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Preface

What can the book do for you?

As was the case for the first two editions of this book, this new edition tries to present
a balanced overview of modern macroeconomic theory. I follow two guiding princi-
ples. First, I adopt a rather eclectic approach by paying attention not just to the most
recent insights in the field but also to developments that are currently less popular.
In doing so, I hope to provide students with a better overview of current and past
debates in macroeconomic theory. History can teach us useful lessons, provided we
are willing to listen! For example, I continue to include discussions of the IS-LM
model, the adaptive expectations hypothesis, and the Solow-Swan growth model
(to mention a few). Though these theories are currently less fashionable (and, as
some economists argue, may even be “outdated”), it is my firm conviction that they
nevertheless provide important insights. For example, to fully appreciate the impor-
tance of the rational expectations hypothesis, a good understanding of the adaptive
expectations hypothesis (its immediate predecessor) is indispensable. Similarly, to
really understand the contributions made in recent years by New Keynesian Dy-
namic Stochastic General Equilibrium (DSGE) economists, it is very useful to have
a firm understanding of the IS-LM model. Also, a good grasp of the Solow-Swan
model helps in appreciating the Ramsey model and the endogenous growth models
formulated in the 1980s and 1990s. Of course, as the saying goes, “old habits die
slowly” and the IS-LM model is still used extensively even though, as Blanchard has
pointed out, many people may not even know they are using it (2000, p. 1405).

The second guiding principle concerns the expositional style of the book. In addi-
tion to introducing the different theories by verbal and graphical means, I have also
aimed to successively develop “the tools of the trade” of modern macroeconomics.
In this aspect the book is related to Allen’s (1967) marvellous macroeconomic tool-
book. So instead of only providing students with a verbal/intuitive understanding
of the material (valuable as it is), I also explain the basic modelling tricks of mod-
ern macroeconomics. Where needed the full details of both the models and their
solutions are presented. Students who have worked through the textbook (and its
accompanying manual) should have little or no problems reading the recent journal
literature in macroeconomics or building their own macro models.

How can the book be used?

Depending on the background of students, the book can be used in the undergrad-
uate and/or the graduate curriculum. Part I, consisting of Chapters 1-9, can be used
in an intermediate macroeconomics course in the undergraduate curriculum. For
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example, I use Chapters 1-6 in my seven-week macroeconomics course in the third-
year of the bachelor program at the University of Groningen. Economics students
in this course have been exposed to Blanchard et al. (2013) in their first two years,
whilst econometrics students have studied Gértner (2016) in their second year of
studies. In addition, these students have studied basic mathematical methods at the
level discussed, for example, in Hoy et al. (2011).

Parts II and III of the book consist of Chapters 10-19. They are aimed at advanced
bachelor students, first-year master students, and beginning doctoral students. In
the graduate curriculum, the book can be used as the main text in a first-semester
macroeconomics course or as a supplementary text for an advanced graduate macro
course. At the University of Groningen, for example, I use Chapters 12-15 in my
half-semester macroeconomics course in the regular masters programs. In the re-
search master courses I also cover Chapter 10 and most of Chapters 16-19. The book
is also well-suited for beginning doctoral students with no (or insufficient) previous
training in macroeconomic theory. Parts of Chapters 12-16 were used in the vari-
ous graduate courses I have taught over the years for the Netherlands Network of
Economics (NAKE), the Tinbergen Institute, CESifo, and the Institute for Advanced
Studies (Vienna).

Intermezzos

The book contains a number of so-called intermezzos. I use the term ‘intermezzo’
in an extended and unusual sense. Recall that in music an intermezzo is a com-
position that is played in between acts of a play or movements of a much larger
musical piece. In this book, the intermezzos do not make any sound but, like in
music, they are ‘small morsels in between big chunks’. They serve a number of pur-
poses. First of all, they ensure that upon first reading students are not distracted by
complex technical intricacies. Second, they allow for in-depth coverage of a number
of key results in theoretical macroeconomics. Furthermore, in combination with the
chapter appendices and the mathematical appendix at the end the book, they cover
all technicalities necessary for a sound understanding of modern macroeconomics.
Whereas the appendices are purely aimed at mathematical results, the intermezzos
focus more on the fault line between mathematics and theoretical macroeconomics.
Finally, the intermezzos serve as reference tools for readers who wish to reacquaint
themselves with things they used to know but have forgotten.

Starred sections

In this edition I have also included sections marked with a superscript star ().
These sections contain material that is more difficult than the rest of the chapter in
which they are located. Students may choose to skip the starred material when first
reading the chapter. Upon completion of the book the successful student will find
that most (or even all) stars have become invisible.

Changes for the Third Edition

The book has been thoroughly rewritten. Compared to the second edition, it has
grown in size by about one hundred pages. The main changes are as follows.
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o The current book includes forty-seven intermezzos, of which sixteen are new.
All of these have been extensively checked and streamlined. They are num-
bered and carry an informative title. A List of Intermezzos is included in the
preamble of the book which facilitates cross-referencing. The numbering sys-
tem is as before, with the first digit denoting the chapter in which the inter-
mezzo is located. The new intermezzos are 1.1, 1.2, 5.1, 5.2, 8.2, 8.3, 9.1, 12.2,
13.3,16.1,17.1,18.1,18.2,19.1, 19.2 and 19.3.

e The new Chapter 2 deals exclusively with the open economy. It follows logi-
cally from the first chapter and contains material from Sections 1 and 2 of the
old Chapter 10.

e Chapter 3 is a rewritten version of the old Chapter 2.

o Chapter 4 has been renamed to better reflect its contents. It contains a rewritten
version of the old Chapter 4 as well as Section 3 (on the Dornbusch model) from
the old Chapter 10.

e Chapter 5 is an expanded and rewritten version of the old Chapter 3. It now
includes a small open economy model and explains the Dynare software pack-
age that can be used to solve rational expectations models.

o Chapter 6 is a lightly rewritten version of the old Chapter 5.

e Chapter 7 is a thoroughly edited and shortened version of the old Chapters
6 and 7. It also contains some new material on union- and efficiency-wage
models in general equilibrium.

o Chapter 8 is an expanded version of the old Chapter 8. It now contains a section
on endogenous job destruction.

e Chapter 9 has been renamed to better reflect its contents. In addition it has been
expanded and now includes a discussion of dynamic inconsistency of individ-
ual choices resulting from present-biased (or quasi-hyperbolic) preferences.

o Chapters 10 and 11 are lightly edited versions of the old Chapters 11 and 12.

e The old Chapter 12 (on exogenous growth) has been split into two much ex-
panded chapters. The new Chapter 12 deals exclusively with Solow-Swan style
growth models. It has been expanded somewhat and now also features a sec-
tion of the two-sector Meade-Uzawa model.

e Chapter 13 contains Sections 13.5-13.7 from the old Chapter 13. In addition
it has been expanded dramatically. It now includes models with endogenous
labour supply (using material from the old Chapter 15), search unemployment,
and money balances entering the felicity function. This is the pivotal chapter
in the book as the Ramsey-Cass-Koopmans model that it covers in all its guises
plays a central role in the material that follows from there on.

o Chapter 14 is a lightly edited version of the old Chapter 14. Similarly, Chapters
15 and 16 are lightly edited versions of the old Chapters 16 and 17.

e Chapter 17 is brand new. It provides a brief (and mostly intuitive) discussion of
the method of dynamic programming (DP). In addition it introduces the con-
cept of complete markets and shows how one can construct a “representative
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agent” in such a setting. Whilst a deep knowledge of DP is not really essential
to understand Chapters 18-19, it is indispensable if one wants to proceed to
the more advanced literature in macroeconomics, e.g. the graduate textbook
by Ljungqvist and Sargent (2012).

o Chapter 18 is the first chapter on the DSGE approach. It contains material from
the old Section 15.5. It has been edited thoroughly and now includes discus-
sions of the stochastic discount factor and shows how DSGE models can be
simulated with the aid of the Dynare software package (introduced in Chapter
5).

o Chapter 19 is brand new. It contains a thorough discussion of the New Keyne-
sian DSGE approach and finishes with a brief assessment of the state of the art
at the time of writing. This assessment replaces the Epilogue from the second
edition.

Visible means of support

It somehow seems impossible to produce a book of this size without generating (free
of charge) some typos and errors. Needless to say, all such errors and typos will be
published as I become aware of them. I will make the errata documents available
through the website for the book:

http://www.heijdra.org/fomm3

So please let me know about any typos and/or errors that you may spot. This is what
you can do for the book! The contact address is: info@heijdra.org. As a (weak
substitute for a) reward, I will mention your name prominently on the website (as
having contributed to the public good). Of course, your name will also feature in the
Acknowledgements section in any future edition of the book.

The website also includes ready-to-use slides for all chapters in PDF format.
Teachers who wish to adapt these slides to their own purpose or software platform
can download the IATEX 2¢ code and all figures (in EPS and EMF formats) and pro-
ceed from there.

I have updated and streamlined the accompanying Exercise and Solutions Manual
which is published by Oxford University Press. This hands-on exercise book con-
tains a large number of problems plus model answers. These problem sets allow the
interested student to further develop his/her skills.
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Chapter 1

Review of the AD-AS model

The purpose of this chapter is to achieve three goals:

1. To (partially) refresh and extend the macroeconomic knowledge from first-year
courses.

2. To investigate the effectiveness of monetary and fiscal policy on output, em-
ployment, the interest rate, and the price level.

3. To introduce the most important past and current schools of thought in macro-
€conomics.

In order to achieve these goals, we first have to discuss some elementary concepts
relating to the aggregate labour market and the demand for money. It turns out that
the most important differences of opinion between (most varieties of) Classical and
Keynesian economists can be traced back to their respective assumptions regarding
the labour market, expectation formation, and money demand.

1.1 The aggregate labour market

Our discussion of the labour market in this chapter is very basic. In Chapters 7-8
we return to this important topic in more detail. The stylized account of the labour
market uses the devices of the aggregate demand for and supply of labour.

1.1.1 The demand for labour

The central element in the basic theory of labour demand is the production func-
tion. Perfectly competitive profit-maximizing entrepreneurs utilize this production
function under the restriction that the capital stock is given in the short run. The
production function is thus given by:

Y = F(N,K), (1.1)

where Y is real output, K is the given capital stock (machines, PCs, cars), N is the
amount of labour employed, and F(N, K) is the production function. The margi-
nal products of labour and capital are denoted by Fy = 0F(N,K) /0N and Fx =
dF(N,K) /9K, respectively. Furthermore, we assume that the marginal product of
labour (capital) declines as employment (capital) is increased, i.e. Fay = 9°F(N,K)/
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ON? < 0 (Fgx = 9°F(N,K)/9K?> < 0). Too many cooks in the kitchen spoil the
broth. We also assume that the factors are cooperative in the sense that increasing
one factor raises the marginal productivity of the other factor (3*F(N,K)/dKoN =
Fxny = Fang = 0°F(N, K) /dNOK > 0). The use of robot mixers in the kitchen thus en-
hances the productivity of the cooks. Finally, we assume constant returns to scale so
that doubling all factors of production induces a doubling of output. More precisely,
F(AN,AK) = AF(N, K) with A any positive constant.
Short-run profits are defined as revenues minus the wage bill:

II1=PY - WN, (1.2)

where I1 is nominal profit, P is the price charged by the firm, and W is the nominal
wage rate. In words, all revenue (PY) that is not paid to the variable production
factor labour in terms of wages (WN) is considered profit, which is the reward that
accrues to the owners of the capital stock (note that we ignore taxes for the moment).

We assume perfect competition on the aggregate goods market, so that the indi-
vidual firm cannot exert any influence on the price it charges for its product. Hence,
the only choice that is open to the firm (in the short run) is to determine the amount
of production (Y) and employment (N) such that profit is maximized. By substitut-
ing the production function in the profit definition, we see that once employment
is chosen, output is also automatically chosen. The problem for the firm is thus to
choose N to maximize I:

maxII = PF(N,K) — WN. (1.3)
{N}

The firm can do no better than to follow the following decision rule:

dll _
IN 0: PFy(N,K) - W =0, (1.4)
where the second-order condition implies that (1.4) describes a maximum: d*11/dN?
= PFnny < 0 (because P > 0 and Fyy < 0 by assumption). The interpretation of (1.4)
is clear; the firm should keep expanding its employment up to the point where the
marginal unit of labour exactly breaks even (in the sense that the additional output
produced by the marginal worker yields a revenue that exactly covers the wage that
is paid to the worker). In terms of Figure 1.1, the profit maximum occurs at point A.
(At points B and C the firm makes no profits.)

The decision rule (1.4) is a vitally important element in the macroeconomic labour
market story. It is also relatively uncontroversial: virtually all macroeconomists be-
lieve in some version of equation (1.4). We can easily transform (1.4) into the demand
for labour, a schedule which shows how much labour a firm wants to hire for a given
real wage rate. Formally, we can view equation (1.4) as an implicit relationship be-
tween NP (the superscript “D” stands for demand) on the one hand and the real
wage, W/P, and the given capital stock, K, on the other. The partial derivatives
of this implicit relationship can be obtained by using the trick of implicit functions.
First, we totally differentiate equation (1.4):

dFy(NP,R) =d(W/P) = FandNP + FxgdR = d(W/P), (1.5)

or, after rearranging terms:

AND — _%dﬁ + ﬁd(W/P). (1.6)
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Figure 1.1: Short-run profit maximization



6 FOUNDATIONS OF MODERN MACROECONOMICS, THIRD EDITION

Since Fxy < 0, the marginal product of labour falls as more units of labour are em-
ployed. As a result, equation (1.6) states that a higher real wage (d(W/P) > 0)
diminishes the demand for labour (INP < 0) ceteris paribus (i.e. holding K con-
stant). Hence, 1/ Fyy in equation (1.6) can be interpreted as the partial derivative of
the implicit function between NP and (W/ P, K) with respect to the real wage, W/P.

The partial derivative with respect to the capital stock is obtained in a similar
fashion (and is equal to —Fnx/Fnny > 0). Since labour and capital are coopera-
tive factors of production, increasing the capital stock raises the marginal product
of labour. For a given real wage rate, the profit-maximizing firm thus hires more
labour.

In summary, we can write:

NP =NP(W/P,K) N, = Lo, NP = _hw g, (1.7)
Fnn Fnn
In terms of Figure 1.2, varying the real wage rate implies a movement along a given
demand for labour curve, whilst increasing the capital stock shifts the demand curve
to the right. A higher cost of labour or a lower capital stock necessitates a higher
marginal productivity of labour and thus a lower demand for labour.

Intermezzo 1.1

The Cobb-Douglas production function and labour demand. In this
intermezzo we discuss an often-used two-factor production function fea-
turing constant returns to scale. The Cobb-Douglas function can be writ-
ten as:

F(N,K) = ZoK*N'"%,  0<a<]1, (a)

where « is an efficiency parameter and Z is a scaling factor. Several
things are worth noting. First, it is easy to verify that this function fea-
tures constant returns to scale:

F(AN, AK) = Zo (AK)® (AN)17% = p4+1-2 7, K*N1=% — AF(N, K). (b)

Second, the marginal products of labour and capital are both positive:

Ey(N,K) = (1—&)Zg (%) >0, ©)
K\ ~(1-%)
FK(N, K) = aZy <N) > 0. (d)

Third, each factor features diminishing marginal productivity, and the
factors are cooperative:

Exn (N, K) = —a(1 — 2)Z <§) % <0, ©
(1)
Fac(N, K) = —a(1 — a)Zo (%) =<0, ®

Exc(N, K) = (1 — @) Zo (%) = >0 ()
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W/P

-------- NP(W/P, K))
NP(W/P, K,)

Figure 1.2: The demand for labour

Fourth, for a given capital stock K the competitive labour demand func-
tion can be written as:

Np - (A=8Z0) " (h)
w 4
where w = W/P is the real wage rate. The (absolute value of

the) wage elasticity of labour demand—defined in general as ep =
—Fn(N,K)/(NFyn (N, K))—thus equals ep = 1/« for the Cobb-Douglas
production function. Fifth, provided labour is paid its marginal product,
the labour income share in production is constant, i.e. wN/F(N,K) =
1—a.

E

1.1.2 The supply of labour

In the previous section we implicitly assumed that firms can freely observe the ac-
tual values of the price level and the wage rate (P and W). This is realistic enough,
because all the individual firm must do is to observe its own price and the wage paid
to its own workers.

Matters are somewhat more complicated for the households, who are the suppli-
ers of labour in our stylized account of the labour market. Indeed, in the decision
about goods consumption and labour supply, the households may know their own
nominal wage (W) with certainty, but they may not know how much they can ac-
tually consume with that wage. The household has to estimate the price of a whole
basket of goods, a task inherently more difficult than the one facing the individual
firm. The simplest way to introduce this asymmetry in information is to assume that
the household forms a guess about the aggregate price level, denoted by P¢ (where
the superscript “e” stands for expected).
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The household derives utility from goods consumption (denoted by C) and leisure
(1 — N®). The household “owns” one unit of time, of which N units are spent work-
ing, so that time available for leisure is equal to 1 — N°. We write the utility function
in general terms as U(C, 1 — N°) and assume positive but diminishing marginal util-
ities: Uc > 0, Uiy > 0, U < 0, and Uj_n1-n < 0. Some extra consumption of
goods and leisure is fun, but less so if you already consume a lot or have plenty of
spare time to enjoy. In addition, we assume that indifference curves bulge toward
the origin, i.e. U UN1-N — uél—N > 0.

The household chooses that combination of C and 1 — N° for which the highest
possible satisfaction is attained (as measured by U(-,-) ), given the expected price
level, P¢, and the (expected) budget restriction P°C = WNS. We assume that the
household has no sources of income other than wages. Formally, we can thus write
the problem for the household as follows:

max U= U(C,1—N°) subjectto P°C = WN°. (1.8)
{CNS}

This problem looks rather prohibitive, but we can make it easier by substituting the
level of consumption implied by the budget restriction (C = (W/P°)N®) into the
utility function. The household then only has to choose the level of labour supply:

_ e S S
Er;]%)}(U:U((W/P )NS,1— N ) (1.9)

This yields a straightforward decision rule for the household:

au

s =0t (W/P)Uc — Upy =0. (1.10)

The first term on the left-hand side (i.e. (W/P¢)Uc) measures the marginal benefit
of supplying one extra unit of labour to the labour market. By working more, the
household obtains more income, especially if the real wage is high, and hence more
consumption. The second term (i.e. Uj_y) measures the marginal cost of that extra
unit. By supplying more labour, the household misses out on valuable leisure time.
In an optimum the household sets the marginal benefit equal to the marginal cost of
supplying an additional unit of labour.

In principle we could now proceed by investigating what happens to labour sup-
ply and consumption if the expected real wage rate is varied. Mathematically this is
slightly more involved than for the labour demand equation, so that we first derive
the basic intuition concerning labour supply by graphical means. (The mathematical
derivation of labour supply is given in Chapter 7.)

In Figure 1.3 we plot consumption on the vertical axis and leisure on the horizon-
tal axis. The initial expected real wage is (W/P*)o, and the budget line goes through
Co (= (W/P?)p) on the C-axis, and 1 on the (1 — N*®)-axis. The optimal consumption-
leisure choice occurs at the point where an indifference curve has a tangency with
the budget line. This occurs at point Eyg, where consumption is Cp, leisure is 1 — Ng ,
and the level of utility is Up. By plotting the implied value of labour supply, Ny,
against the expected real wage rate in Figure 1.4, we obtain the first point on the
labour supply curve.

Suppose now that the expected real wage is a bit higher, say (W/P°);. In terms
of Figure 1.3 this implies that the budget line rotates in a clockwise fashion around
the intersection point on the leisure axis. The new intersection on the consumption
axis is at C; (= (W/P?)1). For the case drawn, the new optimum choice occurs at
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0 1-NS1-Nf 1-N§ 1 1-N*¥

Figure 1.3: The consumption-leisure choice

point E;, which lies above and to the left of the initial point Ey. Consumption is Cy,
leisure is 1 — N7, and the level of utility is Uj;. By plotting the implied value of labour
supply, N7, against the real wage rate in Figure 1.4, we obtain the second point on
the labour supply curve. By connecting the two points we obtain the labour supply
schedule, labelled N° (W/P*), which for the case drawn slopes upward.

Unlike the labour demand curve, which always slopes downwards, the slope
of the labour supply curve is not necessarily positive. The reason is that there are
two, potentially offsetting, effects that confront the household when the expected
real wage rises. The first effect is called the pure substitution effect. To determine this
effect, we ask ourselves what combination of consumption and leisure the house-
hold would choose at the higher expected real wage if it were somehow restricted
to remain at the initial level of utility Up. In Figure 1.3, we see that the household
would choose point E’, where consumption is Cc, leisure is 1 — N(S:, and labour sup-
ply is Ng (the subscript “C” stands for compensated). The move from the initial
point Ej to the (hypothetical) compensated point E’ constitutes the pure substitution
effect (i.e. SE). Intuitively, the pure substitution effect says that a household will buy
less of anything for which the price has risen. A rise in the expected real wage rate
means that the price of leisure has gone up. Consequently, the household buys less
of it. This gives us an interesting result: the compensated labour supply curve is always
upward sloping (see N (W /P¢, Up) in Figure 1.4).

The second effect is called the income effect. It says that, for a given initial level
of labour supply N, a higher expected real wage implies a higher expected real in-
come, or, (W/P¢);N5 > (W/P®)oNj. Provided leisure is a normal good the house-
hold would react to this higher income by purchasing more leisure, not less. Hence,
the income effect (i.e. IE), which is represented by the move from point E’ to E;,
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W/ NS(W/P9)
NS(W/P*,Uy)
(W/P°),
(W/P),
: . : ‘ : - PY
0 N5 N N¢ 1N

Figure 1.4: The supply of labour

works in the opposite direction to the pure substitution effect. As it happens, Figure
1.3 has been drawn for the case where the substitution effect dominates the income
effect, so that labour supply slopes up. The other cases cannot be excluded on a pri-
ori grounds, however, and the issue can only be fully resolved by empirical means
(see Chapter 7).

Mathematically, we can represent the labour supply curve in general form by:

W/P*=g(N%), gnyZ0 <« SEZIIE|, (1.11)

where |IE| is the absolute value of the income effect and SE is the substitution ef-
fect. A higher real wage thus has two effects on labour supply. On the one hand,
it makes leisure more expensive which induces households to have less leisure and
work more hours (the SE). On the other hand, a higher real wage raises the income
of households so they become lazier and work less hours (the IE).

Intermezzo 1.2

The Stone-Geary utility function and labour supply. In this intermezzo
we study the optimal labour supply decision when the household’s util-
ity function is of the Stone-Geary form. In the present context, utility
depends on consumption and leisure and can be written as:

UC1-N)=(C+7fPA-N)"F, 0<p<1, v>0, ()

where B and v are taste parameters. (Note that (a) reduces to a Cobb-
Douglas utility function if we assume that y = 0.) It is easy to verify some
of the key properties of the Stone-Geary utility function (for C +y > 0
and 1 — N > 0). First, marginal utility of consumption and leisure are
both positive:

N\ 18
Uc(C,1— N) =5<%) >0, (b)
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u (c1w)—(15)(1_N)_ﬁ>o ©
1-N\“, - C+ v ’
Second, the marginal utilities are diminishing:
u (c1—N)——1_5u(c1—N)<o (d)
CC 7 - C+ r)/ C 7 7

Upnin(C,1—N) = —

1_NU1,N(C,1—N) < 0. (e)

Third, the marginal utility of consumption is increasing in leisure and
vice versa:

1—
Ucs n(C 1= N) = ;—Eie(C1-N)

= C_'[?_r)/ul_N(C’l_N)>O' (f)

Fourth, for a household that maximizes U(C, 1 — N) subject to the budget
constraint C = w’N, where w® = W/ P?, the first-order condition is given
by w*Uc(C,1— N) = U;_N(C,1— N), or:

1_ﬁc+’y:we.

B 1-N (8)

The budget constraint can be rewritten in terms of spending on consump-
tion goods and leisure:

C+w’(1—N)=u", (h)

and after combining (g) and (h) we easily find the Marshallian (uncom-
pensated) consumption and labour supply choices:

- :

c=ar—(1-py, N=p-2LF @

Fifth, in the text we write the optimal labour supply choice as w® =

¢(N®). The functional form of g (N°) can be easily recovered from the
second expression in (i):

g(N®%) = m )

The g (N°) function is upward sloping and features a vertical asymptote
at N° = B. Since labour supply cannot be negative, it follows that 0 <
N < B. The (uncompensated) wage elasticity of labour supply — defined
in general as es = ¢(N)/(Ngn(N)) - equals es = (B — N5)/N?® for the
Stone-Geary utility function considered here. Sixth, to find the Hicksian
(compensated) labour supply function we make use of the expenditure
function. In the present context the expenditure function is defined as
follows:

E(P°,W,Up) = min  P°C+W(1—N)
{C1-N}

11
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subjectto Uy = U(C,1—N) (k)

Intuitively, E (P°, W, Up) represents the minimum amount of spending
on consumption and leisure that gives rise to a certain utility level, Uy,
taking as given the (expected) prices of goods and labour. For the utility
function (a) we find that:

pPeNB /7w \1P
E Pel W/ UO = _’)/Pe + (_) (_) UO (1)
( ) 5) 18
The expenditure function is an extremely convenient tool because Shep-
hard’s lemma tells us that the expression for the Hicksian demand for
leisure is obtained by taking the partial derivative of E (P¢, W, Up) with
respect to the price of leisure, W, i.e.:

e e\ B —p
e ()

where N? is the Hicksian labour supply function. By noting that w® =
W/ P? and simplifying we find:

NP =1-— <1ﬁ;f>ﬁu0. (n)

Clearly the Hicksian labour supply function is increasing in w®. It is left
as an exercise for the reader to prove that—in a diagram like Figure 1.4—
through a given (w*, N) point on the Marshallian labour curve passes a
corresponding Hicksian labour supply curve that is flatter.

bt

Equation (1.11) can be written in a more useful form by writing:
W/P = (P°/P)g(N®). (1.12)

The interpretation is easy. If households overestimate the price level (i.e. P® > P),
they will demand a higher real wage for a given level of labour supply than if they
had estimated the price level correctly. This is exactly the mechanism behind the
Lucas Supply Curve that we discuss in Chapter 5.

1.1.3 Aggregate supply in the goods market: Adaptive expectations

We have developed a logically consistent description of the aggregate labour market
consisting of equations (1.7) and (1.12). We must now assume something about the
way in which households form their expectations. Since we shall return to this issue
in Chapters 4 and 5 in more detail, we simply postulate two alternative assumptions
regarding the expected price level: (i) the adaptive expectations hypothesis (AEH) and
(ii) the perfect foresight hypothesis (PFH).

Under the AEH the expected price level is given in the short run, but moves
slowly to correct for past expectational errors. Using t as an index for time (e.g.
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years), the AEH mechanism is:
Ply=P+(1-AN)[PF-P], 0<A<L (1.13)

This equation says that households expect the price in the future period t + 1 to be
equal to the actual price in the current period ¢ if their expectations proved correct in
the current period. If, instead, they have mis-estimated the price level in the current
period (Pf # P;), they incorporate part of the expectational error in the revision of
their expectation in the current period, where A represents the speed with which
households update their price expectations. We find it convenient to use the short-
hand notation for the AEH:

fa=A[P—Pf], 0<A<1,  (AEH), (1.14)

where the A-operator stands for the change in a variable from one period to the next,
ie. AP{ = P{ ; — P{. Equation (1.14) captures sluggish adjustment of expectations
regarding the price level.

The second, diametrically opposed, assumption regarding expectations is the

PFH. It simply states that households expect the price level that actually holds:
P{ =P, (PFH). (1.15)

The PFH can be seen as the deterministic counterpart to the rational expectations
hypothesis (REH) discussed in Chapter 5.

The labour market description can be used, in combination with either the AEH
or PFH, to describe the supply curve (AS) on the aggregate goods market. Obviously,
the form of this AS curve depends on the particular expectations hypothesis used.
We first consider the AS curve under the AEH. This is illustrated in Figure 1.5. Sup-
pose that the initial price level is Py and that the expected price level is equal to this,
i.e. P = Py. In that case, households make no expectational error, supply the “cor-
rect” amount of labour, labour market equilibrium determines the right amount of
employment and the correct real wage, and output is (via the short-run production
function) equal to so-called potential output Y*. In terms of Figure 1.5, north-west
panel, the labour supply function (1.11) is given as W = P$g(N®), and the labour
demand function (1.7) is given implicitly by W = PyFy (NP, K) (note that we have
put the nominal wage, W, on the vertical axis). The equilibrium nominal wage is W
and employment is N*, so that Y* = F(N*,K). Now consider a higher actual price
level, say P;. The expected price level is still equal to P and the labour supply curve
is unchanged. The demand for labour shifts up, to W = P; Fy(N D, K), so that labour
market equilibrium is at point A, the nominal wage rate is W;, employment is Ny
(greater than N*), and output is Y; (greater than Y*). This yields the second point
on the AS curve. Employment and output are larger because the actual real wage is
lower. This is due to the fact that households have underestimated the price level
and consequently overestimated their real wage. Point B corresponds to a lower ac-
tual price level and a lower level of aggregate supply of goods; it can be derived in
a similar fashion as point A. In the north-east panel of Figure 1.5, the curve labelled
ASpgp is upward sloping and passes through points B, Eg, and A.

The AS curve under the PFH is even easier to derive. Expected and actual prices
always coincide, so labour supply is always based on the correct information (as
is labour demand), employment is always equal to N*, output is equal to Y*, and
the aggregate supply curve, ASppy, is vertical. This is also illustrated in Figure 1.5,
where the equilibrium points associated with P; and P, are given by, respectively,
points E; and E,.
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Figure 1.5: Aggregate supply and expectations
Before we move on, we find it instructive to give an analytical derivation of the

AS curve. The labour demand and labour supply curves (1.7) and (1.11) may be
written in terms of elasticities:

dNP dK dW  dP

e At i (110

dN® dW  dp

= {w_ pe}’ (1.17)
where ep = —Fy/(NFyy) and e5 = g(N)/(Ngn) denote the wage elasticities of

labour demand (expressed in absolute value) and labour supply, respectively.! We
assume that the substitution effect dominates the income effect in labour supply, so
that &5 > 0. We furthermore assume equilibrium on the labour market, N = NP =
N¥, so that the above expressions for labour demand and labour supply can be used
to solve for the real wage:

dW _dp 1[4k (dp_ap
W P eptes| K S\P P )

If we substitute this result into the labour demand schedule and subsequently into
the differentiated production function,

ay Fy Fx .o AN dK
where wy = WN/PY stands for the national income share of wages, we obtain an
expression for the relative change in the aggregate supply of goods:

dl _ WNEDEs (dP_dPe> (1—(4)N)8D+£5ﬁ

Y ep+e \ P P ep + &g K’

(1.18)

(1.19)

(AS). (1.20)

n the derivation of (1.16) we have made use of the following property of linear homogeneous pro-
duction functions: KFxx = —NFyn. See Intermezzo 4.3 in Chapter 4 on production theory for further
properties.
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Ceteris paribus, a bigger capital stock boosts the marginal productivity of labour
and thus the real wage. This attenuates the rise in the aggregate supply of goods.
Anticipated price changes (dP°/P° = dP/P) do not affect real wages, employment,
or the aggregate supply of goods. Unanticipated price changes, however, do affect
these variables. For example, if the actual price level turns out to be bigger than
the expected price level, the real wage falls and thus employment and the aggregate
supply of output rise.

Expression (1.20) corresponds to the AS curve derived graphically in Figure 1.5.
As we have derived above, under the PFH we clearly have a vertical AS curve which
shifts to the right if the capital stock expands. Under the AEH, the expected price
level is fixed in the short run so that the AS curve slopes upwards. In this case, the
AS curve also shifts to the right if the capital stock rises. Over time, expectations
regarding the price level may be adjusted which leads to shifts in the AS curve. For
example, if in any period the actual price level rises above the expected price level,
in subsequent periods the expected price level will be revised upwards. This lowers
the purchasing power households expect from their wage income, so households
decide to work fewer hours. This induces a rise in the real wage and thus a fall in
labour demand and employment. Consequently, aggregate supply of output falls.
This argument shows why a rise in the expected price level shifts the AS curve to the
left.

1.1.4 Nominal wage rigidities

As we have seen above, the AEH assumption ensures that the nominal price level af-
fects aggregate supply in the economy. We now consider an alternative assumption.
Modigliani (1944) demonstrated that there is a way in which an upward-sloping
(segment of the) aggregate supply curve can be generated even if we adopt the PFH.
Modigliani assumes that nominal wages are inflexible downwards, but perfectly flex-
ible in the upward direction. Workers hate wage cuts, but love a rise. In Figure 1.6,
we assume that the rigid nominal wage is equal to Wy and that Py is the price level
at which full employment holds. We assume the PFH (1.15). The situation for price
levels exceeding P, is straightforward. The nominal wage rises to keep the real wage
constant and maintain full employment. The situation is different for a lower price
level than Py, however. For example, if P = P,, the demand for labour is given by
W = P,FN (NP, K), but the effective supply of labour is the horizontal line segment
WoC. Since we assume that the nominal wage rate is not allowed to fall, employment
equals Nz (< N*) and there are N5 — N; units of labour unemployed. By not allow-
ing their wages to fall in nominal terms, the households end up partially pricing
themselves out of the labour market.

1.2 Aggregate demand: Review of the IS-LM model

From our first-year course in macroeconomics, we recall that the demand side of the
economy can be described by means of the IS-LM model. For the closed economy
this model can be written as:

Y=C+I+G, (1.21)
C=C(Y-T), 0<Cyr<]l, (1.22)
I=I(R), Ix<0, (1.23)

T=T(Y), 0<Ty <1, (1.24)
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Figure 1.6: Aggregate supply with downward nominal wage rigidity

M/P = l(Y,R), ly > 0, lR <0, (1.25)

where [ is investment, G is government spending, T represents taxes, and R is the
rate of interest. Equation (1.21) is the usual national income accounting identity,
(1.22) is the consumption function expressing C as a function of disposable income,
Y — T, where Cy_r denotes the marginal propensity to consume (MPC, in short) out
of disposable income. The investment equation is given in (1.23). A higher rate of
interest means that the cost of capital is high, leading entrepreneurs to lower the
level of investment. Equation (1.24) shows that tax receipts depend on the level of
income generated in the economy; Ty stands for the marginal tax rate. Equations
(1.21)—(1.24) implicitly define the IS curve, that is the combinations of R and Y for
which there exists spending equilibrium. Finally, equation (1.25) is the money mar-
ket equilibrium condition, equating the real money supply, M/ P, to the real demand
for money. This last schedule has proved a real bone of contention between the dif-
ferent schools of thought in macroeconomics, and consequently it warrants some
further discussion.

1.2.1 The demand for money

Why do people hold money, even though it does not pay any interest? This is one of
the unresolved questions in macroeconomic theory. Over the centuries, some of the
finest minds in economics have broken their heads over this issue, and some (partial)
answers are indeed available. Keynes claimed that the money theory proposed in his
General Theory represented a radical break with the traditional wisdom of his days.
In this section we show in what sense Keynes may have meant this statement.
There are two main motives for holding money balances, the transactions motive
and the speculative motive. The transactions motive runs as follows. People like to
consume goods steadily over the course of the month (say), but usually only get
their income paid once a month or once a week. Since cash is used as payment
in many transactions, people need a certain amount of cash during the period in
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between pay cheques. They could, of course, put their income in the bank in an
interest-earning savings account and get the necessary amount needed for transac-
tions each day (hour, minute, second?), but that would involve a lot of trips to the
bank and involve substantial transaction costs and a loss of valuable leisure time.
A more reasonable approach would be for the households to decide on an opti-
mal cash management problem: choose the number of trips to the bank such that
the marginal costs and benefits of the savings account are equated. Out of this cash
management problem we would certainly obtain an interest sensitivity of money de-
mand, since interest represents the income foregone when wealth is held in the form
of money. We would also expect that the transactions demand for money would
depend positively on the real stream of transactions that the household wishes to
conduct. Economy-wide we can proxy this effect on real money demand with the
specification (1.25).

Intermezzo 1.3

Baumol’s transactions theory of the demand for money. Let k be
the number of transactions per period (month or week), so that aver-
age money holdings are given by M/P = 1Y /k. Households choose the
number of transactions and thus average money holdings by minimizing
the sum of foregone interest on money holdings (the opportunity cost)
and transactions costs: %RY /k + ck, where c denotes the cost per transac-
tion (bank costs plus leisure time). Minimization by choice of k yields the
first-order condition:

RY

—W‘FC:O.

The second-order condition is RY /k®> > 0, confirming that the optimum
is indeed a minimum. The first-order condition implies the following
optimum number of transactions and demand for money:

o JRC M _ Yy for
"V 2cr P 2k V2R

Hence, the higher the cost per transaction, ¢, and the lower the oppor-
tunity cost of holding money, R, the higher the demand for real money
balances. Money demand rises with the square root of income and is
proportional to the price level.

4

Another motive for holding money that was stressed by Keynes is the so-called
speculative motive (called “the demand for money to hold as an asset” by Modigliani
(1944)). Money has two important properties: it is very liquid, and it is risk free in
the absence of inflation (a euro is still a euro tomorrow). Other assets such as shares
and bonds fluctuate in value (even in real terms, once corrected for inflation) and are
hence both more risky and less liquid. Keynes (and Modigliani, 1944) suggests re-
gressive expectations as a rationale behind the liquidity preference. The story runs as
follows. If the rate of interest is very low then prices of bonds are very high (the price
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Figure 1.7: The liquidity preference function
of a consol that pays 1 euro indefinitely is P = (1+ R) ™' + (1+R)™2+--- =1/R.

Hence, bond prices and interest rates move in opposite directions). Investors expect
that high prices of bonds cannot persist forever, and thus anticipate that bond prices
will fall (Pp falls, or R rises). In other words, they expect a capital loss on bonds,
which prompts them to hold most of their wealth in the form of money (we take
into account the differences in riskiness of money and bonds to avoid the conclusion
that the agents choose a corner solution: either all money or all bonds). The specula-
tive demand for money thus motivated depends negatively on the interest rate, i.e.
Ir <0.

Keynes suggested that, for a given output level Y, the liquidity preference func-
tion /(Y, R) may have the form as drawn in Figure 1.7. If the rate of interest is very
high (R > RMAX) households will not hold any cash for speculative purposes. Bond
prices are very low and capital gains on bonds are expected. So why hold money?
On the other hand, Keynes argued, if the rate of interest is very low (R < RMIN) then
people would become indifferent between holding their wealth in terms of money
or bonds. The liquidity preference function would become perfectly elastic at that
minimum rate of interest, R™N. This is called the liquidity trap, the consequences of
which are studied below.

1.2.2 The IS-LM model

The money market is represented by equation (1.25). The LM curve represents all
combinations of output Y and the rate of interest R for which the money market is
in equilibrium. Formally, the properties of the LM curve can be found by using the
implicit function trick once again:

_ d(M/P) — lydy

d(M/P) =IydY +IgdR =  dR z
R

(1.26)

The slope of the LM curve is thus —Iy/Ig > 0, while the effect of the real money
supply on the rate of interest is equal to 1//g < 0. Graphically, the LM curve is
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Figure 1.8: Derivation of the LM curve

derived as in Figure 1.8.2 In that figure, the LM curve in the top right-hand panel is
obtained by trying different interest rates and completing the dotted rectangles. For
example, for R = RMAX the relevant rectangle is made up of points AjAyAzAy.

We have shown with equation (1.26) that the LM curve, typically, slopes upwards
and shifts to the right if real money balances expand. A higher interest rate lowers
money demand, so national income must be higher to boost money demand back to
the unchanged level of money supply. A higher money supply or a lower price level
pushes up bond prices and thus lowers the interest rate. We note that the LM curve
is vertical for high rates of interest, and horizontal for low rates of interest (provided
we accept Keynes’ liquidity preference function as drawn in Figure 1.7).

The IS curve represents combinations of output Y and the rate of interest R for
which there exists aggregate spending balance. Formally, by using equations (1.21)-
(1.24) we derive the IS curve as follows:

Y=C(Y-T(Y))+I(R)+G =
dY = Cy_r(1 — Ty)dY + IgrdR 4 dG, (1.27)
or, after rearranging:

dG + IgdR

dy = .
1-Cyr(1-Ty)

(1.28)

Increasing government spending stimulates output for a given level of the interest
rate. Students are invited to derive the IS curve graphically as well.

1.2.3 The AD curve

As we know from first-year courses in macroeconomics, the demand side of the
economy is in equilibrium if there is simultaneous spending and money market

2For the special case where the demand for money is additively separable and can be written as k(Y) +
I(R). This assumption facilitates the graphical derivation of the LM curve because it allows us to place
k(Y) and I (R) in separate panels in Figure 1.8.
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equilibrium. This demand-side equilibrium corresponds to the intersection of the
IS and LM curves and is summarized by the AD curve, that is those combinations
of output Y and the price level P for which there is money market equilibrium and
spending equilibrium. By using (1.26) and (1.28), the expression for the AD curve
can be obtained:

_ dG + (Ig/Ig)(M/P) [dM/M — dP/P|

dy ’
1-Cyr(1—=Ty)+1IyIr/IR

(AD). (1.29)

The AD curve can also be derived graphically. This is left as an exercise for the
students.

The intuition is as follows. A higher price level erodes the real value of money
balances and thus exerts an upward pressure on the interest rate. This depresses ag-
gregate investment and thus lowers the aggregate demand for goods. Consequently,
the AD curve generally slopes downwards. A higher level of public spending or a
boost to the nominal money supply boosts aggregate demand and thus shifts out the
AD curve. The former case induces a rise, while the latter case a fall, in the interest
rate.

1.2.4 Effectiveness of fiscal policy

The output multiplier for public spending given in equation (1.28) equals the in-
verse of the marginal propensity to save out of income plus the marginal tax rate,
ie. 1/[1 — Cy_7(1 — Ty)], and thus exceeds unity.> This multiplier is relevant when
the interest rate is exogenous (i.e., when we consider only the IS curve) or if invest-
ment does not depend on the interest rate. It was first derived by a colleague of
John Maynard Keynes, namely Richard Kahn (1931). An instructive way to write
this multiplier is as follows:

ay
aG — 1+Cyr(1—-Ty) +CY (1 - Ty)* + Cyp(1—-Ty)*> + - -
1

C1-Cyr(1-Ty)

(1.30)

Let us assume for the sake of argument a marginal propensity to consume of three
quarters (Cy_r = 3/4) and a marginal tax rate of one third (Ty = 1/3). The impact
effect of a one million euro bond-financed increase in public spending yields a one
million euro increase in aggregate demand and national income. Of that increase in
national income one sixth of a million is saved and another one third of a million is
taken by the tax men. The remainder, i.e. half a million euros, is consumed and is
the second-round boost to national income. Of that second-round boost one twelfth
of a million is saved and one sixth of a million is brought to the tax men. A quarter
of a million is left for consumption and induces the third-round boost to national
income. This multiplier process is continued ad infinitum leading to a total increase
in national income of two million euros (namely 1+ 0.5+ 0.25 4 0.125+ ---) and
corresponding to a Kahn multiplier of two. Hence, for every euro pumped by the
government into the economy, national income expands by two euros.

3Since Cy_r and Ty are both between zero and one, it follows that 0 < Cy_r (1 —Ty) < 1 so that
the multiplier exceeds unity. Aggregate saving is defined as S(Y) = Y — C(Y — T(Y)) — T(Y) so that
the marginal propensity to save out of income equals Sy = (1 — Ty)(1 — Cy_r), which clearly satisfies
0 < Sy < 1. The savings identity furthermore implies that (1 — Ty) Cy_7 = 1 — (Sy + Ty), from which it
follows that 0 < Sy + Ty < 1. The multiplier can thus also be written as Y /dG = 1/ (Sy + Ty).
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The magnitude of the Kahn multiplier is smaller if saving leakage and tax leak-
age are substantial, that is if the marginal propensity to consume is small and the
marginal tax rate is large. For example, if the marginal tax rate is zero, the multiplier
is four instead of two. For a small open economy, this multiplier is smaller again if
there is a lot of import leakage (see Chapter 2).

Expression (1.29) shows the Keynesian multiplier for a bond-financed rise in pub-
lic spending, which is relevant when the interest rate is endogenous (i.e., when we
consider both the IS and the LM curve) and the price level is rigid (at least in the short
run). This multiplier is thus only relevant under the assumption of sticky prices. The
Keynesian multiplier is smaller in magnitude than the Kahn multiplier given by ex-
pression (1.30) on account of crowding out of private investment. This is captured
by the additional positive term IyIr/Ir in the denominator of the Keynesian mul-
tiplier. The intuition is as follows. A bond-financed rise in public spending leads
to a greater supply of government bonds and thus exerts a downward pressure on
bond prices and an upward pressure on interest rates. This leads to a fall in private
investment and a fall in aggregate demand and employment, so that the Keynesian
multiplier is smaller in magnitude than the Kahn multiplier. The extent of crowding
out is more significant if private investment is very sensitive to changes in the inter-
est rate (| Ig| large) while money demand is not very sensitive (|/g| small) to changes
in the interest rate and sensitive to changes in national income (ly large).

1.3 Schools in macroeconomics

We now have all the ingredients that are needed to characterize the different schools
of thought in macroeconomics. We briefly distinguish: (1) the classical economists,
(2) the Keynesians, (3) proponents of the neo-Keynesian synthesis, (4) the mone-
tarists, (5) the new classical economists, (6) the supply siders, and last but not least
(7) the new Keynesians.

1.3.1 Classical economists

Names that spring to mind are Adam Smith [1723-1790], David Hume [1711-1776],
David Ricardo [1772-1823], John Stuart Mill [1806-1873], Knut Wicksell [1851-1926],
Irving Fisher [1867-1947], and Keynes [1883-1946] in the Treatise on Money of 1930.
We can roughly characterize the classical view on money by the crude quantity the-
ory of money. In terms of our model, the LM curve (1.25) is replaced by a special
case in which money demand does not depend on the interest rate:

M = kPY. (1.31)

Hence, there is no reason to hold money for speculative purposes (I = 0), and the
velocity of circulation, 1/k, is constant. The classical view regarding the supply side
of the economy is characterized by a strong belief in markets and the efficacy of the
price mechanism. In terms of our model, this implies flexible wages and prices, per-
fect foresight, labour market clearing, and a vertical AS curve. See Figure 1.9. Hence,
fiscal and monetary policy cannot affect the levels of employment and output.

The classical model can be seen as a special case of the IS-LM-AS model devel-
oped above, with Iy = k = constant and [g = 0. This means that the LM curve
is vertical, so that fiscal policy is useless in affecting employment and output. In-
creasing government spending leads to a higher rate of interest and full crowding
out of private investment, but not to changes in the price level. Monetary policy, on
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Figure 1.9: Monetary and fiscal policy in the classical model
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the other hand, has no effects on the real sphere of the economy, and only leads to a
higher price level. This property is called the neutrality of monetary policy. The clas-
sical economists thus believed in a dichotomy: the real and monetary sectors could
essentially be studied separately. Demand-side policies merely affect the interest rate
and/or the price level, while supply-side policies affect the real wage, employment,
and output.

1.3.2 Keynesians

Will we ever know what Keynes really meant when he wrote the General Theory?
Probably not, but a number of insights into what Keynes may have meant can be
obtained by following Modigliani’s (1944) suggestion that the main Keynesian inno-
vations consist of the liquidity preference schedule and the assumption of nominal
wage rigidity.

With respect to his liquidity preference theory of money, Keynes himself used the
classical economists as scapegoats. In doing so, he used the gimmick of the liquidity
trap. Suppose, Keynes argued, that the rate of interest is so low that the economy
is on the horizontal part of the LM curve. Suppose, furthermore, that the level of
spending at that interest rate is too low to support full employment of the factors of
production, and that prices and wages are flexible. In terms of Figure 1.10, the rate
of interest is RMN, and output is Yy < Y*. Keynes came to the startling conclusion
that the classical model is inconsistent in that case. Aggregate supply is vertical at
Y = Y*, but demand falls short of Y*, and no amount of price/wage reductions will
restore equilibrium. The self-correcting feature of the market, which is of course the
hallmark of classical theory, simply does not work.

Monetary policy will not help, according to Keynes, because the additional money
will simply be absorbed by investors with no noticeable effect on the interest rate.
Fiscal policy, on the other hand, will work really well. In terms of Figure 1.10, the
additional government spending will stimulate aggregate demand (corresponding
to a shift in the IS curve) and hence employment and output.

Nowadays, the liquidity trap is seen as a nice way to get people to take notice
of the Keynesian ideas. In fact, Keynes’ classical colleague and contemporary, A.
C. Pigou, quickly pointed out that Keynes” inconsistency result disappears once a
wealth effect is introduced in the consumption function. In that case, the position
of the IS curve will depend on real money balances M/ P, the AD curve will slope
downwards (and not be vertical, as Keynes suggested), and full employment will be
restored provided prices and wages are flexible.

1.3.3 The neo-Keynesian synthesis

The neo-Keynesian synthesis was developed by neoclassical economists who al-
lowed for a short run with Keynesian properties and a long run with classical prop-
erties. Since it contains classical and Keynesian elements, the approach is often re-
ferred to as the neoclassical synthesis. Names of neo-Keynesian synthesizers: Franco
Modigliani [1918-2003], Paul Samuelson [1915-2009], James Tobin [1918-2002], Ro-
bert Solow [1924-], and in the 1950s and 1960s virtually all macroeconomists ex-
cept Milton Friedman [1912-2006]. There are actually different versions of the neo-
Keynesian synthesis, depending on the assumption made about the labour market.
The first version maintains (as does Modigliani, 1944) that nominal wages are rigid
downwards. This opens up the possibility of unemployment and an upward slop-
ing section of the AS curve (see section 1.1.4 and Figure 1.6). To get some adjustment
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Figure 1.10: Monetary and fiscal policy in the Keynesian model
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over time, we add a Phillips curve relationship to the model, i.e. W = au (v < 0),
where u is unemployment, defined as u = (N° — N)/N®. Introduction of a Phillips
curve thus makes the change in nominal wages dependent on the amount of unem-
ployment. As a result, full employment will be restored after some time.

The second version of the neoclassical synthesis allows nominal wages to be fully
flexible, but uses the AEH (1.14) to make the expected price level a slowly moving
variable. The model corresponding to the neo-Keynesian synthesis corresponds to
the AS curve (1.20), the AD curve (1.29), and the AEH (1.14). Again, full employment
will eventually be restored, depending on the speed at which agents adapt to expec-
tational errors. The effects of fiscal and monetary policy are illustrated in Figure 1.11.
A bond-financed rise in public spending from Gy to G; induces an outward shift of
the IS curve and thus the AD curve. On impact, output rises above Y* even though
there is some crowding out of private investment on account of the rise in the rate of
interest. The impact multiplier is, in fact, smaller than the Keynesian multiplier con-
tained in expression (1.29). The reason is that the rise in aggregate demand caused by
the increase in public spending causes the price level to rise from Py to P; on impact
(through an upward move along the initial aggregate supply curve, AS(P¢ = P)).
The higher price level induces a contraction in the supply of real money balances
and thus causes a rise in the interest rate and a fall in aggregate demand (associated
with the backward shift in the LM curve). Consequently, the short-run multiplier is
smaller than the Keynesian multiplier. We thus conclude that the short-run employ-
ment and output multipliers for a bond-financed rise in public spending are lower if
saving, tax, and import leakages are substantial, crowding out of private investment
is substantial, and the price level rises a lot. The short-run effects on employment
and output are small if the AD curve is relatively flat and the AS curve is relatively
steep. In subsequent periods, households revise their expectations regarding the
price level upwards. This lowers the expected real wage and the supply of labour.
Hence, the AS curve shifts backwards over time until output and employment are
cut back to their equilibrium levels. The long-run effect of the fiscal expansion is
thus merely a rise in the price level with no effect on employment or output.

Figure 1.11 may also be used to investigate the effects of an expansion of the
nominal money supply from M to M; under the AEH. The outward shift of the LM
curve lowers the interest rate and pushes up aggregate demand. Consequently, the
AD curve shifts out. On impact the price level also rises, which attenuates the rise in
national income. Over time the expected price level is revised upwards, and the AS
curve shifts to the left until the original equilibrium of employment and output are
reached again. In the short run a monetary expansion thus induces a boom in em-
ployment and output and a fall in the interest rate, but in the long run employment
and output are unaffected and the price level rises in proportion with the rise in the
nominal money supply. Although money is not neutral in the short run, it is neutral
in the long run.

1.3.4 The monetarists

Names: Milton Friedman [1912-2006] and his friends. They assumed that the inter-
est sensitivity of investment is very high (i.e. |Ir| large) so that the IS curve is very
flat. Consequently, fiscal policy leads to strong crowding out of private investment.
Furthermore, the monetarists, like the classical economists, had strong sympathy for
the quantity theory of money which implies a steep or vertical LM curve. In contrast
to the classical economists, Friedman does not accept the REH. Instead, he adopted
the AEH. Fiscal policy is, under monetarist assumptions, unable to influence em-
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Figure 1.11: Monetary and fiscal policy in the neo-Keynesian synthesis model
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ployment and output. This is why the monetarists were so vehemently against the
Keynesians who believed in pump priming the economy in recessions.

Undoubtedly, the monetarists” assumptions imply that monetary policy has real
effects. Indeed, from the quantity theory we have M = kPY, so that dM > 0 implies
that dPY = (1/k)dM > 0. The distribution of the total effect (dPY) over real effects
(dY) and nominal effects (dP) depends on the assumptions made about the labour
market and the formation of expectations. Under the AEH there are temporary ef-
fects on real output. The policy maker may therefore be tempted to use a monetary
expansion to combat unemployment. According to the monetarists, however, policy
makers are typically not very good at timing monetary policy. There are long and
variable time lags before a macroeconomic problem is recognized, before an appro-
priate macroeconomic policy is implemented, and before a policy has the required
effect. As a result, monetary policy can actually accentuate business cycle fluctua-
tions in the economy (if the policy is set too late, for example). This is why Friedman
(1968) suggests that the central bank should follow a constant growth rule for some
monetary aggregate and not tinker with monetary policy in order to try to influence
aggregate demand and employment.

1.3.5 New classical economists

Names: Robert Lucas [1937-], Thomas Sargent [1943-], Robert Barro [1944-], and
Edward Prescott [1940-]. Natural successors of the classical economists. These mod-
ern day classical economists stress mathematical techniques and are called “fresh
water” economists, because they work (or used to) at universities near the big lakes
in the Mid West (Chicago, Carnegie-Mellon, Minneapolis) and should be contrasted
with the more Keynesian, “salt water” economists who work at US universities on
the East Coast (Harvard, MIT, Yale, Princeton).

These new classical economists have shed themselves more thoroughly of the
neo-Keynesian synthesis than the monetarists, and firmly back classical ideas such
as flexible prices and wages, rational expectations or perfect foresight, the efficiency
of the market, and full employment. All fluctuations that we observe in the economy
are due not to nominal rigidities but to rational agents responding to the incentives
as they observe them. Strong endorsement of rational expectations and microeco-
nomic underpinning of macroeconomic relations, such as the consumption function,
the investment function, and the labour market. An early gimmick that was used
to get the profession’s attention was the so-called policy ineffectiveness proposition
(PIP), according to which the policy maker either cannot (strong PIP) or should not
(weak PIP) use countercyclical policy-see also the discussion of the classical proposi-
tion that monetary policy is neutral at the end of section 1.3.1. This school of thought
will be discussed in more detail in Chapter 5.

1.3.6 Supply siders

Names: Arthur Laffer [1940-] and Robert Mundell [1932-]. These are radical conser-
vatives who despise government intervention in markets and emphasize the distort-
ing effects of taxation, beautifully criticized by Krugman (1994). Their policy advice
was quite simple: cut tax rates and thus stimulate the economy. They argued that
there was no need to cut government spending because the tax cut would pay for it-
self. Reagan loved the story, especially as it suggested that you could have your cake
and eat it: no need to restrain public spending on defence while having an excuse to
substantially cut the tax rate.
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The central element was the so-called Laffer curve, first drawn on the back of an
envelope. This Laffer curve can be derived from a small modification of our model
of the labour market, namely equations (1.7) and (1.12). Assume that there is only
one tax, levied on labour income and paid by households, denoted by ¢, and that
there is perfect foresight (so that P* = P). The labour market model is then given by:

(1-t,)W/P=g(N®), W/P=F(NP,K), NP=N°=N. (132

It is easy to see (from (1.12)) that 1 — ¢; plays the same role as P/ P in the expression
for the AS curve (1.20). Ignoring potential tax effects on capital accumulation (and
setting dK/K = 0) we can write the relative change in national income as:

dl__a)NSDSS di’L
Y eptesl—tp’

(1.33)

This expression can be used to find the relative change in revenue from the tax on
labour in real terms (i.e. T = t{WN/P = tpwnY):
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(1.34)

where we assume that the share of labour in value added (wy) is constant (i.e.,
dwy = 0) as will be the case for a Cobb-Douglas production function (see Inter-
mezzo 1.1). The first term within square brackets on the right-hand side shows the
direct revenue (also called the tax-rate) effect of the labour tax for a given level of
wage income. The second term within square brackets on the right-hand side shows
the tax-base effect. If the labour tax rate is increased and labour supply slopes up-
wards (eg > 0), then labour supply and employment decrease. Hence, labour tax
revenue will fall as well. We note that, for small labour tax rates (f;, ~ 0), the (neg-
ative) tax-base effect is dominated by the (positive) tax-rate effect on public revenue
so that public revenue increases with the tax rate.

For large labour tax rates, however, the (positive) tax-rate effect can be dominated
by the (negative) tax-base effect, especially if labour demand and labour supply are
very elastic. In that case, labour tax revenue declines as the tax rate increases. Con-
versely, cutting the labour tax rate may actually boost revenue. Similar reasoning led
Laffer to suggest that the revenue function would look like a parabola: for high tax
rates the disincentive effect of the tax would be so strong that revenue would actu-
ally decline as the tax rate is increased further. This occurs beyond point A in Figure
1.12 at which tax revenue is maximized. If the tax rate is small, e.g. at point B, a rise
in the tax rate boosts public revenue. Beyond point A, say at point C, a reduction in
the tax rate would lead to an increase in tax revenue. Clearly, when the tax rate is
zero or unity, tax revenue is zero.

Although Laffer’s advice itself is logically consistent and appeals to wishful thin-
kers, it was empirically irrelevant: the US economy was at a point like B in Figure
1.12. As a result, huge deficits and a massive build-up of government debt occurred
despite substantial tax cuts in the US during the Reagan years.

1.3.7 New Keynesians

Names: (1970s) George Akerlof [1940-], Edmund Phelps [1933—], John B. Taylor
[1946-], Stanley Fischer [1943—], (1980s) Olivier-Jean Blanchard [1948-], Michael Wo-
odford [1955-], and Greg Mankiw [1958-]. These are “salt water” economists who
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Figure 1.12: The Laffer curve

derive their main inspiration from the insights of John Maynard Keynes. Markets
may not be as perfect as the classical economists suggest. Early new Keynesians
accepted the REH but stressed the existence of nominal rigidities, arising from, for
example, multi-period nominal wage contracts. Such rigidities invalidate the PIP of
the new classical economists. Hence, new Keynesians argue that the government
can and should stabilize the economy, even under REH.

The most recent wave of new Keynesian economics is more micro-based. The
predominance of imperfect competition, coordination failures, and credit restrictions
are stressed. Although it is too early to call in the jury for a verdict, it is clear that
this is a very promising avenue of research. Chapter 11 gives some of the details.

1.4 Punchlines

In a closed economy, aggregate demand effects can be found with the aid of the IS-
LM model (open economy issues are studied in Chapter 2). A rise in public spending
sets in motion a multiplier process which leads to a larger rise in national income.
However, the multiplier process is dampened by saving and tax leakages. In ad-
dition, there is crowding out of private investment on account of the higher interest
rate. An expansion of the nominal money supply or a fall in the aggregate price level
also increases aggregate demand and employment. In this case the interest rate falls
so that private investment is boosted.

