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CHAPTER 1
What is Econometrics?

This chapter emphasizes that an econometrician has to be a competent mathematician
and statistician who is an economist by training. It is the unification of statistics,
economic theory and mathematics that constitutes econometrics. Each view point, by
itself is necessary but not sufficient for a real understanding of quantitative relations
in modern economic life, see Frisch (1933).

Econometrics aims at giving empirical content to economic relationships. The three
key ingredients are economic theory, economic data, and statistical methods. Neither
‘theory without measurement’, nor ‘measurement without theory’ are sufficient for
explaining economic phenomena. It is as Frisch emphasized their union that is the
key for success in the future development of econometrics.

Econometrics provides tools for festing economic laws, such as purchasing power
parity, the life cycle hypothesis, the wage curve, etc. These economic laws or
hypotheses are testable with economic data. As Hendry (1980) emphasized “The
three golden rules of econometrics are test, test and test.”

Econometrics also provides quantitative estimates of price and income elasticities
of demand, returns to scale in production, technical efficiency in cost functions, wage
elasticities, etc. These are important for policy decision making. Raising the tax on
a pack of cigarettes by 10%, how much will that reduce consumption of cigarettes?
How much will it generate in tax revenues? What is the effect of raising minimum
wage by $1 per hour on unemployment? What is the effect of raising beer tax on
motor vehicle fatality?

Econometrics also provides predictions or forecasts about future interest rates,
unemployment, or GNP growth. As Klein (1971) emphasized: “Econometrics should
give a base for economic prediction beyond experience if it is to be useful.”

Data in economics are not generated under ideal experimental conditions as in a
physics laboratory. This data cannot be replicated and is most likely measured with
error. Most of the time the data collected are not ideal for the economic question at
hand. Griliches (1986, p. 1466) describes economic data as the world that we want
to explain, and at the same time the source of all our trouble. The data’s imperfec-
tions makes the econometrician’s job difficult and sometimes impossible, yet these
imperfections are what gives econometricians their legitimacy.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 1
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2 Badi Baltagi

Even though economists are increasingly getting involved in collecting their data
and measuring variables more accurately and despite the increase in data sets and
data storage and computational accuracy, some of the warnings given by Griliches
(1986, p. 1468) are still valid today:

econometricians want too much from the data and hence tend to be disap-
pointed by the answers, because the data are incomplete and imperfect. In
part it is our fault, the appetite grows with eating. As we get larger samples,
we keep adding variables and expanding our models, until on the margin, we

come back to the same insignificance levels.

Pesaran (1990, pp. 25-26) also summarizes some of the limitations of economet-

rics:

There is no doubt that econometrics is subject to important limitations, which
stem largely from the incompleteness of the economic theory and the non-
experimental nature of economic data. But these limitations should not distract
us from recognizing the fundamental role that econometrics has come to play
in the development of economics as a scientific discipline. It may not be possi-
ble conclusively to reject economic theories by means of econometric methods,
but it does not mean that nothing useful can be learned from attempts at testing
particular formulations of a given theory against (possible) rival alternatives.
Similarly, the fact that econometric modelling is inevitably subject to the prob-
lem of specification searches does not mean that the whole activity is pointless.
Econometric models are important tools for forecasting and policy analysis,
and it is unlikely that they will be discarded in the future. The challenge is to
recognize their limitations and to work towards turning them into more reliable

and effective tools. There seem to be no viable alternatives.

Econometrics have experienced phenomenal growth in the past 50 years. There
are six volumes of the Handbook of Econometrics, most of it dealing with post
1960s research. A lot of the recent growth reflects the rapid advances in comput-
ing technology. The broad availability of micro data bases is a major advance which
facilitated the growth of panel data methods (see Chap. 12) and microeconometric
methods especially on sample selection and discrete choice (see Chap. 13) and that
also lead to the award of the Nobel Prize in Economics to James Heckman and Daniel

McFadden in 2000. The explosion in research in time series econometrics which lead
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to the development of ARCH and GARCH and cointegration (see Chap. 14) which
also lead to the award of the Nobel Prize in Economics to Clive Granger and Robert
Engle in 2003.

The challenge for the twenty-first century is to narrow the gap between theory and
practice. Many feel that this gap has been widening with theoretical research growing
more and more abstract and highly mathematical without an application in sight or
a motivation for practical use. Heckman (2001) argues that econometrics is useful
only if it helps economists conduct and interpret empirical research on economic
data. He warns that the gap between econometric theory and empirical practice has
grown over the past two decades. Theoretical econometrics becoming more closely
tied to mathematical statistics. Although he finds nothing wrong, and much potential
value, in using methods and ideas from other fields to improve empirical work in
economics, he does warn of the risks involved in uncritically adopting the methods
and mind set of the statisticians:

Econometric methods uncritically adapted from statistics are not useful in
many research activities pursued by economists. A theorem-proof format is
poorly suited for analyzing economic data, which requires skills of synthesis,
interpretation and empirical investigation. Command of statistical methods is
only a part, and sometimes a very small part, of what is required to do first

class empirical research.

Geweke et al. (2008) in the The New Palgrave Dictionary provide the following
recommendations for the future:

Econometric theory and practice seek to provide information required for
informed decision-making in public and private economic policy. This process
is limited not only by the adequacy of econometrics, but also by the devel-
opment of economic theory and the adequacy of data and other information.
Effective progress, in the future as in the past, will come from simultane-
ous improvements in econometrics, economic theory, and data. Research that
specifically addresses the effectiveness of the interface between any two of
these three in improving policy — to say nothing of all of them — necessar-
ily transcends traditional subdisciplinary boundaries within economics. But it
is precisely these combinations that hold the greatest promise for the social

contribution of academic economics.
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For a world wide ranking of econometricians as well as academic institutions in the

field of econometrics, see Baltagi (2007).
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CHAPTER 2
A Review of Some Basic Statistical Concepts

2.1 Variance and Covariance of Linear Combinations of Random Variables.

a. LetY = a4 bX, then E(Y) = E(a 4+ bX) = a 4+ bE(X). Hence,

var(Y) = E[Y — E(Y)]> = E[a + bX — a — bE(X)]2 = E[b(X — E(X))]?
= bE[X — E(X)]2 = b var(X).

Only the multiplicative constant b matters for the variance, not the additive
constant a.
b. LetZ = a+ bX 4 cY, then E(Z) = a + bE(X) + cE(Y) and

var(Z) = E[Z — E(Z)]> = E[a + bX + ¢Y — a — bE(X) — cE(Y)]?
= Eb(X — E(X)) + c(Y = E(Y)]
= b2E[X—E(X)]*+c?*E[Y—E(Y)]?>+2bc E[X—E(X)][Y—E(Y)]
= b?var(X) + c?var(Y) + 2bc cov(X, Y).

c. LetZ = a+bX+cY,and W = d+eX+fY, then E(Z) = a+bE(X)+cE(Y)
E(W) = d + eE(X) + fE(Y)

and

cov(Z, W) = E[Z — E(Z)][W — E(W)]
= E[b(X—-E(X))+c(Y—E(Y))][e(X—E(X))+{(Y—-E(Y))]
= be var(X) + cfvar(Y) + (bf + ce) cov(X,Y).

2.2 Independence and Simple Correlation.

a. Assume that X and Y are continuous random variables. The proof is similar
if X and Y are discrete random variables and is left to the reader. If X and
Y are independent, then f(x,y) = fj(x)f2(y) where fj(x) is the marginal
probability density function (p.d.f.) of X and f;(y) is the marginal p.d.f. of
Y. In this case,

E(XY) = [[ xyf(x,y)dxdy = [[ xyfi(x)f>(y)dxdy
= ([ xfi(x)dx)(/ yf,(y)dy) = E(X)E(Y)

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 5
in Business and Economics, DOI 10.1007/978-3-642-54548-1_2,
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Hence,
cov(X,Y) = E[X — EX)][Y — E(Y)] = E(XY) — E(X)E(Y)
= E(X)E(Y) — E(X)E(Y) = 0.
b. IfY = a+bX, then E(Y) = a+bE(X) and cov(X, Y) = E[X — E(X)][Y —
E(Y)] = E[X — E(X)][a + bX — a — bE(X)] = b var(X) which takes the

sign of b since var(X) is always positive. Hence,

X, Y X
correl(X,y) = pxy = cov(X,Y) _ bvarX)

Jvar(X)var(Y)  +/var(X)var(Y)

but var(Y) = b? var(X) from problem 2.1a. Hence, pxy =

b var(X)

A/ b2 (var(X))2

41 depending on the sign of b.

2.3 Zero Covariance Does Not Necessarily Imply Independence.
X | PX)
215
—111/5
01| 1/5
1] 1/5
2| 1/5

2
EX)= ) XP(X) = %[(—2) +(=D+0+1+2]=0
X=-2

2
1
EQX) = ) XPX) = [4+1+0+1+4]=2
X==2

and var(X) = 2. For Y = X?, E(Y) = E(X?) = 2 and

2
EXY) = Y X°P(X) = %[(—2)3 + =D +0+ 1242 =0
X=-2

In fact, any odd moment of X is zero. Therefore,

E(YX) = E(X*X) = E(X®) =0
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and
cov(Y,X) = EX—-EX))(Y —E(Y)) =EX-0)(Y —-2)

= E(XY) —2E(X) = EXY) = E(X®) =0

cov(X,Y) =0

Hence, pxy = 25025

2.4 The Binomial Distribution.

a. Pr[X = 5 or 6] = Pr[X = 5] + Pr[X = 6]
—b(n=120,X=5,0=01)+b(n=20,X=60=0.1)

- (250) (0.1)(0.9)'5 + (260) (0.16(0.9)1

= 0.0319 4 0.0089 = 0.0408.
This can be easily done with a calculator, on the computer or using the

Binomial tables, see Freund (1992).

b n _ n! _ n! _ n
* n—X — (@=X)!(n—n+X)! T 0=X)IX! T X

Hence,

n

b(n,n—X,1-0) = (n—X

) (1 _ e)n—X(l —14 e)n—n+X

- ;(1 — 0)"X0X = b(n, X, 0).

c. Using the MGF for the Binomial distribution given in problem 2.14a, we get
Mx(t) = [(1 —0) + 0¢']".

Differentiating with respect to t yields M (t) = n[(1 — 6) + 0e']"~16¢".
Therefore, M4 (0) = n6 = E(X).

Differentiating M (t) again with respect to t yields

M%(t) = n(n— 1)[(1 — 0) + 0e']""2(8e")? + n[(1 — 0) + 0e']"'0et.
Therefore M¥(0) = n(n — 1)6% + nf = E(X?).
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Hence var(X) = E(X?) — (E(X))?> = n0 + n?0?> — n6? — n0? = nf(1 — 0).
An alternative proof for E(X) = Z Xb(n, X, 0). This entails factorial
moments and the reader is referred to Freund (1992).

. The likelihood function is given by

n n

> Xi n—3
L) =f(Xy,.,Xy;0) =0=1 (1-0) =

so that logL(0) = (Xn: Xi) log6 + (n — Xn: Xi) log(1 —6)

i= i=1

dlogL(®) i; X (n_i; Xi)

30 0 (1-9)

Solving for 6 one gets

n n n
ZXi—GZXi—9n+GZXi =0
i=1 i=1 i=1

so that émle = Zn:Xi/n =X

i=1
. EX) = > E(Xj)/n=n8/n=6.
i=1

Hence, X is unbiased for 6. Also, var(X) = var(X;) /n = 6(1 —0)/n

Xi

which goes to zero as n — oo. Hence, the sufficient condition for X to be
consistent for 0 is satisfied.

. The joint probability function in part d can be written as
f(X1, ., Xa3 8) = 6"X(1 — 6)"™ = h(X, 0)g(X1,. .., Xn)

where h(X, 0) = 6“5((1 —9)“‘“5( and g(X1, .., Xy) = 1 for all X;’s. The latter
function is independent of § in form and domain. Hence, by the factorization
theorem, X is sufficient for 6.

. X was shown to be MVU for 6 for the Bernoulli case in Example 2 in

the text.

X -y X > X
. From part (d), L(0.2) = (0.2)=1 (0.8) =t while L(0.6) = (0.6)i="
> i Xi n—i Xi
=1 2 i=1

— Z X;
0.4) = with the likelihood ratio igg 2 ( )
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2.5 d.

The uniformly most powerful critical region C of size a < 0.05 is given by

OERE

n n
— ZXi(log 3)+ (n — le) log?2 < logk

i=t <k inside C. Taking logarithms of both sides
i=1 i=1

solving — (Z Xi) log 6 <K' or ZXi >K
i=1

i=1
where K is determined by making the size of C = a < 0.05. In this case,
i: X; ~ b(n,0) andunder H, ; 6 = 0.2. Therefore, Xn: X; ~b(n=20,6 =
0.2). Hence, o = Prfb(n = 20,0 = 0.2) > K] < 0.05.
From the Binomial tables for n =20 and 6 = 0.2, K =7 gives Pr[b(n = 20,
6 = 0.2) > 7] = 0.0322. Hence, Xn: X; > 7 is our required critical region.

=1
The likelihood ratio test is 1
Xn: Xi n— Xn: Xi

L(0.2) _ (0.2)i=1 (0.8) i=!

Lémc_-ni -n—ni
N

so that LR = —21ogL(0.2) + 2 log L(fmie)

= —z[ > Xi(log o.z—logf()] —2|:<n— in) (log 0.8 —log(1 —5())].

i=1 i=1
This is given in Example 5 in the text for a general 6,. The Wald statistic is
. (X —0.2)2
givenby W = —————
X(1—=X)/n .
(X —0.2)?

(0.2)(0.8)/n
Although, the three statistics, LR, LM and W look different, they are all

and the LM statistic is given by LM =

based on |X — 2| > k and for a finite n, the same exact critical value could

be obtained from the binomial distribution.

The Wald, LR, and LM Inequality. This is based on Baltagi (1994). The
likelihood is given by Eq. (2.1) in the text.

~(1/20%) 3 (Xim?

L (i,0%) = (1/2 o) (1)
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It is easy to show that the score is given by
H()_(;M)
S (}L’ 02) = i (Xi—)2—no? | > 2)
= 204
and setting S(, 6%) = 0 yields L = X and 6 = (X; — X)?/n. Under
i=1
Ho, L = po and
n
& = Z (Xi = po)’ /n.
i=1
Therefore,
n n n
logL (j1,5) = — 2 logs® — Slog 2 — 1 ;
ogL (ji,57%) 5 log§” — - log 5 3)
and
n n n
logL (fi,6%) = —= logé® — = log2 — . 4
ogL (f1,6%) = —3 log6” — 7 log 5 (4)
Hence,
> (Xi — o)’
LR = nlog l=nl— (5)
3 (%= %)’
i=
It is also known that the information matrix is given by
I = 0
I =0 . 6
(o)1 2 “
Therefore,
N S n? (X — o ?
Wt = EE) ”
Y (Xi—X)

i=1

where fn denotes the (1,1) element of the information matrix evaluated

at the unrestricted maximum likelihood estimates. It is easy to show from

(1) that

> (Xi — o)?
~ a2 n,. s 0 i=1
logL (f1,6%) = —Elogo - Elogz 557

)
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Hence, using (4) and (8), one gets

> (Xi — po)* — n6?

—2log[L (1,6 /L(11,6%)] = = 5 =W, ©9)

and the last equality follows from (7). Similarly,

LM = §2 (i,6%) 1" = M (10)
3 (X — o)’
i=1

where I'! denotes the (1,1) element of the inverse of the information matrix

evaluated at the restricted maximum likelihood estimates. From (1), we

also get
> (Xi—X)?
logL ({L,62) = —= logs®> — S log2 — =L (11)
2 2 262
Hence, using (3) and (11), one gets
L 2
Y (Xi—X)
I . i=1
—2log [L (u,oz) /L (M,oz)] =n-— — = LM, (12)

where the last equality follows from (10). L(fi,5?) is the restricted max-
imum; therefore, logL(ji,6%) < logL(ji,5%), from which we deduce
that W > LR. Also, L({i,62) is the unrestricted maximum; therefore
log L({L,6%) > log L(fi,5?), from which we deduce that LR > LM.

An alternative derivation of this inequality shows first that

LM W/n g R (1Y
— = ———— an — =10 —1-
n 14+ (W/n) n g n

Then one uses the fact thaty > log(1 +y) > y/(1 +y) fory = W/n.

2.6 Poisson Distribution.
a. Using the MGF for the Poisson derived in problem 2.14c¢ one gets

My (t) = eMe =D,
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Differentiating with respect to t yields
M. (1) = e Det.
Evaluating M4 (t) att = 0, we get
M. (0) = E(X) = A.
Similarly, differentiating M (t) once more with respect to t, we get
M/ (1) = €D (1) + ¢ D e!
evaluating it at t = 0 gives
M”(0) = A* + A = E(X?)
so that
var(X) = EX}) —EX)H) =22+ 1 -2 = 1.

Hence, the mean and variance of the Poisson are both equal to A.
. The likelihood function is
.i X
e~ ) =1
L) = ———
@) XX X!
so that

logL(A) = —nA + ( Xi) logA — ZlogXi!
1

i=1

i=

XA

oLy EY
oA N A

Solving for A, yields ):mle =X

. The method of moments equates E(X) to X and since E(X) = A the solution

is k= X, same as the ML method.

n

.EX) = E(X;)/n = n\/n = \. Therefore X is unbiased for A. Also,
1

i=

var(X) = @ = % which tends to zero as n — oo. Therefore, the

sufficient condition for X to be consistent for \ is satisfied.
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e. The joint probability function can be written as
1

XL Xy!

where h(X,X) = e ™\"X and g(X1,..,Xn) =

(X1, .y X3 A) = e Q0K

=h ()_(, A.) g (Xl, ey Xn)

1 . .
TLXT The latter is inde-
pendent of X in form and domain. Therefore, X is a sufficient statistic
for A.

f. logf(X;\) = —A 4+ Xlog A — log X!

and
dlog f(X; 1) X
it A T
o 7
9% log f(X; A) X
dA2 oA
The Cramér—Rao lower bound for any unbiased estimator A of M is given by
. 1 A2 A
var (A) T P EX) n
og f(X; n n
nE ( 2 )

But var(X) = A/n, see part (d). Hence, X attains the Cramér—Rao
lower bound.

g. The likelihood ratio is given by

i Xi
L(2) _ e 2n2i=1

L(4) B Xn: Xi
e—4n4i:1

The uniformly most powerful critical region C of size a < 0.05 is given by

1 E Xi
e (E)ll < k inside C

Taking logarithms of both sides and rearranging terms, we get

n
- (in) log2 <K’
i=1

or

Sx=k
i=1
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where K is determined by making the size of C = a < 0.05. In this case,
Z X; ~ Poisson(n)\) and under Hy; A = 2. Therefore, Z X; ~ Poisson
(X = 18). Hence a = Pr[Poisson(18) > K] < 0.05. =

From the Poisson tables, for A = 18, K = 26 gives Pr[Poisson(18) >

26] = 0.0446. Hence, Y X; > 26 is our required critical region.
i=1

. The likelihood ratio test is

> Xi -
L2) _ e 2= — on(X-2) (2 )igl X
L(X) oYX X

so that

LR = —2logL(2) + 2log L(X) = —2n(X —2) =2 ) " X; [log2 — logX].

i=1

In this case,

Xi
C) = 32logL (1) _ _,;
N dA2 N A2
and

02 logL(1) nA  n
1y =5 R =5 =

The Wald statistic is based upon
—(x=221(0.)=x—22.2
W= (X-2) I(Amle) =X-2’-3

using the fact that Xmlc = X. The LM statistic is based upon
2(X-2)2 2 X —2)?
LM = )1 (2) = y ) 2 _nl : ).
n

Note that all three test statistics are based upon |X — 2| > K, and for finite

n
n the same exact critical value could be obtained using the fact that ) X;
i=1
has a Poisson distribution, see part (g).
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2.7 The Geometric Distribution.

15

a. Using the MGF for the Geometric distribution derived in problem 2.14d,

one gets
0e'

Mi(t) = ——.

® [1—(1—0)e
Differentiating it with respect to t yields

0e' |1 — (1 —0)e'| + (1 —0)eoet Het
M;((t):e[ ( )e'] (2 )e'bet e :
[1—(1—06)e] [1—(1—0)e!]

evaluating M4 (t) at t = 0, we get

0 1

Similarly, differentiating M (t) once more with respect to t, we get

M(t) =

Bet [1— (1 —0)e']* +2[1 — (1 —0)e'] (1 — 6)e'fe!

[1—(1—6)e]*
evaluating M% (t) at t = 0, we get
6°+20°(1-6) 20°—6° 2-6

M/(0) = ECC) = ——; il

so that
2-6 1 1-9
var(X) = E(X?) — (E(X))* = e e

b. The likelihood function is given by

i—n

> X
L (0) =6"(1 —6)i=
so that

logL(6) = nlogh + (Z X — n) log(1 —6)

i=1

Xi —
dogL®) _n_ 2"
0 0 (-0 _

solving for 6 one gets

n(1-0)—6) Xi+nf=0

i=1
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or
n
n=2~0 Z Xi
i=1
which yields

n
A 1
emle = Il/ le =5
i=1 X

The method of moments estimator equates
EX) =X

so that

1 - A 1
=X or 6=—=
9 X

which is the same as the MLE.
2.8 The Uniform Density.

a. EX) = [) xdx = {[x’]) = 1
EQX) = fy¥dx = {[¥]; =
so thatvar(X) = E(X?) — (E(X))? =1 -1 =2 = L.
b. Prf0.1 < X < 03] = [ dx = 0.3 — 0.1 = 0.2. It does not matter if
we include the equality signs Pr[0.1 < X < 0.3] since this is a continuous
random variable. Note that this integral is the area of the rectangle, for X
between 0.1 and 0.3 and height equal to 1. This is just the length of this

rectangle, i.e., 0.3 — 0.1 = 0.2.
2.9 The Exponential Distribution.

a. Using the MGF for the exponential distribution derived in problem 2.14e,

we get

MO = 75y
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Differentiating with respect to t yields
0
(1-00)2

Therefore

M) =

My (0) = 6 = E(X).

Differentiating M (t) with respect to t yields

202(1—601) 262
1—00"  (1-61)°

My (1) =
Therefore
M%(0) = 26% = E(X?).

Hence

var(X) = E(X?) — (E(X))* = 26” — 6% = 6%

b. The likelihood function is given by

1\" - x/6
L(9)= (6) e i=l

so that

n

2. Xi
log L(6) = —nlogh — =2

0
X

dogL(®) _ —n _ &
a9 ) 02

solving for 6 one gets

Xn:Xi—nG =0
i=1

so that

=0

émlc = 5(

¢. The method of moments equates E(X) = X. In this case, E(X) = 6, hence
6 = X is the same as MLE.
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- n -
d. EX) = Y E(Xj)/n = nf/n = 0. Hence, X is unbiased for 6. Also,
i=1

var(X) = var(X;)/n = 6%/n which goes to zero as n — oo. Hence, the

sufficient condition for X to be consistent for 0 is satisfied.

. The joint p.d.f. is given by

1\" - ¥ X6 a0 (1Y -
F(Xy, . X1 0) = (5) o &0 e (5) = h(X:0)g(Xi, .., X;)
where h(X;0) = e Y/0 (#)" and g(Xi,...,Xys) = 1 independent of 6§ in
form and domain. Hence, by the factorization theorem, X is a sufficient

statistic for 0.

. logf(X;0) = —10g9—%

and

310gf(X;9)_—_1 K_X—G
00 0 62 62

02 log f(X; 0) 1 2Xe  6-2X
062 0z 04 03

The Cramér—Rao lower bound for any unbiased estimator dof0is given by
A —1 —03 02

vat (6) = nE (az 1o§ef§x;e)) T uE 0 -2X) ~

But var(X) = 6%/n, see part (d). Hence, X attains the Cramér—Rao lower

bound.

. The likelihood ratio is given by

n

-2 X n
L(1) e = iy L xif2
= - = e i= .
L(2) — Y X2
27"e =1
The uniformly most powerful critical region C of size a < 0.05 is given by

-2 X/2
2" e i=l < k inside C.

Taking logarithms of both sides and rearranging terms, we get

nlog2 — (Zn:X/Z) <K

i=1
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or

n
Y Xi=K
i=1
where K is determined by making the size of C = a < 0.05. In this case,
zn: X; is distributed as a Gamma p.d.f. with p = 6 and o = n. Under
II?;; 6 = 1. Therefore,
XH:XI- ~ Gamma(x = n, = 1).
i=1
Hence, Pr[Gamma(a = n, B = 1) > K] < 0.05
K should be determined from the integral [~ ﬁx“‘le_X dx = 0.05 for
n = 20.

h. The likelihood ratio test is

L(l) e i;
LX) (%)“e_n

so that

n
LR = —2logL(1) + 2logL(X) =2 " X; — 2nlogX — 2n.
i=1

In this case,

23X 0_23" X,
coy |PleeL®| _[n 2EN| M T2E
N 962 e 9 | 3
and
924nL () n

The Wald statistic is based upon

W= (X 1)1 (Be) = (X 1) 5

using the fact that émlc = X. The LM statistic is based upon

n 2
LM = S2(DI7'(1) = (in —n) i —n(X—1)".

i=1
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All three test statistics are based upon |X — 1| > k and, for finite n, the same

n
exact critical value could be obtained using the fact that > X; is Gamma
i=1

(o = n, and p = 1) under H,, see part (g).
2.10 The Gamma Distribution.

a. Using the MGF for the Gamma distribution derived in problem 2.14f, we get
Mx(t) = (1 - p~™.
Differentiating with respect to t yields
M () = —a(1 =B~ (=) = aB(1 —pt) ",
Therefore
M. (0) = ap = E(X).
Differentiating Mx/ (t) with respect to t yields
M{(0) = —aB(a + D1 =Py~ (=) = af*(a + D)(1 —pyy .
Therefore
M/ (0) = &?B* + ap® = E(X?).
Hence
var(X) = E (X?) — (E (X))* = ap®.

b. The method of moments equates
EX)=X=ap
and

E(X?) =) Xi/n=o’p + ap’.

i=1
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These are two non-linear equations in two unknowns. Substitute o = X/

into the second equation, one gets

> Xi/m=X>+Xp
i=1

Hence,
n -
> (Xi—X)?
A i=l1
P="x
and
. nX?2
a= .
n 52
> (X —X)
i=1
¢. Fora = 1andp = 0, we get
1
fXia=1p=0=——X"Te ™ for X>0 and 6>0,
X;a B ) ()9 e or an
1 _x
= —¢ X/0
6e

which is the exponential p.d.f.
d. Fora =r/2and B = 2, the Gamma (a = /2, B = 2) is x 2. Hence, from
part (a), we get
EX)=ap = (t/2)(2) =1
and
var(X) = af® = (r/2)(4) = 2r.
The expected value of a x 2 is r and its variance is 2r.
e. The joint p.d.f. fora = r/2 and B = 2 is given by

1 n . —‘ilxi/z
W (Xl...Xn)z e =

= h(Xy, .., Xy 1n)g (X, .., Xpn)

Xy, .., Xpa =1/2,p=2) = (
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where

1

h(Xl,..,Xn;r) = (W

)n (X;...Xp)2!

-2 Xi/2
and g(Xi, .., Xp) =€ i=! independent of r in form and domain. Hence,

by the factorization theorem (X ... X,) is a sufficient statistic for r.

. LetXj, .., X;n denote independent N(0, 1) random variables. Then, X3, .., X2,

will be independent 3 random variables and Y = Y~ X? will be x2,. The
i=1
sum of m independent x% random variables is a 2, random variable.

2.12 The t-distribution with r Degrees of Freedom.

a. If Xy, .., X, are IIN(, 02), then X ~ N(j1,02/n) and z = E= g N(0, 1).

o/+/n

b. (n— 1)s?/0? ~ x2_,. Dividing our N(0, 1) random variables z in part (a),

by the square-root of our x2_, random variable in part (b), divided by its

degrees of freedom, we get

_ (X=p)/o/vn  (X—p)

Vo

Using the fact that X is independent of s, this has a t-distribution with

(n — 1) degrees of freedom.

. The 95% confidence interval for i would be based on the t-distribution

derived in part (b) with (n — 1) = 15 degrees of freedom.
CX—p 20—p 20—
s/v/m 2/4/16 1/2

Pr[—ta/z <t< tu/z] =1—-a=0.95

=40 -2

From the t-tables with 15 degrees of freedom, tg 05 = 2.131. Hence
Pr[—2.131 < 40 — 2 < 2.131] = 0.95.

rearranging terms, one gets

Pr[37.869/2 < p < 42.131/2] = 0.95

Pr[18.9345 < p < 21.0655] = 0.95.
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2.13 The F-distribution.

(m —1)si/of =24(15.6)/0] ~ 13

also

(ny — 1)s3/03 = 30(18.9) /o7 ~ X3

Therefore, under Hy; 07 = o

18.9
F=s}/s? = Tog = 12115 ~ Faoas.

Using the F-tables with 30 and 24 degrees of freedom, we find F 53004 = 1.94.
Since the observed F-statistic 1.2115 is less than 1.94, we do not reject H, that
the variance of the two shifts is the same.

2.14 Moment Generating Function (MGF).

a. For the Binomial Distribution,

My = E(e*) = Z (;) XX (1 — )" X

X=0

- Z (;) (6e')™ (1 — 0)"X

X=0

=[(1-06) +0e']"

where the last equality uses the binomial expansion (a + b)" =
X [n
2

—o \ X
X=0
relationship underlying the binomial probability function and what makes it

aXb" X with a = 0e' and b = (1 — 9). This is the fundamental

a proper probability function.

b. For the Normal Distribution,

My (t) = E (¢¥) = / T L oy
—00 ov2m

[
1 2 2 2
757 {X 2uX—+up”—X2o } i

o2 J-

+
1 o2 (O 20X 42 g

o2 oo
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completing the square

Mx(t) = / e 20 (M‘HGZ)] (u+t02)2+u2}dx

0«/_

— 5z =2 =2ute? ~0?]

=¢

The remaining integral integrates to 1 using the fact that the Normal den-
sity is proper and integrates to one. Hence My (t) = eMt+29° after some

cancellations.

. For the Poisson Distribution,

oA (/\et)X

X S Xe—AAX
M, (t) = E(e*) = Ze tT = -

X=0

— et Z O\et)x ehel _ ) = eMe'=D)

o0
where the fifth equality follows from the fact that ) a% = ¢ and in this

X=0
case a = Ae'. This is the fundamental relationship underlying the Poisson

distribution and what makes it a proper probability function.

. For the Geometric Distribution,

Mx(t) = E(Xt) = Z 01 —0)XleXt = ¢ Z(l — )Xl Dt

X=1 X=1

s Oet
= g(l—e)e = TTaoee

o0

where the last equality uses the fact that ) aX~! = ﬁ and in this case
X=1

a = (1—0)¢". This is the fundamental relationship underlying the Geometric

distribution and what makes it a proper probability function.
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e. For the Exponential Distribution,

o0
1
Mx(t) = E(eX') = / ée_x/eeXtdx

:e/ X1 gy
=§L X[154] 4

-5 (1:90[ )=

f. For the Gamma Distribution,

a1 =X/BoXt gy

M0 = B = [

_ 1 o a—1 —X(l—t)
_—F(oc)B“/O X* e T\B Jdx

_ [T e ex(5Y)
_F(oc)B“/O X% e dx

The Gamma density is proper and integrates to one using the fact that

Jo° X 1e™X/Bdx = I'(a)B*. Using this fundamental relationship for the

last integral, we get

L re (L) =
T (@B 1-pt)
where we substituted B/(1 — Bt) for the usual B. The y? distribution is

Gamma with @ = § and p = 2. Hence, its MGF is (1 — 2t)™"/2,

My (t) =

g. This was already done in the solutions to problems 5, 6, 7, 9 and 10.
2.15 Moment Generating Function Method.

a. If Xy, .., X, are independent Poisson distributed with parameters (\;) respec-

tively, then from problem 2.14c, we have

My, (t) = M=) fori = 1,2,...,n
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n n

Y = ) X; has My(t) = [] Mx,(t) since the X;'s are independent. Hence
i=1 i=l1

Zn: Ai(et—1
My (t) = e=! e

n
which we recognize as a Poisson with parameter > A;.
i=1

. If Xy, .., X, are IIN (i, 07), then from problem 2.14b, we have

e lg22 .
My, = e"'2%"  fori=1,2,.,n

Y = > Xjhas My(t) = [] Mx,(t) since the X;i's are independent. Hence

i=1 i=1

(i Mi)t-‘r%(i af)tz
My (t) = e\i=! i=1

n n
which we recognize as Normal with mean ) ; and variance ) oiz.
i=1 i=1

n
. If X, .., X, are [IN(j, 02), then Y = 3 X; is N(np, no?) from part b using

i=1
the equality of means and variances. Therefore, X = Y/n is N(j, 0%/n).

. If X, .., X, are independent ¥ 2 distributed with parameters (r;) respectively,

then from problem 2.14f, we get
My, (t) = (1 =2t)7%/2 fori=1,2,.,n

n n
Y = ) X has My(t) = J] Mx, (t) since the X;'s are independent. Hence,

i=1 i=1

- Xn: 1i/2
My () = (1-20)

n
which we recognize as y? with degrees of freedom ) ;.
i=1

2.16 Best Linear Prediction. This is based on Amemiya (1994).

a. The mean squared error predictor is given by MSE = E(Y —a — BX)? =

E(Y?) + o? 4 B?E(X?) — 2aE(Y) — 2BE(XY) + 2apE(X) minimizing this
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MSE with respect to o and p yields the following first-order conditions:

MSE
aa_s = 20— 2E(Y) + 2BE(X) = 0
o

IMSE
B - 2BE(X?) — 2E(XY) + 20E(X) = 0.
Solving these two equations for o and f yields & = py — ﬁux from the
first equation, where iy = E(Y) and px = E(X). Substituting this in the

second equation one gets
BE(X?) — E(XY) + pypx — fpk =0
Bvar(X) = E(XY) — pxpy = cov(X,Y).

Hence, 6 = cov(X, Y)/var(X) = oxy/oz = poy/ox, since p =
oxy/oxoy. The best predictor is given by Y=a+ ﬁX.
b. Substituting & into the best predictor one gets

S?=6L+§X=M+6(X—ux)=w+pz—j{(X—ux)
one clearly deduces that E(Y) = py and var(Y) = pzz—‘z( var(X) = p?o3.
The prediction error i = Y =Y = (Y — jLy) — p%(X — lix) with E(0) = 0
and var(d) = E(6?) = var(Y) + p? gvar(X) —2pFoxy = oy + ploy —
2p%0 = oy (1 — p?).
This is the proportion of the var(Y) that is not explained by the best linear
predictor Y.

c. cov(Y,0) = cov(Y,Y = Y) = cov(Y,Y) — var(Y)
But

cov(%.Y) = E (¥ =y ) (Y =) = E ("Z‘i (X — 1) (Y — pw))

2
OxOy

O
= p—cov(X,Y) = PP = = p2o2
ox ox

Hence, cov(Y, i) = p’oy — p*oy = 0.
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2.17 The Best Predictor.

a. The problem is to minimize E[Y — h(X)]?> with respect to h(X). Add and
subtract E(Y/X) to get

E{[Y — E(Y/X)] + [E(Y/X) —h(X)]}?
= E[Y — E(Y/X)]* + E[E(Y/X) —h(X)]"

and the cross-product term E[Y —E(Y/X)][E(Y/X) —h(X)] is zero because
of the law of iterated expectations, see the Appendix to Chapter 2 Amemiya

(1994). In fact, this says that expectations can be written as
E = ExEy/x

and the cross-product term given above Ey/x[Y —E(Y/X)][E(Y/X) —h(X)]
is clearly zero. Hence, E[Y —h(X)]? is expressed as the sum of two positive
terms. The first term is not affected by our choice of h(X). The second term
however is zero for h(X) = E(Y/X). Clearly, this is the best predictor of Y
based on X.

b. In the Appendix to Chapter 2, we considered the bivariate Normal distri-
bution and showed that E(Y/X) = py + pg—;(X — Wx). In part (a), we
showed that this is the best predictor of Y based on X. But, in this case, this
is exactly the form for the best linear predictor of Y based on X derived in
problem 2.16. Hence, for the bivariate Normal density, the best predictor is

identical to the best linear predictor of Y based on X.
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CHAPTER 3
Simple Linear Regression

3.1 For least squares, the first-order conditions of minimization, given by Egs. (3.2)
and (3.3), yield immediately the first two numerical properties of OLS esti-
mates, i.e., Z e = 0 and Z eiX; = 0. Now consider Z e¥i = a Z ei +

i=1 i=1 i=1 i=1
B Z eiX; = 0 where the first equality uses ¥; = & + BX; and the second
i=1
equality uses the first two numerical properties of OLS. Using the fact that

ei = Y; — Y;, we can sum both sides to get Z e = Z Y — Z ¥;, but
i=1 i=1 i=1

n
Z e; = 0, therefore we get Z Y = Z Y. Dividing both sides by n, we get
i=1 i=1

Y =

Y
3.2 Minimizing Z(Y — a)? with respect to a yields —2 Z(Y —a) = 0. Solv-

i=1 i=1

ing for o yields Gos = Y. Averaging Y; = o + u; we get Y = o + U.
n

Hence Qo5 = a + U with E (Go5) = a since E(@W) = Y E(uj)/n = 0 and
i=1

var (Qos) = E (Qois —oc)2 = E(ﬁ)2 = var(l) = o?/n. The residual sum of

squares is Z(Y — Qois)? = Z (Yi— ?)2 =Y vy

i=1 i=1 i=1

3.3 a. Minimizing Z (Y; —PX;)?* with respect to p yields —2 Z (Y;—BX)X; = 0.
i=1 i=1

Solving for B yields 6015 = Z YiX; / Z X;2. Substituting Y; = BX; + u;
i=1 i=1

A n n A~
yields Bois = B+ Xjui/ Y- Xi* with E(Bois) = B since X; is nonstochastic
i=1 i=1
~ ~ 2 n n 5 2
and E(u;j) = 0. Also, var(Bes) = E(Bois —B)” = E (Z Xiui/ Y Xi ) =
i=1 i=1
n n 2 n
GZZXiz/ (Z Xiz) ZGZ/ZXiZ.
i=1 i=1 i=1

b. From the first-order condition in part (a), we get > e;X; = 0, where

i=1

A n n
ei = Yi — PoisXi- However, Y_ ¢ is not necessarily zero. Therefore Y Y; is
i=1 i=1

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 29
in Business and Economics, DOI 10.1007/978-3-642-54548-1_3,
© Springer-Verlag Berlin Heidelberg 2015
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n o, n n n n
not necessarily equal to Y Y;, see problem 3.1. Y &;Y; = Bois Y €iX; = 0,
i=1 i=1 i=1
~ A n
using Y; = PoisXi and > €X; = 0. Therefore, only two of the numeri-
i=1
cal properties considered in problem 3.1 hold for this regression without a

constant.

n 2 n n n
34 E (Z xiui) =) Y xixiE (uiuj) = Y xi?var(w) + Y Y xixjcov(u;, uj) =
i=1 i=1j=1 i=1

i

n

02 Y x;% since cov(u;, uj) = 0 fori # j and var(u;) = o using assumptions 2
i=1

and 3.

3.5 a. From Eq. (3.4), we know that &j; = Y —Pois X, substituting ¥ = a+pX+1

we get Qo = a+ (B - Bols) X +1. Therefore, E (Go1s) = o since E(Bols) =
B, see Eq.(3.5), and E(u) = 0.

. var (Gg) = E(Gos — )2 = E [(5 _ ﬁols) X + 1‘1]2.

= Var(é(ﬂs)i2 + var() + ZXCOV(éols,l_l)
But from (3.6), var(éols) = 02/ 3" x;2. Also, var(l) = 0%/n and
i=1

n n
2oXiU DU n n
cov(Bois, u) = E %i =OZZX1/HZX12=0
> xi? n i=1 i=1
i=1

where the first equality follows from Eq. (3.5). The second equality uses the
fact that cov(uj, u;) = 0 for i # j and var(u;) = o> from assumptions 2 and

3. The last equality follows from the fact that ) x; = 0. Therefore,

i=1

var (&) = o [(1/11) + (Yz/ ixfﬂ =0’ ixiz/ (nixf) :
i=1 i=1

i=1

n
. Qols is unbiased for a and var (do15) — 0 asn — oo, since Y x;%>/n has a

i=1
finite limit as n — oo by assumption 4. Therefore, &5 is consistent for a.
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d.

3.6 a.

Using (3.5) and part (a), we get
cov (&015, 6015) = E (dols — @) (Bots — B) = —Xvar (Bois) + cov (ﬁ, éols)
= —OZX inz

/ i=1

The last equality uses the fact that cov(u, ﬁols) = 0 from part (b).
_ ~ _ n __n n
&015 =Y — BolsX = Z Yi/n — XZ WiYi = Z XiYi where >\i = (l/n) —

i=1 i=1 i=1

Xwi, 6015 = " w;Y; and w; is defined above (3.7).

i=1

n _n n
> A=1=X> w; =1where > w; =0 from (3.7), and
i=1 i=1 i

i=1
Zn:XiXi = Zn:Xi/n—XZn:XiWi ZX—XZ 0
i=1 i=1 i=1

n
using Y w;X; = 1 from (3.7).

i=1

. Any other linear estimator of a, can be written as

a= ZbiYi = Otzbi + szixi + Zbiui
i=1 i=1 i=1 i=1

where the last equality is obtained by substituting Eq. (3.1) for Y;. For E(@)
to equal o, we must have Y b; = 1, Y b;X; = 0. Hence, & = o + Y_ bju;.

i=1 i=1 i=1

n n n n
. Letb; = A+ fi,then1 = > b; = > A+ > fi. Frompart (b), > A = 1,

i=1 i=1 i=1 i=1

therefore ) fi = 0. Similarly, 0 = > biX; = Y MX;+ > fiXi. From part

i=1 i=1 i=1 i=1

n n
(), 3" MiX; = 0, therefore Y. £iX; = 0.

i=1 i=1

n 2 n
.var(@) =E@—a)>=E (Z biui) = 62 Y b;® using the expression of &
i=1 i

i=1
from part (c) and assumptions 2 and 3 with var(u;) = o2 and cov(u;, uj) =0

for i # j. Substituting, b; = A; + fj from part (d), we get

var (&) = o° (Z M+ zn:f% + 2zn:xifi)
i=1 i=1 i=1
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_ n n
For \j = (1/n) — Xw; from part (a), we get Y Mfi = > fi/n —
i=1 i=1

M:

XS wifi=0.
1

i

This uses Z fi = 0and Y £,X; = 0 from part (d). Recall, w; = x;/ Y_ x;?
i=1 =1 i=1

and so iwiﬁ = 0. Hence, var(d) = o> (Xn:l Xiz + i; flz) = var (Qq5) +
o2 Xn: fiz. Any linear unbiased estimator & of o, will have a larger variance
i=1
than G, as long as Xn: 2 #0. Xn: 2 = 0 when f; = 0 for all i, which means
i=1 i=1
thatb; = A; foralliand & = i biY; = i MYi = Qors. This proves that
i=1 i=1

Qs 1s BLUE for a.

dlogL 1 JRSS n
3.7 a. % = 0 from (3.9) leads to —3 5 Z°= = 0 where RSS = Y(¥, -
a — BXi)?.
Solving this first-order condition yields &os. Therefore, Gpme = Qols. Simi-
dlo 1 JRSS
larly, —— 3B = 0 from (3.9) leads to _FE)_B = 0. Solving for § yields
Bols- Hence, Bmlc = Bols-
n
Y: —a—BX: 2
bE?logL_ n 1 i;(l o= BX)
Y902 2 o2 204
dlogL n ~ 2 n
Setting aogz = 0, yields 62, = > (Yi —&—BXi) /n = Y e?/n
o = i=1
where @ and B are the MLE estimates, which in this case are identical to
the OLS estimates. 5 5
>3 B Z xi? (Z XiYi) (Z Xiz) (21 XiYi)
2 i=l _ \i=1 _\i= )
3.9 a. R* = o = N " n n _er
21 yi? 21 yi? (Z Xi ) (Z Vi ) 21 x;? 21 yi?
1= 1= i=1 i=1 1= 1=
where the second equality substitutes §; = Bolin and the third equality
substitutes 6015 =Y xvi/ Y x>
i=1 i=1
n
b. Multiply both sides of y; = §; + ¢ by §; and sum, one gets > y;§; =

i=1

'~<>
i M:

yiei. The last term is zero by the numerical properties of least
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n n
squares. Hence, Y yiyi = > §7. Therefore

i=1 i=1

n 2 n 2
(zm) (z 9%)
2 i=1 _ i=1 i

T~ =
Yy n

n n n
Yy s Yw L Zyl

=1

M:s

y?
I _R2

ANl

3.11 Optimal Weighting of Unbiased Estimators. This is based on Baltagi (1995).

All three estimators of B can be put in the linear form B = Z w;Y; where
i=1

W1=Xi/ZX12 for By,
i=1

=11 Xi foré,
(/%) e

=X-%X)/Y. (X-X)" forfs.

i=1

33

All satisfy >~ wiX; = 1, which is necessary for éi to be unbiased fori = 1,2, 3.

i=1
Therefore

61:B+ijuj fori=1,2,3

A A n
with E(Bi) = B and var(B;) = o }_ w;? since the u;’s are IID(0, o). Hence,

i=1

var Bl = cyz/X:X1 ,var 52 = Gz/nX and VaI'(B3 =02/ Z(X -X)%

p— i=1
a. cov(p1.p) =E (él ui/ ; Xi) (é Xiui/ ; Xiz)

=02 Xn: (Xi/ Xn:Xiz) (1/ Xn: Xi) =02/ Xn: X2 = Var(Bl) >0
i=1 i=1 i=1 i=1
Also,

A

P2 = cov(él B2 )/ [Var(é )Var(ES )]

~[th ] = (% /o) /2
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with 0 < pj; < 1. Samuel-Cahn (1994) showed that whenever the correla-
tion coefficient between two unbiased estimators is equal to the square root
of the ratio of their variances, the optimal combination of these two unbiased
estimators is the one that weights the estimator with the smaller variance by
1. In this example, 61 is the best linear unbiased estimator (BLUE). There-
fore, as expected, when we combine 61 with any other unbiased estimator
of B, the optimal weight a* turns out to be 1 for B 1 and zero for the other

linear unbiased estimator.

. Similarly,

cov/( 51,53 (qul ZXZ) |:Zn:(Xi - X)u;/ Zn:(Xi —X)z]
i=1 i=1
= Gzzn: (Xl/ ZH:X?) [(Xi -X)/ Zn:(Xi —X)2]
i=1 i=1

i=1

=02/ ZXIZ = var(p;) > 0. Also
i=1

A

p13 = COV(61,63)/ [Var(él)var(fﬁy,)]1/2 = [Var([:h)/var([‘}g)]l/2

1/2
=|:ZX ~X) /ZX] = (1-p})"°

with 0 < pj3 < 1. For the same reasons given in part (a), the optimal
combination ofél and 53 is that for which o™ = 1 for Bl and1 —a* =0

for 53.

. Finally, cov(B,, B3) = (Z u;/ ZX) [1_1 (Xi=X)u / Z 2}

n _ n n —2
=02y (Xi—X)/(ZXi) [Z (Xi —X) } = 0.
Hence py3 = 0. In this case, it is a standard result, see Samuel-Cahn (1994),
that the optimal combination of ég and 63 weights these unbiased estimators
in proportion to var(ﬁg,) and var(éz), respectively. In other words

B = {var(éz)/ [Var(éz) + Var(ég,)]} Bs

~

{Var(B )/ [Var(ﬁg) + Var(B,x)]} B2
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2\A 2 0
= (1 - 912) B3 + p1.B2

since var(Bs) /var(B2) = p3,/ (1 — p?,) and

pl, = niz/ ZXiz while 1 — pj, = Z (Xi —X)z / ZXiz. Hence,

i=1 i=1 i=1

= |00 [+ |/ 2o

i=1

= (150 [S o vexe] = S S
i=1 i=1 i=1

i=1

See also the solution by Trenkler (1996).

3.12 Efficiency as Correlation. This is based on Zheng (1994). Since B and E are
linear unbiased estimators of B, it follows that é + X(B - B) for any A is a linear

unbiased estimator of f. Since 6 is the BLU estimator of 3,
. N~ n A 72
Var[B + x(ﬁ—s)] = E[B + X(B—B)] _p?
is minimized at A = 0. Setting the derivative of var B—i— X(é - ﬁ)] with

respect to h at A = 0, we have 2E [B(B - B)] =0, or E(éz) = E([:}B) Thus,

the squared correlation between 6 and 6 is

[cov®.B)] [E[(B-8) (B-8)]]  [EGR) -]
Var(é)var(ﬁ) B var(B)var(B) B Var(ﬁ)var(B)
-] @] e

var(B)var (B) var(B)var(B)  var(p) ’

where the third equality uses the result that E(BZ) = E(BB). The final equality
gives Var([:}) / Var(ﬁ) which is the relative efficiency of é and 6
3.13 a. Adding 5 to each observation of X;, adds 5 to the sample average X and it

_ n
is now 12.5. This means that x; = X; — X is unaffected. Hence > x;2 is the
i=1

same and since Yj, is unchanged, we conclude that Bols is still the same at
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0.8095. However, Ggis = Y — 60157 is changed because X is changed. This
is now dos = 6.5 — (0.8095)(12.5) = —3.6188. It has decreased by 56015
since X increased by 5 while Bols and Y remained unchanged. It is easy to
see that S?i = Qois + Bolin remains the same. When X increased by 5, with
6015 the same, this increases Y by 56015. But 4, decreases Y; by —56015.
The net effect on SA('i is zero. Since Y; is unchanged, this means ¢; = Y; — SA('i

n
is unchanged. Hence s> = Y ¢;>/n—2 is unchanged. Since x; is unchanged
i=1

s2 /Y x;2 is unchanged and se(éols) and the t-statistic for H2; B = 0 are

i=1
unchanged. The

<2
10X 12.5
var (Gois) = 8% | = + — 0311905 [ L 4+ U291 _ o507
no e 0" 525
i=1 l

with its square root given by se (&) = 0.97825. Hence the t-statistic for
HY: o = 0is —3.6189/0.97825 = —3.699. This is significantly different

n n
from zero. R? = 1—(2 e’/ Y yiz) is unchanged. Hence, only &, and its
A &

standard error and t-statistic are affected by an additive constant of 5 on X;.

. Adding 2 to each observation of Y;, adds 2 to the sample average Y and

it is now 8.5. This means that y; = Y; — Y is unaffected. Hence Bols is
still the same at 0.8095. However, Gois = Y — BoisX is changed because Y
is changed. This is now Qo = 8.5 — (0.8095)(7.5) = 2.4286 two more
than the old &g given in the numerical example. It is easy to see that
Vi = Qs + ﬁolin has increased by 2 for each i = 1,2, .., 10 since Qs
increased by 2 while Bols and X; are the same. Both Y; and ?i increased
by 2 for each observation. Hence, ¢; = Y; — Y; is unchanged. Also,

Z e;?/n — 2 and s?/ Z x;? are unchanged. This means that se(BOlS)

i=1
and the t-statistic for H3; B = 0 are unchanged. The

<2
1 X
var fa) = 8* |~ +

> xi?
i=1
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is unchanged and therefore se (G5s) is unchanged. However, the t-statistic
for HE; a = 0 is now 2.4286/0.60446 = 4.018 which is now statistically
significant. RZ=1- (Zn: e;’ / Xn: yiz) is unchanged. Again, only G is
affected by an additive cé;llstant (1;12 onY;.

c. If each X; is multiplied by 2, then the old X is multiplied by 2 and it is
now 15. This means that each x; = X; — X is now double what it was in

n
Table 3.1. Since y; is the same, this means that ) x;y; is double what it was
i=1

n
in Table 3.1 and ) x;2 is four times what it was in Table 3.1. Hence,
i=1

Bots = D Xiyi/ Y xi% = 2(42.5) /4(52.5) = 0.8095/2 = 0.40475.

i=1 i=1
In this case, ﬁols is half what it was in the numerical example. &q5 =
Y — BoisX is the same since Poys is half what it used to be while X is double
what it used to be. Also, SA('i = Qg5 + éolin is the same, since X; is dou-

bled while Bols is half what it used to be and G, is unchanged. Therefore,

A n
e = Y; — Y; is unchanged and s> = Y €;2/n — 2 is also unchanged.
i=1

Now, s?/ 3" x;? is one fourth what it used to be and 86(6015) is half what
i=1

it used to be. Since, Bols and se(ﬁols) have been both reduced by half, the

t-statistic for H3; p = 0 remains unchanged. The
XZ

n

2 X
i=1

var(G) =s> | — +
n

is unchanged since X* and 3" x;?> are now both multiplied by 4.
i=1

Hence, se(Qo) and the t-statistic for H® ; =

o3 a = 0 are unchanged.
n n A~

RZ=1-— (Z e / > Yiz) is also unchanged. Hence, only  is affected by
i=1 i=1

a multiplicative constant of 2 on Xj.
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3.14 a. Dependent Variable: LNC

RESIDUAL

Analysis of Variance
Sum of Mean
Source DF Squares  Square
Model 1 0.04693  0.04693
Error 44 160260  0.03642

C Total 45  1.64953
Root MSE 0.19085 R-square
Dep Mean 484784  AdjR-sq

C.V. 3.93675
Parameter Estimates
Parameter Standard
Variable DF Estimate Error
INTERCEP 1 5.931889  0.95542530
LNY 1 -0.227003  0.19998321

Badi Baltagi
F Value Prob>F
1.288 0.2625
0.0285
0.0064
T for HO:
Parameter=0 Prob > |T|
6.209 0.0001
-1.135 0.2625

The income elasticity is —0.227 which is negative! Its standard error is

(0.1999) and the t-statistic for testing this income elasticity is zero is —1.135

which is insignificant with a p-value of 0.26. Hence, we cannot reject the

null hypothesis. R> = 0.0285 and s = 0.19085. This regression is not very

useful. The income variable is not significant and the R? indicates that the

regression explains only 2.8% of the variation in consumption.

b. Plot of Residuals, and the 95% confidence interval for the predicted value.
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SAS Program for 3.14

Data CIGARETT;

Input OBS STATE $ LNC LNP LNY;

Cards;

Proc reg data=cigarett;
model Inc=Iny;
“plot residual. *Iny="";
*plot (U95. L95.)*Iny="-" p.*Iny /overlay
symbol="",

output out=out1 r=resid p=pred u95=upperd5 195=lower95;

proc plot data=out1 vpercent=75 hpercent=100;
plot resid*Iny="";

proc plot data=out1 vpercent=95 hpercent=100;
plot (Upperd5 Lower95)*Iny="" Pred*Iny=""

loverlay;

run;

3.15 Theil’s minimum mean square estimator of f. B can be written as:
~ n n
a. p= Z XiYi/ |:Z X12 + (02/52):|
i=1 i=1
Substituting Y; = BX; + u; we get

n n
BYXi* + Y Xiu;
i=1 i=1

p=—
X + (07/p?)
i=1

1

and since E(Xju;) = 0, we get
n
B> X
S
n
1
> X2 + (02/82) e
i=1

E(p)

where ¢ = 02/B% Y X;? > 0.

i=1
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b. Therefore, Bias(ﬁ) = E(B) —-B =8 (1—41_0) —B = —[¢/(1 + ¢)]p. This bias

is positive (negative) when f is negative (positive). This also means that 6

is biased towards zero.

. Bias?(B) = [¢?/(1 + ¢)*]B? and

. - N2 i Xiui 2

i) =5 (56 =] T
> X7+ (02/BY)
i=1

o2 Xn: X2
i=1
£ x2+ @)
=1

using var(u;) = 02 and cov(uj, u;) = 0 for i # j. This can also be written as

2

Var(ﬁ) = —9%  Therefore,
> Xi2(14¢)?
i=1

MSE(B) = Bias?(§) + var(p)

n
s ) B2c? Y X + o2

o i=1

Y X2 (14 ¢)? X2 (14 ¢)?
i=1 i=1

MSE(R) = - 5

B* +

n
But f? Y X;%c = o2 from the definition of c. Hence,

i=1

MSE(B) _ o?(1+¢) _ o? o?

SXE(14+e”  SXE(+e) 3 X+ (0B
i=1 =1 i=1

A A n
The Bias(Boi;) = 0 and var(Bois) = 02/ > X;*. Hence
i=1

MSE(BOIS) = var (Bols) = 02/ Zn: Xiz-

i=1
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This is larger than MSE(B) since the latter has a positive constant (o%/p?)

in the denominator.

3.16 a. Dependent Variable: LNEN

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob > F
Model 1 30.82384 30.82384 13.462 0.0018
Error 18 41.21502 2.28972
C Total 19 72.03886

Root MSE 1.51318 R-square 0.4279

Dep Mean 9.87616 Adj R-sq 0.3961

C.V. 15.32158

Parameter Estimates
Parameter ~ Standard T for HO:

Variable DF  Estimate Error Parameter=0  Prob > |T|
INTERCEP 1 1.988607 2.17622656 0.914 0.3729
LNRGDP 1 0.743950 0.20276460 3.669 0.0018

b. Plot of Residual *LNRGDP
2
N
04 " :f L
) +
< +
=)
5 -2
4
~
_4 4
_6 - - - +
6 8 10 12 14
LNRGDP

As clear from this plot, the W. Germany observation has a large residual.
c. ForHy;Bp = 1 we gett = (B —1)/s.c.(B) = (0.744 — 1)/0.203 = —1.26.
We do not reject H,.
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e. Dependent Variable: LNEN

Analysis of Variance
Sum of Mean
Source  DF Squares Square F Value Prob > F
Model 1 59.94798  59.94798  535.903 0.0001
Error 18 2.01354 0.11186
C Total 19  61.96153

Root MSE 0.33446 R-square 0.9675
Dep Mean 10.22155 Adj R-sq 0.9657
C.V. 3.27211

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -0.778287  0.48101294 -1.618 0.1230
LNRGDP 1 1.037499 0.04481721 23.150 0.0001

Plot of Residual*LNRGDP

04 + R— ++
.
0.2
.
+ +
é 0.0 + + +
2 +
% -0.2 Fa .
o~
-0.4
* +
-0.6
.
-0.8 T
6 8 10 12 14
LNRGDP
SAS PROGRAM
Data Rawdata;
Input Country $ RGDP EN;

Cards;
Data Energy; Set Rawdata;
LNRGDP=log(RGDP);  LNEN=log(EN});
Proc reg data=energy;

Model LNEN=LNRGDP;
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Output out=OUT1 R=RESID;
Proc Plot data=OUT1 hpercent=85 vpercent=60;
Plot RESID*LNRGDP="";
run;
3.17 b. Dependent Variable: LNRGDP
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob > F
Model 1 53.88294 53.88294 535.903 0.0001
Error 18 1.80983 0.10055
C Total 19 55.69277
Root MSE 0.31709 R-square  0.9675
Dep Mean 10.60225 Adj R-sq 0.9657
C.V. 2.99078
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 1.070317 0.41781436 2.562 0.0196
LNEN 1 0.932534  0.04028297 23.150 0.0001
e. Log—log specification
Dependent Variable: LNENI1
Analysis of Variance
Sum of Mean
Source  DF Squares Square F Value Prob > F
Model 1 59.94798  59.94798  535.903 0.0001

Error 18 2.01354 0.11186
C Total 19 61.96153

Root MSE 0.33446 R-square 0.9675
Dep Mean 14.31589 Adj R-sq 0.9657
C.V. 2.33628

43
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Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob > |T|
INTERCEP 1 3.316057 0.48101294 6.894 0.0001
LNRGDP 1 1.037499  0.04481721 23.150 0.0001
Linear Specificiation
Dependent Variable: EN1
Analysis of Variance
Sum of Mean
Source  DF Squares Square F Value  Prob>F
Model 1 6.7345506E14  6.7345506E14  386.28 0.0001
Error 18  3.1381407E13  1.7434115E12 6
C Total 19 7.0483646E14
Root MSE ~ 1320383.09457  R-square  0.9555
Dep Mean 4607256.0000  Adj R-sq 0.9530
C.Vv. 28.65877
Parameter Estimates
Parameter  Standard T for HO:
Variable DF  Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -190151 383081.08995 -0.496 0.6256
RGDP 1 46.759427  2.37911166 19.654 0.0001
Linear Specification before the multiplication by 60
Dependent Variable: EN
Analysis of Variance
Sum of Mean
Source  DF Squares Square FValue  Prob>F

Model 1 187070848717 187070848717  386.286 0.0001
Error 18 87170575822  484280976.79
C Total 19 195787906299

Root MSE ~ 22006.38491  R-square  0.9555
DepMean  76787.60000 AdjR-sq  0.9530
C.V. 28.6587
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Parameter Estimates

Parameter Standard T for HO:
Variable DF  Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -3169.188324 6384.6848326 -0.496 0.6256
RGDP 1 0.779324  0.03965186 19.654 0.0001

What happens when we multiply our energy variable by 60? For the linear

*

and é* are multiplied by 60, their standard

errors are also multiplied by 60 and their t-statistics are the same.

For the log—log model specification, é is the same, but & is equal to the

olda + log60. The intercept therefore is affected but not the slope. Its

standard error is the same, but its t-statistic is changed.

