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xv

Preface

Soil	liquefaction	is	a	phenomenon	in	which	soil	loses	much	of	its	strength	or	stiffness	for	a	
generally	short	time	but	nevertheless	long	enough	for	liquefaction	to	be	the	cause	of	many	
failures,	with	both	deaths	and	some	very	large	financial	 losses.	Unsurprisingly,	 there	 is	a	
vast	literature	on	liquefaction.	Apart	from	a	sustained	set	of	contributions	to	the	usual	jour-
nals	over	the	past	30	years	or	so,	there	have	been	publications	by	university	departments	
specializing	 in	 the	subject,	 specialty	conferences,	 theme	sessions	at	geomechanics	confer-
ences,	state-of-the-art	papers,	two	Rankine	lectures,	the	Canadian	Liquefaction	Experiment	
(Canlex),	a	book	by	the	National	Research	Council	(United	States)	and	research	competi-
tions	sponsored	by	 the	National	Science	Foundation	 to	 test	 theories	and	modelling	 tech-
niques	(VELACS,	in	particular).

So	where	does	this	book	fit	in?	The	first	edition	was	far	from	a	balanced	view	of	the	litera-
ture	10	years	ago,	the	first	edition	taking	the	view	that	liquefaction	was	simply	a	particular	
aspect	within	a	wider	spectrum	of	soil	behaviour.	Significantly,	it	was	a	computable	aspect	
with	details	of	stress–strain	behaviour	being	readily	computed	in	a	spreadsheet	using	con-
ventional	soil	properties.	Necessarily,	dealing	with	liquefaction	as	a	computable	behaviour	
required	critical	state	soil	mechanics	and	a	generalized	version	of	CSSM,	which	is	not	as	
difficult	as	it	might	seem.	The	first	edition	was	well	received,	quickly	garnering	extensive	
citations	and	shifting	the	discussion	away	from	the	engineering�geology	view	that	so	under-
pinned	North	American	liquefaction	practice	at	the	time.	This	edition	extends	and	builds	on	
the	first	edition	in	three	main	ways.

The	 first	 enhancement	 is	 the	 treatment	 of	 cyclic	 mobility.	 There	 are	 now	 more	 data	
available,	both	laboratory	data	and	with	most	of	the	case	history	record	becoming	public	
domain	rather	than	proprietary.

The	 second	 enhancement	 is	 computational.	 While	 the	 first	 edition	 was	 based	 on	
constitutive	modelling,	 it	was	mostly	 at	 the	 element	 level	 of	 laboratory	 tests.	Given	our	
acceptance	of	the	doctrine	if�you�cannot�compute,�then�you�have�got�nothing,	this	second	
edition	now	extends	 from	 laboratory	 tests	 to	finite	 element	analyses	with	a	new	chapter	
(Chapter	8)	and	a	new	appendix	(Appendix	D).	This	new	material	is	usable	in	engineering	
practice,	at	least	for	those	willing	to	roll	up	their	sleeves	and	learn	how,	as	it	is	based	on	an	
extension	of	public-domain	finite	element	software.	It	is	not	as	convenient	as	a	user-defined	
model	in	a	geotechnical	modelling	platform,	but	vastly	better	for	research	students	who	are	
our	target	readers	for	this	new	material.	Much	better	analyses	of	the	case	history	record	are	
needed,	as	there	is	still	a	mismatch	between	the	laboratory	and	full-scale	experience.	There	
are	reasonable	grounds	for	thinking	that	the	causes	of	the	mismatch	come	down	to	local	
pore	water	migration	and	stochastic	variation	in	void	ratio,	but	fairly	sophisticated	finite	
element	analyses	are	needed	to	investigate	these	effects	and	the	code	offered	is	a	starting	
point	for	such	work.
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The	third	enhancement	is	application	in	practice.	We	have	given	a	number	of	talks	based	
on	the	first	edition,	and	it	has	become	apparent	that	while	the	first	edition	was	a	 ‘pretty	
good	text	on	constitutive	modelling’	(quote	from	an	international	conference),	mathematical	
rigour	was	less	useful	to	consulting	engineers.	So	we	have	added	a	new	chapter	(Chapter	9)	
to	assist	with	bringing	the	critical	state	approach	into	engineering	practice.

Of	course,	there	are	other	additions	such	as	tabulation	of	more	laboratory	tests	on	silt	
materials,	CPT	calibration	chamber	data	and	a	new	appendix	(Appendix	H)	to	convince	
you	that	we	are	continuing	a	125-year	thread	of	understanding	soil	behaviour	(and	with	
Original	Cam	Clay	being	a	special	case	of	this	more	general	view).

We	 have	 also	 removed	 some	 material	 from	 the	 first	 edition,	 mostly	 where	 issues	 have	
been	clarified	and	a	‘on	one	hand	this,	on	the	other	that’	is	no	longer	needed.	There	is	now	
a	settled	view.

As	the	aim	of	this	book	is	to	help	and	not	to	intimidate,	the	first	edition	made	the	files	used	
to	create	plots	downloadable	from	the	Internet,	including	the	supporting	raw	data.	We	have	
gone	further	for	this	second	edition,	both	with	better	cross-referencing	to	data/routines	in	
the	text	and	a	lot	more	being	made	downloadable.	There	are	now	more	programs,	and	these	
programs	are	better	documented	with	comments	back	to	the	source	equations	in	this	book.	
How	to	download	is	presented	after	the	Acknowledgements.

We	also	draw	your	attention	to	the	appendices,	which	contain	detailed	derivations	that	
you	will	not	find	in	published	papers	(and	which	textbooks	do	not	usually	explain	either).	
We	trust	that	there	is	no	equation	in	this	book	that	appears	without	an	appropriate	deriva-
tion.	The	appendices	 also	document	 testing	procedures,	 give	 the	 entire	database	of	 cone	
chamber	calibration	tests	and	have	details	on	interesting	case	histories	as	well	as	records	of	
difficult-to-find	information.	These	appendices	are	a	substantive	part	of	the	book.

Mike	Jefferies,	Peng
Consulting�Engineer

Ken	Been,	Peng
Principal

Golder�Associates�Ltd.
Burnaby,�British�Columbia,�Canada
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Downloading soil liquefaction files

Downloadable	files	are	an	important	feature	of	this	book.	They	proved	popular	with	the	
first	edition,	and	we	have	enhanced	and	expanded	what	can	be	downloaded	for	this	second	
edition.	The	background	to	these	downloads	is	as	follows.

A	 premise	 of	 this	 book	 is	 that	 soil	 liquefaction	 is	 simply	 a	 computable	 aspect	 of	 soil	
stress–strain	behaviour	requiring	no	new	soil	properties	or	concepts.	All	fine,	but	the	meth-
ods	to	do	this	are	nearly	all	numerical.	And	while	we	suggest	that	at	least	the	simpler	stuff	
(e.g.	Cam	Clay)	be	programmed	in	a	spreadsheet	by	every	reader	(as	 this	will	show	how	
simple	the	framework	truly	is),	it	gets	a	bit	tedious	to	program	things	like	cyclic	simple	shear	
from	scratch.	Thus,	all	the	programs	underlying	this	book	are	provided	as	commented	and	
documented	open-source	code.	Most	programs	run	in	the	VBA	environment	lying	behind	
the	 Excel	 spreadsheet,	 with	 the	 source	 code	 being	 visible	 (and	 modifiable)	 from	 within	
Excel.	All	you	need	to	do	is	download	the	relevant	xls	file	and	the	source	code	comes	along	
with	it.	Other	source	code	is	Fortran90	and	C++,	both	of	which	require	a	little	more	effort	
with	compilers.

A	further	reason	to	download	the	soil	modelling	xls	files	is	seeing	the	simulations	come	
alive	on	a	screen,	which	is	way	more	interesting	than	looking	at	the	plots	only	on	paper,	and	
it	allows	easy	exploration	of	the	effect	of	changing	properties	and	state	on	soil	response.	
Running	simulations	gives	a	feel	for	things.	Plus,	plot	scales	can	be	changed	and	so	forth	if	
you	are	interested	in	some	detail	that	is	not	apparent	at	the	normal	scale.

A	second	premise	of	this	book	is	that	we	want	all	readers	to	follow	the	Russian	proverb	
‘trust	is	wonderful,	but	distrust	is	better’.	Flippancy	aside,	this	principle	is	becoming	embed-
ded	in	Codes	of	Practice,	which	place	an	obligation	on	engineers	to	validate	their	design	data	
and	methods	(e.g.	see	EN1997-1	Clause	1.5.2.2	and	Clause	2.1-7).	Validation	is	much	more	
than	citing	a	particular	paper	for	some	aspect,	as	peer	review	and	publication	is	 in	 itself	
not	a	guarantee	of	adequacy	 (evident	 from	instances	of	competing,	different	views	being	
published	concurrently	across	many	areas	of	science,	including	geotechnical	engineering).	
Validation	requires	 that	engineers	dig	 into	 the	data/information	behind	their	methods	 to	
satisfy	themselves	that	the	data	are	relevant,	and	the	method(s)	appropriate,	for	the	situa-
tion	being	considered.	Accordingly,	we	have	made	our	data	public	domain,	with	the	various	
figures	in	this	book	being	traceable	back	to	the	source	data.	The	data	also	provide	an	archive	
source	for	those	who	wish	to	go	further.

This	sharing	of	knowledge	is	a	Golder�Value	from	the	founding	of	the	company,	reflect-
ing,	in	part,	the	older	value	of	learned	societies	that	dominated	the	progress	in	engineering	
from	the	start	of	the	industrial	revolution	in	the	United	Kingdom.	Downloads	at	the	time	
of	writing	are	hosted	by	Golder	Associates	at	www.golder.com/liq,	but	this	is	anticipated	
to	change	in	the	future.	Golder	has	established	a	foundation	for	Furthering�Knowledge�and�
Learning;	see	www.golderfoundation.org	(Golder	Associates,	2015).	It	is	expected	that	the	
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downloads	for	this	book	will	be	transferred	to	the	Golder	Foundation	as	that	sharing	of	
knowledge	is	our	intent.	Do	check	the	Golder	Foundation	website.

Given	the	speed	at	which	the	first	edition	sold	out,	and	the	citations	in	the	literature	to	it,	
we	expect	this	second	edition	to	be	in	print	long	after	we	have	retired.	So	we	have	estab-
lished	a	second	source	of	downloads	via	the	publisher	available	at	the	CRC	Press	website:	
http://www.crcpress.com/product/isbn/9781482213683.

When	downloading,	please	check	the	readme�file	as	that	provides	the	structure	to	what	
is	where,	as	well	as	notes	about	the	various	files.	Because	much	of	the	interesting	data	on	
liquefaction	are	hidden	in	hard-to-access	files	at	universities,	consultants	and	research	orga-
nizations,	we	have	also	made	available	all	sorts	of	source	data	that	we	have	found	useful.

All	of	the	downloads	are	subject	to	Terms	and	Conditions	which	add	up	to	use�at�your�
own�risk.	Hopefully,	this	will	not	be	an	issue	for	data.	In	the	case	of	programs	and	source	
code,	this	is	all	released	under	the	GNU�General�Public�License�Version�2	published	by	the	
Free	Software	Foundation.	This	means	you	may	freely	copy,	use	and	distribute	the	down-
loaded	source	code	provided	that	it	remains	open	source	with	its	origin	acknowledged.
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1

Chapter 1

Introduction

1.1  What Is thIs Book aBout?

Soil	liquefaction	is	a	phenomenon	in	which	soil	loses	much	of	its	strength	or	stiffness	for	a	
generally	short	time	but	nevertheless	long	enough	for	liquefaction	to	be	the	cause	of	many	
failures,	deaths	and	major	financial	 losses.	For	example,	the	1964	Niigata	(Japan)	earth-
quake	 caused	damage	 for	more	 than	$1	billion	 and	most	of	 this	 damage	was	 related	 to	
soil	 liquefaction.	The	Aberfan	(Wales)	colliery	spoil	slide	was	caused	by	liquefaction	and	
killed	144	people	 (116	of	whom	were	children)	when	 it	 inundated	a	school.	Liquefaction	
was	involved	in	the	abandonment	of	the	Nerlerk	(Canada)	artificial	island	after	more	than	
$100	million	had	been	spent	on	its	construction.	Liquefaction	at	Lower	San	Fernando	Dam	
(California)	required	the	immediate	evacuation	of	80,000	people	living	in	its	downstream.	
Liquefaction	 is	an	aspect	of	 soil	behaviour	 that	occurs	worldwide	and	 is	of	 considerable	
importance	from	both	public	safety	and	financial	standpoints.

In	 terms	of	age	of	 the	subject,	 Ishihara	 in	his	Rankine	Lecture	 (Ishihara,	1993)	sug-
gests	that	the	term	spontaneous	liquefaction	was	coined	by	Terzaghi	and	Peck	(1948).	The	
subject	is	much	older	than	that,	however.	Dutch	engineers	have	been	engineering	against	
liquefaction	for	centuries	in	their	efforts	to	protect	their	country	from	the	sea.	Koppejan	
et al.	(1948)	brought	the	problem	of	coastal	flowslides	to	the	soil	mechanics	fraternity	at	
the	Second	International	Conference	in	Rotterdam.	In	the	last	paragraph	of	their	much-
cited	paper,	 they	mention	flowslides	 in	the	approach	to	a	railway	bridge	near	Weesp	 in	
1918	 triggered	 by	 vibrations	 from	 a	 passing	 train.	 They	 claim	 that	 this	 accident,	 with	
heavy	casualties,	was	the	immediate	cause	of	the	start	of	practical	soil	mechanics	in	the	
Netherlands.

At	about	 the	 same	 time,	Hazen	 (1918)	 reporting	on	 the	Calaveras	Dam	failure	clearly	
recognized	the	phenomenon	of	liquefaction	and	the	importance	of	pore	pressures	and	effec-
tive	stresses.	If	the	files	of	the	U.S.	Corp	of	Engineers	are	consulted,	one	finds	that	Colonel	
Lyman	densified	fill	for	the	Franklin	Falls	Dam	(part	of	the	Merrimack	Valley	Flood	Control	
scheme)	in	the	late	1930s	specifically	to	ensure	stability	of	the	dam	from	liquefaction	based	
on	 the	concept	of	critical	void	ratio	given	 in	Casagrande	 (1936).	Reading	 these	files	and	
reports	is	an	enlightening	experience	as	Casagrande	discussed	many	topics	relevant	to	the	
subject	today,	and	Lyman’s	report	(Lyman,	1938)	of	the	Corps’	engineering	at	Franklin	Falls	
is	a	delight	that	historians	of	the	subject	will	enjoy.

We	will	not	attempt	our	own	definition	of	liquefaction,	or	adopt	anyone	else’s,	beyond	the	
first	sentence	of	this	book.	Once	it	is	accepted	that	liquefaction	is	a	constitutive	behaviour	
subject	to	the	laws	of	physics,	it	becomes	necessary	to	describe	the	mechanics	mathemati-
cally	and	the	polemic	is	irrelevant.

Liquefaction	evaluation	 is	only	considered	worthwhile	 if	 it	may	change	an	engineering	
decision.	Testing	and	analysis	of	liquefaction	potential	is	only	undertaken	in	practice	in	the	
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context	of	a	particular	project.	As	will	be	seen	later,	liquefaction	is	an	intrinsically	brittle	
process	and	the	observational	method	must	not	be	used.	If	liquefaction	is	a	potential	prob-
lem,	it	must	be	engineered	away.	Engineering	to	avoid	liquefaction	involves	processes	with	
often	 relatively	high	mobilization	 (start	up)	 costs,	 but	 a	 low	marginal	 cost	 of	 additional	
treatment.	So	if	liquefaction	may	be	a	problem,	then	the	construction	costs	to	avoid	it	may	
show	considerable	independence	from	the	potential	degree	of	liquefaction	or	desired	safety	
factor	 against	 liquefaction.	 Many	 practical	 problems	 simply	 become	 go/no-go	 decisions	
for	near	fixed	price	ground	modification.	In	such	situations,	there	is	nothing	to	be	gained	
from	elaborate	testing	and	analysis	if	it	will	not	change	the	decision.	As	it	turns	out,	many	
projects	with	possible	liquefaction	issues	fall	into	this	class.

One	might	mistakenly	take	such	a	decision-driven	approach	to	be	pragmatic	and	anti-
theory.	This	is	not	the	case	and	theory	has	a	crucial	role.	More	particularly,	relevant	theory	
must	be	much	more	than	some	vague	liquefaction	‘concept’	or	definition.	A	full	constitutive	
model	 is	used	to	predict	not	 just	when	liquefaction	occurs	but	also	the	evolution	of	pore	
pressures	and	strains.	It	is	self-evident	that	liquefaction,	in	all	its	forms,	is	simply	another	
facet	 of	 the	 constitutive	 behaviour	 of	 soil	 and	 as	 such	 can	 only	 be	 properly	 understood	
within	 a	 background	 of	 constitutive	 theory.	 Why	 such	 an	 elaborate	 demand	 for	 theory?	
There	are	two	reasons.

Firstly,	the	literature	abounds	with	liquefaction	concepts	developed	on	the	basis	of	incom-
plete	 information	 or	 poorly	 formed	 theory.	 How	 are	 these	 many	 concepts	 to	 be	 distin-
guished?	Which	concepts	are	erroneous	if	applied	to	other	situations	because	they	missed	
crucial	factors?	Which	concepts	assume	one	form	of	behaviour	which,	while	a	reasonable	
approximation	within	any	given	limited	experience,	wrongly	predicts	outside	its	experience	
base?	 Which	 concepts	 are	 reasonable	 representations	 of	 the	 micro-mechanical	 processes	
actually	happening	between	the	soil	particles?	Demanding	a	full	constitutive	model	which	
works	 for	all	 testable	 stress	paths,	while	not	guaranteeing	 future	adequacy	 (and	 there	 is	
nothing	that	can	give	such	assurance),	does	at	 least	ensure	as	good	a	job	as	possible	and	
eliminates	ideas	that	are	intrinsically	wrong.

Secondly,	it	is	a	fact	of	life	that	civil	engineering	is	an	activity	with	little	opportunity	
for	full-scale	testing.	Correspondingly,	much	experience	is	based	on	a	few	(relative	to	the	
total	construction	market)	failures	for	which	there	is	often	limited	and	uncertain	infor-
mation.	This	necessity	 to	deal	with	what	might	be	called	rare	events	distinguishes	civil	
engineering	 from	the	many	other	branches	of	 engineering	 in	which	 it	 is	 feasible	 to	 test	
prototypes.	Further,	in	geotechnical	experience	there	are	generally	enough	free	(unknown)	
parameters	to	fit	any	theory	to	any	failure	case	history.	Correspondingly,	 there	 is	enor-
mous	potential	for	misleading	theories	to	be	perceived	as	credible	by	the	incautious.	Only	
by	using	theories	whose	adequacy	is	established	outside	the	case	history	can	the	profession	
limit	its	potential	for	being	misled.	It	is	not	an	overstatement	that	the	profession	can	be	
misled.	One	of	the	empirical	graphs	in	common	usage	is	a	plot	of	residual	shear	strength	
after	liquefaction	against	SPT	blow	count	(N	value),	first	proposed	by	Seed	(1987).	This	
graph	has	been	reproduced	many	times	with	additional	data	since	then	but	the	graph	is	
fundamentally	wrong	–	it	 ignores	the	initial	stress	level	on	one	axis	but	uses	a	pressure	
normalized	penetration	 resistance	on	 the	other	axis.	The	 implied	 relationship	 for	post-
liquefaction	strength	is	dimensionally	inconsistent,	and	the	chart	cannot	possibly	be	useful	
in	a	predictive	sense.

In	effect,	 the	approach	in	this	book	demands	that	the	profession’s	view	of	 liquefaction	
should	pass	what	 could	be	 called	a	variation	of	 the	Turing	 test:	 ‘if	 it	does	not	 compute,	
then	you	have	nothing’.	Turing,	1912–1954,	a	mathematician	and	 logician,	pioneered	 in	
computer	 theory	and	 logical	analyses	of	computer	processes.	Turing	computability	 is	 the	
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property	of	being	calculable	on	a	Turing	machine,	a	theoretical	computer	that	is	not	subject	
to	malfunction	or	storage	space	limits,	that	is,	the	ultimate	PC.	There	should	be	no	interest	
in	non-computable	 ‘concepts’	and	 liquefaction	dogma.	The	approach	 to	 liquefaction	pre-
sented	in	this	book	meets	this	criterion	of	computability.

Surely,	one	might	ask,	if	mechanics	is	so	good	then	why	not	rely	on	it?	The	answer	is	that	
there	are	factors	such	as	time,	scale	effects,	pore	water	migration,	strain	localization	and	
soil	 variability	 that	are	 routinely	neglected	 in	most	 theories,	 testing	and	design	methods	
but	 these	 factors	 are	 real	 and	 important.	 Emphasizing	practical	 experience,	 properly	 set	
in	a	plasticity	framework,	develops	an	understanding	of	what	is	formally	known	as	model	
uncertainty.

So	what	this	book	provides	is	a	mathematically	and	physically	consistent	view	of	an	impor-
tant	subject	with	a	strong	bias	to	real	soils	and	decisions	that	must	be	faced	in	engineering	
practice.	Because	a	lot	of	the	material	may	seem	intimidating,	derivations	are	included	in	
detail	so	that	the	origin	of	the	equations	is	apparent.	Samples	of	source	code	are	available	
from	a	website	so	that	the	reader	can	see	how	complex-looking	differentials	actually	have	
pretty	simple	form.	The	source	data	are	provided	as	downloadable	files,	so	that	this	book	
can	be	used	as	a	tutorial.	The	book	is	also	quite	a	bit	more	than	a	compendium	of	papers	
and	many	ideas	have	evolved	since	first	publication.

1.2  a CrItICal state approaCh

This	book	is	sub-titled	A�Critical�State�Approach	for	a	particular	reason.	Density	affects	
the	behaviour	of	all	 soils	–	crudely,	dense	 soils	are	 strong	and	dilatant,	 loose	 soils	weak	
and	compressible.	Now,	as	any	particular	soil	can	exist	across	a	wide	range	of	densities	it	is	
unreasonable	to	treat	any	particular	density	as	having	its	own	properties.	Rather,	a	frame-
work	is	needed	that	explains	why	a	particular	density	behaves	in	a	particular	way.	The	aim	
is	to	separate	the	description	of	soil	into	true	properties	that	are	invariant	with	density	(e.g.	
critical	friction	angle)	and	measures	of	the	soils	state	(e.g.	current	void	ratio	or	density).	Soil	
behaviour	should	then	follow	as	a	function	of	these	properties	and	state.

The	first	theory	offered	that	captured	this	ethos	was	what	became	known	as	critical	state	
soil	mechanics,	popularized	by	Schofield	and	Wroth	(1968)	with	the	Cam	Clay	idealized	the-
oretical	model	of	soil.	The	term	critical	state	derives	from	anchoring	the	theory	to	a	particular	
condition	of	the	soil,	called	the	critical	void	ratio	by	Casagrande	in	1936.	The	definition	of	
the	critical	state	will	come	later	but	for	now	just	note	that	the	critical	state	is	the	end	state	if	
the	soils	is	deformed	(sheared)	continuously.	The	neat	thing	about	the	critical	state,	at	least	
mathematically	and	philosophically,	is	that	if	the	end	state	is	known	it	then	becomes	simple	
to	construct	well-behaved	models.	You	always	know	where	you	are	going.

The	need	to	have	a	model	comes	back	to	the	earlier	statement	paraphrasing	Turing	–	if	
you	cannot	compute,	you	have	nothing.	Computing	needs	a	model.	These	days	there	are	
a	number	of	appropriate	models	to	choose,	but	the	choice	is	more	a	matter	of	detail	than	
fundamental.	Given	 the	philosophical	 view	 that	 the	model	 should	 explain	 the	 effect	of	
density	on	 soil	behaviour,	 it	 turns	out	 that	 (to	date)	only	models	 incorporating	 critical	
state	concepts	are	available.	So,	one	way	or	another,	things	get	anchored	to	a	critical	state	
view	once	the	requirement	is	invoked	for	computable	behaviour	with	density-independent	
properties.

Before	going	much	 further,	 it	 is	appropriate	 to	acknowledge	a	 related	school	of	 think-
ing.	 At	 about	 the	 same	 time	 as	 critical	 state	 soil	 mechanics	 was	 developing	 in	 England,	
workers	in	the	United	States,	in	particular	Castro	(1969)	with	guidance	from	Casagrande	
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at	Harvard,	put	forward	the	view	that	the	critical	state	during	rapid	shearing	was	the	end	
point	and	knowledge	of	this	end	point	allowed	the	solution	of	most	liquefaction	problems.	
The	critical	state	after	rapid	shearing	was	termed	the	steady�state.	On	the	face	of	it,	this	
approach	allowed	exceedingly	simple	analysis	of	a	complex	problem	–	a	post-liquefaction	
strength	(the	steady	state)	allows	engineering	of	stability	using	straightforward	undrained	
analysis.

Mathematically	 there	 is	 no	 difference	 between	 the	 definitions	 of	 steady	 and	 critical	
states	and	they	are	usually	taken	to	be	the	same.	So,	does	this	book	belong	to	the	Steady	
State	School?	The	answer	is	an	emphatic	no.	The	Steady	State	School	does	not	provide	a	
computable	model	or	theory.	In	contrast,	this	book	offers	a	constitutive	model	in	accor-
dance	with	established	plasticity	theory	that	computes	the	details	of	strains	and	pore	pres-
sures	during	liquefaction.	Critical	state	theory,	being	formulated	under	the	framework	of	
theoretical	plasticity,	 insists	on	consistent	physics	and	mathematics.	However,	 it	 is	also	
true	that	many	of	the	ideas	incorporated	in	critical	state	soil	mechanics	owe	as	much	to	
Cambridge,	Massachusetts,	as	Cambridge,	England.	The	similarities	and	differences	will	
be	discussed	 in	Chapters	2	and	3,	as	these	aspects	are	 interesting	both	historically	and	
intellectually.

The	basic	approach	is	to	anchor	everything	to	the	state	parameter,	ψ,	defined	in	Figure	
1.1.	The	state	parameter	is	simply	the	void	ratio	difference	between	the	current	state	of	the	
soil	and	the	critical	state	at	the	same	mean	stress.	The	critical	state	void	ratio	varies	with	
mean	effective	stress	and	is	usually	referred	to	as	the	critical	state	locus	(CSL).	Dense	soils	
have	negative	ψ,�and	loose	contractive	soils	have	positive	ψ.	Soil	constitutive	behaviour	is	
related	to	ψ,	and	liquefaction	behaviour	is	no	different	from	other	aspects	of	stress–strain	
response.

In	 summary,	 a	 critical	 state	 approach	 and	 associated	 generalized	 constitutive	 model	
(NorSand)	provide	a	simple	computable	model	that	captures	the	salient	aspects	of	liquefac-
tion	in	all	its	forms.	This	critical	state	approach	is	easy	to	understand,	is	characterized	by	
a	simple	state	parameter	(ψ)	with	a	few	material	properties	(which	can	be	determined	on	
reconstituted	samples)	and	lends	itself	to	all	soils.

Critical state locus (CSL)

ψ = e–ec

Current void ratio of the soil

Mean effective stress, p’
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Figure 1.1 Definition of state parameter ψ.
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1.3  experIenCe of lIquefaCtIon

In	writing	about	a	 subject	 like	 liquefaction	 there	are	always	questions	as	 to	how	much	
background	and	experience	 to	present	before	 introducing	 the	 framework	 in	which	 this	
information	is	to	be	assessed.	On	the	one	hand,	giving	all	the	theory	first	does	not	lead	
to	the	easiest	book	to	read	as	there	is	no	context	for	the	theory.	On	the	other	hand,	all	
information	without	any	framework	leads	to	confusion.	However,	given	the	premise	that	
only	full-scale	field	experience	can	provide	verification	of	models,	a	good	place	to	start	
is	to	describe	a	variety	of	liquefaction	experiences.	That	comprises	the	remainder	of	this	
chapter.	What	 liquefaction	 is,	places	 it	occurred	and	under	what	 circumstances	are	all	
illustrated	by	examples.	This	also	gives	an	appreciation	for	the	history	and	economic	con-
sequences.	However,	this	chapter	largely	stays	away	from	numbers	–	it	is	intended	to	give	
a	feel	for	the	subject,	no	more.

1.3.1  static liquefaction of sands: (1) fort peck Dam

Fort	Peck	Dam	is	a	classic	example	of	a	static	liquefaction	failure.	Dam	construction	was	
started	in	1934	on	the	Missouri	River	in	Montana,	about	70	miles	south	of	the	Canadian	
border.	The	hydraulic	fill	method	was	used	with	four	electrically	operated	dredges	assem-
bled	at	the	site.	River	sands	and	fine	grained	alluvial	soils	were	pumped	and	discharged	from	
pipelines	along	the	outside	edges	of	the	fill,	thus	forming	beaches	sloping	towards	the	central	
core	pool.	The	resulting	gradation	of	deposited	material	was	from	the	coarsest	on	the	outer	
edge	of	 the	fill	 to	 the	finest	 in	 the	core	pool.	The	foundation	consisted	of	alluvial	sands,	
gravels	and	clays,	underlain	by	Bearpaw	shales	containing	bentonitic	layers.

A	large	slide	occurred	in	the	upstream	shell	of	the	dam	near	the	end	of	construction	in	
1938.	At	the	time	of	failure,	the	dam	was	about	60	m	high	with	an	average	slope	of	4H:1V.	
The	failure	occurred	over	a	500	m	section	and	was	preceded	by	bulging	over	at	least	12 h	
prior	to	the	failure.	At	some	time	after	these	initial	strains,	a	flowslide	developed,	with	very	
large	displacements	(up	to	450	m)	and	very	flat	(20H:1V)	final	slopes.	About	7.5	million	m3	
of	material	was	involved	in	the	failure	and	eight	men	lost	their	lives.	The	post-failure	appear-
ance	was	that	of	intact	blocks	in	a	mass	of	thoroughly	disturbed	material.	There	were	zones	
between	islands	of	intact	material	that	appeared	to	be	in	a	quick	condition	with	sand	boils	
evident.	Figure	1.2	shows	an	aerial	view	of	the	Fort	Peck	Dam	failure	illustrating	the	nature	
of	the	slide	and	the	great	distance	moved	by	the	failed	mass.

A	history	of	Fort	Peck	Dam	and	its	construction	can	be	found	at	http://www.fortpeckdam.
com	 (Sigmundstad,	 2015),	 giving	 many	 engineering	 details	 and	 photographs	 of	 practical	
aspects	and	the	characters	involved.	This	website	also	records	observations	by	the	workmen	
on	the	dam	leading	up	to	the	failure	and	it	is	well	worth	the	time	to	visit.	The	Fort	Peck	story	
is	fascinating	as	a	history	of	a	large	civil	engineering	project	from	the	depression	era,	as	well	
as	a	humbling	example	of	the	practical	consequences	of	liquefaction.

The	Fort	Peck	Dam	slide	was	investigated	by	a	nine-man	review	board,	whose	members	
held	diverse	views	about	the	cause	of	failure.	A	majority	of	the	board	concluded	that	the	
slide	was	caused	by	shear	failure	of	the	shale	foundation	and	that	‘the	extent	to	which	the	
slide	progressed	upstream	may	have	been	due,	in	some	degree,	to	a	partial	liquefaction	of	
the	material	in	the	slide’.	The	minority	(including	Casagrande)	view	was	that	‘liquefaction	
was	triggered	by	shear	failure	in	the	shale,	and	that	the	great	magnitude	of	the	failure	was	
principally	due	to	liquefaction’.	Interestingly,	Casagrande	(1975)	reports	that	he	was	also	
forced	to	the	conclusion	that	sand	located	below	the	critical	void	ratio	line,	as	he	had	defined	
it	in	1936,	can	also	liquefy.	(This	aspect	will	be	discussed	later.)	Studies	by	the	Army	Corp	
of	Engineers	both	soon	after	the	slide	and	during	a	re-evaluation	of	the	stability	of	the	dam	
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in	1976	(Marcuson	and	Krinitzsky,	1976)	indicate	that	the	relative	density	of	the	sand	was	
probably	about	45%–50%.	This	is	not	especially	loose.

The	Fort	Peck	Dam	failure	is	important	as	it	appears	to	have	effectively	put	an	end	to	the	
practice	of	hydraulic	fill	construction	of	water	retention	dams	in	the	United	States.	After	
Fort	Peck	it	became	normal	practice	to	compact	sand	fills	in	dams.	Failure	of	the	Calaveras	
Dam,	which	was	also	constructed	by	hydraulic	fill,	had	been	reported	as	early	as	1918	by	
Hazen	and	been	attributed	to	liquefaction	(Hazen,	1918,	1920)	so	Fort	Peck	Dam	was	not	
a	‘one-off’	event.

1.3.2  static liquefaction of sands: (2) nerlerk berm

As	if	to	emphasize	that	Fort	Peck	was	not	a	one-off,	a	very	similar	failure	arose	through	a	
similar	basal	extrusion	mechanism	nearly	50 years	later	(once	the	lessons	of	Fort	Peck	had	
been	forgotten?).	Oil	exploration	of	the	Canadian	Beaufort	Sea	Shelf	is	constrained	by	the	
area	being	covered	by	ice	for	nine	months	of	the	year.	This	ice	can	move,	and	moving	can	
cause	large	horizontal	loads	on	structures.	As	the	ice	crushes,	the	loading	has	the	nature	
of	fluctuating	and	periodic	force.	The	technology	that	developed	for	oil	exploration	in	this	
region	was	to	use	caisson	retained	islands,	in	which	a	caisson	is	combined	with	sand	fill.	
Ice	forces	are	resisted	by	the	weight	of	the	sand	fill,	while	the	caisson	minimizes	the	volume	
of	sand	and	allows	construction	in	the	 limited	period	of	the	summer	open	water	season.	
Sandfill	is	typically	hydraulically	placed	and	usually	undensified.	Achieved	density	depends	
on	the	details	of	the	hydraulic	placement,	but	is	usually	a	little	to	significantly	denser	than	
the	critical	state	when	clean	(<3%	silt)	sands	are	used.	Jefferies	et al.	(1988a)	give	the	back-
ground	to	the	development	of	the	technology	and	details	of	some	islands.

Nerlerk	B-67	was	 to	be	an	exploration	well	drilled	 in	45	m	of	water	 in	 the	Canadian	
Beaufort	Sea	in	the	winter	during	1983/1984.	The	platform	was	to	be	Dome	Petroleum’s	

Figure 1.2  Aerial view of Fort Peck failure. (From U.S. Army Corp of Engineers, Report on the slide of a por-
tion of the upstream face at Fort Dam. US Government Printing Office, Washington, DC, 1939.)
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SSDC	structure,	founded	on	a	36	m	high	sand	berm	constructed	on	the	seabed.	Foundation	
conditions	consisted	of	a	1–2	m	thick	veneer	of	soft	Holocene	clay	underlain	by	dense	sand.	
Construction	of	the	berm	started	in	1982,	using	dredged	sand	fill	from	the	distant	Ukalerk	
borrow	 source	brought	 to	 site	 in	hopper	dredges.	This	 sand	was	bottom	dumped	 in	 the	
central	area	of	the	berm,	in	an	attempt	to	promote	displacement	of	the	clay	layer	outwards.	
Because	of	the	large	fill	volumes	required	for	an	island	of	this	height,	the	local	seabed	sand	
was	also	exploited	by	dredging	and	pumping	it	to	site	through	a	floating	pipeline.	This	local	
borrow	was	a	finer	sand	and	was	placed	on	the	outer	parts	of	the	berm	through	various	
designs	of	discharge	nozzle	to	maximize	the	side	slopes	obtained.	About	3	million	m3	of	
material	was	placed	in	1982	before	the	end	of	the	offshore	construction	season.

Construction	commenced	again	in	July	1983,	using	only	the	local	Nerlerk	borrow	and	
pipeline	placement	of	fill	through	a	new	‘umbrella’	discharge	nozzle.	Care	was	taken	about	
placing	the	fill	around	the	slopes	of	the	island	to	maintain	side	slopes	of	5H:1V.	A	week	after	
restart	of	 construction,	on	20	 July	1983,	bathymetric	 surveys	 revealed	 that	 a	 significant	
part	of	the	Nerlerk	berm	had	disappeared	with	the	berm	still	10	m	below	its	design	level.	
Construction	continued	and	more	failures	occurred.	A	total	of	six	large	mass	failures	of	the	
Nerlerk	berm	were	reported.	Actually,	the	first	failure	occurred	at	the	end	of	the	1982	con-
struction	season	and	was	seemingly	unrecognized	at	the	time.	Slide	5	in	1983	was	triggered	
as	part	of	an	experiment	to	obtain	a	better	understanding	of	the	problem.	The	volume	of	
sand	fill	involved	in	each	failure	is	enormous.

A	typical	cross-section	through	the	Nerlerk	berm	at	the	time	of	the	first	failure	in	1983	is	
shown	in	Figure	1.3	(Been	et al.,	1987a),	while	Figure	1.4	shows	a	plan	sketch	of	the	failures	
reported	by	Sladen	et al.	(1985a)	as	well	as	the	pre-	and	post-failure	profiles	at	the	location	
of	Slide	3.	The	post-failure	slopes	were	very	low	at	the	toe	(about	1V:30H),	but	also	quite	
steep	in	the	back-scarp	zone	(about	1V:7H).	The	run	out	of	the	failed	slopes	appeared	con-
siderable,	but	not	very	well	defined	by	the	bathymetric	surveys	which	were	at	the	limit	of	
their	resolution.	It	appears	that	the	Nerlerk	berm	liquefied	under	static	loading	conditions,	
and	that	it	involved	mainly	the	local	Nerlerk	sand	placed	through	a	pipeline	with	the	denser	
bottom	dumped	Ukalerk	sand	in	the	centre	of	the	berm	largely	unaffected.

Nerlerk	failures	sparked	considerable	interest	and	discussion	amongst	the	Canadian	oper-
ating	companies	regarding	the	rational	design	and	safe	performance	of	hydraulic	fills	and	
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8  Soil liquefaction: A critical state approach

caisson	islands	in	the	Beaufort	Sea.	Besides	the	estimated	$100+	million	cost	of	the	Nerlerk	
failure,	there	were	issues	related	to	the	feasibility	of	exploration	from	sand	islands	in	deep	
water,	pipeline	placement	of	dredged	fill,	and	whether	compaction	of	fills	would	be	necessary.

The	undrained	strength	of	the	clay	layer	underlying	the	Nerlerk	berm	was	estimated	to	be	
about	7	kPa	at	the	time	of	the	first	failure	in	1982.	This	strength	is	based	on	samples	of	the	
clay	taken	adjacent	to	the	site	in	1988,	because	no	data	were	available	prior	to	construction.	
It	is	assumed	that	no	strength	gain	had	occurred	by	the	end	of	1982	construction	season.	
The	strength	at	the	time	of	failures	in	1983	would	likely	have	been	greater	as	a	result	of	
consolidation	under	the	loads	imposed	by	the	1982	fill,	although	there	is	evidence	that	con-
fined	shear	strains	substantially	delay	consolidation	and	can	even	lead	to	rising	pore	pres-
sures	for	a	year	or	more	(Becker	et al.,	1984).	Assuming	that	consolidation	was	not	delayed,	
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Introduction  9

undrained	strengths	were	probably	20–25	kPa	under	the	centre	of	the	island	and	12–15	kPa	
on	average	under	the	side	slopes.

Typical	grain-size	distributions	of	Nerlerk	and	Ukalerk	sand	 (Sladen	et al.,	1985a)	are	
given	in	Figure	1.5.	However,	the	sand	was	not	uniform	with	the	median	grain	size	generally	
lying	between	0.260	and	0.290 mm.	The	silt	content	was	less	than	2%	in	most	cases.	CPTs	
were	 routinely	 carried	out	 in	 the	Nerlerk	berm	as	a	method	of	QA	during	 construction.	
Figure	1.6	shows	a	example	CPT	sounding,	including	a	clearly	identifiable	clay	layer	at	the	
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10  Soil liquefaction: A critical state approach

base	of	the	sand	fill.	Figure	1.7	is	a	statistical	summary	of	CPTs	in	the	Nerlerk	berm.	The	
first	 graph	 shows	 the	 range,	 median	 and	 selected	 percentile	 values	 of	 the	 CPT	 tip	 resis-
tance	(qc)	for	all	tests	in	the	Nerlerk	berm	based	on	values	in	depth	intervals	of	1	m	below	
surface	of	the	berm.	The	80%	and	90%	greater-than	lines	are	close	together,	which	is	sig-
nificant	when	characteristic	values	are	discussed	in	Chapter	5.	It	is	also	interesting	that	the	
maximum	value	is	much	higher	than	the	10%	greater	than	line.	Based	on	the	construction	
records	(regular	bathymetric	surveys	were	undertaken	during	fill	placement),	it	is	possible	
to	identify	which	CPTs	are	in	Nerlerk	sand	only,	in	mixed	Nerlerk	and	Ukalerk	sand,	or	in	
Ukalerk	sand	only.	Quite	clearly	the	Nerlerk	sand	is	looser	than	the	berm	sand	in	general	as	
shown	in	Figure	1.7.

Given	 these	data,	 there	was	much	discussion	on	 the	exact	nature	of	 the	Nerlerk	berm	
failures	 (in	particular,	Been	 et  al.,	 1987a;	 Sladen	 et  al.,	 1987).	 In	 summary,	 the	Nerlerk	
engineers,	as	reported	by	Sladen	et al.	(1985a),	worked	from	the	morphology	of	the	slides	as	
defined	by	the	bathymetry,	and	back-analysed	the	failures	assuming	the	failures	were	static	
liquefaction	and	only	in	the	Nerlerk	sand.	They	concluded	that	the	slides	were	caused	by	
liquefaction	of	the	fill	which	was	in	a	very	loose	state,	triggered	by	essentially	static	loading	
(i.e.	placement	of	additional	fill).	Their	view,	which	was	a	consequence	of	the	adopted	sce-
nario,	was	that	the	sand	fill	had	to	be	extremely	loose	(ψ	~	+0.1).	This	requirement	of	very	
loose	in-situ	sand	state	was	largely	dominated	by	taking	the	toe	slope	as	characteristic	of	
the	residual	stability	angle	and	neglecting	any	influence	of	the	underlying	soft	clay.	The	view	
requires	abandoning	CPT	calibration	chamber	test	data	as	misleading,	and	raises	quite	a	
dichotomy	in	understanding	soil	strength	from	the	CPT.

The	contrasting	view	was	 that,	based	on	the	 then	best	CPT	interpretation	 in	Beaufort	
Sea	 sands,	most	of	 the	 sand	appeared	 to	be	at	a	 state	parameter	of	ψ	<	−0.03,	which	 is	
marginally	dilatant	and	would	not	give	flowslide-like	behaviour	under	normal	compression	
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Introduction  11

load	paths	in	a	triaxial	test.	Been	et al.	(1987a)	considered	other	failure	modes	in	addition	
to	static	liquefaction,	including	failure	through	the	underlying	clay,	instability	due	to	con-
struction	pore	pressures	in	the	sedimenting	sand	fill	and	combinations	of	these	mechanisms.	
Failure	mechanisms	involving	the	soft	clay	were	always	more	likely	than	those	involving	the	
Nerlerk	sand	alone,	whatever	properties	were	taken	for	the	Nerlerk	sand.

Notice	the	parallel	of	Nerlerk	with	Fort	Peck.	There	was	a	similar	situation	of	an	appar-
ently	dense-enough	fill	liquefying,	the	presence	of	a	basal	weak	soil	leading	to	lateral	strains	
in	the	fill,	and	a	dispute	as	to	what	happened.	Nerlerk	is	nevertheless	interesting	as	it	has	
much	more	measured	data	than	Fort	Peck	which	allows	for	more	thorough	analysis.	Nerlerk,	
however,	was	under	water	 so	 there	are	no	photographs	and	even	 the	morphology	of	 the	
slides	is	speculative	as	it	is	an	interpretation	of	imprecise	bathymetric	surveys.	Nerlerk	con-
tinues	to	be	studied	(e.g.	Hicks	and	Onisiphorou,	2005)	and	will	be	revisited	in	detail	later,	
but	for	now	the	following	key	issues	should	be	kept	in	mind:

•	 CPT	 interpretation	 in	 terms	 of	 state	 parameter	 in	 1983/1984	 was	 missing	 the	 key	
ingredient	of	elastic	shear	modulus,	which	resulted	in	an	apparent	stress	level	bias	in	
the	interpretation.

•	 For	various	reasons,	there	was	reluctance	to	bring	the	underlying	clay	layer	into	the	
equation	and	the	effect	that	strains	in	the	foundation	may	have	on	the	berm	fill.

•	 The	dangerous	nature	of	declining	mean-stress	paths	in	terms	of	liquefaction	behav-
iour,	caused	by	basal	extrusion,	was	not	understood	in	1983.

•	 Variability	of	density	of	fills,	and	its	impact	on	behaviour,	was	not	recognized.

These	 issues	are	explored	 in	Chapter	4	(CPT	interpretation),	Chapter	5	(variability),	and	
Chapter	6	(static	liquefaction	physics).	Suffice	it	to	say	that	the	Nerlerk	berm	failures	would	
be	avoided	today	if	the	influence	of	the	underlying	soft	clay	and	variability	in	density	of	sand	
fills	were	taken	into	account	in	the	design.	The	Nerlerk	berm	could	be	built	today	(although	
not	as	designed	in	1983)	but	in	1983	the	project	was	doomed	as	evidenced	by	the	fact	that	
the	slopes	failed	when	there	was	still	another	10	m	of	fill	and	the	drilling	structure	to	be	
added.	After	several	slope	failures,	and	with	abundant	evidence	that	minor	slope	flattening	
was	not	going	to	solve	the	situation,	the	project	was	abandoned.

1.3.3  liquefaction in niigata earthquake

Niigata	 is	 important	 because	 it	 was	 largely	 that	 earthquake,	 and	 the	 major	 earthquake	
in	 Alaska	 the	 same	 year,	 which	 raised	 the	 awareness	 amongst	 geotechnical	 engineers	 of	
earthquake-induced	liquefactions	and	its	catastrophic	consequences.	There	have	been	many	
more	examples	since	then:	San	Fernando	Valley	(1971),	Haicheng	(1975),	Tangshan	(1976),	
Imperial	Valley	(1979),	Armenia	(1988),	Loma	Prieto	(1989),	Turkey	(1999),	to	name	but	
a	 few.	 The	 National	 Information	 Service	 for	 Earthquake	 Engineering	 at	 the	 University	
of	 California,	 Berkeley,	 has	 an	 excellent	 website	 (http://nisee.berkeley.edu,	 University	 of	
California	Berkeley,	accessed	15	March	2015)	with	information	on	most	major	earthquakes.

The	Niigata	earthquake,	on	16	June	1964,	inflicted	major	damage	on	the	city	of	Niigata	
on	the	west	coast	of	Japan.	The	epicentre	was	about	35	miles	north	of	the	city	(offshore)	and	
the	recorded	magnitude	was	7.3	on	the	Richter	Scale.

Niigata	lies	on	the	banks	of	the	Shinano	River	where	it	enters	the	sea.	The	city	is	under-
lain	by	about	30	m	of	fine	alluvial	sand.	Damage	due	to	the	earthquake	resulted	mainly	
from	 liquefaction	 of	 the	 loose	 sand	 deposits	 in	 low-lying	 areas.	 An	 apartment	 building	
founded	on	the	sands	tilted	about	80°	because	of	bearing	capacity	failure	in	the	liquefied	
ground	and	is	now	a	frequently	used	illustration	of	the	results	of	liquefaction,	Figure	1.8.	
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12  Soil liquefaction: A critical state approach

Underground	structures	such	as	septic	tanks,	storage	tanks,	sewage	conduits	and	manholes	
floated	upwards	out	of	 the	ground.	Sand	flows	and	mud	volcanoes	ejected	water	 shortly	
after	the	earthquake	and	were	reported	to	continue	for	as	much	as	20 min	after	shaking	had	
stopped.	Sand	deposits	20–30 cm	thick	covered	much	of	the	city,	and	five	simply	supported	
girders	of	the	Showa	Bridge	across	the	river	fell	when	pier	foundation	piles	deflected	because	
of	lateral	support	loss	from	liquefaction.

It	is	interesting	to	look	at	the	Niigata	case	record	and	examine	two	sites:	one	where	liq-
uefaction	occurred	and	one	where	no	liquefaction	was	observed.	Ishihara	and	Koga	(1981)	
provide	just	such	a	study,	and	much	of	what	follows	is	their	work.	The	Kawagishi-cho	site,	
situated	about	500	m	north	of	the	Shinano	river,	is	representative	of	the	area	where	ground	
damage	due	 to	 liquefaction	was	most	 severe	during	 the	1964	earthquake.	The	apartment	
block	shown	in	Figure	1.8	was	at	this	site.	At	a	second	test	site,	simply	called	the	South	Bank	
site,	practically	no	damage	occurred.	These	two	sites	are	within	2 km	of	each	other	and	lay	
in	 the	same	general	area	of	severe	damage	 (Figure	1.9),	but	exhibited	sharply	contrasting	
behaviour.

A	summary	of	the	soil	profile,	SPT	N	value	and	CPT	resistance	at	the	Kawagishi-cho	site,	
is	shown	in	Figure	1.10	(from	Ishihara	and	Koga,	1981).	Similar	data	were	also	obtained	for	
the	South	Bank	site	as	shown	in	Figure	1.11.	At	the	Kawagishi-cho	site,	the	CPT	resistance	
is	typically	around	5	MPa	down	to	a	depth	of	12.5	m	(and	the	corresponding	N	value	is	
around	10).	In	the	fine	sand	at	the	South	Bank	site,	the	CPT	resistance	is	between	15	and	20	
MPa	while	the	N	value	is	generally	27	or	greater.	Clearly,	the	sand	at	the	South	Bank	site	is	
very	much	denser	than	at	the	Kawagishi-cho	site.

Much	of	the	traditional	empirical	approach	to	liquefaction	evaluation	(Seed	et al.,	1983)	
is	based	on	plotting	the	soil	strength	characterized	by	the	penetration	resistance	against	the	

Figure 1.8  Apartment building at Kawagishi-cho that rotated and settled because of  foundation  liquefac-
tion in 1964 Niigata earthquake. (From Karl V. Steinbrugge Collection, Earthquake Engineering 
Research Center, University of California, Berkeley, CA.)
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applied	earthquake	loading	(characterized	as	a	cyclic	stress	ratio,	CSR	=	τcyc/ ′σvo).	Those	sites	
where	liquefaction	occurred	are	then	distinguished	from	those	where	no	liquefaction	was	
observed.	Figure	1.12	shows	the	Seed	liquefaction	assessment	chart	which	uses	the	SPT	pen-
etration	resistance,	adjusted	for	stress	level	and	energy	level,	(N1)60,	as	the	preferred	measure	
of	penetration	resistance.	The	peak	acceleration	during	the	earthquake	in	the	basement	of	
the	apartment	building	No	2	at	Kawagishi	was	around	0.16	g,	which	corresponds	to	a	cyclic	
stress	ratio	of	about	0.19.	At	this	CSR,	an	(N1)60	of	about	18	would	separate	liquefaction	
from	non-liquefaction	behaviour.	A	similar	procedure	with	the	CPT	resistance,	after	Stark	
and	Olson	(1995),	puts	the	dividing	line	at	qc1	~	11	MPa.

Without	getting	into	the	detail	of	‘adjustments’	to	the	measured	N	values	and	qc	(dealt	
with	in	detail	in	Chapter	4),	it	is	easy	to	see	how	Seed’s	chart	was	developed	and	that	lique-
faction	is	likely	at	Kawagishi-cho	and	unlikely	at	the	South	Bank	site.

Seed’s	liquefaction	assessment	diagram	has	been	added	to	and	modified	by	many	people	
since	1983,	but	largely	has	not	changed	in	nature	or	location	of	the	dividing	line	between	
liquefaction	and	non-liquefaction	for	clean	sands.	The	additions	have	largely	been	more	
data	and	looking	at	soils	other	than	clean	sands.	Seed’s	approach	is	in	essence	a	geologi-
cal	classification	scheme,	taking	minimal	account	of	soil	properties	and	treating	the	silt-
sized	fraction	of	the	soil	as	a	key	index	to	anticipated	behaviour	for	a	given	penetration	
resistance.

1.3.4  post-earthquake liquefaction: lower san fernando Dam

By	the	late	1960s,	a	debate	was	developing	in	North	America	about	the	term	liquefaction.	
In	essence,	two	types	of	liquefaction	were	recognized:	static	liquefaction	as	occurred	at	Fort	
Peck	Dam	and	liquefaction	that	was	observed	during	earthquakes.	Various	terms	such	as	
cyclic	mobility,	cyclic	liquefaction,	cyclic	softening	and	initial	liquefaction	were	proposed	
for	the	latter	phenomenon,	and	actual	liquefaction	or	flow	liquefaction	for	the	static	version.	
Needless	to	say,	the	subject	becomes	confusing	and	there	is	a	third	variation	on	the	theme.	
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In	1971	the	upstream	slope	of	the	Lower	San	Fernando	Dam	in	California	failed	about	a	
minute	after	the	end	of	an	earthquake.	Here	was	a	static	failure	as	in	Fort	Peck	Dam,	but	it	
is	a	result	of	pore	pressures	generated	during	an	earthquake	and	without	any	earthquake-
related	inertial	forces	during	the	actual	failure.	The	Lower	San	Fernando	Dam	failure	is	an	
excellent	case	history,	well	studied	and	researched,	with	much	information	readily	accessible	
in	the	public	domain.

The	reservoir	retained	by	the	43	m	high	Lower	San	Fernando	Dam	was	the	terminus	of	
the	main	aqueduct	system	for	Los	Angeles,	which	supplied	80%	of	the	city’s	water.	Shaking	
during	the	1971	San	Fernando	earthquake	caused	a	slide	of	the	top	30	ft	of	the	dam,	illus-
trated	in	two	photographs	in	Figure	1.13.	About	80,000	people	lived	in	a	6	mile	long	area	
down	the	valley	from	the	dam	and	were	threatened	by	the	very	real	possibility	that	the	dam	
would	fail	completely,	inundating	the	area	by	a	catastrophic	flood	wave.	Disaster	was	nar-
rowly	averted	by	drawing	down	the	reservoir	before	the	remnant	of	the	crest	gave	way.

One	significance	of	Lower	Sand	Fernando	is	the	scale	of	the	potential	disaster	and	the	
public	policy	changes	that	then	ensued.	This	1971	event	started	a	widespread	evaluation	of	
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16  Soil liquefaction: A critical state approach

earth	dam	vulnerability	to	earthquakes	within	North	America	and	many	remedial	works	on	
dams	then	followed.	Technically	it	is	interesting,	in	that	a	salient	feature	of	the	dam’s	failure	
was	essentially	ignored,	that	is,	that	it	was	caused	by	migration	of	excess	pore	water	pres-
sure.	It	is	only	in	2003	that	an	analysis	of	this	dam	failure	including	pore	pressure	migration	
was	published.	This	will	be	discussed	at	some	length	in	Chapter	6.

(b)

(a)

Figure 1.13  Liquefaction  failure of  Lower  San  Fernando Dam after  the 1971 earthquake.  (a)  Situation  at 
the end of slide before reservoir drawdown and (b) details of failed slope revealed after reser-
voir drawn down. (Photographs from Karl V. Steinbrugge Collection, Earthquake Engineering 
Research Center, University of California, Berkeley, CA.) Note paved crest of dam descending 
into water in top photograph.
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1.3.5  Mine waste liquefaction: (1) aberfan

So	far	liquefaction	has	been	considered	in	its	most	common	context	of	loose	sands	to	silty	
sands.	In	such	materials,	with	hard	mainly	quartzite	grains,	the	residual	state	after	lique-
faction	or	during	sliding	can	be	identified	with	the	critical	state.	In	particular,	continued	
shearing	does	not	cause	further	changes	in	the	shear	stress	and	void	ratio.	Mine	waste	can	
be	rather	different,	and	mine	waste	is	an	important	area	for	liquefaction.	Two	case	histories	
illustrate	some	of	the	issues.

The	 first	 example	 is	 a	 liquefaction-induced	 flowslide	 of	 coal	 waste	 onto	 the	 village	 of	
Aberfan,	South	Wales,	in	1966	in	which	144	people	lost	their	lives.	Aspects	of	people	and	
government-related	issues	about	this	disaster	can	be	found	at	the	website	http://www.nuff.
ox.ac.uk/politics/aberfan/home.htm	 (Johnes	 and	 Maclean,	 2008),	 although	 this	 mate-
rial	mainly	concentrates	on	the	social	aspects	and	neglects	the	uncertainty	in	liquefaction	
knowledge	of	the	time.

The	Aberfan	colliery	waste	was	tipped	from	rail	trucks	over	the	face	of	the	tip	(Tip	7)	
located	on	the	side	of	a	hill.	The	material	was	loose,	but	the	triggering	mechanism	lay	in	the	
hydrogeology	of	the	site	which	after	heavy	rain	set	up	artesian	pore	pressure	in	the	sand-
stone	beneath	the	less	permeable	glacial	deposits	at	the	toe	of	the	slope.	Figure	1.14	shows	
the	possible	failure	mechanism	(after	Bishop,	1973).

Tip	7	was	about	67	m	from	toe	to	crest	when	the	big	slide	occurred	on	21	October	1966.	
When	the	first	work	crew	reached	the	top	of	the	tip	at	about	0730 h,	the	crest	had	dropped	
about	3	m	over	a	distance	of	10–13	m	behind	the	edge.	An	hour	later	this	settlement	had	
increased	to	about	6	m	and	at	about	0910 h	the	toe	was	observed	to	start	moving	forward.	
This	movement	continued	for	a	few	minutes	before	the	rapid	flow	of	material	down	the	hill-
side	began.	The	slide	moved	down	the	12.5°	slope	for	a	distance	of	about	500	m	to	the	junior	
school	in	Aberfan,	which	it	largely	destroyed,	and	continued	for	a	further	100	m	or	so	cover-
ing	the	road	in	the	terminal	area	to	a	depth	of	9	m.	Of	the	144	killed	in	the	Aberfan	slide,	116	
were	young	children	in	the	junior	school	at	that	time.	The	photograph	in	 Figure	1.15	gives	an	
idea	of	the	nature	of	the	failure.	The	Aberfan	slide	involved	only	about	107,000	m3	of	material	
but	the	destruction	was	caused	by	this	material	moving	at	between	10	and	20	miles	per	hour.

Density	 measurements	 in	 the	 unfailed	 part	 of	 the	 tip	 indicated	 a	 few	 very	 low	 values	
(1.5–1.7	kN/m3	at	depths	of	13–28	m).	This	material	was	clearly	capable	of	a	very	 large	
decrease	in	volume	as	a	result	of	shear	displacements,	typical	of	liquefaction	and	pre-requisite	
for	 large	undrained	brittleness	 (Bishop,	1973).	Material	 from	the	waste	 tip	contained	on	

Colliery rubbish

Artesian pressure
in this area

Fissured sandstone

Drift

Slip surfaces

Figure 1.14  Possible failure mechanism for Aberfan Tip No 7. (From Bishop, A.W., Quart. J. Eng. Geol., 6, 335, 
1973. With permission from the Geological Society, London, U.K.)
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18  Soil liquefaction: A critical state approach

average	only	10%	passing	the	200	sieve	giving	a	peak	friction	angle	of	φ′	=	39.5°	in	drained	
triaxial	tests.	Bishop	(1973)	reports	that	the	flowslide	material	may	also	have	degraded	to	
a	cohesive	material,	with	a	plasticity	index	of	16	and	a	residual	value	of	φ′	≈	18°	on	the	slip	
surface	where	a	displacement	of	at	least	21	m	was	estimated.

1.3.6   Mine waste liquefaction: (2) Merriespruit tailings dam failure

The	Merriespruit	gold	tailings	dam	failure	in	1994	is	an	interesting	case	history	in	that	much	
the	same	method	of	gold	mine	tailings	disposal	has	been	used	in	South	Africa	for	decades,	
but	Merriespruit	was	the	first	catastrophic	flowslide	occurrence.	Fourie	et al.	(2001)	argue	
that	the	tailings	were	in	a	very	loose	state	in-situ	and	that	overtopping	and	erosion	of	the	
impoundment	wall	exposed	this	material,	resulting	in	static	liquefaction	of	the	tailings	and	
the	consequent	flow	failure.

The	failure	of	the	Merriespruit	tailings	dam	occurred	a	few	hours	after	a	thunderstorm	
during	which	 about	 50 mm	 rainfall.	About	 600,000	m3	of	 tailings	 flowed	 from	 the	dam	
through	the	village	and	came	to	rest	3 km	downstream	of	the	dam.	Figure	1.16	shows	the	
destruction	 caused.	The	 primary	 cause	 of	 the	 failure	 was	 overtopping,	 which	 resulted	 in	
large-scale	removal	of	tailings	from	the	slope	face	by	water	flowing	over	the	crest	for	more	
than	an	hour.	Removal	of	tailings	from	the	outer	slope	would	have	exposed	tailings	inside	

Tip no. 7

~600 m

Figure 1.15  Aberfan flowslide shortly after the failure. (Reproduced from Welsh Office, A selection of tech-
nical reports submitted to the Aberfan Tribunal, Her Majesty’s Stationary Office, London, U.K. 
With the permission of Controller of HMSO and the Queen’s Printer for Scotland; Flowslide 
distance added by authors.)
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the	dam	that	had	previously	been	confined.	Conventional	wisdom	in	South	Africa,	however,	
would	be	that	gold	tailings	are	strongly	dilatant	and	should	not	have	moved	a	significant	
distance.	The	complex	sequence	of	retrogressive	failures	postulated	by	Wagener	et al.	(1998)	
is	shown	in	Figure	1.17.

Fourie	et al.	(2001)	try	to	address	the	question	of	the	nature	and	state	of	the	impounded	
tailings	that	liquefied	and	flowed.	They	examined	samples	of	the	unfailed	tailings	material	
taken	in	Shelby	tubes	or	block	samples	adjacent	to	the	failure	scarp.	Firstly,	it	was	appar-
ent	that	there	was	no	single	particle	size	distribution,	but	a	broad	range	with	fines	contents	
ranging	from	40%	to	100%.	About	60%	of	the	samples	had	fines	content	greater	than	80%.	
Fourie	and	Papageorgiou	(2001)	tested	a	selection	of	samples	to	determine	the	critical	state	
line	(or	steady-state	line	in	their	terminology)	with	results	shown	in	Figure	1.18.

The	distribution	of	in-situ	void	ratios	is	shown	in	Figure	1.19,	but	it	is	not	straightfor-
ward	to	move	from	a	knowledge	of	void	ratios	and	CSL	to	the	state	parameter	ψ	as	each	
sample	for	which	the	void	ratio	was	measured	does	not	usually	match	the	grain-size	dis-
tribution	of	one	of	the	critical	state	lines.	Although	various	interpolation	schemes	can	be	
derived	to	map	the	CSL	in	terms	of	fines	contents	when	there	is	a	range	of	data	available	
as	at	Merriespruit,	it	is	usually	simpler	to	use	the	CPT	and	infer	ψ	from	such	data	rather	
than	to	directly	measure	void	ratio	and	then	use	laboratory	testing	to	estimate	the	CSL.	
Chapter	4	is	all	about	using	the	CPT	(and	other	in-situ	tests)	to	determine	ψ.	Returning	to	
Merriespruit,	a	simple	comparison	of	Figures	1.18	and	1.19	shows	that	much	of	the	tail-
ings	was	in	a	loose	state	well	above	the	critical	state	line,	conditions	conducive	to	brittle	
stress-stain	behaviour	and	liquefaction.

Fourie	et al.	continue	their	discussion	to	make	the	point	that	liquefaction	and	flow	of	the	
tailings	at	Merriespruit	are	only	part	of	the	equation.	A	trigger	mechanism	had	to	develop	
before	the	tailings	would	liquefy.	If	the	tailings	impoundment	had	been	operated	according	

Figure 1.16  Aerial  view  of  the  Merriespruit  tailings  dam  failure  showing  the  path  of  the  mudflow  that 
occurred. (From Fourie, A.B. et al., Can. Geotech. J., 38(4), 707, 2001. With permission from the 
NRC, Ottawa, Ontario, Canada.)
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20  Soil liquefaction: A critical state approach

to	the	regulations	and	the	water	levels	properly	managed,	the	impoundment	would	not	have	
been	breached	and	the	liquefaction	failure	would	not	have	occurred.

A	further	lesson	from	this	failure	is	the	dominant	influence	of	water.	If	there	is	available	
water,	then	once	a	liquefaction	flowslide	occurs	it	can	pick	up	the	water	and	the	resulting	
slurry	can	travel	for,	literally,	miles.

1.3.7  high cycle loading

The	case	histories	discussed	so	far	are	what	might	be	regarded	as	conventional	when	looking	at	
the	liquefaction	literature,	in	that	they	are	well-known	earthquake	and	static	cases.	Liquefaction	
can	also	occur	in	cyclic	loading	at	much	smaller	cyclic	stress	levels	if	that	loading	goes	on	long	
enough.	One	situation	like	this	is	storm	loading	to	offshore	platforms	with	thousands	of	cycles	
in	contrast	to	the	ten	or	so	dominant	in	most	earthquakes.	These	long	periods	of	cyclic	loading	
can	be	viewed	as	high-cycle	cases.	An	example	of	such	a	situation	arose	in	another	Canadian	
Beaufort	Sea	project,	the	Amauligak	I-65	island	of	Gulf	Canada	Resources	Ltd.

Gulf’s	caisson	was	a	re-deployable	bottom-founded	caisson–type	drilling	unit	called	the	
Molikpaq	(Figure	1.20).	It	was	deployed	at	a	site	known	as	Amauligak	I-65	in	1985,	about	
50	miles	offshore	 in	30	m	water	depth.	The	core	was	filled	using	hydraulic	placement	of	
Erksak	sand	to	an	achieved	state	of	better	than	ψ	<	−0.05.	This	sand	was	extensively	tested,	
both	in-situ	and	in	the	laboratory,	and	will	feature	a	lot	in	the	data	presented	later.

1. Lower slopes fail and are washed away
2. Domino effect of local slope failures which are washed or
    flow away
3. Major slope failures with massive flow of liquid tailings

(b)
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Figure 1.17  Sequence of retrogressive  failures of Merriespruit containment postulated by Wagener et al. 
(1998).  (a) Critical  section of north wall during early stages of  failure and (b) critical  section 
of north wall during failure. (From Fourie, A.B. et al., Can. Geotech. J., 38(4), 707, 2001. With 
permission from the NRC, Ottawa, Ontario, Canada.)
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Regarding	liquefaction,	the	performance	of	the	Molikpaq	was	completely	satisfactory	up	
to	the	12	April	1986	ice	event.	It	had	been	used	a	year	earlier	for	the	Tarsuit	P-45	explo-
ration	 well,	 and	 had	 withstood	 several	 ice	 loadings	 with	 all	 evidence	 pointing	 to	 better	
than	anticipated	behaviour.	At	Amauligak,	the	Molikpaq	withstood	substantial	loads	from	
second-year	and	multi-year	ice	flows	impacting	the	structure	during	5–8	March	1986	and	
all	evidence	confirmed	what	was	seen	at	Tarsuit	P-45.

The	 situation	 changed	with	 strong	offshore	winds	during	April	10	and	11,	 and	on	 the	
morning	of	12	April	1986	the	ice	was	moving	past	the	Molikpaq	at	several	knots.	At	approxi-
mately	0830 h	a	relatively	small	hummock	of	multi-year	ice	came	in	contact	with	the	east	
face	of	the	Molikpaq.	The	75	m	long	and	approximately	12	m	thick	ice	ridge	caused	extreme	
vibrations	on	the	structure,	measured	to	be	in	excess	of	0.11	g	at	deck	level.	The	hummock	
was	contained	in	a	much	larger	ice	sheet	(about	1	×	2 km)	which	had	sufficient	driving	force	
to	cause	complete	crushing	of	the	hummock	against	the	face	of	the	Molikpaq.	The	horizontal	
loads	from	ice	crushing	were	slightly	in	excess	of	the	design	load	of	500	MN,	but	this	was	
not	of	particular	concern	given	the	observed	better	than	expected	performance	in	somewhat	
thinner	ice.	However,	the	12	April	ice	event	caused	large	cyclic	loads,	in	the	frequency	range	
0.5–2 Hz,	which	lasted	for	about	fourteen	minutes.	This	amounted	to	about	900	cycles	of	
similar	magnitude	loading.

Steel caisson

Sand fill core

Soft surficial
sediments

Original
sea bed

Design ice load (700 MN)

110 m

21 m 29 m

9 m
1.5 m

Sand fill berm
Sand fill subcut

Firm foundation
Schematic cross-section

Figure 1.20 Gulf Canada’s Molikpaq structure in the Beaufort Sea.
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Later	in	the	day,	it	was	discovered	that	the	sand	surface	within	the	core	on	the	eastern	
side	of	the	Molikpaq	had	settled	up	to	1.5	m.	This	led	to	a	rapid	and	general	check	of	the	
instrumentation	records.	(The	Molikpaq	was	equipped	with	some	600	sensors	because	of	
the	novelty	of	deploying	large	offshore	platforms	in	moving	ice.)	The	instrumentation	data	
revealed	that	part	of	the	core	had	liquefied	during	the	ice	loading,	although	dilation	and	load	
transfer	to	the	non-liquefied	portions	kept	the	resulting	displacements	small.

The	 nature	 by	 which	 the	 cyclic	 ice	 loads	 lead	 to	 liquefaction	 of	 the	 Molikpaq	 core	 is	
illustrated	 in	Figure	1.21,	which	shows	12	cycles	of	 ice	 loading	on	the	structure	and	the	
corresponding	response	at	a	piezometer	in	the	centre	of	the	locally	liquefying	zone	in	the	
sand	core.	For	any	single	 load	 increase,	a	positive	pore	pressure	 is	 induced	(in	part	 from	
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Figure 1.21 Details of cyclic ice loading and excess pore pressure 12 April, 1986.
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the	increase	in	mean	stress	as	the	load	comes	onto	the	sand)	but	the	situation	is	stable	in	the	
sense	that	there	is	no	run-away	generation	of	pore	pressure,	but	the	induced	pore	pressure	
is	not	completely	recovered	during	the	unloading	part	of	the	cycle.	The	effect	of	continuous	
load	cycling	is	therefore	to	ramp	the	average	pore	pressure	upwards.	The	full	pore	pressure	
response	in	Figure	1.22	shows	that	ramping	continued	at	an	average	rate	of	accumulation	
of	excess	pore	pressure	of	0.8	kPa/cycle.	The	process	terminated	when	a	zero-effective	stress	
condition	was	reached.	Thereafter	the	pore	pressure	increased	about	15	kPa	caused	by	set-
tlement	of	the	piezometer	by	1.5	m.	Fluidization	of	the	sand	core	was	progressive,	initiating	
at	mid-height	on	the	loaded	side	and	propagating	downwards	and	into	the	core.
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Figure 1.22  Cyclic  loading  and  piezometric  response  showing  accumulating  excess  pore  pressure  to 
liquefaction (piezometer E1, mid depth in centre of loaded side). The thick bandwidths of left-
hand parts of plots are caused by cyclic variations; see Figure 1.21.
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The	following	observations	can	be	made	about	the	behaviour	of	the	sand	in	cyclic	loading	
from	the	Molikpaq	data:

•	 Lightly	dilatant	sands	(ψ	~	−0.05)	have	substantial	reserves	of	cyclic	strength	in	com-
pression	loading.

•	 Excess	pore	pressures	continue	to	be	generated	as	long	as	cyclic	loading	occurs.
•	 With	sands,	redistribution	of	pore	pressure	can	occur	on	a	similar	timescale	to	cyclic	

loading.

These	observations	show	that	liquefaction	under	cyclic	loading	cannot	reliably	be	treated	by	
total	stress	concepts	(e.g.	the	steady-state	concept	of	a	minimum	assured	undrained	strength	
or	Seed’s	simplified	liquefaction	approach).	For	important	structures,	the	full	mechanics	of	
sand	behaviour	and	boundary	conditions	need	to	be	considered.	This	Molikpaq	case	history	
actually	has	a	wealth	of	information	and	detail.	In	particular,	an	unusual	aspect	is	that	the	
Erksak	sand	used	for	filling	the	Molikpaq	was	also	used	in	CPT	calibration	chamber	tests.	
Consequently,	the	inference	of	ψ	from	the	CPT	is	much	more	precise	than	for	other	case	
histories.	The	in-situ	data	also	comprise	a	large	number	of	CPTs,	self-bored	pressuremeter	
tests	and	geophysical	tests.	It	is	also	one	of	the	few	full-scale	case	histories	with	a	detailed	
instrumentation	record	of	excess	pore	pressure	generation	and	dissipation.

Although	the	Molikpaq	history	is	interesting	from	a	liquefaction	mechanics	view,	there	
are	also	two	very	important	and	disturbing	engineering	aspects	about	the	experience:	the	
usefulness	of	centrifuge	tests	and	the	relevance	of	the	observational	method.

Regarding	 the	 value	 of	 centrifuge	 tests,	 the	 possibility	 of	 cyclic-induced	 liquefaction	
with	undensified	hydraulic	sandfills	was	recognized	during	Molikpaq	design	 in	1981.	At	
that	time,	computational	approaches	to	cyclic	mobility	did	not	exist	and	therefore	centri-
fuge	tests	were	carried	out,	by	one	of	the	leading	researchers	in	the	field,	to	simulate	the	
cyclic	 loading	of	 the	Molikpaq	with	an	undensified	core.	Although	details	of	 the	appro-
priate	design	 ice	 loading	 scenarios	were	uncertain,	as	was	 the	actual	 sand	 to	be	used	 in	
construction,	model	 testing	used	 the	best	 engineering	 estimates.	These	 turned	out	 to	be	
conservative	choices	with	regard	to	pore	pressure	dissipation	time	factors.	The	model	tests	
showed	the	potential	for	modest	cyclic	ratcheting	of	the	structure	to	accumulate	500 mm	or	
so	of	horizontal	displacement	in	a	cyclic	loading	event.	The	ratcheting	was	always	drained	
and	there	was	no	tendency	to	liquefaction	in	any	of	the	centrifuge	tests.	This	was	regarded	
as	uncontroversial,	as	at	that	time	there	was	much	credence	in	the	literature	as	to	how	‘static	
bias’	reduced	liquefaction	potential	and	the	Molikpaq	had	a	lot	of	static	bias.	Therefore	the	
centrifuge	results	were	relied	on	as	substantiating	 the	use	of	undensified	hydraulic	fill	 to	
resist	cyclic	ice	loading.

In	hindsight,	the	12	April	1986	event	was	remarkably	similar	in	many	aspects	to	one	of	
the	centrifuge	runs,	yet	the	actual	sand	behaviour	was	utterly	different.	What	is	unclear,	
even	today,	is	what	would	have	happened	had	cyclic	loading	continued	for	30	minutes	rather	
than	14	minutes.	Nevertheless,	this	was	a	‘Class	A’	test	of	the	adequacy	of	the	centrifuge	and	
it	turned	out	that	the	centrifuge	results	mislead	about	the	liquefaction	potential.

Although	the	centrifuge	was	relied	on	as	substantiating	the	use	of	undensified	hydraulic	
fill,	there	was	a	conscious	appreciation	that	factors	might	have	been	missed	or	over-idealized	
in	 the	modelling.	 An	observational	 approach	was	 adopted	 to	deal	with	 these	 issues,	 the	
Molikpaq	being	equipped	with	some	600	sensors	and	a	state-of-the-technology	(for	1986)	
data	 acquisition	 system	 with	 rolling	 buffered	 scanning	 to	 capture	 snatches	 of	 dynamic	
response	as	well	as	a	continuous	archive	of	average	and	peak	sensor	values.	 In	addition,	
there	were	many	ice	loading	events	over	the	winter	operating	seasons.	Detailed	analysis	of	
measured	response	to	the	events	prior	to	12	April	1986	indicated	that	the	structure	and	its	
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26  Soil liquefaction: A critical state approach

undensified	hydraulic	fill	was	behaving	as	well,	or	even	better,	as	predicted	by	the	centrifuge.	
This	was	misplaced	confidence	in	the	observational	method.

Liquefaction	is	a	brittle	mechanism	and	as	such	is	poorly	handled	with	the	observational	
method.	For	the	observational	method	to	be	reliable,	it	needs	a	continuous	increase	in	load-
ing	to	produce	a	continuing	increase	in	displacements	and/or	pore	pressures.	This	allows	the	
opportunity	to	evaluate	divergence	from	predicted	behaviour	well	in	advance	of	critical	situ-
ations.	Where	behaviour	can	snap-through	to	an	undrained	liquefaction,	the	observational	
method	is	simply	inapplicable.	Rather,	uncertainties	must	be	formally	addressed	by	detailed	
engineering	ahead	of	time.

1.3.8  liquefaction induced by machine vibrations

So	far	the	examples	of	liquefaction	have	been	rather	large	in	extent.	An	interesting	case	at	the	
other	end	of	the	size	spectrum,	which	also	illustrates	the	effect	of	high	cycles,	was	the	failure	
of	a	road	embankment	that	crossed	a	 lake	in	Michigan.	The	failure	and	its	circumstances	
were	described	by	Hryciw	et al.	(1990)	and	their	description	of	the	event	was	as	follows.

The	 road	 embankment	 allowed	 Michigan	 Highway	 94	 to	 cross	 Ackerman	 Lake.	 The	
embankment	fill	was	a	clean	medium	to	fine	sand.	The	below	water	portion	was	placed	by	
end	dumping	after	removing	peat	and	soft	sediments	from	the	lake	bottom.	Above	the	lake	
level,	the	fill	was	compacted.	The	road	surface	varied	from	about	2	to	4	m	above	water	level,	
being	graded	from	one	side	of	the	lake	to	the	other.	Side	slopes	were	2H:1V	on	one	side	and	
4H:1V	on	the	other.

On	24	June	1987,	the	embankment	was	traversed	by	a	train	of	six	vibroseis	trucks	which	
were	carrying	out	geophysical	surveys	for	oil	exploration.	A	vibroseis	 is	a	vibrating	plate	
that	is	pressed	against	the	ground	and	excited	using	an	eccentric	weight	vibrator	under	com-
puter	control.	Typically	frequency	is	changed	linearly	during	the	excitation,	in	this	case	from	
8	to	58 Hz	over	a	time	of	8	s.	This	gave	264	cycles	of	uniform	amplitude	in	any	particular	
seismic	shot.	This	particular	survey	used	six	trucks	in	a	train	with	the	vibroseis	units	linked	
electronically	to	keep	them	in	phase,	the	train	being	spread	out	over	some	74	m	length	from	
bumper	to	bumper.	Figure	1.23a	shows	a	similar	train	of	vibroseis	trucks.

Figure	1.23b	shows	the	failure	caused	by	the	trucks	when	the	vibroseis	units	were	acti-
vated	on	top	of	the	road	embankment.	Notice	that	two	trucks	are	almost	submerged	at	the	
toe	of	the	failed	slope.	The	driver	of	the	last	truck	in	the	train	saw	the	failure	develop	in	
front	of	him	and	was	able	to	reverse;	the	second,	third	and	fifth	trucks	slid	into	the	lake	as	
the	embankment	liquefied.	The	drivers	fortunately	escaped	through	the	doors	or	windows	
as	the	trucks	sank.	The	forth	truck	remained	upright	on	a	failed	section	of	road.	The	drivers	
reported	feeling	as	if	the	ground	had	completely	disappeared	beneath	them	and	free-falling	
rather	than	sliding	into	the	lake.	The	failure	was	sufficiently	rapid	to	cause	a	4.5	m	high	
wave	that	crossed	the	lake	and	destroyed	a	boat	dock.

1.3.9  Instrumented liquefaction at Wildlife site

The	Wildlife	Site	 in	 Imperial	Valley,	California,	 is	perhaps	unique	worldwide	 in	 that	pore	
pressures	and	ground	response	were	recorded	when	the	site	liquefied	during	an	earthquake.	
This	was	not	a	coincidence.	The	U.S.	Geological	Survey	(USGS)	recognized	the	need	for	an	
instrumented	liquefaction	site	in	1982	and	the	Wildlife	Site	was	selected	for	this	based	on	its	
location	in	a	highly	active	seismic	zone	and	the	fact	that	the	site	was	susceptible	to	liquefac-
tion	(which	had	been	confirmed	when	liquefaction	was	observed	during	the	Westmoreland	
earthquake	in	1981).	After	only	a	5-year	wait,	on	24	November	1987,	the	USGS	investigators	
were	rewarded	by	the	M6.6	Superstition	Hills	earthquake.	Youd	and	Holtzer	(1994)	describe	
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the	instrumentation	and	its	performance	in	detail,	while	Zeghal	and	Elgamal	(1994)	provide	
an	analysis	of	the	liquefaction	event	based	on	the	records.

Figure	 1.24	 shows	 a	 plan	 and	 cross-section	 of	 the	 instrumentation.	 The	 liquefiable	
material	was	a	silty	sand	from	about	2.8	to	6.5	m	below	ground	surface.	Instrumentation	
included	 two	 triaxial	 force-balance	 accelerometers	 and	 six	 electronic	 piezometers.	
The	accelerometers	were	located	at	ground	surface	and	in	the	silty	clay	unit	underlying	the	

(b)

(a)

Figure 1.23  Failure of embankment on Ackermann Lake triggered by vibroseis trucks. (a) Train of vibroseis 
trucks (the vibroseis is the plate tamper beneath the center of the trucks) and (b) liquefaction 
failure induced by vibroseis excitation on loose saturated sand.
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loose	silty	sand	at	a	depth	of	7.5	m.	Five	piezometers	were	installed	at	different	depths	in	
the	loose	silty	sand	while	the	sixth	was	embedded	in	a	deeper	dense	silt.	The	instruments	
were	designed	to	be	triggered	by	an	acceleration	pulse	of	0.01	g	in	the	surface	accelerometer.

The	responses	of	the	North–South	surface	accelerometer	and	Piezometer	P5	at	a	depth	of	
2.9	m	are	shown	in	Figure	1.25.	Significant	excess	pore	pressure	was	not	generated	until	the	
strongest	acceleration	pulse	jolted	the	site	13.6	s	after	triggering	of	the	instruments.	That	pulse	
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immediately	generated	a	rise	of	excess	pore	pressure	as	monitored	by	each	of	the	four	func-
tioning	piezometers	in	the	liquefying	layer.	Pore	pressures	continued	to	rise	until	the	recorded	
pressures	approached	the	initial	overburden	pressure	60–90	s	after	instrument	triggering.	At	
the	end	of	strong	acceleration	pulses	(about	26.5	s	after	triggering),	the	monitored	pore	pres-
sures	had	only	risen	to	about	50%	of	the	initial	overburden	pressure	in	the	lower	part	of	the	
layer	and	to	70%	in	the	upper	part.	The	pore	pressures	continued	to	rise	after	the	cessation	
of	strong	accelerations,	which	at	first	sight	is	surprising.	Zeghal	and	Elgemal	integrated	the	
acceleration	histories	and	showed	that	the	strain	history	at	the	elevation	of	piezometer	P5	
gives	a	somewhat	different	picture	(Figure	1.26)	with	significant	strains	occurring	after	26.5	s	
and	for	most	of	the	90	or	so	seconds	of	the	record.	Figure	1.26	also	shows	their	interpretation	
of	the	shear	stress	history	based	on	the	measured	accelerations.	Based	on	this	information,	the	
continued	rise	of	pore	pressures	after	26.5	s	is	easily	explained.

How	liquefaction	developed	is	also	illustrated	by	the	interpreted	shear	stress–shear	strain	
response	shown	for	six	specific	loading	cycles	in	Figure	1.27	(after	Zeghal	and	Elgamal	but	
reported	by	Youd	and	Holtzer).	Also	shown	in	each	of	Figures	1.27	is	the	pore	pressure	
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ratio	and	the	time	of	the	loading	cycle	which	corresponds	to	an	acceleration	spike	in	Figure	
1.25.	Figure	1.27	 clearly	 shows	 the	progressive	 softening	of	 the	 ground	as	 liquefaction	
develops.	 Initially,	when	 ru	=	0.07,	 the	 stress–strain	curve	 is	 steep,	but	 the	 stiffness	 rap-
idly	reduces	until	very	little	stress	can	be	sustained	when	ru	>	0.97	as	indicated.	Another	
interesting	facet	of	the	Wildlife	record	is	the	correspondence	of	the	downward	spikes	in	
the	P5	piezometer	record	with	specific	acceleration	spikes.	Youd	and	Holtzer	suggest	that	
these	are	caused	by	shear	dilation	and	occur	only	during	‘downward’	acceleration	spikes	
because	greater	movement	(and	therefore	dilation)	was	possible	towards	the	incised	Alamo	
River	Valley	than	in	the	opposite	direction.

The	Wildlife	records	show	nicely	how	liquefaction	developed	during	the	Superstition	Hills	
earthquake,	and	also	how	nothing	occurred	during	 the	 slightly	 less	 severe	M6.2	Elmore	
Ranch	earthquake	the	previous	day.

Stage 1 Stage 3 Stage 4Stage
2

N
S 

sh
ea

r s
tr

ai
n 

(%
)

1.5

1.0

0.5

0

–0.5

–1.0

–1.5

0 10

7.5 s

0.04%

20 30 40

Time (s)

50 60 70 80 90 100

10 Stage 1 Stage 3 Stage 4

7.5 s

Stage
2

5

0

–5

–10

N
S 

sh
ea

r s
tr

es
s (

kP
a)

0 10 20 30 40 50 60 70 80 90 100

(1)
(2)

(5)

(3) (8)
(10)

(11)
(13)(12)

(6)(7)

Figure 1.26  Shear stress and shear strain history at depth of piezometer P5 at Wildlife Site,  interpreted 
from accelerometers by Zeghal and Elgemal. (Reproduced from Zeghal, M. and Elgamal, A.-W., 
J. Geotech. Eng., 120(6), 996. With permission from the ASCE, Reston, VA.)

© 2016 by Taylor & Francis Group, LLC

  



Introduction  31

1.3.10  summary of lessons from liquefaction experiences

The	case	histories	of	liquefaction	presented	earlier	allow	some	inferences	to	be	drawn	about	
liquefaction	which	will	then	guide	how	to	approach	liquefaction	engineering.	Key	observa-
tions	include	the	following:

•	 Liquefaction	is	a	soil	behaviour	associated	with	excess	pore	water	pressure,	but	it	is	not	
necessarily	undrained	and	the	movement	of	excess	pore	pressures	throughout	the	soil	
over	time	may	be	crucial	(e.g.	Lower	San	Fernando	Dam).
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•	 Excess	pore	pressures	can	arise	from	cyclic	loading	of	soil,	either	by	earthquakes	(e.g.	
Niigata)	or	by	external	forces	(e.g.	Molikpaq).

•	 Excess	pore	pressures	can	arise	through	static	loading	if	the	soils	are	loose	enough	(e.g.	
Fort	Peck,	Nerlerk).	Even	though	straining	may	be	evident	for	days	before	the	failure,	
the	transition	to	high	excess	pore	pressures	is	normally	very	rapid.	Any	attempt	at	an	
observational	approach	is	likely	futile	and	certainly	dangerous.

•	 Reducing	mean	effective	stress	because	of	water	seepage	can	trigger	liquefaction	(e.g.	
Aberfan).

•	 Liquefaction	involves	increasing	strains	and	may	become	a	flowslide	if	the	soil	is	loose	
enough.	Even	if	not	a	flowslide,	strains	can	be	large	enough	to	cause	functional	failure	
of	structures	(e.g.	the	buildings	in	Niigata).

•	 Soil	strata	have	naturally	variable	density,	and	the	distribution	and	structure	of	these	
natural	variations	can	play	a	crucial	role	(e.g.	at	Nerlerk).

1.4  outlIne of the DevelopMent of IDeas

The	overview	of	liquefaction	given	by	the	few	case	histories	just	discussed	provides	the	con-
text	to	develop	the	theoretical	aspects	needed	to	properly	understand	liquefaction.	Chapter	
2	introduces	the	critical	state	and	how	it	may	be	measured.	The	state	parameter	ψ	is	used	
to	show	how	many	soil	behaviours	(e.g.	peak	friction	angle)	are	unified	regardless	of	soil	
type,	fines	content,	etc.	Aspects	such	as	fabric	and	over-consolidation	and	how	they	affect	
behaviour	are	also	considered.

At	this	point,	the	framework	for	liquefaction	is	defined,	but	not	computable.	So	Chapter	
3	introduces	NorSand,	a	generalized	critical	state	model	based	on	the	state	parameter	ψ.	
NorSand	is	presented	in	three	steps	(starting	with	triaxial	monotonic	loading,	followed	by	
the	generalization	to	3-D	stress	space	and	finally	the	general	model	for	cyclic	loading)	as	
this	makes	things	a	lot	easier	to	understand	and	explain.	Chapter	3	gives	the	first	two	steps.	
Calibrations	 are	presented	against	 laboratory	data,	 for	 triaxial	 and	plane	 strain	drained	
tests.	Undrained	conditions	are	illustrated	in	Chapter	6,	while	cyclic	loading	aspects	are	left	
to	Chapter	7.

Having	introduced	the	state	parameter	and	what	 it	can	do,	from	normalization	of	soil	
behaviour	through	to	the	computable	NorSand	model,	the	next	logical	step	is	to	measure	
the	state	parameter	in-situ,	which	is	the	subject	of	Chapter	4.	The	usual	difficulty	that	undis-
turbed	samples	are	impossible	to	obtain,	at	least	practically	and	on	a	routine	basis,	means	
that	penetration	tests	are	the	basis	for	most	work.	Determining	ψ	from	penetration	tests	is	
covered	in	considerable	detail	as	the	method	relies	on	the	CPT.	Other	needed	parameters	
(such	as	shear	modulus)	and	alternatives	to	the	CPT	are	also	considered.

Chapter	5	moves	 into	 the	 realm	of	 real	 soils,	 as	opposed	 to	 the	 largely	 clean	quartz	
sands	used	 in	research	testing	and,	 in	particular,	addresses	the	 issue	of	how	to	select	a	
characteristic	 state	 for	 design.	Calculations	 are	 normally	 done	using	 a	 single	 value	 for	
state	or	 strength	 throughout	a	domain.	The	domain	might	be	broken	 into	a	 few	 layers	
or	zones,	but	that	is	usually	the	limit	of	design	idealizations.	The	reality	is	that	soil	state	
and	properties	vary	in-situ	even	in	the	same	geologic	stratum	–	there	is	a	distribution	of	
properties.	Correspondingly,	one	of	the	issues	in	design	is	the	value	to	be	chosen	as	repre-
sentative	(or	characteristic	in	limit	states	jargon)	for	design	calculations	or	analysis.	Often	
guidance	would	be	sought	from	a	code	of	practice	on	this	choice,	but	there	is	precious	little	
such	 guidance	 for	 foundation	 design,	 never	 mind	 liquefaction	 problems.	 However,	 the	
situation	with	characteristic	values	for	liquefaction	is	not	totally	grim	as	there	are	three	
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interesting	and	important	studies	that	give	some	clues	on	selecting	characteristic	values.	
These	studies	are	summarized	and	discussed	in	Chapter	5,	which	is	a	bit	of	a	leap	as	these	
results	depend	on	advanced	simulation	methods	which	are	not	covered	in	this	book.	The	
reader	is	asked	to	accept	this	leap	in	order	to	appreciate	the	effect	of	variability	of	state	to	
understand	the	limitations	of	the	various	case	histories	used	to	underpin	design	methods	
for	liquefaction.

Chapter	 6	 presents	 liquefaction	 and	 large-scale	 deformations	 under	 essentially	 static	
loads,	as	these	fall	within	the	same	theoretical	framework.	The	triggering	mechanism	may	
be	static,	cyclic	or	hydraulic.	This	chapter	builds	on	the	triaxial	theory	based	on	laboratory	
experience	of	drained	tests	to	the	undrained	conditions	usually	encountered	in	liquefaction.	
Key	case	histories	are	included.	The	outcome	of	this	chapter	is	both	an	understanding	of	
flaws	 in	some	existing	approaches	and	a	calibrated	methodology	 for	going	 forward	with	
liquefaction	engineering.

Chapter	7	gets	to	cyclic	loading	and	liquefaction,	or	cyclic	mobility	as	it	is	more	usually	
called.	First,	laboratory	test	data	are	used	to	examine	trends	in	the	data	from	different	kinds	
of	cyclic	tests.	Current	design	practice	is	dominated	by	correlations	to	case	histories;	so	this	
practice	is	presented	before	showing	how	empirical	factors	are	predicted	from	theory	devel-
oped	in	the	earlier	chapters	and,	importantly,	where	theory	suggests	existing	experience	is	
being	wrongly	extrapolated	(mainly	the	effects	of	depth	and	soil	compressibility).	NorSand	
is	then	extended	from	monotonic	to	cyclic	loading	and	in	particular	the	effect	of	rotation	
of	principal	stress	directions	is	 introduced.	This	sets	the	theoretical	framework	for	cyclic	
liquefaction.

Although	we	stated	earlier	that	this	book	is	not	about	methods	of	analysis,	we	did	assert	
that	the	critical	state	theory	was	‘computable’.	Chapter	8	shows	implementation	into	a	finite	
element	code	and	validates	that	the	numerical	solution	is	indeed	performing	as	it	should.	We	
have	used	the	publically	available	source	code	of	Smith	and	Griffiths	(1998)	as	a	platform	
for	this	work.	After	testing	the	solutions,	we	look	at	the	computed	behaviour	of	a	simple	
slope	consisting	of	loose	sand	subject	to	additional	loading	at	the	top	of	the	slope,	or	unload-
ing	at	 the	 toe	of	 the	 slope.	These	are,	of	course,	 the	generally	accepted	 triggers	of	 static	
liquefaction	failures.

We	have	tried	to	pull	together	the	practical	implementation	of	the	theory	in	some	of	the	
downloadable	material	that	comes	towards	the	end	of	this	book	in	Chapter	9.	This	chapter	
walks	through	using	laboratory	test	data	to	determine	the	critical	state	line	and	estimate	
the	stress–dilatancy	parameters	that	are	needed	to	use	this	book	in	practice.	Similarly,	 it	
shows	how	to	use	CPT	data	to	arrive	at	estimates	of	the	in-situ	state	parameter.	With	these	
in	place,	the	engineer	has	the	parameters	they	need	for	analysis.

Finally,	in	Chapter	10	we	bring	together	some	of	the	threads	within	the	book,	includ-
ing	a	summary	of	the	material	presented	and	a	look	to	the	future	of	how	the	subject	may	
develop.

To	keep	 the	book	more	readable,	 some	details	are	presented	 in	appendices.	One	 thing	
needed	to	work	with	the	material	in	this	book	is	a	consistent	set	of	stress	and	strain	mea-
sures	and	Appendix	A	defines	those.	Laboratory	testing	procedures	are	important	to	obtain	
accurate,	consistent	critical	state	data;	so	Appendix	B	details	our	experience	in	this	regard.	
Appendices	C	and	D	are	concerned	respectively	with	the	theoretical	derivations	of	NorSand	
(in	 particular	 the	 full	 3D	 version)	 and	 the	 numerical	 implementation	 of	 the	 NorSand.	
Appendix	E	contains	CPT	calibration	chamber	test	results	as	these	are	not	readily	found	
in	the	published	literature.	Appendices	F	and	G	document	many	of	the	case	records	needed	
to	evaluate	residual	strength	after	static	liquefaction	and	the	earthquake	case	records	upon	
which	much	of	the	empirical	work	on	liquefaction	is	based.	A	question	we	have	been	asked	
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frequently	 is	how	NorSand	 relates	 to	 the	very	much	more	familiar	Cam	Clay	theoretical	
model	of	critical	state	soil	mechanics.	So	in	this	edition	we	provide	a	detailed	theoretical	com-
parison	in	Appendix	H,	to	show	that	Cam	Clay,	or	rather	Original	Cam	Clay,	fits	perfectly	
within	the	NorSand	framework.	All	that	is	needed	is	to	set	the	conditions	in	NorSand	to	
correspond	to	the	restrictive	assumptions	within	Modified	Cam	Clay	to	obtained	practically	
identical	results.
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Chapter 2

Dilatancy and the state parameter

This	chapter	covers	the	experimental	evidence	and	historical	basis	for	state	parameter	and	
stress–dilatancy,	without	straying	into	too	much	theory.	As	such,	this	is	needed	background	
information	to	understand	the	material	presented	in	Chapters	6	and	7	about	static	and	cyclic	
liquefaction	behaviour,	although	Sections	2.7	and	2.8	could	be	skipped	if	less	interested	in	
generalized	(non-triaxial)	stress	conditions	and	the	finer	details	of	stress–dilatancy.

Understanding	 soil	 behaviour	 needs	 familiarity	 with	 stress	 invariants,	 which	 are	 used	
in	preference	to	mobilized	friction	angles,	and	these	stress	invariants	require	work	conju-
gate	strain	invariants	–	Appendix	A	works	through	these	ideas	and	the	various	definitions.	
Appendix	A	may	best	be	read	before	this	chapter	if	unfamiliar	with	work	conjugate	invari-
ants.	 These	 work	 conjugate	 invariants	 are	 the	 basis	 on	 which	 this	 chapter	 looks	 at	 soil	
behaviour	and	are	easy	 to	appreciate	 (they	make	 things	very	much	clearer)	despite	being	
unfamiliar.

2.1  fraMeWork for soIl BehavIour

2.1.1  Dilatancy

Volume	change	behaviour	largely	distinguishes	soils	(or,	more	generally,	particulate	media)	
from	other	engineering	materials.	When	soils	are	sheared,	they	increase	in	volume	if	they	
are	initially	dense	or	contract	if	they	are	initially	loose.	The	tendency	of	soils	to	change	vol-
ume	while	shearing	is	called	dilatancy,	which	being	a	fundamental	aspect	of	soil	behaviour	
has	been	known	for	more	than	a	century	since	the	work	of	Reynolds	(1885).	Indeed,	there	
was	a	view	in	the	late	1800s	that	particulate	materials	were	a	fourth	state	of	matter	to	the	
familiar	gas,	liquid	and	solid.	We	do	not	need	that	fourth	state	view	today,	but	grasping	that	
soils	have	a	range	of	states	(void	ratios,	densities,	stresses)	and	that	those	states	change	with	
deformation	is	crucial	to	a	rational	approach	to	soil	mechanics.

Care	 is	needed	 in	discussing	dilatancy	because	the	common	usage	 is	 for	positive	dilat-
ancy	to	be	regarded	as	volume	increase	during	shear,	which	is	opposite	to	the	compression	
positive	convention	widely	used	in	geotechnical	engineering.	There	is	also	an	issue	in	the	
two	definitions	of	dilatancy	which	are	already	in	use,	often	without	people	seemingly	being	
aware	of	the	difference.	The	alternatives	will	be	called	the	absolute	and	rate	definitions	in	
this	book:

•	 The	absolute	definition:	Dilation	is	the	change	in	volumetric	strain	incurred	since	the	
initial	condition.

•	 The	rate	definition:	Dilation	is	the	ratio	of	rate	(or	increment)	of	volume	change	with	
rate	(or	increment)	of	shear	strain.
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These	two	definitions	of	dilatancy	are	interrelated,	with	the	first	definition	simply	being	the	
integral	of	the	second	over	the	particular	stress	path	imposed	on	the	soil.	In	many	cases,	the	
volume	change	may	be	contractive	after	a	particular	shear	strain	even	though	the	material	
is	dilating.	Figure	2.1	illustrates	the	two	different	concepts	of	dilation.

The	rate	definition	of	dilation	traces	back	to	the	idea	that	soil	has	a	true	friction	that	can	
only	be	understood	or	determined	by	accounting	for	the	work	done	as	the	soil	dilates.	This	
true	friction	concept	was	suggested	by	Taylor	(1948)	and	formalized	by	Bishop	(1950),	when	
considering	soil	strength.	The	understanding	of	the	role	of	dilation	was	greatly	extended	by	
Rowe	(1962)	who	showed	that	dilation	operated	throughout	the	stress–strain	behaviour	of	
particulate	materials	and	was	not	something	associated	only	with	peak	strength.	The	rate	
definition	of	dilation	is	intrinsically	linked	to	understanding	soil	behaviour	through	applied	
mechanics.

The	absolute	definition	of	dilation	seems	to	trace	to	the	Netherlands	where	there	is	long-
standing	experience	of	liquefaction	problems	(going	back	at	least	a	century).	A	subtlety	in	
the	Dutch	use	of	the	volume	change	is	that	only	the	volume	change	due	to	shearing	is	consid-
ered	(e.g.	Lindenberg	and	Koning,	1981).	Thus,	volumetric	strains	as	a	result	of	mean	stress	
changes	need	to	be	subtracted	from	the	total	volumetric	strains	to	obtain	the	volume	change	
due	to	shear-induced	dilation.	The	absolute	definition	becomes	useful	here	because,	if	the	
soil	dilates	according	to	the	absolute	definition,	then	the	undrained	strength	will	be	greater	
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Figure 2.1 Difference between rate and absolute definitions of dilatancy.
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than	the	drained,	and	hence,	liquefaction	becomes	impossible	(as	long	as	the	situation	was	
originally	statically	stable).

As	well	as	this	issue	of	two	definitions,	the	geotechnical	literature	uses	the	terms	dilation	
and	dilatancy	interchangeably;	they	are	commonly	also	expressed	as	an	angle	analogous	to	
the	friction	angle.	This	leads	to	a	further	niggle	that	maximum	dilation	angles	refer	to	the	
greatest	rate	of	increase	in	the	soil’s	void	ratio,	but	this	is	actually	a	negative	or	minimum	
strain	rate	ratio	because	of	the	compression	positive	convention	of	soil	mechanics.

This	book	uses	the	rate	definition	of	dilation.	The	rate	definition	is	preferred	because	it	is	
an	expression	of	the	work	flow	in	the	soil,	which	is	fundamental	to	plasticity-based	constitu-
tive	models.	We	will	come	to	this	aspect	in	the	next	chapter.	Where	the	absolute	definition	
of	dilation	might	be	relevant	we	refer	to	the	actual	positive	or	negative	volumetric	strain,	so	
reserving	the	words	dilation	and	dilatancy	for	the	applied	mechanics	view.

2.1.2  Critical state

Given	that	dense	soil	increases	in	volume	during	shear	while	loose	soil	contracts,	it	is	natural	
to	wonder	how	the	two	behaviours	are	related.	Casagrande,	in	1936,	explored	this	issue.	
Using	shear	box	tests,	it	was	found	that	loose	sands	contracted	and	dense	sands	dilated	until	
approximately	 the	 same	void	 ratio	was	attained	at	 large	 strains	as	 shown	 in	Figure	2.2.	
This	 large	 strain	 void	 ratio	 distinguished	 which	 mode	 of	 behaviour	 the	 soil	 exhibited.	
Looser	sand	was	contractive	under	either	definition	of	dilation.	Casagrande	termed	the	void	
ratio	that	demarked	the	volumetric	strain	behaviour	as	the	critical	void	ratio.	Interestingly,	
Casagrande’s	work	was	not	blue	sky	research	but	came	out	of	the	need	to	engineer	a	hydrau-
lic	fill	dam	that	would	not	liquefy	–	Franklin	Falls	Dam	in	New	Hampshire.	Arguably,	this	
project	was	the	real	start	of	modern	soil	mechanics.

The	critical	void	ratio	is	affected	by	mean	effective	stress,	becoming	smaller	as	the	stress	
level	increases	–	a	behaviour	first	reported	in	Taylor	(1948).	The	relationship	between	criti-
cal	void	ratio	and	mean	effective	stress	is	called	the	critical	state	locus	(or	CSL).

Traditional	geotechnical	practice	has	taken	account	of	the	density,	which	affects	whether	
a	 soil	 will	 dilate	 or	 contract,	 rather	 simply	 by	 assigning	 different	 properties	 to	 the	 soil	
according	to	whether	it	is	dense	or	loose.	For	example,	the	same	geological	material	may	be	
assigned	a	friction	angle	ϕ′	=	32°	in	a	loose	in-situ	state,	but	given	ϕ′	=	36°	for	design	after	
densification	or	compaction.	No	relationship	is	offered	between	density	and	behaviour,	with	
each	density	of	the	soil	 in	effect	treated	as	a	different	material	whose	properties	must	be	
established	by	 testing.	This	 is	 certainly	 inconvenient,	but	 it	 is	also	an	 intellectual	 failure	
since	 intrinsic	 properties	 are	 not	 a	 function	of	 soil	 density.	 Soil	 is	 a	material	 that	 exists	
across	a	range	of	states,	with	the	state	determining	how	the	true	or	intrinsic	properties	are	
transformed	into	engineering	behaviour	such	as	strength	and	stiffness.

The	first	 theoretical	development	 that	captured	 the	density	of	 soils	as	a	 state	variable,	
rather	than	a	soil	property,	and	thereby	accounted	for	volume	changes	during	shearing,	was	
the	framework	that	became	known	as	critical	state	soil	mechanics	(Schofield	and	Wroth,	
1968).	The	name	critical	state	derives	from	anchoring	the	theory	to	Casagrande’s	critical	
void	 ratio.	The	critical	 state	 is	 taken	 to	be	 the	ultimate	 state	 the	 soil	 reaches	 if	we	keep	
deforming	(shearing)	the	soil.	Critical	state	soil	models	are	formulated	from	theoretical	plas-
ticity	modified	to	take	into	account	volume	changes	during	loading.	Critical	state	theory,	
or	more	precisely	a	generalization	of	the	framework	put	forward	by	Schofield	and	Wroth,	is	
going	to	form	the	basic	approach	to	liquefaction.

However,	before	getting	 into	critical	state	frameworks,	a	few	definitions	are	needed	to	
avoid	any	potential	confusion	with	terminology	and	concepts	surrounding	critical	states,	
steady	states,	dilation	and	volume	changes.	The	critical	state	was	defined	by	Roscoe	et al.	
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(1958)	as	the	state	at	which	a	soil�continues�to�deform�at�constant�stress�and�constant�void�
ratio	–	essentially	a	formalization	of	Casagrande’s	idea.	Note	that	there	are	two	conditions	
in	the	definition:	(1)	the	soil	is	at	constant	void	ratio	and	(2)	it	has	no	propensity	to	change	
from	this	constant	void	ratio	condition.	Much	confusion,	past	and	present,	arises	if	condi-
tion	(2)	is	ignored.

Reliable	methods	to	determine	the	CSL	have	been	remarkably	elusive	ever	since	Casagrande	
first	suggested	the	presence	of	a	critical	void	ratio	in	1936.	However,	in	the	mid-1960s,	one	
of	Casagrande’s	students,	Gonzalo	Castro,	undertook	a	series	of	stress-controlled	triaxial	
tests	in	an	attempt	to	reproduce	field	loading	conditions	which	Casagrande	surmised	were	
stress	controlled.	These	tests	on	loose	samples	systematically	resulted	in	liquefaction	failures	
leading	to	a	well-defined	steady�state	at	the	end	of	the	tests.

Castro	achieved	a	steady	state	 in	his	 tests	by	starting	with	 loose	samples,	and	using	a	
load-controlled	loading	device.	A	hanger	was	placed	on	the	triaxial	loading	piston	and	dead	
weights	added	to	the	hanger	at	a	rate	of	about	1	every	30	s.	Eventually,	the	sample	would	
reach	its	peak	deviator	stress	condition	and	start	strain	softening.	With	the	weights	still	on	
the	hanger,	the	strain	rate	would	rapidly	increase	and	the	test	would	be	over	in	a	fraction	of	
a	second.	The	weights	would	hit	the	stop	plate	with	a	big	thump.

Figure 2.2  Early hypothesis of critical void ratio from direct shear tests. (a) Shear stress vs. displacement, 
(b)  void  ratio  vs.  displacement  and  (c)  void  ratio  vs.  normal  stress.  (From  Casagrande,  A., 
Liquefaction and cyclic deformation of sands: A critical review, Proceedings of Fifth Pan–American 
Conference on Soil Mechanics and Foundation Engineering,  Buenos  Aires,  Argentina,  Vol.  5, 
pp. 79–133, 1975.)
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Poulos	(1981)	formalized	the	definition	of	the	steady	state	as	follows:	‘The	steady	state	of	
deformation	for	any	mass	of	particles	is	that	state	in	which	the	mass	is	continuously	deform-
ing	at	constant	volume,	constant	normal	effective	stress,	constant	shear	stress	and	constant	
velocity’.	The	locus	of	steady-state	void	ratios	with	mean	effective	stress	is	often	referred	to	
as	the	steady-state�locus	(SSL).

Initially,	it	was	thought	that	this	high	strain	rate,	load-controlled	testing	was	an	essential	
part	of	 achieving	 the	 steady	 state.	However,	 this	 supposition	has	not	been	borne	out	by	
subsequent	studies	in	which	it	has	been	shown	that	strain-rate-controlled	tests	result	in	the	
same	steady-state	condition.	Strain-controlled	 testing	 is	actually	preferable,	as	 it	 requires	
less	in	the	way	of	transducer	response	time	and	data	acquisition	rates,	avoids	inertial	cor-
rections	 to	measured	 loads	and	provides	more	detailed	data	on	the	post-peak	behaviour.	
Appendix	B	provides	details	of	the	laboratory	procedures	that	can	be	used	to	obtain	reliable	
measurements	of	the	critical	state;	these	procedures	are	not	difficult	or	costly	but	they	are	a	
further	step	beyond	standard	laboratory	practice	and	so	need	attention.

An	interesting	topic	of	discussion	in	the	1970s	and	1980s	was	whether	the	critical	and	
steady-state	lines	are	in	fact	the	same	(Casagrande,	1975;	Poulos,	1981;	Sladen	et al.,	1985b;	
Alarcon-Guzman	et al.,	1988).	Intellectually,	there	appears	to	be	little	distinction	between	
the	critical	and	steady	state	except	for	the	method	of	measurement.	Critical	state	researchers	
have	generally	 relied	on	drained	strain-rate-controlled	 tests	on	dilatant	 samples	 to	deter-
mine	 the	critical	 state.	 In	undrained	 tests,	 the	 steady	state	 is	usually	measured	on	 loose,	
contractive	samples.	This	led	Casagrande	(1975)	to	define	the	S	line	based	on	drained	tests	
(the	slow,	or	critical	state	line	[CSL])	and	the	F	line	based	on	Castro-type	undrained	stress-
controlled	tests	(the	fast,	or	steady-state	line).	For	the	moment,	we	will	assume	that	the	two	
are	equivalent,	as	Been	et al.	(1991)	examined	the	question	in	some	detail	and	concluded	
that,	for	practical	purposes,	equivalence	could	be	assumed.	In	previous	studies	where	large	
differences	were	found,	it	was	as	much	the	interpretation	of	the	steady	or	critical	state	data	
from	individual	tests,	as	any	other	factor,	that	gave	rise	to	an	apparent	difference.	Further,	it	
will	be	shown	in	Chapter	6	that	the	S	and	F	lines	reported	can	be	computed	from	the	propo-
sition	of	a	unique	CSL	by	introducing	the	strain	limits	of	the	triaxial	equipment.

Comparison	of	the	definitions	of	the	critical	state	and	steady	state	shows	that	the	steady-
state	definition	has	a	velocity	term.	This	velocity	is	never	specified	and	could	in	principle	be	
vanishingly	small,	at	which	point	the	two	definitions	become	identical.

It	is	common	to	treat	the	CSL	as	semi-logarithmic	for	all	soils	(at	least	as	an	engineering	
approximation):

	 e pc c= ′Γ − λ ln( ) 	 (2.1)

where	Γ�and	λ	are	intrinsic	soil	properties,	that	is	properties	that	are	not	affected	by	fabric,	
stress	history,	void	ratio,	etc.	The	subscript	‘c’	denotes	critical	state	conditions.	Caution	is	
needed	when	looking	at	quoted	values	of	λ	as	both	log	base	10	and	natural	logarithms	are	
used.	Natural	logarithms	are	more	convenient	for	constitutive	modelling,	whereas	base	10	
logarithms	arise	when	plotting	experimental	data;	we	use	the	notation	λ	(or	λe	where	empha-
sis	is	needed)	and	λ10	(=	2.303�λ),	respectively.	The	parameter	Γ	also	has	an	associated	stress	
level,	which	is	p′	=	1	kPa	by	convention.	More	sophisticated	variants	on	(2.1)	exist,	but	the	
validity	of	the	CSL	as	a	frame	of	reference	does	not	depend	on	a	semi-log	approximation	–	it	
is	only	a	modelling	detail	(we	show	an	alternative	idealization	of	the	CSL	later).

The	discussion	so	far	has	largely	been	about	void	ratio.	The	critical	state	is	more	than	
this,	however,	as	a	shear	stress	 is	 required	 to	keep	 the	soil	deforming.	Commonly,	 this	
shear	 stress	 is	expressed	 in	 terms	of	 the	constant	volume	 friction	angle	ϕcv,	 the	critical	
friction	angle	ϕc	or	the	critical	shear	stress	ratio	M.	This	shear	stress	at	the	critical	state	
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40  Soil liquefaction: A critical state approach

is	far	less	controversial	than	the	critical	void	ratio,	and	the	two	notations	ϕc	and	ϕcv	are	
conceptually	 identical	 (although	 it	might	be	argued	that	ϕc	 links	 to	a	particular	 theory	
while	ϕcv	is	general).

2.1.3  stress–dilatancy

A	basic	and	excellent	framework	for	understanding	soil	 is	 its	stress–dilatancy	behaviour.	
That	dense	sands	dilate	and	are	markedly	stronger	than	loose	sands	led	to	interest	in	energy	
corrections	in	the	early	years	of	soil	mechanics	(e.g.	Taylor,	1948).	The	idea	was	that	the	
friction	angle	should	be	broken	down	into	a	dilational	component	and	a	frictional	compo-
nent,	as	illustrated	in	Figure	2.3	(from	Bishop,	1950),	with	the	frictional	component	being	
perceived	to	be	a	true	fundamental	value.	Of	course	this	offers	little	insight	without	under-
standing	dilatancy.	The	seminal	paper	by	Rowe	(1962)	related	the	mobilized	stress	ratio	to	
the	plastic	strain	rates,	in	what	has	become	known	as	stress–dilatancy	theory.	Rowe,	who	
was	also	at	the	University	of	Manchester	where	Reynolds	had	done	the	original	experiments	
demonstrating	dilatancy	almost	a	century	earlier,	considered	the	mechanics	of	an	assembly	
of	spheres/rods.	Rowe	showed	that	there	was	an	intimate	relationship	between	plastic	strain	
rates	and	the	mobilized	stress	ratio.	Most	importantly,	this	relationship	applied	to	the	whole	
strain	history,	not	just	peak	strength	values.	Rowe’s	original	proposition	can	be	stated	as	
(for	a	compression	positive	convention):

	

′
′
= −









σ
σ

ε
ε

1

3 1

1K v�
�

	 (2.2)

When	stress–dilatancy	theory	was	introduced,	it	was	thought	that	K	might	be	a	constant	
and	related	to	the	soil	mineral–mineral	friction	(which	was	perceived	at	that	time	as	the	fun-
damental	property	controlling	the	behaviour).	This	is	now	known	to	be	not	the	entire	story	
with	a	sense	of	disappointment	apparent	in	Rowe’s	paper	as	even	the	earliest	experimental	
data	showed	that	K	evolved	with	strain.	Nevertheless,	Equation	2.2	recognizes	dilation	as	
a	work	transfer	mechanism	between	the	principal	stress	directions.	This	provides	an	enor-
mously	insightful	way	of	plotting	soil	test	data	so	as	to	understand	the	underlying	physics.
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Figure 2.3  Illustration  of  dilatancy  and  frictional  components  of  friction  angle.  (From  Bishop,  A.W., 
Géotechnique, 2, 90, 1950. With permission from ICE Publishing, London, UK.)
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Having	introduced	some	concepts,	things	need	to	be	brought	on	to	a	more	formal	basis	
before	proceeding.	It	is	helpful	to	get	away	from	friction	angles	in	favour	of	stress	invariants	
and,	because	soils	are	controlled	primarily	by	the	relative	amounts	of	shear	stress	to	mean	
stress,	to	use	the	stress	ratio	η	defined	as

	
η =

′
q
p

	 (2.3)

Dilatancy	must	be	defined	so	that	it	can	be	used	quantitatively.	Dilatancy	D	is	defined	as	
being	the	ratio	between	the	two	work	conjugate	strain	increment	invariants:

	
D v

q

=
�
�
ε
ε

	 (2.4)

Following	on	from	Rowe’s	stress–dilatancy	approach,	it	is	anticipated	that	soil	behaviour	
would	follow	a	function	of	the	form

	
η = f M Df

p( , ) 	 (2.5)

where
the	function	f�()	is	not	yet	defined
the	superscript	‘p’	has	been	introduced	to	indicate	that	it	is	the	plastic	component	of	the	

strain	rates	that	is	relevant

Practically,	it	is	often	useful	when	first	looking	at	test	data	to	neglect	elasticity	and	to	use	
total	strain	(i.e.	D	rather	than	Dp)	because	elastic	property	data	may	not	be	available	and	
working	out	D	is	a	trivial	transform	of	drained	triaxial	test	data	after	importing	it	into	a	
spreadsheet.	Mf	is	the	equivalent	of	Rowe’s	mobilized	critical	friction	ϕf,	which	varies	a	little	
with	strain	and	rather	more	with	state.

Equation	2.5	suggests	that	reducing	test	data	to	η	and	D	values	should	give	insight	into	
that	data,	and	it	is	used	for	the	test	data	in	this	chapter.	Notice	that	this	approach	is	auto-
matically	dimensionless	and	stress-level	independent	–	one	of	the	goals	of	a	proper	model	
falls	into	your	lap	when	a	stress–dilatancy	view	is	taken.	Further	understanding	then	fol-
lows	by	relating	D	to	density	(void	ratio),	which	is	accomplished	using	the	state	parameter.

2.2  state paraMeter approaCh

2.2.1  Definition

As	soil	 is	a	material	which	exists	 in	a	 range	of	 states,	 the	first	 requirement	 is	a	measure	
of	that	state.	The	concept	of	relative	density	is	exactly	this.	The	maximum	and	minimum	
densities	define	reference	conditions,	and	relative	density	is	a	measure	of	the	sand	state	rela-
tive	to	these	reference	conditions.	Relative	density	can	be	improved	upon	very	significantly,	
however,	as	a	measure	of	sand	state.

The	kernel	concept	for	the	measurement	of	sand	state	is	that	the	critical	state	defines	a	
reference	state	and	the	distance	of	the	sand	from	the	reference	state	in	void	ratio	–	stress	
space	 is	a	first-order	measure	of	that	sand’s	structure.	Casagrande’s	observations	of	sand	
behaviour	(Figure	2.2)	were	that	sands	dilate	or	contract	when	they	are	sheared	until	they	
reach	the	critical	state.	The	further	away	from	the	final	critical	state,	the	faster	dilation	or	
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42  Soil liquefaction: A critical state approach

contraction	happens.	The	state	parameter,	ψ,	is	simply	defined	as	a	measure	of	that	devia-
tion	(see	Figure	1.1):

	 ψ = −e ec 	 (2.6)

where
e	is	the	current	void	ratio	of	the	soil
ec	is	the	void	ratio	of	the	critical	state	at	the	current	mean	stress
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Figure 2.4  Comparison of behaviour of sand as a function of relative density and state parameter for Kogyuk 
350/2 and Kogyuk 350/10 sands.
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Using	ec	in	the	definition	captures	the	effects	of	changes	in	the	reference	soil	structure,	while	
using	e	captures	the	current	soil	density.

Why	use	ψ	rather	than	void	ratio	or	relative	density	directly?	Because	high	confining	
stress	levels	tend	to	suppress	dilatancy,	the	definition	of	state	must	take	into	account	the	
stress	level.	It	is	the	magnitude	of	dilation	that	determines	strength,	not	the	void	ratio	or	
density	at	which	dilation	occurs.	This	is	exactly	Rowe’s	stress–dilatancy	concept	in	opera-
tion.	Figure	2.4	presents	some	undrained	tests	on	Kogyuk	sand	as	experimental	evidence	
of	these	effects.	Samples	at	 the	same	relative	density	(e.g.	37	and	103,	or	112	and	113)	
show	widely	differing	stress	paths	because	of	changed	stress	levels.	In	contrast,	samples	at	
the	same	ψ	but	different	densities	and	stress	levels	(e.g.	108	and	103,	or	45	and	112)	show	
similar	behaviour.

The	 value	 of	 the	 state	 parameter	 approach,	 to	 a	 practical	 engineer,	 is	 that	 many	 soil	
properties	and	behaviours	are	simple	functions	of	the	state	parameter.	There	is	more	to	the	
state	parameter,	however,	than	the	utility	of	powerful	normalizations.	It	turns	out	that	the	
state	parameter	 is	 fundamental	 to	constitutive	models	of	 soil	which	have	properties	 that	
are	invariant	with	soil	density	and	stress	level,	and	one	such	model	is	presented	in	the	next	
chapter.

2.2.2  theoretical basis

When	we	first	used	ψ	it	provided	a	very	useful	normalization	of	test	data	(Been	and	Jefferies,	
1985)	which	was	seemingly	 independent	of	 sand	gradation,	 silt	 content,	mineralogy,	etc.	
However,	there	is	a	sound	theoretical	basis	as	to	why	ψ	should	be	the	first-order	expectation	
of	an	appropriate	normalizing	variable,	a	basis	that	relates	directly	to	the	dilation	rate.

Consider	an	element	of	soil	at	a	void	ratio	e.	Soils	not	at	the	critical	state	must	change	
volume	as	they	are	sheared,	since	it	is	a	basic	postulate	that	the	critical	state	represents	the	
ultimate	condition	 that	will	be	attained	after	 sufficient	 shear.	As	 interest	 is	 in	distortion	
effects,	the	argument	is	kept	simple	by	assuming	that	shear	is	under	the	condition	of	con-
stant	mean	stress.	An	expected	state	path	for	the	shear	of	the	soil	can	be	approximated	as	
a	straight	line,	Figure	2.5.	In	reality,	if	starting	from	isotropic	conditions,	there	will	be	an	
initial	contraction	before	dilation	sets	in,	but	this	is	a	detail	on	the	basic	state	path	vector.
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Figure 2.5 Idealized state path to illustrate the relationship of dilatancy to state parameter.
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From	the	definition	of	volumetric	strain	in	terms	of	void	ratio,	for	the	test	illustrated	in	
Figure	2.5,	the	volume	change	is	given	by

	
εv
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f i
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e
e

e e
e
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+

= −
−
+
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1 1

	 (2.7)

where	the	subscripts	i	and	f	refer	to	initial	and	final	conditions.	For	the	idealized	path,	the	
final	state	is	on	the	CSL	(i.e.	ef	=	ec).	Introducing	the	definition	of	state	parameter
ψ	=	ei	−	ec	in	(2.7)	gives

	
ε ψ
v

ie
=

+1
	 (2.8)

Equation	2.8	states	the	total	volume	change	from	the	initial	condition	to	the	critical	state	
during	shearing.	As	the	critical	state	is	an	equilibrium	condition	in	which	as	many	soil	par-
ticles	are	moving	into	void	space	as	are	being	displaced	out	of	it	by	shear,	it	seems	reasonable	
that	this	kind	of	dynamic	balance	will	require	displacements	of	at	least	two	to	three	particle	
diameters	to	mobilize	the	condition	in	a	shear	zone.	If	shear	zones	are	about	10	particles	
thick,	this	purely	geometric	consideration	of	critical	state,	ignoring	formal	strain	measures,	
would	also	give	εq�=	0.2	−	0.3	as	a	first	approximation.	The	average	dilation	on	the	approxi-
mate	state	path	is	then
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The	exact	coefficient	in	(2.9)	will	come	from	experimental	data	–	4	is	only	a	plausible	esti-
mate	of	likely	magnitude.	The	important	point	is	that	dilation	will	be	approximately	linearly	
related	to	the	state	parameter.	Also	notice	that	(2.9)	is	independent	of	stress	level.	Average	
dilatancy	depends	strongly	on	the	state	parameter	and	with	a	slight	contribution	from	void	
ratio.	This	thought	experiment	was	the	basis	of	the	proposition	by	Been	and	Jefferies	(1985)	
that	the	state	parameter	ψ	 is	a	normalizing	index	for	soil	behaviour	irrespective	of	stress	
level	or	material	type.

As	is	evident	from	stress–dilatancy	theory,	actual	(rather	than	average)	D	values	depend	
on	η	as	well	as	other	factors.	Because	of	this,	the	approach	is	to	relate	the	maximum	dilation	
(which	is	actually	Dmin	because	of	the	compression	positive	convention)	to	ψ.	An	alternative	
that	follows	from	stress–dilatancy	is	the	relationship	of	(ϕmax	−	ϕc)	to	ψ.

The	aforementioned	argument	is	small	strain	which	gives	simplicity.	This	seems	sufficient	
for	a	normalizing	approach.	A	large	strain	variant	of	ψ	is	also	readily	defined.	In	passing	it	
can	be	noted	that	Bolton’s	relative	dilatancy	index	(Bolton,	1986)	has	the	same	intent	as	ψ,	
but	ψ	is	both	more	convenient	and	fundamental.

2.2.3  using initial versus current void ratio

It	 is	convenient	 to	use	conditions	at	 the	start	of	a	 test	when	reducing	 laboratory	data	 to	
develop	soil	properties,	as	that	requires	the	least	effort	and	is	readily	done	from	standard	
test	report	sheets.	However,	using	initial	void	ratio	when	reducing	data	can	lead	to	some	not	
so	obvious	offsets	from	what	you	may	have	expected	–	for	example,	a	dilation	trend	with	
state	parameter	that	does	not	go	through	zero	dilation	for	zero-state	parameter	(an	effect	
caused	by	initial	sample	densification	when	sheared).	Conversely,	using	the	current	value	of	
the	state	parameter	when	considering	a	soil	behaviour	(say	peak	strength)	requires	the	test	
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data	to	be	processed	to	update	the	void	ratio	from	its	initial	value	to	the	value	at	the	soil	
behaviour	being	considered	(peak	strength	in	this	example,	where	both	void	ratio	and	mean	
stress	have	changed	from	their	initial	values).

In	our	early	publications	using	the	state	parameter	(up	to	about	1990),	everything	was	
done	in	terms	of	initial	conditions,	that	is,	nice	and	simple	standard	engineering	practice.	
However,	working	in	terms	of	initial	conditions	is	not	smart	when	moving	from	practical	
engineering	to	doing	the	math	and	putting	things	in	a	formal	framework	–	the	math	is	far	
simpler	if	expressed	in	terms	of	current	values.	Since	each	approach	has	its	own	merits	and	
uses,	here	we	use	the	notations

•  ψo	=	state	parameter	as	measured	at	start	of	the	loading	path	using	initial	void	ratio	and	
critical	void	ratio	at	initial	mean	effective	stress:	ψo	=	eo	−	(ec�at	po)

•  ψ	=	state	parameter	measured	using	current	void	ratio	and	critical	void	ratio	at	the	cur-
rent	mean	effective	stress:	ψ�=	e	−	ec

Broadly,	the	ψo	approach	may	be	the	most	convenient	when	assessing	test	data	and	we	fol-
low	that	approach	here.	But	when	getting	involved	with	constitutive	modelling,	soil	proper-
ties	will	be	best	expressed	in	terms	of	ψ	which	is	easy	enough	to	do	provided	that	the	testing	
laboratory	delivers	data	that	can	be	imported	into	a	spreadsheet.	We	will	introduce	the	soil	
property	χ	later	in	this	chapter	using	ψ,	not	ψo.

2.2.4  experimental evidence for approach

So	much	for	 the	 thought	experiment,	what	about	data?	There	 is,	 in	current	geotechnical	
literature,	a	substantial	body	of	test	data	on	the	drained	triaxial	compression	behaviour	of	
sand.	Mostly,	 this	 is	for	 laboratory	standard	sands	(e.g.	Monterey,	Ottawa,	Toyoura	and	
Ticino)	that	have	been	used	in	various	academic	studies,	for	example	how	strength	is	related	
to	cone	penetration	resistance	or	how	elasticity	depends	on	void	ratio	and	stress.	Because	
most	of	this	work	was	done	outside	a	critical	state	context,	the	CSL	was	not	usually	deter-
mined.	With	the	advent	of	interest	in	liquefaction,	and	the	realization	that	liquefaction	was	
most	appropriately	dealt	with	in	a	critical	state	context,	Golder	Associates	was	retained	by	
the	Canadian	oil	industry	in	the	1980s	to	determine	the	CSL	of	these	standard	sands.	This	
means	that	the	database	from	the	literature	can	be	used	to	assist	in	evaluating	liquefaction	
potential.

Real	sands	found	in-situ	are	not	like	laboratory	sands	in	that	they	have	at	least	a	few	(and	
often	much	more)	fines	 in	 them,	and	they	also	 tend	to	have	a	wider	distribution	of	sand	
size	particles.	There	are	also	mine	tailings	to	consider,	the	sand-	and	silt-sized	particles	cre-
ated	when	ore	is	crushed	to	extract	metals.	Over	the	past	30 years,	Golder	Associates	has	
tested	many	of	these	in-situ	sands	and	tailings,	and	most	of	these	testing	programmes	have	
included	the	determination	of	the	CSL.	In	addition,	test	data	from	the	literature	or	universi-
ties	have	been	obtained	and	digitized	where	possible	to	expand	the	database.

In	total,	both	drained	and	undrained	data	are	available	for	some	35	sands	to	sandy	silts,	
and	this	database	is	summarized	in	Table	2.1,	along	with	CSL	parameters	for	several	other	
sands	that	have	been	published.	The	determination	of	the	critical	state	parameters	for	these	
sands	is	discussed	shortly.	The	triaxial	test	data	for	most	sands	in	Table	2.1	are	provided	
as	Excel	spreadsheet	files	that	can	be	downloaded	from	the	web	as	detailed	in	the	Preface.	
These	files	contain,	for	each	test,	the	material	type,	sample	preparation	method,	laboratory	
that	 carried	out	 the	 test	 and	 the	 initial	 conditions	 (void	 ratio,	 confining	 stress	 and	 state	
parameter).	For	drained	tests,	the	peak	friction	angle,	dilation	rate	at	peak	and	volumetric	
strain	at	peak	are	also	tabulated,	while	for	undrained	tests,	the	undrained	shear	strength	
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Table 2.1 Critical state properties for some soils

D50 (micron) Fines (%) emax emin Gs Γ1 λ10 Mtc χtc Source reference

a) laboratory standard sands
Brasted sand 260 2 0.792 0.475 0.912 0.05 1.3 2.8 Cornforth (1964)
Castro S and B 150 0.12 0.84 0.5 0.791 0.041 1.22 Castro (1969)
Castro S and C 280 0.12 0.99 0.66 0.988 0.038 1.37 2.8 Castro (1969)
Hokksund 390 0.12 0.91 0.55 0.934 0.054 1.29 3.4 Golder project files
Leighton Buzzard 120 5 1.023 0.665 0.972 0.054 1.24 3.1 Golder project files
Leighton Buzzard 500 0.12 0.79 0.515 0.69 0.04 Hird and Hassona (1990)
Leighton Buzzard: 10% Mica 500 0.12 1.07 0.591 0.99 0.145 Hird and Hassona (1990)
Leighton Buzzard: 17% Mica 470 0.12 1.32 0.615 1.11 0.16 Hird and Hassona (1990)
Leighton Buzzard: 30% Mica 450 0.12 1.789 0.823 1.61 0.385 Hird and Hassona (1990)
Monterey 370 0.12 0.82 0.54 0.878 0.029 1.29 Golder project files
Nevada 150 7.5 0.887 0.511 0.91 0.045 1.2 Velacs project 
Ottawa 530 0.12 0.79 0.49 0.754 0.028 1.13 4.8 Golder project files
Reid Bedford 240 0.12 0.87 0.55 1.014 0.065 1.29 3.8 Golder project files
Ticino-4 530 0.12 0.89 0.6 2.67 0.986 0.056 1.24 2.9 Golder project files
Ticino-8 530 0.12 0.943 0.031 Golder project files
Ticino-9 530 0.12 0.97 0.05 Golder project files
Toyoura 210 0.12 0.873 0.656 1 0.039 1.24 2.9 Golder project files
Toyoura 160 0.12 0.981 0.608 2.65 1.043 0.085 5.1 Golder project files

b) natural sands
Amauligak F-24 140 10 2.67 0.946 0.083 1.37 Golder project files
Amauligak F-24 144 21 2.69 0.966 0.124 1.33 Golder project files
Amauligak I-65 80 48 2.65 1.634 0.358 1.29 Golder project files
Amauligak I-65 310 9 2.67 1.018 0.153 1.42 Golder project files
Amauligak I-65 290 3 2.65 1.023 0.095 1.31 Golder project files
Erksak 320 1 0.808 0.614 0.875 0.043 1.27 3.4 Golder project files
Erksak 355 3 0.963 0.525 2.67 0.848 0.054 1.18 3.5 Golder project files
Erksak 330 0.7 0.747 0.521 2.66 0.816 0.031 1.27 3.5 Golder project files
Isserk 210 2 0.76 0.52 2.67 0.833 0.043 1.22 4.2 Golder project files
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Table 2.1 (Continued) Critical state properties for some soils

D50 (micron) Fines (%) emax emin Gs Γ1 λ10 Mtc χtc Source reference

Isserk 210 5 0.83 0.55 0.879 0.089 1.24 Golder project files
Isserk 210 10 0.86 0.44 0.933 0.123 1.24 Golder project files
Kogyuk  350 2 0.83 0.47 0.844 0.064 1.31 4.5 Golder project files
Kogyuk  350 5 0.87 0.49 0.924 0.104 1.31 Golder project files
Kogyuk 350 10 0.93 0.46 1.095 0.205 1.24 Golder project files
Kogyuk 280 5 0.87 0.56 0.902 0.062 1.2 3.7 Golder project files
Nerlerk 270 1.9 0.812 0.536 2.66 0.849 0.049 1.29 5.2 Golder project files
Nerlerk 280 2 0.94 0.62 0.88 0.04 1.2 Sladen et al (1985)
Nerlerk 280 12 0.96 0.43 0.8 0.07 1.24 Sladen et al (1985)
Alaskan Beaufort  140 5 0.856 0.565 2.7 0.91 0.037 1.22 3.6 Golder project files
Alaskan Beaufort  140 10 0.837 0.53 2.7 0.92 0.053 1.20 3.6 Golder project files
West Kowloon sand 730 0.5 0.685 0.443 2.65 0.71 0.08 Golder project files
Chek Lap Kok 1000 0.5 0.682 0.411 2.65 0.905 0.13 1.3 4.0 Golder project files
Fraser River (Massey) 200 <5 1.1 0.7 2.68 1.071 0.038 Robertson et al (2000)
Duncan Dam 200 6.5 1.15 0.76 2.77 1.17 0.0854 Robertson et al (2000)
San Fernando 3 290 11 2.69 0.869 0.093 Seed et al (1988)
San Fernando 7 75 50 2.69 0.815 0.106 Seed et al (1988)
Bennett silty sand (a) 270 34 0.678 0.178 2.7 0.457 0.041 1.4 Golder project files
Bennett silty sand (b) 370 26 0.524 0.332 2.7 0.435 0.05 1.43 Golder project files
Bennett silty sand (c) 410 20 0.509 0.337 2.7 0.43 0.034 1.43 Golder project files
Estuarine sand 170 2 0.887 0.58 2.67 0.915 0.04 Golder project files
Northwest Brook Pit 720 2 0.682 0.392 2.74 0.665 0.036 1.53 5.3 Golder project files

c) tailings sands and silts
Hilton Mines 200 2.5 1.05 0.62 1.315 0.17 1.42 2.7 Golder project files
Highland Valley copper 200 8 1.055 0.544 2.66 0.98 0.068 Robertson et al (2000)
Faro lead-zinc 100 30 0.99 0.556 4.48 0.921 0.082 1.19 Golder project files
Faro lead-zinc 50 65 2.017 0.837 3.97 1.076 0.159 1.2 Golder project files
Sudbury (nickel) - A 115 35 1.032 0.537 3.03 0.938 0.112 1.45 Golder project files
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Table 2.1 (Continued) Critical state properties for some soils

D50 (micron) Fines (%) emax emin Gs Γ1 λ10 Mtc χtc Source reference

Sudbury (nickel) - B 50 65 2.98 0.868 0.108 1.45 Golder project files
Syncrude oil sand tailings 207 3.5 0.898 0.544 2.64 0.86 0.065 1.33 5.3 Golder project files
Syncrude (Mildred Lake) 160 10 0.958 0.522 2.66 0.919 0.035 Robertson et al (2000)
Yatesville silty sand 100 43 2.67 0.653 0.164 1.33 Brandon et al (1991)
Merriespruit gold tailings 140 0 1.221 0.738 1.24 0.07 Fourie & Papageorgiou (2001)
Merriespruit gold tailings 130 20 1.326 0.696 1.18 0.05
Merriespruit gold tailings 110 30 1.331 0.577 0.96 0.035
Merriespruit gold tailings 60 60 1.827 0.655 0.8 0.02
Endako silt 5.5 99.2 2.69 2.063 0.541 1.37 0.74 Golder project files
Nevada copper tailings 60 53 1.056 0.586 3.03 0.858 0.111 1.57 Golder project files
Argentina mixed tailings 60 53 0.74 0.08 1.56 Golder project files
Conga dry tailings 25 80 2.75 0.89 0.128 1.56 Golder project files
Tailings beach 75 51 1.015 0.685 2.68 0.713 0.086 1.44 Golder project files
Tailings sand 170 22 1.065 0.512 2.68 0.914 0.115 1.45 Golder project files
Oxide tailings 43 75 2.78 0.763 0.084 1.45 Golder project files
Toromocho 60 58 3.14 1.023 0.145 1.56 5.9 Golder project files
Skouries 55 65 2.77 0.736 0.069 1.4 Golder project files

d) other materials
Dogs Bay sand (carbonate) 280 1 2.2 1.5 2.71 3.35 0.77 1.65 Coop (1990), index data are 

for pretest (uncrushed) sand

TVA Kingston coal ash 37 72 2.37 1.08 0.12 1.19 AECOM (2009)
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Dilatancy and the state parameter  49

and	associated	pore	pressure	parameter	Af	(for	loose	samples)	or	the	mobilized	friction	angle	
and	rate	of	change	in	pore	pressure	(for	dense	samples)	are	provided.	A	shorthand	notation	
for	the	grain	size	of	sands	has	been	used	throughout:	Erksak	360/3	sand	denotes	Erksak	
sand	with	a	D50	of	360 µm	(0.360 mm)	and	a	fines	content	of	3%.	Where	the	full	grain	size	
curves	are	available,	these	are	also	given	as	downloadable	files.

Figure	2.6	shows	dilation	versus	 the	state	parameter	 for	20	of	 the	soils	 listed	 in	Table	
2.1,	presented	in	the	form	of	Dmin	against	ψo	as	explained	earlier.	This	figure	is	an	extended	
and	re-plotted	version	of	the	figure	published	some	30 years	ago	(Been	and	Jefferies,	1985,	
1986),	using	the	work	conjugate	strain	invariant	definition	of	dilatancy	(Equation	2.4).	The	
data	lie	within	about	±0.2	of	Dmin	=	3�ψo,	which	compares	nicely	to	Equation	2.9.	The	data	
plotted	on	this	figure	range	from	clean	quartz	sands	through	to	silty	sands	and	the	mean	
effective	confining	stress	from	19	to	1200	kPa.	Hopefully,	these	data	are	sufficiently	con-
vincing	as	to	ψ	being	an	effective	and	universal	normalizing	parameter	that	works	exactly	
as	expected.

When	the	utility	of	ψ	was	proposed,	interest	centred	on	the	peak	friction	angle	rather	than	
dilatancy,	for	which	the	relationship	is	shown	in	Figure	2.7.	There	is	arguably	no	more	scat-
ter	in	the	peak	friction	angle	than	with	the	relationship	to	Dmin.	Given	the	understanding	
from	stress–dilatancy	theory,	it	is	appropriate	also	to	plot	ϕtc	−	ϕcv	versus	ψo.	In	effect,	this	
highlights	the	component	of	peak	strength	that	can	be	attributed	to	stress–dilatancy	behav-
iour	rather	than	the	intrinsic	friction	angle	ϕc.	Such	a	plot	is	presented	in	Figure	2.8,	with	
no	apparent	difference	in	scatter	in	the	data.	Generally,	ϕc	≈	31°	for	sub-rounded	hard	quartz	
sands,	but	care	is	needed	as	ϕc	can	change	markedly	with	mineralogy	and	grain	shape.	How	
to	measure	ϕc	is	covered	shortly.

Volumetric	 strain	at	peak	 strength	 is	of	 interest	 for	 liquefaction	evaluation,	because	 if	
the	volumetric	strain	is	compressive	in	drained	shear,	then	in	an	undrained	case	the	pore	
pressures	would	be	positive	and	the	undrained	strength	of	the	sand	would	be	less	than	the	
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Figure 2.6 Maximum dilatancy (Dmin) of 20 soils in standard drained triaxial compression.
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50  Soil liquefaction: A critical state approach
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Figure 2.7 Peak friction angle in standard drained triaxial compression.
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Figure 2.8  Stress–dilatancy  component  of  peak  strength  of  20  soils  in  standard  drained  triaxial 
compression.
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Dilatancy and the state parameter  51

drained	 strength.	Positive	pore	pressures	 at	peak	 strength	may	 indicate	 the	potential	 for	
large	strains	and	rapid	failures.	In	contrast,	if	the	total	volumetric	strain	is	dilatant,	pore	
pressures	would	be	negative	in	the	undrained	case,	and	therefore,	the	undrained	strength	
would	be	greater	than	the	drained	strength.	Rapid	failures	or	flow	slides	would	be	unlikely.	
Figure	2.9	therefore	shows	the	total	volumetric	strain	at	peak	strength	for	standard	drained	
isotropic	compression	triaxial	tests	on	sands.	There	is	a	clear	trend	of	larger	overall	volumet-
ric	dilation	(more	negative	εv)	as	ψo	becomes	more	negative.

Recall	the	earlier	discussion	on	how	a	dilatant	sand	by	the	rate	definition	would	not	neces-
sarily	show	dilatant	volumetric	strain	at	peak	strength.	Figure	2.9	shows	that	an	initial	state	
of	something	like	ψo	=	−0.06	is	necessary	on	average	to	ensure	that	a	net	dilation	occurs	at	
peak	ϕ.	(Note	that	the	stress	path	influences	the	volumetric	strain	at	peak	ϕ.	In	standard	
drained	triaxial	compression	tests,	the	mean	stress	increases	at	the	same	time	as	the	deviator	
stress.	The	corresponding	volume	change	is	a	combination	of	volumetric	compression	due	
to	the	mean	stress	increase,	and	a	dilational	component	[positive	or	negative]	due	to	shear-
ing.	Constant	mean	stress	or	extension	tests	would	be	expected	to	show	volumetric	strains	
slightly	different	from	Figure	2.9.)

In	particular,	notice	from	the	data	in	Figure	2.9	that	ψo	=	0	does	not	distinguish	tests	that	
are	overall	contractive	at	peak	strength	from	those	that	are	not.	This	is	a	direct	consequence	
of	 ψ	 operating	 in	 relation	 to	 the	 rate	 definition	 of	 dilation.	 For	 a	 soil	 to	 show	 an	 und-
rained	strength	that	is	greater	than	its	drained	strength,	which	is	the	basic	proposition	of	the	
Steady	State	School	(Chapter	1),	there	must	be	a	net	volume	increase	by	peak	strength	and	
something	denser	than	ψo	=	0	is	needed	for	this.	How	much	denser	depends	on	the	in-situ	
geostatic	stress,	the	relative	amounts	of	increased	shear	to	increased	mean	stress	and	some	
soil	properties.	As	noted	earlier,	about	ψo	<	−0.06	is	required	before	there	can	be	reasonable	
confidence	that	the	undrained	strength	exceeds	the	drained.	Simply	being	denser	than	the	
CSL	(SSL)	is	not	going	to	provide	adequate	engineering	performance	for	post-liquefaction	
stability,	as	is	now	widely	known.
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Figure 2.9 Volumetric strain at peak stress for drained triaxial compression tests on 20 sands.
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52  Soil liquefaction: A critical state approach

2.2.5  normalized and other variants of the state parameter

Despite	the	theoretical	basis	for	ψ,	somewhat	curiously,	people	have	sought	to	improve	on	
it	by	 introducing	normalizations.	The	desire	 for	a	normalized	 state	parameter	 seemingly	
developed	because	of	the	scatter	in	the	ϕmax	versus	ψ	relationship.	One	aspect	of	ψ	is	that	it	
is	not	the	sole	parameter	controlling	soil	behaviour,	and	the	role	of	soil	fabric	and	overcon-
solidation	ratio	will	be	discussed	shortly.	Before	that,	however,	any	notions	of	improving	
the	state	parameter	by	normalization	need	to	be	buried.	The	normalizations	considered	here	
include	the	use	of	index	void	ratios,	λ,�and	fines	content	corrections.

The	first	normalized	state	parameter	was	suggested	by	Hird	and	Hassona	(1986),	who	intro-
duced	both	maximum	and	minimum	void	ratio	 into	 the	grouping	ψ/(emax	–	emin).	This	sug-
gestion	was	subsequently	reiterated	by	Konrad	(1990a).	There	are	three	difficulties	with	this	
normalization.	First,	 it	does	not	 improve	 the	correlation	between	ϕ	and	ψ	with	substantial	
scatter	continuing	to	exist,	Figure	2.10.	Second,	there	is	no	role	for	(emax	–	emin)	in	the	theoreti-
cal	framework.	Finally,	emax	is	a	dubious	parameter	in	its	own	right,	as	it	is	unclear	that	there	
is	a	maximum	void	ratio	under	an	isotropic	stress	state.	Soil	will	become	progressively	more	
susceptible	to	the	influence	of	shear	stress	as	it	becomes	looser,	but	this	does	not	mean	that	very	
high	void	ratios	are	not	possible	(in	principle)	under	isotropic	stress.	Also,	as	is	well	known,	emax	
is	difficult	to	measure	with	any	degree	of	repeatability	between	different	testing	laboratories.

A	more	interesting	proposal	is	to	use	the	parameter	group	ψ/λe.	This	parameter	group	arises	
for	the	particular	case	of	undrained	loading	in	which	constant	void	ratio	is	enforced	and	pro-
vided	that	the	CSL	can	be	approximated	as	a	straight	line	in	semi-log	space.	Given	this	situa-
tion,	the	ratio	of	mean	stresses	p′/ ′pc	=	exp(−ψ/λe)	from	(2.1).	However,	for	the	case	of	drained	
shear	under	constant	mean	stress,	there	is	theoretically	no	role	for	λ.	Because	undrained	load-
ing	is	the	imposition	of	a	boundary	condition	(i.e.	no	drainage)	and	is	not	a	fundamental	and	
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Figure 2.10  Maximum dilatancy (Dmin) versus state parameter normalized by range of accessible void ratios 
(emax – emin). Compare the lack of improvement over Figure 2.6.
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Dilatancy and the state parameter  53

intrinsic	behaviour	of	the	soil	skeleton,	using	a	grouping	that	arises	only	in	undrained	load-
ing	cannot	be	correct.	This	can	be	checked	using	the	database	by	plotting	Dmin	against	ψo/λ,	
Figure	2.11.	The	scatter	in	values	of	ψo/λ	close	to	zero	is	similar	to	that	for	the	basic	state	
parameter	plot	(Figure	2.6),	and	the	scatter	increases	markedly	for	denser	states.	Adopting	
ψo/λ	is	a	backward	step.

Some	improvement	in	precision	might	be	expected	if	ψ	was	normalized	by	a	(1	+	e)	term,	
based	 on	 the	 considerations	 that	 lead	 to	 Equation	 2.9.	 This	 normalization	 does	 indeed	
reduce	 the	 scatter	 in	predicting	Dmin	 from	ψo	as	 illustrated	 in	Figure	2.12.	However,	 the	
improvement	 is	 small	 and	 practical	 engineering	 seems	 best	 served	 using	 the	 simple	 and	
original	definition	of	ψo.

An	 interesting	 suggestion	 is	 that	 the	 state	 parameter	 should	only	be	 computed	on	 the	
sand-sized	 fraction,	with	at	 least	 some	of	 the	fines	being	viewed	as	 inert	particles	filling	
void	space	but	not	transferring	any	forces	between	the	sand	particles.	Taking	fines	(fc)	as	
material	passing	the	75	μm	sieve,	an	equivalent	granular	void	ratio	e*	can	be	defined	(e.g.	
Thevanayagam	et al.,	2002;	Yang	et al.,	2006)	as

	
e

e b f
b f

c

c

* ( )
( )

= + −
− −

1
1 1

	 (2.10)

where	b	is	the	fraction	of	fines	that	are	active	in	transferring	forces	between	soil	grains	and	
which	is	unmeasurable	from	first	principles.	In	practice,	(2.10)	is	applied	by	regressing	data	
to	coalesce	a	family	of	CSLs	in	e-log(p)	space	into	a	single	relationship	in	e*-log(p)	space.	The	
coalesced	line	is	known	as	equivalent�granular�steady-state�line	(EG-SSL).	For	example,	Chu	
and	Leong	(2002)	reported	a	single	EG-SSL	for	a	marine	sand	with	variable	fines	to	a	maxi-
mum	of	10%.	What	can	be	the	objection	to	this?	There	are	two	objections,	one	fundamental	
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Figure 2.11  Maximum dilatancy (Dmin) as a function of ψo/λ10. There is no improvement in the correlation 
compared to ψo alone (compare with Figure 2.6).
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54  Soil liquefaction: A critical state approach

and	one	experimental.	From	the	fundamental	standpoint,	there	is	nothing	in	the	definition	of	
ψ	that	limits	the	framework	to	sands.	The	mathematics	actually	has	no	intrinsic	relation	to	
geology,	with	the	CSL	simply	being	a	representation	of	the	end	state	of	a	particulate	material.	
It	could	be	applied	to,	say,	granulated	sugar	and	we	will	show	data	on	pure	silts	later	(i.e.	for	
soils	with	fc	=	100%)	where	all	the	particles	are	fines	and	where	it	is	self-evident	that	one	must	
work	with	the	void	ratio	of	those	fines.	From	the	experimental	standpoint,	the	idea	behind	
the	EG-SSL	really	comes	down	to	the	concept	that	fines	only	affect	the	soil	property	Γ.	This	
concept	of	fines	only	affecting	Γ	is	incorrect	in	general,	although	it	works	in	some	instances,	
as	can	be	seen	 from	the	earliest	data	we	published	 (Been	and	Jefferies,	1985)	where	fines	
changed	λ	as	well	as	Γ	in	the	sands	tested	for	construction	of	artificial	islands.

Finally,	 there	 is	 the	 relative� state� parameter� index	 (ξR)	 proposed	 by	 Boulanger	 (2003)	
that	uses	relative	density	instead	of	void	ratio	as	the	state	variable.	This	is	ill	conceived	for	
two	reasons.	First,	you	need	to	determine	emax	and	emin	which,	as	discussed	earlier,	have	no	
place	in	a	critical	state	framework	and	are	problematic	to	measure.	Second,	as	proposed	by	
Boulanger,	the	CSL	is	not	measured	for	each	sand,	but	is	computed	from	Bolton’s	(1986)	
dilatancy	 index.	This	 is	 equivalent	 to	assuming	a	 single,	unmeasured,	CSL	 for	 all	 sands	
in	terms	of	relative	density	–	an	idealization	that	does	not	fit	the	data	except	for	a	narrow	
range	of	single-sized	quartz	research	sands.	The	relative	dilatancy	index	is	an	unnecessary	
backward	step	offering	no	additional	simplicity	for	the	loss	in	generality.

2.2.6  state–dilatancy (soil property χ)

Section	2.2.2	presented	a	thought	experiment	from	which	it	was	deduced	that	dilation	should	
be	related	to	the	state	parameter.	This	idea	was	behind	the	original	Been	and	Jefferies	(1985)	
paper	which	went	one	 step	 further	and	 suggested	 that	 the	 trend	between	Dmin	 and	ψo	was	
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Figure 2.12  Maximum dilatancy (Dmin) as a function of ψo normalized by (1 + eo). There is a small improve-
ment compared to state parameter alone (compare with Figure 2.6).
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unique	based	on	testing	a	range	of	sands	with	variable	fines	contents	(see	Figure	2.6).	This	was	
an	interesting	idea	for	its	time,	but	it	has	been	overtaken	as	the	state	parameter	approach	has	
moved	from	sands	to	till-like	soils	and	to	pure	silts.	Broadly,	well-graded	soils	have	less	free	void	
space	and	correspondingly	show	a	greater	sensitivity	to	the	effect	of	volumetric	strain	while	silts	
do	the	opposite.	This	leads	to	a	choice:	(1)	continue	with	the	original	idea	while	accepting	it	
only	gives	approximate	trends	or	(2)	accept	that	there	is	a	soil	property	involved	in	relating	state	
parameter	to	maximum	dilatancy.	The	second	approach	broadens	the	utility	of	critical	state	soil	
mechanics	and,	accordingly,	a	state–dilatancy	law	is	defined	(analogous	to	stress–dilatancy)	as

	 D tcmin = χ ψ 	 (2.11)

where	χtc	 is	a	soil	property	defined	under	drained	triaxial	compression.	 Importantly,	note	
that	ψ	is	defined	as	its	current,	not	initial,	value	and	Dmin	generally	occurs	at	the	peak	stress	
ratio.	Dmin	is	preferred	to	strength	(i.e.	ηmax)	to	quantify	the	effect	of	state	as	Dmin	is	related	
to	the	change	in	void	ratio	and	ψ	has	void	ratio	as	its	input	–	essentially,	the	same	quantity	is	
used	on	both	sides	of	Equation	2.11.	It	also	harks	back	to	Reynolds	(1885)	who	showed	that	
dilation	is	a	kinematic	consequence	for	deformation	of	particulate	materials.	It	is	all	a	matter	
of	particle	geometry	and	the	ability	of	particles	to	move	relative	to	one	another.	Stress	change	
is	the	consequence	of	strains,	not	the	input.	Using	the	current	value	of	ψ�means	that	there	is	
no	offset	(or	constant)	in	(2.11)	and	the	condition	ψ	=	0	naturally	gives	Dmin	=	0,	which	is	the	
critical	state	of	course.	Figure	2.13	shows	several	examples	of	Dmin	versus	ψ	from	drained	
triaxial	tests	from	which	the	values	of	χtc	in	Table	2.1	were	determined.	If	we	then	replot	the	
data	from	Figure	2.6	using	Dmin/χtc,	there	is	a	notable	reduction	in	scatter	of	the	data	set	as	
shown	in	Figure	2.14.	Accepting	that	a	soil	property	is	involved	greatly	improves	the	avail-
able	precision	from	the	state	parameter	approach,	although	we	have	added	a	little	bit	of	com-
plexity	in	processing	laboratory	test	data	to	gain	a	simple	and	elegant	framework.	This	is	not	
quite	as	onerous	as	it	might	seem,	because,	as	Dmin	is	a	limiting	condition,	there	are	no	elastic	
strain	rates	at	peak	strength	so	you	do	not	have	to	bother	with	elasticity	(i.e.	at	peak	strength	
Dmin	=	Dp

min).	In	practice	all	you	need	to	do	is	account	for	the	change	in	void	ratio	from	the	
start	of	the	test	to	peak	strength	and	to	use	the	mean	stress	at	peak	strength	when	comput-
ing	the	state	parameter	–	the	mechanics	of	this	data	processing	are	presented	in	Chapter	9.

2.2.7  Influence of fabric

While	ψ	 is	 the	major	controlling	 influence	on	the	behaviour	of	sand,	 it	does	not	provide	
a	 complete	 description	 of	 sand	 behaviour.	 This	 is	well	 illustrated	 by	Figure	 2.15,	which	
shows	test	results	from	two	samples	of	Kogyuk	sand.	These	samples	were	prepared	by	two	
different	methods,	moist	tamping	and	wet	pluviation,	to	essentially	the	same	density	and	
subjected	to	equal	confining	pressures.	Thus,	the	state	parameter	and	all	other	testing	con-
ditions	were	the	same,	except	for	the	preparation	method.	The	only	difference	between	the	
samples	was	the	soil	structure	or	fabric	induced	by	sample	preparation.

For	these	two	samples,	neither	the	deviator	stress	curves	nor	the	volumetric	strain	curves	
are	similar.	In	particular,	the	volumetric	strain	behaviour	is	substantially	different.	Despite	
this,	both	the	peak	and	ultimate	shear	stresses	are	very	similar,	as	is	the	maximum	dila-
tion	rate.	Consequently,	ϕ′	values	are	also	similar,	while	volume	changes	(and	pore	water	
pressures	if	the	tests	were	undrained)	are	very	different.	The	question	remains:	what	is	the	
influence	of	fabric	on	ϕ′	for	sands?

Arthur	and	Menzies	(1972)	showed	the	importance	of	initial	fabric	to	sand	behaviour,	
with	differences	of	over	200%	in	axial	strain	to	reach	a	given	stress	ratio	for	a	sand	at	the	
same	void	ratio	and	stress	level.	Further,	they	found	a	typical	variation	of	about	2°	in	ϕ	as	a	

© 2016 by Taylor & Francis Group, LLC

  



56  Soil liquefaction: A critical state approach

function	of	fabric.	Similar	direct	effects	of	fabric	have	been	reported	by	Oda	(1972a,b),	Oda	
et al.	(1980)	and	Muira	et al.	(1984).	Figure	2.16	shows	data	from	Tatsuoka	(1987)	where	
the	friction	angle	and	dilatancy	in	triaxial	tests	vary	quite	significantly	as	the	direction	of	
loading	relative	to	deposition	changes.	Reported	effects	of	initial	fabric	on	static	and	cyclic	
sand	behaviour	in	laboratory	tests	indicate	that	initial	fabric	generally	appears	to	have	an	
influence	of	±2°	on	the	friction	angle.	The	reported	effects	of	initial	fabric	by	Oda	(1972a)	
and	Tatsuoka	(1987)	are	superimposed	on	the	ϕ	versus	ψo	relationship	in	Figure	2.17.	It	is	
readily	apparent	that	the	variation	due	to	initial	fabric	is	comparable	to	the	overall	scatter	
in	the	data.

For	cyclic	 loading,	which	 is	discussed	 in	more	detail	 in	Chapter	7,	 the	aforementioned	
conclusion	–	that	ψ	is	the	most	important	variable	for	the	behaviour	of	sand	and	that	fabric	
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is	a	second-order	effect	–	is	not	necessarily	appropriate.	Figure	2.18	illustrates	data	from	
Nemat-Nasser	and	Tobita	 (1982)	 that	 show	the	 independent	 influence	of	 fabric	and	void	
ratio	on	the	cyclic	strength	of	sand.	For	a	state	parameter	change	of	0.07	(a	void	ratio	change	
from	0.65	to	0.72),	the	shear	stress	for	liquefaction	in	10	cycles	reduces	by	32%.	The	shear	
stress	to	liquefaction	in	10	cycles	increases	by	a	similar	amount	if	pluviation	is	used	as	a	
sample	preparation	method,	rather	than	moist	tamping.	This	demonstrates	that	fabric	is	of	
equal	importance	for	the	cyclic	behaviour	of	sands	–	a	little	inconvenient	given	that	there	is	
no	easy	and	standard	method	for	measuring	fabric.

One	of	the	more	promising	approaches	to	deal	with	fabric	is	to	invoke	particle	mechan-
ics,	where	the	 interparticle	contact	orientations	and	forces	are	explicitly	 included	in	the	
constitutive	 behaviour	 (Rothenburg	 and	 Bathurst,	 1989,	 1992).	 Within	 the	 context	 of	
these	particulate	models,	the	coordination	number,	that	is	the	average	number	of	physical	
contacts	per	particle,	represents	the	equivalent	of	state	parameter	as	a	scalar	description	
of	packing	density.	Fabric,	or	anisotropy,	is	captured	through	parameters	representing	the	
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distribution	 of	 particle	 contact	 directions,	 normal	 force	 directions	 and	 tangential	 force	
directions.

The	practical	difficulty	is	in	measuring	the	parameters	of	fabric	anisotropy,	either	in	the	
field	or	in	laboratory	samples.	This	is	still	an	area	of	active	research.	For	the	moment,	the	
best	that	can	be	done	is	to	recognize	that	fabric	is	an	important	influence	and	to	be	conser-
vative	in	how	the	effects	are	included	in	engineering	design	and	assessment.

2.2.8  Influence of oCr

Overconsolidation	ratio	(OCR)	is	a	logical	and	frequently	used	state	parameter	for	clays.	A	
limited	number	of	tests	were	carried	out	on	Erksak	sand	to	determine	the	effect	of	OCR	in	
sand,	and	the	measured	influence	of	OCR	on	friction	angle	and	dilatancy	is	illustrated	in	
Figure	2.19.	These	data	show	that	when	OCR	=	4	(based	on	isotropic	compression	loading),	
if	the	state	parameter	is	calculated	on	the	basis	of	the	state	at	the	maximum	past	mean	stress	
(i.e.	the	yield	point),	then	the	influence	of	OCR	on	ϕ	is	negligible.

Importantly,	this	also	confirms	that	ψ	is	associated	with	the	current	yield	surface,	since	
overconsolidation	is	an	unloading	from	a	state	of	plastic	yield	into	an	elastic	domain.	When	
a	sample	is	unloaded	to	increase	its	OCR,	the	yield	surface	remains	unchanged	(actually,	
this	is	not	entirely	true,	as	we	will	see	in	Chapter	3,	but	it	is	a	sufficient	idealization	here).	
Hence,	the	state	parameter	should	be	associated	with	the	condition	prior	to	unloading.

Figure	2.19	also	shows	that	the	effect	of	calculating	the	state	parameter	using	the	void	
ratio	at	the	start	of	shearing,	again	for	OCR	=	4,	is	about	a	1°	drop	in	ϕ,	erroneously	sug-
gesting	that	the	effect	of	OCR	in	sand	is	to	make	the	soil	weaker.	In	reality,	the	effect	of	the	
OCR	is	to	change	both	the	state	and	fabric	of	the	sand,	usually	resulting	in	an	increase	in	ϕ	
as	seen	later	in	Chapter	6.
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2.2.9  effect of sample size

It	is	well	known	that	localized	shear	bands	form	in	dense	sand	samples	sheared	under	drained	
conditions.	This	effect	is	seldom	considered	when	assessing	sand	behaviour,	although	there	
are	theories	which	predict	and	describe	this	phenomenon	(bifurcation).

Given	that	shear	band	thickness	is	expected	to	be	a	function	of	grain	size,	rather	than	
sample	size,	there	might	be	an	influence	of	sample	size	on	the	measured	behaviour	of	sand	
samples.	The	importance	of	sample	scale,	or	sample	size,	on	behaviour	is	best	appreciated	
when	 considering	 that	 our	 present	 understanding	 of	 sand	 behaviour	 is	 almost	 entirely	
based	on	laboratory	tests	carried	out	on	samples	a	few	centimetres	in	size,	whereas	actual	
construction	 involves	 soil	 typically	 at	 a	 scale	 of	 metres	 (for	 footings)	 or	 hundreds	 of	
metres	(land	reclamation,	tailings	dams,	etc.).	The	scale	factors	in	terms	of	volume	tested	
are	enormous.

Jefferies	et al.	(1990)	report	some	testing	on	Ticino	sand	to	investigate	the	effect	of	scale	
on	behaviour.	A	series	of	eight	tests	were	carried	out,	with	all	factors	except	the	sample	size	
kept	the	same.	The	samples	were	all	prepared	by	dry	pluviation	to	a	void	ratio	of	0.59	±	0.02,	
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two sands in simple shear. (After Mech. Materials, 43, Nemat-Nasser, S. and Tobita, Y., The influ-
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or	a	 relative	density	 close	 to	100%,	and	 consolidated	 to	 an	 isotropic	 confining	 stress	of	
100	kPa.	Two	tests	each	were	carried	out	on	samples	of	36,	75,	154	and	289 mm	in	diam-
eter,	with	a	height	to	diameter	ratio	of	approximately	two.

The	measured	behaviour	 is	presented	in	Figure	2.20,	as	deviator	stress	and	volumetric	
strain	plotted	against	nominal	axial	strain.	For	clarity,	only	one	test	is	shown	at	each	sample	
size;	duplicate	tests	showed	similar	behaviour	at	each	sample	size.	It	is	immediately	apparent	
that	the	sample	behaviour	has	changed	as	a	consequence	of	a	change	in	sample	size	and	that	
an	intrinsic	scale	effect	exists.

It	is	helpful	to	consider	first	what	has	not	changed	as	a	result	of	sample	size.	The	peak	
dilation	 rate	 is	 the	 same	 for	 all	 tests.	 Although	 there	 is	 some	 change	 in	 peak	 deviator	
stress,	there	is	no	systematic	bias	with	sample	size,	and	the	variation	(±5%)	is	within	nor-
mal	test	repeatability.	Scott	(1987)	reported	similar	conclusions	on	the	effect	of	scale	on	
sand	behaviour.

Three	 clear	 effects	 of	 scale	 are	 apparent	 in	 Figure	 2.20	 –	 initial	 modulus,	 volumetric	
strain	at	a	given	axial	strain	and	post	peak	brittleness.	The	effect	of	sample	size	on	the	slope	
of	the	stress–strain	curve	in	initial	loading	(apparent	modulus)	was	also	evident	in	the	data	
reported	by	Scott	(1987).	However,	Scott’s	data	showed	an	increase	in	stiffness,	whereas	our	
data	show	a	reduction	in	stiffness	with	sample	size.	Although	peak	dilatancy	is	identical	in	
all	samples,	there	is	a	progressive	change	with	sample	size	in	the	overall	volumetric	strain	
from	first	loading.	The	total	volumetric	strain	at	an	axial	strain	of	6%,	which	corresponds	
to	the	flat	portion	of	the	stress–strain	curve	before	the	onset	of	softening,	varies	from	+4.5%	
to	only	3%	as	sample	size	is	changed	by	an	order	of	magnitude.	This	change	in	strain	might	
seem	 small,	 but	 it	 is	 nevertheless	 a	 30%	 reduction	 in	 the	 gross	 volume	 change	 and	will	
clearly	influence	pore	pressures	in	an	undrained	soil	mass.

The	 post	 peak	 brittleness	 is	 an	 anticipated	 result	 if	 one	 considers	 shear	 band	 forma-
tion.	The	smaller	sample	shows	a	small	decline	in	strength	with	strain	after	peak,	whereas	
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Figure 2.19 Influence of overconsolidation ratio on the friction angle of Erksak 330/0.7 sand.
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62  Soil liquefaction: A critical state approach

the	 larger	 samples	 show	 a	 more	 rapid	 drop	 to	 a	 stable	 residual	 strength.	 The	 nature	 of	
shear	 zonation	 encountered	 is	 illustrated	 in	 Figure	 2.21,	 which	 presents	 a	 photograph	
of	 the	 shear	bands	observed	on	 the	 large	 (289 mm	diameter)	 sample.	The	occurrence	of	
multiple	shear	bands	was	a	surprising	result,	as	generally	only	a	single	shear	band	is	found	
in	the	triaxial	compression	failure	of	conventional	sized	samples.

There	are	many	interesting	studies	of	the	formation	of	shear	bands	and	void	ratio	evolu-
tion	in	shear	zones	(e.g.	Desrues	et al.,	1996).	At	this	stage,	an	awareness	of	the	phenomenon	
and	how	it	may	affect	field	and	laboratory	behaviour	of	sands	is	needed.

2.3  evaluatIng soIl BehavIour WIth the state paraMeter

Given	the	premise	of	the	state	parameter	approach,	that	the	behaviour	of	sand	under	shear	
loading	is	primarily	a	function	of	its	state	and	a	few	properties	and	that	the	preferred	mea-
sure	of	in-situ	state	is	ψ,	the	question	now	is	how	do	you	set	about	using	this	approach?	The	
short	answer	is	that	both	laboratory	and	in-situ	tests	are	required,	but	first	some	clarification	
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Figure 2.20 Effect of sample size on the behaviour of dense Ticino sand.
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Dilatancy and the state parameter  63

is	needed	on	the	important	differences	between	the	properties	of	a	soil,	the	state	of	a	soil,	
boundary	conditions	and	a	soil’s	behaviour.	These	terms	are	often	confused	or	used	loosely,	
which	is	unhelpful.	Table	2.2	describes	the	terms	and	gives	some	examples.

The	techniques	developed	in	geotechnical	engineering	to	measure	the	behaviour	of	sands	
(and	silts	for	that	matter)	are	based	on	the	premise	that	there	is	no	such	thing	as	an	undis-
turbed	sample	of	sand.	This	contrasts	with	the	engineering	approach	to	clays,	which	tends	
to	be	dominated	by	laboratory	element	tests	on	high-quality	samples.

At	the	first-order	level,	the	behaviour	of	sand	under	loads	is	determined	by

•	 The	density	aspect,	which	is	expressed	in	terms	of	the	state	parameter	ψ
•	 The	fabric,	or	structural	arrangement	of	the	particles	(which	is	sometimes	also	termed	

the	anisotropy	or	inherent	anisotropy	of	the	sand)

Even	the	density	of	sand	is	not	accurately	measured	from	samples.	Sampling	results	in	dila-
tion	(in	dense	sands)	or	contraction	(in	loose	sands).	The	best	we	can	do	with	samples	is	to	
reconstitute	them	to	measure	properties	that	do	not	depend	on	density.

Preserving	the	fabric	of	sand	samples	is	even	more	problematic	than	measuring	its	density	
because	minute	strains	can	significantly	alter	the	relative	position	of	sand	grains	and	how	
the	interparticle	forces	are	distributed	in	the	sand	mass.	It	has	to	be	assumed	that	fabric	is	
not	preserved	during	the	sampling	process,	even	when	going	to	the	extreme	of	freezing	the	
soil	in-situ	and	then	coring	the	frozen	ground.	(We	cannot	demonstrate	that	this	assumption	
is	true	or	false,	because	there	is	no	accepted	method	of	quantifying	the	fabric	of	a	sand	in	
the	laboratory	or	in-situ.	However,	the	assumption	is	reasonable	given	the	little	confidence	
in	preservation	of	density	during	sampling.)

Figure 2.21  Multiple  shear  bands  evident  through  membrane  in  large  (300  mm  diameter)  sample  after 
drained shearing.
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64  Soil liquefaction: A critical state approach

The	approach	to	the	measurement	of	sand	properties	and	behaviour	must	therefore	rely	
on	both	laboratory	and	in-situ	tests,	as	follows	(Figure	2.22):

•	 Laboratory	 tests	 to	 determine	 intrinsic	 properties	 of	 sand	 and	 behaviour	 as	 a	
function	of	ψ

•	 In-situ	tests	to	determine	the	in-situ	state
•	 In-situ	tests	to	determine	properties	not	measurable	in	the	laboratory

Why	not	simply	determine	design	parameters	directly	from	in-situ	tests,	such	as	the	CPT?	
Interpretation	of	 in-situ	tests	 is	an	 inverse	problem	(or	more	correctly	an	 inverse	bound-
ary	value	problem).	In-situ	tests	do	not	measure	any	particular	parameter	directly.	Rather,	
the	 response	 of	 the	 soil	 to	 an	 applied	displacement	 is	measured	with	 the	 soil	 properties	
evaluated	from	this	response.	In	general,	some	form	of	constitutive	model	is	assumed	in	this	
property	evaluation.	It	is,	therefore,	necessary	to	know	certain	properties	of	the	sand	before	
a	 rational	 interpretation	 can	be	made,	 and	 this	 always	 requires	 some	 laboratory	 testing.	
Everything	 cannot	be	 entirely	 anchored	 to	 in-situ	 tests	 and	 iteration	between	 laboratory	
and	in-situ	testing	is	necessary.	Chapter	4	is	devoted	to	in-situ	tests,	especially	the	CPT,	that	
determine	the	in-situ	ψ.	It	turns	out	that	the	elastic	shear	modulus	(generally	referred	to	as	

Table 2.2 Clarification of terminology for describing soils

Term Meaning Examples 

Intrinsic 
properties

Properties that do not vary as a function of state or 
boundary conditions. They should be unambiguously 
measurable.

Grain size distribution
Grain shape
Mineralogy
Interparticle friction
Critical state locus

State The conditions under which a soil exists, in particular 
the void ratio, the stress conditions and the 
arrangement of the particles (fabric).

ψ for all soils
Overconsolidation ratio for all soils
Relative density for sands
Fabric when technology develops
Stresses (Ko)

Boundary 
conditions

Conditions that are imposed from the outside on the 
soil mass. Boundary conditions do not change the 
properties of a soil but they may affect its behaviour.

Drained or undrained in the lab
Distance to free surface or 
drainage zone

Behaviour Response of a soil to the applied boundary conditions. 
This will depend on a soil’s properties, its state and 
the imposed boundary conditions.

Undrained strength
ϕ′
Dilation rate
Stress–strain curve
SPT N value
Cone penetration resistance

Parameters Quantified properties that describe the behaviour of 
soils for engineering design. Parameters relate 
characteristics of the soil to the engineering model 
or framework. Some parameters, like those 
describing the critical state locus or normalized small 
strain shear modulus, can be considered properties 
because they are independent of state or boundary 
conditions, while others are behaviours.

Property parameters
Γ, λ, Mtc

Poisson’s ratio
Plastic hardening modulus
Elastic rigidity Ir

Behaviour parameters
ϕ′, su, Ko
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Dilatancy and the state parameter  65

Gmax	in	the	literature)	must	also	be	determined	in-situ,	as	G	depends	a	lot	on	fabric	as	well	
as	the	more	familiar	void	ratio	and	stress	level.	Fabric,	as	we	noted	previously,	is	lost	in	the	
sampling	process.

Intrinsic	properties	are	unrelated	to	sample	state	or	fabric	and	may	be	determined	by	test-
ing	reconstituted	samples	in	the	laboratory.	Intrinsic	properties	determined	in	the	labora-
tory	include	the	critical	state	parameters	Mtc,	Γ	and	λ	that	describe	the	CSL.	Critical	state	
parameters	need	to	be	determined	for	two	reasons.	First,	when	adding	laboratory	data	on	
new	soils	to	the	existing	state	parameter	framework,	the	new	data	trends	should	be	assessed	
as	well	as	the	nature	of	any	departure	from	the	already	established	trends.	Second,	the	in-
situ	test	data	will	need	to	be	evaluated	and	both	Mtc	and	λ	are	required	to	do	this.

The	remainder	of	this	chapter	is	mainly	about	determining	soil	properties	for	sands	to	
silts.	The	other	design	parameters	 that	need	to	be	determined	will	 largely	depend	on	the	
specific	project	or	problem	at	hand.	A	few	of	the	more	common	laboratory	tests	and	their	
use	for	liquefaction	evaluation	and	design	with	sands	are	listed	in	Table	2.3.	Testing	should	
also	include	the	standard	index	tests	to	document	the	soil	type.

Design parameters

in-situ tests
Laboratory tests
Index tests
Critical state line (reference state)
Constitutive model parameters
Behavioural properties (drained 
triaxials, simple shear, cyclic tests)

Case histories
and precedent

CPT
SBPM
Shear wave velocity

,́ E, G, CRR, Ko

Figure 2.22 Schematic illustration of relationship between parameters and testing methods.

Table 2.3 Laboratory tests for design parameters in sands and silts

Symbol Description How measured Applications 

Γ, λ
Mtc

CSL parameters
Critical friction ratio

Drained and undrained 
triaxial tests

All static design calculations (bearing 
capacity, earth pressures, etc.)

H, χ Plastic modulus, 
stress–dilatancy

Triaxial tests; possibly 
self-bored pressuremeter

Displacement calculations, finite 
element models

G Shear modulus Seismic shear wave velocity, 
resonant column test, 
self-bored pressuremeter

Dynamic analyses, displacement 
calculations

Dr Damping ratio Resonant column test Dynamic analysis
CRR Cyclic strength Cyclic triaxial, cyclic simple 

shear tests
Assessment of cyclic liquefaction

Hr Plastic hardening 
degradation with 
principal stress rotation

Hollow cylinder test; 
possibly cyclic simple shear

Cyclic liquefaction, especially low 
loads for large numbers of cycles 
(cyclic mobility)
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66  Soil liquefaction: A critical state approach

Liquefaction	 analyses	 will	 very	 likely	 require	 knowledge	 of	 the	 plastic	 hardening	 or	
modulus	of	the	soil	at	hand.	This	is	the	parallel	property	to	the	elastic	shear	modulus	G,	
and	controls	the	relative	magnitude	of	the	plastic	strains.	The	plastic	modulus	could	be	
expected	to	be	at	least	in	part	dependent	on	soil	fabric.	However,	to	date,	no	techniques	
have	emerged	for	assessing	plastic	modulus	in-situ.	Accordingly,	drained	triaxial	tests	on	
reconstituted	samples	consolidated	to	estimated	in-situ	void	ratio	and	stress	conditions	are	
used.	This	appears	to	be	the	general	practice	for	estimating	plastic	strains,	although	the	
tacit	assumption	that	the	fabric	in	the	laboratory	is	the	same	as	the	fabric	in-situ	tends	to	
be	glossed	over.

The	 alternative	 to	 assessing	 plastic	 behaviour	 is	 the	 back-analysis	 of	 case	 histories	 to	
establish	properties	exhibited	at	full	scale	in	similar	materials	at	similar	states.	This	meth-
odology	has	substantial	application	in	engineering	practice	and	has	largely	dominated	liq-
uefaction	assessments	for	the	past	three	decades.	The	critical	state	framework	turns	out	to	
fit	rather	well	with	the	case	history	record.

2.4  DeterMInIng the CrItICal state

2.4.1  triaxial testing procedure

The	critical	state	comprises	two	aspects,	a	locus	or	line	in	void	ratio–mean	stress	space	and	
the	ratio	between	the	stresses	at	the	critical	state.	The	void	ratio	aspect	is	the	most	difficult	
to	measure,	and	so,	that	is	dealt	with	first.

Experience	 indicates	 that	 the	 preferred	method	of	 determining	 the	CSL	 is	 a	 series	 of	
triaxial	 compression	 tests	 on	 loose	 samples,	 generally	 markedly	 looser	 than	 the	 critical	
state.	Loose	samples	do	not	form	shear	planes	and	do	not	have	the	tendency	to	localization	
that	is	normal	in	dense	(dilatant)	sands.	Originally,	the	standard	protocol	followed	Castro	
and	concentrated	on	undrained	tests.	Undrained	tests	should	always	be	the	starting	point	
for	the	practical	reason	that	the	strains	required	to	reach	the	critical	state	are	well	within	
the	limits	of	triaxial	equipment	for	loose	samples.	Small	strains	result	in	large	pore	pres-
sure	changes,	and	therefore,	undrained	samples	can	change	state	(i.e.	move	to	the	critical	
state)	relatively	quickly.	However,	 it	 turns	out	that	 it	 is	quite	difficult	 to	obtain	data	on	
the	aforementioned	CSL	at	about	p′	=	200	kPa	with	undrained	tests,	as	it	is	necessary	to	
consolidate	the	sample	to	p′	>	2	MPa	prior	to	shear.	Such	high	pressures	are	inconvenient	
for	most	commercial	triaxial	equipment	as	well	as	often	involving	grain	crushing	effects.	
Drained	tests	are	therefore	used	as	well	as	undrained.	In	drained	tests	on	loose	samples,	
the	sample	moves	to	the	critical	state	at	a	much	slower	rate	and	displacements	to	the	limits	
of	the	triaxial	equipment	are	required.	The	goal	in	the	testing	is	to	determine	both	the	void	
ratio	and	the	mean	stress	at	the	critical	state	accurately	over	a	range	of	critical	state	condi-
tions.	The	undrained	test	data	are	presented	in	q�–	ε1	and	Δu�–	ε1	plots	and	a	q�–	p′	stress	
path	for	review	and	picking	the	critical	conditions.	Drained	test	data	are	presented	as	q�–	ε1	
and	εv	–	ε1	plots.	Often	the	sample	may	have	to	be	taken	to	20%	axial	strain,	and	lubricated	
end	platens	are	essential.

In	developing	 and	 testing	 the	 critical	 state	 approach,	we	were	 fortunate	 enough	 to	be	
able	to	carry	out	an	extensive	series	of	tests	on	Erksak	330/0.7	sand,	taken	from	the	core	of	
the	Molikpaq	structure	(Section	1.3.7).	This	series	of	tests	is	listed	in	Table	2.4	and	forms	
the	 basis	 of	 much	 of	 what	 follows	 here	 and	 the	 theoretical	 developments	 in	 Chapter	 3.	
It	is	the	same	testing	documented	in	Been	et al.	(1991),	and	test	data	are	downloadable	as	
described	in	the	Preface	so	that	you	can	play	with	the	information.
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Table 2.4 Triaxial tests on Erksak 330/0.7 sand to determine CSL and other soil properties parameters

Test # 

Initial conditions Test conditions End of test 

Remarks 
Sample 
prep.

Void 
ratio

p′
(kPa) ψ0 Drainage

Strain 
rate (%/h)

Stress 
path

Steady 
state

′σ3
(kPa)

p′
(kPa)

q
(kPa) e

ϕc
(deg.)

L-601 MC 0.757 499 0.025 U L C Yes 64 100 108 0.754 27.2 Load-controlled test 
seriesL-602 MC 0.712 500 −0.020 U L C Dil 285 460 500 0.711

L-603 MC 0.787 300 0.048 U L C Yes 4 6 5 0.780 22.6
L-604 MC 0.772 699 0.044 U L C Yes 55 72 50 0.768 18.2
L-605 MC 0.771 500 0.039 U L C Yes 16 19 8 0.766
L-606 MC 0.763 701 0.035 U L C Yes 52 74 65 0.759 22.6
L-607 MC 0.751 701 0.023 U L C Yes 170 260 270 0.748 26.3

C-641a PL 0.666 140 −0.084 U 4 C Cav 560 1060 1500 0.668 Test series with strain 
controlC-609 MC 0.800 500 0.068 U 54 C Yes 8 10 6 0.793 15.8

C-610 MC 0.754 1200 0.033 U 53 C Yes 220 350 400 0.751 28.4
C-611 MC 0.738 1450 0.020 U 51 C Mdil 660 1107 1340 0.737
C-612 MC 0.773 500 0.041 U 51 C Yes 40 47 22 0.769 12.5
C-613 MC 0.740 1300 0.020 U 49 C Mdil 340 540 601 0.737
C-614 MC 0.740 1200 0.020 U 51 C Yes 323 520 595 0.738 28.6
C-616 MC 0.703 1200 −0.017 U 48 C Dil 970 1664 203 0.703

C-620 MC 0.616 8000 −0.079 U 49 C Yes 1500 2350 3000 0.613 Test series in 
high-pressure 
apparatus

C-621 MC 0.618 8000 −0.077 U 47 C Yes 1850 3250 4500 0.616
C-622 MC 0.659 8000 −0.036 U 47 C Yes 1300 2000 2400 0.656
C-623 MC 0.662 8100 −0.033 U 49 C Yes 1146 2207 3184 0.659
C-624 MC 0.745 3000 0.037 U 47 C Yes 256 460 613 0.741 33.0
C-625 MC 0.703 7000 0.006 U 48 C Yes 910 1570 1960 0.700 31.2
C-626 MC 0.751 4000 0.047 U 48 C Yes 401 708 920 0.748 32.3

(Continued )
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Table 2.4 (Continued ) Triaxial tests on Erksak 330/0.7 sand to determine CSL and other soil properties parameters

Test # 

Initial conditions Test conditions End of test 

Remarks 
Sample 
prep.

Void 
ratio

p′ 
(kPa) ψ0 Drainage

Strain 
rate (%/h)

Stress 
path

Steady 
state

′σ3 
(kPa)

p′ 
(kPa) Q (kPa) e ϕc (°)

C-631 MC 0.694 200 −0.051 U 9 C Dil 424 826 1205 0.695 Examination of 
sample preparation 
effects and dense 
states

C-632 PL 0.652 200 −0.092 U 10 C Yes 860 1650 3022 0.655
C-633 MC 0.655 200 −0.089 U 10 C Dil 387 737 1064 0.656
C-634 PL 0.667 200 −0.077 U 10 C Yes 1240 2137 2692 0.670
C-635 MC 0.588 200 −0.156 U 10 C Yes 1048 2351 3900 0.591
C-636 PL 0.618 200 −0.126 U 9 C Yes 1529 2767 3714 0.621
C-637 MC 0.580 50 −0.183 U 10 C Yes 895 2232 4011 0.584
C-639 MC 0.596 800 −0.130 U 10 C Yes 1323 2768 4335 0.597
C-641b PL 0.687 200 −0.058 U 10 C Yes 808 1476 2010 0.689
C-642 PL 0.566 800 −0.160 U 10 C Yes 1500 2799 3897 0.567

E-641c MC 0.732 500 0.000 U 10 E Mdil 39 90 75 0.728 29.4 Extension test series 
(unloading)E-642 MC 0.767 500 0.035 U 14 E Mdil 55 100 70 0.764 22.9

E-643 MC 0.747 500 0.015 U 10 E Mdil 111 207 144 0.745 23.2
E-644 MC 0.783 500 0.051 U 10 E Yes 11.5 13 4.5 0.777
E-645 MC 0.766 500 0.034 U 9 E Dil 112 234 183 0.764
E-646 MC 0.750 500 0.018 U 9 E Yes 50 100 78 0.746 26.0
E-647 MC 0.776 500 0.044 U 9 E Mdil 24 51 41 0.771 27.4
E-648 MC 0.702 500 −0.030 U 10 E Dil 167 349 273 0.700

D-661 PL 0.680 140 −0.069 D 5 C Mdil 140 240 301 0.735 31.2 Drained tests on 
dense sandsD-662 PL 0.677 60 −0.084 D 6 C Yes 60 104 131 0.752 31.5

D-663 PL 0.675 300 −0.064 D 6 C Dil 300 565 790 0.714
D-664 PL 0.635 300 −0.104 D 6 C Maybe 300 473 520 0.691 27.7
D-665 PL 0.691 130 −0.060 D 5 C Dil 130 240 323 0.737
D-666 PL 0.710 60 −0.051 D 5 C Dil 60 114 151 0.778
D-667 PL 0.590 130 −0.161 D 5 C Dil 130 253 355 0.702

(Continued )
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Table 2.4 (Continued ) Triaxial tests on Erksak 330/0.7 sand to determine CSL and other soil properties parameters

Test # 

Initial conditions Test conditions End of test 

Remarks 
Sample 
prep.

Void 
ratio

p′ 
(kPa) ψ0 Drainage

Strain 
rate (%/h)

Stress 
path

Steady 
state

′σ3 
(kPa)

p′ 
(kPa) Q (kPa) e ϕc (°)

DR-668 PL 0.680 140 −0.069 D C/R Dil 180 504 486 0.680 Radial loading
D-760 PL 0.698 250 −0.044 D 5 C Dil 250 356 620 0.742 OCR = 4
D-761 PL 0.657 250 −0.085 D 5 C Dil 250 356 620 0.716 OCR = 4
D-762 PL 0.609 250 −0.133 D 5 C Dil 250 360 630 0.708 OCR = 4
D-874 MC 0.798 200 0.053 D 5 C Con 200 323 370 0.753 28.7 OCR = 8.8

D-681 MC 0.775 1000 0.052 D 10 C Yes 1000 1542 1613 0.703 26.5 Drained tests on 
loose sandsD-682 MC 0.776 500 0.044 D 8 C Yes 500 812 938 0.725 28.9

D-684 MC 0.820 200 0.075 D 10 C Yes 200 308 321 0.775 26.4
D-685 MC 0.812 200 0.067 D 10 C Con 200 283 273 0.749 23.9

Source:  Been, K. et al., Géotechnique, 41(3), 365, 1991.

MC, moist compaction; PL, wet pluviation; U, undrained; D, drained; L, load control; C, triaxial compression; E, triaxial extension; C/R, triaxial with increasing radial stress; Dil, dilation; 
Mdil, mild dilation; Con, contracting; Cav, pore fluid cavitation at end of test.
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70  Soil liquefaction: A critical state approach

Successful	CSL	testing	is	dependent	on	getting	certain	details	of	the	triaxial	testing	correct:

•	 Uniform	samples	must	be	prepared	to	a	loose	and	predetermined	void	ratio	(the	opera-
tor	must	be	able	to	achieve	a	desired	void	ratio).

•	 Samples	must	be	fully	saturated.
•	 The	void	ratio	must	be	known	accurately	(to	within	about	±0.003).
•	 The	measurement	system	must	be	capable	of	measuring	low	stresses	as	well	as	pore	

pressures	at	a	high	rate	with	very	little	system	compliance	(a	liquefied	sample	may	be	
at	a	mean	effective	stress	of	≈5	kPa,	derived	as	the	difference	between	a	measured	total	
stress	of	300	kPa	and	a	pore	pressure	of	295	kPa).

The	required	procedures	to	deal	with	each	of	these	aspects	are	covered	in	Appendix	B.
By	far	the	greatest	aid	to	critical	state	testing	of	sands	is	a	good	computer-controlled	test-

ing	system.	Computer	data	acquisition	is	now	a	generally	accepted	tool,	but	the	inclusion	of	
feedback	and	control	of	the	test	by	computer	is	not	widely	practiced.	Computer	control,	such	
as	that	provided	in	the	GDS	testing	systems	(Horsfield	and	Been,	1987;	Menzies,	1988),	pro-
vides	the	flexibility	to	test	along	any	desired	stress	path,	under	stress	or	strain	rate	control	
(as	distinct	from	load	or	displacement	rate	control).	Measured	data	also	need	correcting	for	
membrane	penetration	and	cross-sectional	area	changes	during	the	test,	and	these	correc-
tions	are	easily	done	with	computer-controlled	work.	True	constant	volume	tests	compen-
sating	for	membrane	errors	can	be	achieved.

Regardless	of	whether	computer	control	is	used,	it	is	essential	to	use	computerized	data	
acquisition.	 At	 some	 point,	 models	 are	 going	 to	 be	 fitted	 to	 the	 data	 to	 evaluate	 design	
parameters,	and	possibly	calibrate	properties	for	numerical	analysis.	Doing	this	on	a	few	
data	points	or	on	data	scaled	off	hard	copies	is	tedious	and	there	are	chances	of	informa-
tion	being	lost.	Without	computer-based	data	acquisition,	testing	is	simply	not	to	modern	
standards.

2.4.2  Determining Csl from test results (soil properties Γ, λ)

Regardless	of	whether	testing	is	drained	or	undrained,	there	is	judgement	involved	in	iden-
tifying	critical	conditions	from	the	test	data.	Interpretation	of	the	critical	state	from	triaxial	
tests	 is	 conceptually	 straightforward,	 but	 it	 is	 also	 surprising	 how	 much	 confusion	 and	
disagreement	there	has	been	on	the	existence,	or	otherwise,	of	a	critical	state.	Much	of	this	
disagreement	is	based	simply	on	different	interpretations	of	the	test.	It	is	appropriate	first	to	
repeat	the	definition	of	the	critical	state	as	the	state	at	which	the	soil	‘continues	to	deform	
at	constant	stress	and	constant	void	ratio’	(Roscoe	et al.,	1958).	Implicit	in	the	definition	is	
the	expectation	that	the	sample	will	continue	to	deform	in	the	same	way	with	further	strain,	
so	that	a	temporary	condition	where	void	ratio	and	effective	stresses	are	constant	does	not	
represent	the	critical	state.	The	critical	state	is	defined	very	simply	in	terms	of	the	dilatancy:	
both	dilatancy	and	rate	of	change	of	dilatancy	must	be	zero,	that	is	D�=	0	and	 �D = 0.	It	is	this	
second	condition	that	assures	that	the	true	critical	state	has	been	reached	and	not	a	tran-
sient	condition.	Figures	2.23	through	2.25	show	the	results	of	a	series	of	undrained	tests	on	
Erksak	sand	(Been	et al.,	1991)	to	illustrate	some	of	the	details	of	test	interpretation.

The	stress–strain	and	pore	pressure	behaviour	of	a	loose	sample	are	shown	in	Figure	2.23.	
A	clearly	defined	steady	state	is	reached	after	about	8%	axial	strain,	and	the	soil	deforms	
at	this	constant	state	to	20%	strain,	at	which	time	the	test	was	terminated.	In	this	test,	the	
critical	state	stresses	can	be	determined	unambiguously,	but	corrections	to	the	void	ratio	for	
the	effects	of	membrane	penetration	are	important	for	the	accuracy	of	the	final	critical	state	
point	(Appendix	B).
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In	some	cases,	samples	appear	to	reach	a	steady	state	at	about	8%	strain,	but	then	start	to	
dilate	at	higher	strains.	Figure	2.24	shows	the	results	of	such	a	test.	The	quasi-steady�state	
in	this	test	must	not	be	interpreted	as	a	critical	state.	It	is	a	temporary	condition,	with	the	
sample	moving	from	a	contractive	to	a	dilative	behaviour	as	is	readily	seen	in	the	test	data.	
This	temporary	condition	has	been	termed	the	phase	transformation	by	Ishihara	and	vari-
ous	co-workers	(e.g.	Ishihara	et al.,	1990),	the	quasi-steady	state	by	Alarcon-Guzman	et al.	
(1988)	and	the	lower	limit	of	steady-state	strength	by	Konrad	(1990b).

The	quasi-steady	state	is	very	much	influenced	by	the	test	conditions	and	sample	fabric.	
For	a	test	result	such	as	that	in	Figure	2.24,	it	is	more	meaningful	to	plot	the	condition	at	
the	end	of	the	test	on	a	state	diagram	to	determine	the	CSL.	For	such	tests,	the	notation	of	
an	arrow	on	the	plotted	point	is	used	to	indicate	that	the	sample	was	still	evolving	to	the	
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critical	state	in	the	direction	shown.	Treating	the	quasi-steady	state	as	the	true	critical	state	
is	a	surprisingly	common	error,	and	is	the	principal	reason	various	workers	have	reported	
non-unique	CSL	that	vary	with	stress	path,	strain	rate	and	sample	preparation.

Figure	2.25	shows	a	 selection	of	 further	 tests	 that	were	used	 to	determine	 the	CSL	 in	
Figure	2.26.	Notice	 that	real	 test	data	do	not	always	match	the	 idealized	descriptions	 in	
technical	papers,	and	so	a	degree	of	judgement	and	knowledge	of	the	test	equipment	and	
procedures	is	needed	in	picking	the	steady	state	from	the	graphs	and	also	in	estimating	the	
void	ratio	accurately.	With	care	and	consistency,	the	CSL	can	be	determined	with	an	accu-
racy	of	about	±0.01	in	terms	of	void	ratio.

Figure	2.26	plots	 the	CSL	 for	Erksak	 sand	 (from	Been	et al.,	1991).	The	critical	 state	
obtained	using	load	control	cannot	be	distinguished	from	the	critical	state	using	displacement	
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Figure 2.25 Selection of undrained tests used to give critical state line in Figure 2.26.
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ṕ  (kPa)
1,000 10,000

Figure 2.26  Critical state line for Erksak 330/0.7 sand from undrained tests that reached a distinct critical 
(steady) state.

© 2016 by Taylor & Francis Group, LLC
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control.	Extension	tests	also	give	similar	critical	states.	As	long	as	the	pseudo–steady	state	is	
not	used,	rather	good	results	in	defining	the	CSL	can	be	obtained	with	diligent	and	unbiased	
processing	of	the	data.

So	far	only	loose	undrained	tests	have	been	used.	Drained	tests	on	loose	samples	can	also	
be	useful.	Figure	2.27	shows	an	example	of	such	drained	data.	Even	though	it	takes	more	
than	20%	strain	before	critical	conditions	become	established,	the	soil	does	get	there	and	
it	is	very	easy	to	identify	the	critical	state.	(In	both	tests,	but	particularly	CID-G685,	the	
deviator	stress	starts	dropping	at	high	strains	while	the	sample	is	still	contracting	as	indi-
cated	by	the	volumetric	strains.	This	is	probably	due	to	bulging	of	the	sample	so	that	the	
area	correction	used	to	calculate	deviator	stress	is	likely	inaccurate.)

The	usefulness	of	 the	drained	tests	becomes	apparent	when	plotting	up	the	end	points	
to	estimate	the	CSL.	Figure	2.28	shows	the	results	of	three	undrained	tests	on	very	loose	
samples	of	a	sandy	silt	and	three	drained	tests	on	loose	samples.	This	soil	comprised	about	
65%	silt-sized	particles.	The	end	points	at	which	the	critical	state	was	achieved	are	circled	
for	each	test	(and	this	is	not	at	the	end	of	the	state	path	for	tests	that	showed	S-shaped	stress	
paths).	The	loosest	drained	test	has	a	critical	state	very	close	to	that	of	an	undrained	test	of	
comparable	critical	void	ratio.	The	denser	drained	test	nicely	extends	the	data	defining	the	
CSL	to	p′	>	1500	kPa.	As	can	be	seen	from	the	state	paths	of	the	undrained	tests,	to	achieve	
such	a	 critical	mean	 stress	with	an	undrained	 sample	by	 relying	on	a	brittle	 stress	drop	
would	have	required	an	initial	confining	stress	in	excess	of	8000	kPa.	This	is	beyond	the	
equipment	in	most	testing	laboratories,	whereas	the	drained	test	used	routine	equipment.

Based	on	the	earlier	behaviours,	and	the	experience	accumulated	in	the	various	Golder	
Associates	laboratories	doing	this	testing,	determination	of	reliable	CSLs	in	the	laboratory	
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Figure 2.27 Examples of drained triaxial tests on loose samples reaching critical state.
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has	evolved	to	about	eight	triaxial	tests	per	soil	of	a	given	gradation.	Testing	to	determine	
the	critical	state	should	be	undertaken	in	two	phases:

Phase	1:	Three	undrained	tests	at	initial	void	ratios	equivalent	to	a	relative	density	(den-
sity	index)	of	10%,	20%	and	30%.	Initial	confining	stress	should	be	about	350	kPa.	
These	are	followed	by	two	drained	tests	on	samples	at	initial	void	ratios	equivalent	to	a	
relative	density	(density	index)	of	20%,	one	with	an	initial	confining	stress	of	200	kPa	
and	one	with	an	initial	confining	stress	of	800	kPa.	The	lower	stress	drained	sample	
should	give	a	critical	state	in	similar	stress	range	to	the	undrained	tests	and	is	used	as	
a	check.	The	higher	stress	drained	test	is	there	to	extend	the	CSL	to	stresses	of	about	
1000	kPa,	the	upper	range	of	usual	practical	interest.

Phase	2:	A	further	three	or	so	tests	at	initial	void	ratios	and	confining	stresses	are	selected	
on	the	basis	of	the	initial	estimate	of	the	CSL.	The	aim	is	to	provide	a	uniform	dis-
tribution	of	data	points	 to	define	 the	CSL	and	 to	avoid	a	 single	 test	 result	unduly	
influencing	the	slope	or	position	of	the	CSL.	By	the	time	these	tests	are	carried	out	
there	should	be	a	good	feel	for	how	a	particular	density	is	obtained	during	sample	
preparation.

Some	abortive	tests	should	be	allowed	for	in	planning	testing	to	determine	a	CSL.	About	1	
in	10	samples	is	typically	discarded	as	a	result	of	membrane	leaks,	failure	to	maintain	effec-
tive	stresses	during	saturation,	inconsistencies	in	void	ratio	measurements,	etc.	In	addition,	
the	desired	void	ratios	are	sometimes	difficult	to	achieve,	with	repeated	attempts	at	sample	
preparation	being	needed	(there	is	uncertainty	in	the	volume	changes	that	will	occur	during	
saturation	and	consolidation	of	any	particular	sand	until	a	few	tests	have	been	carried	out).	
This	is	the	primary	reason	why	phased	testing	is	needed.

Provided	reasonable	diligence	is	used,	and	in	particular	care	taken	in	void	ratio	determina-
tion,	the	CSL	should	be	defined	to	within	a	precision	of	about	±0.01	in	terms	of	void	ratio	in	
good	quality	commercial	testing.	The	CSL	of	Figure	2.28	has	a	slight	curvature	and	although	
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76  Soil liquefaction: A critical state approach

a	semi-log	trend	line	of	the	form	of	Equation	2.1	can	be	fitted	to	the	data,	this	approximation	
gives	up	a	precision	of	about	0.02	in	void	ratio	in	modelling	the	critical	state.	Much	better	
can	be	achieved	in	a	research	environment,	as	illustrated	by	Figure	2.29	that	shows	results	
obtained	on	Toyoura	sand	(a	Japanese	standard	research	soil)	by	Verdugo	(1992).	There	is	a	
much	more	marked	curvature	to	the	CSL	for	Toyoura	sand	in	Figure	2.29.	Although	in	many	
instances	the	familiar	semi-log	form	of	(2.1)	is	an	acceptable	engineering	approximation	for	
the	CSL,	there	are	higher-order	idealizations	that	capture	CSL	curvature.	A	power	law	equa-
tion	is	popular,	and	the	data	shown	in	Figure	2.29	are	nicely	fitted	with
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There	is	no	particular	reason	to	choose	the	form	of	(2.12)	over	(2.1)	from	a	mathematical	or	
physical	standpoint.	It	is	simply	a	matter	of	which	best	fits	the	data	to	hand,	although	there	
is	much	published	work	that	uses	the	form	for	the	CSL	of	(2.1)	and	simply	accepts	it	as	an	
engineering	approximation.	The	definition	of	the	state	parameter	is	utterly	independent	of	
the	particular	equation	used	to	represent	the	CSL,	and	the	state	parameter	approach	does	
not	depend	on	the	semi-log	idealization	for	the	CSL.	A	curved	CSL	was	used	when	introduc-
ing	ψ	in	Chapter	1	to	emphasize	this	point.

2.4.3  Critical friction ratio (soil property Mtc)

Although	discussion	about	the	critical	state	tends	to	concentrate	on	the	CSL	or	void	ratio	
aspects,	the	critical	state	is	also	associated	with	a	particular	stress	ratio.	The	stresses	at	the	
critical	state	can	be	expressed	simply	as	qc/ ′pc	=	M.	With	quartz	sands,	M	is	essentially	inde-
pendent	of	pressure	level	to	at	least	initial	confining	stresses	in	excess	of	2.5	MPa	(Vaid	and	
Sasitharan,	1992).

Using	 the	parameter	M	 is	 the	preferred	way	of	 representing	 the	 critical	 state	as	 it	 is	a	
dimensionless	ratio	of	stress	invariants.	However,	much	of	the	literature,	and	especially	that	
from	decades	ago,	uses	a	 friction	angle	notation	and	also	associates	 the	 idea	of	constant	
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Figure 2.29 Critical state locus for Toyoura sand. (Data from Verdugo, R., Géotechnique, 42(4), 655, 1992.)
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volume	rather	than	explicitly	critical	conditions.	Thus,	it	is	common	to	encounter	ϕcv	(the	
friction	angle	at	constant	volume)	although	this	 is	of	course	the	same	idea	as	the	critical	
state.	It	is	preferable	to	use	the	notation	ϕc	instead	of	ϕcv	as	this	makes	it	clear	that	it	is	the	
critical	state	value	and	not	something	related	to	a	quasi	condition.

For	triaxial	compression	conditions	(denoted	by	the	subscript	tc),	the	soil	property	Mtc	is	
directly	related	to	the	corresponding	critical	friction	angle,	ϕc,tc,	by:

	
Mtc

c

c

=
−

6
3

sin
sin
φ
φ

in triaxial compression 
	

(2.13)

Triaxial	 compression	 conditions	 are	 specified	 because	 M	 varies	 with	 the	 magnitude	 of	
the	intermediate	principal	stress	relative	to	the	other	principal	stress.	Broadly,	in	friction	
angle	terms,	ϕc	increases	by	a	couple	of	degrees	for	plane	strain	conditions	compared	to	
triaxial	compression	and	then	falls	to	something	less	when	the	soil	is	in	triaxial	extension.	
Because	of	this	variation	it	is	usual	to	take	triaxial	compression	as	the	reference	condition	
defining	the	soil	property.	The	variation	of	M	with	proportion	of	intermediate	stress	(i.e.	
the	Lode	angle)	is	discussed	later	in	this	chapter	as	a	behaviour	around	the	value	of	the	
soil	property.

Three	ways	of	determining	Mtc	(or	ϕc,tc)	are	found	in	the	literature:	(a)	multiple	drained	
triaxial	compression	tests	on	samples	of	varying	density;	(b)	one	or	more	triaxial	compres-
sion	tests	on	loose	samples	and	(c)	ring	shear,	despite	this	test	being	self-evidently	not	the	
reference	triaxial	compression	condition.

Method	(a)	was	first	suggested	by	Bishop	(1966)	and	is	arguably	still	the	standard	method.	
It	involves	carrying	out	a	series	of	drained	triaxial	tests	on	samples	of	varying	density.	Each	
test	is	reduced	to	a	value	of	peak	measured	dilatancy	Dmin	at	peak	strength	ηmax	(peak	dilat-
ancy	should	occur	at	 the	same	point	 in	 the	 test	as	peak	strength).	Plotting	 the	results	of	
several	tests	and	projecting	the	result	to	zero	dilation	indicates	M.	Figure	2.30	shows	data	
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on	Erksak	sand	from	two	laboratories	and	illustrates	the	scatter	within	the	overall	trend	as	
well	as	inter-laboratory	repeatability	of	the	trend.	A	clear	trend	is	evident,	with	no	difference	
between	the	two	laboratories,	giving	Mtc	=	1.26.	The	only	negative	factor	to	this	method	is	
the	number	of	tests	needed,	at	least	five	evenly	distributed	over	a	range	of	initial	states	(rela-
tive	density	range	from	40%	to	100%).	Research	testing	often	has	many	more	tests,	as	can	
be	seen	in	Figure	2.30.

Method	(b)	to	determine	Mtc	makes	use	of	the	testing	carried	out	to	determine	the	CSL.	
In	principle,	each	of	these	tests	(drained	or	undrained)	is	strained	until	it	reaches	the	criti-
cal	 state.	Therefore,	plotting	 the	 stress	 ratio	η	 against	 strain	and	 simply	picking	up	 the	
maximum	(which	 should	also	be	 the	 terminal)	value	of	η	when	critical	 conditions	have	
been	reached	gives	Mtc	directly.	With	this	method,	it	is	crucial	that	strain-controlled	tests	
with	computer-based	data	acquisition	be	used,	otherwise	 the	 time	 lag	 in	measured	pore	
pressure,	or	the	lack	of	simultaneous	measurements,	can	give	a	misleading	calculation.	It	
can	also	be	subject	to	transducer	inaccuracy	for	very	loose	samples.	In	the	case	of	loose	
drained	samples,	some	inaccuracy	may	arise	because	of	the	effect	of	the	area	correction	
in	calculating	axial	stress.	However,	these	loose	tests	will	have	been	done	in	any	event	to	
determine	the	e-log	p′	line,	so	look	at	the	data	but	bear	in	mind	possible	limitations	in	the	
measurements.

Method	(c)	is	to	shear	the	soil	to	large	displacement	in	a	ring	shear	device	and	measure	the	
limiting	stress	conditions.	Negussey	et al.	(1988)	describe	a	series	of	experiments	they	per-
formed	with	a	ring	shear	device	on	Ottawa	sand	(a	quartz	sand),	two	tailings	sands,	granu-
lar	copper,	lead	shot	and	glass	beads.	These	tests	showed	how	the	large	strain	ϕc	for	each	
material	is	invariant	with	normal	stress.	The	great	difficulty	with	ring	shear,	however,	is	that	
the	complete	stress	conditions	are	not	known	and	only	a	friction	angle	can	be	determined	
(i.e.	p′	is	simply	unknown	in	ring	shear).	The	method	also	relies	on	the	tacit	assumption	that	
ϕc	is	invariant	with	the	proportion	of	intermediate	principal	stress.	This	tacit	assumption	is	
known	to	be	incorrect.

The	best	approach	to	determining	Mtc	is	to	use	a	mixture	of	method	(b)	and	method	(a).	
Testing	to	determine	the	CSL	will	provide	data	that	should	be	reduced	as	per	method	(b),	as	
it	is	in	effect	free	information.	Then	a	few	drained	triaxial	compression	tests	should	be	car-
ried	out	on	at	least	one	dense	(say	ψ	<	−0.2)	and	one	compact	(ψ�≈	−0.1)	sample.	These	tests	
allow	a	plot	as	per	method	(a),	albeit	with	limited	data	points.	For	large	projects	or	research	
programs,	it	is	best	to	carry	out	the	detailed	testing	of	method	(a).

2.5  unIqueness of the Csl

The	definition	of	critical	state	and	 its	application	to	 liquefaction	evaluation	requires	 that	
the	CSL	is	unique	and	independent	of	test	conditions	or	the	stress	path	followed	to	reach	
the	 critical	 state	 (although	a	 strain	 rate	 effect	 is	permissible,	 as	discussed	 in	Chapter	3).	
Uniqueness	is	normally	taken	to	mean	that	there	is	only	one	critical	void	ratio	for	one	mean	
effective	stress.	A	more	general	requirement	for	uniqueness	is	that	the	CSL	is	a	single-valued	
function	of	effective	stress	(potentially	allowing	a	role	for	the	Lode	angle	θ�as	well	as	p′),	the	
view	of	which	is	taken	here.

The	 reason	 that	 uniqueness	 is	 important	 is	 that	 uniqueness	 leads	 to	 physical	 simplic-
ity	and	 thus	easily	understandable	 idealizations	of	 soil	behaviour.	Put	 simply,	 if	 the	CSL	
is	 unique	 you	 always	 know	 where	 the	 soil	 is	 going	 when	 it	 is	 sheared.	 Studies	 suggest-
ing	non-uniqueness	in	the	CSL	logically	imply	a	range	of	possible	end	points	all	of	which	
depend	on	stress	or	strain	history	and	which	become	questionably	computable	and	question-
ably	usable	in	engineering	practice.	Uniqueness,	or	lack	of	it,	must	be	taken	very	seriously.	
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Published	studies	on	the	existence	and	uniqueness	of	the	CSL	include	a	range	of	conclusions.	
Key	views	can	be	summarized	as	follows:

•	 There	is	a	unique	CSL,	but	care	is	needed	in	testing	techniques	and	interpretation	to	
establish	the	CSL	(Poulos	et al.,	1988;	Been	et al.,	1991;	Ishihara,	1993).

•	 A	band	of	states	represents	steady-state	conditions,	depending	on	the	initial	density	
and	stress	level,	so	that	the	CSL	becomes	a	zone	rather	than	a	line	(Konrad,	1993).

•	 Sample	 preparation	 methods	 result	 in	 different	 anisotropies,	 giving	 different	 stress	
paths	and	different	critical	states	(Kuerbis	and	Vaid,	1988;	Vaid	et al.,	1990a).

•	 Extension	and	compression	tests	will	result	in	very	different	stress	paths	and	critical	
states	(Vaid	et al.,	1990a;	Negussey	and	Islam,	1994;	Vaid	and	Thomas,	1995).

•	 There	is	an	S	line	from	drained	tests	and	an	F	line	from	undrained	tests	that	differ	as	a	
result	of	the	collapse	potential	of	the	soil	(Alarcon-Guzman	et al.,	1988).

•	 Strain	rate	affects	the	CSL	(Hird	and	Hassona,	1990).

Konrad	(1993)	apparently	obtained	a	band	of	steady	states	for	Hostun	RF	sand	and	indicates	
that	his	data	imply	non-uniqueness	of	the	CSL.	However,	Konrad’s	ideas	have	grown	from	
an	initial	attempt	(Konrad,	1990a,b)	to	determine	the	minimum	undrained	shear	strength	
of	 the	sand,	 rather	 than	 the	ultimate,	critical	 state.	Examination	of	his	 subsequent	work	
indicates	that	the	accepted	CSL	is	in	fact	identical	to	his	UF	line,	which	is	used	as	a	reference	
condition	for	CPT	interpretation	(Konrad,	1997).	Clarity	in	terminology	and	interpretation	
is	needed,	and	this	is	a	classic	example	of	confusing	the	transient	pseudo–state	state	with	
the	critical	state.

The	 suggestion	 that	 the	CSL	might	depend	on	 sample	preparation	method	 (i.e.	 fabric)	
is	 interesting.	 Figure	 2.15	 illustrated	 how	 sample	 preparation	 changes	 the	 stress–strain	
response	of	Kogyuk	sand	in	drained	compression,	but	it	is	Vaid	and	co-workers	who	have	
been	the	most	active	in	asserting	that	sample	preparation	affects	the	CSL	(Kuerbis	and	Vaid,	
1988;	Vaid	et al.,	1990a).	The	effect	of	sample	preparation	method	on	the	CSL	was	exam-
ined	in	detail	for	Erksak	330/0.7	sand.	Tests	were	carried	out	on	paired	samples	of	compact	
to	dense	samples	prepared	using	two	methods,	moist	tamping	(MT)	and	below	water	plu-
viation	(PL).	Figure	2.31a	and	b	shows	the	different	stress–strain	and	stress	path	behaviour	
encountered	with	these	paired	sets	of	MT	and	PL	samples,	which	were	in	other	respects	as	
similar	as	experimentally	possible	apart	from	the	preparation	method.	Both	sets	of	paired	
samples	were	slightly	denser	 than	critical,	and	the	 initial	conditions	of	 these	samples	are	
summarized	in	each	figure.	A	comparison	of	wholly	contractive	undrained	behaviour	was	
impossible	because	samples	could	not	be	prepared	looser	than	the	CSL	using	pluviation.

Comparison	of	Figure	2.31a	and	b	illustrates	that	moist	tamping	consistently	produces	
stiffer	soil	behaviour	at	small	strains	than	pluviation,	but	less	dilatant	behaviour	after	the	
yielding	becomes	established.	In	the	case	of	Figure	2.31b,	the	pluviated	sample	was	initially	
far	softer,	but	by	5%	axial	strain	had	become	markedly	more	dilatant	than	the	paired	moist	
tamped	sample.	It	is	clear	from	Figure	2.31	that	sample	preparation	or	fabric	also	affects	the	
undrained	behaviour	of	sand,	but	the	question	is	whether	the	critical	state	is	also	affected	
by	these	differences.	Figure	2.32	summarizes	the	data	on	the	critical	state	of	Erksak	330/0.7	
sand	in	terms	of	tests	using	moist	tamped	and	pluviated	samples.	Within	the	experimental	
precision,	the	CSL	is	independent	of	sample	preparation	method.

Casagrande	(1975)	and	Alarcon-Guzman	et al.	(1988)	identified	separately	S	and	F	lines	
from	drained	triaxial	tests	and	consolidated	undrained	tests,	respectively.	The	implication	
is	that	the	CSL	is	not	unique,	in	that	different	tests	result	in	different	ultimate	states.	This	
is	incorrect	and	is	an	artefact	of	test	procedures	and	interpretation.	The	main	reason	the	
data	are	misinterpreted	 in	this	way	is	 that	drained	and	undrained	triaxial	 tests	on	dense	
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Figure 2.31  Effect of sample preparation on undrained behaviour of Erksak 330/0.7 sand.
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Figure 2.32  Comparison of critical states from pluviated and moist compacted samples of Erksak 330/0.7 
sand. (Data from Been, K. et al., Géotechnique, 41(3), 365, 1991.) Note that pluviated samples 
cannot be prepared at high void ratios.
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sands	seldom	reach	the	critical	state.	That	drained	tests	on	samples	tend	to	reach	the	critical	
state	(determined	from	undrained	tests)	can	be	shown	by	plotting	the	rate	of	volume	change	
(or	 triaxial	dilation	 rate)	not	against	ψo	but	against	ψ�or	by	calculating	 the	distance	 the	
sample	state	is	from	critical	state	at	any	time	during	a	test	(usually	at	peak	stress	conditions	
and	before	localization	effects	occur	in	the	sample).	Figure	2.33	shows	a	set	of	such	data	
for	29	sands	(Been	et al.,	1992).	The	dilatancy	is	the	slope	of	the	volumetric	versus	shear	
strain	(Equation	2.4)	from	conventional	drained	triaxial	tests,	while	the	x-axis	is	the	dif-
ference	between	the	void	ratio	of	the	sample	at	the	time	the	dilatancy	is	determined	and	the	
CSL	(determined	from	undrained	tests)	at	the	same	stress	level.	It	is	clear	from	the	data	in	
Figure	2.33	that	the	rate	of	volume	change	is	proportional	to	distance	from	the	CSL.	Similar	
methods	were	used	by	Parry	(1958)	to	support	the	existence	of	a	CSL	for	London	and	Weald	
clays.	If	the	critical	state	from	drained	tests	were	different	from	that	determined	from	und-
rained	tests,	a	mean	line	through	the	data	in	Figure	2.33	should	not	pass	through	the	origin.

