2(a). Murray’s law is adopted at each
bifurcation. Figure 2(b)-(d) show the emergent process of the branch system,
in which the total branch number of the finally generated branch system is 6971.
It is found that the branch system can fill up the whole specified space and the
distribution of the branches is dependent on the initial nutrition density in the
original space, which is almost uniform. During the generation process, a trunk
grows at first, and some boughs grow spreading the whole perfusion area at
very initial period. However, a number of twigs grow finally. The simulated
branch system has both thicker and thinner size levels, which is similar to the
branch systems in nature, in which the thicker ones convey long-distance ma-
terial transportation, and the thinner ones exchange material with environment.
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(b) Number of
nutrient density branch =501

(d) Number of (¢) Number of
branch =6971 branch =1001

Figure 1. Geometry of a dichoto-

mous branch system
Figure 2. Growth process of branch system under uni-

formly distributed initial nutrition density (A=3.0, Volume
rate=1.60%)

If the circular perfusion area is considered as a plate with the thickness of 1/14
of its radius, the volume rate of the branch system, i.e., the ratio of the branch
volume to the whole plate volume, is 1.60%.

Heat siok

(a) FEM model (b) Temperature field
(Volume rate=9.71%) T =57.55C

Figure 3. FEM model and temperature field for a circular plate with a natural branch-like
conductive cooling channel under uniform heat-generating rate

In conclusion, itis said that the suggested generation method can grow branch
systems to fill up any specified perfusion areas with arbitrarily distributed initial
nutrition densities, and the generated branch systems are qualitatively similar
to the branch systems in nature.
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3. Layout design of Heat Transfer System

If the so-called nutrient density in the generation process of a branch system
is referred to as the temperature in a heat transfer system, the distribution of
branches can be considered corresponding to the distribution of cooling chan-
nels. Because the branch system can grow adaptively depending on the nutrient
distribution in order to absorb the nutrition to the maximal extent, the cooling
channel can be constructed adaptively by the control of the temperature so as
to make it possible to achieve comparatively uniform temperature distribution
of the whole heat transfer system. Therefore, the generation method based on
the growth mechanism of branch systems in nature can be applied to the layout
design of cooling channels in the heat transfer systems.

First, the layout of a conductive heat transfer system is designed and its
cooling performanceis analyzed. The problemis stated as: "afinite-size volume
isto be cooled through a small patch (heat sink) located on its boundary, in which
heat is being generated at every point. "A finite amount of high conductivity
(kp) material is available. Determine the optimum distribution of material k&,
through the given volume such that the temperature distribution of the whole
volume is as uniform as possible.” The natural branch-like conductive cooling
channel is constructed based on the corresponding original branch system, in
which its cross-section is assumed to be a rectangle with the same thickness
as the plate. The width of the channel, however, is assumed to be the same
diameter as the corresponding branch in the branch system. The ratio of thermal
conductivity of the high conductivity material (k,) to the low conductivity (ko)
is assumed as k = k,/ko 3> 1. A circular plate with the ratio of thickness to
diameter of 0.01 is considered as the finite-size volume to be cooled, in which
the heat generates at every point with the uniform volumetric heat-generating
rate ¢ = 10°W /m?>. The layout of the conductive cooling channel made of a
high conductivity material (k,) is based on the original branch system shown in
Figure 2(d), in which some branches with smaller cross-sections are omitted for
the simplicity. It is noted that the distribution of the volumetric heat-generating
rate is identical to that of the so-called nutrient density in the generation process
of the original branch system, which is uniform as shown in Figure 2(a). The
ratio of the thermal conductivities of the high conductivity material (k,) to the
low conductivity (ko) is assumed to be 10%. The temperature at the heat sink
located on the boundary is set as 11,3, = 10 °C. The whole structure is insulated
from the environment. Figure 3(a) shows the FEM model generated by some
imaged section slide by Voxelcon. The volume rate of the cooling channel
is 9.71%. Figure 3(b) illustrates the temperature field of the whole plate, in
which the red parts stand for the hot spots, while the blue parts stands for the
comparative cool spots. The maximal temperature is Ty = 57.55 °C. It is
found that the hot spots are distributed over the whole volume.
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Next, the layout of a convective heat transfer system is designed by the gen-
eration method based on the growth mechanisms of branch systems in nature.
The difference between the convective and the conductive heat transfer systems
is that the coolant flow is available to remove the heat in the convective heat
transfer system. The problem can be stated as: "construct an optimum convec-
tive cooling channel in a specified volume applied a certain distributed heat flux,
in which coolant flows through the channel to remove the heat." A branch-like
convective cooling channel is constructed inside a flat plate, which is based on
the corresponding original branch system. The diameter of each segment in the
cooling channel is assumed to be identical to that of the corresponding branch
in the original branch system. A certain distributed heat flux is applied on the
top surface of the plate, the bottom surface is insulated from the environment,
and the circumference is on the forced air convection. Coolant with a certain
volumetric flow rate is flown through the channel to remove the heat. The vol-
ume to be cooled is assumed to be made of beryllium-copper alloy, thermal
conductivity of which is set as & = 260 W/mK. The coolant flowed through the
cooling channels is assumed as water, and its temperature at inlet is assumed
as 20 °C.

Actually, the problem is a transient heat conduction problem between the
solid and coolant in the channel. However, because our goal here is only
to confirm the heat conduction efficiency of the heat transfer system with a
convective cooling channel, the problem is simplified as a steady-state heat
conductive problem. However, it is necessary to consider the energy balance
in the system responsible for the fluid convection. Because the temperature of
coolant becomes higher and higher by passing through the cooling channel from
inlet to outlet, the energy balance due to the fluid convection can be considered
approximately as the distribution change of the temperatures at the channel wall.
The temperature difference at the channel wall between the inlet and outlet of
segment ¢ can be evaluated approximately by the following equation.

ATy =20 @)
peCerittei
where ¢ is the heat flux applied on the channel, p. and C. are density, specific
heat of coolant, respectively. And u; is the coolant average velocity of branch
i.

Figure 4 shows the FEM models and temperature fields of three circular plates
with branch-like convective cooling channels resulted from different branch-
ing laws. The branch-like convective cooling channels in the heat transfer
systems are constructed based on the corresponding branch systems shown in
Figure 2(d), in which the bifurcation exponents A are 3.0, 2.5 and 3.5, respec-
tively. The thickness of each plate is assumed to be 1/14 of its radius. The
volumetric flow rate of coolant at the inlet is assumed @) = 8 X 10-5 md/s ,
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and the heat flux applied at the top surface of the plate is set as ¢ = 5.0 x 10°
W/m?. The left figures in Figure 4 are the middle planes of the FEM models, in
which the volume rates of cooling channels are 1.77% for A =2.5, 1.28% for A
=3.0 and 1.32% for A = 3.5, respectively. The right figures in Figure 4 show the
temperature fields that are scaled by the maximal temperature T = 44.67°C
for A = 2.5. And the maximal temperatures are Ty,,x = 33.94 °C for A = 3.0
and Tiax = 34.20 °C for A = 3.5, respectively. It is easy to find that the
case of A = 3.0 results the most uniform temperature distribution, and the most
non-uniform one is the case of A = 2.5. It is noted that the volumes of the
convective cooling channels from small to large is put in order as A =3.0, 3.5
and 2.5, which is the same sequence with the uniformities of temperature distri-
butions. As aresult, Murray’s law (A = 3.0) is the most effective branching law
for constructing the branch-like convective cooling channel system. The reason
is that Murray’s law is derived from such principle that the energy loss due to
the viscous friction throughout the whole network is minimal, that provides the
easiest way for the coolant to pass.

Inlet

Vo lume rate=1.77% T=3467 C Vo lume rate=1.28% Tox=33.94" C
@A=25 () A=3.0

Vo lume rate=1.32% To=3420° C
) A=35

Figure 4. FEM models and temperature fields for heat transfer systems with branch-like
convective cooling channels resulted from different branching laws

In order to validate the effectiveness of the suggested generation method,
the cooling performances between the natural branch-like cooling channe] de-
signed by the suggested generation method and the horizontal-vertical tree-like
cooling channels constructed by the constructal theory proposed by Bejan [6]
are compared.
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The unique principle of the constructal theory for designing the conductive
cooling channel is: "every portion of the given volume can have its shape
optimized such that its resistance to heat flow is minimal". By utilizing this
principle, the cooling channel is determined in a sequence of steps consisting
of shape optimization and subsequent construction. It starts from the smallest
building block (elemental system) and proceeds toward larger building block
(assemblies).

Figure 5(a) shows the FEM model and the corresponding temperature field of
a horizontal- vertical tree-like conductive heat transfer system till second con-
struction. The ratio of the thermal conductivities of the high-conductivity ma-
terial to the low-conductivity material is assumed to be k = ky/ko = 3333.33.
The volumetric heat-generating rate is set as ¢’ = 105W /m?, and is distributed
uniformly over the whole volume to be cooled. The volume is a square plate
with the ratio of the thickness to the edge length 0.01, which is derived from
the sequence of shape optimization and construction by the constructal theory.
The temperature at the heat sink end is set as 10 °C, and the whole structure is
insulated from the environment. As shown in Figure 5(a), the volume rate of
the cooling channel, i.e., the £, material in which allocated in the whole volume
is 9.47%, and the maximum temperature is Ti,a = 58.25 °C.

FEM model Temperature field

(a) Horizontal-vertical tree-like conductive

FEM model Temperature field

(b) Natural branch-like conductive cooling

Figure 5. Comparison of horizontal-vertical tree-like and natural branch-like conductive
cooling channels
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According to the geometries of the heat transfer system with the horizontal-
vertical tree-like cooling channel, a corresponding branch system is generated
on a square perfusion area applied a uniformly distributed nutrient density. Fig-
ure 5(b) shows its FEM model and the corresponding temperature field. The
volume rate of the cooling channel is 9.62%, which is very close to that of the
horizontal-vertical conductive cooling channel. And the maximum temperature
is Trmax = 53.32 °C, which is a little lower than that of the horizontal-vertical
tree-like cooling channel. It is found that hot spots are distributed over the
whole volume to be cooled in both cases, so it is said that both conductive
cooling channels can achieve good cooling performances. However, it should
be noted it is just because the thermal boundary conditions are very simple
(uniformly distributed heat-generating rates are applied), the simple and regu-
lar distributed conductive cooling channel, i.e., the horizontal-vertical tree-like
conductive cooling channel, is available and effective. If the heat-generating
rate is applied non-uniformly, it is difficult for the constructal theory to design
effective conductive cooling channel, while the flexible natural branch-like con-
ductive cooling channel can be designed adapting to the arbitrary complex ther-
mal boundary conditions. Moreover, the design volume to be cooled can not
be changed arbitrarily and be defined in advance when the constructal theory
is adopted because of the definite time arrow of the construction from small
to large. While the design volume can be defined in advance and the natural
branch-like conductive cooling channel can be designed to fill up the volume
with any shape by the suggested generation method. Therefore, it can be said
that the suggested generation method is more powerful for designing the con-
ductive cooling channel and the designed cooling channel can remove the heat
generated in the matrix effectively.

4. Conclusions

By studying the growth mechanisms of branch systems in nature, an inno-
vative layout design methodology of heat transfer systems is suggested in this
paper. Having the similar optimality of branch systems in nature, the heat
transfer system for cooling can be designed flexibly under any complex ther-
mal boundary conditions within any specified shapes of perfusion volumes to
be cooled, and can remove heat generated in the volume effectively. The ef-
fectiveness of the suggested design method has been validated by carrying out
the FEM analysis and by comparing with other conventional design methods.
It is expected that the suggested method can be applied to some more practical
engineering applications, such as cooling channels in injection moulds, heat
sinks in electronic packages, and so on.
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Abstract In order to obtain maximally innovative and successful product designs, the uti-
lization of optimization strategies at the product design planning stage is of prime
importance, and the methods proposed in this paper enable multiobjective opti-
mization technologies to be effectively applied. The necessity and effectiveness
of utilizing optimization techniques at the product design planning stage are first
explained, and the features that this requires are then clarified. Optimization
solutions provided at the product design planning stage, while far from final,
can nevertheless be used to obtain guidelines for more preferable product de-
signs. For this purpose, even if characteristics evaluated at the product design
planning stages are simplified and/or idealized, the interrelationships among all
related characteristics should be simultaneously and thoroughly explored. The
successful application of optimization techniques at the product design planning
stage requires the rapid presentation and evaluation of a variety of alternative
designs, a deeper understanding of the reasons for the optimized designs that are
developed, and breakthrough of the initial optimized design solutions, so that the
most effective design can ultimately be implemented in a manufactured prod-
uct. This paper proposes multiobjective design optimization methodologies and
procedures, utilized at the product design planning stage, to achieve these goals.

keywords: Product design planning stage, Multiobjective optimization,
Pareto optimum solutions, Comparison of alternative designs, Hierarchical op-
timization problem, Rapid evaluation, Deeper insight into design solutions

1. Introduction

Today’s rigorous manufacturing environments require the application of op-
timization techniques from wider points of view. To accomplish this, strategic
utilization of optimization techniques at the product design planning stage, a
process far upstream of product manufacturing, is essential. In this paper, the
significance of conducting optimization at the product design planning stage
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is first clarified. Next, problem areas concerning the use of optimization tech-
niques at the product design planning stage, and desirable features that such
techniques should offer, are described.

At the product planning stage, principal product performances for the prod-
uct should be considered and evaluated, and the conflicting relationships among
the characteristics should be quickly but roughly evaluated. Many alternative
designs are usually generated and compared at this stage and, for the most part,
multiobjective optimization methods are applied. In multiobjective optimiza-
tion problems, a Pareto optimum solution set, namely a set of feasible solutions
for each of which there exists no other feasible solution that yields an improve-
ment in one objective without causing degradation in at least one other objective,
is obtained to evaluate conflicting objectives of the design optimization prob-
lem at hand [1] [2]. In order to effectively apply multiobjective optimization
methods to the product planning stage, new methods need to be developed,
to incorporate fundamental improvements in the multiobjective optimization.
This paper presents methodologies for executing optimization at the product
design planning stage, and several applied examples are given. Several meth-
ods developed by the author and his colleagues are organized and presented so
that they can be effectively applied at the product design planning stage.

2. Significance of Optimization at the Product Design
Planning Stage

2.1 Features of the product design planning stage in
manufacturing processes

Figure 1 shows the sequence of manufacturing processes, where the product
design planning is the first step. The product design planning, located furthest
upstream, determines practically all of the downstream manufacturing process
details. Current design environments require careful consideration not only of
increasingly demanding requirements for product performances, qualities, and
product cost, but also many other factors such as the product’s environmental
impact, lifecycle and recycling, and safety. Aggressive and relentless compe-
tition among companies developing new products under such circumstances
makes the application of optimization strategies throughout product manufac-
turing processes a practical requirement. Particularly important to successful
manufacturing is the application of optimization methods that start from the
initial planning stages of product design.
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Figure 1. The sequence of manufacturing processes

2.2 Features of design optimization applied at the product
design planning stage

The most effective application of optimization methods is based on careful
inquiry and consideration of the features of the product design planning stage.
This stage is more or less equivalent to the conceptual design, or fundamen-
tal design stage, where details of the product design have not yet been deter-
mined but various conceptual designs are considered, compared, and evaluated.
This is when the design specifications for the product and its requirements and
characteristics are usually given. Also, the principal characteristics used for
evaluating the product performances can be defined. At the product design
planning stage, the product performance and the product manufacturing cost
for the entire product should be roughly evaluated even if the estimated values
of the characteristics are imprecise.

At the product design planning stage, all characteristics should be system-
atically evaluated, and selection of the design candidates from among many
design alternatives should be conducted, using an optimization procedure. Mul-
tiobjective optimization techniques can be effectively applied to systematical
evaluations of the characteristics being regarded.

Solutions of optimization at the product design planning stages can be used
for obtaining guidelines for product designs. For the purposes, the facts that
characteristics considered at the product design planning stages may be simple
and /or idealized can be acceptable. But, the relationships among the all related
characteristics should be totally inquired.

When existing design solutions are available, searching methods that can
achieve breakthrough or improved solutions are needed.
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Figure 2 shows the conflicting relationship between two performance char-
acteristics, f1 and f5. A larger value is preferable for each of these performance
characteristics. The shaded area corresponds to the feasible region formed by
design solutions that can be realized using present technologies and knowledge.
The line PQ corresponds to the Pareto optimum solution set of global optimum
solutions, achieved by concurrent optimization of all related characteristics.
Product designers generally look for practical design solutions on a Pareto op-
timum solution line. From the Pareto optimum solution set, the most suitable
solution is selected by considering the design requirements and the product
environments.

i)

Figure 2. Concept of the proposed methods

If an alternative design results in a new optimum solution line, such as P’Q’
shown in Fig.2, it can represent an improved new Pareto optimum solution
set line. The display of such Pareto optimum solution sets is effective since
designers can quickly understand the features of entire solutions.

2.3 Requirements for applying optimization techniques at
the Product Design Planning Stage

In order to apply optimization techniques at the product design planning
stage, the following points should be realized:

1 Since designers usually have a wide range of initial ideas, numerous al-
ternative designs should be quickly formulated and effectively compared
with each other, so that the most suitable small number of designs can be
selected.

2 The many performance characteristics of the designs at hand must be
concurrently evaluated and optimized.
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Multiobjective optimization methods that incorporate new and improved ad-
vanced techniques can be applied to achieve the foregoing points. The details
of such methods are explained below, along with some applied examples that
illustrate their application.

3. Methodologies of Design Optimization at the Product
Design Planning Stage

3.1 Comparison of many alternative designs

In the first method, many design alternatives in the multiobjective functions
space are displayed in detail, and a relational tree diagram of design alternatives
isshown to aid a deeper understanding of the optimized solutions [3]. To explain
the process, the design of industrial multi-link manipulators that are used to
transport an object in a workspace within a given operational time is used.

Alternative designs are constructed from a group of modules. Basic module
is one link mechanism with a motor corresponding to a minimum unit of linked
mechanisms. To create systems of practical complexity, we add design variables
and increase the number of degrees of freedom. Here, two kinds of operators,
operators 1 and 2, that control modules during the process of constructing a
more complex system are introduced. Operator 1 adds a new module to the
group of modules that make up the system. The degrees of freedom of the
system are increased, and higher functionality can be realized. Operator 2 is
an operator that alters the properties of a given module. Concerning operator
2, modification of link shapes by operator 2-1 and of the number of joints by
operator 2-2 can be used any number of times.

Examples of system modifications by these operator actions are shown in
Fig.3. The change from system f; to system fs is an example where operator
1 is applied to add a module. The linked mechanism is changed from having
one degree of freedom to two degrees of freedom for the serial drive type
mechanism (manipulator). The change from system f3 to f3 corresponds to
the modifications of the internal variables of links. The action of operator 2-1
where a joint is added to a link produces a parallel drive type manipulator having
two motors on a pedestal. By using these two kinds of operators, a variety of
systems can be expressed using combinations of modules.

The requirements set by the user are: 1) minimization of consumed energy
and 2) maximization of the operational simplicity of the link mechanism. The
user’s requirements concerning the amount of energy consumed and the dy-
namic manipulability are used as the criteria for this product design.

The consumed energy is calculated from the magnitudes of torques applied
to the joints. The requirement concerning the consumed energy is expressed
by minimizing the summation fi of the consumed energy of each motor over
all motors, while the manipulability requirement is expressed by minimizing
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Figure 3. Examples of operator actions

the summation f2 of the reciprocal of the dynamic manipulability measure wg;,
over the all measuring points of the system. The objective functions f; and
fa concerning the consumed energy and the manipulability are respectively
formulated [3].

Fig.4 shows an example of a tree diagram for a design that was constructed
and later stored in a database. Fig.S shows changes in Pareto optimum solutions
for the example. The history of the tree formation shown in Fig.4 is explained
as follows. Operator ¢ (=1, 2-1, and 2-2) between various nodes represents
operators active in the generation of subsequent systems. Operator type 1 alters
the combination of modules, while type 2 operators change internal variables.
Here, operator 2-1 changes the number of joints of the link, while operator 2-2
changes the position of the center of mass. Both operators 2-1 and 2-2 change
internal variables of a given module.

Sy
l operator 1

S,
operatoriy Np::rator 2-2
s, 5
\o‘perator 2-2

Ss

Figure 4.  Tree form data of design solutions

First of all, from a unit link mechanism 51, a serial drive type manipulator S;
was obtained by the addition of a module. Next, the action of operator 2-1 upon
Sy generated S , a parallel type drive manipulator, while applying operator 2-2
to Sy yielded S5, in which the center of mass was changed by changing the
cross-sectional shapes of the links. After evaluation of S3 and Sy , S5 was
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Figure 5. Changes in Pareto optimum solutions

obtained by applying operator 2-2 to S3. But Sy became a dead-end, since the
action of any operator upon S, generated an identical system. For the same
reason, S5 became a dead-end. Ultimately, the tree-form data shown in Fig.4
was obtained.

Next, the changes in Pareto optimum solutions during the design generation
processes are shown in Fig.5. Fig.5 is a space showing two criteria, f and fs ,
where the Pareto optimum solution set for each generated system is displayed.
Since smaller magnitudes are preferable for each of the criteria, the design
solution near the origin of the coordinates in the criteria space shown in Fig.5
is more preferable. For Sy , features of optimized results including discrete
design variables of four kinds of motors are displayed for each kind of motor.
For each of the other systems, the best Pareto optimum solution is shown. It
can be understood from Fig.5 that the order of preferable solution lines is S,
53 , 54, and 52 .

At this time, examining the generational history represented by the tree form
diagram shown in Fig.4 will aid understanding the solution sequence, since the
origin of the obtained preferable solution can be seen. From Fig.5, the optimum
solution set for the design problem being regarded is S5. The design system is
a parallel drive type manipulator having two links.

3.2 Concurrent evaluations and optimization of related
performance characteristics

Next, product performances that are related to the product design are con-
currently optimized at the product design planning stage. For this purpose, a
hierarchically decomposed structure of multiobjective optimization problems
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having multiple performance characteristics is displayed, and corresponding
relations among hierarchical Pareto optimum solutions are obtained to aid a
deeper understanding of optimized solutions [4] [S]. A hierarchical multiob-
jective optimization method is one in which multiobjective optimization models
are hierarchically constructed.

Characteristics expressing product performance are here included in the ob-
jective functions when the multiobjective optimization problem is formulated.
The characteristics are here called "performance characteristics”". When each
characteristic in a group of characteristics has individually different optimum
design solutions, the characteristics of the group will have conflicting inter-
relationships during the optimization of the system as a whole. Generally,
the group of characteristics included in the objective functions has conflicting
interrelationships.

(i) Hierarchical construction of optimization problems

In the first stage of the proposed product design optimization method, each
performance characteristic in the group of product performances is decomposed
into simpler basic characteristics according to its structure. Alternatively, sim-
pler characteristics are extracted from performance characteristics, to accom-
modate the specific features, or difficulties, of the particular design problem.
Decomposition and extraction techniques are sequentially applied until the char-
acteristics become sufficiently simple to use in the next stage of the procedure.
The decomposed and extracted characteristics are placed in hierarchical lev-
els that are below those of the original characteristics. The decomposed or
extracted characteristics are here simply called "characteristics” to distinguish
them from performance characteristics.

In this research, the decomposed or extracted characteristics and design vari-
ables are ordered in a hierarchical structure, creating a hierarchical display of
system components, based on the clarification of input and output relationships
among the components comprising the system. This ultimately provides an
easily understandable global view of the system as a whole, such as is shown in
Fig.6. The construction of optimization strategies is then based on this global
structural model.

Characteristics on the same hierarchical level have different input variables.
The set of characteristics sharing common input variables is denoted as a basic
optimal unit group.

In Fig.6, characteristics f7 and fs have common design variables, vector d;
, while characteristics fg and f19 have common design variables, vector ds . In
such cases, fr and fs , and fo and fqg are respectively unified as basic optimum
unit groups. f3 and f4 have common input variables, namely f7 , fs , fo and
fio . In such cases, fs and f4 are unified as a basic optimum unit group at a
higher hierarchical level. Characteristics existing in the same basic optimal unit
group are essentially simultaneously optimized as a multiobjective optimization
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Figure 6.  Hierarchical construction of the optimization problem

problem. Optimizations start at the bottom Ievel of the basic optimal unit groups,
for example, f7 and fs , and then proceed to the higher levels. Basic optimum
units existing at the same hierarchical level can be optimized separately or
concurrently as needed, reducing the required computation time.

The Pareto optimum design solutions obtained in a basic optimal unit group
are included in the input variables for the optimization of basic optimal unit
groups located at higher levels along the decomposition path. Here, design
solutions at discrete points on the Pareto optimum solution set are transferred
for use in upper level optimizations. The Pareto optimum solutions obtained
by each optimization are added one after another, to obtain Pareto optimum
solutions for the whole basic optimal unit group. Finally, the Pareto optimum
solutions at the top hierarchical level are achieved.

(ii) Deeper insight into the results of design optimization

The results derived from the design optimization are only solutions obtained
based on the initially given formulations. Even if multidisciplinary optimiza-
tions are applied, it is impossible to include all the product design factors in
the initial formulations. Optimization methods should not simply be used just
to obtain final design solutions to the problem at hand, but also for effectively
and rationally obtaining candidate design solutions for further design inves-
tigations and improvement. The information and knowledge obtained by the
design optimization should, ideally, be used as investigational data for further
design improvements.
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One of the advantages of the hierarchical optimization method proposed in
this paper is that it allows explicit investigation of Pareto optimum solutions at
the lower hierarchical levels, leading to deeper insight into the results of design
optimization and improved optimization formulations so that superior design
solutions can be obtained.