4000000
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Residuals
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Plot of residuals for both linear and log—log models

SAS PROGRAM

Data Rawdata;

Input Country $ RGDP EN;

Cards;

Data Energy; Set Rawdata;

LNRGDP=log (RGDP); LNEN=log(EN);

EN1=EN*60; LNEN1=log(EN1);

Proc reg data=energy; Model LNRGDP=LNEN;

Proc reg data=energy; Model LNEN1=LNRGDP/CLM, CLI;
Output out=OUT1 R=LN_RESID;

Proc reg data=energy; Model EN1=RGDP;
Output out=OUT2 R=RESID;
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Proc reg data=energy; Model EN=RGDP;

data Resid; set out1 (keep=Inrgdp In_resid);
set out2(keep=rgdp resid);

Proc plot data=resid vpercent=60 hpercent=85;
Plot In_resid*Inrgdp="";
Plot resid*rgdp="";

run;

3.18 For parts (b) and (c), SAS will automatically compute confidence intervals for
the mean (CLM option) and for a specific observation (CLI option), see the

SAS program in 3.17.
95% CONFIDENCE PREDICTION INTERVAL

Dep Var  Predict  StdErr  Lower95%  Upper95%  Lower95%  Upper95%

COUNTRY LNEN1 Value Predict Mean Mean Predict Predict

AUSTRIA 14.4242 14.4426  0.075 14.2851 14.6001 13.7225 15.1627
BELGIUM 15.0778  14.7656 0.077 14.6032 14.9279 14.0444 15.4868
CYPRUS 111935 112035  0.154 10.8803 11.5268 10.4301 11.9770
DENMARK 14.2997 141578  0.075 14.0000 14.3156 13.4376 14.8780
FINLAND 142757  13.9543 0.076 13.7938 14.1148 13.2335 14.6751
FRANCE 16.4570 16.5859  0.123 16.3268 16.8449 15.8369 17.3348
GREECE 14.0038 14.2579 0.075 14.1007 14.4151 13.5379 14.9780
ICELAND 11.1190  10.7795 0.170 10.4222 11.1368 9.9912 11.5678
IRELAND 13.4048 13.0424  0.093 12.8474 13.2375 12,3132 13.7717
ITALY 16.2620 16.2752  0.113 16.0379 16.5125 15.5335 17.0168
MALTA 102168 10.7152  0.173 10.3526 11.0778 9.9245 11.5059
NETHERLAND 154379 15.0649  0.081 14.8937 15.2361 14.3417 15.7882
NORWAY 142635 13.9368 0.077 13.7760 14.0977 13.2160 14.6577
PORTUGAL 13.4937 14.0336  0.076 13.8744 14.1928 13.3131 14.7540
SPAIN 15.4811  15.7458 0.097 15.5420 15.9495 15.0141 16.4774
SWEDEN 148117  14.7194 0.077 14.5581 14.8808 13.9985 15.4404
SWZERLAND  14.1477 14.3665  0.075 14.2094 14.5237 13.6465 15.0866
TURKEY 14.4870 151736  0.083 14.9982 15.3489 14.4494 15.8978
UK 16.5933 16.3259  0.115 16.0852 16.5667 15.5832 17.0687

W. GERMANY  16.8677 16.7713  0.130 16.4987 17.0440 16.0176 17.5251
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CHAPTER 4
Multiple Regression Analysis

4.1 The regressions for parts (a), (b), (c), (d) and (e) are given below.

a. Regression of LNC on LNP and LNY
Dependent Variable: LNC

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 2 0.50098 0.25049 9.378
Error 43 1.14854 0.02671
C Total 45 1.64953
Root MSE 0.16343 R-square 0.3037
Dep Mean 4.84784 Adj R-sq 0.2713
C.V. 3.37125
Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0
INTERCEP 1 4299662 0.90892571 4.730
LNP 1 -1.338335 0.32460147 -4.123
LNY 1 0172386 0.19675440 0.876
b. Regression of LNC on LNP
Dependent Variable: LNC
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 1 0.48048 0.48048 18.084
Error 44 1.16905 0.02657
C Total 45 1.64953
Root MSE 0.16300 R-square 0.2913
Dep Mean 4.84784 Adj R-sq 0.2752
C.V. 3.36234

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts

in Business and Economics, DOI 10.1

007/978-3-642-54548-1_4,

© Springer-Verlag Berlin Heidelberg 2015

Prob>F
0.0004

Prob>|T|

0.0001
0.0002
0.3858

Prob>F
0.0001
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Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 5.094108 0.06269897 81.247 0.0001
LNP 1 -1.198316  0.28178857 -4.253 0.0001
c. Regression of LNY on LNP
Dependent Variable: LNY
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob > F
Model 1 0.22075 0.22075 14.077 0.0005
Error 44 0.68997 0.01568
C Total 45 0.91072
Root MSE 0.12522 R-square 0.2424
Dep Mean 4.77546 Adj R-sq 0.2252
C.V. 2.62225
Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 4.608533 0.04816809 95.676 0.0001
LNP 1 0.812239 0.21648230 3.752 0.0005
d. Regression of LNC on the residuals of part (c).
Dependent Variable: LNC
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 1 0.02050 0.02050 0.554 0.4607
Error 44 1.62903 0.03702
C Total 45 1.64953
Root MSE 0.19241 R-square 0.0124
Dep Mean 4.84784 Adj R-sq -0.0100
CV. 3.96907
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Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 4847844  0.02836996 170.879 0.0001
RESID_C 1 0.172386  0.23164467 0.744 0.4607

e. Regression of Residuals from part (b) on those from part (c).

Dependent Variable: RESID_B

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 1 0.02050 0.02050 0.785 0.3803
Error 44 1.14854 0.02610
C Total 45 1.16905

Root MSE 0.16157 R-square 0.0175

Dep Mean -0.00000 Adj R-sq -0.0048

C.V. -2.463347E16

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0  Prob > |T|
INTERCEP 1 -6.84415E-16  0.02382148 -0.000 1.0000
RESID_C 1 0.172386  0.19450570 0.886 0.3803

f. The multiple regression coefficient estimate of real income in part (a)
is equal to the slope coefficient of the regressions in parts (d) and (e).
This demonstrates the residualing out interpretation of multiple regression

coefficients.

4.2 Simple Versus Multiple Regression Coefficients. This is based on Baltagi
(1987).

The OLS residuals from Y; = y + 8,05 + 8393 + wi, say w;, satisfy the

following conditions:

n n n
Dowi=0 D Wibi=0 D Wby =0
i=1 i=1 i=1

with Y; = \7 + 82\321 + 83\33i + Wi.
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Multiply this last equation by 9,; and sum, we get Z Yivy = 82 Z \)21
i=1

83 Z V2;93; since Z Vi = 0 and Z Uoiwi = 0. Substituting v3; = X3 — ¢ —

i=1 i=1 i=1

dle and using the fact that Z %2i X3 = 0, we get Z Yivy = 82 Z \)21
i=1 i=1 i=1

A A N n n
83d Z XoiVsi. From Xy = a + bX3; + vy, we get that Z XoiVy = Z \A)%l
i=1 i=1 i=1

Hence,

ZYiGZi = (82 — 83&) Z 0%1 and Bz = ZYiQZi/ Z 0%1 = 82 — 83&

i=1 i=1 i=1 i=1

Similarly, one can show that 63 = 83 — 826 Solving for 82 and 83 we get
= (Bz + B3a) /(1—bd) and = (63 + 662) /(1 —bd).

4.3 a. Regressing X; on a constant we get )A(i = XandV; = Xi—)A(i =X;—X = x;.

Regressing Y; on ¥; we get

n n n n n n
A < "2 2 2
Bols = E Yi\)i/E Vi = E Yixi / E Xi" = E XiYi/E X~
i=1 i=1 i=1 i=1 i=1 i=1

b. Regressing a constant 1 on X; we get

b= ZXl/ ZXiz with residuals w; = 1 — (ni/ ZXiz) X
i=1 i=1 i=1

n n
M A . 2
so that, regressing Y; on w; yields & Z i/ W2
i=1 i=1
—_ An _n
3 nY 3 X?-nX Y XY;
But ZV\A/iYi = nY—nXZXY/Zx2 — = = and
i=l i=1 i=1 3 X2
i=1
Xy " %2252 2 l
LI 2 X_Z n Y Xi2—n’X n Y x;
Zwi :n"‘f_ 1;11 - nli = '71‘1 — lrrl )
i=l XX PP > X 3 X2
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YYX2-XYXY: YYx?2+nXY-XY XY;
Therefore, 4 = —— = =

n
2 xi?

1=

n n n
where Bois = Y- xiyi/ Y xi%.
=1 =1

c. From part (a), var(Bos) = 02/ Y92 = 02/ Y x;2 as it should be. From
i=1 i=1
o2 Y X}
= as it should be.
n Yy xi2
i=l1

part (b), var (Gois) = 02/ > le =
i=1

4.4 Effect of Additional Regressors on R’

a. Least Squares on the K = K, + K, regressors minimizes the sum of squared
error and yields SSE, = min Z Yi—a—PXoi—..— Bk, Xk, i—- —BKXK1
Let us denote the corresporllding estimates by (a,b,, .., bk,,..,bx). This
implies that SSE} = Z(Y —o* — B3 Xai — .. — BE, Xkyi — - — BEXki)’
based on arbitrary ((x Bz,. s Bk, » - ,BK) satisfies SSE5 > SSE,. In partic-
ular, substituting the least squares estimates using only K; regressors say
a, Bz,. ,éKl and BK1+1 =0,.. ,ﬁK = 0 satisfy the above inequality. Hence,
SSE; > SSE,. Since Z yi’ is fixed, this means that R} > R2. This is based
on the solution by Rao and White (1988).

b. From the definition of R , we get (1 —EZ) _ [ 3 eiz/(n ~
i=1
n N . B
K)}/[ Y yi2/(n— 1)}. ButR2 = 1 — (Z &2/ Y yiz)’ hence (1 —T7) =
i=1 Z Lz
Te? n—1 1 o
E;iz : —E — = (1-R?)- 2_ 3 required in (4.16).
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4.5 This regression suffers from perfect multicollinearity. X, + X3 is perfectly

collinear with X, and X3. Collecting terms in X, and X3 we get
Yi = a+ (B2 + Ba)Xai + (B3 + Ba)Xzi + BsX3; + BeX3; + uj
so

(B2 + B4), (B3 + Ba), Bs and Bg are estimable by OLS.

4.6 a. If we regress e; on Xy and X3; and a constant, we get zero regression coef-
ficients and therefore zero predicted values, i.e., & = 0. The residuals are

therefore equal to e — & = e; and the residual sum of squares is equal to the

RSS
total sum of squares. Therefore, R = 1 — Tss = =1-1=0.

T T _ A
b. For Y, = a + b¥, + v, OLS yields b Z i/ Y97 anda =Y —bY.
t=1 t=1

R . T
Also, Yi = Y + e, which gives Y = Y since Y e; = 0. Also, yy = §; + e

t=1

T T T
Therefore, Y yiJ: = Y 97 since Y Jre; = 0. Hence,

t=1 t=1 t=1

T T
B=Z§’%/Z§/%=l and a=Y—-1-Y=0

Ve=04+1-Y, =Y, and Y~V = e

T T

Y e is the same as the original regression, Yy’ is still the same,
=1 =1

therefore, R? is still the same.

T T .
c. ForY, = a+be+v, OLS yieldsb = Y etyt/ Y elanda=Y-be=Y
=1 =1

T T
since € = 0. Buty; = §; + e, therefore, Y ey = Z e + Y el =
=1 =1

Z e since Z ey = 0. Hence / Z el = 1.
=1 =1

t=1 t=1

Also, the predicted value is now Yt a+ bet Y + e, and the new residual

1Is=Y— SA(t = y; — ¢; = ¥i. Hence, the new RSS = old regression sum of
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T
squares = Y_ $2, and
=1

T
2
new RSS OldRegss 2= °
2 2
(newR)zl—Wzl— TSS == = (1 — (old RY)).
i
t=1

4.7 For the Cobb—Douglas production given by Eq. (4.18) one can test Ho; o+ +

vy + 8§ = 1 using the following t-statistic t =

@+p+y+8—1

P2~ where the estimates
s.e.(a+B+y+3)

are obtained from the unrestricted OLS regression given by (4.18). The var(a +

6 +7v+ 8) = var(@) + Var(é) + var(y) + Var(g) + 2cov(d, B) + 2cov(&,9) +

2cov(@, 8) + 2cov(B, 9) + 2cov(B, 8) + 2cov(§, §). These variance—covariance

estimates are obtained from the unrestricted regression. The observed t-statistic

is distributed as t,—s under H,.

4.8 a.

4.10 a.

The restricted regression for Hy; B2 = Ps = P is given by Y; = o +
Ba(Xai + X4i + Xei) + B3Xsi + BsXsi + B7X7 + BsXsi + .. + PrXki +
u; obtained by substituting B, = P4 = P¢ in Eq.(4.1). The unrestricted
regression is given by (4.1) and the F-statistic in (4.17) has two restrictions
and is distributed F, ,—x under H,.

The restricted regression for Hy; B, = —B3 and s — B¢ = 1 is given by
Yi+Xsi = a+Pa(Xoi—X3i) +BaXai +B5(Xsi +Xei) +B7 X7 +.. +Bx Xi +ui
obtained by substituting both restrictions in (4.1). The unrestricted regres-
sion is given by (4.1) and the F-statistic in (4.17) has two restrictions and is
distributed F, ,—x under H,.

For the data underlying Table 4.1, the following computer output gives
the mean of log(wage) for females and for males. Out of 595 individuals
observed, there were 528 Males and 67 Females. The corresponding means
of log(wage) for Males and Females being Yy = 7.004 and Y = 6.530,
respectively. The regression of log(wage) on FEMALE and MALE without
a constant yields coefficient estimates 4r = Yg = 6.530 and Gy = Yy =

7.004, as expected.
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Dependent Variable: LWAGE
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 28759.48792 14379.74396 84576.019 0.0001
Error 593 100.82277 0.17002
U Total 595 28860.31068
Root MSE 0.41234 R-square 0.9965
Dep Mean 6.95074 Adj R-sq 0.9965
C.V. 5.93227
Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
FEM 1 6.530366 0.05037494 129.635 0.0001
M 1 7.004088 0.01794465 390.316 0.0001
FEM=0
Variable N Mean Std Dev Minimum Maximum
LWAGE 528 7.0040880 0.4160069 5.6767500  8.5370000
FEM=1
Variable N Mean Std Dev Minimum Maximum
LWAGE 67 6.5303664 0.3817668 5.7493900  7.2793200

b. Running log(wage) on a constant and the FEMALE dummy variable yields

a4 =7.004 =Yy

>

wmand p = —0.474 = (G — am) . But &y = 7.004.

Therefore, &r = B + Gy = 7.004 — 0.474 = 6.530 = Y = ar.

Dependent Variable: LWAGE

Source DF
Model 1
Error 593
C Total 594

Analysis of Variance
Sum of Mean
Squares Square F Value
13.34252 13.34252 78.476
100.82277 0.17002

114.16529

Prob>F
0.0001
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Root MSE 0.41234 R-square 0.1169
Dep Mean 6.95074 Adj R-sq 0.1154
C.V. 5.93227

Parameter Estimates

Parameter Standard T for HO:

Variable DF Estimate Error Parameter=0
INTERCEP 1 7.004088  0.01794465 390.316
FEM 1 -0.473722 0.05347565 -8.859

57

Prob>|T|

0.0001
0.0001

4.12 a. The unrestricted regression is given by (4.28). This regression runs EARN
on a constant, FEMALE, EDUCATION and (FEMALE x EDUCATION).

The URSS = 76.63525. The restricted regression for equality of slopes and

intercepts for Males and Females, tests the restriction Hy; ap = y = 0. This

regression runs EARN on a constant and EDUC. The RRSS = 90.36713.

The SAS regression output is given below. There are two restrictions and

the F-test given by (4.17) yields

_(90.36713 — 76.63525)/2

= 52.94941.
76.63525/591

This is distributed as F5 s9; under H,. The null hypothesis is rejected.

Unrestricted Model (with FEM and FEM*EDUC)
Dependent Variable: LWAGE

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 3 37.53004 12.51001 96.475
Error 591 76.63525 0.12967
C Total 594 114.16529

Root MSE 0.36010 R-square 0.3287
Dep Mean 6.95074 Adj R-sq 0.3253
C.V. 5.18071

Prob>F
0.0001
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Variable DF

INTERCEP
FEM

ED

F_EDC

1
1
1
1

Parameter Estimates

Parameter
Estimate

6.122535
-0.905504
0.068622
0.033696

Standard
Error

0.07304328
0.24132106
0.00555341
0.01844378

Restricted Model (without FEM and FEM*EDUC)
Dependent Variable: LWAGE

Source DF

Model 1
Error 593
C Total 594

Root MSE
Dep Mean
C.V.

Variable DF

INTERCEP
ED

1
1

Analysis of Variance
Sum of Mean
Squares Square
23.79816 23.79816
90.36713 0.15239
114.16529
0.39037 R-square
6.95074 Adj R-sq
5.61625

Parameter Estimates

Parameter

Estimate

6.029192
0.071742

Standard
Error

0.07546051
0.00574089

T for HO:
Parameter=0

83.821
-3.752
12.357

1.827

F Value
156.166

0.2085
0.2071

T for HO:

Parameter=0

79.899
12.497

Badi Baltagi

Prob>|T|

0.0001
0.0002
0.0001
0.0682

Prob>F
0.0001

Prob>|T|

0.0001
0.0001

b. The unrestricted regression is given by (4.27). This regression runs EARN
on a constant, FEMALE and EDUCATION. The URSS = 77.06808. The

restricted regression for the equality of intercepts given the same slopes for

Males and Females, tests the restriction Hy; ap = 0 given that y = 0.

This is the same restricted regression given in part (a), running EARN on

a constant and EDUC. The RRSS = 90.36713. The F-test given by (4.17)

tests one restriction and yields

g _ (90.36713 — 77.06808)/1

77.06808/592

= 102.2.
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This is distributed as F; 59, under H,. Note that this observed F-statistic
is the square of the observed t-statistic of —10.107 for ag = 0 in the

unrestricted regression. The SAS regression output is given below.

Unrestricted Model (with FEM)
Dependent Variable: LWAGE

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 2 37.09721 18.54861 142.482 0.0001
Error 592 77.06808 0.13018
C Total 594 114.16529

Root MSE 0.36081 R-square 0.3249

Dep Mean 6.95074 Adj R-sq 0.3227

C.V. 5.19093

Parameter Estimates

Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 6.083290 0.06995090 86.965 0.0001
FEM 1 -0.472950 0.04679300 -10.107 0.0001
ED 1 0.071676 0.00530614 13.508 0.0001

c. The unrestricted regression is given by (4.28), see part (a). The restricted
regression for the equality of intercepts allowing for different slopes for
Males and Females, tests the restriction Hy; ap = O given that y # 0.
This regression runs EARN on a constant, EDUCATION and (FEMALE x
EDUCATION). The RRSS = 78.46096. The SAS regression output is

given below. The F-test given by (4.17), tests one restriction and yields:

(7846096 — 76.63525) /1
N 76.63525/591

This is distributed as Fy so; under H,. The null hypothesis is rejected. Note

= 14.0796.

that this observed F-statistic is the square of the t-statistic (—3.752) on ag =

0 in the unrestricted regression.
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Restricted Model (without FEM)
Dependent Variable: LWAGE

Analysis of Variance
Sum of Mean
Source DF Squares Square
Model 2 35.70433 17.85216
Error 592 78.46096 0.13254
C Total 594 114.16529
Root MSE 0.36405 R-square
Dep Mean 6.95074 Adj R-sq
C.V. 5.23763
Parameter Estimates
Parameter ~ Standard
Variable DF  Estimate Error
INTERCEP 1 6.039577 0.07038181
ED 1 0.074782 0.00536347
F_EDC 1 -0.034202 0.00360849
4.13 a. Dependent Variable: LWAGE
Analysis of Variance
Sum of Mean
Source DF Squares Square
Model 12 52.48064 437339
Error 582 61.68465 0.10599
C Total 5% 114.16529
Root MSE 0.32556 R-square
Dep Mean 6.95074 Adj R-sq
C.V. 4.68377
Parameter Estimates
Parameter ~ Standard
Variable DF  Estimate Error
INTERCEP 1 5590093 0.19011263
EXP 1 0.029380 0.00652410
EXP2 1 -0.000486 0.00012680

F Value
134.697

0.3127
0.3104

T for HO:
Parameter=0

85.812
13.943
-9.478

F Value
41.263

0.4597
0.4485

T for HO:
Parameter=0

29.404
4.503
-3.833

Badi Baltagi

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.0001

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.0001
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WKS 1 0.003413 0.00267762 1.275 0.2030
0ocC 1 -0.161522  0.03690729 -4.376 0.0001
IND 1 0.084663 0.02916370 2.903 0.0038
SOUTH 1 -0.058763  0.03090689 -1.901 0.0578
SMSA 1 0.166191 0.2955099 5.624 0.0001
MS 1 0.095237  0.04892770 1.946 0.0521
FEM 1 -0.324557  0.06072947 -5.344 0.0001
UNION 1 0.106278 0.03167547 3.355 0.0008
ED 1 0.057194  0.00659101 8.678 0.0001
BLK 1 -0.190422  0.05441180 -3.500 0.0005

b. H,: EARN = a +u.
If you run EARN on an intercept only, you would get & = 6.9507 which
is average log wage or average earnings = y. The total sum of squares =
the residual sum of squares = Xn: (vi — ¥)?> = 114.16529 and this is the

i=1
restricted residual sum of squares (RRSS) needed for the F-test. The unre-
stricted model is given in Table 4.1 or part (a) and yields URSS = 61.68465.

Hence, the joint significance for all slopes using (4.20) yields

_ (114.16529 — 61.68465) /12
N 61.68465/582
R? n-K 0.4597 582
— ) = L2 = 41.26.
1-R2 K—1 1-04597 12

This F-statistic is distributed as Fi, 55, under the null hypothesis. It has a

=41.26 also

F

p-value of 0.0001 as shown in Table 4.1 and we reject H,. The Analysis
of Variance table in the SAS output given in Table 4.1 always reports this
F-statistic for the significance of all slopes for any regression.

c¢. The restricted model excludes FEM and BLACK. The SAS regression out-
put is given below. The RRSS = 66.27893. The unrestricted model is given
in Table 4.1 with URSS = 61.68465. The F-statistic given in (4.17) tests

two restrictions and yields

_ (66.27893 — 61.68465) /2
N 61.68465/582

This is distributed as F» sg> under the null hypothesis. We reject H,.

= 21.6737.
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Model:Restricted Model (w/o FEMALE & BLACK)
Dependent Variable: LWAGE

Source DF

Model 10
Error 584
C Total 594

Root MSE
Dep Mean
C.V.

Variable D

INTERCEP
EXP

EXP2
WKS

0CC

IND

F

1
1
1
1
1
1
1
1
1
1
1

Analysis of Variance
Sum of Mean
Squares Square
47.88636 478864
66.27893 0.11349
114.16529
0.33688 R-square
6.95074 AdjR-sq
4.84674

Parameter Estimates

Parameter
Estimate

5.316110
0.028108
-0.000468
0.004527
-0.162382
0.102697
-0.073099
0.142285
0.298940
0.112941
0.059991

Standard
Error

0.19153698
0.00674771
0.00013117
0.00276523
0.03816211
0.03004143
0.03175589
0.03022571
0.03667049
0.03271187
0.00680032

F Value
42.194

0.4194
0.4095

T for HO:
Parameter=0

27.755
4.165
-3.570
1.637
-4.255
3.419
-2.302
4.707
8.152
3.453
8.822

Badi Baltagi

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.0004
0.1022
0.0001
0.0007
0.0217
0.0001
0.0001
0.0006
0.0001

d. The restricted model excludes MS and UNION. The SAS regression output

is given below. This yields RRSS = 63.37107. The unrestricted model is
given in Table 4.1 and yields URSS = 61.68465. The F-test given in (4.17)

tests two restrictions and yields

_ (63.37107 — 61.68465)/2

61.68465/582
This is distributed as F» sg> under the null hypothesis. We reject H,.

= 7.9558.
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Restricted Model (without MS & UNION)
Dependent Variable: LWAGE

Source DF

Model 10
Error 584
C Total 594

Root MSE
Dep Mean
C.V.

Variable D

INTERCEP
EXP
EXP2
WKS
0CC
IND
SOUTH
SMSA
FEM
ED
BLK

F

—_

Analysis of Variance
Sum of Mean
Squares Square
50.79422 5.07942
63.37107 0.10851
114.16529
0.32941 R-square
6.95074 AdjR-sq
473923

Parameter Estimates

Parameter
Estimate

5.766243
0.031307
-0.000520
0.001782
-0.127261
0.089621
-0.077250
0.172674
-0.425261
0.056144
-0.197010

Standard
Error

0.18704262
0.00657565
0.00012799
0.00264789
0.03591988
0.02948058
0.03079302
0.02974798
0.04498979
0.00664068

0.5474680

F Value
46.810

0.4449
0.4354

T for HO:
Parameter=0

30.828
4.761
-4.064
0.673
-3.543
3.040
-2.509
5.805
-9.452
8.454
-3.599

63

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.0001
0.5013
0.0004
0.0025
0.0124
0.0001
0.0001
0.0001
0.0003

e. From Table 4.1, using the coefficient estimate on Union, éu = 0.106278,

we obtain g, = efv — 1 = e®100278 _ | = (.112131 or (11.2131%). If

the disturbances are log normal, Kennedy’s (1981) suggestion yields g, =

eﬁu—o.&var(ﬁu) ] = 0:106278-0.5(0.001003335) _ | — ).111573 or (11.1573%).

f. From Table 4.1, using the coefficient estimate on MS, 6MS = 0.095237, we
obtain gys = eéMS — 1 =¢e%99237 _ 1 = 0.09992 or (9.992%).
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4.14 Crude Quality

a. Regression of POIL on GRAVITY and SULPHUR.
Dependent Variable: POIL

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 249.21442 124.60721 532.364 0.0001
Error 96 22.47014 0.23406
C Total 98 271.68456
Root MSE 0.48380 R-square 0.9173
Dep Mean 15.33727 Adj R-sq 0.9156
C.V. 3.15442
Parameter Estimates
Parameter Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 12.354268  0.23453113 52.676 0.0001
GRAVITY 0.146640  0.00759695 19.302 0.0001
SULPHUR -0.414723  0.04462224 -9.294 0.0001
b. Regression of GRAVITY on SULPHUR.
Dependent Variable: GRAVITY
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 1 2333.89536 2333.89536 55.821 0.0001
Error 97 4055.61191 41.81043
C Total 98 6389.50727
Root MSE 6.46610 R-square 0.3653
Dep Mean 24.38182 Adj R-sq 0.3587
C.V. 26.52017
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 29452116  0.93961195 31.345 0.0001
SULPHUR 1 -3.549926  0.47513923 -7.47 0.0001
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Regression of POIL on the Residuals from the Previous Regression
Dependent Variable: POIL

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 1 87.20885 87.20885 45.856
Error 97 184.47571 1.90181
C Total 98 271.68456
Root MSE 1.37906 R-square 0.3210
Dep Mean 15.33727 Adj R-sq 0.3140
C.V. 8.99157
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0
INTERCEP 1 15.337273  0.13860093 110.658
RESID_V 1 0.146640 0.02165487 6.772
c. Regression of POIL on SULPHUR
Dependent Variable: POIL
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 1 162.00557 162.00557 143.278
Error 97 109.67900 1.13071
C Total 98 271.68456
Root MSE 1.06335 R-square 0.5963
Dep Mean 15.33727 Adj R-sq 0.5921
C.V. 6.93310
Parameter Estimates
Parameter Standard T for HO:
Variable DF  Estimate Error Parameter=0
INTERCEP 16.673123  0.15451906 107.903
SULPHUR -0.935284  0.07813658 -11.970
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Prob>F
0.0001

Prob>|T|

0.0001
0.0001

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
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Regression of Residuals in part (c) on those in part (b).
Dependent Variable: RESID_-W

Source DF
Model 1
Error 97
C Total 98
Root MSE
Dep Mean
C.V.
Variable DF
INTERCEP 1
RESID_V 1

Analysis of Variance
Sum of Mean
Squares Square
87.20885 87.20885
22.47014 0.23165

109.67900
0.48130 R-square
0.00000 Adj R-sq
2.127826E16

Parameter Estimates

Standard
Error

Parameter
Estimate

3.082861E-15
0.146640

0.04837260
0.00755769

d. Regression based on the first 25 crudes.

Dependent Variable: POIL

Source DF
Model 2
Error 22
C Total 24
Root MSE
Dep Mean
C.V.
Variable DF
INTERCEP 1
GRAVITY 1
SULPHUR 1

Analysis of Variance
Sum of Mean
Squares Square
37.68556 18.84278
2.44366 0.11108
40.12922
0.33328 R-square
15.65560 Adj R-sq
2.12882

Parameter Estimates

Parameter Standard
Estimate Error

11.457899 0.34330283
0.166174  0.01048538
0.110178 0.09723998

F Value
376.467

0.7951
0.7930

T for HO:
Parameter=0

0.000
19.403

F Value
169.640

0.9391
0.9336

T for HO:
Parameter=0

33.375
15.848
1.133

Badi Baltagi

Prob>F
0.0001

Prob>|T|

1.0000
0.0001

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.2694
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e. Deleting all crudes with sulphur content outside the range of 1-2%.

Dependent Variable: POIL

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value
Model 2 28.99180 14.49590 128.714
Error 25 2.81553 0.11262
C Total 27 31.80732

Root MSE 0.33559 R-square 0.9115

Dep Mean 15.05250 Adj R-sq 0.9044

C.V. 2.22947

Parameter Estimates

Parameter Standard T for HO:

Variable DF Estimate Error Parameter=0
INTERCEP 1 11.090789 0.37273724 29.755
GRAVITY 1 0.180260 0.01123651 16.042
SULPHUR 1 0.176138  0.18615220 0.946

SAS PROGRAM

Data Crude;

Input POIL GRAVITY SULPHUR,;

Cards;

Proc reg data=CRUDE;
Model POIL=GRAVITY SULPHUR,;

Proc reg data=CRUDE;
Model GRAVITY=SULPHUR;
Output out=0OUT1 R=RESID_V;
run;

Data CRUDET; set crude; set OUT1(keep=RESID_V);

Proc reg data=CRUDEHT;

Prob>F
0.0001

Prob>|T|

0.0001
0.0001
0.3531
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4.15 a.

Model POIL=RESID_V;

Proc reg data=CRUDEHT;
Model POIL=SULPHUR,;
Output out=0UT2 R=RESID_W;

Proc reg data=OUT2;
Model RESID_W=RESID_V;

Data CRUDEZ2; set CRUDE (firstobs=1 obs=25);

Proc reg data=CRUDE2;
Model POIL=GRAVITY SULPHUR,;
run;

data CRUDES3; set CRUDE;
if SULPHUR < 1 then delete;
if SULPHUR > 2 then delete;

Proc reg data=CRUDES;
Model POIL=GRAVITY SULPHUR,;
run;

MODELL1 (1950-1972)

Dependent Variable: LNQMG

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value
Model 5 1.22628 0.24526 699.770
Error 17 0.00596 0.00035
C Total 22 1.23224

Root MSE 0.01872 R-square 0.9952

Dep Mean 17.96942 Adj R-sq 0.9937

C.V. 0.10418

Badi Baltagi

Prob>F
0.0001
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Parameter Estimates

Parameter Standard

Variable DF Estimate Error

INTERCEP 1 1.680143  2.79355393
LNCAR 1 0.363533 0.51515166
LNPOP 1 1.053931  0.90483097
LNRGNP 1 -0.311388 0.16250458
LNPGNP 1 0.124957  0.15802894
LNPMG 1 1.048145  0.26824906

MODEL2(1950-1972)
Dependent Variable: QMG_ CAR

Analysis of Variance
Sum of Mean

Source DF Squares Square
Model 3 0.01463 0.00488
Error 19 0.02298 0.00121
C Total 22 0.03762

Root MSE 0.03478 R-square

Dep Mean -0.18682 Adj R-sq

C.V. -18.61715

Parameter Estimates

Parameter Standard
Variable DF  Estimate Error

INTERCEP 1 -0.306528 2.37844176
RGNP_POP 1 -0.139715  0.23851425
CAR_POP 1 0.054462 0.28275915
PMG_PGNP 10185270 0.27881714

b. From model (2) we have

logQMG —log CAR = y; + y2logRGNP — y, log POP + y3log CAR

For this to be the same as model (1), the following restrictions must hold:

Bi
Bs

T for HO:
Parameter=0

0.601
0.706
1.165
-1.916
0.791
3.907

F Value
4.032

0.3890
0.2925

T for HO:
Parameter=0

-0.129
-0.586
0.193
0.664

Prob>|T|

0.5555
0.4899
0.2602
0.0723
0.4400
0.0011

Prob>F
0.0224

Prob>|T|

0.8988
0.5649
0.8493
0.5144
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— v3log POP + y4logPMG — y4log PGNP + v

—v4, and Bg = va.

=v1,B2=v3+1,B3=—(y2+7v3),Bs =2,
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d. Correlation Analysis

Variables: LNCAR LNPOP LNRGNP LNPGNP LNPMG

Simple Statistics
Variable N Mean Std Dev Sum Minimum  Maximum
LNCAR 23 18.15623 0.26033 417.59339 17.71131 18.57813
LNPOP 23 1210913 0.10056 278.50990 11.93342 12.25437
LNRGNP 23  7.40235 0.24814 170.25415 6.99430  7.81015
LNPGNP 23 352739 0.16277 81.12989 3.26194  3.86073
LNPMG 23 -1.15352 0.09203 -26.53096 -1.30195 -0.94675

Pearson Correlation Coefficients/Prob > |R| under Ho: Rho = 0/N = 23

LNCAR LNPOP ~ LNRGNP ~ LNPGNP  LNPMG

LNCAR 1.00000  0.99588 0.99177 0.97686  0.94374
0.0 0.0001 0.0001 0.0001 0.0001

LNPOP 0.99588  1.00000 0.98092 0.96281  0.91564
0.0001 0.0 0.0001 0.0001 0.0001

LNRGNP  0.99177  0.98092 1.00000 0.97295  0.94983
0.0001 0.0001 0.0 0.0001 0.0001

LNPGNP  0.97686  0.96281 0.97295 1.00000  0.97025
0.0001 0.0001 0.0001 0.0 0.0001

LNPMG 0.94374  0.91564 0.94983 0.97025  1.00000
0.0001 0.0001 0.0001 0.0001 0.0

This indicates the presence of multicollinearity among the regressors.
f. MODEL1 (1950-1987)
Dependent Variable: LNQMG

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 5 3.46566 0.69313 868.762 0.0001
Error 32 0.02553 0.00080
C Total 37 3.49119

Root MSE 0.02825 R-square 0.9927

Dep Mean 18.16523 Adj R-sq 0.9915

C.V. 0.15550
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Variable DF

INTERCEP
LNCAR
LNPOP
LNRGNP
LNPGNP
LNPMG

MODEL2 (1950-1987)

1
1
1
1
1
1

Parameter Estimates

Dependent Variable: QMG_CAR

Source DF

Model 3
Error 34
C Total 37

Root MSE
Dep Mean
C.V.

Variable DF

INTERCEP
RGNP_POP
CAR_POP
PMG_PGNP

1
1
1
1

Parameter Estimates

Parameter
Estimate

-5.853977
-0.690460
0.288735
-0.143127

Parameter ~ Standard
Estimate Error
9.986981 2.62061670
2559918  0.22812676

-2.878083  0.45344340

-0.429270  0.14837889

-0.178866  0.06336001

-0.141105  0.04339646

Analysis of Variance
Sum of Mean
Squares Square
0.35693 0.11898
0.12444 0.00366
0.48137
0.06050 R - square
-0.25616 AdjR-sq
-23.61671

Standard
Error

3.10247647
0.29336969
0.27723429
0.07487993

g. Model 2: SHOCK74 (= 1 if year > 1974)
Dependent Variable: QMG_CAR

Source DF
Model 4
Error 33
C Total 37

Analysis of Variance
Sum of Mean
Squares Square
0.36718 0.09179
0.11419 0.00346

0.48137

T for HO:
Parameter=0

3.811
11.221
-6.347
-2.893
-2.823
-3.252

F Value
32.508

0.7415
0.7187

T for HO:
Parameter=0

-1.887
-2.354

1.041
-1.911

F Value
26.527

Prob>|T|

0.0006
0.0001
0.0001
0.0068
0.0081
0.0027

Prob>F
0.0001

Prob>|T|

0.0677
0.0245
0.3050
0.0644

Prob>F
0.0001
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Root MSE 0.05883 R - square 0.7628

Dep Mean -0.25616 AdjR - sq 0.7340

C.V. -22.96396

Parameter Estimates
Parameter Standard for HO:

Variable DF  Estimate Error Parameter=0
INTERCEP 1 -6.633509 3.05055820 2175
SHOCK74 1 -0.073504 0.04272079 -1.721
RGNP_POP 1 -0.733358 0.28634866 -2.561
CAR_POP 1 0.441777  0.28386742 1.556
PMG_PGNP 1 -0.069656 0.08440816 -0.825

Badi Baltagi

Prob>|T|

0.0369
0.0947
0.0152
0.1292
0.4152

The t-statistic on SHOCK 74 yields —1.721 with a p-value of 0.0947. This

is insignificant. Therefore, we cannot reject that gasoline demand per car

did not permanently shift after 1973.

Dependent Variable: QMG_CAR

. Model 2: DUMMY 74 (=SCHOCK74 x PMG_PGNP)

Analysis of Variance
Sum of Mean
Source Squares Square F Value
Model 0.36706 0.09177 26.492
Error 0.11431 0.00346
C Total 0.48137
Root MSE 0.05886 R - square 0.7625
Dep Mean -0.25616 AdjR - sq 0.7337
C.V. -22.97560
Parameter Estimates
Parameter Standard T for HO:
Variable DF  Estimate Error Parameter=0
INTERCEP 1 -6.606761 3.05019318 -2.166
RGNP_POP 1 -0.727422  0.28622322 -2.541
CAR_POP 1 0.431492  0.28233413 1.528
PMG_PGNP 1 -0.083217  0.08083459 -1.029
DUMMY74 1 0.015283  0.00893783 1.710

Prob>F
0.0001

Prob>|T|

0.0376
0.0159
0.1360
0.3107
0.0967

The interaction dummy named DUMMY74 has a t-statistic of 1.71 with a

p-value of 0.0967. This is insignificant and we cannot reject that the price

elasticity did not change after 1973.
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SAS PROGRAM

Data RAWDATA,
Input Year CAR QMG PMG POP RGNP PGNP;
Cards;

Data USGAS; set RAWDATA;

LNQMG=LOG(QMG);
LNCAR=LOG(CARY);
LNPOP=LOG(POP);
LNRGNP=LOG(RGNP);
LNPGNP=LOG(PGNP);
LNPMG=LOG(PMG);

QMG_CAR=LOG(QMG/CAR);
RGNP_POP=LOG(RGNP/POP);
CAR_POP=LOG(CAR/POP);

PMG_PGNP=LOG(PMG/PGNP);

Data USGAST; set USGAS;
If YEAR>1972 then delete;

Proc reg data=USGASHT;
Model LNQMG=LNCAR LNPOP LNRGNP LNPGNP LNPMG;
Model QMG _CAR=RGNP_POP CAR_POP PMG_PGNP;

Proc corr data=USGAST;
Var LNCAR LNPOP LNRGNP LNPGNP LNPMG;
run;

Proc reg data=USGAS;
Model LNQMG=LNCAR LNPOP LNRGNP LNPGNP LNPMG;
Model QMG _CAR=RGNP_POP CAR_POP PMG_PGNP;

run;
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data DUMMY1; set USGAS;
If Year>1974 then SHOCK74=0; else SHOCK74=1;
DUMMY74=PMG_PGNP*SHOCK74;

Proc reg data=DUMMY1;
Model QMG_CAR=SHOCK74 RGNP_POP CAR_POP PMG_PGNP;
Model QMG_CAR=RGNP_POP CAR_POP PMG_PGNP DUMMY74;
run;

4.16 a. MODELI1
Dependent Variable: LNCONS

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 5 165.96803 33.19361 70.593 0.0001
Error 132 62.06757 0.47021
C Total 137 228.03560

Root MSE 0.68572 R - square 0.7278

Dep Mean 11.89979 AdiR-sq 0.7175

C.V. 5.76243

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 -53.577951 453057139 -11.826 0.0001
LNPG 1 -1.425259  0.31539170 -4.519 0.0001
LNPE 1 0.131999  0.50531143 0.261 0.7943
LNPO 1 0.237464  0.22438605 1.058 0.2919
LNHDD 1 0.617801  0.10673360 5.788 0.0001
LNPI 1 6.554349  0.48246036 13.585 0.0001

b. The following plot show that states with low level of consumption are over
predicted, while states with high level of consumption are under predicted.
One can correct for this problem by either running a separate regression for
each state, or use dummy variables for each state to allow for a varying

intercept.
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c. Model 2
Dependent Variable: LNCONS

Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Prob>F
Model 10 226.75508 22.67551 2248.917 0.0001
Error 127 1.28052 0.01008
C Total 137 228.03560

Root MSE 0.10041 R - square 0.9944

Dep Mean 11.89979 AdjiR-sq 0.9939

C.V. 0.84382

Plot of PRED*LNCONS. Symbol is value of STATE.
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Variable

INTERCEP
LNPG

LNPE

LNPO
LNHDD
LNPI
DUMMY_NY
DUMMY _FL
DUMMY_MI
DUMMY_TX
DUMMY_UT

Parameter Estimates

f. Dummy Variable Regression without an Intercept

Dependent Variable: LNCONS

Source DF

Model 1
Error 127
U Total 138

Root MSE
Dep Mean

Parameter ~ Standard T for HO:
DF  Estimate Error Parameter=0
1 6.260803 1.65972981 3.772
1 -0.125472  0.05512350 -2.276
1 -0.121120 0.08715359 -1.390
1 0.155036 0.03706820 4,182
1 0359612  0.07904527 4.549
1 0416600 0.16626018 2.506
1 -0.702981  0.07640346 -9.201
1 -3.024007 0.11424754 -26.469
1 -0.766215 0.08491262 -9.024
1 -0.679327 0.04838414 -14.040
1 2597099  0.09925674 -26.165
NOTE: No intercept in model. R-square is redefined.
Analysis of Variance
Sum of Mean
Squares Square F Value
19768.26019 1797.11456 178234.700
1.28052 0.01008
19769.54071
0.10041 R - square 0.9999
11.89979 AdiR-sq 0.9999
0.84382

C.V.

Variable

LNPG

LNPE

LNPO
LNHDD
LNPI
DUMMY_CA
DUMMY_NY
DUMMY_FL
DUMMY_MI
DUMMY_TX
DUMMY_UT

DF

—_

Parameter Estimates

Parameter
Estimate

-0.125472
-0.121120
0.155036
0.359612
0.416600
6.260803
5.557822
3.236796
5.494588
5.581476
3.663703

Standard
Error

0.05512350
0.08715359
0.03706820
0.07904527
0.16626018
1.65972981
1.67584667
1.59445076
1.67372513
1.62224148
1.63598515

T for HO:
Parameter=0

-2.276
-1.390
4.182
4.549
2.506
3.772
3.316
2.030
3.283
3.441
2.239

Badi Baltagi

Prob>|T|

0.0002
0.0245
0.1670
0.0001
0.0001
0.0135
0.0001
0.0001
0.0001
0.0001
0.0001

Prob>F
0.0001

Prob>|T|

0.0245
0.1670
0.0001
0.0001
0.0135
0.0002
0.0012
0.0444
0.0013
0.0008
0.0269
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SAS PROGRAM

Data NATURAL;

Input STATE $ SCODE YEAR Cons Pg Pe Po LPgas HDD Pi;
Cards;

Data NATURAL1; SET NATURAL;

LNCONS=LOG(CONS);

LNPG=LOG(PG) ;

LNPO=LOG(PO) ;

LNPE=LOG(PE) ;

LNHDD=LOG(HDD) ;

LNPI=LOG(PI) ;

seirines PROBYG g FHHH+s
Proc reg data=NATURALT;

Model LNCONS=LNPG LNPE LNPO LNHDD LNPI;

Output out=OUT1 R=RESID P=PRED;

Proc plot data=OUT1 vpercent=75 hpercent=100;

plot PRED*LNCONS=STATE;
Data NATURAL2; set NATURALT;
f STATE=NY’ THEN DUMMY _NY=1; ELSE DUMMY _NY=0;
|f STATE='FL' THEN DUMMY _FL=1; ELSE DUMMY _FL=0;
|f STATE='MI' THEN DUMMY _MI=1; ELSE DUMMY _MI=0;
|f STATE=TX’' THEN DUMMY _TX=1; ELSE DUMMY _TX=0;
If STATE='UT’ THEN DUMMY _UT=1; ELSE DUMMY _UT=0;
|f STATE='CA’ THEN DUMMY _CA=1; ELSE DUMMY _CA=0;

*kkkkkkk PROB16.C **************;

Proc reg data=NATURAL2;

Model LNCONS=LNPG LNPE LNPO LNHDD LNPI DUMMY _NY
DUMMY _FL DUMMY _MI DUMMY _TX DUMMY _UT;
seirtaes PROBG f #Hrtsesrsss.

)
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Proc reg data=NATURAL2;
Model LNCONS=LNPG LNPE LNPQO LNHDD LNPI
DUMMY_CA DUMMY_NY DUMMY _FL DUMMY _MI
DUMMY_TX DUMMY _UT/NOINT;
run;
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CHAPTER 5
Violations of the Classical Assumptions

5.1 s? is Biased Under Heteroskedasticity. From Chap. 3 we have shown that
e = Yi — Gots — BoisXi = yi — Boisxi = (B - 6015) Xi + (uj — 1)

fori=1,2,..,n.
The second equality substitutes Gos = Y - ﬁols)_( and the third equality

substitutes yi = Px; + (u; —u). Hence,

Zeiz = (Bols _ 5)2 Zx? + Z (u —ﬁ)z -2 (Bols — B) in (u; — 1) and
i=1 i=1 i=1 i=1
n n T n 2 n
E (Z eiz) = Z xizvar (ﬁols) +E |:Z (uj — ﬁ)2:| —2E (Z xiui) / Z xiz.
i=1 i=1 =1 i=1 i=1

n 2 n

ButE (Z xiui) = ) x;%0} since the u;’s are uncorrelated and heteroskedas-
i=1 i=1

tic and

E |:2“: (u; —ﬁ)2:| =E (i ulz) +nE (ﬁz) —2E (ﬁiui)
i=1 i=1 i=1

=Y E () - nE (@)
i=1

= anoiz—%E(Xn:uiz) = anoiz—ﬁi:oiz
i=1 i=1 i=1 i=1

n—1)\ «
=( _ );oz
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§f)

i=1
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1 i=
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3 xlo
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n—2 n n 4
Z i=1

Under homoskedasticity this reverts back to E(s?) = o2.

5.2 OLS Variance is Biased Under Heteroskedasticity.

n

Z Xi2 Xi2

i=1 i=1

n 2 E 2
E[Vﬁr (Bols)] = E ns = (s ). Using the results in prob-

lem 5.1, we
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This means that, on the average, the estimated standard error of 6015 understates
the true standard error. Hence, the t-statistic reported by the regression package
for Hy; B = 0 is overblown.

5.3 Weighted Least Squares. This is based on Kmenta (1986).

a. From the first equation in (5.11), one could solve for &
i3 (1/0f) =30 (vi/2) =B Y (% /o2).
i=1 i=1 i=1

n
Dividing both sides by >_ (1/07) one gets

i=1

=[S (0/0) /3 (/0) |8 2 0s/0) /2 1/)|

i=

=Y -pX".

Substituting & in the second equation of (5.11) one gets

i = (S [ /) /£,0/)
_B[l_l (%o )} /Z(/ )+En (x2/?).

i=1

n ~
Multiplying both sides by Y (1/07) and solving for B one gets (5.12b)
i=1

£ /o[ v/ [E/ )£ )
/el [E )] (o)

B =

b. From the regression equation Y a+ BX + u; one can multiply by w;*

andsumtogetz W'Y =a Z wi+p Z wi X +Z wiu;. Now divide

i=1 i=1 i=1 i=1

by Z w}* and use the definitions of Y* and X* to get Y* = o + BX* + 0*

i=1
n
*ui/ Z w*
i=1

-
<

where u* =

—_
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Subtract this equation from the original regression equation to get Yi—Y* =

B(X; — X*) + (u; — *). Substitute this in the expression for p in (5.12b),

we get
Xn: Wi*(Xi — X*)(ui —1_1*) Xn: Wi*(Xi —_*)ul

B:B+1=l . =B+1:nl
> wi (X —X*)2 > wit(Xi —X*)2

i=1 i=1

where the second equality uses the fact that

Z wi (X
i=1

_X*) = Zn:Wi*Xi — (Zn:wf) (iwfxi) /Zn:wf =0.
i=1 i=1 i=1 i=1

Therefore, E(B) = P as expected, and

2

Y b o S

vr(f) =E(p-p) == p—
LW =X S (=X
g o]

3wk (X - X7
i=1

where the third equality uses the fact that the u;’s are not serially correlated

and heteroskedastic and the fourth equality uses the fact that w = (1 / oiz).

5.4 Relative Efficiency of OLS Under Heteroskedasticity

a. From Eq. (5.9) we have

n 2 n n 2
var(Bos) = Z X;o / (Z xf) — 2 Z X12X§/ (Z Xlz)
i=1 i=1 i=1

where x; = X; — X. For X; = 1,2,..,10and § = 0.5, 1, 1.5 and 2. This is

tabulated below.
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b. From problem 5.3 part (b) we get
1

Var(BBLUE) =
Y wir(Xi —X7)?
i=1

. n n
where w* = (1/02) = (1/0°X}) and X* = Zwl*Xl/Zwl* =
i=1 i=1

For X; = 1,2,.,10 and § = 0.5, 1, 1.5 and 2, this variance is
tabulated below.
c. The relative efficiency of OLS is given by the ratio of the two variances

computed in parts (a) and (b). This is tabulated below for various values

of 8.
8 var(éols) Var(éBLUE) Var(EBLUE)/ Var(éols)
0.5 | 0.0262 0% | 0.0237 o> 0.905
1 |0.0667 62 | 0.04794 o> 0.719
1.5 | 0.1860 0% | 0.1017 o> 0.547
2 10.54420% | 022407 0.412

As § increases from 0.5 to 2, the relative efficiency of OLS with respect to
BLUE decreases from 0.9 for mild heteroskedasticity to 0.4 for more serious

heteroskedasticity.

5.6 The AR(1) model. From (5.26), by continuous substitution just like (5.29), one

could stop at u;—s to get
U= MU + ¥ esa1 + 0% 2eimsan + .. + pE1 + & fort > s.

Note that the power of p and the subscript of ¢ always sum to t. Multiplying

both sides by u— and taking expected value, one gets

E (uu—s) = p°E (utz_s) + 0 'E (ei_sr1ui—s) + .. + pE (e—1ui—s) + E (qu_s)
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using (5.29), u— is a function of &_, past values of ¢_s and u,. Since u,
is independent of the €’s, and the €’s themselves are not serially correlated,
then u,—s is independent of &, &—1,..., &—s+1. Hence, all the terms on the
right hand side of E(usu,_) except the first are zero. Therefore, cov(uy, u—s) =
E(uu—s) = p’o? fort > s.

5.7 Relative Efficiency of OLS Under the AR(1) Model.

N T T T T N
a. Bois = ZXth/ > x> =B+ > Xtut/ thz with E(Bols) = P since x
t=1 t=1 t=1 t=1

and u; are independent. Also,
. . ) T T 2 T T 2
var (Bos) = E (B =) =E (Z xu/ thz) =Y xEW) / (Z xtz)
t=1 t=1 t=1 t=1
T 2
+E |:Z Z xlxsulus/ (Z th) i|
t=1

st
T—1 T—2
2 Z Xt Xt41 Z XiXt+2
_ Oy t=1 2 t=1 T—1 X1XT
=7 1+ 2p T + 2p T + .+ 2p T
Z X Z X Z x¢? Z x¢?
t=1 t=1

t=1 t=1
using the fact that E(ugu,) = plt! o2 as shown in problem 6.
Alternatively, one can use matrix algebra, see Chap. 9. For the AR(1) model,

Q = E(uw) is given by Eq. (9.9) of Chap. 9. So

1 p p p X1

0 1 o ... 2 x

XQx = (Xi,...,XT) . . . .
oIl T2 T 1 X7

(x] + pxixa + .. 4 " 'xrx1) 4 (pxix2 + X3 4 .. 4 T 2x1X0)
+ (p*x1X3 4 pXaX3 + .. + p' XTX3) + ..
+ (pT_lxle + pT_szxT + ..+ x%)

collecting terms, we get
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T 1 -2
X Qx = thz + 2prtx,+1 +2p° Zx,xt_u + . 420 ey

t=1 t=1 t=1

A x'Qx
Using Eq. (9.5) of Chap. 9, we get var(Bois) = GL%W
T-1 T2
o2 D XX D XiXet2 x
= 14+ 2p 5 — 42?5 4 42"
Z th Z th Z th Z th
=1 =1 =1 =1

Similarly, Q7! for the AR(1) model is given by Eq.(9.10) of Chap.9, and
var (GBLUE) = o2(X'Q7'X)~! below equation (9.4). In this case,

1 —p o ... 0 0 0
—p 140> —p ... 0 0 0 21
. . . . . . 2
R S A | I
0 0 0 ... —p 140 —p X
0 0 0 ... 0 —p 1 T
_ 1
XQ7x = [X% — pX1X2 — px1X2 + (1 + Pz)X% — PX3X2 — PX2X3

1—p?
+ 1+ pz)xg — pXax3 + .. + x% - prfle].

Collecting terms, we get

T -1 -1
_ 1
=1 =1 =1

T-1 T
For T — oo, Y. x?is equivalentto ) x2, hence
=2 =1

03 l—p2

T

T—1 T
letz 1+p2-2p ) XtXt+l/ > xi?
= =1 =1

var (énpw) = O&(X/Q_lx)_l =

. For x; following itself an AR(1) process: Xy = Ax(— + vy, we know that A is

the correlation of x; and x,—;, and from problem 5.6, correl(x;, x,_s) = A%
T—1 T

AsT — oo, \is estimated well by Y XX / 3" x2. Also, \? is estimated
t=1 t=1



86

Badi Baltagi

T2 T
well by 3 XX¢42 / 3" %2, etc. Hence
t=1 t=1

~ ) Var(épw) 1— p2
ff(Bors) = 1 ~ =
wyellbon) = By o)~ AT P20 (4 20 T 270 T )
__ (=p—ph
(T4 p2=2pM)(1 + p))

where the last equality uses the fact that (1 4+ pA)/(1 — pA) = (1 + 2pAh +

20°A2 + .). For A = 0, or p = A\, this asy eff(ﬁols) is equal to
(1=p*)/(1+ 7).

. The asy eff(éols) derived in part (b) is tabulated below for various values of

p and A. A similar table is given in Johnston (1984, p. 312). For p > 0, loss
in efficiency is big as p increases. For a fixed A, this asymptotic efficiency
drops from the 90 to a 10% range as p increases from 0.2 to 0.9. Variation
in A has minor effects when p > 0. For p < 0, the efficiency loss is still big
as the absolute value of p increases, for a fixed A. However, now variation
in A has a much stronger effect. For a fixed negative p, the loss in efficiency
decreases with A. In fact, for A = 0.9, the loss in efficiency drops from 99%
to 53 as p goes from —0.2 to —0.9. This is in contrast to say A = 0.2 where

the loss in efficiency drops from 93 to 13% as p goes from —0.2 to —0.9.



Chapter 5: Violations of the Classical Assumptions

(Asymptotic Relative Efficiency of ﬂ;;s) x 100
p
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-0.8 |-0.7

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8 |09

22.0 | 34.2

47.1

60.0

83.5

92.3

98.0

92.3

83.5

72.4

60.0

471

34.2

22.0 |10.5

11.4

23.5 | 36.0

48.8

61.4

73.4

84.0

92.5

98.0

92.2

83.2

71.8

59.0

45.8

32.8

0.2

12.6

25.4 | 38.2

50.9

63.2

74.7

84.8

92.9

98.1

98.1

92.3

83.2

71.6

58.4

44.9

31.8

19.8 | 9.1

0.3

141

27.7 | 40.9

53.5

65.5

76.4

85.8

93.3

98.2

98.1

92.5

83.5

71.7

58.4

44.5

31.1

19.0 | 8.6

0.4

16.0

30.7 | 44.2

68.2

78.4

87.1

93.9

98.4

98.3

92.9

84.1

72.4

58.8

44.6

30.8

18.5 | 8.2

0.5

18.5

34.4 | 48.4

60.6

71.4

80.8

88.6

94.6

98.6

98.4

93.5

85.1

73.7

60.0

45.3

31.1

18.4 | 7.9

0.6

22.0

39.4 | 53.6

65.4

75.3

83.6

90.3

95.5

98.8

98.6

94.3

86.6

75.7

62.1

471

32.0

18.6 | 7.8

0.7

27.3

46.2 | 60.3

71.2

79.9

86.8

92.3

96.4

99.0

98.9

95.3

88.7

78.8

65.7

50.3

34.2

19.5 | 7.8

0.8

35.9

56.2 | 69.3

78.5

85.4

90.6

94.6

97.5

99.3

99.2

96.6

91.4

83.2

71.4

56.2

38.9

22.0 | 8.4

0.9

52.8

71.8 | 81.7

87.8

92.0

94.9

97.1

98.7

99.6

99.6

98.1

95.1

89.8

81.3

68.3

50.3

29.3 |10.5

Asymptotic Relative Efficiency

-0.9-0.8 -0.7 -0.6 -0.5-0.4 -0.3 -0.2 -0.1

d. Ignoring autocorrelation, s’ /

(

asy.var (éols)

T
A o]
2 2 u
asy.var (Bols) -0y / E X =
DX

and asy.proportionate bias = —2p\/(1 + pA).

2 L 2
0'u th

=1
so the asy.bias in estimating the var(Bo)s) is

t=1

0 041

02 03 04 05 06 0.7 0.8 0.9

T T
2 acti 2 2
> x¢ estimates o / Y x7, but

t=1

2

t=1

|

1 —ph
14 ph

t=1

) (1= ph) /(1 + p))

1] -

2

Oy

T

DX

t=1

=

—2ph
14 ph
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Percentage Bias in estimating Var(ﬁols)

A |-09 |-08 |-0.7 |-0.6 |-0.5 |-0.4 |-03 |-02 | 0| 01| 03| 04| 05| 06| 07| 08 | 09
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

01| 198|174 | 151 ]128|105| 83 | 6.2 | 4.1 0| -20|-5.8|-77|-95|-11.3|-13.1|-14.8| -16.5
0.2 | 439381326 (273|222 |174|128| 83 | 0 | -3.9 |-11.3| —14.8| -18.2|-21.4| -24.6|-27.6| -30.5
03| 740|632 |532|439|353|27.3|19.8| 128 | 0 | -5.8|-16.5|-21.4|-26.1|-30.5|-34.7|-38.7 | -42.5
0.4 | 1125/ 94.1 | 77.8 | 63.2 | 50.0 | 38.1 | 27.3| 17.4 | 0 | 7.7 |-21.4|-27.6|—33.3|-38.7|-43.8|-48.5 | -52.9
0.5 | 163.6(133.3|107.7| 85.7 | 66.7 | 50.0 | 35.3 | 22.2 | 0 | —9.5 |-26.1|-33.3| -40.0(—-46.2| -51.9|-57.1 | -62.1
0.6 | 234.8|184.6|144.8/112.5| 85.7 | 63.2 | 43.9| 27.3 | 0 | —11.3|-30.5| -38.7|—46.2| -52.9|-59.2| —64.9 | —70.1
0.7 | 340.5/254.5/192.2|144.8|107.7| 77.8 | 53.2| 32.6 | 0 | —13.1|-34.7|-43.8|-51.9|-59.2|-65.8| -71.8| —77.3
0.8 | 514.3|355.6|254.5/184.6|133.3| 94.1 | 63.2 | 38.1 | 0 | —14.8/—38.7|-48.5|-57.1|-64.9| -71.8| -78.0| -83.7
0.9 | 852.6/514.3|340.5/234.8/163.6|112.5| 74.0 | 43.9 | 0 | —16.5|—42.5|-52.9|-62.1|-70.1|-77.3|—83.7 | —89.5

This is tabulated for various values of p and A. A similar table is given in

Johnston (1984, p. 312).

For p and A positive, var (Bols) is underestimated by the conventional for-

mula. For p = A = 0.9, this underestimation is almost 90%. For p < 0, the

Var(éols) is overestimated by the conventional formula. For p = —0.9 and

A = 0.9, this overestimation is of magnitude 853%.

e e =y — i = (B—Bow)xi+u
T ~ 2 T T " T
Hence, Y e? = (Bols - B) Yx24+ Y ui-2 (Bols — B) > xu; and

t=1

T
E Zetz

So that E(s?) = E (

t=1

t=

1

t=1

t=1 t=1

T T T T
Z x? var (Bols) + To] —2E Z XsUs Z XUy / Z X

s=1 t=1 t=1

T
=— Z th var (Bols) + Tcu2

t=1

T

t=1

> /(T=1)

T—1I T—2
> Xt X41 > XXt+2
2 t=1 2 t=1 T—1 X1XT 2
=0y [ 1+2p— + 20" — + .+ 2p T + To;
> x2 > % > x2
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T—1 T—2
D XX D XX o
=2 T 14205 — 4202 = 4 4 opr1 2P /(T—l)
>oxi > >
=1 =1 =1

If p = 0, then E(s?) = o2. If x, follows an AR(1) model with parameter A,
14p)
then for large T, E(s?) = o? (T - ﬁ) /(T—1).

For T = 101, E(s?) = o2 (101 - %) /100.
This can be tabulated for various values of p and A. For example, when

p=Xx=009, E(s*) =0.91502.
5.10 Regressions with Non-zero Mean Disturbances.

a. For the gamma distribution, E(u;) = 6 and var(u;) = 6. Hence, the distur-
bances of the simple regression have non-zero mean but constant variance.
Adding and subtracting 6 on the right hand side of the regression we get
Yi = (a4 0) +BXi + (u; — 0) = a* + BX; + wi* where a* = o + 6
and u;* = u; — 0 with E (u;*) = 0 and var (4;*) = 6. OLS yields the BLU
estimators of a* and B since the u;* disturbances satisfy all the require-
ments of the Gauss—Markov Theorem, including the zero mean assumption.
Hence, E(Qois) = a* = a + 6 which is biased for a by the mean of the

disturbances 6. But E(s?) = var (u}*) = var (u;) = 6. Therefore,
E (&015 - s2) = E(&ols) - E(Sz) =a+6—-0=aq.

b. Similarly, for the x? distribution, we have E(u;) = v and var(u;) = 2v.
In this case, the same analysis applies except that E(Gos) = o + v and
E(s?) = 2v. Hence, E(Qys — s%/2) = a.

c. Finally, for the exponential distribution, we have E(u;) = 6 and var(u;) = 6°.
In this case, plim 8o = o + 0 and plim s> = 6%. Hence, plim (Gqis — s) =

plim G5 — plim s = a.

5.11 The Heteroskedastic Consequences of an Arbitrary Variance for the Initial Dis-
turbance of an AR(1) Model. Parts (a), (b), and (c) are based on the solution
given by Kim (1991).
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a. Continual substitution into the process u; = pu—; + ¢ yields

t—1

ue = pup + Z pei.

j=0
Exploiting the independence conditions, E(ueg;) = 0 for all j, and E(e;g;) =

0 for all i # j, the variance of uy is

t—1 t—1

o7 = var(u) = ¢ var(u,) + 3 pPvar (6)) = %02/ 40 37
j=0 i=0

= %o/t +o[(1 = p*)/ (1~ p?)]
=[{1/(a =)+ [1/t=1/0 = pD)]p"} o7 .
This expression for 2 depends on t. Hence, for an arbitrary value of T, the

disturbances are rendered heteroskedastic. If T = 1 — p? then 67 does not

depend on t and o2 becomes homoskedastic.

. Using the above equation for o7, define

a=ol—or, =[(1/1)—1/(1—p?)]p*(1 —p?)o? = be

whereb = (1/1)—1/(1—p?) andc = p*'(1—p~2)o?2. Note thatc < 0.If t >
1 —p?, thenb < 0 implying that a > 0 and the variance is increasing. While
ift < 1—p?, thenb > 0 implying thata < 0 and the variance is decreasing.
If t = 1 — p? then a = 0 and the process becomes homoskedastic.
, 2 202p%logp 5
Alternatively, one can show that — = ————[(1 — p”) — 1]
ot (1 —p?)
where 92" /dx = ba"™ log a, has been used. Since log p < 0, the right hand
side of the above equation is positive (o7 is increasing) if T > 1 — p?, and is

negative otherwise.
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t—1

¢. Using u; = p'u, + Y p'e—j, and noting that E(u;) = 0 for all t, finds, for

=0
t>s,
t—1 t—s—1
cov(ug, Us) = E(uu—) = (p‘uo + P'St—i) P+ Y ey
i=0 j=0

t—s—1

= p?var(uo) + p° Y p* var(e )
i=0

= ooy /v 4o [p°(1 = p*79) /(1 = p?)]
{1/ = p*) + [(1/D) = 1/(1 = p)] p** ™} 07 = p'oi

d. The Bias of the Standard Errors of OLS Process with an Arbitrary Variance

on the Initial Observation. This is based on the solution by Koning (1992).