The	remainder	of	this	important	discussion	on	uniqueness	of	the	critical	state	appears	in	
Chapter	6,	as	that	allows	the	introduction	of	a	constitutive	model	(Chapter	3)	to	give	insight	
into	the	confusing	observations	of	non-uniqueness.	In	particular,	it	will	be	shown	that	dif-
ferent	behaviours	as	a	result	of	stress	path	(extension	or	compression),	fabric	and	drainage	
can	be	predicted	perfectly	well	using	a	model	that	assumes	uniqueness	of	the	CSL.

2.6  soIl propertIes

2.6.1  summary of properties for a mechanics-based framework

Soil	 properties	 have	 been	 introduced	 throughout	 this	 chapter	 as	 various	 aspects	 of	 soil	
behaviour	were	presented	and	discussed.	We	now	collect	these	various	strands	together	to	

0.2

–0.2

–0.4

29 sands

Chap 2 - CID figs.xls

–0.6

Pe
ak

 d
ila

tio
n 

ra
te

, D
m

in

–0.8

–1

–1.2
–0.40 –0.30 –0.20

ψ at peak dilation rate
–0.10 –0.00

0

Figure 2.33  Peak dilation rate in drained triaxial compression tests as a function of distance from critical 
state line determined from undrained tests. The trend line passes close to zero, indicating that 
drained and undrained behaviour relate to the same CSL.
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summarize	 the	basic	properties	needed	to	characterize	 the	behaviour	of	particulate	soils.	
None	of	these	properties	are	associated	with	a	particular	constitutive	model,	the	properties	
being	quite	general	in	themselves	and	all	are	dimensionless.

Accepting	the	semi-log	approximation	of	the	CSL	as	a	reasonable	engineering	approxi-
mation,	Table	2.5	summarizes	 the	various	properties	and	which	aspect	of	soil	behaviour	
they	capture,	while	values	for	particular	soils	are	provided	in	Table	2.1.	All	properties	are	
defined	and	measured	under	triaxial	conditions,	with	Section	2.7	and	Chapter	3	discussing	
how	these	triaxial	properties	extrapolate	into	general	stress	conditions	(and	plane	strain	in	
particular).	Elasticity	is	omitted	from	Table	2.5	as	it	needs	to	be	measured	in-situ	(covered	
in	Chapter	4).

2.6.2  example properties of several sands and silts

Quite	a	few	soils	have	been	tested	to	define	their	critical	state,	and	Figure	2.34	illustrates	
some	of	 the	CSL	 that	have	been	determined.	Although	 the	CSL	 is	not	necessarily	 linear	
on	the	semi-log	plots	used,	in	particular	at	stresses	in	the	range	of	1000	kPa	or	more,	the	
range	of	interest	for	most	engineering	purposes	is	about	20–500	kPa.	Over	this	range,	it	is	
possible	to	treat	the	CSL	as	being	linear	in	most	cases,	but	do	not	blindly	put	a	regression	
line	through	all	the	data	(as	you	easily	could	do	in	a	spreadsheet)	as	that	will	mislead.	Use	
engineering	judgement	to	best	fit	the	semi-log	CSL	that	honours	the	test	data	over	the	stress	
range	relevant	to	the	situation	being	assessed.

Turning	 to	 the	wider	 issue	of	 soil	properties	 associated	with	a	 critical	 state	 approach,	
Table	2.1	lists	the	critical	state	soil	properties	(Γ,	λ,	Mtc,	χtc)	for	a	number	of	soils.	Index	
properties	are	also	given	in	this	table	for	reference.	Figure	2.35	illustrates	some	of	the	par-
ticle	size	distribution	curves	for	the	soils	in	Table	2.1	to	define	the	range	of	soil	types	over	
which	this	framework	has	been	found	to	be	valid	–	broadly	clean	coarse	sands	to	pure	silts.

It	would	be	convenient	if	the	CSL	parameters	for	sands	were	correlated	to	index	proper-
ties.	In	general,	the	slope	of	the	CSL	(λ)	does	appear	to	be	related	to	the	fines	content	for	a	
given	sand.	Been	and	Jefferies	(1985)	show	how	λ	increases	for	Kogyuk	sand	with	higher	silt	
content,	and	Hird	and	Hassona	show	a	similar	trend	for	increasing	mica	content	in	Leighton	
Buzzard	sand.	Similarly,	the	parameter	Γ,	which	describes	how	high	the	CSL	is	located	on	
the	void	ratio	axis,	appears	to	be	somewhat	a	function	of	the	maximum	void	ratio.

Figure	2.36	shows	the	relationship	between	fines	content	and	λ10	for	the	sands	in	Table	2.1,	
while	Figure	2.37	illustrates	how	Γ	is	related	to	emax.	(In	fact	it	turns	out	that	Γ10,	i.e.	the	CSL	
intercept	at	p′	=	10	kPa,	is	more	closely	related	to	emax.)	While	Γ,	λ	do	appear	to	be	loosely	

Table 2.5 Soil properties for a critical state framework

Property Typical range Remark 

Γ 0.9–1.4 Altitude of CSL, defined at 1 kPa by convention
λ10 0.02–0.07: uniform quartz sands Slope of CSL when approximated by straight line 

in e-log(p′) space; defined on base 10 logarithms0.10–0.25: uniform sandy silts to silts
0.04–0.07: well-graded sandy silts

Mtc 1.20–1.35: quartz sands Critical friction ratio, the limiting large strain ratio 
q/p′; triaxial compression as reference condition1.15–1.25: soft sands

1.30–1.60: tailings sands or silts
χtc >4: well-graded soils Relates minimum dilatancy to ψ; triaxial 

compression as reference condition~4: uniform quartz sands
~3: uniform soft sands
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Figure 2.34 Critical state loci for several sands whose properties are given in Table 2.1.
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correlated	to	fines	content	and	maximum	void	ratio,	there	is	really	too	much	scatter	in	the	
relationships	for	the	correlations	to	be	of	any	great	practical	use.	Minor	variations	in	intrin-
sic	properties	of	sand	have	a	major	influence	on	the	CSL	including	grain	shape,	mineralogy,	
grain	size	distribution	and	surface	roughness	of	grains.	In	general,	clean	sands	with	hard,	
rounded	quartzitic	grains,	such	as	Ottawa	sand,	will	have	a	low	value	of	λ10	(about	0.03),	
while	angular,	crushable	silty	sands	will	have	greater	values	of	λ10	(in	the	range	0.15–0.2,	
which	are	approaching	the	compressibility	associated	with	low	plasticity	clays).	Use	Figures	
2.36	and	2.37	only	for	preliminary	estimates	of	critical	state	parameters.
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Figure 2.35 Grain size distribution for selected sands and silts whose properties are given in Table 2.1.
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Figure 2.36 Relationship between slope of the critical state line and fines content.
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The	data	shown	 in	Figures	2.36	and	2.37	are	 for	 rather	uniformly	graded	soils.	Well-
graded	soils	are	different.	Figure	2.38	shows	CSL	for	a	well-graded	silty	sand	(the	core	of	
Bennett	dam)	and	a	uniform	silty	sand	(foundation	of	the	Guindon	dam	in	Sudbury);	both	
soils	had	about	34%	fines.	In	the	case	of	the	well-graded	silty	sand,	λ10	approaches	the	value	
expected	for	uniform	quartz	sands	despite	the	high	fines	content.	Fines	fraction	on	its	own	
is	not	a	good	predictor	of	the	corresponding	CSL.	What	appears	to	happen	is	that	as	fines	
increase	from	zero,	the	fines	initially	facilitate	grain	separation	and	subsequent	movement	
during	shear.	However,	there	comes	a	point	when	the	fines	fully	occupy	the	interstitial	space	
between	the	sand	grains	and	this	then	forces	a	return	to	far	less	compressible	behaviour.
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Figure 2.37  Relationship between altitude of critical state line at p′ = 1 kPa (Γ1) and maximum void ratio (emax).
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Figure 2.38 Comparison of critical state lines for uniformly graded and well-graded silty sands.
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The	critical	friction	ratio	Mtc	and	the	state–dilatancy	property	χtc	are	equally	difficult	to	
pin	down	without	soil	specific	tests.	M	is	generally	considered	to	increase	with	increasing	
angularity	of	soil	grains,	and	we	have	seen	values	as	large	as	Mtc	~	1.7	for	tailings	materi-
als	and	carbonate	sands	(compared	to	1.2–1.3	for	subrounded	silica	sands).	The	minimum	
dilatancy	plausibly	depends	on	factors	such	as	the	crushability	of	the	sand	and	grain	size	
distribution,	with	uniformity	of	particle	sizes	and	crushing	both	 tending	 to	reduce	dilat-
ancy.	Well-graded,	non-crushable	sand	grains	should	increase	dilatancy.	However,	with	the	
available	database	(a	good	set	of	both	dense	drained	and	loose	undrained	tests	is	needed)	
we	have	not	been	able	to	establish	any	such	relationship	with	index	properties.	For	example,	
Figure	2.39	shows	the	value	of	χtc	against	D50,	as	the	most	basic	index	property	of	the	sands	
we	have	tested,	and	λ10.	Further	work	would	be	needed	to	better	understand	all	of	the	fac-
tors	that	influence	how	minimum	dilatancy	varies	with	state	parameter	for	each	sand	type.

2.6.3  soil property measurement

Overall,	although	judgements	can	be	made	about	critical	state	properties	of	a	soil	(Γ,	λ,	Mtc,	
χtc)	given	information	on	particle	size	distribution	and	mineralogy,	these	properties	are	very	
sensitive	to	geologic	factors.	For	any	particular	project	or	soil	type,	dedicated	triaxial	testing	
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Figure 2.39 Absence of relationship between dilatancy parameter χ, D50 and λ10.
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is	needed.	Assumptions	should	never	be	made	when	dealing	with	mine	tailings	or	carbonate	
sands	–	almost	invariably	they	will	be	atypical,	and	must	be	tested.	The	required	testing	is	
not	necessarily	expensive	(commonly	about	$15,000	at	the	time	of	writing	for	a	comprehen-
sive	suite	of	testing),	and	it	is	mainly	a	question	of	thoroughness.	If	the	engineering	project	
is	more	than	minor	building	and	carries	any	seismic	risk	to	life,	sound	practice	demands	that	
laboratory	testing	is	carried	out.	Table	2.5	is	a	guide	for	developing	engineering	judgement,	
it	is	not	an	excuse	to	avoid	appropriate	testing.

2.7  plane straIn tests for soIl BehavIour

This	section	considers	information	from	other	than	triaxial	tests	to	move	understanding	of	
soil	behaviour	from	the	confines	of	the	laboratory	element	tests	to	situations	of	engineering	
practice.	We	do	this	by	considering	two	types	of	plane	strain	test,	which	better	approximate	
conditions	encountered	 in	civil	engineering	works	than	can	be	achieved	with	the	triaxial	
test.	The	subsequent	Section	2.8	then	shows	how	the	information	from	such	plane	strain	
tests	affects	geotechnical	understanding	of	the	general	behaviour	of	soils.

2.7.1  simple shear

So	far	the	discussion	has	been	in	terms	of	triaxial	tests	because	the	stress	and	strain	conditions	
in	a	triaxial	test	are	largely	uniform	and	measurable	–	reasons	that	have	made	the	triaxial	test	
the	basis	on	which	soil	behaviour	has	been	understood	for	at	least	50 years.	But	triaxial	tests	
have	a	special	symmetry	and	fixed	principal	stress	directions	that	do	not	relate	to	much	civil	
engineering,	and	these	limitations	have	produced	interest	in	the	simple	shear	test.

Simple	shear	 is	 the	plane	strain	condition	 in	which	a	shear	stress	 is	 imposed,	 typically	
horizontally,	with	an	imposed	condition	of	no	horizontal	extension.	Figure	2.40	shows	this	
schematically	as	well	as	the	stress	conditions	 in	terms	of	Mohr’s	circles.	A	feature	of	the	
basic	simple	shear	test	is	that	the	principal	stresses	are	not	measured,	with	the	data	compris-
ing	the	vertical	effective	stress,	the	imposed	(horizontal)	shear	stress,	the	vertical	strain	and	
the	shear	strain.

Knowledge	of	the	stresses	on	the	top	and	bottom	of	the	sample	is	not	enough	to	define	
the	stress	state	in	the	sample.	Only	one	point	on	the	Mohr	circle	of	stress	can	be	defined	
from	 these	measurements	 and	 the	 lateral	 stresses	on	both	horizontal	 axes	 are	needed	 to	
complete	the	picture.	However,	even	if	these	measurements	are	made,	the	complementary	
shear	stresses	are	largely	absent	from	the	edges	of	the	sample	so	that	only	the	middle	third	
of	the	sample	has	approximately	uniform	stresses	(Muir	Wood	et al.,	1979).	Simple	shear	is	
some	way	from	a	good	element	test	for	assessing	soil	behaviour	even	though	it	is	an	attrac-
tive	analogue	for	soil	loading	in	many	situations.

It	is	these	rather	basic	limitations	of	the	simple	shear	test	that	gave	the	widespread	prefer-
ence	for	the	triaxial	test	for	measuring	soil	behaviour	during	the	past	50 years.	However,	
some	 workers	 have	 tried	 to	 remove	 the	 deficiencies	 of	 the	 basic	 simple	 shear	 test.	 The	
Cambridge	University	 simple	 shear	device	 (Roscoe,	 1953)	uses	 rigid	metallic	walls	 lined	
with	a	rubber	membrane	to	contain	the	sample.	Pressure	transducers	in	the	walls	measure	
normal	 and	 shear	 stresses	 at	 transducer	 locations.	 Bjerrum	 and	 Landva	 (1966)	 describe	
the	 development	 of	 a	 simple	 shear	 device	 at	 the	 Norwegian	 Geotechnical	 Institute	 that	
used	a	steel	reinforced	rubber	membrane,	developed	from	the	ideas	of	Kjellman	(1951),	to	
constrain	a	cylindrical	sample.	Stresses	on	the	lateral	boundaries	cannot	be	measured,	but	
because	of	its	simplicity	this	device	is	popular,	especially	when	implemented	within	a	mod-
ern	computer-controlled	test.	Today,	the	computer-controlled	simple	shear	test	has	moved	
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to	mainstream	consulting	practice,	especially	for	cyclic	loading	of	soils	to	mimic	an	earth-
quake	(i.e.	liquefaction	studies).

Despite	the	popularity	of	the	simple	shear	test,	there	are	very	few	published	liquefaction	
studies	using	it,	particularly	tests	on	sands	with	initial	states	looser	than	critical.	An	excep-
tion	is	the	study	of	Fraser	River	Sand	by	Vaid	and	Sivathayalan	(1996a).	The	Fraser	River	
flows	through	the	lower	mainland	of	British	Columbia,	and	has	deposited	sands	over	recent	
geologic	time.	The	sand	sample	used	in	the	study	was	a	uniformly	graded	medium-grained	
sand	with	D50	=	300 µm	and	a	fines	content	of	about	1%.	A	careful	series	of	simple	shear	
tests	were	carried	out	(using	a	Geonor-type	device	with	a	reinforced	rubber	membrane)	on	
samples	prepared	as	 loosely	as	possible	by	water	pluviation	and	then	consolidated	to	the	
desired	vertical	stress	level.	Figure	2.41	shows	some	of	Vaid	and	Sivathayalan’s	results	as	
confining	stress	and	void	ratio	were	varied.	Consistent	trends	are	observed.

The	 interesting	 point,	 however,	 is	 that	 Vaid	 and	 Thomas	 (1995)	 carried	 out	 triaxial	
compression	 and	 extension	 tests	 on	 this	 same	 sand,	 also	 prepared	 by	 water	 pluviation.	
Compression	tests	were	loaded	in	the	direction	of	pluviation	while	for	extension	tests	the	
major	principal	stress	direction	was	perpendicular	to	the	direction	of	pluviation.	In	simple	
shear,	the	principal	stress	direction	varies	but	lies	between	the	triaxial	testing	bounds.	As	
shown	in	Figure	2.42,	the	behaviour	in	compression,	extension	and	simple	shear	of	samples	
consolidated	to	the	same	void	ratio	and	stress	level	is	very	different.

(a)

(b)
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Stress state at top 
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Figure 2.40 Stress conditions in the simple shear test. (a) Stresses applied to sample and (b) Mohr’s circle 
for simple shear.
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This	comparison	cannot	be	pushed	too	far	as	the	triaxial	samples	were	isotropically	con-
solidated	to	100	kPa,	while	the	vertical	stress	in	simple	shear	was	100	kPa.	The	initial	stress	
conditions	are	therefore	not	exactly	the	same	between	the	two	test	types.	Note	also	that	the	
maximum	shear	stress	is	assumed	to	occur	on	the	horizontal	plane	in	simple	shear	which	is	
an	approximation.

The	triaxial	compression	sample,	loaded	in	the	direction	of	pluviation,	is	stiffer	and	more	
dilatant	at	small	strains	than	the	simple	shear	and	extension	samples.	The	simple	shear	and	
extension	tests	are	remarkably	similar	in	terms	of	peak	shear	stress,	but	the	initial	stiffness	
and	large	strain	behaviour	are	clearly	different.	Figure	2.42	suggests	that	the	three	samples	
consolidated	to	approximately	the	same	initial	state	will	end	at	very	different	ultimate	(criti-
cal)	states.	The	challenge	for	any	critical	state-based	constitutive	model	 is	to	explain	this	
observed	behaviour.

2.7.2   Imperial College and nanyang technical 
university plane strain test

An	alternative	to	the	simple	shear	test	to	investigate	plane	strain	was	developed	at	Imperial	
College	50 years	ago	by	Wood	(1958)	and	was,	 in	effect,	a	variation	on	the	triaxial	test.	
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Figure 2.41  Undrained  simple  shear  tests  on  Fraser  River  sand.  (a)  Void  ratio  varied  and  (b)  vertical 
consolidation stress varied.  (From Vaid, Y.P. and Sivathalayan, S., Can. Geotech. J., 33(2), 281, 
1996a. With permission from the NRC, Ottawa, Ontario, Canada.)
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Plane	strain	was	enforced	by	end	platens,	with	the	intermediate	principal	stress	being	mea-
sured	by	the	infinitely	stiff	null	method.	Deviator	load	was	applied	vertically	by	two	loading	
rams	using	zero	axial	 friction	rotating	bushings,	bearing	on	a	rigid	platen	at	the	quarter	
length	points.	Cell	pressure	was	applied	in	the	same	way	as	a	triaxial	test.	Lubricated	end	
platens	were	used.	Although	this	plane	strain	apparatus	does	not	have	the	convenience	of	
modern	 transducers	and	data	acquisition	systems	 (and	a	 large	number	of	data	points),	 it	
does	provide	accurate	results	for	slow	drained	tests.	Figure	2.43	shows	a	picture	of	a	failed	
sand	sample	using	this	equipment.

A	modern	variation	on	the	Imperial	College	approach	to	plane	strain	was	developed	at	
Nanyang	Technological	University	by	Wanatowski	and	Chu	(2006).	The	plane	strain	condi-
tion	was	imposed	by	two	metal	vertical	platens,	fixed	in	position	by	two	pairs	of	horizontal	
tie	rods.	The	 lateral	stress	 in	the	ε2	=	0	direction	(i.e.	 intermediate	principal	stress,	σ2)	was	
measured	by	four	submersible	pressure	cells	with	two	on	each	vertical	platen.	Figure	2.44	
shows	a	photograph	and	details	of	 this	development.	The	plane	strain	 testing	system	was	
fully	automated.

2.8  general soIl BehavIour froM trIaxIal propertIes

2.8.1  Critical friction ratio in 3D stress states: M(θ)

Taking	M	as	a	material	constant	was	a	dominant	view	when	critical	state	models	were	first	
being	developed.	Constant	M	is	acceptable	in	triaxial	compression	but	is	rather	poor	in	a	
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Figure 2.42  Comparison of triaxial compression, extension and simple shear behaviour of Fraser River sand. 
(From Vaid, Y.P. and Sivathalayan, S., Can. Geotech. J., 33(2), 281, 1996a. With permission from 
the NRC, Ottawa, Ontario, Canada.)
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Figure 2.43  Dense sand after failure in Imperial College plane strain apparatus, tested by Cornforth, 1964. 
(From  Cornforth,  D.H.:  Landslides in Practice: Investigation, Analysis and Remedial/Preventative 
Options in Soils.  2005.  Copyright  Wiley-VCH  Verlag  GmbH  &  Co.  KGaA.  Reproduced  with 
permission.)
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Figure 2.44  Fully  automated  plane  strain  device  at  Nanyang  Technological  Institute  described  by 
Wanatowski and Chu (2006). (Courtesy of Prof. D. Wanatowski.)
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more	general	context	(Bishop,	1966).	What	is	needed	is	to	assess	the	effect	of	the	varying	
proportion	of	intermediate	principal	stress	on	M.	This	proportion	is	given	by	the	Lode	angle	
θ,	a	third	stress	invariant	(see	Appendix	A)	that	ranges	from	θ	=	+30°	in	triaxial	compres-
sion	(σ2	=	σ3)	to	θ	=	−30°	in	triaxial	extension	(σ2	=	σ1);	all	other	stress	states	lie	between	these	
limits.	Thus,	interest	moves	to	M(θ)	as	a	general	concept	for	the	critical	friction	ratio	and	
where	Mtc	is	used	as	the	soil	property	to	scale	M(θ).

The	 effect	 of	 intermediate	 principal	 stress	 on	 the	 failure	 criteria	 of	 sand	 was	 actively	
researched	 throughout	 the	 1960s	 and	 early	 1970s	 (e.g.	 Cornforth,	 1964;	 Bishop,	 1966;	
Green	and	Bishop,	1969;	Green,	1971;	Reades,	1971;	Lade	and	Duncan,	1974).	This	interest	
covered	a	wide	range	of	sand	densities,	but	was	directed	at	peak	strength	with	substantial	
dilatancy.	However,	it	is	essential	to	define	the	zero	dilation	rate	critical	friction.

Cornforth	(1961,	1964)	combined	conventional	triaxial	testing	with	the	newly	developed	
Imperial	College	plane	strain	test	to	examine	the	behaviour	of	Brasted	sand.	Cornforth’s	
data	have	the	attraction	of	providing	grouped	tests	at	three	densities	and	two	stress	levels	
for	each	of	triaxial	compression,	triaxial	extension	and	several	stress	paths	in	plane	strain;	
this	is	exactly	what	is	needed	to	evaluate	a	critical	state	approach,	since	critical	state	theory	
claims	independence	of	the	material	properties	from	density.	It	is	difficult	to	overstate	the	
importance	of	Cornforth’s	work	as	it	underlies	most	understanding	of	the	effect	of	inter-
mediate	principal	stress	on	sand	behaviour,	and	it	remains	relevant	60 years	after	the	work	
was	done.

Figure	2.45	shows	Cornforth’s	data	plotted	 in	the	stress–dilatancy	form	of	ηmax	versus	
Dmin.	A	linear	trend	fits	the	Brasted	triaxial	compression	data	and	gives	Mtc	=	1.27	(equiva-
lent	 to	 ϕc	=	31.6°).	 For	 the	 triaxial	 extension	data,	 the	 trend	 line	 suggests	 that	Mte�=	0.81	
(equivalent	to	ϕc	=	27.9°).	In	plane	strain,	the	best-fit	trend	line	is	still	linear	and	indicates	
that	Mps	=	1.08	where	the	subscript	ps	denotes	plane	strain	conditions;	the	plane	strain	data	
indicate	ϕc	=	33.4°	for	the	average	Lode	angle	at	the	critical	state	in	plane	strain	of	about	
θ�=	15°	 found	 in	Cornforth’s	 tests,	an	 increase	 in	 frictional	 strength	of	about	2°	over	 the	
triaxial	compression	conditions.
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Figure 2.45  Brasted sand stress–dilatancy in plane strain and triaxial conditions. (After Jefferies, M.G. and 
Shuttle,  D.A., Géotechnique,  52(9),  625,  2002.  With  permission  from  the  Institution  of  Civil 
Engineers, London, U.K.)
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The	trends	found	in	Cornforth’s	results	differ	from	the	prevailing	view,	which	is	that	ϕc	
is	invariant	with	Lode	angle	(e.g.	Bolton,	1986).	Green	(1971)	also	suggested	invariance	of	
ϕc	based	on	Ham	River	sand,	although	allowing	for	the	possibility	that	ϕc	might	increase	by	
perhaps	2°	in	plane	strain	over	triaxial	compression	because	of	experimental	uncertainties.	
More	recently,	Schanz	and	Vermeer	(1996)	concluded	that	ϕc	was	sensibly	invariant	with	
strain	conditions	based	on	triaxial	compression	and	plane	strain	tests	on	Hostun	sand.	The	
clear	reduction	of	ϕc	in	triaxial	extension	seen	in	both	the	Erksak	data	(Figure	2.30)	and	
Brasted	data	(Figure	2.45)	is	apparently	presently	unrecognized.

One	common	error,	which	arises	from	plots	like	Figure	2.45,	is	to	treat	plane	strain	as	an	
alternative	condition	to	(say)	triaxial	compression.	The	problem	in	doing	this	is	that	plane	
strain	is	not	a	condition	in	which	the	stress	state	is	similar	from	one	plane	strain	state	to	
another.	Rather,	as	its	name	suggests,	in	plane	strain	the	stress	state	develops	to	accommo-
date	the	imposed	strain	condition.	Figure	2.46	shows	resulting	variation	in	the	proportion	
of	intermediate	principal	stress	(which	is	the	out-of-plane	stress)	plotted	in	terms	of	the	Lode	
angle	at	peak	strength	versus	the	dilation	rate	for	that	peak	strength.	While	there	is	no	dif-
ficulty	for	the	soil	actually	at	the	critical	state,	M	in	plane	strain	cannot	be	assessed	from	
Figure	2.46	without	further	processing.	That	processing	is	discussed	in	Appendix	C,	and	it	
is	useful	to	show	the	results	here	to	aid	insight.

Figure	2.47	shows	Cornforth’s	plane	 strain	data	after	 it	has	been	 transformed	 into	an	
operating	critical	friction	ratio	and	plotted	versus	Lode	angle	in	the	test.	The	data	for	M	for	
the	range	of	Lode	angles	developing	in	plain	strain	cluster	around	a	trend	which	is	shown	
as	a	dotted	line	on	the	figure.	What	is	this	trend	line?	It	is	the	average	M�from	two	failure	
criteria,	the	familiar	Mohr–Coulomb	representation	and	the	less	familiar	Matsuoka–Nakai	
(1974)	failure	criteria.	The	Mohr–Coulomb	criterion	with	a	constant	critical	friction	angle	
matches	the	prevailing	view	for	the	critical	state	as	noted	earlier,	but	consistently	gives	weak	
strengths	based	on	a	 triaxial	calibration.	The	Matsuoka–Nakai	criterion	 is	based	on	the	
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Figure 2.46  Lode angle at peak strength in plane strain. (After Jefferies, M.G. and Shuttle, D.A., Géotechnique, 
52(9), 625, 2002. With permission from the Institution of Civil Engineers, London, U.K.)
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physically	appealing	concept	of	spatially	mobilized	planes,	but	shows	too	great	strengths	in	
general.	The	suggestion	that	an	average	of	Mohr–Coulomb	and	Matsuoka–Nakai	criteria	
was	a	reasonable	representation	of	Brasted	sand	behaviour	(Jefferies	and	Shuttle,	2002)	was	
further	supported	by	tests	on	Changi	sand	that	showed	much	the	same	results	(Wanatowski	
and	Chu,	2007,	see	their	Figure	11).

For	completeness,	we	also	note	that	there	is	a	general	absence	of	information	on	the	trends	
in	M	(or	ϕc	for	that	matter)	within	geotechnical	engineering.	There	are	sets	of	M	values	for	
triaxial	compression,	plane	strain	and	triaxial	extension	with	all	workers	drawing	smooth	
curves	based	on	their	physical	idealizations	to	fill	in	the	data	gap	between	θ�=	−30°	and	+15°.

2.8.2  operational friction ratio in stress–dilatancy: Mi

Rowe’s	 stress–dilatancy	 relationship	 is	 given	 as	 Equation	 2.2	 where	 the	 parameter	 K	 is	
related	 to	 the	 mineral	 to	 mineral	 friction	 ϕu.	 Rowe	 suggested	 that	 the	 operating	 sliding	
contact	friction	angle	in	(2.2)	was	ϕf,	not	ϕu,	and	was	such	that	ϕu	≤	ϕf	≤	ϕc	(where	ϕc	is	
the	critical	 state	angle).	Rowe’s	 suggestion	has	not	been	disputed	and	appears	 in	current	
geotechnical	textbooks	(e.g.	Muir	Wood,	1990).	But	minimal	guidance	is	provided	in	the	
literature	on	how	ϕf	evolves	and	K	is	generally	taken	as	constant.	In	Chapter	3,	we	discuss	
the	proposition	that	M	captures	the	aspect	of	soil	that	dissipates	plastic	work	(as	heat	and	
following	 the	 laws	of	 thermodynamics).	 In	 such	a	 context,	Rowe’s	 idea	 translates	 into	a	
variable	work	dissipation	mechanism	that	might	depend	on	void	ratio,	soil	particle	arrange-
ment	(aka	fabric),	etc.;	there	is	also	the	possibility	of	inelastic	energy	storage	to	offset	work	
dissipation.	Let	us	look	to	some	data.

Information	on	stress–dilatancy	can	be	obtained	from	drained	triaxial	tests	if	the	data	
are	logged	digitally	using	a	high	scan	rate.	This	allows	subsequent	numerical	differentiation	

0.8

0.9

1

1.1

1.2

1.3

–30 –20 –10 0 10 20 30

Cr
iti

ca
l f

ric
tio

n 
ra

tio
, M

Lode angle, θ (°)  

Mohr–Coulomb

Matsuoka Nakai

Brasted sand data

Best fit as average of MMC and MMN

Figure 2.47  Comparison of functions for M(θ) with Brasted sand data. (After Jefferies, M.G. and Shuttle, 
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of	the	measured	results	 into	a	stress–dilatancy	form.	Thus,	rather	 than	plotting	q	versus	
ε1	(say),	the	data	are	transformed	into	η	versus	DP.	Figure	2.48	shows	the	results	of	such	
numerical	differentiation	of	the	stress–dilatancy	behaviour	of	Erksak	sand	in	η	−	DP	space.	
Dense	 and	 loose	 sand	 data	 are	 shown	 separately	 for	 clarity	 in	 Figure	 2.48a	 and	 b,	 and	
together	in	Figure	2.48c.

(a) Dense samples only

(c) All samples, with trend line for critical state M
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Figure 2.48  Drained triaxial data  for Erksak sand reduced to stress–dilatancy  form. (After Been, K. and 
Jefferies, M.G., Canadian Geotechnical Journal, 41(1), 972, 2004. With permission from the NRC, 
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Stress–dilatancy,	for	both	loose	and	dense	samples,	is	approximately	linear	in	the	η	−	DP	
space	between	the	low	stress	ratio	initial	part	of	the	curve	and	the	peak	stress	ratio.	In	the	
case	 of	 the	 dense	 sand,	 the	 stress–dilatancy	 plots	 naturally	 reverse	 once	 the	 stress	 ratio	
reaches	a	peak,	giving	a	hook	in	the	curve	as	it	drops	to	the	critical	state.	(The	initial	non-
linear	part	of	the	curve	at	low	stress	ratio	is	not	considered	representative	of	stress–dilatancy	
and	is	attributed	to	the	effects	of	initial	fabric	and	apparent	overconsolidation.)

For	dense	sands,	Figure	2.48a,	the	test	data	establish	an	initial	crossing	of	the	DP	=	0	axis	
less	than	M,	which	is	exactly	the	behaviour	identified	by	Rowe	(referred	to	earlier	as	the	
parameter	Mf),	reaches	a	peak	and	then	forms	a	second	branch.	A	best	estimate	is	about	
Mf	≈	1.05	based	on	the	pre-peak	 linear	part	of	 the	stress–dilatancy	plot	 for	ψ	<	0,	where	
Mf	corresponds	to	where	the	straight	line	crosses	the	DP	=	0	axis.	This	is	obviously	not	the	
critical	state	because	dilation	continues	into	negative	dilatancy	space.	Extrapolation	of	the	
declining	η	branch	in	negative	DP	space	to	the	DP	=	0	axis	gives	Mtc.	In	the	case	of	the	test	
data	on	Erksak	sand	shown	in	Figure	2.48a,	the	procedure	indicates	Mtc	=	1.26.	This	is	the	
same	estimate	of	Mtc	obtained	from	many	more	tests	using	Bishop’s	method	(Figure	2.30).

The	best-fit	linear	trends	through	the	loose	sand	data	(Figure	2.48b)	project	to	the	DP	=	0	
axis	at	a	value	of	η	that	suggests	M	≈	1.22	for	ψ	>	0.	This	projection	is	based	on	the	trends	
seen	in	the	data	in	the	range	0.1	<	DP	<	0.6	so	as	to	avoid	the	effects	of	initial	elasticity	and	
inaccuracy	at	large	displacements.	The	projected	value	is	M	(rather	than	Mf),	as	the	DP	=	0	
situation	is	the	critical	state	for	the	loose	samples.	The	fit	of	one	straight	line	to	the	data	
suggests	that	Mf	≈	M	for	most	of	the	stress	path.

The	transient	condition	where	DP	=	0	in	the	dense	samples,	that	is	where	volumetric	strain	
rate	 changes	 from	 contraction	 to	 dilation,	 is	 called	 the� image� condition.	 Ishihara	 et  al.	
(1975)	called	this	transient	condition	the	phase	transformation	while	others	have	called	it	
the	pseudo–steady	state.	The	term	image	condition	is	preferred	as	the	state	is	a	projection	of	
the	critical	stress	ratio	on	the	q	−	p′	plane,	whereas	it	is	neither	a	phase	change	nor	a	steady	
state	nor	a	pseudo	condition.	Accordingly,	we	prefer	to	switch	from	Rowe’s	notation	and	use	
Mi	rather	than	Mf,	where	the	‘i’	subscript	denotes	the	current	image	condition.

Overall,	 there	 are	 good	 reasons	 to	 expect	 Mi	 to	 evolve	 with	 strain,	 with	 the	 general	
requirement	only	being	that	Mi	⇒	M	as	εq	⇒	∞.	But	strain	is	in	itself	not	an	admissible	input	
to	Mi	because,	in	any	piece	of	ground	in-situ,	it	is	not	possible	to	know	the	current	strains.	
Mi	needs	to	be	expressed	in	terms	of	state	variables,	all	of	which	can	be	measured	(at	least	
in	principle).	The	general	requirement	on	Mi	is	most	elegantly,	and	correctly,	expressed	in	
the	alternative	state	parameter	form,	suggested	by	Dafalias	and	co-workers:	Mi	⇒	M	as	ψ�
⇒	0.	Within	this	general	framework,	several	alternative	ideas	have	been	suggested	which	
are	summarized	in	Table	2.6	and	these	proposals	are	also	plotted	in	Figure	2.49	to	compare	
with	the	Erksak	data.

Taking	the	case	of	dense	sand,	the	relation	of	Manzari	and	Dafalias	(1997)	seems	close	
to	a	 lower	bound.	The	 slightly	more	 complex	 form	 for	Mi	 suggested	by	Li	 and	Dafalias	
(2000)	is	similar	for	dense	sand,	but	predicts	Mi	>	M	for	loose	sands.	This	is	at	variance	with	
test	data,	and	it	 is	difficult	to	understand	how	loose	sand	could	dissipate	plastic	work	at	

Table 2.6 Summary of proposed relationships for Mi

Originator Relationship Comments 

Manzari and Dafalias (1997) Mi = M + mψ m ≈ 4 for Toyoura sand.
Li and Dafalias (2000) Mi = M exp(mψ) m ≈ 4 for Toyoura sand.
Jefferies and Shuttle (2002) Mi = M(1−|ψi|/Mtc) Matches Nova’s rule on average at Dmin 

for all sands; see Appendix C.
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a	greater	rate	than	in	the	critical	state.	The	Jefferies	and	Shuttle	(2002)	relationship	is	an	
upper	bound	to	the	dense	sand	data,	with	symmetry	around	the	critical	state.	The	relation-
ship	developed	in	Appendix	C	is	an	enhanced	version	of	Jefferies	and	Shuttle	(2002)	and	
which	now	uses	the	standard	soil	properties	N,	χtc,	discussed	earlier	in	this	chapter	as	inputs	
to	the	computed	Mi.

Looking	at	the	data	in	Figure	2.49,	it	is	unclear	that	ψ	alone	is	a	sufficient	choice	for	the	
state	variable	controlling	Mi.	The	fit	of	these	alternative	suggestions	to	the	Erksak	data	sug-
gests	something	is	missing,	with	a	fabric	tensor	needed	in	addition	to	ψ	to	define	the	state	of	
sand.	A	product	of	these	two	state	measures	can	ensure	that	Mi	⇒	M	as	ψ�⇒	0	in	accordance	
with	the	idealization	of	the	critical	state	while	allowing	for	soil	fabric	detail.

Finally,	we	note	that	the	effect	of	state	and/or	fabric	applies	on	top	of	the	effect	of	Lode	
angle.	Although	this	may	seem	complicated,	it	actually	has	rather	simple	operational	form	
and	is	easily	implemented	as	a	user-defined	function	in	spreadsheets;	the	relationship	for	Mi	
developed	in	Appendix	C	can	be	found	as	the	function	Mpsi_v3(Mtc,N,χtc,θ,ψ)�in	the	various	
downloadable	spreadsheets.

2.8.3  general state–dilatancy

The	 influence	 of	 soil	 state	 on	 maximum	 dilatancy	 (=	 Dmin)	 was	 discussed	 earlier	 in	 the	
context	of	triaxial	tests,	with	the	soil	property	χ	being	introduced	to	capture	this	aspect	of	
soil	behaviour.	How	does	this	generalize	to	other	stress	states?	The	immediate	difficulty	in	
answering	the	question	is	lack	of	data.	Many	workers	have	looked	at	peak	strength	in	plane	
strain	but,	as	noted	earlier,	there	has	been	an	absence	of	a	stress–dilatancy	framework	in	
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Figure 2.49  Relationship of mobilized friction ratio Mi to ψ for Erksak data. (After Been, K. and Jefferies, 
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the	way	the	testing	was	carried	out.	The	exception	is	Cornforth’s	testing	that	has	been	relied	
on	to	infer	the	nature	of	the	critical	friction	ratio	M.	Using	Cornforth’s	data,	Figure	2.50	
compares	trends	in	the	maximum	dilatancy	(i.e.	Dmin)	versus	state	parameter	ψ	at	Dmin	of	
Brasted	sand	in	triaxial	compression,	triaxial	extension	and	plane	strain.	The	slope	of	the	
Dmin	–	ψ	line	is	the	soil	property	χ	which	appears	to	be	different	depending	on	the	loading	
condition.	Figure	2.51	takes	the	same	data	and	scales	Dmin	by	the	ratio	Mtc/M,	where	M	
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Figure 2.50  Maximum  dilatancy  Dmin  versus  ψ  at  Dmin  for  Brasted  sand  in  triaxial  compression,  triaxial 
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is	the	appropriate	value	for	compression,	extension	or	plane	strain.	This	has	the	effect	of	
unifying	the	data	trends.	Thus,	χ	is	properly	defined	under	triaxial	compression	and	scales	
to	other	 loading	conditions,	exactly	as	with	Mtc.	The	theoretical	reason	why	this	scaling	
works,	and	why	it	is	necessary,	comes	from	constitutive	modelling	which	we	now	turn	to	in	
the	next	chapter.

© 2016 by Taylor & Francis Group, LLC

  



© 2016 by Taylor & Francis Group, LLC

  



101

Chapter 3

Constitutive modelling for liquefaction

3.1  IntroDuCtIon

3.1.1  Why model?

This	chapter	is	about	modelling	soil	stress–strain	behaviour,	which	will	lead	into	modelling	
liquefaction.	Before	doing	so,	an	obvious	question	needs	to	be	addressed:	why	model?	There	
are	several	reasons	and	more	to	modelling	than	just	a	precursor	to	stress	analysis	using	finite	
elements.

The	understanding	of	liquefaction	has	been	plagued	by	dubious	‘concepts’,	many	of	which	
run	counter	to	a	sound	appreciation	of	soil	mechanics.	This	has	led	to	mutually	exclusive	
propositions	and	the	notion	that	grasping	the	subject	of	liquefaction	requires	great	wisdom	
and	many	years	of	experience.	Constitutive	modelling,	using	an	appropriate	model	(and	what	
is	appropriate	follows	later	in	this	chapter),	shows	that	liquefaction	is	simply	another	soil	
behaviour	that	is	relatively	easily	understood.	Given	this	understanding,	which	is	accessible	
to	anybody	given	a	little	diligence,	how	to	engineer	liquefaction	resistant	works	becomes	far	
less	contentious.	Hypotheses	(‘explanations’)	such	as	‘metastable	particle	arrangement’	are	
tossed	out	in	favour	of	conventional	soil	properties	and	proper	geomechanics	for	engineer-
ing	designs.

Modelling	is	also	important	because	geotechnical	engineers	depend	to	a	large	extent	on	
in-situ	tests	to	determine	sand	or	silt	properties,	but	in-situ	tests	do	not	really	measure	soil	
properties:	rather,	in-situ	tests	measure	a	response	to	a	loading	process.	Obtaining	soil	prop-
erties	from	in-situ	tests	involves	solving	an	inverse	boundary	value	problem,	and	a	model	is	
required	for	this.

Modelling	is	also	an	excellent	way	to	capture	full-scale	experience.	Because	civil	engineer-
ing	must	rely	largely	on	case	histories	from	failures	rather	than	testing	of	prototypes,	a	great	
weight	is	placed	on	such	experience	and	properly	so.	But	full-scale	experience	needs	to	be	
understood	using	a	sound	framework	and	this	framework	necessarily	comes	from	mechan-
ics.	Mechanics,	 in	 turn,	 is	 based	upon	understanding	 soil	 constitutive	behaviour.	Wroth	
(1984)	made	this	point	years	ago,	but	it	is	still	not	always	fully	appreciated.

3.1.2  Why critical state theory?

A	basic	premise	 is	 that	a	proper	 constitutive	model	 for	 soil	must	 explain	 the	 changes	 in	
soil	behaviour	 caused	by	changes	 in	density.	Despite	 the	obvious	nature	of	 this	premise,	
void	ratio	(or	any	related	variable	such	as	relative	density)	is	rarely	included	as	a	variable	
in	constitutive	models	for	soil,	as	can	be	ascertained	from	the	proceedings	of	a	workshop	
(Saada,	1987)	where	some	30	different	models	for	sand	were	represented.	The	exceptions	
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are	models	based	upon	critical	state	theory	and	this	naturally	sets	up	critical	state	theory	as	
the	preferred	starting	point.

There	is	more	to	critical	state	theory	than	independence	of	the	properties	relating	to	den-
sity.	Constitutive	models	for	soil	cover	a	philosophical	range	from	descriptive	to	idealized.	
Descriptive	models	are	intrinsically	curve	fitting	and	anchored	to	test	data	–	they	can	be	
very	suitable	for	computing	if	the	stress	paths	in	the	problem	of	interest	are	similar	to	the	
test	conditions.	However,	 the	accuracy	of	descriptive	models	 in	representing	a	particular	
situation	is	too	often	offset	by	an	absence	of	insight	into	the	underlying	physical	processes.	
Idealized	models,	on	the	other	hand,	start	from	postulated	mechanisms	from	which	behav-
iours	 are	 then	derived.	 Idealized	models	 trade	possibly	 reduced	accuracy	 in	 a	particular	
situation	for	a	consistent	(and	known)	physics.	Critical	state	theory	is	very	much	an	ideal-
ized	framework	but	one	that	traces	to	the	second	law	of	thermodynamics	–	and	that	makes	
it	fundamental.

3.1.3  key simplifications and idealization

There	are	two	key	simplifications	in	what	follows:	isotropy	and	small	strain	theory.	Isotropy	
is	familiar	to	everyone	exposed	to	engineering	science,	but	there	is	also	a	litany	that	soils	are	
intrinsically	anisotropic.	Isotropy	will	nevertheless	be	assumed	because	there	is	little	point	
in	getting	involved	in	the	complexity	of	anisotropic	behaviour	if	the	isotropic	version	is	not	
functional	–	anisotropy	is	further	detail,	not	a	fundamental	premise	that	will	make	or	break	
the	model.	Further,	anisotropy	can	be	approximated	in	an	isotropic	model,	as	will	be	shown,	
if	there	is	a	supporting	evidence.	This	then	leads	to	the	point	that	most	practical	engineering	
has	enough	difficulty	in	obtaining	characteristic	parameters	for	a	simple	isotropic	model	and	
that	anisotropy	is	therefore	(at	least	presently)	a	distraction	from	more	important	issues.

Small	strain	theory	is	a	far	more	important	point.	Almost	all	degree	courses	in	engineer-
ing	 science	 teach	 small	 strain	 theory	 in	which	higher	 than	first-order	 terms	are	dropped	
in	moving	from	displacement	gradients	 to	strain.	This	small	strain	approximation	(small	
meaning	major	principal	strain	of	 the	order	of	0.1%	or	so)	 is	very	reasonable	within	the	
context	of	elasticity.	However,	soil	behaviour	may	involve	strains	to	failure	of	as	much	as	
50%.	 The	 standard	 elasticity-based	 small	 strain	 theory	 taught	 in	 engineering	 courses	 is	
not	genuinely	adequate	for	geomechanics	and	even	routine	work	should	invoke	large	strain	
theory	of	one	sort	or	another.

To	save	layering	additional	information	and	complexity,	what	follows	will	be	presented	
within	the	familiar	small	strain	context	with	two	exceptions.	First,	incremental	volumetric	
strains	will	be	integrated	to	obtain	void	ratio	change;	tracking	void	ratio	this	way	is	a	large	
strain	approach	and	assures	that	the	correct	end	state	will	be	reached.	Second,	large	strain	
analysis	will	be	used	formally	in	evaluating	in-situ	tests.	In	doing	this,	there	is	an	implied	
assumption	that	the	properties	determined	in	calibrating	with	small	strain	definitions	are	
sufficiently	representative	for	reasonable	subsequent	use	in	large	strain	analysis.	There	is	as	
well,	of	course,	the	ever-present	problem	with	laboratory	test	equipment	and	observations	
where	there	is	a	limit	to	how	accurately	the	strain	can	be	determined	and	the	accuracy	of	
measurements	at	larger	strains.

3.1.4  overview of this chapter

Although	this	book	is	about	liquefaction	and	it	has	just	been	suggested	that	liquefaction	is	
to	be	modelled,	that	modelling	will	not	be	found	in	this	chapter.	Instead,	the	principle	of	
effective	stress	will	be	invoked	and	the	desired	framework	will	be	developed	in	a	drained	
approach.	This	is	done	deliberately	as	undrained	behaviour	will	never	be	properly	simulated	
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unless	 the	 drained	 response	 is	 properly	 understood	 and	 captured.	 Undrained	 behaviour	
arises	 because	 of	 boundary	 conditions,	 and	 is	 not	 in	 itself	 fundamental	 soil	 behaviour.	
Readers	unable	to	restrain	their	enthusiasm,	or	wishing	to	verify	that	the	NorSand	model	
does	describe	liquefaction	well,	can	flip	to	Chapters	6	and	7	to	look	at	the	plots.

In	presenting	the	material,	a	fair	bit	of	mathematics	is	inevitable.	However,	the	underly-
ing	ideas	are	rather	easy	to	understand	(most	can	be	visualized	geometrically).	So,	to	avoid	
unnecessary	confusion,	most	of	the	formal	derivations	have	been	bundled	in	Appendix	C.	
This	way	the	ideas	can	be	presented	more	simply	and	the	derivations	left	until	the	whole	
picture	has	been	obtained.

Critical	state	ideas	are	indeed	straightforward	but	they	do	have	the	feature	that	there	is	no	
practically	useful	closed-form	solution	(i.e.	an	equation	directly	relating	stress	and	strain)	for	
the	models	that	follow.	This	is	the	case	even	for	something	as	straightforward	as	a	drained	
triaxial	compression	test	in	which	the	whole	sample	is	at	the	same	stress	state	and	a	known	
stress	path	is	applied.	However,	the	incremental	form	of	critical	state	models	relating	changes	
in	stress	to	strain	increments	is	delightfully	simple,	and	these	relations	can	be	numerically	
integrated	 easily	 in	 a	 spreadsheet	 to	 provide	 the	 desired	 results.	 Spreadsheets	 have	 been	
provided	on	the	website	that	implement	critical	state	models	for	triaxial	compression,	plane	
strain	and	cyclic	loading.	The	spreadsheets	are	set	up	as	providing	an	‘interface’	with	input	
properties	and	graphical	output	with	the	code	that	implements	the	model	written	in	the	VBA	
programming	environment	that	lies	behind	Excel	(VBA	is	standard	to	Excel	and	does	not	
require	an	enhanced	version	of	the	program).	The	open-source	and	commented	code	can	be	
found	under	the	Visual	Basic	Editor	(use	the	‘Alt’	+	‘F11’	keys)	when	in	Excel;	nothing	is	hid-
den	and	we	are	not	asking	you	to	believe	in	a	‘black	box’.	Each	routine	is	discussed	in	this	
book	and	the	code	follows	the	variable	use	and	equations	derived	in	Appendix	C.

A	feature	of	critical	state	 theory	 is	 that	 the	 ideas	were	developed	 in	the	context	of	 the	
triaxial	test.	This	test	has	axial	symmetry	of	strains	and	fixed	principal	stress	directions,	
both	substantial	simplifications	for	a	model	to	be	used	in	real	engineering.	However,	the	first	
step	is	to	understand	and	appreciate	the	generalization	of	the	state	parameter	framework	
with	NorSand	and	how	this	computes	real	soil	behaviour.	Triaxial	conditions	are	sufficient	
for	this;	the	relevant	downloadable	file	is	NorSandM.xls.	On	the	other	hand,	much	of	real	
engineering	involves	plane	strain.	The	chapter,	therefore,	concludes	with	a	validation	of	the	
3D	version	of	NorSand	under	plane	strain	conditions	(NorSandPS.xls).	The	full	derivation	
of	this	‘industrial	strength’	NorSand	is	given	in	Appendix	C.	This	chapter,	then,	provides	
enough	guidance	to	look	at	in-situ	tests	and	how	the	state	parameter	is	determined	in-situ	
(Chapter	4)	and	gives	the	context	for	the	ideas.	The	application	of	NorSand	to	the	full-scale	
experience	of	static	liquefaction	follows	in	Chapter	6,	with	cyclic-induced	liquefaction	pre-
sented	in	Chapter	7.

3.2  hIstorICal BaCkgrounD

As	always,	the	history	of	developments	helps	to	understand	the	formalism	that	has	devel-
oped	around	a	subject	and	the	reasons	for	such	formalism.	The	history	of	critical	state	the-
ory	goes	back	a	surprisingly	long	way	and	centres	as	much	upon	Cambridge,	Massachusetts	
(Harvard	and	MIT),	as	upon	Cambridge,	England	(Cambridge	University).	There	were	also	
particular	contributions	and	insights	from	Manchester	(Victoria	University	of	Manchester),	
London	(Imperial	College)	and	Providence,	Rhode	Island	(Brown	University).	Perhaps	even	
more	surprisingly,	the	U.S.	Army	Corps	of	Engineers	had	a	guiding	role	in	the	early	days.	
The	history	 is	much	wider	 than	you	might	believe	 from	associating	 the	 subject	with	 the	
Schofield	and	Wroth	(1968)	book.	Let	us	trace	developments.
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Soil	has	two	behaviours	that	are	apparent	to	the	casual	observer:	plasticity	and	density	
dependence.	Plasticity	is	apparent	because	deformations	imposed	on	soil	are	largely	irrecov-
erable.	Density	dependence	is	obvious	because	soil	can	exist	over	a	range	of	densities	at	con-
stant	stress,	and	dense	soil	behaves	quite	differently	from	loose	soil.	A	slightly	less	obvious	
behaviour	that	is	a	corollary	to	density	dependence	is	that	dilatancy	is	an	intrinsic	kinematic	
consequence	of	soil	deformation	(Reynolds,	1885).	A	most	 interesting,	and	fundamental,	
aspect	of	geotechnics	is	how	these	behaviours	may	be	represented	within	a	single,	complete	
constitutive	model.

Most	soil	models	are	based	on	plasticity,	which	is	in	itself	a	macro-scale	abstraction	of	the	
underlying	micromechanical	reality	of	grain	realignments	and	movements.	Plasticity	theory	
is	the	dominant	methodology	for	constitutive	modelling	of	geomaterials,	as	 it	reasonably	
captures	their	behaviour	in	a	computable	way.	Although	purists	might	argue	the	necessity	
for	a	micromechanical	approach,	 the	 reality	 is	 that	micromechanical	models	are	compli-
cated	and	generally	unusable.	Much	as	engineering	with	metals	uses	plasticity,	even	though	
it	is	dislocation	movements	that	matter	to	the	metal	behaviour,	so	too	can	soil	mechanics	use	
plasticity	without	worrying	about	the	internal	mechanisms	of	the	soil	skeleton.	In	fact,	plas-
ticity	theory	can	be	given	a	fundamental	slant	through	thermodynamics	(Drucker,	1951).	
Plasticity	theory	will,	therefore,	be	used	for	soil	without	further	discussion	of	its	relevance.

Plasticity	is	the	idea	that	some	(and	usually	most)	strains	are	not	recovered	when	a	body	
is	unloaded,	an	idea	that	dates	back	150 years.	Tresca	(1864)	first	proposed	a	yield	condi-
tion	 that	 distinguished	between	 those	 stress	 combinations	 that	 cause	 yield	 (or	 irrecover-
able	strains)	from	those	that	do	not.	During	yielding,	strains	are	viewed	as	comprising	two	
mechanisms,	 one	 elastic	 (denoted	 by	 the	 superscript	 ‘e’)	 and	one	plastic	 (denoted	 by	 the	
superscript	‘p’),	with	the	strain�decomposition

	 ε ε ε= +e p 	 (3.1)

One	of	the	differences	between	plasticity	and	elasticity	is	the	treatment	of	strains.	In	elastic-
ity,	principal	strain	increments	are	in	the	same	direction	as	principal	stress	increments.	This	
relationship	is	intrinsic	to	the	way	the	theory	is	developed.	In	plasticity,	however,	theoreti-
cal	development	first	concentrates	on	identifying	the	stress	conditions	under	which	plastic	
strain	occurs	to	define	the	yield	surface.	The	magnitude	and	direction	of	the	plastic	strains	
require	further	thought.

A	simple	thought	experiment	to	show	the	direction	of	plastic	strains	is	shown	in	Figure	3.1.	
An	ice	hockey	puck	is	sitting	on	the	ice	and	is	about	to	slide	under	the	action	of	two	forces,	
both	of	which	are	applied	by	strings	acting	at	an	angle.	Sliding	starts	when	the	force	on	one	
string	is	increased	slightly.	One	can	immediately	appreciate	that	the	puck	starts	moving	in	
the	direction	of	the	force	resultant,	not	the	force	increment	that	initiated	sliding.	This	is	the	
simplest	explanation	of	what	is	termed	the	normality	principal	(alternatively	called	associ-
ated	flow).	Plastic	strain	increments	are	directed	normal	to	the	stresses	defining	the	yield	
surface,	not	to	the	stress	increment	that	initiates	the	yielding.	In	a	slightly	more	sophisticated	
explanation,	Calladine	(1969)	shows	that	normality	is	a	way	for	a	material	to	maximize	the	
energy	absorbed	during	yielding.

With	 normality,	 the	 principal	 stresses	 and	 principal	 strain	 increment	 directions	 are	
aligned,	and	the	net	strain	increment	vector	is	normal	to	the	yield	surface	at	the	stress	state	
corresponding	to	the	present	yielding.	This	is	illustrated	in	Figure	3.2,	which	plots	principal	
stress	and	principal	strain	on	the	same	axes.	Normality	is	an	important	principle	of	plastic-
ity,	and	it	was	given	further	impetus	by	Drucker	(1951),	who	showed	that	it	was	necessary	
for	unique	solutions	to	boundary	value	problems	with	plastic	flow.
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Soil	failure	had	long	been	represented	by	the	Mohr–Coulomb	criterion,	which	builds	on	
the	idea	of	friction	as	controlling	soil	behaviour.	When	plasticity	theory	was	first	applied	to	
soils,	the	Mohr–Coulomb	criterion	was	viewed	as	a	yield	surface	(since	it	was	a	limiting	stress	
ratio)	and	normality	applied.	Figure	3.3	illustrates	the	consequence:	a	dilation	angle	equal	
to	friction	angle	is	implied	with	frictional	yielding.	This	dilatancy	is	many	times	greater	than	
what	is	measured	in	real	soils	and	is	grossly	unrealistic	as	a	basis	of	a	soil	model.

Drucker	et al.	 (1957)	showed	that	the	correct	way	to	apply	plasticity	to	soil	behaviour	
was	to	recognize	that	the	Mohr–Coulomb	limiting	stress	ratio	was	not	a	yield	surface	at	
all.	Rather,	the	yield	surface	must	intersect	the	normal	compression	locus	(NCL),	since	nor-
mal	compression	produced	irrecoverable	strains.	Hence,	the	spectrum	of	soil	density	states	
conventionally	classified	as	consolidation	theory	was	coupled	to	all	aspects	of	soil	consti-
tutive	behaviour,	because	the	yield	surface	size	was	coupled	to	the	stress-causing	yield	in	
isotropic	compression.	This	isotropic	yield	stress	would	conventionally	be	recognized	as	the	

Hockey puck on ice
and just about to slide

P1P2
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Figure 3.1 Illustration of normality through hockey puck analogy.
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Figure 3.2 Definition of normality (associated plastic flow).
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preconsolidation	pressure,	and	there	is	considerable	existing	experience	as	to	how	precon-
solidation	varies	with	the	void	ratio	of	soils.	Figure	3.4	shows	the	Drucker	et al.	idealization.	
Theories	developed	directly	from	this	idealization	are	sometimes	referred	to	as	cap	models.

Dilatancy	of	soils	was	known	from	early	shear	box	experiments	and	had	been	recognized	
as	a	work	transfer	mechanism	rather	than	an	intrinsic	strength.	A	school	of	thought	then	
developed	that	the	true	soil	behaviour	should	be	understood	in	terms	of	friction	angles	cor-
rected	for	the	work	transferred	by	dilation.	Taylor	(1948)	was	the	original	proponent	of	this	
view,	although	its	first	formal	statement	as	an	equation	appears	to	be	Bishop	(1950).	The	
subsequent	framework	of	stress–dilatancy	theory	(Rowe,	1962)	generalized	the	concept	of	
work	transfer	by	dilatancy	to	the	entire	stress–strain	behaviour.

Mohr–Coulomb
limiting stress

criterion
φ΄

Negative εn for
positive γ = dilationStrain increment

from normality

σn, εn

τ, 
γ

Figure 3.3 Dilation implied by normality to Mohr–Coulomb surface.

Coulomb line?

No plastic change
of  volume

Coulomb zone

σ1

σ2 √2

Figure 3.4  Correct  association  of  yield  surface  with  soil  strength.  Note  explicit  linking  of  the  Mohr–
Coulomb line with zero dilation rate. (Reproduced from Drucker, D.C. et al., Trans. Am. Soc. 
Civil Eng., 122, 338, 1957. With permission from the ASCE, Reston, VA.)
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Casagrande’s	(1936)	critical	void	ratio,	which	was	based	on	testing	carried	out	at	Harvard	
(also	in	Cambridge,	MA)	to	engineer	a	liquefaction	resistant	dam	(Franklin	Falls,	NH)	for	
the	Corps	of	Engineers,	is	an	obvious	alternative	to	the	NCL	as	the	basis	of	the	hardening	
law	in	a	Drucker	et al.	 (1957)–type	model.	The	critical	state	 locus	(CSL)	also	provides	a	
relation	between	void	ratio	and	stress	and	is	a	more	natural	basis	for	the	hardening	law,	as	
the	critical	state	involves	shear	strain	and,	by	definition,	a	zero	dilation	rate.	In	effect,	the	
critical	state	is	the	same	thing	as	the	Taylor/Bishop	energy	corrected	friction	angle	concept.

These	ideas	of	critical	friction	and	correctly	associated	yield	surfaces	were	pulled	together	
by	various	people	at	Cambridge	University	(Roscoe	et al.,	1963;	Roscoe	and	Burland,	1968;	
Schofield	and	Wroth,	1968)	to	produce	a	predictive	constitutive	framework	known	as	critical	
state	soil	mechanics,	or	CSSM.	Key	features	of	CSSM	include	stress	invariants	to	express	behav-
iour	in	terms	of	the	ratio	of	distortional	to	mean	stress,	yield	surfaces	based	on	idealized	mecha-
nisms	for	plastic	work,	normality	and	use	of	the	CSL	to	relate	yield	surface	size	to	void	ratio.

The	 theory	 of	 CSSM	 put	 forward	 by	 Schofield	 and	 Wroth	 (in	 1968)	 is	 based	 on	 two	
idealized	and	related	models	for	triaxial	conditions:	Granta	Gravel	(rigid	plastic)	and	Cam	
Clay	(elastic	plastic).	Both	models	adopt	a	postulated	mechanism	for	dissipation	of	plastic	
work,	which	then	allows	the	development	of	a	full	constitutive	model.	The	advantage	of	this	
approach	is	that	many	behaviours	can	be	developed	from	a	few	axioms	and	postulates	by	
invoking	self-consistency	and	energy	conservation.	This	provides	a	complete,	self-contained	
and	 thorough	model.	Whether	 this	model	 is	 useful	 for	 the	 task	 at	 hand	depends	on	 the	
degree	to	which	its	predictions	match	the	behaviour	of	real	soils.

CSSM	explicitly	recognizes	that	any	particular	soil	can	exist	over	a	spectrum	of	densities,	
and	CSSM	quantifies	the	effect	of	void	ratio	(density)	on	soil	behaviours.	This	predictive	
power	develops	because	in	standard	CSSM	models	the	yield	surface	always	intersects	the	
CSL	in	the	e–p′	plane.	This	CSL	then	becomes	the	hardening	law	for	all	stress	paths	and	
adds	the	effect	of	density	and	pressure	changes	to	the	models.	Despite	these	attractions,	the	
well-known	variants	of	Original	Cam	Clay	(Schofield	and	Worth,	1968)	and	Modified	Cam	
Clay	(Roscoe	and	Burland,	1968)	are	avoided	in	modelling	most	real	soils,	including	sands	
and	silts,	because	of	their	inability	to	dilate	and	yield	in	a	manner	approximating	real	sand	
behaviour	 (Mroz	and	Norris,	1982).	The	 issue	 is	 simple.	 In	 the	various	variants	of	Cam	
Clay,	soils	markedly	denser	than	the	CSL	are	treated	as	overconsolidated	and	this	treatment	
of	density	as	an	effective	overconsolidation	generally	causes	unrealistic	stiffness	with	absurd	
strengths.	This	is	a	bit	surprising	from	a	train	of	formal	theoretical	developments	and	raises	
the	question:	what	is	wrong	with	‘the	math’?

It	turns	out	the	issue	is	not	‘the	math’	but	an	unnecessary	assumption:	that	all	yield	sur-
faces	intersect	the	critical	state.	The	deficiencies	of	CSSM	are	removed	by	returning	to	the	
original	premise	of	Drucker	et al.	(1957)	regarding	the	association	between	yield	surfaces	
and	void	ratio	and	by	further	recognizing	that	soils	(not	just	sands)	exist	in	a	spectrum	of	
states.	There	is	an	infinity	of	normal	compression	loci	in	the	e–p′	plane,	depending	on	the	
initial	void	ratio	at	deposition,	which	is	in	general	arbitrary.	Figure	3.5a	compares	the	stan-
dard	idealized	view	of	a	single	NCL	and	its	relation	to	the	CSL	–	the	two	are	parallel,	offset	
by	a	‘spacing	ratio’,	and	there	is	only	one	isotropic	NCL.	Real	soils	are	rather	different,	with	
many	NCL	that	are	not	parallel	to	the	CSL,	as	sketched	in	Figure	3.5b.	There	is	actually	an	
infinite	number	of	NCL.	Which	NCL	the	soil	is	on	depends	on	its	formation	void	ratio	as	
the	particles	coalesce	to	form	soil	from	a	suspension	of	particles.

The	concept	of	an	infinity	of	NCL	was	first	suggested	by	Ishihara	et al.	(1975)	based	on	
laboratory	experiments,	and	a	detailed	experimental	verification	is	presented	later	in	this	
chapter.	An	infinity	of	NCL	is	not	an	artefact	of	the	laboratory,	with	the	same	behaviour	
encountered	in	large-scale	hydraulic	fills,	which	is	also	discussed	shortly.	Given	this	pat-
tern	of	many	NCL,	it	becomes	necessary	to	use	two	parameters	to	characterize	the	state	of	
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108  Soil liquefaction: A critical state approach

a	soil:	ψ	and	R.	The	state	parameter	ψ	is	a	measure	of	the	location	of	an	individual	NCL	in	
e−p′	state	space	and	allows	realistic	models	to	be	developed	around	the	conceptual	frame-
work	of	Drucker	et al.	(1957).	The	overconsolidation	ratio	R	represents	the	proximity	of	a	
state	point	to	its	yield	surface	when	measured	along	the	mean	effective	stress	axis.	Figure	
3.6	illustrates	the	difference	between	ψ	and	R.	Their	respective	definitions	are
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Figure 3.5  Comparision of isotropic compression idealization. (a) Usual Cam Clay idealization and (b) real 
soil behaviour (and NorSand).
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Figure 3.6  Separation of state parameter from overconsolidation ratio. (From Jefferies, M.G. and Shuttle, 
D.A., Géotechnique, 52(9), 625, 2002. With permission  from the  Institution of Civil Engineers, 
London, U.K.)
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	 ψ = −e ec 	 (3.2)
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NorSand	(Jefferies,	1993)	was	the	first	state	parameter-based	model	and	generalized	criti-
cal	state	theory.	Original	Cam	Clay	(OCC)	model	is	a	special	case	of	NorSand	(Appendix	
H	examines	and	explains	this	statement	in	more	detail).	Subsequently,	other	authors	intro-
duced	the	state	parameter	into	bounding	surface	models	(Manzari	and	Dafalias,	1997;	Li	
et al.,	1999),	a	simple	hyperbolic	plastic	stiffness	model	(Gajo	and	Muir	Wood,	1999),	a	
critical	state-like	model	using	Rowe’s	stress–dilatancy	(Wan	and	Guo,	1998)	and	a	unified	
clay	and	sand	model	(Yu,	1998).

There	is	now	widespread	recognition	that	the	state	parameter	is	a	fundamental	char-
acterizing	parameter	for	particulate	materials,	and	thus	far	more	than	just	a	useful	way	
of	 normalizing	 laboratory	 data.	 It	 has	 resulted	 in	 the	 extensive	 citations	 of	 Been	 and	
Jefferies	(1985)	and,	in	essence,	state	parameter	is	the	key	to	using	the	powerful	unify-
ing	ideas	of	CSSM	as	a	basis	of	civil	engineering	(indeed,	that	is	how	the	state	parameter	
came	 about.)	 We	 also	 hope	 this	 historical	 overview	 of	 ideas	 has	 shown	 that	 the	 state	
parameter	is	built	on	theoretical	understanding	that	developed	over	the	past	125 years	
with	cross-fertilization	 from	both	 sides	of	 the	Atlantic.	ψ�did	not	appear	 from	 ‘out	of	
the	blue’.

3.3  representIng the CrItICal state

The	critical	state	needs	to	be	formalized	before	being	used	as	a	basis	of	models	and	then	its	
representation	developed.	Representing	the	critical	state	is	usually	broken	down	into	two	
parts:	the	relationship	between	the	critical	void	ratio	and	the	mean	effective	stress	and	the	
relationship	between	the	stresses	in	the	critical	state.	Of	course,	the	soil	must	meet	both	sets	
of	criteria	when	shearing	at	the	critical	state.

3.3.1  existence and definition of the Csl

Critical	state	models	are	based	on	the	existence	of	a	unique	CSL,	formally	expressed	as	an	
axiom	(the	First	Axiom	of	CSSM):

	
∃ ′ ∋ ≡ ∧ ≡ ∀

=
C e q p

p v v q( , , )
'�

� ��
0

0 0ε ε ε 	 (3.4)

where	C()	is	the	function	defining	the	CSL.	There	are	two	conditions:	first	(3.4),	the	volu-
metric	strain	rate	must	be	zero;	second	(3.5),	the	rate	of	change	of	this	strain	rate	must	also	
be	zero.	This	can	equivalently	be	stated	as	the	requirement	on	dilatancy	D:

	
∃ ′ ∋ ≡ ∧ ≡ ∀

=
C e q p D D

p q( , , )
'�

�
0

0 0 ε 	 (3.5)

Both	dilatancy	and	rate	of	change	of	dilatancy	must	be	zero	during	shearing	at	the	critical	
state,	and	in	some	ways	(3.5)	is	the	best	way	of	thinking	about	the	critical	state	given	that	it	
is	stress–dilatancy	that	controls	soil	behaviour.	Regardless	of	whether	a	void	ratio	or	dilat-
ancy	view	is	taken,	there	are	no	strain	rate	terms	in	C(),	making	the	CSL	identical	to	the	
steady	state	of	Poulos	(1981).	Constant	mean	stress	is	invoked	in	(3.3)	to	avoid	a	less	easily	

© 2016 by Taylor & Francis Group, LLC

  



110  Soil liquefaction: A critical state approach

understood	definition	for	the	situation	in	which	mean	stress	is	 increased	while	the	soil	 is	
continuously	sheared	at	the	critical	state.

Uniqueness	of	the	CSL	simply	refers	to	C()	being	a	single-valued	function	of	void	ratio	
and	effective	stress.	For	any	given	set	of	effective	stresses,	there	is	only	one	value	of	ec.	This	
critical	void	ratio	ec	is	independent	of	the	strain	conditions	and	direction	from	which	the	
critical	state	is	approached.

Why	start	with	an	existence	axiom?	The	short	answer	is	to	avoid	getting	bogged	down	
in	 arguments	 over	 the	 interpretation	 of	 experimental	 data	 on	 the	 CSL.	 In	 developing	 a	
mathematical	framework,	an	axiom	is	invoked	as	the	starting	point	for	the	theory	and	the	
relevance	of	the	theory	is	justified	when	it	is	seen	how	well	it	matches	the	stress–strain	data	
of	soils.	Only	the	relevance	of	the	theory	may	be	disputed,	as	starting	from	an	axiom	means	
that	the	framework	is	always	correct	provided	that	the	mathematics	and	physics	are	consis-
tent.	Starting	from	axioms	also	allows	behaviours	to	be	predicted,	as	aspects	of	the	theory	
become	necessary	for	self-consistency	with	the	axioms.	This	can	provide	enormous	insight	
into	soil	behaviour,	one	such	example	being	plastic	yield	in	unloading	(which	is	pervasive	
with	soils,	but	not	an	obvious	consequence	of	plasticity	theory).

Critical	state	frameworks	can	be	developed	with	strain	rate	dependency.	Having	a	rate	
effect	does	not	negate	the	theory	put	forward	here.	Of	course,	the	way	in	which	the	CSL	var-
ies	with	shear–strain	rate	will	need	to	be	defined	and	this	will	involve	additional	parameters.	
To	date,	there	seems	to	be	little	data	on	what	a	strain	rate	effect	might	look	like	(other	than	
studies	for	confinement	of	underground	nuclear	explosions,	but	these	are	not	usual	engi-
neering	material	velocities),	and	the	experience	in	standard	soil	mechanics	tests	on	sands	is	
that	there	is	no	measurable	rate	effect.	Also	note	that	the	flow	structure	at	the	steady	state	
postulated	by	Poulos	(1981)	is	inadmissible	mechanics	–	this	flow	structure	is	undefined	and,	
apparently,	not	measurable.

3.3.2  Critical state in void ratio space

Conventionally,	the	critical	state	is	represented	in	e−p′	space	using	the	semi-log	form:

	 e pc c= − ′Γ λ ln( ) 	 (3.6)

There	is	abundant	data	to	show	that	the	CSL	is	more	complex	than	(2.1)	when	viewed	over	
a	wide	range	of	mean	stress.	Figure	2.26,	for	example,	shows	that	the	critical	state	line	of	
Erksak	sand	has	a	distinct	‘knee’	or	crushing	point	(for	want	of	a	better	phrase)	at	a	mean	
stress	of	about	1000	kPa,	while	Figure	2.28	shows	that	a	smooth	curve	provides	a	better	fit	
for	Guindon	tailings.	Li	and	Wang	(1998)	suggested	plotting	e	against	(p′)α	and	that	α	=	0.7	
will	generally	linearize	the	relationship	for	sands	as	is	done	for	Toyoura	sand	in	Figure	2.29.	
Verdugo	(1992)	points	out	that	the	location	of	the	curvature	of	the	critical	state	 line	can	
depend	on	whether	one	views	the	data	on	logarithmic	or	arithmetic	scales	and	that	a	bi-lin-
ear	relationship	usually	suffices.	The	semi-log	representation	is	convenient	for	engineering	
of	soils	as	it	arises	naturally	when	the	stiffness	is	proportional	to	the	mean	stress.	The	knee	
in	the	Erksak	sand	CSL	occurs	when	this	is	no	longer	the	case	and	the	stiffness	becomes	
approximately	constant.

Despite	the	additional	complexity	that	can	be	captured	in	representing	the	CSL,	for	most	
practical	engineering,	Equation	2.1	is	a	sufficient	approximation	for	commonly	encountered	
stress	levels	in	engineering	of	about	10	kPa	<	p′	<	500	kPa.	More	elaborate	representations	of	
the	critical	state,	such	as	those	shown	in	Figure	2.29,	are	relatively	easily	adopted	and	are	
merely	additional	details	to	the	basic	framework	–	they	do	not	affect	the	reasonableness	of	
the	approach.
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To	illustrate	that	the	form	of	the	CSL	does	not	matter,	all	the	downloadable	spreadsheets	
invoke	Function�e_crit(p);	this	function	returns	the	critical	void	ratio	for	the	current	stress	
state.	If	a	curved	CSL	is	desired,	or	the	specification	of	the	stress	state	is	desired	more	gener-
ally	(using	σ1,	σ2,	σ3),	put	the	preferred	equation	in	this	function	and	NorSand	will	then	look	
after	the	maths	automatically.

3.3.3  Critical stress ratio M(θ)

The	critical	state	friction	angle	ϕc	or	ϕcv	is	not	especially	helpful	for	constitutive	modelling,	
as	models	are	cast	in	terms	of	stress	invariants,	and	the	relationship	between	these	invariants	
needs	to	be	expressed	for	the	critical	state.	The	convention	is	to	introduce	a	critical	stress	
ratio,	M,	so	that,	at	the	critical	state,

	 q Mp= ′ 	 (3.7)

The	parameter	M	(and	it	is	deliberately	not	called	a	property)	was	initially	viewed	as	a	con-
stant.	However,	it	became	obvious	quite	early	(Bishop,	1966)	that	constant	M�implied	a	soil	
with	tensile	strength,	and,	patently,	this	does	not	fit	the	idealization	of	soil	as	a	collection	of	
particles	in	sliding	contact	with	each	other.	M	has	to	be	treated	as	a	function	of	the	interme-
diate	principal	stress,	represented	by	the	Lode	angle	θ.	In	doing	this,	triaxial	compression	
conditions	are	taken	as	the	reference	case	in	which	soil	properties	are	determined.	Thus,	Mtc	
becomes	the	soil	property	(where	the	subscript	‘tc’	denotes	triaxial	compression),	and	M(θ)	
is	developed	in	terms	of	this	property.	A	range	of	alternative	views	exist	for	M(θ)	but	these	
are	in	the	nature	of	modelling	detail.	What	the	constitutive	law	needs	is	that	any	particular	
combination	of	void	ratio	and	stress	state	returns	a	single	value	for	M.

Chapter	2	considered	the	experimental	data	and	suggested	that	a	best-fit	approach	to	M	
was	 an	 average	of	 the	Mohr–Coulomb	 criterion	 and	 the	Matsuoka–Nakai	 criterion	 (see	
Figure	2.47).	Although	appealing,	 this	 average	 is	 computationally	 inefficient	because	 the	
Matsuoka–Nakai	 criterion	 is	 implicit.	 Jefferies	 and	 Shuttle	 (2011)	 suggested	 it	would	be	
better	 to	use	an	operationally	 similar	but	 far	more	efficient	 expression	 for	finite	 element	
simulations,	this	function	being	(for	θ�measured	in	radians)

	
M M

M
M

tc
tc

tc

( ) cosθ θ π= −
+

+







2

3
3
2 4

	 (3.8)

This	idealization	is	programmed	as	Function�Mpsi_v3()	in	the	downloadable	spreadsheets.	
The	 previous	 idealization	 of	 an	 average	 between	 Mohr–Coulomb	 and	 Matsuoka–Nakai	
continues	 to	 exist	 in	 the	 VBA	 code	 as	 Function� Mpsi_v1().	 Choose	 which	 you	 prefer,	
although	that	choice	only	matters	when	looking	at	simple	shear	or	plane	strain	conditions.

The	critical	state	has	been	fully	defined.	Attention	now	focuses	on	stress–strain	theories	
developed	using	the	critical	state	as	a	kernel	idea	for	the	soil	model.

3.4  CaMBrIDge vIeW

Before	 continuing,	 apologies	 are	 due	 to	 the	 University	 of	 Florida	 and	 Imperial	 College,	
since	 it	will	be	appreciated	 from	the	historical	development	 sketched	out	earlier	 that	 the	
paper	by	Drucker,	Gibson	and	Henkel	in	1957	was	key	to	clarification	of	the	critical	state	
model.	Drucker	was	based	at	the	University	of	Florida,	while	both	Gibson	and	Henkel	were	
at	Imperial	College.	It	 is,	however,	appropriate	to	call	 the	final	model	a	Cambridge	view	
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as	 it	was	pulled	 together	 in	Cambridge	 (England)	while	 also	using	 crucial	 insights	 from	
Cambridge	(Massachusetts).	Perhaps	not	coincidentally,	Drucker	had	been	on	sabbatical	at	
Cambridge	University	immediately	prior	to	the	theory	coalescing.

In	presenting	the	Cambridge	view,	the	use	of	triaxial	conditions	under	which	the	theory	
was	developed	is	followed,	and	the	familiar	q,	p′	notation	used	to	reinforce	the	point	that	
it	was	developed	for	these	conditions.	The	effective	stress	subscript	is	not	necessary,	how-
ever,	as	this	work	deals	only	with	effective	stresses	and	the	‘dash’	notation	is	dropped	for	
the	moment.	Unloading	is	also	skipped	and	only	plastic	straining	is	considered.	The	aim	is	
to	give	the	essence	of	the	Cambridge	view	before	going	on	to	the	general	framework	incor-
porating	the	state	parameter	(which	is	only	a	modest	extension	of	the	original	and	widely	
accepted	ideas).

3.4.1  Idealized dissipation of plastic work

The	starting	point	is	to	return	to	the	Taylor/Bishop	energy	correction	and	think	about	the	
work	done	on	an	element	of	soil	by	the	stresses	acting	on	it	as	the	soil	undergoes	a	strain	
increment.	The	rate	of	working	on	the	soil	skeleton	by	the	external	loads	per	unit	volume	is

	
� � �W q pq v= +ε ε 	 (3.9)

where
q,	p	are	the	usual	triaxial	stress	invariants
� �ε εq v, 	are	the	corresponding	work	conjugate	strain	increments

Notice	that	the	work	on	the	soil	element	is	being	broken	down	into	that	part	caused	by	shear	
and	that	part	caused	by	mean	stress,	the	latter	being	associated	with	volumetric	strain,	and	
hence	 the	equivalent	of	Taylor/Bishop	energy	 ‘correction’.	 It	 is	 the	plastic	work	absorbed	
by	the	soil	skeleton	that	is	of	interest,	as	the	elastic	strains	are	recoverable.	So	invoking	the	
strain	decomposition	(3.1),

	
� � � � �W W W q pp e

q
p

v
p= − = +ε ε 	 (3.10)

where	the	superscript	‘p’	denotes	plastic.	Dividing	this	plastic	work	rate	first	by	the	mean	
effective	stress	(to	make	it	dimensionless)	and	then	by	the	plastic	shear	strain	increment	(so	
that	it	becomes	a	normalized	rate	of	working	per	unit	plastic	distortion	of	the	soil	element),
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η= + = + 	 (3.11)

Nothing	is	assumed	in	(3.11)	about	how	the	work	is	stored	(elastically)	or	dissipated	(plasti-
cally)	by	the	soil	skeleton.	No	constitutive	model	is	involved.	Yet,	it	is	seen	that	the	plastic	
work	done	to	the	soil	skeleton,	in	dimensionless	terms,	is	just	the	sum	of	the	stress	ratio	η	
and	the	plastic	dilation	rate	Dp.	Soil	mechanics	is	as	simple	and	as	fundamental	as	that.

The	 assumption	 introduced	 to	 develop	 the	 Cambridge	 models,	 Cam	 Clay	 and	 Granta	
Gravel,	was	that	the	dimensionless	plastic	energy	dissipation	rate	was	constant	throughout	
plastic	shearing:

	

�

�
W
p

M
p

q
pε
= 	 (3.12)
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The	idealization	of	constant	M	does	not	fit	detailed	soil	data,	but	consider	constant	M	for	
the	moment	as	interest	here	centres	on	the	Cambridge	view	and	that	was	their	idealization.	
Equating	(3.11)	and	(3.12)	gives	a	stress–dilatancy	relationship	(also	called	a	flow	rule):

	 D Mp = − η 	 (3.13)

Notice	that	in	the	critical	state,	for	which	dilation	DP	=	0,	η	=	M	follows	from	(3.13).	Dilatancy	
acts	as	a	work	transfer	mechanism	between	the	principal	stresses	acting	on	the	soil	element,	
and	it	is	the	critical	friction	ratio	M	that	dissipates	the	plastic	work.

3.4.2  original Cam Clay and granta gravel

Although	(3.13)	gives	the	relationship	between	plastic	volumetric	and	shear	strains	during	
yielding,	it	does	not	explain	when	plastic	yielding	occurs.	A	yield	surface	is	needed	to	do	
this,	the	yield	surface	being	the	locus	of	stress	states	leading	to	plastic	strains.	Within	the	
yield	surface,	everything	is	elastic	(or	rigid).	The	derivation	of	the	yield	surface	depends	on	
just	two	assumptions:	normality	in	the	q–p	plane	and	the	stress–dilatancy	relationship	of	
Equation	3.13.

From	the	definition	of	the	stress	ratio	q	=	ηp,	the	differential	is	taken	to	express	the	change	
in	shear	stress	as

	
� � �q p p= +η η 	 (3.14)

Assuming	 that	 soil	 can	 be	 treated	 as	 a	 work	 hardening	 plastic	 material,	 and	 following	
Drucker	(1951),	from	normality,

	

�
� � �

� �q
p

D q D p
q
p

v
p

p p= −

( ) = − ⇒ = −1

ε ε/
	 (3.15)

Substituting	(3.14)	in	(3.15)	gives

	

� �p
p Dp+

+
=η

η
0 	 (3.16)

This	equation	is	an	identity	of	the	normality	condition	and	is	true	regardless	of	the	soil’s	
internal	dissipation	mechanisms,	so	long	as	work	hardening	or	perfectly	plastic	conditions	
prevail.	Substitute	(3.13)	in	(3.16)	and	integrate	(it	is	a	separated	equation)	with	the	integra-
tion	coefficient	chosen	as	the	value	of	ln(p)	when	η	=	M,	which	in	the	Cambridge	models	is	
of	course	the	critical	state.	So,	(3.16)	becomes

	

η
M

p
pc

= −








1 ln 	 (3.17)

This	is	the	equation	of	the	Granta	Gravel	and	Original	Cam	Clay	yield	surface.	Its	linkage	
to	the	void	ratio	of	the	soil	becomes	obvious	when	we	introduce	the	CSL.	Cambridge	models	
use	the	standard	idealized	CSL:

	 e pc c= − ′Γ λ ln( ) 	 (3.6)
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which	can	be	substituted	in	(3.17)	to	make	the	relationship	between	yield	stresses	and	void	
ratio	explicit:

	

η
λM

p
ec= − + −

1 ln( )
Γ

	 (3.18)

where	ec	is	the	current	critical	void	ratio	and	is	best	viewed	as	a	hardening	parameter.	The	
manner	 in	which	ec�evolves	controls	how	the	size	of	 the	yield	surface	evolves,	and	hence	
the	evolution	of	stresses	during	shearing	because	those	stresses	remain	on	the	yield	surface.	
The	question	then	becomes:	what	is	the	relation	of	ec	to	the	soils’	current	void	ratio?

In	the	Granta	Gravel	model,	it	is	assumed	that	there	are	no	elastic	strains	of	any	kind.	The	
model	is	rigid	plastic.	Under	this	idealization,	ec	=	e.	Equation	3.18	can	now	be	used	directly:

	
Granta Gravel:

η
λM

p
e= − + −

1 ln( )
Γ

	 (3.19)

In	Cam	Clay,	volumetric	elasticity	is	added.	The	aim	is	to	avoid	locking	up	under	undrained	
conditions,	since	constant	void	ratio	implies	constant	ec	for	Granta	Gravel,	and	hence	no	
hardening	of	the	yield	surface	and	no	strains.	Cam	Clay	adopts	a	clay-like	idealization	of	
volumetric	elasticity	with	a	semi-log	relationship	between	void	ratio	and	confining	stress	
during	elastic	mean	stress	changes,	using	a	new	soil	property	conventionally	called	κ:

� e		=		Α	−	κ	ln	(p)	during�unloading�or�reloading�	 (3.20)

with	Α	a	constant	whose	value	depends	on	the	soil’s	void	ratio	at	the	start	of	unloading.	
Although	(3.20)	is	conventional,	clarification	follows	from	expressing	this	equation	in	dif-
ferential	form	as	an	elastic	bulk	modulus,	K:

	

K
p

e= +1
κ

	 (3.21)

It	can	be	seen	from	(3.21)	that	Cam	Clay	is	invoking	almost	(almost	because	there	is	a	small	
effect	of	void	ratio)	a	constant	bulk	rigidity	(rigidity	equals	modulus/stress)	to	go	with	the	
assumption	of	infinite	shear	rigidity.

Because	there	is	volumetric	elasticity,	in	Cam	Clay	ec	is	no	longer	equivalent	to	e.	Rather	
there	is	an	elastic	void	ratio	change	as	the	stress	changes	on,	or	within,	the	yield	surface.	The	
κ	model	for	elasticity	(3.20)	leads	to	the	simple	expression	for	elastic	void	ratio	change	from	
current	to	critical	conditions	Δee:

	
∆e p

p
e

c

= −








κ ln 	 (3.22)

The	minus	sign	arises	in	(3.22)	because	an	increase	in	mean	stress	causes	a	decrease	in	void	
ratio.	The	relevant	critical	void	ratio	for	Cam	Clay	is	then	related	to	the	current	void	ratio	by

	 e e ec
e= + ∆ 	 (3.23)

On	combining	(3.23)	with	(3.22)	and	(3.17),	the	equation	of	the	Original	Cam	Clay	yield	
surface	is	obtained:

	
Original Cam Clay:

η κ
λ κM

p
e p= − + − −
−

1 ln( )
ln( )Γ

	 (3.24)
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Notice	how	(3.24)	neatly	resolves	model	lock-up	of	Granta	Gravel	under	undrained	condi-
tions.	Putting	constant	e	 in	 the	 right-hand	side	of	 (3.24)	does	not	 stop	plastic	hardening	
because	 the	 current	mean	effective	 stress	 is	 also	present	 in	 the	hardening	 term,	and	 this	
mean	stress	varies	with	plastic	strain.

Nothing	 so	 far	 actually	provides	 a	 stress–strain	 curve.	A	 stress–dilatancy	 relationship	
(3.13)	 and	 a	 yield	 surface	 (3.24)	 have	 been	 presented,	 but	 these	 do	 not	 provide	 what	 is	
needed.	The	missing	step	is	the	consistency	condition.

3.4.3  numerical integration and the consistency condition

Work	hardening	(and	softening)	plastic	models	change	the	size	of	their	yield	surface	with	
plastic	strain.	The	consistency	condition	is	simply	that	the	stress	state	must	remain	on	the	
yield	surface	during	plastic	strain,	so	that	the	stress	state	evolves	on	a	one-to-one	basis	with	
the	 evolution	of	 yield	 surface	 size.	The	 consistency	 condition	 is	 illustrated	 in	Figure	3.7,	
which	shows	an	initial	yield	surface	that	has	hardened	after	an	increment	of	plastic	strain.	
The	question	then	is	how	the	stress	state	has	evolved.	Conventionally,	this	is	done	incremen-
tally	rather	than	by	solving	simultaneous	equations.	The	equation	of	the	yield	surface,	in	our	
case	(3.17),	is	differentiated	(see	Appendix	C	for	details)	to	give

	

�
� �

η = −








M

p
p

p
p

c

c

	 (3.25)

There	are	two	terms	in	the	right-hand	side	of	(3.25).	The	first	term	is	the	change	in	yield	sur-
face	hardening	parameter	(the	current	critical	state	mean	stress	for	the	Cambridge	models).	
The	second	term	is	the	change	in	the	current	stress	state.

In	the	case	of	Cambridge	models,	only	volumetric	strain	matters,	and	this	controls	the	
yield	 surface	 size	by	changing	 the	critical	void	 ratio.	This	 is	best	 expressed	 in	a	conven-
tional	work	hardening	framework.	So,	differentiating	the	idealized	CSL,	(3.6),	and	writing	
in	terms	of	plastic	rather	than	total	strain	gives	(see	Appendix	H)

At start of
loading

Mean stress
change

(undrained)

Final stress state
after load increment

Loading direction
(drained)

Initial stress state

Yield surface
after plastic

strain increment

σm

σq

Figure 3.7 Illustration of the consistency condition.
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Notice	the	clarity	(3.26)	adds	to	the	understanding	of	Cam	Clay:	(1)	the	evolution	of	the	
yield	surface	 is	controlled	by	plastic	volumetric	strain,	not	void	ratio	per	se;	 (2)	no	plas-
tic	 strain	 increment	 means	 no	 change	 in	 the	 yield	 surface	 and	 (3)	 the	 parameter	 group	
(1	+	e)/(λ	−	κ)	is	a	conventional	and	dimensionless	plastic	hardening	modulus.

Arriving	at	the	final	stress–strain	model	now	depends	on	the	second	term	of	the	right-
hand	side	of	 (3.25).	Undrained	 loading	 is	particularly	 simple	as	 the	mean	stress	changes	
directly	with	the	volumetric	strain	using	the	relation
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pp K p K= ⇒ + = ⇒ = ⇒ = −0 0 	 (3.27)

where	K	is	the	elastic	bulk	modulus.	In	other	words,	the	elastic	and	plastic	volumetric	strain	
components	must	be	equal	and	opposite	to	satisfy	the	constant	volume	loading	condition.	
Imposing	a	plastic	strain	 increment	gives	the	plastic	volumetric	strain	 increment	through	
stress–dilatancy,	and	this	immediately	gives	the	change	in	mean	effective	stress	by	elastic	
rebound	to	maintain	the	undrained	(constant	void	ratio)	condition.	For	drained	loading	it	is	
a	little	more	complicated,	as	finding	the	new	stress	state	from	an	increment	of	plastic	strain	
involves	working	out	a	relationship	between	the	change	in	mean	stress	and	the	change	in	η.	
This	 relationship	 depends	 on	 the	 stress	 path.	 In	 the	 case	 of	 laboratory	 experiments,	 the	
stress	path	depends	on	the	equipment	and	the	test	conditions	chosen	(e.g.	triaxial	or	simple	
shear).	For	standard	triaxial	compression,	for	example,	the	mean	stress	(p)	increment	is	one-
third	of	the	deviator	stress	(q)	increment.	Appendix	C	derives	relationships	for	the	common	
laboratory	stress	paths.

It	will	have	been	noticed	by	now	that	everything	is	worked	out	incrementally	and	that	the	
stress–strain	curve	is	developed	by	integration.	There	is	no	closed-form	solution	in	general	
and	numerical	methods	are	used.	This	comprises	a	simple	four-step	loop	of	Euler	integration:

•	 Impose	a	plastic	strain	increment
•	 Calculate	the	plastic	yield	surface	hardening
•	 Derive	the	new	stress	state	using	the	consistency	condition
•	 Add	in	the	elastic	strain	increments

Further	details	on	numerical	integration	are	in	Appendix	C,	and	numerical	integration	is	
used	throughout	the	routines	provided	in	the	NorSand**.xls	files	on	the	website.	For	inter-
est,	Cam	Clay	is	also	implemented	numerically	in	OrigCamClay.xls	and	a	verification	given	
using	the	closed-form	solution	for	constant	p	from	Schofield	and	Wroth	(1968),	which	is	one	
of	the	very	few	closed-form	solutions	for	critical	state	models.	OrigCamClay.xls	is	a	good	
place	to	start	in	getting	comfortable	with	numerical	integration.

3.5  state paraMeter vIeW

3.5.1  trouble with Cam Clay

So	far	the	Cambridge	view	has	been	presented,	in	particular	the	Original	Cam	Clay	model	
that	follows	from	it.	Having	made	the	case	for	introducing	void	ratio	into	the	representation	
of	soil	behaviour,	and	having	shown	how	Cam	Clay	simply	and	elegantly	implements	this,	
one	might	wonder	why	critical	state	models	are	not	in	widespread	use	in	civil	engineering	
practice.
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Early	objections	to	the	Cambridge	models	(e.g.	Bishop,	1966)	centred	on	the	idealization	
of	M	as	a	soil	constant,	and	this	was	touched	on	earlier.	These	objections	are	about	model	
detail,	however,	and	are	not	fundamental.	It	is	entirely	possible	to	develop	M	as	a	function	
of	Lode	angle,	M(θ),	such	that	it	nicely	fits	soil	behaviour.	Further,	because	M(θ)	is	not	a	
function	of	η	or	p′,	dependence	of	M	on	θ	has	no	effect	on	the	validity	of	the	integration	in	
going	from	(3.13)	to	(3.18).

More	seriously,	Cam	Clay	does	not	dilate	realistically	for	denser	than	critical	soils,	a	defect	
that	has	been	known	since	very	 shortly	after	Cam	Clay	became	popular	 (e.g.	Mroz	and	
Norris,	1982).	Although	this	appears	to	be	an	objection	about	the	accuracy	of	the	model,	it	
is	actually	far	more	fundamental,	and	something	one	can	easily	appreciate.	Consider	a	void	
ratio	denser	than	the	CSL	and	lying	on	its	κ	line,	as	illustrated	in	Figure	3.8.	Rewriting	the	
relation	for	the	elastic	void	ratio	change	(3.22)	in	terms	of	the	state	parameter	gives	the	ratio	
of	critical	to	current	mean	stress:

	

p
p
c = −

−






exp

ψ
λ κ

	 (3.28)

The	relationship	between	the	critical	state	stress	and	the	stress	on	the	isotropic	NCL	(i.e.	pnc)	
is	only	a	function	of	the	shape	of	the	yield	surface.	Putting	η	=	0	in	(3.17)	gives

	

p
p
nc

c

= 2 718. 	 (3.29)

Combining	(3.28)	and	(3.29)	allows	us	to	write	an	equation	for	the	overconsolidation	ratio	
(R)	implied	by	Cam	Clay	for	a	given	state	parameter:

	
R = −

−






2 718. exp

ψ
λ κ

	 (3.30)

If	one	now	looks	at	a	typical	state	parameter	plot	for	sands,	Figure	2.7,	for	example	it	is	
apparent	that	it	 is	very	easy	to	prepare	samples	to	states	of	at	least	as	dense	as	ψ	<	−0.2.	

Elastic rebound

Current
state

K

ψ

λ λ

CSL

p΄ pć pń

NCl

Figure 3.8 Implied overconsolidation for a given state ψ in Cambridge models.
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Typical	λ	 values	 for	 such	 soils	 can	be	as	 little	as	0.02	 (recall	λ	≈	λ10/2.3),	 see	Table	2.1.	
The	 κ	 model	 is	 not	 a	 particularly	 good	 idealization	 for	 sand,	 but	 representing	 elastic	
volumetric	 stiffness	with	 the	 κ	model	 gives	0.1λ	<	k	<	0.4λ  (approximately).	 Inserting	 these	
numerical	values	into	Equation	3.30,	one	finds	a	very	large	overconsolidation	ratio,	R�>	105,	
for	an	entirely	reasonable�ψ	=	−0.2.	This	implies	huge	strengths	and	essentially	only	elastic	
behaviour	for	the	stress	ratios	that	can	be	imposed	in	triaxial	compression.	Of	course,	the	
reality	is	that	the	sample	yields	and	dilates	from	the	start	of	loading.

This	problem	of	predicting	near	elastic	behaviour	for	real	soil	samples	that	yield	plasti-
cally	has	been	long	recognized,	and	so	a	second	yield	surface	was	introduced	(often	called	
the	Hvorslev	surface).	Figure	3.9	illustrates	the	approach.	This	second	yield	surface	aban-
dons	the	proper	association	of	plasticity	with	soil	behaviour,	as	the	strain	increments	are	
most	 certainly	 not	 normal	 to	 the	 Hvorslev	 surface.	 Further,	 the	 Hvorslev	 surface	 is	 not	
related	to	void	ratio	through	the	CSL.	The	model	is	no	longer	based	on	simple	postulates.	
In	short,	the	insight	on	the	effect	of	density	that	was	the	original	motivation	to	develop	the	
Cambridge	approach	has	been	lost.

An	artefact	like	the	Hvorslev	surface	is	unnecessary.	The	difficulty	with	Cam	Clay	stems	
from	the	assumption	that	yield	surfaces	go	through	the	CSL.	Recall	that	the	original	propo-
sition	of	Drucker	et al.	was	to	associate	hardening	with	the	NCL	(Figure	3.4),	not	the	CSL.	
So,	the	next	step	is	to	look	at	NCLs	of	soils	and	how	they	relate	to	void	ratio.

3.5.2  Infinity of nCl

Earlier,	the	point	was	made	that	soils	exist	in	a	spectrum	of	states	with	an	infinite	number	
of	NCL,	each	of	which	depends	on	the	formation	density	and	subsequent	strain	history	
of	the	soil.	Figure	3.5	illustrates	the	idea.	The	importance	of	the	infinity	of	NCL	follows	
immediately	by	going	back	to	the	concept	of	Drucker	et al.	(1957),	which	is	illustrated	in	
Figure	3.4.	Each	NCL	can	be	viewed	as	a	hardening	law	for	an	associated	yield	surface.	An	
infinity	of	NCL	means	a	multiple	infinity	of	yield	surfaces	because	any	NCL	can	be	viewed	
as	the	trace	of	a	set	of	yield	surfaces	as	they	harden.	Correspondingly,	soil	in	any	part	of	
the	e	−	p′	domain	can	plastically	strain.	There	is	no	‘elastic	wall’	confining	plastic	behav-
iour.	This	is	how	real	soils	behave.	It	is	now	useful	to	look	at	the	history	of	how	the	idea	
of	an	infinity	of	NCL	developed,	and	some	experimental	evidence	for	this,	before	further	
mathematics.

Critical
friction

ratio

Yield surface

p΄

Hvorslev surface

q

Figure 3.9 Illustration of the Hvorslev surface idealization.
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Poorooshasb	et al.	(1966,	1967)	had	used	triaxial	tests	to	define	yield	surfaces	in	dense	
sand,	which	motivated	Tatsuoka	and	Ishihara	(1974)	to	use	similar	testing	to	define	yield	
surfaces	in	loose	sand	and,	more	generally,	to	investigate	the	effect	of	density	on	the	yield	
surface.	Tatsuoka	and	Ishihara	noted	in	their	conclusion	‘It	was	recognized	that	yield	loci	
change	to	some	extent	depending	on	the	density	of	the	sample’.	This	was	an	understatement,	
to	put	it	mildly.

At	a	completely	different	scale,	the	perception	of	a	multiple	 infinity	of	yield	surfaces	for	
sand	was	independently	found	in	the	result	of	CPT	soundings	in	an	underwater	sand	berm	for	
the	Molikpaq	in	the	Canadian	Arctic	(Chapter	1).	During	1982,	Gulf	Canada	Resources	con-
structed	an	underwater	berm	at	the	Kogyuk	N-67	wellsite.	This	berm	involved	the	underwater	
and	slurried	placement	of	some	600,000	m3	of	clean	medium	fine	sand	to	form	a	structure	ris-
ing	9	m	above	the	original	seabed	at	a	depth	of	28	m.	Figure	3.10	shows	the	dredge	depositing	
5000	m3	of	sand	in	about	ten	minutes	by	discharging	the	sand	through	valves	in	the	base	of	
the	ship.	The	sand	pluviates	through	the	water	column	to	accrete	and	form	the	berm	–	a	per-
fect	example	of	the	geological	concept	of	‘normal	consolidation’.	Extensive	cone	penetration	
test	(CPT)	soundings	after	construction	gave	the	relative	density	distributions	shown	in	Figure	
3.11	(Stewart	et al.,	1983).	A	wide	distribution	of	void	ratios	existed	at	any	stress	level	and	the	
distribution	evolved	smoothly	from	one	stress	level	to	the	next	with	no	tendency	for	void	ratio	
to	coalesce	into	a	single	relationship:	there	was	‘an	infinity’	of	normal	compression	loci	(NCL).

So	far,	this	idea	of	an	infinity	of	NCL	amounted	to	passing	observations	of	a	research	
triaxial	program	and	inference	from	CPT	data	in	large-scale	hydraulic	fills.	These	observa-
tions	were	then	further	investigated	by	comparing	direct	isotropic	compression	of	samples	
prepared	at	different	densities	with	an	independently	determined	CSL	(Jefferies	and	Been,	
2000).	 Four	 samples	 of	 Erksak	 330/0.7	 sand	 were	 tested	 using	 multiple	 unload–reload	
stages	carried	out	during	the	isotropic	compression	of	the	sample	to	separate	the	elastic	and	
plastic	components	of	behaviour.	These	four	samples	ranged	in	void	ratio	from	0.84	to	0.60,	

(a) (b)

Figure 3.10  Hydraulic deposition of sand into berm (see Figure 1.20). About 5000 m3 sand was deposited 
by bottom-valve discharge through water in 10 min between photo on left and photo on right. 
(a) With hoppers full and (b) after discharging load.
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a	range	that	nearly	spans	the	accessible	range	of	void	ratios	for	Erksak	sand.	In	addition	
to	the	four	samples	tested	in	detail,	all	Erksak	sand	samples	tested	in	triaxial	compression	
for	any	purpose	had	their	consolidation	behaviour	measured.	All	the	isotropic	compression	
data	are	presented	in	Figure	3.12a	and	compared	to	the	reference	CSL	for	Erksak	330/0.7	
sand	(Figure	2.26).	The	behaviour	measured	in	the	four	load–unload	samples	is	shown	in	
Figure	3.12b	through	e	at	an	expanded	scale	to	distinguish	loading,	unloading	and	reload-
ing	(note	the	expanded	plots	are	at	different	scales	to	maximize	the	clarity	of	each).

The	compression	behaviour	in	the	e–log(p)	space	of	Figure	3.12a	shows	the	isotropic	load-
ing	line	for	each	of	the	sand	samples.	Each	line	is	regarded	as	a	true	NCL	because	of	two	
factors.	First,	the	samples	were	prepared	under	low	stresses	(some	by	gentle	moist	tamping,	
some	by	pluviation)	and	never	overconsolidated.	Second,	the	unload–reload	loops	define	a	
classic	elastic–plastic	form,	as	illustrated	in	the	expanded	views,	even	when	the	samples	are	
denser	than	the	CSL.	These	data	support	the	model	of	multiple	or	non-unique	NCL	for	sands.

A	possible	alternative	view	to	an	infinity	of	NCL	is	that	there	is	actually	a	unique	NCL,	but	
sands	only	approach	this	at	high	stress.	This	alternative	view	was	apparently	first	suggested	
by	Atkinson	and	Bransby	(1978)	and	subsequently	elaborated	as	the	Limiting�Compression�
Locus	by	Pestana	and	Whittle	(1995).	To	examine	this	unique	NCL	as	an	alternative	expla-
nation,	a	dotted	line	is	drawn	parallel	to	the	CSL	in	Figure	3.12a	and	denoted	as	the	PNCL,	
where	P	stands	for	pseudo.	The	PNCL	is	drawn	parallel	to	the	CSL	from	Cam	Clay	theory	
and	separated	from	it	by	the	Original	Cam	Clay	spacing	ratio	(pnc/pc	=	2.718).	If	the	proposi-
tion	that	true	normal	compression	is	only	apparent	at	high	stresses	is	correct,	then	we	should	
see	no	samples	above	this	PNCL.	In	reality,	it	is	quite	straightforward	to	prepare	samples	
looser	than	any	credible	PNCL,	and	they	are	not	unstable	when	exposed	to	increasing	mean	
stress.	As	can	be	seen	by	inspection	of	Figure	3.12a,	there	is	a	smooth	spectrum	of	behaviour	
from	loose	to	dense	states.

The	 existence	of	 an	 infinity	of	NCL	 is	 the	best	 explanation	 for	 the	 test	data	of	Figure	
3.12.	Since	there	is	nothing	special	about	Erksak	sand	and	there	are	data	showing	the	same	
behaviour	of	Ticino	sand,	for	example,	this	means	that	any	soil	can	exist	in	a	whole	spectrum	
of	normally	consolidated	states.	A	requirement	to	measure	the	state	of	a	soil	 immediately	
follows.	This	is	analogous	to	using	temperature	as	a	measure	of	a	gas	state	(recall	pV	=	nRT).	
The	kernel	concept	then	becomes:	the	critical	state	defines	a	reference	state	and	the	distance	
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Figure 3.11  Distribution of fill density in normally consolidated hydraulic sand fill. (From Stewart, H.R. et al., 
Berm construction for the Gulf Canada Mobile Arctic Caisson, Proceedings of the 15th Offshore 
Technology Conference, Paper OTC 4552, 1983. With permission from OTC.)
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Figure 3.12  Experimental evidence for an infinity of NCL: isotropic consolidation of Erksak 330/0.7 sand. (a) All tests at same scale, (b) test 874/MT at expanded 
scale, (c) test LDUL-1/PV at expanded scale, (d) test LDUL-2/PV at expanded scale and (e) test LDUL-4/PV at expanded scale. (After Jefferies, M.G. 
and Been, K., Géotechnique, 50(4), 419, 2000. With permission from the Institution of Civil Engineers, London, U.K.)
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of	the	sand	from	the	reference	state	in	void	ratio	–	stress	space	is	a	first-order	measure	of	that	
sand’s	structure.	This	is	the	underpinning	of	the	state	parameter.	It	amounts	to	a	step	back	
from	a	basic	proposition	of	CSSM	(see	Schofield	and	Wroth,	1968,	p.20,	third	paragraph)	
in	 the	 sense	 that,	whereas	CSSM	requires	 that	 all	 yield	 surfaces	 intersect	 the	CSL,	which	
enforces	a	single	plastic	modulus,	the	state	parameter	is	simply	a	rate	variable	much	like	in	
radioactive	decay	or	other	classic	processes	in	physics.	The	further	the	current	state	is	away	
from	the	final	or	equilibrium	state,	the	faster	the	changes	in	state	occur.

Importantly,	 notice	 from	 Figure	 3.12	 how	 overconsolidation	 exists	 alongside	 the	 state	
parameter.	The	 four	samples	 taken	 through	unloading–reloading	paths	had	both	a	finite	
overconsolidation	ratio	and	a	state	parameter	during	the	unloading–reloading	stages.	More	
generally,	each	of	the	NCL	is	associated	with	the	geological	concept	of	normal	consolidation	
and	hence	has	an	overconsolidation	ratio	(OCR)	of	R	=	1.

3.5.3  state as an initial index versus state as an internal variable

The	state	parameter	as	used	earlier	relates	various	soil	behaviours	(e.g.	peak	friction	angle)	
to	the	state	parameter	at	the	start	of	shearing.	This	uses	the	state	parameter	ψ	as	an	initial	
index	of	soil	behaviour.	Although	this	is	a	useful	way	to	unify	test	data	and	carry	out	basic	
engineering	analyses,	the	state	parameter	is	best	used	as	an	internal	state	variable	in	a	com-
plete	constitutive	model.	Using	the	state	parameter	as	an	internal	variable	does	not	require	a	
different	definition	–	the	basic	equation	defining	the	state	parameter,	ψ�=�e�−�ec,	remains	the	
same.	But	now	the	initial	conditions	become	explicitly	recognized	by	the	subscript	‘o’,	as	in	
ψo,	and	the	state	parameter	becomes	the	basis	for	properly	generalizing	critical	state	ideas.

There	are	several	constitutive	models	that	incorporate	the	state	parameter	as	the	method	
of	making	models	independent	of	void	ratio	and	confining	stress.	NorSand	(Jefferies,	1993)	
will	be	pursued	here	because	it	explicitly	fits	within	CSSM.	And	it	turns	out	that	Cam	Clay	
is	just	a	particular	parameter	set	in	NorSand	(Appendix	H).

3.6  NorSand

3.6.1  triaxial compression version

The	approach	 followed	 in	presenting	NorSand	 is	 to	go	 through	 the	 triaxial	 compression	
case	for	drained	 loading	and	compare	this	 to	the	more	familiar	Cam	Clay.	 In	presenting	
the	framework	of	ideas,	this	chapter	also	skips	over	the	detailed	derivations.	This	way,	the	
simplicity	of	NorSand	can	be	seen	as	well	as	how	NorSand	fits	within	the	historical	frame-
work	of	ideas.	The	meaning	of	the	various	model	parameters	will	also	be	examined.	Once	
the	basic	framework	is	grasped,	the	detailed	derivations	will	be	most	readily	understood	and	
these	are	given	at	length	in	Appendix	C.	If	one	needs	to	use	NorSand	in	finite	element	for-
mulations,	then	the	‘industrial	strength’	version	will	be	needed	which	incorporates	unload-
ing,	full	3D	stress	conditions	and	principal	stress	rotation.	These	aspects	of	NorSand	are	
also	given	in	Appendix	C,	and	feature	later	in	this	chapter	as	well	as	in	Chapters	6	and	7.

The	starting	point	for	NorSand,	like	Cam	Clay,	is	stress–dilatancy.	When	NorSand	was	
first	published,	it	incorporated	Nova’s	rule:

	
D

M
N

p tc= −
−

η
1

	 (3.31)

Some	five	years	later,	Dafalias	and	co-workers	returned	attention	to	Rowe’s	observation	that	
the	apparent	material	property	in	the	stress–dilatancy	relationship,	here	Mtc,	was	not	itself	a	
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property	but	evolved	with	strain.	This	topic	was	explored	in	detail	in	Chapter	2.	NorSand	was	
modified	in	the	light	of	these	new	ideas	(it	actually	gives	a	simpler	and	more	accurate	model	
than	the	first	published	versions)	and	now	adopts	a	Cam	Clay	like	stress–dilatancy	relationship:

	 D Mp
i= − η 	 (3.32)

Equation	3.32	differs	from	Original	Cam	Clay	(Equation	3.11)	in	using	image	stress	ratio	Mi�
as	an	evolving	parameter	that	tends	to	the	critical	state	M	with	shear	strain	(Section	2.8.2).	
Perhaps	the	reason	that	Rowe’s	initial	observations	lapsed	into	obscurity	was	that	Rowe	did	
not	suggest	a	relationship	for	how	the	coefficient	in	stress–dilatancy	evolved.	The	advance	
produced	by	Dafalias	and	co-workers	was	to	make	Rowe’s	observation	a	function	of	the	
state	parameter.	NorSand	follows	closely	on	the	ideas	suggested	by	Dafalias	and	adopts

	
M M
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i
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itc

= −








1

χ ψ
	 (3.33)

where	N	is	the	volumetric	coupling	coefficient	from	Nova’s	flowrule	at	peak	strength	(see	
Figure	2.30)	and	now	controls	the	evolution	of	Mi.

Determination	 of	 the	 yield	 surface	 follows	 exactly	 as	 presented	 for	 Cam	 Clay	 earlier.	
Putting	the	revised	stress–dilatancy	rule	in	the	normality	condition	(3.16)	leads	to	the	fol-
lowing	yield	surface	equation:

	

η = −






















M
p
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i
i

1 ln 	 (3.34)

So	where	is	the	difference	between	the	NorSand	yield	surface	(Equation	3.34)	and	that	of	
Cam	Clay	(Equation	3.17)?	NorSand	does	not	use	the	mean	stress	at	the	critical	state	pc	or	
the	critical	stress	ratio	M.	Instead,	it	uses	another	condition,	that	of	the	image�state,	denoted	
by	the	subscript	i.	Recall	that	there	are	two	conditions	for	the	critical	state,	D	=	0	and	 �D = 0.	
The	condition	where	D	=	0	alone	exists	is	referred	to	as	an	image	of	the	critical	state,	since	
only	one	of	the	two	conditions	for	criticality	is	met.

The	 mean	 stress	 at	 the	 image	 state,	 pi,	 describes	 the	 size	 of	 the	 yield	 surface	 exactly,	
as	pc	was	used	 in	Cam	Clay	 to	 link	 the	yield	 surface	 to	 the	CSL.	Figure	3.13	 illustrates	
the	NorSand	yield	surface	for	very	 loose	sand	and	very	dense	sand.	The	main	difference	
between	Figure	3.13a	and	b	is	the	location	of	the	critical	state	relative	to	the	image	condi-
tion;	for	loose	sand	the	image	condition	is	at	a	higher	effective	stress	and	the	yield	surface	
will	shrink	to	the	critical	state,	while	for	dense	sand	the	yield	surface	must	harden	(expand)	
to	reach	the	critical	state.

Further,	η	≡	Mi ⇔ p	≡	pi	but	the	question	then	arises	as	to	how	the	image	stress	is	related	
to	the	soil’s	void	ratio.	There	is	no	direct	relationship.	Rather,	NorSand	uses	a	differential	
form	based	on	the	state	parameter	and	invokes	the	Second�Axiom	of	critical	state	theory.	
The	Second	Axiom	of	critical	state	theory	is	simply	that	the	soil	state	moves	to	the	critical	
state	with	increasing	shear	strain.	This	is	most	naturally	stated	as

	
ψ ε→ → ∞0 as q 	 (3.35)

The	Second	Axiom	never	arose	in	Cam	Clay	explicitly	because	it	is	enforced	tacitly	through	
the	assumption	that	the	yield	surface	intersected	the	CSL.	This	is	why	Cam	Clay	is	viewed	as	
a	degenerate	case	of	NorSand.	Cam	Clay	has	assumed	the	end	condition	as	its	starting	point,	
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but	that	cannot	be	done	with	an	infinity	of	NCL,	and	so	the	Second	Axiom	becomes	the	basic	
hardening	law.	Also	notice	that	the	Second	Axiom	is	stated	in	terms	of	shear	strain	because	the	
critical	state	is	a	condition	of	shear.	There	are	conditions	of	loading	at	low	stress	ratios	where	
soil	states	will	move	away	from	the	critical	state	but	these	involve	small	and	finite	shear	strains.

A	key	feature	of	dense	soils,	whether	sands	or	clays,	is	that	dilatancy	is	limited	to	a	maxi-
mum	value	for	that	specific	soil	state.	Experimentally,	there	is	the	very	strong	relationship	
between	Dp

min	and	ψ,	shown	in	Figure	2.33.	A	little	care	is	needed	in	transforming	this	very	
strong,	and	expected,	relationship	to	a	plasticity	model.	The	difficulty	is	that	in	‘neutral’	
loading	where	a	yield	surface	has	constant	size,	ψ	varies	around	a	yield	surface	as	p	changes.	
But	there	is	only	one	Dmin	for	that	yield	surface.	Accordingly,	we	anchor	yet	another	aspect	
to	the	image	condition	and	define
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Figure 3.13  Illustration of NorSand yield surface, limiting stress ratios and image condition. (a) Very loose 
soil and (b) very dense soil.
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	 Dp
i imin = χ ψ 	 (3.36)

which	has	no	theoretical	difficulties	since	ψi	is	unique	for	any	particular	yield	surface.	The	
practical	problem	then	arises	that	testing	engineers	and	laboratory	staff	work	with	the	soil	
property	 χtc	 as	 that	 property	 is	 both	 simple	 to	 calculate	 from	 a	 set	 of	 triaxial	 tests	 and	
independent	of	any	constitutive	model.	We	need	to	relate	the	NorSand	parameter	χi	to	the	
soil	property	χtc.	Appendix	C	derives	the	relationship	and	for	practical	purposes	leads	to

	
χ χ

χ λi
tc

tc tcM
=

−( )1 /
	 (3.37)

Or,	for	typical	soil	properties,	a	small	shift	in	value	with	1.05χtc	<	χi�<	1.10χtc.	Equation	3.37	
is	built	into	the	downloadable	spreadsheets,	so	that	the	soil	property	χtc	is	the	input	in	the	
worksheet	with	VBA	then	 transferring	 the	appropriate	model	parameter	 to	 the	NorSand	
routines.

Conventionally,	dilation	is	limited	by	invoking	a	non-associated	flow	rule	with	an	appro-
priate	 choice	 of	 dilation	 angle.	That	 approach	 is	 not	 acceptable	 within	 a	 strict	 critical	
state	 framework	 because	 normality	 is	 used	 to	 derive	 the	 yield	 surface.	 Instead,	 realistic	
maximum	dilatancy	is	controlled	through	the	hardening	parameter,	pi.	The	basic	concept	
is	illustrated	in	Figure	3.13,	which	shows	a	section	through	the	yield	surface	in	the	q−p	
plane.	The	evolution	of	pi	can	be	specified	such	that	the	value	of	pi	is	limited	with	respect	
to	the	current	stresses,	and	this	then	controls	the	dilatancy	through	normality.	The	limit	on	
hardening	is	given	by

	

p
p M
i i i

itc









 = −











max

exp
χ ψ

	 (3.38)

Equation	3.38	gives	an	internal	limit	or	planar	cap	to	the	yield	surface,	as	is	illustrated	in	
Figure	3.13.	Triaxial	compression	is	used	as	the	reference	condition	for	the	soil	properties,	
with	these	properties	then	transformed	into	the	two	internal	model	parameters	χi	and	Mitc�
(the	current	value	of	Mi� for	a	 triaxial	compression	stress	state).	Equation	3.38	 is	derived	
for	triaxial	compression	but	is	actually	general	in	3D	because	NorSand	is	isotropic	and	the	
limiting	condition	is	expressed	as	a	ratio	of	mean	stresses.

The	natural	form	for	a	hardening	law	that	complies	with	the	Second	Axiom,	while	respect-
ing	the	constraint	on	dilatancy,	is	a	simple	difference	equation:

	
� �p H p pi i i q= −( ),max ε 	 (3.39)

Because	of	the	form	of	the	hardening	limit	(3.38),	the	hardening	law	is	better	expressed	in	
dimensionless	form	by	dividing	using	the	current	mean	stress,	and	noting	that	pi,max	is	not	
the	true	maximum	of	pi,	but	rather	its	maximum	for	the	current	state.	Two	additional	fea-
tures	also	prove	convenient.	First,	because	the	consistency	condition	is	expressed	in	terms	
of	the	ratio	 �pi�/pi,�it	is	helpful	if	hardening	is	in	the	same	terms	as	needed	in	the	consistency	
condition.	Second,	it	turns	out	that	a	better	fit	is	obtained	to	experimental	data	if	the	hard-
ening	is	given	a	dependence	on	the	shear	stress	level.	After	some	algebra,	the	hardening	law	
becomes	(see	Appendix	C)

	

�
�p

p
H

p
p M

p
p

i

i i

i i

itc

i
q=











−







 −











2

exp
χ ψ ε 	 (3.40)

© 2016 by Taylor & Francis Group, LLC

  



126  Soil liquefaction: A critical state approach

The	hardening	parameter	H	is	a	model	soil	property,	necessary	because	the	decoupling	of	
the	yield	surface	in	NorSand	from	the	CSL	means	that	λ�can	no	longer	serve	as	a	plastic	
compliance.	H	is	ideally	a	constant,	but	in	principle	could	also	be	a	function	of	ψ.	It	is	to	be	
determined	by	calibration	of	the	model	to	experimental	data.

Those	are	the	basics	of	the	NorSand	model.	It	has	a	related	yield	surface	and	stress–dilat-
ancy	to	Original	Cam	Clay,	but	fundamentally	decouples	the	hardening	from	the	CSL.	It	
is	this	decoupling	that	gives	the	model	its	versatility	and	relevance	to	real	soil	behaviour.	
The	decoupling	is	nevertheless	directly	related	to	the	CSL	using	the	state	parameter	and	the	
associated	dilatancy	relationship	(3.36).

3.6.2  elasticity in NorSand

Isotropic	elasticity	is	adopted,	despite	ample	evidence	that	soils	tend	to	be	cross-anisotropic,	
on	the	grounds	that	isotropic	plastic	theory	is	used.	More	to	the	point,	it	is	unhelpful	to	leap	
into	a	model	with	many	parameters,	as	are	necessarily	involved	with	anisotropic	models,	
when	 there	 is	not	a	proper	understanding	of	 the	basic	 soil	behaviour	within	 the	 simpler	
isotropic	framework.	From	a	practical	engineering	viewpoint,	it	is	difficult	enough	to	deter-
mine	parameters	for	an	isotropic	model;	anisotropy	remains	highly	academic	and	theoreti-
cal	for	now	and	is	likely	to	continue	as	such	for	many	years.

The	isotropic	elastic	κ-model	of	Cam	Clay	neglects	elastic	shear.	Elastic	shear	strains	exist	in	
soil,	ubiquitously,	and	are	also	necessary	for	finite	element	formulations.	A	model	that	is	rigid	
in	shear	is	actually	unattractive.	Further,	soil	elasticity	seems	very	dependent	on	the	local	grain	
arrangement,	and	is	not	simply	related	to	void	ratio	and	stress,	so	that	a	case	can	be	made	
for	treating	the	elastic	modulus	as	a	further	state	variable	rather	than	a	property.	However,	
the	κ-model	has	the	nice	feature	that	it	is	approximately	related	to	a	dimensionless	approach,	
Equation	3.21,	and	it	is	desirable	to	keep	elasticity	dimensionless	(as	are	all	the	other	proper-
ties).	Based	on	these	considerations,	the	basic	form	of	elasticity	adopted	is	a	shear	rigidity	Ir�
and	a	constant	Poisson’s	ratio.	These	are	related	to	other	elastic	properties	as	follows:

	
I

G
p

r = 	 (3.41)
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The	elastic	shear	modulus	in	(3.41)	is	commonly	called	‘Gmax’	in	engineering	practice.	It	is	
discussed	at	some	length	in	Chapter	4	as	Gmax	is	often	measured	during	site	investigations.	
Poisson’s	 ratio	 is	 rarely	measured	with	 the	 ‘not	unreasonable’	 range	0.15	<	ν	<	0.25	being	
adopted	without	testing	(Poisson’s	ratio	estimate	can	be	refined	when	fitting	undrained	tri-
axial	tests	with	NorSand).

3.6.3  NorSand summary and parameters

Table	3.1	summarizes	the	NorSand	equations	for	fixed	principal	stress	direction.	NorSand	
is	a	sparse	model,	with	the	variant	presented	here	requiring	seven	parameters	to	span	the	
entire	 behaviour	 over	 the	 range	 of	 accessible	 void	 ratios.	 Table	 3.2	 summarizes	 the	 soil	
properties	used	in	the	model.	Of	these	seven	properties,	two	are	used	to	define	the	refer-
ence	CSL.	Three	properties	define	the	plastic	behaviour.	Two	properties	define	the	elastic	
behaviour.	Table	3.2	also	indicates	the	range	of	values	commonly	encountered	with	sands.	
Triaxial	compression	is	used	as	the	reference	condition	in	Table	3.2	because,	although	only	
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triaxial	compression	has	been	considered	so	far,	these	model	parameters	will	turn	out	to	
be	functions	of	the	intermediate	principal	stress	in	the	more	general	formulation.	Triaxial	
compression	is	also	a	common	test	and	easy	to	carry	out.

3.6.4  numerical integration of NorSand

NorSand	is	a	differential	model	in	which	there	is	a	relationship	between	stress	and	strain	incre-
ments.	Obtaining	the	stress–strain	behaviour	requires	integration	and	this	is	necessarily	numer-
ical,	as	there	are	no	analytical	solutions	for	NorSand.	NorSand	is	readily	implemented	in	finite	
element	programs,	the	topic	of	Chapter	8.	However,	for	known	stress	paths,	such	as	for	labora-
tory	tests,	the	NorSand	equations	can	be	integrated	directly	using	the	consistency	condition.

Table 3.2 NorSand parameters and typical values for sands

Parameter Typical range Remark 

Csl

Γ 0.9−1.4 ‘Altitude’ of CSL, defined at 1 kPa
λ 0.01–0.07 Slope of CSL, defined on natural logarithm

plasticity

Mtc 1.2–1.5 Critical friction ratio, triaxial compression as the reference 
condition

N 0.2–0.5 Volumetric coupling coefficient for inelastic stored energy
H 25–500 Plastic hardening modulus for loading, often f(ψ); as a 

first estimate for refinement, use H = 4/λ
χtc 2–5 Relates maximum dilatancy to ψ. Triaxial compression as the 

reference condition

elasticity

Ir 100–600 Dimensionless shear rigidity (Gmax/p′)
ν 0.1–0.3 Poisson’s ratio

Table 3.1 Summary of NorSand

Aspect of NorSand Equations 

Internal model parameters ψ ψ λ σ σi m i m= − ln ,( )/  where ψ = e−ec

χi = χtc /(1−χtcλ/Mtc)
Mi = M(1−χiN|ψi|/Mtc)

Critical state ec = −Γ λ σln m( ) and ηc = M where… 
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 and ν = constant

Note that these equations are in general stress notation with σm p= ′.
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Direct	integration	is	most	useful	for	the	present,	as	the	goal	here	is	to	understand	liquefac-
tion.	Much	of	this	understanding	comes	from	laboratory	tests	and	the	framework	that	fol-
lows	from	these	tests	is	then	used	to	look	at	full-scale	data	which	is	based	on	case	histories	
(and	which	also	needs	to	be	viewed	in	the	context	of	simple	shear).	So,	the	starting	point	is	
direct	integration,	which	is	easily	done	within	a	spreadsheet.

Direct	integration	requires	that	the	stress	path	be	known	and	the	details	of	the	integra-
tion	vary	with	 the	 laboratory	 test.	Appendix	C	presents	 the	derivations	of	 the	necessary	
equations	and	these	are	implemented	in	various	NorSand**.xls	spreadsheets,	which	can	be	
found	on	the	website.	For	ease	of	use,	these	spreadsheets	work	for	triaxial	compression	or	
simple	shear	separately	(otherwise	you	get	too	many	plots	to	page	through),	although	nearly	
all	the	VBA	is	common	between	them.	Test	data	for	comparison	with	the	model	are	opened	
using	Excel	and	copied	onto	a	worksheet	in	NorSand**.xls.	The	appropriate	data	can	then	
be	plotted	in	the	relevant	plot	windows	provided.	The	NorSand	behaviour	plots	presented	in	
this	book,	as	well	as	the	comparisons	with	test	data,	were	all	generated	using	these	spread-
sheets.	The	intent	is	that	these	spreadsheets	be	used	alongside	this	text,	by	loading	in	the	test	
data	(all	supplied	on	the	website)	to	look	at	the	effect	of	model	parameters,	calibrations,	etc.

3.7  CoMparIson of NorSand to experIMental Data

3.7.1  Determination of parameters from drained triaxial tests

It	is	interesting	now	to	compare	how	well	NorSand	fits	sand	behaviour,	as	that	is	a	basic	
‘validation’	 that	 the	model	 is	useful.	The	 theory	 is	all	very	nice,	but	how	well	does	 it	fit	
reality?

The	 test	 data	 on	 Erksak	 330/0.7	 sand	 are	 used	 for	 this	 validation.	 As	 discussed	 in	
Chapter	2,	Erksak	 sand	was	used	 for	 a	 comprehensive	 investigation	 into	 the	uniqueness	
of	the	CSL.	One	by-product	of	this	investigation	is	that	a	data	set	exists	with	a	thoroughly	
defined	CSL	and	with	a	selection	of	drained	(as	well	as	undrained)	tests	covering	a	spectrum	
of	densities	and	initial	confining	stresses.

The	data	from	the	various	tests	define	the	CSL	for	Erksak	sand	(see	Figure	2.26).	For	the	
stress	range	of	p	<	1000	kPa,	a	semi-log	idealization	of	the	CSL	gives	the	best-fit	properties	
Γ	=	0.816,	λ10	=	0.031.	This	fixes	two	of	the	seven	NorSand	parameters	for	Erksak	sand.	The	
initial	state	parameter	of	each	test	is	immediately	known	from	the	measured	void	ratio	and	
stress	level	(reported	in	Table	2.4,	and	embedded	in	the	downloadable	data).

The	 critical	 friction	 ratio	 is	determined	 from	a	 stress–dilatancy	plot,	 presented	 earlier	
in	Figure	2.30.	This	figure	is	based	on	testing	done	at	the	University	of	British	Columbia	
(UBC),	with	sand	supplied	by	Golder	Associates	from	their	stock	of	Erksak	sand.	It	is	used	
here	because	a	wider	range	of	stresses	were	explored	at	UBC	than	in	the	Golder	drained	
testing.	This	plot	gives	Mtc	=	1.26,	Mtc	being	the	intersection	of	the	trend	line	with	the	zero	
dilation	intercept.

The	 state–dilatancy	parameter	χ	 is	obtained	by	plotting	maximum	dilation	versus	 the	
state	parameter	at	maximum	dilation,	presented	earlier	in	Figure	2.13.	This	gives	χtc	=	3.5.	
There	are	now	only	 two	parameters	 to	be	determined,	H	and	Ir.	Both	are	dimensionless	
shear	moduli,	one	plastic	and	one	elastic.

Ideally,	Ir	will	be	determined	using	bender	elements	located	on	triaxial	samples	or	from	
unload–reload	cycles	with	local	strain	measurements.	None	of	this	was	done	for	the	Erksak	
samples.	However,	the	bulk	modulus	of	Erksak	sand	was	carefully	measured	in	a	series	of	
isotropic	 compression	 tests	 on	 Erksak	 sand	 (Figure	 3.12).	 These	 measurements	 were	 on	
samples	prepared	in	exactly	the	same	way	in	the	same	apparatus	as	used	for	the	triaxial	
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compression	tests.	Elastic	bulk	modulus	was	determined	during	the	unloading	portion	of	
isotropic	unloading	and	reloading	tests.	Figure	3.14	shows	the	elastic	bulk	modulus	data.	
The	bulk	modulus	is	a	function	of	void	ratio	and	stress	level,	given	by
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where	 the	 reference	 mean	 stress	 is	 σref	=	100	 kPa	 as	 is	 conventional.	 The	 properties	 for	
Erksak	sand	are	C	=	260,	b	=	0.5	and	emin	=	0.355.	Adopting	a	constant	Poisson’s	ratio	ν	=	0.2,	
as	Poisson’s	ratio	does	not	vary	greatly	from	one	soil	to	another,	gives	the	result	that	elastic	
shear	modulus	G	=	3/4	K	using	the	usual	relationships	of	isotropic	elasticity.	This	gives	the	
dimensionless	shear	rigidity	as
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The	remaining	parameter	H	is	determined	by	iterative	forward	modelling	(IFM)	of	drained	
triaxial	compression	tests.	In	IFM,	parameters	are	estimated	and	behaviour	computed	using	
the	model.	Comparing	the	computed	behaviour	with	that	measured	then	leads	to	revised	
parameter	estimates,	the	process	being	repeated	until	a	good	match	of	model	with	data	is	
obtained.	 IFM	is	preferred	to	parameter	 isolation	(in	which	a	particular	aspect	of	a	test,	
such	as	initial	stiffness,	is	used	to	identify	a	parameter)	because	all	models	are	idealizations	
of	behaviour,	and	IFM	optimizes	the	idealization	over	the	whole	range	of	behaviour	to	be	
represented.	IFM	was	carried	out	using	the	NorSandM.xls	spreadsheet	(on	the	website	for	
downloading).
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Figure 3.14  Measured  bulk  modulus  of  Erksak  sand  in  isotropic  unload–reload  tests.  (All  stresses  as 
effective,  from  Jefferies, M.G. and Been, K., Géotechnique, 50(4), 419, 2000. With permission 
from the Institution of Civil Engineers, London, U.K.)
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Figure	3.15	shows	the	state	diagram	for	the	drained	compression	tests	used	to	determine	
H,	together	with	the	idealized	linear	CSL.	The	range	of	test	conditions	is	from	very	loose	
to	quite	dense,	and	the	confining	stress	ranges	from	a	low	of	60	kPa	to	a	high	of	1000	kPa.	
Some	of	these	tests	were	carried	out	early	in	the	test	program	for	Erksak	sand	and	in	par-
ticular	before	the	adoption	of	sample	freezing	for	accurate	void	ratio	determination;	Tests	
684	and	666	appear	denser	than	the	reported	void	ratios.	Test	681	is	at	the	start	of	CSL	
curvature.

Four	examples	of	the	calibrated	fit	of	NorSand	to	the	various	tests	are	shown	in	Figure	3.16.	
The	parameter	values	used	to	achieve	these	fits	are	given	in	Table	3.3.	All	the	Erksak	triaxial	
data	are	downloadable	and	these	fits	can	be	verified,	and	other	fits	can	be	examined.

Excellent	calibration	of	model	to	the	data	is	evident	across	the	spectrum	of	void	ratios	and	
confining	stress.	In	fitting	the	model	to	data,	the	post-peak	behaviour	has	been	neglected.	
This	is	because	once	the	peak	strength	has	been	attained,	the	strains	localize,	and	the	aver-
age	of	strains	over	the	whole	sample	no	longer	represents	what	is	happening	in	the	zone	of	
shearing.

Fitting	model	to	data	makes	it	evident	that	H	is	a	function	of	ψ	with	Erksak	sand.	Figure	
3.17	shows	the	relationship	that	has	the	simple	form

	 H a b o= + ψ 	 (3.45)

where	for	Erksak	sand	a	=	103	and	b	=	–980.	The	functional	dependence	of	H	on	ψo	is	admis-
sible	from	a	theoretical	standpoint	and	appears	to	be	common.

The	 calibration	 values	 shown	 in	Table	 3.3	 are	 for	 treating	 the	 soil	 properties	 as	‘free-
doms’	to	best	fit	the	model	to	data.	Of	course,	the	essence	of	models	like	NorSand	is	that	
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Figure 3.15 State diagram for drained tests on Erksak 330/0.7 sand.
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Figure 3.16 Examples of calibrated fit of NorSand to Erksak 330/0.7 sand in drained triaxial compression.
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the	properties	do	not	change	from	test	to	test.	The	difference	between	the	best-fit	and	trend	
values	reflects	unrepresented	aspects	of	soil	in	the	model,	that	is	‘fabric’.	In	this	context,

•	 Mtc	does	not	vary	from	expectation	(Mtc	=	1.26)	across	the	dense	tests,	but	the	best	fit	
for	loose	is	systematically	less	at	Mtc	=	1.18.	This	aspect	was	commented	on	in	Been	
et al.	(1991)	and	shows	up	clearly	when	modelling	the	loose	tests	in	detail.

•	 N	was	not	varied	from	one	test	to	another	and	left	at	the	trend	value	(N�=	0.35).
•  χtc	did	vary	from	test	to	test	for	best	fit,	which	was	anticipated	to	be	an	effect	of	fabric.	

The	average	of	the	best-fit	values	corresponds	to	the	trend	fit	(χtc	=	4.0),	with	test	to	test	
variation	being	±10%	of	the	trend	value.

Table 3.3 NorSand Erksak 330/0.7 drained triaxial calibration

Test 

Test values Best-fit parameters for test simulation 

po (kPa) ψo ψo M N χtc H Ir 

D661 140 −0.069 −0.080 1.26 0.35 3.7 150 600
D662 60 −0.084 −0.095 1.26 0.35 4 200 1000
D663 300 −0.064 −0.080 1.26 0.35 4 160 400
D664 300 −0.104 −0.110 1.26 0.35 3.9 200 400
D665 130 −0.059 −0.070 1.26 0.35 4.5 130 700
D666 60 −0.051 −0.080 1.26 0.35 4.5 170 1000
D667 130 −0.160 −0.171 1.3 0.35 3.8 300 600
D681 1000 +0.052 +0.070 1.18 0.35 4 50 150
D682 500 +0.044 +0.045 1.18 0.35 3.7 45 250
D684 200 +0.075 +0.040 1.18 0.35 3.7 70 400
D685 200 +0.067 +0.067 1.18 0.35 4.5 80 400
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Figure 3.17 Plastic hardening modulus versus state parameter ψo for Erksak sand.
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•	 H	values	lie	within	±10%	of	the	overall	trend	(considering	the	first-order	dependence	
on	ψ),	also	thought	to	be	a	fabric	effect.

•  ψo	was	varied	from	test	to	test,	but	the	shifts	were	within	the	accuracy	of	void	ratio	
measurement	in	the	laboratory	and	thus	of	no	great	significance.

3.7.2  Influence of NorSand properties on modelled soil behaviour

Having	seen	the	fit	of	NorSand	to	test	data,	it	is	now	helpful	to	look	systematically	at	the	
effect	of	the	model	parameters	on	the	computed	behaviour.	Because	NorSand	 is	properly	
dimensionless,	it	is	sufficient	to	present	the	results	normalized	by	the	initial	effective	confin-
ing	pressure.	Figure	3.18a	through	f	shows	the	effects	of	the	model	parameters.	In	all	cases,	
the	base	parameter	set	is	a	parameter	set	broadly	representative	of	quartz	sands	and	is	as	
follows:	Γ�=	0.8,	λ10	=	0.05,	Mtc=1.25,	N=0.3,�,	χtc	=	3.5,	H�=	250,	Ir	=	600,	ν�=	0.25.

The	effect	of	the	initial	state	ψo	on	the	peak	stress	ratio	and	dilatancy	is	large.	Initial	state	
also	affects	the	stiffness,	with	a	change	from	ψo	=	+0.04	to	ψo	=	−0.2	approximately	tripling	
the	initial	stiffness.	The	peak	shear	stress	ratio	should	be	directly	related	to	the	critical	state	
stress	ratio	M	and	this	is	indeed	the	case.	Turning	to	the	plastic	hardening	H,	this	affects	
the	initial	stiffness	as	expected	but	it	also	affects	the	volumetric	strain	and	in	particular	the	
volumetric	strain	at	peak	stress	ratio.	This	arises	because	shear	and	volumetric	strains	are	
directly	coupled	through	DP.

The	effect	of	the	intrinsic	soil	compressibility	represented	by	the	slope	of	the	CSL	λ	is	to	
change	the	dilatancy.	It	does	this	through	the	definition	of	the	image	state,	with	the	most	
compressible	soils	(large	λ)	showing	the	least	dilatancy.	The	soil	property	χtc	that	limits	max-
imum	dilatancy	has	a	similar	effect	to	λ�on	the	post-peak	dilatancy.	Finally,	it	is	apparent	
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Figure 3.18   Effect of NorSand model parameters on drained triaxial compression behaviour.  (a) Effect of 
initial state ψo and (b) effect of critical stress ratio M.  (Continued )
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Figure 3.18 (Continued)   Effect  of  NorSand  model  parameters  on  drained  triaxial  compression  behaviour. 
(c) effect of plastic hardening H, (d) effect of critical state line slope λ10, (e) effect of 
dilatancy scaling χ and (f) effect of elastic rigidity Ir.
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that	 the	elastic	shear	stiffness,	represented	by	Ir,	has	a	relatively	minor	 influence	because	
plastic	shear	strains	dominate	the	response	beyond	the	initial	loading.	Poisson’s	ratio	is	not	
shown	as	its	effect	is	minor.

3.8  CoMMentary on NorSand

The	presentation	of	NorSand	has	gone	through	the	model	quickly,	primarily	focusing	on	
the	prior	Cam	Clay	model	as	the	reference	for	discussion.	However,	there	are	aspects	of	the	
model	that	need	further	comment	now	that	the	fit	to	test	data	has	been	seen.

3.8.1  yield surface shape

Those	with	some	background	in	constitutive	modelling	of	sands	may	have	questioned	the	
NorSand	yield	surfaces	presented	in	Figure	3.13	on	the	basis	that	sand	yields	predominantly	
in	shear.	This	is	not	the	case	and	the	evidence	is	the	yield	apparent	in	isotropic	compres-
sion,	as	shown	in	Figure	3.12.	A	closed	(capped)	yield	surface	is	required	for	sands,	exactly	
as	suggested	in	the	original	work	on	soil	plasticity	by	Drucker	et al.	(1957).	Evidence	for	
NorSand-like	yield	surfaces	is	also	found	in	the	literature.

Yield	surfaces	were	determined	experimentally	for	Fuji	River	sand	in	triaxial	compression	
by	Tatsuoka	and	Ishihara	(1974)	and	Ishihara	et al.	(1975).	Using	stress	probing	to	determine	
the	onset	of	plastic	deformations,	families	of	yield	surfaces	were	mapped.	These	families	of	
yield	surfaces	depended	on	sample	density	and	mean	pressure,	and	examples	are	shown	in	
Figure	3.19.	Corresponding	yield	surfaces	from	NorSand	are	presented	in	Figure	3.20,	the	
parameters	having	been	chosen	to	match	the	Fuji	River	data.	The	yield	surfaces	in	Figure	
3.20	are	shown	for	a	pattern	of	progressively	increasing	hardening,	with	each	yield	surface	
being	associated	with	a	particular	value	of	 ′pi.	These	yield	surfaces	were	developed	by	select-
ing	 the	properties	and	 the	hardness	 to	 illustrate	 the	basic	 shapes	obtainable,	 rather	 than	
a	detailed	 simulation	of	 experimental	 stress	paths.	The	 similarity	with	 the	 experimental	
results	is	striking.

Tatsuoka	and	Ishihara	(1974)	considered	a	yield	surface	similar	to	that	proposed	here	and	
concluded	that	it	poorly	fits	their	data.	The	difference	in	producing	Figure	3.20	is	threefold.	
First,	NorSand	decouples	the	image	stress	from	the	critical	state,	and	thus,	the	surface	can	
harden	 far	more	 than	expected	with	Granta	Gravel	or	Cam	Clay.	This	flattens	 the	yield	
surfaces	in	Figure	3.20	as	hardening	increases.	Second,	limiting	hardening	has	been	intro-
duced,	with	the	yield	surfaces	terminating	on	this	locus	(conventionally	called	the	Hvorslev	
or	failure	surface).	This	aspect	is	controlled	through	Equation	3.38	and	one	can	see	from	
this	 equation	 that	 the	Hvorslev	 surface	 is	not	a	 surface	at	all,	 as	 it	 varies	with	 the	 state	
parameter.	For	any	mean	effective	stress,	there	are	an	infinite	number	of	surfaces	because	
there	is	an	infinite	range	of	accessible	state	parameters.	Third,	Mi	as	a	function	of	ψ�has	been	
introduced	into	the	flow	rule.

Of	course,	a	further	departure	from	conventional	expectations	of	yield	surfaces	in	sands	
is	the	use	of	an	internal	cap,	which	comes	from	the	concept	of	limited	hardening.	This	lim-
ited	hardening	in	NorSand	is	actually	no	more	than	a	strict	implementation	of	the	concept	
suggested	by	Drucker	et al.	(1957)	and	it	gives	realistic	dilatancy	with	an	associated	flow	
rule	(normality).	Non-associated	models	are	unnecessary.

While	thinking	about	the	hardening	limit,	recall	that	NorSand	does	not	fit	the	post-peak	
behaviour	 observed	 in	 tests	 because	 of	 non-uniform	 strain	 within	 the	 samples.	 As	 peak	
strength	is	approached,	hardening	of	the	yield	surface	continues	even	though	dense	soil	will	
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be	dilating	and	smooth	behaviour	is	expected.	However,	post-peak	when	the	hardening	limit	
is	imposed,	the	model	becomes	strain	softening	and	the	yield	surface	shrinks	towards	critical	
conditions.	At	this	point,	Drucker’s	stability	postulate	is	violated.	The	effect	on	the	soil	is	that	
less	work	needs	to	be	done	if	the	shear	strain	concentrates	in	a	band	(localizes),	with	the	ten-
dency	to	critical	conditions	being	accelerated	in	the	shear	band.	Although	NorSand	captures	
both	aspects,	the	test	can	no	longer	be	treated	as	uniform	stress	and	strain,	and	a	far	more	
sophisticated	integration	using	finite	elements	and	additional	idealizations	about	the	nature	
of	the	localization	is	needed.	This	is	presently	an	area	of	intense	research.
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3.8.2  effect of elastic volumetric strain on ψ
A	 criticism	 of	 the	 state	 parameter	 (and	 NorSand)	 is	 that	 volumetric	 elasticity	 has	 been	
neglected	in	the	definition	of	the	state	parameter.	Recall	that	in	Section	3.4.2,	the	change	from	
Granta	Gravel	to	Cam	Clay	was	the	addition	of	an	elastic	term	Δee	to	account	for	the	elastic	
volumetric	changes	caused	by	the	change	in	mean	stress.	Conceptually,	this	term	means	that	
the	yield	surface	is	unchanged	by	elastic	strains	–	which	is	consistent	for	a	plastic	model.	An	
equivalent	term	is	readily	added	to	the	definition	of	the	image	state	parameter	for	NorSand:

	
ψ κi c i

i

e e
p
p

= − −








, ln 	 (3.46)

The	void	ratio	correction	term	has	not	been	used	for	several	reasons,	despite	its	theoreti-
cal	attraction.	The	elastic	void	ratio	change	is	second	(third?)	order	compared	to	the	state	
parameter	and	it	is	not	essential	to	include	it	in	the	definition	of	state	–	undrained	loading	
is	computed	very	nicely	by	NorSand	(Chapter	6).	The	apparent	sophistication	of	the	elastic	
void	ratio	change	is	just	that,	apparent	not	real,	at	least	as	far	as	practical	application	of	
NorSand	is	concerned	and	the	simplest	definition	of	ψ	is	preferred.	There	is	also	the	issue	
that	κ	is	not	a	particularly	good	representation	of	elasticity	for	particulate	materials.

3.8.3   volumetric versus shear hardening 
and isotropic compression

The	Modified	Cam	Clay	yield	 surface	has	not	been	used,	despite	 the	preference	 for	 it	 in	
many	finite	element	programs.	This	is	not	an	oversight.	The	problem	with	Modified	Cam	
Clay	is	that	it	is	volumetric	hardening,	and	this	means	that	if	DP	=	0	then	no	hardening	takes	
place	with	continued	shear.	DP	=	0	is	exactly	the	image	condition	and	Second	Axiom	hard-
ening	cannot	work	using	volumetric	plastic	strain.	Now	consider	the	opposite	case	of	shear	
strain	hardening,	as	used	in	NorSand,	which	elegantly	copes	with	the	image	condition.	In	
the	case	of	a	Modified	Cam	Clay	yield	surface,	there	is	no	plastic	shear	strain	on	the	isotro-
pic	axis	for	plastic	volumetric	strain.	Because	of	this,	shear	hardening	has	no	control	over	
the	NCL,	and	this	most	fundamental	aspect	of	soil	behaviour	is	then	lost.	Yield	surfaces	of	
the	Modified	Cam	Clay	style	cannot	be	used	with	a	single	plastic	hardening	modulus	within	
a	state	parameter	framework.	At	least	two	plastic	moduli	are	needed,	and	this	implies	two	
yield	surfaces.	Double	yield	surface	models	exist	(Vermeer,	1978;	Molenkamp,	1981),	but	to	
date	these	have	not	incorporated	critical	state	concepts.

Discussion	of	the	NCL	brings	up	an	interesting	aspect	of	Second	Axiom	hardening.	The	
premise	of	the	state	parameter	approach	is	that	soil	exists	across	a	range	of	states	in	e−p	
space.	Self-consistency	means	that	these	states	must	be	accessible	and	develop	through	iso-
tropic	compression,	since	the	depositional	void	ratio	is	arbitrary.	How	can	this	be	recon-
ciled	with	the	requirement	that	soil	moves	to	critical	conditions	with	shear	strain,	given	the	
assertion	that	a	vertex	is	needed	on	the	yield	surface	at	the	NCL,	such	that	the	plastic	strain	
can	be	controlled	by	a	plastic	shear	modulus?	In	fact,	no	inconsistency	arises	because	the	
stress–dilatancy	relation	allows	contractive	strains	for	η�<	M.	Figure	3.21a	is	a	familiar	e–
log(p)	plot	showing	the	isotropic	NCL	paths	because	of	plastic	strains,	obtained	by	direct	
integration	of	the	hardening	rule	(3.38)	for	the	case	η	=	0.

Constant	properties	have	been	used,	and	the	computed	NCL	are	shown	for	various	ini-
tial	void	ratios.	Notice	the	similarity	to	the	experimental	data	of	Figure	3.12	(there	is	not	a	
direct	comparison	as	Figure	3.21	does	not	include	elastic	strains).	Figure	3.21b	shows	com-
puted	NCL	for	one	initial	void	ratio	and	three	different	values	of	H.	Decreasing	H	models	
more	compressible	sand.
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138  Soil liquefaction: A critical state approach

3.8.4  limit on hardening modulus

Interestingly,	although	the	concept	of	an	infinity	of	NCL	has	led	to	a	decoupling	of	isotropic	
compression	from	the	slope	of	the	CSL,	λ,	self-consistency	within	the	conceptual	frame-
work	requires	that	isotropic	compression	paths	should	extend	to	the	loose	side	of	the	CSL.	
This	aspect	is	derived	in	Appendix	C,	from	which	a	constraint	on	H	is	obtained:
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∀ <1

0
λ κ

ψ 	 (3.47)

1.0

0.9

H = 200

ψ0 = +0.1

ψ0 = +0.0

ψ0 = –0.1

ψ0 = –0.2

ψ0 = –0.3

0.8

0.7Vo
id

 ra
tio

Vo
id

 ra
tio

0.6

0.5

1.0

0.9

0.8

0.7

0.6

0.5
10 100 1,000

Mean effective confining stress, p΄(kPa)

Mean effective confining stress, p΄(kPa)

(b)

(a)

10,000 100,000

10 100 1,000

CSL

10,000

NorSand with a constant
hardening modulus, H: 

400CSL 200
100

100,000

Figure 3.21  Isotropic plastic compression behaviour of NorSand. (a) For constant plastic hardening, H = 200, 
and various initial states and (b) for constant initial state parameter, ψo = −0.1, and various plas-
tic hardening moduli.
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No	sands	encountered	to	date	have	had	the	NorSand	calibration	limited	by	(3.47)	and,	as	a	
rule	of	thumb,	a	first	estimate	is	that	H	≈	4/λ10.

3.8.5  plane strain and other non-triaxial compression loadings

In	the	presentation	of	NorSand	so	far,	the	aim	has	been	to	follow	along	the	historical	route,	
pointing	 out	 where	 these	 past	 ideas	 fit	 within	 the	 broader	 framework	 of	 geomechanics.	
However,	many	practical	situations	involve	plane	strain	and	one	might	reasonably	ask	for	
validation	under	such	plane	strain	conditions.	The	generalization	of	NorSand	from	the	tri-
axial	compression	model	to	arbitrary	stress	states/paths	and	with	rotating	principal	stress	is	
given	in	detail	in	Appendix	C.	This	is	the	form	of	NorSand	used	in	finite	element	calcula-
tions.	Broadly,	the	generalizations	involve	some	changes	in	notation	and	a	few	additional	
features,	but	the	basic	framework	remains	that	of	the	triaxial	model	and	the	additional	ideas	
are	straightforward.

Given	 sufficient	 parameters,	 it	 is	 always	 possible	 to	 fit	 a	 model	 to	 data.	The	 challenge	
comes	when	conditions	are	changed	and	the	model	has	to	predict	the	consequence	of	these	
changes.	This	chapter,	therefore,	also	presents	a	validation	of	3D	NorSand	 for	the	case	of	
plane	strain.	The	validation	 takes	 the	 form	of	predicting	plane	strain	behaviour	based	on	
triaxial	calibration.	This	verifies	both	that	the	3D	model	computes	as	advertised	and	that	the	
computed	behaviour	matches	reality	(the	validation)	within	reasonable	accuracy	(although	
reasonably	depends	somewhat	on	the	task	at	hand).	Plane	strain	was	chosen	as	the	valida-
tion	case	because	it	is	both	practically	important	and	very	different	from	triaxial	conditions	
(triaxial	extension	is	an	inadequate	validation	because	it	still	 invokes	the	symmetry	of	the	
triaxial	test).

Cornforth	(1961,	1964)	examined	the	behaviour	of	Brasted	sand	in	drained	loading	under	
triaxial	compression,	triaxial	extension	and	plane	strain	conditions.	The	triaxial	equipment	
used	 by	 Cornforth	 was	 the	 Imperial	 College	 apparatus	 described	 in	 Bishop	 and	 Henkel	
(1957)	and	is	comparable	to	the	triaxial	equipment	used	for	the	other	tests	discussed.	The	
plane	strain	apparatus	was	developed	at	Imperial	College	by	Wood	(1958)	and	is	described	
in	Section	2.7.	Figure	2.43	shows	a	picture	of	a	failed	sample	in	this	apparatus.

Cornforth’s	 testing	 encompassed	 a	 wide	 range	 of	 initial	 void	 ratios	 and	 a	 somewhat	
more	 restricted	 range	 of	 initial	 stresses.	 The	 resultant	 data	 have	 been	 presented	 earlier	
(Figure	2.45)	as	summary	values	in	terms	of	stress–dilatancy,	but	interest	here	centres	on	
the	 comparative	 constitutive	 behaviour	 between	pairs	 of	 triaxial	 compression	 and	plane	
strain	tests	at	similar	void	ratio	and	stress	level.	Table	3.4	summarizes	the	initial	conditions	
for	triaxial/plane	strain	pairs	or	loose,	compact	and	dense	sands.

The	CSL	 is	best	determined	 through	 several	undrained	 triaxial	 compression	 tests	on	
loose	 to	 compact	 samples,	 but	 no	 such	 tests	 are	 available	 for	 Brasted	 sand.	 The	 CSL	
parameters	were	therefore	estimated	as	follows.	Plotting	the	maximum	dilatancy	versus	
the	 initial	 void	 ratio	 for	 the	 triaxial	 compression	 tests	 at	 an	 initial	 confining	 stress	 of	
276	kPa	(40	psi)	showed	that	zero	dilatancy	corresponded	to	ec	≈	0.77	at	this	stress.	The	
data	at	an	initial	confining	stress	of	414	kPa	(60	psi)	are	more	scattered	and	do	not	allow	
for	sensible	determination	of	the	critical	void	ratio	for	that	stress.	Therefore,	λ	=	0.02	was	
adopted	as	not	unreasonable	based	on	other	sands,	then	giving	Γ	=	0.902	from	ec	≈	0.77	at	
276	kPa.	The	critical	friction	ratio	Mtc	is	defined	by	the	stress–dilatancy	plot	(Figure	2.45),	
giving	Mtc�=	1.27.

The	elasticity	of	Brasted	sand	is	uncertain	because	there	are	no	load–unload	stages	in	the	
test	data	to	identify	the	elastic	component,	nor	was	shear	wave	velocity	measured	directly.	
For	calibration,	Ir�=	500	and	ν	=	0.2	were	adopted	as	not	unreasonable	for	sand	at	the	density	
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and	confining	stress	of	Cornforth’s	experiments.	No	effect	of	density	was	used.	The	power	
law	exponent	was	taken	as	b	=	0.5.

The	 dilatancy	 parameter	 χtc� was	 determined	 by	 plotting	 Dmin	 in	 triaxial	 compression	
versus	 ψ	 (Figure	 2.50).	 The	 remaining	 plastic	 parameter	 is	 the	 hardening	 modulus,	 Htc,	
which	was	determined	through	IFM	of	the	triaxial	compression	data.	Figure	3.22	shows	
the	achieved	fits	for	the	three	triaxial	tests	listed	in	Table	3.4.	In	achieving	these	fits,	it	turns	
out	that	Htc�varies	with	the	state	parameter:	for	the	loose	test,	Htc	=	75;	for	the	compact	test,	
Htc	=	150	and	for	the	dense	test,	Htc	=	275.	The	dependency	of	Htc	on	ψo	for	Brasted	sand	is	
similar	to	Erksak	sand	(Figure	3.17)	and	is	as	follows:

	 H o= −50 1125ψ 	 (3.48)

The	comparison	of	measured	and	predicted	constitutive	behaviour	in	plane	strain	is	pre-
sented	 in	Figure	3.23.	These	plane	 strain	 simulations	used	 the	 sand	properties	 obtained	
in	 triaxial	 calibration,	 described	 earlier,	 without	 any	 modification.	The	 three	 tests	 plot-
ted	 in	Figure	3.23	are	 the	plane	strain	 tests	paired	with	 the	 triaxial	 tests	 (Table	3.4	and	
Figure	3.22).

The	 volume	 change	 behaviour	 (or	 dilatancy),	 maximum	 dilation	 rate,	 peak	 strength	
and	the	increased	stiffness	in	plane	strain	are	well	predicted	in	all	three	plane	strain	tests	
using	the	parameters	obtained	by	calibration	to	triaxial	tests.	The	intermediate	principal	
stress	is	also	well	predicted	in	two	tests,	but	diverges	a	little	from	the	data	for	the	dense	
sample.

Post-peak	behaviour	shows	an	interesting	divergence	of	theory	with	data	in	plane	strain.	
The	theory	shows	a	relatively	slow	reduction	in	peak	strength	with	axial	strain,	much	like	
under	 triaxial	 conditions,	 but	 the	 experimental	 results	 show	 a	 rapid	 reduction	 to	 what	
appears	to	be	the	critical	state	condition.

All	in	all,	the	3D	NorSand	validates	well	in	plane	strain	based	on	triaxial	calibration.	In	
addition,	NorSand	is	based	entirely	on	ψ	to	drive	the	computed	soil	behaviour.	So,	the	next	
chapters	are	about	determining	ψ	in-situ	and	developing	characteristic	values	for	design	in	
real	soils.

Table 3.4 Paired tests on Brasted sand

Referencea Test eo ψo Ko σm,0 (kPa) 

loose
A10-31 Triaxial: C21 0.754 −0.02 0.447 390
A10-14 Plane strain: P20 0.721 −0.05 0.444 391

Compact
A10-34 Triaxial: C25 0.664 −0.11 0.448 389
A10-12 Plane strain: P18 0.650 −0.12 0.435 395

Dense
A10-41 Triaxial: C34 0.570 −0.20 0.379 426
A10-17 Plane strain: P23 0.572 −0.20 0.381 425

Source:  Data  from  Cornforth,  D.H.,  Plane  strain  failure  characteristics  of  a 
saturated sand, PhD thesis, University of London, London, England, 1961.
a  The reference is to the figure number in Cornforth (1961).
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Chapter 4

Determining state parameter in-situ

4.1  IntroDuCtIon

Because	of	the	difficulty	in	sampling	cohesionless	soils	in	anything	like	an	undisturbed	con-
dition,	engineering	of	sands	and	silts	depends	largely	on	penetration	tests.	Penetration	tests	
are	also	simple	and	inexpensive,	attributes	that	allow	large	numbers	of	tests	to	characterize	
the	variability	of	ground	properties	 in	the	strata	of	 interest.	This	 is	not	to	say	that	 there	
are	no	alternatives	to	penetration	testing;	there	are,	and	these	will	be	discussed	later.	But	
alternatives	to	penetration	tests	are	difficult	to	execute,	usually	offer	less	accuracy,	and	do	
not	necessarily	provide	the	information	that	is	needed	directly.	Estimating	soil	state	from	
penetration	tests	is	the	backbone	of	liquefaction	assessments.

Penetration	 testing	 for	many	years	 almost	 always	meant	 the	 standard	penetration	 test	
(SPT),	a	test	 in	which	a	weight	 is	dropped	from	a	fixed	height	as	many	times	as	 it	 takes	
to	drive	a	standard	sampler	a	distance	of	300 mm	(1	ft)	into	the	ground.	During	the	last	
35	years,	the	SPT	has	been	progressively	replaced	by	the	cone	penetration	test	(CPT).	Today,	
CPT	is	most	often	conducted	using	an	electronic	piezocone.

Regardless	of	the	type	of	penetrometer	used,	a	basic	 issue	arises	with	the	fact	that	the	
measured	data	need	to	be	interpreted	as	the	process	is	typically	described.	The	word	inter-
preted,	however,	is	slightly	misleading.	What	happens	in	penetration	testing	is	that	the	soil	
response	(resistance)	to	an	enforced	displacement	is	measured,	but	it	is	the	properties/states	
of	the	soil	that	are	sought.	This	is	an	inverse	boundary	value	problem.	It	is	a	boundary	value	
problem	in	that	we	have	a	domain	with	boundaries.	It	is	inverse	in	that	we	know	the	answer	
(load	or	response)	but	need	to	identify	the	properties	or	state	(which	would	usually	be	the	
input).	Inversion	of	penetration	test	data	is	what	is	sought,	not	interpretation.	Much	of	this	
chapter	is	devoted	to	inversion.

Penetration	 test	 resistance	 is	very	dependent	on	 the	 stress	 level,	all	other	 factors	being	
equal.	This	makes	the	in-situ	stress	one	of	the	key	considerations	in	inversion.	Two	alter-
native	 approaches	 to	 allow	 for	 the	 stress	 level	 have	 developed.	 Within	 North	 American	
practice,	it	has	become	common	to	‘correct’	the	measured	data	to	a	reference	stress	level.	
Correction	is	a	misleading	word,	as	there	is	nothing	wrong	with	the	original	data.	What	
happens	in	the	reference	stress–level	approach	is	that	the	measured	data	are	mapped	to	what	
would	have	been	measured	at	the	reference	stress	level	if	nothing	else	(e.g.	void	ratio)	were	
changed.

The	alternative	approach	to	the	reference	stress	level	is	to	work	in	a	conventional	frame-
work	of	applied	mechanics	and	use	dimensionless	parameters.	A	dimensionless	approach	
allows	scaling	through	the	laws	of	mechanics	and	avoids	adjustments	or	corrections.	Since	
it	is	so	common,	the	reference	stress	approach	will	be	examined,	but	in	doing	this	the	errors	
and	simplifications	will	become	obvious.	Dimensionless	inversions	for	CPT	data	will	there-
fore	be	pursued	as	the	core	method.
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There	has	also	been	a	dominant	tendency	to	rely	on	empirical	correlations	to	determine	
in-situ	properties.	This	reliance	on	correlations	is	unfortunate,	as	correlations	can	often	be	
found	where	there	is	no	basis	for	a	causal	relationship,	or	certain	factors	have	been	missed.	
Wroth	(1988)	addressed	this	issue	and	emphasized	that	correlations	between	the	results	of	
in-situ	 tests	and	soil	properties	should	be:	 (1)	based	on	physical	 insight;	 (2)	set	against	a	
theoretical	background;	and	(3)	expressed	in	dimensionless	form.

The	CPT	will	be	used	as	the	principal	basis	for	assessing	the	in-situ	state.	The	relevant	
dimensionless	 parameters	 for	 the	 CPT	 are	 presented	 in	 Table	 4.1.	 These	 dimensionless	
parameters	follow	Wroth’s	strictures,	most	being	developed	from	cavity	expansion	as	the	
analogue	to	the	CPT.

The	reason	to	introduce	both	Q	and	Qp	is	that,	while	Qp	is	the	fundamental	dimensionless	
variable	of	interest,	it	does	require	knowing	the	geostatic	stress	ratio	(Ko).	This	requirement	
to	know	Ko	is	inconvenient,	and	so	some	people	have	tried	to	avoid	the	issue	by	working	in	
terms	of	only	vertical	stress	or	Q.	There	are	useful	soil	classification	charts	using	Q,	and	
we	need	to	retain	it	for	that	purpose.	However,	inversions	with	greatest	precision	require	
Qp.	Practically,	with	sufficient	accuracy,	there	is	a	very	simple	relationship	between	the	two	
dimensionless	variables	which	is	shown	in	the	final	row	of	Table	4.1.

4.2  spt versus Cpt

The	SPT	is	a	test	that	has	been	in	use	for	more	than	75 years.	Originating	in	the	United	
States,	it	is	now	used	worldwide.	The	advantages	of	the	SPT	are	that	the	equipment	is	rug-
ged,	the	procedure	is	easy	to	carry	out,	a	sample	of	the	soil	tested	is	usually	recovered	and	
most	soil	types	can	be	tested.	The	word	‘standard’	is	misleading	though,	as	there	are	quite	
large	variations	in	the	test	procedure.	Attempts	have	been	made	in	recent	years	to	prop-
erly	 standardize	 the	SPT,	with	an	 international	 reference	 test	procedure	being	proposed	
in	1988.	But	the	principal	difficulty	with	the	SPT	is	its	lack	of	repeatability,	even	with	the	
same	 equipment	 and	 borings	 directly	 adjacent	 to	 each	 other.	 The	 poor	 repeatability	 of	
the	SPT	arises	because	of	two	factors:	the	variability	in	the	input	energy	and	the	dynamic	
nature	of	the	test.

The	original	form	of	the	SPT	used	a	spinning	cylinder	(called	a	cathead)	driven	off	the	
power	unit	of	the	drilling	rig,	with	a	slipping	rope	around	it	as	the	means	by	which	the	

Table 4.1 Dimensionless parameter groupings for CPT interpretation

Dimensionless parameter group Description 

Q q p pp t o o= − ′( )/ Tip resistance normalized by mean effective stress

Q qt vo vo= − ′( )σ σ/ Tip resistance normalized by vertical effective stress

F = fs/(qt−σvo) Normalized friction or friction ratio (usually expressed in %)
Bq = (u−uo)/(qt−σvo) Normalized excess pore pressure

Q B q uq t vo( ) ( )1 1− + = − ′/σ Suggested by Houlsby (1988). It is an effective stress form of tip resistance, 
useful in silts and when considering classification of soil types with the 
CPT. It allows greater differentiation between silty clays and clayey silts at 
the low qt undrained end of the spectrum.

Qp = 3Q/(1 + 2Ko) Relationship between normalized resistances Qp and Q

Note:  qt is the end area corrected tip resistance, and qc is the raw measured value. For sands and silts, the pore water pres-
sure is small compared to qc and the values of qt and qc are essentially identical. We use qt and qc somewhat interchangeably 
in this book because before the mid 1980s only qc was reported (because pore pressure measurements were uncommon).
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weight	 was	 raised.	 The	 driller	 pulled	 on	 the	 rope,	 which	 stopped	 the	 rope	 slipping	 on	
the	cathead,	which	raised	the	weight	until	the	driller	thought	that	it	had	reached	the	stan-
dard	height,	whereupon	the	rope	was	released	again.	Although	it	sounds	like	something	
out	of	Monty	Python,	this	is	in	fact	the	way	things	were	done.	Not	surprisingly,	there	was	
a	lot	of	variation	in	the	input	energy	both	from	the	variable	height	of	each	blow	and	from	
the	differing	drag	of	the	rope	on	the	cathead.	It	has	been	argued	that	this	procedure	should	
continue,	as	 it	represents	the	standard	on	which	the	database	of	 liquefaction	case	histo-
ries	is	based.	Aside	from	the	technical	arguments,	the	cathead	system	should	be	avoided	
on	health	and	safety	grounds	–	drillers	have	had	fingers	and	hands	mangled	 in	rotating	
catheads.

Improvements	to	the	SPT	initially	concentrated	on	mechanizing	the	hammer	system,	so	
that	the	blows	were	truly	delivered	in	free	fall	and	from	the	same	height	each	time.	The	goal	
was	to	achieve	a	repeatable	60%	of	the	free	fall	energy	delivered	to	the	SPT	rods	(selected	
as	an	average	target	for	equivalence	with	cathead	systems)	and	hence	the	nomenclature	for	
the	 blow	 counts	 as	 N60.	 This	 improvement	 does	 not,	 however,	 address	 a	 basic	 problem.	
The	energy	transfer	through	the	anvil	to	the	penetrometer	depends	on	various	impedances	
including	those	of	the	ground	and	the	inertia	of	the	drill	rods.	To	circumvent	variable	energy	
transfer,	people	began	using	transducers	and	electronic	measuring	systems	to	measure	the	
actual	energy	transferred	to	the	soil.	Robertson	et al.	(1992)	give	an	interesting	account	of	
these	developments	and	an	example	of	one	such	system.	ASTM	published	standard	D4633	
for	energy	measurement	during	the	SPT.	Of	course,	once	the	energy	is	measured	electroni-
cally,	 the	simplicity	of	 the	SPT	is	 lost	with	the	attempt	to	apply	sophisticated	electronics	
and	data	acquisition	systems	to	a	poor	test.	Once	computers	are	involved,	the	CPT	offers	so	
much	more	with	so	much	less	effort.

To	illustrate	the	poor	repeatability	of	the	SPT	even	with	energy	correction,	Figure	4.1a	
shows	 the	 results	 of	 two	 borings	 with	 SPTs	 in	 alluvial	 sands	 of	 the	 Fraser	 Delta,	 near	
Vancouver,	 Canada.	 These	 borings	 were	 only	 2	 m	 apart.	 The	 SPTs	 were	 conducted	 by	
the	 same	 drillers	 with	 the	 same	 mechanized	 hammer	 equipment,	 with	 energy	 measure-
ment.	Nevertheless,	the	N60	values	fluctuate	more	than	±25%	about	the	mean	trend.	This	
extremely	poor	test	repeatability	is	a	principal	objection	to	the	SPT.	It	is	pointless	to	attempt	
to	base	any	engineering	on	a	test	that	is	inaccurate	to	this	extent.

The	CPT	has	also	been	in	use	for	a	long	time,	nearly	as	long	as	the	SPT	in	fact.	Originating	
in	the	Netherlands	(hence	its	early	name	of	‘Dutch	cone’)	as	a	way	of	probing	soft	clay	to	
find	the	bearing	stratum	for	a	piled	foundation,	the	CPT	developed	into	a	more	widely	used	
test	for	pile	capacity	throughout	the	Low	Countries.	With	the	growth	of	the	offshore	oil	
industry,	the	CPT	developed	very	rapidly	and	became	the	reference	test	for	that	industry.	
A	considerable	CPT	business	has	developed	worldwide,	with	many	specialist	contractors	
testing	many	thousands	of	meters	of	soundings	per	year.	Since	the	mid-1970s,	there	has	
been	an	explosion	of	knowledge	and	technology	associated	with	the	CPT.	Key	develop-
ments	include	the	following:

•	 Standardization	on	right	cylindrical	geometry	with	60°	conical	point
•	 Addition	of	piezometric	measurements
•	 Addition	of	inclinometers	to	track	CPT	deviation	during	sounding
•	 Addition	of	geophones	for	concurrent	vertical	seismic	profiling
•	 Microprocessors	in	the	penetrometer	for	transducer	stabilization
•	 Analogue	to	digital	conversion	of	data	in	the	penetrometer
•	 Digital	data	transmission	to	the	surface
•	 Recording	of	data	in	digital	form	using	microcomputers
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The	particular	advantage	of	the	CPT	is	the	interesting	combination	of	a	continuous	data	
record	with	excellent	repeatability	and	accuracy,	all	at	relatively	low	cost.	The	same	num-
bers	are	produced	regardless	of	which	contractor	or	driller	carries	out	the	work.

The	repeatability	of	 the	CPT	is	 illustrated	 in	Figure	4.1b,	which	shows	two	soundings	
in	sandfill	1.5	m	apart	at	ground	surface	(but	not	 the	same	site	as	Figure	4.1a).	There	 is	
excellent	repeatability,	with	only	occasional	slight	vertical	offset	in	the	location	of	denser	
layers.	The	CPT	shows	combined	accuracy,	non-linearity	and	hysteresis	that	is	close	to	the	
transducer	limits	of	0.5%	full	scale	(or	0.25	MPa).	Most	modern	CPTs	will	equal	or	better	
this	performance.	A	standard	for	the	CPT,	ASTM	D5778	(and	this	is	an	excellent	standard	
that	should	be	referred	to	in	specifying	CPT	work),	suggests	that	the	standard	deviation	in	
measured	qt	is	approximately	2%	of	full-scale	output.

In	round	numbers,	the	SPT,	even	with	energy	measurements	and	subsequent	correction,	
is	 four	 to	five	 times	 less	 repeatable	 than	 the	CPT.	The	SPT	also	 suffers	 from	 significant	
discretization	error.	Once	N60	is	greater	than	about	20,	liquefaction	problems	have	largely	
been	avoided,	 so	 that	 the	 entire	 range	 from	catastrophic	 through	 to	adequate	behaviour	
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Figure 4.1  Comparison  of  SPT  and  CPT  repeatability.  (a)  Two  adjacent  SPT  borings  (Richmond,  British 
Columbia, Canada) and (b) two adjacent CPT soundings (Tarsiut, Beaufort Sea).
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is	 spanned	 in	 something	 like	 20	 units	 of	 measurement.	 By	 contrast,	 even	 the	 crudest	 of	
modern	CPT	equipment	will	cover	the	same	range	in	about	3000	discretization	intervals	to	
span	0–50	MPa	(4096	points	from	12-bit	resolution	with	linear	scaling)	and	more	accurate	
CPT	measurements	are	easily	achieved	by	changing	to	a	more	sensitive	transducer	(e.g.	a	
0–20	MPa	unit)	and	the	possible	enhancement	of	18-bit	discretization.

An	argument	sometimes	put	 forward	 in	favour	of	 the	SPT	is	 that	one	usually	obtains	
a	geological	 sample	of	 the	stratum	just	 tested,	which	of	course	 is	not	obtained	with	 the	
CPT.	This	argument	is	specious	in	two	ways.	First,	the	origin	of	the	CPT	is	a	stratigraphic	
logging	 tool,	 and	 there	 are	 reliable	 charts	 to	 estimate	 soil	 type	 (an	 example	 is	 given	 in	
Figure	4.2).	Plus,	the	CPT	sees	soil	layers	in	the	order	of	50 mm	thickness,	such	detail	being	
completely	missed	by	the	SPT	N60	value.	Second,	interest	lies	in	the	mechanical	behaviour	
of	the	soil,	and	the	three	data	channels	of	the	CPT	measure	just	that.	Exaggerating	for	the	
sake	of	making	the	relevant	point,	it	really	does	not	matter	if	a	stratum	is	called	silty	sand	
or	blue	cheese	with	holes	–	what	matters	is	its	mechanical	and	hydraulic	behaviour.	The	
CPT,	by	having	three	data	channels	to	the	SPT’s	one,	is	obviously	superior	at	providing	use-
ful	data	on	these	soil	behaviours.	And	then	there	is	the	vastly	better	resolution,	data	density	
and	accuracy	of	the	CPT.

Before	leaving	the	SPT,	note	that	using	the	CPT	still	allows	the	use	of	any	relevant	SPT	
databases.	Because	both	SPT	and	CPT	are	penetration	tests,	there	is	a	relationship	between	
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the	resistance	measured	in	one	and	that	seen	in	the	other.	Several	people	have	looked	into	
this,	and	the	general	form	of	the	relationship	is

	 q Nt = α 60 	 (4.1)

The	coefficient	α	(MPa/blow)	depends	on	soil	type.	Initially,	estimates	of	α	were	sought	
from	the	perspective	of	having	SPT	data	in	hand	–	that	is	one	knew	the	geologic	descrip-
tion	of	the	strata,	had	a	blow	count	and	from	this	one	wanted	to	estimate	an	equivalent	
CPT	resistance.	Burland	and	Burbridge	(1985)	give	a	good	summary	of	the	knowledge	of	
α	from	geology,	with	detailed	information	being	found	in	Robertson	et al.	(1983).	Figure	
4.3	 summarizes	 the	 relationships	developed.	Here,	 the	opposite	 situation	 is	 relevant	as	
emphasis	 is	 on	 the	 CPT,	 and	 the	 requirement	 is	 to	 be	 able	 to	 look	back	 and	 compare	
measurements	 to	 those	 sites	where	only	SPT	data	are	available.	Because	 the	CPT	does	
not	provide	a	sample	to	use	in	assessing	grain	size,	reliance	is	placed	on	the	friction	ratio	
or	soil	behaviour	 type	 from	the	CPT.	Jefferies	and	Davies	 (1993)	as	well	as	Robertson	
(2012)	dealt	with	this	and	the	methodology	is	given	later	after	the	general	framework	for	
evaluation	of	 the	CPT	has	been	developed	and	explained.	For	now,	accept	 that	relying	
on	the	CPT	does	not	mean	abandoning	those	case	histories	for	which	only	SPT	data	are	
available	and	that	SPT-based	experience	can	be	used	when	only	CPT	soundings	have	been	
carried	out.

There	is	also	the	important	point,	in	choosing	between	whether	to	use	the	CPT	or	the	
SPT,	that	many	case	histories	actually	have	CPT	data,	sometimes	as	well	as	the	SPT	and	
sometimes	instead	of	the	SPT.	There	is	an	erroneous	impression	given	in	the	literature	that	
the	SPT	should	be	the	test	of	first	resort	because	that	is	how	liquefaction	analysis	started	
and	it	provides	the	precedent.	Nothing	could	be	further	from	the	truth,	as	can	be	seen	from	
scanning	the	case	histories	presented	in	Appendix	F.
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4.3  Inverse proBleM: a sIMple fraMeWork

Although	initial	interest	in	the	CPT	derived	from	the	geologic	perspective	of	stratigraphic	
identification	using	a	continuous	record,	it	is	the	repeatability	and	accuracy	of	the	CPT	that	
is	of	most	interest	here.	The	determination	of	penetration	resistance	to	an	accuracy	of	typi-
cally	better	than	2%	is	certainly	precise	enough	for	soil	testing	and	provides	the	basis	for	
estimating	the	state	parameter	in-situ.	However,	this	will	not	be	achieved	by	simply	intro-
ducing	 correlations.	Rather,	Wroth’s	 strictures	will	 be	 followed	and	a	proper	 theoretical	
framework	provided.

Determination	of	the	in-situ	state	involves	solving	an	inverse	problem.	The	relationship	
between	CPT	resistance	and	the	properties	of	the	soil	stratum	is	of	the	form

	
Q f G Mp v= ( , , , , )ψ σ … 	 (4.2)

whereas	inversion	of	(4.2)	is	required	to	get	the	state	from	the	CPT	response:

	
ψ = −f Q G Mp v

1( , , , , )σ … 	 (4.3)

Generally,	there	is	an	information	loss	with	inversion.	Qp	will	be	determined	more	accu-
rately	from	(4.2),	for	a	given	range	of	uncertainties	in	material	properties,	than	will	be	ψ	
using	(4.3)	and	the	same	uncertainties.	This	is	a	fact	of	life	and	is	the	flip	side	of	the	ease	of	
penetration	testing	in	the	field.	Accurate	parameter	determination	from	the	data	requires	
a	lot	of	care	and	attention	to	detail.	Also,	note	an	algebraic	limitation.	There	is	one	item	
of	 information	(qt)	and	one	equation.	There	is	no	possibility	of	 learning	five	independent	
properties	from	the	CPT	penetration	resistance	alone,	despite	all	the	‘correlations’	that	have	
been	published.	Those	properties	appearing	in	the	right-hand	side	of	(4.3)	must	be	known.	
This	is	a	fundamental	requirement	based	in	algebra,	not	something	that	can	be	avoided	by	
relying	on	correlations.

The	approach	taken	here	is	to	follow	(4.3)	rigorously.	The	starting	point	is,	of	course,	to	
define	the	nature	of	the	function	f�–1.	This	is	a	little	troublesome,	as	there	is	no	closed-form	
solution	for	the	resistance	of	the	ground	to	a	CPT.	Obtaining	a	proper	form	for	(4.2)	and	
(4.3)	needs	large	displacement	analysis	as	the	familiar	small	strain	approximations	(i.e.	what	
you	were	taught	 in	undergraduate	engineering	courses)	do	not	give	a	stable	 limiting	load	
as	seen	by	the	penetrometer.	Further,	the	zone	around	the	penetrometer	is	one	of	intense	
shearing	with	substantial	changes	in	void	ratio.	A	proper	analysis	needs	a	soil	model	whose	
behaviour	reflects	the	effect	of	changing	void	ratio	and	stress,	but	such	soil	models	are	not	
tractable	 in	 closed-form	 solutions.	What	 is	more,	 these	 good	 soil	models	 are	difficult	 to	
implement	in	finite	element	codes	with	the	soil	flowing	around	a	penetrometer.

As	a	first-order	guide,	 the	simplest	acceptable	approximation	to	the	form	of	(4.2)	 is	 to	
combine	spherical	cavity	expansion	theory	with	a	non-associated	Mohr–Coulomb	(NAMC)	
soil	model.	This	combination	does	have	a	semi-closed-form	solution	and	gives	an	analogue	
for	the	CPT	in	drained	penetration	of	cohesionless	soils.	Spherical	cavity	expansion	looks	at	
the	problem	of	expanding	a	spherical	cavity	of	some	initial	radius	(which	may	be	zero)	in	an	
infinite	soil	medium,	neglecting	gravitational	effects.	An	advantage	of	the	cavity	expansion	
analysis	is	that	a	difficult	3D	problem	is	reduced	to	something	viewed	in	terms	of	one-space	
variable,	radius.	The	pressure	required	to	expand	a	spherical	cavity	has	a	 limiting	value,	
given	sufficient	cavity	expansion,	and	this	limiting	value	is	treated	as	an	approximation	of	
the	pressure	on	the	tip	of	the	CPT	as	it	displaces	the	soil	in	penetrating	the	ground.
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The	symmetry	of	cavity	expansion	has	resulted	 in	cavity	expansion	analysis	becoming	
one	of	the	classics	of	theoretical	soil	mechanics,	and	there	is	quite	a	history	of	progressive	
development	of	the	analysis.	Restricting	our	attention	to	cohesionless	soils,	the	following	are	
the	key	developments	in	an	understanding	of	cavity	expansion.

Chadwick	(1959)	gave	a	first	solution	for	spherical	cavity	expansion	in	a	frictional	soil	by	
using	a	Mohr–Coulomb	soil	model	with	a	dilation	angle	equal	to	the	friction	angle.	A	natu-
ral	strain	approach	accounted	for	large	displacements.	The	solution	was	not	closed	form,	
requiring	numerical	evaluation	of	integrals.	Vesic	(1972)	gave	a	delightfully	simple	solution	
for	a	Mohr–Coulomb	soil	using	a	large	displacement	formulation.	However,	simplicity	was	
gained	 by	 writing	 the	 solution	 in	 terms	 of	 total	 volumetric	 change	 in	 the	 plastic	 zone	 –	
which,	in	general,	is	not	known	with	sands,	and	this	limited	the	applicability	of	the	solution.	
A	crucial	aspect	of	soil	behaviour	was	missing	from	what	is	otherwise	a	very	elegant	analy-
sis.	Baligh	(1976)	further	developed	Vesic’s	approach	to	include	the	effect	of	‘soil	compress-
ibility’	(his	terminology	–	it	is	actually	suppression	of	dilation	by	mean	stress)	on	the	cavity	
pressure,	illustrating	how	different	penetration	resistance	profiles	with	depth	can	arise	from	
this	effect.	Hughes	et al.	(1977)	worked	with	only	small	strain	expansion	of	a	cylindrical	
cavity	but	were	the	first	to	introduce	stress–dilatancy	theory	as	the	basic	constitutive	model.	
This	removed	dependence	on	prior	uncertainties	about	plastic	volume	changes,	as	they	were	
now	calculated	as	part	of	the	solution.	However,	the	small	strain	basis	prevented	calculation	
of	limit	pressures.	Carter	et al.	(1986)	applied	the	NAMC	model	for	plastic	strains	with	a	
large	strain	formulation	to	both	cylindrical	and	spherical	cavity	expansions.	This	was	the	
first	real	result	that	is	readily	useable	and	expressed	in	terms	of	a	few	soil	properties.	Their	
solution	was	closed	form,	but	implicit	for	the	cavity	expansion	pressure.	Subsequently,	Yu	
and	Houlsby	(1991)	adopted	the	same	NAMC	material	idealization	in	an	entirely	different	
mathematical	treatment	and	gave	a	series	solution.

Thus,	from	the	late	1980s,	realistic	guidance	has	been	available	in	semi-closed	form	to	
indicate	a	basis	for	the	proper	interpretation	of	the	CPT.	This	guidance	is	based	on	constant	
soil	properties	throughout	the	cavity	expansion,	which	is	a	further	simplification	imposed	
on	the	already	idealized	case	of	radial	symmetry.	Since	then,	the	increasing	power	of	com-
puters	has	become	apparent,	and	more	sophisticated	soil	models	have	been	used	that	spe-
cifically	include	void	ratio	change	as	the	cavity	expands,	with	corresponding	changes	in	the	
soil	behaviour.	These	 sophisticated	models	are	not	analytically	 tractable,	and	depend	on	
numerical	methods	for	solution	even	with	radial	symmetry	in	cavity	expansion.	Numerical	
solutions	are	examined	later,	but	it	is	helpful	first	to	use	the	simpler	closed-form	solutions	
as	a	guide.	Of	these	solutions,	that	by	Carter	et al.	is	the	easiest	to	use	and	is	adequately	
thorough.

Stress–strain	curves	for	the	NAMC	model	used	in	the	Carter	et al.	model	are	presented	
in	Figure	4.4	and	can	be	compared	with	examples	of	sand	behaviour	given	in	Chapter	2.	In	
particular,	notice	that	NAMC	captures	the	basic	dilatancy	of	sands,	although	in	the	simple	
sense	dilatancy	is	constant	once	yielding	starts.	The	NAMC	model	is	elastic–plastic	with	
four	properties:	two	elastic	(shear	modulus	G	and	Poisson’s	ratio	ν)	and	two	plastic	(fric-
tion	angle	ϕ	and	dilation	angle	δ).	There	is	no	plastic	hardening.	The	model	is	termed	non-
associated	because	the	friction	and	dilation	angles	are	different.	The	Mohr–Coulomb	part	
is	a	conventional	and	familiar	limiting	strength	criterion,	which	is	taken	as	a	yield	surface	
in	the	NAMC’s	model.	The	Carter	et	al.	solution	for	the	limit	spherical	cavity	expansion	
stress	ratio	Qp	in	a	NAMC	soil	is
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where	the	terms	n,	R,	T	and	Z	are	functions	of	the	four	properties	of	the	NAMC	soil	noted	
earlier.	Notice	that	(4.4)	is	an	inverse	form	for	Qp;	one	cannot	simply	rearrange	the	equation	
to	recover	Qp	given	input	of	the	four	material	properties.	However,	(4.4)	is	easily	solved	with	
the	bisection	algorithm	in	a	spreadsheet;	the	downloadable	spreadsheet	Carter.xls	returns	
Qp	for	specified	material	properties	using	the	bisection	algorithm.	Also	notice	that	modulus	
in	(4.4)	has	been	normalized	by	far-field	stress	to	give	the	dimensionless	rigidity	I G pr o= / ;	
this	parameter	group	arises	routinely	in	mechanics-based	understanding	of	soil	behaviour,	
including	penetration	tests	(note	that	po	is	effective	stress	in	this	context).

In	the	NAMC	model,	dilation	and	friction	angles	are	treated	as	properties	that	can	vary	
independently	of	each	other,	whereas	in	real	soils	friction	angle	links	to	dilatancy	through	
stress–dilatancy	behaviour.	There	are	alternative	theories	describing	different	mathematical	
forms	for	the	relationship	between	the	friction	angle	ϕ	and	the	dilation	angle	δ,	but	these	
are	operationally	quite	 similar.	One	common	approach	 is	 to	approximate	Rowe’s	 stress–
dilatancy	theory	(Rowe,	1962)	as	suggested	by	Bolton	(1986):

	 φ φ δ= +c 0 8. 	 (4.5)

where	ϕc	is	the	critical	state	friction	angle.
Figure	4.5	shows	the	relationship	between	Qp	and	peak	friction	angle	from	(4.4)	using	

Bolton’s	approximation	for	stress–dilatancy	(4.5).	The	figure	shows	the	Carter	et al.	solu-
tion	as	well	as	the	results	by	Yu	and	Houlsby	(1991,	1992).	The	two	solutions,	while	not	
identical,	are	close.	Also	shown,	as	points,	are	four	simulations	using	the	large	strain	finite	
element	method	and	the	same	NAMC	model	as	Carter	et al.	The	finite	element	results	lie	
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Figure 4.4  Example  stress–strain  behaviour  of  NAMC  material  in  triaxial  compression  (properties  for 
medium dense sand).

© 2016 by Taylor & Francis Group, LLC

  



152  Soil liquefaction: A critical state approach

30
10

100

Ca
vi

ty
 p

re
ss

ur
e r

at
io

, Q
p

1000

35 40
Friction angle, φ΄ (°)

Finite element solution
(Shuttle and Jefferies, 1998)

Yu and Houlsby (1992)

Carter et al. (1986)

Stress dilatancy
from Bolton (1986)
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between	the	Carter	et al.	solution	and	the	one	by	Yu	and	Houlsby.	This	finite	element	pro-
gram	is	used	later	for	developing	detailed	CPT	simulations	with	the	NorSand	model,	and	
the	results	for	NAMC	are	shown	here	as	a	program	verification.

The	peak	 friction	angle	and	 the	 state	parameter	ψ	 are	 intimately	 related.	Referring	 to	
Figure	2.7	the	peak	friction	angle	is	given	by

	
φ φ ψ φ= −






 = °c c1

5
3

32with 	 (4.6)

Based	on	the	20	sands	tested,	Equation	4.6	is	broadly	applicable	regardless	of	grain	size	and	
shape,	fines	content	or	mineralogy.	Introducing	Equation	4.6	into	4.5	to	determine	δ	from	
the	chosen	ψ,	ϕc,	and	then	substituting	the	results	in	(4.4),	gives	a	closed-form	relationship	
between	Qp	and	ψ.	This	relationship	is	plotted	in	Figure	4.6	for	three	values	of	rigidity.

Figure	4.6	is	based	on	a	solution	for	the	penetration	resistance	given	three	material	prop-
erties:	Ir	(which	might	also	be	regarded	as	a	state	variable	since	it	changes	with	void	ratio),	ν	
(essentially	a	constant	for	any	sand),	and	ϕc	(also	taken	to	be	a	constant	for	any	sand);	plus	
the	state	parameter	ψ.	However,	the	requirement	is	for	the	opposite	problem	of	knowing	
Qp	from	a	CPT	sounding	and	wishing	to	determine	ψ.	This	can	still	be	done	by	using	the	
bisection	algorithm	to	solve	for	ψ,	but	there	is	a	simpler	approximation.	As	shown	by	the	
dotted	lines	in	Figure	4.6,	the	closed-form	solution	can	be	approximated	by	the	very	simple	
expression

	
Q k mp = − )exp( ψ 	 (4.7)

which	is	readily	inverted	to	give	the	relationship	sought:

	
ψ =

− ln( )Q k
m

p /
	 (4.8)

The	interpretation	parameters	k	and	m	are	functions	of	the	soil	rigidity.	This	is	then	a	basic	
expectation,	anchored	in	theory,	as	to	the	form	of	the	inversion	sought	for	obtaining	the	
state	parameter	 from	CPT	data.	Of	course,	 there	 is	a	question	as	 to	 the	extent	 to	which	
the	simplifications	in	cavity	expansion	theory	adequately	represent	the	CPT.	The	relation-
ship	between	spherical	cavity	expansion	and	penetrometer	resistance	in	sand	was	experi-
mentally	tested	by	Ladanyi	and	Roy	(1987),	and	their	key	result	is	presented	in	Figure	4.7.	
Penetrometer	resistance	and	cavity	pressure	are	similar	functions	of	friction	angle,	but	the	
two	are	not	equal.	Cavity	expansion	 is	only	an	analogue	for	 the	CPT,	and	calibration	 is	
required	to	obtain	the	appropriate	parameter	values.

As	a	final	comment	on	closed-form	solutions,	Ladanyi	and	Foriero	(1998)	suggest	that	
at	least	some	of	the	large	strain	solutions	discussed 	earlier	err	in	combining	a	large	strain	
measure	(friction	angle)	with	a	ratio	based	on	small	strains	(rigidity).	So	far,	this	proposition	
has	not	been	further	discussed	in	the	literature,	but	the	Carter	et al.	solution,	being	formed	
from	integration	of	strain	rates,	should	be	acceptable.

4.4  CalIBratIon ChaMBers

4.4.1  Description

Because	 theoretical	 and	numerical	 solutions	 for	 the	CPT	are	 so	difficult,	 and	 the	 spher-
ical	 cavity	 solutions	 are	 approximations,	 most	 work	 at	 some	 point	 requires	 reference	 to	
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154  Soil liquefaction: A critical state approach

calibration	chamber	(CC)	studies.	The	CC	is	essentially	a	large	triaxial	cell,	typically	about	
1	 m	 in	 diameter,	 in	 which	 sand	 prepared	 to	 a	 known	 density	 can	 be	 loaded	 to	 a	 given	
stress	level.	A	CPT	is	then	carried	out	in	the	sand.	Figure	4.8	shows	a	picture	and	a	general	
arrangement	of	a	CC.

CC	studies	involve	carefully	placing	sand	in	the	test	chamber	so	that	it	is,	to	the	maxi-
mum	 practical	 extent,	 of	 constant	 and	 a	 known	 density.	 Dry	 pluviation	 is	 commonly	
used.	Then,	a	desired	stress	regime	is	applied	in	the	same	way	as	consolidating	a	triaxial	
sample.	Vertical	and	radial	stresses	are	independently	controlled	so	that	the	effect	of	geo-
static	stress	ratio	can	be	evaluated.	Setting	up	a	sample	of	sand	in	the	CC	is	not	a	trivial	
undertaking;	over	2	tonnes	of	sand	is	involved.	The	CPT	is	pushed	into	the	sand	in	the	
CC,	just	as	in	the	field,	with	CPT	data	recorded	in	the	usual	way.	Figure	4.9	shows	exam-
ples	of	measured	CPT	parameters	and	the	corresponding	density	measured	throughout	
the	various	layers	of	a	CC	(after	Been	et al.,	1987b).	CC	studies	comprise	many	such	tests	
over	a	range	of	densities,	applying	a	range	of	confining	stress	levels.	From	this	testing,	it	
is	possible	to	develop	a	mapping	between	the	CPT	penetration	resistance	qc,	initial	con-
fining	stress,	geostatic	stress	ratio	and	soil	state	(as	measured	by	ψ,	void	ratio	or	relative	
density).

CCs	 are	 a	 finite	 size	 and,	 although	 many	 times	 the	 diameter	 of	 the	 CPT	 itself,	 the	
reality	 is	 that	 the	 far	 field	 from	 the	 CPT	 affects	 the	 penetration	 resistance.	 The	 CPT	
does	 not	 simply	 test	 soil	 a	 few	 tens	 of	 millimetres	 adjacent	 to	 the	 penetrometer.	 This	
is	unsurprising,	as	the	cavity	expansion	theory	shows	the	elastic	far	field	is	 important.	
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Figure 4.7  Comparison  of  experimental  spherical  cavity  limit  pressure  with  penetration  resistance  of 
blunt  indenter.  (After  Ladanyi,  B.  and  Roy,  M.,  Point  resistance  of  piles  in  sand.  Proceedings 
Ninth Southeast Asian Geotechnical Conference, Bangkok, Thailand, 1987. With permission  from 
Professor B. Ladanyi.)
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Practically,	 this	means	 chamber	boundaries	do	 influence	 the	CPT,	 especially	 in	dense,	
dilatant	sands	(Parkin	et al.,	1980;	Parkin	and	Lunne,	1982;	Ghionna,	1984).	Chamber	
size	corrections	are,	therefore,	applied	to	the	measured	qc	data,	depending	on	the	diam-
eter	ratio	between	the	cone	and	chamber,	the	density	of	the	sand	and	the	chamber	bound-
ary	condition	(constant	stress	or	zero	volume	change).	Correction	factors	are	discussed	
in	Section	4.4.3.

As	will	be	appreciated,	there	is	quite	a	bit	of	experimental	scatter	in	chamber	data	because	
of	difficulties	 in	 controlling	 (and	measuring)	 sand	density	 in	 the	 chamber	 as	well	 as	 the	
influence	of	top	and	bottom	boundaries.	Picking	the	qc	values	themselves	off	the	traces	also	
involves	judgement,	as	it	is	rare	to	get	a	perfectly	constant	qc	value	with	penetration	into	
the	chamber.	Nevertheless,	reasonably	constrained	mappings	can	be	developed	given	due	
diligence.	These	data	become,	in	effect,	the	gold	standard	as	it	represents	full-scale	direct	
calibration	of	the	CPT	in	sands.

4.4.2  test programs and available data

CC	 studies	 have	 been	 carried	 out	 for	 some	 35  years	 and	 in	 several	 laboratories,	 both	
academic	and	commercial.	To	date,	at	least	13	sands	have	been	tested	for	which	there	is	
also	a	critical	state	line.	Several	groups	have	tested	the	same	sand	in	different	chambers,	
allowing	comparison	of	equipment	and	repeatability.	Table	4.2	summarizes	CC	studies	
of	the	CPT	that	have	been	published	and	for	which	CSLs	are	available	(Table	2.1).	Sands	
have	 been	 tested	 in	 both	 the	 normally	 consolidated	 (NC)	 and	 over-consolidated	 (OC)	
states	to	arrive	at	an	indication	of	the	effect	of	stress	history	on	penetration	resistance.	
Figure	4.10	shows	the	grain	size	distribution	of	the	tested	sands.	Critical	state	parameters	
for	CC	sands	were	determined	through	the	standard	method	of	multiple	undrained	tri-
axial	compression	tests	on	each,	while	Figure	2.34	shows	the	CSL	estimated	for	the	sands	
using	the	semi-log	idealization.
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Figure 4.9  Example of CPT chamber test data. (Erksak sand, after Been, K. et al., Can. Geotech. J., 24(4), 601, 
1987b. With permission from the NRC, Ottawa, Ontario, Canada.)
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Table 4.2 Summary of CPT calibration chamber studies for which CSL is also known

References Sand tested Tests carried out Remarks 

Tringale (1983) Monterey # 0 9 NC
Huntsman (1985) Monterey # 0 22 NC Horiz. stress CPT
Baldi et al. (1982) Ticino 1, 2, 4 83 NC, 63 OC Each of the Ticino sands appears 

to be slightly differentBaldi et al. (1986) Ticino 1, 2, 4 22 NC, 34 OC
Golder Associates Ticino 9 10 NC
Parkin et al. (1980) Hokksund 40 NC, 21 OC
Baldi et al. (1986) Hokksund 9 NC, 40 OC
Lunne (1986) Hokksund 30 NC, 20 OC
Harman (1976) Ottawa 30 NC
Harman (1976) Hilton mines 20 NC
Lhuer (1976) Reid Bedford 17 NC
Been et al. (1987b) Erksak 14 NC Horiz. stress CPT
Brandon et al. (1990) Yatesville silty sand 4 NC, 1 OC 42% fines content
Golder Associates Syncrude Tailings 7 NC, 1 OC
Fioravante et al. (1991) Toyoura 23 NC, 5 OC
Shen and Lee (1995) West Kowloon 18 NC Two tests on each sample
Lee (2001) Chek Lap Kok 10 NC Two tests on each sample
Pournaghiazar et al. (2012) Sydney Sand 8 NC
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Figure 4.10 Grain size distribution curves for sands tested in calibration chambers.
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Test	data	from	these	CC	studies	are	given	as	a	downloadable	file	CPT_CC_data.xls	and	
in	Appendix	E	as	tables.	There	is	one	file	for	each	of	the	sands	tested.	Each	file	gives	source	
and	reference	information	at	the	top	of	the	main	worksheet	and	then	tabulates	the	individual	
test	numbers	with	reported	density,	void	ratio,	initial	stress	conditions	and	qc	value.	Added	
to	these	measured	parameters	are	the	computed	chamber	boundary	correction	factor,	the	
Qp	determined	using	this	boundary	correction	and	ψ	(calculated	from	the	sample	density	
and	stress	level).	The	information	is	provided	because	some	of	the	references	are	obscure,	
while	others	are	effectively	only	available	from	the	records	of	Golder	Associates.

4.4.3  Calibration chamber size effects

Correction	factors	for	chamber	size	were	initially	established	experimentally	using	cones	and	
chambers	with	different	combinations	of	diameters.	Cones	of	different	diameter	 (smaller	
than	 the	 standard	 36.7  mm	 diameter)	 were	 used	 and	 normalized	 tip	 resistance	 plotted	
against	the	diameter	ratio	(CC	diameter/cone	diameter).	The	resistance	at	a	large	diameter	
ratio,	typically	48–60,	was	taken	as	representative	of	the	‘field’	tip	resistance.	Loose	sands	
showed	minimal	chamber	size	effects,	while	very	dense	sands	showed	a	considerable	effect.	
Been	et al.	(1986)	provide	useful	summary	of	these	empirical	corrections	and	converted	the	
data	into	state	parameter	terms.

The	methodology	to	determine	ψ	from	the	CPT	is	largely	based	on	these	empirical	cor-
rections;	however,	considerable	research	has	been	carried	out	on	chamber	boundary	effects	
since	1986.	Analytical	methods	are	of	particular	interest	since	the	experimental	data	sets	
are	small	and	show	considerable	scatter.	Schnaid	and	Houlsby	(1991)	examined	the	poten-
tial	size	effects	considering	limit	pressures	in	cylindrical	cavity	expansion	and	showed	that	
cavity	expansion	theory	was	consistent	with	the	experimental	data.	Salgado	et al.	(1997,	
1998)	describe	a	similar	cavity	expansion	model	including	stress–dilatancy	and	calculate	
how	the	size	effects	vary	as	a	function	of	vertical	stress	and	relative	density	for	Ticino	sand.	
Hsu	and	Huang	(1999)	describe	an	innovative	‘field	simulator’	in	which	the	chamber	lateral	
boundary	stress	is	varied	based	on	numerical	simulations	to	represent	field	conditions.	The	
focus	of	 these	 studies	was	on	 the	horizontal	 stress	conditions	at	 the	chamber	boundary,	
but	 Wesley	 (2002)	 shows	 (by	 rather	 simple	 equilibrium	 considerations)	 that	 the	 vertical	
stress	arising	from	the	downward	force	of	the	penetrometer	may	provide	the	best	explana-
tion	for	changes	in	cone	resistance	with	chamber	size.	More	recently,	Pournaghiazar	et al.	
(2012)	elegantly	pull	together	most	of	the 	aforementioned	ideas	in	a	single	approach.	Their	
method	first	corrects	the	CC	vertical	stress	conditions	as	suggested	by	Wesley,	and	then	uses	
drained	spherical	cavity	expansion	theory	to	compute	the	ratio	between	the	chamber	and	
field	penetration	resistance.	The	corrections	using	spherical	cavity	expansion	corrected	for	
vertical	stress	effects	show	a	good	agreement	with	physical	tests,	but	are	generally	slightly	
less	than	empirical	methods	and	better	than	those	computed	using	cylindrical	cavity	expan-
sion	theory.

In	summary,	while	CC	data	are	indeed	the	gold	standard	for	CPT	inversion,	size	effects	
and	boundary	conditions	are	an	important	consideration	when	using	the	data.	The	cor-
rections	depend	on	the	density,	vertical	and	horizontal	stress	conditions,	intrinsic	prop-
erties	of	the	sand,	shear	modulus,	CC	and	cone	diameter,	and	how	boundary	conditions	
are	applied	and	controlled	in	the	chamber.	Correction	factors	applied	to	cone	resistances	
used	in	this	book	are	included	with	the	data	in	Appendix	E.	These	are	state	parameter–
based	correction	factors,	which	we	have	used	if	the	published	sources	do	not	provide	cor-
rections,	and	are	consistent	with	current	knowledge	based	on	cavity	expansion	modelling	
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although	 they	are	difficult	 to	 compare	directly.	The	 corrections	 could	be	 increased	or	
decreased	 by	 a	 smidgen,	 but	 there	 remains	 an	 unavoidable,	 although	 small,	 residual	
uncertainty.

4.5  stress norMalIzatIon

4.5.1  effect of vertical and horizontal stresses

A	striking	feature	of	the	CPT	in	sands	is	that	the	penetration	resistance	is	a	strong	function	
of	the	stress	level.	This	is	illustrated	in	Figure	4.11,	showing	trend	lines	for	the	relationship	
between	qc	and	 ′σv	from	CC	data	on	three	sands	(Hilton	mines,	Ticino,	and	Monterey)	at	two	
relative	densities	each.	The	Ticino	sand	data	in	Figure	4.11	are	from	the	widely	known	and	
referenced	paper	by	Baldi	et al.	(1982).

Because	increasing	stress	level	suppresses	dilatancy,	there	is	something	less	than	a	linear	
increase	 in	 qc	 with	 ′σv	 for	 a	 given	 relative	 density.	 As	 the	 state	 parameter	 gives	 a	 maxi-
mum	dilatancy	that	is	independent	of	mean	stress	level,	one	would	expect	a	simpler	trend	
of	qc	with	stress	level	for	constant	state	ψ.	This	turns	out	to	be	true,	as	can	be	seen	from	
Figure	4.12,	which	shows	the	data	for	Monterey	sand	on	a	qc	versus	p′	plot	with	individual	
values	of	ψ	indicated.	Simple	radial	trend	lines	fit	the	data	in	Figure	4.12	reasonably	well,	
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indicating	that	CPT	resistance	is,	broadly	speaking,	directly	proportional	to	stress	level	at	
constant	state	parameter.

Given	that	stress	level	so	dominates	qc,	the	first	step	in	evaluating	CPT	data	is	to	remove	
the	 effect	 of	 stress	 level.	 Before	 that,	 however,	 it	 is	 necessary	 to	 deal	 with	 the	 differing	
effects	of	vertical	and	horizontal	stresses.	Early	experimental	studies	(Clayton	et al.,	1985)	
determined	 the	 relative	 influence	of	horizontal	and	vertical	 effective	 stresses	by	 indepen-
dently	varying	each	in	a	series	of	CC-like	studies	using	a	dynamic	penetrometer.	Figure	4.13	
shows	their	elegant	results,	from	which	it	can	be	seen	that	the	horizontal	stress	has	twice	the	
influence	of	the	vertical	stress.	This	immediately	implies	that	the	correct	stress	in	normal-
izing	penetration	data	is	the	mean	effective	stress,	p′	=	( ) ,′ + ′σ σv h2 3/ 	as	the	two	stresses	are	in	
exactly	the	required	proportion.

The	 requirement	 for	 mean	 stress	 rather	 than	 vertical	 stress	 is	 certainly	 inconvenient.	
Generally,	it	becomes	easiest	to	use	the	identity	that	 ′ = ′ +p Kv oσ ( ) ,1 2 3/ 	as	this	separates	the	
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effect	of	stress	level	from	the	uncertainty	in	the	geostatic	stress	ratio.	Geostatic	stress	ratio	
and	its	measurement	will	be	discussed	after	developing	the	framework	for	CPT	evaluation	
based	on	mean	stress.

4.5.2  reference condition approach

The	approach	to	normalizing	the	effect	of	stress	on	penetration	test	data	developed	for	the	
SPT	is	the	reference	condition	approach,	in	which	penetration	data	at	one	stress	level	are	
mapped	to	an	equivalent	penetration	resistance	at	a	reference	stress	level.	Commonly,	the	
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reference	is	taken	as	an	effective	stress	σref	=	100	kPa	(≈	1	tsf	or	1	atmosphere	at	sea	level).	
Penetration	resistances	mapped	back	to	this	reference	level	are	usually	subscripted	by	a	‘1’;	
thus,	N(60)	becomes	N1(60)	for	the	SPT	and	qc	similarly	becomes	qc1	for	the	CPT.	The	mapping	
for	the	SPT	is	usually	quoted	in	the	form

	 N C NN1 = 	 (4.9)

with	CN	being	the	mapping	function.	The	key	concept	is	obviously	the	meaning	of	equiva-
lent.	Equivalent	in	its	original	use	of	the	reference	condition	approach	meant	the	same	rela-
tive	density	(e.g.	see	Figure	4.11;	CN	is	the	function	for	a	constant	Dr	line).	This	basis	for	
original	use	has	become	lost,	and	many	papers	over	the	last	two	decades	commonly	used	
N1(60)	without	regard	to	the	implicit	constant	void	ratio	condition.

The	first	work	recognizing	the	effect	of	stress	level	on	the	determination	of	relative	density	
was	a	study	by	Gibbs	and	Holtz	(1957).	Subsequently,	Marcuson	and	Bieganousky	(1977)	
reported	 on	 a	 reasonably	 comprehensive	 set	 of	 tests	 using	 the	 SPT	 in	 a	 relatively	 crude	
CC-like	 arrangement	 (there	 was	 no	 provision	 for	 control	 or	 measurement	 of	 horizontal	
stress),	and	their	results	are	illustrated	in	Figure	4.14.	Notice	that	the	CN	function	is	differ-
ent	for	a	relative	density	of	40%	compared	to	60%	or	80%	for	the	same	sand.

Various	approximations	for	CN	were	proposed	from	curve	fitting	the	test	data.	However,	
the	 substantive	 next	 step	 was	 a	 comparative	 study	 by	 Liao	 and	 Whitman	 (1986)	 who	

Reid Bedford model sand and Ottawa sand

CN
0.0

0

100

200

Ve
rt

ic
al

 ef
fe

ct
iv

e s
tr

es
s (

kP
a)

300

400

500

Dr = 60%

Liao and Whitman (1986)
CN = (σ́v/σref)–n

Dr = 80%

Dr = 40%

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Figure 4.14  Experimentally determined CN functions for Reid Bedford and Ottawa sand by Marcuson and 
Bieganowski (1977) and recommended CN function by Liao and Whitman (1986).

© 2016 by Taylor & Francis Group, LLC

  



Determining state parameter in-situ  163

suggested	that	there	was	not	a	great	deal	of	difference	between	the	various	functions	pro-
posed	for	CN	and	that	a	reasonable	average	relationship	was	the	simple	(and	now	widely	
used)	equation

	
C nN

v

ref

n

=
′







 =
−

σ
σ

with 0.5 for SPT 	 (4.10)

This	same	approach	has	been	widely	applied	to	the	CPT	for	addressing	liquefaction	prob-
lems.	In	the	case	of	the	CPT,	the	parameters	are	qc,	qc1	and	CQ,	where	CQ	=	CN	with	a	range	
for	the	exponent	in	0.5	<	n	<	1	that	depends	on	the	soil	type.

There	 are	 many	 variations	 of	 the	 reference	 stress	 approach,	 for	 example	 Idriss	 and	
Boulanger	(2004),	Moss	et al.	(2006),	Maki	(2012)	and	Robertson	(2012).	These	appear	to	
provide	small	improvements	in	particular	applications,	for	particular	soils	or	for	different	
state	measures.	A	recent	trend	is	to	vary	the	stress-level	exponent	with	the	soil	type,	from	
n	=	0.5	in	sands	to	n	=	1	in	clay-like	soils,	but	this	then	blurs	the	concept	that	the	resistance	
normalized	to	the	reference	condition	is	an	indication	of	relative	density.

If	done	appropriately,	the	reference	condition	approach	can	indeed	be	considered	dimen-
sionless,	since	at	a	fundamental	level	it	is	indicative	of	a	dimensionless	parameter:	void	ratio	
or	relative	density.	The	difficulty	with	the	reference	condition	approach	is	that	relative	den-
sity	is	not	a	good	indicator	of	soil	behaviour.	Different	soils	do	not	behave	the	same	way	at	
the	same	relative	density.	What	is	more	(and	worse),	because	soil	behaviour	depends	on	the	
confining	stress,	the	concept	of	mapping	back	to	a	reference	stress	loses	a	clear	understand-
ing	of	what	is	going	on	at	the	actual	stress	level	in	the	target	soil	horizon.	Behaviours	are	
assessed	at	a	stress	which	is	not	the	in-situ	stress,	with	additional	adjustments	then	needed	to	
map	the	strengths	(e.g.	cyclic	behaviour	in	seismic	analysis)	estimated	from	the	penetration	
test	data	back	to	the	in-situ	stress	condition.

A	further	difficulty	with	the	reference	condition	approach,	as	applied	to	CPT	data,	is	the	
use	of	a	variable	exponent	depending	on	soil	type.	While	there	is	no	argument	that	the	two	
limits	for	the	exponent,	n	≈	0.5	for	sands	and	n	≈	1.0	for	clays,	are	reasonable,	it	is	a	huge	
leap	to	assume	that	silts	would	be	intermediate	and	that	there	might	be	a	gradual	transition	
from	one	to	the	other.	The	simple	cavity	expansion	model	in	NAMC	soil	indicates	that	the	
factor	affecting	the	exponent	is	elastic	shear	modulus,	not	the	soil	type	itself.

Overall,	 the	widely	used	reference	 stress	approach	 is	a	confusing	 framework	requiring	
transposition	of	measured	values	to	a	situation	which	is	not	the	in-situ	condition,	followed	
by	correction	of	the	computed	strength	back	to	the	in-situ	stress	level	using	poorly	under-
stood	factors.	The	confusion	of	the	reference	stress	approach	is	further	compounded	because	
the	known	effect	of	horizontal	 stress	 is	 ignored,	as	are	 the	effects	of	 soil	properties	 (e.g.	
compressibility).	The	reference	stress	approach	also	does	not	 lend	 itself	 to	a	 theoretically	
based	framework,	such	as	that	developed	from	the	Carter	et al.	cavity	expansion	analysis	
presented	 earlier,	 so	 improving	 on	 the	 poorly	 understood	 adjustment	 factors	 is	 difficult.	
Is	 the	 reference	 stress	 approach	necessary?	No.	More	 rigorous	 results,	which	are	 readily	
understood	within	standard	mechanics,	are	easily	achieved	using	the	state	parameter	with	a	
simple	linear	stress	normalization.

4.5.3  linear stress normalization

The	 alternative	 to	 reference	 stress	 approach	 is	 to	 express	 the	penetration	 resistance	 as	 a	
dimensionless	number.	This	was	introduced	earlier	and	is	simply	the	penetration	resistance	
normalized	to	mean	effective	stress,	Qp	or	( ) .q p p q pc o o c o− ′ ≈ ′/ / 	Radial	lines	from	the	origin	
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164  Soil liquefaction: A critical state approach

on	a	plot	of	(qc	–	p)	versus	p′	represent	a	constant	Qp,	and	Figure	4.12	shows	a	reasonable	
correspondence	between	radial	lines	and	lines	of	constant	ψ.	This	idea	forms	the	basis	for	
obtaining	ψ	from	CPT	data,	which	is	explored	in	the	following	section.