Aggregate supply is essentially determined by equilibrium in the labour market.
Labour demand rises if there is a cut in the real wage or a boost to the capital stock.
The wage elasticity of labour supply is positive if the substitution effect dominates
the income effect in labour supply. Labour supply slopes downwards in the opposite
case, with the income effect dominating the substitution effect. Due to asymmetry in
information, firms observe the wages to be paid to workers while households have to
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form expectations regarding the aggregate price level when deciding on their labour
supply. Hence, equilibrium employment and the aggregate supply of goods rises if
the capital stock expands, the labour income tax falls, and if there is an unanticipated
rise in the price level.

Macroeconomic equilibrium occurs when aggregate demand and aggregate sup-
ply of goods match up. The easiest case is the one assumed by classical economists:
a quick clearing of all markets and perfect foresight. In that case, monetary policy
is neutral in the sense that it cannot affect the real wage, employment, or output,
neither in the short nor in the long run. A doubling of the money supply simply
leads to a doubling of the aggregate price level. A fiscal expansion is fully crowded
out by a fall in private investment on account of a rise in the interest rate, so that
neither employment nor output is affected. Hence, only supply-side policies, such
as changes in the capital stock or in the various tax rates, can affect employment and
output. Modern day versions of the classical economists are the new classicals, also
called the “fresh water” economists, who stress rational expectations in stochastic
environments and microeconomic foundations of macroeconomic relationships. A
related breed of macroeconomists are the supply siders who believe in cutting taxes
as this would boost tax revenue and alleviate the need to cut public spending. The
supply siders were very influential in the 1980s, but have largely been discredited.

The older variety of Keynesian economists assumed sticky prices in the short run,
so that employment and output were mainly determined by aggregate demand in
the short run. A recent school of new Keynesians give the microeconomic underpin-
nings by stressing imperfect competition, coordination failures, and credit restric-
tions. The neo-Keynesian synthesis allows for a Keynesian short run and classical
long run by introducing the assumption of adaptive expectations regarding the price
level. In the short run the multiplier associated with a fiscal expansion is further re-
duced due to the rise in the price level. This leads to a contraction in real money
balances, a further rise in the interest rate, and thus a dampening of the expansion
in aggregate demand. Over time households revise their expectations upwards. As
a result, aggregate supply and employment fall until the original equilibrium is re-
stored again. The long-run output and employment multipliers for a rise in govern-
ment spending are thus zero because any expansion of aggregate demand is fully
offset by reductions in private investment caused by a higher interest rate.

Monetarists are somewhere in between the classical and Keynesian economists.
They allow for adaptive expectations, but believe in the ineffectiveness of fiscal pol-
icy and the potential harmfulness of using monetary policy to manage aggregate
demand. Monetarists believe in long and variable time lags in monetary policy and
therefore advocate a constant and modest rate of monetary growth. Clearly, mone-
tarists are also deeply suspicious of using fiscal policy to fight unemployment.

Further reading

The classic statement of the IS-LM model is presented by Hicks (1937). Mathemati-
cal treatments of the IS-LM approach published in the 1970s include Branson (1972),
Burrows and Hitiris (1974), and Turnovsky (1977). Even at present, most interme-
diate textbooks still contain a thorough discussion of the IS-LM model. The ones
we are familiar with are: Burda and Wyplosz (2005), Mankiw (2007), Blanchard
(2006), Carlin and Soskice (2006), Gartner (2016), and Abel and Bernanke (2005). The
expectations-augmented Phillips curve was proposed independently by Friedman
(1968) and Phelps (1967). Phelps et al. (1970) is a classic collection of the first wave
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of articles aiming to improve the microeconomic foundations of macroeconomics.
Gordon (1974) presents a nice overview of the discussion between the monetarist
Friedman and his various critics. Students interested in the historical aspects of the
quantity theory of money should consult Laidler (1991). Feldstein (1986) presents an
interesting discussion of supply side economics. Mankiw and Romer (1991) present
a number of key articles in the new Keynesian school. To celebrate the arrival of a
new millennium a number of very interesting articles have appeared giving an over-
view of twentieth century developments in macro—see Blanchard (2000) and Wood-
ford (1999). Snowdon, Vane, and Wynarczyk (1994) also present a good overview
of the various schools of thought. Klamer (1984) contains interviews with some of
the principal new classical economists and some critics of this approach. Students
interested in a thorough treatment of labour demand should refer to Hamermesh
(1993). Recently, a large literature has been developed on learning and expectations
formation. An excellent but rather advanced textbook on this material is the one by
Evans and Honkapohja (2001).






Chapter 2

The open economy

The purpose of this chapter is to discuss the following issues:

1. How do we add the international sector to the IS-LM model?
2. What is the Mundell-Fleming contribution?

3. What are the implications of openness on the effects of fiscal and monetary
policy? How do the degree of capital mobility and the exchange rate system
affect the conclusions?

4. How can we introduce short-run aggregate supply into the open economy mo-
del?

5. How are shocks transmitted across countries?

2.1 Some international bookkeeping

From national income accounting principles we know that for the open economy
aggregate output can be written as:

Y =C+1+G+ (EX—IM), 2.1)

where Y is aggregate output, C is private consumption, I is investment, G is gov-
ernment consumption, EX are exports, and IM are imports. Aggregate spending by
domestic residents is called absorption and is defined as A = C + I + G. Exports are
added to domestic absorption in the calculation of aggregate output because foreign-
ers also spend on our goods, but imports must be deducted because what we import
(i.e. parts of C, I, and G) does not lead to domestic production.

In view of the definition of absorption A, equation (2.1) can also be written as:

Y = A+ (EX - IM), 2.2)

which says that income equals aggregate spending by domestic residents plus net
exports (the term in brackets).

We also recall that aggregate output in an economy can be measured in differ-
ent manners. Particularly, total output produced within the country is measured
by gross domestic product (GDP), whereas total output produced by residents of
the country (anywhere in the world) is measured by gross national product (GNP).
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For the first definition the relevant criterion is “where the output is produced” and
for the second definition “by whom it is produced”. The difference between GNP
and GDP therefore depends on net factor payments received from abroad (such as
income from capital in the form of interest and dividends, and labour income re-
ceived by domestic residents from abroad). In practice we shall ignore the difference
between the two concepts regarding aggregate output.

Yet another definition is obtained from (2.1) by adding international transfer re-
ceipts TR and deducting net taxes T (total taxes minus domestic transfers) on both
sides:

Y+TR—T=C+I+(G—T)+ (EX+TR—IM), (2.3)

where the left-hand side of (2.3) gives the definition of disposable income of resi-
dents. By noting that aggregate saving by the private sector S is defined as S =
Y + TR — T — C, equation (2.3) can be written as:

(S—1I)+ (T—G) = (EX + TR — IM) = CA. (2.4)

The current account surplus CA is identically equal to the private sector savings sur-
plus S — I plus the government budget surplus T' — G. The current account surplus
measures the rate at which the aggregate economy is adding to its net external as-
sets: by spending less than your income (as a nation) you build up claims on the rest
of the world. Hence, ignoring valuation changes of the existing stock of net foreign
assets (NFA) we have:

ANFA = CA, (2.5)
or, equivalently,
ANFA= (S—1I)+ (T -G). (2.6)

Hence, a country for which S = I and G > T is out of necessity running down its
stock of net foreign assets (it is “borrowing from the rest of the world”).

As a final step we must link the situation of the balance of payments to what

happens in the financial sector by means of some elementary money accounting. In
equation (2.6) the aggregate change in net foreign assets is determined (i.e. lump-
ing together all sectors of the economy such as the central bank, commercial banks,
treasury, and the non-bank private sector). We denote what happens to the central
bank’s net foreign asset position by ANFA’. The monetary authority’s balance sheet
can be written (in stylized form) as shown below.
Here NFA? includes foreign exchange reserves net of liabilities to foreign official
holders, and DC includes securities held by the central bank (such as T-bills), loans,
and other credit. High powered money consists of currency C” (cash in vaults and
currency in the hands of the public) plus commercial bank deposits at the central
bank RE (so that H = CP + RE). High powered money is often referred to as “base
money”.

By taking first differences we can derive from the central bank’s balance sheet
that the change in the net foreign asset position of the central bank is equal to the
difference between the rate of high powered money creation minus the rate of do-
mestic credit creation:

ANFA®’ = AH — ADC. (2.7)
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Balance sheet of the central bank

Assets Liabilities

Net foreign assets NFA

Domestic credit DC High powered money H

Equation (2.7) demonstrates an important mechanism that was first suggested by the
eighteenth century Scottish philosopher and economist David Hume. If the mone-
tary authority intervenes in the foreign exchange market (by buying or selling for-
eign exchange) the stock of net foreign assets changes and, by (2.7), the stock of high
powered money changes as well, i.e. AH = ANFA®’. Hence, foreign exchange sales
(purchases) automatically reduce (increase) the stock of high powered money (and,
by the money multiplier, the money stock as well; see below).

The monetary authority can (temporarily) break this automatic link between H
and NFA? by engaging in so-called sterilization operations. In terms of (2.7) the cen-
tral bank can sterilize the effect of changes in its net foreign asset position by manip-
ulating domestic credit, i.e. AH = 0 if ADC = —ANFA. For example, if the central
bank sells foreign exchange reserves (so that ANFA®’ < 0) and simultaneously uses
an expansionary open market operation (a purchase of domestic bonds on the open
market) of appropriate magnitude, so that ADC = —ANFAY > 0, then AH = 0.

In a fractional reserve banking system, commercial banks are required to hold a
fraction of their deposits in the form of reserves with the central bank (RE). The
money stock, M, as measured by the sum of deposits at the commercial banks, D,
plus currency, C?, is then a multiple of the stock of high powered money:

M°*=D+CP=uH & AMS =puAH, 2.8)

where y > 1is the money mul’dplier.1

2.2 The IS-LM model for a small open economy

Up to this point all we have done is manipulate some unexciting (but rather es-
sential) identities. We can give the story some theoretical content by specifying the
behavioural equations of the model. First, we write (2.2) in the form of a condition
for spending equilibrium in the aggregate goods market as:

Y = A(R,Y) + G + X(Y,Q), (2.9)

! Assume that the commercial banks are required by law to hold a fraction ¢; of their deposits as re-
serves with the central bank, RE= ¢ D, where 0 < ¢; < 1. Suppose furthermore that the public desires
a constant ratio between currency holdings and deposits, say C"/D = c;. Then, since M® = D + CF =
(1+c2)D and H = (c; + ¢2)D, we can derive that M5 = uH, where yt = (14 ¢2)/(c1 +¢c2) > 1. A higher
legal reserve requirement or a lower desired currency-deposits ratio both decrease the money multiplier.
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where A(R,Y) is the part of domestic absorption that depends on the rate of interest
R and the level of aggregate output Y, and G is the exogenous level of government
spending. X (Y, Q) is net exports (= EX—IM) expressed as a function of output and
the relative price of foreign goods Q = EP*/P, where E is the nominal exchange
rate (domestic currency per unit of foreign currency), P* is the foreign price level,
and P is the domestic price level. We refer to Q as the real exchange rate. In view of
the definition of the nominal exchange rate, a depreciation (or devaluation) of the
domestic currency is represented by an increase in E.

Since investment depends negatively on the interest rate and the marginal propen-
sity to consume out of current income is between zero and unity, we have that
Ar < 0and 0 < Ay < 1. Furthermore, the net export function satisfies Xy < 0
(since imports depend positively on income) and Xg > 0 (as it is assumed that
the Marshall-Lerner condition holds—see also equations (2.38)—(2.39) below). Equation
(2.9) is the open economy IS curve. Like its closed economy counterpart, it is down-
ward sloping in (R, Y) space, but the import leakage makes it steeper than for the
closed economy:.

The money market can be modelled in the standard fashion.

MP/P=1I(R,Y), (2.10)
MS=u [NFACb n Dc} , @.11)
MD = MS = M, (2.12)

where MP and M? are, respectively, money demand and supply. The money de-
mand function features partial derivatives I[r < 0 and Iy > 0 (see Chapter 1). Equa-
tions (2.10)—(2.11) define the open economy LM curve, which is upward sloping in
(R,Y) space. The modification brought about by the recognition of the openness
of the economy consists of the potential endogeneity of the money supply through
changes in the stock of net foreign assets of the central bank. The model is closed by
assuming that both domestic and foreign prices are fixed (and normalized to unity,
i.e. P* = P = 1), and by making an assumption regarding the degree of international
capital mobility.

We can distinguish several degrees of “financial openness” of an economy. First,
it can be assumed that the small open economy (SOE) has no trade in financial assets
with the rest of the world (ROW). This extreme case is referred to as one of capi-
tal immobility. This case was relevant during the 1940s and early 1950s when many
countries had capital controls. A second case is that of perfect capital mobility. Finan-
cial capital is perfectly mobile and flows to that location where it earns the highest
yield. Domestic and foreign bonds are perfect substitutes and portfolio adjustment is
instantaneous so that yields are equated across the world. This case is often deemed
to be relevant to the situation from the 1980s onward. Finally, the intermediate case
is referred to as one of imperfect capital mobility.

The balance of payments, B, can be written as the sum of the current account and
the capital account. Ignoring net international transfers, the former coincides with
the trade account:

B = X(Y,Q) + KI(R — R*) = ANFA®, (2.13)

where B is the balance of payments, KI is net capital inflows (depending on the in-
terest differential), and R* is the interest rate in the ROW. If KI is positive this means
that domestic residents are selling more financial assets (such as bonds) to the ROW
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Figure 2.1: The degree of capital mobility and the balance of payment

than they are buying from the ROW. In that case the country as a whole is a net bor-
rower from the ROW. The three assumptions regarding capital mobility that were
mentioned above can now be made more precise.

(i) Capital Immobile Capital immobility means that KI(R — R*) = 0 no matter what
the interest differential is. In this case, the balance of payments equilibrium co-
incides with equilibrium on the current account, i.e. B = ANFA® = X(Y,Q) =
0.

(ii) Capital Perfectly Mobile With perfect capital mobility, arbitrage in the capital
markets and the resulting capital flows ensure that R = R* always. This case
can be represented mathematically by assuming that KIg — oo.

(iii) Capital Imperfectly Mobile For the intermediate case of imperfect capital mo-
bility, differences between R and R* can exist in equilibrium and 0 < KIg < co.

Figure 2.1 shows the balance of payments (BP) curves in (R, Y) space for the different
cases. In each case, the BP curve depicts combinations for R and Y for which the
balance of payments is in equilibrium (B = 0). The slope of the BP curve can be
obtained by differentiating (2.13):

dR Xy
= =Y >y, .
( dY)B—O e 2 0 (2.14)

For case (i), the BP curve does not depend on the interest rate (KIr = 0) and is thus
vertical. In case (ii), KIg — oo so that the BP curve is horizontal. Finally, for case (iii),
Kl is positive but finite, so that the BP curve is upward sloping.

2.2.1 Fixed exchange rates and immobile capital

The IS curve is given by (2.9), the LM curve in (2.10)-(2.12), and the BP curve in
(2.13) (with B = 0 and KI = 0 imposed). For the case under consideration the
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Figure 2.2: Monetary and fiscal policy with immobile capital and fixed exchange
rates

macroeconomic system can be summarized by:

Y = A(R,Y) + G + X(Y,E), (2.15)
u [NFAC*’ + DC} = I(R,Y), (2.16)
ANFA® = X(Y,E), (2.17)

where Y, R, and NEA are endogenously determined whilst E, DC, and G are exoge-
nous policy variables. Graphically the situation in the economy can be drawn as in
Figure 2.2. The initial IS-LM-BP equilibrium is at point ey where output is Yy and the
interest rate is Rg. For points to the right of the BP curve output and imports are too
high and the current account is in deficit (X < 0), with the reverse holding for points
to the left of the BP curve. It is assumed that output is below full employment output
Yr and that the policy maker wishes to conduct economic policy aimed at increasing
employment and output.

Since the money supply is generally endogenous in the open economy, operating
under fixed exchange rates, we must be precise about what is meant by monetary
policy. An open market operation in the form of a purchase of bonds by the central
bank leads to an increase in domestic credit ADC > 0, and to an increase in the
money supply (the right-hand side of (2.16)). In terms of Figure 2.2, the LM curve
shifts from LM(My) to LM(M;) in the short run. At point €/, output is higher and
the interest rate is lower than before the shock, but the current account is in deficit
(B = X < 0). Since the country is spending more than it is earning, the demand for
foreign exchange exceeds the supply of foreign exchange. The monetary authority
is committed to maintaining a fixed exchange rate, however, and it must satisfy the
excess demand for foreign exchange by running down its international reserves, i.e.
ANFA® < 0. In the absence of sterilization this means that the money stock starts
to decrease again. This causes the LM curve to gradually shift to the left, and the
economy moves along the IS curve back to point eyg. Ultimately, the initial increase
in domestic credit is exactly offset by the loss in foreign exchange reserves, and only
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the composition (but not the size) of the central bank’s portfolio has been changed
as a result of the monetary policy.

Now consider what happens if the policy maker wishes to stimulate the econ-
omy by means of fiscal policy, consisting of a bond-financed increase in government
spending. In this scenario the Treasury issues new bonds to pay for the additional
government spending, thus ensuring that the money supply stays constant as the
level of domestic credit is unchanged. The money raised by the bond sale is spent
again on the additional government goods. Assume furthermore that government
spending is entirely on domestically produced goods (a simplification that is relaxed
below in section 2.3). In terms of Figure 2.2, the IS curve shifts from IS(Gp) to IS(G;)
and the new short-run equilibrium is at point e”. In view of the increase in output,
imports are higher, the current account is in deficit (X < 0), and the money supply
gradually declines (from M, to M) as the central bank foreign exchange reserves
dwindle. The ultimate equilibrium is at point e, output is unchanged, and the in-
terest rate is higher.

In conclusion, neither monetary nor fiscal policy can (permanently) raise the level
of income in the absence of capital mobility. The balance of payments is only in
equilibrium if the current account is, but the latter does not itself depend on the rate
of interest. This very strong conclusion is modified once the extreme assumption of
capital immobility is relaxed.

2.2.2 Fixed exchange rates and perfect capital mobility

With perfect capital mobility, the BP curve is horizontal and R = R* always. For this
case the macroeconomic system is given by:

Y = A(R*,Y) + G+ X(Y,E), (2.18)
u [NFACb + DC} = I(R",Y), (2.19)

where the endogenous variables are Y and NFA®’, whereas the exogenous variables
are E, DC, and G. In terms of Figure 2.3, the initial equilibrium is at eyp. Monetary
policy, consisting of an increase in domestic credit, shifts the LM curve from LM(M))
to LM(M;). At point e’ the domestic interest rate is below the world interest rate and
a massive capital outflow would occur, which worsens the capital account. Since
output (and hence imports) is higher, the current account is also worse than at point
ep. The money supply will decrease (instantaneously) as investors purchase foreign
exchange in order to buy profitable foreign financial assets. Since the exchange rate is
fixed, the monetary authority sells them the required foreign exchange, which means
that its stock of net foreign assets decreases, i.e. ANFA’ < 0. The adjustment occurs
instantaneously, since all that happens is a portfolio reshuffling by investors. Hence,
the economy stays at point ep. The shift in LM due to the increase in domestic credit
is immediately reversed by the loss of foreign exchange reserves, or, in terms of (2.7),
ANFA®? + ADC= AH = 0. Monetary policy is totally ineffective even in the short
run.

Fiscal policy, on the other hand, is very effective in this case. Consider again
a bond-financed increase in government spending. In terms of Figure 2.3, the IS
curve shifts to the right from IS(Gp) to IS(G1). This puts upward pressure on the
domestic interest rate (at point e”) which causes massive net capital inflows. As in-
vestors from the ROW wish (in net terms) to buy domestic securities, the supply of
foreign exchange outstrips the demand for foreign exchange. In order to maintain
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Figure 2.3: Monetary and fiscal policy with perfect capital mobility and fixed ex-
change rates

the fixed exchange rate, the central bank purchases the excess supply of foreign ex-
change and its stock of net foreign assets, and hence the money supply increases
(instantaneously), i.e. AMS = yANFACb > 0. This causes the LM curve to shift from
LM(Mp) to LM(M;). Only at point e; are the domestic and foreign interest rates
equated and is the money supply stabilized. Since capital is perfectly mobile, the
shift from e( to e occurs instantaneously. Hence, fiscal policy is highly effective in a
small open economy operating under fixed exchange rates and experiencing perfect
capital mobility.

2.2.3 Flexible exchange rates with perfect capital mobility

Under flexible exchange rates, variations in the value of the domestic currency (E)
ensure that the balance of payments is always in equilibrium. Indeed, the exchange
rate is endogenously determined by balance of payments equilibrium, since it im-
plies that the demand for and supply of foreign exchange are equated:

B=ANFA® =0 &  X(Y,E)+KI(R—R*) =0, (2.20)

where we have set P* = P = 1 so that Q = E in the expression for net exports. Sup-
pose that there is a current account deficit, so that exports are smaller than imports.
Since exports give rise to a supply of foreign exchange, and imports cause a demand
for foreign exchange, this means that X < 0 represents an excess demand for for-
eign exchange. This excess demand for foreign exchange is met by capital inflows,
consisting of investors from the ROW buying domestic bonds. Since they have to
pay for these bonds, the capital inflow gives rise to a supply of foreign exchange. In
equilibrium, therefore, E adjusts until X(Y,E) = —KI(R — R*) since only then does
demand equal supply in the foreign exchange market.

This has an important consequence for economic policy, since it implies that the
monetary authority has control over the domestic money supply under flexible ex-
change rates. The reason is that the central bank, by allowing the exchange rate to
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float freely, does not need to intervene in the foreign exchange market. This means
that its stock of net foreign assets is fixed, so that changes in domestic credit translate
directly into changes in the money supply.

The equilibrium exchange rate follows from the IS-LM equilibrium with R = R*
imposed. By using (2.9)-(2.12) and imposing R = R*, equilibrium in the money
market and the (demand side of the) goods market implies:

M =I(R*,Y), (2.21)
Y = A(R*,Y) + G + X(Y, E), (2.22)

where we have also substituted P = 1 in (2.21). Equation (2.21) represents money
market equilibrium at the given world interest rate R*. Since the money supply
is constant, (2.21) determines a unique level of output that is independent of the
exchange rate. In terms of Figure 2.4, this curve is drawn as LL(Mp) in panel (b).
Equation (2.22) represents domestic spending equilibrium at the world rate of in-
terest. Since a high value for E (a weak domestic currency) stimulates net exports,
(2.22) implies a positive relationship between output and the exchange rate that has
been drawn as the schedule YY in panel (b) of Figure 2.4. Indeed, the slope of the YY
schedule can be obtained from (2.22) as:

dE = 1-4y— Xy > 0. (2.23)
4Y /) yy X

Monetary policy is highly effective in this case. In terms of Figure 2.4, an increase
in domestic credit shifts the LM curve in panel (a) from LM(My) to LM(M;) and the
LL curve from LL(My) to LL(M;). At point ¢’ the domestic interest rate is below the
world interest rate, and a massive capital outflow occurs. There is excess demand
for foreign exchange which leads to an instantaneous depreciation of the domestic
currency (from Ey to E; in panel (b)). This stimulates net exports as domestic goods
are now cheaper to foreigners, and shifts the IS curve from IS(Ep) to IS(E;). The
new equilibrium, which is attained instantaneously, is at point e; where output is
increased.

Fiscal policy, in the form of a bond-financed increase in government spending,
turns out to be entirely ineffective (as was to be expected from the discussion sur-
rounding the LL and YY curves). In terms of Figure 2.5, the fiscal impulse shifts the
IS curve in panel (a) from IS(Gy, Ep) to IS(G;, Ep), and the YY curve in panel (b) from
YY(Go) to YY(Gq). This puts upward pressure on domestic interest rates, and at point
e/ massive capital inflows occur leading to an excess supply for foreign exchange. In
response, the domestic currency appreciates (E falls from Eg to E1), which leads to a
deterioration of the current account and shifts IS back from IS(Gq, Eg) to IS(Gq, E7),
which coincides with IS(Gy, Ep). In the new equilibrium, which is again attained in-
stantaneously, output and the rate of interest are unchanged and the exchange rate
has appreciated. Fiscal policy is completely ineffective under flexible exchange rates.

An immediate policy consequence of this ineffectiveness result is that the small
open economy operating under flexible exchange rates is, in a sense, insulated from
foreign spending disturbances (such as shocks to the demand for its exports), pro-
vided these shocks are uncoordinated and consequently have no effect on the world
rate of interest. For example, if a spending bust occurs in Germany leading to a de-
crease in the demand for exports from Norway, the Norwegian exchange rate will
depreciate and no output effects will occur under flexible exchange rates. Matters
are different, of course, if a global shock hits the economy. If all countries, except
Norway, pursue expansionary aggregate demand policies, the world interest rate
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Figure 2.4: Monetary policy with perfect capital mobility and flexible exchange
rates
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Figure 2.5: Fiscal policy with perfect capital mobility and flexible exchange rates
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Table 2.1. Imperfect capital mobility under fixed and flexible exchange rates

Flexible exchange rates

dG dM dR*
_ IRXg/KIg Xo(1-Ag/KIg) _IrXg
dy Al >0 Al >0 Al >0
dR lyXQ/KIR > 0 XQ(l AY)/KIR < 0 0 < lyXQ < 1
N N N
IRXy/KIR y < 17Ay7Xy+ARXy/KIR —ARly—lR(l AY Xy)
dE BT R <0 Al >0 Al >0
Fixed exchange rates
dG dE dR*
Xo(1-Ag/Kig)
ay \FI >0 - 0 \F\ <0
dR XY|/1‘<1R >0 _WM<O 0<%<1
r T
ly=IgXy/KIg ~ 18] ARly+Ig(1-Ay—Xy)
aM Iy 20 ik 0 ] <0
Notes: |A‘ EXQ [ly (1—AR/KIR)—IR(1—Ay)/KIR] >0

|I“\ =1—-Ay — Xy + ArXy/KIg >0

will rise. This will affect the Norwegian economy even if it is operating under flex-
ible exchange rates. In terms of Figure 2.6, the rise in R* shifts the YY curve to the
left and the LL curve to the right. The domestic currency depreciates, due to the cap-
ital outflows, and output increases. A global shock is transmitted to the small open
economy through its effect on the world rate of interest. We return to the issue of
shock transmission below—see Section 2.4.

2.2.4 Imperfect capital mobility

If financial capital is imperfectly mobile, we have a “weighted average” of the two
previous extreme cases. In formal terms the model is given by the LM, IS, and BP
curves:

=1(R,Y), (2.24)
Y = A(R Y) 4+ G+ X(Y,E), (2.25)
X(Y,E) 4+ KI(R — R*). (2.26)

The balance of payments curve is upward sloping (see (2.14)), and points to the left
(right) of the BP curve are consistent with a balance of payments surplus (deficit).
The IS, LM, and BP curves have been drawn in Figure 2.7, where the BP curve has
been drawn flatter than the LM curve. Instead of discussing fiscal and monetary
policy under fixed and flexible exchange rates by graphical means, we present the
different comparative static effects in mathematical form in Table 2.1. The results in
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Figure 2.6: Foreign interest rate shocks with perfect capital mobility and flexible
exchange rates
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BP(E))

Yy Y, Y

Figure 2.7: Monetary policy with imperfect capital mobility and flexible exchange
rates

Table 2.1 are obtained as follows. First we totally differentiate the LM, IS, and BP
curves. After some manipulations we obtain:

Iy Ir 0 ~1 Z; 0
1-Ay—Xy —-Agx -Xo 0 | =1 4G | (2.27)
Xy /KIg 1 Xg/Klg 0 e dR*

Of course, equation (2.27) cannot be used to solve for all four variables appearing
on the left-hand side since we only have three equations. This “problem” is solved,
however, by specifying the exchange rate regime. Under flexible exchange rates the
money supply is exogenous (and the column for dM is moved to the right-hand side
of (2.27)) and (2.27) determines dY, dR, and dE, as a function of the exogenous vari-
ables dM, dG, and dR*. Under fixed exchange rates, on the other hand, the exchange
rate is exogenous (and the column for dE is moved to the right-hand side of (2.27))
and (2.27) determines dY, dR, and dM, as a function of the exogenous variables dE,
dG, and dR*.

In order to demonstrate the link between the mathematical results in Table 2.1
and the graphical representation in Figure 2.7, consider the case of monetary policy
under flexible exchange rates. The increase in domestic credit shifts the LM curve
from LM(My) to LM(M;). At point €/, output and imports are too high and net capital
inflows too low, so that there exists a balance of payments deficit (B < 0), which
manifests itself as an excess demand for foreign exchange. The domestic currency
depreciates (E rises), the IS curve shifts from IS(Ey) to IS(E1), and the BP curve shifts
from BP(Ep) to BP(E;). Both the current account and the capital account recover
somewhat due to the depreciation and the slight increase of the domestic interest
rate (that occurs in moving from €’ to e1). The new equilibrium is at e;. Although itis
impossible to deduce by graphical means alone, the results in Table 2.1 demonstrate
that the ultimate effect on the domestic interest rate is negative.

Of course, since the results of Table 2.1 are derived for any value of KI, the polar
cases of immobile and perfectly mobile capital can be obtained as special cases from
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the table by setting KIg = 0 and KIgr — oo, respectively. The students are advised to
verify that this is indeed the case.?

2.3 Aggregate supply considerations

Up to this point we have assumed that domestic and foreign price levels are constant
(P = P* = 1). Whilst this may be appropriate under some conditions (e.g. in the very
short run), it is nevertheless important to add a supply side to the Mundell-Fleming
model of the small open economy. We use a model inspired by Argy and Salop
(1979), Armington (1969), and Branson and Rotemberg (1980) to demonstrate the
importance of supply-side effects. This model will also be used (in simplified form)
in Section 2.4 on the transmission of shocks in a two-country model of the world. We
restrict attention to the case of perfect capital mobility and flexible exchange rates.

2.3.1 The Armington approach

Now that we wish to model the production side of the economy, we have to be more
precise about the various price indexes. There are two goods, a domestic good with
price P, and a foreign good with price P* in foreign currency (EP* is the price of the
foreign good in domestic currency). These goods are imperfect substitutes for each
other (otherwise one would expect purchasing power parity (PPP) to hold, so that
the real exchange rate, EP* /P, would be identically equal to unity at all times). Real
household consumption C and investment I are assumed to be determined by the
usual macro-relations:

C=cC(Y), I=I(R), (2.28)

with 0 < Cy < 1and Ig < 0. Real government spending G is exogenously given.

We now need to confront the issue of sourcing of the goods. For example, once
the households know how much they wish to consume in the aggregate and in real
terms, the next issue for them is to decide on where to purchase the goods (and the
same holds for investment by firms and government consumption). The trick that
was devised by Armington (1969) is to assume that, for example, C is in fact “con-
structed” out of domestically produced goods (labelled by C;) and foreign produced
goods (labelled by Cy). Since the two goods are assumed to be imperfect substitutes,
we cannot simply add C; and Cy to find C (a German apple is not quite the same
as a Dutch apple, even though they are both round and taste good). A particularly
simple way to capture the imperfect substitution idea is to assume that:

C=(CyCp) = (Cd> <Cf>1“, (2.29)

o 11—«

with 0 < & < 1 denoting the relative weight given to domestically produced goods
used in consumption.In the decision about sourcing, the households wish to attain

2For KIgr = 0 we find from Table 2.1 that |A| = oo, |T| = —00, and
Kig-|A| = —=Xg [lyAr + Ik (1= Ay)],  KIg-|T| = AgXy.
For KIg — oo, we find that 1/ KIg — 0 and:
Al = Xgly,  |T|=1- Ay —Xy.
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the composite consumption level C (that is determined by (2.28) once Y is known)
as cheaply as possible. Since the (domestic currency) prices of domestic and foreign
goods are P and EP*, respectively, the households decide on C and C such that total
nominal consumption spending, PC; + EP*Cy, is minimized given the restriction
imposed by (2.29). For a given level of total consumption, C(Y), the optimal choices
regarding domestic and foreign consumption goods (C; and Cy) are given by:

Ca=aQ'*C(Y), Cr=(1-a)Q “C(Y), (2.30)

where Q = EP* /P is the real exchange. Furthermore, optimal nominal consumption
spending can be written as PcC = PCj + EP*Cy where ¢ is is a consumer price
index (CPI):

P = P* (EP*)'™* (2.31)

The interpretation of the results given in (2.30) is as follows. First, for a given real
exchange rate, a rise in real income raises the demand for both domestic and foreign
consumption goods equiproportionately. Second, for a given level of aggregate in-
come, an increase in the real exchange rate (a real depreciation) increases the demand
for domestic goods and decreases the demand for foreign goods.

Intermezzo 2.1

Imperfect substitution between domestic and foreign goods. In this
intermezzo we study the Armington trick and derive the unit expendi-
ture (or cost) function. For consumption we call this the consumer price
index (CPI), but for investment (government consumption) it stands for
the unit cost of constructing a given quantity of I (G) using domestic and
foreign goods I; and I; (G4 and Gy) as inputs. Here we explain in detail
how the expression for the consumer price index P¢ is obtained. In the
present context the expenditure function is defined as follows:

E(P,EP*,C)) = min  PCy+EP'Cy
{CatCr}

subject to  Co = ®(Cy, Cy). (a)

Intuitively, E (P, EP*,Cy) represents the minimum amount of spending
on domestic and foreign consumption goods that gives rise to a cer-
tain level of composite consumption, Cp, taking as given the prices of
domestic and foreign goods (expressed in the domestic currency). The
Lagrangian associated with the minimization problem is £ = PCy; +

EP*Cs + 6 [Co —®(Cy,C f)} where 6 is the Lagrange multiplier. The
first-order necessary conditions are:

oL

E = P— Gq)Cd(Cd/Cf) = 0,
oL )

E = EP* — B(I)Cf(Cd, Cf) = 0,
9L

E S C() — (I)(Cd, Cf) = 0
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For the Cobb-Douglas aggregation function (2.29) these conditions sim-

plify to:

(b)

(c)
Cd 4 Cf 1—u

o=(%) (=) - @

It follows from (b) that C; = a0Co/P and from (c) that Cf = (1 —
«)0Cy/ (EP*). Substituting these results into (d) gives:

_ (aBC\" [ (1—a)8Co ' o pper—(1-2)
CO_( oD > ((1—a)EP* = 0GP (EPT) ’

or:
6§ = P* (EP*)' ™. (e)

Substituting (b) and (c) into the expression for total expenditure, PC; +
EP*Cy, gives the expenditure function:

E (P,EP*,Cy) [: PC, + EP*cf} = afCo+ (1— &) 6Cy = 0Cy.  (£)

The total expenditure needed to construct Cy units of composite con-
sumption is 6C so 8 represents the unit cost of consumption. In the text
we denote 0 by Pc. Note finally that by employing Shephard’s lemma
we can find the derived demands for domestic and foreign consumption

goods:
_ OE(P,EP*,Co) _ . dPc _ EP*\'™*
Co=—"7p  ~Cgp =P ' (®)
_ QE(P,EP*,Cp) . oPc _ EP*\*
Cr=——sppr— =Cozrmr = (1-0)Co | : (h)

ey

By using the same approach for investment and government spending — such
that I = ©(I,, If) and G = ®(Gy, Gf) — we obtain expressions for I, I, G4, and G)c:3

I; =aQ"™I(R), Ir=(1-a)Q "I(R), (2.32)
Gi=aQ'"*G, Gy=(1-a)Q “G. (2.33)

Real exports are denoted by EX and are sold to the ROW at the same price that
domestic customers pay for these goods (P), and spending on imported goods (in

3We assume for the sake of convenience that I and G are similar composites as C. This assumption
ensures that the price indices for investment and government spending are the same as the CPI, so that
the real exchange rate does not affect relative prices within a country.
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terms of domestic currency) equals EP*(Cy + I + Gy), so that the national income
identity (2.1) can be written as:

PY = PcC+ Pcl + PcG + PEX — EP* [Cy + Iy + Gy

=PC;+PL;+PG;+PEX =
Y=Cyj+1;+ Gy +EX, (2.34)

which shows (more clearly than (2.1)) that only domestically produced goods enter
into the aggregate production measure for the domestic economy. By looking in
more detail at the sourcing issue we find that Cy, I;, and G all depend on the real
exchange rate—see equations (2.30), (2.32), and (2.33). In summary, we now have an
IS equation (similar in form to (2.9)) in which the real exchange rate affects domestic
spending equilibrium.

By defining net exports (in real terms) by X = EX — (EP*/P)[Cs + I + Gy],
noting (2.30)—(2.33) and assuming that the demand for exports depends on the real
exchange rate,

*

EP*\F
EX = EX, ( 5 ) = EXoQf, B >0, (2.35)
(where EX| represents all exogenous influences on the country’s exports) we obtain
the net export function defined by the model:

X (R,Y,Q,G,EXy) = EXoQF — Q(1 —a)Q *[A(R,Y) + (], (2.36)

where A(R,Y) = C(Y) + I(R). Several features are worth noting in the compar-
ison between (2.36) and the net export function used throughout section 2.2 (i.e.
X(Y,Q)). First, domestic absorption, and not just aggregate domestic income, ap-
pears in (2.36). Since domestic absorption depends on the rate of interest, and some
investment goods are purchased from the ROW, the BP curve has a positive slope
even under perfectly immobile capital (compare to section 2.2.1). A higher rate of in-
terest chokes off aggregate investment, decreases imports of investment goods, and
causes a trade account surplus. To restore equilibrium on the trade account, income
(and hence imports) must rise.

A second feature of (2.36) is that we can now be more precise about the Marshall-
Lerner condition. Indeed, by differentiating (2.36) with respect to the real exchange
rate Q (holding EX( and A(R,Y) + G fixed), we obtain:

Xq  BEXoQF ! (1-a)?)Q “[A(RY)+G]  pwx—(1—a)wym
Y - Y Y - Q ’

where Xg = 0X/9Q. Note that wx = EX/Y, and wy = Q[Cs + If + Gf|/Y are,
respectively, the domestic output shares of exports and imports. This expression
shows that net exports improve as a result of a real exchange rate depreciation if the
following condition holds:

QXo
Y

(2.37)

= Bwx — (1 —a)wpy >0, (2.38)

or, if the trade balance is initially in equilibrium (so that imports and exports are of
equal magnitude and wy; = wy), the condition is:

B+a—1>0. (2.39)
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This is the famous Marshall-Lerner condition: if the sum of the elasticities of export
and import demand exceeds unity, a depreciation of the currency improves the trade
account, so that Xg > 0. The intuition behind the Marshall-Lerner condition is as
follows. A depreciation of the currency (a rise in Q) makes domestic goods cheaper
for the ROW and increases export earnings. This improves net exports. The rise in
Q also makes foreign goods more expensive to domestic residents. If real imports
were unchanged, spending on imports would rise because of the depreciation, which
would worsen net exports. Domestic residents, however, substitute domestic goods
for foreign goods, as a result of the depreciation, and this effect mitigates the rise in
import spending and its adverse effect on net exports. The strength of the export
effect is regulated by the export elasticity  and that of the import spending effect
is regulated by 1 — a. The Marshall-Lerner condition ensures that the export effect
dominates the import spending effect, which translates as f > 1 — « or, equivalently,
B+a>1

2.3.2 The extended Mundell-Fleming model

In this section we develop the extended Mundell-Fleming model of a small open
economy which possesses the following main features. First, there is perfect mobility
of financial capital. Second, exchange rates are fully flexible. Third, domestic and
foreign goods are imperfect substitutes so the real exchange rate will generally differ
from unity (as PPP fails). Fourth, on the supply side the labour market may be
characterized by nominal or real wage rigidity. We analyse the extended Mundell-
Fleming model in its loglinearized form.

2.3.2.1 Aggregate demand side

The aggregate demand side of the model consists of the IS, LM, and BP curves. The
IS curve is derived as follows. First, by substituting the relevant expressions from
(2.30) and (2.32)—(2.33) as well as (2.35) into (2.34), we obtain:

Y = aQ'"*[C + I+ G] + EXoQF, (2.40)
which can be written in loglinearized form as:
Y= (1—-wy) [(Ucc + w1f+ (/JGG +(1- a)Q] + wx {E\}J(O + ‘BQ~:| , (2.41)

where Y =dY/Y,C=dC/C,I1=dI/I,G=dG/G,Q =dQ/Q, EXy = dEXy/EXo.
Note that wx = EXoQP/Y is the output share of exports, and wec = C/[A + G],
wy = I/[A+ G|, and wg = G/[A + G] denote, respectively, the share of consump-
tion, investment, and government spending in total domestic absorption (w¢ + wy +
wg = 1)

Next, we loglinearize the expressions for aggregate consumption and investment
(see (2.28)) to obtain:

C= £CyY, I= —ERdR, (2.42)

where 0 < ecy = YCy/C = MPC/APC < 1and eg = —Ir/I > 0 are, respectively,
the income elasticity of the aggregate consumption function and (the absolute value
of) the interest semi-elasticity of the investment function.* Note that ecy equals the

“We use the term semi-elasticity to indicate that er relates the percentage rate of change of investment
to the absolute change in the interest rate. In the case of interest rates, the use of semi-elasticities is natural.
For example, if ez = 2, a one percentage point increase in the rate of interest (say a rise in 7 from 5 to 6%
per annum) causes a fall in investment of 2%.
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marginal propensity over the average propensity to consume, and is thus less than
unity for the usual Keynesian consumption function.

Finally, by substituting the expressions from (2.42) into (2.41) and solving for Y
we find the IS curve:

[Bwx + (1 —a) (1 -wx)] Q- (1 —wx)wierdR
1-— wcécy (1 — CUX)
(1—wx) wGG + wxﬁ(o
1-— wcécy (1 - a)X)

Y:

+ , (2.43)
where we note that the denominator is between zero and one (because 0 < w¢ < 1,
0 <ecy <1,and 0 < wx < 1). Domestic demand depends positively on the real
exchange rate, government consumption, and exogenous exports, and negatively on
the domestic interest rate.

The money market of the model is summarized by the LM curve M/P = I(R,Y),
which can be loglinearized to:

M —P = —eprdR +epy Y, (2.44)

where ey = YIy/I > 0 and epr = —Ig/l > 0 are, respectively, the income elas-
ticity and (the absolute value of) the interest semi-elasticity of the money demand
function.

Since we assume perfect capital mobility, the world interest rate determines the
domestic rate (R = R*), so that:

dR = dR*. (2.45)

2.3.2.2 Aggregate supply side

The aggregate supply side of the model summarizes the situation on the labour
market and yields an expression for the aggregate supply of goods. Compared to
its closed economy counterpart, the aggregate supply model for the open economy
contains some novel elements. Domestic firms are perfectly competitive (and do not
attempt to exploit the export demand function (2.35), as a monopolist would) and
maximize short-run profit IT = PF(N,K) — WN, where N is employment, W is the
nominal wage, and K is the given capital stock. The labour demand function is im-
plicitly defined by the marginal productivity condition PFN(N, K) = W, which can
be loglinearized to:

P+Ey=W = N=—ew[W-D, (2.46)

where ey = —Fn/(NFyy) > 0 is the (absolute value of the) real wage elasticity
of labour demand. It is assumed, following Branson and Rotemberg (1980), that
the labour market is characterized by unemployment because the wage is too high.
We model this by assuming that labour supply is perfectly elastic at a level of the
nominal wage set according to a wage-setting rule of the form W = WyPZ, where
Wy is an exogenous parameter, Pc is the consumer price index (CPI) given in (2.31)
above, and 0 < § < 1. Depending on the assumed value of 6, three cases can be
considered.

o If 0 = 1, workers are said to have a real wage target. They demand to be fully
compensated for any changes in the CPI that may occur, i.e. W/Pc = W is
held constant and thus does not depend on the CPL
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o If § = 0, workers are said to have a nominal wage target in that they demand the
nominal wage to be constant, i.e. W = Wj. Their real wage is Wy/Pc which
falls if the CPI rises.

o If 0 < 0 < 1, workers take the CPI into account but suffer from money illusion
in the sense that they do not keep the real wage in terms of the CPI constant,
ie. W/P- = W()Pg_1 which falls if the CPI rises.

Branson and Rotemberg (1980) suggest on the basis of empirical evidence that § = 0
is relevant for the US economy in which there is little or no indexing of nominal
wages, and 6 = 1 is more relevant to the situation in the UK, Germany, Italy, and
Japan, where wage indexing is much more common. Here we study the general
case by allowing 0 < 6 < 1. The wage setting rule in its most general form can be
loglinearized to:

W =W, +6P. (2.47)

Once the wage rate is set, domestic producers determine employment (by (2.46)),
after which output is determined by the production function which can be loglin-
earized to:

Y = wyN, (2.48)

where 0 < wy = WN/(PY) < 1is the share of labour income in aggregate output.
Rewriting (2.31) in terms of Q we find Pc = PQ'* which we loglinearize to obtain:

Pc=P+(1-a)Q. (2.49)
By substituting (2.46)—(2.47) and (2.49) into (2.48) we obtain the AS curve:

Y = fEW[WO + 6P — 15]
= —eyw[Wo+0(1—a)Q— (1-6)P], (2.50)

where eyyy = wnenw is the (absolute value of the) wage elasticity of output sup-
ply. The intuition behind the AS curve can be explained with the aid of Figure 2.8.
In panel (a), labour demand (2.46) is depicted by the downward sloping line NP.
Labour supply is obtained by substituting (2.49) into (2.47) and solving for the real
wage facing domestic producers, W — P. Mathematically, the real supply price of
labour is given by the term in square brackets on the right-hand side of (2.50). In
general, it depends negatively on P and positively on Q. The initial labour supply
curve is depicted by N, and the initial equilibrium is at point ey in panels (a) and
(b), employment is Ny, and output is Y.

Next we consider what happens if the domestic price or the real exchange rate
changes. Under nominal wage rigidity (¢ = 0), the labour supply curve only de-
pends on P. In terms of panel (a), an increase in the domestic price level shifts the
labour supply downward, to N7, and moves the equilibrium to point e;. Employ-
ment and output both increase. Workers demand a fixed nominal wage, so that a
domestic price increase erodes the real producer wage which prompts firms to ex-
pand employment and output. This explains the positive sign for P in (2.50) when
6 =0.

Under real wage rigidity (6 = 1), the real supply price of labour only depends on
Q. Anincrease in the real exchange rate shifts labour supply up, from N to N3, and
shifts the equilibrium from e to e;. Employment and output both decrease. Workers
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(a)
w/P

(W/P),

(W/P),

(W/P),

(b)

YS=F(N, K)

Figure 2.8: Aggregate supply in the open economy



CHAPTER 2: THE OPEN ECONOMY 55

Table 2.2. The extended Mundell-Fleming model

7 (1 - wx) [~wieRdR* + wG] + wxEXy

a 1—(1—wx)wcecy (r21)
4 A=) —wx) + fwx] Q
1—(1—-wx)wcecy
M — P = —eprdR* +epyY, (T2.2)
Y = —eyw [Wo+6(1—a)Q— (1-6)P] (T2.3)

Notes: Endogenous variables are Y = dY/Y, Q = dQ/Q, P = dP/P. Exogenous variables
are dR*, M = dM/M, G = dG/G, Wy = dWy/Wy, EXy = dEXo/EX,. The absorption
shares of consumption, investment, and government spending are given by, respectively, wc,
wy, and wg. These shares add up to unity. The export share in GDP is wx. The income
elasticity of aggregate consumption is ecy, the interest semi-elasticity of aggregate invest-
ment is efg, the income elasticity of money demand is €y, the interest semi-elasticity of
money demand is ej, the wage elasticity of output supply is ey, the real exchange rate
export elasticity is §, the real exchange rate import spending elasticity is 1 — «. Money il-
lusion exists if 0 < 6 < 1, real wage rigidity if 8 = 1, nominal wage rigidity if 6 = 0.

demand a fixed real consumer wage, W/Pc, and an increase in the real exchange
rate raises the real producer wage which prompts firms to cut back employment and
output. This explains the negative sign for Q in (2.50) when 6 = 1.

Finally, under money illusion (0 < 6 < 1), aggregate supply depends positively
on the domestic price level and negatively on the real exchange rate.

2.3.2.3 Full model

The full model consists of the IS curve (2.43), the LM curve (2.44), the BP curve
(2.45), and the AS curve (2.50). For convenience, the equations are gathered in Table
2.2, where we have substituted the BP curve into the IS and LM curves. The en-
dogenous variables are aggregate output Y, the domestic price level P, and the real
exchange rate Q. Once the latter two are determined, the nominal exchange rate is
also determined since E = P + Q — P*, where P* is exogenous due to the small open
economy assumption. The other exogenous variables are M = dM/M, G = dG/G,
dR*, 5(0 = dEXo/EXo, and Wy = dWy/W,. The comparative static effects can be
obtained in the standard fashion and have been collected in Table 2.3.

Graphically the comparative static effects can be illustrated as follows. Consider
the case of a positive demand shock (say G > 0). In the standard Mundell-Fleming
model with fixed prices and flexible exchange rates, such a shock does not affect
aggregate output (and hence employment). This is the well-known insulation prop-
erty of flexible exchange rates. The results in Table 2.3 suggest that this insulation
property no longer holds for the augmented Mundell-Fleming model developed in
this section (as dY/dG > 0), unless there exists nominal wage rigidity (6 = 0). The
basic intuition behind this result can be explained with the aid of Figure 2.9. In the
left-hand side of Figure 2.9, the perfect-capital-mobility version of the LM curve is
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Table 2.3. Wage rigidity and demand and supply shocks

we(1—wx)G M eywWo
CLJXEX()
v 0(1—a)e (1-0)é1¢ )
¥ 20 20 “rar <0
~ _ 1+ (1-0)epyeyw (1-0)drevw _ 5
Q ar <0 w20 a7 <0
5 _ 0(1—a)emyeyw 0(1—a)dpeyw +61 S1EMY
P L >0
E~ _1+(170(‘9A)‘8My€yw < 0 (l*ﬁce)rsAzTwar(Sl > 0 (518}\‘/2/‘7(52 2 0
e _ (1*“)(1‘+A€‘MY€YW) <0 (1*0¢)tﬁ€|yw+51 ~ 0 (51€MY‘*A(‘1*06)02 >0
Notes: 61 =(1—a)(1l —wx) + pwx >0
Hh=1-(1—-wx)wcecy, 0<6 <1

Al =60(1 —a)eywda + [1+ (1 —0)epyeyw] 61 >0
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Figure 2.9: Aggregate demand shocks under wage rigidity
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drawn. As we can easily deduce from (T2.2), ceteris paribus R* and M, the LM
curve represents a downward sloping relationship between the domestic price level
and output. An increase in the world interest rate or the domestic money supply
shifts the LM curve up.

Equation (T2.1) is the perfect-capital-mobility version of the IS curve. Ceteris
paribus G, EXp, and R*, the IS curve represents an upward sloping relationship be-
tween output and the real exchange rate-see the right-hand panel in Figure 2.9. A
second relationship between output and the real exchange rate is obtained by sub-
stituting the LM curve (T2.2) into the AS curve (12.3) and solving for Y:

—ey [Wo+0(1—a)Q— (1—6) (M+ eprdR*)]

Y =
1+ (1 — 9)£MY£YW

. ASILM).  (2.51)

Asisillustrated in the right-hand panel of Figure 2.9, the AS(LM) curve is downward
sloping for 0 < § < 1 (real wage rigidity or money illusion) and horizontal for § = 0
(nominal wage rigidity). If there is real wage rigidity (¢ = 1), the AS(LM) curve
is independent of the money supply and the world interest rate (because the price
level does not affect the AS curve in that case). In contrast, if there is nominal wage
rigidity (6 = 0), the AS(LM) curve is independent of the real exchange rate and shifts
up when the money supply or the world interest rate is increased.

2.3.2.4 Fiscal policy

In the right-hand panel in Figure 2.9, an increase in government spending shifts the
IS curve up from IS(Gp) to IS(Gy). In the absence of nominal wage rigidity (6 > 0),
AS(LM) is downward sloping and the equilibrium shifts from ej to e;. The real ex-
change rate appreciates (from Qg to Q1), but not by enough to undo the expansion-
ary effect of increased government spending on output. The domestic price level
falls (see the left-hand panel) as does the nominal exchange rate (E < P < 0).

If there is nominal wage rigidity (8 = 0), the AS(LM) curve is horizontal and the
equilibrium shifts from ey to e;. Output and the domestic price level are unchanged,
and the real exchange rate appreciation exactly reverses the stimulative effect of the
additional government spending. Since real output depends on what happens to
the real producer wage (as producers do not have money illusion), nominal wages
must be free to fall (along with the domestic price level) if there are to be any pos-
itive output effects. This explains why output effects are zero under nominal wage
rigidity.

2.3.2.5 Monetary policy

The effects of monetary policy have been illustrated in Figure 2.10. To keep this
figure uncluttered we ignore the nominal wage rigidity case and thus assume that
0 < 8 < 1 so that the AS(LM) curve is downward sloping. The initial equilibrium
is at point eg. An increase in the money supply shifts the LM curve to the right in
the left-hand panel, say from LMy to LM;. If there is money illusion (0 < 6 < 1)
then the AS(LM) curve shifts to the right, from AS(LM), to AS(LM);, and the new
equilibrium is at point e;. The domestic price level increases (from Py to P;), the real
exchange rate depreciates (from Qo to Q1), and output increases (from Yy to Y7). The
output increase results from the fact that the real supply price of labour falls, i.e., in
terms of Figure 2.8(a), the net effect of the increases in P and Q is to shift the labour
supply curve down.
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Figure 2.10: Monetary policy under wage rigidity

In contrast, if there is real wage rigidity (§ = 1) then the money shock leaves
the AS(LM) curve unaffected and nothing is changed in real terms, i.e. in the right-
hand panel of Figure 2.10 the equilibrium stays at point ey and both output and the
real exchange rate are unaffected. In the left-hand panel of Figure 2.10, the new
equilibrium is at point e;, and the domestic price increases from Py to P,. Monetary
policy cannot be used to affect output in this case.

2.4 Transmission of shocks in a two-country world

In section 2.3 we introduced a simple Mundell-Fleming type model with a rudimen-
tary aggregate supply side. Some microeconomic foundations were provided for the
supply side of the model and for the issue of sourcing. The model of section 2.3 was
used to study a small open economy under flexible exchange rates and perfect capi-
tal mobility. One of the reasons so much attention was paid to the details of sourcing
and price indexes is to be able to construct a (logically consistent) model of the world
economy.

Assume that the world consists of two countries (or regions) that are identical
in structure and look like the small open economy discussed in section 2.3. One
immediate consequence of this assumption is that we must do away with the ad hoc
export demand function (2.35). Indeed, we know from (2.30)—(2.33) that the domestic
economy’s demand for imports is given by:

Cr+1+G=(1—a) (Elf*)_a [C(Y) + I(R) +C]
~(1-a) (Elf*>_a [A(R,Y)+G]. (2.52)

But the domestic economy’s exports are (in a two-country world) just the foreign
country’s demand for imports which, in view of the symmetry assumption, take a
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form similar to (2.52):

EP*
p

o
EX=Ci+1;+Gr=(1—n) ( > [A(R",Y") 4+ G], (2.53)
where stars denote foreign variables, e.g. C7 is the demand for domestically pro-

duced consumption goods by foreign residents. Several things are worth noting.
First, the real exchange rate from the perspective of the foreign country is P/ (EP*) =
1/Q. This explains the positive sign of the exponent on the real exchange rate in
(2.53). Second, a comparison of (2.53) and (2.35) reveals that the two coincide if
a = Band EXp = (1 — a)[A(R*,Y*) 4+ G*]. This shows that EXj is no longer exoge-
nous in a two-country model — foreign absorption is endogenous. In loglinearized
terms, we find:

E/}\(E) = wCScy?* — wlisdR* + CL)GG*. (254)

By setting 8 = & and substituting (2.54) in equation (T2.1) in Table 2.2, we obtain the
IS curve for the domestic economy in a two-country setting:

7 —wreRAR* + wg [(1 — wx)G + wxG*| + wxwceecy Y*
1— (1 - wx)wcecy

[(1—a)(1 — wx) +awx] Q
1—-(1-wx)wceey

(2.55)

By comparing (T2.1) and (2.55), it is clear that the IS curve is augmented in a num-
ber of ways. First, the interest rate exerts a stronger effect on domestic production
than before. The reason is that an decrease (increase) in the interest rate increases
(decreases) investment in both countries, and since some investment goods are im-
ported, spillover effects exist. Second, foreign government spending spills over into
the domestic economy, both directly (via the term involving G*) and indirectly (via
the term with Y*).

Of course, the foreign country also has an IS curve (labelled IS*) which is similar
in form to (2.55). By making the appropriate substitutions, the IS* curve can be
written as:

7 — —wreRAR* + wg [(1 - (/JX)G* + wxé] + C(JXLUCsCYy
1— (1 - wx)wceey
[(1—a)(1—wx)+awx]Q

_ . 2.56
1—(1—-wx)wcecy (2:56)

The real exchange rate affects foreign spending negatively because it is measured
from the point of view of the domestic country (i.e. Q = EP*/P). By using (2.55)-
(2.56) to solve for Y and Y*, the following simplified expressions for IS and IS* are
obtained:

- —(1+ y)wrerdR* + wg ([1 - G+ [y +wx(1—7)]G)
(1-92)[1- (1 - wx)WCECY]
(1—7)[(1—a)(1 — wx) +awx] Q
T A1 - (- wxweeer] @57)
v _ —(+ NwrerdR” +wg ([1 - wx(1-7)] 6" + v+ wx(1-17)]C)

(1-92)[1— (1~ wx)wcecy]
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_ 0= -0 —wx) +awx]Q (2.58)

(1-92)[1— (1 —wx)wcecy]

where 0 < ¢ = wxwcecy/[1 — (1 — wx)wceey] < 1.

Domestic output depends on both domestic and foreign government spending in
this symmetric model of the world economy. It is, however, not a priori clear which
effect dominates, the “own” effect (via G) or the spillover effect (via G*). By compar-
ing the coefficients for G and G* in (2.57)-(2.58), it can be seen that the own effect is
larger than the spillover effect provided the economies are not “too open”, i.e. pro-
vided the share of exports in GDP is less than one-half (wx < ). This requirement
is intuitive, since a high value of wy implies that the two economies are more sensi-
tive to foreign than to domestic influences (in colloquial terms, if the foreign country
sneezes, the domestic country catches a cold if wy is high).

Since it is more convenient to work with a logarithmic version of the model (and
in order to cut down on notation), we capture the salient aspects of equations (2.57)
and (2.58) with, respectively, equations (T4.1) and (T4.2) in Table 2.4. The compos-
ite parameters eyg, €yg, and ¢y are related to the other parameters of the model
according to:

_ (14 7)wier

RE A2 1= (1 - wx)wceey]
b= 1= =) (1 —wx) +awy]

CT -1 -0 -wx)weeey] T
o — [1—wx(1—7)]wg =0
T M- (1 -wx)weeey] T

_ryt+wx(l—9)
0<ny= m <1,

where the final inequality follows from the condition wx < 1.

In order to discover how the two-country model works, we look at three pro-
totypical cases. We start with the case with nominal wage rigidity in both countries
(60 = 6" = 0). Next we study the case with real rigidity in both countries (6 = 6* = 1).
Finally, we consider the Branson-Rotemberg case in which the domestic country fea-
tures real wage rigidity (¢ = 1) and the foreign economy operates under nominal
wage rigidity (6* = 0).