Consider the time-series model

vi = PX¢ + w

U = pu—1 + &

with0 < p < 1, & ~ 1IN (0,02), uo ~ 1IN (0, (62/7)), T > 0. The x’s are

positively autocorrelated. Note that

) 2 1= pZt
Var(ut)—ot—o +Zp —0( +1—p2)'
The population variance of the OLS estimator for p is

T T
Z Z XsX(COV(Uy, US) Z Ut X2 + 2 DD xXXipT th2
n t=1s=1 t=1s>t
var (Bois ) = =

(£-) (5)

Also, note that in the stationary case (1t = 1 — p?), we have:

T T
2 2 1— 2 X s—t
Var(ﬁ )_ /(l (Gs/( p))l;sz:txxp >052/(1_p2)
ols ] — T 2 sl T 5
Z ¢ (Z xt2) > x
t=1 t=1 t=1

since each term in the double summation is non-negative. Hence, the true

variance of 6015 (the left hand side of the last equation) is greater than the
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estimated variance of [:3015 (the right hand side of the last equation). There-
fore, the true t-ratio corresponding to H,; p = 0 versus Hy; p # 0 is lower
than the estimated t-ratio. In other words, OLS rejects too often.

From the equation for o? it is easily seen that do2/dt < 0, and hence, that
the true variance of 6015 is larger than the estimated Var(ﬁols) ift<1-— pz.
Hence, the true t-ratio decreases and compared to the stationary case, OLS

rejects more often. The opposite holds for t > 1 — p?.

5.12 ML Estimation of Linear Regression Model with AR(1) Errors and Two

Observations. This is based on Baltagi and Li (1995).

a. The OLS estimator of § is given by

2 2
éols = inyi/ lez = (Yle + Y2X2)/ (X% + X%) .
i=1 i=1

. The log-likelihood function is given by loglL = —log2 — logo? —

(1/2) log(1—p*)— (u3 — 2pujuy + u) /26%(1—p?); setting dlogL/do? = 0
gives 62 = (w3 — 2pujuy + u?) /2(1 — p?); setting dlogL/dp = O gives
po?(1 — p?) + wjuy + p*ujuy — pu3 — pul = 0; substituting 62 in this
last equation, we get p = 2ujuy/ (uf + u); setting dlogL/dBp = O gives
W (X2 — px1) + uy (X; — pxz) = 0; substituting p in this last equation, we get
(ux; —uzx2) (u? —u3) = 0. Note thatu} = u impliesa p of +1, and this is
ruled out by the stationarity of the AR(1) process. Solving (u;x; —u;x;) = 0
gives the required MLE of p:

Bunte = (yix1 — y2x2)/ (x3 = x2) .

. By substituting émle into u; and up, one gets U] = X2 (X1y2—X2y1)/ (x% — x%)

and 0, = x;(x1y2 — x2y1)/ (x} — x3), which upon substitution in the

expression for p give the required estimate of p : p = 2x;x2/ (x] + x3).

. If Xy — X, with x, # 0, then p — 1. For émle, we distinguish between

two cases.
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(1)

(i)

(1)

(i)

Fory, =y, émle — y2/(2x5), which is half the limit of 6015 — y2/Xaz.
The latter is the slope of the line connecting the origin to the observation
(x2,¥2).

For y; # ya, émlc — =00, with the sign depending on the sign of
X2, (Y1 — y2), and the direction from which x; approaches x;. In this
case, 6015 — ¥/X3, where y = (y1 + y2)/2. This is the slope of the line
connecting the origin to (X, y).

Similarly, if x; — —x», with x, # 0, then p — —1. For e, we
distinguish between two cases:

Fory; = —y», 6mle — vy2/(2x,), which is half the limit of Bols —
y2/Xa.

Fory; # —y», ﬁmlc — +o00, with the sign depending on the sign of
X2, (Y1 + y2), and the direction from which x; approaches —x;. In this
case, 6015 — (y2—V1)/2x2 = (y2 —y1)/ (X2 —x1), which is the standard
formula for the slope of a straight line based on two observations. In
conclusion, éols is a more reasonable estimator of § than ﬁmlc for this

two-observation example.

5.13 The backup regressions are given below: These are performed using SAS.
OLS REGRESSION OF LNC ON CONSTANT, LNP, AND LNY
Dependent Variable: LNC

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 0.50098 0.25049 9.378 0.0004
Error 43 1.14854 0.02671
C Total 45 1.64953

Root MSE 0.16343 R-square 0.3037
Dep Mean 4.84784 Adj R-sq 0.2713
C.V. 3.37125
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Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 4.299662 0.90892571 4.730 0.0001
LNP 1 -1.338335 0.32460147 -4123 0.0002
LNY 1 0.172386 0.19675440 0.876 0.3858
PLOT OF RESIDUAL VS. LNY
0.4
+ * N
0.2 . o
* o N
* ++
004 AR
+ T+ +
ey F— ’
N +
-0.2 . +
+
-0.4 N
_0-6 T T T
4.4 4.6 4.8 5.0 5.2
LNY
Regression for Glejser Test (1969)
Dependent Variable: ABS_E
MODEL: Z1=LNY"(-1)
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 1 0.04501 0.04501 5.300 0.0261
Error 44 0.37364 0.00849
C Total 45 0.41865
Root MSE 0.09215 R-square 0.1075
Dep Mean 0.12597 Adj R-sq 0.0872
C.V. 73.15601
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Parameter Estimates

Parameter Standard
Variable DF  Estimate Error

INTERCEP 1 -0.948925  0.46709261
ZILNYA — 1) A 5128691 2.22772532
MODEL: Z2=LNY"(—0.5)
Dependent Variable: ABS_E

Analysis of Variance
Sum of Mean
Source DF Squares Square
Model 1 0.04447 0.04447
Error 44 0.37418 0.00850
C Total 45 0.41865
Root MSE 0.09222 R-square
Dep Mean 0.12597 Adj R-sq
C.V. 73.20853

Parameter Estimates

Parameter Standard
Variable DF Estimate Error

INTERCEP 1 -2.004483  0.93172690
Z2 (LNYA — 5) 1 4.654129  2.03521298

MODEL: Z3=LNY"(0.5)
Dependent Variable: ABS_E

Analysis of Variance
Sum of Mean
Source DF Squares Square
Model 1 0.04339 0.04339
Error 44 0.37526 0.00853
C Total 45 0.41865
Root MSE 0.09235 R-square
Dep Mean 0.12597 Adj R-sq

C.V. 73.31455

T for HO:
Parameter=0

-2.032
2.302

F Value
5.229

0.1062
0.0859

T for HO:
Parameter=0

-2.151
2.287

F Value
5.087

0.1036
0.0833

Prob>F

0.0483
0.0261

Prob>F
0.0271

Prob>|T|

0.0370
0.0271

Prob>F
0.0291
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Parameter Estimates

Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 2217240 0.92729847 2.391 0.0211
Z3 (LNYA.5) 1 0957085 0.42433823 -2.255 0.0291
MODEL: Z4=LNY"1
Dependent Variable: ABS_E
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 1 0.04284 0.04284 5.016 0.0302
Error 44 0.37581 0.00854
C Total 45 0.41865
Root MSE 0.09242 R-square 0.1023
Dep Mean 0.12597 Adj R-sq 0.0819
C.V. 73.36798
Parameter Estimates
Parameter ~ Standard T for HO:
Variable DF  Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 1.161694  0.46266689 2,511 0.0158
Z4 (LNYA 1) 1 -0.216886  0.09684233 -2.240 0.0302

c. Regression for Goldfeld and Quandt Test (1965) with first 17 obervations
Dependent Variable: LNC

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 2 0.22975 0.11488 2.354 0.1315
Error 14 0.68330 0.04881
C Total 16 0.91305

Root MSE 0.22092 R-square 0.2516

Dep Mean 4.85806 Adj R-sq 0.1447

C.V. 4.54756
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Variable DF
INTERCEP 1
LNP 1
LNY 1

Parameter Estimates

Parameter Standard
Estimate Error
3.983911 4.51225092

-1.817254 0.86970957
0.248409 0.96827122

T for HO:
Parameter=0  Prob>|T]|
0.883 0.3922
-2.089 0.0554
0.257 0.8013

REGRESSION FOR GOLDFELD AND QUANDT TEST (1965) w/last 17 obs
Dependent Variable: LNC

Source DF
Model 2
Error 14
C Total 16
Root MSE
Dep Mean
C.V.
Variable DF
INTERCEP 1
LNP 1
LNY 1

Analysis of Variance
Sum of Mean
Squares Square
0.17042 0.08521
0.21760 0.01554
0.38803
0.12467 R-square
4.78796 Adj R-sq
2.60387
Parameter Estimates
Parameter Standard
Estimate Error
6.912881 1.57090447
-1.248584  0.39773565
-0.363625 0.31771223

d. Data for Spearman Rank Correlation Test

OBS

QOWOoONOOOLA~WND =
—
p-d

—_

STATE

LNC

4.93990
4.40859
4.82454
458107
5.10709
4.98602
5.07801
4.72720
4.96213
4.74902

RANKY

O OWoONOOOLA~WND =

—_

F Value Prob>F
5.482 0.0174
0.4392
0.3591
T for HO:
Parameter=0  Prob>|T|
4.401 0.0006
-3.139 0.0072
-1.145 0.2716
ABS_E RANKE D
0.04196 11 10
0.41867 46 44
0.10198 21 18
0.28820 44 40
0.32868 45 40
0.21014 38 32
0.08730 19 12
0.10845 22 14
0.13671 30 21
0.11628 24 14
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5.37906
4.81545
4.66312
458237
4.73313
5.00087
5.04939
5.11129
4.97974
4.65398
4.80857
4.98722
4.83026
4.97952
5.08799
5.06430
4.79263
4.77558
4.94744
4.80081
4.69589
4.80363
4.96642
4.84693
4.93065
4.66134
5.04705
4.50449
4.81445
4.77751
4.66496
4.73877
5.10990
4.65637
4.66983
4.70633

SPEARMAN RANK CORRELATION TEST

OBS
1

R
-0.28178

0.23428
0.11470
0.22128
0.28253
0.17266
0.02320
0.14323
0.11673
0.03583
0.08446
0.01372
0.25740
0.01754
0.03201
0.20619
0.05716
0.04417
0.09793
0.12797
0.05625
0.02570
0.02462
0.26506
0.11760
0.04776
0.00638
0.20120
0.14953
0.00142
0.20664
0.02545
0.12018
0.15991
0.12810
0.07783
0.05940

T
1.94803

Badi Baltagi
40 29
23 11
39 26
43 29
34 19

5 -1
31 14
25 7
10 -9
18 2

3 -18
41 19

4 -19

9 -15
36 11
15 -1
12 -15
20 -8
28 -1
14 -16

8 -23

6 -26
42 9
26 -8
13 22

2 -34
35 2
32 -6

1 -38
37 -3

7 -34
27 -15
33 -10
29 -15
17 -28
16 -30
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e. Harvey’s Multiplicative Heteroskedasticity Test (1976)
Dependent Variable: LNE_SQ

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 1 14.36012 14.36012 2.992 0.0907
Error 44 211.14516 479875
C Total 45 225.50528

Root MSE 2.19061 R-square 0.0637

Dep Mean -4.97462 Adj R-sq 0.0424

C.V. -44.03568

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 24.852752 17.24551850 1.441 0.1566
LLNY 1 -19.082690 11.03125044 -1.730 0.0907
Variable N Mean Std Dev Minimum Maximum
HV_TEMP 46  25.0589810 22.8713299 -2.4583422 113.8840204
LNE_SQ 46  -4.9746160 2.2385773  -13.1180671 -1.7413218

HARVEY’S MULTIPLICATIVE HETEROSKEDASTICITY TEST (1976)

0BS HV_TEST

1 2.90997

f. Regression for Breusch and Pagan Test (1979)
Dependent Variable: X2

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 1 10.97070 10.97070 6.412 0.0150
Error 44 75.28273 1.71097

C Total 45 86.25344
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Root MSE 1.30804 R-square 0.1272
Dep Mean 1.00001 Adj R-sq 0.1074
C.V. 130.80220

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 17.574476  6.54835118 2.684 0.0102
LNY 1 -3.470761 1.37065694 -2.532 0.0150

BREUSCH & PAGAN TEST (1979)

OBS RSSBP
1 5.48535

g. Regression for White Test (1979)
Dependent Variable: E_.SQ

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 5 0.01830 0.00366 4.128 0.0041
Error 40 0.03547 0.00089
C Total 45 0.05377

Root MSE 0.02978 R-square 0.3404

Dep Mean 0.02497 Adj R-sq 0.2579

C.V. 119.26315

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
INTERCEP 1 18.221989  5.37406002 3.391 0.0016
LNP 1 9.506059  3.30257013 2.878 0.0064
LNY 1 -7.893179  2.32938645 -3.389 0.0016
LNP_SQ 1 1.281141 0.65620773 1.952 0.0579
LNPY 1 -2.078635  0.72752332 -2.857 0.0068
LNY_SQ 1 0.855726  0.25304827 3.382 0.0016
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Normality Test (Jarque-Bera)
This chart was done with EViews.

10 Series:RESID
Sample 1 46
s Observations 4 6
=
= Mean —-9.95E-16
6 Median 0.007568
Maximum 0.328677
Minimum —-0.418675
4 7§ < Std.Dev. 0.159760
Skewness  -0.181935
~J Kurtosis 2.812520
2 u
Jarque-Bera 0.321137
Probabilit 0.851659
0 Lo S !
-04 -0.2 0.0 0.2
SAS PROGRAM
Data CIGAR;
Input OBS STATE $ LNC LNP LNY;
CARDS;

Proc reg data=CIGAR;
Model LNC=LNP LNY;
Output OUT=0UT 1 R=RESID;

Proc Plot data=OUT1 hpercent=85 vpercent=60;
Plot RESID*LNY="";
run;

¥ GLEJSER'S TEST (1969) *****;
Data GLEJSER; set OUTT;
ABS_E=ABS(RESID);
Z1=LNY**-1;
Z2=L NY**- 5;
Z3=LNY** 5;
Z4=LNY;
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Proc reg data=GLEJSER,;
Model ABS_E=Z1;
Model ABS_E=Z2;
Model ABS_E=Z3;
Model ABS_E=Z4;

TITLE ‘REGRESSION FOR GLEJSER TEST (1969)’;

LABEL Z1="LNY"*(-1)
Z2="LNY™(-0.5)
Z3="LNY™'(0.5)
ZA="LNY™(1);

run;

***** GOLDFELD & QUANDT TEST (1965) *****;
Proc sort data=CIGAR out=GOLDFELD;
By LNY;

Data GQTEST1; set GOLDFELD;
If _N_<18; OBS=_N_;

Data GQTEST2; set GOLDFELD;
If _N_>29; OBS=_N_-29;

Proc reg data=GQTESTT;
Model LNC=LNP LNY;
Output out=GQ_OUT1 R=GQ_REST;
TITLE ‘REGRESSION FOR GOLDFELD AND QUANDT TEST (1965)
w/ first 17 obs’;

Proc reg data=GQTEST2;
Model LNC=LNP LNY;
Output out=GQ_OUT2 R=GQ_RES2;
TITLE ‘REGRESSION FOR GOLDFELD AND QUANDT TEST (1965)
w/last 17 obs’;
run;
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“* SPEARMAN'S RANK CORRELATION TEST *****;
Data SPEARMN1; set GOLDFELD;
RANKY=_N_;

Proc sort data=GLEJSER out=0UT2;
By ABS_E;

Data TEMP1; set OUT2;
RANKE=_N_;

Proc sort data=TEMP1 out=SPEARMN2;
By LNY;

Data SPEARMAN;
Merge SPEARMN1 SPEARMN2;

By LNY;
D=RANKE-RANKY;
* Difference b/w Ranking of —RES— and Ranking of LNY;
D_SQ=D*"2;

Proc means data=SPEARMAN NOPRINT;
Var D_SQ;
Output out=OUT3 SUM=SUM_DSQ;

Data SPTEST; Set OUTS3;
R=1-((6*SUM_DSQ)/(46**3-46));
T=SQRT (R**2*(46-2)/(1-R**2));

Proc print data=SPEARMAN;
Var STATE LNC RANKY ABS_E RANKE D;
TITLE ‘DATA FOR SPEARMAN RANK CORRELATION TEST’;

Proc print data=SPTEST;

103
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VarRT,
TITLE ‘SPEARMAN RANK CORRELATION TEST’;
run;

*HARVEY’S MULTIPLICATIVE HETEROSKEDASTICITY TEST (1976) **;
Data HARVEY; set OUT1;

E_SQ=RESID**2;

LNE_SQ=LOG(E_SQ);

LLNY=LOG(LNY);

Proc reg data=HARVEY;
Model LNE_SQ=LLNY;
Output out=OUT4 R=RLNESQ;
TITLE ‘HARVEY’ ‘S MULTIPLICATIVE HETEROSKEDASTICITY TEST (1976)’;

Data HARVEY1; set OUT4;
HV_TEMP=LNE_SQ**2-RLNESQ**2;

Proc means data=HARVEY1;
Var HV_TEMP LNE_SQ;
Output out=HARVEY2 SUM=SUMTMP SUMLNESQ;

Data HARVEY?3; set HARVEY2;
HV_TEST=(SUMTMP-46* (SUMLNESQ/46)**2)/4.9348;

Proc print data=HARVEY?3;
Var HV_TEST;
TITLE ‘HARVEY’ ‘S MULTIPLICATIVE HETEROSKEDASTICITY TEST (1976)’;

“* BREUSCH & PAGAN TEST (1979) ****;

B T T e T
’

Proc means data=HARVEY,;
Var E_SQ;
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Output out=OUT5 MEAN=S2HAT;
TITLE ‘BREUSCH & PAGAN TEST (1979)’;

Proc print data=OUTS5;
Var S2HAT;

Data BPTEST; set HARVEY;
X2=E_SQ/0.024968;

Proc reg data=BPTEST;
Model X2=LNY;
Output out=OUT6 R=BP_RES;
TITLE ‘REGRESSION FOR BREUSCH & PAGAN TEST (1979)’;

Data BPTEST1; set OUTS;
BP_TMP=X2**2-BP_RES**2:

Proc means data=BPTESTT;
Var BP_TMP X2;
Output out=OUT7 SUM=SUMBPTMP SUMX2;

Data BPTEST2; set OUT7;
RSSBP=(SUMBPTMP-SUMX2**2/46)/2;

Proc print data=BPTEST?2;
Var RSSBP;

e WHITE’S TEST (1980) ****;

Data WHITE; set HARVEY;
LNP_SQ=LNP**2;
LNY_SQ=LNY**2;
LNPY=LNP*LNY;

Proc reg data=WHITE;
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Model E.SQ=LNP LNY LNP_SQ LNPY LNY_SQ;
TITLE ‘REGRESSION FOR WHITE TEST (1979)’;
run;

5.15 The backup regressions are given below.

Badi Baltagi

a. OLS regression of consumption on a constant and Income using EViews

Dependent Variable: Consumption

Method: Least Squares

Sample: 1959 2007

Included observations: 49

Coefficient Std. Error t-Statistic
C -1343.314 219.5614 -6.118168
Y 0.979228 0.011392 85.96093
R-squared 0.993680 Mean dependent var
Adjusted R-squared 0.993545 S.D. dependent var
S.E. of regression 437.6277 Akaike info criterion
Sum squared resid 9001348. Schwarz criterion
Log likelihood -366.4941 Hannan-Quinn criter.
F-statistic 7389.281 Durbin-Watson stat
Prob(F-statistic) 0.000000

Prob.

0.0000
0.0000

16749.10
5447.060
15.04057
15.11779
15.06987
0.180503

b. The Breusch—Godfrey Serial Correlation LM Test for serial correlation of

the first order is obtained below using EViews. An F-statistic as well as

the LM statistic which is computed as T* R-squared are reported, both of

which are significant. The back up regression is also shown below these

statistics. This regression runs the OLS residuals on their lagged values

and the regressors in the original model. We cannot reject first order serial

correlation.

Breusch-Godfrey Serial Correlation LM Test;

F-statistic 168.9023 Prob. F(1,46)

Obs*R-squared 38.51151 Prob. Chi-Square(1)

Test Equation:
Dependent Variable: RESID
Method: Least Squares

0.0000
0.0000
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Sample: 1959 2007
Included observations: 49
Presample missing value lagged residuals set to zero.
Coefficient Std. Error t-Statistic Prob.
C -54.41017 102.7650 -0.529462 0.5990
Y 0.003590 0.005335 0.673044 0.5043
RESID(-1) 0.909272 0.069964 12.99624 0.0000
R-squared 0.785949 Mean dependent var -5.34E-13
Adjusted R-squared 0.776643 S.D. dependent var 433.0451
S.E. of regression 204.6601 Akaike info criterion 13.53985
Sum squared resid 1926746. Schwarz criterion 13.65567
Log likelihood -328.7263 Hannan-Quinn criter. 13.58379
F-statistic 84.45113 Durbin-Watson stat 2.116362
Prob(F-statistic) 0.000000
¢. Cochrane-Orcutt AR(1) regression—twostep estimates using Stata
. prais ¢ y, corc two
Iteration 0: rho = 0.0000
Iteration 1: rho = 0.9059
Cochrane-Orcutt AR(1) regression — twostep estimates
Source | S8 df MS Number of obs = 48
----------------------------------------------- F(1, 46) = 519.58
Model 17473195 1 17473195 Prob > F = 0.0000
Residual 1546950.74 46 33629.364 R-squared = 0.9187
----------------------------------------------- AdjR-squared = 0.9169
Total | 19020145.7 47 404683.951 Root MSE = 183.38
¢ |  Coef. Std. Err. t P>t [95% Contf. Interval]
y .9892295 .0433981 22.79 0.000 .9018738 1.076585
_cons -1579.722 1014.436 -1.56 0.126 -3621.676 462.2328
rho .9059431

Durbin-Watson statistic (original) 0.180503
Durbin-Watson statistic (transformed) 2.457550
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Cochrane-Orcutt AR(1) regression — iterated estimates using Stata 11

. prais ¢y, corc

Iteration 0: rho = 0.0000
Iteration 1: rho = 0.9059
Iteration 2: rho = 0.8939
Iteration 3: rho = 0.8893
Iteration 4: rho = 0.8882
Iteration 5: rho = 0.8880
Iteration 6: rho = 0.8879
Iteration 7: rho = 0.8879
Iteration 8: rho = 0.8879
Iteration 9: rho = 0.8879

Cochrane-Orcutt AR(1) regression — iterated estimates

Source | S8 df MS Number of obs = 48
----------------------------------------------- F(1, 46) = 689.89
Model 23168597 1 23168597 Prob > F = 0.0000
Residual 1544819.27 46 33583.0277 R-squared = 09375
----------------------------------------------- Adj R-squared = 0.9361
Total | 24713416.3 47 525817.367 Root MSE = 183.26
¢ | Coef. Std. Err. t P>t [95% Contf. Interval]
y .996136 .0379253 26.27 0.000 9197964 1.072476
_cons -1723.689 859.2143 -2.01 0.051 -3453.198 5.819176
rho .8879325

Durbin-Watson statistic (original) 0.180503
Durbin-Watson statistic (transformed) 2.447750

d. Prais-Winsten AR(1) regression—iterated estimates using Stata 11
.praiscy
Iteration 0: rho = 0.0000
lteration 1: rho = 0.9059
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Iteration 2: rho = 0.9462
Iteration 3: rho = 0.9660
Iteration 4: rho = 0.9757
Iteration 5: rho = 0.9794
Iteration 6: rho = 0.9805
Iteration 7: rho = 0.9808
Iteration 8: rho = 0.9808
Iteration 9: rho = 0.9808
Iteration 10: rho = 0.9809
Iteration 11: rho = 0.9809
Iteration 12: rho = 0.9809

Prais-Winsten AR(1) regression — iterated estimates

Source | 88 df MS Number of obs = 49
----------------------------------------------- F(1,47) = 119.89
Model 3916565.48 1 3916565.48 Prob > F = 0.0000
Residual 1535401.45 47 32668.1159 R-squared = 0.7184
----------------------------------------------- AdjR-squared = 0.7124
Total | 5451966.93 48 113582.644 Root MSE = 180.74
¢ |  Coet. Std. Err. t P>t [95% Contf. Interval]
y 912147 .047007 19.40 0.000 8175811 1.006713
_cons 358.9638 1174.865 0.31 0.761 -2004.56 2722.488

rho .9808528

Durbin-Watson statistic (original) 0.180503
Durbin-Watson statistic (transformed) 2.314703

e. The Newey-West HAC Standard Errors using EViews are shown below:
Dependent Variable: Consum

Method: Least Squares

Sample: 1959 2007

Included observations: 49
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Newey-West HAC Standard Errors & Covariance (lag truncation = 3)
Coefficient Std. Error t-Statistic Prob.

C -1343.314 422.2947 -3.180987 0.0026
Y 0.979228 0.022434 43.64969 0.0000
R-squared 0.993680 Mean dependent var 16749.10
Adjusted R-squared 0.993545 S.D. dependent var 5447.060
S.E. of regression 437.6277 Akaike info criterion 15.04057
Sum squared resid 9001348. Schwarz criterion 15.11779
Log likelihood -366.4941 Hannan-Quinn criter. 15.06987
F-statistic 7389.281 Durbin-Watson stat 0.180503
Prob(F-statistic) 0.000000

5.16 Using EViews, Q4 is simply Q(1) and one can set the sample range from
1954-1976.

a. The OLS regression over the period 1954-1976 yields

(8.53)  (1.44) (1.37)
with R2 = 0.62 and D.W. = 1.07. The t-statistic for y = 0 yields
t = —1.67/1.37 = —1.21 which is insignificant with a p-value of 0.24.

Therefore, the inflation rate is insignificant in explaining real stock returns.

LS // Dependent Variable is RS
Sample: 1954 1976
Included observations: 23

Variable Coefficient Std. Error t-Statistic Prob.
C -6.137282 8.528957 -0.719582 0.4801
Q(1) 6.329580 1.439842 4.396024 0.0003
P -1.665309 1.370766 -1.214875 0.2386
R-squared 0.616110 Mean dependent var 8.900000
Adjusted R-squared 0.577721 S.D. dependent var 21.37086
S.E. of regression 13.88743 Akaike info criterion 5.383075
Sum squared resid 3857.212 Schwarz criterion 5.531183
Log likelihood -91.54095 F-statistic 16.04912

Durbin-Watson stat 1.066618 Prob(F-statistic) 0.000070
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20 PLOT OF RESIDUAL VS, TIME o

204

RESIDUALS

—104
0
-20 20
—-30 —40
54 56 58 60 62 64 66 68 70 72 74 76 54 56 58 60 62 64 66 68 70 72 74 76
YEAR I Residual - Actual —— Fitted]

b. The D.W. = 1.07. for n = 23 and two slope coefficients, the 5% critical
values of the D.W. are di = 1.17 and dy = 1.54. Since 1.07 < d, this
indicates the presence of positive serial correlation.

¢. The Breusch and Godfrey test for first-order serial correlation runs the
regression of OLS residuals e; on the regressors in the model and e;—;. This

yields

et = —4.954+1.03 Qi+ +O49 P; +0.45 e,
(835 (1.44) (1.30) (0.22)

with R = 0.171 and n = 23. The LM statistic is nR? which yields 3.94.
This distributed as x? under the null hypothesis and has a p-value of 0.047.
This is significant at the 5% level and indicates the presence of first-order

serial correlation.

Breusch-Godfrey Serial Correlation LM Test:

F-statistic 3.922666 Probability 0.062305
Obs*R-squared 3.935900 Probability 0.047266

Test Equation:
LS // Dependent Variable is RESID

Variable Coefficient Std. Error t-Statistic Prob.
C -4.953720 8.350094 -0.593253 0.5600
Q(1) 1.030343 1.442030 0.714509 0.4836
P 0.487511 1.303845 0.373903 0.7126

RESID (—1) 0.445119 0.224743 1.980572 0.0623
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R-squared 0.171126 Mean dependent var 4.98E-15
Adjusted R-squared 0.040251 S.D. dependent var 13.24114
S.E. of regression 12.97192 Akaike info criterion 5.282345
Sum squared resid 3197.143 Schwarz criterion 5.479822
Log likelihood -89.38255 F-statistic 1.307555
Durbin-Watson stat 1.818515 Prob(F-statistic) 0.301033

d. The Cochrane-Orcutt yields the following regression

RS = —14.19+7.47 Q. , —0.92 P*
t (9.34) +(1.20) Qi 163 °

where RS:( = RSt — ﬁRSt_], Q;k_,’_l = Qt-‘rl — ﬁQt and Pt* = Pt — @Pt—l with
pco = 0.387.

. The AR(1) options on EViews yields the following results:

RS; = —7.324+591 Q1 —1.25 Py
(7.92)  (1.36) (1.28)

with R? = 0.68. The estimate of p is p = —0.027 with a standard error
of 0.014 and a t-statistic for p = 0 of —1.92. This has a p-value of 0.07.
Note that even after correcting for serial correlation, P, remains insignificant
while Q.+ remains significant. The estimates as well as their standard errors

are affected by the correction for serial correlation. Compare with part (a).

PRAIS-WINSTEN PROCEDURE

LS // Dependent Variable is RS
Sample: 1954 1976

Included observations: 23
Convergence achieved after 4 iterations

Variable Coefficient Std. Error t-Statistic Prob.
C -7.315299 7.921839 -0.923435 0.3674
Q(1) 5.905362 1.362572 4333981 0.0004
P -1.246799 1.277783 -0.975752 0.3414
AR(1) -0.027115 0.014118 -1.920591 0.0699
R-squared 0.677654 Mean dependent var 8.900000
Adjusted R-squared 0.626757 S.D. dependent var 21.37086
S.E. of regression 13.05623 Akaike info criterion 5.295301
Sum squared resid 3238.837 Schwarz criterion 5.492779
Log likelihood -89.53155 F-statistic 13.31429
Durbin-Watson stat 1.609639 Prob (F-statistic) 0.000065

Inverted AR Roots -.03
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54 56 58 60 62 64 66 68 70 72 74 76

YEAR

a. Dependent Variable: EMP

Analysis of Variance
Sum of Mean
Source  DF Squares Square F Value
Model 1 2770902.9483  2770902.9483  4686.549
Error 73 43160.95304 591.24593
C Total 74 2814063.9013
Root MSE 24.31555 R-square 0.9847
Dep Mean 587.94141 Adj R-sq 0.9845
C.V. 413571
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0
INTERCEP 1 -670.591096  18.59708022 -36.059
RGNP_1 1 1.008467  0.01473110 68.458
Durbin-Watson D 0.349
(For Number of Obs.) 75
1st Order Autocorrelation  0.788
c. Dependent Variable: RESID
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 1 26929.25956 26929.25956 148.930
Error 73 13199.74001 180.81836
U Total 74 40128.99957

5.18 The back up regressions are given below. These are performed using SAS.

Prob>F
0.0001

Prob>|T|

0.0001
0.0001

Prob>F
0.0001
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Root MSE 13.44687 R-square 0.6711
Dep Mean -0.74410 Adj R-sq 0.6666
C.V. -1807.13964

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
RESID_ 1 0.791403  0.06484952 12.204 0.0001

COCHRANE-ORCUTT(1949) METHOD

Dependent Variable: EMP_STAR

Analysis of Variance
Sum of Mean

Source  DF Squares Square F Value Prob>F
Model 2 1358958.4052  679479.20261 3767.845 0.0001
Error 72 12984.21373 180.33630
U Total 74 1371942.619

Root MSE 13.428%4 R-square 0.9905

Dep Mean 129.70776 Adj R-sq 0.9903

C.V. 10.35322

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob>|T|
C_STAR 1 -628.267447 50.28495095 -12.494 0.0001
RGNPSTAR 1 0.972263  0.03867418 25.140 0.0001

d. Prais-Winsten(1954, Yule-Walker) 2-Step Method

Autoreg Procedure
Dependent Variable = EMP

Ordinary Least Squares Estimates

SSE 53280.82 DFE 74
MSE 720.0111 Root MSE 26.83302
SBC 722.3376 AIC 717.6761
Reg Rsq 0.9816 Total Rsq 0.9816
Durbin’s t 13.43293 PROB>t 0.0001

Durbin-Watson 0.3023
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Variable DF B Value Std Error t Ratio Approx Prob

Intercept 1 -672.969905 20.216  -33.289 0.0001
RGNP 1 1.003782 0.016 62.910 0.0001

Estimates of Autocorrelations
Lag  Covariance  Correlaton  —198765432101234567891

0 701.0635 1.000000 | s |
1 574.9163 0.820063 | [rrsss |

Preliminary MSE = 229.5957

Estimates of the Autoregressive Parameters

Lag Coefficient Std Error t Ratio
1 -0.82006318 0.06697949 -12.243497

Yule-Walker Estimates

SSE 14259.84 DFE 73
MSE 195.3403 Root MSE 13.97642
SBC 627.6068 AIC 620.6146
Reg Rsq 0.8919 Total Rsq 0.9951
Durbin-Watson 2.2216

Variable DF B Value Std Error t Ratio Approx Prob

Intercept 1 -559.809933 47373  -11.817 0.0001
RGNP 1 0.914564 0.037 24.539 0.0001

e. Breusch and Godfrey (1978) LM Test
Dependent Variable: RESID Residual

Analysis of Variance
Sum of Mean
Source  DF Squares Square F Value  Prob>F
Model 2 27011.59888  13505.79944 73.331 0.0001

Error 71 13076.42834 184.17505
C Total 73 40088.02723

Root MSE 13.57111 R-square 0.6738
Dep Mean -0.74410 Adj R-sq 0.6646
C.V. -1823.83627

Parameter Estimates

Parameter Standard T for HO:
Variable DF  Estimate Error Parameter=0  Prob>|T|
INTERCEP 1 7177291 10.64909636 -0.674 0.5025
RESID_1 1 0790787  0.06546691 12.079 0.0001

RGNP_1 1 0.005026  0.00840813 0.598 0.5519
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Data ORANGE;

Input DATE EMP RGNP;
Cards;

Data ORANGET; set ORANGE;
RGNP_1=LAG(RGNP);

RGNP_2=LAG2(RGNP);
EMP_1=LAG(EMP);

Proc reg data=ORANGET;
Model EMP=RGNP_1/DW;
Output out=OUT1 R=RESID;

Data TEMP; set OUT1;
RESID_1=LAG(RESID);

Proc reg data=TEMP;
Model RESID=RESID_1/noint;
run;

“** COCHRANE-ORCUTT(1949) METHOD *****;

B T e T T
)

Data CO_DATA; set ORANGE1;
EMP_STAR=EMP-0.791403EMP_1; “* RHO=0.791403 ***;

RGNPSTAR=RGNP_1-0.791403™RGNP_2;
C_STAR=1-0.791403;

Proc reg data=CO_DATA;
Model EMP_STAR=C_STAR RGNPSTAR/noint;
TITLE ‘COCHRANE-ORCUTT(1949) METHOD’;

Badi Baltagi
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w0+ PRAIS-WINSTEN (1954, YULE-WALKER) METHOD *****;

L T e e e T
’

Proc autoreg data=ORANGET;
Model EMP=RGNP /DW=1 DWPROB LAGDEP NLAG=1 METHOD=YW;
TITLE ‘PRAIS-WINSTEN(1954, YULE-WALKER) 2-STEP METHOD’;

“**BREUSCH & GODFREY (1978) LM TEST FOR AUTOCORRELATION***;

L T T e e
)

Proc reg data=TEMP;

Model RESID=RESID_1 RGNP_1;
Title ‘BREUSCH AND GODFREY (1978) LM TEST’;
run;

5.21 a. Replication of TABLE VIII, Wheeler(2003, p. 90) entitled: County popu-
lation Growth Robustness Check. We will only replicate the first and last

columns of that table forp = 1 and p = 5.

Forp =1:
. reg dpopgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logpop, vee(r);
Linear regression Numberofobs = 3102
F(9, 3092) = 39.69
Prob > F = 0.0000
R-squared = 0.1275
Root MSE = 11041
Robust
dpopgr Coef. Std. Err. t P>t [95% Cont. Interval]
collrate 532155 .0658555 8.08 0.000 40303 66128
mfgrate .0529082 .0202971 2.61 0.009 0131111 .0927054
ur -.0242001 .079039%4 -0.31 0.759 -1791751 1307749
pcinc 1.17e-06 3.59e-06 0.33 0.743 -5.86e-06 8.21e-06
educsh 1104783 .0197946 5.58 0.000 .0716664 .1492901
hwsh -.0928439 .0420438 -2.21 0.027 -.1752805 -.0104073
polsh .1669871 .1764535 0.95 0.344 -.1789909 512965
nwrate - 1077442 .0161301 -6.68 0.000 -.139371 -.0761173
logpop .011208 .0026897 417 0.000 .0059341 .0164818
_cons -.2330741 .027877 -8.36 0.000 -.2877334 - 1784147
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The higher the proportion of the adult resident population (i.e. of age 25
or older) with a bachelor’s degree or more (collrate); and the higher the
proportion of total employment in manufacturing (mfgrate) the higher the
County population growth rate (over the period 1980-1990). The unem-
ployment rate (ur) and Per capita income (pcinc) have the right sign but
are not significant. The higher the share of local government expenditures
going to education (educsh) and police protection (polsh), the higher the
County population growth rate, whereas the higher the share of local gov-
ernment expenditures going to roads and highways (hwsh), the lower is the
County population growth rate. Except for (polsh), these local government
expenditures shares are significant. The higher the proportion of the resident
population that are non-white (nwrate), the lower is the County population
growth rate. The larger the size of the county as measured by the log of total
resident population (logpop), the higher is the County population growth
rate. This is significant.

. test logpop=0;

(1) logpop =0

F(1,3092) = 17.36
Prob > F = 0.0000

Adding a polynomial of degree 5 in size as measured by logpop, we get forp = 5:
. reg dpopgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logpop logpop2

logpop3 logpop4 logpop5, vee(r);
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Linear regression Numberofobs = 3102
F(9, 3092) = .
Prob > F = .
R-squared = 0.1584
Root MSE = .1085

Robust

dpopgr Coef. Std. Err. t P>t [95% Cont. Interval]

collrate 5625516 .0654039 8.60 0.000 4343121 6907911

mfgrate .0134073 .0207008 0.65 0.517 -.0271813 .053996

ur -.0814677 .0801316 -1.02 0.309 -.2385844 .0756489

pcinc 2.12e-06 3.25e-06 0.65 0.514 -4.26e-06 8.50e-06
educsh .1078933 .0193862 5.57 0.000 .0698822 1459044
hwsh -.0492989 .0415435 -1.19 0.235 -.1307546 .0321568
polsh .2709651 .1762385 1.54 0.124 -.0745914 6165217
nwrate -.0963006 .0156924 -6.14 0.000 -.1270692 -.0655321
logpop -1.570676 1.056792 -1.49 0.137 -3.642762 5014103
logpop2 .2330949 2197 1.06 0.289 -.197678 .6638678
logpop3 -.014022 .0222803 -0.63 0.529 -.0577077 .0296637
logpop4 .0002559 .0011035 0.23 0.817 -0019078 .0024196
logpop5 2.34e-06 .0000214 0.11 0.913 -.0000396 .0000443
_cons 3.515146 1.989501 1.77 0.077 -.3857338 7.416025

The results are similar to the p = 1 regression, but we lost the significance

of mfgrate and hwsh. The joint test for the fifth degree polynomial in log-
pop is significant, but the last term is not, suggesting that the fourth degree

polynomial is a good place to stop.

. test (logpop = 0) (logpop2 = 0) (logpop3 = 0) (logpop4 = 0) (logpop5 = 0);

(1) logpop =0
(2) logpop2 =10
(3) logpop3 =0
(4) logpop4 =0
(5) 7 logpop5 =10

F(5, 3088) = 25.88
Prob > F = 0.0000

. test logpop5 = 0;
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(1) logpop5 =0
F(1, 3088) = 0.01
Prob > F = 0.9127
Replication of TABLE IX, Wheeler(2003, p. 91) entitled: County employ-
ment Growth Robustness Check. We will only replicate the first and last
columns of that table forp = 1 and p = 5.
For p=1:

. reg dempgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logemp, vee(r);

Linear regression Numberofobs = 3102
F(9, 3092) = 36.11
Prob > F = 0.0000
R-squared = 0.1108
Root MSE = .13223
Robust

dpopgr Coef. Std. Err. t P>t [95% Cont. Interval]
collrate 6710405 .0836559 8.02 0.000 5070137 .8350673
mfgrate .0500175 .0248382 2.01 0.044 .0013163 .0987186
ur .1106634 .0858513 1.29 0.197 -.057668 2789947
pcinc -3.31e-06 5.00e-06 -0.66 0.508 -.0000131 6.49¢e-06
educsh .1659616 .0234637 7.07 0.000 .1199556 2119675
hwsh -.0704289 .0500245 -1.41 0.159 -.1685135 .0276557
polsh .1989802 .1944894 1.02 0.306 -.1823613 5803217
nwrate -.1593102 .019703 -8.09 0.000 -.1979426 -.1206779
logemp .0088257 .0033238 2.66 0.008 .0023087 .0153427
_cons -.2242782 .0310394 -7.23 0.000 -.2851382 -.1634183

The higher the proportion of the adult resident population (i.e. of age 25 or
older) with a bachelor’s degree or more (collrate); and the higher the propor-
tion of total employment in manufacturing (mfgrate) the higher the County
employment growth rate (over the period 1980—1990). The unemployment
rate (ur) and Per capita income (pcinc) are not significant. The higher the
share of local government expenditures going to education (educsh) and
police protection (polsh), the higher the County employment growth rate,

whereas the higher the share of local government expenditures going to
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roads and highways (hwsh), the lower is the County employment growth

rate. Except for (educsh), these local government expenditures shares are

not significant. The higher the proportion of the resident population that

are non-white (nwrate), the lower is the County educsh growth rate. The

larger the size of the county as measured by the log of total resident

educsh (logemp), the higher is the County employment growth rate. This

is significant.

. test logemp = 0;

(1) logemp =0

F(1,3092) = 7.05

Prob > F = 0.0080

Adding a polynomial of degree 5 in size as measured by logemp, we get for p = 5:

. reg dempgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logemp logemp2

logemp3 logemp4 logempb, vce(r);

Linear regression

Number of obs
F(13, 3088)
Prob > F
R-squared
Root MSE

3102
33.47
0.0000
0.1295
.13091

collrate
mfgrate
ur

pcinc
educsh
hwsh
polsh
nwrate
logemp
logemp2
logemp3
logemp4
logemp5
_cons

7127472
0162264
.0654624

-5.60e-06

1677939
-.034885
.2933336

-.1540241
-2.760358

5122333
-.044739
.0018485
-.000029
5.430814

.0798073
.0256496
.0829589
3.67e-06
0231205

.049391
1922457
.0175901
8853777
1992707
0218277
0011644
.0000242
1.540746

.5562665
-.0340656
-.0971977
-.0000128

1224607
-1317276
-.0836087
-.1885135
-4.496347

1215167
-.0875373
-.0004346
-.0000765

2.409824

.8692279
.0665184
2281226
1.60e-06
2131271
0619577
6702759

-.1195347
-1.024369

.9029498

-.0019406

.0041316
.0000185
8.451804
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The results are similar to the p = 1 regression, but we lost the significance

of mfgrate. The joint test for the fifth degree polynomial in logpop is signif-

icant, but the last term is not, suggesting that the fourth degree polynomial

is a good place to stop.

. test (logemp = 0) (logemp2 = 0) (logemp3 = 0) (logemp4 = 0) (logemp5 = 0);

(1)
(2
(3
(4
(

)
)
)
5)

(1)

F(1,3088) = 1.44
Prob > F = 0.2307

logemp =0

logemp2 = 0
logemp3 = 0
logemp4 =0
logemp5 = 0

F(5, 3088) = 18.27
Prob > F = 0.0000
. test logemp5 = 0;

logemp5 = 0

b. Breusch—Pagan test for heteroskedasticity for the specification with a fourth

degree polynomial in log(size) in TABLE VIII, Wheeler(2003, p. 90).

. reg dpopgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logpop logpop2

logpop3 logpop4;

Source | SS

6.84020955
36.3559406

| 43.1961502

Model
Residual

Total

Number of obs
F(12,3089)
Prob > F
R-squared

Adj R-squared
Root MSE

3102
48.43
0.0000
0.1584
0.1551
.10849
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collrate
mfgrate
ur
pcinc
educsh
hwsh
polsh
nwrate
logpop
logpop?2
logpop3
logpop4
_cons

.5632503
.013464

-.0817679

2.07e-06
10792

-.0493372

.2712608

-.0964934
-1.684932

.2569229

-.0164455

.0003763
3.7286

0516707
.0198056
.0672396

2.51e-06

.0179056
0421236
.1304948
0151612
.3836672

.057085

.0037225
.0000898
9577641

4619378

-.0253694
-.2136069
-2.85e-06

.072812

-.1319303

.0153953

-.1262205
-2.437201

.1449945

-.0237443

.0002003
1.850681

6645628
0522974

.050071
6.99e-06

143028
.0332559
5271262

-.0667663
-.9326635

.3688513

-.0091467

.0005523
5.606519

. estat hettest logpop logpop2 logpop3 logpop4, rhs normal;

Breusch-Pagan / Cook-Weisberg test for heteroskedasticity

Ho: Constant variance

Variables: logpop logpop2 logpop3 logpop4 collrate mfgrate ur pcinc

educsh hwsh polsh nwrate
chi2(12) = 589.14
Prob > chi2 = 0.0000

Breusch-Pagan test for heteroskedasticity for the specification with a 4% degree
polynomial in log(size) in TABLE I1X, Wheeler(2003, p. 91).

. reg dempgr collrate mfgrate ur pcinc educsh hwsh polsh nwrate logemp logemp?2

logemp3 logemp4 ;

7.861795 12
52.9333023 3089

| 60.7950973 3101

Mode
Residual

Total

.655149583
.017136064

.019604998

Number of obs
F(12,3089)
Prob > F
R-squared
Adj R-squared
Root MSE

3102
38.23
0.0000
0.1293
0.1259
1309
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dempgr |  Coef Std. Err. t P>t [95% Conf. Interval]
collrate .7040415 .0626979 11.23 0.000 5811078 .8269753
mfgrate .0156912 .0242125 0.65 0.517 -.0317831 .0631654
ur .0691242 .0802564 0.86 0.389 -.0882371 2264855
pcinc -4.95e-06 3.06e-06 -1.61 0.106 -.000011 1.06e-06
educsh 1674244 .0216266 774 0.000 1250204 2098283
hwsh -.034799 .0507792 -0.69 0.493 -.1343634 .0647654
polsh .2889395 .1573668 1.84 0.066 -.0196147 5974937
nwrate -.1516358 .0182735 -8.30 0.000 -.1874653 -.1158063
logemp -1.730393 .3710692 -4.66 0.000 -2.45796 -1.002826
logemp2 2785811 .0599367 4.65 0.000 1610613 .3961009
logemp3 -.0189696 .0042326 -4.48 0.000 -.0272686 -.0106706
logemp4 .000464 .0001103 4.21 0.000 .0002478 .0006802
_cons 3.666787 .8526094 4.30 0.000 1.995049 5.338526

. estat hettest logemp logemp2 logemp3 logemp4, rhs normal;
Breusch-Pagan / Cook-Weisberg test for heteroskedasticity

Ho: Constant variance

Variables: logemp logemp2 logemp3 logemp4 collrate mfgrate ur pcinc
educsh hwsh polsh nwrate

chi2(12) = 425.82

Prob > chi2 = 0.0000
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CHAPTER 6

Distributed Lags and Dynamic Models

6.1 a. Using the Linear Arithmetic lag given in Eq.(6.2),

a 6 year lag

on income gives a regression of consumption on a constant and
6

Z. = Y (7 — 1) Xii where X; denotes income. In this case,

i=0
Zt == 7Xt + 6Xt_1 + . + Xt_é,

The Stata regression output is given below:
. gen z_6=7"ly+6"|.ly+5%12.ly+4*13.ly+3*14.ly+2*15.ly+16.ly

(6 missing values generated)

Number of obs
F(1, 41)

Prob > F
R-squared

Adj R-squared
Root MSE

43
3543.62
0.0000
0.9886
0.9883
.03037

.reglcz_6

Source | SS df MS

Model | 326756250 1 326755250

Residual .037805823 41 .000922093

Total | 330535842 42 07869901

Ul | Coeft  SWEm  t  Psj|  [95%Cont tenal]

z6 .0373029 .0006266 59.53 0.000
_cons -4950913 1721567 -2.88 0.006

.0360374
-.8427688

.0385684
-.1474138

From Eq.(6.2)

Bi=I[s+1)—ipfori=0,.,6

with B estimated as the coefficient of Z; (which is z_6 in the regression). This

estimate is 0.037 and is statistically significant.

Now we generate the regressors for an Almon lag £irst-degree polynomial

witha far end point constraint using Stata:
. gen Z0= ly+LIy+12.ly+3.ly+14.ly+5.ly+16.ly

(6 missing values generated)

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts
in Business and Economics, DOI 10.1007/978-3-642-54548-1_6,
© Springer-Verlag Berlin Heidelberg 2015
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. gen Z1=0%ly+1.ly+2*12.ly+3*13.ly+4*14.ly+5*15.ly+6*16.ly
(6 missing values generated)
. gen Z=21-720
(6 missing values generated)
.reglcZ
Source\SS _________ ({f ________ MS Number of obs = 43
Model | 82675523 1  3ze7ssess o4l = 954360
Residual .037805483 41 .000922085 R-squared — 09886
Toial | a0sse2 42 oeeogon  AdPequared — - 0.9880
" | ol SGEm  t P>l [95%Conl Itenal]
Z | 072 0006266 5953 0000  -0385684  -0360374
_cons -.4950919 1721559 -2.88 0.006 -.8427679 -.147416

The EViews output for PDL(Y,6,1,2) which is a sixth order lag, first degree

polynomial, with a far end point constraint is given by:

Dependent Variable: LNC
Method: Least Squares

Sample (adjusted): 1965 2007

Included observations: 43 after adjustments

Coefficient Std. Error
C -0.495091 0.172156
PDLO1 0.149212 0.002507
R-squared 0.988562
Adjusted R-squared 0.988283
S.E. of regression 0.030366
Sum squared resid 0.037806
Log likelihood 90.27028
F-statistic 3543.634

Prob(F-statistic) 0.000000

t-Statistic
-2.875817
59.52843

Mean dependent var
S.D. dependent var
Akaike info criterion
Schwarz criterion
Hannan-Quinn criter.
Durbin-Watson stat

Prob.
0.0064
0.0000

9.749406
0.280533
-4.105595
-4.023678
-4.075386
0.221468
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Lag Distribution
of LNY i
" 0
* | 1
* | 2
o 3
* | 4
* I 5
- I 6
Sum of
Lags

Coefficient

0.26112
0.22382
0.18651
0.14921
0.11191
0.07461
0.03730

1.04448

Std. Erro

0.00439
0.00376
0.00313
0.00251
0.00188
0.00125
0.00063

0.01755
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r t-Statistic

59.5284
59.5284
59.5284
59.5284
59.5284
59.5284
59.5284

59.5284

b. Using an Almon-lag second degree polynomial described in Eq.(6.4), a

6 year lag on income gives a regression of consumption on a constant,
6

6 6
Zo =Y X, Z; = Y iXi—and Z, = Y i*X;. This yields the Almon-lag

i=0 i=

0

i=0

without near or far end-point constraints. A near end-point constraint imposes

B—1 = 01in Eq. (6.1) which yields ag — a; + a, = 0 in Eq. (6.4). Substituting

for ag in Eq. (6.4) yields the regression in (6.5).
The following Stata code, generates the variables needed to estimate an Almon lag

second-degree polynomial with a near end point constraint:
. gen Z2=0%ly+L.ly+22*12.ly+3°2*13.ly+4"2*14.ly+5"2*15.ly+6"2*16.ly

(6 missing values generated)

.gen Z01=Z1+Z0

(6 missing values generated)

. gen Z02= 72-20

(6 missing values generated)

.reglc Z01 202

Source | SS
Model 3.26696244
Residual .038395978
Total | 3.30535842
lc |  Coef

201 1708636
202 -.0441775

_cons -.8139917

.0260634
.0085125
.2306514

MS Number of obs = 43

F(2, 40) = 1701.72

1.63348122 Prob > F = 0.0000

.000959899 R-squared = 0.9884

AdjR-squared =  0.9878

.07869901 Root MSE = .03098

t P>t [95% Contf. Interval]

6.56 0.000 1181875 .2235397
-5.19 0.000 -.0613819 -.026973
-3.53 0.001 -1.280156 -.3478277
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The EViews output for PDL(Y,6,2,1) which is a sixth order lag, second

degree polynomial, with a near end point constraint is given by:

Dependent Variable: LNC
Method: Least Squares

Sample (adjusted): 1965 2007

Included observations: 43 after adjustments

Coefficient Std. Error t-Statistic
C -0.813961 0.230649 -3.529009
PDLO1 0.259216 0.043085 6.016333
PDLO02 -0.044177 0.008512 -5.189671
R-squared 0.988384 Mean dependent var
Adjusted R-squared 0.987803 S.D. dependent var
S.E. of regression 0.030982 Akaike info criterion
Sum squared resid 0.038396 Schwarz criterion
Log likelihood 89.93716 Hannan-Quinn criter.
F-statistic 1701.718 Durbin-Watson stat
Prob(F-statistic) 0.000000
Lag Distribution
of LNY i Coefficient Std. Error
o 0 0.21504 0.03457
“| 1 0.34172 0.05213
| 2 0.38006 0.05266
“| 3 0.33003 0.03621
S 4 0.19166 0.00402
A 5 -0.03508 0.04810
A 6 -0.35016 0.11562
Sum of 1.07327 0.02249
Lags

Prob.

0.0011
0.0000
0.0000

9.749406
0.280533
-4.043589
-3.920714
-3.998276
0.377061

t-Statistic

6.21968
6.55566
7.21676
9.11501
47.7225
0.72915
3.02843

47.7225

. The far end-point constraint imposes f; = 0. This translates into the fol-

lowing restriction ag + 7a; + 49a, = 0. Substituting for aj in (6.4) yields

the regression in (6.6) with s = 6, i.e., the regression of consumption on a

constant, (Z, — 7Zy) and (Z, — 49Z,).
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The following Stata code, generates the variables needed to estimate an

Almon lag second-degree polynomial with a far end point constraint:

. gen Z10_far=21-7*20

(6 missing values generated)

. gen Z20_far=22-7"2*20

(6 missing values generated)

. reg Ic Z10_far Z20_far

Source | SS df MS Number of obs = 43
-------------------------------------------- F(2, 40) = 3536.82
Model 3.28677238 2 1.64338619 Prob > F = 0.0000
Residual .018586036 40 .000464651 R-squared = 0.9944
-------------------------------------------- AdjR-squared = 0.9941
Total \ 3.30535842 42 07869901 Root MSE = .02156
lc |  Coef Std. Er. t P> t| [95% Cont. Interval]
Z10_far -.3833962 .0538147 -7.12 0.000 -.4921598 -.2746326
220 far .0381843 .0059371 6.43 0.000 .0261849 .0501837
_cons -1.237493 .1681062 -7.36 0.000 -1.577249 -.8977381

The EViews output for PDL(Y,6,2,2) which is a sixth order lag, second

degree polynomial, with a far end point constraint is given by:

Dependent Variable: LNC
Method: Least Squares

Sample (adjusted): 1965 2007

Included observations: 43 after adjustments

Coefficient Std. Error t-Statistic Prob.
C -1.237555 0.168112 -7.361483 0.0000
PDLO1 0.006206 0.022306 0.278216 0.7823

PDL02 -0.154297 0.018196 -8.479577 0.0000
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R-squared 0.994377
Adjusted R-squared 0.994096
S.E. of regression 0.021556
Sum squared resid 0.018586
Log likelihood 105.5364
F-statistic 3536.826
Prob(F-statistic) 0.000000
Lag Distribution

of LNY i

| 0

< 1

* | 2

* | 3

* | 4

* | 5

* | 6

Sum of
Lags

Mean dependent var
S.D. dependent var
Akaike info criterion
Schwarz criterion
Hannan-Quinn criter.
Durbin-Watson stat

Coefficient Std. Error
0.81278 0.08583
0.46755 0.03799
0.19869 0.00292
0.00621 0.02231
-0.10990 0.03451
-0.14964 0.03488
-0.11301 0.02338
1.11266 0.01636

Badi Baltagi

9.749406
0.280533

-4.769135
-4.646261
-4.723823

0.377278

t-Statistic

9.46951
12.3071
68.0281
0.27822
-3.18430
-4.29038
-4.83449

-68.0281

. The following Stata code, generates the variables needed to estimate an

Almon lag second-degree polynomial with both near and far end point

constraints:

. gen Z_NF=-47* 70-6* Z1+ 72

(6 missing values generated)

.reglc Z_NF
Source | 88
Model 3.25525695
Residual .050101463
Total | 3.30535842

lc |  Coef
ZNF -.0028049
_cons -.2411805

.0000543
.1936405

MS Number of obs = 43

F(1, 41) = 2663.90

3.25525695 Prob > F = 0.0000

.001221987 R-squared = 0.9848

AdjR-squared =  0.9845

.07869901 Root MSE = .03496

t [95% Conf. Interval]

-51.61 -.0029147 -.0026952
-1.25 -.6322455 .1498845

The EViews output for PDL(Y,6,2,3) which is a sixth order lag, sec-

ond degree polynomial, with both near and far end point constraints is

given by:
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Dependent Variable: LNC
Method: Least Squares

Sample (adjusted): 1965 2007

Included observations: 43 after adjustments

Coefficient Std. Error t-Statistic
C -0.233622 0.197176 -1.184841
PDLO1 0.097163 0.001918 50.64935
R-squared 0.984269 Mean dependent var
Adjusted R-squared 0.983886 S.D. dependent var
S.E. of regression 0.035612 Akaike info criterion
Sum squared resid 0.051996 Schwarz criterion
Log likelihood 83.41817 Hannan-Quinn criter.
F-statistic 2565.357 Durbin-Watson stat
Prob(F-statistic) 0.000000
Lag Distribution
of LNY i Coefficient Std. Error
* | 0 0.08502 0.00168
o 1 0.14574 0.00288
| 2 0.18218 0.00360
| 3 0.19433 0.00384
| 4 0.18218 0.00360
o 5 0.14574 0.00288
- | 6 0.08502 0.00168
Sum of 1.02021 0.02014
Lags
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Prob.

0.2429
0.0000

9.749406
0.280533
-3.786892
-3.704975
-3.756683
0.214478

t-Statistic

50.6494
50.6494
50.6494
50.6494
50.6494
50.6494
50.6494

50.6494

. The RRSS for the Chow test for the arithmetic lag restrictions is given by

the residual sum of squares of the regression in part (a), i.e., .037805823.

The URSS is obtained from running consumption on a constant and six lags

on income. The corresponding Stata regression is given below:

creglc Iy Lly 12,y 131y 4.y 5.1y 16.ly

Source | SS df MS Number of obs
-------------------------------------------- F(7, 35)
Model 3.29031477 7 470044967 Prob > F

Residual .015043647 35 .000429818 R-squared
-------------------------------------------- Adj R-squared
Total | 3.30535842 42 .07869901 Root MSE

43
1093.59
0.0000
0.9954
0.9945
02073
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lc |  Coef Std. Err. t P>t [95% Contf. Interval]

ly

- 1.237818 2192865 5.64 0.000 .7926427 1.682993
L1. .2504519 .310222 0.81 0.425 -.3793323 .8802361
L2. -.203472 .3005438 -0.68 0.503 -.8136084 4066644
L3. -.0279364 .3041055 -0.09 0.927 -.6453034 .5894306
L4. .0312238 .3049614 0.10 0.919 -.5878808 .6503284
L5. -.0460776 .3048432 -0.15 0.881 -.6649422 572787
L6. -1270834 .2028801 -0.63 0.535 -.5389519 .2847851
_cons -1.262225 .1667564 -71.57 0.000 -1.600758 -.9236913

URSS = .015043647. The number of restrictions given in (6.2) is 6. Hence,
the Chow F-statistic can be computed as follows:

. display (.037805483-.015043647)*35/(6*.015043647)

8.8261428
and this is distributed as F(6,35) under the null hypothesis. This rejects the

arithmetic lag restrictions.

. Similarly, the Chow test for the Almon lag second-degree polynomial with a

near end point constraint can be computed using RRSS = .038395978 from
part (b). URSS = .015043647 from the last regression in part (e), and the
number of restrictions is 5:

. display (.038395978-.015043647)*35/(5*.015043647)

10.866136
and this is distributed as F(5,35) under the null hypothesis. This rejects the

Almon lag second-degree polynomial with a near end point constraint.

. The Chow test for the Almon lag second-degree polynomial with a far end

point constraint can be computed using RRSS = .018586036 from part (c).
URSS = .015043647 from the last regression in part (e), and the number of
restrictions is 5:

. display (.018586036-.015043647)*35/(5*.015043647)

1.6483186
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6.2 a.

and this is distributed as F(5,35) under the null hypothesis. This does
not reject the Almon lag second-degree polynomial with a far end point
constraint.

Finally, The Chow test for the Almon lag second-degree polynomial with
both near and far end point constraints can be computed using RRSS =
.050101463 from part (d). URSS = .015043647 from the last regression in
part (e), and the number of restrictions is 6:

. display (.050101463-.015043647)*35/(6*.015043647)

13.594039
and this is distributed as F(6,35) under the null hypothesis. This rejects
the Almon lag second-degree polynomial with both near and far end point
constraints.

For the Almon-lag third degree polynomial
Bi = ag + ai + axi’ + a3i’ fori =0, 1,..,5.

In this case, (6.1) reduces to

5
Yi=a+ ) (a0 +ai + i +asi’) X + u

i=1

5 5 5 5
=a+ap+ ZXt—i + a Z iXi—i +a Z i"X—i + a3 Z X + uy,
i=0 i=0 i=0 i=0

Now «a, ag,aj,a; and a; can be estimated from the regression of Y, on a
5

constant, Zy = 25: Xiei, Z1 = Z iXiei,Zr = XS: i2X_j and Z3 = 25: PXi.
The following Sl;l(%a code genelr:?es the Variabllzs0 to run the OLS relgzr%ssion:
. gen Z5_0= ly+L.ly+2.ly+13.ly +14.ly +15.ly

(5 missing values generated)

. gen Z5_1=Lly+2*2.ly +3*13.ly +4*|4.ly +5I5.ly

(5 missing values generated)

. gen Z5_2=Lly+2°2*12.ly +3"2*13.ly +4"2*14.ly +572*15.ly

(5 missing values generated)
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.gen Z5_3=Lly+2°3*12.ly +3"3"13.ly +4"3*14.ly +5°3*15.ly

(5 missing values generated)
.reglc 2502517252753
Source | S8 df

Model 3.58974185 4

Badi Baltagi
Number of obs = 44
F(4, 39) = 2063.28
Prob > F = 0.0000
R-squared = 0.9953
AdjR-squared =  0.9948
Root MSE = .02086

Residual .016963297 39
Total | 360670515 43
lc | Coef. Std. Err.
750 1.27317 1911863
Z51 -1.623359 5714614
Z52 .5693275 .2955923
Z53 -.0599977 .0390623
_cons -1.128979 .1533499

MS

897435462
000434956
083876864

t P>t
666  0.000
284 0.007
193 0.061
154 0.133
736 0.000

.8864591 1.659881
-2.779249 -.4674696
-.0285644 1.167219
-.1390087 .0190133
-1.439158 -.8187994

. The estimate of B3 is B3 = 4 + 34; + 94, + 2743 with

var ([’33) = var (d9) + 9 var(a;) + 81 var (a) + 27%var (a3)

+ 2.3. cov (ﬁ(), 5.1) + 2.9. cov (ﬁ(), 5.2) + 2.27.cov (ﬁ(), 5.3)

+2.3.9.cov(ay, ;) + 2.3.27 cov (a1, 83) + 2.9.27 cov (3,,83) .