4.6  DeterMInIng ψ froM Cpt

4.6.1  original method

The	methodology	for	using	the	CPT	to	determine	ψ	was	put	forward	in	two	papers	in	the	
mid-1980s	(Been	et al.,	1986,	1987c).	Both	papers	were	based	on	the	then	existing	database	
of	CC	 tests	 and	 the	work	became	one	of	obtaining	 samples	of	 the	various	 chamber	 test	
sands	to	determine	their	respective	CSLs	(using	the	methods	described	in	Chapter	2).	With	
that	done,	it	was	then	straightforward	to	reprocess	the	CC	data	to	develop	a	method	for	the	
determination	of	ψ.

In	 the	 first	 paper,	 which	 used	 mainly	 the	 Monterey	 sand	 data,	 work	 concentrated	 on	
standardizing	chamber	size	corrections	to	develop	the	form	of	plot	as	shown	in	Figure	4.12.	
Since	radial	lines	approximated	lines	of	constant	state,	stress	level	appeared	to	be	removed	
when	the	data	were	viewed	in	terms	of	ψ.	Plotting	Qp	against	ψ	gave	the	desired	result	of	a	
straightforward	relationship	between	Qp	and	ψ	(Figure	4.15),	with	no	further	need	to	con-
sider	confining	stress	effects.	The	trend	line	in	Figure	4.15	nicely	captures	all	the	data	with	
rather	little	scatter.	The	trend	line	has	a	very	simple	exponential	form:

	
Q k mp = −exp( )ψ 	 (4.7bis)
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Figure 4.15  Dimensionless CPT resistance versus state parameter for Monterey sand (data from Figure 4.12).
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As	an	historical	note,	the	evaluation	of	CPT	data	for	ψ	was	concurrent	with	the	cavity	expan-
sion	analysis	pursued	by	Carter	et al.	(1986).	Thus,	while	(4.7)	can	be	developed	either	way,	
the	development	of	(4.7)	from	the	data	did	not	follow	Wroth’s	strictures	faithfully	(which	
also	had	not	been	published	at	the	time),	and	was	based	solely	on	dimensional	considerations.

The	obvious	question	that	followed	from	Figure	4.15	was	whether	the	behaviour	of	other	
sands	is	the	same	as	Monterey	sand.	The	second	paper	took	the	established	methodology	and	
worked	through	the	remaining	chamber	sands,	giving	the	results	shown	in	Figure	4.16,	where	
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Figure 4.16  Normalized Qp − ψ relationships from calibration chamber studies (NC = normally consolidated; 
OC = over-consolidated).  (Continued)

© 2016 by Taylor & Francis Group, LLC

  



166  Soil liquefaction: A critical state approach

100

OC Ticino sand

20

50

500

200

(q
c–

p)
/p

΄

100

Ottawa

20

50

500

200

100

Syncrude tailings

20

50

500

1000

200

(q
c–

p)
/p

΄

100

200

Chek Lap Kok 

20

50

500

100
Sydney

(Kurnell dunes)
50

500

200

0–0.2 –0.1–0.3
State parameter ψ  

(q
c–

p)
/p

΄

10

100

2

5

50

20

Yatesville silty sand

100

West Kowloon
20

50

500

200

100
Toyoura 160

50

500

200

0–0.2 –0.1–0.3
State parameter ψ  

(q
c–

p)
/p

΄

0–0.3 –0.2 –0.1

0–0.3 –0.2 –0.1

0–0.3 –0.2 –0.1

–0.3 –0.2 –0.1 0

–0.3 –0.2 –0.1 0

–0.2 –0.1 0.0 0.1

Figure 4.16 (Continued)  Normalized Qp − ψ relationships from calibration chamber studies (NC = normally 
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individual	data	can	be	seen.	Since	the	paper	was	published,	additional	chamber	testing	has	
produced	data	on	seven	more	sands:	Erksak	(Been	et al.,	1987b),	Syncrude	Tailings	(Golder	
Associates	 files),	Yatesville	 silty	 sand	 (Brandon	 et  al.,	 1990),	Chek	Lap	Kok	 (Lee,	 2001),	
West	Kowloon	 (Shen	and	Lee,	 1995),	Toyoura	 (Fioravante	 et  al.,	 1991)	 and	Sydney	 sand	
(Pournaghiazar	et al.,	2011).	The	data	from	these	seven	sands	are	also	shown	in	Figure	4.16.

Most	of	the	CC	data	is	for	NC	sands.	Several	OC	tests	were	carried	out	on	Ticino	and	
Hokksund	sands,	in	addition	to	a	few	tests	on	Syncrude	tailings,	Toyoura	sand	and	Yatesville	
silty	sand	(Table	4.2).	Interestingly,	Ticino	sand	shows	very	little	difference	between	NC	and	
OC	results	(Figure	4.17)	because	the	effect	of	different	values	of	Ko	appears	to	be	captured	
in	the	mean	effective	stress	normalization.	For	Hokksund	sand,	there	does	appear	to	be	a	
difference	between	NC	and	OC	tests,	but	for	loose	sands	only.	This	probably	reflects	the	
effect	of	elastic	rigidity	(which	is	higher	for	OC	samples,	and	which	is	not	captured	in	the	
stress	normalization).	The	Hokksund	data	set	is,	however,	not	as	good	as	that	of	Ticino.	The	
tests	were	carried	out	at	several	different	laboratories	by	several	different	people,	and	there	
is	a	lot	of	scatter	in	the	data	for	loose	samples.	Figure	4.16	is	necessarily	compressed	so	as	
to	show	the	information	of	the	entire	CPT	calibration	database	in	one	glance.	But,	we	do	
not	expect	these	figures	to	be	used	for	anything	other	than	a	brief	visual	comparison.	The	
data,	and	the	individual	plots	shown	on	Figure	4.16,	are	provided	in	the	downloadable	file	
CPT_CC_data.xls	for	further	evaluation	(if	desired).
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Figure 4.17 Normalized CPT resistance of normally consolidated and over-consolidated Ticino sand.
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Figure	4.18	compares	the	best-fit	trend	lines	for	the	various	sands.	Although	the	simple	
relationship	between	Qp	and	sand	state	ψ	fits	each	data	set	of	Figure	4.16,	it	is	clear	from	
this	comparison	that	the	terms	k	and	m	in	Equation	4.7	are	sand-specific	constants	and	as	
such	are	functions	of	other	intrinsic	properties	of	the	sands.

Cavity	expansion	theory	using	NAMC	indicates	that	the	soil	rigidity	should	affect	the	
CPT	behaviour	parameters	k	and	m.	However,	the	NAMC	model	is	perfectly	plastic	and	
has	no	concept	of	hardening,	for	which	there	would	be	a	corresponding	plastic	modulus.	
Following	from	the	principle	of	the	Cam	Clay	model	(Chapter	3)	which	states	that	plas-
tic	hardening	is	proportional	to	the	inverse	of	the	slope	of	the	CSL	as	given	by	λ,	it	was	
suggested	(Been	et al.,	1987c)	that	the	sand-specific	constants	k	and	m	were	simple	func-
tions	of	plastic	hardening,	as	plasticity	dominates	elasticity	in	large	strain	shear	of	sands.	
Figure	4.19	shows	the	result	of	plotting	k,	m	against	λ10.	Rather	simple	relationships	are	
evident	with

	
k = +

−
8

0 55
0 0110

.
.λ

	 (4.11a)

	 m = −8 1 2 3 10. . logλ 	 (4.11b)
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Figure 4.18  Comparison of Qp − ψ trends for different sands. Note: West Kowloon sand critical state line 
testing was not on exactly same sample as used for CC tests.
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Equations	4.11a	and	b	are	readily	combined	with	Equation	4.7	to	give	ψ	from	the	measured	
data:

	
ψ =

− ln( )Q k
m

p / 	 (4.8bis)

This	gives	a	method	that	recovers	the	initial	state	of	any	test	in	the	CC	database	with	an	
error	of	less	than	Δψ	±	0.05	at	90%	confidence.

4.6.2  stress-level bias

Although	Equation	4.7	is	both	delightfully	simple	and	consistent	with	a	proper	dimension-
less	approach,	it	has	been	criticized	on	the	grounds	that	careful	examination	of	the	refer-
ence	chamber	test	data	indicates	substantial	bias	with	stress	level.	At	least	k,	and	possibly	
m,	was	a	function	of	p′	(Sladen,	1989a).	If	the	data	on	Ticino	sand	are	broken	into	six	
groups	of	approximately	equal	stress,	then	trend	lines	can	be	drawn	through	each	group	
of	data	and	these	 trends	differ	 from	each	other.	Figure	4.20	compares	 those	 individual	
trend	 lines	 with	 each	 other	 and	 with	 the	 original	 trend	 line	 drawn	 through	 the	 entire	
data	set.	As	can	be	seen	from	Figure	4.20,	for	a	particular	value	of	Qp,	say	Qp	=	100,	the	
inferred	state	at	a	mean	stress	of	400	kPa	would	be	approximately	ψ	=	−0.19,	whereas	at	
a	confining	stress	an	order	of	magnitude	less,	40	kPa,	the	same	Qp	would	give	ψ	=	−0.10;	
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these	values	can	be	contrasted	with	Qp	=	100	giving	ψ	=	−0.14	if	the	overall	trend	is	used.	
Sladen	suggested	that	‘an	error	in	the	assessment	of	in-situ	void	ratio	of	more	than	0.2,	
that	 is	more	than	50%	in	terms	of	relative	density,	could	not	confidently	be	ruled	out’.	
The	actual	error	is	Δψ	=	(−0.19	−	0.14)	=	−0.05	with	the	‘more	than	0.2’	misrepresenting	
the	data	and	inferred	trends,	but	that	misrepresentation	does	not	obscure	the	fact	the	bias	
exists	and	causes	an	uncertainty	in	interpreted	state	parameter	of	|Δψ|	<	0.05.	Something	
had	been	missed.

The	existence	of	a	stress-level	bias	is	curious	given	the	dimensionless	formulation.	At	the	
time	of	the	original	work,	there	were	no	theoretical	methods	available	to	go	further,	but	
these	became	available	some	10 years	later	and	showed	how	to	proceed.	The	key	step	was	
the	development	of	the	NorSand	model,	which	allowed	numerical	simulations	to	explore	the	
effect	of	the	various	material	properties	on	the	CPT	resistance.

4.6.3  simulations with NorSand

Because	 mathematical	 or	 numerical	 modelling	 of	 the	 drained	 penetration	 of	 the	 CPT	 is	
extremely	difficult,	Equation	4.7	was	proposed	on	dimensional	grounds	and	correlated	to	
chamber	test	data.	As	shown	earlier,	this	form	of	relationship	is	also	suggested	by	the	Carter	
et al.	(1986)	cavity	expansion	solution	from	which	theoretical	guidance	can	be	obtained.	A	
large-scale	numerical	examination	of	Equation	4.7	was	undertaken	by	Shuttle	and	Jefferies	
(1998)	using	cavity	expansion	analysis	and	the	NorSand	model.	This	then	developed	into	a	
universal	framework	for	evaluating	ψ	from	the	CPT.
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An	example	of	the	results	obtained	by	Shuttle	and	Jefferies	is	shown	in	Figure	4.21	for	a	
single	sand	(computed	using	properties	of	Ticino	sand).	If	Figure	4.21	is	examined	closely,	
a	very	small	curvature	can	be	detected	in	the	trend	line	of	the	results,	but	this	is	much	less	
than	second	order	and	for	all	practical	purposes	Equation	4.7	is	a	very	good	representa-
tion	of	CPT	resistance	at	constant	modulus.	However,	if	the	mean	stress	were	changed	
and	 all	 other	 properties	 kept	 constant,	 different	 Qp	 values	 were	 computed.	 Changing	
G,	such	that	the	ratio	G/po	was	returned	to	its	original	value,	put	the	computed	results	
exactly	back	on	 the	prior	 trend	 line.	The	 explanation	here	 is	 that	 the	 earlier	work	on	
determining	the	state	parameter	from	the	CPT	missed	a	dimensionless	group,	the	elastic	
soil	rigidity	Ir	=	G/po.

A	similar	conclusion	can	also	be	developed	from	the	closed-form	solutions	in	a	NAMC	
soil,	as	discussed	in	Section	4.3.	Rigidity	varies	substantially	with	depth,	but	was	not	cap-
tured	in	the	Qp	−	ψ	normalization	because	Ir	scales	roughly	with	the	square	root	of	mean	
stress	(in	sands)	while	Qp	was	linearly	stress	normalized.	Figure	4.22	shows	the	consequent	
variation	of	k	and	m	for	Ticino	sand	as	a	function	of	rigidity.

The	elasticity	of	Ticino	sand	has	been	tested	at	some	length,	and	Figure	4.23	shows	the	
relationship	between	elastic	shear	modulus,	void	ratio	and	mean	stress	from	Bellotti	et al.	
(1996).	The	computed	penetration	resistance	of	the	CPT	in	Ticino	sand,	using	these	data	for	
soil	elasticity	and	the	previously	computed	trends	for	k	and	m,	is	compared	with	test	results	
from	the	CC	shown	in	Figure	4.24.	The	results	are	separated	into	the	same	six	intervals	of	
confining	stress	as	used	by	Sladen	(1989a)	corresponding	to	the	trend	lines	in	Figure	4.20.	
The	computed	trend	lines	are	an	excellent	fit	to	the	data,	with	the	possible	exception	of	a	
second-order	bias	in	the	highest	stress-level	data	(at	450	kPa).	This	bias	is	conservative	(for	
inversion	to	state	parameter)	and	is	thought	attributable	to	grain	crushing,	which	is	presently	
excluded	from	the	NorSand	model,	and	is	unlikely	to	have	much	practical	consequence.
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4.6.4  Complete framework

In	order	to	evaluate	the	effect	of	soil	properties	in	addition	to	rigidity	on	the	penetration	
resistance,	the	simulations	of	Shuttle	and	Jefferies	were	extended	to	examine	separately	the	
key	parameters	of	NorSand.	These	are	as	follows:	M	is	the	critical	friction	ratio,	H	is	the	
plastic	hardening	modulus,	N	 is	a	scaling	parameter	for	the	stress–dilatancy	relationship	
and	λ	is	the	slope	of	the	critical	state	locus	in	void	ratio	ln(p′)	space.	All	the	properties	are	
dimensionless.	Figure	4.25	shows	the	results	of	simulations	in	which	these	properties	are	
systematically	varied	one	at	a	time	around	a	central	base	case.	In	addition	to	the	effect	of	
rigidity,	both	intercept	k	and	slope	m	are	strong	functions	of	the	plastic	hardening	modulus	
H,	as	well	as	the	critical	friction	ratio	M.	There	was	a	much	weaker	influence	of	N	and	the	
soil	compressibility	λ.	Poisson’s	ratio	had	essentially	no	effect.
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To	determine	the	most	accurate	interpretation	of	the	CPT	in	any	soil,	the	methodology	
outlined	by	Shuttle	and	Jefferies	requires	detailed	numerical	simulations	to	ascertain	the	
values	of	k	and	m	as	a	function	of	rigidity	and	soil	properties.	This	is	fairly	time	consum-
ing.	 However,	 they	 offered	 an	 approximate	 general	 inversion	 obtained	 by	 fitting	 trend	
lines	to	the	offset	of	the	computed	results	presented	in	Figure	4.25.	The	approximate	inver-
sion	 loses	 some	accuracy,	but	 is	 closed	 form	and	 readily	 computable.	The	approximate	
inverse	form	is
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where	the	fitted	functions	f1−f12	are	given	in	Table	4.3.	The	performance	of	the	proposed	
general	inversion	was	verified	by	taking	10	sets	of	randomly	generated	soil	properties/states	
and	computing	the	Qp	value	using	the	full	numerical	procedure.	This	computed	Qp	was	then	
input	to	the	general	inversion	to	recover	the	estimated	value	of	ψ.	Figure	4.26	compares	true	
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and	estimated	ψ	 values	using	 this	procedure.	The	proposed	general	 inversion	 recovers	ψ	
with	an	accuracy	of	±0.02.

To	apply	the	general	inversion	established	by	Equations	4.7	and	4.12a	and	b,	several	soil	
properties	must	be	known.	Most	of	these	properties	are	general,	not	specific	to	NorSand.	
Three	of	the	properties	(M,	N	and	λ)	can	be	determined	from	triaxial	compression	tests	on	
reconstituted	samples,	as	described	in	Chapter	2.	The	shear	modulus	can	be	measured	using	
the	seismic	piezocone	as	part	of	the	CPT,	by	cross-hole	shear	wave	velocity	measurement	

Table 4.3  Approximate expressions for general inverse form ψ = f(Qp)

Function Approximation 

f1(G/p0) 3.79 + 1.12 ln(G/p′)
f2(M) 1 + 1.06 (M − 1.25)
f3(N) 1 − 0.30 (N − 0.2)
f4(H) (H/100)0.326

f5(λ) 1 − 1.55 (λ − 0.01)
f6(ν) Unity
f7(G/p0) 1.04 + 0.46 ln(G/p′)
f8(M) 1 − 0.40 (M − 1.25)
f9(N) 1 − 0.30 (N − 0.2)
f10(H) (H/100)0.15

f11(λ) 1 − 2.21 (λ − 0.01)
f12(ν) Unity
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Figure 4.26  Performance of approximate general inversion on 10 sands with randomly chosen properties. 
(From  Shuttle,  D.A.  and  Jefferies,  M.G.:  Dimensionless  and  unbiased  CPT  interpretation  in 
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or	by	SASW.	The	only	NorSand-specific	property	is	the	plastic	hardening	modulus;	other	
good	soil	models	will	include	a	comparable	plastic	hardening	modulus,	so	it	is	not	an	issue	of	
NorSand	itself	but	how	geotechnical	engineering	standardizes	the	representation	of	plastic	
hardening	in	shear	(the	analogous,	accepted	property	in	confined	compression	is	the	com-
pressibility	Cc).	And	that	leads	to	a	practical	difficulty	as	plastic	hardening	appears	affected	
by	soil	particle	arrangement	(fabric)	and	so	plastic	hardening	should	be	measured	in-situ	
(using	data	obtained	with	a	self-bored	pressuremeter	(SBP),	for	example).	For	the	moment,	
it	is	a	situation	of	hoping	that	reconstituted	laboratory	samples	replicate	in-situ	soil	fabric	
and	with	H	determined	from	such	laboratory	data	by	iterative	forward	modelling	(IFM)	as	
described	in	Chapter	3.	Finally,	of	course,	the	horizontal	stress	in-situ	must	be	known.

Equation	4.12	combined	with	Table	4.3	is	a	large	step	forward	compared	to	standard	prac-
tice,	and	the	framework	nicely	validates	against	the	CC	data.	Of	course,	the	improvements	
come	at	the	cost	of	requiring	assessment	of	soil	properties	but	that	can	hardly	be	viewed	as	a	
limitation	since	those	properties	do	affect	the	CPT	and	it	is	better	to	be	explicit	(even	if	you	
end	up	estimating	properties)	than	to	neglect	them.	What	is	inescapable	is	that	the	engineer-
ing	knowledge	of	 the	calibration	of	penetration	 tests	 is	almost	entirely	 restricted	 to	clean	
quartz	sands	–	not	what	is	found	in-situ	most	of	the	time.

4.7  MovIng froM CalIBratIon ChaMBers to real sanDs

4.7.1  effect of material variability and fines content

CC	tests	are	carried	out	on	uniform	sand	with	constant	intrinsic	properties.	Soils	encountered	
in	practical	engineering,	however,	show	considerable	variability,	for	example	layering	with	
different	grain	sizes	or	silt	contents	in	each	layer.	Silt	content	fluctuates	between	1%	and	7%	
even	in	uniform	clean	hydraulic	fills	placed	under	strict	quality	assurance	procedures	as	indi-
cated	in	Figure	1.5	for	the	Nerlerk	berm.	Fourie	and	Papageorgiou	(2001)	show	that	the	vari-
ation	for	Merriespruit	gold	tailings	was	much	wider	(Figure	1.18).	These	variations	matter.

In	Section	2.6,	data	were	presented	showing	how	the	slope	of	the	CSL	varied	quite	sub-
stantially	with	seemingly	small	changes	in	silt	content.	On	a	wider	scale,	moving	from	sands	
to	clays,	the	critical	friction	ratio	M	decreases,	the	compressibility	λ	increases	and	the	plastic	
hardening	H	decreases.	In	finer	grained	soils,	these	factors	all	decrease	the	CPT	resistance	
for	constant	state	parameter	and	over-consolidation	ratio.

A	key	question	arises.	In	inverting	CPT	data,	how	can	the	effects	of	soil	type	be	differen-
tiated	from	the	effects	of	soil	state?	Crudely,	a	perfectly	satisfactory	(i.e.	compact	or	dense)	
sandy	silt	can	appear	as	a	loose	sand	based	on	penetration	resistance	alone.	This	has	led	to	
various	silt	content	‘corrections’	being	proposed	for	the	SPT	and	the	CPT.

Further,	in	considering	finer	grained	cohesionless	soils	such	as	silts	and	mine	tailings,	the	
CPT	is	not	fully	drained	and	excess	pore	pressures	are	frequently	measured	during	the	test.	
In	Chapters	2	and	3,	it	was	shown	that	the	state	parameter	and	NorSand	capture	the	stress–
strain	behaviour	of	silty	sands	well.	The	only	real	restriction	on	the	CC	tests	and	general	
methodology	presented	earlier	is	that	the	work	so	far	has	been	based	on	drained	penetration.

There	are	two	approaches	available	to	avoid	the	undesirable	‘silt	corrections’	to	the	CPT,	
and	these	approaches	also	address	the	issue	of	partial	drainage	very	well:

	 1.	Measure	the	soil	properties	in	the	laboratory,	as	described	earlier	 for	drained	penetra-
tion,	and	then	calculate	the	CPT	inversion	coefficients	using	cavity	expansion	theory.	
When	 dealing	 with	 undrained	 penetration,	 an	 undrained	 implementation	 of	 cavity	
expansion	in	NorSand	(Shuttle	and	Cunning,	2007)	is	required	(a	downloadable	file).
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	 2.	Rely	on	the	trend	that	relates	the	behavioural	parameters	of	a	soil	to	its	soil	type.	Soil	type	
can	be	determined	from	the	CPT	by	using	the	friction	and	pore	pressure	data,	as	well	as	
the	tip	resistance.	Of	course,	relating	parameters	to	soil	type	is	only	a	first	approxima-
tion,	which	is	why	the	approach	is	sometimes	called	a	screening-level	assessment.

These	approaches	are	discussed	in	more	detail	after	first	reviewing	soil	behaviour	type	and	
how	this	is	obtained	from	the	CPT.

4.7.2  soil behaviour−type index from the Cpt

The	 soil	 behaviour−type	 index	 (Jefferies	 and	Davies,	 1991)	 arose	 from	 the	 idea	 that	 the	
conventional	CPT	soil-type	classification	chart	(Figure	4.2)	could	include	the	piezometric	
information	directly	by	using	Q(1	−	Bq),	rather	than	Q,	as	the	plot	axis	and	thereby	expand-
ing	the	lower	part	of	the	chart	and	helping	to	distinguish	between	clays	and	silts.	Actually,	it	
is	better	to	use	Q(1	−	Bq)	+	1	which	is	the	parameter	grouping	identified	by	Houlsby	(1988),	
see	Table	4.1.	Although	the	‘+1’	term	looks	like	a	negligible	difference,	it	in	fact	proves	use-
ful	when	dealing	with	loose	silts.	Distorting	the	soil	classification	chart	by	expanding	the	
horizontal	 scale	 makes	 soil-type	 zone	 boundaries	 into	 approximate	 circles,	 as	 shown	 in	
Figure	4.27	(compare	this	to	Figure	4.2).	The	radius	of	the	circles	can	then	become	a	mate-
rial	behaviour	type	index,	Ic,	where

	
I Q B Fc q= − − + + +( log( ( ) )) ( . . log( ))3 1 1 1 5 1 32 2 	 (4.13a)
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The	relationship	between	soil	behaviour	type	and	Ic	 is	given	in	Table	4.4.	The	advantage	
of	Ic	is	that	it	is	continuous	and	does	not	require	artificial	distinctions	of	soil-type	zones.	
However,	it	is	not	strictly	a	soil	classification	as	the	CPT	measures	soil	behaviour,	not	plas-
ticity	or	grain	size.	For	this	reason,	Ic	is	called	a	soil	behaviour−type	index.

Using	Ic	as	a	method	of	estimating	soil	behaviour	 is	becoming	quite	common,	but	one	
needs	to	be	aware	of	alternative	definitions.	Equation	4.13a	was	given	by	Been	and	Jefferies	
(1992)	and	obviously	 requires	using	a	piezocone.	Robertson	and	Wride	 (1998)	 suggested	
reverting	to	a	Q	−	F	soil-type	chart	(they	used	that	of	Figure	4.2)	and	ignoring	the	piezomet-
ric	data,	leading	to	an	alternative	equation	for	Ic:

	
I Q Fc R W( & ) ( . log( )) ( . log( ))= − + +3 47 1 222 2 	 (4.13b)

The	 inferred	 soil	 types	 using	 the	Robertson	 and	Wride	 equation	 for	 Ic	 are	 also	 given	 in	
Table	4.4.	The	Robertson	and	Wride	definition	of	 Ic	 ignores	 valuable	 information	 about	
the	soil	 that	 is	obtained	 from	a	piezocone	and	 is	best	avoided.	There	 is	minimal	 (if	any)	
additional	cost	in	using	a	piezocone,	and	the	extra	data	can	be	crucial	when	dealing	with	
loose	sandy	silts	to	silts	(as	will	be	pervasively	encountered	with	mine	tailings,	for	example).	
A	piezocone	should	always	be	used.

The	soil	behaviour	type	is	now	routinely	calculated	in	commercial	CPT	software,	and	it	
has	become	part	of	standard	CPT	data	processing	(but	do	be	aware	of	which	Ic	is	being	out-
put	so	as	to	correctly	associate	the	soil	type	as	per	Table	4.4).	But	we	will	now	return	to	the	
problem	at	hand:	determining	ψ	from	the	CPT	for	silty	sands	and	silts	for	which	penetration	
may	also	be	undrained.

4.7.3  theoretical approach using cavity expansion

A	cavity	expansion	approach	to	determining	CPT	inversion	coefficients	is	preferred	for	the	
most	precise	work.	 Samples	must	be	obtained	and	 tested	 in	 the	 laboratory,	 as	described	
earlier,	to	understand	the	true	values	of	H,	M	and	λ.	Then	Gmax	and	Ko	are	tested	in-situ,	
discussed	later	in	Sections	4.8	and	4.9.	With	these	parameters	known,	the	CPT	inversion	
coefficients	k,	m	can	be	calculated	(Equation	4.12)	and	the	state	parameter	determined	from	
Equation	4.8.	The	method	is	not	restricted	to	clean	sands.	In	Chapters	2	and	3,	it	was	shown	
that	the	state	parameter	and	NorSand	capture	the	stress–strain	behaviour	of	silty	sands	well	
and	the	only	real	restriction	on	the	general	methodology	is	that	the	work	so	far	has	been	
based	on	drained	penetration.	So,	the	CPT	data	must	be	checked	to	confirm	that	penetration	
is	indeed	drained	(say	by	limiting	use	of	k,	m	to	the	portion	of	the	sounding	where	−0.02	
<Bq	<	+0.02).

For	 the	 case	 of	 excess	 pore	 water	 pressure	 during	 CPT	 sounding	 (easily	 seen	 in	 the	
measured	data),	the	NorSand	cavity	expansion	approach	has	been	extended	to	undrained	

Table 4.4 Relationship of soil type to soil behaviour index Ic

Soil type Chart zone Been and Jefferies Equation 4.13a Robertson and Wride Equation 4.13b 

Gravelly sands 7 Ic < 1.25 Ic < 1.31
Sands: clean to silty 6 1.25 < Ic < 1.80 1.31 < Ic < 2.05
Silty sand to sandy silt 5 1.80 < Ic < 2.40 2.05 < Ic < 2.60
Clayey silt to silty clay 4 2.40 < Ic < 2.76 2.60 < Ic < 2.95
Clays 3 2.76 < Ic < 3.22 2.95 < Ic < 3.60
Organic soils 2 Ic > 3.22 Ic > 3.60
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behaviour	 by	 Shuttle	 and	 Cunning	 (2007).	 An	 effective	 stress	 version	 of	 Equation	 4.7	
emerged:

	
Q B k mp q( ) exp( )1 1− + = − ψ 	 (4.14)

where	the	parameters	k	and	m	use	the	‘bar’	notation	to	distinguish	them	from	k	and	m	
for	drained	CPT	penetration.	Figure	4.28	shows	the	Shuttle	and	Cunning	trend	line	for	
Rose	Creek	silt	tailings,	with	a	single	line	emerging	for	a	range	of	effective	stress,	plastic	
modulus	and	rigidity	 index.	As	with	drained	penetration	discussed	 in	Sections	4.3	and	
4.6,	a	‘spherical	to	CPT’	correction	is	required	and	as	a	first	approximation	this	can	be	
taken	as	2.

Another	important	result	from	the	work	of	Shuttle	and	Cunning	(2007)	is	that	it	provides	
a	theoretical	basis	for	the	soil	behaviour−type	chart	on	Figure	4.27.	There	is	of	course	the	
problem	that	Figure	4.27	is	formulated	in	terms	of	Q	and	Equation	4.14	uses	Qp,	so	that	
variations	in	the	value	of	Ko	will	cause	scatter,	but	this	scatter	will	generally	be	small	and	
likely	can	be	neglected	in	practical	engineering.	An	inconvenience	of	the	Shuttle	&	Cunning	
method	is	that,	to	date,	it	has	not	been	reduced	to	trends	in	terms	of	soil	properties	–	there	
is	no	equivalent	of	Equation	4.12	/	Table	4.3.	We	have	therefore	included	a	downloadable	
“widget”	 (executable)	 CPT_state.exe	 on	 the	 book	 website	 that	 computes	 the	 undrained	
CPT	response	 in	terms	of	 initial	state	for	the	specified	soil	properties	and	which	outputs	
a	file	 for	 importing	 into	Excel	 to	give	 the	coefficients	 in	Equation	4.14.	The	source	code	
for	this	widget	is	also	downloadable	should	you	wish	to	compile	it	as	a	DLL	for	working	
directly	with	Excel.
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Figure 4.28  Spherical  cavity  expansion  for  undrained  soil.  (After  Shuttle,  D.A.  and  Cunning,  J.,  Can. 
Geotech. J., 44(1), 1, 2007.)
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4.7.4  screening-level assessment

The	 starting	point	 for	understanding	a	 screening	 level	 assessment	 is	 the	observation	 that	
CPT	behaviour	from	sands	to	clays	can	be	fitted	by	extending	(4.7)	to	account	for	drained	
to	undrained	conditions.	Been	et al.	(1988)	first	showed	this	semi-empirically	from	consid-
erations	of	the	similarity	between	ψ	and	OCR.	The	critical	state	model	provides	a	basis	for	
extending	Qp	versus	OCR	relationships	for	clays	(e.g.	Sills	et al.,	1988;	Wroth,	1988)	into	Qp	
versus	ψ	relationships	which	are	comparable	to	those	for	sands.	For	sands,	ψ	and	OCR	are	
independent	quantities	and	such	a	transformation	is	not	possible,	although	in	clays	it	appears	
that	the	transformation	is	reasonable	as	the	influence	of	OCR	clearly	dominates	that	of	ψ.

An	important	difference	between	the	Qp	−	ψ	relationships	for	sands	and	clays	is	drain-
age,	or	rather	pore	water	pressure.	CPT	penetration	in	sands	is	drained,	while	in	clays	it	is	
essentially	undrained	and	in	silts	it	is	probably	partially	drained.	This	requires	changing	the	
normalized	CPT	resistance	from	Qp	to	Qp(1	−	Bq).	Of	course,	for	drained	penetration	with	
Bq	=	0	the	approach	becomes	identical	to	the	framework	for	sands	in	Equations	4.7	and	4.11.

Before	proceeding,	we	also	note	that	in	Equation	4.7	the	parameter	k	is	the	normalized	
penetration	resistance	at	the	critical	state	(ψ	=	0).	Penetration	at	the	critical	state	is	expected	
to	be	a	strong	function	of	the	critical	state	friction	ratio	Mtc,	as	well	as	the	critical	state	volu-
metric	hardening	parameter	λ.	In	addition,	we	prefer	the	addition	of	‘+1’	in	the	parameter	
grouping	as	suggested	by	Houlsby	(1988)	and	which	is	underpinned	by	the	cavity	expansion	
theory	of	Shuttle	and	Cunning	(2007).	The	relationship	between	Qp	and	ψ	can	therefore	be	
improved	by	incorporating	Mtc	into	the	interpretation,	giving

	
Q B k mp q( ) exp( )1 1− + = − ψ 	 (4.14bis)

Qp (1 – Bq) + 1 = kexp (–mψ)
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Figure 4.29 Trends in effective inversion parameters k  and m with soil compressibility λ10.
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	 m = −11 9 13 3 10. . λ 	 (4.15b)

These	equations	were	developed	and	 improved	successively	by	Been	et al.	 (1988),	Plewes	
et al.	(1992)	and	Been	and	Jefferies	(1992),	with	Figure	4.29	showing	the	current	version	in	
use	with	effective	stress	parameter	grouping	Qp(1	−	Bq)	+	1.

The	effective	inversion	coefficients	k	and	m	appear	as	functions	of	the	soil	type	as	indexed	
by	compressibility	λ10	illustrated	in	Figure	4.29.	Soil	compressibility	λ	is	used	as	an	index	
because	there	is	presently	insufficient	experience	or	data	to	use	H	directly	(which	would	be	
preferable	given	its	large	influence	on	Figure	4.25).	Reliance	is	placed	on	H	being	related	to	
λ,	which	is	correct	for	Cam	Clay	and	is	certainly	a	trend	with	NorSand	(choosing	H	~	6/λ10	
is	a	reasonable	initial	estimate,	see	Chapter	3).	Mtc	can	be	either	treated	independently	as	in	
(4.15)	(preferable)	or	wrapped	into	a	λ-trend,	as	high	values	of	Mtc	do	not	normally	occur	
in	clays,	and	low	values	do	not	normally	occur	in	sands.	This	ties	back	to	the	original	semi-
empirical	proposition	in	Been	et al.	(1987c)	that	k,	m	are	related	to	λ.

The	next	step	is	to	estimate	λ	from	the	CPT	data,	and	here	the	approach	of	Plewes	et al.	
(1992)	differs	from	Been	and	Jefferies	(1992).	In	the	case	of	Plewes	et al.,	a	linear	scaling	
between	λ10	and	F	was	suggested	as	a	first	approximation,	and	Figure	4.30	shows	the	data	
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Figure 4.30  Relationship between λ10 and F suggested by Plewes et al. (1992) with additional data from Reid 
(2012) and authors' files.
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to	support	this	approximation.	Figure	4.30	includes	the	data	in	Plewes	et al.	plus	several	
additional	sets	of	data	from	Reid	(2012)	where	λ10	is	known	from	laboratory	testing	and	F	
has	been	measured	by	the	CPT.	There	is	no	expectation	that	constant	F	indicates	constant	
soil	type	on	CPT	soil-type	classification	charts	(e.g.	Figure	4.2),	whereas	λ	is	most	certainly	
a	soil	property.	However,	Shuttle	and	Cunning	(2008)	note	in	passing	that	F	appears	to	be	a	
better	indicator	of	soil	properties	than	the	soil	behaviour−type	index	Ic,	which	was	used	to	
by	Been	and	Jefferies	(1992)	to	estimate	λ10.	The	Plewes	et al.	method	has	stood	the	test	of	
time	and	has	been	improved	with	additional	data	(e.g.	Reid,	2012),	giving	the	final	equation	
needed	for	the	screening	method:

	
λ10

10
= F

F( )with in % 	 (4.16)

The	screening-level	assessment	can	be	considered	as	a	form	of	soil	behaviour	classification	
that	includes	ψ	as	an	indication	of	in-situ	state	of	the	material.	Figure	4.31	illustrates	the	
approach	by	showing	the	results	of	Equations	4.13a	as	well	as	4.14	through	4.16	on	a	single	
chart.	This	form	of	relationship	was	first	proposed	by	Plewes	et al.	(1992)	and	proves	to	be	
an	extremely	useful	‘first	look’	at	CPT	data	in	practice.
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4.7.5  effect of interbedded strata

The	CPT	is	affected	by	 the	soil	above	and	below	it	as	well	as	at	 the	penetrometer	 itself.	
In	particular,	 a	denser/stiffer	 layer	below	 the	 soil	 being	 tested	will	 increase	 the	penetra-
tion	resistance,	while	a	looser/softer	layer	will	decrease	it.	These	effects	can	be	particularly	
marked	if	dealing	with	interbedded	soils	and	when	thin	(say	less	than	0.5	m	thick)	strata	
have	an	impact	on	engineering	solutions.

To	date,	there	is	no	standard	method	to	allow	for	these	layering	effects.	Experimental	
studies	and	numerical	simulations	have	been	undertaken	(e.g.	Van	den	Berg,	1994)	which	
suggest	the	effect	is	confined	to	within	150 mm	of	the	boundary	between	the	two	strata.	
A	 slightly	 different	 problem	 is	 the	 ‘correction’	 of	 penetration	 resistance	 in	 a	 thin	 soil	
layer	 embedded	 in	 stiffer	materials.	Vreugdenhil	 et  al.	 (1994)	used	 a	 simplified	 elastic	
solution	to	compute	resistance	changes	around	the	interface	between	layers	of	different	
stiffness.	They	extended	the	analysis	to	show	how	the	resistance	within	an	included	layer	
differs	from	the	resistance	in	an	infinite	layer,	but	the	National	Centre	for	Earthquake	
Engineering	Research	(NCEER)	workshop	(Youd	et al.,	2001)	recommended	that	more	
conservative	 ‘corrections’	be	used	for	adjusting	thin	 layer	penetration	resistances.	This	
recommendation	was	based	on	analysis	of	field	data	by	Castro	and	Robertson,	although	
it	is	not	clear	how	the	‘true’	value	within	the	thin	layer	was	estimated.	Moss	(2003)	used	
field	data	from	23	sites	for	comparison	with	the	Vreugdenhil	solutions	and	suggested	a	
set	of	corrections	that	are	broadly	consistent	with	the	NCEER	correction	for	a	resistance	
ratio	of	2	between	the	layers,	but	extended	the	recommendation	to	resistance	ratios	of	5	
and	10.

Subsequent	 to	 the	 NCEER	 workshop,	 Berrill	 et  al.	 (2003)	 carried	 out	 CC	 tests	 on	
Fontainbleau	sand	with	different	layerings	to	examine	the	applicability	of	Vreugenhil’s	elas-
tic	 solutions.	 They	 note	 that	 although	 the	 CPT	 clearly	 involves	 plastic	 deformation,	 the	
elastic	solution	captures	the	effects	of	layering	remarkably	well	and	speculate	that	the	stress	
state	imposed	on	the	plastic	zone	by	the	surrounding	elastic	region	is	very	important.	Their	
results	were	within	11%	of	the	elastic	solution	for	a	thin	dense	included	layer	and	within	
22%	for	a	single	test	on	a	thin	loose	included	layer.

In	 practice,	 correcting	 the	 resistance	 is	 difficult	 and	 uncertain	 since	 there	 are	 two	
unknowns,	 layer	 thickness	 and	 true	 tip	 resistance	 of	 the	 soil.	 Vreugdenhil	 et  al.	 (1994)	
illustrate	a	manual	iterative	approach	for	a	single	layer,	in	which	the	pore	pressure	from	the	
CPT	is	used	to	determine	the	layer	thickness	and	the	layer	stiffness,	that	is	true	tip	resis-
tance	is	determined	by	successive	guesses.	However,	this	procedure	is	not	practical	in	most	
cases,	and	engineering	practice	is	generally	to	neglect	layering	effects	and	develop	estimates	
of	liquefaction	potential	from	data	obtained	away	from	the	transition	between	strata.	This	
approach	will	give	satisfactory	results	provided	layers	are	thicker	than	about	0.6	m	and	the	
stiffness	ratio	between	the	materials	is	less	than	five.

4.7.6  Cpt inversion software

It	should	be	appreciated	by	now	that	to	retain	reasonable	precision	in	the	recovered	state	
estimate,	 inversion	 of	 CPT	 data	 to	 recover	 state	 is	 not	 as	 simple	 as	 it	 initially	 appears.	
Nevertheless,	the	entire	methodology	can	be	implemented	in	a	spreadsheet	and	one	is	pro-
vided	as	a	downloadable	file	(CPT_plot.xls)	along	with	a	typical	data	file	to	illustrate	the	
results.	Chapter	9	walks	you	through	the	process	of	using	CPT_plot	in	detail.	All	routines	
are	written	in	open	code	that	is	accessed	through	the	VBA	editor	of	Excel.	The	source	code	
is	‘plain	English’	with	comments,	so	easy	to	read	and	follow.
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Because	the	Plewes	et al.	(1992)	screening-level	evaluation	based	on	F	to	determine	λ10	
(Equation	4.16)	 and	k	 and	m	 (Equation	4.15)	has	been	 found	 surprisingly	accurate	 in	
estimating	ψ,	and	because	this	method	automatically	senses	changing	soil	type,	the	state	
profile	from	this	method	is	always	shown	in	CPT_plot.xls.	The	spreadsheet	also	allows	
estimation	of	ψ	with	 three	additional	methods,	with	soil-specific	calibrations,	 through	
the	choice	of	the	parameters	k	and	m	or	k	and	m.	The	methods	for	the	inversion	to	state	
are	as	follows:

•	 Specify	k,	m	directly	in	target	horizon	at	a	given	stress	level.	This	is	the	original	method	
based	on	CC	testing	and	Equations	4.8	and	4.11	for	drained	penetration	(Been	et al.,	
1987c).

•	 Specify	soil	properties	M,	N,	H,	ψ,	G	and	compute	k,	m	using	the	approach	of	Shuttle	
and	 Jefferies	 (1998)	 in	 Equation	 4.12.	 In	 this	 approach,	 G	 varies	 as	 indicated	 in	
Equation	4.17,	and	any	stress-level	bias	 inherent	 in	the	CC	data	 is	considered.	This	
method	is	preferred	in	the	absence	of	chamber	tests	when	the	soil	properties	are	out-
side	the	range	of	the	chamber	test	soils.

•	 For	silts,	drained	penetration	no	longer	occurs.	In	this	case,	k	and	m	need	to	be	com-
puted	using	the	method	of	Shuttle	and	Cunning	(2007)	and	then	used	in	the	inverted	
form	of	Equation	4.14	to	obtain	ψ	from	Qp	and	Bq.	Download	the	‘widget’	to	generate	
these	CPT	coefficients	for	your	soil	properties.

The	general	inversions	include	the	effect	of	G	on	the	CPT,	and	the	basis	for	the	method	is	
that	G	can	be	expressed	as	(neglecting	void	ratio	change	effects):
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 	 (4.17)

where	Gref	is	a	reference	shear	modulus	at	the	reference	stress	level	pref.	The	stress	measure	
will	commonly	be	either	 the	vertical	effective	stress	or	 the	mean	stress	and	the	reference	
value	will	be	100	kPa	by	convention.	Different	soils	will	have	different	n;	the	valid	range	is	
0	≤	n	≤	1,	with	0	being	a	soil	of	constant	modulus,	and	1	being	a	soil,	typically	clay,	whose	
modulus	 increases	 in	 direct	 proportion	 to	 the	 stress	 level.	 For	 sands	 one	 typically	 finds	
n	≈	0.5	and	this	value	can	be	used	as	a	default.	The	worksheet	provides	a	picture	of	the	G	
versus	stress	profile	input	for	checking	that	the	chosen	properties	give	the	desired	modulus	
profile,	which	leads	to	consideration	of	in-situ	elastic	properties.

4.8  elastICIty In-sItu

The	elastic	shear	modulus	(strictly	G,	but	often	called	Gmax	in	practice)	is	needed	to	mini-
mize	uncertainty	in	deriving	soil	state	from	CPT	data.	How	then	should	this	shear	modu-
lus	be	measured	or	otherwise	established?	People	have	conducted	laboratory	studies	using	
resonant	column	tests	or	bender	elements	to	propagate	a	shear	wave	signal	and	in	so	doing	
developed	rather	well-controlled	relationships.	For	example,	Bellotti	et al.	(1996)	reported	
an	extensive	test	program	on	the	elasticity	of	Ticino	sand	using	bender	elements,	mainly	
investigating	the	cross-anisotropic	elasticity.	Their	data	can	be	averaged	and	fitted	with	the	
same	form	of	 functional	dependence	on	void	ratio	and	mean	stress	as	 they	propose,	and	
these	are	the	data	that	were	previously	presented	in	Figure	4.23.
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One	might	readily	think	from	Figure	4.23	that	in	order	to	define	the	shear	modulus	as	a	
function	of	density	and	stress	level,	all	that	is	needed	is	a	modest	amount	of	laboratory	test-
ing.	This	is	a	delusion.	Elastic	properties	are	very	dependent	on	the	soil	particle	arrangement	
or	fabric,	and	there	is	presently	no	relationship	based	in	mechanics	to	ascertain	the	modifi-
cation	of	shear	modulus	for	the	varying	silt	content	and	fabric	that	inevitably	arise	in-situ.	
The	 upshot	 is	 that	 precise	 work	 will	 require	 measurement	 of	 the	 shear	 modulus	 in-situ.	
The	good	news	is	that	this	task	is	not	overly	onerous.	Two	different	methods	that	have	been	
used	to	measure	the	shear	modulus	in-situ	are	unload–reload	tests	with	a	pressuremeter	and	
geophysical	tests	to	measure	shear	wave	velocity.

Pressuremeters	are	quite	straightforward	because	the	slope	of	the	expansion	pressure	ver-
sus	hoop	strain	relationship	is	theoretically	equal	to	2G	under	elastic	conditions.	Elasticity	
is	enforced	by	loading	up	the	pressuremeter	and	then	carrying	out	a	gentle	pressure	reduc-
tion	and	subsequent	reload.	Although	this	is	a	very	simple	method,	there	are	two	subtleties.	
First,	elastic	strains	are	small	and	considerable	care	is	needed	with	pressuremeter	calibration	
and	transducer	quality.	A	reputable	testing	organization	specializing	in	pressuremeter	work	
must	be	involved.	Second,	pressuremeter	testing	gives	only	point	estimates	and	if	a	series	of	
tests	are	carried	out	in	a	borehole,	there	will	usually	be	place-to-place	variation	in	the	shear	
modulus	even	in	an	apparently	uniform	fill.

The	alternative	method	to	determine	shear	modulus	is	to	measure	the	travel	velocity	of	a	
seismic	shear	wave.	Modulus	is	then	obtained	using	the	standard	relationship	between	shear	
modulus	G,	the	shear	wave	velocity	Vs	and	soil	density	ρ:

	 G Vs= ρ 2 	 (4.18)

The	shear	wave	velocity	is	determined	by	measuring	the	time	taken	to	propagate	a	shear	
wave	 over	 a	 known	 distance.	 Because	 shear	 waves	 travel	 more	 slowly	 than	 compression	
waves,	it	is	normal	to	use	polarity	reversal	to	clearly	identify	the	shear	wave	arrival.	Digital	
stacking	oscilloscopes	or	seismographs	are	used	 to	build	up	 the	signal	and	minimize	 the	
effects	of	noise	on	the	data.	There	are	three	common	arrangements	for	measuring	seismic	
shear	wave	velocity	directly:	cross-hole	testing,	vertical	seismic	profiling	in	a	borehole,	and	
vertical	seismic	profiling	with	a	seismic	cone.	Spectral	analysis	of	surface	waves,	SASW	(e.g.	
Nazarian	et al.,	1983;	Stokoe	et al.,	1994),	or	MASW	(Park	et al.,	1999)	techniques	provide	
non-intrusive	methods	to	determine	the	shear	wave	velocity	albeit	only	to	5–10	m	depths.

Cross-hole	testing,	as	the	name	suggests,	involves	drilling	boreholes	about	5	m	apart	in	
which	plastic	casing	 is	grouted.	A	polarized	seismic	source,	commonly	a	sliding	hammer	
that	can	be	struck	in	either	an	up	or	down	direction,	is	lowered	in	one	borehole	and	used	to	
send	a	signal	to	a	geophone	in	the	other	borehole.	Because	boreholes	deviate	from	vertical,	
each	borehole	must	be	carefully	surveyed	throughout	its	full	depth.	The	survey	comprises	
taking	 multiple	 readings,	 not	 necessarily	 just	 horizontally,	 to	 construct	 a	 picture	 of	 the	
variation	in	shear	modulus.	Standard	procedure	D-4428,	as	published	by	ASTM,	describes	
what	is	needed	and	how	the	testing	should	be	carried	out.	This	is	a	very	useful	standard	and	
should	be	referred	to	even	if	testing	with	vertical	methods	(for	which	there	is	presently	no	
corresponding	ASTM	standard).	It	is	possible	to	reconstruct	the	place-to-place	variation	in	
shear	modulus	from	tomographic	inversion	of	cross-hole	testing	but	that	is	a	highly	unusual	
level	of	effort	and	rarely	encountered.

The	need	for	multiple	boreholes	in	cross-hole	testing	is	inconvenient,	as	is	the	effort	in	
precisely	surveying	them.	Consequently,	it	is	more	common	to	use	vertical	seismic	profiles	
(VSPs).	VSPs	comprise	using	a	receiver	placed	down	a	cased	borehole,	much	like	in	cross-
hole	testing,	and	then	propagating	a	signal	from	the	surface	to	the	receiver.	VSPs	offer	two	
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Figure 4.32 Vertical seismic profiling to determine in-situ shear wave velocity.
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advantages.	First,	 because	 the	 signal	 travel	path	 is	predominantly	 vertical,	 it	 is	 common	
not	to	survey	the	borehole	and	accept	the	error	so	introduced	in	the	estimated	travel	path.	
Second,	the	polarized	source	no	longer	has	to	be	a	downhole	hammer,	but	now	can	be	a	
plank	of	wood	anchored	to	the	ground	(often	using	the	wheels	of	a	site	vehicle	parked	on	it),	
and	simply	hit	with	a	sledge	hammer	as	illustrated	in	Figure	4.32.

A	convenient	variation	on	the	VSP	approach	is	the	seismic	cone.	The	seismic	cone	is	a	stan-
dard	CPT	in	which	a	geophone	has	been	mounted	as	an	extra	transducer	channel	(Robertson	
et al.,	1986).	During	each	pause	in	the	CPT	sounding,	usually	at	1	m	intervals	when	adding	
a	rod,	a	shear	wave	is	generated	at	the	ground	surface	and	the	time	required	for	the	shear	
wave	to	reach	the	geophone	in	the	cone	is	recorded.	This	is	just	like	a	standard	VSP.	Not	only	
does	this	provide	the	needed	data	inexpensively,	but	there	is	the	additional	advantage	that	it	
is	adjacent	to	the	CPT,	therefore	relevant	to	the	inference	of	state	from	that	particular	test.	
The	method	can	also	be	improved	by	including	two	geophones,	exactly	1	m	apart	within	the	
CPT	system.	The	difference	in	arrival	time	of	the	shear	wave	generated	at	the	surface	then	
gives	the	shear	wave	velocity	between	the	two	geophone	depths.

Figure	4.33	shows	the	results	of	VSP	testing	with	a	seismic	CPT	in	sand	and	silt	tail-
ings	deposit.	There	is	a	strong	layering	evident	in	the	tip	resistance,	which	is	typical	of	
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Figure 4.33  Example of seismic CPT in layered sand and silt tailings deposit; tip resistance, shear wave veloc-
ity and shear modulus.
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periodical	hydraulic	deposition	of	sandy	and	silty	materials.	The	shear	wave	velocity	pro-
file	averages	properties	over	a	metre	and	shows	a	very	consistent	trend	of	velocity	increas-
ing	with	depth.	From	this,	the	shear	modulus	Gmax	has	been	calculated	and	a	power	law	
trend	 from	Equation	4.17	with	n	=	0.6	 is	 shown	 for	 comparison.	A	CPT	and	 two	VSP	
testing	boreholes	in	a	uniform	and	hydraulically	placed	sandfill	are	shown	in	Figure	4.34.	
These	data	are	from	within	the	core	of	the	Molikpaq	at	Tarsiut	P-45.	There	is	a	substan-
tial	variation	in	modulus	from	place	to	place,	about	±50%	of	the	best-fit	power	law	trend	
line	for	a	uniform	density	material	using	the	familiar	power	law	(square	root)	trend.	This	
variation	is	unsurprising	when	we	look	at	how	the	properties	vary	(Chapter	5,	Figures	
5.5	and	5.6),	and	is	the	reason	why	shear	modulus	needs	to	be	treated	as	an	independent	
variable.
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Figure 4.34  Shear modulus determined  from VSP  tests  in  hydraulically  placed  sandfill  (Molikpaq  core  at 
Tarsiut P-45).
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When	introducing	the	stress	normalization	methods,	 it	was	noted	that	some	workers	
were	using	an	exponent	of	0.7	to	normalize	CPT	data	in	silt,	apparently	on	the	grounds	
that	silt	was	a	soil	half-way	between	sand	and	clay.	Figure	4.35	shows	Gmax	data	 from	
laboratory	bender	element	tests	on	a	clean	sand	(Ticino	sand,	the	same	data	from	Bellotti	
et al.,	1996,	in	Figure	4.23)	a	cycloned	tailings	(silty	sand)	and	a	tailings	beach	(sandy	silt).	
For	all	intents	and	purposes,	these	materials	show	exactly	the	same	trends	in	the	labora-
tory	and	there	is	no	basis	for	normalizing	CPT	results	in	silts	using	an	exponent	n	=	0.7.	
Figure	4.36	 shows	 in-situ	Gmax	data	on	 four	 silts;	one	a	natural	deltaic	deposit	 (Fraser	
River	Delta),	one	hydraulic	fill	(placed	in	Coquitlam	dam	core	in	1910)	and	two	tailings	
deposits.	Here,	there	is	a	range	from	n	=	0.5	to	0.8,	but	the	range	is	attributed	to	different	
depositional	environments	and	ageing	(the	bottom	of	the	tailings	deposits	may	be	decades	
old,	while	the	near	surface	material	is	a	few	years	old).	It	is	important	to	actually	test	the	
soil	as	opposed	to	relying	on	opinion	of	what	the	trend	or	exponent	should	be;	if	you	test,	
then	you	know	the	facts.
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Figure 4.35  Bender element measurements of shear modulus in laboratory samples of Ticino sand and tail-
ings, showing consistent power law trend with n = 0.5.

© 2016 by Taylor & Francis Group, LLC

  



190  Soil liquefaction: A critical state approach

4.9  horIzontal geostatIC stress

4.9.1  geostatic stress ratio, Ko

Estimating	the	vertical	effective	stress	is	straightforward	and	generally	can	be	done	within	
a	few	percent	of	truth	given	a	measured	or	otherwise	known	ground	water	pressure.	But	the	
difficulty	is	that	penetration	tests,	whether	CPT	or	SPT,	respond	to	the	mean	stress	and	this	
requires	knowing	the	horizontal	stress	to	maximize	information	from	penetration	tests.	A	
common	way	forward	is	to	work	through	the	geostatic	stress	ratio,	Ko h v= ′ ′σ σ/ .	This	stress	
ratio	is	determined	and	then	is	usually	taken	as	a	constant	in	the	stratum,	allowing	the	mean	
effective	stress	to	be	related	to	the	vertical	effective	stress.

The	formula	usually	encountered	for	Ko	 in	normally	consolidated	soils	relates	the	geo-
static	stress	ratio	to	the	current	friction	angle	through	the	Jaky	equation:

	 Ko = − ′1 sin( )φ 	 (4.19)

Besides	the	fact	that	Jaky	developed	this	relationship	for	the	stress	on	the	axis	of	an	accret-
ing	conical	sand	mass,	there	are	fundamental	problems	with	Equation	4.19.	First,	normally	
consolidated	 sands	 that	 are	gently	vibrated	will	densify	and	 increase	 their	 friction	angle,	
from	which	(4.19)	would	indicate	that	the	horizontal	stress	decreases,	since	dense	soils	have	a	
greater	friction	angle	than	loose	soils.	In	reality,	the	horizontal	stress	increases	with	vibration	
instead	of	decreasing,	so	that	Equation	4.19	has	the	wrong	sense.	Second,	one	would	expect	
the	geostatic	stress	ratio	to	be	a	function	of	soil	stiffness	and	other	small	strain	constitutive	
parameters,	not	friction	angle,	at	least	for	the	level	ground	case.	The	best	that	can	be	said	
of	Equation	4.19	is	that	it	indicates	Ko	≈	0.5	under	loose,	normally	consolidated	conditions.
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Figure 4.36  Comparison of shear modulus profiles  for several sites,  including sands and silts  in different 
depositional environments.
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A	better	 understanding	of	Ko	 can	be	developed	 from	 thinking	 about	 the	 confined	 (no	
lateral	displacement)	compression	of	an	elastic	solid	under	level	ground	conditions	with	the	
vertical	effective	stress	as	the	maximum	principal	stress.	Let	elasticity	follow	the	Hook’s	law	
ideal	with	properties	E	and	ν.	Increment	the	vertical	stress	by	∆σ1,	and	from	the	definition	
of	Poisson’s	ratio:

	
�ε σ ν σ ν σ

2
2 1 3= − −∆ ∆ ∆

E E E
	 (4.20)

Introducing	the	condition	of	no	lateral	displacement,	 �ε2 0= :

	 ∆ ∆ ∆σ ν σ ν σ2 1 3= + 	 (4.21)

From	symmetry	∆ ∆σ σ2 3= ,	which	then	gives	the	result:

	
′ = =

−
K

∆
∆
σ
σ

ν
ν

3

1 1
	 (4.22)

K′	 is	often	 taken	 to	be	Ko	 in	 the	 literature;	 for	example,	Bishop	and	Henkel	 (1962)	 sug-
gest	that	the	incremental	approach	is	the	most	accurate	method	for	determining	Ko.	Those	
authors	 further	 remark	 that	 K′	 is	 experimentally	 constant	 over	 a	 wide	 range	 of	 stresses	
with	cohesionless	materials	–	hardly	surprising	given	that	we	can	see	from	(4.22)	that	K′	
is	an	alternative	identity	for	Poisson’s	ratio	and	that	elasticity	is	important	in	the	confined	
compression	of	cohesionless	materials.	Reverting	to	the	true	definition	of	the	geostatic	stress	
ratio,	for	the	changed	stress	state:

	
Ko =

+
+

σ σ
σ σ

3 3

1 1

∆
∆

	 (4.23)

from	which	it	can	be	seen	that	Ko	is	only	equivalent	to	K′	if	starting	from	zero	initial	stress.	
Interestingly,	Poisson’s	ratio	for	cohesionless	soils	commonly	lies	in	the	range	0.2	<	ν	<	0.3,	
giving	 corresponding	 values	 0.25<K′<0.45.	This	 is	 close	 to	 the	 values	 obtained	 with	 the	
Jaky	equation,	which	might	be	a	reasonable	approximation	in	laboratory	experiments	with	
reconstituted	samples.	Presumably	this	is	what	has	led	to	the	views	of	the	equivalence	of	K′	
and	Ko,	as	these	views	have	been	put	forward	by	people	with	a	largely	laboratory	experi-
mental	background.	For	real	soils	in-situ,	relying	on	K′	as	an	estimate	for	Ko	entirely	ignores	
geologic	processes	that	may	markedly	change	things,	including	many	thousands	of	cycles	of	
low-level	cyclic	stress,	creep,	and	ageing.

There	are	data	from	two	studies	showing	the	effect	of	cyclic	loading	on	Ko.	Both	stud-
ies	 tested	clean	sand	 in	 the	void	ratio	range	0.5	<	eo	<	0.6	 (which	 is	not	 loose).	 In	 the	first	
study,	Youd	and	Craven	(1975)	used	calibrated	membranes	 in	the	cyclic	simple	shear	test	
to	measure	how	the	horizontal	stress	evolved	during	several	 levels	of	near-constant	cyclic	
straining.	In	the	second	study,	Zhu	and	Clark	(1994)	used	an	oedometer,	instrumented	to	
measure	lateral	stress,	that	was	mounted	on	a	shaking	table	much	as	might	be	done	for	a	
minimum	void	ratio	test.	Figure	4.37	shows	the	data	from	both	these	studies	illustrating	how	
Ko	evolves	with	cyclic	loading.	The	two	studies	do	not	overlap.	Youd	and	Craven	limit	them-
selves	to	100	cycles	whereas	Zhu	and	Clark	have	60 Hz	loading	and	only	show	data	after	a	
few	seconds	of	loading.	Also,	Youd	and	Craven	nicely	document	the	effect	of	cyclic	strain	
amplitude	whereas	the	tests	by	Zhu	and	Clark	were	a	bit	 ‘brute	force’	although	taken	to	
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vastly	more	loading	cycles.	Despite	these	differences	in	test	methodology,	the	data	show	that	
rather	minor	cyclic	loading	can	easily	double	Ko	from	its	as-placed	value	(i.e.	the	Jaky	value).

One	 approach	might	be	 to	 somehow	estimate	 the	 geological	 history	of	 a	 stratum	and	
what	the	effect	of	that	history	might	be	on	the	geostatic	stress	ratio.	But	that	hardly	seems	
sensible	 since	 we	 have	 no	 method	 to	 quantify	 geological	 history	 and	 our	 understanding	
of	 the	mechanics	as	 to	why	geostatic	 stress	 ratio	 increases	with	cyclic	 loading	 is	 limited.	
Practically,	it	is	not	possible	to	avoid	treating	Ko	as	an	independent	variable,	and	a	variable	
that	must	be	measured	in-situ.	How	to	measure	Ko	is	the	next	question.

4.9.2  Measurement with sBp

Measuring	Ko	tends	to	rely	on	the	SBP,	although	there	are	some	alternatives.	With	the	SBP	
there	are,	in	principle,	two	approaches	to	determining	Ko:	initial	lift	off	and	formal	solution	
of	the	boundary	value	problem.	Some	example	data	are	examined	before	discussing	these	
methods.

Figure	4.38	shows	a	composite	plot	of	seven	good	SBP	tests	in	a	loose	hydraulically	placed	
sandfill	where	the	measured	cavity	pressures	have	been	normalized	by	the	vertical	effective	
stress	at	the	test	depth.	(The	case	history	is	the	Molikpaq	offshore	platform	at	the	Tarsuit	
P-45	site,	Jefferies	et al.,	1985,	for	which	CPT	and	VSP	profiles	are	shown	in	Figure	4.34.)	
Table	4.5	provides	a	summary	of	these	tests	as	well	as	the	interpreted	results	from	the	adja-
cent	CPT	profile	for	reference.	The	data	plotted	in	Figure	4.38	for	each	test	are	the	average	
of	the	three	arms	in	the	SBP,	as	this	is	required	to	compensate	for	possible	pressuremeter	
movement	in	the	ground	as	it	is	expanded.	Only	7	out	of	16	tests	are	shown;	the	other	tests	
being	 abandoned	 as	 obviously	 grossly	 disturbed	 (e.g.	 for	 a	 large	 mismatch	 between	 the	
individual	arm	displacements).	It	seems	to	be	common	that	only	about	half	the	SBP	tests	in	
sand	remain	relatively	undisturbed	as	a	result	of	the	self-boring,	possibly	because	the	driller	

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1 10 100 1000 10000

G
eo

st
at

ic
 st

re
ss

 ra
tio

, K
o 

Number of loading cycles

Data from Youd and Craven (1975) all eo ~ 0.53
Data from Zhu and Clark (1994) at 5g excitation

Load cycling on K0.xls

γ ~ 0.8 %

γ ~ 0.13%

γ ~ 0.07%

eo ~ 0.52

eo ~ 0.60

Figure 4.37 Effect of number of loading cycles on geostatic stress ratio (under laboratory conditions).

© 2016 by Taylor & Francis Group, LLC

  



Determining state parameter in-situ  193

0

1

2

3

4

5

6

0 2 4 6 8 10 12

N
or

m
al

iz
ed

 ex
pa

ns
io

n 
pr

es
su

re
, P

/́σ
v́

Radial strain, dR/Ro (%)

10

14
11

09

01 15

13

Figure 4.38 Results of SBP tests in hydraulically placed Erksak sand.

Table 4.5  Summary of near-undisturbed SBP tests in Tarsiut P-45 hydraulically placed sandfill and 
adjacent CPT data

Test Depth (m)a σv ( )kPa b 

Lift-off method IFM (Ghafghazi and Shuttle, 2008) 

qc (MPa)c Qp σh ( )kPa  Ko Ko 

spigotted core
1 2.7 53 38 0.7 0.96 ± 0.04 2.6 ± 0.3 55
2 3.7 70 <120 – ≈4 57
8 7.7 109 Uncertain – ≈6 55
9 10.7 139 75 0.5 0.65 ± 0.11 9.2 ± 0.7 87

10 11.5 146 181 1.2 0.9 ± 0.10 14.7 ± 5 107
11 16.2 193 130 0.7 0.8 ± 0.20 12.3 ± 5 79
13 18.2 212 105 0.5 0.8 ± 0.20 8.0 ± 2 45
14 20.0 230 145 0.6 0.63 ± 0.10 12.7 ± 2 74
15 21.0 240 217 0.9 0.88 ± 0.13 12.4 ± 3 57

Bottom dumped berm
16 25.3 282 165 0.6 ≈20 71
18 29.7 325 102 0.3 ≈20 61

a  Depths are quoted to the strain arm measurement axis of the SBP.
b  Water table estimated at 3.5 m from surface from adjacent CPTu. 
c  Estimated characteristic value from adjacent CPT.
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receives	no	feedback	during	self-boring	of	the	pressuremeter	as	to	whether	the	pushing	rate	
is	properly	balancing	the	soil	removal	rate.	However,	as	can	be	seen,	the	good	tests	show	
a	consistent	pattern	of	behaviour.	The	data	files	for	these	tests	are	included	on	the	website	
with	test	details.

The	lift-off	method,	as	the	name	suggests,	involves	identifying	when	the	expansion	of	the	
pressuremeter	begins.	The	proposition	behind	this	method	is	that	the	membrane	remains	
pushed	against	the	pressuremeter	body	until	the	net	pressure	balances	the	horizontal	stress	
in	the	ground.	Net	pressure	means	that	the	effect	of	the	SBP	membrane	must	be	subtracted	
from	the	total	pressure.	This	offset	(typically	18–30	kPa)	needs	to	be	measured	as	part	of	
the	pressuremeter	calibration.

The	 boundary	 value	 method	 to	 determine	 horizontal	 stress	 involves	 fitting	 a	 model	
to	the	entire	pressure	versus	displacement	record.	This	method	works	because	the	pres-
sure	at	any	stage	of	the	test	is	a	function	of	the	far-field	horizontal	stress,	which	is	the	
geostatic	stress	sought.	Ghafghazi	and	Shuttle	(2008)	used	NorSand	within	a	finite	ele-
ment	model	to	analyze	all	of	the	SBP	tests	in	Figure	4.38.	They	illustrate	the	use	of	an	
IFM	approach,	in	which	unknown	parameters	are	estimated	(in	this	case	ψ	and	 ′σh),	the	
pressuremeter	expansion	behaviour	for	these	parameters	is	computed,	and	then	the	com-
puted	behaviour	compared	with	what	was	measured.	The	estimate	of	properties	is	then	
revised	and	the	process	repeated	until	a	good	image	match	is	obtained.	Figure	4.39	shows	
the	results	of	IFM	for	Test	01	from	Ghafghazi	and	Shuttle	(2008).	Note	that	the	model	
focuses	on	the	cavity	strains	greater	than	about	1%	as	this	reduces	the	effect	of	distur-
bance	due	 to	boring	on	 the	results.	Although	 IFM	results	 in	a	non-unique	solution,	as	
more	than	one	combination	of	parameters	may	fit	the	data,	this	is	not	a	limitation.	How	
easily	a	fit	is	obtained,	and	the	range	of	parameters	that	give	a	good	fit,	is	an	indication	
of	robustness	of	the	solution.	The	results	of	IFM	for	all	seven	tests	which	were	modelled	
by	Ghafghazi	and	Shuttle	are	included	in	Table	4.5	for	comparison	with	the	less	accurate	
lift-off	method.	The	data	are	consistently	0.6	<	Ko	<	1.0	 for	 IFM,	with	 lift-off	pressures	
giving	a	slightly	wider	range	of	Ko.

Figure	4.40	 (after	Graham	and	 Jefferies,	 1986)	 shows	 the	 estimated	 in-situ	horizontal	
stress	plotted	against	vertical	effective	stress	for	six	case	histories	(including	the	data	from	

250

200

150

100

50

0
0.0 2.0 4.0 8.06.0

Cavity strain (%)

Ca
vi

ty
 p

re
ss

ur
e (

kP
a)

Test 01 at 2.7 (m)
ψ = –0.05, K0 = 0.92
ψ = –0.035, K0 = 1.0

10.0 12.0

Figure 4.39  Iterative  forward  modelling  (IFM)  for  interpretation  of  self-bored  pressuremeter  test  in 
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Figure 4.40  Horizontal geostatic stress in hydraulic fills. (From Graham, J.P. and Jefferies, M.G., Some examples of in-situ lateral stress determinations in hydraulic 
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196  Soil liquefaction: A critical state approach

Tarsiut	P-45)	of	hydraulically	placed	sands	in	the	Beaufort	Sea.	As	can	be	seen,	there	is	a	
common	pattern	to	the	lift-off	pressures	over	these	different	case	histories,	which	provides	
comfort	in	the	repeatability	of	the	procedures,	as	different	testing	contractors,	field	engi-
neers	and	drillers	were	involved.	Also,	the	Molikpaq	core	at	Tarsiut	P-45	was	tested	twice,	
once	in	1984	and	once	in	1985,	using	different	companies	and	different	field	engineers	and	
yet	very	 similar	 results	were	obtained.	The	average	geostatic	 stress	 ratio	across	 these	 six	
case	histories	was	about	Ko	≈	0.7.	The	Jaky	equation	gives	a	lower	bound	to	the	data,	as	
expected,	and	something	like	Ko	≈	1.3	might	be	viewed	as	a	sensible	upper	limit	if	a	few	
values	are	excluded	as	possible	outliers.

4.9.3  Measurement with horizontal stress Cpt

The	requirement	to	know	the	horizontal	stress	is	certainly	inconvenient	for	easy	use	of	CPT	
data.	However,	it	becomes	a	non-issue	if	the	CPT	itself	measures	the	horizontal	stress.	There	
is	also	the	interesting	question	of	whether	Ko	is	even	constant	in	the	light	of	the	SBP	data,	
and	continuous	measurement	of	σh	is	desirable.

Huntsman	 (1985)	 suggested	 installing	 strain	 gauges	 on	 the	 friction	 sleeve	 of	 the	 pen-
etrometer	 as	 an	 additional	 data	 channel	 to	 measure	 hoop	 strain	 during	 CPT	 sounding.	
The	horizontal	stress	sensing	cone	test	was	tried	on	an	experimental	basis	in	both	the	CC	
(Huntsman,	1985;	Been	et al.,	1987b)	and	the	field	(Huntsman	et al.,	1986;	Jefferies	et al.,	
1987).	Geotech	AB	in	Sweden	(www.geotech.se)	(Ingenjörsfirman	Geotech	AB,	2014)	man-
ufactured	the	horizontal	stress	sensing	cones	that	were	used.	The	sensing	element	axis	was	
35 mm	behind	the	shoulder	of	the	penetrometer.

Because	 CPT	 penetration	 disturbs	 the	 ground,	 the	 horizontal	 stress	 measured	 on	 the	
sleeve	 is	 different	 from	 that	 in	 the	 ground.	 Inversion	of	 the	measured	data	 is,	 therefore,	
essential	to	obtain	the	actual	horizontal	stress.	Like	other	CPT	work,	the	starting	point	is	
CC	tests.	Ground	truth	is	known	for	these	because	the	horizontal	pressure	is	applied	to	the	
chamber.	The	measured	effective	radial	stress	on	the	CPT	sleeve	 ′σhc	can	be	expressed	as	a	
ratio,	called	the	amplification	factor	A,	of	the	horizontal	geostatic	stress.	Figure	4.41	shows	
the	results	of	the	measured	data	on	A	from	CC	tests	on	Monterey	and	Erksak	sands,	in	each	
case	comparing	A	with	the	state	parameter	as	A	is	obviously	related	to	soil	dilation.	There	
is	a	simple	relationship	that	captures	the	data:

	 A a b= −exp( )ψ 	 (4.24)

where	a,	b	are	coefficients	analogous	to	k,	m.	There	is	now	a	small	problem	in	that	the	inver-
sion	to	recover	ψ	from	CPT	data	depends	on	mean	stress	but	to	recover	mean	stress	through	
(4.24)	we	need	to	know	ψ.	For	the	case	that	m	=	b,	which	approximates	the	test	data,	com-
bining	(4.24)	with	(4.7)	and	the	relationship	of	Ko	to	the	mean	effective	stress	to	eliminate	ψ	
gives	an	equation	(referred	to	as	the	‘linear	algorithm’):

	
K

a k q
o

c hc

=
− ′

1
2 3( (( )( )))/ /σ

	 (4.25)

where	measured	parameters	(qc	and	 ′σhc)	appear	on	the	right-hand	side.	Jefferies	et al.	(1987)	
tested	recovery	 ′σh	with	(4.25)	for	the	chamber	test	data	(for	which	it	was	known).	There	was	
substantial	scatter.	However,	applying	(4.25)	to	the	field	data	gave	very	much	more	stable	
results,	shown	in	Figure	4.42.	This	figure	compares	the	results	using	Equation	4.25	with	
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the	estimated	 ′σh	from	adjacent	SBP	tests	(it	is	the	same	SBP	data	as	appears	in	Figures	4.38	
and	4.40).	Rather	good	correspondence	 is	evident,	and	the	fluctuations	 in	 ′σh	determined	
through	(4.25)	looks	intriguingly	like	the	variation	inferred	from	the	pressuremeter	data.	
One	point	not	discussed	in	Jefferies	et al.	(1987)	is	that	the	chamber	test	data	used	to	verify	
the	recovery	of	 ′σh	using	(4.25)	were	based	on	data	picks	as	representative	of	each	chamber	
test.	The	apparently	good	performance	of	the	field	data	was	when	the	algorithm	was	applied	
to	a	data	file	continuously,	on	measured	data	at	approximately	10 mm	intervals.

At	present,	the	horizontal	stress	CPT	is	very	much	an	experimental	device	and	not	likely	
to	be	used	in	practice.	It	has	been	shown	here	for	two	reasons.	First,	the	remarkable	similar-
ity	of	the	Ko	values	to	those	from	SBP	data	leads	credence	to	the	idea	that	the	SBP	data	are	
reasonable	and	hopefully	dispel	any	anxieties	about	rejection	of	the	Jaky	equation.	Second,	
the	horizontal	stress	CPT	is	an	interesting	device	with	substantial	potential	for	improving	
precision	in	geotechnical	engineering.	Perhaps	reading	about	it	here	might	trigger	further	
developments	in	transducer	technology	and	the	development	of	better	inversion	algorithms.	
Of	course,	the	reality	is	that	one	really	should	conduct	pressuremeter	testing	as	well	as	using	
the	CPT.	The	two	are	complimentary	tools.

4.9.4  Importance of measuring Ko

Uncertainty	 in	 the	 magnitude	 of	 horizontal	 stress	 leads	 to	 uncertainty	 in	 the	 sand	 state	
inferred	from	the	CPT.	The	importance	of	precision	in	the	knowledge	of	 ′σh	to	the	estimate	
state	 parameter	 is	 illustrated	 in	 Figure	 4.43,	 which	 shows	 the	 uncertainty	 in	 state	 from	
Equations	4.8	and	4.11a	and	b	as	a	function	of	uncertainty	in	horizontal	stress.	Defining	an	
uncertainty	factor	,	ξ,	in	horizontal	stress	as:

	

′
+

< ′ < ′ +σ
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where
′σh is	the	true	horizontal	effective	geostatic	stress
′σ ξh  the	estimate	of	it.

It	can	then	be	seen	from	Figure	4.43	that	an	uncertainty	ξ	of	as	much	as	0.2	will	not	degrade	
significantly	the	estimated	ψ.

However,	once	the	uncertainty	in	 ′σh	rises	to	ξ	=	0.6,	the	uncertainty	in	ψ	rises	to	±0.05.
These	 numerical	 values	 for	 uncertainty	 can	 be	 put	 in	 perspective	 by	 considering	 the	

context	of	 the	 liquefaction	assessments.	 Soils	 show	adequate	behaviour	 to	 cyclic	 loading	
if	ψ	<	−0.2,	limited	strain	potential	if	ψ	<	−0.1,	and	may	be	prone	to	flowslides	if	ψ	>	−0.05.	
Confident	engineering	requires	unarguable	distinction	between	these	possibilities	and	this	
requires	determining	ψ	with	a	precision	better	than	±0.03.	One,	therefore,	needs	to	know	
′σh	to	within	ξ	<	0.2	or	20%.
These	test	data	presented	show	that	Ko	 in-situ	 is	unrelated	to	the	Jaky	expression.	For	

hydraulically	placed	sands,	the	difference	between	Ko	estimated	from	(1	−	sinϕ)	and	reality	
is	the	difference	between	Ko	≈	0.45	and	Ko	≈	0.7–0.9.	This	difference	corresponds	to	ξ	≈	1,	
which	is	well	outside	the	allowable	tolerance.	Further,	the	use	of	the	Jaky	equation	is	not	
conservative	in	determining	ψ	with	the	CPT.

Much	of	this	chapter	has	been	devoted	to	accounting	for	the	effect	of	material	properties	
and	elastic	modulus	on	the	inferred	ψ	from	the	CPT.	Although	these	aspects	are	important,	
the	reality	is	that	Ko	alone	is	equally	important	and	one	is	far	more	likely	to	estimate	Ko	
poorly	than	any	of	the	other	parameters	involved.	So,	if	in	doubt,	measure	Ko	with	an	SBP	
or	use	some	other	reliable	method	to	estimate	Ko.	Research	on	this	topic	is	ongoing,	with	
promise	being	shown	(e.g.)	 in	use	of	shear	wave	and	compression	wave	anisotropy	as	an	
indication	of	in-situ	stress	anisotropy.

4.10  alternatIve In-sItu tests to the Cpt

4.10.1  self-bored pressuremeter

The	SBP	is	a	remarkable	test	in	that	it	is	the	only	in-situ	geotechnical	test	for	which	theory	
can	be	applied	to	the	test	data	directly.	Correlations	are	not	needed.	Additionally,	perfect	
self-boring	(no	lateral	displacement	of	the	soil)	is	not	needed	for	the	data	to	be	usable.	So	
why	is	the	CPT	the	mainstay	of	testing?	Because	SBP	testing	is	expensive,	frustrating	in	part	
and	requires	dedication	to	obtain	good	results.	Nevertheless,	the	SBP	is	presently	the	most	
practical	possibility	for	determining	Ko	and	has	the	useful	advantage	of	allowing	estima-
tion	of	dilation	and	state	directly	and	entirely	independently	of	penetration	tests.	The	SBP	
will	never	replace	the	CPT,	however,	as	the	CPT	is	needed	to	understand	the	variability	in	
ground	conditions	across	a	site.	It	is	simply	impractical	to	do	sufficient	SBP	tests.

Determining	dilation	 from	SBP	data	 is	 based	on	 treating	 the	 SBP	as	 the	 expansion	of	
a	 cylindrical	 cavity,	 for	 which	 there	 are	 theoretical	 solutions	 for	 NAMC	 soil.	 The	 data	
from	the	SBP	comprise	effective	cavity	expansion	pressure	P′	(after	correcting	the	measured	
data	for	membrane	tension	and	hydrostatic	pressure)	versus	cavity	displacement	(which	cor-
responds	 to	 hoop	 strain,	 εθ).	 Hughes	 et  al.	 (1977)	 derived	 a	 relation	 between	 these	 two	
parameters	 by	 assuming	 the	 validity	 of	 Rowe’s	 stress–dilatancy	 theory	 and	 small	 strain	
approximations	that	give	the	dilation	angle	δ	directly:

	
sin

( )δ = − −
+

1 1 2
1
R S

R
c

c

	 (4.27a)
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where	S	is	the	slope	of	the	pressuremeter	data	when	plotted	logarithmically:

	
S

P
cr

=
′
+

∆
∆

log
log( )ε

	 (4.27b)

and	Rc	is	the	critical	stress	ratio:

	
Rc

c

c

= +
−

1
1

sin
sin

φ
φ

	 (4.27c)

The	parameter	c	is	a	strain	offset	allowing	for	initial	contraction	before	the	onset	of	dilatancy.
Equation	4.27	has	been	widely	used	to	estimate	δ	from	pressuremeter	data.	But	there	are	

four	limitations	with	this	analysis	that	much	degrade	the	validity	of	the	estimated	δ.	First,	
c	is	somewhat	subjective	and,	although	arguable	as	a	reasonable	parameter	to	improve	the	
NAMC	 model,	 there	 is	 precious	 little	 guidance	 on	 relating	 it	 to	 δ.	 Second,	 the	 analysis	
neglects	elastic	strains	in	the	plastic	region.	Third,	the	analysis	is	small	strain.	Finally,	the	
analysis	 assumes	 that	 a	pressuremeter	 test	 is	 a	 cylindrical	 cavity	 expansion	and	neglects	
finite	pressuremeter	length	effects.

Regarding	the	adequacy	of	the	cylindrical	cavity	approximation,	Ajalloeian	and	Yu	(1998)	
reported	on	comprehensive	chamber	studies	using	pressuremeters	with	different	geometries	
characterized	 by	 the	 ratio	 of	 pressuremeter	 length	 L	 to	 diameter	 D.	 Most	 commercially	
available	pressuremeters	have	L/D	≈	6.	Yu	(1996)	carried	out	numerical	simulations	and,	
based	on	these,	suggests	that	the	state	parameter	can	be	estimated	directly	from	S6	(where	
the	superscript	6	denotes	the	standard	commercial	SBP	geometry)	by:

	 ψ = − +0 59 2 2 0 1076 6. . . ln( )S S Ir 	 (4.28)

Although	(4.28)	is	a	useful	first	approximation,	it	is	inferior	to	proper	analysis	of	the	SBP	
data	using	IFM	as	described	in	Section	4.9.2	and	Figure	4.39.	Concerns	over	the	neglect	
of	elasticity	 in	 the	plastic	zone	and	 the	reliance	on	small	 strain	 theory	are	automatically	
addressed	within	IFM	using	a	full	finite	element	simulation	of	the	SBP	test	such	as	described	
in	detail	in	Shuttle	(2006)	and	Ghafghazi	and	Shuttle	(2008).	However,	you	must	use	a	good	
soil	model	(e.g.	NorSand).

4.10.2  flat plate dilatometer

An	additional	possibility	 for	determining	 the	 in-situ	 stress	 and	 state	 is	 to	use	 the	dila-
tometer,	which	as	a	test	lies	somewhere	between	the	horizontal	stress	CPT	and	the	SBP.	
The	dilatometer	imposes	a	fixed	displacement	on	the	soil,	like	the	CPT,	but	then	uses	a	
further	small	increment	of	membrane	displacement	to	measure	a	pressure	response.	It	is	
a	device	that	 is	 less	sophisticated	than	the	SBP	but	which	disturbs	the	soil	 in	a	manner	
that	 is	repeatable.	The	dilatometer	test	gives	two	pressures:	Po,	corresponding	to	 initial	
lift-off	of	the	sensing	membrane,	and	P1,	corresponding	to	the	pressure	at	full	membrane	
displacement	(1.1 mm).

Konrad	(1988)	carried	out	CC	tests	of	the	flat	plate	dilatometer	(DMT)	in	Ottawa	sand.	
The	pressure	ratio	(P1	−	Po)/p′	was	found	to	be	dependent	on	the	state	parameter.	However,	
Konrad’s	chamber	test	involved	placing	the	sand	around	the	dilatometer	and	this	does	not	
replicate	the	conditions	of	the	DMT	in	field	use.	Konrad	also	suggested	that	the	results	might	

© 2016 by Taylor & Francis Group, LLC

  



Determining state parameter in-situ  201

be	generalized	from	the	particular	case	of	Ottawa	sands	to	other	sands	by	normalizing	the	
state	parameter	using	emin	and	emax	but,	as	shown	in	Chapter	2,	this	normalization	is	neither	
theoretically	desirable	nor	does	it	unify	triaxial	test	data.	In	short,	Konrad’s	work	indicates	
some	potential	for	the	DMT	test	in	liquefaction	assessments	but	much	more	needs	to	be	done	
before	there	is	a	basis	for	relying	on	DMT	data	in	engineering	practice	for	this	purpose.

4.10.3  using the spt database

The	relative	merits	of	SPT	and	CPT	were	discussed	early	in	this	chapter	and	it	was	noted	
then	that	a	mapping	of	SPT	from	CPT	allows	the	extensive	existing	experience	of	the	SPT	to	
be	used	while	basing	current	testing	on	the	much	preferable	CPT.	This	mapping	was	devel-
oped	by	Jefferies	and	Davies	(1993).	The	methodology	to	recover	N60	from	the	CPT	uses	
soil	classification	derived	from	the	CPT	data	itself.	The	CPT	penetration	resistance	and	SPT	
blow	count	are	linearly	proportional,	Equation	4.1,	and	characterized	by	a	coefficient	α.	The	
mapping	treats	α	as	a	linear	function	of	the	soil	behaviour−type	index	Ic	given	by	(4.13a):

	
α = −






0 85 1

4 75
.

.
Ic MPa/blow 	 (4.29)

The	uncertainty	in	N60	recovered	using	Equations	4.1,	4.13a	and	4.29	is	less	than	the	basic	
uncertainty	in	the	SPT	itself.	This	somewhat	curious	result	arises	because	the	intrinsic	poor	
repeatability	of	the	SPT	is	averaged	out	in	the	CPT–SPT	correlation.	If	a	reliable	N	value	is	
wanted,	it	is	best	to	avoid	the	SPT	itself,	carry	out	a	CPT	sounding	and	then	use	the	mapping	
between	the	two	test	types	to	compute	N	from	qc.	Robertson	(2012)	suggests	that	Equation	
4.29	has	been	shown	to	be	reasonable	for	a	wide	range	of	soils,	but	somewhat	underpredicts	
N60	in	clays.

4.11  CoMMentary on state DeterMInatIon usIng the Cpt

This	chapter	has	presented	and	discussed	the	determination	of	the	state	parameter	in-situ,	
which	almost	begs	 the	question:	why?	This	question	 is	particularly	pertinent	 since	 some	
approaches	to	 liquefaction	are	directly	based	on	using	the	penetration	resistance	without	
the	intermediate	step	of	computing	the	state	parameter	(or	relative	density).	There	are	three	
very	good	reasons	why	the	intermediate	step	of	determining	the	in-situ	state	parameter	is	
important:

	 1.	The	way	soil	properties	affect	the	CPT	is	different	from	the	way	the	same	properties	
affect	the	liquefaction	resistance,	that	is	penetration	data	will	not	scale	simply	between	
case	histories.

	 2.	The	framework	for	liquefaction,	even	in	its	most	empirical	form,	involves	at	least	an	
elemental	concept	of	the	critical	state	and	working	in	terms	of	the	state	parameter	is	
the	simplest	and	best	method	to	remove	most	of	the	effects	of	soil	gradation	on	lique-
faction	strengths.

	 3.	There	is	more	to	geotechnical	engineering	than	liquefaction,	and	the	state	parameter	
underlies	every	good	model	for	sand	behaviour	(which	will	be	needed	for	any	general	
evaluation	of	soil–structure	interaction).

When	critical	 state	concepts	were	first	put	 forward	by	Casagrande	 (1936)	 in	 the	context	
of	 liquefaction	resistance	at	Franklin	Falls	Dam,	and	then	subsequently	used	in	assessing	
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the	failure	of	Fort	Peck	Dam,	interest	focused	on	the	in-situ	void	ratio.	This	approach	has	
continued	on	and	off	for	many	decades	and	arguably	culminated	in	the	efforts	to	obtain	
undisturbed	samples	at	Duncan	Dam	(in	the	1990s).	What	has	emerged	from	this	work	is	
that	soil	cannot	be	transferred	from	in-situ	to	an	element	test	(e.g.	triaxial	or	cyclic	simple	
shear)	in	an	undisturbed	condition.	The	idea	that	if	we	are	just	clever	enough	we	can	avoid	
understanding	soil	and	test	under	prototype	stress	paths	is	a	chimera.	Further,	detailed	mea-
surement	of	void	ratio	misses	how	soil	gradation	affects	the	CSL.	Knowing	the	void	ratio	
is	not	enough,	as	you	also	need	to	know	the	corresponding	CSL	which	defines	the	end	state	
after	shearing.	All	of	which	leads	back	to	the	need	to	know	the	state	parameter,	which	is	
currently	best	measured	using	the	CPT.

Once	the	CPT	is	accepted	as	the	way	forward,	the	next	step	is	how	to	carry	out	CPTs.	
We	have	emphasized	the	accuracy	and	repeatability	of	the	CPT	and	its	independence	from	
test	operators.	That	is	not	quite	the	whole	story	as	you	need	to	choose	the	equipment	to	be	
used	and	ensure	it	is	appropriate	for	the	task.	Section	9.5	provides	the	practical	guidance	on	
standards,	selection	of	the	right	equipment	and	procedures	to	ensure	you	get	the	most	out	
of	the	test.

A	particular	problem	in	the	CPT	industry	is	the	persistence	of	the	normalization	of	CPT	
data	to	a	reference	stress	level,	qc1.	This	chapter	has	set	out	the	case	why	qc1	is	a	misleading	
approach,	but	it	is	an	approach	that	continues	to	have	its	advocates	and	which	is	found	in	
most	software	packages.	If	in	doubt,	use	the	downloadable	spreadsheet	to	verify	the	results	
obtained	with	the	software	you	are	proposing	to	use.	As	generally	implemented,	qc1	is	an	
inaccurate	index	of	void	ratio	and	completely	misleads	on	the	state	parameter.

Accurate	evaluation	of	soil	state	from	the	CPT	requires	independent	measurement	of	Gmax	
and	Ko.	Of	 these,	measuring	Gmax	 is	arguably	now	seen	as	 standard	within	 the	 industry	
with	many	companies	expecting	every	fifth	or	so	CPT	will	be	done	using	a	seismic	cone	
to	measure	 the	Gmax	 profile;	what	we	 are	 asking	of	 you	 is	 neither	 unusual	 nor	difficult.	
The	geostatic	stress	ratio	is	a	very	different	matter,	and	there	is	no	doubt	that	geotechni-
cal	engineering	presently	has	a	lot	of	trouble	with	Ko.	But	the	facts	are	clear:	Ko	surfaces	as	
an	important	variable	in	both	CC	studies	and	theoretical	models	of	soil	behaviour.	Larger	
projects	likely	warrant	detailed	testing	to	determine	Ko,	but	smaller	projects	may	not	be	able	
to	adsorb	the	costs	of	such	testing.	For	smaller	projects,	we	suggest	‘engineering	judgement’	
based	in	part	on	the	data	we	have	presented	in	this	chapter,	but	do	make	sure	you	set	Ko	
greater	than	(1−sin	ϕ)	which	you	would	get	from	Jaky’s	equation!
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Chapter 5

soil variability and characteristic states

5.1  IntroDuCtIon

So	far,	any	particular	soil	has	largely	been	assumed	to	be	uniform	and	homogenous.	This	
worked	well	until	the	discussion	moved	from	calibration	chambers	to	real	soils	and	examined	
the	effect	of	silt	content.	Implicit	in	the	discussion	was	the	fact	that	the	CPT	tip	resistance,	
friction	and	pore	pressure	would	vary	as	a	function	of	soil	type,	as	well	as	the	in-situ	state	
of	the	soil.	Careful	interpretation	of	the	piezocone	data	will	determine	the	state	parameter,	
more	or	 less	continuously,	 throughout	the	soil	at	 the	sounding	 locations.	But,	experience	
shows	that	the	soil	state	is	rather	variable	laterally	as	well	as	vertically,	even	in	a	‘uniform’	
sand	fill,	that	is,	one	that	has	been	constructed	or	deposited	geologically	in	a	similar	way	
and	from	the	same	source	material.	The	question	that	now	needs	to	be	asked	is:	What	state	
best	characterizes	the	overall	response	of	the	soil	to	loading	that	may	lead	to	liquefaction?	
This	question	may	be	divided	into	two	issues:

	 1.	What	is	the	real	distribution	of	state	in-situ?
	 2.	What	value	of	the	given	distribution	characterizes	behaviour	of	the	soil	mass?

In	 the	 terminology	 of	 limit	 states	 design	 in	 civil	 engineering,	 as,	 for	 example,	 found	 in	
Eurocode	7,	 the	question	 is	more	 simply	phrased	as,	 ‘What	 is	 the	characteristic	value	of	
sand	state?’	Unfortunately	there	is	no	simple	answer	to	this	question,	and	the	same	issue	is	
a	major	unresolved	topic	of	discussion	amongst	developers	of	design	codes.

This	chapter	describes	the	results	of	some	important	studies	into	the	effects	of	soil	vari-
ability	on	the	response	of	sands	to	cyclic	loading.	It	will	also	examine	distributions	of	state	
in-situ,	as	well	as	analyses	of	how	these	distributions	can	influence	performance	in	static	
loading	cases.	Finally,	 the	chapter	will	round	off	with	a	brief	discussion	of	characteristic	
values	for	liquefaction	and	limit	states	design	codes.

5.2  effeCt of loose poCkets on perforManCe

During	the	1960s	and	1970s,	the	Dutch	undertook	major	engineering	works	for	sea	defences	
in	the	Delta	region	where	the	Rhine,	Meuse	and	Scheldt	rivers	discharge	into	the	North	Sea.	
They	constructed	many	storm	surge	caissons	founded	on	a	sandy	seabed	in	water	depths	of	
15–35m,	which	had	to	resist	both	static	loads	from	differential	water	levels	on	either	side	of	
the	caissons	and	cyclic	forces	from	waves	hitting	the	caissons.	In	order	to	study	liquefaction	
and	 the	 effectiveness	of	densification	methods,	a	one-third	 scale	field	model	 caisson	was	
built,	and	predictions	of	its	performance	were	made,	testing	out	methods	of	both	analysis	
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and	design	current	at	the	time.	One	such	prediction	was	made	on	the	basis	of	centrifuge	tests	
carried	out	at	the	University	of	Manchester	and	published	by	Rowe	and	Craig	(1976).	This	
study	is	interesting	in	that	it	highlights	the	effect	that	loose	pockets	of	sand	may	have	on	
dynamic	performance.	It	is	one	of	the	few	studies	where	this	aspect	has	been	actually	tested,	
and	despite	the	limitations	of	the	centrifuge,	there	is	much	to	be	learnt	from	this	study.

The	centrifuge	model	caisson	was	0.84	m	×0.455	m	in	plan	and	0.2	m	high.	An	accelera-
tion	of	110g	in	the	centrifuge	modelled	a	full	size	50	m	wide	caisson;	33g�modelled	the	test	
caisson	(27.7	m	long	×	15	m	wide	×	6.5	m	high).	Table	5.1	summarizes	the	properties	of	the	
model,	test	and	prototype	caissons.	The	model	caisson	was	placed	on	a	sand	bed	prepared	
to	a	desired	density	index	(relative	density),	either	uniform	or	with	a	specific	distribution	of	
loose	zones.	The	model	was	subjected	to	cyclic	horizontal	loading,	with	load	levels	increas-
ing	in	steps	to	simulate	wave	loading	on	real	caissons	where	the	storm	builds	gradually	over	
time.	Table	5.2	 summarizes	 the	 loadings	used	 for	 the	model.	Because	 the	 loadings	were	
periodic,	and	because	of	the	issue	of	whether	or	not	undrained	behaviour	would	arise,	care	
was	taken	with	reproducing	the	same	order	of	time	factor	in	the	model	as	in	the	prototype.	
The	time	factor	calculations	are	summarized	in	Table	5.3.	Although	the	test	caisson	time	

Table 5.1 Dimensions and properties of model and prototype caissons

Test 
caisson Prototype 

Model 

Test scale 
Ng = 33

Prototype scale 
Ng = 110

Width (m) 15 50 0.45 0.455
Length (m) 27.7 100 0.84 0.84
Height of load action (m) 6.5 27 0.2 0.25
Submerged weight 13.75 MN 9.65 MN/m 0.38 kN 0.38 kN
EI/m (MN m2/m) 7.2 × 104 2.0 × 107 1.75 1.75
q (kN/m2) 33 193 33 193

Source:  Data  from Rowe, P.W. and Craig, W.H., Design and Construction of Offshore Structures, 
Institution of Civil Engineers, London, U.K., pp. 49–55, 1976.

Table 5.2 Cyclic loading stages in caisson models

Load 
parcel 

Field 
Model 

Maximum stress
(H+ΔH)/A 
(kN/m2) Hmax/W 

Static 
force H
(kN)

Cyclic 
force ± ΔH

(kN)
Static H

(kN)
Cyclic ± ΔH

(kN)

P0 200 ±250 – –
P1 400 ±500 0.3 ±0.4
P2 800 ±1000 0.7 ±0.9
P3 1200 ±1500 1.1 ±1.4
P4 1600 ±2000 1.5 ±1.8
P5 2000 ±2500 1.8 ±2.3 10.8 0.33
P6 2400 ±3000 2.2 ±2.7
P7 2800 ±3500 2.6 ±3.2
P8 3200 ±4000 2.9 ±3.7 0.53

Source:  Data  from Rowe, P.W.  and Craig, W.H., Design and Construction of Offshore Structures, 
Institution of Civil Engineers, London, U.K., pp. 49–55, 1976.
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factor	exceeded	that	for	the	prototype,	both	were	sufficiently	high	that	most	cyclic	excess	
pore	pressures	would	have	been	dissipated	relatively	quickly.

Both	the	uniform	50%	and	70%	density	sand	beds	carried	the	full	set	of	loading,	with	
essentially	 drained	 displacement.	 The	 pore	 pressure	 generated	 during	 cyclic	 loading	 dis-
sipated	 as	quickly	 as	 it	was	 generated,	 and	 the	 foundation	behaviour	was	one	of	 shake-
down.	Vertical	and	horizontal	displacements	arose	with	load	cycling,	eventually	amounting	
to	about	0.2%	of	the	test	caisson	width	prior	to	the	onset	of	failure.	Failure	was	always	by	
sliding.	Figure	5.1	shows	the	measured	data.	Interestingly,	the	field	tests	on	the	test	caisson	
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Figure 5.1  Measured response of caissons subject to increasing stages of cyclic loading in centrifuge test. 
(From Rowe, P.W. and Craig, W.H., Design and Construction of Offshore Structures, Institution of 
Civil Engineers, London, U.K., pp. 49–55, 1976. With permission  from the  Institution of Civil 
Engineers.)

Table 5.3 Model time per cycle and time factors for centrifuge models

Field test caisson Prototype caisson 

As used on model 

Mean Lowest

Number of cycles/parcel 300 300 300
Number of parcels 5 5 4–8
Total field time (2t) 75 min 250 min

Time factor T = cvt/B2 1.5 0.45 0.21 0.04
Nt 23 2.1 3.3–1 0.66–0.2
Model time/cycle 69 s 21 s 10 2

Source:  Data  from Rowe, P.W. and Craig, W.H., Design and Construction of Offshore Structures, 
Institution of Civil Engineers, London, U.K., pp. 49–55, 1976.
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had	shown	rather	different	behaviour	from	that	obtained	in	the	uniform	density	foundation	
model.	The	field	tests	had	shown	early	larger	displacements	and	excess	pore	water	pressures,	
although	 these	had	 stabilized	 later	 in	 the	 loading	cycle.	Rowe	and	Craig	 therefore	 simu-
lated	non-uniform	foundation	conditions	to	ascertain	if	this	was	the	cause	of	the	difference	
between	model	and	test	caisson	behaviours.

Figure	5.2	shows	the	distribution	of	loose	pockets	of	sand	below	the	model	caisson.	Two	
intensities	of	loose	pockets	were	explored:

•	 Loose	pockets	of	sand	in	the	upper	zone,	representing	one-third	of	the	caisson	width,	
and	equal	to	4%	of	volume	in	this	zone.

•	 Loose	pockets	equal	to	10%	of	volume	in	the	same	zone.

With	4%	by	volume	loose	pockets	in	an	otherwise	50%	relative	density	foundation,	pore	
pressures	developed	in	the	loose	pockets	and	spread	to	the	denser	zones,	with	significantly	
greater	displacements	after	the	third	packet	of	300	loading	cycles.	Pore	pressure	dissipation	
occurred	with	horizontal	and	vertical	displacements	of	about	0.4%	of	test	caisson	width	
after	five	packets	of	loading.	Figure	5.3	shows	the	displacement	data	and	the	piezometric	

Plan

50 mm

300 mm

50 mm

Model
scale

100 mm

Model
caisson
0.455 m
× 0.84 m

Loose pockets

Figure 5.2  Layout  of  loose  pockets  below  caissons.  (From  Rowe,  P.W.  and  Craig,  W.H.,  Design and 
Construction of Offshore Structures, Institution of Civil Engineers, London, U.K., pp. 49–55, 1976. 
With permission from the Institution of Civil Engineers.)
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data.	Notice	how	the	pore	pressure	generated	in	the	loose	pocket	is	also	seen	in	the	denser	
sand,	not	unexpected	given	the	time	factor	of	the	loading.	Given	this	type	of	behaviour,	the	
loosest	soil	will	begin	to	control	what	occurs.

In	contrast	to	the	benign	behaviour	with	uniform	and	4%	loose	zones,	inclusion	of	10%	
by	volume	loose	pockets	produced	liquefaction	failure	during	the	second	stage	of	loading.	
A	few	cycles	into	the	third	loading	stage,	the	model	reached	its	limits	of	displacement	and	
the	test	was	stopped	and	reset.	High	pore	pressures,	equivalent	to	the	weight	of	the	caisson,	
were	observed	in	the	sand.	Figure	5.4	shows	the	displacement	data	and	the	piezometric	data	
for	these	conditions.

This	series	of	tests	by	Rowe	and	Craig	illustrates	that	loose	pockets	have	a	disproportion-
ate	effect	on	the	behaviour	of	sand	foundations	under	cyclic	loads.	The	effect	is	dispropor-
tionate	to	the	volume	of	loose	material	as	a	result	of	re-distribution	of	pore	pressures.	High	
pore	pressures	 generated	 in	 loose	pockets	dissipate	 into	 the	 surrounding	denser	material	
and,	in	effect,	decrease	the	strength	and	stiffness	of	the	denser	material.

P1P0 P2 P3 P4 P5 P5 P5 P6 P7 P8

H

606563

4 Hours
Period/cycle : s

63 Loose pocket

Swing 1.1 m water

1 2 3
5 2 3 510

0

5
0

10

Swing 0.5 m water

Swing 0.7 m water

65 Loose pocket

60 Medium dense bed
5
0

10
5
0

Ex
ce

ss
 p

or
e p

re
ss

ur
e :

 k
N

/m
2

0

40

60

80

100

120

Fi
el

d 
di

sp
la

ce
m

en
t:

m
m

20

Horizontal
translation

Number of cycles
P3

P1

P1
P4

P5 P5
P5

P6 P7 P8

P2 1000 3000

Vertical
settlement2s

3s

2000

Figure 5.3   Scaled displacements and pore pressures observed  in model with 4%  loose zones  in fill.  (From 
Rowe,  P.W.  and  Craig, W.H.,  Design and Construction of Offshore Structures,  Institution  of  Civil 
Engineers, London, U.K., pp. 49–55, 1976. With permission from the Institution of Civil Engineers.)
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5.3   effeCt of varIaBIlIty of In-sItu 
state on CyClIC perforManCe

The	analysis	now	shifts	to	some	real	in-situ	data	to	examine	its	variability.	First,	the	Tarsiut	
P-45	case	history	is	examined.	This	data	set	was	introduced	in	the	previous	chapter	in	the	
context	of	repeatability	of	the	CPT	and	measurement	of	Ko	with	the	self-bored	pressureme-
ter	test.	Having	determined	the	characteristics	of	the	Tarsiut	P-45	sand,	and	using	numeri-
cal	 simulations	of	 liquefaction,	 it	 is	 seen	how	sand	with	similar	statistical	characteristics	
performs	under	earthquake	 loading	conditions.	This	work	by	Popescu	 (1995)	was	at	 the	
University	of	Princeton	under	the	guidance	of	Prof.	Prevost,	and	is	an	early	example	of	what	
is	now	known	as	stochastic	modelling.

5.3.1  Distribution of Cpt resistance in tarsiut p-45 fill

The	Tarsiut	P-45	fill	was	dredged	Erksak	sand.	It	was	hydraulically	placed	within	a	caisson	
structure	(0–21	m	depth)	and	used	to	construct	a	sand	berm	(21–30	m	depth),	as	illustrated	
in	Figure	5.5.	In	Chapter	1	the	Molikpaq	structure	and	its	performance	at	Amauligak	I-65	
when	it	experienced	a	large	ice	load	event	was	discussed.	The	deployment	of	the	Molikpaq	
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Figure 5.5  Schematic cross section of the Molikpaq at Tarsiut P-45 showing locations of CPTs to determine 
fill  properties.  (a)  Cross  section  and  (b)  plan.  (Adapted  from  Jefferies,  M.G.  et  al.,  Molikpaq 
deployment at Tarsiut P-45, Proceedings of ASCE Specialty Conference on Civil Engineering in the 
Arctic Offshore, San Francisco, CA, pp. 1–27, 1985 by Popescu et al., 1997, reproduced with per-
mission from the Institution of Civil Engineers, London, U.K. and Dr. Popescu.)
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illustrated	in	Figure	1.20	was	similar	at	Tarsiut	P-45,	although	the	conditions	of	the	fill	and	
the	foundations	were	different.	

The	sandfill	was	comprehensively	tested	on	two	occasions:	October	1984	and	April	1985.	
In	order	to	confirm	the	sand’s	adequacy	before	the	structure	was	used	for	oil	exploration,	32	
CPTs	(soundings	TD84cc01–TD84cc33;	#	29	is	missing)	were	put	down	in	October	1984	
shortly	after	the	fill	was	placed.	A	further	five	soundings	(MacRes01–05)	were	put	down	in	
April	1985	to	investigate	the	effect	of	ageing	on	the	sand	strength	(there	was	none).	The	data	
are	included	on	the	website,	including	figures	showing	the	location	of	the	data.

The	Tarsiut	P-45	data	gives	us	a	good	statistical	data	set	in	a	geologically	uniform	mate-
rial.	Figure	5.6	shows	examples	of	the	CPT	profiles.	This	data	set	represents	a	rather	intense	
investigation,	as	the	plan	area	of	the	site	was	just	72	m	×	72	m.	Typical	spacing	between	
CPT	 soundings	 was	 just	 9	 m,	 and	 several	 were	 done	 directly	 adjacent	 to	 each	 other	 to	
evaluate	repeatability.	There	is	excellent	repeatability	between	CPTs	conducted	within	1	m	
of	each	other.

The	 CPT	 data	 showed	 a	 steady	 increase	 in	 tip	 resistance	 qc	 with	 depth.	 Figure	 5.7	
shows	the	data	from	Figure	5.6	superimposed	on	the	average	trend	in	the	data	given	by	
qc	=	2.35	+	0.37z	 in	 the	caisson	core	and	qc	=	6.16	+	0.44z	 in	 the	sand	berm	where	z	 is	 the	
depth	below	surface.	A	first	statistical	analysis	of	the	CPT	data	was	undertaken	by	divid-
ing	the	fill	into	1	m	thick	horizontal	layers	and,	assuming	that	there	was	no	effect	of	depth	
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Figure 5.6  Examples of CPTs in Tarsiut P-45 fill. These CPTs are spaced about 9 m apart (see Figure 5.5). 
MAC 05 and 32 and MAC 08 and 33 are spaced 1 m apart to demonstrate repeatability of mea-
surements. (Adapted from Jefferies, M.G. et al., Molikpaq deployment at Tarsiut P-45, Proceedings 
of ASCE Specialty Conference on Civil Engineering in the Arctic Offshore, San Francisco, CA, pp. 1–27, 
1985; Popescu, R. et al., Géotechnique, 47, 1019, 1997.)
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within	 each	 1	 m	 layer,	 calculating	 the	 distribution	 of	 qc	 values.	 A	 simple	 box-sort	 was	
used,	in	which	the	data	range	was	taken	as	0–50	MPa	in	1	MPa	increments,	and	each	mea-
sured	qc	value	(typically	there	were	50	per	m)	was	allocated	to	the	appropriate	box.	This	
procedure	gives	the	distribution	of	qc	at	any	particular	depth	(Figure	5.7	shows	examples	
as	insets),	and	can	be	plotted	as	a	function	of	depth,	as	shown	in	Figure	5.8	in	terms	of	
the	50	and	80	percentiles	(labelled	as	‘median’	and	20%	in	Figure	5.8),	together	with	the	
maximum	and	minimum	values	measured.	There	is	quite	a	noticeable	difference	between	
the	50	and	80	percentiles.	The	distribution	of	qc	at	any	stress	level	appeared	to	approximate	
log	normal,	which	would	be	a	reasonable	first	expectation,	since	long	normal	distributions	
naturally	arise	where	the	variance	is	proportional	to	the	mean.	Such	variance	is	not	a	bad	
approximation	for	soils,	as	both	their	stiffness	and	strength	are	proportional	to	the	effec-
tive	stress.	Figure	5.8	also	shows	a	similar	statistical	distribution	of	ψ interpreted	from	the	
qc	values	at	the	same	depths.

Popescu	 employed	 a	 more	 sophisticated	 approach	 to	 determining	 the	 distribution	 of	
tip	resistance	values	around	the	mean	trends,	examining	the	correlation	structure	of	 the	
probability	distribution	functions	he	obtained.	He	made	no	a�priori	assumptions	about	the	
distributions,	relying	instead	on	curve	fitting	techniques	to	determine	distributions.	As	it	
turns	out,	a	skewed	beta	distribution	fits	the	distribution	of	the	tip	resistance	data	around	
the	depth	normalized	mean	rather	well.	The	correlation	distances	derived	from	this	analysis	
of	the	data	are:

•	 Core	fill:	0.95	m	vertical	and	12.1	m	horizontal
•	 Sand	berm:	0.5	m	vertical	and	5.4	m	horizontal
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Unfortunately,	it	also	turns	out	that	the	horizontal	correlation	distance	is	of	the	same	order	
of	magnitude	as	the	spacing	between	the	CPTs	(9	m),	so	there	is	some	uncertainty	regarding	
these	values.	Nevertheless,	this	analysis	gives	us	some	insight	into	the	scale	of	variation	of	a	
‘uniform’	sand	deposit.	As	expected	in	a	sedimentary	deposit,	there	is	a	large	difference	in	
the	scale	of	horizontal	and	vertical	variability,	in	this	case	about	an	order	of	magnitude.	The	
scale	of	horizontal	variation	is	also	such	that	one	would	expect	significant	variations	under	
a	typically	sized	man-made	structure.

An	interesting	aspect	of	Popescu’s	work	is	that	it	did	not	stop	with	working	out	the	statistics	
of	the	fill,	but	rather	went	on	to	develop	stochastic	simulations	which	illustrate	the	inferred	
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relationship	of	the	stratification	in	the	fill.	Figure	5.9	shows	such	simulations;	the	shading	indi-
cating	deviation	of	qc	about	the	mean	trend	line	value,	looser	zones	being	shown	lighter	and	
denser	zones	darker.	The	much	layered	structure	with	looser	and	denser	zones	is	readily	seen.

With	this	understanding	of	intrinsic	variability	in	a	‘uniform’	soil,	a	question	naturally	
arises	as	to	just	how	much	site	investigation	one	needs	in	order	to	obtain	a	reasonable	esti-
mate	of	the	soil’s	distribution.	This	question	was	addressed	by	Jefferies	et al.	(1988b),	and	
the	answer	depends	upon	whether	one	assumes	the	form	of	the	distribution,	needing	just	its	
parameters	(e.g.	mean	and	variance),	or	whether	one	is	‘starting	from	scratch’,	wanting	to	
question	the	nature	of	the	distribution.	Obviously,	much	less	effort	is	required	in	the	former	
case,	but	about	15	CPT	soundings	will	still	be	needed	in	a	soil	deposit	for	which	there	is	no	
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Figure 5.9  Stochastic  reconstruction  of  Tarsiut  P-45  fill  by  Popescu.  (a)  Normalized  fluctuations  of 
in-situ measured resistance (data from the hydraulic fill layer at Tarsiut P-45, represented on a 
9.00 m × 0.25 m mesh) and (b) simulated sample fields of standardized cone resistance (the mid-
point method has been used for data transfer). (From Popescu, R., Stochastic variability of soil 
properties: Data analysis, digital simulation, effects on system behaviour, PhD thesis, Princeton 
University, Princeton, NJ, 1995. Reproduced with permission from Dr. Popescu.)
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underlying	geologic	bias	(e.g.	buried	channels).	This	means	that	two	boreholes	with	SPTs	
simply	cannot	be	relied	upon	to	characterize	a	site.	Even	with	the	critical	state	locus	(CSL),	
which	 provides	 something	 like	 1–2	 orders	 of	 magnitude	 more	data	 than	 an	 SPT,	 12–15	
soundings	are	required	on	a	well-controlled	site.	Geologic	complexity	can	much	increase	
this	requirement.	Fortunately,	the	CPT	is	inexpensive.

The	variability	in	the	silt	content	of	this	clean	sand	fill	was	also	explored,	as	this	influences	
the	CSL,	which	in	turn	influences	the	inversion	of	the	CPT	data	to	state	estimates.	Samples	
were	obtained	routinely	on	the	dredge	and	tested	prior	to	discharge	of	the	fill	into	the	cais-
son.	Once	the	fill	was	in	place,	boreholes	were	drilled	and	sampled.	These	samples	were	then	
also	tested.	Figure	5.10	shows	the	results	–	a	log	normal	distribution	of	fines	is	indicated,	
with	an	average	of	about	1.5%	silt,	but	with	90	percentile	being	as	high	as	2.5%–3.0%	silt.	
Recall	that,	because	of	the	hydraulic	dredging	used,	this	is	in	a	thoroughly	washed	soil.	The	
inferred	variation	of	the	CSL	parameters	is	then	quite	large;	see	Chapter	2,	Section	2.6.

5.3.2  liquefaction analysis under earthquake loading

Popescu	used	the	finite	element	computer	program	Dynaflow	to	compute	the	performance	
of	a	structure	founded	on	a	sand	fill	with	the	same	statistical	characteristics	as	the	Tarsiut	
fill,	under	dynamic	loading	conditions	equal	to	the	Niigata	earthquake	in	1964.	(Popescu	
did	not	use	the	state	parameter	approach,	but	rather	related	the	tip	resistance	directly	to	
the	cyclic	 liquefaction	resistance,	and	then	used	this	 relationship	 to	calibrate	constitutive	
parameters	in	a	multi-yield	surface	constitutive	model.	This	does	not,	however,	reduce	the	
relevance	of	his	findings	to	this	book	and	the	current	line	of	investigation	–	how	cyclic	lique-
faction	is	simulated	is	described	in	Chapter	7.)	He	looked	first	at	a	so-called	deterministic	fill	
which	used	uniform	mean	values	of	tip	resistance.	He	then	compared	the	results	of	various	
stochastic	realizations	with	distributions	of	tip	resistance	corresponding	to	the	Tarsiut	fill	
statistics.	In	addition,	he	looked	at	the	effect	of	varying	the	correlation	distance.

The	important	point	from	Popescu’s	work	is	the	conclusion	arising	from	the	comparisons	
he	made.	The	liquefaction	index	is	defined	as	the	ratio	of	the	excess	pore	pressure	to	the	
vertical	effective	stress	before	 loading,	∆u vo/ ′σ .	 In	 the	uniform	‘deterministic’	deposit,	 the	
maximum	excess	pore	pressure	generated	in	the	analysis	was	∆u vo/ ′ =σ 0 6. ,	indicating	that	
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Figure 5.10  Distribution  of  fines  content  measured  in  Tarsiut  P-45  fill.  (From  Jefferies,  M.G.  et  al., 
Characterization  of  sandfills  with  the  cone  penetration  test,  Proceedings of Conference on 
Penetration Testing in the U.K., Birmingham, England, pp. 73–76, 1988. With permission from the 
Institution of Civil Engineers, London, U.K.)
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liquefaction	did	not	occur.	For	the	stochastically	variable	deposits,	however,	the	maximum	
pore	pressure	was	as	high	as	∆u vo/ ′ = −σ 0 8 1 0. . .	Figure	5.11	shows	some	results	of	the	simu-
lations	in	terms	of	this	pore	pressure	ratio.	Consistent	with	the	results	of	Rowe	and	Craig’s	
centrifuge	 tests,	 there	 were	 higher	 pore	 pressures	 in	 looser	 zones,	 which	 then	 spread	 to	
denser	materials.	In	particular,	Popescu	notes	that	the	tails	of	the	probability	distribution	
(at	the	loose	end)	are	especially	important,	and	that	pore	pressures	will	be	under-predicted	
if	normal	distributions	are	assumed.

Popescu	et al.	(1997)	went	one	step	further	than	Popescu’s	thesis	work	and	carried	out	
deterministic	simulations	with	uniform	properties,	but	with	the	uniform	properties	made	
systematically	looser	from	one	simulation	to	the	next.	In	this	case,	their	analysis	was	only	
for	 level	 ground	 under	 seismic	 loading.	 Figure	 5.12	 shows	 their	 results,	 presenting	 the	
pore	pressures	in	six	stochastic	simulations,	and	six	simulations	with	uniform	properties.	
Comparing	the	results	of	the	variable	material	with	the	uniform	material,	one	can	see	that	
the	80	percentile	uniform	material	approximates	the	extent	of	liquefaction	in	the	stochastic	
simulations,	whilst	that	of	the	70	and	90	percentile	simulations	under-	and	overestimate	it,	
respectively.	Their	logical	conclusion	is	that	the	80%	value	might	be	taken	as	characteristic	
for	the	conditions	they	were	modelling.

Another	conclusion	of	note	from	Popescu’s	thesis	is	that	there	is	little	influence	on	the	pore	
pressure	magnitude	if	horizontal	correlation	distances	greater	than	those	for	Tarsiut-P45	
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Figure 5.11  Liquefaction  of  variable  fill  computed  by  Popescu.  (From  Popescu,  R.,  Stochastic  variability 
of  soil  properties: Data  analysis,  digital  simulation,  effects on  system behaviour,  PhD  thesis, 
Princeton University, Princeton, NJ, 1995. Reproduced with permission from Dr. Popescu.)
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are	input.	In	effect,	in	this	example	of	a	uniform	sand,	the	scale	of	variability	is	such	that	
loose	 zones	 are	 sufficiently	 large	 or	 close	 enough	 together	 to	 have	 an	 influence	 on	 the	
overall	behaviour	of	the	fill,	even	though	on	average	the	material	would	not	be	considered	
susceptible	 to	 liquefaction.	The	 loose	 zones	 in	 sands	 cannot	be	 ignored	 for	 liquefaction	
problems.

5.4  nerlerk Case hIstory

Spatial	variability	of	density	in	real	soils	is	not	only	an	issue	for	cyclic	loads.	Discussion	now	
returns	to	the	Nerlerk	berm	failures,	described	in	detail	in	Chapter	1,	Section	1.3.	Recall	
that	 the	Nerlerk	berm	 suffered	 several	massive	 slope	 failures	when	 the	berm	height	was	
about	27	m	above	seabed,	still	9	m	short	of	its	target	height.

Figure 5.12  Comparison of uniform and variable fill results in Popescu et al. (a) Modelled geometry, (b) pore 
pressure ratios in six stochastic realizations and (c) pore pressure ratio in uniform layered fill. 
(Reproduced from Popescu, R. et al., Géotechnique, 47, 1019, 1997. With permission from the 
Institution of Civil Engineers, London, U.K. and Dr. Popescu.)
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The	Nerlerk	engineers,	as	reported	by	Sladen	et al.	(1985a),	worked	from	the	morphology	of	
the	slides	as	defined	by	the	bathymetry,	and	back	analysed	the	failures	assuming	they	occurred	
in	the	Nerlerk	sand.	They	concluded	that	the	slides	were	caused	by	liquefaction	of	the	fill	trig-
gered	by	static	loading.	The	problem	with	this	explanation	of	the	failures	was	that	the	sand	fill	
had	to	be	extremely	loose	(ψ ~	+0.1),	but	the	CPTs	did	not	indicate	this	to	be	the	case.

Much	discussion	ensued	about	interpretation	of	the	CPT	and	the	state	parameter	approach,	
in	particular	whether	the	CPT	over	predicts	state	parameter	for	low	stress	levels	and	loose	
states	 (Been	 et  al.,	 1989;	 Sladen,	 1989a,b).	 The	 CPT–state	 parameter	 methodology	 pre-
sented	in	Chapter	4	has	developed	as	a	result	of	much	of	that	discussion.	It	turns	out	that	
there	was	indeed	a	missing	effect	in	the	interpretation,	the	shear	modulus,	that	manifests	
itself	as	a	stress	level	effect.	Figure	5.13	shows	the	current	interpretation	of	the	Nerlerk	CPT	
data	using	the	methodology	of	Chapter	4.	The	revised	 interpretation	 including	the	stress	
level	effect	in	itself	is	nowhere	near	enough	to	explain	the	apparent	discrepancy	between	the	
states	interpreted	from	the	CPTs	and	the	looseness	of	ψ apparently	needed	for	enaction	of	
the	Sladen	et al.	(1985a)	liquefaction	mechanism	for	the	Nerlerk	berm.

Nerlerk sand only, CPTs near Slide 3
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Many	other	workers	also	examined	this	issue	of	the	Nerlerk	berm	failures.	Rogers	et al.	
(1990)	reported	new	data	obtained	during	a	Nerlerk	site	investigation	in	1988	and	consid-
ered	the	possibility	of	 loose	zones	of	fill	at	the	 interface	between	the	1982	and	1983	fill.	
Konrad	(1991)	picked	up	on	the	 issues	and	proposed	that	the	minimum	undrained	shear	
strength	may	be	rather	 lower	than	the	steady	or	critical	state	strength.	Lade	(1993)	reas-
sessed	the	Nerlerk	berm	stability	by	using	the	concept	of	an	‘instability	line’	which	occurs,	
in	theory,	for	non-associated	plasticity,	and,	in	practice,	is	observed	in	laboratory	tests	on	
loose	and	dense	sands.	This	approach	requires	a	trigger	mechanism,	which	Lade	suggested	
could	 either	have	been	 rapid	 loading	or	movements	 in	 the	underlying	 clay	 layer.	Finally,	
Hicks	and	Boughrarou	(1998)	performed	finite	element	analyses	of	the	Nerlerk	berm	using	
a	realistic,	double	hardening	model	for	sands	(Monot),	which	allowed	them	to	look	at	the	
interaction	 between	 the	 different	 parts	 of	 the	 berm	 and	 the	 underlying	 clay.	 This	 work	
brought	together	much	of	the	previous	input	by	supporting	the	view	that	the	underlying	clay	
layer	contributed	to	the	Nerlerk	slides	(Been	et al.,	1987a;	Rogers	et al.,	1990),	while	also	
agreeing	with	Sladen	et al.	(1987)	and	Lade	(1993)	that	a	translational	slide	through	the	clay	
alone	was	unlikely	to	explain	the	flow	slides.	Hicks	and	Boughrarou	concluded	that	static	
liquefaction	had	occurred	in	the	upper	half	of	the	Nerlerk	fill,	triggered	by	a	combination	of	
rapid	sand	deposition	and	limited	movements	in	the	weak	underlying	clay.

It	 is	clear	 that	 the	performance	of	 the	sand	fill	 in	 the	Nerlerk	berm	was	unsatisfactory,	
but	none	of	the	studies	mentioned	earlier	were	totally	conclusive.	The	main	unresolved	issue	
is	whether	significant	pore	pressures	or	liquefaction	may	be	possible	in	the	sand	given	the	
measured	CPTs	and	the	estimated	state	parameter.	Figure	5.13	shows	the	distribution	of	CPT	
values	in	Nerlerk	sand	in	the	area	of	Slide	3,	processed	in	1	m	depth	intervals	as	described	
earlier	for	Tarsiut	P-45.	Between	a	depth	of	3.5	and	10	m,	the	median	ψ ≈	−0.08.	Why	are	the	
CPT	values	so	high	if	the	sand	was	collapsible?	Assuming	that	the	CPT	data	are	not	wrong,	
and	that	a	dilatant	fill	would	not	liquefy,	there	was	patently	some	other	factor	at	work.

Onisiphorou	(2000)	undertook	a	static,	random	field	analysis	of	a	small	part	of	the	Nerlerk	
berm	later	published	by	Hicks	and	Onisiphorou	(2005).	This	study	was	similar	in	a	way	to	
that	of	Popescu	described	earlier,	except	that	Onisiphorou	used	ψ directly	as	the	random	
field	variable.	She	mapped	the	state	parameter	onto	finite	element	mesh	integration	points,	
and	then	assigned	material	properties	corresponding	to	these	values	of	ψ to	the	integration	
points.	Figure	5.14	shows	an	example	of	the	result	of	this	process.	The	spatial	variability	was	
generated	by	assuming	a	normal	distribution	of	ψ scales	of	fluctuation	that	were	typically	
1	m	vertically	and	8	m	horizontally.

Figure	5.15	shows	the	results	of	Onisiphorou’s	deterministic	analysis	of	the	Nerlerk	berm	
based	on	uniform	ψ.	At	values	of	ψ >	−0.02	(i.e.	 looser	than	−0.02),	a	failure	mechanism	
develops,	while	for	ψ <	−0.08	the	berm	is	stable.	At	intermediate	states	there	are	significant	
strains	but	the	slope	can	continue	to	be	loaded.	Now	look	at	Figure	5.16,	which	shows	the	

Figure 5.14  Distribution of random ψ field mapped onto Nerlerk berm geometry, computed by Onisiphorou 
2000. (Courtesy Dr. M. Hicks, University of Manchester, Manchester, England.)
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variable	 field	 analysis	 for	 a	 mean	ψμ	=	−0.08	 and	 standard	 deviation	 ψσ	=	0.05,	 compared	
to	 the	uniform	analysis	 results.	The	variable	field	berm	shows	a	range	of	 responses.	The	
strongest	response	in	the	random	field	corresponds	to	the	uniform	field	for	ψ =	−0.08,	while	
the	weakest	response	corresponds	to	the	uniform	field	response	for	about	ψ =	−0.02	(seen	by	
comparison	with	Figure	5.15).	Based	on	a	large	number	of	sensitivity	analyses,	Onisiphorou	
concluded	that	Nerlerk	type	densities	could	liquefy	as	a	result	of	variability.	There	was	no	
conflict	between	the	CPT	evaluation	and	material	behaviour	–	the	missing	parameter	was	
variability,	again	stressing	on	the	 importance	of	understanding	the	 layering	and	how	the	
state	is	distributed	within	the	berm.

So	what	is	the	distribution	of	state	parameter	in	the	Nerlerk	berm,	based	on	our	current	
best	interpretation	of	the	CPT	data?	Figure	5.13a	shows	the	distribution	of	qc	with	depth	
for	eight	CPTs	on	the	western	side	of	 the	berm	(near	where	Slide	3	occurred).	Using	 the	
procedures	in	Chapter	4	to	map	these	values	of	qc	to	ψ gives	the	distribution	in	Figure	5.13b.	
Considering	 the	depth	 interval	 from	3	 to	7	m,	we	can	see	here	 that	 the	median	value	of	
ψ ≈	−0.08.	Using	this	value	in	any	analysis	would	indicate	stable	non-liquefiable	behaviour.	
The	80	percentile	value	in	the	same	depth	interval	is	about	ψ ≈	−0.03,	and	there	is	an	interval	
of	1	m	in	which	the	soil	is	looser	than	ψ >	−0.02	which	Onisiphorou	reports	as	being	the	
limit	of	clearly	liquefiable	behaviour.

5.5  assessIng the CharaCterIstIC state of sanDs

For	engineering,	the	first	requirement	of	the	characteristic	strength	of	sand	is	that	it	must	
be	a	well-defined,	measurable	property	of	the	sand.	Usually	it	would	be	ϕ	for	sand,	or	und-
rained	strength	for	clay.	State	parameter,	ψ,	is	workable	because	there	is	a	direct	mapping	
to	ϕ	and	it	can	be	measured.	Although	a	normalized	cone	penetration	resistance	could	also	
be	used	directly,	such	an	approach	is	less	desirable	as	the	influence	of	basic	soil	properties	
becomes	less	than	clear	which	then	limits	how	experience	in	one	soil	can	be	translated	to	
the	engineering	of	another.	Direct	use	of	CPT	data	is	also	unnecessary	with	a	full	frame-
work	for	the	mapping	from	the	CPT	to	ψ described	in	Chapter	4.	Thus,	engineering	of	sand	
and	silts	should	and	can	focus	on	the	characteristic	state,	denoted	as	ψk,�using	the	usual	
notation	 that	 the	 subscript	k�denotes	 characteristic.	A	 characteristic	 value	 is	 simply	 the	
value	to	be	used	in	a	deterministic	calculation	to	obtain	the	same	outcome	(performance	
prediction)	as	would	be	obtained	with	a	full	stochastic	simulation	and	at	a	high	level	of	
confidence.

A	second	requirement	of	the	characteristic	strength	is	that	it	should	recognize	the	shape	
of	 the	underlying	 statistical	distribution	of	 the	parameter.	Sand	 strengths	appear	 to	be	
more	log-normally	than	normally	distributed,	so	that	the	arithmetic	mean	and	standard	
deviation	have	little	utility.	It	is	more	appropriate	to	define	a	percentile	value,	for	example,	
the	80	percentile	value,	which	means	 that	80%	of	 the	measurements	will	be	 ‘stronger’	
than	this	value.

Finally,	the	characteristic	strength	must	be	statistically	reasonable	given	the	test	proce-
dure.	It	is	not	helpful	to	define	the	characteristic	strength	as	the	95	percentile	value	of	a	mea-
surement	that	can	only	practically	be	made	10	times.	In	addition,	a	precise	test	is	required	
because	the	true	strength	distribution	in	the	sand	should	not	be	confused	with	the	distribu-
tion	of	the	testing	error.	The	SPT	N	value,	for	example,	is	a	parameter	which	is	unsuitable	
because	the	potential	error	in	an	individual	value	is	much	too	large	compared	to	the	value	
itself.	The	CPT,	by	contrast,	is	a	good	test	in	this	regard,	as	it	displays	a	repeatability	in	tip	
resistance	qc	commonly	better	than	±2%.
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5.5.1  Characteristic state for liquefaction

Since	ψ is	measured	with	the	CPT,	an	important	question	to	be	answered	is	what	range	of	per-
centile	values	can	be	determined	with	a	given	level	of	confidence.	The	relationships	between	
qc	and	ψ (or	ϕ)	are	dependent	on	sand	type	and	have	an	accuracy	of	about	Δψ =	±0.04.	This	
margin	of	potential	error	is	perhaps	typical	of	geotechnical	strength	measurement	techniques.	
It	is	therefore	simply	not	meaningful	to	work	with	the	99%	exceedance	value	of	ψ.

Existing	CPT	technology	also	does	not	in	general	allow	a	90	percentile	value	of	tip	resis-
tance	or	ψ to	be	determined	reliably.	While	50	percentile	and	80	percentile	profiles	plotted	
against	depth	result	in	a	relatively	smooth	profile,	the	90	percentile	value	is	generally	erratic.	
This	is	partly	the	result	of	erratic	readings	(e.g.	after	rod	changes),	and	partly	the	result	of	
heterogeneity	(e.g.	 locally	higher	silt	content)	within	a	natural	sand	mass	(Jefferies	et al.,	
1988b).	One	needs	to	look	very	carefully	at	the	other	CPT	data	channels	(pore	pressure	and	
friction)	once	attention	moves	to	these	high	confidence	levels,	as	it	is	very	easy	to	confuse	a	
material	type	change	with	a	soil	state	change.

The	centrifuge	testing	of	 the	Oosterscheldt	caissons	by	Rowe	and	Craig	 indicated	that	
as	little	as	4%	by	volume	loose	material	in	the	critical	part	of	the	foundation	could	affect	
performance	under	cyclic	 loads.	Certainly,	10%	loose	material	had	a	major	 impact.	The	
implication	of	that	work	is	that	the	characteristic	state	for	liquefaction	analysis	might	be	in	
the	90–95	percentile	range.	However,	the	Rowe	and	Craig	result	is	likely	to	be	a	little	on	the	
conservative	side,	as	the	loose	material	was	deliberately	located	in	the	part	of	the	foundation	
that	was	most	highly	stressed.

The	analyses	of	a	hypothetical	foundation	subject	to	earthquake	loading	by	Popescu	indi-
cates	that	a	characteristic	state	lies	in	the	80	percentile	range,	but	that	factors	like	the	scale	
of	fluctuation	and	therefore	the	size	and	frequency	of	loose	pockets	are	important.

The	Nerlerk	case	history	gives	a	static	reference	point.	The	depositional	processes	there	
resulted	in	loose	layers	or	pockets	that	were	sufficiently	well	connected	ultimately	to	result	
in	liquefaction	when	movement	occurred	in	the	underlying	clay.	Taking	ψ =	−0.02	as	the	
boundary	between	acceptable	and	unacceptable	performance,	based	on	Onisiphorou’s	static	
deterministic	analysis,	the	designers	would	have	identified	an	inadequate	design	if	they	had	
adopted	the	80	percentile	from	the	data	as	ψk.

Practical	experience	is	therefore	that	a	reasonable	characteristic	value	of	state	parameter	
lies	between	80	percentile	and	90	percentile	values	for	 liquefaction	analyses.	One	should	
probably	err	closer	to	the	90	percentile	value	for	cyclic	loading	cases,	but	can	relax	a	little	
towards	80	percentile	value	for	static	design	problems.	In	reality,	the	sensible	designer	will	
also	look	at	the	construction	method	and	the	scale	of	variation.	For	strongly	layered	sys-
tems	such	as	Nerlerk,	one	should	anticipate	a	greater	likelihood	of	loose	zones	connecting	
together	and	causing	a	problem.

5.5.2  Characteristic strengths for foundation design

It	is	interesting	now	to	see	what	characteristic	strength	is	suggested	by	limit	states	design	
codes.	The	limit	state	design	process	starts	with	a	given	reliability,	or	probability	of	fail-
ure,	of	a	structure.	In	order	to	achieve	the	target	reliability,	partial	safety	factors	are	used.	
Characteristic	 loads	 are	 defined	 to	 which	 load	 factors	 are	 applied	 and	 load	 effects	 cal-
culated.	Characteristic	material	 strengths	are	also	multiplied	by	partial	 factors,	with	 the	
resistance	 to	 loads	 calculated	 and	 compared	 to	 the	 factored	 loads.	Much	has	been	pub-
lished	regarding	appropriate	values	for	the	partial	factors,	but	selection	of	the	characteristic	
strength	of	soils	is	a	frequently	neglected	aspect	of	geotechnical	limit	state	design.	The	state	
parameter	framework	can	help,	firstly	because	there	is	a	reliable	method	of	making	many	
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measurements	 of	 state	 (the	 CPT),	 and	 secondly	 because	 there	 is	 a	 consistent	 mechanics	
approach	from	state	parameter	to	engineering	behaviours.

One	code	 in	which	 the	process	was	well	defined	and	 the	 target	probabilities	 explicitly	
stated	 was	 the	 Canadian	 ‘Code	 for	 the	 Design,	 Construction	 and	 Installation	 of	 Fixed	
Offshore	Production	Structures’	(Canadian	Standards	Association,	1992),	which	has	now	
been	withdrawn	in	favour	of	the	ISO	19900	series	of	codes	for	offshore	structure	design.	
(The	ISO	codes	broadly	follow	the	Canadian	Standards	Association	[CSA]	model	but	are	
not	 explicit	 in	 stating	 target	 reliability	 levels.)	 Part	 1	CAN/CSA-S471	 indicated	 a	 target	
annual	reliability	level	of	10−5	for	Safety	Class	1	structures.	Safety	Class	1	was	defined	as	
being	when	the	consequences	of	failure	are	great	risk	to	life	or	high	potential	for	environ-
mental	 damage	 or	 pollution.	 In	 addition,	 the	 annual	 probability	 of	 loads	 exceeding	 the	
factored	loads	was	between	10−3	and	10−4.	This	therefore	meant	that	to	achieve	the	target	
reliability	level,	the	factored	resistance	should	be	approximately	the	99%	exceedance	value.

It	is	clear	that	there	are	any	number	of	combinations	of	characteristic	strength	and	resis-
tance	factor	that	would	result	in	a	factored	resistance	having	a	99%	exceedance	probability.	
Table	 5.4	 summarizes	 the	 results	 of	 some	 Monte	 Carlo	 simulations	 (Been	 and	 Jefferies,	
1993)	of	an	offshore	structure,	looking	at	the	relationship	between	characteristic	strength	
and	partial	 factor	of	material	 strength	 to	give	a	99%	probability	of	non-exceedance.	An	
80	percentile	characteristic	strength	value	combined	with	a	resistance	factor	of	1.26	will	
result	 in	the	desired	99%	probability.	This	corresponds	almost	exactly	to	ISO	19906	for	
Arctic	Offshore	Structures	(ISO,	2010)	which	recommends	that	the	material	or	resistance	
factor	should	not	be	less	than	1.25	(see	Section	9.4.3).	Meyerhof	(1984)	also	recommended	
fϕ	=	0.8	(corresponding	here	to	a	factor	of	1.25)	which	is	used	in	some	design	codes	(e.g.	the	
Canadian	Foundation	Engineering	Manual,	 the	Canadian	Highway	Bridge	Design	Code	
and	the	National	Building	Code	of	Canada).

A	characteristic	value	is	generally	defined	in	ISO	19906	as	a	‘value	assigned	to	a	basic	
variable	associated	with	a	prescribed	probability	of	being	exceeded	by	unfavourable	values	
during	some	reference	period’.	Eurocode	7	(or	the	adopted	British	version,	BS	EN	1997-1)	
defines	characteristic	value	as	‘the	characteristic	value	of	a	soil	or	rock	parameter	shall	be	
selected	as	a	cautious	estimate	of	the	value	affecting	the	occurrence	of	the	limit	state’	(Clause	
2.4.5.2(2)P)	and	goes	on	to	point	out	that	each	word	and	phrase	in	this	definition	is	impor-
tant.	Engineering	judgment	is	required	in	the	‘selection’	of	a	value,	conservatism	is	required	
in	a	‘cautious	estimate’	and	the	selected	value	must	relate	to	a	specific	limit	state	and	mode	of	
possible	failure.	ISO	19906	(Section	9.3)	is	less	specific	than	Eurocode	7	in	some	ways,	but	
does	provide	guidance	on	factors	that	need	to	be	considered	in	selection	of	the	characteristic	
value,	 such	as	relevant	soil	 layers,	anisotropy,	 stress	history,	dilation,	progressive	 failure,	
cyclic	loading,	stress	path,	thermal	effects,	etc.	Revisions	to	the	ISO	standards	(in	progress)	

Table 5.4 Resistance factors for characteristic strength percentiles for an offshore structure example

Percentile value of strength Calculated resistance (MN) 
Resistance factor (to obtain 99% 
value of resistance – 631 MN) 

95 741 1.17
90 764 1.21
80 793 1.26
70 814 1.29
60 832 1.32
50 849 1.34

Source:  Been, K. and  Jefferies, M.G., Determination of sand strength  for  limit state design, Proceedings of International 
Symposium on Limit State Design in Geotechnical Engineering, Copenhagen, Denmark, Vol. 1, pp. 101–110, May 1993.
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will	encourage	the	use	of	statistical	methods	to	determine	the	characteristic	soil	strength,	
while	Eurocode	7	states	that	if	statistical	methods	are	to	be	used,	the	characteristic	value	
should	be	such	‘that	the	calculated	probability	of	a	worse	value	governing	the	occurrence	of	
a	limit	state	is	not	greater	than	5%’.	In	addition,	of	course,	there	is	a	range	of	partial	factors	
to	be	applied	to	the	characteristic	values	to	obtain	design	values	of	strength,	and	it	is	difficult	
to	relate	Eurocode	7	to	the	analysis	mentioned	earlier.	It	appears,	however,	that	the	statisti-
cal	work	described	in	this	chapter,	in	particular	the	work	carried	out	by	Popescu,	Prevost	
and	their	co-workers	at	Princeton,	supports	Eurocode	7,	although	the	basis	for	the	clause	is	
not	defended	even	in	the	commentary	on	the	code	by	Simpson	and	Driscoll	(1998).

5.6  suMMary

In	summary,	there	is	still	much	work	to	be	done	to	understand	the	effect	of	soil	variability	
on	the	performance	of	both	soils	and	foundations	under	cyclic	loads.	This	fact	is	reflected	
in	modern	design	codes,	mainly	with	respect	to	selection	of	characteristic	values	although	
stipulation	of	material	or	resistance	factors	appears	(incorrectly)	to	be	more	certain.	This	
chapter	 should	 have	 given	 you	 some	 appreciation	 of	 the	 issues	 involved	 and	 some	 back-
ground	on	which	to	base	your	engineering	judgment	which	you	will	undoubtedly	need	in	
making	these	selections	in	practice.
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Chapter 6

static liquefaction and post-
liquefaction strength

6.1  IntroDuCtIon

This	 chapter	 considers	 undrained	 failure	 under	 monotonic	 conditions	 –	 a	 process	 often	
called	static	liquefaction	when	dealing	with	loose	sands.	Why	start	with	static	liquefaction?	
Because	 static	 liquefaction	 largely	 controls	 stability,	 even	when	 the	 loading	 is	 cyclic	 (e.g.	
during	earthquakes).	If	there	is	sufficient	residual	strength,	then	cyclic	loading	is	going	to	
manifest	itself	only	as	fatigue-like	strains,	which	are	unlikely	to	endanger	anyone.	Static	liq-
uefaction	failures,	on	the	other	hand,	have	killed	several	hundred	people	on	more	than	one	
occasion	(Chapter	1).	A	second	reason	to	start	with	static	liquefaction	is	that	it	is	relatively	
straightforward	to	understand,	and	there	is	no	point	dealing	with	more	complex	loadings	
until	entirely	comfortable	with	how	excess	pore	water	pressure	is	caused	by	plastic	strain	
(and	not	the	collapse	of	a	metastable	soil	structure).	No	new	models	or	properties	for	the	
soil	are	required	as	static	liquefaction	is	an	aspect	of	soil	behaviour	that	fits	simply	within	
the	state	parameter	framework.

Two	situations	of	practical	relevance	arise	with	static	 liquefaction:	undrained	failure	
in	monotonic	shear	and	post-earthquake	liquefaction.	The	two	situations	are	similar	in	
terms	of	how	 the	 soil	behaviour	 evolves	and	 the	 residual	 strength	during	 the	 liquefac-
tion	event.	The	difference	between	the	two	is	in	the	method	of	triggering.	In	the	case	of	
monotonic	shear,	what	matters	 is	 the	stress	ratio	η.	 If	 this	stress	ratio	 increases,	either	
through	 an	 increase	 in	 deviator	 stress	 (e.g.	 slope	 steepening	 by	 erosion	 at	 the	 toe)	 or	
through	a	decrease	in	the	mean	effective	stress	through	seepage	pressures	(as	happened	
at	Aberfan),	then	a	static	liquefaction	can	be	triggered	if	the	soil	is	loose	enough.	In	the	
post-earthquake	 case,	 there	 will	 be	 cyclically	 induced	 excess	 pore	 pressures	 from	 the	
earthquake.	These	pore	pressures	may	be	sufficient	to	cause	outright	soil	 failure	under	
the	imposed	loadings.	Even	if	the	pressures	do	not	cause	outright	failure	initially,	their	
redistribution	during	dissipation	 can	 trigger	 further	movement	 (as	 happened	 at	Lower	
San	Fernando	Dam).

In	these	differing	situations,	the	conventional	view	is	that	an	undrained	strength	(or	its	
equivalent)	is	appropriate	and	can	be	used	in	stability	analysis.	The	fully	softened	(or	large	
displacement)	strength	during	monotonic	liquefaction	is	usually	denoted	as	sr	and	is	some-
times	referred	to	as	the	residual	strength.	The	peak	strength	is	denoted	as	su.	The	difference	
between	the	two	strengths	indicates	the	brittleness	of	the	soil.	If	sr	is	less	than	the	drained	
strength,	then	there	is	the	potential	for	a	flowslide.	Not	surprisingly,	this	leads	to	a	substan-
tial	interest	in	sr	and	how	it	can	be	determined	for	a	soil	in-situ.

Undrained	behaviour	is	caused	by	an	imposed	boundary	condition	in	the	laboratory	and	
by	the	drainage	time	in	a	field	situation.	The	soil	behaviour,	however,	continues	to	be	the	
result	of	effective	stresses,	and	previously	established	properties	from	drained	tests	apply.	
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This	use	of	drained	properties	 is	 crucial	because,	 in	a	field	 situation,	 there	will	be	 some	
drainage	 in	 the	 short	 term	 and	 complete	 drainage	 in	 the	 long	 term.	 An	 ‘understanding’	
based	on	undrained	calibrations	or	undrained	models	alone	is	potentially	misleading	and	
certainly	something	that	cannot	be	used	in	general.

The	undrained	monotonic	behaviour	of	sands	has	received	much	attention	in	the	lique-
faction	literature,	particularly	in	relation	to	loose	sands.	Dense,	dilatant	sands	are	of	little	
interest	in	undrained	shear	because	the	same	sand	can	sustain	much	higher	shear	stresses	
undrained	than	drained:	if	the	project	at	hand	is	stable	in	the	long	term,	then	it	is	stable	in	
the	short	term.	This	is	not	the	case	with	loose	sands	in	which	positive	pore	water	pressures	
are	developed	during	undrained	shear,	leading	to	possible	liquefaction	with	a	runaway	slide.	
Under	some	circumstances,	drained	monotonic	loading	can	transition	into	undrained	lique-
faction;	the	Aberfan	flowslide	is	an	example.	However,	far	more	soils	than	a	limited	range	of	
sands	can	exhibit	static	liquefaction.	To	date,	the	range	of	experience	includes	rather	coarse	
uniform	sands	through	to	nearly	pure	silt-sized	soils	and	various	combinations	in	between	
these	gradational	limits.

From	a	practical	point	of	view,	the	undrained	behaviour	of	loose	sands	is	frequently	only	
of	 academic	 interest.	 Soil	 that	 is	 sufficiently	 loose	 to	 fail	 in	 undrained	 monotonic	 shear	
poses	such	a	risk	of	catastrophic	failure	that	engineers	will	always	specify	ground	treatment	
of	some	form	to	improve	its	density.	It	is	simply	not	worth	the	risk	to	do	otherwise.	The	
true	engineering	problem	is	to	identify	when	a	soil	is	sufficiently	dense	that	treatment	is	not	
required.	A	slightly	different	perspective	may	apply	to	mining	projects,	as	the	available	space	
may	be	such	that	interest	is	in	how	far	a	potential	flowslide	will	move.	This	clearly	requires	
an	understanding	of	liquefaction,	and	the	phrase	‘critical	density’	is	not	misplaced	in	terms	
of	making	a	decision.

The	question	of	‘how	dense	is	sufficiently	dense?’	has	been	the	subject	of	much	discus-
sion	 in	 the	 geotechnical	 engineering	 literature	 over	 the	 last	 25  years	 (even	 though	 most	
engineers	would	probably	agree	on	whether	treatment	is	required	for	any	particular	proj-
ect).	Many	‘concepts’	for	liquefaction	have	been	put	forward,	some	of	which	are	not	sup-
ported	by	mechanics	and	only	confuse.	The	beauty	of	a	plasticity	model	 like	NorSand	 is	
that	it	computes	all	behaviours	of	loose	sands,	starting	from	calibrations	on	dense	samples	
under	drained	conditions:	there	is	nothing	magical	about	liquefaction.	This	ability	to	com-
pute,	using	a	model	properly	anchored	in	established	mechanics,	cuts	through	the	confu-
sion	that	has	surrounded	static	liquefaction.	Most	importantly,	the	model	is	implemented	
within	open-code	 software	 that	 is	downloadable	and	 runs	within	a	 spreadsheet	 environ-
ment.	There	is	nothing	hidden,	and	it	is	easy	to	develop	both	insight	and	an	appreciation	for	
the	phenomenon.

The	behaviour	of	loose	sands	in	undrained	triaxial	compression	and	extension	tests	is	the	
starting	point	and	leads	to	an	exploration	of	the	uniqueness	of	the	critical	state	line.	Other	
stress	paths	and	effects	such	as	strain	localization	are	then	considered.	Case	histories	are	
used	 to	confirm	model	 suitability	and	to	address	 the	 issue	of	post-liquefaction	strengths.	
Having	gained	this	understanding	from	laboratory	tests,	NorSand	and	case	histories,	the	
answer	to	the	question	‘how	dense?’	is	no	longer	mysterious	and	becomes	accessible	to	all	
geotechnical	engineers.

6.2  Data froM laBoratory experIMents

This	section	describes	and	discusses	experimental	data	on	static	liquefaction.	The	data	
can	be	downloaded	from	the	website	for	further	manipulation,	data	being	provided	on	
some	20–30	soils	 in	 total	 (the	number	depends	on	how	you	count	 the	same	sand	with	
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different	 fines	 contents	 or	 grain	 size	 distributions).	 Most	 of	 these	 files	 are	 from	 tests	
carried	 out	 by	 Golder	 Associates	 using	 GDS	 software-controlled	 triaxial	 equipment,	
although	there	are	a	few	others	included.	The	downloadable	files	may	be	especially	inter-
esting	when	looking	at	particular	details	of	soil	behaviour,	as	plots	can	be	expanded	to	
show	a	point	of	interest.	The	plots	in	this	chapter	are	annotated	with	the	file	name	that	
produced	them,	allowing	easy	 investigation	of	 features	 that	are	highlighted,	as	well	as	
plotting	out	at	a	larger	scale.	In	particular,	the	downloadable	files	allow	the	behaviour	of	
these	different	soils	to	be	viewed	in	some	detail	to	confirm	that	the	behaviour	presented	
in	this	chapter	is	characteristic	of	loose	soils,	regardless	of	mineralogy	or	gradation,	fines	
content,	etc.

6.2.1  static liquefaction in triaxial compression tests

Figure	6.1	shows	results	 from	a	 typical	 series	of	undrained	 tests,	 in	 this	case	on	recon-
stituted	samples	of	Erksak	sand	prepared	by	the	moist	tamping	method.	The	initial	val-
ues	of	 the	state	parameter	 for	each	test	are	shown	in	the	figure,	and	the	tested	range	 is	
−0.07	<	ψo	<	+0.07.	All	tests	were	load	controlled,	and	the	figure	shows	the	stress	paths	fol-
lowed	by	the	samples	together	with	their	corresponding	stress–strain	response.	The	stress	
paths	for	samples	with	ψo	>	0	(i.e.	an	initial	state	looser	than	the	CSL)	are	similar.	The	cor-
responding	stress–strain	behaviour	is	brittle	and	initiates	at	the	maximum	deviator	stress.	
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Figure 6.1  Undrained  triaxial  compression  of  Erksak  330/0.7  sand.  (a)  Contractive  (ψ  on  −0.02)  and 
(b) dilatant (ψ ~ −0.07).
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The	strength	falls	rapidly	with	strain	and	can	reach	a	small	fraction	of	the	peak	value	for	
very	loose	samples	(e.g.	test	G609	with	ψo	=	+0.068).	Usually,	it	takes	less	than	15%	axial	
strain	to	establish	critical	conditions	for	very	loose	soils,	but	sometimes	as	little	as	5%	is	
sufficient	as	can	be	seen	in	Figure	6.1a.	These	strains	are	well	within	the	capabilities	of	
triaxial	compression	tests.

For	initial	states	denser	than	critical	(ψo	<	0),	dilation	at	large	strains	becomes	dominant	
and	creates	negative	excess	pore	pressure.	Because	the	limit	of	dilation	is	not	usually	reached	
in	the	triaxial	test	(which	is	typically	limited	to	20%	axial	strain	compared	to	the	50%	or	so	
needed	to	attain	the	critical	state	with	dilatant	soils),	the	maximum	shear	stress	is	ambigu-
ous:	the	undrained	strength	measured	depends	on	the	strain	to	which	the	soil	is	taken	in	the	
test,	and	whether	there	is	sufficient	back	pressure	to	allow	the	negative	excess	pore	pressures	
to	develop	without	being	limited	by	cavitation.

Test	G602	in	Figure	6.1a	had	an	initial	state	of	ψo	=	−0.02	and	hints	at	the	onset	of	dila-
tion	to	an	apparently	real	maximum	strength.	Going	to	a	slightly	denser	sample,	Figure	6.1b	
shows	Erksak	 sand	 test	G641	at	 ψo	=	−0.07	where	 there	 is	 a	 strength	plateau	at	1%–2%	
axial	strain	before	the	onset	of	strong	dilation,	which	then	continues	all	the	way	to	about	
18%	axial	strain.	The	last	part	of	the	test	suggests	that	dilation	has	ceased	and	the	critical	
state	has	been	reached.	This	may	be	real,	as	the	excess	pore	pressure	was	−700	kPa	and	the	
sample	back	pressure	was	1300	kPa.	Moving	to	yet	denser	states	makes	it	practically	difficult	
to	obtain	sufficient	back	pressure	in	testing,	and	even	in	the	case	of	G641	at	ψo	=	−0.07,	it	is	
questionable	whether	any	practical	field	case	(except	the	deep	offshore)	is	going	to	allow	the	
generation	of	such	high	negative	excess	pore	pressure.

Similar	stress	paths	to	those	of	Figure	6.1	are	widely	reported	for	loose	sands	in	undrained	
laboratory	tests	within	the	literature,	and	there	is	nothing	special	about	Erksak	sand.	To	
reinforce	this	point,	Figure	6.2	shows	the	same	behaviour	with	Ticino	sand	(a	standard	soil	
much	used	in	laboratory	research).	Of	course,	it	is	not	that	surprising	that	two	hard	quartz	
sands	 of	 similar	 near-uniform	 gradation	 show	 similar	 behaviours,	 but	 what	 about	 well-
graded	soils	and	silts,	rather	than	sands?

Liquefaction	is	by	no	means	restricted	to	clean	sands.	Figure	6.3	shows	the	particle	size	
distribution	 curve	 for	 both	 Erksak	 and	 Ticino	 sands	 as	 well	 as	 a	 well-graded	 silty	 sand	
(Bennett	Dam	Core)	and	a	 sandy	silt	 (Guindon	Dam	Foundation).	The	fines	 fractions	of	
these	two	additional	soils	are	31%	and	65%	respectively.	Both	of	these	soils	were	tested	to	
determine	their	CSL,	and	examples	of	measured	undrained	behaviour	of	each	soil	are	shown	
in	Figure	6.4.	Looking	at	the	test	data,	there	is	little	difference	in	behaviour	between	the	
silty	soils	and	the	clean	sands,	and	someone	shown	Figure	6.4a	would	be	unsurprised	(and	
possibly	expect)	to	be	told	that	they	were	data	from	testing	clean	sand.	These	tests	neverthe-
less	had	31%	fines.	The	sandy	silt	shown	in	Figure	6.4b	exhibits	less	brittleness	than	readily	
achieved	with	clean	sand.	However,	this	should	not	be	taken	as	proving	high	fines	reduce	
liquefaction	potential	 –	 the	 issue	 is	 rather	 laboratory	 sample	 reconstitution	of	 high-fines	
soils,	as	much	looser	soil	can	be	found	in	the	field	than	can	be	prepared	in	the	laboratory.	If	
a	soil	has	substantial	positive	state	parameter,	high	fines	content	does	not	prevent	liquefac-
tion.	The	soil’s	state	matters,	not	its	fines	fraction.

6.2.2  triaxial extension

Soil	behaviour	depends	on	the	stress	path	imposed,	and	so,	a	question	naturally	arises	as	to	
what	extent	triaxial	compression	test	results,	and	the	understanding	developed	from	them,	
reflect	other	conditions.	The	opposite	extreme	 in	 terms	of	 stress	combinations	 is	 triaxial	
extension,	and	it	is	helpful	to	look	at	undrained	extension	data	to	answer	the	question	as	it	
relates	to	stress	path	effects.
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Data	for	loose	Erksak	sand	in	triaxial	extension	are	plotted	in	Figure	6.5,	the	tests	hav-
ing	initial	state	parameters	in	the	range	−0.03	<	ψo	<	+0.05.	The	figure	shows	the	stress	paths	
followed	 by	 the	 samples	 together	 with	 their	 corresponding	 stress–strain	 response.	 Some	
samples	were	anisotropically	consolidated	before	being	sheared	undrained.

The	stress	paths	for	samples	with	ψo	>	0	all	show	brittle	post-peak	strength	reductions,	
just	like	compression	tests,	with	samples	further	from	the	critical	state	producing	the	more	
brittle	behaviour.	The	one	sample	slightly	denser	than	the	CSL	shows	an	initial	contraction	
followed	by	dilation	to	give	an	‘S’-shaped	stress	path,	a	behaviour	entirely	characteristic	of	
soils	marginally	denser	than	critical	in	compression.

Triaxial	extension	behaviour	 is	compared	with	compression,	after	normalizing	out	 the	
effect	of	 initial	effective	stress	 in	Figure	6.6.	Rather	similar	behaviour	is	evident,	but	the	
peak	strength	is	markedly	less	in	extension.	It	is	also	apparent	that,	although	the	effective	
stress	 paths	 have	 similar	 shape,	 the	 difference	 in	 peak	 strength	 flattens	 extension	 stress	
paths	compared	to	those	in	compression.	This	flattening	is	hardly	a	surprise,	however,	as	
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Figure 6.2 Loose Ticino sand in undrained triaxial compression.
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Figure 6.4  Loose silty sand (Bennett Dam) and sandy silt (Guindon Tailings) in undrained triaxial compression.
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the	critical	state	friction	ratio	M	is	markedly	less	in	triaxial	extension	compared	to	triaxial	
compression	(see	Chapters	2,	3	and	Appendix	C).

Various	workers	have	asserted	that	stress	path	affects	the	final	critical	state,	in	particular	
that	the	critical	state	in	triaxial	extension	is	much	different	from	that	in	triaxial	compres-
sion.	While	there	is	no	issue	with	stress	paths	affecting	M,	the	implication	of	a	non-unique	
relationship	between	void	ratio	and	mean	effective	stress	(discussed	in	Section	2.5)	strikes	to	
the	heart	of	a	critical	state	approach.	Is	this	implication	actually	correct?	The	critical	state	for	
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Figure 6.5  Triaxial extension test data for Erksak 300/0.7 sand.
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232  Soil liquefaction: A critical state approach

the	various	stress	paths	on	Erksak	sand	summarized	in	Figures	6.1	and	6.5	is	plotted	in	void	
ratio	space	in	Figure	6.7	at	an	expanded	scale	relative	to	Figure	2.26	where	the	same	data	
are	shown.	As	can	be	readily	seen,	within	an	experimental	precision	of	about	Δe	=	±0.005,	
there	is	no	effect	of	stress	path	on	the	critical	state.	Given	that	the	extension	test	data	show	
identical	scatter	to	the	compression	data	and	that	the	trends	of	both	sets	are	the	same,	it	is	
arguable	that	stress	path	has	no	effect	whatsoever	on	the	critical	state	locus	in	e	−	p′	space.

6.2.3  simple shear

Triaxial	 tests	 are	 the	 most	 commonly	 used	 in	 the	 laboratory,	 but	 the	 simple	 shear	 test	 is	
attractive	as	being	a	possibly	better	analogue	of	conditions	 in	 the	ground	when	 loaded	 in	
plane	strain	(a	common	situation).	However,	despite	simple	shear	being	a	good	analogue	for	
an	infinite	slope,	very	few	published	liquefaction	studies	use	the	simple	shear	test,	particularly	
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tests	on	sands	with	initial	states	looser	than	critical.	(The	same	does	not	apply	to	cyclic	simple	
shear	testing	to	examine	seismic	liquefaction	on	material	with	initial	states	denser	than	criti-
cal.)	The	VELACS	project	(Arulanandan	and	Scott,	1993)	included	several	tests	on	Bonnie	
silt	 that	allow	comparison	between	simple	shear	and	triaxial	shearing	of	a	 loose	material.	
Figure	6.8	 shows	five	 tests	on	Bonnie	 silt	within	a	narrow	void	 ratio	 range	and	an	 initial	
stress	of	80	kPa.	Two	tests	are	simple	shear	with	an	80	kPa	vertical	stress	on	the	samples,	
two	tests	are	triaxial	compression	and	one	is	triaxial	extension.	In	the	triaxial	tests,	80	kPa	
is	the	initial	isotropic	confining	stress.	Stress	paths	for	all	tests	show	an	initial	contraction,	
but	in	this	case,	the	samples	were	sufficiently	dense	that	dilation	kicks	in	and	determines	the	
behaviour	at	higher	strains.	Simple	shear	and	triaxial	shear	behaviours	are	similar,	although	
the	excess	pore	pressure	is	much	greater	initially	in	simple	shear	and	with	less	intense	subse-
quent	dilation.

6.2.4  plane strain compression

A	substantial	limitation	of	the	simple	shear	test,	with	present	equipment,	is	that	the	horizon-
tal	stress	is	not	measured	–	which	makes	simple	shear	data	problematic	as	a	basis	for	assess-
ing	soil	behaviour.	Equally,	plane	strain	is	important,	and	details	of	plane	strain	apparatus	
at	Imperial	College	and	Nanyang	Technological	University	are	described	in	Section	2.7.2.	
(See	also	Figure	2.44	for	a	photograph	of	the	NTU	equipment,	which	allows	intermediate	
principal	stress,	σ2,	to	be	measured.)

Wanatowski	and	Chu	(2007)	reported	on	the	plane	strain	liquefaction	behaviour	of	loose	
Changi	sand	using	this	equipment.	This	soil	is	a	subangular	marine-dredged	silica	sand	used	
for	the	Changi	land	reclamation	project	in	Singapore	containing	approximately	12%	of	shells	
(which	affect	its	compressibility).	Following	various	triaxial	tests	to	determine	the	properties	
of	Changi	sand,	 three	undrained	tests	were	carried	out	 in	plane	strain.	These	plane	strain	
tests	loaded	the	sand	drained	to	a	Ko	condition	of	0.41	<	Ko	<	0.48	before	increasing	the	verti-
cal	load	undrained	while	holding	σ3	constant;	these	undrained	data	are	shown	in	Figure	6.9.	
As	can	be	seen	in	the	figure,	these	three	tests	were	close	to	their	 instability	limit	from	the	
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234  Soil liquefaction: A critical state approach

stress	state	established	by	the	drained	loading.	Once	peak	strength	was	reached,	there	was	a	
strength	loss	that	appears	comparable	to	that	seen	in	triaxial	compression	for	similarly	loose	
sand.	The	end	stresses	lie	on	a	critical	friction	ratio	Mps	~	1.16	(smaller	than	Mtc	as	expected	
because	of	the	effect	of	the	intermediate	principal	stress,	see	Chapter	3).

6.3  trenDs In laBoratory Data for su anD sr

It	is	clear	from	the	data	presented	so	far	that	liquefaction	may	arise	if	the	soil	is	looser	than	
its	critical	state	and	that	it	does	not	matter	a	whole	lot	whether	the	soil	is	clean	sand	or	has	
a	high	proportion	of	 silt-sized	particles.	A	useful	first	 step	 to	understanding	 liquefaction	
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is	to	reduce	these	data	on	many	liquefaction	tests	to	fundamental	trends.	In	what	follows,	
attention	concentrates	on	triaxial	compression	behaviour,	so	providing	a	convenient	over-
view	of	trends	and	allowing	ready	comparison	with	soft	clays.	The	effect	of	loading	path	is	
discussed	later,	in	particular	how	the	basic	triaxial	compression	trends	may	be	affected	by	a	
change	to	plane	strain	(which	is	the	usual	situation	of	practical	interest).

Because	 the	undrained	 response	 to	 the	 loading	of	 loose	 soils	 is	 uniformly	 similar,	 the	
stress	paths	can	be	characterized	by	their	peak	undrained	strength	and	the	pore	pressure	
at	which	this	peak	is	reached.	The	end	point	of	the	stress	path	is	the	critical	state,	which	
also	provides	a	convenient	normalizing	stress.	The	relationship	between	the	end	point	and	
the	peak	is	a	measure	of	the	soil’s	brittleness.	Brittleness	is	extremely	important	as	it	is	this	
aspect	of	soil	behaviour	that	allows	acceleration	of	slope	movement	into	a	potentially	dan-
gerous	flowslide.

The	undrained	strength	can	be	normalized	in	terms	of	the	initial	confining	stress	 ′po	to	
give	a	su/p′	ratio	in	the	form

	

s
p

qu

o c c′
=

′
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′
( ) ( )max max/2

23

1 3

3σ
σ σ

σ
	 (6.1)

and	a	pore	pressure	parameter	Af	of	the	form

	
A

u
f = ′

∆
∆σ1

	 (6.2)

This	puts	the	behaviour	of	loose	sands	and	parameter	usage	in	the	same	context	as	the	und-
rained	shearing	of	clays,	with	Af	being	as	defined	by	Skempton	(1954).

Figure	6.10	shows	the	s pu o/ ′ 	ratio	for	a	number	of	different	sands	as	a	function	of	ψ.	This	
figure	is	analogous	to	the	familiar	relationship	of	the	undrained	strength	ratio	in	clays	to	
the	over-consolidation	ratio	(e.g.	Wroth,	1984).	There	is	some	scatter,	and	the	data	form	
a	band	rather	than	a	single	trend	in	Figure	6.10,	but	nevertheless	there	is	a	strong	relation	
between	the	undrained	strength	ratio	and	the	state	of	the	soil.	Apart	from	Kogyuk	sand,	
which	is	notable	for	anomalously	high	strengths,	the	data	support	a	broad	trend	of	strength	
ratio	 s pu o/ ′ > 0 15. 	 even	when	 the	 sample	 is	 rather	 loose	 (ψ�=	+0.05),	 rising	 to	 s pu o/ ′ ≈ 0 30. 	
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236  Soil liquefaction: A critical state approach

at	the	critical	state	(ψ	=	0).	Strengths	then	rapidly	increase	with	further	increasing	density,	
although	this	is	not	evident	as	the	plot	ends	at	ψ	=	0.

There	are	two	points	of	 importance	about	these	numerical	values	of	the	strength	ratio	
s pu o/ ′ .	First,	these	ranges	for	the	strength	ratio	s pu o/ ′	have	been	known	for	some	40 years.	
Table	6.1	is	taken	from	Bishop	(1971),	and	similar	 s pu o/ ′ 	values	are	quoted,	although	with	
only	 a	 crude	 indication	 of	 sample	 density.	 (Note	 that	 Huachipato	 Sand	 in	 Table	 6.1	 is	
Castro	sand	C	in	Figure	6.10	and	Banding	sand	is	Castro	sand	B.)	Second,	these	undrained	
strengths	 are	 comparable	 to	 normally	 consolidated	 clays.	 Normalized	 clay	 strengths	 are	
much	discussed	in	the	literature,	and	Wroth	(1984)	presents	a	convenient	summary	of	clay	
behaviour	(this	Rankine	lecture	ought	to	be	mandatory	reading	for	all	geotechnical	engi-
neers).	Wroth	developed	the	following	relationship:

	

s
p

M R
r

Mu

o′
= 






 ≈ 






2 2

1
2

0 8Λ .

	 (6.3)

where
R	 is	 the	 over-consolidation	 ratio,	 with	 R=1	 set	 for	 the	 normal	 compression	 being	

considered
r	is	the	spacing	ratio
λ	=	(1	−	κ/λ)

Equation	6.3	follows	from	critical	state	theory,	with	insights	from	the	Modified	Cam	Clay	
model	 in	particular.	The	approximation	assumes	a	spacing	ratio	of	two	between	parallel	
NCL	and	CSL.	The	estimate	that	the	exponent	λ	=	0.8	is	based	on	calibrations	to	clays	and	
their	behaviour	in	isotropic	compression,	and	this	average	calibration	is	discussed	at	some	

Erksak 330/0.7
Erksak 320/1,2
Erksak 355/3
Isserk 210/2,5,10
Isserk 230/1
Amauligak Fnd sands
Alaskan BS 140/5,10
Banding sands
Castro sand B
Castro sand C
Hilton mines
Hokksund
Monterey #0
Ottawa
Reid Bedford
Ticino 530/0
Toyoura sands
Oil sands tailings
Nerlerk 270/1
Kogyuk 350/0,2,5,10
El Pachon 42/56
Guindon A 120/34
and B 50/67
Tailings beach 72/51
Tailings sand 180/22

0.200.00
0.0

0.2

Sh
ea

r s
tr

en
gt

h 
ra

tio
, s

u/
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length	 in	Wroth’s	Rankine	 lecture.	Equation	6.3	 is	plotted	 in	Figure	6.11	and	 illustrates	
that	 it	 is	reasonable	to	expect	a	normally	consolidated	undrained	strength	ratio	of	about	
( ) .s pu o nc/ ′ = 0 35	for	a	critical	friction	ratio	M	=	1.25	(where	the	subscript	nc	has	been	used,	
following	Wroth,	to	indicate	specifically	the	normally	consolidated	strength).

Although	the	state	parameter	and	over-consolidation	are	different	entities,	and	there	is	
no	unique	normal	consolidation	locus,	what	Wroth	had	in	mind	with	normal	consolidation	
was	a	state	a	little	above	the	CSL.	Wroth’s	use	of	a	spacing	ratio	r	=	2	in	Equation	6.3	is	actu-
ally	the	same	thing	in	terms	of	void	ratio	as	ψo	=	+0.69λe,	corresponding	to	ψo	≈	+0.015	for	
most	clean	sands.	Looking	at	Figure	6.10,	it	is	apparent	that	Wroth’s	normally	consolidated	
strength	ratio	is	in	the	bandwidth	for	the	trends	from	the	many	triaxial	measurements	on	
loose	 sands	at	 this	 state.	There	 is	no	 substantive	difference	between	 the	undrained	peak	
strength	of	loose	sands	and	‘normally	consolidated’	clays.

Turning	 to	 the	 excess	pore	pressure	at	peak	 strength,	Figure	6.12	plots	 the	pore	pres-
sure	parameter	Af.	While	the	undrained	strength	data	lie	in	a	reasonably	narrow	band,	Af	
scatters	widely	around	a	backbone	trend.	This	is	probably	caused	by	a	combination	of	the	
difficulty	in	measuring	pore	pressure	accurately	as	the	sample	fails	and	the	pore	pressure	
at	failure	being	influenced	by	small	differences	in	the	fabric	or	structure	of	the	sand.	These	
values	of	Af	for	sands	are	again	familiar	in	the	context	of	clays.	For	example,	Bishop	and	
Henkel	 (1962)	 plot	 detailed	 results	 for	Af	 versus	 over-consolidation	 ratio	 for	Weald	 and	
London	 clay,	 both	 clays	 showing	Af	 ≈	 0.9	when	normally	 consolidated,	 which	 are	mid-
band	for	the	trend	in	Figure	6.12	at	ψo	≈	+	0.015	(the	equivalent	of	normal	consolidation	as	

Table 6.1  Observed values of the parameters (su/p′)n, ϕ′ and IB for consolidated undrained tests on 
cohesionless soils

Material State 
Type of 

test P (su/p′)n ′φf  ′φr IB (%) References 

Banding sand 
(Ottawa sand)

Very loose comp. 4 kg/cm2 0.206 17.0 30 94 Castro (1969)

Banding sand 
(Ottawa sand)

Medium 
loose

comp. 4 kg/cm2 0.288 21.8 30 65 Castro (1969)

Banding sand 
(Ottawa sand)

Medium 
loose

comp. 4 kg/cm2 0.333 24.3 30 10 Castro (1969)

Huachipato 
sand (Chile)

Very loose comp. 4 kg/cm2 0.288 26.8 35 91 Castro (1969)

Huachipato 
sand (Chile)

Loose comp. 4 kg/cm2 0.333 29.4 35 65 Castro (1969)

Ham River Sand Loose comp. 990 psi 0.249 21.3 33 94 Bishop et al. (1965)
Ham River Sand Dense comp. 990 psi 0.596 33.8 33 – Bishop (1966a)
Ham River Sand Loose comp. 1840 psi 0.251 20.1 33 – Bishop et al. (1965)
Ham River Sand Loose ext. 99.4 psi 0.119 12.0 33 ~75 Reades (1971)
Ham River Sand Loose ext. 90.0 psi 0.052 11.5 33 ~75 Reades (1971)
Brasted Sand Loose comp. 10.6 psi 0.825 29.2 33 – Eldin (1951)
Brasted Sand Loose comp. 30.4 psi 0.457 31.4 33 – Eldin (1951)
Mississippi River 
Sand

Very loose comp. 29.4 psi 0.230 17.2 31 – Hvorslev (1950)

Mississippi River 
Sand

Medium 
loose

comp. 29.4 psi 0.415 28.9 31 – Hvorslev (1950)

Source:  Data  from Bishop, A.W., Shear strength parameters  for undisturbed and remoulded soil  specimens, Stress–
Strain Behaviour of Soils: Proceedings of the Roscoe Memorial Symposium,  Cambridge,  U.K.,  R.H.G.  Parry  (ed.),  Foulis, 
pp. 3–58, 1971.
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discussed	earlier).	The	similarity	of	Af	to	common	normally	consolidated	clay	experience	is	
unsurprising	given	the	similarity	in	strength	ratios	between	sands	and	clays.

Wroth’s	framework	is	restricted	to	states	close	to	the	CSL,	whereas	there	is	no	difficulty	
in	getting	sands	and	silts	to	states	markedly	looser	or	denser.	However,	Wroth’s	framework	
can	be	pushed	a	little	further	using	ψo/λ	as	an	alternative	normalizing	group.	Although	ψo/λ	
has	no	application	to	drained	stress	paths,�ψo/λ	is	useful	in	the	context	of	residual	strength	
during	undrained	liquefaction,	sr,	since

	

s
p

Mr

o

o

′
= 






2

exp
ψ
λ

	 (6.4)

where	(6.4)	follows	from	the	conventional	critical	state	 idealization	(i.e.	 ln( ) ),′ ′ =p pc o/ /ψ λ 	
the	definition	of	the	state	parameter	(Figure	1.1)	and	an	undrained	stress	path.

Figure	 6.13	 shows	 the	 same	 peak	 strength	 ratio	 information	 s pu o/ ′ 	 as	 Figure	 6.10,	 but	
changes	 the	 state	 measure	 to	 the	 parameter	 group	 ψo/λ.	 There	 is	 no	 apparent	 reduction	
in	 the	 scatter	 of	 the	data	because	 the	peak	undrained	 shear	 strength	 is	 not	 significantly	
affected	by	the	λ	of	the	soil.	However,	this	new	figure	illustrates	the	relationship	of	peak	to	
residual	strength.	Equation	6.4	is	plotted	in	Figure	6.13	(using	M	=	1.25,	which	is	typical	for	
the	sands	shown)	to	illustrate	how	brittleness	develops	with	more	positive	states.	There	are	
several	interesting	aspects	to	this	figure.

The	conventional	understanding	of	‘normal	consolidation’	gives	ψo	≈	0.7λ.	At	this	state,	it	is	
readily	apparent	from	Figure	6.13	that	the	peak	and	residual	undrained	strengths	are	approxi-
mately	equal.	This	is	exactly	what	the	Cam	Clay	model	represents,	and	it	is	what	is	widely	
understood	to	be	the	behaviour	of	insensitive	soft	clays.	As	the	state	parameter	becomes	more	
positive,	 then	 the	 potential	 for	 a	 marked	 strength	 reduction	 post-peak	 (i.e.	 from	 su	 to	 sr)	
becomes	ever	greater.	The	peak	strengths	measured	in	loose	liquefying	soils	are	not	necessarily	
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Figure 6.13  Comparison of normalized peak and residual undrained strengths.
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that	small,	but	it	is	the	subsequent	brittle	strength	loss	that	makes	static	liquefaction	so	very	
dangerous.	This	stress	drop	can	accelerate	an	incipient	failure	into	a	rapidly	moving	flowslide.

Bishop	used	a	brittleness	index	IB	to	describe	the	strength	drop	as	a	dimensionless	ratio:

	
I

s s
s

B
u r

u

= −
	 (6.5)

The	brittleness	 index	has	been	calculated	for	the	many	strength	tests	summarized	earlier	
and	is	plotted	against	ψo/λ	in	Figure	6.14.	This	type	of	plot	was	used	by	Hird	and	Hassona	
(1990),	and	some	very	simple	relationships	arising	from	critical	state	soil	mechanics	bring	
clarity	to	the	empirical	brittleness	index	plot.	Brittleness	arises	only	if	ψo/λe	>	0.7,	which	is	
a	restatement	of	the	limit	of	conventionally	understood	normally	consolidated	behaviour.	
Brittleness	rapidly	develops	with	increasing	ψo/λ.

So	far,	a	substantial	body	of	data	has	been	brought	into	dimensionless	ratio	form.	This	
dimensionless	 form	makes	 it	 apparent	 that	 the	peak	 strength	of	 even	 very	 loose	 sands	
is	 not	 unusually	 low.	 What	 is	 unusual	 about	 liquefying	 soils	 is	 their	 low	 critical	 state	
(residual)	strength	compared	to	their	peak	strength,	best	illustrated	by	brittleness	index.	
There	are	well-defined	trends	in	terms	of	ψ	and	ψo	for	the	laboratory	triaxial	compression	
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tests	considered,	but	this	then	leads	to	the	interesting	question:	what	are	the	underlying	
physical	processes	that	lead	to	static	liquefaction?

6.4  nature of statIC lIquefaCtIon

The	observation	that	static	liquefaction	arose	with	a	substantial	brittle	strength	reduction	
from	peak	to	residual	led	many	workers	to	view	liquefaction	as	caused	by	the	collapse	of	a	
metastable	arrangement	of	soil	particles.	It	has	become	common	to	represent	the	transition	
from	stable	work	hardening	behaviour	to	sudden	strength	loss	in	undrained	tests	on	loose	
sands	with	a	collapse	surface,	‘collapse’	being	associated	with	a	sudden	rearrangement	of	
the	supposed	metastable	arrangement	of	the	soil	particles	in	a	liquefiable	soil.	Sladen	et al.	
(1985b)	noted	that	if	several	liquefiable	samples	with	the	same	initial	void	ratio	are	tested	
from	differing	initial	confining	stress	conditions,	the	locus	of	peak	strengths	forms	a	line	in	
effective	stress	space,	which	they	termed	the	collapse	surface.	Others	have	introduced	and	
used	a	variation	on	the	collapse	surface	called	the	instability	line	(e.g.	Lade	and	Pradel,	1990;	
Ishihara,	1993;	Chu	and	Leong,	2002;	Lade	and	Yamamuro,	2010).	Figure	6.15	compares	
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Figure 6.15  Comparison of collapse surface and instability or flow liquefaction line representations for the 
onset of  liquefaction.  (a) Collapse surface or  line and (b)  instability or flow  liquefaction  line. 
(After Yang, J., Géotechnique, 52(10), 757, 2002. With permission from the Institution of Civil 
Engineers, Londom, U.K. and Dr. Yang.)
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the	collapse	surface	and	instability	line	frameworks.	Both	frameworks	invoke	the	idea	that	
there	is	a	‘soil	structure	collapse’	at	the	peak	strength,	and	the	only	difference	is	in	whether	
there	is	a	cohesion-like	intercept	to	the	instability	line.

While	there	is	nothing	wrong	with	normalizing	peak	undrained	strength	data	in	the	form	
of	a	stress	ratio,	such	as	s pu o/ ′ ,	difficulties	arise	once	either	the	instability	line	or	collapse	
surface	is	given	physical	significance	in	terms	of	an	effective	stress	basis	for	soil	behaviour	
(i.e.	the	slope	of	the	collapse	or	instability	line	in	Figure	6.15	becoming	a	property	for	a	soil	
model).	Examples	of	such	use	include	Alarcon	et al.	(1988),	Skopek	et al.	(1994),	Yamamuro	
and	Lade	(1997),	Lade	(1999)	and	Chu	et al.	(2003).	An	effective	stress	instability	criterion	
raises	 the	 question:	 how	 can	 the	 mobilized	 stress	 ratio	 at	 the	 onset	 of	 flow	 liquefaction	
(ηL	at	collapse)	be	much	less	than	the	ratio	M	that	the	sample	is	subsequently	able	to	sus-
tain	at	the	critical	state	even	though	there	is	no	densification	of	the	sample	(because	of	the	
imposed	undrained	boundary	conditions)?	Could	it	be	that	the	concept	of	soil	structure	col-
lapse	is	erroneous	and	that	other	mechanisms	are	involved?

The	observation	that	the	mobilized	stress	ratio	at	the	onset	of	flow	failure	is	much	smaller	
than	the	critical	friction	predates	Sladen	et al.	(1985b),	being	first	suggested	by	Bishop	(1971,	
1973)	from	his	investigations	into	soil	behaviour	during	the	Aberfan	slide.	However,	Bishop	
also	realized	that	the	mobilized	friction	angle	at	liquefaction	had	no	intrinsic	significance	in	
itself.	It	was	a	soil	behaviour,	not	a	soil	property.

To	progress	the	understanding	of	liquefaction,	it	is	helpful	to	look	at	a	liquefaction	test	in	
detail.	Test	G609	on	Erksak	sand	is	the	loosest	liquefaction	test	on	a	clean	sand	in	our	records	
(with	an	initial	void	ratio	eo	=	0.800	and	a	corresponding	state	parameter	of	ψ	=	+0.068)	and	
was	carried	out	using	displacement	control	with	computerized	data	acquisition.	Figure	6.16	
shows	the	standard	view	of	the	test	data,	illustrating	both	an	80%	drop	in	strength	post-peak	
and	an	effective	stress	ratio	at	‘collapse’	of	ηL	=	0.62.	Also	shown	is	the	mobilization	of	excess	
pore	water	pressure	with	strain,	with	the	peak	deviator	stress	point	highlighted.	Excess	pres-
sure	is	smoothly	generated	throughout	the	stress	path,	and	in	particular,	there	is	no	inflection	
point	at	peak	strength	that	might	be	associated	with	a	collapse	of	a	metastable	arrangement	
of	soil	particles.

Going	further,	Figure	6.16	also	shows	the	measured	data	transformed	into	the	mobiliza-
tion	of	η	with	strain.	Like	excess	pore	pressure,	shear	stress	ratio	is	smoothly	mobilized	with	
strain,	and	the	soil	 is	 indifferent	to	the	 ‘collapse	surface’.	This	particular	test	shows	that	
there	is	no	sudden	change	in	soil	behaviour	or	collapse	during	shear,	but	rather	the	loose	
state	of	the	sample	sets	a	limit	on	the	shear	hardening	(discussed	in	Chapter	3),	while	the	
ongoing	plastic	volumetric	strains	continue	to	cause	further	excess	pore	water	pressure.	This	
is	the	opposite	of	the	postulated	physics	of	a	collapse	or	instability	surface.

Test	G609	was	not	selected	because	it	is	in	any	way	special	other	than	being	the	loosest	
in	our	database.	The	physics	of	liquefaction	illustrated	by	this	test	is	exactly	the	same	as	for	
every	other	liquefying	sample	we	have	tested.	The	data	files	can	be	downloaded,	and	this	
aspect	verified,	as	it	really	is	crucial	to	understand	the	misleading	nature	of	collapse	surface	
idea.	Soil	liquefaction	is	not	the	result	of	metastable	arrangements	of	soil	particles.

The	erroneous	idealization	of	liquefaction	as	a	metastable	collapse	event	with	a	low	limit-
ing	stress	ratio	(or	friction	angle)	is	further	confirmed	by	drained	tests	on	very	loose	sand	
samples,	such	as	sample	D684.	This	particular	sample	was	at	e	=	0.820,	which	is	significantly	
looser	 than	emax	=	0.76	of	 the	 sand	and	also	 looser	 than	 the	 very	 loose	 liquefiable	 sample	
G609	just	discussed.	The	initial	confining	stress	of	the	drained	sample	is	less,	but	the	state	
parameter	remains	greater	(more	contractive)	than	the	undrained	sample.	Figure	6.17	plots	
the	loose	drained	test	behaviour	and	shows	the	intersection	of	the	‘collapse	surface’	friction	
ratio	ηL	=	0.62	from	G609	(which	will	be	an	upper	bound	since	D684	is	both	looser	than	
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G609	and	is	also	more	positive	ψo)	with	the	drained	stress	path.	As	can	be	seen,	not	only	does	
the	sand	not	collapse	at	the	shear	stress	ratio	corresponding	to	the	‘collapse	surface’,	but	also	
there	is	no	change	in	the	sand	behaviour	at	this	shear	stress	ratio.	As	with	mobilized	η	in	the	
undrained	test,	the	drained	soil	behaviour	is	utterly	indifferent	to	the	fiction	of	a	‘collapse	
surface’.

Of	course,	there	is	now	an	interesting	question	of	physics.	If	the	undrained	strengths	of	
liquefying	sands	are	not	unusual	(as	shown	earlier),	and	it	is	now	clear	that	liquefaction	does	
not	involve	collapse	of	a	metastable	particle	arrangement,	then	just	what	is	the	mechanism?	
A	return	to	the	discussion	of	NorSand	will	provide	the	insight.

6.5  unDraIneD NorSand

6.5.1  representing the undrained condition

The	early	literature	on	modelling	undrained	soil	behaviour	concentrated	on	a	total	stress	
approach,	arriving	at	the	undrained	conditions	through	using	a	Poisson’s	ratio	to	impose	
constant	volume.	Such	an	approach	misrepresents	the	nature	of	undrained	loading	of	soil.	
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The	basic	condition	for	undrained	loading,	neglecting	the	minimal	elastic	compressibility	of	
soil	particles	and	the	pore	water,	is	that

	 � � �ε ε εv v
p

v
e= ⇔ = −0 	 (6.6)

where	 the	 implication	for	 the	 individual	volumetric	strain	components	has	 followed	sim-
ply	 from	 invoking	 the	 fundamental	 strain	 partition	 of	 (3.1).	 Zero	 volumetric	 strain	 rate	
overall	does	not	mean	zero	volumetric	plastic	strain	and	zero	elastic	strain	–	the	two	strain	
components	can	be	non-zero	provided	that	they	balance	each	other.	Undrained	loading	is	
a	boundary	condition	effect,	not	a	fundamental	aspect	of	soil	behaviour.	Plasticity	models	
capture	undrained	conditions	by	calculating	plastic	strains	exactly	as	the	drained	case	and	
then	invoking	(6.6)	to	obtain	the	required	no-volume-change	condition.	The	change	in	mean	
effective	stress	immediately	follows	by	using	the	elastic	bulk	modulus	K:

	
� �p Kv

p= −ε 	 (6.7)

The	effective	stress	change	in	undrained	loading	responds	only	to	the	shear	component	of	
load.	An	external	 load	 increment	 that	 increases	 the	 total	mean	 stress	produces	an	 equal	
response	in	the	pore	water	pressure	for	fully	saturated	soils	(i.e.	with	B	=	1).	Partial	saturation	
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effects	or	finite	pore	water	compressibility	can	be	added	in	easily	enough	using	B	<	1	and	
computed	 from	compatibility	of	volumetric	compressive	 strain,	but	doing	so	provides	no	
further	insight	and	is	not	discussed	further.

6.5.2  simulation of undrained behaviour

Chapter	3	introduced	NorSand	and	then	considered	drained	loading.	The	drained	deriva-
tion	is	now	extended	to	undrained	conditions	before	being	applied	to	static	liquefaction.

The	 steps	 in	 computing	 an	 undrained	 response	 with	 NorSand	 follow	 much	 the	 same	
procedure	as	for	a	drained	response.	A	plastic	shear	strain	increment	is	imposed,	and	the	
corresponding	plastic	 volumetric	 strain	 computed	 immediately	 from	 the	 stress–dilatancy	
relationship.	Mean	effective	stress	change	follows	from	(6.7).	The	change	in	shear	stress	then	
follows	through	the	consistency	condition:

	

�
� � �

η η= + −










M
M

M
p
p

p
p

i

i
i

i

i

	 (C.51bis)

There	 are	 two	 terms	 in	 the	 brackets	 on	 the	 right-hand	 side	 of	 (C.51).	 The	 first	 of	 these	
is	given	by	the	hardening	 law	(3.37),	which	depends	only	on	the	current	stress	state,	 the	
state	parameter	and	the	plastic	shear	strain	increment.	The	second	term	on	the	right-hand	
side	is	what	has	been	computed	from	(6.7).	It	then	remains	to	add	the	elastic	shear	strain	
increment	using	the	computed	stress	change.	In	stress	paths	with	rapidly	decreasing	p′,	the	
hardening	 law	 needs	 an	 additional	 term	 to	 prevent	 the	 stress	 path	 crossing	 the	 internal	
cap	to	the	yield	surface.	This	addition	to	the	hardening	law	is	detailed	in	Appendix	C	and	
applies	to	all	such	stress	paths	whether	drained,	undrained	or	partially	drained	(although	
with	negligible	effect	in	normal	drained	loading).	The	routine	NorTxlU	of	the	downloadable	
NorSandM.xls	spreadsheet	implements	the	undrained	calculation	for	the	triaxial	test	using	
commented	code	written	in	‘plain	English’;	do	look	at	routine	as	there	really	is	no	magic	to	
the	mechanics	of	liquefaction.

Because	undrained	behaviour	is	a	boundary	condition	effect,	it	is	usual	to	carry	out	the	
base	calibration	of	models	using	drained	behaviour.	Care	is	needed,	however,	because	und-
rained	behaviour	depends	very	strongly	on	the	elastic	bulk	modulus,	which	is	both	sensitive	
to	sample	grain	contact	arrangement	and	somewhat	variable	on	a	test-to-test	basis.	Ideally,	
bender	elements	are	used	to	measure	the	shear	modulus	of	the	sample	after	it	has	been	set	
up	in	the	test	cell,	with	the	bulk	modulus	then	inferred	assuming	a	constant	Poisson’s	ratio	
using	the	standard	relation:

	
K G= +

−
2 1
3 1 2

( )
( )

ν
ν

	 (6.8)

Bender	elements	are	common	in	research	laboratories	these	days,	and	also	found	in	many	
commercial	 testing	facilities.	But	bender	elements	were	not	common	practice	 in	the	past,	
and	the	wealth	of	available	data	in	the	literature	usually	does	not	have	direct	measurement	
of	elastic	properties.	The	absence	of	directly	measured	moduli	makes	fitting	NorSand	 to	
undrained	behaviour	less	than	a	prediction	and	more	like	a	calibration.	Nevertheless,	the	
starting	point	remains	drained	calibration.

The	extensive	series	of	 tests	on	Erksak	330/0.7	sand	was	outlined	 in	Chapter	2	 in	 the	
context	of	CSL	determination,	and	the	drained	data	were	then	used	to	illustrate	how	well	
NorSand	captured	sand	behaviour	in	Chapter	3.	Comparison	of	NorSand	with	undrained	
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experimental	data	for	Erksak	330/0.7	sand	will	now	take	properties	from	this	drained	cali-
bration	as	constant	(i.e.	Mtc	=	1.26,	Γ�=	0.817,	λ10	=	0.031,	χtc	=	3.8).	The	hardening	modulus	H	
varies	with	ψo	(see	Figure	3.17)	and	averages	H	=	103−980ψo.	The	corresponding	undrained	
data	from	the	series	of	tests	on	Erksak	sand	were	presented	at	the	beginning	of	this	chapter.	
The	state	diagram	illustrating	the	range	of	void	ratios	and	stresses	tested	is	shown	in	Figure	
6.18,	with	tests	of	particular	interest	highlighted.

Elasticity	 of	 Erksak	 sand	 in	 laboratory-reconstituted	 samples	 was	 measured	 as	 a	 bulk	
modulus	 using	 unload/reload	 stages	 (Section	 3.7.1)	 giving	 the	 shear	 rigidity	 in	 Equation	
3.41.	This	equation	can	be	simplified,	assuming	Poisson’s	ratio	of	0.2	and	reasonable	values	
of	the	other	constants	to	Ir	=	980	(p′/pref)0.5,	which	has	been	used	for	comparison	(the	refer-
ence	stress	level	has	been	taken	as	100	kPa	as	is	conventional).	Figure	3.16	presented	the	fit	
NorSand	achieves	to	drained	triaxial	compression	data,	with	good-to-excellent	fits	being	evi-
dent.	Turning	to	undrained	behaviour,	Figure	6.19	compares	NorSand	with	three	undrained	
liquefaction	 tests	 representing	 the	 spectrum	 from	highly	 contractive	 to	 lightly	dilatant.	 In	
fitting	the	tests,	H	and	Ir	have	been	varied	around	the	mean	trends	to	obtain	the	best	fit	to	the	
stress	strain	data,	with	the	parameters	used	being	shown	for	each	simulation.	Everything	else	
is	as	per	the	dense	calibration.	These	simulations	can	readily	be	redone	using	the	download-
able	NorSandM.xls.	It	is	emphasized	that	the	good	fits	are	obtained	using	parameters	from	
dense	drained	triaxial	tests	and	without	a	collapse	surface.	Detailed	comments	now	follow.

Test	L601	was	a	lightly	contractive	sample	with	an	initial	state	ψo	=	+0.025.	A	rather	good	
fit	 to	 the	 stress	path	 is	 computed	with	NorSand,	 although	using	 a	 slightly	 stiffer	plastic	
modulus	than	trend.	Importantly,	the	peak	strength	and	the	onset	of	liquefaction	are	nicely	
predicted.	The	subsequent	strength	drop	with	increasing	strain	is	less	dramatic	in	NorSand	
than	the	experiment,	but	this	may	be	a	rate	or	inertial	effect	as	the	experiment	was	load	
controlled.	The	residual	strength	is	well	predicted,	which	confirms	the	CSL	and	initial	void	
ratio	determinations	for	this	sample.	A	little	over-consolidation	(R	=	1.15)	was	introduced	to	
replicate	soil	structure	effects	that	affect	the	initial	shape	of	the	stress	path.

Perhaps	the	most	dramatic	aspect	of	the	undrained	response	of	sand	is	the	static	liquefac-
tion	of	very	loose	samples.	The	loosest	sample	tested	in	undrained	compression	was	sample	
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Figure 6.18  Initial state diagram for the series of triaxial tests on Erksak 330/0.7 sand.
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C609	with	ψo	=	+0.068	(the	sample	discussed	in	Section	6.4).	Using	unchanged	material	prop-
erties,	a	good	fit	to	the	measured	behaviour	is	computed	including	the	characteristic	extreme	
post-peak	strength	drop	of	very	loose	samples	as	illustrated	in	Figure	6.19.	A	less	dramatic,	
but	more	 interesting,	behaviour	 is	 the	undrained	 response	of	 lightly	dilatant	 sand.	Figure	
6.19c	 shows	 the	 response	 of	 sample	 C634	 with	 ψo	=	−0.08.	Again,	 without	 changing	 any	
material	properties,	a	reasonable	match	to	this	behaviour	is	computed,	including	the	reversal	
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400 600

NorSand

D
ev

ia
to

r s
tr

es
s, 

q 
(k

Pa
)

Axial strain (%)

250

0 5 10 15

200

150

100

50

0
0

250

200 400 600

200

150

100

50

0

NorSand

Axial strain (%)

D
ev

ia
to

r s
tr

es
s, 

q 
(k

Pa
)

800

600

400

200

0
0 1 2 3 4 5

800

600

400

200

0
0 200 400 600 800
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of	curvature	of	the	stress	path.	Overall,	NorSand	calibrates	well	 to	the	experimental	data	
on	Erksak	sand	for	drained	loading	(Chapter	3),	and	these	dense	drained	calibrations	then	
closely	replicate	undrained	loading	and	in	particular	static	liquefaction	of	very	loose	samples.

6.5.3  how NorSand models liquefaction

Having	demonstrated	that	NorSand	predicts	the	measured	response	of	sand	in	undrained	
triaxial	shear,	including	what	are	conventionally	termed	liquefaction	tests,	it	is	now	possible	
to	examine	the	nature	of	static	liquefaction	by	looking	into	the	details	of	NorSand	when	a	
loose	sample	is	loaded	undrained.

The	first	point	is	that	contractive	strain	is	not	the	difference	between	normally	consoli-
dated	behaviour	of	clays	and	liquefaction	of	sands.	Contractive	strains	occur	in	both	cases.	
What	happens	in	liquefaction	is	that	there	is	proportionately	less	shear	hardening.	Normally	
consolidated	 clay	 behaviour	 is	 one	 in	 which	 the	 contractive	 volumetric	 strain	 produces	
just	 enough	 hardening	 to	 balance	 the	 decrease	 in	 mean	 stress	 with	 an	 increase	 in	 shear	
stress	ratio,	and	overall,	there	is	a	monotonic	increase	in	deviator	stress	to	the	critical	state.	
In	 liquefying	samples,	however,	 the	volumetric	contraction	has	the	effect	of	reducing	the	
mean	effective	stress	by	more	than	the	shear	strength	gain	induced	by	the	hardening	of	the	
yield	surface.	These	processes	are	apparent	in	the	test	data,	but	can	now	be	looked	in	more	
detail	with	NorSand.

Yield	surface	size	in	NorSand	is	characterized	by	two	parameters,	Mi	and	pi.	Mi	sets	the	
relative	size	of	the	yield	surface	in	the	deviatoric	direction,	while	the	image	mean	effective	
stress	pi	determines	its	absolute	size.	Recall	that	NorSand	controls	hardening	(i.e.	sets	the	
maximum	yield	surface	size)	using	a	limit	on	pi	expressed	by
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For	loose	soils,	ψ	 is	positive,	and	the	term	on	the	right-hand	side	is	 less	than	unity.	This	
hardening	 limit	 on	 pi	 has	 the	 effect	 of	 allowing	 excess	 pore	 pressure	 while	 limiting	 the	
hardening	rate	substantially.	Although	stress	ratio	η	is	still	increasing,	as	the	peak	strength	
is	approached,	the	rate	of	hardening	slows,	and	the	deviator	stress	drops	because	the	rate	
of	 excess	pore	pressure	 increase	 exceeds	 the	 rate	of	η	 increase.	Fundamentally,	 the	 yield	
surface	has	to	soften	(contract)	to	the	critical	state.	This	can	be	visualized	by	looking	at	a	
yield	surface	for	a	liquefiable	soil	in	Figure	3.13.	Note	in	particular	that	Equation	3.35	is	not	
remotely	like	the	concept	of	a	collapse	surface	and,	as	a	hardening	limit,	suffers	from	none	
of	the	theoretical	deficiencies	associated	with	collapse	or	instability	surfaces.	It	is	also	the	
same	hardening	limit	that	controls	the	dilatancy	of	dense	soil	and	is	not	something	intro-
duced	just	to	simulate	liquefaction.

6.5.4  effect of soil properties and state on liquefaction

It	is	helpful	to	look	at	systematic	parameter	changes	to	understand	how	the	NorSand	model	
responds	 to	 different	 parameters	 in	 undrained	 loading.	 Simulations	 are	 presented	 using	
the	 Erksak	 330/0.7	 sand	 CSL	 parameters	 for	 both	 loose	 (ψ	=	+0.05)	 and	 lightly	 dilatant	
(ψ	=	−0.05)	states,	as	interest	is	mainly	on	soil	behaviour	around	the	critical	state.

Figure	6.20	shows	 the	effect	of	elastic	 rigidity,	Ir,	on	 the	computed	undrained	behav-
iour,	all	other	properties	being	held	constant.	For	the	loose	sample	(ψ	=	+0.05),	increased	
elastic	stiffness	significantly	decreases	 the	strength	at	 the	onset	of	 liquefaction.	There	 is	
about	a	30%	reduction	in	strength	for	the	case	of	a	doubling	of	elastic	stiffness.	There	is	
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also	an	effect	on	the	stress–strain	curve	and	the	brittleness	with	strain.	The	effect	of	Ir	on	
the	denser	sample	is	more	subtle	in	that	increasing	modulus	decreases	the	shear	stress	of	
the	transition	to	dilatant	behaviour,	but	then	the	stiffer	soil	gains	dilatant	strength	more	
quickly.

Figure	6.21	shows	the	corresponding	effect	of	plastic	modulus	H	on	the	computed	und-
rained	behaviour,	again	with	all	other	properties	held	constant.	In	the	case	of	the	loose	soil,	
the	stiffer	plastic	modulus	(large	value	of	H)	acts	in	the	opposite	sense	to	elastic	rigidity	and	
produces	the	greater	strength.	Unlike	elasticity,	plastic	modulus	has	quite	an	effect	on	the	
post-peak	behaviour,	with	 the	stiff	modulus	producing	a	markedly	more	brittle	post-peak	
regime.	In	the	case	of	the	denser	soil,	a	stiff	plastic	modulus	increases	both	the	shear	stress	
at	the	transition	from	contractive	to	dilative	behaviour	and	the	effectiveness	of	dilation	after	
this	transition.

Figures	6.20	and	6.21	show	that	peak	undrained	strength	(i.e.	at	onset	of	the	liquefaction)	
is	influenced	by	the	plastic	hardening	modulus	and	the	elastic	rigidity.	Peak	strength	is	not	
simply	a	frictional	property,	although	of	course	it	scales	with	the	critical	stress	ratio,	Mtc,	for	
any	fixed	combinations	of	other	soil	properties.

Figure	6.22	illustrates	how	the	computed	peak	undrained	strengths	match	the	spectrum	
of	test	data,	with	trend	lines	for	various	H/Ir	ratios.	These	simulations	are	for	a	common	
Mtc	=	1.25,	χtc	=	3.8	and	ν	=	0.15,	which	are	reasonable	values	for	most	test	data	on	the	plot.	
NorSand	replicates	the	trend	in	a	large	body	of	data.	The	variations	within	this	trend	are	
easily	understood	as	being	caused	by	variations	 in	 the	 ratio	of	elastic-to-plastic	modulus	
with	some	contribution	from	the	critical	friction	ratio.
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Figure 6.20  NorSand simulations showing the effect of elastic modulus on undrained behaviour. (a) Loose ψo 
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6.6  unDerstanDIng froM NorSand

Having	established	that	NorSand	fits	experimental	test	results,	attention	now	turns	to	what	
might	be	regarded	as	more	controversial	 issues	surrounding	liquefaction	and	to	the	clari-
fication	that	can	be	gained	from	NorSand.	 It	may	be	helpful	 to	open	the	NorSandM.xls	
spreadsheet	and	run	the	simulations	while	reading	this	section.	While	this	section	provides	
a	guide	to	soil	behaviour,	it	is	easy	to	run	far	more	simulations	than	can	be	shown	here,	and	
much	more	insight	will	be	gained	by	looking	at	how	changing	properties	and	state	changes	
soil	response.

6.6.1  uniqueness of critical state

In	Chapter	2,	 the	critical	 state	and	 its	measurement	were	 introduced,	 together	with	how	
confusion	in	identifying	the	critical	state	from	test	data	has	led	people	to	question	whether	
the	critical	state	is	unique.	Uniqueness	of	the	critical	state	is	now	considered	within	the	gen-
eral	understanding	of	undrained	behaviour.	An	issue	with	uniqueness	of	the	CSL	concerned	
the	F	(for	fast)	and	S	(for	slow)	steady-state	lines	(Casagrande,	1975;	Alarcon	et al.,	1988;	
Hird	and	Hassona,	1990)	and	just	what	each	line	implies.	Triaxial	tests	are	limited	to	an	
axial	strain	of	about	20%,	so	the	state	of	samples	at	20%	strain	represents	the	closest	the	
samples	get	to	the	critical	state	in	a	test.	If	these	states	are	plotted	on	an	e−log	p′	diagram,	
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Figure 6.21  NorSand simulations showing the effect of plastic modulus on undrained behaviour. (a) Loose ψo 
= + 0.05 and (b) compact ψo = −0.05.
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the	S	and	F	lines	from	NorSand	that	are	equivalent	to	the	test	data	presented	in	the	literature	
can	be	defined.	Figure	6.23	is	just	such	a	plot	for	Erksak	sand,	showing	very	clearly	how	
drained	and	undrained	tests	suggest	different	critical	state	lines	even	though	they	have	the	
same	intrinsic	CSL.	The	only	difference	is	the	initial	state	and	stress	path	followed.	At	20%	
strain,	the	critical	state	has	not	been	reached	by	most	of	the	samples.

The	NorSand	behaviour	shown	in	Figure	6.23	is	consistent	with	the	experimental	data	
reported	in	the	literature	and	illustrates	that	part	of	the	difficulty	in	interpreting	laboratory	
tests	 is	 the	practical	maximum	strain	 limitations	of	the	triaxial	apparatus.	Theoretically,	
shear	strain	to	the	critical	state	for	denser	soils	may	exceed	50%.	The	potential	for	confu-
sion	 is	 large	when	measurements	use	 test	equipment	where	strains	greater	 than	15%	are	
problematic.	This	is	why	CSL	determination	is	best	done	with	contractive	samples,	as	only	
these	samples	get	to	critical	conditions	within	the	limits	of	the	test	apparatus.

Sample	preparation	effects	are	sometimes	invoked	as	to	why	the	critical	state	cannot	be	
unique.	This	view	 is	 readily	 shown	 false	using	NorSand.	There	are	 two	ways	 soil	 fabric	
(particle	orientation)	effects	are	captured	within	NorSand.	First,	the	dimensionless	plastic	
hardening	modulus	(H)	can	be	expected	to	be	a	function	of	particle	arrangement	–	certainly	
whether	a	reconstituted	sample	was	prepared	by	water	pluviation	or	moist	tamping	affects	
H.	Second,	elastic	rigidity	is	as	much	a	function	of	particle	contact	arrangement	as	it	is	of	
stress	level.	The	effect	of	H	and	Ir	on	soil	behaviour	was	examined	earlier	(Figures	6.20	and	
6.21),	and	a	wide	range	of	soil	behaviour	was	simulated	with	an	explicitly	unique	CSL.	But	
it	is	now	time	to	bury	the	supposed	non-uniqueness	of	the	CSL.

To	 illustrate	 the	reality	of	parameter	variation	as	 the	explanation	of	sample	preparation	
effects,	Figure	6.24	shows	simulations	of	the	measured	behaviour	of	the	moist-tamped	and	
water-pluviated	sands	reported	in	Section	2.5	and	Figure	2.31,	and	an	excellent	fit	of	NorSand	
to	 the	 test	data	 is	apparent	 for	 either	 sample	preparation	 technique.	This	 excellent	fit	was	
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achieved	by	modest	changes	in	the	elastic	and	plastic	model	parameters	(Ir,	H	and	χ)	and	with	
remaining	parameters	(Γ,�λ,�ν)	constant.	All	changes	in	behaviour	can	be	attributed	to	soil	
structure,	in	as	much	as	both	elastic	and	plastic	parameters	move	together.	Softer	elasticity	
goes	with	softer	plasticity,	and	the	fit	of	the	model	to	the	test	data	is	excellent	in	both	instances.

The	importance	of	capturing	fabric	effects	with	NorSand	is	not	so	much	that	it	can	be	
done,	but	 that	 it	disproves	 the	assertion	 that	different	 stress	paths	 from	different	 sample	
preparation	methods	 (but	with	 the	 same	state)	 require	a	non-unique	CSL.	These	 simula-
tions	had	an	explicitly	unique	CSL,	and	yet	they	capture	the	details	of	both	stress	path	and	
stress–strain	changes	caused	by	differing	initial	soil	structures.

It	was	noted	earlier	that	simulation	of	soil	fabric	with	an	isotropic	model	would	be	illus-
trated.	This	is	what	has	just	been	done,	as	it	is	the	different	sample	preparation	techniques	
that	produce	the	different	fabrics.

Of	course,	it	is	easy	enough	to	show	how	rather	small	variations	in	H	and	Ir	can	be	used	to	
explain	laboratory	test	data,	but	this	then	raises	the	question	of	how	to	apply	either	labora-
tory	data	or	simulations	to	in-situ	soils.	Presently,	there	is	no	way	of	measuring	soil	particle	
arrangement	that	can	be	used	in	practice.	This	is	why,	in	Chapter	4,	the	indirect	approach	
of	ignoring	fabric	and	instead	determining	Ir	with	shear	wave	velocity	measurements	and	H	
with	the	pressuremeter	test	was	advocated	(although	a	long	way	from	a	routine	procedure).	
Good	determination	of	plastic	hardening	modulus,	which	seemingly	must	be	in-situ	as	it	is	
clear	that	different	laboratory	procedures	produce	different	soil	fabrics	each	of	which	has	its	
own	hardening	modulus,	is	an	area	requiring	further	work	regardless	of	constitutive	model	
choice.	Shuttle	(2008)	suggests	that	a	way	forward	may	be	to	work	with	the	observation	that	
H	and	Ir	appear	correlated,	which	 is	physically	plausible,	and	 thus	measured	 in-situ	Gmax	
could	be	used	to	develop	the	best	estimate	for	H.	Of	course,	calibration	of	H	to	reconstituted	
samples	 in	 the	 laboratory	 is	more	straightforward	and	 likely	 to	remain	so	 for	some	time.	
Although	advocating	measurement	of	H	in-situ	is	counsel	of	perfection.
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6.6.2  Instability locus

The	instability	locus	(IL;	also	the	collapse	surface	or	flow	liquefaction	line)	is	an	accepted	
view	 of	 the	 nature	 of	 liquefaction	 triggering	 based	 on	 trends	 seen	 in	 undrained	 tests.	
However,	in	Section	6.4,	we	looked	at	direct	experimental	evidence	for	a	collapse	surface	or	
IL	that	would	trigger	liquefaction	in	sand	samples	and	found	none.	So,	if	there	is	no	collapse	
or	breakdown	of	a	metastable	particle	arrangement,	what	can	NorSand	tell	us	about	the	
instability	mechanism	that	then	leads	to	brittle	collapse?

Brittle	collapse	can	arise	with	any	strain	softening	stress–strain	behaviour.	Whether	col-
lapse	 actually	 occurs	 depends	 on	 load	 redistribution	 and	 drainage	 of	 excess	 pore	 water	
pressures.

Consider	the	undrained	strength	that	develops	from	differing	(drained)	Ko	conditions,	a	
set	of	scenarios	that	illustrate	how	the	mobilized	shear	stress	at	failure	might	change	depend-
ing	on	how	much	of	the	loading	path	is	drained	and	how	much	is	undrained.	The	following	
simulations	were	carried	out	using	the	Erksak	330/0.7	calibration	of	NorSand	and	for	an	
initial	state	parameter	of	ψo	=	+0.05.	This	is	actually	rather	loose,	as	will	be	seen	from	the	
computed	stress–strain	curves.	A	common	mean	stress	level	of	200	kPa	was	chosen	for	the	
simulations,	which	started	from	a	range	of	Ko	conditions	equivalent	to	the	end	of	a	drained	
loading	path	before	transition	into	undrained	loading.	The	results	are	shown	in	Figure	6.25.
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Figure 6.24  Simulations  showing  modelling  of  sample  preparation  effects  (for  both  samples,  Γ = 0.816, 
λ10 = 0.031, ν = 0.2). (a) Test CIU-G633, moist tamped (ψo = −0.089, H = 150, Ir = 200, χtc = 2.5) 
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© 2016 by Taylor & Francis Group, LLC

  



254  Soil liquefaction: A critical state approach

Several	interesting	behaviours	are	apparent	in	Figure	6.25.	First,	there	is	an	increase	in	
peak	undrained	strength	as	Ko	decreases	(increased	initial	shear	stress),	because	a	smaller	
part	of	the	strain	path	is	in	the	weaker	undrained	mode.	Second,	this	process	goes	only	so	
far.	In	the	case	of	the	simulations	shown	in	Figure	6.25,	once	Ko	reaches	about	0.55,	the	
strength	immediately	and	rapidly	falls	after	the	switch	to	the	undrained	loading.	This	transi-
tion	to	an	immediate	strength	drop	arises	at	far	below	the	drained	strength.

Figure	6.25	shows	that	a	stress	perturbation	above	the	IL	could	result	in	immediate	und-
rained	behaviour	and	rapid	strength	loss.	Why	did	this	not	arise	in	the	loose	drained	lab-
oratory	 tests	 we	 discussed	 earlier?	 Because	 those	 laboratory	 tests	 were	 carried	 out	 using	
displacement	control	to	demonstrate	that	there	was	no	metastable	collapse	in	the	arrange-
ment	of	sand	particles.	What	we	are	exploring	here	using	NorSand	is	the	effect	of	drainage	
conditions	 when	 simulating	 load	 control.	And	 what	 is	 apparent	 is	 that	 despite	 NorSand	
having	no	concept	of	an	IL	in	its	formulation,	the	locus	through	peak	strengths	(circled	on	
the	respective	stress	paths)	is	a	straight	line.	Instability	is	caused	by	drainage	conditions,	not	
metastable	collapse	of	the	soil	fabric.	In	addition,	the	IL	is	not	a	soil	property	but	changes	
both	with	the	state	parameter	of	the	soil	and	with	the	soil’s	elastic	and	plastic	properties.

Further	examination	of	NorSand	simulations	and	data	for	a	silty	sand	material	is	instruc-
tive	to	reinforce	this	point.	The	material	considered	is	Guindon	silty	sand	with	33%	fines	for	
which	the	CSL	is	shown	in	Figure	2.38.	Figure	6.26	shows	measured	data	for	an	undrained	
test	on	this	silty	sand	with	an	initial	state	parameter	ψo	=	+0.065	and	how	small	variations	
of	 the	 elastic	 and	 plastic	 moduli	 (i.e.	 Ir	 and	 H)	 affect	 the	 undrained	 stress–strain	 curves	
and	stress	paths	within	NorSand.	Both	have	a	small	but	significant	effect	on	pore	pressure	
response	and	post-peak	liquefaction	behaviour.	Increasing	Ir	results	in	a	higher	pore	pressure,	
all	else	being	equal	(Figure	6.26a),	since	a	larger	elastic	volumetric	stain	is	required	to	com-
pensate	for	shear-induced	contraction	in	constant	volume	(undrained)	shearing.	Increasing	
the	plastic	modulus	has	a	similar	effect	on	pore	pressure	(Figure	6.26b).	The	key	point	is	that	
the	stress	paths	in	Figure	6.26	show	that	the	undrained	shear	strength,	and	thus	also	the	IL,	
changes	location	in	q–p′	space	as	these	moduli	change.

We	can	take	this	a	step	further	and	use	NorSand	to	predict	the	stress	ratio	ηL	at	instabil-
ity,	or	the	IL,	as	a	function	of	changes	in	the	elastic	and	plastic	moduli.	Figure	6.27	shows	
the	 results	when	 this	 is	 done,	 for	 a	particular	 set	 of	 soil	 parameters	 and	one	 initial	 state	
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(ψo	=	0.065).	The	horizontal	axis	is	the	same	ratio	H/Ir	as	shown	in	Figure	6.22,	but	Figure	
6.27	shows	clearly	how	the	instability	stress	ratio	can	vary	easily	from	ηL	=	0.75	to	ηL	=	1.0	
for	the	same	value	of	critical	friction	ratio	Mtc.	The	peak	undrained	shear	strength	and	pore	
pressure	generation,	or	triggering	of	liquefaction,	cannot	be	represented	by	an	effective	stress	
friction	ratio	or	instability	line.	The	effective	stress	ratio	is	strongly	dependent	on	the	elastic	
stiffness	and	plastic	hardening	(or	softening)	of	the	sand	during	shear,	and	so,	the	IL	or	peak	
undrained	shear	strength	is	not	simply	a	frictional	soil	property.