2.4.1 Nominal wage rigidity in both countries

If there exists nominal wage rigidity in both countries, the relevant model is obtained
from Table 2.4 by setting § = 68* = 0. The resulting model can be written in a compact
format as:

y=—erR" +evgq+evc [§+187], (2.59)

y* = —&ygR" — &yQq + &G [g* +7g], (2.60)
m—p=epmyy — emrR", (2.61)
m* —p* =epmyy” —eprRY, (2.62)
= —eyw [wo — p], (2.63)

Y= —ew [wy —p7l, (2.64)
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Table 2.4. A two-country extended Mundell-Fleming model

y=—erR" +eygq +evc [§+187], (T4.1)

Y = —erR" —exgq+exc [§7 + 18], (T4.2)
m—p=emyy —emrR", (T4.3)
m* —p* =epmyy” —eprRY, (T4.4)
= —eyw [w—p], (T4.5)

v =—eyw [0" —p'], (T4.6)

w = wy + Opc, (T4.7)

w* =wy +0"pe, (T4.8)
pc=p+(1—a)g, (T4.9)
pc=pr"—(1-a)y, (T4.10)

Notes: All variables except the interest rate are in logarithms and starred variables refer to the
foreign country. Endogenous variables are the outputs (y, y*), the real exchange rate (g), the
rate of interest (R*), price levels (p, p*), nominal wages (w, w*), and consumer price indexes
(pc,pE). Exogenous are government spending (g,¢*), the money stocks (m, m*), and the
wage targets (wy, w(). Elasticities of (T4.1)—(T4.2) can be recovered from (2.57)—(2.58).

which constitutes a simultaneous system of six equations determining six endoge-
nous variables (y, y*, p, p*, g, and R*) as a function of the exogenous variables (g,
g%, m, m*, wy, and wy). In the appendix to this chapter, we use “brute force” and
solve the system analytically by means of matrix inversion. Here, however, we use
a more subtle approach which analyses the model by graphical means. The method
exploits the structure of the model in such a way that the two-country equilibrium
can be characterized by simple two-dimensional equilibrium loci. The one-million
euro question is, of course, how one should go about this.

Figure 2.11 reveals the answer. The LM(ASy) curve is obtained by substituting
the ASy curve (2.63) (where “N” stands for nominal) into the LM curve (2.61) (the
LM*(AS}) curve is obtained in an analogous fashion). This is a useful thing to do
because it gives us expressions for the domestic and foreign price and output lev-
els in terms of a single endogenous variable (viz. the world interest rate) and the
exogenous variables:

m~+ e prR" + eywepmywo

_ ) 2.65
P 1+ eywemy ( !
= m* 4+ eprR* + SYWEMYWS, (2.66)
1+ eywemy
R* —
y— eyw [m + epr wo) ) LM(ASy) curve (2.67)
1+eywenmy
* R* — w*
g = eyw [m* + enr wo]' LM*(AS}) curve (2.68)
1+ eywemy

The curves LM(ASy) and LM*(ASY;) are drawn in the left-hand panel of Figure 2.11,
and coincide in the initial equilibrium due to the symmetry assumption.
The goods market equilibrium schedule under nominal wage rigidity, GMEy, is
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Figure 2.11: Fiscal policy with nominal wage rigidity in both countries

obtained by substituting (2.67) into the IS curve (2.59) and solving for R* in terms
of the real exchange rate and the exogenous variables (and similarly for GME’I‘\,, we
substitute (2.68) into (2.60)):

(14 evwemy) [evoq + eve (g +18%)] + evw [wo — m]

R* = ,  GMEy curve
eyr(1 + eywemy) + eywenr
(2.69)
R* — (14 eywemy) [—evoq + ev (8 + 18)] + eyw [wy — m*] . GME, curve
eyr (1 + eywemy) + eywemr
(2.70)

In the right-hand panel of Figure 2.11, GMEJ is upward sloping in (R*, q) space be-
cause a real depreciation (a rise in g) stimulates domestic output and, consequently,
the demand for real money balances. Money market equilibrium can only be re-
stored if the interest rate is higher. Of course, the slope of GMEY; is opposite in sign
because —g measures the real exchange rate from the foreign country’s perspective.

That’s it! We have “tamed” the six-equation simultaneous system (2.59)—(2.64)
and can now represent its core properties with a simple, two-panel diagram. We are
now ready to look at the effects of domestic and foreign fiscal and monetary policies.

2.4.1.1 Fiscal policy

Fiscal policy in the domestic country (represented by a rise in g) shifts up both GMEy
and GME}, but, provided the own effect of government spending dominates (so that
7 < 1), the former shifts by more than the latter (i.e. dR*/dg is largest for GMEy).
The new equilibrium is at e;, the domestic economy experiences a real appreciation,
and output in both countries rises. Hence, the fiscal stimulus in the domestic economy
also stimulates the foreign economy. This is why this phenomenon is called a locomo-
tive policy: one country is able to pull itself and the other country out of a recession
by means of fiscal policy. Why does it work? The increased government spending
in the domestic economy leads to upward pressure on domestic interest rates. The
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resulting capital inflows cause the domestic currency to appreciate, so that the de-
mand for foreign goods is increased. This stimulates output in the foreign country.
The resulting increase in the interest rate causes the price levels of both countries to
rise by the same amount (see (2.65)-(2.66) above). Since nominal wages are fixed,
the real producer wage falls in both countries, which explains the increase in output
and employment.

For future reference we derive the expressions for the output multipliers (details
are found in the appendix). First, we use (2.69) and (2.70) to derive the effect of
domestic and foreign fiscal policy on the world interest rate:

dR* _ dR* _ (1 + ﬂ)ﬂyG(l _'_SYW‘C'MY)
dg  dg*  2[evr(1+eywemy) +eywenr]

> 0. 2.71)

Next, we use (2.67), (2.68), and (2.71) to derive the output effects:

*

dy _dy _dy* _dy (14 1)evceywemr

dg — dg*  dg  dg®  2[eyr(1+ evwemy) + Evwenr]

=y >0, (272)

The key thing to note is that own and foreign fiscal policy have the same output
effects in both countries.

2.4.1.2 Monetary policy

Unlike fiscal policy, monetary policy in the domestic country does not benefit but
harm the foreign country. This is illustrated with the aid of Figure 2.12. The increase
in the domestic money stock shifts the domestic goods market equilibrium locus
from GMEp () to GMEp(m1) and the LM(AS) curve from LM(ASy)g to LM(ASy)1-
There is downward pressure on domestic interest rates, and the capital outflows lead
to a depreciation of the currency. This shifts domestic demand towards domestically
produced goods and away from foreign goods. Also, foreigners shift towards goods
produced in the domestic economy. In view of (2.66), the foreign price level falls
and consequently the real producer wage rises. This explains the fall in output and
employment in the foreign country. For obvious reasons monetary policy is referred
to as a beggar-thy-neighbour policy: the domestic economy is stimulated at the expense
of the foreign economy.

In a similar fashion, an increase in the foreign money supply boosts foreign out-
put and reduces domestic output. In this case the foreign country beggars its neigh-
bour, the domestic economy.

2.4.2 Real wage rigidity in both countries

If both countries experience real wage rigidity, the relevant model is obtained from
Table 2.4 by setting § = 8" = 1. Upon making the relevant substitutions, the model
reduces to:

y=—erR" +evgq+evc [§+787], 2.73)
Y= —errR" —eygq + ey [§7 + 18], (2.74)
p=m—epmyy+emrR", (2.75)
p*=m" —epmyy* + earRY, (2.76)
y=—eyw[wo+ (1 —a)gq], ASg curve (2.77)

v =—eyw [wy — (1 —a)q]. AS§ curve (2.78)
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Figure 2.12: Monetary policy with nominal wage rigidity in both countries

Again relegating the brute-force method to the appendix, we study the model by
graphical means. Under real wage rigidity, the aggregate supply curves in the two
countries only depend on a single endogenous variable (the real exchange rate) and
some exogenous variables. In the bottom panel of Figure 2.13, ASg and AS; have
been illustrated.

The goods market equilibrium schedules for the two countries are obtained by
equating the respective AS and IS curves (viz. (2.77) and (2.73) for the domestic
country and (2.78) and (2.74) for the foreign country) and and solving for R* in terms
of the real exchange rate and the exogenous variables. The subscript “R” is used to
indicate that real wages are rigid in the two countries:

eywwo + [evo + (1 —a) eyw] g+ evc [g + 187

R* — , GMER curve
YR
(2.79)
. 1— *
R = EWW [evo+ (1 —a)eww]g+e g + 773]_ GME}, curve
€YR
(2.80)

In the top panel of Figure 2.13, GMEy is upward sloping and GME}, is downward
sloping.

Once again we have managed to represent the core properties of a six-equation
simultaneous system of equations with a simple, two-panel diagram. Let us look at
the effects of domestic and foreign fiscal and monetary policies.

2.4.2.1 Fiscal policy

In sharp contrast to our conclusion in the previous section, fiscal policy constitutes
a beggar-thy-neighbour policy under real wage rigidity. This can be illustrated with
the aid of Figure 2.13. The increase in government spending in the domestic country
(g) produces an upward shift in both GMEr and GME}, with the former experi-
encing the bigger shift because the “own” effect exceeds the “spillover” effect (i.e.
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n < 1). To restore equilibrium, the interest rate rises and the real exchange rate ap-
preciates (for the domestic country). The equilibrium shifts from ey to e; in the top
panel of Figure 2.13.

The output effects in the two countries are opposite in sign. In the bottom panel
of Figure 2.13, equilibrium in the domestic country shifts from ej to e; and output
is stimulated. The equilibrium for the foreign country, in contrast, shifts from eg
to e}, and foreign output contracts! How does this work? Since the real consumer
wage (W/Pc) is fixed, the producer wage (W /P) falls in the domestic economy and
output and employment are stimulated. The opposite holds in the foreign country,
where the real producer wage (W* / P*) rises. By raising g, the domestic policy maker
causes a fall in q (a depreciation of the foreign currency) which prompts foreign
workers to demand higher nominal wages in order to keep their real consumption
wage (W*/P¢) constant.

For future reference we derive the expressions for the various output multipliers.
First we use (2.79) and (2.80) to derive the effect of domestic and foreign fiscal policy
on the real exchange rate:

dg __dg _ (-nee (2.81)

dg  dg* 2 [eyg + (1 —a) eyw]

Next, we use (2.77), (2.78), and (2.81) to derive the output effects:

* *

__dy _(-md-meawes _ g (2.82)

dy __dy _dy
dg dg*  dg* g 2[eyg+ (1—a)eyw]

Equation (2.82) provides a clear statement of the beggar-thy-neighbour property of
fiscal policy when both countries experience real wage rigidity.

2.4.2.2 Monetary policy

Not surprisingly, domestic monetary policy has no real effects under real wage rigid-
ity. As none of the equilibrium loci (ARg, AS;, GMEg, and GMEy) are affected, the
interest rate, output levels, and the real exchange rate are also unaffected. It thus
follows that an increase in m causes an (equal) increase in the domestic price level
(dm = dp) and the nominal wage rate (dp = dw). Since the real exchange rate is
unaffected, the nominal exchange rate depreciates by the full amount of the change
in the domestic price (de = dp).

In a similar fashion, and for exactly the same reasons, an increase in the foreign
money supply has no real effects at all and just leads to nominal wage and price
increases and a nominal depreciation of the foreign currency, ie. dw* = dp* =
—de =dm* > 0.

2.4.3 Real wage rigidity in Europe and nominal wage rigidity in
the United States

In an influential paper, Branson and Rotemberg (1980) argue (on the basis of em-
pirical evidence) that nominal wage rigidity characterizes the US economy whilst
real wage rigidity well describes the European countries. Letting Europe denote the
home country and the US the foreign country (and ignoring the rest of the world for
convenience), the model describing this configuration is obtained from Table 2.4 by
setting # = 1 and 6* = 0.
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Figure 2.13: Fiscal policy with real wage rigidity in both countries
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Figure 2.14: European fiscal policy with real wage rigidity in Europe and nominal
wage rigidity in the United States

The analysis of the effects of fiscal and monetary policy can once again proceed
by graphical means. Since Europe experiences real wage rigidity, it is fully described
by GMER and ASg, which we restate for convenience:

eywwo + [y + (1 — ) eyw] 9+ evg [§ + 178"

R* = , GMEg curve
€YR
(2.83)
y=—eyw[wo+ (1 —a)gq]. ASg curve
(2.84)

The US economy, on the other hand, experiences nominal wage rigidity, and is de-
scribed by GME}; and LM*(ASY)):

(1+eywemy) [—evoq +evc (8" +18)] + eyw [wg — m*]

R* = ,  GME} curve
eYR(l + SywSMy) + EYWEMR
(2.85)
* R* _ *
yr =W [m” +emmR” = wg] LM*(AS%) curve (2.86)

1+ eywemy
The different schedules have been drawn in Figures 2.14-2.16. In each case, the initial
equilibrium is at ey.
2.4.3.1 Fiscal policy

In Figure 2.14, a European fiscal expansion (a rise in g) leads to an upward shift of
both GMER and GME};, with the former experiencing the larger shift (because 7 < 1
and eywepy > 0):

JdR* € € JR*
(a) :m>%:(a> . (2.87)
8§ JGMEx  EYR  EYR T Tepeny 8 / GME},

+eywemy
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Figure 2.15: US fiscal policy with real wage rigidity in Europe and nominal wage
rigidity in the United States

The real exchange rate of Europe appreciates and the new equilibrium is at e;. We
show in the appendix that the output multipliers are both positive:

dy _ (1— &) eywere - (1 —n)ewr [1 +emyeyw] + eywemr -0, 2.89)
dg — 1[4

* 1 1-—
dd]fg = EMREYWEYG - (L+) ngj|Z( %) xw >0, (2.89)

where |A| < 0. Both y and y* increase, but it is not a priori clear which effect domi-
nates. For reasonable parameter values, the effect on own output is likely to exceed
the induced effect on foreign output, i.e. dy/dg > dy*/dg. This is the case illus-
trated in Figure 2.14 (see the third quadrant). The European fiscal impulse consti-
tutes a locomotive policy since it ends up simultaneously stimulating US output and
employment.

A US fiscal expansion (a rise in g*) shifts both GMEgr and GMEY,, but is not clear
which shift dominates:

JdR* ) neyg < EYG (E)R* )
= = = . (2.90)
( 98 JoME;, YR T EyR + TR 98 / GMmE;,

+eywemy

In Figure 2.15 we draw the case for which the shift in GME}; is dominant. The equi-
librium shifts from eg to e;. The rate of interest is higher, there is a real depreciation
in Europe, but output falls because real producer wages in Europe rise. Output and
employment in the US rise, so that the US fiscal expansion constitutes a beggar-thy-
neighbour policy. It leads to lower output and higher unemployment in Europe.

In the appendix we derive the expressions for the general case:

W (1 - a)eyers -~ D EORATemveml T rewemr = o gy
dg — 4]

* 1 1—
Zg* = EMREYWEYG - ( +;7)€YQ_+|A(| ) e > 0. (2.92)
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Figure 2.16: US monetary policy with real wage rigidity in Europe and nominal
wage rigidity in the United States

2.4.3.2 Monetary policy

Monetary policy in Europe has no real effects: GMER and ASg are both independent
of the European money supply (see above). In contrast, expansionary US monetary
policy (a rise in m*) constitutes a locomotive policy for Europe. This has been illus-
trated in Figure 2.16. The increase in the US money stock shifts GME}; down and
LM*(AS})) to the right. The equilibrium shifts from ej to e;. The European real ex-
change rate appreciates and the interest rate falls. Both y and y* rise, and the US
monetary impulse thus stimulates both economies. By inflating the foreign price
level, the real producer wage abroad falls. This explains why foreign output rises.
Similarly, the real exchange rate appreciation causes European producer wages to
falls, thus also enabling an increase in output there.

2.5 Punchlines

In this chapter we conclude our discussion of the IS-LM model that was commenced
in Chapter 1, by discussing the contributions made by Mundell and Fleming (MF)
and subsequent work in the area. In the MF framework it is explicitly recognized that
most countries are open economies, i.e. they trade goods and financial assets with
each other. There are two crucial aspects characterizing the open economy, namely
its “financial openness” and the exchange rate system it maintains.

By financial openness we mean the ease with which domestic residents substitute
domestic and foreign assets in their portfolios as yields between assets differ. If
substitution is very easy then yields will equalize. This situation is often referred
to as one of perfect capital mobility. At the other extreme, if domestic residents are
not willing to hold foreign assets at all (or if there are strictures against it) then the
economy is “financially closed” and there is said to be no capital mobility at all. The
intermediate case, with imperfectly mobile capital, can also be distinguished.

There are two prototypical exchange rate systems. Under a system of fixed ex-
change rates, the monetary authority keeps the exchange rate for the domestic cur-
rency fixed by means of interventions on the foreign exchange market. Unless the
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policy maker engages in sterilization operations, the money supply will be endoge-
nous under this regime. With a system of flexible exchange rates, the monetary au-
thority does not intervene in the foreign exchange market. As a result the equilib-
rium exchange rate is endogenously determined by the forces of demand and supply
in that market.

The results of monetary and fiscal policy depend both on the degree of capital
mobility and on the exchange rate system. With immobile capital and under fixed
exchange rates neither monetary nor fiscal policy can permanently affect aggregate
output. With perfectly mobile capital and fixed (flexible) exchange rates, monetary
policy is ineffective (effective) and fiscal policy is effective (ineffective) at influencing
output. All these results are based on the assumption of a fixed price level.

In order to endogenize the price level we add a simple model of aggregate supply
to the MF framework. The key features of this model are as follows. First, perfectly
competitive firms set prices of the domestic good. Second, domestic and foreign
goods are distinct and are imperfect substitutes for each other. Third, to give the
model some Keynesian features it is assumed that the (real or nominal) consumer
wage is fixed and that the demand for labour determines employment and output.
Finally, because domestic consumers use both domestic and foreign goods, the con-
sumer price index, upon which the wage claims are potentially based, depends on
both the domestic and the foreign price (and thus on the nominal exchange rate).

Armed with this extended MF model we investigate the effects of monetary and
fiscal policy under perfect capital mobility. Not surprisingly, the wage setting regime
plays a crucial role. Under real (nominal) wage rigidity, monetary policy is ineffec-
tive (effective). With real wage rigidity fiscal policy boosts output, reduces the do-
mestic price, and leads to an appreciation of both the nominal and the real exchange
rate. In contrast, with nominal wage rigidity fiscal policy does not affect output
and the domestic price and merely leads to an appreciation of the real and nomi-
nal exchange rate. All these results hold for a small open economy which faces an
exogenously given world interest rate.

In order to endogenize the world interest rate we assume that the world con-
sists of two identical countries which can each be described by the extended MF
model. The two-country MF model shows how shocks are transmitted internation-
ally. Depending on the configuration of wage-setting regimes in the two countries,
macroeconomic policy initiatives may spill over across countries.

Further reading

The classic references on the open economy IS-LM model are Mundell (1968) and
Fleming (1962). See Frenkel and Razin (1987) for a review article. Good textbook
treatments are found in Branson (1972) and Turnovsky (1977). For two-country mod-
els see Cooper (1968), Dornbusch (1976b), Argy and Salop (1983), and Aoki (1981).
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Appendix: Analysing two-country models

In this appendix we provide analytical solutions for the two-country model pre-
sented in Table 2.4. We exploit the symmetry of the model by utilizing the Aoki
(1981) transformation. This transformation works as follows. Instead of working
with the ten-equation system of Table 2.4, it works with two (much smaller) subsys-
tems that are very easy to analyse, namely the average subsystem and the difference
subsystem. For each set of variable x and x*, the following transformed variables
are defined:
X+ x* x —x*

5 Xg =~ (A2.1)
Intuitively, x, represents the world average of the variable, whilst x; is the scaled
difference between the domestic and foreign values of the variable. Of course, once
we know x, and x;, we can recover the domestic and foreign values of x by noting
that:

X, =

*

X =x,+ x4, Xt =x, — x4 (A2.2)

A.1 Symmetric case

For the symmetric case with 6 = 6%, the difference subsystem implied by Table 2.4
can be written in matrix format as:

Ya (1—1)evcga
Ap - q = | my , (A2.3)
ba —E&YwWod
where Ap is defined as follows:
1 —&yQ 0
AD = EMY 0 1 ’ (A24)
1 0(1—a)eyw —(1—0)eyw

where y; = (y —y*)/2, pa = (p—p*)/2, 84 = (§ —&") /2, my = (m —m")/2, and
woq = (wo — wg) /2. The difference subsystem determines the endogenous variables
Y4, q, and py, as a function of the exogenous variables, g4, m;, and wy;. The key thing
to note is that Ap is only a three-by-three matrix, and is thus relatively easy to invert:

. 1 —0 (1 - Dé) Eyw - (1 - 9) EYWEYQ —&YQ
AE) = m - 1+ (1 - 6) EYWEMY - (1 - 9) EYw -1 , (A2.5)
D 9(1 —0() EYWEMY — [9 (1 —0() €yw+£YQ] €My£yQ
where |AD| = — [9 (1 — Dé) eyw + €yQ [1 + (1 - 9) 8yw€My]] < 0.
The average subsystem implied by Table 2.4 can be written as:

Ya (1+7) excga

Ag-| R | = | my , (A2.6)
Pa —EYWW0q

where A 4 is defined as follows:

1 —EYR 0
AA = EMY —EMR 1 ’ (A27)
1 0 — (1 — 9) Eyw
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where v, = (v +y*)/2, pa = (p+7)/2,8a = (§+8")/2, mg = (m+m*)/2, and
wos = (wo + w(y)/2. The average subsystem determines the endogenous variables
Ya, R*, and py, as a function of the exogenous variables, g,, m,;, and wy,. Again,
matrix inversion is practicable:

1 (1 — 9) EYWEMR (1 — 9) EYWEYR EYR
A = Bal 14+ (1 —0)eywepmy —(1—60)eyw ~1 , (A2.8)
A EMR EYR — (eMr + EMYEYR)

where ‘AA| = (1 — 9) eYyw [EMR +8My€yR] +eyr > 0.
The reduced-form expressions for g4 and R* are obtained from the second row of
(A2.3) and (A2.6), respectively:

_ [+ (A —0) eywemy] (1 — 1) evega + (1 —6) eywmg — exwwod (A2.9)
7 0 (1—a)evw +exg (14 (1—0) evwemy) ' '
gt = L+ —=0) eywemy] (1+ 1) excga — (1~ 6) exwina + eywwoa

(1—0)eyw [emr + emyevR] + €vr

(A2.10)

The real exchange rate only depends on the difference variables (g4, m4, and wy;),
and we immediately find the policy effects:

dq dq —(1-—nexg[1+(1—0)eywemy]

A== <0, (A2.11
dg dg* 2 [9 (1 —0() Syw+£yQ (1+ (1 —9) Eyw&My)] )
di _dg (1-0)eyw

= — = >0, A2.12
dm dm* 2 [9 (1—u) Eyw + €yQ (1+(1-9) SW\/SMy)] B ( )

where dq/dm = —dq/dm* = 0 only for the case of real wage rigidity (6 = 1).
The world interest rate only depends on the average variables (g4, 7,4, and wy,)
and the policy effects are thus given by:

dR*  dR* 1+ (1-0)eywemy] (1+7) v

= = >0, A2.13
dg  dg*  2[(1—0)eyw [emr +emyerr] + &vr] ( )
dR* _dR* _ —(1-0)eyw <0 (A2.14)

dm — dm*  2[(1—0)eyw [emr + emyevr] + €ygr]

where dR* /dm = dR*/dm* = 0 only for the case of real wage rigidity (6 = 1). By
setting 6 = 0, in (A2.13) we obtain (2.71) in the text. Similarly, by setting 6 = 1 in
(A2.11) we obtain (2.81).

The comparative static effects for y, y*, p, and p* can be obtained by recognizing
the results in (A2.2). By using (A2.6) and (A2.3) we find the following expressions
for y, and y:

_ (1=0)eywemr (1 + 1) evcga + (1 — 0) eyweyrMa — EYREYW W04

Yo = . (A215)
(1 —0)eyw [eMr + emyevr] + &R

0(1—a)eyw (1—n)eycgs + (1 —0) eyweyomy — eygeywwoy

0 (1—a)eyw +evg (14 (1—0) evwemy)

Ya = (A2.16)

The fiscal policy effects can be obtained as follows:

dy _dya  dys . (A—0)eywemr (1+7)eve
dg dg dg  2[(1—0)eyw [emr +emyerr] + &)
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0(1—a)eyw (1—1)exs

T —a) ey fevo L+ (L—0) exmenn]]” (82.17)
dy* _dya _ dya _ (1-0)eywemr (1+7) eyg
dg dg dg  2[(1—0)eyw [emr +emyerr] + exr]

_ 0(1—a)eyw (1—1)eyg (A2.18)

2 [9 (1 — ) eyw +&yQ [1 +(1-9) EW\]EMyH ’

dy  dye  dy, dy’
T de T ae = dg (A2.19)
d.l/* — dYa dyg _ ﬂ/ (A2.20)

dg* — dgr  dgr  dg

By setting 6 = 0 in (A2.17)-(A2.20) we obtain (2.72) in the text, and by setting 6 =1
we obtain (2.82).
For the monetary policy effects we obtain from (A2.15)-(A2.16):

dy _dya  dya _ (1—0) eywerr
dm dm  dm  2(1—0)eyw [emr + emyevr] + ¥R
(1 — 9) SyweyQ
+ ) (A2.21)
2 [9 (1 — DC) eyw + €YQ (1 + (1 — 9) 8YW£MY>]
dy* _ dya _dys _ (1—06) eywerr
dm dm dm 2(1 —9) EYW [EMR +8My£m] + &yr
_ (1=6)emerg (A2.22)
2 [9 (1 — 0() eyw + €yQ (1 + (1 - 9) 8yw€My)] ’
dy _ dya | dya _ dy’
dm — dm | dme  dm’ (£2.23)
" _ Yo dyg_ dy (A2.24)

dm* — dm* dm*  dm’

Obviously, for 8 = 1 (real wage rigidity) money is neutral. For § = 0, we obtain the
results described in the text.

In closing we note that the comparative static results for p and p* can be obtained
from (A2.6) and (A2.3) by using (A2.2). This is left as an exercise to the reader.

A.2 Asymmetric case

For the asymmetric case, with § = 1 and 6* = 0 the Aoki transformation does not
yield a simplification, and we write the simultaneous system directly in terms of the
original variables:

y evc [§ + 18"
¥ evc [1g + 87
P I , (A2.25)
p m
q —&ywwo
R* *

—E&Yywwg
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where A is defined as:

1 0 0 0 —€yQ EYR
0 1 0 0 €YQ EYR
— EMY 0 1 0 0 —&EMR
A=10 e 01 0 e (A2.26)
1 0O 0 0 (1—a)eyw 0
0 1 0 —eyw 0 0
After some manipulation, we find that:
Al=—(1—a)eyw |:3YW€MR +evr [1+ smysyw]}
—€yQ [SywsMR + 2evg [1 4+ epmyeyw] :| < 0. (A2.27)

By using Cramer’s Rule we obtain the policy effects on output in the two regions.
The fiscal policy multipliers are reported in the text—see equations (2.88), (2.91),
(2.89), and (2.92). The monetary policy effects are given by dy/dm = dy*/dm = 0
and:

dy  (1—a)eyrely
dm* — A

dy*  eyrREYW [(1 —a)eyw + ZgYQ]
dm* — A

>0, (A2.28)

> 0. (A2.29)



Chapter 3

Dynamics in aggregate demand
and supply

The purpose of this chapter is to study the following four issues relating to the im-
plicit dynamics present in macroeconomics models:

1. The AEH and stability of the IS-LM-AS model under the neo-Keynesian syn-
thesis,

2. A theory of investment and the implied stock-flow interaction between invest-
ment and the capital stock,

3. A first view of the government budget restriction and the implied stock-flow
interaction between the government deficit and debt or money, which allows a
comparison of stability and effectiveness of money-financed and bond-financed
increases in government spending, and

4. The concept of hysteresis or path dependence arising in a model where the
equilibrium rate of unemployment is determined by the past rate of unem-
ployment and temporary shocks have permanent effects.

3.1 What is stability?

Throughout this chapter the notion of stability will play a fundamental role. A stable
system may be defined as one in which the unique equilibrium (also called station-
ary state) is eventually restored following a shock to one or more of the exogenous
variables. Obviously, to operationalize this definition we must in each case indicate
exactly what we mean by an equilibrium, and which variables we classify as exoge-
nous. When the system has multiple equilibria (or stationary points), there may be
stable and unstable equilibria. If there is a unique stable equilibrium, we shall choose
that equilibrium as the relevant one and can still speak of a stable system.

The reason that economists like to focus attention on stable systems is that the
alternative is unpalatable: unstable systems are not very useful for understanding
the economy. An unstable system has no stable equilibria. Such an unstable sys-
tem may very well have one or more unstable equilibria, but it is not likely to be at
any of those equilibria at any point in time. Indeed, even if such a system starts in an
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equilibrium, a very small shock will permanently displace the system from that equi-
librium. Therefore, only by pure coincidence would the system be in an equilibrium.
Since economists know a lot more about equilibria than they do about disequilib-
rium situations, they like to study models that predict that the system converges
along an equilibrium adjustment path to a stable equilibrium (see also Chapter 4).
Note that this notion of equilibrium can also be extended to uncertain environments,
in which case one would talk, for example, of stochastic steady states (see Chapter
5).

A very useful piece of methodological advice is contained in the so-called corre-
spondence principle, which was transplanted from physics to economics by Paul Sa-
muelson in his classic Foundations of Economic Analysis published in 1947. In words,
the correspondence principle states that we should have confidence in, and use, only
stable systems. As it will turn out, adherence to this principle often yields impor-
tant information on the comparative static (or even comparative dynamic) predic-
tions that can be derived from a theory. More precisely, the mathematical conditions
that are necessary to have a stable system often enable macroeconomists to sign the
steady-state multipliers for changes in government policy or other exogenous vari-
ables. We will give a number of applications of the correspondence principle during
the course of this chapter.

In this chapter we restrict attention to models exhibiting a particular form of
stability, the one that is most familiar to students of physical systems. All models
discussed in this chapter display stability of a backward-looking kind. At a particu-
lar instant in time, the model determines the endogenous variables as a function of
the exogenous variables and the predetermined state variables. Loosely put, his-
tory (as summarized by the state variables) determines the present situation. These
backward-looking models are fairly mechanical, very much as switching on a ma-
chine will cause effects now and in the future but a machine will not switch itself on
in anticipation of a future operation. In Chapter 4 we shall look at models exhibiting
a completely different kind of stability, namely forward-looking stability. There history
and the future jointly determine the current situation. Such forward-looking mod-
els are not considered in this chapter. These models arise in cases where economic
psychology is relevant; for example, firms investing in anticipation of an investment
subsidy being abolished in the future, consumers rushing to the store in the expecta-
tion of a future sales tax increase, or a little boy who starts salivating at the promise
of a Chelsea bun.

We also look in Section 3.5 at a macroeconomic model for which the steady state
is not uniquely defined. Instead, the equilibrium at which the economy finally set-
tles down depends on the course of history, i.e. the equilibrium is path-dependent.
Although this property seems eminently reasonable to historians and other social sci-
entists, it must be stressed that the steady-state equilibrium of most economic models
does not depend on the course of history. (Mathematically, path-dependent systems
are characterized by a zero eigenvalue of the Jacobian matrix in the continuous-time
case or a unit root in the discrete-time case. See the Mathematical Appendix for fur-
ther details.) An interesting feature of models with the hysteresis property is that
temporary shocks can have permanent effects. For example, a temporary adverse
shock to the labour market can lead to a lasting increase in the rate of unemploy-
ment.
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3.2 Adaptive expectations and stability

In Chapter 1 we saw that one variant of the neo-Keynesian synthesis model can be
obtained under flexible wages and prices by assuming that price expectations are
formed according to the adaptive expectations hypothesis (AEH). The model can be
written in a very compact form as:

Y = AD(G, M/P), (3.1)
Y=Y"+¢[P—P, ¢>0, (3.2)
PP=AP—P], A>0. (3.3)

Equation (3.1) is the AD curve, which summarizes the simultaneous occurrence of
money market equilibrium and spending equilibrium. The AD curve depends on
two exogenous variables, namely government consumption, G (via the IS curve),
and the nominal money supply, M (via the LM curve). The partial derivatives of
the AD curve with respect to its arguments have been interpreted in Chapter 1 and
follow immediately from equation (1.29):

1
ADq- = 4
C=ToC A= Ty) + i/l - (34)

Ir/1
ADpyp = R/IR >0 (3.5)

1-Cyr(1-Ty)+IyIg/Ir ~ 7

where Cy_r is the marginal propensity to consume, Ty is the marginal tax rate, Iy is
the interest sensitivity of investment, and [y and [g denote, respectively, the income
and interest sensitivity of money demand. We recall from Chapter 1 that 0 < Cy_1 <
1,0 < Ty <1,Ig <0,y >0,and Ig < 0. Clearly, aggregate demand rises if
government spending or real money balances are increased. In the bottom part of
Figure 3.1 the AD curves are downward sloping, i.e. ADp = — (M/P?) - ADpyp < 0.
Equation (3.2) is the specification for aggregate supply in the goods market. Po-
tential output, also called the full-employment level of output, Y*, depends on supply-
side variables. For example, potential output is an increasing function of the capital
stock—see expression (1.20). Due to the fact that the expected and the actual price lev-
els do not always coincide under the assumption of adaptive expectations, labour
supply and consequently output can differ (in the short run) from their respective
full-employment levels. The parameter ¢ follows from the AS curve (1.20):

wnepEs Y (3.6)

= ASp =
¢ P ep+eg P !

where wy is the national income share of wages, and ep and €5 denote the wage elas-
ticity of, respectively, labour demand and labour supply. We recall from Chapter 1
that 0 < wy < 1and ep > 0. Recall furthermore that, due to diminishing returns to
labour, the demand curve for labour is downward sloping, and that ep is measured
in absolute value terms. Finally, provided the substitution effect dominates the in-
come effect in labour supply, we also have that the labour supply curve is upward
sloping, i.e. € > 0. Hence, the parameter ¢ determines the slope of the short-run
AS curve-the higher a value of ¢, the flatter the short-run AS curve, and the larger
the output fluctuations that occur as a result of a given shift in aggregate demand.
Indeed, by rewriting (3.2) somewhat, the AS curve can be written as:

1
P=P+-[Y-Y"], 3.7
4)[ ] (3.7)
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Figure 3.1: Fiscal policy under adaptive expectations
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from which it follows readily that (dP/dY)p._p = 1/¢. In the bottom part of Figure
3.1, the curve labelled AS(P® = Py) depicts the short-run aggregate supply curve
when the expected price level is equal to Py. Note that the difference between the
full-employment level of output and the actual level of output, Y*—Y, is sometimes
called Okun’s gap. It is also a measure of (involuntary) unemployment.

Finally, equation (3.3) is the continuous time version of the AEH expressed in
equation (1.14). Agents revise their expectations regarding the price level if there
is a discrepancy between the actual and the expected price level. The parameter
A is an indicator for the speed at which agents adapt their expectations (i.e. the
promptness with which they correct their mistakes). A crucial aspect of the AEH is
that the expected price level is a state variable, which means that its value is given
at a particular instant in time. Hence, under the AEH the expected price level, P?,
is treated just like the capital stock, namely as something that is determined in the
past. Suppose we want to compute the level of P° at some particular time ¢. Just as
the capital stock depends on past investment outlays, the expected price level P¢(t)
depends on actual price levels from period ¢ into the indefinite past. To show that
this is indeed the case, we solve the differential equation (3.3) to obtain the following
expression for the expected price level:

Pe(t) = /j _AP(T)e” M=t g, (3.8)

The expected price level in period t, denoted by P°(t), depends on the entire path
of (exponentially weighted) price levels in the past. Due to the discounting, distant
prices have relatively little influence on the expectation of the current price level.

Intermezzo 3.1

The expected price level under the adaptive expectations hypothesis.
By explicitly recognizing the dependence on time, T, equation (3.3) can be
written in terms of a first-order differential equation for P¢(7) featuring
a constant coefficient, A, and a time-varying forcing term, P(7):

P¢(t) + AP°(T) = AP(7). (a)

By multiplying both sides of (a) by the integrating factor, e'¥, we find
that:

[P°(T) + AP°(T)] e = AP(T)eM® &
%Pe(r)e/” = AP(1)eM &
dP¢(1)e’™ = AP(1)eMdr. (b)

Integrating both sides for T € (—oo, {] gives:
t
[_ar@eT=2 / T)eMTdT
Pe(r)er| = / T)eMTdT

Pe(t)eM — lim P°(1)e!™ = A/ 7)eMdT. (©)

T—>—00
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But lim P°(7)e*™ = 0 so we can rewrite (c), by taking e to the other
T——00

side, and obtain the expression for P°(t) as given in equation (3.8). Sar-
gent (1987b, pp. 117-118) studies the case for which expected inflation,
rather than the expected price level, is adjusted according to the AEH.

E g

The neo-Keynesian model of aggregate demand and supply summarized by equa-
tions (3.1)—(3.3) can be solved quite easily for the short run, the transition period, and
the long run. Graphically, the solution has already been discussed in Chapter 1 and
is illustrated again in Figure 3.1. The initial situation is point Eg, where output is
equal to its potential level (Y = Y*), the rate of interest is equal to Ry, and the price
level is equal to Pp. Now consider the following experiment in order to determine
the stability of our model: does the economy automatically return to an equilibrium
after a shock, say an increase in government spending? The (affirmative) answer
is easily illustrated with the aid of the diagram. Following the increase in govern-
ment spending (dG > 0), the IS curve and hence the AD curve both shift to the
right. Expectations are given in the short run, so that the economy operates along
the short-run aggregate supply curve through Eq. At point A the price level has in-
creased from Py to P’ and output has also increased (to Y’). Is there an equilibrium
at point A or, more precisely from a mathematical point of view, is A a stationary
point? Clearly, there is equilibrium in the sense that the AD curve and short-run AS
curve intersect. Given their price expectations, households are happy to supply the
amount of labour they do, and all markets clear. There is, however, a disequilibrium
regarding expectations: at point A households base their plans on the expectation
that the price is P but the actual price level is higher (P’ > Py). The AEH suggests
that this discrepancy will be eliminated over time. Hence, A is not a stationary point.
As the expected price level is increased, the short-run AS curve will start to shift up
and to the left and the economy will move along the new AD curve towards point
E;. Point E; is a point of full equilibrium, because all markets clear and there is an
expectational equilibrium. Hence, point E; is both an equilibrium from an economic
point of view and a stationary point. Consequently, the IS-LM-AS model is stable.

It is not always so easy to use graphical devices to demonstrate stability. For that
reason the following, slightly more formal method, may be used. Recall that in the
short run, the expected price level P° is a predetermined, or state, variable. Con-
sequently, we can use expressions (3.1)—=(3.2) to solve for the short-run equilibrium
values of the price level, P, and output, Y, conditional on the exogenous variables
(G, M, and Y*) and the predetermined state variable (P¢). Put differently, we know
that (3.1)—(3.2) give rise to two implicit functions of the following form:

P=®(G,M,Y* D), Y=Y¥(GMY*P). (3.9)

Of course we do not know the explicit functional forms of ®(-) and ¥ (-) but that is
not a problem. All we need to know is the partial derivatives of these functions, and
they can be easily obtained by employing the implicit function theorem. We briefly
remind the reader how to do this. In the first step we totally differentiate equations
(3.1)—(3.2) to obtain:

dY = ADgdG + (1/P)AD,ypdM — adP, (3.10)
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dY = dY* + ¢ [dP — dP], (3.11)

where & = (M/P?)ADyyp > 0 is a composite parameter. In the second step we
solve these two expressions for the change in the price level, dP, and in output, dY:

 ADGAG + (1/P)ADpypdM — dY* + ¢pdP*

p Du , (3.12)
A P)AD Y —apdP°
4y — $ADGAG + (¢/P) - f/idM +adY” —a¢dP (3.13)

Since both ¢ and « are positive, the denominator of (3.12) and (3.13) is guaranteed
to be positive. In the final step we recover the partial derivatives of ®(-) and ¥(-)
by in each case letting one of dG, dM, dY*, and dP°® be non-zero. For example, by
using (3.12) we find that &g = ADg /(¢ +a) > 0, Py = (1/P)ADpyp/ (¢ +a) > 0,
Py« = —1/(p+a) < 0,and Ppe = ¢/ (¢ +a) > 0. Hence, the first expression in
(3.9) says that P is an increasing function of P¢, G, and M but a decreasing function
of Y*.

In a similar fashion we can deduce from (3.13) that ¥ = ¢ADg/(¢ +a) > 0,
Yy = (¢/P)ADypp/(¢p+a) > 0, ¥y» = a/(¢p+a) < 0,and ¥p = —ap/(¢ +
a) > 0. Hence the Keynesian multiplier which is relevant when prices are sticky,
ie. ADg, is weakened on account of the rise in the price level and the associated
contraction in real money balances. The extent of this weakening is captured by the
factor ¢/ (¢ + a) which is positive but less than unity. We see that the flatter the AS
curve, i.e. the smaller the change in the price level caused by a change in aggregate
demand (the higher is ¢), the smaller is the rise in the price level and the dampening
of the short-run Keynesian multiplier. A very steep AS curve (a low value of ¢)
implies that a rise in government spending yields a relatively large boost to the price
level and a small rise in employment and output.

The implicit function P = ®(G, M, Y*, P?) (stated in (3.9)) is very useful for our
stability analysis, because it summarizes all the effects that influence the price level,
P, at a particular instant in time. By substituting this function into equation (3.3) we
obtain:

P¢ = A[®(G, M, Y*, P*) — P*] = Q(P°, G, M, Y*), (3.14)

where Q) (-) is yet another implicit function relating the time rate of change in the
expected price level to that price level and to the exogenous variables. The par-
tial derivatives of this implicit function are once again obtained by employing the
implicit function theorem. Indeed, by totally differentiating equation (3.3), and sub-
stituting (3.12), we obtain:

dP° = A [dP — dP°]
_ M ape + AADgdG + (A/P)ADpypdM — AdY*
C ¢p+a $p+a
from which we conclude that Qpe = —Aa/ (¢ +a) <0, Qg = AADg /(¢ +a) >0,
Q= (A/P)ADyyp/ (¢ +a) > 0,and Qy+ = —A/ (¢ +a) < 0.

Let us now return to the stability experiment mentioned above. We leave exoge-
nous variables other than government spending unchanged (i.e. dM = dY* = 0 and
dG > 0) and determine the “law of motion” of the expected price level. The result-
ing phase diagram is found in Figure 3.2. From the expressions in (3.15) it is clear that
P¢ = Q) is a decreasing function of P¢ (since Qpe < 0). The initial equilibrium

) (3.15)
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Figure 3.2: Stability and adaptive expectations

or steady state is given by point Eg. If government spending is increased, the P°
line shifts up and to the right (since Qg > 0). Even though P° is fixed in the short
run, P? jumps to a positive value (point A). The expected price level starts to rise,
which is represented by the arrows along the new P* line. Eventually, the economy
reaches point E;, which is the new equilibrium and steady state. This experiment
shows that the crucial property that is needed for stability is that changes in the ex-
pected price level should taper off. More formally, stability implies (and is implied
by) 9P /9Pt = Qpe < 0. If this stability condition holds, the model is, of course,
stable in the face of shocks to other kinds of exogenous variables as well.

In order to test one’s understanding of the material it is useful to examine the
stability of an alternative neo-Keynesian synthesis model, namely one where the
nominal wage adjusts sluggishly in response to conditions in the labour market. This
is left as an exercise.

3.3 Investment, the capital stock, and stability

In Section 3.2 we saw an example of stability analysis involving expectations. In this
section and the next, we look at stability in a class of dynamic systems that stresses
the interaction between stocks and flows. A very prominent example of interaction
between stocks and flows is the one between the level of the capital stock and the
rate of investment. This interaction is typically ignored in the IS-LM model, which
renders the IS-LM model less useful for understanding transient and long-run issues.
Notable exception to this ad hoc approach are Tobin and Buiter (1976) and Sargent
(1987b). Before turning to the stability issue in the context of investment-capital
dynamics, we first briefly introduce a theory of investment (by the typical firm) that
is based on microeconomic foundations. This theory will be further developed in
Chapter 4, but is used here to motivate the form of the investment function that is
appropriate if dynamic issues are taken into account.
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Figure 3.3: Adjustment costs of investment

3.3.1 Adjustment costs and investment

Firms invest in order to add units of capital to the stock they already have and to
replace the worn out capital stock. They do this because they want to conduct their
operations in the most profitable way. In Chapter 1 we have already described a very
basic static model of producer behaviour. The objective of this section is to expand
our basic model of producer behaviour to a dynamic setting. By doing so, the issue
of optimal investment plans can be studied.

We make the following assumptions regarding the typical firm. First, the firm
has static expectations regarding all prices and the interest rate. Second, technology
is constant. Third, the firm is a perfect competitor in the markets for its inputs and
its output. Fourth, the investment process is subject to adjustment costs. Adding
new machines is disruptive to the production process and leads to lost revenue. For
low levels of investment these adjustment costs are low, but these costs rise more
than proportionally with the level of investment. The adjustment cost function is
(for simplicity) assumed to be quadratic: bP!I?, where b is a positive constant, P! is
the price of new machines, and I is the level of gross investment by the firm. The
adjustment cost function is illustrated in Figure 3.3. The production function is still
given by Y = F(N, K) and has the properties stated in Chapter 1.

Finally, we assume that the typical firm maximizes the present value of the net
payments it can make to the owners of its capital stock (i.e. the shareholders), subject
to the restrictions of the production function and the capital accumulation identity.
The market rate of interest on bonds, R, is used as the discount factor. In Intermezzo
3.2 we demonstrate that this assumption is justified in a decentralized market setting
with a well-functioning stock market.

Since the problem of the firm is essentially dynamic, all variables must be given
a time index. In order to obtain the simplest possible expressions, the derivation
proceeds in discrete time. Nominal cash flow at the beginning of period ¢, 11, is
defined as:

I1; = PF(N;, K;) — WN; — P'I; — bP! 12, (3.16)

where N; is employment in period ¢, K; is the capital stock at the beginning of period
t, and I; is the level of investment in period ¢. Note that the prices of goods and
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labour (P, P!, W) have no time index because we assume that firms expect these to
be constant over time. The first two terms on the right-hand side of (3.16) represent
sales revenue minus the wage bill; they are familiar from Chapter 1. The third term
represents the current outlays on new investment goods, and the fourth term repre-
sents the adjustment costs. The identity linking rates of investment and the capital
stock is given in discrete time as:

Kt+l — Ky = I} — 0K;, 0<d<l, (317)

where J represents the constant rate of physical deterioration of the capital stock due
to wear and tear.

In period 0 (‘today’) the objective function of the firm, i.e. the present value of
present and future cash flow streams, can be written as:

_ (o) 1 t
O_Z(1+R> H
o 1 )t 1 172
=Y (+—=] [PF(N,K:) = WN, — P'I; — bP' I} . (3.18)
% () |

Due to the dynamic nature of the problem, the firm must formulate plans regarding
production now and in the indefinite future (Y, fort = 0,1,2,--- ,00). It does so by
choosing paths (for time periods t = 0,1,2, - - - , o), for employment (N;), investment
(It), and the capital stock (K;41) such that (3.18) is maximized subject to (3.17).

Intermezzo 3.2

The cost of capital to the firm: Modigliani-Miller. Which rate should
the firm use to discount its present and future profits? Does the firm’s
dividend policy matter to the valuation of its shares on the stock market?
These and related questions were first analysed in a number of highly in-
fluential papers by Modigliani and Miller (1958), Miller and Modigliani
(1961), and Miller (1977). Miller and Modigliani (1961, p. 413) consider
the following scenario: suppose a firm wants to invest by buying a $100
machine. How should it finance this investment-by reducing dividends
(and thus relying on retained earnings) or by issuing new shares? Their
surprising answer is that, in an ideal economy characterized by perfect
capital markets, rational behaviour, and perfect certainty, the firm’s divi-
dend policy does not matter. This is the famous Modigliani-Miller theorem
(MMT hereafter). As it turns out this theorem also gives an answer to our
first question concerning the appropriate discount rate for the firm.
Before giving a simple demonstration of the MMT it is important to
emphasize the assumptions upon which its validity is based (Miller and
Modigliani, 1961, p. 412). By perfect capital markets it is meant that no
buyer or seller of securities has market power. There are no brokerage
fees, transaction costs, and tax distortions. By rational behaviour it is meant
that investors prefer more wealth to less and do not care about the form
in which their wealth accrues (e.g. by cash payments or by valuation
changes). Finally, by perfect certainty it is meant that all investors are fully
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aware of all future investment programmes and the future profits of ev-
ery corporation. Presumably because these assumptions are rather strin-
gent, the late Modigliani himself reputedly always added the proviso “to
a first approximation” when talking about the validity of the MMT (see
Blanchard and Fischer, 1989, p. 314 fn. 35).

Suppose that there are many firms (indexed with i), facing identical
technology and adjustments costs, and that the shares of all firms are
traded in the stock market. Assume furthermore that, apart from hold-
ing shares in the various companies, investors can also hold a one-period
government bond which pays (1 + R) euros per euro invested each pe-
riod. We assume that the firms issue no (corporate) debt and that the
interest rate, wages, and prices are constant, both at present and in the
future. Under the assumptions made, the fundamental principle of valua-
tion says that the yield per euro invested must be the same for all financial
assets:

di+ P — P}
Pi
where di is the dividend per share paid by firm i at the end of period ¢,
p; is the price of a share in firm i (exclusive of period t — 1 dividend) at
the start of period t. The left-hand side of (a) shows that the yield on one
euro invested in shares of firm i consists of dividend plus capital gains
expressed in terms of the price of a share in that firm. The right-hand side
of (a) shows that this common yield on shares must be equal to the yield
on one-period government bonds.
Note that (a) can be rewritten as:
. 1 .
T __ 1 1
Pi=1og |4+ Pl ®)
This expression can be rewritten in terms of the value of the firm as a

whole by defining V/ = pin, where n! is the number of shares of firm i
at the beginning of period t:

=R, (a)

. 1 . .
Vi = 1R {"ltdlt =+ nltPffﬂ}

1 . ) : ; )
= g i+ (nh i = i) Pl

1 . ; ) ;
=T17R {Di + Vi — mlt—l—lp;-&-l} , (©

where Di = nid! is total dividends paid at the end of period t to the 7!
‘old” stockholders and m! = ni 41— ni is the number of new shares
sold during period t at the ex-dividend closing price p! 41+ Suppose that
PTi(1 + bI}) is the given firm’s investment level (inclusive of adjustment
costs) and that X! = PF(Ki,N/) — WN] is the firm’s gross profit, both
measured at the beginning of period ¢. Then the amount of outside capi-
tal that the firm needs to finance its investment plans at the beginning of
period t + 1 is:

My 1phyq = P (1+ DI 1) + D — X} . (d)

85
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By substituting (d) into (c) we obtain the following expression for the
value of the firm at the start of period t:

; 1

Vi= Tg (X — P+ blin) + Vi) ©

The crucial thing to note is that the level of dividends does not affect
anything in (e)! Hence, the current value of the firm is independent of
its current dividend policy. Solving (e) by repeated substitution of terms

like Vti 1 Vti o, etc., we find the following expression for Vti after T sub-
stitutions:
X t+T 1 s—t . 1 T .
i — ) M4 (—) V f
i- 5 () e () 0

where we have used the definition of cash flow, IT. (cf. the one given in
(3.16)). By letting T — oo in (f) we obtain:

. 00 1 s—t
vi- ¥ (gg)
t s:;»l 1+R s (g)
As is pointed out by Auerbach (1979b, p. 437), the expression in (g)
holds provided the value of the firm grows at a slower rate than R so
that limr_,e (1 + R)~TV{_; = 0in (f). This is a so-called No-Ponzi-Game
(NPG) condition which prohibits the firm from running a “chain letter
scheme” by supporting dividend payments solely from new share issues.
(We shall encounter NPG conditions in various setting throughout the
book).

By dropping the now superfluous firm index i and noting that the
firm also has some cash flow at the beginning of the period ¢, we find
that the objective function of the firm can be written as:

_ (o) 1 s—t
Vt = Vt +Ht = (> Hs. (h)
S; 14+ R

By normalizing the planning period ¢t = 0 we obtain the expression (3.18)
in the text. Cash flows should be discounted by the cost of capital which,
in the present setting, equals the rate of return on government bonds.
The Modigliani-Miller theorem has been extended and generalized
over the last four decades. Useful extensions in a macroeconomic setting
are Auerbach (1979b), Sinn (1987), and Turnovsky (1995, ch. 10). All these
authors focus on the effect of real world taxes on the validity of the MMT.

Py

Two things are noteworthy about the firm’s optimization problem. First, the
choices regarding investment and the capital stock are not independent because the
capital accumulation identity (3.17) implies a path of the capital stock once a path for
investment is chosen. Second, in the planning period, t = 0, the firm has an installed



CHAPTER 3: DYNAMICS IN AGGREGATE DEMAND AND SUPPLY 87

capital stock already, so that Ky is not a choice variable to the firm. Formally, the
maximization problem can be solved by means of the Lagrange multiplier method.
The Lagrangian is:

Lo= ;O (1+R) [PF(Nt,Kt) — WN; — Pl — bPIIf]

o0 1 t
_ — ) A K — (1= 0K — 1], 3.19
t;)<1+R> ¢ [Kepr = ( )K: — I (3.19)

where A; is the Lagrange multiplier for the capital accumulation constraint that is
relevant in period t (in order to simplify the notation these multipliers are weighted
by the discount factor). The first-order conditions are (for t =0, - - - ,00):

9L 1\
FVEACESR [PFn(Nt, Ki) = W] =0, (3.20)
0Ly 1\ [PF(Nis1,Ki1) + Apa (1 —0) _
oK1 (1+R> { 1+R M| =0 (3.21)
oL 1\
aTtO - (1+R> {—Pl —2bP'], +/\t] — 0. (3.22)

(Note the timing of the Lagrange multiplier in the first-order condition for capital!)

Although (3.20)—(3.22) look monstrously difficult, they can nevertheless be read-
ily interpreted. Note that (14 R)™" > 0 so that the terms in square brackets on
the right-hand sides of (3.20)—-(3.22) must be zero to satisfy the first-order conditions.
Hence, equation (3.20) amounts to the marginal productivity condition for the labour
input that was already derived for the static case (see equation (1.4)). It is intuitively
obvious why these two first-order conditions coincide: labour is a fully flexible factor
of production, and the choice of how much labour to use is not a dynamic one.

Equations (3.21) and (3.22) can be combined to yield an expression for the optimal
path of investment. First, (3.22) is used to get expressions for A; and A 1:

Ay = PL[1+2bL], Appq = P[142b14]. (3.23)

By substituting these expressions into (3.21), we obtain the first-order condition for
investment:
PFg(Nit1,Keg1) +Arp1(1—=6) = A(14+R) =0 =
PFg(Nit1,Keg1) + (1= )P [1+2b1 1] — (14 R)P' [1 +2bL,] =0 =

L L1+R, PFx(Nii1,Kii1) — PR +0)
A T 2bPI(1 - 6)

=0. (3.24)

This equation is an unstable difference equation for investment, because the coeffi-
cient for I; is greater than unity. The steady-state solution for investment is found by
setting Al; 1 =0,or ;1 =L =1I:

1 [PPK(N,K) _1}

" 2b | PI(R+0) (325

The intuition behind expression (3.25) is very simple. If the value of the marginal
product of capital (PF) is greater than the rental price of capital (i.e. the opportunity
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cost of capital plus the depreciation charge, (R + §)P!), the firm should invest. Note
furthermore that in the absence of adjustment costs (b = 0), the firm has no well-
defined optimal investment policy. In that case (3.25) reduces to PFx = P!(R + 6),
which is a static condition determining the optimal capital stock for the firm. Hence,
in the absence of adjustment costs, the firm has an infinite speed of investment and
immediately adjusts its capital stock to the optimal level.

In Chapter 4 we shall demonstrate more formally that the steady-state invest-
ment plan (3.25) is also the optimal solution to the firm’s maximization problem. In-
tuitively, the firm chooses the smoothest possible investment path in order to avoid
very high adjustment costs in periods of high investment. An uneven path of invest-
ment, e.g. low now, high later, would have low adjustment costs now but very high
adjustment costs later. Due to the fact that the adjustment cost function is convex
(e.g. quadratic), these higher costs later dominate the low costs early on.

One final remark about expression (3.25) concerns the price of investment goods,
P!. The IS-LM model is essentially a one-good model, so one would expect that the
investment good is actually the same as the consumption good and thus P = P!.
There is, however, a reason why the two prices can diverge, even in a one-good
setting. Suppose that the government wishes to stimulate investment. It could do so
by subsidizing investment goods. In that case the price of investment goods faced
by firms is equal to P! = (1 — s;)P, where s; is the subsidy. Equation (3.25) then
becomes:

1 Fg (N, K)

=% la=s)R+05)

—~1]. (3.26)

It is clear from this expression that the investment subsidy is successful in stimulat-
ing investment, i.e. dI/9ds; > 0. We return to the important issue of how government
policy can be used to stimulate private investment in Chapter 4.

3.3.2 Stability

The investment theory developed in the previous section may be summarized by the
general functional form for investment:

I=I(RKY), Ix<0, Ix<0, Iy>0, (3.27)

where we assume that there is no investment subsidy (so that P! = P). We also
assume that the marginal product of capital (that appears in expression (3.26)) de-
pends positively on Y and negatively on K. This is, for example, the case for the
Cobb-Douglas production function, Y = ZoK¢N'~¢ (with 0 < e < 1), for which
Fx = €Y /K, 0Fx/dY > 0, and dFx/dK < 0 (see Intermezzo 1.1 for more details
on this type of production function). An alternative, more ad hoc derivation of this
investment relationship is the so-called accelerator theory of investment. This pro-
ceeds by postulating a desired level of the capital stock, say KP (Y, R) with KP > 0
and KR < 0, and assuming that investment takes place in order to close the gap be-
tween the desired and the actual level of the capital stock, say I = b(KP — K) with b
now being the speed of adjustment. Clearly, this accelerator view of investment may
also be seen as a special case of this general functional form for investment.

In order to investigate stability in the IS-LM model, we first simplify matters
by postulating that the price level is constant, i.e. we assume that the AS curve
is perfectly elastic at the given price level which we normalize to unity (P = 1).
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Throughout this section we hold the money supply constant. The model of aggregate
demand with dynamics in the capital stock can thus be written as:

Y =C(Y-T(Y))+I(R,K,Y)+G, (3.28)
M=1(Y,R), (3.29)
K=I(RK,Y) - 6K. (3.30)

Equation (3.28) is the IS curve, (3.29) is the LM curve, and (3.30) is the capital accu-
mulation identity (3.17) rewritten in continuous time and with (3.27) substituted. We
assume that the IS curve is downward sloping in Figure 3.4,i.e. 0 < Cy_r (1 — Ty) +
Iy < 1.

The capital stock is predetermined in the short run, so that the IS-LM equations
(3.28)—(3.29) jointly determine short-run equilibrium values for output, Y, and the
rate of interest, R, in terms of K and G:

Y=®(KG), R=Y¥(KG), (331)

where @ () and ¥(-) are implicit functions. The pluses and minuses summarize
the signs of the partial derivatives of these implicit functions. These are obtained
in the standard manner by employing the implicit function theorem. The spending
multiplier is, for example, given by:

1
= > 0.
1-Cyr(1—=Ty)— Iy + Irly/Ir

Dc (3.32)

The positive output effect in investment (Iy > 0) ensures that the multiplier is larger
than its counterpart in the standard IS-LM model—see equation (3.4). In terms of
Figure 3.4, an increase in government consumption shifts the IS curve to the right,
and moves the equilibrium from point Eg to point A. The remaining partial deriva-
tives are given by:

I IyI
Oy = IxP; <0, Yg= —Z—YCDG >0, Yx=-—Lao;<o. (3.33)
R

Ir
The interested reader should verify that the move from E to A in Figure 3.4 explains
the signs of ®; and ¥, whilst the move from E to B explains the signs of ®x and
Yk. Clearly, a fiscal contraction or a higher capital stock lowers the interest rate and
depresses aggregate demand and hence output.