The estimate of 83 can be computed from this regression results as follows:

. "betal

. display 1.27317+3%(-1.623359)+9* 5693275+27*(-.0599977)

-.0928974

The var-cov matrix of the regression estimates are given by:

. matrix list e(V)

symmetric e(V)[5,5]
750
750 .0365522
751  -.09755986
Z52  .04577699
753  -.00565526
_cons  -.01320609

751

.32656818
-.16633866
0214819
.02236579

752

.08737482
-.0114859
-.00962469

Z53 _cons
.00152587
.00120366 .02351619

The EViews output for PDL(Y,5,3) which is a fifth order lag, third degree

polynomial, with no end point constraint is given by:
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Dependent Variable: LNC

Method: Least Squares

Sample (adjusted): 1964 2007

Included observations: 44 after adjustments

Coefficient Std. Error t-Statistic
C -1.129013 0.153388 -7.360517
PDLO1 -0.176078 0.122030 -1.442904
PDLO02 -0.066325 0.162878 -0.407206
PDLO3 0.209243 0.066943 3.125704
PDLO4 -0.059926 0.039088 -1.533091
R-squared 0.995295 Mean dependent var
Adjusted R-squared 0.994813 S.D. dependent var
S.E. of regression 0.020859 Akaike info criterion
Sum squared resid 0.016968 Schwarz criterion
Log likelihood 110.5002 Hannan-Quinn criter.
F-statistic 2062.698 Durbin-Watson stat
Prob(F-statistic) 0.000000
Lag Distribution
of LNY i Coefficient Std. Error
| 0 1.27295 0.19130
* | 1 0.15942 0.15649
., | 2 -0.17608 0.12203
*, | 3 -0.09309 0.11943
* | 4 0.04883 0.15599
-, | 5 -0.10987 0.17870
Sum of 1.10217 0.01492
Lags

¢. Imposing the near end-point constraint B_;

restriction on the third degree polynomial in a’s:

ag—a; +a, —az; =0.

135

Prob.

0.0000
0.1570
0.6861
0.0033
0.1333

9.736786
0.289615
-4.795464
-4.592715
-4.720275
0.393581

t-Statistic

6.65411
1.01868
-1.44290
-0.77943
0.31306
-0.61485

73.8706

0 yields the following

solving for ap and substituting above yields the following constrained

regression:

Yi=a+4a(Z) +Zy) + ay(Zy — Zo) + a3(Z1 + Z3) + u;

The corresponding Stata regression is reported below.
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. gen ZZ01=Z5_0+Z5_1

(5 missing values generated)
.gen ZZ03=75_0+Z5_3

(5 missing values generated)
. gen ZZ02=752-250

(5 missing values generated)
.reg lc 2201 2203 2202

Source SS df MS Number of obs = 44
-------------------------------------------- F(3, 40) = 2205.97
Model 3.58503644 3 1.19501215 Prob > F = 0.0000
Residual .021668704 40 .000541718 R-squared = 0.9940
-------------------------------------------- AdjR-squared =  0.9935
Total | 3.60670515 43 .083876864 Root MSE = .02327
lc |  Coef Std. Err. t P>t [95% Conf. Interval]
ZZ01 2551128 .0259506 9.83 0.000 2026646 .307561
7703 .0632448 .0123507 5.12 0.000 .0382831 .0882065
2202 -.3852599 .0629406 -6.12 0.000 -5124676 -.2580523
_cons -.9865419 1641747 -6.01 0.000 -1.318351 -.6547324

. Test the near end point constraint with a Chow test. The URSS = .016963297

from part (a) and RRSS = .021668704 from part (c) and there is one
restriction.

. display (.021668704-.016963297)*39/(1*.016963297)

10.818114

and this is distributed as F(1,39) under the null hypothesis. This rejects the

near end point constraint.

. The Chow test for the Almon 5 year lag third-degree polynomial with no

end point constraints can be computed using RRSS = .016963297 from part
(a). URSS = .016924337 from the unrestricted 5 year lag regression given

below:
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6.3 a.

.reglcly Lly 12.ly 13.ly 14.ly 15.y

Model 3.58978081 6

Number of obs
F(6, 37)

Prob > F
R-squared

Adj R-squared
Root MSE

137

44
1308.00
0.0000
0.9953
0.9945
02139

MS
.598296802
.000457415
083876864

t P>t
5.86 0.000
0.29 0.771

-0.45 0.652
-0.15 0.883
-0.08 0.935
-0.38 0.704
-7.18 0.000

Residual .016924337 37
Total | 360670515 43
lc | Coef. Std. Err.

ly
- 1.303457 2224286
L1. .090694 .3099447
L2. -.1401868 .3081789
L3. -.0460399 .3104643
L4. -.0255622 .3129629
L5. -.0800021 .2087812
_cons -1.13104 1574744

852774
-.5373136
-.7646165
-.6751003
-.6596853
-.5030331

-1.450114

1.75414
.7187016
484243
.5830204
.6085608
.3430288

-.8119665

and the number of restrictions is 3:

. display (.016963297- .016924337)*37/(3"*.016924337)

.02839146

and this is distributed as F(3,37) under the null hypothesis. This does not

reject the Almon 5 year lag third-degree polynomial restrictions.

From (6.18), Yy = Y1 + v. Therefore, Yi—; = BY—, + v and

pYi—1 = pBYi—2 + pvi—1.

Subtracting this last equation from (6.18) and re-arranging terms, one gets

Yi= (@B +p) Y1 — pBYi—2 + &

Multiply both sides by Y—; and sum, we get

T T T T
ZYth—l =@+ ZY$_1 —pB ZYt—lYt—Z + ZYt—lﬁt-
=2 =2 =2 =2

T
Divide by ) Ytz_l and take probability limits, we get

t=2
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T T T T
plim ) YY1 / > YL, =B+ p)— ppplim (Z Yio1Yio / > Yﬁ_l)
=2 =2 =2 =2
T T
+ plim (Z Yt_lst/ 3 Yf_l)
t=2 t=2

The last term has zero probability limits since it is the cov(Yi—1,¢&)/

var(Y—1). The numerator is zero whereas the denominator is finite and pos-
T T
itive. As T — oo, plim Y Y- Y, is almost identical to plim ) YY;.
t=2 t=2
Hence, as T — oo, one can solve for

T T

plim > YY1/ D YE, =@+ p) /(1 + pf).
t=2 t=2

Therefore,

plimBois = (B + p) / (1 + pp)

and

plim (Bois = B) = p (1= 82) / (1 + pB)..

. One can tabulate the asymptotic bias of Bols derived in (a) for various values

of [p| < 1 and |B] < 1.
T T

. Forp= Y 01/ Y 0%, with O = Y — Bois Yi—1 We compute
t=2

t=2

T T T T
DO, /T= D Y7 /T~ 2B (ZYth_l /T) + B (Z Yf_l/T) :
t=2 t=2 t=2 t=2
Defining the covariances of Y:; by vys, and using the fact that
plim(XYY—s/T) = ys fors = 0, 1,2, .., we get

plim ZT: 02, /T=7y0—2 (pliméols) v1 + (pliméols)2 Yo.
=2

But

T

> Y Y/T
plimfos = plim | = | = v1/70.

Y YL, /T
=
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Hence,
T

plimZ St /T =7v0—2v1/v0—vi/vo = vo— (vi/v0) = (v§ — 1) /vo.
=2

Also, %1 =Y — Bolet—Z- Multiply this equation by v and sum, we get
T T T

Z Vb1 = Z Y19 — Bols Z Y291

t=2 t=2 t=2

T
But, by the property of least squares Y Yi—19; = 0, hence
=2

T T T
Z Gt\A)t—l /T = - Bols ZYt—Z\A)t /T = _Bols Z Yt—ZYt/T
t=2

t=2 t=2

T
+ B2 > YiaYiy/T

t=2
and
T 2 2
: an Y1 Y Yi\Yy —YoV2
pllmZ\)tvt_l JT=—— -y + _; Y= ¥
t=2 Yo Yo Yo
Hence,

T T 2

A . A . n Y1 —YoY2
plimp = plim (Z VeV /T) /plim (Z 92, /T) = ﬂ%

t=2 t=2 VO (y() - yl)

From part (a), we know that
Yi=0@+p) Y1 —pBYi2 +&
multiply both sides by Y(—, and sum and take plim after dividing by T, we get
V2= B+ p)vi—pBro
so that
Yov2 = B + p) vivo + pBYo

and

vi —voy2 = yi — B + p) vivo + pBV;-
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But from part (a), plimBois = y1/vo = (B + p)/(1 + pB). Substituting

B+ pvo=1+pB)v1

above we get

Yi —vova =vi — (1L + 0B)vi + pBvs = B (v5 —v1)-

Hence,

plim = -0 = 0B (b + )/ (1 + o)

and

plim (p—p) = (B> + p’p—p—p*B) /(1 +pB) = p (B> — 1) / (1 + pB)
= —ptim (Bo, — ) -

The asymptotic bias of p is negative that of Bols.

T T T
. Sinced = Y (% —01)? /Y 92 andas T — oo, 3" 92 is almost identical
=2 =2 =

t=2

T
to > V2, then plim d ~ 2(1 — plimp) where p was defined in (c). But
=2

plimp = p—p(1—P?)/(1+pB) = (p*B+pB?)/(1+pB) = pB(p+B)/(1+pB).

; = pB(B+p)
Hence, plimd = 2 [1 — Tﬁp]

. Knowing the true disturbances, the Durbin-Watson statistic would be

T T
d* = Z (v — ve_1)? /X:vt2
=2

t=2

and its plim d* = 2(1 — p). This means that from part (d)

plim (d —d*) = 2 (1 — plimp) = 2(1 —p) = 2[p—PBp (p +B) / (1 + pB)]
=2[p+p’B—Bp’ —B?0] / (1 +pB) =2p (1 —B?) / (1 + pB)
= 2plim(Bo; — )

from part (a). The asymptotic bias of the D.W. statistic is twice that of ﬁols.
The plim d and plim d* and the asymptotic bias in d can be tabulated for

various values of p and f.
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6.4 a. From (6.18) with MA(1) disturbances, we get
Yt = BYt—l + & + eet_l with IBI < 1.

In this case,

T T T T
Bots = D Y /D Yi =B+ Yeus/) Yo,
t=2 t=2 t=2 t=2

T T
+6 Z Yi-18-1 /Z Ytz_l
t=2 t=2

so that

T T
plim (B —B) = plim ( > Yere /T) /plim (Z v /T)
t=2 t=2
T T
+ Oplim (ZYt_let_l /T) /plim (ZYf_l /T) .

t=2 t=2

Now the above model can be written as
(1-BL)Y = (1+06L)¢g
or

o0
Yi=(1+060L)) Bl

i=0

Y, = (1 + OL) (e + Pet + Beer + ..)
Yo = e+ (0 4+ B) [t + Be— + Bz + -]

From the last expression, it is clear that E(Y{) = 0 and

T
var(Yo) = o[l + (6 + B)°/(1 —B%)] = plim ) Y, /T.
t=2

Also,

T T
Y Yeue/T =) elet + (0 +B) (e + Pees + )] /T
t=2 t=2

Since the ¢’s are not serially correlated, each term on the right hand side has

T
zero plim. Hence, plim ) Yi—1&/T = 0 and the first term on the right hand
t=2



142

Badi Baltagi

side of plim (ﬁols - B) is zero. Similarly,

T T
Y Yeusot/T=) e /T+©O+8)
t=2

t=2
T T

|:Z e—16—2/T + P Z e—16—3/T + :|
t=2 t=2

which yields plim Z Yi18-1/T = 0 since the second term on the right

hand side has zero plim. Thercfore,
plim (B — B) = 602 /o7 [ 1+ (O +B)” / (1~ )|
= 0(1—p%) /(1 —p>+ 0>+ p> +20p)
=0(1—p%) /(1+6>+208) =8 (1—P>) /(1 +2p5)

where § = 0/(1 + 62).

. The asymptotic bias of éols derived in part (a) can be tabulated for various

values of fand 0 < 6 < 1.

. Letd =Y, — Bolet—l =BY1 — Bolet—l + Ve = v — (Bols - B) Y. But

T T
Bus =B = D Yo/ PoY2,
t=2 t=2

Therefore,

T T T
Y%= Z (Z Yo wt) / Z Vi - 2oy’ [ 30V
t=2 = t=2

M—]

(B /Z

But, v = & + 0 with var(v) = o2(1 + 6%). Hence,

t=2

T
plim Y " v /T = o7 + 6707 = o7 (1 + 6°).
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6.5 a.

Also,

T T T
plim Z Yi—1v/T = plim Z Y 1&/T + Oplim Z Yoie/T
t=2 t=2 t=2

=0+ 00? = 60

from part (a). Therefore,
pllmz 2/T = o? (1 + 6%) — 6%" /o2 [1 +O+p)7/(1—- 52)]

=7 [1+6° =07 (1-4%) / (1 -6 +20)]
= o] [1+67—08 (1 —B?) / (1 +288)] = o7 [1 + 6> — 66"]

where § = (H';ez) and 6* = §(1 —B?)/(1 + 2p8).

The stata commands to generate the Durbin h statistic from scratch are the
following:

.genlc_lag=l.lc

(1 missing value generated)

.reglclylc_lag
Source | SS df MS Number of obs = 48
-------------------------------------------- F(2, 45) = 12645.37
Model 5.02839276 2 2.51419638 Prob > F = 0.0000
Residual .008947057 45 .000198823 R-squared = 0.9982
-------------------------------------------- AdjR-squared =  0.9981
Total \ 5.03733982 47 107177443 Root MSE = 0141
lc |  Coef Std. Err t P>t [95% Contf. Interval]
ly .3091105 .0816785 3.78 0.000 .1446015 4736194
Ic_lag .7045042 .0765288 9.21 0.000 5503673 .8586411
_cons -.1475238 .0870474 -1.69 0.097 -.3228462 .0277986

. display .0765288"2
.00585666

. predict miu, resid

(1 missing value generated)

. reg miu l.miu, noconstant
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Source | SS df MS Number of obs = 47
-------------------------------------------- F(1, 46) = 1578
Model .002284571 1 .002284571 Prob > F = 0.0002
Residual .006660987 46 .000144804 R-squared = 0.2554
-------------------------------------------- AdjR-squared = 0.2392
Total | .008945558 47 .000190331 Root MSE = .01203

miu | Coef. Std. Er. t P>t [95% Cont. Interval]

miu

L1. .5065964 1275411 3.97 0.000 2498695 .7633234

. * Durbin’s h

. display .5065964*(48%(1-.00585666))"0.5

3.4995099

This is asymptotically distributed as N(0,1) under the null hypothesis of

p = 0. This rejects H, indicating the presence of serial correlation.

. The EViews output for the Breusch and Godfrey test for first-order serial

correlation is given below. The back up regression is given below the test
statistics. This regresses the OLS residuals on their lagged value and the
regressors in the model including the lagged dependent variable. This yields
an R? = 0.278576. The number of observations is 48. Therefore, the LM
statistic = TR? = 48(0.278576) = 13.372. This is asymptotically dis-
tributed as Chi-Square(1) under the null hypothesis of p = 0. The p-value is
0.0003, and we reject the null hypothesis.
Breusch—Godfrey Serial Correlation LM Test:
F-statistic 16.99048 Prob. F(1,44) 0.0002
Obs*R-squared 13.37165 Prob. Chi-Square(1) 0.0003
Test Equation:
Dependent Variable: RESID
Method: Least Squares

Sample: 1960 2007
Included observations: 48

Presample missing value lagged residuals set to zero.
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Coefficient Std. Error t-Statistic Prob.
C -0.061130 0.076227 -0.801941 0.4269
LNC(-1) -0.081685 0.068658 -1.189747 0.2405
LNY 0.086867 0.073256 1.185810 0.2421
RESID(-1) 0.552693 0.134085 4.121951 0.0002
R-squared 0.278576 Mean dependent var -5.00E-16
Adjusted R-squared 0.229388 S.D. dependent var 0.013797
S.E. of regression 0.012112 Akaike info criterion -5.909614
Sum squared resid 0.006455 Schwarz criterion -5.753680
Log likelihood 145.8307 Hannan-Quinn criter. -5.850686
F-statistic 5.663494 Durbin-Watson stat 1.773229

Prob(F-statistic) 0.002272

. The EViews output for the Breusch and Godfrey test for second-order serial

correlation is given below. The back up regression is given below the test

statistics. This regresses the OLS residuals e; on e,—; and e,—, and the regres-

sors in the model including the lagged dependent variable. This yields an

R2 = 0.284238. The number of observations is 48. Therefore, the LM

statistic = TR? = 48(0.284238) = 13.643.

This is asymptotically distributed as Chi-Square(2) under the null hypothesis

of no second-order serial correlation. The p-value is 0.0011, and we reject

the null hypothesis.
Breusch—Godfrey Serial Correlation LM Test:

F-statistic 8.537930 Prob. F(2,43) 0.0008
Obs*R-squared 13.64344 Prob. Chi-Square(2) 0.0011

Test Equation:
Dependent Variable: RESID
Method: Least Squares

Sample: 1960 2007
Included observations: 48

Presample missing value lagged residuals set to zero.
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Coefficient

C -0.049646

LNC(-1) -0.067455

LNY 0.071648

RESID(-1) 0.591123

RESID(-2) -0.092963
R-squared 0.284238
Adjusted R-squared 0.217656
S.E. of regression 0.012204
Sum squared resid 0.006404
Log likelihood 146.0198
F-statistic 4.268965
Prob(F-statistic) 0.005364

6.6 U.S. Gasoline Data, Table 4.2.
a. STATIC MODEL

Dependent Variable: QMG_CAR

Std. Error

0.079289
0.073355
0.078288
0.150313
0.159390

t-Statistic

-0.626136
-0.919582
0.915192
3.932602
-0.583241

Mean dependent var
S.D. dependent var
Akaike info criterion
Schwarz criterion
Hannan-Quinn criter.
Durbin-Watson stat

Analysis of Variance
Sum of Mean

Source DF Squares Square
Model 3 0.35693 0.11898
Error 34 0.12444 0.00366
C Total 37 0.48137

Root MSE 0.06050 R-square

Dep Mean -0.25616 Adj R-sq

C.V. -23.61671

Parameter Estimates

Parameter Standard
Variable DF Estimate Error
INTERCEP 1 -5.853977 3.10247647
RGNP_POP 1 -0.690460 0.29336969
CAR_POP 1 0.288735 0.27723429
PMG_PGNP 1 -0.143127 0.07487993
DYNAMIC MODEL

Autoreg Procedure
Dependent Variable = QMG_CAR

F Value
32.508

0.7415
0.7187

T for HO:
Parameter=0

-1.887
-2.354

1.041
-1.911

Badi Baltagi

Prob.

0.5345
0.3629
0.3652
0.0003
0.5628

-5.00E-16
0.013797
-5.875827
-5.680910
-5.802167
1.867925

Prob>F
0.0001

Prob > |T|

0.0677
0.0245
0.3050
0.0644
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Ordinary Least Squares Estimates

SSE 0.014269 DFE 32
MSE 0.000446 Root MSE 0.021117
SBC -167.784 AIC -175.839
Reg Rsq 0.9701 Total Rsq 0.9701
Durbin h 2.147687 PROB>h 0.0159

Godfrey’s Serial Correlation Test

Alternative LM Prob>LM

AR(+ 1) 4.6989 0.0302

AR(+ 2) 5.1570 0.0759
Variable DF B Value Std Error t Ratio Approx Prob
Intercept 1 0.523006 1.1594 0.451 0.6550
RGNP_POP 1 0.050519 0.1127 0.448 0.6571
CAR_POP 1 -0.106323 0.1005 -1.058 0.2981
PMG_PGNP 1 -0.072884 0.0267 -2.733 0.0101
LAG_DEP 1 0.907674 0.0593 15.315 0.0001

c. LM Test for AR(1) by BREUSCH & GODFREY
Dependent Variable: RESID

Analysis of Variance
Sum of Mean

Source DF Squares Square F Value Prob>F
Model 5 0.00178 0.00036 0.863 0.5172
Error 30 0.01237 0.00041
C Total 35 0.01415

Root MSE 0.02031 R-square 0.1257

Dep Mean -0.00030 Adj R-sq -0.0200

C.V. -6774.59933

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 -0.377403  1.15207945 -0.328 0.7455
RESID_1 1 0.380254  0.18431559 2.063 0.0479
RGNP_POP 1 -0.045964  0.11158093 0.412 0.6833
CAR_POP 1 0.031417  0.10061545 0.312 0.7570
PMG_PGNP 1 0.007723  0.02612020 0.296 0.7695
LAG_DEP 1 -0.034217  0.06069319 -0.564 0.5771
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SAS PROGRAM

Data RAWDATA;

Input Year CAR QMG PMG POP RGNP PGNP;
Cards;

Data USGAS; set RAWDATA;
LNQMG=LOG(QMG);
LNCAR=LOG(CAR);
LNPOP=LOG(POP);
LNRGNP=LOG(RGNP);
LNPGNP=LOG(PGNP);
LNPMG=LOG(PMG);
QMG_CAR=LOG(QMG/CAR);
RGNP_POP=LOG(RGNP/POP);
CAR_POP=LOG(CAR/POP);
PMG_PGNP=LOG(PMG/PGNP);
LAG_DEP=LAG(QMG_CAR);

Proc reg data=USGAS;
Model QMG _CAR=RGNP_POP CAR_POP PMG_PGNP;
TITLE ‘ STATIC MODEL’;

Proc autoreg data=USGAS;
Model QMG_CAR=RGNP_POP CAR_POP PMG_PGNP
LAG_DEP/LAGDEP=LAG_DEP godfrey=2;
OUTPUT OUT=MODEL2 R=RESID;
TITLE * DYNAMIC MODEL’;
RUN;

DATA DW_DATA;  SET MODEL2;
RESID_1=LAG(RESID);
PROC REG DATA=DW_DATA:

Badi Baltagi

MODEL RESID=RESID_1 RGNP_POP CAR_POP PMG_PGNP LAG_DEP;

TITLE ‘LM Test for AR(1) by BREUSCH & GODFREY’;
RUN;
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Autoreg Procedure
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Dependent Variable = QMG_CAR

SSE
MSE
SBC
Reg Rsq

Durbin-Watson

Variable DF

Intercept 1
RGNP_POP 1
CAR_POP 1
PMG_PGNP 1
PMPG_1 1
PMPG_2 1
PMPG_3 1
PMPG_4 1
PMPG_5 1
PMPG_6 1

PDLREG Procedure

Ordinary Least Squares Estimates

0.031403
0.001427
-96.1812
0.9216
0.5683

B Value

-7.46541713
-0.58684334

0.24215182
-0.02611161
-0.15248735
-0.13752842

0.05906629
-0.21264747

0.22649780
-0.41142284

b. Almon Lag (S = 6,P =2)

Dependent Variable = QMG_CAR

SSE

MSE

SBC

Reg Rsq
Durbin-Watson

Variable DF

Intercept
RGNP_POP
CAR_POP
PMG_PGNP**0
PMG_PGNP**1
PMG_PGNP**2

—_ bk

Ordinary Least Squares Estimates

0.04017
0.001545
-102.165
0.8998
0.5094

B Value

-5.06184299
-0.35769028

0.02394559
-0.24718333
-0.05979404
-0.10450923

DFE

Root MSE
AIC

Total Rsq

Std
Error

3.0889
0.2831
0.2850
0.0896
0.1429
0.1882
0.2164
0.2184
0.1963
0.1181

DFE
Root MSE
AIC
Total Rsq

Std
Error

2.9928
0.2724
0.2756
0.0340
0.0439
0.0674

22
0.037781
-110.839

0.9216

Ratio

2.417
-2.073

0.850
-0.291
-1.067
-0.731

0.273
-0.974

1.154
-3.483

26
0.039306
-110.96
0.8998

t
Ratio

-1.691
-1.313

0.087
-7.278
-1.363
-1.551

149

Approx
Prob

0.0244
0.0501
0.4046
0.7734
0.2975
0.4726
0.7875
0.3408
0.2609
0.0021

Approx
Prob

0.1027
0.2006
0.9314
0.0001
0.1847
0.1331
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Parameter Std t Approx
Variable Value Error Ratio Prob
PMG_PGNP(0) -0.11654 0.045 -2.58 0.0159
PMG_PGNP(1) -0.07083 0.020 -3.46 0.0019
PMG_PGNP(2) -0.04792 0.024 -1.98 0.0584
PMG_PGNP(3) -0.04781 0.028 -1.74 0.0944
PMG_PGNP(4) -0.07052 0.021 -3.33 0.0026
PMG_PGNP(5) -0.11603 0.021 -5.40 0.0001
PMG_PGNP(6) -0.18434 0.054 -3.42 0.0021

Estimate of Lag Distribution
Variable -0.184 0

c. Almon Lag (S=4,P=2)
PDLREG Procedure
Dependent Variable = QMG_CAR

Ordinary Least Squares Estimates

SSE 0.065767 DFE 28

MSE 0.002349 Root MSE 0.048464

SBC -94.7861 AlIC -103.944

Reg Rsq 0.8490 Total Rsq 0.8490

Durbin-Watson 0.5046

Std t Approx
Variable DF B Value Error Ratio Prob
Intercept 1 -6.19647990 3.6920 -1.678 0.1044
RGNP_POP 1 -0.57281368 0.3422 -1.674 0.1053
CAR_POP 1 0.21338192 0.3397 0.628 0.5351
PMG_PGNP**0 1 -0.19423745 0.0414 -4.687 0.0001
PMG_PGNP**1 1 -0.06534647 0.0637 -1.026 0.3138
1

PMG_PGNP**2 0.03085234 0.1188 0.260 0.7970
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Parameter Std t Approx
Variable Value Error Ratio Prob
PMG_PGNP(0) -0.02905 0.070 -0.41 0.6834
PMG_PGNP(1) -0.07445 0.042 -1.78 0.0851
PMG_PGNP(2) -0.10336 0.061 -1.70 0.0999
PMG_PGNP(3) -0.11578 0.033 -3.51 0.0015
PMG_PGNP(4) -0.11170 0.092 -1.22 0.2329
Estimate of Lag Distribution
Variable -0.116 0

ALMON LAG(S=8,P=2)

PDLREG Procedure
Dependent Variable = QMG_CAR

Ordinary Least Squares Estimates

SSE 0.020741 DFE 24

MSE 0.000864 Root MSE 0.029398

SBC -112.761 AlC -121.168

Reg Rsq 0.9438 Total Rsq 0.9438

Durbin-Watson 0.9531

Std t Approx

Variable DF B Value Error Ratio Prob
Intercept 1 -7.71363805 2.3053 -3.346 0.0027
RGNP_POP 1 -0.53016065 0.2041 -2.597 0.0158
CAR_POP 1 0.17117375 0.2099 0.815 0.4229
PMG_PGNP**0 1 -0.28572518 0.0267 -10.698 0.0001
PMG_PGNP**1 1 -0.09282151 0.0417 -2.225 0.0358
PMG_PGNP**2 1 -0.12948786 0.0512 -2.527 0.0185
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Variable

Variable

PMG_PGNP(0)
PMG_PGNP(1)
PMG_PGNP(2)
PMG_PGNP(3)
PMG_PGNP(4)
PMG_PGNP(5)
PMG_PGNP(6)
PMG_PGNP(7)
PMG_PGNP(8)

SSE
MSE
SBC
Reg Rsq

Parameter

Value

-0.11617
-0.07651
-0.05160
-0.04145
-0.04605
-0.06541
-0.09953
-0.14841
-0.21204

Std
Error

0.028
0.016
0.015
0.018
0.017
0.013
0.012
0.025
0.047

Estimate of Lag Distribution

-0.212

r****************************************|

Durbin-Watson

Variable

Intercept
RGNP_POP
CAR_POP
PMG_PGNP**0
PMG_PGNP**1
PMG_PGNP**2
PMG_PGNP**3

DF

—_ b
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t Approx
Ratio Prob
-4.09 0.0004
-4.73 0.0001
-3.34 0.0027
-2.30 0.0301
-2.63 0.0146
-4.85 0.0001
-8.10 0.0001
-5.97 0.0001
-4.53 0.0001

0

>k >k >k >k >k 3k 3k 3k 3k sk ok Sk ok ok ok ok sk >k ok ok sk k

>k >k >k >k 3k 3k 3k 3k 3k 3k %k %k k >k >k

3k 3k 3k >k >k >k kK kK

3k 3k ok >k >k ok k ok

>k >k 3k >k 3k 3k 3k 3k k

>k >k 3k >k 3K 3k 3k 3k %k %k %k k >k

3k 3k 3k >k >k >k >k >k 3k 3k 3k 3k 3k %k k >k >k >k k

3k sk sk >k >k sk >k 3k 3k 3k sk 3k sk sk ok ok ok ok sk sk >k ok ok sk sk sk sk sk ok

d. Third Degree Polynomial Almon Lag(S = 6,P = 3)
PDLREG Procedure
Dependent Variable = QMG_CAR

Ordinary Least Squares Estimates
0.034308 DFE
0.001372 Root MSE
-103.747 AIC

0.9144 Total Rsq

0.6763

Std
B Value Error

-7.31542415 3.0240
-0.57343614 0.2771
0.23462358 0.2790
-0.24397597 0.0320
-0.07041380 0.0417
-0.11318734 0.0637
-0.19730731 0.0955

25
0.037045
-114.007

0.9144

Ratio

-2.419
-2.069

0.841
-7.613
-1.690
-1.778
-2.067

Approx
Prob

0.0232
0.0490
0.4084
0.0001
0.1035
0.0876
0.0493
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Parameter Std t Approx
Variable Value Error Ratio Prob
PMG_PGNP(0) -0.03349 0.059 -0.57 0.5725
PMG_PGNP(1) -0.14615 0.041 -3.54 0.0016
PMG_PGNP(2) -0.12241 0.043 -2.87 0.0082
PMG_PGNP(3) -0.04282 0.026 -1.64 0.1130
PMG_PGNP(4) -0.01208 0.045 0.27 0.7890
PMG_PGNP(5) -0.03828 0.043 -0.90 0.3788
PMG_PGNP(6) -0.27443 0.067 -4.10 0.0004
Estimate of Lag Distribution
Variable 0.274 0.0121
PMG_PGNP(0) | okkok |
PMG_PGNP(1) | ok sk ok ok ok ok ok ok ok ok ok sk ok sk ok sk Kk |
PMG_PGNP(Q) | ok ok ok ok ok ok ok ok ok ok sk ok sk Kk |
PMG_PGNP(3) | Rl
PMG_PGNP(4) | **
PMG_PGNP(5) | R

e. Almon Lag(S = 6,P = 2) with Near End-Point Restriction
PDLREG Procedure
Dependent Variable = QMG_CAR

Ordinary Least Squares Estimates

SSE 0.046362 DFE 27

MSE 0.001717 Root MSE 0.041438

SBC -101.043 AIC -108.372

Reg Rsq 0.8843 Total Rsq 0.8843

Durbin-Watson 0.5360
Variable DF B Value Std Error  tRatio  Approx Prob
Intercept 1 -3.81408793 3.0859 -1.236 0.2271
RGNP_POP 1 -0.28069982 0.2843  -0.988 0.3322
CAR_POP 1 -0.05768233 0.2873  -0.201 0.8424
PMG_PGNP**0 1 -0.21562744 0.0317  -6.799 0.0001
PMG_PGNP**1 1 -0.07238330 0.0458 -1.581 0.1255
PMG_PGNP**2 1 0.02045576 0.0268 0.763 0.4519
Restriction DF L Value StdError  tRatio  Approx Prob

PMG_PGNP(—1) -1 0.03346081 0.0176 1.899 0.0683
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Variable Parameter Value Std Error
PMG_PGNP(0) -0.02930 0.013
PMG_PGNP(1) -0.05414 0.020
PMG_PGNP(2) -0.07452 0.021
PMG_PGNP(3) -0.09043 0.018
PMG_PGNP(4) -0.10187 0.015
PMG_PGNP(5) -0.10886 0.022
PMG_PGNP(6) -0.11138 0.042

Estimate of Lag Distribution

Variable -0.111

PMG_PGNP(0) |
PMG_PGNP(1) |
PMG_PGNP(2) |
PMG_PGNP(3) |
PMG_PGNP(4) |
PMG_PGNP(5) |
PMG_PGNP(6) |

t Ratio

-2.31
-2.75
-3.49
-4.91
-6.80
-4.88
-2.66
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Approx Prob

0.0286
0.0105
0.0017
0.0001
0.0001
0.0001
0.0130

0

>k >k sk >k >k 3k 3k 3k 3k 3k k

>k >k >k >k 3k 3k 3k 3k 3k 3k ok ok ok ok sk >k ok ok sk k

3k sk sk >k >k >k >k 3k 3k 3k 3k sk 3k ok ok ok ok sk >k ok ok 3k sk 3k sk sk ok

3k 3k 3k >k >k >k >k >k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k >k >k >k 3k 3k 3k 3k %k k >k k >k k

>k >k >k >k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k 3k 5k 3k 3k 3k 3k 3k 3k >k >k >k >k >k >k 3k 5k %k 3k k >k

>k >k 3k >k 3k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k >k 3k 5k 3k 3k k k
*****************************************|

ALMON LAG(S=6,P=2) with FAR END-POINT RESTRICTION

PDLREG Procedure
Dependent Variable = QMG_CAR

Ordinary Least Squares Estimates

SSE 0.050648

MSE 0.001876

SBC -98.2144

Reg Rsq 0.8736

Durbin-Watson 0.5690
Variable DF B Value
Intercept 1 -6.02848892
RGNP_POP 1 -0.49021381
CAR_POP 1 0.15878127
PMG_PGNP**0 1 -0.20851840
PMG_PGNP**1 1 -0.00242944
PMG_PGNP**2 1 0.06159671

Restriction DF L Value
PMG_PGNP(7) -1 0.03803694

DFE 27
Root MSE 0.043311
AIC -105.543
Total Rsq 0.8736
Std t Approx
Error Ratio Prob
3.2722 -1.842 0.0764
0.2948 -1.663 0.1079
0.2982 0.532 0.5988
0.0337 -6.195 0.0001
0.0418 -0.058 0.9541
0.0240 2.568 0.0161

Std Error  t Ratio

0.0161

2.363

Approx Prob

0.0256



Chapter 6: Distributed Lags and Dynamic Models

Variable

Variable

PMG_PGNP(0)
PMG_PGNP(1)
PMG_PGNP(2)
PMG_PGNP(3)
PMG_PGNP(4)
PMG_PGNP(5)
PMG_PGNP(6)

SAS PROGRAM

Data RAWDATA,;

Parameter

Value

-0.04383
-0.07789
-0.09852
-0.10570
-0.09943
-0.07973
-0.04659

Std
Error

0.039
0.022
0.016
0.018
0.020
0.018
0.011

t
Ratio

-1.12
-3.49
-6.20
-5.90
-5.01
-4.43
-4.05

Estimate of Lag Distribution

-0.106

|
|
|
[
I
|

Approx
Prob

0.2730
0.0017
0.0001
0.0001
0.0001
0.0001
0.0004

0

3k 3k sk >k >k sk >k >k 3k 3k sk 3k 3k %k ok sk ok >k

>k >k >k >k >k 3k 3k 3k 3k 3k sk ok ok ok ok >k sk >k ok 3k 3k sk sk sk %k ok ok ok ok k

>k >k >k >k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k 3k 5k 3k 3k 3k 3k 3k ok >k >k >k >k >k >k 3k 5k 5k 3k k >k

>k >k >k >k 3k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k 3k 3k 3k 3k 3k 3k 3k >k >k >k >k >k >k >k >k 3k 3k 3k 3k k ok

3k 3k 3k >k >k >k >k >k 3k 3k 3k 3k 3k 3k 3k >k ok >k >k >k >k >k >k 3k 5k 3k 3k 3k 3k %k %k %k >k >k >k ok k k ok

3k 3k 3k >k >k >k >k >k 3k 3k 3k 5k 3k 3k 3k 3k 3k >k >k >k %k >k >k >k >k 3k 3k %k 3k k >k

Input Year CAR QMG PMG POP RGNP PGNP;

Cards;

Data USGAS; set RAWDATA;
LNQMG=LOG(QMG);
LNCAR=LOG(CAR);
LNPOP=LOG(POP);
LNRGNP=LOG(RGNP);
LNPGNP=LOG(PGNP);
LNPMG=LOG(PMG);
QMG_CAR=LOG(QMG/CAR);
RGNP_POP=LOG(RGNP/POP);
CAR_POP=LOG(CAR/POP);
PMG_PGNP=LOG(PMG/PGNP);
PMPG_1=LAG1(PMG_PGNP);
PMPG_2=LAG2(PMG_PGNP);
PMPG_3=LAG3(PMG_PGNP);
PMPG_4=LAG4(PMG_PGNP)
PMPG_5=LAG5(PMG_PGNP);

)

******************l
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PMPG_6=LAG6(PMG_PGNP);

Proc autoreg data=USGAS;
Model QMG_CAR=RGNP_POP CAR_POP PMG_PGNP PMPG_1 PMPG_2 PMPG_3
PMPG_4 PMPG_5 PMPG_6;
TITLE ‘UNRESTRICTED MODEL’;

PROC PDLREG DATA=USGAS;
MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(6,2);
TITLE ‘ALMON LAG(S=6,P=2)’;

PROC PDLREG DATA=USGAS;
MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(4,2);
TITLE ‘ALMON LAG(S=4,P=2)’;

PROC PDLREG DATA=USGAS;
MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(8,2);
TITLE ‘ALMON LAG(S=8,P=2)’;

PROC PDLREG DATA=USGAS;
MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(6,3);
TITLE ‘Third Degree Polynomial ALMON LAG(S=6,P=3)’;

PROC PDLREG DATA=USGAS;
MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(6,2,,FIRST);
TITLE ‘ALMON LAG(S=6,P=2) with NEAR END-POINT RESTRICTION’;

PROC PDLREG DATA=USGAS;

MODEL QMG_CAR=RGNP_POP CAR_POP PMG_PGNP(6,2, LAST);
TITLE ‘ALMON LAG(S=6,P=2) with FAR END-POINT RESTRICTION’;
RUN;



CHAPTER 7
The General Linear Model: The Basics

7.1 Invariance of the fitted values and residuals to non-singular transformations of
the independent variables.
The regression model in (7.1) can be written as y = XCC™!B + u where C is a

non-singular matrix. Let X* = XC, then y = X*B* + u where p* = C!p.

a. Pxr = X*(X¥X*)7'X¥ = XC[OX'XC]'CX = xXccT' (xX'x)™!

C~1C'X = Px.

Hence, the regression of y on X* yields

y= X*é:ﬁs = Px+y = Pxy = XBois

which is the same fitted values as those from the regression of y on X. Since
the dependent variable y is the same, the residuals from both regressions
will be the same.

b. Multiplying each X by a constant is equivalent to post-multiplying the
matrix X by a diagonal matrix C with a typical k-th element c,. Each X
will be multiplied by the constant ¢k fork = 1,2, .., K. This diagonal matrix
C is non-singular. Therefore, using the results in part (a), the fitted values
and the residuals will remain the same.

c. In this case, X = [X}, X;] is of dimension nx2 and

1 1
X* = [X) =X, Xi + Xo] = [X1,Xo] |:_1 1i| = XC

1 1. . . 1 -1
where C = 11 is non-singular with C™! = % RS Hence, the

results of part (a) apply, and we get the same fitted values and residuals
when we regress y on (X; — X;) and (X; 4 X3) as in the regression of y on

Xl and Xz.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 157
in Business and Economics, DOI 10.1007/978-3-642-54548-1_7,
© Springer-Verlag Berlin Heidelberg 2015
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7.2 The FWL Theorem.

a. The inverse of a partitioned matrix

A Ap
A=
|:A21 A22:|

is given by

Al = AT+ AT ARBRAAT —ATABo
—BnAyAjY B

where By, = (A — A21A1_11A12)_1. From (7.9), we get
B -1 _
By = (X550 = X5X) (X1X1) T X(Xs) = (X550 — XgPx Xo)
- -1
= (X,Px,X2) .

Also, =By Ay AT = — (X4Px, Xa) ' XX (X{X1) ™. Hence, from (7.9),

we solve for 62,015 to get
éZ,ols = —BpnAyAj Xy + BuXby
which yields
5 D =1 D I
Brois = — (X3Px, X2)  X5Px,y + (XoPx, Xo)  Xoy
— —1 —
= (X3Px,X2)  XiPx,y

as required in (7.10).

. Alternatively, one can write (7.9) as

(X/le) Bl,ols + (XQXZ) éZ,ols = Xlly
(X5X1) él,ols + (X5X2) Bz,ols = Xjy.

Solving for Bl,ols in terms of BZ,ols by multiplying the first equation by
(X’le)_1 we get

Bl,ols = (X/lxl)_l Xy — (X/lxl)_l X/1X262,ols

= (X/le)_l X/l (y - X2é2,ols) .
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Substituting 61,015 in the second equation, we get
_l A A
XX (XiXi1) Xy — XaPx, XoBoois + (X5X2) Baols = Xay.

Collecting terms, we get (X,Px, X») éZ,ols = X,Px,y.
Hence, 62,015 = (X’zﬁxle)_l X’ZI_’le as given in (7.10).
c. In this case, X = [i,, Xz] where (,, is a vector of ones of dimension n.
Px, = W (L;Ln)_l U = tyt’/n = J,/n where J, = 1,/ is a matrix of ones

n —
of dimension n. But ly = Z yiand \/y/n = y. Hence, Px, = I, — Px, =

i=1

I, — Jo/nand Px,y = (I, — J,/n)y has a typical element (y; — y). From the
FWL Theorem, BZ,ols can be obtained from the regression of (y; — y) on the
set of variables in X, expressed as deviations from their respective means,
i.e., ?XIXQ = (In — Jn/n) Xz.
From part (b),
~ -1 A -1 A
Bl,ols = (X/lxl) Xll (Y - XZBZ,OIS) = (Liltn) L; (Y - XZBZ,OIS)
L; A _ =l A

= H (y - XZBZ,OIS) =y—- XzBZ,ols

where i; = ,X,/n is the vector of sample means of the independent

variables in X5.

7.3 D; = (0,0,..,1,0,..,0) where all the elements of this nx1 vector are zeroes
except for the i-th element which takes the value 1. In this case, Pp, =
D; (D{Di)_l D{ = DiD{ which is a matrix of zeroes except for the i-th diagonal
element which takes the value 1. Hence, I, — Pp, is an identity matrix except
for the i-th diagonal element which takes the value zero. Therefore, (I, — Pp,)y
returns the vector y except for the i-th element which is zero. Using the FWL

Theorem, the OLS regression
y=XB+Djy +u

yields the same estimates as (I, — Pp,)y = (In — Pp,)XP + (I, — Pp,)u which
can be rewritten as § = Xp 4+ @ with § = (I, — Pp)y, X = (I, — Pp)X.
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The OLS normal equations yield (X'X)Bos = X'y and the i-th OLS normal
equation can be ignored since it gives 0/ 6015 = 0. Ignoring the i-th observation
equation yields (X*X*)Bos = X*y* where X* is the matrix X without the
i-th observation and y* is the vector y without the i-th observation. The FWL
Theorem also states that the residuals from § on X are the same as those from
y on X and Dj. For the i-th observation, y; = 0 and X; = 0. Hence the i-th
residual must be zero. This also means that the i-th residual in the original
regression with the dummy variable D; is zero, i.e., y; — xiﬁols — Yo1s = 0.

Rearranging terms, we get Yois = Vi — Xi/éols- In other words, Vs is the fore-
casted OLS residual for the i-th observation from the regression of y* on X*.
The i-th observation was excluded from the estimation of éols by the inclusion

of the dummy variable D;.

7.5 Ifu ~ N(0,021,) then (n — K)s?/0? ~ x2_. In this case,

7.6 a. Using the results in problem 7.4, we know that 52

a. E[(n — K)s?/0%] = E(x2_x) = n — K since the expected value of a x?

random variable with (n — K) degrees of freedom is (n — K). Hence,

[(n—K)/0?] E(s®) = (n —K) or E(s*) = o™

b. var[(n — K)s?/0?] = var(x2_g) = 2(n— K) since the variance of a 2

random variable with (n — K) degrees of freedom is 2(n — K). Hence,
[(n — K)2/04] var(s?) = 2(n — K) or var(s®) = 26*/(n — K).

=c¢’e/n = (n—K)s?/n.

mle

Hence,
E (6;16) = (n—K) E(s*)/n = (n — K)o?/n.

This means that 62, is biased for 62, but asymptotically unbiased. The bias

is equal to —Ko?/n which goes to zero as n — oo.
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b. var (62,.) = (n—K)? var(s?)/n* = (n—K)?20*/n*(n—K) = 2(n—K)o*/n?

mle

and
MSE (62,.) = Bias® (6%) + var (62,.) = K’6*/n’ + 2(n — K)o*/n?
= (K? +2n—2K) o*/n%
¢. Similarly, 52 = ¢’e/r = (n — K)s?/r with E(6?) = (n — K)o?/r and
var(?) = (n — K)? var(s?) /r* = (n — K)?26*/r*(n — K) = 2(n — K)o*/1?
MSE(6?) = Bias?(6%) + var(5?) = (n — K —r)%6* /1> + 2(n — K)o* /1.

Minimizing MSE(G?) with respect to r yields the first-order condition

dMSE (62) _ 2(m—-K- ro*? —2r(n — K —r)%c*  4r(n — K)o*
or N r rt

=0

which yields

m—K—-nr+m—-K—-1?+20—-K)=0

m—K-r)r+n—K-1r)+2n0—-K)=0

m—K)n—-K-r+2)=0

since n > K, this is zero for r = n — K 4 2. Hence, the Minimum MSE is

obtained at 2 = ¢’e/(n — K + 2) with

MSE (57) = 40*/(n—K +2)* + 2(n —K)o*/(n — K + 2)*
=20'n—K+2)/(n—K+2)?>=20*/(n—K +2).

Note that s> = ¢’e/(n — K) with MSE(s?) = var(s?) = 20*/(n — K) >

MSE (62).

Also, it can be easily verified that MSE (Géﬂc) = (K? — 2K + 2n)o*/n? >

MSE (67) for 2 < K < n, with the equality holding for K = 2.
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7.7 Computing Forecasts and Forecast Standard Errors Using a Regression

Package. This is based on Salkever (1976). From (7.23) one gets

X — X X [|X 0 _ XX+XX, X,
0 Iy, || Xo Ir, Xo I,

and
X/y + XZ)YO

Yo
a. The OLS normal equations yield

X*/X* |:?ols:| — X*/y*

X*/y* —

Yols
or (X/X)Bols + (XQXO) Bols + X:ﬂ?ols = X/y + ngo
and XOBOIS + '9015 = Yo

From the second equation, it is obvious that Y15 = yo — X, éols. Substituting

this in the first equation yields
(X/X)Bols + (ngo)ﬁols + XQYO - Xi,Xoﬁols = X/y + XQYO

which upon cancellations gives Bos = (X'X)"1X'y.

. . X
Alternatively, one could apply the FWL Theorem using X; = |:X :| and

0 .
X5 = |:I :| In this case, X,X> = I, and
To

-1 0 O
Px, = Xp (X5X2)  X) =XoX) = [ 0 I ]

This means that

_ I, O
PXz = In+T0 - PXz = |:(;1 0] .

Premultiplying (7.23) by Px, is equivalent to omitting the last T, obser-
vations. The resulting regression is that of y on X which yields éols =
(X’X)"!'X'y as obtained above. Also, premultiplying by Px,, the last T,

observations yield zero residuals because the observations on both the
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dependent and independent variables are zero. For this to be true in the
original regression, we must have y, — Xofois — Vois = 0. This means that

Jols = Yo — XoPols as required.
b. The OLS residuals of (7.23) yield the usual least squares residuals
Cols =Y — Xéols

for the first n observations and zero residuals for the next T, observations.
This means that e*’ = (e, 0') and e*'¢* = ¢/, eois With the same residual
sum of squares. The number of observations in (7.23) is n+ T, and the num-
ber of parameters estimated is K+ T,. Hence the new degrees of freedom in
(7.23)is (n+T,) — (K+T,) = (n—K) = the old degrees of freedom in the
regression of y on X. Hence, s*? = e*¥e*/(n — K) = ¢/ eqi/(n — K) = 5.
c. Using partitioned inverse formulas on (X*' X*) one gets
N
—Xo(X'X) I, + Xo(X'X) ™' X{
This uses the fact that the inverse of

A A . - B —B1ARAS
A:[ 11 12] is A~ = Bu 3 3114124y 3
21 A22 —A221A21B11 A221 + A221A21B11A12A221

where By = (A — A12A2_21A21)_1. Hence, s*2>(X*X*)™! = 2(X¥X*)~!
and is given by (7.25).
d. If we replace y, by 0 and I, by —It, in (7.23), we get

bl B

X X X 0
* = X*§ * N X*¥X* = ° =
ory 4+ u oW |:0 _IT0:| |:Xo —IT0:|

o

XX+XX, X X .
|: +X ° I °:| and X*'y* = |: Oy]' The OLS normal equations
<o T,

yleld (X/X)éols + (ngo)éols - X:)'Qols = X/y and - Xoéols + '9015 =0.
From the second equation, it immediately follows that Y, = XO[:}OIS =

Vo the forecast of the T, observations using the estimates from the first n
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observations. Substituting this in the first equation yields
(X'X)Bots + (XeXo) Bots — X, Xoars = X'y
which gives Bos = (X'X)™1X'y.

. . X
Alternatively, one could apply the FWL Theorem using X; = |:X :| and

0 . 0 0
X, = . In this case, XX, = Ir, and Px, = XoX} = as
_ITO 0 ITO

. = I, O
before. This means that Px, = 41, — Px, = |:8 O]'

As in part (a), premultiplying by Px, omits the last T, observations and
yields Bo]s based on the regression of y on X from the first n observations
only. The last T, observations yield zero residuals because the dependent
and independent variables for these T, observations have zero values. For
this to be true in the original regression, it must be true that 0 — Xoéols +
Vo1s = 0 which yields y,s = Xoéols = 9, as expected. The residuals are still
(e;ls, 0’ ) and s*? = s? for the same reasons given in part (b). Also, using

partitioned inverse as in part (c) above, we get

(X*/X*)—l _ (X/X)_l (X/X)_IX:)

Xo(X'X)™! I, 4+ Xo(X'X)"'X |
Hence, s*?(X*X*)~! = $2(X*X*)~! and the diagonal elements are as
given in (7.25).

cov(Bois» €) = E(Bois —B)e’ = E[(X'X) ' X'uu'Px] = 02(X'X)"'X'Px = 0
where the second equality uses the fact that e = Px u and 6015 =
B + (X’X)"'X'u. The third equality uses the fact that E(uu’) = o?I, and
the last equality uses the fact that PxX = 0. But ¢ ~ N(0,02?Px) and
[:3015 ~ N(B,0%(X’'X)™"), therefore zero covariance and normality imply

independence of 6015 and e.

. Bots — B = (X’X)"'X'u is linear in u, and (n — K)s? = ¢’e = u'Px u is

quadratic in u. A linear and quadratic forms in normal random variables
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7.9 a.

7.10 a.

u ~ N(0,071,) are independent if (X'X)~'X'Px = 0, see Graybill (1961),
Theorem 4.17. This is true since PxX = 0.
Replacing R by ¢’ in (7.29) one gets (C’Bols — C’B)/[c’(X/X)_lc]‘l (c/éols -

¢’B) /0. Since ¢/(X'X) !¢ is a scalar, this can be rewritten as
(C/éols - C’B)z/czc’(X’X)_lc

which is exactly the square of zys in (7.26). Since zy,s ~ N(0, 1) under the

null hypothesis, its square is x% under the null hypothesis.

. Dividing the statistic given in part (a) by (n — K)s?/0? ~ y2_ divided by

its degrees of freedom (n-K) results in replacing o2 by s?, i.e.,

(C/éols - C/B)z/szc/(X/X)_lc.

This is the square of the t-statistic given in (7.27). But, the numerator is
ngs ~ %2 and the denominatoris 2_ /(n—K). Hence, if the numerator and
denominator are independent, the resulting statistic is distributed as F(1,n-

K) under the null hypothesis.
The quadratic form u’Au/o? in (7.30) has

A =XXX) 'R [RXX)'R] REX'X) X
This is symmetric, and idempotent since
A% = X(X'X) TR [RXX)T'R] REXX) XX (X'X) ™!
R [R(X'X)™'R] ™ RXX) X/
= X(X'X)"'R [R(X’X)“R/]‘1 RX'X)"'X' =A
and rank (A) = tr(A) = tr (R(X’X)‘l (X'X)(X'X)"'R’ [R(X’X)_IR’]_I)

= tr(Ig) = g since R is gxK.

. From lemma 1, w'Au/c? ~ Xé since A is symmetric and idempotent of rank

g and u ~ N(O, 021,).
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7.11 a. The two quadratic forms s> = u'Pxu/(n — K) and u’Au/o? given in (7.30)

are independent if and only if PxA = 0, see Graybill (1961), Theorem 4.10.

This is true since PxX = 0.

. (n = K)s*/o? is xj_g and u'Au/o® ~ x? and both quadratic forms are

independent of each other. Hence, dividing Xé by g we get w'Au/go?. Also,
%2_x by (n-K) we get s?/02. Dividing u’Au/go? by s?/02 we get u'Au/gs’
which is another way of writing (7.31). This is distributed as F(g,n-K) under

the null hypothesis.

7.12 Restricted Least Squares

a. From (7.36), taking expected value we get

E(érls) = E(éols) + (X/X)_IR/ [R(X/X)_lR/]_l (r'RE(Bols))
=B+ (XX) 'R [RXX)'R] ™" (-Rp)

since E (ﬁols) = B. It is clear that ﬁrls is in general biased for f unless

r = Rp is satisfied, in which case the second term above is zero.

. Var(ﬁrls) = E[érls - E(Brls)] [Grls - E(Grls)]/

But from (7.36) and part (a), we have

~ ~ ~ _ _ _1 ~

Bis — E(Bus) = (Bois — B) + (X'X) 'R [RCXX)T'R']™ R(B — Bois)

using éols —B = (X’X)" X"y, one gets éﬂs - E(érls) = A(X'X)"'X'u where
A = Ixk—X'X)"'R[R(X’X)"'R/]7'R. It is obvious that A is not symmetric,
i.e., A # A’. However, A2 = A, since

'R—XX) 'R [RX'X)'R] 'R

A’ =Tk —- XX) 'R [RXX)'R]
+ (XX) TR [REXX)TR] T REXX) TR [RXX) 'R TR

= Ik — (XX) 'R [RX'X)'R] 'R = A.
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Therefore,
var (érls) = E[AX'X) T Xu'X(X'X)'A'] = 0’ A(X'X) A’
= o (XX = XX)7'R [REXX)R] T RXX)™!
— (XX R [RK'X) TR RXX) ™!
+ (XX R [RX'X)R] T RXX) TR
[RX'X)™'R]™ RX'X)™!
= o (XX = XX 'R [RXX)R] T REXX) ™|
c. Using part (b) and the fact that var (éols) = 02(X’ X)~! gives var (éols) —
var (Brls) = o?(X'X)"'R'RX'X)"'R7'R(X’X)~! and this is positive
semi-definite, since R(X'X) 'R’ is positive definite.
7.13 The Chow Test

a. OLS on (7.47) yields
. -
Bros| _ XXy 0 Xiyi
B2,o0ls 0 XX X5y2

_ [(Xaxo” 0 } (Xayl) _ ((Xaxl)‘lxayl)
0 (xgxe) | \Xay2) T \(X5X2) T Xpye
which is OLS on each equation in (7.46) separately.

b. The vector of OLS residuals for (7.47) can be written as ¢’ = (¢/, ¢}) where
el =y — Xlﬁl,ols and e, =y, — Xzéz,ols are the vectors of OLS residuals
from the two equations in (7.46) separately. Hence, the residual sum of
squares = ¢’e = eje; + eye; = sum of the residual sum of squares from
running y; on Xj fori =1, 2.

c. From (7.47), one can write

(- [
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This has the same OLS fitted values and OLS residuals as il =
2
X] 0 U X1 X1 0 .
h = . This foll
|:X2:| Y1+ |:X2:| Y2 + (uz) where |:X2:| |:0:| + |:X2:| is follows
. X 0 I 0 1 0
from problem 7.1 with X = Ol X, and C = IE I = [ | 1] ®Ix
1 I
where C is non-singular since c!'= 0 RIg = k0 . Hence,
-1 1 —Ix Ik

the X matrix in (7.47) is related to that in (7.49) as follows:

X 0] _ X3 O C

X, X |0 X
and the coefficients are therefore related as follows:

Vi) _ o Bry _| Ik O (Bt} _ B

Y2 B2 —Ix Ik | \B2 B2 — B
as required in (7.49). Hence, (7.49) yields the same URSS as (7.47). The
RRSS sets (B2 — 1) = 0 which yields the same regression as (7.48).

The FWL Theorem states that 62,015 from ﬁxly = FXIXZBQ + Fxlu will be
identical to the estimate of f, obtained from Eq. (7.8). Also, the residuals
from both regressions will be identical. This means that the RSS from (7.8)
given by y'Pxy = y'y —y'Pxy is identical to that from the above regression.

The latter is similarly obtained as
B B. B Y -5 B
¥y Px,y —yPx,Px, X5 (XZPX1X2) XoPx, Px,y
— — — 1, =
=yPx,y —y'Px, X2 (X;PXIXZ) X5Px,y
For testing H,; B2 = 0, the RRSS = y'P,y and the URSS is given in part
(a). Hence, the numerator of the Chow F-statistics given in (7.45) is given
by

— — -1 —
(RRSS-URSS)/ k2 = y/PX1X2 (X/ZPXIXZ) Xlszly/kz
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Substituting y = X8 + u under the null hypothesis, yields
— — [ . —
u'Px, Xa (X/ZPXIX2) X5Px,u/k; since Px, X; = 0.

¢. Let v = X,Px,u. Given that u ~ N (0,07I,), then v is Normal with mean
zero and var(v) = X’zl_’xlvar(u)ﬁxle = UZX’Zﬁxle since Py, is idempo-
tent. Hence, v ~ N(O, OZX/ZI_’XIXZ). Therefore, the numerator of the
Chow F-statistic given in part (b) when divided by o? can be written
as V/[var(v)]"'v/k,. This is distributed as xﬁz divided by its degrees
of freedom k, under the null hypothesis. In fact, from part (b), A =
Px, Xa (X’21_3x1 Xz)_1 X/Zl_’x1 is symmetric and idempotent and of rank equal
to its trace equal to k,. Hence, by lemma 1, u’Au/o? is xﬁz under the null
hypothesis.

d. The numerator u’Au/k, is independent of the denominator (n — k)s?/(n —
k) = uPxu/(n—k) provided PxA = 0 as seen in problem 7.11. This is true
because PxPx, = Px (I, — Px,) = Px — PxX| (X’lxl)_1 X, = Px since
PxX; = 0. Hence,

— — — — —1 — — — —1 —
PxA = PxPx, Xs (XjPx, Xa) XoPx, = PxXs (X4Px,X2) X5Px, = 0

since PxX, = 0. Recall, PxX = Px[X|, X,] = [PxX), PxXz] = 0.

e. The Wald statistic for Hy; B, = 0 given in (7.41) boils down to replacing
R by [0, Ii,] and r by 0. Also, émle by 6015 from the unrestricted model given
in (7.8) and o2 is replaced by its estimate s> = URSS/(n — k) to make
the Wald statistic feasible. This yields W = [:B’Z[R(X’ X)~'R'|7B,/s%. From
problem 7.2, we showed that the partitioned inverse of X'X yields By, =
(X’2§X1X2)_1 for its second diagonal (kaxk,) block. Hence,

0

R(X'X)™'R = [0, Tj,] X'X) ™! [I
k

} =By = (X,Px, X2) .

2

Also, from problem 7.2, 62,015 = (X’zﬁxle)_lX’zﬁxly = (X’213>(1X2)_l

X, Py, u after substituting y = X;B; + u under the null hypothesis and using
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Px,X; = 0. Hence,

— — —1 — — —1 —
s*W = u'Px, X» (X5Px, X2)  (X5Px, X2) (X5Px, Xa2)  X5Px,u

— — —1 —

=uPx, Xz (X4Px, X2)  XjPxu

which is exactly k, times the expression in part (b), i.e., the numerator of
the Chow F-statistic.

f. The restricted MLE of B is ( lrlS,O’) since B, = 0 under the null
hypothesis. Hence the score form of the LM test given in (7.44) yields

A~ / ~
(v=XiBia) XXX (y = XiPras) /o2
In order to make this feasible, we replace 0% by §2 = RRSS/(n — k)
where RRSS is the restricted residual sum of squares from running y on
X;. But this expression is exactly the regression sum of squares from run-

ning (y — X161,rls) /5§ on the matrix X. In order to see this, the regression sum

of squares of y on X is usually y'Pyy. Here, y is replaced by (y —X; é],rls) /8.

7.5 Iterative Estimation in Partitioned Regression Models. This is based on

Baltagi (1996).

a. The least squares residuals of y on X, are given by Fxly, where ﬁxl =
[—Px, and Px, = X, (X’le)_l X/ . Regressing these residuals on x; yields
b(l) = (x’zxz)_1 x4Py,y. Substituting for y from (7.8) and using Px, X; = 0
yields b(l) (xzxz)_1 x4Px, (x2B2 + u) with

- 1
E (b(zl)) = (xbx2)  XpPx;xoB2 = B2 — (X3%2)  x4Px,x2B2 = (1 —a)B,

where a = (x’szlxz) / (x’zxz) is a scalar, with 0 < a < 1. a # 1 as long as

X, is linearly independent of X;. Therefore, the bias ( b ) = —af,.
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b. b{? = (X{X1) 7 X (v = xb{”) = (X{X1) 7' X{ (1- P.Px,) y and
b;z) = (’(/2"2)_1 X) (y - le(ll)) = (’(/2"2)_1 x; [I=Px, (I=Pg,Px )]y
= (x/zxz)_l x5 [Px, + Px,Px,Px, ]y = (1 + a)bél).
Similarly,
b = (XX1) 7' X] (v —xb8) = (XiX1) " X (v (1 + a)xabd”)
b(23) = (xbx2) "X (y le(z))
= (x/zxz)_l x5 [y — Py, (y -1+ a)xzb(zl))]
= b + (1 +2) (%x2) " XoPx,xabY = (1 + 2+ a)bl".
By induction, one can infer that
b0+1) (1+a+a’+.. —i—aJ)b() for j=0,1,2,.
Therefore,
E (bg“’) =(+a+a’+.+a)E (b(z”)
=(l4+a+a’+.+a)1—ap,=10—-aTHp,

and the bias (b(ZjH)) = —alT!B, tends to zero as j — oo, since |a| < 1.
c. Using the Frisch—Waugh—Lovell Theorem, least squares on the original

model yields
A~ p— _1 p— i p—
B = (4Pxxe) ' X4Px,y = (e — X3Py x2) ' X3P,y
_ -1 ;=
= (-2~ () Pxy =0y /(1-a)

Asj—>oo,11mb§+”=(2 ) by =by"/(1—a) = .
i

0

7.16 Maddala (1992, pp. 120-127).

a. For Hy; B = 0, the RRSS is based on a regression of y; on a constant. This
yields & = y and the RRSS = Z(y1 $)? = usual TSS. The URSS is the

i=1
usual least squares residual sum of squares based on estimating o and . The
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log-likelihood in this case is given by
n n J—
logL(a,p,0%) = —>log2 — ~logo® = —— g(yi — o — pXi)?

with the unrestricted MLE of o and B yielding Gois = 7 — éolsi and

Bots = Z (Xi — X) yi/i (Xi—X)’

and Gélc = URSS/n. In this case, the unrestricted log-likelihood yields

URSS

A n . n n ~
logL (amlc, Brtes Glilc) = —5log2 —logdy. — (2URSS/n)

2 2
n n n

=——log2 — — — —log(URSS/n).
5 log 3 2og( /n)

Similarly, the restricted MLE yields G;me = ¥ and Brmlc = 0and
n
Se = RRSS/n =" (yi —¥)* /n.
i=1
The restricted log-likelihood yields

RRSS

A n . n n A~
logL (otrmlc, Brmle Orztnlc) =73 log2 — 3 logday. - (2RRSS/n)

2
n n n
=——1log2 — - — —log(RR .
5 log 773 0g(RRSS/n)
Hence, the LR test is given by
LR = n(log RRSS-logURSS) = n log(RRSS/URSS)
= nlog(TSS/RSS) = n log(1/1 —r?)
where TSS and RSS are the total and residual sum of squares from the unre-
stricted regression. By definition R> = 1 — (RSS/TSS) and for the simple

regression ryy, = R? of that regression, see Chap. 3.