If	we	 refer	back	 to	our	experience	with	 the	undrained	behaviour	of	 clay	 soils,	 in	par-
ticular,	the	observation	that	the	undrained	shear	strength	depends	significantly	on	how	it	
is	measured,	this	observation	that	the	undrained	shear	strength	of	sands	is	not	a	frictional	
property	should	come	as	no	surprise.	Just	as	with	clays,	the	correct	approach	is	to	work	with	
an	undrained	shear	strength	ratio	su/ ′σv	or	su/p′,	and	we	can	use	the	appropriate	laboratory	
testing,	supplemented	by	NorSand	if	necessary,	to	tell	us	what	ratio	is	appropriate	depend-
ing	on	the	initial	state	parameter,	the	soil	properties,	the	loading	path	and	the	current	geo-
static	stress	state.

The	 downloadable	 spreadsheet	 NorSandM.xls	 outputs	 the	 strength	 ratio	 su/p′	 and	 IL	
slope	ηL	automatically	as	a	result	from	any	simulation.	You	can	run	this	spreadsheet	as	there	
is	no	substitute	for	seeing	soil	response	change	as	the	initial	conditions	and	soil	properties	
change	(this	is	one	of	the	beauties	of	constitutive	modelling).

6.6.3  effect of silt (fines) content on liquefaction

Fines	content	has	long	been	an	issue	in	liquefaction.	Much	of	the	field	experience	of	lique-
faction	has	been	viewed	in	the	context	of	penetration	test	data	as	the	index	of	soil	state.	All	
else	being	equal,	however,	an	increasing	fraction	of	finer	soil	particles	lowers	the	penetration	
resistance	because	increasing	fines	gives	a	more	compressible	soil.	Correspondingly,	how	to	
evaluate	the	effect	of	fines	on	liquefaction	susceptibility	is	a	genuine	concern.

Laboratory	experiments	in	which	the	silt	content	has	been	systematically	varied	include	
Kuerbis	et al.	(1988),	Pitman	et al.	(1994)	and	Lade	and	Yamamuro	(1998).	The	first	two	
papers	 indicated	 that	fines	 tended	to	make	a	soil	more	resistant	 to	 liquefaction	by	filling	
the	void	space,	in	effect	reducing	the	granular	void	ratio	and	making	the	soil	appear	denser	
than	it	was.	Yamamuro	and	Lade	obtained	the	exact	opposite	effect	(and	indeed	they	called	
it	 ‘reverse	 behaviour’)	with	 increasing	fines	 content	 producing	 an	 increasing	 liquefaction	
potential.	The	conflict	between	these	results	is	caused	by	working	in	terms	of	relative	den-
sity,	but	a	clear	understanding	emerges	using	ψ.

The	 relationship	 between	 peak	 dilatancy	 and	 state	 parameter	 presented	 in	 Chapter	 2	
was	based	on	 testing	many	sands	with	 silt	 contents	as	great	as	35%.	There	 is	a	 sensibly	
unique	relationship	independent	of	soil	gradation	(Figure	2.6).	Although	the	overall	grain	
size	distribution,	which	is	more	than	just	fines	or	silt	content,	affects	the	CSL	(Figures	2.36	
and	2.37),	this	does	not	affect	the	state	parameter	framework.	Because	dilatancy	and	ψ	are	
simply	related,	dealing	with	the	effect	of	fines	content	(or,	more	generally,	soil	gradation)	on	
soil	behaviour	is	straightforward	–	just	use	the	correct	CSL.

The	 adequacy	 of	 the	 state	 parameter	 in	 capturing	 silt	 content	 effects	 is	 illustrated	 by	
two	examples.	Silty	sands	often	arise	when	dealing	with	tailings,	and	interesting	data	were	
obtained	for	the	Rose	Creek	impoundment	(Shuttle	and	Cunning,	2007).	Various	samples	
were	 obtained	 from	 the	 site,	 and	 two	 representative	 gradations	 were	 chosen,	 referred	 to	
as	A	and	B,	comprising	67%	and	30%	fines,	respectively.	Both	gradations	were	tested	to	
define	the	CSL	using	the	usual	test	protocols	on	reconstituted	samples.	Figure	6.28	shows	an	
example	of	the	static	liquefaction	of	each	gradation.	Also	shown	in	the	figure	is	the	behav-
iour	computed	using	NorSand	(and	the	parameters	used).
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Taking	the	30%	fines	sample	first,	 this	 test	was	quite	 loose	with	ψo	≈	+0.07	based	on	
the	 sample	 void	 ratio	 (after	 the	 saturation	 and	 consolidation	 stages)	 and	 the	 CSL	deter-
mined	from	the	group	of	tests	on	this	gradation.	The	slope	of	the	CSL	is	intermediate	with	
λ10	=	0.082.	Liquefaction	was	extreme,	with	no	hint	that	fines	in	anyway	suppressed	lique-
faction.	NorSand	was	fit	to	the	data	readily.

Turning	to	the	67%	fines	gradation,	this	sample	was	tested	at	ψo	≈	+0.09.	The	sample	did	
liquefy,	but	had	less	brittleness	than	the	30%	fines	sample,	which	was	the	effect	of	increas-
ing	compressibility	(greater	λ)	with	the	67%	fines	sample	being	twice	as	compressible	as	the	
30%	fines	sample.	Despite	this	much	greater	compressibility,	NorSand	readily	fit	this	test	
using	the	measured	ψo,	with	typical	soil	properties	(but	the	higher	λ10	=	0.159).

At	this	point,	a	view	might	form	that	the	comparison	of	the	two	tests	shown	in	Figure	
6.28	justifies	the	idea	that	increasing	fines	reduces	brittleness.	This	would	be	wrong.	Higher	
λ�does	mean	the	brittleness	is	reduced	at	the	same	ψ,	but	the	problem	in	the	laboratory	is	
that	samples	could	not	be	prepared	for	triaxial	testing	as	loose	as	found	in-situ.	This	situa-
tion	is	much	like	sand	samples	that	cannot	be	set	up	by	underwater	pluviation	in	the	labo-
ratory	anywhere	near	as	loose	as	occurs	during	hydraulic	deposition	in	the	field.	The	67%	
fines	gradation	was	encountered	in-situ	at	states	estimated	to	be	ψo	>	+0.15,	the	CPT	data	in	
some	areas	indicating	local	undrained	liquefaction	around	the	CPT	tip	to	depths	as	much	as	
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Figure 6.28  Simulation of  liquefaction of  loose sandy silts  from Rose Creek Impoundment. (a) 30% fines 
(ψo = 0.085,  R = 1.06,  H = 60,  Ir = 107,  χtc = 5,  Mtc = 1.15,  N = 0.5,  λ10 = 0.082)  and  (b)  67%  fines 
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20	m	with	minimal	soil	strength.	Such	loose	states	are	extremely	brittle,	even	with	the	rather	
high	compressibility	of	this	particular	silt.

That	ψ	characterizes	such	silty	soils	very	well,	with	NorSand	closely	fitting	the	measured	
test	data,	is	not	a	minor	academic	point.	The	tacit	assumption	in	adjusting	penetration	test	
data	for	fines	content	in	liquefaction	analysis	is	that	the	high	fines	content	soil	is	stronger	
than	would	be	expected	based	on	clean	sand	experience.	But	high-fines	soils	are	accurately	
modelled	in	a	critical	state	framework	with	ψ	having	exactly	the	same	role	and	with	the	same	
trends	as	for	clean	sands.	What	is	needed	is	to	properly	understand	how	penetration	resis-
tance	varies	with	soil	properties	(Chapter	4),	not	to	pretend	that	the	soil	is	a	different	mate-
rial	from	what	it	actually	is	and	apply	‘fines	content	corrections’	to	penetration	test	data.

6.6.4  liquefaction in triaxial extension

Liquefaction	can	be	much	affected	by	loading	direction,	in	particular	triaxial	extension	as	
opposed	to	compression.	The	comparison	 in	Figure	6.6	showed	the	differences	 in	behav-
iour	for	Erksak	sand	in	extension	and	compression,	and	Figure	6.8	compares	compression,	
extension	and	 simple	 shear	data	 for	Bonnie	 silt.	More	 fundamentally,	Vaid	 et  al.	 (1990)	
asserted	that	the	critical	state	is	different	in	extension	and	compression,	and	is	therefore	not	
uniquely	related	to	void	ratio.	The	question	then	becomes	whether	this	change	in	behaviour	
is	predicted	and	understood.

Figure	 6.29	 compares	 NorSand	 with	 the	 experimental	 data	 of	 an	 extension	 test	
(CIUE-G642)	on	Erksak	sand.	The	NorSand	simulation	used	the	calibration	developed	in	
drained	triaxial	compression.	No	changes	were	made	to	the	model	parameters,	and	a	rea-
sonable	fit	of	model	 to	data	 is	evident	despite	 the	change	from	compression	to	extension	
and	drained	to	undrained	boundary	conditions.	This	has	been	achieved	with	the	explicit	
assumption	of	a	unique	CSL	in	the	model.

There	are	two	effects	captured	with	NorSand,	which	give	the	good	prediction	of	exten-
sion	behaviour	from	compression	data	but	that	eluded	the	experimental	workers.	First,	M	
varies	with	stress	conditions	as	discussed	in	Chapter	2	and	Appendix	C.	Second,	dilatancy	is	
different	in	compression	compared	to	extension	because	there	is	a	change	in	the	symmetry.	
In	triaxial	compression,	ε2	=	ε3,	whereas	in	extension	ε2	=	ε1.	This	affects	the	strain	invariants	
substantially	and	causes	a	marked	change	in	stiffness.	Experimental	work,	while	correctly	
drawing	attention	to	the	different	curves	in	extension	and	compression,	was	extrapolated	to	
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Figure 6.29  Simulation of triaxial extension, Erksak 330 test CIUE-G642.

© 2016 by Taylor & Francis Group, LLC

  



Static liquefaction and post-liquefaction strength  259

draw	erroneous	conclusions	about	the	critical	state.	Despite	the	claim	of	some	experimental-
ists,	soil	behaviour	cannot	be	understood	from	tests	alone,	and	measurements	must	be	put	
in	the	context	of	a	proper	mechanics	framework	(and	which	today	means	work	hardening	
plasticity	with	a	CSL	and	ψ).

6.6.5   liquefaction with constant deviator 
and reducing mean stress

Soils	are	brought	to	failure	as	the	ratio	of	deviatoric	stress	to	mean	effective	stress	(η	=	q/p´)	
increases.	Conventional	 laboratory	 testing	 increases	η	 by	 increasing	q,	 and	most	 current	
understanding	of	soil	behaviour	has	followed	from	such	testing	(essentially	all	of	‘taught’	
soil	mechanics).	But	η	 can	be	 increased	by	decreasing	p′.	Practically,	 this	 situation	arises	
with	water	infiltration	into	slopes	with	an	increasing	pore	pressure	causing	the	mean	effec-
tive	 stress	 to	decrease	while	 the	 shear	 stress	 remains	near	constant.	This	was	 the	 trigger	
mechanism	 for	 the	 flowside	 at	 Aberfan	 (described	 in	 Chapter	 1,	 Figure	 1.15).	 A	 feature	
of	 the	Aberfan	 failure	was	 that	 it	occurred	 rapidly	and	without	warning.	The	 slope	was	
inspected	 just	 one	 day	 before	 the	 failure	 with	 no	 evidence	 of	 impending	 instability	 (e.g.	
tension	cracks).	Subsequent	investigations	into	the	cause	of	the	Aberfan	failure	(Bishop	and	
Penman,	1969)	recognized	that	the	failure	mechanism	was	related	to	the	critical	void	ratio,	
but	that	was	broadly	as	far	the	investigators	were	able	to	go	without	the	required	constitu-
tive	theory	(which	did	not	exist	at	the	time).	Exactly,	this	mechanism	has	also	been	reported	
in	physical	model	testing	by	Take	and	Beddoe	(2014),	in	which	they	gradually	increased	the	
pore	pressure	at	the	toe	of	a	loose	sand	slope	to	trigger	a	liquefaction	flowslide.

Although	Bishop	and	Henkel	(1957)	discuss	soil	failure	caused	by	increasing	pore	water	
pressure,	further	interest	in	this	loading	path	appears	scant	until	workers	at	the	University	
of	Alberta	(Sasitharan	et al.,	1993)	applied	this	path	to	investigate	aspects	of	the	collapse	
surface	(Section	6.6.2),	then	viewed	by	some	as	the	causative	mechanism	for	liquefaction.	
The	test	on	loose	Ottawa	sand	by	Sasitharan	et al.	(1993)	exactly	echoes	the	Aberfan	disas-
ter:	 (1)	 ‘the	 axial	 strain	 …	 at	 initiation	 of	 collapse	 was	 only	 0.4%’	 and	 (2)	 ‘the	 sample	
reached	such	a	large	momentum	during	collapse	that	when	the	loading	head	hit	the	restrict-
ing	nuts	the	entire	laboratory	felt	the	vibration’.	Other	workers	(e.g.	Matiotti	et al.,	1995;	Di	
Prisco	and	Imposimato,	1997;	Gajo	et al.,	2000)	have	since	confirmed	and	expanded	on	the	
results	obtained	by	Sasitharan	et al.	(1993).	An	interesting	set	of	data	that	was	reported	by	
Junaideen	et al.	(2010)	used	a	servo-controlled	system	to	carry	out	constant	shear	drained	
(CSD)	loading	of	loose	and	dense	decomposed	granite	from	two	sites	in	Hong	Kong,	their	
results	being	shown	in	Figure	6.30;	the	onset	of	yielding	(occurrence	of	plastic	strain)	and	
the	onset	 of	 collapse	 are	 shown	on	 the	 various	paths	 plotted	 for	 ease	of	 understanding.	
All	 these	 workers	 considered	 triaxial	 conditions,	 and	 Wanatowski	 and	 Chu	 (2012)	 then	
extended	knowledge	of	CSD	behaviour	from	triaxial	to	plane	strain.

While	the	body	of	test	data	and	key	observations	is	consistent	across	the	various	stud-
ies,	the	measured	behaviour	was	not	considered	from	the	perspective	of	computational	soil	
mechanics	other	than	a	preliminary	effort	we	reported	in	the	first	edition	of	this	book.	
The	CSD	path	is	theoretically	interesting	as	it	offers	insights	into	yielding,	and	a	variant	
on	the	CSD	path	was	used	in	our	laboratory	to	measure	sand	behaviour.	The	soil	tested	
was	Fraser	River	sand,	a	soil	whose	properties	were	discussed	in	Chapter	2.	The	CSD	test	
was	controlled	by	specifying	the	target	pressure	and	a	time	to	reach	this	target	pressure,	
with	 the	 software-controlled	 pumps	 adjusting	 to	 maintain	 the	 required	 stress	 path;	 in	
essence,	the	same	approach	as	adopted	by	Junaideen	et al.	(2010),	Daouadji	et al.	(2010)	
and	Chu	et al.	 (2012).	However,	we	modified	 the	usual	CSD	path	 to	 include	a	 slightly	
reducing	deviator	stress	as	that	offers	clearer	 identification	of	the	elastic	 limit.	The	test	
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was	on	a	dense	sample	(ψo	~	−0.13),	and	the	data	are	shown	in	Figure	6.31	with	three	key	
points	identified.

Initially,	 the	 sample	 was	 loaded	 to	 a	 stress	 ratio	 η�=	0.5	 under	 constant	 mean	 stress,	
denoted	as	Point	A	in	Figure	6.31,	and	held	overnight	(which	allowed	some	creep	strain	to	
develop).	CSD	loading	was	carried	out	by	reducing	the	confining	stress	at	the	same	time	as	
a	much	smaller	proportional	reduction	in	the	deviator	stress,	the	stress	path	being	plotted	in	
the	figure.	The	elastic	limit	is	shown	as	Point	B	and	was	identified	by	the	change	in	the	q–ε1	
behaviour,	although	a	matching	change	in	the	pattern	of	response	is	seen	in	the	volumetric	
strain	behaviour;	the	mobilized	stress	ratio	at	the	onset	of	the	transition	from	elastic	unload-
ing	to	plastic	yielding	was	η�=	1.08,	well	below	the	critical	state	stress	ratio	M.	Continuing	
reduction	of	mean	stress	from	Point	B	initiated	yield	in	‘unloading’,	with	reversal	of	axial	
strain	from	as	p	decreased	to	axial	strain	now	increasing	as	p	decreased;	there	was	strong	
dilation	associated	with	this	yielding.	There	was	no	obvious	change	in	the	pattern	of	the	
soil	response	when	the	stress	path	crossed	the	critical	state	with	smooth	soil	response	until	
the	limiting	stress	ratio	was	reached,	Point	C.	When	the	limiting	stress	ratio	η�=	1.84	was	
reached,	the	stress	path	could	no	longer	be	held,	with	q	now	reducing	at	what	appears	to	be	
constant	p	as	the	sample	dilated	towards	its	critical	state	(‘appears’	because	the	servo	in	the	
test	equipment	had	great	difficulty	in	controlling	the	test;	it	would	also	be	plausible	to	sug-
gest	that	the	true	behaviour	was	failure	at	the	current	ηmax	value,	something	that	reduced	to	
Mtc	as	the	sample	dilated).	The	axial	strain	rapidly	increased	past	Point	C	despite	the	reduc-
ing	load.	Comparing	Figures	6.30	and	6.31,	it	is	clear	that	Fraser	River	sand	in	the	CSD	
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path	 shows	 the	 same	behaviour,	and	details	 in	 that	behaviour,	as	 reported	by	 Junaideen	
et al.	(2010)	in	their	tests	on	a	decomposed	granite.	This	provides	independent	corrobora-
tion	of	the	nature	of	soil	response	during	CSD	loading.	We	now	turn	to	understanding	this	
behaviour	using	computational	soil	mechanics.

Self-consistency	in	the	derivation	of	NorSand	required	an	internal	cap	to	the	yield	surface	
(see	Chapter	3);	this	internal	cap	results	in	NorSand	yielding	in	what	might	be	viewed	as	
‘unloading’,	an	aspect	of	soil	behaviour	explored	in	Chapter	3	and	presented	in	Appendix	
C	where	it	is	seen	to	provide	an	excellent	prediction	of	the	hysteresis	loops	measured	in	con-
ventional	drained	triaxial	loading	that	include	unload–reload	cycles.	Exactly,	this	aspect	of	
NorSand	is	relevant	to	understanding	soil	behaviour	in	a	CSD	path.

Two	NorSand	yield	surfaces	are	superimposed	over	the	measured	CSD	path	of	the	Fraser	
River	 sand	 test	 in	 Figure	 6.32	 (computed	 using	 the	 properties	 of	 Fraser	 River	 sand,	 see	
Section	7.3).	The	larger	of	the	two	yield	surfaces	is	that	established	by	the	initial	loading	to	
Point	A;	the	size	of	this	yield	surface	sets	the	elastic	zone	for	the	initial	part	of	the	CSD	path.	
The	observed	elastic	limit	in	the	test	data,	Point	B,	lies	very	close	to	the	NorSand	inner	cap	
(which	is	an	elastic	limit).	The	subsequent	yield	under	decreasing	mean	stress	drags	the	yield	
surface	with	it	(because	of	the	consistency	condition)	with	yield	surface	softening	(shrink-
ing)	as	that	is	physically	required	by	cap	yielding	(see	Appendix	C).	Softening	is	stable	while	
the	stress	state	moves	up	the	cap,	but	when	the	shear	stress	ratio	η	reaches	its	limiting	value	
at	the	intersection	of	the	cap	with	the	outer	bullet,	then	the	soil	is	in	a	situation	of	decreasing	
strength	as	it	shears	to	the	critical	state.	The	coincidence	of	the	observed	‘runaway’,	Point	C,	
in	the	test	with	the	softened	NorSand	yield	surface	is	apparent	in	Figure	6.32.
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So	far,	so	easy	and	accurate,	using	soil	properties	determined	by	calibration	to	standard	
drained	 triaxial	 compression	 tests.	 But	 there	 are	 two	 theoretical	 aspects	 of	 interest	 and	
importance:	stress	dilatancy	during	cap	yielding	and	the	softening	of	the	plastic	modulus.

In	the	case	of	stress	dilatancy,	the	overall	governing	equation	during	loading	(i.e.	for	η	
increasing)	is	Dp	=	(M	−	η)/(1	−	N).	NorSand,	along	with	Cam	Clay,	is	derived	from	theoreti-
cal	axioms	and	with	an	idealized	mechanism	for	dissipating	plastic	work	as	heat:	M	is	a	soil	
property	capturing	the	work	done	in	distorting	the	arrangement	of	the	soil	particles,	while	
N	is	a	soil	property	that	captures	inelastic	energy	storage	as	the	void	ratio	changes	(Jefferies,	
1997).	Now	consider	the	transition	at	Point	B.	It	has	Dp	<	0	(i.e.	dilation),	but	η�<	M,	which	
implies	that	the	operating	work	dissipation	on	the	cap	is	a	lot	less	than	on	the	outer	bullet.	
To	date,	the	general	nature	of	stress	dilatancy	during	yield	in	unloading	is	open	to	a	range	
of	idealizations;	NorSand	uses	one	plausible	idealization	that	involves	imaging	the	stress	q	
on	the	cap	across	to	the	outer	‘bullet’	yield	surface.

In	the	case	of	the	plastic	modulus	softening,	one	might	anticipate	that	the	change	in	size	
of	the	yield	surface	as	a	consequence	of	plastic	strain	might	be	controlled	by	a	single	harden-
ing	law.	However,	such	a	law	has	not	been	derived	(say	via	self-consistency	arguments),	and	
presently,	the	plastic	modulus	for	cap	softening	must	be	treated	as	another	soil	property	–	
which	means	fitting	the	test,	not	predicting	its	stiffness	during	yield	in	unloading.

The	 upshot	 of	 the	 adopted	 work	 dissipation	 function	 and	 fitting	 the	 cap	 softening	
modulus	 is	presented	in	Figure	6.33	where	the	measured	stress–strain	behaviour	of	the	
CSD	test	is	compared	to	the	NorSand	simulation.	A	reasonable	fit	is	evident,	suggesting	
that	the	underlying	extension	of	the	basic	Cambridge-type	idealized	work	mechanism	is	
plausible.	However,	the	theoretical	implications	in	terms	of	plastic	work	dissipation	and	
recovery	of	stored	inelastic	energy	warrant	more	consideration	than	achieved	to	date	(see	
Appendix	C).	This	may	be	an	aspect	of	 soil	behaviour	better	understood	by	microme-
chanical	modelling.

Despite	the	limited	theoretical	understanding	of	plastic	work	dissipation	during	a	CSD	
path,	the	practical	implications	are	very	obvious	and	simple:	be	very,	very	careful	with	the	
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observational	method	for	an	in-situ	situation	with	anything	near	a	CSD	path.	There	will	be	
very	little,	if	any,	observable	movements	before	catastrophic	failure	–	exactly	what	happened	
at	Aberfan.	By	all	means,	measure	pore	pressure,	but	do	not	allow	the	stress	path	to	extend	
past	‘Point	B’	on	the	CSD	path	(which	is	readily	computed	from	drained	triaxial	compres-
sion	data).

6.6.6  pseudo–steady state

An	aspect	of	liquefaction	that	has	attracted	considerable	discussion	is	the	pseudo–steady	
state,	 also	 called	 the	 phase	 change	 condition.	 This	 pseudo–steady	 state	 is	 the	 tempo-
rary	 condition	 when	 the	 rate	 of	 excess	 pore	 pressure	 change	 becomes	 zero	 (Chapter	 2).	
Several	workers	have	proposed	this	pseudo–steady	state	as	a	reference	condition,	including	
Ishihara	(1993)	and	Konrad	(1990b).

Figure	6.34	shows	the	stress–strain	behaviour	and	stress	path	 from	compact	 (dense	of	
critical)	 simulations	 of	 undrained	 triaxial	 compression.	 The	 two	 simulations	 differ	 only	
in	their	values	of	shear	modulus	or	elastic	rigidity,	Ir.	Both	exhibit	a	pseudo–steady	state	
between	1%	and	2.5%	axial	strain,	and	the	corresponding	stress	paths	show	a	sharp	vertex	
indicative	of	 a	 transient	 zero	dilation	 rate	 (between	 contraction	and	dilation)	 sometimes	
called	the	phase	change	condition.

0.2

0.0

–0.2

–0.4Vo
lu

m
et

ric
 st

ra
in

 (%
)

–0.6

B C

A

250

200

NorSand
CSD data

150

100

50

0

D
ev

ia
to

r s
tr

es
s, 

q 
(k

Pa
)

0 0.1
Axial strain (%)
0.2

B
C

A

0.3 0.4 0.5

Figure 6.33  Measured and computed behaviour in CSD loading of Fraser River sand.

© 2016 by Taylor & Francis Group, LLC
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Two	points	follow	from	Figure	6.34.	First,	both	simulations	had	an	explicit	unique	criti-
cal	state	 ′pc	=	502	kPa,	but	the	pseudo–steady	states	are	at	p′	=	60	kPa	and	p′	=	85	kPa	for	the	
two	simulations.	The	difference	between	the	two	simulations	is	caused	by	a	change	in	Ir.	
Confusing	the	pseudo	condition	with	the	real	critical	state	causes	an	error	of	a	factor	of	6–8	
in	estimating	 ′pc	in	this	instance.	Second,	the	pseudo–steady	state	is	not	a	property	or	other-
wise	unique	behaviour.	A	relatively	minor	change	in	the	elastic	modulus,	which	is	unrelated	
to	any	plastic	behaviour,	caused	a	marked	change	in	the	pseudo–steady	state.	Claimed	proof	
of	non-uniqueness	of	the	CSL	based	on	estimating	 ′pc	from	the	pseudo	condition	is	untenable.

Because	the	pseudo	condition	depends	on	soil	fabric,	it	is	a	conceptual	error	to	use	the	
pseudo	condition	as	a	reference	state.	This	error	is	compounded	by	the	pseudo	condition	
being	a	near	small-strain	behaviour,	not	a	large	strain	end	state.

6.7  plane straIn versus trIaxIal ConDItIons

So	far,	the	understanding	of	liquefaction	presented	has	been	based	on	triaxial	conditions,	
which	have	a	special	symmetry.	Triaxial	tests	also	impose	conditions	that	are	largely	unre-
lated	to	field	circumstances.	So,	it	is	necessary	to	examine	how	this	laboratory-based	under-
standing	 should	be	carried	 into	 real	field	 situations.	Simple	 shear	 is	a	useful	 idealization	
for	this	purpose,	but	how	well	is	simple	shear	behaviour	predicted	by	triaxial	compression	
calibrations?	How	do	strengths	in	simple	shear	scale	as	su/p′	ratios?

Simple	shear	is	also	used	as	the	basis	of	a	laboratory	test,	so	why	not	just	work	with	simple	
shear	tests?	The	difficulty	with	the	simple	shear	test	is	that	only	two	of	the	three	stresses	
needed	to	resolve	the	principal	stress	components	and	invariants	are	measured,	and	the	test	
equipment	provides	only	an	approximation	to	simple	shear.	Although	true	simple	shear	is	
difficult	experimentally,	it	remains	easy	to	look	at	in	theory	as	it	is	another	simple	element	
test	for	which	direct	integration	methods	can	be	used.	Appendix	C	contains	the	derivations	
for	NorSand	in	simple	shear,	and	it	is	implemented	for	undrained	conditions	in	NorSandSS.
xls	as	the	VBA	subroutine	NorSSu.

Figure	6.35	compares	the	undrained	simple	shear	behaviour	of	an	‘undisturbed’	silt	sam-
ple	from	the	core	of	Coquitlam	Dam	with	the	computed	NorSand	response.	An	excellent	fit	
of	model	to	data	is	evident,	but	there	are	real	problems	with	the	simple	shear	apparatus	as	a	
method	of	obtaining	soil	properties	and	strength,	and	the	fit	shown	in	Figure	6.35	obscures	
these	issues.
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Simple	shear	results	depend	on	the	initial	geostatic	stress	ratio,	Ko.	The	value	of	Ko	was	
varied	 to	obtain	 the	fit	of	NorSand	 to	 the	 test	 data	 in	Figure	6.35,	but	 this	 ratio	 is	 not	
measured	 in	 the	 simple	 shear	 equipment.	 So,	Ko	was	 treated	as	 a	 ‘free’	parameter	 in	fit-
ting	model	to	data,	the	achieved	fit	adopting	Ko�=	0.95,	which	is	consistent	with	the	sample	
slumping	during	transfer	from	its	in-situ	state	to	sitting	in	the	cell	of	the	Geonor	equipment.	
More	generally,	Figure	6.36	illustrates	how	the	stress–stain	behaviour	of	a	loose	sand	differs	
between	Ko	=	0.5	and	Ko	=	0.9	in	simple	shear.	The	former	value	is	perhaps	at	the	low	end	of	
what	is	encountered	in-situ,	while	the	second	value	is	towards	the	upper	end	unless	the	soil	
has	experienced	ageing,	cyclic	loading	or	disturbance	during	set-up	for	a	test.

A	consequence	of	the	behaviour	illustrated	in	Figure	6.36	is	that	simple	shear	tests	are	
of	 limited	use	for	calibrating	any	constitutive	model.	Because	Ko	 is	unknown	in	the	test,	
Ko	can	be	varied	arbitrarily	within	rather	wide	limits	to	match	model	to	data,	leaving	sub-
stantial	uncertainty	over	what	are	the	true	soil	properties	as	equally	good	fits	can	usually	
be	achieved	with	markedly	different	property	sets	simply	by	using	different	values	for	the	
unknown	geostatic	stress	ratio.	However,	if	the	soil	properties	are	known	from	conventional	
drained	triaxial	tests,	then	we	can	use	the	constitutive	model	to	assess	what	is	likely	in-situ	
under	plane	strain	conditions.

Carrying	out	repeated	simulations	of	simple	shear	behaviour	allows	the	development	of	
relations	between	su/p′	and	ψ.	The	results	of	such	simulations	using	properties	that	are	not	
unusual	for	natural	sand	deposits	are	presented	in	Figure	6.37.	Properties	are	‘not	unusual’	
in	the	sense	of	being	what	might	be	commonly	found,	the	word	‘typical’	being	avoided	as	
it	 implies	 unwarranted	 confidence	 that	 other	 parameter	 combinations	 can	 be	 neglected.	
Specifically,	this	parameter	set	is	directed	at	what	might	be	found	in	natural	deltaic	sand	in	
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contrast	to	the	more	familiar	properties	for	laboratory	quartz	sands	devoid	of	any	silt	par-
ticles.	It	is	trivial	to	create	similar	figures	for	different	combinations	of	soil	properties	using	
the	NorSandSS.xls	spreadsheet.	Both	peak	and	residual	strengths	are	shown	in	Figure	6.37,	
and	the	trends	are	shown	for	two	Ko	values	that	span	the	usual	range	of	loose	soils.	Trends	
have	been	drawn	only	for	positive	state	parameter	because	‘S’-shaped	stress	paths	develop	
once	ψ	<	0,	and	no	peak	strength	is	observed	(the	maximum	is	in	fact	the	critical	state	in	
dilating	soils,	and	this	is	attained	only	at	high	strains).

Simple	shear	tests	measure	τxy	rather	than	τmax,	and	rotation	of	principal	stress	in	simple	
shear	means	that	(τxy)max	≠	τmax.	In	addition,	the	deviator	stress	σ1−σ3	no	longer	corresponds	
to	the	stress	invariant	σq	(because	of	σ2)	so	just	what	the	‘strength’	is	in	a	simple	shear	test	
requires	caution.	 In	general,	 the	measured	value	of	 (τxy)max	 is	 reported	as	 the	strength	by	
laboratories,	but	this	is	not	directly	comparable	to	the	triaxial	strength	su	=	(σ1−σ3)/2.	Since	
most	undrained	strengths	are	used	in	limit	state	calculations	in	which	the	effect	of	interme-
diate	principal	stress	is	neglected,	the	simple	shear	strength	plotted	in	Figure	6.37	is	also	
the	measure	su	=	(σ1−σ3)/2.	This	value	is	easy	to	obtain	from	numerical	simulation	of	simple	
shear	but	cannot	be	obtained	from	laboratory	tests.

The	offset	between	triaxial	compression	strengths	and	those	in	simple	shear	is	less	than	
about	5%	for	the	simulations	carried	out.	This	is	perhaps	less	than	that	might	have	been	
expected	from	various	comparisons	found	in	the	literature,	although	it	should	not	be	entirely	
surprising	as	the	Lode	angle	in	simple	shear	is	far	closer	to	that	of	triaxial	compression	than	
triaxial	extension.	This	greater	similarity	has	been	obtained	mainly	because	the	comparison	
is	in	terms	of	the	same	undrained	strength	parameter	(normalized	by	mean	effective	stress).	
A	rather	different	picture	emerges	when	strength	is	expressed	in	terms	of	the	ratios	with	
vertical	effective	stress	and	τxy	or	τmax	as	illustrated	in	Figure	6.38,	which	are	the	same	data	
as	just	shown	in	Figure	6.37.
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The	reduction	of	undrained	strength	 in	simple	shear	was	addressed	by	Wroth	(1984)	
in	 his	 Rankine	 Lecture.	 Two	 of	 Wroth’s	 plots	 (his	 Figures	 7	 and	 27)	 have	 been	 com-
bined	 to	produce	Figure	6.39,	and	 the	 friction	angle	axis	has	been	 inverted	so	 that	his	
assessment	of	trends	in	laboratory	data	can	be	compared	directly	to	those	from	the	state	
parameter	approach.	For	states	ψ	>	+0.02,	the	same	trend	of	undrained	strength	ratio	is	
seen	 in	Figures	6.38	and	6.39.	The	 strength	 ratio	 in	 isotropically	 consolidated	 triaxial	
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Figure 6.37  Effect of initial state on peak undrained strength in simple shear versus triaxial conditions. (Use 
the downloadable spreadsheet NorSand.xls for further simulations using different soil proper-
ties, as these graphs are property dependent and so not unique.)
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compression	 is	greater	 than	that	 for	anisotropic	consolidation,	which	 is	 in	 turn	greater	
than	under	simple	shear	conditions.	The	strength	also	reduces	somewhat	with	increasing	
ψ	and	decreasing	ϕtc.	But	whereas	Wroth	was	inferring	trends	for	normally	consolidated	
clay,	the	relationships	shown	in	Figure	6.38	were	calculated	directly	using	NorSand	and	
soil	properties	 that	might	be	found	in	natural	deltaic	sands.	The	 large	 increase	 in	und-
rained	strength	ratio	when	ψ	<	+0.02	is	not	apparent	in	Wroth’s	trends	as	this	would	rep-
resent	an	over-consolidated	material.

Figure	6.38	can	be	used	only	as	a	guide	to	soil	behaviour	because	the	normalized	strength	
depends	on	the	soil	properties	and	Ko.	The	downloadable	spreadsheet	NorSandSS.xls	imple-
ments	undrained	simple	shear	and	allows	rapid	updating	of	Figure	6.38	for	any	choice	of	soil	
properties,	initial	geostatic	stress	condition	and	initial	state.

A	particularly	important	aspect	of	Figures	6.38	and	6.39	in	the	context	of	simple	shear	
testing	 is	 the	difference	between	(τxy)max	and	τmax	because	for	Ko	≠	1,	 the	geostatic	stress	
imposes	an	initial	shear	stress	that	reduces	the	possible	increase	in	shear	stress	on	the	hori-
zontal	plane	before	the	limiting	strength	is	encountered.	This	geostatic	condition	is	unknown	
in	the	simple	shear	test	(as	the	horizontal	stress	is	not	measured)	although	it	is	(τxy)max	that	
comprises	the	test	result.

6.8  steaDy-state approaCh to lIquefaCtIon

6.8.1  Basic premise of steady-state school

Although	a	critical	state–based	view	has	been	followed	so	far,	North	American	interest	in	
liquefaction	and	the	critical	state	took	the	simpler	approach	of	what	we	call	the	steady-state�
school.	This	approach	was	an	important	step	in	engineering	practice	and	was	dominant	in	
the	late	1970s	to	perhaps	mid-1980s.	Aspects	of	the	approach	remain	today	with	the	con-
cept	of	post-liquefaction	residual	strengths.	The	ideas	developed	over	many	years,	but	the	
approach	was	clearly	stated	by	Poulos	(1981)	with	a	more	detailed	exposition	in	Poulos	et al.	
(1985).	The	ideas	are	as	follows.

The	key	doctrine	of	the	steady-state	school	is	that	the	undrained	steady-state	strength	is	
an	assured	minimum.	This	assured	minimum	cohesive-like	strength	finds	its	application	in	a	
simple	total	stress	limit	equilibrium	calculation.	If	the	structure	or	slope	is	stable	under	the	
total	stress	steady-state	condition,	then	it	is	not	going	to	liquefy	statically,	and	even	cyclic	
loading	would	produce	only	modest	strains.	The	steady-state	doctrine	gives	an	apparently	
attractive	and	expeditious	way	of	finding	out	whether	or	not	liquefaction	might	be	a	cause	
for	concern.

This	steady-state	approach	is	based	directly	on	the	two	axioms	of	critical	state	theory:	
that	the	CSL	is	unique	and	that	all	state	paths	end	up	on	the	CSL.	This	becomes	especially	
interesting	 for	 the	 residual	 strength	 in	undrained	 shear.	 If	 the	CSL	and	 the	 current	void	
ratio	are	known,	then	the	mean	effective	stress	at	the	limiting	critical	condition	is	known.	
Multiplying	 this	 by	 the	 critical	 friction	 ratio	 (or	 rather	 M/2)	 gives	 the	 undrained	 shear	
strength,	usually	denoted	by	sr	(the	subscript	r�denotes	residual),	that	is

	
s p

M
r c= ′ ⋅

2
	 (6.9)

The	steady-state	school,	in	various	publications,	invoked	the	idea	of	a	‘flow	structure’	as	a	
key	feature	of	 the	soil	steady-state	strength	which	distinguished	the	steady-state	strength	
from	the	related	critical	state	strength	for	the	soil’s	current	void	ratio	given	by	(6.9).	This	
flow	structure	of	the	steady	state	is	never	defined	and	cannot	be	measured,	so	it	remains	a	
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conjecture.	Looking	at	the	testing	procedures	for	the	steady	state,	what	is	determined	is	one	
and	the	same	thing	as	the	critical	state.	Certainly,	neither	mathematics	nor	physics	has	been	
produced	to	support	a	unique	flow	structure.	This	leaves	the	steady-state	school	as	an	appli-
cation	of	 critical	 state	principles	using	particular	measurement	methods,	methods	which	
were	indeed	unique	to	the	steady-state	school.

The	devil	is	in	the	details,	as	always,	and	there	are	two	challenges	that	must	be	faced	in	
applying	 the	 steady-state	 concept:	determining	 the	CSL	and	determining	 the	 in-situ	void	
ratio	(the	steady-state	approach	predated	the	state	parameter	and	interest	centred	on	void	
ratio	rather	than	ψ).	The	documented	procedure	(Poulos	et al.,	1985)	goes	about	estimating	
the	steady	state	in	a	rather	convoluted	manner,	as	they	suggest	that	the	in-situ	CSL	is	not	the	
one	measured	on	reconstituted	samples.	A	five-step	procedure	is	used:

	 1.	Determine	the	in-situ	void	ratio
	 2.	Determine	the	CSL	using	reconstituted	specimens
	 3.	Determine	the	steady	state	for	undisturbed	specimens
	 4.	Correct	the	‘undisturbed’	strengths	to	the	in-situ	void	ratio
	 5.	Calculate	the	factor	of	safety	in	a	limit	equilibrium	analysis

The	 limit	equilibrium	analysis	of	 the	 last	 step	 is	a	standard	geotechnical	calculation	and	
will	not	be	considered	further.	Attention	is	focused	on	how	the	undrained	strength	for	this	
calculation	is	derived.

For	the	first	step	of	void	ratio	measurement,	three	methods	are	suggested:	fixed	piston	
sampling,	ground	freezing	and	coring	and	test	pit	sampling.	Poulos	et al.	(1985)	assert	that	
of	the	methods,	fixed	piston	sampling,	provides	reasonable	results	provided	that	it	is	care-
fully	done.	Carefully	done	means	the	least	possible	clearance	ratio	which	retains	the	sample	
in	the	sample	tube	that	the	sample	must	be	pushed	slowly,	that	the	mud	level	in	the	hole	must	
be	above	the	ground	water	table	and	that	the	sample	must	be	carefully	removed	from	the	
hole.	Void	ratio	is	then	calculated	from	measurements	of	sample	length	in	the	tube	and	the	
measured	dry	weight	of	soil	recovered.

Ground	 freezing	 and	 coring	 is	 always	 a	 possible	 method	 of	 sampling	 sands,	 if	 it	 can	
be	afforded.	However,	our	experience	concurs	with	Poulos	et al.	that	careful	fixed	piston	
sampling	can	give	repeatable	(and	hence	presumably	accurate)	estimates	of	void	ratio.	It	is	
nevertheless	simpler	to	estimate	void	ratio	from	measured	water	contents,	assuming	full	sat-
uration,	than	calculating	density	from	measurements	of	recovered	sample	size	and	weight.	
With	the	water	content	method,	any	water	escaping	from	the	sample	tube	is	collected	dur-
ing	extrusion	and	then	added	back	into	the	sample	during	water	content	determination.	A	
stationary	piston	sampler	is	not	always	necessary	as	surprisingly	good	(repeatable)	results	
can	be	obtained,	especially	in	silty	sands	to	silts,	with	hydraulically	pushed	thin	wall	sam-
pling	tubes	with	a	sharp	cutting	edge	(in	our	case,	typically	60 mm	diameter	stainless	steel).	
The	trick	is	to	have	an	end	cap	ready,	as	the	sample	tends	to	be	lost	shortly	after	breaking	
the	surface	of	the	mud	in	the	borehole.	A	careful	driller	pulls	the	sampler	the	last	few	feet	
out	of	the	borehole	without	the	sampler	banging	on	the	sides	of	the	drill	string	with	the	
soil	technician	in	close	proximity.	The	technician	puts	an	end	cap	over	the	sample	tube	as	
soon	as	possible,	usually	while	the	driller	holds	onto	the	sampling	string	to	stop	it	banging	
against	the	casing	(and	definitely	the	end	cap	must	be	there	before	the	tube	is	removed	from	
the	sampling	sub).

The	second	step,	determining	the	CSL	using	reconstituted	samples,	follows	the	proce-
dures	set	out	in	Chapter	2	and	Appendix	B.	The	soil	used	in	these	tests	should	be	that	
found	in	the	ground,	and	the	reconstituted	tests	should	all	use	the	same	soil.	It	is	common	
to	use	several	samples	and	thoroughly	mix	the	soil	to	provide	sufficient	material	for	a	full	
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suite	of	undrained	tests.	However,	there	is	a	wrinkle	in	that	the	data	are	usually	presented	
as	a	plot	of	void	ratio	versus	effective	minor	principal	stress,	or	undrained	strength,	rather	
than	mean	effective	stress	at	 the	critical	state	 (i.e.	 ′σ3	and	qss/2	are	plotted,	rather	 than	
p′).	The	measured	shear	strength	in	triaxial	compression	is	then	also	reduced	by	cos(ϕs),	
where	ϕs	is	the	steady-state	friction	angle,	to	obtain	the	shear	stress	on	the	plane	of	fail-
ure.	This	cos(ϕs)	factor	typically	reduces	the	measured	strength	by	about	30%,	since	ϕs	
is	about	30°.

The	third	step	is	to	take	as	undisturbed	a	sample	as	possible	and	to	carry	out	consolidated	
undrained	tests.	What	is	being	recognized	in	this	step	is	that	minor	changes	in	soil	grada-
tion	and	mineralogy	do	affect	the	CSL,	and	the	aim	in	testing	an	‘undisturbed’	sample	is	to	
derive	one	point	that	is	on	the	CSL	of	the	actual	soil.	Inevitably,	there	will	be	sample	distur-
bance,	and	this	will	show	up	as	densification	during	consolidation.	Because	of	the	desire	to	
work	with	contractive	samples,	the	consolidation	pressure	used	in	testing	may	be	markedly	
greater	than	in-situ.	The	actual	test	pressure	is	a	matter	of	balance	between	the	desire	to	
induce	contractive	behaviour	and	the	desire	not	to	apply	confining	stress	more	than	double	
that	in-situ.	At	the	end	of	the	consolidated	undrained	test,	a	steady-state	strength	will	have	
been	measured.	As	this	corresponds	to	a	void	ratio	that	is	denser,	and	perhaps	a	lot	denser	
than	in-situ,	the	measured	strength	must	be	corrected	to	that	corresponding	to	the	in-situ	
void	ratio.

Correcting	the	measured	strengths,	the	fourth	step,	proceeds	by	assuming	that	the	slope	
of	 the	CSL	of	 the	 ‘undisturbed’	 sample	 is	 the	 same	as	 that	of	 the	CSL	 for	 reconstituted	
samples.	A	line	is	drawn	through	the	measured	undisturbed	strength	parallel	to	the	CSL,	
projecting	 this	 to	 intercept	 the	measured	 in-situ	void	 ratio.	The	estimated	 in-situ	 steady-
state	strength	is	then	read	off	the	graph.	This	overall	procedure	is	illustrated	in	Figure	6.40,	
which	is	taken	from	Poulos	et al.	(1985).
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(After Poulos, S.J. et al.,  J. Geotech. Eng. Div., ASCE, 111(GT6), 772. With permission from the 
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6.8.2  validation of the steady-state approach

The	steady-state	procedures	were	thoroughly	evaluated	in	a	comparative	back-analysis	of	
the	Lower	San	Fernando	liquefaction	failure	during	the	1971	San	Fernando	earthquake.	The	
Lower	San	Fernando	Dam	failure	is	one	of	the	great	case	histories	of	liquefaction	and	the	
near-catastrophic	consequences	of	the	post-liquefaction	movement	(Figure	1.13)	more	than	
any	other	liquefaction	event	caused	engineers	and	officials	in	California	to	begin	thinking	
about	liquefaction	hazards.

Lower	San	Fernando	Dam	was	substantially	 investigated	immediately	after	the	failure.	
Interest	here,	however,	focuses	on	a	further	investigation	during	1985	which	was	directed	
at	 examining	 the	 validity	 of	 steady-state	 concepts.	 The	 project	 involved	 a	 comparative	
back-analysis	of	 the	 failure	by	 three	 groups:	Geotechnical	Engineers	 Inc	 (GEI),	which	 is	
the	consulting	company	of	Poulos	and	Castro;	a	group	from	the	University	of	Berkeley	led	
by	Seed	and	a	group	at	Rensselaer	Polytechnic	Institute	led	by	Dobry.	It	was	sponsored	by	
the	Waterways	Experiment	Station	of	the	U.S.	Army	Corps	of	Engineers.	The	documenta-
tion	of	the	1985	investigation	is	public	domain	as	a	three-volume	set	of	reports	by	Castro	
et  al.	 (1989),	published	by	 the	Department	of	The	Army	and	available	 through	 the	U.S.	
National	Technical	Information	Service.	The	companion	report	by	Seed	et al.	(1988)	is	an	
Earthquake	Engineering	Research	Centre	document.	An	easily	accessible	summary	is	given	
by	Marcuson	et al.	(1990).

Back-analysis	of	the	Lower	San	Fernando	Dam	failure	for	operating	strengths	at	the	onset	
of	the	sliding	failure	(Figure	6.41a)	gave	an	average	shear	stress	in	the	zone	that	liquefied	
of	about	850	psf	(pounds	per	square	foot	will	be	used	here	since	that	is	what	all	the	studies	
report).	Estimating	the	residual	strength	requires	use	of	the	failed	geometry	and	allowance	
for	inertial	effects	as	the	failed	mass	was	slowed	to	a	stop.	Figure	6.41b	shows	the	failed	
geometry.	Of	the	groups	 in	the	comparative	study,	the	Seed	group	estimated	the	residual	
strength	of	the	liquefied	zone	as	400	±	100	psf.	The	GEI	group	estimated	that	the	residual	
strength	was	about	500	psf.

The	steady-state	strength	was	also	estimated	using	the	steady-state	procedures	exactly	as	
presented	in	the	previous	section.	However,	the	testing	was	done	in	several	different	labo-
ratories,	and	the	in-situ	steady-state	strength	was	estimated	by	the	three	principal	groups	of	
investigators.	Table	6.2	summarizes	the	estimated	steady-state	strengths.	Marcuson	et al.	
viewed	the	steady-state	approach	as	validated	based	on	the	San	Fernando	Dam	analysis.	
Seed	 et  al.	 (1988)	 drew	 a	 somewhat	 different	 conclusion,	 as	 in	 their	 view,	 the	 residual	
strength	based	on	the	35th	percentile	value	(580	psf)	was	greater	than	the	greatest	back-
calculated	value	during	the	failure	(500	psf).	Looking	at	average	values	in	Table	6.2,	the	
steady-state	procedures	can	result	in	a	substantial	overestimation	of	the	operating	strength	
during	the	post-earthquake	slide.

Some	of	the	steady-state	data	are	summarized	in	Figure	6.42	and	reveal	that	some	very	
large	‘corrections’	were	used	to	change	what	was	measured	to	what	was	estimated	to	have	
existed	in-situ.	Remember	that	these	adjustments	were	not	being	applied	as	a	‘Class	A’	test	
of	the	method.	The	relevance	of	the	method	in	this	case	depended	on	how	the	adjustments	
were	calculated	or	estimated.

A	 significant	 adjustment	 in	 the	 case	 of	 this	 back-analysis	 is	 necessary	 because	 the	
samples	retrieved	for	testing	were	not	from	the	failed	soil	prior	to	the	earthquake.	The	
samples	were	retrieved	from	the	unfailed	downstream	part	of	the	dam,	with	assumptions	
made	about	the	construction	procedures	to	extrapolate	to	the	upstream	part	of	the	dam.	
Further,	the	void	ratio	of	these	retrieved	samples	was	adjusted	to	allow	for	the	effect	of	
settlements	 induced	 in	 these	 non-failed	 soils	 by	 the	 1971	 earthquake.	 These	 pre-1985	
adjustments	 amounted	 to	 about	 a	 30%	 or	 so	 reduction	 in	 the	 estimated	 steady-state	
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strength,	as	can	be	seen	in	Figure	6.42.	Given	all	of	these	corrections	to	obtain	a	reason-
able	agreement,	 it	 is	difficult	to	concur	that	the	steady-state	procedures	have	been	vali-
dated	by	Lower	San	Fernando	Dam.

In	Chapter	5,	the	discussion	of	the	characteristic	state	and	what	might	be	the	appropriate	
value	for	liquefaction	analysis	suggested	that	something	like	the	loosest	15th	percentile	(85%	
denser)	 is	appropriate.	Figure	6.43	shows	the	range	of	 in-situ	void	ratio	measured	at	San	
Fernando.	If	the	CSL	of	the	blended	and	remoulded	samples	is	compared	to	the	in-situ	void	
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Figure 6.41  Cross sections of Lower San Fernando Dam. (a) Idealization of pre-failure geometry for slip 
circle analysis and (b) estimated section after the earthquake and after sliding of the upstream 
shell. (From Seed, H.B. et al., Re-evaluation of the slide  in the Lower San Fernando Dam in 
the earthquake of February 9, 1971, Report UCB/EERC-88/04, Earthquake Engineering Research 
Centre,  University  of  California  at  Berkeley,  Berkeley,  CA,  1988.  With  permission  from 
the EERC.)

Table 6.2  Summary of steady-state strength determinations from laboratory tests for 
Lower San Fernando Dam

Group 

Steady-state strength in upstream area at time of 
earthquake (psf) 

Remarks Average Range 33 or 35 Percentile value

GEI Group 630 260–940 520 ± 100 GEI data
Seed Group 800 580 GEI and Stanford data
Dobry Group 700 150–2000 420 RPI data

Source:  After Marcuson, W.F.H. et al., Earthquake Spectra, 6(3), 529, 1990.
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ratio,	and	undrained	conditions	assumed,	 then	 the	 expected	15th	percentile	 characteristic	
undrained	residual	strength	is	about	200	psf.	To	arrive	at	this	value,	take	Figure	6.43	and	a	
characteristic	in-situ	void	ratio	of	about	e	≈	0.77	to	derive	 ′σ3	≈	200	psf	or	0.1 kg/cm2	for	the	
critical	state.	The	stress	ratio	 ′ ′σ σ1 3/ 	≈	3	at	the	critical	state.	The	residual	undrained	strength	is	
then	sr	=	( )′ − ′σ σ1 3 2/ 	≈	200	psf,	which	is	somewhat	lower	than	the	back-figured	strengths,	and	
illustrates	how	easy	it	is	to	obtain	apparent	validation	in	a	back-analysis.

6.8.3  Deficiencies of the steady-state approach

On	closer	examination,	the	steady-state	method	has	several	shortcomings	all	of	which	bear	
on	the	method	over-estimating	apparent	strength	during	post-liquefaction	slides.

The	first	deficiency	is	blending	several	samples	of	possibly	differing	gradation	to	produce	
a	composite	sample	for	the	reconstituted	testing.	As	was	shown	in	Chapter	2,	the	CSL	is	
very	sensitive	to	even	small	variations	in	silt	content,	so	there	is	no	assurance	that	a	blended	
sample	is	relevant	to	in-situ	conditions.	The	assumption	of	essentially	constant	CSL	slope	
for	a	geological	stratum	is	too	simple,	even	for	the	minor	variations	in	silt	content	that	are	
found	in	processed	hydraulic	fills.	Natural	deposits	are	more	varied,	and	the	assumption	of	
constant	CSL	slope	will	be	generally	wrong.

The	second	deficiency	is	reducing	the	measured	strengths	by	about	30%,	the	idea	being	
that	 it	 is	 the	 shear	 stress	on	 the	 failure	plane	 that	matters.	The	undrained	 limit	 equilib-
rium	analysis,	however,	proceeds	in	terms	of	the	difference	between	the	principal	stresses	
and	does	not	recognize	that	the	strength	being	used	is	anything	other	than	the	undrained	
strength	( )′ − ′σ σ1 3 2/ .	The	cosine	factor	invoked	to	give	this	30%	strength	reduction	is	mis-
guided	and	incorrect.

The	third	deficiency	is	that	the	critical	friction	ratio	M,	which	affects	the	residual	post-
liquefaction	strength,	depends	on	the	relative	level	of	the	intermediate	principal	stress.	Most	
case	histories	involve	near	plane	strain	failure,	and	the	simulations	presented	earlier	suggest	
that	allowing	for	differing	M	from	the	triaxial	conditions	of	laboratory	tests	would	reduce	
the	field	strengths	by	about	5%	(Figure	6.38).

There	is	also	the	practicality	of	testing	‘undisturbed’	samples.	In	the	case	of	sands,	and	
even	silty	sands,	piston	samples	cannot	be	extruded	and	mounted	in	a	test	cell	–	they	fall	
apart	when	extruded,	never	mind	trimming	the	ends	and	mounting	in	a	test	cell.	One	has	
to	resort	to	ground	freezing	and	coring.	This	is	inconvenient,	but	not	impossible	if	the	tester	
(or	rather	the	project	owner)	is	sufficiently	motivated.	With	frozen	samples,	a	direct	measure	
of	the	in-situ	behaviour	can	be	obtained,	although	strains	during	thawing	will	have	to	be	
monitored,	and	the	in-situ	stress	state	will	have	to	be	known	so	that	the	original	stress	state	
can	be	imposed	on	the	sample	while	it	is	thawing	and	before	it	is	tested;	frozen	samples	are	
not	assured	to	be	representative.

Although	seemingly	based	on	a	powerful	theory,	the	most	fundamental	objection	to	the	
steady-state	approach	is	that	it	is	based	on	the	assumption	that	there	is	a	minimum	assured	
strength.	This	is	a	theoretical	error	unless	the	soil	is	totally	contractive.	This	error	becomes	
important,	practically,	with	lightly	dilatant	soils.	Lightly	dilatant	soils	are	initially	contrac-
tive	before	dilating	to	the	critical	state,	for	example,	Figure	6.20b.	Roughly,	these	are	soils	
in	 the	 range	−0.1	<	ψ	<	0.	Looser	 soils	with	ψ�>�∼0.03	are	completely	contractive,	and	 the	
steady-state	minimum	strength	is	entirely	applicable	to	such	loose	soils,	although	not	many	
such	 soils	are	 found	 in	nature.	 It	 is	 the	 lightly	dilatant	 soils	 that	 tend	 to	cause	 the	most	
trouble	for	engineering	predictions,	design	and	remediation.

An	 implicit	 assumption	 in	 the	 steady-state	 approach	 is	 that	undrained	 conditions	pre-
vail	during	liquefaction.	Of	course,	liquefaction	events	tend	to	be	quick,	in	the	range	of	a	
few	minutes	to	perhaps	a	few	tens	of	minutes	(the	exception	is	offshore	structures,	when	
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environmental	loadings	may	cause	cyclic	stresses	in	the	foundations	of	the	structures	extend-
ing	over	a	few	hours).	Are	a	few	minutes	short	enough	to	hold	undrained	loading	in	a	large	
structure	even	in	sandy	soils?	It	turns	out	not	to	be.

Figure	1.21	showed	the	measured	decay	of	excess	pore	water	pressure	in	a	large	sand	fill	
hydraulically	 constructed	using	Erksak	 sand	with	about	2%–3%	silt.	The	data	are	 from	
a	piezometer	at	a	depth	of	15	m	with	double	drainage	of	approximately	15	m	either	way.	
There	 was	 a	 20%	 reduction	 in	 the	 excess	 pore	 pressure	 in	 2  min	 after	 the	 load	 cycling	
stopped,	and	it	took	about	8 min	for	the	pore	pressures	to	dissipate	completely.	By	way	of	
comparison,	Lower	San	Fernando	did	not	fail	during	the	earthquake,	but	started	moving	
about	30	s	later	(Section	1.3.4).	Undrained	conditions	cannot	be	assumed	without	consider-
ing	the	consolidation	time	factor	of	the	soil	and	structure	in	question.

The	time	factor	then	raises	a	second	question:	what	drainage	path	length	should	be	used	
in	determining	the	time	factor?	In	the	case	of	contractive	soils,	all	the	soil	is	trying	to	expel	
excess	pore	water,	and	the	applicable	length	is	the	distance	to	the	drainage	boundary.	In	
the	case	of	dilatant	soils,	the	distance	is	very	much	shorter.	The	reason	it	is	shorter	is	strain	
localization.	Strain	localization	refers	to	the	tendency	of	soil	failing	in	shear	to	form	shear	
bands	rather	than	to	distort	uniformly.	Because	the	stress–dilatancy	relationship	remains	
the	same	both	inside	and	outside	the	shear	band,	the	increased	shear	strain	rate	in	the	shear	
band	produces	an	increased	volumetric	strain,	and	the	shear	band	develops	a	locally	looser	
void	ratio	than	the	soil	around	it.	For	samples	that	get	their	undrained	strength	from	dilat-
ing	to	critical,	this	means	that	the	strengths	seen	in	small	laboratory	samples	will	not	be	
seen	at	field	scale,	as	at	field	scale,	there	is	a	much	larger	volume	of	soil	to	feed	water	into	
the	shear	band.

Experimental	 data	 on	 strain	 localization	 and	 void	 ratio	 have	 been	 produced	 by	 sev-
eral	 researchers,	and	a	particularly	 fascinating	study	 is	 that	of	Oda	and	Kazama	(1998).	
Figure	6.44	 is	 taken	 from	 this	 study	and	 shows	x-ray	photographs	of	 two	 sand	 samples	
after	the	formation	of	shear	bands.	The	shear	bands	are	identified	by	the	lighter	colour	on	

Figure 6.44  X-ray images of shear bands in triaxial samples. (From Oda, M. and Kazama, H., Géotechnique, 
48(4), 465, 1998. With permission  from the  Institution of Civil Engineers, London, U.K. and 
Dr. Oda.)
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the	photograph,	arising	from	the	lesser	absorption	caused	by	the	higher	void	ratios.	Strain	
localization	means	that	the	distance	required	for	water	to	migrate	into	the	shear	bands	falls	
to	the	order	of	a	metre	(or	the	spacing	between	shear	bands).	From	the	statistical	analysis	
of	real	(variable)	data	in	Chapter	5,	the	scale	of	fluctuation	of	state	might	be	in	the	order	of	
a	few	metres,	or	more	specifically	~1	m	vertically	and	~10	m	laterally	for	a	man-made	fill.

Besides	being	a	poor	assumption,	 localization	is	a	theoretical	error	for	the	steady-state	
approach.	Critical	state	theory	is	based	on	Drucker’s	stability	postulate	(Chapter	3),	which	
is	in	turn	based	on	work	hardening	conditions.	NorSand	work	hardens	until	the	soil	reaches	
the	maximum	plastic	dilatancy,	at	which	point	the	yield	surface	softens	to	the	critical	state.	
The	steady-state	approach	is	mathematically	consistent	for	ψ�>	0,	as	that	regime	is	entirely	
work	hardening	with	NorSand.	However,	for	ψ	<	0,	NorSand	becomes	work	softening	after	
peak	strength,	and	any	assurance	of	getting	to	the	critical	state	at	the	outset	void	ratio	is	
lost;	 the	 doctrine	 of	‘minimum	 assured	 strength’	 correspondingly	 also	 loses	 its	 theoreti-
cal	 guarantee.	The	 steady-state	 approach	 is	 rescued	 once	 soils	 become	 sufficiently	 dense	
because	 the	undrained	 strength	at	 the	onset	of	plastic	dilation	becomes	greater	 than	 the	
drained	strength,	which	arises	when	the	volumetric	strain	is	negative	at	the	onset	of	dilation.	
This	volumetric	strain	condition	was	shown	for	some	20	sands	 in	Figure	2.9	with	about	
ψ	≈	−0.06	being	the	controlling	state	parameter	on	average,	but	with	a	substantial	variation	
that	is	related	to	the	soil’s	properties.

Localization	is	currently	a	subject	of	intense	research,	and	it	will	become	something	to	
incorporate	in	practice	as	the	theory	evolves.	What	should	be	done	in	the	meantime?	Full-
scale	data	will	be	examined	before	attempting	to	answer	this	question.

6.9  trenDs froM full-sCale experIenCe

6.9.1  Background to the empirical approach

The	father	of	critical	state	theory,	Arthur	Casagrande,	was	well	aware	of	its	theoretical	and	
experimental	limitations	half	a	century	ago	and	wrote	(Casagrande,	1950):

Ever	 since	 I	 presented	 in	 a	 lecture	 before	 this	 Society	 (the	 Boston	 Society	 of	 Civil	
Engineers)	in	1935	the	concept	of	critical	void	ratio	in	an	attempt	to	define	a	minimum	
density	 to	which	 a	 sand	 should	be	 compacted	 to	be	 safe	 against	 liquefaction,	much	
laboratory	 research	 has	 been	 conducted	 by	 a	 number	 of	 investigators	 on	 this	 ques-
tion.	Instead	of	coming	closer	to	a	solution	of	this	problem,	recent	investigations	have	
raised	serious	doubts	whether	any	laboratory	tests	so	far	used	or	suggested	will	permit	
positive	identification	as	to	whether	or	not	a	given	sand	deposit	is	susceptible	to	lique-
faction.	I	now	believe	that	the	original	procedure	by	means	of	triaxial	tests,	which	I	
developed	in	1937,	gives	results	which	are	on	the	unsafe	side.	The	best	we	can	hope	for	
is	that	a	long-range	program	of	laboratory	research	combined	with	field	investigations	
will	eventually	lead	to	a	laboratory	or	field	test	which	will	identify	reasonably	well	criti-
cal	conditions.	However,	at	the	present	time	we	are	obliged	to	rely	on	empirical	criteria,	
which	are	derived	directly	from	a	study	of	flow	slides.

Of	course,	history	 is	often	neglected,	and	 it	was	Seed	some	35 years	 later	who	is	 largely	
attributed	with	instigating	the	case	history	approach	to	determine	residual	or	steady-state	
strengths.	 Seed	 (1987)	 looked	 at	 seven	 liquefaction-related	 failures,	 estimated	 a	 residual	
strength	for	each	and	combined	these	strengths	with	estimated	SPT	resistances	to	produce	
an	 apparent	 correlation	 between	 the	 two.	 Marcuson	 et  al.	 (1990)	 noted	 that	 there	 was	
no	 theoretical	 basis	 for	 the	proposal	 and	 that	 it	was	based	on	 rather	 few	case	histories.	
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Nevertheless,	 it	had	 the	attraction	of	being	expedient,	 such	 that	a	 site	could	be	properly	
tested	to	account	for	variability	in	soil	conditions.

Many	workers	have	added	to	the	database	and	methodology	since	1987,	including	Seed	
and	Harder	(1990),	Stark	and	Mesri	(1992),	Ishihara	(1993),	Jefferies	(1998),	Wride	et al	
(1999),	Olson	(2001),	Olson	and	Stark	(2001),	Olson	and	Stark	(2002),	Idriss	and	Boulanger	
(2007)	 and	 Robertson	 (2010).	 Of	 course,	 developing	 design	 relationships	 directly	 from	
field	performance	experience	is	attractive,	as	such	an	approach	in	principle	captures	scale	
effects,	modelling	uncertainty	and	so	forth.	This	has	become	the	predominant	methodology,	
although	there	were	substantive	disagreements	between	different	groups	as	to	the	appropri-
ate	framework	in	which	to	develop	design	strengths	from	the	experience	base	of	the	case	
histories	(e.g.	Seed,	1987,	has	rather	basic	errors	in	mechanics).	Today,	there	is	closer	to	a	
consensus,	anchored	in	mechanics,	for	which	we	claim	some	credit	as	a	result	of	the	first	
edition	of	this	book.

There	is	also	the	difficulty	that	several	of	the	case	histories	are	short	on	information,	some	
being	based	on	hearsay	evidence	about	the	initial	soil	density,	or	as	little	as	a	single	SPT	(i.e.	
one	SPT,	not	one	borehole	with	several	SPTs).	Contrast	this	with	the	statistical	assessment	
of	penetration	data	in	Chapter	5,	which	was	needed	to	derive	a	proper	estimate	of	charac-
teristic	properties.	In	addition,	most	case	histories	have	minimal	(or	even	no)	information	
on	the	basic	properties	of	the	soils	that	failed.	There	is	a	correspondingly	large	degree	of	
uncertainty.

Several	 of	 the	 case	 histories	 involve	 underwater	 slopes.	 The	 precision	 with	 such	 post-
failure	slopes	are	measured	is	often	exaggerated,	and	there	is	much	unwarranted	confidence	
in	this	aspect.	This	exaggeration	becomes	important	because	these	underwater	slides	lead	to	
some	of	the	lower	estimated	residual	strengths.	Some	workers	have	apparently,	and	incor-
rectly,	omitted	the	stabilizing	effect	of	water	pressure	on	the	failing	slope.

The	case	history	information	is	summarized	later,	with	detailed	notes	on	the	important	
histories	being	given	in	Appendix	F.	A	striking	feature	of	the	case	histories	is	the	range	in	val-
ues	reported,	both	for	the	estimated	operating	strengths	and	for	the	estimated	characteristic	
penetration	resistances.	These	ranges	are	indicated	in	the	summary,	while	Appendix	F	con-
tains	detailed	evaluations	traced	back	to	the	source	data.	Some	aspects	of	the	soil	strengths	
and	state	evaluated	and	reported	in	the	literature	might	best	be	described	as	guesses.

Centrifuge	 studies	 are	 excluded	 from	 the	 assessment.	 Although	 the	 centrifuge	 would	
allow	 liquefaction	 mechanisms	 to	 be	 conveniently	 tested,	 there	 are	 three	 basic	 problems	
with	current	centrifuge	testing.	First,	the	soil	state	of	the	in-flight	models	is	presently	very	
uncertain.	The	as-prepared	density	on	the	workbench	is	measured,	but	not	how	this	changes	
as	the	model	is	spun	up	to	speed.	Neither	is	the	horizontal	geostatic	stress	‘in	flight’	known.	
Second,	 there	 are	 questions	 about	 edge	 effects:	 whether	 the	 models	 are	 big	 enough	 and	
whether	the	time	factor	is	properly	scaled.	Third,	in	one	‘Class	A’	prediction	of	prototype	
experience,	 the	 centrifuge	 results	were	 completely	 erroneous	 (Jefferies	 et  al.,	 1988a).	 So,	
full-scale	case	history	experience	provides	the	basis	for	learning,	despite	the	limitations	of	
partial	or	incomplete	data.

6.9.2  strength (stability) assessments

Estimating	strengths	from	failure	case	histories	requires	stability	calculations.	Such	calcula-
tions,	to	date,	dismiss	model	uncertainty	and	assume	that	a	factor	of	safety	of	unity	on	soil	
strengths	implies	failure.	Thus,	despite	the	abundant	evidence	in	the	literature	that	slopes	
and	 foundations	have	 failed	at	 factors	of	 safety	other	 than	unity	 (both	greater	and	 less),	
complete	confidence	is	assumed	in	the	calculation	methods	(of	which	a	range	is	used).	This	
is	not	a	trivial	point	as	the	calculation	methods	for	stability	have	their	own	assumptions	
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and	idealizations.	There	certainly	is	no	a	priori	basis	for	assuming	that	calculation	methods	
are	perfect,	although	it	is	fair	to	note	that	provided	the	estimated	strengths	are	used	in	the	
same	calculation	method	for	a	prototype	application,	then	issues	of	model	uncertainty	are	
at	least	partially	overcome.

Calculations	 almost	 invariably	 adopt	 limit	 equilibrium	 methods.	 Four	 approaches	 are	
found,	with	 the	 choice	of	which	 to	use	depending	on	 the	nature	of	 the	 apparent	 failure	
mechanism.	The	approaches	used	are	as	follows:

•	 Infinite	slope	analogy
•	 Wedge	analysis
•	 Stability	charts	(simplified	total	stress)
•	 Method	of	slices	(especially	with	non-circular	slip)

All	methods	can	be	used	with	pre-	or	post-failure	geometry.	Often,	the	pre-failure	geom-
etry	is	used	to	give	su	and	the	post-failure	geometry	is	used	to	obtain	sr.	Inertial	effects	may	
or	may	not	be	included,	depending	on	a	particular	worker’s	preference.	However,	since	a	
flowslide	is	necessarily	decelerating	to	its	final	resting	position,	more	than	self-weight	forces	
are	involved.	It	is	also	useful	to	note	that	while	several	case	histories	are	recorded	as	having	
developed	over	several	hours	with	retrogressive	sliding,	some	workers	use	the	overall	geom-
etry	rather	than	the	locally	failing	one	in	the	back-analysis.

All	of	 these	methods	 for	 estimating	mobilized	 strengths	 are	 found	 in	 the	various	 case	
histories.	All	are	tacitly	assumed	to	provide	comparable	strength	estimates,	and	choosing	
which	method	to	use	is	only	a	matter	of	what	is	most	convenient	for	the	situation.	Examples	
of	each	method	will	be	found	in	the	case	histories	presented	in	Appendix	F.

6.9.3  summary of full-scale experience

Chapter	1	introduced	some	liquefaction	failures	which,	at	 least	to	the	profession,	are	the	
large	and	now	well-known	cases.	However,	many	smaller	failures	have	been	recorded,	and	
there	are	now	some	30	cases	of	liquefaction-related	failures	which	have	been	investigated	
or	documented	and	are	available	for	analysis.	These	case	histories	range	from	mine	tailings	
slides	to	post-earthquake	failure	of	structure	foundations.	Much	of	the	case	history	record	
has	been	gathered	with	geology	rather	than	mechanics	as	the	starting	point.	Case	histories	
are	classified	based	on	‘geological’	observations	into:

•	 Post-earthquake	slide	versus	static	failure
•	 Tailings,	natural	soils	or	fills
•	 Mass	movement	versus	basal	failure

These	 three	 categories	 break	 the	 case	 histories	 down	 broadly	 into	 whether	 or	 not	 there	
might	have	been	residual	excess	pore	pressure	before	the	soil	started	moving,	whether	we	
might	expect	geologic	bedding	to	be	present	and	whether	the	failure	was	likely	caused	by	
some	 preferentially	 weaker	 layer.	 Getting	 a	 little	 ahead	 of	 the	 story,	 basal	 failure	 seems	
especially	dangerous,	as	it	induces	a	decreasing	mean	effective	stress	higher	in	the	soil	col-
umn,	and	it	has	been	shown	in	the	laboratory	(triaxial	extension	tests,	and	in	particular	the	
experiments	of	Sasitharan	et al.,	1993,	mentioned	earlier)	that	this	is	an	easy	way	to	cause	
soil	to	liquefy	catastrophically.

Table	 6.3	 summarizes	 the	 important	 case	 histories	 used	 for	 back-analyzing	 steady-
state	 strengths	 and	 shows	 the	 type	 of	 structure	 involved,	 the	 height	 and	 slope,	 its	 clas-
sification	 as	 just	 described	 and	 the	original	 (and	 any	 supplementary)	 reference	 reporting	
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Table 6.3 Some important case histories giving insight to full-scale post-liquefaction strength

Case history Year Soils

Initial slope

Classification  ReferencesHeight Slope

Zeeland coast 1881 
onwards 

Holocene fine 
uniform sand 

< 15 m < 27°  Coastal static flowslides of river foreshores. 
Mass movement. 

Koppejan et al. (1948)

Wachusett Dam 1907  Sandy silt to silty 
sand fill 

25 m 26.5°  Static liquefaction slide during first impoundment 
of reservoir. Large mass movement. 

Olsen et al. (2000)

Calaveras Dam 1918  Sandy silt fill 60 m 18.4°  Static liquefaction slide during construction.
Likely mass movement on limited zone. 

Hazen and Metcalf (1918); 
Hazen (1918, 1920)

Sheffield Dam 1924  Silty sand to sandy 
silt fill 

7.6 m 21.8°  Static liquefaction after earthquake induced 
excess pore pressure. Slide on weak layer. 

USACE (1949); Seed et al. 
(1969a,b)

Fort Peck Dam 1938  Sandy silt fill  61 m 14°  Mass movement static liquefaction slide triggered 
by yielding foundation (see Fig 1.2). 

Middlebrooks (1940); USACE 
(1939); Casagrande (1965).

Kawagishi-Cho 
Apartments

1964  Holocene sands  NA NA  Building foundation failure caused by 
earthquake-induced liquefaction (see Fig 1.8). 

Ishihara and Koga (1981)

Aberfan Tip 1966  Coal tailings, about 
10% silt sized 

67 m 36° Mass movement liquefaction slide triggered by 
increasing pore pressure (see Fig 1.15). 

Bishop (1973

Hokkaido Dam 1968  Silty sand tailings  7–9 m 18.4°  Static liquefaction after earthquake induced 
excess pore pressure. Slide on weak zone. 

Ishihara et al. (1990)

Lower San 
Fernando Dam

1978 Sandy silt tailings 
(fines > 50%)

43 m 21.8° Liquefaction slide in weak zone after earthquake 
induced excess pore pressure (Fig 1.13).

 Marcuson et al. (1990)

(Continued)
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Table 6.3 (Continued ) Some important case histories giving insight to full-scale post-liquefaction strength

Case history Year Soils

Initial slope

Classification  ReferencesHeight Slope

Mochikoshi Dams 
(no. 1 and no. 2)

1978 Sandy silt tailings
(≈ 50% fines)

14, 18 m 18.4° Static liquefaction mass slides triggered by 
earthquake-induced excess pore pressures.

Ishihara et al. (1990)

Nerlerk Berm 1982/1983 Sand fill, trace fines 24 m 12.7° Multiple static liquefaction slides triggered by 
yield in underlying clay foundation.

Sladen et al. (1985a); 
Been et al. (1987a)

La Marquesa Dam 1985 Silty sand 
foundation

7, 8m 27°, 34° Slides of both dam shells on basal silty sand, 
triggered by an earthquake.

De Alba et al. (1988)

La Palma Dam 1985 Silty sand 
foundation

11 m 34° Slide of upstream shell on liquefied foundation 
after an earthquake.

De Alba et al. (1988)

Lake Ackerman 
Embankment

1987 M to F sand fill, 
trace silt

6.5 m 26.6° Machine vibration-induced mass flowslide of 
embankment (Fig 1.23).

Hryciw et al. (1990)

Sullivan Dam 1991 Sandy silt tailings
(fines > 50%)

12 m ≈18° Static liquefaction induced by dike raising, mass 
movement but not flowslide.

Klohn Crippen (1992); Davies 
(1999)

Jamuna River 
Banks

1994 Holocene fine 
sand, trace silt

≈20 m ≈14° Mass flow liquefaction slide of river band 
induced by dredging to steepen slope.

Yoshimine et al. (1999)

Merriespriut 1994 Sandy silt to silt 
tailings

31 m Not 
given

Overtopping by retained water lead to 
retrogressive liquefaction failure.

Wagener et al. (1998); Fourie 
et al. (2001)
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282  Soil liquefaction: A critical state approach

the	data.	Table	6.3	does	not	 contain	all	 the	 cases	 cited	by	various	workers	 investigating	
post-liquefaction	 strength,	as	 some	 studied	by	Seed	and	co-workers	have	 little	 real	data.	
Appendix	F	presents	detailed	and	extensive	information	for	many	of	the	case	histories	of	
Table	 6.3,	 which	 have	 been	 used	 to	 develop	 the	 methodology	 of	 this	 section,	 while	 the	
Lower	San	Fernando	case	history	is	considered	at	length	at	the	end	of	this	chapter	both	as	an	
example	and	because	of	its	prominence	as	a	case	history	to	validate	the	approach.

The	empirical	approach	to	post-liquefaction	strengths	relates	residual	strength	to	a	pre-
liquefaction	 penetration	 resistance.	 Some	 of	 these	 case	 histories	 are	 old,	 and	 penetration	
resistance	data	are	usually	 from	SPT	and	done	with	old	equipment	 for	which	 the	energy	
content	is	unknown.	Sometimes,	the	resistance	was	measured	by	non-standard	static	pen-
etration	cones.	Some	case	histories	have	no	penetration	data	at	all,	and	for	these	people	have	
estimated	 (i.e.	 guessed)	 the	 penetration	 resistance	 based	 on	 the	 reported	 relative	 density	
or	construction	method.	The	more	recent	case	histories	either	have	both	CPT	and	SPT,	or	
sometimes	CPT	alone.	Some	of	the	older	case	histories	were	actually	tested	for	penetration	
resistance	between	several	years	and	several	decades	after	the	failure,	with	these	tests	being	
carried	out	on	the	material	still	in	place	and	which	is	thought	representative	of	the	material	
that	failed.

Penetration	resistance	values	vary	naturally	within	any	stratum.	Different	workers	devel-
oped	different	views	on	what	was	characteristic.	In	developing	these	views,	formal	statistical	
analysis	of	the	data	is	rare,	and	in	many	cases,	there	are	little	data	to	process	in	any	statisti-
cally	meaningful	way.	There	is	a	wide	discrepancy	on	what	is	the	characteristic	penetration	
resistance	for	any	case	history.

There	is	also	a	question	as	to	the	type	of	material	involved	in	the	liquefaction.	Few	case	
histories	have	published	grain	size	data,	and	even	fewer	have	triaxial	data	from	which	prop-
erties	can	be	estimated.	It	is	usual	to	take	the	fines	content,	defined	as	the	fraction	by	weight	
passing	the	#200	sieve,	as	an	indicator	of	soil	type.

Table 6.4  Comparison of post-liquefaction residual strength sr (psf ) from back-analysis of failure as 
reported by various investigators

Investigator and their quoted mobilized residual strength range (some best estimate 
only) in psf

Case history (a) (b) (c) (d) (e) (f) (g)
Calaveras Dam 750 600–1100 700 600–700 — 600–700 600–750
Fort Peck Dam 600–700 700 700 250–450 — 250–450 250–700
Juvenile Hall 140 200 200 60–200 — 60–200 60–200
Lower Sand Fernando 750 500–1000 510 300–500 — 300–500 300–750
Mochikoshi Dam No. 2 250 75–200 250 100–400 230 100–400 100–400

Corresponding characteristic normalized SPT blowcount (N1)60

Calaveras Dam 12 2 2 12 — 12 2

Fort Peck Dam 11 5.5 5.5 10 — 10 5
Juvenile Hall 2 — 4 6 — 6 2
Lower Sand Fernando 11.5 8.5 11.5 — 11.5 6
Mochikoshi Dam No. 2 1 0 0 0 Weight rods 0 0

Notes: (1) Strengths are presented here in psf as this is the form found in most of the references; (2) Key to investigators: 
(a) Seed (1987), (b) Poulos (1988), (c) Davis et al. (1988), (d) Seed and Harder (1990), (e) Ishihara et al. (1990), (f) Stark and 
Mesri (1992) and (g) Wride et al. (1998); (3) Penetration resistances shown in italics are estimated from fill description, 
rather than being based on measured resistances.
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Finally,	there	are	the	back-figured	strengths.	These	depend	on	assumptions	about	inertial	
effects,	location	of	failure	planes	and	several	other	factors	in	the	back-analyses,	and	again	
there	are	differences	among	different	analysts.	Most	cases	were	analyzed	using	the	conven-
tional	method	of	slices,	but	infinite	slope	analysis	was	used	in	some	instances.

The	combined	effect	of	the	various	uncertainties	in	the	back-analysis	of	the	failure	case	
histories	is	that	there	is	no	unanimous	agreement	on	what	strength	was	mobilized,	in	what	
material	and	at	what	penetration	resistance.	This	lack	of	consensus	is	illustrated	in	Table	6.4	
for	five	of	the	case	histories.	There	is	an	uncertainty	of	easily	±30%	in	the	calculated	mobi-
lized	 sr	 (which	 is	 a	 little	 surprising,	 given	 that	 the	 geometry	 of	 the	 post-failure	 slope	 is	
often	the	best-known	aspect	of	any	case	history).	There	is	an	even	larger	uncertainty	in	the	
characteristic	penetration	resistance.

6.9.4  residual (post-liquefaction) strength

6.9.4.1  Background

A	fundamental	requirement	is	that	equations	must	be	‘dimensionally	consistent’,	which	in	
plain	language	means	every	group	of	terms	in	an	equation	must	have	the	same	physical	units;	
for	example,	an	equation	will	be	consistent	 if	all	 the	terms	that	are	added,	subtracted	or	
taken	as	equivalent	have	the	dimensions	of	‘stress’,	which	has	the	units	of	Force/Length2	(or	
FL−2	as	you	will	find	it	annotated	in	mechanics	texts).	In	the	case	of	soils,	strength	increases	
with	confining	stress	so	that	the	obvious	parameter	group	to	capture	the	experience	derived	
from	analysis	of	the	case	history	record	is	the	ratio	sr/ ′σvo	(which,	as	a	ratio	of	stresses,	is	
dimensionless).	The	requirement	of	dimensional	consistency	means	that	a	stress-normalized	
penetration	resistance	will	be	an	acceptable	measure	to	compare	in-situ	conditions	to	this	
stress	ratio.	A	single	trend	will	not	necessarily	exist	between	these	two	dimensionless	groups	
as	 there	are	almost	certainly	other	 factors	 involved,	 for	example	soil	compressibility,	but	
these	other	factors	should	be	reduced	to	one	or	more	groups	of	the	same	dimensions	as	the	
governing	 relationship	 and	 which	 will	 then	 produce	 a	 family	 of	 trend	 lines.	 Empirically	
derived	relationships	from	experimental	data	have	the	simplest	form	(least	number	of	terms)	
if	all	groups	are	dimensionless	–	the	Buckingham	‘Pi’	theorem.

6.9.4.2  History

What	was	‘accepted’,	or	at	least	‘widely	used’,	practice	until	at	least	2001	is	derived	from	the	
proposal	by	Seed	(1987).	There	was	a	strong	preference	for	the	SPT.	Measured	penetration	
resistance	was	adjusted	to	what	might	have	been	obtained	at	a	vertical	effective	stress	of	1	tsf	
(near	enough	1 kg/cm2	or	100	kPa)	and	as	if	the	test	had	been	done	in	clean	sand	rather	than	
the	actual	soil	that	liquefied.	The	adjustment	of	energy-corrected	penetration	resistance	N60	
for	stress	level	is	the	familiar	cn	approach	that	was	discussed	in	Section	4.5	and	gives	the	
adjusted	resistance	(N1)60.	The	adjustment	of	the	measured	data	to	what	might	have	been	
obtained	if	clean	sand	were	tested	(N1)60,ecs	was	based	solely	on	fines	content	(the	subscript	
ecs	is	there	to	denote	‘equivalent�clean�sand’)	and	was	strictly	speculative	with	no	explana-
tion	of	any	underlying	and	postulated	normalized	 soil	behaviour.	Seed	 (1987)	and	other	
subsequent	workers	(e.g.	Seed	and	Harder,	1990)	who	followed	this	framework	developed	
strength	trends	of	the	following	form:

	 s f Nr ecs= (( ) ),1 60 	 (6.10)

A	fundamental	error	in	(6.10)	is	that	it	fails	the	requirement	of	‘dimensional	consistency’,	
and	having	 failed	 that	 requirement,	 the	 assured	 consequence	 is	 that	 the	derived	 strength	
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trends	are	wrong	for	general	engineering	(and	we	mean	‘wrong’,	there	is	no	wiggle	room).	
There	are	also	real	issues	between	what	we	will	call	‘engineering	geology’	and	‘soil	mechan-
ics’.	 By	 engineering	 geology,	 we	 make	 reference	 to	 the	 fact	 that	 the	 soil	 is	 characterized	
by	 its	fines	content	and	similar	geological	descriptions.	 In	contrast	 in	 soil	mechanics,	 the	
soil	 is	 characterized	by	 compressibility,	permeability,	 friction	angle	or	 similar	mechanical	
parameters.

Various	groups	opposed	the	form	of	(6.10)	going	back	many	years,	but	arguably,	it	was	
Olson	and	Stark	(2002)	who	brought	the	ratio	sr/ ′σvo	into	widespread	acceptance	as	the	most	
appropriate	basis	for	assessing	trends	from	the	case	history	record.

There	has	also	been	a	shift	away	from	the	SPT.	Partly,	 this	came	about	 from	recogni-
tion	that	the	arguments	in	favour	of	the	SPT	were	misleading,	partly	from	the	recognition	
that	the	CPT	is	a	better	test	in	all	respects	and	partly	because	there	are	now	lots	of	testing	
contractors	with	CPT	equipment.	And,	there	 is	robust	software	to	process	CPT	data	–	a	
convincing	argument	for	consulting	engineers.

Thus,	 in	 the	 10  years	 since	 the	 first	 edition	 of	 this	 book	 was	 written,	 the	 situation	
has	evolved	to	general	acceptance	that	the	case	history	record	should	be	assessed	in	the	
context	of	sr/ ′σvo	versus	stress-level	normalized	CPT	data.	However,	there	remain	disagree-
ments	on	the	best	way	of	dealing	soil	compressibility	(often	expressed	as	fines	content)	and	
the	nature	of	the	stress	normalization.

6.9.4.3  Current best practice in the United States

The	current	best	practice	within	the	United	States	is	that	set	out	by	Robertson	(2010)	and	
which	represents	a	further	evolution	from	Olson	and	Stark	(2002).	A	dominant	idea	contin-
ues	to	be	that	the	appropriate	normalization	of	the	CPT	data	is	the	reference	stress	method	
(i.e.	measured	qt	is	transformed	to	qt1	as	an	index	of	soil	state)	with	developments	centring	
on	how	to	account	for	the	effect	of	soil	type	within	the	reference	stress	transformation.	The	
general	view	is	that	the	stress-normalized	CPT	resistance	Qtn	is	given	by
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where
pa	is	atmospheric	pressure	(≈100	kPa	by	convention	as	the	reference	pressure)
n	 is	an	exponent	that	depends	on	soil	type,	notionally	moving	from	n	≈	0.5	in	clean	

quartz	sands	to	n	≈	1.0	in	clays

The	normalization	exponent	n	is	related	to	the	soil-type	index	(Section	4.7.2)	with	various	
workers	contributing	to	the	present	position	(after	Robertson,	2010)	that
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In	terms	of	including	the	effect	of	soil	type	on	the	strength	ratio	sr/ ′σvo,	the	original	Berkeley	
School	(see	Chapter	7)	ideas	continue	with	test	data	being	transformed	to	equivalent�clean�
sand	values	via	a	factor	Kc,	thus

	 Q K Qtn cs c tn, = 	 (6.13)
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This	transformation	factor	is	now	also	computed	from	the	soil-type	index,	not	fines	content	
as	measured	in	a	laboratory	test,	so	that
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Robertson	(2010)	reviewed	the	case	histories	listed	in	Table	6.3,	amongst	others,	and	con-
sidered	the	range	of	views	about	each	reported	by	various	investigators.	Reliability	factors	
from	A	to	D	were	assigned	to	the	reported	information,	with	A	being	tolerably	reliable	to	
D	being	speculative	(our	words).	A	best	estimate	was	quoted	for	strengths	and	penetration	
resistances,	although	the	rationale	for	this	best	estimate	judgement	is	unclear	as	some	of	
the	quoted	values	do	not	capture	the	issues	documented	in	Appendix	F.	The	best	estimate	
for	the	category	A	and	B	data	was	plotted	to	infer	operating	post-liquefaction	strengths	
as	they	might	be	directly	derived	from	CPT	data	(Figure	6.45).	Noting	Roberson’s	asser-
tion	that	Qtn,cs	is	equivalent	to	ψ,	an	exponential	trend	would	be	expected	on	theoretical	
grounds	as	per	(6.4)	with	the	best	fit	of	this	type	of	equation	to	a	lower	bound	of	the	plot-
ted	data	being
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Figure 6.45  Common  U.S.  practice  to  estimate  post-liquefaction  undrained  shear  strength  from  CPT. 
(Adapted from Robertson, P.K., J. Geotech. Geoenviron. Eng., ASCE, 136(6), 842, 2010.)
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This	equation	differs	from	Robertson’s	curve	fit	equation	as	shown	in	Figure	6.45,	which	
also	has	the	proviso	that	0.03	<	sr/ ′σvo	<	tan	ϕ′,	but	Equation	6.15	is	implemented	as	one	option	
for	the	determination	of	post-liquefaction	strength	in	the	CPT	processing	spreadsheet	that	
can	be	downloaded.

While	Roberson	(2010)	represents	present	best	practice	in	California,	there	remains	a	fun-
damental	issue	that	the	concept	of	‘equivalent	clean	sand’	behaviour	is	poorly	defined	and	
not	demonstrated	to	unify	basic	laboratory	or	triaxial	data.	It	is	questionable	mechanics.	This	
issue	of	appropriate	applied	mechanics	is	compounded	by	using	a	geological	description	of	
soil	type	rather	than	soil	mechanics	properties	(e.g.	compressibility,	Gmax),	although	the	use	
of	a	soil	behaviour	type	from	the	CPT	rather	than	‘fines’	itself	might	be	argued	as	a	partial	
step	in	the	correct	direction.	Robertson	(2010)	argues	that	the	trends	so	developed	are	con-
sistent	with	critical	state	principles,	but	that	then	begs	the	question:	why	not	assess	operating	
strengths	with	a	method	anchored	in	applied	mechanics	directly?	That,	of	course,	leads	to	the	
state	parameter	method.

6.9.5  state parameter approach

If	undrained	conditions	occur	in	the	small	scale	(i.e.	no	bifurcation	or	strain	localization),	
then	for	the	usual	semi-log	idealization	of	the	CSL,	Equation	2.1,	the	mean	effective	stress	
in	the	critical	state	is	related	to	the	current	mean	effective	stress	through	the	definition	of	the	
state	parameter,	Equation	2.6,	to	give
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where
the	subscript	‘o’	denotes	initial	conditions	as	usual
λ	is	on	a	natural	logarithm	base

Equation	6.16	is	independent	of	stress	path	or	strain	conditions	(plane	strain,	extension,	etc.)	
other	than	the	assumption	of	undrained	(constant	volume)	conditions.	The	post-liquefaction	
strength	sr	is	obtained	by	combining	(6.9)	and	(6.16):
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or,	in	terms	of	vertical	effective	stress,
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The	factor	of	2	has	arisen	because	shear	strength	is	half	the	deviator	stress.	Some	ambigu-
ity	will	arise	in	practice	as	M	depends	on	the	intermediate	principal	stress,	but	as	shown	
earlier	with	numerical	simulations	of	simple	shear,	this	ambiguity	is	unlikely	to	overestimate	
strength	by	more	than	about	5%.	Now,	recall	that	the	in-situ	state	can	be	measured	with	the	
CPT	and	that	the	general	equation	is
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Substituting	(4.8)	in	(6.17)	and	changing	from	mean	to	vertical	effective	stress	gives
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The	term	including	Ko	is	close	to	unity,	so	that	Equation	6.18	simplifies	to

	

s M Q
k

r

vo

m

′
= 






σ

λ

2

1/

	 (6.19)

This	equation	shows	that	critical	 state	 theory	requires	 that	field	experience	be	viewed	 in	
terms	of	the	dimensionless	framework	of	the	ratio	sr/ ′σvo	versus	the	dimensionless	resistance	
CPT	resistance	Q.	There	is	no	uncertainty	about	dimensions	in	(6.19)	or	which	variables	
should	be	in	it.	The	equation	follows	from	cavity	expansion	studies	whether	using	the	either	
simple	 NAMC	 or	 more	 sophisticated	 NorSand	 constitutive	 models.	 This	 is	 a	 particular	
advantage	of	the	CPT	over	the	SPT	–	because	the	CPT	is	quasi-static	and	with	known	geom-
etry	(the	SPT	is	affected	by	soil	moving	up	inside	the	sampler	during	the	test),	it	is	trivial	
to	understand	CPT	data	in	terms	of	stress	and	to	change	those	stresses	into	dimensionless	
ratios.	It	is	then	equally	straightforward	to	understand	the	dimensionless	penetration	resis-
tance	in	terms	of	applied	mechanics	using	fundamental	soil	constitutive	models.

Several	workers	(e.g.	Maki	et al.,	2014)	have	criticized	the	framework	of	(6.19)	on	the	
grounds	that	it	normalizes	sand	behaviour	by	what	would	be	an	unusual	exponent	n�=	1.0	
in	sand	if	the	data	were	viewed	in	California-based	approach	of	Equation	6.11.	That	crit-
icism	 is	 wrong	 in	 several	 regards.	 First,	 if	 calibration	 chamber	 data	 are	 processed	 into	
state	parameter	 form,	 then	 indeed	 it	 is	very	close	 to	a	perfect	 semi-log	 relationship	 (see	
Figure	4.16	and	download	the	data	from	the	website	to	check),	and	these	semi-log	trends	
are	also	found	by	formal	cavity	expansion	analysis	 for	constant	dilation	(Figure	4.5)	or	
constant	 state	 (Figure	4.21).	The	problem	 lies	with	Equation	6.11	and	 the	 loose	 idea	of	
‘equivalent’	behaviour	versus	the	precise	definition	of	ψ.	Second,	there	is	a	second-order	
bias	 with	 stress	 level	 that	 is	 not	 reflected	 in	 (6.19)	 (see	 Figure	 4.24),	 but	 that	 bias	 is	 a	
consequence	 of	 neglecting	 the	 effect	 of	 in-situ	 shear	 modulus.	 Gmax	 is	 readily	 included	
in	a	general	CPT	framework	if	 the	extra	precision	 is	desired	(see	(4.12),	which	modifies	
the	parameter	k,�m	in	(6.19))	and	the	in-situ	modulus	is	measured.	The	California-based	
approach	itself	neglects	Gmax.	Third,	soil	type	(fines	content)	is	itself	a	poor	predictor	of	
the	 soil	 compressibility	λ	 that	affects	both	 the	CPT	resistance	and	 the	post-liquefaction	
strength	ratio	(see	Figures	2.36	and	2.37).

Accepting	that	leaving	out	Gmax	loses	a	little	precision,	the	12	case	histories	of	liquefac-
tion	data	in	Appendix	F	are	evaluated	using	this	fundamental	state	parameter	framework.	
The	Lower	San	Fernando	Dam	is	considered	on	its	own	in	the	next	section	of	this	chapter.	
In	evaluating	these	case	histories,	we	have	considered	the	views	of	various	workers	on	the	
mobilized	strength	in	each	case,	the	stress	levels	involved	and	the	characteristic	penetration	
resistances.	Penetration	resistance	data	are	always	given	in	terms	of	CPT	values,	which	have	
been	measured	in	most	instances.	Soil	properties	have	been	estimated	using	either	measured	
data	(available	in	several	cases)	or	from	the	CPT	using	the	methods	presented	in	Chapter	
4.	The	way	this	has	been	done	is	discussed	for	each	of	the	case	histories	in	Appendix	F.	
Table	6.5	summarizes	the	numerical	results	of	these	back-analyses,	generally	giving	a	range	
of	values	indicative	of	the	uncertainty	in	the	estimates.	Figure	6.46a	shows	a	dimensionally	
correct	form	of	the	case	history	record	for	undrained	shear	strength	as	a	function	of	nor-
malized	penetration	resistance.	Bands	show	the	uncertainty	in	back-analyzed	strengths	and	
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inferred	characteristic	Q.	If	the	full-scale	case	history	data	are	considered	in	terms	of	Q/k	
rather	than	Q,	then	effects	of	critical	friction	angle	and	shear	modulus	are	incorporated	
through	k	as	well	as	stress	level	through	normalization	of	Q.	Figure	6.46b	shows	the	same	
information	as	Figure	6.46a,	but	in	terms	of	Q/k.	A	somewhat	tighter	distribution	around	
the	trend	line	is	apparent	in	Figure	6.46b.	Unfortunately,	k	is	unmeasured	for	most	case	
histories,	so	that	crude	estimates	have	to	be	used	at	present,	although	m	has	little	effect	at	
the	critical	state	and	varies	rather	gently	with	soil	behavioural	parameters	(Figure	4.19).	In	
a	way,	using	Q/k	could	be	viewed	as	the	proper	fines	content	‘correction’	to	the	dimension-
less	penetration	resistance	Q.	The	value	of	m	will	depend	on	soil	type,	the	initial	condi-
tions	and	the	subsequent	stress	path	during	shear.	So,	there	never	will	be	a	single	trend	line	
relating	normalized	penetration	resistance	to	an	undrained	strength	ratio.	The	trend	line	is	
affected	by	the	properties	of	the	soil.

This	point	is	well	illustrated	by	the	Jamuna	River	Bank	case	history.	The	sand	is	reported	
by	Yoshimine	et al.	(1999)	to	be	micaceous.	Based	on	laboratory	tests	on	Leighton	Buzzard	
sand	with	added	mica	(Hird	and	Hassona,	1986),	relatively	small	quantities	of	mica	have	
a	potentially	large	effect	on	the	critical	state	of	sand.	For	this	case	history,	a	relatively	high	
value	of	CSL	slope,	0.1	<	λ10	<	0.2,	was	estimated,	leading	to	a	CPT	inversion	coefficient	k	
of	10–12.	As	a	result,	the	Jamuna	data	in	terms	of	Q/k	lie	close	to	the	trend	line,	while	it	is	
well	above	the	trend	in	terms	of	Q	alone.

The	 Calaveras	 Dam	 case	 history	 data	 lie	 nowhere	 near	 the	 trend	 from	 the	 other	 case	
histories.	It	appears	that	the	undrained	strength	ratio	is	too	high	for	the	apparent	penetra-
tion	resistance.	However,	for	this	case	record,	penetration	resistances	were	not	measured	at	
the	time	of	the	failure.	As	discussed	in	Appendix	F,	SPT	N	values	were	estimated	based	on	
descriptions	of	the	construction	methods,	and	these	estimates	ranged	from	2	(Poulos,	1988)	
to	 12	 (Seed,	 1987).	This	 difference	 is	 partly	 the	 result	 of	 interpretations	 of	 whether	 the	

Table 6.5 Summary of case history data for mobilized post-liquefaction strength

Case history Qk
a λ10 sr (kPa) ′σvo (kPa) sr/ ′σvo ψk ψ/λ

Zeeland coast 30–50 ~0.06 — — ~0.13 −0.09 to −0.02 –3.4 to –0.8
Wachusett Dam 10–30 0.06–0.10 10.4–19.1 — 0.07–0.13 −0.05 to +0.07 –1.4 to +2.0
Calaveras Dam 4–8 0.1–0.15 38–56 110–180 0.31–0.35 +0.11 to +0.14 +2.1 to +2.5
Sheffield Dam 6–12 0.1–0.15 3–5 ~70 0.04–0.07 +0.04 to +0.15 +0.9 to +2.3
Fort Peck Dam Not 

available
0.19 10–30 400–530 0.04–0.06 −0.05 to −0.01 –0.6 to –0.1

Hokkaido Dam 5–7 0.1–0.2 — — 0.08–0.12 +0.07 to +0.12 +1.6 to +2.3
Lower San 
Fernando Dam

5–8 ~0.1 15–25 200–220 0.07–0.12 0.0 to +0.07 0 to +0.16

Mochikoshi Dam 
No. 1

3–5 0.15–0.25 ~15 ~195 ~0.08 +0.13 to +0.25 +2.0 to +2.3

Mochikoshi Dam 
No. 2

3–5 0.15–0.25 18–21 ~130 0.14–0.16 +0.13 to +0.25 +2.0 to +2.3

Nerlerk Berm 44–52 0.04–0.05 — — 0.09–0.15 –0.05 to –0.03 –2.9 to –1.4
La Marquesa 
Dam

15–25 15–25 4–13 50–85 0.08–0.10 –0.05 to +0.05 –1.0 to +1.0

La Palma Dam 9–15 9–15 10–12 ~80 0.12–0.15 +0.01 to +0.08 +0.4 to +1.5
Sullivan Dam 10–14 0.1–0.2 ~ 10 80–140 0.07–0.13 +0.05 to +0.1 0.9 to +1.8
Jamuna River 
Bank

14–16 0.1–0.2 — 150–300 0.12–0.20 −0.04 to +0.05 –0.7 to +0.9

a  k subscript denotes characteristic value (80–90 percentile). Q is defined on σv and Ko = 0.7–0.8 is assumed.
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Figure 6.46  Residual  undrained  strength  ratio  versus  penetration  resistance  from  liquefaction  case 
histories. (a) Dimensionless CPT resistance Q and (b) dimensionless and normalized CPT resis-
tance ratio Q/k.
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material	controlling	liquefaction	is	a	silty	sand	or	a	loose	silt.	Our	assessment	based	on	the	
available	descriptions	is	that	the	silts	would	control	liquefaction,	and	Figure	6.46	reflects	
this	assessment,	which	appears	to	be	incorrect.	Given	the	lack	of	definitive	data,	Calaveras	
Dam	should	probably	be	removed	from	the	case	record,	as	any	further	attempts	to	interpret	
which	material	controls	liquefaction	and	its	characteristic	penetration	resistance	are	bound	
to	be	biased	by	knowledge	of	what	the	answer	should	be.

Going	directly	to	penetration	resistance	in	Figure	6.46	compounds	two	factors:	how	state	
parameter	 is	 related	 to	penetration	 resistance	and	how	steady-state	 strength	 is	 related	 to	
state	parameter.	In	particular,	as	seen	in	Equations	6.12	and	6.14,	λ	is	important	in	going	
from	ψ	or	Q	to	sr.	The	preferable	approach	is	to	estimate	ψ	from	the	CPT	directly	and	then	
to	understand	how	sr	at	field	scale	correlates	with	ψ.	Such	an	approach	separates	the	uncer-
tainty	in	inverting	penetration	test	data	(i.e.	the	estimates	of	k,	m	for	the	soils	in	question)	
from	the	uncertainty	of	soil	behaviour	at	field	scale	(which	also	needs	an	estimate	for	λ,	
amongst	other	mechanical	parameters).

This	preferred	approach	is	shown	in	Figure	6.47,	where	the	strength	ratio	is	plotted	against	
the	state	parameter,	but	since	strength	depends	on	soil	properties,	the	data	are	separated	into	
three	ranges.	These	ranges	represent	low	compressibility	(=	low	λ	clean	sands),	intermediate	
(silty	sands)	and	high	compressibility	(=	high	λ,	sandy	silts	to	silts).	The	uncertainty	in	the	
assessed	strengths	(mainly	arising	from	difference	between	the	various	investigators)	and	the	
uncertainty	in	assessed	state	(because	soil	properties	have	generally	had	to	be	estimated,	with	
only	Nerlerk	having	good	data)	are	both	shown	as	error	bars	in	the	plot.	These	uncertainties	
are	discussed	in	detail	in	Appendix	F	for	each	of	the	case	histories.	Generally,	this	preferred	
approach	of	Figure	6.47	shows	rather	nice	trends	in	the	data,	with	the	effect	of	compress-
ibility	obvious	by	comparing	trends	between	the	three	ranges.	Mochikoshi	no.	2	is	the	only	
real	outlier,	being	apparently	far	stronger	than	might	reasonably	have	been	expected	from	the	
measured	CPT	resistance.	Triaxial	compression	test	data	are	particularly	missing	for	this	case	
history,	with	the	implication	that	the	retained	tailings	at	Mochikoshi	no.	2	dam	might	have	
been	markedly	siltier	than	those	retained	by	the	nearby	Mochikoshi	no.	1	dam.

Two	sets	of	trend	lines	are	shown	in	Figure	6.47	in	addition	to	a	lower	bound	to	the	data.	
One	trend	line	is	from	simple	theory	(the	critical	state	strength)	and	the	other	from	numerical	
simulations	allowing	for	additional	effects.	The	simple	theory	is	the	same	as	the	steady-state	
school,	which	formally	has	no	pore	water	movement	at	all	(undrained	throughout	the	soil	
mass)	and	which	precludes	localization	effects.	This	line	is	plotted	in	Figure	6.47,	denoted	
as	‘steady-state	 strength’,	 computed	using	a	 typical	 sand	Mtc	=	1.25,	a	 typical	 loose	 in-situ	
geostatic	stress	ratio	Ko	=	0.7,	and	λ	values	that	are	mid-range	for	each	of	the	data	sets.	This	
steady-state	strength	does	not	fit	the	field	case	data	very	well	except	at	extremely	loose	states.	
What	is	going	on?	NorSand	offers	insight	and	another	set	of	trend	lines	in	Figure	6.47.

The	mathematical	derivation	of	NorSand	is	based	on	Drucker’s	(1959)	stability	postulate.	
The	introduction	of	instability	criteria	to	geomechanical	constitutive	models	is	a	very	new	
and	active	subject,	so	definitive	conclusions	are	as	yet	difficult.	What	we	are	presenting	here	
is	an	engineering	assessment	based	on	a	simple	idealization	that	seems	to	match	large-scale	
experience.	 Drucker’s	 postulate	 leads	 us	 to	 expect	 instability	 in	 NorSand,	 or	 any	 other	
proper	constitutive	model	of	soil,	when	(with	total	stresses)

	
� � � �σ ε σ εq q m m+ < 0 	 (6.20)

When	(6.20)	applies,	undrained	conditions	can	no	longer	be	maintained	locally.	For	lightly	
dilatant	soils,	the	post-peak	strength	drop	corresponds	to	the	occurrence	of	the	condition	
described	by	(6.20).	At	such	time,	the	steady-state	doctrine	that	the	soil	will	proceed	to	criti-
cal	state	conditions	at	the	same	void	ratio	as	existed	prior	to	loading	is	false.	Keep	in	mind	
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Figure 6.47  Relationship between initial in-situ state parameter and mobilized steady-state strength from 
case history data, for ranges of hardening (strong, intermediate, low).
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that	in	laboratory	tests,	undrained	conditions	are	imposed	by	shutting	a	valve,	but	that	is	
not	what	happens	in-situ.	In-situ,	small	amounts	of	water	may	easily	be	drawn	into	a	shear	
band	from	the	surrounding	large	soil	mass	leading	to	a	significant	void	ratio	change	in	the	
shear	band.	The	consequence	 is	that	 lightly	dilatant	soils	will	not	have	the	same	‘steady-
state’	strength	in	large-scale	situations.

The	 second	 trend	plotted	 in	Figure	6.47	 is	 for	 the	minimum	post-peak	 stress	predicted	
using	 the	undrained	simple	 shear	model	of	NorSand,	 that	 is	approximately	 the	condition	
when	(6.20)	occurs.	It	is	shown	on	each	of	the	three	compressibility	bands	of	Figure	6.47.	
These	trends	are	computed	using	a	mid-point	value	of	λ	for	each	band	and	with	H/Ir	=	0.5.	
There	is	a	remarkable	coincidence	of	the	minimum	undrained	strength	predicted	by	NorSand	
and	 the	case	history	data.	 Interestingly,	NorSand	does	not	 show	the	gentle	upward	curve	
that	 might	 have	 been	 expected	 as	 a	 variation	 on	 (6.4),	 but	 instead	 shows	 only	 modestly	
increasing	 residual	 strengths	 with	 density	 until	 the	 state	 parameter	 becomes	 denser	 than	
about	ψo	<	−0.05	and	at	which	point	the	undrained	strength	becomes	asymptotically	 large	
with	further	decreases	in	the	state	parameter.

By	now,	it	will	no	doubt	have	been	noticed	that	this	minimum	strength	corresponding	
to	the	transition	from	work	softening	to	work	hardening	is	pretty	much	the	same	as	using	
the	phase	transition	strength	advocated	for	design	by	Konrad	(1990b),	Vaid	and	Eliadorani	
(1998)	and	Yoshimine	et al.	(1999),	amongst	others.	Some	of	their	arguments	are	based	on	
a	misconception	about	the	CSL,	but	the	result	remains	the	same.	Of	course,	now	that	it	is	
apparent	that	localization	needs	to	be	considered,	a	lot	of	simplicity	is	lost.	Soil	properties	
now	matter,	especially	the	in-situ	plastic	hardening	and	the	in-situ	elastic	modulus.	The	ratio	
H/Ir	is	rather	important,	exactly	the	point	Wroth	made	in	his	Rankine	lecture	when	dealing	
with	clays.	There	will	never	be	a	single	trend	line	for	post-liquefaction	strength	in	terms	of	
either	normalized	penetration	resistance	or	state	parameter.	So,	what	is	a	practical	engineer	
to	do?	The	answer	is	to	follow	Wroth’s	strictures	and	use	the	theory	to	guide	the	assess-
ment	of	experience,	which	comprises	the	final	set	of	lines	shown	as	‘best	practice	trend’	in	
Figure	6.47.	These	best	practice	trend	lines	are	a	conservative	fit	to	the	case	histories.	They	

Public Function sr_over_sigV(Mtc, k0, lambda, psi)
'returns the best fit of the strength ratio sr/sigv' to the case-history data base
'for post-liquefaction strength:
Dim lambda_e
Dim sr_sigV_origin
Dim k0_factor
Const Slope = 0.8

k0_factor = (1 + 2 * k0)/3

Select Case psi
Case Is > lambda 'use critical state theory for very loose soils

lambda_e = lambda/2.3
sr_over_sigV = k0_factor * 0.5 * Mtc * Exp(-psi / lambda_e)

Case Else  'use case history trends
sr_sigV_origin = k0_factor * 0.0501 * Mtc ' anchor the trends to the theoretical strength at psi = + lambda10
sr_over_sigV = sr_sigV_origin + Slope * (lambda - psi)

End Select
End Function

Figure 6.48  VBA function for proposed minimum undrained shear strength after liquefaction as a function 
of ψ and λ10.
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are	roughly	parallel	in	Figure	6.47	with	a	slope	of	0.8,	and	a	computable	form	comprising	
the	VBA	function	listed	in	Figure	6.48	is	implanted	as	an	alternative	(i.e.	selectable	option)	
to	(6.15)	for	deriving	post-liquefaction	strength	in	the	spreadsheet	CPTplot.xls.

The	 adequacy	 of	 the	 derived	 function	 was	 validated	 by	 directly	 comparing	 its	 output	
with	the	estimated	operating	strength	for	each	of	the	case	histories,	the	result	being	shown	
in	Figure	6.49.	The	uncertainties	in	the	operating	strength	derived	from	back-analysis	are	
shown,	and	the	uncertainty	in	the	function	output	is	a	consequence	of	the	uncertainty	in	
the	assessed	 soil	 state	and	compressibility.	As	 can	be	 seen,	 the	 function	 is	 essentially	an	
unbiased	predictor	of	operating	strength	with	the	central	estimate	of	the	uncertainty	range	
lying	very	close	to	the	line	of	equivalence;	the	two	outliers	are	Mochikoshi	no.	2	(already	
noted	as	seemingly	too	strong)	and	La	Palma	(which	also	shows	are	being	a	little	stronger	
than	predicted).

6.10  loWer san fernanDo DaM revIsIteD

The	 comparative	 back-analysis	 of	 the	 Lower	 San	 Fernando	 Dam	 to	 validate	 the	 steady-
state	concepts	was	described	in	some	detail	in	Section	6.8.	The	development	of	an	empiri-
cally	based	residual	strength	framework	occurred	later	(and	was	presumably	spurred	on	by	
results	of	the	Lower	San	Fernando	Dam	study).	It	 is	worth	revisiting	this	 important	case	
history	and	examining	it	in	the	light	of	what	is	now	known.

The	1985	investigation	included	12	piezocone	CPTs.	Digital	CPT	data,	however,	are	not	
part	of	 the	archive	 set,	and	we	are	 indebted	 to	Dr.	Scott	Olson	 (University	of	 Illinois	at	
Urbana-Champaign)	for	these	records.	Data	files	were	recovered	only	for	9	of	the	12	CPTs	
(C101−109	inclusive),	but	these	largely	cover	the	area	of	interest.	Note	that	in	presenting	the	
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Figure 6.49  Demonstration  of  the  adequacy  of  VBA  function  (Figure  6.48)  to  match  case  history  post-
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294  Soil liquefaction: A critical state approach

information,	the	CPT	data	have	been	transformed	to	the	familiar	SI	units,	but	the	depth	and	
elevation	scales	have	been	left	in	feet	for	ease	of	comparison	with	the	published	record	and	
dam	cross	sections.

Lower	San	Fernando	Dam	was	reconstructed	in	1975	to	act	as	a	back-up	for	a	new	dam	
constructed	upstream,	but	has	not	retained	water	since	1971.	It	is	this	reconstructed	back-
up	dam	that	was	investigated	in	1985,	and	care	was	taken	during	the	investigation	to	test	
materials	that	were	as	representative	as	possible	of	those	that	failed	during	1971.	The	pre-
1971	and	reconstructed	configuration	that	was	tested	in	1985	are	compared	in	Figure	6.50.	
The	1985	investigation	has	relied	on	the	fact	that	what	remained	downstream	is	to	some	
extent	representative	of	the	failed	soils.	The	case	for	similarity	of	materials	tested	in	1985	
with	those	that	failed	in	1971	is	based	on	two	points:	the	material	in	both	shells	of	the	dam	
came	from	the	same	source	(the	reservoir	floor)	and	construction	photographs	indicate	that	
the	dam	was	raised	symmetrically	with	the	same	hydraulic	filling	method	for	the	upstream	
and	downstream	shells.	Two	SPT	borings	350	ft	apart	(S103	and	S111)	show	similar	results	
indicating	 similar	zonation	of	 the	dam	parallel	 to	 its	 centreline,	which	 leads	credence	 to	
systematic	construction	under	engineering	control.

Of	course,	failure	in	only	an	upstream	direction	suggests	that	the	downstream	soils	were	
not	quite	representative	of	the	upstream,	but	this	difference	in	behaviour	appears	likely	to	
have	been	caused	by	the	differing	water	tables	and	saturations	(high	excess	pore	pressures	
do	not	occur	in	partially	saturated	soils	during	earthquake	shaking).	Engineers	have	been	
cognizant	of	the	difference	between	upstream	and	downstream	and	also	that	both	the	earth-
quake	and	the	subsequent	dewatering	and	reconstruction	of	the	dam	may	have	densified	the	
downstream	soils.	Some	adjustments	are	needed	to	nearly	all	of	the	investigation	measure-
ments	to	account	for	the	differences	between	1971	and	1985	and	between	upstream	and	
downstream,	discussed	later.

A	plan	of	the	1985	investigation	is	shown	in	Figure	6.51,	and	as	can	be	seen,	the	investiga-
tion	concentrated	on	what	was	originally	the	downstream	shell.	Four	upstream–downstream	
sections	through	the	dam	were	tested.	Three	of	these	upstream–downstream	sections	had	
duplicate	SPT–CPT	pairs,	with	the	fourth	section	being	only	CPTs.	The	key	section,	in	terms	
of	understanding	the	results	of	the	investigation,	is	that	through	the	centreline	of	the	sliding	
mass,	which	is	at	Station	09	+	35,	and	comprises	SPTs	S103,	S104,	S105,	the	corresponding	
CPTs	C103,	C104,	C105	and	a	test	shaft.	This	cross	section	is	shown	as	Figure	6.52	with	the	
SPT	resistance	profiles	 superimposed.	The	fill-type	boundaries	 shown	 in	Figure	6.52	are	
those	shown	by	Castro	et al.	(1989)	in	their	report,	and	it	appears	that	this	is	a	consensus	
view	of	the	internal	zonation	of	the	dam.	The	soil	identified	from	the	boring	logs	as	Zone	
5	was	characterized	by	Castro	et al.	(1989)	as	the	‘critical’	soil	unit	(their	term)	for	the	dam	
from	the	liquefaction	standpoint	for	the	following	reasons:

•	 Zone	5	is	at	approximately	the	same	elevation	as	the	upstream	zone	that	experienced	
large	strains	during	the	post-earthquake	slide,	and	most	of	the	failure	surface	in	the	
back-analysis	lies	within	this	zone.

•	 The	static	shear	stress	was	greatest	at	the	base	of	the	hydraulic	fill.
•	 SPT	penetration	resistance	values	are	generally	lower	in	Zone	5	than	higher	in	the	fill,	

and	 this	difference	becomes	even	more	pronounced	when	 the	data	are	adjusted	 for	
overburden	pressure.

Of	course,	the	second	point	assumes	that	it	is	sr	that	matters	rather	than	sr/ ′σvo,	but	the	telling	
point	really	is	the	penetration	resistance	profile.	The	weakest	soils	were	at	the	base	of	the	fill	
according	to	the	SPT.	The	laboratory	testing	for	the	evaluation	of	the	steady-state	approach	
concentrated	in	these	Zone	5	soils.
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298  Soil liquefaction: A critical state approach

The	CPT	data	do	not	show	the	same	pattern	of	soil	state	as	that	estimated	from	the	SPT,	
Figure	6.53	showing	one	of	 the	comparisons	presented	by	Castro	et al.	This	comparison	
between	S103	(the	SPT)	and	the	C103	(the	CPT)	is	on	the	centreline	of	the	slumped	mass	
movement.	Within	the	hydraulically	placed	shell	soils,	the	SPT	profile	was	subdivided	into	
Zones	1	through	5,	and	a	characteristic	penetration	resistance	was	assigned	to	each	zone	
(shown	as	the	circled	number	in	Figure	6.53).	The	CPT	tip	resistance	profile	has	a	superficial	
resemblance	to	the	SPT	profile	in	that	the	average	trend	in	qc	has	a	greatest	value	around	
60	ft	depth	and	the	average	clearly	decreases	below	that.	However,	the	CPT	also	shows	a	far	
more	layered	deposit.	This	layering	was	referred	to	as	macro	layers	by	Castro	et al.,	who	also	
reported	that	it	could	be	seen	to	a	lesser	extent	in	the	SPT	split-spoon	samples.	This	layering	
was	found	in	a	test	shaft	excavated	through	the	dam	fill,	and	it	is	also	evident	in	the	range	of	
gradations	measured	in	the	Zone	5	soils	which	are	shown	in	Figure	6.54.	The	fines	content	
ranges	from	a	low	of	about	20%	to	a	high	of	about	70%.

Rather	more	detail	emerges	if	all	the	CPT	data	channels	are	processed,	Figure	6.55	show-
ing	the	CPT	C103	record	including	a	plot	of	the	soil-type	index	Ic.	The	water	table	elevation	
was	reported	to	be	low	during	the	1985	investigation	(at	about	elevation	1012	ft	or	a	depth	
of	 83	 ft	 in	CPT	103),	 but	 rather	 large	 values	 of	 pore	pressure	were	measured	 above	 the	
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water	table.	This	results	in	a	notable	difference	between	the	Ic	values	following	Robertson	
and	Wride	(1998)	and	Been	and	Jefferies	(1992)	(see	Table	4.4),	both	of	which	are	shown	in	
Figure	6.55.

The	processed	CPT	data	(primarily	the	dimensionless	tip	resistance)	suggest	that	the	dense	
dam	fill	extends	to	a	slightly	greater	depth,	about	38	ft,	than	assessed	from	the	SPT	(i.e.	the	
upper	part	of	Zone	1	is	actually	a	compacted	fill).	Below	this	dense	fill,	down	to	85	ft,	there	
is	a	variable	and	interlayered	fill,	which	the	Ic	values	suggest	may	range	sand	to	silty	sand	(at	
the	coarse	end)	to	sandy	silt	or	even	clayey	silt	in	the	finer	layers.	The	Robertson	and	Wride	
Ic	indicates	slightly	coarser	material	than	the	Been	and	Jefferies	Ic,	but	in	fact	both	forms	
of	Ic	give	a	reasonably	accurate	picture	of	the	gradation	curves	and	more	importantly	how	
these	gradational	differences	occur	in-situ.	Below	85	ft,	there	are	silty	clay	or	clay	materials	
representing	the	underlying	alluvial	soils.

Going	further,	nothing	like	Zones	2	through	5	can	be	discerned	in	the	Ic	plot.	There	is	a	
case	for	treating	the	hydraulic	fill	as	simply	one	unit	from	about	38	to	85	ft,	and	the	variabil-
ity	of	this	hydraulic	fill	can	be	evaluated	over	the	shell.	Figure	6.56	shows	the	qc	profiles	for	
four	CPTs.	The	data	are	aligned	by	elevation	and	windowed	to	lie	entirely	within	the	hydrau-
lically	filled	shell.	Taking	the	profiles	(C103	and	C104)	on	Station	09+35	first,	which	are	near	
the	centre	of	the	sliding	mass,	thicker	and	systematic	layering	is	evident	on	the	more	down-
stream	CPT	(C103)	than	on	the	upstream	CPT	(C104).	This	is	entirely	usual	for	a	hydraulic	
fill	dam	constructed	in	the	early	twentieth	century	as	is	the	case	for	Lower	San	Fernando	
Dam	(in	fact,	much	of	the	construction	is	like	Calaveras	and	Fort	Peck,	two	other	classic	
dam	failures).	In	such	dams,	fill	was	spigotted	from	the	shells	inwards	so	as	to	preferentially	
separate	the	coarser	sands	to	the	outside	of	the	dam	and	the	finer	material	as	close	to	the	
dam	centreline	as	possible.	A	similar	but	less	pronounced	pattern	is	seen	on	C108,	which	is	
downstream	of	the	crest	(west	of	C103),	and	C106,	which	is	at	the	crest	(east	of	C104).
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The	question	now	becomes	the	following:	what	is	the	characteristic	penetration	resistance	
for	the	shell?	The	zonation	adopted	by	participants	in	the	1985	study	is	not	supported	by	
the	CPT	data,	although	the	CPT	data	are	consistent	with	construction	practice	of	the	era.	
There	is	a	difficult	situation	here	as	there	is	a	layered	system	with	two	soils.	One	is	primarily	
a	sandy	silt	and	the	other	is	primarily	a	silty	sand.	Within	each	of	these	soil	types,	there	is	
also	a	variation	in	state,	sometimes	at	quite	fine	scale.

Two	batch	samples	with	gradations	shown	in	Figure	6.54	were	tested	for	steady-state	line	
and	incidentally	resulted	in	parallel	SSLs	with	λ10	=	0.10.	The	testing	of	sands	at	various	silt	
contents	that	was	presented	in	Chapter	2	indicates	this	is	somewhat	unlikely,	but	it	illus-
trates	that	you	really	should	measure	the	soil	properties	and	not	make	assumptions	based	
on	grain	size	distribution.	This	similarity	in	λ10	across	grain	sizes	that	reasonably	represent	
the	potential	range	in-situ	makes	processing	of	the	CPT	in	terms	of	state	parameter	rather	
straightforward.	Indeed,	in	this	instance,	the	screening-level	method	of	Section	4.7	turns	out	
to	give	a	rather	optimistic	picture,	because	the	friction	ratio	F	(Figure	6.55)	is	in	the	range	
of	2%–4%,	which	would	result	in	typical	λ10	values	in	the	range	of	0.2–0.4,	compared	to	
the	measured	0.1.

Using	Equations	4.15	and	4.16	and	λ10	=	0.1,	the	CPT	evaluation	coefficients	k,m	are	esti-
mated	as	k	=	14.1	and	m	=	10.4.	The	qc	data	(Figure	6.56)	are	then	transformed	into	ψ	profiles,	
Figure	6.57,	windowed	to	show	only	the	hydraulic	fill	between	elevations	1010	and	1070	ft.	
The	state	parameter	values	in	the	hydraulically	placed	fill	tend	to	split	according	to	gradation	
and	also	according	to	distance	from	the	dam	crest.	The	peaks	of	ψ	represent	loose	layers,	and	
troughs	of	ψ	represent	denser	layers.	At	the	dam	crest,	C103	and	C108,	the	sandier	soils	show	
ψ	≈	−0.10	to	−0.2,	while	the	siltier	soils	show	ψ	≈	0.0	(or	between	about	−0.05	and	+0.03),	
and	there	is	a	systematic	layering	with	a	thickness	typically	less	than	about	1	ft	(count	the	
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Figure 6.57  Profiles of interpreted ψ in hydraulic fill, based on methodology in Chapter 4 with measured 
λ10 = 0.1 for San Fernando hydraulic fill.
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peaks	and	troughs	in	a	10	ft	interval	anywhere	between	elevation	1020	and	1070	ft	to	arrive	
at	this	estimate).	Caution	is	needed	in	the	state	parameter	estimates,	as	no	‘thin-layer’	cor-
rections	have	been	made	in	this	analysis.	Away	from	the	crest	below	the	berm	road	(C104	
and	C106),	the	layering	is	markedly	different	with	substantial	thicknesses	of	loose	and	dense	
material	evident	from	the	CPT.	Also,	the	silty	layers	are	looser	ψ	≈	+0.05	to	+0.1	than	at	the	
dam	crest,	while	the	denser	sandy	material	has	ψ	between	about	−0.15	and	−0.05.

Looking	 at	 the	 90	 percentile	 as	 characteristic,	 the	 broken	 lines	 indicate	 visually	 esti-
mated	ψk	values	for	each	CPT	which	are	shown	in	Table	6.6.	For	the	looser,	silty	layers,	
−0.03	<	ψk	<	+0.09	and	for	the	denser	sandy	layers	−0.12	<	ψk	<	−0.03.

The	simplistic	approach	is	next	to	determine	the	residual	stress	ratio	sr/ ′σvo	using	Equation	6.17.	
However,	this	equation	makes	no	allowance	for	localization	and	fits	field	data	for	only	very	
loose	soils	as	shown	in	Figure	6.47.	Ideally,	NorSand	simulations	would	be	used	to	define	
the	locus	of	the	localization	points	(which	correspond	to	the	pseudo-steady-state	strength).	
But	such	calculations	require	calibration	of	NorSand	to	triaxial	tests,	some	of	which	must	be	
dense	drained	tests	(to	determine	χ).	The	required	tests	are	not	available	for	the	Lower	Sand	
Fernando	fill.	Therefore,	 the	best	practice	 trends	 to	 the	case	history	data	discussed	earlier	
and	the	equation	embodied	in	the	VBA	function	in	Figure	6.48	are	used	to	calculate	liquefied	
strength	ratios	shown	in	Table	6.6.	Overall,	sr/ ′σvo	≈	0.06–0.15	might	be	taken	as	representa-
tive	of	the	looser	silty	fill	as	tested	in	1985	and	sr/ ′σvo	≈	0.15–0.23	of	the	denser	layers	of	fill.

The	next	question	is	this:	how	is	the	strength	ratio	of	1985	related	to	what	the	soil	actu-
ally	possessed	during	the	1971	earthquake?	The	answer	is,	to	practical	precision,	the	same	
strength	 ratio.	 First,	 although	 the	 drainage	 during	 dewatering	 will	 have	 produced	 some	
consolidation	of	the	fill,	such	void	ratio	changes	are	minor	compared	to	the	range	of	state	
possible.	Increasing	stress	also	tends	to	increase	(make	more	positive)	the	state	parameter	
because	the	consolidation-related	void	ratio	changes	are	less	than	the	change	in	the	critical	
void	ratio	for	the	same	stress	increase.	For	this	reason,	the	assessed	strength	from	the	1985	
data	may	underestimate	the	actual	strength.	Second,	because	the	strength	is	expressed	as	a	
strength	ratio	of	the	initial	effective	stress,	the	very	different	effective	stress	conditions	in	
the	upstream	shell	are	automatically	accounted	for.	Third,	densification	of	the	downstream	
shell	from	cyclic	strains	(even	though	drained)	can	hardly	be	more	than	about	0.5%,	which	
corresponds	to	a	possible	shift	in	the	state	parameter	of	about	0.01	and	in	the	opposite	sense	
to	the	change	induced	by	the	dewatering.	Putting	these	factors	together,	the	best	judgement	
is	 that	 the	 strength	 ratios	 evaluated	 in	1985	might	 reasonably	have	been	 expected	 to	be	
operative	in	the	post-liquefaction	situation.

How	does	this	strength	estimated	from	the	CPT	data	compare	to	reality?	The	strength	
ratio	 to	 prevent	 large-scale	 slope	 movement	 after	 cyclic	 liquefaction	 would	 have	 needed	
to	be	sr/ ′σvo	≈	0.4,	which	far	exceeds	the	ratios	shown	in	Table	6.6.	In	terms	of	when	the	
slip	stabilized,	a	reasonable	best	characterization	of	an	overall	post-slip	slope	angle	for	the	
upstream	shell	is	1V:5.8H.	The	various	back-analyses	of	this	post-failure	slope	presented	in	

Table 6.6  Characteristic values of state parameter ψk and post-liquefaction residual 
strength ratio sr/ ′σvo for Lower San Fernando CPTs

CPT 

Sandy, denser layers Silty, looser layers 

ψk sr/ ′σvo ψk sr/ ′σvo

C108, crest −0.11 0.22 −0.005 0.13
C103, crest −0.12 0.23 −0.03 0.15
C104, berm road −0.03 0.15 +0.09 0.06
C106, berm road −0.04 0.16 +0.09 0.06
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the	literature	give	the	range	0.06	<	sr/ ′σvo	<	0.12	(Table	6.5).	This	is	remarkably	close	to	the	
estimated	residual	strength	ratio	from	applying	the	state	parameter	approach	to	the	CPT	
data,	a	strength	sr/ ′σvo	≈	0.06–0.15	having	been	computed	as	characteristic	for	the	loose	silty	
layers	in	the	downstream	shell	in	1985.

Too	much	should	not	be	read	into	how	closely	the	state	parameter	approach	matches	the	
operating	residual	strength	ratio	at	Lower	San	Fernando	Dam,	as	there	are	likely	compensat-
ing	errors.	Using	average	trends	on	only	a	few	CPTs,	without	a	detailed	assessment	of	the	
grain	size,	distribution	ranges	and	CSL	parameters	would	normally	be	considered	just	one	
step	better	than	a	screening-level	assessment.	Recall	that	there	is	significant	layering,	and	how	
such	layering	affects	CPT	values	alone	is	difficult,	never	mind	how	such	layering	would	affect	
the	liquefaction	behaviour.	There	have	also	been	no	detailed	NorSand	simulations	of	the	dam	
fill	because	the	required	triaxial	data	(dense,	drained	tests)	are	not	available	to	calibrate	the	
model.	Finally,	the	time	delay	between	the	earthquake	and	the	failure	has	not	been	explained.

6.11  hoW Dense Is Dense enough?

At	the	beginning	of	the	chapter,	a	promise	was	made	to	answer	the	question,	‘How	dense	
must	a	sand	be	to	avoid	catastrophic	failure?’	as	well	as	to	address	the	residual	strength	after	
liquefaction.	Engineers	must	assume	that	there	is	always	the	possibility	of	some	strain	in	any	
structure,	for	example	movements	in	underlying	weaker	clays,	wave	loading	or	erosion	on	
shorelines	or	simply	more	fill	placement	at	the	top	of	a	slope.	If	the	soil	is	loose,	liquefaction	
will	be	triggered.	If	the	soil	is	sufficiently	dense,	there	is	very	little	strength	drop	as	a	result	
of	increased	pore	pressures.	In	short,	what	is	a	threshold	ψ	at	which	the	discussion	needs	
to	change	to	ground	improvement	(or	comparable	remediation)	rather	than	consideration	
of	acceptable	displacements?	There	are	three	levels	to	answering	this	question:	(1)	aids	to	
judgement	directly	from	laboratory	test	data,	(2)	normalized	CPT	charts	capturing	case	his-
tory	trends	and	(3)	in-situ	and	laboratory	testing	to	support	detailed	numerical	simulations	
using	NorSand	or	a	comparable	model	in	project-specific	studies.

6.11.1  Basis for judgement from laboratory data

In	 terms	of	developing	engineering	 judgement,	a	 few	observations	can	be	made	from	the	
laboratory	data	presented	in	this	chapter:

•	 Strength	drop	is	caused	by	pore	pressures	generated	by	volumetric	compression.	If	the	
sand	 is	dense	enough	 that	 shear	dilation	dominates	volumetric	 compression,	 it	will	
not	 lose	 strength.	 This	 occurs	 at	 about	 ψ	<	−0.08	 in	 isotropic	 triaxial	 compression	
and	at	about	ψ	<	−0.05	in	simple	shear	tests	(where	the	starting	geostatic	stress	state	is	
unknown,	but	almost	certainly	Ko	<	1.0).

•	 Undrained	stress	paths	for	sands	tested	in	CIU	triaxial	compression	that	are	denser	
than	 about	 ψ	<	−0.08	 do	 not	 show	 a	 phase	 transformation	 or	 pseudo–steady	 state.	
They	dilate	continuously	under	monotonic	loading.

•	 A	lower	bound	trend	to	the	undrained	strength	data	in	Figure	6.22	would	extrapo-
late	to	negative	states	and	intersect	the	drained	shear	strength	ratio	(tan	ϕ′	or	M/2)	at	
around�ψ	=	−0.06.

The	laboratory	tests	showing	these	trends	are	nearly	all	from	isotropic	initial	conditions	so	
that	the	entire	stress	path	is	undrained.	In-situ,	it	would	be	very	unusual	to	encounter	Ko	=	1	
with	loose	soils	with	the	general	expectation	being	in	the	range	0.5	<	Ko	<	0.8.	This	range	of�
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in-situ	Ko	translates	to	perhaps	only	two-thirds	of	a	potential	loading	path	being	undrained,	
and	thus	less	excess	pore	water	pressure	at	the	onset	of	instability:	 looser	states	than	the	
laboratory	tests	will	generally	be	stable.	A	judgement	criterion	of	ψ	<	−0.05	from	laboratory	
testing	should	be	conservative	in	practice.	Let	us	now	see	how	well	this	compares	with	CPTs	
and	the	case	history	record.

6.11.2  Cpt charts and case history trends

The	calibration	chamber	is	the	basis	for	evaluating	CPT	data	in	sands,	but	poses	a	challenge	
in	how	to	quantify	the	effects	of	soil	properties	between	data	from	one	sand	to	another.	
Chapter	4	considered	 this	 issue	and	presented	 the	 results	 from	detailed	cavity	expansion	
analyses	 by	 Shuttle	 and	 Jefferies	 (1998)	 showing	 the	 effects	 of	 sand	 compressibility	 and	
critical	 friction	 on	 the	 normalized	 penetration	 resistance.	 The	 situation	 is	 more	 difficult	
with	silts	as	there	are	no	calibration	chamber	studies	in	silt.	However,	cavity	expansion	is	
used	as	an	analogy	for	the	CPT	regardless	of	whether	penetration	is	drained	or	undrained.	
Noting	this,	Shuttle	and	Cunning	(2007)	used	measured	parameters	and	cavity	expansion	
modelling	with	NorSand	 to	show	what	we	should	expect	 from	silts	with	the	CPT.	Their	
paper	produced	an	interesting	exchange	with	Robertson	(2008)	commenting	on	their	work,	
and	Shuttle	and	Cunning	(2008)	in	reply	suggested	that	there	was	indeed	a	common	view	of	
the	threshold	between	large-scale	movements	or	limiting	softening	that	can	be	expressed	in	
a	normalized	chart	for	plotting	CPT	data.	Robertson	(2010)	further	expanded	on	the	case	
history	data	supporting	such	a	view.

Before	 comparing	 these	 approaches,	 the	 key	 differences	 should	 be	 noted.	 Shuttle	 and	
Cunning	use	a	normalized	penetration	resistance	 that	 includes	 the	measured	excess	pore	
water	pressure	in	the	parameter	grouping	Qp	(1	−	Bq)	+	1,	while	Robertson	uses	the	reference	
stress	approach	and	an	fines	content	correction	in	the	parameter	Qtn,cs	(i.e.	what	would	be	
measured	in	a	clean	sand	at	1	tsf,	1	atmosphere	or	100	kPa).	The	two	approaches	can	best	
be	compared	then	for	clean	sands	(i.e.	with	F	less	than	1.5%)	and	when	the	vertical	stress	is	
about	100	kPa.	In	that	case,	the	pore	pressure	is	approximately	zero	so	that	Bq	=	0,	and	there	
are	essentially	no	‘corrections’	in	the	Robertson	approach.

Regardless	of	background,	all	workers	agree,	and	all	 the	data	 support,	 that	 the	upper	
part	of	a	Q–F	plot	(or	related	variant)	represents	soils	that	may	lose	stiffness	during	cyclic	
loading	but	which	never	reach	the	condition	of	the	undrained	strength	being	less	than	the	
drained.	These	soils	have	become	labelled	as	‘dilatant’	as	a	catch-all	name.	Conversely,	all	
agree,	and	the	data	support,	that	the	lower	part	of	the	diagram	represents	soils	where	liq-
uefaction	(however	caused)	will	result	in	the	short-term	undrained	strength	being	less	than	
the	drained	strength.	These	soils	have	become	labelled	as	contractive.	The	question	is	the	
location	of	 the	boundary	between	these	 two	very	different	classes	of	soil	behaviour,	and	
how	that	boundary	varies	by	soil	type.

Shuttle	and	Cunning	(2008)	took	the	contractive/dilatant	boundary	at	large	scale	to	cor-
respond	to	ψ	<	−0.05,	which	is	the	state	parameter	criterion	that	emerges	from	laboratory	
tests	(Section	6.11.1)	and	which	appears	to	be	the	limiting	situation	for	various	flowslide	
case	histories	in	sands	and	silts	(Figure	6.58)	when	assessed	in	a	state	parameter	context.	In	
developing	their	trend	line,	Shuttle	and	Cunning	in	essence	drew	a	smooth	curve	between	
calibrations	in	sand	(Erksak,	Ticino)	and	in	a	very	weak	silt	(Rose	Creek).

Robertson	(2010)	considered	largely	the	same	flowslide	case	histories	that	have	been	dis-
cussed	in	this	chapter,	albeit	taking	a	different	view	on	what	comprised	the	best	estimate	
of	the	representative	values	and	concluded	that	Qtn,cs	=	70	would	be	a	tolerably	conservative	
representation	of	the	contractive/dilatant	boundary	above	which	flowslides	have	never	been	
observed	(Qtn,cs	=	50	might	be	better	fit	to	the	data	ranked	as	reliable).
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Figure	6.59	compares	the	Shuttle	and	Cunning	and	Robertson	criteria	for	the	location	of	
the	dilatant/contractive	boundary.	Despite	the	very	different	backgrounds	and	approaches	
of	these	authors,	there	is	a	considerable	commonalty	in	the	end	result	as	it	would	affect	a	
practical	engineer,	and	they	do	coincide	where	expected	for	clean	sands.

6.11.3  project-specific studies

Figure	6.59	summarizes	the	current	knowledge	of	what	will	be	‘adequately	dense’	at	what	
might	 be	 viewed	 as	 a	 ‘screening	 level’.	 Case	 history	 information	 and	 laboratory	 trends	
have	 been	 included,	 and	 the	 CPT	 captures	 the	 in-situ	 state.	 But	 soil	 properties	 such	 as	
Gmax	and	λ10	are	included	only	to	the	extent	that	they	are	represented	by	the	soil	behaviour	
type	index.	The	location	of	the	contractive/dilatant	boundary	can	be	refined	using	project-
specific	tests	and	calculations	that	fully	capture	the	details	of	these	factors.	This	has	been	
done	for	a	few	‘high-value’	projects	where	the	scale	of	the	works	is	sufficient	to	warrant	the	
engineering	effort.
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It	is	possible	to	use	NorSand	(or	similar	state	parameter−based	model)	in	finite	element	
analyses	to	assess	the	likelihood	of	a	flowslide	developing	for	a	given	project,	and	this	has	
been	done	for	at	least	three	large	dams	to	our	knowledge.	However,	civil	engineers	are	con-
servative	people,	and	the	difficulty	becomes	one	of	‘model	uncertainty’,	or	to	what	extent	
you	trust	the	calculations	and	the	data	the	calculations	are	based	on.

In	terms	of	model	uncertainty,	only	the	Nerlerk	case	history	has	a	reasonably	comprehen-
sive	set	of	CPT	and	supporting	triaxial	data,	but	the	knowledge	of	slide	geometry	is	quite	
poor.	Lower	Sand	Fernando	Dam	has	reasonable	CPT	data	and	reasonable	knowledge	of	
geometry,	but	the	supporting	laboratory	testing	is	inadequate	to	assess	the	basic	properties	
of	the	sands	and	silts	involved.	The	remaining	case	histories	are	markedly	inferior	to	both	of	
these	regarding	data	quality.	So,	even	if	we	have	perfection	in	the	finite	element	work,	how	
can	we	validate	the	analysis?
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Broadly,	until	our	profession	as	a	whole	does	a	better	 job	of	documenting	and	 testing	
those	case	histories	that	do	arise,	we	are	not	going	to	make	progress	beyond	ψ	>	−0.05	as	
the	criterion	for	flowslides.	When	the	soil	is	looser,	the	discussion	with	the	owner	should	be	
about	‘ground	improvement’.	When	the	soil	is	denser,	the	discussion	can	be	about	‘tolerable	
movements’.

6.12  post-lIquefaCtIon resIDual strength

If	the	‘how	dense’	assessment	leads	to	a	conclusion	that	the	site	is	contractive,	then	the	next	
question	becomes	whether	or	not	the	residual	(post-liquefaction)	strength	is	sufficient.	Dams	
in	particular	may	be	sufficiently	movement	tolerant	to	allow	residual	strengths	to	become	
the	basis	of	design.	This	often	arises	in	tailings	engineering,	which	differs	from	the	much	of	
the	case	history	record	in	two	important	aspects:	(1)	the	materials	are	typically	silts,	sandy	
silts	or	silty	sands;	and	(2)	it	is	practically	given	that	hydraulic	deposition	of	tailings	or	thick-
ened	tailings	will	result	in	an	in-situ	state	that	is	susceptible	to	liquefaction	under	seismic	
loads	(and	the	mines	producing	these	tailings	always	seem	to	be	in	earthquake-prone	areas).	
Many	tailings	impoundments	seem	to	result	in	stability	being	assessed	on	a	post-earthquake	
basis	using	residual	strength,	but	it	is	not	just	tailings	dams.	The	‘high-consequence’	Duncan	
Dam,	part	of	 the	Columbia	River	Treaty	works	 straddling	 the	U.S./Canada	border,	was	
explicitly	 assessed	 as	 ‘safe’	 using	 residual	 strengths,	 and	 this	 basis	 was	 accepted	 by	 the	
regulatory	authorities.	The	issue	for	the	practical	engineer	is	what	residual	strength	to	use.

6.12.1   residual strengths guided by case histories 
and penetration resistance

Earlier	 in	 this	 chapter,	 we	 considered	 strengths	 derived	 from	 the	 case	 history	 record	 as	
indexed	by	penetration	tests.	The	two	approaches	that	emerge	to	synthesize	this	case	history	
data	 into	trends	 for	engineering	use	are	 (1)	penetration	resistance	 that	has	been	adjusted	
using	the	concept	of	‘equivalent	clean	sand’	and	(2)	the	state	parameter.

The	‘equivalent	clean	sand’	characterization	of	soil	has	long	been	advocated	by	workers	
familiar	with	the	simplified	Seed	method	for	seismic	liquefaction	triggering.	Roberson	(2010)	
is	the	current	best	practice	version	of	the	method	(Section	6.9.4).	Although	this	‘equivalent	
clean	sand’	characterization	is	popular	with	the	U.S.	regulators,	especially	for	the	effect	of	
earthquakes,	any	reasonable	engineer	ought	to	baulk	at	the	application	to	sandy	silts	and	
silts.	The	adjustments	for	fines	content	are	strictly	speculative	and	are	not	substantiated	by	
laboratory	tests	of	soil	strength	and	compressibility.

State	parameter–based	strengths	(Section	6.9.5)	are	built	on	a	line	of	development	in	soil	
mechanics	 that	goes	back	more	 than	70 years	but	which	appears	 to	have	been	contami-
nated	by	 the	poor	performance	of	 the	 ‘steady-state’	 school	at	Lower	San	Fernando	Dam	
(Section	6.10).	Hopefully,	we	have	adequately	documented	and	explained	the	various	mis-
conceptions	involved	with	Lower	San	Fernando	Dam,	and	the	state	parameter	method	fits	
that	case	history	rather	nicely.	The	particular	advantages	of	the	state	parameter	approach	
are	that	it	is	consistent	applied	mechanics,	it	captures	the	entire	stress–strain	behaviour,	not	
just	‘strength’	and	it	characterizes	soil	using	standard,	widely	used	properties.

Clearly,	we	have	a	preference	for	the	state	parameter	approach.	However,	both	approaches	
have	been	implemented	in	the	downloadable	CPT	processing	spreadsheet	CPT_plot.xls	as	
user-selectable	alternatives.	The	judgement	on	what	to	use	is	yours;	the	basis	for	such	judge-
ments	is	what	we	have	set	out	in	this	chapter.	Do	you	prefer	Engineering�Geology,	or	do	you	
prefer	Soil�Mechanics?
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6.12.2  residual strengths by numerics

We	have	shown	that	NorSand	captures	all	aspects	of	static	liquefaction	at	laboratory	scale,	
whether	 in	 triaxial	 compression,	 simple	 shear	 or	 triaxial	 extension.	The	 various	 spread-
sheets	are	downloadable,	and	this	view	can	be	validated	against	the	test	data.	However,	in	
considering	the	case	history	record,	the	evidence	is	that	undrained	conditions	of	the	labora-
tory	cannot	be	maintained	at	field	scale.	Thus,	examination	of	the	case	history	data	resulted	
in	 the	working	hypothesis	 that	 the	post-liquefaction	residual	strength	corresponds	 to	 the	
undrained	shear	strength	at	which	localization	occurs,	which	in	NorSand	is	predicted	when	
Equation	6.20	occurs.	The	idea	is	expanded	upon	in	Figure	6.60	in	which	the	state	path,	
stress–strain	curve	and	p′−q	stress	path	for	a	lightly	dilatant	material	are	shown.	The	state	
path	shows	that	a	lightly	dilatant	material	(starting	at	a	state	close	to	the	critical	state	line,	
indicated	by	the	black	square)	will	initially	follow	the	undrained	constant	void	ratio	state	
path	to	the	black	triangle.	The	state	path	moves	to	the	 left	as	a	result	of	 increasing	pore	
water	pressures	causing	decreasing	mean	effective	stress	(p′).	At	the	low	point	in	the	stress–
strain	curve	(i.e.	at	the	black	triangle),	localization	occurs.	A	narrow	shear	zone	is	formed,	
and	the	material	in	the	shear	zone	is	able	to	dilate	by	flow	of	water	from	the	surrounding	
material	into	the	shear	zone.	Within	the	shear	zone,	the	undrained	or	constant	volume	con-
dition	no	longer	holds	true.	The	state	path	moves	upward	towards	the	critical	state	at	the	
black	circle	in	Figure	6.60.

The	state	path	in	Figure	6.60	implies	that	the	material	 in	question	will	reach	the	criti-
cal	state	at	a	lower	mean	effective	stress	(and	higher	void	ratio)	than	if	it	were	undrained.	
We	now	have	a	method	to	estimate	the	residual	strength	following	strain	localization	or	a	
theoretical	basis	on	which	to	compute	the	post-liquefaction	residual	shear	strength	of	sands	
and	 silts.	The	NorSandSS.xls	 spreadsheet	has	been	programmed	so	 that	 the	 localization	
strength	is	automatically	captured	and	reported	for	the	simulation	of	any	parameter	set;	the	
hypothesis	is	that	it	is	this	strength	that	captures	the	full-scale	experience.	The	localization	
strength	depends	not	only	on	the	state	parameter,	but	the	complete	suite	of	soil	properties	
and	the	geostatic	stress	ratio	as	well.
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Some	NorSand	simulations	for	two	sets	of	parameters,	representing	a	clean	sand	and	a	
sandy	silt	tailings,	are	shown	in	Figure	6.61	in	terms	of	the	p′−q	stress	paths.	In	reality,	only	
three	parameters	differ	between	the	sets	of	simulations:	λ,	Mtx	and	the	elastic	stiffness	Ir	
(which	of	course	changes	the	ratio	of	H/Ir).	The	hooks	or	low	points	on	the	stress	paths	are	
when	localization	occurs	and	the	undrained	shear	strength	at	these	points	is	used	to	compute	
a	residual	strength	ratio,	which	is	in	turn	plotted	in	Figure	6.62.	Unsurprisingly,	the	residual	
strength	at	localization	is	different	for	clean	and	silty	sands,	and	Figure	6.62	provides	the	
needed	insight	into	the	empirically	observed	difference	between	post-liquefaction	strength	
of	clean	sands	and	silts.	Note	that	the	presentation	in	Figure	6.62	is	entirely	consistent	with	
the	back-calculated	residual	strengths	in	Table	6.5	and	Figure	6.47,	and	the	approach	uses	
engineering	 parameters	 that	 can	 be	 measured	 in	 the	 laboratory	 to	 estimate	 the	 residual	
strength	for	any	particular	material.
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–0.1

0.6
Non-tailings sands CS strength for sandy silt tailings

λ10 = 0.16, Mtc = 1.45, Ko= 0.9

CS strength for clean sand
λ10 = 0.032, Mtc = 1.26, Ko= 0.9

Tailings

Sandy silt tailings
H = 50, Ir = 150

Clean sand
H = 50, Ir = 300

–0.05 0 0.05
State parameter, ψ

0.1 0.15 0.2

0.4

U
nd

ra
in

ed
 st

re
ng

th
 ra

tio
, s

r/σ
' vo

0.2

0.0

Figure 6.62  Minimum  undrained  shear  strength  for  clean  sand  and  for  sandy  silt  tailings  from  NorSand 
simulations in Figure 6.61.

© 2016 by Taylor & Francis Group, LLC

  



Static liquefaction and post-liquefaction strength  311

A	word	of	caution	about	this	approach	is	still	needed.	We	started	off	calling	it	a	‘working	
hypothesis’	that	the	post-liquefaction	residual	strength	observed	from	case	histories	is	the	
result	of	localization	so	that	behaviour	is	no	longer	undrained	locally.	While	the	argument	is	
strong,	it	has	certainly	not	been	proven,	and	it	is	unlikely	that	we	will	be	able	to	observe	this	
mechanism	in	full-scale	events,	although	detailed	CPT	soundings	through	a	slumped	mass	of	
a	future	case	history	may	be	helpful.	Practical	geotechnical	engineering	could	beneficially	use	
further	theoretical	development	to	support	what	appear	to	be	consistent	trends	at	field	scale.

6.13  lIquefaCtIon assessMent for sIlts

We	have	touched	on	the	behaviour	of	silts	a	few	times	in	this	chapter,	and	silts	are	certainly	
important	in	practice	–	especially	with	the	mining	industry.	Metal	mining	creates	a	lot	of	
ground	rock	(tailings),	and	the	most	common	method	of	tailings	disposal	used	to	be	slurry	
deposition	into	an	engineered	containment	(depending	on	site	topography,	variously	valleys	
closed	 by	 dams	 or	 facilities	 with	 perimeter	 containment	 dykes).	 Tailings	 management	 is	
now	changing.	In	the	last	decade	or	two,	there	has	been	a	move	away	from	slurry	deposition	
towards	creating	non-segregating	tailings,	or	‘paste’,	which	can	then	be	deposited	on	a	slope	
with	minimal	containment	other	than	a	starter	dyke.	This	means	that	stability	of	the	tailings	
itself	becomes	an	engineering	issue.

Tailings	 are	 largely	 silts,	 and	many	of	 the	big	mining	projects	using	paste	 tailings	 are	
situated	 in	high	seismicity	parts	of	 the	world.	Post-earthquake	flowslides	are	an	obvious	
concern,	but	static	liquefaction	also	needs	to	be	considered	for	some	of	these	extraordinarily	
large	schemes.

The	approach	put	forward	throughout	this	book	is	to	look	at	measured	soil	properties,	
constitutive	 theory	 and	 evaluation	 of	 the	 case	 history	 record,	 with	 soil	 liquefaction	 just	
another	facet	of	soil	behaviour.	Silts	are	just	another	soil,	and	tailings	are	usually	ground-
up	rock	without	any	clay	minerals	so	can	be	considered	as	very	fine	sands.	Earlier	in	this	
chapter,	we	showed	how	NorSand	was	perfectly	able	to	reproduce	the	liquefaction	behav-
iour	 of	 silt	 tailings	 from	 the	 Rose	 Creek	 and	 Guindon	 impoundments.	 We	 also	 showed	
that	the	liquefaction	instability	line	and	residual	strength	after	liquefaction	(or	rather	the	
strength	at	which	shear	localization	occurs,	which	we	suggested	is	the	appropriate	residual	
strength	to	consider)	were	soil	behaviours	that	depend	on	three	key	properties	in	NorSand.	
These	are	the	slope	of	the	critical	state	line	(λ),	the	shear	modulus	or	elastic	rigidity	(Ir	=	G/ ′po)	
and	plastic	hardening	parameter	(H).	The	state	parameter	approach	works	very	nicely	for	
silts	at	laboratory	test	scale,	but	that	leaves	the	issue	of	scaling	from	laboratory	to	full-scale	
construction.

The	case	history	record	(Appendix	F)	includes	a	few	tailings	slopes,	the	two	‘upstream	
raised’	Mochikoshi	failures	in	particular.	If	anything,	back-analyses	of	these	two	failures	
suggest	stronger	residual	strengths	than	the	trend	in	the	rest	of	the	case	history	record.	This	
is	not	entirely	surprising	given	the	working	hypothesis	that	it	is	local	pore	water	migration	
that	is	the	cause	of	deviation	between	undrained	laboratory	tests	and	full-scale	experience.	
As	the	soil	becomes	more	silty,	the	diffusion	coefficient	(i.e.	cv	and/or	ch)	controlling	pore	
water	movement	becomes	 exponentially	 smaller,	which	means	 less	pore	water	migration	
even	at	the	local	scale.

The	upshot	of	 this	 consideration	 comes	back	 to	 the	 importance	of	 accurate	determi-
nation	 of	 the	 in-situ	 state	 parameter,	 which	 takes	 us	 back	 to	 CPT	 testing,	 the	 subject	
explored	in	Chapter	4.	Of	course,	the	difficulty	is	that	so	much	of	the	CPT	depends	on	the	
calibration	chamber,	and	there	are	very	 little	such	data	for	silts	(in	fact	seemingly	none	
with	the	exception	of	limited	small-scale	work	by	Baxter	et al.	(2010),	but	that	study	is	
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devoid	of	soil	property	measurements).	We	can	use	numerical	simulation	of	the	CPT	(using	
NorSand	or	similar),	but	there	is	some	uncertainty	in	such	efforts	because	cavity	expan-
sion	is	an	imperfect	analogue	for	CPT	resistance.	Adding	in	measured	excess	pore	pressure	
data	through	Bq	helps	constrain	the	uncertainty.	What	is	also	interesting	is	the	idea	that	
the	shear	stress	on	the	CPT	friction	sleeve	could	be	a	measure	of	sr	–	a	plausible	approach	
because	soil	immediately	adjacent	to	the	CPT	has	been	sheared	to	the	critical	state	(theo-
retically,	at	least).

Overall,	assessing	sr	in	tailings	requires	working	with	all	the	aspects	discussed	and	then	
developing	a	judgement	by	weighting	the	various	factors	–	the	familiar	and	pervasive	situa-
tion	of	geotechnical	engineering.

What	about	well-graded	silts	and	other	non-tailings	silts?	In	Chapter	2,	we	looked	at	criti-
cal	state	lines	and	dilatancy.	Increasing	the	silt	content	of	a	sand	tends	to	increase	the	slope	
of	the	critical	state	line,	but	only	in	a	very	broad	sense.	In	fact,	we	showed	that	for	two	silty	
sands	(with	~34%	silt	content),	it	was	whether	the	material	was	uniformly	or	well	graded	
that	mattered,	not	the	amount	of	‘fines’	in	itself.	Overall,	there	really	is	not	much	difference	
between	the	critical	state	 line	and	stress–dilatancy	behaviour	of	silts	compared	to	sands.	
The	numerical	values	of	the	properties	change	a	bit,	and	that	is	it.

A	reasonable	approach	for	silts	in	general	is	to	adopt	the	best	practice	trends	of	Figure	6.47	
(and	the	associated	algorithm,	listed	in	Figure	6.48)	and	focus	on	assessing	the	in-situ	state	
parameter	from	the	CPT.	For	silts	that	are	relatively	incompressible,	CPT	penetration	may	
be	close	to	drained	(easily	determined	as	Bq	~	0),	and	in	those	situations,	the	CPT	–	ψ	rela-
tionship	is	well	constrained	as	per	Chapter	4.	When	measured	Bq	>	0.1,	revert	to	treating	the	
silt	as	similar	to	tailings	as	just	discussed.	When	Bq	<	0,	you	do	not	have	a	problem	as	the	soil	
is	self-evidently	substantially	dilatant.

6.14  suMMary

This	chapter	has	made	the	following	points:

•	 Looked	at	laboratory	tests	on	undrained	samples	of	loose,	lightly	dilatant	and	compact	
sands	and	shown	how	density	affects	undrained	behaviour,	as	well	as	the	differences	
between	triaxial	compression,	extension	and	simple	shear.

•	 Run	NorSand	simulations	with	undrained	boundary	conditions	and	neatly	captured	
undrained	liquefaction	behaviour	using	calibrations	from	dense	drained	tests.

•	 Used	the	insight	from	NorSand	to	explain	many	of	the	confusing	interpretations	of	
test	data	and	observations	related	to	liquefaction	reported	in	the	literature.

•	 Described	 the	 steady-state	 approach	 to	 liquefaction	 assessment	 and	 pointed	 out	 its	
theoretical	limitations.

•	 Looked	through	most	of	the	full-scale	case	histories	of	experience	with	static	liquefac-
tion	with	a	reasonable	volume	and	quality	of	data.

•	 Shown	that	this	case	history	experience	can	be	computed	rationally	with	NorSand.
•	 Included	the	liquefaction	behaviour	of	silts	in	the	discussion	to	show	that	silts	can	be	

treated	just	the	same	as	sands	without	massive	‘fines	corrections’.
•	 Pointed	out	that	there	is	much	more	to	be	done	to	understand	the	implications	of	strain	

localization	(and	Drucker’s	stability	postulate)	and	how	it	 impacts	the	behaviour	of	
lightly	contractive	or	lightly	dilatant	soils.

Finally,	the	similarity	in	some	regards	to	the	steady-state	school	is	noted,	but	what	is	seen	
now	is	that	while	the	critical	state	framework	is	indeed	reliable	and	something	that	allows	
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understanding	of	static	liquefaction	in	practical	situations,	the	simplicity	of	the	steady-state	
school	is	an	illusion.	Rather	it	 is	essential	to	consider	the	range	of	in-situ	conditions,	the	
actual	soil	properties,	the	likely	effects	of	drainage	and	the	corresponding	material	behav-
iour.	What	has	been	provided	allows	this	to	be	done	(and	you	can	download	the	spread-
sheets	rather	than	program	it	all	from	scratch).
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Chapter 7

Cyclic stress–induced liquefaction 
(cyclic mobility and softening)

7.1  IntroDuCtIon

7.1.1  Cyclic mobility

The	last	chapter	explored	static	liquefaction	in	which	large	undrained	strength	reductions	
can	be	caused	by	an	increase	in	pore	water	pressure.	Although	static	liquefaction	can	be	very	
dramatic,	it	is	rather	different	from	the	failures	during	the	Niigata	and	Alaskan	earthquakes	
of	1964	that	brought	earthquake-induced	liquefaction	to	the	forefront	of	geotechnical	engi-
neering.	The	key	feature	of	earthquakes	is,	somewhat	obviously,	the	ground	shakes.	Shaking	
varies	loads	and	stresses	cyclically,	and	it	is	this	cyclic	action	that	can	cause	liquefaction.

In	one	respect,	static	liquefaction	and	cyclic	liquefaction	are	caused	by	the	same	condition	–	
there	is	a	plastic	volumetric	strain	that	arises	sufficiently	quickly	that	the	pore	fluid	cannot	
escape	as	fast	as	the	plastic	strain	accumulates.	This	leads	to	increasing	excess	pore	pres-
sure,	a	reduction	in	mean	effective	stress	and	a	corresponding	reduction	in	shear	stiffness	
and	strength.	The	difference	between	static-	and	cyclic-induced	liquefaction	is	the	way	in	
which	plastic	volumetric	strains	are	generated.	 In	the	case	of	static	 liquefaction,	a	neces-
sary	condition	is	that	the	soil	be	loose	so	that	plastic	volumetric	strain	through	the	usual	
stress–dilatancy	response	is	greater	than	the	corresponding	work	hardening	of	the	skeleton	
to	support	the	increased	stress.	Any	soil	loose	of	the	critical	state	(i.e.	ψ	>	0)	may	show	static	
liquefaction	to	a	greater	or	lesser	extent.	In	the	case	of	cyclic-induced	liquefaction,	the	plas-
tic	volumetric	strains	arise	through	densification	brought	on	by	the	cyclic	stress	changes	that	
tend	to	pack	the	soil	particles	closer	together.	Cyclic-induced	densification	affects	any	soil,	
including	dense	sands	and	overconsolidated	clays.

Where	cyclic	liquefaction	and	static	liquefaction	differ	in	that,	for	dense	soils,	cyclic	liq-
uefaction	 will	 be	 strain	 limited.	 Once	 things	 start	 moving,	 the	 shear-related	 dilation	 of	
dense	soils	rolls	in	and	acts	to	offset	the	densification-induced	excess	pore	pressure.	Cyclic	
liquefaction	then	tends	to	be	a	softening	of	the	ground	in	the	case	of	all	dense	soils	rather	
than	the	outright	brittle	(runaway)	collapse	that	can	arise	with	loose	soils.	This	difference	
in	the	consequence	of	liquefaction	created	quite	a	furore	in	the	literature,	echoes	of	which	
still	exist	today.

There	 were	 really	 two	 issues	 that	 confused	 the	 understanding	 of	 liquefaction.	 First,	
many	of	the	early	workers	in	earthquake-induced	liquefaction	took	a	geologic	rather	than	
a	mechanics	perspective.	These	workers	focused	on	the	case	history	record.	They	tended	to	
classify	things	rather	than	look	to	physics,	and	indeed	some	were	dismissive	of	mechanics.	
To	this	group	of	workers,	whether	the	displacements	were	large	or	small	was	a	key	observa-
tion	that	related	to	the	phenomena.	Second,	there	was	a	general	lack	of	consideration	of	dila-
tion.	This	resulted	in	a	fixation	on	liquefaction	being	a	zero	effective	stress	condition,	which	
in	reality	can	only	arise	for	a	brief	transient	in	a	cyclically	loaded	dense	sample	(if	even	then).	
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The	jargon	that	became	accepted	is	that	brittle	collapse–type	failures	were	called	liquefac-
tion,	whereas	those	 involving	cyclic	softening	without	runaway	strains	were	called	cyclic	
mobility.	Note	that	despite	the	apparently	limited	strains,	cyclic	mobility	is	not	benign;	it	
has	caused	billions	of	dollars	of	damage	as	illustrated	in	Chapter	1.

In	static	liquefaction,	it	is	the	loosest	soils	that	create	the	greatest	excess	pore	pressures,	
and	drainage	will	improve	their	strength.	This	means	that	the	overall	behaviour	can	usu-
ally	be	assessed	by	thinking	in	terms	of	undrained	strengths	without	having	to	calculate	the	
effects	of	pore	water	migration	as	the	excess	pore	pressures	dissipate.	Cyclic	mobility	is	rather	
different.	In	cyclic	mobility,	the	zone	of	maximum	excess	pore	pressure	generation	may	not	
be	the	loosest	soil	but	rather	the	soil	that	was	in	the	most	stressed	location.	As	excess	pore	
water	migrates	during	dissipation,	it	may	cause	strength	or	stiffness	reductions	elsewhere	
and	lead	to	delayed	failure.	(The	Lower	San	Fernando	Dam	is	a	case	in	point.	It	did	not	start	
slipping	until	some	30	s	after	the	earthquake	shaking	stopped.)	Cyclic	mobility	ought	to	be	
viewed	as	something	happening	to	the	whole	domain	and	not	viewed	as	strength	or	stiffness	
of	various	soil	elements.	This	is	properly	a	boundary	value	problem	requiring	a	fully	coupled	
stress	analysis.	However,	it	is	exceedingly	rare	to	see	such	an	approach	outside	a	few	leading	
universities.	The	state	of	engineering	practice	is	much	simpler,	as	will	be	seen	in	a	moment,	
but	this	then	should	lead	to	considerable	caution	in	extrapolating	experience.

Another	aspect	of	cyclic	mobility	is	that	it	has	been	dominated	in	the	literature	by	earth-
quake	hazard	mitigation	concerns.	To	some	extent,	this	is	a	consequence	of	the	earthquake	
hazards	reduction	programme	of	the	U.S.	National	Science	Foundation	that	put	much	money	
into	earthquake-related	research.	However,	the	fact	remains	that	cyclic	mobility,	and	the	less	
dramatic	but	related	cyclic	softening,	can	arise	in	other	situations.	Machine-induced	vibra-
tions	are	almost	self-evident	with	a	good	example	being	the	collapse	of	a	road	by	cyclic	lique-
faction	induced	by	vibroseis	trucks	(Figure	1.23).	Wave-induced	cyclic	mobility	or	softening	
arises	in	the	context	of	piled	and	gravity-based	offshore	structures.	Storms	can	cause	rather	
large	cyclic	loads,	and	corresponding	strains	have	been	an	issue	for	both	near	shore	harbour	
works	and	offshore	platforms.	Ice	is	perhaps	a	surprise	in	this	context,	but	ice	moving	past	a	
structure	(bridge	pier	or	offshore	platform)	often	forces	substantial	vibrations	in	the	structure.

These	non-earthquake	loadings	tend	to	involve	many	cycles	of	loading.	Whereas	an	earth-
quake	may	last	in	the	order	of	a	minute	or	so,	with	a	few	to	barely	15	significant	load	cycles	
(although	there	are	many	smaller	cycles),	these	other	load	types	usually	have	several	hun-
dred	to	thousands	of	cycles	of	rather	similar	amplitude.	Soil	shows	fatigue-like	behaviour	in	
that	much	the	same	result	is	obtained	with	many	low	amplitude	cycles	as	a	few	large	cycles.	
Figure	7.1	 shows	 some	drained	 cyclic	 shear	data	 illustrating	 the	 induced	 settlement	of	 a	
sample	of	dense	sand	when	loaded	to	10,000	cycles.	It	is	evident	that	there	is	a	trend	of	soil	
behaviour	with	the	number	of	cycles	imposed,	and	it	is	helpful	to	think	of	the	whole	spec-
trum	of	high-	and	low-cycle	response	when	understanding	cyclic	mobility/softening.	This	
avoids	artificial	distinctions	about	the	type	of	cyclic	loading.	One	framework	should	suffice	
for	all	soils	whether	loose	or	dense	sands	and	normally	or	overconsolidated	clays.

It	 is	possible	 to	understand	the	way	 in	which	soils	respond	to	 load	cycling	 in	terms	of	
fatigue	using	some	simple	mathematical	idealizations	of	consistent	physics,	an	approach	that	
was	used	by	van	Eekelen	(1977).	The	first-order	expectation	is	that	cyclic	behaviour	should	
be	linearly	related	to	the	logarithm	of	the	number	of	cycles	N.	The	basis	of	this	approxima-
tion	is	that	it	is	a	plausible	function	midway	between	the	two	mathematical	extreme	ideal-
izations	(proportional	or	infinite)	where	the	fatigue	approaches	become	inconsistent.	From	
inspection	of	Figure	7.1	it	is	seen	that	this	log(N)	view	is	a	pretty	good	first	approximation	
to	the	cyclic	densification	of	the	soil.

A	word	of	caution	on	the	loading	type	is	needed	at	this	point.	One	of	the	features	of	cyclic	
loading	in	many	civil	engineering	situations	is	that	it	is	usually	associated	with	repetitions	
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not	that	far	away	from	the	fundamental	period	of	the	structure	of	interest	(typically	in	the	
order	of	1	s).	This	means	that	there	may	be	amplification	or	attenuation	of	the	cyclic	loads	
because	of	inertial	effects.	Calculation	of	stresses	allowing	for	inertial	effects	is	a	subject	in	
itself.	What	is	presented	here	is	the	stress–strain	behaviour.

This	chapter	explores	a	range	of	issues	with	cyclic	loading	of	soils.	Laboratory	data	will	be	
examined	so	see	how	soils	behave	under	cyclic	loading.	We	start	with	cyclic	triaxial	test	data	
as	that	was	the	historical	basis	for	understanding	soil	behaviour	under	cyclic	loading.	It	turns	
out,	however,	that	cyclic	simple	shear	tests	are	a	better	analogue	for	earthquake	and	many	
other	cyclic	loading	problems.	Developments	over	the	last	20–30 years	in	laboratory	testing	
equipment	and	computer	logging	and	control	have	brought	simple	shear	testing	within	reach	
of	mainstream	geotechnical	engineering,	and	our	primary	laboratory	database	for	this	chapter	
is	the	cyclic	simple	shear	testing	on	Fraser	River	sand	(FRS).	As	with	static	liquefaction,	full-
scale	field	data	are	the	gold	standard	for	engineering	and	the	Berkeley	methodology	based	
on	case	histories	is	described.	Once	this	case	history-based	data	has	been	presented,	applied	
mechanics	then	links	the	laboratory	and	field	data	through	the	state	parameter	approach.	This	
leads	to	a	complete	framework	that	is	consistent	with	laboratory	and	full-scale	experience.

7.1.2  alternative forms of cyclic loading

In	introducing	cyclic	mobility,	 it	has	been	assumed	so	far	that	cyclic	has	a	precise	mean-
ing.	This	is	actually	a	huge	step	and	there	are	three	different	cyclic	loadings	that	must	be	
distinguished:	cyclic	variation	in	the	imposed	deviator	stress	(or	the	stress	ratio	η),	principal	
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Figure 7.1  Void ratio reduction induced by cyclic shear. (After Youd, T.L., ASCE J. Soil Mech. Found., 98(SM7), 
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stress	flips	(jumps)	and	principal	stress	rotation.	All	three	types	of	cyclic	loading	arise	both	
in-situ	and	 in	 the	 laboratory.	The	difference	and	similarities	are	 illustrated	 in	Figure	7.2	
which	shows	elements	of	soil	in	each	condition,	examples	of	the	imposed	stress	paths	and	
the	variation	in	the	direction	of	major	principal	stress	with	time.	For	simplicity,	this	figure	
is	 for	plane	strain	 in	which	 the	 intermediate	principal	 stress	 is	out	of	plane	and	remains	
fixed	in	magnitude	and	direction.	Similarly,	the	initial	vertical	stress	is	taken	to	be	the	major	
principal	stress	σ1,	and	the	vertical	direction	is	taken	to	be	the	frame	of	reference	defining	
the	angle	α	that	measures	the	orientation	of	σ1.

The	first	case	is	illustrated	as	Figure	7.2a	and	is	often	referred	to	as	repeated	loading.	In	
this	situation,	the	stresses	fluctuate	and	the	stress	path	oscillates	in	q−p	space	without	ever	
crossing	the	q	=	0	axis.	The	direction	of	σ1	remains	fixed	(taken	to	be	vertical	throughout	
time	here).	Conceptually,	 this	 is	 a	 triaxial	 compression	 test	with	 variable	deviator	 stress	
(although	variable	mean	stress	or	some	combination	of	mean	and	deviator	stress	is	also	an	
admissible	example).

The	second	case,	Figure	7.2b,	also	keeps	the	orientation	of	the	stresses	fixed,	but	now	the	
variation	in	magnitude	is	such	that	for	part	of	the	load	cycle	it	is	the	vertical	stress	that	is	the	
major	principal	stress	and	for	part	of	the	load	cycle	it	is	the	horizontal	stress	that	is	the	major	
principal	stress.	This	form	of	loading	produces	jumps	of	90°	in	the	direction	of	σ1	as	the	
loading	varies.	The	time	history	of	principal	stress	direction	is	like	a	square	wave	(although	
not	necessarily	symmetric)	switching	between	0°	and	90°.	Conceptually,	this	is	the	cyclic	
triaxial	test	with	repeated	excursions	between	triaxial	compression	and	triaxial	extension.

The	third	case,	Figure	7.2c,	has	both	vertical	and	horizontal	stress	as	earlier,	but	also	a	
shear	stress.	It	is	this	shear	stress	that	is	the	principal	variation	of	the	loading	with	time.	
Because	of	shear,	σ1	 is	no	longer	aligned	with	the	reference	vertical	direction,	and	as	the	
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Figure 7.2  Schematic  illustration of the different  forms of cyclic  loading.  (a) One way (repeated)  loading, 
(b) two way (cyclic) loading and (c) cyclic principal stress rotation.
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shear	stress	varies	with	time,	so	do	the	directions	of	σ1	and	σ3,	that	is	the	principal	stresses	
rotate.	An	example	of	this	situation	is	the	cyclic	simple	shear	test,	and	it	is	also	a	close	anal-
ogy	to	the	vertical	propagation	of	shear	waves	through	the	soil	in	an	earthquake.	In	plane	
strain,	 principal	 stress	 rotation	 is	 restricted	 to	 one	 plane.	 In	 general,	 however,	 principal	
stress	rotation	may	arise	around	all	three	axes.

Cyclic	stresses	are	imposed	on	an	initial	condition.	Current	terminology	tacitly	takes	a	
particular	plane	as	special	with	 the	shear	stress	state	 in	 that	 initial	condition	referred	 to	
as	the	static�bias	characterized	by	the	ratio	τ σst vo/ ′ 	and	where	τst	acts	on	the	special	plane.	
Similarly,	the	cyclic	component	is	characterized	by	a	representative	amplitude	τ σcyc vo/ ′ 	(what	
is	meant	by	representative	will	be	dealt	with	later)	with	τcyc	acting	on	the	same	special	plane	
as	τst.	These	normalized	stress	measures	have	their	origin	in	triaxial	testing	in	which	situa-
tion	the	special	plane	is	the	plane	of	maximum�shear�stress	(i.e.	45	inclination	in	the	sample),	
and	the	difference	between	the	situations	shown	in	Figure	7.2a	and	b	is	the	ratio	between	
these	two	terms.	If	τ σ τ σcyc vo st vo/ /′ ′< 	then	it	is	situation	(a)	and	repetitive	loading.	If	it	is	the	
opposite,	then	it	is	situation	(b)	and	a	case	of	cyclic	loading.	The	relative	proportions	of	these	
two	parameters	indicate	the	differing	intensity	of	the	cyclic	loading,	although	the	principal	
stress	always	flips	through	90°	in	the	cyclic	loading	case.

Static	 bias	 is	 rather	 meaningless	 in	 the	 case	 of	 more	 general	 loading	 conditions	 of	
Figure	7.2c,	which	has	a	horizontal	special	plane,	as	here	the	effect	of	static	bias	is	merely	
to	incline	the	initial	direction	of	σ1.	The	variation	in	this	direction	is	entirely	attributable	to	
the	variation	in	the	applied	shear,	although	there	is	usually	a	variation	in	the	stress	ratio	η	as	
well.	It	is	also	possible	to	contrive	a	laboratory	test	in	which	the	deviator	and	mean	stresses	
are	kept	constant	while	the	principal	stress	direction	rotates	(and,	yes,	soil	can	be	liquefied	
by	such	a	path).	However,	despite	 its	slightly	misleading	notion,	current	notation	for	the	
cyclic	simple	shear	test	treats	the	horizontal	plane	as	the	special	situation.

It	is	difficult	to	underestimate	the	importance	of	the	difference	between	periodic	(cyclic)	
variation	in	the	shear	stress	ratio	η	and	the	periodic	variation	in	principal	stress	direction.	
Most	of	 the	 literature	on	earthquake-induced	 liquefaction,	at	 least	 in	North	America,	has	
ignored	principal	stress	rotation	despite	it	being	readily	shown	in	the	laboratory	to	be	the	prin-
cipal	(forgive	the	pun)	mechanism	causing	cyclic	mobility.	Cyclic	variation	in	stress	magnitude	
η	is	not	unimportant;	however,	it	is	just	a	lesser	effect	in	terms	of	soil	behaviour.	Cyclic	test	
laboratory	data	illustrate	the	relative	importance	of	stress	ratio	and	principal	stress	direction.

7.2  experIMental Data

7.2.1  laboratory cyclic test methods

A	variety	of	 laboratory	tests	have	been	used	to	investigate	the	cyclic	 loading	of	soils,	the	
most	important	of	which	are	triaxial,	simple	shear	and	torsional	shear	(or	hollow	cylinder)	
testing	(Figure	7.3).	All	laboratory	tests	are	directed	at	testing	an	element	of	soil,	by	which	
it	is	meant	that	the	stress	and	deformation	conditions	are	uniform	so	that	the	constitutive	
behaviour	can	be	derived	directly	from	the	measurements	made.

Cyclic	triaxial	tests	have	been	most	commonly	used	to	characterize	cyclic	behaviour	of	
sands	since	the	early	work	of	Seed	and	Lee	(1966).	However,	Seed	recognized	early	on	that	
triaxial	tests	do	not	in	general	duplicate	in-situ	stress	conditions	very	well	and	he	focused	
more	on	simple	shear.	In	the	simple	shear	apparatus,	the	vertical	normal	stress	and	shear	
stress	on	the	horizontal	plane	are	controlled	and	a	zero	lateral	strain	condition	is	imposed,	
which	approximates	conditions	in	the	ground	during	earthquake	loading.	As	discussed	in	
Section	2.7,	there	are	problems	with	complementary	shear	stresses	on	the	edges	of	simple	
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shear	samples	as	well	as	uniformity	of	stress	conditions	within	the	sample.	In	addition,	the	
horizontal	stress	is	not	measured	in	the	cyclic	simple	shear	test,	making	calibration	of	con-
stitutive	models	to	the	measured	results	problematic.

The	shaking	table	(De	Alba	et al.,	1976)	is	a	variation	of	the	simple	shear	device	where	the	
influence	of	the	sample	vertical	boundaries	is	minimized	by	the	very	large	plan	area	of	the	
sample	(2.2	m	×	1.1	m	for	a	100 mm	thick	sample).	Only	the	central	portion	of	the	sample	
where	uniform	conditions	are	expected	to	exist	is	instrumented	and	considered	in	the	analy-
sis	of	 the	 test	data.	The	cyclic	 loading	 is	applied	by	a	strain-controlled	oscillation	of	 the	
apparatus	rather	than	by	stress	control.	In	this	way,	multidirectional	shaking	is	applied	that	
is	more	representative	of	real	earthquake	conditions.

Arthur	and	 co-workers	 showed	 in	 two	 seminal	papers	 (Arthur	 et  al.,	 1979,	1980)	 the	
importance	of	changes	in	principal	stress	direction	to	soil	behaviour.	Their	contribution	was	
an	important	step	forward	as,	until	then,	it	was	regarded	as	sufficient	to	work	with	stress	
invariants	to	study	the	constitutive	behaviour	of	soil	(similar	to	the	approach	with	metals).	
Demonstrating	the	importance	of	principal	stress	rotation	requires	a	different	type	of	test	
from	those	discussed	so	far.	Although	principal	stresses	rotate	in	the	simple	shear	test,	this	
test	is	inadequate	for	investigating	constitutive	behaviour	because	the	horizontal	stress	is	not	
measured	which	leads	to	large	ambiguities	in	what	the	test	data	actually	mean.	Most	work-
ers	now	use	the	hollow	cylinder	test	to	investigate	the	effects	of	changes	in	principal	stress	
direction,	Figure	7.4	showing	an	example	of	the	hollow	cylinder	apparatus.

The	hollow	cylinder	test	is	much	like	a	triaxial	test	except	that,	as	the	test	name	suggests,	
the	sample	is	hollow	and	torsion	is	applied	to	the	top	and	bottom	of	the	sample	as	well	as	
more	usual	axial	load.	When	the	internal	and	external	cell	pressures	are	different,	the	hol-
low	cylindrical	sample	is	subject	to	hoop	or	tangential	stresses.	This	combination	of	radial,	
axial	and	tangential	stresses,	combined	with	torsional	shear,	gives	the	hollow	cylinder	test	a	
lot	of	versatility.	For	example,	cyclic	tests	have	been	carried	out	by	maintaining	a	constant	
deviator	stress	and	continuously	rotating	principal	stress	directions.	More	commonly,	the	
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Figure 7.3 Stress conditions in (a) triaxial, (b) simple shear and (c) hollow cylinder tests.
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internal	and	external	cell	pressures	are	kept	equal,	 resulting	 in	 stress	conditions	close	 to	
simple	shear	(they	are	actually	closer	to	plane	stress	rather	than	plane	strain)	but	without	
the	problem	of	complementary	shear,	although	stress	non-uniformities	do	occur	on	certain	
stress	paths	(Wijewickreme	and	Vaid,	1991).	Importantly,	 in	the	hollow	cylinder	tests	all	
principal	stresses	are	known.

The	 hollow	 cylinder	 test	 has	 existed	 for	 more	 than	 30  years.	 However,	 earlier	 equip-
ment	 had	 rather	 small	 samples	 and	 the	 conditions	 in	 the	 sample	 departed	 significantly	
from	 the	 ideal	 of	 a	 uniformly	 stressed	 element.	 Substantive	 improvements	 in	 the	 hollow	
cylinder	test	were	obtained	at	Imperial	College	(Hight	et al.,	1983)	and	at	the	University	of	
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British	Columbia	(UBC)	(Vaid	et al.,	1990b)	by	increasing	the	diameter	of	the	sample	to	
250 mm	(internal)	and	300 mm	(external).

Of	the	test	types	mentioned	earlier,	only	the	cyclic	triaxial	and	cyclic	simple	shear	tests	are	
carried	out	in	commercial	soil	testing	laboratories.	Building	and	carrying	out	tests	with	the	
more	complex	devices	are	usually	topics	for	PhD	theses,	and	the	variations	and	refinements	
are	almost	limitless.	Microcomputer	technology	has	made	many	of	the	tests	much	easier	to	
carry	out	and	advanced	designs	of	control	systems	are	readily	available	from	suppliers	such	
as	GDS	(United	Kingdom)	and	Trautwein	(United	States).	There	is	also	a	difference	between	
testing	for	insight	and	testing	to	calibrate	models.	While	there	is	no	present	substitute	for	the	
modern	hollow	cylinder	to	evaluate	constitutive	behaviour,	it	is	a	different	matter	when	that	
behaviour	is	given	by	a	model	and	interest	then	centres	on	evaluation	of	plastic	softening	
modulus	(or	equivalent)	during	principal	stress	rotation	for	a	particular	soil.	Calibration	of	
stress	rotation−induced	softening	of	NorSand	has	used	cyclic	simple	shear,	shown	later	in	
this	chapter.	However,	we	start	with	cyclic	triaxial	test	data	as	these	are	the	historical	bases	
of	understanding	cyclic	behaviour	and	liquefaction	assessments.

7.2.2  trends in cyclic triaxial test data on sands

Nevada	sand	at	a	relative	density	of	60%	was	used	for	the	VELACS	project	(Arulanandan	and	
Scott,	1993).	Figure	7.5	shows	a	cyclic	triaxial	test	on	a	medium	dense	sand	sample	(ψ	~	−0.18)	
which	failed	after	about	11	load	cycles.	The	small	plots	show	the	measurements	of	deviator	
stress,	axial	strain	and	pore	pressure	as	a	function	of	time	during	the	test.	After	application	of	
an	initial	deviator	stress	of	8	kPa,	the	stress	was	cycled	±26	kPa	once	a	second	in	a	sinusoidal	
form.	Axial	strains	are	initially	small	during	the	first	nine	cycles	and	then	rapidly	increase	dur-
ing	the	last	two	cycles	when	failure	occurs.	The	pore	pressure	builds	up	gradually	during	each	
cycle	until	it	is	close	to	the	confining	stress	of	40	kPa	used	in	this	test.	Note,	however,	that	the	
large	cyclic	strains	occur	when	the	pore	pressure	is	about	30	kPa.	Also,	the	pore	pressure	never	
actually	reaches	40	kPa,	except	possibly	at	the	peak	of	the	last	loading	cycle.

The	deviator	stress–strain	graph	is	also	shown	in	Figure	7.5.	For	the	first	eight	cycles	the	
curves	are	very	close	together,	but	as	the	sample	approaches	failure,	the	strains	increase	and	
the	hysteresis	loops	open	up	quickly.	The	q−p′	graph	reflects	the	gradual	build-up	of	pore	
pressure	as	the	effective	stress	(p′)	reduces	until	the	stress	path	approaches	the	critical	stress	
ratio	at	which	time	the	sample	starts	failing	and	the	shape	of	the	stress	path	changes	com-
pletely.	The	stress	path	becomes	hooked	towards	the	later	stages	of	the	test.	Because	of	the	
high	pore	pressures,	the	sample	reaches	the	critical	stress	ratio	at	low	q	values	but	as	the	load	
increases	dilation	moves	the	stress	path	up	the	failure	line.	When	the	stress	reverses,	dilation	
ceases	and	volumetric	contraction	drives	the	stress	path	back	down	towards	the	origin	until	
the	critical	stress	ratio	is	encountered	in	the	opposite	(extension)	direction.

Two	important	points	are	evident	from	Figure	7.5.	First,	there	is	no	sustained	zero	effec-
tive	stress,	or	liquefaction,	condition.	A	transient	zero	effective	stress	condition	may	occur	as	
the	deviator	stress	crosses	the	zero	axis	(but	this	does	not	occur	in	this	test).	Second,	strains	
accumulate	 rapidly	once	 the	soil	 reaches	 this	condition	of	 transient	dilation–contraction.	
Note	also	how	the	stress	path	on	the	extension	side	lies	well	above	the	critical	stress	ratio	
line	and	suggests	a	cohesion	component	in	extension.	This	is	a	test	artefact,	possibly	mem-
brane	extension,	rather	than	a	real	property	of	the	sand.

Although	there	is	much	detail	in	the	stress–strain	response	under	cyclic	loading,	the	behav-
iour	is	commonly	reported	in	terms	of	a	fatigue	model	in	which	the	number	of	cycles	N	to	a	
particular	failure	criterion	is	taken	as	the	basic	result	of	the	cyclic	triaxial	test.	Commonly,	
data	are	presented	in	terms	of	the	cyclic	stress	ratio	(CSR)	against	the	number	of	cycles	of	load-
ing	to	cause	5%	double	amplitude	strain,	with	most	other	factors	kept	equal.	Sometimes	the	
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condition	when	the	excess	pore	water	pressure	first	equals	the	initial	mean	effective	confining	
stress	is	taken	as	an	alternative	failure	condition	to	the	double	amplitude	strain.	In	the	test	
shown	in	Figure	7.5,	this	pore	pressure	condition	is	reached	after	13	cycles	of	loading,	while	
the	5%	double	amplitude	failure	condition	is	not	in	fact	reached	as	the	strain	accumulates	
in	the	extension	direction	with	a	cyclic	component	of	about	2%.	In	loose	sands,	it	is	found	
that	excess	pore	pressure	and	strain	amplitude	failure	criteria	are	equivalent,	but	the	criteria	
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Figure 7.5  Example of sand behaviour in undrained cyclic triaxial test. (Nevada sand, from Arulmoli, K. et al., 
VELACS Laboratory Testing Program, Soil Data Report, The Earth Technology Corporation, 
Irvine, CA, Report to the National Science Foundation, Washington, DC, 1992.)
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tend	to	diverge	as	density	increases.	Denser	samples	can	be	cycled	through	the	transient	zero	
effective	stress	condition	with	a	relatively	slow	accumulation	of	strains.

Cyclic	triaxial	test	data	are	reasonably	repeatable.	Figure	7.6	shows	a	set	of	results	from	
cyclic	triaxial	testing	of	dense	and	loose	samples	of	Toyoura	sand.	These	data	were	gener-
ated	as	part	of	a	cooperative	test	programme	by	five	laboratories	in	Japan	and	are	reported	
in	detail	by	Toki	et al.	(1986).	Samples	were	tested	either	dense	(e	=	0.669–0.702,	Dr	~	80%)	
or	 loose	 (e	=	0.765–0.823,	Dr	 ~	50%),	 at	 an	 initial	 effective	 confining	 stress	of	98.1	kPa	
(1	kgf/cm2).	Failure	is	defined	as	5%	double	amplitude	strain	for	the	graphs	in	Figure	7.6.	
The	cyclic	stress	is	normalized	to	a	CSR	for	triaxial	conditions	as	CSR q c= ′/2 3σ ,	that	is	the	
shear	stress	is	divided	by	the	initial	confining	stress.	Loose	Toyoura	sand	is	able	to	sustain	a	
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maximum	CSR	 of	0.2	for	only	one	cycle	of	loading,	but	a	stress	ratio	of	less	than	0.1	causes	
little	problem	even	for	hundreds	of	load	cycles.	Dense	Toyoura	sand	similarly	can	sustain	
hundreds	of	cycles	if	the	stress	ratio	is	less	than	about	0.15,	but	very	few	cycles	if	the	stress	
ratio	is	greater	than	about	0.3.	To	put	these	stress	ratios	in	perspective,	during	the	first	load-
ing	cycle	when	pore	pressures	can	be	assumed	to	be	zero,	a	CSR	of	0.3	corresponds	to	a	
mobilized	friction	angle	of	only	13.3°	while	a	CSR	of	0.1	corresponds	to	5.2°.	The	mobilized	
stress	ratio	increases	during	the	tests	as	pore	pressures	are	generated	but	the	point	is	that	
relatively	modest	cyclic	loads	can	be	very	damaging	to	sands.

Despite	the	large	body	of	cyclic	triaxial	test	data	available,	comparison	of	data	between	
different	soils	and	different	testing	laboratories	is	confusing	as	there	are	numerous	testing	
factors	that	influence	the	test	results.	There	is	also	the	issue	of	how	data	should	be	normal-
ized	for	void	ratio	(density)	and	soil	type	(gradation,	D50).	During	the	1970s	these	issues	
were	explored	in	detail,	and	the	American	Society	for	Testing	and	Materials	(ASTM),	as	it	
was	then	known	even	held	a	symposium	with	a	Special	Technical	Publication	on	Dynamic	
Geotechnical	Testing	(STP	654)	in	1978.	Townsend	(1978)	summarized	the	factors	affecting	
cyclic	triaxial	testing	as	follows:

•	 Specimen	preparation	(i.e.	initial	fabric)
•	 Confining	stress
•	 Loading	wave	form
•	 Density
•	 Prestraining
•	 Consolidation	ratio	(i.e.,	σ′vo/σ′ho)

Figure	7.7	is	a	summary	of	cyclic	triaxial	test	results	on	13	sands	plotted	simply	as	CSR	to	
reach	failure	(the	failure	criteria	vary	from	5%	double	amplitude	strain	to	initial	liquefac-
tion	or	100%	pore	pressure).	No	attempt	has	been	made	to	normalize	these	data	for	relative	
density,	although	in	general	the	relative	density	lies	between	30%	and	80%.	All	the	data	in	
Figure	7.7	are	for	isotropically	consolidated	samples	and	thus	include	90°	jumps	in	princi-
pal	stress	direction	as	conditions	change	from	compression	to	extension	during	each	half	
cycle	of	loading.	Also	shown	are	the	results,	normalized	to	Dr	=	50%,	of	Garga	and	McKay	
(1984)	who	presented	a	comprehensive	collation	of	data	for	20	different	tailings	and	13	non-
tailings	sands.	It	is	interesting	that	the	data	normalized	to	a	relative	density	of	50%	show	
much	the	same	range	as	the	un-normalized	data.

A	striking	feature	of	Figure	7.7	is	the	extremely	wide	range	in	data.	A	CSR	as	low	as	0.1,	
or	as	high	as	0.35,	may	be	required	to	induce	failure	in	15	cycles	in	2	different	sands	at	the	
same	relative	density.	This	large	variation	is	presumed	to	be	due	to	a	combination	of	the	
factors	listed	earlier,	particularly	fabric,	stress	level	and	relative	density.	For	these	test	condi-
tions	with	principal	stress	flips	each	cycle,	it	may	be	concluded	that	if	the	CSR	is	less	than	
0.09,	failure	is	unlikely	to	occur	in	several	hundred	cycles.	Conversely,	if	the	CSR	is	greater	
than	0.2,	failure	is	bound	to	occur	within	100	cycles.

Despite	the	large	range	in	behaviour,	shown	in	Figure	7.7,	there	is	actually	a	simple	under-
lying	behavioural	trend.	For	any	given	sand,	state	parameter	and	sample	preparation	pro-
cedure,	the	CSR	is	normalized	by	the	CSR	that	results	in	liquefaction	failure	after	15	cycles	
of	loading,	CRR15,	giving	Figure	7.8.	(Here	we	have	introduced	the	strength	of	the	soil	as	
the	cyclic	resistance	ratio	(CRR)	which	 is	 the	CSR	that	causes	 failure	 in	a	given	number	
of	cycles.)	A	relatively	narrow	band	now	fits	 the	data,	consistent	with	 the	 fatigue	 frame-
work	suggested	by	van	Eekelen	(1977)	referred	to	at	the	start	of	this	chapter,	and	the	trend	
smoothly	extends	from	a	few	cycles	to	nearly	a	thousand	cycles.	There	is	no	difference	in	
the	pattern	of	soil	behaviour	between	low	or	high	cycles.	Of	course,	specific	material	testing	
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is	still	necessary	for	the	definition	of	cyclic	strength	of	any	particular	sand	but	the	situa-
tion	has	now	been	largely	reduced	to	understanding	how	state	(density	and	stress	level)	and	
fabric	control	CRR15.

In	many	cases	of	cyclic	triaxial	testing,	anisotropic	consolidation	is	used	giving	a	static	
bias.	Static	bias,	usually	applied	as	a	greater	vertical	than	radial	stress	in	the	triaxial	sample,	
reduces	the	excursion	into	triaxial	extension	conditions	during	each	principal	stress	change	
cycle	and	generally	gives	higher	resistance	to	cyclic	triaxial	loading	than	a	corresponding	
isotropic	 initial	 condition	sample.	The	CSR	   is	commonly	plotted	against	 the	number	of	
cycles	to	2.5%	strain	in	compression	for	anisotropically	consolidated	cyclic	tests,	with	dif-
ferent	lines	shown	for	different	consolidation	principal	stress	ratios,	Kc	(= ′ ′σ σ1 3/ ).	Garga	and	
McKay	(1984)	show	that	for	several	tailings	materials,	the	different	Kc	lines	can	be	normal-
ized	to	a	single	line	by	division	of	the	CSR	by	Kc.	Figure	7.9	shows	some	data	normalized	
in	this	manner,	which	in	effect	means	the	cyclic	shear	stress	is	divided	by	σ1	rather	than	σ3.	
All	the	data	lie	between	a	modified	stress	ratio	of	0.1	and	0.2,	but	there	 is	otherwise	no	
apparent	trend	between	stress	ratio	and	number	of	cycles.	Figure	7.9	is	not	very	helpful	in	
practice,	but	it	does	illustrate	why	researchers	have	struggled	to	reach	any	agreement	on	the	
effect	of	static	bias	on	cyclic	strength.

An	explanation	for	the	behaviour	implicit	in	this	plot	has	recently	been	shown	by	Baki	et al.	
(2012).	They	did	careful	testing	of	matched	pairs	of	static	and	cyclic	testing,	both	the	one-way	
and	two-way	variety	 in	Figure	7.2a	and	b,	and	showed	that	triggering	of	cyclic	 instability	
occurs	shortly	after	the	cyclic	effective	stress	path	crosses	the	instability	zone	as	determined	
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from	a	corresponding	monotonic	loading	test.	(They	use	the	word	zone	because	definition	of	
a	stress	ratio	from	a	single	monotonic	test	is	ill-conditioned.)	Of	course,	this	corresponds	to	
when	the	stress	path	gets	close	to	the	phase	transformation	or	transient	zero	dilatancy	condi-
tion	and	when	plastic	static	strains	increase.	In	symmetrical	two-way	loading,	the	first	indica-
tion	of	large	strains	occurs	in	extension	since	Mte	is	less	than	Mtc.	In	cyclic	loading	with	a	static	
bias,	whether	failure	occurs	in	extension	or	compression	depends	on	which	side	of	the	loading	
cycle	approaches	the	critical	stress	ratio	first,	Figure	7.10.	A	small	static	bias	will	increase	the	
cyclic	strength	by	optimizing	the	stress	path	so	that	both	the	extension	and	compression	stress	
ratios	approach	phase	transformation	at	the	same	time,	while	a	larger	static	bias	will	decrease	
the	cyclic	strength	by	bringing	in	the	compression	failure	mode	more	quickly.

How	 does	 a	 critical	 state	 or	 state	 parameter	 approach	 apply	 to	 the	 understanding	 of	
CRR15?	For	every	group	of	tests	in	Figure	7.8,	at	approximately	the	same	value	of	ψ,	it	is	
possible	to	determine	CRR15.	This	value	of	CRR15	has	been	plotted	against	ψ	in	Figure	7.11.	
A	reasonable	trend	is	evident,	but	there	is	scatter	and	the	question	then	becomes	whether	
the	 relationship	 between	 CRR15	 and	 ψ	 is	 unique.	 At	 its	 simplest,	 there	 should	 not	 be	 a	
unique	 relationship.	The	 effect	of	 a	 cyclic	 stress	 should	be	 related	 to	 the	 critical	 friction	
ratio,	M.	Critical	state	theory	also	leads	us	to	expect	undrained	behaviour	to	be	related	to	
the	current	ratio	of	elastic	to	plastic	modulus,	and	although	this	ratio	seems	a	function	of	
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Figure 7.10  Cyclic failure in compression as stress state reaches the instability stress ratio from monotonic 
test at same state parameter. (From Baki, Md.A.L. et al., Can. Geotech. J., 49(8), 891, 2012. With 
permission from the NRC, Ottawa, Ontario, Canada.)

© 2016 by Taylor & Francis Group, LLC

  

http://www.crcnetbase.com/action/showImage?doi=10.1201/b19114-8&iName=master.img-002.jpg&w=199&h=121
http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Ft2012-045
http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Ft2012-045
http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Ft2012-045


Cyclic stress–induced liquefaction (cyclic mobility and softening)  329

ψ	in	sands	(Jefferies	and	Been,	2000),	the	evidence	is	that	it	is	different	for	all	soils.	Most	
fundamentally,	however,	 realizing	 the	 importance	of	principal	 stress	direction	and	fabric	
as	the	fundamental	driver	of	cyclic	mobility	immediately	makes	it	clear	that	grain	contact	
arrangements	are	going	to	be	the	key.	Fabric	is	not	captured	with	ψ	and	initial	fabric	effects	
should	be	expected	in	Figure	7.11.

At	a	laboratory	level,	fabric	effects	will	show	up	as	an	effect	of	sample	preparation	pro-
cedure,	and	Figure	7.12	shows	an	example	of	published	data	on	the	effect	of	sample	prepa-
ration	on	cyclic	 strength	of	 sands.	This	 is	primarily	what	was	normalized	out	by	 taking	
CRR15	in	the	first	place,	and	it	should	come	as	no	surprise	for	it	to	resurface,	as	shown	in	
Figure	7.11.	Looking	at	Figure	7.12,	it	can	be	seen	that	the	two	fabrics	tested	give	a	shift	
in	the	CRR	of	about	±0.1;	this	is	exactly	the	bandwidth	around	the	basic	state	parameter	
dominated	trend	plotted	in	Figure	7.11.

7.2.3  Cyclic behaviour of silts

Cohesionless	silts	show	very	similar	behaviour	to	sands	in	cyclic	triaxial	and	simple	shear	
tests,	as	they	do	for	static	tests.	Figure	7.13	shows	a	cyclic	triaxial	test	on	Bonnie	silt,	car-
ried	out	as	part	of	 the	VELACS	project	 from	Arulmoli	et al.	 (1992).	Bonny	silt	contains	
about	85%	silt-sized	particles,	with	8%	sand	and	7%	clay.	In	the	Unified	Soil	Classification	
System,	Bonny	silt	classifies	as	a	CL	because	it	has	a	liquid	limit	of	29	and	a	plasticity	index	
of	15.	It	is	close	to	the	boundary	of	what	might	be	classified	as	a	silt.

This	cyclic	triaxial	test	on	Bonnie	silt	of	Figure	7.13	can	be	compared	with	a	similar	test	
on	Nevada	sand	that	is	shown	in	Figure	7.5.	The	silt	displays	a	similar	ramping	up	of	excess	
pore	pressure	and	a	similar	reduction	in	the	sample	stiffness.	Trends	in	the	silt	are	arguably	
a	little	smoother	than	the	sand,	which	might	reasonably	be	caused	by	the	lesser	stiffness	of	
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the	silt	that	makes	the	test	easier	to	control.	This	similarity	should	be	no	surprise,	however,	
as	silts	are	particulate	and	without	any	bonds	(true	cohesion),	just	like	sands.	Silts	also	exist	
over	a	range	of	densities	and	are	equally	well	characterized	with	the	state	parameter.

Compressibility	is	important	in	undrained	shear	because	of	dilatancy.	Recall	that	in	und-
rained	(constant	volume)	behaviour	the	tendency	to	dilate	or	contract	is	offset	by	pore	pres-
sure	changes,	and	the	magnitude	of	pore	pressure	change	is	such	that	the	elastic	volumetric	
strain	balances	the	plastic	strain	due	to	shear,	Equations	6.6	and	6.7.	In	the	critical	state	
world,	compressibility	is	embodied	in	the	slopes	of	the	critical	state	and	the	rebound	lines,	
λ	and	κ.	Elastic	compressibility	is	represented	by	κ	and	therefore	for	a	given	amount	of	dilat-
ancy,	the	pore	pressure	response	will	depend	on	κ.	Smaller	κ	values,	or	stiffer	soil,	will	result	
in	larger	pore	pressure	changes	to	give	the	same	elastic	volume	change.

Sangrey	et al.	(1978)	and	Egan	and	Sangrey	(1978)	in	companion	papers	describe	a	sim-
ple	critical	state	model	for	pore	pressure	generation	under	cyclic	loading	which	gives	addi-
tional	insight	into	how	compressibility	affects	liquefaction.	The	normalized	CRR	curves	in	
Figure	7.8	show	a	trend	that	decreases	with	logarithm	of	the	number	of	cycles	and	hint	at	a	
level	of	cyclic	loading	that	would	never	cause	liquefaction	no	matter	how	many	load	cycles	
occurred.	This	 stress	 ratio	 that	 sets	a	 lower	 limit	 to	any	possible	onset	of	 liquefaction	 is	
known	as	the	critical	level	of	repeated	loading	(CLRL)	by	Sangrey	et al.	and	is	illustrated	in	
Figure	7.14.	Figure	7.14	also	illustrates	that	when	the	stress	is	cycled	below	the	CLRL,	pore	
pressures	are	generated	although	an	equilibrium	condition	is	reached.

Sangrey	et al.	(1978)	looked	at	cyclic	test	data	on	a	number	of	materials	for	which	critical	
state	parameters	were	also	known	and	showed	that	the	normalized	CLRL	varies	systemati-
cally	with	compressibility	of	the	material	expressed	as	κ/(1	+	e).	Egan	and	Sangrey	(1978)	
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describe	the	related	critical	state	model	for	excess	pore	pressure	potential.	These	relation-
ships	of	 cyclic	 strength	 and	pore	pressure	 to	 the	 elastic	 bulk	 compressibility	 κ/(1	+	e)	 are	
shown	in	Figure	7.15.	Clear	trends	are	evident	over	the	full	range	of	soil	types.	More	com-
pressible	soils	(clays	and	silts)	are	more	resistant	to	liquefaction	than	sands,	and	sands	show	
a	much	higher	excess	pore	pressure	potential.

Silt	content	can	now	be	included	in	a	liquefaction	assessment	through	the	soil	properties	
rather	than	the	over	simplistic	measure	of	percentage	of	material	passing	an	arbitrary-sized	
sieve.	The	key	property	is	compressibility,	which	must	therefore	be	measured.	Both	λ	and	κ	
are	important;	λ	captures	how	plastic	behaviour	varies	with	stress	level,	while	κ	captures	the	
pore	pressure	generated	for	a	given	plastic	volumetric	change.
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332  Soil liquefaction: A critical state approach

7.2.4  Cyclic rotation of principal stress

The	 laboratory	 testing	 of	 cyclic	 loading	 discussed	 so	 far	 was	 carried	 out	 in	 the	 context	
of	earthquakes	and	triaxial	 loading	and	largely	dominated	by	 intellectual	direction	from	
Berkeley.	However,	the	oil	price	shock	of	the	early	1970s	created	a	large	increase	in	offshore	
oil	production	and	in	particular	with	the	North	Sea	fields.	One	consequence	of	expanding	
offshore	production	was	platforms	being	placed	 in	ever	more	exposed	environments	and	
with	large	cyclic	loadings	from	storm	waves	acting	on	the	platforms.	Storm	loadings	may	
be	sustained	for	vastly	longer	periods	than	earthquakes.	It	was	realized	that	understanding	
how	soils	responded	to	principal	stress	rotation	was	of	fundamental	interest	to	engineering	
offshore	structures	for	oil	production	in	exposed	offshore	environments.

Arguably,	it	was	Arthur	and	co-workers	(Arthur	et al.,	1979,	1980;	Wong	and	Arthur,	
1986)	who	first	appreciated	the	importance	of	principal	stress	rotation	to	soil	behaviour	and	
who	showed	its	 importance	experimentally.	Arthur’s	group	at	University	College	London	
worked	from	a	perspective	of	sands	being	anisotropic,	from	which	it	is	almost	self-evident	
that	changing	the	direction	of	loading	will	cause	changes	in	soil	behaviour.	They	developed	a	
directional	shear	cell	(DSC),	illustrated	in	Figure	7.16a,	which	is	somewhat	like	a	simple	shear	
test	except	that	all	principal	stresses	are	measured.	Using	the	DSC,	for	the	study	reported	
in	 1980,	 the	 principal	 stress	 was	 smoothly	 varied	 in	 a	 sine	 wave	 at	 near-constant	 stress	
ratio	(Figure	7.16b).	The	soil	tested	was	Leighton	Buzzard	sand,	and	it	was	placed	dense	at	
approximately	Dr	=	90%.	When	this	dense	sand	was	subjected	to	principal	stress	rotation,	at	
near-constant	mobilized	shear	stress,	strains	accumulated	readily	with	each	loading	cycle.	
The	greater	the	principal	stress	rotation,	the	greater	the	plastic	straining	induced.

A	more	detailed	study	was	reported	by	Wong	and	Arthur	(1986),	still	using	the	DSC	appa-
ratus.	This	1986	study	used	the	same	Leighton	Buzzard	sand,	but	now	looked	at	two	sand	
densities:	Dr	=	20%	and	Dr	=	90%.	Because	the	DSC	could	only	impose	rather	low	confin-
ing	stress	(maximum	 ′ =σ3 20 kPa),	when	sheared	monotonically	in	plane	strain	with	fixed	
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principal	stress	direction,	the	loose	sample	(eo	≈	0.73)	gave	a	peak	friction	angle	of	40°	and	
5°	dilation.	The	dense	sample	(eo	≈	0.52)	gave	a	peak	strength	of	49°	and	18°	dilation.	Figure	
7.17	plots	the	relationship	between	volumetric	and	shear	strain	for	differing	levels	of	mobi-
lized	friction	φm	(i.e.	the	imposed	ratio	 ′ ′σ σ1 3/ )	and	different	imposed	rotations	of	principal	
stress.	These	data	are	for	the	loose	sand	only,	with	no	result	being	reported	for	the	tests	on	
dense	sand.	Because	of	the	low	confining	stress,	this	loosest	sand	behaviour	actually	cor-
responds	to	initial	state	parameter	of	ψo	=	−0.08.	It	is	apparent	from	even	casual	inspection	
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334  Soil liquefaction: A critical state approach

that	principal	stress	rotation	has	dominated	the	sand’s	behaviour	and	that	even	rather	small	
stress	 rotation	 can	 suppress	dilation.	 In	 their	 conclusion,	Wong	and	Arthur	 (1986)	 state	
‘Cyclic	 rotation	of	principal	 stress	directions	 in	 sand	which	causes	 strain	 radically	alters	
the	behaviour	of	the	material	from	that	seen	in	shear	under	constant	directions	of	principal	
stress’.	This	is	by	no	means	an	overstatement	of	the	situation	and	something	that	is	essential	
to	recognize	in	regard	to	liquefaction.

The	DSC	equipment	never	became	widely	used,	possibly	because	 it	was	never	able	 to	
test	 at	 stress	 levels	 of	 more	 usual	 practical	 importance.	 The	 Japanese	 work	 never	 suf-
fered	 in	 this	 regard	because	 the	hollow	cylinder	was	adopted	 from	 the	outset,	 Ishihara	
and	Towhata	(1983)	showing	a	pure	cyclic	rotation	of	principal	stresses	in	drained	tests	
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on	 loose	 Toyoura	 sand	 at	 a	 mean	 effective	 stress	 of	 nearly	 300	 kPa.	 The	 direction	 of	
the	principal	stresses	was	rotated	continuously	from	0°	to	±	45°	following	a	semicircular	
stress	path	as	shown	in	Figure	7.18a.	This	principal	stress	rotation	caused	an	irrecoverable	
volumetric	strain	but	its	increment	gradually	decreased	as	the	number	of	cycles	increased,	
Figure	7.18b.

The	 trend	 of	 decreasing	 volumetric	 strain	 increment	 from	 cycle	 to	 cycle	 is	 a	 harden-
ing	response.	What	is	seen	with	smooth	principal	stress	rotation	is	not	dissimilar	to	the	
approximate	log(N)	trends	seen	in	cyclic	triaxial	testing	(Figure	7.1),	but	it	is	now	under-
stood	 that	 the	mechanism	 is	change	 in	principal	 stress	direction,	not	cyclic	variation	 in	
shear	stress	itself.

These	early	studies	of	principal	stress	rotation	were	directed	at	illustrating	the	importance	
of	this	rotation,	at	a	fundamental	level,	to	sand	behaviour	(and	for	that	matter	soil	in	general).	
There	can	be	no	doubt	that	principal	stress	rotation	is	fundamental	from	these	experimental	
data,	since	if	stress	invariants	alone	are	sufficient,	then	any	constitutive	model	based	solely	on	
invariants	will	predict	essentially	no	strains	in	the	experiments	of	either	Arthur	et al.	(1980)	
or	Ishihara	and	Towhata	(1983).	This	is	contrary	to	what	is	observed.	Further	experiments	
involving	principal	stress	rotation	to	begin	quantifying	the	effect	of	rotations	in	a	range	of	
situations	have	been	carried	out.	For	example,	Tatsuoka	et al.	(1986)	present	a	comprehensive	
set	of	data	on	Toyoura,	Fuji	and	Sengenyama	sands	in	which	they	compare	results	of	hollow	
cylinder	with	cyclic	triaxial	tests.	Sample	preparation	methods	were	also	varied	and	indicated	
the	substantial	effect	of	preparation	method	(i.e.	initial	soil	fabric)	on	the	results.

Chapter	1	referred	to	localized	cyclic-induced	liquefaction	encountered	with	the	offshore	
platform	Molikpaq	on	April	12,	1986,	and	when	it	was	subject	to	some	900	cycles	of	uniform	
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sawtooth-like	load	at	about	1 Hz	frequency.	As	part	of	the	investigation	into	the	platform	
response	during	this	ice	loading,	six	hollow	cylinder	tests	were	carried	out	on	Erksak	sand	
(the	fill	used	for	the	core	and	berm	of	the	platform)	at	the	UBC.	In	five	of	the	tests,	the	major	
principal	stress	was	rotated	while	keeping	the	stress	invariants	σq	and	σm	constant,	essentially	
duplicating	the	study	of	Arthur	et al.	(1980)	to	demonstrate	that	Erksak	sand	responded	to	
principal	stress	rotation	alone.	This	was	indeed	found	to	be	the	case,	with	even	the	dense	
samples	 showing	 contractive	 behaviour	 under	 principal	 stress	 rotation.	 The	 sixth	 sample	
was	 loaded	 along	 the	 estimated	path	 followed	by	 sand	 at	mid-side	of	 the	 loaded	 caisson	
face	(the	maximum	excess	pore	pressure	location)	during	the	ice	loading	event.	The	principal	
stress	and	rotation	path	were	estimated	by	finite	element	analysis.	The	sand	was	placed	by	
pluviation	in	the	hollow	cylinder	to	match	the	estimated	in-situ	characteristic	state	(i.e.	the	
80	percentile	value	of	ψ)	of	the	core	before	the	ice	loading.	The	state	in	the	hollow	cylinder	
tests	after	establishing	the	initial	confining	stress	was	ψo	≈	−0.05.	The	behaviour	of	Erksak	
sand	in	this	simulation	of	the	estimated	stress	path	is	shown	in	Figure	7.19.

At	the	start	of	the	hollow	cylinder	test,	the	sand	contracted	as	the	stress	state	changed	from	
isotropic	(at	 ′ =σm 50 kPa)	after	saturation	to	the	estimated	in-situ	state	prior	to	ice	loading	
( ′ =σm 250 kPa,	Lode	angle	θ	=	0°	and	 ′ ′σ σ1 3/ 	=	2.3).	This	is	normal	stress–dilatancy	behaviour	
for	the	stress	ratio	η	changing	from	zero	to	a	maximum	η/Μi	=	0.63	(as	in	this	test).	Cyclic	
loading	was	then	applied,	varying	between	a	principal	stress	direction	of	α	=	35°	at	 ′ ′σ σ1 3/ 	=	1.8	
(the	trough	of	the	ice	load)	to	α	=	45°	at	 ′ ′ =σ σ1 3 2 8/ . 	(peak	ice	load).	Drained	conditions	were	
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Figure 7.19  Behaviour of Erksak sand in hollow cylinder test simulating principal stress history for Molikpaq piezometer E1 during April 12, 1986, ice loading event.
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first	simulated,	and	there	was	little	volumetric	strain	for	the	first	five	cycles	before	a	trend	to	
densification	started.	When	densification	started,	the	boundary	conditions	were	changed	to	
undrained	and	a	gentle	accumulation	of	residual	excess	pore	pressure	at	about	1.5	kPa	per	
cycle	occurred.	Unfortunately,	this	was	early	in	the	development	of	the	UBC	equipment	and	
it	was	not	possible	to	continue	to	several	hundred	cycles	at	that	time.