Designers can assess the corresponding relationships between a design so-
lution selected from the Pareto optimum solution set at the highest hierarchical
level of the optimization, and a design point on a Pareto optimum solution set
at a lower hierarchical level. Fig.7 shows the correspondence of various design
solution points on the Pareto optimum solution set curves at different hierar-
chical levels. In Fig.6, BOU7 is composed of characteristics f; and f,. Point
A on the BOU7 Pareto optimum solution curve corresponds to both point B
on the BOUS Pareto optimum solution curve and point C on the BOU6 Pareto
optimum solution curve. Furthermore, at the lower hierarchical level, point
A corresponds to point D on the BOU1, point E on the BOU2, point F on
the BOU3, and point G on the BOU4 Pareto optimum solution curves. Such
detailed clarification of corresponding design points is a useful and important
feature of the proposed method.

BOUs

BOUS

fy

B

BOUL

BOU3 BOU4

fy

Figure 7. Correspondence of design solution points

In Fig.7, given the conflicting relationship of the essential characteristics
fo and fig at the lowest hierarchical level of the optimization problem, the
breakthrough design alternative that yields the improved Pareto optimum so-
lution shown by the dashed line R’S’ can now be considered. When the new
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fo/ f10 Pareto optimum solution is applied during further optimization, a new,
enhanced Pareto optimum solution line for performance characteristics f; and
f2 at the highest hierarchical level is obtained, indicated by the dashed line P’Q’

(41 {5].

4. Concluding Remarks

In current product design scenarios, rapidly changing customer preferences
make reductions in product development/design time a practical necessity for
many companies. Furthermore, competition among companies for products that
can be offered at lower cost, while providing better performance and quality,
higher reliability, and so on, is relentless and ongoing. Since product cost and
product performances/characteristics are essentially determined at the product
planning stage, the success or failure of product development depends on how
appropriately optimization methods can be applied at this stage. As explained
in this paper, many alternative designs should be generated and quickly com-
pared at the product planning stage, and the relationships among associated
characteristics should be effectively evaluated. The application of multiobjec-
tive optimization methods where Pareto optimum solution sets are obtained and
displayed on the characteristics space can be useful and effective.

The methods proposed in this paper, based on the use of particularly so-
phisticated multiobjective optimization methods, can be effectively used for
comparison of many alternative designs and concurrent evaluations of related
performance characteristics.
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Abstract We introduce the stochastic linear programming (SLP) model classes, which will
be considered in this paper, on the basis of a small-scale linear programming
problem. The solutions for the various problem formulations are discussed in
a comparative fashion. We point out the need for model and solution analysis.
Subsequently, we outline the basic ideas of selected major algorithms for two
classes of SLP problems: two—stage recourse problems and problems with chance
constraints. Finally, we illustrate the computational behavior of two algorithms
for large—scale SLP problems.

keywords: stochastic linear programming, numerical methods.

1. SLP problem formulations

Our starting point is a simple deterministic linear programming (LP) pro-
duction problem which serves for illustrating various model formulations in
stochastic linear programming (SLP). Two kinds of raw materials are used for
producing a single good, and we consider a single planning period. The LP-
formulation for minimizing costs reads as

Costs: z= 2z3 + 322 — min
Capacity: T+ o <100 1)
Demand: a1x1 + asxe >0

T, T2 20

where z, and x, denote the amounts of raw materials to be used for the pro-
duction; these are our decision variables. The overall storage capacity for the
raw materials is 100, and the prices are 2 and 3 in some monetary unit, respec-
tively. b denotes the demand for the product whereas a1 and a9 stand for the
productivity factors of the two raw materials, respectively.

a1, ag, and b will be considered as parameters. Choosing a; = 5, az = 8§,
and b = 640, we get the solution 2] = 0, 25 = 80, 2* = 240. Note that in
this solution the storage capacity is not fully utilized and only the second raw
material is used for the production.
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In the sequel, we will assume that the parameters a1, ag, and b are stochasti-
cally independent, normally distributed random variables with the probability
distribution not depending on z; and zg: ap  ~ N(50.2),
az ~ N(8,0.6), and b ~ AN(640,14). The question arises, how to inter-
pret (1) under such circumstances.

1.1 First idea: the expected value problem

The simplest idea is to replace the random parameters by their expected
values Efa;] = 5, E[az] = 8, E[b] = 625 and solve the resulting deterministic
LP. In our case, this yields the solution discussed in the previous section.

A clear drawback of this approach is that we get the same solution for all
probability distributions having the same expected value. Unfortunately, due
to its simplicity, the expected value problem is widely used in practice as a
substitute of the stochastic problem. As we will see later, the expected value
solution behaves in our case extremely badly, when taking the true stochastic
nature of the problem into the account.

1.2 A robust interpretation: ‘“fat” solutions

The next idea is to take problem (1) as it stands, with each of the realizations
generating a constraint. This idea is due to Madansky who termed the solution
obtained this way as “fat solution”. Having continuous distributions with an
unbounded support, we arrive at a problem with infinitely many constraints, and
have no chance to get a feasible solution. Thus, as a next step, let us replace the
original distribution with an empirical one. Discretizing the distribution with
(a1,a2,b) ~ (9 x 9 x 9) = 729 and with ~ (5 x 5 x 5) = 125 realizations,
the problem turns out to be still infeasible. Finally, taking the rather crude
discretization with (a1, az, b) ~ (3x 3 x 3) = 27 realizations we get an optimal
solution. This illustrates the main drawback of the approach: typically we have
no feasible solutions for the reformulated problems. Another drawback is that
instead of the probability distribution only the support of the distribution enters
the model; we obtain the same solution for any two probability distributions
having the same support.

1.3 Chance constraints

Regarding the stochastic demand constraint in (1), the next idea is to evaluate
the quality of a decision by computing the probability of the event that the
constraint inequality holds. Prescribing the probability on a high level leads to
chance constrained problems (or probabilistic constrained problems). In our
case, we get a chance constrained problem by replacing the demand constraint
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in (1) by the probability constraint
Plajzi +a222 2 b) 2 « 2)

with o being a high probability level. We have solved our example with prob-
ability levels o = 0.95 and o = 0.99. Note that positive values of the quantity
C(z1,z2) = b — ajz1 — agxs represent unfulfilled demands. We interpret
these as losses. Thus our chance constrained model provides a solution, for
which the probability of a loss is small (1 — «). Nevertheless, losses my occur,
and for the case when losses occur, chance constrained models have no built—in
facilities for controlling the size of a loss.

14 Integrated chance constraints and CVaR constraints

Constraining the size of the expected loss leads to models with integrated
chance constraints. In our case we obtain a model of this type by replacing the
demand constraint in (1) by the constraint

E[(b—a1z1+a222)" ] < Yiee

with 7, being a maximum tolerable loss and 4™ = max{0, u} for any real
number u. In our computations, we have chosen ;.. = 5 and have discretized
the probability distribution with (a1, az,b) ~ (10 x 10 x 10) = 1000 realiza-
tions.

A related idea gaining increasing importance in financial applications, is
based on conditional value—at-risk (CVaR). In our continuously distributed
case, the idea can be interpreted as constraining the expected loss, given that
it exceeds the a—quantile of the loss, VaR,(((z1,22)). In our example, the
demand constraint in (1) is substituted by the constraint

E[C(xlyl'Q) [ C($17x2) > VaRa(C@:l)IQ))} < “Yevar

with e being a maximum tolerable CVaR value. Although in our normally
distributed case the problem can equivalently be formulated as a nonlinear pro-
gramming problem, we have discretized the probability distribution as before
and took veuer = 5 in our computations. We have chosen the probability level
as o = 0.95.

1.5 Two—stage recourse model

We introduce penalty costs both for {(z1,22) = b — a1z — azxs < 0 and
for {(x1,z2) > 0 and consider the random variable
Q(z1,72501,02,b) =

=min Ty1 + 2y
(3)

y1 = y2 =b—air; — axry
Y1, Y2 20
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where the penalty costs of 7 arise if the demand is not fulfilled and the costs of
2 stand for overproduction. The idea is to evaluate solutions via the expected
overall costs. The two-stage recourse model arises from (1) by augmenting the
objective function by the expected costs, leading to

21'1 + 31:2 + E{Q(IMIQ; ag, (IQ,b)},

and by dropping the demand constraint. Note that we still have a single time
period, say [0, T, but a two~stage decision. At time ¢ = 0 we have to decide
on z1 and T2, taking into account the expected costs of the recourse actions at
t = T (represented by the variables y; and y3). The latter clearly depend on
1, X2, and also on the distribution of the random entries.

1.6 Wait-and-See solution

This means solving

E[ min 2.561 + 3172 +Q(:c1,:v2;a1,a2,b)}
Ty + o <100 #
T, z2 20

and amounts in computing the optimal objective values separately for the real-
izations and computing subsequently the expected value. In our computations,
we took a discrete approximation with 10 x 10 x 10 = 1000 realizations. In
general, for the different realizations different solution vectors are obtained.
One might get the idea to construct a solution by taking the expected value of
the solutions for the separate realizations. As we will see, our example indicates
that this is usually not a good idea.

1.7 Computational results, outlook on algorithms

Table 1.7 displays the results obtained by solving the SLP-variants of the
production problem. The rows correspond to the expected value problem, to the
fat formulation, to the chance constrained problem (with probability levels 0.95
and 0.99), to integrated chance constraint, to CVaR constraint, to the two-stage
recourse problem, and to the wait—and-see problem, respectively. The second
and third columns display the components of the optimal solution; the fourth
column shows the optimal objective value of the corresponding SLP problem.

The column headed by P shows the probabilities (2) computed for the opti-
mal solutions obtained from the various SLP models. The last column displays
the overall expected costs in the two-stage recourse problem, when fixing the
first—stage variables according to the optimal solutions from the second and
third column.

Comparing the solutions obtained from the various approaches, we observe
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[ S z- | P ] Rcost |
Exp 0.00 | 80.00 | 240.00 |} 0.49 378.71
Fat 0.00 | 94.05 | 282.14 0.98 285.82

CCOs |} 2824 | 71.76 | 271.76 || 095 | 277.63
CcC99 9.63 | 90.37 | 290.38 || 0.99 | 291.37
ICC 44.26 | 5574 | 25574 || 0.77 | 290.73
CVar || 21.66 | 7834 | 27833 || 0.97 | 281.49
RS 32.59 | 6741 | 277.08 || 0.93 | 277.08
WSS 7.50 | 7523 | 241.10 || 0.69 | 375.19

Table 1. Computational results for the example

a great diversity. The expected value solution and the fat solution, for instance,
suggest a production plan, solely based on the second raw material. In addition,
for these solutions the storage capacity is not fully utilized. Contrary to this, the
ICC solution proposes a balanced usage of the two raw materials. The question
arises: Which of these is the “true” solution of our stochastic problem? Clearly
none of them can be identified as ultimately best; the proper choice depends on
the modeling attitude and also on available solvers (implementations of solution
algorithms).

According to Richard W. Hamming, “the purpose of computing is insight,
not numbers.” In our case, we have built and solved several SLP problems
corresponding to different modeling paradigms and based on the same initial
deterministic LP model and the same probability distribution. The last two
columns in Table 1.7 display an evaluation of the solutions obtained, based on
two quality measures: the probability that the demand will be fulfilled and the
overall expected costs. According to this, the expected value solution is by far
the worst, having the lowest probability and highest costs. Almost as worse is
the solution obtained form the naive application of the wait-and-see approach,
with averaged solutions. The proper choice clearly depends on the risk—cost
attitude of the modeler. Assuming a modeler who places approximately equal
weights on risk and costs, a good solution appears to be the C95 solution.

When working with a single modeling paradigm, analysis of the model in-
stance and the solution should be part of the modeling process. As an example
for model instance analysis, let us consider the two—stage recourse formulation
of our example. We may compute the expected value of perfect information
(EVPI) and the value of stochastic solution (VSS) according to

EVPI =27~ 2" =3596 and VSS:=:"—2F=101.24

where 2" and 2% are the optimal objective values of the wait-and-see prob-
lem and the two-stage recourse problem, respectively. z" is the objective
value of the two—stage problem with x fixed as a solution of the expected value
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problem. These quantities are interpreted as valuing the effort of building a
stochastic model, instead of taking the expected value problem, for instance.
Loosely speaking, EV PI and V' 5§S indicate a “degree of stochasticity” of the
model instances. For details see [2] or [11]. According to these measures, our
example counts as highly stochastic.

For SLP problems, the main numerical difficulties have their roots in the ex-
pected values and probabilities involved in the model formulations. In general,
computing them amounts in computing multivariate integrals. Regarding ex-
pectations, the main solution approaches are based on approximating the prob-
ability distribution by finite discrete distributions. Thus, the integrals reduce to
sums, leading to (typically large—scale) LP problems. For chance constraints
the integrals are evaluated by Monte—Carlo methods, which is time—consuming
and provides results with a relatively low accuracy.

In the next sections we will outline the basic ideas of the algorithms used in
our computations. We will not discuss algorithms for integrated chance con-
straints and for CVaR constraints. For these methods see [15], [16], as well as
[11]. Introductory textbooks for SLP algorithms are [2] and [14]. For algo-
rithms discussed in a detailed fashion see the books [5], {71, {11], [18], [19],
and [22]. For comparative computational results involving several algorithms
see [13] and the references therein.

2. Algorithms: chance constraints

The general problem formulation is
T
P(T(¢)z = h(§)) = } (5)
S

with o being a high probability level and B = {z | Az = b,z > 0}. The two
basic classes of chance constraints are:

Separate chance constraints: The probability applies to a single inequal-
ity (T'(¢) has a single row). For some distributions, including the normal, and
sufficiently high probability levels, reformulations into convex NLP problems
in algebraic terms exist, see [11] or [22].

Joint chance constraints: The probability applies to a vector inequality
(T'(£) may involve several rows). If only the right-hand-side (RHS) is stochas-
tic, the above problem is a convex programming problem for some distributions,
including the normal, see [11] or [22].

In the special case, when only the RHS is stochastic, by taking T'(¢) = T
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and h(§) = &, (5) can be written as

min clz
F(Tz) > o } 6)
z € B

where we utilized P(Tz > &) = F(T'z), with F being the probability distri-
bution function of £. In the sequel, we assume that £ has a multivariate normal
distribution. In this case F' turns out to be a logconcave function (see [22]) and
(6) becomes a convex programming problem. Nevertheless, the problem turns
out to be difficult to solve numerically.

On the one hand, the computation of F' and its gradient V F'is a numerically
difficult problem, which can only be carried out via Monte~Carlo integration
methods in higher dimensions. Therefore, as far as possible, algorithms are
utilizing cheaply computable Boole-Bonferroni-type bounds. ~ On the other
hand, the graph of F, except for a relatively small non—convex region, consists
of extremely flat regions with practically vanishing gradients. Therefore, algo-
rithms utilize Slater—points (feasible points = with F'(Tx ) > «) as navigation
aids in the iteration process.

A detailed discussion of the numerical issues can be found in [20]. For the
Monte—Carlo techniques applied for the multivariate normal distribution func-
tion and for the techniques for computing Boole~Bonferroni bounds see [11],
[22], and the references therein.

The algorithms for jointly chance—constrained problems are constructed in
the following way: a general nonlinear programming algorithm is taken and
subsequently specialized to the problem structure. As an example let us con-
sider the central cutting plane method of Elzinga and Moore [3], endowed with
a moving Slater—point by Mayer [19]. Figure 2 displays two iterations of the
method.

On the left-hand-side of the figure, the feasible domain of (6) is indicated by

>c\ feasibility cut objective (central) cut

Figure 1. The central cutting plane method
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the shaded region. Py is a convex polyhedron, containing the feasible domain
and 2" is the current Slater—point. First the center z* of the largest hypersphere,
inscribed into Py is computed, which can be carried out by solving an LP prob-
lem. The center 2* lies in this case outside of the feasible region. Subsequently
the intersection of the boundary of the feasible domain and of the straight line
segment joining z* and the Slater—point z* is computed. For this computation
Boole-Bonferroni bounds are utilized. Applying a feasibility cut via a sup-
porting hyperplane leads to the convex polyhedron Py, still containing the
feasible domain, as it can be seen in the central part of the figure.

In P 1, the center of the largest inscribed hypersphere belongs to the feasi-
ble domain. In this case, the center becomes the new Slater—point z¥*1 and an
objective cut is carried out, where the cutting plane passes through 2" and is
parallel to the contour-hyperplanes of the objective function. The objective cut
cuts off a portion of the feasible domain, nevertheless, the optimal solution still
belongs to the reduced convex polyhedron Py o, shown in the right-hand—side
of the figure.

For details concerning this method, including a theoretical discussion, see
[19].

k+1

3. Algorithms: two-stage recourse problems,
empirical distribution

The general formulation of two—stage fixed recourse problems is

min ¢’z +E[Q(z,£)] }
r € B @
where B = {z | Az = b,z > 0} and the recourse subproblem is
Q(z,§) = min gy
Wy = ) —-T(E)z (8
y =2 0

where W is called the recourse matrix. Due to the fact that W is not stochastic,
(7) belongs to the class of fixed recourse problems. Problem (7) is called
a complete recourse problem, if the recourse subproblem (8) has feasible
solutions for any x and £. The problem counts as having simple recourse if
W = I and T(¢) = T° hold. The random entries in the model arrays can
frequently be modeled as

TE) =T+ > T, h(&) = °+> h',
k=1 k=1

for instance, via principal component analysis, where 7%, h¥ are deterministic
arrays. £1,...,&, are in many cases stochastically independent.
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Now we assume that £ has an empirical distribution with L realizations (sce-
narios) é’iand corresponding probabilities py, & = 1,..., L. Let, furthermore,
TF =T(F), hF = h(¢5), k=1,..., L.

In this case the problem can equivalently be formulated as a deterministic
LP problem, having the structure as displayed in Figure 3.

Naive view: the discretely distributed case is easy to handle numerically;

Figure 2. Dual block—angular structure of the equivalent LP

just solve this LP by readily available general-purpose LP solvers. To see the
difficulty, just take 10 independent random variables, each with 10 realizations.
The number of diagonal blocks will be L = 10'°. Thus, also in the discretely
distributed case, ideas are needed.

In fact, a first idea is to utilize the special structure of the LP. There are two
main classes of algorithm in this category.

The first class consists of decomposition methods, the most widely used al-
gorithms will be discussed in the next section.

Interior point methods belong to the second class, where the algorithm of
Mészaros [21] turned out to be one of the best in our numerical experiments.

3.1 Decomposition methods

These methods are based on the following basic observation: the expected
value of the recourse function

f(@) = E[Q(z,6)] = p1 Q(z,€Y) + ..., pr Q(z,€%)

is a piecewise linear convex function.

The basic decomposition method is due to Benders [1]. Its specialized ver-
sion to SLP-problems, called L-shaped method, has been developed by Van
Slyke and Wets [25]. The main idea is to apply the cutting plane method to the
epigraph of f. Having z* as the current iterate, proceed as follows:

— Compute f(z") by solving L recourse problems (8) via the simplex method.
Fortunately, utilizing the dual solutions, this also provides a supporting cutting
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hyperplane.

— Check the optimality criterion f(z") < 0¥ +&.

— If the algorithm does not stop, apply a cut. Technically, the cuts are collected
as constraints in the relaxed master problem

6 = min cTx +z
D —z <dg, k=1,...,v
r € B

> Solve the current relaxed master problem to obtain z¥ 1.

This approach has, however, some drawbacks. On the one hand, the method
produces large steps in the beginning phase, even with a nearly optimal starting
solution. On the other hand, there is no reliable strategy for dropping redundant
cuts.

Both of these shortcomings are eliminated in the regularized decomposition
method of Ruszczynski [23]. The main idea is to add a regularizing term to the
objective of the relaxed master problem:

8" = minclz + Nz — 2¥|]* + 2

where z,, is the current candidate solution and A > 0 holds. The candidate
solution is changed, only if the solution f(xz*) is sufficiently smaller than f(Z").
Additionally, it turns out that it is sufficient to keep at most n + L cuts.

4. Algorithms: two—stage recourse problems,
general distributions

Decomposition methods certainly help to solve problems with a large number
of realizations. Itisstill open, however, what to do if in the discretely distributed
case we have, for instance, L = 1010 joint realizations. A further problem is,
what to do if € has a continuous distribution?

We will consider the main ideas of three basic approaches in the subsequent
sections. Anadditional general approach is based on stochastic quasi—gradients;
for these methods see Marti [18].

4.1 Successive discrete approximation (SDA)

This algorithm is due to Kall {8], Kall and Stoyan {9], Frauendorfer and Kall
{4], Frauendorfer [5]. See also [11] and [14]. The basic idea is to approximate
the original distribution by discrete distributions in a successive manner, via
partitions of =, which is an interval covering the support of £.

Having the partition = = =1 U. . .UZ [, the approximate discrete distribution
will be R

pr=P(E|E€Zy), & =E(|EeE)
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!
!

Figure 3. Successive subdivision of =

for k =1,..., L. The key part of the method is the subdivision strategy.
The subdivision strategy is based on lower and upper bounds, for each of the
cells in the partition

Lk(xyag) S E[Q(.’.Ey,f) ’ 6 S Ek} S Uk(‘ry7§)a

based on the Jensen and on the Edmundson-Madansky inequalities, respec-
tively. For computing the upper bound, the recourse subproblem (8) has to be
solved for each of the vertices of =, with £ taken as the vertex.
— the cell to be subdivided next will have the maximal relative difference re-
garding the bounds.
> the coordinate for the subdivision is selected by employing various heuristic
measures of nonlinearity along the corresponding direction.

Great merit of the method: computable error bounds.

4.2 Stochastic decomposition (SD)

This algorithm is due to Higle and Sen [6], [7]. It can be considered as a
stochastic, sampling—based version of Benders—decomposition. Let us denote
by £%,...,€Y, ... asample according to the distribution of £.

The basic idea is the following: instead of E[Q(z, £)], build Benders—type
cuts to the Monte—Carlo approximation

EIQ.O) ~ - 3 Q&)
k=1

This is a moving target, therefore, besides adding new cuts, the existing cuts
must also be updated. Sampling and adding cuts runs in a successive manner.
The most efficient variants employ “incumbent solutions” and regularized mas-
ter problems. New cuts are computed by taking into account all previous dual
solutions, and the stopping rule is based on bootstrapping.

4.3 Sample average approximation (SAA)

The basic idea of this algorithm has been widely used by practitioners. It be-
came increasing attention due to recent results concerning speed of convergence
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and judging the quality of the solution, see Shapiro and Homem-de-Mello [24]
and Mak, Morton and Wood [17], and the references therein.

The idea is to draw a sample of sample—size L, consider this as a discrete
distribution and solve the corresponding two—stage problem. Thus we have

f(z) = E[Q(z,§)] = [ Qz, &) + ... + Qlz, &)

Subsequently the quality of the solution is to be judged, and if needed, the
procedure repeated with a larger sample—size.

Crucial issue: judging solution quality. The best estimators are based on the
optimality gap between statistical lower and upper bounds.

3. Illustrative computational results

We have randomly generated test problem batteries for two-—stage recourse
problems, with dimensions A (10 x 20), W (5 x 10). T and h are both sto-
chastic and the random vector £ is 5—dimensional. Each battery consists of 10
test problems.

The batteries were generated as follows: first we have generated a basis—
battery with & having a normal distribution with stochastically independent
components. This has been used to generate 5 further batteries by discretizing
the distribution, resulting in test problem batteries with the following amounts
of joint ralizations L: 219 = 1/024, 215 = 32'768, ;2% = 1048'576, 2%° =
33'554/432, and 230 ~ 1056'964/608.

The testing environment was SLP-IOR, our model management system for
SLP, developed jointly with P. Kall, see [10], [12].

Computer: 2.6 GHz Pentium-III PC with 1 GB RAM, under the operating
system Windows 2000.

Figure 4 displays the minimum, maximum, and average computing times

H

«*=minimum
==mean value
=—maximum J

~e=minimum
~+=mean value
==maximum

sec

log2(L)

Figure 4. DAPPROX: computing time in seconds

by DAPPROX, our implementation of the successive discrete approximation
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Figure 5. DAPPROX and SAA: objective values at termination

method (jointly developed with P. Kall). On the left—-hand-side the dependence
of the computing time on L is displayed, whereas the right-hand-side chart
shows the dependence on the relative accuracy of the solution. For the latter
we took accuracies € = 51072, 1072, 51073, 1073, 5 - 1074, and 10~
The computing times were quite acceptable, even for SLP problems with ~ one
billion realizations.

In Figure 5 the objective values at termination are displayed, for
DAPPROX and SAA, the latter being our implementation of the SAA algo-
rithm. For the computations we took test problem #1. The two horizontal lines
correspond to the lower and upper bounds, obtained by DAPPROX for the basis
problem with the normal distribution. The approximately parallel increasing
curves labeled as “discr. lower bnd” and “discr. upper bnd” correspond to the
results obtained by DAPPROX (5% relative accuracy).