. The Wald statistic for Hy; p = 0 is based upon r (Bmlc) = (Bmlc -0

and R(émle) = 1 and from (7.40), we get W = P2 _/var (émle) =
B2 /var(Bos).
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This is the square of the usual t-statistic for p = 0 with 62, used instead of

s? in estimating o2. Using the results in Chap. 3, we get

n 2 n 2 n 2
() /(E%) _(5)
i= i _ \i=
mlc/ (Z Xj ) 61%110 ; Xiz
with 62,, = URSS/n = TSS(1 — R?)/n from the definition of R?. Hence,

n 2
(E)

W: =

(i yﬁ) (Z xﬂ) 1-ry '°F
i=1 i=1

using the definition of 1%, = r* = R? for the simple regression.

n
c. The LM statistic given in (7.43) is based upon LM = Bols /621 (Z xl).
i=1

W=

This is the t-statistic on p =0 using 6> mie as an estimate for o2. In this

n 2 n
case, 62, =RRSS/n= Z yi?/n. Hence, LM = n(Z xiyi) /Z yi2
i=1 i

i=1 i=1
Z xi> =nr? from the definition of 1%y = r2.
d. i\?olte that from part (b), we get W/n = 12/(1 —r?) and 1 + (W/n) =
1/(1 — r?). Hence, from part (a), we have (LR/n) = log(1/1 —1?) =
log[1 + (W/n)].

From part (c), we get (LM/n) = (W/n)/[1 + (W/n)]. Using the inequality
x > log(l 4+ x) > x/(1 + x) withx = W/nwe get W > LR > LM.

e. From Chap. 3, R? of the regression of logC on logP is 0.2913 and n = 46.
Hence, W = nr?/1 — % = (46)(0.2913)/(0.7087) = 18.91,

LM = nr? = (46)(0.2913) = 13.399

and LR = nlog(1/1 —1?) = 46 log(1/0.7087) = 46 log(1.4110342) =
15.838. It is clear that W > LR > LM in this case.
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7.17 Engle (1984, pp. 785-786).

a. For the Bernoulli random variable y; with probability of success 6, the
log-likelihood function is given by logL(6) = XT:[yt logh + (1 — yy)
log(1 — 0)]. .

The score is given by

T T
S(6) = dlogL(6)/00 = > "y, /60— (1 —y)/(1—6)

t=1 t=1

T T T
:|: yt—GZyt—GT-FeZYt]/e(l—e)
1 t=1 t=1

-

|
Wk

(ve = 6)/6(1 - 6)

t=1

R T
The MLE is given by setting S(8) = 0 giving Oe = >_ y¢/T=7.

t=1
T
Now 92 logL(0)/96 = [—TG(I -0 —=> (vi—0)(1 - 29)i| /02(1 — 0)2.
t=1
Therefore, the information matrix is

92 log L(0)

1(6) = —E[ 2

T
| = (-0 +a-203 0y -)/
t=1
02(1 — 0) = T/0(1 — 0).

b. For testing Hy; 0 = 6, versus Hp; 6 # 6,, the Wald statistic given in (7.40)

A

has 1(0) = 0 — 6, and R(9) = 1 withI~! (Gmle) = Qe (1 — émle)/T. Hence,

A 2 /. A
W=T (emlc - eo) /emlc (1 - emlc) = T(y_ 90)2/y(1 _y)
The LM statistic given in (7.42) has S(6,) = T(Yy — 0,)/0,(1 — 6,) and
I71(6,) = 0,(1 —6,)/T. Hence,

_ TZ(y_eo)Z . e0(1 _90) _ T(y_eo)2
T [06(1 — 0,)] T  6(1—6)
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The unrestricted log-likelihood is given by

~

T
togLL (B ) = log L) = 3 lylog + (1 =) og(1 =)
= Tylogy + T(1 =) log(1 —=¥).

The restricted log-likelihood is given by

T
logL(6,) = > [yclog 6, + (1 —yo) log(1 —6,)]
=1
= Tylog6, + T(1 —y) log(1 —6,).
Hence, the likelihood ratio test gives
LR = 2Ty(logy — logf,) + 2T(1 —y) [log(1 — ) — log(1 — 6,)]
= 2Tylog(y/6,) + 2T(1 =) log[(1 —¥)/(1 = 60)].

All three statistics have a limiting x? distribution under H,. Each statistic
will reject when (¥ — 0,)? is large. Hence, for finite sample exact results one

can refer to the binomial distribution and compute exact critical values.
7.18 For the regression model
y=XB4+u with u~ N(0,0’Ir).
a. L(B,0%) = (1/2 o) exp {~(y — XB)'(y — XB)/20}
logL = —(T/2)(log2 + loga?) — (y — XB)'(y — XB)/20°
dlogL/0p = —(—2X'y + 2X'XB)/20> = 0
50 that fe = (X'X)™'Xy and 9 log L/d0? = —T/202 + #'4/20* = 0.
Hence, 62, = 0'0/T (where i = y — XBute).

b. The score for B is S(B) = dlog L(B)/9p = (X'y — X'XB)/0>.

The Information matrix is given by

X'X X'y —X'XB
8% logL _ - -
- X

2y — - - 2 :
I(B,0") = —E [8(6302)8(67 02y 'y iyX’XB T - >cé6)/()’ —XB)

ot 204 o
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since E(X'y — X'XB) = X’E(y — XB) = 0 and E(y — XB)'(y — XB) = To?

X'x
1(,0% = [g ?]

20%
which is block-diagonal and also given in (7.19).
c. The Wald statistic given in (7.41) needs

r() = p1 — B
R(B):[Ikl’o]
-1
w = (£ —8!) [(Ikl,maz(x’xrl (I(‘;l)} (B —87)
with
-1
oo | XX XiXa| |a b

XX = [Xixl XiX2:| - |:c d]
and

a= (ngl — XX, (X,Xa) " X;XI)_1
= [X1 [1= %2 (%) ' X5 Xl]_l = [X[Poxi]™
by partitioned inverse. Therefore,
~\/ _ ~ R
W= (5(1) - 51) [X1Px,Xi ] (B? - Bl) /02

as required. For the LR statistic LR = —2 (log L} — logL¥) where L is the

restricted likelihood and L;; is the unrestricted likelihood.

T T T RR
LR=-2|(-=—>1log2 — =log RRSS
2 2 2 T

T T T URSS
—|—=—=<log2 — —log|——
2 2 2 T

i
=T log(RRSS/URSS) = T log

ua

For the LM statistic, the score version is given in (7.42) as

LM =S(B)' 17" (B) s (B)
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where
~2 2 ’ R
55 (f) = T (Bz) [ XB)
58, () | | % (v—xP)
The restriction on B is (Bl = B(l)), but there are no restrictions on f,. Note

that Bg can be obtained from the regression of (y - X B?) on X,. This yields
= -1
Br = (X5X2) ™ X5 (y — XiBY).
Therefore,
58, (B2) = X5 (v — XB) = Xpy — X, XiB) — XX B
= Xay — XoXuB} — Xay + X5 XiB) = 0.
~\/ ~ ~
Hence, LM = S, (B) ' (B) S (B) where 1! (B) is obtained from the par-
titioned inverse of I='(B). Since S; (B) = X (y — XB) /62 = X|i/52
and I7'(B) = 52(X'X)~" with 1'! (B) =52 [X|Px,X1] " we get
. - 1 ymn

LM = X, [X|Px,Xi]  X}u/5°

AN N

d. W= (Br ) [XiPxXi] (B - B1) /67
A —15,17! A\ /a
= (#1-B) [ROXTR] (b1 -B) /67
N/ _ -1 .
= (r—RB) [REXX) 'R (r—RB) /62
i~ Arn 2\ -1 A
From (7.39) we know that 'i—0'0 = (r - RB) [RX'X)"'R'] (r - RB)
Also, 6% = 0'(i/T. Therefore, W = T(@'li — 0'0) /"{ as required.
- - .

LM = i'X; [X|Px,Xi]  X|i/5°
From (7.43) we know that LM = (r — RB)'[R(X’X)'R']"! (r — Rp)/5% and
62 = @1i/T. Using (7.39) we can rewrite this as LM = T (it — §'0) /0’

as required. Finally,

L
LR =T log (i/8d) = T log (1 n W) =T log(l + W/T).
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Also, W/LM = = 1+ W/T. Hence, LM = W/(1 + W/T) and
from (7.45)

@u—-u1) /k
wi/T—k
Using the inequality x > log(l + x) > x/(1 + x) with x = W/T we get
(W/T) = log(1 + W/T) = (W/T)/(1 + W/T) or (W/T) = (LR/T) =
(LM/T) or W > LR > LM. However, it is important to note that all the

(T-k/T)-W/k, = ~ Fpy -k

statistics are monotonic functions of the F-statistic and exact tests for each

would produce identical critical regions.

. For the cigarette consumption data given in Table 3.2 the following test

statistics were computed for Hy; = —1
Wald =1.16 >LR =1.15>LM = 1.13

and the SAS program that produces these results is given below.

. The Wald statistic for H)'; = —1 yields 1.16, for HS; B> = —1 yields 0.43

and for H§; B> = —1 yields 7.89. The SAS program that produces these

results is given below.
SAS PROGRAM

Data CIGARETT;
Input OBS STATE $ LNC LNP LNY;
Cards;

Proc IML; Use CIGARETT;
Read all into Temp;

N=NROW(TEMP); ONE=Repeat(1,N,1);
Y=Temp[,2]; X=ONE||Temp[,3]||Temp[,4];
BETA_U=INV(X *X)*X*yY;

R={010};

Ho=BETA_U[2,]+1;
BETA_R=BETA_U+INV(X *X)*R *INV(R*yINV(X *X)*R")*Ho;
ET_U=Y-X*BETA_U;
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ET_R=Y-X*BETA_R:
SIG_U=(ET_UET_U)N;

SIG_R=(ET_R*ET_R)N;

X1=X[,2];

X2=X[,1]/|X[,3];

Q_X2=I(N)-X2*INV(X2 *X2)"X2';
VAR_D=SIG_U*INV(X1"*Q_X2*X1):

WALD=Ho “*INV(VAR_D)*Ho;
LR=N*LOG(1+(WALD/N));

LM=(ET_R *X1*INV(X1*Q_X2*X1)*X1*ET_R)/SIG_R;

*WALD=N* (ET_R*ET_R-ET_UET_U)(ET_U"ET_U);
*LR=N*Log(ET_R *ET_R/(ET_U*ET_U));
*LM=N*(ET_R *ET_R-ET_U*ET_U)/(ET_R *ET_R);

PRINT ‘Chapter”7 Problem™8. (e)’,, WALD;
PRINT LR;
PRINT LM;

BETA=BETA_U[2,];
H1=BETA+1;
H2=BETA"5+1;
H3=BETA™(-5)+1;

VAR_D1=SIG_U*INV(X1 *Q_X2*X1);
VAR_D2=(5*BETA™4)*VAR_D1*(5*BETA*4);
VAR_D3=(-5"BETA*(-6))*VAR_D1*(-5*BETA*(-6));

WALD1=H1INV(VAR_D1)*H1;
WALD2=H2"*INV(VAR_D2)*H2;
WALD3=H3"“INV(VAR_D3)*H3;

PRINT ‘Chapter”7 Problem™8.(f)",, WALD1;
PRINT WALD2;
PRINT WALDS;
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7.19 Gregory and Veall (1985).

a. For H* : B; — 1/B, = 0, we have r*(B) = B1 — 1/B2 and B’ = (Bo, B1, B2)-
In this case, R*(B) = (0,1,1/p3) and the unrestricted MLE is OLS on
(7.50) with variance—covariance matrix V(Bois) = 62(X'X)~" where 62, =
URSS/n. Let vj denote the corresponding elements of \7(6015) fori,j =
0,1,2. Therefore,

wh = (Bi—1/82) [(0, L1/B3) ¥ (Bas) (0.1, 1/6%)'}_1 (B - 1/82)

A A 2 A A
= (BIBZ - 1) / (B% vii + 2vip + sz/Bg)
as required in (7.52). Similarly, for H®; ;> — 1 = 0, we have rB(B) =

BiB2 — 1.
In this case, RE(B) = (0, B2, B1) and

WP = (élBZ - 1) [(0, é%él) v (éols) (O, éz,él)/}_l (BIBZ - 1)
= (Bifo - 1)2 [ (B3vir + 2BiBa via + B va2)
as required in (7.53).
7.20 Gregory and Veall (1986).
a. From (7.51), we get W = I'(éols)/[R(BOIS)GZ(X/X)_lR(éols)/]_lr(é‘ols)- For
H”:B1p + B2 = 0, we have r(B) = B1p + B2 and R(B) = (B1, p, 1) where
B” = (p,B1.B2). Hence,
wh = (Blﬁ + Bz) [(61, P, 1) XX (Bl’ P, 1>/:|_l (61@ + éz)
Where the typical element of the matrix are [y, X, X(—]. For H®; B, +

(B2/p) = 0, we have r(B) = p; + (B2/p) and

R(P) = (—B—i, 1, l) . Hence,
p p
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wo = (B1 +B2/b) [(—% 1%) G2(X'X)™! (_% 1%) }

(61 + 62/@)-

For HS; p + (B2/B1) = 0, we have

-1

f®)=p+p/p1 and R = (1,_%, é)

Hence,

WE — (@ + 52/61) [(1,—2—;, é) F2X'X)! (1—5—%&) :|

b
+ 1.
(p B)

for HP, (B1p/B2) + 1 = 0, we have

-1

Bi o Blp).

r(B) = Bip/B2) + 1 and  R@P) = (Ea BB
P

Hence,

A A A A A —t
wP = ( Py 1) [(ﬁﬁ—ﬁlp) F2(X'X)"! (Eﬁ—@) ]

B2 Br B2 B3 B B B3

Bip

(62+1)’

b. Apply these four Wald statistics to the equation relating real per-capita con-

sumption to real per-capita disposable income in the U.S. over the post
World War II period 1959-2007. The SAS program that generated these

Wald statistics is given below
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SAS PROGRAM

Data CONSUMP;
Input YEAR Y C;
cards;

PROC IML; USE CONSUMP;
READ ALL VAR {Y C};

Yt=Y[2:NROW(Y)];
YLAG=Y[1:NROW(Y)-1];
Ct=C[2:NROW(C)];
CLAG=C[1:NROW(C)-1];
X=CLAG || Yt || YLAG;
BETA=INV(X *X)*X *Ct;
RHO=BETA[1];
BT1=BETA[2];
BT2=BETA[3];

Px=X*INV(X*X)*X;
Qx=I(NROW(X))-Px;
et_U=Qx*Ct;
SIG_U=5SQ(et_U)/NROW(X);

Ha=BT1*RHO+BT2;

Hb=BT1+BT2/RHO;

Hc=RHO+BT2/BT1;

Hd=BT1*RHO/BT2+1;

Ra=BT1 || RHO || {1};

Rb=(-BT2/RHO*2) || {1} || (1/RHO);

Re={1} || (-BT2/BT1*2) || (1/BT1);

Rd=(BT1/BT2) || (RHO/BT) || (-BT1*RHO/BT2**2);

VAR_a=Ra*SIG_U*INV(X™*X)*Ra’;
VAR_b=Rb*SIG_U*INV(X™*X)*Rb’;

Badi Baltagi
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VAR_c=Rc*SIG_U*INV(X*X)*Rc’;
VAR_d=Rd*SIG_U*INV(X*X)*Rd';

WALD_a=Ha*INV(VAR_a)*Ha;
WALD_b=Hb"*INV(VAR_b)*Hb;
WALD_c=Hc*INV(VAR_c)*Hc;
WALD_d=Hd"*INV(VAR_d)*Hd;

PRINT ‘Chapter"7 Problem20. (b)’,, WALD_a;
PRINT WALD_b;
PRINT WALD_c;
PRINT WALD _d;

7.21 Effect of Additional Regressors on R’. For the regression equationy = Xp + u
the OLS residuals are given by e = y — XBos = Pxy where Px = I, — Py,
and P, = X(X’X)™'X’ is the projection matrix. Therefore, the SSE for this
regression is e’e = y'Pxy. In particular, SSE; = y'Px,y, for X = X; and
SSE, = y'Pxy for X = (X, X,). Therefore,

SSE; —SSE, =y (Px, —Px)y =y (Px —Px,) y = YAy

where A = Px — Px,. This difference in the residual sums of squares is non-
negative for any vector y because y'Ay is positive semi-definite. The latter
result holds because A is symmetric and idempotent. In fact, A is the differ-
ence between two idempotent matrices that also satisfy the following property:

PXPX1 = PX1PX = le. HCIICC,
A® =P} —Px, —Px, + Py, =Px —Px, = A,

R2 = 1 - (SSE/TSS) where TSS is the total sum of squares to be explained
by the regression and this depends only on the y’s. TSS is fixed for both

regressions. Hence R3 > R?, since SSE; > SSE,.
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CHAPTER 8
Regression Diagnostics and Specification Tests

8.1

8.2

Since H = Py is idempotent, it is positive semi-definite with bHb > 0 for
any arbitrary vector b. Specifically, for b* = (1,0, ..,0) we get hy; > 0. Also,
H? = H. Hence,

hy = Zn:hljz >h?, >0.

j=1

From this inequality, we deduce that h%l —hy; < 0orthat hyj(h;; — 1) < 0.
But h;; > 0, hence 0 < hy; < 1. There is nothing particular about our choice
of hy;. The same proof holds for hy, or hs3 or in general h;;. Hence, 0 < h; <1
fori=1,2,..,n.

A Simple Regression With No Intercept. Consider
yi=xip+uyfori=1,2,.,n

a. H = P, = x(xx)7'x’ = xx//xx since x'x is a scalar. Therefore, h;; =

n
xlz/ > xi2 fori = 1,2,..,n. Note that the x;’s are not in deviation form as

i=1
in the case of a simple regression with an intercept. In this case tr(H) =

n
tr(Px) = tr(xx’)/x'x = tr(x'x)/x’x = x'x/x’x = 1. Hence, >_ h; = 1.

i=1

A oA x'x) " x;e; Xi€; Xi€;
b. From(8.13),6—6(i)= ( 1) b = ZZ 3
— Bj 2 _ .2 Xj
j; VR A
2 n
From (8.18), (n-2) s> = (n—l)sz—% = (@m-Ds?—e [ X x?/ X x|
1/2
AA Xi€i n
From (8.19), DFBETASiZ(B—B(i))/S(i) V (X/X)_l = Z 2 . (Z Xiz) /S(i).
] i=1
j#
AN A 4 hiie; e
c. From (8.21), DFFIT; = §; — yu = x{[B — Bs)] = = ;.
(1 —hy) jgixj
B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 185

in Business and Economics, DOI 10.1007/978-3-642-54548-1_8,
© Springer-Verlag Berlin Heidelberg 2015



186 Badi Baltagi

From (8.22),

1/2
hji )1/2 i X e
DFFITS; = = !
1 (1 —hi) sp/T—hi | 2%} )2
j#i S(@) ;XJZ/ 2:1 Xiz
J7F1 1=
n 1/2
Xi€i (Z Xlz)
i=1
SG) 2 X
j#i
AR 2NN 2
B —Baw) Z: X; va R
d. From (8.24), D?(s) = = Ll S i S =L from part (b).
()

N z X

From (8.25), D(s) = e—iz =
“{9
Z

e. det [XZi)X(U] = X;i)X(i) = ngz, while
j#i

n n n
det[X'X] =x'x = fo and (1—h;) = 1_(X12 Zl xlz) = gxf/; x2.
i=1 1= j#i 1=

The last term is the ratio of the two determinants. Rearranging terms, one

can easily verify (8.27). From (8.26),

n
) >
0 | i=1
COVRATIO; = —
! 2 2
$ Z X;
j#

A N2
8.3 From (8.17) s%i) = ﬁ > (yt - xt’B(i)) substituting (8.13), one gets
t#i

x{(X’X)_lxiei )2

1 N
2 _ _ I
S(i)_n—k—lg(yt xip + —h;

hi Ci 2
or (n—k— 1)s%i) = Z (et + 1 _th)
t#i "




Chapter 8: Regression Diagnostics and Specification Tests 187

8.4

where hy = x/(X’X)"!x;. Adding and subtracting the i-th term of this

summation, yields

n

hie: \2 hie: \2
2 1tv1 . %1

t=1

:Zn: o+ hie; 2_ ef
"1y (I —hy)?

which is the first equation in (8.18). The next two equations in (8.18) simply

expand this square and substitute Y ech;y = O and > hitz = h;; which follow
t=1 t=1

from the fact that He = 0 and H2 = H.

Obtaining ¢;* from an Augmented Regression

a. In order to get 6* from the augmented regression given in (8.5), one can
premultiply by Py, as described in (8.14) and perform OLS. The Frisch—
Waugh—Lovell Theorem guarantees that the resulting estimate of B* is the
same as that from (8.5). The effect of Py, is to wipe out the i-th observation
from the regression and hence 6* = 6(0 as required.

b. In order to get ¢ from (8.5), one can premultiply by P, and perform OLS
on the transformed equation Pyy = P,di¢ + P,u. The Frisch-Waugh—
Lovell Theorem guarantees that the resulting estimate of ¢ is the same
as that from (8.5). OLS yields ¢ = (d/Pyd) ' dy/P,y. Using the fact that
e = Py, die = ¢ and d;'P,d; = di'Hd; = h;; one gets § = e;/(1 — h;;) as
required.

c¢. The Frisch-Waugh—Lovell Theorem also states that the residuals from (8.5)
are the same as those obtained from (8.14). This means that the i-th obser-
vation residual is zero. This also gives us the fact that § = y; —x;’ B(i) = the
forecasted residual for the i-th observation, see below (8.14). Hence the
RSS from (8.5) = ) (yt . 6(1))2 since the i-th observation contributes
a zero residual. As tiﬁl(8.l7) and (8.18) and problem 8.3 one can substitute
(8.13) to get
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.2 R " (X'X =1 € 2 hices 2
o) = (s L) =3 (o)

tF£i t£i t£i
Using the same derivation as in the solution to problem 8.3, one gets

A N\2 n
> (yt . B(i)) = Y ¢ — = which is an alternative way of writ-
t#i t=1 !
ing (8.18).

Under Normality of the disturbances, u ~ N(0,0%1,), we get the stan-
dard t-statistic on ¢ as t = ¢/s.e.(9) ~ t,—x—; under the null hypothesis
that ¢ = 0. But ¢ = (di’?xdi)_ldgl_’xy = ¢+ (di’FXdi)_ld{?Xu with
E(¢) = ¢ and var(p) = o> (d{l_’xdi)_1 = 02/(1 — hy;). This is estimated by

1/2
var(p) = s%i)/(l —hy). Hence, t = §/s.e.(§) = G — =
1-— hii S(i)
N S e’ asin (8.3).

S(iyv/ 1 — hij

Applying OLS on this regression equation yields

A -1
B*Y XX 0 X'y
] | 0 DPD, D/P.y

using the fact that P,X = 0. Hence ﬁ* = X'X)" X'y = ﬁols and

N — N\l N
L Q* = (DLPXDP) D Py = (D;PXDP) Dpe = (D;,PXDP) e, since

e =PyandDje = ¢,

. The residuals are given by

A~ _ _ —1 _ _ —1
v = XPs = PuDy (DyPuDy) e = e~ PuDy (DPuDy)  Dje

so that the residuals sum of squares is

— _ _ -1 _ _ —1
¢'e + ¢ (D,PxDy) ' DDy (D;PiDy) ¢, — 2¢PD, (DR, ) e

_ -1
=c¢e— e; (D;PXDP) ep

since Pye = e and ¢’ D, = e;,. From the Frisch—-Waugh—Lovell Theorem,

(8.6) has the same residuals sum of squares as (8.6) premultiplied by P,

i.e., Pyy = PxD,¢* + P,u. This has also the same residuals sum of squares
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as the augmented regression in problem 8.5, since this also yields the above
regression when premultiplied by Py.

d. From (8.7), the denominator residual sum of squares is given in part (c).
The numerator residual sum of squares is ¢’e—the RSS obtained in part (c).
This yields e, (DI’E,I_JXDP)_l ep as required.

e. For problem 8.4, consider the augmented regression y = Xp* + Py dip + wu.
This has the same residual sum of squares by the Frisch—Waugh—Lovell

Theorem as the following regression:

P,y = P,d;¢ + P,u

This last regression also have the same residual sum of squares as
y=Xp* +di¢+u

Hence, using the first regression and the results in part (c) we get

Residual Sum of Squares = (Residual Sum of Squares with d; deleted)
—e/d; (d/Pydi) ' dle

when Dy, is replaced by d;. But d/e = ¢; and dfxdi = 1 —h;;, hence this last
term is e?/(1 — h;) which is exactly what we proved in problem 8.4, part
(c). The F-statistic for ¢ = 0, would be exactly the square of the t-statistic
in problem 8.4, part (d).

8.6 Let A = X’X and a = b = x;’. Using the updated formula

(A—ab)™ = A7+ A7l (1-bA'a) ' bA™!

-1
(XX —xix)) ™ = (XX) T+ (XX) i (1% (%) x) % (XX)
Note that X' = [x, .., X,] where x; is kxl, so that

n
X/X = ZXJ'XJ{ and XZi)X(i) = ZXJ'XJ{ = X/X — xle
j=1 j#i
Therefore,

-1 o X)) (xx)!
(Xzi)X(i)) = (XX) "+ 1 — hy
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n
where h;; = x/(X’X)~'x;. This verifies (8.12). Note that X'y = Y xjy; and
=1

XY = ZXij = X'y — xiyi.
j#i

-1
Therefore, post-multiplying (X;i)X(i)) by Xzi)y(i) we get

. = : S (0T B
Ba) = (Xfi)Xm) Xopyw =B — (XX) " xiyi + ———
XX) ™ xix (X'X) ™ xiyi
1 — hjj
and
A A (X'X) "' xix/p 1 —hj; + hj; -1
e ) (XX) x

XX x (y B X:B) X'X) " xiei
a 1 — hjj - 1-—hy
which verifies (8.13).

From (8.22),
hi \"? i hjje;
DFFITS; (0) = ( ) & _ i
1 — h; 0'\/1——hii o (1 —h;)
while from (8.25)
VKDi(0) = & (A)
o 1-— hii

which is identical.
det[X(Xe| = det[XX—xix]] = det[{L —xx(XX)"} XX]. Let
a = xjand b = x{(X’X)”'". Using det[Ix —ab’] = 1 — b/a one gets
det [I, — xix[(X'X) '] = 1 = x{(X’X)"'x; = 1 — h;;. Using det(AB) = det(A)
det(B), one gets det [X;i)xw] — (1 — hy) det(X'X) which verifies (8.27).

The cigarette data example given in Table 3.2.

a. Tables 8.1 and 8.2 were generated by SAS with PROC REG asking for all

the diagnostic options allowed by this procedure.
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b. For the New Hampshire (NH) observation number 27 in Table 8.2, the lever-
age hyy = 0.13081 which is larger than 2h = 2k/n = 0.13043. The
internally studentized residual exy is computed from (8.1) as follows:

- enH 0.15991
N /T —hn 0163431 —0.13081
The externally studentized residual e is computed from (8.3) as follows:

ENH 0.15991

= 1.0495

e = = = 1.0508
N s v/ T—han 0.1632354/T — 0.13081
where S%NH) is obtained from (8.2) as follows:
2 _ (n— k)s2 - eﬁl—[/(l — hne)
(NH) (m—k—1)
(46— 3)(0.16343)% — (0.15991)%/(1 — 0.13081)
N (46—-3—1)
1.14854 — 0.02941945
= 0 = 0.0266457

both éyyg and e?‘NH) are less than 2 in absolute value. From (8.13), the
change in the regression coefficients due to the omission of the NH obser-
vation is given by 6 — 6(NH) = (X’X)""xnmenn/ (1 — hap) where (X'X) ™!
is given in the empirical example and x{;; = (1,0.15852, 5.00319)
with exg = 0.15991 and hyy = 0.13081. This gives (B — Bamy) =
(—0.3174, —0.0834, 0.0709). In order to assess whether this change is large
or small, we compute DFBETAS given in (8.19). For the NH observation,

these are given by

Bl - 61 (NH) —0.3174
DFBETASNH, = : = = —0.34967
S(NH) /(X/X)l—ll 0.1632354/30.9298169
Similarly, DFBETASNu, = —0.2573 and DFBETASNu3; = 0.3608.

These are not larger than 2 in absolute value. However, DFBETASyu |
and DFBETASyy; are both larger than 2//n = 2/4/46 = 0.2949 in

absolute value.
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The change in the fit due to omission of the NH observation is given by

(8.21). In fact,

DFFITng = YN — YNb) = X&H[ﬁ - é(NH)]

—0.3174
— (1, 0.15952, 5.00319) | —0.0834 | = 0.02407.
0.0709
or simply
h 0.13081)(0.15991
DFFITyy — Then _ ) ) _ 0.02407.

l—hxg (1 —0.13081)
Scaling it by the variance of ) we get from (8.22)
hapt 1/2 .
DFFIT\g = | ———
N ((1 - hNH)) o

B ( 0.13081

1/2
B —— (1.0508) = 0.40764.
1—0.13081

This is not larger than the size adjusted cutoff of 2//k/n = 0.511. Cook’s

distance measure is given by (8.25) and for NH can be computed as follows:

D2 (9 Xy hnp (0.15991)? 0.13081
S) = —— =
NH ks> \ (1 — hyy)? 3(0.16343)2 ) \ (1 — 0.13081)2

= 0.05526

COVRATIO omitting the NH observation can be computed from (8.28) as

follows:

San )1 0.0266457° 1
(NH) :
COVRATIONy =
N ( ) ) 1 — hy ((0.16343)2) ((1—0.13081))

= 1.1422

which means that [COVRATIOng — 1| = 0.1422 is less than 3k/n =
0.1956. Finally, FVARATIO omitting the NH observation can be computed
from (8.29) as

StaH) 0.0266457

FVARATIONy = —
T2 —hwn) | (0.16343)2(1 — 0.13081)

= 1.14775
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c. Similarly, the same calculations can be obtained for the observations of the

states of AR, CT, NJ and UT.
d. Also, the states of NV, ME, NM and ND.

8.10 The Consumption—Income data given in Table 5.3.

The following Stata output runs the ols regression of C on Y and generates the influence

diagnostics one by one. In addition, it highlights the observations with the diagnostic

higher than the cut off value recommended in the text of the chapter.

.regcy

Source | SS df MS

Model | 141520409 1 14152809
Residual 9001347.76 47 191518.037
Tolal | 142420409 48 296704578
o | Coet  SWEm  t Psf
Uy | oroms 0113915 859 0000
_cons -1343.314 219.5614 -6.12 0.000
predcth hat

. predict e if e(sample), residual

. predict est1 if e(sample), rstandard
. predict est2 if e(sample), rstudent

. predict dfits, dfits

. predict covr, covratio

. predict cook if e(sample), cooksd

. predict dfbet, dfbeta(y)

. list e est1 est2 cook h dfits covr, divider

Number of obs = 49
F(1, 47) = 7389.28
Prob > F = 0.0000
R-squared = 0.9937
AdjR-squared = 0.9935
Root MSE = 43763
[95% Conf. Interval]
.9563111 1.002145
-1785.014 -901.6131
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635.4909
647.5295
520.9777
498.7493
517.4854

1.508036
1.536112
1.234602
1.179571
1.222239

1.529366

1.55933
1.241698
1.184622
1.228853

.0892458
.0917852
.0575692
.0495726
.0510749

0727745
.0721806
.0702329
.0665165

.064003

4284583
4349271
.3412708
3162213
.3213385

1.019567
1.015024
1.051163
1.053104
1.045562

351.0732
321.1447
321.9283

139.071
229.1068

.8263996
.7538875
.7540409
3251773
5347434

.8235661
.7503751
.7505296
.3220618
.5306408

.0208956
.0157461
.0144151
.0024888
.0061962

0576647
.0525012
.0482588
.0449572
.0415371

2037279
.1766337
.1690038
.0698759
.1104667

1.075873
1.075311
1.070507
1.08818
1.07598

273.736
17.04481
-110.857
7574701

-311.9394

6382437
.0396845

-.25773
.0017584

-.7226375

6341716
.0392607

-.2551538

.0017396

-.7189135

.0083841
.0000301
.0011682

4.95e-08

.0072596

.0395361
.0367645
.0339782
.0310562
0270514

.1286659
.0076702

-.047853

.0003114
-.1198744

1.068164
1.083723
1.077618
1.077411
1.049266

-289.1532
-310.0611

-148.776
-85.67493
-176.7102

-.6702327
-.7183715
-.3443774
-.1981783
-.4084195

-.6662558
-.7146223
-.3411247
-.1961407
-4047702

.006508

.0072371
.0015509
.0004859
.0019229

.0281591
0272825
0254884
0241443
.0225362

-1134104

-.119681

-.0551685
-.0308519
-.0614609

1.053764
1.049793
1.065856
1.067993
1.060452

-205.995
-428.808
-637.0542
-768.879
-458.3625

-4759794
-.9908097
-1.471591

-1.77582

-1.058388

-4720276
-.9906127
-1.490597
-1.818907
-1.059773

.0025513
.0110453
0237717

.034097

.0118348

.022026

.0220072
0214825
0211669
.0206929

-.0708388
-.1485998
-.2208608

-.267476

-.1540507

1.057196
1.023316
.9708202

.928207
1.015801

-929.7892
-688.1302
-579.1982

-317.75
-411.8743

-2.146842
-1.589254
-1.338157

-.734245

-.9525952

-2.23636

-1.616285
-1.349808
-.7305942
-.9516382

.0484752
0272016

.019947

.0061013
.0111001

.020602

.0210855
0217933
0221336
.0238806

-.3243518
-.2372122
-.2014737
-.1099165
-.1488479

.8671094
.9548985
.9874383
1.043229
1.028592

-439.981
-428.6367
-479.2094
-549.0905

-110.233

-1.01826

-.9923085
-1.109026
-1.271857
-.25653027

-1.018669
-.9921432
-1.111808
-1.280483
-.2527474

.0133716
.0130068
.0158363
.0222745
.0008897

0251442
.0257385
0251048
0268017
0265748

-.1635992
-.1612607
-1784142
-.2124977

-.041761

1.02415
1.027102
1.015522
1.000132
1.069479

66.3933
32.47656
100.64
122.4207

-103.4364

.1538773
.0753326
2336927
2847169

-.2414919

.1522699
.0745313
2313277
2819149

-.2390574

.0003404
.0000865
.0008919

.001456

.0012808

0279479
.0295681

.031631

.0346758
0420747

.0258193
.0130097
.0418084
.0634312
-.0501011

1.072884
1.075499
1.075547
1.077724
1.087101
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47
48
49

. list

26

. list

48
49

. list

26

. list year ¢ est2 dfbet h dfits if dfits> (2*sqrt(2/49))

339.5579
262.4189
395.0927
282.3303
402.1435

385.8501
799.5297
663.9663
642.6846

7941921
6163763
.9290681
.6658444
.9501951

9156712
1.898972
1.584488
1.539513

.7910236
6122634
.9276894
6618519
.9491935

.9140675
1.955164
1.611164
1.562965

.0150403
010752
025475

.0144581

.0312551

0329419
1449345
1138252

117268

1727454

.145664
.2253859
.1690281
2497567

.2562288
.5543262
4851599
4916666

0744023
.0831371
.0900456

26290
26835
27319

1.955164
1.611164
1.562965

4722213
4214261
4323753

4214261
4323753

2006
2007

26835
27319

1.611164
1.562965

.0831371
.0900456

.0455199
.0535693
.0557367
0612288
0647518
0728531
.0744023
.0831371
.0900456

1.064579
1.085279
1.065336
1.091159
1.073755

1.086167
.9614341
1.020218
1.034467
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1.
2.
47.
48.
49.

1.529366

1.55933
1.955164
1.611164
1.562965

-.3634503
-.3683456
4722213
4214261
4323753

. list year ¢ est2 dfbet h covr if abs(covr-1)>(3*(2/49))

26.

0727745
.0721806
.0744023
.0831371
.0900456
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4284583
4349271
.5543262
4851599
4916666

8.12 The Gasoline data used in Chap.10. The following SAS output gives the

diagnostics for two countries: Austria and Belgium.

a. AUSTRIA:

Obs

O ~NO O~ WM —

Dep Var
Y

41732
4.1010
4.0732
4.0595
4.0377
4.0340
4.0475
4.0529

4.0455
4.0464
4.0809
4.1067
4.1280
4.1994
4.0185
4.0290
3.9854
3.9317
3.9227

Predict
Value

4.1443
41121
4.0700
4.0661
4.0728
4.0756
4.0296
4.0298

4.0191
4.0583
4.1108
41378
4.0885
4.1258
4.0270
3.9799
4.0287
3.9125
3.9845

StdErr  Lower95%  Upper95%

Predict

0.026
0.021
0.016
0.014
0.012
0.013
0.014
0.016

0.019
0.015
0.016
0.022
0.015
0.022
0.017
0.016
0.017
0.024
0.019

Mean

4.0891
4.0680
4.0359
4.0362
4.0469
4.0480
3.9991
3.9947

3.9794
4.0267
4.0767
4.0909
4.0561
4.0796
3.9907
3.9449
3.9931
3.8606
3.9439

Mean

4.1996
4.1563
4.1041
4.0960
4.0987
4.1032
4.0601
4.0650

4.0587
4.0898
4.1450
4.1847
4.1210
41721
4.0632
4.0149
4.0642
3.9643
4.0250

Lower95%
Predict

4.0442
4.0176
3.9798
3.9774
3.9854
3.9877
3.9407
3.9392

3.9266
3.9690
4.0206
4.0420
3.9989
4.0303
3.9359
3.8893
3.9379
3.8141
3.8916

Upper95%
Predict

4.2445
4.2066
4.1602
4.1548
4.1603
4.1636
4.1185
4.1205

41115
4.1475
4.2011
4.2336
4.1782
4.2214
4.1180
4.0704
4.1195
4.0108
4.0773
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Obs Residual

1 0.0289

2 -0.0111

3 0.00316

4 -0.00661

5 -0.0351

6 -0.0417

7 0.0179

8 0.0231

9 0.0264

10 -0.0119

11 -0.0300

12 -0.0310

13 0.0395

14 0.0735

15 -0.00846

16 0.0492

17 -0.0433

18 0.0192

19 -0.0617
Hat Diag

Obs H

1 0.4377
2 0.2795
3 0.1665
4 0.1279
5 0.0959
6 0.1091
7 0.1331
8 0.1767
9 0.2254
10 0.1424
11 0.1669
12 0.3150
13 0.1508
14 0.3070
15 0.1884
16 0.1754
17 0.1810
18 0.3854
19 0.2357

Sum of Residuals

Std Err
Residual

Cov
Ratio

1.7954
1.7750
1.5779
1.4980
1.1418
1.0390
1.4246
1.4284
1.4500
1.4930
1.3061
1.4954
1.1134
0.3639
1.5990
0.9276
1.0595
1.9295
0.6501

0.029
0.033
0.036
0.037
0.037
0.037
0.036
0.036
0.034
0.036
0.036
0.032
0.036
0.033
0.035
0.036
0.035
0.031
0.034

Dffits

0.8666
-0.2022
0.0381
-0.0669
-0.3057
-0.3980
0.1876
0.2947
0.4075
-0.1295
-0.3710
-0.6470
0.4639
1.7819
-0.1117
0.6587
-0.5836
0.4845
-1.0918

0

Sum of Squared Residuals ~ 0.0230
Predicted Resid SS (Press)  0.0399

Student
Residual

0.983

-0.335

0.088

-0.180
-0.942
-1.126

0.491
0.649
0.766

-0.328
-0.838
-0.957

1.093
2.254

-0.239

1.381

-1.220

0.625

-1.802

**

*%

INTERCEP
Dfbetas

0.2112

-0.0321
-0.0095

0.0284
0.1381
0.2743

-0.1200
-0.2174
-0.2985

0.0812
0.0513
0.0762
0.0284
0.9050

-0.0945

0.3450

-0.4710

0.1093

-0.8004

-1-012

*

*%

Fhkk

**

X1
Dfbetas

0.4940
-0.0859
-0.0042

0.0188

0.0735

0.1728
-0.1390
-0.2359
-0.3416

0.0693
-0.0795
-0.1710

0.1127

1.3184
-0.0574
-0.0416
-0.2819
-0.2126
-0.2221

Cook’s
D

0.188
0.011
0.000
0.001
0.024
0.039
0.009
0.023
0.043
0.004
0.035
0.105
0.053
0.563
0.003
0.101
0.082
0.061
0.250

X2
Dfbetas

-0.0549
-0.0141
0.0134
-0.0202
-0.0382
0.0437
0.0742
0.0665
0.0910
0.0280
0.2901
0.5599
-0.3194
-1.3258
-0.0153
0.3722
-0.0069
0.3851
-0.4001
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Rstudent

0.9821
-0.3246
0.0853
-0.1746
-0.9387
-1.1370
0.4787
0.6360
0.7554
-0.3178
-0.8287
-0.9541
1.1008
2.6772
-0.2318
1.4281
-1.2415
0.6118
-1.9663

X3
Dfbetas

-0.5587
0.1009
0.0008

-0.0118

-0.0387

-0.1219
0.1286
0.2176
0.3220

-0.0607
0.1027
0.2111

-0.1143

-1.2772
0.0407
0.1521
0.1923
0.2859
0.0226
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b. BELGIUM:
Dep Var
Obs Y

1 4.1640

2 41244

3 4.0760

4 40013

5 3.9944

6 3.9515

7 3.8205

8  3.9069

9 3.8287

10  3.8546

11 3.8704

12 3.8722

13 3.9054

14 3.8960

15  3.8182

16  3.8778

17 3.8641

18 3.8543

19  3.8427
Obs  Residual
1 0.0329
2 0.0297
3 -0.00343
4 -0.0399
5 -0.0228
6 0.00302
7 -0.0618
8 0.00236
9 0.00445
10 0.00890
11 0.0188
12 0.0186
13 0.0440
14 0.00862
15 -0.0759
16 0.0305
17 -0.00074
18 0.00907

-0.00645

Predict
Value

4.1311
4.0947
4.0794
4.0412
4.0172
3.9485
3.8823
3.9045
3.8242
3.8457
3.8516
3.8537
3.8614
3.8874
3.8941
3.8472
3.8649
3.8452
3.8492

Std Err
Predict

0.019
0.017
0.015
0.013
0.012
0.015
0.017
0.012
0.019
0.014
0.011
0.011
0.014
0.013
0.016
0.013
0.016
0.014
0.028

Std Err
Residual

0.028
0.030
0.031
0.032
0.032
0.031
0.030
0.032
0.029
0.031
0.032
0.032
0.031
0.032
0.030
0.031
0.030
0.031
0.020

Lower95%
Mean

4.0907
4.0593
4.0471
4.0136
3.9924
3.9156
3.8458
3.8782
3.7842
3.8166
3.8273
3.8297
3.8305
3.8606
3.8592
3.8185
3.8310
3.8163
3.7897

Student
Residual

1.157
0.992
-0.112
-1.261
-0.710
0.099
-2.088
0.074
0.156
0.284
0.583
0.575
1.421
0.271
-2.525
0.972
-0.025
0.289
-0.326

Upper95%
Mean

4.1715
4.1301
41117
4.0688
4.0420
3.9814
3.9189
3.9309
3.8643
3.8748
3.8759
3.8776
3.8922
3.9142
3.9289
3.8760
3.8988
3.8742
3.9086

2-1-012

*k

Fkkk

Fkkkk

**

*

**

Lower95%
Predict

4.0477
4.0137
3.9997
3.9632
3.9402
3.8685
3.8008
3.8270
3.7410
3.7672
3.7747
3.7769
3.7822
3.8097
3.8133
3.7689
3.7845
3.7668
3.7551

Cook’s
D

0.148
0.076
0.001
0.067
0.016
0.001
0.366
0.000
0.003
0.004
0.011
0.010
0.110
0.003
0.472
0.043
0.000
0.004

0.053

Badi Baltagi

Upper95%
Predict

4.2144
4.1757
4.1591
4.1192
4.0942
4.0285
3.9639
3.9820
3.9074
3.9242
3.9284
3.9304
3.9405
3.9651
3.9749
3.9256
3.9453
3.9237
3.9433

Rstudent

1.1715
0.9911
-0.1080
-1.2890
-0.6973
0.0956
-2.3952
0.0715
0.1506
0.2748
0.5700
0.5620
1.4762
0.2624
-3.2161
0.9698
-0.0237
0.2798
-0.3160
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Hat Diag

Obs H
1 0.3070
2 0.2352
3 0.1959
4 0.1433
5 0.1158
6 0.2039
7 0.2516
8 0.1307
9 0.3019
10 0.1596
1 0.1110
12 0.1080
13 0.1792
14 0.1353
15 0.2284
16 0.1552
17 0.2158
18 0.1573
19 0.6649

Sum of Residuals

Cov
Ratio

1.3082
1.3138
1.6334
0.9822
1.3002
1.6509
0.4458
1.5138
1.8754
1.5347
1.3524
1.3513
0.9001
1.4943
0.1868
1.2027
1.6802
1.5292
3.8223

Sum of Squared Residuals
Predicted Resid SS (Press)

SAS PROGRAM

Data GASOLINE;

Input COUNTRY $ YEAR Y X1 X2 X3;

CARDS;

DATA AUSTRIA; SET GASOLINE;

IF COUNTRY="AUSTRIA’;

Proc reg data=AUSTRIA;

Model Y=X1 X2 X3/ influence p r cli clm;

RUN;

DATA BELGIUM; SET GASOLINE;

IF COUNTRY="BELGIUM’;%

Dffits

0.7797
0.5497

-0.0533
-0.5272
-0.2524

0.0484

-1.3888

0.0277
0.0990
0.1198
0.2014
0.1956
0.6897
0.1038

-1.7498

0.4157

-0.0124

0.1209

-0.4451

0
0.0175
0.0289

INTERCEP
Dfbetas

-0.0068
0.0273
0.0091
0.1909
0.0948

-0.0411
0.0166

-0.0028

-0.0335

-0.0551

-0.0807

-0.0788
0.5169
0.0707

-1.4346
0.3104

-0.0101
0.0564
0.1947

X1
Dfbetas

0.3518
0.2039
-0.0199
-0.0889
-0.0430
-0.0219
0.9139
-0.0169
-0.0873
-0.0959
-0.1254
-0.0905
0.0787
0.0596
-1.1919
0.1147
-0.0071
0.0499
-0.0442

X2
Dfbetas

0.0665
0.1169
0.0058
0.1344
0.0826
-0.0356
-0.6530
0.0093
0.0070
-0.0243
-0.0633
-0.0902
0.5245
0.0313
-0.7987
0.2246
-0.0057
0.0005
0.3807
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X3
Dfbetas

-0.4465
-0.2469
0.0296
0.2118
0.1029
0.0061
-1.0734
0.0186
0.0884
0.0886
0.1126
0.0721
0.1559
-0.0366
0.7277
0.0158
0.0035
-0.0308
0.1410
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Proc reg data=BELGIUM,;
Model Y=X1 X2 X3/ influence p r cli clm;
RUN;

8.13 Independence of Recursive Residual. This is based on Johnston (1984, p. 386).
a. Using the updating formula given in (8.11) with A = (X{Xt) anda = —-b =
X{y > We get
-1 -1
(XX + xep1x4) = (XiX)
-1 -1 -1 -
= (XX ™ e (1 X0 (XX) ™ X)X (X0X)
X , , , o .
ButXiy1 = | , hence X{, | Xi4+1 = X{X; + X¢+1X(, ;. Substituting this

Xit+1
expression we get

-1 -1
(XX xepixty; (XXo)
1+x,, (Xixt)_l Xi+1

-1 -1
(XiXen) = (XX) -
which is exactly (8.31).
A -1

b. BH—I = (Xi_HXt-H) X{-H Yt+l

. Y .
Replacing X | by (X}, x+1) and Yi4 by ( ' ) yields
Ye+1

A —1
Byt = (Xt Xew1) (X{Ye + Xer1yi41)
Replacing (X{ +1Xt+1)_1 by its expression in (8.31) we get

-1 A~
(X{Xt) X4 1X(4 1 Be
fit1

6t+1 = ét + (X:Xt)_l Xt+1Yt+1 —

(X{Xt)_l Xi+1X(4 | (Xixt)_l Xi4+1Yt+1
fir1

_l A
(XiX0)  xer1x(,4Be (ft+1 —fir1 +1
J’_
fit1

Bo—

—1
f ) (XiXe) Xep1yit1
1

B— (X;X‘)_l Xt (yt+1 - X{+1Bt) /Tt

where we used the fact that x[_, | (X{Xt)_l Xep1 = fo1 — 1.
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c. Using (8.30), wip1 = (yt+l —x/ +16t) /B where fip; = 1 +
X4 (X{Xt)_1 Xit1. Defining vy = /fip1 Wip1 we get vy = Y1 —
X{Hét = x[,,(B— Bo) + eyt fort = k,.., T — 1. Since u; ~ IIN(0, 62),
then w4 has zero mean and var(wy ;) = 2. Furthermore, w,,; are linear
in the y’s. Therefore, they are themselves normally distributed. Given nor-
mality of the w4 ’s it is sufficient to show that cov(wiy1, Ws+1) = 0 for
t#s;t=s=X,.,T— 1. But fiy; is fixed. Therefore, it suffices to show
that cov(viy1, vs+1) = 0 fort # s.

Using the fact that B, = (X{Xt)_1 XY, =P+ (X{Xt)_1 X uy where u] =

—1
(u, .. up), we get Ve = ey — X4 (X(X¢)  X{uq. Therefore,

_ —1
E(Vig1vs41) = E {[ut-l-l — Xpp1 (X{X0) IX{ut] [us-l—l — x4 (XXs) Xgus]}
—1
=E (ut—l—lus-l—l) - X:+1 (X:Xt) X:E (utus—l—l)
—1
—E (u1u)) X (XiXs) ™ Xeg1
—1 —1
+ x{py (X(X)) X(E (uuf) X (X(X)  Xot1-
Assuming, without loss of generality, that t < s, we get E(urus+1) =
0, E(ut1us41) = Osince t <s < s+ 1, E (ug1u)) = (0, ..,0%,..0) where
the 02 is in the (t + 1)-th position, and
ug

uz

E(uu)) =E (U1, .., Uy Ugp 1, . Ug) = 02 (I, 0)

Ut
Substituting these covariances in E(vi4vs+1) yields immediately zero for

the first two terms and what remains is

E (Vg 1vsg1) = =021 (XIXo) ™ xer +02x0 4y (X(X0) 7 X 01X (XUXS) ™ Xorp
But [I;, 0]Xs = X, for t < s. Hence

E(Vit1Vst1) = =02 %1 (XX ™ X1 + 0241 (X X) 'Xep1 =0 fort#s.

A simpler proof using the C matrix defined in (8.34) is given in prob-

lem 8.14.
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8.14 Recursive Residuals are Linear Unbiased With Scalar Covariance Matrix

(LUS).
a. The first element of w = Cy where C is defined in (8.34) is

Wikt = =X (X0 T XY/ Vi + v/ Vi

where Y| = (yi,..,yk). Hence, using the fact that B = (Xf(Xk)_1 X, Yk,
we get Wip1 = (yk+1 — x| +lék) /1 which is (8.30) for t = k.
Similarly, the t-th element of w = Cy from (8.34) is w; = —x| (X{_lXt_l)_1
X!_, Y1/ T + yi/ /T where Y_; = (y1,.., yi—1). Hence, using the fact
that B; = (X{_IXt_l)_l X!, Yio1, we getwy = (yt - x{ﬁt_l) /+/f; which

is (8.30) fort = t— 1. Also, the last term can be expressed in the same way.

wr = —x;p (X X)X Yoot / Vi +yr/ Vi = (yr—xiBron)/ Vi

which is (8.30) fort = T — 1.
b. The first row of CX is obtained by multiplying the first row of C by
Xk
X = Xict1

!
Xt

This yields —x{, , (X Xx) " X Xa/ v/Eir1 + Xy 1/ Vi1 = 0.
Similarly, the t-th row of CX is obtained by multiplying the t-th row of C by
X1
X/
X = ¢

/
Xt

This yields —x/ (X]_,Xc1) " X[_, X1 /+/F + x/+/E = 0.
Also, the last row of CX is obtained by multiplying the T-th row of C by

X7—
X:|: g ‘}.
Xt

This yields —x; (X_, Xr—1) " X, Xr—1/+/Tr + /Tt = 0.
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This proves that CX = 0. This means that w = Cy = CXf 4+ Cu = Cu

since CX = 0.
Hence, E(w) = CE(u) = 0. Note that
™ —Xu (X X1) ™ Xig 1 =X 1 (X Xe—1) "X —Xr—1 (X Xr—1) " "x7 7]
A ft-1 h N h Vit
1 €
;o fi4-1 Vi
C= 0 0
1
i 0 0 . NG ]

so that the first diagonal element of CC’ is
X1 (X4 X0 ™ XX (X4 Xa) ™ X1 N 1 14 xj 4 (XX ™ xier 1

fir1 fit1 fir1
_ S 1
fit1
similarly, the t-th diagonal element of CC’ is

X{(X{_lxt_l)_lxi_lxt_l(X{_IXt_l)_IXt 1 ft
+ —_= —- = 1
f; f &
and the T-th diagonal element of CC’ is

Xp (X Xr—1) 7' X Xrot X Xr—) T 1 fr

= HTR
Using the fact that
Xk
X = Xiet1 ’
X/:

t—1
one gets the (1,t) element of CC’ by multiplying the first row of C by the
t-th column of C’. This yields
XL_H(Xﬁxk)_lXLXk(Xi_lxt—l)_lXt B X£+1(X;_1Xt—l)_lxt _

ViV Vi1V
Similarly, the (1,T) element of CC’ is obtained by multiplying the first row
of C by the T-th column of C'. This yields
X1 (X X0) ™ X X (X Xr—1) ™ xr _ Xy (X Xr—1) 7 'xr

Vih1/Tr NARRV o

=0.
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Similarly, one can show that the (t,1)-th element, the (t,T)-th element, the
(T,1)-th element and the (T,t)-th element of CC’ are all zero. This proves
that CC' = Ir—y. Hence, w is linear in y, unbiased with mean zero, and
var(w) = var(Cu) = C E(uv’)C’ = 0>CC’ = 011y,
i.e., the variance—covariance matrix is a scalar times an identity matrix.
Using Theil’s (1971) terminology, these recursive residuals are (LUS) linear
unbiased with a scalar covariance matrix. A further result holds for all LUS
residuals. In fact, C'C = Py see Theil (1971, p. 208). Hence,

T T

Y o wi=ww=yCCy=yPy=ce=) e’

t=k+1 t=1
Therefore, the sum of squares of the (T — k) recursive residuals is equal to

the sum of squares of the T least squares residuals.

. Ifu ~ N(0,0?It) then w = Cu is also Normal since it is a linear function

of normal random variables. From part (b) we proved that w has mean zero

and variance 02Ir_y. Hence, w ~ N(0, 6It_y) as required.

. Let us express the (t + 1) residuals as follows:

Yert — Xea1Bert = Yerr — X1 Be — Xt Bt — Bo)
so that
RSSit1 = (Yer1 — Xex1Bert) (Yepr — Xex1Ber)
= (Yep1 — Xer1B) (Yer1 — XeriBo) + Bt — Bt)/Xi+1Xt+l
Bt — B0 — 2Bt — BO' Xy (Yer1 — XegiBo)

.. Y, X
Partition Y4+, = ( ! ) and X4 = ( ! ) so that the first term of

!
Yt+1 Xt+1

RSS41 becomes (Y1 — Xer1Po) (Yer1 — Xis1Pr)
Y- X )

’
Yt+1 — Xt.t,_lBt

=[(Y.— XtBt)/; (Ye+1 — Xi+16t)/] (

= RSS + fip1 Wiy,
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where fiy = 1 4+ x{;, (X{Xt)_l Xi+1 is defined in (8.32) and w4 is
the recursive residual defined in (8.30). Next, we make the substitution
for (6t+1 — ﬁt) from (8.32) into the second term of RSS.y; to get
Berr = BO X Xer1 Bt = B = e = x4 B0 X[ (XIXO ™ (X
Xer 1) (X X) ™ Xeg1 (o1 — X{+16t)

Postmultiplying (8.31) by X¢+1 one gets

X X)) Xy = (X:Xt)_1 X1 — %_::mc

-1 .
where ¢ = x[, | (X[x()  X¢+1. Collecting terms one gets

(X{+1Xt+1)_l X1 = (X{Xt)_l Xet1/fi41

where fiy =1 +c.
Substituting this above, the second term of RSS.;; reduces to

-1

X4 (X{Xt) xt+1wt2+1.

For the third term of RSS;;;, we observe that X{ (Yt+ 1 — X +1Bt) =

_XB R N

[X:, Xt+l] v :Bt Al = X:(Yt - XtBt) + Xt+1(Yt+1 - X;_Hﬁt)-
Yt+1 — Xt+16t

The first term is zero since X; and its least squares residuals are orthogonal.

Hence, X[, (Y41 — Xt_Hét) = X+1Wit+1+/fi+1 and the third term of

RSS;+; becomes —2(Bt+1 - ét)/xt+1wt+1 v/ fi+1 using (8.32), this reduces

to —2x; (X{Xt)_l Xe 1 W2 1- Adding all three terms yields
RSSi+1 = RSS; + fis w2y + x4y (XX) ™ xep w2y,
— 2Xi4 (X:Xt)_1 Xtr 1 Wi
= RSS, + fip1wiy; — (fig1 — Dw7, | = RSS, + w7, | as required.

8.15 The Harvey and Collier (1977) Misspecification t-test as a Variable Additions
Test. This is based on Wu (1993).

a. The Chow F-test for Hy; y = 0 in (8.44) is given by
RRSS — URSS Y Pxy — Y Py

T URSS/(T—k—1)  yPxyy/(T—k—1)’
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Using the fact that z = C'vp—y where C is defined in (8.34) and tr— is
a vector of ones of dimension (T — k). From (8.35) we know that CX =

0, CC’ = It—y and C'C = Py. Hence, zX = ;_,CX = 0 and

—1
XX 0 X’
P[X,z] = [X, Z] |: 0 Z/Z:| (Z/) = PX + Pz

Therefore, URSS = y'Pix,)y = ¥’y — Y'Pxy — y'P,y and RRSS = y'Pxy =
y'y — y'Pyy and the F-statistic reduces to
Fo y'P,Y
y/(Px - PZ)Y/(T k- 1)
which is distributed as F(1, T —k — 1) under the null hypothesis H,; y = 0.

. The numerator of the F-statistic is

_ —1
YPy =yz(Z2) "' 2y = y'C'ir—x (5_xCCir—k)~ 15 Cy

But CC" = It—x and t};_, CC'vr—x = ;_, t1—k = (T—Kk). Therefore y'P,y =
y'C'vr—xt;_ Cy/(T—k). The recursive residuals are constructed as w = Cy,

see below (8.34). Hence

T 2
¥y = Wiroh o w/(T - k) = ( 3 wt) J(T=K) = (T - W
t=k+1
T _
wherew = > w/(T —k). Using Px = C'C, we can write
t=k+1
T
y Py =y CCy=ww= Z w?
t=k+1

Hence, the denomentator of the F-statistic is y/(Py — P,)y/(T—k — 1) =

[ i Wtz—(T—k)Wz} /(T-k—1)= i (wi—w)?/(T—k—1) =82

t=k+1 t=k+1
T
wheres2 = Y (wy—W)?/(T—k— 1) was given below (8.43). Therefore,
t=k+1

the F-statistic in part (a) is F = (T — k)w*/ s2, which is the square of the

Harvey and Collier (1977) tr—x— -statistic given in (8.43).



Chapter 8: Regression Diagnostics and Specification Tests 207
8.16 The Gasoline data model given in Chap. 10.

a. Using Eviews, and the data for AUSTRIA one can generate the regression
of y on X, X, and X3 and the corresponding recursive residuals.
LS // Dependent Variable is Y
Sample: 1960 1978
Included observations: 19
Variable Coefficient Std. Error t-Statistic Prob.

C 3.726605 0.373018 9.990422 0.0000
X1 0.760721 0.211471 3.597289 0.0026
X2 -0.793199 0.150086 -5.284956 0.0001
X3 -0.519871 0.113130 -4.595336 0.0004

R-squared 0.733440 Mean dependent var 4.056487

Adjusted R-squared 0.680128 S.D. dependent var 0.069299

S.E. of regression 0.039194 Akaike info criterion -6.293809

Sum squared resid 0.023042 Schwarz criterion -6.094980

Log likelihood 36.83136 F-statistic 13.75753

Durbin-Watson stat 1.879634 Prob(F-statistic) 0.000140
RECURSIVE RESIDUALS:

0.001047
-0.010798
0.042785
0.035901
0.024071
-0.009944
-0.007583
0.018521
0.006881
0.003415
-0.092971
0.013540
-0.069668
0.000706
-0.070614

b. EViews also gives as an option a plot of the recursive residuals plus or minus
twice their standard error. Next, the CUSUM plot is given along with 5%

upper and lower lines.
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5% Significance

d. Chow Forecast Test: Forecast from 1978 to 1978

F-statistic

3.866193 Probability 0.069418

Log likelihood ratio  4.633206  Probability ~ 0.031359
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Test Equation:
LS // Dependent Variable is Y
Sample: 1960 1977

Included observations: 18

Variable Coefficient Std. Error t-Statistic Prob.

C 4.000172 0.369022 10.83991 0.0000

X1 0.803752 0.194999 4.121830 0.0010

X2 -0.738174 0.140340 -5.259896 0.0001

X3 -0.522216 0.103666 -5.037483 0.0002
R-squared 0.732757 Mean dependent var 4.063917
Adjusted R-squared 0.675490 S.D. dependent var 0.063042
S.E. of regression 0.035913 Akaike info criterion -6.460203
Sum squared resid 0.018056 Schwarz criterion -6.262343
Log likelihood 36.60094 F-statistic 12.79557
Durbin-Watson stat 2.028488 Prob(F-statistic) 0.000268

8.17 The Differencing Test in a Regression with Equicorrelated Disturbances. This
is based on Baltagi (1990).

a. For the equicorrelated case 2 can be written as 2 = o%(1 — p)[Er + 6J1]

where Et = It _-TT, jT = JT/T and 6 = [1 + (T— l)p]/(l — p).
Q7! = [Er + (1/0)J1)/0*(1 — p)
QT = 1/606%(1 — p)

and L = Er/o2(1 — p). Hence p = (X’ErX)~'X’ErY, which is the OLS
estimator of B, since E is a matrix that transforms each variable into devi-
ations from its mean. That GLS is equivalent to OLS for the equicorrelated
case, is a standard result in the literature.