The	rate	of	excess	pore	pressure	in	the	laboratory	hollow	cylinder	can	be	compared	with	
the	 rate	during	 the	field	 liquefaction	 event	 that	averaged	0.8	kPa/cycle	 (Figure	1.21)	and	
peaked	at	1.8	kPa/cycle	(Figure	1.22).	Although	only	a	few	cycles	were	possible	in	the	labora-
tory,	there	is	a	remarkable	correspondence	between	Erksak	sand	behaviour	in	the	laboratory	
modelling	of	the	best-estimated	principal	stress	history	and	the	measured	response	in-situ.

A	difficulty	with	studying	principal	stress	rotation	is	that	so	far	the	only	truly	satisfactory	
test	apparatus	 is	 the	 large	diameter	hollow	cylinder	equipment	such	as	 that	described	by	
Hight	et al.	(1983)	and	Vaid	et al.	(1990b).	This	equipment	is	rather	challenging	to	use	and	
the	role	of	such	hollow	cylinder	tests	appears	limited	to	providing	verification	data	for	theo-
retical	constitutive	models.	(The	Molikpaq	study	had	a	budget	outside	normal	engineering	
practice.)	However,	the	cyclic	simple	shear	test	has	moved	into	normal	consulting	practice	
and,	despite	 its	 limitations,	does	offer	 insight	 into	the	effects	of	principal	stress	rotation.	
Cyclic	simple	shear	is	the	next	topic.

7.3  trenDs In CyClIC sIMple shear BehavIour

The	cyclic	triaxial	data	shown	in	the	previous	section	are	compromised	because	the	cyclic	
triaxial	test	poorly	approximates	insitu	conditions.	Nevertheless,	such	cyclic	triaxial	data	
were	behind	most	views	about	 liquefaction	until	about	~2000.	Simple	shear	tests,	on	the	
other	hand,	are	plane	 strain	 tests	and	 include	 the	 same	 small	 and	gentle	principal	 stress	
rotations	that	arise	in	cyclically	loaded	foundations	for	structures.	Simple	shear	tests	are	an	
excellent	analogue	for	vertically	propagating	seismic	waves	during	an	earthquake.

Cyclic	simple	shear	tests	are	straightforward	enough	to	carry	out	a	reasonable	number	
of	tests	on	a	single	soil	to	discern	the	effects	of	stress	level,	void	ratio,	initial	stress	state	
and	cyclic	stresses	on	soil	behaviour.	A	feature	of	laboratory	testing	is	that	workers	tend	to	
have	their	favourite	equipment,	so	there	are	many	sets	of	cyclic	simple	shear	tests	without	
triaxial	tests	and	the	opposite.	This	matters,	as	measurements	made	in	a	simple	shear	test	
are	not	enough	to	determine	soil	properties	–	triaxial	tests	are	needed	as	well.	This	situa-
tion	is	compounded	by	rather	few	fundamental	investigations	using	cyclic	simple	shear	and	
a	reasonable	range	of	initial	conditions.	One	exception	to	this	situation	is	the	testing	of	
Fraser	River	sand	(FRS),	and	this	testing	allows	a	complete	understanding	of	sand	behav-
iour	in	cyclic	simple	shear.

We	will	use	the	cyclic	simple	shear	behaviour	of	FRS	as	a	calibration	of	NorSand,	just	like	
we	used	the	Erksak	sand	database	for	static	NorSand	in	Chapters	2	and	3.

7.3.1  fraser river sand

FRS	is	an	alluvial	deposit	widespread	in	the	Fraser	River	Delta	of	the	Lower	Mainland	of	
British	Columbia,	Canada.	The	area	includes	the	city	of	Vancouver	and	is	of	considerable	
economic	importance.	Lying	on	the	west	coast	of	North	America,	the	area	is	vulnerable	to	
earthquakes	and	the	FRS	deposits	are	known	to	have	liquefied	in	past	earthquakes	(relic	
sand	boils	have	been	excavated	from	the	City	of	Richmond	near	the	Vancouver	airport).	
Given	the	wide	distribution	of	FRS	in	this	highly	populated	and	seismically	active	area,	FRS	
has	been	extensively	tested	(both	commercially	and	for	research	purposes)	including	a	large	
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body	of	work	from	the	UBC	(e.g.	Shozen,	1991;	Vaid	and	Sivathalayan,	1996,	1998;	Vaid	
et al.,	2001;	Sriskandakumar,	2004),	 testing	by	the	University	of	Alberta	 (e.g.	Chillarige	
et al.,	1997a,b)	including	for	the	Canadian	Liquefaction	Experiment,	CANLEX,	(summa-
rized	in	Wride	et al.,	2000	and	Robertson	et al.,	2000),	as	well	as	by	geotechnical	consulting	
companies.	However,	the	variability	of	this	natural	deposit	makes	it	difficult	to	generalize	
properties	for	FRS,	with	different	authors	testing	different	gradations	of	this	sand	and	then	
finding	different	properties.

A	particularly	interesting	set	of	cyclic	simple	shear	tests	on	samples	of	FRS	were	under-
taken	 at	 the	 UBC	 between	 2002	 and	 2003	 as	 part	 of	 the	 Earthquake-induced� damage�
mitigation�from�soil�liquefaction	initiative,	described	in	detail	in	Sriskandakumar	(2004).	
Both	loose	and	dense	FRSs	were	tested	over	a	range	of	CSR	and	various	static	biases.	These	
data	have	the	added	attraction	of	being	available	as	digital	files,	making	further	processing	
straightforward	and	providing	records	for	calibration	of	numerical	models.	But	a	deficiency	
of	this	UBC	work	is	that	it	focuses	on	cyclic	simple	shear	alone,	with	no	determination	of	
the	basic	properties	of	the	sand	tested.	The	deficiency	was	remedied	by	obtaining	a	sample	
from	the	stockpile	of	FRS	at	UBC	and	testing	it	at	Golder	Associates	laboratory	(Ghafghazi	
and	Shuttle,	2010).

The	FRS	gradation	tested	by	Golder	Associates	contains	around	0.8%	fines	content	and	
has	D50	and	D10	of	0.271	and	0.161 mm,	respectively.	FRS	is	a	uniform,	angular	to	sub-
angular	 with	 low	 to	 medium	 sphericity,	 medium	 grained	 clean	 sand	 (Figure	 7.20)	 with	
emin	=	0.627,	emax	=	0.989	and	Gs	=	2.72.	The	average	mineral	composition	based	on	a	petro-
graphic	examination	is	25%	quartz,	19%	feldspar,	35%	metamorphic	rocks,	16%	granites	
and	 5%	 miscellaneous	 detritus.	 By	 way	 of	 comparison,	 Sriskandakumar	 (2004)	 reports	
slightly	different	reference	void	ratios	with	emin	=	0.62,	emax	=	0.94	(the	differing	emax	is	not	
unusual	between	differing	testing	laboratories	and	is	not	thought	significant,	although	there	
is	the	residual	possibility	of	gradation	variation	within	this	stockpile	of	standard	sand	used	
for	both	testing	campaigns).

7.3.2  triaxial testing programme

The	 testing	programme	comprised	nine	drained	and	seven	undrained	 triaxial	 compression	
tests	prepared	using	the	moist	tamping	technique.	Monotonic	loading	to	failure	was	used	in	
seven	of	the	drained	tests	with	the	remaining	two	tests	having	repeated	unload–reload	loops	

1 mm

Figure 7.20  Microphotograph of FRS grains.
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to	determine	yield	 in	unloading.	Bender	element	 tests	were	also	carried	out	during	 isotro-
pic	compression	to	determine	the	dependence	of	shear	modulus	Gmax	on	both	void	ratio	and	
stress.	All	tests	were	conducted	on	samples	that	were	142 mm	in	height	and	71 mm	in	diameter	
and	followed	the	detailed	procedures	set	out	in	Appendix	B.	The	freezing	method	was	used	for	
void	ratio	determination	with	a	repeatability	of	0.01	or	better	being	obtained	for	three	pairs	of	
tests	that	were	targeted	to	start	from	identical	conditions.	Corrections	were	applied	for	mem-
brane	penetration	(Vaid	and	Negussey,	1984)	and	membrane	force	(Kuerbis	and	Vaid,	1988).

The	test	programme	is	summarized	on	a	state	diagram,	Figure	7.21,	showing	the	state	
paths	followed	by	each	test	and	also	indicating	whether	the	sample	was	dilating,	contracting	
or	undergoing	negligible	volume	change	at	the	end	of	the	test.	Data	from	all	these	tests	can	
be	downloaded.

7.3.2.1  Critical state parameters

The	 critical	 state	 locus	 was	 developed	 in	 the	 usual	 way	 by	 looking	 at	 the	 end	 of	 test	
conditions	 in	 the	 state	 diagram.	 Since	 the	 stress	 range	 of	 interest	 in	 the	 cyclic	 tests	 is	
40	kPa	<	p′	<	200	kPa,	fitting	of	the	CSL	to	data	has	been	optimized	over	this	stress	range.	A	
best�fit	conventional	semi-log	idealization	over	this	stress	range	is	described	by	the	proper-
ties	Γ	=	1.22,	λ10	=	0.138.

This	 slope	of	 the	CSL	as	measured	by	 λ10	 is	 three	 to	 four	 times	 larger	 than	 generally	
reported	for	standard	laboratory	quartz	reference	sands	(see	Chapter	2),	indicating	that	FRS	
is	markedly	more	compressible	than	standard	experience	–	not	entirely	surprising	given	its	
mineralogy	(only	25%	quartz).	It	is	also	quite	clear	that	a	power	law	CSL	would	be	more	
accurate	for	this	compressible	sand	for	a	range	of	stress	from	about	10	to	1000	kPa.	The	
power	law	fit	shown	in	Figure	7.21	has	the	following	properties:

	 e pc = − ′1 09 0 05 0 25. . ( ) . 	 (7.1)
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Figure 7.21  State diagram and CSL for triaxial tests on FRS.
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The	critical	state	friction	ratio,	Mtc,	was	obtained	by	plotting	ηmax	against	the	corresponding	
dilatancy	Dmin	in	the	usual	way.	The	Bishop	stress–dilatancy	plot	for	FRS	is	shown	in	Figure	
7.22	and	gives	Mtc	=	1.45.	Only	dilatant	samples	are	plotted,	and	there	is	rather	more	scatter	
in	the	data	than	seen	with	quartz	sands,	possibly	caused	by	grain	crushing	in	the	higher	
confining	stress	tests	and	which	is	a	further	work	dissipation	mechanism.

7.3.2.2  Plasticity parameters

The	 slope	of	 the	 stress–dilatancy	plot	 is	 also	used	 to	determine	 the	 volumetric	 coupling	
parameter,	N.	The	slope	of	the	line	in	Figure	7.22	gives	value	of	N	=	0.43	for	FRS;	again	
noticeably	greater	than	usual	for	quartz	sands	and	subject	to	the	same	comments	about	the	
possible	effect	of	grain	crushing	as	Mtc.

The	parameter	χtc	is	the	slope	of	the	trend	line	for	peak	dilatancy	(=Dmin)	versus	the	state	
parameter	at	peak,	and	the	FRS	results	shown	in	Figure	7.23	give	χtc	=	3.2	as	a	best	fit.	Like	
the	other	properties,	this	value	is	different	from	quartz	sands.

7.3.2.3  Elasticity

Elasticity	during	shearing	was	measured	using	bender	elements.	The	data	were	modelled	
using	the	equation	discussed	in	Chapter	4:
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A	good	fit	of	this	elasticity	idealization	to	the	measured	data	was	obtained	using	A	=	375,	
emin	=	0.344	 and	 b	=	0.466,	 illustrated	 in	 Figure	 7.24	 which	 plots	 Gmax	 derived	 from	 this	
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calibrated	 elastic	 model	 with	 the	 actual	 measured	 Gmax	 values.	 The	 calibrated	 model	 is	
unbiased	and	lies	within	±5%	of	the	data.

7.3.2.4  Validation of FRS properties

The	calibrated	parameter	set	for	this	FRS	gradation	is	provided	in	Table	7.1.	These	soil	
properties	were	validated	by	comparing	a	numerical	model	of	the	test,	using	these	prop-
erties	and	the	reported	initial	conditions,	with	the	measured	data.	In	doing	this	there	is	
one	undetermined	property,	the	plastic	hardening	modulus	which	was	varied	to	best	fit	
the	initial	stiffness	measured	in	the	tests.	Figure	7.25	shows	an	example	validation	for	a	
dense	sample.	Reasonable	fits	were	obtained	with	the	constant	soil	properties	determined	
earlier	despite	the	concern	about	values	of	these	properties	being	outside	the	normal	range	
caused	by	angular	and	crushable	particles	within	FRS.

7.3.3  Cyclic simple shear tests on frs

7.3.3.1  Testing programme

The	UBC	simple	shear	apparatus	is	of	the	NGI	type	(Bjerrum	and	Landva,	1966)	and	tests	
a	cylindrical	sample	70 mm	in	diameter	and	about	20 mm	in	height.	The	stress	controlled	
cyclic	tests	were	undertaken	by	enforcing	a	constant	volume	boundary	condition	with	the	
stresses	and	applying	strain	rates	of	10%	or	20%	strain	per	hour.	Two	relative	densities	
were	tested:	about	40%	and	about	80%.	All	samples	were	air	pluviated	to	about	40%	rela-
tive	density.	The	denser	samples	were	 then	manually	 tamped	prior	 to	confinement	being	
applied.	The	as-tested	void	ratio	appears	not	to	have	been	measured,	with	the	work	relying	

Table 7.1  Summary of properties of Fraser River sand from NorSand calibration

Property Value Remark 

Csl 
a 0.947 CSL is a power law function of the form
b 0.0006 ec = a − b (p′)c

c 0.813

plasticity
Mtc 1.45 Critical friction ratio
N 0.43 Volumetric coupling coefficient
H 60–280ψ

minimum of 40
Plastic hardening modulus for loading

χtc 3.2 Relates minimum dilatancy to ψ
Zr Equation 7.7 Calibrated using cyclic simple shear

elasticity
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min

A = 375, emin = 0.344, b = 0.466

ν 0.1 Poisson’s ratio, commonly adopted value
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on	 carefully	 controlled	 sand	 placement	 always	 producing	 the	 same	 density	 in	 the	 speci-
men	to	be	tested.	However,	the	consequent	accuracy	in	knowledge	of	as-tested	void	ratio	
stemming	 from	 this	 approach	 was	 investigated	 with	 Sriskandakumar	 reporting	 a	 band-
width	of	as-placed	relative	densities	that	was	about	five	percentage	points	of	relative	density	
either	side	of	the	target	value.	Invoking	an	estimated	normal	distribution	of	this	scatter,	the	
inferred	accuracy	in	experimental	void	ratios	is	about	Δe	=	±	0.01,	not	as	good	as	can	be	
achieved	using	freezing	of	saturated	samples	in	triaxial	testing	but	reasonable	for	modelling	
these	data.

Test	 conditions	 are	 summarized	 in	 Table	 7.2	 and	 include	 the	 file	 name	 of	 the	 digital	
data	 that	have	been	compiled	 into	 the	downloadable	 spreadsheet	NorSandPSR_FRS.xls.	
The	spreadsheet	includes	a	convenient	routine	to	toggle	through	the	data	and	quickly	view	
the	measured	soil	behaviour.

Figure	7.26	shows	 the	 initial	conditions	of	each	group	of	cyclic	 tests	on	state	diagram	
together	with	the	CSL	for	this	sand.	Despite	the	term	loose,	all	these	cyclic	tests	were	sub-
stantially	dense	of	the	critical	state	and	the	dense	tests	were	very	dense.	A	quick	inspection	
of	the	state	diagram	indicates	none	of	these	tests	would	have	been	prone	to	static	liquefac-
tion	induced	by	shear,	and	indeed	that	is	what	is	found	in	the	data.
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Figure 7.25  Validation of FRS properties using NorSand.
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7.3.3.2  Loading conditions (static bias)

Cyclic	simple	shear	tests	include	the	concept	of	static�bias,	which	is	a	drained	shear	stress	
applied	to	the	sample	before	commencing	undrained	cyclic	shear.	Thus,	the	horizontal	shear	
stress	imposed	on	the	soil	at	any	instant	of	time	t	is

	
τ τ τ ω= +st cyc tsin( ) 	 (7.3)

where	ω	is	the	angular	frequency	of	loading	(commonly	1 Hz).	Clearly,	if	the	combination	
of	static	bias	and	cyclic	shear	is	too	large,	the	sample	will	fail	in	monotonic	shear	in	the	first	
half	of	the	loading	cycle;	this	happened	in	some	of	the	FRS	tests	(see	notes	to	Table	7.2).

It	is	conventional	to	normalize	both	the	static	bias	stress	τst	and	the	cyclic	stress	τcyc	by	
the	normal	vertical	effective	stress	before	the	undrained	loading	 ′σvo,	 leading	to	the	terms	
static	bias	ratio	(SBR)	and	CSR,	respectively.	These	ratios	are	quoted	for	the	FRS	tests	and	
are	listed	in	Table	7.2.

Table 7.2  Summary of cyclic simple shear tests on Fraser River sand

No. Test ′σσvo (kPa) CSR Drc (%) SBR eo Ko ′po (kPa) ψo N3.75 

1 DSS38-50-0.08 50 0.08 38 – 0.818 0.8 43.3 −0.143 12
2 DSS38-50-0.1 50 0.10 38 – 0.818 0.8 43.3 −0.143 2.5
3 DSS38-50-0.12 50 0.12 38 – 0.818 0.8 43.3 −0.143 1.6
4 DSS40-100-0.08 100 0.08 40 – 0.812 0.8 86.7 −0.125 17.1
5 DSS40-100-0.1 100 0.10 40 – 0.812 0.8 86.7 −0.125 6.2
6 DSS40-100-0.12 100 0.12 40 – 0.812 0.8 86.7 −0.125 3.1
7 DSS44-200-0.08 200 0.08 44 – 0.799 0.8 173.3 −0.109 33.6
8 DSS44-200-0.1 200 0.10 44 – 0.799 0.8 173.3 −0.109 7.2
9 DSS44-200-0.12 200 0.12 44 – 0.799 0.8 173.3 −0.109 3.6

10 DSS44-200-0.15 200 0.15 44 – 0.799 0.8 173.3 −0.109 1
11 DSS80-100-0.25 100 0.25 80 – 0.684 0.8 86.7 −0.253 46
12 DSS80-100-0.30 100 0.30 80 – 0.684 0.8 86.7 −0.253 19.7
13 DSS80-100-0.35 100 0.35 80 – 0.684 0.8 86.7 −0.253 7.7
14 DSS81-200-0.2 200 0.20 81 – 0.681 0.8 173.3 −0.228 90
15 DSS81-200-0.25 200 0.25 81 – 0.681 0.8 173.3 −0.228 20
16 DSS80-200-0.3 200 0.30 80 – 0.684 0.8 173.3 −0.225 5.7
17 DSS40-st0.1-100-0.08 100 0.08 40 0.10 0.812 0.8 86.7 −0.125 –
18 DSS40-st0.1-100-0.065 100 0.07 40 0.10 0.812 0.8 86.7 −0.125 –
19 DSS40-st0.05-100-0.1 100 0.10 40 0.05 0.812 0.8 86.7 −0.125 –
20 DSS40-st0.1-100-0.1 100 0.10 40 0.10 0.812 0.8 86.7 −0.125 –
21 DSS44_st0.05-200-0.1 200 0.01 44 0.05 0.799 0.8 173.3 −0.109 –
22 DSS44_st0.1-200-0.06 200 0.10 44 0.06 0.799 0.8 173.3 −0.109 –
23 DSS44_st0.1-200-0.08 200 0.10 44 0.08 0.799 0.8 173.3 −0.109 –
24 DSS44-st0.1-200-0.1 200 0.10 44 0.10 0.799 0.8 173.3 −0.109 –
25 DSS80-st0.1-100-0.35 100 0.35 80 0.10 0.684 0.8 86.7 −0.253 –
26 DSS80-st0.1-100-0.40 100 0.40 80 0.10 0.684 0.8 86.7 −0.253 –
27 DSS80-st0.1-100-0.45 100 0.45 80 0.10 0.684 0.8 86.7 −0.253 –

N3.75 is the number of cycles to failure defined as 3.75% double amplitude shear strain; SBR is the static bias ratio; 
Tests 10, 20 and 23 failed in first cycle because of too large SBR.
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The	literature	of	test	data	in	cyclic	simple	shear	generally	views	the	CSR	as	the	loading	
and	the	SBR	as	a	factor	that	changes	the	nature	of	the	response,	with	the	SBR	being	the	input	
to	the	Kα	correction	factor	of	the	NCEER	method	(see	Section	7.4.3).	This	view	of	the	role	
of	SBR	and	CSR	is	fundamentally	incorrect.	Sand	behaviour,	in	all	loading	paths,	depends	
on	 the	 ratio	 η/Mi.	 When	 η/Mi	<	1	 then	 stress–dilatancy	 forces	 wholly	 contractive	 strains	
regardless	of	sand	density;	conversely,	for	η/Mi	>	1	sand	response	will	be	dominated	by	dila-
tion	and,	in	the	case	of	cyclic	loading,	the	interplay	between	dilation	caused	by	accumulat-
ing	plastic	shear	strain	versus	contractive	strains	caused	by	principal	stress	rotation.	These	
basic	behaviours	need	to	be	kept	in	mind	when	assessing	data	from	cyclic	simple	shear	tests.

A	limitation	of	the	cyclic	simple	shear	test	is	that	the	measured	data	cannot	be	simply	pro-
cessed	in	terms	of	basic	soil	behaviour.	Only	two	(τvh,	σv)	of	the	four	stresses	(τvh,	σv,	σh,	σz)	
in	the	complete	plane-strain	stress	tensor	are	measured	in	current	test	equipment.	Thus,	it	
is	not	possible	to	combine	SBR	and	CSR	to	determine	η,	and	without	the	complete	stress	
tensor	we	can	only	guess	at	Mi.	However,	although	a	full	calculation	is	not	possible	we	can	
approximate	the	situation	using	monotonic	undrained	simple	shear	tests	and	the	assumption	
that	if	the	sample	preparation	procedures	are	comparable,	what	is	measured	in	monotonic	
tests	allows	estimation	of	an	equivalent	of	 the	operating	Mi	under	all	other	simple	shear	
loadings.	Figure	7.27	shows	this	approach	applied	to	the	monotonic	simple	shear	of	FRS.	
The	normal	 ‘S’-shaped	 stress	path	of	 samples	denser	 than	 critical	was	measured,	with	a	
trend	line	drawn	through	the	image	condition	(phase	transition)	points.	This	trend	line	is	the	
image	stress	ratio	(ISR	~	Mi/2)	expressed	in	terms	of	the	stresses	measured	in	simple	shear.	
There	is	an	implicit	linkage	to	sample	preparation	methods	that	establish	the	Ko	condition,	
but	this	ISR	is	broadly	consistent	with	Mi	in	plane	strain	for	FRS	based	on	the	triaxial	cali-
bration	(Mtc	=	1.49	→	Mi	~	1.05	at	a	Lode	angle	θ�~	17°	typically	developed	at	image	condi-
tions	in	plane	strain	shear;	see	Chapter	2).

The	estimation	of	an	equivalent	of	η	is	more	complicated,	as	η	represents	current	condi-
tions	while	the	SBR	and	CSR	are	both	expressed	in	terms	of	initial	conditions.	The	initial	
and	current	conditions	differ	by	 the	excess	pore	pressure,	which	depends	on	 the	 loading	
(and	takes	us	back	to	the	earlier	discussion	in	Chapter	6	that	su/p′	is	a	better	measure	of	
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undrained	 strength	 than	 the	 instability� locus).	A	pragmatic	way	 forward	 is	 to	define	 an	
initial	loading	stress	ratio	LSRo	where	the	subscript	‘o’	has	been	added	to	emphasize	that	
it	represents	initial	conditions	in	the	test.	The	ratio	LSRo/ISR	would	then	be	anticipated	to	
classify	cyclic	simple	shear	behaviour.	Let	us	now	consider	the	FRS	data	in	this	framework.

7.3.3.3  Sand response for lsro < Isr/2

Test	4	(DSS40-100-0.08)	of	the	data	set	has	no	static	bias	with	the	applied	CSR	equating	
to	LSRo/ISR	=	0.19.	Test	18	(DSS40-st0.1-100-0.065)	has	both	static	bias	and	cyclic	stress	
equating	to	LSRo/ISR	=	0.39.	The	behaviour	of	these	two	tests	is	presented	and	compared	in	
Figure	7.28.	There	is	considerable	similarity	in	the	response.

In	terms	of	the	stress	paths	followed,	there	is	a	difference	in	the	first	quarter	loading	
cycle,	which	is	a	loading	that	is	the	same	as	a	normal	monotonic	test.	The	difference	is	
simply	because	Test	18	 is	 taken	 to	a	higher	shear	stress	 than	Test	4,	 so	 there	 is	a	 little	
excess	pore	pressure	but	 exactly	as	would	be	 expected	 from	static	 loading.	During	 the	
load	cycling	that	then	follows,	both	tests	show	a	slow	increase	in	excess	pore	pressure	with	
very	little	pressure	change	during	the	cycle.	This	is	a	fatigue-like	loading.	And	notice	that	
there	 is	 essentially	no	 loss	 in	 soil	 stiffness	while	 the	 excess	pore	pressure	accumulates.	
What	stiffness	change	is	seen	appears	largely	as	a	consequence	of	decreasing	effective	con-
fining	stress	causing	a	slight	decrease	in	Gmax	(as	expected	from	the	calibrated	elasticity,	
Equation	7.2).

This	 situation	 of	 fatigue-like	 generation	 of	 excess	 pore	 pressure	 changes	 dramatically,	
in	both	tests,	when	the	stress	path	realizes	a	current	stress	ratio�τ σvh v ISR/ ′ ~ .0 95 ;	that	is,	
at	a	mobilized	 stress	 ratio	 slightly	 less	 than	 the	 ISR.	Then,	 strains	 increase	dramatically	
while	the	excess	pore	pressure	stabilizes	into	the	familiar	butterfly	stress	paths	reported	by	
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Figure 7.27  Image stress ratio of FRS in monotonic simple shear.
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many	investigators.	This	is	a	situation	of	no	strength	loss	–	as	the	sample	continues	to	sup-
port	the	peak	imposed	load	–	but	severe	loss	of	stiffness.	Although	the	samples	were	both	
described	as	loose,	that	description	is	inaccurate	as	they	were	both	at	ψο	~	−0.13,	a	state	
that	is	substantially	dilatant	and	also	denser	than	the	Shuttle	and	Cunning	(2008)	criterion	
separating	undrained	small	strain	and	flow	slide	behaviour	discussed	in	Chapter	6.

Notice	 that	 there	 is	no	great	effect	of	static�bias	 in	 itself	during	the	fatigue-like	stage,	
which	 is	between	 the	end	of	 the	first	quarter	cycle	and	when	 the	 stress	path	approaches	
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the	ISR.	During	this	stage,	the	rate	of	increase	in	excess	pore	pressure	is	similar	between	
the	two	tests	despite	the	rather	large	difference	in	the	static	bias.	The	rate	of	increase	is	also	
approximately	 linear	with	 load	cycles.	However,	 static	bias	causes	a	 ratcheting	and	pro-
gressive	increase	in	shear	once	the	stress	paths	cross	the	ISR	rather	than	the	soil	wobbling	
around	a	central	position	(unsurprisingly).

7.3.3.4  sand response for LSRo ≈ ISR

Test	13	(DSS80-100-0.35)	of	the	data	set	has	no	static	bias	but	has	a	rather	large	CSR	that	
equates	 to	LSRo/ISR	=	0.83.	Test	25	 (DSS80-st0.1-100-0.35)	has	both	 static	bias	and	 the	
same	large	CSR	equating	to	LSRo/ISR	=	1.07.	The	behaviour	of	these	two	tests	is	presented	
and	compared	in	Figure	7.29.	Both	samples	were	similarly	dense,	at	about	ψο	~	−0.25,	and	
there	is	considerable	similarity	in	their	responses.

As	expected	at	LSRo/ISR	≈	1,	these	samples	were	loaded	to	near	the	image	state	in	the	
first	quarter	cycle	and	the	onset	to	dilation	can	be	seen	in	the	stress	paths	of	both	in	that	
first	quarter	cycle.	The	only	effect	of	static	bias	is	to	push	the	sample	in	Test	25	into	dilation	
about	half	a	loading	cycle	earlier	than	the	sample	without	static	bias.

Once	in	the	dilating	zone,	pore	pressures	do	indeed	accumulate	rapidly	and	the	samples	
liquefy	with	transient	states	of	near	zero	effective	confining	stress	and	the	familiar	butterfly	
stress	paths.	Now	consider	the	stress–strain	behaviour.	There	is	only	a	gradual	loss	of	stiff-
ness,	and	the	occurrence	of	initial�liquefaction	is	not	a	traumatic	event	at	all.	This	aspect	is	
further	emphasized	by	Figure	7.30	which	shows	the	shear	strain	accumulation	with	loading	
cycle	measured	in	Test	13.	There	is	a	near-linear	increase	in	maximum	shear	strain	with	each	
cycle	and	nothing	that	could	reasonably	called	failure.	The	best	analogy	is	fatigue�softening.	
The	horizontal	lines	show	a	standard	initial�liquefaction	criterion	(3.75%)	that	gives	Nliq	~	
8	cycles	and	the	first	occurrence	of	the	transient	zero	effective	stress	as	at	Nliq	~	11	cycles.	
Neither	event	changed	the	fatigue-like	accumulation	of	strain.	Patently,	these	limits	are	arbi-
trary	and	capture	nothing	insightful	about	the	soil	behaviour	at	all.	(Note	that	a	shear	strain	
limit	of	3.75%	is	taken	as	equivalent	to	an	axial	strain	of	5%	in	a	triaxial	compression	test.)

7.3.4  nature of liquefaction in simple shear

In	terms	of	general	understanding,	it	is	readily	apparent	in	Figures	7.28	and	7.29	that	the	
soil	 stiffness	 simply	responds	 to	 the	stress	path	and	 the	 image	stress	 ratio.	Whatever	 the	
combination	of	cyclic	and	static	stress	ratios,	it	is	the	proximity	of	the	peak	shear	stress	to	
the	image	stress	ratio	that	controls	stiffness.	As	such,	the	trend	in	the	literature	to	talk	of	a	
static�bias�effect	is	at	best	unhelpful	and	at	worst	misleading.	Soil	behaviour	in	cyclic	load-
ing	remains	controlled	by	the	critical	friction	ratio	as	during	static	loading.	It	is	the	ratio	
η/M	that	is	fundamental,	and	all	the	conflicting	accounts	of	the	role	of	static�bias	are	imme-
diately	clarified	once	the	stress	path	is	properly	expressed	using	standard	stress	and	strain	
measures	that	we	use	for	other	aspects	of	soil	behaviour.

Broadly,	 any	 combination	of	 static	 and	 cyclic	 shear	 stress	 that	 corresponds	 to	 the	 soil	
approaching	its	current	image	stress	ratio	(which	depends	on	the	soil’s	properties)	will	result	
in	rapid	transition	to	dilation-controlled	behaviour	for	soils	with	ψ	<	0	and	simple	immediate	
static	liquefaction	for	looser	soils.	In	the	case	of	the	denser	soils,	concepts	of	initial�liquefac-
tion	are	unhelpful.	The	initial	response	is	the	same	as	loading	the	soil	monotonically	and	
this	is	then	followed	by	a	fatigue-like	accumulation	of	strain.	In	short,	for	ψ	<	0	we	have	loss	
of	stiffness,	not	loss	of	strength.	The	behaviour	mentioned	earlier	is	similar	to	that	reported	
by	 Baki	 et  al.	 (2012)	 for	 cyclic	 triaxial	 tests,	 except	 that	 they	 considered	 the	 instability	
zone	measured	in	a	matched	monotonic	test	rather	than	the	image	stress	ratio.	Of	course,	
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there	remains	an	issue	as	to	whether	ψ	~	0	is	the	exact	demarcation	between	these	differing	
behaviours	as	the	existing	experimental	data	do	not	cover	a	sufficient	range	of	initial	states.

When	using	laboratory	element	test	data,	such	as	those	mentioned	earlier,	there	is	always	
an	uncertainty	about	the	extent	to	which	the	laboratory	reflects	full-scale	soil	behaviour	in	
engineering	works.	Before	moving	on	to	the	extensive	earthquake	case	history	database	in	
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the	next	section,	consider	again	the	Molikpaq.	Compare	the	pore	pressure	build-up	in	Figure	
7.28b	with	the	full-scale	pore	pressure	data	from	the	Molikpaq	presented	in	Figure	1.22.	
Near	identical	trends	for	excess	pore	pressure	development	with	loading	cycles	are	seen	in	
both	the	laboratory	element	test	and	the	in-situ	piezometers.	The	laboratory	cyclic	simple	
shear	appears	to	be	a	good	representation	for	the	field	behaviour	in	this	instance,	but	is	also	
much	simpler	than	the	hollow	cylinder	method	presented	in	the	previous	section.

7.4  Berkeley sChool approaCh

7.4.1  Background

There	is	a	long	tradition	in	civil	engineering	of	building	on	precedent	and	this	leads	to	an	
emphasis	 on	 case	history	 information.	 Such	an	approach	 really	 comes	about	because	 all	
calculations	or	methods	of	analysis	involve	idealizations	and	these	idealizations	lead	to	a	
mismatch	between	calculations	and	what	actually	happens.	Physical	models	are	no	panacea	
either,	as	physical	models	have	their	own	errors,	 idealizations	and	scale	effects.	It	 is	very	
difficult	to	do	pre-production	tests	in	civil	engineering	to	resolve	the	consequences	of	model	
uncertainty	(unlike	other	branches	of	engineering),	as	the	prototype	is	the	end	result	in	most	
cases.	 Because	 civil	 engineering	 projects	 have	 very	 low	 probabilities	 of	 failure	 (typically	
around	a	10−6	per	annum),	engineers	are	beholden	to	learn	the	maximum	from	those	failures	
or	performance	histories	that	become	available.	Liquefaction	is	no	different,	and	this	respect	
for	precedent	experience	has	strongly	influenced	how	the	subject	has	developed.

The	disastrous	earthquakes	in	Alaska	and	Niigata	in	1964	produced	a	realization	that	
the	then	used	pseudo-static	method	of	analysis	did	not	give	reliable	predictions	for	stability	
during	earthquakes.	Sustained	research	at	Berkeley	by	the	late	Professor	Seed	and	his	col-
leagues	followed	and	continues	today.	Strength	reduction	during	earthquake	(cyclic)	loading	
was	identified	as	one	of	the	key	issues.

Initial	 research	used	 the	cyclic	 triaxial	 test,	and	 indeed	some	of	 the	data	presented	ear-
lier	were	 from	this	work.	However,	 in	 the	mid-1960s	when	 this	 testing	started,	 there	was	
no	constitutive	theory	capable	of	modelling	the	nuances	of	excess	pore	pressure	generation.	
Correspondingly,	how	to	 translate	what	was	measured	 in	 the	cyclic	 triaxial	 test	 to	 in-situ	
response	 during	 an	 earthquake	 was	 uncertain.	 There	 was	 also	 the	 important	 fact	 that	
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undisturbed	samples	cannot	be	obtained	for	most	liquefiable	soils,	so	how	were	the	labora-
tory	conditions	using	reconstituted	samples	to	be	related	to	conditions	in-situ?	These	factors	
caused	field	case	history	data	to	be	viewed	as	the	principal	resource	to	understand	vulner-
ability	 to	earthquake-induced	 liquefaction.	The	concept	was	to	observe	where	 liquefaction	
occurred	in	an	earthquake	and	where	it	did	not.	These	observations	were	then	related	to	the	
estimated	cyclic	shear	stress	experienced	by	that	ground	and	the	prior	state	of	that	ground.	
This	is	a	geological	classification	approach,	rather	than	one	based	in	mechanics,	and	an	essen-
tially	empirically	based	protocol	was	developed	for	liquefaction	assessment.	We	have	used	the	
terminology	Berkeley�School	for	this	liquefaction	protocol	to	indicate	that	there	were	many	
involved	other	than	the	late	Professor	Seed,	but	that	the	intellectual	direction	really	remained	
influenced	by	the	ideas	originating	at	Berkeley	(and	which	continues,	today,	both	at	Berkeley	
and	at	Davis).

This	 Berkeley	 School	 has	 become	 the	 dominant	 approach	 for	 assessing	 earthquake-
induced	cyclic	mobility,	with	many	contributors	providing	further	case	history	information	
and	refinement	of	some	of	the	inferred	trends.	Substantial	impetus	to	the	formalization	of	
the	approach	developed	 in	 the	United	States	 through	several	workshops,	 in	which	 invited	
contributors	discussed	the	state	of	knowledge	in	a	collegial	setting	over	several	days.	The	
National	Science	Foundation	(NSF)	with	their	earthquake	hazard	reduction	programme	was	
a	principal	 instigator	 in	getting	 these	workshops	held,	and	 the	profession	owes	a	debt	 to	
Cliff	Astill	who	was	the	programme	manager	at	the	NSF.	The	first	of	these	workshops	was	
held	in	Dedham	during	March	1985,	under	the	co-sponsorship	of	the	Nuclear	Regulatory	
Commission,	with	contributions	from	28	researchers	in	the	field	of	liquefaction.	Most	of	these	
researchers	were	from	the	United	States	but	there	were	also	contributions	from	Japan	and	
the	United	Kingdom.	This	workshop	produced	a	paperback	book	that	became	a	widely	used	
reference	at	the	time,	published	under	the	auspices	of	the	National	Research	Council	(NRC,	
1985).	A	decade	later,	a	further	workshop	was	held	during	January	1996	in	Salt	Lake	City,	
co-sponsored	this	time	by	National	Centre	for	Earthquake	Engineering	Research	(NCEER,	
now	MCEER	and	where	M	is	for	multidisciplinary).	This	second	workshop	was	less	wide	
ranging	than	the	1985	workshop,	being	specifically	directed	at	updating	the	Berkeley	School	
approach	with	contributions	from	20	researchers.	The	results	of	the	workshop	appeared	both	
as	a	workshop	proceedings	(http://mceer.buffalo.edu)	(MCEER,	2015)	and	as	a	summary	in	
the	ASCE	Journal�of�Geotechnical�and�Geoenvironmental�Engineering	(Youd	et al.,	2001).	
Some	of	the	1996	proceedings	were	published	elsewhere	as	journal	papers.	What	follows	on	
this	section	is	a	description	of	this	updated	Berkeley	School	approach,	with	the	individual	
contributions	cited	as	they	arise.	The	shortfalls	of	the	Berkeley	empirical	approach	will	then	
be	discussed	before	returning	to	the	critical	state	approach	for	guidance.

7.4.2  liquefaction assessment chart

The	key	idea	in	the	classification	approach	of	the	Berkeley	School	is	to	identify	cases	of	liq-
uefaction	from	no	liquefaction.	These	cases	are	assessed	in	terms	of	the	initial	state	of	the	
soil	(characterized	by	a	normalized	penetration	resistance)	and	a	measure	of	the	earthquake	
severity	 (characterized	 as	 a	 CSR	normalized	 for	 earthquake	 magnitude).	 The	 results	 are	
presented	on	a	plot	of	characteristic	state	against	representative	CSR,	which	divides	 into	
two	areas:	cases	of	liquefaction	and	cases	on	no	liquefaction.	The	bounding	line	between	
these	two	areas	is	referred	to	as	the	CRR.	This	type	of	plot	is	sometimes	referred	to	as	a	soil�
liquefaction�assessment�chart,	and	an	early	example	was	shown	in	Chapter	1	(Figure	1.12).	
Seed	et	al.	 (1983)	describe	the	genesis	of	this	plot,	starting	with	Japanese	engineers	after	
the	Niigata	earthquake	followed	by	a	collation	of	data	from	many	locations	by	Seed	and	
Peacock	(1971).	More	data	were	added	after	earthquakes	in	China,	Guatemala,	Argentina	
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and	Japan	in	the	mid-1970s.	Nevertheless,	a	lot	of	the	case	history	data	remained	inacces-
sible	in	the	usual	literature	until	Fear	(1996)	provided	a	comprehensive	review	of	the	case	
histories	in	what	is	now	termed	the	Berkeley	Catalogue.	Subsequent	to	that,	Moss	(2003)	
included	the	catalogue	in	his	PhD	thesis	and	researchers	at	Berkeley	and	Davis	are	adding	to	
the	catalogue	and	opening	it	up	to	be	more	accessible.

Field	evidence	of	liquefaction	for	the	various	case	histories	generally	consisted	of	surficial	
sand	boils,	ground	fissures	or	lateral	spreads.	Data	were	collected	mostly	from	flat	or	gently	
sloping	 sites	which	where	underlain	by	Holocene	 alluvial	 or	fluvial	 sediments	no	deeper	
than	about	15	m.	The	Wildlife	Site	data	recorded	during	the	Superstition	Hills	earthquake,	
magnitude	6.6,	in	1987	are	unique	as	a	case	history	with	measured	excess	pore	pressures	
and	strong	ground	shaking	(Chapter	1).

The	adopted	measure	of	cyclic	stress	imposed	by	the	earthquake	in	a	particular	case	his-
tory	was	the	dimensionless	ratio	τ σcyc vo/ ′ ,	called	the	CSR,	and	which	we	encountered	earlier	
in	the	context	of	cyclic	simple	shear	tests.	τcyc	is	the	equivalent	uniform	cyclic	shear	stress	
causing	liquefaction	and	 ′σvo	 is	the	initial	vertical	effective	stress	before	the	earthquake	at	
the	same	depth.

Cyclic	liquefaction	depends	on	the	number	of	cycles	every	bit	as	much	as	the	cyclic	shear	
stress.	In	the	case	of	earthquakes	the	number	of	cycles	depends	on	the	source	mechanism,	
but	there	is	an	empirical	relationship	between	the	number	of	significant	cycles	and	the	source	
magnitude.

Larger	earthquakes	tend	to	longer	duration	but	comparable	frequency	content	to	smaller	
earthquakes,	 as	 illustrated	 in	 Figure	 7.31.	 Because	 an	 earthquake	 time	 history	 contains	
many	smaller	cycles	as	well	as	a	few	very	large	ones,	a	classification	approach	must	neces-
sarily	reduce	this	variable	stress–time	record	to	some	standard	single	number.	The	concept	
of	significant	cycles	 is	 this:	 if	 the	very	variable	time	history	of	the	earthquake	shaking	is	
approximated	as	a	single	frequency	sine	wave	of	constant	amplitude	(taken	as	two-thirds	the	
maximum	value	imposed	by	the	largest	spike	in	the	stress	time	history),	then	the	number	of	
uniform	cycles	causing	equal	damage	(e.g.	excess	pore	water	pressure)	as	the	actual	irregu-
lar	waveform	is	 the	number	of	significant	cycles.	Figure	7.32	shows	an	early	relationship	
between	the	cyclic	shear	stress	and	the	number	of	significant	cycles	to	cause	liquefaction	in	
laboratory	cyclic	triaxial	tests	together	with	the	estimated	earthquake	magnitude	equiva-
lence.	 The	 graph	 is	 normalized	 to	 the	 shear	 stress	 causing	 liquefaction	 in	 15	 cycles	 and	
M	=	7.5	as	the	reference	condition.	This	early	relationship	was	the	basis	for	a	magnitude�scal-
ing�factor	in	the	approach.	In	the	last	decade	or	so	there	has	been	much	research	related	to	
the	magnitude	scaling	factor,	because	the	actually	observed	range	appears	to	be	quite	large.

The	adopted	in-situ	state	measure	was	the	SPT	resistance,	primarily	because	of	its	preva-
lence	worldwide	in	the	available	case	history	records	in	the	1960s	when	this	approach	to	
liquefaction	started.	It	was	recognized	from	the	outset	that	the	SPT	was	much	influenced	by	
test	procedures	and	in	particular	the	energy	delivered	by	the	hammer	system.	A	convention	
adopted	was	to	modify	the	measured	blow	count	by	the	ratio	of	60%	of	the	theoretical	free	
fall	energy	to	the	(usually	estimated)	energy	actually	delivered.	This	standard	of	60%	energy	
efficiency	was	adopted	to	approximate	much	of	the	data	gathered	with	the	old	cathead	sys-
tem	for	the	SPT	(Chapter	4).	The	modified	penetration	resistance	is	referred	to	as	N60.

It	was	also	recognized	that 	SPT	blow	counts	are	much	affected	by	vertical	stress	at	the	
test	depth.	The	convention	adopted	was	to	adjust	data	to	that	equivalent	to	a	stress	level	of	
′ =σvo 100 kPa	(or	approximately	1	tsf),	commonly	using	the	square	root	factor	discussed	in	

Section	4.5.2	(Equation	4.9).	The	energy	and	stress	level–adjusted	penetration	resistance	is	
then	referred	to	as	(N1)60.	There	are	other	adjustments	for	borehole	diameter,	rod	length	and	
the	presence	of	liners	in	the	SPT	sampler,	but	these	are	secondary	and	need	not	be	consid-
ered	for	reasons	that	will	become	apparent	shortly.
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Figure	7.33	presents	the	variant	of	the	field	case	history	record	published	in	2001	by	mem-
bers	of	the	1996�NCEER/NSF�Workshop�on�Liquefaction�Resistance�of�Soils.	It	shows	the	
estimated	characteristic	CSR	experienced	versus	 the	adjusted	blow	count	 for	 the	various	
sites	for	which	data	are	available.	Sites	that	liquefied	are	distinguished	from	sites	that	did	
not,	and	this	then	leads	to	a	line	distinguishing	liquefaction	from	non-liquefaction.	It	was	
observed	early	in	the	evaluation	of	field	case	histories	that,	unsurprisingly,	soil	type	mat-
tered.	Because	the	earthquake-based	evaluation	was	focused	on	loose	sandy	soils,	the	soil	
type	classification	adopted	was	that	of	fines�content,	fines	being	the	fraction	of	the	particle	
size	distribution	finer	than	the	#200	sieve.	Different	liquefaction	bounding	lines	were	drawn	
on	the	liquefaction	assessment	chart	depending	on	fines	content,	as	shown	in	Figure	7.33.
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Figure 7.31  Effect of earthquake magnitude on duration of ground motion.
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Although	 the	original	work	 evaluating	 the	 case	history	 experience	of	 liquefaction	was	
based	on	the	SPT,	the	many	deficiencies	of	the	SPT	are	widely	known	and	several	workers	
developed	comparable	liquefaction	assessment	charts	using	the	CPT	as	the	input	informa-
tion.	This	 effort	 started	 some	30 years	ago	with	Robertson	and	Campanella	 (1985)	and	
continued	with	contributions	by	Seed	and	de	Alba	(1986),	Olsen	(1988),	Olsen	and	Malone	
(1988),	Shibata	and	Teparaska	(1988),	Suzuki	et al.	(1995),	Stark	and	Olson	(1995),	Olsen	
and	 Koester	 (1995).	 This	 body	 of	 experience	 was	 summarized	 by	 Robertson	 and	 Wride	
(1998)	as	a	contribution	to	the	NCEER	workshop	on	cyclic	liquefaction.	Figure	7.34	shows	
the	final	form	of	the	CPT-based	equivalent	to	Figure	7.33	from	that	workshop.	Conceptually,	
the	chart	has	the	same	form	with	the	CPT	replacing	the	SPT,	a	stress	level–adjusted	penetra-
tion	resistance	also	being	used.

Figure	7.34	is	preferable	to	Figure	7.33	because	it	uses	the	CPT	rather	than	the	poorly	
repeatable	SPT	and	 therefore	avoids	uncertainty	 in	SPT	corrections.	However,	a	missing	
feature	 in	comparing	Figure	7.34	with	Figure	7.33	 is	 the	soil	 type.	The	CPT-based	chart	
is	specifically	annotated	as	applying	only	to	sands	with	less	than	5%	fines.	Although	the	
SPT	was	originally	perceived	as	essential	to	use	a	liquefaction	assessment	chart,	since	the	
original	charts	invoked	fines	content	to	capture	the	effects	of	soil	type,	you	do	not	need	soil	
samples	to	estimate	soil	type.	Soil	type	can	be	evaluated	directly	from	the	measured	CPT	
friction	and	pore	pressure	data	(Section	4.7	and	Figure	4.27).	However,	a	more	elegant	and	
arguably	theoretically	sounder	approach	(because	the	CPT	measures	mechanical	behaviour,	
not	soil	type)	is	to	avoid	the	intermediate	step	of	estimating	a	soil	type	from	the	CPT	and	
directly	express	liquefaction	resistance	in	terms	of	what	the	CPT	measures.	This	is	the	basis	
on	which	Robertson	and	Wride	(1998)	developed	an	adjustment	factor	(Kc)	from	the	CPT	
data	itself	(soil	behaviour–type	index	Ic)	to	give	CRR	directly.

We	will	return	to	an	updated	version	of	this	CPT	liquefaction	chart,	as	well	as	a	state	
parameter	version,	after	first	considering	a	couple	of	other	factors	that	are	needed	in	the	
Seed	approach.
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7.4.3  Crr adjustment factors

The	CRR	developed	from	Figure	7.33	or	7.34	is	based	on	case	history	data	from	limited	
site	conditions	of	shallow	liquefaction	and	near	level	ground.	The	line	separating	liquefac-
tion	from	non-liquefaction	case	histories	on	these	figures	 is	for	a	M	=	7.5	earthquake	and	
the	strength	obtained	for	a	given	penetration	resistance	is	termed	CRR7.5.	Seed	(1983)	sug-
gested	that	this	case	history	data	could	be	used	beyond	these	restricted	circumstances	by	
adjusting	the	CRR7.5	to	account	for	actual	site	conditions.	The	available	CRR	for	the	in-situ	
conditions	and	the	design	(or	actual)	earthquake	is	then	given	by

	 CRR CRR K K KM= 7 5. σ α 	 (7.4)

KM	is	the	earthquake	magnitude	adjustment	factor,	and	the	most	commonly	used	relation-
ship	for	this	was	shown	earlier	in	Figure	7.32.	Magnitude	scaling	compensates	for	the	differ-
ing	number	of	significant	cycles	in	an	earthquake,	as	larger	earthquakes	tend	to	have	longer	
duration	of	shaking.	More	recently,	Youd	et al.	(2001)	have	indicated	a	range	of	relation-
ships	determined	by	various	workers,	summarized	 in	Figure	7.35.	Seed	and	Idriss	 (1982)	
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vó

0 10 20 30 40 50

29

Pan - American data
Japanese data
Chinese data

Adjustment
recommended
by workshop

liquefaction
No

liquefaction
Marginal

Liquefaction

Modified Chinese code proposal (clay content = 5%)
Fines content ≥ 5%

Percent fines = 35 ≤ 5

CRR curves for 5, 15 and
35 percent fines, respectively

Figure 7.33  NCEER Soil Liquefaction Assessment Chart using SPT input. Data point numbers correspond to 
the case history reference assigned by Fear (1996) based on Ambraseys (1988). (From Youd, 
T.L. et al., ASCE J. Geotech. Geoenviron. Eng., 127(10), 817, 2001. With permission from the ASCE, 
Reston, VA.)

© 2016 by Taylor & Francis Group, LLC

  

http://www.crcnetbase.com/action/showLinks?crossref=10.1061%2F%28ASCE%291090-0241%282001%29127%3A10%28817%29
http://www.crcnetbase.com/action/showLinks?crossref=10.1061%2F%28ASCE%291090-0241%282001%29127%3A10%28817%29
http://www.crcnetbase.com/action/showLinks?crossref=10.1061%2F%28ASCE%291090-0241%282001%29127%3A10%28817%29
http://www.crcnetbase.com/action/showLinks?crossref=10.1061%2F%28ASCE%291090-0241%282001%29127%3A10%28817%29


Cyclic stress–induced liquefaction (cyclic mobility and softening)  357

M = 7.5

γℓ ≈ 20% ≈ 10% ≈ 3%

Liquefaction

No liquefaction

Cy
cl

e r
es

ist
an

ce
 ra

tio
 (C

RR
)

0.25 < D50 (mm) < 2.0
FC (%) ≤ 5

0.5

0.4

0.3

0.2

0.1

0
0 50 100 150 200

Liq No liq.

250 300
Corrected CPT tip resistance, qc1N

NCEER (1996)
workshop

Field performance
Stark & Olson (1995)
Suzuki et al. (1995b)

0.6

Figure 7.34  NCEER Soil Liquefaction Assessment Chart using CPT input. (From Robertson, P.K. and Wride, 
C.E., Can. Geotech. J., 35(3), 442, 1998. With permission from the NRC, Ottawa, Ontario, Canada.)

Range of recommended
MSF from NCEER

workshop

Seed and Idriss, (1982)
Idriss
Ambraseys (1985)
Arango (1996)
Arango (1996)
Andrus and Stokoe
Youd and Noble, PL < 20% 
Youd and Noble, PL < 32%
Youd and Noble, PL < 50%

Earthquake magnitude, Mw

M
ag

ni
tu

de
 sc

al
in

g 
fa

ct
or

, M
SF

4.5

4

3.5

3

2.5

2

1.5

1

0.5

0
5.0 6.0 7.0 8.0 9.0

Figure 7.35  Recommended magnitude scaling factors from NCEER Workshop. (From Youd, T.L. and Noble, 
S.K.,  Magnitude  scaling  factors,  Proceedings of NCEER Workshop on Evaluation of Liquefaction 
Resistance of Soils, National Center  for Earthquake Engineering Research, State University of 
New York, Buffalo, NY, pp. 149–165, 1997. With permission from Professor Youd.)

© 2016 by Taylor & Francis Group, LLC

  

http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Fcgj-35-3-442
http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Fcgj-35-3-442
http://www.crcnetbase.com/action/showLinks?crossref=10.1139%2Fcgj-35-3-442


358  Soil liquefaction: A critical state approach

essentially	normalized	the	CRR	by	scaling	the	number	of	cycles	to	liquefaction	to	the	15	
loading	 cycles,	 which	 was	 considered	 the	 equivalent	 to	 a	 M7.5	 earthquake.	 Ambraseys	
(1988),	 Arango	 (1996)	 and	 Andrus	 and	 Stokoe	 (1997)	 independently	 developed	 slightly	
different	empirical	scaling	factors	depending	on	their	approaches	to	liquefaction	assessment,	
although	all	were	based	largely	on	the	same	case	history	base.	Finally,	Youd	and	Noble’s	rec-
ommended	scaling	factors	are	based	on	a	probabilistic	analysis	of	the	case	histories	(so	that	
the	PL	values	in	Figure	7.35	refer	to	the	probability	that	liquefaction	occurred).	The	original	
Seed	and	Idriss	factors	(Figure	7.32)	are	still	the	most	widely	used	in	practice,	although	Youd	
et  al.	 (2001)	 recommended	 taking	a	 slightly	more	 conservative	approach	 for	 engineering	
practice	identified	as	Idriss	in	Figure	7.35.	(This	curve	was	suggested	by	Idriss,	based	on	his	
re-evaluation	of	the	original	data,	for	the	NCEER	workshop.)

Kσ	(K�sigma)	is	the	stress-level	adjustment	factor.	The	database	of	the	liquefaction	case	
histories	is	dominated	by	shallow	sites,	and	early	cyclic	triaxial	testing	had	shown	an	effect	
of	 initial	effective	confining	stress	on	liquefaction	resistance.	Seed	(1983)	therefore	 intro-
duced	Kσ	 to	extrapolate	 the	 simplified	 liquefaction	chart	 to	overburden	pressures	greater	
than	100	kPa.	 Isotropically	 consolidated	 cyclic	 triaxial	 tests	 on	 sand	 samples	were	used	
to	measure	CRR	for	high	stress	conditions	and	the	correction	factor	developed	by	taking	
the	ratio	of	CRR	for	higher	pressures	to	the	CRR	for	approximately	100	kPa	(at	the	same	
relative	density).	Other	workers	added	to	Seed’s	data	and	suggested	modifications	to	Kσ	for	
engineering	practice,	these	suggestions	being	linked	to	some	further	analyses	of	the	actual	
stress	 levels	of	 the	 liquefying	ground	 in	 the	various	case	histories.	Figure	7.36	 illustrates	
the	range	of	values	reported	by	Seed	and	Harder	(1990),	using	research	materials	such	as	
Monterey	and	Reid	Bedford	sands	mentioned	in	Chapters	2	and	4	as	well	as	sands	used	for	
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Figure 7.36  Kσ values. (After Seed, R.B. and Harder, L.F., SPT-based analysis of cyclic pore pressure gen-
eration and undrained residual strength, Proceedings of H.B. Seed Memorial Symposium, Vol. 2, 
pp. 351–376, 1990. With permission from BiTech, Richmond, British Columbia, Canada.)
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engineering	from	several	dams	including	Fort	Peck	Dam.	The	test	data	are	grouped	together	
as	a	single	trend	relating	Kσ	to	initial	vertical	effective	stress	and	taking	100	kPa	(or	1	tsf)	as	
the	reference	stress	level	for	Kσ	=	1.	Note	that	the	CRR	decreases	with	increasing	confining	
stress	at	constant	relative	density.

Hynes	and	Olsen	(1999)	provide	a	summary	of	Kσ	suggestion	that	are	illustrated	in	Figure	
7.37	and	a	wide	range	of	behaviour	is	apparent,	with	the	appropriate	Kσ	depending	on	site	
conditions	 such	 as	 relative	 density,	 stress	 history,	 ageing	 and	 overconsolidation	 ratio.	 In	
some	soils	(pluviated	clean	sands),	a	fivefold	increase	in	initial	vertical	effective	stress	results	
in	less	than	20%	decrease	in	the	CRR,	while	in	others	(undisturbed	silty	sands	and	sandy	
silts),	the	CRR	might	reduce	by	40%.	Hynes	and	Olsen	suggest	that	the	different	behaviours	
are	related	to	initial	density	of	the	soil	with	dense	soils	having	proportionately	greater	reduc-
tion	in	CRR	for	a	given	stress	increase,	despite	the	data	in	Figure	7.37	indicating	that	soil	
type	has	a	strong	influence.	Their	recommendation	is	to	use	the	factors	f	=	0.8	for	Dr	=	40%,	
f	=	0.7	for	Dr	=	60%	and	f	=	0.6	for	Dr	=	80%	in	engineering	practice	as	this	provides	minimal	
or	conservative	estimates	for	both	clean	and	silty	sands	and	for	gravels.

Kα	(K�alpha)	is	a	factor	introduced	to	capture	the	perceived	effect	of	sloping	ground.	
Recall	that	the	case	history	record	is	dominated	by	near	level	ground	sites.	One	applica-
tion	of	 liquefaction	analysis	 is	 slope	 failure	of	dams,	and	 the	ground	beneath	 the	dam	
shells	has	a	different	in-situ	stress	state	from	the	level	ground	case	histories.	How	should	
this	be	taken	into	account?	Seed	(1983)	suggested	a	further	modifier	termed	Kα.	The	idea	
behind	Kα	comes	from	cyclic	triaxial	tests.	If	cyclic	triaxial	tests	start	from	an	anisotro-
pic	stress	condition,	then	a	larger	CRR	 is	obtained	for	any	chosen	number	of	cycles	to	
liquefaction	and	Figure	7.38	shows	some	data	indicating	these	experimental	trends.	Seed	
(1983)	extrapolated	from	this	laboratory	result	to	slope	stability	by	noting	that	the	aniso-
tropic	stress	conditions	in	a	simple	shear	test	sample	could	be	expressed	in	terms	of	the	
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Figure 7.37  Kσ values recommended by Hynes and Olsen. (From Hynes, M.E. and Olsen, R.S., Influence of 
confining stress on liquefaction resistance, Proceedings of the International Workshop on Physics 
and Mechanics of Soil Liquefaction,  Balkema, Rotterdam,  the Netherlands,  pp.  145–152,  1999. 
With permission of Taylor & Francis.)
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dimensionless	stress	ratio	α	=	τst/σvo
′	and	that	the	same	ratio	could	be	defined	for	a	layer	

beneath	sloping	ground.
Various	 workers	 have	 developed	 relationships	 between	 Kα	 and	 α,	 summarized	 in	

Figure	7.39.	Conflicting	trends	are	apparent.	These	conflicts	have	not	been	reconciled	and	
present	practice	is	that	the	Kα	correction	curves	should	not	be	used	by	‘non	specialists’	in	
geotechnical	earthquake	engineering	or	in	routine	engineering	practice	(Youd	et al.,	2001)	
–	not	a	satisfactory	situation.

In	addition	to	the	stress	level	and	static	shear	issues,	the	CRR	of	ground	is	affected	by	geo-
logic	history	(overconsolidation	and	age).	These	factors	have	not	been	quantified	within	the	
Berkeley	approach	on	the	basis	that	these	factors	directly	and	similarly	affect	the	measured	
penetration	resistances.	Geologic	history	effects	are	estimated	(i.e.	guessed)	if	necessary.
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Figure 7.38  Apparent effect of consolidation stress ratio Kc on liquefaction resistance. (Redrawn from Lee 
and Seed 1967. With permission from ASCE, Reston, VA.)
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7.4.4  Deficiencies with the Berkeley school method

There	are	several	basic	deficiencies	in	the	Berkeley	School	approach	for	assessing	the	cyclic	
resistance	of	soil	based	on	case	histories:

•	 Characteristic	penetration	resistance	is	undefined
•	 Soil	properties	are	neglected
•	 No	mechanistic	basis	exists	for	the	extrapolations

On	the	first	point,	the	basic	charts	used	to	determine	the	CRR,	Figures	7.33	and	7.34,	only	
show	a	single	value	for	penetration	resistance	of	a	stratum	under	consideration	on	the	x-axis	
of	 the	 plot.	 Real	 soils,	 however,	 show	 a	 spectrum	 of	 penetration	 resistance	 when	 tested	
(illustrated	in	Chapter	5).	What	value	should	be	selected	from	a	spectrum	of	measured	data	
to	use	these	charts?	Moreover,	what	values	were	used	from	the	case	histories	in	develop-
ing	the	charts?	Examination	of	the	records	reveals	that	many	case	histories	are	based	on	a	
single	boring	or	even	a	single	blow	count,	and	where	such	limited	data	might	fit	in	the	real	
spectrum	of	values	at	 the	 site	 is	unknown.	This	 leads	 to	 considerable	uncertainty	 in	 the	
derived	trends.	Detailed	stochastic	simulations	discussed	in	Chapter	5	indicate	that	it	is	the	
loosest	5%–15%	of	the	deposit	that	actually	controls	liquefaction,	but	none	of	that	knowl-
edge	is	present	in	the	case	histories	used	by	Seed	and	co-workers	(either	in	the	derivation	of	
the	charts	or	for	their	subsequent	use	in	design).

On	 the	 second	 point,	 the	 charts	 are	 anchored	 to	 trends	 derived	 with	 example	 soils	
(commonly	 clean	 sands	 in	 laboratory	 experiments).	 How	 should	 soils	 at	 a	 particular	
site	be	related	to	the	charts	and	how	were	the	case	history	soils	related	to	the	laboratory	
sands	on	which	 stress-level	 effects	 and	 earthquake	magnitude	 factors	were	 estimated?	
The	methodology	is	based	around	silt	content	to	relate	differences	in	behaviour	to	soil	
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Figure 7.39  Summary of recommended values for Kα. (After Harder, L.F., Jr. and Boulanger, R.W., Application 
of Kσ  and Kα  correction  factors, Proceedings of NCEER Workshop on Evaluation of Liquefaction 
Resistance of Soils, National Center  for Earthquake Engineering Research, State University of 
New York, Buffalo, NY, pp. 167–190, 1997. With permission from Dr. Harder.)
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type,	but	where	is	the	basis	in	mechanics	for	this	and	why	does	silt	content	matter	rather	
than	 the	 whole	 grain	 size	 distribution?	 Does	 soil	 compressibility,	 which	 is	 known	 to	
affect	penetration	 resistance,	matter?	Recall	 that	 there	was	only	a	very	weak	relation-
ship	between	the	slope	of	the	CSL	λ	and	fines	content	in	Section	2.6,	but	that	Egan	and	
Sangrey	(1978)	showed	a	strong	relationship	between	cyclic	loading	resistance	and	com-
pressibility	(Section	7.2).

On	the	third	point,	equations	have	been	fitted	to	trends	as,	for	example,	the	Kσ	extrapola-
tion	curves	suggested	by	Hynes	and	Olsen	in	Figure	7.37,	but	there	is	no	theoretical	basis	
for	these	curves.	It	is	one	thing	to	draw	a	line	through	data	to	interpolate,	something	else	
entirely	to	choose	a	curve	to	extrapolate	beyond	the	data.	In	addition,	the	variable	expo-
nent	normalization	of	CPT	to	the	reference	stress	level	is	speculative	–	there	is	nothing	in	
mechanics	to	substantiate	this	framework.

The	 second	 and	 third	 points	 really	 boil	 down	 to	 the	 absence	 of	 a	 proper	 constitutive	
model.	Such	models	explain	the	measured	trends	based	on	fundamental	soil	properties	such	
as	critical	friction	angle	and	slope	of	the	critical	state	locus.	Although	proper	constitutive	
models	for	cyclic	loading	did	not	exist	when	Seed	started	this	research	at	Berkeley	in	the	
1960s,	much	progress	has	been	made	in	the	last	40 years	and	there	are	several	good	models	
that	are	now	available.	This	is	evidenced	by	the	VELACS�Conference	in	1993	where	some	
18	models,	implemented	in	coupled	finite	element	codes,	predicted	the	pattern	and	details	of	
cyclically	induced	liquefaction	in	centrifuge	experiments.	Generally,	predictions	were	rather	
good.	Why	not	use	this	understanding?	Why	not	give	the	method	of	liquefaction	assessment	
a	basis	in	mechanics?

7.5  state paraMeter vIeW of the Berkeley approaCh

7.5.1  state parameter version of the Cpt charts

The	 Berkeley	 database	 of	 seismic	 liquefaction	 case	 histories	 has	 been	 updated	 since	 the	
NCEER	workshops	and	continues	to	be	analyzed	by	research	groups	at	the	California	uni-
versities.	One	particularly	comprehensive	study	was	that	of	Moss	(2003),	who	provided	us	
both	his	thesis	and	a	spreadsheet	containing	the	summary	data	for	his	analyses,	on	which	
the	following	is	based.

Moss	undertook	a	probabilistic	 assessment	of	 seismic	 liquefaction	 triggering	using	 the	
CPT	database.	He	looked	at	more	than	600	cases,	but	reduced	that	number	to	185	records	
considered	to	conform	to	Class	A,	B	and	C.	Class	A	consisted	of	data	from	ASTM	compli-
ant	CPT	tests	in	which	no	correction	was	required	for	thin	layers	and	for	which	there	were	
strong	ground	motion	stations	within	100–500	m	(expressed	as	coefficient	of	variation	in	
CSR	≤	0.2	by	Moss).	Class	B	sites	required	a	 thin	 layer	correction	and	the	nearest	strong	
ground	motion	stations	were	further	away,	between	500	and	1000	m	with	the	coefficient	of	
variation	on	CSR	between	0.2	and	0.35.	Class	C	data	may	have	used	non-standard	CPTs	
without	sleeve	data	and	had	a	coefficient	of	variation	on	CSR	of	0.35–0.5.	We	will	look	only	
at	the	Class	A	and	Class	B	records	here,	with	an	emphasis	on	Class	A.

Figure	7.40	shows	the	CPT	liquefaction	charts	using	Moss’s	Class	B	data.	Chart	(a)	uses	
qc1	for	the	penetration	resistance	and	chart	(b)	uses	qc1,mod.	Recall	from	Chapter	4	that	qc1	is	
the	reference	stress–level	penetration	resistance	at	1	atm	(~100	kPa).	But	here	the	exponent	c	
used	in	computing	qc1	is	variable,	following	the	logic	of	Olsen	(1988)	who	suggested	that	the	
exponent	was	soil	type	dependent	varying	from	0.5	in	sands	to	1.0	in	clays.	However,	Moss	
related	c	to	both	the	measured	qc	and	friction	ratio	Rf	(=	fs/qc)	based	on	further	analysis	of	
Olsen’s	work.	The	modified	form	qc1,mod	is	the	CPT	analogue	to	a	fines	corrected	SPT	blow	
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count	N160,ecs.	The	modification	by	Moss	is	additive	to	qc1	and	is	a	function	of	both	the	CSR	
and	CPT	friction	ratio	Rf.

Visually,	there	is	little	to	choose	between	Figure	7.40a	and	b	except	that	a	few	of	the	cases	
with	higher	 friction	ratio,	 that	 is	where	 the	change	 in	qc1	 to	get	 to	qc1,mod	 is	greatest,	are	
graphed	at	higher	values	of	CPT	resistance	and	as	a	result	there	are	fewer	records	that	are	on	
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Figure 7.40  Class A and B liquefaction case histories in terms of qc1 (a) and qc1,mod (b). (Adapted from Moss, 
R.E.S., CPT-based probabilistic  assessment of  seismic  soil  liquefaction  initiation,  PhD  thesis, 
University of California, Berkeley, CA, 2003.)
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the	wrong	side	of	a	notional	division	between	liquefaction	and	non-liquefaction	case	histo-
ries.	Looking	only	at	the	Class	A	records,	there	are	arguably	no	cases	that	are	on	the	wrong	
side	of	the	dividing	line	when	viewing	qc1,mod	and	only	one	non-liquefaction	case	that	lies	just	
above	the	dividing	line	in	terms	of	qc1.

What	happens	if	we	now	turn	to	state	parameter	for	guidance,	using	the	methods	devel-
oped	in	Chapter	4	to	look	at	these	CPT	data?	Consider	only	the	Class	A	records	from	Moss	
(2003),	which	are	presented	in	detail	in	Appendix	G.	Table	7.3	is	a	summary	of	that	data	
and	our	state	parameter–based	processing	of	it.	Figure	7.41	plots	the	tabulated	data	as	fric-
tion	ratio	versus	vertical	effective	stress	in-situ	to	provide	a	perspective	on	the	range	of	soils	
and	stress	levels	within	the	database.	With	one	exception,	the	vertical	effective	stresses	for	
the	Class	A	case	histories	are	less	than	100	kPa.	Turning	to	the	friction	ratio	as	an	indicator	
of	soil	type,	the	majority	of	the	case	histories	have	F	<	0.8%,	indicative	of	a	clean	sand	to	
slightly	silty	sand.	Caution	is	needed	if	these	data	are	to	be	used	for	projects	which	involve	
significantly	higher	stress	conditions	or	tailings	and	silts.

The	state	parameter	processing	consists	of	applying	the	screening	method	of	Plewes	et al.	
(1992)	 in	which	λ10	 is	 estimated	 from	 the	normalized	 friction	F	 and	 then	CPT	 inversion	
parameters	k,	m	are	calculated	from	λ10	 (Section	4.7).	Since	pore	pressure	measurements	
have	not	been	provided	with	the	CPTs,	there	is	a	simplification	that	Bq	=	0	which	is	accurate	
for	clean	sands	but	may	include	a	slight	bias	for	silty	sands	and	silts	where	drained	penetra-
tion	may	not	be	a	good	assumption.	In	addition,	we	have	had	to	assume	M	=	1.25	across	the	
entire	database	(again,	reasonable	for	most	of	the	sands	in	the	database)	and	Ko	=	0.7	(which	
we	consider	a	reasonable	representative	value,	which	cannot	be	supported	or	refuted	in	the	
absence	of	measurements).

Recall	 from	Chapters	5	and	6	that	 it	 is	not	the	mean	state	parameter	that	needs	to	be	
used	 in	considering	 liquefaction.	A	characteristic	value	 is	 required	and	 in	Chapter	5	our	
review	 indicated	 something	 like	 the	80–90	percentile	value	 is	appropriate.	 In	Chapter	6,	
we	estimated	this	percentile	value	as	ψk	for	the	analysis	of	the	post-liquefaction	undrained	
shear	strength.	Since	the	Moss	database	includes	a	mean	and	standard	deviation	in	the	layer	
of	 interest	 for	 each	 case,	we	have	used	 the	mean	minus	one	 standard	deviation	value	 to	
compute	an	approximately	85	percentile	value	for	ψk	(assuming	a	normal	distribution	func-
tion).	Figure	7.42	shows	the	state	parameter	version	of	the	CPT	liquefaction	chart	we	have	
estimated	using	this	approach.

We	have	shown	 in	different	 shades	 the	case	records	 for	which	 the	normalized	 friction	
ratio	(F)	is	less	than	0.8%	or	more	than	0.8%	so	as	to	see	whether	there	might	be	a	bias	
induced	by	not	having	pore	pressure	data	and	assuming	Bq	=	0.	There	is	no	evidence	that	
the	division	between	liquefied	and	non-liquefied	sites	would	be	affected.	Figure	7.42	also	
shows	a	simple	exponential	curve	that	neatly	divides	the	data	for	liquefied	and	non-liquefied	
sites	given	by:

	 CRR k7 5 0 06 9. . exp( )= − ψ 	 (7.5)

Recall	how	cyclic	triaxial	test	data	normalized	to	a	single	backbone	curve	for	the	effect	
of	CSR,	under	constant	void	ratio	and	initial	stress	conditions,	in	Figure	7.8.	From	this	
backbone	curve,	Figure	7.11	showed	CRR15	as	a	function	of	state	parameter.	Since	M	=	7.5	
earthquakes	implicit	 in	Equation	7.5	are	treated	as	the	same	as	15	equivalent	cycles	of	
loading,	we	can	combine	the	laboratory	and	case	history	trend,	Figure	7.43.	What	jumps	
out	 of	 the	 page	 in	 Figure	 7.43	 is	 the	 correspondence	 that	 has	 been	 achieved	 between	
the	 state	 parameter	 approach	 based	 on	 independent	 sets	 of	 laboratory	 tests	 and	 field	
CPT	tests.	The	mechanics-based	approach	works	and	supports	the	simplified	screening	
method.
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Table 7.3  Cyclic liquefaction case history data processed in terms of state parameter

# Earthquake Mw Site Liq 
From 
(m)

To 
(m)

Water 
table 
(m)

′σv  
(kPa) CSR7.5 

qc 
(MPa)

(qc)k 
(MPa)

F 
(%) λ10 k′/M m′ Qp (1 − Bq ) ψk 

111 1989 Loma Prieta 7 MBAR I3 RC-6 N 3 4.5 2.6 52 0.16 13.4 12.5 0.20 0.020 46.1 11.6 295 −0.140
117 1989 Loma Prieta 7 Moss Landing State 

Beach 18
N 2.4 3.4 2.4 43.5 0.15 10.4 9.6 0.25 0.025 36.8 11.6 276 −0.155

115 1989 Loma Prieta 7 MBAR I4 CPT-1 N 2.3 3.5 1.9 38.3 0.17 9.6 8.6 0.25 0.025 36.8 11.6 279 −0.156
113 1989 Loma Prieta 7 Sandholdt Rd. UC2 N 3 4.5 2.7 50.9 0.16 16.5 11.6 0.21 0.021 43.2 11.6 283 −0.142
116 1989 Loma Prieta 7 Sandholdt Rd. UC-6 N 6.2 7 2.7 85.6 0.17 18.8 18.2 0.29 0.029 32.1 11.5 264 −0.164
112 1989 Loma Prieta 7 MBAR I3 RC-7 N 4 5 3.7 67.0 0.14 9.3 8.7 0.28 0.028 33.1 11.5 162 −0.118
114 1989 Loma Prieta 7 General Fish CPT-6 N 2.2 3.2 1.7 39.1 0.17 9.4 7.9 0.27 0.027 34.2 11.5 252 −0.154
44 1981 Westmorland 5.9 Radio Tower B2 N 2 3 2.01 36.2 0.08 6.3 3.3 0.71 0.071 14.9 11.0 113 −0.164
34 1979 Imperial Valley 6.5 Radio Tower B2 N 2 3 2.01 36.7 0.1 5.8 2.1 0.52 0.052 19.5 11.2 70 −0.094

110 1989 Loma Prieta 7 Alameda Bay Farm Is. N 5 6 2.5 74.3 0.15 7.1 4.4 1.35 0.135 9.3 10.1 73 −0.182
32 1979 Imperial Valley 6.5 Kornbloom B N 2.6 5.2 2.74 54.5 0.07 2.8 0.9 0.80 0.080 13.6 10.8 19 −0.012
88 1989 Loma Prieta 7 Miller Farm CMF8 Y 6.8 8 4.91 99.0 0.23 4.8 3.9 0.21 0.021 44.1 11.6 47 0.013
80 1989 Loma Prieta 7 Sandholdt Rd. UC-4 Y 2.4 4.6 2.7 48.6 0.21 7.6 1.8 0.11 0.011 81.4 11.8 46 0.067
90 1989 Loma Prieta 7 Miller Farm CMF5 Y 5.5 8.5 4.7 99.8 0.26 7.1 5.6 0.39 0.039 24.9 11.4 68 −0.069
78 1989 Loma Prieta 7 Marine Lab. C4 Y 5.2 5.8 2.5 66.3 0.18 2.1 1.7 0.43 0.043 22.9 11.3 30 −0.006
84 1989 Loma Prieta 7 Marine Lab. C4 Y 5.2 5.8 2.5 66.3 0.18 2.1 1.7 0.43 0.043 22.9 11.3 30 −0.006
81 1989 Loma Prieta 7 Moss Landing State 

Beach 14
Y 2.4 4 2.4 44.6 0.19 4.7 4.0 0.48 0.048 20.9 11.3 111 −0.128

72 1989 Loma Prieta 7 SFOBB-2 Y 6.5 8.5 2.99 96.8 0.16 8.7 6.8 0.44 0.044 22.5 11.3 86 −0.098
71 1989 Loma Prieta 7 SFOBB-1 Y 6.25 7 2.99 90.6 0.16 5.3 4.6 0.59 0.059 17.4 11.1 62 −0.094
87 1989 Loma Prieta 7 Farris Farm Site Y 6 7 4.5 87.1 0.25 4.0 3.6 0.64 0.064 16.2 11.0 50 −0.082

(Continued)
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Table 7.3 (Continued)  Cyclic liquefaction case history data processed in terms of state parameter

# Earthquake Mw Site Liq 
From 
(m)

To 
(m)

Water 
table 
(m)

′σv  
(kPa) CSR7.5 

qc 
(MPa)

(qc)k 
(MPa)

F 
(%) λ10 k′/M m′ Qp (1 − Bq ) ψk 

91 1989 Loma Prieta 7 Miller Farm CMF3 Y 5.75 7.5 3 95.7 0.24 3.2 1.8 0.42 0.042 23.2 11.3 22 0.026
42 1981 Westmorland 5.9 Radio Tower B1 Y 3 5.5 2 50.4 0.1 3.2 1.8 0.51 0.051 19.6 11.2 44 −0.052
30 1979 Imperial Valley 6.5 Radio Tower B1 Y 3 5.5 2.01 52.8 0.13 3.1 1.6 0.49 0.049 20.4 11.3 35 −0.029

128 1994 Northridge 6.7 Potrero Canyon 
Unit C1

Y 6 7 3.3 91.3 0.21 6.2 3.8 0.68 0.068 15.5 11.0 51 −0.088

129 1994 Northridge 6.7 Wynne Ave. UnitC1 Y 5.8 6.5 4.3 94.9 0.3 8.8 3.1 0.41 0.041 23.9 11.4 40 −0.026
31 1979 Imperial Valley 6.5 Mc Kim Ranch A Y 1.5 4 1.5 35.5 0.36 2.7 1.8 0.78 0.078 13.9 10.9 63 −0.119

130 1994 Northridge 6.7 Rory Lane Y 3 5 2.7 53.9 0.43 3.6 3.2 1.61 0.161 8.3 9.8 72 −0.199
89 1989 Loma Prieta 7 Miller Farm CMF10 Y 7 9.7 3 99.9 0.34 4.8 2.4 0.99 0.099 11.6 10.6 28 −0.063

126 1994 Northridge 6.7 Balboa Blvd. Unit Y 8.3 9.8 7.19 145.0 0.3 7.3 3.2 1.15 0.115 10.4 10.4 26 −0.067

Class A sites from Moss (2003).
Note:  Column Liq Y/N indicates whether liquefaction was observed (Y) or not (N).

′σv is at middle of critical layer.
Ko = 0.7, M = 1.25, Bq = 0 assumed.
(qc)k = qc − 1 standard deviation.
λ10 calculated from Equation 4.16.
k′, m′ calculated from Equation 4.15.
Qp(1 − Bq) calculated for characteristic value (qc)k.
ψk calculated using Equation 4.14.
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368  Soil liquefaction: A critical state approach

Although	very	encouraging,	too	much	should	not	be	read	into	Figure	7.43	at	this	stage	
because

•	 The	laboratory	tests	are	cyclic	triaxial	tests,	and	some	adjustment	is	needed	to	represent	
simple	shear	conditions.

•	 The	field-based	line	is	a	limit	between	liquefied	and	non-liquefied	behaviour	consid-
ered	at	the	characteristic	state,	whereas	all	the	laboratory	data	represent	measured	liq-
uefaction	(the	stress	ratio	at	which	failure	occurs	in	15	cycles)	at	a	single	sample	state.

•	 The	range	of	soil	type	and	stress	levels	in	the	database	is	rather	limited	–	it	is	all	clean	
to	silty	sand	and	stress	levels	of	less	than	150	kPa.

We	will	return	to	these	points	later,	once	we	have	looked	at	simple	shear	behaviour	and	have	
a	better	theoretical	understanding	of	cyclic	loading	through	NorSand.

7.5.2  nature of Kσ

The	effect	of	the	actual	soils	being	at	a	different	stress	from	the	reference	condition	lead	to	the	
development	of	a	stress-level	factor,	Kσ,	in	the	Berkeley	method	to	modify	the	assessed	CRR	for	
cyclic	liquefaction	triggering.	Kσ	is	the	opposite	adjustment	for	the	mapping	used	in	evaluating	
the	soil	state	from	penetration	resistance	using	the	reference	stress	method.	The	factor	Kσ	was	
estimated	from	soil	testing	associated	with	various	case	histories,	and	as	illustrated	in	Figures	
7.36	and	7.37,	there	is	a	wide	range	of	trends	as	to	how	Kσ	changes	with	soil	conditions.	This	
has	led	to	an	equally	wide	range	of	recommendations	based	on	opinion	not	mechanics.

With	the	understanding	from	laboratory	tests	that	constant	ψ	implies	constant	CRR	for	
constant	 intrinsic	 soil	properties	 (and	 in	particular	 fabric),	we	can	calculate	 just	how	Kσ	
should	vary.	Recall	that	Kσ	was	intended	to	allow	for	the	in-situ	stress	conditions	assuming	
that	soil	density	remains	unchanged.	It	is	now	clear	that	this	corresponds	to	progressively	
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changing	ψ.	Figure	7.11	shows	just	how	the	CRR,	at	which	failure	occurs	in	15	cycles,	varies	
as	a	function	of	ψ,	and	this	graph	can	therefore	be	used	to	compute	Kσ	as	a	function	of	stress	
level	and	soil	properties.

Figure	7.44	shows	computed	values	of	Kσ	as	a	function	of	the	slope	of	the	critical	state	
line	λ	(which	is	the	soil	property	that	determines	how	ψ	varies	with	stress	level	for	constant	
density).	Also	shown	in	Figure	7.44	is	the	Kσ	as	a	function	of	f	from	Figure	7.37	suggested	
by	Olsen	(1984).	It	 is	clear	from	the	remarkable	correspondence	between	the	two	sets	of	
curves	that	the	changing	state	parameter,	because	of	changing	stress	level	at	constant	void	
ratio,	explains	the	stress-level	correction	represented	by	Kσ.	Conversely,	if	ψ	is	the	chosen	
frame	of	reference	then	no	stress-level	correction	factor	Kσ	is	required	and	the	liquefaction	
assessment	process	becomes	a	whole	lot	simpler	(as	well	as	being	based	on	measured	soil	
properties	rather	than	geologically	based	speculation).

7.5.3  nature of Kα

The	factor	Kα	arose	to	deal	with	the	observation	that	sands	show	a	greater	resistance	to	
cyclic	 mobility	 in	 anisotropically	 rather	 than	 isotropically	 consolidated	 cyclic	 triaxial	
tests.	However,	we	showed	in	Section	7.3.4	that	whatever	the	combination	of	cyclic	and	
static	stress	ratios	in	simple	shear,	it	is	the	proximity	of	the	peak	shear	stress	to	the	image	
stress	ratio	that	controls	stiffness.	Static	bias	puts	the	stress	path	closer	to	the	image	stress	
ratio.	 The	 expectation	 would	 therefore	 be	 that	 static	 bias	 reduces	 the	 cyclic	 strength.	
However,	 this	 ignores	 the	 rate	 of	 pore	 water	 pressure	 generation	 during	 cyclic	 load-
ing,	which	pushes	the	stress	path	towards	higher	stress	ratios.	The	rate	of	pore	pressure	
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370  Soil liquefaction: A critical state approach

generation	is	more	dependent	on	principal	stress	rotations	than	on	the	CSR,	at	least	below	
the	image	stress	ratio.

This	idea	of	static	bias	is	often	invoked	for	plane	strain	slopes;	the	effect	of	increased	slope	is	
to	increase	the	magnitude	of	the	principal	stress	difference.	This	is	manifested	as	a	base	static	
shear	on	which	the	(usually	earthquake	caused)	cyclic	stress	is	imposed.	Fundamentally,	this	is	
the	same	thing	as	an	effect	of	geostatic	stress	ratio	Ko	and	it	does	have	an	effect	on	the	simple	
shear	stress	path	and	proximity	to	the	image	stress	ratio,	as	well	as	the	principal	stress	rota-
tion.	However,	there	is	not	a	one-to-one	mapping	because	only	one	of	the	principal	stresses	
(that	extending	perpendicular	to	depth	away	from	the	slope	surface,	generally	σ1)	is	set	by	the	
boundary	conditions.	The	other	two	principal	stresses	depend	both	on	Ko	and	the	response	
of	the	soil	to	loading.	Correspondingly,	the	principal	stress	rotation	depends 	on	the	imposed	
cyclic	shear	stress,	the	state	parameter	and	the	intrinsic	properties	of	the	soil.	As	principal	stress	
rotation	is	the	dominant	effect	in	producing	cyclic	mobility,	the	situation	becomes	implicit	and	
static�bias	cannot	give	simple	trends	for	a	strength	adjustment	factor	like	Kα.	Rather,	formal	
modelling	is	needed.	This	is	not	difficult,	however,	and	for	most	purposes	cyclic	simple	shear	
simulations	with	NorSand	will	provide	the	required	guidance	(covered	later	in	this	chapter).

7.5.4  Influence of silt content

The	fundamental	liquefaction	criterion	developed	by	Seed	was	for	clean	sands,	which	were	
taken	 to	be	 sands	with	 less	 than	5%	fines	 content.	However,	many	of	 the	 case	histories	
involved	sands	with	higher	fines	contents	and	these	have	been	assumed	to	behave	in	much	
the	same	manner	as	the	clean	sands.	The	liquefaction/no-liquefaction	lines	for	higher	fines	
soils	have	been	assumed	to	be	similar	to	the	clean�sand	line	such	that	any	sand	of	arbitrary	
fines	can	be	mapped	onto	the	clean	sand	behaviour	line	by	adding	a	‘correction’	to	its	mea-
sured	blowcount.	The	correction	 is	only	a	 function	of	 silt	 content.	The	correction	 factor	
is	referred	to	as	‘ΔN’,	and	the	result	is	denoted	as	an	equivalent�clean�sand	value	(usually	
denoted	by	the	subscript	ecs).

Referring	to	Figure	7.33	for	low	cyclic	stress	events,	say	CSR	=	0.1,	the	‘correction’	factor	
for	a	sand	with	15%	silt	content	compared	to	less	than	5%	silt	content	could	amount	to	the	
same	as	the	actual	penetration	resistance.	The	decision	becomes	dominated	by	the	correc-
tion	factor.	Further,	although	the	effect	of	silt	content	has	been	drawn	as	a	parallel	trend	
to	clean	sand,	the	actual	case	history	data	would	equally	well	support	a	line	going	through	
the	origin;	in	effect,	making	the	correction	factor	a	proportion	of	the	measured	resistance	
rather	than	an	additive	term.	Of	course,	this	may	completely	change	many	design	decisions.

What	insight	does	the	state	parameter	offer?	The	first	step	is	to	distinguish	between	soil	
behaviour	and	penetration	resistance.	In	Chapter	4,	calibration	chamber	experiments,	simple	
cavity	expansion	 solutions	and	numerical	 simulations	have	all	 shown	 that	 the	 relationship	
between	state	parameter	and	CPT	resistance	depends	on	soil	properties.	At	least	part	of	the	silt	
content	‘correction’	is	to	compensate	for	the	fact	that	the	penetration	resistance	is	less	in	silty	
sands	than	clean	sands	for	the	same	state	parameter	and	stress	level.	The	closed-form	solution	
in	particular	shows	that	this	correction	is	in	the	nature	of	a	multiplier,	not	an	additive	term.	
The	silt	content	‘correction’	in	the	Berkeley	School	methodology	using	the	SPT	has	the	wrong	
mathematical	form.	(However,	the	Robertson	and	Wride,	1998,	approach	to	the	CPT	using	
an	adjustment	factor	Kc	is	an	appropriate	form	as	it	depends	on	the	behaviour	of	the	sand	as	
measured	by	appropriate	CPT	dimensionless	groups	and	acts	as	a	multiplier	on	the	resistance.)

Silt	content	has	an	important	effect	on	liquefaction	behaviour	beyond	its	influence	on	pen-
etration	resistance,	although	the	effect	is	the	result	of	compressibility	rather	than	silt	con-
tent.	Using	the	state	parameter	version	of	the	liquefaction	charts	recognizes	implicitly	the	
effect	of	compressibility	on	the	penetration	resistance.	By	taking	a	state	parameter	view,	the	

© 2016 by Taylor & Francis Group, LLC

  



Cyclic stress–induced liquefaction (cyclic mobility and softening)  371

effect	of	material	properties	on	cyclic	behaviour	(for	soils	outside	the	case	history	database)	
can	also	be	captured	through	constitutive	modelling.

7.6  theoretICal fraMeWork for CyClIC loaDIng

7.6.1  alternative modelling approaches for cyclic loading

Elastic–plastic	thinking	has	dominated	the	development	of	constitutive	laws	for	liquefac-
tion	in	the	literature.	Elastic–plastic	models	are	defined	with	reference	to	a	stress	space	
associated	with	a	point	 in	 the	material	and	are	 formulated	according	 to	classical	 con-
tinuum	mechanics:	a	stress	increment	is	specified	by	a	strain	increment	(and	vice	versa)	
in	a	tensor	relationship.	The	key	step	for	cyclic	loading	is	how	to	deal	with	unloading	or	
load	reversals,	which	relate	to	the	hardening	rule	rather	than	the	particular	form	of	the	
yield	surface.	Three	broad	classes	of	hardening	law	are	illustrated	in	simplified	form	in	
Figure	7.45.

The	simplest	form	of	work	hardening	plasticity	is	isotropic	hardening,	and	such	hard-
ening	 is	 used	 in	 Cam	 Clay,	 for	 example.	 Isotropic	 hardening,	 Figure	 7.45a,	 uniformly	
expands	 the	 yield	 surface	 with	 plastic	 strain	 so	 that,	 during	 unloading	 and	 reversal	 of	
stress,	no	yield	arises	until	 the	 reversed	 stress	 exceeds	 the	yield	 criterion	 established	 in	
the	prior	loading	direction.	Because	elastic	response	does	not	produce	excess	pore	water	
pressure,	isotropic	hardening	models	cannot	simulate	the	effect	of	several	stress	reversals	
and	 the	 gradual	build-up	of	pore	pressures	 that	 is	 observed.	Multisurface	models	were	
developed	to	avoid	this	limitation	of	isotropic	hardening	by	providing	several	nested	yield	
surfaces	 of	 different	 sizes	 within	 stress	 space,	 so	 that	 a	 variable	 rate	 of	 plastic	 strain-
ing	can	be	simulated,	in	particular	during	stress	reversals.	Bounding	surface	models	use	
the	concept	of	an	outer	limit,	or	bounding	surface,	with	a	single	inner	surface	on	which	
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372  Soil liquefaction: A critical state approach

yielding	is	defined	with	a	rate	dependent	on	the	distance	from	the	bounding	surface.	Both	
multisurface	and	bounding	surface	models	result	in	kinematic	hardening	(Figure	7.45b).	
Kinematic	 hardening	 models	 can	 simulate	 both	 static	 liquefaction	 and	 cyclic	 mobility	
encountered	in	standard	laboratory	tests,	and	these	models	are	relatively	popular	in	the	
literature.	The	good	models	 in	VELACS	were	all	of	 this	kinematic	hardening	form	and	
development	has	continued	since	then.

Kinematic	hardening	models	do	well	 in	 single	 element	 tests	with	fixed	principal	 stress	
direction,	however,	they	are	very	poor	in	situations	with	principal	stress	rotation.	None	can	
simulate	the	case	of	constant	stress	invariants	but	rotating	principal	stress	direction	that	was	
tested	in	the	experiments	of	Arthur	et al.	(1980)	or	Ishihara	and	Towhata	(1983).	Clearly,	
something	fundamental	is	missing.

In	kinematic	 softening	 (Figure	7.45c),	 the	yield	 surface	 is	allowed	 to	 shrink	as	a	 func-
tion	of	principal	stress	direction	changes	or	stress	reversals.	Not	only	does	this	capture	the	
behaviour	in	the	standard	laboratory	tests,	it	also	nicely	predicts	the	soil	behaviour	during	
principal	stress	rotation	in	constant	stress	invariant	tests.	There	are	very	few	such	models.	
NorSand	 implemented	kinematic	 softening	 in	1992	and	 this	 implementation	will	be	dis-
cussed	next.

7.6.2  NorSand with cyclic loading and principal stress rotation

Kinematic	 softening	 is	 introduced	 into	 NorSand	 to	 account	 for	 principal	 stress	 rotation	
during	cyclic	loading.	The	idea	is	that	a	yield	surface	reflects	the	mobilization	of	particle	
contacts	at	a	micromechanical	level,	and	therefore,	the	yield	surface	has	direction	in	stress	
space.	Since	particle	contacts	have	evolved	to	best	carry	the	imposed	stresses,	loading	from	
a	different	direction	will	always	load	a	less	well-configured	arrangement	of	grain	contacts.	
Correspondingly,	rotation	of	principal	stress	directions	is	assumed	to	result	in	shrinking	of	
the	yield	surface,	as	illustrated	in	Figure	7.45c.	The	basis	of	this	assumption	is	illustrated	in	
Figure	7.46	which	shows	an	experimentally	determined	arrangement	of	contacts	for	discs	
in	biaxial	compression.	In	this	particular	sample,	there	is	a	strong	preference	for	vertical	
contacts	over	horizontal.	Obviously,	if	the	sample	is	further	loaded	vertically,	the	response	
will	be	 relatively	 stiff.	For	horizontal	 loading,	or	 loading	 in	an	 intermediate	direction,	a	
completely	different	stress–strain	response	will	arise	as	the	particle	arrangement	readjusts	to	
establish	contacts	to	carry	the	forces	in	the	direction	of	loading.	These	ideas	also	illustrate	
why	the	principal	stress	jumps	in	the	cyclic	triaxial	tests	are	such	a	severe	loading	–	the	soil	
is	loaded	in	its	weakest	direction	every	half	cycle.	This	idea	of	principal	stress	rotation	is	so	
important	that	it	overrides,	or	at	least	modifies,	Second	Axiom	of	critical	state	theory	(that	
the	state	migrates	to	the	critical	state	with	shearing,	Equation	3.32	and	it	is	regarded	as	hav-
ing	the	status	of	an	axiom	in	its	own	right.	This	gives

•	 Third	Axiom:	Principal	stress	rotation	softens	(shrinks)	the	yield	surface

Because	of	the	Third	Axiom	principal	stress	rotation	may	or	may	not	move	the	soil	closer	
to	the	critical	state	despite	causing	plastic	strains.	Arthur	et al.	(1980)	noted	exactly	this	
point.	The	basic	scheme	of	the	Third	Axiom	softening	is	illustrated	for	a	plane	strain	situ-
ation	in	Figure	7.47.	Consider	a	stress	point	located	on	a	hardened	yield	surface	with	ongo-
ing	yielding.	If	the	stress	point	is	slightly	unloaded	to	move	it	just	inside	the	yield	surface,	
plastic	yielding	will	stop.	Now,	consider	that	yield	surface	as	fixed	in	space	with	a	preferred	
coordinate	system	(which	reflects	the	mobilized	grain	contact	arrangement).	Pure	rotation	
of	the	principal	stresses	will	not	change	the	stress	invariants,	but	if	the	stress	point	is	drawn	
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on	the	rotated	axes	it	may	now	lie	outside	the	previous	yield	surface	(which	is	fixed	in	space).	
Obviously,	yielding	must	arise	in	this	situation.

Actually,	yield	caused	by	principal	stress	rotation	is	not	the	only	possibility.	As	can	be	
envisaged	 from	 Figure	 7.47,	 some	 rotations	 could	 move	 the	 stress	 point	 further	 into	 the	
yield	surface	until	further	yielding	would	only	be	triggered	on	the	opposite	side	of	the	yield	
surface.	 This	 situation	 arises	 every	 reversal	 in	 cyclic	 simple	 shear	 and	 also	 causes	 non-
coincidence	between	directions	of	principal	stress	and	principal	strain	increment	as	the	two	
get	out	of	phase	by	the	size	of	the	elastic	zone.

NorSand	has	two	measures	of	yield	surface	size,	the	image	stress	ratio	Mi,	which	describes	
the	relative	size	between	the	deviator	and	the	 isotropic	directions	and	the	mean	stress	at	
the	image	condition,	 ′σmi.	This	image	mean	stress	is	the	parameter	that	scales	the	size	of	the	
yield	surface	and	is	the	object	of	the	hardening	law.	Principal	stress	rotation	only	acts	on	this	
image	mean	stress,	and	the	Third	Axiom	is	implemented	as

	

� �σ
σ

α
π

mi

mi
rZ= − 	 (7.6)

The	π	term	in	Equation	7.6	is	introduced	to	keep	the	model	dimensionless	and	arises	if	α	is	
measured	in	radians;	if	α	is	measured	in	degrees	then	the	π	term	becomes	180°.	Equation	7.6	

F2 >F1

F1

(a)

F2 >F1

F1

(c)

(b)

F2 >F1

F1

Figure 7.46  Biaxial  compression  test  on  an  assembly  of  photo-elastic  discs.  (a)  Full  assembly  of  discs 
(vertical  load F2  is  greater  than horizontal  load F1),  (b)  near  vertical  contacts  and  (c)  near 
horizontal contacts. (After de Josselin de Jong, G. and Verruijt, A., Can. Grpe.Fr. Etude Rheol., 
2, 73, 1969.)
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operates	as	a	further	step	to	the	hardening	law	and	is	simply	implemented	in	any	numerical	
scheme	(whether	Euler	integration	of	a	laboratory	element	test	in	a	spreadsheet	or	in	finite	
element	analysis).	Appendix	C	includes	the	details.	There	are	no	changes	to	the	stress–dilat-
ancy	rule,	which	continues	to	operate	off	the	current	yield	surface.	The	action	of	principal	
stress	induced	softening	aligns	the	yield	surface	with	the	new	principal	stress	directions.

In	some	respects,	the	effect	of	principal	stress	rotation	in	NorSand	is	very	much	like	the	
fatigue	model	Van	Eekelen	and	Potts	(1978)	introduced	to	model	Drammen	clay	under	cyclic	
loading.	Their	model	used	a	cyclic	variation	in	mobilized	stress	ratio	η	to	soften	the	critical	
mean	stress	of	the	yield	surface.	NorSand	has	exactly	the	same	feature,	but	largely	reacts	to	
changes	in	principal	stress	direction	as	well	as	yield	in	unloading.

The	present	 form	of	NorSand	 does	not	distinguish,	 in	 terms	of	model	 soil	properties,	
between	principal	stress	jumps	and	smooth	principal	stress	rotation.	The	same	value	of	Zr	is	
used	in	both	instances.	In	terms	of	values	for	Zr,	the	initial	estimate	was	that	a	90°	principal	
stress	flip	should	completely	soften	a	yield	surface	and	wipe	out	all	accumulated	hardening	–	
implementing	hardening	 as	 a	 reflection	of	 grain	particle	 arrangement	 and	 taken	directly	
from	the	micromechanical	simulation	of	particle	contacts	shown	in	Figure	7.46.	We	need	
to	look	at	some	good	simple	shear	data	to	further	examine	how	the	hardening	law	reflects	
measured	behaviour	in	sands	and	silts.

7.6.3  Modelling simple shear with NorSand

Earlier	 in	 this	chapter	we	 illustrated	 that	principal	 stress	 rotation	was	 intrinsic	 to	earth-
quake	loading	of	soils	because	of	the	dominant	vertical	propagation	of	shear	waves	from	

Rotated major principal stress
defining reference frame ‘B’

Original major principal
stress defining reference

frame ‘A’

Yield surface
on reference

frame B

Yield surface
on reference

frame A

σ1
B

σ1
A

σ2
B

σ2
A

Rotation

Softening

Figure 7.47  Schematic of yield surface softening induced by principal stress rotation. (From Been, K. et al., 
Class  A  prediction  for  model  2,  Proceedings of International Conference on the Verification of 
Numerical Procedures for the Analysis of Soil Liquefaction Problems [VELACS], K. Arulanandan, R.F. 
Scott  (eds.), A.A. Balkema, Rotterdam,  the Netherlands, 1993. With permission of Taylor & 
Francis.)
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depth	to	ground	surface	during	an	earthquake.	The	cyclic	simple	shear	test	is	a	direct	ana-
logue	of	 an	 element	of	 soil	 subject	 to	vertically	propagating	 shear	waves	 (i.e.	within	 the	
limits	of	the	equipment).	But	as	also	pointed	out,	current	versions	of	the	simple	shear	test	are	
deficient	in	measuring	only	two	of	the	four	stresses	acting	on	the	soil.	On	the	other	hand,	
cyclic	simple	shear	tests	are	attractive	for	two	reasons:	(1)	As	illustrated	by	the	tests	on	FRS,	
these	tests	do	show	the	key	features	that	we	saw	in	the	full-scale	extended	cyclic	loading	of	
the	Molikpaq	(Chapter	1)	and	(2)	the	cyclic	simple	shear	test	is	the	only	available	test	with	
principal	stress	rotation	that	is	feasible	in	current	engineering	practice.	The	challenge	is	to	
overcome	the	deficiencies	of	the	experimental	data.	This	can	be	done	by	modelling	the	test	
and	then	using	the	calibrated	model	to	understand	what	was	measured	and	to	transfer	the	
results	to	engineering	design	and	assessment.

A	further	wrinkle	as	to	why	modelling	is	needed	is	that	it	is	exceedingly	rare	for	cyclic	
simple	shear	tests	to	be	at	the	in-situ	void	ratio.	Even	with	silts,	which	we	can	sample	and	
bring	 to	 the	 laboratory,	 the	 subsequent	 extrusion	 and	 handling	 into	 the	 test	 cell	 causes	
plastic	strains	and	the	as-tested	soil	is	denser,	often	much	denser,	than	what	existed	in-situ.	
In	the	case	of	sands,	the	sample	reconstitution	procedures	seemingly	create	dense	samples.	
In	the	case	of	FRS,	even	the	loose	tests	had	a	dilatant	initial	state	and	rather	more	dilatancy	
than	would	be	encountered	with	truly	loose	sands.

The	way	NorSand	deals	with	principal	stress	rotation	was	outlined	in	the	previous	sec-
tion	with	the	detailed	implementation	being	provided	in	Appendix	C.	The	downloadable	
spreadsheet	NorSandPSR_FRS.xls	has	been	set	up	for	modelling	cyclic	simple	shear	as	well	
as	paging	through	the	FRS	data.	As	usual,	this	principal	stress	rotation	version	of	NorSand	
is	implemented	as	open-source	code	in	the	VBA	environment	and	in	the	case	of	undrained	
cyclic	simple	shear	tests	as	the	routine	NorCSSu	(although	the	‘housekeeping’	in	tracking	
cyclic	load	makes	this	code	less	clear	than	that	for	any	of	the	monotonic	tests).

Just	 like	the	calibration	to	drained	triaxial	compression,	 iterative	forward	modelling	 is	
used	in	which	the	computed	behaviour	in	cyclic	simple	shear	is	compared	to	the	measured	
behaviour,	over	the	entire	pattern	in	the	test,	with	model	parameters	optimized	to	best	align	
model	with	data.	But	it	is	not	possible	to	use	simple	shear	tests	on	their	own	as	there	are	
too	many	unknowns	in	the	test.	Thus,	the	starting	point	to	understand	cyclic	simple	shear	
is	a	standard	set	of	triaxial	tests	to	determine	the	soil	properties	Γ,	λ10,	Mtc,	N,	χtc,	H	and	
Gmax.	However,	elastic	moduli	depend	on	fabric	but	the	shear	modulus	in	any	simple	shear	
sample	cannot	be	measured	in	the	present	cyclic	simple	shear	equipment	using	bender	ele-
ments.	Therefore	Gmax	is	treated	as	a	first	estimate	and	modest	changes	in	elastic	modulus	
are	reasonable	in	fitting	cyclic	test	data.	This	leaves	two	parameters	for	optimizing	the	fit	of	
NorSand	to	data:	the	initial	geostatic	stress	ratio	Ko	and	the	softening	parameter	Zr.

The	initial	geostatic	stress	is	also	not	measured	in	present	cyclic	simple	shear	equipment,	
which	makes	the	initial	stress	state	in	the	test	uncertain	and	leaves	Ko	as	somewhat	of	a	free	
parameter	in	the	optimization	as	there	is	quite	a	range	of	plausible	values	(and	depending	on	
the	sample	preparation	method).	However,	the	excess	pore	pressure	induced	during	liquefac-
tion	is	strongly	related	to	the	mean	stress;	so,	Ko	is	used	to	optimize	this	aspect	of	the	fit.	The	
softening	parameter	Zr	is	a	further	soil	property,	akin	to	the	role	of	H	in	monotonic	tests.	
Zr	is	used	to	adjust	the	rate	at	which	excess	pore	pressure	develops	in	matching	the	model	to	
data,	and	optimizing	this	parameter	is	straightforward.	Figure	7.48	shows	fits	achieved	to	
tests	on	both	a	loose	and	dense	sample	of	FRS	(included	in	the	spreadsheet).

It	 is	 unclear	 whether	 Zr	 is	 a	 soil	 property	 or	 something	 more	 fundamental	 related	 to	
grain	contacts	that	might	be	similar	for	similar	roundness	of	the	soil	particles.	We	have	car-
ried	out	detailed	calibration	of	NorSand	to	the	cyclic	behaviour	of	Nevada	sand	and	FRS.	
Despite	being	rather	different	soils,	 the	variation	of	Zr	with	ψ	appears	common	to	both,	
Figure	7.49,	with	a	trend	that	is	given	by
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Figure 7.48  Measured FRS behaviour in CSS (black) versus NorSand simulations (grey). (a) Test FRS DSS40-
100-0p1 (eo = 0.812) and (b) Test FRS DSS80-100-0p25 (eo =0.684).
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	 Ζr = + +134 93 21 2ψ ψ 	 (7.7)

The	downloadable	NorSandPSR_FRS.xls	file	 is	 set	up	 for	modelling	cyclic	 simple	shear	
and	includes	the	FRS	data	as	well	as	the	table	of	NorSand	parameters	used	to	fit	all	the	
tests.	The	fits	shown	in	Figure	7.48	are	typical,	but	do	verify	this	for	yourself.	And	most	
importantly,	this	spreadsheet	is	set	up	for	importing	other	test	data	to	replace	that	of	FRS.	
Once	a	soil	has	been	calibrated,	it	is	then	trivial	to	set	the	initial	state	parameter	and	Ko	
as	to	that	existing	in-situ	to	develop	the	expected	cyclic	behaviour	for	the	real	engineer-
ing	case.	In	other	words,	the	spreadsheet	avoids	all	issues	with	‘Kα’	as	it	computes	the	soil	
response	and	you	can	determine	the	effects	of	the	in-situ	void	ratio	versus	the	void	ratio	in	
the	laboratory	test.

As	a	final	comment,	the	Third	Axiom	has	soil	state	generally	moving	away	from	the	CSL	
during	principal	stress	rotation	and	which	then	suggests	(7.7)	may	reflect	something	else,	
as	ψ	is	all	about	moving	to	the	CSL	during	shear.	If	the	notion	is	introduced	that	soil	can-
not	become	denser	than	emin	(which	may	not	be	the	ASTM	value,	but	let	us	just	accept	the	
concept),	then	it	would	be	plausible	that	Zr	should	scale	by	the	parameter	group	e	−	emin:	
Ishihara’s	densification�potential.	This	hypothesis	remains	to	be	explored	with	further	test-
ing	but	would	be	trivial	to	incorporate	into	constitutive	models	like	NorSand.

7.7  DealIng WIth soIl faBrIC In-sItu

A	consequence	of	principal	stress	rotation	being	a	dominant	driver	of	cyclic	mobility	is	that	
the	grain	particle	arrangement	(soil	fabric)	matters.	This	is	not	just	a	question	of	void	ratio,	
as	a	whole	spectrum	of	arrangements	can	arise	at	one	void	ratio.	The	truth	of	this	statement	
follows	from	Figure	7.46.	In	this	particular	example,	there	is	a	strong	preference	for	verti-
cal	contacts	over	horizontal.	Obviously,	if	the	sample	is	further	loaded	horizontally	rather	
than	vertically,	a	completely	different	stress–strain	response	will	arise.	Void	ratio	(or	state	
parameter)	alone	will	be	insufficient	to	predict	the	response	of	the	soil.	A	description	of	the	
anisotropy	in	the	grain	contact	arrangement	is	also	necessary.
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Figure 7.49  Apparent variation in principal stress rotation softening parameter Zr with soil state parameter ψ.
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Getting	a	handle	on	fabric	effects	is	not	just	a	need	to	enable	confident	use	of	laboratory	
data	for	in-situ	conditions.	The	field	case	histories	are	also	affected,	as	much	as	anything	
because	soil	fabric	is	not	a	dominant	factor	in	CPT	response	(Been	et al.,	1987c).	The	CPT	
measures	the	state	parameter,	but	something	else	is	also	needed.

Getting	 to	 the	 anisotropy	of	 grain	 contacts	 is	 feasible	 in	 the	 laboratory,	 albeit	 requir-
ing	some	effort.	In	essence,	the	sample	must	be	solidified	(e.g.	by	freezing	or	injection	of	
chemicals)	so	that	thin	sections	can	be	cut	and	the	grain	contacts	examined	with	a	micro-
scope.	When	looking	at	the	field	situation,	three	methods	appear	potentially	useful:	frozen	
samples,	seismic	measurements	and	pressuremeter	testing.	Freezing	is	a	method	to	obtain	
sand	samples	in	a	near	undisturbed	state.	Once	a	frozen	sample	has	been	retrieved,	similar	
procedures	 to	 those	used	 to	get	 thin	 sections	 for	 laboratory	 samples	 could	be	employed,	
although	 nobody	 appears	 to	 have	 researched	 this	 yet.	 Research	 is	 also	 needed	 for	 pres-
suremeters	because,	to	date,	nobody	has	shown	how	plastic	modulus,	which	is	a	result	of	
fabric	arrangements,	can	be	retrieved	from	pressuremeter	data.	However,	it	would	appear	
possible	in	principle	because	pressuremeter	data	are	rather	curved	in	the	early	stage	of	the	
test	and	this	curvature	should	reflect	the	stress–strain	behaviour	(friction	angle	and	dilation	
rate	are	derived	from	the	later	stages	of	the	test).

Seismic	methods	are	used	to	measure	shear	and	compression	wave	velocities,	which	give	
the	elastic	shear	and	bulk	modulus	of	the	soil.	Shear	modulus	in	particular	is	sensitive	to	
soil	fabric	(and	state	parameter)	and	is	relatively	easily	measured	both	in	the	laboratory	and	
in-situ.	The	evidence	 suggests	 that	using	elastic	 shear	modulus	profiles	might	provide	an	
excellent	index	of	soil	fabric	at	a	site	and	hence	a	basis	to	compare	various	case	histories	in	
future.

7.8  suMMary

This	chapter	on	cyclic	stress–induced	liquefaction	has

•	 Discussed	cyclic	loading	conditions,	in	particular	how	the	direction	of	the	principal	
stresses	changes	during	different	loading	conditions

•	 Examined	observed	trends	in	undrained	cyclic	tests	on	several	sands	under	different	
loading	and	sample	preparation	conditions

•	 Confirmed	the	fact	that	principal	stress	rotation	is	a	very	important	factor	in	the	cyclic	
degradation	of	soil	strength

•	 Shown	how	cyclic	resistance	curves	can	be	normalized	to	the	resistance	at	15	cycles	
of	loading	and	then	how	this	CRR15	is	related	to	the	state	parameter.	(But	parameters	
other	 than	ψ,	 in	particular	 fabric	or	 sample	preparation	method,	will	also	have	an	
effect	on	cyclic	behaviour)

•	 Described	the	approach	to	liquefaction	assessment	based	on	case	histories	pioneered	
by	Professor	H.B.	Seed	and	researchers	at	Berkeley

•	 Used	the	insight	from	the	state	parameter	and	mechanics	framework	developed	in	this	
book	to	confirm	the	basic	validity	of	the	Seed	chart	and	at	the	same	time	identify	some	
of	the	deficiencies	in	the	method	and	explain	the	basis	for	the	Kσ	adjustment	and	lack	
of	consensus	on	the	Kα	factor

•	 Looked	at	a	theoretical	framework	for	cyclic	loading	within	NorSand	that	captures	
the	key	aspects	of	undrained	cyclic	loading	in	tests	with	principal	stress	rotations
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Although	the	Seed	liquefaction	assessment	chart	has	validity	in	mechanics,	there	is	substan-
tial	room	for	improvement	and	the	state	parameter	shows	how	this	can	be	done.

First,	it	is	a	big	advantage	to	replace	the	SPT	with	the	CPT	so	that	proper	dimensionless	
parameter	groups	can	be	used	to	represent	the	characteristic	strength	of	the	ground.	Rather	
than	work	directly	with	a	penetration	resistance	corrected	for	stress	level	and	fines	content,	
state	parameter	estimated	from	the	CPT	captures	the	effect	of	stress	level	and	soil	properties	
on	qc	in	a	rational	and	consistent	manner.

Second,	 the	 cyclic	 resistance	 at	 a	 given	penetration	 resistance	 is	 non-unique	 and	 simi-
larly	the	state	parameter	does	not	provide	a	singular	cyclic	resistance.	The	cyclic	resistance	
curve,	representative	of	the	predicted	or	inferred	field	loading	conditions,	depends	on	the	
soil	properties	as	well	as	the	characteristic	state	parameter	of	those	soils.	The	required	cyclic	
resistance	can	be	developed	by	a	suitable	combination	of	laboratory	testing	and	numerical	
simulations	and	based	on	the	estimated	in-situ	state	parameter.

The	major	difference	between	the	empirical	Seed	chart	and	the	advocated	approach	based	
on	 critical	 state	 concepts	 is	 that	 the	 critical	 state	 process	 is	 transparent.	 A	 critical	 state	
approach	is	not	obscured	with	many	dubious	corrections	and	adjustments,	and	how	to	apply	
existing	knowledge	to	different	situations	follows	from	the	laws	of	mechanics.	As	with	static	
liquefaction	and	flow	failure,	when	dealing	with	cyclic	 loading,	 it	 is	essential	 to	consider	
the	range	of	in-situ	conditions,	the	actual	soil	properties,	the	likely	effects	of	drainage	and	
the	corresponding	material	behaviour.	Taking	a	critical	state	view	is	by	far	the	simplest	and	
most	rational	way	to	do	this.
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Chapter 8

finite element modelling 
of soil liquefaction*

Dawn Shuttle

*	Contributed	by	Dr.	Dawn	Shuttle

8.1  IntroDuCtIon

The	ethos	of	this	book	is	that	liquefaction	is	simply	another	computable	behaviour	of	soil,	
with	 direct	 numerical	 integration	 of	 NorSand	 being	 used	 to	 model	 standard	 laboratory	
tests.	This	is	useful	in	understanding	how	soils	behave,	and	for	obtaining	soil	properties,	
but	not	something	that	can	be	used	to	analyse	a	dam	or	foundation.	Conversely,	the	analy-
ses	of	the	various	large-scale	failures	discussed	in	Chapter	6	and	Appendix	F	used	a	variety	
of	 limit	 equilibrium	methods	 that	had	no	capability	 to	 represent	 the	brittle	 stress–strain	
behaviour	that	is	intrinsic	to	liquefaction.	The	unsurprising	result	is	that	the	strengths	from	
these	various	back-analyses	of	failures	do	not	match	laboratory	strengths.	In	short,	we	are	
not	using	the	computable	understanding	of	soil	behaviour	either	to	evaluate	the	case	history	
record	(to	reduce	model	uncertainty)	or	for	design.	The	tools	are	lacking.

Modern	 elasto-plastic	 analysis	 of	 geotechnical	 problems	 using	 the	 finite	 element	 (FE)	
method	 is	 one	way	 forward,	 combining	 realistic	 stress–strain	models	with	 the	 ability	 to	
evaluate	real-world	problems,	not	just	laboratory	tests.	Such	FE	analyses	have	been	widely	
accepted	 in	 the	 research	 arena	 for	 many	 years	 (some	 examples	 of	 which	 were	 shown	 in	
Chapter	5),	but	this	type	of	analysis	has	not	transitioned	widely	into	general	engineering	
practice.	 This	 chapter	 is	 a	 contribution	 to	 disseminating	 the	 research	 FE	 capability	 and	
presents	an	 implementation	of	NorSand	 in	public	domain	FE	software.	 It	 is	 ‘free-to-use’	
software	that	can	be	downloaded	from	the	same	site	as	other	data/programs.

There	 are	 two	 types	 of	 non-linear	 behaviour	 that	 need	 to	 be	 captured	 when	 dealing	
with	soils:	material	non-linearity,	in	which	the	soil	stiffness	evolves	with	the	deformations,	
and	 geometric	 non-linearity	 (otherwise	 known	 as	 ‘large	 strain’	 or	 ‘large	 displacement’)	
analysis,	where	higher-order	terms	of	the	displacement	gradients	affect	the	solution.	The	
FE	method	can	accommodate	both	types	of	non-linearity.	This	chapter	considers	only	the	
material	non-linearity	involved	in	fully	capturing	the	liquefaction	stress–strain	behaviour.	
Geometric	non-linearity	was	implemented	along	with	material	non-linearity,	 in	a	related	
FE	 scheme	used	 to	 evaluate	 the	 in-situ	 state	 from	CPT	data	 (Chapter	4).	But	 geometric	
non-linearity	is	omitted	for	considerations	of	slopes	and	foundations	to	keep	things	simpler	
(large	strain	really	becomes	important	only	when	there	is	substantial	confinement,	such	as	
with	the	CPT).

Non-linear	 FE	 offers	 real	 benefits,	 with	 the	 explicit	 representation	 of	 strain	 softening	
allowing	models	to	naturally	simulate	the	real	failure	mechanism.	The	graphical	capabili-
ties	of	FE	programs	also	allow	better	understanding	of	failure	mechanisms,	simplifying	the	
output	to	easily	understood,	and	communicated,	graphs	and	pictures.
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A	constraint	with	FE	analysis	for	engineering	practice	is	the	time	and	effort	in	setting	up	
models,	with	further	effort	 in	processing	the	results	 into	design	guidance.	The	man-hour	
costs	can	quickly	eat	into	available	budget	and	has	resulted	in	engineering	practice	being	
largely	limited	to	geotechnical	‘modelling	platforms’	such	as	FLAC,	PLAXIS	or	SIGMA/W.	
But	these	modelling	platforms	do	not	offer	‘good’	models	in	their	standard	menu	–	Modified	
Cam	Clay	is	about	as	good	as	it	gets,	which	is	far	from	sufficient	for	looking	at	liquefaction.	
And	although	these	modelling	platforms	do	offer	the	ability	to	code	‘user-defined	models’	
(UDMs),	 this	option	comes	with	 limitations.	The	 limitations	 include	 tying	 the	numerical	
implementation	to	a	particular	algorithm	(e.g.	FLAC	requires	a	tangent	stiffness	formula-
tion)	that	may	not	be	suited	to	the	loading	paths,	with	the	poor	‘user’	developing	models	
with	one	hand	tied	behind	 their	back	because	 there	 is	no	access	 to	 internal	code	 (e.g.	 in	
FLAC,	stresses	from	an	individual	triangular	element	with	perfect	convergence	are	returned	
back	to	the	UDM	with	changed	values	at	the	next	loadstep).

Open-source	FE	software	is	the	opposite	end	of	the	spectrum	to	commercial	modelling	
platforms.	Open-source	code	is	generally	free,	and	developers	have	full	access	to	everything.	
On	the	other	hand,	mesh	generators	are	mostly	absent	 (other	 than	for	very	simple	situa-
tions),	as	may	be	the	related	visualization	modules	to	create	the	desired	output	quickly.	In	
the	end,	we	chose	to	use	free	non-proprietary	software,	primarily	because	this	book	is	all	
about	encouraging	the	reader	 to	 look	at	data	and	make	their	own	decisions	–	giving	 the	
reader	access	to	all	of	the	numerics	(nothing	hidden!)	seemed	the	right	approach.	That	said,	
to	assist	users	in	implementing	NorSand	into	a	range	of	UDMs,	Appendix	D	provides	the	
derivations	to	implement	most	solution	algorithms.

8.2  open-sourCe fInIte eleMent softWare

8.2.1  adopted software

The	downloadable	FE	software	for	NorSand	 is	adapted	from	the	book	Programming�the�
Finite�Element�Method,	now	in	the	fifth	edition	(Smith	et al.,	2013).	This	text	has	a	pro-
gramming-oriented	style,	making	it	easy	to	follow,	with	many	example	programs.	The	pro-
grams	grew	out	of	research	and	developments	in	the	Department	of	Civil	Engineering	at	the	
University	of	Manchester	(and	now	continuing	at	the	Colorado	School	of	Mines).	This	work	
has	two	particular	attributes:	(1)	the	text	and	programs	cover	a	wide	variety	of	applications	
with	a	useful	focus	on	geomechanics	and	(2)	the	programs	and	subroutine	libraries	are	freely	
available	online.

The	implementation	of	NorSand	presented	here	is	based	upon	the	programs,	library	func-
tions	and	subroutines,	coded	in	Fortran90,	that	were	released	with	the	third	edition	(Smith	
and	Griffiths,	1998).

8.2.2  prior verification for slope stability analysis

An	extensive	analysis	of	slope	stability	was	undertaken	by	Griffiths	and	Lane	(1999).	This	
paper	is	among	the	top	five	most	cited	papers	in	Géotechnique	from	the	entire	65-year	his-
tory	of	the	journal,	and	is	a	landmark	in	applying	FE	analysis	to	slope	stability.

Griffiths	 and	 Lane	 based	 their	 work	 on	 Program	 6.2	 of	 Smith	 and	 Griffiths	 (1998),	
extending	 the	 program	 to	 model	 more	 general	 geometries	 and	 soil	 property	 variations,	
including	variable	water	levels	and	pore	pressures.	The	various	slope	stability	simulations	
were	 carried	out	 for	plane	 strain	with	elastic-perfectly	plastic	 soils	and	a	non-associated	
Mohr–Coulomb	(NAMC)	failure	criterion	utilizing	eight-node	quadrilateral	elements	with	
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reduced	integration	(four	Gauss	points	per	element)	in	the	gravity	load	generation,	the	stiff-
ness	matrix	generation	and	the	stress	redistribution	phases	of	the	algorithm.

Soil	 is	 initially	elastic,	and	the	model	generates	normal	and	shear	stresses	at	all	Gauss	
points	within	the	mesh.	These	stresses	are	then	compared	with	the	failure	criterion.	If	the	
stresses	 at	 a	 particular	Gauss	 point	 lie	within	 the	 failure	 envelope,	 then	 that	 location	 is	
assumed	to	remain	elastic.	 If	 the	stresses	 lie	on	or	outside	the	failure	envelope,	then	that	
location	is	assumed	to	be	yielding.	Yielding	stresses	are	redistributed	throughout	the	mesh	
utilizing	 the	viscoplastic	algorithm	(Perzyna,	1966;	Zienkiewicz	and	Cormeau,	1974).	 In	
this	context,	viscoplasticity	does	not	refer	to	any	creep	behaviour	of	the	soil	but	instead	is	
a	technique	for	using	internal	strain	increments	to	redistribute	load	within	the	domain	pro-
portionally	to	the	amount	by	which	yield	has	been	violated.

There	are	various	ways	that	slopes	can	be	‘loaded’	to	failure	in	numerical	analysis.	Griffiths	
and	Lane	applied	gravity	in	a	single	increment	to	an	initially	stress-free	slope.	The	slope	was	
then	brought	to	‘failure’	by	reducing	soil	strengths,	exactly	analogous	to	traditional	limit	
equilibrium	methods.	Defining	‘failure’	was	a	little	more	troublesome.

There	are	several	possible	definitions	of	failure,	ranging	from	rate	of	change	of	displace-
ment	(say	crest	settlement)	through	to	the	numerical	solution	failing	to	converge	within	
an	 iteration	 limit.	 Griffiths	 and	 Lane	 adopted	 the	 convergence	 criterion,	 arguing	 that	
the	criterion	represented	a	situation	in	which	no	stress	distribution	could	be	found	that	
simultaneously	satisfied	both	the	constitutive	idealization	and	the	global	equilibrium.	In	
reality,	loss	of	convergence	tended	to	be	where	the	displacements	are	rapidly	accelerating	
with	strength	reduction,	which	is	consistent	with	this	approach	to	slope	stability	being	
‘load	controlled’.

Figure	8.1	shows	an	example	of	the	computed	displacement	pattern	and	corresponding	
deformed	mesh	at	the	onset	of	slope	failure	of	a	slope	with	uniform	properties.	The	relatively	
coarse	mesh	used	is	evident,	a	modelling	choice	that	prevents	clear	localization	of	deforma-
tions	(adaptive	mesh	refinement	is	needed	to	enable	more	localized	shear	bands	to	form).

(a)

(b)

Figure 8.1  Example of failure mode for uniform slope brought to failure by strength reduction. (a) Computed 
displacement vectors and (b) deformed mesh (exaggerated scale). (From Griffiths, D.V. and Lane, P.A., 
Géotechnique, 49(3), 387, 1999. With permission ICE Publishing, London, U.K. and D.V. Griffiths.)
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A	focus	of	Griffith	and	Lane	was	the	comparison	of	the	FE	simulations	with	conventional	
limit	equilibrium	results.	An	interesting	aspect	explored	was	a	uniform	slope	with	seepage	
flowing	 towards	retained	water	at	 the	 toe	of	 the	 slope,	 illustrated	 in	Figure	8.2.	Various	
reservoir	levels	were	considered,	in	what	corresponds	to	‘slow’	drawdown	with	no	transient	
effects	on	the	internal	piezometric	(‘free’)	surface.	The	parameter	L/H	was	used	to	represent	
a	range	of	analyses	where	H	is	the	height	of	the	slope	and	L	is	the	depth	to	the	reservoir	
measured	from	the	top	of	the	slope	(L/H	=	0	is	reservoir	lapping	the	top	of	the	slope,	L/H	=	1	
is	no	retained	water).	The	results	are	shown	in	Figure	8.3.	In	essence,	when	the	FE	method	
is	constrained	to	match	the	idealizations	inherent	in	limit	equilibrium,	identical	results	are	
obtained.	Of	course,	real	interest	lies	in	taking	the	FE	method	and	using	it	to	look	at	mecha-
nisms	that	result	from	real	geologic	situations	such	as	brittle	soil	behaviour	and	distributed	
weak	zones.

Free surface

EmbankmentH

L

A = hAγW 

B

hA

hB
hW

uA

= hBγW uB

Reservoir Level

Figure 8.2  Idealized slope used to analyze the effect of reservoir level on stability. (From Griffiths, D.V. and 
Lane, P.A., Géotechnique,  49(3), 387, 1999. With permission  ICE Publishing, London, U.K.  and 
D.V. Griffiths.)
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Figure 8.3  Computed factor of safety (FOS) in slow drawdown of idealized slope. (From Griffiths, D.V. and 
Lane, P.A., Géotechnique, 49(3), 387, 1999. With permission  ICE Publishing, London, U.K. and 
D.V. Griffiths.)
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8.2.3  NorSand implementation

NorSand	was	implemented	in	an	FE	code	also	adapted	from	the	Program	6.2	software	(Smith	
and	Griffiths,	1998).	Compared	to	the	work	of	Griffiths	and	Lane	just	discussed,	the	prin-
cipal	adaptation	was	to	replace	the	NAMC	failure	criterion	with	the	general	3D	monotonic	
version	of	NorSand	 (see	Table	3.1).	However,	 as	well	 as	 changing	 the	 failure	 criterion	 to	
NorSand	there	is	also	a	requirement	to	update	the	internal	model	state	at	each	Gauss	point	as	
the	solution	develops	because,	while	NAMC	is	a	fixed	yield	condition,	NorSand	evolves.	The	
code,	called	NorSand	Finite	Element	Monotonic	(NorSandFEM),	was	coded	in	Fortran90	to	
match	the	parent	routines.	Details	of	the	implementation	are	presented	in	Appendix	D,	and	
the	source	code	can	be	downloaded.	The	simulations	shown	in	this	chapter	were	produced	
by	that	code	as	compiled	using	Microsoft	Powerstation	Fortran95.

The	downloadable	version	of	NorSandFEM	is	set	up	to	run	both	axisymmetric	and	plane	
strain	geometry,	with	the	initial	stress	condition	set	as	either	constant	stress	with	Ko	(for	
verification	against	laboratory	tests)	or	gravity	loading	(for	field	problems).	The	inputs	are	
simple	and	are	described	in	detail	in	Appendix	D.	They	include	the	basic	geometry	of	the	
mesh,	boundary	conditions	(i.e.	which	nodes	are	fixed	in	x	and/or	y)	and	the	NorSand	mate-
rial	properties.

Throughout	the	chapter,	reference	will	be	made	to	Appendices	and	downloads	containing	
the	tools	to	help	run	the	provided	core	verification	suite	and	example	boundary	value	cases	
and	to	extend	analyses	to	general	plane	strain	boundary	value	problems.

8.2.4  plotting and visualization

Open-source	FE	software	usually	does	not	include	graphical	output	(in	large	part	because	
there	 is	 no	 funding	 for	 PhD	 candidates	 to	 write	 the	 routines).	 The	 output	 of	 codes	 like	
NorSandFEM	is	a	tab	delimited	‘txt’	or	comma-separated	‘csv’	file	of	results	that	can	be	
imported	into	other	programs	for	plotting.	The	results	shown	in	this	chapter	were	plotted	
using	Excel	and	visualized	using	Surfer.

A	poorly	appreciated	aspect	of	interpreting	the	output	from	FE	codes	is	that	contouring	
results	using	kriging	does	not	fully	honour	the	results.	Far	more	is	seen,	and	without	funny	
contours	in	corners,	 if	the	element	shape	functions	are	used	to	map	the	FE	results	to	the	
display	picture.	Golder	developed	such	software	two	decades	ago	using	VB3,	but	the	demise	
of	support	for	that	programming	environment	means	that	all	those	libraries	are	no	longer	
functional.	This	post-processing	 software	 is	being	 recovered	 to	modern	C++	and	will	be	
posted	on	the	download	site.

8.3  softWare verIfICatIon

There	are	two	important	reasons	to	verify	analysis	software.	The	first	is	to	ensure	that	the	
software	is	able	to	provide	an	accurate	solution	to	the	problem	you	wish	to	analyse.	The	
second,	equally	important,	use	of	verification	is	to	ensure	that	the	software	is	properly	com-
piled	on	your	computer	and	that	you	understand	the	code’s	inputs.

NorSandFEM	has	been	extensively	verified	against	laboratory	‘element’	tests.	These	‘element’	
tests	have	uniform	stress	conditions	and	known	loading	paths,	allowing	calculation	of	the	cor-
rect	solution	by	direct	numerical	integration.	The	verification	suite	for	NorSandFEM	has	been	
chosen	to	allow	direct	comparison	to	the	NorSandPS.xls	and	NorSandTXL.xls�spreadsheets.	
These	spreadsheets	directly	integrate	the	NorSand	equations	using	the	Euler	method,	which	
is	about	as	far	different	from	viscoplasticity	as	can	be	found.	Comparing	the	results	of	the	
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two	calculation	methods	provides	an	independent	check	on	the	mathematics	of	both.	The	full	
verification	suite	includes	plane	strain	and	triaxial	element	tests,	under	drained	and	undrained	
conditions,	for	soils	with	loose	through	dense	initial	states.	All	the	input	files	are	downloadable	
for	you	to	run	yourself	and	compare	with	NorSandPS.xls	and	NorSandTXL.xls.

Also	 included	 in	 the	 verification	 suite	 is	 one	 additional	 special	 case	 of	 a	 plane	 strain	
element	 test	 with	 rough	 platens	 using	 both	 an	 in-plane	 and	 rotated	 mesh,	 as	 shown	 in	
Figure	8.4.	The	 loading,	geometry	and	material	properties	are	 identical	between	the	two	
meshes;	the	only	difference	is	the	orientation	of	the	mesh.	Rotating	the	orientation	is	done	
because	internally	the	code	still	has	x,	y	as	vertical	and	horizontal,	so	rotating	the	problem	
checks	that	the	stress	invariants,	strain	invariants,	3D	representation	of	yield	surfaces,	etc.,	
are	properly	formulated	–	confirmed	by	both	meshes	giving	an	identical	result.	This	verifica-
tion	case	is	very	important	for	any	‘good’	model,	which	allows	the	yield	surface	and	dila-
tion	to	vary	realistically	as	stress	conditions	vary	from	triaxial	compression,	through	plane	
strain,	and	onto	triaxial	extension.

Despite	all	but	one	of	the	verification	cases	being	‘element’	tests,	which	could	sensibly	be	
verified	using	a	single	element	(as	the	stress	within	the	element	does	not	vary	spatially),	the	
verification	input	files	include	multiple	element	meshes.	This	is	not	accidental.	Experience	
with	both	commercial	and	propriety	software	is	that	boundary	conditions	applied	to	two	
sides	of	a	single	element	can	provide	increased	constraint,	sometimes	leading	to	stability	for	
a	single	element	that	is	not	repeated	for	a	larger	(and	less	constrained)	mesh.	So,	for	added	
confidence,	it	is	wise	to	also	run	cases	of	special	interest	with	the	bigger	mesh.

Comparison	of	the	FE	and	VBA	verification	results	indicates	that	the	match	is	extremely	
close,	as	can	be	seen	in	the	example	loose	undrained	and	dense	drained	plane	strain	verifica-
tions	from	Appendix	D	(Figures	D.8	and	D.9).	Please	do	change	the	properties	in	the	input	
files	and	run	your	own	parameter	combinations.	Both	the	NorSandFEM	input	(.dat)	files	
and	the	Excel	VBA	spreadsheets	are	simple	to	edit,	and	the	best	way	to	get	a	feel	for	the	
effect	of	properties	is	to	play	with	their	values.
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Figure 8.4 In-plane and 45° rotated ‘rough platen’ mesh.
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8.4  slope lIquefaCtIon

The	utility	of	NorSandFEM	is	the	ability	to	investigate	how	changes	in	the	distribution	of	
soil	state	(ψ)	and	loading	affect	stability.	This	section	presents	an	example	of	doing	this,	
both	to	illustrate	how	to	use	the	code	and	to	highlight	aspects	of	slope	behaviour	with	soil	
density.	The	focus	in	this	section	is	undrained	loading	of	slopes	comprising	loose	soil	(after	
all,	this	is	a	book	about	liquefaction).	But	undrained	analysis	is	simply	a	boundary	condi-
tion,	and	NorSandFEM	works	equally	well	on	drained	and	dense	as	well	as	loose	soil.

8.4.1  scenarios analyzed

For	simplicity,	one	slope	geometry	has	been	adopted	for	all	of	the	examples.	The	slope	is	
8	m	high,	with	a	1V	in	4H	outer	face.	The	foundation	below	the	slope	is	at	substantial	depth	
so	 that	 the	 slope	behaviour	 is	not	constrained	by	a	 strong	base.	 In	essence,	 the	 scenario	
shown	on	Figure	8.5	is	what	might	be	looked	at	for	a	slightly	aggressive	raise	of	a	tailings	
dyke	over	a	loose	foundation.

The	slope	was	discretized	into	a	uniform	mesh	of	480,	2	m	square	elements,	as	shown	
in	Figure	8.5.	The	mesh	could	be	refined	to	provide	greater	mesh	density	 in	 the	areas	of	
expected	greatest	displacement	gradients,	but	here	the	purpose	is	to	illustrate	the	effect	of	
different	modes	of	loading,	and	we	do	not	want	the	mesh	to	influence	the	results.	The	mesh	
boundary	conditions,	unless	otherwise	stated,	are	fixed	laterally	at	the	mesh	sides	and	fixed	
both	vertically	and	laterally	at	the	base	of	the	mesh.

All	of	the	following	examples	use	the	single	set	of	NorSand	properties	shown	in	Table	8.1,	
with	 the	 initial	 state	being	varied.	The	properties	broadly	 represent	 a	quartz	 sand	with	
trace	silt,	what	you	might	find	in	a	tailings	beach	where	natural	segregation	has	resulted	in	
the	sand	dropping	out	of	the	tailings	stream	close	to	the	spigot.	The	simulations	adopted	
a	uniform	soil	unit	weight	of	22.0	kN/m3	and	a	geostatic	stress	ratio	Ko	=	0.7.	The	water	
table	is	set	at	ground	surface.	Water	has	a	unit	weight	of	9.81	kN/m3	and	a	bulk	modulus	
of	2	×	107	kPa.
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Figure 8.5 Idealized slope used for simulations and showing mesh.
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Elasticity	was	held	constant	throughout	a	simulation,	although	varied	spatially	with	initial	
stress	conditions	using	the	equation,	G	=	G0	*	(p/pref)Gpower,	where	G0	and	Gpower	are	material	
properties	and	pref	is	the	(conventional)	reference	pressure	of	100	kPa	to	keep	dimensions	
consistent.	For	simplicity	and	ease	of	comparison,	the	plastic	hardening	is	set	constant	(i.e.	
choosing	the	property	Hψ	=	0.)

8.4.2  Displacement controlled loading

The	analyses	of	Griffiths	and	Lane	discussed	in	Section	8.2	used	strength	reduction	through-
out	the	domain	to	cause	failure.	This	approach	is	tantamount	to	load	control	and	means	that	
post-failure	modes	are	never	seen	as	the	solution	breaks	down.	In	liquefaction	case	history	
records,	the	post-failure	deformation	is	often	the	primary	observation,	and	so	a	different	
approach	is	warranted.

One	possibility	would	be	to	change	the	analysis	from	static	to	dynamic	and	to	compute	
velocities	as	the	slope	failed	and	tracking	the	progression	of	failure	–	but	that	is	certainly	
complicated,	 never	 mind	 non-standard	 with	 all	 sorts	 of	 modelling	 uncertainty	 and	 vali-
dation	issues.	The	simpler	approach	adopted	was	to	load	the	crest	of	the	slope	using	dis-
placements	and	compute	the	load	corresponding	to	those	displacements;	in	this	approach,	
‘failure’	is	simply	the	point	of	maximum	load,	but	we	can	track	the	evolution	of	stresses	and	
displacements	as	failure	progresses	and	watch	the	evolution	to	the	critical	state	within	the	
domain.

The	flip	side	of	the	simplicity	of	displacement	control	is	that	the	loading	is	not	equivalent	
to	post-earthquake	migration	of	excess	pore	pressure	that	seems	to	have	caused	many	of	the	
actual	static	liquefaction	failures	documented	in	Appendix	F.	A	second	displacement	control	
loading	scenario	of	basal	yielding	was	therefore	also	simulated,	which	corresponds	directly	
to	the	triggering	mechanism	at	Nerlerk	and	Fort	Peck,	and	is	‘not	unlike’	the	toe	erosion	
situation	triggering	the	Jamuna	large-scale	slides.

8.4.3  surface loading with rough rigid footing

The	first	loading	case,	illustrated	in	Figure	8.5,	considers	application	of	a	rigid	and	perfectly	
rough	footing	applied	2	m	from	the	crest	of	the	slope.	Although	applied	as	a	footing,	this	
loading	could	also	be	viewed	as	additional	lifts	of	fill	placed	on	the	top	of	the	slope.	Initial	
soil	state	was	taken	as	uniform	throughout	the	slope	and	foundation,	with	four	scenarios	

Table 8.1 NorSand soil properties used in slope example

Property NorSandFEM name Value 

Γ Gamma 0.875 at p′ = 1 kPa
λe Lambda 0.03
Mtc Mcrit 1.27
N Ncrit 0.35
H0 H0 100
Hψ Hy 0
χtc Chi 4.0
G0 G0 30 MPa at p′ = 100 kPa
Gpower Gpower 1.0
ν Poisson 0.15
R OCR0 1.001
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Finite element modelling of soil liquefaction  389

simulated:	ψ0	=	+0.0,	+0.03,	+0.05	and	+0.07.	For	the	chosen	soil	properties,	these	states	cor-
respond	to,	respectively,	no	strength	loss,	‘normally	consolidated’	behaviour,	mildly	liquefi-
able	and	extremely	liquefiable.	Figure	8.6	shows	the	resulting	load–displacement	response,	
measured	at	the	upper	row	of	stress	sampling	points.

Initially,	the	stiffness	for	all	ψ0	is	the	same,	due	simply	to	both	elastic	and	plastic	stiffness	
being	constant	for	all	ψ.	As	expected,	the	highest	bearing	resistance	was	measured	for	the	
densest	(ψ0	=	0.0)	soil,	although	more	surprisingly,	this	soil	had	not	reached	its	maximum	
bearing	capacity	within	the	applied	200 mm	of	displacement.	All	of	the	looser	soils	reached	
a	peak	bearing	capacity	within	15 mm	of	displacement,	followed	by	marked	reduction	in	
the	resistance.	Predictably,	the	largest	reduction	in	load	occurred	for	the	loosest	(ψ0	=	0.07)	
soil.	But	it	is	noteworthy	that	a	significant	proportion	of	the	reduction	in	load	for	all	three	of	
the	reducing	load–displacement	curves	occurred	within	the	first	10 mm	of	post-peak	applied	
displacement,	thus	indicating	a	brittle	failure	mode.

In	terms	of	liquefaction,	the	peak	load	applied	varied	from	35.4	kPa	for	ψ0	=	0.07	(equiva-
lent	to	a	slope	height	rise	of	just	1.61	m)	to	42.8	kPa	for	ψ0	=	0.03	(equivalent	to	a	height	rise	
of	1.94	m),	realistic	results	for	loose	soil	with	high	water	table.	Post	liquefaction,	both	the	
ψ0	=	0.05	and	ψ0	=	0.07	simulations	continued	to	lose	resistance	with	increasing	deformation	
following	 ‘triggering’,	 and	at	200 mm	displacement,	 the	measured	 resistances	were	only	
70%	and	55%	of	their	peak	values	(and	still	continuing	to	fall).	This	strength	loss	indicates	
that	the	slope	would	need	to	flatten	to,	respectively,	about	two-thirds	and	half	the	initial	
slope	height	before	equilibrium	stresses	matched	the	post-liquefied	strength.	These	are	plau-
sible	results	based	on	the	case	histories	discussed	in	Appendix	F.

The	 low	 amount	 of	 movement	 to	 trigger	 displacement	 for	 the	 looser	 slopes	 might	
seem	 strange.	 This	 is	 in	 part	 an	 artefact	 of	 the	 idealization	 of	 the	 water	 table	 at	 sur-
face	 and	 undrained	 loading.	 But	 equally	 the	 small	 amount	 of	 displacement	 to	 trigger	
brittle	failure	could	be	seen	as	a	consequence	of	the	mobilized	failure	surface.	Figure	8.7	
shows	contours	of	η/Mθ	(which	is	tantamount	to	the	inverse	of	the	local	factor	of	safety	
[FOS])	 at	 200  mm	 footing	 settlement	 for	 the	 various	 scenarios	 of	 initial	 state.	 Figure	
8.7a	shows	that	the	loosest	(ψ0	=	0.07)	example	develops	a	very	shallow	bearing	capacity	

90

ψ = 0.00

ψ = 0.03

ψ = 0.05

ψ = 0.07

80

70

60

50

40

30Fo
ot

in
g 

lo
ad

 (k
N

/m
2 )

20

10

0
0 20 40 60 80

Applied vertical displacement (mm)
100 120 140 160 180 200

Figure 8.6 Load–displacement response under rough rigid footing for range of ψ0 from 0.0 to 0.07.
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type	of	failure.	Figure	8.7b	shows	that	making	the	soil	somewhat	denser	into	a	‘normally	
consolidated’	state	with	ψ0	=	0.03	pushes	the	failure	slightly	deeper,	but	it	still	remains	a	
bearing	capacity–type	failure.	However,	as	illustrated	in	Figure	8.7c,	setting	ψ0	=	0.0	with	
the	removal	of	brittle	failure	implied	by	this	choice	forces	a	much	deeper,	and	circular,	
failure	mode.
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Figure 8.7  Contours of η/Mθ under rough rigid footing at 200 mm vertical displacement. (a) Contractive 
initial  state  ψ0 = +0.07,  (b)  ‘normally  consolidated’  initial  state  with  ψ0 = λe  (=  +0.03)  and 
(c) non-brittle initial state with ψ0 = +0.0.
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The	stress	paths	for	two	locations	below	the	footing	are	shown	in	Figure	8.8.	The	loca-
tions	of	the	monitoring	points	are	shown	on	the	inset	to	the	figure,	with	the	corresponding	
symbols	marking	the	initial	stress	state	of	the	two	locations.	The	very	loose	(ψ0	=	0.07)	stress	
paths	both	show	negligible,	if	any,	increase	in	shear	stress	with	decreasing	mean	stress,	prior	
to	the	stress	paths	reducing	in	shear	towards	the	failure	condition.	This	is	very	close	to	the	
paths	 found	 in	 the	plane	 strain	 static	 liquefaction	 tests	of	Wanatowski	 and	Chu	 (2007),	
which	were	discussed	 in	Chapter	6	 (see	Figure	6.9	 in	particular).	The	 ‘normally	consoli-
dated’	simulation	(ψ0	=	0.03)	has	a	stress	path	initially	indicating	a	small	increase	in	shear	
stress	 with	 decreasing	 mean	 stress,	 followed	 by	 a	 similarly	 small	 shear	 stress	 reduction.	
Finally,	the	ψ0	=	0.0	simulation	has	the	classic	‘S’	shape	of	an	undrained	quasi-steady	state	
before	the	onset	of	dilation	to	reach	the	critical	state.

For	this	loading	scenario,	the	initial	state	changes	the	mode	of	failure	significantly.	The	
movements	prior	to	failure	correspondingly	differ	considerably.	In	a	‘real’	situation,	a	shal-
low	failure	mode	of	the	type	modelled	would	provide	little,	if	any,	warning	of	failure,	and	
the	situation	could	go	from	benign	to	catastrophic	within	minutes.	This	is	not	a	situation	
suitable	for	controlling	safety	by	monitoring	movements	or	pore	pressures	(i.e.	the	‘obser-
vational	method’).

8.4.4  Crest loading with deep weak zone

Figure	8.7	shows	that	 loading	the	crest	produced	bearing	capacity–type	failures	with	the	
loose	soil	states	rather	than	triggering	overall	slope	movement.	This	appears	a	consequence	
of	the	soil	failing	first	under	the	loaded	area	and	then	the	subsequent	loss	of	strength	pre-
venting	load	being	transferred	deeper.	A	further	scenario	was	therefore	considered	using	a	
‘normally	consolidated’	soil	for	most	of	the	slope,	which	is	not	prone	to	much	strength	loss,	
with	a	much	looser	zone	lower	in	the	slope	that	might	attract	load,	and	so	cause	a	deeper	
failure	mode.	This	is	not	as	artificial	an	example	as	it	might	appear,	with	the	situation	of	
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loose	layers	developing	naturally	in	real	soils	(see	Chapter	5).	Indeed,	Hicks	and	Onisphorou	
(2005)	suggest	that	extensive	weak	zones	were	at	least	a	contributory	factor	in	the	Nerlerk	
failure	discussed	in	Appendix	F.

The	distribution	of	the	loose	zone	simulated	is	illustrated	in	Figure	8.9.	Within	a	slope	
with	ψ0	=	+0.03	overall,	a	slightly	denser	layer	has	been	applied	for	the	top	row	of	elements	
much	 as	 one	 might	 find	 with	 a	 tailings	 beach	 exposed	 to	 air	 drying	 and/or	 tracking	 by	
construction	equipment.	A	rather	pervasive	loose	layer	has	been	simulated	running	paral-
lel	to	the	slope;	this	is	a	little	more	extreme	than	inferred	to	exist	at	Nerlerk	by	Hicks	and	
Onisphorou,	but	 interesting	as	a	 test	of	how	 the	 failure	mode	changes.	Four	monitoring	
points	were	used	to	investigate	the	stress	paths,	shown	in	Figure	8.9	as	‘A’	to	‘D’.

Figure	8.10	shows	the	computed	 load–displacement	curve	 for	 this	scenario.	The	previ-
ously	presented	trends	are	shown	as	background.	There	is	a	substantial	drop	in	load	capac-
ity	post-peak,	but	not	to	the	extent	of	what	developed	with	the	uniformly	loose	slope.	Even	
though	the	weak	zone	is	both	extensive	and	located	where	one	might	intuitively	expect	to	
dominate	 the	slope	performance,	 that	 turns	out	not	 to	be	 the	case	with	 the	surrounding	
denser	soil	also	influencing	the	failure	mode.

Figure	8.11	shows	both	contours	of	plastic	shear	strain	increment	and	the	matching	mobi-
lized	stress	ratio	η/M.	The	shear	strains	define	a	mechanism	that	 is	 tending	to	a	circular	
slope	failure	and	does	not	go	down	the	full	length	of	the	idealized	weak	zone.	The	stress	
paths	at	the	four	monitored	locations	are	shown	in	Figure	8.12.	Location	‘A’	within	the	‘nor-
mally	consolidated’	soil	directly	below	the	footing	shows	a	small	increase,	then	reduction	
in	shear	stress	with	strain,	reaching	a	quasi-steady	state	before	dilating	towards	the	critical	
state.	Location	‘B’,	a	few	metres	below	in	the	weak	(ψ0	=	0.07)	layer,	follows	a	stress	path	
typical	of	very	loose	soil	undergoing	liquefaction.	It	experiences	a	significant	loss	of	strength	
with	increasing	strain	as	it	moves	towards	the	critical	state.	Locations	‘C’	and	‘D’	are	not	
directly	below	the	footing,	lying	in	the	weak	zone	at	a	distance	down	the	slope.	Location	
‘C’	 indicates	predominantly	elastic	unload/reload	behaviour,	 suggesting	 that	 this	element	
is	on	the	edge	of	the	failure	zone.	The	location	‘D’	stress	path	indicates	an	initially	elastic	
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Figure 8.9  Location  of  weak  zone  (ψ0 = 0.07)  and  surface-compacted  layer  (ψ0 = 0.0)  with  monitoring 
points.
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© 2016 by Taylor & Francis Group, LLC

  



394  Soil liquefaction: A critical state approach

response	and	then	starts	to	follow	a	‘liquefaction’	stress	path,	indicating	that	with	increasing	
strain,	this	portion	of	the	slope	forms	part	of	the	slope	failure	surface	(consistent	with	the	
location	of	the	plastic	shear	strain	increments	in	Figure	8.11a).

8.4.5  Movement at depth

An	opposite	extreme	to	loading	the	crest,	in	terms	of	slope	movement	induced,	is	to	simu-
late	foundation	creep	and,	in	essence,	load	the	base	of	the	slope.	Movement	at	depth	can	
be	the	result	of	construction	upon,	or	excavation	into,	a	local	weaker	stratum	or	regional	
geological	feature	(such	as	the	Bearpaw	Shale	in	Montana,	a	credible	factor	in	the	Fort	Peck	
failure),	amongst	other	causes.

There	are	various	ways	a	weak	or	creeping	feature	underlying	the	slope	could	be	mod-
elled.	Here,	 the	 simplest	approach	 is	 taken	of	 imposing	a	 ‘stretching’	base	under	part	of	
the	 slope	 rather	 than	using,	 say,	 a	viscous	 layer	developing	 creep	with	 time.	Figure	8.13	
illustrates	the	‘loading’	that	comprised	no	basal	movement	for	x	≤	20	m,	a	linear	increase	in	
lateral	basal	movement	along	the	length	of	the	slope	(20	<	x	<	56),	to	constant	lateral	move-
ment	for	all	boundaries	with	x	≥	56.	Thus,	what	has	been	modelled	is	a	stretch	at	depth	
rather	than	true	creep,	but	equally,	the	imposed	basal	displacements	are	well	removed	from	
the	slope	so	that	the	details	at	the	base	of	the	model	should	not	unduly	influence	the	develop-
ing	failure	mechanism.

An	identical	range	of	material	properties	and	groundwater	pressure	was	used	as	for	the	crest-
loading	scenarios,	so	that	the	changed	slope	failure	modes	can	be	attributed	only	to	the	change	
in	loading	mechanism.	Two	initial	states	were	considered,	one	very	contractive	with	ψ0	=	+0.07	
and	one	with	ψ0	=	+0.0;	these	states	span	the	range	discussed	earlier	for	crest	loading.

Failure	zones	develop	quite	quickly,	with	the	failure	modes	showing	their	final	locations	
in	as	little	as	0.1	m	of	base	movement.	However,	it	is	instructive	to	allow	more	creep	and	see	
the	mechanisms	that	develop.

Looking	to	the	most	contractive	ψ0	=	+0.07	case	first,	Figure	8.14	shows	both	contours	of	
plastic	shear	strain	increment	and	the	corresponding	mobilized	stress	ratio	η/M.	The	shear	
strains	define	a	localized	mechanism	that	forms	a	‘classic’	two-wedge	failure	going	to	full	

D

C

B

A

30

25

20

15

10

5

0
0 10 20 30 40 50 60 70 80

Mean effective stress, p' (kPa)

D
ev

ia
to

ric
 st

re
ss

 in
va

ria
nt

, σ
q (

kP
a)

Figure 8.12 Stress paths at four monitoring points in ‘normally consolidated’ slope with loose layer.
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Figure 8.13 Mesh and loading condition used to simulate basal creep (with monitoring points shown).
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Figure 8.15 Stress paths followed at the four monitoring points during basal creep ψ0 = 0.07.

0

0.8 0.8

0.6

1
1–10

–20

–30

0 10 20 30 40 50 60 70 80

1

0.60.5

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0

4E-006

8E-006

8E
-0

06

4E-0061.2E-005

–10

–20

–30

0 10
(a)

(b)

20 30 40 50 60 70 80

3.8E–005
3.6E–005
3.4E–005
3.2E–005
3E–005
2.8E–005
2.6E–005
2.4E–005
2.2E–005
2E–005
1.8E–005

1.4E–005
1.6E–005

1.2E–005
1E–005
8E–006
6E–006
4E–006
2E–006
0

Figure 8.16  Behaviour of loose slope with ψ0 = 0.0 subject to 2 m maximum basal creep. (a) Contours of 
incremental plastic shear strain and (b) contours of mobilized stress ratio η/M.
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depth,	with	hints	of	a	secondary	mechanism	that	might	develop	into	a	second	back	scarp.	
The	stress	ratio	plots	show	all	the	material	strength	developed	in	the	plastic	shearing	zones,	
but	with	further	highly	stressed	zones	that	are	not	yet	apparent	in	the	plastic	movements	–	a	
complete	slope-wide	instability	caused	by	base	creep.

The	 stress	 paths	 followed	 by	 the	 soil	 at	 the	 four	 monitored	 points	 are	 shown	 in	
Figure	8.15.	Just	as	with	crest	loading,	this	ψ0	=	+0.07	soil	is	so	loose	that	it	is	close	to	its	
undrained	strength	under	geostatic	conditions	so	that	minor	perturbation	causes	loss	of	
strength,	with	the	soil	at	the	monitored	points	losing	about	80%	of	its	strength	as	it	moves	
to	its	critical	state.

If	we	now	turn	to	the	denser	scenario	of	ψ0	=	+0.0,	a	very	different	failure	mode	emerges.	
Figure	8.16	shows	both	contours	of	plastic	shear	strain	increment	and	the	matching	mobi-
lized	stress	ratio	η/M.	No	tendency	to	form	localized	shear	zones	is	evident,	with	the	pat-
tern	of	plastic	shear	strain	increments	suggesting	something	approaching	a	circular	failure	
mode.	However,	the	mobilized	shear	stresses	are	nowhere	near	the	available	strength,	seen	
in	the	stress	paths	of	Figure	8.17,	where	ongoing	dilation	is	evident	following	the	initial	con-
traction	–	the	‘classic’	S-shaped	stress	path	that	is	consistent	with	the	initial	state	used.	Of	
course,	the	interesting	question	then	follows:	if	pore	water	migration	was	allowed	locally,	
what	would	the	mechanism	then	be?

8.5  CoMMentary

This	 chapter	 has	 been	 based	 on	 straightforward	 extensions	 to	 a	 public	 domain	 FE	 pro-
gram.	The	underlying	code	has	a	long-standing	and	widely	cited	capability	for	slope	stability	
modelling	using	classic	NAMC	representation	of	soil	behaviour.	The	equally	long-known	
deficiencies	of	the	NAMC	for	undrained	soil	behaviour	(constant	dilation	prevents	realistic	
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Figure 8.17 Stress paths followed at the four monitoring points during basal creep ψ0 = 0.0.
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excess	pore	pressure	predictions)	are	overcome	by	introducing	NorSand,	with	its	demon-
strated	accuracy	in	simulating	excess	pore	pressures	caused	by	yielding.	The	steps	needed	to	
add	NorSand	to	this	public	domain	software	are	in	many	ways	easier	than	coding	a	user-
defined	model	in	commercial	software.	And	the	resulting	code	accurately	verifies	across	a	
range	of	laboratory	test	stress	paths,	soil	properties	and	initial	conditions.

This	chapter	has	taken	the	verified	FE	software	and	used	it	to	explore	static	liquefaction	
of	slopes	–	the	situation	for	the	various	case	histories	in	Appendix	F.	Two	loading	scenarios	
have	been	used	to	trigger	static	liquefaction,	loading	of	the	crest	(such	as	placing	another	
layer	of	fill)	and	basal	movements	(such	as	occur	with	creep	in	a	weaker	underlying	stratum	
or	erosion	at	the	toe	of	a	slope).	Neither	of	these	loading	conditions	at	the	top	or	bottom	
of	the	slope	captures	the	post-earthquake	situation,	where	failure	 is	 triggered	by	migra-
tion	of	earthquake-induced	excess	pore	water	(a	far	more	complicated	situation	requiring	
a	coupled	model).	But	even	within	this	limited	exploration	of	liquefaction	using	undrained	
analysis	and	external	loading,	realistic	mechanisms	naturally	emerge	from	the	FE	simula-
tions.	This	ability	 to	predict	 realistic	 failure	modes	 is	quite	an	advance	 for	understand-
ing	case	histories,	as	these	case	histories	are	usually	deficient	in	measured	soil	properties	
and	in-situ	state	although	there	are	often	reasonable	observations	of	the	pattern	of	failure	
deformations.

The	central	issue	that	should	concern	geotechnical	engineers	involved	with	liquefaction	
is	the	mismatch	between	laboratory	strengths	and	those	developed	from	back-analysis	of	
case	histories	using	limit	equilibrium	methods.	This	is	a	gap	in	engineering	understanding.	
Although	engineering	judgement	can	be	invoked	to	assess	a	new	situation	using	the	case	
history	record	as	a	basis	for	judgement,	it	is	a	long	way	from	showing	that	the	geotechni-
cal	profession	actually	understands	the	situations	they	are	dealing	with.	This	situation	is	
also	not	confined	to	liquefaction	–	embankments	on	clay	rarely	fail	at	a	calculated	FS	=	1.0	
from	input	soil	properties	measured	during	a	site	investigation.	A	plausible	rational	for	
this	mismatch	between	the	measured	properties/state	of	the	soil	and	the	actual	behaviour	
of	our	slopes	and	structures	 is	 the	 limit	equilibrium	methodology.	Limit	equilibrium	is	
far	from	realistic	assumptions	of	soil	behaviour	and,	correspondingly,	cannot	capture	the	
internal	redistribution	of	loads.

The	hope	in	providing	this	chapter	is	that	it	will	trigger	interest	in	better	analysis	of	the	
case	 histories	using	the	FE	method.	The	FE	method	has	seen	limited	use	in	this	regard	to	
date	(e.g.	Hicks	and	Onisphorou,	2005),	but	such	work	appears	intimidatingly	difficult	to	
many	geotechnical	engineers.	We	hope	we	have	shown	that	the	FE	method	is	not	so	difficult,	
and	that	it	provides	a	quantum	leap	in	understanding	compared	to	back-analysis	using	limit	
equilibrium.

What	we	have	not	done	 in	 this	chapter	 is	 to	model	cyclic	mobility.	Cyclic	mobility	 is	
not	difficult	in	terms	of	the	basic	soil	behaviour	(it	is	easy	enough	to	do	for	simple	shear	
tests;	see	NorSandPSR.xls),	but	there	is	little	point	in	doing	that	in	large-scale	problems,	
or	rather	in	believing	in	the	results	of	doing	that,	when	the	profession	has	such	a	mismatch	
in	the	static	failures.	In	particular,	our	understanding–if	it	can	be	called	that–of	the	case	
histories	does	not	include	the	demonstrable	effects	of	elastic	stiffness	and	plastic	compress-
ibility	 on	 soil	 behaviour.	 As	 engineers,	 we	 are	 at	 some	 distance	 from	 removing	 model�
uncertainty	from	the	practical	situations,	as	we	deal	with	in	civil	and	mining	works.	We	
need	to	improve.

Of	 course,	 it	 is	 also	 apparent	 that	 situations	 like	 Lower	 San	 Fernando	 Dam	 require	
coupled	analysis	with	explicit	consideration	of	pore	water	migration	(i.e.	a	‘Biot’	analysis).	
The	public	domain	software	used	as	the	basis	of	this	chapter	includes	coupled	flow,	so	this	is	
only	a	small	increase	in	complexity.	It	may	be	a	stretch	today	to	expect	this	level	of	analysis	
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in	routine	consulting	practice	(although	our	own,	and	a	few	other,	companies	do	use	these	
methods	for	some	special	situations).	But,	it	is	certainly	reasonable	to	expect	researchers	to	
adopt	coupled	FE	analyses	in	their	investigations	of	case	histories	and	to	disseminate	their	
work	into	the	commercial	modelling	platforms.	Liquefaction	assessment	where	‘fines	con-
tent’	is	a	major	input	for	strengths	used	in	limit	equilibrium	analysis	ought	to	be	a	thing	of	
the	past.
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Chapter 9

practical implementation of 
critical state approach

9.1  overvIeW

This	chapter	collects	the	various	pieces	of	critical	state	soil	mechanics	in	the	rest	of	the	book	
together	as	a	procedure	for	engineering	of	liquefaction	problems	in	sands	and	silts.	The	need	
for	this	how�to	guide	is	a	response	to	discussions	during	projects	and	following	various	pre-
sentations	we	have	made	since	the	first	edition	was	published.

Let	us	start	by	noting	that	the	required	procedure	is	not	the	result	of	a	choice	between	
laboratory	and	in-situ,	the	traditional	battleground	for	engineers	looking	to	determine	soil	
behaviour.	Both	 testing	protocols	are	needed	–	an	 intrinsic	 consequence	of	being	unable	
to	obtain,	and	then	transfer	and	set	up	in	a	laboratory	test,	undisturbed	samples	of	sands	
and	silts.	Since	soil	response	to	loading	is	broadly	Response	=	Properties	×	State,	engineers	
are	put	 in	the	position	of	needing	to	use	 in-situ	tests	 to	measure	State	(because	you	can-
not	 get	 undisturbed	 samples)	 and	 laboratory	 tests	 on	 reconstituted	 samples	 to	 measure	
Properties	(because	in-situ	tests	cannot	distinguish	between	the	effects	of	state	and	proper-
ties).	Accordingly,	this	chapter	gives	guidance	on

•	 The	scope	of	field	investigations	and	laboratory	testing
•	 Deriving	soil	properties	from	laboratory	test	data
•	 Choosing	CPT	equipment
•	 Interpretation	of	in-situ	testing	data	(CPT,	shear	wave	velocity)
•	 Application	of	the	results	to	problems	in	soils	ranging	from	sands	to	silts

The	 critical	 state	 approach	 to	 liquefaction,	 and	 for	 that	 matter	 any	 other	 aspect	 of	 soil	
behaviour,	consists	of	the	following	logic:

	 1.	Determine	the	in-situ	state	of	the	material	with	penetration	testing,	supplemented	by	
data	 from	other	 testing	and	modelling.	CPT	 testing	 is	key,	 in	practice,	 as	 the	CPT	
tends	to	respond	to	ψ,	and	this	is	helpful	in	dealing	with	some	level	of	variability	of	
particle	size	distribution.

	 2.	Determine	the	properties	of	the	soil	in	the	laboratory,	on	reconstituted	material,	over	a	
range	of	densities	and	stress	levels	(i.e.	a	range	of	ψ).	Some	modelling	of	the	soil	behav-
iour	(say	using	NorSand)	is	needed	to	validate	estimated	properties.

	 3.	Engineering	analyses	are	based	on	knowledge	of	the	in-situ	state	and	the	soil	proper-
ties	at	that	state.

It	really	is	that	simple	and	it	is	not	that	different	from	good	practice	for	geotechnical	engi-
neering	in	clay	materials	which	can	be	sampled	nearly	undisturbed,	but	which	change	state	
significantly	as	a	result	of	consolidation	under	applied	loads.
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9.2   sCope of fIelD InvestIgatIons 
anD laBoratory testIng

The	field	investigation	is	about	a	lot	more	than	liquefaction,	as	it	needs	to	define	thickness	of	
soil	units,	depth	to	certain	boundaries,	groundwater	flow	conditions	and	variability	of	soil	
conditions	over	a	particular	site.	Engineering	practice	will	define	the	frequency	and	loca-
tion	of	probing,	as	well	as	broadly	what	is	carried	out.	When	liquefaction	is	considered	to	
be	an	issue,	and	the	approach	in	this	book	is	going	to	be	followed,	the	investigation	needs	
to	include	the	following:

•	 CPTs	through	the	material	of	 interest	 for	 liquefaction.	These	need	 to	be	 the	CPTU	
variety	with	measurement	of	the	pore	pressure	in	the	u2	location.

•	 Sampling,	both	to	confirm	the	material	behaviour	type	found	in	the	CPT	and	to	gather	
material	for	laboratory	testing.	Sampling	can	be	whatever	method	retrieves	samples:	
Mostap	(convenient	as	it	works	with	CPT	equipment),	driven	samplers	(possibly	with	
core	catchers),	Shelby	tubes	if	the	material	will	stay	in	the	tube,	California	samplers,	
etc.,	are	all	possible.

•	 Shear	wave	velocity	measurements,	in-situ,	unless	a	screening-level	assessment	is	all	
that	is	needed.	A	seismic	CPT	is	the	ideal	way	to	collect	these	data,	using	vertical	seis-
mic	profiling	as	described	in	Section	4.8.	Shear	wave	velocity	will	be	used	for	several	
aspects	of	the	liquefaction	analysis.	Perhaps	the	most	important	need	for	seismic	data	
is	as	input	to	a	site-specific	seismic	response	analysis,	so	that	ground	motions	can	be	
calculated	through	the	soil	column.	But	the	same	seismic	data	are	also	needed	input	to	
enhance	CPT	interpretation	beyond	a	screening-level	assessment.

•	 A	carefully	planned	laboratory	testing	program	to	measure	the	soil	properties	includ-
ing	those	relating	to	critical	state	locus,	stress–dilatancy,	state–dilatancy	and	plastic	
shear	hardening.

•	 If	dealing	with	silts	or	unusual	soils	(e.g.	carbonate	sands)	under	exposure	to	earth-
quakes	or	similar,	the	laboratory	program	will	need	extending	to	include	cyclic	simple	
shear	tests.

It	is	the	laboratory	program	that	all	too	often	is	neglected	in	planning	a	liquefaction	study,	
or	may	be	considered	‘too	expensive’.	But	in	reality,	the	laboratory	testing	is	a	small	cost	
compared	to	the	fieldwork	and	is	a	significant	addition	of	value	by	removing	most	of	the	
guesswork	and	empiricism	out	of	a	liquefaction	assessment.

In	practice,	the	range	of	testing	specified	will	depend	on	the	importance	of	the	liquefaction	
project.	For	a	preliminary	screening	assessment,	the	index	testing	is	a	starting	point	and	reli-
ance	is	placed	on	the	screening-level	CPT	interpretation.	However,	as	soon	as	you	progress	
beyond	this,	or	have	a	material	that	might	be	‘different’,	such	as	a	silt,	carbonate	or	highly	
angular	sand,	then	triaxial	compression	testing	is	definitely	called	for.	Triaxial	compression	
testing	 is	 the	 current	 reference	 strength	 test	 for	 geotechnical	 engineering	 and,	 with	 some	
care	to	implement	the	procedures	in	Appendix	B,	is	quite	within	the	reach	of	most	projects.	
Bender	 element,	 cyclic	 simple	 shear	and	 resonant	 column	 testing	 is	 less	 common	 in	 com-
mercial	laboratories,	but	such	advanced	tests	are	only	needed	for	seismic	liquefaction	studies	
once	you	are	sure	static	liquefaction	and	flow	slides	have	been	taken	care	of.	We	will	show	
you	how	to	make	that	determination	in	Section	9.5	when	we	are	looking	at	the	CPT,	after	we	
have	derived	our	soil	properties	from	the	triaxial	testing	and,	possibly,	cyclic	strength	trends	
from	simple	shear	testing.
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9.3  DerIvIng soIl propertIes froM laBoratory tests

The	starting	point	for	deriving	the	critical	state	line	and	soil	properties	is	a	set	of	triaxial	
test	data,	and	it	must	be	triaxial	compression	data	as	that	is	the	current	reference	test	for	
geotechnical	engineering.	Triaxial	testing	procedures	themselves	are	set	out	in	Appendix	B,	
but	what	sort	of	testing	program	needs	to	be	specified	and	how	should	the	resulting	data	be	
processed?	The	triaxial	data	itself	should	be	available	as	a	digital	record	for	importing	into	
Excel	(or	comparable	spreadsheet),	a	perfectly	reasonable	requirement	these	days	and	which	
allows	much	quicker	determination	of	soil	properties.	Paper	records	simply	take	more	time	
and	effort	to	process	while	throwing	away	accuracy.

One	concern	when	viewing	the	geotechnical	literature	is	that	the	data	are	always	‘perfect’,	
but	that	is	not	what	most	laboratories	supply	in	their	reports	and	thus	what	you	have	to	deal	
with	in	engineering	practice.	This	chapter	is	therefore	based	on	the	test	data	for	Nerlerk	270/1	
sand,	a	set	of	‘normal	commercial’	data	of	comparable	quality	as	you	might	encounter	in	prac-
tice.	Importantly,	what	is	found	is	that	data	do	not	need	to	be	perfect	for	a	competent	engineer	
to	develop	reliable	estimates	of	the	true	soil	properties.	Of	course,	if	you	do	have	high-quality	
data,	 then	 things	 get	 easier	but	 you	may	 still	 be	 surprised	by	 the	 test-to-test	 variability	 in	
results	even	in	the	best	research	environment.	The	approach	set	out	here	will	still	be	relevant.

Most	soil	properties	do	not	belong	to	any	particular	constitutive	model	beyond	the	idea	
that	soil	is	particulate,	frictional	and	compressible.	The	exception	to	this	is	plastic	harden-
ing,	where	no	standard	idea	has	emerged	for	the	various	good	soil	models	in	the	literature	
and	 despite	 all	 those	 models	 aiming	 to	 mimic	 exactly	 the	 same	 soil	 behaviour.	 We	 will	
return	to	this	point	later,	but	for	now	simply	note	that	much	of	what	is	presented	in	this	sec-
tion	is	universal.	In	principle,	these	properties	belong	to	a	laboratory	testing	report	with	the	
data	they	are	derived	from.	For	plastic	hardening,	we	will	be	using	a	‘calibration’	to	derive	
the	values	presented	based	on	NorSand	and	for	which	you	can	download	the	spreadsheet	
NorTxl_Nerlerk.xls	to	follow	along.	NorSand	uses	the	familiar	and	standard	soil	proper-
ties	so	to	that	extent	universality	is	preserved.	If	you	wish	to	use	a	different	soil	model,	feel	
free	to	do	so	but	the	needed	validation	steps	will	be	exactly	the	same	as	presented	here	using	
NorSand.	Validation	is	a	universal	aspect	of	engineering	that	should	be	applied	in	any	proj-
ect,	and	the	steps	involved	in	validation	are	generic.

9.3.1  selecting a representative sample

Soil	is	naturally	variable,	with	differing	distributions	of	particle	sizes	from	place	to	place	
even	within	a	single	geological	unit.	If	you	take	10	samples	from	a	stratum	and	determine	
their	gradation	curves,	you	will	get	a	bandwidth.	This	is	true	even	when	dealing	with	man-
made	soils	such	as	tailings,	although	the	bandwidth	with	man-made	soils	will	generally	be	
less	than	that	found	in	natural	soils.	Figure	9.1	shows	an	example	of	grading	curves	from	a	
single	geological	unit.	Looking	at	this	bandwidth,	the	first	question	is:	what	to	test?

There	is	a	body	of	thought	that	all	samples	from	a	geological	stratum	are	similar,	and	thus	
you	can	combine	tests	on	different	samples	from	that	stratum	to	develop	soil	properties.	For	
example,	this	view	appears	to	have	underlain	the	determination	of	soil	properties	involved	
in	the	Jamuna	flowslides	(see	Appendix	F)	and,	in	our	experience,	is	seemingly	a	common	
belief	within	much	consulting	practice.	But	the	view	is	misleading	and	can	cause	determina-
tion	(if	you	can	call	it	that)	of	absurd	or	misleading	soil	properties.	The	problem	is	that	small	
changes	 in	fines	content	can	cause	surprising	changes	 in	the	CSL	(and	Γ	 in	particular,	see	
Chapter	2)	and	that	puts	you	in	the	position	of	trying	to	sort	out	a	soil’s	properties	using	(say)	
four	tests	on	apples,	two	tests	on	lemons	and	one	test	on	a	melon.	It	is	nonsense.
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Step	1,	therefore,	is	to	examine	the	gradation	envelope	you	are	dealing	with	and	to	pick	
a	single	gradation	that	is	representative	of	the	soil	stratum	(or	as	representative	as	you	can	
judge	from	the	available	site	investigation	data).	In	some	cases,	you	may	find	that	there	is	
more	than	one	material	type,	such	as	layered	sands	and	silts,	and	you	might	pick	two	grada-
tions.	But	for	the	moment,	we	will	assume	that	one	representative	material	exists.

Step	2	is	to	obtain	about	10 kg	of	the	selected	gradation,	if	need	be	by	combining	samples,	
sieving,	re-blending	and	mixing.	Ten	kilograms	will	be	sufficient	for	about	15	triaxial	tests	
on	the	chosen	representative	soil;	ten	to	12	tests	will	usually	be	more	than	enough	in	engi-
neering	practice.	Obviously,	the	gradation	produced	for	testing	must	be	documented	with	
a	particle	size	distribution	test	and	other	index	tests	for	comparison	with	the	database.	It	is	
good	practice	to	take	a	micro-photograph	of	the	sand	grains	to	identify	the	grain	shape	and	
angularity,	as	well	as	a	qualitative	indication	of	mineralogy.

Step	3	is	to	decide	whether	to	test	additional	gradations,	looking	to	both	the	coarser	and	
finer	sides	of	the	in-situ	gradation	envelope.	Whether	such	step-out	testing	is	done	depends	
on	the	size	of	the	project	and	available	testing	budget.	If	budget	is	not	a	constraint,	do	a	
full	suite	of	tests	on	the	step-out	gradations.	If	budget	is	tight	or	otherwise	constrained,	use	
fewer	step-out	tests	rather	than	a	comprehensive	set	and	then	model	the	measured	data	to	
verify	the	effect	of	gradation	on	the	soil	properties	(but	note	we	specify	full	step-out	tests	
wherever	possible).

9.3.2  Minimum test program

The	 triaxial	 test	 program	 is	 self-evidently	 aimed	 at	measuring	 soil	 properties,	 and	 thus,	
those	properties	dictate	what	sort	of	test	program	is	needed.	Properties	fall	into	five	groups:

•	 Properties	describing	the	soil’s	CSL	(e.g.	Γ,	λ10	for	the	usual	idealization)
•	 Properties	describing	the	soil’s	stress–dilatancy	(Mtc,	N)
•	 A	property	describing	the	soil’s	state–dilatancy	(χtc)
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Figure 9.1 Example of gradation bandwidth in a uniform soil stratum.
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•	 Properties	describing	the	soil’s	plastic	stiffness	or	compressibility	(e.g.	H,	Cc)
•	 Elastic	properties

In	principle,	just	three	triaxial	tests	are	sufficient	to	determine	the	five	properties	Γ,	λ10,	Mtc,	
N	and	χtc.	The	testing	involved	is	illustrated	on	the	state	diagram	of	Figure	9.2.	In	reality,	
we	suggest	at	least	10	tests,	but	a	minimum�three	test	suite	shown	in	Figure	9.2	is	helpful	to	
understand	what	is	needed	and	why.	While	you	may	be	reading	this	book	because	of	a	con-
cern	for	loose	soils,	and	thus	expecting	Tests	‘A’	and	‘B’,	that	concern	still	mandates	tests	on	
dense	samples	because	the	nature	of	stress–dilatancy,	which	applies	everywhere,	is	actually	
difficult	 to	discern	with	 loose	samples.	Competing	effects	make	it	difficult	 to	distinguish	
between	stress–dilatancy	and	other	aspects	of	the	soil’s	behaviour	in	loose	samples.	Hence,	
a	dense	specimen	such	as	Test	‘C’	must	be	tested.

All	the	tests	in	Figure	9.2	are	isotropically	consolidated	to	the	initial	state	prior	to	shear.	
It	is	a	good	idea	to	measure	the	void	ratio	changes	during	that	consolidation	as	it	is	useful	
data	on	Cc	and	available	for	no	extra	money	(i.e.	all	it	needs	is	a	bit	of	care	on	your	part	
while	consolidating	the	sample).

Twenty	five	years	ago,	the	CSL	was	defined	entirely	by	undrained	tests,	but	that	caused	a	
problem	at	higher	stress	levels	because	the	needed	initial	confining	stress	would	often	be	out-
side	the	limits	of	the	equipment.	Further,	even	with	high-pressure	equipment,	grain	crushing	
often	occurred	which	self-evidently	changes	the	material	being	tested.	Thus,	testing	practice	
evolved	to	a	combination	of	undrained	and	drained	tests	on	 loose	sand	to	determine	the	
CSL,	which	is	the	test	program	shown	in	Figure	9.2.

Test	‘A’	is	a	standard	undrained	liquefaction	test	on	a	loose	sample,	the	sort	of	test	that	
was	extensively	discussed	in	Chapter	2.	Its	sole	purpose	is	to	define	the	CSL	at	low	confining	
stress	and	also	not	taking	that	stress	so	low	as	to	give	an	issue	with	transducer	resolution.	
It	must	be	loose	enough	to	give	a	brittle	response	and	also	loose	enough	that	there	is	not	
even	a	whiff	of	a	quasi-steady	state.	A	good	initial	effective	confining	stress	is	100–200	kPa,	
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Figure 9.2  Conceptual minimum test program to determine a soil’s properties (all tests on reconstituted 
samples from same blended and homogenous batch of soil).
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as	that	allows	a	liquefaction	event	without	the	end	state,	which	will	be	on	the	CSL,	getting	to	
such	low	stresses	that	the	data	become	compromised	by	transducer	accuracy.

Test	‘B’	is	a	similarly	loose	sample	as	‘A’,	but	the	sample	is	consolidated	to	a	greater	con-
fining	stress,	about	400	kPa.	The	sample	is	then	sheared	drained	to	about	20%	axial	strain.	
The	CSL	will	be	very	close	to	the	end	state	of	Test	B	(either	model	the	test	or	estimate	the	
true	CSL	by	projecting	the	measured	trend	in	volumetric	strain	with	a	little	judgement).

Test	‘C’	involves	a	sample	as	dense	as	can	be	prepared.	It	is	then	sheared	from	a	low	effec-
tive	confining	stress	as	practically	convenient	(commonly	about	80	kPa)	to	allow	the	maxi-
mum	dilation	to	develop.	This	test	is	directed	at	the	soil	properties	N	and	χ.	It	also	provides	
data	to	assess	the	plastic	hardening.

Elasticity	 is	normally	measured	using	the	bender�element	method	to	assess	Gmax.	This	
test	method	was	 the	preserve	of	universities	 10 years	 ago	but	 is	 fast	 becoming	 standard	
with	 available	 commercial	 equipment	 (e.g.	 http://www.gdsinstruments.com/gds-products/
gds-bender-element-system	(GDS	Instruments,	2014)).	Poisson’s	ratio	is	generally	not	mea-
sured	because	it	seems	to	almost	invariably	be	in	the	range	0.15	<	ν	<	0.25,	which	is	sufficient	
initial	precision	for	modelling.

9.3.3  practical test program

Only	needing	 three	 triaxial	 tests	 to	determine	a	suite	of	 soil	properties	 sounds	 too	good	
to	be	true,	and	 it	 is.	The	problem	is	 that	not	all	 tests	end	up	at	 the	desired	target	 initial	
condition	despite	best	efforts	and	there	is	also	variability	in	soil	behaviour	(two	identically	
prepared	and	sheared	samples	will	rarely	show	identical	behaviour	even	in	the	best	research	
laboratory).	You	need	more	than	three	tests	to	determine	the	soil’s	properties	with	any	rea-
sonable	accuracy.

In	the	case	of	the	CSL,	it	may	show	slight	curvature	plus	it	is	good	practice	to	have	redun-
dant	data	so	any	engineer	can	assess	the	uncertainty	in	the	assessed	CSL.	In	our	experience,	
this	leads	to	at	least	three	Type�A	and	two	Type�B	tests.	It	is	also	prudent	to	anticipate	that	
getting	five	tests	with	the	desired	range	of	initial	conditions	may	need	more	samples	to	be	
prepared.	Test�C	is	aimed	at	providing	data	on	both	stress–dilatancy	and	state–dilatancy,	
but	this	type	of	test	usually	runs	into	the	dual	difficulty	of	not	being	as	dense	as	desired	and	
with	questions	about	whether	the	single	measured	data	point	is	representative.	Experience	
suggests	that	at	least	three	dense	drained	tests	are	needed.

Adding	these	numbers	up	suggests	about	10	tests	should	be	planned	for	the	chosen	rep-
resentative	gradation,	as	 indicated	 in	Table	9.1.	As	clients	normally	do	not	want	 to	hear	
about	testing	difficulties	it	has	become	our	practice	to	quote	a	fixed	price	for	determination	
of	these	soil	properties,	with	that	price	allowing	for	the	various	difficulties	that	go	with	this	
type	of	testing.

9.3.4  Data handling

9.3.4.1  Data file structure

Triaxial	test	data	should	be	logged	using	a	computer-controlled	data	acquisition	system	and	
ideally	using	computer-controlled	equipment.	There	 is	no	excuse	for	 less	 than	this	 in	the	
modern	technological	age.	Given	such	digital	recording,	there	is	no	real	limitation	on	the	
detail	measured,	but	at	the	end	of	the	day	the	data	will	likely	be	imported	into	a	spreadsheet	
for	processing	and	there	is	no	point	in	having	an	unwieldy	number	of	points.	Something	like	
4000	scans	has	been	found	both	convenient	and	sufficient	for	tests	going	to	20%	nominal	
axial	strain.
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For	archival	purposes,	the	data	file	should	be	saved	as	an	ASCII	text	file	using	either	a	
fixed	format	of	columns	or	a	comma-separated�variable	(csv)	file.	Either	file	type	is	simply	
imported	into	Excel	and	also	has	the	important	attribute	of	being	readable	by	even	the	most	
primitive	text	editor.

Sufficient	header	information	must	be	included	in	these	ASCII	files	about	the	origin	of	
the	test	and	the	material	tested,	so	that	any	engineer	looking	at	the	data	can	see	what	the	
test	was	on	from	the	ASCII	file	itself.	The	variable	name	and	units	of	each	column	must	
be	given	above	the	column	to	avoid	ambiguity.	None	of	these	requirements	are	in	any	way	
special.

Since	nobody	in	future	is	going	to	know	more	about	the	test	than	the	laboratory	mak-
ing	the	measurements,	we	require	our	own	archiving	to	be	in	terms	of	strains,	stresses	and	
void	ratio.	Things	like	area	correction	to	transform	measured	loads	to	stresses	are	left	to	
the	testing	laboratory	(and	documented	in	the	testing	report);	thus,	the	laboratory	delivers	

Table 9.1 Laboratory testing program for critical state liquefaction assessment

Test type 
No. of tests 

(typical) Purpose 

Particle size distribution 20 Define the heterogeneity of the material in-situ by measuring 
grain size distribution on most samples. Once this is done, one 
or more representative materials can be identified, or materials 
considered to bracket the fine and coarse ends of the in-situ 
spectrum can be defined. Based on this assessment, bulk 
samples can be blended together for further testing on 
reconstituted specimens.

Specific gravity 2 Basic property needed for calculation of void ratio from 
measured water content and density.

Maximum and minimum 
index density

2 Although not part of the critical state framework, the maximum 
and minimum index densities are useful for comparison with 
other materials and to the laboratory technicians in preparation 
of specimens to target densities.

Triaxial tests, consolidated 
undrained compression

5 Define the critical state line as well as the peak undrained shear 
strength and brittleness (see Section 9.3.5).

Triaxial tests, consolidated 
drained compression

5 Define critical state line and stress–dilatancy parameters. Provide 
basis for estimating plastic hardening modulus using NorSand 
and iterative forward modelling (see Section 9.3.6).

Bender element tests, 
with isotropic 
consolidation

2 sets of 
about 8

Bender element tests are used to measure shear wave velocity 
(or small strain shear modulus) in reconstituted samples, 
which will be compared with in-situ measured shear wave 
velocity as well as used to develop a shear modulus–stress 
level–void ratio relationship. Testing is carried out on two 
specimens, prepared at different initial densities. On each 
specimen, tests are carried out at about eight different 
effective stress levels.

Cyclic simple shear tests 8 For seismic liquefaction studies, the cyclic resistance curve is best 
determined by about four cyclic simple shear tests at a single 
value of ψ, with cyclic stress ratio varied. Two sets of four 
should be carried out at different values of ψ.

Resonant column testing 2 While common practice is to use published curves of shear 
modulus degradation and damping ratio as a function of shear 
strain, it is always better to check these for soils that may not 
be standard. Testing is carried out on two specimens, prepared at 
different initial densities.
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quality	assured	data	ready	for	the	engineer	to	work	with.	The	recommended	data	format	is	
then	as	illustrated	in	Figure	9.3.	This	format	works	for	both	drained	and	undrained	tests,	
since	stresses	are	given	as	effective	(although	volumetric	strain	will	of	course	be	zero	with	
an	undrained	test).

When	considering	data	archiving,	keep	in	mind	that	some	high-value	projects	(bridges,	
dams)	 may	 quite	 credibly	 have	 an	 engineer	 wanting	 to	 review	 or	 reassess	 the	 test	 data	
many	decades	later.	We	do	not	jest	here,	as	we	have	worked	on	dams	that	are	approaching	
100	years	old	ourselves	and	have	gone	back	to	the	original	paper	records	from	when	they	
were	designed.	Hence,	our	view	is	that	a	proper	engineering	record	is	something	that	can	be	
read	by	any	text	editor	as	a	rather	primitive	file.	You	should	not	rely	on	current	xls	files	(or	
the	like)	being	generally	accessible	indefinitely.	As	a	profession,	our	best	archive	is	an	ASCII	
file	and	that	should	be	stored	on	non-magnetic	media	(we	have	floppy	disks	from	25 years	
ago	that	are	no	longer	readable).	Some	engineers	go	as	far	as	to	print	the	ASCII	data	and	
bind	that	into	project	files	on	the	grounds	that	it	can	be	scanned	should	the	need	arise	in	the	
future	–	that	seems	primitive,	but	it	might	be	sensible	for	high-consequence	projects	with	
expected	long	service	lives.

9.3.4.2  Data processing

Data	processing	will	be	done	in	a	spreadsheet	(assumed	here	to	be	Excel),	so	the	first	step	is	
to	import	the	quality	assured	results	into	a	worksheet.	It	is	a	matter	of	style	as	to	whether	
all	tests	are	put	onto	a	single	sheet	or	whether	each	test	gets	its	own	worksheet,	as	is	the	
labelling	system	adopted	to	show	which	block	of	data	refers	to	which	test.	But	do	establish	
a	clear	style	and	check	if	your	colleagues	can	understand	it	at	a	glance.

Test type : CID
Lab : GOLDER(C)
Job number : 882-2086
Test date : FEB 29/89
Material tested : NERLERK SAND
Preparation method : MOIST TAMPED
Specific gravity of solids : 2.66
Initial void ratio : 0.604
Post-consolidation void ratio : 0.572
Initial back pressure (kPa) : 700

Axial strain (%) Vol strain (%) SIGMAA' (kPa) SIGMAR' (kPa)

0 0 200 200
0.075 0.001 208.39 201.6
0.107 0.002 232.73 201.48
0.135 0.011 249.77 201.26
0.165 0.019 263.61 201.14
0.191 0.028 277.54 200.91
0.221 0.037 291.87 200.91
0.25 0.047 305.31 200.8
0.279 0.056 318.94 200.69

Figure 9.3 Appropriate file structure for reporting and archiving triaxial data.
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Soil	behaviour	is	controlled	by	stress	and	strain	invariants,	not	the	individual	stresses,	and	
soil	properties	are	framed	in	terms	of	these	invariants.	The	test	data	must	be	processed	to	
change	from	measured	results	to	these	invariants.	This	is	a	straightforward	transformation	
and	easily	done	in	the	worksheet.	Our	approach	is	to	put	these	transformations	adjacent	to	
the	measured	data,	with	seven	additional	columns	being	needed	on	the	worksheet	and	with	
a	banner	across	the	top	to	indicate	which	is	which	(see	Figure	9.4).

In	terms	of	strains,	the	volumetric	strain	is	in	itself	a	strain	invariant.	This	needs	to	be	
paired	with	its	matching	shear	strain	εq.	A	little	bit	of	algebra	will	lead	you	to	the	following	
result:

	
ε ε ε
q

v= −1
3

	 (9.1)

which	is	used	as	the	formula	to	create	the	column	headed	εq.	It	operates	on	every	row	in	the	
worksheet	using	the	measured	data	in	the	first	two	columns.

Having	read	this	far,	stress–dilatancy	will	be	firmly	embedded	in	your	soul	as	fundamen-
tal,	and	thus,	the	next	step	is	to	transform	the	strain	data	into	dilatancy.	This	can	only	be	
done	for	drained	test	data,	and	there	is	a	a	trick	to	this,	with	the	trick	depending	on	the	
quality	of	your	 laboratory	equipment.	Dilation	is	the	ratio	of	strain	 increments,	which	is	
a	differential.	Numerical	differentiation	can	be	noisy	if	there	is	not	good	precision	in	the	
data	being	differentiated.	One	approach	is	to	take	the	differential	over	more	data	points	to	
smooth	the	differential,	but	not	so	many	as	to	smooth	too	much.	We	have	tended	to	use	a	
five-interval	central	difference	method,	which	can	be	written	in	terms	of	the	worksheet	as

	
D n vn vn

qn qn

in row ' '( ) = −( )
−( )

+ −

+ −

ε ε
ε ε

2 2

2 2

	 (9.2)

Clearly,	as	this	expression	looks	both	in	front	(n�+	2)	and	behind	(n�–	2)	the	current	row	(=	n),	
you	wind	up	with	an	inapplicable	expression	at	the	beginning	and	end	of	the	measured	data.	
We	simply	leave	these	rows	blank	(see	Figure	9.4).

Some	engineers	may	prefer	to	avoid	numerical	differentiation	by	using	the	Excel	charting	
function	to	graph	εv	versus	εq	and	then	using	the	Excel	‘fit	trend	line’	function	to	the	data.	
If	a	fifth-order	polynomial	is	chosen,	with	the	‘set	intercept	=	0’	option,	the	displayed	equa-
tion	is	often	a	rather	good	fit	to	the	data.	This	displayed	equation	can	then	be	analytically	
differentiated	to	give	a	noise-free	D	versus	εqp	relationship.

However	you	estimate	D	is	essential	to	pick	out	its	minimum	as	that	is	what	will	be	trans-
ferred	to	a	stress–dilatancy	plot.	This	pick	is	readily	achieved	by	using	the	Excel	‘min’	func-
tion	applied	to	the	column	of	D	values.	We	place	this	Dmin	above	the	individual	D	values,	
with	an	annotation	showing	what	it	is.

The	columns	for	p	=	(σa	+	2σr)/3)	and	q	=	(σa	−	σr)	are	the	usual	transforms	of	the	measured	
effective	stresses,	with	η	=	q/p.	The	value	of	particular	interest	is	ηmax	and	that	is	obtained	
by	applying	the	Excel	‘max’	function	to	the	data	in	the	‘η’	column.	Theoretically,	stress–
dilatancy	would	have	ηmax	and	Dmin	as	being	coincident,	but	test	data	often	do	not	meet	this	
expectation.	Our	practice	is	that	soil	properties	are	sufficiently	well	estimated	by	using	the	
Excel	‘min’	and	‘max’	functions	as	just	described	and	this	method	is	easily	cloned	across	dif-
ferent	streams	of	test	data.	However,	if	you	wish	to	force	the	theoretical	view,	then	identify	
the	row	with	Dmin	found	by	Excel	and	then	pick	up	the	matching	value	of	η	as	your	choice	for	
ηmax.	The	reason	to	focus	on	Dmin	is	that	M	is	varying	with	fabric	and	that	is	what	is	upset-
ting	the	stress–dilatancy	theory	expectation	of	ηmax	and	Dmin	being	coincident.	The	value	for	
ηmax	is	placed	just	above	the	data	(see	Figure	9.4).
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Dmin = –0.194 eta_max 1.540 …@ psi = –0.089

Measured Processed

Axial strain (%) Vol strain (%) SIG_Axial' (kPa) SIG_Radial' (kPa) epQ (%) D … p (kPa) q (kPa) eta … e … psi …

0 0 503.48 500.23 0.000 501.3 0.0 0.000 0.619 –0.106
0.028 0.002 526.80 500.00 0.027 508.9 26.8 0.053 0.619 –0.106
0.054 0.006 544.87 500.00 0.052 0.194 515.0 44.9 0.087 0.619 –0.106
0.083 0.013 566.78 500.00 0.079 0.300 522.3 66.8 0.128 0.619 –0.106
0.11 0.02 587.46 500.00 0.103 0.349 529.2 87.5 0.165 0.619 –0.106
0.138 0.032 609.68 500.11 0.127 0.375 536.6 109.6 0.204 0.618 –0.105
0.166 0.041 631.97 500.11 0.152 0.405 544.1 131.9 0.242 0.618 –0.105
0.194 0.05 654.67 500.11 0.177 0.398 551.6 154.6 0.280 0.618 –0.105
0.222 0.06 676.94 500.11 0.202 0.410 559.1 176.8 0.316 0.618 –0.105
0.249 0.071 700.32 500.00 0.225 0.438 566.8 200.3 0.353 0.618 –0.105
0.277 0.081 723.19 500.00 0.250 0.449 574.4 223.2 0.389 0.618 –0.105
0.304 0.092 745.45 500.00 0.273 0.445 581.8 245.5 0.422 0.618 –0.105
0.332 0.103 766.69 500.00 0.298 0.445 588.9 266.7 0.453 0.617 –0.105
0.36 0.114 788.00 499.89 0.322 0.440 595.9 288.1 0.483 0.617 –0.105
0.388 0.124 809.22 499.89 0.347 0.346 603.0 309.3 0.513 0.617 –0.105
0.416 0.135 829.11 499.77 0.371 0.354 609.6 329.3 0.540 0.617 –0.105

Figure 9.4 Layout of worksheet to process triaxial data. Note: Data and processed results extend to end of file.
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The	void	ratio	evolution	throughout	the	test	is	also	needed	(for	drained	tests).	This	infor-
mation	is	embedded	in	the	reported	volumetric	strain,	thus	we	focus	on	reporting	an	accu-
rate	 value	 of	 the	 post-consolidation	 void	 ratio	 at	 the	 start	 of	 shearing	 (eo	 in	 the	 header	
information	 in	Figure	9.3)	with	 that	 void	 ratio	generally	having	been	determined	by	 the	
freezing�method	discussed	in	Appendix	B.	We	then	compute	void	ratio	for	use	in	data	pro-
cessing	as

	 e e eo v= − + ×( )1 ο ε 	 (9.3)

Equation	9.3	is	based	on	engineering	strain,	which	is	the	practice	of	most	laboratories.	The	
minus	sign	is	because	the	compression	positive	convention	of	soil	mechanics	makes	positive	
volumetric	strain	to	be	void	ratio	reduction.

The	last	thing	needed	from	data	processing	is	to	determine	the	state	parameter	that	cor-
responds	to	Dmin.	This	is	done	by	calculating	a	column	of	ψ	values,	identifying	which	row	
corresponds	 to	Dmin	and	selecting	 that	value	of	ψ	 to	put	 in	 the	row	adjacent	 to	ηmax	 (see	
Figure	9.4).	Start	by	creating	a	column	of	ψ	to	the	right	of	the	void	ratio	column	and	where

	 ψ λ= − − × ′e p( log )Γ 1  0 	 (9.4)

Type	Equation	9.4	in	the	Excel	formula	exactly	as	you	see	it	written	with	Γ	being	represented	
by	the	name	‘gamma’	and	λ10	by	‘lambda10’.	The	terms	gamma	and	lamba10	do	not	exist	
yet,	but	they	are	going	to	become	defined	constants	within	the	spreadsheet	as	your	next	step.

9.3.5  evaluation of soil properties

9.3.5.1  Properties worksheet

Soil	properties	in	all	good	models	do	not	depend	on	the	void	ratio	or	the	stress	level,	so	the	
same	properties	apply	to	every	test	in	the	assembled	data	of	the	soil	in	question.	There	are	
different	styles	as	to	how	this	can	be	reflected	in	an	Excel	file,	with	our	preference	being	to	
create	a	worksheet	within	the	spreadsheet	whose	tab	is	labelled	properties.	Figure	9.5	is	an	
example.

There	are	five	soil	properties	that	are	going	to	be	determined	directly	from	the	triaxial	
data	in	the	properties	worksheet,	and	these	properties	are	both	annotated	and	given	initial	
estimates	for	their	values	on	the	properties	worksheet.	You	will	plot	various	things,	but	
these	properties	will	be	used	to	drive	the	trend	lines	with	you	using	your	eye	to	assess	the	fit	
of	trend	line	to	the	data	and	with	you	adjusting	the	properties	(iterating)	until	you	get	a	fit	
you	like.	This	is	a	process	of	forward	modelling	and	we	prefer	it	to	using	regression	lines,	
as	forward	modelling	allows	you	to	weight	the	assessment	to	the	tests	that	appear	the	most	
reliable.	As	a	further	style	point,	we	like	to	use	a	bold	and	blue	font	in	cells	that	are	user�
inputs.	Importantly,	each	of	the	soil	property	cells	should	be	named.	Excel	allows	users	
to	assign	a	name	to	a	cell	so	that	instead	of	using	‘$C$5’	you	set	that	cell	to	‘gamma’	(as	
appropriate)	and	which	then	allows	you	to	use	the	name	‘gamma’	in	your	formulas	rather	
than	‘$C$5’.	You	enter	the	cell	name	in	the	left-most	box	of	the	formula	bar	just	above	the	
top	of	the	worksheet.	This	cell	naming	is	arguably	the	most	important	thing	you	must	do	
in	creating	a	spreadsheet	that	can	be	reviewed	by	another	engineer.	Thus,	name	the	five	
boxes	containing	the	soil	properties	as	 follows:	 for	 the	CSL,	use	gamma	and	 lambda10	
(the	‘10’	is	there	to	remind	you	and	others	that	this	particular	soil	property	goes	with	base	
10	logarithms);	for	the	stress–dilatancy	behaviour,	name	the	critical	friction	ratio	cell	Mtc	
and	the	volumetric	coupling	coefficient	cell	Ntc;	for	the	state–dilatancy	coefficient,	name	
the	cell	chi_tc	(i.e.	χtc).	The	‘tc’	denotes	that	these	soil	properties	are	all	associated	with	
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412  Soil liquefaction: A critical state approach

triaxial	compression	conditions	(although	N	is	actually	invariant	with	proportion	of	inter-
mediate	stress,	see	Appendix	C,	but	naming	it	Ntc	in	the	spreadsheet	keeps	the	emphasis	
on	determining	properties	under	 triaxial	compression).	You	will	need	 to	annotate	what	
the	cell	refers	to	on	the	sheet	as	the	cell	names	do	not	show	up	when	just	looking	at	the	
worksheet.	Figure	9.5	illustrates	a	style	for	setting	up	the	soil	properties	choices.	Also	note	
the	documentation	of	the	soil	index	properties	and	the	use	of	italic	text	to	add	comments.

Three	plots	are	going	to	be	used	to	assess	the	soil	properties,	and	the	trend	lines	for	these	
plots	need	to	be	set	up	using	the	soil	properties	cells	just	established.	Trend	line	#1	is	for	
the	CSL	in	e-log(p)	space;	we	tend	to	use	p	~	10	kPa	and	p	=	3000	kPa	as	the	endpoints	for	
the	CSL.	Trend	line	#2	is	for	the	stress–dilatancy	plot	of	ηmax	versus	Dmin.	Use	Dmin	=	0	as	
one	endpoint	and	Dmin	=	−0.8	will	likely	be	convenient	for	the	other.	The	formula	used	for	
this	trend	line	is

	 ηmax min1= − − ×M N Dtc tc( ) 	 (9.5)

where�Mtc	and	Ntc	are	the	named	soil	properties	set	up	in	the	properties	worksheet.	Trend	
line	#3	is	for	the	state–dilatancy	plot	of	Dmin	versus	ψ	at	Dmin	and	this	trend	line	must	go	
through	Dmin	=	0	at	ψ	=	0	(if	it	does	not,	there	is	an	error	in	the	estimated	CSL).	This	estab-
lishes	one	point	on	the	trend	line,	with	the	other	points	being	chosen	consistent	with	the	

Nerlerk 270/1 sand from Golder (1989)

Index properties Soil properties

D50 270 μm Gamma = 0.855
fines = 1.90% lambda10 0.048
emin = 0.536 Mtc = 1.27
SG = 2.66 Ntc = 0.40

chi_tc = 4.00
see Table 3 of report

As tested initial At max dilation (= Dmin)

Test p0 e0 psi0 Dmin eta_max psi
CID-G151 200.9 0.694 –0.050 –0.135 1.343 –0.035
CID-G152 No digital data available
CID-G154 49.5 0.738 –0.036 –0.095 1.345 –0.023
CID-G155 501.3 0.619 –0.106 –0.282 1.445 –0.068
CID-G156 200.9 0.640 –0.104 –0.352 1.455 –0.085
CID-G157 203.9 0.572 –0.172 –0.561 1.624 –0.143

As tested initial At critical state

CIU-G101 500 0.818 0.093 20 0.818
CIU-G103 500 0.793 0.068 28 0.793
CIU-G104 700 0.761 0.043 74 0.761
CIU-G105 500 0.757 0.032 125 0.757
CIU-G106 500 0.8 0.075 23 0.8
CIU-G107 700 0.727 0.009 379 0.727
CIU-G108 500 0.773 0.048 27 0.773

Figure 9.5 Layout of properties worksheet including the summary of test data.
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stress–dilatancy	plot	since	it	is	the	same	test	data	for	Dmin	that	appears	in	both	plots.	The	
formula	used	for	the	trend	line	for	the	state–dilatancy	plot	is

	 D tcmin = ×χ ψ 	 (9.6)

where	χtc	(chi_tc)	is	the	soil	property	in	the	properties	worksheet.

9.3.5.2  Test summary table

The	soil	properties	are	determined	 from	trends	 in	 the	measured	data.	This	 is	most	easily	
done	if	the	key	values	from	the	various	laboratory	tests	are	transferred	to	a	summary	table	
such	as	on	the	properties	worksheet	shown	in	Figure	9.5.	Importantly,	the	values	in	this	table	
for	the	drained	tests	are	referenced	to	the	processed	data	worksheet	and	not	typed	in.	In	the	
case	of	the	undrained	tests,	the	at�critical�state	requires	judgement	on	your	part	in	assessing	
the	data.	Copying	in	the	values	at	greatest	strain	achieved	in	the	test	is	a	start	but	that	may	
not	be	at	critical	state,	especially	when	the	test	has	gone	through	a	pseudo–steady	state	and	
the	sample	is	still	dilating	at	the	end	of	the	test.	You	will	need	to	judge	whether	the	specimen	
is	close	to	critical	state,	a	long	way	from	critical	or	whether	you	can	extrapolate	just	a	little	
to	reach	a	critical	state	past	the	end-of-test	state.	The	‘psi’	(i.e.	ψ)	values	in	this	table	will	
automatically	update	as	the	soil	properties	are	subsequently	adjusted	to	best	fit	the	data.

9.3.5.3  Critical state line (Γ, λ) from the state plot

The	state	plot	is	a	familiar	figure	that	plots	the	trajectory	of	the	various	tests	as	void	ratio	
versus	 the	 log10	of	mean	effective	stress	p.	 In	 the	case	of	 the	drained	tests,	 it	 is	 trivial	 to	
transfer	the	e	–	p	values	from	the	processed	data	worksheet	(Figure	9.4)	to	create	a	graph	in	
e-log(p)	space.	In	the	case	of	the	undrained	tests,	a	further	step	is	needed	because	the	trace	of	
an	undrained	test	is	a	straight	line	and	the	endpoint	of	the	test	does	not	lie	on	the	endpoint	of	
the	plotted	line	if	the	sample	shows	dilation	–	something	that	often	develops	if	the	sample	is	
not	truly	loose.	The	easiest	thing	to	do	is	to	use	the	table	of	critical	state	conditions	(Figure	
9.5),	which	can	then	be	plotted	on	the	e-log(p)	graph	as	discrete	points	to	highlight	the	end	
of	test	conditions	within	the	state	path.	Figure	9.6	shows	the	results	of	plotting	the	drained	
and	undrained	data,	from	tests	on	Nerlerk	270/1	sand,	in	this	manner.

The	CSL	shown	in	Figure	9.6	is	the	trend	line	from	the	properties	worksheet;	the	values	
of	gamma	and	lambda10	have	been	adjusted	to	get	the	fit	shown	(gamma	moves	the	trend	
line	up	or	down,	while	lambda10	changes	its	slope).	One	can	argue	about	the	fit	a	little,	but	
there	is	not	a	great	deal	of	wiggle	room	to	meet	the	critical	conditions	found	in	the	und-
rained	tests.	There	are	no	very	loose	drained	tests	in	the	Nerlerk	270/1	data,	leaving	the	CSL	
established	by	only	the	undrained	tests.	The	drained	tests	that	exist	are	all	dense	of	the	CSL,	
with	most	being	very	dense.	These	tests	cannot	be	strained	enough	to	attain	their	critical	
state	with	the	limits	of	triaxial	equipment.	The	fitted	trend	line	establishes	Γ	=	0.855	±	0.01	
and	λ10	=	0.048	for	this	sand.

9.3.5.4  Stress–dilatancy plot (Mtc, n)

The	soil	properties	Mtc,	N	are	found	by	plotting	ηmax	versus	Dmin	for	the	drained	tests,	a	
method	originated	by	Bishop	(1950).	These	data	pairs	are	those	on	the	summary	table	of	
the	properties	worksheet,	developed	in	the	data	processing	discussed	earlier.	The	result	is	
shown	in	Figure	9.7	for	the	Nerlerk	270/1	data	set.
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Figure 9.6 State diagram for triaxial tests on Nerlerk 270/1 sand with fitted CSL.
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Figure 9.7 Stress–dilatancy in triaxial tests on dense Nerlerk 270/1 sand.
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The	trend	line	shown	in	Figure	9.7	is	from	the	properties	worksheet.	The	values	of	Mtc	
and	N	in	the	worksheet	have	been	adjusted	to	get	the	fit	shown	(Mtc	moves	the	trend	line	up	
or	down,	while	N	changes	its	slope).	Like	the	CSL,	one	can	argue	about	the	fit	a	little,	but	
there	is	not	a	great	deal	of	wiggle	room.	The	fitted	trend	line	establishes	Mtc	=	1.27	±	0.01	and	
N	=	0.40	±	0.02	for	this	sand.

As	a	check,	this	estimate	for	Mtc	can	be	used	to	compute	a	trend	line	for	a	stress-path	plot	
and	compared	to	the	measured	stress	paths	of	the	loose	undrained	tests,	Figure	9.8.	A	very	
plausible	match	is	found	(although	this,	of	course,	provides	no	check	on	N).	Note	that	one	of	
the	tests	looks	a	bit	odd,	with	the	suggestion	that	the	pore	water	pressures	were	not	properly	
equalized	before	the	start	of	shear.

9.3.5.5  State–dilatancy plot (χtc)

The	final	soil	property	to	be	determined	is	that	relating	the	maximum	dilation	to	the	state	
parameter,	chi_tc	in	the	properties	worksheet.	When	data	processing	was	started,	the	prop-
erties	defining	the	CSL	were	not	known;	the	state	parameter	was	computed,	but	it	was	with	
initial	guesses	(or	fictional)	values	for	gamma	and	lambda10.	These	two	guessed	properties	
are	now	known	and	if	the	worksheet	has	been	set	up	as	described	the	state	parameter	values	
for	all	of	the	tests	imported	will	have	been	automatically	updated	(including	the	summary	
of	values	at	Dmin).	Thus,	it	is	now	trivial	to	plot	Dmin	versus	ψ	at	Dmin	from	the	summary	
table.	This	plot	is	shown	in	Figure	9.9	for	the	triaxial	compression	data	on	dense	Nerlerk	
270/1	sand.	Note	that	this	type	of	plot	only	exists	for	dense	samples	as	loose	samples	all	
show	Dmin	~	0	and	this	is	only	attained	at	the	end	of	the	test	when	ψ	~	0	(which	makes	all	
the	data	cluster	around	the	origin).
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Figure 9.8 Stress paths in undrained triaxial tests on loose Nerlerk 270/1 sand.
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As	with	the	other	property	determinations,	the	appropriate	trend	line	from	the	properties	
worksheet	is	pasted	into	the	plot	to	compare	with	data	and	the	soil	property	adjusted	to	get	
the	best	match.	For	Figure	9.9	the	trend	line	is	given	by	Equation	9.6	and	the	soil	property	
χtc	is	adjusted.	An	excellent	fit	is	found	corresponding	to	χtc	=	4.00	±	0.2.	Fits	of	comparable	
quality	are	found	quite	often,	which	is	thought	to	be	a	consequence	of	Dmin	being	a	kine-
matic	behaviour	while	void	ratio	(on	which	ψ	is	based)	is	a	similarly	geometric	idealization.	
Certainly,	experience	is	that	state–dilatancy	shows	generally	less	scatter	about	the	inferred	
trend	than	is	seen	with	stress–dilatancy.

9.3.6  validation of soil properties

The	five	soil	properties	Γ,	λ10,	Mtc,	N,	χtc	have	been	determined	by	examining	the	aspects	of	
measured	soil	behaviour	largely	independently	and	with	each	aspect	being	directly	associ-
ated	with	one	or	two	particular	soil	properties.	Although	a	conventional	approach,	this	type	
of	parameter	 isolation	can	 lead	to	 less	 than	optimum	results	depending	on	how	test	and	
idealization	errors	stack	up.	It	is	wise	to	take	the	estimated	soil	properties	and	to	put	them	
in	a	constitutive	model	to	see	to	what	extent	the	properties	lead	to	reasonable	replication	of	
the	entire	stress–strain	behaviour	measured:	validation,	as	it	is	usually	called.

Validation	necessarily	depends	on	the	reasonableness	of	the	soil	model	selected	for	the	
process.	All	good	models	(or	at	least	those	developed	to	date)	include	both	a	CSL	and	ψ,	so	
the	properties	just	found	are	common	to	nearly	all	models	you	might	consider.	The	biggest	
limitation	on	model	choice	is	whether	the	models	are	conveniently	available	for	use,	as	most	
engineers	will	not	want	to	start	from	scratch.	Many	models	fall	at	this	hurdle.	Here	we	use	
NorSand,	in	part	because	it	is	simple	and	in	part	because	it	has	been	implemented	in	a	public	
domain	spreadsheet	that	you	can	download.	While	we	encourage	you	to	dig	into	the	details	
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Figure 9.9 State–dilatancy in triaxial tests on dense Nerlerk 270/1 sand.
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of	this	model	(overviewed	in	Chapter	3	and	detailed	in	Appendix	C),	the	spreadsheet	can	be	
used	as	a	black�box	to	see	how	well	the	model/properties	match	the	test	data.	This	evalua-
tion	of	model	and	properties	versus	data	is	done	as	a	simple	visual	comparison;	by	all	means	
add	a	formal	goodness�of�fit	measure	if	you	wish,	but	for	most	engineers	a	simple	visual	
comparison	will	be	both	more	satisfactory	and	more	insightful.

The	NorSandTXL	program	is	an	Excel	spreadsheet	with	all	coding	in	the	VBA	environ-
ment	(you	can	access	this	commented	code	by	pressing	the	‘Alt’	+	‘F11’	keys).	This	style	of	
coding	is	viewed	by	Excel	as	a	‘macro’	so	you	will	have	to	‘enable	macros’	when	opening	
the	file.	This	particular	spreadsheet	simulates	drained	and	undrained	triaxial	tests	(there	
are	other	downloadable	spreadsheets	to	model	simple	shear	and	other	plane	strain	paths).	
The	spreadsheet	computes	the	drained	and	undrained	behaviour	of	NorSand	for	the	cho-
sen	soil	properties	and	initial	state,	presenting	the	results	on	all	the	plots	that	you	need	to	
see	what	is	going	on.	It	is	intended	that	test	data	are	pasted	into	the	spreadsheet	and	plot-
ted	on	the	same	graphs	as	the	computed	results,	Figure	9.10	showing	such	a	comparison	
for	a	drained	triaxial	test	on	the	same	Nerlerk	270/1	sand	just	used	in	discussing	how	to	
determine	soil	properties.	There	is	a	very	pleasing	fit	between	the	data	for	this	particular	
test	and	NorSand,	across	all	four	aspects	of	the	test	plotted,	suggesting	the	assessed	soil	
properties	are	reasonable	and	representative.	How	was	this	fit	developed	and	what	are	the	
uncertainties?
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Figure 9.10 Comparison of NorSand to triaxial test CID-156 on Nerlerk 270/1 sand.
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9.3.6.1  Check plastic properties by simulation of drained tests

After	opening	NorSandTXL,	move	to	the	 ‘Params’	&	‘Plots’	worksheet.	This	worksheet	
contains	all	the	inputs	and	the	four	graphs	of	Figure	9.10	(the	undrained	plots	are	on	a	sepa-
rate	worksheet	as	that	is	convenient	when	working	with	a	laptop.	By	all	means	move	them	to	
the	‘Params’	&	‘Plots’	worksheet	if	you	have	a	large	screen).	There	are	two	input	fields:	‘Soil	
Properties’	and	‘Initial	Soil	State’	(see	Figure	9.11).	Most	inputs	are	dimensionless,	indicated	
by	‘	---	 ’	 in	the	adjacent	units	column	with	the	dimensions	of	the	others	being	indicated.	
After	updating	these	various	inputs,	the	‘Update	Model’	button	is	clicked	with	the	mouse	to	
generate	the	computed	soil	behaviours	for	the	input	parameter	set.