For SAA (lowest curve in the left-hand-side chart) we took L = 500 and
generated 5 samples. After solving the corresponding 5 problems, the objective
values of the solutions have been estimated using a sample-size M, which has
been chosen for the two charts as M = 1000 and M = 5000, respectively. The
solution with the best estimated objective value was returned by the solver as
solution. Observe that the quality of the SAA solution improves dramatically
by a relatively moderate change of the run—time parameter M.
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Abstract
In this paper we study the parameter estimation problem for stochastic dis-
tributed parameter systems by using the modified maximum likelihood method.
More specifically, by using the US treasury bond data, the parameter estimation
is performed for the stochastic hyperbolic and parabolic models describing the
behavior of the term-structure of the US bond. From the prediction results, we
can show that the parabolic factor models work better than the hyperbolic ones.

Key words: Factor model, US bonds, MLE, Stochastic Parabolic Equation,
Maximum likelihood estimate

1. Introduction

Parameter estimation problem for stochastic distributed parameters has a
long history and there still exist many open problems. In this paper, we present
a practical application of the parameter estimation to a financial engineering
problem. Let P(¢,T") denote the bond price where ¢ is a present time and 7°
denotes the maturity. The bond price P(t,7T) changes randomly in value and
att =T P(T,T) takes the preassigned value.

From the relation that P(¢,T) = exp{— [* " f (¢, z)dz}, the forward rate
process f(t, z) may be directly modeled instead of P. In this paper, we check
the feasibility of the model selection of forward rate process by using some real
data.

Here we use the treasury bills data which are easily obtained from the web-
site. In US government securities, we used the constant maturity bond data,i.e.,
1 year (starting date 01/02/1962) 2 year (starting date 06/01/1976) 3 year
(starting date 01/02/1962) 5 year (starting date 06/01/1962) 7 year (starting

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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date 07/01/1964) 10 year (starting date 01/02/1962) 20 year (starting date
10/01/1993) .

Noting that 20-year bond only starts at 10/01/1993, we cut past date for
other bonds and set all data which start from this date up to 05/28/2004. In Fed
data, there are missing parts and so we adjust these data by using the method
proposed by Cochrane .(See http://gbs.uchikago.edu/fac
/john.cochrane/)

To derive the forward rate process, the obtained yield data are regarded as
zero-coupon curve. Hence we have the following relation between forward rate
f(t, z) and the yield curve Y (¢,T) such that

'Tth /OT't ft,2)dz = log(1 + Y (£, T)).

Theoretically speaking, if we differentiate the above equation with respect to
T — t, we can get the forward rate process f(t,z). However, we only obtain
7 different maturity bonds. Firstly, we use the usual curve fitting procedure
as stated in [1] and next we differentiate this process with respect to T' — ¢
and obtain the forward rate process. As was mentioned in [1], the obtained
results strongly depend on the methods used. For example, if we use the cubic
spline and differentiate the interpolated process, the obtained forward process is
largely volatile at the long maturity part. To aviod this we use the interpolation
with cubic-function which is found in MATLAB as ’interpl1(..., *cubic’).m’.

In Fig.1, you can see the original T-bond yield curves. By using the cubic
interpolation ( interpl with "cubic’ in MATLAB) we obtain the smooth yield
curve and differentiate this process. In Fig.1, the derived forward rate process
is demonstrated. Now from this process, we shall try to identify parameters
contained in the dynamics. Here we use the classical procedure to identify
the several parameter functions. The main aim of this paper is to show that
the parabolic type dynamics is experimentally accepted as the forward rate
dynamics.

2. Hyperbolic system modeling

The most popular dynamics of the forward rate processes is a hyperbolic
type partial differential equation which was first introduced by Heath, Jarrow
and Morton from the absence of arbitrage argument and developed further by
Santa-Clara et. al [2] and Aihara and Bagchi [3].

The general hyperbolic model is given by

df(t,z) = aféi;$)dt+u(a:)dt+dur(t,az) M

F0,2) = folx), 2)
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Yield curve dats of US bonds {original data)

2005

Tize to maturity T Tour

Figure 1. Original yield curve data (US bonds) and derived forward rate

where

E{w(t: :v)w(t, y)} = Q<xv y)t'
We need the following regularity property for f(t, z) to perform the parameter
identification.

THEOREM 1 We assume that

fo € LX(Q; H™(G)), pe H™(G) 3)
and
L

where G =]0,T + t¢[. with G =]0,T| H™ denotes the m-th order Sobolev
space and Q@ = [z q(z,y)(-)dy. Then

f e L C(T; HT(G)), (5)
where T =|0,t¢].
The proof can be found in {3].
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2.1 Identification of the covariance kernel

The most important part of the forward model is to identify the covariance
kernel of the noise process. To estimate this kernel, we use the classical proce-
dure by using some properties of the Ito stochastic integral. Noting that

E{(w(t), w(t))} = Tr{Q}t,

we have
Tr{Q = [FOF ~ 7O -2 [ (7, (), ©)

where (-, ) and | - | denote the inner product and norm in L?(G). The discrete-
version of the formula (6) is

D (ftigr, z) = Fts,2)(f (tiv1,9) = Ftv)
~q(z,y)t. o

Applying (6) to T-bond data, the estimated kernel of ¢(z, y) is shown in Fig.2.
Here we used the data f(¢,z) for 2000.64 < t(year) < 2002.183 shown in
Fig.1. In the obtained results, the value of the kernel at the long maturity parts

Estimated covariance gix,y) Estimated p (x)

Qo)
B tx)

L B 5 10
Time to maturity Time to maturity Time te maturivy

Figure 2. Estimated kernel ¢(z, y) and foz q(z,y)dy

seems to be rather big. This phenomena may be caused by the interpolation
method "cubic-function”.

(i) Modeling in the risk neutral world
Hereafter we set the kernel ¢(x,y) as the estimated one. In the risk neutral
world, the function p(z) is set as

u(z) = /O "4, y)dy. (8)
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Hence the u(x)-process becomes as shown in Fig.2.
In order to check the feasibility of this model, we simulated the hyperbolic
equation, setting the value of the initial condition as f(2002.183,:). Without

adding the noise w(t, z) , we obtain E{f(¢,z)|f, = f(2002.183,:)}. InFig.3,
the predicted value is shown.

Predicted forward rate(Hyperbolic-case)
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Figure 3. Predicted forward rate(Hyperbolic case)

From this result, we clearly see that our observed data is not in the risk neutral
world. So we need to identify the market price of risk in the next subsection.
(i1) Identification of market price of risk:

Here we consider the following restriction: The market price of risk has a form;

M a(z, z)
i.e, we reset u(z) as
w(z) = A/qlz,z) + /OIQ(x,y)dy-

This A has primarily been invented to price consistently interest rate deriv-
atives rather than to fit the historical evolution of the forward rate process.
However, this parameter A is still needed to reproduce the forward rate process.

It is interesting that the parameter A of market price of risk may be identified
to maximize the modified log likelihood functional. The used data are the same
as those used in the previous identification.

The exact likelihood function for an infinite-dimensional system is diffi-
cult to derive without any strict conditions. However, from Thorem 1, we

can define the modified likelihood functional by setting m = 1 and get f €
L2(§; C(Ty; HY)). Hence

_[2,0f(s,x)
MLF = . (—87—+/\\/q(:c,x)
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+ [ ata vy, df(s.2)

~§/: af 57) +M/g(z, z) / q(z,y)dy|*ds, ©)

where ¢, = 2002.185, ¢; = 2000.646 and

(61, 63) = 019¢>1<m>¢2< \dz, 192 = (6,9).

To derive the exact likelihood functional we need to support the invertibility of
the covariance kernel

Q0= [ ale )iy

In the infinite dimensional case, the operator () is not invertible. Ultimately
we replace the weight ) appearing in the likelihood functional by the identity
operator. We call this the modified likelihood functional. To avoid this ambi-
guity, using the principal component analysis, we can pick up finite principal
components. In such a case, we can derive the inverse of ¢ and the exact
likelihood can be derived. However, the proposed modified likelihood is easily
constructed without using principal component analysis and still contains the
infinite number of random sources. The maximum MLE A is given by

- /< 2(@,2), df (1, 2))

/tZ Ja aft ) 4 (@)l TrO(t — 1), (10)

The derived ) and the predicted forward rate process are respectively shown
in Fig.4.

In Fig.5, we present the real forward rate and predicted processes, respec-
tively.

3. Parabolic modeling

In this section, we introduce the parabolic type partial differential equation
for the forward rate process instead of the hyperbolic type. This model was
already proposed by Bouchaud et.al [4] and [5] to support the smoothness of
the forward process with respect to time-to-maturity and that the information
diffuses from one maturity to the next.

In the empirical studies, we find that the adjusting term is needed to fit
the historical data. In addition to the A\\/g(z, ) term, we add the diffusion
term in the model, because from Fig.5 it seems that the shape of the real for-
ward rate process is a diffused shape rather than the predicted shape from the
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Figure 4.  Estimated market price of risk and predicted forward rate

%—-Hyperbolic-case without

Hyperbolic-case

0 5 13 i5 20
Time to maturity

Figure 5. Predicted forward rates and real rate

hyperbolic model. Hence we set the simple parabolic type equation for the
forward rate model and identify the systems parameters from the data used
from 1999.5 < ¢t < 2001.79. From this experiment, we can conclude that the
parabolic modeling is more efficient than the hyperbolic modeling.

We consider the following model: for z € G =]0, 19],

dtz) = kaQJ(;SQ’x)dt + afézx) +u(z)dt + dw(t,z) (D)
f0,z) = fo(z) (12)
8fa(ta;O) + a1 f(t,0) = By, if%:—lglﬂ—azf(f;w) = 0. (13)

We work in the following Hilbert spaces:

V =HYG)c H=L*G)CV =dualof V.
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Define
<Aooy o= [((REL0E DO, (14)

+kood1(19)¢2(19) — ka1 ¢1(0)92(0), V1,42 € V

The variational form of the system becomes V¢ € V,

t t
(f(t>,¢)+/0 < Af(s),¢>ds= (fo,¢>+/o (1, #)ds + (w(t), ¢). (15)

THEOREM 2 We assume
(C-1) k>0
(C-2) fo€ LA H),ue L2 (Q x T V')
(C-3) Tr{Q} < oo. (15) has a unique solution in
L2(Q;C(Ty; H) N L*(Ty; V).

Proof. The parabolic type stochastic evolution equations have been studied by
many authors.e.g., [6],[7].

In order to define the modified likelihood functional we need the following
theorem:

THEOREM 3 In addition to all conditions of Theorem 3.1, we set
(C4) fo € L2(Q;V), e L2(Q x Ty H)

(C-5) Tri{Z (%)} < o0

Hence we have

fe L3O, 0Ty, VYN LA (Ty; VN HY)).

By using the similar method used in [3] we can prove this theorem.
We can use the same technique for identifying ¢(z, y) in section 2. Further-

more we also set
p(z) = M/g(z, z) + ifz)
i) = [ ey

We need to identify unknown parameters k, a1, as, (1, S2 and A.

(i) Identification of boundary parameters:
Noting that from Theorem 3, af(t 19 and aféi’o) belong to L?(Q x Ty; RY), re-
spectively, we can apply the usual least square method and obtain the following
algorithm:

i (Bféi’()) 910Ny f(s,0) — f(t1,0))ds
t (f(S 0) f(t1, ))st
- ttlz af( 80>d8+ f (S,O)ds
B to — t1

a1 =

(16)

; a7
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and for the boundary x = 19 we can set the similar algorithm.
The estimated results are shown in Fig.6 for 1999.5 < ¢, < 2002.

maved boundary perex Zatimated boundary paraseter 4, on wedd

Figure 6. Sample runs of estimated boundary parameters

(ii) Identification of & and \:
In order to identify the diffusion coefficient k£ and A, we also introduced the
modified likelihood functional:

t2 2 T 0
MLF = | (k2 ggﬁ; )y fézx)+ﬁ(x)+/\ q(z, ), df (t,z))

1 [tz O%f(t,z)  Of(t,z)
~3 . |k 5.3 -+ g +u(w)+/\\/q(x,x)|2d5, (18)

where we already find that f € L*(Q x Ty; H*(G)) from 2. The maximum
MLF k and ) are given by

2 8,% 2 8,
| s f e >\/<—‘>>ds
fi(ﬁ_g%ﬂ v/qlz,z))ds (v a(z,z), \/q(z,z))ds

2 8,T z 8,
NJ Jy R ) et ) g,

i
(v/q(z,z),df (s,x)) fi(af(m)-i-#( )/ a(z, z))ds

} =MN, (19)

N> T

where

M=

The sample runs of the estimated A and k are shown in Fig.7. The predicted
value of forward rate is given in Fig.8 with its true value.
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Figure 8.  Predicted forward rate (Parabolic case) and true value

4. Concluding remarks

As shown in Fig.8, we could construct the parabolic type partial differential
equation for the forward rate dynamics whose solution fits the future value of
the forward rate better than the hyperbolic model. From the existence for the
diffusion term, the shape of the predicted forward rate becomes flat and so the
predicted forward rate for the parabolic case fits the real rate quite well. The
calibration of the proposed model is very important to applying the mathemati-
cal algorithm to the practical situation and this should be done in the empirical
probability rather than risk-neutral probability. For the identification problem

in the parabolic case, we identified the term ka f(t z) + A/q(z, x) for the un-
known & and A. From the obtained resul ts inthe empmca probability world we

need an extra term k azgit’rz) ork & f t 2) +Av/q(z, z) . The form of these terms
are not theoretically derived and we only set the function form artificially. It
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should be noted that in the parabolic case, A = 0 does not mean the risk neutral

world because we still have an extra term ka—”%ﬂ.

Although Cont [5] proposed that the boundary value processes be stripped out
of the original partial differential equation, we set the mixed boundary condition
for the forward rate process . In our case, we can consider the more general
type than Cont’s model, e.g., the presence of boundary noises. If the covariance
kernel is finite dimensional, we can transform the original measure to the risk
neutral measure . If we do not consider the pricing of the future derivatives, it
seems that this finite dimensionality condition is not required. However for the
optimal portfolio problem with power utility we need this finite-dimensionality
condition to support the optimal portfolio.

The most important part of this paper is how to fit the proposed model to the
historical data. Inthe risk-neutral probability world, we only need to identify the
kernel of the noise. However we can not reproduce the real future forward rate
process from risk neutral case. The obtained empirical results strongly depend
on the interpolation method which was used to convert the yield curve to forward
rate process. In order to avoid this differential instability problem, we should
reformulate the parameter identification problem as the filtering problem with
discrete-time observation data. In such a reformulation, we need not to use
the interpolation method and differentiation with respect to time-to-maturity
variable.
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Abstract In this paper we analyze the electricity portfolio problem of a big consumer in a
multi-stage stochastic programming framework. Stochasticity enters the model
via the uncertain spot price process and is represented by a scenario tree. The
decision that has to be taken is how much energy should be bought in advance,
and how large the exposition to the uncertain spot market, as well as the relatively
expensive production with an own power plant should be. The risk is modeled
using an Average Value-at-Risk (AVaR) term in the objective function. The
results of the stochastic programming model are compared with classical fix mix
strategies, which are outperformed. Furthermore, the influence of risk parameters
is shown.

keywords: Stochastic Optimization, Scenario Generation, Energy Markets,
Optimal Electricity Portfolios, Average Value-at-Risk

1. Introduction

In this paper, we present a multi-stage stochastic optimization mode! for
calculating optimal electricity portfolios. We refer to [10] for an overview of
stochastic programming and to [1] for applications to the energy market. The
general formulation of a multistage stochastic optimization program is

minimize E(f(z(
subjectto  (z(&),¢

£),8)
( )€
zEN

eX

where £ denotes a multi-dimensional stochastic process describing the future
uncertainty. The constraint-set A’ contains feasible solutions (z,£) and the
(non-anticipativity) set A of functions £ — z is necessary to ensure, that the
decisions z; are only based on realizations up to stage t (o, ...,&). f(x(£),€)
is some cost function.

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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We apply this framework to the optimization of electricity portfolios. Ad-
ditionally, an Average Value-at-Risk functional is included, enabling modern
risk management, which is necessary to survive in liberalized energy markets
economically.

This paper is organized as follows. Section 2 describes the estimation and
simulation of the (uncertain) electricity spot market, which is the most import
input for the stochastic program. Section 3 provides a detailed overview of the
underlying model. Section 4 summarizes numerical results, while Section 5
concludes the paper.

2. Scenario Generation
2.1 Estimation and simulation of the spot market

The generation of scenarios for the possible development of spot prices is
based on an econometric model which is designed to capture the past move-
ments of the spot price as good as possible. This model will be capable of
giving good estimates for the expected price at every hour of the period under
consideration. To generate realistic scenarios we simulate the residuals of the
model and thereby distort the prediction to get a possible trajectory for the spot
price of energy. At the end, we compute the mean for 4 consecutive values and
therefore reduce the price movement in one day to six data points, representing
the average price from 0-4, 4-8, 8-12, 12-16, 16-20, 20-24 o’clock respectively.

The modeling of the spot prices is done using linear regression where the
main explanatory variables are: the hour of the day, the day of the week, and
the season. The regressors related to time are modeled in such a way that there
are initially 24 x 7 x 3 = 504 dummy variables indicating which hour of which
day in what season a specific data point belongs to. Obviously, this yields to an
unnecessary huge model, which can be reduced in a further step. The reduction
is based on the observation that the coefficient of a dummy variable will be the
mean of the data points that it points to. A feasible way to reduce the number
of regressors would be to compare the means of the different hours on the
different days in the different seasons and club two regressors if the means are
only insignificantly different. To determine whether two means are different,
we use the Kruskal-Wallis test (see for example [5]), since it is based on rank
order and does not assume the data to be distributed according to any specific
distribution. The necessity of such a non-parametric approach will become
clear, when we discuss the residuals of the model. With this procedure, we are
able to significantly reduce the number of regressors without sacrificing much
of the accuracy in predicting the expected (mean) price in the respective hours.

As already mentioned, we also use temperatures as explanatory variables.
This proved to be beneficial (in terms of explanatory power) and also supports
the intuition of modeling temperatures not as a single variable, but to split it up
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into six variables measuring the effect of temperature on power prices - not for
the whole day, but for the six 4-hour blocks described above.

This model of the stock prices focuses heavily on the demand side of the
market, which is reasonable, since the average prices and the daily patterns
of price movements can be explained with these factors pretty well (adjusted
R?=0.6). To explain long term changes in the market and to understand the
peaks in the hourly spot price, it would be a valuable idea to include the supply
side too. This would allow for a better understanding of the energy market
and probably boost the insample accuracy too. However, when it comes to
simulation these gains would probably be lost, because the supply factors are
hard to forecast.

To capture some of these effects we add an AR(1) and AR(25) term to our
Regression model and obtain a R? of 0.84.

An inspection of the residuals shows, that those are clearly not normal.
Since we need to simulate from the residual distribution, we have to fit some
parametric models to the empirical residuals. It turns out that the distributions
are extremely wide stretched (peaks in the prices) and are therefore heavy
tailed. We chose to use a stable distribution to fit the data, since the family
of stable distributions contains heavy tailed distributions too, and it is known
that sums of independent identically distributed random variables follow some
stable law. The family of stable distributions can be characterized through their
characteristic function

E( iuX) [ el (1aBltan B )sign(u) (yul' T -1)+idu ) s g
e = e—’ﬂul(1+iﬁ%sign(u)log('yiu[))—f-iéu a=1

where 0 < o < 2 can be interpreted as an index of stability (everything below
2 is heavy trailed), 3 is a skewness parameter, ~ a scale parameter, and ¢ a
location parameter. For a in depth description of heavy tailed distributions,
their properties and how to fit them see [§]. To fit the stable distribution to
our residuals, we split the residuals into 6 groups according to which time slot
they belong to and separately estimate stable distributions for these time slots.
In a next step we generate a sufficient number of random draws from these
distributions and use those together with the predicted prices to obtain spot
price trajectories. For fitting the stable distribution and the generation of the
random variates we use the software stable.exe (see [6]).

For fitting the model we use one year of hourly data (01.06.2005-31.05.2006)
from the European Energy Exchange (EEX). Using the fitted model and distri-
bution of the residuals, we simulate price trajectories corresponding to a price
development of half a year. Figure 1 dipicts the means of the simulated values
in each of the 4 hour slots (left) and 20 days of a typical simulation trajectory
(right).
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Figure I.  Averages of simulated price trajectories (left), Sample simulated spot price trajectory
(right).

2.2 Generation of scenario trees

We apply a scenario generation method based on [7]. This method is
optimization-problem related, and aims at minimizing a probability metric with
a (-structure, i.e. the uniform distances of expectations of functions taken from
a class H of measurable functions. The Wasserstein distance (from the class H
of Lipschitz continuous functions), which plays an important role for stability
results and approximation of stochastic programming models, has been used.

The implemented method generates scenario trees with a stagewise-fixed
structure, which differs from other methods, e.g. [2] or e.g. an explicit method
for the energy market in [4].

The size of the generated underlying spot market scenario tree with the
stagewise-fixed structure, which was used for numerical experiments, is

ng = 100,200,200 + (¢ — 2) - 2,

where n; denotes the number of nodes in stage ¢, resulting in 560 scenarios.

3. Optimization Model

The goal of the optimization is to determine the amount of energy that should
be bought in advance for a time period of half a year. The driving factor of the
optimization is the expected demand for energy at all points of the considered
time period. This demand is assumed to be non-stochastic and can be met in
three ways. One may

1 buy electricity on the spot market,

2 produce electricity, and/or
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3 buy supply contracts for future delivery of energy.

The supply contracts are designed as follows: every month the producer
can consume a certain amount of energy w; in every of the six periods of the
day. This amount is part of the contract and can be specified by the consumer.
On every day the energy consumption is bounded by a fraction of the overall
monthly consumption, of course with the additional restriction, that the monthly
consumption adds up to the pre-specified amount.

On the tree described in section 2.2 the program is shown in equation (1),
which minimizes the expected total cost and the (terminal) Average Value-
at-Risk (AVaR). Let AV@R,, be defined as the solution of the optimization
problem

inf {a + T%—EE[Y —a]t:a € R},

where Y is a random cost variable. With a finite set of scenarios this optimiza-
tion problem can be reformulated as a linear program (see [9]).

minimize 3>, oD Ps(n)cgp + K(Y + X e %)aﬁ)

SubjeCt to gn.h + Sn,h + Mn.h > DT(n) h (a)
9n.h < Gmaer <a)
mn,h'gn,h + gn’hcprod + 3n,h¢F§(n> = Cph (b) (1)
My hénh + G hCPTO% + Snh®E7m) = Cnh (c)
Sn,h < ﬂuﬂ/[(n),h (a)
Zne/\/’i Sn.h < Umn (d)
DteT CR(n,t),h = Cg? (e)

M (n) is the month of the node 1, gn k. 8p h» Mn k electricity coming from
own production (generation), the supply contract and the spot market in node
and hour-block h respectively, while D, 5, denotes the (deterministic) demand.
0 represent the daily upper constraint on consumption, defined as fraction of
the overall monthly consumption.

R(n,t) returns the scenario predecessor node of terminal node n in stage ¢,
Py is the scenario probability of the scenario terminating in node n. 7'(n)
returns the stage of node n, Ff, F? are the costs of the peak and offpeak future
at stage t, and ¢ is a factor by which the contract is cheaper than the future
price. U, 4 i8 the optimal contract volume for month n and hour-block A. &, 5,
is the stochastic spot price.

The constraints the model (1) are defined for different parameter sets. The
letter in parenthesis at the right indicates, which group of sets the constraint
is defined for. Let H be the set of all hour-blocks, and H,, and H, peak and
off-peak hour-blocks. N the set of all nodes and N7 the set of all terminal
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Figure 2. Demand of a large local energy distributor.

nodes. M,y is the set of all stages/nodes within month m. The following group
of sets are applied:

(a) Yn e N,VYh e H,

(b) ¥n € N',VYh € Hp,

(¢) Yn € N,Vh € H,,

(d) Yi € Mp,Ym € {June, ..., November},Vh € H.
(e) Vn € Np,Vh € H.

4. Numerical Results

A (deterministic) demand forecast of a large local energy distributor has
been used. This demand is shown in Figure 2 for each of the six 4-hour blocks
described in Section 2.1. '

To enable a numerical comparison, the following parameters have been fixed:
The cost of producing energy C?"°% is Euro 70 and the maximum production
G™* per 4-hour block is SO00MW. Factor 3 has been set to 0.1 and ¢ to 0.9.
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Spot Market ~ Supply Contract  Production  Expected Total Cost (Euro)

20% 60% 20% 1.838.258.100
20% 70% 10% 1.706.414.546
20% 80% 0% 1.574.570.991

Table 1. Expected Total Cost for Fix Mix Portfolios

June July August  September October  November
0-4 229153 546926 510129 449503 407692 802547
4-4 208374 705748 423220 249749 197142 872110
8-12 169746 624004 374384 133423 155421 869426
12-16 253450 600427 287414 131299 187684 835807
16-20 721441 1113900 923807 832003 595822 1262270
20-24 582319 693024 216780 190338 386261 1376000

Table 2. Example contract for o = 0.9 (MWh)

a Expected Total Cost (Euro) > Contracted Volume (GWh)

0.7 1.221.079.145 19990
0.8 1.220.568.060 19637
0.9 1.220.026.120 19118
0.95 1.219.763.475 18747

Table 3. Aggregated results of the stochastic optimization for different risk parameters

4.1 A Fix Mix Solution

To compare the stochastic solution, we calculated some fix mix strategies.
The results are shown in Table 1.