It is immediately obvious that the stability issue is not as easy as for the case of
price expectations under the AEH. Indeed, equation (3.30) says that K depends on K
directly and indirectly via induced effects on Y and R. By using (3.31) in (3.30) we
find that the function relating K to K and G can be written as:

K=1I(¥(K,G),K®K,G)) —6K=Q(K,G), (3.34)
where the partial derivatives of () (K, G) are given by:

O = RYx + Ix + ydx — 6, (3.35)
Qg = RY¥Yg + yDg. (3.36)

Recall that the stability requirement is that changes in the capital stock must taper
off, i.e. stability requires that 9K/9K = Qg < 0 holds. But is Qg negative? Glancing
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Figure 3.4: Comparative static effects in the IS-LM model

at (3.35), “stabilizing” influences exist because Ix < 0, y®x < 0, and —6 < 0.
A high capital stock and (thus) a low level of aggregate demand both imply a low
level of gross investment. In addition, a high capital stock implies a high level of
depreciation. Hence, net investment is at a low level and the capital stock will fall
in future periods back to its equilibrium value. However, a “destabilizing” influence
is clearly the term Ig¥x > 0. Intuitively, the destabilizing effect is due to the fact
that a higher capital stock induces a lower interest rate (as Yx < 0) and stimulates
investment (as Ig < 0).

What would the well-trained economist do in such a situation where stability
is not guaranteed? Typically, one would appeal to Samuelson’s correspondence
principle and simply assume stability, i.e. postulate that the destabilizing effect of
Ix¥x > 0is dominated by the sum of the stabilizing effects (Ig + I[y®x — ) < 0, so
that Q is negative and the K lines in Figure 3.5 are downward sloping. This is the
approach taken here also.

Given that stability has been assumed, what happens if the government increases
its expenditure on goods and services (dG > 0)? Equation (3.34) says that the K line
may shift up or down depending on the sign of dK/9G = Qg-recall that Ix¥g is
negative whilst Iy @ is positive. A typical monetarist (see Chapter 1) would suggest
a strong interest rate effect on investment (| I | large), and a large effect on the interest
rate but a small effect on output of a rise in government spending (Y large and
@ small). Consequently, a monetarist might suggest that ()¢ is negative. This is
illustrated in Figure 3.5. According to the monetarist view, the K line shifts down,
and in the long run the capital stock is crowded out by government spending.

A typical Keynesian might argue the reverse: |Ir| small, ¥ s small, and ®g large,
so that Qg > 0. This implies that the K line shifts up and to the right, so that the
capital stock is stimulated in the long run by a rise in government spending. The
Keynesian predictions regarding the effects on the rate of interest and output have
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- (Monetarist)

Figure 3.5: The effect on capital of a rise in public spending

been illustrated in Figure 3.6. In the short run the capital stock is fixed (at Kp) and
the IS curve shifts to the right (from IS(Ky, Gp) to IS(K, G1)) as a result of the increase
in government consumption. The economy moves from Ej to A, and output and
employment increase. Despite the higher interest rate, firms wish to add to their
capital stock, i.e. net investment is positive at point A (K > 0). Over time the capital
stock increases and the IS curve gradually shifts to the left. In the new steady state,
K = 0, the capital stock is equal to Kj, IS(Ky, G1) is the relevant IS curve, and the
equilibrium is at point E;.

The long-run effect on output is guaranteed to be positive (though more so under
the Keynesian assumptions). This can be shown as follows. In the long run it must
be the case that KIR = ) (KR, G) = 0, where the superscript LR denotes long-run
values. Hence, the long-run effect on the capital stock is given by:

dK\" ¢
()" - 2. 63)

where stability ensures that the denominator is positive. To a Keynesian, the ad-
ditional government spending “crowds in” the capital stock and the numerator is
positive, and the reverse holds for a monetarist. By using the long-run capital stock
effect (3.37) and the implicit function for output (the first expression in (3.31)), YLR =
@ (KLR,G), we obtain the following long-run output multiplier for a rise in public
spending;:

dy LR dK LR
(i) =ox(ic) +oo

=2 KTC 5, (3.38)

where we have used (3.33) and (3.36) to simplify the expression. In the stable case
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Figure 3.6: Capital accumulation and the Keynesian effects of fiscal policy

(with =Yg > 0) Samuelson’s correspondence principle thus yields useful informa-
tion on the sign of the denominator. Since the numerator of expression (3.38) is posi-
tive as well (as Ix < 0 and @5 > 0), output must rise in the long run. The Keynesian
assumptions imply that investment is not very sensitive to the rate of interest while
money demand is very sensitive to changes in the interest rate (a steep IS curve and
a flat LM curve), and that investment reacts strongly to changes in output. In that
case, crowding out of private investment is small relative to the output effect on in-
vestment. It thus follows that output and capital both rise after an increase in public
spending. The monetarist assumptions are the opposite (a steep LM curve, a flat IS
curve, and a small output effect on investment). Hence, a rise in public spending
depresses capital and output rises by less in the long run.

This example must not be taken too seriously, of course, in view of the fact that it
is highly implausible that the actual AS curve is horizontal (as was assumed in this
section). It merely serves to illustrate the stability issues surrounding the stock-flow
interaction between the capital stock and investment.

3.4 Wealth effects and the government budget constraint

Another example of stock-flow interaction are the intrinsic dynamics in the IS-LM
models that arise once we allow for the wealth effects in consumption and money
demand if the government issues extra bonds or prints more money to finance its
deficit. Blinder and Solow (1973) suggest that this issue can be fruitfully studied
with the aid of the IS-LM model with a fixed price level (horizontal AS curve). We
again normalize the price level at unity, i.e. P = 1. Despite its simplistic treatment
of aggregate supply, the Blinder-Solow extension of the IS-LM model is an impor-
tant one, because the textbook IS-LM model is somewhat of a curious construct as it
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measures in one diagram both flow concepts (through the IS curve) and stock con-
cepts (through the LM curve). In the textbook IS-LM model it is not really possible
to even ask the question of how the effectiveness of, say, a fiscal expansion depends
on the mode of government finance. It is for this reason that we now turn to the
crucial question of allowing for the dynamics arising from private wealth and the
government budget restriction.

The government can issue consols (bonds of infinite term to maturity) that promise
the owner a fixed periodic payment of 1 euro from now to infinity. Such consols are
popular wedding presents among economists, since they remind the partners to buy
a rose each time the coupon is paid at the wedding anniversary. If the rate of interest
is R, how much would an investor be willing to pay for such a bond? Obviously, the
price of the bond, Pp, would be exactly equal to the present value of the stream of
income derived from the bond, or, in continuous time:

* —Rt 1 —Rt|® 1

PB—/O 1o Rigr — — oo ke T = (3.39)
If the government has issued B of such bonds in the past, then the payments it must
make each period are equal to B times 1 euro. Hence, B represents both the number
of consols in the hands of the public and the interest payments of the government to
the public. If the government issues new consols (B > 0), it receives PgB in revenue
from this bond sale. Furthermore, the government can meet its obligations by simply
printing money (M > 0). With goods prices fixed at unity, the government budget
restriction can be written as:

G+B=T+M+(1/R)B. (3.40)

The left-hand side represents the nominal spending level of the government inclu-
sive of interest (i.e. coupon) payments to private agents. The right-hand side of
the government budget restriction shows the three financing methods open to the
government, namely taxation, money finance, and bond finance.

The level of taxation, T, depends on all income received by the households, i.e.
inclusive of real interest receipts B:

T=T(Y+B), 0< Ty <1, (3.41)

where Ty, is the marginal tax rate. The total amount of real private financial wealth
in the economy, A4, is the sum of the fixed capital stock, K, the real money supply,
and the real value of bond holdings by the public:

A=K+ M+B/R. (3.42)

As a final modification, Blinder and Solow (1973) suggest that both consumption and
money demand depend positively on the level of wealth:

C= C(YJF B — T,A), 0<Cyipr <1, Cyu>0, (3.43)
M=I1(Y,R A), Iy >0,Ig<0,0< 14 <1, (3.44)

where C4 and I4 represent the wealth sensitivity of, respectively, consumption and
money demand. Equation (3.43) is a mixture of two theoretical notions. As we
shall see in Chapter 6, the forward-looking theory of consumption typically assumes
households to have unlimited access to a perfect capital market. This suggests that
private consumption should depend on total wealth (i.e. financial wealth plus hu-
man wealth, the present value of lifetime earnings) and, possibly, the rate of interest
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as well. Furthermore, bonds should not be counted as part of private wealth. In
contrast, the Keynesian theory of consumption suggests a central role for current
income. As we shall see in Chapter 6, however, there is an empirically plausible ra-
tionale for the specification adopted in (3.43). For now we simply use (3.43) without
further comment and leave some of these issues as an exercise and for Chapter 6.

Money demand, given by the right-hand side of (3.44), is also different from the
one used in equation (1.25). The rationale for this money demand function is a port-
folio allocation model. The household chooses to allocate its total financial wealth,
A, over the three different financial assets that exist in the model: bonds, claims to
physical capital, and money. Under the assumption that claims to physical capital
and bonds are perfectly substitutable, the rate of return on these assets must be the
same (and equal to R). This explains why only R appears in (3.44). Obviously, if
wealth rises, one would expect all components of the wealth portfolio to rise, in-
cluding the demand for money. This explains the positive wealth effect in money
demand.

3.4.1 Short-run macroeconomic equilibrium

In the short run, the money supply and the level of government debt are predeter-
mined variables. The IS curve is obtained by combining (3.41)—(3.43) with the stan-
dard investment function, I = I (R), and the national income identity for the closed
economy, Y = C+ 1+ G:

Y=C(Y+B—T(Y+B),K+M+B/R)+I(R) +G. (3.45)

The LM curve is given by equation (3.44). By total differentiation of (3.44) and (3.45),
keeping K constant (dK = 0) and noting (3.42), we obtain:

dG + [Cyyp1(1 — Ty:g) + Ca/R]dB 4+ CpdM

dy =
1—Cypr(1—Typ)
Ix — C4B/R?| dR
[lr —CaB/R?]dR (3.46)
1— Cyyp7(1 — Tyyp)
R = (1a/R)dB + (1—ZA)dM—lde_ (3.47)

Ix — 14B/R2

The IS curve is downward sloping and the LM curve slopes up, just as in the basic
IS-LM model. The short-run equilibrium values of output, Y, and the rate of interest,
R, can once again be expressed in terms of the key predetermined and exogenous
variables:

Y = ®(G,B,M), R=Y(G,B,M), (3.48)

+77 4 ++ 2
where @(-) and ¥ (+) are implicit functions. By using (3.46) and (3.47), expressions for
the partial derivatives can be obtained in the usual manner. For the implicit function
for output we find:
1

P = >0, 3.49
C T 1 Cypr(1— Tyyp) +Cly (3.49)
Cyspr(1 —Tyyp) + Ca/R—3Gla/R > >,

1= Cypr(1—Tyyp) +Cly
Ca+é(1—14)
>0, 3.51

1—Cyipr(1—Tyip) +¢ly (5D

Py =

(3.50)

Dy =
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whilst for the implicit function for the interest rate we obtain:

ly

Y6=——F———DP; >0, 3.52

Y, — (la/R)[1 — Cyip1(1 — Tyip)] o)
g [41B/R2 1 |Ig| ¢

Iy [Cyipr(1 — Tyip) + Ca/R]

d; >0, 3.53

I4B/R2+ |Ig| G (3:53)

IyCa—(1—1a)[1-Cypr(1-Tyyp)] . >
= d- = 0. .
Fm I,B/R2 + |Ig] ¢z (3:54)

In these expressions, ¢ is a positive composite parameter, defined as ¢ = [C4B/R? +
|Ir|]/ [1aB/R?+ |Ig|] > 0. The interpretation of these partial derivatives is facil-
itated with the aid of Figures 3.7-3.9. For example, in the top panel of Figure 3.7,
the initial equilibrium is at point Ey. An increase in government spending shifts the
IS curve from IS(Gy,Mp) to IS(G1,Mp). At point A income is higher than before and
there is an excess demand for money (an excess supply of bonds). This causes a fall
in bond prices, i.e. a rise in the interest rate, which moves the economy to point E'.
In terms of Figure 3.7, both output and the rate of interest are higher, hence ®; > 0
and Y > 0. (The partial derivatives for changes in M and B are discussed below.)

In Figure 3.7 we have shown that an increase in government spending causes
a short-run increase in output, Y, and the rate of interest, R. This is not the end
of the story, of course, since we have not yet taken the government budget restric-
tion into account. Blinder and Solow (1973) consider two extreme cases. In the first
case, the government prints new money to finance the additional government spend-
ing. Consequently, the money stock changes over time to balance the government’s
books, i.e. M # 0 and B = 0. In the second case considered by Blinder and Solow
(1973), the government balances its books by issuing additional bonds, i.e. M = 0
and B # 0. The questions that can be analysed now are: (i) is the model stable un-
der both financing methods, and (ii) what is the relationship between the different
output multipliers for government spending with respect to different modes of gov-
ernment finance. At first blush one would ignore wealth effects and suggest that
a money-financed increase in government spending boosts output by more than a
bond-financed rise in government spending, because it is associated with a fall in
the interest rate and thus an additional boost to aggregate money demand as the LM
curve shifts out. At second blush this may not turn out to be correct as the wealth
effects in consumption and money demand affect the multipliers as well. We now
investigate this in more detail.

3.4.2 Money finance

Under money finance the government budget restriction reduces to M = G + B —
T(Y + B), where B is fixed. This government budget restriction thus represents a
function relating M to government spending G and output Y. But output itself de-
pends on G and M, via the output relationship Y = ®(G, B, M) given in (3.48), so
the implicit relationship between M, G, and M can be written as:

M=G+B—T(®(G,B,M)+B) =Q(M,G), (3.55)

where we suppress the variable held constant (B) in this financing scenario in the im-
plicit function Q) (M, G). The partial derivatives of the Q) (M, G) function are given
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by:
Op = —TyypdPm <0, (3.56)

(1-Cyip 1) (1 = Tyyp) +3ly
Qc=1-Tyv. gD = >0, 3.57
¢ T T T Cryp (1 - Typ) + Ely (3:57)

where we have used (3.49) to arrive at the second expression in (3.57). Hence, it is
immediately obvious that the model is stable under money finance. Indeed, it fol-
lows from (3.56) that 9M /dM = Q1 < 0 so that changes in the money stock dampen
out over time. Furthermore, (3.57) shows that the initial effect of the fiscal impulse
is to cause a budget deficit, i.e. IM/9G = Qg > 0. The impact, transition, and long-
run effects of a money-financed increase in government spending are illustrated in
Figure 3.7. In the bottom panel, the stable adjustment path consists of a jump from
Ej to E’ at impact, followed by a gradual move from E’ to E; during transition. Not
surprisingly, the money supply increases in the long run, from My to M;. From the
diagram in the top panel it is obvious that the long-run effect on output exceeds the
short-run effect, i.e. point E; lies to the right of point E'. The steady-state government
budget restriction is obtained by setting B = M = 0 in (3.40) above. We find that
G + B = T(Y'R + B), from which we easily derive the long-run output multiplier:

LR SR
(dY> = .= (’iy) , (3.58)
dGJpr Tyves 4G J pr
where the subscript “MF” denotes money financing. Money finance leads to a stable
adjustment process. Both the IS and the LM curve shift out leading to an expansion
of output and tax revenue thereby reducing the government deficit until balanced
budget and steady state are reached. Output has to rise by just enough to generate
sufficient tax revenue to pay for the rise in government spending. This is why the
long-run output multiplier for a money-financed increase in government spending
is equal to one over the marginal tax rate.

3.4.3 Bond finance

Under bond finance the government budget restriction reduces to (1/R)B = G+ B —
T(Y + B) and M is fixed. But both Y and R depend on G and B, via the expressions
stated in (3.48) above. Hence, it would appear that the implicit relationship between
B, B, and G is quite complex in this case:

B=R-[G+B—-T(Y+B)]
=Y(G,B,M)- [G+B—T(®(G,B,M) + B)]
=A(B,G), (3.59)
where we have once again suppressed the variable held constant in the implicit func-

tion A (B,G) (M in this scenario). Evaluated at a steady-state, however, the partial
derivatives of the A (B, G) function are not very complicated:!

Ap=R[1—Typ(1+®p)] 20, (3.60)

Ag = R[1— Ty 3P¢] > 0. (3.61)

IThese partial derivatives are obtained by totally differentiating the first line of (3.59) around an initial
equilibrium in which B = 0. This implies that the term [G + B — T]dR = 0 so that only the effects
operating via the ®(G, B, M) function feature in (3.60)-(3.61).
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It follows from (3.60) that it is not at all obvious that the model is stable under bond
finance. Recall that the model is stable if (and only if) changes in debt eventually
dampen over time, i.e. d0B/dB = Ag is negative. The correspondence principle
instructs us to only use stable models, so we must impose the following (necessary-
and-sufficient) stability condition:

1—Tysp

oB
Ap=—=<0 &©1-Typ(1+d5)<0 < D>
Ty

0B
This condition says that the wealth effect on aggregate demand, ®p, must be positive
and sufficiently large in magnitude. In (3.50) we showed, however, that ®p cannot
be signed a priori. This is because a rise in the level of debt boosts private wealth,
private consumption, and thus aggregate demand and output (the outward shift
of the IS curve), but it also increases money demand and thus depresses aggregate
demand and output (inward shift of the LM curve). As was demonstrated by Blinder
and Solow (1976a, p. 184), a necessary (but not sufficient) condition for stability is
that the weighted wealth sensitivity of consumption, C4 |Ir|, exceeds the weighted
wealth sensitivity of money demand, I4 |Ir|. Put differently, if C4 |Ir| < I4 |Ir]| then
the stability condition (3.62) simply cannot be satisfied. To prove this rather subtle
claim, we use (3.49)—(3.50) and substitute the definition of ¢, stated below (3.54), to
find:

Tysp Ty Callr| —Ia |Ir]
B g @ : 3.63
1= Typ 0" 1= Tyop "CTuB/R+R|Ig| (363)

Clearly, the first term on the right-hand side of (3.63) is between zero and one (be-
cause 0 < Cyypr < land 0 < Ty;3Pg < 1). If Cy4 |Ir] < 14 |Ir| the second term
is negative, so the left-hand side of (3.63) must be less than one thus violating the
stability condition (3.62)!?

But the condition, C4 |Ig| > 4 |Ir|, which of course implies that ®p is positive,
is not sufficient for stability. This is because the additional debt also gives rise to
additional government outlays on interest payments and the potential danger of a
self-fuelling explosion of government debt. The interest payments must ultimately
be financed by means of higher tax revenues for otherwise the government books
will not be balanced (i.e. it must be the case that eventually B = 0). This is why the
marginal tax rate plays a crucial role in the necessary-and-sufficient stability con-
dition (3.62). More precisely, with a high marginal tax rate, more tax revenues are
generated for a given expansion of output and thus it is more likely that the deficit is
eliminated and the build-up of government debt is arrested (i.e. stability is ensured).

The impact, transition, and long-run effects of a bond-financed rise in govern-
ment spending are illustrated in Figure 3.8 for the stable case. From the diagram it
is obvious that the long-run effect on output exceeds the short-run effect, i.e. point
E; lies to the right of point E’. Mathematically, we derive the long-run output mul-
tiplier as follows. First, we totally differentiate the steady-state government budget
restriction, G+ B = T (®(G, B, M) + B), with respect to G and B to find the long-run
effect on government debt:

(dB>LR_ A 1-TypPe
dG BF —Ap TY+B(1+¢B)_1

2To see that this is the case, note that:

>0. (3.62)

= Cy4p-1Tv48Pc +

>0, (3.64)

T, 1-T
A@B <1 & dp< 2B
1-Typ Ty:s

where the second expression is easily seen to violate the stability condition (3.62).
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where the sign follows from (3.61) and the stability condition (3.62). Next, we totally
differentiate the implicit function for output, Y = ®(G, B, M), with respect to Y, G,
and B and substitute (3.64). After some straightforward manipulation we find the
long-run output multiplier:

dy \ IR 1— TypPc (dY)SR
) =+ Soo= (=) . 3.65
(dG)BP CT BT s+ @) — 1 ¢ = \dG ) 4 (3.65)

The inequality follows readily from the fact that ®p is positive (see (3.62)) and long-
run government debt rises (see (3.64)).

As a final remark, consider the long-run multipliers under the two financing
methods. It is obvious from (3.58) and (3.65) that, provided the stability condition
(3.62) holds, the bond-financed output multiplier exceeds the money-financed mul-
tiplier:

LR LR
(%) > (%) - (3.6

The intuition is straightforward. The long-run increase in output under bond finance
must exceed the one under money finance, because the additional interest payments
must also be financed by means of higher tax receipts and this requires a higher
steady-state national income. This has been illustrated in Figure 3.9, where point Eg
indicates the initial equilibrium, point E’ stands for new equilibrium that is attained
immediately after government consumption is increased (the impact effect, which is
common to both financing modes), and points E; and Ep represent the long-run out-
come under money finance and bond finance, respectively. Figure 3.9 clearly shows
that bond finance (provided it is stable!) yields a bigger long-run multiplier than
money finance even though the interest rate rises by more. Providing the intuition
behind the shifts in the IS, LM, and tax schedules is left as an exercise.

3.5 A first look at hysteresis*

We now consider a special class of models that have the hysteresis property.®> With
hysteresis we mean a system whose steady state is not given, but can wander about
and depends on the past path of the economy. Mathematically, we will see that this
property implies that the Jacobian matrix of a continuous-time system has, apart
from some “stable” eigenvalues (i.e. with a negative real part), a zero eigenvalue.
For a discrete-time system there will be a unit root next to the other eigenvalues
that are supposed to be smaller than one in absolute value. (See the Mathemati-
cal Appendix.) Systems with hysteresis can thus be viewed as being in the twilight
zone between stable and unstable systems. Such systems are important in macroeco-
nomics, because they allow us to depart from the rigid framework of equilibrium,
a-historical economics. The best economic example of hysteresis is due to people
becoming alienated from the labour market if they remain unemployed for a long
enough period of time.

3.5.1 Alienation of the unemployed

So far, we have assumed that the equilibrium, steady-state, or potential level of out-
put, Y*, depends on the (exogenous) capital stock and supply-side policies (e.g. tax

3The material in this section is technically more advanced than the rest of this chapter and may be
skipped upon first reading.
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rates on labour). Associated with the potential level of output is an equilibrium,
steady-state, or natural rate of unemployment. The implied natural rate of unem-
ployment is a constant, albeit that it may depend on various tax rates, and does not
depend on past history. Here we will develop a different model of aggregate sup-
ply. In order to do this, we depart from the concept of a path-independent natural
rate of unemployment.* We will assume a discrete-time system. To prepare for the
discussion to follow, we write the discrete-time counterparts to (3.12) and (3.13) in
short-hand notation as:

 ¢dP? +dé; — dY;

dP; , (3.67)
¢+
— e *
4y, — xpdP; + ¢do; + adY; ’ (3.68)
¢+u

where « is defined below equation (3.11), and déy = ADgdG; + (1/P)ADypd M is
an aggregate demand shock in period ¢. Similarly, the discrete-time version of the
AEH can be written as:

fr1 = (1—=A)dP{ + AdP,, (3.69)

where the expectational adjustment coefficient satisfies 0 < A < 1.

The alienation idea is rather simple: people that stay unemployed become alien-
ated from the labour market, stop searching for a job, and no longer count as part
of the potential work force. Plausible explanations are that long-term unemployed
lose skills if they remain without a job or are stigmatized by firms. Hence, people
that stay unemployed for long enough no longer add to downward wage pressure
and become part of the natural rate of unemployment. We assume that the natural
unemployment rate at any point in time is determined by the past unemployment
rate. A simple, but convenient way to capture this hypothesis is to assume that the
potential (or natural) output level at time £ + 1, Y[" ;, is given by the actual output
level at time ¢, Y;, minus an exogenous adverse supply shock in period ¢, denoted by
0. In total derivative format we get dYt’jrl = dY; — doy and we can use expression
(3.68) to write potential output in the next period as a function of the current levels
of potential output, the expected price, the supply shock, government spending and
the money supply:

. ¢doy — apdPf + adY] — (¢ + a)doy
1T $+u ’

(3.70)

Hence, a recession caused by tight monetary or fiscal policy or other falls in aggre-
gate demand can lead to a future fall in potential output and thus a future rise in the
corresponding natural unemployment rate.

By using (3.67) in (3.69) we obtain the discrete-time equivalent for the expression
of next period’s expected price level as a function of the current levels of the expected
price, potential output, government spending, and the money supply:

Add; — AdY; + [(1 = A)a + pldPE
dpt,, = 22 t<p[iuc Jat AR (3.71)

4Indeed, this hysteresis effect is already present in the analysis of Phelps (1972, pp. 76-80).
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3.5.2 History matters

The system defined by the difference equations (3.70) and (3.71) generates the dy-
namics in the potential level of output, Y/, and the expected price level, P/. It can be
written in a single matrix expression as:

dYi, | _ dyy 1 pdo; — (¢ + o) doy
i | | , 67
where the Jacobian matrix, J, is given by:
1 ! —¢u
]_ochqb[—/\ (1—/\)¢x+4>} (3.73)

It is not difficult to show that the two eigenvalues of | are given by, respectively,
p1 =1land pp = a(1 — A)/(¢ + a).®> The important thing to note is that 0 < pp < 1,
i.e. the unit root is accompanied by a stable root.

In order to analyse the dynamic properties of this system in more detail, we use
a trick and write JS = SA, where A denotes the diagonal matrix of eigenvalues:

1 0
A= [ 0 x(1-A) ], (3.74)
P+

and S is the matrix whose columns correspond to the eigenvectors of . It is easy to
show that the matrix S and its inverse S~! are given by:

s_{_l"‘ ﬂ and 5—1_M1+¢[_1A ‘ﬁ] (3.75)

Next, we premultiply both sides of (3.72) by S~! and write the transformed system
as:

Ziy1 = Ny + By, (3.76)

where the auxiliary variables Z; and E; are defined as follows:

7, = { 2: ] 5~ { %Z } 3.77)
= ¢d5t ¢+l¥)d0}
=T +</) Adéy

1 0 1 /\

The transformed system (3.76) is much easier to analyse than the original system
(3.72) because A is diagonal (whereas | is not), i.e. there are no simultaneity effects
anymore. The transformed system in fact consists of two first-order difference equa-
tions stacked on top of each other.

5The easiest was to check this result is as follows. We know that the product of the two eigenvalues
of ] is given by the determinant, i.e. p1p2 = |J| = a(1 — A)/(x + ¢), and the sum of the two eigenvalues
is given by the trace, i.e. y1 + pp = tr(J) = [(2 — A)a + ¢]/(a + ¢). The solution mentioned in the text
satisfies both equalities, so it must be the right one.

®In formal terms, since | has distinct eigenvalues, its eigenvectors are linearly independent so that |
can be diagonalized as S™!JS = A (Strang, 1988, pp. 254-260). By pre-multiplying both sides of this
expression by S, the result in the text is found. See also Azariadis (1993, pp. 34-38) and the Mathematical
Appendix.
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3.5.2.1 Aggregate demand shocks

First we restrict attention to demand shocks only. By setting do; = 0 for all ¢, we find
that (3.76) implies:

Zit =211, (3.79)

Zoy = UpZot 1+ dé 3.80

2 V22,t1¢+ -1 (3.80)

Demand shocks do not affect the difference equation for Z; ; and we thus conclude

from (3.79) that Z;; = 0 for all t7 Equation (3.80) is a stable difference equation

(because 0 < pp < 1) which can be solved by repeated substitution. After T — 1 such
substitutions we find:

#2 4+ —— |dé_q1 + ,‘I/lzdétfz + ,‘M%d(st,;), + -+ ;I/tzT_ld(st_T . (3.81)

=
$+u
By letting T — co, however, we find that the first term on the right-hand side of
(3.81) goes to zero (as 0 < py < 1so that sz — 0) so that we are left with:

1 & fa(l-A)
Z2’t_ﬂc+¢i_zo[ P } dop1-i, (3.82)

where we have substituted the expression for y; stated below equation (3.73). The
solutions for the original, untransformed, variables are obtained by substituting
Z1,+ = 0and (3.82) into equation (3.77):

;| o, [—a ¢][ 0] o] 1 &[a@-AN]
F R I I PA R M = o el KA
(3.83)

Hence, in contrast to economies in which hysteresis is not present, demand-side poli-
cies have real effects in the long run as well as in the short run. For example, the
long-run effects of a sustained increase in government spending (i.e. dM; = 0 and
dé; = ADgdG) on the actual and potential levels of output are easily seen to be equal
to:®

dy* LR i 4)
(dG> _a+¢2{ at ¢ } APe =g Pe G50

Clearly, temporary shocks to the aggregate demand for goods do not induce perma-
nent effects on the levels of output. This can be seen by using (3.83) to derive the
effect of a past demand shock on current potential output:

ay; ¢ [a(1-A)]PH
d&tij Cat¢ { a+¢ } (3.85)

Clearly, the effect of the shock wears off because the term in square brackets on the
right-hand side goes to zero as j gets large.

"In principle Z; ; = Z;, with a non-zero Z; also solves (3.79). Assume, however, that the system was
in a steady-state at some past time t* < t. Clearly, at time t* we have that dY;" = dPf = 0 and thus that
Z1,+ = 0 also. The only feasible solution is that Z; = 0.

8We use the fact that 0 < y» < 1 so that the infinite sum converges, i.e.:

i {rx(l } Z _a+¢
a+¢ K2 = Cad+¢’

i=0 i=0 17?‘2
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3.5.2.2 Aggregate supply shocks

To demonstrate that temporary shocks to aggregate supply may in the presence of
hysteresis indeed lead to permanent changes in output and the natural rate of un-
employment, we solve the system of difference equations when there are adverse
shocks to aggregate supply do; (and no demand shocks, i.e. dé; = 0 for all ¢). Fol-
lowing the same steps as before, we find the following solutions for the transformed
variables:

/\Z?io doy_1-;

1 )
i
Y20 {“(o}ﬂ?)} doy_1-

= ———
' aA+¢

(3.86)

By using (3.77) we thus find the solutions for dY;* and dP;:

[dy; ] sz 1 [_a ¢] lmi’iodmu

: _ - ay1i . 3.87
dP; aA + ¢ I A —Yito [a&1+4;\)} Aoy ‘| ( )

We immediately observe an essential difference between aggregate supply and ag-
gregate demand shocks. Although the effects of temporary shocks to aggregate de-
mand fade out with time, the effects of temporary shocks to aggregate supply are
permanent. Indeed, a supply shock j periods ago affects current potential output

according to:
Y; — A\
vy _ aA+4><“(1 M) ] (3.88)

do_; aA+¢

o+

The second term within the square brackets fades out as j increases, but the first term
does not fade out and is the reason why temporary shocks have permanent effects.

3.6 Punchlines

We have extended the static IS-LM-AS model by adding some essential dynamic
features to do with adaptive expectations, capital accumulation, and the build-up of
government debt. Allowing for adaptive expectations in aggregate supply ensures
that fiscal and monetary policy can have transient real effects. This is why this ex-
tension corresponds to a neo-Keynesian synthesis with a Keynesian short run and a
classical long run. Hence, an expansion of aggregate demand leads in the short and
medium run to a rise in output but as expectations catch up with the rise in prices the
initial gains in output are wiped out. Money is thus neutral in the long run. Stability
of the expectational adjustment process is guaranteed.

To allow for finite speeds of investment and sluggish adjustment in the capital
stock, it is useful to introduce adjustment costs when investment takes place. In that
case, employment still follows from the condition that the marginal productivity of
labour must equal the real wage but the marginal productivity of capital no longer
equals the user cost of capital (i.e. the rental charge plus the depreciation charge).
Instead, investment is high if the gap between the marginal productivity of capital
and the user cost of capital is large. This amounts to an investment function which
states that investment increases if output rises and the capital stock or the interest
rate declines. Such a specification also arises if one adopts an accelerator view of in-
vestment. Introducing this specification of investment and the capital accumulation
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identity into the basic model of aggregate demand, typically does not lead to instabil-
ity. Under the Keynesian assumptions, i.e. investment not very sensitive, but money
demand very sensitive to changes in the interest rate, a rise in public spending leads
to higher levels of capital and output. However, under the monetarist assumptions,
i.e. investment very sensitive, but money demand insensitive to changes in the in-
terest rate, an increase in public spending crowds out capital. Output nevertheless
still rises in the long run.

A third extension to allow for dynamics in the basic IS-LM-AS model is to in-
corporate wealth effects in consumption and money demand. This extension is es-
sential, because the basic IS-LM framework compares apples with oranges as the IS
curve refers to flow concepts while the LM curve relates to stock concepts. There is
something fundamentally wrong with seeking equilibrium in both stock and flow
concepts without allowing for a time dimension. To allow for this time dimension,
we assume that consumption and money demand rise if wealth (consisting of claims
to physical capital, real money balances and government bonds) increases. Con-
sumption also depends on disposable income, where taxes are levied on both pro-
duction and interest income. The government budget constraint states that the pub-
lic sector financial deficit, i.e. primary public spending plus interest payments minus
tax revenue, must be financed by printing money or issuing bonds. Since a money-
financed increase in public spending induces downward pressure on the interest rate
while a bond-financed increase in public spending induces upward pressure on the
interest rate, one might think at first sight that money finance is more expansionary
than bond finance. Surprisingly, this is not the case in the long run. In fact, provided
the debt dynamics is stable, the long-run bond-financed multiplier is larger than the
money-financed multiplier because national income must rise to generate sufficient
tax revenue not only to cover the rise in public spending but also the interest on the
accumulated government debt. The money-financed multiplier simply equals one
over the marginal tax rate, whereas the bond-financed multiplier is larger than this.
Money finance automatically leads to a stable process, since the initial government
deficit is gradually eliminated as money supply expands, the interest rate falls, and
national income and tax revenue rise. In contrast, bond finance may lead to a never-
ending explosion of government debt if over time the build-up of government debt
raises money demand and pushes up the interest rate so much that national income
and tax revenue fall. The result is an ever-increasing government deficit. This insta-
bility can only be stopped if the wealth effect in consumption is strong enough, that
is if the rise in private wealth and consumption boosts aggregate demand, national
income and tax revenue sufficiently to ensure that the government deficit becomes
smaller over time. Hence, to ensure stability under bond finance the wealth effect
in consumption must be relatively strong compared to the wealth effect in money
demand. By appealing to the Samuelsonian correspondence principle, a simple sta-
bility condition can be derived which ensures that debt will be stabilized in the long
run.

Finally, we also provided an example of hysteresis, or path dependence of the
steady state, by suggesting that the natural level of output depends on the past
level of output. Alternatively, the natural unemployment rate is supposed to be
determined by the past unemployment rate. This captures the phenomenon that the
long-term unemployed become alienated from the labour market, stop searching for
ajob, and no longer exert downward wage pressure. Two lessons can be drawn from
this analysis. First, permanent changes in fiscal and monetary policy have lasting ef-
fects on employment and output. Second, as far as supply-side policy and shocks
are concerned, even temporary changes have permanent effects on employment and



CHAPTER 3: DYNAMICS IN AGGREGATE DEMAND AND SUPPLY 107

output. Temporary adverse supply shocks can thus lead to permanently higher lev-
els of unemployment.

Further reading

Key readings in the adjustment cost approach to investment are Eisner and Strotz
(1963), Lucas (1967), Gould (1968), and Treadway (1969). Abel (1990) gives an over-
view of this literature. The classic articles on the government budget constraint are
Blinder and Solow (1973, 1976a, 1976b). See also Tobin and Buiter (1976), Turnovsky
(1977), and Scarth (1988). For early applications of dynamic methods to the study
of the macroeconomy readers are referred to Samuelson (1947), Baumol (1959), and
Allen (1967). See Cross (1988) for a collection of papers dealing with hysteresis.






Chapter 4

Perfect foresight and economic
policy

The purpose of this chapter is to investigate the effects of different economic policies
when agents are blessed with perfect foresight. The specific goals for this chapter are
the following:

1. To complete our discussion of the dynamic “forward-looking” theory of invest-
ment by firms that was commenced in Chapter 3.

2. To use the investment theory to determine how the government can use tax
incentives (such as an investment subsidy) to stimulate capital accumulation.
This is an example of fiscal policy where the government changes a relative
price in order to prompt a substitution response.

3. To loosely embed the investment theory in an IS-LM framework and to inves-
tigate how anticipation effects influence the outcome of traditional budgetary
policies.

4. To study how exchange rate expectations influence the effects of fiscal and
monetary policy in a small open economy facing perfect financial capital mo-
bility and operating under flexible exchange rates.

4.1 Dynamic investment theory

In Chapter 3 we sketched a theory of investment by firms that is based on forward-
looking behaviour and adjustment costs of investment. For reasons of intuitive clar-
ity, the model was developed in discrete time. It turns out, however, that working in
continuous time is much more convenient from a mathematical point of view. The
first task that must be performed therefore is to redevelop and generalize the model
in continuous time.

41.1 The basic model

Assume that the real profit of the representative firm is given by what is left of rev-
enue after the production factor labour and investment outlays have been paid:

mt(t) = F(N(t), K(t)) —w(t)N(t) — p'(t) [1 = s1()] D(I(t)), (4.1)
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where 7t(t) is real profit in period ¢, F(-,-) is the constant returns to scale produc-
tion function, w(t) is the real wage rate (= W(t)/P(t)), p!(t) is the relative price of
investment goods (= P(t)/P(t)), s;(t) is the investment subsidy, and ®(-) is the
adjustment cost function, with ®; > 0 and ®; > 0. By assuming that the good
produced by the firm is the same as the investment good (the so-called single good
assumption), we obtain the simplification p!(t) = 1. In some cases it is convenient
to assume that the adjustment cost function is quadratic:

D(I(t)) = I(t) + b [I(t)]*, b>0. (4.2)
The capital accumulation identity is given by:
K(t) = I(t) — 6K(t), 6 >0. (4.3)

The firm must choose a path for its output such that the present value of its profits is
maximized. Since real profits are defined in (4.1), the appropriate discount rate is the
real rate of interest on alternative financial assets. This real interest rate is denoted
by r and is assumed to be constant over time throughout (the body of) this section.
Under these assumptions, the net present value of the stream of profits now and in
the future is given by:

V(0) = /O ¥ n(t)e Tt
= [T BN, K0) ~ 0N - [T - si) o) a0

To the extent that shares of this company are traded in the stock exchange, and share
prices are based on fundamentals and not on the speculative whims and fancies of
irrational money sharks, its value on the stock market should equal V(0) in real
terms, or P(0)V(0) in nominal terms.

The firm maximizes (4.4) under the restriction (4.3). With the aid of the Maximum
Principle the solution to this problem can be found quite easily.! The current-value
Hamiltonian can be written as:

He(t) = F(N(#),K(#) —w(t)N(#) — [1 —s1(5)] S(I())
+q(t) [I(t) — 6K (1)) (4.5)

Formally, q(t) plays the role of the Lagrange multiplier for the capital accumulation
restriction. The economic interpretation of 4(t) is straightforward. It can be shown
that q(0) represents the shadow price of installed capital K(0). In words, 4(0) mea-
sures by how much the value of the firm would rise (dV(0)) if the initial capital
stock were increased slightly (dK(0)), i.e. g(0) = dV(0)/dK(0) (see Intermezzo 4.1
on Tobin’s g below).

The firm can freely choose employment and the rate of investment at each instant,
so that the following first-order conditions (for t € [0, o0)) should be intuitive:

oHc(t)
aN()

= En(N(#),K(t)) —w(t) =0, (4.6)

INote that the method sketched here is a generalization of the Lagrange multiplier method used in
Chapter 3. An explanation of the Maximum Principle based mainly on pure economic intuition can be
found in Dorfman (1969). Other excellent sources are Dixit (1990), Léonard and Long (1992), Chiang
(1992), and Intriligator (1971). See also the Mathematical Appendix.
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a;{it()t) =q(t) — [1—s;(t)] @1(I(t)) = 0. (4.7)

The interpretation of (4.6) is the usual one: the value-maximizing firm chooses the
amount of labour such that the marginal product of labour equals the real wage rate.
Note that (4.7) implies a very simple investment function:

[1—s1(O)] Pr(1(£)) = q(t) = I(t) = L(q(t),51(t)), (4.8)

where I; = 9I(-) /9q = 1/[(1 —s;)®y] > 0and Iy = 9I(-) /ds; = P;/[(1 —
s;)®y] > 0. In words, higher values for g and s; both imply a higher rate of in-
vestment. Indeed, for the quadratic adjustment cost function (4.2), the investment
function has a very simple form:

®(I(t)) =1+ 2bI(t) = l_"(:I)(t) = I(t)= % [111(;)@ - 1] . 49)

The parallel with the expression derived in Chapter 3 (i.e. equation (3.26)) should be
noted. Note that we have not used the symbol g for nothing: the investment theory
developed here is formally known as Tobin’s g-theory, after its inventor James Tobin
(1969).

The first expression in equation (4.8) allows a very simple interpretation of the
optimality condition for investment. It instructs the firm to equate the marginal cost
of investment (equal to (1 — s;)®y) to the shadow price of capital, which is the margi-
nal benefit of investment. In other words, by spending money today on investment
you add value to your company. This added value is measured by the shadow price.

Equations (4.6)—(4.7) are in essence static conditions of the form “marginal cost
equals marginal benefit”. The truly intertemporal part of the problem is solved by
choosing an optimal path for the shadow price of capital. The first-order condition
for this choice is:

0(0) = (o) = |-l =] = (v ), K1) = 6000 @10

This condition can be written in several ways, two of which are:

q(t) = (r+0)q(t) — F(N(t),K(t)), (4.11)
and:

q(t) + Fx(N(t), K(t))
q(t)

Equation (4.12) allows for a very intuitive interpretation. The shadow return on
the possession and use of physical capital is the sum of the shadow capital gain
(4(t)) and the marginal product of capital [Fx (N(t), K(t))], expressed in terms of the
shadow price (to make it a rate of return). This shadow rate of return must equal the
market rate of return on other financial assets (that are perfect substitutes for shares)
plus the rate of physical deterioration of the capital stock. The depreciation costs
must be counted as a cost item because capital evaporates over time, regardless of
whether the firm uses the capital for production or not. Hence, in determining the
optimal path for q(t) the firm is guided by the implicit arbitrage equation (4.12).

We have developed Tobin’s marginal g-theory of investment in this section. It is
shown in Intermezzo 4.1 that, provided some more specific assumptions are made

=746 4.12)
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about the adjustment cost function, Tobin’s average g-theory coincides with his mar-
ginal g-theory. Average ¢ for the firm is defined as §(0) = V(0)/K(0). In words, §
represents the value that the stock market ascribes to each unit of installed capital of
the firm (at replacement cost; see Intermezzo 4.1).

And this is exactly where the great beauty of the theory lies. In principle one can
look up the stock market value of a firm from the financial pages in the newspapers,
and divide this by the replacement value of its capital stock (slightly more work),
and calculate the firm’s g. The value of g that is obtained in this manner reflects all
information that is (according to the stock market participants) of relevance to the
particular firm (see Hayashi (1982) for further remarks).

Intermezzo 4.1

Tobin’s g-theory of investment. In this intermezzo we demonstrate that
Tobin’s average and marginal g coincide under certain conditions. The
proof is adapted from Hayashi (1982). Suppose that the profit function
in equation (4.1) is adjusted by including the existing capital stock in the
adjustment cost function:

7i(t) = F(N(t),K(t)) —w(t)N(t) — [1 —sp()] D (I(£), K(£)),  (a)

where 77(t) is real profit, w(t) is the real wage rate [= W(t)/P(t)], and
s1(t) is the investment subsidy. The adjustment cost function is homoge-
neous of degree one in I(t) and K(t), so that ® = ®;I + PgK (see also
Intermezzo 4.3). The partial derivatives of ® (-) are given by ®; > 0,
Py < 0, Py > 0, Px < 0, and Pgx > 0. Hence, adjustment costs are
decreasing in the capital stock. Large firms experience less disruption for
a given level of investment than small firms.

The firm is assumed to maximize the present value of profits, using
the (time-varying) real interest rate r(t) as the discount factor. Equation

(4.4) is altered to:
V(0) = /0°° [F(N (), K(5)) ~ w(t)N()
—[1-si(t)] ® (I(t),K(t))}e’R(t)dt, (b)

where V(0) is the real stockmarket value of the firm, and R(t) is a dis-
counting factor that depends on the entire path of short interest rates up
to t:

R(t) = /OtT’(T)dT = dlzigt) =r(t). (0)

As the saying goes, variety is the spice of life, so let us solve the opti-
mization problem with the regular (rather than the current-value) Hamil-
tonian (see the Mathematical Appendix for the difference between the
two). The regular Hamiltonian is given by:

H(E) = [F(N(E),K(£) — w(EN() = [1 = s1(8)] @ (1(£), K(£)) | RO
+A(8) [1(£) - 6K (1),
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where A(t) is the co-state variable. The first-order conditions for this
problem are:

ggg;_a En(N(8), K(t)) = w(), ()
T 0 MO = [1-si(0] @110, K(0), ©
dA(t)  OH(t).
i K@D
[A(t) = 6A(8)] R = —Fi (N(£),K(1))
1 — sy (B)] @k (1), K(2), 0

where we have already deleted the (non-zero) exponential term e~ R()
from (d). By defining q(t) = A(t)eR(®), so that §(t) = eROA(t) + r(t)q(t),

we find that (e) and (f) can be rewritten as:

q(t) = [L = s1(5)] @1 (1(£), K(1)), (8)
q(t) = (r(t) + ) q(t) — F (1) + [1 —s1(t) P (-) - (h)

Expressions (d), (g) and (h) generalize, respectively, (4.6), (4.7), and (4.10)
to the case of a linear-homogeneous adjustment cost function and a time-
varying rate of interest.

Recall that t = 0 is the planning period. We want to establish a re-
lationship between the real stockmarket value of the value-maximizing
firm, V(0), and the installed capital stock in the planning period, K(0).
We note from (b) that V(0) is the present value of cash flows, 77(t), de-
fined in (a). Cash flow in period t can be written as:

7e(t) = F(N(#),K(t)) —w(t)N(#) — [1 = s ()]  (I(£), K(t))
= Ey () N(#) + F () K(t) —w(t)N(t) = [1 —=s1(£)] @ (-)
= F () K(t) = [L —s1(8)] @ (I(£), K(t)), (@)
where we have used the linear homogeneity of F (i.e. Euler’s theorem,
which implies that F = FyN + FgK) in going from the first to the second

line, and expression (d) in getting from the second to the third line. Next
we note that:

%¢w> K(6)] = (DK () + K()q(0)
= G010+ [()a(6) — Fi () + [1 = s1(5)] @x ()] K1)
= [1— s2(6)] @4 () (6) + r()q (K () — Fc () K1)
+ 1= si(B] @k ()K(D), 0)

where we have used (4.3) and (h) to get from the first to the second line,
and (g) to get from the second to the third line. But the linear homogene-
ity of ®@ implies that ® = ®;I + PkK, so that (j) can be simplified even
more:

7 WOKB)] = r()q()K(t) — Fx () K(£) +[1 = s1(8)] @ ()



114 FOUNDATIONS OF MODERN MACROECONOMICS, THIRD EDITION

— r(B)(OK(E) — n(b), (k)

where we have used (i) to arrive at the final expression. Multiplying both
sides of (k) by e~ R(*) we obtain:

d

o 10K ®eRO] = —r (1) e RO, W)

By taking dt to the other side and integrating for ¢ € [0, c0) we obtain:

/0 " d[qk(e 0] = - /0 " (e ROt = —v(0) =
lim g(£)K(t)e D — (0)K(0) = ~V(0) =
V(0) = q(0)K(0), (m)

where we note that R(0) = 0 (so that eR(0) = 1) and arrive at the final
expression by imposing the transversality condition, according to which
limy 0 g(£)K(t)e=R() = 0. Expression (m) is the one we were after. It
says that a firm with an installed capital stock of K(0) at time f = 0 will
have a stockmarket value of 4(0) times K (0). Hence, 4(0) represents the
stock market value of one unit of installed capital. Note, finally, that (m)
also implies that Tobin’s marginal and average g coincide in this case.
Tobin’s marginal 4 measures by how much the stockmarket value of the
firm would rise if the installed capital stock would increase slightly, i.e.
it is dV (0) /dK(0). Tobin’s average g measures the stockmarket value
per unit of capital, i.e. it is V(0)/K(0). In this model the two concepts
coincide. Hayashi (1982) discusses cases where this is no longer the case.

%K%

4.1.2 Fiscal policy: Investment subsidy

The model can now be used to investigate the immediate, transitional, and long-run
effects of governmental efforts to stimulate investment. Omitting the (now almost
superfluous) time index, the model consists of equations (4.3) (with the investment
function given in (4.8) substituted), (4.11), and (4.6):

K =1I(g,s1) — 6K, (4.13)
q=(r+0)q — Fx(N,K), (4.14)
w = Fn(N, K). (4.15)

Despite its simplicity, the model allows several economically interesting variations
to be considered within the same framework. Clearly, in view of (4.15), some as-
sumption must be made about the real wage rate w. At least three types of labour
market assumptions can be distinguished: (i) the model is interpreted at firm level
and the real wage is assumed to be exogenously given (and constant); the model is
interpreted at the level of the aggregate economy and (ii) full employment of labour
is postulated or (iii) a macroeconomic labour supply equation is added to it (e.g.
equation (1.11) with P® = P). We consider these three cases in turn.
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q = Fyl(r+0)

K K

Figure 4.1: Investment with constant real wages

4.1.2.1 Constant real wages

If the real wage rate is constant, the assumption of perfect competition in the goods
market (and the implied homogeneity of the production function) renders the model
very simple indeed. Of course, aside from the microeconomic interpretation given
above, this case is also relevant for an entire economy with rigid real wages. Since
the production function is homogeneous of degree one (constant returns to scale),
the marginal products of labour and capital are homogeneous of degree zero (see
Intermezzo 4.3 below). This implies that Fy (N, K) can be written as Fy(1,K/N),
which depends on the capital-labour ratio only. Equation (4.15) can be rewritten as
w = Fy(1,K/N), and uniquely determines the K/N ratio for the firm. This ratio
is constant over time because w is assumed to be constant. This also implies that
the marginal product of capital is constant, since Fx(N,K) = Fx(1,K/N) = Fg, a
constant.

By assuming a constant real wage, the labour demand equation can be ignored,
and the model consists of equations (4.13)-(4.14). The qualitative content of the mo-
del can be summarized graphically by means of Figure 4.1. The K = 0 line represents
all combinations of K and g such that the capital stock is in equilibrium. In view of
(4.13), this implies that gross investment is exactly equal to replacement investment
along the K = 0 line, i.e. I(g,s;) = K. Formally, we obtain from (4.13):

dK = ldq + Iids; — 6dK, I, >0, I, > 0. (4.16)

which implies that the slope of the K = 0 line is:

aq 1)
— = — . 4.17
(8K>1'<_o Iy =0 @17

In words, a higher capital stock necessitates a higher level of steady-state gross in-
vestment. This is only forthcoming if g is also higher.

Equation (4.16) also implies that an increase in the investment subsidy shifts the
K = 0 line down and to the right:

9q ) I
— =—-—=<0. 4.18
(851 K=0 Iy 19
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The after-subsidy cost of investing falls and as a result firms are willing to invest the
same amount for a lower value of 4.
For points off the K = 0 line, the dynamics of the capital stock is also provided
by equation (4.16):
oK
K= 0 <0. (4.19)
The graphical interpretation is as follows. At point A the capital stock is in equilib-
rium. If K is slightly higher (say at A’ to the right of point A), (4.19) predicts that
depreciation exceeds gross investment so that the capital stock falls over time, i.e.
K < 0. This dynamic effect is indicated by a horizontal arrow towards the K = 0
line. Obviously, for points to the left of the K = 0 line, the arrows point the other
way (see point A”). The basic insight is, of course, that the capital accumulation
process is self-correcting, i.e. for a given value of g, K has an automatic tendency to
return to the K = 0 line.
The § = 0 line represents all points for which the firm’s investment plans are in
equilibrium. By differentiating (4.14) we obtain:

dg = (r+0)dq + qdr, (4.20)

where we have used the fact that the marginal product of capital is constant. From
(4.20) it is clear that the § = 0 line is horizontal:

aq) —0 421
(5%), ., =° @21)

This is intuitive: since both the rate of interest and the marginal product of capital are
constant (and hence independent of K), g itself is also constant and independent of K
in the steady state. If the (exogenous) rate of interest rises, future marginal products
of capital are discounted more heavily, so that the steady-state value of g falls:

Jq _ 9
(ar>q_0 =5 < 0. (4.22)

For points off the § = 0 line, the dynamic behaviour of g is also provided by (4.20):

?)Z:r—i-5>0. (4.23)
The graphical interpretation is as follows. At point B the value of g is consistent with
an equilibrium investment plan. Now take a slightly higher value of g, say the one
associated with point B’, directly above point B. Clearly, in view of the fact that both
r and Fg are constant, this higher value of g can only satisfy the arbitrage equation
(4.12) if a (shadow) capital gain is expected, i.e. if § > 0. The opposite holds at
points below the § = 0 line (say point B”, as is indicated with the arrows in Figure
4.1). Intuitively, therefore, the g-dynamics is inherently unstable. Slight moves away
from the 4§ = 0 line are not self-correcting but reinforcing.

By combining the information regarding the K-dynamics and g-dynamics, the
forces operating on points in different regions of Figure 4.1 are obtained and sum-
marized by the arrows. For example, at point B’ there are automatic forces shifting
the (g, K) combination in a north-easterly direction. In Figure 4.2, a number of repre-
sentative trajectories have been drawn. Note especially what happens if a trajectory
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Figure 4.2: Derivation of the saddle path

crosses through the K = 0 line. Take point A, for example. As the (g, K) combination
moves in a south-easterly direction, it gets closer and closer to the K = 0 line. As
it reaches this line (at point A’), however, the value of g keeps falling and the level
of gross investment becomes too low to sustain the given capital stock. As a result,
the trajectory veers off in a south-westerly direction towards point A” (never to be
heard of again).

From the different trajectories that have been drawn in Figure 4.2, it can be judged
that the model appears to be very unstable: all trajectories seem to lead away from
the steady-state equilibrium point at Eg. There is, however, one path that does give
rise to stable adjustment, namely the 4 = 0 line itself. Consider, for example, point
C. It lies on the ¢ = 0 line (so there are no forces operating to change the value of
g over time), but it lies to the left of the K = 0 line. But, the K-dynamics is stable,
so the capital stock will automatically rise towards its level at point Eg. A similar
conclusion holds for point C'.

In conclusion, for each given initial level of the capital stock, there is exactly one
path towards the steady-state equilibrium. And this is very fortunate indeed, because
one would have an embarrassment of riches if this were not the case. Indeed, sup-
pose that the model were globally stable, so that “all roads lead to Rome”, i.e. all
(g, K) combinations would eventually return to point Ey. That would lead to a very
troublesome conclusion, namely that the shadow price of capital (g) is not deter-
mined at any point in time!

The particular type of stability that is exemplified by the model is called saddle-
point stability: there is exactly one stable adjustment path (called the saddle path)
that re-establishes equilibrium after a shock. Technically speaking, the requirement
that the economy be on the saddle path has more justification than just convenience:
ultimately, an exploding solution is seen by agents not to be in their own best inter-
ests, so that they have good reason to restrict attention to the saddle-path solution.
The remainder of this chapter will be used to demonstrate the remarkable predictive
content of models incorporating saddle-point stability.
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Consider the case of an unanticipated and permanent increase in the investment sub-
sidy. This means that at some time t4 the government announces that s; will be
increased “as of today”. In other words, the policy change is implemented imme-
diately. For future reference, the implementation date is denoted by t;. Hence, an
unanticipated shock is a shock for which announcement and implementation dates
coincide, i.e. t4 = t;. The effects of the policy measure can be derived graphically
with the aid of the phase diagram in the top panel of Figure 4.3. We have already
derived that an increase in s; shifts the K = 0 line to the right, so that the ultimate
equilibrium will be at point E;. How does the adjustment occur? Very simple. Since
Ey is on the 4 = 0 line (which is also the saddle path for this model), the higher sub-
sidy gives rise to higher gross investment (because Is > 0) and the adjustment path is
along the saddle path from E to E;. Note that the capital stock adjusts smoothly, due
to the fact that adjustment costs make very uneven investment plans very expensive.
The adjustment over time has also been illustrated in Figure 4.3.

As a second “finger exercise” with the model, consider an unanticipated and
permanent increase in the exogenous rate of interest r as illustrated in Figure 4.4.
Equation (4.22) shows that this shock leads to a downward shift in the § = 0 line
because future marginal products of capital are discounted more heavily. What does
the adjustment path look like now? Clearly, the new equilibrium is at point E; and
the only path to this point is the saddle path going through it. Since K is fixed in
the short run, the only stable adjustment path is the one with a “financial correction”
at the time of the occurrence of the shock (at time t4): g jumps down from point Eg
to point A directly below it. The intuition behind this financial correction is aided
by solving the unstable differential equation for g, stated in equation (4.14) above,
forward in time. Intermezzo 4.2 derives the general solution:

q(t) = /too Fx(t)exp {— /tT [r(s) + 0] ds] dat. (4.24)

Hence, as was already hinted at above, g represents the discounted value of present
and future marginal products of capital, so that an increase in r (either now or in
the future) immediately leads to a revaluation of this stream of returns. After the
immediate financial correction, the adjustment proceeds smoothly along the saddle
path towards the ultimate steady-state equilibrium point E;.

Intermezzo 4.2

Tobin’s q as the present value of marginal products of capital. Recog-
nizing the possible time dependence of the interest rate and the marginal
product of capital, we write the differential equation for Tobin’s g as:

q(t) = [r(7) +9]4(1) = —Fk(7). (@)
Clearly, equation (a) is an unstable differential equation because r (7) + 0
is assumed to be positive. However, we can still compute the forward-
looking solution to this expression. Technically, the trick that we use is
very similar to the one used in Intermezzo 3.1, i.e. we find a suitable inte-
grating factor and solve the differential equation by integration. Experi-
ence suggests that the correct integrating factor is e~ R(¢7), where R(t, 7)
is defined as:

R(t,7) = /tT ) =+ b)
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Figure 4.3: An unanticipated and permanent increase in the investment subsidy
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From this expression we can derive readily that R(t,t) = 0 and
dR(t,7)/dt = r(7) + 6. Following steps similar to those in Intermezzo
3.1. we derive:

[4(7) = [r(7) + 8 q()] e RED = —Fe(1)e RED &
d
dt

dq(T)e*R(f,T) = —Fx (1) e RED) g7 ©

(T)e_R(t'T) = —FK(T)e_R(t'T) &

Integrating (c) for T € [t,00) we obtain:

/oo dg(t)e RET) = — /oo F(t)e RT)gr
t t

(e9)

e—R(t,T)

a(7) —— [ E(@e R
t

t

lim q(T)e_R(t'T) - q(t)e_R(t't) =— /Oo Fx(7)e RO g, (d)
t

T—00

But the transversality condition implies that 1i_1>n g(t)e RED = 0, je.
T—0

we restrict attention to the fundamental replacement value of installed
capital. Furthermore, we have that R (t,t) = 0. By substituting these
results in (d) we obtain equation (4.24).

b

As a final example of how the model works, consider the case where the firm
hears at time f 4 that interest rates will rise permanently at some future date ¢;. This
is an example of a so-called anticipated shock. Formally, an anticipated shock is one
that is known to occur at some later date. Obviously, the only real news reaches
the agent at time t 4. Everything that happens after that time is known to the agent.
What happens to the value of g can already be gleaned from (4.24). Discounting
of future marginal products becomes heavier (than before the shock) after the rate
of interest has actually risen, i.e. for t > t;. Hence, 4 must fall at the time the
news becomes available. But by how much? This is best illustrated with the aid of
Figure 4.5. Consider the following intuitive/heuristic solution principle: a discrete
adjustment in ¢ must occur at the time the news becomes available (i.e. at t4), and
there cannot be a further discrete adjustment in g after f 4. Intuitively, an anticipated
jump in g would imply an infinite (shadow) capital gain or loss (since there would be
a finite change in g in an infinitesimal amount of time). Hence, the solution principle
amounts to requiring that all jumps in g occur when something truly unexpected
occurs (which is at time t4). Obviously, at f 4 there is an infinite capital loss, but it is
unanticipated.