Importantly,	the	drained	tests	must	be	fitted	before	the	undrained	tests.	This	is	needed	
because	elasticity	has	only	minor	effects	on	the	drained	behaviour,	so	drained	tests	are	used	
to	validate	the	plastic	properties	of	the	soil.	Undrained	tests	are	then	used	to	check	on	the	
elasticity.	Let	us	now	consider	the	various	inputs.

Looking	at	the	‘Soil	Properties’	first,	these	apply	to	every	test	on	the	soil	in	question.	
So	these	do	not	change	(at	least	in	principle)	as	you	consider	Test	3	after	Test	2	after	Test	
1	and	so	forth,	although	there	are	two	steps	in	getting	to	this	level.	The	upper	five	soil	
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Figure 9.11 Input fields for running the NorSand spreadsheet.
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properties	in	Figure	9.11	are	exactly	the	same	five	properties	discussed	in	Section	9.3.	You	
simply	input	the	values	as	determined.	This	will	then	bring	you	to	H	(plastic	hardening)	
and	elasticity.

The	property	H	is	determined	by	iterative	forward	modelling	(IFM).	In	IFM	you	guess	
a	value,	run	the	model,	look	at	the	output,	adjust	H	and	rerun	the	model	until	you	get	the	
best	fit.	The	larger	the	value	of	H,	the	stiffer	the	stress–strain	curve,	so	it	is	pretty	intuitive	
to	optimize	the	fit.

What	you	will	find	in	general	is	that	H	varies	with	the	initial	state	parameter	of	the	test,	
so	that	the	do�not�change	principle	means	that	H	is	given	as

	 H Ho= +Η Ψ 	 (9.7)

where	Ho,	Hψ	are	the	properties	that	do	not	change.	This	is	difficult	to	optimize	at	one	go,	
so	the	procedure	is	to	set	Hψ	=	0	for	a	first	pass	through	the	data	and	derive	the	best	values	
for	Ho	on	a	test	by	test	basis.	Then	plot	Ho	versus	ψo,	which	should	largely	form	a	straight	
trend	line,	to	give	the	estimated	values	for	Ho	and	Hψ.	In	most	cases,	this	simple	procedure	
and	a	straight	line	are	sufficient	as	there	will	be	some	variation	because	of	fabric	effects	that	
are	not	included	in	the	constitutive	model	but	which	are	variably	present	from	one	test	to	
another	even	with	identical	sample	preparation.	Also,	H	trends	may	vary	between	moist-
tamped,	air-pluviated	and	water-pluviated	samples	because	of	the	differing	fabrics	created	
by	each	sample	preparation	method	(discussed	in	Chapter	3).

But	before	you	do	IFM,	you	need	to	input	elasticity.	Elasticity	is	input	as	the	initial	value	
of	Gmax	(in	MPa)	for	the	sample	as	it	has	been	set	up.	Arguably,	this	input	field	belongs	to	
the	next	section	but	we	have	stayed	with	the	convention	that	elasticity	 is	a	soil	property.	
Gmax	usually	varies	with	void	ratio,	and	there	are	various	idealizations	for	this	behaviour,	
however,	we	have	kept	the	spreadsheet	as	simple	as	possible	and	programmed

	
G G

p
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ref
o

G
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exp

= ×








 	 (9.8)

This	code	is	in	the	VBA	Public�Function�G_max()	so	elasticity	can	readily	be	changed	to	a	
more	sophisticated	idealization	if	desired	without	affecting	the	rest	of	the	code.	Gref	is	Gmax	
at	the	stress	po	and	the	property	‘Gexp’	is	the	dimensionless	exponent	as	to	how	Gmax	varies	
with	confining	stress.	The	exponent	 is	commonly	~0.5	for	sands;	 the	choice	Gexp	=	0	sets	
constant	modulus	while	the	choice	Gexp	=	1	sets	constant	rigidity	Ir	(Ir	=	Gmax/p),	which	is	the	
idealization	implicit	 in	Cam	Clay.	If	you	have	bender	element	data,	Gref	and	Gexp	will	be	
known	from	those	measurements,	but	if	you	do	not	have	bender	data,	then	estimate	some-
thing	reasonable	using	data	on	similar	soils	(Chapter	4	has	data	if	you	need	to	make	a	first	
guess).	The	estimate	will	be	refined	later	in	the	calibration	using	the	undrained	tests.

Turning	 from	soil	properties	 to	 the	soil-state	 inputs	 in	 the	worksheet,	 the	 initial	mean	
effective	stress	 is	simply	chosen	to	match	what	was	used	for	the	sample	being	simulated.	
There	is	the	option	of	starting	from	an	anisotropic	stress	state,	specified	by	way	of	Ko.	This	
option	is	useful	to	explore	the	effect	of	an	initially	drained	stress	path	on	the	subsequent	
undrained	behaviour.	The	implied	major	principal	stress	(σ1)	is	calculated	by	the	spreadsheet	
and	shown	in	italics	within	the	input	block.	The	state	of	overconsolidation	is	a	further	input,	
with	overconsolidation	ratio	defining	an	initial	elastic	zone	before	the	onset	of	yielding.	This	
makes	little	practical	difference	with	drained	tests	but	is	rather	useful	in	getting	better	fits	to	
undrained	tests	as	will	be	seen	in	the	following	section.

The	final	 input	 is	 to	 capture	 the	 sample	 density.	This	 spreadsheet	 is	 set	 up	 so	 that	 the	
state	parameter	ψ	is	the	input	and	with	the	implied	initial	void	ratio	of	the	sample	shown	
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420  Soil liquefaction: A critical state approach

underneath	in	italics.	Feel	free	to	reverse	the	operation	as	it	is	a	matter	of	taste	whether	you	
want	to	regard	void	ratio	or	ψ	as	the	basic	input	and	thus	which	is	calculated	from	the	other.

The	void	ratio	in	the	model	input	ought	to	match	the	void	ratio	reported	by	the	testing	
laboratory	at	the	start	of	shearing,	but	this	ought	 is	affected	by	the	accuracy	with	which	
void	ratio	can	be	measured	and	how	closely	the	CSL	fits	that	particular	test	specimen.	So,	it	
is	perfectly	reasonable	to	allow	a	bit	of	variation	between	the	reported	laboratory	void	ratio	
and	that	used	in	the	simulation.	In	our	experience,	working	within	Δe	±	0.02	is	usually	suf-
ficient	to	line	things	up	rather	nicely.

9.3.6.2  Confirm elastic properties by simulation of undrained tests

So	far,	validation	has	concentrated	on	the	drained	triaxial	tests,	which	is	done	because	it	is	
the	drained	tests,	and	the	dense	drained	tests	in	particular,	which	give	the	best	validation	as	
to	whether	the	stress	and	state–dilatancy	properties	inferred	from	the	trends	in	the	tests	are	
self-consistent.	But	liquefaction	is	an	undrained	behaviour	and	validation	now	needs	to	be	
extended	to	show	that	the	estimated	soil	properties	are	a	reasonable	representation	for	und-
rained	behaviour.	Figure	9.12	shows	an	example	of	the	fit	to	a	liquefaction	test	on	Nerlerk	
sand,	with	a	good	match	evident.	In	principle,	it	is	simply	not	admissible	to	have	different	
soil	properties	undrained	to	those	measured	under	drained	conditions	–	so	what	was	done	
to	achieve	this	fit?

The	answer	to	what�was�done	is	that	the	input	parameters	were	tweaked	a	little.	Observe	
that	the	measured	stress	path	is	initially	vertical.	A	vertical	path	undrained	implies	no	shear-
induced	excess	pore	pressure,	in	turn	implying	elastic	soil	response.	So,	a	little	overconsoli-
dation	was	included	in	the	simulation	to	replicate	this	effect,	with	OCR	=	1.1	nicely	aligning	
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Figure 9.12 Soil properties validated in drained compression applied to undrained test on Nerlerk sand.
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the	measured	and	simulated	stress	paths	until	q	~	50	kPa.	Then,	Gmax	was	refined	to	align	
the	stress	path	(recall	that	Gmax	was	estimated	but	not	measured,	so	here	stress-path	match-
ing	is	used	to	refine	the	estimate	of	Gmax).

When	this	matching	has	been	carried	out	systematically	across	all	sample	tests,	a	reason-
able	trend	will	emerge	with	an	effect	of	confining	stress	and	an	effect	of	initial	void	ratio	on	
Gmax.	Figure	9.13	shows	the	pattern	developed	from	iteratively	simulating	the	various	tests	
on	Nerlerk	270/1	sand.

9.3.7  Document simulation input sets

When	starting	iterative	forward	modelling	it	is	awfully	easy	to	lose	track	of	where	you	are.	
The	way	out	of	this	is	to	use	the	‘copy’	and	‘paste’	facility	of	Office.	When	you	have	found	a	fit	
to	a	particular	test	that	you	find	pleasing,	group	the	plots	together	and	use	the	mouse	or	menu	
to	create	a	copy	of	these	Excel	plots.	Then	use	‘paste	special’	in	a	Word	document	to	make	a	
record	of	the	fit	achieved	as	a	picture	(enhanced	metafile	or	pdf,	your	preference).	At	the	same	
time	as	doing	this,	make	a	copy	of	the	input	parameters	and	then	‘paste	special’	as	‘values’	
into	a	record	of	the	simulation	in	an	Excel	sheet	or	as	a	table	of	values	in	the	Word	file.

9.3.8  reading this section is not enough

Although	this	section	has	explained	and	illustrated	both	calibration	and	validation	of	soil	prop-
erties,	reading	it	will	not	be	enough	to	bring	yourself	up�to�speed.	Supporting	data	and	pro-
grams	are	downloadable,	and	what	is	needed	is	for	you	to	pick	up	the	NorSand_Nerlerk.xls	
file	and	to	at	least	try	out	for	yourself	the	effect	of	changing	soil	properties	and	initial	states	
on	the	simulated	soil	behaviour.	Better	yet,	download	the	ASCII	data	files	and	follow	through	
the	calibration	yourself,	creating	your	own	spreadsheet.	If	you	do	this	you	will	realize	there	
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is	no	magic	or	hidden	trick	to	understanding	soil	behaviour.	In	short,	you	will	have	a	road�to�
Damascus	experience	and	come	away	with	confidence	that	there	is	real	substance	to	critical	
state	soil	mechanics.

9.3.9  reporting soil properties

Although	it	can	be	very	satisfying	to	develop	soil	properties	from	a	set	of	laboratory	tests,	
it	is	unlikely	that	the	project	owner	will	share	your	professional	delight.	This	then	leads	to	
considerations	on	what	is	an	appropriate	way	to	present	the	information	so	as	to	cover	both	
client	aspects	and	looking	towards	engineering	reviews	(e.g.	a	Geotechnical	Review	Board,	
or	internal	senior	consultant).	In	principle,	there	are	three	levels	of	information	and	associ-
ated	ways	of	presenting	them:

•	 Project	owners,	regulators	and	similar	non-geotechnical	stakeholders	should	be	able	
to	readily	understand	that	the	testing	was	relevant	to	the	site	conditions	and	the	nature	
of	the	resulting	soil	properties.	This	is	easily	accomplished	in	the	engineering	report	
by	 (1)	using	a	figure	showing	 the	gradation	envelope	of	 the	stratum	of	 interest	and	
the	gradation(s)	tested	within	that	envelope	–	a	simple	visual	indicator	of	relevance	–	
and	(2)	a	table	of	soil	property	values	(M,	N,	λ10,	etc.)	set	against	the	expected	range	
for	these	properties,	establishing	whether	the	project	soil	is	typical	or	unusual	with	
some	discussion	about	potential	engineering	significance	of	this	basic	conclusion.	This	
assessment	is	a	main�text	deliverable.

•	 Review	engineers	will	want	to	look	in	more	detail	at	the	procedures	used	and	how	the	
reported	results	were	obtained.	This	means	a	range	of	plots,	starting	with	an	e-log(p)	
showing	the	state	path	of	all	the	tests	and	then	moving	on	to	the	plots	discussed	ear-
lier	and	which	gave	M,	N,	χ.	Some	modelling	plots	are	also	needed	to	show	that	the	
derived	properties	are	consistent,	but	not	necessarily	all	the	simulations.	This	is	a	body	
of	reporting	for	technical	review	and	substantiates	the	properties	that	are	tabulated	
in	the	main	report.	This	is	a	report�appendix	deliverable,	as	non-specialists	will	have	
little	interest	in	it.

•	 Fifty	years	ago,	the	results	of	laboratory	testing	would	have	been	reported	as	engineer-
ing	drawings	suitable	for	scaling	off	values.	Today,	we	do	not	do	that	but	work	with	
digital	data.	But	the	requirement	to	report	basic	data	has	not	disappeared.	Accordingly,	
the	third	level	of	reporting	is	the	raw	information	in	digital	form.	Putting	such	data	
in	company	files	has	not	proved	a	 long-term	solution	 (it	 tends	 to	get	 lost)	 so	 it	has	
become	normal	to	include	a	CD	with	the	source	digital	data	in	the	back	of	all	copies	
of	the	engineering	report,	physically	linking	the	data	to	the	engineering.	It	is	helpful	to	
include	a	table	of	the	tests,	with	their	initial	conditions,	etc.,	in	a	properties	appendix	
(previous	bullet	point)	and	to	duplicate	that	table	on	the	CD.

9.4  laBoratory MeasureMent of CyClIC strength

9.4.1  need for cyclic testing

The	case	history	basis	of	liquefaction	assessment,	whether	carried	forward	by	the	NCEER	
or	state	parameter	approaches,	is	biased	to	soils	with	less	than	15%	fines	contents	and	con-
fining	stress	levels	of	less	than	150	kPa.	How	can	such	an	approach	be	used	for	high	tailings	
dams	or	deep	dam	foundations	on	liquefiable	silts?	The	general	answer	to	these	and	related	
questions	 in	 current	 engineering	 practice	 is	 to	 use	 the	 computer-controlled	 cyclic	 simple	
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shear	test	of	the	soils	involved	with	a	project	and	at	representative	stress	levels.	It	has	become	
normal	to	specify	quite	extensive	amounts	of	CSS	testing.

9.4.2  Cyclic strength ratio from simple shear tests

The	cyclic	resistance	curve	is	derived	from	a	set	of	cyclic	simple	shear	tests.	The	tests	can	
be	on	your	best	undisturbed	samples	or	on	reconstituted	samples,	but	you	cannot	assume	
that	the	undisturbed	samples	are	at	the	same	state	or	void	ratio	as	in-situ.	As	discussed	in	
Section	10.4,	even	frozen	sampling	can	result	in	volume	changes	as	the	samples	thaw	and	
there	is	a	near	guarantee	of	overestimating	the	in-situ	cyclic	strength.	Thus,	your	objective	is	
at	least	one	well-defined	curve	of	cyclic	resistance	ratio	CSR	versus	NL	(number	of	cycles	to	
liquefaction	or	3.75%	double	amplitude	strain)	at	a	certain	value	of	ψ	plus	one	or	two	data	
points	each	at	higher	and	lower	values	of	ψ.	These	tests	need	to	cover	the	in-situ	confining	
stress	range	for	the	stratum	of	interest,	so	something	like	four	CSS	tests	and	more	likely	six	
are	needed	to	allow	for	some	samples	not	being	at	the	desired	void	ratio	prior	to	cyclic	shear-
ing.	Figure	9.14a	shows	an	example.

If	you	opt	to	use	undisturbed	samples,	then	carefully	evaluate	the	effect	of	sample	to	sam-
ple	gradation	differences	to	make	sure	that	the	samples	are	similar	enough	to	use	a	single	
CSL	when	computing	their	ψo	at	the	start	of	load	cycling.	In	many	instances,	there	will	be	
so	much	disturbance	in	sample	recovery,	extrusion	and	consolidation	to	in-situ	stress	that	it	
may	be	simpler	to	develop	a	representative	gradation	and	reconstitute	the	samples	directly	
into	the	test	equipment	(much	as	done	for	sands	as	routine	in	triaxial	tests).

The	end	result	of	the	CSS	testing	is	the	graph	you	really	need,	which	is	Figure	9.14b	show-
ing	CSR	as	a	function	of	ψ.	The	number	of	cycles	selected	for	Figure	9.14b	depends	on	the	
earthquake	magnitude.	NL	=	15	corresponds	to	M	=	7.5,	NL	=	10	to	M	=	7.0,	NL	=	6	to	M	=	6.0	
as	a	guideline,	but	more	detail	is	found	in	Section	7.4.

9.4.3  representing trends in cyclic strength ratio

The	data	trends	shown	in	Figure	9.14	need	to	be	captured	as	an	equation	for	transfer	to	the	
CPT	processing,	as	it	is	this	CPT	data	that	will	provide	the	actual,	in-situ,	ψ	from	which	the	
design	cyclic	strength	will	come.	Rather	than	use	the	Excel	‘fit	trend	line’	function,	we	prefer	
to	fit	by	eye,	as	that	allows	judgement	about	the	best	representation	of	the	test	data	and	to	
use	an	equation	for	CSR	versus	ψ	that	crops	up	in	the	analysis	of	general	trends.	In	other	
words,	we	tend	to	view	individual	testing	campaigns	as	having	their	own	errors	with	a	wider	
view	defining	the	most	likely	trend.	Of	course,	you	are	free	to	disagree	with	us	although	you	
will	then	need	to	update	the	CPT	processing	routine	to	capture	your	view	(easy	enough	to	
do	in	VBA,	discussed	shortly).	Our	preference	is	to	use	the	following:

	 CRR = − ×a b oψ 	 (9.9)

where	values	of	a,	b	are	defined	from	fitting	this	linear	trend	line	to	the	tests	results	that	have	
been	reduced	to	the	form	of	Figure	9.14b.	These	coefficients	a,	b	will	be	input	in	the	CPT	
processing,	Section	9.5.

9.4.4  Modelling cyclic simple shear tests

For	simplicity,	 it	 is	generally	best	to	avoid	static	bias	 in	the	CSS	campaign,	and	avoiding	
static	bias	certainly	reduces	the	number	of	tests	you	need	to	develop	the	trend	in	the	soil	
behaviour.	 If	you	need	 to	 include	bias	effects	 in	your	assessment	of	 the	 in-situ	 situation,	
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then	calibrate	NorSandPSR.xls	 to	all	your	CSS	data	fitting	all	aspects	 including	the	rate	
of	excess	pore	pressure	development	per	cycle.	With	this	calibration	done,	then	it	 is	easy	
enough	to	vary	static	bias	(and	state	for	that	matter)	within	the	spreadsheet	and	compute	
additional	design	trends.	You	can	then	update	the	CSR	trend	properties	a,	b	for	input	into	
the	CPT	data	reduction	by	fitting	the	NorSand	results.

9.4.5  reporting Csr trends

Review	engineers	will	want	to	look	in	detail	at	the	data	used	to	develop	the	CSR	trend(s)	
that	is	applied	to	the	processing	of	the	project’s	CPT	data,	but	the	detail	to	make	a	reviewer	
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comfortable	is	beyond	what	most	clients	will	interest	themselves	in.	So,	the	CSR	data	sum-
mary	 and	 reduction	become	an	 appendix	with	 a	brief	 summary	 in	 the	main	 text	of	 the	
report	discussing	which	soil	was	tested	and	a	brief	commentary	on	the	results	(e.g.	if	a	silt	
was	tested,	does	 it	match	other	experience	with	silts	and	is	the	trend	well	defined	by	the	
available	tests).	It	has	become	our	practice	to	include	a	further	appendix	with	the	results	
sheets	from	each	CSS	test	but	there	is	an	argument	that	this	is	too	much	detail	in	print	and	
the	data	on	a	bound-in	CD	are	sufficient	documentation	to	the	reported	summary	trends.

9.5  DeterMInIng soIl state By Cpt sounDIngs

Now	that	you	have	derived	the	properties	for	your	soil	from	laboratory	testing,	the	next	step	
is	to	characterize	the	in-situ	state	of	the	soil.	Chapter	4	provides	the	background	to	how	this	
is	done	using	the	CPT.	Remember	that	the	CPT	responds	to	ψ	much	better	than	it	does	to	
void	ratio	or	relative	density.	So	minor	changes	in	the	particle	size	distribution,	in	particular	
fines	content,	which	can	affect	the	critical	state	line	are	less	of	an	issue	than	you	might	think	
using	a	traditional	relative	density	or	void	ratio	approach.	But	even	though	the	CPT	is	the	
best	approach	and	with	wide	availability,	there	is	a	bit	more	needed	than	calling	your	local	
testing	contractor.	Here,	we	go	through	the	issues	from	choosing	appropriate	equipment	to	
processing	the	data	into	in-situ	state	characterization.

A	 factor	 in	adopting	 the	CPT	 is	 that	 the	 test	was	originally	devised	as	a	 stratigraphic	
logging	tool,	whereas	its	use	here,	and	very	widely	in	contemporary	geotechnical	engineer-
ing,	is	as	a	quantitative	measure	of	soil	strength	or	state.	This	enhanced	use	of	the	CPT	has	
implications	for	the	quality	of	the	equipment	used	and	how	the	testing	is	done.	These	aspects	
are	discussed	before	presenting	the	data	processing	procedures.

9.5.1  Cpt equipment and procedures

9.5.1.1  Standards and requirements

There	are	codes/standards	for	CPT	work	and	with	some	commonality	amongst	them	world-
wide.	Examples	of	standards	include	the	following:	ISO	22476-1,	ASTM	D5778,	EN	1997-
3.	These	days	 a	 right	 cylindrical	 geometry	 and	60°	 apex	 are	 almost	 universal	 for	probe	
geometry,	but	a	piezoecone	cannot	be	assumed.	So	make	sure	a	CPTU	is	specified	in	addi-
tion	to	referring	to	a	standard.	In	doing	this,	also	specify	the	‘u2’	(shoulder)	location	for	the	
piezometric	element	(the	location	of	the	sensing	element	affects	the	measured	excess	pore	
pressure	and	the	standard	charts	are	based	on	the	‘u2’	location).

There	is	a	strong	element	of	consensus	in	all	the	standards,	which	means	the	lowest	com-
monly	acceptable	approach	is	effectively	built	into	standards	–	standards	are	not	innately	
best�practice.	Also,	keep	in	mind	that	much	CPT	sounding	is	done	for	stratigraphic	charac-
terization	while	interest	here	centres	on	quantitative	use	of	CPT	data.	These	are	two	rather	
different	motivations	in	terms	of	equipment	needed.	The	situation	is	that	CPT	contractors	
like	robust,	reliable	equipment,	which	is	fine	for	stratigraphic	logging.	But	these	attributes	
come	at	the	cost	of	giving	up	accuracy.	For	example,	18-bit	data	recording	is	useless	for	an	
engineer	testing	soft	silt	to	assess	its	state	using	a	standard-compliant	CPT	rated	at	100	MPa	
tip	capacity.	Despite	18-bit	digital	recording	giving	an	apparent	resolution	of	better	 than	
1	kPa,	the	accuracy	in	the	strain	gauge	element	feeding	the	digital	converter	will	not	support	
this	level	of	resolution.	Equally,	when	specifying	CPT	equipment	it	is	essential	to	acknowl-
edge	that	a	probe	configured	for	soft	clay	can	be	damaged	(or	even	destroyed)	if	pushed	in	
dense	sand.	What	to	do?
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It	is	perfectly	reasonable	to	expect	0.5%	of	full-scale	output	(FSO)	accuracy	on	tip	resis-
tance	from	competent	testing	companies	with	carefully	calibrated	equipment.	Check	with	
the	testing	company	that	this	quality	of	equipment	can	be	delivered.	Then	specify	that	sev-
eral	probes	are	sent	to	site.	Use	a	robust	50	MPa	capacity	tip	for	an	initial	sounding	and	then	
change	down	to	a	20	MPa,	or	even	a	10	MPa,	probe	for	the	soft	and/or	loose	soils	that	you	
are	likely	interested	in.

Transducer	accuracy	is	particularly	important	when	dealing	with	loose	silts	compared	to	
sands.	Standards-compliant	CPT	soundings	can	be	woefully	 inadequate	for	assessing	the	
liquefaction	potential	in	slurried	tailings	or	paste	(non-segregating	tailings)	in	the	mining	
industry.

Of	course	an	issue	here	is	whether	you	are	using	CPT	equipment	as	an	adjunct	to	a	geo-
technical	drill	or	whether	a	self-contained	CPT	unit	has	been	mobilized.	When	using	the	
CPT	with	a	drill	rig	it	is	straightforward	to	drill	down	through	hard/dense	layers	to	provide	
access	for	the	CPT	to	underlying	loose	material.	When	using	a	stand-alone	CPT	system,	it	
may	be	necessary	to	compromise	accuracy	to	get	any	data	at	all.	Do	think	about	the	likely	
site	conditions	before	choosing	between	a	self-contained	truck	and	drill-rig	deployment	of	
the	CPT,	as	the	choice	may	affect	the	quality	of	the	measurements.

In	the	case	of	friction	transducers,	the	principal	issue	tends	to	be	keeping	the	seals	clean	
so	the	sleeve	does	not	stick	and	then	being	very	careful	to	zero	the	equipment	before	sound-
ing	and	confirm	the	zero	has	not	shifted	at	the	end	of	the	sounding.	This	is	more	about	how	
the	equipment	is	used	rather	than	the	equipment	itself.	There	are	two	internal	transducer	
configurations	for	measuring	sleeve	friction:	the	subtraction	type	and	the	independent	type	
(see	Figure	1a	of	the	ASTM	D5778	Standard).	Both	configurations	are	allowed	by	the	CPT	
standards	but	the	subtraction	type	is	a	poorly	conditioned	measurement.	With	a	subtraction	
CPT,	friction	fs	is	measured	as	the	difference	between	two	large	numbers	with	minor	errors	
in	each	of	these	large	numbers	producing	a	much	larger	error	in	fs.	Because	using	CPT	data	
quantitatively	compensates	for	soil	compressibility	(or	soil	type/fines	content)	through	the	
measured	fs	(every	methodology	does	this	whether	the	equivalent�clean�sand	approach	or	by	
estimating	λ),	it	is	important	to	seek	out	the	independent	transducer	type	for	quantitative	
use	of	CPT	data.	Specifying	a	standard	is	not	going	to	be	enough,	and	you	need	to	check	the	
details	of	the	equipment	proposed.

We	have	found	far	fewer	issues	with	the	accuracy	of	the	u2	measurements,	provided	the	
CPTU	is	operated	using	silicon	oil	or	glycerine	and	properly	zeroed	with	each	sounding.	We	
do	not	recommend	using	water	as	the	operating	fluid	because	of	the	tip	de-saturating	above	
the	water	table.	Cavitation	is	not	an	issue	and	is	easily	recognized	in	the	data.

Overall,	codes	of	practice	are	helpful	in	specifying	procedures	for	saturation,	data	record-
ing,	 tolerances	on	CPT	geometry	 and	 so	 forth.	ASTM	D5778	 is	 a	pretty	 good	guide	 to	
appropriate	procedures	for	CPT	sounding.	Thus,	specify	testing	to	one	of	the	three	stan-
dards	listed	earlier	(depending	on	your	geographic	location,	although	the	ISO	should	prove	
acceptable	everywhere)	and	then	add	in	the	specific	accuracy	requirements	for	working	with	
soft	and/or	loose	soils.

9.5.1.2  Data recording

Any	modern	CPT	testing	will	use	digital	data	acquisition.	However,	there	is	an	issue	of	scan	
rate	(or	depth	interval	between	scans).	Data	acquisition	is	normally	time	based,	with	depth	
being	logged	at	the	same	time	as	the	transducer	readings.	For	a	standard	20	mm/s	pushing	
velocity,	a	scan	rate	of	1 Hz	averages	20 mm	between	scans.	In	electronic	terms,	1 Hz	can	
hardly	be	viewed	as	an	onerous	rate.	However,	some	contractors	argue	that	a	50 mm	inter-
val	between	scans	is	sufficient	and	use	that,	but	there	is	not	much	redundant	data	at	a	50	mm	
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scan	interval	and	some	of	the	detail	from	the	u2	sensor	is	lost.	We	used	15 mm	nominal	
interval	when	we	first	got	involved	with	digital	CPT	soundings	30 years	ago	and	rather	like	
that	rate	–	it	is	a	nice	compromise	between	conveniently	sized	files	and	making	sure	that	the	
detail	of	soil	bedding	and	layering	revealed	by	the	piezometric	element	is	fully	documented.

In	reality,	the	scan	rate	used	may	come	down	to	the	choice	of	testing	contractor.	If	it	comes	
to	a	choice,	opt	for	a	more	accurate	transducer	rather	than	a	faster	scan	rate.	However,	it	
really	 should	not	become	a	 choice	and	0.5%	accuracy	at	1 Hz	 scanning	 is	 a	 reasonable	
expectation	for	best-practice	testing.	You	will	need	to	set	this	expectation	out	when	calling	
for	quotes	from	CPT	contractors	(or	purchasing	CPT	equipment	from	suppliers)	as	the	issue	
is	poorly	covered	in	any	of	the	existing	standards.

9.5.1.3  Data structure

As	with	laboratory	data,	you	should	insist	on	getting	digital	data	in	a	usable	ASCII	or	‘csv’	
form	from	the	CPT	contractor.	Any	good	contractor	will	already	do	this,	and	some	will	
also	give	you	the	data	already	imported	into	an	Excel	spreadsheet.	Figure	9.15	shows	an	
acceptable	ASCII	data	file	with	the	header	and	first	few	lines	of	data	from	one	of	many	CPT	
providers	in	North	America.

Also	keep	in	mind	the	earlier	comments	on	archive	quality	for	triaxial	test	data.	If	the	
CPT	testing	 is	 for	a	dam	or	bridge,	 it	 is	very	 likely	 there	will	be	ongoing	 safety	 reviews	
(typically	every	10 years)	and	those	review	engineers	 likely	will	want	to	look	at	the	CPT	
data	as	changes	in	understanding	soil	behaviour	evolve.	Just	consider	the	evolution	of	lique-
faction	assessment	over	the	past	20 years.	So	well-done	CPT	soundings	will	be	as	valuable	
in	50 years	as	today	provided	that	the	testing	is	properly	archived	and	an	engineer	(who	is	
possibly	not	even	born	yet)	can	use	it.

9.5.1.4  Dissipation tests

The	standards	leave	it	to	the	user	to	specify	dissipation	tests	in	terms	of	number	and	loca-
tion	within	 a	 planned	 CPT	 investigation.	 The	 implication	 is	 that	 dissipation	 tests	might	
be	carried	out	to	measure	the	coefficient	of	consolidation	in	clays	and	silts.	This	misses	an	
important	role	of	dissipation	tests.

Determining	the	piezometric	situation	is	almost	a	Number�1�task	for	any	site	investigation,	
since	piezometric	pressures	are	the	input	to	so	many	calculations	(including	processing	of	the	
CPT	data	itself);	never	mind	the	contribution	to	general	geological	understanding	of	the	site.	
If	the	site	has	at	least	some	sand	strata,	the	u2	sensor	will	measure	the	current	piezometic	
pressure	during	the	sounding	(as	the	sounding	will	be	drained	in	sands).	However,	if	the	site	
is	largely	silty	sands	to	clays,	there	will	be	excess	pore	pressure	during	the	CPT	soundings	
that	prevent	direct	identification	of	the	piezometric	regime	(we	deliberately	do	not	refer	to	it	
as	hydrostatic	as	the	situation	may	involve	groundwater	flow).	A	way	forward	is	to	recognize	
that	the	background	piezometric	pressure	is	also	an	output	of	a	dissipation	test	so,	even	if	
minimally	interested	in	consolidation	properties,	plan	a	CPT	investigation	so	that	the	inves-
tigation	clearly	documents	the	piezometric	conditions	at	the	site	during	the	investigation,	for	
example	by	carrying	out	a	few	long-duration	dissipation	tests	at	different	depths.

9.5.2  Interpretation of Cpt data

Procedures	for	assessing	soil	state	will	be	illustrated	using	a	layered	tailings	profile	for	which	
we	have	good	laboratory	testing–based	soil	properties	as	well	as	cavity	expansion	modelling	
of	the	CPT	and	in-situ	shear	wave	velocity	measurements.
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9.5.2.1  CPT processing software

There	are	several	excellent	commercial	programs	available	for	CPT	processing,	and	some	
give	you	a	state	parameter	option.	Some	of	the	commercial	software	(e.g.	RapidCPT,	www.
dataforensics.net;	Datgel,	www.datgel.com)	is	linked	in	to	a	database	for	geotechnical	infor-
mation	such	as	gINT	(www.bentley.com/en-US/Products/gINT),	and	some	has	been	devel-
oped	by	contractors	for	their	own	use	(e.g.	Fugro,	Conetec).	It	does	not	matter	which	you	
use,	as	long	as	you	know	what	you	have	and	how	it	calculates	state	parameter.

In	general,	the	state	parameter	offered	will	be	a	screening-level	approach	using	the	friction	
ratio	to	obtain	λ10	(i.e.	the	Plewes	et al.,	1992,	approach)	or	Ic	to	obtain	λ10	(after	Been	and	
Jefferies,	1992).	Our	experience	in	the	20	odd	years	since	1992	is	that	the	Plewes	method	
works	slightly	better	and	has	the	advantage	of	being	simpler.	It	is	a	reasonable	first	step,	but	
a	lot	more	can,	and	should,	be	done	with	CPT	data.	It	is	easiest	to	demonstrate	the	wider	

1 Date : 1-Jan-80
2 Operator : John
3 Location : BH-01
4 Reference elev : 2.03 m AMSL
5 Depth to soil (m) : 0.5 (m)
6 Depth to water : 2 (m)
7 Zeroing depth : 0.5 (m)
8 Push start at : 0.5 (m)
9 Cone tip number : 306

10 Cone test ID : 80CPT01
11 Datafile name : CPTU_01

1 Tip resistance calibration factor : 3104
2 Tip resistance range (MPa) : 50
3 Tip resistance zero offset : 802
4 Pore pressure calibration factor : 1425
5 Pore pressure range (MPa) : 1
6 Pore pressure zero offset : 790
7 Skin friction calibration factor : 1600
8 Skin friction range (MPa) : 0.2
9 Skin friction zero offset : 1445

Scan Rod Cone depth (m) Tip qt (MPa) PWP u2 (MPa) Friction fs (MPa)

1 1 0.03 2.438 0.005 0.006
2 1 0.035 2.438 0.005 0.006
3 1 0.045 2.438 0.007 0.006
4 1 0.065 2.438 0.005 0.006
5 1 0.085 2.478 0.005 0.006
6 1 0.105 2.517 0.005 0.007
7 1 0.125 2.596 0.005 0.006
8 1 0.145 2.596 0.007 0.007
9 1 0.165 2.674 0.005 0.007

10 1 0.18 2.753 0.005 0.006

Figure 9.15 Example of data format for CPT for archiving or general processing.
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possibilities	and	options	using	public	domain	software,	so	we	will	use	the	downloadable	
spreadsheet	CPT_plot.xls	 since	 you	 can	use	 the	VBA	macro	 features	 of	Excel	 (‘alt’	 plus	
‘F11’)	to	see	how	the	equations	work.

CPT_plot	allows	you	to	go	beyond	a	screening-level	assessment	and	to	use	the	soil	param-
eters	you	have	derived	from	laboratory	testing	and	numerical	modelling	in	the	CPT	inter-
pretation.	CPT_plot	has	three	graph	templates,	corresponding	to	(1)	reporting	basic	CPT	
data;	(2)	producing	profiles	of	derived	soil	state	and	strengths	with	depth	and	(3)	investigat-
ing	the	behaviour	type	of	specific	layers	chosen	by	user-selected	depth	intervals.	There	is	a	
title	block	for	including	corporate	logo	and	project	information,	so	CPT_plot	can	generate	
the	plots	needed	for	reporting	an	investigation	(and	has	been	used	for	this	purpose	by	sev-
eral	consulting	companies	to	our	knowledge	as	well	as	Golder	Associates).	It	is	easy	to	use	
CPT_plot�in	the	field	to	look	at	and	assess	data	as	those	data	are	obtained.	It	can	be	used	to	
guide	the	fieldwork	as	well	as	for	subsequent	reporting	of	results.

9.5.2.2  Using CPT_plot

Like	the	NorSand	spreadsheets,	CPT_plot	is	coded	in	the	VBA	environment	that	lies	behind	
Excel.	When	opening	CPT_plot,	a	dialog	will	pop	up	and	you	need	to	select	‘enable	macros’	
for	the	VBA	code	to	function.	The	code	is	open	source	and	written	in	plain	English,	so	hope-
fully	it	is	easy	to	follow;	equations	are	referenced	(mostly	to	Chapter	4).	View	the	code	by	
pressing	‘Alt’	+	‘F11’	keys	together	or	via	the	‘/Tools/Macro/Visual	Basic	Editor’	menu.	The	
code	is	structured	to	read	the	CPT	data	as	a	block	and	operate	on	that	within	VBA.	The	
results	are	passed	back	to	Excel	for	graphing	in	the	usual	way.	It	may	be	helpful	to	download	
CPT_plot	and	have	it	open	while	reading	this	section.

The	 arrangement	 of	 CPT_plot	 is	 three	 worksheets	 for	 inputs	 (with	 the	 tabs	 labelled	
Project	Data,	CPT	Data	and	Soil	Properties),	three	worksheets	with	preset	plotting	formats	
to	view	test	data	and	interpreted	results	in	a	report-ready	form	(tabs	labelled	Report	Fig	1,	
Report	Fig	2	and	Report	Fig	3)	and	one	worksheet	(tab	labelled	Processed	Results).	There	
is	also	a	worksheet	labelled	Notes,	which	contains	the	revision	history,	comments	on	the	
program	architecture	and	the	statement	of	the	program	being	released	under	the	GNU	V2	
license.	To	avoid	inadvertently	moving	plots	around	(and	with	plots	then	not	lining	up),	the	
plotting	sheets	are	locked.	This	locking	password	is	given	in	the	Notes	worksheet	(this	is	an	
open-source	program).

The	Project�Data�worksheet	inputs	are	just	client	name,	project	title,	etc.	These	inputs	are	
simply	echoed	to	the	title	blocks	of	the	three	report	plots.

The	CPT�Data�worksheet	(Figure	9.16)	is	where	the	test	to	be	processed	is	input.	There	
are	a	 lot	of	CPT	data	 formats,	 so	 the	approach	adopted	 is	 to	provide	space	 for	a	simple	
‘paste’	of	 the	data	provided	by	 the	 testing	contractor.	These	pasted	data	are	 then	copied	
across	to	a	second	area	with	all	the	units	changed	to	the	standard	form	used	by	CPT_plot	
(i.e.	m	or	MPa).	What	is	needed	in	importing	data	should	be	obvious	in	comparing	to	the	
example	CPT	file	given	(but	do	remember	to	blank	out	cells	before	pasting	new	data	so	the	
plot	is	not	a	mixture	of	two	CPTs).	If	the	CPT	data	have	not	been	corrected	for	unequal	end	
area,	you	should	calculate	qt	here	by	setting	the	unequal	end	area	factor	in	this	worksheet.	
Thereafter,	CPT_plot	works	by	first	transferring	the	measured	and	now	standard	CPT	data	
(in	columns	E	to	H)	to	a	global	array	within	the	VBA	environment	and	operating	on	that	
array,	with	results	then	being	transferred	back	to	the	Processed	Results	worksheet	for	plot-
ting.	The	calculation	is	activated	by	‘clicking’	on	the	‘Process	Data’	button	at	the	top	of	the	
worksheet,	which	will	take	you	to	Report	Fig	1	to	view	the	results	after	a	second	or	so.

The	Soil�Properties�worksheet	(Figure	9.17)	is	where	soil	properties	are	input	and	choices	
made	on	how	the	data	should	be	processed.	The	key	soil	properties	are	the	soil	bulk	unit	

© 2016 by Taylor & Francis Group, LLC

  



430  Soil liquefaction: A critical state approach

weight,	the	depth	to	the	water	table	and	the	unit	weight	of	water.	These	three	inputs	are	used	
to	compute	the	vertical	effective	stress,	which	is	then	used	for	processing	the	CPT	data.	At	
present,	CPT_plot	only	has	uniform	values	of	bulk	unit	weight	with	depth	above	and	below	
the	water	table,	which	is	a	reasonable	approximation	(although	estimated	bulk	unit	weight	
can	be	estimated	from	soil	type	and	some	programs	do	indeed	do	this).	Underdrainage	at	a	
site	can	be	captured	by	using	a	reduced	bulk	unit	weight	for	water.	The	plot	of	piezometric	
pressure	on	Report	Fig	1	also	shows	the	groundwater	pressure	profile	computed	from	these	
inputs	on	top	of	that	measured	by	the	CPT,	allowing	quick	checking	that	appropriate	inputs	
were	made.

The	next	item	on	the	Soil	Properties	sheet	is	to	guess	at	Ko	if	you	have	not	estimated	or	
measured	 it	 some	other	way.	This	estimate	of	Ko	 is	needed	because	so	much	of	 the	CPT	
response	is	controlled	by	mean,	not	vertical,	stress.	In	normally	consolidated	soils	choosing	
Ko	=	0.7	is	a	reasonable	start.	See	Section	4.9	for	further	guidance.

In	terms	of	liquefaction	triggering,	CPT_plot	always	computes	the	cyclic	resistance	ratio	
(CRR)	using	the	NCEER	method	(see	Section	7.4)	as	well	as	estimates	based	on	the	state	
parameter.

In	the	case	of	the	state	parameter	approach,	there	are	two	options	for	computing	CRR	
from	ψ:	(1)	using	cyclic	simple	shear	tests	in	the	laboratory	with	trends	for	that	testing	input	
as	values	of	a,�b	discussed	in	Section	9.4	and	(2)	and	the	case	history–based	trends	based	
on	Moss	(2003)	as	presented	in	Section	7.5.	The	strength	trend	is	specified	by	inputting	a,	b	
values	on	the	Soil�Properties	worksheet	(the	case	history	fit	values	are	shown	as	a	prompt).

There	are	choices	on	how	the	state	parameter	is	calculated	for	input	to	the	selected	CRR-ψ	
trend,	input	on	the	Soil�Properties	worksheet	as	follows:

Worksheet: CPT data

1. Paste the raw CPT data into the area highlighted in light blue

4. Move to the ‘Soil Properties’ sheet to refine processing coefficients

3. Then...

Measured Readings
Depth

(m)
0.000
0.020
0.040
0.060
0.080
0.100
0.120
0.140
0.160
0.180

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18

0.258
0.258
0.258
0.258
0.258
0.258
0.237
0.239
0.259
0.279

0.001
0.001
0.001
0.000
0.001
0.001
0.001
0.001
0.001
0.001

0.258
0.258
0.258
0.259
0.259
0.258
0.257
0.260
0.260
0.259

0.2578
0.2578
0.2578
0.2583
0.2583
0.2578
0.2370
0.2384
0.2587
0.2786

0.2578
0.2578
0.2578
0.2590
0.2590
0.2578
0.2566
0.2602
0.2602
0.2590

0.0006
0.0006
0.0006
0.0000
0.0008
0.0006
0.0011
0.0006
0.0014
0.0011

Depth
(m)

qc
(MPa)

fs
(MPa)

u2
(MPa)

Tip, qt
(MPa)

Friction
(MPa)

PWP
(MPa)

Standard Form for CPT data in Sl Units
CPTu sounding:

Process CPT data into Results

2. Convert measured data to standard metric form in the brown area
(this is the data read by the VBA code, and unequal area and

other corrections should be applied here)

CPTU-01

Figure 9.16 First page of CPT_PLOT (‘CPT data’ worksheet).
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Worksheet: Soil properties

cells requiring data entry are shaded with background colour

Geostatic stress ratio, K0 Soil unit weight and water table
�is ratio is fundamental and common to all the methods.
Taken as a �xed value with depth

Used for calculation of vertical e�ective stess, must be in SI units.
(and a constant value taken through the depth pro�le)

K0 = 0.7 sat = 20.7 kN/m3

w = 10.0 kN/m3

dry = 16.6 kN/m3

Water table depth below soil surface
(if o�shore, enter water depth to mudline as negative depth)Cyclic resistance ratio, CRR

CRR based on NCEER method requires no further user
input but there are choices to be made when estimating
CRR from the state parameter.  

depth = 6.0 m

Undrained strength 'cone factor'
Choose CRR based on            determined by Taken as a �xed value with depth

(ony applied if Ic > 2.2)method 1 choices are 1  Use chosen coe cients k,m (drained data)
2  Soil properties scaled by Gmax trend (drained data)
3  Use coe cients from FE ‘widget’ (undrained data)
4  Plewes ‘screening’ method (all drainage conditions)

NKT= 12

Cyclic stress ratio, CSR Cyclic resistance (CRR) from laboratory testing
Compute the EQ loading ratio using Seed simpli�ed method Added calculation from laboratory tests

for NL cycles of loading
amax = 0.08 PGA (in ‘g’) at top of bedrock

depth = 35 m to top of bedrock CRR_a 0.04 CRR = a – b ψ      for N = NLEQ magnitude = 6.5 used for scaling to reference M7.5 cycles CRR_b -0.80

Alternative methods for evaluating

Method 1:  Fixed k,m values (typically from calibration chamber) Method 3:  Fixed  k',m' values for undrained penetration
�is approach corresponds to the original Been et al. (1987a,b)
 method for drained soundsings using constant coe�cients

�is approach is based on the methodology presented in Shuttle & Cunning (2007)
and is aimed at silts.  �e method has not been generalized yet so it needs the
Shuttle FE ‘widget’ to generate these coe�cients pending wider understanding
(the method is only ‘live’ for F > 1% to prevent use in drained penetration)

k = 33.20 k = 42.00
m = 5.10 m = 5.10

Unsat (above WT) k = 3.00
m = 9.90

Method 2: Calculation of k,m from soil properties and variable Gmax
�is is a variation on the Shuttle and Je�eries (1998) approach and uses the soil properties
to index the ‘backbone’ trends computed by FE.  But, Gmax is modelled as varying with depth
by a power law (conveniently capturing changing shear modulus) as shown in piccy below.

Method 4:  Plewes
�is method estimates the soil properties from the  measured friction ratio
and requires no user inputs (default value for Mtc is hard-coded).  It is a very useful
method for a �rst look at data, and is often quite accurate.

Choose the power law exponent n = 0.5 to match NCEER ‘Reference stress’ idealization

Gmax: MPa 110 de�ned at sigV'= 100 kPa and implies Ir =                     #REF!
exponent for e�ect of stress, see piccy …. (0 = constant modulus, 1 = constant Ir)exp for G 0.7

Mtc 1.62
N 0.2
H 75

0.129 natural logs
0.3

k = 36.80
m = 3.72

Saturated (below WT)

Soil Properties

Coe�'s at 100 kPa

Update processing of CPT data into results

Figure 9.17 Second page of CPT_PLOT (‘Soil Properties’ worksheet).
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432  Soil liquefaction: A critical state approach

•	 Method�1:	Specify	k,	m	directly	as	constants	for	CPT	processing.	This	is	the	original	
method	based	on	calibration	chamber	testing	and	Equation	4.8.	This	method	allows	
users	to	go	back	to	calibration	chamber	data	to	make	a	judgement	as	to	what	is	appro-
priate	for	the	site	and	then	process	data	based	on	that	judgement.	However,	filtering	is	
applied	so	that	this	method	is	only	used	for	drained	penetration,	initially	making	the	
processing	live	for	the	parts	of	the	CPT	profile	where	F	<	1.5%	and	−0.02	<	Bq	<	0.02	
(these	limits	can	be	changed;	go	to	the	Declarations	part	of	the	VBA	code).

•	 Method�2:	Compute	k,	m	from	soil	properties.	Specify	soil	properties	M,	N,	H,	λ,	ν,	
Gref	and	n	as	inputs	with	CPT_plot	then	computing	k,	m	using	the	approach	of	Shuttle	
and	Jefferies	(1998)	in	Equation	4.12	and	Table	4.3.	This	method	allows	the	effects	of	
the	soil	properties,	measured	as	discussed	in	Section	9.3,	to	be	used	to	allow	for	the	
effect	of	soil	properties	on	the	CPT	response.	This	is	basically	a	site-specific	calibration	
of	the	CPT.	G	varies	as	indicated	in	Equation	9.8	and	considers	any	apparent	stress	
level	inherent	in	the	calibration	chamber	test	data	discussed	in	Chapter	4	(unless	n	is	
set	to	zero).	You	can	use	the	value	of	Gref	and	n	from	various	test	methods	but	the	best	
is	to	use	a	seismic	cone	and	then	input	the	values	of	Gref	and	n	that	best	fit	the	shear	
wave	velocity	data	for	each	CPT	location.

•	 Method�3:	Specify	k,	m	for	soundings	in	silts	and	sandy	silts	where	Bq	>	0	develops.	
This	 method	 is	 only	 live	 in	 the	 spreadsheet	 for	 F	>	1%	 to	 avoid	 its	 use	 for	 drained	
penetration	(again,	the	limit	can	be	reset	in	the	Declarations	part	of	the	VBA).	In	this	
case,	k,	m	are	computed	using	the	method	of	Shuttle	and	Cunning	(2007)	and	then	
used	in	the	inverted	form	of	Equation	4.14	to	obtain	ψ	from	Qp	and	Bq.	You	need	to	
do	the	cavity	expansion	calculations	outside	the	spreadsheet;	the	widget	to	do	this	is	
a	downloadable	file.

•	 Method�4:	Plewes.	This	is	the	method	that	captures	the	effect	of	soil	compressibility	on	
the	CPT	by	using	F	to	determine	λ	(Equation	4.16)	and	k 	and	m	(Equation	4.15).	The	
critical	friction	ratio	is	approximated	as	Mtc	=	1.25	for	all	soils	(sands	and	silts)	in	this	
approach.	This	method	is	based	on	Plewes	et al.	(1992);	experience	across	many	sites	
suggests	it	is	surprisingly	accurate.	The	disadvantage	of	this	method	is	that	it	neglects	
Gmax	and	other	soil	properties.	The	advantage	is	that	it	reflects	in-situ	point	to	point	
variation	in	fines	content	and	related	aspects	of	the	soil.

Now	‘click’	on	the	‘Update	processing	of	CPT	data	into	results’	button	in	either	the	‘CPT	
data’	or	‘Soil	properties’	worksheet	for	the	macro	to	do	the	calculations	for	you.	Note	that	
your	 choice	of	method	 for	 calculating	 ψ	will	 be	displayed	 above	 the	plot	 and	will	 print	
automatically.	Also,	the	output	of	the	Plewes	method	is	always	shown.	If	the	state	calcula-
tion	is	selected	as	Methods	1–3,	the	Plewes	results	are	shown	in	the	background	as	a	light	
grey	line.	If	the	Plewes	method	is	chosen	(=	Method	4)	then	it	is	plotted	in	the	normal	way.

9.5.2.3  Viewing CPT results

The	results	from	the	calculations	will	now	be	in	the	Processed	Results	worksheet,	but	are	best	
viewed	graphically	in	separate	worksheets	labelled	Report	Fig	1,	Report	Fig	2	and	Report	
Fig	3.

The	Report	Fig	1	worksheet	presents	basic	plots	and	is	just	what	you	would	expect	from	
the	CPT,	Figure	9.18.	They	 include	 the	 tip	 resistance	qt,	 sleeve	 friction	 fs	 and	pore	pres-
sure	u	measurements	followed	by	the	normalized	parameters	F,	Bq	and	soil	behaviour–type	
index	Ic.	Everything	is	aligned	so	you	can	scan	across	the	plot	to	see	what	response	devel-
oped	 during	 sounding,	 where	 you	 might	 place	 the	 stratigraphic	 boundaries	 and	 what	 is	
interbedded	or	uniform.	It	 includes	everything	that	a	‘cone	head’	needs	to	develop	a	first	

© 2016 by Taylor & Francis Group, LLC

  



0

10

20

30

0 10 20 30 40 50
D

ep
th

 b
el

ow
 su

rfa
ce

 (m
) 

Tip resistance, qt : MPa  

0

10

20

30

0.00 0.05 0.10 0.15 0.20
Friction, f : MPa 

0

10

20

30

–1 –0.5 0 0.5 1
Pore pressure, u2: MPa

0

10

20

30

0 1 2 3 4 5 6
Friction ratio, F: % 

0

10

20

30

–0.4 –0.2 0.0 0.2 0.4
Bq 

0

10

20

30

0.5 1.5 2.5 3.5
Soil behaviour–type index, Ic  

Sa
nd

 to
 si

lty
 sa

nd
 

G
ra

ve
lly

sa
nd

 to
 sa

nd
 

Cl
ay

ey
 si

lt 
to

 cl
ay

s 

Si
lty

 sa
nd

 to
 sa

nd
y s

ilt
 

Sa
nd

y s
ilt

 to
 cl

ay
ey

 si
lt 

Figure 9.18 Basic processed CPT output (‘Report Fig 1 Basic’ worksheet).
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434  Soil liquefaction: A critical state approach

appreciation	of	the	site.	There	is	space	to	add	an	interpreted	soil	profile	on	the	far	right,	not	
shown	in	Figure	9.18,	but	this	is	not	done	automatically	(you	can	be	artistic).

Slightly	out	of	sequence,	it	may	be	best	to	look	at	the	Report	Fig	3	next,	this	figure	present-
ing	the	details	of	a	chosen	layer	(or	window)	of	the	data	on	a	soil�behaviour–type	plot.	In	the	
case	of	the	basic	plots	just	shown,	it	is	evident	that	there	is	a	relatively	uniform	material	from	
15.5	to	23.5	m;	this	depth	range	is	entered	on	the	Report	Fig	3	sheet,	the	‘update’	button	
clicked,	and	the	individual	processed	CPT	data	are	then	presented	for	review,	Figure	9.19.

This	worksheet	provides	a	tool	to	interrogate	the	data	to	form	judgements	about	strati-
graphic	details	as	well	as	a	first	assessment	of	soil	state.	It	would	be	usual	to	create	a	‘Fig	3’	
type	plot	for	every	stratigraphic	unit	identified.	The	left-hand	side	of	the	figure	shows	the	
qt-depth	trace	and	with	the	windowed	zone	highlighted	so	that	a	casual	viewer	can	quickly	
identify	which	part	of	 the	CPT	profile	 the	soil	behaviour–type	plot	corresponds	 to.	This	
soil	 behaviour–type	plot	was	 introduced	 in	Chapter	4	 as	Figure	4.27,	with	 circular	 arcs	
representing	constant	values	of	soil	behaviour–type	index	Ic	and	thus	the�same�soil�along�an�
arc.	What	is	new	on	this	classification	diagram	is	a	family	of	curves	of	ψ,	which	have	been	
calculated	using	cavity	expansion	along	the	lines	of	Shuttle	and	Cunning	(2007)	described	
in	Section	4.7,	including	a	line	shown	as	‘demarcation	between	strain	softening	and	strain	
hardening	behaviour	following	initial	liquefaction’	(Shuttle	and	Cunning,	2008),	or	roughly	
ψ	=	−0.05.	This	is	your	starting	point	for	a	liquefaction	assessment.

The	two	report-type	plots	just	discussed	are	mostly	geologic	in	aim,	and	it	is	now	time	
to	turn	to	engineering:	Report	Fig	2	shows	example	results	from	the	data	of	Figure	9.18	as	
interpreted	results	 in	Figure	9.20.	The	left-hand	plot	 is	a	copy	of	the	qt-depth	to	allow	a	
viewer	to	correlate	the	derived	engineering	results	with	the	previous	geological-type	figures.	
The	figure	then	presents	the	following:

•	 The	 ψ	 profile	 computed	 by	 the	 chosen	 method.	 The	 method	 choice	 itself	 is	 shown	
above	the	plot.

•	 A	profile	of	the	drained	friction	angle	ϕ′,	using	the	selected	ψ	method	and	the	general	
state	parameter	–	 friction	angle	 relationship	 implied	by	Figure	2.7,	ϕ′	=	32−50	ψ.	 If	
your	soil	differs	from	this	relationship,	and	you	have	selected	Method	2	for	calculation	
of	state	using	soil-specific	soil	properties,	this	general	equation	will	be	replaced	using	
the	input	soil	properties.	Note	that	when	the	material	behaviour–type	index	is	greater	
than	Ic	=	2.5,	a	total	stress	of	ϕ	=	0°	is	plotted.

•	 If	the	material	behaviour–type	index	is	greater	than	Ic	=	2.5,	indicating	a	clay-like	mate-
rial	behaviour,	then	undrained	strength	su	is	calculated	by	the	conventional	undrained	
total	stress	method	using	the	Nkt	factor	that	appears	in	the	‘Soil	Properties’	worksheet	
(which	you	can	change	like	any	of	the	other	parameters	on	that	worksheet,	and	click	
‘update’	to	reprocess	with	a	new	value).

•	 CRR	is	shown	calculated	using	both	the	NCEER	method	(thin	grey	line)	and	the	chosen	
ψ-based	method	and	the	fitted	laboratory	Equation	9.9.	If	you	do	not	have	site-/soil-
specific	parameters	a,	b	for	Equation	9.9,	the	empirical	fit	to	the	ψ-based	liquefaction	
case	histories	in	Figure	7.42	would	be	plotted	(or	you	could	consider	both).	For	com-
parison,	the	plotted	CRR	profiles	are	adjusted	for	duration	of	shaking	using	the	chosen	
earthquake	magnitude	input	in	the	Soil	Properties	sheet	(and	which	is	echoed	back	as	
a	banner	above	the	plot).	Do	consider	whether	the	site	conditions	(soil	type,	depth	of	
loose	layer)	lie	within	the	limits	of	the	NCEER	database	(see	Figure	7.41)	before	rely-
ing	on	that	CRR	profile;	the	state-based	profile	is	more	general	to	depth	and	soil	type.

•	 Also	shown	on	the	CRR	graph	is	a	simplified	Seed	calculation	of	earthquake	loading	
or	cyclic	stress	ratio	(CSR)	using	the	approach	documented	in	the	Youd	et al.	(2001)	
paper	 following	 the	 NCEER	 workshops	 in	 the	 late	 1990s	 to	 agree	 the	 approach.	
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Figure 9.20 Interpreted CPT parameters – ψ, ϕ, CRR, su, sr (‘Report Fig 2 Interpreted’ worksheet).
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Practical implementation of critical state approach  437

The	PGA	at	the	ground	surface	and	the	earthquake	magnitude	are	needed	for	this	cal-
culation	and	should	also	be	input	to	the	Soil	Properties	worksheet.	A	word	of	caution	
is	needed	here.	It	is	the	surface	PGA	that	is	needed	for	that	calculation,	not	the	bedrock	
ground	motion	more	commonly	given	in	a	seismic	hazard	assessment	or	design	codes.	
You	really	need	to	do	a	site-specific	ground	response	analysis	to	determine	the	surface	
PGA,	but	in	that	case	you	will	have	calculated	the	entire	CSR	profile	with	depth	so	that	
the	simplified	approach	becomes	unnecessary.

•	 The	last	graph	is	the	residual	post-liquefaction	undrained	shear	strength	ratio,	sr vo/ ′σ ,	
approximated	 depending	 on	 whether	 the	 soil	 is	 stiff,	 intermediate	 or	 compressible	
based	on	the	λ	value	(refer	to	Chapter	6	and	Figure	6.47	in	particular).

9.5.2.4  Reporting CPT data

The	CPT_plot	program	provides	three	types	of	plots,	but	how	should	these	plots	be	used	
in	engineering	practice?	Just	as	there	was	a	reporting	protocol	for	laboratory	data,	so	there	
is	a	 similar	consideration	with	 the	 results	of	a	CPT	 investigation	 to	assess	 soil	 state	and	
strengths.	Our	practice,	and	the	reasons	for	it,	is	the	following:

•	 Owners	and	Regulators	and	non-technical	stakeholders	will	not	be	interested	in	the	
details	of	any	individual	CPT,	but	are	often	interested	in	the	stratigraphy	across	the	
site.	 It	 is	 common	 to	 use	 qt	 versus	 depth	 data	 from	 sounding	 at	 the	 site	 to	 create	
engineering	section	drawings	–	standard	work	for	your	graphics	department.	What	
is	 then	needed	 is	 to	 illustrate	 the	 type	of	behaviour	within	 the	key	strata	 identified	
this	way,	which	comes	down	to	the	classification	plots	(i.e.	Report	Fig	3)	with	their	
implications	of	whether	the	engineering	needs	to	be	directed	to	run-out	distances	and	
consequences,	ground	improvement	or	tolerable	displacements.	This	is	the	high-level	
conclusion	of	the	investigation	and	a	main�text	item.

•	 Review	engineers	will	be	 interested	in	the	robustness	of	the	assessed	state	as	well	as	
the	assessed	strength	profiles	(both	cyclic	and	post-liquefaction),	as	it	is	these	assess-
ments	that	will	be	used	to	drive	the	engineering.	This	information	is	contained	in	the	
interpretation	plots	(i.e.	Report_Fig	2),	and	it	is	usual	to	provide	a	plot	of	this	type	for	
each	CPT	sounding	in	an	appendix.	What	is	also	needed	is	to	discuss	and	justify	the	
assessed	groundwater	conditions,	the	choices	of	methods	used	in	the	CPT	processing	
and	the	effect	of	variability	from	one	CPT	to	another	–	all	key	considerations,	but	really	
rather	more	than	non-technical	people	want	to	read.	So,	use	an	appendix	to	present	the	
methodology	and	results	from	CPT	processing	but	not	necessarily	the	same	one	that	
contains	 the	pages	 of	 plots	 from	 individual	CPTs.	The	Processed	Results	worksheet	
contains	the	processed	results	for	a	CPT	sounding	and	it	is	often	convenient	to	compile	
a	project	workbook	containing	the	various	set	of	processed	results	so	that,	for	example,	
composite	plots	of	state	profiles	from	all	soundings	can	be	shown	as	a	single	figure.

•	 For	data	archiving,	the	raw	CPT	data	need	to	go	onto	a	CD	bound	into	the	report.	
However,	it	is	often	helpful	to	quickly	scan	CPT	plots	so	as	to	assess	what	sounding	is	
showing	what	and	therefore	we	normally	include	a	further	appendix	with	the	Report	
Fig	1	plots	as	a	basic	overview	for	each	sounding.

9.6  applICatIon to typICal proBleMs In sanDs anD sIlts

A	first	decision	is	whether	you	are	dealing	with	a	strain	softening	or	hardening	material	(in	
an	undrained	condition),	or	whether	your	in-situ	material	 is	sufficiently	dense	that	strain	
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438  Soil liquefaction: A critical state approach

hardening	is	assured.	The	normalized	classification	graph	on	Figure	9.18	provides	a	good	
indication,	on	a	screening	level,	of	where	you	stand.

•	 If	the	soil	is	all	denser	than	ψ	<	−0.05,	the	problem	is	likely	to	be	one	of	soil	displace-
ment	during	and	after	an	earthquake.	Post-earthquake	settlement,	dynamic	slope	sta-
bility	and	lateral	spreads	need	to	be	considered.

•	 If	enough	of	the	soil	is	looser	than	ψ	>	−0.05,	undrained	behaviour	will	result	in	strain	
softening	 and	 potentially	 large	 flow	 slide	 displacements.	 In	 most	 civil	 engineering	
projects,	 ground	 treatment	of	 some	nature	will	be	 called	 for	 to	 increase	 the	 in-situ	
density	 to	an	acceptable	 level.	Alternatively,	you	may	need	to	consider	 the	residual,	
post-liquefaction	undrained	shear	strength	in	your	stability	calculations.

A	good	liquefaction	assessment	really	is	as	simple	as	that.
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Chapter 10

Concluding remarks

This	book	promised	a	view	of	liquefaction	based	on	mechanics,	while	respecting	full-scale	
experience.	We	 sincerely	 hope	 that	 this	 has	 been	delivered.	 In	 concluding	 this	work,	we	
would	like	to	expand	on	these	practical	issues,	how	they	affect	the	current	approach	to	liq-
uefaction	and	what	should	be	expected	for	the	future.

The	decade	since	the	first	edition	went	to	the	publisher	has	seen	progress	in	the	under-
standing	of	liquefaction	and	a	large	increase	in	both	experimental	data	(for	silts	in	particu-
lar)	and	the	case	history	experience	(the	events	in	Christchurch	being	noteworthy).	From	our	
perspective,	it	has	been	pleasing	to	see	widespread	acceptance	that	the	framework	of	critical	
state	soil	mechanics	(CSSM)	is	relevant	to	all	aspects	of	liquefaction.	Here,	in	this	conclud-
ing	chapter,	we	comment	on	aspects	where	further	research	and	progress	are	needed.

10.1  MoDel unCertaInty anD soIl varIaBIlIty

An	important	issue	going	forward	is	reconciling	theoretical	and	laboratory-based	expecta-
tions	with	 full-scale	experience:	model	uncertainty	as	 it	 is	known.	Practically,	 for	exam-
ple,	we	have	post-liquefaction	strength	trends	from	case	histories,	and	these	are	reasonable	
enough	for	engineering	use,	but	it	is	a	long	way	from	intellectually	satisfactory	that	we	cannot	
predict	why	there	is	a	mismatch	with	what	we	measure	in	the	laboratory.	This	is	not	exactly	
a	new	topic	for	geotechnical	engineers,	nor	something	that	is	restricted	to	liquefaction.

There	are	two	perceived	contributions	to	model	uncertainty:	(1)	the	effect	of	soil	variability	
and	(2)	our	calculation	methods	not	reflecting	how	soil	behaves.	We	now	consider	each	of	
these	in	turn.

10.1.1  quantifying soil variability

Geotechnical	engineering	is	quite	a	way	from	properly	handling	real	material	variability	in	
the	field,	in	terms	of	both	how	soil	state	varies	from	point	to	point	throughout	a	geologi-
cal	stratum	and	how	one	soil	type	blends	into	another.	Yet,	weak	layers	can	be	the	trigger	
for	liquefaction	of	a	soil	that	otherwise	looks	satisfactory.	The	Nerlerk	berm	is	a	pertinent	
case	history.	Recall	that	Nerlerk	was	an	underwater	hydraulic	fill	structure	constructed	to	
support	an	offshore	drilling	platform	and	failed	by	liquefaction	that	was	caused	by	yield	of	
the	underlying	soft	clay.	Nerlerk	was	not	especially	loose,	and	this	caused	much	confusion	
between	engineers	on	one	 side	asserting	 the	cone	chamber	calibration	 tests	were	provid-
ing	a	misleading	understanding	of	 the	 in-situ	fill	 state,	while	engineers	on	 the	other	 side	
struggling	 to	understand	how	something	 that	 looked	vaguely	adequate	could	have	 failed	
so	catastrophically	and	repeatedly	so	(there	were	actually	five	slides).	It	is	now	clear	from	
the	stochastic	studies	by	Hicks	and	Onisiphorou	(2005)	that	the	arrangement	of	the	looser	
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zones	within	the	fill	allowed	a	liquefaction	failure	mechanism	to	develop	in	what	was,	on	
average,	a	lightly	dilatant	fill.

Chapter	 5	 considered	 issues	 posed	 by	 real	 material	 variability	 and	 how	 they	 may	 be	
dealt	with	today.	It	is	difficult	to	think	of	another	engineering	discipline	that	works	with	as	
limited	knowledge	of	material	properties	and	distributions	as	confronts	every	geotechnical	
engineer	every	day.	Liquefaction,	with	its	issues	of	control	by	loose	layers	(and	how	loose	
zone	effects	can	propagate	through	the	domain),	exposes	this	weakness.	A	decade	ago,	this	
quantification	and	simulation	of	soil	variability	was	a	topic	dealt	with	by	only	a	few	leading	
researchers	(Manzari	and	Dafalias,	Griffiths	and	Fenton	being	noteworthy	in	addition	to	
Hicks	and	Onisiphorou),	but	now	there	has	been	a	modest	uptake	of	these	ideas	into	high-
risk	projects	by	consulting	companies	(including	our	own).	In	part,	the	limitation	from	a	
consulting	perspective	has	been	the	lack	of	tools,	both	to	simulate	the	geology	as	a	stochastic	
domain	and	then	to	compute	the	response	of	that	stochastic	domain.	The	recent	availability	
of	state	parameter–based	models	(including,	but	by	no	means	limited	to,	NorSand)	is	a	way	
forward,	since	all	that	is	needed	is	to	vary	the	state	parameter	stochastically	as	the	model	
looks	 after	 the	 implied	 distribution	 of	 soil	 behaviour	 from	 this	 simple	 stochastic	 input.	
Stochastic	simulations	do	seem	key	to	closing	the	gap	on	idealized	predictions	and	engineer-
ing	reality.

10.1.2  analytical methods

One	reason	for	a	mismatch	between	theory	and	reality	is	that	the	calculation	method	has	
inappropriate	assumptions.	It	has	been	known	for	a	long	time	that	limit	equilibrium	meth-
ods,	which	are	 the	 standard	way	post-liquefaction	 strengths	are	 estimated,	 can	 seriously	
mislead	if	brittle	failure	mechanisms	are	involved.	Static	liquefaction	is	about	as	brittle	as	
soil	behaviour	gets.	Yet,	our	profession	largely	looks	at	all	case	histories	through	the	eyes	of	
limit	equilibrium.

What	we	found	striking	in	Chapter	8	was	the	wide	range	of	behaviour	observed	in	one	
slope	depending	on	how	that	slope	was	brought	to	failure:	failures	caused	by	too	much	crest	
load	were	quite	unlike	failures	caused	by	basal	creep.	Toe	erosion	is	another	cause	of	fail-
ure,	and	then	there	is	the	post-earthquake	situation	where	failure	is	caused	(presumed)	by	
large-scale	migration	of	pore	water	as,	for	example,	at	Lower	San	Fernando.	The	Griffith	
and	Lane	(1999)	work	hinted	at	this	result,	and	Chapter	8	takes	it	further.	Yet,	none	of	this	
quite	different	behaviour	appears	to	have	been	accounted	for	in	the	various	back-analyses	
discussed	 in	Chapter	6.	As	a	profession,	we	can	do	far	more	relevant	back-analyses	now	
than	has	been	done	so	far	(and	on	which	we	all	base	our	designs/assessments).

Perhaps	we	are	being	a	little	harsh	in	our	views	here,	as	developing	software	such	as	used	
in	Chapter	8	is	a	different	endeavour	from	that	for	which	most	geotechnical	engineers	are	
trained	(or	even	wish	to	do).	Certainly,	the	downloadable	software	that	goes	with	Chapter	
8	is	there	for	use,	but	it	 is	not	as	user-friendly	as	needed	in	a	consulting	office	(nor	even	
for	back-analyses	of	case	histories	by	postgraduate	students	unless	they	want	to	immerse	
themselves	 in	 the	 numerical	 details).	 What	 our	 profession	 needs	 is	 for	 state	 parameter–
based	models	to	be	included	in	the	various	commercial	modelling	platforms,	and	we	are	
only	going	to	get	that	if	we	all	start	asking	for	it.	User-defined	models	are	not	enough,	and	
the	code	verification	of	appropriate	state-based	models	needs	to	be	put	into	the	lap	of	the	
software	houses.	We	are	waiving	the	GNU	license	restrictions	for	any	software	house	that	
wants	to	incorporate	our	routines	into	their	platforms	(provided	that	there	is	an	appropri-
ate	citation).	We	also	encourage	academics	to	contribute	their	models	to	the	public	domain,	
whether	one	of	the	NorSand	or	Bounding	Surface	variants.	If	we	do	not	disseminate,	then	
we	will	continue,	as	a	profession,	to	do	a	lesser	job	than	we	could.
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10.2  state as a geologICal prInCIple

When	dealing	with	in-situ	soils	and	their	natural	variability,	an	interesting	consideration	is	
how	the	depositional	conditions	and	geological	history	affect	soil	state.	For	example,	nobody	
is	surprised	if	the	overconsolidation	ratio	in	a	clay	stratum	represents	a	near-constant	maxi-
mum	past	pressure	from	eroded	overburden	or	the	loading	of	an	ice	sheet	(for	a	glaciated	
deposit).	How	might	similar	geological	idealizations	apply	to	the	state	parameter	and	sands?

Tailings	impoundments	present	an	opportunity	to	examine	the	idea	that	the	state	param-
eter	might	reflect	geological	processes.	Tailings	are	the	result	of	grinding	up	rock	to	recover	
metals,	with	each	ton	of	ore	resulting	in	almost	a	ton	of	sandy	silts.	Tailings	are	usually	dis-
charged	into	valleys	that	have	been	closed	off	by	dams	(full	perimeter	dams	are	sometimes	
used),	with	 the	discharge	 from	the	slurry	pipeline	being	 from	one	or	more	spigot	points.	
The	tailings	segregate	with	the	sand-sized	fraction	settling	out	more	quickly	in	a	beach	and	
with	the	remaining	soil	becoming	progressively	finer	with	distance	from	the	spigot	point.	
In	effect,	a	tailings	impoundment	is	similar	to	a	controlled	delta	depositional	environment.

Dams	used	to	retain	tailings	are	becoming	some	of	the	largest	engineered	structures	in	the	
world,	with	heights	in	excess	of	250	m	(and	in	highly	seismic	regions)	now	being	designed	
and	constructed.	A	lot	of	CPT	soundings	have	been	carried	out	in	tailings	to	establish	the	
conditions	upstream	of	these	dams.	Figure	10.1	shows	an	example	of	the	measured	CPT	
data,	in	a	soil	behaviour–type	plot,	in	three	soundings	used	to	explore	tailings	variability	
within	one	impoundment.	The	tailings	grain	size	ranges	from	sands	with	little	silt	through	
to	fine	silts	(the	CPT	data	plot	as	clayey	silt,	but	there	was	no	plasticity	or	clay-sized	parti-
cles)	and	yet	plots	consistently	with	ψ	~	0	when	using	the	Plewes	et al.	liquefaction	screening	
method.	We	have	encountered	similar	data	at	other	tailings	impoundments.

There	are	intriguing	aspects	to	trends	as	seen	in	Figure	10.1.	First,	if	you	have	any	residual	
desire	to	use	relative	density,	then	Figure	10.1	should	put	an	end	to	that	desire.	How	can	
relative	density	be	assessed	for	such	a	wide	range	of	soils,	and	is	relative	density	even	mea-
surable	with	silts?	These	difficulties	do	not	arise	with	the	state	parameter.	Second,	we	do	not	
imply	that	the	natural	depositional	state	of	sand	and	silts	is	ψ	~	0.	If	a	higher-energy	deposi-
tional	environment	occurs,	then	denser	states	result.	For	example,	hydraulic	fill	construction	
of	sands	with	the	bottom	discharge	method	consistently	develops	ψ	~	−0.1	(Jefferies	et al.,	
1988b).	Natural	beach	sands	exposed	to	wave	action	tend	to	have	ψ	denser	than	−0.2	(in	our	
experience).

The	utility	that	the	geological	environment,	 in	its	widest	sense,	gives	a	particular	state	
parameter	regardless	of	soil	gradation	lies	in	site	characterization.	In	effect,	this	concept	is	
a	further	constraint	to	reduce	the	uncertainty	when	considering	natural	variability	at	a	site.	
For	example,	one	might	skip	thin	layer	corrections	on	the	grounds	that	if	the	thin	layer	lies	
within	a	defined	geological	unit,	it	ought	to	have	the	same	characteristic	state	as	the	remain-
der	of	the	stratum.

Clearly,	this	linking	of	geological	environment	to	state	parameter	is	new	for	sands	and	
silts	(although	well	established	for	clays).	It	is	based	on	observations	within	the	deltaic	con-
ditions	of	mine	tailings	impoundments	with	supporting	data	from	engineered	hydraulic	fills,	
but	it	certainly	has	the	potential	to	act	as	a	unifying	principle	if	further	data	support	the	
framework	across	a	wider	range	of	geologies.

10.3  In-sItu state DeterMInatIon

Proper	characterization	of	stochastic	soil	necessarily	means	basing	engineering	on	the	CPT.	
There	is	simply	no	other	test	that	offers	as	much	data,	with	such	precision,	at	a	reasonable	cost.	
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Figure 10.1 CPT screening-level classification of tailings from three test locations, showing remarkable consistency of state within the deposit.
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We	hope	that	a	convincing	case	has	been	made	that	site	characterization	for	 liquefaction	
should	use	the	CPT.	Nothing	less	than	a	standard	right	cylindrical	piezocone	to	interna-
tional	reference	configuration	standards	should	be	used,	but	keep	in	mind	the	number	of	
soundings	required.	Two	or	three	CPT	soundings	for	a	100	m	×	100	m	site	are	not	enough	
to	get	an	appreciation	of	 the	 true	characteristic	values.	 In	 the	order	of	10–15	 soundings	
are	required,	which	 is	not	 that	onerous	given	a	goodly	part	of	 the	cost	of	doing	CPTs	 is	
mobilization.	As	 experience	develops	 regarding	 soil	property	distributions	with	differing	
geological	environments	during	soil	deposition,	there	will	be	prior	distributions	for	the	soil	
properties	or	state,	leading	to	the	possibility	that	fewer	soundings	are	needed	to	characterize	
any	particular	site.

A	difficulty	with	all	in-situ	tests,	however,	is	that	they	are	not	like	laboratory	element	tests	
in	which	there	is	complete	knowledge	of	all	stresses	and	strains.	The	CPT	is	a	continuous	
bearing	capacity	test,	not	a	continuous	test	of	peak	friction	angle	(because	more	than	fric-
tion	angle	determines	bearing	capacity).	The	relationship	between	measured	CPT	data	and	
soil	state	depends	on	the	soil’s	properties,	in	particular	compressibility	(or	more	accurately,	
plastic	hardening)	and	critical	friction	ratio.	This	has	been	understood	within	the	literature	
for	a	while,	but	is	also	almost	always	neglected	in	actual	liquefaction	assessments.	Hopefully,	
what	was	presented	in	Chapter	4	has	made	this	point	firmly.	And	the	software	widget	needed	
to	create	a	soil-specific	calibration	for	the	CPT	is	yet	another	downloadable	file.

When	 dealing	 with	 the	 effect	 of	 soil	 properties	 on	 the	 evaluation	 of	 CPT	 data,	 two	
approaches	have	been	presented.	One	approach	uses	the	additional	friction	data	measured	
by	the	CPT	to	infer	soil	behaviour	type.	Soil	properties	are	then	estimated	based	on	experi-
ence	 for	 that	 soil	behaviour	 type.	Plewes	et al.	 (1992)	called	 this	a	screening� level	assess-
ment,	and	it	is	an	easy	data	processing	task	that	delivers	a	first	estimate	of	the	soil	state.	The	
methodology	was	described	in	Chapter	4,	and	our	experience	over	the	past	two	decades	(the	
method	is	widely	used)	suggests	that	it	is	quite	a	good	method.	The	second	approach	is	to	use	
measured	soil	properties.	Only	a	limited	amount	of	laboratory	testing	is	needed	to	determine	
CSL	parameters	of	the	soil,	but	these	are	fundamental	to	correct	evaluations	of	site	condi-
tions.	CSL	testing	is	not	particularly	expensive,	about	$15,000	at	the	time	of	writing,	and	the	
procedures	have	been	presented	in	Chapter	9	and	Appendix	B.	If	a	range	of	gradations	exist,	
such	as	found	in	most	tailings	impoundments	or	natural	deltaic	sands,	then	more	than	one	
soil	should	be	tested	and	interpolation	used	for	intermediate	materials.

The	downloadable	software	CPT_plot.xls	provides	the	options	for	these	alternative	meth-
ods	of	determining	ψ	from	CPT	data.	The	way	it	has	been	programmed	in	VBA	allows	add-
ing	further	methods,	for	example	a	blend	of	the	Plewes	method	with	soil-specific	calibration	
might	be	useful	at	some	sites.	This	reinforces	one	aim	of	 this	book:	we	are	sharing	data	
and	software	so	that	you	too	can	gain	a	better	understanding	of	soil	liquefaction.	What	we	
have	provided	is	sound	and	useful,	although	you	may	need	to	dig	into	the	background	and	
take	 it	 forward	for	your	specific	situations	 (and,	remember,	all	 the	source	 information	 is	
downloadable).

There	is	a	requirement	to	define	the	in-situ	elastic	shear	modulus.	In	part,	this	is	needed	
for	 site	 response	calculations,	but	 it	 is	now	widely	appreciated	 to	be	an	 important	 input	
when	assessing	soil	behaviour.	If	ever	there	was	a	research	development	that	transitioned	
quickly	to	routine	practice	in	geotechnical	engineering,	this	is	it.	Possibly,	this	transition	has	
been	helped	because	it	is	not	an	onerous	testing	requirement,	being	conveniently	and	inex-
pensively	done	using	the	seismic	CPT.

Two	difficulties	then	stand	out:	horizontal	geostatic	stress	and	plastic	hardening.	Neither	
can	be	viewed	as	routine	engineering.	Understanding	of	both	could	be	enhanced	by	further	
research	and	by	engineers	in	consulting	practice	keeping	their	eyes	open	for	trends	in	differ-
ent	geological	environments.	This	information	then	also	needs	to	be	published.
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It	is	an	inconvenient	fact	of	life	that	soil	behaviour	is	seemingly	controlled	by	the	mean	
effective	stress,	not	the	easily	estimated	vertical	effective	stress.	We	have	used	the	self-bored	
pressuremeter	on	many	projects	to	measure	the	horizontal	geostatic	stress,	but	obtaining	
good	data	in	sands	with	this	device	is	challenging.	But	does	the	geostatic	ratio	vary	greatly	
in	deltaic	sands?	Much	of	the	data	presented	in	Chapter	4	have	been	for	man-made	hydrau-
lic	 fills,	 and	 while	 there	 are	 certainly	 local	 fluctuations	 in	 Ko,	 there	 are	 also	 some	 clear	
trends.	What	is	needed	is	to	expand	this	database	to	include	tailings,	deltaic	sands	and	silty	
sands	and	compacted	fills.	Given	time,	accumulation	of	knowledge	will	make	assessing	the	
horizontal	stress	easier,	especially	on	lower-budget	projects	that	cannot	support	the	costs	
of	pressuremeter	tests.	For	now,	the	only	acceptable	way	forward	is	to	explicitly	consider	
different	Ko	scenarios	in	assessing	the	characteristic	state	of	a	site	or	earth	fill	structure.	We	
also	like	Ko	≈	0.7	as	a	starting	point	for	normally	consolidated	deposits	whether	clays,	silts	
or	sands	based	on	the	data	presented	in	Chapter	4.

A	relatively	recent	development	is	the	use	of	anisotropy	of	shear	wave	velocity	measure-
ments	to	estimate	in-situ	stresses	and	void	ratio	(Fioravante	et al.,	2013).	The	idea	is	that	
you	measure	shear	and	compression	wave	propagation	in	a	large	calibration	CPT	chamber,	
but	not	just	in	one	direction.	The	measurements	are	made	vertically,	along	both	horizontal	
axes,	and	diagonally,	across	the	chamber	sample.	This	allows	you	to	generate	a	calibration	
between	horizontal	and	vertical	stresses,	and	void	ratio,	to	the	shear	and	compression	wave	
velocities.	A	seismic	CPT	is	then	used	to	measure	vertical	shear	and	compression	wave	veloc-
ities	and	state	parameter	(from	the	tip	resistance)	in-situ,	from	which	the	in-situ	stresses	are	
computed.	 If	 this	 sounds	complicated	and	expensive,	 it	 is	because	 it	 is	 indeed	expensive.	
However,	large	and	critical	projects	may	well	justify	this	type	of	approach.

10.4   laBoratory strength tests on 
unDIsturBeD saMples

A	basic	premise	of	the	approach	of	this	book	is	that	getting	undisturbed	samples	of	sands	is	
very	difficult,	but	that	has	not	proved	an	impediment	in	some	circumstances.	Undisturbed	
sampling	with	subsequent	strength	testing	is	a	widely	accepted	protocol	for	clays.	Silts	lie	
between	sands	and	clays,	with	samples	generally	recoverable	but	likely	to	be	disturbed.

An	aspect	of	the	past	decade	has	been	a	rising	awareness	of	the	vulnerability	of	silts	(or	
high�fines	soils)	to	earthquake	loading	coupled	with	recognition	that	the	empirical	underpin-
ning	of	the	National	Center	for	Earthquake	Engineering	Research	(NCEER)	approach	does	
not	stand	too	much	scrutiny	in	regard	to	silt	behaviour.	One	response	has	been	to	divide	soils	
into	categories	of	behaviour:	sand-like	for	which	penetration	tests	are	the	accepted	basis	of	
engineering,	clay-like	where	engineering	focuses	on	recovering	high-quality	samples	that	are	
then	tested	in	the	laboratory	and	intermediate,	which	encompasses	everything	in	between	
and	which	was	a	much	discussed	topic	at	recent	CPT	conferences	in	2010	and	2014.

Here,	we	describe	 some	 experience	with	both	 sands	 and	 clayey	 silts,	 illustrating	what	
some	might	view	as	state-of-the-art	work	involving	soil	sampling	and	testing	rather	than	
reliance	on	the	CPT.

10.4.1  undisturbed sampling and testing of sands (Duncan Dam)

In	 reaction	 to	 the	 apparent	 associated	 uncertainties	 in	 determining	 ψ	 from	 the	 CPT,	
research	in	Canada	in	the	early	1990s	focused	on	avoiding	penetration	tests	and	measur-
ing	density	in-situ.	The	work	was	part	of	a	liquefaction	assessment	for	Duncan	Dam,	with	
a	heroic	effort	made	to	test	truly	undisturbed	samples,	which	resulted	in	a	series	of	linked	
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papers	 in	 the	December	1994	 issue	of	 the	Canadian�Geotechnical� Journal	 (following	 a	
special	session	on	the	work	at	the	1993	Canadian	Geotechnical	Conference).	Imrie	(1994)	
presents	an	overview	of	the	work	at	Duncan	Dam,	and	the	work	is	interesting	from	the	
perspective	of	what	was	tried	and	what	did	not	work.	The	Duncan	Dam	data	also	underlie	
the	correction	for	stress-level	effects	found	in	the	NCEER	approach	to	seismic	liquefaction	
assessment	(discussed	in	Chapter	7).

Duncan	Dam,	completed	in	1967,	is	a	zoned	earth	fill	embankment	some	39	m	high	located	
on	the	Duncan	River	in	southeastern	British	Columbia.	Foundation	conditions	include	loose	
sands	and	compressible	silts	that	extend	to	a	depth	of	as	much	as	100	m	below	surface.	It	has	
been	known	for	a	long	time	that	Duncan	Dam	is	vulnerable	to	earthquake-induced	liquefac-
tion,	with	the	adequacy	of	the	dam	depending	on	sufficient	post-liquefaction	strength	in	the	
foundation	soils	to	prevent	a	flow	failure.

A	 comprehensive	 field	 and	 laboratory	 investigation	 of	 Duncan	 Dam	 foundation	 was	
undertaken	between	1988	and	1992.	There	were	three	broad	thrusts	to	the	investigation:	(1)	
standard	penetration	tests	(SPTs)	analyzed	using	the	reference	stress	approach,	(2)	ground	
freezing	 to	allow	undisturbed	 sampling	by	 coring	with	 subsequent	 testing	 in	 the	 labora-
tory	(predominantly	monotonic	and	cyclic	simple	shear	tests)	and	(3)	direct	measurement	of	
in-situ	void	ratio	by	geophysical	techniques.	Three	CPT	soundings	were	put	down,	but	they	
were	apparently	only	used	to	identify	soil	stratigraphy	and	CPT/SPT	correlations	(these	CPT	
data	appear	to	have	been	lost	as	they	could	not	be	recovered	from	the	owner’s	and	testing	
company’s	files	for	a	dam	safety	review	in	2010).

Freezing	the	ground	so	that	undisturbed	samples	can	be	obtained	is	an	interesting	devel-
opment	from	Duncan	Dam,	as	it	allows	loose	sands	to	be	notionally	tested	as	undisturbed	
samples,	much	as	one	might	expect	to	test	undisturbed	samples	of	clay.	Sego	et al.	(1994)	
describe	in	detail	the	ground	freezing	and	sampling	at	the	Duncan	Dam,	and	it	could	be	
regarded	as	a	reasonably	doable	approach	for	any	large	dam	foundation.	Freezing	and	undis-
turbed	sampling	were	also	carried	out	at	several	of	the	CANLEX	sites	(Wride	et al.,	2000)	
with	 indicative	 costs	at	 the	 time	of	about	$50,000	per	 site.	The	void	 ratio	of	 the	 frozen	
samples	showed	good	agreement	with	the	in-situ	void	ratio	measured	by	gamma–gamma	
density	logging	in	the	same	borehole	(Plewes	et al.,	1994).	However,	obtaining	undisturbed	
frozen	samples	only	solves	half	the	problem;	one	still	has	to	thaw	the	sample	without	impos-
ing	plastic	strains.	Also,	how	does	one	know	what	in-situ	stress	conditions	to	impose	on	the	
sample	as	it	thaws?	Patently,	if	the	wrong	stress	state	(mean	and	deviator)	is	applied	on	the	
sample	during	thawing	in	the	laboratory,	then	plastic	strains	will	occur,	and	the	sample	is	
no	longer	representative	of	in-situ	soils.

Data	from	the	laboratory	testing	programme	on	the	Duncan	Dam	samples	obtained	by	
ground	freezing	are	provided	 in	Pillai	and	Stewart	 (1994).	Specimens	 for	monotonic	and	
cyclic	simple	shear	testing	were	machined	to	the	required	size	using	a	precision	lathe	in	a	
cold	room	at	−15°C	and	then	set	up	in	the	frozen	state	in	the	testing	device	and	allowed	to	
thaw.	After	thawing,	samples	were	consolidated	to	vertical	effective	stresses	ranging	from	
200	to	981	kPa.	Given	the	sampling	depth	of	13.7–16.3	m,	only	data	for	specimens	consoli-
dated	to	200	kPa	are	considered	representative	of	in-situ	conditions.	Figure	10.2	shows	the	
initial	void	ratio	of	the	samples	plotted	against	the	void	ratio	after	consolidating	back	to	
approximately	the	in-situ	vertical	effective	stress,	that	is	200	kPa.	There	is	a	densification	
of	approximately	Δe	=	0.05	that	occurs	during	the	thawing	and	consolidation,	even	in	the	
easiest	case	of	simple	shear	samples	(for	triaxial	testing,	guessing	the	in-situ	horizontal	stress	
to	apply	in	the	laboratory	adds	additional	complexity).

What	is	the	consequence	of	this	sample	densification	of	the	undisturbed	frozen	samples	
as	they	thaw?	Olson	(2006)	evaluated	the	residual	strength	at	Duncan	Dam	using	the	SPT	
data	and	 found	strengths	about	half	 to	 two-thirds	of	 those	 from	the	 laboratory	 tests	on	
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previously	 frozen	 samples.	 The	 apparent	 conflict	 between	 the	 2006	 and	 the	 1988–1992	
work	disappears	if	the	reported	sample	densification	during	thawing	is	considered.	Konrad	
et al.	(1997)	determined	the	CSL	for	the	Duncan	Dam	foundation	sand	and	reported	that	
λ10	~	0.15.	For	such	a	λ10,	the	average	sample	densification	of	0.05	in	the	laboratory	would	
be	expected	to	cause	an	overestimation	in	the	available	strength	by	more	than	a	factor	of	
two.	Since	the	reduced	residual	strength	profile	shown	in	Olsen	(2006)	is	about	60%	of	that	
obtained	from	the	laboratory	tests	on	thawed	samples	reported	by	Pillai	and	Salgado	(1994),	
the	difference	is	entirely	explained	by	the	sample	densification.

In	summary,	frozen	samples	are	interesting,	but	it	is	essential	to	track	the	sample	densi-
fication	from	in-situ	to	the	as-tested	conditions	and	then	to	correct	the	measured	data	for	
that	densification.

10.4.2  undisturbed sampling and testing of clay-like soils

Besides	the	Duncan	Dam,	British	Columbia	has	several	large	hydropower	projects	in	high-
seismicity	areas.	One	of	these	has	a	horizontal	peak	ground	acceleration	assessed	to	reach	
0.48g,	with	a	 requirement	 that	 the	 structure	must	 return	 to	 service	after	72 h	 following	
such	an	earthquake	event.	 It	has	potential	 liquefaction	aspects	to	part	of	the	facility	and	
was	subject	to	an	intensive	and	detailed	site	investigation.	Aspects	of	that	investigation	were	
reported	by	Mohajeri	and	Ghafghazi	(2012),	with	about	half	the	laboratory	testing	carried	
out	by	Golder	Associates.
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Figure 10.2  Comparison  of  void  ratio  of  frozen  samples  before  and  after  thawing  and  consolidation 
to  approximately  in-situ  stress  conditions  in  simple  shear device.  (Data  from Pillai, V.S.  and 
Stewart, R.A., Can. Geotech. J., 31(6), 951, 1994.)
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Sediments	at	the	project	site	were	deposited	during	the	Fraser	glaciation	and	postglacial	
periods	between	30,000	and	13,000 years	 ago.	The	 glacial	 deposits	 generally	 consist	 of	
a	very	dense	layer	of	sand,	known	as	Quadra	sand,	overlain	by	a	glacial	till	blanket	over	
bedrock;	these	glacial	units	were	not	a	concern.	Interest	here	is	in	two	clay-like	postglacial	
deposits:	 (1)	 the	 lower	clay,	about	20	m	of	grey	 low-plasticity	clay	deposited	 in	relatively	
deep	water	on	the	coastal	lowlands	with	occasional	seashells	which	attest	to	its	marine	ori-
gin,	and	(2)	the	interbedded	clay	and	sand,	which	were	deposited	in	a	complex	sedimentary	
sequence	 (because	 of	 changing	 sea	 levels	 amongst	 other	 factors),	 which	 is	 generally	 clay	
dominant	ranging	between	thinly	laminated	beds	to	massive	layers	up	to	10	m	in	thickness.

The	 site	 investigation	programme	used	both	CPT	and	undisturbed	 sampling,	with	 the	
CPT	data	being	used	to	target	the	sampling	intervals.	Sampling	was	carried	out	in	a	cased	
drill	hole	which	was	advanced	carefully	with	tricone	and	drilling	mud	to	the	sample	target	
depth.	The	casing	closely	followed	the	hole	advance	to	assure	easy	cleaning	of	the	bottom	
of	the	hole	without	causing	additional	disturbance.	Sampling	used	a	76 mm	diameter	fixed	
piston	 sampler.	 The	 samples	 were	 kept	 in	 a	 temperature-	 and	 moisture-controlled	 envi-
ronment	for	2	weeks	during	the	fieldwork	and	then	shipped	to	the	testing	laboratories	in	
isolated	containers,	with	the	250 km	distance	between	the	project	site	and	the	laboratories	
equally	split	between	slow	driving	and	a	ferry	ride.	The	maximum	accelerations	applied	to	
the	sample	boxes	were	recorded.

When	the	samples	arrived	in	the	testing	laboratory,	they	were	first	visually	assessed	for	
damage	and	then	gamma	ray	imaging	was	used	to	identify	any	potential	defects	inside	the	
tubes.	After	carefully	selecting	the	exact	testing	locations,	the	tubes	were	cut	using	manual	
rotary	 tube	cutters	by	applying	very	mild	pressures.	The	 soil	was	 then	extruded	using	a	
hydraulic	 piston	 extrusion	device	 at	maximum	15  cm	 long	 sections	 and	 trimmed	 to	 the	
appropriate	lengths	and	diameters	using	a	wire	cutter.

Much	of	the	testing	was	carried	out	 in	the	simple	shear	equipment.	Figure	10.3	shows	
the	as-tested	void	ratio	after	the	samples	were	brought	to	the	in-situ	vertical	effective	stress	
and	compares	the	void	ratio	to	the	as-recovered	value,	 that	 is	 the	value	determined	from	
the	saturated	water	content	measured	in	the	field.	Despite	as	good	as	could	be	reasonably	
expected	sampling	and	handling	protocol,	substantial	densification	of	the	samples	occurred,	
averaging	about

	 Δe	=	−0.1

And,	these	samples	showing	substantial	densification	by	disturbance	were	indeed	clay	like,	
with	plasticity	indices	mostly	in	the	range	10	<	PI	<	20.	Gradationally,	these	soils	were	about	
50%	silt	sized	and	finer	with	little	clay-sized	fraction	(it	appears	to	be	rock-flour-derived	
soil,	not	untypical	for	western	Canada).

10.4.3  Correcting for sampling disturbance (void ratio matters)

The	dominant	thinking,	generally	tacit	but	occasionally	explicit,	is	that	if	sufficiently	high-
quality	samples	are	obtained,	then	what	is	measured	by	the	laboratory	strength	test	is	reli-
able.	It	is	accepted	that	sample	quality	has	an	effect,	one	commonly	cited	study	being	that	
by	Lunne	et al.	(2006),	who	showed	a	strength	reduction	of	about	a	third	in	sensitive	Onsoy	
clay	when	going	from	Sherbrooke	block	samples	to	54 mm	diameter	piston	samples	(and	
with	arguably	larger	changes	in	plastic	stiffness).	Various	correction	schemes	then	develop,	
of	which	the	stress	history	and	normalized	engineering	parameters	(SHANSER)	approach	
(Ladd	and	Foott,	1974)	is	popular.	The	SHANSEP	approach	does	not	admit	a	role	for	void	
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ratio,	with	everything	being	normalized	by	overconsolidation	ratio.	Although	Wroth	(1975)	
demonstrated	that	 the	SHANSEP	framework	was	entirely	derivable	 from	Cam	Clay,	 this	
does	not	answer	the	question	about	how	sample	densification	actually	affects	the	measured	
strength.	SHANSEP	is	focused	on	high-plasticity	clays	with	rather	high	λ	(or	equivalently	
Cc)	values,	and	Cam	Clay	has	no	concept	of	state	other	than	overconsolidation,	which	is	
why	it	does	not	work	for	sands	as	discussed	in	Chapter	3.	The	following	three-step	approach	
is	suitable	for	sands:

•	 Step	1	in	dealing	with	undisturbed	samples	is	to	measure	their	in-situ	void	ratio	(equiv-
alent	to	water	content	assuming	they	come	from	below	the	water	table	and	are	satu-
rated).	This	is	not	difficult,	requiring	only	that	the	water	content	be	measured	on	the	
trimmings	 from	the	piston	or	Shelby	sample	before	sealing	 it	 for	 transport.	Routine	
water	content	logging	in	the	field	should	be	standard	practice	and	costs	very	little	to	do.

•	 Step	2	is	to	measure	the	void	ratio	as	tested.	By	all	means,	test	at	slightly	greater	effec-
tive	confining	stress	than	in	the	field	to	remove	some	aspects	of	disturbance.	Ideally,	
freeze	 the	 sample	after	 testing	 (see	Appendix	B)	 for	greatest	 accuracy	 in	void	 ratio	
measurement.

•	 Step	3	is	to	correct	for	the	disturbance,	considering	the	change	in	state	parameter.	This	
can	be	empirical,	from	laboratory	testing	at	a	range	of	ψ	that	gives	you	strength	change	
as	ψ	varies,	or	it	can	be	modelled	and	computed.	Figure	10.4	shows	an	undrained	tri-
axial	test	on	an	undisturbed	silt	sample	which	has	been	fitted	with	the	NorSand	model	
in	the	downloadable	spreadsheet.	A	good	fit	of	model	to	data	is	evident	in	all	aspects.	
Then,	the	void	ratio	(and	stress)	in-situ	(known	from	Step	2)	is	used	in	NorSand	rather	
than	the	as-tested	value	while	changing	nothing	else	in	the	model	calibration	(since	all	
the	properties	are	independent	of	void	ratio).	The	in-situ	strength	is	markedly	less	than	
the	laboratory-measured	strength.

Modelling	laboratory	tests	was	discussed	in	several	chapters	(Chapters	3,	6,	7	and	9),	but	
for	 now,	 note	 that	 it	 is	 not	 a	 question	 of	 whether	 the	 material	 is	 sand,	 silt	 or	 clay	 like.	
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The	 soil	 behaviour	 is	automatically	 simulated	 as	 a	 consequence	 of	 the	 best	 fit	NorSand	
parameters,	no	matter	what	its	grain	size	or	other	characteristics.	All	you	need	to	do	when	
you	are	sampling	is	to	make	sure	you	measure	void	ratio	changes	between	as-recovered	and	
as-tested	conditions	and	then	model	the	effect	of	that	change.

Formally	considering	the	effect	of	sample	disturbance	will	show	in-situ	strengths	mark-
edly	less	than	reported	by	the	laboratory,	as	was	observed	at	Duncan	Dam.	However,	this	
may	still	be	an	improvement	on	using	the	cyclic	strength	of	reconstituted	bulk	laboratory	
samples,	because	hopefully,	your	careful	sampling	and	handling	procedures	will	have	pre-
served	most	of	the	in-situ	fabric	of	the	soil.

10.5  soIl plastICIty anD faBrIC

Plastic	strains	are	a	very	basic	soil	response	to	load,	and	the	magnitude	of	these	strains	is	
controlled	by	work	hardening.	Consequently,	any	reasonable	model	for	soil	behaviour	will	
have	one	plastic	work	hardening	modulus	to	describe	this	aspect	of	the	behaviour	(or	some-
times	several	moduli).	This	book	has	been	based	in	part	on	the	NorSand	model	in	which	
the	dimensionless	plastic	modulus	H	determines	the	magnitude	of	plastic	strains	for	a	given	
stress	increment.	Undrained	soil	strength	is	very	much	affected	by	H,	as	is	the	CPT	resis-
tance.	It	looks	very	much	like	H	influences	resistance	to	cyclic	mobility.	But	how	can	H	be	
measured?	It	is	easy	enough	in	laboratory	tests	as	the	stress–strain	curve	can	be	fitted	in	one	
test	and	then	used	to	predict	another.	However,	it	is	very	quickly	learnt	that	H	depends	on	
the	sample	preparation	method,	or	more	correctly	on	the	particular	pattern	of	soil	particle	
contacts	established	by	that	sample	preparation	method.	This	approach	to	determining	H	
has	been	used	throughout	the	book	when	fitting	the	various	laboratory	tests.	What	about	
determining	H	in-situ?

What	is	becoming	a	conventional	view	in	the	literature	is	that	laboratory	water-pluviated	
samples	are	a	reasonable	model	for	deltaic	deposits.	Such	laboratory-reconstituted	samples	
could	 then	 be	 used	 to	 calibrate	 soil	 properties	 for	 design,	 and	 plastic	 hardening	 in	 par-
ticular.	Although	this	does	seem	a	reasonable	suggestion,	it	is	not	an	established	fact,	even	
though	repeated	citing	of	the	suggestion	has	resulted	in	many	seeing	it	as	such.	There	are	
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two	obvious	problems.	First,	one	cannot	presently	form	uniform	water-pluviated	samples	in	
the	laboratory	with	sand	and	silt	mixtures	(e.g.	80%	sand,	20%	silt),	despite	the	abundance	
of	such	soils	in	nature.	Second,	water-pluviated	samples	in	the	laboratory	are	not	especially	
loose,	but	 there	 is	no	 trouble	 forming	a	very	 loose	fill	by	hydraulic	dredging	and	filling.	
There	appears	to	an	issue	of	scale	affecting	what	is	achievable	in	the	laboratory	versus	in	
the	field.	An	alternative	to	laboratory	tests	is	therefore	to	use	an	in-situ	test	to	determine	
H,	and	both	downhole	plate	bearing	tests	and	the	self-bored	pressuremeter	have	been	used.	
However,	evaluation	of	the	data	has	not	been	straightforward	because	both	ψ	and	H	have	
similar	effects	in	terms	of	computed	response	to	load,	and	the	effects	of	each	are	not	easily	
separated.	One	thought	is	that	if	the	ratio	of	elastic	and	plastic	moduli,	H/Ir,	could	be	linked	
or	considered	sensibly	constant	in	a	given	soil,	then	the	in-situ	measurement	of	shear	wave	
velocities	could	be	a	great	help.	This	is	a	difficult	topic,	and	it	is	presently	being	researched.	
Practically,	for	the	moment,	it	seems	sensible	to	follow	the	suggestion	to	test	water-pluviated	
samples	in	the	laboratory	and	allow	some	further	stiffening	from	ageing	and	other	geologi-
cal	processes	in	the	estimation	of	H	in-situ.	Of	course,	one	way	to	estimate	this	stiffening	
is	to	use	the	undisturbed	sampling	techniques	discussed	in	Section	10.4,	as	long	as	proper	
correction	is	made	for	state	parameter	changes.

10.6  relatIonshIp to Current praCtICe

The	approach	advocated	for	the	CPT	data	reduction	to	infer	in-situ	state	of	the	soil	differs	
in	almost	every	aspect	 from	what	 is	 the	practice	within	North	America	 today.	What	has	
been	presented	has	 been	firmly	 anchored	 in	mechanics,	 especially	 plasticity	 theory,	with	
much	effort	going	into	verification	of	numerical	procedures	and	validation	of	the	models.	
None	of	the	advocated	framework	is	outside	good	engineering	(e.g.	the	framework	for	the	
evaluation	of	the	CPT	is	not	much	different	from	pile	bearing	capacity	estimation);	how-
ever,	it	is	outside	usual	practice	for	liquefaction.	How	has	this	situation	come	about,	and	
does	it	matter?

In	the	Introduction,	it	was	noted	that	widespread	recognition	of	the	importance	of	lique-
faction	followed	the	major	earthquake	damage	from	two	earthquakes	in	1964,	one	in	the	
United	States	and	one	in	Japan.	Although	there	was	awareness	of	the	issues	of	liquefaction	
amongst	 some	 experienced	 engineers	 three	decades	 earlier	 (Casagrande	 and	others	 in	 the	
Corps	of	Engineers	in	particular),	the	intellectual	direction	to	the	work	starting	in	the	1960s	
came	 from	 what	 has	 been	 termed	 the	 Berkeley	 School	 in	 this	 book.	This	 school	 focused	
on	 a	 geological	 classification	 approach,	 in	 essence	 cataloguing	 what	 happened	 in	 certain	
circumstances.	This	classification	approach	was	not	unreasonable	given	 the	rather	 limited	
understanding	of	soil	plasticity	at	the	time,	remembering	that	in	1960,	stress–dilatancy	the-
ory	had	just	emerged	and	critical	state	soil	mechanics	(CSSM)	was	at	a	very	early	stage	of	
development.	The	 early	 studies	 resulted	 in	 a	 simple	 design	 chart	 that	 expressed	 available	
cyclic	strength	in	terms	of	a	stress-normalized	penetration	resistance.	With	time,	and	further	
studies,	additional	factors	were	identified	as	affecting	the	assessed	strength,	and	these	factors	
were	referred	to	as	corrections.	These	corrections	have	remained	based	on	inferred	trends	
from	comparing	different	case	histories,	and	there	has	never	been	an	underlying	framework	
based	on	mechanics	for	any	of	this.

A	notable,	and	very	recent,	suggestion	arises	from	Moss	(2014).	He	identified	three	sites	in	
the	Berkeley	liquefaction	database	where	the	natural	sand	was	essentially	Monterey	research	
sand,	for	which	the	CSL	is	known.	There	is	also	a	substantial	cyclic	triaxial	test	database	
for	Monterey	sand.	Figure	10.5	shows	his	assessment	of	these	sites,	in	the	context	of	using	
the	state	parameter	as	an	approach	to	link	the	field	case	histories	to	laboratory	testing	and	
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(by	inference)	the	underlying	mechanics.	A	rather	fruitful	avenue	of	research	would	be	to	
measure	the	CSL	and	cyclic	strength	of	the	better	documented	case	history	soils,	in	the	same	
way	as	Moss	did	for	three	Loma	Prieta	sites.

Of	course,	it	could	be	argued	that	the	Berkeley	School	is	based	on	actual	occurrences	of	
liquefaction	and	that	it	is	perfectly	reasonable	to	work	within	that	experience,	but	such	an	
argument	neglects	that	the	data	have	rather	limited	range	for	soil	type	and	depth	of	liquefac-
tion.	Working	within	the	databases	might	be	argued,	but	extrapolating	outside	it	to	large	
dams	and	silty	tailings	(which	is	what	you	find	in	North	America)	is	simply	inappropriate.	
Extrapolations	must	be	anchored	to	trends	derived	from	mechanics	if	they	are	to	have	any	
reliability	for	engineering.	It	does	not	reflect	well	on	geotechnical	engineering	that	we	are	in	
the	situation	of	having	to	defend	mechanics	from	geologically	based	extrapolation,	and	the	
approach	suggested	earlier	by	Moss	(2014)	is	a	step	in	the	right	direction.

In	contrast	to	the	Berkeley	School,	the	state	parameter	is	anchored	in	CSSM	theory.	CSSM	
is	still	the	only	complete	framework	for	representing	soil	behaviour,	and	it	is	not	some	wacky	
idea	put	forward	by	one	university.	As	we	illustrated	in	the	history	of	the	subject	in	Chapter	3,	
CSSM	is	a	thread	in	understanding	how	and	why	soil	behaves	as	it	does	that	has	developed	
over	125 years	and	with	as	many	important	contributions	from	the	United	States	(Harvard,	
MIT,	Brown,	Corps	of	Engineers)	as	the	United	Kingdom	(Manchester,	Imperial,	Cambridge).	

It	was	noted	at	the	outset	that	liquefaction	assessments	tend	to	fall	into	two	schools:	(1)	
the	situation	 is	pretty	much	satisfactory,	and	there	 is	as	much	uncertainty	 in	the	 loading	
(earthquake,	storm	or	ice)	as	in	the	assessed	response;	(2)	the	soil	is	not	strong	enough,	and	
ground	treatment	is	called	for.	Both	of	these	are	dominated	by	the	question	‘How	dense	is	
dense	enough?’
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Figure 10.5  Loma  Prieta  case  histories  involving  Monterey  sand  presented  in  state  parameter  format. 
(From Moss, R.E.S., A critical state framework for seismic soil liquefaction triggering using CPT, 
Proceedings of the Third International Symposium on Cone Penetration Testing, CPT14, Las Vegas, 
NV, pp. 477–486, May 2014. With permission.)
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In	case	(1),	no	cyclic	model	used	in	a	soil–structure	interaction	analysis	with	a	criterion	
of,	say,	3%	strain	can	be	relied	on	for	design.	Reflection	on	the	uncertainties	involved	will	
convince	any	engineer	of	this	reality.	Design	proceeds	by	requiring	no	liquefaction	under	
credible	service-level	 loads	and	no	catastrophic	 failure	under	extreme	conditions.	 In	case	
(2),	most	money	 is	 spent	on	mobilization	and	set	up	 for	 the	 treatment	works,	with	 little	
distinguishable	cost	between	compaction	to,	say,	Qk	>	70	and	Qk	>	100	(Q	is	the	normalized	
CPT	resistance,	and	the	subscript	k	indicates	characteristic	in	the	sense	of	limit	state	codes).	
To	some	extent,	the	cyclic	behaviour	examined	and	discussed	in	Chapter	7	is	an	interesting	
aspect	of	soil	behaviour	but	is	not	something	that	should	drive	design	or	assessment.	Rather,	
it	is	Chapter	6	and	the	potential	for	large	displacements	that	matters,	and	that	is	driven	by	
the	how�dense	question.

This	concern	for	how	dense	is	dense	enough	has	overtones	of	the	steady-state	approach,	
but	with	two	key	differences.	First,	assessment	of	site	or	structural	adequacy	is	based	on	the	
CPT	(although	requiring	some	laboratory	testing	in	support	of	the	data	evaluation)	with	no	
attempt	whatsoever	at	retrieving	undisturbed	samples.	Second,	it	is	not	enough	to	be	just	
denser	than	the	CSL.	Going	through	soil	behaviour	using	constitutive	modelling	as	guide,	
considering	localization	effects	and	considering	the	various	uncertainties	that	must	be	faced	
in-situ	(primarily	Ko	and	plastic	hardening),	gives	the	rather	easy-to-remember	criterion	for	
satisfactory	behaviour:	ψk	<	−0.1.	The	subscript	k	denotes	characteristic,	about	 the	80th–
90th	 percentile	 from	 present	 knowledge.	 This	 criterion	 is	 independent	 of	 soil	 gradation,	
fabric,	stress	path,	compressibility,	etc.	The	identification	and	determination	of	this	value	of	
ψ	in-situ	have	dominated	this	book,	in	particular	Chapters	4	through	6.

Under	circumstances	of	no	untoward	layering	in	the	ground,	reasonably	careful	evalua-
tion	of	soil	properties	and	the	subsequent	evaluation	of	the	CPT	data	and	consideration	of	
possible	sensitivity	to	plastic	hardening	and	fabric	effects,	the	criterion	might	be	relaxed	to	
ψk	<	−0.05.	Anything	looser	than	ψk	=	−0.05	implies	potential	flowslides.	Flowslides	would	
be	 regarded	as	unacceptable	 in	most	 circumstances	 (e.g.	unless	 the	material	 is	 somehow	
contained	within	an	impoundment).

How	does	the	state	parameter	approach	stack	up	against	current	engineering	practice?	A	
characteristic	state	in	the	range	−0.05	<	ψk	<	−0.1	gives	an	undrained	phase	transition	devia-
tor	 stress	 approximately	 equal	 to	 the	 drained	 strength.	 This	 is	 the	 same	 idea,	 although	
argued	for	different	reasons,	that	has	cropped	up	in	the	literature	over	the	past	two	decades	
as	the	quasi-steady-state	strength	or	the	strength	for	limited	liquefaction.	Examples	of	engi-
neers	arguing	for	this	behaviour	criterion	include	Ishihara’s	Rankine	lecture	and	the	various	
publications	by	Konrad	and	by	Vaid	et al.

Finally,	it	seems	that	current	practice	is	to	steer	away	from	finite	element	modelling	and	to	
rely	on	empirical	methods	and	limit	equilibrium	stability	calculations.	This	is	a	satisfactory	
approach	to	calculate	embankment	or	foundation	stability	only	after	you	have	shown	that	
liquefaction	(whether	triggered	by	seismic	or	static	loads)	is	not	a	concern.	But	as	soon	as	
there	may	be	some	softer	zones	in	the	ground,	or	the	possibility	of	spreading	of	pore	pres-
sures	from	loose	zones,	or	concerns	about	displacements,	you	need	to	take	it	a	step	further	
and	start	to	use	a	numerical	model	with	implementation	of	a	good	constitutive	model.	We	
hope	we	have	shown	that	the	FE	method	is	not	so	difficult	and	that	it	provides	a	quantum	
leap	in	understanding	compared	to	back-analysis	using	limit	equilibrium.	While	we	would	
not	expect	this	level	of	analysis	in	routine	consulting	practice,	we	encourage	more	geotech-
nical	 engineers	 to	 adopt	 coupled	 finite	 element	 analyses	 and	 researchers	 and	 teachers	 to	
disseminate	their	work	into	the	commercial	modelling	platforms	to	make	it	possible.	Our	
industry	needs	a	mechanics-based	approach	to	liquefaction	assessment	so	that	we	can	stop	
using	fines	content	as	a	major	input	to	analyses.
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10.7  What next?

Looking	to	the	future,	areas	where	further	research	could	contribute	usefully	to	liquefaction	
assessments	have	been	identified.	Consulting	engineers	have	much	to	offer,	and	contribu-
tions	to	understanding	should	not	remain	the	domain	of	universities	alone.	Because	soils	
are	variable,	 a	 lot	of	 examples	are	needed	 so	 that	 trends	 can	 stand	out	 from	variability.	
Obtaining	 lots	of	test	data	assembled	into	geologically	understood	contexts	 is	something	
that	is	difficult	for	university	researchers	to	do	because	they	tend	to	have	access	to	a	few	
research	sites	and	 to	 test	 few	samples	 in	great	detail.	The	consulting	community,	on	 the	
other	hand,	sees	many	sites	and	much	test	data	in	the	normal	course	of	business.	That	is	how	
the	utility	of	the	state	parameter	became	obvious	and	lead	to	the	1985	paper	introducing	
state	parameter.	Perhaps	the	best	way	forward	is	more	joint	industry–university	research.

10.8  Do DoWnloaD!

What	has	been	presented	in	this	book	is	soundly	based	on	constitutive	modelling	using	ideas	
in	applied	mechanics	that	extend	back	more	than	a	century,	and	with	as	many	substantive	
contributions	from	the	United	States	as	from	the	United	Kingdom.	But	that	brings	us	back	
to	the	Russian	Proverb	“trust	 is	wonderful,	distrust	 is	better”:	We	have	provided	a	 large	
amount	of	data	and	open-source	code	as	a	downloadable	companion	to	this	book	so	that	
you	do	not	have	to	trust	us.	Do	download!

A	further	reason	to	download,	flippancy	aside,	is	that	a	lot	of	the	plots	are	in	colour,and	
many	are	dynamic	so	the	effects	of	changing	properties	can	be	seen.	These	downloads	are	
more	than	a	‘resource’	and	will	greatly	help	you	to	the,	road	to	Damascus,	moment	that	gen-
eralized	CSSM	via	y	is	the	answer	to	geotechnical	questions	(and	in	contrast	to	engineering	
geology,	aka	‘fines	content’).

Finally,	we	hope	that	this	book	has	been	an	enjoyable	read	as	well	as	providing	all	that	is	
needed	to	apply	the	state	parameter	approach	in	engineering	practice.
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Appendix A: Stress and strain measures

This	appendix	overviews	the	stress	and	strain	measures	used	throughout	this	book.	Much	
of	what	follows	is	standard,	but	there	are	a	few	things	that	may	be	unfamiliar	and	which	
are	important.

Because	 the	 approach	 to	 liquefaction	 looks	 towards	 numerical	 modelling,	 and	 indeed	
numerical	analyses	are	used	for	some	aspects,	it	is	helpful	to	get	away	from	friction	angles	
in	favour	of	stress	invariants.	Most	ideas	in	soil	mechanics	have	developed	in	the	context	of	
the	triaxial	test,	and	for	this	test,	the	usual	stress	invariants	are

	

p = + +( )σ σ σ1 2 3

3
	 (A.1)

	
q = −( )σ σ1 3 	 (A.2)

The	two	invariants	are	commonly	referred	to	as	the	mean�stress�(p	or	p′)	and	the	deviator�
stress	(q).	The	bar	superscript	on	stresses	denotes	effective	where	σ σ1 1= − u	and	so	forth	
(u	being	the	pore	water	pressure).	The	corresponding	strain	invariants	associated	with	these	
stress	measures	are

	
� � �ε ε εv = +1 32 	 (A.3)

	

� � �ε ε εq = −2
3

1( )3 	 (A.4)

The	strain	definitions	are	associated	with	the	convention	that	length	reduction	is	a	positive	
strain,	so	that	positive	volumetric	strain	εv	is	associated	with	void	ratio	reduction.	The	dot	
superscript	on	strains	denotes	increment.

These	stress	and	strain	measures	are	work�conjugate,	which	is	no	more	than	a	fancy	term	
for	the	equivalence:

	
q pq v� � � � �ε ε σ ε σ ε σ ε+ = + +1 1 2 2 3 3 	 (A.5)

When	looking	at	soil	behaviour,	it	is	usually	the	relative	amount	of	deviator	to	mean	stress	
that	matters,	and	it	is	usual	to	adopt	the	stress	ratio:

	

η = q
p

	 (A.6)
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The	strain	measure	matching	the	stress	ratio	η	is	the	dilatancy	or	dilation�rate,	defined	as

	

D v

q

=
�
�
ε
ε

	 (A.7)

Dilation	D	is	expressed	in	terms	of	strain	increments,	not	strains	themselves.	It	is	not	usual	to	
use	a	dot	superscript	on	D,	even	though	D	is	a	ratio	of	strain	increments.	Further,	because	of	
the	compression	positive	convention,	the	usual	phraseology	that	dense	soils	‘dilate’	actually	
corresponds	to	negative	values	of	D.

As	 useful	 as	 the	 triaxial	 test	 is	 (and	 it	 has	 provided	 the	 basis	 for	 understanding	 soil),	
more	general	 stress	and	strain	measures	must	be	 introduced	 for	useful	 engineering.	This	
generalization	of	stress	and	strain	measures	is	essential	to	encompass	plane	strain,	which	is	
by	far	the	most	common	practical	situation,	and	for	the	implementation	of	useful	models	
in	finite	element	codes.	 It	 is	helpful	to	work	in	terms	of	the	usual	 invariants	of	plasticity	
theory.	These	 invariants	 trace	back	to	Lode	(1926),	but	were	brought	to	the	attention	of	
the	English-speaking	world	by	Nayak	and	Zienkiewicz	(1972).	Following	Zienkiewicz	and	
Naylor	(1971),	the	deviatoric	stress	q	is	generalized	as	the	invariant	σq,	where

	

σ σ δ σq ij ij ij ij ij ms s s= 





= −1
2

1 2/

with 	 (A.8)

and

	

σ σ σ σ
m = + +( )1 2 3

3
	 (A.9)

These	stress	invariants	are	ubiquitous	in	modern	numerical	approaches	to	modelling	soils	
(e.g.	Smith	and	Griffiths,	1988).	The	mean	effective	stress	 is	only	a	change	of	notation	
(i.e.	σm p≡ ).	The	deviatoric	 invariant	can	be	written	 in	 terms	of	 the	principal	effective	
stresses	as

	

σ σ σ σ σ σ σq = − + − + −





1
2

1
2

1
2

1 2
2

2 3
2

3 1
2

1 2

( ) ( ) ( )
/

	 (A.10)

The	familiar	triaxial	stress	invariant	q	is	given	by	(A.10)	under	triaxial	conditions.
Of	course,	there	are	three	principal	stresses,	so	these	stresses	cannot	be	reduced	to	two	

invariants	without	losing	information.	A	third	invariant	is	needed,	conveniently	taken	as	the	
Lode	angle,	θ:

	

θ
σ

σ σ σ=








 = − −1

3
13 5 2

3
1 2 3
3 1

1 2 3arcsin
. ( )

,
s s s

s
q

with etc. 	 (A.11)

Triaxial	compression	conditions	correspond	to	θ�=	30°	with	triaxial	extension	being	θ	=	−30°.	
Plane	strain	depends	on	 the	 intermediate	principal	 stress	developed	during	straining	and	
typically	lies	in	the	range	15°	<	θ	<	20°.�Plane	strain	is	not	a	fixed	stress	condition	like	the	
triaxial	test.
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There	is	an	information	loss	in	reducing	σ1,	σ2,	σ3	to	invariants	as	a	direction	is	associated	
with	each	of	the	principal	stresses.	In	general,	it	will	be	desirable	to	include	measures	of	the	
direction	of	the	three	principal	stresses	to	the	chosen	coordinate	frame	of	reference	(typi-
cally,	a	rectangular	Cartesian	frame	denoted	as	x,�y,�z).	Of	course,	σ1,	σ2,	σ3	can	readily	be	
recovered	from	the	stress	invariants:

	

σ σ σ θ1
2
3

120= − −m q sin( ) 	 (A.12a)

	

σ σ σ θ2
2
3

= −m q sin( ) 	 (A.12b)

	

σ σ σ θ3
2
3

120= − +m q sin( ) 	 (A.12c)

The	familiar	stress	ratio	η	continues	to	be	defined	as

	

η
σ
σ

= q

m

	 (A.13)

Turning	to	generalized	strain	measures,	critical	state	models	are	based	on	postulates	as	how	
the	work	done	by	stresses	on	an	element	of	soil	is	stored	or	dissipated.	With	such	a	work-based	
fundamental	approach,	it	is	obviously	necessary	that	stresses	and	strain	must	be	expressed	in	
work	conjugate	measures	(the	strain	rate	invariants	used	by	Naylor	and	Zienkiewicz	are	not	
work	conjugate),	as	otherwise	the	theory	becomes	inconsistent	and	so	causing	ambiguities	in	
dilation	rates,	stress	dilatancy,	etc.	(see	Jefferies	and	Shuttle,	2002).	The	issue,	then,	becomes	
that	of	defining	the	work	conjugate	shear	strain	rate	measure	 �γq	(the	triaxial	 �εv	is	already	a	
proper	and	general	strain	rate	invariant).	Stating	the	equivalence	from	work	conjugacy	that

	
σ γ σ ε σ ε σ ε σ εq q m v� � � � �+ = + +1 1 2 2 3 3 	 (A.14)

gives,	on	rearranging,	the	appropriate	work	conjugate	shear	strain	measure:

	

�
� � �

γ ε ε ε
σq
q

s s s= + +1 1 2 2 3 3 	 (A.15a)

On	substituting	the	principal	stresses,	Equations	A.11,	A.12	and	A.15a	may	be	written	as

	

� � � �γ θ θ ε θε θ θ εq = +( ) − + −( )( )1
3

3 2 31 2 3sin cos sin sin cos 	 (A.15b)

The	 strain	 measure	 �γq	 reduces	 to	 the	 triaxial	 variable	 �εq	 under	 triaxial	 conditions.	 This	
strain	measure	was	originally	introduced	by	Resende	and	Martin	(1985).

As	 (A.15b)	 is	 linear,	 the	 usual	 elastic	 plastic	 decomposition	 of	 strain	 � � �γ γ γq q
e

q
p= + 	 can	

be	used.	Critical	state	models	may	then	be	generalized	using	the	chosen	stress	invariants,	
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while	preserving	the	postulated	work	dissipation	basis,	provided	that	plastic	dilatancy	is	
defined	as

	

DP v
p

q
p=

�
�
ε
γ

	 (A.16)

Just	as	with	η,	the	general	measure	of	dilation	from	(A.16)	reduces	to	the	familiar	triaxial	
variable	under	triaxial	conditions.
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Appendix B: Laboratory testing to 
determine the critical state of sands

Ken Been and Roberto Olivera

B.1  overvIeW

The	critical	state	line	(CSL)	is	commonly	determined	in	the	laboratory	by	means	of	triaxial	
tests.	Paths	followed	during	conventional	 isotropically	consolidated	undrained	(CIU)	and	
isotropically	consolidated	drained	(CID)	testing	are	shown	on	a	state	plot	in	Figure	B.1	for	
both	initially	loose	and	dense	conditions.

The	loose	specimen	shown	in	Figure	B.1	with	a	solid	circle	has	an	initial	positive	state	
parameter.	When	 shear	undrained,	 the	 tendency	of	 the	 sample	 to	 contract	will	 result	 in	
positive	pore	pressures	and	a	decrease	in	mean	effective	stress.	Undrained	conditions	restrict	
volume	change	resulting	in	a	horizontal	shift	of	the	state	plot	towards	the	CSL	(path	A	in	
Figure	B.1).	When	shear	drained,	the	specimen	will	tend	to	decrease	its	volume	resulting	
in	a	reduction	in	void	ratio	accompanied	with	an	increase	in	the	mean	effective	stress	with	
increasing	deviatoric	load,	resulting	in	a	shift	towards	the	bottom	right	on	a	state	plot	(path	
B	in	Figure	B.1).	The	behaviour	of	a	dense	specimen	with	an	initial	negative	state	param-
eter	is	also	illustrated	in	Figure	B.1	for	common	CID	and	CIU	tests	with	paths	C	and	D,	
respectively.

The	ideal	laboratory	test	program	will	be	targeted	at	determining	behaviour	for	a	range	
of	 initial	positive	and	negative	state	parameters;	however,	 there	are	practical	difficulties	
associated	 with	 testing	 a	 range	 of	 initial	 conditions.	 As	 will	 be	 shown	 shortly	 (Section	
B.6),	achieving	a	desired	density	after	consolidation	could	prove	challenging	 for	certain	
soils	when	specimens	are	reconstituted	to	a	loose	state.	Also,	when	shear	drained,	dense	
specimens	 may	 develop	 shear	 bands	 with	 deformation	 and	 volume	 changes	 occurring	
along	complex	localization	zones	that	depend	on	testing	conditions	(Desrues	et al.,	1996).	
Experimental	evidence	presented	by	Desrues	et al.	(1996)	using	computer	tomography	indi-
cates	that	the	void	ratio	within	the	shear	zone	(termed	the	local	void	ratio	by	Desrues	et al.)	
tends	 towards	 the	 critical	 state.	This	 local	 void	 ratio	 is	 greater	 than	 the	 global	 average	
measured	conventionally	in	the	laboratory	using	the	volume	of	the	test	specimen.	The	prac-
tical	consequence	of	this	behaviour	is	illustrated	in	Figure	B.1,	with	path	C,	which	plots	a	
global	average	void	ratio	that	indicates	that	the	CSL	determined	using	loose	specimens	is	
not	reached	with	dense	soils.

Loose	samples	do	not	form	shear	planes	and	do	not	have	the	tendency	to	localization	that	
is	normal	in	dense	(dilatant)	sands.	Originally,	the	standard	protocol	followed	Castro	and	
concentrated	on	undrained	tests.	Undrained	tests	are	more	convenient	and	should	always	
be	the	starting	point	for	the	practical	reason	that	the	strains	required	to	reach	the	critical	
state	are	well	within	the	limits	of	triaxial	equipment	for	loose	samples.	Small	strains	result	
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in	large	pore	pressure	changes,	and	therefore	undrained	samples	can	change	state	(i.e.	move	
to	the	critical	state)	relatively	quickly.

However,	it	turns	out	that	it	is	difficult	to	obtain	data	on	the	CSL	above	about	p′	=	400	kPa	
with	undrained	tests,	as	it	is	necessary	to	consolidate	the	sample	to	p′	=	2	MPa	or	more	prior	
to	shearing.	Such	high	pressures	are	both	inconvenient	for	most	commercial	triaxial	equip-
ment	and	often	involve	grain	crushing	effects.	Drained	tests	are	therefore	used	as	well	as	
undrained.	 In	drained	 tests	on	 loose	 samples,	 the	 sample	moves	 to	 the	critical	 state	at	a	
much	slower	rate,	and	displacements	to	the	limits	of	the	triaxial	equipment	are	required.

The	preferred	method	of	determining	the	CSL	is	a	series	of	triaxial	compression	tests	on	
loose	samples,	generally	markedly	looser	than	the	critical	state.	The	number	of	tests	needed	
depends	on	various	factors	including	the	amount	of	material	available	and	more	generally	
on	budgetary	and	schedule	restrictions.	The	range	of	confining	pressures	will	also	depend	
on	the	problem	at	hand.	For	liquefaction	studies,	interest	is	generally	concentrated	on	shal-
low	depths	and	hence	relatively	 low	confining	pressures;	however,	other	projects	may	be	
concerned	with	determining	behaviour	at	high	stresses	like	pressures	below	a	dam.

The	range	of	testing	stresses	and	number	of	tests	should	be	evaluated	on	a	case-by-case	
basis.	However,	a	good	starting	point	and	one	commonly	used	is	to	run	three	loose	tests	
under	undrained	conditions	(CIU)	at	initial	confining	pressures	of	100,	200	and	400	kPa,	
and	one	loose	drained	test	(CID)	at	an	initial	pressure	of	about	400	kPa	(see	Figure	B.2).	
This	selection	of	initial	test	conditions	will	typically	provide	a	definition	of	the	CSL	in	the	
10–700	kPa	range,	which	is	common	in	many	geotechnical	engineering	problems.	Additional	
tests	may	be	carried	out	to	refine	the	CSL,	expand	the	range	of	initial	state	parameters	or	
expand	the	stress	range	as	required.

Successful	CSL	testing	is	dependent	on	getting	certain	details	of	the	triaxial	testing	correct:

•	 Uniform	samples	must	be	prepared	in	a	suitably	loose	state	at	a	predetermined	void	
ratio	(the	operator	must	be	able	to	achieve	a	desired	void	ratio).

•	 When	reconstituting	samples,	the	soil	must	be	thoroughly	mixed	at	the	predetermined	
water	content.

•	 Samples	must	be	fully	saturated.
•	 The	void	ratio	must	be	known	accurately	(to	within	about	±0.003).
•	 The	measurement	system	must	be	capable	of	measuring	low	stresses	and	pore	pres-

sures	at	a	high	rate	with	very	little	system	compliance	(a	‘liquefied’	sample	may	be	at	
a	mean	effective	stress	of	≈1	kPa,	derived	as	the	difference	between	a	measured	total	
stress	of	300	kPa	and	pore	pressure	of	299	kPa).
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Figure B.1 Stress–strain–void ratio paths for conventional CID and CIU tests.
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Each	of	these	aspects	is	covered	in	some	detail	in	the	following	sections.	However,	a	famil-
iarity	 with	 standard	 laboratory	 practice	 is	 assumed,	 in	 particular	 a	 good	 understanding	
of	 triaxial	 testing	 methods	 and	 equipment.	 There	 are	 good	 textbooks	 and	 papers	 that	
address	 the	 laboratory	 testing	 techniques	 that	 are	 discussed	 in	 this	 chapter.	 Bishop	 and	
Henkel	(1962)	is	a	geotechnical	classic	on	the	triaxial	test,	while	the	ASTM�Symposium�on�
Advanced�Triaxial�Testing�of�Soil�and�Rock	in	1986	(Donaghe	et al.,	1988)	contains	many	
excellent	papers.	A	significant	step	in	computer-controlled	testing	was	the	development	of	
the	hydraulic	cell	for	controlled	stress	path	testing	by	Bishop	and	Wesley	(1975).	What	we	
present	in	this	appendix	are	the	additional	aspects	that	you	need	to	be	aware	of,	and	imple-
ment,	to	measure	the	critical	state	reliably.

B.2  equIpMent

A	detailed	description	about	the	laboratory	testing	equipment	and	requirements	is	found	in	
testing	standards	including	ASTM	D4767	for	Consolidated	Undrained	Triaxial	Compression	
tests	 and	D7181	 for	Consolidated	Drained	Triaxial	Compression	Tests.	Other	 standards	
(e.g.	British,	Australian	and	Norwegian)	may	be	consulted	as	well.	What	follows	are	recom-
mended	modifications	to	the	standard	equipment	and	specific	equipment	modifications	for	
critical	state	testing.

B.2.1  Computer control

The	 use	 of	 computer-controlled	 volume/flow	 pumps	 and	 load	 frame	 is	 highly	 recom-
mended	 for	 critical	 state	 testing.	Computer-controlled	pumps	provide	added	accuracy	 in	
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Figure B.2 State diagram for initial tests to determine the CSL using four specimens.
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the	measurement	of	volumes	and	pressures	over	the	classical	pressure	control	panel,	where	
water	volumes	are	measured	from	burettes.	The	use	of	this	equipment	used	to	be	limited	to	
research	institutions,	but	nowadays	it	can	be	found	in	most	commercial	laboratories.	The	
initial	 capital	 investment	 is	 higher;	 however,	 testing	 is	more	 efficient,	 and	with	practice,	
testing	time	of	a	single	specimen	can	be	reduced	to	a	couple	of	days,	as	the	test	and	mea-
surements	are	continuous	(24 h	a	day)	throughout	the	test.	With	time,	improved	accuracy,	
quality	and	efficiency	can	offset	the	initial	investment.

B.2.2  platens

For	sand	testing,	lubricated	end	platens	are	essential	to	reduce	the	influence	of	platen	restraint	
on	stresses	in	the	sample	and	on	non-uniformity	of	strains	(Rowe	and	Barden,	1964).	The	
use	of	enlarged	platens	is	also	recommended,	as	dilative	samples	may	expand	their	volume	
radially	beyond	the	initial	sample	diameter.

A	simple	system	 is	 illustrated	 in	Figure	B.3.	The	 lubricated	end	consists	of	 two	discs	
of	 standard	 triaxial	 latex	 membrane,	 with	 a	 thin	 layer	 of	 silicone	 grease	 sandwiched	
between	 them.	 The	 platens	 should	 ideally	 be	 some	 5  mm	 larger	 in	 diameter	 than	 the	
sample	to	allow	uniform	radial	strains	at	the	ends	of	the	sample.	Naturally,	the	lubricat-
ing	discs	mean	that	a	full-sized	porous	stone	cannot	be	used,	but	this	is	not	a	problem	as	
sands	are	relatively	permeable.	A	30 mm	diameter	porous	stone	in	the	centre	of	a	71 mm	
sample	is	quite	adequate	and	must	be	inset	into	the	platen	as	illustrated.	A	disadvantage	
with	the	use	of	a	central	porous	disc	is	that	properties	measured	during	the	consolidation	
stage	(i.e.	coefficient	of	consolidation	and	permeability)	cannot	be	determined	as	the	flow	
boundary	is	modified.

Sample (diameter < platen)

Lubricated rubber
interface (see detail)

Platen

Sample

Porous stone
Two layers of latex
rubber (0.25 mm thick)
with a coating of
silicone grease between

Porous stone 
in recess

Figure B.3 Lubricated end platen for triaxial testing of sands.
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B.2.3  axial load measurement

Load	measurement	should	use	an	internal	load	cell	to	avoid	friction	in	the	piston	bearings	
affecting	the	results.	This	is	especially	important	for	loose	sand	samples	where	the	deviator	
stress	at	the	critical	state	may	be	in	the	order	of	1–5	kPa.	Another	tactic	we	have	employed,	
which	avoids	the	issue	of	waterproofing	load	cells	and	electrical	connections	through	a	pres-
surized	triaxial	cell,	is	to	measure	loads	at	the	bottom	of	the	sample.	This	requires	a	piston	
below	the	lower	platen,	through	the	cell	base,	resting	on	a	load	cell.	This	piston	does	not	
move	(other	than	for	compliance	of	the	load	cell	itself,	which	is	minimal),	and	therefore	fric-
tion	is	minimized,	as	illustrated	in	Figure	B.4.

B.2.4  Compaction mould

Sample	preparation	requires	the	use	of	a	non-standard	compaction	mould	with	modifica-
tions	 to	 accommodate	 enlarged	 platens	 and	 allow	 reconstitution.	 A	 schematic	 of	 such	 a	
modified	preparation	mould	is	presented	in	Figure	B.5,	which	can	be	used	for	moist	tamping	
and	dry	pluviation.	This	mould	can	also	be	used	for	wet	pluviation	and	slurry	deposition	
with	minor	modifications.	The	internal	surface	of	the	mould	can	be	provided	with	a	grid	
of	small	groves	that	will	help	distributing	the	vacuum	and	allow	the	triaxial	membrane	to	
attach	to	the	mould	when	reconstituting	the	specimen.

B.2.5  tamper

Although	tampers	available	in	most	laboratories	are	standard,	the	schematic	(Figure	B.6)	
shows	a	modification	that	allows	controlling	the	layer	height	when	reconstituting	sam-
ples.	The	rod	is	set	up	with	a	couple	of	clamps	that	allow	fixing	the	drop	height	of	the	
tamper	inside	the	mould	to	a	predetermined	level	providing	the	desired	layer	thickness.	
This	tamper	eliminates	the	need	to	draw	marks	on	the	membrane	to	indicate	the	height	
of	individual	layers	and	has	been	found	by	the	authors	to	accelerate	the	sample	reconsti-
tution	process.	This	type	of	tamper	is	useful	for	implementing	the	sample	reconstitution	
process	presented	in	Section	B.3.5	and	can	be	used	with	the	compaction	mould	shown	in	
Figure	B.5.

Sample

Load cell
mounted below

sample

Figure B.4  Load  cell  underneath  triaxial  chamber  to minimize piston  friction effects  (note bowl 478  for 
observing CO2 bubbling through sample).
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B.3  saMple preparatIon

Sample	preparation	has	much	concerned	laboratory	testers	of	sands	for	many	years.	In	par-
ticular,	studies	in	the	mid-1970s	showed	how	specimen	preparation	markedly	affected	the	
cyclic	strength	of	sands.	There	are	now	many	different	methods	of	sample	preparation,	with	
minor	differences	in	detail	between	laboratories.

Much	of	the	concern	with	sample	preparation	has	been	its	major	effect	on	the	behaviour	
of	the	sample	during	the	test.	Ladd	(1977),	for	example,	made	this	point	very	clearly	for	
cyclic	resistance	in	triaxial	tests	(Figure	B.7).	Since	then,	many	other	workers,	in	particular	
Vaid	and	Thomas	(1995),	have	shown	that	liquefaction	under	monotonic	loading	is	mark-
edly	affected	by	soil	fabric	and	stress	path	to	failure.	This	is	because	the	method	of	specimen	
preparation	determines	the	structure,	or	fabric,	of	the	sand.	These	aspects	have	been	tested	
in	a	thorough	program	of	experimentation	on	Erksak	330/0.7	sand,	reported	in	Been	et al.	
(1991),	and	are	discussed	 later.	However,	 for	 the	CSL	determination,	 this	 is	not	a	major	
concern.	The	critical	state	is	reached	only	after	the	initial	structure	has	been	destroyed,	and	
the	sample	reaches	a	very	different	particle	arrangement	at	large	strains.	The	main	concern	
for	specimen	preparation	in	the	CSL	testing	is	therefore	that	uniform	samples	are	obtained	
at	predetermined	void	ratios.

Moist	 tamping	 is	 the	easiest	method	of	preparation	to	achieve	a	full	range	of	densities	
and	is	therefore	described	in	detail.	Wet	and	dry	pluviation	techniques	are	also	described	
briefly,	as	they	are	useful	techniques	for	preparing	samples	for	other	testing	to	determine	

Collar

Membrane

Split compaction
mould

O-ring

Ring

Figure B.5  Sample preparation mould to accommodate enlarged platens (note ring, with same diameter as 
top platen, between upper collar and mould to hold membrane in place).
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design	parameters.	Figure	B.8	illustrates	these	methods	schematically.	A	variation	on	wet	
pluviation,	called	the	slurry	deposition	method	by	Kuerbis	and	Vaid	(1988),	is	also	described	
for	completeness.

It	is	useful	before	dealing	with	specimen	preparation	to	repeat	here	the	sequence	of	prepa-
ration	for	the	testing	of	samples	in	the	triaxial	test:

•	 Prepare	platens	by	placing	double-lubricated	rubber	membranes.
•	 Assemble	base	of	triaxial	cell	with	lower	platen.
•	 Place	membrane	and	split	mould	over	lower	platen.
•	 Draw	membrane	to	mould	with	vacuum.
•	 Deposit	or	tamp	sample	into	mould.
•	 Place	upper	platen	on	formed	sample	and	attach	membrane	to	platen.
•	 Apply	partial	vacuum	(negative	pore	pressure)	to	sample	to	keep	its	shape.
•	 Remove	mould.
•	 Measure	sample	height	and	diameter	(to	determine	density).
•	 Assemble	remainder	of	triaxial	cell.
•	 Saturate	sample	(always	keeping	a	positive	effective	stress).
•	 Check	saturation	with	a	B-value	measurement.
•	 Consolidate	sample	to	the	desired	stress	level.
•	 Run	test	(extension/compression/cyclic/etc.).

Compaction foot–interchangeableNut

50.8 mm

Lower plate

Upper plate

67.9 mm

13.4 mm
Total height = 360 mm

31.1 mm

31.7 mm

Two height adjusters

12.8 mm

Rod dia. = 12.8 mm; threaded at the bottom

Allen screws

Ø12.9 mm

9.5 mm 35.6 mm

3.3 mm

19.0 mm

Figure B.6 Compaction hammer to control lift height during sample compaction.
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Test conditions
Relative density, Dr (%)

InitialSymbol
58–60

59

59–60
57–60

61–62
62–64
61–64
63–64 7,200

7,200
7,200
7,200

Moist vibration & Moist tamping

Dry vibration & Dry tamping

Notation
Preparation methodЄpp = 10%

Єpp = 5%

Note: 1kN/m2– 20.88 lb/ft2

Symbol

After
consolidation

Dry vibration
Moist vibration
Dry tamping
Moist tamping

1 10 100
Number of loading cycles required to obtain

peak-to-peak axial strain of 5% and 10%

St
re

ss
 ra

tio
, ±

 σ
d/

2σ
3c

1,000
0

0.1

0.2

0.3

0.4

0.5

σ3c
lb/ft2

Figure B.7  Effect of sample preparation on the cyclic resistance of sand samples. (From Ladd, R.S., J. Geotech. 
Eng. Div., ASCE, 103, 535, 1977. With permission from ASCE.)

5 cm

Moist
sand

Moist placement
(wet tamping)

12 mm

Dry sand

Dry deposition

3.5 mm

1~3
mm

Dry 
sand

Water sedimentation

Figure B.8  Illustration of  sample  preparation methods  for  clean  sands.  (From  Ishihara, K., Géotechnique, 
43(3), 349, 1993. With permission from Institution of Civil Engineers and Prof. Ishihara.)
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At	the	end	of	the	test,	the	sample	density	is	once	again	checked	preferably	using	the	freezing	
technique	as	described	later.	This	post-test	measurement	is	usually	considered	the	most	accu-
rate	density	determination	because	the	process	of	saturation	during	sample	preparation	leads	
to	a	volume	change	of	the	sample	that	is	difficult	to	measure	in	the	laboratory.	Ignoring	this	
volume	change,	especially	for	loose	samples,	can	lead	to	a	systematic	error	in	the	determina-
tion	of	the	CSL,	although	the	error	is	not	as	big	as	suggested	by	Sladen	and	Handford	(1987).

B.3.1  Moist tamping method

Moist	 tamping	 uses	 a	 moisture	 content	 of	 about	 5%,	 which	 results	 in	 capillary	 forces	
between	the	sand	grains	and	allows	bulking	of	the	sand	to	low	densities	not	achievable	with	
wet	or	dry	samples.	The	effective	stress	induced	in	the	sample	by	the	capillary	forces	also	
helps	to	keep	the	sample	shape	once	the	split	mould	is	removed.	The	sample	is	prepared	in	
six	(or	more)	equal	layers	of	equal	density.

The	first	step	in	specimen	preparation	is	to	calculate	the	target	void	ratio	of	the	test	and	
then	work	back	to	the	target	preparation	void	ratio	based	on	estimates	of	volume	changes	
during	saturation	and	consolidation.	From	the	target	void	ratio	and	the	size	of	the	specimen	
mould,	the	dry	density	and	dry	weight	of	sand	for	the	sample	is	calculated.	The	most	useful	
equation	needed	here	is	the	relationship	between	void	ratio	and	dry	density:
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and	therefore	if	γd	is	expressed	in	units	of	water	density	(1000 kg/m3),	the	equations	are
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Once	the	target	dry	weight	of	the	sample	has	been	computed,	the	specimen	is	prepared	as	
follows:

•	 Preweigh	six	equal	portions	of	oven-dried	sand	material	(i.e.	one-sixth	of	the	calcu-
lated	total	dry	sample	weight)	into	six	preparation	dishes.

•	 Mix	the	material	in	each	dish	with	distilled	water	to	give	a	moisture	content	of	about	
5%	and	allow	to	cure	for	a	minimum	of	16 h	(overnight,	in	a	humid	room	or	with	a	lid	
on	the	dish	is	ideal	to	allow	the	fines	in	the	sample	to	become	properly	‘wet’).

•	 tamp	the	first	layer	into	the	membrane-lined	mould.	A	technique	is	needed	to	ensure	
that	the	layer	is	not	over	compacted;	it	should	end	up	being	exactly	one-sixth	of	the	
sample	height.	A	 tamper	with	an	adjustable	 stop	 is	 illustrated	 in	Figure	B.6.	Before	
tamping,	 the	 stop	 is	 adjusted	 so	 that	 the	 tamping	 foot	 stops	 at	 exactly	 the	 top	 of	
the	layer.	The	entire	sixth	portion	of	the	sample	is	placed	in	the	mould,	and	the	sample	
layer	is	gently	tamped	until	the	tamper	hits	the	stop	at	every	stroke.

•	 Scarify	the	top	of	the	tamped	layer	gently	to	avoid	a	smooth	planar	surface	between	
layers.

•	 Repeat	the	layer	deposition	and	tamping	process	until	all	six	layers	are	formed.

B.3.2  Wet pluviation

Many	workers	have	pointed	out	that	moist	tamping	results	in	a	specimen	fabric	or	struc-
ture	 that	 is	dissimilar	 to	 that	which	will	be	obtained	 in	nature,	and	 therefore	pluviation	
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techniques	of	sample	preparation	are	preferable.	It	is	no	doubt	true	that	moist	tamping	is	not	
representative	of	natural	sand	deposition,	but	this	raises	the	question	of	whether	any	labo-
ratory	sample	preparation	method	is	representative.	Pluviation	in	the	quiescent	laboratory	
conditions	is	unlikely	to	be	similar	to	underwater	deposition	in	rivers	and	seabeds	where	
strong	currents	are	usually	active	at	the	time	of	deposition.	The	assertion	that	wet	pluvia-
tion	matches	in-situ	conditions	is	presently	only	speculation.	Nevertheless,	wet	pluviation	
is	a	useful	sample	preparation	technique	when	samples	without	any	pre-consolidation	due	
to	capillary	tension,	or	samples	with	a	different	fabric	from	moist	tamping,	are	required.	
It	is,	however,	difficult	to	control	the	ultimate	void	ratio	of	a	pluviated	sample.	The	steps	for	
sample	preparation	are	as	follows:

•	 Calculate	the	total	dry	weight	of	sand	for	the	target	void	ratio.
•	 Weigh	out	a	single	oven-dried	sample	of	the	correct	amount.
•	 Place	dry	sample	in	a	long-necked	flask.
•	 Add	de-aired	water	to	fill	the	flask.
•	 Apply	a	vacuum	to	the	top	of	the	flask	to	ensure	saturation	of	the	sample.
•	 Leave	sample	to	cure	for	several	hours.
•	 Fill	the	membrane-lined	sample	mould	with	de-aired	water.
•	 With	a	thumb	over	the	neck	of	the	flask,	invert	the	flask	and	insert	the	neck	into	the	

water	in	the	mould	to	approximately	25 mm	above	the	bottom	of	the	mould.
•	 Remove	thumb	(if	 it	has	managed	to	stay	in	place	with	insertion	that	deep	into	the	

mould!).	The	sand	will	now	gradually	flow	out	of	the	flask	under	gravity,	and	excess	
water	will	flow	up	into	the	flask	to	replace	the	sand.

•	 Allow	the	sand	to	pluviate	like	this	while	moving	the	neck	of	the	flask	slowly	and	con-
tinuously	in	a	circular	motion.	The	neck	should	be	kept	at	a	constant	height	of	about	
25 mm	above	the	top	of	the	forming	sample.

•	 Remove	flask	when	all	the	sand	has	pluviated	out.

At	this	stage,	the	top	of	the	sample	will	hopefully	be	above	the	final	target	height,	and	gentle	
tapping	of	mould	will	densify	 the	sand	to	the	correct	height.	 (If	 the	 top	of	 the	sample	 is	
below	the	target	sample	height,	there	is	not	much	one	can	do	other	than	to	accept	a	denser	
sample	or	start	preparation	of	the	sample	from	scratch.)

Some	minor	additions	to	the	preparation	equipment	are	useful.	In	particular,	it	is	useful	
to	have	an	insert	to	extend	the	height	of	the	forming	mould.	Initial	deposition	looser	than	
the	target	density	will	then	not	result	in	overflowing	and	loss	of	sand.	Once	the	sample	has	
been	tapped	down	to	the	correct	height,	the	excess	water	at	the	surface	has	to	be	removed.	
An	ear	(as	in	medical)	syringe	is	ideal	for	this	purpose.

It	is	important	to	note	that	wet	pluviation	does	result	in	some	fines	loss	from	the	sand,	
roughly	50%.	Thus,	a	sample	that	starts	with	2%	fines	may	end	up	with	only	1%	fines	after	
pluviation	into	the	mould.	This	should	be	accounted	for	in	the	density	and	dry	weight	cal-
culations,	and	it	is	also	advisable	to	check	the	final	fines	content	of	the	sample	after	the	test.	
(The	fines	is	usually	neatly	collected	in	the	flask	during	pluviation	and	can	also	be	weighed	
or	‘recycled’	with	future	samples.)

B.3.3  slurry deposition

The	slurry	deposition	method	was	developed	by	Kuerbis	and	Vaid	(1988)	mainly	to	over-
come	the	problem	of	particle	segregation	in	poorly	graded	or	silty	sand	samples.	First,	the	
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silt	or	clay	fines	must	be	separated	from	the	sand.	The	coarse	and	fine	fractions	are	then	
mixed	with	water	and	boiled	to	de-air	the	mixtures.

The	sample	is	initially	prepared	in	a	mixing	tube	with	a	slightly	smaller	diameter	than	the	
final	sample.	The	fines	mixture	is	poured	into	the	mixing	tube,	and	the	fines	is	allowed	to	settle	
before	pluviating	the	sand	mixture	into	the	tube	as	described	earlier.	The	tube,	which	is	now	
full	of	water,	needs	to	be	sealed	closed.	The	bottom	of	the	tube	should	initially	have	been	sealed	
with	a	rubber	stopper,	while	the	top	is	covered	with	a	porous	stone	(de-aired),	a	thin	metal	
plate	and	a	stretched	rubber	membrane.	The	porous	stone	will	ultimately	be	placed	on	the	bot-
tom	platen	of	the	triaxial	cell.	To	maintain	saturation,	Kuerbis	and	Vaid	recommend	that	seal-
ing	of	the	mixing	tube	be	carried	out	in	a	water	bath.	The	sample	is	then	mixed	by	vigorously	
rotating	the	mixing	tube	for	about	20 min	until	a	completely	homogenous	sample	is	obtained.

Next,	the	mixed	slurry	must	be	transferred	to	the	triaxial	cell.	The	mixing	tube	is	placed	
on	the	lower	platen,	which	must	be	in	a	water	bath	so	that	the	stretched	membrane	can	be	
rolled	back	and	the	steel	plate	removed	leaving	the	porous	stone	held	in	place	by	water	ten-
sion.	Once	the	triaxial	testing	membrane	has	been	stretched	over	this	assembly,	the	assembly	
can	be	removed	from	the	water	bath	and	a	split	mould	assembled	around	the	mixing	tube.	
Vacuum	is	applied	to	stretch	the	membrane	to	the	sides	of	the	mould,	and	water	is	added	
to	the	gap	between	the	mould	and	the	mixing	tube.	The	rubber	stopper	on	the	top	of	the	
mixing	tube	is	then	removed	to	release	the	water	tension,	and	the	mixing	tube	is	withdrawn	
slowly	leaving	a	uniform	very	loose	sand	slurry	in	the	mould.

The	sample	can	be	densified	by	gentle	vibration	or	tapping	as	described	earlier	for	pluva-
tion,	and	the	cell	assembly	completed	as	usual.

B.3.4  Dry pluviation

Dry	pluviation	is	mentioned	here	as	it	is	a	commonly	used	and	reliable	method	to	achieve	
a	uniform	density	in	clean	sands.	By	close	control	on	the	rate	of	deposition	and	the	drop	
height	of	the	sand,	a	range	of	densities	(a	range	of	density	index	of	about	30%–70%)	can	
be	achieved	with	the	technique.	An	assessment	of	the	technique	and	factors	affecting	the	
density	is	provided	by	Rad	and	Tumay	(1987).	This	sample	preparation	method	needs	more	
sophisticated	equipment	 than	moist	 tamping	or	wet	pluviation,	and	there	are	 therefore	a	
number	of	variants	of	the	method.

The	principle	of	dry	pluviation	is	that	the	correct	dry	weight	of	sand	is	contained	in	a	
hopper	of	the	same	diameter	as	the	sample	mould.	This	hopper	is	placed	directly	above	the	
sample	mould.	Sand	is	then	allowed	to	pluviate	through	a	diffuser,	for	example,	a	coarse	
mesh	sieve,	into	the	mould.	Drop	height	is	controlled	by	ensuring	the	diffuser	is	at	a	constant	
height	above	the	sample	surface.	Pluviation	rate	is	controlled	by	the	size	and	the	number	of	
holes	in	the	bottom	of	the	hopper.

While	 dry	 pluviation	 results	 in	 the	 most	 uniform	 sample	 compared	 to	 wet	 pluviation	
and	moist	tamping,	its	application	is	limited.	Sands	with	plastic	fines	cannot	be	prepared	
this	way	as	the	drying	process	coagulates	the	fines.	It	is	also	difficult	to	prepare	very	loose	
samples	with	this	technique.	Finally,	as	with	moist	tamping,	unmeasurable	volume	changes	
may	occur	during	saturation	of	the	samples.

B.3.5  recommended sample reconstitution procedure

The	recommended	procedure	for	sample	preparation	is	presented	in	this	section.	It	follows	
the	moist	tamping	technique	previously	described	adapted	for	the	use	of	six	(or	more)	layers	
of	equal	volume.
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The	sand	specimen	is	prepared	at	a	moisture	content	of	about	5%,	although	this	initial	
content	may	vary	and	could	be	brought	closer	to	optimum	in	the	case	of	dense	specimens.	
The	sample	is	thoroughly	mixed	and	is	stored	in	a	covered	container	for	a	minimum	of	16 h	
prior	to	compaction.

An	important	aspect	of	sample	reconstitution	involves	achieving	a	uniform	sample	density	
throughout	the	specimen.	When	sand	is	compacted	in	layers,	the	compaction	of	each	succeed-
ing	layer	can	further	densify	the	sand	below	it.	These	aspects	have	been	identified	by	Ladd	
(1978),	who	proposed	the	under-compaction	method	consisting	of	compacting	the	bottom	
layers	to	a	lower	density	than	the	final	desired	value	by	a	predetermined	amount	defined	as	
percent	under-compaction,	Un.	The	value	of	Un	in	each	layer	is	linearly	varied	from	the	bottom	
to	the	top	layer,	with	the	bottom	first	layer	having	the	maximum	Un	value	(Ladd,	1978).

Under-compaction	becomes	important	when	reconstituting	loose	specimens,	and	as	previ-
ously	described,	reconstituting	specimens	to	densities	looser	than	critical	is	recommended	
for	defining	the	CSL.	Determining	the	percent	under-compaction	is	an	empirical	procedure,	
but	after	a	couple	of	trials,	and	with	practice,	the	laboratory	operator	will	develop	a	sense	as	
to	what	this	number	should	be.	It	may	be	necessary	to	reconstitute	one	or	two	trial	samples	
before	the	test	program	is	initiated.

The	 procedure	 presented	 by	 Ladd	 has	 been	 modified	 to	 consider	 n	 layers	 of	 constant	
height.	First,	the	total	weight	of	moist	sample	(Wmt)	required	to	achieve	the	desired	density	
or	void	ratio	is	calculated	using	the	known	specimen	(mould)	volume.	Then,	the	weight	per	
layer	is	calculated	using	the	following	equation:
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Figure	B.9	shows	a	schematic	with	the	sample	reconstitution	process	summarized	as	follows:

•	 Prepare	top	and	bottom	platens.	Clean	the	surfaces	and	place	a	thin	coat	of	vacuum	
grease	on	the	surface	avoiding	touching	and	clogging	the	porous	stones.	Place	the	first	
latex	membrane	on	the	prepared	surface	and	place	a	second	coat	of	vacuum	grease	on	
the	latex	membrane.	Place	the	second	latex	membrane	on	top	of	the	first	membrane.	
The	vacuum	grease	should	be	sticky	enough	to	allow	the	two	latex	membranes	in	place	
throughout	the	reconstitution	process.

•	 Mount	the	compaction	mould	and	triaxial	membrane	around	the	bottom	platen	and	
apply	vacuum	to	stretch	the	triaxial	membrane	against	the	walls	of	the	mould.	Some	
moulds	are	provided	with	a	grid	of	small	groves	that	will	help	distributing	the	vacuum	
throughout	the	internal	face	of	the	mould.

•	 Set	the	base	of	the	tamper	to	a	predefined	height	using	one	or	two	lightweight	(acrylic	
or	aluminium)	spacers.

•	 Pour	 the	 first	 portion	 of	 wet	 soil	 into	 the	 membrane-lined	 mould	 calculated	 with	
Equation	B.3.	Distribute	the	soil	around	the	base	of	the	mould	with	the	aid	of	a	long	
wire	or	needle.	It	is	important	to	thoroughly	mix	the	soil	to	ensure	that	the	particle	
gradation	in	each	layer	is	as	uniform	as	possible	and	to	avoid	segregation.

•	 Tamp	the	first	layer	into	the	membrane-lined	mould.
•	 Scarify	the	top	of	the	tamped	layer	gently	to	avoid	a	smooth	planar	surface	between	

layers.
•	 Repeat	the	layer	deposition	and	tamping	process	until	all	layers	are	formed.
•	 Remove	the	mould	by	applying	vacuum	to	the	sample	through	the	drainage	lines.
•	 Measure	 the	dimensions	of	 the	 specimen	using	 a	 caliper	with	 a	minimum	of	 three	

height	measurements	 (120°	 apart)	 and	at	 least	 three	diameter	measurements	 at	 the	
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quarter	 points	 of	 the	 height.	 A	 pi	 tape	 is	 recommended	 to	 measure	 the	 circumfer-
ence	rather	than	a	caliper.	The	standard	here	is	to	have	individual	measurements	of	
height	or	diameter	not	varying	from	average	by	more	than	5%.	The	effectiveness	of	the	
under-compaction	method	and	the	selected	degree	of	under-compaction	can	be	veri-
fied	at	this	stage	with	the	variation	in	the	circumference	measurements.

B.4  saMple saturatIon

There	are	a	number	of	techniques	to	aid	saturation	of	sand	samples	prepared	dry	or	moist,	
some	 of	 which	 are	 described	 later.	 Saturation	 is	 important	 in	 that	 constant-volume	 (or	
undrained)	conditions	cannot	be	assumed	unless	the	sample	is	fully	saturated.

1. Assemble mould 2. Set the base of
      the tamper and

  fix the clamp

3. Remove spacers

4. Place the soil 5. Tamp the soil
    layer to fixed

            height and scarify

6. Repeat from 2
         for the next layer

Figure B.9  Illustration of recommended sample preparation method (moist tamping and under-compaction 
of lower layers).
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The	basic	saturation	process	for	specimens	prepared	dry	or	moist	is	that	de-aired	water	
is	flushed	through	the	sample	(always	from	bottom	to	top)	to	displace	the	air.	This	process	
does	not	 result	 in	 full	 saturation.	The	water	pressure	 is	 then	 increased	 gradually,	which	
results	in	both	a	reduction	of	the	volume	of	air	due	to	compression	and	increased	dissolu-
tion.	The	degree	of	saturation	is	checked	by	carrying	out	a	‘B-test’	in	which	a	step	increment	
in	total	cell	pressure	(σ3)	is	applied	with	the	sample	undrained,	and	the	corresponding	incre-
ment	in	pore	pressure	(u)	is	measured.	Skempton’s	B	value	is	then	determined	as

	
B

u= ∆
∆σ3

	 (B.4)

In	a	fully	saturated	sample	where	the	water	is	incompressible	compared	to	the	soil	skeleton,	
B	should	be	1.	In	practice,	there	is	some	compliance	in	the	test	apparatus,	and	sand	samples	
are	not	as	compressible	relative	to	water	as	clay	samples.	Therefore,	a	B	of	about	0.97	is	
achievable	and	recommended	as	a	target	to	indicate	full	saturation.

In	general,	the	larger	the	grain	size	of	a	sand	and	the	less	fines	it	contains,	the	easier	it	is	
to	saturate.	Sands	with	a	D50	of	less	than	0.200 mm	and	a	fines	content	of	5%	or	more	can	
be	difficult	to	saturate,	and	back	pressures	of	400	kPa	or	more	may	be	required	to	achieve	
a	B	value	of	0.97.

B.4.1  Carbon dioxide treatment

Familiarity	with	the	safe	use	and	handling	of	CO2	is	assumed.	Carbon	dioxide	is	many	times	
more	soluble	in	water	than	air	is	soluble	in	water.	One	method	to	reduce	the	time	and	back	
pressure	for	saturation	is	to	bubble	CO2	through	the	sample	prior	to	saturation.	A	low-vol-
ume	and	low-pressure	CO2	source,	controlled	through	a	needle	valve	from	a	regular	gas	bot-
tle	and	regulator,	is	connected	to	the	lower	platen	water	line.	The	CO2	is	bubbled	through	the	
sample	after	the	top	platen	and	membrane	have	been	assembled,	the	sample	mould	removed	
and	a	nominal	confining	stress	applied	to	the	sample.	The	CO2	is	vented	through	a	thin	tube	
from	the	top	platen,	which	is	best	left	with	its	open	end	under	water	to	observe	the	bubbles.	
A	bubble	rate	of	one	to	five	bubbles	per	second	is	about	right,	with	the	process	lasting	1–2 h.

Failure	to	vent	the	CO2	will	result	in	a	pore	pressure	build-up	and	collapse	of	the	sample.	
Too	large	a	flux	of	CO2	will	result	in	the	CO2	piping	and	flowing	up	preferential	pathways	
through	the	sand,	rather	than	displacing	the	air.	(It	is,	of	course,	important	to	note	that	CO2	
is	denser	than	air	and	therefore	bubbling	from	the	bottom	is	effective.)

It	is	helpful	to	start	the	CO2	bubbling	process	during	specimen	preparation.	The	sand	is	
tamped,	or	pluviated,	into	a	sample	mould	that	essentially	contains	CO2	rather	than	air.

Some	laboratories	are	opposed	to	the	use	of	CO2,	sometimes	because	of	practical	reasons	
(i.e.	mobile	laboratories	with	little	space	or	temporal	laboratories	set	in	remote	locations).	In	
some	cases,	and	depending	on	the	gradation	(permeability)	of	the	specimen,	it	is	still	possible	
to	achieve	a	good	saturation	without	the	use	of	CO2,	but	in	general,	higher	back	pressures	
would	be	required.	In	some	other	cases,	however	(i.e.	samples	with	low	permeabilities	and/
or	high	densities),	saturation	will	not	be	possible	without	the	use	of	CO2,	and	flushing	times	
in	excess	of	2 h	(and	up	to	24 h)	may	be	required	to	limit	back	pressures	to	a	practical	level.

B.4.2  saturation under vacuum

A	more	complicated,	but	nevertheless	effective,	sample	saturation	technique	is	to	conduct	
the	 flushing	 process	 under	 a	 vacuum.	 Figure	 B.10	 illustrates	 the	 apparatus	 required	 for	
this	technique.	The	sample	and	two	de-aired	water	containers	are	all	attached	to	the	same	
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vacuum	 line.	Water	 then	flows	under	 gravity	 from	 the	 container	 connected	 to	 the	 lower	
platen	to	the	upper	platen	(by	placing	the	containers	at	different	heights	if	necessary).	An	
enhancement	to	this	scheme	may	be	to	use	graduated	burettes	for	the	water	so	that	accu-
rate	measurements	of	volumes	of	water	in	and	out	of	the	sample	are	obtained.	In	addition,	
a	differential	pressure	regulator	between	the	source	and	waste	containers	could	be	used	to	
provide	a	greater	driving	pressure	across	the	sample.

A	disadvantage	of	this	system	is	that	the	sample	is	in	effect	over-consolidated	by	the	effec-
tive	stresses	induced	by	the	applied	vacuum	to	the	sample.	This	is	not	a	major	problem	as	
test	 consolidation	pressures	 are	usually	well	 above	 the	maximum	vacuum-induced	 stress	
(theoretically	about	100	kPa).

B.5  voID ratIo DeterMInatIon

Measurement	of	void	ratio	of	sand	samples	in	the	triaxial	test	can	be	subject	to	potentially	
large	errors,	especially	for	loose	samples.	Some	of	these	errors	and	suggested	methods	to	cir-
cumvent	poor	resolution	in	measurements	are	presented	by	Vaid	and	Sivathalayan	(1996b).	
While	 it	 is	a	 relatively	simple	matter	 to	determine	 initial	 sample	dimensions	and	the	dry	
weight	of	the	sample,	it	is	the	volume	changes	during	sample	saturation	and	consolidation	
(membrane	penetration	effects)	that	can	lead	to	large	errors	if	they	are	ignored.

The	final	volume	(Vf)	is	used	to	calculate	the	void	ratio	at	the	critical	state	and	is	obtained	
from	 the	 initial	 volume	after	 sample	 reconstitution	 (Vo).	The	volume	changes	during	 the	
lifetime	of	a	triaxial	sample	are

	
V V Vf o T= + ∆ 	 (B.5)

where	ΔVT	is	an	incremental	volume	change	which	combines	different	changes	during	satu-
ration,	consolidation	and	shear	as	follows:

	 ∆ ∆ ∆ ∆ ∆V V V V VT sat c m s= + + +  ( ) 	 (B.6)
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Figure B.10  Illustration  of  vacuum  saturation  apparatus  for  triaxial  sample  preparation.  (Reproduced 
from Shen, C.K.  and  Lee, K.-M., A  study of  hydraulic  fill  performance  in Hong Kong, GEO 
Report No. 40, Report  to Geotechnical Engineering Office of  the Hong Kong Government, 
Hong Kong University of Science and Technology, Hong Kong, 1995. With permission Head 
of Geotechnical Engineering Office and Director of Civil Engineering Department, Hong Kong 
SAR Government.)
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where	 ΔVsat	 is	 the	 incremental	 volume	 change	 during	 saturation	 including	 sample	 flush-
ing	and	back	pressurization,	the	quantity	in	parenthesis	is	the	change	during	consolidation	
(including	ΔVc,	the	incremental	volume	change	caused	by	soil	deformation,	and	ΔVm	caused	
by	membrane	penetration	effects),	and	ΔVs	is	the	incremental	volume	change	during	shear	
(note	that	for	undrained	tests,	ΔVs	would	be	zero).

Combining	(B.5)	and	(B.6)	gives	the	final	volume	used	for	determining	the	void	ratio	at	
the	end	of	the	test:

	
V V V V V Vf o sat c m s= + + + +∆ ∆ ∆ ∆ ( ) 	 (B.7)

The	changes	are	illustrated	schematically	in	Figure	B.11.	High-resolution	measurements	of	
ΔVsat	are	difficult	to	obtain	as	the	sample	is	not	yet	saturated	and	hence	measurements	of	
pore	water	leaving	or	entering	the	sample	are	not	available	at	this	stage.	All	other	quantities	
in	the	right-hand	side	of	(B.7)	are	measured	except	for	ΔVm,	which	can	be	estimated	using	
some	of	the	procedures	described	in	Section	B.5.2.

B.5.1  volume changes during saturation (ΔVsat)

Samples	undergo	strains	during	saturation	as	a	result	of	the	changes	in	effective	stresses.	
Effective	stress	changes	are	induced	by	changes	in	the	external	applied	stresses	and	by	the	
release	of	surface	tension	effects	in	moist	sands.	Volume	changes	during	saturation	are	par-
ticularly	difficult	to	measure.	Sladen	and	Hanford	(1987)	illustrate	how	significant	errors	
may	be	if	volume	change	during	saturation	is	ignored	(Figure	B.12).	The	filled	circles	repre-
sent	the	CSL	using	void	ratio	determined	on	initial	sample	dimensions,	without	accounting	
for	any	volume	change	during	 saturation.	Open	circles	 represent	 the	CSL	using	 the	void	
ratio	after	 testing	determined	by	 freezing	 the	 samples	 (as	described	 later	 in	 this	 section).	
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Figure B.11 Volume changes during triaxial sample lifetime (for a drained test on a dilatant sample).
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Typical	 practice	 at	 the	 time	 was	 to	 estimate	 the	 volume	 change	 by	 measuring	 the	 axial	
strain,	which	would	give	the	intermediate	broken	line	in	Figure	B.12.	An	error	in	terms	of	
void	ratio	of	about	0.04	is	quite	possible,	and	this	represents	an	error	in	relative	density	of	
about	10%	for	the	Syncrude	sand	tested	by	Sladen	and	Handford.

The	water	flow	from	the	saturation	burette	or	pressure	pump	into	the	sample	(minus	the	
flow	out	of	the	sample)	is	not	equal	to	the	void	volume	of	the	sample	as	air	in	the	water	lines	
and	porous	 stones	 is	 also	displaced	by	water.	Another	 common	 technique	 is	 to	measure	
the	axial	 shortening	of	 the	 sample	during	 saturation,	which	 is	 easily	done	by	 the	piston	
displacement	when	the	sample	is	in	a	triaxial	cell,	and	then	to	assume	that	the	volumetric	
strain	is	isotropic.	The	total	volumetric	strain	is	thus	three	times	the	axial	strain.	However,	
experience	has	shown	that	this	assumption	is	not	at	all	valid.	Prepared	sand	specimens	are	
generally	anisotropic,	and	this	anisotropy	has	a	strong	influence	at	the	low	effective	stresses	
associated	with	sample	saturation.

A	solution	to	the	problem	of	sample	volume	changes	during	saturation	is	to	measure	the	
sample	volume	directly	after	saturation,	using	a	pi-tape	for	diameter	and	vernier	calipers	
for	height.	This	is	possible	only	if	the	sample	is	not	yet	in	a	triaxial	cell,	whereas	the	triaxial	
cell	is	needed	to	apply	the	necessary	confining	stress	during	saturation.	The	double	vacuum	
container	saturation	method	described	earlier	in	this	chapter	does	however	open	the	pos-
sibility	of	saturating	the	sample	outside	the	triaxial	cell,	measuring	the	volume	directly	after	
saturation	and	then	assembling	the	cell	before	releasing	the	vacuum.	The	only	assumption	
in	this	method	is	that	the	volume	change	which	takes	place	as	the	back	pressure	is	increased	
is	negligible.	The	assumption	is	probably	reasonable	–	most	of	the	volume	change	occurs	
during	CO2	and	water	flushing.

Another	approximate	method	is	to	measure	the	sample	volume	change	by	measuring	the	
change	in	the	triaxial	cell	volume.	This	requires	de-aired	water	in	the	chamber	and	flush-
ing	of	the	lines	to	minimize	bubbles.	The	cell	has	to	be	calibrated	so	that	corrections	can	
be	made	to	the	measured	cell	volume	for	creep/expansion	of	the	outer	cell	jacket	and	piston	
movements.	The	‘corrected’	cell	volume	change	is	then	assumed	to	be	equal	to	the	sample	
volume	change	during	saturation.	Experience	is	that	sample	volume	changes	during	satura-
tion	calculated	using	this	method	can	be	in	good	agreement	with	those	calculated	using	the	
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Figure B.12  Potential  error  in  void  ratio  if  volume  changes during  saturation  are not  considered.  (From 
Sladen,  J.A. and Handford, G., Can. Geotech. J., 24(3), 462, 1987. With permission from NRC 
of Canada). Filled circles – no volume change considered; open circles – void ratio measured 
on frozen samples after test; intermediate line – assuming isotropic strains and measured axial 
strain.
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476  Appendix B: Laboratory testing to determine the critical state of sands

freezing	method	presented	 later,	generally	within	±2 cm3,	which	translate	 in	a	void	ratio	
variation	of	±0.01	between	the	two	methods.

One	of	 the	best	ways	 to	deal	with	volume	change	during	 saturation	 is	 to	measure	 the	
sample	volume	at	the	end	of	the	test	(Vf	in	Equation	B.7)	and	then	calculate	ΔVsat.	By	the	end	
of	the	tests,	the	sample	is	quite	distorted	and	irregular	in	shape.	Sladen	and	Handford	(1987)	
suggest	that	the	sample	is	frozen,	undrained,	in	the	cell	after	the	test,	removed	while	frozen	
and	the	water	content	then	determined.	This	method	is	accurate.	Some	modifications	to	the	
triaxial	cell	are	required	for	the	method	to	be	used	without	damage	to	the	equipment	due	
to	expansion	of	the	water	on	freezing.	This	method	cannot	be	used	if	the	platens	are	set	up	
with	electronic	equipment	like	bender	elements,	as	freezing	will	damage	these	components.

The	procedure	to	determine	sample	void	ratio	using	the	freezing	method	is	as	follows:

Immediately	on	completion	of	the	test,	isolate	the	sample	drainage	by	closing	valves	as	
close	to	the	top	and	bottom	platens	as	possible.	(In	general,	these	valves	would	need	to	
be	installed	especially	for	this	purpose.)

Reduce	the	cell	pressure	gradually.	Because	the	sample	is	saturated,	a	negative	pore	pres-
sure	is	developed	in	the	sample.

Drain	the	cell.
Disassemble	as	much	of	the	cell	as	possible	without	breaking	the	‘seal’	on	the	sample	and	

dry	the	outside	membrane	to	remove	any	free	water.
Place	the	sample	and	associated	cell	parts	in	a	freezer.	A	cell	design	that	has	the	water	line	

from	both	the	top	and	bottom	platens	feeding	into	the	cell	base	is	ideal,	as	then	only	
the	base	plate,	sample	and	platens	need	to	be	frozen.	A	typical	sample	after	freezing	is	
shown	in	Figure	B.13.

Allow	the	sample	to	freeze.	This	will	need	some	trials	when	starting	out,	as	the	aim	is	
to	reduce	the	sample	temperature	to	−3°C	which	is	sufficient	to	immobilize	the	pore	

Figure B.13 Triaxial specimen after compression test and freezing.

© 2016 by Taylor & Francis Group, LLC

  

http://www.crcnetbase.com/action/showImage?doi=10.1201/b19114-13&iName=master.img-012.jpg&w=180&h=240


Appendix B: Laboratory testing to determine the critical state of sands  477

water	but	avoids	getting	the	sample	so	cold	that	it	becomes	difficult	to	remove	the	plat-
ens	(if	you	use	a	domestic	chest	freezer,	which	is	our	laboratory	practice,	and	leave	the	
sample	overnight,	it	will	freeze	to	−18°C,	which	is	far	too	cold).

Once	the	sample	is	frozen,	it	can	be	removed	intact,	with	the	same	water	content	as	at	the	
end	of	the	test.	Note	that	the	volumetric	expansion	of	water	on	freezing	is	not	an	issue,	
as	only	the	water	content	is	used,	not	the	sample	volume.

Compute	the	sample	end-of-test	void	ratio	from	the	water	content,	assuming	100%	satu-
ration	and	the	measured	specific	gravity	of	the	solids,	Gs.

B.5.2  Membrane penetration correction

When	effective	confining	pressure	is	applied	to	a	sample	of	sand	through	a	rubber	mem-
brane,	the	membrane	deforms	and	is	pushed	into	the	pore	spaces	between	the	grains.	This	
results	in	expulsion	of	some	pore	water	from	the	sample,	without	a	change	in	void	ratio	of	
the	sample.	Thus,	the	measured	volume	change	during	consolidation	must	be	corrected	for	
membrane	penetration	when	void	ratio	is	calculated.

There	are	a	number	of	theoretical	studies	(Molenkamp	and	Luger,	1981;	Baldi	and	Nova,	
1984;	Kramer	 et  al.,	 1990)	 summarized	by	Ali	 et  al.	 (1995),	 suggesting	 the	 form	of	 the	
equation	for	membrane	penetration.	For	practical	purposes,	membrane	penetration	can	be	
quantified	in	terms	of	a	normalized	membrane	penetration:
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where
εm	is	the	normalized	membrane	penetration
ΔVm	is	the	volume	change	due	to	membrane	penetration
As	is	the	sample	area	covered	by	the	membrane	(2πrh	for	a	cylindrical	sample)
′p1,	 ′p2	are	net	pressure	acting	across	the	membrane	before	and	after	the	volume	change

For	sands,	εm	 is	primarily	dependent	on	grain	size,	assuming	other	factors	such	as	mem-
brane	thickness	and	modulus	are	constant.	Figure	B.14	summarizes	data	for	εm	for	a	range	
of	sands.	Using	the	appropriate	value	of	εm,	the	volume	change	associated	with	membrane	
penetration	can	be	calculated	for	a	given	sample	area	and	change	in	net	pressure.	The	void	
ratio	‘correction’	for	membrane	penetration	is	thus	given	by
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Because	 the	 membrane	 penetration	 correction	 is	 so	 dependent	 on	 sand	 type	 and	 testing	
equipment,	it	is	advisable	in	each	laboratory	test	program	to	measure	membrane	penetration	
directly.	There	are	at	least	three	methods	to	do	this	relatively	simply:

•	 Carry	out	an	isotropic	consolidation	and	rebound	test.	Vaid	and	Negussey	(1982)	have	
shown	that	strains	are	generally	isotropic	during	the	rebound	part	of	the	test,	and	thus	
the	 volume	 change	 due	 to	 membrane	 penetration	 can	 be	 calculated	 approximately	
from	measurements	of	axial	strain	and	total	volume	change	made	during	the	rebound	
portion	of	the	test.
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478  Appendix B: Laboratory testing to determine the critical state of sands

•	 Prepare	a	cylindrical	sand	sample	around	a	steel	insert	with	a	diameter	of	about	6 mm	
less	than	the	full	sample.	The	total	volume	of	this	thin	(3 mm	thick)	cylindrical	sample	
of	sand	is	small,	and	therefore	the	volume	change	on	unloading	and	reloading	can	be	
assumed	to	be	small,	compared	to	membrane	penetration.	This	special	sample	is	then	
‘consolidated’	in	the	normal	way	in	the	triaxial	cell,	but	the	measured	volume	change	
is	due	entirely	to	membrane	penetration	effects.

•	 Prepare	a	sample	in	the	normal	way,	but	replace	the	fine	material	in	the	sample	struc-
ture	by	cement	(Ali	et al.,	1995).	The	surface	texture	of	this	sample	will	represent	the	
real	sample,	but	the	volume	change	with	applied	pressure	should	be	negligible	because	
of	cementation.	As	with	the	steel	insert	method,	the	volume	change	during	a	consolida-
tion	test	is	then	attributed	solely	to	membrane	penetration.

B.6  Data reDuCtIon

The	 principal	 responsibility	 of	 the	 testing	 laboratory	 is	 to	 deliver	 quality-assured	 data,	
which,	for	a	triaxial	test,	will	comprise	a	series	of	measurements	of	axial	strain,	volumetric	
strain	and	associated	stresses.	A	printed	record	is	a	minimum	requirement,	but	most	testing	
is	best	reported	as	text	files	with	the	data	in	columns.

The	reported	stresses	must	be	corrected	for	sample	cross-section	evolution	as	the	cylindri-
cal	sample	is	compressed	(‘area	correction’).	Critical	state	testing	generally	goes	to	larger	
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Figure B.14 Normalized membrane penetration coefficient as a function of median grain size.
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displacements	than	standard	for	the	triaxial	test,	with	large	axial	strains	(about	20%)	com-
monly	being	encountered,	and	the	sample	cross-section	changes	to	match.	Computed	stress	
must	allow	for	the	changing	area	over	which	load	is	applied.	This	is	one	reason	that	lubri-
cated	 end	 platens	 are	 necessary,	 as	 they	 assist	 in	 the	 sample	 maintaining	 a	 ‘cylindrical’	
geometry	throughout	the	test	and	which	leads	to	the	deviator	stress	being	computed	as
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−
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where	Ao	is	the	initial	cross-section	area	of	the	sample	at	the	start	of	shear,	and	for	undrained	
tests,	εv	=	0.	When	the	sample	shape	is	not	cylindrical,	other	corrections	may	be	applied,	but	
this	is	not	common	practice.	The	simplest	alternative	correction	is	for	a	‘bulging’	sample,	in	
which	case	a	factor,	typically	1.5,	is	applied	to	the	εa	term,	so	that
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Parabolic	equations	for	the	area	correction	exist,	but	such	sophistication	is	hardly	justified	
when	the	deviator	load	is	measured	only	at	the	end	of	the	sample.

For	very	soft	clays,	a	membrane	stiffness	correction	may	also	be	applied,	and	the	same	is	
true	for	sand	samples	which	reach	the	critical	state	at	stresses	of	only	a	few	kPa.	However,	
when	a	 thin	membrane	 is	used	on	a	75 mm	diameter	 sample,	 the	correction	 is	generally	
negligible.	A	recommended	approach,	given	the	other	uncertainties	in	the	membrane	correc-
tion,	is	to	calculate	the	correction	and	to	apply	it	only	if	it	is	greater	than	5%	of	the	deviator	
stress.	For	convenience,	the	membrane	correction	is	given	by

	
∆q E t

D
m m a= 4 ε

	 (B.12)

In	(B.12),	Em	and	tm	are	the	membrane	modulus	and	thickness,	respectively,	and	D	is	the	
sample	diameter.	For	reference,	1400	kPa	is	a	reasonable	modulus	for	latex,	but	you	should	
always	measure	it	directly	on	each	batch	of	membranes.

Returning	to	the	data	reported	by	the	laboratory,	some	laboratories	prefer	to	report	effec-
tive	axial	and	radial	stresses	accompanying	the	measured	strains,	while	others	standardize	
on	deviator	and	effective	radial	stress.	It	does	not	matter	which	convention	is	used,	but	that	
convention	must	be	 indicated	 in	 the	data	file	by	naming	each	column	of	data	as	well	as	
indicating	the	units	of	measurement.	It	is	good	practice	to	make	the	first	column	of	data	the	
elapsed	time	in	the	test.	Generally,	our	laboratories	have	not	reported	void	ratio	as	that	is	
implicit	in	the	volumetric	strain	and	the	measured	void	ratio	at	the	start	of	shearing.	But	it	
is	certainly	acceptable	to	add	void	ratio	as	a	further	data	column.

Each	data	file	must	 record	basic	 ‘housekeeping’	 items	 such	 as	 project	 number,	 sample	
number,	soil	gradation,	Gs	and	date	tested.	ASTM	Standard	D7181	gives	a	good	guide	to	
these	items.	We	also	like	to	add	a	note	with	a	reference	to	the	area	correction	equation	used.

The	related	task	of	taking	a	set	of	test	data	and	developing	the	soil	properties,	‘interpreta-
tion’,	is	normally	viewed	as	involving	engineering	judgement	and	carried	out	by	the	geotech-
nical	engineer	using	the	data,	not	by	the	test	laboratory.	Chapter	9	provides	guidance	on	the	
‘interpretation’	through	a	worked	example.
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Appendix C: NorSand derivations

preaMBle

This	appendix	derives	the	various	equations	that	comprise	NorSand,	and	substantiates	the	
equations	 found	 in	 the	 various	VBA	 subroutines	 of	 the	downloadable	 spreadsheets.	The	
NorSandTxl.xls	spreadsheet	implements	NorSand	drained	and	undrained	triaxial	tests,	and	
is	set	up	to	model	laboratory	data	from	such	tests	–	it	is	the	starting	point	to	look	at	the	
model	and	see	how	it	works.	Of	course,	triaxial	tests	have	particular	symmetry	and	are	not	
general	for	engineering;	so,	there	is	a	second	spreadsheet,	NorSandM.xls,	which	is	set	up	
for	more	general	monotonic	stress	paths	(hence	the	‘M’	in	the	file	name)	including	drained	
and	undrained	simple	shear	as	well	as	the	corresponding	plane	strain	paths	in	Cornforth’s	
apparatus.	This	second	spreadsheet	is	there	for	interest,	but	it	is	not	a	‘production’	modelling	
tool.	Its	main	use	has	been	to	generate	the	verification	cases	for	the	finite	element	implemen-
tations	of	NorSand.	Finally,	there	is	a	third	spreadsheet	NorSandPSR.xls,	which	is	set	up	to	
simulate	and	model	the	now	popular	cyclic	simple	shear	test	based	on	adding	in	principal	
stress	rotation	(hence	the	‘PSR’)	to	the	framework.

Of	course,	a	reasonable	question	would	be:	why	use	spreadsheets?	This	comes	down	to	
the	fact	that	all	proper	plasticity	models	give	a	current	soil	stiffness	that	varies	along	the	
loading	path,	not	a	stress–strain	curve	per	se.	Producing	stress–strain	curves	to	compare	
with	laboratory	test	results	requires	that	the	stiffness	be	integrated	along	the	imposed	stress	
path,	and	that	means	numerical	integration.	As	numerical	integration	is	reasonably	easy	to	
do	in	the	Excel	VBA	environment,	VBA	routines	become	a	core	component	to	understand-
ing	soil	behaviour.	The	routines	 that	go	with	this	appendix	are	well	commented	and	the	
code	itself	is	written	in	a	‘plain	English’	style.	It	may	be	helpful	to	view	the	VBA	code	as	you	
read	(work	through…)	this	appendix.

In	what	follows,	the	superscripts	e,	p	refer	to	elastic	and	plastic	strains,	respectively,	and	
where	 the	usual	 strain	decomposition	ε	=	εe	+	εp	 is	used.	The	‘dot’	notation	 is	used	over	a	
variable	to	denote	increments	of	that	variable.	The	remainder	of	the	notation	used	is	for	
general	3D	stress	conditions,	rather	than	the	particular	conditions	of	the	triaxial	test	(see	
Appendix	A).

All	NorSand	properties	are	defined	under	triaxial	compression	conditions,	emphasized	
using	 the	 subscript	 ‘tc’,	 with	 the	 internal	 physical	 idealizations	 in	 NorSand	 generalizing	
these	properties	for	3D	stress	states.	Nearly	all	NorSand	properties	are	dimensionless	num-
bers	(i.e.	with	no	physical	units);	the	exception	is	the	elastic	shear	modulus	Gmax,	where	it	
seemed	better	to	stick	with	the	familiar	engineering	usage	and	express	this	modulus	in	the	
units	of	stress	(i.e.	as	MPa).
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C.1  evolutIon of NorSand

NorSand	has	evolved	since	the	initial	triaxial	variant	(Jefferies,	1993).	Apart	from	the	gen-
eralization	from	triaxial	to	3D	(Jefferies	and	Shuttle,	2002),	the	evolution	has	included	the	
following:	 the	 introduction	of	 the	 soil	 state–dilatancy	property	χ;	 a	 simplification	 in	 the	
representation	of	the	critical	friction	ratio	M;�and	changes	in	the	treatment	of	the	volumetric	
coupling	property	N.	A	slightly	subtle	modification	has	been	the	introduction	of	engineer-
ing	strain	as	the	default	output	for	the	spreadsheets.	These	issues	are	briefly	discussed	here.	
What	then	follows	is	an	exposition	of	the	current	development	of	NorSand	without	looking	
back	to	how	it	got	to	this	stage	in	any	detail.

C.1.1  state–dilatancy (χtc)

NorSand	grew	out	of	experience	with	large-scale	hydraulic	fill	construction	in	the	Canadian	
offshore.	Extensive	testing	of	various	sand	gradations	was	used	to	support	the	offshore	con-
struction,	and	this	resulted	in	the	original	proposition	of	Been	and	Jefferies	(1985),	which	
asserted	that	maximum	dilation	rate	was	independent	of	sand	gradation	and	depended	only	
on	the	initial	value	of	the	state	parameter	(i.e.	ψo).	This	proposition	was	embedded	in	the	
original	NorSand	(Jefferies,	1993).

Although	the	Beaufort	Sea	sands,	and	the	‘standard’	laboratory	sands	also	tested	at	that	
time,	were	thought	to	have	a	reasonable	gradation	range,	this	was	in	the	context	of	hydraulic	
sand	fills.	Such	construction	sands	are	rather	uniformly	graded	with	differences	between	
them	mostly	lying	in	the	silt	content	(ranging	from	0%	to	about	15%).	In	1997,	NorSand	
was	used	 in	 the	remediation	of	Bennett	Dam,	and	that	 involved	 testing	well-graded	silty	
sands.	Testing	these	silty	sands	rapidly	showed	that	 the	uniformity	of	a	soil	changed	the	
effect	of	void	ratio	on	maximum	dilation	rate	–	not	entirely	surprising	in	that	if	there	is	less	
void	space	occurs	with	well-graded	soils,	then	the	effect	of	void	ratio	change	(dilation)	is	
amplified.	But	linear	trends	were	still	found	and	resulted	in	the	slope	of	the	Dmin-ψ	trend	
being	introduced	as	a	new	soil	property	χ	for	the	general	3D	version	of	NorSand	(Jefferies	
and	Shuttle,	2002).	There	was	a	subtlety	here	too	though.

In	NorSand,	χ	is	used	to	control	the	hardening	limit.	Any	yield	surface	has	a	single	void	
ratio	 associated	 with	 it,	 but	 mean	 stress	 changes	 as	 you	 move	 around	 the	 yield	 surface,	
which	has	the	effect	of	making	ψ	also	change.	Since	the	concept	of	a	hardening	limit	is	that	
it	is	fixed	for	the	current	soil	state,	a	particular	choice	of	ψ	is	needed	to	define	a	unique	yield	
surface	for	the	current	soil	state.	As	NorSand	is	a	critical	state	model,	the	obvious	choice	was	
the	state	parameter	at	the	current	‘image’	condition	on	the	yield	surface:	ψi	(see	Section	C.3).	
Thus,	the	3D	development	of	NorSand	invoked	χi	as	the	soil	property	where

� D Dp
i imin min= = χ ψ � (C.1)

Defining	the	state–dilatancy	property	as	χi	is	elegant	but	causes	two	difficulties.	First,	state–
dilatancy	 is	 a	 general	 soil	 behaviour	 regardless	 of	 whether	 you	 choose	 to	 represent	 that	
behaviour	with	NorSand	or	an	alternative	model;	but,	χi	is	NorSand	specific	since	it	assumes	
a	particular	yield	surface	shape	(the	isotropic	and	Cam	Clay	like	‘bullet’).	In	principle,	true	
soil	properties	ought	to	be	widely	accepted	and	as	general	as	possible	–	χi	does	not	meet	
such	a	test.	Second,	it	was	found	that	many	laboratory	technicians	had	difficulty	using	the	
formula	for	computing	ψi	as	it	involved	more	processing	of	data	than	you	could	do	with	a	
simple	 calculator.	Engineering	practice	demanded	 something	 simpler	 than	χi.	These	dual	
demands	resulted	in	the	state–dilatancy	property	χtc	being	defined	as	the	slope	of	a	trend	
line	through	drained	triaxial	compression	data	when	plotted	as	Dmin	versus	the	concurrent	
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ψ�at	Dmin;	this	is	the	form	used	in	Chapter	2	(see	Figure	2.13)	and	where	χtc	is	now	the	soil	
property.	A	Dmin	versus	ψ	at	Dmin	plot	is	universal	since	it	does	not	assume	any	shape	of	the	
yield	surface	or	CSL	(although	you	must	know	what	the	CSL	is	from	testing),	and	this	form	
is	not	specific	to	any	constitutive	model.	Further,	computing	ψ	at	Dmin	is	straightforward	as	
all	that	is	needed	from	the	laboratory	technician	is	to	present	void	ratio	evolution	with	axial	
strain	alongside	the	volumetric	strain	data.

Although	one	could	use	χtc	directly	in	NorSand	(by	working	out	the	value	of	ψ	at	the	cur-
rent	cap),	this	is	not	particularly	elegant	as	everything	else	is	centred	on	the	image	condition.	
A	better	approach	is	to	use	a	mapping	to	convert	the	input	soil	property	χtc	to	the	internal	
soil	property	χi;	this	is	done	as	follows.

Since	Dmin	is	the	same	in	either	approach,	we	have	(for	triaxial	compression):

	
χ ψ χ ψi i tc D= min 	 (C.2)

For	a	semi-log	CSL	of	slope	λe,

	

ψ ψ λi D e
ip
p

= −






















min

max
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Introducing	the	limiting	dilation	into	the	NorSand	hardening	limit	(Equation	C.26),

	
ψ ψ λ χ ψ
i D

e tc D

itcM
= −min

min

which	gives	after	substituting	in	(C.1)	and	rearranging

	

χ χ
λ χi

tc

e tc itcM
=

−( )1 / 	 (C.3a)

Equation	C.3a	shows	that	for	typical	values	of	soil	properties,	χi	≈	1.1χtc.	This	is	a	small	shift	
in	the	soil	property	value	between	the	two	definitions,	but	one	might	as	well	be	accurate.	
However,	there	is	a	small	catch	as	Mitc	itself	depends	on	χi	(Section	C.1.3)	so	that,	strictly,	
you	need	the	bisection	algorithm	to	solve	for	χi.	Given	the	accuracy	to	which	soil	properties	
are	determined	(and	which	will	be	validated	anyway	as	part	of	model	calibration),	a	simpler	
approximation	is	sufficient:

	

χ χ
λ χi

tc

e tc tcM
=

−( )1 / 	 (C.3b)

The	various	NorSand	spreadsheets	embed	(C.3b)	in	the	CheckInputParameters	subroutine,	
leaving	χtc	as	the	input	soil	property	for	the	user	consistent	with	the	testing	report	received	
from	the	laboratory.	This	is	a	matter	of	taste,	as	the	conversion	could	be	‘external’	and	the	
model	input	taken	as	χi.

In	terms	of	backward	compatibility,	the	original	state	parameter	paper	(Been	and	Jefferies,	
1985)	and	the	subsequent	initial	triaxial	version	of	NorSand	(Jefferies,	1993)	correspond	
to	an	implicit	χtc	~	4	across	all	the	sands	in	those	papers	(approximate	because	of	the	shift	
from	ψo	to	ψ	at	Dmin).
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C.1.2  Critical friction ratio (M)

Most	 investigations	 into	 the	 relationship	 between	 stresses	 at	 the	 critical	 void	 ratio	 have	
been	for	triaxial	compression,	but	include	a	rather	wide	range	of	stress.	The	data	are	largely	
for	sands	as	this	is	experimentally	convenient,	but	this	is	no	restriction	as	in	critical	state	
theory	all	soils	are	regarded	as	particulate	without	any	true	cohesion.	Although	there	are	
alternative	approaches	for	determining	M	(see	Chapter	2),	high-precision	work	usually	fol-
lows	Bishop	(1971)	and	plots	data	from	several	tests	in	the	stress–dilatancy	form	ηmax	versus	
Dmin.	M	is	then	taken	as	the	value	of	ηmax	corresponding	to	the	intersection	of	the	trend	line	
through	the	data	with	the	axis	Dmin	=�0.	Figure	C.1	illustrates	this	procedure	for	triaxial	test	
data	on	Erksak	sand	extending	to	a	mean	stress	as	great	as	4.4	MPa	(the	data	are	from	Vaid	
and	Sasitharan,	1992).	A	linear	trend	is	a	good	fit	to	the	data	and	gives	Mtc	=�1.26	(equivalent	
to	ϕc	=�31.4°)	in	triaxial	compression.	Based	on	results	like	these,	it	is	uncontroversial	to	take

	
σ σq mM= 	 (C.4)

where	M	is	independent	of	void	ratio.	This	independence	of	M	from	void	ratio	may	not	be	
actually	true	for	very	loose	soils.	Although	the	data	have	wide	error	bars,	there	is	a	trend	
suggesting	reduced	M	for	very	high	void	ratio.	This	is	not	altogether	surprising,	but	some-
thing	that	is	not	included	in	current	models.

The	lack	of	controversy	over	(C.4)	did	not	extend	to	the	effect	of	Lode	angle	on	M.	Early	
critical	state	models	idealized	M	as	constant,	which	was	mathematically	elegant	but	con-
flicted	with	experimental	work	at	Imperial	College	(most	importantly,	the	experiments	of	
Cornforth).	Famously,	Bishop	used	part	of	his	Rankine	Lecture	(Bishop,	1966)	to	‘trash’	the	
idea	of	constant	M.	The	concern	is	easy	to	see	even	with	only	triaxial	data,	with	Figure	C.1	
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Figure C.1  Erksak sand stress–dilatancy  in triaxial compression and extension.  (After  Jefferies, M.G. and 
Shuttle, D.A., Géotechnique, 52(9), 625, 2002. With permission from Institution of Civil Engineers.)

© 2016 by Taylor & Francis Group, LLC

  



Appendix C: NorSand derivations  485

also	showing	triaxial	extension	data	on	Erksak	sand.	Although	there	is	a	smaller	range	of	
dilation	to	define	the	trend,	a	trend	is	nevertheless	evident	and	indicates	Mte	=	0.82,	where	
the	subscript	te	denotes	triaxial	extension.	This	variation	of	M	with	Lode	angle	corresponds	
to	a	reduction	in	friction	angle	(to	about	ϕc	=	28.3°)	in	triaxial	extension	compared	to	com-
pression.	Where	Bishop	erred	was	in	implying	that	constant	M	was	in	some	way	necessary	
to	theoretical	plasticity	for	soils	–	it	is	not.

The	effect	of	 intermediate	principal	 stress	on	 the	 failure	 criteria	of	 sand	was	actively	
researched	 throughout	 the	1960s	and	early	1970s	 (e.g.	Cornforth,	1964;	Bishop,	1966;	
Green	and	Bishop,	1969;	Green,	1971;	Reades,	1971;	Lade	and	Duncan,	1974).	This	inter-
est	covered	a	wide	range	of	sand	densities,	but	was	directed	at	peak	strength	with	sub-
stantial	dilatancy.	This	body	of	work	does	not	provide	adequate	guidance	for	critical	state	
models,	which	require	the	friction	ratio	at	D=0:	the	mechanism	that	dissipates	plastic	work.	
The	dilatant	strength	component	merely	transfers	work	between	the	principal	directions.

Available	data	on	M	(or	the	alternative	identity	ϕc)	as	a	function	of	Lode	angle	are	sparse,	
and	the	results	obtained	by	Cornforth	(1964)	on	Brasted	sand	are	the	dominant	data	set.	
Wanatowski	and	Chu	(2007)	have	provided	a	smaller	set	of	results	on	Changi	sand	using	a	
modern	version	of	Cornforth’s	equipment.

One	common	error	is	to	treat	plane	strain	as	an	alternative	situation	to	(say)	triaxial	com-
pression.	The	error	in	doing	this	is	that	the	stress	state	in	plane	strain	varies	from	one	plane	
strain	state	to	another	because	the	stress	state	develops	to	accommodate	the	imposed	strain	
condition;	this	stress	state	is	usually	denoted	by	Bishop’s	parameter	‘b’	or	the	Lode	angle	θ.	
We	use	the	Lode	angle	because	that	measure	is	more	common	in	the	finite	element	literature.	
Figure	C.2	shows	the	variation	in	Lode	angle	at	peak	strength	with	the	dilation	rate	for	that	
peak	strength;	all	the	data	on	this	figure	are	plane	strain.
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Figure C.2 Lode angle of sand at peak strength in plane strain.
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Cornforth’s	tests	on	Brasted	sand	covered	a	range	of	soil	densities,	and	each	test	needs	to	
be	assessed	using	the	stress–dilatancy	flow	rule	to	extract	the	operating	value	of	M.	This	
processing	is	straightforward	(for	details,	see	Jefferies	and	Shuttle,	2002),	with	the	resulting	
ratio	M/Mtc	plotted	versus	the	Lode	angle	of	each	test	(Figure	C.3).

Two	standard	soil	strength	models	are	also	plotted	 in	Figure	C.3,	both	taking	triaxial	
compression	as	the	reference	condition.	The	Mohr–Coulomb	criterion	with	a	constant	criti-
cal	friction	angle	is	a	widely	held	idealization	for	the	critical	state	and	gives

	

M
Mtc

=
+ −( )

( )

cos ( ) sin

3 3

1 6 3θ θ/
	 (C.5)

The	less	familiar	Matsuoka–Nakai	(1974)	idealization	is	based	on	the	physically	appealing	
concept	of	spatially	mobilized	planes	but	has	M	as	implicit:
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M A M M sin( ) sin ( )θ θ 	 (C.6a)

where	the	coefficient	A	is	written	in	terms	of	property	Mtc	as
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2 2/
	 (C.6b)

There	is	no	analytical	solution	of	(C.6)	for	M,�and	the	bisection	algorithm	is	used	to	find	M�
for	θ	of	interest	such	that	Mte	≤	M	≤	Mtc.

Simplified relationship for M
(Jefferies and Shuttle, 2011)
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Figure C.3  Comparison of functions for M(θ) with plane strain data on Brasted and Changi sands. The test 
data for Brasted and Changi have been normalized by Mtc to bring both data sets to a common 
basis for comparison.
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The	original	generalization	of	NorSand	to	3D	(Jefferies	and	Shuttle,	2002)	adopted	an	
average	of	the	Mohr–Coulomb	and	Matsuoka–Nakai	idealizations	as	a	reasonable	model,	
something	that	is	self-evident	from	Figure	C.3.	This	was	programmed	as	the	VBA	functions	
Mpsi_v1,	MatNak	and	MohrColomb,	which	can	be	found	in	the	NorSandTxl.xls	spread-
sheet.	Similar	functions	were	used	in	finite	element	implementations	of	NorSand.

A	consequence	of	M	evolving	as	stress	conditions	change	 is	 that	M	must	be	computed	
at	every	step	 in	a	numerical	model.	This	 is	not	 too	onerous	 for	 laboratory	element	 tests,	
but	once	analysis	moves	to	boundary	value	problems,	the	required	number	of	calculations	
becomes	an	impediment	to	a	responsive	and	interactive	analysis.	Thus,	Jefferies	and	Shuttle	
(2011)	proposed	 that	 an	operationally	 adequate,	 and	 computationally,	 efficient	 approach	
would	be	to	use
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+
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3
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	 (C.7)

where	θ	is	measured	in	radians.	This	function	is	also	shown	in	Figure	C.3	and	is	a	plausible	
fit	to	the	plain	strain	test	data	(which	is	the	practical	interest).	The	notation	M(θ)	has	been	
invoked	in	(C.7)	to	emphasize	that	M	varies	with	Lode	angle,	while	Mtc	is	a	constant	(i.e.	a	
property)	for	a	soil.

Obviously,	 the	 ‘average’	 and	 ‘simplified’	 idealizations	 for	 M	 differ	 moving	 away	 from	
plane	 strain	 towards	 triaxial	 extension,	 with	 the	 ‘simplified’	 idealization	 following	 the	
Matsuoka–Nakai	trend.	Which	to	choose?	The	difficulty	is	that	there	are	no	data	at	pres-
ent	on	critical	stress	ratios	other	than	under	triaxial	compression,	plane	strain	and	triaxial	
extension	on	which	to	base	a	selection.	Equation	C.7	was	proposed	as	having	an	elegant	
mathematical	form	that	matches	the	flow	rule	used	in	NorSand.	Its	similarity	to	Matsuoka–
Nakai	was	a	pleasing	bonus.

C.1.3  volumetric coupling in stress–dilatancy (N)

When	data	on	soil	strength	are	viewed	in	stress–dilatancy	space,	such	as	Figure	C.1,	it	is	a	
universally	acknowledged	truth	that
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p
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max= −
−

( )
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η
1

	 (C.8)

which	is	usually	referred	to	as	Nova’s	flow	rule	(after	Nova,	1982).	N	is	a	soil	property	that	
pairs	with	the	critical	friction	ratio	M.	Although	N	represents	the	slope	of	a	trend	through	
data,	as	per	Figure	C.1,	if	the	work	flow	in	the	soil	is	considered,	one	finds	that	N	represents	
a	volumetric	coupling	between	mean	and	distortional	strains	(Jefferies,	1997).	The	Original	
Cam	 Clay	 (OCC)	 flow	 rule,	 which	 is	 based	 on	 a	 postulated/idealized	 work	 dissipation,	
is	 simply	 (C.8)	with	 the	property	N�=	0.	Many	natural	 sands	 tend	 to	 show	N�≈	0.3	 (see	
Chapter	2).

Soil	models	that	follow	the	framework	of	Drucker	et al.	(1957)	invoke	normality,	with	the	
yield	surface	shape	derived	by	integrating	the	direction	perpendicular	to	the	flow	rule	(see	
Chapter	3).	The	original	version	of	NorSand	(Jefferies,	1993)	followed	that	approach	and	
derived	the	yield	surfaces	from	(C.8)	with	a	family	of	shapes	depending	on	the	value	of	N.	
Then,	Dafalias	and	co-workers	made	a	particularly	 insightful	contribution	 that	provided	
both	simplicity	and	better	representation	of	soil	behaviour.	Their	innovation	was	promptly	
adopted	by	NorSand.
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Recall	 from	 Chapter	 2	 that	 when	 the	 first	 ‘micromechanical’	 view	 of	 stress–dilatancy	
was	derived	(Rowe,	1962),	it	was	found	that	constant	ϕc	was	not	particularly	accurate	in	
fitting	the	theory	to	measured	soil	behaviour.	Rowe	suggested	that	the	operating	friction	
(ϕf)	should	lie	between	that	corresponding	to	slip	of	soil	particles	against	each	other	(i.e.	
mineral	to	mineral	friction),	ϕμ,	and	that	of	the	critical	state,	ϕc.	This	idea	of	an	operating	
friction	ratio	less	than	critical	appears	to	have	slipped	from	collective	memory	for	several	
decades	after	Rowe’s	findings	until	it	was	resurrected	by	Dafalias	and	co-workers	(Manzari	
and	Dafalias,	1997;	Li	and	Dafalias,	2000).	Accepting	that	ϕf	varies	turns	out	to	be	a	great	
idea,	giving	better	results	with	a	simpler	model.	In	the	present	context,	the	aim	is	to	clearly	
associate	the	operating	critical	friction	with	the	current	yield	surface,	in	particular	at	the	
image	condition	(defined	shortly	in	Sections	C.2	and	C.3).	So,	we	use	the	subscript	‘i’,	and	
thus	Mi,	rather	than	Mf,	which	would	be	implied	if	Rowe’s	notation	was	used.

What	controls	how	Mi	evolves	throughout	a	test?	Strain	 is,	 in	 itself,	not	an	admissible	
input	to	Mi	as,	even	with	a	perfectly	sampled	‘element’	of	ground,	there	is	no	test	you	can	
make	to	determine	the	reference	configuration	from	which	strain	is	measured.	The	insight	of	
Dafalias	and	co-workers	was	that	Mi	must	satisfy	the	following	condition:

	
M Mi q⇒ ⇒ ∞as ε 	 (C.9a)

which	is	naturally	expressed	in	terms	of	the	state	parameter:

	
M Mi ⇒ ⇒as ψ 0 	 (C.9b)

Equation	C.9	is	invoked	alongside	the	general	flow	rule:

	
D Mp

i= − η 	 (C.10)

Equation	C.10	is	a	generalization	of	a	flow	rule	derived	from	a	simple	idealization	of	the	
dissipation	 of	 work	 by	 plastic	 strains	 (Chapter	 3),	 reflecting	 what	 has	 been	 known,	 but	
neglected,	about	soil	behaviour	for	some	50 years.

One	consequence	of	adopting	a	work-based	idealization	of	soil	behaviour	is	that	the	devi-
atoric	shear	strain	invariant	εq	(Appendix	A)	is	also	a	function	of	Lode	angle,	which	means	
that	the	limiting	dilation	established	under	triaxial	compression	must	be	generalized.	This	
is	simply	done	(Jefferies	and	Shuttle,	2002)	using	the	expression

	

D
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p

tc
i imin = χ ψ 	 (C.11)

which	is	the	general	version	of	(C.1)	and	where	we	explicitly	associate	χi	with	triaxial	com-
pression	conditions	as	implied	by	(C.3).

Substituting	(C.8)	for	η	in	(C.10)	and	then	further	substituting	(C.11)	gives	an	expression	
consistent	with	 the	desired	 framework	and	written	 entirely	 in	 terms	of	our	 familiar	 soil	
properties:
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( )θ χ ψ1 	 (C.12)

Other	workers	have	proposed	different	expressions	to	(C.12)	for	Mi,	but	these	do	not	have	
such	easily	recognizable	soil	properties	as	(C.12).	In	all	fairness,	the	best	representation	of	
Mi	could	be	viewed	as	‘work	in	progress’	with	the	addition	of	some	measure	of	soil	fabric	
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an	obvious	missing	aspect.	There	is	also	uncertainty	over	loose	soils.	Equation	C.11	applies	
to	dense	(dilatant)	samples,	since	it	is	dilating	samples	that	give	us	the	soil	property	χ.	The	
situation	for	loose	samples	is	less	clear.	Recognizing	that	Mi	represents	plastic	work	dissipa-
tion	within	the	soil,	it	seems	strange	that	loose	soil	could	have	a	greater	work	dissipation	
potential	than	dense	soil;	one	alternative	would	be	to	take	Mi	=	M(θ)	for	ψ�>	0	where	the	idea	
of	Mi	then	applies	only	to	dense	soil.	But	a	better	fit	to	data	seems	to	be	a	symmetric	version	
of	(C.12)	(Been	and	Jefferies,	2004),	which	is

	

M M
N
M

i
i

tc
i= −









( )θ χ ψ1 	 (C.13)

Turning	back	to	the	development	history	of	NorSand,	(C.13)	has	been	used	in	the	various	
programs	since	about	2000.	Between	then	and	today,	N	went	away	and	then	returned.	In	
many	soils,	 the	parameter	group	Nχtc	 is	close	to	unity,	which	suggests	that	 it	might	be	a	
compensating	 factor	 with	 unity	 being	 a	 ‘not	 unreasonable’	 value	 for	 the	 parameter	 pair	
(Jefferies	and	Shuttle,	2005),	and	could	be	viewed	as	a	useful	simplification	by	removing	
one	soil	property	from	the	calibration.	However,	calibrations	to	various	tailings	sands	and	
tailings	‘paste’	(a	non-segregating	sandy	silt)	over	the	last	few	years	have	indicated	that	N	
and	χ	are	not	complimentary	and	do	capture	differing	aspects	of	soil	behaviour.	Thus,	N	is	
now	reinstated	to	the	NorSand	parameter	list.

Operationally,	the	pair	of	Equations	C.7	and	C.13	give	a	good	fit	to	the	available	plane	
strain	data	(within	experimental	precision)	as	illustrated	in	Figure	C.4.	These	equations	are	
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Figure C.4  Performance of simplified idealization for Mi. (After Jefferies, M.G. and Shuttle, D.A., Géotechnique, 
61(8), 709, 2011.)
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embedded	in	the	spreadsheets	as	the	Mpsi_v3	function	and	supersede	the	Mpsi_v1	function,	
which	is	no	longer	called	(the	earlier	function	is	left	in	the	code	for	historical	interest).

C.1.4  engineering strain

Historically,	engineering	theories	of	material	behaviour	started	with	the	Theory�of�Elasticity	
(e.g.	the	classic	Timoshenko	and	Goodier	text).	As	elastic	strains	are	small,	say	in	the	order	
of	1%	for	practical	 safety	 factors,	 second-order	 terms	could	be	neglected	 to	simplify	 the	
framework	from	the	consideration	of	finite	deformations	experienced	by	a	material.	These	
ideas	from	elasticity	continue	to	dominate	the	geotechnical	literature,	and	indeed	civil	engi-
neering	education,	but	may	cause	errors	when	dealing	with	constitutive	models	for	soils.

NorSand,	 along	with	all	 variants	of	Cam	Clay,	 is	 an	 intrinsically	 ‘large	 strain’	 theory	
because	it	is	defined	on	the	basis	of	stress	and	void	ratio,	that	is,	an	equation�of�state	or	
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Figure C.5  Effect of using large and small strain when plotting sample deformation. The soil behaviour is 
identical between the two trends plotted, with the apparent differing volumetric strain caused 
only by the changed strain measure. Critical state models are intrinsically large strain, but most 
laboratories report small strains. (a) deviator stress versus axial strain and (b) volumetric strain 
versus axial strain.
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finite�deformation	view.	But	most	testing	laboratories	report	test	data	in	terms	of	the	initial	
sample	configuration	with,	for	example,	axial	strain	defined	as	the	ratio	of	height	change	to	
initial	height.	This	might	seem	a	small	detail,	but	it	affects	the	parameter	estimates	obtained	
by	fitting	constitutive	models	 to	data.	Figure	C.5	 shows	 two	simulations	using	NorSand	
with	identical	soil	properties	and	identical	soil	behaviour/deformations;	the	difference	arises	
because	one	set	of	output	is	the	natural	‘large	strain’	results	of	NorSand,	while	the	other	
is	the	computed	results	transformed	into	familiar	‘engineering’	strain.	The	implications	for	
fitting	a	particular	laboratory	test	are	obvious.

To	get	over	this	possible	issue	in	fitting	test	data,	all	the	downloadable	NorSand	VBA	code	
now	includes	a	toggle	StrainMode	in	the	Declarations	part	of	the	code.	When	this	toggle	is	
set	to	the	defined	constant	‘small’	(see	the	VBA	code),	the	computed	output	is	transformed	
to	familiar	engineering	strain;	otherwise,	natural	strains	are	output.	The	toggle	is	placed	in	
the	declarations	part	of	the	code	as	most	users	will	make	the	choice	only	once	after	checking	
the	data	reporting	format	used	by	their	testing	laboratory.	Do	make	it	a	user	input	from	the	
modelling	window	if	you	want	to	switch	it	in	and	out	routinely.