4.2 The Stochastic Solution

The stochastic optimization models have been implemented in AMPL (see
[3D. The workflow has been developed in MatLab and some parsing scripts
have been implemented in Python. The optimization problems have been solved
with the MOSEK interior point solver.

The optimization problems were solved with a Pentium 4 (2GHz) with 1GB
RAM running Debian GNU/Linux. The average solution time of the underlying
problems is half an hour.

A typical optimal contract volume sheet is shown in Table 2 for o = 0.9.
To see the influence of the risk parameter o, the expected total cost of the
portfolio in Euro and the sum of contracted volume in GWh is shown in Table 3.
Additionally, these results show that the stochastic solution clearly outperforms
fix mix strategies.
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5. Conclusion

In this paper we proposed a model to solve the electricity portfolio problem
of a big consumer in a multi-stage stochastic programming framework. The
decision that has to be taken is how much energy should be bought in advance
and how large the exposition to the uncertain spot market, and the relatively
expensive production by an own power plant should be. It has been shown
that the underlying spot price can be realistically estimated and simulated with
a regression model. The underlying scenario trees representing the uncertain
future spot prices are used to calculate optimal electricity portfolios. Different
supply contract details have been included, such that the model is ready to be
applied for practical usage.

The results show that the solution of the multi-stage stochastic program
clearly outperforms classical fix mix strategies. Furthermore, by varying the
risk parameter o, the consumer can fine-tune his optimal decision.
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Abstract The mean-risk approach quantifies the problem of choice among uncertain prospects
in alucid form of only two criteria: the mean, representing the expected outcome,
and the risk: a scalar measure of the variability of outcomes. The model is ap-
pealing to decision makers but it may lead to inferior conclusions. Several risk
measures, however, can be combined with the mean itself into the robust optimiza-
tion criteria thus generating SSD consistent performances (safety) measures. In
this paper we introduce general conditions for risk measures sufficient to provide
the SSD consistency of the corresponding safety measures.

keywords: decisions under risk, stochastic dominance, mean-risk.

1. Introduction

We consider the general problem of comparing real-valued random variables
(distributions), assuming that larger outcomes are preferred. Two methods are
frequently used for modeling choice among uncertain prospects: stochastic
dominance, and mean-risk analysis. The former is based on an axiomatic model
of risk-averse preferences but it does not provide us with a simple computational
recipe. It is, actually, a multiple criteria model with a continuum of criteria.
The mean-risk approach quantifies the problem in a lucid form of only two
criteria: the mean, representing the expected outcome, and the risk: a scalar
measure of the variability of outcomes. The mean-risk model is appealing to
decision makers but it is not capable of modeling the entire gamut of risk-averse
preferences. Moreover, for typical dispersion statistics used as risk measures,
the mean-risk approach may lead to inferior conclusions.
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In this paper we analyze conditions that are necessary and sufficient for
risk measures to provide the SSD consistency of the corresponding mean-risk
models. Actually, we show that under simple and natural conditions on the risk
measures they can be combined with the mean itself into the robust optimization
criteria thus generating SSD consistent performance (safety) measures. The
analysis is performed for general distributions but we also pay attention to
special cases such as discrete or symmetric distributions. We demonstrate
that, while considering risk measures depending only on the distributions, the
conditions similar to those for the coherency are, essentially, sufficient for SSD
consistency.

2. Stochastic dominance and mean-risk models

In the stochastic dominance approach random variables are compared by
pointwise comparison of some performance functions constructed from their
distribution functions. Let X be a random variable representing some returns.
The first performance function Fy(X, r) is defined as the right-continuous cu-
mulative distribution function itself: Fi(X.r) = P[X < r] forr € R.
We say that X weakly dominates Y under the FSD rules (X >_.., Y), if
Fi(X,r) < Fy(Y,r) forall » € R, and X FSD dominates Y (X >.., Y,
if at least one strict inequality holds. Actually, the stochastic dominance is a
stochastic order thus defined on distributions rather than on random variables
themselves. Nevertheless, it is a common convention, that in the case of ran-
dom variables X and Y having distributions Px and Py, the stochastic order
relation Py >~ Py might be viewed as a relation on random variables X » Y
[11]. It must be emphasized, however, that the dominance relation on random
variables is no longer an order as it is not antisymmetric.

The second degree stochastic dominance relation is defined with the second
performance function F» (X, r) given by areas below the cumulative distribution
function itself, i.e.: Fp(X,r) = [T F1(X,t)dt forr € R. Similarly to FSD,
we say that X weakly dominates ¥ under the SSD rules (X =, V), if
Fy(X,r) < Fp(Y,r) forall r € R, while X SSD dominates Y (X =, Y),
when at least one inequality is strict. Certainly, X > .., Y implies X >.., Y.
Function F5(X, ), used to define the SSD relation can also be presented as
follows [12]: Fy(X,r) = Elmax{r — X,0}], thus representing the mean
below-target deviations from real targets.

If X »,4, Y, then X is preferred to Y within all risk-averse preference
models that prefer larger outcomes. In terms of the expected utility theory
the SSD relation represent all the preferences modeled with increasing and
concave utility functions. It is therefore a matter of primary importance that an
approach to the comparison of random outcomes be consistent with the second
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degree stochastic dominance relation. Our paper focuses on the consistency of
mean-risk approaches with the SSD.

Alternatively, the stochastic dominance order can be expressed on the in-
verse cumulative functions (quantile functions). Namely, for random variable
X, one may consider the performance function F_;(X,p) defined as is the
left-continuous inverse of the cumulative distribution function Fy (X, 7), i.e.,
F_1(X,p) = inf {n: F1(X,n) > p}. Obviously, X dominates Y under the
FSD rules (X >, , Y),if F1(X,p) > F_1(Y,p) forall p € [0, 1], where at
least one strict inequality holds. Further, the second quantile function (or the
so-called Absolute Lorenz Curve ALC) is defined by integrating F_;, which
provides an alternative characterization of the SSD relation,

Mean-risk approaches are based on comparing two scalar characteristics
(summary statistics), the first, denoted u(X), represents the expected outcome
(reward), and the second, denoted o( X ), is some measure of risk. The original
Markowitz portfolio optimization model [9] uses the variance or the standard
deviation. Several other risk measures have been later considered thus creating
the entire family of mean-risk models. Risk measures in Markowitz-type mean-
risk models, similar to the standard deviation, are translation invariant and risk
relevant deviation type measures (dispersion parameters). Thus, they are not
affected by any shift of the outcome scale o(X + a) = o(X) for any real
number a and they are equal to 0 in the case of a risk-free portfolio while taking
positive values for any risky portfolio. Unfortunately, such risk measures are not
consistent with the stochastic dominance order [11]. Indeed, in the Markowitz
model its efficient set may contain SSD inferior portfolios characterized by a
small risk but also very low return [15]. Unfortunately, it is a common flaw of all
Markowitz-type mean-risk models where risk is measured with some dispersion
measures. In order to overcome this flaw of the Markowitz model, already
Baumol [2] suggested to consider a performance measure, he called the expected
gain-confidence limit criterion, u(X) — Ao (X) to be maximized instead of the
minimization of o (X) itself. Similarly, Yitzhaki [18] considered maximization
of the criterion u{ X ) — o( X)) for the Gini’s mean difference and he demonstrated
its SSD consistency. Recently, similar consistency results have been introduced
{12, 13] for measures corresponding to the standard semideviation and to the
mean semideviation (half of the mean absolute deviation).

Hereafter, for any dispersion type risk measure o( X ), the performance func-
tion S(X) = u(X)~ o(X) will be referred to as the corresponding safety mea-
sure. Note that risk measures, we consider, are defined as translation invariant
and risk relevant dispersion parameters. Hence, the corresponding safety mea-
sures are translation equivariant in the sense that any shift of the outcome scale
results in an equivalent change of the safety measure value (with opposite sign
as safety measures are maximized), or in other words, the safety measures dis-
tinguish (and order) various risk-free portfolios (outcomes) according to their
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values. The safety measures, we consider, are risk relevant but in the sense
that the value of a safety measure for any risky portfolio is less than the value
for the risk-free portfolio with the same expected returns. Moreover, when risk
measure o(X ) is a convex function of X, then the corresponding safety measure
S(X) is concave.

Relation of the SSD consistency of the safety measures directly involves
criterion pu{ X ) —o(X). However, the SSD dominance always implies the means
inequality. Hence, in the case of X >, Y we have both u(X) > (Y') and
w(X) — o(X) > p(Y) — o(Y). Thus, by combining inequalities, one may
easily notice that X >, Y implies u(X) — Ao(X) > u(Y) — Ao(Y) for
all 0 < A < 1. On the other hand, one may just consider pg(X) = Bo(X)
as a basic risk measure, like the mean absolute semideviation equal to the
half of the mean absolute deviation itself. In such a case one may gets another
{(possibly higher) upper bound for the trade-off coefficient guaranteeing the SSD
consistency. Therefore, following [12], in this paper we say that the (deviation)
risk measure is SSD «-safety consistent if there exists a positive constant
such that for all X and Y:

Xrssp Y = pX)—aoX)>ulY)—aol). (1)

For the sake of simplicity, the SSD 1-safety consistency of a risk measure we
will usually call simply SSD safety consistency. The relation of SSD (safety)
consistency is called strong if, in addition to (1), the following holds

X " ssp Y = N(X) - Q(X) > M(Y) - Q(Y) (2)

An important advantage of mean-risk approaches is that having assumed a
trade-off coefficient A between the risk and the mean, one may directly compare
real values of p(X) — Ao(X). If the risk measure o(X) is SSD «-safety
consistent, then except for random variables with identical p(X) and o(X),
every random variable that is maximal by p(X) — Ag(X) with0 < A < a is
efficient under he SSD rules. Inthe case of strong SSD safety consistency, every
such maximal random variable is, unconditionally, SSD efficient. Therefore,
the strong SSD safety consistency is an important property of a risk measure.

The stochastic dominance partial orders are defined on distributions. The risk
measures are commonly considered as functions of random variables. One may
focus on a linear space of random variables £ = L¥(Q, F, P) withsome k& > 1
(assuming k > 2 whenever variance or any related measure is considered).
Although defined for random variables, typical risk measures depend only on
the corresponding distributions themselves and we focus on such measures.
In other words, we assume that (X ) = o(X) whenever random variables X
and X have the same distribution, i.e. F1(X,r) = F1(X,r) forall7 € R or

equivalently F_1(X,p) = F_1(X,p) forall p € [0,1].
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Table 1. SSD consistency limits for general distributions

Risk Measure Consistency
Standard semideviation F(X) 1712}
Mean absolute semideviation | §(X) 1{12]
Mean absolute deviation (X)) 172 [12]
Conditional 3-semideviation | Ag(X) 1[14]
Mean abs. dev. from median | Ag5(X) 1141
Maximum semideviation A(X) 1[14]
Gini’s mean difference T'(X) 1[18] (strong [14])
Tail Gini’s mean difference Is(X) 1[14]

Table 2. SSD consistency limits for symmetric distributions

Risk Measure Consistency
Standard semideviation F(X) | V2121 (strong)
Standard deviation o(X) 1[12] (strong)
Mean absolute semideviation | §(X) 2[12]
6(X) 1[12]
(

Mean absolute deviation
Gini’s mean difference T(X) 2[14] (strong)

Within the class of arbitrary uncertain prospects allowing to consider stochas-
tic dominance (the class of random variables with finite expectations E{|X ] <
o0, or E[X?] < oo while for standard deviation), several consistency results
have been shown, as summarized in Table 1 (where the maximum value of alpha
is presented). Obviously, any convex combination of measures preserves their
SSD safety consistency which justifies several combined measures [8]. It turns
out that when limiting the analysis to outcomes described with the symmetric
distribution some consistency levels « increase and one gets additionally SSD
1-safety consistency of the standard deviation (see Table 2).

3. SSD consistency conditions

The risk measures we consider from the perspective of the stochastic domi-
nance are defined as (real valued) functions of distributions rather than random
variables themselves. Nevertheless, in many various applications it might be
more convenient to analyze their properties as functions of random variables.
Recently, a class of coherent risk measures [1] have been defined by means
of several axioms. The axioms depicts the most important issues in the risk
comparison for economic decisions. therefore, they have been quite commonly
recognized as the standard requirements for risk measures. Let us consider a
linear space of random variables £ = L*(Q, F, P) with some k > 1 (recall, we
assume k > 2 whenever variance or any related measure is considered). A real
valued performance function C' : £ — R is called a coherent risk measure on
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L if forany X,Y € Litis monotonous (X > Y implies C(X) < C(Y")), pos-
itively homogeneous (C(hX) = hC(X) for real number h > 0), subadditive
(C(X+Y) < C(X)+C(Y)), translation equivariant (C'(X +a) = C(X) —a,
for real number a), risk relevant (X < 0and X # 0implies C(X) > 0), where
or inequalities on random variables are understood in terms ‘a.s.’. If o(X) > 0
is a convex, positively homogeneous and translation invariant (dispersion type)
risk measure, then the performance function C'(X) = o(X) —u(X) does satisfy
the axioms of translation equivariance, positive homogeneity, and subadditivity.
Further, if X > YV, then X =Y + (X —Y) and X — Y > 0. Hence, the
convexity together with the expectation boundedness

X >0=o(X) < pu(X) (3

of the risk measure imply that the performance function C'(X') satisfies also the
axioms of monotonicity and relevance [8].

In order to derive similar conditions for the SSD consistency we will use the
SSD separation results. Namely, the following result [11, Th. 1.5.14] allows
us to split the SSD dominance into two simpler stochastic orders: the FSD
dominance and the Rotschild-Stiglitz (RS) dominance (or concave stochastic
order), where the latter is the SSD dominance restricted to the case of equal
means.

THEOREM 1 Let X andY be random variables with X = ., Y. Then there
is a random variable Z such that

X =

—FSD

Zrps Y

The above theorem allows us to separate two important properties of the SSD
dominance and the corresponding requirements for the risk measures.

COROLLARY 2 Let o(X) > 0 be a (dispersion type) risk measure. The mea-
sure is SSD 1-safety consistent if and only if it satisfies both the following
conditions:

Xz ¥ = p(0)—oX)zp¥) oY), @

Xz ¥ = oX) < oY) ()

Proof. If X .., Y, thenaccording to separationtheorem X »,., Z =, Y

where E[Z] = E[Y]. Hence, applying (4) and (5) one gets
XrzsspY = wX)—oX)2u(Z)—0(2) 2 uY) - oY)

On the other hand, both the requirements are obviously necessary. |

For strict relation X >, Y, the separating Z satisfies X ».., Z or
Z =as Y. Hence, the corresponding strong forms of both (4) and (5) are
necessary and sufficient for the strong SSD 1-safety consistency.
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Condition (4) represents the stochastic monotonicity and it may be replaced
with more standard monotonicity requirement

X2Y = plX)-oX)2pY)-oY), (6)

where the inequality X > Y is to be viewed in the sense o holding almost surely
(a.s.). Essentially, X > Y implies X ~,., Y, but not opposite. However, the
relation X > .. Yisequivalent[11, Th. 1.2.4] to the existence of a probability
space and random variables X and ¥ on it with the distribution functions the
same as X and Y, respectively, such that X > Y. Hence, for risk measures
depending only on distributions, we consider, one gets requirements (4) and (6)
equivalent. Note that for any X > 0 and a € R one gets X + a > o while
o(X + a) = o(X) and, therefore, the monotonicity (6) implies o(X) < u(X).
This justifies the expectation boundedness (3) as a necessary for monotonicity
(6) or (4).

Condition (5) represents the required convexity properties to model diver-
sification advantages. Note that the second cumulative distribution functions
F5(X,r) are convex with respect to random variables X [13]. Hence, taking
two random variables Y/ and Y/ both with the same distribution as X one gets
B+ (1 -a)Y’ r) < Fy(X,r)forany 0 < o < 1land any 7 € R.
Thus, oY’ + (1 — a)Y” >, X and convexity of o(X) is necessary to meet
the requirement (5).

The concept of separation risk measures properties following Theorem 1
is applicable while considering general (arbitrary) distributions. It may be,
however, adjusted to some specific classes of distribution. In particular, we will
show that it remains valid for a class of symmetric distributions. Indeed, a more
subtle construction

_ F (X}r)’ r< /J’(Y)
Fi(2.r) = { FL(X 7+ 20u() = u(Y)), 72 plY) w

preserves symmetry of the distribution thus leading us to the following assertion.
For any symmetric random variables with X >, Y, there is a symmetric
random variable Z such that X >_.., Z =, Y. One may also notice that
the ‘a.s.” characteristic of the FSD relation may be, respectively, enhanced for
symmetric distributions.

It follows from the majorization theory [6, 10] that in the case of simple lot-
teries constructed as random variables corresponding n-dimensional real vec-
tors (probability 1/n is assigned to each coordinate if they are different, while
probability k/n is assigned to the value of k coinciding coordinates) a convex,
positively homogeneous and translation invariant (dispersion type) risk measure
is SSD 1-safety consistent if and only if it is additionally expectation bounded
(3). We will demonstrate this for more general space of lotteries. Hereafter, a
lottery is a discrete random variable with a finite number of steps.
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LEMMA 3 Lotteries X and Y satisfies X =ps Y if and only if F_3(X,p) >
F_»(Y,p) for all p - cumulative probability of a step of F1(X, a) or F1(Y, o)
and F_Q(X, 1) = F_Q(Y, 1)

Proof. From quantile characterization of SSD we have inequality for all
p € (0,1). On the other hand, we can see that p - cumulative probabil-
ity of steps are sufficient. Let p1,ps,...,pm - cumulative probability of the
steps of F1(X,a) or F1(Y, ), and let ¢ € (p;,piv1). Then, Fo(X,c) =
F_o(X,pi)+(c=pi) For (X, pis1) = Foo(X, piy1) — (iv1—¢) Fo1(X, pis1).
Hence, Fo(X,c) > F_o(Y,c) whenever F_o(X,p;) > F_o(Y,p;) and
F_o(X,pi41) > F_o(Y,pj+1). Furthermore, F_2(X,1) = E[X] = E[Y] =
F_5(Y,1) is necessary for RS-dominance. O

Let X =Y, »rs Yoo1 >ps ...>rs Y1 = Y and for all k: Y, =
A1)y + (1= Meo1)YY, where A\p—; € (0,1) and Y _; # Y/, are
the same distributed as Yj._1, then it is obvious to say that Y is more risky that
X for all p - convex risk measures. Rothschild and Stiglitz have formulated
that RS-dominance between two random variables is equivalent to existing a
sequence of mean preserving spreads (MPS) that transform one variable to the
other. Two variables X and Y differ by MPS if there exists some interval that
the distribution of X one gets from the distribution of ¥ by removing some of
the mass from inside the interval and moving it to some place outside this inter-
val. Gaining by MPS we will show that for lotteries with rational probability
XandY ifonly X »=grs Y then Y is always more risky than X for all convex
risk measures.

THEOREM 4 Proof. Let X, Y - lotteries with rational probability of steps. If
X > prg Y then there exists a sequence of lotteries Y1, Y3, ..., Y, satisfying the
Sollowing conditions:

1 X=Y,>rsYn_1>=Rs..."rs Y1 =Y

2 YIZ‘H =(1- MYF+ XYY, fori=1,.. ,m—1, where0 < N < land
Y # Y] are identically distributed as Y.

We will construct a sequence of MPS - Y}, Y5, ..., Y, using quantile char-
acterization of RS-dominance. From Rothschild and Stiglitz theorem [7] one
knows that the sequence (Yk)kz;l,._,,n exists. We will build it, however, as a
convex combination of two identically distributed random variables.

Letcy,cg,. . ., Cm —cumulative probability of steps of F1 (X, &) or Fy (Y, «).
Due to Lemma 3, we may focus on the steps of distributions.

Letp; =¢; — ¢y, fori=2,...,mandpy =c¢1, 5= (p1,---,0m)>

x; — ¢;-quantile of X fori = 1,...,m, X = (Z1,.. .y Zm),

yi — c-quantile of Y fori =1,...,m, Y = (Y1s- -+ s Ym)-

There exists the first index ¢ such that z; # y; (actually z; > y;, due to the
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dominance) as well as there exists the last index ¢ for which z; # v; (actually
x; < y;, due to the equality: F_o(X,1) = E[X] = E[Y] = F_»(Y,1)). With
no loss of generality we can assume that the first index is 1 and the last one is
m. By definition, we get F_o(Y, ¢;) = Z§'=1 D5Yj
Define: A;- = — yg Vi=1,..n,j=1,..,m

First step. Al > 0 and A} < 0, where £ = min{i : Al < 0}, let
Al = min{Al, ~A}} and p! = mm{pl,pk}

_Z?l D1, D2 Dk, N
Y1 Y1, Y2 Yk Ym
X:l T, T2 Tk, Tm
p:: P m-ph p2 . PL k=P . pm
Y. Y1, v, Y2 - Yk T T
X2, 1, Ty, I2 Tk, Tk ... Im

Note thatp has at least one coordmate equal 0: py —p! =0orpr —pt =0
while ¥ 2 and X 2 have at least one new the same coordinate: z; = yi + Al
orzj = yi — Al

With a finite number of steps we can transform y% to zj or y]i to zy. Thus,
m coordinates of Y can be transformed with a finite number of steps to m
coordinates of X.

The i-th step has the same idea: we choose first index where Aé- is positive
and it can be treated as A} in first step, because for all indexes before A; = 0.
Then, we choose first index when A; is negative as A} in first step. A?, p’ are
formed in the same way as A!, p.

Y ¢is built from ¥ i1 by moving the same mass — A’ from one coordinate
to another with the same probability — p®. Let 7, & be these coordinates, the rest
of them are the same in the vectors.

P ' P
yo vj» e Y
AT § L
Y”'l: . yj—}-A’ S yh =AY .
Y, and Y i are the same distributed and (1 — XY+ XY =Y i*1 where
=AY/ (Y, - vp) 0

X, Y.V € (Q,F,P),Y' Y" ~the same distributed lotteries with rational
probability of steps. If X = AY’+(1 — A)Y”, then for all convex positive
functions o (where o(Y') < 00), one gets p(X) = p(AY' + (1 — A)Y") <
Ao(Y") + (1 — AN)o(Y"). Moreover, if ¢ depends only on distributions, then
oY) = o(Y”). Hence, X »,5 Y/ implies o(X) < ofY’), and X >
Y’ implies o(X) < o(Y”) if g is strictly convex on identically distributed
random variables. Recall that expectation boundedness together with convexity
guarantee the corresponding monotonicity with strict monotonicity properties
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for strictly expectation bounded risk measures. This leads to the following
assertion.

THEOREM 5 Let us consider a linear space L C L*(Q,F,P) of lotteries
with rational probability of steps. If risk measure (X ) > 0 depending only
on distributions is convex, positively homogeneous, translation invariant and
expectation bounded, then the measure is SSD 1-safety consistenton L. If 9(X)
is also strictly convex on identically distributed random variables and strictly
expectation bounded (on risky rv.), then it is strongly SSD 1-safety consistent
on L.

Note that Theorem 5 applies to the important class of distributions where
one may take advantages of the LP computable risk measures [8]. It justifies
then the sufficient conditions for the coherency as simultaneously sufficient for
SSD (safety) consistency. The basic consistency resuits could be also derived
for continuous distributions from the relation [3]

XrY & Xcwow{Y:Fp=Fy}.

However, the strong consistency results cannot be achieved in this way.

4. Concluding remarks

One may specify risk dependent performance functions to transform several
risk measures into SSD consistent and coherent safety measures. We have in-
troduced convexity and expectation boundedness as necessary and sufficient
conditions which allow us to justify various risk measures with respect to such
coherent transformation. While focusing on the space of finite lotteries, where
one may take advantages of the LP computable risk measures, it turns out that
these sufficient conditions for the coherency are also sufficient for SSD consis-
tency. Moreover, when enhanced to strict convexity (on identically distributed
random variables) and strict expectation boundedness {on risky random vari-
ables) they are also sufficient for strong SSD consistency. The latter is crucial to
guarantee the SSD efficiency of the corresponding safety maximization optimal
solutions.
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Abstract We study the effects of different pricing strategies available to a continuous re-
view inventory system with capacitated supply, which operates in a fluctuating
environment. The system has a single server with exponential processing time.
The inventory holding cost is nondecreasing and convex in the inventory level,
the production cost is linear with no set-up cost. The potential customer demand
is generated by a Markov-Modulated (environment-dependent) Poisson process,
while the actual demand rate depends on the offerred price. For such systems,
there are three possible pricing strategies: Static pricing, where only one price is
used at all times, environment-dependent pricing, where the price changes with
the environment, and dynamic pricing, where price depends on both the current
environment and the stock level. The objective is to find an optimal replenishment
policy under each of these strategies. This paper presents some structural prop-
erties of optimal replenishment policies, and a numerical study which compares
the performances of these three pricing strategies.

Keywords: Inventory control, pricing, Markov Decision processes

1. Introduction

During the last few decades, it is realized that the joint optimization of pricing
and replenishment decisions results in significant improvements on the firm’s
profit (see e.g., [3]). The inspiring results obtained on this topic so far encour-
aged us to analyse an inventory pricing and replenishment problem. On the
other hand, the environmental factors affect the density of the demand distri-
bution unpredictably, and the focus in the recent studies of inventory control
has been shifting to model the impact of fluctuating demand on the optimal
replenishment policy. Hence, we consider an inventory system operating in a
fluctuating demand environment, which controls the prices as well as the re-
plenishment. As a result, our work stands at the junction of three main-stream

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in [FIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston; Springer), pp. [insert page numbers].
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research topics, inventory control, price control and the effects of environmental
changes on the control policies.