With the aid of this solution principle, the adjustment path can be deduced. We
start our detective task at time ¢; and work backward in time toward ¢ 4. At the time
of the interest rate increase the (g, K) combination must be on the new saddle path,
i.e. at point B on the line labelled (§=0);. If it were to reach B too soon (say at time
t < tp) or too late (t > t1), equilibrium would never be re-established without further
jumps in g that are prohibited. Between ¢4 and ¢; the dynamic forces determining
g and K are those associated with the old equilibrium Eg (see the arrows). Working
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Figure 4.5: An anticipated and permanent increase in the rate of interest
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backwards, there is exactly one trajectory which starts at time 4 at point A and
arrives at point B at the right time, t;. Hence, the unique path that re-establishes
equilibrium after the shock is the one comprised of a discrete adjustment at t 4 from
Eo to A, followed by gradual adjustment from A to B in the period before the interest
rate has risen, arrival at point B at ¢, followed by further gradual adjustment in the
capital stock from B to E;.

In comparison with the case of an unanticipated rise in the interest rate, the paths
of g4 and investment are more smooth in the anticipated case (compare Figures 4.4
and 4.5, lower panel). The reason is, of course, that the firm in the case of an antic-
ipated shock has an opportunity to react to the worsened investment climate in the
future.

4.1.2.2 Full employment in the labour market

Up to now we have interpreted the model given in (4.13)-(4.15) as applying to a
single firm facing a constant real wage. Suppose that we reinterpret the model at a
macroeconomic level, i.e. I and K now represent economy-wide gross investment
and the capital stock, respectively, and the interpretation of g is likewise altered.
Assume furthermore that the economy is characterized by full employment in the
labour market, and that labour supply equal unity so thatw = Fy (1, K) is the market
clearing wage rate, and the macroeconomic marginal product of capital is given by
Fx(1,K). The model now consists of the following two equations:

K=1(q,5) - oK, (4.25)
4= (r+9)q— Fx(1,K). (4.26)

It is clear that the major change caused by our reinterpretation is that the marginal
product of capital is no longer constant as it depends on the capital stock. Intuitively,
since the labour input is fully employed (N = 1), the economy experiences dimin-
ishing returns to capital, since Fgg < 0. This also causes the 4§ = 0 line to be affected:

dq  Fx
(8K>q_0 = 5 <0 (4.27)

Intuitively, steady-state g is downward sloping in K because the more capital is used,
the lower is its marginal product. As a result, the discounted stream of marginal
products (which is g) falls.

In Figure 4.6, the saddle path is derived graphically. The dynamic forces are
much more complicated in this case. This is because the steady-state level of g and
the g-dynamics itself are now both dependent on K. In addition to trajectories from
points like A and C, there are now also trajectories from points like B and D that pass
through the § = 0 line. The major alteration compared to our earlier case is that the
saddle path no longer coincides with the § = 0 line.

As a first policy measure, consider an anticipated abolition of the investment sub-
sidy, as was for example the case in the Netherlands in the late 1980s. Using the
intuitive solution principle introduced above, the effects of this announced policy
measure can be derived with the aid of Figure 4.7. The ultimate effect of the aboli-
tion of the subsidy is to increase the relative price of investment goods and to shift
the K = 0 line up and to the left. In the long run the economy ends up at point E;,
with a lower capital stock and a higher value of g (due to the higher steady-state
marginal product of capital). Since the capital stock is given at time ¢ 4, discrete ad-
justment in g must occur at the time of the announcement ¢4, and the economy must
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Figure 4.6: Investment with full employment in the labour market

be on the new saddle path at the time of implementation ¢, the adjustment path
must look like the one sketched in the diagram. At t4 there is a financial correction
that pushes the economy from Ej to A directly above it (K = K at impact). Between
t4 and t] the economy moves in a north-easterly direction towards point B, where it
arrives at t;. After that, there is gradual adjustment from B to the new steady state
at El-

The striking (though intuitive) conclusion is that investment goes up initially!
Firms in this economy rush to put in their investment orders in order to be able to get
the subsidy while it still exists. This is of course exactly what happened in the Dutch
case. The adjustment paths for all variables have been drawn in the lower panel
of Figure 4.7. The conclusion of this experiment must be that anticipation effects
are very important and can give rise to (at first glance) unconventional dynamic
adjustment.

4.1.2.3 Temporary or permanent investment subsidy?

Suppose that the policy maker wishes to stimulate the economy and has decided to
do so by creating investment incentives in the form of an investment subsidy. If the
policy maker desires the maximum stimulus to emerge for a given subsidy, should
he introduce a permanent or a temporary investment subsidy? Intuition would sug-
gest that a temporary subsidy would have a larger impact on current investment
because firms would squeeze in their investments while the subsidy exists. This is
an intertemporal substitution argument: firms are tempted to bring forward their in-
tertemporal investment plans to “make hay while the sun shines”. It turns out that
our simple model in fact predicts this kind of response.

The temporary subsidy is announced and introduced at time t4 = ¢; and simul-
taneously announced to be abolished again at some fixed time in the future tg (> #;
of course). The duration of the shock is thus given by tg — t;. Our heuristic solution



CHAPTER 4: PERFECT FORESIGHT AND ECONOMIC POLICY 125

>
PR

:

- e m = .- - - ——

}

B
>
Q

o3

Sy

%]
~

t time

N

Figure 4.7: An anticipated and permanent abolition of the investment subsidy
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principle can again be used to graphically derive the adjustment path with the aid of
Figure 4.8. Working backwards in time, the following must hold: (i) at g the econ-
omy must be on the saddle path towards the eventual steady-state equilibrium E;
(ii) between t 4 and tg the dynamic forces operating on g and K are those associated
with the equilibrium E; (which would be relevant if the subsidy were permanent).
The arrows are drawn in Figure 4.8. At t 4 the capital stock is given (at Kp) and the
discrete financial adjustment must take place.

Using all this information, the adjustment path is easily seen to consist of a jump
from Ej to A at time t 4, gradual adjustment from A to B between t 4 and tg, followed
by gradual adjustment from B to Eg after tg. The time paths for all variables are
drawn in the lower panel of Figure 4.8.

Of course, the path associated with an unanticipated and permanent subsidy is an
immediate jump at 4 from Ej to A’ followed by gradual adjustment from A’ to E;.
This shows that the effect on current investment (i.e. I(f 1)) is highest for a temporary
investment subsidy (compare points A and A’). This is because, for a given invest-
ment subsidy, the value of g falls by less in the case of a temporary subsidy. Hence,
if the policy maker is concerned about stimulating current investment, a temporary
investment subsidy is one way to achieve it.

Intermezzo 4.3

Some production theory: the two-factor production function. If Y =

F(N,K) is a linear homogeneous production function, it possesses sev-

eral very useful properties (see e.g. Ferguson, 1969, pp. 94-96):

(P1) FyN + FxK =Y (Euler’s theorem);

(P2) Fy and Fg are homogeneous of degree zero in N and K, hence;

(P3) NFyn + KFnkg = 0 and KFgg + NFxy = 0;

(P4) oxn = FnFx/(YFgy) is the substitution elasticity between capital
and labour.

Also, Young’s theorem ensures that Fyy = Fxy. Armed with these
useful properties equations (4.29) and (4.30) can be derived. First, totally

differentiate Fy (N, K):
But (P3) ensures that Fyy = —(K/N)Fpg, so that (a) can be written as:
dFy = —(K/N)FNKdN+ FaxgdK = —FagK [dWN = d?K:|

Fy Fy | K N
It remains to be shown that FygK/ N can be written in terms of an income
share and the substitution elasticity defined in (P4):
FNKK . PKK FNKY . 1 — WN (C)
Fn Y FnFx B OKN ’
Combining (c) and (b) yields (4.29). Note that we have used (P1) and
(c) to derive that FgkK/Y = 1 —FyN/Y =1 —-wN/Y = 1— wy. The
derivation of (4.30) is left as an exercise.

dFy _ FxK {dK dN] o)

EE
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4.1.2.4 Interaction with the labour supply decision

As a final application of the model, we now consider the general case where the mo-
delis interpreted at a macroeconomic level, and equations (4.13)—(4.15) are appended
with a labour supply equation of the form familiar from Chapter 1:

w(1 - 6;) = g(N), (4.28)

where 0 is the tax rate on labour income, and we assume that gy > 0, i.e. the
substitution effect dominates the income effect in labour supply.

What happens to investment and employment if the tax on labour is reduced?
And how do these effects occur over time? Obviously, in order to examine the effect
on investment, the effect on the steady-state value of ¢ must be determined. As is
clear from (4.14), we need to know what happens to the marginal product of capi-
tal, Fx. Similarly, in order to study the consequences of labour market equilibrium,
we must confront labour supply (4.28) with labour demand (4.15), where the latter
depends on the marginal product of labour, Fy. Since the economy is operating un-
der perfect competition, the production function is linear homogeneous (constant
returns to scale), and Fy and Fx depend only on K/N. The expressions for Fy and
Fx can be linearized as follows (see Intermezzo 4.3 below):

- 1— . .

By = WWN [K-N] =, (4.29)
= _(,(JiN ~ . ~

Fe= N [K-N], (4.30)
N=¢s[@—0], (4.31)

where Fx = dFx/Fx, Ey = dFy/Fn, N = dN/N, K = dK/K, @ = dw/w, 0, =
d9L/(1 —01), oy = NFN/Y,e5 = g(N)/(NgN) > 0,and oy = FNFK/(YFNK) > 0.
In words, a variable with a tilde represents the proportional rate of change in that
variable, wy is the share of income paid out to the factor labour, eg is the labour
supply elasticity (see Chapter 1) that is assumed to be positive, and oxy (> 0) is the
substitution elasticity between capital and labour. Intuitively, it measures how easy
it is to substitute one factor of production for the other. The easier the substitution,
the higher the value for oxy. Note that we have already imposed that the labour
market is in equilibrium.

By using (4.29) and (4.31), the equilibrium employment level and the wage rate
can be written as functions of K and 6} :

(1 —wn) [K+es0L]

W= , 4.32
orn + (1 — wn)es 432
N es(1 — wn)K — esoxntL 433)
orn + (1 — wn)es
By substituting (4.33) into (4.30), the expression for Fg is obtained:
. wy [K+esh
Fx = N[K +e501] (4.34)

oy + (1 wy)es”

This expression is particularly important. It says that the marginal product of capital
increases if the tax on labour is reduced. The reason is that a decrease in the labour
tax stimulates employment (since eg > 0), which means that capital becomes more
productive (since Fxy > 0).
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The immediate, transitional, and long-run effects of a permanent and unantici-
pated reduction in the labour income tax are illustrated in Figure 4.9. As the labour
tax falls, the marginal product of capital rises (for all levels of the capital stock) and
the § = 0 line shifts up and to the right. The economy jumps from Ej to A, and the
value of g jumps from g to q'. Entrepreneurs observe a very good business climate
and feel a strong incentive to expand business by investing. The economy moves
smoothly along the saddle path from A to E;. The situation in the labour market is
depicted in Figure 4.10. The immediate effect of the tax reduction is an expansion
of labour supply from N§ to N7. Employment is immediately stimulated and rises
from Ny to N’. This is not the end of the story, however. Due to the fact that more
capital is put in place (factories are expanded) labour becomes more productive as
well. In terms of Figure 4.10, the labour demand schedule starts to gradually shift up
and to the right, and employment expands further. The ultimate steady-state equi-
librium is at E;. The time paths for the main macroeconomic variables have been
sketched in the bottom panel of Figure 4.9.

4.2 A dynamic IS-LM model

Tobin’s g-theory has become very popular among macroeconomists. The reason is
that it allows for a very simple description of the dynamics of the investment process,
and gives predictions that are not grossly contradicted by empirical evidence. In this
section we discuss Blanchard’s (1981) version of the IS-LM model which loosely in-
corporates the g-theory along with the assumptions of fixed prices and slow quantity
adjustment. This allows us to study the macroeconomic effects of traditional fiscal
policy in an explicit forward-looking framework. The model that is used is described
by the following equations:

YP=aqg+(1-b)Y+G, a>0,0<b<1, (4.35)

Y:U{YD—Y}, o >0, (4.36)

% =kY —IRs, k>0,1>0, (4.37)
Ry

Rg =Ry — R (4.38)

“T” — R, (4.39)

m=—ny+a1Y, ag >0, a1 >0, (4.40)

where YP is real spending on goods and services, g is Tobin’s average g, Y is the
level of real production (and income), G is an index of fiscal policy, Y [= dY /dt] is
the time rate of change in output, Rg is the rate of interest on short-term bonds, Ry
is the interest rate on consols (see Chapter 3), M is the nominal money supply, and
P is the fixed price level which we normalize to unity (P = 1). We refer to Rg and Ry
as, respectively, the “short rate” and the “long rate”.

Equations (4.35)-(4.36) together describe a dynamic IS curve. Equation (4.35)
shows that spending depends on Tobin’s average g, both because of its positive effect
on investment and (potentially) because of positive wealth effects in consumption.?
Furthermore, spending depends on income and on an index of fiscal policy G.

ZRecall that gK is the value of the nation’s capital stock. To the extent that domestic households own the
firms, K is part of wealth which may affect consumption. Strictly speaking, household bond holdings
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Figure 4.9: A fall in the tax on labour income: investment and employment effects
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Figure 4.10: The short-run and long-run labour market effects

Equation (4.36) shows the dynamic behaviour of output. If demand exceeds pro-
duction (YP > Y) then inventories are run down and output is gradually increased.
Unlike in the standard IS-LM model, output is now modelled as a state variable
which can only move gradually over time.

Equation (4.37) is a linear money demand equation (ignoring the wealth effect).
The demand for real money balances depends negatively on the short rate of interest
and positively on income. In discrete time, the short rate of interest is the rate of
interest on single-period bonds. Such bonds have no capital gain/loss because they
mature after a single period. In continuous time, the short rate represents the rate of
interest on a bond with an infinitesimal term to maturity. Hence, there are no capital
gains/losses in this case either.

Equation (4.38) is the arbitrage equation between short bonds and consols. It is
derived as follows. We assume that the two types of financial instruments are perfect
substitutes, so that their respective rates of return must equalize. For short-term
bonds this rate of return is Rg since there are no capital gains/losses. For consols
there may, however, be capital gains/losses. Recall from Chapter 3 that the price of
consols is the inverse of the rate of interest on consols, i.e. P = 1/R;. The rate of
return on a consol is equal to the sum of the coupon payment (1 euro each period)
plus the expected capital gain (Pg) expressed in terms of the price of the consol (Pg):

1+P5  1-(1/R})R; _ R

return on consol = =
Pg 1/Rp

(4.41)

where we have used Ps = 1/R; and Py = (—1/R?)R_ to arrive at the final expres-
sion. This rate of return on consols must be the same as the short rate of interest:

Ry — =L = Rq. (4.42)

and the real money supply should also affect consumption (as in the Blinder-Solow model studied in
Chapter 3) but this effect is ignored by Blanchard.
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Equation (4.42) is known as the term structure of interest rates.

Equation (4.39) is another arbitrage equation. Since g measures the value of
shares, the rate of return on shares is the sum of the periodic dividend payment
(7r) plus the expected capital gain on shares (), expressed in terms of the share price
() itself:

return on share = 717—1—5] (4.43)

Since shares and the other non-monetary financial assets are perfect substitutes, the
rate of return on shares must be the same as the short rate of interest. This is what
(4.39) says. Finally, equation (4.40) is an ad hoc relationship between profit (or divi-
dends) and output. If output is high, the marginal product of capital is also high (for
a given capital stock) and so are profits. Conversely, if output is low, then the firm
may not be able to meet its fixed cost so that profit may be negative.

The model can be condensed to two equations by means of simple substitutions:

Y =clag—bY +G], (4.44)

. ky—-M
q:

q—a1Y + ap. (4.45)

Clearly, the model gives rise to a non-linear system of differential equations in Y and
g. The exogenous variables are G and M. Once the paths for Y and g are known, the
paths for the remaining variables can be solved also. The dynamic properties of the
model can be studied with the aid of the phase diagrams in Figure 4.11.

Equation (4.44) shows that the Y = 0 line is linear and upward sloping. In-
creasing government spending shifts the Y = 0 line down and to the right, and the
dynamic forces operating on points off the Y = 0 line are stabilizing, i.e. for a given
level of g, output automatically returns to the equilibrium line over time. In sum-
mary:

aq b oq 1 oy
(ay>y_0 =2>0, (aG)Y_o =<0, 5o =—ob<0. (4.46)

The 4§ = 0 line is slightly more complicated due to its non-linearity. By using (4.45)
we find that the § = 0 can be written as follows:

_ lX1Y — KXo
q= W (4.47)

The denominator on the right-hand side is the short interest rate which must be
positive. Indeed, if Rg were negative, people would just hold their wealth in the
form of money balances, kept in an old sock in some cupboard. In terms of Figure
4.11, only output values exceeding M /k are thus feasible. It is not difficult to see
that the slope of the § = 0 line depends on the relative strength of two effects: if Y
increases, both profits and the short rate of interest rise. The profit effect increases
steady-state g but the interest rate effect decreases it. As a result, the net effect on
the steady-state value for Tobin’s g is not a priori clear. Using (4.47) and taking
derivatives we find:

<aq> _m mY—a ko
9 )io Rs Rs IRg
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(a) Bad news case
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Figure 4.11: Dynamic IS-LM model and the term structure of interest rates
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1

= — <
R [ocl z ] <0, (4.48)

where the first term in the square brackets represents the profit effect and the sec-
ond term is the interest rate effect. Depending on the parameter values, the model

describes either one of two cases, both of which have been illustrated in Figure 4.11.
Using the terminology of Blanchard (1981), we distinguish:

Bad news case If M/k > ap/aq then g has alower bound of a11/k and limy | p1/x g =
+o0. The profit effect of output is dominated by the interest rate effect and the
4 = 0 line is downward sloping, as in Figure 4.11(a).

Good news case If M/k < ap/aq then g has an upper bound of a1!/k and limy | 51/ g
—oo. The profit effect of output dominates the interest rate effect and the 4 = 0
line is upward sloping, as in Figure 4.11(b).

Note that for both cases, equation (4.47) implies that an increase in the money supply
shifts the § = 0 line up and to the right:

9q ) q
= > 0. (4.49)
(aM j—0 IRZ

Finally, the dynamic adjustment in Tobin’s g can be deduced in a straightforward
fashion from equation (4.45):

gz =Rg > 0. (4.50)
In terms of Figure 4.11, points above (below) the § = 0 line are associated with
capital gains (losses) on shares. Hence, the dynamics of g for points off the § = 0 line
is destabilizing. The dynamic behaviour of the model can once again be determined
graphically with the aid of Figure 4.11. In both cases the model is saddle-point stable,
and the initial equilibrium is at Eg, with output equal to Y and Tobin’s g equal to go.
The saddle path is downward (upward) sloping in the bad (good) news case.

Now consider what happens if the policy maker announces a permanent fiscal
expansion to be implemented some time in the future (hence t; > f,4). In the interest
of brevity we restrict attention to the bad news case. In the top part of Figure 4.12
the § = 0 line is drawn as a linear line for convenience. The initial equilibrium is at
point Ey. Using the heuristic solution principle used extensively in this chapter, the
adjustment path is easily derived. At time ¢4 there is a stockmarket correction and
g jumps from g to ¢'. Agents know that output will expand in the future and as a
result short interest rates will eventually rise also. Even though profits increase also,
the interest rate effect dominates in this case, so that the discounted value of profits
(i.e. q) must fall. Between t4 and t;, output, profits, and the short rate actually fall.
This is because aggregate spending (Y”) has collapsed due to the fall in g (recall
that the additional government spending has not yet materialized). At time ¢ the
economy arrives at point B and the fiscal impulse is implemented. The Y = 0 locus
shifts to the right and demand exceeds production (Y? > Y). This leads to a gradual
increase in production (and thus profits and the short rate) along the saddle path
from B to E;. Ultimately, the economy ends up with a higher level of output and a
lower value of g.

What happens to the other variables over time has been illustrated in the lower
panel of Figure 4.12. The path of the short rate of interest is implied by the path for
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Figure 4.12: Anticipated fiscal policy
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income Y and the LM curve (4.37) and has already been discussed. The long rate
of interest must satisfy (4.38). We know that in the long run both the short and the
long rate must rise, i.e. dRéiéM = dR;ic(;m > 0. In view of the solution principle, R,
can only jump at time ¢ 4 since no anticipated infinitely large capital gains/losses are
allowed. If R} were to jump down to a level below Rg, equilibrium would never be
restored since then R; = Ry (R; — Rs) < 0, and R;, would continue to fall over time
(whereas its steady-state level is higher than before the shock). Hence, R;, must jump
up at time t 4 to a level above Rg (but below its new steady-state level). Thereafter,
R;p = Ry (Rp —Rg) > 0,and Ry, gradually starts to rise further over time towards its
new steady-state level.

The lesson we learn from this policy experiment cannot be overemphasized. In
the presence of forward-looking agents endowed with perfect foresight the announce-
ment of expansive fiscal policy to take place in the future will actually give rise to a
recession in the short run. This is not because the government consumes less in the
short run (which it does not) but because agents are fully aware of what will hap-
pen to output, Tobin’s g, and interest rates in the future, and condition their plans
accordingly.

4.3 Exchange rate expectations and fiscal and monetary
policy

As a final example of perfect foresight macroeconomics we study a small open econ-
omy operating under flexible exchange rates and facing perfect (financial) capital
mobility. We augment the analysis conducted in Chapter 2 by explicitly incorpo-
rating forward-looking behaviour in international financial markets. In our earlier
chapter we have been somewhat inconsistent in our discussion of the economy oper-
ating under flexible exchange rates. The nature of this inconsistency can be gleaned
by looking at the uncovered interest parity condition. Consider a domestic investor
who has €100 to invest either at home, where the interest rate on short-term bonds
is Rg, or in the US, where the interest rate on such bonds is R. If the investor chooses
to purchase a domestic bond, he will get €100- (1 + Rg) at the end of the period, so
that the gross yield on his investment is equal to 1 + Rg. If, on the other hand, the in-
vestor purchases the US bond, he must first change currency (from euros to dollars),
and purchase US bonds to the amount of €100/ Ey US dollars, where Ej is the nom-
inal exchange rate at the beginning of the period (the dimension of E is, of course, €
per $). At the end of the period he receives (€100/Ey) - (1 + Rg) US dollars, which
he converts back into euros by taking his dollars to the foreign exchange market,
thus obtaining (1 + R%)-(€100/Ey) - E; = €100 - (1+ R¥) - (E1/Ep) euros. Of course,
the investor must decide at the beginning of the period on his investment, and he
does not know the actual exchange rate that will hold at the end of the period. The
estimated gross yield on his foreign investment therefore equals (1 + Rf) - (E{/Ey),
where Ef is the exchange rate the investor expects at the beginning of the period to
hold at the end of the period. If the investor is risk-neutral, he chooses the domestic
(foreign) bond if 1 4+ Rs > (<)(1 + R) - (E{/Ep), and is indifferent between the two
investment possibilities if the expected yields are equal.

The point of all this is that the expected yield differential between domestic and
foreign investments depends not only on the interest rates in the two countries (Rg
and Rg) but also on what is expected to happen to the exchange rate in the period of
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the investment:

E¢ AE®
yield gap = (1+ Rs) — (1 + RE)ETl) = (1+Rs) — (14 RY) (1 - Eo)
AE® AE® AE®
=(1+Rs)— [1+RS+ +R{— | = Rs— | R+ ,
Eo Eo Eo
(4.51)

where we have used the fact that E{ = Eg + AE® in the first line. The cross-term
REAE®/Eq can be ignored because it typically is of second-order magnitude (i.e.,
very small). Equation (4.51) can be written in continuous time as:

yield gap = Rg — (R +¢°), (4.52)

where e = InE, so that é¢¢ = de®/dt = E°/E. Expressions (4.51) and (4.52) are intu-
itive. If the domestic currency is expected to appreciate during the period (¢° < 0),
then the domestic currency yield on the US bond is reduced because the dollar earn-
ings on the bond are expected to represent fewer euros than if no appreciation is
expected. In the case of perfect capital mobility, arbitrage will ensure that the yield
differential is eliminated, in which case (4.52) reduces to the famous uncovered in-
terest parity condition:

Rg = R} +¢°. (4.53)

4.3.1 The Dornbusch model

In Chapter 2 we simply postulated that R = Rg under perfect capital mobility. This
would, of course, be correct if investors never expect the exchange rate to change.
Whilst this may be reasonable under a (tenable) fixed exchange rate regime, it is a
somewhat unfortunate and inconsistent assumption to adopt about investors’ ex-
pectations in a regime of freely flexible exchange rates. Investors know that the
exchange rate can (and generally will) fluctuate, and consequently will form ex-
pectations about the change in the exchange rate. In a seminal contribution to the
literature, Dornbusch (1976a) fixed this embarrassing problem by introducing the
perfect foresight assumption in an otherwise standard Mundell-Fleming model of a
small open economy facing perfect capital mobility and sticky prices.

The Dornbusch model is summarized in Table 4.1. Equations (T1.1) and (T1.2)
are, respectively, the IS curve and the LM curve for a small open economy.3 Un-
covered interest parity is given in equation (T1.3), and equation (T1.4) is the Phillips
curve. If output is higher than its full employment level §, prices gradually adjust to
eliminate Okun’s gap. The adjustment speed of the price level is finite, due to the
assumption of sticky prices. This means in formal terms that 0 < ¢ < co. Finally,
equation (T1.5) represents the assumption of perfect foresight. Agents’ expectations
regarding the path of the exchange rate coincide with the actual path of the exchange
rate.

The model exhibits long-run monetary neutrality, as p = 0 implies that y = 7
and ¢ = 0 implies that Rg = Rg, so that (T1.2) shows that m — p is constant. In the
long run, the domestic price level and the nominal money supply move together.
Furthermore, there is also a unique equilibrium real exchange rate, defined by (T1.1)

3Note that we could have introduced the real interest rate, Rg — p, in the IS equation (T1.1) as invest-
ment is likely to depend on the real rather than the nominal interest rate. In the interest of simplicity,
however, we have abstracted from this slight complication.
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Table 4.1. The Dornbusch Model

vy = —&rRs +eyg [p" +e—p] +evcg, (T1.1)
m—p = —eMrRs +emyy, (T1.2)
Rg = R+ ¢, (T1.3)
p=¢ly—7, (T1.4)

& =e. (T1.5)

Notes: All variables except the domestic and foreign interest rates are in logarithms and
starred variables refer to the foreign country. Endogenous variables are domestic output y,
the nominal exchange rate e, the domestic rate of interest Rg, and the domestic price level
p. Exogenous are government spending g, the money stock m, the foreign interest rate R,
domestic full employment output 7, and the foreign price level p*. The coefficients satisfy:
eyr > 0,ey9 > 0,eyg > 0,epr > 0, epy > 0,and ¢ > 0.

with y = 7 and Rs = Rg substituted. This equilibrium real exchange rate is not
affected by monetary policy, but can be affected by fiscal policy.

But we are really interested in the short-run dynamics implied by the model. To
study this, we must first reduce the model to two differential equations in ¢ and
p. This task is achieved in the following way. In the first step we solve the IS-LM
equations (T1.1)-(T1.2) for output and the short-term interest rate, conditional on the
exogenous variables (g, m, p*), the nominal exchange rate e, and the domestic price
level p. We thus obtain quasi-reduced-form expressions for output and the domestic
interest rate:

Y= EMREYQ [p* +e] — [Sm + SMR«C,yQ] P+ eMrEYGS T Emm, (4.54)
EMR T EMYEYR
_emveyg [P tel 4 [1—emvevo] p+emvevcg —m
EMR + EMYEYR '

Rs (4.55)
The quasi-reduced-form expressions are quite convenient because they summarize
how the instantaneous equilibrium values of output and the interest rate depend on
the dynamic variables (¢ and p) and the exogenous variables. The signs of the coeffi-
cients for e and p can be explained with the aid of Figure 4.13. Consider an economy
facing a price level of pp and a nominal exchange rate of ey. The initial equilibrium
is at point A. If the nominal exchange rate increases to e; (a depreciation) and the
price level stays unchanged then the IS curve shifts to the right, and the equilibrium
shifts to point B. It follows that y and Rg are both increasing functions of e. Next
we consider what happens if the price level increases to p; whilst the exchange rate
stays equal to eg. There are now two effects. On the one hand, real money balances
decrease and the LM curve shifts to the left, which leads to upward pressure on the
interest rate. On the other hand the domestic price increase also leads to an appreci-
ation of the real exchange rate which shifts the IS curve to the left, decreases output
and hence the (transactions) demand for money. This money-demand effect causes
downward pressure on the interest rate. We assume for simplicity that the money-
supply effect dominates the money-demand effect, i.e. the parameters are such that
0 < emyeyg < 1. In terms of Figure 4.13 this means that point C lies northwest from
point A.
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Figure 4.13: Understanding the quasi-reduced-form expressions for y and Rg

In the second step of the derivation of the system of differential equations we
substitute (4.54)—(4.55) and (T1.5) into (T1.3) and (T1.4), to obtain the dynamic repre-
sentation of the model:

EMYEYQ 1-— EMYEYQ
é EMR + EMYEYR EMR T EMYEYR e
p PEMREYQ ¢ [evr + emrexg) p
EMR T EMYEYR EMR T EMYEYR

EMYEYQP” +EMYEYGE — M o,
EMR T EMYEVR 5
+ : (4.56)
plemrevQP” + emrEYGE T ExRM]
EMR T EMYEVR oy

The only sign that is ambiguous in the Jacobian matrix on the right-hand side of
(4.56) is the one for dé/dp. But with the assumption (made above) of a dominant
money-supply effect we find that d¢/dp > 0.

The model can be analysed with the aid of Figure 4.14. The ¢ = 0 line is obtained
by taking the first equation in (4.56), setting ¢ = 0, and solving it for e as a function
of p and the exogenous variables:

—(1 —emyevQ)p — emyevcg +m + (emr + emyeyr)RE
EMYEYQ ’

et pt = (4.57)

Along the é = 0 line the domestic interest rate equals the foreign interest rate (Rg =
R%). It is downward sloping in view of our assumption (made above) that ejpyeyg <
1. For points above the ¢ = 0 line the nominal (and the real) exchange rate is too
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€

Figure 4.14: Phase diagram for the Dornbusch model

high, output is too high, and the domestic rate of interest is higher than the world
rate (Rs > Rg). Uncovered interest parity predicts that an exchange rate depreciation
is expected and occurs (¢° = é > 0). The opposite holds for points below the é = 0
line. These dynamic forces on the nominal exchange rate are indicated by vertical
arrows in Figure 4.14. More formally we can derive the same result by noting that
(4.56) implies:

¢ . EMYEYQ

—_—= = 4.58
de  eMmr + EMyEYR >0, (4.58)

which shows that the interest parity condition introduces an unstable element into
the economy in the sense that exchange rate movements are magnified, rather than
dampened, according to (4.58).

The p = 0 line is obtained by taking the second equation in (4.56) and solving it
for e as a function of p and the exogenous variables:

et pt = (eYR + EMREYQ)P — EMREYGS — YR + (MR + EMYSWQ)J (4.59)
EMREYQ

Along the p = 0 line there is full employment (y = 7). It is upward sloping because
an increase in the domestic price level reduces output via the real balance effect. To
restore full employment, the nominal exchange rate must depreciate. For points to
the right of the p = 0 line, output is below its full employment level (y < #) and the
domestic price level is falling. The opposite holds for points to the left of the p = 0
line. The dynamic forces operating on the price level are indicated by horizontal
arrows in Figure 4.14. In formal terms, the second equation of (4.56) shows that the
real side of the model exerts a stabilizing influence on the economy:

9 _ _glemteamir) (4.60)
ap EMR + EMYEYQ ’
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The long-run steady-state equilibrium is at point ap in Figure 4.14, where p = é = 0
so that both Rg = Rg and y = 7 hold.

What about the stability of this steady-state equilibrium? Will a shock away from
ag eventually and automatically be corrected in this model? The answer is an em-
phatic “no” unless we invoke the perfect foresight hypothesis. The dashed trajecto-
ries drawn in Figure 4.14 eventually all turn away from the steady-state equilibrium.
There is, however, exactly one trajectory which does lead the economy back to equi-
librium. This is the saddle path, SP. If and only if the economy is on this saddle path,
will the equilibrium be reached. Since agents have perfect foresight they know that
the economy will fall apart unless it is on the saddle path (p and/or e will go to non-
sense values). Consequently, they expect that the economy must be on the saddle
path, and by their behaviour this expectation is also correct. If anything unexpected
happens, the nominal exchange rate immediately adjusts to place the economy on
the new saddle path. Since the price level is sticky, it cannot jump instantaneously
and consequently the nominal exchange rate takes care of the entire adjustment in
the impact period.

4.3.1.1 Fiscal policy

As an example of adjustment, consider the case of an unanticipated and permanent ex-
pansionary fiscal policy. In terms of Figure 4.15, the increase in g shifts the p = 0 line
to the right and the é = 0 line to the left, leaving the long-run price level unchanged.
At impact the exchange rate adjusts downward from point ag to a;. There is no tran-
sitional dynamics, and the Dornbusch model predicts exactly the same adjustment
pattern as the traditional Mundell-Fleming approach does in this case. Since there
is no need for a long-run price adjustment the assumption of price stickiness plays
no role in the adjustment process, and because the fiscal impulse is unanticipated,
the interest parity condition does not introduce transitional dynamics into the ex-
change rate in this case. Students are advised to verify that the announcement of
a future permanent increase in government spending leads to an immediate appre-
ciation of the currency, followed by falling prices and a further appreciation of the
exchange rate, in the period between announcement and implementation of the pol-
icy. Once government spending has gone up, the price level starts to rise again and
the exchange rate appreciates further. In the long run, the equilibrium is at a;, with a
permanently lower exchange rate and the same price level, and the adjustment path
is ag to a’ at impact, gradual movement from a’ to a” between announcement and
implementation, followed by gradual movement from a” to a; after implementation.

4.3.1.2 Monetary policy

An unanticipated and permanent expansionary monetary policy produces the famous
overshooting result. In terms of Figure 4.16, an increase in the money supply shifts
both the é = 0 line and the p = 0 line to the right, leaving the long-run equilib-
rium real exchange rate unchanged (recall that money is neutral in the long run).
In the short run, however, prices are sticky and the exchange rate makes a discrete
adjustment from ¢ to ¢’. The depreciation of the currency leads to an increase in the
demand for aggregate output (v > ) and the domestic price level starts to rise. A
gradual adjustment along the saddle path SP;, with an appreciating real exchange
rate, leads the economy back to the long-run equilibrium. The nominal exchange
rate actually overshoots its long-run target in the impact period. The intuition be-
hind this result is that agents expect a long-run depreciation of the nominal exchange
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Figure 4.15: Fiscal policy in the Dornbusch model

rate, and hence domestic assets are less attractive. There is a net capital outflow and
the spot rate depreciates. The exchange rate overshoots in order for investors in do-
mestic assets to be compensated (for the fact that Rg < Rg) during adjustment by
an exchange rate appreciation. Hence, point a; must be approached from a north-
westerly direction.

4.3.2 Price stickiness and overshooting

The finite speed of adjustment in the goods market (a distinctly Keynesian feature)
plays a crucial role in the exchange rate overshooting result illustrated in Figure
4.16. To demonstrate that this is so, suppose, for example, that ¢ — oo, so that (T1.4)
predicts that y = 7 always, as prices adjust infinitely fast. This means that we can
solve (T1.1)-(T1.2) for the domestic rate of interest and price level as a function of
the nominal exchange rate e and the exogenous variables. For the domestic interest
rate we obtain:

(evoemy — 1)7 +eyg(p* +e) +eycg — eygm

Rg =
EYR T EYQEMR

(4.61)

which, together with (T1.5), can be substituted into (T1.3) to get the expression for
the rate of depreciation of the exchange rate under perfectly flexible prices:

(evgemy —1)7 +evg(p* +e) +eycg —evom
EYR T EYQEMR

R (4.62)

This is an unstable differential equation in e only (it does not feature the price level,
p). In terms of Figure 4.17, the only stable solution, following an unanticipated in-
crease in the money supply, is an immediate discrete adjustment of the exchange
rate from e to e;. Consequently, both immediately before and immediately after the
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Figure 4.16: Monetary policy in the Dornbusch model
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Figure 4.17: Exchange rate dynamics with perfectly flexible prices

shock, the exchange rate is constant (¢ = 0) so that the domestic rate of interest stays
equal to the world rate at all times (Rs = Rg). Unanticipated monetary policy does
not lead to overshooting if prices are perfectly flexible.

This does not mean, of course, that overshooting is impossible when the price
level is fully flexible. In some cases, anticipation effects can also cause overshooting
of the exchange rate. Assume that the monetary impulse is announced at time ¢4 to
be implemented at some later time t; (> t4). If agents have perfect foresight, the ad-
justment path will be an immediate depreciation at time t 4 from ey to ¢/, followed by
gradual further depreciation between t 4 and ¢}, represented by the movement from
point a’ to a” along the é(my) line. Exactly at time ¢, the money supply is increased
(as was announced), the ¢ = 0 line shifts to the right to é(m7 ), and the exchange rate
settles at its new equilibrium level e;. Agents anticipate a depreciation of the cur-
rency in the long run since the money supply increases. There can be no anticipated
jumps in the exchange rate, since these would imply infinitely large expected capital
gains/losses, so that one side of the market would disappear. Consequently, interest
parity dictates adjustment, and the exchange rate starts to depreciate immediately.
There is still no overshooting in this case.

Matters are different if the monetary impulse is implemented immediately (t4 =
t;) but is of a temporary nature. Specifically, it is announced (and believed by the
agents) that the money supply will be decreased to its old level at some time fg in
the future. In that case, the adjustment path is given by an immediate depreciation
at t4 = t; from ey to ¢”, followed by gradual appreciation between t4 and tg (de-
scribed by the movement from point b’ to b”). At the time the money supply is
decreased again, the exchange rate has fallen back to its initial level, the é = 0 line

“The smaller the difference between implementation and announcement dates (t; — t,), the larger is
the jump in the exchange rate at impact. This can be seen intuitively, by noting that if (f; — t4) — 0, the
jump is instantaneous from eg to e1, and if (t; —t4) — oo, the policy measure is postponed indefinitely,
and nothing happens to the exchange rate.
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shifts from é(mq) = 0 to é(mp) = 0, and equilibrium is restored. A temporary mone-
tary expansion causes the exchange rate to overshoot its long-run (unchanged) level.
Agents expect no long-run depreciation but the domestic interest rate is temporarily
below the world rate of interest, so that interest parity predicts that ¢ < 0 along the
transition path.

4.4 Punchlines

The key concept that is developed in this chapter is that of saddle-point stability. To
illustrate this concept we develop Tobin’s g theory of investment in continuous time.
This theory, which was also discussed briefly in discrete time in Chapter 3, is quite
attractive because it is very simple but nevertheless yields predictions which accord
with intuition and (some of the) empirical evidence. In the g theory, investment
by firms depends on the shadow price of installed capital goods, which is called
Tobin’s marginal q. This shadow price is a forward-looking concept, and it incor-
porates all the information that is of relevance to the firm. Under some conditions
Tobin’s marginal g coincides with average g, which can be measured in a relatively
straightforward fashion by looking at the stockmarket value of the firm.

In order to understand the capital dynamics implied by Tobin’s g theory, we
study the effect of an investment subsidy in a number of different settings. In the
simplest possible setting we interpret the theory at the level of an individual firm
for which the real wage rate and thus the marginal product of capital is constant. In
a more complex setting we interpret the theory as pertaining to the economy as a
whole. This necessitates an assumption about the labour market. We consider two
cases; one with a fixed supply of labour and the other with an elastic labour sup-
ply. The latter case allows for a discussion of the effects of a labour income tax on
employment, investment, and the capital stock.

Since the g theory is inherently forward looking, the effects of a policy shock de-
pend critically on whether the shock is anticipated or not. A policy shock is unantici-
pated (anticipated) if the time of implementation coincides with (postdates) the time
of announcement. An anticipated shock which affects either the marginal product
of capital or the interest rate will have an immediate effect on investment because
Tobin’s g is the present value of present and future marginal capital productivity.
Graphically the model can be shown to be saddle-point stable, i.e. there is a unique
trajectory towards the new equilibrium following a shock. At impact the capital
stock is predetermined (accumulated in the past) but Tobin’s g can jump to incorpo-
rate new information.

The model gives rise to some interesting policy implications. For example, an an-
ticipated abolition (or reduction) of the investment subsidy leads to an investment
boom at impact because firms rush to put in their investment orders to get the sub-
sidy while it still exists. Similarly, a temporary investment subsidy causes a larger
impact effect on investment than a permanent subsidy does. Intuitively this happens
because firms bring forward their intertemporal investment plans in order to “make
hay while the sun shines”. The fact that these predictions accord with intuition lends
the theory some credibility.

Another attractive feature of Tobin’s g theory is that it is easily incorporated in
the IS-LM model. In doing so one of the objections raised against that model, namely
that it contains only rudimentary dynamics, is substantially weakened. By also mod-
elling gradual output adjustment and a simple (forward-looking) term structure of
interest rates, the dynamic IS-LM model gives rise to a rich array of intertemporal
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effects. For example, with an anticipated increase in government consumption it is
possible that output falls during the early phase of the transition. This is because
the downward jump in Tobin’s g causes a fall in investment and aggregate demand
which is not counteracted because the additional government consumption has not
yet materialized. In the long run, of course, output rises beyond its initial level.

In the last part of this chapter we introduce forward-looking elements in a sticky-
price model of a small open economy facing perfect capital mobility. A striking fea-
ture of this model is that an unanticipated and permanent monetary expansion may
produce overshooting of the exchange rate. Intuitively, agents expect a long-run
depreciation of the nominal exchange rate which, ceteris paribus, makes domestic
assets less attractive than foreign assets. There is a net capital outflow and the spot
exchange rate depreciates. During transition the domestic interest rate falls short of
the world interest rate. As a result the exchange rate overshoots its long-run equilib-
rium value because part of the yield on domestic assets consists of a gradual appreci-
ation of the exchange rate. The overshooting result caused a big stir in the late 1970s
because it provided an economically intuitive rationale for the large swings that are
often observed in the exchange rate. Large changes in the exchange rate need not be
due to the behaviour of irrational currency speculators after all!

Further reading

The material on the investment subsidy is motivated in part by the analyses of Abel
(1982) and Summers (1981). Abel (1981) shows how the investment model can be
generalized by allowing for a variable utilization rate of capital. The recent invest-
ment literature stresses the irreversibility of investment and/or non-convex adjust-
ment costs. Key articles are: Abel and Eberly (1994), Abel et al. (1996), Dixit and
Pindyck (1994), and Caballero and Leahy (1996). A good survey is Caballero (1999).

Sargent (1987b) and Nickell (1986) develop a dynamic theory of labour demand
based on adjustment costs on the stock of labour. Hamermesh and Pfann (1996)
present a survey of this literature. Saddle-point equilibria naturally arise in the open
economy context. Key papers are Dornbusch (1976a) and Buiter and Miller (1981,
1982), and a good survey is Scarth (1988, ch. 9).



Chapter 5

Rational expectations and
economic policy

In this chapter we continue our investigation of forward-looking expectations mech-
anisms. We move to an economic setting in which market participants experience
stochastic shocks. More specifically the purpose of this chapter is to discuss the fol-
lowing issues:

1. What do we mean by rational expectations (also called model-consistent ex-
pectations)?

2. What are the implications of the rational expectations hypothesis (REH) for
the conduct of macroeconomic policy? What is the meaning of the so-called
policy-ineffectiveness proposition (PIP)?

3. What are the implications of the REH for the way in which we specify and use
macroeconometric models, and what is the Lucas critique?

4. To what extent can countercyclical economic policy be conducted in a small
open economy facing perfect financial capital mobility when agents are blessed
with rational expectations?

5. What is the lasting contribution of the rational expectations revolution?

5.1 What are rational expectations?

5.1.1 The basic idea

More than half a century ago, John Muth published an article in which he argued
forcefully that economists should be more careful about their informational assump-
tions, in particular about the way in which they model expectations. Muth’s (1961)
point can be illustrated with the aid of the neoclassical synthesis model under the
adaptive expectations hypothesis (AEH) that was discussed in Chapter 3. Consider
Figure 5.1, which illustrates the effects of monetary policy over time. The initial equi-
librium is at point Ey, with output equal to its full-employment level Y and the price
level equal to Py. There is an expectational equilibrium, because P = P° at point
Ep. If the monetary authority increases the money supply (in a bid to stimulate the
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Figure 5.1: Monetary policy under adaptive expectations

economy), aggregate demand is boosted (the AD curve shifts from ADy to AD;), the
economy moves to point A, output increases to Y’, and the price level rises to P’. In
A there is a discrepancy between the expected price level and the actual price level.
This discrepancy is slowly removed by an upward revision of the expected price
level, via the adaptive expectations mechanism (e.g. equation (1.14)). In the diagram
this is represented by a gradual movement along the new AD curve towards point
E;, which is the new full equilibrium.

The adjustment path of expectations is very odd, however, because agents (e.g.
households supplying labour) make systematic mistakes along this path. The time
paths for the actual and expected price levels are illustrated in Figure 5.2, as is the
expectational error (P* — P). The initial shock causes an expectational error that is
slowly eliminated. All along the adjustment path, the error is negative and stays
negative, and agents keep guessing wrongly.

This is very unsatisfactory, Muth (1961) argued, because it is diametrically op-
posed to the way economists model human behaviour in other branches of eco-
nomics. There, the notion of rational decision making (subject to constraints) oc-
cupies centre stage, and this does not appear to be the case under the AEH. As a
result, Muth proposed that: “...expectations, since they are informed predictions of
future events, are essentially the same as the predictions of the relevant economic
theory” (1961, p. 316).

With respect to the model illustrated in Figure 5.1, this would mean that agents
hear at time f( that the money supply has been increased from M, to M, use the
relevant economic theory (equations (3.1)—(3.2)), calculate that the correct price level
for the new money supply is Pj, adjust their expectations to that new money sup-
ply (P{ = P1), and supply the correct amount of labour. As a result, the economy
jumps from Ej to E;, output is equal to Y and the price level is P;. Of course, this
adjustment story amounts to the perfect foresight hypothesis (PFH) version of the
policy-ineffectiveness proposition (PIP). Since there is no uncertainty in the model,
forecasting is not difficult for the agents. They realize that a higher money supply
induces a higher price level and thus adjust their wages upwards. As a result, the
real wage, employment, and output are unaffected.
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In reality all kinds of chance occurrences play an important role. In a macroeco-
nomic context one could think of stochastic events such as fluctuation in the climate,
natural disasters, shocks to world trade (German reunification, OPEC shocks, the
Gulf War), etc. In such a setting, forecasting is a lot more difficult. Muth (1961) for-
mulated the rational expectations hypothesis (REH) to deal with situations in which
stochastic elements play a role. The basic postulates of the REH are: (i) information
is scarce and the economic system does not waste it, and (ii) the way in which expec-
tations are formed depends in a well-specified way on the structure of the system
describing the economy:.

In order to clarify these postulates, consider the following example of an isolated
market for a non-storable good (so that inventory speculation is not possible). This
market is described by the following linear model:

QF =ap—aPy, a1 >0, (5.1)
Qf = by + b Pf+ Uy, by >0, (5.2)
QP =07 [=Q4, (5.3)

where P; is the price of the good in period ¢, QP is the quantity demanded, Q7 is
the quantity supplied, and P is the price level that suppliers expect in period ¢ — 1
to hold in period . The random variable U; represents all stochastic elements that
impinge on the supply curve. If the good in question is an agricultural commodity,
for example, then U; could summarize all the random elements introduced in the
supply decision by the weather, crop failures, animal diseases, insect plagues, etc.
Equation (5.1) shows that demand only depends on the actual price of the good.
In other words, the agents know the price of the good, and there are no stochastic
events occurring on the demand side of the market, such as random taste changes,
income fluctuations, etc. Equation (5.2) implies that there is a production lag: sup-
pliers must decide on the production capacity before knowing exactly what will be
the price at which they can sell their goods. They make this decision on the basis of
all information that is available to them. In the context of this model, the information
they possess in period t — 1 is summarized by the so-called information set, (_1:

O = {Ptfllpt—z,---; Qt-1,Qt-2,..;a0,a1, by, by; Ur ~ N(O, 02)} : (5:4)

What does this mean? First, the agents know all prices and quantities up to and in-
cluding period t — 1 (they do not forget relevant past information). Obviously, the
information set €);_; does not include P, Q;, and U;. Second, the agents know the
structure of the market they are operating in (recall: “...the relevant economic the-
ory” is used by agents). Hence, the model parameters ag, a1, by, and b; are known
to the agents as is the structure of the model given in (5.1)-(5.3). Third, although
the actual realization of the stochastic error term U; is not known for period t, the
probability distribution of this stochastic variable is known. For simplicity, we as-
sume that U; is distributed as a normal variable with an expected value of zero
(E (U;) = 0), no autocorrelation (E (UsU;) = 0 for t # s), and a constant variance
of 02 [= E(U; — E (Uy))?], where E(-) is the unconditional expectations operator. This
distributional assumption is written in short-hand notation as N(0,¢?). Recall from
first-year statistics that the normal distribution looks like the symmetric bell-shaped
curve drawn in Figure 5.3. Fourth, past realizations of the error terms are, of course,
known. Agents know past observations on Q;_; and P;_;, and can use the model
(5.1)—(5.3) to find out what the corresponding realisations of the shocks must have
been (i.e. U;_;).
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U
Figure 5.3: The normal distribution
The REH can now be stated very succinctly as:
P{ =E(P | Q1) = Era Dy, (5.5)

where E;_1 is short-hand notation for E(- | );_1), which is the conditional expectation
operator. In words, equation (5.5) says that the subjective expectation of the price
level in period t formed by agents in period t — 1 (Pf) coincides with the conditional
objective expectation of P;, given the information set ();_1.

How does the REH work in our simple model? We obtain the answer in a number
of steps. First, equilibrium outcomes are calculated. Hence, (5.3) is substituted into
(5.1) and (5.2), which can then be solved for P; and Q; in terms of the parameters and
the expected price Py:

o uo—bo—ble—Ut
= o ,
Qt = by + b1 P} + Ur. (5.7)

Dby (5.6)

Equation (5.6) is crucial. It says that the actual price in period t depends on the price
expected to hold in that period, and the realization of the stochastic shock U;. More
precisely, a higher expected price level or a positive supply shock (bigger Py or U;)
boosts the supply of goods, and thus the equilibrium price level must fall in order to
clear the market. The REH postulates that individual agents can also calculate (5.6)
and can take the conditional expectation of P;:

apg — bo - blptg — U
a1
apg — bo b1 1

= - - F, {Pf— —FE,_ . .
o P L, t—1 Ut (5.8)

E 1Pt =E; 4

Consider the three terms on the right-hand side of (5.8) in turn. The first term is
obvious: the conditional expectation of a known constant is that constant itself. The
second term can similarly be simplified: P} is a known constant, so that E;_1Pf = P;.
The third term can be simplified by making use of our knowledge concerning the
distribution of U;. Since U} is not autocorrelated, the conditional expectation of it is
equal to its unconditional expected value, i.e. E;_jU; = 0. As a result of all these
simplifications, E;_1 P; can be written as:
ag—by b

—Lpe (5.9)

Ei 1P =
ag a1
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But the REH states in (5.5) that the objective expectation, E;_1P;, and the subjective
expectation, P/, coincide. Hence, by substituting E;_1 P; = Pf into (5.9) we obtain the
solution for Py:

ao—bo
a1 +by’

—b b
Pr="""0_lpt = Pf—F 4P =
ap ap

(5.10)

The final expression is the rational expectations solution for the expected price level.
The actual price level P; is stochastic (of course, since it depends on the stochastic
supply shock U;). By substituting (5.10) into (5.6), the expression for P; is obtained:

_ 1
P=DP——U, (5.11)
ay

where P = (ag — bg)/ (ay + by) is the equilibrium price that would hold if there were
no stochastic elements in the market. Equation (5.11) says that the actual price P;
fluctuates randomly around P. The expectational error is equal to Py — E; 1P, =
—(1/a1)U;, and exhibits no predictable pattern. Also, the average of this error is
zero, so that agents do not make systematic mistakes. If there is an expected negative
supply shock, for example due to an agricultural disaster, the price level rises.

What would have been the case under the AEH? Can we derive an equation for
P; under the AEH that we can then compare to the REH expression in (5.11)? The
answer is “yes of course”, but only after using some technical tricks to get rid of
terms involving P{ and P;_;. Here goes. Obviously, under AEH, the expectational
errors do display a predictable pattern. Recall (from (1.14)) that the AEH says that
the expected price level can be written as a weighted average of last period’s actual
price level and last period’s expected price level:

P =AP,_1+(1—-A)Pf,, 0<A<I (5.12)
By using (5.6), once for P; and once more for P;_; we find:

apg — bo — b]Pf — Ut
ay !
ag — by — b1 P{_; — Ui
ay '

P = (5.13)

Py = (5.14)
Now comes the trick: multiply (5.14) by 1 — A and deduct the result from (5.13) to
get:

Aldo =bo) _ Drpe (3 _pype )

1
PP—(1-A)P_1 = - —
— (L= APy = S -

[Us — (1 - A)Us_q]. (5.15)

But, according to (5.12), the first term in square brackets on the right-hand side is
equal to AP;_1, so after gathering terms we can rewrite (5.15) as:

Aag — by) .
aj

a + b
ai

P = [1 2 } Pt = ool — (1= AU, (5.16)

and more compactly as:

_ 1
P,—P=ulP_,—D]— Vi (5.17)



CHAPTER 5: RATIONAL EXPECTATIONS AND ECONOMIC POLICY 153

where y =1-— )\% is a composite parameter, P = (a9 — bg) /(a1 + by) is the deter-
ministic equilibrium price, and V; = U; — (1 — A)U;_1 is a composite stochastic term.
The trick works! But before getting carried away on a wave of pure joy we must first
check a technical feature of this AEH solution for the price path. Indeed, even ab-
stracting from the random term, V;, the difference equation for the price level must
be stable for this model to be of any use under the AEH (remember the correspon-
dence principle). In particular, the stability condition requires y to be less than unity
in absolute value. Expressed in terms of the expectational adjustment parameter, A,
the stability condition is thus 0 < A < min [1,2a;/ (a7 + by)].!

The key thing to note about equation (5.17) is that the equilibrium price, P, dis-
plays a clearly recognizable pattern under the AEH: P; depends on its own lagged
value P;_1, and the composite error term V; displays autocorrelation (i.e., E (V;V;_1) =
—(1 = A)c?). 1t is not difficult to show that the expectational error under the AEH
can be written as follows:

_ A .
Pf—P=—-=Y Uy (5.18)
a1 iy

To help understand (5.18), consider the effect of an isolated supply shock in period
t—1,ie setU;_1_; = 0fori > 1. Repeated use of (5.18) shows that this shock will
affect the expectational errors from period t onward, i.e. Pf — P = — (A/ay) Up_1q,
P, —P = —(Ap/a1) Uy, Pf, — P = — (Ap?/a1) Us_1, etcetera. Of course, be-
cause the model is stable, the effect of U;_; will ultimately die down, but depending
on the magnitude of u this may take a long time indeed.
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Figure 5.4: Actual and expected price under REH

!The function min [x, y] is the minimum-value function, i.e. min [x,y] = x if x < y and min [x,y] = y if
x>y
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The issue can be further illustrated with the aid of Figures 5.4 and 5.5, which
show the paths of the actual price level, P;, and the expected price level, P}, under,
respectively, the REH and the AEH. The diagrams were produced as follows. First,
the computer was instructed to draw 100 (quasi-) random numbers from a normal
distribution with mean zero and variance 0> = 0.01. These random numbers are
the supply shocks of the model (that is, U; for t = 1,--.,100). The parameters
of demand and supply were setatap = 3, a1 = 1, bp = 1, and b; = 1, which
implies that the deterministic equilibrium price is P = 1. Obviously, from (5.10)
we find that under the REH, P{ = P = 1. This is the dashed line in Figure 5.4.
The actual price level under the REH is given by (5.11), and is drawn as a solid
line fluctuating randomly around the dashed line. In Figure 5.5 the expected and
actual price levels have been drawn for the same stochastic U; terms as before but
assuming that the AEH is valid. To generate these numbers we set A = 0.8 and
assume that P§ = Py = P and Uy = 0. Not surprisingly, there is a clear pattern in the
way expectations continually lag behind actual price movements (as (5.12) of course
suggests theoretically).

expected and actual price
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Figure 5.5: Actual and expected price under AEH

5.1.2 Do we really believe the idea?

In the previous section we have postulated the REH in the form of a statement like
(5.5). Muth (1961) offers an intuitive defence for the equality of conditional and sub-
jective expectations. First, if the conditional expectation of the price level based on
the model (E;_1P;) were considerably better at forecasting P; than the subjective ex-
pectation of suppliers (Pf), there would be an opportunity for making larger than
normal profits for an alert “insider”, i.e. someone who does use the information
contained in the model. This insider could, for example, start his/her own busi-
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ness, engage in inventory speculation (in the case of storable goods), or operate a
consulting firm specialized in selling forecasting services to the existing suppliers.

It has unfortunately proved very difficult indeed to come up with a formal mo-
del of this “market for information”. This is because (i) information is costly to get,
and (ii) is at least partially a public good. Agents that possess information can, by
their actions in the market place, unwittingly reveal the content of this information
to agents who have not acquired it. As a result, there may be a strong “free-rider”
problem in the market for information. Using this type of argument, Grossman and
Stiglitz (1980) conclude that it is impossible for the market for information to be ef-
ficient. Other authors investigate the question whether agents can learn to converge
to rational expectations—see, for example, Friedman (1979), DeCanio (1979), and Pe-
saran (1987). The conclusions of this literature suggest that is not always the case.
To quote DeCanio, “the economical use of information will not necessarily generate
rational expectations” (1979, p. 55).

So there are good reasons to believe that the use of the REH cannot be justified as
an outcome of an informational cost-benefit analysis. Yet, many economists today ac-
cept the REH as the standard assumption to make in macro-models involving uncer-
tainty. The reason for this almost universal acceptance is again the correspondence
principle. Since we know little about actual learning processes, and the REH de-
scribes an equilibrium situation, it is the most practical hypothesis to use. Of course,
the equilibrium described by models involving the REH is inherently stochastic. For
that reason, REH solutions for models can be referred to as stochastic steady-state so-
lutions.

5.2 Applications of the REH in macroeconomics

The idea behind rational expectations remained unused for a decade, before new
classicals like Robert Lucas, Thomas Sargent, Neil Wallace, and Robert Barro ap-
plied it to macroeconomic issues. They took most of their motivation from Fried-
man’s (1968) presidential address to the American Economic Association, and con-
sequently focused on the role of monetary policy under the REH.

Their basic idea can be illustrated with a simple loglinear model, that is based on
Sargent and Wallace (1975):

ye—7=¢(pt —Er1pt) +u, ¢ >0, (5.19)
ye = a+P(m —pt) + vEa(pra —pe) +or,  p>0, v>0, (520)
mp = po + mMe—1 + pyYr—1 + 2, 0<mum<1, (5.21)

where y; = InY;, 7 = In Y, m; = InM;, and pt = InP; are, respectively, actual
output, full-employment output, the money supply, and the price level, all measured
in logarithms. The random terms are given by u; ~ N(0,02), v; ~ N(0,02), and z; ~
N(0,02). They are assumed to be independent from themselves in time, E(uus) =
E(vivs) = E(zizs) = 0 for t # s, and from each other, E(u;z¢) = E(usv;) = E(viz) =
0.

Equation (5.19) is the expectations-based short-run aggregate supply curve, i.e.
it is the loglinear stochastic counterpart to equation (3.2) above. If agents under-
estimate the price level (p; > E;_1p:), they supply too much labour and output
expands. Equation (5.20) is the AD curve. The real balance term, m; — p;, reflects
the influence of the LM curve, i.e. the Keynes effect, and the expected inflation rate,



156 FOUNDATIONS OF MODERN MACROECONOMICS, THIRD EDITION

E;_1(pt+1 — pt), represents a Tobin effect.? The intuition behind the Tobin effect is as
follows. Investment depends on the real interest rate, so that, for a given level of the
nominal interest rate, a higher rate of expected inflation implies a lower real rate of
interest, and a higher rate of investment and hence aggregate demand.