Also, DQ = o?(1 — p)D since Di = 0 and DQD’' = o*(1 — p)DD'.
Therefore, M = Py /62(1 — p) where Py = D’(DD’)~'D. In order to show
that M = L, it remains to show that P,y = Et or equivalently that Py +

Jr = It from the definition of Et. Note that both Py and J1 are symmetric
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idempotent matrices which are orthogonal to each other. (DJ; = 0 since
Du = 0). Using Graybill’s (1961) Theorem 1.69, these two properties of Ppy
and Jr imply a third: Their sum is idempotent with rank equal to the sum
of the ranks. But rank of Ppy is (T-1) and rank of Jr is 1, hence their sum is
idempotent of rank T, which could only be It. This proves the Maeshiro and
Wichers (1989) result, i.e., 6 = 6, which happens to be the OLS estimator
from (1) in this particular case.

The Plosser, Schwert and White differencing test is based on the difference
between the OLS estimator from (1) and the OLS estimator from (2). But
OLS on (1) is equivalent to GLS on (1). Also, part (a) proved that GLS on
(1) is in fact GLS from (2). Hence, the differencing test can be based upon
the difference between the OLS and GLS estimators from the differenced

equation. An alternative solution is given by Koning (1992).

Stata performs Ramsey’s RESET test by issuing the command estat ovtest

after running the regression as follows:
. reg lwage wks south smsa ms exp exp2 occ ind union fem blk ed

(We suppress the regression output since it is the same as Table 4.1 in the

text and solution 4.13).
. estat ovtest

Ramsey RESET test using powers of the fitted values of lwage
Ho: model has no omitted variables
F(3,579) = 0.79
Prob>F = 0.5006

This does not reject the null of no regression misspecification.
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b.

8.20 a.

Stata also performs White’s (1982) Information matrix test by issuing the
command estat imtest after running the regression as follows:
. estat imtest

Cameron & Trivedi’s decomposition of IM-test

Heteroskedasticity | 103.28 81 0.082
Skewness | 537 12 0.9444
Kurtosis | 176 1 0.1844

This does not reject the null, even though heteroskedasticity seems to be a
problem.
Stata performs Ramsey’s RESET test by issuing the command estat ovtest

after running the regression as follows:
.reg Inc Inrp Inrdi

(We suppress the regression output since it is the same as that in solu-

tion 5.13).
. estat ovtest

Ramsey RESET test using powers of the fitted values of Inc
Ho: model has no omitted variables
F(3,40) = 3.11
Prob>F =0.0369

This rejects the null of no regression misspecification at the 5% level.

. Stata also performs White’s (1982) Information matrix test by issuing the

command estat imtest after running the regression as follows:
. estat imtest

Cameron & Trivedi’s decomposition of IM-test
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Heteroskedasticity | 15.66 5
Skewness| 359 2 0.1664
Kurtosis| 0.06 1

This rejects the null, and seems to indicate that heteroskedasticity seems to

be the problem. This was confirmed using this data set in problem 5.13.
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CHAPTER 9
Generalized Least Squares

9.1 GLS Is More Efficient than OLS.

a. Equation (7.5) of Chap. 7 gives fois = p + (X'X)~'X'u so that E(Byis) = B

as long as X and u are uncorrelated and u has zero mean. Also,
var(Bos) = E(Bais — B) (Bois —B)" = E[(X'X) ™" X' X(X'X) ']
= (X'X)"IX Eu)X(X'X)™! = o2(X'X) " IX'QX(X'X) "L
b. var(Bes) — var(Pers) = o2 [(X'X) I X'QX(X'X) ™! — (X'Q7'X)!]
=0 [(X'X)"IXQXX'X) ' - X ') IXe oo
XX'Q7'X)™Y
= [(X'X) X - (XQ'X) X Q" QXXX)™!
—QIXX'QT'X)™
=02 AQA’
where A = [(X'X)7IX' — (X'Q7!'X)"!X’Q™!]. The second equality post
multiplies (X'Q7'X)~! by (X’Q™'X)(X'Q~'X)~! which is an identity of
dimension K. The third equality follows since the cross-product terms give

—2(X'Q27'X)~!. The difference in variances is positive semi-definite since

Q2 is positive definite.

9.2 a. From Chap.7, we know that s>=¢’e/(n — K) =uPxu/(n — K) or

(n — K)s? = u’Pxu. Hence,
(n — K)E(s?) = E(u'Pxu) = E[tr(u'Pxu)]
= tr[E(uv’)Px] = tr(ZPx) = o’tr(QPx)

and E(s?) = o?tr(QPx)/(n — K) which in general is not equal to 6.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 213
in Business and Economics, DOI 10.1007/978-3-642-54548-1_09,
© Springer-Verlag Berlin Heidelberg 2015
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b. From part (a),

(n —K)E(s?) = tr(ZPx) = tr(Z) — tr(ZPx)
but, both ¥ and Px are non-negative definite. Hence, tr(XPx) > 0 and
(n—K)E() < (%)

which upon rearranging yields E(s?) < tr(X)/(n — K). Also, ¥ and Py are
non-negative definite. Hence, tr(XPx) > 0. Therefore, E(s*) > 0. This
proves the bound derived by Dufour (1986):

0 < E(s*) < (£)/(n - K)

n
where tr(X) = Y o2. Under homoskedasticity 67 = o2 fori = 1,2,..,n.

i=1
Hence, tr(X) = no? and the upper bound becomes no?/(n — K). A useful

bound for E(s?) has been derived by Sathe and Vinod (1974) and Neudecker
(1977, 1978). This is given by 0 < mean of (n — K) smallest characteris-
tic roots of ¥ < E(s?) < mean of (n — K) largest characteristic roots of

Y <tr(X)/(n—K).

. Using s> = u'Pxu/(n — K) = v'u/(n — K) — u'Pxu/(n — K) we have

plim s> = plim u'u/(n — K) — plim u'Pxu/(n — K). By assumption plim
u'u/n = o2. Hence, the first term tend in plim to 6 as n — oo. The second
term has expectation o2tr(Px Q) /(n—K). But, Px$2 has rank K and therefore
exactly K non-zero characteristic roots each of which cannot exceed Apax.

This means that
E[H/qu/(n - K)] = 02I<)\max/(n - K)
Using the condition that Ay, /n — 0 as n — oo proves that

lim E[u’Pxu/(n—K)] — 0

asn — oo. Hence, plim [u'Pxu/(n—K)] — 0 as n — oo and plim s> = o2.

Therefore, a sufficient condition for s> to be consistent for 62 irrespective
of X is that Apay/n — 0 and plim (u'u/n) = 0% asn — oo, see Kriimer and

Berghoff (1991).
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d. From (9.6), s*> = e*e*/(n — K) where ¢* = y* — X*Bgis = y* —
X*(X¥X*)TIX*y* = Px«y* using (9.4), where Px» = I, — Px+ and
Px+ = X*(X*X*)7!X*. Substituting y* from (9.3), we get ¢* = Px+u*
where Px+X* = 0. Hence, (n — K)s*? = ¢*'e¢* = u*Px+u* with
(n —K)E(s*?) = E (u¥Px=u*) = E [tr (u*u*Px~)]

= tr[E (u*u¥) Px«| = tr (6°Px+) = 0°(n — K)
from the fact that var(u*) = o°I,. Hence, E(s*?) = o2 and s*? is unbiased

for o2.

9.3 The AR(1) Model.

a. From (9.9) and (9.10) we get

1 0 p2 pT—l
{ P 1 P p'—2
1 _
26 _[1—92}
pT—l pT—Z pT—S 1
1 - 0 0 0 0]
—p 1+p* —p 0 0 0
0 0 0 —p 1+p* —p
L 0 0 0 0 —p 1]
(1—p? 0 0 0
. 0 1—p% 0 0
=[1—pz} ' -
0 0 0 ... (1-p)

The multiplication is tedious but simple. The (1,1) element automatically

gives (1 — p?). The (1,2) element gives —p + p(1 + p?) — pp> = —p +
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p 4 p* — p> = 0. The (2,2) element gives —p> + (1 4 p?) — pp = 1 — p?
and so on.

b. For P~! defined in (9.11), we get

T/1—p>2 —p 0 0 0

0 Il —p ... 0 0

0 0 1 ... 0 0

P—l/P—l=

0 0 0 1 —p
L0 0 0 0 1
Ty/1—p2 0 0 0 0 0]

—p 1 0 0 0 0

0 —p 1 0 0 0

0 0 0 -0 1 0
L0 0 0 0 —p 1.
1 -0 0 0 0 0]
—p 1+p* —p 0 0 0

_|- ) i . . 3 R

0 0 0 ... —p 1+p> —p
L0 0 0 ... 0 —p 1]

Again, the multiplication is simple but tedious. The (1,1) element gives
VI=p2/1—=p>—p(=p) = (1= p)) +p* =1,

the (1,2) element gives \/1——p2.0 — p.1 = —p, the (2,2) element gives
1 —p(—p) = 1 + p? and so on.

c. From part (b) we verified that P"VP~! = (1—p?)Q~". Hence, Q/(1—p?) =
PP’ or Q = (1 — p?)PP’. Therefore,

var(P"'u) = P lvar(u)P™" = o2P~'QP7Y
=o2(1 — p)P'PP' PV = oIt

since 02 = 02/(1 — p?).
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9.4 Restricted GLS. From Chap.7, restricted least squares is given by 6rls =
Bots + (X'X)"'R/[R(X’X)"'R’]"!(r — RBois). Applying the same analysis to

the transformed model in (9.3) we get that B* = (X*X*)"'X*y* = BaLs.

ols
From (9.4) and the above restricted estimator, we get
Brats = Bars + (X”X") 'R [RX”X") 'R~ (r — R fors)
where X* now replaces X. But X*X* = X'Q~'X, hence,
Brows = Pos + (X'Q7'X)'RIR(X'Q™'X) 'R (r — RBovs).
9.5 Best Linear Unbiased Prediction. This is based on Goldberger (1962).

a. Consider linear predictors of the scalar yr4+s given by Y14+ = ¢’y. From
(9.1) we get y1+s = ¢’XP+c'uand using the fact that yr4s = X7 B+ur+s,
we get
Ir4s = ¥14s = (X = X'145)B + ¢u — urys.

The unbiased condition is given by E(y14+s — yr+s) = 0. Since E(u) = 0
and E(ur+) = 0, this requires that ¢X = x ; for this to hold for every f.
Therefore, an unbiased predictor will have prediction error

YT4s — YT+s = €U — Urs.

b. The prediction variance is given by
var (§7+s) = E (I1+s — Y1s) Gr4s — y14s)” = B0 — ur5) (¢'u — urs)’

= ¢/E(uu’)c + var(urts) — 2¢'E(ur4su) = /e + o7, — 2co
using the definitions o +s = var(ur+s) and @ = E(ur4su).

¢. Minimizing var(y14) subject to ¢’X = x|, sets up the following

Lagrangian function
Ple,\) = c’Zc— 2w — 2N (X'¢c — X145)

where of | is fixed and where A denotes the Kx1 vector of Lagrangian
multipliers. The first order conditions of {r with respect to ¢ and A yield

/dc = 23¢c — 2w — 2XAh = 0 and /N = 2X'c — 2x145 = O.
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In matrix form, these two equations become

2lE)-()

Using partitioned inverse matrix formulas one gets

¢\ | XX ETIX)TIXET] sIXX ETIX) ! ®
N X'z X)) IX'x! —X'z7x)"! XTs

¢ =X IXXZTIX) xrgs + 27 - XX ZTIX)TIX ST w.
Therefore, the BLUP is given by
Y145 =y = x, (X' TT'X) X' Ty + o'y
— ' TTIXX ETIX)TIX sy

= X/T+SBGLS + o'y — 'S XBars

= X/T+SBGLS + o' (y — XBors)

= X/T+SBGLS + o' tegrs
where egLs =y — XBGLS. For ¥ = 02, this can also be written as
VT4s = X/T+SéGLS + o'Q egLs /0>

d. For the stationary AR(1) case

u = pu—s +¢e with & ~1ID(0,07)

lp| < 1 and var(u;) = 02 = 62/(1 — p?). In this case, cov(uy, U—s) = p*o2.
Therefore, for s periods ahead forecast, we get

E(ur4sur) plts—t

E T+s—2
o = E(ursou) = (uTji-SU-Z) = 52 p

E(ur4sur) P
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From € given in (9.9) we can deduce that @ = psof (last column of 2).
But, 27'Q = Ir. Hence, Q7! (last column of ) = (last column of I1) =
(0, 0,..,1)’. Substituting for the last column of  the expression (w/p*c?)

yields

Q' w/p'e? = (0,0,..,1)

which can be transposed and rewritten as

'Q7 /o2 = 0%0,0, .., 1).

Substituting this expression in the BLUP for yr. in part (c) we get

VTts = X/T+SBGLS + o'Q 7 egLs/0* = X/T+SBGLS + 0%(0,0, .., DecrLs
= X/T+SéGLS + perLs

where et grs is the T-th GLS residual. For s = 1, this gives

A / A
Y1+1 = X714 BGLs + percLs
as shown in the text.

9.6 The W, LR and LM Inequality. From Eq.(9.27), the Wald statistic W can
be interpreted as a LR statistic conditional on fl, the unrestricted MLE of
3, ie, W= — 210g[rrﬁg§%(ﬁ/ﬁ])/ maﬁt}xL(B/ﬁ])]. But, from (9.34), we know
that the likelihood ratio statistic LR = — 210g[§éi§§(5’ )/ mﬁa’l;:(L(B, ).

Using (9.33), maxL (B/ﬁ]) < maxL(B, ¥). The right hand side term is an
Rp=r Rf=r,X
unconditional maximum over all £ whereas the left hand side is a condi-
tional maximum based on 3 under the null hypothesis Hy; RB = 1. Also,
from (9.32) mﬁagL(B, ¥) = m%xL(B/ ). Therefore, W=>LR. Similarly,
from Eq. (9.31),, the Lagrange Multiplier statistic can be interpreted as a LR
statistic conditional on f), the restricted maximum likelihood of X, i.e., LM =
~2logmaxL(B/)/ maxL(B/L)]. Using (9.33), maxL(B/%) = maxL(B, )

and from (9.32), we get m%xL(B/ ¥) < mﬁagL(B, 3) because the latter is an
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unconditional maximum over all X. Hence, LR > LM. Therefore, W > LR >
LM.

The W, LR and LM for this simple regression with Hy; B = 0 were derived in
problem 7.16 in Chap. 7. Here, we follow the alternative derivation proposed

by Breusch (1979) and considered in problem 9.6. From (9.34), the LR is given
by LR = —21og [L (& B =0, ) /L (dme: Be: 621 |

where @ =79, $=0,5"=) (yi—¥)/nand
i=1

&mlc = &ols = }_/ - BOlSXa
Bmlc = Bols = ZX1Y1/ le > mle Zel

and e; = y; — Qois — Bolin, see the solution to problem 7.16. But,
n n =
logL (a, B, 02) =-3 log2 — 3 logo? — Z(Yi —a — BXi)?/20°

i=1

Therefore,

- . n n . = _ -
logL ((x, B =0, 02) = —3 log2 — 3 logcf2 — Z(Yi — y)2/202
i=1

= 2iog2 —Zipgs2 -1
=7 % 2 %89 73

and

n n ~ - ~
-5 10g2 - E IOg 0-1’%116 - Z eiz/zoﬁlle

logL (&mlca ﬁmlc’ 6-1’%116) = 2

i=1
= nlo 2 lo 52 1
- 2 g g mle 2

Therefore,
LR = -2 [—— log&® + = 1og cmle] = nlog (5°/6.)
= nlog (TSS/RSS) = nlog(1/1 — R?)

where TSS = total sum of squares, and RSS = residual sum of squares for the

simple regression. Of course, R = 1— (RSS/TSS).
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Similarly, from (9.31) we have
LM = —2log |:maxL (oc, 6/62) / maxL(a, 5/62)i| .
a,B=0 o,p
But, maximization of L(a, B/5?) gives @l and éols. Therefore,
maxL (o, b /%) =L (&, B, 62)
Q,

with
logL (& B 62) -z log2 — z log&? — Zn:ez/262

b b 2 2 1=l 1 .

Also, restricted maximization of L(a, B/62) under Hy; p = 0 gives & = y and

B = 0. Therefore, mgx{;(a, B/62) = L(@, P, 52). From this, we conclude that
.

n

Zeiz n
IM=—2|——24+5= |2 2 /52
= — _§+Ti2 =n- ¢ /O
i=1

—n— (n eiz/ Zy?) — n[l — (RSS/TSS)] = nR>.
i=1 i=1

Finally, from (9.27), we have W=—2 log [mgﬁ{; (a,B/62)/ magL(a, B/ 6lile)i| :
The maximization of L(a, B/62) gives s and 6015. Therefore,
maxl.(a,B/6%) = LG, B.6%).

o

Also, restricted maximization of L(a,f/6%) under B = 0 gives @ = y and

B = 0. Therefore, mgx{;(oc, B/5%) = L(a,p = 0,52) with
oy

n
logL(@.p = 0,6%) = —3 log2 — Zlogd” = ) (vi—9)*/26%.

i=1
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Therefore,
n - 2
LOi=9" s nTSS
W=-=2 —T—F— :’\2 —n = —n
20mlc 2 omlc RSS

TSS — RSS R?
= n|——m|=n{ ——= 1.
RSS 1 —R?

This is exactly what we got in problem 7.16, but now from Breusch’s (1979)
alternative derivation. From problem 9.6, we infer using this LR interpretation
of all three statistics that W > LR > LM.

9.8 Sampling Distributions and Efficiency Comparison of OLS and GLS. This is
based on Baltagi (1992).

2
a. From the model it is clear that ) th =5 yi1=2+4u, y» =4+ u,, and
t=1

2 2
Z XtYt Z XtUt

Bos = S— =B+ = =2+ 02u; + 04w,

DX %2
t=1 t=1

(%)

Letu’ = (uj, uy), then it is easy to verify that E(u) = 0 and

Q =var(u) = |:_11 _41] .

The disturbances have zero mean, are heteroskedastic and serially correlated
with a correlation coefficient p = —0.5.

b. Using the joint probability function P(u;, uy) and [:3015 from part (a), one gets

Bois | Probability
1 1/8

1.4 3/8

2.6 3/8
3 1/8

Therefore, E(éols) =B = 2and Var(éols) = 0.52. These results can be
also verified from 6015 = 2 4+ 0.2u; + 0.4u,. In fact, E(éols) = 2 since
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E(u;) = E(uz) = 0 and
var(éols) = 0.04 var(u;) + 0.16 var(u,) + 0.16 cov(uy, uz)
= 0.04 + 0.64 — 0.16 = 0.52.

Also,

1 ~
Q=2 |:411 1:| and (x'Q7'x)™" = 1/4 = var(Bors)

In fact, Bars = (KQ7'x)"'X'Q7'y = 1/4(2y; + y,) which can be
rewritten as
BoLs = 2 + 1/4[2u; + ]

Using P(u;,u,) and this equation for BGLS, one gets

BoLs | Probability

1 1/8
2 3/4
3 1/8

Therefore, E(EGLS) = p = 2 and Var(BGLS) = 0.25. This can also be
verified from BGLS = 2+ 1/4[2u; 4+ uy]. In fact, E(BGLS) = 2since E(u;) =
E(uy) = 0 and

: 1 1 1
var (Bovs) = T¢[var(u) +var(uz) + deov(ur, w)] = T[4+4—4] = 2.

This variance is approximately 48% of the variance of the OLS estimator.

¢. The OLS predictions are given by y; = éolsxt which means that §; = 6015
and ¥, = 26015. The OLS residuals are given by & = y; — §; and their
probability function is given by

(1,&) | Probability
(0,0) 1/4
(1.6, —0.8) 3/8
(—1.6,0.8) 3/8
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Now the estimated var(Bois) = S(Bors) 5 = Tt, and this has
> xé
=1
probability function
S(Bois) | Probability
0 1/4
0.64 3/4

with E [s (Bl)] — 0.48 # var (Bols) —0.52.
Similarly, the GLS predictions are given by y; = BGLSXt which means that

91 = Pas and §2 = 2Bars. The GLS residuals are given by & = y; — ¥
and their probability function is given by

(&1,&) | Probability
(0,0) 1/4
(1,-2) 3/8
(=1,2) 3/8

The MSE of the GLS regression is given by §2

= &Qle

— 13
[4&7 + 2&,&, + &3] and this has a probability function

with E(3%) = 1. An alternative solution of this problem is given by Im and
Snow (1993).

9.9 Equi-correlation.

a. For the regression with equi-correlated disturbances, OLS is equivalent to

GLS as long as there is a constant in the regression model. Note that
1 p p ... p

1
an|t e
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so that u, is homoskedastic and has constant serial correlation. In fact, cor-
relation (ug, u—s) = p for t # s. Therefore, this is called equi-correlated.

Zyskind’s (1967) condition given in (9.8) yields
PxQ = QPx.

In this case,

PxQ = (1 — p)Px + pPxtri}

and

QPx = (1 — p)Px + purt;Px.

But, we know that X contains a constant, i.e., a column of ones denoted by
tr. Therefore, using PxX = X we get Pxir = i1 since it is a column of X.

Substituting this in Px$2 we get
PxQ = (1 — p)Px + purif.

Similarly, substituting \;Px = 1} in QPx we get QPx = (1 —p)Px + ptrif.
Hence, 2Px = Px<2 and OLS is equivalent to GLS for this model.
b. We know that (T — K)s? = u’Pxu, see Chap. 7. Also that

E(u'Pxu) = E[tr(uu'Px)] = tr[E(uu'Px)] = tr(c>QPx)
= o’tr[(1 — p)Px + pirtfPx] = 67 (1 — p)tr(Px)

since U;Px = U — /Px = \; — ;= 0 see part (a). But, tr(Px) = T — K,
hence, E(u'Pxu) = 62(1 — p)(T —K) and E(s%) = o*(1 — p).

Now for €2 to be positive semi-definite, it should be true that for every
arbitrary non-zero vector a we have a'Qa > 0. In particular, for a = v,

we get
GQur = (1 — p)thir + ptpirtpir = T(1 = p) + T2p.

This should be non-negative for every p. Hence, (T? — T)p + T > 0 which
gives p > —1/(T — 1). But, we know that |p| < 1. Hence, —1/(T—1) <



226

9.10 a.

Badi Baltagi

p < 1 as required. This means that 0 < E(s?) < [T/(T — 1)]o? where the
lower and upper bounds for E(s?) are attainedat p = 1 and p = —1/(T—1),
respectively. These bounds were derived by Dufour (1986).

The model can be written in vector form as: y = at, + u where y/ =
(Y1, .., ¥n), la is a vector of ones of dimension n, and v = (uy,..,uy,).

_ n
Therefore, Gty = (U tn) ! Uy =Y yi/n=yand

i=1

1 p .. p
1
Y = var(u) = E(w) = o° p p =o’[(1 = p)la + pla]
p p .. 1

where I, is an identity matrix of dimension n and J; is a matrix of ones of
dimension n. Define E, = 1, — J, where J, = J,/n, one can rewrite X as

Y = 02[(1 — p)En + (1 + p(n — 1))J,] = 0?Q with

1 1 i}
Q' = E J
[1—9 E pTr— “}

Therefore,

" Tal - U Ty
A — (s s ly = Ln/nln n'n
Aats = (E ) 2y 1+ pmn—1) 1+ pn—1)

why Ly

= :—:}_l

n n

2

s? = €¢’e/(n—1) where ¢ is the vector of OLS residuals with typical element

ei =y;i—yfori=1,.,n. Invector form, e = E,y and

s = yEyy/(n—1) = vEqu/(n— 1)

since E, 1, = 0. But,

E(WEn) = tr(ZEy) = o’tr[(1 = p)Ea] = 0*(1 = p)(n— 1)

since E,J, = 0 and tr(E,) = (n — 1). Hence, E(s*) = o%(1 — p) and
E(s?) — 02 = —po?.

This bias is negative if 0 < p < 1 and positiveif —1/(n—1) < p < 0.
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c. s2 = e;Q eqrs/(n — 1) = ¢/Q7'e/(n — 1) where egs denotes the
vector of GLS residuals which in this case is identical to the OLS residuals.
Substituting for e = E,y we get

,  YEQ 7 'Eny  UE,Q7'Enu
S, = =
* n—1 n—-1)

since E,t, = 0. Hence,

o2

B = 00(R5,Q 7B/ (- 1) =

tr[(1 — p)Ey] [%pE}

02

(n—1)

d. true var (Gois) = (Utn) L U S0 (Ut) ™! = U S, /n?

tr[En] = o2

= o?[(1 + p(n — 1)y Jata]/0® = 6*[1 + p(n— D]/n (9.1)
which is equal to var (GgLs) = (L;Z_l Ln)_l as it should be.
estimated var((Qols) = s° (L;Ln)_l = s?/n so that
El[estimated var(Gos) — true var(dos)] = E(s?)/n — o[l 4+ p(n — 1)]/n
=o’[l—p—1—pmn—1]/n
= —po’.
9.15 Neighborhood Effects and Housing Demand
a. This replicates the first three columns of Table VII in Ioannides and Zabel (2003,

p. 569) generating descriptive statistics on key variables, by year:

. by year, sort: sum price pincom1 highschool changehand white npersons married

-> year = 1985
Variable Obs Mean Std. Dev. Min Max
price 1947 81.92058 25.0474 44.89161 146.1314
pincom1 1947 28.55038 15.47855 3.557706 90.00319
highschool 1947 .8361582 .3702271 0 1
changehand 1947 2891628 .4534901 0 1
white 1947 .8798151 .3252612 0 1
npersons 1947 2.850539 1.438622 1 11
married 1947 .7134052 4522867 0 1
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-> year = 1989

Variable

price
pincom1
highschool
changehand
white

116.7232
47.75942
.8597929
.3170837
.8658326

49.82718

30.3148
3472767
4654407
.3409056

48.3513
4.444763

220.3118
174.0451

npersons
married

2.768335
.6535807

1.469969
4759314

-> year = 1993

Variable

price
pincom1
highschool
changehand
white

115.8608
50.07294
8697147
2781024
.8480578

44.73127
29.95046
.3366749
4481412
.3590266

53.93157
6.201

240.2594
184.7133

npersons
married

2909
2909

2.738398
.6452389

1.435682
4785231

This replicates the last column of Table VIl in loannides and Zabel (2003, p.569) generating

descriptive statistics on key variables for the pooled data:

. sum price pincom1 highschool changehand white npersons married

Variable

price
pincom1
highschool
changehand
white
npersons
married

106.9282
43.48427
8574017
.2936995
.8624198

2.778506
6664343

44.90505
28.45273
.3496871
4554877
.3444828

1.448163
4715195

44.89161
3.557706

This replicates column 1 of Table VIII of Ioannides and Zabel(2003, p. 577)

estimating mean of neighbors housing demand. The estimates are close but do

not match.

reg Inhdemm Inprice d89 d93 Inpincomem highschoolm changehandm whitem

npersonsm marriedm hagem hage2m fullbathsm bedroomsm garagem
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Model 882.202688
Residual 572.231228

14 63.0144777
7159 .079931726

229

Inprice
ds9
d93

Inpincomem
highschoolm
changehandm
whitem
npersonsm
marriedm
hagem
hage2m
fullbathsm
bedroomsm
garagem
_cons

-.2429891
-.0967419
-.1497614
.3622927
.1185672
.0249327
.2402858
-.0692484
1034179
.0074906
-.008222
.2544969
1770101
.2081956
2.861724

.0266485
.0102894
.0109956
.0250064
.0263588
.0179043
.0144223
.0069556
.0236629
.0009053
.0010102
.0085027

.009258
.0135873
.1188536

Number of obs = 7174
F(14, 7159) = 788.35
Prob > F = 0.0000
R-squared = 0.6066
Adj R-squared = 0.6058
Root MSE = 28272
P> |t [95% Cont. Interval]

0.000 -.295228 -.1907503
0.000 -.1169122 -.0765715
0.000 -.1713159 -.1282068
0.000 3132728 4113126
0.000 .066896 1702383
0.164 -.0101651 .0600305
0.000 2120139 2685577
0.000 -.0828834 -.0556134
0.000 .0570315 .1498042
0.000 .0057159 .0092652
0.000 -.0102023 -.0062417
0.000 .2378291 2711647
0.000 .1588616 1951586
0.000 .1815604 2348308
0.000 2.628735 3.094712

This replicates column 2 of Table VIII of loannides and Zabel(2003, p.577) estimating a

standard housing demand with no neighborhood effects. The estimates do not match.

This may be because the authors included only one observation per cluster. Here, all

observations are used.

. reg Inhdem Inprice Inpincome highschool changehand white npersons married d89 d93,

vee(cluster neigh)

Linear regression

Inhdemm

Coef.

Robust
Std. Err.

Number of obs
F(9, 364)

Prob > F
R-squared
Root MSE

7174
24.53
0.0000
0.1456
49666

(Std. Err. adjusted for 365 clusters in neigh)

-.0812088

Inprice
Inpincome
highschool

changehand

-.1982708
.3376063
.0702029
.0009962

.059528
.0346802
0285124
.0210258

0.001 -.3153328
0.000 2694076
0.014 0141332
0.962 -.040351

405805

1262727
.0423434
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white
npersons
married
dag

1964783

-.0038604

-.000329

-.0882059
-.1181923

4.144696

.0563134
.0077642
0227977
0223177
.0240871
.2843044

.0857379

-.0191287
-.0451607
-.1320937
-.1655596

3.585611

Badi Baltagi

.3072186
.0114078
.0445026
-.0443181
-.0708249
4.703781

This replicates column 3 of Table VIII of loannides and Zabel(2003, p.577) estimating a

reduced form housing demand. The estimates do not match.

. reg Inhdem Inprice Inpincome highschool changehand white npersons married d89

> d93 Inpincomem highschoolm changehandm whitem npersonsm marriedm hagem

hage2m fullbathsm bedroomsm garagem, vce(cluster neigh)

Number of obs
F(20, 364)
Prob > F
R-squared
Root MSE

7174
34.27
0.0000
0.4220
40883

(Std. Err. adjusted for 365 clusters in neigh)

Robust
Std. Err.

Linear regression

Inhdemm Coef.
Inprice -.2850123
Inpincome .1042973
highschool .0027566
changehand .0154469
white .0189483
npersons .0044466
married .0079301
ds9 -.1015519
do3 -.1571002
Inpincomem 2963244
highschoolm 1294341
changehandm .0029356
whitem 207916
npersonsm -.0710319
marriedm .1154993
hagem .0079615
hage2m -.0085303
fullbathsm .2520568
bedroomsm 1514635
garagem .2012601
_cons 2.715015

.1280493
.0192407
0172223
.0110693
.0208229
.0042704
.0150311
.0288299
.0365114
.1108145
.0832116
.0550799
.0682558
.0216564
.0812373
.0039834
.0043061
.0343649
.0385524
.0555207
.6149303

-.5368216
.0664603
-031111
-.006321

-.022

-.0039512

-.0216286
-.158246

-.2289
.0784074

-.0342018

-.1053792
.0736908

-.1136194

-.0442541
.0001281

-.0169983
1844781
.0756501
.0920784
1.505753

-.0332029
1421342
.0366242
.0372148
.0598967
.0128443
.0374889

-.0448578

-.0853004
5142413
.2930701
1112504
3421412

-.0284444
2752526
.0157949

-.0000623
.3196356
2272769
3104418
3.924277
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CHAPTER 10
Seemingly Unrelated Regressions

10.1 When Is OLS as Efficient as Zellner’s SUR?

a. From (10.2), OLS on this system gives

N -1
B = Bros) _ | XiX1 0 Xy
B2.ols 0 X)X Xy2
-1 -1
_ | (xix) 0 Xiyi) _ | (XiX1) " Xy
0 (xX,X2) ™" | \X5y2 (X;X2) ™' Xy»
This is OLS on each equation taken separately. For (10.2), the estimated

VaI‘(BO[S) is given by

Jx)™ o
Lo (xux)”

where s> = RSS/(2T — (K; + K;)) and RSS denotes the residual sum
of squares of this system. In fact, the RSS = eje; + exeo = RSS; +
RSS, where

€ =Yi— Xiéi,ols fori=1,2.

If OLS was applied on each equation separately, then

1

var (Bros) = s (X{X1)™ with s} =RSSi/(T—Ky)

and
var (62,015) =s] (X/ZXQ)_l with s3 = RSS,/(T —Ky).

Therefore, the estimates of the variance—covariance matrix of OLS from
the system of two equations differs from OLS on each equation separately

by a scalar, namely s? rather than si2 fori=1,2.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 233
in Business and Economics, DOI 10.1007/978-3-642-54548-1_10,
© Springer-Verlag Berlin Heidelberg 2015
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b. For the system of equations given in (10.2), X' = diag[X/],Q7' =

Y71 ® It and
ol — |:X’1 0] [o“IT olZIT] _ |:0“X/1 olZX’l]
0 X, ||l 0P| 02X, o2X,|"
Also, X'X = diag [X/X;] with (X'X)™" = diag [(X/X;)™']. Therefore,
Px = diag[Px,] and Px = diag [Pxi] .
Hence,

X/Q_ll—)x — [UIIX/IPXI 012X/113X2:| )

21y p 22y P
o XZPXI o XZPXZ

S . = 0 12x1P
But, X/Py, = 0 fori = 1,2. Hence, X'Q Py = [ 7 XZ}

021X, Px, 0
and this is zero if 6X/Px; = 0 fori # j withi,j = 1,2.
(i) Ifo;; = O fori # j, then, ¥ is diagonal. Hence, ¥~! is diagonal and

ol = 0 fori # j. This automatically gives GUX{I_’XJ. = 0 fori # j from

part (b).

(ii) If all the X;’s are the same, then X; = X, = X* and I_’Xl = f’xz =
Px+. Hence,
X{Px; = X*Px* =0 fori,j=1,2.

This means that 6VX /Py, = 0 from part (b) is satisfied fori,j = 1,2.

. If X; = X;C’ where C is a non-singular matrix, then Xi’l_DXj = CXJ{ISXJ. =0.

_ —1
Alternatively, X/X; = CX/X,C' and (X(X;) ™' = €' (X}X)) C".
Therefore,
PXi = ij and l_)xi = l_)xj.

Hence, X{l_)xj = X{I_’Xi = 0. Note that when X; = X then C = Ix where

K is the number of regressors.

10.3 What Happens to Zellner's SUR Estimator when the Set of Regressors in One

Equation Are Orthogonal to Those in the Second Equation?
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a. If X; and X, are orthogonal, then X/ X, = 0. From (10.6) we get

- -1
éGLS _ ollX’le 0 0“X’1y1 + 012X/1y2
0 oPXXy | | 0?'Xhy1 + 0P Xy)
_ [ xaxi) T et 0 o!1Xiy1 + 62Xy,
I 0 (X,X2) ™' /02 | | o' Xby1 + 02 XSys

X)Xy 4 0" (X4 X0) xayz/c“}
02! (X4Xa) ™! Xhy1 /02 + (X,X2) ™ Xbys

A -1

Brois + (0'%/0") (X{X1) " Xiy2
~ —1

_62,015 + (021/022) (X/2X2) X/2y1

as required.
b. var (GGLS) =XQ X)) =

If you have doubts, note that

(X;X,)"" /o 0 }
0 (X X,) ™" /o2
Bros = B1 + (X’lxl)_1 Xiuy + (6% /') (X’le)_1 X/,
using X| X, = 0. Hence, E(B; gs) = B1 and
var (BI,GLS) =E (61,GLS - 51) (él,GLS - Bl)/
=0 (X’le)_1 + ox(c'?/0')? (X X))

-1

+ 2012012/0“ (X’le)_l .

_ 022  —O12

1 _ 2

But, X' = /(011022 012).
—012 o1

Hence, 6!2/0'! = —015/02, substituting that in var(f}l,GLS) we get
A -1
var (BI,GLS) = (XﬁXl) [011 + 022 (0122/0222) — 20122/022]
—1 -1
= (X’IXI) [011022 + 0122 — 20122] /022 = (X/IXI) /011

since  o'' =03/ (011022 —0%).  Similarly, one can show that

A -1
var(Brgrs) = (X4Xa) /0%
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¢. We know that Var(él,ols) = oy (X’le)_l and Var(Bz,ols) = op (X;Xz)_l.

If X, and X, are single regressors, then (X{Xi) are scalars fori = 1,2.

Hence,
N A 1/o1l 01102 — 03
var (Bl,GLs) /var (Bl,ols) UL /010!l = M =1—¢?
o1 011022
where p? = 67,/02,01,. Similarly,
. . (1/0%?) 011022 — 07
var (BZ,GLS) /var (Bz,ols) = = 1/030% = (—12) =1—p%
022 022011

10.4 From (10.13), §; = efej/[T — Kj — Kj + tr(B)] for i,j = 1,2. where ¢; =

y; — XiBi,ols for i = 1,2. This can be rewritten as ¢; = I_’Xiyi = I_’Xiui for

i=1,2. Hence,

E(clej)) = E (ui’l_Dxil_’xjuj) = Eltr (u{l_’xil_’xjuj)] = Eltr (uju{l_’xil_’xj)]

= tr[E (i) Px,Px;] = ojitr (Px,Px;) -

But i = ojj and tr (Px,Px;) = tr (It — Px, — Px, + Px,Px) = T—Kj—Ki +
tr(B) where B = Px;Px;. Hence, EGy) = E(e{ej) /tr(l_’xil_’xj) = oj. This

proves that §j; is unbiased for ojj fori,j = 1, 2.

10.5 Relative Efficiency of OLS in the Case of Simple Regressions. This is based

on Kmenta (1986, pp. 641-643).

a. Using the results in Chap. 3, we know that for a simple regression Y; =

o + BX; + y; that 6015 =y xiyi/ > xi2 and var (éols) = 02/ > X12
i=1 i=1 i=1
where x; = X; — X and var(uj) = 02. Hence, for the first equation in
~ T _
(10.15), we get var (Blz,ols) = o11/my,x, where myx, = Y (Xie— X1)2
t=1

and 077 = var(u).

Similarly, for the second equation in (10.15), we get var (BZZ,OIS) =

T
= \2
022/My,x, Where my,y, = Y (Xt — X2)” and 055 = var(uy).
=1

. In order to get rid of the constants in (10.15), one can premultiply (10.15)

by L ® (It — J) where J; = J;/T and J; = tpty with up being a vector

of ones. Recall, from the FWL Theorem in Chap.7 that It — J7 is the
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orthogonal projection on the constant Lt, see problem 7.2. This yields
Y =XB+ 0
Ys = XoBo +
where Vi = (It — 7)Y, X; = (Ir —Jp)X; and & = (It — Jp)u; fori =
1, 2. Note that Y{ = (Yi, .., Yir), X; = (Xi, .., XjT) and 11{ = (uj, .., W)
for i = 1,2. GLS on this system of two equations yields the same GLS
estimators of B1, and By, as in (10.15). Note that 2 = E (ljl u),u) =

uz

¥ ® (It — Jr) where £ = [o] fori,j = 1,2. Also, for this transformed

system

. s X0 _ - X, 0
XQ'X=1|"1 _ STl I =T -
|: 0 X’;| ( ® (It —Jr)) 0 %

_ |:0“)~(/1)~(1 0125(/15(2]
T eMXXy 02XX,
since 7! ® (It — Jp) is the generalized inverse of £ ® (It — J1) and
(Ir — ._IT)X = 5(1 fori = 1,2. But, X; and Xj are Txl vectors, hence,
X{Xj = Myy = i(Xit — )_(i)(th — )_(j) fori,j = 1,2. So
(=

- 022  —O012 2
But X7 = /(011022—012).
—012 011

22,GLS
-1
0—221’]:1X1)(1 _olzmxlxz
_Olzmxle 01 lmxzxz

Simple inversion of this 2 x 2 matrix yields

Hence, var (glz’GLS) = (5(’52_15()_1 = (011022 — 6,)

A 2 2.2
var (BIZ,GLS) = (011022 - 012) O11Myyx,/ [011022mx1x1 My,x, — GlszIXZ] .
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where the denominator is the determinant of the matrix to be

inverted. Also,

var (Bzz,GLs) = (011022 - 0122) 022mx1x1/ [011022mx1x1mxzxz - Glzgmim] .

c¢. Defining p = correlation (u;,u) = o012/ (011022)1/ 2andr = sample cor-
. . 1
relation coefficient between X; and X, = myx,/ (Mxyx, My x,) / 2, then

var(Bia.ars)/var(Biz,ers)
= (011022 — 075) Myx, Myyx,/ [011022Myyx, Myyx, — 07pmy ]
= 011001 — p?)/onon(l — p°r’) = (1 — p*) /(1 — p’r)
similarly, var(Bx,cLs)/var(Baz,ots)
_ 2 2 2
= (01102 — 0) My, Myyx,/ [011022Myx, My, — 01om3 |
= o11002(1 — p?)/onon(l — p°r’) = (1 — p) /(1 — p’r).
d. Call the relative efficiency ratio E = (1 — p?)/(1 — p?r?). Let @ = p?, then
E = (1 -0)/(1 —0r?). So that

—(1—6) +r2(1—-6)  —1+6+7 -6 —(1—1?) -

0E/06 = (1 —0r2)2 (1 —0r2)2 - (1-06r)2 —

since r* < 1. Hence, the relative efficiency ratio is a non-increasing func-
tion of @ = p?. Similarly, let A, = 12, then E = (1 — 8)/(1 — 9)) and
OE/0A = 0(1 —0)/(1 —06X)> > 0since 0 < 6 < 1. Hence, the relative
efficiency ratio is a non-decreasing function of A = 2. This relative effi-
ciency can be computed for various values of p? and r?> between 0 and 1 at

0.1 intervals. See Kmenta (1986, Table 12-1, p. 642).

10.6 Relative Efficiency of OLS in the Case of Multiple Regressions. This is based
on Binkely and Nelson (1988). Using partitioned inverse formulas, see the
solution to problem 7.7(c), we get that the first block of the inverted matrix in

(10.17) is

A _1 _1
var (BI,GLS) =An = I:GHX/IXI — 02X X, (67X5Xs) GZIX’zXl]
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10.7

_ 022 —O012

1 _ 2

But, X' = /(011022 012).
—012 011

Divide both the matrix on the right hand side and the denominator by

011022, We get

s = [1/(1 - )] |: /o1 —92/012:|

—p*/oa 1/on

where p* = 07, /01102. Hence,

-1

1

A~ 2 2
var (BI,GLS) = mxﬁxl — 02 (Gp_) (X(Px,X1) /(1 — Pz)]

12

But p?02/03, = 1/011, hence

2

A i p
ar = — XX - —
Y (B"GLS) Lon(T—p)" " 01— p?)

-1
=on(l—p?) [X[ X — X Px, Xi]| -

—1
X’IPXZXI}

Add and subtract sz’1X1 from the expression to be inverted, one gets
var (61,GLS) =on(l—p?) [ - )X X + PZXEszxl]_l .

Factor out (1 — p?) in the matrix to be inverted, one gets

var (BI,GLS) = o {X| X1 + [p*/(1 — PZ)]E/E}_I

where E = Px,X; is the matrix whose columns are the OLS residuals of each
variable in X regressed on X,.
When X; and X, are orthogonal, then X’1X2 =0. Ré is the R2 of the regres-

sion of variable Xq on the other (K; — 1) regressors in X. R;z is the R? of

X X
the regression of |:9eq:| on the other (K; — 1) regressors in W = |:9}é:| But
q

E = PXZ X1 = X1 - PXZ X1 = X1 since PX2 X1 = Xz (XéXz)_l X/2X1 =0.

X X
Soeq = Xqgand W = |:6X1 :| Regressing |:6)§:| on the other (K; — 1)
1 q

.1 X .
regressors in GXI yields the same R? as that of X4 on the other (K; — 1)
1



240 Badi Baltagi

regressors in X;. Hence, R = R*? and from (10.22) we get

T T
var (Gq,SUR) =on/ g;qu(l —R}) +6° ;efq (1 - Ré)

:on/§ ] xy (1-R2)
t

=1

(1 + 6?)

T
=onu(l—p)/ Y xg(1—R2)
t=1
since 1 + 02 = 1/(1 — p?).
10.8 SUR With Unequal Number of Observations. This is based on Schmid (1977).

a. Q given in (10.25) is block-diagonal. Therefore, Q! is block-diagonal:

OUIT GlZIT 0
Q=10 o2l 0 | withZ™!=[o"]fori,j=1,2.
0 0 LIy

022

X4 0 Y1
X=]0 Xp* and y=|y*
0 X y2"

where X; is TxK;, X3 is TxK; and X is NxK». Similarly, y; is Tx1, y; is
Tx1 and y3 is Nx1.

X/
X/Q_l = |:()l XO*/ XOO/ 0’12IT 0'221”[ 0
2 ? 0 0 Ll
ollX;  o!%X| 0
OIZX;/ 022X2>s</ 0LZZXZOI .

022

:| oy o2y 0

Therefore,
éGLS — (X/Q_IX)_IX/Q_Iy

—1
_ OUX/IX1 GIZXIIXZ*
GIZX;/XI 022X2*/X2* + (XZO/XQO/GZQ)

o'"Xy1 + 0 X]y}
o2X3'y1 + 02 X35 + (XYy9/022)
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b. If 61, = 0, then from (10.25)

oulr 00 It 000
Q=] 0 oplf 0 and Q7 '=1| 0 éIT 0
0 0 only 0 0 LIy

022
so that !> = 0 and 6" = 1/0;; fori = 1,2. From (10.26)
—1

M x/x
BGLSZ (;“l 'O 0 0/%.,0 (X/IYI/G“)
o [Eaa]] Lee Xt fen

so that

éGLS — (X/l)(l)_1 X/lyl _ Bl,ols
= 4 =%
[X3X0" + XX [X3y2* + Xa"y)] B2.0ls
Therefore, SUR with unequal number of observations reduces to OLS on
each equation separately if 6, = 0.
10.9 Grunfeld (1958) investment equation.

a. OLS on each firm.

Firm 1
Autoreg Procedure
Dependent Variable = INVEST

Ordinary Least Squares Estimates

SSE 275298.9 DFE 16
MSE 17206.18 Root MSE 131.1723
SBC 2447953 AIC 241.962
Reg Rsq 0.8411 Total Rsq 0.8411
Durbin-Watson 1.3985

Godfrey’s Serial Correlation Test

Alternative LM Prob>LM
AR(+ 1) 2.6242 0.1052
AR(+ 2) 2.9592 0.2277

AR(+ 3) 3.8468 0.2785
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Variable DF B Value Std Error t Ratio Approx Prob
Intercept 1 -72.906480 154.0 -0.473 0.6423
VALUEA1 1 0.101422 0.0371 2.733 0.0147
CAPITAL1 1 0.465852 0.0623 7.481 0.0001
Covariance of B-Values
Intercept VALUE1 CAPITAL1
Intercept 23715.391439 -5.465224899 0.9078247414
VALUET1 -5.465224899 0.0013768903 -0.000726424
CAPITAL1 0.9078247414 -0.000726424 0.0038773611
Firm 2
Autoreg Procedure
Dependent Variable = INVEST
Ordinary Least Squares Estimates
SSE 224688.6 DFE 16
MSE 14043.04 Root MSE 118.5033
SBC 240.9356 AlC 238.1023
Reg Rsq 0.1238 Total Rsq 0.1238
Durbin-Watson 1.1116
Godfrey’s Serial Correlation Test
Alternative LM Prob>LM
AR(+ 1) 4.6285 0.0314
AR(+ 2) 10.7095 0.0047
AR(+ 3) 10.8666 0.0125
Variable DF B Value Std Error t Ratio Approx Prob
Intercept 1 306.273712 185.2 1.654 0.1177
VALUET1 1 0.015020 0.0913 0.165 0.8713
CAPITAL1 1 0.309876 0.2104 1.473 0.1602
Covariance of B-Values
Intercept VALUE1 CAPITAL1
Intercept 34309.129267 -15.87143322 -8.702731269
VALUET1 -15.87143322 0.0083279981 -0.001769902
CAPITAL1 -8.702731269 -0.001769902 0.0442679729
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Dependent Variable = INVEST

Ordinary Least Squares Estimates
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SSE 14390.83 DFE 16
MSE 899.4272 Root MSE 29.99045
SBC 188.7212 AIC 185.8879
Reg Rsq 0.6385 Total Rsq 0.6385
Durbin-Watson 1.2413
Godfrey’s Serial Correlation Test
Alternative LM Prob>LM
AR(+ 1) 2.7742 0.0958
AR(+ 2) 8.6189 0.0134
AR(+ 3) 11.2541 0.0104
Variable DF B Value Std Error  tRatio  Approx Prob
Intercept 1 -14.649578 39.6927  -0.369 0.7169
VALUE1 1 0.031508 0.0189 1.665 0.1154
CAPITAL1 1 0.162300 0.0311 5.213 0.0001
Covariance of B-Values
Intercept VALUE1 CAPITAL1
Intercept 1575.5078379 -0.706680779 -0.498664487
VALUE1 -0.706680779 0.0003581721 0.00007153
CAPITAL1 -0.498664487 0.00007153 0.0009691442
Plot of RESID*YEAR.

c. SUR model using the first 2 firms

Model: FIRM1
Dependent variable: FIRM1_|
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Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter = 0
INTERCEP 1 -74.776254 153.974556 -0.486
FIRM1_F1 1 0.101594 0.037101 2.738
FIRM1_C1 1 0.467861 0.062263 7.514
Model: FIRM2
Dependent variable: FIRM2_
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter = 0
INTERCEP 1 309.978987 185.198638 1.674
FIRM2_F1 1 0.012508 0.091244 0.137
FIRM2_C1 1 0.314339 0.210382 1.494

SUR model using the first 2 firms
SYSLIN Procedure

Seemingly Unrelated Regression Estimation

Badi Baltagi

Prob > |T|

0.6338
0.0146
0.0001

Prob >|T|

0.1136
0.8927
0.1546
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Sigma

FIRM1
FIRM2

Corr

FIRM1
FIRM2

Inv Corr

FIRM1
FIRM2

Inv Sigma

FIRM1
FIRM2

Cross Model Covariance

FIRM1

17206.183816
-355.9331435

FIRM2

-355.9331435
14043.039401

Cross Model Correlation

FIRM1

1
-0.022897897

FIRM2

-0.022897897
1

Cross Model Inverse Correlation

FIRM1

1.0005245887
0.0229099088

FIRM2

0.0229099088
1.0005245887

Cross Model Inverse Covariance

FIRM1

0.0000581491
1.4738406E - 6

FIRM2

1.4738406E - 6
0.000071247
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System Weighted MSE: 0.99992 with 32 degrees of freedom. System
Weighted R-Square: 0.7338

d. SUR model using the first three firms

Model: FIRM1

Dependent variable: FIRM1_|

Parameter Estimates
Parameter Standard
Variable DF Estimate Error
INTERCEP 1 -27.616240 147.621696
FIRM1_F1 1 0.088732 0.035366
FIRM1_C1 1 0.481536 0.061546
Model: FIRM2

Dependent variable: FIRM2_I

T for HO:
Parameter = 0

-0.187
2.509
7.824

Prob > |T|

0.8540
0.0233
0.0001
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Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter = 0 Prob > |T|
INTERCEP 1 255.523339 167.011628 1.530 0.1456
FIRM2_F1 1 0.034710 0.081767 0.425 0.6769
FIRM2_C1 1 0.353757 0.195529 1.809 0.0892
Model: FIRM3
Dependent variable: FIRM3_I
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter =0  Prob > |T|
INTERCEP 1 -27.024792 35.444666 -0.762 0.4569
FIRM3_F1 1 0.042147 0.016579 2.542 0.0217
FIRM3_C1 1 0.141415 0.029134 4.854 0.0002
SUR model using the first 3 firms
SYSLIN Procedure
Seemingly Unrelated Regression Estimation
Cross Model Covariance
Sigma FIRM1 FIRM2 FIRM3
FIRM1 17206.183816 -355.9331435 1432.3838645
FIRM2 -355.9331435 14043.039401 1857.4410783
FIRM3 1432.3838645 1857.4410783 899.4271732
Cross Model Correlation
Corr FIRM1 FIRM2 FIRM3
FIRM1 1 -0.022897897 0.3641112847
FIRM2 -0.022897897 1 0.5226386059
FIRM3 0.3641112847 0.5226386059 1
Cross Model Inverse Correlation
Inv Corr FIRMA1 FIRM2 FIRM3
FIRM1 1.2424073467 0.3644181288 -0.642833518
FIRM2 0.3644181288 1.4826915084 -0.907600576
FIRM3 -0.642833518 -0.907600576 1.7084100377
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Cross Model Inverse Covariance

Inv Sigma FIRM1 FIRM2 FIRM3

FIRM1 0.000072207 0.0000234438 -0.000163408
FIRM2 0.0000234438 0.000105582 -0.000255377
FIRM3 -0.000163408 -0.000255377 0.0018994423

System Weighted MSE: 0.95532 with 48 degrees of freedom.
System Weighted R-Square: 0.6685

SAS PROGRAM

data A; infile ‘B:/DATA/grunfeld.dat’;
input firm year invest value capital;

data aa; set A; keep firm year invest value capital;
if firm>3 then delete;

data A1; set aa; keep firm year invest value capital;
if firm>1 then delete;

data AA1; set A1;

valuei=lag(value);

capital1=lag(capital);

Proc autoreg data=AA1;
model invest=value1 capital1/ godfrey=3 covb;
output out=E1 r=resid;

title ‘Firm 1;

proc plot data=ET;
plot resid*year="",

Title ‘Firm 1’;

run;

data A2; set aa; keep firm year invest value capital;
if firm=1 or firm=3 then delete;

247
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data AA2; set A2;
valuei=lag(value);
capital1=lag(capital);

Proc autoreg data=AA2;
model invest=value1 capital1/ godfrey=3 covb;
output out=E2 r=resid;
title ‘Firm 2,
proc plot data=E2;
plot resid*year="";
Title ‘Firm 2,
run;

data A3; set aa; keep firm year invest value capital;
if firm<=2 then delete;

data AA3; set A3;

valuei=lag(value);

capital1=lag(capital);

Proc autoreg data=AA3;
model invest=value1 capital1/ godfrey=3 covb;
output out=E3 r=resid;
title ‘Firm 3;
proc plot data=E3;
plot resid*year="",
title ‘Firm 3;
run;

Proc iml;

use aa;

read all into temp;

sur=temp[1:20,3:5]|[temp[21:40,3:5]| |temp[41:60,3.5];

c={"F1" "F1_f" "F1_¢” “F2." “F2_f" “F2_¢” “F3.4" “F3_f" “F3_c"};
create sur_data from sur [colname=c];

append from sur;
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data surdata; set sur_data;

firm1_i=f1_i; firm1_f1=lag(f1_f); firm1_c1=lag(f1_c);
firm2_i=f2_i; firm2_f1=lag(f2_f); firm2_c1=lag(f2_c);
firm3_i=f3_i; firm3_f1=lag(f3_f); firm3_c1=lag(f3_c);

proc syslin sur data=surdata;
Firm1: model firm1_i=firm1_f1 firm1_c1;
Firm2: model firm2_i=firm2_f1 firm2_c1;
title ‘SUR model using the first 2 firms’;
run;

proc syslin sur data=surdata;
Firm1: model firm1_i=firm1_f1 firm1_ct;
Firm2: model firm2_i=firm2_f1 firm2_c1;
Firm3: model firm3_i=firm3_f1 firm3_cf1;
title ‘SUR model using the first 3 firms’;
run;

249

10.11 Grunfeld (1958) Data-Unequal Observations. The SAS output is given below

along with the program.

Ignoring the extra OBS
BETA STD_BETA
48.910297 116.04249
0.0834951 0.0257922
0.2419409 0.0654934
-58.84498 125.53869
0.1804117 0.0629202
0.3852054 0.1213539
WILKS METHOD

BETA STD_BETA
47.177574 116.24131
0.0835601 0.0258332
0.245064 0.0656327
-58.93095 135.57919
0.1803626 0.0679503

0.3858253

0.1309581
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SRIVASTAVA & ZAATAR METHOD

BETA STD_BETA
47.946223 116.04249
0.0835461 0.0257922
0.2435492 0.0654934
-59.66478 135.42233
0.1808292 0.067874
0.3851937 0.1309081

HOCKING & SMITH METHOD

BETA STD_BETA
48.769108 116.12029
0.083533 0.0258131
0.2419114 0.0655068
-60.39359 135.24547
0.1813054 0.0677879
0.384481 0.1308514

SAS PROGRAM

data AA; infile ‘a:/ch10/grunfeld.dat’;
input firm year invest value capital;

data AAA; set AA;
keep firm year invest value capital;
if firm>=3 then delete;

Proc IML;

use AAA; read all into temp;

Y1=temp[1:15,3]; Y2=temp[21:40,3]; Y=Y1//Y2;
X1=temp[1:15,4:5]; X2=temp[21:40,4:5];
N1=15; N2=20; NN=5; K=3;

X1=J(N1,1,1)]|X1;
X2=J(N2,1,1)||X2;
X=(X1/(N2,K,0))||(J(N1,K,0)//X2);
BT1=INV(X1 *X1)*X1*Y1;
BT2=INV(X2 *X2)"X2'*Y2;
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e1=Y1-X1*BT1; e2=Y2-X2*BT2;

€2_15=e2[1:N1,]; ee=e2[16:N2,];

S11=e1*e1/N1; S12=e1*e2_15/N1;
S22_15=e2_15*€2_15/N1;

522_4=ee *ee/NN; S22=2"*e2/N2;
S_12=812*SQRT(S22/522_15);

S_11=811 - (NN/N2)*((S12/S22_15)**(2))*(S22_15-S22_4);
$1.2=812*522/S22_15; ZERO=J(NN,2*N1,0);
OMG1=((S11||S12)//(S12||S22_15)) @I(N1);
OMG2=((S11||S12)//(S12]|S22)) @I(N1);
OMG3=((S11]|S_12)/[(S_12]|S22)) @I(N1);
OMG4=((S_11]|S12)//(S1-2]|S22)) @I(N1);
OMEGA1=(OMG1//ZERO)||(ZEROQ //(S22_15@I(NN)));
OMEGA2=(0OMG2//ZERQ)||(ZERO'//(S22 @I(NN)));
OMEGA3=(OMGS3//ZERO)||(ZERO'//(S22 @I(NN)));
OMEGA4=(0OMG4//ZERQ)||(ZERO'//(S22 @1(NN)));
OMG1_INV=INV(OMEGA1); OMG2_INV=INV(OMEGA2);
OMG3_INV=INV(OMEGAS); OMG4_INV=INV(OMEGA4);

ssrensess [onoring the extra OBS s,
BETA1=INV(X*OMG1_INV*X)*X *OMG1_INV*Y;
VAR_BT1=INV(X"*OMG1_INV*X);
STD_BT1=SQRT(VECDIAG(VAR_BT1));
OUT1=BETA1||STD_BT1; C={"BETA” "STD_BETA"};
PRINT ‘Ignoring the extra OBS’,,0UT1(|COLNAME=C|);

exverrrees WILKS METHOD 55005
BETA2=INV(X *OMG2_INV*X)*X *OMG2_INV*Y;
VAR_BT2=INV(X *OMG2_INV*X);
STD_BT2=SQRT(VECDIAG(VAR_BT2));
OUT2=BETA2||STD_BT2;

PRINT ‘WILKS METHOD’,,0UT2(|COLNAME=C|);

renssevent GRIVASTAVA & ZAATAR METHOD **++++++**
BETAS=INV(X *OMG3_INV"X)"X “OMG3_INVY:
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VAR_BT3=INV(X *OMG3_INV*X);

STD_BT3=SQRT(VECDIAG(VAR_BT3));
OUT3=BETA3||STD_BT3;

PRINT ‘SRIVASTAVA & ZAATAR METHOD’,,0UT3(|COLNAME=C]);

*kkkkkkkkk HOCKlNG & SMlTH METHOD **********;
BETA4=INV(X *OMG4_INV*X)*X *OMG4_INV*Y;
VAR_BT4=INV(X *OMG4_INV*X);

STD_BT4=SQRT(VECDIAG(VAR_BT4));
OUT4=BETA4||STD_BT4;

PRINT ‘HOCKING & SMITH METHOD’,,0UT4(]COLNAME=C|);

10.12 Baltagi and Griffin (1996) Gasoline Data.

a. SUR Model with the first two countries

SYSLIN Procedure

Seemingly Unrelated Regression Estimation

Model: AUSTRIA

Dependent variable: AUS_Y

Variable DF

INTERCEP
AUS_X1
AUS_X2
AUS_X3

Model: BELGIUM

Parameter Estimates

Parameter
Estimate

3.713252
0.721405
-0.753844
-0.496348

Dependent variable: BEL_Y

Variable DF

INTERCEP
BEL X1
BEL_X2
BEL_X3

Parameter Estimates

Parameter
Estimate

2.843323
0.835168
-0.130828
-0.686411

Standard
Error

0.371877
0.208790
0.146377
0.111424

Standard
Error

0.445235
0.169508
0.153945
0.092805

T for HO:
Parameter = 0

9.985
3.455
-5.150
-4.455

T for HO:
Parameter = 0

6.386
4.927
-0.850
-7.396

Badi Baltagi

Prob > |T|

0.0001
0.0035
0.0001
0.0005

Prob > |T|

0.0001
0.0002
0.4088
0.0001
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b. SUR Model with the first three countries

SYSLIN Procedure

Seemingly Unrelated Regression Estimation

Model: AUSTRIA
Dependent variable: AUS_Y

Parameter Estimates

Parameter
Variable DF Estimate
INTERCEP 1 3.842153
AUS_X1 1 0.819302
AUS_X2 1 -0.786415
AUS_X3 1 -0.547701

Model: BELGIUM
Dependent variable: BEL_Y

Standard
Error

0.369141
0.205608
0.145256
0.109719

T for HO:
Parameter = 0

10.408

3.985
-5.414
-4.992

Parameter Estimates

Parameter
Variable DF Estimate
INTERCEP 1 2.910755
BEL_X1 1 0.887054
BEL_X2 1 -0.128480
BEL_X3 1 -0.713870

Model: CANADA
Dependent variable: CAN_Y

Standard
Error

0.440417
0.167952
0.151578
0.091902

T for HO:
Parameter = 0

6.609
5.282
-0.848
-71.768

Parameter Estimates

Parameter
Variable DF Estimate
INTERCEP 1 3.001741
CAN_X1 1 0.410169
CAN_X2 1 -0.390490
CAN_X3 1 -0.462567

Standard
Error

0.272684
0.076193
0.086275
0.070169

T for HO:
Parameter = 0

11.008

5.383
-4.526
-6.592

253

Prob > |T|

0.0001
0.0012
0.0001
0.0002

Prob > |T|

0.0001
0.0001
0.4100
0.0001

Prob > |T|

0.0001
0.0001
0.0004
0.0001
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¢. Cross Model Correlation
Corr AUSTRIA
AUSTRIA 1

BELGIUM  0.2232164952
CANADA -0.211908098

BELGIUM

0.2232164952
1
-0.226527683

Badi Baltagi

CANADA

-0.211908098
-0.226527683

1

Breusch and Pagan (1980) diagonality LM test statistic for the first three

countries yields Aoy = T (r}, + 13, +13,) = 2.77 which is asympoti-

cally distributed as 3 under the null hypothesis. This does not reject the

diagonality of the variance—covariance matrix across the three countries.