We study a continuous review, infinite horizon inventory pricing and replen-
ishment problem with capacitated supply. The system has a single server with
exponential processing time. There is no set up cost, and the production cost
is linear. The inventory holding cost, on the other hand, is nondecreasing and
convex in the inventory level. In order to model a fluctuating environment, we
assume that the potential customer demand is generated by a Markov-Modulated
(environment-dependent) Poisson process. Moreover, the actual demand de-
pends on the price offered at the time of the transaction, such that the actual
demand rate decreases as the price increases. For a system operating in this en-
vironment, there are three possible pricing strategies: Static pricing, where only
one price is used at all times, environment-dependent pricing, where the price is
allowed to change with the environment, and dynamic pricing, where price de-
pends on both the current environment and the stock level. In this paper, we use
a Markov Decision Process framework to model this system as a make-to-stock
queue operating under each of these strategies. Using this framework, we show
that optimal replenishment policies are of environment-dependent base-stock
level policies for these pricing strategies. We also compare the performances
of these three strategies by an extensive numerical study.

The objective of inventory management is to reduce the losses caused by
the mismatches that arise between supply and demand processes. With the
advances in computers and communication technology, the role of inventory
management has changed from cost control to value creation. Therefore, the
issues inventory management studies now include both the traditional decisions
such as inventory replenishment and the strategic decisions made by the firm
such as pricing. Infact, there hasbeen an increasing amount of research on pric-
ing with inventory/production considerations, see the excellent review papers
(4], [9], and [1].

The widely known results in inventory control model the randomness of de-
mand by using a random component with a well-known density in the definition
of the demand process. However, the focus in the recent studies of inventory
control has been shifting to model the impact of fluctuating demand on the
optimal replenishment policy (see [7] and [2] among others). In particular,
changes in the demand distribution might be caused by economic factors such
as interest rates, or they might be caused by the changes in business environ-
ment conditions such as progress in the product-life-cycle or the consequences
of rivals’ actions on the market. The model we present below considers the
effect of external factors on the demand distribution.

This paper is organized as follows: In the next section we introduce the mod-
els for the pricing strategies described above. Section 3 will present structural
results for an optimal replenishment policy for each of the pricing strategies.
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In section 4, we will present our numerical results, which compare the per-
formances of the three policies and provide insights, and point out possible
directions of future research.

2. Model formulation

In this section we present a make-to-stock production system with three
different pricing strategies: (1) the static pricing problem where a unique price
has to be chosen for the whole time horizon regardless of the environment and the
inventory level, (2) the environment-dependent pricing where the price can be
changed over time depending on the environment, but not on the inventory level
(3) the dynamic pricing where the price can be changed over time depending
on both the inventory level and the environment. The production system should
also decide on the replenishment of the items.

Consider a supplier who produces a single part at a single facility. The
processing time is exponentially distributed with mean 1/4 and the completed
items are placed in a finished goods inventory. The unit variable production
cost is ¢ and the stock level is X (¢) at time ¢, where X (t) € N = {0,1,...}. We
denote by h the induced inventory holding cost per unit time and h is assumed
to be a convex function of the stock level.

The environment state evolves according to a continuous-time Markov Chain
with state space £ = {1,---,n} and transition rates g.; from state e to state
j # e. We assume that this Markov chain is recurrent to avoid technicalities.
For all environment states, the set of allowable prices P is identical. The
customers arrive according to a Markov Modulated Poisson process (MMPP)
with rate A, when the state of the exogenous environment is e. We assume
that the potential demand rates are bounded, i.e., max{A.} < oc; a reasonable
assumption which will be necessary to uniformize the Markov decision process.
The customers decide to buy an item according to the posted price p, so that
the actual demand rate in environment e is A.(p) when a price of p is offerred.
Obviously, the actual demand rate is bounded by the potential demand rate so
that A (p) < A. for all e and for all p. We note that the domain of the prices,
P, may be either discrete or continuous. When P is continuous, it is assumed
to be a compact subset of the set of non-negative real numbers R™.

For a fixed environment state e, we impose several mild assumptions on the
demand function. First, we assume that A.(p) is decreasing in p and we denote
by pe(A) its inverse. One can then alternatively view the rate \ as the decision
variable, which is more convenient to work with from an analytical perspective.
Thus the set of allowable demand rates is £, = A.(P) in environment state e.
Second, the revenue rate 7.(\) = Ap. () is bounded. Finally we assume that
Pe I8 a continuous function of A when the set of prices P is continuous.
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At any time, the decision maker has to decide whether to produce or not.
The decision maker may also choose a price p € P, or equivalently a demand
rate A € L, at certain times specified by the pricing strategies described above.
If we are in search of optimal replenishment policies for the pricing strategies
described above, then the optimal policy is known to belong to the class of
stationary Markovian policies, see [8]. Therefore the current state of the system
is exhaustively described by the state variable (, ) with x the stock level and
e the environment state and (z,e) belongs to the state space IN x E. Then,
for dynamic pricing strategy p(z, e) is the price of the item when the system
operates in environment e with z units of item on inventory, for environment-
dependent pricing policy p(e) is the price chosen a priori for environment e
so that p(e) is charged whenever the system enters environment e regardless
of the current inventory level, and p; is the static price to be always offerred
regardless of the environment and the inventory level.

2.1 Optimal static pricing strategy

In static pricing, the decision maker has to choose a unique price in P for the
whole horizon. The static pricing problem can be viewed in two steps. First,
we determine the optimal production policy, which depends on both the envi-
ronment and inventory level, for a given static price, p. Hence, let v} (z, e;p)
be the expected total discounted reward when the replenishment control policy
7 is followed with p; = p over an infinite horizon starting from the state (z, e).
If we denote by « the discount rate, by N (¢) the number of demands accepted
up to time ¢, and by W (¢) the number of items produced up to time ¢ when the
posted price is always p and the replenishment policy 7 is followed, then:

+00
vg(z,e;p) = E7, {/0 e~ %pdN(t)

+0o0 +00
- / e~ h(X (1)) df — / e=Cte dW (1) |
0 0
where X (¢) is the inventory level at time ¢, as defined previously. We seek to
find the policy 7* which maximizes v7 (x, e; p) for a given price p. Let v} be
the optimal value function associated to 7%, so that:

vi(z,e;p) = mgx{vg(x, e;p)}.

Now we can formulate this problem as a Markov Decision Process (MDP):
Without loss of generality, we can rescale the time by taking ¢ + >~ Ae +
2e 2 jsedej + o = 1. After a uniformization, vy satisfies the following
optimality equations:

vi(z,ep) = —h(z)+ pTovi(z,e;p) + A(P)V](3,650) + D qevi(z, 5; D)
ie
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+(ZA¢—/\ +Zqu (z,e;p),

i#e jFEL

where the operator Ty for any function f(z, e) is defined as
Tof(z,e) = max{f(z,e), f(x+1,e)—c}. (1

Hence, the operator 1 corresponds to the production decision. We de-
fine as(z,e) as the optimal replenishment decision in state (z,e) such that
as(z,e) = 1if it is optimal to produce the item, and as(z,e) = 0 otherwise.
We also define also the operator T such that v} = T,v}. Therefore, whenever
a price p is given, we can find an optimal replenishment policy by solving an
MDP.

The second step is to find the optimal price p} in the set of prices P, where
there might exist potentially several optimal prices. Since we assume that the
exogeneous environment state follows a recurrent Markov chain, we choose the
price p% such that p* = argmax{v?(0,1;p) : p} without loss of generality.

2.2 Optimal environment-dependent pricing strategy

The problem of environment-dependent pricing strategy is similar to the
static pricing as it is also solved in two steps.

In the first step, the optimal production policy, 7%, is identified for a given
set of prices foq = (p(1),...,p(N)). Let v}, be the optimal value function
associated to w*. Then:

vz, e;Ped) = max {Ege {/OJFOO e~ p(E(t)) dN(t)

- /O T emeth X (1) dt /O v e_atch(t),} }

where E(t) is the state of the exogeneous environment at time ¢, p(E(t)) is
the posted price when the current environment is E(t), and o, X (¢), N(t) and
W (t) are defined as above. Optimal replenishment policy 7" can be determined
by using uniformization as in the static pricing problem. Hence:

Vg (T, € Pea) = —h(2) + pToveq(T, € Ped)
+/\e(P)U:d(3?, e;p-ed) + Z QCjU:d<xaj;ﬁed)
Jj#e
ZA @)+ 30N )iz s Pea), ()
i#e j#Ei

where the operator Ty is defined as in (1). Now aeq(z, €) is the optimal replen-
ishment decision in state (x, e}, so that a.q(z, €) = 1 if it is optimal to produce
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the item, and a.4(z,e) = 0 otherwise. We also define the operator T,,4 such
that v}, = Toqv},.

In the second step, an optimal price vector f;; = (p*(1), ..., p*(n)) is chosen
such that 77, = argmax{v};(0,1;Peq) : Peq}, Without loss of generality due
to the recurrent Markov chain governing the environment process.

2.3 Optimal dynamic pricing strategy

The system with dynamic pricing is an extension of Li (1988), who analyzes
the same system operating in a stationary enviornment, to the one operating
in a fluctuating environment. This problem is different from the static and
environment-dependent pricing in the following way: Since both optimal re-
plenishment and optimal pricing policies depend on the current inventory level
as well as the environment, both policies are determined as a result of an MDP.
We let v, e) be the maximal expected total discounted reward when an opti-
mal dynamic control policy 7*, which controls both the replenishment decisions
and prices, is followed over an infinite-horizon with initial state (z, e). Then
we have:

vitere) = ma (B2 [ [T e, B0) N (o)
- /0 T emeth (X (1)) dt — /0 e e—afch(t)} } ,

where E(t), o, X(t), N(t) and W (t) are defined as above. We can still use
uniformization, so that v should satisfy the following optimality equations:
va(z,e) = —h(z)+ pTovi(z,e) + Tevg(z,e)
+aqeua(z, ) + QN+ D0 D a)vilz,e),
Jie i#e i#e jAi
where the operator Tp is defined as in (1), and 7. is given by:

Tevg(z,e) = max Gz (N)s

and the function g, . is defined for any A in £, by:

[ re(N) FAvg(z —1,e) + (Ae — Nvg(z,e) @ ifz>0
gz,e()\)“{ AeUd(l',e)d ’ : ZfCCZO

Therefore, the operator T, corresponds to the arrival rate decision, or equiva-
lently the price decision in environment e. Optimal replenishment decision in
state (z, e) is denoted by a4(z, €), where ag(x, e) = 1ifitis optimal to produce
the item, and aq4(z, €) = 0 otherwise. Finally, we define the operator T}; such
that v} = Ty},
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24 Discussion on different pricing strategies

Before describing our results, we want to discuss the advantages and disad-
vantages of these three pricing strategies. Obviously, optimal dynamic pricing
policies always generate more profit than optimal environment-dependent poli-
cies, which in turn generate more than optimal static policies. Now we turn
to the “qualitative” effects of these policies: Static pricing represents the tradi-
tional pricing since the price remains fixed over time, regardless of the changes
in the environment and in the stock level. This type of policies is easy to im-
plement. In addition, consumers may prefer the transparency of a known price
that is not subject to any changes. At the other extreme, we have dynamic
pricing that leads to frequent price changes, since even a change in the stock
level may trigger a change in price. Therefore, dynamic pricing may create
negative consumer reactions. Moreover, its implementation requires sophisti-
cated information systems that can accurately track sales and inventory data in
real time, and can be extremely difficult especially if price changes require a
physical operation such as a label change. Environment-depending pricing, on
the other hand, allows the price to change only with the environmental state.
Hence, the associated system changes the prices, but not as frequently as the
one with the dynamic pricing does. As a result, this policy is in between static
and dynamic policies regarding to the practical problems and difficulties they
bring.

3. Structural results

The MDP formulations of the replenishment problems given in Section 2
provide not only a tool to numerically solve the corresponding problem but also
an effective methodology to establish certain structural properties of optimal
policies. In particular, we will use these formulations to prove that there exists
an optimal environment-dependent base-stock policy under each of the pricing
strategies. We first present the definition of an environment-dependent base-
stock policy:

DEFINITION 1 A replenishment policy which operates in a fluctuating demand
environment, as described in Section 2, is an environment-dependent base-
stock policy, if it always produces the item in environment e whenever the
current inventory level is below a fixed number S(e), ie., x < S(e), and
it never produces in environment e whenever x > S(e), where the numbers
{S(1), ..., S(N)} are called the base stock levels with S(e) € IN.

Now we argue that each of the pricing strategies yields to an optimal environ-
ment-dependent base-stock policy, if the corresponding value function is con-
cave. Hence assume that v%(z, e) is concave with respect to z for each envi-
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ronment ¢, i.e.:
vi(z+1,e) —vi(z,e) <vi(z,e) —vi(z — 1,e).
If it is optimal to replenish in a state (z, €), from equation (1) we have:
vi(z,e) <vi(z+1lye)—¢, < c<uvi(z+1le)—uvi(x,e).
Then, by concavity, we have:
c<vi{z+1e)—vi(z,e) <vilz,e) —vi(z—1e),

implying that it has to be optimal to replenish in state (x — 1, e) as well. There-
fore, whenever an optimal policy replenishes in a state (x, e), it replenishes in
all states (k, e) with k < z. We can, similarly, show that if an optimal policy
does not replenish in a state (x,e), it continues not to replenish in all states
(k,e) with k& > z. These two statements together imply the existence of an
optimal base-stock level in each environment e, S7(e):

Sr(e) = min{z : a,(z,e) = 0},

where a(z, e) is the optimal replenishment decision in state (z, e) with policy
m. Now we show that the corresponding value functions are concave for all
pricing strategies we describe above:

LEMMA 2 Forafixed environmente, forallm = s, ed, d: Ifvi(z,e)isconcave
with respect to x, then TV} is also concave with respect to .

Proof. 7 = sis a special case of 7 = ed if we set p(e) = p for all e, and we
refer to [5] for the proof of m# = d. Hence, we show the statement for 7 = ed.
In this proof we denote v},(x, e; pe) by v3,(z, e). Assume that v¥, is concave
in z for each environment e.

Now we consider each term in equation (2) separately. By assumption —h
is concave. To prove that Tj preserves concavity, we need to show:

§d =Tovl (xz+1,e) — 2Tpviy(z,e) + Tovs(z — 1,e) <0

Now let ¢’ = agq(z + 1,e) and ¢” = agg(z — 1,€). By our observation
above, there exists an optimal environment-dependent base-stock policy, so that
o' < a”. Since vl (z+d e) < Tovl(z,e) and v}j(z+a” e) < Tpuvi,(z,e):
§<viz+1+d,e)—cd —vi(z+d,e)+ca —
vyl +ad” e) +ca’ +vi(r—1+ad"e)—ca’ <0.

If ¢’ = d”, then the statement is true by the concavity of v*,. If o’ = 0 and
a” = 1, then the term in the second inequality is exactly 0. All other terms



Production-Pricing Control 247

|_¢ || max{PGa} | max{PGeqs} | max{PGqca} |

0.3 5.68% 2.25% 3.36%
0.6 10.19% 7.58% 2.87%
0.8 13.04% 11.25% 3.23%

Table 1. Maximum profit gain for different demand variability.

[ % T oIf [ o021 | 031 [ 041 | 051 | 06l | 071 |
PGa, || 12.50% | 8.67% | 6.80% | 5.72% | 4.75% | 3.80% | 3.12%
PGeas || 1090% | 6.70% | 4.16% | 2.60% | 147% | 0.7% | 0.5%
PGaeq || 145% | 1.85% | 2.53% | 3.04% | 323% | 3.07% | 2.66%

Table 2. Profit gain of pricing policies for different service rates with € = 0.8.

in (2) are concave by concavity of v};. Thus, Tcqu7; is concave in z for an
environment e, whenever v}, is concave.

Now the above argument immediately implies the existence of optimal
environment-dependent base-stock policies:

THEOREM 3 For all pricing strategies m = s, ed, d: The optimal replenish-
ment policy is an environment-dependent base stock policy.

Optimality of environment-dependent base stock policies shows that infor-
mation about the environment in which a firm operates is crucial.

4. Numerical results

In our model formulation, the system is controlled directly by the demand
rate, defined as a function of the offered price. In this section we explicitly refer
to the prices. We consider a linear demand rate function, which is frequently
used in the pricing literature. Let p be the price offered. Then we define the
linear demand function, and its associated revenue rate by:

Ae(p) = Ae(l —ap), pe[0,1/a),

where a is a positive real number.

For a given problem, let g7 be the optimal average profit using policy ,
where discount rate is set to 0, i.e., & = 0. We define the relative Profit Gain
for using policy 7 instead of policy 7', PG /, by

* o aF
PG, = 9_7?_*9_7’

gﬂ'/
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[ e [ 83D [ 55 [ SealD) [ Sea(i) [ Sa(L) T Sa(H) |
03] 6 1 7 9 12 20
06| 4 14 5 10 7 22
08| 2 13 3 10 3 23

Table 3. The optimal base stock levels for different € with = 0.11.

[ e T o5 T peall) [ peal®) [ pa(D)} [ p(L) | 2a(H) [ p(H) |

03] 0.78 0.74 0.82 0.82 0.42 0.87 0.51
0.6 || 0.75 0.65 0.84 0.75 0.33 0.88 0.51
0.8 || 0.78 0.57 0.84 0.65 0.19 0.88 0.51

Table 4. The optimal prices for different e with . = 0.11, where §j(e) = max{pj(z,e)},
and p’ () = min{py(z,e)}.

As we know that g5 < geq < g4, we will consider PG eq, PG4 s and PGeg 5.

We consider a system which operates in two environments, with low demand
rate (L) and with high demandrate (/). The demand rates in these environments
are A; = 1—eand Ay = 1+ e. The factors that affect optimal policies are the
ratios A/ and h/p, so we vary the service rate 4 and the holding cost A, where
we set a = 1, ¢ = 0, and the average demand rate as 1. Moreover, here we
only report A = 0.01 and qry = g1 = ¢ = 0.01, although we experimented
with different & and g as well as asymmetric transitions rates. In the whole
numerical study, we restrict our attention to the recurrent states of the Markov
chain generated by an optimal policy.

As e increases, the demand variability increases. We observe that optimal
gain for each pricing policy decreases with e. The profit gain of 7.4 and 74 with
respect to 75 also increases with e (see Table 1), which shows the ability of these
policies to adjust the highly uncertain environments. For small €, on the other
hand, PG4, < 6%, suggesting that optimal static policy performs good enough
with mild uncertainty. From Table 2, we observe that policy 7, performs the
worst with capacitated supply (¢ < 0.4) and volatile demand with respect to mey
and 4. Optimal static prices are closer to the optimal environment-dependent
prices in environment H, rather than those in environment L (see Table 4).
Hence, the demand fluctuation hurts not only the firm by decreasing its average
gain, but also the customers due to high prices, when static pricing strategy is
followed.

We see that policy 7.4 performs very closely to policy 4 with max{PGgq}
< 3.5% (see Table 1). In fact, it brings most of the benefit of 74, compare PG s
with PG.q4 ¢ in Table 2. Moreover, policy .4 has the advantage of lower inven-
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tory levels (see Table 3) and of smaller price differences (see Table 4). Hence,
we can conclude that it is better to use .4, since it brings most of the benefit
of m4, while causing less reaction on the customer side with less variability in
prices, and requiring a reasonable storage space with less variability in the stock
levels.

Optimal pricing and replenishment policies may have further monotonicities
under certain conditions: If we order the environment states with respect to the
potential demand rates, i.e., A, < Aeqq fore = 1,..,n — 1, then we expect
to have monotone base stock levels, i.e., Si(e) < S*(e + 1) for all pricing
strategies n = s, ed, d. The optimal environment-dependent prices as well as
the effective demand rates should also be ordered with the potential demand
rates. Our future work will focus on these monotonicities.
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Abstract Here we propose a new adaptation of Van der Vorst’s BiCGStab to nonlinear
systems, a method combining the iterative features of both sparse linear system
solvers, such as BiCGStab, and of nonlinear systems, which in general are lin-
carized by forming Jacobians, and whose resulting system usually involves the
use of a linear solver. We consider the feasibility and efficiency of the proposed
method in the context of a space-diffusive population model, the growth of which
depends nonlinearly on the density itself.

keywords: BiCGStab, iterative methods, population models, sparse nonlin-
ear systems.

1. Introduction

Many popular methods for the solution of a sparse system of linear equations
such as BiCGStab are iterative. Methods for the solution of nonlinear systems
are usually recursive and the recursion usually involves forming Jacobians for
linearization of the nonlinear terms. The solution of a large sparse nonlinear
system usually involves the use of a linear solver after the Jacobian has been
formed.

The task of solving sparse systems of linear or nonlinear equations comes up
in many large-scale problems of scientific computing. The iterative approach
to the solution of large linear systems is preferable to the direct one in some
situations, especially when we have to solve problems arising from applications
in which the coefficient matrix is sparse. Among the many existing iterative
methods, the Lanczos-Type Product Methods (LTPMs) are characterized by
residual polynomials that are products of a Lanczos polynomial and another

*Paper written with financial support of the Dipartimento di Matematica, Progetto per la ricerca locale
“Modelli matematici avanzati per le applicazioni: studio analitico ¢ numerico II” and of the M.LU.R. of
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polynomial of the same degree. LTPMs enjoy some remarkable properties: in
fact, they incorporate stabilization, so as to reduce and smooth the residuals as
much as possible; they are transpose-free and gain one dimension of the Krylov
space per matrix-vector multiplication. For a good survey of LTPMs, see for
example [10].

A subset of the LTPMs is given by the BiCGStab family. The biconjugate
gradient method (BiCG) has the property that the estimates of the solution of (1)
below have residuals that are orthogonal to dual (or shadow) Krylov subspaces
which increase in dimension with n and this feature is retained implicitly by
LTPMs. In 1992, Van der Vorst proposed the use of the BiCGStab method
s0 as to get smoother convergence of the estimates of the solution of (1), see
{13]. In the BiCGStab algorithm, the stabilising polynomials are built up in
factored form, with a new linear factor being included at each step in a way
such that the residual undergoes a one-dimensional minimization process. This
basic stabilisation was soon advanced to BiCGStab/ and BiCGStab({) to help
to avoid possible breakdowns, see [10].

In 1974, Gragg observed a connection between BiCG and vector-Padé ap-
proximation [5]. Vector-Padé methods in general construct vector-valued ra-
tional functions which approximate functions specified by their vector-valued
power series. The idea is usually to accelerate the convergence of the given
vector-valued power series (see [1]). A linear system of equations is often
denoted by

Ax =b. H

Many models arising in science and engineering require the solution of large
sparse systems of non-linear equations. We consider the feasibility and effi-
ciency of the methods proposed here in the context of models of a population
whose growth depends non-linearly on the density of the population and we
allow for diffusion of the population through space.

2. The method

A basic iterative method [11] for the solution of the nonlinear system of
equations
F(z) =0, with F: R = R%. 2)

may summarily be expressed by
Zk+1:S(zk):Zk+HF<Zk)7k:O71727“-a 3

where S is the successor functional, and I1 is an approximation to the Jacobian
of the system
OF (z1)

R 4

I~ —JEI, with Jp =
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We develop acceleration methods for (3), not requiring explicit evaluation of
the sequence {z;}. A sequence {zj} of estimates of the root will instead be
formed using three-term inhomogeneous recursion relations and an optimal
successor functional. To assess the accuracy of a successor functional, use its
actual definition and let its residual be

R(z) = S(z) — 2 =IIF(z). )

Thus R(z) is a residual preconditioned by II, while F'(z), given algebraically
by (2), denotes the vector residual of the original system.

The core three-term inhomogeneous recursion relations, designed originally
for convergence acceleration of linear systems, are taken directly from VPAStab
and here adapted to a nonlinear system [7]. Define preconditioned residuals of
the estimates x; by

ri = R(z;) = S(z;) —x;, fori =0,1,2,... (6)

with initializations given by zg = 2zp and 21 = z; = S(z9).
The VPAStab recursion formulas are [7]

Tor = (14 og)Top—1 — pTop_2
+ (1= O)[(1 + ar)rok—1 — axTok—2], (7
Tok+1 = (14 Br)zor ~ Brzor—1 + (1 + Be)rak
= Bl — Ok )r2k—1, 8

with coefficients cv, Oi defined by

O = e2k—1(e2k—2 - 62]9._1)*1, k= 13 2; 37 ceey (9)
B = eanleor—1(l — O) —ear) 1,k =1,2,3,..., (10)

where
ey =wiry,N=0,1,2,.... (11)

For the vector w we can take w = rg.
For k = 1,2,..., each parameter 6 is chosen to minimise an estimate of
rok. Grouping the terms in equn (7)

Zop = (1 + o) Top—1 — Tok—2, (12)
Fop 1= (1 + ag)rop—1 — QpT2k—2. (13)

and starting with the definition (6), we find that

Tor ~ R(Zaxr + (1 — Ok)72r) (14)
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We estimate ro) using first order Taylor expansion of the right-hand side of
(14), under the assumption that the residual terms in (7) are smaller in norm
than the estimates of 2. Thus

OR(Zy)
0z

The matrix Jr(z) = JR/Oz is the Jacobian of this preconditioned residual,
and it is only the product Jr(Zox)7or that is required in (15). The value of 6
is determined by minimising the right-hand side of (15) in norm. A suitable
choice of the preconditioning operator II still has to be made. Equation (3)
allows dynamical updating during iteration. Then equations (5) - (15) complete
the specification of the nonlinear algorithm.

ror = R(Zox) + (1 — O) Fok- (15)

3. An application

We consider the feasibility and efficiency of the method proposed in the con-
text of models of a population diffusing through space whose growth depends
nonlinearly on the density itself ([8] and [9]).