Finally, equation (5.21) is the policy rule followed by the government. This spec-
ification nests two interesting special cases: (i) a monetarist like Friedman would
advocate a constant money supply (since there is no real growth in the model) and
would set py, = py = 0, so that my = pg + z4; (ii) a Keynesian like Tobin would be-
lieve in a countercyclical policy rule, i.e. pi; = 0but p, < 0. If output in the previous
period is low (relative to its full-employment level, for example), then the monetary
authority should stimulate the economy by raising the money supply in this period.
The interpretation of the error term in the money supply rule is not that the mone-
tary authority deliberately wishes to make the money supply stochastic, but rather
that the central bank has imperfect control over this aggregate. We could also allow
money supply to depend on other elements of the information set, i.e. p;_1, pt—2,- - -,
My_p, M3, ,Yi—2,Yi—3,- - -, but that does not affect the qualitative nature of our
conclusions regarding the effectiveness of monetary policy whatsoever.

How do we solve the model given in (5.19)—(5.21)? It turns out that the solution
method explained above can be used in this model also. First, we equate aggregate
supply (5.19) and demand (5.20) and solve for the price level:

_a—g+pmi+ PEapr + vE1 (Prea — pr) £ 08 — 1t

pt B+ o (5.22)
Second, we take expectations of p;, conditional on the information set (3;_:
E _ a— g+ BEami + QE 1 Eiqp
t—1pPt =
Pt+o
E; 1E;i — E; —
4 YE1Ei (Prr1 —po) + Era(vr —ur) (5.23)
p+o

But the conditional expectation of a conditional expectation is just the conditional
expectation itself, i.e. we only need to write E;_1 once on the right-hand side of (5.23).
The shock terms v; and u; are not autocorrelated, so the conditional expectation of
these shocks is zero, i.e. E;_1v; = 0 and E;_ju; = 0. In other words, knowing the
actual realization of these shocks in the previous period (v;_1 and u;_1), as the agents
do, does not convey any information about the likely outcome of these shocks in
period t. After substituting all these results into (5.23), one obtains a much simplified
expression for E;_1p;:

& —§+ BE_1mi + ¢Er_1pt + YEi 1 (Pry1 — pt)
B+¢

By deducting (5.24) from (5.22), a very simple expression for the price surprise is
obtained:

Eiapr = . (5.24)

1 p
pt—Erapr = o (0 —up) + o~ — (my — Eroamy) . (5.25)
p+o p+e
2To see that p; 1 — p; represents the inflation rate we note that p; 1 — p; = In (P 1/P;). Next we note

that for values of x close to xop = 1, we have that Inx = x — 1. Hence, In(Pry1/P:) =~ Pryq /P —1 =
APy 1/ P, where the final expression is the inflation rate.
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Only unanticipated shocks to AD and AS, and unanticipated changes in the money
supply can cause agents to be surprised. Indeed, (5.21) implies that m; — E;_ym; =
zt, so that (5.25) and (5.19) imply the following expression for output:

_ o $ui ot Bur + Bz
yBi—y= B+ : (5.26)

The similarity between expressions (5.11) and (5.26) should be obvious. Equation
(5.26) represents the stochastic steady-state solution for output. Given the model
and the REH, output fluctuates according to (5.26).

Equation (5.26) has an implication that proved very disturbing to many econo-
mists in the early 1970s. It says that monetary policy is completely ineffective at in-
fluencing output (and hence employment): regardless of the policy rule adopted by
the government (passive monetarist or activist Keynesian), output evolves according
to (5.26) which contains no parameters of the policy rule!® This is, in a nutshell, the basic
message of the policy-ineffectiveness proposition (PIP). In the words of Sargent and
Wallace:

In this system, there is no sense in which the authority has the option
to conduct countercyclical policy. To exploit the Phillips curve, it must
somehow trick the public. By virtue of the assumption that expectations
are rational, there is no feedback rule that the authority can employ and
expect to be able systematically to fool the public. This means that the
authority cannot exploit the Phillips curve even for one period. (1976, p.
177)

Of course, the PIP caused an enormous stir in the ranks of the professional econo-
mists. Indeed, it seemed to have supplied proof that macroeconomists are useless. If
macroeconomic demand management is ineffective, then why should society fund
economists engaging themselves in writing lengthy scholarly treatises on the subject
of stabilization policy?

Intermezzo 5.1

The method of undetermined coefficients in a rational expectations
model. Rational expectations models can often be solved by employ-
ing a “guess and verify” method. Intuitively, this method of undeter-
mined coefficients, as it is commonly called, works as follows. First we
guess a functional form for the candidate solution. This guess will con-
tain parameters whose values are, of course, unknown at this stage. In
the second step we incorporate the candidate solution into the model and
derive the solution that is implied by the guess. Finally, in the third step
we verify that the implied solution and the initial guess can be made con-
sistent with each other in a unique fashion. If that is so, then the candiate
solution turned out to be correct and the unique REH solution of the mo-
del is obtained. In the remainder of this intermezzo we solve the model
given in (5.19)-(5.21) using the method of undetermined coefficients. As

3The REH solution for the price level will, of course, depend on the parameters of the policy rule. This
is demonstrated in Intermezzo 5.1 where the method of undetermined coefficients is used to derive the
solution.
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a by-product of this exercise we also obtain the REH solution for the price
level.

The fundamental expectational difference equation (FEDE) of the mo-
del is obtained by substituting (5.21) into (5.22):

o — G+ Blpo + pmmi—1 + pyYr1 + 2] + PE;_1pt
p+¢
YEt 1 (pry1 — pt) + 0t — Ut @)
p+¢

Equation (a) looks like an ugly beast but it does suggest a suitable trial
solution of the form:

pt =

+

pt = 700 + TinMi—1 + TyY—1 + T22¢ + o0t + TTully, (b)

where the values of the 7; coefficients are to be determined. Equation (b)
is a reasonable guess because, at the very least, it contains all the variables
that are included in the FEDE given in (a), namely a constant term, m;_1,
Yi—1, zt, Ut, and u;. This concludes step 1 of the derivation.

In step 2 we squeeze out every bit of information contained in (b). A
direct implication of (b) is that:

Ei_1pt = 70 + Tommy—1 + TTyY¢—1, (0

where we have used the fact that E; 1z = E;_ 19y = E;_qu; = 0. Fur-
thermore, since the 71; coefficients are time-invariant it follows from (b)

that:

Pi+1 = 700 + Tt + TyYt + 722411 + ToUpy1 + Tyl (d)
so that:

Et 1piy1 = 0 + T Er_1yme + 7wy Ey 1y, (e)

where we note that E;_1z;11 = E;_10441 = Ey_1u441 = 0. From equation
(5.19) we derive that:

Eiay: =7, ()
since E;_1(p¢r — Et—1pt) = E;—quy = 0. And from (5.21) we obtain:

Ej_1my = po + pmMe_1 + pyYi-1, (g)
as E;_1z; = 0. Substituting (f)—(g) into (e) we obtain:

Ei_1pri1 = 10 + Ttmplo + 70y Y + PmTTm—1 + Py TTmYr—1. (h)

Step 2 is completed by substituting (c) and (h) into (a) and gathering
terms:
@ — 7+ Buo + ¢7t0 + YG7Ty + YHO T
B+
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Bttm + 70 (¢ — v (1 — pim)) Bty + (¢ — ) 7Ty + Yy T
’ B9 e B
AF p Zt + ! (e L u

B+ T Bt+e " Bro

t—1

)

Equation (i) is the implied solution we were looking for.

In step 3 we check whether or not (i) and (b) can be made consistent
with each other by suitable choice of the 7; coefficients. This amounts to
the following set of restrictions that must hold:

— — ¥+ Bpo + ¢70 + YY1y + YHoTIm

()

B¢ ‘
7,y = PHm o (ﬁ¢+—¢7 (1—pm)) ®
oy = Buy + (¢ —ﬁvl ;T)y +yHy T 0
T, = ﬁi(p Ty = /341r¢ Tty = —ﬁiq)- (m)

From (k) we find the unique solution for 7z,

_ Bim
B+ (1 —pm) &

By using (n) in (I) we find the unique solution for 7z;:

Tlm

_ By
T B (=)

Finally, by using (n) and (o) in (j) we obtain the unique solution for 7ry:

(0)

g, (B+7)mo + viHy
B B+ (1 —pm)

Since all 77; coefficients are uniquely determined we have found the REH
solution for the price level:

7T —

()

Ca—7  (BH7)pHo+vimy Bitm
P T T B A=) | Bt =) !

By +[52t+0t—ut

Bra(l—pm) /! Bty

% %A%

(q)

On top of this came the second strike of the new classicals against the then pre-
dominantly Keynesian army of policy-oriented macroeconomists. Lucas (1976) ar-
gued that the then popular large macroeconometric models (with a strong Keyne-
sian flavour) are useless for the exact task for which they are being used, namely the
evaluation of the effects of different types of economic policy. This so-called Lucas
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critique can be illustrated with the aid of our model. Suppose that the economy has
operated under the policy rule (5.21) for some time, that agents know and under-
stand it, and that the economy is in a stochastic steady state, so that output follows
the stochastic process given by (5.26).

By solving (5.21) for z; and substituting the result into (5.26), it is clear that output
can be written as follows:

Yt —§=Co+ Q1yi—1 + Lome + {3m 1 + ¢y, (5.27)

where (o, {1, {2, and (3 are composite coefficients and ; is a composite stochastic
variable:

_ Bonuo __Powy _ Py 5.28
Co = Etg¢’ 01= B+ ¢’ €27ﬁ+¢' (5.28)
_  PBopm _ por+ pur 5.29
=gt =T (529)

An econometrician trying to obtain estimates for the {-parameters would run a re-
gression of the form (5.27) and would find a well-fitting model. Under rational ex-
pectations and with a given monetary policy rule there will be a stable relationship
between, on the one hand, current output and, on the other hand, lagged output and
the current and lagged money supply. But can the policy maker use knowledge of
this relationship to stimulate the economy? An innocent but popular interpretation
might suggest that a monetary expansion would yield an expansion of output and
employment (because the estimate for {, is undoubtedly positive). Indeed, many
economists use simulations of econometrically estimated models to give policy rec-
ommendations. Lucas pointed out, however, that the model would be useless for
policy simulations because its coefficients are not invariant to the policy rule under
the REH, i.e. the {-parameters are mixtures of structural parameters (like f and ¢)
and policy-rule parameters (po, pim, and py). Indeed, suppose that the government
would switch from a passive to a strong countercyclical viewpoint, reflected in a
change from p, = 0 to a large negative value for the parameter y,. Predictions
with the model based on the existing estimates of the {-parameters would seriously
misrepresent the real effects of this policy switch, due to the fact that the actual -
parameters would change. For example, an increase in |31, | would increase the actual
value of |{1].

Of course, Lucas is right in principle. Provided one compares only stochastic
steady states, the effects mentioned by him will indeed obtain. But in practice the
Lucas critique may be less relevant, especially in the short run. As we have argued
above, very little is known about the learning processes that may prompt agents to
converge to a rational expectations equilibrium. To the extent that it may take agents
some time to adapt to the new policy rule, it may well be that both (5.27) and (5.21)
give the wrong answers. This may explain why econometrically estimated full-scale
models embodying the REH are still relatively scarce.*

5.3 Should we take the PIP seriously?

Shortly after the publication of Sargent and Wallace’s (1976) seemingly devastating
blow to advocates of (Keynesian) countercyclical policy, it was argued that the PIP

4In Chapters 18 and 19 we discuss calibrated stochastic general equilibrium models under the REH.
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is not the inevitable outcome of the REH (that, of course, made a lot of Keynesians
happy again, and may have promoted the broad acceptance of the REH). The crucial
counter-example to the PIP was provided by Stanley Fischer (1977), a new-Keynesian
economist. With the benefit of hindsight, his argument is predictable, especially in
view of Modigliani’s (1944) influential interpretation of Keynes’ contribution. Fis-
cher asks a very simple question: what happens with the PIP if money wages are
rigid, for example due to nominal wage contracts?

5.3.1 One-period nominal wage contracts
Fischer’s (1977) model is very simple. The AD curve is monetarist in nature:
Yt =Mt — pr + 0, (5.30)

which can be seen as a special case of (5.20) with « = v = 0 and = 1. The supply
side of the economy consists of workers signing one-period or two-period nomi-
nal wage contracts, after which the demand for labour curve determines the actual
amount of employment. We first consider the case of one-period wage contracts. We
assume that workers aim (and settle) for a nominal wage contract for which they
expect full employment in the next period, when the wage contract is in operation.
This is illustrated in Figure 5.6. Workers know the supply and demand schedules
for labour, and estimate the market clearing real wage, @. Since the contract is spec-
ified before the price in period t is known, the workers use the expected price level
to determine the market clearing real wage. If their price expectation is p{, then ex-
pected full employment occurs at point Eg. If the actual price level in period ¢ is
higher (1Y > p¢) then employment occurs at point A. Employment is higher than
full employment, 7i;, because the actual real wage rate, w; — p?, is lower than the full
employment real wage rate, @. In the opposite case, with p; < p¢, the real wage rate
is too high and the economy settles at point B.

Let w;(t — 1) denote the (logarithm of the) nominal wage that is specified at the
end of period t — 1, to hold in period . Since the real wage that clears the labour
market is equal to @, it follows that w;(t — 1) is set as:

wt(t — 1) =w+ Ei_1ps, (5.31)

where we can simplify notation further by normalizing & = 0. The supply of output
depends negatively on the actual real wage:

ye=—[we(t = 1) — pt| +uy, (5.32)
so that (5.31) and (5.32) imply a Lucas-type supply curve:
Ye = [pr — Erape] + ur (5.33)

Note that (5.33) is a special case of (5.19) with 7 =0 and ¢ = 1.
Regarding the shocks to aggregate demand and supply, Fischer assumes that they
are independent from each other but display autocorrelation, i.e.:

U = pylp—1 + &, |Pu| <1, Ut = Pu0Ut—1 + 11, |Pv| <1, (5.34)

where ¢ ~ N(0, ag) and 7 ~ N(O, a,?) are uncorrelated white noise terms (often
referred to as innovations). Finally, we assume that the monetary policy rule adopted
by the policy maker has the following form:

M = Py Up—1 + Paoli—2 + Ho1Up—1 + Ho20f—2. (5.35)
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Figure 5.6: Wage setting with single-period contracts

Hence, in period t the policy maker reacts only to aggregate demand and supply
shocks that occurred in periods t — 1 and t — 2. (Reacting to shocks that occurred in
the more distant past do not affect the model so we can safely set y,; = y,; = 0 for
i=3,4,---,00)

Not surprisingly, in view of the similarities with our earlier model, Fischer’s one-
period contract model implies that the PIP is valid. The REH solution is constructed
as follows. First, solving (5.30) and (5.33) for p; yields:

pt =% [mi+ vt — ur + Ep_1pt]. (5.36)

This is the price level at which the AD curve intersects with the Lucas supply curve.
By taking conditional expectations on both sides of (5.36) we obtain:

Ei_1pt = 3 [Er—1mi + Ey 10 — E_qus + Ep_qpt] . (5.37)
Subtracting (5.37) from (5.36) yields the expression for the expectational error:
pt — Eoapr = [ (mp — Epamy) + (v — Ey_q0) — (e — Ep—quyr) ] (5.38)

What does the surprise term (5.38) look like? First, (5.35) implies that agents know
the money supply in period t once they have lagged information (there is no stochas-
tic element in the policy rule). Hence, m; — E;_jm; = 0. Second, the fact that the AD
and AS shocks are autocorrelated implies that agents can use information on the
shocks in the previous period (i.e. v;_1 and u;_1) to forecast the shocks in period t:

Ei_qup = putts—1, Et_1v = pp0s_1. (5.39)

By using these forecasts in equation (5.38), and substituting the price surprise into
(5.33), the REH solution for output is obtained:

yr =3[ —e +ur. (5.40)

The coefficients of the policy rule (i.e. y,; and p,;) do not influence the path of out-
put, so that PIP holds. In other words, anticipated monetary policy is unable to
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cause deviations of output from its natural level. It will, of course, affect the path of
equilibrium prices under rational expectations:>

pr = (M1 — pu) te—1 + (o1 + o] Ve—1 + % [ — &4 . (5.41)

5.3.2 Overlapping wage contracts

Now consider the case where nominal contracts are decided on for two periods. We
continue to assume that nominal wages are set such that the expected real wage is
consistent with full employment. Hence, in period ¢ there are two nominal wage
contracts in existence. Half of the workforce is on the wage contract agreed upon in
period t — 1 (to run in periods t and ¢ + 1), and the other half has a contract formu-
lated in period t — 2 (to run in periods t — 1 and ¢). In symbols:

wi(t—1) = Er1pt, wi(t —2) = Erapr. (5.42)

Notice the difference in the information set used for the two contracts.
The economy is perfectly competitive, so that there is only one output price, and
aggregate supply is equal to:

v =3 [— (we(t —=1) — p) +ue] + 3 [— (we(t —2) — pt) + ue], (5.43)

where the first term in brackets on the right-hand side is the output of firms with
workers on one-year old contracts, and the second term is the output of firms with
workers on two-year old (expiring) contracts. By substituting (5.42) into (5.43), we
obtain the aggregate supply curve for the two-period contract case:

yr =3 [pt — Ero1p] + 3 [t — Erapi] + ur. (5.44)

Hence, this supply curve has two surprise terms, differing in the information set.
The rest of the model consists of the aggregate demand curve (5.30) and the money
supply rule (5.35).

The model can be solved by repeated substitution. Because the derivations are
non-trivial and somewhat tedious we show the details in Intermezzo 5.2 where we
find that the REH solution for output can be written as follows:

ye =% [+ + L [n +20u) &1+ 3 o1 + 00) i1 + 05 us—2. (5.45)

This is the crucial counter-example to the PIP. It is the black swan that disproves the
proposition that all swans are white. Equation (5.45) contains the policy parameters
1 and py,1, so that output can be affected by monetary policy even under rational
expectations. As Fischer puts it, the intuitive reason for his result is that “... between
the time the two-year contract is drawn up and the last year of operation of that
contract, there is time for the monetary authority to react to new information about
recent economic disturbances” (1977, p. 199). Because of the two-period contracts,
half of the workers have implicitly based their contract wage on “stale” information.

But Fischer’s blow to the new classicals was made even more devastating by the
following. Clearly, output can be affected by monetary policy. But should it be af-
fected, and if so, how? Equation (5.45) implies that output fluctuates stochastically,

5Upon reading Intermezzo 5.1 the interested reader can derive equation (5.41) as the solution to (5.36)
by noting (5.35) and using the following trial solution:

pt = 700 + TTyU—1 + TTo0r—1 + TTe€t + TTy1t.
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so some measure of the degree of fluctuations over tirne is required. An often-used
measure is the asymptotic variance of y;, designated by (7 (see Intermezzo 5.3). Intu-
itively, the asymptotic variance measures the severity of the fluctuations in output.
Using standard (but somewhat tedious) techniques, the asymptotic variance of the
output path described by (5.45) can be written as:

pu

Ty =0e 4+1_

+ 5 (a1 +2pu) ] +02 [1+ 4 (or +00)7] (546)

So, to the extent that fluctuations in output are a good proxy for loss of economic
welfare, the policy maker could attempt to minimize the asymptotic variance of out-
put by choosing its reaction coefficients y,; and y,; appropriately. It turns out that
the optimal values for these parameters are equal to:

Ml = —20u,  po1 = —Po- (5.47)

Intuitively, the policy parameters should be set at values that neutralize the effects
of the shocks that occur in period t — 1, namely &;_; and #;_1. In view of (5.45),
the coefficients given in (5.47) do exactly that. Of course, not all output fluctuations
can be eliminated by the policy maker. This is because both the first and the fourth
term on the right-hand side of (5.45) cannot be affected by the policy maker. For
the first term this is because the policy maker has no better information about the
innovations in the present period than the public possesses. For the fourth term it is
because u;_ was known when the oldest contracts were signed in period t — 2, and
is thus incorporated in the oldest contract.

Intermezzo 5.2

Solving the two-period overlapping wage contract model. The REH
solution for the two-period contract model is obtained as follows. First,
(5.30) and (5.44) can be solved for p;:

pe = s[ms + vt — us] + ;[E—1pt + Et2pi]. (@)

By taking expectations conditional upon period ¢ — 2 information of both
sides of (a), we obtain:

Ei—opt = 3 [Et—omy + Ey_pvr — Er_puy
+ 3 [Et—2Ei—1pt + Et—2Er—opt] - (b)

We already know that E; >E; ppr = E;_op;, but what does E;_2E;_1p¢
mean? In words, it represents what agents expect (using period ¢ — 2
information) to expect in period t — 1 about the price level in period t.
But a moment’s contemplation reveals that this cannot be different from
what the agents expect about p; using t — 2 information, i.e. E;_2E; 1p; =
E;_op;. This is an application of the so-called law of iterated expectations.
In words this law says that you do not know ahead of time how you are
going to change your mind. Only genuinely new information makes you
change your expectation. Hence, (b) can be solved for E;_»p;:

Ei_opt = Et_ym; + Ey_ovy — E¢_ouy. (©)
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Similarly, by taking expectations conditional upon period t — 1 informa-
tion of both sides of (a), we obtain:

Eiapt = 5 [Erame + Ep10r — E;_q]

+ 3 [Et—1Ei—1pt + Es—1Ei—api] - (d)
Obviously, E;_1E;_1p:+ = E;_1pt, but what does E;_1E;_op; mean? In
words, it represents what agents expect (using period t — 1 information)
to expect in period t — 2 about the price level in period t. But E;_pp; is
known in period t — 1, so that E;_1E;_pp; = E;_op; (the expectation of
a constant is the constant itself). By substituting (c) into (d), the solution
for E;_1p; is obtained:

Ei_1pt = 3E_amy + LEi_omy + 5 [Ey—q10r — Er_quy]
+ 3 [Et—20¢ — Es—pus]. (e)

If we now substitute (c) and (e) into (a), the REH solution for the price
level is obtained:

pt = $E_ymy + YEr_omy + (vr — up) + $Ep—1 (v — 1)
+ 3Ei—p(vr — uy). ®

This can be substituted into the AD equation (5.30) to obtain the expres-
sion for y;:

ye =1 (me — Ep—omy) — 3(vr — ug) — 1Ei_q (v — uy)
— 3Ei2(vr — us) + vy, (g
where we have used the fact that E;_1m; = m;.

The monetary surprise (m; — E;_pm;) must now be calculated. Using
(5.35), we find that:

my = Uy1ts—1 + Po10s—1 + Huolh—2 + Ho2Vt—2, (h)

and:

Ei omp = pya By oty 1 + por Er 201 + pupEr oty o + oy Er 20 o
= Uy1Pulht—2 + Po1P0Vt—2 + Hu2Er—ous_p + pp Bt 205, (i)

where we have used (5.39), and note that E; ru; » = u; » and
Ei_pv;_» = v;_p. Equations (5.34) implies that E; u; 1 = pyu;—» and
E¢_pv;_1 = pyv—p. Using (h) and (i) we thus find:

my — Ey_omy = pyq (-1 — Putti—2] + pot [0r—1 — po¥r—2]
= Hu1€t—1 + Po1?i—1- G

Equation (j) can be understood at an intuitive level. Agents can perfectly
forecast the money supply one period ahead (i.e. E;_1m; = m;) but not
two periods ahead. That is because in period t — 1 an innovation in the de-
mand and supply shock occurs (equal to €;_1 and 7;_1, respectively) that
the monetary policy maker will react to (provided 1,1 # 0 and 1 # 0).
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T contract length

Figure 5.7: The optimal contract length

In other words, the innovation that occurs in period t — 1 is not fore-
castable by agents who have signed their contract in period f — 2.
If we substitute (j) into (g), the final expression for output is obtained:

Y = 3 [nee—1 + poate—1] + 3 (0r +ue) — ;1 (vr — u)
— LEi—2(vr — uy)

3 (g1 + pormea] +
- %(vatfl - Puut—l) -
=3 [t + &) + 5 [1ur + 2pu

(00Vt—1 + 1t + putts—1 + &)
(0501—2 — PAut—2)
&

i1+ 3 [po1 + o] -1 + P2t
(k)

In going from the first to the second line we use (5.34)-(5.39), and note
that E;_rv; = p%vt_z and E; ou; = piut_z. In going from the second
to the third line, we have used the fact that v;_1 = pyv;—2 4+ #;—1 and
U_1 = Pult—2 + €—1. The reason why we make these substitutions is
that we want to express the output solution as much as possible in terms of
current and lagged innovation terms (g;_; and #;_;) for which we know
the statistical properties.

Wi NI=

—

ey

Chadha (1989) has extended Fischer’s (1977) analysis to the multi-period overlap-
ping contract setting using the insights of Calvo (1982) that are discussed in detail
below in Chapter 11. In his model, he is able to analyse contracts of any particular
duration (not just one-period and two-period contracts as in Fischer’s model). He
is furthermore able to express the asymptotic variance in output as a function of the
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contract length. This diagram is given in Figure 5.7. The conclusion is very surpris-
ing indeed: there is an optimal contract length of T* > 0, which Chadha estimates
to be around 3.73 quarters for the US economy (1989, p. 492). Hence, intuitively,
contracts act as “shock absorbers” of the economy.

There are a number of other reasons why PIP fails—see Buiter (1980) for an inter-
esting discussion. For example, private agents may not have rational expectations,
or there may be nominal price stickiness. Furthermore, even though anticipated
monetary policy may not be able to cause deviations of output from its natural level,
anticipated monetary policy may affect the natural rate itself. A theoretic (albeit em-
pirically not so relevant) example is the Mundell-Tobin effect: a higher monetary
growth rate depresses the real interest rate, and this boosts capital accumulation and
the natural level of output.

Intermezzo 5.3

Asymptotic variance. Rational expectations models often use the asymp-
totic variance of output as a welfare measure. Intuitively, the asymptotic
variance measures the degree of fluctuations over time in output. An
economy with violent (mild) fluctuations has a high (low) asymptotic
variance. Suppose that the path for output is described by the following
equation:

Vi=Aya+xi+e, [AIL<]T, (a)

where y; is output, x; is some (vector of) deterministic exogenous vari-
able(s), and ¢; is a white noise stochastic error term with mean zero and
variance ¢Z. How would a Martian judge the degree of fluctuations in
output, not knowing any realizations of output and the error term, but
in full knowledge of equation (a) and the stochastic process of the error
terms. The answer is that he would calculate the asymptotic variance:

07 = Et—oo [yt — Et—ooyt]?, (b)

where the notation E;_., formalizes the idea of no information about the
actual realizations mentioned above. It is as if the Martian makes his
calculations at the beginning of time.

The asymptotic variance of output implied by the process in (a) is
calculated as follows. First, we write E;_wlt = AEi—coly—1 + X and work
out the square:

[yt — Et—ooyt]” = [Ayi—1 + 2 + & — AEt—oli—1 — Xt
= [A (Y—1 — Et—cols_1) + &4)°
= A2 [ys_1 — Es—colfs_1)* + € + 2Aes [ys_1 — Et—co¥t_1], (c)

where we have used the fact that E;_cox; = x¢ and E;_oe; = 0. Taking
expectations of both sides of (c) yields:

Ei—oo [yt — Et—oo]/t}2 = A%Et_o [y—1 — Et—OO]/t—l]z
+ Et—co87 + 2AE;—cott [Y—1 — Et—cols_1] - (d)
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The second term on the right-hand side is the variance of the error term
(02 = Et_we?), and the third term is zero because the error term is inde-
pendent of lagged output. The term on the left-hand side is the asymp-
totic variance of y;, and the first term on the right-hand side is A? times
the asymptotic variance of y;_1. Because the process in (a) is stationary
(JA| < 1), these two asymptotic variances are identical. Using all this
information, the final expression for the asymptotic variance becomes:

2 _ 32,2 4 2 2 o?
oy =Aoy+o; = o= T2

(e)

Intuitively, the asymptotic variance of output is a multiple of the variance
of the error term due to the persistence effect via lagged output. If A is
close to unity, there is a lot of persistence and the variance multiplier is
very large.

by

5.4 Rational expectations in a small open economy*

As a final example of rational expectations macroeconomics we study a small open
economy facing perfect (financial) capital mobility and operating under flexible ex-
change rates. More specifically we consider a discrete-time version of the Dornbusch
model that was discussed in detail in Chapter 4. The macro-economy is described
by the following set of equations:

e =a— Ry +6[pf +er — pil, >0 0<d6<1, (5.48)
my—pr = B — ARt +yt, n>0, (5.49)
Ry = R} + Erer1 — e, (5.50)
prv1—pe=9¢y—7,  ¢>0, (5.51)

where all variables except the domestic and foreign interest rates are in logarithms,
starred variables refer to the foreign country, and the subscript denotes time periods.
The endogenous variables are domestic output y;, the nominal exchange rate e; (ex-
pressed in € per $), the domestic rate of interest R;, and the domestic price level p;.
The exogenous variables are the foreign interest rate R}, domestic full employment
output 7, and the foreign price level pf. (We leave the status of the money supply
open at this stage.) The model is obtained by re-expressing the continuous-time ver-
sion of the Dornbusch model (given in Table 4.1) in discrete time and by imposing
some simplifications. Specifically, we ignore the fiscal policy index and we have
imposed some notational simplifications.

Equations (5.48) is the open-economy IS curve expressing (the demand for) out-
put as a function of the interest rate and the real exchange rate. Equation (5.49) is the
LM curve representing money market equilibrium. Real money demand depends
negatively on the interest rate and positively on output. The output elasticity of
money demand is set equal to unity. Uncovered interest parity is given in equation
(5.50). It shows that any gap between the domestic and foreign interest rate, Ry — Rj,
must equal the (rationally) expected rate of depreciation of the domestic currency,
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Ete; 11 — er. Finally, equation (5.51) is an old-fashioned Phillips curve showing that
the rate of price change is proportional to the difference between actual and full-
employment output. The adjustment speed of the price level is positive but finite,
due to the assumption of sticky prices.

The small open economy under consideration is facing two types of exogenous
stochastic shocks that originate from the rest of the world, namely a foreign price
shock and a world interest rate shock. To keep things simple we assume:

pi =70+, (5.52)
RY = R* +uy, (5.53)

where p* and R* are constants. The shocks are (i) independent (from each other and
through time) and (ii) normally distributed with zero mean and constant variances,
ie. vy ~ N(0,02) and u; ~ N(0,02). The price shock impinges on the IS curve (5.48)
whilst the interest rate shock affects the uncovered interest parity condition (5.50).

In order to prepare for the dynamic analysis to come we follow the usual steps.
First we use equations (5.48)—(5.49) to derive the quasi-reduced form expressions for
yr and Ry

_ Aa— B+ APt o t+e] — (OA+1)pe +nmy

Yt Py (5.54)
Rt:a+ﬁ+5[ﬁ +Ut+€t]+(1—5>Pt_mt‘ (5.55)
A+7

Second, we substitute (5.53) and (5.55) into (5.50) to obtain the fundamental expecta-
tional difference equations for the nominal exchange rate:

)

1—-96 a+ﬁ+5[ﬁ*+vt}—mt
1
i +

— R* —uy. (5.56
)\+’7pt A+ us. (5.56)

Eier1 = { } er+
Note that the coefficient for the current exchange rate e; exceeds unity alerting us to
the fact that the uncovered interest parity condition is “destabilizing”. Finally, we
substitute (5.52) and (5.54) into (5.51) to obtain the fundamental difference equation
for the domestic price level:

Apa — 9B + SAP [p* + vt] + npmy
A+y

AP
A+y

oA +7
A+y

— ¢y
(5.57)

Pi+1 = €t+[1—¢ ]PH'

For price changes to be a stabilizing influence, the coefficient for the current price
level p; must be between unity in absolute value. It clearly is less than unity, but if ¢
is very large it may be less than —1 which would be destabilizing. This explains why
we need to make an additional assumption regarding the speed of price adjustment
below.

The description of the model is completed once an assumption is made regard-
ing the money supply process. We proceed in the following way. In subsection 5.4.1
we first consider the benchmark version of the model, that of the unmanaged econ-
omy in which the policy maker is passive and keeps the money supply constant. In
subsection 5.4.3 we consider the more challenging case in which monetary policy is
used to stabilize the economy.
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5.4.1 Unmanaged economy

In the absence of activist monetary policy, m; = 771, and the dynamic system describ-
ing exchange rate and price fluctuations can be written in the following compact
matrix expression:

gl e
pre1— P pr—=p 0210

where ¢ and p are the deterministic steady-state values for, respectively, the nominal
exchange rate and the domestic price level:

Sm—B—p|—a+(1—-6)7+ (A6 +n)R*

e = 5 , (5.59)
p=m—pB—7+AR", (5.60)
and A is the Jacobian matrix (featuring typical element dij):
1+ L ﬂ
Aty A+7
A= . (5.61)
S\ $(oA+17)
fhdde ol 12T
A+1 A+1

Intuitively, é and p are the equilibrium values for the exchange rate and the price
level that would be reached if there would never be any stochastic shocks at all (i.e.
uy = vy = 0 for all t).

5.4.1.1 Stability

The first task at hand concerns the stability analysis. As this is far from trivial in
a simultaneous discrete-time model we show some of the details here. Since the
domestic price level is a predetermined (“sticky”) variable, and the exchange rate
is a non-predetermined (“jumping”) variable, the parameters must be such that the
model is saddle-point stable. In a discrete-time setting this requires that A features
one stable root, say |&1] < 1, and one unstable root, say ¢» > 1. Note that the Jacobian
matrix in (5.61) can be written as A = I + A* where A* is given by:

) 1-9
A+y A+y
AN =A= . (5.62)
SAp  9(BA+1)
A+7 A4y

The determinant and trace of A* are given by:

AN|=——"TL— = <0, trAf = — 1~ 12
| A X1X2 r ppr

= + X2, 5.63
py X1+ X2 (5.63)

where x1 and x» are the characteristic roots of A*. It follows from the first expression
that these roots have opposite signs, i.e. x1 < 0and x2 > 0. The characteristic roots
of A = I+ A* are given by §; = 1+ x1 and {» = 1+ x2 (see Section A.7.4 in the
Mathematical Appendix) so that §; < 1and & > 1 for sure. But saddle-path stability
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in the discrete-time case also requires that the stable root satisfy {; > —1 which is the
case if and only if x; > —2. Without an additional restriction on the ¢ parameter it
is not possible to prove that saddle-point stability holds in this discrete-time model.

To further investigate the conditions under which the model is saddle-point sta-
ble we need to consider the roots of the characteristic equation of A which can be
written as:

¥(s) =s* —s-trA + |A] (5.64)
=52 — 5.2+ trA*] + 1+ trA* + |A*]. (5.65)

where we have used the fact that trA = 2 + trA* and |A| = 1 4 trA* + |A*| to arrive
at the second expression. By definition we have that ¥(&;) = ¥(&2) = 0. In Figure
5.8 the solid line depicts the characteristic equation (a parabola that opens up) for
the case in which 0 < ¢; < 1 and ¢, > 1. But, depending on the magnitude of ¢
several cases are consistent with saddle-point stability. To see why this is so, we first
define the following critical values for ¢:

. A+n+6 2(A+1n)+0o

P +y+0o ¢”E§A+17+(5/2’ (5.66)

where we note that ¢; is such that ¥(0) = 0 and ¢y, is such that ¥(—1) = 0. Four
cases can be distinguished. Regardless of the magnitude of ¢, the unstable root satis-
fies {» > 1 so that part is boring. The attention is focused on the sign and magnitude
of the stable root, ¢;.

e Case 1: low price flexibility. For 0 < ¢ < ¢; we find ¥(0) = |A| > 0 and thus
0<g <1

e Cuse 2: first knife-edge case. For ¢ = ¢; we find ¥(0) = |A| = 0 and thus
¢1 = 0. This case is illustrated with the dashed line in Figure 5.8.

e Cuase 3: high price flexibility. For ¢, < ¢ < ¢, we find ¥(0) = |A| < 0 and
¥(—1) > 0and thus —1 < ; < 0. See the dash-dotted line in Figure 5.8.

e Cuase 4: second knife-edge case. For ¢ = ¢, we find ¥(0) = |A] < 0 and
¥ (—1) = 0 and thus ¢; = —1. See the dotted line in Figure 5.8.

The trick that we use to designate these cases is the following. First, for ¢ = ¢;

we find that |A| = 0 so that the stable root is equal to zero, i.e. §; = 0. Since
|A] = 14 trA* 4 |A*| we find (by using (5.63)) that %@‘ = 7% < 0. In other

words, |A| is decreasing in ¢ and it follows that for ¢ < ¢; we have |A| > 0 so that
0 < §; < 1. Similarly, for ¢ > ¢; we have |A| < 0 so that {; < 0. Now we must
ensure saddle-point stability by requiring that ¢ < ¢, so that ¥(—1) > 0.

5.4.1.2 Solution

Assuming that the price adjustment parameter ¢ is such that 0 < ¢ < ¢, the issue
of saddle-point stability has been settled and we can derive the REH solution for the
model. We solve the model by using the method of undetermined coefficients—see
Intermezzo 5.1 for a simple and intuitive introduction to this method.® Again the
derivations are far from trivial so we show some of the details here.

®Here we follow the approach suggested by Campbell (1994). See Appendix B.2 of Chapter 18 for
another application of this method. In Chapters 18 and 19 we will discuss a number of solutions methods
that are much more general.
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Figure 5.8: Price flexibility and the characteristic roots of A

In the first step we postulate a trial solution which expresses e; in terms of the
state variables p;, 1, and vy:

e — € = T, + nep(Pt - ﬁ) + eyl + TTep0y, (5.67)

where the 71,; parameters are to be determined. It follows from (5.67) that for period
t + 1 we have:

er41 — € = T + nep(pt+1 - ﬁ) + Tleult41 + Tev V41, (5.68)
so that:
Etet+l —é= TTe0 + 7Tgp(pt+1 — ﬁ), (569)

where we have used the fact that E;uy 1 = E/vp1 = 0 and Eipry1 = pis1 (see
equation (5.57)).
In the second step we substitute (5.69) and (5.67) into (5.58) to obtain:

TTe0 + nep(Pt+1 - }5) :| —A |: TTeo + 7Te]g(i?t‘ - ﬁ) + TleuUt + Tey 0t
Pre1 =P pr—p
(611 — Dor — uy

+ [ 5101 . (5.70)

The key thing to note is that equation (5.70) gives two solutions for p; ;1 that must
both hold for all possible values of the triple (p, us, vt). Indeed, recalling that the
typical elements of A are denoted by J;; we find that the first row of (5.70) implies:

. (011 = 1) 0 + (011 7Tep + 012) (pr — P) + (611 7Ten — 1)1t
Pty1—P = Tep

i (511 (1 + 7'[@0) — 1) Ot

, (5.71)
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whilst the second row yields:

Pre1 — P = 0217Te0 + (021 7Tep + 022) (Pt — P) + 021 TTentht + 021 (1 + 7ev) vt (5.72)
Equating the two expressions for p;, 1 and gathering terms gives:

0 =00+ 0p(pr — p) + Ouus + 0,04, (5.73)

where the 7,j parameters must be set such that ) = 9,] = 0, = 0, = 0. This gives
the following set of restrictions:

51— 1
90 = |: 1 — (521] TTe) — 0, (5.74)
Tlep
011 7Tep + 0
0, = % — (021 7Tep +022) =0, (5.75)
ep
0117y — 1
0, = lew = 7 5217Teu =0, (5'76)
ngp
S (1+ -1
0, = % — 621(1 + 7p) = 0. (5.77)
ep

Although this set of restrictions may look like an insurmountable obstacle to the
uninitiated, it turns out that they are relatively easy to solve. The trick is to start
with the right equation. Note that 77,, appears in all expressions but that it is the
only unknown parameter in (5.75). Hence this is the logical place to start. Solving
(5.75) for 7 gives 8117ep + 012 = (021 7Tep + 022) TTep OF:

0 = 6n1715, + (822 — 611) TTep — O12. (5.78)

This is a quadratic equation in 7., which has two distinct roots:

(1) 611 — 624 /(622 — 611)% + 461261
sy = >

0 .79
2o , (5.79)

s 52
715127):5“ 620 — /(620 — 611)2 + 4012621 <0, (5.80)

where the signs follow from the fact that 61 > 0 and dy; > 0. We seem to have hit a
brick wall as there are two solutions whilst the method of undetermined coefficients
requires a single unique solution for 77,p! So which one should we take, the positive
or the negative solution?
To answer this question we note that the coefficient for p; in (5.71) can be written
as:
412 1) 1-46 1

ﬂppEéll—Q—i:l—F

—_t . 5.81
TTep A+ A+ ey ( )

For the positive root, 7., = 7'[,5}17), this coefficient exceeds unity for sure leading to

an explosive trial path for the price level. Hence, there is a strong presumption that
(2)

we must select the negative root, 77,y = 7, as the unique value for 7.y that is

consistent with saddle-point stability. But a hunch is not enough. It remains to be

()

proved that 7165 is associated with a stable value for 77,,. Note that (5.72) implies that
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Ttpp = 0217Tep + 022 s0 the result to be proved is that |z| < 1 where z = 5y 7 + 2.
By multiplying (5.78) by d,1 and using the definition of z we obtain:

0 = 63171, + (822 — 611)6217Tep — 61201

= (z—00)* + (622 — 611) (z — 622) — 6126
=22 —z-trtA +|A| = ¥(2).

Under saddle-path stability ¥ (z) has two roots, namely z() = & (such that |&;| < 1)
and z? = & > 1. To obtain a stable price path we must select the first of these
roots, i.e. 71pp = ¢1 and ‘npp| < 1. Since 7y = 612/ (7Tpp — 011), 012 > 0,and &1 > 1,
it follows that 7., is negative (as we suspected above). In summary we have now
established the following results:

5+ pOA+1) — /10 + poA+ )P +46(1—0)Ap
2614
A1 = 71ep) + 17
At

<0, (5.82)

7T€p =

Ty =8 =1—¢ , | 7tpp| < 1. (5.83)

Now that we have selected the appropriate value for TCep, equations (5.74), (5.76),
and (5.77) can be solved for, respectively, 77,0, 7Tey and 7yt

o =0, (5.84)
1 A+7
= = >0, 5.85
e S - 01Ty  A+146[1— Aprrey] (5.85)
611—-A d|1—A
Top = — [ ¢7T3P] 1 _ [ 4)711‘??} <0. (5.86)

A+ 011 — 021 7Tep __A+17+5[1—/\<pnep]

For future reference we note that 1 4 7., = 7. Because we have found unique
values for 7,0, 7ep, ey, and 7.y we have obtained the unique rational expectations
solution of the model. The saddle path is given by:

et — 6= ﬂep(pt — ﬁ) + TTey Ut + TTeyt. (5.87)

Note that (5.87) expresses e as a downward sloping function of p; (as 7ty < 0). Since
pt is predetermined at time ¢, a positive world interest rate shock (u; > 0) leads to
an immediate depreciation of the currency (as 7z, > 0) whilst a positive world price
shock (v; > 0) has the opposite effect on the exchange rate (as 7., < 0).

What about the remaining endogenous variables? By using (5.54)—(5.55), (5.87),
and noting that m; = m we find the equilibrium paths for output and the domestic
interest rate:

OATT,ey [I/lt + Ut] — [5}\(1 — nep) + 77] (Pt - ﬁ)

g = T , (5.88)
_ OTTey 1-90(1— —p
e (5:89)

where we have used the fact that 1 + 77, = 77, to simplify these expressions. Finally,

by using (5.88) in (5.51) we find the expression for next period’s price level:

OA Ty [ur + 4] — [OA(1 — 71ep) +17] (pt — P)
A+7 '

prri—P=pi—p+¢ (5.90)
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It is clear from (5.88)—(5.89) that both output and the domestic interest rate fluctuate
randomly as a result of the foreign price- and interest rate shocks. The output re-
sults critically depend on the assumption of price stickiness. Indeed, if prices were
perfectly flexible (¢ — o), then output would equal its full employment level at all
times and international shocks would only affect the domestic interest rate and price
level, as well as the exchange rate. Indeed, denoting variables with a tilde as the
REH solutions under perfect price flexibility, it is easy to show that:”

g =17, (5.91)
Ri—R*= (1+/\5)5+17 [t + v4] (5.92)
pr—p= (1+f\))\5+17 [t + 4] (5.93)
4-e=q j—/\/\')f'éﬂ_‘_ PR ;)5 Tt (6:94)

5.4.1.3 Measures of economic fluctuations

As was pointed out above, the early rational expectations literature often uses the
asymptotic variance of output as a measure of economic welfare—see Section 5.3.2.
In Intermezzo 5.3 we explained how an asymptotic variance can be calculated in the
context of a simple single-equation stochastic process. In this section we show how
the asymptotic variance of output (and various other measures of variability) can be
computed for the much more complicated sticky-price model.

We start by writing equation (5.90) in short-hand notation as:

Pre1 — P = Tpp(pt — P) + Tputis + Tpo0t, (5.95)

and taking the unconditional expectations of both sides:

Et—co(prs1—P) = TppEt—oo (pt — P), (5.96)

where we have used the fact that E;_«ot; = Ef—oovy = 0. By deducting (5.96) from
(5.95), noting E;_wp = P, and squaring the resulting expression, we obtain:

[Prs1 — Et—ocopri1]” = 7y [Pt — Et—ocopi]” + 7o 187 + 70307

+ 27 pu tpp [Pt — Et—copt] Ut + 27TpoTpp [Pt — Et—copt] 0t
+ 27Tpy TTppUt . (5.97)

Finally, after taking the unconditional expectation of both sides of (5.97) we obtain:
Et oo [Pre1 — Eprsa]” = nizngt—oo [Pt — Et—copt]” + 7T;27uEt—oou% + ﬂizngt—oov%

+ 27T puTppEt—oo [Pt — Et—coPt] Ut + 27T puTTpo Et—colt sVt
+ 27pu TppEt—co [Pt — Et—copt] v, (5.98)

7By setting §j; = 7, equations (5.48)~(5.49) and (5.52) can be used to obtain quasi-reduced-form expres-
sions for R; and p¢. Using the former one in (5.50) and noting (5.53), the expectational difference equation
for the nominal exchange is obtained:

L ) R )
Eiep1 — €= {1+5/\+’7] (etfe)ervtfut.

This equation can be solved by using the trial solution e; — é = 7,0 + 7Tey it + Teu 0.
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which can be rewritten as:

var(pry1) = nrz,pvar(pt) + n,zmvar(ut) + nfwvar(vt) + 27Ty TTppcov (pr, Ut)

+ 27T o TTppcov (pt, Ut) + 27T pu Tt pocov (Us, vt), (5.99)

where var(x;) = Et_o [xr — Et—ooXt]? is the asymptotic variance of x; and cov (x;, ;)
= Et—oo[Xt — Et—ooX¢| [yt — Et—colt] is the asymptotic covariance between x; and y;.

The expression in (5.99) can be simplified quite a bit. First, by assumption var(u;)
= 02 and var(u;) = 2. Second, because both u; and v; are not autocorrelated by
assumption (Ey—coitts = Et_oovyvs = 0 for all s # t) it follows that the asymptotic
covariance between the price and the stochastic shock terms is zero, i.e. cov(py, us) =
cov(pt,v¢) = 0. Third, since u; and v; are independent from each other (E;_ ooty =
0), it follows that cov(us, v¢) = 0. Fourth, since the stochastic process in (5.95) is
stationary (because |71,,| < 1) the asymptotic variances of p; ;1 and p; are identical,
i.e. var(p;y1) = var(p;). Fifth, equation (5.90) implies that 71y, = 77p. Incorporating
all these simplifications we thus obtain the following expression for the variability
of the price level:

2

s
var(pt) = 7 7’7:[2 {05 +c71ﬂ : (5.100)
pp

Note that the denominator is positive (as |71pp| < 1) and may be quite small (if
|7tpp| is close to unity). Hence, the individual variances 07 and 02 may be blown up

substantially because 1/(1 — n%p) can be quite large.

To find the asymptotic variance of y; we write (5.88) in short-hand notation as:
ye — 7 = 7yp(pr — P) + 7yulur + 04 (5.101)

Going through similar steps as before we easily find that the asymptotic variance of
output is given by:

var(ye) = myyvar(py) + 7y, [o% + 03]

2
7T
2 2 u 2 2
T+ Typ fn%p (02 +02], (5.102)

where we have used (5.100) to get from the first to the second line. In the sticky-
price model output displays fluctuations both because of the direct effect of the inter-
national shocks and because of their indirect effect operating through the domestic
price level. This conclusion stands in stark contrast to the case with perfectly flexible
prices for which the variability in output is zero (this follows readily from (5.91)).

5.4.2 Introduction to Dynare

In the previous subsection we have analysed the key properties of a discrete-time
sticky-price model of a small open economy. In addition we solved this model under
rational expectations by making use of the method of undetermined coefficients.
We were able to derive conditions under which the model is saddle-path stable, to
prove that the saddle-path is downward sloping, and to prove stability of the price
adjustment process. By now the reader should be convinced that matters can become
analytically intractable quite rapidly. Even though the dynamical system in (5.58)
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only contains two equations, a lot of hard work was needed to prove the relevant
features of the model. For higher-dimensional systems the pen-and-paper method
used above will fail for sure.

Fortunately there now exists a very useful (and free) software package that does
all the hard work for us at lightning speed. As is explained on the Dynare website:®

Dynare is a software platform for handling a wide class of economic
models, in particular dynamic stochastic general equilibrium (DSGE) and
overlapping generations (OLG) models. The models solved by Dynare
include those relying on the rational expectations hypothesis, wherein
agents form their expectations about the future in a way consistent with
the model.

The DSGE and OLG models mentioned in the quotation are studied below—see
Chapters 19 and 16. Here we illustrate the use of Dynare in the context of the sticky-
price model given in (5.58). In doing so we prepare the way for much more compli-
cated Dynare applications to come in this and subsequent chapters.

Dynare comes in three flavours, a version that runs under Matlab (licensed soft-
ware), one that operates under Octave (which is free software), and a stand-alone
version written in C++ (also free of charge). Throughout the book we restrict atten-
tion to the Matlab implementation of Dynare. Pratap (2017) is an excellent primer on
Matlab, whilst Adjemian et al. (2011) is a very extensive Dynare Reference Manual.
Dynare, like life itself, is based on the give-and-take principle. It needs informa-
tion from you (as the programmer) and in return it will give you lots of interesting
output.

5.4.2.1 What Dynare needs from you

The central component of any Dynare application is the so-called model file which
must have the file extension mod. Table 5.1 lists the Dynare code for the sticky-price
model. The model file is called Program05_01.mod as is indicated in the commented
line at the top. (Note that any line that starts with a percentage sign (%) is ignored by
Dynare and that Dynare statements are terminated by a semi-colon (;) even if they
run across several lines.)

Let us run through the different components of the model file. There are four
Dynare related blocks of statements. In Block 1 the variables and parameters are
defined. The command var defines the endogenous variables (v, Ry, et, pi+1, pi,
and R} in (5.48)—(5.53)), varexo defines the exogenous variables (u; and v;), and
parameters defines the structural parameters and constants of the model («, B, %, 9,
A, ¢, 11, 7, R*, and p*).

Dynare is a numerical (rather than symbolic) package so it needs numbers to
work with. In Block 2 all parameters defined in the previous block are given actual
values. In addition starting values for some endogenous variables are also provided.
These values are mostly “cooked”, i.e. the constants are chosen to get nice round
figures for the endogenous variables and the parameters are not based on empirical
estimates but rather are meant to illustrate the workings of Dynare. Note, however,
that R* = 5, implying that world interest rates fluctuate randomly around a value of
five percent per annum. Furthermore, ¢y = In(E;) = —0.12 implying a euro-dollar

8See http://www.dynare.org. This website is a veritable goldmine. It not only provides download
links to the software package and the supporting manuals but also contains news of upcoming Dynare
events, working papers, and other resources. With Dynare you'll never walk alone.


http://www.dynare.org
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Table 5.1. A Dynare model file for the sticky-price model
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Table 5.1, continued
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exchange rate of E = 0.887, i.e. 88.7 euro cents per US dollar, which is roughly the
spot rate at the time of writing this sentence (June 2015).

Block 3 contains the core of the Dynare code, namely a statement of the model in a
format that Dynare can understand. The equations of the model are found between
the statements model (linear) and end. The equations are separated from each
other by semi-colons. Dynare does not “know” which variables are considered to be
predetermined so it needs a little help here from the programmer. In particular the
program is instructed that the price level is a predetermined variable by adopting
the following timing convention. Instead of writing p; .1 and p; appearing in (5.51)
as p(+1) and p, we must write these variables as p and p(-1), i.e. prices must be
measured at the end (rather than the beginning) of the period. In doing so Dynare
"knows” that p(-1) (i.e. p;) must be treated as a predetermined variable. Note that
for non-predetermined (jumping) variables Dynare uses the same notation as in the
theoretical model, that is e and e (+1) designate, respectively, e; and e; 1.

In Block 4 the actual computations are done. The Dynare command steady com-
putes the deterministic steady state, using the starting values stated between the
commands initval and end.’ Furthermore, the command check computes the char-
acteristic roots of the Jacobian matrix (¢; and ¢). In between the commands shocks
and end we specify the stochastic process for the shock terms (u; and v;). The state-
ment var u; stderror 1 means that we set the standard error of u; equal to unity,
i.e. 0, = 1. And var v; stderror 0.2means that o, = 0.2. Since we assume u; and
v to be independent there is no need to specify a value for the covariance (which is
zero by default). The last command in Block 4 is stoch_simul. As the name suggests
it solves the stochastic rational expectations model.

5.4.2.2 What Dynare gives you

In order to run Dynare using the model file Program05_01.mod we start up Matlab,
navigate to the directory where the model file is located, and, at the Matlab prompt,
we enter the command dynare Program05_01. In Table 5.2 we show (a lightly edited
version of) what will be written to the computer screen. We have added the labels
(T2.1)—(T1.7) to facilitate the discussion of these results.

In block (T2.1) of Table 5.2 we see that Dynare needs to do a lot of preparatory
things before it can actually start the required computing. The details of these pre-
liminary tasks need not concern us here. In block (T2.2) Dynare tells us that, for the
parameter values adopted, the eigenvalues are equal to ¢; = 0.8043 and {, = 2.362.
The ¢ value chosen thus corresponds to Case 1 mentioned above (that of low price
flexibility). Since Dynare knows that there is one forward-looking variable (namely
e(+1) in the language it can understand) and one unstable root, it gives the green
light: “The rank condition is verified”.

In block (T2.3) Dynare reports the deterministic steady-state results (7, R, ¢, P, p*,
and R*), and in block (T2.4) the covariance matrix of the shocks is listed featuring
02 and 02 on the main diagonal. The first really interesting set of results is given
in block (T2.5). There Dynare reports what it calls “policy and transition function”.
They are the rational expectations solutions for the different variables. For example,
the column for p is the computed counterpart to equation (5.95) which it rewrites as:

Pir1 = P+ pp(pr — P) + Tputis + TTpo0s. (5.103)

Note that by specifying model (linear) in Block 3 we tell Dynare that the model is linear in the
variables. In such a case there is no requirement to specify starting values for the endogenous variables,
i.e. the model will also run without values for 10, RO, p0, and €0.
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Table 5.2. Output from the Dynare model file Program05_01.mod
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Table 5.2, continued
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Hence, what Dynare calls the constant is actually p (not what we would call 77,0).
Note that 71, = 0.8043 and 71y, = 7y = 0.0564. The column for e reports the
parameters of the saddle path, i.e. Dynare finds that 77,, = —0.2180, 77, = 0.4233,
and 71,, = —0.5767.

In blocks (T2.6)—(T2.8) Dynare reports what it calls the “theoretical moments”, i.e.
the means and variances of the different endogenous variables (in (T2.6)), the corre-
lations between the variables (in (T2.7)), and the autocorrelation of these variables
(in (T2.8)). It calls these measures “theoretical” because they are directly based on
the computed policy functions and the theoretical properties of the shocks (u#; and
v¢). (Dynare also has the option to compute “empirical moments”, in which case it
computes the means and variances by generating quasi-random vectors for u; and
v; not unlike what we did in the context of the Muth model above.) Note from (T2.6)
that there is huge amount of turbulence in this toy economy, e.g. the asymptotic
standard deviation of output is a whopping thirty percent of steady-state output,
and exchange rates also fluctuate wildly. Note that the asymptotic standard devia-
tion of prices is rather modest owing to the fact that we have postulated a low degree
of price flexibility.

A rather interesting message is displayed by Dynare at the end of Table 5.2.
The entire computation takes the machine three seconds! Compare this to the time
and effort required to derive these same results with the analytical pen-and-paper
method employed above and it becomes obvious why Dynare is such a popular
software package!

5.4.3 Managed economy

In this section we briefly study to what extent countercyclical monetary policy can
be used in the sticky-price model under rational expectations. We assume that the
policy maker employs the following countercyclical monetary policy rule:

my =1 —pyi—1 — 7, u>0. (5.104)

If output in period t — 1 falls short of (exceeds) its full employment level then the
policy maker increases (decreases) the money supply in period t. Since the model has
a rather Keynesian flavour (as prices are sticky) there is a strong presumption that
countercyclical policy should not only be possible in this model but also desirable in
the sense that it leads to a lower asymptotic variance of output.

To verify this presumption we need to solve the model under rational expecta-
tions. The pen-and-paper method would proceed as follows. First, we note that the
economy is now represented by a three equation system of expectational difference
equations taking the following form:

Etet+1 —é et — @& ((511 — l)Ut — Ut
prra—p | =0 pe—p |+ | onve , (5.105)
My — 1M my —1m — U210t
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Table 5.3. A Dynare model file with a monetary policy rule
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Table 5.3, continued

% Compute initial steady state and verify the calibration

initval;
y = y0;
R = RO;
p = p0;
e = e0;
m = m_bar;
pstar = pstar_bar;
Rstar = Rstar_bar;
end ;
steady;
check;
shocks;

var u; stderr 1;
var v; stderr 0.2;
end ;

stoch_simul;

where the Jacobian matrix (featuring typical elements ¢;;) is given by:

1_+‘4:54, };::i __4414, |
Aty A+1 A+7
oA ¢ (6A+1) i
A= ik SRR . 1
A+7 A+7 A+ (5.106)
oA pOA+n) oy
A+7 A+1 A+7n

The characteristic polynomial of A is:
¥(s) =s>—s* - trA+s-T —|A[, (5.107)

where I' = 213:1 M;;, and Mj; is the minor of element djj (i.e. the determinant of
the two-by-two submatrix obtained by deleting row i and column j from A). Clearly
¥ (s) is a cubic equation which, in principle, features three characteristic roots, say {1,
¢2, and ¢3. Since there is one jumping variable (¢;) and two predetermined variables
(pt and m;), the model is saddle-point stable provided there is one unstable root (say
¢» > 1) and two stable roots (featuring |¢1| < 1 and |¢3| < 1). Since it is much
harder to characterize the roots of a cubic equation than it is for a quadratic equation
not much analytical progress can be made here. Of course it is still possible to use
the method of undetermined coefficients. As the reader will be asked to verify in a
question in the book manual, the appropriate trial solution expresses e; in terms of
the variables p¢, m;, 1, and vy:

et — & = Ty + nep(Pt - ﬁ) + Tlom (M — 1) + Teylit + MoVt (5.108)
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where the 71,; parameters are to be determined.

The upshot of the discussion thus far is that the analytical pen-and-paper method
grinds to a screeching halt even for a relatively low-dimensional model such as is
given here. Of course Dynare has no trouble with this model at all. Indeed, the model
file reported in Table 5.3 will do the job for us. Compared to Program05_01.mod only
five adjustments need to be made to obtain Program05_02.mod:

e The money supply must be declared as an endogenous variable (see the var
line in Block 1)

o The parameter y must be declared (see the parameters line in Block 1)

A value for y must be given (see Block 2)

The equation for the money supply rule must be specified in the model section.

A starting value for the steady-state money supply is (optionally) given in the
initval section.