SAS PROGRAM

Data gasoline;
Input COUNTRY § YEAR Y X1 X2 X3;
CARDS;

Proc IML;
use GASOLINE;
read all into temp;

sur=temp [1:19,2:5] | | temp[20:38, 2:5] | | temp[39:57,2:5];
c={"AUS_Y” "AUS_X1" “AUS_X2" “AUS_X3" “BEL_Y” “BEL_X1" “BEL_X2"
“BEL_X3” “CAN_Y” “CAN_X1" “CAN_X2" “CAN_X3"};

create SUR_DATA from SUR [colname=c];
append from SUR;
proc syslin sur data=SUR_DATA,;

AUSTRIA: model AUS_Y=AUS_X1 AUS_X2 AUS_X3;
BELGIUM: model BEL_Y=BEL_X1 BEL_X2 BEL_X3;
title ‘SUR MODEL WITH THE FIRST 2 COUNTRIES’;

proc syslin sur data=SUR_DATA,;

AUSTRIA: model AUS_Y=AUS_X1 AUS_X2 AUS_X3;

BELGIUM: model BEL_Y=BEL_X1 BEL_X2 BEL_X3;

CANADA: model CAN_Y=CAN_X1 CAN_X2 CAN_X3;
title ‘SUR MODEL WITH THE FIRST 3 COUNTRIES’;

run;
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10.13 Trace Minimization of Singular Systems with Cross-Equation Restrictions.

This is based on Baltagi (1993).

3 3 T
a. Note that ) yi = 1, implies that }_ y; = 1, where y; = Y yi/T, fori =
i=1 i=1 t—l

1,2, 3. This means that Z xe(y3t—y3) = — Z xe(Yor—y2)— Z xe(Y1t—V1)
or b; = —b, —by. This shows that the b;’s sat1sfy the addlng up restriction

Bi + B2+ B3 =0.
b. Note also that ; = B, and B; + B> + B3 = 0 imply B3 = —2p;. If we

ignore the first equation, and impose p; = B, we get

v2f |t 0 X zz+82
Y3_OL—2X Bf €3

which means that the OLS normal equations yield

T T
T&2+61 ZXtZZYZt
t=1

t=1

T T
Tas —2p, Z Xy = Z Y3t
t=1 t=1
T T . T T T
G Y xe—203 ) x+ 5B D =) xyn—2) Xya
=1 =1 =1 =1

=1
Substituting the expressions for &, and &3 from the first two equations into
the third equation, we get Bl = 0.2b, — 0.4b;. Using b; + by + b3 = 0
from part (a), one gets él = 0.4b; + 0.6b,.

c. Similarly, deleting the second equation and imposing ; = P, one gets

yl_LOX zl+€1
yvi| |0 o« —2X BT e ]

Forming the OLS normal equations and solving for Bl, one gets él =

0.2b; — 0.4bs. Using by + by + by = 0 gives f; = 0.6b; + 0.4bs,.



256

10.17 The SUR results are replicated using Stata below:
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d. Finally, deleting the third equation and imposing f; = P, one gets

oy
Y1 _ L 0 X €1
HEENERE!

Forming the OLS normal equations and solving for 61 one gets él =

0.5b; + 0.5b,.

Therefore, the estimate of f; is not invariant to the deleted equation.

Also, this non-invariancy affects Zellner’s SUR estimation if the restricted

least squares residuals are used rather than the unrestricted least squares

residuals in estimating the variance covariance matrix of the disturbances.

An alternative solution is given by Im (1994).

. sureg (Growth: dly = yrt gov m2y inf swo dtot f_pcy d80 d90) (Inequality: gih = yrt m2y

civ mig migldc), corr

Seemingly unrelated regression

Equation Obs Parms RMSE
Growth 119 9 2.313764
Inequality 119 5 6.878804

80.36 0.0000

102.58 0.0000

yrt -0497042 1546178 -0.32
gov -0345058 .0354801 -0.97
m2y .0084999 .0163819  0.52
inf -0020648 .0013269 -1.56
SWO 3.263209 60405  5.40
dtot 17.74543  21.9798  0.81
fpcy | -1.038173 4884378 -2.13
adso -1.615472 5090782  -3.17
doo -3.339514 6063639  -5.51
_cons | 10.60415 3.471089  3.05

s

0.4047

0.4612
P>z [95%
0.748  -3527496
0.331  -.1040455
0604  -.023608
0120  -.0046655
0000 2079292
0419  -25.33419
0034 -1.995494
0002 -2.613247
0.000 -4.527965
0002  3.800944

2533412
.0350338
.0406078
.000536
4.447125
60.82505
-.0808529
-.6176976
-2.151063
17.40736
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Inequality
yrt -1.000843  .3696902 -2.71 0.007 -1.725422 -.2762635
m2y -0570365 .0471514 -121 0226 -.1494516 .0353785
civ .0348434 5533733  0.06 0.950 -1.049748 1.119435
mig 1684692  .0625023  2.70 0.007  .0459669 .2909715
migldc | .0344093 .0421904 0.82 0415 -.0482823 117101
_cons 33.96115 4.471626 7.59 0.000  25.19693 42.72538

Correlation matrix of residuals:

Growth  Inequality
Growth 1.0000
Inequality 0.0872  1.0000

Breusch—Pagan test of independence: chi2(1) = 0.905, Pr = 0.3415.
b. Note that the correlation among the residuals of the two equations is
weak (0.0872) and the Breusch—Pagan test for diagonality of the variance—
covariance matrix of the disturbances of the two equations is statistically

insignificant, not rejecting zero correlation among the two equations.
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CHAPTER 11
Simultaneous Equations Model

11.1 The Inconsistency of OLS. The OLS estimator from Eq. (11.14) yields 8015 =
T

> Pt/ Z p:2 where p; = P, — P and q; = Q — Q. Substituting q, = 8p; +

t=1 t=1

T T
(U — 1) from (11.14) we get 8o, = 8+ 3. pi(uzy — i)/ Y. p2. Using (11.18),
=1

=1
T
we get plim ) pi(uy — U2)/T = (012 — 022)/(8 — B) where oj; = cov(uy, uj;)
t=1
fori,j=1,2andt = 1,2,..,T. Using (11.20) we get

plim 851 = 8 + [(012 — 022)/ (8 — B)]/[(011 + 022 — 2012)/ (5 — B)’]
=8 + (012 —022)(8 — B)/ (011 + 022 — 2012).
11.2 When Is the IV Estimator Consistent?

a. ForEq.(11.30)y; = apny2 +ai13ys + P11 X1 +B12X2 +u1. When we regress
T

y2 on X;, X, and Xj; to get y, = §2 + V2, the residuals satisfy Y §20p = 0
t=1

and Z V2 Xy = Z VX = Z V2 X3¢ = 0.
t=1 t=1 t=1
Similarly, when we regress y3 on X, X and X4 to get y3 = ¥ +

V3, the residuals satisfy ZY3t\)3t = 0 and Z\)3tX1t = Z\)3tX2t =
t=1 t=1 t=1
T

> 93X4 = 0. In the second stage regression y; = appys + o3¥3 +

=1

BriXi + Br2Xa + &1 where g1 = app(y2 — 92) + aiz(ys — 93) +up =
T

a12924a1393+u;. For this to yield consistent estimates, we need Y yaie1r =
t=l

Z Youpe: Z Ve = Z Yaupe: Z X = Z Xjuye and Z Xoeyy =

t—l t=1 t=1 t=l t= l t=l

Z Xowuye. But Z Yai€1e = Q12 Z Vor¥ae + a3 Z V39 + Z Yoy with

t=1 t=1 t=1 t=1

M—]

V¥ = 0 because v, are the residuals and ¥, are the predicted val-

o
I
-

T
ues from the same regression. However, Y D3 y2 is not necessarily zero
t=1

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 259
in Business and Economics, DOI 10.1007/978-3-642-54548-1_11,
© Springer-Verlag Berlin Heidelberg 2015



260

Badi Baltagi

because V3 is only orthogonal to X, X, and X4, while ¥, is a perfect linear
T

combination of X;, X; and X3. Hence, Y ¥3:X3; is not necessarily zero,
t=1
T
which makes ) V32 not necessarily zero.
t=1

T T T T
Similarly, > $3ere = a2 Y V2¥3e + iz ) V3¥3e + Y Yaeuie with
t=1 t=1 t=1 t=1
T T
> U3y = 0 and Y Va¥3: not necessarily zero. This is because vy is
t=1 t=1

only orthogonal to X;, X; and X3, while y3 is a perfect linear combina-
T
tion of Xj, X, and X4. Hence, ) VX4 is not necessarily zero, which
t=1
T
makes Y Vpy3 not necessarily zero. Since both X; and X, are included
t=1

T T
in the first stage regressions, we have Y Xjeer = Y. Xjup using the
t=1 t=1

T T T T
fact that )" X0 = > XiVse = 0. Also, Y Xner = Y Xowuye since

t=1 t=1 t=1 t=1

T T
Z XotVor = Z X3 = 0.
t=1 t=1

. The first stage regressions regress y, and y3 on X,, X3 and X, to get

T
y2 = 92 + ¥2 and y3 = §3 + V3 with the residuals satisfying Y 92 §2 =
t=1

T T T T T
DX = D 0Xa = D 0Xy = 0and Y V3¥xn = D V3Xy =
=1

=1 =1 =1 =1

T T
> 93Xz = Y 93X4 = 0. In the second stage regression y; = a2y, +
t=1 t=

f
o133 + BuiXi + PioXo + € where 1 = app(y2 — §2) + ouz(ys — 93) +

u; = appVy + a139; + uy. For this to yield consistent estimates, we need

T T T T T T
Z §’2t81t = Z 92tu1t§ Z 93t81t = Z §’3tu1t§ Z Xienr = Z Xy and
t=1 t=1

t=1 t=1 t=1 t=1

T T
Z Xl = Z Xotuy.

=1 t=1

The first two equalities are satisfied because

T T T T

Z}A’zt\;zt = Z}A’zt\33t =0 and 293t62t = Z g’}t{)}t =0

t=1 t=1 t=1 t=1

since the same set of X’s are included in both first stage regressions.

T T T T
Z X2t81t = Z Xzﬂllt because Z th\A)zt = Z X2t\33t = 0 since X2 is
t=1 t=1 t=1 t=1
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11.3

11.4

11.5

T T
included in both first-stage regressions. However, Y X1 # > Xy
t=1 t=1

T T
since ZX“\SZ‘ #0 and let{)zt #0
=1 =1
because X; was not included in the first stage regressions.

Just-Identification and Simple IV. If Eq.(11.34) is just-identified, then X, is
of the same dimension as Y}, i.e., both are Txg,;. Hence, Z; is of the same
dimension as X, both of dimension Tx (g; + k;). Therefore, X'Z, is a square
non-singular matrix of dimension (g; + k;). Hence, (Z’IX)_1 exists. But from

(11.36), we know that
A -1 _ -1 _
812ss = (Z\PxZ1)~ Z|Pxy: = [Z1X(X'X)"'X'Zi]  Z/X(X'X)"' X'y

= (XZ)'X'X) (ZX) " (Z/X) X'X) Xy, = (X'Z) ' Xy,
as required. This is exactly the IV estimator with W = X given in (11.41).
It is important to emphasize that this is only feasible if X'Z; is square and
non-singular.
2SLS Can Be Obtained as GLS. Premultiplying (11.34) by X’ we get X'y; =
X'Z18; + X'u; with X'u; having mean zero and var(X'u;) = o1 X’X since

var(u;) = oj;It. Performing GLS on this transformed equation yields
81.61s = [Z)X(011X'X)"'X'Z] 7' Z| X (011 X'X) "' X'y, = (Z,PxZ1)"'Z,Pxy,
as required.

The Equivalence of 3SLS and 2SLS.

a. From (11.46), (i) if ¥ is diagonal then ™! is diagonal and S @ Py is
block-diagonal with the i-th block consisting of Px/&;. Also, Z is block-
diagonal, therefore, {Z'[S ! ® Px]Z} " is block-diagonal with the i-th block

consisting of (Zi’PxZi)_l. In other words,
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Zo 0 . o\[Px/6n O . 0
Z/I:i‘_l(X)PX:IZ: 0 Z/2 . 0 0 Px/622 . 0
0 0 . z, 0 0 . Px/6ag
Zi 0 .. 0
0 7 0
0 o0 Zg
7/ PxZ; /611 0 . 0
B 0 ZhPxZa/6m .. 0
0 0 . ZgPxZs/b6G
Z\Pxy1 /611
Z,Pxys/62

and 7/ [XAI_I ® PX] y =
ZPxya/666
Hence, from (11.46) 83515 = {Z/[S7! ® Px]Z} " H{Z/[E~! ® Pxly}
o1 [z, Pxzi] ™ 0 . 0
0 V78 297 0
0 0 . a6 [ZPxZa] ™!
Z/1PXY1/311
Z/2PXY2/322
Z/GPXYG/SGG

_l A
(Z\PxZi) " Z\Pxy 81.2sLs

-1 A
(24PxZ,) " Z4Pxy) 82,2sLs

(ZPxZa) ™ ZLPxya Saasts
(i) If every equation in the system is just-identified, then Z!X is square and
non-singular for i = 1,2,..,G. In problem 11.3, we saw that for say
the first equation, both Z; and X have the same dimension Tx(g; + k1).

Hence, Z/ X is square and of dimension (g; + k;). This holds for every
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equation of the just-identified system. In fact, problem 11.3 proved that
81,2SLS = (X'Z) 'X'y; fori = 1,2, .., G. Also, from (11.44), we get

Basis = {diag [Z/X] [2—‘ ® (X’X)_l] diag [X'Z;]}™!
tdiag[Z7X] [$7! @ (%07 | (g @ Xy}
But each Z;'X is square and non-singular, hence
Bisus = [ding (XZ) ™ (£ @ (XX)) diag (2/X) "]
tdiag (z/%) [£7' @ (07! ] (1l ® Xy}
which upon cancellation yields

S350 = diag(X'Z) ™" (Ig ® X))y

xzy™! 0 .0 X
| o &m0 [[xw
0 0. zo ') \Xye
X'Z) "' X'y, §1,2SLS
_ (X’Zz)‘_lX’yz _ 82,2‘SLS as required.
(X'Zg) X'yg 8G2ss

b. Premultiplying (11.43) by (I ® Px) yields y* = Z*§ + u* where y* =
(Ig®Px)y, Z* = (Ig®Px)Z andu* = (Ig®Px)u. OLS on this transformed

model yields
Sois = (27'2)7'27y* = [Z/ (16 ® Px)Z] ™" [Z/ (I ® Px)y]
(Z,Pxz,)~" 0 . 0 Z/Pxy;
B 0 (Z4PxZ2) "' .. 0 Z5Pxy»
0 0 -« (ZsPxZs) ) \ZgPxya
(Z’IPXZI)_1 Z\Pxyi gl,ZSLS
_l N
_ (Z,PxZ>) " Z,Pxy> _ | 820818
(Z’GPXZG)_1 ZiPxyc SG,ZSLS



264

Badi Baltagi

which is the 2SLS estimator of each equation in (11.43). Note that u* has
mean zero and var(u*) = ¥ ® Px since var(u) = X ® Ir. The generalized
inverse of var(u*) is ¥~' ® Px. Hence, GLS on this transformed model

yields
8GLS — [Z*/(Z_l ® PX)Z*]—lz*/(E—l ® PX)y*

= [Z'(Ic ® Px)(Z™' ® Px)(Ic ® Px)Z]~'Z'(Ic ® Px)(= ™' ® Px)

x (I ® Px)y

=[Z'(=7' ®Px)Z]'Z'[Z7" ® Pxly.
Using the Milliken and Albohali condition for the equivalence of OLS and
GLS given in Eq. (9.7) of Chap. 9, we can obtain a necessary and sufficient
condition for 2SLS to be equivalent to 3SLS. After all, the last two esti-
mators are respectively OLS and GLS on the transformed * system. This
condition gives Z* (X' ® Px)Pz+ = 0 since Z* is the matrix of regres-
sors and ¥ ® Py is the corresponding variance-covariance matrix. Note that
7* = diag[PxZj] = diag[zi] or a block-diagonal matrix with the i-th block
being the matrix of regressors of the second-stage regression of 2SLS. Also,
Pz« = diag[P; ] and Pz« = diag[P; ]. Hence, the above condition reduces to
oiJZ;PZj =0fori#j and i,j=1,2,.,G.

If T is diagonal, this automatically satisfies this condition since o;; = 6/=0
fori # j. Also, if each equation in the system is just-identified, then Z/X

and X'Z; are square and non-singular. Hence,

A An LA, AN"L A _ B -1

4Py, =22 (425) 2 = ZX(XX) X% [ZX (X)X 7,
ZX(X'X) X = ZX(X'X)'X = ZPx = Z

after some cancellations. Hence, Zgl_’zj =7 - Z{sz = 7! — 7! = 0, under

just-identification of each equation in the system.
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11.6 a.

11.7 a.

Writing this system of two equations in the matrix form given by (A.1) we

e T R e

x; = [1, Wy, Ly] and u; = (ugg, uze).

There are two zero restrictions on I'. These restrictions state that W, and L
do not appear in the demand equation. Therefore, the first equation is over-
identified by the order condition of identification. There are two excluded
exogenous variables and only one right hand side included endogenous vari-
able. However, the supply equation is not identified by the order condition
of identification. There are no excluded exogenous variables, but there is
one right hand side included endogenous variable.

The transformed matrix FB should satisfy the following normalization

restrictions:
fii+fio=1 and £ +1n =1.

These are the same normalization restrictions given in (A.6). Also, FI" must

satisfy the following zero restrictions:
f110 — flze =0 and f110 — f12f =0.

If either e or f are different from zero, so that at least W; or L, appear in
the supply equation, then f;, = 0. This means that f;; + 0 = 1 or f}; = 1,
from the first normalization equation. Hence, the first row of F is indeed
the first row of an identity matrix and the demand equation is identified.
However, there are no zero restrictions on the second equation and in the
absence of any additional restrictions f>; # 0 and the second row of F is
not necessarily the second row of an identity matrix. Hence, the supply
equation is not identified.

In this case,

1 b —a —c —d 0 0 Q¢
[1 —f] ’ |:—e 0 0 -¢g —h:| R (Pt)

X; =[LY,A,W,L] and u{ = (U, uzp).
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b.

11.8 a.
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There are four zero restrictions on I'. These restrictions state that Y and A
are absent from the supply equation whereas W, and L, are absent from the
demand equation. Therefore, both equations are over-identified. For each
equation, there is one right hand sided included endogenous variable and

two excluded exogenous variables.

. The transformed matrix FB should satisfy the following normalization

restrictions:

fii+fio=1 and £ +1n =1.

Also, FI" must satisfy the following zero restrictions:
—fHic+1p0=0 —fH1d + 0 =0.

and

110 —fiog =0 f110 —f;2h = 0.

If either ¢ or d are different from zero, so that at least Y or A; appear in the
demand equation, then f,; = 0 and from the second normalization equation
we deduce that f), = 1. Hence, the second row of F is indeed the second
row of an identity matrix and the supply equation is identified. Similarly, if
either g or h are different from zero, so that at least W, or L; appear in the
supply equation, then f;, = 0 and from the first normalization equation we
deduce that fj; = 1. Hence, the first row of F is indeed the first row of an
identity matrix and the demand equation is identified.

From example (A.1) and Eq. (A.5), we get

I b —-a — 0

A=[B,T]= Buiu Bz v vz Vi3 — a C
Bar B2 vy Y2 V23 l1 e -d 0 -

Therefore, ¢ for the first equation consists of only one restriction, namely

that W is not in that equation, or y;3 = 0. This makes ¢’ = (0,0,0,0, 1),

since



Chapter 11: Simultaneous Equations Model 267

o) ¢ = 0 gives yi3 = 0. Therefore,

A= (") =(2).
Y23 —f
This is of rank one as long as f # 0. Similarly, for ¢ the second equation

consists of only one restriction, namely that Y; is not in that equation, or

y22 = 0. This makes ¢ = (0,0,0,1,0), since aj¢p = 0 gives y»» = 0.

Therefore, Adp = (Vu) = _OC . This is of rank one as long as ¢ # 0.
Y22

b. For the supply and demand model given by (A.3) and (A.4), the reduced
form is given by
m= [ o ;] - [ezjjd if Eff} /(e +b).
This can be easily verified by solving the two equations in (A.3) and (A.4)
for P; and Q; in terms of the constant, Y and W;.

From part (a) and Eq.(A.17), we can show that the parameters of

the first structural equation can be obtained from o}[W, ] =0 where
oy = (Bi1,Bi2, Y11, Y12, Y13) represents the parameters of the first structural

equation. W = [I1,I5] and ¢’ = (0,0, 0,0, 1) as seen in part (a).
Biu 11 +P2 a+yn=0
Bii 2+Pr2 2n+y2=0

Bii 3+P2 3+y3=0

yiz =0

If we normalize by setting B1; = 1, we get 1o = — 13/ 23 also

13 2 13— 12 23
Y2o=— np+— p»p=————"—and

23 23

13 20 13— 11 23
Yn=—un+—ag=—"—"".

23 23

One can easily verify from the reduced form parameters that

Bio=— 13/ 23=-bf/—f=b.
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Similarly, yi2 = ( 2 13— 12 23)/ 23 = (cbf +ecf)/ —f(e + b) = —c.
Finally,yn =(2 13— 11 23)/ 73 = (abf+ aet)/ — f(e +b) = —a.

Similarly, for the second structural equation, we get,

1 2 1 0

21 2 23 0
(BZI) 6227 YZI, YZZ; Y23) 1 O 0 0 = (05 07 Oa 07 O)
0 1 0 1
0 0 1 0
which can be rewritten as
Bor 11 +P2 20 +7y21=0
Boi 24+PBn 2+yn=0
Bor 13+Pn 3+y3=0
y22 = 0.
If we normalize by setting Bo; = 1, we get By = — 12/ 22 also
2 23 12— 13 22
Y23 = — 13-1-—1 z3=—land
2 2
12 2 21— 11 2
Yai=— n+— 2 =—""7"7—7—.
2 2

One can easily verify from the reduced form parameters that
Bro = — 12/ 22 = —ec/c = —e. Similarly,
Y23 =( 23 13— 13 2)/ 2= (—ecf—bdf)/c(e +b) = —f. Finally,

y20=0( 12 21— 1 2)/ 22 = (—dec—bdc)/c(e +b) = —d.

11.9 For the simultaneous model in problem 11.6, the reduced form parameters

are given

by =|: 11 12 13:|:|:ab+bc Ez Eff:|/(b+d)

21 22 23 a—¢
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This can be easily verified by solving for P; and Q; in terms of the constant, W
and L. From the solution to 11.6, we get

Bii Bz v vz V13:|:|:1 b —-a 0 O]

A=[B,T] =
[ ] |:521 B var Y22 V23 1 -d —¢ —e -—

For the first structural equation,

0

<

Il
o~ o oo
- o o o

with aj$ = 0 yielding yi» = y;3 = 0. Therefore, (A.17) reduces to
nm 1 13 00

a0 2 23 00
Bi1, B2, Vi, V12, v13) | 1 0 0 0 0f=(0,0,0,0,0)
0 1 0O 1 0
0 0 1 0 1
This can be rewritten as
Bii 11 +Pi2 20 +yn =0
Bii 2+PBi2 2+y12=0
Bii 3+Pi2 23+yi3=0
Yiz =0
yiz =20
If we normalize by setting B1; = 1, we getPro = — 13/ 23; P2 = — 12/ 2.
12 21— 11 22
Also,yi1=— n+( 12/ 2) 1= ——Fandyy =— 11+
2
(13) 2) o= —L" 1 2B necaneasily verify from the reduced form
23
parameters that
Bio =— 13/ 23 =-bf/ —f=D>. Also

Bio =— 12/ 2= —be/—e =D. Similarly,
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12 21— 11 2 _ abe—bce+ead+ebc  a(be+ed)
e 2 - “e(b+ d) T Tlbeted)
Also,
21 13— 11 23  abf—bcef+ adf + bef  a(bf + df)
Y = = = =

23

—f(b + d) T —(bf+dh

For the second structural equation there are no zero restrictions. Therefore,

(A.15) reduces to

(B21,B22, V21, V22, v23) | 1

This can be rewritten as

Boi 11 +B2 20 +y2=0
Boi 12+PB2 2+yn=0

Pri 13+PB2 23+y3=0

0 | =1(0,0,0,0,0)

Three equations in five unknowns. When we normalize by setting o1 = 1, we

still get three equations in four unknowns for which there is no unique solution.

11.10 Just-Identified Model.

a. The generalized instrumental variable estimator for 8, based on W is given

below (11.41)

81,1\/ = (lepwzl)_l Z\Pyy,

-1
=[Zw(ww) T Wz | Zwovw) T wy,

= (WZ)"\(W'W) (Z,W) ™ (Z,W) (WW)" "Wy,

= (WZ) "Wy,

since W'Z; is square and non-singular under just-identification. This is

exactly the expression for the simple instrumental variable estimator for

8, givenin (11.38).
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b. Let the minimized value of the criterion function be

Q=(y1— ZISI,IV)/PW(YI - Zlgl,l\/)~

Substituting the expression for 81,1\/ and expanding terms, we get
—1 _

Q = y\Pwyi —¥iW (ZiW) " Z{Pwy1 — yiPwZI(W'Z) ™' W'y,

YW (Z,W) ™ ZPwZi (WZ) " Wy,
Q = yiPwyi — ¥ W (Z{W) ' ZIW(W'W) "' Wy,

— Y WWW)"'W'Z, (W)Z,) " W'y,

+YIW (Z W) ZWW W) T WZ (WZ) T W
Q =¥\ Pwyi — ¥iPwy1 — ¥{Pwy1 + ¥{Pwy1 = 0
as required.

¢. LetZ; = PywZ, be the set of second stage regressors obtained from regress-
ing each variable in Z; on the set of instrumental variables W. For the
just-identified case
5 (55 \ 5 ’ =1

Py, =Przy =21 (Z121) 2 =Puzi (ZiPwzi)” ZPy

= WWW) 'w'z, [Z/IW(W/W)_IW’ZI]_I ZU'WW'wW)TIw

= WWW)'WZ, (WZ) L (WW) (z’lw)‘1 ZYW(W'W)~'w’

= W(WW) "W = Py,.
Hence, the residual sum of squares of the second stage regression for the
just-identified model, yields y|P; y1 = y|Pwy since P; = Py. This is
exactly the residual sum of squares from regression y; on the matrix of

instruments W.

11.11 The More Valid Instruments the Better. If the set of instruments W, is
spanned by the space of the set of instruments W5, then Pw,W; = W,. The

corresponding two instrumental variables estimators are

Siwi = (Z\PwiZ1) "' Z\Pwiyr  fori=1,2
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with asymptotic covariance matrices
. -1 .
o11 plim (Z}Py,Z,/T) fori=1,2.

The difference between the asymptotic covariance matrix of Sl,Wl and that of

81,W2 is positive semi-definite if
. Z\Pw, 2,77 . ZPw, 2,
o011 phmT — o011 phmT

is positive semi-definite. This holds, if Z|Pw,Z; — Z|Pw, Z, is positive semi-

definite. To show this, we prove that Py, — Py, is idempotent.
(PW2 - PW1)(PW2 - PW]) = PW2 - PWZPW1 - PW1PW2 + PW]
= Pw, — Pw, —Pw, + Pw, = Pw, —Pw,.

This uses the fact that Py,Pyw, = Pw, W, (W, W)™ W} = W, (W,W,)"'
W, = Py, since Py, W = W,.

Testing for Over-ldentification. The main point here is that W spans the same
space as [Zl, W*] and that both are of full rank £. In fact, W* is a subset of
instruments W, of dimension (¢ — k; — g;), that are linearly independent of

71 = PwZ,.

a. Using instruments W, the second stage regressionony; = Z;8; +W*y4u;
regresses y; on Pw[Z{, W*] = [Zl,W*] since Z; = PwZ; and W* =
PwW*. But the matrix of instruments W is of the same dimension as the
matrix of regressors [Zl,W*]. Hence, this equation is just-identified, and
from problem 11.10, we deduce that the residual sum of squares of this
second stage regression is exactly the residual sum of squares obtained by

regressing y; on the matrix of instruments W, i.e.,

URSS* = y’lf’wyl = y/1Y1 - y/1PWYI-

b. Using instruments W, the second stage regression on y; = Z;8; + w

regresses y; on 7, = PwZ;. Hence, the RRSS* = y/lf’zlyl =
1

A

yiy1 — ¥iPs y1 where P, = 1—P, and P, = 7 (2’121) Z, =
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PwZ (Z\PwZ 1)_1 Z!\Py. Therefore, using the results in part (a) we get
RRSS* — URSS* = y|Pwy —y|P; yi
as given in (11.49).

c. Hausman (1983) proposed regressing the 2SLS residuals (y; — Zlg 12SLS)
on the set of instruments W and obtaining nR2 where R? is the uncentered
R? of this regression. Note that the regression sum of squares yields
(y1 = Z181,2518) Pw(y1 — Z181 25L5)

= y\Pwy1 — Y\PwZ1(Z\PwZ1) ™' Z{Pwy: — y\PwZi(Z,PwZ1) "' Z Py,
+ Y{PWZI(ZiPwZ1) ' ZiPwZ (Z{PwZ1) " Z|Pwy:
= yPwy1 —YiPwZi (Z{PwZ1) ™ Z{Pwyi
=y Pwyi —y/lPZlyl = RRSS* — URSS*
as given in part (b). The total sum of squares of this regression, uncentered,

is the 2SLS residuals sum of squares given by

(1 — Z1812515) (Y1 — Z181 2s15) = Té1

where 611 is given in (11.50). Hence, the test statistic

RRSS* — URSS* Regression Sum of Squares
O11 ~ Uncentered Total Sum of Squares / T

= T(uncentered R?) = T Rﬁ as required.

This is asymptotically distributed as x> with £ — (g; + k;) degrees of
freedom. Large values of this test statistic reject the null hypothesis.

d. The GNR for the unrestricted model given in (11.47) computes the resid-
uals from the restricted model under Hy,; y = 0. These are the 2SLS
residuals (y; — Zlgl,ZSLS) based on the set of instruments W. Next, one
differentiates the model with respect to its parameters and evaluates these

derivatives at the restricted estimates. For instrumental variables W one
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has to premultiply the right hand side of the GNR by Py, this yields
(y1 — Zlgl,zsLS) = PwZ;b; + PwW™b, + residuals.

But Z; = PwZ; and PwW* = W* since W* is a subset of W. Hence,
the GNR becomes (y; — ZISI,ZSLS) = 7,b; + W*b, + residuals. How-
ever, [Z;, W*] spans the same space as W, see part (a). Hence, this GNR
regresses 2SLS residuals on the matrix of instruments W and computes
TR2 where R2 is the uncentered R? of this regression. This is Hausman’s

(1983) test statistic derived in part (c).
The artificial regression in (11.55) is given by
y1 = Z18; + (Y, —?1)7] + residuals

This can be rewritten as y; = Z;8; + PWYm + residuals
where we made use of the fact that Y; = PwY; with Y; — Y, = Y; —
PwY, = PwY,. Note that to residual out the matrix of regressors PwYi,

we need
Py, = 1—PwY (Y{PwY) Y|Py
so that, by the FWL Theorem, the OLS estimate of §; can also be obtained
from the following regression
Ps. v, Y1 = Ppy,Z18; + residuals.
Note that
Py, Z1 = Z1 — Py Y (Y{PwY ) 'Y|PwZ
with PwZ; = [PwY1,0] and PwX; = 0 since X, is part of the instruments
in W. Hence, Pp v, Z1 = [Y1, Xi]—[PwY1,0] = [PwY 1, X] = [Y1,Xi] =
Py[Y1,Xi] = PwZ =27
In this case,
N _ 1= oA N—]
81os = (Z1Ppyv,Z1)  ZiPp,y,y1 = (Z/lzl) Zhyi
-1 A
= (Z\PwZi)  ZPwy: = 8i1v

as required.
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b. The FWL Theorem also states that the residuals from the regressions in part
(a) are the same. Hence, their residuals sum of squares are the same. The
last regression computes an estimate of the var(sl,ols) as §2 (Z/IPWZl)_l

where §? is the residual sum of squares divided by the degrees of freedom

of the regression. In (11.55), this is the MSE of that regression, since it

has the same residuals sum of squares. Note that when 1 # 0 in (11.55),

IV estimation is necessary and §;; underestimates o;; and will have to be

replaced by

(y1— Zlgl,lv)/(YI - Zlgl,lv)/T-
11.16 Recursive Systems.

a. The order condition of identification yields one excluded exogenous vari-
able (x3) from the first equation and no right hand side endogenous variable
i.e., ko = 1 and g; = 0. Therefore, the first equation is over-identified with
degree of over-identification equal to one. The second equation has two
excluded exogenous variables (x; and x,) and one right hand side endoge-
nous variable (y;) so that k, = 2 and g; = 1. Hence, the second equation
is over-identified of degree one. The rank condition of identification can be
based on

1 0 0
A:[B,F]=|: Yir Y12 ]

Bor 1 0 0 vy
with y, = (y11, y2r) and x| = (X1, X2, X3¢). For the first equation, the set of

zero restrictions yield

0 0
1 0
d1=10 0] sothatajd = (P12, y13) =0
0 0
0 1
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where o] is the first row of A. For the second equation, the set of zero

restrictions yield

0 0
0 0
d2= {1 0] sothata,ps = (y21,y22) =0
0 1
0 0

where o} is the second row of A. Hence, for the first equation

0 O
Abr = |:1 Y23:|

which is of rank 1 in general. Hence, the first equation is identified by the

rank condition of identification. Similarly, for the second equation

Yir Y12
A =
2 |: 0 0 ]

which is of rank | as long as either y;; or y;, are different from zero.
This ensures that either x; or x, appear in the first equation to identify the

second equation.

. The first equation is already in reduced form format

Yit = —Y11X1e — Yi2X2t + Ure

y1¢ is a function of Xy, X and only uy, not uy. For the second equation,

one can substitute for yj, to get
Yar = —V23X3t — Par (—Y11X1 — Yi2Xa + ) + U
= BoryuiXie + ParyiaXar — y23X3c + Uz — Porun

so that yy is a function of xy;, X»¢, X3; and the error is a linear combination

of uj; and uy.

. OLS on the first structural equation is also OLS on the first reduced form

equation with only exogenous variables on the right hand side. Since x;

and x, are not correlated with uy, this yields consistent estimates for yy;
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and yi,. OLS on the second equation regresses y»¢ on yi¢ and X3 Since
X3 1S not correlated with uyy, the only possible correlation is from y;; and
uy;. However, from the first reduced form equation yy; is only a function of
exogenous variables and uy;. Since uj; and uy; are not correlated because
¥ is diagonal for a recursive system, OLS estimates of B,; and y,3 are
consistent.

d. Assuming that u; ~ N(0, ) where u; = (uy, uy), this exercise shows that
OLS is MLE for this recursive system. Conditional on the set of x’s, the
likelihood function is given by

T
1
LB,I.%) =2 )""*B["|Z| " exp (—5 Zuiz‘lut)

t=1
so that

T

1 /5 —1

logL = —(T/2)log2 + Tlog|B| - (T/2)log|%| - 7 > uz

=1
Since B is triangular, |B| = 1 so that log |B| = 0. Therefore, the only place

T

in logL where B and T" parameters appear is in Y u/X~'u;. Maximizing
t=1

T

logL with respect to B and T is equivalent to minimizing Y u; X ~'u; with
t=1

respect to B and I". But X is diagonal, so X! is diagonal and

T T T

Iy —1 2 2
E utE u = E ult/oll + E u2t/022.
t=1 t=1 t=1

The partial derivatives of logL with respect to the coefficients of the first
structural equation are simply the partial derivatives of XT: u%t /o1 with
respect to those coefficients. Setting these partial derivativte=slequal to zero
yields the OLS estimates of the first structural equation. Similarly, the
partial derivatives of logL with respects to the coefficients of the second
structural equation are simply the derivatives of XT: u%t /022 with respect to
those coefficients. Setting these partial derivativ; 1equal to zero yields the
OLS estimates of the second structural equation. Hence, MLE is equivalent

to OLS for a recursive system.
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11.17 Hausman s Specification Test: 2SLS Versus 3SLS. This is based on Baltagi
(1989).

a. The two equations model considered is
y1 = 718 +u and Y2 = 758, + uy (1)

where y; and y, are endogenous; Z; = [y2,X1,X2], Z2 = [y1,x3]; and
X1, Xz and x3 are exogenous (the y’s and x’s are Tx1 vectors). As noted in
the problem, § = 2SLS, g = 3SLS, and the corresponding residuals are
denoted by @i and 1. 8/ = (a, B1,B2) and 8, = (y,B3) with ay # 1, so that
the system is complete and we can solve for the reduced form.

Let X = [x1,X2,x3] and Px = X(X'X)~!X/, the 3SLS equations for
model (1) are given by

Z (' @)z =7 (£ @Py)y @
where Z = diag[Z], y = (y},y5), and £~' = [5"] is the inverse of

the estimated variance-covariance matrix obtained from 2SLS residuals.

Equation (2) can also be written as

Z (E'®Px)u=0, (€)
or more explicitly as

17| Pxy + 622/ Pxl; = 0 (4)
G12Z,Pxt; 4 62Z,Pxl, = 0 (5)

Using the fact that Z{ X is a square non-singular matrix, one can premulti-

ply (4) by (X'X) (2 X)_l to get
Gllxlﬁl + 612X/1:,12 = 0. (6)
b. Writing Eq. (5) and (6) in terms of gl and gz, one gets

612 (Z\PxZ1) 81 + 62 (ZhPxZ2) 8 = 6% (ZbPxy1) + 6% (ZyPxy) ()
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and
511X'Z,8, + 52X/ 2,8, = 51Xy, + 5'2X'ys. ®)
Premultiply (8) by 6'2Z,X(X'X) ™! and subtract it from 5'! times (7). This
eliminates gl, and solves for gz:
8, = (Z,PxZs) ™' ZiPxys = 8. )

Therefore, the 3SLS estimator of the over-identified equation is equal to its
2SLS counterpart.

Substituting (9) into (8), and rearranging terms, one gets

§11X'7,8, = 61X'y1 + 62X iy.

Premultiplying by Z/ X(X’X)~!/5!!, and solving for gl , one gets

5 = (Z,PxZ1) " ZiPxyr + (6'2/6") (Z\PxZ1) ™ Z,Pxiy. (10)
Using the fact that §'2 = —51,/|Z|, and 6! = 6,/|%], (10) becomes

51 = 81 — (512/622) (Z,Px21) " Z;Pxi. (1n)

Therefore, the 3SLS estimator of the just-identified equation differs from
its 2SLS (or indirect least squares) counterpart by a linear combination
of the 2SLS (or 3SLS) residuals of the over-identified equation; see Theil
(1971).

¢. A Hausman-type test based on g 1 and Sl is given by
m=@ —38) [V (81) —V(§1)]_l (Sl —§1), (12)
where V(gl) =013 (Z/IPXZI)_l
and V(5)) = (1/6) (Z,PxZ1) " + (6%/62) (Z,PxZ1) ™"

(ZPxZs) (Z,PxZs) " (Z,PxZ1) (Z,PxZ:) . )

The latter term is obtained by using the partitioned inverse of Z/(X~! ®

Px)Z. Using (11), the Hausman test statistic becomes
m = (57/6%) (15PxZ1) [(G11 — 1/5") (ZPxZ1)

— (672/62) (Z1PxZ2) (Z3PxZ2) ' (ZPxZ1)] " (ZPxca)
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However, (61 — 1/6'!) = (63,/622); this enables us to write
m = W2, [2321 ~-72'7, (2;22)_1 Zgzlr VARG (13)
where Z; = PxZ; is the matrix of second stage regressors of 2SLS, for

i = 1,2. This statistic is asymptotically distributed as %3, and can be given
the following interpretation:

Claim: m = TR?, where R? is the R-squared of the regression of i, on
the set of second stage regressors of both equations, 7y and Z,.

Proof. This result follows immediately using the fact that G, =
U50,/T = total sums of squares/T, and the fact that the regression sum
of squares is given by

s o122 2z (2]
RSS = i} [Zl Zz] [Zi Zi zi Zj [Zj i, (14)
1 -1
— w7, [2321 - 22, (22) z;zl] 7,
where the last equality follows from partitioned inverse and the fact that

Zhi; = 0.

Using the order condition of identification, the first equation has two
excluded exogenous variables x, and x3 and only one right hand sided

included endogenous variable y,. Hence,
k2 =2> g1 = 1

and the first equation is over-identified with degree of over-identification
equal to one. Similarly, the second equation has one excluded exogenous
variable x| and only one right hand side included endogenous variable y;.
Hence, k, = 1 = g; and the second equation is just-identified. Using the

rank condition of identification

1 —Bi2 yn O 0:|

A=[BTl] =
BT |:—521 1 0 v vy
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with y{ = (Y1, y2r) and X{ = (X, Xar, X3¢). The first structural equation has
the following zero restrictions:

0

so that o} 1 = (y12,v13) =0

g

Il
o —o oo
— o o o

where o] is the first row of A. Similarly, the second structural equation has

the following zero restriction:

0

0
b= 11 so that 0(’2(1)2 =y =0

0

0

. 0 0 .
where o) is the second row of A. Hence, Ap; = which has
Y22 Y23
rank one provided either y,;, or y»3 is different from zero. Similarly, A}, =
Y1

01 which has rank one provided y;; # 0. Hence, both equations are

identified by the rank condition of identification.

b. For the first equation, the OLS normal equations are given by

(Z'z) ([}12) =Ziyi
Y11 ols

where Z; = [y, x1]. Hence,
d ! 8 10
Z/IZ1 _ Y/2YZ ylle _
X1y2 Xixi 10 20

d 4
X1y1 5

obtained from the matrices of cross-products provided by problem 11.18.

Hence, the OLS normal equations are

8 10| () _ (4
10 20| \y1 ols_ 5
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solving for the OLS estimators, we get

By 1 [20 —10](4) (o5
9“1_60—10 8 5] \o
OLS on the second structural equation can be deduced in a similar fashion.
c. For the first equation, the 2SLS normal equations are given by
Z/P 7 612 7
(ZPxZ1) | . = ZPxy
Y11/ 5s1s

where Z; = [y2,x;1] and X = [x1, X2, X3]. Hence,

Z’X—|:y/le YaX2 y’ZX3:|_[10 20 30]
1 - =

X(X] X|X2 X|X3 20 0 O
1/20 0 0 Xy 5
XX)'=| 0o 1/20 0 and X'y, = | xby; | = | 40
0 0 1/10 ngl 20
ZXXX) = 05 1 3| .
1 00
10 20
05 1 3 115 10
Z/1P><Zl=|:1 0 0:| 20 0 =|:10 20:|
30 0
with
05 1 3] (> 1025
L 20

Therefore, the 2SLS normal equations are

115 10] (P (1025
10 20] \9u) 5

solving for the 2SLS estimates, we get

By 1 [20 —10] 1025\ 1 (2000) _(10/11
i), 2200 (=10 15]\ 5 J 2200 \-250)  \-9/44

2SLS on the second structural equation can be deduced in a similar fashion.

d. The first equation is over-identified and the reduced form parameter esti-

mates will give more than one solution to the structural form parameters.
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However, the second equation is just-identified. Hence, 2SLS reduces to
indirect least squares which in this case solves uniquely for the structural
parameters from the reduced form parameters. ILS on the second equation
yields

Bai

V22 = X'Z)™'X'y,

P23/ g

where Z = [y, Xz, x3] and X = [x1, X2, X3]. Therefore,

_x’lyl XX2  X|X3 5 0 0

X'Z'=|xpy; xbxa xpx3|=[40 20 0 and
_x’3y1 XjXo  X53X3 20 0 10
X|y2 10

Xy, =[xy | =120
x5y2 30

so that

N -1

By 5 0 0 10

V22 =140 20 O 20

H3 20 0 10 30

ILS

Note that X'Z; for the first equation is of dimension 3 x 2 and is not even
square.
11.19 Supply and Demand Equations for Traded Money. This is based on
Laffer (1970).

b. OLS Estimation
SYSLIN Procedure
Ordinary Least Squares Estimation
Model: SUPPLY
Dependent variable: LNTM_P

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 0.28682 0.14341 152.350 0.0001
Error 18 0.01694 0.00094

C Total 20 0.30377
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Root MSE 0.03068 R-Square 0.9442
Dep Mean 5.48051 Adj R-SQ 0.9380
C.V. 0.55982
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 3.661183  0.272547 13.433 0.0001
LNRM_P 1 0.553762  0.089883 6.161 0.0001
LNI 1 0.165917  0.012546 13.225 0.0001
OLS ESTIMATION OF MONEY DEMAND FUNCTION
SYSLIN Procedure
Ordinary Least Squares Estimation
Model: DEMAND
Dependent variable: LNTM_P
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value Prob>F
Model 4 0.29889 0.07472 245.207 0.0001
Error 16 0.00488 0.00030
C Total 20 0.30377
Root MSE 0.01746 R-Square 0.9839
Dep Mean 5.48051 Adj R-SQ 0.9799
C.V. 0.31852
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error  Parameter=0 Prob > |T|
INTERCEP 1 3.055597  0.647464 4.719 0.0002
LNY_P 1 0.618770  0.055422 11.165 0.0001
LNI 1 -0.015724 0.021951 -0.716 0.4841
LNS1 1 -0.305535  0.101837 -3.000 0.0085
LNS2 1 0.147360  0.202409 0.728 0.4771
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¢. 2SLS Estimation

Model: SUPPLY

SYSLIN Procedure

Dependent variable: LNTM_P

Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 2 0.29742 0.14871 150.530
Error 18 0.01778 0.00099
C Total 20 0.30377
Root MSE 0.03143 R-Square 0.9436
Dep Mean 5.48051 Adj R-SQ 0.9373
C.V. 0.57350
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0
INTERCEP 1 3.741721 0.280279 13.350
LNRM_P 1 0.524645  0.092504 5.672
LNI 1 0.177757  0.013347 13.318
Test for Overidentifying Restrictions
Numerator: 0.001342 DF: 2 F Value:
Denominator: 0.000944 DF: 16 Prob>F:
2SLS ESTIMATION OF MONEY DEMAND FUNCTION
SYSLIN Procedure
Two-Stage Least Squares Estimation
Model: DEMAND
Dependent variable: LNTM_P
Analysis of Variance
Sum of Mean
Source DF Squares Square F Value
Model 4 0.30010 0.07503 154.837
Error 16 0.00775 0.00048
C Total 20 0.30377

Two-Stage Least Squares Estimation

285

Prob>F
0.0001

Prob > |T|

0.0001
0.0001
0.0001

1.4224
0.2700

Prob>F
0.0001
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Root MSE 0.02201 R-Square
Dep Mean 5.48051 Adj R-SQ
C.V.

Variable DF

INTERCEP
LNY_P

LNI

LNS1
LNS2

—_ g g

0.40165

Parameter Estimates

0.9748
0.9685

Parameter Standard T for HO:

Estimate Error Parameter=0
1.559954 1.222958 1.276
0.761774 0.111639 6.824
-0.083170 0.049518 -1.680
-0.187052 0.147285 -1.270
0.228561 0.259976 0.879

Badi Baltagi

Prob > |T|

0.2203
0.0001
0.1125
0.2222
0.3923

The total number of instruments equals the number of parameters in the

equation. The equation is just identified, and the test for over identification

is not computed.

d. 3SLS Estimation

SYSLIN Procedure
Three-Stage Least Squares Estimation

Cross Model Covariance

Sigma SUPPLY DEMAND
SUPPLY 0.0009879044 -0.000199017
DEMAND -0.000199017 0.000484546
Cross Model Covariance
Corr SUPPLY DEMAND
SUPPLY 1 -0.287650003
DEMAND -0.287650003 1
Cross Model Inverse Correlation
Inv Corr SUPPLY DEMAND
SUPPLY 1.0902064321 0.3135978834
DEMAND 0.3135978834 1.0902064321
Cross Model Inverse Covariance
Inv Sigma SUPPLY DEMAND
SUPPLY 1103.5545963 453.26080422
DEMAND 453.26080422 2249.9545257

System Weighted MSE: 0.53916 with 34 degrees of freedom.

System Weighted R-Square: 0.9858
Model: SUPPLY
Dependent variable: LNTM_P
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3SLS ESTIMATION OF MODEY SUPPLY AND DEMAND FUNCTION

SYSLIN Procedure
Three-Stage Least Squares Estimation

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0
INTERCEP 1 3.741721 0.280279 13.350
LNRM_P 1 0.524645 0.092504 5.672
LNI 1 0177757  0.013347 13.318
Model: DEMAND
Dependent variable: LNTM_P
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0
INTERCEP 1 1.887370 1.186847 1.590
LNY_P 1 0.764657  0.110168 6.941
LNI 1 -0.077564 0.048797 -1.590
LNST1 1 -0.234061 0.141070 -1.659
LNS2 1 0.126953  0.250346 0.507
e. HAUSMAN TEST
Hausman Test
2SLS vs OLS for SUPPLY Equation
HAUSMAN
6.7586205
2SLS vs OLS for DEMAND Equation
HAUSMAN
2.3088302

SAS PROGRAM

Data Laffer1; Input TMRM 'Y S2i S1 P;

Cards;

Data Laffer; Set Laffer1;

LNTM_P=LOG(TM/P);

Prob > |T|

0.0001
0.0001
0.0001

Prob > |T|

0.1313
0.0001
0.1315
0.1165
0.6190



288 Badi Baltagi

LNRM_P=LOG(RM/P);
LNi=LOG(i);
LNY_P=LOG(Y/P);
LNS1=LOG(S1);
LNS2=LOG(S2);
T=21;

Proc syslin data=Laffer outest=ols_s outcov;
SUPPLY: MODEL LNTM_P=LNRM_P LN;i;
TITLE ‘OLS ESTIMATION OF MONEY SUPPLY FUNCTION;

Proc syslin data=Laffer outest=ols_s outcov;
DEMAND: MODEL LNTM_P=LNY_P LNi LNS1 LNS2;
TITLE ‘OLS ESTIMATION OF MONEY DEMAND FUNCTION’;

Proc syslin 2SLS data=Laffer outest=TSLS_s outcov;

ENDO LNTM_P LNi;

INST LNRM_P LNY_P LNS1 LNS2;

SUPPLY: MODEL LNTM_P=LNRM_P LNi/overid;

TITLE 2SLS ESTIMATION OF MONEY SUPPLY FUNCTION;

Proc syslin 25LS data=Laffer outest=TSLS_d outcov;

ENDO LNTM_P LNi;

INST LNRM_P LNY_P LNS1 LNS2;

DEMAND: MODEL LNTM_P=LNY _P LNi LNS1 LNS2/overid;
TITLE ‘2SLS ESTIMATION OF MONEY DEMAND FUNCTION’;

Proc SYSLIN 3SLS data=Laffer outest=S_3SLS outcov;
ENDO LNTM_P LNi;

INST LNRM_P LNY_P LNS1 LNS2;

SUPPLY: MODEL LNTM_P=LNRM_P LNi;

DEMAND: MODEL LNTM_P=LNY _P LNi LNS1 LNS2;
TITLE ‘3SLS ESTIMATION’;

RUN;
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PROC IML;
TITLE ‘HAUSMAN TEST;

use ols_s; read all var {intercep Inrm_p Ini} into ols1;
olsbt_s=ols1[1,]; ols_v_s=0ls1[2:4,];

use ols_d; read all var {intercep Iny_p Ini Ins1 Ins2} into
ols2;

olsbt_d=0ls2[1,]; ols_v_d=0Is2[2:6,];

use tsls_s; read all var {intercep Inrm_p Ini} into tsls1;
tslsbt_s=tsls1[13,]; tsls_v_s=tsls1[14:16,];

use tsls_d; read all var {intercep Iny_p Ini Ins1 Ins2} into
tsls2;

tslsbt_d=tsls2[13,]; tsls_v_d=tsls2[14:18,];

d=tslsbt_s ‘-olsbt_s"; varcov=tsls_v_s-ols_v_s;

Hausman=d “inv(varcov)*d;

print ‘Hauman Test',, 2SLS vs OLS for SUPPLY Equation’,,
Hausman;

d=tslsbt_d *-olsbt_d'; varcov=tsls_v_d-ols_v_d;
Hausman=d “inv(varcov)*d;
print 2SLS vs OLS for DEMAND Equation’,, Hausman;

11.20 a. Writing this system of two equations in matrix form, as described in (A.1)

we get

1 o -0y —0 Q
|:1 _Bl:| |:—BO 0 :| M (Pt)
x; = [1,X]and u; = (uy, uzy).

There are no zero restrictions for the demand equation and only one
zero restriction for the supply equation (X; does not appear in the supply
equation). Therefore, the demand equation is not identified by the order
condition since the number of excluded exogenous variables k, = 0 is less

than the number of right hand side included endogenous variables g; = 1.
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Similarly, the supply equation is just-identified by the order condition since
k2 =g = 1.
By the rank condition, only the supply equation need be checked for

identification. In this case, ¢’ = (0, 1) since y,, = 0. Therefore,

Ad = [B,T]p = (g) = (‘3‘2).

This is of rank one as long as a; # 0, i.e., as long as X; is present in the

demand equation. One can also premultiply this system of two equations by

fii f
o | T2
1
the transformed matrix FB should satisfy the following normalization
restrictions:
fii+fio=1 andfy + 5, = 1.
Also, FI" must satisfy the following zero restriction:

—azfh +0fp = 0.

If a; # 0, then f;; = 0 which also gives from the second normalization
equation that f,, = 1. Hence, the second row of F is indeed the second row
of an identity matrix and the supply equation is identified. However, for
the demand equation, the only restriction is the normalization restriction

fi1 + f12 = 1 which is not enough for identification.

. T
. The OLS estimator of the supply equation yields Bios = Y peqi/ Y. pt2

T
t=1 t=1

where p; = P, — P and q; = Q, — Q. Substituting q; = Bip; + (uy — U2)
R T T
we get Bros = B1 + Y pi(ux — W)/ Y pi-

t=1 t=1
Oy — a

The reduced form equation for Py yields Py = o —Po + 2 X +
o + By ap + By

Ujt — Upt
ar + By
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11.21 a.

Hence, p; = &2 Xt + (e =) = (U — W) where x;, = X, — X.
ar + By ar + B
T
Defining my, = plim }_ x?/T, we get
T—00t=1
! o 2 my,y, +m 2m,
. 2 2 ujug uuy uju
mp, = plim p/T:( )m +
o T—>oo§ ' ar + Py > (a1 + B1)?
using the fact that my,, = my,, = 0. Also,
! My, — M
My, = plim Y puy /T = —2 2%
puy ; tU2t (0(1 i Bl)
using the fact that m,,, = 0. Hence,
. A m, (012 — 022) (21 + P1)
plim By o = B1 + —— =P1 + K
T—00 Mpp [o11 + 022 — 2012 + M)

where my,y, = 012, My,y, = 011 and my,,, = 0. The second term gives

the simultaneous equation bias of B ojs.

. If oo = 0, then

plim (o — 1) = ——2 - Pr)

T—00 [011 4 022 + @3myy]

The denominator is positive and oy and P are positive, hence this bias is
negative.

X, X3, X4 and X5 are excluded from the first equation. y; is the only
included right hand side endogenous variable. Therefore, k, = 4 and g; =
1, so the first equation is over-identified with degree of over-identification
equal to k, — g; = 3. X, X3, X4 and X5 are excluded from the second
equation, while y; and y; are the included right hand side endogenous
variables. Therefore, k, = 4 and g; = 2, so the second equation is over-
identified with degree of over-identification equal to k, — g; = 2. X, and
X, are excluded from the third equation and there are no right hand side
included endogenous variables. Therefore, k, = 2 and g = 0 and the
third equation is over-identified with degree of over-identification equal to

ky—g =2.



292

Badi Baltagi

b. Regress y; and y3 on all the X’s including the constant, i.e.,

[1,X1,X, .., Xs5]. Get ¥, and y3 and regress y, on a constant, §;, ¥3 and X,

in the second-step regression.

. For the first equation, regressing y, on X, and X3 yields

vo="0+ "X+ "uXs+n =%+

T T T
with Y ¥y = Y 92 Xp = Y VX3t = 0 by the property of least squares.
t=1 t=

1 =1
Replacing y; by ¥, in Eq. (1) yields

yi =01+ P2 F2 4+ V) + viXi +ur = ar + P29 + viXi + BV +wi).

T
In this case, Y ¥2V2 = 0 because the predictors and residuals of the same
t=1

T
regression are uncorrelated. Also, Y youyy = 0 since J is a linear com-
t=1
T
bination of X, and X3 and the latter are exogenous. However, Y XV
t=1
is not necessarily zero since X; was not included in the first stage regres-

sion. Hence, this estimation method does not necessarily lead to consistent

estimates.

. The test for over-identification for Eq. (1) can be obtained from the F-test

given in Eq.(11.48) with RRSS* obtained from the second stage regres-
sion residual sum of squares of 2SLS run on Eq. (1), i.e., the regression
of y; on [1,9,,X;] where ¥, is obtained from the regression of y, on
[1, X1, X5..,Xs]. The URSS™ is obtained from the residual sum of squares
of the regression of y; on all the set of instruments, i.e., [1, X, .., Xs]. The
URSS is the 2SLS residual sum of squares of Eq. (1) as reported from any

2SLS package. This is obtained as

T A 2
URSS = Z (Y1t — Q1osLs — PaosLsya — 91,2SLSX1t) .

t=1
Note that this differs from RRSS* in that y,; and not ¥y is used in the
computation of the residuals. £, the number of instruments is 6 and k; = 2

while g; = 1. Hence, the numerator degrees of freedom of the F-test is
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¢ — (g1 + k1) = 3 whereas the denominator degrees of freedom of the
F-testis T—+{ = T —6. This is equivalent to running 2SLS residuals on the
matrix of all predetermined variables [1, X|, .., X5] and computing T times
the uncentered R? of this regression. This is asymptotically distributed as
x2 with three degrees of freedom. Large values of this statistic reject the
over-identification restrictions.

11.23 Identification and Estimation of a Simple Two-Equation Model. This solution

is based upon Singh and Bhat (1988).

a. Identification with no further information available. The structural

model being studied is | . P|Y =% + |"] with
-1 1 |[|ve Y U

2

u Ut U o 012 . .

Y=E t N = 5 |- The reduced-form equation is
U Ut] Uy O12 0

i 2
given by A 0 L R , with Q=E Vu vn:u =
_Ytz 12 Vi2 V2 Vi1 Vi

The structural and reduced form parameters are related as follows:

L)L

ol S

2
w7 w12
2
w12 w5

or
a= 11—PB 12
Y= 12— 11

We assume that the reduced-form parameters 1y, 12, w%, wi2 and
w3 have been estimated. The identification problem is one of recovering
a, v, B, o7 and 01, and o7 from the reduced-form parameters.

From the second equation, it is clear that y is identified. We now exam-

ine the relation between ¥ and Q given by ¥ = BQB’ where B =

|: 11 _16:| Thus, we have
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ol = w? —2Bw1s + Brwl,

o = —o7 + (1 + Popn — B3,

2 2 2
0y = o] — 2wz + 5.

Knowledge of w?, w2, and w3 is enough to recover o7. Hence, o7 is iden-
tified. Note, however, that 012 and o}, depend on P. Also, o is dependent
on f. Hence, given any B = B*, we can solve for a, o} and o1». Thus, in
principle, we have an infinity of solutions as the choice of  varies. Identifi-
cation could have been studied using rank and order conditions. However,
in a simple framework as this, it is easier to check identification directly.

Identification can be reached by imposing an extra restriction
f (B, a, 012, 012) = 0, which is independent of the three equations we have
for 012, o012 and a. For example, § = O gives a recursive structure. We now

study the particular case where f (B, o, 07, 012) = 012 = 0.

b. Identification with o;, = 0: When o1, = 0, one can solve immediately for

B from the o, equation:

2
W12 — W7
B:—

5 .
wW; — W12
Therefore, B can be recovered from w%, w12, and w%. Given B, all the other

parameters (07, &) can be recovered as discussed above.

. OLS estimation of B when o;; = 0: The OLS estimator of f is

T

T
R Y yu—=Y)ye —¥,) > (ug =) (yu —¥y)
BOISZt=1 _ :B+t=1 .

t; (Yo —¥2)? t; (Yo —¥2)?

T
> (ug —1p)(up — )
L= .

T
Y (Yo —¥,)?
=1
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The second term is non-zero in probability limit as y;; and uy; are correlated
from the first structural equation. Hence 6015 is not consistent.

d. From the second structural equation, we have yp — yy1 = Y + up, which
means that (yo —y2) — (yu — Y1) = Up — Up, or z; = up — Up. When
o012 = 0, this z; is clearly uncorrelated with u;; and by definition correlated

with yp. Therefore, z; = (yp—y2)— (v —V1) may be taken as instruments,

and thus

T 3 T B B _
y ; z(ya — Y1) _l(ytl = ¥DIye —¥2) — (yu = ¥))]
Bv =5 =3

Z z(yo — yz) 1(ytz - yz)[(}’tz - yz) = (yu — yl)]

=1 =
is a consistent estimator of 8.
e. From the identification solution of § as a function of reduced-form param-
eters in part (b), one can obtain an alternate estimator of § by replacing the
reduced-form parameters by their sample moments. This yields the indirect

least squares estimator of B:

T T

t; (ya =¥yD(ye —¥2) — t; (yn — yl)z

T

T = 61\/
t;(ytz —¥)? - ;(ytl — YD) =)

Brs =

obtained in part (d). The OLS estimators of the reduced-form parameters
are consistent. Therefore, BILS which is a continuous tranform of those
estimators is also consistent. It is however, useful to show this consistency
directly since it brings out the role of the identifying restriction.

From the structural equations, we have

Lo=Bfya=%|_ |[w-T
-1 1 ||ye—¥, up — 0 |

Using the above relation and with some algebra, it can be shown that for

p# 1
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T

T
Yo (ug —up)(ue —up) + B ;(utz —m)?

t=1
T T

Yo(ug — ) (ug — W) + D (up — )2

t=1 t=1

Bis = since,

T T
plimg Zl(utl —10;)(up — Up) = 012, and plim% Zl(utz —)? = 03
t= t=

Therefore, plim s = (012 + b03) / (012 + 07). The restriction o1, = 0
implies plim BILS = B which proves consistency. It is clear that BILS can be

interpreted as a method-of-moments estimator.

11.24 Errors in Measurement and the Wald (1940) Estimator. This is based on

Farebrother (1987).

a. The simple IV estimator of p with instrument z is given by BIV =

n n n

> zyi / > zixi. But Y zjy; = sum of the y;’s from the second sam-
i=1

i=1 i=1
ple minus the sum of the y;’s from the first sample. If n is even, then

Y zyi = 5(y2 — y1). Similarly, ) zx; = 3(X; — X;), so that By =
i=1 i=1
(Y2 =y /(X2 —X1) = Bw.

b. Let p? = 02/ (02 + 02) and ©* = 02/ (07 + 02) then w; = p’x* — Ty
has mean E(w;) = 0 since E (x;*) = E(u;) = 0. Also,

var(wi) = (p*)%02 + (9)%02 = 0202/ (02 + 07).

Since w; is a linear combination of Normal random variables, it is also

Normal.
E(xjwj) = p’E (xix}) — PE(xu) = p’ol — %62 = 0.
¢. Now vx; +wi = v (xi* + w) + p*x* — u; = (22 + p?)x* = x;* since

402 =1.
Using this result and the fact that y; = Bx;* + &, we get

n n
Bw =Y ZiYi/E ZiXi
i=1 i=1
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=B’ +B (Zn: ZiWi/ Zn: Zixi) + (Zn: Zisi/zn: Zixi)
i=1 i=1 i=1 i=1

so that E(Bw/xl,..,xn) = P12 This follows because w; and ¢ are

independent of x; and therefore independent of z; which is a function of x;.
Similarly, 6015 = inyi/ Yox? = B+ BZwixi/ Yox? +
i=1 i=1 i=1 i=1
n n A
> xisi/ 3" xi2 so that E(Bois/X1,..,Xn) = Pt? since w; and & are inde-
i=1 i=1
pendent of x;. Therefore, the bias of Bos = bias of pw = (B> — P) =

—BoZ/ (02 + o2) for all choices of z; which are a function of x;.