Let p(t,x) denote the density at time ¢ of a population living in an envi-
ronment, the spatial variable being represented by the vector x. The density is
assumed to reproduce and diffuse along the space direction. For simplicity here
we first formulate the case of one spatial dimension and then outline the case
of two spatial dimension z € R?, although our framework is also designed for
z € R3.

3.1 The uni-dimensional case
We have 5 o
P _ or
5 =10 +e5g, (16)

where € denotes the diffusion coefficient and the function f expresses the re-
production mechanism. One of the most frequently used forms is the Jogistic
law, which gives a nonlinear model:

o) = rpte, ) 1 - 222 a7

where K is the carrying capacity and r is the reproduction rate. Thus the
complete one dimensional model reads

Bp _ p(t,x)) | %
= =ro(t,) {1 - 7—} +est, (18)

where z € [a,b]. The discretization method used is the Crank-Nicholson
formula, which evaluates the equation at a suitable point P (see [12]). Letting
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the grid (t,, z;) = (nk,ih) where k and h are respectively the time and space
discretization stepsizes, ? = 1,2, ..., N —1, and the evaluation point P is taken

as the time midpoint in the mesh, (%(tn +tnt1), :r¢>. Letting pni = p(tn, i),
the equation gets discretized as follows

1 el
E[Pn-&-l,i = pnil = 5 |53 (Pnrrio1 = 20410 + i)
Xz

1 1
+7L§(/0n,i—1 —2pn; + Pn,¢+1)} + §[f(0n+1,¢) + fpna)) (19)

so that, introducing as a shorthand ¢, = h—kg, the system reads finally

—G%Pn+1,¢—1 + pn+1,i(l + €qz — %] - fq—;l)n+1,¢+1 + %(Pnﬂ,i)Q (20)
= 6%%,1'—1 + pnill — eqz + gﬁ] + Eq_;pn,i—i-l - %(pn,i)Q (21
and in matrix form
Apiryry + MNoman)? = Bpg) + Apm)]®, ¥n=10,1,2,..., (22)
where
/\:1&7 Pty = (P15 Pn2, - -+ PrN=1)"s (23)
2K b P :
[(1+eq— —ed 0 ... 0 |
e :
A= 0 0 ; (24)
: —ed
i 0 0 —ef 14e—17 |
and
[1-eq+%% e 0 0 |
e—g— . . . :
B = 0 0 - (25)
: S e
] 0 0 ef l-eqt+ g

The matrices A and B have dimension NV x V. Suitable boundary conditions
are used.
For simplicity, we can also write

Ap+2p? =b (26)
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Introducing an extra index m to count the iterations we then define the iteration
scheme

AP = Bpgay + Moyl = Al 12, m 2 1. 27

Now, we consider the splitting A = L + U and the iteration then becomes

(m+1) _ 2 (m) 42 (m) 12
Loni1y = Bomy + Aeom))” = Ulpgin)” = Alpginl™ m=>1. (28
The solution is obviously obtained by operating on the right hand side by L=}
in the usual sequential way.
Another iteration scheme which we consider is given by

(LU)p E;n.:?)) = (LU - A)P(n) gnm)>> (29)

where one could also use an incomplete LU decomposition of the Jacobian
(incomplete LU preconditioning)

(LU)ine & A + 2)diagp. (30)

Then, we obviously obtain the solution as if by using Umclei, but without
explicitly forming the inverse.

3.2 The two-dimensional case

The two-dimensional case is a simple extension of the former one. We
consider the solution of the problem in the square [0, 1] x [0,1]. Letting the
grid (tn, zi,y;) = (nk,ihg, jhy), where k is the time stepsize and hg, h, are
respectively the step-sizes along the z and y axes, the evaluation point P will
be the average of the Laplacian, discretized via the five point formula at time
nand n + 1. Letting pn; ; = p(tn, %;,y;), and then ¢, = fg and q, = kav the
discretized equation gives the nonlinear system ’

rk
2

-3

dy
_EEpn-{—l -1~ Ea'pn%-lz 15 T Pn+lig {14‘6(]‘1"‘6(1@/

q
-E_;‘pn-k-l,i-i-l,j 2 L pont1,41 + 2K(Pn+1 ii)?

rk
Pri-1; 1 Pnij 1_€QI_€Qy+7
9z qy rk
+e zpn1+1j+€2pnz]+1 2K(pn1,j)2 (31)

Q 4z
2pn1,] 1+€2

Notice that the matrices (24) and (25) are here replaced by band matrices.
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4. Numerical results

We conducted experiments to compare the following iteration schemes:
» (L + U) not accelerated,

m (L + U) + Nonlinear VPAStab,

» (LU) + Nonlinear VPAStab,

and to compare how different choices of the biological parameters affect the
various schemes. After performing an extensive experimentation in dimension
one, we concentrated our attention on the two-dimensional case,the results of
which are here presented.

We also considered different boundary conditions: Dirichlet BCs and Neu-
mann BCs. The computations were done on a workstation running an AMD
Athlon XP 1500+ with 576 MB of RAM. The iteration is initialized with

po,i; = po(l —y;), i,j=1,2,...N,

where py = 275, and the iterations were stopped when ||7{%)||3 < tol, where
tol is a given tolerance. As a failure criterion we used either too slow conver-
gence, or a maximum number of nonlinear iterations per timestep (250). In the
experiments the numerical solutions were computed with timestep & = 1072,

Figure 1. Sample of a numerical solution with Dirichlet BCs, » = 10, K = 100, ¢ = 1 and
N =17.

Since we are interested in evaluation and comparison of the computational
cost of the various methods, the following counters are given in tables and
figures:
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m NI, the number of nonlinear iterations;
m  FC, the number of function calls to the residual;
m  ET, the execution time.

If we look at the number of nonlinear iterations, we note that acceleration
reduces this number. Consequently, the execution times are also greatly reduced
in all cases to which we apply acceleration.

In Figures 2 and 3, we respectively show how the number of nonlinear it-
erations and the execution time vary versus to the required accuracy (specified
tolerance) expressed as log;q(tol).

100 —1

N
8

-9
log (tof)

Figure 2. Plot of the number of nonlinear iterations against log, ,(tol) for the accelerated LU
scheme.

In Figure 3 (left), execution times for the various methods are shown, versus
the number IV of discretization points in the mesh. We point out that the LU
iteration scheme requires a higher execution time than the L + U one, while,
in general, it needs fewer nonlinear iterations.

We compare the number of nonlinear iterations for different chosen

values of the biological parameters, the reproduction rate » and the carrying
capacity K. Results are shown in Figure 4, in Table 1 for different reproduction
rates (r) and in Table 2 for different carrying capacities (K).
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Abstract Two different approaches are proposed to enhance the efficiency of the numerical
resolution of optimal control problems governed by a linear advection—diffusion
equation. In the framework of the Galerkin-Finite Element (FE) method, we
adopt a novel a posteriori error estimate of the discretization error on the cost
functional; this estimate is used in the course of a numerical adaptive strategy for
the generation of efficient grids for the resolution of the optimal control problem.
Moreover, we propose to solve the control problem by adopting a reduced basis
(RB) technique, hence ensuring rapid, reliable and repeated evaluations of input—
output relationship. Our numerical tests show that by this technique a substantial
saving of computational costs can be achieved.

keywords: optimal control problems; partial differential equations; finite
element approximation; reduced basis techniques; advection—diffusion equa-
tions; stabilized Lagrangian; numerical adaptivity.

1. Introduction

Many physical processes, which involve diffusion and transport of scalar
quantities, can be modelled by linear advection—diffusion partial differential
equations. These phenomena are studied, e.g., in Environmental Sciences, to
investigate the distribution forecast of pollutants in water or in atmosphere. In
this context it might be of interest to regulate the source term of the advection—
diffusion equation so that the solution is as near as possible to a desired one,
e.g., to operate the emission rates of industrial plants to keep the concentration
of pollutants near (or below) a desired level.

This problem can be conveniently accommodated in the optimal control
framework for PDEs, where we consider the Lagrangian functional formulation
[3], as complementary to the classical approach of J.L. Lions [6].

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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To avoid numerical instabilities that arise in a transport dominating regime,
we propose a stabilization on the Lagrangian functional [5]. We consider two
numerical approaches that allow an efficient resolution of the optimal control
problem, in the context of an iterative optimization procedure. In the first
case we solve the equations governing the control problem by means of the
Galerkin~-FE method. Grid adaptivity is driven by a posteriori error estimate
on the cost functional, which we assume as an indicator of the whole error on
the control problem [3]. Moreover, we propose a separation of the iteration
and discretization error [5], for which we define a posteriori error estimate. As
soon as the iteration error is brought below a desired threshold by means of the
iterative optimization method, we operate the adaptive strategy to reduce the
discretization error [5]. Then we solve numerically the equations governing the
control problem by means of the reduced basis (RB) method [8], which leads
to a large saving of computational costs. In fact the RB method permits a rapid,
reliable and repeated evaluation of the input—output relationship [7]; in the case
of the control problem the inputs are the control function for the state equation,
and the observation for the adjoint one, while the outputs are respectively the
state variable and the adjoint one.

At the end we report some numerical tests to validate the methods here
presented, referring in particular to a pollution control problem in atmosphere.

2. Mathematical Model of the Control Problem

In this section we recall the Lagrangian functional approach for optimal
control problems and the associated iterative optimization method, in a general
setting [3]; then we specialize it to an advection—diffusion control problem.

2.1 The general setting

Let us consider the following control problem:
find weld : J(w,u) minimum, with Aw=f+ Bu, (1)

where w € V is the state variable, u the control function, A is an elliptic operator
defined on V with values in V', B is an operator defined on U/ and valued in V',
f is a source term, V and If are two Hilbert spaces. We write the state equation
Aw = f+4 Buinweak form: findw €V : a{w,¢) = (f,¢)+blu,p), Vo €
V. The associated Lagrangian functional reads:

C(w,p,u) = J(w/ u) + b(u7p) + (fvp) - a’(va)a (2)

where a(-, ) and b(-, -) are the bilinear forms associated with A and B, respec-
tively, (-, -) is the L?~inner product, while p € V is the adjoint variable. Should
there exist, the solution of the control problem (w*, p*,u*) is the stationary
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point of £{w,p,u). By differentiating the Lagrangian functional, we obtain
the Euler—Lagrange system governing the optimal control problem:

{ Lw[¢]=0 — find peV : a(d,p) = Juw(w,u)¢], VeV,
Lplpl=0 — find weV : a(w,p)=(f,0)+blu,e), VoV,
L[] =0 — Ju(w,u)[¥]+b(sh,p) =0, V¥ €U. 3
(

The first equation in (3) is the adjoint equation, the second one is the state
equation, while, by the Riesz theorem, from the third one we can extract the
sensitivity of the cost functional du with respect to the control function u
(L, [¥] = (6u(p,u),¥)). The control problem can be solved by means of
an iterative method [1]. At each step j we solve sequentially the state and
the adjoint equation and we compute the sensitivity du(p’,w’); then we eval-
uate the latter in an appropriate norm, which we compare with a prescribed
tolerance. If this stopping criterium is not fulfilled, we adopt an optimiza-
tion iteration on the control function u, such as the steepest—descent method,
It =yl — 776u(p?, u?), where 77 is a relaxation parameter.

2.2 The case of an advection—diffusion problem

Let us consider now the specific case of a linear advection—diffusion state
equation, referring to a 2D-domain ():

Lw):=-V. -@wVw)+V -Vw=u, inQ,
{ w=0, onlp, 4

ug—i’; =0, onTy,
T'p and Ty are two disjoint portions of the domain boundary 92 such that
I'puUl'y =00, u € LQ(Q) is the control variable, while v and V are given
functions. We assume homogeneous Dirichlet condition on the inflow boundary
I'p == {x €90 :V(x)  n(x) < 0}, being n(x) the unit vector directed
outward, and homogeneous Neumann condition on the outflow boundary I' iy :=
02\ T'p. We consider the observation on a part D C  of the domain, for
which the control problem reads:

findu : J(w,u) := %/ (gw(u) — 29)* dD minimum,  (5)
D

where g € C'*(Q) projects w in the observation space and zy is the desired
observation function. Adopting the formalism of the previous section and as-
suming V = Hl_ = {v € HYQ) : vy, = 0} and U = L*(Q), the
Lagrangian functional becomes:

L{w,p,u) = J(w,u)+ F(p;u) — a(w,p). (6)
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where:

a(w, @) ::/Qz/Vw-V(de+/QV-thde, (7

Fp;u) :=/Qu<p ds2. (8)

By differentiating £ with respect to the state variable, we obtain the adjoint
equation in weak form:

findpeV : a®(p,¢) = F*¢;w), Vo€V, 9)
with:
a(p, ) ;:/ VVp -V dQ+/ V. Vépdo, (10)
Q Q
Fi(giw) = [ (gw - 24) 6 dD. (11)
D

In the distributional sense this yields:

L“d(p) = -V -(vVp+ Vp)=xpg (gw — 2z3), inQ,
p=0, onlp, (12)
yS—ﬁ-%V-nsz, onTn,

being xp the characteristic function of the subdomain D. Finally, by differ-
entiating £ with respect to the control function u, we have the optimal control
constraint, from which we define the cost functional sensitivity: du(p) = p.

3. Numerical Approximation and Stabilization

For the numerical resolution of both the state and adjoint equations, we
adopt the Galerkin—FE method with linear elements on unstructured triangular
meshes. Both equations are of advection—diffusion type with a transport term
that can dominate the diffusive one; when it happens an appropriate stabilization
is mandatory to avoid numerical instabilities and their propagation in the course
of the optimization iterative procedure ({9]).

3.1 “Optimize-then—discretize” and
““discretize-then—optimize’’ approaches

From a numerical point of view, the algorithm outlined in Sec.2.1 (or in
Sec.2.2 for the specific advection—diffusion case) requires, at each iterative
step, the approximation of the state and adjoint equations. This approximation
can be based, e.g., on a suitable FE subspace A} C V and the GLS (Galerkin—
Least—Squares) method [9], obtaining respectively:

findwy, € &, 1 alwh, o) + Znlwn, ¢n) = Floniup), Yon € Ay, (13)
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Sh(wh,on) == > 5K/ R(wn;up) L(pn) dK (14)
KeTy,
findpy € X 1 a®(pp, dn) + 55 pn, én) = F*(Snswn), Vo € X,
(15)
Upn, on) == > 5K/ R (pp; wp) L™ (o) dK, (16)
KeT,

where g is a stabilization parameter, R(w;u) := L(w) — u, R®(p;w) :=
Led(p) — G(w), with G(w) := xpg (g w — 24). This paradigm is resumed
in the slogan “optimize-then—discretize” [2, 4]. An alternative approach is
“discretize~then—optimize”, for which first we discretize and stabilize the state
equation, e.g. still by the GLS method (Eq.(13) and (14)), then we define the
discrete Lagrangian functional:

L (wh, pr,up) = J(wh, un) + F(pn;ur) — a(wn, pr) = 3n(wn, pr), (17)

from which, by differentiation with respect to wy, we obtain the discrete adjoint
equation (15), however with the following stabilization term:

524 (pn, dn) = 50 (o, 01) == Y 5K/ L(prn) dK.  (18)
Ket, K
Differentiating £, with respect to up, and applying the Riesz theorem, being
up, € Xy, we obtain: dup = pp + X T, Ok [i L(pn) dK.
3.2 The stabilized Lagrangian approach

We consider a stabilization on the Lagrangian functional itself [5], for which
our stabilized Lagrangian functional is:

[’i(whaphauh) = ‘C’(whaphauh) + Sh(wh7ph3uh)7 (19)
with:
Sp(w,p,u) = Z 5K/ R(w;u) R¥(p;w) dK. (20)
KeTy,

This approach can be regarded as a particular case of the “discretize—then—

optimize” one if we identify 3p,(wp, pp) with —Sy(wp, pr, un). By differ-

entiating £7 we obtain the (stabilized) approximate state and adjomt equa-

tions (13) and (15), assuming S(wy, ©n) = su(wh, ©p; uy) and 3% (pr, dp) =
2d(pp, dn; wp), where:

su(Wh, o up) = — OK/ R(wp;wr) L*(pp) dE, (21)
KeT
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Sad(pm bh; wh) (22)
- > 5K/ (Rad (pn;wn) L(¢pn) — R(wn;un) G'(¢h)) dK
KeT, K

having set G'(w) := ypg*w. Finally, the cost functional sensitivity reads:

Sun(ph, wn) =phr — »_ 6k R (phiwn). (23)
KeT,

4. A Posteriori Error Estimate

For the definition of an appropriate error estimate for the optimal control
problem, we identify the error on the control problem as being the error on
the cost functional, as proposed in [3]. Moreover, we propose to separate this
error in two parts: the iteration and the discretization error. For the latter we
define a suitable estimate according with the duality principles [3], adopted in
the course of mesh adaptive strategy.

4.1 Iteration and discretization errors

At each iterative step j of the optirnization procedure we consider the fol-
lowing error: o
V)] = [T (w",w*) = T (wp,, ), (24)

where * indicates optimal variables, while wfl stands for the discrete variable
evaluated at the step 7. If we refine the mesh, according with an adaptive proce-
dure, we certainly reduce the component of the full error € (7) (Eq.(24)) related

to the numerical approximation at the step j, which we call the discretization

error E<D]) On the other hand, the part of ¢¥) expressing the difference be-
tween the cost functional computed on continuous variables at the step j and
the optimal cost functional, which we call the iteration error € 1172’ can generally

increase [5]. From Eq.(24):
g(j) — <J(w*,u*) N J(wj,uj)> + (J(wj7uj> _ J(w%uin — 6%2 (j);
(25)
then we will define a posteriori error estimate only for S(J ), the only part of
£U) which can be reduced by mesh refinement. Since VL( ) is linear in x, the
iteration error 5(3) becomes 5%2 = % (Su(p?, ), u* —u? ), which, in the
case of our advectlon—dlffusmn control problem (see Sec.2.2 and [5]), can be
written as:

55 :"‘7'Hp7|'L2(Q) T Z (7,0 )12 (26)

r=j+1
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Since the iteration error can not be correctly evaluated by means of this ex-
pression, we can assume that Ieng) ~ %T]!pj!‘%g(ﬂ), or, more simply ]5%2 ~

flp? H%Z(Q), which leads to the usual criterium |5% ~ |[6u(p?)|| (L?3-norm).

4.2 A posteriori error estimate and adaptive strategy

We define the a posteriori error estimate for the discretization error only,
based on the following theorem ([5]).

THEOREM 1 For a linear control problem with the stabilized Lagrangian L},
(Eq.(19) and Eq.(20)), the discretization error at the j—th iteration reads:
, 1 o . 1 : A ‘ .
ef) = S(8up’,wf), 0 —uf ) + SVLLG) - (o = x}) + An(x]), @7)
where Xh = (wh,pil, uh) is the Galerkin—FE approximation and Ah(xh) =
Sh(xh) + sh(wh,pﬁl, uh) being sh(wh,pﬁ,uh) the stabilization term (21).

Applying (27) to our advection-diffusion control problem and highlighting the
contributions on the elements of the mesh K € 73, ([3]), we obtain the following
estimate:

- 5 1
Rl <al) =5 3 { Whek +wkok tekek) F Ak}, @8)
KeTy,

where, according with the symbol definitions given in Sec.3:

Pt = |R(wl; ud)llx + R Ir(w]) ok,
WK = ”(pj Ph)"oKLad(pJ ph)+5KG( "wh)]‘K+hKJ‘pj MZHBK,
e = IR0 0]l + bt 1r4 ) o,

Wi 1= (= wl) = Sk Liw’ —wl)x +hE|w = wllox,

ol 1= ldun (@], w]) + Su(p)xc = 1P + ), — o R* (0] w)) 1,

Wi = o — |k, | 2

A = 20k | R(wl wllxe [Glwl) k. (29)
1 aw?

rwl)y={ 2 [”#} on OKA0,

dw?
b
—v—5L, ondK €'y,

ey —%[ TV nph], on BK\O9,
< +V nph>, on K € I'n;

OK indicates the boundary of K € 7}, while [] stands for the jump of the
embraced quantity across 0K.

To use the estimate (28), we need to evaluate w’, p/ and w/. Indeed, we
replace w’ and p’ by the respective quadratic reconstructions, (w?,)? and (p}, )9,
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and v/ by (ufl)q = ui—T(éuh((p}jz) (w h) )~ 5uh(p£, wh)), according to the
steepest-descent iterative method with 77 = 7. The following adaptive strategy

is then adopted to allow an efficient generation of adapted meshes:
1 we adopt the optimization iterative method till convergence to the iteration

error tolerance 7 'olyr, assuming an initial coarse mesh;

2 we adapt the mesh, balancing the error onthe elements K € 7;,, according

with the error estimate ng) (28), till convergence to the discretization error
tolerance Tolp;

(J) G >

Tolyr, we return to point 1 and we repeat the procedure, while if sng) is

inferior to T'olyr, we stop.

3 we re-evaluate the variables and ¢ on the adapted mesh: if eyp

5. A Numerical Test: Pollution Control Problem

We apply the a posteriori error estimates ng) (28) for the discretization error
and the strategy presented in Sec.4.2 to a numerical test, which can be regarded
as a pollution control problem in atmosphere. Our goal consists in regulating
the emissions of industrial chimneys to keep the pollutant concentration below
a desired threshold in an observation area (a town).

To this aim we consider a simple advection—diffusion model [3, 8], which
can be regarded as a quasi-3D model: the pollutant concentration w at the
emissive height H is described by the advection—diffusion equation introduced
in Sec.2.2, while the concentration at soil is obtained by projection by means of
the function g(x,y) described in Sec.2.2. The values assumed by the diffusion
coefficient v(x,y) and the function g(x,y) depend on the distance from the
emission sources and the atmospherical stability class (stable, neutral or un-
stable). In particular, we consider the case of neutral atmospherical conditions
and, referring to the domain reported in Fig.1, we assume V = V& + V(. §,
with Vi = Vcos(g5) and Vi, = Vsin(g5), being V' = 2.5 m/s. Moreover
we consider that the chimneys maximum rate of emission is umqer = 800 g/s
at the emission height H = 100 m, for which the pollutant concentration (we
consider SOy) is higher than the desired level zg = 100 g/m®. In Sec.2.2 we
have considered the case of u distributed over all the domain 2, while here we
deal with a particular case which can be accommodated in the general case as-
suming u = Zfil u;Xi, where x; is the characteristic function of the chimney
U;.

InFig.2a we report the poliutant concentration at the ground corresponding to
the maximum emission rates; in Fig.2b we plot the concentration at ground at the
completion of the optimization strategy; we observe that the “optimal” emission
rates become 11 = 0.0837 * Umaz, Uz = 0.0908 : U, and uz = 1.00 - Upaz-
In Fig.3 we report a comparison among adapted meshes; in Fig.3a that obtained
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Figure 1. Domain for the pollution problem.
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Figure 2. Pollutant concentration {11g/m?] at the ground before (a) and after (b) the regulation
of the sources.

by our estimator ng) and in Fig.3b by the following estimators [5] (which lead
to analogous results):

1 the energy norm indicator (1)) = YkeT, hic 0%

. 1
2 the indicator (77%7)“)(9> =Y ker, b {(08)% + (V)2 + (p%)?} 2.

For symbols definitions see Eq.(29); the results are compared with those ob-
tained with a fine mesh with about 80000 elements. The adaptivity driven by
the error indicator ng) leads to concentrate elements in those areas that are more
relevant for the optimal control problem. This fact is underlined by comparing
the errors on the cost functional and other interesting quantities for the meshes
obtained with the different error indicators, but with the same number of ele-
ments. E.g., the indicator ng) provides an error on the optimal cost functional

J of about 20% against the 55% obtained by (7%)) and (n'%*)() with meshes
E E
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Figure 3. Adapted meshes (about 14000 elements) obtained by 7§’ Eq.(28) (a) and (55" (%)
(b) (and similarly (ng)@).

with about 4000 elements, and of 6% vs. 15% with about 14000 elements. We
see that the adaptivity driven by the error indicator ng) permits large savings
of number of mesh elements, allowing more efficient resolution of the optimal
control problem.

6. A Reduced Basis Approach to Control Problems

As a second approach to improve efficiency, we consider the RB method to
solve the optimal control problem, by applying the approach to the state and
adjoint equations. For a review on the use of the RB method and for optimal
control problems, see [7, 8, 10].