Table 5.4 lists selected portions of the output from Program05_02.mod. The most
notable features are as follows. First, there are indeed two stable characteristic roots
(¢1 = 0.8713 and ¢3 = —0.3376) and one unstable root ({; = 2.5500) as is required for
saddle-point stability. Second, as we observe from the computed policy functions,
Dynare confirms that the trial solution (5.108) is actually the correct one. Third, the
asymptotic standard deviation is reduced a little bit under an active monetary policy
of the form given in (5.104). As we conjectured above, as a result of its Keynesian
feature of backward-looking price stickiness, the PIP does not hold in this model.

5.5 Punchlines

To most economists, one of the unsatisfactory aspects of the adaptive expectations
hypothesis (AEH) is that it implies that agents make systematic mistakes along the
entire adjustment path from the initial to the ultimate equilibrium. In the early 1960s,
John Muth argued that such an outcome is difficult to reconcile with the predomi-
nant notion adopted throughout economics, namely that agents use scarce resources
(like information) wisely. He formulated the rational expectations hypothesis (REH)
which, in essence, requires the subjective expectation of households regarding a par-
ticular variable to be equal to the objective expectation for that variable conditional
upon the information set available to the agent.

Muth'’s idea was introduced into the macroeconomic literature in the early 1970s
by a number of prominent new classical economists. They argued that under the
REH, monetary policy is ineffective (at influencing aggregate output and employ-
ment) because agents cannot be systematically fooled into supplying too much or
too little labour. This is the so-called policy ineffectiveness proposition (PIP) which
caused a big stir in the ranks of professional macroeconomists in the mid 1970s.
Another implication of the REH is that, according to the Lucas critique, the then pre-
dominant macroeconometric models are useless for the task of evaluating the effects
of different macroeconomic policies.

As was quickly pointed out by proponents of the New Keynesian school, the REH
does not necessarily imply the validity of the PIP. Stanley Fischer demonstrated that
if nominal wage contracts are set for more than one period in advance (and are not
indexed) then even under rational expectations, monetary policy can (and indeed
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Table 5.4. Selected output from the Dynare model file Program05_02.mod
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should) be used to stabilize the economy. Hence, the validity of the PIP hinges not
so much on the REH but rather on the type of model that is used. If the REH is intro-
duced in a classical model then the implications are classical whereas a Keynesian
model with the REH yields Keynesian implications.

It is almost universally agreed that the PIP cannot be taken seriously, except per-
haps as an extreme position taken to promote a discussion. Furthermore, due to the
fact that Fischer and others demonstrated that the REH does not necessarily imply
the PIP, acceptance of the REH as a modelling device is also almost universal. The
Lucas critique is valid, but its empirical short-run relevance is seriously doubted
by both theoretical econometricians (Favero and Hendry, 1992) and applied policy
modellers. A reason for this lukewarm reception may be the absence of a credible
theory of how agents learn new policy rules.

In the last part of this chapter we revisit the sticky-price model of a small open
economy facing perfect capital mobility that was introduced in the previous chapter.
In this discrete-time Dornbusch model the economy is continually hit by stochastic
shocks originating from the rest of the world. Under rational expectations the model
is saddle-path stable provided the domestic price is sufficiently sticky. The saddle
path is a downward sloping relationship between the spot exchange rate and the
predetermined price level with the international shocks acting as shift factors. With
sticky prices both quantities and all “prices” (the exchange rate and the domestic
interest and inflation rates) fluctuate as a result of the international shocks. The
flexibility of exchange rates and the domestic interest rate does not insulate the small
open economy from international shocks. In contrast, with perfectly flexible prices
(the absence of price stickiness) these shocks would have no effect at all on output,
and the entire adjustment would be borne by adjustments in the exchange rate as
well as the domestic interest rate and price level.

The chapter demonstrates that the analytical analysis of discrete-time stochas-
tic models quickly becomes intractable. Whereas in continuous-time models it suf-
fices to establish the signs of characteristic roots, in discrete-time models the absolute
magnitudes of these roots (relative to unity) are crucial. This explains why the use
of numerical methods is virtually unavoidable, even in relatively low-dimensional
systems of expectational difference equations. Fortunately an easy-to-use software
package is available in the form of Dynare. This package is introduced in the con-
text of the Dornbusch model in which the policy maker, instead of staying passive,
follows a countercyclical monetary policy rule to reduce output fluctuations.

Further reading

The classic articles setting out the rational expectations approach in a macroeco-
nomic context are Lucas (1972, 1973), Sargent (1973), Sargent and Wallace (1975,
1976), and Barro (1976). Papers stressing the stickiness of wages or prices include
Fischer (1977), Phelps and Taylor (1977), Barro (1977), Gray (1976, 1978), and Tay-
lor (1979, 1980). For good surveys of the rational expectations literature, see Shiller
(1978), McCallum (1980), Maddock and Carter (1982), Sheffrin (1996), and Attfield et
al. (1985). General solution methods for linear rational expectations models are dis-
cussed by, among others, Taylor (1986), Blanchard and Kahn (1980), King and Watson
(1998, 2000), Klein (2000), and McCallum (1998). Several key articles on the rational
expectations approach are collected in Lucas and Sargent (1981), Miller (1994), and
Hoover (1992). The interested reader should also consult the collections of essays by
Lucas (1981) and Sargent (1993). See Frydman and Phelps (1983) for a collection of
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essays on learning under rational expectations. On non-uniqueness in linear rational
expectations models, see Blanchard and Kahn (1980, p. 1308), and McCallum (1983a,
1999).

As was acknowledged by Lucas himself, an early statement of the Lucas critique
is found in Marschak (1953). For an early application of the rational expectations
hypothesis to finance, see Samuelson (1965). McCallum (1983b) presents a model of
the liquidity trap and finds the rational expectations solution. The pre-REH literature
on optimal stabilization policy is well surveyed by Turnovsky (1977, chs. 13-14). See
also the classic analysis by Poole (1970) on the optimal choice of policy instruments
within the stochastic IS-LM model. For an early analysis of economic policy under
rational expectations, see Fischer (1980b).

Michel Juillard and colleagues have developed Dynare, a software package de-
signed to perform computer simulations for stochastic dynamic general equilibrium
models. At the time of writing, the most recent version of Dynare is version 4.4.3. It
can be downloaded free of charge from the Dynare website:

http://www.dynare.org.

On this website you also find the Reference Manual, see Adjemian et al. (2011).


http://www.dynare.org




Chapter 6

The government budget deficit

The purpose of this chapter is to discuss a number of issues relating to the govern-
ment budget constraint. The specific goals for this chapter are:

1. To explain and assess the validity of the Ricardian equivalence theorem.
2. To explain the notion of tax smoothing and the golden financing rule.

3. To show how the fiscal stance of the government should be measured.

An important secondary aim of this chapter is the introduction and analysis of a sim-
ple two-period optimizing model of household consumption (and labour supply)
behaviour. In this chapter the forward-looking theory of household behaviour is
shown to be very a useful tool with which the intuition behind the Ricardian equiv-
alence theorem can be explained. But, as shall be demonstrated below, the ideas
introduced here are much more widely applicable. Concepts such as intertempo-
ral utility optimization and consumption smoothing form vital elements of modern
microeconomically founded macroeconomics.

6.1 Ricardian equivalence

The Ricardian equivalence theorem was formulated, as the name suggests, by the
British classical economist David Ricardo (1817, p. 245), who immediately dismissed
it as being irrelevant in practice. In an influential paper, however, the new classical
economist Robert Barro (1974) forcefully argued that the Ricardian equivalence the-
orem is worthy of professional attention and yields important policy prescriptions.

Loosely speaking, the Ricardian equivalence theorem can be stated as follows: for
a given path of government spending the particular method used to finance these
expenditures does not matter, in the sense that real consumption, investment, and
output are unaffected. Specifically, whether the expenditures are financed by means
of taxation or debt, the real consumption and investment plans of the private sector
are not influenced. In that sense government debt and taxes are equivalent.

In other words, government debt is simply viewed as delayed taxation: if the
government decides to finance its deficit by issuing debt today, private agents will
save more in order to be able to redeem this debt in the future through higher taxa-
tion levels. Consequently, if the Ricardian equivalence theorem is valid, the Blinder
and Solow (1973) model (discussed extensively in Chapter 3) is seriously flawed.
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In that model real private consumption (in equation (3.43)) depends on net wealth,
which includes government debt! Under Ricardian equivalence, government debt in the
hands of the public should not be counted as net wealth since it is exactly matched
by the equal-sized liability in the form of future taxation. In order to explain and
evaluate the Ricardian equivalence theorem we first need to build a simple dynamic
model of household consumption.

6.1.1 A simple model

Suppose that historical time from now into the indefinite future is split into two
segments. The first segment (called period 1) is the present, and the second segment
(called period 2) is the future (obviously, by construction, there is no period 3). There
is perfect foresight on the part of both households and the government. We look at
the behaviour of the representative household first. It lives as long as the govern-
ment does, and achieves utility by consuming goods in both periods. Labour supply
is exogenous and household income consists of exogenous “manna from heaven”.
Lifetime utility V is given by:

1
V=U(C)+ mu(cz), p>0, (6.1)

where C; is consumption in period t (= 1,2), U(-) is the instantaneous utility (or
“felicity”) function, and p is the pure rate of time preference, representing the effects
of “impatience”. The higher p, the heavier future instantaneous utility is discounted,
and the more impatient is the household. The felicity function has the usual prop-
erties, i.e. U'(-) > 0and U”(-) < 0. At the end of period 0 (i.e. the “past”), the
household has financial assets amounting in real terms to Ay over which it also re-
ceives interest payments at the beginning of period 1 equal to r9Ag, where 7y is the
real rate of interest on period 0 savings. The exogenous non-interest income pay-
ments are denoted by Y; and Y>, respectively, so that the periodic budget restrictions in
the two periods are:

Ar = (1+7r9)Ag+ (1—-01)Y1 —Cy, 6.2)
Ay = (14+r)A1+(1-6)Y2-Co =0, (6.3)

where rq is the interest rate on savings in period 1, ; and 6, are the proportional tax
rates on non-asset income in the two periods, and A, = 0 because it makes no sense
for the household to die with a positive amount of financial assets (A; < 0), and it is
also assumed that it is impossible for the household to die in debt (A, > 0). (Below,
we modify the model and show that households with children may wish to leave an
inheritance.) Note that (6.2)—(6.3) incorporate the assumption that interest income is
untaxed.

If the household can freely borrow or lend at the going interest rate r1, then A;
can have either sign, and equations (6.2)-(6.3) can be consolidated into a single /ife-
time budget restriction. Technically, this is done by substituting out A; from (6.2)—(6.3):

G —(1-0y)Y.
a=) SO0 s acam-a o
+r1
&)
C+ = (1+7r)Ag+H, (6.4)

14+n
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where the right-hand side of (6.4) represents total wealth, which is the sum of initial
financial wealth inclusive of interest received, (1 + r9) Ao, and human wealth, H:

1 —92)Yz.

HE(1—91)Y1+ 1+7’1

(6.5)
Equation (6.4) says that the present value of consumption expenditure during life
must equal total wealth.

In order to demonstrate the Ricardian equivalence theorem, we need to introduce
the government and its budget restriction. We start as simple as possible by assum-
ing that the government buys goods for its own consumption (G; and Gj), and fi-
nances its expenditure by taxes and/or debt. There is no money in the model, so
money financing is impossible. The government, like the household, exists for two
periods, and can borrow or lend at the interest rate 1. In parallel with (6.2)—(6.3), the
government’s periodic budget restrictions are:

[Dl E} roBo + G1 — 61Y7 = B1 — By, (6.6)
(D, =] r1B1+ G2 — 62Y2 = Bo — By = —By, (6.7)

where D; and B; denote, respectively, the deficit and government debt in period
t (= 1,2), respectively, and B, = 0 because the government, like the household,
cannot default on its debt and is assumed to remain solvent (no banana republic!).
Using the same trick as before, equations (6.6)—(6.7) can be consolidated into a single
government budget restriction:

0>Y> — Gy
[B1 =] (1+70)Bo+G1—611 T =
G 02Y>
(1+TO)B0+G1+W = 91Y1+ 1—}—1’1’ (68)

where the left-hand side of (6.8) represents the present value of the net liabilities of
the government, and the right-hand side is the present value of net income of the
government (i.e. the tax revenue).

Since government bonds are the only financial asset in the toy economy, house-
hold borrowing (lending) can only take the form of negative (positive) holdings of
government bonds. Hence, equilibrium in the financial capital market implies that:

Ai = Btr (69)

fort = 0,1, 2. Formally, equilibrium in the capital market determines the equilibrium
interest rates, rg and rq.

The first demonstration of the Ricardian equivalence theorem is obtained by solv-
ing the consolidated government budget restriction (6.8) for (1 + ) By, and substi-
tuting the result into the lifetime household budget restriction (6.4) taking (6.9) into
account:

C (1-6)Y,
=(1 B 1-61)Y - =
C1+1—|—r1 (1+79)Bo + ( Y1+ T+
B 62Y, Gy (1-62)Y>
_91Y1+1+7’1 1 1+7’1+(1 91)Y1+W
Y _
Y -G+ 2=C g (6.10)

147
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The final expression shows that the tax parameters drop out of the household’s life-
time budget restriction altogether. Only the present value of (exogenously given)
government spending affects the level of net wealth of the household. Consequently,
the choices of C; and C; do not depend on the tax parameters 6; and 6, either. The
way in which the government finances its expenditure has no real effects on con-
sumption.

So if consumption plans are unaffected by the timing of taxation, then what is?
The answer is, of course, household saving. In order to demonstrate this, and to
facilitate the subsequent discussion, we use a specific functional form for the felicity
function U(-), one that yields very simple expressions for the optimal consumption
and saving plans:

U(Ct) =In C. (6.11)

(The most general version of the two-period consumption model is studied in Inter-
mezzo 6.1.) The household chooses C; and C; such that (6.1) is maximized subject to
(6.10) and given the felicity function (6.11). Again the optimality conditions can be
obtained by using the Lagrange multiplier method. The Lagrangian is:

1 G
=1 —1 AlQ— — 12
L 1’1C1+1+p nCp + l: C 1+7’1}, (6.12)

so that the first-order conditions are:

oL 1
50 =G A =0, (6.13)
oL 1 A

= — =0, 6.14
¢, (1+p)C 1+n (6.14)

and the third condition, d£/9A = 0, yields the budget restriction (6.10).! By combin-
ing (6.13)—(6.14), the so-called consumption Euler equation is obtained:
1 1+n g . 1+n

A= = = = .
C1 (1+P)C2 Cl 1+p

(6.15)

In words, equation (6.15) can be understood as follows. Assume, for example, that
the interest rate exceeds the pure rate of time preference, i.e. r; > p. Then it follows
from (6.15) that the household finds it optimal to set C,/C; > 1, i.e. C; > C;. The
household wishes to enjoy relatively high consumption in the second period. This
is understandable in view of the fact that a low value of p (relative to r1) implies
that the household has a lot of patience, and hence a strong willingness to postpone
consumption. This is the intertemporal substitution mechanism in consumption.
Equation (6.15) determines the optimal time profile of consumption, i.e. it shows
consumption in the future relative to consumption now. The level of consumption is
obtained by substituting (6.15) into the household budget restriction (6.10):

_1tp
2+p

_1+7’1 0

C =
1 2+P

Q, @) (6.16)

I The optimized value of the Lagrange multiplier has a straightforward economic interpretation. It rep-
resents the marginal lifetime utility of lifetime wealth, i.e. A = dV/d(Q). In words, if a Martian gives
the household d() extra lifetime wealth then optimal consumption plans will be changed and as a result
lifetime utility will rise by dV = AdQ).
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G

(1-6)Y,

(1-6,)Y,

c (1-0)y, (1-0)y, C
+(1+r)B, +(1+71)B,

Figure 6.1: Ricardian equivalence experiment

The expression for household saving (S1) is determined by the identity S; = A; —
Ao = Bl - Bo, or:
1+p

S1=roBo+ (1 —01)Y1 — 2o Q, (6.17)

from which we see immediately that the tax rate 6; does not vanish from the expres-
sion for household saving in the first period.

Now consider the following Ricardian experiment. The government reduces the
tax rate in the first period (A6; < 0) but keeps its goods consumption (G; and Gy)
constant. The tax cut may be quite substantial so we do not rely on differentiation—
we use the notation Af; rather than d6; to alert the reader to this fact. We pro-
ceed under the assumption—verified below—that the interest rate stays constant,
i.e. Ary = 0. Then equation (6.17) implies that

AS; = —Y; A8y >0, (6.18)

(because AQ) = 0) but the government budget restriction (6.8) implies that taxes in
the second period must be increased:

Y, (14+7r)Nq
Y, A6 AB, =0 AOy = —— 2 - Af 0, 6.19
1401 + 5 T = b Y 1> (6.19)

as the present value of government liabilities are unchanged by assumption. Hence,
the reaction of the household to this Ricardian experiment is to increase its saving
in the first period (AS; > 0) in order to be able to use the extra amount saved plus
interest in the second period to pay the additional taxes (A6, > 0). In Figure 6.1, the
Ricardian experiment has been illustrated graphically.

The initial income endowment point is at Eg . It represents the point at which the
household makes no use of debt in the first period (i.e. Ay = By = 0) and simply
consumes according to (6.2)—(6.3). Since the household can freely lend/borrow at
the going rate of interest 71, however, it can choose any (C1, C;) combination along
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the budget line AB. Suppose that the optimal consumption point is at E¢, where
there is a tangency between an indifference curve and the budget line. The optimal
consumption levels are given by C] and Cj, respectively. The household saves Bq
in the first period, and receives (1 +rq) By in interest income in the second period.
As a result of the Ricardian experiment (Af; < 0), non-asset income rises in the first
period and falls in the second period, but the net wealth of the household (Q}) is
unchanged. Hence, all that happens is that the income endowment point shifts along
the given budget line in a south-easterly direction to E{ . The optimal consumption
point does not change, however, since nothing of importance has changed for the
household. Hence, the only thing that happens is that the household increases its
saving (by an amount ABj) in the first period and it does so by purchasing more
bonds from the government. Demand for and supply of government debt expand
by the same amount so that no change in the interest rate, 71, is required to maintain
capital market equilibrium.

There are many theoretical objections that can be levelled at the Ricardian equiv-
alence theorem. In the next subsections we discuss the most important theoretical
reasons causing Ricardian equivalence to fail. The interested reader is referred to the
symposium on the budget deficit (published in the Journal of Economic Perspectives)
for further details; see in particular the contributions by Barro (1989) and Bernheim
(1989).

Intermezzo 6.1

The two-period consumption model. Because the two-period consump-
tion model has played such an important role in the macroeconomic lit-
erature, it pays to have a very good understanding of its basic properties.
Assume that the representative household’s lifetime utility function is
given in general terms by:

V = V(Cl, Cz), (a

~

where C; is consumption in period ¢, and we assume positive but di-
minishing marginal utility of consumption in both periods, i.e. V;
oV/9C; > 0, Vo = 9V/9C, > 0, Vi3 = 9*V/aC; < 0, and Vy
*V/ an < 0. Note that (6.1) is a special case of (a) incorporating a zero
cross derivative Vi, = 92V /9C10C;. In the general case considered here,
no such restriction is placed on Vj. To avoid uninteresting corner so-
lutions, however, we assume that indifference curves bulge towards the
origin, i.e. Vi1 Vo — V122 > 0.

Abstracting from taxes, the household’s periodic budget identities are
givenby A1+ C; = (1+r9)Ap+ Y and C; = (1 +r1) A + Yz which can
be consolidated to yield the lifetime budget constraint:

C

C
1+1+1’1

)
= (1 A Y =0, b
(1+70) o+[1+1+r1] (b)
where Y; is exogenous non-interest income in period ¢, Ay is initial finan-
cial wealth, () is initial total wealth (i.e. the sum of financial and human
wealth), and 7; is the interest rate in period f. The household chooses
C; and G; in order to maximize lifetime utility (a) subject to the lifetime
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budget constraint (b). The first-order conditions are given by (b) and the
Euler equation:

Vi(Cq, Ca)

—————— =141, &
V2(C1,C2) ! ©

where we indicate explicitly that V; in general depends on both C; and
C; (because Vi # 0 is not excluded a priori).

Equations (b)—(c) define implicit functions relating consumption in
the two periods to the interest rate and total wealth which can be written
in general terms as C; = C¢(Q, 1) for t = 1,2. To find the partial deriva-
tives of these implicit functions we employ our usual trick and totally
differentiate (b)—(c) to obtain the following matrix expression:

dc, 1 2
A _ Q4+ | T
{dCz] [O]d Ty ]d”’ &

where the matrix A on the left-hand side of (d) is defined as:

1
A= [ ! I+r1 ], (e)
Vin—(1+7r)Viz Vio—(1+7r)V

and we have already incorporated Young’s theorem according to which
Vio = Vo1 (Chiang, 1984, p. 313). The second-order conditions for utility
maximization ensure that the determinant of A is strictly positive (see
Chiang (1984, pp. 400-408) for details), i.e. |A| > 0. This means that the
implicit function theorem can be used (Chiang, 1984, p. 210).

Let us first consider the effects of a marginal change in wealth. We
obtain from (d):

0C1 _ Vio—(1+r)Va > 0
< 7

0 Al ®
G (I+r)Via—Vin >
O N <0 &)

Several observations can be made regarding these expressions. First, the
effect of wealth changes on consumption in both periods is ambiguous
in general. Second, if lifetime utility satisfies V1, > 0 then 9C;/9Q) > 0
for t = 1,2, and present and future consumption are both normal goods.
Third, if V1, < 0 then either present consumption or future consumption
may be an inferior good (9C; /92 < 0). It follows from (b), however, that
at most one good can be inferior, i.e.:

aC; 1 G
0 13 ¢ (b

Next we consider the effects of a marginal change in the interest rate ;.
It follows from the budget restriction (b) that a change in r; not only
changes the relative price of future consumption (on the left-hand side
of (b)) but also affects the value of human wealth (and thus total wealth)
given in square brackets on the right-hand side of (b). Indeed, in view of
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the definition of Q, we find 9Q /97 = —Y,/(14r{)? < 0, i.e. an increase
in the interest rate reduces the value of human wealth because future
wage income is discounted more heavily. By taking this human-wealth
effect into account we obtain the following partial derivatives from (d):

0C;  Vip—(1+r)Vr Ay 1 V-

o N T+r [A[1+r <" o
0C  (14+r)Vip—Vi1 Ay 1 . = .
or, A T A V220, )

where we have used the second period budget identity, (1 +11)A; =
Cy — Y», to simplify these expressions. Again several observations can
be made regarding the expressions in (i)—(j). First, without further re-
strictions on Vjp and A; the effects are ambiguous. By differentiating the
lifetime budget equation (b) we find:

0Cy 1 0G Aq
—— —< = ,
87’1 1+ r1 81’1 1+ 5

(k)

from which we deduce that for an agent who chooses to save in the first
period (A; > 0), either present or future consumption (or both) rise if the
interest rate rises. Second, if A; > 0 and Vj, > 0 then 0C; /dry z 0 and
dCy/0dry > 0. Third, if the agent’s utility maximum happens to coincide
with its endowment point (so that A; = 0) then it neither saves nor dis-
saves in the first period and it follows that dC; /dr; < 0 and dC,/0ry > 0.

In the literature it is often assumed that the utility function is ho-
mothetic. A homothetic utility function can be written as V(Cy,Cp) =
G (H(Cy,Cy)), where G(-) is a strictly increasing function and H(Cy, Cp)
is homogeneous of degree one in C; and C, (see e.g. Sydsaeter and
Hammond, 1995, p. 573). We recall the following properties of such
functions from Intermezzo 4.3 in Chapter 4: (P1) H1C; + HyC, = H,
(P2) H; and Hp are homogeneous of degree zero in C; and Cp, (P3)
Hyp = —(C1/C2)Hyy = —(C2/Cy)Hy and thus Hyy = (C2/Cy)*Hp,
and (P4) 01 = —dIn(C1/Cy)/dIn(Hy/Hy) = H1Hp/(HHyz) > 0. Since
Hj1 < 0and Hy < 0 it follows from (P3) that Hi, > 0 and from (f)—(g)
that present and future consumption are both normal goods. To see why
this is the case, we note that (c) simplifies to Hy /Hp = 1 + 7 so that Vjq,
V12, and Vpp in (d)—(f) are replaced by, respectively, Hy1, H1p, and Hp).

To study the effect of a change in the interest rate we note that the
first-order condition (c) becomes H;/H, = 1+ r1. Since H; and H, are
homogeneous of degree zero, this Euler equation pins down a unique
C1/C; ratio as a function of 1 4 r1. By loglinearizing the Euler equation
(c) and the budget restriction (b) (holding (1 + 7)Ao, Y1, and Y, constant)
we obtain the following expression:

w1 1—(01 dCl/C1 . Al/Q d?’l (1)
-1 1 dC/Cy | — | o2 | 1+1

where w; = C;/Qand 1 —w; = Cy/[(1+ r1)Q)] are the budget shares of,
respectively, first- and second-period consumption. Solving (1) we obtain
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for homothetic utility functions the slope of the indifference curves is the
same along a straight ray from the origin. In Figure A we study a very
simple case for which the substitution elasticity between current and fu-
ture consumption is zero (01, = 0, so that indifference curves are right
angles), and for which there is no future non-interest income (Y, = 0).
The increase in the interest rate rotates the budget constraint in a clock-
wise fashion, and moves the optimum point from Ej to E;. Both C; and
C increase, and the move from Ej to E; is due to the income effect (IE)
only.

In Figure B we study the general case, for which 1, > 0 and Y, > 0.
Again the increase in 71 changes the optimum from E to E;. Two wealth
expansion paths are drawn in Figure B, one for the old and one for the
new interest rate. The move from Eg to E’ is the substitution effect (SE)
and the move from E’ to E” is the income effect (IE). If the household were
to have no non-interest income in the second period (Y, = 0) this would
be all as the human-wealth effect would be absent. If Y; is positive, how-
ever, the increase in the interest rate reduces human wealth and shifts
the budget restriction inward. Hence, the human-wealth effect (HWE) is
represented by the move from E” to E;.

E g

6.1.2 Distorting taxes

Up to this point we have assumed that non-interest income in the two periods is
exogenous. It is easy to imagine that, for example due to an endogenous labour
supply decision, this type of income depends on the tax rate on labour income (see
Chapter 1 and below). If that is the case, we should write the non-asset income
points as Y7(601,6,) and Y>(6;,6,), and the path of taxes may directly influence the
income endowment point, and potentially also the level of net household wealth.
Consequently, Ricardian equivalence should be expected to fail. In the remainder of
this section we show how labour supply can be endogenized in a dynamic setting.

In the two-period setting, the intertemporal labour supply model could take the
following format. We change the lifetime utility function (6.1) to:

V=U(C,1—Nqp)+ 1j_pll(C2,1 —Np), p>0, (6.20)
where N; is labour supply (and 1 — N; is leisure) in period ¢. Just as in Chapter 1, the
household has a time endowment of unity, which it must allocate over leisure and
work. The felicity function is given by:

U(C,1—Ni) =In (CII-NiJ' ™), 0<e<l. (6.21)

To keep matters simple, the sub-felicity function, u (Ct,1 — N) = C¢ [1 — Ni|' %, takes
the Cobb-Douglas form, implying that the intratemporal substitution elasticity be-
tween consumption and leisure is equal to one.? As a result, the felicity function
itself is loglinear in Cy and 1 — N;.

2The intratemporal substitution elasticity, ¢ 1, measures the degree of substitutability between con-
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The periodic budget constraints are still given by (6.2)—(6.3), but with Y; replaced
by w;N;, where w; is the gross (before-tax) real wage rate in period t3 The lifetime
budget constraint is thus:

(6]

(1 — 92>W2N2
1+7r '

C
1 14+n

=(1+4+r))Ao+ (1 —61)wi Ny + (6.22)
As it turns out, a rather useful trick is to treat the labour supply decision as a pur-
chase decision of leisure. Intuitively, by supplying N; units of labour to the labour
market, the household implicitly “buys” 1 — N; units of leisure from itself. Straight-
forward manipulation of (6.22) yields the consolidated budget constraint in terms of
spending on goods and leisure:

Cy + (1 —92) wy [1 — Nz}

1-0 1-—
Ci+( 1) wy [1— Ni] + T+r

where Q) is redefined total wealth and H is redefined human wealth:

- (1—92)W2
H=(1-6 —,
( 1) wy + T+n

(6.24)
Intuitively, H is the after-tax market value of the household’s time endowment in
present-value terms.

The household chooses C;, C, 1 — Ny, and 1 — N5 in order to maximize (6.20)
subject to (6.23) and noting the felicity function (6.21). The Lagrangian for this opti-
mization problem is:

L=elnC;+(1—¢)In(1—-Ny)+ ﬁlncz+ ;_i_;ln(l —Np)
FAlO-C—(1=6)w [1—-N]— Co+ (1-6p)wp [1 - N . (6.25)
1+7r
and the (interesting) first-order conditions are:
oL 3
oL 1—¢
a[l_Nl]—1_N1—A(1—91)wl—0, (6.27)
oL e A
— = — =0, 6.28
E)Cz (1 +p)C2 1+n ( )
oL 1—c¢ /\(1—92)&)2
= — =0. 6.29
i-N,]  (A+p)I-Na]  14n (6.29)

sumption and leisure in the same time period. For a linear homogeneous subfelicity function, oc1_x is
defined as:
Ucui-N

0Cc1-N = .
CIEN T Uci-N

For u (Ct,1 — N;) we easily obtain 01—y = 1. See also Intermezzo 4.3 in Chapter 4 for a definition of the
substitution elasticity in the context of production theory.

3In the absence of physical capital, labour is the only production factor and the constant returns to
scale production function can be written as Y; = woN;. Perfectly competitive firm behaviour ensures that
w; = wy fort = 1,2, i.e. in the absence of technological change wy and thus the real wage rates, w; and
Wy, are constants.
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(As before, the condition, dL/0dA = 0, just gives us back the budget restriction (6.23).)

It is clear from (6.26)—(6.29) that the solutions for C; and 1 — N; can all be ex-
pressed in terms of the Lagrange multiplier, A, and the relevant relative price terms.
We can thus use the following solution method. First, we substitute the first-order
conditions into (6.23) and solve for 1/A. After some steps we obtain:

- Cot (1—0)wy[1—N
O=C+1-0)w [1-N]+ 2+ (1= 62)wp | 2]

147
- € 1-¢e 2+4p1
TATTY TAOrp) TAG e T1ipn
1 1+4p
X_2+p0' (6.30)

Hence, in this simple dynamic consumption-labour-supply model, the Lagrange
multiplier, representing the marginal utility of lifetime wealth, is inversely related
to the total wealth level itself.

In the second step, we use (6.30) in (6.26)—(6.29) to obtain the solutions that we
are looking for:

_ 1+p - 1+
Ci=e5 00 G=ez 0, (6.31)
(1—6)wi [1—Ni] = (1—¢) P, (6.32)
2+p
14+7r -
1 6)ws[1— No] = (1— Q. 6.33
(1—62)wy [ = No] = ( 8)2+p (6.33)

Several points are worth noting about these expressions. First, the consumption ex-
pressions in (6.31) are very similar to the ones for the basic model as stated in (6.16).
The key difference lies in the fact that only part of total wealth, (), enters the ex-
pressions in (6.31). This is not surprising, in view of the fact that the household now
spends on goods and leisure in the extended model. Note, however, that the Euler
equation for consumption implied by the two expressions in (6.31) is the same as
in the basic model (see (6.15) above). Second, the expressions in (6.32)—(6.33) show
that the household spends constant fractions of total wealth on leisure. Note further-
more that (6.32) and (6.33), taken in combination, imply an Euler equation for leisure
demand (and thus implicitly for labour supply) in the two periods:

1—N271—|—1’1 1—91 @
1—N1_1+p 1-0, wy

(6.34)

The optimal intertemporal division of leisure consumption is governed by the prod-
uct of three ratios on the right-hand side of (6.34), namely the interest-impatience
ratio (first term), the relative-tax ratio (second term), and the relative gross-wage ra-
tio (third term). Holding constant the last two ratios, an increase in the interest rate
boosts the interest-impatience ratio and induces the household to adopt a steeper
time profile for leisure, i.e. to postpone current leisure consumption to the future
(and to work relatively hard in the current period). Similarly, holding constant the
interest ratio, an increase in either the relative tax ratio or the relative gross-wage
ratio prompts households to work relatively hard in the current period (when taxes
are relatively low or gross wages are relatively high). The mechanism just described
is called the intertemporal substitution effect in labour supply. It plays a vital role in
the real business cycle models studied in Chapter 18 below.
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By using (6.32)—(6.33) and (6.23)—(6.24), we find that the labour supply model
yields the following expressions for pre-tax non-interest income in the two periods:
1+e(l4+p) 1—e 1+4p (1—92)102}

Y = = - 1 A
1= =W 1—912—0—p[( 7o) Ao+ =

(6.35)
1+p+e 1—-e 1+4n

Y, = wyNp = —
2= T T 16, 21 p

[(1+rO)AO+(1—91)w1]. (6.36)

As was asserted at the beginning of this section, both Y; and Y, depend in a rather
complicated fashion on, among other things, the tax rates in the two periods. It fol-
lows that the Ricardian tax cut experiment in general will not only affect household
saving (as in the basic model) but will also change the labour supply decisions and
thus the macroeconomic equilibrium.

Intermezzo 6.2

Ricardian equivalence in a small open economy. As a second example
of the effects of distorting taxes on the validity of the Ricardian equiva-
lence theorem, we consider the case of a small open economy in which
interest income is taxed. In such an economy, households and the gov-
ernment can borrow or lend at an exogenously given world interest rate,
r¢. Denoting net foreign assets owned by domestic households by F;, the
financial capital market equilibrium condition (6.9) changes to:

A; = B+ E. (a)

Households can thus hold their financial wealth in the form of govern-
ments bonds or in net financial assets (or both). The two types of assets
are perfect substitutes so their rates of return equalize. Assume that non-
interest income is exogenous (as in the basic model) but that there is a
comprehensive income tax, and that interest income from all sources is
also taxable (i.e., a residence-based interest income tax). Equations (6.2)—

(6.3) are modified to:
Ay =Ag+ (1—061) Y1 +1r0A0) — C1, (b)
Ay = A1+(1—92) [Y2+T1A1] —Cy, =0. (o)

By eliminating A; from (b)—(c) and noting (a), we obtain the consolidated
household budget restriction:

o 5
G+ Trnd—6) 147 (1—61)] [Bo + Fo
+(1—91)Y1+%. (d)

Assuming a utility function as in (6.1), the household’s Euler equation is
now given by:

u’ (Cl) _ 1+7r (1—92) ©
u'(G) I+p
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The future tax rate affects the intertemporal price of future consumption
and thus influences the optimal choice between current and future con-
sumption. We should thus expect that Ricardian equivalence no longer
holds in this setting. Hence, this is yet another example of Ricardian non-
equivalence caused by the fact that a distorting tax is being changed in
the Ricardian experiment.

The proof on Ricardian non-equivalence proceeds as follows. The
budget restrictions for the government, (6.6)—(6.7), are given by:

By = (1+19) By + Gy — 61 [Y1 + 710 (Bo + )], ()
By=(1+r)B1+Gy—62[Ya+711(B1+F)] =0. (8

Using (f)—(g), we find that the consolidated government budget con-

straint is:
G—i—L——[l—kr(l—G)]B + 61 [Y1 + roF]
T a=e) 0 1)] Bo + 01 [Y1 + 710k
92[Y2+7’1Fl]
1+7‘1(1—62). (h)

Next we look at the solvency condition faced by the nation as a whole.
National solvency follows automatically from the fact that both house-
holds and the government are solvent economic agents. We note from (a)
that F; = A; — B;. By substituting (b)—(c) and (f)—(g) into this expression
we can derive expressions for the path of net foreign assets in the two

periods:
FF=(1+r)Fk+Y1—C -Gy, (i)
E=01+rn)H+Y,—C—G,=0. G)

Eliminating F; from these expressions we find the national budget con-
straint:

M,
1+7‘1’

(1470) Fo = My + (k)

where M; = C; + G; — Y; is net imports, i.e. domestic consumption mi-
nus domestic production of goods. To the extent that the nation initially
possesses net foreign assets (Fy > 0) it can afford to be a net importer of
goods in present value terms.

In Figure A, the broken line NBCy;4x represents the maximum attain-
able private consumption bundles implied by the national budget con-
straint in the hypothetical case that the government does not consume
anything (i.e. Gt = 0). It is the maximum size of the national cake avail-
able for private consumption. The actual national budget constraint with
positive levels of government consumption is denoted by NBC.
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Figure A: Ricardian equivalence and interest-income taxation

Now consider the usual Ricardian experiment of a tax cut in the cur-
rent period (A6; < 0), matched by a tax increase in the future (A6, > 0).
Assume for simplicity that initially the future tax is zero, i.e. 6, = 0. In
that case the household budget constraint (d), denoted by HBCy in Figure
A, coincides with the national budget constraint, NBC. The household
chooses the consumption point Eg, which is at the intersection of HBC
and the implicit Euler equation (e).

The Ricardian experiment leaves that national budget constraint (k)
unaffected but changes both the intercept and the slope of the household
budget constraint (d). The increase in 6, raises the relative price of future
consumption, and the household chooses the consumption point E;. Of
course, by definition E; must be located on both the national budget con-
straint, NBC, and the new household budget constraint, HBC;. The Ri-
cardian experiment is not neutral because current consumption increases
and future consumption falls. The future tax distorts the savings decision
and creates a welfare loss for the household. Expressed in terms of future
consumption, the welfare loss is given by the vertical distance between
the dashed line tangent to Uj at point E’ and the HBC; line.

EE

6.1.3 Borrowing restrictions

In the basic case considered in Section 6.1.1 we have assumed that households can
borrow/lend at the same rate of interest as the government. In practice this is un-
likely to be the case, as is evidenced by the prevalence of credit rationing of young
agents with high earning potential but no tangible appropriable collateral (slavery is
not allowed, so future labour income typically cannot serve as collateral). Further-
more, households are more risky to lend to than (stable) governments, suggesting
that the former may pay a larger risk premium than the latter. It turns out that bor-
rowing restrictions can invalidate the Ricardian equivalence proposition.
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G

0 c

Figure 6.2: Liquidity restrictions and the Ricardian experiment

For simplicity we return to the basic model (with exogenous labour supply) and
assume that a household is unable to borrow altogether but can lend money at the
going interest rate r1. In the case discussed so far, this would be no problem because
the household chose to be a net lender in the first period. Let us now augment the
scenario by assuming that income is low in the first period and high in the second
period. This case has been drawn in Figure 6.2. The income endowment point is
Eg, and the optimal consumption point in the absence of borrowing restrictions is E{.
This point is not attainable, however, since it involves borrowing in the first period,
which is by assumption not possible for the household. The effective choice set is
consequently only AEg CY%0 and the optimal consumption point (C?, CJ) is at the kink
in the budget line (at point Eg).

If we now conduct the Ricardian experiment of a tax cut in the first period matched
by a tax increase in the second, the income endowment point shifts along the unre-
stricted budget line AB, say to point E{ As a result, the severity of the borrow-
ing constraint is relaxed and the optimal consumption point (C{, C}) is at point E{
The effective choice set has expanded to AE{ C}0, and real consumption plans (and
household utility) have changed for the better.

Obviously, a similar story holds in the less extreme case where the borrowing rate
is not infinite (as in the case discussed here) but higher than the rate the government
faces. In that case the budget line to the right of the income endowment point is not
vertical but downward sloping, and steeper than the unrestricted budget line AB
(see the dashed line segments). As a result, the Ricardian experiment still leads to an
expansion of the household’s choice set and real effects on the optimal consumption
plans.
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Figure 6.3: Overlapping generations in a three-period economy

6.1.4 Finite lives

Everybody knows that there are only two certainties in life: death and taxes. Hence,
one should feel ill at ease if Ricardian equivalence only holds if households live for-
ever. In the examples discussed so far, households, the government, and the en-
tire economy last for two periods, which effectively amounts to saying that, like the
government, the household has an infinite life. Suppose that we change the model
slightly by introducing two representative households, that each live for only two
periods, and that the government and the economy last for three periods. The old
household lives in periods 1 and 2, whilst its offspring, the young household, lives
in periods 2 and 3. The structure of the overlapping generations is drawn in Figure
6.3.

We describe the old generation first. They are assumed to possess the following
lifetime utility function:

.

V? =InC{ +
1 1+p

InC§ +aV¥, x>0, (6.37)

1y

where the superscript “0” designates the old generation, and “y” the young genera-
tion. Equation (6.37) says that if « > 0, the old generation loves its offspring, in the
sense that a higher level of welfare of the young also gives rise to a higher welfare
of the old. The old can influence the welfare of the young by leaving an inheritance.
Assume that this inheritance, if it exists, is given to the young just before the end of
period 2 (see Figure 6.3). The inheritance is the amount of financial assets left over
at the end of the old generation’s life, i.e. Aj. Clearly, it is impossible to leave a
negative inheritance, so that the only restriction is that A5 > 0.

The consolidated budget restriction of the old generation is derived in the usual
fashion. The periodic budget restrictions are:

Al = (1+r)Aj+(1—061)Y] —CF, (6.38)
2=1+r)A+(1-6)Y; - C5, (6.39)
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from which A{ can be eliminated to yield:

Cg—l—Ag
147

Co + = (14 79)AJ+ H° = (0°, (6.40)

where )° is total wealth and H° denotes human wealth of the old generation:

(1-602)Yy

H° =(1-6Y?
( 1)Y7 + T

(6.41)
Equation (6.40) says that the present value of consumption expenditure (including
the bequest to the young) during life must equal total wealth. Equation (6.41) implies
that tax changes in periods 1 and 2 affect the old household via its human wealth.

In order to determine the optimal size of the bequest from the perspective of the
old generation, we need to know the link between the size of the inheritance and
lifetime utility of the young generation, i.e. we must find the relationship between
V¥ and A¢, which we write as V¥ = ®(Aj). By studying the optimal choices made
by the young generation we can find the functional form for ®(A%).

By assumption the young generation has no offspring (presumably because “the
end of the world is nigh”), does not love the old generation, and hence has the stan-
dard utility function which only depends on own consumption levels:

.

VY =1InCj + T+

InCj. (6.42)

Its consolidated budget restriction is derived in the usual fashion. The periodic bud-
get restrictions are:

A} =(1-6)Y] —C3, (6.43)
Ay = (1+1n)[A)+ A+ (1-0;)Y —C§ =0, (6.44)
from which A% can be eliminated to yield:
Y

C
4 35— A+ HY=(QY, 6.45
2T 1y ry 2t (6.45)

where ()Y is total wealth and HY is the amount of human wealth of the young gen-
eration:

(1-63)Yy

H' =(1-6)Y5 + T

(6.46)

The optimal plan for the young generation is to choose Cj and Cg such that (6.42)
is maximized subject to (6.45). The solutions are similar to those given in (6.16):

cy=1tPay o ltng (6.47)
2+p 2+4p

By substituting these optimal plans into the lifetime utility function (6.42), we obtain
the expression relating optimal welfare of the young generation as a function of the
exogenous variables, including the inheritance AS:

1+p 1 1+ 2+p
Y = % v 0
1% ln<2 p)+1 pln<2+p>+1+pln( 5+ HY)=®(A3), (648)
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where we have used the definition of (Y. Clearly, the marginal utility (to the young)
of a bequest is positive:

¥4y =20

2t Ly 4
T+p Ayt a0 (6.49)

Note that the marginal utility of a bequest is diminishing in total lifetime wealth of
the young. Hence, if the young generation lives during very prosperous economic
times and has a high level of human wealth then a given-sized bequest received from
the old generation has less of an impact that if times were bleak during the young
generation’s life.

Now that we know the functional form of ®(A$), we can return to the decision
problem faced by the old generation. This generation is aware of the relationship
given in (6.48), and uses it in the decision regarding its own optimal plan. Hence,
the old generation chooses Cy, C3, and A§ such that (6.37) is maximized subject to
(6.40), (6.48), and the inequality restriction A > 0. The first-order conditions are
obtained by postulating the Lagrangian:

EzlanJrliplnCE'JrocCD(Ag)Jr/\ rogcfi;?g , (6.50)
so that the first-order conditions are:

aaé = é‘{ —A=0, (6.51)

Rl R (652)

aa,fg = ao/(49) - - jrl <0, A3>0, AS aa,fg —0. (6.53)

(The fourth condition, dL/9dA = 0, yields the budget restriction (6.40).) Equation
(6.53) is the Kuhn-Tucker condition for the optimal inheritance A§ that must be used
because of the inequality restriction (see e.g. Chiang (1984, ch. 21) and the Math-
ematical Appendix). The mathematical details need not worry us too much at this
point because the economic interpretation is straightforward. If « = 0 (unloved off-
spring), then the first expression in equation (6.53) implies that 0L /dAj = —A/ 1+
r1) < 0 (a strict inequality, because (6.51) shows that A = 1/C{ > 0). The comple-
mentary slackness condition, A50L/dA9 = 0, thus implies that Aj = 0. In words, no
inheritance is given to offspring that are unloved. More generally, if « is so low that
0L /0A§ < 0, giving an inheritance would detract from the old generation’s lifetime
utility, which means that the inheritance is set at the lowest possible value of A = 0.
Weakly loved offspring also do not receive an inheritance!

Hence, if there is to be a positive inheritance (A5 > 0) then it must be because

the first expression in (6.53) holds with equality, i.e. «®'(A9) = 7 Jﬁrl . By using (6.49)
and (6.52) we thus obtain:

a2+p) 1

ASTHY T OO (6.54)

Furthermore, (6.51)—(6.52) can be combined to yield the familiar Euler equation for
consumption.

1
= 1*:; cs. (6.55)
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Finally, by using (6.40) and (6.54)—(6.55), the solutions for optimal consumption and
the (positive) inheritance can be solved:

o (1+p)[Q°+HY/(1+1)]
G = 2+p)(1+a) ' (6.56)

1+7)Q°+ HY
C":( , 6.57
27 24p)(1+w) (657)
o a(l47r)0° —HY
2 1+a '

(6.58)

Several things are worth noting. First, if a is very large (unbounded love for the
offspring) the old generation consumes next to nothing, and the bequest approaches
its maximum value of (1 + r1)Q°. Second, the optimal bequest is decreasing in the
human wealth of the young. ie. dA5/0HY < 0. Of course, by the same logic it
follows that consumption of the old generation in both periods of life is increasing
in HY (aCy/0HY > 0 and 9C5/0HY > 0).

It can now be demonstrated that, provided the optimal bequest stays positive, Ricar-
dian equivalence holds in this economy despite the fact that households have shorter
lives than the government! To prove this surprising result we proceed as follows.
Since there are now three periods, the government budget restriction is given by:

G Gs 62(Y5 +Y3)
1+4+7r9)Byg+ Gy + + =0,Y) 4+ = 272
( 0) 0 1 14+r (1+71)(1+72) 171 14+nr
05Yy

+—(1+r1)(1+r2)' (6.59)

As before, the left-hand side of (6.59) represents the present value of net liabilities
of the government whilst the right-hand side is the net present value of the govern-
ment’s tax income.

Consider the following Ricardian experiment: the government reduces the tax
rate in period 1 (Af; < 0) and raises it in period 3 (Af3 > 0), such that (6.59) holds
for an unchanged path of government consumption, i.e.:

Y

Y
0 3 _
0=Y) A0, + ETAETS A63 (balanced-budget). (6.60)

Taken in isolation this experiment makes the old wealthier and the young poorer. But
what do (6.56)—(6.58) predict will be the result of this Ricardian experiment? Clearly,
from (6.56) we have that:

1+p

ACY = [FEET) AQ° + T3 AHY| . (6.61)
But (6.40)—(6.41) predict that:
AQ° = —Y] A6 >0, (6.62)
and (6.46) implies that:
AHY = — Y?’y AO3 = (1+11)Y] Ay, (6.63)
147
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where we have used (6.60) to relate Af3 to Af;. Hence, it follows from (6.62)—(6.63)
that AQ° + (1/(1+r1))AHY = 0, and (6.61) is reduced to:

ACY
= . 4
A6, 0, (6.64)
and, of course, also (by (6.57)):
ACH
=0. 6.65
G, (6.65)

The Ricardian experiment does not affect the consumption plans of the old genera-
tion at all! Apparently they do not feel wealthier as a result of the experiment. What
is the intuition behind this result? The answer is found by totally differentiating
equation (6.58) and noting (6.62)—(6.63):

a(l14r1)AQ° — AHY

AAS =
2 1+«
—al1 Yo — (1 Y?
_ +r1)1:w( )Y = —(147)Y{ A6; > 0. (6.66)

The entire tax cut is simply added to the inheritance. In period 1 the old generation

buys government bonds (that have just been emitted by the government to finance its

deficit, hence there is no upward pressure on the interest rate!) on which it receives

interest. The additional bonds plus interest are added to the inheritance so that the

young generation is able to meet its higher tax bill. Equations (6.45)-(6.47) and (6.66)

therefore predict that the consumption of the young generation is unchanged as well:
Y

Y,
AQY = AAS — : jr Abs
2

Y, V(A+n)(1+n)

( +Y1) 1 01 1+, Yg 01 0, (66 )
which implies that
ACY = ACj = 0. (6.68)

In conclusion, the fact that individual lives are finite does not mean that Ricardian
equivalence automatically fails. Provided future generations are linked to the cur-
rent generation through operative (positive) bequests, the unbroken chain of con-
nected generations ensures that Ricardian equivalence holds. Of course, once a
single link of the chain snaps (zero bequests, childless couples), generations are no
longer linked and Ricardian equivalence does not hold in general. In closing we note
that leaving no inheritance is the optimal feasible strategy if the degree of “altruism”
w is low, or if future income growth is high.* Students should test their understand-
ing of this material by showing that Ricardian equivalence also fails, even if there are
positive inheritances, if there is an inheritance tax that is varied in the experiment.

6.1.5 Some further reasons for Ricardian non-equivalence

Distortionary taxes, borrowing constraints, and finite lives may invalidate the Ricar-
dian equivalence theorem. A fourth reason why this theorem may fail is the occur-
rence of net population growth, by which we mean the future arrival of new agents

4Barring transfers in the opposite direction, i.e. from child to parent.
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that are not connected—via operative bequests—to agents who are currently alive.
Intuitively, the burden of future taxation is borne by more shoulders, so that the bur-
den per capita is lower for future generations than for current generations. Hence,
one expects real effects from a Ricardian experiment that shifts taxation to the future.
(We demonstrate this with a formal model in Chapter 13 below.)

A fifth reason why Ricardian equivalence may fail has to do with issues such as
irrationality, myopic behaviour, and lack of information. Households may not be as
farsighted and rational as we have assumed so far, and may fail to fully understand
the implications of the government budget restriction. Furthermore, they may sim-
ply not have the cognitive power to calculate an optimal dynamic consumption plan,
and simply stick to static “rule of thumb” behaviour like “spend a constant fraction
of current income on consumption goods”.

A sixth reason why Ricardian equivalence may fail has to do with the “bird in
the hand” issue. A temporary tax cut, accompanied by a rise in government debt,
acts as an insurance policy and thus leads to less precautionary saving and a rise
in private consumption (Barsky et al., 1986). The main idea is that the future rise
in the tax rate reduces the variance of future after-tax income, so that risk-averse
households have to engage in less precautionary saving. A temporary tax cut thus
has real effects, because it is better to have one bird in the hand than two in the bush.
This critique of Ricardian debt equivalence relies on the absence of complete private
insurance markets. A related reason for failure of debt equivalence is that people are
uncertain of what their future income and thus also what their future bequests will
be (Feldstein, 1988). People may thus value differently, on the one hand, spending a
sum now, and, on the other hand, saving the sum of money and then bequeathing.

Finally, a frequently stated but incorrect “reason”and popular argument is that
government debt matters in as far as it has been sold to foreigners. The idea is that
in the future our children face a burden, because they have to pay higher taxes in
order for the government to be able to pay interest on and redeem government debt
to the children of foreigners. A rise in government debt is thus thought to constitute
a transfer of wealth abroad. However, the original sale of government debt to for-
eigners leads to an inflow of foreign assets whose value equals the present value of
the future amount of taxes levied on home households which is then paid as interest
and principal to foreigners. Hence, this critique of Ricardian debt equivalence turns
out to be a red herring.’

6.1.6 Empirical evidence

The Ricardian equivalence theorem has been the subject of many empirical tests ever
since its inception by Barro (1974). Much of the relevant literature was surveyed
by Bernheim (1987) and Seater (1993). There is a substantial part of the empirical
literature that finds it hard to reject the Ricardian equivalence theorem. Nevertheless,
the jury is still out as solid tests with microeconomic data still have to be performed.
Even though Seater (1993) concludes that debt equivalence is a good approximation,
Bernheim (1987) in his survey comes to the conclusion that debt equivalence is at
variance with the facts. Even though debt equivalence is from a theoretical point of
view invalid, and according to most macroeconomists empirically invalid as well,
one might give the supporters of Ricardian debt equivalence, for the time being,
the benefit of the doubt when they argue that the Ricardian proposition is from an

5Tt must be stressed that in Intermezzo 6.2 Ricardian equivalence fails not because we study an open
economy but because a distorting interest-income tax is varied in the experiment.
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empirical point of view not too bad. Hence, in the following section we see what role
there is for government debt if Ricardian equivalence is assumed to hold.

6.2 The theory of government debt creation

Is there any role for government debt if it barely affects real economic outcomes
such as investment and consumption? According to the neoclassical view of pub-
lic finance the answer is yes. Government debt can be quite useful to mitigate the
intratemporal distortions arising from government policy. In particular, govern-
ment debt may be used to smooth tax rates and thus to minimize the distortive-
ness of the tax system and to reduce fluctuations in private consumption over time.
Such neoclassical views on public finance give prescriptions for government bud-
get deficits and government debt that are more or less observationally equivalent to
old-fashioned Keynesian views on the desirability of countercyclical policy. After a
simple discussion of the intertemporal aspects of the public sector accounts, we re-
view the principle of tax smoothing in a simple two-period model. In the light of
this discussion we are able to comment on the golden rule of public finance as well
as some other rules of thumb.

6.2.1 A simple model of tax smoothing

Assume that the policy maker can only raise revenue by means of a distorting tax
system (e.g. labour taxes). Assume furthermore, that there are costs associated with
enforcing the tax system, so-called “collection costs”, and suppose that we can mea-
sure the welfare loss of taxation (L) as a quadratic function of the tax rates (f; and
6>), and a linear function of income levels in the two periods (Y; and Y>):

02Y>
1+p6’

oG >0, (6.69)

where pg is the (policy maker’s) political pure rate of time preference. We continue
to assume that household income is exogenous. Intermezzo 6.3 provides a simple
example in which direct collection costs are absent but a labour-income tax gives
rise to a welfare loss that is approximately quadratric in the tax rate and linear in the
income measure. This intermezzo also clarifies how a labour income tax distorts the
labour supply choice.

The government budget restrictions (6.6)—-(6.7) are generalized somewhat by dis-
tinguishing between consumption and investment expenditure by the government,
denoted by G¢ and G/, respectively (t = 1,2):

(Dy =) roBo+ GY +GI —6,Y; = By — By, (6.70)
(Dy=) 1B +GS —Ry—6,Y, =By — By = —By, (6.71)

where D is the deficit in period t and R} is the gross return on public investment
obtained in period 2. The net rate of return, rlc , on such investments can determined
by employing the definition R} = (1+r{)Gl, or:

_ _ (6.72)
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Obviously it makes no sense for the government to invest in period 2 since the world
ends at the end of that period (hence Gé = 0). Note furthermore that (6.70)-(6.71)
also imply the following relationship between the deficits in the two periods and the
initial debt level:

D1+ Dy + By =0. (6.73)

To the extent that the initial debt level is positive (By > 0), the sum of the deficits
in the two periods must be negative (i.e. amount to a surplus). The consolidated
government budget restriction can be obtained in the usual fashion:

0.V, + (1+79)GI -GS _

By =] (1+7r9)Bo+GS+Gl -0y =

1+ 2]
021>
81 =6Y , 6.74
=0+ (6.74)
where E; is the present value of the net liabilities of the government:
G§ G
E1 = (1+70)By + Gf 2 —rf)—L. 6.75
1= (4r0)Bo+ Gy + == 4 (n =) (6.75)

We immediately see the golden rule of government finance: as long as rf = 11, gOV-
ernment investment expenditure can be debudgeted from the government budget
constraint. In words, public investments that attain the market rate of return do not
give rise to a net liability of the government and hence do not necessitate present or
future taxation. They can be financed by means of debt without any problem (more
on this below).

Intermezzo 6.3

Welfare loss of taxation. In this intermezzo we compute the welfare loss
of a labour income tax. We use a simple static model and show that this
loss is (approximately) quadratic in the tax rate. The example is meant
to clarify and motivate the form of the objective function of the policy
maker as it is postulated in equation (6.69) in the text.

The representative household has a Cobb-Douglas utility function
featuring consumption, C, and leisure, 1 — N:

U=C(1-N)'"%, o0<e<]1, (a)
where U is utility. The household budget constraint is given by:
PC—(1-6)WN =0, (b)

where P is the price of the consumption good and W is the before-tax rate.
The labour income tax is given by 6, so W = (1 — ) W is the after-tax
wage rate. The key thing to note is that the household has no non-labour
income at all.

To study the welfare cost of the labour income tax we follow the ex-
penditure function approach of Diamond and McFadden (1974). In for-
mal terms, the expenditure function is defined in this case as:

E(P,W,Up) = {r(r:'lin} PC—WN Up=C:(1—N)'™* ©
,N
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e () () @

Expression (d) is obtained by using the Lagrange multiplier method to
solve the constrained minimization problem contained in (c) and sub-
stituting the results for C and 1 — N back into the objective function,
PC — WN. Intuitively, E(P, W, Uy) represents the minimum possible
amount of spending on C and —N such that, at given prices P and W,
the utility level Uy is attained. Assume that in the initial situation there is
no labour income tax, so that W = W. Obviously, since there is no non-
labour income, it follows that E(P, W, Uy) = 0. (If there would be non-
labour income, say equal to Y, then the budget constraint (b) would be
modified to PC — WN = Y; and we would have that E(P, W, Up) = Yp.)
Shephard’s lemma is a very useful property of the expenditure function. It
says that the Hicksian (utility-constant) consumption demand and labour
supply are obtained by differentiating the expenditure function with re-
spect to the relevant price:

_ OE(P, W, Up) e W\
D _ 7 s 10)
CP(W/P,Up) = =55 = (1 — ) U, ()
- 0E(P, W, Uy) e W\ °©
S _ s VYV, U0 _1_

N>(W/P,Uy) = — W 1 (1 7 ) Uo, ®
where the superscripts “D” and “S” stand for, respectively, demand and
supply.

wiP

@y

(1-0)ay, c

Figure A: Labour market equilibrium

Labour is assumed to be the only factor of production. The perfectly com-
petitive representative firm faces the constant returns to scale production
function, Y = wopN, where wy is a positive constant. Profit maximiza-
tion yields a horizontal labour demand function, i.e. the demand price of
labour is:

W
? = Wo, (g)



216 FOUNDATIONS OF MODERN MACROECONOMICS, THIRD EDITION

and excess profit is zero (thus rationalizing the absence of non-labour
income for the representative household). The situation on the labour
market has been illustrated in Figure A, where NP is the initial labour
demand curve and N* is the Hicksian labour supply curve. Since there
is no tax initially, the market clearing real wage rate equals wy and the
equilibrium occurs at point Ey.