C.2  yIelD surfaCe

The	yield	surface	specifies	the	size	of	the	elastic	zone	and	is	the	locus	of	stress	states	lead-
ing	 to	 plastic	 strains.	 The	 derivation	 of	 the	 yield	 surface	 equation	 depends	 on	 just	 two	
assumptions:	 normality	 and	 the	 stress–dilatancy	 relationship.	 From	 the	 definition	 of	 the	
stress	ratio	η,	take	the	differential	to	express	the	change	in	shear	stress	as

	
� � �σ σ η ησq m m= + 	 (C.14)

Treating	soil	as	a	work-hardening	plastic	material,	and	following	Drucker	(1951),	normality	
specifies	that	the	plastic	strain	rates	are	perpendicular	to	the	yield	surface,	so
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Substituting	(C.15)	in	(C.14)	gives
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0 	 (C.16)

Equation	C.16	is	an	identity	of	the	normality	condition	and	is	true	regardless	of	the	soil’s	
internal	mechanisms	for	the	dissipation	of	plastic	work	as	long	as	stable	yielding	prevails	
(work-hardening	or	perfectly	plastic	conditions).	This	condition	for	stable	yielding	can	be	
expressed	in	terms	of	the	stress�increments	as

	
� � � �σ ε σ εq q m m+ > ⇒0 stable yielding 	 (C.17)

When	(C.17)	is	violated,	the	soil	becomes	progressively	easier	to	deform	with	further	strain-
ing	as	the	rate	of	plastic	working	decreases.	This	allows	strains	to	localize	and	form	shear	
bands	 (with	adjacent	 soil	unloading	elastically	and	dumping	 their	 stored	energy	 into	 the	
shear	band)	–	an	important	consideration	for	post-liquefaction	strengths.	For	the	present,	
we	consider	the	evolution	of	soil	behaviour	only	during	stable	yielding.
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As	 (C.16)	 is	 separated,	 it	 can	be	 integrated	directly	with	 the	details	of	 the	 integration	
depending	on	the	stress–dilatancy	relation	between	Dp	and	η.	Accepting	the	concept	of	an	
operating	critical	friction	ratio	Mi,	Equation	C.10	is	substituted	in	C.16	giving

	

� �σ
σ

ηm

m iM
+ = 0 	 (C.18)

Because	Mi	is	not	a	function	of	η	(Mi	is	a	function	of	the	Lode	angle,	and	possibly	the	state	
parameter,	neither	of	which	is	part	of	the	integral	and	so	can	be	treated	as	constant	during	
the	integration),	(C.18)	readily	integrates	as

	

ln( )σ η
m

iM
C+ = 	 (C.19)

where	C	is	the	coefficient	of	integration.	This	coefficient	is	chosen	as	the	mean	stress	when	
η�=�Mi,	which	is	referred	to	as	the	image	condition	and	denoted	by	the	subscript	‘i’.	Making	
the	substitution	for	the	integration	coefficient	C	gives	the	equation	of	the	yield	surface:

	

η σ
σMi

m

mi

= −








1 ln 	 (C.20)

where	the	image	stress	is	denoted	by	σmi	and	η σ σ= ⇔ =Mi m mi.	The	image	condition	is	the	
point	on	a	yield	surface	where	the	plastic	strain	rates	give	Dp	=	0,	which	is	one	of	the	two	
conditions	for	the	critical	state	(hence	the	name	image,	because	it	is	not	the	critical	state	in	
general).	Equation	C.20	describes	a	‘bullet’-shaped	yield	surface	exactly	as	found	in	OCC	
but	with	the	subtlety	that	Mi	now	varies	with	Lode	angle	and	state	parameter	–	the	idealized	
symmetry	of	OCC	is	lost	when	we	add	in	real	soil	behaviour	trends	although	the	framework	
remains	familiar.

The	image	stress	is	one	of	the	internal	variables	of	the	model.	Work	hardening	(soften-
ing)	operates	by	changing	σmi.	The	evolution	of	yield	surface	size	as	the	soil	strains	depends	
only	on	the	hardening	law,	which	operates	directly	on	σmi.	However,	several	aspects	must	be	
developed	before	introducing	the	hardening	law.

C.3  IMage state paraMeter

The	idea	of	the	image	condition	was	an	obvious	choice	for	the	integration	constant	in	deriva-
tion	of	the	yield	surface.	There	is	now	a	consequence	for	the	definition	of	the	state	param-
eter.	 Recall	 that	 the	 state	 parameter	 is	 defined	 looking	 at	 the	 familiar	 e-log(p)	 plot	 and	
treating	that	plot	as	a	‘state	diagram’	much	as	you	might	do	in	thermodynamics;	this	gives	
ψ�=	e	–	ec.	The	issue	then	becomes,	because	mean	stress	varies	around	a	yield	surface,	so	does	
ψ.	It	is	not	possible	to	associate	a	unique	value	of	ψ	with	a	fixed	yield	surface.	This	variation	
of	ψ	certainly	introduces	complexity;	a	more	strict	view	might	be	that	a	state	measure	vary-
ing	around	a	yield	surface	is	theoretical	nonsense.	The	simplest	way	to	incorporate	a	correct	
‘state	view’	into	the	derived	yield	surface	is	to	define	an	internal	variable	ψi,	which	is	the	
state	parameter	at	the	same	image	condition	as	used	to	define	the	size	of	that	yield	surface;	
this	parameter	ψi	is	defined	as

	 ψi ie e= − 	 (C.21)
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where	ei	is	the	critical	state	void	ratio	at	the	image	mean	stress	σmi.	Since	there	is	a	unique	
image	 stress	 state	 for	 any	 yield	 surface,	 this	 also	 makes	 ψi	 unique.	 Equation	 C.21	 is	
quite	general	with	no	implication	for	any	particular	idealization	of	the	CSL.	Noting	that	
η σ σ= ⇔ =Mi m mi ,	 it	 immediately	 follows	 from	(C.21)	 that	 the	condition	ψi	=	0	uniquely	
defines	yield	surfaces	that	intersect	the	critical	state.

If	we	give	up	some	generality	and	work	with	a	conventional	semi-log	idealization	of	the	
CSL,	the	ψi	and	ψ	are	simply	related	by

	

ψ ψ λ σ
σi
mi

m

= + 







ln 	 (C.22)

Curved	CSL	are	most	elegantly	implemented	by	direct	evaluation,	so	that	(C.21)	becomes	
the	embedded	form	for	numerical	implementations.

C.4  harDenIng lIMIt anD Internal yIelDIng

A	key	feature	of	dense	soils,	whether	sands	or	clays,	is	that	dilatancy	is	limited	to	a	maxi-
mum	value	for	any	specific	soil	state.	Conventionally,	this	is	represented	by	invoking	a	non-
associated	flow	rule	with	appropriate	choice	of	dilation	angle.	However,	such	a	conventional	
approach	is	not	acceptable	for	models	based	on	Drucker’s	stability	postulate	(Drucker,	1959)	
that	requires	normality	(or	an	associated	flow	rule).	Normality	was	used	earlier	in	deriving	
the	yield	surface	equation	for	NorSand,	just	as	done	for	the	variants	of	Cam	Clay.	One	of	the	
kernel	ideas	in	NorSand	is	to	limit	maximum	dilation	to	replicate	dense	soil	behaviour	with-
out	resorting	to	non-associated	flow	rules.	Realistic	maximum	dilatancy	is	obtained,	despite	
normality,	by	controlling	σmi.	Substitution	of	the	flow	rule	(C.10)	in	the	yield	surface	(C.20)	
gives

	

D M Mp
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ln ln

σ
σ

σ
σ

	 (C.23)

Inversion	of	 (C.23)	 allows	a	 current	maximum	yield	 surface	 size	 (hardness)	 to	be	deter-
mined	from	the	minimum	dilation	rate	(minimum	because	of	the	compression	positive	sign	
convention):

	

( ) expmax
minσ σmi m

p

i

D
M

= −







 	 (C.24)

As	discussed	in	Chapter	2,	a	large	body	of	test	data	on	the	maximum	dilatancy	of	soils	in	
triaxial	compression	supports	the	simple	first-order	rate	equation	relationship:

	
D tc

p
i imin, = χ ψ 	 (C.25)

where	χi	is	a	NorSand	defined	under	triaxial	compression.	Substitution	of	(C.25)	into	(C.24)	
leads	to	an	evolving	hardening	limit	for	the	yield	surface:

	

( ) expmax
,

σ σ χ ψ
mi m

i i

i tcM
= −







 	 (C.26a)
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To	make	the	notation	less	klutzy,	we	rename	the	variable	( )maxσmi 	as	simply	σmx	as	in

	

σ σ χ ψ
mx m

i i

i tcM
= −







exp

,

	 (C.26b)

Equation	C.26	is	no	more	than	a	strict	implementation	of	the	ideas	of	Drucker	et al.	(1957),	
who	first	clarified	that	the	Mohr	Coulomb	criterion	was	a	locus	of	failure	states,	not	a	yield	
surface.	If	the	limiting	hardness	were	plotted	as	ηmax	in	a	q-p	plot,	(C.26)	forms	the	Hvorslev	
surface	(see	Figure	3.10).

It	 is	also	helpful	 to	understand	that	(C.26)	 implies	an	 internal	cap	to	the	yield	surface	
from	consideration	of	self-consistency.	Figure	C.6a	sketches	a	yield	surface	with	the	dilation	
limit	operating	to	stop	the	yield	surface	expanding.	Now	consider	an	arbitrary	stress	path	
involving	 elastic	unloading,	 illustrated	as	path	1	 in	Figure	C.6a.	 If	 subsequent	 reloading	
follows	path	2,	 then	a	dilatancy	greater	 than	 the	 supposed	maximum	could	be	 realized.	
This	inconsistency	is	removed	by	requiring	that	stress	states	traversing	from	within	the	yield	
surface	to	the	shaded	zone	in	Figure	C.6a	contract	(isotropically	soften)	the	yield	surface,	
as	 illustrated	 in	 Figure	 C.6b;	 yield	 arises	 in	 ‘unloading’	 paths	 as	 a	 natural	 consequence	
of	invoking	state–dilatancy	while	requiring	normality.	To	implement	plastic	softening,	we	
must	have	an	internal	cap	to	the	yield	surface.	Although	a	range	of	shapes	are	possible	for	
the	internal	cap,	an	acceptable	and	simple	shape	is	to	take	the	cap	as	a	plane	perpendicular	

Prescribed maximum dilatancy

Path 2
q

Path 1

Internal softening cap
p(a)

Unloading path

Softened yield surface

dwg. 16561

q
Internal softening cap

Original yield surface

p
(b)

Figure C.6  Schematic illustration of self-consistency requirement for internal cap to yield surface. (a) pos-
sibility of inconsistent dilation and (b) isotropic softening on unloading. (From Jefferies, M.G., 
Géotechnique, 47, 1037, 1997. With permission from Institution of Civil Engineers.)
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to	the	mean	stress	axis,	as	illustrated	in	Figure	C.6b.	This	planar	internal	cap	idealization	is	
embedded	in	all	variants	of	NorSand.

C.5  harDenIng rule

C.5.1   outer yield surface hardening with 
fixed principal directions

The	 hardening	 law	 describes	 how	 the	 yield	 surface	 evolves	 with	 plastic	 strain,	 which	 is	
the	 nature	 of	 all	 plastic	 work-hardening	 models.	 The	 natural	 form	 for	 a	 hardening	 law	
that	complies	with	the	Second	Axiom,	while	respecting	the	constraint	on	maximum	allow-
able	dilatancy,	is	a	simple	difference	equation	between	the	current	hardness	(i.e.	size)	and	
the	current�maximum	allowable	value	of	hardness	[from	(C.26b)],	which	gives	the	rate	of	
change	in	yield	surface	size	with	incremental	plastic	shear	strain:

	
� �σ σ σ εmi mx mi q

pH= −( ) 	 (C.27)

In	(C.27),	H	is	a	hardening	modulus	(which	could	be	a	function	of	soil	fabric	and	ψ).	Shear	
strain	must	be	used	as	the	strain	measure	because,	at	the	image	condition,	η ε= ⇒ =Mi v� 0,	
which	 means	 that	 purely	 volumetric	 strain-based	 hardening	 will	 not	 get	 past	 the	 image	
condition	during	shear.	Equation	C.27	is	akin	to	a	radioactive	decay	equation	but	with	the	
additional	feature	that	the	target	is	evolving	as	well	as	the	state	variable.

To	make	the	mechanics	 independent	of	units,	 the	hardening	 law	is	better	expressed	 in	
dimensionless	form	by	dividing	through	by	current	image	mean	stress	and	further	normal-
izing	through	by	current	mean	stress	to	make	the	role	of	(C.26)	explicit.	Thus,	(C.27)	 is	
restated	as
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An	issue	with	general	3D	conditions	and	the	hardening	modulus	H	must	now	be	addressed.	
The	Lode	angle	is	the	third	stress	invariant	in	NorSand,	but	the	Lode	angle	is	undefined	
when	the	stress	state	is	isotropic.	So	H	cannot	be	a	function	of	Lode	angle;	otherwise,	it	will	
be	undefined	also.	Further,	isotropic	compression	is	a	perfectly	reasonable	loading,	and	the	
hardening	law	must	allow	for	such	a	stress	path.

Introducing	the	ratio	Mi/Mi,tc	as	a	modifier	on	hardening	in	(C.28),
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	 (C.29)

Now,	by	definition,	� �ε εv
p p

q
pD= ,	while	from	(C.10),	Dp⇒Mi	as	η⇒0

	
∴ ⇒ ⇒� �ε ε ηv

p
i q
pM as 0 	 (C.30)

Substituting	the	limit	condition	of	(C.30)	into	(C.29)	shows	that
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as 0 	 (C.31)
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There	are	no	terms	involving	the	Lode	angle	on	the	right-hand	side	of	(C.30),	and	therefore	
hardening	is	fully	and	uniquely	defined	under	isotropic	stress	conditions	despite	the	Lode	
angle	itself	becoming	indeterminate.	The	term	Mi,tc	 is	 introduced	in	(C.29)	for	backward	
compatibility	with	previously	published	values	for	H,�but	equally,	it	would	be	perfectly	rea-
sonable	to	drop	Mi,tc	from	the	hardening	law	and	simply	redefine	H.

The	 hardening	 law	 was	 developed	 from	 the	 physical	 consideration	 of	 treating	 soil	
behaviour	as	a	rate	process.	However,	when	such	a	law	is	fitted	to	sand	stress–strain	data,	
it	is	not	a	perfect	fit.	Hardening	also	depends	on	the	shear	stress	level,	not	a	new	observa-
tion	given	the	preponderance	of	hyperbolic	stiffness	models	 in	the	geotechnical	 literature	
and	certainly	perfectly	acceptable	within	a	critical	state	framework.	Such	a	dependence	on	
mobilized	η	 is	 readily	 introduced	by	multiplying	 through	by	 the	 ratio	σ σm mi/ ,	which	has	
the	effect	of	about	a	threefold	change	in	the	hardening	as	η	changes	from	zero	to	its	typical	
maximum.	The	form	of	the	hardening	law	is	then
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	 (C.32a)

or,	on	explicitly	introducing	the	state	parameter	using	(C.26)	to	make	the	state	dependence	
and	role	of	model	properties	clear,
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It	is	a	matter	of	programming	elegance	as	to	which	version	of	(C.32)	is	appropriate	when	
writing	numerical	 code	 to	 implement	NorSand.	Functionally,	 they	are	 simply	alternative	
versions	of	the	same	hardening	rule.

C.5.2  additional softening

The	hardening	law	(C.32)	works	superbly	for	drained	tests,	but	shows	insufficient	control	
of	hardening	during	loose	undrained	tests.	The	problem	is	that	σmx	changes	with	the	mean	
effective	stress	(see	Equation	C.26),	and	for	loose	soils	with	ψi	>	0,	σmx	can	change	more	
rapidly	in	an	undrained	test	than	a	pure	‘rate	equation’	law	(C.32)	can	follow.	The	harden-
ing	law	(C.32)	gets	there	in	the	end,	but	the	rate	of	strength	loss	with	strain	is	less	rapid	
than	that	 found	 in	 laboratory	 tests.	This	 too	slow	response	can	be	 improved	by	 ‘rolling	
in’	an	additional	term	dealing	with	the	change	in	the	hardening	‘target’	(i.e.	σmx)	during	a	
strain	step:
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	 (C.33)

where	the	ratio	η/ηL	is	a	linear	‘rolling	in’	so	that	the	additional	term	on	the	RHS	of	the	hard-
ening	law	becomes	progressively	more	important	as	the	stress	ratio	η	approaches	its	current	
limiting	value	ηL	(=	Mi	(1	−	Dmin/Mi,tc)).

This	additional	term	on	the	RHS	of	(C.33)	was	referred	to	as	‘cap	softening’	in	the	first	
edition.	In	some	ways	this	cap	softening	can	be	viewed	as	a	smooth	transition	to	the	current	
limiting	hardness	(or	internal	cap),	at	which	point	the	yield	surface	changes	from	evolving	
with	plastic	 shear	 strain	 to	now	only	depending	on	 the	evolution	of	ψ.	Mathematically,	
the	 requirement	 for	an	additional	 softening	 term	 traces	back	 to	 the	 form	of	 rate	model	
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used	and	where	we	have	two	things	evolving,	not	one.	Practically,	(C.33)	provides	excel-
lent	matches	to	loose	soil	behaviour	in	general	stress	paths;	numerically,	it	nicely	controls	
σ σmi m/ 	 from	 exceeding	 its	 postulated	 limiting	 ratio	 (Equation	 C.26).	The	 nature	 of	 cap	
softening	is	derived	by	taking	the	differential	of	Equation	C.26:
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After	dividing	through	by	the	image	stress,
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Although	(C.34)	is	explicit,	numerical	implementation	is	actually	simpler	if	σmx	is	tracked	
as	an	 internal	variable	and	 the	differential	 computed	 from	a	simple	backward	difference	
(trailing)	estimate	–	far	fewer	calculations	than	implementing	(C.34).	And	remember	that	
(C.34)	is	applied	only	for	loose	states	where	the	yield	surface	is	contracting	to	the	critical	
void	ratio;	for	dense	states,	no	cap	softening	is	invoked	as	such	soils	are	dilating	to	the	criti-
cal	void	ratio.

C.5.3   softening of outer yield surface by principal stress rotation

Principal	stress	rotation	is	fundamentally	important	to	soil	liquefaction	under	earthquake	
or	other	cyclic	loading.	These	loadings	may	have	cyclic	variation	in	the	magnitude	of	devia-
tor	stress,	but	in	almost	all	cases,	they	vary	the	principal	stress	directions	cyclically.	These	
aspects	are	discussed	at	some	length	in	Chapter	7.

As	plastic	hardening	 is	a	macro-scale	abstraction	of	 the	underlying	micro-scale	 reality	
of	grain	contact	arrangements	developing	to	carry	the	imposed	loads,	and	these	grain	con-
tacts	are	orientated,	changing	the	principal	stress	direction	loads	an	existing	arrangement	
of	soil	particles	suboptimally	(see	the	experimental	data	in	Chapter	7).	NorSand	captures	
this	behaviour	by	principal	stress	rotations	always	softening	(shrinking)	the	yield	surface,	
as	illustrated	in	Figure	C.7,	since	plastic	hardening	expresses	the	effect	of	particle	contact	
‘chains’	developing	to	carry	the	imposed	load.

Implementation	of	principal	 stress	 rotation	 is	 straightforward.	An	 increment	of	plastic	
strain	 is	 imposed	 to	harden	 the	yield	 surface	under	fixed	principal	 stress	direction	using	
(C.33).	Then,	the	computed	hardening	is	reduced	proportionally	to	the	amount	of	principal	
stress	rotation.	A	new	soil	property,	a	second	plastic	modulus	Zr,	is	introduced	as	the	coef-
ficient	of	proportionality.	Correspondingly,	the	hardening	law	is	modified	with	a	term	of	
the	form

	

� �σ
σ

α
π

mi

mi
rZ= − 	 (C.35)

The	value	π	appears	in	the	right-hand	side	of	(C.35)	as	a	reminder	that	the	change	of	prin-
cipal	stress	direction	is	measured	in	radians.	Zr	is	then	a	dimensionless	softening	modulus.
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The	form	of	a	softening	law	(C.35)	is	a	first-order	approach.	The	effect	of	principal	stress	
rotation	will	often	move	the	soil	state	away	from	critical,	at	least	initially,	in	violation	of	the	
Second	Axiom.	Such	‘violation’	is	not	fundamental,	as	the	initial	response	involves	small	
shear	strain.	It	is	only	when	the	soil	approaches	η	>	Mi	that	shear	strains	develop,	and	indeed	
under	this	condition,	the	Second	Axiom	asserts	control,	and	we	get	the	familiar	‘butterfly’	
stress	paths	seen	in	cyclic	simple	shear	of	dense	soils.	A	more	significant	limit	is	that	soften-
ing	from	principal	stress	rotation	can	exceed	the	fixed-direction	hardening,	but	that	soften-
ing	cannot	go	past	the	equivalent	normally	consolidated	state.	There	is	also	the	principle	
that	there	is	a	lower	limit	to	void	ratio,	certainly	emin	>	0.	A	reasonable	expectation	is	that	Zr	
will	be	scaled	by	(e–emin)	so	that	there	is	no	softening	once	a	soil	gets	to	its	minimum	void	
ratio.	These	‘issues	of	principle’	require	further	work,	and	are	not	just	for	NorSand	–	there	
is	a	dearth	of	understanding	about	constitutive	implications	of	principal	stress	rotation	in	
general.	As	that	understanding	emerges,	it	is	trivial	to	update	the	NorSand	hardening	law.	
For	the	moment,	(C.35)	is	adopted	as	it	replicates	cyclic	simple	shear	rather	well,	and	that	is	
sufficient	for	the	present	purpose.

C.5.4  softening of inner yield surface

Liquefaction	can	arise	during	reduction	of	mean	effective	 stress	at	more	or	 less	constant	
load,	 the	 situation	being	 caused	by	 increasing	pore	pressure.	The	Aberfan	disaster	 is	 an	
example	of	this	situation.	In	the	context	of	NorSand,	this	loading	comprises	plastic	yield	

Rotated major principal stress
defining reference frame B

Original major principal 
stress defining reference

 frame A
Yield surface
on reference

frame B

σ2
B

σ1
A

σ1
B

σ2
A

Yield surface
on reference

frame A

Softening
Rotation

Figure C.7   Yield  surface  softening  induced  by  principal  stress  rotation.  (From  Been,  K.  et  al.,  Class 
A  prediction  for model  2,  in  Proceedings of the International Conference on the Verification of 
Numerical Procedures for the Analysis of Soil Liquefaction Problems [VELACS], eds. K. Arulanandan 
and  R.F.  Scott,  A.A.  Balkema,  Rotterdam,  the  Netherlands,  1993.  With  permission  from 
Taylor & Francis.)
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on	the	internal	cap.	Such	yield	always	causes	softening	of	the	yield	surface,	and	again	the	
Second	Axiom	is	neglected	since	loading	is	directed	inwards	and	away	from	the	CSL.	The	
hardening	law	for	the	internal	yield	surface	is
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m i
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i tc
q
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M
,

, ,

= −
2

	 (C.36)

The	 cap	 always	 contracts,	 softening	 the	 yield	 surface,	 when	 loaded.	 There	 is	 a	 case	 for	
introducing	a	further	plastic	modulus	to	describe	the	cap	behaviour,	but	available	tests	to	
date	suggest	that	about	half	the	loading	modulus	seems	to	fit	the	data.	Hence,	the	empirical	
factor	of	two	in	(C.36).

It	should	be	recognized	that	tests	to	determine	the	behaviour	of	the	inner	cap	are	rare,	
although	constant-shear-drained	tests	have	become	a	recent	research	interest	(see	Chapter	6).	
Loading	under	decreasing	shear	as	well	as	decreasing	mean	stress	does	not	move	the	soil	
towards	critical	(this	is	a	stress	path	when	reducing	axial	load	in	a	triaxial	cell	after	the	soil	
has	reached	its	maximum	dilation	rate).	And,	theoretically,	there	are	issues	with	the	recov-
ery	of	internal	non-elastic	stored	energy	which	affect	the	stress–dilatancy	rule	(e.g.	Jefferies,	
1997;	Collins	and	Muhunthan,	2003).	Further	developments	to	(C.36)	should	be	expected	
as	these	issues	are	explored	and	reconciled.

C.5.5  Constraint on hardening modulus

Although	the	essence	of	NorSand	is	to	decouple	hardening	from	the	CSL,	self-consistency	
requires	that	positive	ψ	must	be	accessible	as	that	is	a	fundamental	premise	of	the	model	
and	further	supported	by	the	data	showing	an	infinity	of	NCL.	This	means	that	there	is	a	
limiting	lower	value	of	the	plastic	hardening	H	that	is	related	to	the	hardening	of	the	NCL.	
While	stiffer	behaviour	(greater	H)	is	acceptable,	H	is	constrained	at	the	lower	end	by	the	
slope	of	the	CSL.	All	NCL	must	be	able	to	cross	the	CSL.

Assume	the	usual	semi-log	form	of	the	CSL	(what	follows	can	be	derived	for	different	
CSL	idealizations,	which	changes	the	numerical	value	of	the	constraint	but	not	the	principle	
of	it),	and	further	assume	that	volumetric	elasticity	can	be	represented	by	constant	rigidity	
(i.e.	the	standard	κ	model).	Because	H	is	a	plastic	parameter,	the	equivalent	plastic	compli-
ance	of	interest	from	the	CSL	is	given	by	λ�−	κ.	For	isotropic	conditions,	the	plastic	volumet-
ric	stiffness	of	the	CSL	is	given	by

	

K
e

c
p

m= +
−

1
λ κ

σ 	 (C.37)

Self-consistency	of	the	model	with	the	postulates	on	which	it	is	based	requires	that

	
K Kp

c
p

i> ∀ < ∧ =ψ η0 0 	 (C.38)

where	the	condition	η	=	0	is	invoked	because	the	restriction	can	be	imposed	only	under	iso-
tropic	conditions.	As	the	shear	stress	increases	and	the	soil	moves	to	the	critical	state,	then	
very	different	behaviours	come	into	play	because	of	Axiom	2.	Although	the	restriction	is	
written	for	all	negative	states,	it	is	the	limiting	condition	on	the	CSL	that	matters	as,	if	this	
requirement	is	met,	it	is	always	true	from	experiments	(denser	states	are	always	stiffer	than	
loose	ones	for	the	same	mean	stress).
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The	hardening	rule	under	isotropic	conditions	(C.31)	can	be	further	simplified	using	the	
spacing�ratio	‘r’	as
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Expressing	(C.39)	as	a	plastic	stiffness	gives	directly,	for	ψi	=	0:
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Invoking	the	limit	(C.38)	and	using	(C.40)	with	(C.37)	gives
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Putting	in	typical	values	that	Mtc	≅	1.25,�r	=	2.718,	e	≅	0.7	gives	the	simple	and	approximate	
limit	on	H:
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0H i>
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∀ <
λ κ

ψ 	 (C.42)

This	theoretical	self-consistency	constraint	turns	out	to	be	very	much	a	lower	limit	of	expe-
rience.	This	right-hand	side	of	(C.42)	is	recognized	as	the	Cam	Clay	hardening.

C.6  overConsolIDatIon

Overconsolidation	actually	involves	two	concepts.	On	one	hand,	overconsolidation	is	defined	
in,	say,	an	oedometer	test	as	the	ratio	of	current	vertical	stress	to	the	vertical	pre-consolidation	
stress	determined	from	the	measured	soil	behaviour.	In	effect,	measuring	the	relationship	of	
current	stress	to	where	yielding	recommences.	On	the	other	hand,	there	is	the	geologic	defini-
tion	that	overconsolidation	relates	the	current	vertical	stress	to	its	maximum	past	value.	The	
two	concepts	are	not	the	same	because	yield	in	unloading	shrinks	the	yield	surface	as	stress	
levels	are	reduced.	NorSand	recognizes	and	uses	both	concepts	of	overconsolidation	ratio:

	

Yield definition: R mi

me

= σ
σ

� (C.43)

	

Stress history definition: P =
σ
σ
1

1

,max � (C.44)

These	two	definitions	of	overconsolidation	are	not	intellectual	 ‘niceties’	–	real	soils	show	
both	effects,	discussed	shortly	after	dealing	with	the	definitions	themselves.

Taking	the	mechanical	sense	of	overconsolidation	first,	what	is	the	stress	σme	in	the	mea-
sure	 R?	 The	 familiar	 ‘taught’	 idea	 of	 yield	 overconsolidation,	 such	 as	 you	 find	 in	 texts	
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discussing	compression	of	clays,	is	to	look	along	the	loaded	stress	axis	(i.e.	mean	stress	for	
an	isotropic	consolidation	or	the	vertical	stress	axis	for	an	oedometer)	and	define	the	over-
consolidation	ratio	on	that	axis.	This	concept	is	not	really	helpful	for	general	stress	states,	
and	there	 is	a	better	way	that	still	conforms	to	 the	 familiar	usage	of	 ‘overconsolidation’.	
Consider	a	yield	surface	as	shown	in	Figure	C.8	and	with	a	current	stress	point	lying	inside	
that	yield	surface.	As	illustrated	in	the	figure,	define	a	second	pseudo-yield	surface	going	
through	that	stress	state	using	the	same	equation	as	the	yield	surface	itself,	but	now	with	a	
reduced	scaling	stress	σme:

	

σ σ η
me m

iM
= −









exp 1 	 (C.45)

Using	(C.45),	the	‘proximity’	of	the	elastic	state	to	yielding	defined	by	(C.43)	automatically	
accommodates	the	effect	of	geostatic	shear	stress	on	the	proximity	to	the	yield	surface.	The	
NorSand.xls�spreadsheets	allow	input	of	R	to	set	an	elastic	range.	This	elastic	range	pushes	
the	yield	surface	out	from	the	geostatic	stress	state	(i.e.	Ko)	input	as	the	starting	point	for	the	
simulation.	The	related	finite	element	software	(Appendix	D)	implements	the	same	concept	
of	overconsolidation.

The	yield	concept	of	overconsolidation	is	used	to	define	the	onset	of	plastic	yielding,	while	
the	stress	history	(or	geological)	concept	of	overconsolidation	affects	the	dilatancy	and	plas-
tic	hardening.	There	are	three	possible	combinations	of	R	and	P	on	the	main	yield	surface	
(i.e.	excluding	yield	on	the	inner	cap):

•	 Normally	consolidated	behaviour	R	=	1	and	P	=	1
•	 Reloading	plastic	behaviour	R�=	1	and	P	>	1
•	 Elastic	behaviour	R�>	1	and	P	>	1

Within	these	three	possible	combinations	of	overconsolidation,	there	are	two	restrictions/
conditions	on	R.

Yield surface
D

ev
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to
r s

tr
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s, 
q

Yield surface equation scaled
to current stress state

Current stress state

Mean effective stress, p΄

σmi

σme

R = σmi/σme

Figure C.8 Definition of overconsolidation used in NorSand.
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The	first	restriction	is	that	R	≤	P.	One	might	find	this	restriction	violated	if	true	bonds	
have	 developed	 between	 the	 particles	 (say	 by	 cementation),	 but	 if	 that	 is	 the	 case,	 then	
true	cohesion	(or	similar)	needs	introducing	to	the	constitutive	framework.	This	restriction	
applies	for	‘particulate’	idealizations	of	soil.

The	second	restriction	is	that	the	elastic	stress	state	must	lie	within	the	existing	yield	sur-
face.	If	the	‘overconsolidated’	stress	state	moves	past	the	internal	cap,	then	yield	in	unload-
ing	develops,	and	the	yield	surface	shrinks	to	keep	the	cap	on	the	current	stress	state	(see	
Section	C.7.2).	The	maximum	yield	overconsolidation	ratio	depends	on	the	deviator	stress,	
with	an	absolute	maximum	for	R	corresponding	to	the	condition	σq	=	0,	which	is

	

R r mi

m

< 









σ
σ max

	 (C.46)

If	some	common	soil	properties	and	geostatic	stress	states	are	invoked,	the	practical	result	is	
that	a	reasonable	expectation	is	R	<	3,	with	yield	in	unloading,	and	the	subsequent	effect	of	
that	on	reloading,	being	credibly	normal	in	many	natural	‘overconsolidated’	soils.

C.6.1  effect of reloading

A	corollary	to	the	limiting	yield	overconsolidation	ratio	is	that	the	yield	surface	softening	
so	induced	leaves	a	memory	within	the	soil	that	shows	up	during	reloading.	Reloading	was	
investigated	 in	 the	 triaxial	 compression	of	Erksak	 sand,	with	unload–reload	 cycles	 from	
both	pre-	and	post-maximum	strengths.	The	data	can	be	downloaded	from	the	website	and	
comprises	 the	 tests	 CID-G860	 to	 G874	 inclusive.	 The	 measured	 behaviour	 of	 test	 CID-
G687	is	shown	in	Figure	C.9	together	with	the	NorSand	simulation.	This	simulation	used	
Hreload	=	4H	for	R�>	1	and	P�<	1.	This	simulation	used	Nova’s	flow	rule	(Equation	C.8)	modi-
fied	so	that	αN	was	used	rather	than	N.	The	reloading	was	best	fitted	with	α�=	2	as	can	be	
seen	from	Figure	C.9.	Reloading	is	obviously	intimately	linked	to	yield	in	unloading,	and	
further	developments	should	be	expected	in	how	reloading	is	handled.	Note	that,	regretta-
bly,	α	is	used	here	as	a	scaling	of	stress-dilatancy	for	consistency	with	the	original	reference;	
α	is	not	the	direction	of	σ1	from	the	vertical	direction	in	this	context.

C.7  ConsIstenCy ConDItIon

Plastic	strain	of	the	soil	causes	the	yield	surface	to	change	size	(harden	or	soften).	Since	the	
yield	surface	 is	expressed	in	terms	of	the	dimensionless	stress	ratio	σ σmi m/ ,	 this	gives	the	
relationship	between	the	current	values	at	step	‘j’	and	those	sought	at	the	end	of	a	strain	step	
(i.e.	at	‘j+1’)	as
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	 (C.47)

Equation	C.47	 is	 fine	 for	 advancing	 the	 integration	provided	 the	mean	 stress	 increment	
is	known.	But	this	is	generally	not	the	case,	with	often	only	the	ratio	of	mean	to	shear	stress	
increment	being	known	(as,	e.g.	 in	a	drained	triaxial	 test).	The	consistency�condition	 is	
used	 in	 such	 situations.	The	consistency	condition� is	 simply	 that,	as	plastic	yield	occurs	
and	changes	the	size	of	the	yield	surface,	the	stress	state	must	remain	on	the	yield	surface.	
The	consistency	condition	is	conventionally	expressed	by	the	notation	that	the	yield	surface	
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corresponds	 to	 the	 equation	 F�=	0,	 and	 thus,	 the	 consistency	 condition	 is	 simply	 dF�=	0.	
Applying	dF�=	0	provides	an	additional	equation	to	compute	the	effect	of	plastic	yield.

C.7.1  Consistency case 1: on outer yield surface

The	NorSand	yield	surface	is	expressed	in	the	standard	form	F	=	0	as

	

F M Mi i
m

mi

= − +








η σ

σ
ln 	 (C.48)

Noting	 that	 (C.48)	 is	 a	 function	 of	 three	 variables	 (Mi,	 η,	 and	 the	 stress	 ratio	 σ σmi m/ ;	
θ	 influences	 the	 yield	 surface	 only	 through	 affecting	 Mi);	 taking	 differentials	 allows	 the	
consistency	condition	to	be	expressed	as
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1
0 4 8
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ε v
 (%

)
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α = 2
α = 1

η

M = 1.25
N = 0.25
h = 180
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v = 0.2
G = 150 MPa

Ψo =  –0.07

Figure C.9   Fit of NorSand to data with modified stiffness and dilatancy for reloading. (a) stress ratio η versus 
shear strain with Hreload = 4H and (b) volumetric strain versus shear strain with N scaled by α. (From 
Jefferies, M.G., Géotechnique, 47, 1037, 1997. With permission from Institution of Civil Engineers.)
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On	taking	the	required	partial	differentials	of	(C.48)	and	substituting	in	(C.49),
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Applying	the	consistency	condition	that	dF	=	0�(and	changing	to	dot	notation),
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Equation	C.51	gives	the	change	in	the	shear	stress	ratio	η	given	a	dimensionless	change	in	
the	image	stress	σmi	(a	term	given	directly	by	the	hardening	law),	the	dimensionless	change	in	
the	mean	stress	σm	(which	depends	on	the	stress	path	and	loading	conditions),	and	a	dimen-
sionless	change	in	the	image	stress	ratio	Mi	(which	will	actually	be	small).	It	may	generally	
be	convenient	to	use	(C.49)	restated	in	terms	of	the	stress	invariants	themselves,	which	is	
done	as	follows.	From	the	definition	of	η,
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On	substituting	(C.52)	in	the	consistency	condition	(C.51),
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As	η	−Mi	=	−Dp,	substituting	this	identity	in	(C.53),
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Equations	C.54	and	C.51	are	alternative	forms	of	the	consistency	condition.	Either	can	be	
used	as	most	convenient,	with	the	choice	depending	on	the	form	of	numerical	integration.

C.7.2  Consistency case 2: on inner cap

On	the	inner	cap,	the	yield	surface	is	a	flat	plane	which	has	a	yield	function	written	in	the	
standard	form	F	=	0	as
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Recalling	that	χtc	and	Mtc	are	material	properties	(i.e.	constants),	differentiation	gives
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On	multiplying	through	by	the	ratio	of	mean	to	image	stress,	and	setting	dF	=	0	to	enforce	
consistency,
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If	we	use	the	approximation	that	χtc/Mtc	≈	χi/Mi,tc,	then	the	equation	may	be	simplified	by	substi-
tuting	(C.26)	in	(C.57)	for	the	exponential	term.	In	so	doing,	the	mean	and	image	stress	terms	
also	then	cancel	(because	σmi	=	σmx	when	the	stress	state	is	on	the	cap).	Thus,	(C.57)	becomes
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Equation	C.58	is	the	basic	form	of	the	consistency	condition	for	yield	in	unloading.	During	
an	increment	of	yielding	on	the	inner	cap,	any	change	in	the	state	parameter	will	tend	to	be	
small	so	that	the	earlier	equation	is	almost	a	statement	that	the	geometry	of	the	yield	surface	
does	not	change	much.	However,	 it	 is	sometimes	useful	 to	have	the	change	 in	state	 term	
explicit.	Differentiating	the	image	state	parameter,

	
� � �ψi cie e= − 	 (C.59)

The	first	term	in	(C.59)	is	simply	related	to	the	total	volumetric	strain	increment,	since	by	
definition,	 � �εv e e= − +/( ).1 	For	the	second	term,	if	the	semi-logarithmic	form	of	the	CSL	is	
adopted	(and	any	‘curved’	CSL	can	be	reduced	to	an	equivalent	locally	semi-log	idealization),
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Putting	(C.60)	and	(C.59)	in	(C.58)	gives,	after	rearranging,
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If	the	k	model	for	volumetric	elasticity	is	introduced,
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For	the	undrained	case,	which	is	of	particular	interest	during	simulation	of	static	liquefac-
tion,	(C.61)	reduces	to
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where	the	condition	 �σm < 0	clarifies	that	the	loading	vector	is	directed	inwards.

C.8  stress DIfferentIals

An	 essential	 step	 in	 numerical	 implementations	 of	 work-hardening	 plasticity	 is	 to	 deter-
mine	the	differentials	of	the	stress	invariants	in	terms	of	differentials	of	the	three	principal	
stresses.	These	derivatives	are	often	quoted	 in	finite	 element	 texts,	but	 it	 is	useful	 to	 see	
their	origin.	The	derivations	that	follow	will	be	given	in	terms	of	σ1,	with	the	derivatives	in	
terms	of	σ2	and	σ3	following	by	cyclic	substitution	of	principal	stresses.	Recall	that	the	stress	
invariants	in	terms	of	the	three	principal	stresses	are
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From	(C.64),	it	immediately	follows	that
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Turning	to	the	deviatoric	stress,	from	(C.65),
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The	other	required	partial	differentials	are	found	by	cyclic	substitution	in	(C.68).	The	deriv-
atives	with	respect	to	θ	are	tedious	and	best	approached	by	going	through	the	invariant	J3:
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with	s1,	s2,	s3	being	given	in	(C.66).	Rewriting	(C.66)	in	terms	of	J3	gives
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On	taking	the	partial	derivative	of	(C.70)	with	respect	to	J3,
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Moving	to	the	definition	of	J3,	(C.69),	on	differentiating	with	respect	to	σ1,
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It	then	follows	that
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So,	finally,	on	substituting	(C.72)	with	(C.71)	into	(C.69),
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The	other	required	partial	differentials	are	found	by	cyclic	substitution	in	(C.73).

C.9  DIreCt nuMerICal IntegratIon for eleMent tests

Models	such	as	NorSand	are	used	in	finite	element	analyses,	direct	numerical	integration	of	
is	also	useful	to	get	model	predictions	of	standard	laboratory	tests	for	a	couple	of	reasons.	
Although	some	parameters	can	be	determined	by	regression	of	data	points	abstracted	from	
tests	or	from	identification	of	a	particular	aspect	of	the	test	(e.g.	Mtc),	the	goal	of	a	model	is	
to	represent	the	entire	behaviour.	This	goal	is	best	achieved	by	simulating	the	entire	test	and	
iterating	on	the	inferred	soil	properties	to	get	the	best	overall	fit	of	the	model	to	the	data.	
Models	also	have	much	to	offer	in	their	own	right	as	predictive	tools	as	in,	for	example,	
understanding	how	the	post-liquefaction	strength	is	affected	by	initial	conditions.

Plasticity	 models	 are	 defined	 in	 terms	 of	 differentials	 or	 incremental	 strains,	 with	
often	 delightfully	 simple	 form.	 But,	 a	 stress–strain	 curve	 is	 needed	 to	 compare	 with	 the	
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laboratory	test.	This	means	models	have	to	be	integrated	over	the	stress	or	stain	path	of	the	
laboratory	 test,	which	 is	 straightforward	as	 the	 tests	have	uniform	 stress	 conditions	with	
known	 stress	or	 strain	paths	 (or	 some	 combination	of	 the	 two).	These	known	 stress	 and	
strain	conditions	(often	known	as	ratios,	but	it	depends	on	the	particular	test)	are	substituted	
in	the	consistency	condition	to	give	the	relationship	between	hardening	and	change	in	yield	
surface	size	for	the	particular	test.	In	this	way,	the	yield	surface	and	hardening	equations	are	
integrated	over	the	known	stress–strain	path	to	get	the	prediction	of	the	test	behaviour.

NorSand	 does	 not	 have	 any	 closed-form	 solution,	 so	 numerical	 integration	 is	 needed.	
This	is	not	difficult	and	may	be	done	in	a	standard	Euler	manner	of	working	out	the	current	
conditions	and	incremental	gradients	at	that	current	condition	(say	loading	step	j),	applying	
an	increment	of	plastic	shear	strain,	and	then	computing	the	corresponding	values	at	the	
end	of	the	strain	step	(=	loadstep	j�+�1)	by	applying	the	computed	gradients.	For	example,	the	
shear	stress	ratio	is	simply	ηj+1	=�ηj	+	δη	where	δη	is	the	increment	of	the	shear	stress	ratio	that	
develops	in	the	loading	step.

Direct	numerical	integration	is	easily	and	conveniently	implemented	within	VBA	subrou-
tines	of	an	Excel	spreadsheet,	and	these	are	provided	in	the	various	NorSand.xls�spreadsheets.	
They	can	be	accessed	using	the	Visual	Basic	editor	(open	the	subroutines	using	the	menu/
Tools/Macro/Visual�Basic�Editor	or	just	press	‘Alt+F11’).	The	equations	used	in	the	various	
subroutines	are	derived	in	the	following	sections.	Several	subroutines	are	used	because	the	
details	of	the	integration	depend	on	the	test	and	whether	it	is	drained	or	undrained,	most	
conveniently	implemented	as	a	separate	subroutine	for	each.	Using	separate	subroutines	also	
speeds	up	the	solution	by	avoiding	‘if’	statements	in	the	integration	loop.	The	common	inte-
gration	used	in	all	subroutines	is	as	follows:

Loop	over	…
Apply�plastic�shear�strain�increment
Recover�all�plastic�strain�increments�from�stress–dilatancy
Use�hardening�rule�to�get�increment�of�image�stress
Apply�consistency�condition�to�determine�new�stress�state
Add�in�elastic�strains�from�stress�changes�in�loadstep
Update�strains,�void�ratio,�state�parameter

The	key	is	how	the	consistency	condition	is	used	on	a	test-by-test	basis.	Everything	else	is	
common	amongst	all	tests.	The	reason	that	the	use	of	the	consistency	condition	changes	is	
that	each	element	test	has	its	own	stress	and	strain	paths,	which	means	the	relative	amounts	
of	the	stress	increments	change	from	one	test	to	another	(and	even	during	the	test).	This	use	
of	the	consistency	condition	is	now	derived	in	detail	for	various	laboratory	tests.	Note	that	
the	derivations	are	all	for	monotonic	(continuous)	loading	from	a	normally	consolidated	ini-
tial	state.	Of	course,	unloading/reloading	and	overconsolidation	are	important	and,	indeed,	
are	crucial	 to	cyclic	 loading.	However,	 these	aspects	are	conceptually	 straightforward	but	
tedious	in	code	(they	are	coded	with	annotations	in	the	NorSand.xls,�so	refer	to	the	VBA	
code	if	interested).

C.9.1  undrained triaxial tests

This	is	by	far	the	simplest	case,	and	there	is	little	difference	between	triaxial	extension	and	
compression.	The	Euler	rule	for	the	integration	is

	

σ
σ

σ
σ

σ
σ

σ
σ

mi

m j

mi

m

mi

mi

m

m i







= + −





















+1

1
� �

	 (C.47	bis)
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There	are	two	terms	between	the	brackets	on	the	right-hand	side.	The	first	of	these	is	given	
by	the	hardening	law.	The	second	term	follows	from	the	undrained	condition:

	
� � � � �ε ε ε σ εv v

p
v
e

m v
pK= ⇔ = − = −0 from which 	 (C.74)

where	K	is	the	elastic	bulk	modulus.	The	plastic	volumetric	strain	is	known	from	the	stress–
dilatancy	 rule,	 (C.10).	 The	 consistency	 condition	 is	 essentially	 trivial	 as	we	 immediately	
know	the	new	mean	stress	without	any	further	algebraic	manipulation.	Hence,	using	(C.47),	
the	yield	surface	hardness	is	updated,	and	then	the	deviator	stress	recovered	as	the	mean	
stress	and	current	value	for	Mi	are	both	known.	It	is	then	trivial	to	calculate	the	elastic	shear	
strain	increment:

	

�
�

ε
σ

q
e q

G
=

3
	 (C.75)

from	which	all	the	strain	increments	are	now	fully	defined.
Notice	that	the	effective	stresses	in	the	undrained	triaxial	test	respond	only	to	the	shear	

component	of	load.	An	external	load	increment	that	increases	the	total	mean	stress	on	the	
sample	creates	an	equal	response	in	the	pore	water	pressure	(i.e.	it	is	assumed	that	there	is	
full	sample	saturation	and	so	B�=	1).	Partial	saturation	effects	can	be	simulated	easily	enough	
by	adding	B	to	the	parameter	list,	but	doing	so	adds	no	insight	for	the	present	application	
and	is	therefore	neglected.

Principal	stresses	are	readily	recovered	from	the	stress	invariants	and	are	(for	both	com-
pression	and	extension)

	
σ σ σ1

2
3= +q m 	 (C.76a)

	
σ σ σ3

1
3= −m q 	 (C.76b)

There	are	only	two	differences	between	triaxial	compression	and	triaxial	extension.	First,	a	
much	reduced	M	will	be	used	in	extension	(see	Chapter	3).	Second,	the	recovery	of	the	prin-
cipal	strain	increments	from	the	strain	increment	invariants	differs	because	of	the	differing	
symmetry	between	extension	and	compression.

For	triaxial	compression,	� � � � �ε ε ε ε ε2 3 1 32= ⇒ = +v 	and	� � �ε ε εq = −2
3 1 3( )

as	�εv = 0	(the	undrained	condition)

	
⇒ =� �ε ε1 q 	 (C.77)

	
For triaxial extension: � � � � �ε ε ε ε ε2 1 1 32= ⇒ = +v 	 (C.78)

and	�εq	is	unchanged,	similarly	for	triaxial	extension

	
⇒ =� �ε ε1

1
2 q 	 (C.79)

Equations	C.77	and	C.78	illustrate	one	source	of	confusion	in	comparison	of	triaxial	com-
pression	and	extension	test	data.	Such	comparison	is	often	on	the	basis	of	q	versus	axial	
strain.	And	what	is	now	clear	is	that	in	such	a	comparison,	apples	are	being	compared	with	
oranges	(or	half	an	apple).	It	is	then	unsurprising	that	‘different’	stress–strain	behaviours	are	
reported	by	experimenters.
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C.9.2  Drained triaxial compression

Drained	triaxial	compression	differs	from	the	undrained	in	that	the	mean	stress	increment	
is	not	 immediately	known	(unless	we	have	the	particular	case	of	constant	mean	effective	
stress	tests	when	it	is,	of	course,	zero).	Rather,	from	the	configuration	of	the	test,	we	know	
the	ratio	of	increase	in	shear	stress	to	increase	in	mean	stress.	This	ratio	is	1/3	for	a	stan-
dard	triaxial	compression	test	and	–1/3	for	a	triaxial	extension	tests.	Other	values	can	be	
programmed	into	controlled	stress	path	tests.	For	the	derivation,	the	value	does	not	matter,	
as	the	load	direction	parameter,	L,	is	used,	and	which	is	known	from	the	test	conditions:
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	 (C.80)

The	 notation	 Δ	 is	 used	 to	 indicate	 that	 there	 are	 finite	 changes	 over	 which	 this	 ratio	 is	
expected	to	be	constant.	The	definition	of	η	is	now	used.	On	differentiating	η,
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Substituting	(C.81)	in	the	consistency	condition	(C.51)	gives
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Principal	strain	increments	follow	as	the	undrained	case,	except	that	there	is	now	non-zero	
volumetric	strain.

C.9.3  Drained plane strain: Cornforth’s apparatus

Cornforth	(1961,	1964)	was	the	first	to	investigate	plane	strain	behaviour	systematically	and	
in	comparison	to	triaxial	compression	and	extension	conditions.	As	explained	in	Chapter	3,	
this	is	an	important	body	of	data	even	though	it	is	40 years	old.	The	apparatus	Cornforth	
used	was	much	like	a	square	triaxial	test	with	one	axis	being	restrained	to	force	plane	strain	
and	the	other	imposing	constant	σ3	(see	Figure	2.43).

With	Cornforth’s	apparatus,	the	combination	of	strain	constraint	and	constant	stress,	and	
the	loss	of	symmetry,	requires	a	somewhat	more	elaborate	treatment	of	how	the	consistency	
condition	is	used.	The	consistency	condition	in	terms	of	stress	invariants	is
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Progress	requires	(C.54)	be	recast	in	terms	of	the	increment	in	σ1.	Remembering	that	these	
tests	were	constant	σ3;	the	differentials	of	the	stress	invariants	are
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In	(C.84),	recall	that	the	partial	differential	terms	were	previously	derived	as	straightfor-
ward	 equations	 in	 terms	 of	 the	 current	 stress	 state	 in	 Section	 C.8	 (Equations	 C.67	 and	
C.68).	On	substituting	(C.83)	and	(C.84)	in	(C.54),
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 	 (C.85)

The	plane	strain	condition	gives	(continuing	to	remember	that	 �σ3 0= 	for	these	tests)
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And,	finally,	on	substituting	(C.86)	in	(C.85),
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Equation	C.87	gives	the	major	principal	stress	increment	in	terms	of	known	variables	in	the	
loadstep,	which	is	what	is	sought	to	progress	the	integration	loop.	The	intermediate	princi-
pal	stress	is	then	recovered	through	(C.86).

C.9.4  undrained simple shear tests

The	simple	shear	test	aims	to	approximate	the	situation	in	which	soil	 is	sheared	in	plane	
strain	 under	 constant	 mean	 normal	 total	 stress,	 the	 situation	 illustrated	 in	 Figure	 C.10.	
Simple	 shear	 is	 an	 approximation	 to	 the	 situation	 prevailing	 during	 slope	 stability,	 and	
hence	this	test	ought	to	be	of	considerable	influence.	The	difficulty	is	that	the	test	appara-
tus	approximates	only	the	idealized	conditions	of	the	in-situ	situation,	and	the	horizontal	
stress	is	commonly	unmeasured,	which	leaves	an	ambiguity	when	modelling	test	data.	There	
is	 an	 interesting	 ‘Symposium	 in	Print’	 on	 the	 simple	 shear	 test	 in	 the	March	1987	 issue	
of	Geotechnique,	which	discusses	 some	of	 these	 issues.	But	 simple	 shear	 is	becoming	an	
increasingly	popular	test,	and	we	can	make	progress	theoretically.

The	experimental	difficulties	of	getting	to	simple	shear	do	not	constrain	the	numerical	
modelling,	as	we	start	from	known	(or	assumed)	conditions	and	integrate	over	the	idealized	
situation	of	interest.	This	integration	is	one	step	more	complicated	than	that	for	Cornforth’s	
tests,	as	there	are	even	more	mixed	stress	and	strain	boundary	conditions	combined	with	
the	 rotation	of	 the	principal	directions.	The	 following	boundary	 conditions	apply	 to	 the	
idealization	shown	in	Figure	C.10:

	
�εx = 0, applying the infinite extent in the horizontal directtion 	 (C.88)

	
�ε2 0= , applying the plane strain condition 	 (C.89)

© 2016 by Taylor & Francis Group, LLC

  



512  Appendix C: NorSand derivations

	
�εv = 0, (" " )the undrained condition is volumetric not verticalv , 	 (C.90)

	
�σy = 0, the loading condition of simple shear (note total strress) 	 (C.91)

The	start	of	the	integration	is	the	general	consistency	condition	expressed	in	terms	of	incre-
ments	in	the	stress	invariants:
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This	equation	can	be	simplified	in	the	undrained	case	as,	on	application	of	the	shear	strain	
increment,	all	terms	on	the	RHS	are	known	either	from	the	hardening	law	or	from	the	und-
rained	condition.	Write	this	simplified	equation	as
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Y= 	 (C.92)

Taking	the	differential	of	the	shear	stress	invariant	(and	recall	that	the	partial	differentials	
were	previously	derived	as	simple	functions	of	the	stress	state	(C.68)),
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Invoking	the	elastic–plastic	strain	decomposition,	the	plane	strain	condition	in	simple	shear	
gives
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Figure C.10   Simple shear conditions. (From Potts, D.M. et al., Géotechnique, 37(1), 11, 1987. With permission 
from Institution of Civil Engineers.)
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Eliminating	σ2	by	substituting	(C.94)	in	(C.93)
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On	substituting	(C.92)	in	(C.95)
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Equation	C.96	is	better	written	in	terms	of	local	variables	a,	b,	c	for	further	manipulation;	
thus
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All	of	a,	b,	c	are	explicitly	known	for	the	loadstep	from	the	stress	state	at	the	start	of	the	
step,	the	flow	rule	and	the	result	of	the	strain	increment	operating	on	the	hardening	law.	
This	leaves	two	unknowns,	σ1	and	σ3.	Returning	to	the	condition	of	no	volumetric	strain	
(recall	this	is	for	undrained	loading),	the	principal	strains	are	split	into	elastic	and	plastic	
components	to	get	(noting	the	plane	strain	condition	of	 �ε2 0= )
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Again	using	(C.94)	to	eliminate	σ2	in	(C.97),
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or	in	terms	of	additional	local	variables	d,	f,
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where

	 d = − −1 2 2ν ν 	 (C.99b)

	
f E p p p= + +( )� � �ε ε νε1 3 22 	 (C.99c)

On	eliminating	σ3	between	(C.96)	and	(C.99),

	

( )a b c
bf
d

m− = +�σ σ1 	 (C.100)

Equation	C.100	gives	 the	 increment	 in	major	principal	 stress	 in	 terms	of	variables	all	of	
which	are	known	in	the	loadstep,	and	the	minor	principal	stress	increment	is	then	recovered	
through	(C.99).	The	principal	stresses	are	then	updated.	However,	these	principal	stresses	
are	not	what	is	measured	during	the	simple	shear	test.	We	proceed	by	applying	the	normal	
stress	boundary	condition	of	simple	shear	and	recalling	that	the	undrained	condition	gives	
the	pore	pressure	change:

	
� � �σ σ εv v v

pK= ⇒ = −0 	 (C.101)

from	 which	 we	 update	 the	 vertical	 effective	 stress.	 The	 relationship	 between	 vertical	
(y-direction)	stress	and	the	principal	stresses	in	the	plane	of	loading	is

	
σ σ α σ αv = +1

2
3

2cos sin 	 (C.102)

where	α	is	the	angle	between	the	‘1’	direction	and	the	vertical.	On	rearranging	(C.102)	using	
cos2x	=	1	−	sin2x	and	inverting
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y 	 (C.103)

The	measured	shear	stress	in	the	simple	shear	test	τxy	then	follows	immediately	as

	

τ σ σ αxy = −( )1
2

21 3 sin 	 (C.104)

All	that	remains	to	be	determined	is	the	shear	strain.	Because	stress	and	strain	increments	
are	coaxial,	the	shear	strain	increment	is	recovered	most	simply	from	the	updated	principal	
strain	increments:

	
� � �γ ε ε αxy = −( )1 3 2sin 	 (C.105)

Strictly,	modelling	of	simple	shear	should	use	the	hardening	law	with	the	principal	stress	
rotation–induced	softening.	However,	there	is	so	much	uncertainty	in	fitting	simple	shear	
test	data	(because	the	test	measures	only	two	of	the	three	stresses	needed	to	specify	the	stress	
state)	that	it	is	simply	not	worth	dealing	with	an	additional	plastic	modulus.	The	simpler	
form	of	hardening	is	used	as	adequate	given	the	other	uncertainties	with	simple	shear	tests.

C.9.5  Drained simple shear tests

It	may	sometimes	be	interesting	to	evaluate	drained	simple	shear	tests.	The	derivation	pro-
ceeds	much	like	the	undrained	case	except	that	the	conditions	in	the	test	change	to
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�εx = 0 applying the infiniteextent in thehorizontaldirection 	 (C.106)

	
�ε2 0= applying theplanestraincondition 	 (C.107)

	
�σy = 0 the loading conditionof drainedsimpleshear 	 (C.108)

The	start	of	the	integration	is	again	the	general	consistency	condition	expressed	in	terms	of	
the	increments	in	the	stress	invariants:
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It	is	convenient	to	rewrite	this	consistency	condition	distinguishing	between	what	is	known	
in	the	loadstep	(Y′)	and	what	is	being	solved	for:
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Then,	exactly	as	just	done	for	the	undrained	case,	by	taking	the	differential	of	the	devia-
tor	stress	invariant	and	eliminating	the	intermediate	principal	stress	by	invoking	the	plane	
strain	condition,
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Similarly,	a	relationship	is	derived	for	the	mean	stress	increment:
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On	substituting	(C.95)	and	(C.110)	in	(C.109)	and	introducing	dimensionless	local	variables	
a′,�b′,�c′,
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All	of	the	variables	needed	to	evaluate	a′,	b′,	c′	are	known	at	the	start	of	the	loadstep.	The	
volumetric	strain	is	expressed	in	terms	of	the	principal	strains	(split	into	elastic	and	plastic	
components),	noting	the	plane	strain	condition	of	ε2	=	0,	as
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Using	(C.110)	to	eliminate	 �σm	in	(C.112),
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and	then	writing	the	elastic	stains	in	terms	of	stress	increments,

	

D
K

E
K E

p
q

p p� � � �
� � �

�
� �

ε ν σ σ ε
σ νσ νσ

ε
σ νσ

+ + +( ) − =
− −( )

+ +
−1

3 3
1 3 2

1 2 3

1

3 22 1

3

−( )
+

νσ
ε

�
�

E
p 	 (C.113)

Eliminating	σ2	using	the	plane	strain	condition	in	simple	shear	(C.94),
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(C.114)

or	in	terms	of	additional	local	variables	d′,�f′,

	
� �σ σ1 3′ + ′ = ′d d f 	 (C.114a)

where

	

′ = − − −
+

d
E

K
1 2

1
3

2ν ν ν( )
	 (C.114b)

	

′ = − − +





 −









f E D

E
K

p
q

p p p� � � �ε ε ν ε ε1 2 32
3

	 (C.114c)

Finally,	on	eliminating	σ3	between	(C.111)	and	(C.114),
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Equation	C.115	gives	 the	 increment	 in	major	principal	 stress	 in	 terms	of	variables	all	of	
which	are	known	in	the	loadstep,	and	the	minor	principal	stress	is	then	recovered	through	
(C.111).	However,	just	like	undrained	simple	shear,	neither	of	these	stresses	is	what	is	mea-
sured	during	the	test.	These	principal	stress	increments	must	be	expressed	in	terms	of	the	
horizontal	shear	stress	applied	to	the	sample	and	compared	to	the	shear	strain	experienced	
by	the	sample.	A	boundary	condition	of	drained	simple	shear	(C.108)	 is	 that	the	applied	
vertical	stress	is	constant;	thus,	we	immediately	recover	the	principal	stress	directions	as
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α
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y 	 (C.103	bis)

where	α	is	the	angle	between	the	‘1’	direction	and	the	vertical.	Likewise,	with	α	now	known,	
the	applied	shear	stress	τxy	then	follows	immediately	as

	
τ σ σ αxy = −( )1

2
21 3 sin 	 (C.104	bis)

Finally,	stress	and	strain	increments	are	coaxial	so	the	shear	strain	increment	is	recovered	
most	simply	from	the	updated	principal	strain	increments:

	
� � �γ ε ε αxy = −( )1 3 2sin 	 (C.105	bis)
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Appendix D: Numerical 
implementation of NorSand*

preaMBle

This	appendix	derives	the	equations	used	in	implementing	the	monotonic	version	of	NorSand	
(NorSand-M)	within	general	numerical	models,	with	a	 focus	on	 static	 liquefaction.	Two	
numerical	strategies	are	explicitly	considered:	(1)	viscoplasticity	and	(2)�elastic�predictor–
plastic� corrector	 (EP–PC).	 The	 viscoplastic	 solution	 method	 was	 used	 in	 the	 download-
able	 NorSand-M	 finite	 element	 code,	 NorSandFEM,	 to	 produce	 the	 examples	 discussed	
in	Chapter	8.	Verification	of	the	NorSandFEM	code	is	also	discussed,	and	the	download-
able	verification	cases	are	listed	and	described.	The	EP–PC	approach	is	also	presented	in	
detail.	EP–PC	is	adopted	in	the	user-defined	models	of	some	commercial	software	packages	
(e.g.	FLAC),	as	well	as	it	is	used	as	a	precursor	to	the	full	tangent	stiffness	solution	technique	
used	in	many	other	software	codes.

The	derivations	given	here	assume	plane	stress	conditions	apply,	the	most	widely	adopted	
idealization	 for	 commercial	 geotechnical	 modelling.	 Adaptation	 to	 triaxial	 conditions	 is	
simple	and	already	implemented	within	NorSandFEM	as	an	option.

An	 inelegant	 wrinkle	 is	 that	 finite	 element	 codes	 (including	 those	 in	 the	 Smith	 and	
Griffiths	book	and	which	are	the	basis	of	this	appendix)	commonly	have	a	tension	positive	
convention,	 while	 soil	 mechanics	 uses	 the	 opposite	 of	 compression	 positive.	 This	 means	
that	one	either	has	finite	element	routines	that	do	not	obviously	correspond	to	the	familiar	
soil	mechanics	derivations,	or	one	has	to	swap	sign	convention	to	give	the	elastic–plastic	
matrix	used	 in	 solving	 for	 the	 stresses	 and	 strains.	The	NorSandFEM	 code	adopted	 the	
second	choice,	so	the	embedded	NorSand	equations	can	be	read	in	the	source	code	much	as	
derived.	But,	this	comes	with	the	penalty	of	an	inelegant	handover	from	the	main	code	to	
the	NorSand	subroutines	to	deal	with	the	changed	stress	convention.

D.1  prInCIpal versus CartesIan

A	Cartesian	frame	of	reference	is	adopted:	x	=	horizontal,	y	=	vertical	and	z	=	out	of	plane.	
Positive	x	is	to	the	right,	and	positive	y	is	upward.	The	stresses	and	strains	for	this	coor-
dinate	system	are	σxx,	εxx,	σyy,	εyy,�σxy,	εxy,�σzz,	εzz.	In	general,	the	principal	directions	(by	
convention,	denoted	using	numbers	rather	than	letters	…	σ1	as	opposed	to	σxx,	etc.)	will	
be	at	an	angle	to	the	x	and	y	directions	–	and	that	angle	will	be	different	at	every	point	
throughout	 the	 domain	 being	 analysed.	 The	 out-of-plane	 direction	 (z-axis)	 is	 always	
principal.

*	Contributed	by	Dawn	Shuttle.
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NorSand	has	implicit	direction	and	aligns	with	principal	stress	and	principal	strain	incre-
ment	space.	Computed	stress	increments	for	the	imposed	stress	state	must	be	mapped	back	
into	the	Cartesian	frame	as	the	final	step.	This	mapping	is	based	on	the	angle	between	the	
‘1’	direction	and	the	‘y’	(vertical)	direction,	denoted	as	α:

	
α

σ
σ σ

σ σ α α π=
−











1
2

2
arctan xy

y x

If  then /2x y< = + 	 (D.1)

This	convention	is	chosen	because	the	situation	of	K0	<	1	is	most	frequent	as	a	‘greenfield’	
condition,	and	this	conveniently	corresponds	to	α	=	0	as	the	starting	point	for	the	analysis.

Also	note	that	although	α	is	used	only	for	changing	between	frames	of	reference	in	the	
monotonic	version	of	NorSand,	 in	the	more	general	version,	NorSand-PSR	α	 is	a	further	
‘state	measure’	and	used	to	drive	plastic	softening	caused	by	principal	stress	rotation.

D.2  vIsCoplastICIty

Despite	its	name,	viscoplasticity	does	not	refer	to	any	creep	behaviour	of	the	soil	but	is	a	
technique	for	using	internal	strain	increments	to	redistribute	load	within	the	domain	propor-
tionally	to	the	amount	by	which	yield	has	been	violated.	Historically,	this	solution	method	
has	mainly	been	used	with	extremely	simple	soil	plasticity	models,	such	as	Von-Mises	and	
Mohr–Coulomb.	In	part,	this	is	understandable	as	the	viscoplastic	solution	method	typi-
cally	requires	more	iterations	to	converge	than	tangent	stiffness	approaches,	so	viscoplastic-
ity	is	most	numerically	efficient	if	the	global	stiffness	matrix	is	constructed	only	once	–	and	
which	requires	the	element	elastic	stiffness	to	remain	constant	during	a	simulation.	But	more	
importantly,	researchers	have	tended	to	believe	that	viscoplasticity	is	numerically	unstable	
for	strain-hardening	constitutive	models.	This	is	untrue;	implementation	with	NorSand	has	
shown	viscoplasticity	to	be	a	simple	and	surprisingly	stable	solution	technique,	well	worth	
the	 slight	 loss	 of	 efficiency	 to	 accommodate	 stress-dependent	 elasticity	 by	 reforming	 the	
global	stiffness	matrix.

The	viscoplastic	method	was	first	applied	to	soil	mechanics	by	Olszak	and	Perzyna	(1964)	
and	 later	 expanded	 to	model	 creep,	 together	with	 strain	hardening	 and	 softening,	 using	
the	 finite	 element	 method	 by	 Zienkiewicz	 and	 Cormeau	 (1974)	 and	 more	 generally	 by	
Zienkiewicz	et al.	(1975).	The	viscoplastic	technique	uses	only	the	elastic	stiffness	matrix.	
The	strains	are	divided	 into	 two	components,	an	elastic	component	 �εe	and	a	viscoplastic	
component	�εvp.	The	rate	of	movement	of	the	viscous	‘dashpot’	is	a	function	of	the	magnitude	
of	the	yield	violation:

	
d f

F
F

Qvp�ε γ
σ

=









∂
∂0

	 (D.2)

where
γ	is	the	viscous	fluidity	parameter	(controlling	the	rate	of	convergence)
F	is	the	yield	surface	function
F0	is	the	stress	scalar	to	non-dimensionalize	F	(Zienkiewicz	and	Cormeau,	1974)
Q	is	the	potential	surface	function	(equal	to	the	yield	surface	for	NorSand’s	associated	

flow	rule)
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The	parameter	grouping	γf(F/F0)	is	used	only	as	a	computational	factor	and	has	no	connota-
tion	of	true	soil	creep	behaviour.	Therefore,	generally	(D.2)	is	implemented	in	the	following	
form:

	
d F

Qvp�ε
σ

= ∂
∂

	 (D.3)

The	violation	(or	overshoot)	of	yield,	in	terms	of	εvp,	causes	the	elasto-plastic	forces	to	be	
overestimated,	and	so	these	must	be	balanced	by	equivalent	nodal	loads	called	‘bodyloads’.	
In	order	to	compute	the	term	εvp,	simple	Euler	integration	in	time	is	usually	used,	such	that

	
d d dt t dvp vp vp� � �ε ε ε= ≅∫ ∆ 	 (D.4)

and	for	each	iteration	j,

	 ( ) ( ) ( )d d t dvp j vp j vp jε ε ε= +−1 ∆ � 	 (D.5)

For	numerical	stability,	a	maximum	‘critical’	value	of	Δt	should	not	be	exceeded,	which	has	
been	derived	for	Von-Mises	and	Mohr–Coulomb	materials	by	Cormeau	(1975).	For	Mohr–
Coulomb,	this	critical	timestep	is	given	by

	
∆t

E
mc =

+ −
− +

4 1 1 2
1 2 2

( )( )
( sin )

ν ν
ν φ

	 (D.6)

where
E	is	Young’s	elastic	modulus
v	is	Poisson’s	ratio
ϕ	is	the	friction	angle

For	more	complex	constitutive	models,	this	critical	timestep	is	not	known,	and	the	value	of	
Δt	must	be	estimated	(discussed	later	in	the	context	of	NorSand).

The	stresses	computed	to	be	outside	of	the	current	yield	surface,	termed	‘illegal	stresses’,	
are	given	by

	 ∆ ∆σ εp e vpD= 	 (D.7)

giving	the	stress	increment

	 ∆ ∆ ∆σ ε ε= −De vp( ) 	 (D.8)

In	the	viscoplastic	method,	the	viscoplastic	strain	component,	Δεvp,	is	incremented	each	iter-
ation	until	convergence	is	achieved.	Concurrently,	the	excess	‘illegal’	stresses	are	balanced	
by	bodyloads,	R.	In	standard	finite	element	notation,	these	bodyloads	are	given	by

	

∆ ∆R B D dVT e vp= ∫
volume

ε 	 (D.9)
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or

	

∆ ∆ ∆R Rj j T e vp jB D d= +− ∫∑1 ( ) ( )�ε element
elements

all

	 (D.10)

where	B	is	a	matrix	containing	the	differentials	of	the	shape	functions,	N	(in	εxx,	εyy,	εxy,	εzz	
order),	typically	represented	as	B	=	AN,	where
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	 (D.11)

and	for	the	eight-node	quadrilateral	elements	used	for	examples	in	Chapter	8,

	

N
N N N N N N N N

N N N N N N N N
=












1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8
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0 0 0 0 0 0 0 0
	 (D.12)

where
N1–N8	are	the	shape	functions	of	each	node	(with	the	two	rows	referring	to	the	x	and	y	

directions,	respectively)
The	plane	strain	elastic	constitutive	matrix	De	is:
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	 (D.13)

In	the	B	and	De	matrices,	the	terms	corresponding	to	the	z	direction	are	included,	because	
although	there	is	no	net	displacement	in	the	z	plane,	plastic	yield	can	occur	in	this	out-of-
plane	direction	resulting	in	the	generation	of	equal	and	opposite	elastic	and	plastic	strains,	
ε εz
p

z
e= − .

This	viscoplastic	solution	algorithm	has	been	adopted	for	the	NorSandFEM	download-
able	software.

D.3  NorSandFEM vIsCoplastICIty prograM

NorSand	Finite	Element	Monotonic,	NorSandFEM,	is	the	core	component	of	the	download-
able	FE	software	 for	NorSand.	NorSandFEM	 is	adapted	 from	the	material	non-linearity	
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section	 of	 the	 book,	 Programming� the� Finite� Element� Method,	 now	 in	 the	 fifth	 edition	
(Smith	et al.,	2013).	This	text	has	a	programming-oriented	style,	making	it	easy	to	follow	
and	with	many	example	programs.	The	programs	grew	out	of	research	and	developments	
in	the	Department	of	Civil	Engineering	at	 the	University	of	Manchester	 (with	work	now	
continuing	at	the	University	of	Manchester	and	Colorado	School	of	Mines).	This	work	has	
two	particular	attributes:	(1)	the	text	and	programs	cover	a	wide	variety	of	finite	element	
capabilities	and	with	a	useful	focus	on	geomechanics	and	(2)	the	programs	and	subroutine	
libraries	are	freely	available	online.

The	implementation	of	NorSand	presented	here	is	based	upon	the	programs,	library	func-
tions	and	subroutines,	coded	in	Fortran90,	which	were	released	with	the	third	edition	(Smith	
and	Griffiths,	1998).	The	NorSandFEM	code,	and	associated	library	routines,	is	compatible	
with	most	Fortran90	or	later	Fortran	compilers;	the	executable	code	was	compiled	using	
Microsoft	Powerstation	Fortran95.

D.3.1  NorSandFEM conventions

The	NorSandFEM	 code	 adopts	 eight-node	quadrilateral	 elements,	which	have	 a	node	at	
each	of	the	element’s	four	corners	and	at	the	middle	of	each	of	the	four	sides.	Globally,	the	
elements	and	nodes	in	the	mesh	are	numbered	vertically	(although	it	is	a	simple	task	to	swap	
NorSandFEM	to	horizontal	numbering).	On	a	local	(or	individual	element)	level,	each	ele-
ment	is	numbered	clockwise	from	the	bottom	left-hand	corner.	This	convention	is	embedded	
within	the	Smith	and	Griffiths	(1998)	library	routines	and	used	for	all	of	the	2D	codes	in	
their	library	routines.

D.3.2  NorSandFEM freedom numbering

As	a	2D	code,	NorSandFEM	code	allows	for	movement	in	two	directions:	x	and	y.	The	finite	
element	method	tracks	the	movements	at	the	nodes,	with	the	element	shape	functions	(N)	
operating	on	these	nodal	displacements	to	control	the	distribution	of	displacement	over	the	
entire	element.	For	the	eight-node	elements	used	here,	there	are	potentially	16	movements	
being	 computed	per	 element.	These	x	 and	y	movements	 appear	 in	 a	 single	 displacement	
array	(as	required	by	the	finite	element	library	of	solution	subroutines).

Within	NorSandFEM,	 it	 is	necessary	to	map	each	of	the	individual	nodal	x	and	y	dis-
placements,	called	freedoms	as	they	are	‘free’	to	move	as	the	finite	element	solution	is	com-
puted,	back	to	their	nodes	and	elements.	This	is	done	using	an	integer	array	of	numbers,	
each	number	corresponding	to	a	computed	nodal	displacement.	At	some	nodes,	one	or	both	
of	the	node	movements	are	constrained	to	enforce	a	boundary	condition	and	thus	are	no	
longer	free	–	such	freedoms	are	removed	from	the	assembled	matrices.

Consistent	with	the	global	node	numbering,	NorSandFEM�freedoms	are	numbered	verti-
cally	from	the	top	left-hand	corner	of	the	mesh.	Every	node	has	two	associated	freedoms	
corresponding	 to	 the	x	and	y	movements,	 respectively.	 If	 the	node	 is	 restrained	 (i.e.	pre-
vented	from	moving)	in	x	and/or	y,	 the	movement	is	assigned	a	freedom	of	‘0’.	All	unre-
strained	nodes	are	numbered	sequentially	(e.g.	see	Figure	D2	on	page	530).

D.4  vIsCoplastICIty In NorSandFEM

The	appeal	of	viscoplasticity	is	its	simplicity,	as	illustrated	by	the	flow	chart	of	Figure	D.1.	
NorSandFEM	 adopts	 a	 Forward	 Euler	 approach.	 In	 essence,	 the	 algorithm	 is	 looping	
through	each	Gauss	(or	sampling)	point	in	the	mesh	to	check	whether	the	current	stress	
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state	 exceeds	 yield.	 At	 every	 Gauss	 point	 location	 exceeding	 yield,	 viscoplastic	 strains	
are	 incremented	 (see	 [D.4]),	 and	 the	 incremented	 viscoplastic	 strains	 used	 to	 accumu-
late	bodyloads	(see	[D.9])	to	balance	the	excess	load.	This	continues	until	the	change	in	
updated	global	displacements	is	below	some	predefined	limit	–	and	convergence	has	been	
achieved.

The	modifications	required	to	add	NorSand-M	to	the	basic	code	(which	is	described	in	
detail	in	Smith	and	Griffiths,	1998)	are	quite	limited	and	comprise	just	four	steps:	(1)	initial-
ize	NorSand	properties,	(2)	determine	yield	and	update	the	image	mean	stress,	(3)	compute	
the	viscoplastic	strain	increments	for	NorSand-M	and	(4)	update	NorSand	properties.	Of	
these,	(1)	and	(4)	are	required	for	any	new	constitutive	model,	however	simple,	and	require	
only	minimal	description.

Read in data file 
Initialize properties in InitialState

Form and factorize the global elastic stiffness matrix

For all load/displacement increments

Read in applied displacement increments
Start of iteration loop

Add bodyloads to applied loads
Solve equilibrium equations to give displacement increments

Set CONVERGED to .TRUE. If change in displacements
since last iteration > tol

For all elements

{δ} = [K]–1{σ}

For all Gauss points

Compute total strain increments, {ε} = [B]{δ}
Obtain elastic component of strains

Compute elastic stress increments, eqn [D8], and
add to stresses left from end of last load increment

Is failure criterion (eqn [D41])
exceeded in NorSandF ?

YES
Accumulate viscoplastic strains (eqn [D5])
Form integrals to obtain nodal forces (eqn [D10]

NO
Go to next

Gauss point

Accumulate element nodal forces in bodyloads vector

CONVERGED
= . TRUE.

CONVERGED
. FALSE.

Convergence ?

Update element stresses, etc. in
UpdateState ready for next load step

Iterate
again

Print stresses, strains & displacements

Figure D.1  Structure chart  for  the NorSandFEM  viscoplasticity  algorithm.  (Adapted  from Smith,  I.M.  and 
Griffiths, D.V., Programming the Finite Element Method, 2nd ed, Wiley, Chichester, U.K., 3rd ed, 
Wiley, New York, 1998.)
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The	NorSand	material	properties	(Mtc,	Ntc,	Γ,	λe,	etc.)	and	initial	state	measures	(ψ0,	R0)	
are	 read	 into	 the	 code,	 and	derivative	properties	 (such	as	 void	 ratio,	e,	 and	 image	mean	
stress,	σm i, )	are	computed	in	the	InitialState	subroutine	prior	to	assembling	the	global	elastic	
stiffness	matrix.

Following	convergence	at	the	end	of	each	load	increment,	the	state	measures	and	deriva-
tive	properties	are	updated	(apart	from	σm i, ,	which	is	incrementally	updated	every	iteration,	
as	well	as	at	the	end	of	the	step).	This	update	is	done	within	the	UpdateState	subroutine.

Steps	(2)	and	(3)	are	central	to	this	viscoplastic	implementation	for	NorSandM	and	are	
discussed	later.	In	the	following	the	superscript	‘O’	refers	to	the	‘old’	stress	state	from	the	
previous	load	step,	the	superscript	‘T’	refers	to	a	value	in	a	current	iteration	(T	=	transient),	
and	the	superscript	‘C’	is	the	converged	stress	state	for	that	loadstep.

D.4.1  viscoplastic yield routine

The	NorSandFEM	viscoplastic	yield	subroutine,	named	NorSandF,	fulfils	two	main	func-
tions.	First,	 the	subroutine	determines	whether	yielding	 is	occurring	at	any	of	 the	Gauss	
points	this	iteration.	Second,	if	the	current	Gauss	point	is	yielding,	the	value	of	σm i, 	is	appro-
priately	hardened/softened.	How	this	is	achieved	is	most	easily	explained	by	following	the	
main	equations	in	the	subroutine.

The	yield	surface,	F	(termed	NorBullet	in	NorSandF	to	indicate	the	bullet	yield	surface),	
is	determined	by	writing	the	standard	NorSand	bullet-shaped	yield	surface	in	terms	of	the	
stresses	(see	(D.14)).	All	of	the	values	in	(D.14)	are	current	estimates	of	the	‘new’	stress	state.	
A	value	of	F	=	0	lies	on	the	yield	surface,	F	>	0	is	yielding	and	F	<	0	is	elastic.

	
F

M
m
E q

E

m
E

i
E m i

T= −








−σ

σ
σ

σexp ,1 	 (D.14)

where
σm
E 	is	the	‘elastic’	mean	effective	stress

σq
E	is	the	‘elastic’	deviatoric	stress	invariant

σm i
T

, 	is	the	value	of	image	mean	stress	of	this	iteration
Mi

E	is	the	value	of	Mi	computed	using	the	‘elastic’	guess

The	term	‘elastic’	is	within	parentheses	in	(D.14)	because	the	stresses	are	calculated	using	
(D.8),	and	although	the	stresses	are	computed	from	the	elastic	stress–strain	matrix,	De,	the	
strains	are	the	current	elasto-plastic	guess.	At	convergence,	 these	 ‘elastic’	stresses	will	be	
equal	to	the	true	converged	elasto-plastic	solution.

The	Mi
E	 value	 is	 computed	 within	 a	 function	 named	 M_psii,	 again	 using	 the	 current	

elastic	guess	at	the	true	converged	solution.	The	inputs	into	M_psii	are	the	constant	mate-
rial	properties,	Mtc,	Ntc,	χi,	and	the	evolving	Lode	angle,	θE,	and	image	state,	ψi

E.	The	latter	
requires	a	current	estimate	of	volumetric	strain	increment,	εvE,	to	calculate	the	current	esti-
mate	of	void	ratio,	eE,	which	is	used	with	the	current	estimate	of	critical	void	ratio,	ec

E,	in	the	
current	state	estimate,	ψE,	and	finally	in	ψi

E.

D.4.2  update image mean stress: NorSand hardening

Hardening	 of	 the	 bullet	 is	 separated	 into	 two	 distinct	 parts.	 The	 first	 is	 a	 ‘standard’	
component	based	on	the	increment	of	plastic	strain,	which	can	both	harden	and	soften	the	
yield	surface.	The	second	 ‘softening’	portion	of	 the	hardening	 is	 triggered	only	 for	 loose	
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image	states	(ψi
O	>	0.0),	softens	only	the	yield	surface	(hence	the	name	adopted)	and	is	a	

function	of	 the	magnitude	of	 the	change	 in	mean	effective	stress.	 In	 this	 implementation	
of	NorSand,	the	two	types	of	hardening	are	implemented	in	separate	portions	of	the	code.

D.4.3  standard bullet hardening

Standard	bullet	hardening	is	implemented	within	the	NorSandF	subroutine.	If	yielding	is	
occurring,	the	current	estimate	of	the	converged	state	does	not	yet	correspond	with	the	yield	
surface,	and	the	value	of	σm i

T
, 	requires	further	hardening.	The	σm i

T
, 	at	each	Gauss	point	hard-

ens	every	iteration	that	yield	is	being	violated,	as	indicated	by	the	‘T’	superscript	in	(D.14).	
Consistent	with	the	forward	Euler	algorithm,	all	properties	used	in	the	calculation	to	incre-
ment	σm i

T
, 	are	values	related	to	the	converged	stress	state	at	the	previous	loadstep,	annotated	

by	the	superscript	‘O’.
The	standard	bullet	hardening	term,	XH,	is	given	by

	
X HH

m
O

m i
O mx

O
m i
O= −( )θ

σ
σ

σ σ
,

, 	 (D.15)

where
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O
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	 (D.16d)

The	increment	to	the	image	mean	stress,	 �σm i, ,	is	equal	to	the	XH	multiplied	by	the	increment	
of	plastic	shear	strain	occurring	in	this	iteration,	�εqp :

	
� �σ εm i H q

pX, = 	 (D.17)

giving	the	current	‘best	estimate’	of	σm i
T

, 	in	this	iteration	to	be

	 σ σ σm i
T

m i
T

m i, , ,= + � 	 (D.18)

The	value	of	σm i
T

, 	continues	to	increment	while	the	Gauss	point	exceeds	yield;	hence,	on	the	
final	iteration	of	the	timestep,	the	value	of	σm i

T
, 	equals	σm i

C
, 	and	is	consistent	with	the	‘con-

verged’	stress	state.

D.4.4  additional softening term

Unlike	standard	hardening,	the	‘softening	term’	is	implemented	only	if	ψO	>	0.	For	numeri-
cal	efficiency,	 this	 term	is	also	 implemented	as	a	single	calculation	after	convergence	has	
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been	achieved,	in	the	UpdateState	subroutine.	We	tolerate	imperfect	convergence,	which	is	
then	carried	forward	into	the	next	loadstep.

The	limiting	dilation	Dmin	changes	during	the	loadstep	within	the	following	range:

	 D DO
i i

O C
i i

C
min min= =χ ψ χ ψto 	 (D.19)

The	softening	term	is	based	on	the	change	in	σm i
O

, max	occurring	during	the	loadstep:

	
σ σmx
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O m

OD
M

= −








exp min
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	 (D.20)

	
σ σmx
C

C

i tc
C m

CD
M

= −








exp min

,

	 (D.21)

with	σmx	replacing	σm i, max	for	notational	brevity.
(where	(D.20)	was	calculated	at	the	end	of	the	previous	loadstep	and	(D.21)	is	calculated	

as	part	of	the	property	update).
If	σm i, 	has	changed	during	this	loadstep	(i.e.	yielding	has	occurred)	and	ψi

O	>	0.0,	then	the	
additional	softening	term	(D.22)	is	implemented:
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where

	
ηL i

O
O

i tc
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= −
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,

	 (D.23)

Giving	the	converged	value	of	σm i
C

, :

	 σ σ σm i
C

m i
T

m i, , ,= + � 	 (D.24)

While	discussing	the	σm i, 	update,	it	seems	most	appropriate	to	mention	here	a	modification	
to	the	standard	NorSand-M	that	is	included	in	both	the	NorSandF	and	UpdateState	subrou-
tines.	To	improve	numerical	stability,	a	limit	has	been	applied	to	the	value	of	σm i, :

	 σ σm i m i, ,≥ LIMIT 	 (D.25)

The	reason	for	this	limit	is	that	when	modelling	boundary	value	problems	(e.g.	slopes),	the	
near-surface	in-situ	gravity	stresses	are	typically	low,	and	during	loading,	the	stress	state	
may	transiently	move	into	tensile	mean	effective	stress	–	a	condition	inconsistent	with	the	
NorSand	constitutive	model.	To	minimize	the	occurrence	of	this	condition,	a	lower	limit	is	
placed	on	σm i, ,	presently	hard-coded	at	2	kPa;	essentially	this	sets	NorSand	to	a	minimum	
shear	strength	s	~	1	kPa.
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D.4.5  viscoplastic strain increments

In	(D.3),	the	viscoplastic	strain	increments	are	a	function	of	∂Q/∂σ,	and	codes	from	Smith	
and	Griffiths	(1998)	compute	∂Q/∂σ	numerically.	This	is	not	possible	for	NorSand	because,	
although	NorSand	is	an	associated	flow	model	in	terms	of	σm	and	σq,	the	fact	that	no	work	
is	 involved	 with	 the	 third	 stress	 invariant	 θ	 means	 that	 NorSand	 is	 not	 fully	 associated	
(Jefferies	and	Shuttle,	2002).	Instead,	( )d vp j�ε 	in	(D.5)	are	computed	for	the	principal	strain	
directions	directly	from	dilatancy,	DP,	and	then	transposed	to	x,	y,	z	coordinates.

The	subroutine	GetStrainRateRatios	uses	 the	dilatancy	DP	at	 the	start	of	 the	 loadstep	
to	 calculate	 the	 ratios	 ε ε2 1

P P	 (termed	 ep21	 in	 NorSandFEM)	 and	 ε ε3 1
P P	 (termed	 ep31	 in	

NorSandFEM).	These	principal	strain	rate	ratios	are	computed	by	taking	a	cosine	interpo-
lation	(similar	to	NorSand’s	Mi	function	in	the	π-plane	[Jefferies	and	Shuttle,	2011]).

The	calculations	follow	the	following	process.
First,	recover	the	dilatancy	for	the	current	mobilized	stress	ratio	at	triaxial	compression	

and	extension,	using	the	fact	that	η/Mi	is	invariant	with	θ:
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Then,	 calculate	 the	 ratio	 ε ε3 1
P P	 for	 triaxial	 compression	 (ε2	=	ε3)	 and	 triaxial	 extension	

(ε2	=	ε1)	as
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Now	interpolate	for	the	value	of	ε ε3 1
P P	in	Lode	angle	space.	The	interpolation	rule	runs	from	

0	to	−1,	hence	signs

	

ε
ε

θ π3

1

0 5 3
2

p

p tc te tcZ Z Z= + − +















( )cos . 	 (D.28)

Finally,	recover	the	value	of	ε ε2 1
P P	by	interpolating	on	θ:

	
a = +sin cosθ θ3

3
	 (D.29a)

	
b = −2

3
sinθ

	 (D.29b)

	
c = −sin cosθ θ3

3
	 (D.29c)

© 2016 by Taylor & Francis Group, LLC

  



Appendix D: Numerical implementation of NorSand  529
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Having	found	the	strain	ratios	in	the	principal	directions,	and	having	previously	determined	
whether	the	z	(out-of-plane)	direction	contains	the	major,	intermediate	or	minor	principal	
stress,	 the	 subroutine	 compute_dilation	 uses	 the	 principal	 direction	 angle,	 α,	 to	 convert	
ε ε2 1

P P ,	ε ε3 1
P P	into	ε εx

P P
1 ,	ε εy

P P
1	and	ε εz

P P
1 .	Equation	D.3,	giving	d vp�ε ,	then	continues	as

	
d Fx

vp x
p

p
�ε ε

ε
=

1

	 (D.31)

and	similarly	for	the	y	and	z	directions.
Equation	D.31	 is	 then	multiplied	by	 the	viscoplastic	 timestep	 to	give	 increment	of	vis-

coplastic	strain,	dεvp.	As	the	critical	timestep	is	unknown	for	NorSand,	the	NorSandFEM	
code	uses	a	scaled	version	of	the	Mohr–Coulomb	critical	timestep	Δtmc	(D.6):

	 ∆ ∆t tolfac tmc= 	 (D.32)

where	tolfac	is	a	user-defined	input	and	Δtmc	is	calculated	assuming	that	the	friction	angle	is	
30°	and	Young’s	modulus	is	computed	at	the	initial	stress	state	(or	200	kPa	for	varying	ini-
tial	stresses).	It	has	been	found	that	the	viscoplastic	implementation	of	NorSand	is	typically	
stable	with	tolfac	~	0.25	(but	values	as	large	as	0.5	have	been	adequate	with	some	parameter	
combinations).

D.5  Inputs to NorSandFEM

The	downloadable	version	of	NorSandFEM	is	set	up	to	run	both	axisymmetric	and	plane	
strain	geometry,	with	either	the	initial	stress	condition	set	as	constant	stress	with	K0	(for	ver-
ification	against	laboratory	tests)	or	gravity	loading	with	K0	(for	field	problems).	The	inputs	
are	 simple	 and	 include	 the	basic	 geometry	of	 the	mesh,	 boundary	 conditions	 (i.e.	which	
nodes	are	fixed	in	x	and/or	y)	and	the	NorSand	material	properties.	Note	that	NorSandFEM	
is	based	on	effective	stresses	and	that	the	computed	pore	pressure	values	do	not	affect	the	
results	of	the	analysis;	total	stresses	are	computed	by	adding	the	pore	pressure,	but	are	not	
used	within	the	analysis.	For	simplicity,	NorSandFEM	reads	only	meshes	with	a	constant	
number	of	elements	in	the	‘x’	and	‘y’	directions.

Displacement	loading	has	been	adopted.	This	is	a	requirement	for	liquefaction	analyses	if	
the	post-triggering	stresses	and	displacements	are	to	be	followed	(in	addition	to	being	more	
numerically	efficient	with	the	viscoplastic	solution	algorithm).

There	are	two	variants	of	the	input	file,	corresponding	to	‘constant	stress’	or	‘gravity	load-
ing’,	which	are	described	later.	Both	variants	are	adapted	from	the	input	file	format	used	
in	Smith	and	Griffiths	(1998).	Each	row	of	numerical	data	in	NorSandFEM	 input	files	is	
preceded	by	a	‘character	string	input’,	used	to	annotate	the	inputs	(and	hopefully	make	the	
files	easier	to	use).

In	the	following	descriptions,	focus	is	placed	on	explaining	the	numerical	inputs	(e.g.	mesh	
generation	and	numerical	tolerances);	the	NorSand	input	properties	are	described	in	detail	
in	the	main	text	of	this	book.	Both	file	formats	are	explained	by	reference	to	two	simple	
examples:	(1)	a	plane	strain	two-by-two	element	test	and	(2)	a	slope.
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D.5.1  Constant stress input file format

The	 mesh	 used	 for	 the	 element	 test	 is	 shown	 in	 Figure	 D.2,	 with	 the	 corresponding	
NorSandFEM	data	file	shown	in	Figure	D.3	(with	the	implemented	data	annotated	by	line	
number	for	clarity).	As	stated	earlier,	all	of	the	text	lines	in	the	data	file	are	for	readability	
only	(they	are	read	by	NorSandFEM	but	not	used).

A	description	of	the	inputs	in	the	Figure	D.3	input	file,	by	reference	line	number,	is	given	
as	follows:

Line	1:	igeom	–	flag	to	toggle	between	axisymmetry	(=	0)	and	plane	strain	(=	1)
Line	2:	Basic	mesh	geometry

nels	–	number	of	elements	in	the	mesh
nxe	–	number	of	elements	in	the	‘x’	(horizontal	direction)
nye	–	number	of	elements	in	the	‘y’	(vertical	direction)
nn	–	number	of	nodes	(=	nxe*(nye	+	1)	+	(nxe	+	1)*(2*nye	+	1))

Line	3:	NorSand	soil	(material)	properties
Mcrit	–	Mtc

Gamma	–	Γ	at	1	kPa
Pref	–	equal	to	1	kPa	in	the	units	used	for	the	analysis
Lambda	–	λe

Ncrit	–	Ntc

Chi	–	χtc

H0	–	H0,	used	to	compute	hardening	H	according	to	the	equation	H	=	H0	−	Hψ	ψ
Hy	–	Hψ

Line	4:	NorSand	state	properties
Psi0	–	ψ0

R0	–	measure	of	the	overconsolidation	ratio,	R0

0,1 5,6 10,11 19,20 24,25

26,27

28,29

30,31

32,023,018,0

16,17

14,157,8

9,00,0
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Figure D.2 Mesh used for the element test example with initial ‘constant stress’ conditions.
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igeom - 0=axisymmetric 1=plane strain
1 1
nels nxe nye nn nip
4  2  2 21 4 2
Mcrit, Gamma, Pref, Lambda, Ncrit Chi H0 Hy
1.25  0.875  1.0  0.04  0.35  4.0 100. 1000. 3
psi0 OCR
0.05 1.001 4
G0, Gpower v (elasticity)
50.e3 0.0  0.15 5
istress - 1=constrant stress 2=gravity loading
1 6
bulkW sigmaV0  k0  pore0
2.e7   202. 0.985148515 0.0 7
nstep  tol  tol2   tolfac limit MeshFlag
4001 2.0e-5 2.5e-2 0.05 2500   1 8
nload 
5 9
freedom presc 
1  -1.e-4 10
6  -1.e-4 11
11  -1.e-4 12
20  -1.e-4 13
25  -1.e-4 14
loaded elements range 
1 2 15
geometry 
.0 .50 1.0 16
.0 .50 -1.0 17
fixity 
9 18
1  0  1 19
2  0  1 20
3  0  1 21
4  0  1 22
5  0  0 23
8  1  0 24
13  1  0 25
16  1  0 26
21  1  0 27
Frequency of plotting output, numout (steps per output) 
2000 28
elements for stress-path plotting 
1 2 3 4 29
Number of elements for which psi is reset 
0 30
Reset psi - element numbers and psi values

Figure D.3 Example of constant stress data file.

© 2016 by Taylor & Francis Group, LLC

  



532  Appendix D: Numerical implementation of NorSand

Line	5:	Elasticity

G0,	Gpower	–	shear	modulus	G G m

m

G

=








0

σ
σ ,ref

power

	where	σm ref, 	=	100	kPa

v	–	Poisson’s	ratio
Line	6:	Flag	to	define	initial	stress	state	–	istress

1	=	constant	stress
2	=	gravity	loading

Line	7:	Stress	state	properties	(for	istress	=	1)
BulkW	–	bulk	modulus	of	water	in	adopted	units	(use	0.0	for	drained	analysis)
sigmaV0	–	vertical	effective	stress
K0	–	lateral	earth	pressure	coefficient
Pore0	–	initial	pore	pressure

Line	8:	Numerical	control	properties
nstep	–	number	of	loadsteps
tol	–	numerical	convergence	tolerance	on	fractional	change	in	displacement
tol2	–	numerical	convergence	tolerance	on	maximum	overshoot	of	yield
tolfac	–	multiplier	on	the	Mohr–Coulomb	critical	timestep	(see	(D.32))
limit	–	iteration	limit	for	the	loadstep	before	continuing
MeshFlag	–	geometry	flag	where	1	=	uniform	mesh,	2	=	deformed	‘slope’	mesh

Line	9:	Number	of	loads
nload	–	the	number	of	displacements	applied

Line	10–14:	Applied	displacement	loading
nload	pairs	of	numbers	containing	the	freedom	number	(see	D.3.2)	and	magnitude	of	

the	applied	displacement
(Figure	D.2	indicates	the	freedom	numbers	for	the	vertical	applied	load)

Line	15:	Range	of	surface	elements	(measured	in	x)	to	use	in	computing	net	load	per	m
Line	16:	Mesh	geometry	x	direction

Coordinates	of	the	element	corners	in	the	x	direction	(m)
Line	17:	Mesh	geometry	y	direction

Coordinates	of	the	element	corners	in	the	y	direction	(m)
Line	18:	Fixity

Number	of	restraints	(NR)	–	number	of	nodes	fixed	in	the	x	and/or	y	directions
Line	19–27:	Fixity

For	each	restrained	node
Node	number
Fixed	in	x	(0	=	yes,	1	=	no)
Fixed	in	y	(0	=	yes,	1	=	no)

Line	28:	Frequency	of	plotting	output,	numout	steps	per	output
(used	to	create	output	files	containing	measures	of	stress	and	strain	for	post-processing	

and	subsequent	plotting)
Line	29:	Elements	for	stress	path	plotting

Values	of	σ σ σ ψm q m i e, , , , ,, 	etc.,	at	the	Gauss	points	of	four	elements	are	output	to	file	
every	 loadstep.	The	 four	numbers	 select	 the	 elements	 for	output.	Note	 that	dif-
ferent	Gauss	points	are	used	for	each	file	–	so	in	a	boundary	value	problem,	four	
outputs	from	the	same	element	will	likely	differ.

Line	30:	Number	of	elements	for	which	ψ	is	reset	(numPsiSet	in	NorSandFEM)
Used	to	assign	specific	elements	a	different	initial	ψ	to	model	weaker	or	denser	zones.

Line	31:	Element	number	and	value	of	reset	psi	(for	numPsiSet	>	0)
Listing	of	element	number	and	assigned	ψ	for	weak/dense	zones
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D.5.2  gravity loading input file format

An	example	slope	is	used	to	represent	the	gravity	loading	input	file	format.	The	slope	mesh	
is	shown	in	Figure	D.4,	with	the	corresponding	NorSandFEM	data	file	shown	in	Figure	D.5.	
For	readability,	this	data	file	has	some	portions	hidden	(indicated	by	‘….’).	A	quick	perusal	
of	Figure	D.5	will	show	that	the	file	is	near	identical	to	that	for	‘constant	stress’,	so	only	
the	differences	in	the	file	are	annotated	with	a	line	number	and	discussed	in	the	following:

Line	1:	Flag	to	define	initial	stress	state	–	istress
1	=	constant	stress
2	=	gravity	loading

Line	2:	Stress	state	properties	(for	istress	=	2)
BulkW	–	bulk	modulus	of	water	in	adopted	units	(use	0.0	for	drained	analysis)
unitWt	–	unit	weight	of	soil	in	adopted	units
H2OWt	–	unit	weight	of	water	in	adopted	units	(use	0.0	for	drained	analysis)
K0	–	lateral	earth	pressure	coefficient
WaterTable	–	depth	of	the	water	table	below	the	ground	surface	(m)

Line	3:	Numerical	control	properties
nstep	–	number	of	loadsteps
tol	–	numerical	convergence	tolerance	on	fractional	change	in	displacement
tol2	–	numerical	convergence	tolerance	on	maximum	overshoot	of	yield
tolfac	–	multiplier	on	the	Mohr–Coulomb	critical	timestep	(see	(D.32))
limit	–	iteration	limit	for	the	step	before	continuing
MeshFlag	–	geometry	flag	where	1	=	uniform	mesh,	2	=	deformed	‘slope’	mesh
If	MeshFlag	=	2,	the	mesh	is	deformed	in	the	Y	direction

Line	4:	Mesh	deformation	information	(used	if	MeshFlag	=	2)	in	X	direction
X0	–	First	reference	X	value
X1	–	Second	reference	X	value
X2	–	Third	reference	X	value
X3	–	Final	reference	X	value

–10

γw * depth

γw * depth

0 10 20 30 40
X coordinate (m)

Y 
co

or
di

na
te

 (m
)

50 60 70 80
–40

–30
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0
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footing

Water table 
at surface

Figure D.4 Mesh used for the slope example incorporating gravity stresses.
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igeom - 0=axisymmetric 1=plane strain
1
nels nxe nye nn nip
480  40  12 1545 4
Mcrit, Gamma, Pref, gLambda, Ncrit Chi H0 Hy
1.2  0.875  1.0  0.03  0.35  4.0 100. 0.
psi0 OCR
0.03 1.001
G0, Gpower poisson
30.e3 1.0 .  15
istress - 1=constrant stress 2=gravity loading
2 1
bulkW,  unitWt, H2OWt k0 WaterTable
2.e7   22.   9.81  0.7   0.0 2
nstep tol  tol2 dt_scale tolfac limit MeshFlag
4002  4.e-3 0.5    0.25   0.4   1000   2 3
X0 X1 X2 X3 
0.0 20. 52. 80. 4
Y0 Y1 Y2 Y3 
0.0 0.0 -8.0 -8.0 5
nload 
19 
freedom presc 
1  -5.00E-05 
26  -5.00E-05 
… 
626 -5.00E-05 
loaded elements range 
1 9 
geometry 
.0  2. 4. 6. 8. 10. 12. 14. 16. 18. 20. 22. 24. 26. 28. 30. 32. 34. 36. 38. 40. 
42. 44. 46. 48. 50. 52. 54. 56. 58. 60. 62. 64. 66. 68. 70. 72. 74. 76. 78. 80. 
.0  -2. -4. -6. -8. -10. -12. -14. -16. -18. -20. -22. -24.  
fixity 
129 
1  0  1 
2  0  1 
… 
1544 0  1 
1545 0  0 
numout (steps per output) 
800 
elements for P-Q tracking 
49 86 73 38 
Number of elements for which psi is reset 
40  6
psi reset element numbers and psi values 
 5 0.07  7
 17 0.07  8
…  ..
476 0.07 9

Figure D.5 Example of gravity loading data file.
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Line	5:	Mesh	deformation	information	(used	if	MeshFlag	=	2)	in	Y	direction
Y0	–	First	reference	Y	value
Y1	–	Second	reference	Y	value
Y2	–	Third	reference	Y	value
Y3	–	Final	reference	Y	value
Relative	to	the	original	mesh,	the	mesh	is	moved	vertically	by	Y0	at	X0	and	Y1	at	X1,	

with	linear	interpolation	of	Y	between	X0	and	X1.	Similarly,	the	mesh	is	moved	
vertically	by	Y2	at	X2,	with	linear	interpolation	of	Y	between	X1	and	X2,	and	the	
mesh	is	moved	vertically	by	Y3	at	X3,	with	linear	interpolation	of	Y	between	X2	
and	X3.	Figure	D.4	shows	the	slope	geometry	developed	with	this	command	using	
the	properties	in	Figure	D.5.

Line	6:	Number	of	elements	for	which	psi	is	reset
Used	to	assign	specific	elements	a	different	initial	ψ	to	model	weaker	or	denser	zones

Line	7–9:	Element	number	and	value	of	reset	psi
Listing	of	element	numbers	and	assigned	ψ	for	weak/dense	zones	(Figure	D.4	illustrates	

the	weaker	zone	developed	with	this	command	using	the	Figure	D.5	input	file)

D.6  verIfICatIon anD exaMples

There	are	two	important	reasons	to	verify	analysis	software.	The	first	is	to	ensure	that	the	
software	provides	an	accurate	solution	to	the	problem	you	wish	to	analyse.	The	second,	
equally	important,	use	of	verification	is	to	ensure	that	the	software	is	properly	compiled	
on	 your	 computer	 and	 that	 you	understand	 the	 code’s	 inputs	 –	 so,	while	 you	 can	 read	
about	the	verification	cases	here,	you	also	need	to	download	the	input	files	and	run	them	
yourself.

NorSandFEM	has	been	extensively	verified	against	laboratory	‘element’	tests.	These	‘ele-
ment’	tests	have	uniform	stress	conditions	and	known	loading	paths,	allowing	calculation	of	
the	correct	solution	by	direct	numerical	integration.	The	verification	suite	for	NorSandFEM	
has	been	chosen	to	enable	the	outputs	to	be	directly	compared	against	the	NorSandPS.xls	
and	NorSandTXL.xls	spreadsheets.	This	spreadsheet	directly	integrates	the	NorSand	equa-
tions	using	the	Euler	method,	which	is	about	as	far	different	from	viscoplasticity	as	can	be	
found.	Comparing	the	results	of	the	two	calculation	methods	provides	an	independent	check	
on	the	mathematics	of	both.	The	full	verification	suite	includes	plane	strain	and	triaxial	ele-
ment	tests,	under	drained	and	undrained	conditions,	and	for	soils	with	loose	through	dense	
initial	states.	The	number	of	elements	is	also	varied.	Table	D.1	summarizes	the	verification	
scenarios	adopted.	All	the	input	files	for	these	scenarios	are	downloadable	for	you	to	com-
pare	with	NorSandPS.xls	and	NorSandTXL.xls.

A	schematic	representation	of	the	boundary	conditions	used	for	verification	in	the	plane	
strain	and	triaxial	element	tests	is	shown	in	Figure	D.6.	Plane	strain	compression	is	the	test	
developed	at	Imperial	College	(see	Figure	2.43)	and	has	a	fixed	loading	direction	(σ1)	and	
constant	stress	normal	to	that	direction	(σ3);	it	is	not	a	constant	intermediate	stress	σ2,	as	
σ2	evolves	from	the	specified	starting	value	(usually	the	same	as	the	σ3)	throughout	the	test.	
Triaxial	compression	is	similar,	but	with	symmetry	in	the	two	horizontal	stresses.

Also	included	as	the	final	two	files	in	the	verification	suite	in	Table	D.1	is	an	additional	
special	case	of	a	plane	strain	element	test	with	rough	platens	using	both	an	in-plane	and	
a	 rotated	 mesh,	 as	 shown	 in	 Figure	D.7.	 The	 loading,	 geometry	 and	material	 properties	
are	 identical	between	the	 two	meshes;	 the	only	difference	 is	 the	orientation	of	 the	mesh.	
Rotating	the	orientation	 is	done	because	 internally	 the	code	still	has	x,	y	as	vertical	and	
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horizontal,	so	rotating	the	problem	checks	that	the	stress	invariants,	strain	invariants,	3D	
representation	of	yield	surfaces,	etc.,	are	properly	formulated	–	confirmed	by	both	meshes	
giving	 an	 identical	 result.	This	 verification	 case	 is	 very	 important	 for	 any	 ‘good’	model,	
which	allows	 the	yield	 surface	and	dilation	 to	vary	realistically	as	 stress	conditions	vary	
from	triaxial	compression,	through	plane	strain	and	onto	triaxial	extension.

Despite	all	but	one	of	the	verification	cases	being	‘element’	tests,	and	which	could	sensibly	
be	verified	using	a	single	element	(as	the	stress	within	the	element	is	constant),	the	verifica-
tion	input	files	include	multiple	element	meshes.	This	is	not	accidental.	Experience	with	both	

Table D.1 Summary of NorSandFEM verification suite

File name Geometry Drained/undrained State Elements 

PS1_D_D.dat PS D Dense 1 by 1
PS1_UD_L.dat PS UD Loose 1 by 1
PS4_D_L.dat PS D Loose 2 by 2
PS4_D_D.dat PS D Dense 2 by 2
PS4_UD_L.dat PS UD Loose 2 by 2
PS4_UD_D.dat PS UD Dense 2 by 2
Txl4_D_L.dat Triaxial D Loose 2 by 2
Txl4_D_D.dat Triaxial D Dense 2 by 2
Txl4_UD_L.dat Triaxial UD Loose 2 by 2
Txl4_UD_D.dat Triaxial UD Dense 2 by 2
PSR1_D_D1.dat PS – rough – unrotated D Dense 1 by 1
PSR1_D_D2.dat PS – rough – rotated D Dense 1 by 1

1
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0
0,0 5,0 10,0

8,9

6,73,40,1
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δ δ δ

Figure D.6 Geometry, boundary and loading conditions for vertical loading verifications.

© 2016 by Taylor & Francis Group, LLC

  



Appendix D: Numerical implementation of NorSand  537

commercial	and	propriety	software	is	that	boundary	conditions	applied	to	two	sides	of	a	
single	element	can	provide	increased	constraint,	sometimes	leading	to	stability	for	a	single	
element	that	 is	not	repeated	for	a	 larger	(and	less	constrained)	mesh.	So	for	added	confi-
dence,	it	is	wise	to	also	run	cases	of	special	interest	with	the	bigger	mesh.

The	close	correspondence	between	the	VBA	and	NorSandFEM	verification	results	is	illus-
trated	 for	an	undrained	plane	strain	 loose	element	 test	 (Figure	D.8)	and	a	drained	plane	
strain	dense	element	test	(Figure	D.9).	In	both	cases,	the	VBA	solution	is	plotted	as	a	solid	
black	 line,	 while	 the	 NorSandFEM	 solution	 is	 plotted	 in	 grey.	 These	 verification	 results	
range	from	close	to	essentially	coincident	over	the	full	modelled	strain	range,	which	is	also	
found	in	the	other	verification	scenarios	of	Table	D.1.	Do	change	the	properties	in	the	input	
files	and	run	your	own	parameter	combinations.	Both	the	NorSandFEM	input	(.dat)	files	
and	the	Excel	VBA	spreadsheets	are	simple	to	edit,	and	the	best	way	to	get	a	feel	for	the	
effect	of	properties	is	to	play	with	their	values.

D.7  DoWnloaD notes for NorSandFEM

Although	the	basics	of	NorSandFEM	are	described	in	this	appendix,	a	full	appreciation	of	
the	capabilities	(and	limitations)	of	the	code	really	requires	downloading	the	software	and	
then	running	the	code.	Apart	from	the	code	(Fortran	source	and	executable)	and	data	files	
(to	run	the	verifications	and	examples),	the	download	also	contains	additional	information	
to	assist	in	using	the	software.	This	includes	instructions	on	how	to	quickly	run	the	verifica-
tion	cases,	a	detailed	description	of	the	required	format	of	the	input	file	(each	input	files	is	
also	annotated	with	the	name	of	the	variable	being	read).
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Figure D.7  Geometry, boundary and loading conditions for rotated verification. (a) In-plane ‘rough’ mesh 
and (b) rotated ‘rough’ mesh.
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There	is	an	issue	with	compilers.	NorSandFEM	is	written	in	Fortran	90	for	compatibility	
with	the	adopted	library	of	numerical	routines.	Although	Fortran	was	developed	for	scien-
tific	computing,	and	so	numerically	efficient	for	this	type	of	application,	in	recent	years	the	
popularity	of	Fortran	has	declined	with	commercial	software	producers.	Inexpensive,	easy	
to	use,	‘Windows-based’	compilers	that	include	good	debugging	capabilities	are	becoming	
harder	to	find	–	Fortran	compilers	are	no	longer	found	in	all	(or	even	most)	geotechnical	
consulting	 companies	or	 even	university	 engineering	departments.	Therefore,	 it	 is	 antici-
pated	that	NorSandFEM	will	be	ported	to	C++	in	the	near	future.	Although	C++	is	not	ideal	
for	 scientific	programming	 (it	 does	 not	 even	have	 inbuilt	multidimensional	 arrays),	 both	
Microsoft™	and	Apple™	currently	provide	easy	to	use,	and	free,	compilers.	This	makes	C++	
a	good	platform	for	interested	readers	to	use	to	‘test	the	waters’.	So	do	check	the	download	
site	periodically	to	obtain	this	version.
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Figure D.8  Verification  for  loose  undrained  soil  loaded  in  plane  strain  compression.  (a)  Stress  path  and 
(b) stress–strain.

© 2016 by Taylor & Francis Group, LLC

  



Appendix D: Numerical implementation of NorSand  539

D.8  elastIC preDICtor–plastIC CorreCtor

The	EP–PC	method	 is	conceptually	very	similar	 to	the	widely	used	 initial� stress	 solution	
technique	(e.g.	Zienkiewicz	et al.,	1969).	The	EP–PC	method	is	differentiated	from	visco-
plasticity	by	the	way	the	load	(or	displacement)	is	applied.	Whereas	viscoplasticity	applies	
an	 increment	 of	 elastic	 stress	 and	 iterates	 to	 the	 true	 elasto-plastic	 solution,	 the	 EP–PC	
approach	explicitly	separates	the	load	into	its	elastic	and	plastic	components	in	one	step:

	
� � �σ ε ε= −D p( ) 	 (D.33)

This	 is	graphically	represented	in	Figure	D.10.	In	its	simplest	form,	and	using	very	small	
steps	to	maintain	accuracy,	EP–PC	is	equivalent	to	a	simple	explicit	Euler	approach.	EP–PC	
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Figure D.9  Verification  for  dense  drained  soil  loaded  in  plane  strain  compression.  (a)  Stress–strain  and 
(b) volumetric strain.
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is	particularly	advantageous	for	 load-controlled	problems	as	the	limit	 load	is	approached	
because	‘elastic	guess’	methods	(such	as	viscoplasticity)	tend	to	be	very	slow	to	converge	in	
this	situation.

In	practice,	iterations	are	typically	used	to	refine	the	solution	in	more	advanced	algo-
rithms	 (enabling	 larger	 loadsteps	 to	 be	 used),	 but	 this	 is	 a	 modification	 on	 the	 basic	
scheme.

D.8.1  plasticity in ep–pC

A	forward	Euler	integration	scheme	is	described	here,	where	the	rate	equation	is	integrated	
at	the	start	of	the	step	(or	when	the	yield	surface	is	crossed).	The	analysis	steps	forward	in	
time,	with	the	new	converged	stress	state	σC	related	to	the	converged	stress	state	at	the	previ-
ous	loadstep	(σO )	by

	 σ σ σC O= + � 	 (D.34)

	

� �σ ε λ
σ

= − ∂
∂







D

Qs 	 (D.35)

equivalent	in	(D.33)	to

	
�ε λ

σ
p s Q= ∂

∂
	 (D.36)

where
Q	is	the	plastic	potential
λs	is	the	plastic	multiplier,	discussed	later
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Figure D.10 Schematic representation of constant stiffness solution method.
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Importantly,	note	that	λs	 is	not	the	slope	of	the	CSL	with	its	usual	semi-log	idealization.	
Although	both	uses	of	λ	are	long-standing	conventions,	the	same	Greek	letter	(confusingly)	
stands	 for	 two	very	different	 things	 in	numerical	 implementations	of	constitutive	models	
with	a	CSL.	We	follow	the	convention	that	superscript	‘s’	applied	to	λ	denotes	the	plastic	
multiplier	while	the	subscript	‘e’	denotes	the	soil	property.

The	change	in	stress	in	(D.34)	can	be	decomposed	into	two	parts	(see	(D.35)),	comprising	
an	EP	and	a	PC	in	which	an	elastic	stress	increment	is	added	to	the	converged	stress	state	
at	the	previous	‘old’	loadstep	(σ0)	to	give	the	initial	‘elastic’	estimate	of	the	new	stress	state	
(σE).	This	approach	is	also	referred	to	in	the	finite	element	literature	as	the	‘initial	stress’	
method,	but	in	this	implementation	of	EP–PC,	(D.36)	is	used	directly,	and	not	used	to	form	
the	elasto-plastic	D	matrix	explicitly	(as	is	usual	with	initial	stress).	The	elastic	estimate	is	
then	corrected	for	the	plastic	strains	in	the	current	loadstep	to	give	the	new,	‘converged’,	
stress	 state	σC.	 Importantly,	 note	 that	 this	 algorithm	 assumes	 that	 stress	 increments	 are	
coaxial	with	the	stress	state	at	the	start	of	the	loadstep.	This	means	that	α	is	used	to	map	
stress	increments,	with	α	then	being	updated	for	the	consequent	changes	in	the	stress	state	at	
the	next	loadstep	(i.e.	principal	stress	rotation	lags	stress	changes	by	one	step).

The	NorSand	equations	are	most	simply	derived	using	 the	principal	coordinate	 frame.	
Conversely,	finite	element	codes	working	with	general	stresses	require	the	results	in	a	fixed	
x,y,z	coordinate	frame.	Assuming	that	σz	is	the	intermediate	principal	stress	(and	σ2	trans-
poses	with	σ3	if	not),	the	converged	stress	state	in	terms	of	the	principal	stresses	increments	is

	
σ σ σ α σ αx
C

x
O= + + + +( )∆ ∆� �

1
2

3
290 90cos ( ) sin ( ) 	 (D.37a)

	
σ σ σ α σ αy
C

y
O= + +( )∆ ∆� �

1
2

3
2cos sin 	 (D.37b)

	 σ σ σz
C

z
O= +∆ �

2 	 (D.37c)

	
σ σ σ σ αxy
C

xy
O= + −0 5 21 3. ( )sin∆ ∆� � 	 (D.37d)

Writing	the	elastic	strain	increments	in	terms	of	total	and	plastic	increments,	using	the	stan-
dard	plastic	strain	decomposition	εp	=	ε−εe,	the	increments	of	principal	stresses	are	given	in	
terms	of	strain	increments	by

	
� � � � � � �σ ε ε ε ε ε ε1 1 1 2 2 3 3= −( ) + −( ) + −( )A B Bp p p

	
⇒ = + + − + +( )� � � � � � �σ ε ε ε ε ε ε1 1 2 3 1 2 3A B A B Bp p p( ) 	 (D.38)

where	A,	B	are	two	elastic	coefficients:

� A�=	K�+	4G/3	 (D.39a)

� B�=	K�−	2G/3	 (D.39b)

The	other	two	principal	stress	increments	follow	similarly.	Now,	defining	the	ratios	of	plas-
tic	principal	strain	rates	as	z2,	z3	(which	are	unique	functions	of	the	converged	stress	state	
σ0	at	the	previous	loadstep),
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	 z p p
2 2 1= � �ε ε/ 	 (D.40a)

	 z p p
3 3 1= � �ε ε/ 	 (D.40b)

Using	the	z2,	z3,	rewrite	(D.38)	as

	
� � � � �σ ε ε ε ε1 1 2 3 1 2 3= + + − + +A B A Bz Bzp( ) ( ) 	 (D.41a)

	
� � � � �σ ε ε ε ε2 2 3 1 1 2 3= + + − + +A B Az Bz Bp( ) ( ) 	 (D.41b)

	
� � � � �σ ε ε ε ε3 3 1 2 1 3 2= + + − + +A B Az B Bzp( ) ( ) 	 (D.41c)

It	 is	helpful	to	work	in	terms	of	the	shear	strain	invariant	to	implement	NorSand,	rather	
than	ε1,	and	this	is	readily	done	by	noting

	
� � � � �

�
�

�
ε ε ε ε ε ε ε

ε
v
p p p p p v

p
p

p
q
p

z z
D
z z

= + + ⇒ =
+ +

⇒ =
+ +1 2 3 1

2 3
1

2 31 1
	 (D.42)

On	substituting	(D.42)	in	(D.41),	the	principal	stress	increments	become

	

� � � � �σ ε ε ε ε1 1 2 3
2 3

2 31
= + + − + +

+ +








A B

A Bz Bz
z z

Dp
q
p( ) 	 (D.43a)

	

� � � � �σ ε ε ε ε2 2 3 1
2 3

2 31
= + + − + +

+ +








A B

Az Bz B
z z

Dp
q
p( ) 	 (D.43b)

	

� � � � �σ ε ε ε ε3 3 1 2
3 2

2 31
= + + − + +

+ +








A B

Az B Bz
z z

Dp
q
p( ) 	 (D.43c)

Notice	in	(D.43)	that	A,	B	are	elastic	constants	(for	any	location	in	the	domain	of	interest	
and	at	any	converged	stress	state,	they	can	vary	with	stress	level	when	stepping	the	solu-
tion	forward)	and	there	is	now	a	single	unknown,	the	plastic	shear	strain	increment	that	
drives	the	hardening	law,	to	be	solved	for	at	the	integration	point	in	the	mesh.	As	usual,	this	
unknown	is	approached	by	the	plastic	multiplier	λs.	With	 that	strain	solved,	substituting	
(D.43)	in	(D.37)	immediately	gives	the	new,	converged	stress	state.

D.8.2  plastic multiplier in ep–pC

Plastic	strain	increments	are	normal	to	the	‘plastic	potential’	(denoted	as	Q),	and	their	mag-
nitude	is	an	unknown	to	be	found	as	part	of	the	solution.	However,	the	plastic	strain	incre-
ments	are	proportional	to	each	other.	Thus,	the	standard	plastic	‘flowrule’	is

	
�ε λ

σ
p s Q= ∂

∂
	 (D.36	bis)
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where	 λs	 is	 an	 unknown	 scalar.	 NorSand	 is	 an	 ‘associated’	 model	 for	 the	 bullet-shaped	
part	of	the	yield	surface	with	the	plastic	potential	function	Q	identical	to	the	yield	surface	
function	F	under	triaxial	conditions.	NorSand	has	an	ambiguity	in	the	π-plane	as	no	work	
is	associated	with	movements	around	this	plane	(Jefferies	and	Shuttle,	2002).	This	will	be	
addressed	later;	for	now,	we	will	adopt	F	=	Q.

It	is	convenient	to	rewrite	the	NorSand	yield	surface	from	dimensionless	ratios	into	stan-
dard	‘F	=	0’	form	with	units	of	stress:

	

η σ
σ

σ σ σ σ σ σ
M

F M M M
i

m

m i
q i m i m m i m m i= −









 ⇔ = − + −1 ln ln( ) ln( )

,
, 	 (D.44)

with	F	=	0	indicating	plastic	yield	and	F	<	0	elastic	states.
Derivation	of	plastic	strains	has	simple	form	if	written	using	the	 invariants	underlying	

NorSand,	that	is,

	
�ε λ

σv
p s

m

F= ∂
∂

	 (D.45a)

	
�ε λ

σq
p s

q

F= ∂
∂

	 (D.45b)

Taking	the	partial	differential	of	(D.44)	with	respect	to	mean	stress,

	

∂
∂

= − + − +F
M M M

m
i i m m i i m

mσ
σ σ σ

σ
(ln( ) ln( )),

1

⇒ ∂
∂

= −F
M

m
i m m iσ

σ σ(ln( ) ln( )),

and	on	substitution	of	(D.44)	to	eliminate	the	log	terms,

	

∂
∂

= − =F
M D

m
i

p

σ
η 	 (D.46)

where	dilatancy,	Dp,	comes	from	the	stress-dilatancy	‘work’	equation	(see	3.4.1).
Next,	taking	the	partial	differential	of	(D.44)	with	respect	to	σq,	on	inspection,

	

∂
∂

=F
q

1 	 (D.47)

Substituting	 (D.46)	 and	 (D.47)	 in	 (D.45)	 gives	 the	 pleasingly	 simple	 expressions	 for	 the	
NorSand	plastic	strain	rates:

	 �ε λv
p s pD= 	 (D.48a)

	
�ε λq
p s= 	 (D.48b)
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The	next	step	is	to	write	the	stress	increments	in	terms	of	the	unknown	plastic	multiplier	λs.	
Because	the	shear	strain	measure	εq	is	linear,	as	is	εv,	the	strain	invariants	can	be	written	as	
direct	expressions	of	the	plastic	strain	decomposition:

	
� � �ε ε εq
e

q q
p= − 	 (D.49a)

	 � � �ε ε εv
e

v v
p= − 	 (D.49b)

Because	the	stress	increment	corresponds	to	the	elastic	strain	increment	through	the	elastic	
modulus,	on	introduction	of	the	shear	and	bulk	stiffness	into	(D.49),

	
� � � �σ ε ε εq q

e
q q

pG G G= = −3 3 3 	 (D.50a)

	
� � � �σ ε ε εm v

e
v v

pK K K= = − 	 (D.50b)

Combining	(D.50)	with	the	plastic	strain	rates	through	normality,	(D.48),	the	increments	of	
the	stress	invariants	are

	
� � �σ ε λ ε λq q

s
q

sG G G= − = −( )3 3 3 	 (D.51a)

	
� � �σ ε λ ε λm v

s p
v

s pK K D K D= − = −( ) 	 (D.51b)

Notice	that	in	the	critical	state	when	shearing	continues	at	constant	stress	state,	then	it	fol-
lows	that	λ εs

q= � 	for	these	particular	circumstances.

D.8.3  Consistency condition

The	plastic	multiplier	λs	is	found	through	the	consistency	condition	that	plastic	strains	devel-
oping	during	loading	must	leave	the	stress	state	still	on	the	yield	surface:	 �F = 0.	Thus,	the	
new	stress	state	depends	on	the	combination	of	how	the	yield	surface	changes	size	during	the	
load	increment	(the	hardening	law)	and	how	the	stress	state	moves	across	the	yield	surface	
(‘neutral’	loading).	The	equations	implementing	the	consistency	condition	are	different	for	
outward	loading	of	the	bullet-like	yield	surface	to	the	inward	loading	on	the	cap.

In	the	case	of	the	bullet-like	yield	surface,	taking	the	total	differential	of	the	yield	surface	
(D.44),	and	setting	to	zero,	gives	the	following	consistency	condition:

	

� � � � �F
F F F F

M
M

m
m

q
q

m i
m i

i
i= = ∂

∂
+ ∂
∂

+ ∂
∂

+ ∂
∂

0
σ

σ
σ

σ
σ

σ
,

, 	 (D.52)

The	partial	differentials	with	respect	to	stress	were	established	in	the	previous	section:
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Taking	the	partial	differential	of	(D.44)	with	respect	to	the	image	mean	stress,
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	 (D.53)

Finally,	taking	the	partial	differential	of	(D.44)	with	respect	to	the	operating	critical	friction	
ratio	Mi,
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and	again	using	(D.44)	to	eliminate	the	log	terms,
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On	collecting	(D.46),	 (D.47),	 (D.53)	and	(D.54),	 the	consistency	condition	(D.52)	can	be	
written	as
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The	last	term	in	(D.55)	involving	Mi	is	a	tad	tedious	and	also	loses	generality	as	it	depends	
on	the	chosen	idealization	for	the	CSL.	The	Mi	term	also	varies	in	the	π-plane,	and	as	this	
variation	of	Mi	does	not	involve	work,	it	 is	this	component	that	prevents	NorSand	from	
being	truly	associated.	In	numerical	implementations,	it	is	both	conceptually	and	practi-
cally	simplest	 to	use	a	 trailing	measure	(backward	difference)	 for	Mi	as	 it	changes	quite	
slowly.

The	NorSand	hardening	rule	is	(see	Equation	C.33	from	the	model	definition)
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where	 Z	 is	 a	 flag	 to	 toggle	 the	 softening	 on/off,	 and	 η χ ψ
L i

i i

i tc

M
M

= −








1

.

	 and	

�
� �

�σ σ σ
σ

χ ψ
ψmx mx

m

m

i

i tc

i i tc

i tc
i

M
M
M

= + −


















,

,

,

	 from	Equation	C.34	with	 �σmx	 replacing	 �σm i, max	 for	

notational	brevity.
The	hardening	rule	can	be	viewed	as	comprising	four	terms:	the	first	two	(XH	and	XC)	

are	multipliers	of	the	current	unknown	plastic	strain	increment	as	 �εqp	and	 �σm	are	related	to	
λs	through	(D.51).	The	remaining	two	(XD	and	XE)	take	values	estimated	from	the	previous	
loadstep:
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where
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Using	the	new	parameters	XH,	XC,	XD	and	XE,	the	consistency	condition	(D.52)	becomes
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Substituting	 the	 stress	 increments	 in	 terms	of	 the	unknown	plastic	multiplier	 λs,	 derived	
earlier	as	(D.51),	allows	the	consistency	condition	(D.52)	to	be	written	as
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On	collecting	terms,
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Now	setting

	
X Mm i
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	 (D.61)

we	obtain	the	simplest	explicit	form	for	the	plastic	multiplier:
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D.9  ConCluDIng CoMMents

The	information	provided	in	this	appendix	relates	to	the	monotonic	version	of	NorSand,	
and	therefore	principal	stress	rotation	is	not	included	in	the	derivations.	The	internal	cap	has	
also	been	neglected,	both	for	simplicity	and	because	the	cap	is	of	lesser	importance	under	
monotonic	loading	conditions.
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Appendix E: Calibration chamber test data

This	appendix	contains	tabulated	CPT	calibration	chamber	test	data	on	which	the	inversion	
methods	in	Chapter	4	are	based.	Symbols	in	the	table	titles	and	headings	are	as	follows:

γd� Dry	density	of	sample
Dr	 Relative	density/density	index	(emax�−	e)/(emax	−	emin)
e� Void	ratio,	calculated	from	relative	density	or	dry	density
′σv	 Effective	vertical	stress	on	sample	during	test
′σh	 Effective	horizontal	stress	on	sample	during	test

Ko

	

′
′
σ
σ
h

v

OCR	 Overconsolidation	ratio
BC� Boundary	condition	code	(see	Table	E.1)
p′	 Mean	effective	stress	on	sample	during	test
p� Mean	total	stress	on	sample	during	test
ψ� State	parameter
qc	 Measured	cone	penetration	resistance	(corrected	for	unequal	end	area)
Corr� �Correction	to	normalized	resistance	for	chamber	boundary	conditions	(after	Been	

et al.,	1986,	unless	indicated	otherwise	in	notes	for	each	sand)
q p
p
c −
′

� Normalized	cone	penetration	resistance	(corrected)

σhc	 Horizontal	stress	measured	on	sleeve	of	horizontal	stress	cone
u� Pore	pressure	in	saturated	samples
σ
σ
hc

h

u−
′

� Horizontal	stress	amplification	factor

Vs	 Shear	wave	velocity	(measured	for	Chek	Lap	Kok	sand	only)
Dia� Cone	diameter	(assumed	to	be	3.57 cm	unless	otherwise	noted)
Γ1	 Critical	state	line	parameter	(ec	at	1	kPa)
λ10	 Critical	state	line	slope	(assumed	log	linear	CSL,	to	log	base	10)
emax	 Maximum	void	ratio
emin	 Minimum	void	ratio

Table E.1 Boundary condition codes, after Parkin et al. (1980)

Boundary condition Side restraint Base restraint 

BC 1 Constant stress Constant stress
BC 2 Constant volume Constant volume
BC 3 Constant volume Constant stress
BC 4 Constant stress Constant volume
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Chek Lap Kok sand (Lee, 2001)

Γ1 = 0.905  λ10 = 0.130  emax = 0.68  emin = 0.41

Test Dr (%) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Vs (m/s) 

1 26.2 0.610 53 34 0.64 1 1 40 40 −0.086 2.31 1.048 59 154
2 63.0 0.510 151 97 0.64 1 1 115 115 −0.037 8.91 1.051 81 206
3 35.2 0.586 100 59 0.58 1 1 72 72.4 −0.077 3.10 1.052 44 181
4 37.6 0.579 200 117 0.58 1 1 145 145 −0.045 4.65 1.052 33 220
5 42.8 0.565 101 62 0.61 1 1 75 75 −0.097 3.39 1.053 47 183
6 45.1 0.559 201 122 0.61 1 1 149 149 −0.063 6.20 1.044 43 221
7 52.7 0.538 51 33 0.64 1 1 39 39 −0.160 3.85 1.049 103 158
8 55.0 0.532 151 97 0.64 1 1 115 115 −0.105 6.95 1.055 63 210
9 80.4 0.463 53 31 0.58 1 1 38 38 −0.236 8.90 1.145 267 186

10 81.4 0.460 152 88 0.58 1 1 109 109 −0.180 15.78 1.081 156 243

All tests carried out using 20 mm diameter cone. Correction factors from Salgado et al. (1997) as reported by Lee (2001).
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Erksak sand (Been et al., 1987b)

Γ1 = 0.845  λ10 = 0.054  emax = 0.96  emin = 0.53

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ σhc (kPa) (σhc − u)/ ′σh u (kPa) 

3A 1.626 0.630 100 100 1.00 1 4 100 400 −0.105 6.7 1.00 63 425 1.25 300
3B 1.677 0.580 100 100 1.00 1 4 100 400 −0.155 14.1 1.05 144 300
05 1.732 0.530 127 89 0.70 1 4 102 502 −0.205 26.2 1.15 290 550 1.94 400
6A 1.596 0.660 306 214 0.70 1 4 245 398 −0.054 12.4 1.00 49 153
6B 1.636 0.620 307 214 0.70 1 4 245 399 −0.094 18.6 1.00 74 570 1.94 154
6C 1.677 0.580 309 214 0.69 1 4 246 402 −0.134 30.4 1.00 122 625 2.19 156
07 1.699 0.560 307 214 0.70 1 4 245 399 −0.154 31.5 1.05 133 154
08 1.656 0.600 374 266 0.71 1 4 302 453 −0.109 29.7 1.00 97 490 1.27 151
09 1.699 0.560 63 44 0.70 1 4 50 200 −0.191 10.5 1.11 229 280 3.28 150
10 1.688 0.570 188 131 0.70 1 4 150 300 −0.155 27.8 1.05 193 360 1.68 150
11 1.732 0.530 180.0 126.0 0.70 1 4 144 294 −0.196 31.2 1.12 240 330 1.60 150
12 1.656 0.600 180.0 126.0 0.70 1 4 144 294 −0.126 12.9 1.00 88 470 2.54 150
18 1.616 0.640 30.0 22.0 0.73 1 4 25 175 −0.128 1.9 1.00 65 181 1.41 150
19 1.732 0.530 63.0 45.0 0.71 1 4 51 451 −0.221 11.5 1.20 260 620 5.87 400
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Hilton mines tailings (Harmon, 1976)

Γ1 = 1.315  λ10 = 0.17  emax = 1.05  emin = 0.63

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (kg/cm2) Corr (qc – p)/p′ 
27 1.380 0.920 61 28 0.46 1 1 39.0 39.0 −0.125 24.2 1.02 62
28 1.393 0.902 51 23 0.45 1 1 32.3 32.3 −0.156 16.4 1.08 54
29 1.381 0.919 61 26 0.43 1 2 37.7 37.7 −0.128 19.1 1.00 50
30 1.542 0.718 60 25 0.42 1 1 36.7 36.7 −0.331 94.5 1.95 502
31 1.528 0.734 60 26 0.43 1 2 37.3 37.3 −0.314 104.5 1.20 335
32 1.464 0.810 60 22 0.37 1 1 34.7 34.7 −0.243 65.3 1.37 257
33 1.476 0.796 60 24 0.40 1 2 36.0 36.0 −0.254 60.0 1.10 182
34 1.476 0.796 52 21 0.40 1 1 31.3 31.3 −0.265 36.0 1.48 169
35 1.545 0.715 51 25 0.49 1 1 33.7 33.7 −0.340 70.6 2.00 418
40 1.371 0.933 61 29 0.48 1 1 39.7 39.7 −0.110 21.7 1.01 54
41 1.377 0.925 61 27 0.44 1 2 38.3 38.3 −0.121 18.1 1.00 46
42 1.382 0.918 61 31 0.51 1 1 41.0 41.0 −0.123 17.6 1.02 43
49 1.422 0.863 271 117 0.43 1 1 168.3 168.3 −0.074 87.2 1.00 51
50 1.488 0.781 271 112 0.41 1 1 165.0 165.0 −0.157 189.0 1.08 123
51 1.573 0.685 270 114 0.42 1 1 166.0 166.0 −0.253 235 1.42 200
52 1.575 0.683 271 121 0.45 1 2 171.0 171.0 −0.252 244 1.08 153
55 1.406 0.885 272 122 0.45 1 1 172.0 172.0 −0.050 69.9 1 40
56 1.395 0.900 272 121 0.44 1 2 171.3 171.3 −0.035 67.6 1 38
57 1.410 0.880 272 121 0.44 1 2 171.3 171.3 −0.055 80.6 1 46
58 1.495 0.773 271 105 0.39 1 2 160.3 160.3 −0.167 207.6 1.02 131
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Hokksund sand (Baldi et al., 1986; Lunne, 1986)

Γ1 = 0.934  λ10 = 0.054  emax = 0.91  emin = 0.55

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Cone Dia. (cm) 

E174 1.692 0.596 120.7 54.4 0.45 1 1 76.5 76.5 −0.237 21.7 1.27 359 3.57
E175 1.690 0.598 68.7 29.9 0.44 1 1 42.9 42.9 −0.248 15.0 1.31 457 3.57
E177 1.692 0.596 266.8 117.1 0.44 1 1 167.0 167.0 −0.218 34.7 1.20 248 3.57
E178 1.742 0.550 68.7 30.1 0.44 1 1 42.9 42.9 −0.296 18.7 1.54 669 3.57
E179 1.742 0.550 68.7 30.4 0.44 1 1 43.1 43.1 −0.296 23.0 1.00 532 2.54
E180 1.742 0.550 70.6 29.9 0.42 1 1 43.5 43.5 −0.296 26.0 1.00 596 2.00
E184 1.533 0.761 116.7 57.1 0.49 1 1 77.0 77.0 −0.071 2.8 1.00 35 3.57
E185 1.528 0.767 62.8 30.1 0.48 1 1 41.0 41.0 −0.080 1.5 1.00 35 3.57
E186 1.525 0.770 312.0 157.9 0.51 1 1 209.2 209.2 −0.038 5.9 1.00 27 3.57
N001 1.734 0.557 60.8 28.0 0.46 1 1 38.9 38.9 −0.291 16.5 1.56 658 3.57
N002 1.721 0.569 60.8 21.3 0.35 1 3 34.5 34.5 −0.282 20.5 1.12 665 3.57
N005 1.510 0.788 58.9 24.1 0.41 1 1 35.7 35.7 −0.062 2.2 1.00 61 3.57
N006 1.514 0.783 58.9 21.8 0.37 1 3 34.1 34.1 −0.068 2.9 1.00 83 3.57
N009 1.725 0.565 60.8 21.3 0.35 1 1 34.5 34.5 −0.286 15.0 1.54 669 3.57
N013 1.710 0.579 60.8 23.7 0.39 1 1 36.1 36.1 −0.271 18.2 1.00 503 2.54
N015 1.706 0.583 60.8 19.5 0.32 1 1 33.2 33.2 −0.269 22.6 1.00 679 2.54
N018 1.495 0.806 58.9 23.5 0.40 1 1 35.3 35.3 −0.044 3.6 1.00 100 2.54
N019 1.499 0.801 58.9 22.4 0.38 1 3 34.5 34.5 −0.050 1.2 1.00 33 2.54
N022 1.709 0.580 60.8 21.9 0.36 1 1 34.9 34.9 −0.271 21.4 1.00 612 2.54
N023 1.714 0.575 60.8 21.3 0.35 1 1 34.5 34.5 −0.276 18.4 1.00 532 2.54
N024 1.533 0.761 58.9 23.5 0.40 1 3 35.3 35.3 −0.089 6.0 1.00 168 2.54
S002 1.715 0.574 58.9 21.8 0.37 1 1 34.1 34.1 −0.277 17.3 1.00 506 2.54
S003 1.717 0.573 58.9 20.0 0.34 1 1 33.0 33.0 −0.280 13.0 1.52 598 3.57
S004 1.727 0.563 107.9 34.5 0.32 1 1 59.0 59.0 −0.275 20.0 1.50 507 3.57
S005 1.730 0.561 206.0 65.9 0.32 1 1 112.6 112.6 −0.263 27.0 1.44 344 3.57
S006 1.720 0.570 402.2 124.7 0.31 1 1 217.2 217.2 −0.238 37.0 1.33 225 3.57
S008 1.711 0.578 402.2 124.7 0.31 1 3 217.2 217.2 −0.230 41.0 1.06 199 3.57

(Continued )
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Hokksund sand (Baldi et al., 1986; Lunne, 1986)

Γ1 = 0.934  λ10 = 0.054  emax = 0.91  emin = 0.55

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Cone Dia. (cm) 

S009 1.740 0.552 206.0 65.9 0.32 1 3 112.6 112.6 −0.271 33.0 1.10 321 3.57
S010 1.720 0.570 107.9 35.6 0.33 1 3 59.7 59.7 −0.268 22.0 1.10 404 3.57
S011 1.706 0.583 58.9 23.5 0.40 1 3 35.3 35.3 −0.268 16.0 1.10 497 3.57
S022 1.733 0.558 107.9 39.9 0.37 1 1 62.6 62.6 −0.279 26.0 1.00 414 2.54
S023 1.706 0.583 206.0 76.2 0.37 1 1 119.5 119.5 −0.239 36.0 1.00 300 2.54
S024 1.700 0.588 304.1 115.6 0.38 1 1 178.4 178.4 −0.224 40.0 1.00 223 2.54
S025 1.713 0.576 402.2 148.8 0.37 1 1 233.3 233.3 −0.230 49.0 1.00 209 2.54
S026 1.731 0.560 58.9 21.2 0.36 1 3 33.7 33.7 −0.292 19.0 1.00 562 2.54
S027 1.720 0.570 107.9 38.8 0.36 1 3 61.9 61.9 −0.267 26.0 1.00 419 2.54
S028 1.710 0.579 206.0 74.2 0.36 1 3 118.1 118.1 −0.243 40.0 1.00 338 2.54
S029 1.720 0.570 402.2 148.8 0.37 1 3 233.3 233.3 −0.236 53.0 1.00 226 2.54
S032 1.720 0.570 58.9 22.6 0.38 1 1 34.7 34.7 −0.281 7.3 1.00 210 2.54
S033 1.53 0.765 58.7 21.6 0.37 1 1 33.9 33.9 −0.087 9.6 1.12 316 3.57
S034 1.628 0.658 58.7 19.6 0.33 1 3 32.6 32.6 −0.194 9.3 1.02 290 3.57
S035 1.627 0.659 58.7 20.1 0.34 1 1 33.0 33.0 −0.193 8.2 1.12 278 3.57
S036 1.61 0.677 206.0 76.5 0.37 1 3 119.7 119.7 −0.145 3.3 1.00 27 3.57
S037 1.62 0.667 206.0 72.6 0.35 1 1 117.1 117.1 −0.156 2.4 1.06 21 3.57
S038 1.57 0.720 57.9 22.1 0.38 1 3 34.0 34.0 −0.132 5.6 1.00 164 3.57
S039 1.55 0.742 205.0 81.4 0.39 1 3 122.6 122.6 −0.079 1 1.00 7 3.57
S040 1.52 0.776 106.9 42.2 0.394 1 3 63.8 63.8 −0.060 7.5 1.00 117 3.57
S041 1.55 0.742 401.2 159.9 0.398 1 3 240.3 240.3 −0.063 0.5 1.00 1 3.57
S042 1.47 0.837 56.9 26.5 0.47 1 3 36.6 36.6 −0.013 2 1.00 54 3.57
S043 1.48 0.824 204.0 95.2 0.46 1 3 131.5 131.5 0.005 5.6 1.00 42 3.57
S044 1.46 0.849 400.2 177.6 0.46 1 3 251.8 251.8 0.045 1.9 1.00 7 3.57
E181 1.744 0.548 62.8 79.9 1.27 14.6 1 74.2 74.2 −0.285 20.3 1.49 406 3.57
E182 1.745 0.547 62.8 79.4 1.27 14.5 1 73.9 73.9 −0.286 34.7 1.00 469 2.54
E183 1.744 0.548 63.8 79.9 1.25 14.4 1 74.5 74.5 −0.285 38.2 1.00 511 2.00

(Continued )
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Hokksund sand (Baldi et al., 1986; Lunne, 1986)

Γ1 = 0.934  λ10 = 0.054  emax = 0.91  emin = 0.55

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Cone Dia. (cm) 

E187 1.528 0.767 111.8 97.3 0.87 7.3 1 102.1 102.1 −0.058 4.5 1.00 43 3.57
N003 1.727 0.563 60.8 60.8 1.00 8 1 60.8 60.8 −0.274 22.5 1.48 547 3.57
N004 1.723 0.567 60.8 60.2 0.99 8 3 60.4 60.4 −0.271 22.8 1.10 414 3.57
N005 1.510 0.788 58.9 53.6 0.91 8 1 55.3 55.3 −0.052 4.9 1.00 88 3.57
N008 1.489 0.813 58.9 44.1 0.75 8 3 49.1 49.1 −0.029 5.1 1.00 103 3.57
N010 1.718 0.572 60.8 51.1 0.84 8 1 54.3 54.3 −0.269 15.8 1.46 423 3.57
N011 1.510 0.788 58.9 53.0 0.90 8 1 54.9 54.9 −0.052 4.1 1.00 74 3.57
N012 1.502 0.798 58.9 54.7 0.93 8 3 56.1 56.1 −0.042 3.9 1.00 69 3.57
N014 1.719 0.571 60.8 54.1 0.89 8 1 56.4 56.4 −0.269 29.4 1.00 520 2.54
N016 1.710 0.579 60.8 54.7 0.90 8 3 56.8 56.8 −0.260 29.4 1.00 518 2.54
N017 1.713 0.576 60.8 59.6 0.98 8 1 60.0 60.0 −0.262 30.8 1.00 512 2.54
N020 1.487 0.816 58.9 46.5 0.79 8 1 50.6 50.6 −0.026 2.9 1.00 56 2.54
N021 1.480 0.824 58.9 51.2 0.87 8 3 53.8 53.8 −0.016 2.6 1.00 47 2.54
N025 1.496 0.805 58.9 43.6 0.74 8 1 48.7 48.7 −0.038 4.8 1.00 98 2.54
N026 1.720 0.570 60.8 55.3 0.91 8 1 57.2 57.2 −0.269 21.1 1.00 368 2.54
S016 1.719 0.571 107.9 52.9 0.49 2 1 71.2 71.2 −0.263 24.0 1.44 484 3.57
S017 1.680 0.607 107.9 63.7 0.59 4 1 78.4 78.4 −0.225 29.0 1.25 461 3.57
S018 1.718 0.572 58.9 27.7 0.47 2 1 38.1 38.1 −0.277 16.0 1.50 629 3.57
S019 1.730 0.561 58.9 37.1 0.63 4 1 44.3 44.3 −0.284 18.0 1.55 628 3.57
S020 1.733 0.558 58.9 48.9 0.83 8 1 52.2 52.2 −0.283 20.0 1.55 593 3.57
S021 1.701 0.587 206.0 82.4 0.40 2 1 123.6 123.6 −0.234 34.0 1.30 356 3.57
S030 1.730 0.561 107.9 52.9 0.49 2 1 71.2 71.2 −0.273 30.0 1.00 420 2.54
S031 1.730 0.561 107.9 72.3 0.67 4 1 84.2 84.2 −0.269 36.0 1.00 427 2.54
S045 1.476 0.829 57.8 31.0 0.54 2 3 39.9 39.9 −0.018 3.8 1.00 93 3.57
S046 1.481 0.823 57.8 36.3 0.63 4 3 43.5 43.5 −0.022 3.5 1.00 79 3.57
S048 1.469 0.838 57.7 32.1 0.56 2 1 40.6 40.6 −0.009 3.0 1.00 72 3.57
S049 1.473 0.833 106.7 59.9 0.56 2 1 75.5 75.5 0.000 5.2 1.00 67 3.57

(Continued )
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Hokksund sand (Baldi et al., 1986; Lunne, 1986)

Γ1 = 0.934  λ10 = 0.054  emax = 0.91  emin = 0.55

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Cone Dia. (cm) 

S051 1.478 0.827 106.8 56.6 0.53 2 1 73.4 73.4 −0.006 5.9 1.00 79 3.57
S052 1.470 0.837 57.7 39.9 0.69 8 1 45.8 45.8 −0.008 6.7 1.00 145 3.57
S054 1.480 0.824 106.8 70.2 0.66 4 3 82.4 82.4 −0.006 6.5 1.00 78 3.57
S055 1.472 0.834 204.8 115.9 0.57 2 3 145.6 145.6 0.017 0.1 1.00 3.57
S056 1.475 0.831 106.8 68.3 0.64 4 1 81.2 81.2 0.000 6.2 1.00 75 3.57
S057 1.481 0.823 204.8 114.7 0.56 2 1 144.7 144.7 0.006 2.5 1.00 16 3.57
S058 1.489 0.813 57.7 35.2 0.61 8 3 42.7 42.7 −0.033 5.5 1.00 127 3.57
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Monterey sand (Huntsman, 1985)

Γ1 = 0.875  λ10 = 0.029  emax = 0.83  emin = 0.54

Test Dr % e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ σhc (kPa) (σhc – u)/ ′σh u 

B6 39 0.713 212 212 1.00 1 1 212.0 212.0 −0.095 25.0 1.02 119 210 1.01 0
B7 59 0.654 204 64 0.31 1 1 110.7 110.7 −0.162 18.0 1.32 213 90 1.86 0
B8 30 0.740 198 64 0.32 1 1 108.7 108.7 −0.076 10.0 1.00 91 30 0.47 0
B9 27 0.749 205 106 0.52 1 1 139.0 139.0 −0.064 15.0 1.00 107 50 0.47 0
B10 33 0.731 302 158 0.52 1 1 206.0 206.0 −0.077 20.0 1.00 96 90 0.57 0
B11 72 0.617 199 106 0.53 1 1 137.0 137.0 −0.196 28.0 1.60 325 220 3.32 0
B12 69 0.627 212 212 1.00 1 1 212.0 212.0 −0.181 25.0 1.47 172 220 1.53 0
B13 43 0.702 212 212 1.00 1 1 212.0 212.0 −0.106 25.0 1.04 122 210 1.03 0
B14 69 0.627 201 64 0.32 1 1 109.7 109.7 −0.189 23.0 1.54 321 140 3.37 0
B15 42 0.704 219 106 0.48 1 1 143.7 143.7 −0.108 19.0 1.05 138 150 1.49 0
B16 27 0.748 321 101 0.31 1 1 174.3 174.3 −0.062 15.0 1.00 85 100 0.99 0
B17 46 0.692 315 315 1.00 1 1 315.0 315.0 −0.111 32.0 1.06 107 205 0.69 0
B18 31 0.737 315 315 1.00 1 1 315.0 315.0 −0.066 23.0 1.00 72 185 0.59 0
B19 53 0.673 319 95 0.30 1 1 169.7 169.7 −0.137 24.0 1.17 164 140 1.72 0
B20 54 0.668 318 158 0.50 1 1 211.3 211.3 −0.140 34.0 1.18 189 180 1.34 0
B21 70 0.627 322 95 0.30 1 1 170.7 170.7 −0.183 33.0 1.48 285 160 2.49 0
B22 70 0.624 201 64 0.32 1 1 109.7 109.7 −0.192 21.0 1.56 297 180 4.39 0
B23 52 0.674 199 106 0.53 1 1 137.0 137.0 −0.139 20.0 1.18 171 120 1.34 0
B24 34 0.728 212 212 1.00 1 1 212.0 212.0 −0.080 19.0 1.00 89 150 0.71 0
B27 63 0.643 212 212 1.00 1 1 212.0 212.0 −0.165 27.0 1.34 169 140 0.88 0
B29 33 0.729 212 212 1.00 1 1 212.0 212.0 −0.079 16.0 1.00 74 100 0.47 0
B31 69 0.625 212 212 1.00 1 1 212.0 212.0 −0.183 29.0 1.48 201 175 1.22 0
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Monterey sand (Tringale, 1983)

Γ1 = 0.875  λ10 = 0.029  emax = 0.83  emin = 0.54

Test Dr (%) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ 
TB1 58 0.658 280 135 0.48 1 1 183.2 183.2 −0.152 32.0 1.25 217
TB3 71 0.622 278 133 0.48 1 1 181.2 181.2 −0.188 31.8 1.52 265
TB4 58 0.658 149 70 0.47 1 1 96.4 96.4 −0.160 17.4 1.30 233
TB5 62 0.648 88 45 0.51 1 1 59.5 59.5 −0.175 11.6 1.42 276
TB6 67 0.634 285 139 0.49 1 1 187.5 187.5 −0.175 33.4 1.42 252
TB7 61 0.651 200 100 0.50 1 1 133.4 133.4 −0.162 23.4 1.32 230
TB10 32 0.734 241 119 0.49 1 1 159.6 159.6 −0.077 15.3 1.00 95
TB11 27 0.749 141 70 0.49 1 1 93.4 93.4 −0.069 8.5 1.00 90
TB12 74 0.614 225 110 0.49 1 1 148.4 148.4 −0.198 30.3 1.62 329
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Ottawa sand (Harman, 1976)

Γ1 = 0.754  λ10 = 0.028  emax = 0.79  emin = 0.49

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ 
14 1.576 0.681 51 24 0.47 1 1 33.0 33.0 −0.030 1.8 1.00 54
15 1.572 0.686 59 28 0.47 1 1 38.3 38.3 −0.024 2.05 1.00 52
16 1.581 0.676 272 132 0.49 1 1 178.7 178.7 −0.015 7.42 1.00 41
17 1.583 0.674 263 131 0.50 1 1 175.0 175.0 −0.017 7.4 1.00 41
18 1.574 0.684 61 27 0.44 1 1 38.3 38.3 −0.026 2.0 1.00 50
19 1.539 0.722 61 29 0.48 1 1 39.7 39.7 0.013 1.5 1.00 36
20 1.534 0.728 61 28 0.46 1 1 39.0 39.0 0.019 1.5 1.00 36
21 1.534 0.728 53 24 0.45 1 1 33.7 33.7 0.017 1.4 1.00 40
22 1.722 0.539 60 26 0.43 1 1 37.3 37.3 −0.171 10.0 1.11 296
23 1.709 0.551 52 18 0.35 1 1 29.3 29.3 −0.162 8.3 1.09 309
25 1.698 0.561 60 24 0.40 1 1 36.0 36.0 −0.149 10.0 1.06 292
26 1.706 0.553 52 22 0.42 1 1 32.0 32.0 −0.159 8.5 1.08 287
36 1.701 0.558 60 23 0.38 1 1 35.3 35.3 −0.153 14.7 1.01 419
37 1.577 0.680 61 30 0.49 1 2 40.3 40.3 −0.029 2.3 1.00 56
38 1.533 0.729 61 30 0.49 1 2 40.3 40.3 0.020 1.53 1 37
43 1.716 0.544 271 117 0.43 1 2 168.3 168.3 −0.148 40.9 1 242
44 1.702 0.557 271 111 0.41 1 2 164.3 164.3 −0.135 27.46 1.03 171
45 1.652 0.604 60 25 0.42 1 1 36.7 36.7 −0.106 6.18 1.01 169
46 1.664 0.593 271 122 0.45 1 1 171.7 171.7 −0.098 23.14 1 134
47 1.553 0.706 272 130 0.48 1 1 177.3 177.3 0.015 5.67 1 31
48 1.554 0.705 263 125 0.48 1 1 171.0 171.0 0.014 5.58 1 32
59 1.633 0.623 60 24 0.40 1 2 36.0 36.0 −0.087 7.01 1 194
60 1.610 0.646 271 114 0.42 1 2 166.3 166.3 −0.046 17.96 1 107
61 1.641 0.615 58 27 0.47 1 1 37.3 37.3 −0.095 3.83 1 102
63 1.562 0.697 272 128 0.47 1 2 176.0 176.0 0.006 6.67 1 37
64 1.543 0.717 272 134 0.49 1 2 180.0 180.0 0.026 5.62 1 30
75 1.532 0.73 64 28 0.44 1 1 40.0 40.0 0.021 1.34 1 33
76 1.563 0.695 294 126 0.43 1 1 182.0 182.0 0.004 5.5 1 29
79 1.712 0.548 284 100 0.35 1 1 161.3 161.3 −0.144 29.81 1.04 191
80 1.713 0.547 291 99 0.34 1 1 163.0 163.0 −0.145 29.42 1.05 189
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Reid-Bedford sand (Lhuer, 1976)

Γ1 = 1.014  λ10 = 0.065  emax = 0.87  emin = 0.55

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ 
84 1.494 0.781 60 20 0.33 1 1 33.1 33.1 −0.134 1.57 1.04 48

1.499 0.775 267 118 0.44 1 1 167.9 167.9 −0.094 6.38 1 37
104 1.485 0.791 60 29 0.49 1 1 39.4 39.4 −0.119 1.85 1.02 47

1.494 0.781 266 120 0.45 1 1 168.8 168.8 −0.088 6.82 1 39
87 1.488 0.788 267 113 0.42 1 1 164.1 164.1 −0.082 3.98 1 23
85 1.648 0.614 59 28 0.47 1 1 38.2 38.2 −0.297 7.75 1.67 337

1.654 0.608 266 107 0.40 1 1 160.1 160.1 −0.263 23.8 1.45 214
103 1.648 0.614 59 26 0.44 1 1 36.8 36.8 −0.298 7.69 1.67 348

1.654 0.608 266 111 0.42 1 1 163.0 163.0 −0.262 25.3 1.45 224
88 1.494 0.781 66 24 0.37 1 1 37.9 37.9 −0.130 1.7 1.03 45
95 1.496 0.778 66 27 0.41 1 1 39.6 39.6 −0.132 1.95 1.04 50
92 1.501 0.772 259 117 0.45 1 1 164.2 164.2 −0.098 5.99 1 35
97 1.499 0.775 259 103 0.40 1 1 155.0 155.0 −0.097 6.19 1 39
91 1.654 0.608 70 20 0.28 1 1 36.4 36.4 −0.305 7.5 1.72 353
96 1.648 0.614 65 29 0.45 1 1 41.0 41.0 −0.295 9.64 1.65 386
94 1.656 0.606 258 116 0.45 1 1 163.6 163.6 −0.264 25 1.45 220
100 1.654 0.608 258 99 0.38 1 1 151.9 151.9 −0.264 22.2 1.46 212
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Sydney sand (Pournaghiazar et al., 2011)

Γ1 = 1.037  λ10 = 0.066  emax = 0.92  emin = 0.60

Test Dr (%) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ 
1 33 0.814 25 25 1 1 24 24 −0.132 2.0 1.047 86
2 33 0.814 50 50 1 1 49 49 −0.112 3.4 1.037 72
3 33 0.814 50 50 1 1 49 49 −0.112 3.3 1.037 69
4 33 0.814 100 100 1 1 98 98 −0.092 5.8 1.029 60
5 61 0.725 30 30 1 1 29 29 −0.217 3.1 1.065 114
6 61 0.725 50 50 1 1 48 48 −0.202 5.0 1.058 109
7 61 0.725 100 100 1 1 96 96 −0.183 11.0 1.054 120
8 61 0.725 150 150 1 1 143 143 −0.171 18.0 1.052 132

For test boundary conditions and chamber size correction factors, see M. Pournaghiazar et al. (2012).
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Syncrude oilsands tailings (Golder Associates project files)

Γ1 = 0.860  λ10 = 0.065  emax = 0.90  emin = 0.54

Test γd (t/m3) e ′σv (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ 
CC 101 1.553 0.699 600 300 0.50 1 4 400.0 400.0 0.008 14 1 34
CC 102 1.583 0.666 150 75 0.50 1 4 100.0 100.0 −0.064 5.5 1 54
CC 103 1.687 0.564 50 25 0.50 3 4 33.3 33.3 −0.197 26.5 1.07 850
CC 104 1.606 0.643 300 150 0.50 1 4 200.0 200.0 −0.067 14.4 1 71
CC 105 1.614 0.634 75 38 0.51 1 4 50.3 50.3 −0.115 14 1.03 285
CC 106 1.580 0.670 400 200 0.50 1 4 266.7 266.7 −0.032 12.8 1 47
CC 107 1.592 0.657 150 75 0.50 1 4 100.0 100.0 −0.073 15.6 1 155
CC 108 1.588 0.661 75 38 0.51 1 4 50.3 50.3 −0.088 3.3 1 65
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

E019 TS 1 1.677 0.598 515.0 217.9 0.42 1 3 316.9 316.9 −0.237 46.5 0.95 138 3.57
E020 TS 1 1.679 0.596 313.9 128.4 0.41 1 3 190.2 190.2 −0.251 39.1 0.94 192 3.57
E021 TS 1 1.679 0.596 115.8 45.1 0.39 1 3 68.7 68.7 −0.276 23.9 0.93 323 3.57
E022 TS 1 1.615 0.659 311.0 131.5 0.42 1 3 191.4 191.4 −0.188 26.1 0.97 131 3.57
E023 TS 1 1.610 0.665 113.8 47.3 0.42 1 3 69.5 69.5 −0.207 15.6 0.97 217 3.57
E024 TS 1 1.615 0.659 514.0 224.1 0.44 1 3 320.8 320.8 −0.175 34.4 0.98 104 3.57
E025 TS 1 1.616 0.658 716.1 316.5 0.44 1 3 449.7 449.7 −0.168 40.7 0.98 88 3.57
E028 TS 1 1.679 0.596 312.9 126.7 0.41 1 3 188.8 188.8 −0.251 36.2 0.94 179 3.57
E030 TS 1 1.560 0.718 311.0 135.3 0.44 1 3 193.8 193.8 −0.129 13.4 0.99 67 3.57
E031 TS 1 1.573 0.704 513.1 227.3 0.44 1 3 322.5 322.5 −0.131 20.1 0.99 61 3.57
E032 TS 1 1.578 0.698 712.2 318.4 0.45 1 3 449.6 449.6 −0.128 25.0 0.99 54 3.57
E033 TS 1 1.573 0.704 113.8 49.4 0.43 1 3 70.9 70.9 −0.168 9.1 0.98 125 3.57
E034 TS 1 1.675 0.600 65.7 27.7 0.42 1 3 40.4 40.4 −0.285 18.4 0.92 420 3.57
E035 TS 1 1.619 0.655 65.7 27.0 0.41 1 3 39.9 39.9 −0.230 10.9 0.95 257 3.57
E036 TS 1 1.578 0.698 63.8 27.1 0.43 1 3 39.3 39.3 −0.187 5.6 0.97 138 3.57
E050 TS 1 1.624 0.650 115.8 47.7 0.41 1 1 70.4 70.4 −0.221 13.6 1.03 197 3.57
E059 TS 2 1.548 0.731 115.8 50.5 0.44 1 1 72.2 72.2 −0.140 7.0 1.01 97 3.57
E060 TS 2 1.554 0.725 510.1 230.1 0.45 1 1 323.4 323.4 −0.110 15.5 1.00 47 3.57
E061 TS 2 1.678 0.597 512.1 218.7 0.43 1 1 316.5 316.5 −0.238 43.7 1.03 141 3.57
E062 TS 2 1.679 0.596 121.6 49.1 0.40 1 1 73.3 73.3 −0.274 20.9 1.06 302 3.57
E063 TS 2 1.619 0.655 114.8 47.4 0.41 1 1 69.9 69.9 −0.216 12.1 1.03 177 3.57
E065 TS 2 1.622 0.652 313.9 135.6 0.43 1 1 195.0 195.0 −0.194 22.1 1.02 115 3.57
E070 TS 2 1.636 0.638 507.2 225.7 0.45 1 1 319.5 319.5 −0.197 31.6 1.02 100 3.57
E074 TS 2 1.547 0.732 64.7 26.9 0.42 1 1 39.5 39.5 −0.153 4.5 1.01 115 3.57
E075 TS 2 1.556 0.722 715.1 329.0 0.46 1 1 457.7 457.7 −0.104 19.9 1.00 42 3.57
E076 TS 2 1.675 0.600 68.7 25.4 0.37 1 1 39.8 39.8 −0.285 12.0 1.06 317 3.57

(Continued)
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

E081 TS 3 1.676 0.599 312.0 138.2 0.44 1 1 196.1 196.1 −0.248 33.6 1.04 177 3.57
E082 TS 3 1.618 0.656 713.2 324.5 0.46 1 1 454.1 454.1 −0.170 32.1 1.01 70 3.57
E083 TS 2 1.623 0.651 67.7 27.5 0.41 1 1 40.9 40.9 −0.233 8.8 1.03 220 3.57
E084 TS 2 1.637 0.637 715.1 306.1 0.43 1 1 442.4 442.4 −0.190 37.2 1.02 85 3.57
E113 TS 2 1.675 0.600 119.7 47.3 0.40 1 1 71.4 71.4 −0.271 20.7 1.05 303 3.57
E114 TS 2 1.540 0.740 115.8 54.3 0.47 1 1 74.8 74.8 −0.130 7.3 1.00 97 3.57
E115 TS 2 1.626 0.648 117.7 48.3 0.41 1 1 71.4 71.4 −0.223 16.0 1.02 227 3.57
E121 TS 2 1.674 0.601 313.9 126.8 0.40 1 1 189.2 189.2 −0.247 40.2 1.04 220 3.57
E123 TS 2 1.681 0.594 314.9 130.1 0.41 1 1 191.7 191.7 −0.253 36.4 1.04 196 3.57
E132 TS 4 1.474 0.818 114.8 56.2 0.49 1 1 75.8 75.8 −0.052 2.8 1.00 37 3.57
E136 TS 4 1.679 0.596 121.6 50.7 0.42 1 1 74.4 74.4 −0.274 18.8 1.06 267 3.57
E138 TS 4 1.498 0.789 116.7 62.1 0.53 1 1 80.3 80.3 −0.079 2.4 1.00 29 3.57
E139 TS 4 1.615 0.659 115.8 51.7 0.45 1 1 73.1 73.1 −0.211 6.6 1.03 92 3.57
E140 TS 4 1.681 0.594 121.6 54.1 0.45 1 1 76.6 76.6 −0.275 18.7 1.06 257 3.57
E141 TS 4 1.680 0.595 122.6 53.3 0.44 1 3 76.4 76.4 −0.274 22.6 0.93 274 3.57
E143 TS 4 1.632 0.642 117.7 52.7 0.45 1 1 74.4 74.4 −0.228 11.7 1.03 160 3.57
E167 TS 4 1.638 0.636 118.7 48.7 0.41 1 3 72.0 72.0 −0.235 18.1 0.95 238 3.57
E168 TS 4 1.642 0.632 308.0 135.5 0.44 1 3 193.0 193.0 −0.215 22.9 0.96 113 3.57
E170 TS 4 1.643 0.631 308.0 133.7 0.43 1 3 191.8 191.8 −0.216 27.0 0.96 134 3.57
E172 TS 4 1.520 0.763 507.2 249.5 0.49 1 3 335.4 335.4 −0.070 19.9 1.00 58 3.57
E173 TS 4 1.521 0.762 508.2 250.5 0.49 1 3 336.4 336.4 −0.071 13.3 1.00 38 3.57
I009 TS 4 1.667 0.608 319.8 137.5 0.43 1 1 198.3 198.3 −0.239 31.0 1.04 162 3.57
I010 TS 4 1.663 0.612 113.8 46.3 0.41 1 1 68.8 68.8 −0.261 19.6 1.05 298 3.57
I011 TS 4 1.657 0.617 63.8 26.4 0.41 1 1 38.9 38.9 −0.269 14.7 1.06 400 3.57
I015 TS 4 1.598 0.677 114.8 50.4 0.44 1 1 71.9 71.9 −0.194 13.6 1.02 193 3.57
I016 TS 4 1.600 0.675 114.8 49.0 0.43 1 1 70.9 70.9 −0.196 12.5 1.02 179 3.57

(Continued)
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

I018 TS 4 1.604 0.671 315.9 139.9 0.44 1 1 198.6 198.6 −0.175 24.8 1.01 125 3.57
I019 TS 4 1.592 0.683 62.8 25.8 0.41 1 1 38.1 38.1 −0.203 9.6 1.02 255 3.57
I020 TS 4 1.577 0.699 113.8 51.2 0.45 1 1 72.1 72.1 −0.172 12.7 1.01 177 3.57
I021 TS 4 1.606 0.669 315.9 141.8 0.45 1 1 199.8 199.8 −0.177 24.2 1.02 122 3.57
I023 TS 4 1.598 0.677 113.8 50.5 0.44 1 1 71.6 71.6 −0.194 10.8 1.02 153 3.57
I024 TS 4 1.603 0.672 315.9 144.7 0.46 1 1 201.7 201.7 −0.174 20.9 1.01 104 3.57
I028 TS 4 1.501 0.785 112.8 56.7 0.50 1 1 75.4 75.4 −0.084 6.5 1.00 85 3.57
I029 TS 4 1.601 0.674 113.8 50.4 0.44 1 3 71.5 71.5 −0.197 15.6 0.97 210 3.57
I031 TS 4 1.439 0.862 61.8 39.2 0.64 1 1 46.8 46.8 −0.019 2.8 1.00 60 3.57
I032 TS 4 1.447 0.852 314.9 198.7 0.63 1 1 237.4 237.4 0.010 7.8 1.00 32 3.57
I033 TS 4 1.437 0.865 61.8 39.4 0.64 1 1 46.9 46.9 −0.016 1.8 1.00 37 3.57
I035 TS 4 1.475 0.817 112.8 64.5 0.57 1 1 80.6 80.6 −0.051 3.4 1.00 41 3.57
I037 TS 4 1.465 0.829 61.8 35.8 0.58 1 1 44.5 44.5 −0.053 2.2 1.00 48 3.57
I038 TS 4 1.482 0.808 515.0 293.0 0.57 1 1 367.0 367.0 −0.023 12.2 1.00 32 3.57
I040 TS 4 1.526 0.756 61.8 28.6 0.46 1 1 39.7 39.7 −0.129 6.4 1.01 163 3.57
I043 TS 4 1.532 0.749 112.8 50.8 0.45 1 1 71.4 71.4 −0.122 8.9 1.00 124 3.57
I045 TS 4 1.664 0.611 43.2 17.0 0.39 1 1 25.7 25.7 −0.285 11.5 1.07 478 3.57
I046 TS 4 1.604 0.671 47.1 19.1 0.41 1 1 28.4 28.4 −0.223 7.6 1.03 276 3.57
I047 TS 4 1.539 0.741 42.2 19.4 0.46 1 1 27.0 27.0 −0.153 3.6 1.01 133 3.57
I048 TS 4 1.541 0.739 42.2 19.1 0.45 1 3 26.8 26.8 −0.156 3.9 1.01 146 3.57
I049 TS 4 1.601 0.674 62.8 26.1 0.42 1 1 38.3 38.3 −0.212 9.8 1.03 262 3.57
I050 TS 4 1.597 0.672 60.8 25.7 0.42 1 3 37.4 37.4 −0.215 10.9 0.96 278 3.57
I051 TS 4 1.536 0.738 61.8 31.7 0.51 1 1 41.7 41.7 −0.146 6.5 1.00 155 3.57
I052 TS 4 1.488 0.794 310.0 178.3 0.58 1 1 222.2 222.2 −0.049 8.9 1.00 39 3.57
I053 TS 4 1.482 0.802 110.8 63.9 0.58 1 1 79.6 79.6 −0.067 4.3 1.00 53 3.57
I054 TS 4 1.593 0.676 41.2 17.6 0.43 1 3 25.4 25.4 −0.220 8.5 0.96 318 3.57
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

I055 TS 4 1.602 0.667 63.7 27.8 0.44 1 1 39.7 39.7 −0.219 15.6 1.03 402 3.57
I056 TS 4 1.603 0.666 63.7 28.1 0.44 1 1 40.0 40.0 −0.220 15.5 1.03 398 3.57
I057 TS 4 1.544 0.729 61.8 28.8 0.47 1 1 39.8 39.8 −0.156 7.7 1.01 196 3.57
I058 TS 4 1.485 0.798 112.8 58.1 0.52 1 1 76.3 76.3 −0.072 7.3 1.00 94 3.57
I059 TS 4 1.487 0.796 316.8 165.4 0.52 1 1 215.8 215.8 −0.049 14.0 1.00 64 3.57
I060 TS 4 1.433 0.863 62.8 31.8 0.51 1 1 42.1 42.1 −0.021 2.1 1.00 49 3.57
I061 TS 4 1.436 0.859 60.8 30.7 0.51 1 1 40.7 40.7 −0.026 2.1 1.00 51 3.57
I062 TS 4 1.545 0.728 112.8 51.1 0.45 1 1 71.7 71.7 −0.143 5.3 1.00 72 3.57
I063 TS 4 1.535 0.739 63.7 29.0 0.46 1 1 40.6 40.6 −0.146 3.9 1.00 95 3.57
I064 TS 4 1.532 0.743 317.8 149.4 0.47 1 1 205.5 205.5 −0.103 13.5 1.00 65 3.57
I065 TS 4 1.669 0.600 317.8 134.1 0.42 1 1 195.3 195.3 −0.247 32.0 1.03 168 3.57
I066 TS 4 1.468 0.819 113.8 67.6 0.59 1 1 83.0 83.0 −0.049 4.1 1.00 49 3.57
I072 TS 4 1.480 0.804 314.9 153.0 0.49 1 3 207.0 207.0 −0.041 13.9 1.00 66 3.57
I073 TS 4 1.484 0.799 112.8 55.0 0.49 1 3 74.3 74.3 −0.071 6.2 1.00 82 3.57
I075 TS 4 1.472 0.814 42.1 18.9 0.45 1 1 26.6 26.6 −0.081 4.0 1.00 150 3.57
I076 TS 4 1.667 0.608 114.8 47.1 0.41 1 3 69.6 69.6 −0.264 24.1 0.93 321 3.57
I080 TS 4 1.606 0.669 113.8 48.1 0.42 1 3 70.0 70.0 −0.203 14.7 0.96 200 3.57
I085 TS 4 1.518 0.765 112.8 52.5 0.47 1 3 72.6 72.6 −0.105 7.5 0.99 101 3.57
I113 TS 4 1.561 0.717 111.5 49.1 0.44 1 1 69.9 69.9 −0.155 7.7 1.00 109 3.57
I161 TS 4 1.683 0.592 209.9 87.3 0.42 1 1 128.2 128.2 −0.265 26.4 1.05 215 3.57
I162 TS 4 1.685 0.591 212.6 89.3 0.42 1 3 130.4 130.4 −0.266 29.3 0.93 208 3.57
I163 TS 4 1.685 0.591 312.3 132.4 0.42 1 1 192.4 192.4 −0.257 32.3 1.05 175 3.57
I164 TS 4 1.684 0.591 313.8 132.4 0.42 1 3 192.9 192.9 −0.256 34.6 0.94 168 3.57
I168 TS 4 1.610 0.665 112.7 46.1 0.41 1 1 68.3 68.3 −0.208 13.8 1.02 206 3.57
I169 TS 4 1.614 0.660 111.8 47.1 0.42 1 3 68.7 68.7 −0.212 15.7 0.96 218 3.57
E037 TS 1 1.622 0.652 112.8 79.2 0.70 2.8 3 90.4 90.4 −0.213 16.4 0.96 174 3.57
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

E038 TS 1 1.620 0.654 113.8 68.8 0.61 2.8 3 83.8 83.8 −0.213 18.0 0.96 206 3.57
E039 TS 1 1.627 0.647 112.8 103.7 0.92 5.5 3 106.7 106.7 −0.214 21.4 0.96 191 3.57
E040 TS 1 1.626 0.648 111.8 117.1 1.05 6.6 3 115.3 115.3 −0.211 22.6 1.10 214 3.57
E051 TS 2 1.555 0.723 113.8 98.0 0.86 5.4 3 103.3 103.3 −0.139 6.6 0.99 63 3.57
E052 TS 2 1.563 0.715 210.9 149.5 0.71 2.9 3 170.0 170.0 −0.135 9.7 0.99 56 3.57
E053 TS 2 1.561 0.717 65.7 65.9 1.00 9.3 3 65.8 65.8 −0.156 6.6 1.00 99 3.57
E054 TS 2 1.563 0.715 61.8 65.3 1.06 9.4 1 64.1 64.1 −0.159 5.3 1.01 82 3.57
E056 TS 2 1.550 0.729 210.9 154.4 0.73 2.9 1 173.2 173.2 −0.121 14.7 1.00 84 3.57
E058 TS 2 1.556 0.722 112.8 99.8 0.89 5.5 1 104.2 104.2 −0.140 10.3 1.01 98 3.57
E066 TS 2 1.639 0.635 113.8 114.7 1.01 6.3 1 114.4 114.4 −0.225 20.8 1.03 186 3.57
E067 TS 2 1.632 0.642 112.8 128.3 1.14 8.1 1 123.1 123.1 −0.216 20.6 1.10 183 3.57
E068 TS 2 1.632 0.642 109.9 113.4 1.03 5.6 1 112.2 112.2 −0.218 23.6 1.10 230 3.57
E069 TS 2 1.628 0.646 111.8 85.4 0.76 2.8 1 94.2 94.2 −0.218 18.2 1.03 198 3.57
E071 TS 2 1.542 0.738 108.9 94.5 0.87 5.6 1 99.3 99.3 −0.125 6.9 1.00 69 3.57
E072 TS 2 1.548 0.731 211.9 151.9 0.72 2.9 1 171.9 171.9 −0.119 10.3 1.00 59 3.57
E086 TS 2 1.625 0.649 117.7 126.7 1.08 7.8 1 123.7 123.7 −0.209 25.7 1.10 228 3.57
E087 TS 2 1.627 0.647 115.8 109.6 0.95 5.4 1 111.7 111.7 −0.213 21.7 1.02 197 3.57
E088 TS 2 1.629 0.645 114.8 92.2 0.80 3.6 1 99.7 99.7 −0.218 23.7 1.03 244 3.57
E089 TS 2 1.629 0.645 114.8 91.7 0.80 3.6 1 99.4 99.4 −0.218 22.4 1.03 231 3.57
E090 TS 2 1.628 0.646 112.8 80.5 0.71 2.8 1 91.3 91.3 −0.219 19.2 1.03 216 3.57
E094 TS 2 1.678 0.597 112.8 102.2 0.91 4.5 1 105.7 105.7 −0.265 30.1 1.05 298 3.57
E099 TS 2 1.676 0.599 113.8 66.9 0.59 1.9 1 82.5 82.5 −0.269 26.2 1.05 332 3.57
E100 TS 2 1.680 0.595 110.9 119.1 1.07 7.2 1 116.3 116.3 −0.264 32.5 1.15 321 3.57
E101 TS 2 1.675 0.600 110.9 90.6 0.82 3.7 1 97.3 97.3 −0.264 29.3 1.05 315 3.57
E102 TS 2 1.539 0.741 109.9 77.2 0.70 2.8 1 88.1 88.1 −0.125 6.6 1.00 74 3.57
E103 TS 2 1.545 0.735 109.9 107.9 0.98 7.3 1 108.6 108.6 −0.126 9.0 1.00 82 3.57
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

E104 TS 2 1.541 0.739 109.9 85.9 0.78 3.7 1 93.9 93.9 −0.125 8.6 1.00 91 3.57
E105 TS 2 1.522 0.761 108.9 94.2 0.87 4.7 1 99.1 99.1 −0.102 4.7 1.00 47 3.57
E106 TS 2 1.548 0.731 113.8 69.2 0.61 1.9 1 84.1 84.1 −0.136 7.2 1.01 85 3.57
E108 TS 2 1.542 0.738 105.0 93.6 0.89 4.9 1 97.4 97.4 −0.126 11.6 1.00 118 3.57
E109 TS 2 1.544 0.736 111.8 105.6 0.94 6.4 1 107.7 107.7 −0.125 10.0 1.00 92 3.57
E110 TS 2 1.548 0.731 112.8 101.8 0.90 5.4 1 105.4 105.4 −0.130 11.1 1.00 104 3.57
E112 TS 2 1.679 0.596 114.8 78.4 0.68 2.8 1 90.5 90.5 −0.269 26.5 1.05 307 3.57
E124 TS 4 1.503 0.783 306.1 236.9 0.77 2.9 1 260.0 260.0 −0.057 21.9 1.00 83 3.57
E125 TS 4 1.673 0.602 189.3 174.8 0.92 4.74 1 179.6 179.6 −0.247 38.1 1.04 220 3.57
E131 TS 4 1.683 0.592 62.8 87.2 1.39 14.6 1 79.1 79.1 −0.276 20.4 1.06 273 3.57
E133 TS 4 1.508 0.777 113.8 73.6 0.65 1.9 1 87.0 87.0 −0.089 3.1 1.00 35 3.57
E135 TS 4 1.526 0.756 111.8 106.6 0.95 6.4 1 108.3 108.3 −0.105 7.0 1.00 63 3.57
E147 TS 4 1.635 0.639 62.8 81.4 1.30 4.7 1 75.2 75.2 −0.231 14.7 1.15 224 3.57
E149 TS 4 1.684 0.591 62.8 85.1 1.36 4.4 3 77.7 77.7 −0.278 18.3 1.20 282 3.57
I014 TS 4 1.665 0.610 108.9 98.0 0.90 4.8 1 101.6 101.6 −0.253 25.9 1.05 267 3.57
I022 TS 4 1.664 0.611 63.8 36.7 0.58 2.6 1 45.7 45.7 −0.271 16.6 1.06 384 3.57
I026 TS 4 1.598 0.677 61.8 44.3 0.72 2.6 1 50.1 50.1 −0.203 12.5 1.02 254 3.57
I027 TS 4 1.597 0.678 62.8 55.4 0.88 4.3 1 57.9 57.9 −0.198 15.2 1.02 266 3.57
I030 TS 4 1.602 0.673 113.8 99.0 0.87 4.5 3 103.9 103.9 −0.189 22.6 0.97 210 3.57
I077 TS 4 1.667 0.608 113.8 83.5 0.73 2.8 3 93.6 93.6 −0.257 26.2 0.94 262 3.57
I078 TS 4 1.668 0.607 112.8 115.3 1.02 5.5 3 114.5 114.5 −0.253 28.1 1.10 269 3.57
I079 TS 4 1.668 0.607 112.8 112.1 0.99 5.4 4 112.4 112.4 −0.253 31.0 1.04 286 3.57
I081 TS 4 1.604 0.671 113.8 83.2 0.73 2.8 3 93.4 93.4 −0.194 16.6 0.97 171 3.57
I082 TS 4 1.606 0.669 113.8 108.4 0.95 5.5 3 110.2 110.2 −0.192 18.2 0.97 159 3.57
I083 TS 4 1.612 0.663 116.8 113.5 0.972 5.4 4 114.6 114.6 −0.197 23.98 1.02 212 3.57
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

I086 TS 4 1.528 0.754 111.8 80.7 0.72 2.8 3 91.1 91.1 −0.111 13.4 0.99 144 3.57
I088 TS 4 1.531 0.750 113.8 101.5 0.89 5.5 4 105.6 105.6 −0.111 12.9 1.00 122 3.57
I094 TS 4 1.536 0.745 112.8 119.7 1.06 8.2 4 117.4 117.4 −0.114 16.2 1.00 137 3.57
I095 TS 4 1.683 0.592 111.8 136.3 1.22 8.3 4 128.2 128.2 −0.265 33.2 1.00 258 3.57
I096 TS 4 1.634 0.640 111.8 129.3 1.16 8.3 4 123.5 123.5 −0.218 22.7 1.00 183 3.57
I148 TS 4 1.678 0.597 60.8 46.2 0.76 3.6 3 51.0 51.0 −0.282 16.7 0.93 303 3.57
I149 TS 4 1.684 0.591 61.8 63.9 1.03 6.8 4 63.2 63.2 −0.283 23.0 1.00 362 3.57
I159 TS 4 1.684 0.591 61.8 63.0 1.02 6.7 1 62.6 62.6 −0.283 18.4 1.20 352 3.57
I160 TS 4 1.682 0.593 61.8 45.4 0.73 3.4 1 50.8 50.8 −0.286 16.7 1.06 347 3.57
I173 TS 4 1.605 0.670 61.8 72.9 1.18 14.7 1 69.2 69.2 −0.202 16.5 1.10 261 3.57
I174 TS 4 1.608 0.667 61.8 71.4 1.16 14.9 3 68.2 68.2 −0.206 15.9 1.10 255 3.57
I175 TS 4 1.511 0.774 61.8 55.5 0.90 14.6 1 57.6 57.6 −0.103 8.7 1.00 151 3.57
I178 TS 4 1.605 0.670 61.8 66.9 1.08 14.6 4 65.2 65.2 −0.204 19.4 1.00 297 3.57
E127 TS 4 1.679 0.596 191.3 174.7 0.91 4.7 1 180.2 180.2 −0.252 41.0 1.00 226 2.54
E128 TS 4 1.682 0.593 191.3 177.7 0.93 4.7 1 182.2 182.2 −0.255 40.6 1.00 222 2
E129 TS 4 1.678 0.597 62.8 86.1 1.37 14.6 1 78.3 78.3 −0.272 26.6 1.00 339 2
E130 TS 4 1.680 0.595 62.8 86.1 1.37 14.6 1 78.3 78.3 −0.274 25.9 1.00 329 2.54
E137 TS 4 1.680 0.595 135.4 56.6 0.42 1.0 1 82.9 82.9 −0.272 26.1 1.00 314 2.54
E144 TS 4 1.687 0.589 125.6 52.2 0.42 1.0 1 76.7 76.7 −0.281 19.9 1.00 258 2.54
E145 TS 4 1.676 0.599 129.5 57.1 0.44 1.0 2 81.2 81.2 −0.269 23.2 1.00 284 2
E146 TS 4 1.638 0.636 62.8 82.7 1.32 14.7 1 76.1 76.1 −0.234 16.4 1.00 215 2.54
E151 TS 4 1.680 0.595 62.8 83.9 1.34 14.7 3 76.8 76.8 −0.274 23.8 1.00 308 2.54
E152 TS 4 1.681 0.594 62.8 83.9 1.34 14.5 2 76.9 76.9 −0.275 27.3 1.00 354 2.54
E153 TS 4 1.678 0.597 63.8 83.4 1.31 14.4 1 76.9 76.9 −0.272 21.9 1.00 284 2.54
E154 TS 4 1.681 0.594 62.8 82.8 1.32 14.6 4 76.1 76.1 −0.275 26.2 1.00 343 2.54
E155 TS 4 1.676 0.599 62.8 82.0 1.31 14.5 2 75.6 75.6 −0.271 26.4 1.00 348 2
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

E156 TS 4 1.678 0.597 62.8 83.2 1.33 14.5 3 76.4 76.4 −0.272 23.6 1.00 308 2
E157 TS 4 1.678 0.597 62.8 83.9 1.34 14.5 4 76.8 76.8 −0.272 25.6 1.00 332 2
E158 TS 4 1.676 0.599 62.8 83.2 1.33 14.6 1 76.4 76.4 −0.271 23.1 1.00 301 2
E159 TS 4 1.676 0.599 120.7 51.2 0.42 1.0 4 74.3 74.3 −0.271 20.3 1.00 273 2.54
E160 TS 4 1.672 0.603 120.7 53.1 0.44 1.0 3 75.6 75.6 −0.267 22.8 1.00 300 2.54
E161 TS 4 1.679 0.596 62.8 22.8 0.36 14.6 1 36.1 36.1 −0.292 25.3 1.00 699 2.54
E162 TS 4 1.676 0.599 120.7 48.3 0.40 1.0 1 72.4 72.4 −0.272 26.5 1.00 365 2
E163 TS 4 1.675 0.600 120.7 50.9 0.42 1.0 3 74.2 74.2 −0.270 22.4 1.00 301 2
E164 TS 4 1.673 0.602 121.6 51.0 0.42 1.0 4 74.5 74.5 −0.268 21.3 1.00 285 2
I090 TS 4 1.530 0.752 111.8 83.5 0.75 2.8 1 93.0 93.0 −0.113 12.4 1.00 133 2
I091 TS 4 1.512 0.772 111.8 86.3 0.77 2.8 1 94.8 94.8 −0.092 14.5 1.00 151 2
I092 TS 4 1.632 0.642 113.8 135.1 1.19 8.1 1 128.0 128.0 −0.215 25.5 1.00 198 2
I093 TS 4 1.677 0.598 114.8 142.3 1.24 8.1 1 133.1 133.1 −0.258 32.9 1.00 246 2
I117 TS 4 1.556 0.722 112.8 46.6 0.41 1 1 68.7 68.7 −0.150 9.0 1.00 130 2
I118 TS 4 1.628 0.646 112.8 46.1 0.41 1 1 68.4 68.4 −0.226 13.8 1.00 201 2
I119 TS 4 1.624 0.650 113.8 45.7 0.40 1 3 68.4 68.4 −0.222 14.1 1.00 205 2
I120 TS 4 1.689 0.587 212.9 95.6 0.45 1 1 134.7 134.7 −0.269 32.5 1.00 240 2
I121 TS 4 1.673 0.602 213.9 89.2 0.42 1 3 130.7 130.7 −0.255 29.6 1.00 226 2
I122 TS 4 1.692 0.584 312.9 130.2 0.42 1 1 191.1 191.1 −0.263 34.8 1.00 181 2
I124 TS 4 1.676 0.599 313.9 137.2 0.44 1 3 196.1 196.1 −0.248 34.4 1.00 175 2
I125 TS 4 1.674 0.601 62.8 51.0 0.81 3.4 1 54.9 54.9 −0.277 19.7 1.00 358 2
I126 TS 4 1.674 0.601 62.8 56.1 0.89 6.6 1 58.3 58.3 −0.275 21.2 1.00 362 2
I150 TS 4 1.679 0.596 61.8 47.8 0.77 3.5 3 52.5 52.5 −0.283 21.3 1.00 405 2
I151 TS 4 1.682 0.593 62.8 62.8 1.00 6.7 4 62.8 62.8 −0.281 24.6 1.00 391 2
I152 TS 4 1.681 0.594 62.8 47.8 0.76 3.5 3 52.8 52.8 −0.284 20.3 1.00 384 2.54
I153 TS 4 1.684 0.591 61.8 60.6 0.98 6.7 4 61.0 61.0 −0.284 24.7 1.00 404 2.54
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Ticino sand (Baldi et al., 1982, 1986)

Γ1 = 0.975  λ10 = 0.056  emax = 0.89  emin = 0.60

Test Sand γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ Dia. (cm) 

I154 TS 4 1.684 0.591 60.8 61.1 1.01 6.8 1 61.0 61.0 −0.284 22.3 1.00 364 2.54
I155 TS 4 1.683 0.592 61.8 47.7 0.77 3.5 1 52.4 52.4 −0.286 20.1 1.00 383 2.54
I156 TS 4 1.684 0.591 211.9 89.0 0.42 1 1 130.0 130.0 −0.265 28.2 1.00 216 2.54
I157 TS 4 1.684 0.591 212.9 88.6 0.42 1 3 130.0 130.0 −0.265 30.2 1.00 231 2.54
I158 TS 4 1.686 0.590 312.0 133.2 0.43 1 1 192.8 192.8 −0.257 33.8 1.00 175 2.54
I165 TS 4 1.661 0.613 312.9 128.3 0.41 1 3 189.8 189.8 −0.234 35.5 1.00 186 2.54
I166 TS 4 1.554 0.725 111.8 47.6 0.43 1 3 69.0 69.0 −0.147 10.1 1.00 145 2.54
I167 TS 4 1.609 0.666 111.8 47.2 0.42 1 1 68.7 68.7 −0.206 13.5 1.00 196 2.54
I170 TS 4 1.521 0.762 111.8 47.2 0.42 1 1 68.7 68.7 −0.110 6.9 1.00 99 2.54
I171 TS 4 1.556 0.722 60.8 65.4 1.08 14.8 1 63.9 63.9 −0.152 11.7 1.00 182 2.54
I172 TS 4 1.606 0.669 61.8 71.6 1.16 14.8 3 68.4 68.4 −0.204 18.9 1.00 276 2.54
I176 TS 4 1.515 0.769 61.8 55.5 0.90 14.8 1 57.6 57.6 −0.107 10.8 1.00 186 2
I177 TS 4 1.604 0.671 60.8 69.0 1.14 15.0 1 66.3 66.3 −0.202 15.4 1.00 231 2
I179 TS 4 1.605 0.670 60.8 65.2 1.07 14.9 4 63.7 63.7 −0.204 21.5 1.00 336 2
I180 TS 4 1.606 0.669 60.8 65.1 1.07 14.9 3 63.7 63.7 −0.205 18.8 1.00 295 2
I181 TS 4 1.604 0.671 61.8 66.3 1.07 14.6 4 64.8 64.8 −0.203 21.8 1.00 335 2.54
I182 TS 4 1.510 0.775 59.8 53.6 0.90 15.1 1 55.7 55.7 −0.102 11.8 1.00 210 2.54
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Ticino 9 sand (Golder Associates project files)

Γ1 = 0.975  λ10 = 0.056  emax = 89  emin = 60

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ 
CC 01 1.610 0.658 150 75 0.50 1 4 100.0 100.0 −0.205 23 1 229
CC 02 1.636 0.632 100 100 1.00 1 4 100.0 100.0 −0.231 23 1 229
CC 03 1.616 0.652 100 100 1.00 6 4 100.0 100.0 −0.211 23 1 229
CC 04 1.560 0.712 450 250 0.56 1 4 316.7 316.7 −0.123 28 1 87
CC 05 1.615 0.653 45 23 0.51 1 4 30.3 30.3 −0.239 9.3 1 306
CC 06 1.419 0.882 150 75 0.50 1 4 100.0 100.0 0.019 4.2 1 41
CC 07 1.427 0.871 200 200 1.00 1 4 200.0 200.0 0.025 4.1 1 20
CC 10 1.498 0.782 150 75 0.50 1 4 100.0 100.0 −0.081 6.4 1 63
CC 08 1.554 0.718 75 38 0.51 1 4 50.3 100.3 −0.162 10.5 1 207
CC 09 1.428 0.870 50 50 1.00 1 4 50.0 50.0 −0.010 0.7 1 13
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Toyoura 160/0 sand (Fioravante et al., 1991)

Γ1 = 1.043  λ10 = 0.085  emax = 0.977  emin = 0.605

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ Dia. (cm) 

311 15.61 0.659 107 51 0.48 1 1 70 70 −0.227 18.3 1.27 332.6 3.57
312 15.56 0.664 115 78 0.68 1 3 90 90 −0.213 22.5 1.04 258.0 3.57
313 15.58 0.662 144 91 0.63 1 2 109 109 −0.208 24.9 1.03 235.0 3.57
319 15.21 0.702 115 71 0.62 1 1 86 86 −0.177 19.2 1.13 252.5 3.57
320 15.21 0.702 111 53 0.48 1 1 72 72 −0.183 16.2 1.13 252.1 3.57
321 15.23 0.700 131 78 0.60 1 2 96 96 −0.175 20.0 1.02 212.2 3.57
323 14.58 0.777 113 62 0.55 1 3 79 79 −0.105 11.3 1.0 142.0 3.57
360 14.85 0.743 110 51 0.47 1 1 71 71 −0.143 12.9 1.05 190.7 3.57
362 14.83 0.746 122 69 0.57 1 2 87 87 −0.132 15.2 1.0 173.9 3.57
363 14.66 0.766 69 35 0.51 1 1 47 47 −0.135 7.5 1.04 166.3 3.57
314 15.59 0.662 110 50 0.45 1 1 70 70 −0.224 23.8 1.0 339.0 2.0
316 15.55 0.666 125 68 0.54 1 3 87 87 −0.212 26.5 1.0 303.6 2.0
340 15.64 0.656 120 60 0.50 1 2 80 80 −0.225 27.4 1.0 340.5 2.0
342 14.66 0.766 110 51 0.46 1 1 71 71 −0.120 13.0 1.0 182.8 2.0
346 15.66 0.654 120 60 0.50 1 2 80 80 −0.227 27.4 1.0 340.5 2.0
358 14.80 0.749 113 56 0.50 1 3 75 75 −0.135 15.2 1.0 202.5 2.0
359 14.86 0.742 114 56 0.50 1 2 75 75 −0.141 16.3 1.0 215.3 2.0
365 14.66 0.766 62 31 0.50 1 3 41 41 −0.140 9.5 1.0 229.0 2.0
366 14.65 0.767 61 28 0.46 1 1 39 39 −0.141 8.6 1.0 221.2 2.0
367 14.22 0.821 61 29 0.48 1 1 40 40 −0.086 4.3 1.0 106.8 2.0
368 14.20 0.823 110 54 0.49 1 1 73 73 −0.062 6.0 1.0 81.2 2.0
364 14.67 0.765 61 29 0.47 1 1 39 39 −0.143 8.2 1.0 207.8 1.0
381 15.75 0.645 62 29 0.46 1 1 40 40 −0.262 21.2 1.0 529.9 1.0
318 15.57 0.664 116 100 0.86 7.2 3 105 105 −0.207 27.1 1.05 269.1 3.57
322 15.64 0.656 118 112 0.95 7.2 1 114 114 −0.212 29.0 1.22 309.4 3.57
341 15.81 0.638 113 111 0.98 7.3 3 112 112 −0.231 40.4 1.0 360.5 2.0
317 15.60 0.660 113 113 1.00 7.3 1 113 113 −0.208 38.9 1.0 343.2 2.0
361 14.87 0.741 113 96 0.85 7.3 3 101 101 −0.131 19.4 1.03 196.0 3.57
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West Kowloon sand (Shen and Lee, 1995)

Γ1 = 0.710  λ10 = 0.080  emax = 0.69  emin = 0.44

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc − p)/p′ 
437ia 1.719 0.544 106 66 0.62 1 1 79.1 79.1 −0.015 6.1 1.00 76
437ib 1.723 0.540 204 135 0.66 1 1 158.0 158.0 0.006 10.5 1.00 65
438ia 1.720 0.543 36 20 0.56 1 1 25.4 25.4 −0.055 2.95 1.00 115
438ib 1.724 0.539 71 39 0.55 1 1 49.5 49.5 −0.035 4.9 1.00 98
440ia 1.717 0.545 37 21 0.56 1 1 25.9 25.9 −0.051 2.3 1.00 88
440ib 1.721 0.542 70 39 0.56 1 1 49.5 49.5 −0.033 3.5 1.00 69
442ia 1.709 0.553 206 119 0.58 1 1 147.9 147.9 0.016 6.9 1.00 45
442ib 1.712 0.550 301 172 0.57 1 1 215.0 215.0 0.027 9.9 1.00 45
443ia 1.650 0.608 52 34 0.65 1 1 39.6 39.6 0.026 1.3 1.00 33
443ib 1.655 0.604 101 66 0.65 1 1 77.6 77.6 0.045 2.7 1.00 33
444ia 1.652 0.606 199 113 0.57 1 1 141.6 141.6 0.069 5.4 1.00 37
444ib 1.657 0.602 301 172 0.57 1 1 214.8 214.8 0.078 7.7 1.00 35
453ia 1.777 0.494 101 63 0.63 1 1 75.7 75.7 −0.066 7.7 1.00 100
453ib 1.782 0.490 301 185 0.61 1 2 223.5 223.5 −0.032 16.9 1.00 75
455ia 1.700 0.561 51 33 0.65 1 2 39.0 39.0 −0.022 1.77 1.00 44
455ib 1.704 0.557 101 62 0.61 1 2 74.8 74.8 −0.003 3.71 1.00 49
456ia 1.744 0.522 99 62 0.63 1 2 74.5 74.5 −0.038 4.85 1.00 64
456ib 1.745 0.521 300 186 0.62 1 1 224.1 224.1 −0.001 12.07 1.00 53

All tests carried out using 20 mm diameter cone.
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Yatesville silty sand (Brandon et al., 1990)

Γ1 = 0.791  λ10 = 0.164  emax = n/a  emin = n/a

Test γd (t/m3) e ′σv  (kPa) ′σh (kPa) Ko OCR BC p′ (kPa) p (kPa) ψ qc (MPa) Corr (qc – p)/p′ 
1 1.834 0.445 140.0 56.0 0.40 1 1 84.0 84.0 −0.030 1.1 1.00 12
2 1.839 0.441 100.0 40.0 0.40 1 1 60.0 60.0 −0.058 1.4 1.00 22
3 1.757 0.508 70.0 28.0 0.40 1 1 42.0 42.0 −0.017 0.4 1.00 9
4a 1.870 0.417 280.0 112.0 0.40 1 1 168.0 168.0 −0.009 2.6 1.00 14
4b 1.858 0.426 140.0 56.0 0.40 2 1 84.0 84.0 −0.049 2.2 1.00 25
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577

Appendix F: Some case histories 
involving liquefaction flow failure

f.1   nIneteenth- anD tWentIeth-Century zeelanD 
Coastal slIDes (the netherlanDs)

The	 coast	 of	 the	 Netherlands	 comprises	 young	 alluvial	 sediments	 with	 ongoing	 active	
geologic	processes.	In	particular,	the	deposition	and	erosion	of	river	channels	has	caused	
many	 flowslides	 over	 the	 centuries.	 A	 well-known	 report	 on	 the	 situation	 is	 a	 paper	 by	
Koppejan	et al.	(1948),	and	their	descriptions	are	used	in	what	follows.

A	total	of	229	slides	were	registered	for	the	period	1881–1946,	ranging	from	very	small	
slumps	to	large	flowslides	involving	three	million	m3	of	moving	soil,	the	general	location	of	
these	slides	being	indicated	in	Figure	F.1.

Koppejan	et al.	distinguish	between	 slope	 failures	 cause	by	 toe	 erosion	and	 true	flow-
slides,	both	occurring	in	Zeeland.	Flowslides	were	noted	as	causing	unexpected	sliding	of	
a	 large	portion	of	 the	 foreshore	and	sometimes	 taking	part	of	 the	flood	prevention	dyke	
with	it.	Zeeland	flowslides	are	somewhat	gradual	with	soil	masses	sliding	downward	and	
out	at	intervals	of	a	few	minutes,	although	these	observations	are	possible	only	once	the	slide	
is	well	established	with	the	scarp	visible	above	water	level.	The	rearward	regression	rate	is	
typically	about	50	m/h	with	the	slide	taking	as	much	as	a	day	from	start	to	completion.	An	
example	of	a	flowslide	geometry	is	shown	in	Figure	F.2,	this	being	from	an	1889	slide	at	
Vlietpolder	involving	nearly	one	million	m3	of	soil.	The	steepest	slope	prior	to	failure	was	
27°,	while	the	post-failure	slope	was	about	4°.

The	 soils	 involved	 in	 the	flowslides	are	predominantly	fine	uniform	sand	of	 the	Older	
Holocene	formation	and	with	90%	of	the	gradation	within	the	particle	size	range	70–200 µm.	
The	in-situ	state	can	be	judged	from	four	cone	penetration	test	(CPT)	soundings	presented	
by	Koppejan	et al.,	which	are	reproduced	in	Figure	F.3.	The	usual	variability	of	tip	resis-
tance	in	sand	is	apparent	as	is	the	clear	trend	for	increased	penetration	resistance	with	depth	
(which	is	arguably	linear).	Adopting	the	criterion	that	about	the	80–90	percentile	strength	
of	soil	controls	its	characteristic	behaviour,	the	range	of	normalized	penetration	resistance	
that	has	been	involved	in	flowslides	is	30	<	Qk	<	50.	These	characteristic	Qk	values	are	seem-
ingly	constant	with	depth.

Most	interestingly,	critical	density	tests	were	carried	out	on	the	Older	Holocene	sands.	
A	critical	porosity	of	47.5%	was	quoted	as	differentiating	between	flowslides	and	non-flow	
failures.	These	critical	density	tests	determine	the	volumetric	strain	caused	by	shear	alone	
which	is	not	the	same	as	the	modern	critical	sate	in	the	U.S.	usage	(Chapter	2),	with	the	
Netherlands	critical	density	being	typically	at	around	ψ	≈	−0.05.	It	 is	therefore	consistent	
that	Koppejan	et al.	 report	a	peak	 friction	angle	of	ϕ�=	37°.	Since	 the	flowslides	 initiated	
in	the	foreshore,	and	the	soil	profile	of	apparently	loose	sand	extends	to	substantial	depth,	
the	residual	strength	is	estimated	using	infinite	slope	analysis.	This	type	of	analysis	is	docu-
mented	in	standard	texts	(e.g.	Lambe	and	Whitman,	1968)	and	gives,	assuming	the	water	
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Figure F.1  Location of flowslide on the coast of Zeeland from 1881 to 1946. (From Koppejan, A.W. et al., 
Coastal flow slides in the Dutch province of Zeeland,  in: Proceedings of the Second International 
Conference on Soil Mechanics and Foundation Engineering, Rotterdam, the Netherlands, 1948, Vol. V, 
pp. 89–96.)
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Figure F.2  Vlietpolder flowslide geometry. (From Koppejan, A.W. et al., Coastal flow slides in the Dutch 
province of Zeeland, in: Proceedings of the Second International Conference on Soil Mechanics and 
Foundation Engineering, Rotterdam, the Netherlands, 1948, Vol. V, pp. 89–96.)
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table	is	at	ground	surface	(a	reasonable	assumption	given	was	that	it	was	a	coastal	foreshore	
that	failed	at	low	water),

	
s

vo

t

′
=

′σ
γ
γ

θ θcos sin 	 (F.1)

Applying	this	equation	and	using	the	reported	final	slope	of	4°	gives	an	estimated	strength	
ratio	sr vo/ ′ ≈σ 0 13. 	assuming	no	model	uncertainty	in	the	rigid-plastic	infinite	slope	model	
(i.e.	taking	factor	of	safety	=	1.0	as	corresponding	to	the	instant	of	failure).

The	last	aspect	to	consider	is	the	estimated	CSL	parameters	and	the	in-situ	state.	The	sands	
involved	in	the	slides	are	medium	to	fine	sand	and	with	only	traces	of	silt;	this	is	not	dis-
similar	to	some	of	the	dredged	sands	used	in	the	Beaufort	island	construction	whose	data	
have	been	presented	at	some	length	in	Chapter	2.	Looking	at	these	data,	a	typical	slope	to	
the	CSL	would	be	about	λ10	≈	0.06	and	Mtc	≈	1.25	(which	is	also	consistent	with	the	reported	
ϕ	=	37°	because	of	 the	difference	between	 the	Dutch	critical	density	and	 the	 true	 critical	
state).	The	corresponding	ranges	for	the	CPT	coefficients	over	the	depth	range	of	5–20	m	
below	ground	surface	are	about	25	<	k	<	35	and	m	≈	6.5.	This	range	of	CPT	coefficients	has	
been	calculated	using	calibration	chamber	test	data	(Figure	4.19)	at	the	low	end	and	at	the	
upper	end	using	Equation	4.12	with	an	estimated	hardening	parameter	H	≈	150	and	elas-
tic	rigidity	of	Ir	≈	600.	Neither	H	nor	Ir	values	are	controversial	for	a	clean	sand	with	only	
traces	of	silt	(see	the	calibrations	presented	in	Chapter	3).	Adopting	0.7	<	Ko	<	0.9	(this	was	
normally	consolidated	but	aged	natural	ground),	the	estimated	characteristic	 in-situ	state	
range	is	about	−0.09	<	ψk	<	−0.02.	The	CPT	data	shown	in	Figure	F.3	indicate	that	some	of	
the	zones	at	the	looser	end	of	this	spectrum	are	rather	extensive.
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Figure F.3  Typical CPT soundings in flowslide material. (From Koppejan, A.W. et al., Coastal flow slides 
in the Dutch province of Zeeland,  in: Proceedings of the Second International Conference on Soil 
Mechanics and Foundation Engineering, Rotterdam, the Netherlands, 1948, Vol. V, pp. 89–96.)
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f.2  1907: WaChusett DaM, north Dyke (MassaChusetts)

Wachusett	Dam	is	some	48 km	from	Boston	and	retains	about	240	million	m3	of	water.	
Even	today,	it	remains	an	important	water	supply	reservoir	for	the	city,	and	it	was	the	most	
important	reservoir	before	1939.	However,	an	adjacent	saddle	dam,	referred	to	as	the	North	
Dyke,	failed	with	an	upstream	flowslide	during	first	filling	of	the	reservoir	in	1907.	What	
follows	is	based	on	Olson	et al.	(2000),	this	paper	being	one	of	the	most	comprehensive	eval-
uations	of	residual	strength	back-analysed	from	a	static	flowslide	that	is	found	in	a	journal.	
As	such,	it	is	a	good	example	of	how	such	case	histories	should	be	analysed,	the	only	aspects	
of	regret	being	the	absence	of	CPT	data	and	rather	too	little	laboratory	testing	to	establish	
basic	properties	of	the	soils	involved.

The	main	dam	is	a	masonry	structure,	constructed	during	1898–1907,	and	of	no	interest	
here.	Two	dykes	were	constructed	in	low-lying	parts	of	the	reservoir	rim.	The	North	Dyke,	
some	3200	m	long	by	maximum	25	m	high,	was	a	zoned	earth	fill	dam	comprising	a	sandy	
silt	core	with	mainly	fine	sand	shells	that	traversed	a	relict	glacial	lake.	Longitudinal	and	
transverse	sections	of	the	North	Dyke	are	shown	in	Figure	F.4.

The	North	Dyke	was	constructed	using	compacted	fill	for	the	trench	cut-off	and	the	core,	
with	uncontrolled	fill	placement	in	the	shells.	The	core	was	taken	from	the	reservoir	area	
and	comprised	sandy	silt	to	silty	sand.	It	was	placed	in	150 mm	lifts	and	compacted	using	
horse-drawn	carts.	The	downstream	shell	comprises	silty	sand	to	sand,	reportedly	placed	in	
about	2	m	lifts	and	compacted	by	flooding	(which	induced	150–300 mm	of	settlement	by	
saturation).	The	upstream	shell	comprised	the	same	material	as	the	downstream	shell,	was	
placed	in	the	same	way,	but	was	neither	compacted	nor	flooded.	Construction	of	the	North	
Dyke	was	completed	in	1904,	3 years	before	the	slope	failure.
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Figure F.4  Longitudinal and transverse sections of North Dyke of Wachusett Dam. (After Olson, S.M. et al., 
J. Geotech. Geoenviron. Eng., 26(GE12), 1184, 2000. With permission ASCE.)
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On	April	11,	1907,	about	46,000	m3	of	upstream	fill	slid	as	much	as	100	m	upstream	
during	 the	 initial	 impounding	of	 the	 reservoir	and	when	 the	 reservoir	was	at	about	half	
pool.	The	sliding	mass	extended	for	213	m	along	the	crest	of	the	dyke	and	was	centred	on	
a	former	river	channel	as	indicated	in	Figure	F.4.	The	slide	is	assumed	to	have	been	a	static	
liquefaction	as	there	were	no	triggers	other	than	the	rising	reservoir	and	because	the	soil	
moved	so	far	under	its	own	weight.	The	dyke	was	reconstructed	using	compacted	fill	dur-
ing	1907,	with	the	dam	being	finally	brought	into	service	later	that	year.	It	has	performed	
adequately	since.

Site	 investigations	were	carried	out	at	the	North	Dyke	 in	1984	and	1991,	the	 latter	as	
part	of	an	earthquake	vulnerability	assessment.	A	reasonably	extensive	set	of	borings	exists,	
with	 rather	 frequent	 standard	 penetration	 tests	 (SPTs).	 These	 borings	 indicated	 that	 the	
liquefying	soil	had	a	D50	of	about	420 µm	and	5%–10%	fines	content.	Olson	et al.	related	
these	SPTs	to	the	estimated	sliding	surface	(Figure	F.5).	Thirteen	of	the	SPTs	were	close	to	
the	1907	liquefaction	zone,	with	representative	resistances	being	in	the	range	6	<	(N1)60	<	7.	
Densification	post-slide	and	densification	during	 reconstruction	of	 the	dam	were	 consid-
ered,	with	Olson	et al.	concluding	that	there	was	no	rational	means	to	allow	for	these	effects	
on	the	penetration	resistances	measured	nearly	a	century	after	the	actual	failure.	There	is	
also	the	issue	that	Olson	et al.	focus	on	average	SPTs,	whereas	it	is	something	in	the	80–90	
percentile	 range	 that	 governs,	 and	 there	 are	 certainly	 several	 very	 low	penetration	 resis-
tances	in	borings	WND-105	and	WND-2.	In	the	present	circumstances,	about	the	best	that	
can	be	estimated	is	that	the	dimensionless	characteristic	CPT	resistance	for	the	liquefying	
material	was	in	the	range	10	<	Qk	<	30.	In	suggesting	this	range,	the	qc/N	conversion	factors	
discussed	in	Chapter	4	have	been	used	together	with	the	view	that	the	characteristic	resis-
tance	in	1907	pre-slide	can	hardly	have	been	greater	than	the	lower	end	of	the	measured	
average	of	1991	and	equally	plausibly	might	actually	correspond	to	the	average	of	the	three	
very	low	resistances	measured	in	1991.	And	although	the	equivalent	clean	sand	fiction	has	
been	used	in	reporting	the	SPT	data,	given	the	range	of	data	and	the	large	effect	of	using	an	
80–90	percentile	rather	than	the	average,	this	does	not	seem	a	dominant	issue	in	assessing	
the	likely	range	of	Qk.

A	striking	 feature	of	 the	Olson	et al.	paper	 is	 the	effort	put	 into	estimating	 the	 initial	
effective	stress	conditions	and	their	distribution	along	the	liquefied	zone,	with	a	weighted	
average	lying	in	the	range	142–151	kPa	(depending	on	the	assumptions	made).	Back-analysis	
for	mobilized	strength	was	even	more	comprehensive,	with	extensive	consideration	of	the	
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acceleration	and	deceleration	of	the	sliding	mass.	Other	factors	included	were	the	potential	
for	the	toe	of	the	slide	to	either	entrain	water	(with	dramatic	strength	reductions)	and	pro-
portion	of	soil	not	liquefying	(because	it	was	not	saturated).	Both	sr	and	su	were	estimated.	
Table	F.1	summarizes	the	results.