6.1 Reduced basis: abstract formulation

The RB method allows the evaluation of input—output relationships by means
of a precise and efficient procedure. The goal consists in calculating a quantity
(the output) s(u) = I(w(u); u) depending on the solution of the following
parametrized equation:

find w(p)eX - alw(p),v;p) = flo;u), Yve, (30

where 4 € D and D is a set of parameters, X is a Hilbert space, the form
a(-, -; 1) is bilinear, continuous and coercive and the forms f(-; 1) and I(-; )
are linear and continuous, for all 1. Moreover, we assume that the forma(-, -; )
is affine parameter dependent, that is:

Q
aw(p),vip) =Y ol(wal(w,v), YwveX, YueD, g=1,...,Q,
g=1

(D
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where ¢? : D — R are parameter—dependent functions, whilea? : X x X — R
are parameter—independent forms; affine parameter dependence is required also
for f(-;u) and I(-; ). To build the RB space we need to introduce a finite
dimensional subspace &}, of X, which we identify with a Galerkin—FE space
associated with a very fine triangulation of the domain 2. The Galerkin—
FE element method consists in solving the following A/'—dimensional problem
find wp(p) € X, 0 alwp(p),vin) = f(v), Yv € Xy, which, if N is
large, leads to computational expensive evaluations of the output sp(u) =
l{(wp(u); p) for several values of the input u. We consider a set of samples
S§ ={p* € D,i =1,...,N} and we define the N-dimensional RB space
as Wy = span{(%,i = 1,..., N}, where ¢" = wy,(u"), withn = 1,..., N.
The RB method consists in evaluating the output sy (1) = [(wy(); 1), where
wy () is given by the following problem (of dimension N):

find wy(p) € Wy alwn(p),v;u) = f(v), YveWy. (32)
Then we write wy(u) as wy(p) = Zé\izl w, (1)¢7, being wy () =
{le (u)v
., wny (1)} the solution of the following linear system of order N:

An(puy () = Ex(p), (33)

where Ay, (1) = a(¢?, ¢4 p) and Fiy,(u) = f(¢*,p), withi,j = 1,..., N;
the output sy () is calculated as sy (1) = Ly (1) wn (1), where Ly, () =
1(¢%; ). From the affine dependence property, we can split the matrix A (p)
and the vectors En{u) and Ly (u) into a parameter—dependent part and a
parameter—independent part. In the case of matrix A (), this means that
An(p) = Z?zl o9(u) A%, where A?\,ij = a%(¢7, ¢*) is a parameter—indepen-
dent matrix. Similar expressions hold for ~{p) and Ly (u). These decompo-
sitions allow a very convenient computational procedure composed by off-line
and on-line stages. In the off-line stage we afford the larger computational
costs, computing the basis (" of W and assembling the matrices A% and the
vectors _E?\, and L}z\,, which require NV FE solutions and inner products. In the
on-line stage, given u, we assemble Ay (1), F (1) and Ly (u), we solve the
system (33) and we compute sy (u). Let us notice that IV is usually very low
with respect to N according to the precision required on sy (u); this leads to
large computational costs savings in case of recursive evaluation of sy (u) for
different parameters p.

6.2 The reduced basis method applied to control problems

The resolution of optimal control problems by an iterative method leads to
a recursive resolution of the state and adjoint equations. The computational
cost of the whole procedure can therefore be quite relevant, especially if great
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precision is required. In this context, see Sec.2.1, the input of the state equation
can be regarded as the control function w, while the output as the state variable w.
Similarly, the adjoint equation input is the observation on the system, related
to w, while the output is the adjoint variable p itself, which, by means of
the iterative method adopted (e.g., the steepest—descent method), becomes the
input for the state equation. The iterative optimization method can be seen
as a recursive evaluation of an input—output relationship. Moreover, it can be
interesting to perform an optimization for different values of some physical
or geometrical parameters [8]: e.g., referring to the pollution control problem
introduced in Sec.5, the diffusivity, the velocity of the wind, or the reciprocal
distance among the chimneys. The main idea consists in parametrizing both the
state and adjoint equations by the parameters of interest and the source terms
(related respectively to v and w); then we solve these equations by means of the
RB method in the course of the optimization iterative procedure. The strategy
allows large savings of computational costs with respect to the conventional FE
iterative optimization method. The RB space for the adjoint equation does not
need to be coherent with that for the state equation.

6.3 Numerical tests

We report two numerical tests, which refer to the pollution control problem
considered in Sec.5.
In the first case we assume that at the initial step the emissions of the chimneys
are respectively the 45%, 0% and 55% of the total emission u¢,; = 2700 g/s.
The optimization procedure leads to the following distribution of emissions on
the three chimneys: 3.49%, 0% and 55.02% of us. The saving in computa-
tional costs with respect to the resolution by the FE method is about the 73%,
having chosen 7 = 800 and an error tolerance on J of 1078,
The second test considers as parameters the emissions of the chimneys and the
wind velocity field, i.e. p = {u1,u2,us, Vi, Vi }, where V = Vix + Vi§, with
V2 + V2 = 1. We assume V; = cos(]) and V,, = sin(%) and we start with
the following initial emissions 30%, 40% and 30% of u:. The optimization
procedure provides the following optimal emissions, respectively for the three
chimneys, the 30%, 38.8% and 7.3% of usx. The RB strategy, with 7 = 800
and the RB dimension NV = 81, allows a 55% time saving with respect to the
FE method, with a final error on .J and u respectively about 3.9 - 10™? and
1.1-1075. The original grid is made of 1700 nodes.

7. Conclusions

We have proposed two strategies to improve the efficiency of the numerical
resolution of optimal control problems governed by linear advection—diffusion
equations, in the context of an iterative optimization procedure. In particular,
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having identified the error on the control problem as error on the cost functional,
we have separated it into the iteration and discretization errors. For the latter
we have proposed an a posteriori error estimate, which is adopted in a strategy
of grid adaptivity. Then we have considered the RB method, applied to the
equations governing the control problem itself, in order to save computational
costs by adopting a reliable method. The efficiency of these approaches is
proved by numerical tests, that are concerned with a pollution control problem
in atmosphere.
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Abstract

A new quasi-Newton scheme for updating a low rank positive semi-definite
Hessian approximation is described, primarily for use in sequential quadratic pro-
gramming methods for nonlinear programming. Where possible the symmetric
rank one update formula is used, but when this is not possible a new rank two
update is used, which is not in the Broyden family, although invariance under
linear transformations of the variables is preserved. The representation provides
alimited memory capability, and there is an ordering scheme which enables ’old’
information to be deleted when the memory is full. Hereditary and conjugacy
properties are preserved to the maximum extent when minimizing a quadratic
function subject to linear constraints. Practical experience is described on small
(and some larger) CUTE test problems, and is reasonably encouraging, although
there is some evidence of slow convergence on large problems with large null
spaces.

keywords: nonlinear programming, filter, SQP, quasi-Newton, symmetric rank
one, limited memory.

1. Introduction

This work arises as part of a project to provide effective codes for finding
a local solution x* of a nonlinear programming (NLP) problem, which for
convenience we express in the form

minimize f(x)

subjectto  ¢(x) >0 i=1,2,...,m, (1.1)

although in practice a more detailed formulation would be appropriate, admit-
ting also equations, linear constraints and simple bounds. In particular we aim
to develop a new trust-region filter SQP (sequential quadratic programming)
code which only uses first derivatives of the problem functions f(x) and ¢;(x).

Please use the following format when citing this chapter:

Author(s) [insert Last name, First-name initial(s)], 2006, in IFIP International Federation for Inform-
ation Processing, Volume 199, System Modeling and Optimization, eds. Ceragioli F., Dontchev A.,
Furuta H., Marti K., Pandolfi L., (Boston: Springer), pp. [insert page numbers].
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Filter methods for NLP were first introduced by Fletcher and Leyffer [6], and
a production code filterSQP has been shown to be reliable and reasonably
efficient. This code requires second derivatives of the problem functions to be
made available by the user. The code has been hooked up to the AMPL mod-
elling language, which includes a facility for automatically providing second
derivatives, and is available for use under NEOS. More recently, convergence
proofs for different types of filter method have been developed, and a code
filter2 has been written to implement the method considered in the paper
of Fletcher, Leyffer and Toint [7]. This code also requires second derivatives
to be made available. The practical performance of filter?2 is similar to that
of £ilterSQP. An early version of the new quasi-Newton filter SQP code, re-
ferred to as £i1terQN, has already been tried on a range of problems with some
success.

In view of the ready availability of second derivatives through the AMPL
modelling language, one might question whether there is a need for NLP algo-
rithms that use only first derivatives. To answer this, one should first point to
the success of the NLP solver SNOPT (Gill, Murray and Saunders, [8]), based
on an augmented Lagrangian formulation, which only requires first derivatives
to be available. This is one of the most effective existing codes for NLP. Other
reasons include the fact that Hessian matrices are often indefinite, which in an
SQP context might render some QP solvers inapplicable. Even if the QP solver
can handle indefinite matrices, there is usually no guarantee that a global (or
even local) solution is found to the QP subproblems. (Although it has to be said
that there is little evidence that this is a serious difficulty in practice.) Another
argument is that NLP problems often have small or even empty null spaces, in
which case only a small part of the Hessian is in a sense useful.

There are certain types of problem however in which Hessian calculations
can be seriously time consuming and hence impracticable. Such an example is
the optimal design of a Yagi-Uda antenna, shown to me by Martijn van Beurden
(see[1] for details). The antenna is constructed from a number of wires along an
axis, and there are two design variables (length and position along the axis) for
each wire. Alsothere are 31 complex variables on each wire to model the current
(62 real variables if complex arithmetic is not available). These variables satisfy
a complex dense nonsingular system of linear equations. When modelled in
AMPL, both the design and current variables appear explicity in the model,
and the second derivative calculation is seriously time consuming. The largest
problem that could be handled by AMPL via NEOS, with various solvers, had
5 wires, and hence 10 design variables and 310 real current variables. For this
problem, filterSQP took about 2 hours to solve the problem whereas SNOPT,
which only requires first derivatives, took about 15 minutes. For filterSQP, the
memory usage was 610MB.
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An much more effective procedure is not to use AMPL at all, and to use the
complex linear equations to eliminate the complex variables, leaving a much
smaller problem in just the design variables. Factors derived from the complex
equations can be used efficiently to compute the gradient of the reduced problem,
whereas computing the Hessian of the reduced problem remains very expensive.
When posed in this way, various QN-SQP solvers, such as DONLP2, NPSOL
and an early version of the filterQN code, were able to solve the 5-wire problem
in around one minute. In fact even the 20-wire problem, with 40 design variables
and 2480 real current variables could be solved in reasonable time.

This paper describes a new quasi-Newton scheme for updating a low rank
positive semi-definite Hessian approximation, primarily for use in SQP methods
for NLP. The paper is organised as follows. Section 2 reviews existing quasi-
Newton methodology, and gives two results relating to hereditary conditions
and quadratic termination for the symmetric rank one update, one of which
may not be well known. Section 3 considers the implications for NLP, and
describes the form UU7 of the representation. In Section 4, the interpretation
as a limited memory approximation is discussed, and an it is shown how to
update the representation so that the most recent information is contained in the
leftmost columns of U. Section 5 focusses on how the projection part of the
BFGS update might be implemented in this context, and Section 6 describes a
new scheme which combines this update with the symmetric rank one update,
for use when the latter alone is inapplicable. The outcome is a new rank two
update which is not in the Broyden family, although invariance under linear
transformations of the variables is preserved. The underlying motivation is
seen to be the preservation of hereditary properties to the maximum extent.
Conjugacy properties of the update in the quadratic case are brought out in
Section 7 and a result somewhat akin to a hereditary property is shown to hold.
Preliminary practical experience is described in Section 8 on small (and some
larger) CUTE test problems, and is reasonably encouraging, although there is
some evidence of slow convergence on large problems with large null spaces.
Some conclusions are drawn in Section 9.

2. Quasi-Newton methodology

In this section we review existing quasi-Newton (QN) methodology in the
context of uncontrained optimization (rn = 0 in (1.1)). A QN method is based
on updating symmetric matrices B (k) that approximate the Hessian matrix V2 f
of the objective function. These matrices are then used on iteration k£ of a
Newton-like line search or trust region method. The initial matrix BW g
arbitrary and is usually chosen to be positive definite, for example the unit
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matrix. At the completion of iteration £ of the QN method, difference vectors
8 — x(k+1) _ (k) 2.1)

in the variables, and
~®) = Vf(x(kﬂ)) — Vf(x®) 22)

in the gradients are available, and an updated matrix B**) is computed, usually
so as to satisfy the secant condition

B+ §E) = (k) (2.3)

which would be satisfied to first order by the true Hessian V2 f (x(*)).

There are many ways to satisfy (2.3), but there are two well known QN
updating formulae which have featured in many applications. These are the
Symmetric Rank 1 (SR1) formula

(y = BS)(y ~ B3)"

B*+Y = p 24

+ 5= Bo)To (2.4)

suggested independently by various authors in 1968-69, and the BFGS formula
B&sTB  ~AT

B¥+U = g + L 2.5

6T Bs 6T~ @)

suggested independently by various authors in 1970. Superscript (k) has been
suppressed on all vectors and matrices on the right hand sides of these for-
mulae, and also elsewhere in the subsequent presentation, so as to avoid over-
complicating the notation. More details and references may be found in Fletcher
[5] for example.

An important property of the BFGS formula is that if B is positive definite
and 67~ > 0, then B +D is positive definite. Since V2 f(x*) is positive
semi-definite and usually positive definite, it is desirable that the approximating
matrices B(*) also satisfy this property. It then follows that the Newton direction
—(B® )1 £(2(*)) is a descent direction, and a line search along this direction
enables f(x) to be reduced. It is also possible to implement the line search in
such a way that 67~ > 0 always holds. Because of these properties, the BFGS
formula has been the method of choice in most cases. On the other hand the
denominator (v — B&)7 6 in the SR1 formula may be negative, so that Bk+1)
is not positive semi-definite, or even zero, in which case the formula breaks
down. However the SR1 formula has been used, particularly in the context of
trust region methods, with some safeguards. Indeed there is some evidence
(Conn, Gould and Toint [4]) that the matrices B{¥) converge more rapidly to
V2 f(x*) when the SR1 update is used.
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Both formulae usually generate dense matrices B*), even when the true
Hessian V2 f is sparse, and so are only suitable for solving small to medium
size problems. Special purpose methods have been developed for solving large
systems, for example the limited memory BFGS (L-BFGS) method (Nocedal,
[9]), the sparse Hessian update scheme of Powell and Toint [11], and the use of
the SR1 update for partially separable functions (Conn, Gould and Toint, [3]).

Another pointer to the effectiveness of a QN update, albeit somewhat indi-
rect, is whether the property of quadratic termination can be proved. That is to
say, can the associated QN method find the minimizer of a quadratic function in
a finite number of steps. This property usually holds for the BFGS method only
if exact line searches along the Newton direction are carried out. A stronger
termination property holds for the SR1 method in which the differences &%)
can be defined in an almost arbitrary manner. This may be a pointer to the ef-
fectiveness of the SR1 update in a trust region context. This result is established
in the following well known theorem.

THEOREM 1 Consider n SR1 updates using difference vectors 8% and ~ ()
fork = 1,2, ...,n, where 'y(k) = Wé®) and W is symmetric. If B is
symmetric, and if for k = 1, 2, ..., n the denominators in (2.4) are non-zero,
and the vectors 8'®) are linearly independent, then B™+Y) = W

Proof Clearly the SR1 update preserves the symmetry of the matrices B*). It
is shown by induction that

BWsH =0 =12, . k-1, (2.6)

where 1 < £ < n+1. For k£ = 1 the condition is vacuous and hence true. Now
let it be true for some k such that 1 < k < n. The definition of B*+1) gives

ROMO:IT)

(k+1) 50U) — pk)§()
B 0 = BV + ulkT 5k

2.7
where u®) = () — B®§¥) For j = k the right hand side is B®)§HE) (k)
which is equal to ~ ) by definition of ul®). For j < k it follows from (2.6) that

B®§W) = ~(), and also using the definition of u(*) and symmetry of B(¥
that

uMT§0) = () _ BE)§ENT50) = ABIT 56) _ 5T )

Because v} = W&V forall j = 1,2,...,n it follows for j < k that
u®T~) = 0. Thus for both j = k and j < k it has been shown that
B*+1)§0) = 4() and hence (2.6) has been established with & + 1 replacing
k. Hence by induction, (2.6) is true forallk =1, 2, ..., n+ 1.
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For k = n + 1, and using 7(j) = W(Sm, (2.6) can be written as

BtU§U) = W) =12, ...,n, (2.8)

or as
BMtDA = WA, (2.9)
where A is an n x n matrix with columns 8, j = 1,2, ..., n. But A is
nonsingular by the linear independence assumption, so it follows that B (nt1) —
w. QED

A consequence of the therorem is that if the SR1 method is applied to min-
imize a quadratic function with positive definite Hessian W, then a New-
ton iteration on iteration n + 1 will locate the minimizer exactly. A key
feature of the proof is the establishment of so-called hereditary conditions
(2.6), in which secant conditions (2.3) from previous iterations remain sat-
isfied by subsequent B(¥) matrices. In other words, when the correct behaviour
BE+U§HR) = ~(k) = Wk is introduced, it persists in subsequent B*)
matrices.

A less well known result in the quadratic case is that if W is positive definite,
and BY) = 0is chosen, then the denominators in the SR1 update are all positive,
and the matrices B(*) are positive semi-definite.

THEOREM 2 Consider n SRI updates using difference vectors 8% and '7(k)
fork =1, 2,...,n, where 'y(’“) = Wé® and W is symmetric positive definite.
IfBY) = 0, and the vectors 6" k=1, 2, ..., narelinearly independent, then
the SR1 updates are well defined, the matrices B®) qare positive semi-definite
of rank k — 1, and Bt = W,

Proof Without loss of generality we can take W = I since the SR1 update is
independent under linear transformations ([5], Theorem 3.3.1). It is shown by
induction that

B®§W) =0 =12 ... k-1, (2.10)
and
BRv =0 vve{v|vieW =0, j=1,2,... k=1}, (1D

so that B(®) is an orthogonal projector of rank k — 1. This is true for k = 1
because B = 0. Because 7(’“) = é(k), (2.4) may be written

(I — B)§sT(I - B)

B(/H—l) - B
6T(I - B)s

(2.12)
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Because the 8) are linearly independent, it follows that the denominator in
(2.12) is positive. As in Theorem 1 B*+D§®) = §&) and for j < k it follows
using (2.10) that (I — B®))8\) = 0 and hence B¢\ = §0). Also the
rank one correction in (2.12) is in span{(S(l), PIC A 5(k)}, 50 (2.11) follows
for B*+1), Thus the inductive step has been established. The rest of the
theorem follows as for Theorem 1. QED

In a non-quadratic context, this theorem suggests that if B(!) = 0 is chosen,
then there is less likelihood that the SR1 update will break down, or give rise
to an indefinite matrix.

3. Quasi-Newton updates in NLP

This section looks at the new issues that arise when QN updates are used in
the context of an NLP calculation, particularly when n is large. In this case it
is impracticable to update a full dense Hessian. However, it is only the reduced
Hessian that needs to be positive semi-definite at a solution, and local and
superlinear convergence can be achieved without updating a full Hessian. A low
rank Hessian approximation is presented which allows rapid local convergence
of SQP, whilst requiring much less storage to implement.

When the NLP problem has nonlinear constraints, it is the Hessian W =
V2L(x, A*) of a Lagrangian function £(x,A\*) = f(x) — c(x)TA* that de-
termines the local convergence properties of an SQP method, where A* is the
vector of KT multipliers at the solution (see, for example [5]). In this case 7(k>
should be computed from differences in the Lagrangian gradients, and Nocedal
and Overton [10] recommend

7(19) _ V[,(X(k-H), A(k—H)) _ VE(X(k), /\(k+1)> 3.1

as an effective choice (amongst others), where A*FD) s the most recently
available estimate of the KT multipliers.

In general, the Lagrangian Hessian matrix W* = V2L(x*, A*) at the solu-
tion may not be positive semi-definite, in contrast to the unconstrained case.
Only the d x d reduced Hessian matrix ZTW*Z is positive semi-definite (and
usually positive definite), where columns of the matrix Z are a basis for the null
space N* = {z | A*Tz = 0}, where A* denotes the matrix of active constraint
gradients at the solution (see [5] for example). Quite often the dimension of
N* much smaller than 7. A related consequence of this is that the denominator
67~ that arises in the BFGS method cannot be assumed to be positive, again
in contrast to the unconstrained case.

Sufficient conditions for the Q-superlinear convergence of SQP methods
under mild assumptions are that

B®z ~W*Z, (3.2)
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(see Boggs, Tolle and Wang [2]). That is to say, B(*) should map the null space
correctly in the limit, but B®) ~ W* is not necessary. In this paper we aim to
achieve something akin to (3.2) based on the quadratic termination properties
of the SR1 update.

Quadratic termination for an NLP solver relates to how the solver performs
when applied to solve the equality constrained QP problem

minimize g(x) = ixTWx +c¢Tx
xER™

subjectto ATx = b, (3.3)

where A € R™™, m < n, and rank(A) = m. Welet Z € R™*? be a matrix
whose columns are a basis for the null space N'(AT) = {z | ATz = 0} of
dimension d = n — m. The QP problem (3.3) has a unique solution if and only
if the reduced Hessian Z7 W Z is positive definite. In this case, if

B®z =wz, (3.4)

if x(®) is a feasible point, and if iteration k is an SQP iteration
ZzTB® zt®) = _zTv f(z®) (3.5)
xE+HD) = x4z (k) (3.6)

then x**1) solves (3.3). If the SR1 update is used, and if d consecutive and
linearly independent steps §*=1, §(:=2) . §(*-=9) in A’(AT) can be com-
pleted, then these vectors can form the columns of Z, and (3.4) follows by the
hereditary properties of the SR1 update. Thus quadratic termination is obtained
under these conditions.

These results do not require W to be positive definite. However, if necessary
a related QP problem with the same solution can be defined by adding a squared
penalty 30 (ATx—b)T(ATx —b) into g(x). If ZTW Z is positive definite and
o is sufficiently large, then the Hessian W 4 0. A AT of the modified objective
function is positive definite.

Quadratic termination for an inequality constraint QP problem is less obvi-
ous, because it is uncertain what will happen to B®) before the correct active
set is located. However tests with £ilterQN on some inequality QP problems
from the CUTE test set did exhibit termination.

In this paper we represent B*) by the low rank positive semi-definite ap-
proximation

BH — U(k)U(k)T7 (3.7)

where U*) is a dense n x » matrix. Usually U®) has rank 7 but the current
implementation does not guarantee that this is so. Clearly B (k) is positive semi-
definite and has the same rank as U*). Of course only Uk) is stored, and B®)
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is recovered implicitly from (3.7). We shall use the SR1 formula to update U/ (¥)
whenever possible. When this is not possible, we shall arrange matters so as
to retain as many of the most recent hereditary properties as possible in B(¥).
By this means we hope that, once the correct active set is located by the NLP
solver, we shall then build up hereditary properties in the correct null space,
and hence obtain rapid convergence.

Inusing (3.7), it follows from the remarks in Section 2 that there may be some
advantage to be gained by initializing B() = 0. We do this simply by setting
r = 0. In general, a trust region constraint ||8|] < p will ensure that the SQP
suggroblem is bounded, so that no difficulty arises from the rank deficiency of
BV,

In passing, we note that even less storage is needed if an approximating
matrix M* ~ ZTWZ is used, and B*) = ZzF)pr®) Zz(RT  where Z(F)
is a current approximation to Z*, obtained from the current QP subproblem.
However, the active set in the QP subproblem can change considerably from
iter(i';ion to iteration, and it is not easy to suggest a robust strategy for updating
M),

4. Updating the representation B*) = U®yy*)T

In this section we consider some issues relating the use of an update formula
in conjunction with (3.7). The SR1 update is seen to be most suitable, if it is
applicable. It is shown how to implement the update so as order the columns
of U in such a way that the most recent information is contained in the leftmost
columns. This provides a useful limited memory capability.

The SR1 update (2.4) can only be used to update U if (v — B§)Td > 0.
In this case, one way to update U*) would be simply to append the column
vector

~ — Bé

" - Bayoy “n

to U(K). Unless u is in the range space of U ¥), we would obtain a matrix U (+1)
with rank (%1 = r(%) 4 1. Thus the SR1 update provides a way of building
up information in U and is used whenever possible. For the BFGS update, the
first two terms on the right hand side of (2.5) perform a projection operation
which usually reduces the rank of B by one. The final rank one term restores
the rank, so that usually r(**1) = 7(*) Thus the BFGS update is unable to
build up information in U.

The low rank representation (3.7) gives the method the flavour of a limited
memory method, and indeed we shall introduce a memory limit

r < ooz 4.2)
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Ideally rqz should be greater or equal to the dimension d of the null space at
the solution. In this case we would hope for local superlinear convergence of
our SQP method. When r,,,,, < d only linear convergence can be expected,
and it is not clear how slow this might be. However some hope might be derived
from the fact that methods such as conjugate gradients and some new gradient
methods are able to solve instances of very large problems in relatively few
iterations.

When the memory is full, the SR1 update would usually cause r&+1) 10 be
greater than r,,,,, sO that we are faced with the need to delete a column of
U +1) from the memory. We would like to ensure that when this occurs, it is
the oldest information that is deleted, in a certain sense. We can exploit the fact
that the representation (3.7) is not unique, to the extent that

B=UUT =UQQTUT = (UQ)(UQ)T

where @ is any orthogonal matrix. We shall choose @ in such a way that the
most recent information is contained in the leftmost columns of U, when the
SR1 update is being used. Then we delete the rightmost column of U when the
memory is overfull. We shall refer to this as the priority ordering of U.