Now consider the situation in the presence of a positive labour in-
come tax, 6. Since the after-tax wage to consumers is plotted on the verti-
cal axis, labour demand is now given by NP and W/P = (1 —6) wy. Ina
Hicksian sense, labour market equilibrium occurs at point E;, where em-
ployment is equal to N;. We define the Hicksian tax revenue, expressed
in units of the consumption good, as:

T(G, wo, Uo) = 9w0N1 = QwONS((l — 9) wo, Uo). (h)

This tax revenue is represented by the area abE; c in Figure A. The welfare
loss due to the tax is measured by the area aEgE;c:

w

welfare lossz/ ’ N5 (s, Up)ds
179)0.10

(

wo € —€
= 1- 2y

(1=6)wo [ (1 _5> C e
_ 1\° [ wo e 1—e
9am—-<€) (1_8) Lb[l—(l—e) ]

= E(l, (1 — 9) wo, UQ) — E(l,wo, UO>
= E(1,(1 - 0) wy, Uy), (i)

ds

where we have set P = 1 in the various expressions because the con-
sumption good acts as the numeraire commodity. In going from the third
to the fourth third line we have used the fact that E(1, wy, UO) = 0 (see
above). The welfare loss thus represents the amount of lump-sum income
one would have to give the representative household in order to attain
the initial utility level Uy at the tax-inclusive real wage rate, (1 — 6) wo.
We can now follow Diamond and McFadden (1974, p. 5) and define the
excess burden (or deadweight loss) associated with the tax as follows:

EB = E(l, (1—9) CLJO,UO) —T(Q,wo,UO). (])

Intuitively, the excess burden measures the difference between the
amount needed for compensation of the household and the revenue that
is collected from the household.
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Figure B: Optimal consumption and labour supply

The excess burden can be represented graphically with the aid of Fig-
ure B. In that figure, the indifference curve is given by:

C=(1-N)ED/eyl/e, 5

and the pre-tax and post-tax budget lines are given by, respectively,
C = woN and C = (1 —6)woN. Clearly, the indifference curve is up-
ward sloping and convex, and labour supply cannot exceed unity. The
initial equilibrium is at point Ep whilst the new (compensated, utility-
constant) equilibrium is at point E;. Point E; is found by finding the
point of tangency between the indifference curve and a line parallel to
the post-tax budget line. The vertical intercept represents the expendi-
ture needed to attain Uj at the new after-tax wage rate, i.e. the line
segment ac is equal to E(1, (1 — 0) wy, Up). Note that, by construction,
we have that E(1, (1 — 0) wo, Uy) = C; — woNy + T(6, wp, Up). Next we
draw a line through point E; that is parallel to the initial budget line.
This line has the general form C = z + wyN. Since this line passes
through the new compensated equilibrium point (C1, N ), we must have
that z = E(1, (1 —6) wp, Up) — T (6, wp, Up). It thus follows that the line
segment bc in Figure A represents the excess burden of the tax, whereas
the line segment ab is the compensated tax revenue.

It remains to derive the relationship between the excess burden and
the tax rate. By using (d), (f), (h), and (j) we find after some manipulation
that:

€ 1—¢
EB = —wp + (%) (1“’—_"€> Uof (), )

where f (0) is defined as:

f(G)E%, for0 <6 < 1. (m)
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It is straightforward to find that f (0) = 1, f/(0) = 0, and f”(0) =
e(1—e¢), so a quadratic approximation of f () around 6 = 0 gives
f(O)~1+ %s (1 — &) 62. Using this result in (1) yields:

1 &
EBz—wo—l—(E) ( > +1le(1—¢) 92}

wo
= E(1,wp, Up) + 36% (1 —¢ (1_8>

=102(1-¢) Yy, (n)

where we have used the fact that E(1, wp, Up) = 0 in going from the first

to the second line, and Cy = Yy = (%)1_8 Uy in going from the second

to the third line. The ultimate expression in (n) shows that the excess
burden is quadratic in the tax rate and linear in output.

EE

The (exogenously given) growth rate of income in this economy is defined as
v = (Y2—Y;) /Y1, so that we can write Y = (1 + )Y}, and everything can be
written in terms of Y. Specifically, the welfare loss function (6.69) can be rewritten
as:

1+
1+ pc

L= |162+1 02| vi, (6.76)

whilst the consolidated budget constraint (6.74) becomes:

1
T (6.77)

=0
¢1 1+1+r1

where {1 = E1/Y is net government liabilities expressed as a share of income in the
first period:

1+ ¢, n—rf

I
1 7
1+71g2 + 1+1’1 gl +( +r0)b0’ (6 8)

G1=

and where ¢¢ = G£/Y;, ¢l = Gl /Yy, and by = By/ V1.

The policy maker is assumed to minimize the welfare loss due to distortionary
taxation (6.76), subject to the revenue requirement restriction (6.77) and taking as
given ¢1. We thus assume that government consumption and investment spending
are exogenous. i.e. only the taxation decision is “on the table” in this model. The
Lagrangian is:

1+

1+’Y
05| Y1+ A (¢ —
1 2} 1 {1 01 —

L=]163+1

0o/, (6.79)

where A is the Lagrange multiplier. The key first-order conditions are:

oL

50 = 6,1 —A =0, (6.80)
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oL 1+ 1+

=TTy, —A =0, 6.81

0, 1+pc > "1+n (6:81)
and the third condition, dL/0A = 0, yields the revenue requirement restriction

(6.77). By combining (6.80)—(6.81), the Euler equation for the government’s optimal
taxation problem is obtained:

_1+pc
a 14r

62 01. (6.82)
This expression is intuitive: a short-sighted government (p; greater than 1) would
choose a low tax rate in the current period and a high one in the future (6, > 6,).
In doing so, the “pain” of taxation is postponed to the future. The opposite holds
for a very patient policy maker. This is called the tax-tilting effect by Ghosh (1995, p.
1034).

Equations (6.77) and (6.82) can be combined to solve for the levels of the two tax
rates:

(1+71)%G

(T+7r)2+ 1 +7)(1+pc)
_ (1+pc)(1+1r1)¢1
=T+ At +p0) (89

6 = (6.83)

Since by is predetermined and b, = 0, the optimal path of government debt is fully
characterized by by = By /Y, which, by using (6.70), can be written as:

(14+9)by = (1+70)bo + 85 + ¢} — 61 (6.85)

For given values of by, g, ¢5, and ¢!, the value of & follows readily from (6.78), and
equations (6.83)—(6.85) determine the optimal choices for 61, 6>, and b;. We observe
that the existing debt, by, exerts an influence on the optimal tax rates only via ¢;. In
that sense it is only of historical significance: the debt was created in the past and
hence leads to taxation now and in the future.

The optimal taxation problem is illustrated in Figure 6.4. The straight line through
the origin is the Euler equation (6.82), and the downward sloping line is the revenue
requirement line (6.77). The concave curves are iso-welfare loss curves (i.e. com-
binations of 6; and 0, for which Lg is constant). The closer such a curve is to the
origin, the smaller is the welfare cost of taxation. The given revenue is raised with
the smallest possible welfare loss at the point of tangency between a given revenue
requirement line and an iso-welfare loss curve. This happens at point E.

6.2.2 Implications from the tax smoothing model

In this subsection we employ a special case of the tax-smoothing theory that is ob-
tained by assuming that r; = pg. In that case, the tax-tilting effect is absent and
(6.83)—(6.84) predict that the two tax rates are equal in the two periods:

14+nr

01 =0 = — 1
LT T 2y

G1- (6.86)
Debt is used to keep the tax rates constant (perfectly smoothed over time), hence
the name “tax smoothing”. In order to facilitate the graphical interpretation of the
tax smoothing optimum and to derive some of its key implications, we use equation
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Figure 6.4: Optimal taxation

(6.70) and express the deficit in the first period in terms of national income in that
period:
dp = robo + g5 + g1 — 6, (6.87)

where d; = D;/Y;. Similarly, in view of (6.73), the adding-up constraint can be

written as dy + (14 ) d2 + by = 0, so that the deficit in the second period satisfies:

B bo + dq
1+

=

(6.88)

where dy = Dy /Y,. We can now define the spending point as that (61, 6,) combination
along the revenue requirement line for which d; = 0. As s clear from (6.87), the first-
period tax exactly covers government spending on goods and interest payments on
pre-existing debt in the first period. For points along the revenue requirement line
that lie south-east from the spending point, the first period tax is more than high
enough to cover first-period spending and, as a result, there is a first-period surplus
(d1 < 0). The opposite holds for points north-west of the spending point. In Figure
6.5 it is assumed that the spending point is at Ej on the revenue-requirement line
RRLy. Since the optimal taxation point El lies north-west from the spending point
ES, there is a first-period deficit equal to df in the lower panel. Note that DL is the
deficit locus, i.e. the graphical representation of equation (6.87).

With the aid of this simple model a number of “rules of thumb” can be derived
for the government’s finances.

Rule #1 Government investment projects exactly earning the market rate of return
can be financed by means of debt. As was mentioned above, if r{ = r; then
public investments do not feature in the expression for §;—see (6.78). Hence,
if the government decides to increase g} then optimal taxes are unchanged but
the deficit and public debt both increase, i.e. Ady = (1+)Ab; = Agl. Interms
of Figure 6.5, in such a scenario the spending point moves from EJ to EJ, the
deficit line shifts to DL, the optimal taxes remain unchanged, and the increase
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Figure 6.5: Optimal taxation, tax smoothing, and deficit financing
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in infrastructural government spending is accommodated by an increase in the
first-period deficit from d4 to db.

Rule #2 Public consumption spending and losses on public investment projects should
be financed by means of taxation. Of course, by the same logic, profits on pub-
lic investments must be used to reduce taxes.

Rule #3 The composition of a given level of {; does not matter. Consider, for ex-
ample, a temporary rise in government consumption, i.e. an increase now that
is exactly offset by a decrease in the future, or (1+r1)Agd = — (1+17) AgS.
Since §; is unchanged, optimal tax rates are unchanged and debt financing is
called for. In terms of Figure 6.5 the change only shifts the spending point (say
from E§ to E7) but leaves the optimal taxation point unaffected. The tempo-
rary increase in government spending is thus accommodated by an increase
in the first-period deficit (and hence debt). This is a neoclassical policy pre-
scription that looks a lot like old-fashioned Keynesian countercyclical policy.
During (temporary) recessions government consumption may be higher and
there is no harm in letting the debt increase a little bit provided future gov-
ernment consumption is curbed appropriately. (Of course, the tax smoothing
model employed here does not include a description of the macro-economy
so the similarity between the neoclassical and Keynesian prescriptions is only
suggestive.)

Rule #4 If there is a change in the government’s net liabilities, {7, then it is optimal
to adjust both tax rates immediately. For example, assume that the government
credibly announces that it will lower its consumption spending in the future
(Agg < 0). Then both tax rates should be lowered immediately. In terms of
Figure 6.5, the revenue requirement line shifts from RRLy to RRL4, the opti-
mal taxation point shifts to E], and the spending point moves from EJ to E5
directly below it. The first-period deficit increases from df to df as a result.
Mathematically, we obtain Ady /AgS = —(1+7)/(2+711 +7).

Rule #5 If the government decides to implement a so-called “balanced decline” of
the public sector, for which Ag{ = Ag5 = Ag < 0, then both tax rates should be
reduced and there is no effect on the first-period deficit, i.e. A8; = A, = Ag
and Ad; = 0. In terms of Figure 6.5 the spending point shifts from Ej to E3,
the optimal taxation point moves from El to ET, and the deficit line shifts from
DL to DL;.

6.3 Punchlines

In this chapter two concepts, both relating to the government budget constraint, are
introduced and analysed, namely the so-called Ricardian equivalence theorem (RET)
and the theory of tax smoothing.

Starting with the first of these, the RET can be defined as follows. For a given
path of government spending, the particular financing method used by the government
(bonds or taxes) does not matter. More precisely, when the RET is valid, the financing
method of the government does not affect real consumption, investment, output,
and welfare, and government debt is seen as a form of delayed taxation. It must be
stressed that the RET is not a statement about the effects of government consumption
but rather deals with the way these expenditures are paid for by the government.
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The intuition behind the RET is quite simple. If the government cuts taxes today
and finances the resulting deficit by means of debt, then households will realize that,
since total resources claimed by the government have not changed in present value
terms, eventually the tax will have to be raised again sometime in the future. To
ensure that it will be able to meet its future tax bills, the household reacts to the tax
cut by saving it. The tax cut does not affect the lifetime resources available to the
households and thus does not affect their consumption plans either.

Although the RET was not taken seriously by David Ricardo himself, it was (and
still is) taken seriously by most new classical economists. A lot of objections have,
however, been raised against the strict validity of the RET. First, if the Ricardian
experiment involves changing one or more taxes which distort economic decisions
(for example, because labour supply is endogenous and reacts to the timing of taxes)
then the RET will fail. Intuitively, the lifetime resources available to the households
will in that case depend on the particular time path of taxes and not just on the
present value of taxes.

Second, if the household is unable to borrow freely, for example because future
labour income cannot be used as collateral, then the RET fails. Again, the reason for
this failure is that the household choice set (and the severity of the household’s bor-
rowing constraints) is affected by the time path of taxes chosen by the government.

Third, if households have finite lives whilst the government (and the economy
as a whole) is infinitely lived, the RET may or may not be valid. It turns out that
it matters whether the overlapping generations which populate the economy are
altruistically linked with each other or not. Generations are altruistically linked if
they care about each other’s welfare (like children caring for their parents or vice
versa). In the absence of intergenerational altruism, the the RET fails. Intuitively,
a tax cut now matched (in present value terms) by a tax hike later on will make
present generations wealthier and future generations poorer. With intergenerational
altruism it is possible that the RET holds because transfers between generations will
take place. Intuitively, a tax cut today will be passed on to future generations in the
form of an (additional) inheritance.

Other objections to the RET relate to net population growth, informational prob-
lems (irrationality, myopia, and lack of information), and the so-called “bird in the
hand” fallacy. The upshot of the discussion is that there are ample theoretical reasons
to suspect that the RET is not strictly valid. Unfortunately, as is often the case, the
empirical evidence regarding the approximate validity of the RET is inconclusive.

Even if one is willing to assume that the RET is valid, this does not mean that
public debt has no role to play in the economy. Indeed, according to the theory of
tax smoothing the government can use public debt to smooth its tax rates over time.
To the extent that these tax rates are distorting the behaviour of private agents, tax
smoothing is socially beneficial because it minimizes the distortions of the tax system
as a whole. A number of intuitive “rules of thumb” follow from the theory.

Further reading

Although he did not use the term as such, the notion of Ricardian equivalence was
introduced to modern macroeconomists by Barro (1974). Buchanan (1976) coined the
term “Ricardian equivalence theorem,” and O’Driscoll (1977) documents Ricardo’s
own misgivings about the result that is now known under his name. For good survey
articles on Ricardian equivalence, see Bernheim (1987) and Seater (1993). Bernheim
and Bagwell (1988) are very critical of the dynastic approach used by Barro and ar-
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gue that it should not be used to study the effects of public policies. They take the
altruistic approach as given, and demonstrate that there will be strong inter-family
linkages in such a setting (due to marriages, etcetera). This in turn will produce neu-
trality results that are unrealistically strong (such as the equivalence of distorting
taxes and lump-sum taxes, and the inability of governments to engage in redistribu-
tion). Arguing backwards, they conclude that there must be something wrong with
the dynastic approach itself.

The earliest contributions to the macroeconomic theory of tax smoothing are
by Prescott (1977) and Barro (1979). Subsequent contributions to the literature in-
clude Lucas and Stokey (1983), Kingston (1984, 1991), Roubini (1988), Huang and
Lin (1993), Ghosh (1995), and Fisher and Kingston (2004, 2005). As was pointed out
by Sargent (2001), in a stochastic framework the optimal time path of taxes depends
critically on whether or not the government is able to issue state-contingent debt.
Whereas the tax smoothing literature typically assumes government spending to be
exogenous, Judd (1999) presents an analysis of the joint determination of optimal
taxation and spending in a deterministic setting.

Readers interested in the various issues surrounding the government budget con-
straint and the deficit are referred to Buiter (1985, 1990). The intertemporal con-
sumption model used in this chapter is due to Fisher (1930). Further results on the
two-period consumption model are presented by Obstfeld and Rogoff (1996, ch. 1).
See Deaton (1992) and Attanasio (1999) for advanced surveys of intertemporal con-
sumption theory.



Chapter 7

A closer look at the labour
market

In the previous chapters we have demonstrated that the aggregate labour market
forms a crucial component of most short-run macroeconomic models. Up to this
point the focus has been on identifying the determinants of aggregate demand and
supply on that market. In this chapter and the next we delve a little deeper into the
labour market. More specifically, the goal of this chapter is to discuss the following
issues:

1. What are some of the most important stylized facts about the labour market in
advanced capitalist economies?

2. How can we explain some of these stylized facts with the standard model of
the labour market used so far? How do these theories fall short of providing a
full explanation?

3. How does the tax system affect the macroeconomic labour market and which
side of the market ends up bearing the tax burden?

4. What models of trade union behaviour exist, and what do they predict about
unemployment?

5. What do we mean by efficiency wages and how do they lead to equilibrium
unemployment?

7.1 Some stylized facts

The stylized facts about the labour market in advanced capitalist countries can be
subdivided into the two categories of time series evidence and cross-section informa-
tion. The main indicator of labour market performance is the unemployment rate.
Ever since the Great Depression of the 1930s this has been at the forefront of macro-
economic research. The following stylized facts about unemployment can be estab-
lished for most countries in the Western world (see Layard et al. (2005, ch. 1) for
further details).
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Figure 7.1: Postwar unemployment in selected OECD countries

Stylized Fact 1: The unemployment rate fluctuates over time In Figure 7.1 we
plot the unemployment rate for a number of regions and countries for the post-war
period.! Several things are worth noting. First, in all countries depicted the unem-
ployment rate fluctuates quite a lot over time. Second, in the two European countries
unemployment was relatively low and stable up until the time of the first oil shock
in 1973. After that, for about a decade the employment rate followed a steady trend
upward in the Netherlands, peaking in the early eighties after which a downward
trend in the unemployment rate is clearly visible. Interestingly, Sweden experienced
a low and steady unemployment rate until the beginning of the 1990s after which it
experienced an upward trend (as the Dutch did a decade before). Third, the impact
of the great financial crisis is clearly visible for all countries from 2009 onward.

Stylized Fact 2: Unemployment fluctuates more between business cycles than
within business cycles In Figure 7.2 we plot the unemployment rate for the US
and the UK for extended periods of time.? The Great Depression truly deserves its

1 The data for 1955-1990 are taken from Layard et al. (2005, pp. 526-528). Subsequent data are gathered
from various issues of the OECD Employment Outlook. Where possible we make use of standardized
unemployment data.

2The data for the period until 1993 have been taken from Mitchell (1998a, pp. 163, 165, 168-169) for the
United Kingdom and from Mitchell (1998b, pp. 112, 114) for the United States. The data for the period
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name, especially in the US. Unemployment was very high for a prolonged period
of time and peaked at close to 25%! Another thing to note is that, if unemployment
were purely a business-cycle phenomenon, one would expect a much more regular
pattern than the one observed in these figures. To put the same argument somewhat
differently, the time series of unemployment displays a lot of persistence; much more
than is consistent with the business cycle. To demonstrate this phenomenon, we fol-
low Layard et al. (2005, p. 77) and regress unemployment on its own lagged variable
and a constant. For the UK during the period 1856-2014 we find:

U, = 0.7305 + 0.8575 U;_1, R? =0.734, (7.1)
(2.97) (20.88)

whilst for the US during the period 1891-2014 we obtain:

U, = 1.0157 + 0.8548 U,_;,  R®=0.731, (7.2)
(2.64)  (18.30)

where Uy is the actual unemployment rate at time t and U, is the unemployment rate
predicted by the regression equation. The numbers in parentheses are the estimated
t-statistics of the coefficient estimates and R? is the coefficient of determination cor-
rected for the degrees of freedom (i.e. the sample proportion of the variability in
the dependent variable that is explained by the model). In both countries the coef-
ficient for lagged unemployment is high (and close to unity) and highly significant.
This suggests a lot of persistence in the unemployment time series. High persistence
implies that it takes a long time before the effects of a particular shock die out (see
equation (7.6) below).

Stylized Fact 3: The duration of unemployment spells differs between countries
Even if countries have exactly the same unemployment rate, the composition of this
labour market indicator may be quite different. In particular, in most European coun-
tries a substantial fraction of the unemployed have been jobless for more than one
year. In contrast, in the United States (at least in the years before the great finan-
cial crisis) such long-term unemployment is much less severe. Broadly speaking,
in the United States the inflow from employment to unemployment (the rate of job
losses) is much higher than in Europe, but so is the outflow from unemployment to
employment (the rate of job finding). As a result unemployment spells are shorter
in the United States than in the European countries. We shall return to the topic of
unemployment duration in Chapter 8.

Stylized Fact 4: In the very long run unemployment shows no trend This fact has
been graphically illustrated in Figure 7.2. Although there are sharp peaks and deep
troughs, there does not seem to be any noticeable trend in the unemployment rate
for the US and the UK. This is all the more remarkable in view of the enormous pro-
ductivity gains that have been made in the last century and a half. Apparently, the
nineteenth century Luddite fear of physical capital permanently pushing workers
into unemployment has proved unfounded.

More formally, and in terms of equations (7.1)—(7.2), the coefficient of the lagged
unemployment rate is high but less than unity. Ultimately, there are mechanisms at
work whereby unemployment returns to some average level. The convergence to
this average level is very slow, however, as can be demonstrated as follows. From

1994-2014 have been taken from OECD (2001, Table 21), OECD (2006, Table A), and OECD (2015).
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equations like (7.1)—(7.2) we can determine the long-term steady-state unemploy-
ment rate U. First, we write the equations in general form as:

U = ag+a1Up—q, 0<w <1, (7.3)

where a is the intercept and «; is the coefficient for the lagged dependent variable.
Next we note that in the steady state, U; = U;_1 = U, so that it follows from (7.3)
that U = ag/ (1 — a7). Using the estimates from (7.1), for example, we find that U =
0.7305/ (1 — 0.8575) = 5.13% for the UK.? From (7.3) we can compute the adjustment
speed by solving the difference equation for U;. Suppose that the unemployment
rate at time f = 0 (the reference period) is equal to Uy. Then (7.3) can be solved by
repeated substitutions of the kind:

U1 =g+ 061U0,
U =ag +aU; =ap+ a7 [060 + 0(1U0]

U = ap [1 tay +a%+...+ai_l} + at U, (7.4)

This expression can be rewritten in the following (more elegant) form:*
U — U = [Uy— U] ol (7.5)

Equation (7.5) can be used to determine how long it takes for any discrepancy be-
tween Uy and U to be eliminated. Suppose that the unemployment rate is currently
Up and the long-run unemployment rate is U. How many periods does it take, for
example, before half of the difference [Uy — U] is eliminated? The answer, which we
denote by tg, is called the half-life of the adjustment. Intuitively, we can use ty as
an indicator for the adjustment speed in the system. It is calculated as follows:

Uy, —U=[Up— Ui =1 [Up-T] =
zxiH =1 =
In2
tglne; = —In2 = ty= —E. (76)

For the UK this amounts to ty = —In2/1In0.8575 = 4.51 years (see (7.1)). Hence,
it takes almost five years before half of the difference between the actual and the
long-run unemployment rate is eliminated.

Stylized Fact 5: The level of the unemployment rate differs a lot between coun-
tries As we can see from Figure 7.1 the level of the rate of unemployment differs a
lot even between supposedly similar advanced OECD countries like the US, Japan,
the Netherlands, and Sweden. And even within Europe there are marked differ-
ences, with Sweden currently experiencing high unemployment compared to the
Netherlands (where it used to be the other way around in the 1980s).

SWe ignore the fact that we are using estimates for a9 and a1, and should really be constructing confi-
dence intervals for U.
“The trick is to write the term in square brackets as:
1—af
T+ag+af+ - +afl=_—L
1-— o

By using this result plus the definition of U (stated below equation (7.3)), equation (7.5) is obtained.
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Stylized Fact 6: Few unemployed have themselves chosen to become unemployed
Only a very small minority of the unemployed have quit a job in order to become
unemployed (for example, to search for a new job). The vast majority of unemploy-
ment occurs because the workers are laid off by their employer. This fact will prove
important in Chapter 8, where we discuss search behaviour.

Stylized Fact 7: Unemployment differs a lot between age groups, occupations, re-
gions, races, and sexes There is a lot of heterogeneity in several dimensions. For
example, women experience much higher unemployment rates than men, and the
young have higher unemployment rates than older workers. Furthermore, unem-
ployment depends a lot on the educational attainment of workers. Broadly speaking,
the unemployment rate is lower when the level of educational attainment is higher.

As these stylized facts show, there is quite a lot to be explained about the labour
market. The remainder of this chapter proceeds as follows. In Section 7.2 we demon-
strate how the standard labour market story used so far can explain some of the styl-
ized facts. We also show in which important aspects it fails to provide an adequate
explanation. One of these failures concerns the observed (relative) inflexibility of the
real wage rate with respect to demand and productivity shocks. For that reason we
discuss two theories that can explain real wage inflexibility in the final two sections
of this chapter.

7.2 Standard macroeconomic labour market theory

7.2.1 Skilled and unskilled labour

Up to this point we have modelled the labour market in the same way one would
model the market for peanuts, i.e. by postulating aggregate demand and supply
schedules (for labour in this case; see Chapter 1). A high level of aggregation is the
hallmark of macroeconomics, and one might be tempted to conclude that for that
reason the macro approach cannot be used to account for the evidence unearthed in
the previous section. Fortunately, such a negative conclusion is unwarranted.

For example, suppose that one wishes to use the standard approach to explain
why low-education workers experience a higher unemployment rate than high-edu-
cation workers (see Stylized Fact 7). The way this problem is typically approached by
macroeconomists is to distinguish two types of labour. Call the low-education work-
ers “unskilled” labour (denoted by Ny;) and the high-education workers “skilled”
labour (Ns). The production function of the representative firm is given by:

Y = G(Nu,Ns,K) = F(Nu, NS)/ (7.7)

where Y is output, and the capital stock is fixed in the short run at K. Hence,
F(Ny, Ng) is the short-run production function featuring positive but diminishing
marginal products, i.e. iy = 9F /0Ny > 0, Fs = 0F /0N > 0, Fpy = 0*F/9N3 < 0,
and Fs = 9°F/dN% < 0. In addition, we assume that short-run isoquants bulge
toward the origin, i.e. A = FegFpy — FSZU > 0, where Fg;; = 9°F/0Ngs0Ny;. Whereas
G(Ny, N, K) features constant returns to scale to the three factors of production,
F(Ny, Ng) exhibits decreasing returns to the two types of labour.

The representative firm maximizes profit by choosing the optimal production
level. With perfect competition in the output market and both input markets, the



CHAPTER 7: A CLOSER LOOK AT THE LABOUR MARKET 231

output price P and the wage rates Wy; and W are taken as given by the firm and the
choice problem is:

max [T = PP(NL[, Ns) - WuNu - Wst, (78)
{NU,NS}

which yields the usual marginal productivity conditions:
PFy(Nu,Ns) =Wy,  PFs(Nu,Ns) = Ws. (7.9)

In words, the value of the marginal product of each type of labour must be equated
to its wage rate. Obviously, the expressions in equation (7.9) can be used to derive
the demand functions for the two types of labour. By total differentiation of the two
equations, we obtain the following matrix expression:

dNS o 1 Fuu _FSU de
[ dNu :l o Z { _FSLI Fsg dwu ’ (7.10)

where wg = Wg/P and wy; = Wi/ P are the real wages rates on, respectively, skilled
and unskilled labour, and A is a positive constant defined in the text below equation
(7.7). Equation (7.10) can be used to find all the comparative static results of the
demand functions for the two types of labour which we write as follows:

N§ = N§(ws,wu),  Nf = Nij (ws, wy). (7.11)

Clearly, the “own” real wage effects are guaranteed to be negative because both
labour types feature a diminishing marginal product:

D_aNE_Fﬂ

_ON{ _ Fs
NS =505 = A A

<0, Np==—%L=-=<0. 7.12
The “cross” real wage effects, however, cannot be signed without making an addi-
tional assumption. In particular, we assume that skilled and unskilled labour are
gross substitutes in the short-run production function. This implies that Fg;; is nega-
tive, and the cross partial derivatives are both positive:

D
MNs _ _Bu N{L’S:M:—F’S—”>o. (7.13)

NP, ==
su awu A aws A

In words, if unskilled labour becomes dearer, the demand for skilled labour in-
creases, and similarly if skilled labour becomes more expensive, the demand for
unskilled labour increases. This is because the two factors can be used as substi-
tutes in the production process. (Intermezzo 7.1 studies the issue of short-run gross
substitutability or complementarity in more detail.)

In order to close the model as simply as possible, we assume that the supply
curves of the two types of labour are perfectly inelastic.

N$=Ns, Ni=Ny. (7.14)

The equilibrium in the two labour markets can be drawn as in Figure 7.3.

If wages are perfectly flexible, full employment is attained in both markets. This
is the case at points E§ and EY, respectively. In the left-hand panel the demand for
skilled labour—conditional on the market-clearing wage rate for unskilled labour—
is denoted by NP (ws, wj;). It intersects with skilled labour supply at point E5. Sim-
ilarly, in the right-hand panel the demand for unskilled labour—conditional on the
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Figure 7.3: The markets for skilled and unskilled labour

market-clearing wage rate for skilled labour—is denoted by NLDI (w§, wy ). This curve
intersects with the unskilled labour supply curve at point E§’.

How can this model provide an explanation for the high unemployment rate
among unskilled workers? A simple explanation runs as follows. Suppose that
there is a minimum wage law, which states that the real wage of any worker (irre-
spective of that worker’s skill level) must not fall below @. This minimum wage is
assumed to be at a level below the market clearing real wage in the market for skilled
labour (@ < wg), but above the equilibrium real wage in the unskilled labour mar-
ket (@ > wy{;). As a result, the minimum wage is binding in the market for unskilled
labour, and unemployment emerges in that market equal to the segment AB in the
right-hand panel of Figure 7.3. This is the partial equilibrium effect of the minimum
wage. But it is not the end of the story, however, since the (artificially) high real
wage of unskilled workers prompts the representative firm to substitute skilled for
unskilled labour. In the left-hand panel the demand for skilled labour shifts to the
right (from Ng(ws, wy;) to NSD(wS, )), the new equilibrium is at E?, and the equi-
librium skilled real wage rate rises to wi. The higher equilibrium wage for skilled
labour partially offsets the initial unemployment effect by stimulating the demand
for unskilled labour a little. Indeed, in the right-hand panel, demand shifts from
NE (w§, wy) to N} (w}, wy) and the new equilibrium is at EY. Unemployment is
equal to the segment E{'B.

In summary, the introduction of a binding minimum wage has the following ef-
fects. All skilled workers obtain higher wages. Some unskilled workers also receive
a higher wage than before (namely the minimum wage) but others are unemployed.
In conclusion, since minimum wages exist in most advanced countries, even our
very simple standard model can be used to derive sensible conclusions about the
labour market. In particular, high minimum wages constitute a potential explana-
tion for Stylized Fact 7: unemployment among unskilled workers is high because
this type of labour is simply too dear. Most economists agree that this is partially
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true, but that other elements also play a role.

In this subsection we have developed a very simple representation of the bottom
end of the labour market. There is unemployment in the market for unskilled labour
because this type of labour is too expensive: the marginal product of this type of
labour is simply too low, given the existence of a binding minimum wage, to be
consistent with full employment.

A number of policy options exist to solve this type of unemployment. First, the
minimum wage could be abolished. This will obviously work, but may cause polit-
ically undesirable income distribution effects, social unrest, etc. Hence, some pack-
age of transfers to unskilled workers may be unavoidable. Second, unskilled labour
could be subsidized. In terms of Figure 7.3, this amounts to shifting the demand
for unskilled labour up and to the right. The demand for unskilled labour is artifi-
cially stimulated to make the minimum wage less of a disequilibrium wage. Third,
the government can directly employ some unskilled workers at the going minimum
wage. Again, the demand for unskilled labour shifts to the right, and unemployment
is reduced. The problem with this option is that the jobs that are created tend to be
“dead-end” jobs (like having three men guarding the Town Clerk’s bicycle). For all
three options discussed so far, there is a revenue requirement on the part of the gov-
ernment. To the extent that the additional tax revenue that is needed can only be
raised in a distorting fashion (see Chapter 6), the net benefits to society are far from
obvious. This is especially the case for the third option, since nothing of value to
society may be created in dead-end jobs.

A fourth option may be more attractive. The government could invest in (re-
) training projects specifically targeted at unskilled workers. By making unskilled
labour more productive, it is possible to stimulate the demand for those workers
and reduce unemployment. In the terminology of Chapter 6, a golden rule of fi-
nancing could be used: to the extent that the rate of return on public investment in
(re-) training schemes equals the market rate of return, such schemes may even be fi-
nanced by means of debt, thus obviating the need for distorting taxation. The return
to making unskilled workers more productive includes two components. First, as
the unemployment rate falls, spending on unemployment benefits falls, thus reduc-
ing the government’s revenue requirement. Second, as the previously unemployed
find work, they also start to pay taxes, thus further reducing the government’s rev-
enue requirement.

Intermezzo 7.1

Some production theory: the three-factor production model. In this
intermezzo we study the three-factor production model, when one of the
factors is constant in the short run. A three-factor production function is
weakly separable in production factors x; and (xp, x3) if it can be written
as:

Y:F(Jq,Z), ZZG(Xz,x;g,). (a)

We assume that both F (x1, Z) and G (xy, x3) are linear homogeneous in
their respective arguments, so doubling x; and Z results to a doubling
of Y, whilst doubling x, and x3 results in a doubling of Z. Note that Z
can be interpreted as a composite input, that is produced by combining
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primary inputs x; and x3. We know (from Intermezzo 4.3) that:
Y =Fx+FzZ, Z = Gyxp + Gzx3, (b)

where F; = 0F/dx; > 0, F = 0F/0Z > 0, G, = dG/dxp; > 0, and
Gz = dG/0dx3 > 0. We know also that:

Fi1x1+ FizZ =0, Fr1x1 + FzzZ =0, (c1)

Gopxp + Gozxz =0, Gzpxp + G3zxz = 0, (c2)

where Fi; = 9°F/9x2 < 0, iz = Fz1 = 0*F/ax19Z > 0, Fzz =
BZF/8Z2 < 0, Gy = 82G/8x% < 0, Gz = Gz = aZG/axZBX3 > 0,
and G33 = 902G /9x3 < 0. The two functions have the usual property that
isoquants bulge toward the origin:

Fi1Fzz — Flzz >0, G22G33 = G%?) > 0. (d)
Finally, we define the substitution elasticities of the two functions in the
usual way:

FF; G2G3

YFiy >0, oG = ZGos > 0. (e)

We wish to have loglinearized expressions for the marginal products of
the three factors, F; = dY/dx;. We show the derivations for F; and F,
in detail. Clearly, F; = F; [x1, G (x2,x3)] is a function of all three inputs.
Totally differentiating we get:

dF) = Fj1dxq + FizdG (xp, x3) = Fi1dxq + Fi7 [Godxy + Gadxs).
Dividing both sides by F; we obtain:

db _ xiFndx; | x0FzGydxy | x3FizGsdxs

Fl Fl X1 Fl X2 Fl X3

~ x1F X F7G x3F7G

B — 1 11f1+ 2017 2}22_’_ 31z 3323, ()
2] 121 31

where F; = dF;/F;, and %; = dx;/x;. The terms on the right-hand side of
(f) can be re-expressed in a more intuitive format. Starting with the first
term, we obtain:

x1F11 _ 7ZFlZP7ZX . 7YP12 ) ZFZ . 717(,01

_ _ - ) 1
F F, Y  RE, Y o (g1)

where we have used the first expression in (c1) in the first step. Note that
w1 = x1F/Yand 1 — wy = ZF;/Y are the income shares of, respectively,
x1 and the composite input Z. In a similar fashion we get:

0hzG  Yhz ZFz G (1-w))w (£2)
F RE, Y Z o &
X3F12G3 . YPlZ . ZPZ ) X3G3 (1 *(4)1) (1 *a)z)

— — , 3
F RE, Y Z o (83)
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where wy = x2Gy/Z and 1 — wy = x3G3/Z. By substituting (g1)—(g3)
into (f) we thus obtain:

E:_l—w1f1+(1—w1)w2fz+(1—w1)(1—w2)f3. (h)
UF UF UF
The marginal product of x; depends negatively on the quantity of x;
used, and positively on the quantities used of the other two factors.
Next we turn to the marginal product of the second production factor,
xp. Note that F, = Fz [x1, G (x2, x3)] - G2 (x2, x3) (by the product rule) so
upon total differentiation we obtain:

dF, = GyFzydx1 + {G%Fzz I FZG22} dxy + [GoG3Fzz + F7Ga3) dx3
dF, _ x1GyFz1dx1 | X2G3Fzz + XaFz G dxy

R Fz2Gy x FzGy X2
x3GaGaFzz + x3F7Gos dx3 :
+ — (i)
cmg X3
The coefficients on the right-hand side of (i) can once again be simplified
substantially:
xiFz1 _ xih Yz _ w (i)
E, Y FE,  op’ J
x2G5Fz7 +02F2Gn %Gy YRz xiF ZGxp x3Gs
F;G, Z FF, Y GG Z
ww 1-w .
BT -
OF G
X3GoGaFzz +x3FzGps _ x3G3 Yhz xiFi | ZGys x3Gs
e Z EE, v G Z
w1 1 .
= 1 —_— _—— —_—
(1—w) [ o U'G:| , (3)

where we have used (c1)-(c2) to simplify the expressions. Hence, by us-
ing (j1)—(j3) in (i) we get:

1
oG

~ w1 . w1wr 1-— wy
Fz = —X1— aF
UF Yel

. w1
or }x2+(1 wz){ U—F+

} %3. (k)
The marginal product of x; depends negatively on the quantity of x,
used, and positively on the quantities used of factor x;. The effect of
factor x3 is ambiguous.

Finally, for F3 = F; [xl, G (Xz, X3)] Gs (XZ, X3) we obtain:

= Wi [ wq 1}322_[601(1—«12)_'_002]323' 0
OF

OF oG

We reach a similar conclusion as for factor xp. The marginal product of
x3 depends negatively on the quantity of x3 used, and positively on the
quantities used of factor x1. The effect of factor x; is ambiguous.

Up to this point we have been silent about the identity of the three
factors. Three different cases can now be considered:
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1. The factors are x; = K, x, = Ny, and x3 = Ns. The productivity
conditions are w;; = F, and wg = F3. The income shares are wig =
KFK/Y = Wy, Wy = NuFu/Y = (1 — wl)wz, and ws = NSFS/Y =
(1 — wl) (1 — (/JZ).

2. The factors are x; = Ng, x; = Ny, and x3 = K. The productivity
conditions are wy; = F, and wg = F;. The income shares are wg =
wy, wy = (1 —wq) wy, and wg = (1 —wy) (1 — wp).

3. The factors are x; = Ny, x, = Ng, and x3 = K. The productivity
conditions are w;; = F; and wg = F,. The income shares are wy; =
wy, ws = (1 —w1) wy, and wg = (1 — w1) (1 — wy).

Case 1. Using the productivity conditions stated in (7.9) and (k)—(1) we
find the following system determining the demands for the two types of
labour as a function of factor prices and the given capital stock:

~ w1 =
. — IR
NU wu OF
]1 5 = wr = ’ (m)
Ng Wg — 7112
OF

where w; is the real wage rate for labour of type i, and @; = dw;/w;. The
Jacobian matrix, [;, is defined as:

_ Wiwalg A (1 = (Uz) oF (1 = wz) [(71: = wlac;]
UF0G UF0G
h= . (n)
wy [(Tp—wltTG] W (1—602) 0G + woor
Ur0G UF0G
After some manipulation we find that |J;| = w1/ (crog) > 0. Since

J;' =adj(J1) / |J1] we find that equation (m) can be solved:

w1 (1 — wz) 0G + w0

Ny w1
N wy (w10 — OF]
w1
(1 — an) [wlff(; — 01:]
w1 1 ~
+ TIJS aF K. (O)
_ wiwyog + (1 —wy) o 1
w1

Using the definitions of the income shares for case 1, we find that w; =
wg, wy = wy/ (1 —wg),and 1 —wy = wg/ (1 — wg). Hence, the expres-
sion in (0) can in principle be rewritten in observable income shares. Note
that the sign of the cross effects 0Ny /dwg and 0Ng /9wy is determined by
the sign of wgog — oF, which itself depends on the capital income share
and on the two substitution elasticities. If wgog > oF then skilled and
unskilled labour are gross substitutes in production in the short run. Vice
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versa, if wxog < or they are gross complements in the short-run produc-
tion function.

Cases 2 and 3 are left as exercises to the reader. It is not difficult to
show that the two types of labour must be gross complements in short-
run production in cases 2 and 3.

bt

7.2.2 The effects of taxation

Before leaving the standard model of the aggregate labour market, we turn to an
analysis of the effects of taxation on employment and the real wage rate. This anal-
ysis was commenced in Chapter 1 (see section 1.3.6 on the supply siders) and is
completed here. In addition to considering flat tax rates on consumption and the use
of labour by firms, we also study the effects of progressivity of the labour income
tax. Attention is restricted to the short run, i.e. the capital stock is assumed to be
constant (and equal to K). There is only one type of labour, and the representative
firm maximizes short-run profit which is defined as:

I1= PF(N,K) — W(1+6g)N, (7.15)

where 0¢ is an ad valorem tax levied on the firm’s use of labour (e.g. the employer’s
contribution to social security). The usual argument leads to the marginal produc-
tivity condition for labour, Fyy(NP,K) = w(1 + 0g) where NP is the competitive
demand for labour and w = W /P is the gross real wage. The first-order condition
can be linearized:

NP = —ep [@+ 0], (7.16)

where ep = —Fy/(NFny) is the absolute value of the labour demand elasticity
(ep > 0), NP = dNP /NP, 0 = dog /(1 +0g), and @ = dw/w.

Most income tax systems in use in the developed countries are progressive, in the
sense that the tax rate rises with the tax base (labour income in this case). Since
we wish to investigate the effects of progressivity on the labour supply decision by
households, we specify the general tax function T(WN®). The marginal income tax
rate 0 facing households coincides with the derivative of this function with respect
to labour income, i.e. 0y = dT(WN®)/d(WN?). In the absence of taxable income
from other sources, the average income tax rate is simply 84 = T(WN?®)/(WN?®).
The Skey thing to note is that, in general, both 6); and 84 depend on the tax base,
WN®.

The household’s utility function is assumed to be of the usual kind:

U=Uu(C,1—N°%), (7.17)

with Uc > 0, Uiy > 0, Uge < 0, Ul_N,l_N < 0, and U ul_N,1_N — UéliN > 0.
In addition to facing (progressive) income taxes, the household also has to pay an ad
valorem tax on consumption goods (e.g. a value-added tax, 6c), so that the household
budget restriction is:

P(1+6c)C = WN° — T(WN®). (7.18)
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The household maximizes utility by choosing the optimal level of consumption and
labour supply. The Lagrangian is:

L£=U(C,1—N5+p [WNS ~ T(WNS) - P(1+ ec)c], (7.19)

and the first-order conditions for utility maximization are:

oL
5¢ = Uc— BP(1+46c) =0, (7.20)
oL dT(WN®) d (WN?)
aNs = U B IW T NS T aNs
=-U N+BW(1—-0y)=0, (7.21)

where we have used the definition of the marginal income tax rate to arrive at the ul-
timate expression in (7.21). By solving (7.20) and (7.21) for B we obtain the expansion
path:
Uc U n
= = =
P= Plito0) ~ W(i—on)
Uy _ w(l—6m)
Uc 14+6c '

(7.22)

where we have used the definition of the gross real wage, w = W /P. Equation (7.22)
drives home a very important point: in the optimum the marginal rate of substi-
tution between leisure and consumption depends on the marginal (and not on the
average) income tax rate facing households! This result follows from the assumption
that labour is perfectly divisible, i.e. the household can freely choose the number of
minutes of its time endowment that it wants to supply to the labour market. This is
called the labour supply choice at the intensive margin.

In order to facilitate the discussion to come, we assume that the utility function
(7.17) is homothetic (see Intermezzo 7.1 above) and define the substitution elasticity
between consumption and leisure along a given indifference curve as follows:

%ge change in C/(1 — N¥) _dIn(C/(1— N%))
%ge change in U n/Uc

d ll’l(ul_]\] / UC) =0, (7'23)

ocMm =
where we have used the fact that d In x = dx/x represents the proportional change in
variable x. Intuitively, ooy measures how “easy” it is (in utility terms) for the house-
hold to substitute consumption for leisure. A household with a very low value of
ocum, finds substitution very difficult, whereas a household with a high oy is quite
happy to substitute consumption for leisure. In graphical terms, the former house-
hold has sharp kinks in its indifference curves,® whereas the latter has relatively flat
indifference curves. The substitution elasticity can be used in the linearization of
(7.22):

dln(ul—N) oy — O = —— [C—(l—NS)] N
Uc oem

5This does not imply that this household is kinky. It just means that the household is very reluctant
to deviate from a fixed proportion between consumption and leisure. In case oy = 0, the indifference
curves are right angles, and nothing will make the household deviate from a fixed proportion between
consumption and leisure.
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C+—N°=oay [®—0p—0c], (7.24)

where 0y = dOn/ (1 —0py), 0c = d0c/(1+6c), and wy = (1 — N¥)/N¥ is the
initial ratio of leisure to labour supply. By using the definition of the average tax
rate, 04, the budget restriction (7.18) can be rewritten as (1 +60c)C = (1 — 64)wNS.
By linearizing this expression we obtain:

C+0c=w—04+N°, (7.25)

where 4 =df,/(1—0,4). Hence, the average income tax rate influences the budget
restriction of the household.

By solving (7.24)—(7.25) for the change in labour supply, the following expression
is obtained:

NS — (1—N5)[U(N [@ — Oy — 0c] — [w—éA—éc]]
= €5y [@ —Op — Oc] + g1 [04 + Oc — @]
= esw [@ — O] — e§wlm +esifa, (7.26)

where €5, = oo (1 — N¥) is the compensated wage elasticity, and —egy = —(1 — N¥)
is the income elasticity. The compensated wage elasticity corresponds to the substi-
tution effect and is always non-negative (because oy > 0 and 0 < N 5 <1). Asits
name suggests the income elasticity of labour supply corresponds to the income ef-
fect and is always negative. The total effect of a change in the gross wage is measured
by the uncompensated wage elasticity, ey = €5y, — €1 = (oom — 1)(1 — N¥%), which
may be positive, zero, or even negative, depending on the magnitude of o¢ys. If the
elasticity of substitution between leisure time and consumption exceeds unity (i.e.
ocm > 1), then the substitution effect dominates the income effect and thus labour
supply is an increasing function of the real wage. Otherwise, the income effect domi-
nates the substitution effect, and labour supply slopes backwards. Empirical studies
report that the wage elasticity of labour supply (esw) is fairly small for males, but
bigger for females (see Pencavel, 1986 and Killingsworth and Heckman, 1986).

The demand and supply equations of the standard model of the labour market
(expanded with various tax rates) are given in linearized form by, respectively, equa-
tions (7.16) and (7.26). There are several ways to close the model. For example, the
equilibrium interpretation postulates flexible wages and assumes continuous market
clearing. Since we also wish to discuss the effect of different tax rates on unemploy-
ment, the disequilibrium interpretation requires the real wage to be fixed at a level
that is too high for market clearing. In Table 7.1 we summarize the effects of the dif-
ferent taxes on employment, the gross real wage rate, and unemployment for both
the equilibrium and disequilibrium interpretations of the model.

7.2.2.1 Tax effects with flexible wages and a clearing labour market

In this subsection we assume that the wage rate is flexible and clears the labour
market. Mathematically, we have that N = NP = N so that (7.16) and (7.26) can be
rewritten as:

—ep [@+ 0], (7.27)

N
N = eqy [ZTJ — éd — £%WéM +egly. (7.28)
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Table 7.1. Taxes and the competitive labour market

(a) Flexible wage (b) Fixed consumer wage
w N dau |« N du
~ I3 epes
Om SW -——"_ 90 ]0 0 —&5
esw +€p esw +€p
A €s1 E€DEgI
0 — 0 |1 —ep &+ €p
A esw +€ép  E&sw T é€p SW
- ~ € epe
GM = GA SW — -D=SW 0 1 —&p ED
esw +¢€p esw +€p
- € epe
95 - b - DEsw 0 0 —&D ED
esw + €p esw +€p
- € epe
e SW _ EDEsw 011 —ep ep
esw +é€p esw +€p
(s - - - 1 —¢p Esw + €D
Notes: (a) coefficients satisfy ep > 0, €5, > 0, €51 > 0;

(b) for a dominant substitution effect, ey = €5y — &1 > 0;
(c) stability condition is ey +ep > 0.
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Solving these expressions for N and @ we find:

eswbm — €s104 — epOE + eswbc
Ep + Esw

o= , (7.29)
' scswéM — esléA + stéE + €Swéc

N = —¢
b €D + Esw

(7.30)

For the sake of convenience, the various comparative static effects have been summa-
rized in panel (a) of Table 7.1. We now consider the labour market effects of several
tax policy initiatives.

First, suppose that the policy maker wishes to make the tax system more progres-
sive, without however, changing the average tax rate. In terms of Table 7.1(a), this
means that f3; > 0 and all other tax rates remain constant (4 = 8 = 8 = 0). Due
to the higher marginal tax rate, households supply less labour at the same gross real
wage rate, and labour supply shifts to the left, say from N§ to N} in Figure 7.4. The
equilibrium moves from Eg to E1, and the gross wage rate increases.® These results
have been reported in the row for 0 in Table 7.1(a). Obviously, because the labour
market clears there is no effect on unemployment.

Note that part of the tax increase is shifted from households to the firms, namely
the line segment BE;. This tax shifting phenomenon can be explained with the aid
of Figure 7.4. Following the tax shock, the price of labour paid by firms rises from
wo to wy. The price of labour that is received by households, however, falls from wg
to w'. Note that with the original marginal tax rate, N; units of labour would have
been supplied at the wage w’. It thus follows that the line segment AB represents
the part of the tax increase that is borne by households, whilst BE; is the part borne
by firms. The degree of tax shifting depends on the elasticities of the demand and
supply curves. For example, if labour demand is perfectly elastic (horizontal) then
households bear the full burden. At the opposite extreme, firms bear the full burden
if labour supply is vertical (and egpy = 0).

As a second policy shock, consider the case in which the policy maker increases
the average income tax (64 > 0), whilst keeping the marginal tax on labour and all
other taxes unchanged Oy = 0 = 6 = 0). Now the effects on the labour market
are completely different. The situation (for the case with egyy > 0) is depicted in
Figure 7.4. As a result of the higher average tax, households feel poorer (due to
the income effect) and decide to supply more labour. This shifts the labour supply
curve to the right, say from N to N5, and the equilibrium moves from Ey to Ep. As
a result of the tax increase, the gross real wage falls and employment rises. What
is the degree of tax shifting in this case? Because the taxes affecting labour supply
via the substitution effect (i.e. 8 and 6c) are unchanged, the traditional incidence
analysis is not relevant. It is nevertheless possible to decompose the total effect on
wages into a part borne by households and a part borne by firms. If labour supply
were inelastic (egy = 0), then N’ units of labour would be supplied inelastically
after the tax shock, labour market equilibrium would be at point F, and the wage
would fall from wy to w”. With elastic labour supply (esy > 0), however, labour
market equilibrium occurs at point E; and the wage settles at w,. Hence, because
of the wage effect in labour supply, firms have to pay w, instead of w”. Hence, the

6This holds regardless of the sign of egy, provided the stability condition gy + ep > 0 is satisfied. In
terms of Figure 7.4, the labour supply curve can be downward sloping (esy < 0) but it must be steeper
than the labour demand curve. Otherwise, high wages would be associated with excess demand for
labour. There is no plausible real wage adjustment mechanism that would lead to stability in that case.
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Figure 7.4: The effects of taxation when wages are flexible

line segment DF represents the part of the tax effect on wages that is borne by firms,
whilst CD is the part borne by households.

7.2.2.2 Tax effects with rigid consumer wages and unemployment

Assume now that (for whatever reason) the real consumer wage is exogenously fixed
above the level consistent with full employment. The real consumer wage is defined
as the real wage after income taxes and the tax on goods have been taken into ac-
count, i.e. we = w(l —64)/(1+ 60¢). Inloglinearized form we have that:

We=w—0, — 0. (7.31)

In view of this definition, equations (7.16) and (7.26) can be rewritten in terms of the
exogenous real consumer wage:

NP = —&p [TIJC-!-gA-i-éE-i-éc], (7.32)
NS = eswc + Sgw [éA - éM] . (7.33)

By assumption the real consumer wage is too high for full employment, so that the
minimum transaction rule’ says that employment is determined by the demand for
labour, i.e. N = NP which implies in loglinearized form that N = NP. The unem-
ployment rate is defined as U = (N° — NP)/N® ~ In N® — In NP, so that we have
for the change in the unemployment rate:

du = N° — NP, (7.34)

Equations (7.32)—(7.34) determine employment, labour supply, and the unemploy-
ment rate as a function of the tax rates and the exogenous real consumer wage.
Equation (7.31) can be used to determine what happens to the gross real wage.

"This rule states that the short side of the market determines the quantity that is actually traded. Mar-
ket exchange is voluntary and nobody is forced to trade more than he/she wishes. The actual amount
traded is thus the minimum of demand and supply.
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Figure 7.5: The effects of taxation with a fixed consumer wage

Consider first what happens if the marginal tax rate on labour is increased (6 >
0), leaving all other taxes unchanged (04 = 0 = 6c = 0). For the given real con-
sumer wage, labour supply is decreased and labour demand is unchanged. Conse-
quently, unemployment is reduced. Some of the unemployed hours of labour are no
longer supplied due to the disincentive effect of the higher marginal tax rate. This
policy experiment has been illustrated in Figure 7.5, where RCW depicts the real
consumer wage, Nj is the initial labour supply curve, and NP is the initial labour
demand curve. The economy is initially at Eg and unemployment is given by the line
segment EgA. The tax shock shifts the labour supply curve to the left, say from N§
to N7. Provided the shock is not too large, the consumer-wage restriction remains
binding and point B lies to the right of point Eg. There is no effect on employment
and the reduction in unemployment is represented by the horizontal segment BA.
It follows from (7.31) that the gross wage rate remains constant, i.e. @ = 0 (since
ZTJC:éA=§C=0).

As a second policy shock, consider the case in which the policy maker increases
the average income tax (64 > 0), whilst keeping the marginal tax on labour and all
other taxes unchanged (0y; = 0 = 0c = 0). There are several effects. It follows
from (7.32) that labour demand shifts to the left, say from NP to NP in Figure 7.5.
Similarly, we find from (7.33) that labour supply shifts to the right, say from N to
Nj. The employment point moves from E to C and unemployment increases from
EpA to CD. Why is employment reduced in such a dramatic fashion? The answer is
furnished by (7.31), which implies that @ = 64 > 0 (since wc = Bc = 0). Taken
in isolation an increase in the average tax rate leads to a reduction in the consumer
wage which can only be undone by an increase in the gross wage rate. And since
labour demand is at the short side of the market the increase in the gross wage rate
translates directly into an employment reduction.

The students are advised to work through the remaining entries of Table 7.1(b),
and verify their understanding by drawing pictures.
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Figure 7.6: Labour demand and supply and the macroeconomic wage equation

7.2.3 The Holy Grail of macroeconomics

There exists a fundamental tension in the labour market theories that are based
on perfectly competitive behaviour and flexible wages. From microeconometric re-
search we know that the labour supply curve of (especially male) workers is highly
inelastic (almost vertical). Macroeconometric research, on the other hand, shows
that employment does fluctuate, for example due to productivity or demand shocks,
without significant wage fluctuations occurring. In terms of Figure 7.6, this im-
plies that the macroeconomic supply equation is not vertical but (almost) horizontal.
What could be the microeconomic rationale behind such a horizontal real wage equa-
tion? In other words, why are real wages inflexible? A number of theories have been
proposed to answer this question. In the remainder of this chapter we study two of
these in detail, namely a theory based on the wage setting power of labour unions
(in Section 7.3) and a theory based on wages acting as an incentive and motivation
device for workers (in Section 7.4).

7.3 Trade unions and the labour market

The typical layman’s sentiment about trade unions probably runs as follows. Pow-
erful trade unions are just like monopolists. They sell labour dearly, cause high real
wages, and hence are really to blame for low employment and high unemployment.
In this section we evaluate this sentiment using the tools of neoclassical economics.
We proceed as follows. First, in subsection 7.3.1 we study trade union behaviour in
a partial equilibrium setting, i.e. we consider the case with a single representative
union interacting with a single representative firm. Second, in subsection 7.3.2 we
investigate a general equilibrium model of the dual economy in which firms oper-
ating in the primary sector are unionized and firms in the secondary sector are not.
Under certain conditions the layman’s sentiments about trade unions are shown to
be correct.
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7.3.1 Unions in partial equilibrium

We study the interaction between a single perfectly competitive firm and a single
union. The firm is obliged to buy its labour inputs from the union. In order to
prepare for the things to come we first characterize the objective functions of the two
parties, starting with the description of union behaviour.

The trade union has a registered membership of T workers whose labour market
interests it represents. We assume that labour is indivisible, i.e. the worker is either
employed on a full-time basis and works for L = L hours, or he is unemployed in
which case L = 0. Each unemployed worker receives the unemployment benefit B
from the government. The worker enjoys both consumption C and leisure 1 — L and
has a direct utility function which we write as ®(C,1 — L). Under the assumption
that workers have no non-labour income and do not save or borrow, it follows that
an unemployed worker attains the utility level u*(b) = ®(b, 1) where b = B/P is the
real dole payment and P is the price level. In contrast, an employed worker receives
wage income WL, where W is the nominal wage rate. As a result he achieves the
utility level u®(w) = ®(wL,1 — L), where w = W/P is the real wage rate.?

All individuals are identical and in each period the union randomly selects T¢ of
its members to be employed during that period. It follows that each worker has the
probability T% of being employed in a particular period. Obviously, the probability

of being unemployed is given by 1 — TTB Following Booth (1995, p. 91) we assume
that the objective function of the representative trade union, V(w, L), is the expected
utility of a representative union member:

¢ T

V(w, T¢) = TT u(w) + [1 - T] ~u(b). (7.35)

Of course the union cannot employ more members than it has, i.e. T¢ < T is a
feasibility constraint. But by employing T° of its members, who each work for L
hours, the union effectively supplies N = T°L hours of labour to the firm so that the
union’s objective function can be rewritten in a more convenient form as:

N N
V(W N) = a1 (@) + [l - Nmax] U (b), (7.36)
where N™@ = TL is the maximum amount of hours the union can supply, and

% and 1 — % represent the probabilities of, respectively, being employed or
unemployed in a particular period.

The representative firm is modelled in the standard fashion. The short-run pro-
duction function is written as Y = AF(N, K), where Y is output, K is the fixed capi-
tal stock, A is a productivity index, and F(-, -) features constant returns to scale and
positive but diminishing marginal labour productivity (Fy > 0 > Fyy). Nominal
short-run profit of the firm is defined as II = PY — WN so that the (short-run) real
profit function can be written as:

n(w, N) = AF(N,K) — wN. (7.37)

8n the jargon of microeconomics, ®(C,1 — L) is the direct utility function, and u°(w) and u*(b) are
indirect utility functions. An indirect utility function differs from a direct utility function in that it depends
on prices and income rather than on quantities. The two are intricately linked, however. Indeed, the
indirect utility function is obtained by substituting the optimal quantity choices of the household back
into the direct utility function.
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Figure 7.7: The iso-profit locus and labour demand

All models discussed in this section can be solved graphically. In order to do so,
however, a number of graphical schedules must be derived. First, the labour de-
mand schedule is obtained by finding all (w, N) combinations for which profit is
maximized by choice of N. Formally, we have 7ty = 971/9dN = 0, which yields:

iy = AFN(N,K) —w =0 & NP = NP(w, A,K), (7.38)

where N = NP (-)/ow < 0, N} = aNP(-)/dA > 0,and N2 = oaNP(-)/oK > 0.
The labour demand curve is downward sloping in (w, N) space—see Figure 7.7.

The second graphical device that is needed to characterize the firm is the iso-profit
curve. It represents the combinations of w and N for which profits attain a given level.
It can be interpreted as the firm’s indifference curve. The slope of an iso-profit curve
can be determined in the usual f<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>