CSL	 parameters	 and	 the	 in-situ	 state	 for	 this	 case	 history	 are	 estimated	 as	 follows.	
The	sands	involved	in	the	slides	are	medium	sand	and	a	silt	content	on	the	high	end	of	the	
sand	data	presented	in	Chapter	2.	Looking	at	these	data,	a	typical	slope	to	the	CSL	would	
be	 about	0.06	<	λ10	<	0.10.	There	 are	 no	data	on	 the	 critical	 friction	 ratio	or	 angle,	 but	
taking	Mtc	≈	1.25	would	appear	uncontroversial.	The	corresponding	range	for	the	CPT	
coefficient	k	is	about	18–30	based	in	Figure	4.19	(calibration	chamber	data)	and	Equation	
4.12	over	the	depth	range	of	20–40	m	below	ground	surface	while	m	≈	5.0.	These	CPT	
coefficients	 have	 been	 calculated	 using	 an	 estimated	 plastic	 hardening	 H	≈	100	 and	 an	
elasticity	range	of	250	<	Ir	<	400.	Assuming	Ko	=	0.7	(an	average	of	measurements	in	other	
hydraulic	 fills,	 see	 Chapter	 4),	 the	 estimated	 characteristic	 in-situ	 state	 range	 is	 about	
−0.05	<	ψk	<	+0.07.	The	looser	zones,	and	the	SPT	data	shown	in	Figure	F.5,	indicate	that	
some	of	these	 loose	zones	are	rather	extensive	and	were	statically	 liquefiable	with	clear	
potential	for	flowslides.	It	is	unsurprising	that	this	fill	liquefied	during	reservoir	impound-
ment,	and	it	could	credibly	have	failed	during	construction	like	some	other	hydraulic	fill	
dams	of	the	era.

f.3  1918: Calaveras DaM (CalIfornIa)

This	case	history	 is	described	 in	 two	articles	 in	Engineering	New	Record	 (Hazen,	1918;	
Hazen	and	Metcalf,	1918)	and	a	paper	 in	 the	Transactions	of	 the	ASCE	(Hazen,	1920).	
The	discussion	that	accompanies	the	transaction	paper	is	illuminating,	and	it	appears	that	
several	other	dams	failed	similarly	to	Calaveras.	Calaveras	Dam	was	completed	as	a	64	m	
(210	ft)	high	earth	fill	dam.	It	suffered	a	flow	failure	near	the	end	of	its	construction	which	
led	to	a	redesign.	The	original	dam	that	failed	was	of	uncompacted	fill	shells	(‘steam	shovel	
fill’)	which	were	used	to	contain	additional	hydraulic	filling.	The	hydraulic	fill	was	placed	at	
the	outside	limits	of	the	shell,	so	that	soil	settled	out	preferentially	leaving	relatively	sandy	
shells	and	a	very	soft	silt	core.	This	core	consolidated	under	its	own	weight,	but	a	slower	rate	
than	that	of	further	fill	placement.

This	scheme	of	construction	was	not	uncommon	at	the	end	of	the	nineteenth	and	early	
twentieth	centuries,	and	is	illustrated	schematically	in	Figure	F.6.	Even	though	a	clear	dis-
tinction	is	shown	between	toe	(shell	in	modern	parlance)	and	core,	in	reality,	this	was	some-
what	 gradational.	 The	 fill	 was	 primarily	 material	 taken	 from	 the	 surrounding	 hillsides.	
The	steam	shovel	fill	was	a	broken-up	soft	sandstone,	although	Hazen	(1918)	noted	that	
it	was	not	true	sandstone	as	the	broken	rock	decomposed	into	particles	‘almost	as	fine	in	
grain	size	as	clay’.	The	steam	shovel	fill	was	not	compacted	other	than	from	traffic	moving	
around	its	surface;	an	average	in	place	bulk	unit	weight	of	18.8	kN/m3	(120	pcf)	is	quoted.	

Table F.1  Summary of strengths and strength ratios determined by Olson et al. (2000)

Strength Low bound Best estimate Upper bound

Peak, su 37.6 kPa Not given 41.9 kPa
Liquefied, sr 10.4 kPa 16.0 kPa 19.1 kPa

Peak, su vo/ ′σ 0.26 Not given 0.30

Liquefied, su vo/ ′σ 0.07 0.11 0.13
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The	hydraulic	fill	comprised	both	surface	soil	and	disintegrated	soft	rock,	and	was	not	com-
pacted.	The	specific	gravity	was	noted	as	being	unusually	 light	with	Gs	≈	2.3	rather	than	
2.6–2.7	associated	with	siliceous	materials.

On	March	28,	1918,	about	610,000	m3	 (800,000	yd3)	moved	90	m	(300	 ft)	upstream	
while	dropping	30	m	(100	ft)	in	elevation	as	it	did	so,	within	a	period	of	about	5 min.	The	
whole	failing	mass	first	moved	forward	as	a	unit,	afterwards	separating	into	blocks.	This	
mechanism	suggests	failure	on	fill	lower	down	in	the	dam,	and	is	not	dissimilar	in	descrip-
tion	to	the	failure	at	Fort	Peck	(Chapter	1).	Hazen	noted	that	the	material	that	flowed	had	
a	porosity	of	65%,	while	that	remaining	in	place	had	a	porosity	of	no	more	than	50%.	The	
post-failure	configuration	is	illustrated	in	Figure	F.7	and	shows	the	top	surface	slope	of	the	
failed	mass	as	1V:10H.	If	the	failure	line	is	defined	to	the	toe	of	the	moved	mass,	a	somewhat	
steeper	slope	of	about	1V:7.5H	is	found.

The	mobilized	residual	strength	can	be	estimated	from	the	post-failure	configuration	if	
the	inertial	forces	during	deceleration	of	the	slide	as	it	came	to	a	halt	are	neglected.	For	the	
range	of	final	slopes,	Taylor’s	stability	charts	give	0.05	<	sr/γsH	<	0.06	(the	dam	was	founded	
on	rock).	There	is	a	possible	range	for	H	depending	on	the	interpretation	placed	on	Hazen’s	
sketch,	but	a	reasonable	range	is	43	m	<	H	<	52	m	(note	the	sketch	is	in	ft,	i.e.	140	ft	<	H	<	
170	ft).	An	average	bulk	unit	weight	of	the	hydraulically	placed	sandy	silts	and	the	confin-
ing	steam	shovel	fill	would	have	been	about	γs	≈	18	kN/m3	from	the	data	quoted	by	Hazen	
and	allowing	for	a	higher	void	ratio	in	the	sandy	silts.	Putting	these	values	together	gives	an	
estimated	residual	strength	in	the	range	38	kPa	<	sr	<	56	kPa.

Seed	 (1987)	 quoted	 a	 residual	 strength	 of	 35	 kPa	 (750	 psf)	 from	 his	 back-analysis	 of	
the	Calaveras	 failure,	which	 is	 the	 least	 that	would	 follow	from	the	Taylor’s	chart-based	
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Figure F.6  Typical section of hydraulic fill dam during construction. (From Hazen, A., Eng. News Rec., 81(26), 
1158, 1918.)
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evaluation	 as	 given	 earlier.	 Poulos	 (1988)	 estimated	 the	 range	 of	 29	 kPa	<	sr	 <	53	 kPa	
(600	psf	<	sr	<	1100	psf),	which	agrees	rather	well	with	the	earlier	estimated	range.	Seed	and	
Harder	(1990)	quote	a	narrow	range	of	sr	=	34	±	3	kPa	(650	±	50	psf),	which	is	a	much	exag-
gerated	 and	 illusory	 precision	 for	 such	 limited	 historic	 information.	 Subsequent	 workers	
(e.g.	Stark	and	Mesri,	1992;	Wride	et al.,	1999)	appear	to	have	followed	Seed	and	Harder	
without	further	analysis.

The	average	initial	mean	effective	stress	in	the	failure	zone	is	less	widely	estimated.	Stark	
and	 Mesri	 (1992)	 report	 ′ =σvo 137 kPa	 (2855	 psf).	 Given	 the	 construction	 method,	 the	
piezometric	 conditions	 in	 the	 shell	 correspond	 to	about	hydrostatic,	but	 there	 is	a	possi-
bility	of	excess	pressure	in	the	core	given	Hazen’s	description	of	the	lack	of	consolidation	
during	construction.	There	is	also	the	depth	to	the	average	failure	zone,	which	can	hardly	
be	more	than	about	52/2	=	26	m	(85	ft)	on	one	hand,	while	on	the	other	hand,	it	can	hardly	
be	 less	 than	about	15	m	 (50	 ft)	 (Figure	F.7).	A	corresponding	 range	 in	effective	 stress	 is	
about	110 180kPa kPa< ′ <σvo ,	given	the	unit	weights	quoted	earlier.	It	would	be	perverse,	
although	strictly	possible,	to	combine	uncertainties	in	developing	the	credible	range	of	resid-
ual	stress	ratio.	The	estimated	mobilized	strength	ratio	is	therefore	constrained	by	taking	
the	 highest	 strength	 as	 corresponding	 to	 the	 highest	 initial	 effective	 stress	 and	 so	 forth.	
This	gives	the	stress	ratio	range	0 31 0 35. .< ′ <sr vo/σ ,	which	can	be	compared	with	the	ratio	
sr vo/ ′ ≈σ 0 23. 	estimated	by	Stark	and	Mesri.

Regarding	the	initial	in-situ	state,	Seed	(1987)	states	that	the	‘tests	performed	in	recent	
years	show	that	the	SPT	(N1)60	=	12’	for	the	liquefying	sand.	Seed’s	assessment	is	difficult	
to	comprehend	in	several	ways.	First,	as	is	clear	from	Hazen’s	description	of	construction,	
the	material	that	liquefied	was	predominantly	silt,	not	sand.	Second,	this	is	an	unreason-
ably	large	penetration	resistance	for	sandy	silt	with	a	reported	in-situ	porosity	of	between	
50%	and	65%.	Seed	and	Harder	assert	that	the	estimated	penetration	resistance	should	be	
thought	of	 in	terms	of	the	equivalent	clean	sand	fiction	and	that	an	actual	(N1)60	=	7	cor-
responds	to	(N1)60,ecs	=	12.	This	does	not	add	up	either,	as	it	is	still	too	great	a	penetration	
resistance	 for	 the	 soil	 conditions	described	by	Hazen.	Further,	 no	data	on	 the	 supposed	
‘recent	tests’	in	the	fill	have	ever	come	to	light.	Poulos	(1988)	estimates	that,	given	the	soil	
conditions,	(N1)60	=	2.

To	modern	eyes,	Calaveras	looks	similar	to	an	upstream-constructed	tailings	dam,	and	
there	are	examples	of	CPTs	 in	such	sandy	silts.	 In	our	experience,	 the	range	for	undried	
and	unconsolidated	true	sandy	silts	is	a	normalized	characteristic	penetration	resistance	of	
about	20	<	Qk	<	30,	although	the	deposits	generally	divide	into	layers	of	sands	and	silts.	This	
is	where	the	absence	of	real	CPT	data	impedes	understanding,	as	it	is	unclear	that	the	grad-
ing	given	as	a	global	average	of	the	various	layers	is	actually	of	any	relevance.	Continuing	
with	 the	 hydraulically	 placed	 tailings	 analogy,	 the	 predominantly	 silt-sized	 soils	 (slimes)	
would	usually	have	the	more	positive	state	parameter.	Assuming	that	it	was	such	soils	that	
actually	controlled	the	Calaveras	failure,	then	the	relevant	characteristic	penetration	resis-
tance	would	be	about	4	<	Qk	<	8.	This	latter	estimate	is	consistent	with	the	penetration	resis-
tance	estimated	by	Poulos	(1988).

Consider	first	the	scenario	that	the	sandy	silt	was	the	cause	of	liquefaction.	For	a	sandy	
silt,	there	is	considerable	uncertainty	over	the	CSL.	Although	λ	tends	to	increase	with	fines	
content	as	fines	are	progressively	added	to	clean	sand,	once	 the	fines	content	approaches	
30%,	the	fines	appear	to	fully	fill	the	void	space	between	the	sand	particles	and	correspond-
ingly	then	start	reducing	the	λ	values.	One	of	the	soils	in	the	CSL	database	is	a	well-graded	
material	with	35%	fines,	and	it	has	a	λ	that	would	usually	be	associated	with	a	clean	quartz	
sand.	Hazen’s	description	of	the	fill,	however,	suggests	the	possibility	of	crushable	soil	par-
ticles.	The	credible	range	is	therefore	about	0.07	<	λ10	<	0.15.	There	are	no	data	on	the	criti-
cal	friction	ratio	or	angle,	but	again	based	on	Hazen’s	description	of	crushable	particles,	
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a	slightly	lower	than	normal	value	may	be	appropriate,	say	Mtc	≈	1.20.	The	corresponding	
range	 for	 the	 CPT	 coefficients	 at	 the	 average	 depth	 of	 interest	 (20–25	 m	 below	 ground	
surface)	then	is	about	15	<	k	<	25	and	m	≈	4.5	for	Mtc	≈	1.20,	H	≈	75–150	and	Ir	≈	200–300.	
Adopting	Ko	=	0.7	since	it	was	a	hydraulic	fill,	the	estimated	characteristic	in-situ	state	range	
is	about	−0.1	<	ψk	<	−0.05.

Now	consider	an	alternative	scenario	with	the	failure	dominated	by	the	siltier	soils.	In	this	
case,	it	is	credible	that	λ10	≈	0.15,	but	the	critical	friction	ratio	should	be	more	usual.	The	cor-
responding	range	for	the	CPT	coefficients	at	the	average	depth	of	interest	(20–25	m	below	
ground	surface)	then	is	about	k	≈	10–15	and	m	≈	4.0	using	Mtc	≈	1.25,	H	≈	50	and	Ir	≈	300.	
For	this	silt-dominated	scenario,	again	assuming	Ko	=	0.7,	the	estimated	characteristic	in-situ	
state	range	is	about	+0.11	<	ψk	<	+0.14.	The	silt	appears	much	more	likely	to	be	the	material	
that	caused	the	liquefaction	failure.

f.4  1925: sheffIelD DaM (CalIfornIa)

Sheffield	Dam	was	constructed	in	1917	to	the	north	of	Santa	Barbara.	It	is	largely	a	homo-
geneous	 section	dam,	 maximum	 height	 7.6	 m	by	220	 m	 crest	 length,	 with	 an	upstream	
clay	lining	that	was	protected	in	turn	by	a	concrete	facing.	The	dam	failed	during	an	M6.3	
earthquake	on	29	June	1925.	The	epicentre	was	about	7	miles	from	the	dam.	At	the	time	of	
the	earthquake,	the	reservoir	was	only	partly	full,	but	nevertheless	some	12,000	m3	of	water	
was	 released	and	flooded	part	 of	 the	 city	 (O’Shaughnessy,	 1925).	The	 failure	 comprised	
about	the	90	m	central	part	of	the	dam,	which	slid	downstream	some	30	m	to	release	the	
reservoir.

The	dam	and	its	foundation	were	investigated	by	the	Corp	of	Engineers	in	1949	(U.S.	Army	
Corp	of	Engineers,	1949),	while	 further	 laboratory	strength	tests	 (cyclic	and	static)	were	
reported	by	Seed	et al.	(1969).	Arguably,	the	Seed	et al.	(1969)	paper	ended	the	acceptability	
of	pseudo–static	methods	for	assessing	dam	adequacy	during	earthquakes.

Sheffield	Dam	was	largely	constructed	of	undifferentiated	fill	taken	from	what	became	
the	reservoir	upstream	of	the	dam.	This	fill	was	a	silty	sand	to	sandy	silt	(with	some	cobbles	
and	boulders)	and	appears	to	have	been	compacted	through	construction	traffic	across	it	but	
without	a	formal	compaction	protocol.	Rock	was	at	shallow	(<3	m)	depth	beneath	the	dam,	
overlain	by	the	silty	sand	to	sandy	silt.	Seed	et al.	note	that	‘it	has	been	fairly	well	established’	
that	there	was	no	stripping	of	the	foundation	soils	prior	to	placement	of	dam	fill,	and	this	is	
not	an	unreasonable	or	unusual	situation	for	dams	of	that	era.	The	1949	investigation	by	the	
Corps	indicated	that	the	upper	foot	or	so	of	the	foundation	was	looser	than	the	remainder,	
with	γd	≈	14.2	kN/m3	for	the	loose	zone	versus	γd	≈	18.5	kN/m3	for	the	foundation	in	general.	
Although	the	upstream	clay	blanket	was	effective,	seepage	of	reservoir	water	occurred.	Seed	
et al.	suggested	a	piezometric	surface	somewhat	above	the	foundation	as	illustrated	on	the	
maximum	height	cross	section	through	the	dam	(Figure	F.8).	The	suggested	phreatic	surface	
is	uncontroversial.

The	soils	involved	in	the	failure	were	about	50%	silt	sized	and	finer.	Seed	et al.	(1969)	
reported	 that	 triaxial	 testing	of	 samples	 from	 immediately	downstream	of	 the	dam,	and	
with	a	gradation	similar	to	that	reported	by	the	Corps,	gave	a	peak	drained	strength	of	c	=	0	
and	ϕ�=	34.5°	at	a	reconstituted	γd	≈	14.5	kN/m3.

The	 1925	 earthquake	 caused	 a	 peak	 ground	 acceleration	 at	 the	 dam	 site	 of	 about	
0.15	g	with	the	ground	shaking	lasting	perhaps	about	18	s.	The	dam	failed.	Willis	(1925)	
reported	that	‘the	rise	of	water	as	the	ground	was	shaken	formed	a	liquid	layer	of	mud	
under	the	dam,	on	which	it	floated	out…’.	However,	there	were	actually	no	eyewitnesses	
to	the	failure,	and	the	description	is	based	on	post-failure	morphology.	Seed	et al.	(1969)	
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analysed	the	dam’s	cyclic	response,	based	on	cyclic	strength	tests	on	reconstituted	sam-
ples,	and	computed	liquefaction	in	the	confined	loose	foundation	layer	(i.e.	the	2	ft	thick	
Dr	≈	40%	stratum).

Seed	 (1987)	 quotes	 a	 post-liquefaction	 strength	 for	 the	 liquefied	 zone	 of	 sr	=	2.4	 kPa	
(50	psf).	This	strength	appears	based	on	the	thrust	of	the	water	alone	and	also	requires	
assuming	that	the	retained	water	was	4.6	m	(rather	than	the	range	of	4.6–5.5	m	found	
in	earlier	studies).	Both	Seed	and	Harder	(1990)	and	Stark	and	Mesri	(1992)	quote	the	
somewhat	 higher	 strength	 estimate	 of	 sr	=	3.6	±	1.2	 kPa.	 A	 difficulty	 with	 the	 Sheffield	
Dam	failure	 is	 the	 large	displacement	on	what	 is	 reasonably	only	a	 thin	 layer	 (most	of	
the	dam	fill	was	plausibly	dry	and	could	not	have	liquefied).	However,	Seed’s	calculation	
was	for	level	ground,	and	even	a	minor	ground	slope	increases	the	strength	estimate.	The	
dam	was	built	in	a	valley,	and	self-evidently,	the	reservoir	was	on	the	upslope	side.	If	the	
ground	was	sloping	at	say	1°	to	the	downstream,	then	immediately	the	strength	estimate	
rises	to	sr	=	3.8	kPa,	and	if	the	minimal	slope	was	actually	2°,	then	sr	=	4.8	kPa.	Resolving	
this	 issue	 requires	 detailed	 evaluation	 of	 preconstruction	 survey	 drawings	 if	 they	 still	
exist,	but	it	can	certainly	be	noted	that	the	Seed	(1987)	estimate	is	biased	on	the	low	side.	
Seed	and	Harder	(1990)	appears	more	reasonable,	but	the	post-liquefaction	strength	could	
be	yet	larger.

The	average	vertical	effective	stress	on	the	failure	zone	is	straightforward.	The	average	
depth	of	 the	 failure	zone	below	the	dam	surface	 is	about	4.3	m	(slightly	weighted	above	
half	dam	height	because	of	 the	proportion	under	 the	crest),	 and	 the	average	piezometric	
head	under	normal	reservoir	operation	appears	to	have	been	only	a	few	feet	in	this	layer.	
Treating	the	dam	compaction	as	giving	about	the	same	in-place	density	as	the	non-loosened	
foundation	(i.e.	using	γs	≈	18.5	kN/m3	as	an	average	fill	density),	the	estimated	initial	stress	
is	 ′ ≈σvo 70 kPa.	For	comparison,	Stark	and	Mesri	(1992)	estimate	 ′ =σvo 95 kPa.

Combining	 the	 initial	 stress	 and	 liquefied	 strength	 estimate	 leads	 to	 a	 credible	 range	
0 04 0 07. .< ′ <sr vo/σ ,	which	can	be	compared	with	the	best	estimate	ratio	sr vo/ ′ =σ 0 04. 	by	
Stark	and	Mesri	(1992).	Our	higher	estimates	stems	from	allowing	for	the	possible	slope	of	
the	ground	and	a	lower	estimate	of	average	initial	vertical	effective	stress.

Turning	to	the	in-situ	condition,	the	data	from	the	Corps	give	a	probable	initial	density,	
but	the	representation	of	this	as	a	relative	density	involves	a	judgement.	First,	there	is	the	
question	as	to	whether	representative	maximum	and	minimum	densities	can	be	measured	
as	about	half	the	soil	is	silt	sized	and	finer.	Soils	like	this	tested	in	Golder	Associates	labo-
ratories	indicate	that	minimum	density	is	almost	impossible	to	determine	reliably.	Second,	
no	maximum	and	minimum	densities	have	been	reported.	Seed	et al.	 (1969)	estimated	a	
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Figure F.8  Sheffield Dam, based on Seed et al. (1969), modified to show the liquefying layer.
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relative	density	for	the	liquefied	zone	of	35%	<	Dr	<	40%;	Seed	(1987)	raised	the	estimate	to	
40%	<	Dr	<	50%.	The	corresponding	estimated	penetration	resistance	using	the	equivalent	
clean	sand	adjustment	was	6	<	(N1)60,ecs	<	8.

Seed’s	 estimate	 for	penetration	 resistance	 can	be	deconstructed	 somewhat	as	his	1987	
paper	also	deals	with	the	ΔN	adjustment	for	the	effect	of	fines	content	on	this	resistance.	
From	Table	1	of	 that	paper,	an	adjustment	of	ΔN1	=	4	could	be	 inferred	 for	 the	Sheffield	
Dam.	Seed	seems	to	have	thought	in	terms	of	an	(N1)60	in	the	range	of	say	2–4.	In	terms	of	
a	normalized	penetration	 resistance,	 and	avoiding	any	 soil-type	 ‘corrections’,	 this	would	
correspond	to	about	6	<	Qk	<	12	using	an	SPT–CPT	conversion	factor	of	3	for	silty	sand	to	
sandy	silt	(Figure	4.3).

CSL	parameters	and	the	in-situ	state	for	this	case	history	are	estimated	as	follows.	The	
soils	 involved	in	the	slides	are	sandy	silt,	and	a	typical	slope	to	the	CSL	would	be	about	
0.10	<	λ10	<	0.15.	 There	 are	 no	 direct	 data	 on	 the	 critical	 friction	 ratio	 or	 angle,	 but	 tak-
ing	Mtc	≈	1.25	would	appear	uncontroversial	given	the	measured	ϕ	=	34.5°	at	a	density	that	
might	be	near	the	critical	state	(in	effect,	assuming	the	tested	samples	were	slightly	denser	
than	critical).	The	range	for	the	CPT	coefficients,	at	an	average	depth	of	4.3	m	below	ground	
surface,	is	about	12	<	k	<	22	and	m	≈	4.5	(from	Figure	4.19	and	calculated	using	70	<	H	<	100	
and	600	<	Ir	<	700	in	Equation	4.12).	Adopting	0.7	<	Ko	<	0.9	(this	was	not	a	hydraulic	fill,	but	
is	natural	ground	and	subjected	to	construction	traffic),	the	estimated	characteristic	in-situ	
state	range	is	about	+0.04	<	ψk	<	+0.15.	This	is	a	rather	large	range	for	ψ,	a	consequence	of	
the	 factor	of	 two	 ranges	 in	 the	 estimated	penetration	 resistance	 and	 considerable	uncer-
tainty	about	the	basic	soil	properties.

f.5  1938: fort peCk (Montana)

The	Fort	Peck	slide	is	one	of	the	largest	liquefaction	failures,	and	aspects	of	this	failure	were	
presented	in	Chapter	1.	The	information	on	Fort	Peck	here	is	a	summary	of	the	measure-
ments	of	density	and	strengths	from	the	post-failure	investigation	(based	on	Middlebrooks,	
1940).	The	estimates	of	the	in-situ	state	prior	to	the	failure	are	then	discussed,	as	are	the	
calculated	strengths	mobilized	during	the	slide.

To	recap,	the	Fort	Peck	dam	was	a	hydraulic	fill	structure	that	failed	because	the	hydrau-
lically	placed	sand	fill	in	the	upstream	shell	was	brought	to	its	peak	undrained	strength	by	
movements	in	the	underlying	shale	foundation.	Although	the	literature	gives	the	impression	
that	the	entire	upstream	shell	failed,	this	was	not	the	case.	Only	a	small	part	near	the	right	
abutment	failed	as	illustrated	by	the	aerial	photographs	in	Figure	F.9.

Void	ratio	data	for	the	shell	were	measured	after	the	failure	in	several	test	pits	put	down	
into	undisturbed	shell.	Critical	density	tests	were	carried	out	on	representative	samples	with	
various	silt	contents	 in	 the	fill,	 the	results	being	shown	in	Figure	F.10.	Although	there	 is	
quite	a	wide	range	for	the	measured	critical	states,	a	consequence	of	the	differing	silt	con-
tents	from	one	sample	to	another,	there	is	a	clear	pattern	of	behaviour	measured.	In	modern	
parlance,	the	CSL	parameters	are	in	the	range	0.84	<	Γ�<	1.04	and	λ10	≈	0.19.	The	range	for	
Γ	is	unremarkable	for	a	sand	fill	with	some	silt,	although	λ	indicates	perhaps	a	little	more	
compressibility	than	would	have	been	expected	from	the	fill	gradations.

The	measured	in-situ	void	ratios	are	also	shown	in	Figure	F.10,	and	these	are	denser	than	
the	measured	critical	states.	How	much	denser	depends	on	the	silt	content	of	the	individual	
samples,	 but	 it	 has	 not	 been	 possible	 to	 ascertain	 such	 details	 from	 available	 records.	
The	measured	void	ratios	 lie	 just	below	the	band	of	measured	critical	states	so	that	 the	
loosest	ψ	≈	−0.01.	Assuming	a	median	for	the	critical	state	measurements	gives	ψ	≈	−0.05	
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(b)

(a)

Figure F.9  Aerial photographs of Fort Peck Dam failure. (a) View of slide from the left bank. (From U.S. Army 
Corps of Engineers, Washington, DC, 1939.) (b) Vertical view of failure. (From Sigmundstad, R., 
http://www.fortpeckdam.com, accessed March 15, 2015.)

© 2016 by Taylor & Francis Group, LLC

  

http://www.crcnetbase.com/action/showImage?doi=10.1201/b19114-17&iName=master.img-004.jpg&w=360&h=244
http://www.crcnetbase.com/action/showImage?doi=10.1201/b19114-17&iName=master.img-005.jpg&w=360&h=224


Appendix F: Some case histories involving liquefaction flow failure  589

and	the	upper	bound	ψ	≈	−0.10.	A	reasonable	range	for	the	characteristic	state	parameter	
of	the	failed	fill	is	the	lower	half	of	this	range,	say	−0.05	<	ψ	<	−0.01.	There	are	no	known	
penetration	tests	from	the	time	of	the	failure,	even	in	that	part	of	the	upstream	shell	that	
did	not	fail.

The	mobilized	residual	strength	can	be	estimated	from	the	post-failure	configuration	if	
the	inertial	forces	during	deceleration	of	the	slide	as	it	came	to	a	halt	are	neglected.	However,	
there	 are	 uncertainties	 about	 just	 what	 is	 regarded	 as	 the	 post-failure	 slope.	 The	 widely	
cited	cross	section	(from	Casagrande,	1975)	through	the	failed	part	of	the	dam	is	shown	
in	Figure	F.11.	If	the	gross	final	configuration	of	the	dam	section	is	used	so	that	distances	
are	measured	from	toe	to	back-scarp,	then	post-failure	height	is	about	49	m	with	about	a	
third	of	this	height	counterbalanced	by	retained	water	in	the	reservoir.	The	corresponding	
horizontal	distance	from	toe	to	scarp	is	about	730	m	giving	an	average	slope	of	1V:15H.	
If	 attention	 is	 limited	 to	 the	upstream	shell	material,	 then	a	 range	of	24	m	<	H	<	30	m	 is	
inferred	with	effectively	all	of	this	counterbalanced	by	retained	water;	 the	corresponding	
horizontal	distance	over	which	this	slope	existed	was	in	the	range	300–450	m,	depending	
on	where	the	‘crest’	is	denoted.	The	range	of	slopes	for	this	view	on	the	failure	is	from	about	
1V:12H	to	1V:15H.

Taking	 the	 full-height	 view	 first,	 an	 extrapolation	 of	 Taylor’s	 stability	 charts	 to	 the	
1V:15H	slope	gives	sr/γH	<	0.04	(limiting	the	slide	mechanism	to	the	fill).	Allowing	for	the	
lower	third	of	the	slope	being	submerged,	an	average	bulk	unit	weight	is	γ	≈	15	kN/m3.	Using	
this	average	unit	weight	 in	the	ratio	from	the	stability	chart	gives	sr	≈	30	kPa.	The	alter-
native	view	that	only	the	upstream	shell	post-failure	configuration	is	relevant,	where	the	
submerged	unit	weight	 is	used	because	of	 the	retained	water,	 leads	 to	sr	≈	10	kPa.	These	
strengths	might	be	increased	a	little	to	capture	the	inertial	effects	of	the	slide	coming	to	a	
halt,	but	there	are	marked	3D	influences	as	well	(Figure	F.9)	which	would	have	acted	in	the	
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opposite	sense.	On	balance,	it	seems	better	to	accept	the	uncertainties	in	this	case	history	
and	adopt	10	kPa	<	sr	<	30	kPa	for	the	average	post-liquefaction	strength	that	was	mobilized	
during	the	slide.

By	 comparison	 to	 the	 strength	 range	 just	 discussed,	 Seed	 (1987)	 estimated	 sr	≈	33	kPa	
(700	 psf),	 while	 Davis	 et  al.	 (1988)	 estimated	 24	 kPa	 (500	 psf)	<	sr	<	53	 kPa	 (1100	 psf).	
Subsequently,	Seed	and	Harder	(1990)	and	Stark	and	Mesri	(1992)	both	used	the	strength	
sr	=	16	±	5	kPa	(350	±	100	psf).

The	uncertainties	 in	 the	details	of	 the	 failure	mechanism	are	 reflected	 in	uncertainties	
in	the	initial	effective	stress	on	the	liquefying	layer.	If	it	 is	assumed	that	it	was	the	lower	
hydraulic	 fill	 below	 the	 retained	 reservoir	 that	 liquefied,	 then	 this	 lies	 at	 average	 depths	
between	30	and	36	m	below	the	dam	slope.	Further	assuming	that	the	reservoir	had	fully	
saturated	this	upstream	fill,	then	the	credible	range	of	average	stress	conditions	prior	to	fail-
ure	are	400 530kPa kPa< ′ <σvo .	Stark	and	Mesri	(1992)	quote	 ′ ≈σvo 530 kPa	as	representa-
tive	of	average	pre-failure	conditions	in	the	fill	that	liquefied.

Combining	the	range	in	the	estimate	of	strength	with	initial	effective	stress,	 it	appears	
that	the	mobilized	liquefied	strength	ratio	reasonably	lies	in	the	range	0 04 0 06. .< ′ <sr vo/σ 	
(rounded	to	reflect	underlying	imprecision).

f.6  1968: hokkaIDo taIlIngs DaM (Japan)

Details	 of	 this	 case	 history	 are	 from	 Ishihara	 et  al.	 (1990).	 This	 tailings	 retention	 dam	
was	breached	during	an	earthquake-induced	liquefaction	of	the	retained	silty	sand	tailings	
in	1968.	The	section	for	this	dam	appears	homogeneous	(Figure	F.12),	which	is	unusual,	
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Figure F.11  Section through Fort Peck Dam failure. (From Casagrande, A., Liquefaction and cyclic defor-
mation of  sands: A  critical  review,  in  Proceedings of the  Fifth Pan–American Conference on Soil 
Mechanics and Foundation Engineering, Buenos Aires, Argentina, 1975, Vol. 5, pp. 79–133.)
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as	upstream-constructed	dams	such	as	this	would	usually	have	been	raised	with	preferen-
tially	reclaimed	sands	for	the	outer	berms,	which	are	apparent	at	depth	in	the	profile	on	the	
CPT	soundings.	The	pre-failure	slope	is	1V:3H,	and	this	reduced	to	about	1V:12H	after	
the	failure.	The	tailings	were	tested	after	failure	(presumably	in	a	related	but	unaffected	
area	of	the	impoundment)	using	a	Dutch	cone	CPT,	and	the	two	reported	penetration	resis-
tance	profiles	are	presented	in	Figure	F.13.	The	CPT	profiles	are	quite	similar,	although	the	
resolution	for	the	data	of	interest	is	low	at	the	published	plot	scales.	These	CPT	resistances	
show	what	looks	close	to	slimes	beneath	the	tailings	surface,	as	often	arises	with	upstream-
constructed	tailings	dams,	with	sands	deeper	than	about	6	m.	Apart	from	the	description	
that	the	liquefied	soil	was	a	silty	sand	tailings,	no	gradation	data	or	other	soil	properties	
are	reported.

Liquefaction	is	assumed	to	have	arisen	in	the	3–4	m	thick	zone	of	very	loose	soil	overlying	
the	denser	deposits	that	remained	in	place	after	the	flowslide,	with	Ishihara	et al.	suggest-
ing	that	the	liquefied	zone	(‘sliding	surface’	in	their	description)	lay	at	a	depth	of	2–5	m.	
The	quoted	penetration	resistance	is	the	range	0.2	MPa	<	qc	<	0.3	MPa	at	depths	correspond-
ing	to	the	estimated	liquefaction	zone.	However,	inspection	of	Figure	F.13	shows	a	linear	

0 5 10 m

0 50 100 m

Phreatic level

2.5
m

7.2 m

2 m

2 m

5 m
1 : 12

1 : 3.0

After failure

Hokkaido tailings dam (section A – A')

Tailing’s
dike

Pond
A

Á
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increase	in	qc	with	depth	giving	a	sensibly	constant	value	of	the	dimensionless	resistance	Q.	
The	characteristic	value	is	5	<	Qk	<	7	in	the	liquefying	zone.

Ishihara	et al.	estimated	the	post-liquefaction	residual	strength	using	the	total	stress	infi-
nite	slope	approach.	For	a	sliding	surface	at	depth	z	below	the	slope,

	 s zt= γ θ θcos sin 	 (F.2)

A	bulk	unit	weight	of	γ	=	18	kN/m3	was	used	in	(F.2)	giving	a	strength	of	sr	≈	7	kPa	for	slid-
ing	on	a	plane	at	an	assumed	depth	of	4	m	at	the	final	slope	of	1V:12H.	This	might	be	better	
expressed	in	terms	of	a	strength	ratio	since	the	actual	depth	of	sliding	is	unknown,	which	is	
0 08 0 12. .< ′ <sr vo/σ ,	for	final	slopes	between	1V:12H	and	1V:8H.

CSL	 parameters	 and	 the	 in-situ	 state	 for	 this	 case	 history	 are	 estimated	 as	 follows.	
The	soils	 involved	 in	 the	slides	are	quoted	as	being	silty	sand,	and	the	CPT	penetration	
resistances	substantiate	a	 loose	but	surprisingly	uniform	deposit.	However,	 it	 is	difficult	
to	 credit	 that	 such	 loose	 soils	 were	 really	 a	 silty	 sand	 because	 the	 reported	 penetration	
resistance	 is	so	 low.	In	our	experience,	 the	reported	resistances	are	much	closer	to	what	
would	be	expected	in	the	hydraulically	separated	silt-sized	fraction	(i.e.	slimes)	even	though	
the	plan	shows	the	pond	at	the	opposite	end	of	the	impoundment	to	the	dam	(see	Figure	
F.12).	 There	 is	 some	 uncertainty	 over	 a	 typical	 slope	 to	 the	 CSL,	 but	 a	 range	 of	 about	
0.1	<	λ10	<	0.2	would	be	credible.	There	are	no	direct	data	on	the	critical	friction	ratio	or	
angle,	and	Mtc	≈	1.25	is	adopted	for	lack	of	other	evidence	(generally,	Mtc	should	always	be	
measured	with	tailings	as	experience	indicates	tailings	can	be	quite	different	in	their	prop-
erties	from	natural	sands).

The	CPT	coefficients,	at	an	average	depth	of	4	m	below	ground	surface,	are	estimated	to	
be	about	k	≈	13	and	m	≈	3.5	(calculated	using	H	=	50,	Ir	=	300).	Adopting	Ko	=	0.7	(assuming	
spigotting	is	equivalent	to	a	hydraulic	fill),	the	estimated	characteristic	in-situ	state	range	is	
about	+0.07	<	ψk	<	+0.12.	This	was	an	extremely	loose	deposit.
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Figure F.13  CPTs from Hokkaido Tailings Dam. (From Ishihara, K. et al., Soils Found., 30(3), 69, 1990. With 
permission of Japanese Geotechnical Society.)
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f.7  1978: MoChIkoshI taIlIngs DaMs no. 1 anD no. 2 (Japan)

Details	of	this	case	history	are	from	Ishihara	et al.	(1990).	These	were	a	pair	of	tailings	dam	
failures	triggered	by	an	earthquake	in	1978.	Dam	No.	1	failed	during	or	shortly	after	the	
main	shock.	Dam	No.	2	failed	4 h	after	an	aftershock	that	occurred	a	day	later.

The	dams	were	constructed	using	the	upstream	construction	method	on	silty	sand	(about	
50%	fines)	tailings,	see	cross	sections	in	Figure	F.14	(Dam	No.	1	is	at	the	top	of	Figure	F.14).	
In	reality,	it	was	the	tailings	that	failed	rather	than	the	outer	containment	bunds	used	during	
construction.	The	phreatic	surface	is	not	quoted	in	the	records,	but	might	be	taken	as	near	
ground	surface	given	the	high	silt	content	of	the	tailings.

Non-standard	 mechanical	CPT	 soundings	were	 carried	out	 on	 intact	 tailings	 adjacent	
to	 the	 slide	 material,	 although	 Ishihara	 et  al.	 note	 that	 this	 non-standard	 cone	 provides	
similar	resistance	to	the	standard	CPT	in	cross-calibration	checks.	While	substantial	scatter	
was	found,	the	minimum	penetration	resistance	increased	linearly	with	depth	(Figure	F.15).	
Because	the	penetration	resistance	increases	linearly	with	depth,	a	characteristic	penetration	
resistance	ratio	Q	is	simpler	to	deal	with	than	a	range	of	qc	values.	The	quoted	bulk	unit	
weight	is	18	kN/m3	and,	assuming	that	the	groundwater	table	was	at	ground	surface,	gives	
3	<	Qk	<	5	(depending	on	whether	a	low	bound	is	taken	through	the	penetration	test	data	or	
an	estimated	80	percentile).

The	simplified	infinite	slope	approach	was	used	to	estimate	strength	in	the	back-analysis,	
Ishihara	et al.	determining	sr	=	15	kPa	for	Slide	1	and	sr	=	18	kPa	for	Slide	2.	These	values	were	
based	on	taking	the	height	of	the	failing	soil	mass	as	the	average	depth	to	the	failure	plane	(6	
m	for	both	slides)	and	further	assuming	that	the	post-failure	slope	represented	the	residual	
condition.	An	alternative	approach	to	calculating	strengths	is	Taylor’s	stability	charts.	For	
the	pre-failure	slope	of	1V:3H	(the	same	for	both	dams),	these	charts	give	0.1	<	su/γsH	<	0.15	
(depending	on	the	assessed	depth	factor).	This	then	gives	a	peak	undrained	strengths	range	
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(From Ishihara, K. et al., Soils Found., 30(3), 69, 1990. With permission of Japanese Geotechnical 
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of	25	kPa	<	su	<	38	kPa	for	Slide	1	and	22	kPa	<su	<	32	kPa	for	Slide	2.	Similarly,	for	the	post-
failure	slopes,	sr/γsH	≈	0.06	giving	sr	≈	15	kPa	for	Slide	1	and	sr	≈	21	kPa	for	Slide	2.	These	
estimates	 compare	 well	 with	 the	 Ishihara	 et  al.	 However,	 for	 Dam	 No.	 2,	 Lucia	 (1981)	
quoted	sr	≈	10	kPa,	while	Davis	et al.	(1988)	report	sr	≈	12	kPa.	It	is	difficult	to	understand	
these	lower	estimates	of	sr,	since	the	post-liquefaction	slope	stood	at	1V:6H	with	a	toe-to-
crest	height	of	22	m.

The	estimated	average	in-situ	vertical	effective	stress	is	σ′vo	≈	195	kPa	for	Dam	No.	1	and	
σ′vo	≈	130	kPa	for	Dam	No.	2	according	to	Stark	and	Mesri	(1992).	However,	there	is	a	lack	
of	data	on	the	location	of	the	failure	plane,	except	that	it	can	be	assumed	to	lie	below	the	
post-failure	ground	surface,	which	is	about	14	m	lower	than	the	crest	in	Dam	No.	1	and	
10	m	lower	than	the	crest	in	Dam	No.	2.	Assuming	a	water	table	about	2	m	below	ground,	
the	lower	bound	estimates	of	σ′vo	are	therefore	135	and	100	kPa,	respectively,	which	sug-
gest	 that	Stark	and	Mesri’s	estimates	are	 reasonable.	Expressing	 the	calculated	strengths	
as	ratios	gives	sr vo/ /′ ≈ ≈σ 15 195 0 08. 	and	sr vo/ /′ ≈ ≈σ 21 130 0 16. 	for	Dam	No.	1	and	Dam	
No.	2,	respectively.

CSL	parameters	and	the	in-situ	state	for	this	case	history	are	estimated	as	follows.	The	
soils	involved	in	the	slides	are	quoted	as	being	silty	sand,	but	the	CPT	penetration	indicates	
a	very	variable	deposit.	The	characteristic	trend	lines	drawn	by	Ishihara	et	al.	on	Figure	F.15	
are	clearly	through	the	low	bound	to	the	data	and	which	experience	of	other	tailings	depos-
its	would	suggest	are	the	slimes	(i.e.	silt)	layers,	not	silty	sands.	Based	on	slimes	from	other	
mines	that	have	been	tested	by	Golder	Associates,	a	typical	slope	to	the	CSL	is	credibly	in	
the	range	of	about	0.15	<	λ10	<	0.25.	There	are	no	direct	data	on	the	critical	friction	ratio	or	
angle,	and	Mtc	≈	1.25	is	adopted	for	the	lack	of	other	evidences.

The	CPT	coefficients,	at	an	average	depth	of	6	m	below	ground	surface,	are	estimated	
to	be	about	7	<	k	<	13	and	m	≈	3	(calculated	using	H	=	25–50,	Ir	=	250,	choices	influenced	by	
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Figure F.15  Double-tube cone penetration test at Mochikoshi Tailings Dams. (From Ishihara, K. et al., Soils 
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Appendix F: Some case histories involving liquefaction flow failure  595

the	calibration	of	NorSand	 to	slimes	reported	by	Shuttle	and	Cunning,	2007).	Adopting	
Ko	=	0.7,	the	estimated	characteristic	in-situ	state	range	is	about	+0.13	<	ψk	<	+0.25.	This	is	
extremely	loose	and	at	the	looser	end	of	experience	with	other	tailings	impoundments.

f.8  1982/3: nerlerk (CanaDa)

This	 case	 history	 was	 described	 in	 outline	 in	 Chapter	 1	 and	 is	 revisited	 here	 to	 provide	
additional	data	before	developing	estimates	of	in-situ	state	and	field-scale	strengths	in	large	
displacement	slides.

The	case	histories	reviewed	so	far	are	found	in	the	literature,	and	there	is	seemingly	always	
a	shortage	of	information	on	measured	soil	properties	for	a	proper	back-analysis.	Nerlerk	
is	the	first	case	history	in	which	we	were	involved,	which	provided	us	with	the	opportunity	
to	ensure	that	various	bases	for	a	full	back-analysis	were	covered.	Although	Nerlerk	was	
constructed	by	CanMar	under	the	direction	of	engineers	from	Dome	Petroleum	and	their	
retained	consultant	EBA	Ltd,	its	failure	was	of	such	significance	to	the	Canadian	offshore	
oil	industry	at	the	time	that	Golder	Associates	were	retained	for	aspects	of	the	subsequent	
investigation	of	what	had	gone	wrong.	This	involvement	included	testing	the	various	Nerlerk	
sands	for	their	critical	state	properties,	testing	the	underlying	soft	clay	that	triggered	the	fail-
ure,	and	evaluation	of	the	CPT	data.	These	triaxial	tests	and	CPT	files	can	be	downloaded	
from	the	website.	Our	testing	was	done	in	the	context	of	the	back-analysis	of	failures.	EBA	
had	 also	 carried	out	 some	 laboratory	 tests	 previously,	 and	 these	data	were	published	by	
Sladen	et al.	(1985a).	About	the	only	thing	missing	from	this	case	history	is	direct	calibration	
chamber	tests	on	the	Nerlerk	sands,	but	there	are	calibrations	for	the	similar	Erksak	sand.

Nerlerk	 B-67	 was	 a	 sand	 berm	 for	 a	 bottom-founded	 mobile	 drilling	 unit,	 Dome	
Petroleum’s	SSDC.	The	project	location	was	towards	the	outer	edge	of	the	Beaufort	shelf	
in	a	water	depth	of	about	45	m,	the	depth	slightly	increasing	in	every	direction	away	from	
the	chosen	berm	location	at	about	an	average	seabed	slope	of	2%.	The	target	founding	level	
for	the	drilling	unit	was	9	m	below	mean	sea	level,	giving	a	berm	height	of	nominally	36	m.	
The	berm	was	nominally	200	m	long	by	100	m	wide	in	plan	at	the	crest	elevation	and	with	
the	long	axis	aligned	about	20	degrees	off	an	east–west	direction.	The	designed	slopes	of	the	
berm	were	a	nominal	1V:5H,	which	is	actually	quite	steep	for	totally	hydraulically	placed	
soils	and	to	this	height.	Foundation	conditions	consisted	of	a	1–2	m	thick	veneer	of	soft	
Holocene	clay	underlain	by	dense	sand.	Nerlerk	was	constructed	only	during	the	summer	
open	water	season	(approximately	July	to	October),	and	Nerlerk	was	so	large	that	two	open	
water	seasons	were	needed.

Berm	construction	started	in	1982,	using	dredged	sand	fill	from	the	distant	Ukalerk	bor-
row	source	brought	 to	site	 in	hopper	dredges	and	bottom	dumped	 in	 the	central	area	of	
the	berm.	This	was	the	usual	method	of	berm	construction	that	had	provided	stable	berms	
elsewhere.	However,	soft	soils	had	been	removed	at	other	berm	locations	but	were	left	in	
place	at	Nerlerk	–	apparently,	the	hope	at	Nerlerk	was	that	bottom	dumping	would	produce	
a	mud	wave	and	displace	the	soft	soils	out	of	the	foundation.	This	did	not	happen,	and	layer	
of	soft	clay	1–2	m	thick	is	apparent	on	CPT	soundings	that	extend	through	the	berm	into	
the	foundation	(see	Figure	1.6).	Because	of	the	large	fill	volumes	required	for	an	island	of	
this	height,	the	local	seabed	sand	was	also	exploited	by	dredging	and	placing	of	so-called	
Nerlerk	sand	through	a	pipeline.

A	typical	cross	section	through	the	Nerlerk	berm	at	the	time	of	the	first	failure	in	1983	
is	shown	in	Figure	F.16	(Been	et al.,	1987a).	Figure	F.17	shows	a	plan	sketch	of	the	fail-
ures	reported	by	Sladen	et al.	(1985a),	but	some	caution	is	needed	here.	Nerlerk	berm	was	
entirely	underwater	and	was	never	seen	by	human	eye.	Knowledge	of	its	morphology	comes	
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from	precision	echo	soundings	from	a	moving	survey	vessel	that	traversed	the	berm	site	in	
a	series	of	parallel	tracks.	The	location	of	the	survey	vessel	used	shore-based	radio	beacons	
(the	Syledis	system)	with	a	precision	of	about	±5	m.	These	time-based	position	and	depth	
records	were	then	post-processed	into	contour	drawings.	Figure	F.18	shows	a	fragment	of	a	
survey	with	the	nominal	contours	of	the	designed	berm	superimposed.	Both	the	somewhat	
wide	spacing	of	the	individual	survey	points	and	the	manner	in	which	the	contours	have	
been	drawn	are	apparent.	The	morphology	of	the	slides	shown	in	Figure	F.17	necessarily	
involves	some	artistic	license.	That	is	a	fact	of	life	when	dealing	with	underwater	slides,	but	
it	also	means	that	considerable	caution	is	needed	about	the	actual	slopes	and	the	extent	of	
the	slides.	Further,	the	precision	surveying	did	not	extend	much	beyond	the	nominal	berm	
toe,	and	in	the	case	of	Slide	3,	it	did	not	even	go	that	far.

Given	 these	 limitation	 of	 the	 survey	 data,	 the	 best	 assessment	 is	 that	 the	 post-failure	
slopes	of	the	Nerlerk	slides	were	predominantly	about	1V:16H	on	average	and	quite	steep	
in	the	back-scarp	zone	(about	1V:7H).	These	slopes	are	markedly	steeper	than	quoted	by	
Sladen	et al.	(1985a),	the	survey	data	simply	not	supporting	their	quoted	very	flat	final	slopes	
(Been	et al.,	1987a).

As	far	as	can	be	ascertained	from	the	survey	data,	all	slides	appear	to	have	involved	mainly	
the	local	Nerlerk	sand	placed	through	a	pipeline.	The	denser	bottom-dumped	Ukalerk	sand	
in	the	centre	of	the	berm	was	largely	unaffected.

Typical	 grain	 size	 distributions	 of	 Nerlerk	 and	 Ukalerk	 sand	 are	 given	 in	 Figure	 1.5.	
As	 was	 usual	 in	 Arctic	 island	 construction,	 considerable	 effort	 was	 put	 into	 monitoring	

Figure F.18  Example  of  bathymetric  survey  data  at  Nerlerk  showing  interpolation  of  berm  contours. 
(The rectangular area outlined  in the centre  is the berm top for the SSDC and is nominally 
100 m × 200 m.)
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the	silt	content	of	the	fills	with	the	dredge	masters	doing	their	best	to	minimize	these	silt	
contents.	In	the	case	of	the	local	Nerlerk	sand	placed	in	the	berm,	the	median	grain	size	
generally	lay	between	0.260	and	0.290 mm.	The	silt	content	was	less	than	2%	in	most	cases,	
but	did	range	up	to	as	much	as	5%	in	a	few	samples.	Part	of	the	higher	fines	content	was	
caused	by	small	clay	balls	caught	up	in	the	bulk	fills,	and	the	quantity	of	fines	distributed	
through	the	sand	fill	was	much	less.	Some	of	the	1983	Nerlerk	fill	was	retrieved	from	the	
berm	in	1988,	and	it	was	this	material	that	was	tested	by	Golder	Associates.	The	gradation	
was	D50	=	270	μm	and	1.9%	fines	as	tested	in	our	laboratory	and	is	referred	to	as	the	Nerlerk	
270/1	sand.	We	also	prepared	a	much	higher	fines	content	sample	by	washing	out	the	fines	
from	the	bulk	field	sample	and	then	blending	it	back	into	a	small	subsample	for	triaxial	tests.	
This	sample	had	the	same	sand	matrix	but	measured	at	12%	fines	content	and	is	referred	to	
as	the	Nerlerk	270/12	sand.

X-ray	diffraction	was	carried	out	to	check	mineralogy.	This	showed	that	the	Nerlerk	sand	
was	84%	quartz	and	13%	feldspar	plagioclase.	The	silt-sized	and	finer	particles	were	mainly	
quartz	as	well,	but	with	traces	of	illite	and	kaolinite.	The	specific	gravity	of	the	270/1	sand	
was	measured	as	2.66.

In	the	case	of	the	270/1	sand,	triaxial	testing	comprised	seven	undrained	tests	on	loose	
samples	to	define	critical	state	properties	and	a	further	six	drained	tests	on	denser	samples	
to	determine	 the	dilation	potential	 of	 the	 sand.	 In	 the	 case	of	 the	270/12	Nerlerk	 sand,	
our	testing	was	limited	to	four	dense	drained	samples	as	the	CSL	was	determined	earlier	
by	EBA.	Figure	F.19	shows	the	results	of	our	critical	state	testing	of	the	270/1	sand,	with	
Table	F.2	comparing	our	results	with	those	determined	by	EBA	on	slightly	different	grada-
tions.	These	properties	are	not	that	different	from	the	much	tested	Erksak	sand,	which	came	
from	a	part	of	the	Beaufort	Shelf	not	that	far	away.

Eleven	CPTs	(D1–D11	inclusive)	were	carried	out	during	berm	construction,	most	being	
at	the	start	of	1983	operations.	Once	it	was	realized	that	the	berm	was	failing,	a	further	
15	CPTs	(D12–D26	inclusive)	were	carried	out	to	try	and	determine	what	was	going	on.	
Subsequently,	in	1988,	a	further	17	CPTs	were	carried	out	to	fully	characterize	the	Nerlerk	
sand	fills.	These	CPTs	can	be	downloaded,	and	a	statistical	summary	of	the	measured	pen-
etration	resistance	data	 is	 shown	 in	Figure	F.20.	The	statistical	processing	was	 to	divide	
the	depth	below	fill	surface	(which	varied)	into	1	m	zones,	and	within	each	zone,	100	‘bins’	
were	 allocated	 at	 0.25	MPa	 intervals.	 Each	CPT	was	 then	 scanned	 from	 top	 to	bottom	
with	 the	 individual	 qc	 values	 assigned	 to	 the	 appropriate	 bin.	 Subsequent	 adding	 up	 the	
numbers	gave	the	cumulative	probability	distribution	of	qc	for	1	m	intervals	of	depth,	which	
is	plotted	in	Figure	F.20.	Obviously,	this	method	of	data	processing	neglects	any	structure	
that	may	exist	with	loose	zones	parallel	to	the	slope.	However,	based	on	the	construction	
records	(regular	bathymetric	surveys	were	undertaken	during	fill	placement),	it	is	possible	
to	identify	which	CPTs	are	in	Nerlerk	sand	only,	which	in	mixed	Nerlerk	and	Ukalerk	sand	
and	which	in	Ukalerk	sand	only.	The	data	were	then	separated	to	produce	the	sand-specific	
distributions	that	are	also	shown	in	Figure	F.20.	In	round	numbers,	the	Nerlerk	sand,	placed	
by	 the	umbrella	nozzle,	has	about	half	 the	penetration	 resistance	of	 the	bottom-dumped	
Ukalerk	sand.	These	differences	 in	fill	 state	as	a	 result	of	different	methods	of	hydraulic	
placement	were	 repeatedly	produced	across	many	berms	and	 islands	even	with	 the	 same	
sand	(see	Jefferies	et al.,	1988a).	The	issue	is	not	the	Nerlerk	sand	properties,	but	rather	its	
looser	initial	state.

If	the	in-situ	characteristic	penetration	resistance	is	assessed	as	lying	between	the	80th	
and	90th	percentile	intervals,	as	discussed	in	Chapter	5,	then	there	is	clearly	a	very	nearly	
linear	trend	in	this	characteristic	penetration	resistance	with	depth,	which	gives	44	<	Qk	<	52	
for	the	local	Nerlerk	sand	fill.
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The	period	of	intense	interest	in	Nerlerk	was	shortly	after	the	CPT	chamber	test	database	
had	been	transformed	into	a	state	parameter	framework,	and	these	Qk	trends	were	used	to	
assess	the	characteristic	state.	A	value	ψk	≈	−0.03	was	obtained	(Been	et al.,	1987a).	Today,	
much	more	is	appreciated	about	the	CPT	in	sand	(discussed	in	Chapter	4),	in	particular	the	
effect	of	elastic	shear	rigidity	on	the	coefficients	k,	m	that	relate	Q	to	ψ.	And	the	very	similar	
Erksak	sand	was	subsequently	tested	in	the	cone	calibration	chamber.	However,	none	of	this	
subsequent	work	leads	to	much	change	in	the	estimated	characteristic	in-situ	state.	The	cred-
ible	range	is,	if	anything,	a	little	denser	than	was	first	thought:	−0.05<	ψk	<	−0.03.

Turning	to	the	mobilized	residual	strength	during	the	failure,	there	is	a	question	about	the	
role	of	the	underlying	soft	clay	that	was	left	in	place.	For	any	chosen	and	credible	sand	state,	
limit	equilibrium	calculations	give	a	 lower	factor	of	safety	through	the	clay	and	sand	fill	
rather	than	through	the	sand	alone.	However,	if	it	is	accepted,	as	a	working	hypothesis,	that	
the	role	of	the	clay	was	basal	straining	that	triggered	the	failure	through	a	decreasing	mean	

Table F.2  Summary of index and critical state properties for Nerlerk sands

Property 270/1 280/2 280/12

D50 (mm) 0.270 0.280 0.280
% Passing #200 sieve 1.9 2 12
D60/D10 1.7 2.0 –
emin 0.536 0.62 0.430
Γ 0.849 0.88 0.80
λ10 0.049 0.04 0.07
Mtc 1.28 1.20 1.25
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effective	stress	path	in	the	overlying	sand	fill,	then	an	infinite	slope	analysis	gives	a	strength	
range	 of	0 09 0 15. .< ′ <sr vo/σ .	 This	 strength	 range	 can	 be	 compared	 with	 the	 estimate	 of	
sr vo/ ′ ≈σ 0 11. 	by	Stark	and	Mesri	(1992).

Nerlerk	continues	to	be	studied,	and	one	of	the	most	important	findings	of	the	statistical	
analyses	carried	out	20 years	later	is	that	the	looser	zones	in	the	Nerlerk	fill	were	preferen-
tially	orientated	parallel	to	the	slope	(Hicks	and	Onisiphorou,	2005).	This	type	of	macro-
scale	fabric	is	missed	in	the	statistical	processing	we	used	and	would	bias	the	assessment	of	
characteristic	state	to	less	dilatant	values	than	quoted	here.

f.9  1985: la Marquesa (ChIle)

Details	of	this	case	history	are	from	De	Alba	et al.	(1988).	La	Marquesa	is	a	water	retention	
dam,	located	about	60 km	west	of	Santiago,	that	is	some	10	m	high	by	220	m	crest	length.	
The	dam	was	rebuilt	in	1943	over	an	earlier	dam	that	had	been	washed	away	in	1928.	The	
dam	was	raised	by	1.5	m	in	1965.	The	estimated	cross	section	through	the	dam	is	shown	in	
Figure	F.21.	It	is	a	central	core	earth	fill	dam,	but	without	any	discrete	drains	or	filters	(not	
unusual	given	the	date	of	construction).	Foundation	treatment	prior	to	fill	placement	was	
likely	limited	to	removal	of	topsoil	and	organics.

The	dam	suffered	extensive	damage	during	 the	M	=	7.8	 central	Chilean	earthquake	on	
3	March	1985,	which	caused	peak	ground	accelerations	at	the	dam	site	of	about	0.6	g	(a	very	
severe	motion).	Both	slopes	moved	substantially,	horizontal	displacements	were	about	6.5	
m	 at	 the	 toe	 of	 the	 downstream	 slope	 and	 11	 m	 at	 the	 toe	 of	 the	 upstream	 slope.	 The	
crest	dropped	2	m	over	the	middle	third	of	the	dam.	The	profile	through	the	failed	dam	is	
sketched	in	Figure	F.22.

The	dam	was	investigated	post-earthquake	in	two	stages.	Initially,	two	borings	(B-II	and	
B-III)	and	test	pits	at	the	cross-section	location	were	used	to	investigate	the	situation	with	a	
view	to	dam	reconstruction.	A	year	later,	in	1986,	a	further	four	borings	(B-1	to	B-4)	and	
a	test	pit	were	carried	out	to	extend	the	initial	findings.	The	dam	configuration	in	Figure	
F.21	is	based	on	the	results	of	these	investigations	together	with	information	from	the	1943	
construction	plans.	The	location	of	the	borings	on	a	plane	through	the	central	part	of	the	
failed	part	of	 the	dam	 is	 also	 indicated.	The	boring	used	a	 tricone	bit	 inside	a	100 mm	
ID	casing	and	with	water	as	the	drilling	fluid.	SPTs	were	carried	out	at	frequent	intervals	
using	an	energy-calibrated	hammer,	and	the	results	are	plotted	in	Figure	F.22	in	terms	of	
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Figure F.21  Reconstructed cross section through failed portion of La Marquesa Dam. (From De Alba, P.A. 
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the	stress-level	adjusted	value	 (N1)60.	Fines	contents	were	measured	on	each	SPT	sample,	
but	there	appears	to	have	been	no	measurement	of	soil	properties	such	as	compressibility	
or	critical	friction	angle.	No	CPTs	were	carried	out	either,	so	the	knowledge	of	the	dam’s	
condition	post-earthquake	is	constrained	to	these	few	SPTs.

De	Alba	et al.	identified	a	layer	of	silty	sand	in	the	borings	that	appeared	to	be	the	con-
tact	of	the	fill	with	the	foundation,	what	they	referred	to	as	1–2	m	thick	contact	silty	sand.	
The	movement	of	the	dam	shells	was	attributed	to	liquefaction	of	this	zone.	Upstream,	the	
contact	silty	sand	zone	was	estimated	to	have	had	an	average	pre-earthquake	penetration	
resistance	of	(N1)60	≈	4	at	a	typical	fines	content	of	about	30%.	Downstream,	the	contact	
silty	sand	zone	was	estimated	to	have	had	an	average	pre-earthquake	penetration	resistance	
of	(N1)60	≈	9	at	a	typical	fines	content	of	about	20%.

Although	there	were	only	six	borings	to	work	from	and	they	provided	only	about	six	SPT	
results	in	the	contact	silty	sand,	de	Alba	et al.	evaluated	the	spatial	distribution	in	assess-
ing	their	estimates	for	characteristic	resistance.	The	estimate	for	the	upstream	is	certainly	
in	accordance	with	boring	B-3,	but	given	the	usual	distribution	of	SPT	values,	it	would	be	
unlikely	for	a	single	test	to	give	an	80%	value	(actually	there	is	only	a	one	in	five	chance	
of	this	happening	by	definition).	Downstream,	boring	B-II	would	suggest	a	slightly	lower	
estimate	for	characteristic	resistance	than	(N1)60	≈	9	 (mainly	as	a	 function	of	80%	versus	
average).	There	are	really	insufficient	data	to	distinguish	different	characteristic	values	in	
the	upstream	and	downstream	slopes,	and	they	are	apparently	geologically	similar.	Treating	
both	 slopes	 as	 a	 single	 material,	 and	 using	 an	 SPT–CPT	 conversion	 factor	 of	 about	 3.5	
(Figure	4.3),	leads	to	a	characteristic	range	15	<	Qk	<	25.

The	critical	state	line	for	the	silty	sand	material	(fines	content	20%–30%)	is	estimated	to	
have	a	slope	0.08	<	λ10	<	0.13	and	Mtc	≈	1.25.	In	combination	with	Ko	=	0.7	and	CPT	inver-
sion	coefficients	k	≈	20–25	and	m	≈	4.5,	this	leads	to	a	best	estimate	of	characteristic	state	
parameter	−0.05	<	ψk	<	+0.05.

The	simplest	of	dynamic	analysis	 for	earthquake	response	of	 the	dam	quickly	 leads	to	
the	view	that	(unsurprisingly)	the	severe	ground	motions	liquefied	the	contact	silty	sand	by	
cyclic	loading.	De	Alba	et al.	concluded	that	the	contact	silty	sand	then	dropped	to	a	residual	
strength	so	allowing	the	large	(relative	to	the	dam	height)	movement	of	the	shells.	Given	this	
block	sliding	mechanism,	a	wedge	analysis	 is	natural	 for	back-analysis,	and	this	was	the	
method	adopted	by	de	Alba	et al.	Strengths	at	the	onset	of	sliding	and	at	the	end	of	sliding	
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were	estimated,	and	while	de	Alba	et al.	refer	to	these	as	upper	and	lower	bound	estimates,	
they	are	in	fact	different	with	the	former	being	su	and	the	latter	a	somewhat	conservative	
estimate	of	sr.	The	values	computed	are	summarized	in	Table	F.3.

The	wedge	analysis	offered	by	de	Alba	et al.	is	a	little	simplistic	and	with	seemingly	no	
effort	to	locate	the	lowest	energy	mode	of	failure.	As	an	alternative,	consider	the	following.	
Post-failure	 slopes	are	about	1V:3.8H	downstream	and	1V:6H	upstream,	with	 respective	
heights	of	4.5	and	3.5	m.	In	the	case	of	the	downstream	slope,	Taylor’s	stability	chart	gives	
sr/γsH	≈	0.12	(for	the	depth	factor	D	=	1.5),	and	using	a	unit	weight	of	19	kN/m3	for	the	fill,	
a	strength	of	sr	≈	10	kPa	is	obtained.	For	the	upstream	slope,	Taylor’s	stability	chart	gives	
sr/γsH	≈	0.1	 (also	 for	D	=	1.5).	 However,	 half	 the	 slope	was	below	 the	 retained	pool	 so	 a	
reduced	unit	weight	is	required	in	the	strength	estimate.	Adopting	14	kN/m3	as	a	reasonable	
average	gives	a	mobilized	strength	of	sr	≈	5	kPa.	These	values	are	in	reasonable	agreement	
with	the	analysis	reported	by	De	Alba	et al.	(Table	F.3).

If	the	contact	silty	sand	was	truly	the	controlling	zone	for	the	observed	displacement	pat-
tern,	then	the	average	initial	vertical	effective	stress	in	the	middle	of	this	layer	is	straight-
forward	to	calculate.	Assuming	that	the	water	table	in	the	downstream	shell	is	marginally	
above	the	ground	downstream	of	the	dam,	an	average	stress	is	 ′ ≈σvo 85 kPa.	Upstream	the	
initial	 effective	 stress	was	 less	because	of	 the	 retained	 reservoir,	 giving	an	average	 stress	
′ ≈σvo 50 kPa.	 The	 overall	 range	 in	 mobilized	 post-liquefaction	 strength	 ratio	 is	 therefore	

about	0 08 0 15. .< ′ <sr vo/σ .

f.10  1985: la palMa (ChIle)

Details	of	this	case	history	are	also	from	De	Alba	et al.	(1988),	this	being	the	second	of	two	
case	histories	reported	in	some	detail	by	them.	La	Palma	de	Quilpue	is	a	water	retention	dam,	
located	about	50 km	northwest	of	Santiago,	that	is	some	10	m	high	by	220	m	crest	length.	
The	dam	was	built	before	1935,	and	a	cross	section	through	the	dam	is	shown	in	Figure	
F.23.	It	is	a	central	core	earth	fill	dam,	but	without	any	discrete	drains	or	filters.	Foundation	
treatment	prior	to	fill	placement	was	likely	limited	to	topsoil	and	organic	removal.

The	dam	suffered	extensive	damage	during	 the	M	=	7.8	central	Chilean	earthquake	on	
March	3,	1985,	which	caused	peak	ground	accelerations	at	the	dam	site	of	about	0.46	g.	The	
upstream	toe	moved	out	about	5	m	over	about	the	middle	third	of	the	dam,	with	the	failed	
embankment	zone	breaking	into	blocks	with	longitudinal	cracks.

Five	borings	were	put	down	through	the	dam	in	1986,	largely	in	the	plane	of	the	maxi-
mum	height	section	of	 the	dam.	The	 location	of	 four	borings	 is	 indicated	 in	Figure	F.23.	
The	fifth	boring	(B-5)	was	a	duplicate	of	B-2	but	located	35	m	towards	the	right	abutment	
from	the	principal	investigation	plane	in	an	area	that	did	not	fail.	The	borings	used	a	tricone	
bit	inside	a	100 mm	ID	casing	and	with	water	as	the	drilling	fluid.	SPTs	were	carried	out	at	
frequent	intervals	using	an	energy-calibrated	hammer,	and	the	results	are	plotted	in	Figure	
F.24	in	terms	of	the	stress-level	adjusted	value	(N1)60.	Fines	contents	were	measured	on	each	

Table F.3  Summary of shear strengths from back-analysis of La Marquesa Dam by De Alba et al. (1988)

Slope Mode su sr

Upstream Prefailure configuration with earthquake inertial forces 14–16 kPa
Postslump configuration, no inertial forces ≈4 kPa

Downstream Prefailure configuration with earthquake inertial forces ≈28 kPa
Postslump configuration, no inertial force ≈13 kPa
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SPT	sample,	but	there	appears	to	have	been	no	measurement	of	basic	soil	properties	such	as	
compressibility	or	critical	friction	angle.	No	CPTs	were	carried	out	either,	so	the	knowledge	
of	the	dam’s	condition	post-earthquake	is	constrained	to	these	few	SPTs.

De	Alba	et al.	concluded	that	the	dam	failed	on	the	inferred	loose	silty	sand	layer	at	the	
base	of	the	embankment	(i.e.	at	the	assumed	original	ground	surface)	for	which	they	quote	
a	characteristic	penetration	resistance	of	(N1)60	=	3	at	a	characteristic	fines	content	of	15%.	
While	this	is	an	interesting	hypothesis,	much	of	the	foundation	does	not	have	substantially	
greater	penetration	resistance	than	this	supposedly	liquefying	loose	layer,	and	deeper	fail-
ure	mechanisms	are	equally	plausible.	Also,	no	corrections	were	considered	for	penetration	
resistance	increase	as	the	cyclically	induced	excess	pore	pressures	dissipated	(i.e.	resistance	
in	1985	might	reasonably	be	somewhat	less	than	in	1986).	The	characteristic	value	is	based	
on	essentially	just	two	SPT	values.

Mobilized	strengths	were	calculated	for	the	supposed	liquefied	zone	by	De	Alba	et al.,	giv-
ing	a	range	6	kPa	<	sr	<	14	kPa.	The	upper	end	of	the	range	includes	inertial	forces	assuming	
that	failure	arose	during	the	earthquake,	while	the	lower	end	is	based	on	the	final	configura-
tion	with	no	inertial	forces.
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The	post-failure	slope	from	back-scarp	to	toe	is	about	1V:3.5H,	which	is	actually	quite	
steep.	Based	on	the	measured	SPTs,	some	allowance	needs	to	be	considered	for	a	depth	fac-
tor	in	applying	Taylor’s	stability	charts,	but	this	probably	should	not	be	more	than	about	
1.3.	Accordingly,	for	the	post-failure	geometry	and	neglecting	inertial	forces,	Taylor’s	charts	
give	0.10	<	sr/γsH	<	0.12.	Noting	that	the	reservoir	pool	during	the	earthquake	was	at	about	
half	the	height	of	the	sliding	mass,	an	average	unit	weight	of	about	14	kN/m3	would	com-
pensate	for	the	balancing	force	of	the	water	on	the	slope.	Thus,	a	credible	strength	range	is	
10	kPa	<	sr	<	12	kPa.	The	bounding	estimates	by	De	Alba	et al.	seem	too	conservative.

The	average	initial	vertical	effective	stress	in	the	middle	of	the	liquefying	silty	sand	layer	
is	 straightforward	 to	 calculate	 and	 is	 about	 an	 average	 stress	 ′ ≈σvo 80 kPa	 for	 the	docu-
mented	retained	pool	at	the	time	of	the	earthquake.	This	leads	to	a	credible	mobilized	post-
liquefaction	strength	ratio	0 12 0 15. .< ′ <sr vo/σ .

There	is	now	the	thorny	issue	of	trying	to	make	sense	of	the	measured	SPTs.	If	the	usual	
SPT–CPT	 conversion	 factors	 are	 applied,	 something	 in	 the	 range	 of	 12	<	Qk	<	15	 might	
be	inferred.	A	constraint	here	is	the	lack	of	detailed	gradation	information	for	each	SPT,	
although	this	is	not	really	any	worse	than	issues	raised	from	estimating	characteristic	values	
from	just	two	blowcounts.	To	prevent	overconfidence	given	to	little	data,	the	adopted	char-
acteristic	range	is	9	<	Qk	<	15.	The	critical	state	line	for	the	loose	silty	sand	layer	is	estimated	
with	a	slope	0.06	<	λ10	<	0.12,	while	the	CPT	inversion	coefficients	are	k	=	15–25	and	m	≈	4.5.	
The	resultant	characteristic	state	parameter	is	+0.01	<	ψk	<	+0.08.

f.11  1991: sullIvan MIne taIlIngs slIDe (BrItIsh ColuMBIa)

This	case	history	was	described	by	Davies	et al.	(1998)	but	with	only	limited	data	being	pre-
sented.	We	have	kindly	been	given	access	by	Klohn	Crippen	to	their	files	and	are	particularly	
indebted	to	Howard	Plewes,	P.Eng.	for	this.	The	investigation	and	back-analysis	of	this	case	
history	were	carried	out	under	the	direction	of	Bill	Chin,	P.Eng.	What	follows	is	based	on	
their	work.	Finally,	the	CPT	data	were	archived	at	UBC,	and	we	appreciate	being	provided	
a	copy	of	this	archive	by	Dr.	John	Howie,	P.Eng.

The	Sullivan	Mine	is	 located	near	Kimberly	 in	southeastern	British	Columbia	and	was	
established	in	1905.	It	is	a	base	metal	mine	with	conventional	disposal	of	tailings	into	earth	
fill	retained	 impoundments,	with	the	tailings	 impoundment	developing	over	the	years	on	
an	ongoing	basis.	Little	appears	known	about	the	early	stages	of	the	tailings	impoundment,	
whether	its	design	or	construction.	However,	about	one	million	tons	of	iron	tailings	were	
released	in	1948	during	an	embankment	failure	(Robinson,	1977).	From	at	least	the	early	
1970s,	each	raise	of	the	impoundment	was	independently	engineered	and	inspected	by	expe-
rienced	consulting	engineers.	This	was	a	modern	tailings	management	approach,	and	there	
was	no	lack	of	care	by	the	Mine.	Nevertheless,	one	of	the	earth	fill	retaining	dykes	failed	
suddenly	on	August	23,	1991	during	routine	dyke	raising	at	a	height	of	21	m.	Failure	was	in	
the	downstream	direction,	but	there	was	no	environmental	impact	from	this	failure	because	
the	 tailings	 were	 contained	 by	 other	 structures	 and	 because	 of	 prompt	 and	 appropriate	
action	by	the	Mine.

Construction	of	the	failed	dyke	followed	usual	mine	practice	with	the	upstream	method	
in	which	an	exterior	bund	of	mechanically	placed	and	compacted	tailings	is	progressively	
stepped	upstream	onto	a	spigotted	tailings	beach.	The	failure	took	place	in	the	Active	Iron	
Pond,	which	is	formed	by	some	1500	m	of	containment	dykes	which	had	reached	a	maxi-
mum	height	of	21	m.	About	300	m	of	the	crest	suddenly	slumped	during	a	2.4	m	raise,	with	
the	movement	happening	quickly	during	the	placement	of	the	final	lift.	Figure	F.25	shows	
a	cross	section	through	the	failed	dyke	section,	together	with	a	photograph	illustrating	the	
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Figure F.25  Illustration  and  cross  section  through  failure  zone  of  Sullivan  Mine  tailings  dyke  slide.  (a) 
Photograph illustrating nature of failure, (b) comparison of pre- and post-failure geometry and 
(c) reconstructed section. (After Davies, M.P. et al., Static liquefaction slump of mine tailings – a 
case history, Proceedings 51st Canadian Geotechnical Conference, 1998, Vol. 1, pp. 123–131. With 
permission from Klohn Crippen Ltd.)
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nature	of	the	failure.	A	full	flowslide	did	not	develop,	although	the	toe	area	was	displaced	
as	much	as	45	m	downstream.	About	75,000	m3	of	tailings	were	involved,	with	post-slump	
slopes	in	the	range	of	1V:10H	to	1V:15H.	Numerous	sand	boils	were	observed	just	after	the	
failure	and	continued	for	several	hours,	and	these	together	with	the	speed	of	the	failure	lead	
to	the	conclusion	that	it	was	a	static	liquefaction	event.

The	mechanics	of	the	failure	was	investigated	by	taking	the	post	failure	survey,	and	then	
matching	known	points	(such	as	edges	of	roads,	crest	of	dyke	extensions)	to	their	pre-failure	
position,	using	geometric	and	volume	constraints.	Necessarily	the	process	involved	judge-
ment,	but	lead	to	the	failure	model	illustrated	in	Figure	F.25c.	It	appears	that	the	toe	area	
comprising	the	1979	dyke	and	part	of	the	1986	dyke	moved	first,	generally	horizontally.	The	
remaining	dyke	sections	then	failed	by	a	combination	of	rotations	and	sliding,	triggered	by	
the	loss	of	support	at	the	toe.

An	 interesting	 aspect	 of	 this	 particular	 failure	 is	 that	 engineers	 were	 aware	 of	 the	
importance	of	pore	pressure,	and	there	were	numerous	standpipe	piezometers	at	the	site,	
including	in	the	failed	area.	Recorded	piezometric	pressures	were	generally	within	a	few	
feet	of	ground	surface	and	were	above	ground	level	at	the	dyke	toe.	But	curiously,	some	
piezometers	had	begun	to	show	a	declining	trend	a	month	before	the	failure.	There	are	no	
readings	between	the	last	set	of	piezometric	observations	in	mid-July	and	the	failure	on	
August	21.

An	extensive	investigation	was	undertaken	after	the	slump.	This	included	42	CPTs	of	
which	12	were	in	the	vicinity	of	the	slumped	zone.	The	results	of	CPT91-29,	which	was	
through	the	failed	mass,	is	presented	in	Figure	F.26a.	This	CPT	shows	a	range	of	soils	and	
includes	 dense	 compacted	 sand	 which	 comprised	 the	 containment	 dykes.	 Interestingly,	
layers	of	very	 loose	 silts	 lie	between	10	m	depth	and	 the	underlying	dense	 till	 encoun-
tered	 at	 approximately	 12	 m	 depth.	 Figure	 F.26b	 compares	 the	 penetration	 resistance	
profiles	in	six	soundings	in	the	failed	mass,	three	along	the	centreline	of	the	1986	crest	
and	 three	 in	 the	 toe	area,	 the	 locations	of	 these	CPTs	relative	 to	 the	 failed	mass	being	
illustrated	in	Figure	F.25b.	The	loose	silts	identified	on	the	sounding	shown	in	detail	are	
pervasive	at	depth	and	dominate	the	soil	profile	in	the	toe	area.	In	terms	of	characteristic	
penetration	resistance,	similar	dimensionless	resistances	are	 found	for	 the	silts	whether	
they	are	beneath	the	failed	dykes	or	in	the	toe	area.	Bulk	unit	weights	for	the	compacted	
fill	and	the	iron	silt	tailings	were	estimated	at	22.4	and	24.0	kN/m3	respectively,	and	using	
these	with	the	measured	hydrostatic	pore	pressures	at	the	time	of	the	CPT	soundings	gives	
a	characteristic	normalized	penetration	resistance	in	the	range	10	<	Qk	<14	for	the	iron	silt	
tailings.

The	iron	tailings	involved	in	the	failure	were	sandy	silts,	with	50%	or	more	passing	the	
#200	sieve.	They	were	non-plastic.	The	specific	gravity	for	the	iron	tailings	was	about	4.2,	
while	that	of	the	silica	tailings	used	for	dyke	construction	was	about	3.3.

There	was	no	determination	of	 the	CSL	 from	 laboratory	 tests,	but	a	 credible	 range	 is	
about	0.1	<	λ10	<	0.2.	Similarly,	 there	are	no	direct	data	on	the	critical	 friction	ratio,	and	
Mtc	≈	1.25	is	adopted	for	lack	of	other	evidence	(Mtc	should	always	be	measured	with	tail-
ings,	as	noted	earlier).	The	inversion	parameters	are	estimated	as	k	≈	18	and	m	≈	4.5.	The	
CPT	data	have	been	processed	using	these	values	to	infer	ψ.	The	results	are	shown	in	Figure	
F.27.	Much	of	the	profile	is	actually	reasonably	dense	and	dilatant,	presumed	to	be	the	orig-
inal	containment	dykes	rather	than	the	tailings.	The	siltier	soils	at	the	base	are	loose	and	
average	about	ψk	≈	+0.05,	with	ψk	≈	+0.10	as	the	most	contractive	limit.	The	fluctuations	in	
the	estimated	ψ	are	caused	by	the	fluctuating	excess	pore	pressure	rather	than	fluctuations	
in	tip	resistance.

A	difficulty	with	estimating	the	state	parameter	from	the	CPT	soundings	at	the	Sullivan	
failure	 is	 that	 these	 CPTs	 were	 not	 drained	 in	 the	 loose	 silts	 that	 were	 the	 triggering	
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soils	for	the	failure,	as	can	be	seen	from	the	inspection	of	Figure	F.26a.	Measured	excess	
pore	pressure	during	cone	 sounding	fluctuated	 substantially,	and	 the	magnitude	of	 these	
excess	pore	pressures	gives	Bq	>	0.6	for	much	of	the	silt.	Such	high	Bq	values	confirm	the	
presence	of	a	loose	soil	(recall	that	soft	clays	may	have	markedly	lower	Bq	than	this).

Back-analysis	of	the	failure	was	extensive	and	primarily	used	the	CLARA	program.	This	
program	allows	non-circular	failure	surfaces,	essential	when	there	is	a	weak	layer	or	zone	
which	may	be	the	controlling	feature	for	stability.	Plane	strain	was	assumed,	as	with	other	
case	histories	discussed	in	this	appendix.	The	back-analysis	was	carried	out	for	the	inferred	
failure	sequence,	 that	 is,	a	toe	failure	followed	by	retrogressive	sliding.	The	failure	plane	
was	 chosen	 to	 resemble	 the	 field	 conditions,	 with	 iteration	 about	 the	 estimated	 location	
to	minimize	the	estimated	residual	strength.	Interestingly,	the	same	strength	of	sr	≈	10	kPa	
(200	psf)	was	computed	for	both	the	initial	toe	slip	mechanism	and	the	subsequent	retro-
gressive	rotational	sliding.

For	 the	 failure	 surfaces	 analysed,	 a	 reasonable	 average	 initial	 stress	 state	 is	 about	
′ ≈σvo 80 kPa	 for	 the	 initial	 toe	 failure	and	about	 ′ ≈σvo 140 kPa	 for	 the	 later	 retrogressive	

failure.	The	credible	mobilized	post-liquefaction	strength	ratio	is	0 07 0 13. .< ′ <sr vo/σ .
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f.12  1994: JaMuna (BangaBanDhu) BrIDge (BanglaDesh)

This	case	history	is	taken	from	Yoshimine	et al.	(1999,	2001).	In	addition,	Prof.	Yoshimine	
kindly	provided	digital	CPT	and	laboratory	data	from	his	files,	which	are	also	used	here.

The	Jamuna	Bridge	is	approximately	110 km	northwest	of	Dhaka.	At	4.8 km	long,	it	
is	the	longest	bridge	in	South	Asia	and	crosses	the	Jamuna,	the	fifth	largest	river	in	the	
world.	 The	 bridge	 was	 built	 over	 almost	 4  years	 between	 1994	 and	 1998	 at	 a	 cost	 of	
$900	million.

The	Jamuna	is	a	shifting	braided	river,	consisting	of	numerous	channels	whose	width	and	
course	change	significantly	with	the	seasons.	Training	the	river	to	ensure	it	would	continue	
to	flow	under	the	bridge	corridor	was	one	of	the	most	difficult	technical	challenges	of	the	
project	and	the	most	costly	of	its	components.	The	river	training	works	comprise	two	guide	
bunds,	one	on	each	side	of	the	river,	to	lead	the	river	through	the	bridge	corridor.	More	than	
30	submarine	flowslides	occurred	along	the	West	Guide	Bund.

The	Guide	Bund	slopes	were	in	very	young	sediments	deposited	by	the	Jamuna,	primarily	
micaeous	fine	sands	with	a	mean	grain	size	of	about	100–200 µm	and	a	silt-sized	fraction	
of	2–10%.	These	were	normally	consolidated	sands.	The	flowslides	developed	on	relatively	
gentle	slopes,	between	about	1V:5H	and	1V:3.5H,	and	came	to	rest	on	flatter	slopes	at	about	
1V:10H.	An	example	of	a	flowslide	geometry	from	Yoshimine	et al.	(1999)	is	given	in	Figure	
F.28.	Interestingly,	the	slide	extends	above	the	river	level,	presumably	with	a	regressive	like	
mechanism	as	a	noticeable	scarp	is	evident	at	the	river	 level.	A	plan	view	of	the	dredged	
area,	which	was	about	300	m	wide	by	3	km	long,	 is	shown	in	Figure	F.29	and	with	the	
various	slides	being	indicated	by	arrows	(from	Yoshimine	et al.,	2001).	Slides	seem	to	be	
randomly	distributed	with	the	whole	area	being	viewed	as	having	much	the	same	potential	
for	flowslides.

Twenty-two	CPTs	were	carried	out	along	the	shoulder	of	the	slope,	as	shown	on	the	West	
Bund	plan.	These	CPTs	supported	the	view	that	the	area	was	geologically	similar	with	the	
statistical	measures	of	mean	and	standard	deviations	for	the	qc	versus	depth	profiles	being	
essentially	identical	between	south	and	north	areas	of	the	site.	A	summary	of	the	CPT	data	
is	given	in	Figure	F.30,	for	both	mean	and	mean	minus	one	standard	deviation	(approxi-
mately	83	percentile	exceedance)	values	of	penetration	resistance	(which	is	taken	as	char-
acteristic).	A	straight	line	can	be	fitted	to	the	mean	qc	profile,	but	this	straight	line	does	not	
go	through	the	origin	of	the	plot.	Much	of	the	offset	appears	attributable	to	the	river	level	
which	is	at	+7.9	m,	or	roughly	7	m	below	the	top	of	the	bund.	If	attention	focuses	on	the	
underwater	sands,	and	further	looks	at	the	characteristic	dimensionless	resistance,	then	the	
entire	below	water	sands	could	be	viewed	as	uniform	with	a	narrow	range	of	14	<	Qk	<	16.	
Interestingly,	the	friction	ratio	for	these	below	river	sands	is	somewhat	high	for	relatively	
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Figure F.28  Example of flowslide geometry at Jamuna. (From Yoshimine, M. et al., Can. Geotech. J., 36(5), 891, 
1999. With permission NRC of Canada.)
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clean	sands	and	is	F	≈	0.8%	on	average	(Yoshimine	et al.,	1999),	and	when	plotted	using	
the	soil	type	index	Ic,	these	sands	classify	on	the	boundary	between	‘sand	to	silty	sand’	and	
‘silty	sand	to	sandy	silt’.

Hight,	 in	his	unpublished	Rankine	Lecture,	 referred	 to	 triaxial	 tests	 that	were	carried	
out	on	Jamuna	sand,	but	we	have	been	unable	to	obtain	records	of	these	tests.	None	of	the	
test	data	appears	in	the	public	domain.	This	is	an	unfortunate	missing	element	to	this	case	
history,	 since	 clearly	 the	 Jamuna	 sands	were	unusual	 –	 the	well-constrained	Qk	 value	at	
Jamuna	is	only	about	one-third	of	that	encountered	at	Nerlerk.	The	most	likely	explanation	
is	that	the	mica	content	of	the	sand	strongly	affects	the	sand’s	overall	behaviour.	Accepting	
this	hypothesis	regarding	mica,	the	CSL	slope	is	estimated	as	follows.	The	Ic	value	gives	a	
measure	of	soil	type	mechanical	response,	and	at	Jamuna,	this	is	like	that	of	a	very	silty	sand	
rather	than	the	clean	sand	implied	by	the	grain	size	curves.	Based	on	the	data	discussed	in	
Chapter	2,	the	slope	of	the	CSL	can	hardly	be	less	than	λ10	=	0.09.	On	the	other	hand,	tests	
on	sands	with	mica	have	shown	CSL	slopes	as	great	as	λ10	=	0.2	at	usual	stress	levels	(Hird	
and	Hassona,	1986).	Therefore,	a	range	of	about	0.1	<	λ10	<	0.2	would	be	credible.	There	are	
no	direct	data	on	the	critical	friction	ratio	or	angle,	and	this	is	a	further	issue	as	mica	would	
be	expected	to	lead	to	relatively	low	values.	Mtc	≈	1.20	is	adopted	here	for	lack	of	other	evi-
dence,	but	it	might	be	even	less.

The	confining	stress	of	the	liquefying	soil	is	from	150 300kPa kPa< ′ <σvo 	for	the	zone	
of	soil	that	appears	to	have	participated	in	the	liquefaction	event.	For	this	stress	range,	the	
soil	rigidity	could	credibly	lie	in	the	range	300	<	Ir	<	600	if	the	mica	has	only	limited	effect	
on	 the	 small	 strain	 stiffness	 of	 the	 sand.	 However,	 mica	 will	 most	 certainly	 reduce	 the	
plastic	hardening	modulus,	and	a	first	estimate	would	be	to	assume	that	plastic	hardening	
reduces	proportionately	with	increase	in	λ.	Thus	something	like	50	<	H	<	100	would	seem	
reasonable.	This	gives	a	range	for	the	CPT	coefficients,	of	about	10	<	k	<	12	and	m	≈	3.5	from	
Equation	4.12.	Adopting	0.7	<	Ko	<	0.9	(this	was	not	a	hydraulic	fill,	but	is	natural	ground),	
the	estimated	characteristic	in-situ	state	range	is	presently	about	−0.04	<	ψk	<	+0.05.	This	is	a	
rather	large	range	for	ψ,	a	direct	consequence	of	the	lack	of	available	soil	properties	in	what	
is	clearly	an	unusual	soil.	It	would	serve	the	profession	well	if	the	triaxial	tests	on	Jamuna	
sand	were	made	public,	and	there	may	be	a	case	for	further	testing	as	this	is	such	an	unusual	
case	history.

Turning	 to	 the	 post-liquefaction	 strength,	 a	 difficulty	 with	 reported	 back-analyses	 of	
slopes	is	just	where	the	final	surface	is	drawn;	this	becomes	especially	difficult	when	dealing	
with	underwater	surveys	and	working	from	bathymetric	surveys	with	a	precision	of	usually	
no	better	 than	±0.5	m	 (on	a	good	day).	Nevertheless,	 taking	 the	 Jamuna	slide	geometry	
shown	earlier	at	face	value,	a	characteristic	initial	slope	would	be	1V:4H.	Plausibly,	it	might	
also	be	 argued	 that	 failure	was	 triggered	by	over-steepening	 to	1V:3.5H	at	 the	 toe.	The	
post-failure	slope	was	1V:10H.	These	slopes	correspond	to	angles	of	14.3°,	15.9°	and	5.7°,	
respectively.

The	Yoshimine	et al.	(1999)	paper	attracted	discussion	by	Sladen	(2001)	on	several	issues,	
one	of	which	was	the	equation	used	to	calculate	mobilized	strengths	in	an	underwater	slope.	
For	 the	 infinite	 slope	 idealization	of	 the	 failure,	 the	 failure	plane	 is	parallel	 to	 the	 slope	
surface.	 This	 configuration	 means	 that	 water	 has	 no	 stabilizing	 or	 destabilizing	 compo-
nent	on	the	failure	mechanism	since	water	pressure	acts	perpendicular	to	the	slope.	Since	
post-liquefaction	strength	is	idealized	as	undrained,	a	total	stress	infinite	slope	analysis	is	
adopted.	For	a	sliding	surface	at	a	depth	z	below	the	slope,

	 s zt= γ θ θcos sin 	 (F.2	bis)
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The	strength	obtained	by	Equation	F.2	is	normalized	by	the	initial	vertical	effective	stress	
on	the	failure	plane	which	is	(for	a	submerged	slope)

	 ′ = ′σ γvo z	 (F.3)

Substituting	(F.3)	in	(F.2)	immediately	gives

	
s

vo

t

′
=

′σ
γ
γ

θ θcos sin 	 (F.1	bis)

Equation	F.1	was	used	correctly	by	Yoshimine	et al.;	Sladen’s	error	was	not	recognizing	the	
fact	that	a	total	stress	cohesive	strength	was	being	normalized	by	an	initial	effective	stress,	
not	the	current	effective	stress	(and	for	which	the	excess	pore	water	pressures	are	unknown).

Putting	 the	 initial	 slope,	 angles	 discussed	 earlier	 (14.3°–15.9°)	 in	 (F.1)	 give	 the	 range	
0 50 0 52. .< ′ <su vo/σ .	 Similarly,	 the	 final	 post-liquefaction	 slope	 of	 5.7°	 in	 (F.1)	 gives	
sr vo/ ′ ≈σ 0 20. .	In	reality,	the	configuration	suggested	by	the	final	slope	shown	in	Figure	F.28	
suggests	a	degree	of	rotational	failure,	which	would	reduce	the	estimated	undrained	strength	
ratios	given	by	the	infinite	slope	idealization.	By	comparison	with	these	strength	estimates,	
Yoshimine	et al.	(2001)	obtain	a	post-liquefaction	strength	ratio	range	of	0 12 0 26. .< ′ <sr vo/σ ,	
entirely	attributable	to	using	some	post-failure	slope	angles	that	were	flatter	than	inferred	
from	the	cross	section	shown	in	Figure	F.28.

Allowing	for	the	wider	range	of	post-failure	angles,	but	which	were	nevertheless	flatter	
than	the	steepest	quoted	by	Yoshimine	et al.,	together	with	the	possible	effects	of	non-planar	
failure,	a	credible	post-liquefaction	strength	is	about	0 12 0 20. .< ′ <sr vo/σ .
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Appendix G: Seismic liquefaction 
case histories*

g.1  IntroDuCtIon

Professor	H.B.	Seed	largely	led	the	development	of	empirical	methods	for	seismic	liquefac-
tion	assessment	based	on	case	histories,	referred	to	in	Chapter	7	as	the	‘Berkeley	School’	
approach.	Since	his	death,	many	other	 researchers	and	practitioners	have	 continued	 the	
development	of	these	empirical	techniques,	and	the	consensus	method	based	on	the	NCEER	
workshops	in	1996	and	1998	published	in	Youd	et al.	(2001)	was	a	milestone	in	this	devel-
opment.	 Development	 has	 continued	 in	 a	 somewhat	 disordered	 fashion	 since	 and	 there	
tend	to	be	disagreements	between	different	 individuals	and	groups	of	researchers.	Some	
of	this	disagreement	arises	because	some	of	the	database	is	difficult	to	access	(so	people	
are	working	from	different	data	sets),	and	some	because	of	different	interpretations	of	the	
same	data.

In	Chapter	7,	we	presented	an	assessment	of	the	Class	A	(and	to	a	lesser	extent	Class	B)	
case	histories	in	terms	of	state	parameter.	The	data	source	for	this	assessment	is	the	PhD	the-
sis	of	Professor	Robb	Moss,	from	University	of	California	at	Berkeley	and	now	at	California	
Polytechnic	State	University.	Moss	delved	 into	 the	Berkeley	database	 in	great	detail,	and	
what	we	present	in	this	appendix	is	taken	directly	from	his	thesis,	with	his	permission	of	
course,	so	that	the	reader	can	see	exactly	what	has	been	done	and	repeat	the	calculations.	
We	present	only	the	Class	A	case	histories	here,	summarized	in	Table	G.1.	Class	A	is	the	
terminology	of	Moss,	indicating	sites	where	there	is	good	CPT	data	through	the	soil	layer	
of	interest,	no	requirement	for	a	thin	layer	correction,	and	ground	motion	stations	generally	
within	500	m	resulting	in	determination	of	cyclic	stress	ratio	(CSR)	to	a	coefficient	of	varia-
tion	(C.O.V.)	less	than	0.2.

The	28	Class	A	‘CPT’	case	history	sites	are	all	in	California	and	arise	from	just	four	earth-
quakes.	Ten	of	these	sites	are	‘no-liquefaction’	and	eighteen	are	‘liquefaction’	sites.	Each	sec-
tion	that	follows	provides	a	brief	background	to	each	earthquake	followed	by	information	
on	each	site	(from	Moss’	thesis),	such	as	the	nature	of	the	observed	liquefaction,	references	
and	applicable	data,	such	as	depth	of	critical	layer,	soil	type,	CPT	measurements	and	ground	
motions.	References	are	provided	within	each	section	of	this	appendix	for	ease	of	use	by	the	
reader.

We	have	added	a	set	of	 ‘Author’s	notes’	 that	attempt	to	capture	observations	 from	the	
CPT	traces	and	borehole	logs	that	may	cast	some	light	on	the	liquefaction	and	uncertainties	
around	these	case	histories.	We	asked	Professor	Moss	to	review	this	appendix,	but	the	addi-
tional	author’s	notes	reflect	the	views	of	the	author’s	alone,	not	Professor	Moss.

*	With	contribution	by	Professor	R.E.S.	Moss,	California	Polytechnic	State	University	at	San	Luis	Obispo.
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g.2  IMperIal valley event (1979)

Strike	slip	movement	on	the	Imperial	Valley	fault	occurred	on	15	October	1979	with	a	mag-
nitude	of	MS	=	6.6.	There	was	35 km	of	surface	rupture	along	the	fault	with	a	right	lateral	
offset	of	up	to	0.56	m.	Large	areas	experienced	liquefaction	and	lateral	spreading.

The	main	references	used	for	the	Imperial	Valley	sites	are	Bennett	et al.	(1984),	Bierschwale	
and	Stokoe	(1984)	and	Youd	and	Wieczorek	(1984).	However,	there	are	other	references	to	
supplement	this	information.

Numerous	strong	motion	recordings	of	the	main	shock	were	acquired.	Cetin	et al.	(2000)	
performed	a	detailed	site	response	analysis	for	each	site.	The	CPT	sites	are	adjacent	to	the	
Cetin	(2000)	standard	penetration	test	(SPT)	sites,	therefore	the	Cetin	(2000)	peak	ground	
acceleration	(PGA)	values	values	are	used.

Table G.1  Class A seismic (CPT) liquefaction case histories

No.a Earthquake Mw Site Liq (Y/N) 

30 1979 Imperial Valley 6.5 Radio Tower B1 Y
31 1979 Imperial Valley 6.5 McKim Ranch A Y
32 1979 Imperial Valley 6.5 Kornbloom B N
34 1979 Imperial Valley 6.5 Radio Tower B2 N
42 1981 Westmorland 5.9 Radio Tower B1 Y
44 1981 Westmorland 5.9 Radio Tower B2 N
71 1989 Loma Prieta 7 SFOBB-1 Y
72 1989 Loma Prieta 7 SFOBB-2 Y
78 1989 Loma Prieta 7 Marine Lab. C4 Y
80 1989 Loma Prieta 7 Sandholdt Rd. UC-4 Y
81 1989 Loma Prieta 7 Moss Landing State Beach 14 Y
87 1989 Loma Prieta 7 Farris Farm Site Y
88 1989 Loma Prieta 7 Miller Farm CMF8 Y
89 1989 Loma Prieta 7 Miller Farm CMF10 Y
90 1989 Loma Prieta 7 Miller Farm CMF5 Y
91 1989 Loma Prieta 7 Miller Farm CMF3 Y

110 1989 Loma Prieta 7 Alameda Bay Farm Is. N
111 1989 Loma Prieta 7 MBARI 3 RC-6 N
112 1989 Loma Prieta 7 MBARI 3 RC-7 N
113 1989 Loma Prieta 7 Sandholdt Rd. UC-2 N
114 1989 Loma Prieta 7 General Fish CPT-6 N
115 1989 Loma Prieta 7 MBARI 4 CPT-1 N
116 1989 Loma Prieta 7 Sandholdt Rd. UC-6 N
117 1989 Loma Prieta 7 Moss Landing State Beach 18 N
126 1994 Northridge 6.7 Balboa Blvd. Unit Y
128 1994 Northridge 6.7 Potrero Canyon Unit C1 Y
129 1994 Northridge 6.7 Wynne Ave. Unit C1 Y
130 1994 Northridge 6.7 Rory Lane Y

Source:  Moss, R.E.S., CPT-based probabilistic assessment of seismic soil liquefaction ini-
tiation, PhD thesis, University of California, Berkeley, CA, 2003.
a  Case history numbers correspond to Moss (2003) PhD thesis numbering.
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g.2.2  1979 Imperial valley, radio tower B1 (30)

References: Bennett et al. (1984) and Bierschwale and Stokoe (1984).
Nature of failure: Liquefaction.
Comments: Sand boils and water issued from the ground, resulting in 

ponding around the Radio Tower. Fissures developed 
around the pond and at the edge of the river flood plain.

Point bar sand deposits.
Vicinity of the Alamo and New Rivers.
Located in the Salton Basin, formed by tectonic rifting.
Correlated with site from Cetin et al. (2000) who 
performed site response analysis to estimate PGA.

Author’s notes: Large range in qc (C.O.V. = 0.5) giving ψk ≈ −0.08. Material 
classifies as silt, normalized friction ratio F = 0.96. 
Liquefaction likely occurred is looser material (Table G.2).

Table G.2 Summary data 1979 Imperial Valley, Radio Tower B1 site

Stress Strength 

Liquefied Y
Data class A Soil class ML
Critical layer (m) 3.0–5.5 D50 (mm) 0.05
Median depth (m) 4.25 % fines 75

St. dev 0.42 PI na
Depth to GWT (m) 2.01

St. dev 1.00
σv (kPa) 74.72 qc (MPa) 3.14

St. dev 8.20 St. dev 1.58
′σv (kPa) 52.75 fs (kPa) 30.28
St. dev 4.53 St. dev 10.09

amax (g) 0.18 Norm. exp 0.52
St. dev 0.02 Cq, Cf 1.39

rd 0.89 Cthin 1.00
St. dev 0.08 fs1 (kPa) 42.23

Mw 6.50 St. dev 14.07
St. dev 0.13 qc1 (MPa) 4.38

CSReq 0.16 St. dev 2.21
St. dev 0.03 Rf1 (%) 0.96

C.O.V.CSR 0.15 St. dev 0.58
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g.2.3  1979 Imperial valley, Mckim ranch a (31)

References: Bennett et al. (1984) and Bierschwale and 
Stokoe (1984).

Nature of failure: Liquefaction.
Comments: Many sand boils and fissures with 

associated sand boils along a zone of 
approx. 1.8 km.

Point bar sand deposits.
Vicinity of the Alamo and New Rivers.
Located in the Salton Basin, formed by 
tectonic rifting.

Correlated with site from Cetin et al. 
(2000) who performed site response 
analysis to estimate PGA.

Author’s notes: High CSR resulting in liquefaction despite 
estimated giving ψk ≈ −0.15 and high fines 
content (Table G.3).

Table G.3 Summary data 1979 Imperial Valley, McKim Ranch A

Stress Strength 

Liquefied Y
Data class A Soil class SM/ML
Critical layer (m) 1.5–4.0 D50 (mm) 0.11
Median depth (m) 2.75 % fines 31

St. dev 0.42 PI na
Depth to GWT (m) 1.5

St. dev 1.00
σv (kPa) 47.75 qc (MPa) 2.69

St. dev 8.12 St. dev 0.87
′σv (kPa) 35.49 fs (kPa) 30.56
St. dev 4.38 St. dev 4.35

amax (g) 0.51 Norm. exp 0.52
St. dev 0.05 Cq, Cf 1.71

rd 0.91 Cthin 1.00
St. dev 0.05 fs1 (kPa) 52.37

Mw 6.50 St. dev 7.46
St. dev 0.13 qc1 (MPa) 4.61

CSReq 0.44 St. dev 1.48
St. dev 0.07 Rf1 (%) 1.13

C.O.V.CSR 0.16 St. dev 0.40
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g.2.4  1979 Imperial valley, kornbloom B (32)

References: Bennett et al. (1984), Bierschwale and 
Stokoe (1984) and Youd and Wieczorek 
(1984).

Nature of failure: No liquefaction.
Comments: Point bar sand deposits.

Vicinity of the Alamo and New Rivers.
Located in the Salton Basin, formed by 
tectonic rifting.

Correlated with site from Cetin et al. (2000) 
who performed site response analysis to 
estimate PGA.

Author’s notes: Low CSR. Material is silt. Large range in qc 
(C.O.V. = 0.68) but ψk ≈ −0.11 (Table G.4).

Table G.4 Summary data 1979 Imperial Valley, Kornbloom B

Stress Strength 

Liquefied N
Data class A Soil class ML
Critical layer (m) 2.6–5.2 D50 (mm) 0.05
Median depth (m) 3.90 % fines 92

St. dev 0.43 PI na
Depth to GWT (m) 2.74

St. dev 1.00
σv (kPa) 65.88 qc (MPa) 2.80

St. dev 8.50 St. dev 1.90
′σv (kPa) 54.50 fs (kPa) 68.56
St. dev 4.58 St. dev 24.38

amax (g) 0.13 Norm. exp 0.44
St. dev 0.04 Cq, Cf 1.31

rd 0.91 Cthin 1.00
St. dev 0.07 fs1 (kPa) 89.54

Mw 6.50 St. dev 31.84
St. dev 0.13 qc1 (MPa) 3.65

CSReq 0.09 St. dev 2.48
St. dev 0.01 Rf1 (%) 2.45

C.O.V.CSR 0.11 St. dev 1.87
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g.2.5  1979 Imperial valley, radio tower B2 (34)

References: Bennett et al. (1984).
Nature of failure: No liquefaction.
Comments: No evidence of liquefaction near this boring.

Point bar sand deposits.
Vicinity of the Alamo and New Rivers.
Located in the Salton Basin, formed by 
tectonic rifting.

Correlated with site from Cetin et al. 
(2000) who performed site response 
analysis to estimate PGA.

Author’s notes: Modest CSR. Shallow layer and high fines 
content. Large range in qc (C.O.V. = 0.64) 
but 85th percentile ψk ≈ −0.18 and mean 
ψ ≈ −0.28 (Table G.5).

Table G.5 Summary data 1979 Imperial Valley, Radio Tower B2

Stress Strength 

Liquefied N
Data class A Soil class SM/ML
Critical layer (m) 2.0–3.0 D50 (mm) 0.10
Median depth (m) 2.5 % fines 30

St. dev 0.17 PI na
Depth to GWT (m) 2.01

St. dev 1.00
σv (kPa) 41.47 qc (MPa) 5.75

St. dev 3.65 St. dev 3.66
′σv (kPa) 36.66 fs (kPa) 80.79
St. dev 3.71 St. dev 39.15

amax (g) 0.16 Norm. exp 0.40
St. dev 0.02 Cq, Cf 1.49

rd 0.95 Cthin 1.00
St. dev 0.05 fs1 (kPa) 120.68

Mw 6.50 St. dev 58.49
St. dev 0.13 qc1 (MPa) 8.59

CSReq 0.12 St. dev 5.47
St. dev 0.02 Rf1 (%) 1.41

C.O.V.CSR 0.16 St. dev 1.12
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g.3  WestMorlanD event

On	April	26,	1981,	a	magnitude	MS	=	6.0	occurred	 in	 the	same	vicinity	as	 the	 Imperial	
Valley	event.	Liquefaction	and	lateral	spreading	was	widespread.

The	main	references	used	for	the	Imperial	Valley	sites	are	Bennett	et al.	(1984),	Bierschwale	
and	Stokoe	(1984)	and	Youd	and	Wieczorek	(1984).

g.3.1  references
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Bierschwale,	J.G.	and	Stokoe,	K.H.	II	(1984)	Analytical	evaluation	of	liquefaction	potential	of	sands	
subjected	 to	 the	 1981	Westmorland	 earthquake.	 Geotechnical	 Engineering	 Report	 GR	 84-15,	
University	of	Texas,	Austin,	TX.

Cetin,	K.O.	(2000)	Reliability-based	assessment	of	seismic	soil	liquefaction	initiation	hazard.	PhD	dis-
sertation,	University	of	California,	Berkeley,	CA.

Cetin,	K.O.,	Seed,	R.B.,	Moss,	R.E.S.,	Der	Kiureghian,	A.,	Tokimatsu,	K.	Harder,	L.F.	Jr.,	and	Kayen,	R.E.	
(2000)	Field	case	histories	for	SPT-Based	in situ	liquefaction	potential	evaluation.	Geotechnical	
Engineering	Research	Report	No.UCB/GT-2000/09,	University	of	California,	Berkeley,	CA.

Youd,	T.L.	and	Wieczorek,	G.F.	(1984)	Liquefaction	during	the	1981	and	previous	earthquakes	near	
Westmorland,	CA.	Open-File	Report	84-680,	U.S.G.S.,	Menlo	Park,	CA.
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g.3.2  1981 Westmoreland, radio tower B1 (42)

References: Bennett et al. (1984) and Bierschwale and Stokoe (1984).
Nature of failure: Liquefaction, sand boils, ground fissures.
Comments: Vicinity of the Alamo and New Rivers.

Located in the Salton Basin, formed by tectonic rifting.
Correlated with site from Cetin et al. (2000) who performed site 
response analysis to estimate PGA.

Author’s notes: Same site that liquefied in 1979 Imperial Valley earthquake (see 
Section G.2.2). Material classifies as silt, range in qc (C.O.V. = 0.43) 
giving ψk ≈ −0.1. normalized friction ratio F = 0.96 (Table G.6).

Table G.6 Summary data 1981 Westmoreland, Radio Tower B1

Stress Strength 

Liquefied Y
Data class A Soil class ML
Critical layer (m) 3.0–5.5 D50 (mm) 0.05
Median depth (m) 4.25 % fines 75

St. dev 0.42 PI na
Depth to GWT (m) 2.00

St. dev 0.3
σv (kPa) 72.50 qc (MPa) 3.23

St. dev 7.71 St. dev 1.39
′σv (kPa) 50.43 fs (kPa) 28.53
St. dev 4.92 St. dev 5.88

amax (g) 0.17 Norm. exp 0.52
St. dev 0.02 Cq, Cf 1.43

rd 0.89 Cthin 1.00
St. dev 0.08 fs1 (kPa) 40.73

Corrected Mw 5.90 St. dev 8.39
St. dev 0.15 qc1 (MPa) 4.61

CSReq 0.14 St. dev 1.99
St. dev 0.02 Rf1 (%) 0.88

C.O.V.CSR 0.16 St. dev 0.42
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g.3.3  1981 Westmoreland, radio tower B2 (44)

References: Bennett et al. (1984) and Bierschwale and Stokoe (1984).
Nature of failure: No liquefaction.
Comments: Vicinity of the Alamo and New Rivers.

Located in the Salton Basin, formed by tectonic rifting.
Correlated with site from Cetin et al. (2000) who 
performed site response analysis to estimate PGA.

Author’s notes: Site also did not liquefy in 1979 Imperial Valley earthquake 
(see Section G.2.5). Modest CSR and high fines content. 
Large range in qc (C.O.V. = 0.48) (Table G.7).

Table G.7 Summary data 1981 Westmoreland, Radio Tower B2

Stress Strength 

Liquefied N
Data class A Soil class SM/ML
Critical layer (m) 2.0–3.0 D50 (mm) 0.10
Median depth (m) 2.5 % fines 30

St. dev 0.17 PI na
Depth to GWT (m) 2.01

St. dev 0.3
σv (kPa) 40.98 qc (MPa) 5.51

St. dev 3.33 St. dev 2.64
′σv (kPa) 36.17 fs (kPa) 75.17
St. dev 4.17 St. dev 28.61

amax (g) 0.16 Norm. exp 0.40
St. dev 0.02 Cq, Cf 1.50

rd 0.94 Cthin 1.15
St. dev 0.05 fs1 (kPa) 112.91

Corrected Mw 5.90 St. dev 42.96
St. dev 0.15 qc1 (MPa) 9.52

CSReq 0.12 St. dev 4.57
St. dev 0.02 Rf1 (%) 1.36

C.O.V.CSR 0.17 St. dev 0.73
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g.4  1989 loMa prIeta event

The	 1989	 Loma	 Prieta	 earthquake	 occurred	 in	 northern	 California	 on	 October	 17	 at	
5:04	 p.m.	 local	 time,	 around	 the	 start	 of	 a	 World	 Series	 baseball	 game	 at	 Candlestick	
Park.	The	shock	was	centred	on	a	section	of	the	San	Andreas	Fault	System	with	a	moment	
magnitude	of	6.9.	Damage	was	heavy	in	Santa	Cruz	County	and	less	so	to	the	south	in	
Monterey	County,	but	effects	extended	well	to	the	north	(and	further	from	the	epicentre)	
into	the	San	Francisco	Bay	Area,	both	on	the	San	Francisco	Peninsula	and	across	the	bay	
in	Oakland.

No	surface	faulting	occurred,	though	a	large	number	of	other	ground	failures	and	land-
slides	occurred.	Liquefaction	was	also	a	significant	issue,	especially	in	the	heavily	damaged	
Marina	District	of	San	Francisco.	Abundant	strong	motion	records	were	captured	due	to	a	
large	number	of	seismometers	that	were	operating	in	the	region.	A	readily	accessible	refer-
ences	for	the	Moss	Landing	state	beach	site,	for	which	both	liquefaction	and	non-liquefac-
tion	observations	exist,	is	Boulanger	et	al.	(1997).
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g.4.2  1989 loma prieta, san francisco-oakland Bay Bridge site 1 (71)

References: Mitchell et al. (1994) and Kayen et al. (1998).
Nature of failure: Lateral spreading, sand boils and fissures.
Comments: PGA from strong motion instrument OHW (0.29 

and 0.27g).
Site response analyses had difficulty in achieving 
strong motion peaks (max 0.25g).

Correlated with SPT from Cetin et al. (2000). Site 
response analysis performed.

Author’s notes: Clean sand (8% fines), medium to loose, ψk ≈ −0.1. 
Layers within a much thicker sand deposit, but 
critical layer appears to have been selected 
based on SPT (2 low N values) (Table G.8).

Table G.8  Summary data 1989 Loma Prieta, San Francisco-Oakland 
Bay Bridge site 1

Stress Strength 

Liquefied Y
Data class A Soil class SP-SM
Critical layer (m) 6.25–7.0 D50 (mm) 0.28
Median depth (m) 6.75 % fines 8

St. dev 0.13 PI
Depth to GWT (m) 2.99

St. dev 0.30
σv (kPa) 127.53 qc (MPa) 5.28

St. dev 4.03 St. dev 0.68
′σv (kPa) 90.64 fs (kPa) 34.83
St. dev 3.90 St. dev 4.99

amax (g) 0.28 Norm. exp 0.66
St. dev 0.01 Cq, Cf 1.07

rd 0.79 Cthin 1.00
St. dev 0.01 fs1 (kPa) 37.16

Corrected Mw 7.00 St. dev 5.32
St. dev 0.12 qc1 (MPa) 5.63

CSReq 0.17 St. dev 0.73
St. dev 0.01 Rf1 (%) 0.66

C.O.V.CSR 0.06 St. dev 0.13
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g.4.3  1989 loma prieta, san francisco-oakland Bay Bridge site 2 (72)

References: Mitchell et al. (1994) and Kayen et al. (1998).
Nature of failure: Lateral spreading, sand boils and fissures.
Comments: PGA from strong motion instrument OHW (0.29 and 0.27g).

Site response analyses had difficulty in achieving strong motion 
peaks (max 0.25g).

Correlated with SPT from Cetin et al. (2000). Site response 
analysis performed.

Author’s notes: Top 2 m of a 4.5 m thick sand layer identified as critical, 
apparently based on SPT. ψk ≈ −0.12 (Table G.9).

Table G.9 Summary data 1989 Loma Prieta, San Francisco-Oakland Bay Bridge site 2

Stress Strength 

Liquefied Y
Data class A Soil class SP-SM
Critical layer (m) 6.5–8.5 D50 (mm) 0.26
Median depth (m) 7.5 % fines 10

St. dev 0.34 PI
Depth to GWT (m) 2.99

St. dev 0.30
σv (kPa) 141.03 qc (MPa) 8.66

St. dev 7.74 St. dev 1.91
′σv (kPa) 96.79 fs (kPa) 47.96
St. dev 4.72 St. dev 16.72

amax (g) 0.28 Norm. exp 0.62
St. dev 0.01 Cq, Cf 1.02

rd 0.76 Cthin 1.00
St. dev 0.02 fs1 (kPa) 48.94

Corrected Mw 7.00 St. dev 17.07
St. dev 0.12 qc1 (MPa) 8.84

CSReq 0.18 St. dev 1.95
St. dev 0.01 Rf1 (%) 0.55

C.O.V.CSR 0.06 St. dev 0.23

© 2016 by Taylor & Francis Group, LLC

  



Appendix G: Seismic liquefaction case histories  629

g.4.4  1989 loma prieta, Marine laboratory C4 (78)

References: Boulanger et al. (1995) and Woodward-Clyde (1990).
Nature of failure: Lateral spreading and clayey-silt boils.
Comments: Correlates with Cetin B-2.
Author’s notes: Low tip resistance layer (ψk ≈ −0.02) just above 

much denser material (Table G.10).

Table G.10 Summary data 1989 Loma Prieta, Marine Laboratory C4

Stress Strength 

Liquefied Y
Data class A Soil class SW
Critical layer (m) 5.2–5.8 D50 (mm) 0.50
Median depth (m) 5.50 % fines 3

St. dev 0.10 PI
Depth to GWT (m) 2.50

St. dev 0.30
σv (kPa) 95.75 qc (MPa) 2.12

St. dev 3.31 St. dev 0.42
′σv (kPa) 66.32 fs (kPa) 10.91
St. dev 3.19 St. dev 2.53

amax (g) 0.25 Norm. exp 0.78
St. dev 0.03 Cq, Cf 1.38

rd 0.84 Cthin 1.00
St. dev 0.10 fs1 (kPa) 15.02

Corrected Mw 7.00 St. dev 3.49
St. dev 0.12 qc1 (MPa) 2.92

CSReq 0.20 St. dev 0.58
St. dev 0.03 Rf1 (%) 0.51

C.O.V.CSR 0.16 St. dev 0.16
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g.4.5  1989 loma prieta, sandholdt road uC-4 (80)

References: Boulanger et al. (1995).
Nature of failure: Liquefaction.
Comments: Correlated with SPT UC-B10 from Cetin et al. (2000). 

Site response analysis performed.
Clay layers suspect, increase the variance of 
measurements near inclinometer SI-2.

Water different from what reported in the log, reflects 
tide at the time of earthquake.

Author’s notes: Variable qc (C.O.V. = 0.62), critical layer has ψk ≈ −0.047. 
Clean sand, but possible silt inclusion in layer based on 
CPT and friction ratio (Table G.11).

Table G.11 Summary data 1989 Loma Prieta, Sandholdt Road UC-4

Stress Strength 

Liquefied Y
Data class A Soil class SW
Critical layer (m) 2.4–4.6 D50 (mm) 0.80
Median depth (m) 3.50 % fines 2

St. dev 0.37 PI
Depth to GWT (m) 2.70

St. dev 0.30
σv (kPa) 56.40 qc (MPa) 6.60

St. dev 7.28 St. dev 4.06
′σv (kPa) 48.55 fs (kPa) 33.47
St. dev 2.99 St. dev 9.71

amax (g) 0.25 Norm. exp 0.60
St. dev 0.03 Cq, Cf 1.54

rd 0.99 Cthin 1.00
St. dev 0.01 fs1 (kPa) 51.63

Corrected Mw 7.00 St. dev 14.98
St. dev 0.12 qc1 (MPa) 10.18

CSReq 0.23 St. dev 6.27
St. dev 0.03 Rf1 (%) 0.51

C.O.V.CSR 0.15 St. dev 0.35
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g.4.6  1989 loma prieta, Moss landing state Beach uC-14 (81)

References: Boulanger et al. (1995).
Nature of failure: Lateral spreading, flow liquefaction, sand boils.
Comments: Corresponds to Cetin UC-B1.

Extensive lateral spreading caused damage to the access 
road. Deformations on the order of 0.3–0.6 m 
horizontal and 0.3 m vertical were observed near the 
location of the boring.

This site is over the old Salinas River channel, over 
alluvial and estuarine deposits. It was low tide at the 
time of the earthquake.

The critical layer consists of poorly graded sand.
PGA from site response analysis (Cetin, 2000).
Water different from what reported in the log, reflects 
tide at the time of earthquake.

Author’s notes: Critical layer appears to be a combination of CSR (higher 
near surface, reducing with depth) and qc (gradually 
increasing with depth). ψk ≈ −0.142 (Table G.12).

Table G.12 Summary data 1989 Loma Prieta, Moss Landing State Beach UC-14

Stress Strength 

Liquefied Y
Data class A Soil class SP
Critical layer (m) 2.4–4.0 D50 (mm) 0.28
Median depth (m) 3.20 % fines 1

St. dev 0.27 PI
Depth to GWT (m) 2.40

St. dev 0.50
σv (kPa) 52.40 qc (MPa) 4.68

St. dev 5.60 St. dev 0.68
′σv (kPa) 44.55 fs (kPa) 25.76
St. dev 3.86 St. dev 3.03

amax (g) 0.25 Norm. exp 0.65
St. dev 0.03 Cq, Cf 1.69

rd 0.95 Cthin 1.00
St. dev 0.01 fs1 (kPa) 43.57

Corrected Mw 7.00 St. dev 5.13
St. dev 0.12 qc1 (MPa) 7.91

CSReq 0.21 St. dev 1.15
St. dev 0.03 Rf1 (%) 0.55

C.O.V.CSR 0.13 St. dev 0.10
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g.4.7  1989 loma prieta, farris farm site (87)

References: Holzer et al. (1994).
Nature of failure: Lateral spreading and sand boils.
Comments: Corresponds with SPT from Cetin et al. (2000).

PGA based on site response analysis and 
calibrated attenuation relationship pinned to 
local strong ground motion stations.

Author’s notes: Clean sand (8% fines), moderate CSR and lower 
tip resistance layer, ψk ≈ −0.1 (Table G.13).

Table G.13 Summary data 1989 Loma Prieta, Farris Farm Site

Stress Strength 

Liquefied Y
Data class A Soil class SP-SM
Critical layer (m) 6.0–7.0 D50 (mm) 0.20
Median depth (m) 6.50 % fines 8

St. dev 0.17 PI
Depth to GWT (m) 4.50

St. dev 0.30
σv (kPa) 106.75 qc (MPa) 4.05

St. dev 4.50 St. dev 0.48
′σv (kPa) 87.13 fs (kPa) 28.58
St. dev 3.87 St. dev 2.28

amax (g) 0.31 Norm. exp 0.67
St. dev 0.08 Cq, Cf 1.10

rd 0.90 Cthin 1.00
St. dev 0.02 fs1 (kPa) 31.34

Corrected Mw 7.00 St. dev 2.50
St. dev 0.12 qc1 (MPa) 4.44

CSReq 0.28 St. dev 0.52
St. dev 0.05 Rf1 (%) 0.71

C.O.V.CSR 0.18 St. dev 0.10

© 2016 by Taylor & Francis Group, LLC

  



Appendix G: Seismic liquefaction case histories  633

g.4.8  1989 loma prieta, Miller farm CMf8 (88)

References: Bennett and Tinsley (1995).
Nature of failure: Lateral spreading, sliding and sand boils.
Comments: Correlated with SPT from Cetin et al. 

(2000). Site response analysis performed.
PGA from calibrated attenuation relationship 
pinned to local strong ground motion 
stations. Epicentral dist ~ 12 km.

Author’s notes: Clear lower tip resistance layer within about 
7 m thick material. ψk ≈ 0 (Table G.14).

Table G.14 Summary data 1989 Loma Prieta, Miller Farm CMF8

Stress Strength 

Liquefied Y
Data class A Soil class SM
Critical layer (m) 6.8–8.0 D50 (mm) 0.20
Median depth (m) 7.40 % fines 15

St. dev 0.20 PI
Depth to GWT (m) 4.91

St. dev 0.30
σv (kPa) 123.42 qc (MPa) 4.79

St. dev 5.29 St. dev 0.94
′σv (kPa) 98.99 fs (kPa) 12.19
St. dev 4.16 St. dev 9.08

amax (g) 0.30 Norm. exp 0.81
St. dev 0.07 Cq, Cf 1.01

rd 0.73 Cthin 1.00
St. dev 0.01 fs1 (kPa) 12.29

Corrected Mw 7.00 St. dev 9.15
St. dev 0.12 qc1 (MPa) 4.83

CSReq 0.25 St. dev 0.94
St. dev 0.03 Rf1 (%) 0.25

C.O.V.CSR 0.13 St. dev 0.20
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g.4.9  1989 loma prieta, Miller farm CMf10 (89)

References: Bennett and Tinsley (1995).
Nature of failure: Lateral spreading, sliding and sand boils.
Comments: Correlated with SPT from Cetin et al. (2000). 

Site response analysis performed.
PGA from calibrated attenuation relationship 
pinned to local strong ground motion 
stations. Epicentral distance ~12 km.

Author’s notes: Silty sand layer covered by 7 m of high 
plasticity silt or clay (MH and CL) Critical 
layer has ψk ≈ −0.12 despite low qc because 
of high friction ratio when using CPT 
screening method. CSR is high (Table G.15).

Table G.15 Summary data 1989 Loma Prieta, Miller Farm CMF10

Stress Strength 

Liquefied Y
Data class A Soil class SM
Critical layer (m) 7.0–9.7 D50 (mm) 0.15
Median depth (m) 8.65 % fines 20

St. dev 0.45 PI
Depth to GWT (m) 3.00

St. dev 0.30
σv (kPa) 155.35 qc (MPa) 4.79

St. dev 9.52 St. dev 2.41
′σv (kPa) 99.92 fs (kPa) 92.40
St. dev 5.36 St. dev 9.12

amax (g) 0.30 Norm. exp 0.45
St. dev 0.07 Cq, Cf 1.00

rd 0.88 Cthin 1.00
St. dev 0.02 fs1 (kPa) 92.43

Corrected Mw 7.00 St. dev 9.12
St. dev 0.12 qc1 (MPa) 4.80

CSReq 0.37 St. dev 2.41
St. dev 0.06 Rf1 (%) 1.93

C.O.V.CSR 0.15 St. dev 0.99
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g.4.10  1989 loma prieta, Miller farm CMf5 (90)

References: Bennett and Tinsley (1995).
Nature of failure: Lateral spreading, sliding and sand boils.
Comments: Correlated with SPT from Cetin et al. 

(2000). Site response analysis performed.
PGA from calibrated attenuation 
relationship pinned to local strong ground 
motion stations. Epicentral dist ~ 12 km.

Author’s notes: Identified critical layer has ψk ≈ −0.09 and 
CSR is relatively high. Other potential loose 
layers exist in the profile (Table G.16).

Table G.16 Summary data 1989 Loma Prieta, Miller Farm CMF5

Stress Strength 

Liquefied Y
Data class A Soil class SM
Critical layer (m) 5.5–8.50 D50 (mm) 0.19
Median depth (m) 7.0 % fines 13

St. dev 0.51 PI
Depth to GWT (m) 4.70

St. dev 0.30
σv (kPa) 122.40 qc (MPa) 7.13

St. dev 10.47 St. dev 1.57
′σv (kPa) 99.84 fs (kPa) 34.88
St. dev 5.18 St. dev 12.20

amax (g) 0.30 Norm. exp 0.63
St. dev 0.07 Cq, Cf 1.00

rd 0.77 Cthin 1.00
St. dev 0.12 fs1 (kPa) 34.91

Corrected Mw 7.00 St. dev 12.21
St. dev 0.12 qc1 (MPa) 7.13

CSReq 0.29 St. dev 1.57
St. dev 0.04 Rf1 (%) 0.49

C.O.V.CSR 0.13 St. dev 0.20
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g.4.11  1989 loma prieta, Miller farm CMf3 (91)

References: Bennett and Tinsley (1995).
Nature of failure: Lateral spreading, sliding and sand boils.
Comments: Correlated with SPT from Cetin et al. (2000). 

Site response analysis performed.
PGA from calibrated attenuation relationship 
pinned to local strong ground motion 
stations. Epicentral dist ~ 12 km.

Author’s notes: Identified critical layer is just part of a much 
greater thickness of low tip resistance sands 
and silty sands and sandy silts. ψk ≈ −0.02 in 
the identified critical layer (Table G.17).

Table G.17 Summary data 1989 Loma Prieta, Miller Farm CMF3

Stress Strength 

Liquefied Y
Data class A Soil class SM/ML
Critical layer (m) 5.7–7.50 D50 (mm) 0.12
Median depth (m) 6.50 % fines 27

St. dev 0.29 PI
Depth to GWT (m) 5.70

St. dev 0.30
σv (kPa) 103.55 qc (MPa) 3.17

St. dev 6.74 St. dev 1.40
′σv (kPa) 95.70 fs (kPa) 22.66
St. dev 4.46 St. dev 9.52

amax (g) 0.30 Norm. exp 0.71
St. dev 0.07 Cq, Cf 1.03

rd 0.83 Cthin 1.00
St. dev 0.02 fs1 (kPa) 23.38

Corrected Mw 7.00 St. dev 9.82
St. dev 0.12 qc1 (MPa) 3.27

CSReq 0.26 St. dev 1.44
St. dev 0.04 Rf1 (%) 0.72

C.O.V.CSR 0.16 St. dev 0.44
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g.4.12   1989 loma prieta, alameda Bay farm 
Island (Dike location) (110)

References: Mitchell et al. (1994) and Kayen and Mitchell (1997).
Nature of failure: No failure, DDC (deep dynamic compaction) 

improved site.
Comments: Western portion consists of sandy hydraulic fill, 

underlain by bay mud and deeper stiffer soil.
Liquefaction occurred along the western and 
northern sections of the island.

Deep dynamic compaction was performed in the 
western perimeter dike to prevent liquefaction.

PGA was recorded at 0.27 and 0.21 at the Alameda 
Naval Air Station.

Correlated with SPT from Cetin et al. (2000), 
corrected water table from Kayen and Mitchell 
(1997)

Author’s notes: Identified ‘critical layer’ is lower penetration 
resistance layer, likely just below effective depth of 
DDC, but still dense. ψk ≈ −0.24 (Table G.18).

Table G.18  Summary data 1989 Loma Prieta, Alameda Bay Farm Island 
(Dike location)

Stress Strength 

Liquefied N
Data class A Soil class SP-SM
Critical layer (m) 5–6 D50 (mm) 0.28
Median depth (m) 5.50 % fines 7

St. dev 0.17 PI
Depth to GWT (m) 2.50

St. dev 0.30
σv (kPa) 103.75 qc (MPa) 7.10

St. dev 4.23 St. dev 2.70
′σv (kPa) 74.32 fs (kPa) 152.37
St. dev 3.56 St. dev 25.35

amax (g) 0.24 Norm. exp 0.34
St. dev 0.02 Cq, Cf 1.11

rd 0.95 Cthin 1.00
St. dev 0.09 fs1 (kPa) 168.54

Corrected Mw 7.00 St. dev 28.04
St. dev 0.12 qc1 (MPa) 7.85

CSReq 0.16 St. dev 2.98
St. dev 0.03 Rf1 (%) 2.15

C.O.V.CSR 0.15 St. dev 0.89

© 2016 by Taylor & Francis Group, LLC

  



638  Appendix G: Seismic liquefaction case histories

g.4.13   1989 loma prieta, Monterey Bay aquarium 
research Institute 3 rC-6 (111)

References: Boulanger et al. (1995) and Rutherford and 
Chekene (1988).

Nature of failure: No liquefaction.
Comments: Corresponds to Cetin EB-1.
Author’s notes: Relatively dense, clean coarse sand and moderate 

CSR (ψk ≈ −0.15) (Table G.19).

Table G.19  Summary data 1989 Loma Prieta, Monterey Bay Aquarium 
Research Institute 3 RC-6

Stress Strength 

Liquefied N
Data class A Soil class SW
Critical layer (m) 3.0–4.5 D50 (mm) 0.60
Median depth (m) 3.75 % fines 1

St. dev 0.25 PI
Depth to GWT (m) 2.60

St. dev 0.30
σv (kPa) 64.03 qc (MPa) 13.38

St. dev 5.31 St. dev 0.87
′σv (kPa) 52.74 fs (kPa) 27.51
St. dev 3.05 St. dev 7.88

amax (g) 0.25 Norm. exp 0.74
St. dev 0.03 Cq, Cf 1.61

rd 0.91 Cthin 1.00
St. dev 0.07 fs1 (kPa) 44.16

Corrected Mw 7.00 St. dev 12.64
St. dev 0.12 qc1 (MPa) 21.48

CSReq 0.18 St. dev 1.39
St. dev 0.03 Rf1 (%) 0.21

C.O.V.CSR 0.16 St. dev 0.06
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g.4.14   1989 loma prieta, Monterey Bay aquarium 
research Institute 3 rC-7 (112)

References: Boulanger et al. (1995) and Rutherford and Chekene (1988).
Nature of failure: No liquefaction.
Comments:
Author’s notes: Similar to RC-6 site at MBARI Building 3. Relatively dense, 

clean coarse sand and moderate CSR (ψk ≈ −0.12) 
(Table G.20).

Table G.20  Summary data 1989 Loma Prieta, Monterey Bay Aquarium Research 
Institute 3 RC-7

Stress Strength 

Liquefied N
Data class A Soil class SW
Critical layer (m) 4.0–5.0 D50 (mm) 0.60
Median depth (m) 4.50 % fines 1

St. dev 0.17 PI
Depth to GWT (m) 3.70

St. dev 0.30
σv (kPa) 74.80 qc (MPa) 9.33

St. dev 4.19 St. dev 0.62
′σv (kPa) 66.95 fs (kPa) 27.61
St. dev 3.24 St. dev 4.96

amax (g) 0.25 Norm. exp 0.70
St. dev 0.03 Cq, Cf 1.32

rd 0.88 Cthin 1.00
St. dev 0.08 fs1 (kPa) 36.56

Corrected Mw 7.00 St. dev 6.57
St. dev 0.12 qc1 (MPa) 12.35

CSReq 0.16 St. dev 0.81
St. dev 0.02 Rf1 (%) 0.30

C.O.V.CSR 0.16 St. dev 0.06
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g.4.15  1989 loma prieta, sandholdt road uC-2 (113)

References: Boulanger et al. (1995).
Nature of failure: No liquefaction.
Comments: Near inclinometer SI-4.

Water different from what reported in the log, 
reflects tide at the time of earthquake.

Author’s notes: ‘Critical layer’ taken as bottom third of 4.5 m 
surficial sand layer. Identified layer has ψk ≈ −0.17 
(Table G.21).

Table G.21 Summary data 1989 Loma Prieta, Sandholdt Road UC-2

Stress Strength 

Liquefied N
Data class A Soil Class SW
Critical layer (m) 3.0–4.5 D50 (mm) 0.70
Median depth (m) 3.75 % fines 4

St. dev 0.25 PI
Depth to GWT (m) 2.70

St. dev 0.30
σv (kPa) 61.20 qc (MPa) 16.47

St. dev 5.40 St. dev 4.91
′σv (kPa) 50.90 fs (kPa) 48.62
St. dev 3.51 St. dev 8.72

amax (g) 0.25 Norm. exp 0.65
St. dev 0.03 Cq, Cf 1.55

rd 0.91 Cthin 1.00
St. dev 0.07 fs1 (kPa) 75.42

Corrected Mw 7.00 St. dev 13.53
St. dev 0.12 qc1 (MPa) 25.55

CSReq 0.18 St. dev 7.61
St. dev 0.03 Rf1 (%) 0.30

C.O.V.CSR 0.17 St. dev 0.10
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g.4.16  1989 loma prieta, general fish Cpt-6 (114)

References: Boulanger et al. (1995) and Rutherford and 
Chekene (1993).

Nature of failure: No liquefaction.
Comments:
Author’s notes: Clean sand (4% fines), shallow layer just below 

ground water table (GWT), ψk ≈ −0.17, 
therefore no liquefaction (Table G.22).

Table G.22 Summary data 1989 Loma Prieta, General Fish CPT-6

Stress Strength 

Liquefied N
Data class A Soil class SW
Critical layer (m) 2.2–3.2 D50 (mm) 0.60
Median depth (m) 2.70 % fines 4

St. dev 0.17 PI
Depth to GWT (m) 1.70

St. dev 0.30
σv (kPa) 48.90 qc (MPa) 9.36

St. dev 3.79 St. dev 1.44
′σv (kPa) 39.09 fs (kPa) 29.57
St. dev 3.74 St. dev 2.46

amax (g) 0.25 Norm. exp 0.70
St. dev 0.03 Cq, Cf 1.93

rd 0.94 Cthin 1.00
St. dev 0.05 fs1 (kPa) 57.07

Corrected Mw 7.00 St. dev 4.75
St. dev 0.12 qc1 (MPa) 18.06

CSReq 0.19 St. dev 2.78
St. dev 0.03 Rf1 (%) 0.32

C.O.V.CSR 0.17 St. dev 0.06
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g.4.17   1989 loma prieta, Monterey Bay aquarium 
research Institute 4 Cpt-1 (115)

References: Boulanger et al. (1995) and Rutherford and Chekene (1993).
Nature of failure: No liquefaction.
Comments:
Author’s notes: No loose layer evident. Relatively dense, clean coarse sand 

(ψk ≈ −0.16) (Table G.23).

Table G.23  Summary data 1989 Loma Prieta, Monterey Bay Aquarium 
Research Institute 4 CPT-1

Stress Strength 

Liquefied N
Data class A Soil class SW
Critical layer (m) 2.3–3.5 D50 (mm) 0.60
Median depth (m) 2.90 % fines 4

St. dev 0.20 PI
Depth to GWT (m) 1.90

St. dev 0.30
σv (kPa) 48.08 qc (MPa) 9.59

St. dev 4.46 St. dev 1.02
′σv (kPa) 38.27 fs (kPa) 27.03
St. dev 3.28 St. dev 4.50

amax (g) 0.25 Norm. exp 0.70
St. dev 0.03 Cq, Cf 1.96

rd 0.93 Cthin 1.00
St. dev 0.06 fs1 (kPa) 52.94

Corrected Mw 7.00 St. dev 8.81
St. dev 0.12 qc1 (MPa) 18.79

CSReq 0.19 St. dev 1.99
St. dev 0.03 Rf1 (%) 0.28

C.O.V.CSR 0.17 St. dev 0.06

© 2016 by Taylor & Francis Group, LLC

  



Appendix G: Seismic liquefaction case histories  643

g.4.18  1989 loma prieta, sandholdt road uC-6 (116)

References: Boulanger et al. (1995).
Nature of failure: No liquefaction.
Comments: Near inclinometer SI-5

Water different from what reported in the log, reflects 
tide at the time of earthquake.

Author’s notes: Slightly lower tip resistance layer within about 8 m of 
dense surficial sand. ‘Critical’ layer has ψk ≈ −0.17 
(Table G.24).

Table G.24 Summary data 1989 Loma Prieta, Sandholdt Road UC-6

Stress Strength 

Liquefied N
Data class A Soil class SW
Critical layer (m) 6.2–7.0 D50 (mm) 0.60
Median depth (m) 6.60 % fines 1

St. dev 0.13 PI
Depth to GWT (m) 2.70

St. dev 0.30
σv (kPa) 123.90 qc (MPa) 18.83

St. dev 3.87 St. dev 0.61
′σv (kPa) 85.64 fs (kPa) 56.94
St. dev 4.26 St. dev 8.30

amax (g) 0.25 Norm. exp 0.70
St. dev 0.03 Cq, Cf 1.11

rd 0.80 Cthin 1.00
St. dev 0.12 fs1 (kPa) 63.47

Corrected Mw 7.00 St. dev 9.25
St. dev 0.12 qc1 (MPa) 20.99

CSReq 0.19 St. dev 0.68
St. dev 0.03 Rf1 (%) 0.30

C.O.V.CSR 0.19 St. dev 0.05
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g.4.19  1989 loma prieta, Moss landing state Beach uC-18 (117)

References: Boulanger et al. (1995).
Nature of failure: No liquefaction.
Comments: Corresponds to Cetin UC-B1.

The critical layer is composed of beach and dune 
deposits, differentiating it from the other borings 
that encountered alluvial and estuarine deposits 
associated with the old Salinas River Channel.

Water different from what reported in the log, 
reflects tide at the time of earthquake.

Author’s notes: Critical layer appears to be a combination of CSR 
(higher near surface, reducing with depth) and qc 
(gradually increasing with depth) within about 10 m 
of surficial dune sand. ψk ≈ −0.16 (Table G.25).

Table G.25  Summary data 1989 Loma Prieta, Moss Landing State 
Beach UC-18

Stress Strength 

Liquefied N
Data class A Soil class SP
Critical layer (m) 2.4–3.4 D50 (mm) 0.60
Median depth (m) 2.90 % fines 1

St. dev 0.17 PI
Depth to GWT (m) 2.40

St. dev 0.50
σv (kPa) 48.40 qc (MPa) 10.40

St. dev 4.08 St. dev 0.76
′σv (kPa) 43.50 fs (kPa) 52.53
St. dev 3.32 St. dev 3.25

amax (g) 0.25 Norm. exp 0.72
St. dev 0.03 Cq, Cf 1.82

rd 0.93 Cthin 1.00
St. dev 0.06 fs1 (kPa) 95.66

Corrected Mw 7.00 St. dev 5.92
St. dev 0.12 qc1 (MPa) 18.94

CSReq 0.17 St. dev 1.38
St. dev 0.03 Rf1 (%) 0.27

C.O.V.CSR 0.16 St. dev 0.05
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g.5  1994 northrIDge event

This	Northridge,	California,	earthquake	(M	=	6.7;	Ms	=	6.8)	occurred	on	January	17,	1994	
and	was	associated	with	a	blind	reverse	fault,	but	did	not	produce	primary	surface	faulting.	
Ground	failures	included	slope	failures	in	sloping	ground	and	cracking	in	alluvium	filled	val-
leys.	Most	failures	were	not	accompanied	by	sand	boils	and	this	absence	prompted	specula-
tion	as	to	the	cause	of	failure	(Holtzer	et al.,	1999).	Holtzer	et al.	concluded	from	the	studies	
undertaken	to	examine	this	issue	that	the	failures	were	indeed	caused	by	liquefaction.

There	were	sites	that	correlated	with	Cetin	(2000)	sites,	and	the	PGA	and	critical	depth	
were	taken	from	that	reference.	Cetin	(2000)	performed	site	response	analyses	for	these.

g.5.1  references

Abdel-Haq,	A.	and	Hryciw,	R.D.	(1998).	Ground	settlement	in	Simi	Valley	following	the	Northridge	
earthquake.	Journal�of�Geotechnical�Engineering,	124(1),	80–89.

Bennett,	M.J.,	Ponti,	D.J.,	Tinsley,	J.C.I.,	Holzer,	T.L.,	and	Conaway,	C.H.	(1998).	Subsurface	geotechni-
cal	investigations	near	sites	of	ground	deformation	caused	by	the	January	17,	1994,	Northridge,	
California,	earthquake.	Open	File	Report	98-373,	U.S.	Department	of	the	Interior,	U.S.	Geological	
Survey,	Menlo	Park,	CA.

Cetin,	K.O.	(2000)	Reliability-based	assessment	of	seismic	soil	liquefaction	initiation	hazard.	PhD	dis-
sertation,	University	of	California,	Berkeley,	CA.
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(2000)	Field	case	histories	for	SPT-based	in situ	liquefaction	potential	evaluation.	Geotechnical	
Engineering	Research	Report	No.	UCB/GT-2000/09,	University	of	California,	Berkeley,	CA.
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g.5.2  1994 northridge, Balboa Boulevard, unit C (126)

References: Bennett et al. (1988) and Holtzer et al. (1999).
Nature of failure: Ground cracking, cracked foundations and ruptured 

buried utilities.
Comments: Balboa Blvd. is the northern extent of the San 

Fernando Valley.
Deformation occurred on the gently sloping alluvial 
fan surface of Valley. Upper sediments are dominated 
by alluvial gravels, sands and finer sediments.

Many strong motion recordings were acquired in the 
direct vicinity. PGA estimates from Cetin et al. (2000) 
site response study.

Author’s notes: Critical layer is relatively deep, layered silty sand 
between plastic silts and clays. High C.O.V. (0.57) and 
friction ratio. ψk ≈ −0.15. High CSR (Table G.26).

Table G.26 Summary data 1994 Northridge, Balboa Boulevard, Unit C

Stress Strength 

Liquefied Y
Data class A Soil class SM/ML
Critical layer (m) 8.3–9.8 D50 (mm) 0.11
Median depth (m) 9.0 % fines 43

St. dev 0.25 PI 11
Depth to GWT (m) 7.19

St. dev 0.3
σv (kPa) 162.74 qc (MPa) 7.26

St. dev 6.91 St. dev 4.11
′σv (kPa) 144.99 fs (kPa) 187.30
St. dev 5.59 St. dev 52.01

amax (g) 0.69 Norm. exp 0.33
St. dev 0.06 Cq, Cf 0.88

rd 0.54 Cthin 1.00
St. dev 0.15 fs1 (kPa) 165.69

Corrected Mw 6.70 St. dev 46.01
St. dev 0.13 qc1 (MPa) 6.43

CSReq 0.36 St. dev 3.63
St. dev 0.04 Rf1 (%) 2.58

C.O.V.CSR 0.10 St. dev 1.62
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g.5.3  1994 northridge, potrero Canyon, unit C1 (128)

References: Bennett et al. (1988) and Holtzer et al. (1999).
Nature of failure: Ground cracking and lateral spreading.
Comments: CPT, SPT, pocket pen, torvane and various lab tests 

available.
Potrero site located in Potrero Canyon, in the Santa 
Susana Mtns.

Ground cracking occurred at the interface between the 
valley alluvial sediments and the mountainside bedrock.

The site lies in the region of up dip projection of the 
seismogenic rupture surface.

Many strong motion recordings in the area. Cetin et al. 
(2000) performed a site response study for this case 
history.

Author’s notes: Critical layer sandwiched between low plasticity silts 
and clays. ψk ≈ −0.13 (Table G.27).

Table G.27 Summary data 1994 Northridge, Potrero Canyon, Unit C1

Stress Strength 

Liquefied Y
Data class A Soil class SM
Critical layer (m) 6–7 D50 (mm) 0.10
Median depth (m) 6.50 % fines 37

St. dev 0.17 PI
Depth to GWT (m) 3.30

St. dev 0.30
σv (kPa) 122.67 qc (MPa) 6.22

St. dev 4.51 St. dev 2.40
′σv (kPa) 91.27 fs (kPa) 67.31
St. dev 3.92 St. dev 15.82

amax (g) 0.40 Norm. exp 0.50
St. dev 0.04 Cq, Cf 1.05

rd 0.76 Cthin 1.00
St. dev 0.11 fs1 (kPa) 70.45

Corrected Mw 6.70 St. dev 16.56
St. dev 0.13 qc1 (MPa) 6.52

CSReq 0.25 St. dev 2.51
St. dev 0.04 Rf1 (%) 1.08

C.O.V.CSR 0.16 St. dev 0.49
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g.5.4  1994 northridge, Wynne avenue, unit C1 (129)

References: Bennett et al. (1988) and Holtzer et al. (1999).
Nature of failure: Ground cracking and lateral spreading.
Comments: CPT, SPT, pocket pen, torvane and various lab tests 

available.
Wynne Ave site located within a few kilometre of the 
epicentre.

Ground deformation in the form of a down dropped 
block and other cracking occurred.

Site response was performed by Cetin et al. (2000).
Author’s notes: Critical layer below low permeability (CL). Very high 

C.O.V. (0.64) on qc and high fines content. ψk ≈ −0.11. 
High CSR (Table G.28).

Table G.28 Summary data 1994 Northridge, Wynne Avenue, Unit C1

Stress Strength 

Liquefied Y
Data Class A Soil Class SM
Critical Layer (m) 5.8–6.5 D50 (mm) 0.15
Median depth (m) 6.13 % fines 38

St. dev 0.13 PI np
Depth to GWT (m) 4.30

St. dev 0.30
σv (kPa) 112.76 qc (MPa) 8.77

St. dev 3.50 St. dev 5.64
′σv (kPa) 94.85 fs (kPa) 98.79
St. dev 3.38 St. dev 41.27

amax (g) 0.54 Norm. exp 0.42
St. dev 0.04 Cq, Cf 1.02

rd 0.74 Cthin 1.00
St. dev 0.11 fs1 (kPa) 101.01

Corrected Mw 6.70 St. dev 42.20
St. dev 0.13 qc1 (MPa) 8.96

CSReq 0.35 St. dev 5.77
St. dev 0.03 Rf1 (%) 1.13

C.O.V.CSR 0.10 St. dev 0.87
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g.5.5  1994 northridge, rory lane (130)

References: Abdel-Haq and Hryciw (1998).
Nature of failure: Ground cracking and sand boils.
Comments: Liquefaction and ground fissures in the eastern Simi 

Valley.
Strong motion station USC Station #55 is located 
0.8 km from site. Max PGA 0.73g N–S, 0.81g E–W. 
Located 14 km northwest of epicentre.

CPT, dilatometer test (DMT) and soil sampling was 
performed.

North–South ground cracking occurred with up to 
20 cm of displacement. Other fissures and sand 
boils observed.

Site is flat ground. Subsurface is composed of highly 
stratified silty sands, sandy silts and sandy silty clays.

A liquefaction evaluation of the site occurred in 
1992. Site and seismograph station on an alluvial 
deposit of apparently similar geomorphologic 
origin.

Author’s notes: ψk ≈ −0.21, but very high CSR (Table G.29).

Table G.29 Summary data 1994 Northridge, Rory Lane

Stress Strength 

Liquefied Y
Data class A Soil class SM
Critical layer (m) 3–5 D50 (mm)
Median depth (m) 4.00 % fines

St. dev 0.33 PI
Depth to GWT (m) 2.70

St. dev 0.30
σv (kPa) 66.60 qc (MPa) 3.62

St. dev 6.33 St. dev 0.45
′σv (kPa) 53.85 fs (kPa) 65.07
St. dev 3.66 St. dev 31.62

amax (g) 0.77 Norm. exp 0.45
St. dev 0.11 Cq, Cf 1.32

rd 0.81 Cthin 1.00
St. dev 0.08 fs1 (kPa) 85.97

Corrected Mw 6.70 St. dev 41.77
St. dev 0.13 qc1 (MPa) 4.78

CSReq 0.50 St. dev 0.59
St. dev 0.10 Rf1 (%) 1.80

C.O.V.CSR 0.21 St. dev 0.90
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Appendix H: Cam Clay as a 
special case of NorSand

h.1  IntroDuCtIon

The	names	Cam�Clay	and	NorSand	have	resulted	in	some	confusion	regarding	the	applica-
bility	of	each	of	these	models.	There	is	a	view	that	‘Cam	Clay	is	perfectly	suitable	for	soft	
clays’	and	‘NorSand	is	best-in-class	for	sands’:	‘horses	for	courses’,	as	the	British	expression	
goes.	But	both	models	are	theoretical	constructs	tracing	back	to	the	second	law	of	thermo-
dynamics	and	with	some	simple	idealizations	about	particulate	behaviour.	Each	model	can	
be	applied	to	sands,	silts	or	clays.	The	model	names	derive	from	the	academic	limitation	
that	if	the	model	is	cited	as	‘Bloggs	et al.’,	nobody	but	Bloggs	et al.	will	use	the	model	–	to	
make	a	framework	of	ideas	widely	accepted,	at	least	within	academic	circles,	requires	the	
ideas	be	depersonalized.	Schofield	and	Wroth	were	aware	of	this	 issue	and	chose	to	give	
a	 somewhat	neutral	name	 to	 their	 set	of	 ideas,	which	 then	established	 the	protocol	 that	
developers	of	critical	state	type	models	would	combine	the	name	of	the	developer’s	adjacent	
body	of	water	with	a	soil	type.	Hence,	Cam	Clay	was	named	after	River	Cam,	Superior	
Sand	after	Lake	Superior,	Severn-Trent	Sand	after	the	River	Severn,	etc.	NorSand	ought	to	
have	been	Yare	Sand	by	this	scheme,	but	as	Norfolk	is	a	senior	county	to	Cambridgeshire	in	
East	Anglia,	and	this	seniority	reflects	the	relative	sophistication	of	the	theoretical	idealiza-
tions,	it	started	life	as	Norfolk	Sand,	shortened	to	NorSand.	Regardless	of	name,	all	these	
models	address	the	constitutive	behaviour	of	particulate	materials	with	no	bonds	between	
the	particles	(these	particles	do	not	have	even	to	be	soils).	The	actual	particle	size	(which	
determines	whether	a	soil	is	viewed	as	sand,	silt	or	clay)	is	irrelevant	to	the	physics	and	the	
mathematics	(although,	of	course,	the	numerical	values	of	the	properties	differ	from	one	
soil	to	another).

This	appendix	considers	how	NorSand	includes	Original	Cam	Clay	(OCC;	Schofield	and	
Wroth,	1968).	In	essence,	OCC	exists	within	NorSand	as	a	particular	choice	of	initial	condi-
tions	and	soil	properties.	It	is	not	a	case	of	OCC	for	soft	clays	and	NorSand	for	dense	sand.	
NorSand	can	duplicate	the	OCC	stress–strain	behaviour.	Thus,	this	appendix	looks	to	the	
underlying	physical	 ideas	 and	 shows	how	OCC	makes	 particular	 choices	within	 a	more	
general	framework.

What	does	make	OCC	especially	 interesting	 is	 that,	while	all	 general	work	hardening	
plasticity	models	need	numerical	integration,	under	some	circumstances	OCC	has	closed-
form	solutions	 (i.e.,	 simple	equations	giving	 the	 stress–strain	curve	directly).	This	makes	
OCC	a	valuable	model	for	verifying	numerical	methods.	Looking	into	OCC	is	useful.

Despite	 this	 usefulness	 of	 OCC,	 many	 engineers	 find	 the	 derivations	 in	 Schofield	 and	
Wroth	(1968)	confusing.	However,	the	OCC	ideas	can	be	clarified	if	changed	from	the	‘state	
view’	of	 the	original	derivations	 (which	are	expressed	using	 the	soil’s	 specific	volume)	 to	
a	conventional	plasticity	framework	–	and	which	then	leads	directly	to	NorSand	by	what	
amounts	to	two	additional	numerical	steps.
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This	appendix	 then	 (1)	describes	OCC	as	per	Schofield	and	Wroth;	 (2)	puts	OCC	into	a	
conventional	basis;	(3)	highlights	the	particular	choices	made	in	OCC	and	(4)	shows	that	
NorSand	replicates	OCC	with	those	particular	choices.

h.2  orIgInal CaM Clay

Schofield	and	Wroth’s	(1968)	book	presenting	what	is	known	today	as	OCC	(‘original’	to	
distinguish	it	from	the	subsequent	‘modified’	variant)	is	now	a	free-to-all	publication	that	
can	be	downloaded	at	http://www.geotechnique.info.	The	derivation	of	OCC	is	discussed	
in	Section	3.4,	but	here	we	review	the	equations	from	Chapter	6	of	the	Schofield	and	Wroth	
book	that	derives	the	OCC	model	(indicated	by	the	prefix	‘S&W’	to	the	equation	number).

The	first	key	idea	in	OCC	is	that	plastic	work	is	only	dissipated	into	heat	by	plastic	shear	
strain,	with	the	soil	fictional	property	M	scaling	the	mechanism.	Considering	the	work	done	
on	the	sample	during	ongoing	plastic	deformation	this	equation	is	derived:

	

pv
v

q
p
v

Mp
�

�
�

� �+ − = ≠ε κ ε ε( )0 	 (S&W	6.10)

where	v	is	the	specific	volume	and	ε the	shear	strain	invariant	(=	εq	in	our	notation).	A	better	
way	of	looking	at	things	is	to	subtract	the	elastic	changes	in	strain	from	the	total,	to	express	
changes	in	element	geometry	as	strain,	and	to	divide	through	by	the	stress	p.	Doing	these	
three	things	changes	(S&W	6.10)	into	the	general	stress	dilatancy	equation:

	 D MP = − η 	 (3.10	bis)

The	second	key	idealization	of	OCC	is	that	plastic	strains	are	normal	to	the	yield	surface,	
which	is	used	to	transform	(3.10)	into	a	yield	surface	by	separating	variables	and	integrating	
(again,	go	back	to	Section	3.4.2).	The	resulting	equation	of	the	yield	surface	is

	

q

Mp
p
px

+








 =ln 1 	 (S&W	6.17)

where	px	is	an	integration	constant.	This	equation	is	more	elegantly	expressed	by	removing	
concern	for	triaxial	extension	(we	generalize	to	3D,	which	includes	triaxial	extension,	by	
full	consideration	of	strain	rates	as	set	out	in	Appendix	C)	and	gives

	

η
M

p
pc

= −








1 ln 	 (3.14	bis)

Notice	that	we	have	changed	notation	between	(S&W	6.17)	and	(3.14)	with	px	being	replaced	
by	pc.	This	change	of	notation	has	a	reason.	The	contribution	of	OCC	was	to	first	link	spe-
cific	volume	(v	=	1	+	e)	to	mechanical	behaviour.	This	was	done	by	identifying	that	the	peak	
deviator	stress	on	the	yield	surface	in	a	q–p	view	was	the	critical	state	and	also	the	same	
critical	state	as	in	v–p	space;	Figure	H.1	shows	the	scheme.	Quite	why	the	subscript	‘x’	was	
used	to	denote	critical	state	conditions	remains	a	mystery;	we	prefer	the	obvious	(and	widely	
used)	subscript	‘c’	as	denoting	the	critical	state.
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Notice	in	Figure	H.1	that	a	particular	yield	surface	is	associated	with	a	range	of	spe-
cific	 volume.	 But,	 we	 can	 freely	 change	 stress	 states	 within	 a	 yield	 surface	 and	 with	
corresponding	 recoverable	 volumetric	 strains.	 Thus,	 a	 particular	 yield	 surface	 is	 not	
a	 horizontal	 line	 on	 a	 v	 −	 log(p)	 plot	 but	 is	 inclined	 reflecting	 this	 elastic	 behaviour.	
OCC	idealized	elastic	stiffness	as	proportional	to	the	confining	stress,	using	an	elastic	
compressibility	κ	(analogous	to	the	familiar	coefficient	of	rebound/recompression	in	an	
oedometer	test).

A	particular	feature	of	the	Cambridge	approach	to	soil	behaviour	is	that	a	‘state	view’	is	
followed,	with	specific	volume	being	treated	analogously	with	how	temperature	is	treated	
when	considering	the	compression	of	gas.	In	such	an	approach,	the	scaling	coefficient	for	
the	size	of	the	yield	surface	pc	(which	has	units	of	stress)	is	replaced	by	a	function	of	specific	
volume,	making	clear	the	dependence	of	soil	behaviour	on	the	soil’s	current	void	ratio.	This	
replacement	of	pc	is	derived	as	follows.	The	critical	state	pc,	qc	on	a	yield	surface	is	given	by	
the	intersection	of	the	current	elastic	κ-line	with	the	critical	state	locus	(CSL),	the	respective	
equations	for	these	being:

	 v p v pc c+ = +κ κln( ) ln( ) 	 (H.1)

	 v pc c= −Γ λ ln( ) 	 (2.1	bis)

Substituting	 (2.1)	 in	 (H.1)	 allows	 the	 yield	 surface	 scaling	 parameter	 to	 be	 expressed	 in	
terms	of	the	current	specific	volume	and	the	soil	properties:

	 ( )ln( ) ln( )λ κ κ− = − −p v pc Γ 	 (H.2)
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Figure H.1  Linking of stress space (q–p) with state space (v–p)  in OCC. (From Schofield, A. and Wroth, 
C.P., Critical State Soil Mechanics, McGraw-Hill, London, U.K., 1968.)
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On	substituting	(H.2)	in	(S&W	6.17):

	
q

Mp
v p=

−
+ − − −

λ κ
λ κ λ( ln )Γ 	 (S&W	6.19)

This	equation	directly	shows	the	effect	of	specific	volume	(or	void	ratio)	on	the	stress	state	
during	plastic	yielding.	As	specific	volume	evolves	during	plastic	yielding,	so	does	the	yield	
surface.	Schofield	and	Wroth	note	 that	 their	equation	(S&W	6.19)	describes	a	surface	 in	
v–q–p	space,	which	they	refer	to	as	the	‘state	boundary	surface’.

The	fundamental	objection	to	(S&W	6.19)	is	that	emphasizing	the	role	of	specific	volume	
has	obscured	the	 fact	 that	OCC	is	a	work	hardening	plastic	model.	There	are	no	plastic	
strain	increments	in	the	governing	equation.	Also	we	have	further	lost	the	clarity	that	no	
plastic	strain	means	no	yielding.	What	happens	if	you	do	things	conventionally?

h.3  plastICIty vIeW of oCC

Conventional	work	hardening	plasticity	involves	three	ideas:	(1)	a	flowrule,	(2)	a	yield	sur-
face,	and	(3)	a	hardening	law.	OCC	is	simpler	if	viewed	in	this	standard	way.

There	is	nothing	wrong	with	the	Schofield	and	Wroth	flowrule	and	yield	surface,	with	the	
equations	being	simple	and	straightforward:

	 Flowrule: D MP = − η 	 (3.10	bis)

	
Yield surface:

η
M

p
pc

= −








1 ln 	 (3.14	bis)

Now,	differentiate	the	equation	for	the	yield	surface	scaling,	(H.2):

	
( )λ κ κ−
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	 (H.3)

Recognizing	the	κ	term	as	being	the	elastic	change	in	specific	volume	(S&W	6.6),	rewrite	
(H.3)	as:

	
( )λ κ−









 = − +
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p
v vc

c

e 	 (H.4)

On	changing	from	increments	of	specific	volume	to	increments	of	volumetric	strain	by	div-
ing	through	by	specific	volume,	invoking	the	elastic–plastic	strain	decomposition,	and	then	
rearranging	we	recover	a	conventional	hardening	law	for	OCC:

	
Hardening:

�
�p

p
vc

c
v
p=

−λ κ
ε 	 (H.5)

Notice	 the	clarity	 in	 (H.5):	 (1)	no	plastic	 strain	 increment,	no	change	 in	 the	yield	 sur-
face	and	(2)	the	evolution	of	OCC	is	controlled	by	plastic	volumetric	strain,	not	specific	
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volume	per	se.	The	parameter	group	ν/(λ�−	κ)	is	a	conventional	and	dimensionless	plastic	
hardening	modulus.

With	OCC	now	reduced	to	a	conventional	framework	it	is	trivial	to	integrate	the	equa-
tions	numerically	using	the	Euler	approach.	This	is	set	up	in	the	downloadable	spreadsheet	
CamClay.xls	with	the	integration	being	provided	for	isotropic	drained	and	undrained	tests	
(in	the	VBA	subroutines	CamClay_CID	and	CamClay_CIU,	respectively).

The	 conventional	work	hardening	 approach	 to	OCC	 is	 quickly	 verified.	 Schofield	 and	
Wroth	derived	a	closed-form	solution	for	undrained	triaxial	compression,	starting	from	a	
normally	consolidated	state	under	an	isotropic	stress	po,	using	their	‘state	hardening’	view	
which	is	given	by	a	pair	of	equations:

	
ln exp

p
p

M

u

o= −





Λ

Λ
ν
κ

ε 	 (S&W	6.30)

	

q
Mp

M o= − −





1 exp

ν
κ

ε
Λ

	 (S&W	6.31)

where
Λ�=�λ�−	κ
pu	is	a	constant	for	a	particular	test	that	depends	on	the	initial	confining	stress	and	the	

soil	properties:
ε is	the	shear	strain	invariant	(=	εq	in	our	notation)

	 ln( ) ln( )p pu o= − Λ 	 (H.6)

The	CamClay.xls	spreadsheet	implements	the	closed-form	solution	on	the	worksheet	OCC�
closed-form� undrained.	 Figure	 H.2	 compares	 a	 numerical	 integration	 from	 incremental	
plasticity	with	the	closed-form	solution	derived	by	Schofield	and	Wroth.	They	are	identical	
within	numerical	accuracy.
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Figure H.2  Comparison  of  Schofield  and  Wroth  closed-form  integration  of  OCC  for  undrained  triaxial 
compression  test  with  numerical  integration  of  OCC  as  work  hardening  plasticity  (from 
CamClay.xls) for M = 1.3, λ = 0.22, κ = 0.005.
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h.4  oCC WIthIn NorSand

Table	H.1	compares	NorSand	with	OCC,	for	loading	in	triaxial	compression,	in	terms	of	
flowrule,	yield	surface	and	hardening	law.	The	similarity	is	evident.

Looking	at	the	flowrule	first,	NorSand	allows	for	the	possibility	of	inelastic	energy	stor-
age	using	a	modified	variant	of	Nova’s	proposed	flowrule	and	results	in	an	operating	critical	
friction	ratio	that	depends	on	the	state	parameter.	As	can	be	seen	from	Table	H.1,	setting	
the	material	property	N	=	0	in	this	flowrule	loses	this	additional	detail	and	gets	directly	back	
to	the	OCC	flowrule.

In	terms	of	the	yield	surfaces,	a	kernel	 idealization	of	all	variants	of	Cam	Clay	 is	 that	
yield	surfaces	always	intersect	the	CSL	and	this	is	captured	using	the	scaling	parameter	pc.	
Equally,	a	kernel	idealization	of	NorSand	is	that,	in	general,	yield	surfaces	do	not	intersect	
the	CSL	until	the	soil	has	been	deformed	to	critical	conditions	–	captured	using	a	scaling	
parameter	pi	that	does	not	lie	on	the	CSL.	NorSand	implements	pi	→	pc	in	the	hardening	
law	to	satisfy	the	axioms.	However,	it	is	perfectly	acceptable	to	choose	the	initial	state	of	
the	soil	so	that	the	NorSand	yield	surface	does	intercept	the	CSL	as	a	particular	case	–	this	
choice	depends	on	the	geostatic	stress	state	and	is	ψo	=	λ	−	κ	for	an	isotropic	initial	stress	
state.	Or,	put	another	way,	OCC	corresponds	to	a	particular	initial	choice	of	state	param-
eter	in	NorSand.

However,	it	is	not	sufficient	to	choose	the	initial	state	parameter	to	capture	OCC	within	
NorSand.	As	can	be	seen	from	Table	H.1	the	hardening	law	is	quite	different	between	the	
two	models.	What	is	needed	is	also	to	choose	the	NorSand	hardening	modulus	H	such	that	
the	yield	surface	tracks	the	CSL	as	the	soil	deforms.	This	choice	was	derived	in	Appendix	C	
when	considering	how	H	and	λ	are	correlated,	with	the	result	that	a	reasonable	approxima-
tion	for	soil	states	ψ	=	0	is	that:

	
H =

−
1

λ κ
	 (C.42	bis)

The	soil	property	χ	has	no	effect	when	the	yield	surface	intersects	the	CSL,	so	any	value	can	
be	given	to	that	property.

Finally,	there	is	the	question	of	elasticity	with	NorSand	having	a	general	power	law	model	
with	constant	Poisson’s	ratio.	This	needs	to	be	overridden	with	Gmax	set	to	‘a	very	large	num-
ber’	(OCC	has	infinite	shear	stiffness),	the	Gmax	exponent	set	to	unity	and	Poisson’s	ratio	set	
to	matching	small	number	(which	will	be	near	zero)	to	obtain	the	desired	κ.

Table H.1  Comparison of original Cam Clay and NorSand as work-hardening 
plastic models

Model aspect OCC NorSand 

Flowrule Dp = M−η Dp = Mi−η

Mi = M−Nχi|ψi|

Yield surface η
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p
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Figure	H.3	compares	the	results	of	NorSand,	with	these	particular	choices	of	properties	
and	initial	state,	with	the	closed-form	OCC	solution	discussed	in	the	previous	section	and	
using	the	same	soil	properties	as	for	Figure	H.2.	The	fit	to	the	stress–strain	curve	is	a	near	
perfect	match	to	OCC,	with	slightly	less	perfection	on	the	stress	path.	The	lack	of	perfec-
tion	in	the	stress	path	arises	because	OCC	includes	an	elastic	volumetric	strain	in	its	state	
measure	that	NorSand	does	not.	If	the	state	diagram	is	considered,	to	lock	the	yield	surface	
to	the	CSL	requires	ψo	=	λ	but	that	then	leads	to	a	different	final	stress	state	than	OCC.	Thus,	
the	choice	ψo	=	λ�−	κ	gives	the	correct	final	state	but	with	the	effect	of	implying	a	slightly	
too	dense	yield	surface	for	the	initial	loading,	which	is	why	the	stress	path	goes	a	little	too	
dilatant	from	the	OCC	path.	The	state	parameter	could	be	redefined	to	include	a	κ�term	
(see	(3.39)	in	Chapter	3),	but	the	κ	idealization	is	not	a	particularly	general	one	for	soils	and	
further	complexity	is	unwarranted.
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Figure H.3  Comparison  of  Schofield  and  Wroth  closed-form  integration  of  OCC  for  undrained  triaxial 
compression test with NorSand using ψo = λ − κ, N = 0, H = 1/(λ − κ).
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a

Alameda	Bay	Farm	Island	(dike	location),	637

B

Balboa	Boulevard,	unit	C,	646
Berkeley	school	approach

CPT	(see	Cone	penetration	test	(CPT))
CRR	(see	Cycle	resistance	ratio	(CRR))
deficiencies,	361–362
geological	classification	approach,	352
liquefaction	assessment	chart	(see	

Liquefaction	assessment	chart)
nature	of	Kα,	369–370
nature	of	Kσ,	368–369
NSF,	352
pseudo–static	method,	351
silt	content,	370–371
triaxial	test,	351

Biot	analysis,	398
Boundary	condition	codes,	549

C

Calaveras	Dam,	California
average	failure	zones,	584
Hazen’s	description,	584–585
hydraulic	filling,	582
mobilized	residual	strength,	583
Seed’s	assessment,	584
surface	before	and	after	slip,	583
Taylor’s	chart-based	evaluation,	583–584
typical	section,	construction,	582–583
undried	and	unconsolidated	true	sandy	

silts,	584
Calibration	chamber	(CC)	studies

description,	153–156
size	effects,	158–159
test	programs	and	available	data,	156–158

Calibration	chamber	test	data,	549
Cambridge	view

apologies,	111
numerical	integration

consistency	condition,	115

elastic	and	plastic	volumetric	strain	
components,	116

Euler	integration,	116
stress–strain	curve,	116

Original	Cam	Clay	and	Granta	Gravel
CSL,	113
elastic	bulk	modulus,	114
normality,	113
stress–dilatancy	relationship,	113
unloading/reloading,	114
volumetric	elasticity,	114
yield	surface,	113

plastic	work
dilatancy,	113
flow	rule,	112
soil	mechanics,	112
soil	skeleton,	112
strain	decomposition,	112
Taylor/Bishop	energy	

correction,	112
Cap	models,	106
Characteristic	state	of	sands

foundation	design,	221–223
liquefaction,	221

Chek	Lap	Kok	sand,	550
CID,	see	Consolidated	drained	(CID)
CIU,	see	Consolidated	undrained	(CIU)
CLRL,	see	Critical	level	of	repeated	

loading	(CLRL)
Cone	penetration	test	(CPT),	119

accuracy	and	repeatability,	202
Berkeley	liquefaction	database,	450
cavity	expansion,	178–179
CCs,	154–155,	158
chamber	test	data,	156
cohesionless	soils,	149
corrections,	450
CSL,	157,	450
CSR,	363
CSSM,	450–451
cyclic	liquefaction,	368
element	test,	202
empirical	methods	and	equilibrium	stability	

calculations,	452
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equipment	and	procedures
data	recording,	426–427
data	structure,	427
dissipation	tests,	427
standards	and	requirements,	425–426

in-situ	state	parameter,	201
interpretation

basic	processed,	output,	433
CPT_plot,	429,	431
data	format,	428
parameters,	436
Plewes	method,	432
processing	software,	428–429
project	data	worksheet,	429
reporting	CPT	data,	437
report-type	plots,	434
soil	properties	worksheet,	429–430
state	parameter	approach,	430
tip	resistance	and	friction	ratio,	435

Ko	surfaces,	202
liquefaction	assessments,	450–451
liquefaction	case	history	data	and	

characteristic	state	parameter,	364–365
liquefaction	resistance,	201–202
mechanics-based	approach,	364
Monterey	No.	0	sand,	160
Monterey	sand,	450–451
NorSand	model,	153
reference	stress	level,	202
resistance	vs.	density,	sands,	159
seismic	liquefaction,	362
soil	behaviour-type	index,	177–178
soil	properties	and	subsequent	evaluation,	452
soil	stratum,	149
soil-structure	interaction	analysis,	452
soil	types	and	stress	levels,	364–365
vs.	SPT	(see	Standard	penetration	test	(SPT))
state	parameter,	364,	366–367,	452
steady-state	approach,	452
stress-normalized	penetration	resistance,	450
structural	adequacy,	452
substantial	cyclic	triaxial	test	database,	450
tip	resistance	profiles,	298,	301
ψ	from	CPT	(see	State	parameter	in-situ)

Consolidated	drained	(CID),	57,	74,	459–460
Consolidated	undrained	(CIU),	304,	459–460
Constant	shear	drained	(CSD),	259–263
Constitutive	modelling,	see	Liquefaction
CPT,	see	Cone	penetration	test	(CPT)
Critical	level	of	repeated	loading	(CLRL),	330
Critical	state	approach

CPT	(see	Cone	penetration	test	(CPT))
current	void	ratio/density,	3
cyclic	strength	(see	Cyclic	strength)
density-independent	properties,	3
field	investigation	and	laboratory	testing,	402
sands	and	silts,	437–438
soil	behaviour,	401
soil	mechanics,	3–4

soil	properties	(see	Soil	properties)
straightforward	undrained	analysis,	4

Critical	state	line	(CSL),	413–414
axiom,	109–110
carbon	dioxide	(CO2)	treatment,	472
computer-controlled	testing,	461
data	reduction,	478–479
dilatancy,	109
drained	tests,	460
e–p′	space,	110
equipment

axial	load	measurement,	463
compaction	mould,	463–464
computer	control,	461–462
platens,	462
tampers,	463–464

Erksak	sand,	110
Guindon	tailings,	110
knee/crushing	point,	110
laboratory	test	program,	459
loose	specimens,	459
membrane	penetration	correction,	477–478
parameters,	304
rate	of	change,	strain	rate,	109
sample	preparation

cyclic	resistance,	sand	samples,	464,	466
dry	pluviation,	469
moist	tamping	method,	467
reconstitution	process,	470–471
sand	specimen,	470
slurry	deposition	method,	465–466,	

468–469
specimen	preparation,	464
triaxial	test,	465,	467
weight	per	layer,	470
wet	pluviation,	467–468

semi-log,	110
stress–strain–void	ratio	paths,	459–460
Toyoura	sand,	110
triaxial	compression	tests,	460
triaxial	testing,	460
vacuum	saturation,	472–473
void	ratio	determination

freezing	method,	475–476
high-resolution	measurements,	474
potential	error,	474–475
triaxial	cell,	475
volume	changes,	473
water	flow,	475

volumetric	strain	rate,	109
Critical	state	locus	(CSL),	107

abortive	tests,	75
critical	friction	ratio,	76–78
drained	triaxial	tests,	74
Guindon	Tailings	B,	74–75
liquefaction	evaluation,	78
quasi-steady	state,	71
sample	preparation	method,	79–80
stress-controlled	CIU	triaxial	test,	70–72
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Toyoura	sand,	76
undrained	tests,	72–73

Critical	state	soil	mechanics	(CSSM),	
450–451,	453

e–p′	plane,	107
original	and	modified	Cam	Clay,	107
triaxial	conditions,	107

Critical	state	soil	models
constitutive	modelling,	39
definitions,	37
geotechnical	practice,	37
liquefaction,	37
load-controlled	loading	device,	38
strain-controlled	testing,	39
triaxial	testing	procedure,	66–70
void	ratio,	early	hypothesis,	37–38

Critical	stress	ratio
Mohr–Coulomb	and	Matsuoka–Nakai	

criterion,	111
triaxial	compression	conditions,	111

CRR,	see	Cycle	resistance	ratio	(CRR)
CSD,	see	Constant	shear	drained	(CSD)
CSL,	see	Critical	state	line	(CSL);	Critical	state	

locus	(CSL)
CSR,	see	Cyclic	stress	ratio	(CSR)
CSSM,	see	Critical	state	soil	mechanics	(CSSM)
Cycle	resistance	ratio	(CRR)

consolidation	stress	ratio,	359–360
scaling	factors,	358
stress-level	adjustment	factor,	358–359

Cyclic	loading
bounding	surface	models,	371
difference	and	similarities,	317–318
earthquake-induced	liquefaction,	319
elastic–plastic	models,	371
isotropic	hardening,	371
kinematic	softening,	371
laboratory	cyclic	test	methods	(see	

Laboratory	cyclic	test	methods)
maximum	shear	stress,	319
NorSand	(see	NorSand)
static	bias,	319
stress	rotation,	371
vertical	and	horizontal	stress,	318

Cyclic	performance
CPT	resistance	(see	Tarsiut	P-45	fill)
liquefaction	analysis

multi-yield	surface	constitutive	mode,	214
stochastic	simulations,	215
uniform	and	variable,	216

Cyclic	strength
CSR,	424–425
liquefaction	assessment,	422
simple	shear	tests,	423–424
stress	ratio,	423–424

Cyclic	stress–induced	liquefaction;	see�also	
Cyclic	loading

Berkeley	school	approach	(see	Berkeley	
school	approach)

earthquake-induced	liquefaction,	315
FRS,	317
loading	type,	316–317
machine-induced	vibrations,	316
principal	stress	rotation	(see	Principal	stress	

rotation)
shear	data,	316–317
silts,	cyclic	behaviour	(see	Silts,	cyclic	

behaviour)
simple	shear	tests	(see	Simple	shear	tests)
soil	fabric	in-situ,	377–378
zero	effective	stress	condition,	315

Cyclic	stress	ratio	(CSR),	322,	424–425

D

Data	file	structure
comma-separated	variable,	406–407
triaxial	data,	408

Data	processing
gamma	and	lamba10,	411
soil	behaviour,	408–409
void	ratio	evolution,	411
volumetric	strain,	409
worksheet	layout,	410

Dilatancy
CSL	(see	Critical	state	locus	(CSL))
rate	vs.	absolute	definitions,	36
shear-induced	dilation,	36
and	state	parameter

critical	state	properties,	soils,	45–48
definition,	41–43
drained	triaxial	compression,	55
fabric,	55–59
initial	vs.	current	void	ratio,	44–45
kernel	concept,	41
normalized	and	variants,	52–54
OCR,	59–60
peak	friction	angle,	standard	drained	

triaxial	compression,	49–50
peak	stress,	volumetric	strain,	51
post-liquefaction	stability,	51
vs.	relative	density,	41–42
sample	size	effect,	60–62
sand	gradation,	43
soil	behaviour	(see	Soil	behaviour)
standard	drained	triaxial	compression,	

soils,	49
volumetric	strain,	44

volume	change	behaviour,	35
Directional	shear	cell	(DSC),	332,	334

e

Elasticity	in-situ
advantages,	187
bender	element	measurements,	189
cross-hole	testing,	185
elastic	strains,	185
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geophone,	187
Gmax	in	practice,	184
Molikpaq	at	Tarsiut	P-45,	188
pressuremeters,	185
seismic	CPT,	187–188
shear	modulus,	185–186,	190
stress	normalization	methods,	189
Ticino	sand,	184
unload–reload	tests,	185
VSPs,	185–186

Elastic–plastic	models,	371
Elastic	predictor–plastic	corrector	(EP–PC)	

method
consistency	condition

bullet-like	yield	surface,	544
NorSand	hardening	rule,	545
partial	differential,	544–545
plastic	multiplier,	544
simplest	explicit,	plastic	multiplier,	547
stress	increments,	546–547

constant	stiffness	solution	method,	
539–540

elastic	and	plastic	components,	539
‘elastic	guess’	methods,	540
initial�stress	solution	technique,	539
plasticity,	540–542
plastic	multiplier,	542–544

Erksak	sand,	551
Euler	method,	535

f

Fabric	anisotropy
cyclic	loading,	56
engineering	design	and	assessment,	59
moist	tamping	and	wet	pluviation,	55
particle	mechanics,	58
volumetric	strain	behaviour,	55

Factor	of	safety	(FOS),	384,	389
Farris	Farm	site,	632
Finite	element	monotonic	(FFM),	522–523
Finite	element	(FE)	software

‘Biot’	analysis,	398–399
cyclic	mobility,	398
geotechnical	modelling	platforms,	382
liquefaction–embankments,	398
liquefaction	stress–strain	behaviour,	381
modern	elasto-plastic	analysis,	381
NAMC,	397–398
non-linear	behaviour,	381
open-source	(see	Open-source	FE	software)
slope	liquefaction	(see	Slope	liquefaction)
static	liquefaction	of	slopes,	398
verification,	385–386

Fort	Peck	Dam,	5–6
Fort	Peck,	Montana

aerial	photographs	of,	587–588
critical	state	summary	for,	587,	589
initial	effective	stress,	590

liquefaction	and	cyclic	deformation,	
sands,	589

mobilized	residual	strength,	589
post-failure	investigation,	587
Taylor’s	stability	charts,	589

FOS,	see	Factor	of	safety	(FOS)
Fraser	River	sand	(FRS)

elastic	model,	340,	342
liquefaction,	simple	shear	(see	Liquefaction,	

simple	shear)
microphotograph,	338–339
properties,	343
simple	shear	tests	(see	Simple	shear	tests)
stress–dilatancy,	340–341
UBC,	339
validation,	343–344

Full-scale	experience
case	histories,	279–281
empirical	approach,	277–278,	282
liquefaction-related	failures,	279
penetration	resistance,	282
post-liquefaction	residual	strength,	

282–283
strength	(stability)	assessments,	278–279

g

General	Fish	CPT-6,	641
Geological	environment,	441

h

Hardening	law
‘cap	softening’,	496–497
constraint,	499–500
hyperbolic	stiffness	models,	496
inner	yield	surface,	498–499
linear	’rolling	in’,	496
Lode	angle,	495–496
plastic	shear	strain,	495
principal	stress	rotation,	497–498

High	cycle	loading
computational	approaches,	25
cyclic	ice	loading	and	excess	pore	pressure,	

23
cyclic	loading	and	piezometric	response,	24
earthquake	and	static	cases,	20
Gulf	Canada’s	Molikpaq	structure,	Beaufort	

Sea,	20,	22
in-situ	void	ratio	distribution,	21
Merriespruit	tailings	materials,	21

Hilton	mines	tailings,	552
Hokkaido	Tailings	Dam,	Japan

CPT	profiles	and	coefficients,	591–592
CSL	parameters	and	in-situ	state,	592
liquefaction,	591
plan	and	section	of,	590–591
total	stress	infinite	slope	approach,	592

Hokksund	sand,	553–556
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Hollow	cylinder	apparatus,	320–321
Hollow	cylinder	test,	336
Horizontal	geostatic	stress

CPT	measurement,	196–198
geostatic	stress	ratio,	190–192
Ko	measurement,	198–199
SBP	measurement,	192–196

I

IFM,	see	Iterative	forward	modelling	(IFM)
IL,	see	Instability	locus	(IL)
Imperial	Valley	event	(1979)

CPT	sites,	616
Kornbloom	B,	620
McKim	Ranch	A,	619
radio	tower	B1,	618
radio	tower	B2,	621
strike	slip	movement,	616

In-situ	state,	441–444
Instability	locus	(IL)

effect	of	Ko,	254
NorSand	simulations,	254
peak	undrained	shear	strength,	256
soil	moduli,	254–255
stress	perturbation,	254
stress	ratio,	254–255
stress–strain	behaviour,	253

Isotropy
anisotropy,	102
compression

image	condition,	137
plastic	moduli,	137
self-consistency,	137
state	parameter	approach,	137
volumetric	vs.	shear	hardening,	137–138
yield	surfaces,	137

elasticity
dimensionless	approach,	126
κ-model,	126
Poisson’s	ratio,	126

Iterative	forward	modelling	(IFM),	129,	176,	
193–194,	200,	418–419

J

Jamuna	(Bangabandhu)	Bridge,	Bangladesh
bridge	corridor,	river	training,	611
flowslide	geometry	at,	611
Guide	Bund	slopes,	611
mobilized	strengths,	underwater	slope,	613
northwest	of	Dhaka,	611
Sladen’s	error,	614
statistical	summary,	611–612
West	Guide	Bund,	CPT	locations,	611–612

Joint	industry–university	research,	liquefaction	
assessments,	453

Journal�of�Geotechnical�and�Geoenvironmental�
Engineering,	352

k

Kinematic	hardening	models,	372
Kornbloom	B	(32),	620

l

Laboratory	cyclic	test	methods
hollow	cylinder	apparatus,	320–321
microcomputer	technology,	322
stress	conditions,	320
triaxial	test	data	(see	Triaxial	test	data)

La	Marquesa,	Chile
average	initial	vertical	effective	stress,	603
dam	shells	movement,	602
downstream,	boring	B-II,	602
failure	zone	of,	601
reconstructed	through	failed	portion	

of,	601
shear	strengths	from	back-analysis,	602
water	retention	dam,	601
wedge	analysis,	603

La	Palma,	Chile
average	initial	vertical	effective	

stress,	605
failed	portion	of,	603
failure	zone	of,	603
measured	SPTs,	605
mobilized	strengths,	604
SPT–CPT	conversion	factors,	605

Liquefaction
Cambridge	view,	111–116
critical	stress	ratio,	111
CSL,	107,	109–110
CSSM,	107
descriptive	models,	102
drained	approach,	102–103
idealized	models,	102
in-situ	tests,	101
isotropy	and	small	strain	theory,	102
metastable	particle	arrangement,	101
micromechanical	approach,	104
normality	principal,	104
NorSand,	122–128
plasticity	and	density	dependence,	104
plastic	strain	increments,	104
relative	density,	101
soil	stress–strain	behaviour	modelling,	101
spreadsheets,	103
state	parameter	view,	116–122
stress–dilatancy	theory,	106
triaxial	test,	103
VBA	programming,	103
work	transfer	mechanism,	106
yielding,	mechanisms,	104

Liquefaction	assessment	chart
cyclic	stress,	352
earthquake	magnitude,	ground	motion,	

353–354
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NCEER,	354,	356
scaling	factors,	353,	355
SPT,	353

Liquefaction	assessment	for	silts,	311–312
Liquefaction	evaluation

definition,	1
high	cycle	loading,	20–26
instrumented,	Wildlife	Site	in	Imperial	

Valley,	26–31
Lower	San	Fernando	Dam,	14–16
by	machine	vibrations,	26
mine	waste	liquefaction	(see	Mine	waste	

liquefaction)
in	Niigata	earthquake,	11–14
NorSand	model,	32
plasticity	framework,	3
soil	behaviour,	31
soil	strata,	32
static	liquefaction,	sands

Fort	Peck	Dam,	5–6
Nerlerk	berm,	6–11

testing	and	analysis,	1–2
Liquefaction,	simple	shear

element	test	data,	350
shear	strain,	351
soil	stiffness,	349

Loma	Prieta	event	(1989)
Alameda	Bay	Farm	Island	(dike	location),	637
Farris	Farm	site,	632
General	Fish	CPT-6,	641
liquefaction,	625
marine	laboratory	C4,	629
Miller	farm	CMF3,	636
Miller	farm	CMF5,	635
Miller	farm	CMF8,	633
Miller	farm	CMF10,	634
Monterey	Bay	Aquarium	Research	Institute	4	

CPT-1,	642
Monterey	Bay	Aquarium	Research	Institute	3	

RC-6,	638
Monterey	Bay	Aquarium	Research	Institute	3	

RC-7,	639
moss	landing	state	beach	UC-14,	631
moss	landing	state	beach	UC-18,	644
Sandholdt	Road	UC-2,	640
Sandholdt	Road	UC-4,	630
Sandholdt	Road	UC-6,	643
San	Francisco-Oakland	Bay	Bridge	

site	1,	627
San	Francisco-Oakland	Bay	Bridge	

site	2,	628
Loose	pockets

caissons	subject,	205
centrifuge	model	caisson,	204
cyclic	loading	stages,	204
densification	methods,	203
dimensions	and	properties,	204
disproportionate	effect,	207
model	time	per	cycle,	205

non-uniform	foundation	conditions,	206
pore	pressure	dissipation,	206
scaled	displacement	and	piezometric	

data,	208
scaled	displacements	and	pore	pressures,	207
vertical	and	horizontal	displacements,	205

Lower	San	Fernando	Dam
as-constructed	section,	295
batch	samples,	302
centreline	of	sliding	mass,	297
characteristic	values,	303
CPT	C103,	300
cyclic	liquefaction,	303
data	files,	293
investigation	borings/soundings,	296
liquefaction	failure,	15–16
liquefaction	standpoint,	294
liquefaction	types,	14
particle	size	distribution,	299
pore	pressure	migration,	16
residual	stress	ratio,	303
seed	liquefaction	assessment	chart,	15
SPT–CPT	pairs,	294
state	parameter	values,	302
Station	09+35,	299
upstream	direction,	294

M

Marine	laboratory	C4,	629
McKim	Ranch	A	(31),	619
Miller	farm	CMF3,	636
Miller	farm	CMF5,	635
Miller	farm	CMF8,	633
Miller	farm	CMF10,	634
Mine	waste	liquefaction

Aberfan,	17–18
Merriespruit	gold	tailings	dam	failure,	18–20

Mochikoshi	Tailings	Dams,	Japan
average	in-situ	vertical	effective	stress,	594
characteristic	trend	lines,	594
CPT	coefficients,	594–595
double-tube	cone	penetration	test,	593

Mohr–Coulomb	criterion,	105
Mohr–Coulomb	soil	model,	150
Monterey	Bay	Aquarium	Research	Institute	4	

CPT-1,	642
Monterey	Bay	Aquarium	Research	Institute	

3RC-6,	638
Monterey	Bay	Aquarium	Research	Institute	

3RC-7,	639
Monterey	sand,	557–558
Moss	landing	state	beach	UC-14,	631
Moss	landing	state	beach	UC-18,	644

n

NAMC	soil	model,	see	Non-associated	Mohr–
Coulomb	(NAMC)
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National	Center	for	Earthquake	Engineering	
Research	(NCEER),	183,	354,	356,	
444–445

National	Science	Foundation	(NSF),	352
NCL,	see	Normal	compression	locus	(NCL)
Nerlerk	berm	analysis

bathymetric	surveys,	7
CPT	distributions,	10
CPT	statistics,	217
and	foundation	cross-section,	7
grain-size	distribution,	9
hydraulic	placement,	6
interpretation,	217
non-associated	plasticity,	218
oil	exploration,	6
plan	of	failures,	7–8
properties,	11
spatial	variability,	218
state	parameter,	220
uniform	fill	states,	219
variable	field,	220

Nerlerk,	Canada
bathymetric	survey	data,	597
clay,	role	of,	600–601
cone	calibration	chamber,	600
CPT	distributions,	598
denser	bottom-dumped	Ukalerk	sand,	597
displacement	slides,	595
grain	size	distributions,	597–598
index	and	critical	state	properties,	598,	600
measured	soil	properties,	595
Nerlerk	B-67,	sand	berm,	595
post-failure	slopes	of,	597
state	and	stress	paths,	triaxial	tests,	598–599
statistical	analysis,	601
triaxial	tests	and	CPT	files,	595
x-ray	diffraction,	mineralogy,	598

Netherlands,	19th	and	20th	century	Zeeland	
coastal	slides

active	geologic	processes,	577
critical	density	tests,	577
CSL	parameters	and	the	in-situ	state,	579
flowslide	location,	from	1881	to	1946,	

577–578
slope	failures,	577
typical	CPT	soundings,	flowslide	material,	

577,	579
Vlietpolder	flowslide	geometry,	577–578

Niigata	earthquake
apartment	building	at	Kawagishi-cho,	11–12
catastrophic	consequences,	11
seed	liquefaction	assessment	chart,	14
soil	profile	and	CPT	resistance,	13–14

Non-associated	Mohr–Coulomb	(NAMC),	
382,	385,	397–398

Bolton’s	approximation	of	stress–dilatancy,	
152

cavity	expansion	theory,	168
closed-form	solutions,	171

dilation	and	friction	angles,	151
plastic	strains,	150
SBP	data,	199
stress–strain	curves,	150–151

Normal	compression	locus	(NCL),	105
comparison	of	isotropic	compression	

idealization,	107–108
CPT	soundings,	119
CSL,	107
CSSM,	122
factors,	120
hydraulic	deposition,	119
isotropic	compression	data,	120–121
kernel,	120,	122
large-scale	hydraulic	fills,	107
load–unload	samples,	120
NorSand,	108–109
overconsolidation	ratio,	122
parameters,	107–108
PNCL,	120
relative	density	distributions,	119–120
state	parameter,	overconsolidation	ratio,	108
unloading–reloading,	122
yield	surfaces,	118

Normality,	104
Normalized	and	variants,	state	parameter

vs.	maximum	dilatancy,	52–54
relative	state	parameter	index,	54

NorSand,	153;	see�also	Undrained	NorSand	
behaviour

boundary	conditions,	535
cavity	expansion	approach,	178–179
consistency	condition

inner	cap,	505–506
outer	yield	surface,	503–505
plastic	strain,	502
shear	stress,	502

CPT	inversion	coefficients,	176
critical	friction	ratio

‘average’	and	‘simplified’	
idealizations,	487

Cornforth’s	equipment,	485
Cornforth’s	tests,	486
effect,	intermediate	principal	stress,	485
Erksak	sand	stress–dilatancy,	484–485
numerical	model,	487
plane	strain,	485
soil	strength	models,	486
triaxial	test	data,	484
void	ratio,	484

dimensionless	group,	171
download,	537–538
drained	plane	strain	dense	element	test,	

537,	539
drained	triaxial	compression,	510
drained	triaxial	tests

best-fit	vs.	trend	values,	132–133
calibration	fitting	model,	130–132
elastic	bulk	modulus	data,	129
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Erksak	sand,	128
friction	ratio,	128
IFM,	129
plastic	hardening	modulus	vs.	state	

parameter,	130,	132
shear	rigidity,	129
state	diagram,	130
state–dilatancy	parameter,	128

elastic	and	plastic	strains,	481
elastic	shear	modulus,	171
elastic	volumetric	strain,	137
‘element’	tests,	535
engineering	strain

deviator	stress	vs.	axial	strain,	490–491
elastic	strains,	490
equation	of	state/finite	deformation	view,	

490–491
fitting	test	data,	491
large	and	small	strain,	490–491
Theory	of	Elasticity,	490
volumetric	strain	vs.	axial	strain,	

490–491
and	EP–PC,	519
Euler	method,	535
FFM,	522–523
FRS,	375–376
geometry,	boundary	and	loading	conditions,	

535–537
geostatic	stress,	375
hardening	limit	and	internal	yielding,	

493–495
hardening	modulus	limitations,	138–139
IFM	approach,	194
IL	(see	Instability	locus	(IL))
image	state	parameter

CSL,	493
‘state	view’,	492
thermodynamics,	492

isotropic	elasticity,	126
kinematic	softening,	372
liquefaction

Cam	Clay,	262
conventional	laboratory	testing,	259
CSD	behaviour,	260
Dense	Fraser	River	sand,	260–261
measured	and	computed	behaviour,	263
plastic	modulus,	262
pore	water	pressure,	259
self-consistency,	261
test	data	and	key	observations,	259
in	triaxial	extension,	258–259

modelled	soil	behaviour
effects	of	model	parameters,	133–134
peak	shear	stress	ratio,	133
shear	and	volumetric	strains,	133

models	liquefaction,	248
monotonic	loading,	508
NAMC	soil,	171
numerical	integration,	127–128,	508

parameters,	126–127
photo-elastic	discs,	373
plane	strain	and	non-triaxial	compression	

loadings
Brasted	sand,	139–141
Cornforth’s	testing,	139
CSL,	139
geomechanics,	139
intermediate	principal	stress,	140
post-peak	behaviour,	140
predictions	vs.	Brasted	sand,	140,	142
stress–dilatancy,	139
3D	model	validation,	139
triaxial	equipment,	139

plane	strain	compression,	535
plasticity	models,	507–508
post-liquefaction	strength,	507
principal	stress	rotation	softening	

parameter,	376–377
principal	vs.	Cartesian,	519–520
‘production’	modelling,	481
SASW,	176
silt	(fines)	content,	256–258
simple	shear,	374
state–dilatancy

axial	strain,	483
backward	compatibility,	483
Beaufort	Sea	sands,	482
CheckInputParameters,	483
definition,	482
dual	demands,	482–483
hardening	limit,	482
sand	gradation,	482
silty	sands,	482
soil	properties,	483
3D	development,	482
triaxial	compression,	483

stress	and	strain	conditions,	508
stress	differentials,	506–507
stress–strain	behaviour,	178
stress–strain	curves,	481
test-by-test	basis,	508
theoretical	guidance,	170
third	axiom	principal	stress	rotation,	372
Ticino	sand,	171
triaxial	compression	conditions,	481
triaxial	compression	version

Cam	Clay,	123
consistency	condition,	125
decoupling,	126
image	state,	123
limiting	stress	ratios	and	image	condition,	

123–124
loose	and	dense	sand,	123–124
Nova’s	rule,	122
parameters,	122
Rowe’s	observation,	122–123
Second	Axiom,	123–124
soil	properties,	125
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stress–dilatancy,	122–123
yield	surface,	125

triaxial	conditions,	519
triaxial	tests,	481
undrained	plane	strain	loose	element	test,	

537–538
undrained	triaxial	tests,	508–509
uniqueness	of

fabric	effects,	252
peak	undrained	triaxial	compression	

strength,	251
pressuremeter	test,	252
sample	preparation	effects,	251,	253
S	and	F	lines,	252
steady-state	lines,	250

viscoplasticity	(see	Viscoplasticity)
volumetric	coupling,	stress–dilatancy

dense	soil,	489
‘element’,	488
‘micromechanical’	view,	488
Nova’s	flow	rule,	487
OCC	flow	rule,	487
plane	strain	data,	489–490
soil	behaviour	and	properties,	488
soil	fabric,	488–489
soil	models,	487

volumetric	vs.	shear	hardening,	137–138
yield	surface	shape,	135–136

NorSand	Finite	Element	Monotonic	
(NorSandFEM),	385–387

Northridge	event	(1994)
Balboa	Boulevard,	unit	C,	646
description,	645
Potrero	Canyon,	unit	C1,	647
Rory	lane	(130),	649
Wynne	Avenue,	unit	C1,	648

NSF,	see	National	Science	Foundation	(NSF)

o

OCC,	see	Original	Cam	Clay	(OCC)
OCR,	see	Overconsolidation	ratio	(OCR)
Open-source	FE	software

adopted	software,	382
description,	382
NorSand	implementation,	385
plotting	and	visualization,	385
slope	stability	analysis,	382–384

Original	Cam	Clay	(OCC)
conventional	hardening	law,	654
CSL,	653
Euler	approach,	655
flow	rule,	487
hardening	plasticity	models,	651,	654
vs.	NorSand,	656–657
plastic	deformation,	652
Schofield	and	Wroth	closed-form	

integration,	655
‘state	boundary	surface’,	654

‘state	hardening’	view,	655
‘state	view’,	651
stress	and	state	space,	652–653
stress	dilatancy	equation,	652
volume	and	soil	properties,	653
yield	surface,	652

Ottawa	sand,	559
Overconsolidation

effect,	reloading,	502
‘niceties’,	500
NorSand,	501
‘proximity’,	501
pseudo-yield	surface,	501
restrictions/conditions,	501–502
soil	properties	and	geostatic	stress	states,	502
yield	surface,	500–501

Overconsolidation	ratio	(OCR),	59–61

p

Plane	strain	tests
Emperial	College	and	Nanyang	Technical	

University	plane	strain	test,	89–91
simple	shear

on	Fraser	River	sand,	88–89
pressure	transducers,	87
stress	conditions,	87–88
triaxial	compression,	88–89

Plane	strain	vs.	triaxial	conditions
computed	peak	undrained	strength,	267–268
geostatic	stress	ratio,	265
laboratory-based	understanding,	264
Lode	angle,	266
NorSandSS,	264–265
peak	undrained	strength,	266–268
rotation	of	principal	stress,	266
simple	shear,	265,	267
soil	behaviour,	269

Plasticity	theory
cap	models,	106
consolidation	theory,	105
dilation,	105–106
dominant	methodology,	104
hockey	puck	analogy,	104–105
Mohr–Coulomb	criterion,	105–106
normality,	104–105
thermodynamics,	104

Post-liquefaction	residual	strength
case	histories	and	penetration	resistance,	308
by	numerics,	309–311

Potrero	Canyon,	unit	C1,	647
Principal	stress	rotation

behaviour	of	dense	sand,	333–334
DSC,	332
hollow	cylinder	test,	336–337
satisfactory	test	apparatus,	338
stress–dilatancy	behaviour,	336
Toyoura	sand,	335–336

Pseudo–steady	state,	263–264
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r

Radio	tower	B1,	618,	623
Radio	tower	B2,	621,	624
Reid-Bedford	sand,	560
Residual	strength

CPT	charts,	305–306
dimensional	consistency,	283
history,	283–284
laboratory	data,	304–305
‘Pi’	theorem,	283
practice,	US,	284–286
project-specific	studies,	306–308

Rory	lane	(130),	649
Rowe’s	stress–dilatancy	theory,	109,	151

s

Sample	size	effect
bifurcation,	60
dense	Ticino	sand,	61–62
intrinsic	scale	effect,	61
isotropic	confining	stress,	61
multiple	shear	bands,	62–63
stress–strain	curve,	61
Toyoura	sand,	58–59
void	ratio	and	sample	preparation	

method,	58,	60
Sandholdt	Road	UC-2,	640
Sandholdt	Road	UC-4,	630
Sandholdt	Road	UC-6,	643
Sands	(Duncan	Dam),	444–446
San	Francisco-Oakland	Bay	Bridge	

site	1,	627
San	Francisco-Oakland	Bay	Bridge	

site	2,	628
Satisfactory	test	apparatus,	338
Self-bored	pressuremeter	(SBP)

and	CPT,	197–198
in-situ	geotechnical	test,	199–200

SHANSER	approach,	see	Stress	history	and	
normalized	engineering	parameters	
(SHANSER)	approach

Sheffield	Dam,	California
average	vertical	effective	stress,	failure	

zones,	586
construction	of,	585
CSL	parameters	and	in-situ	state,	587
cyclic	strength	tests,	585–586
liquefying	layer,	585–586
peak	ground	acceleration,	585
penetration	resistance,	587
preconstruction	survey	drawings,	586
pseudo–static	methods,	585
relative	density,	586

Silts,	cyclic	behaviour
CLRL,	330
compressibility,	330
critical	state	model,	332–333

cyclic	triaxial	test,	Bonnie	silt,	330–331
liquefaction	assessment,	331
repeated	loading,	330–331

Simple	shear	tests
application,	shear	strain,	512
boundary	conditions,	511–512
derivation,	514–515
elastic–plastic	strain	decomposition,	

512–513
FRS	(see	Fraser	River	sand	(FRS))
liquefaction	studies,	232–233
plane	strain	condition,	515–516
principal	stress,	514
sand	response	for	LSRo	<	ISR/2,	347–349
sand	response,	LSRo	≈ISR,	349–350
SBR	and	CSR,	346
state	diagram,	initial	conditions,	344,	346
static	bias,	345
stress	and	strain	increments,	517
stress	invariants,	512,	515
stress	paths,	233
stress	ratio,	FRS,	346–347
‘Symposium	in	Print’,	511
test	conditions,	344–345
triaxial	testing	programme	(see	Triaxial	

testing	programme)
UBC	simple	shear	apparatus,	343
VELACS	project,	233

Slope	liquefaction
crest	loading	with	deep	weak	zone,	

391–394
description,	387
displacement	control,	388
movement	at	depth,	394–397
scenarios	analysis,	387–388
surface	loading	with	rough	rigid	footing,	

388–391
Slurry	deposition	method,	465–466,	468–469
Small	strain	theory

elasticity,	102
geomechanics,	102
soil	behaviour,	102

Soil	behaviour
critical	state	soil	models,	37–40
dilatancy	(see	Dilatancy)
operational	friction	ratio,	stress–dilatancy

Cornforth’s	testing,	98
drained	triaxial	data,	95
image	condition,	96
numerical	differentiation,	94–95
Rowe’s	stress–dilatancy	relationship,	94
user-defined	function	in	spreadsheets,	97

plane	strain	tests	(see	Plane	strain	tests)
state	parameter	approach

critical	state	framework,	66
geotechnical	engineering,	63
in-situ	tests,	64
intrinsic	properties,	64
laboratory	tests,	sands	and	silts,	65
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liquefaction	analysis,	66
parameters	and	testing	methods,	65
properties,	62–63

stress–dilatancy	theory,	40–41
3D	stress	states

Brasted	sand	data,	93–94
Cornforth’s	plane	strain	data,	93–94
intermediate	principal	stress,	93
Lode	angle	at	peak	strength	in	plane	

strain,	93
zero	dilation	rate	critical	friction,	92

Soil	plasticity	and	fabric,	449–450
Soil	properties

critical	friction	ratio,	86
critical	state	approach,	82–83
data	file	structure	(see	Data	file	structure)
data	processing	(see	Data	processing)
document	simulation	input	sets,	420–421
elasticity,	406
evaluation

state–dilatancy	plot,	415–416
state	plot,	413
stress–dilatancy,	triaxial	tests,	414
stress	paths,	415
test	summary	table,	413
worksheet,	411–412

graded	soils,	84–85
grain	size	distribution,	82,	84
measurement,	86–87
mechanics-based	framework,	81–82
minimum	test	program,	404–405
practical	test	program,	406–407
project	owners,	422
review	engineers,	422
sample	selection,	403–404
triaxial	testing	procedure,	403
validation

IFM,	418–419
initial	soil	state,	418
Nerlerk	sand,	420–421
NorSandTXL	program,	416–417
plastic	properties,	418
VBA,	419
void	ratio,	420

Soil	variability
analytical	methods,	440
in-situ	state	on	cyclic	performance	(see	Cyclic	

performance)
loose	pockets	(see	Loose	pockets)
quantification,	439–440

Solid	static	liquefaction
cohesion-like	intercept,	242
collapse	surface	and	instability,	241
G609,	242–243
geotechnical	engineering,	226
laboratory	experiments

plane	strain	compression,	233–234
triaxial	(see	Triaxial	extension)
in	triaxial	compression	tests,	227–228

mobilized	stress	ratio,	242
monotonic	conditions,	225
peak	strengths,	225,	241
post-earthquake	liquefaction,	225
substantial	brittle	strength,	241

Standard	penetration	test	(SPT),	353
advantages,	144,	146
cathead,	144–145
database,	201
knowledge	and	technology,	145
liquefaction	problems,	146–147
mechanical	behaviour	of	soil,	147
qc/N	and	soil	type,	148
repeatability,	145
soil-type	classification	chart,	147
stratigraphic	logging	tool,	147

State	parameter	approach
Calaveras	Dam	case	history	data,	288
California-based,	287
case	history	data,	288
CPT	resistance,	287,	290
demonstration,	293
effective	stress,	286
in-situ	state	parameter,	291
mathematical	derivation,	290
numerical	simulation,	286
post-peak	stress,	292
residual	undrained	strength	ratio	vs.	

penetration	resistance,	289
soil	behavioural	parameters,	288
soil	state	and	compressibility,	293
VBA	function,	292
Wroth’s	strictures,	292

State	parameter	in-situ
cavity	expansion,	178–179
CC	studies	(see	Calibration	chamber	(CC)	

studies)
CPT,	144,	183–184
effect	of	interbedded	strata,	183
effect	of	material	variability	and	fines	

content,	176–177
elasticity	in-situ	(see	Elasticity	in-situ)
flat	plate	dilatometer,	200–201
horizontal	geostatic	stress	(see	Horizontal	

geostatic	stress)
inverse	problem

cavity	expansion,	150
closed-form	solution,	153
CPT	data,	153
dilation	and	friction	angles,	151
independent	properties,	149
Mohr–Coulomb	soil	model,	150
NorSand	model,	153
penetrometer,	149
Rowe’s	stress–dilatancy	theory,	151
soil	stratum,	149
sophisticated	soil	models,	150
spherical	cavity	expansion	stress	ratio	vs.	

friction	angle,	152
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spherical	cavity	expansion	stress	ratio	vs.	
state	parameter,	150–152

stress–dilatancy	theory,	150
stress–strain	curves,	150–151
Wroth’s	strictures,	149

penetration	tests,	143
Q	and	Qp,	144
reference	stress–level	approach,	143
screening-level	assessment,	180–182
self-bored	pressuremeter,	199–200
soil	behaviour-type	index,	177–178
and	soil	properties,	144
stress	(see	Stress)
Ψ	from	CPT

framework,	173–176
original	method,	164–169
simulations	with	NorSand,	170–173
stress-level	bias,	169–170

State	parameter	view
Cam	Clay

Hvorslev	surface,	118
overconsolidation	ratio,	117

initial	index	vs.	internal	variable,	122
NCL	(see	Normal	compression	locus	(NCL))

Static	bias	ratio	(SBR),	345–346
Steady-state	approach

cohesive-like	strength,	269
CSL,	269
deficiencies,	275–277
ground	freezing	and	coring,	270
in-situ	steady-state	strength,	271
procedure,	270
‘undisturbed’	sample,	271
validation

average	shear	stress,	272
comparative	back-analysis,	272
in-situ	void	ratios,	273
pre-failure	geometry,	272
residual	undrained	strength,	275
undrained	steady-state	strengths,	273

void	ratio	measurement,	270
Strain	decomposition,	104
Stress

effect	of	vertical	and	horizontal	stresses,	
159–161

linear	stress	normalization,	163–164
reference	condition	approach,	161–163

Stress	and	strain	measurement
deviatoric	invariant,	456
dilatancy/dilation	rate,	456
elastic	plastic	decomposition,	457–458
familiar	stress	ratio,	457
mean	and	deviator	stress,	455
soil	behaviour,	455
soil	mechanics,	455
triaxial	test,	456
work-based	fundamental	approach,	457
work	conjugate,	455

Stress–dilatancy	theory,	40–41

Stress	history	and	normalized	engineering	
parameters	(SHANSER)	approach,	447

su	and	sr,	laboratory	data
brittleness	index,	240
Cam	Clay	model,	239
geotechnical	engineers,	236
isotropic	compression,	236–237
laboratory	triaxial	compression,	240–241
normalized	undrained	strength,	235–236
observed	values,	237
over-consolidation	ratio,	235
pore	pressure	ratio,	238
silt-sized	particles,	234
state	parameter	and	over-consolidation,	237
undrained	plane	strain	compression,	235
undrained	strength	ratio,	238

Sullivan	Mine	tailings	slide	(British	Columbia)
CLARA	program,	610
CPT	soundings	through,	607–609
description,	605
estimated	in-situ	state	from	CP91-29	

data,	610
failure	zone	of,	605–606
geometric	and	volume	constraints,	607
recorded	piezometric	pressures,	607
tailings	management	approach,	605

Sydney	sand,	561
Syncrude	oilsands	tailings,	562

t

Tarsiut	P-45	fill
correlation	distance,	211–212
CPT,	210
deployment,	209
maximum	and	minimum	values,	211
sandfill,	210
silt	content,	214
soil’s	distribution,	213
statistical	profile,	212
stochastic	reconstruction,	213

Ticino	sand
CPT	calibration	chamber	studies,	157
CPT	resistance	vs.	density,	159
elasticity,	171
Ir	on	k,	m	coefficients,	172
normally	consolidated	and	over-

consolidated,	167
Qp–Ψo	relationship,	171,	173
shear	modulus,	172,	189
stress-level	bias,	170

Ticino	9	sand,	572
Toyoura	160/0	sand,	573
Triaxial	extension

comparison,	232
loose	silty	sand,	230
loose	Ticino	sand,	229
particle	size	distribution	curve,	230
post-peak	strength,	229
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stress	combinations,	228
test	data,	231

Triaxial	test	data
anisotropic	consolidation,	327
consolidation	stress	ratio,	327
CSR,	322–323
cyclic	strength,	sands,	329–330
factors,	affecting,	325
feature,	325
loading	cycle	approaches,	328
sand	behaviour,	322–323
soil	behaviour,	325–326
state	parameter	approach,	328–329
stress–strain	graph,	322
Toyoura	sand,	cyclic	strength,	324
VELACS	project,	322

Triaxial	testing	programme
critical	state	parameters,	340–341
elasticity,	341
plasticity	parameters,	341
state	diagram	and	CSL,	340
unload–reload	loops,	339–340

u

UBC,	see	University	of	British	Columbia	(UBC)
UDMs,	see	User-defined	models	(UDMs)
Undisturbed	samples

clay-like	soils,	446–447
disturbance	(void	ratio	matters),	447–449
intermediate,	444
NCEER	approach,	444
sands	(Duncan	Dam),	444–446

Undrained	monotonic	behaviour,	226
Undrained	NorSand	behaviour

elastic	compressibility,	244
partial	saturation,	244–245
Poisson’s	ratio,	243
simulation

boundary	condition	effect,	245
drained	calibrations,	248
initial	state	diagram,	246
laboratory-reconstituted	samples,	246
mean	effective	stress,	245
Poisson’s	ratio,	245
test	L601,	246
triaxial	compression	static	liquefaction,	

247
soil	properties	and	liquefaction	state,	

248–250
University	of	British	Columbia	(UBC),	128,	209,	

321–322,	336,	338–339,	343,	605
User-defined	models	(UDMs),	382

v

VBA	programming,	103,	125,	128,	303,	419
VELACS	project,	233,	322–323,	329
Vertical	seismic	profiles	(VSPs),	185–187

Viscoplasticity
‘bodyloads’,	521
complex	constitutive	models,	521
constant	stress	input	file	format,	530–532
elastic	stiffness	matrix,	520
gravity	loading	input	file	format,	533–535
‘illegal	stresses’,	521
InitialState	subroutine,	525
maximum	‘critical’	value,	521
NorSandFEM,	523–524
NorSand	hardening,	525–526
parameter	grouping,	521
plane	strain	elastic	constitutive	matrix,	522
quadrilateral	elements,	522
‘softening	term’,	526–527
standard	bullet	hardening,	526
strain-hardening	constitutive	models,	520
strain	increments,	528–529
UpdateState	subroutine,	525
viscous	‘dashpot’,	520
Von-Mises	and	Mohr–Coulomb,	520
yield	routine,	525

Visual	Basic	Editor,	103
Vlietpolder	flowslide	geometry,	577–578
VSPs,	see	Vertical	seismic	profiles	(VSPs)

W

Wachusett	Dam,	North	Dyke	(Massachusetts)
1907,	about	upstream	fill,	581
cross	section	of,	with	1991,	581
CSL	parameters	and	in-situ	state,	582
initial	effective	stress	conditions,	581
longitudinal	and	transverse	sections,	580
looser	zones,	582
strengths	and	strength	ratios,	582
trench	cut-off	and	core,	580
water	supply	reservoir,	580

West	Kowloon	sand,	574
Westmorland	event	(1981)

liquefaction	and	lateral	spreading,	622
radio	tower	B1,	623
radio	tower	B2,	624

Wildlife	Site	in	Imperial	Valley
average	stress–average	strain	graphs,	30–31
plan	and	cross-section,	Wildlife	

instrumentation	array,	27–28
pore	pressures	and	ground	response,	26
shear	stress	and	strain,	30
Superstition	Hills	earthquake,	30
surface	accelerometer	and	piezometer,	28–29

Wynne	Avenue,	unit	C1,	648

y

Yatesville	silty	sand,	575
Yield	surface

‘bullet’-shaped,	492
coefficient,	492
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image	stress,	492
normality	and	stress–dilatancy	

relationship,	491
post-liquefaction,	491
stress	increments,	491
treating	soil,	491

Yield	surface	shape
Fuji	River	sand,	135–136
Hvorslev/failure	surface,	136
limited	hardening,	136
NorSand,	135–136
stress	probing,	135
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