We therefore express

Ukt —[u U]Q (4.3)
(suppressing superscript (k)), in which
v — Bé v—Uv
= = 44
BT T o 4
where v = U7T§ and a = (67~ — vTv)1/2. Using (4.4) we may write
1/a
—vi/a 1
(u Ul=[y U]|-v2/a 1 . (4.5)
—vp/a 1

Next we implicitly transform the spike matrix to an upper triangular matrix,
R say, by postmultiplying by a product of plane rotation matrices in columns
(1, j) for j = r + 1, r,...,2, each rotation being chosen so as to eliminate
the entry in row j of column 1. These rotations are explicitly applied to the
columns of the left hand side matrix in (4.5).

Denoting the product of plane rotations by ¢, the resulting matrix may be
expressed as

Ukt —lu UJQ=[~v U]R (4.6)
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It follows by a simple induction argument that
s column 1 of U*+D) depends only on (¥

s column 2 of U*+1) depends only on 4*), v(k=1)

» column 3 of U*+1) depends only on v{*), n(k=1) ~(k=2)
etc., over the range of previous iterations on which SR1 updates have been used,
by virtue of R being upper triangular.

We refer to this calculation as

U = sr1(U, 6, ). 4.7)

Its cost is O(nr) arithmetic operations, which is the same order of magnitude
as the cost of a matrix product with U or U7, and hence is readily affordable.

It is possible that (4.7) may give rise to a matrix U/ **1) whose columns are
rank deficient. An example is given by

11 1 3
1 0} 5:(0) 7:(2) (4.8)
2 0 0 4

It is clear that -y is in the range of U, and o = 1, so that the SR1 update does
not break down. The matrix U(*+1) has 3 non-trivial columns but has rank
2. At present, there is no evidence to suggest that this possibility is causing
any practical disadvantages, although if it were so, it would not be difficult to
suggest modifications to ensure that U*) always has full rank. Indeed, it does
seem more appropriate in these circumstances to use an update that keeps the
same the same number of columns in U, such as is described in Section 6 below.

U=

5. The BFGS projection update

Although we have argued that the SR1 update will often be well defined, this
will not always be so. Thus we have to decide how to update U(*) when the
SR1 denominator is non-positive.

An extreme case is when 67 4 < 0. In the quadratic case (3.3), this suggests
that 4 is not in the null space spanned by columns of Z, so that 4 provides no
useful information for updating B. Now the curvature estimate of the current
B matrix along 4§ is 5TBs. Thus, if 87 B8 > 0, the curvature estimate is seen
to be incorrect, and we use the part of the BFGS update

B§§TB
6TBs
which projects out the existing information along 4, and has the correct invari-
ance properties. This update reduces the rank of Bby one. If r = 0or Bd =0

Bkt — B (5.1
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we just set B#+1) = B. We implement (5.1) in such a way as to reduce the
number of columns in U by one, which ensures that U*+1) has full rank if U*)
has. We may express

B+ —_ s <] - ﬂ) Ul = UQ < QTVVTQ) QTUT (5.2)
vT vy

where v = U7§ and v7'Q is an orthogonal transformation with a product of
plane rotation matrices in columns (j,r),7 =1, 2,...,r — 1, so as eliminate
successive elements v; of vZ. That is to say, v/'Q = %||v|sel where el =

(0,...,0,1). Then
B+ — UQ( —ere )QTUT (5.3)

Thus to update U we apply the same rotations to the columns of U, and then
delete the last column of the resulting matrix. We may write this as

UkHD = UQ  where Q=0 [Oﬂ . (5.4)

It follows that 67 U*+1) = vTQ = 07, reflecting the fact that B*+1)§ = 0.
We refer to the entire projection update as

U%+D = proj(U, 6). (5.5)

As for (4.7), the cost is O(nr) arithmetic operations. We observe that (5.5)
destroys any priority ordering properties, and in the quadratic case, hereditiary
properties.

6. A new QN update

We have seen that the SR1 update can be used when 67~ > vZv, and the
projection update when 67~ < 0. When 0 < 67 < v7'v, there would appear
to be useful information in § and -y, but the SR1 update can no longer be used.
In this section we present a new update which maximizes the extent to which
hereditary properties, built up using the SR1 update on previous iterations, are
preserved.

To do this we partition

Vi

* _
U = (U, U], v—<v2

), B =B + By, =UU + UL (6.1)

where Uy has 7y > 0 columns and Us has 9 > 0 columns. The new QN update
applies the SR1 update to U; and the projection update to Uy, and Uk+1) ig
obtained by concatenating the resulting matrices, that is

USFY = [sr1(Uy, 8, 4) proj(Us,8)]. (6.2)
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By choosing r; sufficiently small, it is always possible to ensure that the SR1
denominator o = (5T'y — vi’“vl)l/2 in (6.2) exists and is positive. We observe
that (6.2) usually leaves the rank of U unchanged.

In our current implementation we have chosen r; to be the largest integer for
which 67~ — vi'vy > 0. This choice maximizes the extent to which priority
ordering and, in the quadratic case, hereditary conditions in U are preserved in
UK+ In fact it may well be better to require 5T’y - v?vl > 7where T > 0
is some tolerance, for example 7 = géT*y with ¢ = 107° say.

The new update may also be expressed in the form

(v=Bid)(v = B1d)T .  By08" By
(v = B18)T8 *T 6TBs
If 1 = 0 we get the BFGS update (2.5), and if »; = r then the SR1 update

(2.4). Intermediate values give a new rank two correction formula, but not one
that is in the Broyden class. We observe the following properties

B&+l) = B, 4 (6.3)

m Satisfies the secant condition (2.3).
m Preserves positive semi-definite B (k) matrices.

® Is invariant under a linear transformation of variables (see [5], Sec-
tion 3.3).

®  Any priority ordering or hereditary conditions in U; are preserved.

To summarize, if 6T'7 < 0, then the BFGS projection update is used and the
rank of U decreases by one (usually). If 0 < 67~ < vTv, then the new update
is used, choosing 71 as described, and the rank of U is unchanged. The choice
71 = 0 gives rise to a BFGS update. If 87~ > vT'v then an SR1 update is used
(the rank of U usually increasing by one), except in the case that 7 = rp,q, and
the memory is full. In this case we apply the SR1 update and then delete column
Tmaz + 1 Of the resulting matrix. We note that this procedure still preserves the
secant condition (2.3). This follows from (4.6) and (4.4) by virtue of

STURY = 6T [u UlQ=[a vI]Q=(n,0,...,0)

where 72 = 874, by virtue of the way in which Q is chosen. Since the last
element on the right hand side is zero, the secant condition STURA y(k+1)T =
~T' is unaffected by deleting the last column of U+, We also observe that
any priority ordering in U is preserved, and any hereditary conditions up to a
maximum of 7 — 1.

7. Conjugacy conditions

The use of the BFGS projection operation can destroy hereditary properties
that have been built up in the Uz matrix, in the quadratic case. In this section we
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show that this is not as unfavourable as it might seem, and that something akin
to a hereditary property holds, even when the BEGS projection operation is used
to update Uz. Also some conjugacy properties of the new update are shown.
The results of this section apply when B) = 0 and we are investigating the
quadratic case in which the relationship v(*) = W &*) holds for all k, where W
is a fixed matrix. We shall also assume that W is nonsingular, which is a minor
requirement that can always be achieved if necessary with an arbitrarily small
perturbation using a quadratic penalty (see the paragraph following (3.6)).

When B = 0, it follows easily for both (5.5) and (6.2) by induction that
the columns of U¥) are in span(y(), &) ... =) It follows that U has
an image

A=WU (7.1)

whose columns are correspondingly in span(éu), IS 5(]““1)). In Theo-
rem 3 below it is proved that normalised conjugacy coditions

UTw=1lU =1 (7.2)

are satisfied by U (that is, U(*)) for all k, a consequence of which is that
UTA = I. Likewise, conjugacy conditions

ATWA =1 (7.3)
are satisfied by A. A consequence is that
WA =U=UUTW~U =UUTA = BA. (7.4)

Hence B maps the subspace range(A) in the ’correct” way, that is BA =
WA=U.

The implication of this in the quadratic case is that although the use of some
projection operations may destroy hereditary conditions, it does not introduce
any Wr0n§ information. That is to to say, the image A of U has columns
in span(6), 62 .. §*~1) and the current matrix B = UUT maps A
correctly mto U (wh1ch is WA). Thus, although hereditary conditions may not
be satisfied, the exists a set of directions (columns of A) which satisfy a similar
condition BA = U to hereditary conditions.

‘We now prove the theorem on which (7.2) depends.

THEOREM 3 Let BV = Q, and let there exist a nonsingular symmetric matrix
W such that the difference vectors are related by v*) = W &™) for all k. Then
conjugacy conditions (7.2) are preserved by the updating scheme described in
Section 6.
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Proof We prove the result by induction. The result is trivially true when k = 1.
Now we assume that (7.2) is true for some value of &k > 1 and consider the
calculation of U+, If 67~ > 0, then U*+1) is defined by (6.2), which may

be expressed as

Ukt = 1u U, U {Ql - } 7.5

[ Ny O (7.5)
using the notation of (4.6) and (5.4) with subscripts 1 and 2 to indicate matrices
derived from the SR1 and projection updates respectively. We note that ¢; has
71 + 1 rows and columns, and @5 has rs rows and ro — 1 columns. It follows
that

U(k+l)Tw—lU(k+1)
QT } ulW—1lu uTW"lU} {Ql }

= = .6
[ Q%" QQ ) (7 )

UTWw—1u I
where UTW~1U = I has been substituted from the inductive hypothesis. It
now follows from (4.4) and W1~ = § that

UTW_lu — UTw—l <7'—B15>
(07

_(UTN (6-WUTs\ /o
- (o) () = (o) 02

using Uf W=lU; = I and U WU, = 0 from the inductive hypothesis.
Also from (4.4)

Y= Bi8)TW (v~ Bid) _ e B16)"W~'Bi§

uTw—lu — ( - .
(0% (e

from 6 = W1~ and the definition of . But

(v =B1®TW™iBs = &§T(W - UuHwtouts
= ST uf - ufwtthufs =0

from Uf W~1U; = I. Hence uZW™lu = 1. Finally we substitute this
and (7.7) into (7.6). Then using Q7 Q1 = I, Q3 Q2 = I and QiU = 0
(from (5.4)), it follows that UKD W =1y *+1) = I and establishes that the
inductive hypothesis holds for £ + 1 in this case.

In the case that 67~ < 0, only the 2,2 partition of the above argument is
used and the result follows similarly. In the case that the memory is filled, and
a column of U%+1) is deleted, it is clear that U*FDT YW -1+ — T will
continue to hold, but for a unit matrix with one fewer row and column. Thus
the result is established in all cases used in the update scheme. QED
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8. Practical experience

In this section, some preliminary practical experience with the new update
scheme is described. An experimental code £filterQN is currently under de-
velopment, and indeed has been so for some time. It is a trust region filter SQP
code, based on the method considered in [7], but using the quasi-Newton update
scheme described in this paper, rather than the exact second derivatives as used
in the £ilter2 code, referred to in Section 1. The delay in finalizing the code
is mainly due to uncertainty as to how best to implement feasibility restoration
when second derivatives are not available.

The results in this section are sampled from CUTE test problems in which the
dimension d of the null space at the solution is a significant proportion of n. For
such problems, feasibility restoration often plays a minor role in determining
the outcome of the calculation. Thus, although the results cannot yet be taken
as definitive, they do give some indication as to what level of performance can
be expected from a QN code. The problems are solved to an accuracy of better
than 107° in the KT conditions. The memory limit is 7,4, = min(n, 100).

Table 1. Performance of £ilterQN on small CUTE problems

n m d _#g f2
HS90 41 3 29 6
HS92 6 1 5 33 6
HS99 7 2 5 11 6
HS100 7 4 5 14 14
HSIOOLNP 7 2 5 15 18
HSIOOMOD 7 4 6 18 13
HS101 7 5 5 230 21
HS102 7 5 4 209 18
HS103 7 5 3 28 25
HS111 10 3 6 45 25
HSILILNP 10 3 6 45 25
HS113 10 8 4 13 6
HS117 10 5 4 19 21
CANTILVR 5 1 4 25 17
DIPIGRI 7 4 5 14 14
ERRINBAR 18 9 3 70 25
MISTAKE 9 13 5 17 14
POLAK3 12 10 9 58 37
ROBOT 14 2 5 19 11
TENBARSI 18 9 5 50 28
TENBARS2 18 8 4 36 28
TENBARS3 18 8 4 76 28
TENBARS4 18 9 5 82 29

* filter?2 finds a locally infeasible point
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Table 1 gives results on Hock-Schittkowski test problems in the left hand
column, and other small CUTE test problems in the right hand column. Head-
ings give the number of variables n, the number of constraints m (excluding
simple bounds), the dimension d of the null space at the solution, the number
of gradient calls #g required by £ilterQN, and the number of gradient calls
f2required by filter2. One gradient call includes the evaluation of both the
gradient of the objective function and the Jacobian of the vector of constraint
functions. In the case of £ilter2, it also includes the evaluation of all second
derivatives. Both codes require about one QP subproblem to be solved for each
gradient evaluation, most often in warm start mode.

Generally the problems are solved reliably and accurately by filterQN,
and we see rapid local convergence. HS90 and HS92 are successfully solved
by filterQN, whereas filter?2 can only find a locally infeasible point. For
HS101 and HS102, £1i1terQN spends about 200 and 180 iterations respectively
in feasibility restoration, which accounts for the poor performance. Future work
on the feasibility restoration algorithm should resolve this difficulty. Apart from
that, we observe that £ 11terQN mostly takes more iterations than filter2. To
some extent this is expected due to the need for £11texrQN to spend something
like d extra iterations in building up a matrix B = UU7 with the property that
BZ ~WZ.

Next we show some results in Table 2, obtained on some larger CUTE test
problems, again chosen to have significant null space dimensions. In fact the
exact dimension of the null space is not so easy to determine, because the
accuracy required from the QP subproblem can often be obtained without having
to build up the full reduced Hessian. In the table an approximate value of d
is given based on the size of the QP reduced Hessian on termination of the
filter2run.

Some of the problems are solved quite efficiently by £ilterQN. The largest
problem DTOCIL is the only linearly constrained problem in the set, so fea-
sibility restoration is not an issue in this case. Thus it is very satisfactory that
this problem is solved accurately and quickly by £ilterQN, even though the
dimension d of the null space is very large. Less satisfactory is the performance
on the ORTHREG problems, and also DIXCHLNV, ORTHRGDS and ZAMB2,
which mostly have large null spaces with d > 7,4, In these problems, slow
convergence is observed in the asymptotic phase, and the build up of informa-
tion in the U matrix is very slow. The restriction on r may also be having an
effect. On other problems, the behaviour of £ilterQN is reasonably satisfac-
tory, bearing in mind the need for for extra iterations to build up an effective
Hessian approximation.
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Table 2. Performance of £ilterQN on some larger CUTE problems

n m ~d #g f2

AIRPORT 84 42 42 74 12
LAKES 90 78 12 62 421
READING6 102 50 8 40 23
ZAMB2-8 138 48 30 36 7
ZAMB2-9 138 48 10 25 4

ZAMB2-10 270 96 10 19 6

ZAMB2-11 270 96 59 65 6
DIXCHLNV 100 50 35 473 22
DTOCIL 5998 3996 1998 287 8
DTOC5 1999 999 998 24 5
EIGENB2 110 55 52 64 21
OPTCDEG2 1202 800 10 18 6
OPTCTRLO6 122 80 39 74 6

ORTHRDM2 203 100 103 49 9
ORTHRDS2 203 100 103 36 32
ORTHREGC 1005 500 501 392 10
ORTHREGD 1005 500 280 216 13
ORTHREGE 36 20 12 111 63
ORTHREGF 1205 400 767 228 22
ORTHRGDS 1003 500 503 458 29
SVANBERG 500 500 19 71 9

TRAINH 808 402 17 39 14
ZAMB?2 1326 480 142 349 8
9. Conclusions

We itemize the main features of this paper as follows. A new QN update
scheme for Jow rank Hessian approximation in SQP has been presented. Where
possible it uses the SR1 update formula, but when this is not possible a new
rank two update is used, which is not in the Broyden family, although invariance
under linear transformations of the variables is preserved. The Hessian approx-
imation is a positive semi-definite matrix, which ensures that global solutions
of QP subproblems are calculated. It also enables interior point methods to be
used to solve the QP subproblems, if required. The representation provides a
limited memory capability, and there is a priority ordering scheme which en-
ables "old’ information to be deleted when the memory is full. Hereditary and
conjugacy properties are preserved to the maximum extent when minimizing a
quadratic function subject to linear constraints. Practical experience is reason-
ably encouraging on small (and some larger) problems. There is some evidence
of slow convergence on some larger problems with large null spaces. It may
be that this is to some extent caused by the use of an [, trust region. Future
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work will continue to develop the filterQN code, especially the feasibility
restoration part, and will also investigate the use of an [, trust region.
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Abstract We use a mathematical model of an open queuneing network in heavy traffic. The
probability limit theorem for the virtual waiting time of a customer in heavy
traffic in open queueing networks has been presented. Finally, we present an
application of the theorem - a reliability model from computer network practice.

keywords: mathematical models of technical systems, reliability theory,
queueing theory, open queueing network, heavy traffic, the probability limit
theorem, virtual waiting time of a customer.

1. Introduction

One can apply the theory of queueing networks to obtain probability
characteristics of technical systems (for example, the reliability function of
computer networks).

At first we try to present a survey of papers designated to applying the results
of the queueing theory in reliability. In [2], it is investigated the reliability of a
distributed program in a distributed computing system and it has been showen
a probability that a program which runs on multiple processing elements that
have to communicate with other processing elements for remote data files will
be executed successfully. In [8], a single machine, subject to breakdown,
that produces items to inventory, is considered. The main tool employed is
a fluid queue model with repair. To analyze the performance of multimedia
service systems, which have unreliable resources, and to estimate the capacity
requirement of the systems, a capacity planning model using an open queueing
network has been developed in [6]. Paper [1] discusses a novel model for a
reliable system composed of /V unreliable systems, which can hinder or enhance
one another’s reliability. Paper [10] analyzes the behaviour of a heterogeneous
finite-source system with a single server. As applications of this model, some
problems in the field of telecommunications and reliability theory are treated.
In [7] the management policy of an M/G/1 queue with a single removable
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and non-reliable server is investigated. They use the analytic results of this
queueing model and apply an efficient Matlab program to calculate the optimal
threshold of management policy and some system characteristics. In [3, 4],
using the law of the iterated logarithm for the queue length of customers, the
reliability function of computer network is estimated and a theorem similar to
Theorem 2.1 is proved.

In this paper, we present the probability limit theorem for the virtual waiting
time of a customer in heavy traffic in open queueing networks.

First we consider open queueing networks with the "first come, first served”
service discipline at each station and general distributions of interarrival and ser-
vice time. The basic components of the queueing network are arrival processes,
service processes, and routing processes. The service discipline is "first come,
first served” (FCFS). We consider open queueing networks with the FCFS ser-
vice discipline at each station and general distributions of interarrival and service
times. The queueing network studied by us has k single server stations, each
of which has an associated infinite capacity waiting room. Every station has an
arrival stream from outside the network, and the arrival streams are assumed to
be mutually independent renewal processes. Customers are served in the order
of arrival and after service they are randomly routed to either another station in
the network, or out of the network entirely. Service times and routing decisions
form mutually independent sequences of independent identically distributed
random variables.

The basic components of the queueing network are arrival processes, ser-
vice processes, and routing processes. In particular, there are mutually
independent sequences of independent identically distributed random vari-
ables {zﬁlj),n > 1}, {Séj),n > 1} and {@g),n > 1} forj = 1,2,...,k;
defined on a probability space. The random variables 2§ and S,(L] ) are
strictly positive, and 3 have support in {0,1,2,...,k}. We define p; =

([5¢]) > 0, 0 = D(V) > 0and yy = (M[H]) > 0,
a; =D (zg)) >0, 7 =1,2,...,k; with all of these terms assumed finite. De-

note p;; = P (@ﬁf) = j) >0, j=1,2,...,k. Inthe context of the queueing
network, the random variables zgj ) function as interarrival times (from outside
the network) at the station 7, while Sflj ) is the nth service time at the station 7,
and <I>7(1j Visa routing indicator for the nth customer served at the station j. If
<I>§Z' ) = J (which occurs with probability p;;), then the nth customer served at
the station ¢ is routed to the station j. When <I>£f ) = 0, the associated customer
leaves the network. The matrix P is called a routing matrix.
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To construct renewal processes generated by the interarrival and service

times, we assume the following for{ > 1,7 =1,2,... &
! L
2(0) = 0,2;(1) = > 29),8;(0) = 0,5;() = 3 SY.
m=1 m=1

Observe that this system is quite general, encompassing the tandem system,
acyclic networks of GI/G/1 queues, and networks of GI/G/1 queues with
feedback.

Let us define V;(¢) as a virtual waiting time of a customer at the jth station
of the queueing network in time ¢,

k k k
N g - (L) (St) e
B' _ i=1 1 42 _ i=1 i=1
’ 1 ’ ’ 1

where j =1,2,...,k.
We suppose that the following condition is fulfilled:

k

Moy opipi >y, =12,k 9.1)
=1

Note that this condition quarantees that, with probability one there exists a
virtual waiting time of a customer and this virtual waiting time of a customer
is constantly growing.

One of the results of the paper is the following theorem on the probability
limit theorem for the virtual waiting time of a customer in an open queueing
network.

THEOREM 1 If conditions (1) are fulfilled, then

lim P <Vj(nt) —fjn-t < x) = /m exp(—y2/2)dy,

oo 65 Vn -0

0<t<landj=12...,k

Proof. This theorem is proved on conditions A\; > s, j=1,2,...,k (see,
for example, [9]). Applying the methods of [4], it can be proved that this
theorem is true under more general (1) conditions.

The proof of the theorem is complete.
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2. Reliability functions of the computer network

Now we present a technical example from the computer network practice.
Assume that queues arrive at a computer v; at the rate A; per hour during
business hours, j = 1,2,..., k. These queues are served at the rate y; per hour
in the computer v;, j = 1,2,...,k. After service in the computer v;, with
probability p; (usually p; > 0.9), they leave the network and with probability
pji, © # 7, 1 <1 < k(usually 0 < pj; < 0.1) arrive at the computer
v, ©=1,2,...,k Also, we assume the computer v; fails when the virtual
waiting time of queues is more than k;, j = 1,2,...,k.

In this section, we will prove the following theorem on the reliability function
of the computer network (probability of stopping the computer network).
THEOREM 2 Ift > 1121;1<Xk & and conditions (1) are fulfilled, the computer
network becomes unreliable (all computers fail).

Proof. At first, using Theorem 1 we get for 0 < £ < 1 that

- Viln) = 8;-n _/I 2 _
nh_)r&P( 5/ <z|= exp(—y*/2)dy, 7 =1,2,... k.

—o0
9.2)
Let us investigate a computer network which consists of the elements (com-
puters) v; that are indicators of stations X;, j=1,2,... k.
Denote

X = 1, if the element v; is reliable,
J 0, if the element v; is unreliable,

i=1,2,.. .,k

Note that {X; =1} = {V;(t) < k;}, j=1,2,... k.

Denote the structural function of the system of elements connected by scheme
1 from k (see, for example, [5]) as follows:

1, YR, Xx>1
X1, Xo,..., X)) = ’ =10 =
¢)( 1,432, ) k) { O, 2521 X'L < 1.

Let us estimate the reliability function of the computer network using the
formula of full conditional probability (see [4])

k
h(X1, Xo, . Xpt) > P(Xi=1)

Thus,
k
0<h(Xy, Xo, oo, Xp, t) D P(Vi(E) < ki), (9.3)
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Applying Theorem 1 (when t = 1) we obtain that

0< lim P(Vi(t) < k) = lim P(Vy(n) < kj) =

) Vj(n)—ﬂ]n kj—ﬁj'n I 2 _
JH%OP< 5y < &, v/ )—/_OO exp( 9/2)dy—(().94)

Thus (see (4)),
lim P(V;(t) <k;)=0,j=1,2,...,k (9.5)

t—00
Consequently, tlim h(X1,Xs,..., Xk, t) = 0 (see (3) and (5)).
—0
The proof of the theorem is complete.
Finally, we give an exact expression for A( X1, Xo,..., X, t), t > 0. We
will prove the following theorem on this probability.

THEOREM 3 h(Xi, Xo,..., X, t) is equal to exp(— Z?:l P(Vi(t) <
kj))-
Proof. First denote A;, j =1,2,..., k as intensities of structural elements,

that form a complex stochastic system. Then probability of stopping this system
k

isequal to e 2= (see, for example, [11]).
But

/\j = ]VIX] = P(XJ = 1) = P(V}(t) < k‘j), i=12,...,k (9.6)
Applying (6), we obtain that A( X1, Xo, ..., Xg,t) is equal to

k k
e Zj:1 Aj =e Zj:l P(V;(t)<k;) )
The proof is complete.
As one can see, using Theorems 2 and 3, it is possible to estimate the relia-
bility of a complex computer network.
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