11.25 Comparison of t-ratios. This is based on Farebrother (1991). Let Z; = [y, X],
then by the FWL-Theorem, OLS on the first equation is equivalent to that on
Pxy1 = Pxy,a+Pxu,. This yields Gqs = (y’zf’xyz)_l v4Pxyi and the residual
sum of squares are equivalent
— — — — -1, =
YiPzy1 = yiPxy1 — yiPxy2 (vAPxy2)  y5Pxyi

so that var(Qois) = s7 (y’zl_DXyz)_l where s? = y|Pzy; /(T —K). The t-ratio for

Hi;a =01s
= = 1/2
¢ = YoPxyy ((T - K_)Y’szyz)
¥2Pxy, yiPzy,

- = - = 1/2
= (T—K)"2(y5Pxy)) [(¥1Pxy) (v4Pxy2) — (v{Pxy2)*] .

This expression is unchanged if the roles of y; and y, are reversed so that the
t-ratio for Hg; vy = 0 in the second equation is the same as that for H};a = 0
in the first equation.

Fory, and y; jointly Normal with correlation coefficient p, Farebrother (1991)
shows that the above two tests correspond to a test for p = 0 in the bivariate

Normal model so that it makes sense that the two statistics are identical.
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11.28 This gives the backup runs for Crime Data for 1987 for Tables 11.2 to 11.6
. ivreg lcrmrte (Iprbarr Ipolpc= Itaxpc Imix) Iprbconv Iprbpris lavgsen Idensity lwcon
Iwtuc Iwtrd Iwfir Iwser lwmfg Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban if
year==87

Instrumental variables (2SLS) regression

Source | SS df MS Number of obs= 90
-------------------------------------------- F(20,69) = 17.35
Model 22.6350465 20 1.13175232 Prob > F =0.0000
Residual 416465515 69 .060357321 R-squared  =0.8446
-------------------------------------------- Adj R-squared =0.7996
Total | 26.7997016 89 301120243 Root MSE ~ =.24568
lcrmrte Coef. Std. Err. t P>t [95% Conf. Interval]
Iprbarr -.4393081 2267579 -1.94 0.057 -.8916777 .0130615
Ipolpc 5136133 .1976888 2.60 0.011 1192349 .9079918
Iprbconv -.2713278 .0847024 -3.20 0.002 -.4403044 -.1023512
Ipropris -.0278416 .1283276 -0.22 0.829 -.2838482 .2281651
lavgsen -.280122 1387228 -2.02 0.047 -.5568663 -.0033776
Idensity .3273521 .0893292 3.66 0.000 1491452 .505559
Iwcon .3456183 2419206 1.43 0.158 -137 .8282366
lwtuc 1773533 1718849 1.03 0.306 -.1655477 5202542
lwtrd 212578 .3239984 0.66 0.514 -.433781 .8589371
Iwfir -.3540903 2612516 -1.36 0.180 -.8752731 1670925
lwser -.2911556 1122454 -2.59 0.012 -.5150789 -.0672322
lwmfg .0642196 .1644108 0.39 0.697 -.263771 .3922102
lwfed 2974661 .3425026 0.87 0.388 -.3858079 .9807402
lwsta .0037846 .3102383 0.01 0.990 -615124 .6226931
Iwloc -.4336541 5166733 -0.84 0.404 -1.464389 597081
Ipctymle .0095115 .1869867 0.05 0.960 -.3635166 .3825397
Ipctmin 2285766 .0543079 4.21 0.000 1202354 .3369179
west -.0952899 1301449 -0.73 0.467 -.3549219 .1643422
central -.1792662 .0762815 -2.35 0.022 -.3314437 -.0270888
urban -.1139416 143354 -0.79 0.429 -.3999251 1720419
_cons -1.159015 3.898202 -0.30 0.767 -8.935716 6.617686
Instrumented: Iprbarr Ipolpc
Instruments: Iprbconv Iprbpris lavgsen Idensity Iwcon Iwtuc Iwtrd Iwfir lwser lwmfg

Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban ltaxpc Imix
. estimates store b2sls
. reg lermrte Iprbarr Iprbconv Iprbpris lavgsen Ipolpc Idensity lwcon Iwtuc Iwtrd Iwfir lwser lwmfg
Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban if year==87
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90
19.71
0.0000
0.8510
0.8078
24054

Number of obs

F(20,69)

Prob > F

R-squared

Adj R-squared

Root MSE
P>t
0.000 -.6151303
0.000 -.4200527
0.786 -.2836303
0.072 -.4463592
0.000 1795993
0.000 1756705
0.219 -.165868
0.339 -.171983
0.660 -.4669263
0.206 -.8216861
0.012 -.4768622
0.502 -.2012331
0.234 -.2558039
0.773 -.6171264
0.678 -1.025616
0.837 -.2825855
0.000 1210589
0.481 -.3360167
0.019 -.3246709
0.517 -.3639347
0.265 -9.421998

-.2894511
-.180556
.2155433
.0194659
5424934
4542707
7113949
4927385
.7320702
.1805146

-.0619765
4071472
1.027123
.4606485

.670803
3479678
.3281361
.1600207
-.0296046
184709
2.630159

(b-B)
Difference

sqrt(diag(V_b-V_B))

S.E.

Source | SS df MS
Model 22.8072483 20 1.14036241
Residual 3.99245334 69 .057861643
Total \ 26.7997016 89 301120243
lermrte | Coef. Std. Err t
Iprbarr -.4522907 .0816261 -5.54
Iprbconv -.3003044 .0600259 -5.00
Iprbpris -.0340435 1251096 -0.27
lavgsen -.2134467 1167513 -1.83
Ipolpc .3610463 .0909534 3.97
Idensity .3149706 .0698265 4.51
lwcon 2727634 2198714 1.24
Iwtuc 1603777 .1666014 0.96
Iwtrd 1325719 .3005086 0.44
Iwfir -.3205858 251185 -1.28
lwser -.2694193 .1039842 -2.59
lwmfg 1029571 .1524804 0.68
Iwfed .3856593 3215442 1.20
lwsta -.078239 2701264 -0.29
lwloc - 1774064 4251793 -0.42
Ipctymle .0326912 .1580377 0.21
Ipctmin 2245975 .0519005 433
west -.087998 1243235 0.7
central - 1771378 .0739535 -2.40
urban -.0896129 1375084 -0.65
_cons -3.395919 3.020674 -1.12
. estimates store bols
. hausman b2sls bols
---- Coefficients ----
(b) (B)
b2sls bols
Iprbarr -.4393081 -.4522907
Ipolpc 5136133 .3610463
Iprbconv -.2713278 -.3003044
Iprbpris -.0278416 -.0340435
lavgsen -.280122 -.2134467
Idensity .3273521 .3149706
lwcon .3456183 2727634
lwtuc 1773533 1603777
Iwtrd 212578 1325719
Iwfir -.3540903 -.3205858
lwser -.2911556 -.2694193
lwmfg .0642196 1029571
lwfed 2974661 .3856593

.0129826
1562567
.0289765
.0062019
-.0666753
0123815
0728548
0169755
.0800061
-.0335045
-.0217362
-.0387375
-.0881932

.2115569
.1755231
.0597611
.0285582
.0749208
.0557132
.1009065
.0422893
1211178
.0718228
.0422646
.0614869
1179718
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Iwsta .0037846 -.078239 .0820236 .1525764
Iwloc -.4336541 - 1774064 -.2562477 .293554
Ipctymle .0095115 .0326912 -.0231796 .0999404
Ipctmin .2285766 .2245975 .0039792 .0159902
west -.0952899 -.087998 -.0072919 .0384885
central -.1792662 -1771378 -.0021284 .0187016
urban -.1139416 -.0896129 -.0243287 .0405192

b = consistent under Ho and Ha; obtained from ivreg
B = inconsistent under Ha, efficient under Ho; obtained from regress

Test: Ho: difference in coefficients not systematic
chi2(20) = (b-B)'[(V_b-V_B)" (-1)](b-B)
= 0.87
Prob > chi2 = 1.0000

. ivreg lcrmrte (Iprbarr Ipolpe= Itaxpe Imix) Iprbconv Iprbpris lavgsen Idensity lwcon Iwtuc Iwtrd

Iwfir lwser lwmfg Iwfed lwsta Iwloc Ipctymle Ipctmin west central urban if year==87, first

First-stage regressions

Source | SS df MS Number of obs = 90
--------------------------------------------- F(20,69) = 31
Model 6.84874028 20 342437014 Prob > F = 0.0002
Residual 7.59345096 69 .110050014 R-squared = 04742
............................................. Adj R-squared = 0.3218
Total | 144421912 89 162271812 Root MSE = 33174
lprbarr | Coef. Std. Er. t P>t [95% Cont. Interval]
Iprbconv -.1946392 .0877581 -2.22 0.030 -.3697119 -.0195665
Iprbpris -.0240173 1732583 -0.14 0.890 -.3696581 .3216236
lavgsen .1565061 1527134 1.02 0.309 -.1481488 4611611
Idensity -.2211654 .0941026 -2.35 0.022 -.408895 -.0334357
lwcon -.2024569 .3020226 -0.67 0.505 -.8049755 .4000616
Iwtuc -.0461931 230479 -0.20 0.842 -.5059861 4135999
Iwtrd .0494793 4105612 0.12 0.904 -.769568 .8685266
Iwfir .050559 .3507405 0.14 0.886 -.6491492 7502671
lwser .0551851 .1500094 0.37 0.714 -.2440754 .3544456
lwmfg .0550689 2138375 0.26 0.798 -.3715252 481663
Iwfed 2622408 4454479 0.59 0.558 -.6264035 1.150885
Iwsta -.4843599 3749414 -1.29 0.201 -1.232347 2636277
Iwloc 7739819 5511607 1.40 0.165 -.3255536 1.873517
Ipctymle -.3373594 2203286 -1.53 0.130 -.776903 1021842
[pctmin -.0096724 .0729716 -0.13 0.895 -.15652467 .1359019
west .0701236 1756211 0.40 0.691 -.280231 4204782
central .0112086 .1034557 0.11 0.914 -.1951798 217597
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urban -.0150372 2026425  -0.07  0.941 -4192979 3892234
ltaxpc | -1938134 1755345  -1.10 0273  -5439952 1563684
Imix 2682143 .0864373 310  0.003 0957766 4406519
_cons 4319234 3797113 114 0259  -11.89427 3.255799
Source | SS df MS Number of obs = 90

--------------------------------------------- F(20,69) = 442

Model 6.99830344 20 .349915172 Prob > F = 0.0000

Residual 5.46683312 69 .079229465 R-squared = 05614

............................................. Adj R-squared = 0.4343

Total | 124651366 89 140057714 Root MSE = .28148

Ipolpc | Coef Std. Er. t P>t [95% Cont. Interval]

Iprbconv 0037744 0744622 005 0960  -1447736 1523223
Iprbpris -0487064 1470085  -0.33  0.741 -.3419802 2445675
lavgsen 3958972 1295763 306  0.003 11373996 6543948
density 0201292 0798454 025 0802  -1391581 1794165
lwcon -5368469 2562641 2.09  0.040 -1.04808 -025614
Iwtuc -.0216638 1955598 -0.11 0.912 -411795 3684674
lwrd -4207274 3483584  -1.21 0.231 -1.115683 2742286
Iwiir 0001257 .2976009 0.00 1.000  -5935718 5938232
lwser 0073089 1272819 076 0447  -1566116 3512293
lwmfg 1710295 1814396 094 0349  -1909327 5329916
Iwfed 8555422 3779595 226 0.027 1015338 1.609551
lwsta -1118764 3181352  -0.35 0726  -.7465387 5227859
Iwloc 1375102 4676561 294  0.004 4421535 2.30805
Ipctymle 4186939  .1869473 224  0.028 0457442 7916436
Ipctmin -.0517966 0619159  -0.84 0406  -1753154 0717222
west 1458865  .1490133 098  0.331 -151387 4431599
central 0477227 0877814 054 0588  -.1273964 2228419
urban -1192027 1719407 069 0490  -.4622151 2238097
ltaxpc 5601989 1489398 376  0.000 2630721 8573258
Imix 2177256 .0733414 297  0.004 0714135 3640378
_cons -16.33148 3221824  -507  0.000  -22.75884  -9.904113

-S-O.U-I’E:(-B. . ‘ . SS ________ d o MS ______ Number of obs = 90
F(20,69) = 17.35

Mod.el 22.6350465 20 1.13175232 Prob > F _ 0.0000
Residual | 4.16465515 69 .060357321 R-squared _ 0.8446
--------------------------------------------- Adj R-squared = 0.799%
= .24568

Total ‘ 26.7997016 89 301120243 Root MSE
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Iprbarr
Ipolpc
Iprbconv
Ipropris
lavgsen
Idensity
Iwcon

if year==87

Model

-.4393081

5136133

-.2713278
-.0278416

-.280122
.3273521
.3456183

6.99830344
5.46683312

2267579
1976888
.0847024
1283276
1387228
.0893292
2419206

.0130615
.9079918

-.1023512

.2281651

-.0033776

.505559
.8282366

90
4.42
0.0000
0.5614
0.4343
28148

[taxpc
Iprbconv
Iprbpris
lavgsen
Idensity
lwcon
lwtuc
lwtrd
Iwfir
lwser
lwmfg
Iwfed
Iwsta
Iwloc
Ipctymle
Ipctmin
west
central
urban
_cons

2177256
.5601989
0037744

-.0487064

.3958972
0201292

-.5368469
-.0216638
-4207274

.0001257
.0973089
1710295
.8555422

-1118764

1.375102
4186939

-.0517966

.1458865
0477227

-.1192027
-16.33148

0733414
.1489398
.0744622
1470085
.1295763
.0798454
.2562641
.1955598
.3483584
.2976009
1272819
.1814396
3779595
.3181352
4676561
.1869473
.0619159
.1490133
0877814
1719407
3.221824

t P>|t|
-1.94 0.057 -.8916777
2.60 0.011 1192349
3.20 0.002 -.4403044
-0.22 0.829 -.2838482
-2.02 0.047 -.5568663
3.66 0.000 1491452
1.43 0.158 -137
MS Number of obs
F(20,69)
.349915172 Prob > F
079229465 R-squared
Adj R-squared
140057714 Root MSE
t P>|t|
2.97 0.004 0714135
3.76 0.000 .2630721
0.05 0.960 -.1447736
-0.33 0.741 -.3419802
3.06 0.003 .1373996
0.25 0.802 -.1391581
-2.09 0.040 -1.04808
-0.11 0.912 -411795
-1.21 0.231 -1.115683
0.00 1.000 -.5935718
0.76 0.447 -.1566116
0.94 0.349 -.1909327
2.26 0.027 1015338
-0.35 0.726 -.7465387
2.94 0.004 4421535
2.24 0.028 .0457442
-0.84 0.406 -.1753154
0.98 0.331 -.151387
0.54 0.588 -.1273964
-0.69 0.490 -.4622151
-5.07 0.000 -22.75884

.3640378
.8573258
.1523223
2445675
.6543948
1794165
-.025614
.3684674
2742286
.5938232
.3512293
.5329916
1.609551
5227859

2.30805
.7916436
0717222
4431599
2228419
.2238097

-9.904113

The test that the additional instruments are jointly significant in the first stage regression for
Ipolpc is performed as follows:

. test Imix=ltaxpc=0

(1) Imix — ltaxpc = 0

2) Imix = 0
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F(2,69) = 10.56
Prob > F = 0.0001

. ivregress 2sls Icrmrte (Iprbarr Ipolpc= Itaxpc Imix) Iproconv Iprbpris lavgsen Idensity lwcon
Iwtuc Iwtrd Iwfir Iwser lwmfg Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban if year==87

Instrumental variables (2SLS) regression Number of obs = 90
Wald chi2(20) = 452.49
Prob > chi2 = 0.0000
R-squared = 0.8446
Root MSE = 21511
lermrte | Coef Std. Err. z P>|z| [95% Contf. Interval]
Iprbarr -.4393081 .1985481 -2.21 0.027 -.8284552 -.050161
Ipolpc 5136133 1730954 297 0.003 1743526 .852874
Iprbconv -.2713278 .074165 -3.66 0.000 -.4166885 -.1259672
Iprbpris -.0278416 112363 -0.25 0.804 -.2480691 .1923859
lavgsen -.280122 121465 -2.31 0.021 -5181889 -.042055
[density .3273521 .0782162 419 0.000 1740512 .4806531
lwcon .3456183 2118244 1.63 0.103 -.06955 .7607865
Iwtuc 1773533 1505016 1.18 0.239 - 1176244 4723309
Iwtrd 212578 2836914 0.75 0.454 -.3434468 .7686029
Iwfir -.3540903 2287506 -1.55 0.122 -.8024333 .0942527
lwser -.2911556 .0982815 -2.96 0.003 -.4837837 -.0985274
lwmfg .0642196 1439573 0.45 0.656 -2179316 .3463707
Iwfed .2974661 .2998936 0.99 0.321 -.2903145 .8852468
lwsta .0037846 2716432 0.01 0.989 -.5286262 5361954
Iwtuc 1773533 1718849 1.03 0.306 -.1655477 5202542
Iwtrd 212578 .3239984 0.66 0.514 -.433781 .8589371
Iwfir -.3540903 2612516 -1.36 0.180 -.8752731 .1670925
lwser -.2911556 1122454 -2.59 0.012 -5150789 -.0672322
lwmfg .0642196 1644108 0.39 0.697 -.263771 3922102
Iwfed .2974661 .3425026 0.87 0.388 -.3858079 .9807402
lwsta .0037846 .3102383 0.01 0.990 -.615124 .6226931
Iwloc -.4336541 5166733 -0.84 0.404 -1.464389 597081
Ipctymle .0095115 .1869867 0.05 0.960 -.3635166 .3825397
Ipctmin .2285766 .0543079 4.21 0.000 1202354 .3369179
west -.0952899 1301449 -0.73 0.467 -.3549219 1643422
central -.1792662 .0762815 -2.35 0.022 -.3314437 -.0270888
urban -.1139416 143354 -0.79 0.429 -.3999251 1720419
_cons -1.159015 3.898202 -0.30 0.767 -8.935716 6.617686
Instrumented: Iprbarr Ipolpc
Instruments: Iprbconv Iprbpris lavgsen Idensity Iwcon Iwtuc Iwtrd Iwfir lwser lwmfg

Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban Itaxpc Imix

. reg Iprbarr Imix Itaxpc Iprbconv Iprbpris lavgsen Idensity lwcon Iwtuc Iwtrd Iwfir lwser lwmfg
Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban if year==87
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Source | SS df MS Number of obs = 90
--------------------------------------------- F(20, 69) = 3.11
Model 6.84874028 20 342437014 Prob > F = 00002
Residual 7.59345096 69 .110050014 R-squared = 04742
............................................. AdjR-squared = 0.3218
Total | 144421912 89 162271812 Root MSE = 33174
lprbarr | Coef Std. Er. t P>t [95% Cont. Interval]
Imix 2682143 .0864373 310 0.003 0957766 4406519
ltaxpc -1938134 1755345  -1.10 0273  -5439952 1563684
loroconv | -1946392 0877581 222  0.030  -3697119 -.0195665
lprbpris -0240173 1732583  -0.14  0.890  -.3696581 3216236
lavgsen 1565061 1527134 1.02 0309  -.1481488 4611611
density -2211654  .0941026  -2.35  0.022 -.408895 -.0334357
lwcon -2024569  .3020226  -0.67  0.505  -.8049755 14000616
Iwtuc -.0461931 230479 020  0.842  -5059861 4135999
Iwtrd 0494793 4105612 012 0.904 -.769568 8685266
Iwfir 050559 3507405 014 0886  -6491492 7502671
lwser 0551851 .1500094 037 0714  -2440754 3544456
lwmfg 0550689  .2138375 026 0798  -3715252 481663
Iwfed 2622408 4454479 059 0558  -6264035 1.150885
lwsta -4843509 3749414 129 0201  -1.232347 2636277
Iwloc 7739819 5511607 140 0165  -3255536 1.873517
lpctymle | -3373594 2203286  -1.53  0.130 -.776903 1021842
Ipctmin -0096724 0729716 -0.13  0.895  -.1552467 11359019
west 0701236 .1756211 040  0.691 -.280231 4204782
central 0112086 1034557 011 0914  -1951798 217597
urban -0150372 2026425  -0.07 0941  -4192979 3892234
_cons -4.319234 3797113 -1.14 0259  -11.89427 3.255799

Then we can test that the additional instruments are jointly significant in the first stage
regression for Iprbarr as follows:

. test Imix=Itaxpc=0
(1) Imix - ltaxpc = 0
(2) Imix=0

F(2, 69) =5.78
Prob > F = 0.0048
For Ipolpc, the first stage regression is given by

. reg Ipolpc Imix Itaxpc Iprbconv Iprbpris lavgsen Idensity lwcon Iwtuc Iwtrd Iwfir lwser lwmfg
Iwfed Iwsta Iwloc Ipctymle Ipctmin west central urban

Iwloc -.4336541 4523966 -0.96 0.338 -1.320335 453027
Ipctymle .0095115 1637246 0.06 0.954 -.3113827 .3304058
Ipctmin .2285766 0475517 4.81 0.000 135377 3217763
west -.0952899 1139543 -0.84 0.403 -.3186361 .1280564

central -.1792662 0667917 -2.68 0.007 -.3101756 -.0483569
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urban -.1139416 .1255201 -0.91 0.364 -.3599564 1320732
_cons -1.159015 3.413247 -0.34 0.734 -7.848855 5.530825
Instrumented: Iprbarr Ipolpc

Instruments: Iprbconv Iprbpris lavgsen Idensity lwcon Iwtuc Iwtrd Iwfir Iwser lwmfg Iwfed

Iwsta Iwloc Ipctymle Ipctmin west central urban Itaxpc Imix

. estat firststage
Shea’s partial R-squared
Shea’s Shea’s
Variable Partial R-sq. Adj. Partial R-sq.
Iprbarr 0.1352 -0.0996
Ipolpc 0.2208 0.0093
Minimum eigenvalue statistic = 5.31166
Critical Values # of endogenous regressors: 2
Ho: Instruments are weak # of excluded instruments: 2
5% 10% 20% 30%
2SLS relative bias (not available)
10% 15% 20% 25%
25LS Size of nominal 5% Wald test 7.03 458 3.95 3.63
LIML Size of nominal 5% Wald test 7.03 458 3.95 3.63

One can run the same IV regressions for other years, but this is not done here to save space.

11.30 Growth and Inequality Reconsidered

a. The 3SLS results are replicated using Stata below:

reg3 (Growth: dly = yrt gov m2y inf swo dtot f_pcy d80 d90) (Inequality: gih = yrt
m2y civ mig migldc), exog(commod f_civ f_dem f_dtot f_flit f_gov f_inf f_-m2y f_swo
f_yrt pop urb lex Ifr marea oil legor_fr legor_ge legor_mx legor_ sc legor_uk) endog

(yrt gov m2y inf swo civ mlg migldc)

Three-stage least-squares regression

Growth 119 9 2.34138 0.3905 65.55 0.0000
Inequality 119 5 7.032975 0.4368 94.28 0.0000
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0.878 -.3861882
0.234 -1410718
0.669 -.0306152
0.751  -.0058602
0.000  2.301003
0.259  -19.14221
0.012  -2.455884
0.004 -2.628792
0.000 -4.695417
0.001  5.230693

.3300632
.0344276
.0476889
.0042254
6.024548
71.21694
-.3044564
-4919922
-2.131906
20.78605

Growth
yrt -.0280625 .1827206 -0.15
gov -0533221  .0447711  -1.19
m2y .0085368 .0199759  0.43
inf -0008174 .0025729 -0.32
SWO 4162776  .9499015  4.38
dtot 26.03736  23.05123  1.13
f_pey -1.38017 5488437 -2.51
dso -1.560392 545112 -2.86
doo -3.413661  .6539689 -5.22
_cons 13.00837 3.968276  3.28

Inequality
yrt -1.244464 4153602  -3.00
m2y -120124 0581515 -2.07
civ 2531189 7277433  0.35
mig 292672 0873336  3.35
migldc | -.0547843 .0576727 -0.95
_cons 33.13231 5517136  6.01

0.003 -2.058555
0.039  -.2340989
0.728 -1.173232
0.001  .1215012
0.342 -.1678207
0.000 22.31893

-4303731
-.0061492
1.67947
4638428
.0582522
43.9457

Endogenous variables: dly gih yrt gov m2y inf swo civ mig migidc

Exogenous variables: dtot f_pcy d80 d90 commod f_civ f_dem f_dtot f_flit f_gov

f_inf f_m2y f_swo f_yrt pop urb lex Ifr marea oil legor_fr legor_ge legor_mx legor_sc

legor_uk

below:

. The 3sls results of the respecified equations are replicated using Stata

. reg3 (Growth: dly = gih yrt gov m2y inf swo dtot f_pcy d80 d90) (Inequality: gih

= dly yrt m2y civ mlg migldc), exog(f_civ f_dem f_dtot f_flit f_gov f_inf f_m2y f_swo

f_yrt pop urb lex Ifr marea commod oil legor_fr legor_ge legor_mx legor_sc legor_uk)

endog(yrt gov m2y inf swo civ mig migldc)

Three-stage least-squares regression

Growth 119 10 2.366525
Inequality 119 6 6.969627

0.3773
0.4469

65.26
96.06
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Growth

m2y
inf
SWO
dtot
f_pey
adso
doo
_cons
Inequality
dly
yrt
m2y
civ
mlg
migldc
_cons

-.0181063
-.0642514
-.0559828

.0084914
.0002947
4.148469
28.56603
-1.35157

-1.581281
-3.392124

13.67011

.2642484

-1.221263

-.115859
.1510064
2951145

-.0451182

32.06252

.0452471
1971126
.0457033
0201616
.0031579
9771934
23.60078
.5565555
.5498957
6624323
4.382862

.3586634
4122647
0577899
7449721
.0870164
0581734
5.611046

0.74

-2.96
-2.00

0.20
3.39

-0.78

5.71

-.106789
-.4505851
-.1455597
-.0310246
-.0058948

2.233205
-17.69064
-2.442399
-2.659057
-4.690467

5.079854

-438719
-2.029286
-.2291251
-1.309112
1245654
-.159136
21.06507

.0705763
.3220822
.0335941
.0480074
.0064841
6.063733

74.8227

-.2607418

-.503505
-2.09378
22.26036

9672158

-4132386
-.0025929

1.611125
4656635
.0688996
43.05997

Endogenous variables: dly gih yrt gov m2y inf swo civ mlg migldc

Exogenous variables: dtot f_pcy d80 d90 f_civ f_dem f_dtot f_flit f_gov f_inf f_m2y

f_swo f_yrt pop urb lex Ifr marea commod oil legor_fr legor_ge legor_mx legor_sc

legor_uk

11.31 Married Women Labor Supply

b. The following Stata output replicates Equation 2 of Table IV of Mroz

(1987, p. 770) which runs 2SLS using the following instrumental variables:

. local B unem city motheduc fatheduc

. local E exper expersq

. local control age educ

. ivregress 2sls hours (lwage= ‘B’ ‘E’) nwifeinc kidslt6 kidsge6 ‘control’, vce(robust)

Instrumental variables (2SLS) regression

Number of obs

Wald chi2(6)
Prob > chi2
R-squared
Root MSE

428

18.67
0.0048

11413
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Robust

hours Coef. Std. Err. z P>|z| [95% Conf. Interval]
Iwage 1261.574 460.7772 2.74 0.006 358.4673 2164.681
nwifeinc -8.341979 4.586405 -1.82 0.069 -17.33117 6472101
kidslt6 -234.7069 182.201 -1.29 0.198 -591.8143 122.4005
kidsge6 -59.78876 49.04792 -1.22 0.223 -155.9209 36.34341
age -10.23035 9.264046 -1.10 0.269 -28.38755 7.926846
educ -147.895 52.71884 -2.81 0.005 -251.222 -44.56794
_cons 2374.632 531.9775 4.46 0.000 1331.976 3417.289

Instrumented: Iwage
Instruments: nwifeinc kidslt6 kidsge6 age educ unem city motheduc fatheduc exper

expersq

estat overid
Test of overidentifying restrictions:
Score chi2(5) = 5.9522 (p = 0.3109)

estat firststage, forcenonrobust all

First-stage regression summary statistics

Adjusted Partial Robust
Variable R-sq. R-sq. R-sq. F(6,416)  Prob>F
lwage | 0.1719 0.1500 0.0468 2.58071 0.0182
Shea’s partial R-squared
Shea’s Shea’s
Variable Partial R-sq.  Ad. Partial R-sg.
lwage |  0.0468 0.0240

Minimum eigenvalue statistic = 3.40543

Critical Values # of endogenous regressors: 1
Ho: Instruments are weak # of excluded instruments: 6
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5% 10% 20% 30%
2SLS relative bias 19.28 11.12 6.76 5.15
10% 15% 20% 25%
2SLS Size of nominal 5% Wald test 29.18 16.23 11.72 9.38
LIML Size of nominal 5% Wald test 4.45 3.34 2.87 2.61

Similarly, the following Stata output replicates Equation 3 of Table IV
of Mroz(1987, p. 770) which runs 2SLS using the following instrumental

variables:

. local F2 age2 educ2 age_educ

. ivregress 2sls hours (lwage= B’ ‘E’ ‘F2’) nwifeinc kidslt6 kidsge6

‘control’, vce(robust)

Instrumental variables (2SLS) regression Number of obs = 428
Wald chi2(6) = 24.56
Prob > chi2 = 0.0004
R-squared =
Root MSE = 942.03
Robust
hours Coef. Std. Er. z P>|z| [95% Cont. Interval]

lwage 831.2505 312.1889 2.66 0.008 219.3715 1443.129
nwifeinc -6.963789 3.814549 -1.83 0.068 -14.44017 5125885
kidslt6 -270.9764 154.5197 -1.75 0.079 -573.8294 31.87667
kidsge6 -78.37192 39.257 -2.00 0.046 -155.3142 -1.429619
age -9.38908 7.589533 -1.24 0.216 -24.26429 5.486132
educ -102.9946 36.35213 -2.83 0.005 -174.2435 -31.74576
_cons 2287.175 432.9381 5.28 0.000 1438.632 3135.718

Instrumented: lwage
Instruments: nwifeinc kidslt6 kidsge6 age educ unem city motheduc fatheduc

exper expersq age2 educ2 age_educ

. estat overid

Test of overidentifying restrictions:
Score chi2(8) = 19.8895 (p = 0.0108)
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. estat firststage, forcenonrobust all

First-stage regression summary statistics

Adjusted Partial Robust
Variable R-sq. R-sq. R-sq. F(6,416) Prob > F
lwage | 0.1846 0.1570 0.0614 2.3555 0.0133

Shea’s Shea’s
Variable Partial R-sq.  Adj. PartialR-sq.
Iwage | 0.0614 0.0320

Minimum eigenvalue statistic = 3.0035

Critical Values # of endogenous regressors: 1
Ho: Instruments are weak # of excluded instruments: 9
5% 10% 20% 30%
2SLS relative bias 20.53 11.46 6.65 4.92
10% 15% 20% 25%
2SLS Size of nominal 5% Wald test 36.19 19.71 14.01 11.07
LIML Size of nominal 5% Wald test 3.81 2.93 2.54 2.32

Similarly, one can generate the rest of the regressions in Table IV and their

related diagnostics.
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CHAPTER 12
Pooling Time-Series of Cross-Section Data

12.1 Fixed Effects and the Within Transformation.

a. Premultiplying (12.11) by Q one gets

Qy = aQunr + QXP + QZ, p + Qv

ButPZ, = Z, and QZM = 0. Also, Puyt = int and Quyt = 0. Hence, this
transformed equation reduces to (12.12)

Qy = QXp + Qv

Now E(Qv) = QE(v) = 0 and var(Qv) = Q var(v)Q' = 62Q, since
var(v) = ovZINT

and Q is symmetric and idempotent.

b. For the general linear model y = X + u with E(uv’) = 2, a necessary and
sufficient condition for OLS to be equivalent to GLS is given by X'Q~'Px
where Px = I — Px and Px = X(X’X)~'X/, see Eq.(9.7) of Chap.9. For
Eq. (12.12), this condition can be written as
(X'Q)(Q/07)Pox =0
using the fact that Q is idempotent, the left hand side can be written as
(X'Q)Pqgx /o,

which is clearly 0, since ISQX is the orthogonal projection of QX.
One can also use Zyskind’s condition PxQ2 = QPx given in Eq. (9.8) of
Chap. 9. For Eq. (12.12), this condition can be written as

Pox(07Q) = (62Q)Pox

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 313
in Business and Economics, DOI 10.1007/978-3-642-54548-1_12,
© Springer-Verlag Berlin Heidelberg 2015
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But, Pox = QX(X'QX)~'X'Q. Hence, PoxQ = Pqox and QPgx = Pqx and
the condition is met. Alternatively, we can verify that OLS and GLS yield
the same estimates. Note that Q = Iyt — P where P = Ix ® It is idempo-
tent and is therefore its own generalized inverse. The variance—covariance
matrix of the disturbance ¥ = Qv in (12.12) is E(¥¥') = E(Qv/'Q) = 02Q
with generalized inverse Q/o2. OLS on (12.12) yields

B = (X'QQX)~'X'QQy = (X'QX)"'X'Qy

which is 6 given by (12.13). Also, GLS on (12.12) using generalized inverse
yields

B = (X'QQQX)"'X'QQQy = (X'QX)~'X'Qy = p.

. The Frisch-Waugh—Lovell (FWL) theorem of Davidson and MacKinnon

(1993, p. 19) states that for

y=Xif1 +Xaf2 +u (12.1)
If we premultiply by the orthogonal projection of X, given by

M, =1—-X(X5Xp) ™' X5,

then M>X; = 0 and (1) becomes

Myy = MuXB1 + Mau (12.2)

The OLS estimate of §; from (2) is the same as that from (1) and the resid-
uals from (1) are the same as the residuals from (2). This was proved in

Sect. 7.3. Here we will just use this result. For the model in (12.11)
y=Z§+Zypn +v

-1
Let Z = X, and Z, = X,. In this case, My = [ — Z, (z;zu) z, =
I — P = Q. In this case, premultiplying by M, is equivalent to premul-
tiplying by Q and Eq.(2) above becomes Eq.(12.12) in the text. By the
FWL theorem, OLS on (12.12) which yields (12.13) is the same as OLS on
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(12.11). Note that
Z = [T, X] and QZ = [0, QX] since Quyt = 0.
12.2 Variance—Covariance Matrix of Random Effects.
a. From (12.17) we get
Q=o0.(IN®J1)+0,(IN®Ir)

Replacing Jt by TJr, and It by (Et+ J1) where Er is by definition (It —Jr),

one gets

Q =To(In ® I1) + 0} (Ix ® Er) 4 07 (Ix ® I1)
collecting terms with the same matrices, we get

Q = (To, + 07)(Ix ® J1) + 0} (In ® Er) = 0{P 4+ 0,Q

where o = To2 + o7

b. P =7, (ZLZM)_l Z, = Ix ® I is a projection matrix of Z,. Hence,
it is by definition symmetric and idempotent. Similarly, Q = Iyt — P is
the orthogonal projection matrix of Z,. Hence, Q is also symmetric and
idempotent. By definition, P4+Q = Iyr. Also, PQ = P(Iyy—P) = P—P? =
P—-P=0.

¢. From (12.18) and (12.19) one gets
QQ™! = (ofP +02Q) (%P + éQ) =P+Q=1Inr

1 v

since P2 = P, Q> = Q and PQ = 0 as verified in part (b). Similarly,
Q7IQ = Inr.

d. From (12.20) one gets

11 11 1 1
Q Q7 = (—P + —Q) (—P + —Q) = 5P+ —Q°
(03] 0] 0y

01 Oy 0Oy
1 1 -
=P+ 5Q=2
o 02

using the fact that P> = P, Q> = Q and PQ = 0.
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12.3 Fuller and Battese (1974) Transformation.

From (12.20) one gets 02 = Q + (0y/01)P
Therefore,
y* = 0,27 2y = Qy + (0u/01)Py = y — Py + (0u/01)Py
=y—(1—(oy/01))Py =y — 6Py

where 8 = 1 — (0,,/07). Recall that the typical element of Py is y;, therefore,

the typical element of y* is y} = yi; — 0y;..

12.4 Unbiased Estimates of the Variance-Components. E(W'Pu) = E(tr(uu'P)) =

tr(E(uu’)P) = tr(QP). From (12.21), QP = 07P since PQ = 0. Hence, from
(12.18),
L

Similarly, E(W'Qu) = tr(QQ) = tr (osz) where the last equality follows
from (12.18) and the fact that QQ = 02Q since PQ = 0. Hence, from (12.22),

o EWQu  tr(07Q)
EO) =% T e T

12.5 Swamy and Arora (1972) Estimates of the Variance-Components.

a. é‘? given by (12.23) is the s? from the regression given by (12.11). In fact
67 = y'QlInt — Pox]Qy/[N(T — 1) = K]

where Pox = QX(X'QX)™'X'Q. Substituting Qy from (12.12) into c:yvz,

one gets
52 = v'QlInt — Pox]Q/[N(T — 1) — K]

with Qv ~ (0,02Q). Therefore,

E[v'Q[Ixt — Pox]Qv] = E[tr{Quv'Q[lnt — Pox]}]

= 0,r{Q — QPox} = o {N(T — 1) — tr(PoX)}
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where the last equality follows from the fact that QPox = Pgx. Also,
tr(Pox) = tr(X'QX)(X'QX)~! = tr(Ix) = K.

Hence, E (33) =o2.
b. Similarly, 67 given by (12.26) is the s2 from the regression given by
Py = PZ§ + Pu

In fact,
67 = y'PlInt — Prz]Py/(N =K — 1)
where Pp; = PZ(Z'PZ)~'Z’'P. Substituting Py from (3) into 312 one gets
5712 = u'P[Int — Ppz]Pu/(N — K — 1) = u'P[Int — Ppz]Pu/(N—K — 1)
with Pu ~ (O, olzP) as can be easily verified from (12.18). Therefore,
E(u'P[Ixt — Ppz]Pu) = E[tr{Puu'P(Ixt — Ppz)} = o7tr{P — PPp;}
— 2N — tr(Ppz)}

where the last equality follows from the fact that PPp; = Pp. Also,
tr(Ppz) = tr(Z'PZ)(Z'PZ)~' = tr(Ix’) = K'.
Hence, E (312) = o?.

12.6 System Estimation.

a. OLS on (12.27) yields

-1
fus = [(Z’Q, zP) (?f)} ZQ.zP) (?,j)

= (Z'QZ + Z'PZ)" (Z'Qy + Z'Py)
=(Z'Q+P)2)'Z(Q+Py=(Z2)"'Zy

since Q + P = InT.
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b. GLS on (12.27) yields

—1
a 2 0 Z
8gls = (Z/Q’ Z/P) |:0\E)Q GZP] <§Z)
1

-1
iy oy | 02Q 0 Qy
@ Q’ZP)[ 0 012P:| (Py)

Using generalized inverse

2 - 2
0;Q 0 _ Q/c; 0
0 olP 0 P/o}
one gets
a —1
Sais = [(Z'Q2)/0] + (Z'P2)/of] " [(Z'Qy)/03 + (Z'Py)/o7]
— (Z/Q—lz)—lz/Q—ly
where Q7! is given by (12.19).
12.7 Random Effects Is More Efficient than Fixed Effects. From (12.30) we have
var(BaLs) = 02 [Wxx + ¢*Bxx] ™
where Wxx = X'QX, Bxx = X/(P — Jxr)X and ¢?> = 02/0?. The Within
estimator is given by (12.13) with var(Bwimin) = 62Wx% Hence,

~ - 1 1
(var(Bors)) ™ — (var(Bwimin)) ' = ;[Wxx + ¢*Bxx]| — ;WXX = ¢*Bxx/0?

\% v
which is positive semi-definite. Hence, Var(BWithin) —VaI‘(éGLs) is positive semi-
definite. This last result uses the well known fact that if A=! — B~! is positive
semi-definite, then B — A is positive semi-definite.

12.8 Maximum Likelihood Estimation of the Random Effects Model.

a. Differentiating (12.34) with respect to ¢ yields
oL _ _NT _ d'(P—Jr)d N1

a2 2 d[Q+¢2P—Jxp)]d 2 ¢?

setting dL./09> = 0, we get Td'(P — Jxr)dd? = d'Qd + $>d'(P — Inr)d

solving for ¢2, we get 6>(T—1)d’ (P — Jxr) d = d’Qd which yields (12.35).
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b. Differentiating (12.34) with respect to f yields

oL, NT 1 9 .
C - —_— . _ . _d/ + 2 P _ J d
ap 2 [Q + 2P — JNT)] d op [Q+ ¢7( NT)]
/ 2 _ T
setting z—]g = 0 is equivalent to solving 0d7Q + ¢8[(3P Int)]d -0

Using the fact that d = y — X, this yields
—2X'[Q+ ¢ (P = nr)] (y = XB) = 0

Solving for B, we get X'[Q + $*(P—Ix1)]XP = X/[Q+ ¢*(P—Inr)]y which
yields (12.36).

12.9 Prediction in the Random Effects Model.

a. From (12.2) and (12.38), E(uir4sujt) = 0,2, for i = j and zero otherwise.
The only correlation over time occurs because of the presence of the same
individual across the panel. The v;’s are not correlated for different time

periods. In vector form
w = E(uit4s u) = 0,%(0,..,0,..,1..,1,..,0,..,0)

where there are T ones for the i-th individual. This can be rewritten as w =

Guz(ﬁi ® 1) where ¢; is the i-th column of I, i.e., £; is a vector that has 1 in

the i-th position and zero elsewhere. (7 is a vector of ones of dimension T.

b. (&) ® )P = (&' ® 1) (IN ® %) — (6 & ).
Therefore, in (12.39)
o1 — 2 (g7 e | ] 1 o8,
wQ ZGM(& ®LT)[;P+§Qi| :;(Ei ® 1)
1 v 1
since (¢ @ 1r') Q= (&' ® tr') Int —P) = (&' @ 1) — (&' ® 1) = 0.
12.10 Using the motor gasoline data on diskette, the following SAS output and pro-

gram replicates the results in Tables 12.1-12.7. The program uses the IML
procedure (SAS matrix language). This can be easily changed into GAUSS or

any other matrix language.
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RESULTS OF OLS
LOOKT PARAMETER STANDARD ERROR T-STATISTICS
INTERCEPT 2.39133 0.11693 20.45017
INCOME 0.88996 0.03581 24.85523
PRICE -0.89180 0.03031 -29.4180
CAR -0.76337 0.01861 -41.0232
RESULTS OF BETWEEN
LOOKT PARAMETER STANDARD ERROR T-STATISTICS
INTERCEPT 2.54163 0.52678 4.82480
INCOME 0.96758 0.15567 6.21571
PRICE -0.96355 0.13292 -7.24902
CAR -0.79530 0.08247 -9.64300
RESULTS OF WITHIN
LOOK1 PARAMETER STANDARD ERROR T-STATISTICS
INCOME 0.66225 0.07339 9.02419
PRICE -0.32170 0.04410 -7.29496
CAR -0.64048 0.02968 -21.5804

RESULTS OF WALLACE-HUSSAIN

LOOK PARAMETER STANDARD ERROR ~ T-STATISTICS
INTERCEPT 1.90580 0.19403 9.82195
INCOME 054346 0.06353 855377
PRICE 047111 0.04550 -10.3546
CAR -0.60613 0.02840 21.3425
RESULTS OF AMEMIYA
LOOK PARAMETER STANDARD ERROR ~ T-STATISTICS
INTERCEPT 2.18445 0.21453 10.18228
INCOME 0.60093 0.08542 9.18559
PRICE -0.36639 0.04138 -8.85497
CAR -0.62039 0.02718 22,8207
RESULTS OF SWAMY-ARORA
LOOK PARAMETER STANDARD ERROR ~ T-STATISTICS
INTERCEPT 1.99670 0.17824 11.20260
INCOME 055499 0.05717 9.70689
PRICE -0.42039 0.03866 -10.8748

CAR -0.60684 0.02467 -24.5964
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LOOKT

INTERCEPT

INCOME
PRICE
CAR

LOOKT

RESULTS OF MAXIMUM LIKELIHOOD

INTERCEPT

INCOME
PRICE
CAR

RESULTS OF NERLOVE
PARAMETER STANDARD ERROR

2.40173
0.66198
-0.32188
-0.64039

1.41302
0.07107
0.04271
0.02874

PARAMETER STANDARD ERROR

2.10623
0.58044
-0.38582
-0.61401

0.20096
0.06286
0.04072
0.02647

T-STATISTICS

1.69972
9.31471
-7.53561
-22.2791

T-STATISTICS

10.48088

9.23388
-9.47515
-23.2001

ONE-WAY ERROR COMPONENT MODEL WITH GASOLINE DATA:
BETA, VARIANCES OF BETA, AND THETA

STD_BETA2 STD_BETA3 THETA

ESTIMATORS  BETA1

OLS 0.88996
BETWEEN 0.96758
WITHIN 0.66225
WALLACE

& HUSSAIN  0.54346
AMEMIYA 0.60093
SWAMY

& ARORA  0.55499

NERLOVE 0.66198
IMLE 0.58044
SAS PROGRAM

Options linesize=162;
Data Gasoling;

BETWEEN ESTIMATOR
WITHIN ESTIMATOR

WALLACE & HUSSAIN ESTIMATOR
AMEMIYA ESTIMATOR
SWAMY & ARORA ESTIMATOR
NERLOVE ESTIMATOR
IMLE

BETA2 BETA3 STD_BETA1
-0.89180 -0.76337 0.03581 0.03031
-0.96355 -0.79530 0.15567 0.13292
-0.32170 -0.64048 0.07339 0.04410
-0.47111 -0.60613 0.06353 0.04550
-0.36639 -0.62039 0.06542 0.04138
-0.42039 -0.60684 0.05717 0.03866
-0.32188 -0.64039 0.07107 0.04271
-0.38582 -0.61401 0.06286 0.04072
NEGATIVE VAR_MHU
NEGA_VAR
OLS ESTIMATOR

0

o o

0.01861
0.08247
0.02968

0.02840
0.02718

0.02467
0.02874
0.02647

321

0.00000
1.00000

0.84802
0.93773

0.89231
0.99654
0.92126
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Infile ‘b:/gasoline.dat’ firstobs=2;
Input @1 Country $ @10 Year @15 Lgaspcar @29 Lincomep
@44 Lprpmg @61 Lcarpcap ;

Proc IML;
Use Gasoline; Read all into Temp;
N=18; T=19; NT=N"T;
One=Repeat(1,NT,1);
X=Temp|[,3:5]; Y=Temp[,2]; Z=One||X; K=NCOL(X);
[t=J(T,1,1); JT=(t*t"); Z_U=I(N)@1_t;
P=Z_U*INV(Z_U*Z_U)*Z_U;  Q=I(NT)-P;
JNT=Repeat(JT,N,N); JNT_BAR=JNT/NT;

OLS_BETA=INV(Z*2)*Z *Y:
OLS_RES=Y-Z*OLS_BETA;
VAR_REG=SSQ(OLS_RES)/(NT-NCOL(2));
VAR_COV=VAR_REG*INV(Z *2);
STD_OLS=SQRT(VECDIAG(VAR_COV));
T_OLS=OLS_BETA/STD.OLS;

LOOK1=OLS_BETA||STD_OLS||T_OLS;
CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS};
RTITLE={INTERCEPT’ INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF OLS,,

LOOK1(|COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);

BW_BETA=INV(Z *P*2)*Z *P*Y:
BW_RES=P*Y-P*Z*BW_BETA;
VAR_BW=SSQ(BW_RES)/(N-NCOL(2)):
V_C_BW=VAR_BW*INV (Z *P*2);
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STD_BW=SQRT(VECDIAG(V_C_BW));
T_BW=BW_BETA/STD_BW;

LOOK1=BW_BETA||STD_BW/||T_BW;

CTITLE={'PARAMETER’ ‘STANDARD ERROR’ ‘T-STATISTICS };
RTITLE={INTERCEPT INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF BETWEEN’,,

LOOK1(|COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);

WT_BETA=INV(X *Q*X)*X *Q*Y;
WT_RES=Q"Y-Q"X*WT_BETA;
VAR_WT=SSQ(WT_RES)/(NT-N-NCOL(X));
V_C_WT=VAR_WT*INV(X *Q*X);
STD_WT=SQRT(VECDIAG(V_C_WT));
T_WT=WT_BETA/STD_WT;

LOOK1=WT_BETA||STD_WT||T_WT;

CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS };

RTITLE={INCOME’ ‘PRICE’ ‘CAR'};

PRINT ‘RESULTS OF WITHIN',,

LOOK1(|COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);

* -- WALLACE & HUSSAIN ESTIMATOR OF VARIANCE COMPONENTS --- *;

WH_V_V=(OLS_RES *Q*OLS_RES)/(NT-N);
WH_V_1=(OLS_RES *P*OLS_RES)/N;

e Checking for negative VAR_MHU %

WH_V_MHU=(WH_V_1-WH_V_V)/T;

IF WH_V_MHU <0 THEN NEGA_WH=1; ELSE NEGA_WH=0;
WH_V_MHU=WH_V_MHU # (WH_V_MHU>0);
WH_V_1=(T*"WH_V_MHU)+WH_V_V;
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OMEGA_WH=(Q/WH_V_V)+(PWH_V_1);
WH_BETA=INV(Z *OMEGA_WH*Z)*Z *OMEGA_WH"Y;
THETA_WH=1-(SQRT(WH_V_V)/SQRT(WH_V_1));
OMEGAWH=(Q/SQRT(WH_V_V))+(P/SQRT(WH_V_1));
WH_RES=(OMEGAWH"Y)- OMEGAWH*Z*WH_BETA);
VAR_WH=SSQ(WH_RES)/(NT-NCOL(2));
V_C_WH=INV(Z *OMEGA_WH*2);
STD_WH=SQRT(VECDIAG(V_C_WH));
T_WH=WH_BETA/STD_WH;

LOOK1=WH_BETA||STD_WH||T_WH;

CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS };
RTITLE={INTERCEPT INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF WALLACE-HUSSAIN',,
LOOK1(|COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);
FREE OMEGA_WH OMEGAWH WH_RES;

*-- AMEMIYA ESTIMATOR OF VARIANCE COMPONENTS --- ;

Y BAR=Y[:; X_BAR=X[.,];
ALPHA_WT=Y_BAR-X_BAR*WT_BETA,
LSDV_RES=Y-ALPHA_WT*ONE-X*WT _BETA;
AM_V_V=(LSDV_RES *Q*LSDV_RES)/(NT-N);

AM_V_1=(LSDV_RES *P*LSDV_RES)/N;

“**x Checking for negative VAR_MHU *********;
AM_V_MHU=(AM_V_1-AM_V_V)/T;

IF AM_V_MHU<0 THEN NEGA_AM=1; ELSE NEGA_AM=0;
AM_V_MHU=AM_V_MHU # (AM_V_MHU>0);

AM_V_1=(T*AM_V_MHU)+AM_V_V,

OMEGA_AM=(Q/AM_V_V)+(P/AM_V_1);
AM_BETA=INV(Z *OMEGA_AM*Z)*Z *OMEGA_AM*Y;
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THETA_AM=1-(SQRT(AM_V_V)/SQRT(AM_V_1));
OMEGAAM=(Q/SQRT(AM_V_V))+(P/SQRT(AM_V_1));
AM_RES=(OMEGAAM*Y)- OMEGAAM*Z*AM_BETA);
VAR_AM=SSQ(AM_RES)/(NT-NCOL(2));
V_C_AM=INV(Z *OMEGA_AM*Z);
STD_AM=SQRT(VECDIAG(V_C_AM));
T_AM=AM_BETA/STD_AM;

LOOK1=AM_BETA||STD_AM||T_AM;

CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS};
RTITLE={INTERCEPT’ INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF AMEMIYA’,

LOOK1(JCOLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);
FREE OMEGA_AM OMEGAAM AM_RES;

*--- SWAMY & ARORA ESTIMATOR OF VARIANCE COMPONENTS ----*;

SAV_V=(Y QY=Y *Q*XINV(X *Q"X)"X *Q*Y)/(NT-N-K);
SAV_1=(Y *PY-Y *P*ZINV(Z *P*Z)"Z *P*Y)/(N-K-1);

e Checking for negative VAR_MHU ******;

SA_V_MHU=(SA_V_1-SA_V_V)/T:

IF SA_V_MHU<0 THEN NEGA_SA=1; ELSE NEGA_SA=0;
SA_V_MHU=SA_V_MHU # (SA_V_MHU>0);
SA_V_1=(T*SA_V_MHU)+SA_V_V:

OMEGA_SA=(Q/SA_V_V)+(P/SA_V_1);
SA_BETA=INV(Z *OMEGA_SA*Z)*Z *OMEGA_SA*Y;
THETA_SA=1-(SQRT(SA_V_V)/SQRT(SA_V_1));
OMEGASA=(Q/SQRT(SA_V_V))+(P/SQRT(SA_V_1)):
SA_RES=(OMEGASA*Y)-(OMEGASA*Z*SA_BETA);
VAR_SA=SSQ(SA_RES)/(NT-NCOL(2));
V_C_SA=INV(Z *OMEGA_SA*Z);
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STD_SA=SQRT(VECDIAG(V_C_SA));
T_SA=SA_BETA/STD_SA;

LOOK1=SA_BETA||STD_SA||T_SA:;
CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS};
RTITLE={INTERCEPT’ INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF SWAMY-ARORA’,,
LOOK1(]COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);
FREE OMEGA_SA OMEGASA SA_RES;

*-- NERLOVE ESTIMATOR OF VARIANCE COMPONENTS AND BETA --*;

MHU=P*LSDV_RES;
MEAN_MHU=MHU[:]
DEV_MHU=MHU-(ONE*MEAN_MHU);
VAR_MHU=SSQ(DEV_MHU)/T*(N-1);
NL_V_V=SSQ(WT_RES)/NT;
NL_V_1=T*VAR_MHU+NL_V_V:

OMEGA _NL=(Q/NL_V_V)+(P/NL_V_1);
NL_BETA=INV(Z *OMEGA_NL*Z)*Z *OMEGA_NL*Y:
THETA_NL=1-(SQRT(NL_V_V)/SQRT(NL_V_1));
OMEGANL=(Q/SQRT(NL_V_V))+(P/SQRT(NL_V_1));
NL_RES=(OMEGANL*Y)-(OMEGANL*Z*NL_BETA);
VAR_NL=SSQ(NL_RES)/(NT-NCOL(2));
V_C_NL=INV(Z *OMEGA_NL*2);
STD_NL=SQRT(VECDIAG(V_C_NL));
T_NL=NL_BETA/STD_NL;

LOOK1=NL_BETA| |STD_NL| |T_NL;
CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS}:
RTITLE={INTERCEPT’ INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF NERLOVE',,

LOOK1(]COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);
FREE OMEGA_NL OMEGANL NL_RES;
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*--- MAXIMUM LIKELIHOOD ESTIMATION ----;

/* START WITH WITHIN AND BETWEEN BETA SUGGESTED BY
BREUSCH(1987) */;

CRITICAL=1;
BETA_W=WT_BETA;
BETA_B=BW_BETA[2:K+1,];
BETA_MLE=WT_BETA,

DO WHILE (CRITICAL>0.0001);
WT_RES=Y - X*"BETA_W;
BW_RES=Y - X*"BETA_B;

PHISQ_W=(WT _RES *Q“WT_RES)/((T-1)*(WT_RES *(P-JNT_BAR)*WT _RES));

PHISQ_B=(BW_RES *Q*BW_RES)/((T-1)*(BW_RES *(P-JNT_BAR)*BW_RES));

CRITICAL=PHISQ_W-PHISQ_B;

BETA_W=INV(X *(Q+PHISQ_W*(P-JNT_BAR))*X)*X *(Q+PHISQ_W*(P-JNT_
BAR))*Y;

BETA_B=INV(X * (Q+PHISQ_B*(P-JNT_BAR))*X)*X *(Q+PHISQ_B*(P-JNT_BAR))*Y;

BETA_MLE=(BETA_W+BETA_B)/2;
END;

D_MLE=Y-X*"BETA_MLE;

PHISQ_ML=(D_MLE *Q*D_MLE)/((T-1)*D_MLE" *(P-JNT_BAR)*D_MLE);
THETA_ML=1-SQRT(PHISQ_ML);

VAR_V_ML=D_MLE" *(Q+PHISQ_ML*(P-JNT_BAR))*D_MLE/NT:
VAR_1_ML=VAR_V_ML/PHISQ_ML;
OMEGA_ML=(Q/VAR_V_ML)+(P/VAR_1_ML):

ML_BETA=INV(Z *OMEGA_ML*Z)*Z' *OMEGA_ML*Y;
OMEGAML=(Q/SQRT(VAR_V_ML))+(P/SQRT(VAR_1 _ML));
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ML_RES=(OMEGAML"Y)-(OMEGAML*Z*ML_BETA);
VAR_ML=SSQ(ML_RES) / (NT-NCOL(2));
V_C_ML=INV(Z' *OMEGA_ML"2);

STD_ML=SQRT (VECDIAG (V_C_ML));
T_ML=ML_BETA/STD_ML;

LOOK1=ML_BETA| |STD_ML]| |T_ML;
CTITLE={'PARAMETER' ‘STANDARD ERROR’ ‘T-STATISTICS};
RTITLE={INTERCEPT’ INCOME’ ‘PRICE’ ‘CAR’};

PRINT ‘RESULTS OF MAXIMUM LIKELIHOOD',,
LOOK1(|COLNAME=CTITLE ROWNAME=RTITLE FORMAT=8.5|);
FREE OMEGA _ML;

BETA=OLS_BETA' [,2:K+1]/BW_BETA" [,2:K+1]J/WT _BETA'//WH_BETA" [,2: K+1}//
AM_BETA' [,2:K+1)/SA_BETA [,2:K+1)//NL_BETA[,2:K+1}/ML_BETA [ 2:K+1];
STD_ERR=STD_OLS [,2:K+1}/STD_BW'[,2:K+1]//STD_WT //STD_WH'[,2:K+1]/
STD_AM'[,2:K+1]//STD_SA,2:K+1]//STD_NL [, 2:K+1]//STD_ML [ 2:K+1];
THETAS={0,.,1}/THETA_WH//THETA_AM//THETA_SA//THETA_NL//THETA_ML;

NEGA_VAR={.,.,.}//NEGA_WH//NEGA_AM//NEGA _SA//{...};

OUTPUT=BETA| |STD_ERR| [THETAS| [NAGA_VAR;

C2={"BETA1”"BETA2’ "BETA3’ "STD_BETA1” "STD_BETA2”
“STD_BETA3” “THETA"};

R={"OLS ESTIMATOR” “BETWEEN ESTIMATOR” “WITHIN
ESTIMATOR” “WALLACE & HUSSAIN ESTIMATOR”
“AMEMIYA ESTIMATOR” “SWAMY & ARORA ESTIMATOR”
“NERLOVE ESTIMATOR” “IMLE”};

PRINT ‘ONE-WAY ERROR COMPONENT MODEL WITH GASOLINE DATA:
BETA, VARIANCES OF BETA, AND THETA’
,OUTPUT (|ROWNAME=R COLNAME=C2 FORMAT=8.5|);

PRINT ‘NEGATIVE VAR_MHU’,NEGA_VAR (|JROWNAME=R]);
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12.11 Bounds on s* in the Random Effects Model.

a. This solution is based on Baltagi and Kramer (1994). From (12.3), one
gets 8015 = (ZZ2)"'Z'yand Gy = y — zéols = Pyu where P; = Iyt — Py
with P, = Z(Z'Z2)~'Z’. Also,

E(s?) = B[’/ (NT-K)] = E[u'Pzu/(NT — K')| = tr(QP7)/(NT-K)
which from (12.17) reduces to

E(s’) = o} + 0, (NT — tr(Ix ® J1)Pz)/(NT —K')

since tr(Int) = tr(In ® J1) = NT

and tr(Pz) = K'. By adding and subtracting 0&, one gets

E(s’) = 0° + 0, [K' — tr(Ix ® J1)Pz]/(NT — K')

where 0> = E (u) = o2 + o} foralliand t.
b. Nerlove (1971) derived the characteristic roots and vectors of 2 given in
(12.17). These characteristic roots turn out to be o2 with multiplicity N(T-
1) and (To& + 03) with multiplicity N. Therefore, the smallest (n — K')
characteristic roots are made up of the (n-N) 02’s and (N — K’) of the
(To& + 05)’5. This implies that the mean of the (n — K’) smallest char-
acteristic roots of Q = [(n —N)o2 + (N-K’) (To& + 03)] /(m —K).
Similarly, the largest (n — K’) characteristic roots are made up of
the N (TG& + ovz)’s and (n — N — K') of the 02’s. This implies
that the mean of the (n — K’) largest characteristic roots of Q =
[N (TG& + 03) +(n—-N-— K’)Gf] /(n — K’). Using the Kiviet and

Kramer (1992) inequalities, one gets

0<ol+ (n—TK’)o&/(n—K’) < E(s%) < o? —|—no&/(n—K’) <no?/(n—K).
Asn — oo, both bounds tend to o2, and s is asymptotically unbiased,

irrespective of the particular evolution of X.
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12.12 M = Iyt — Z(Z'Z)7'Z' and M* = Iny — Z*(Z*'Z*)~'Z* are both symmetric

and idempotent. From (12.43), it is clear that Z = Z*I* with I* = (v ® Ix/),

un being a vector of ones of dimension N and K’ = K + 1.
MM* = Int — Z(Z'2)"'2 — 2*(2¥2*) 'z + 2(Z'2)' 2/ 2* (2" 72*) "' 7
Substituting Z = Z*1*, the last term reduces to

Z2(Z'7)"'2/z* (2% 2% 'z = 2(Z'2) "1™V z¥2* (2¥'72%) ' 2 = 2(2'2) 7' 7

Hence, MM* = Int — Z*(Z¥Z*)™'Z* = M*.

12.13 This problem differs from problem 12.12 in that Z = £~'/2 Z and 7* =

¥~'/2Z* Since Z = Z*I*, premultiplying both sides by =~'/2 one gets Z =
Z*T*. Define

M=Inr—2(Z'72)"'7
and
M* — INT _ Z*(Z*/Z*)—IZ*/

Both are projection matrices that are symmetric and idempotent. The proof of
MM* = M* is the same as that of MM* = M* given in problem 12.12 with
Z replacing Z and Z* replacing Z*.

12.16 a. Bors = X'Q'X)"'X'Q7ly = B+ XQ'X)"'X'Qlu with

EBoLs) =B
Bwinin = (X'QX)™'X'Qy = B + (X'QX)~"X'Qu with EBwitin) = B

Therefore, § = BaLs — Pwitin has E(§) = 0.
cov(Bors, @) = EBaLs — B)(@)
= E(BoLs — B)[(Bos — B)' — Bwitsin — B)']
= var(BaLs) — cov(Bas. Bwinin)
=E[X'Q X)) I XQ lw/ Q' X(X'QIX)Y

—E[(X'Q7'X)7IX'Q Tud/ QX(X'QX) ™!
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=X 'X) ! - XQ'X)T'XQ ' QQX(X'QX) ™!
=X X' -xe'x)'=o.

b. Using the fact that BWithin =—-q+ éGLs, one gets
var(Bwimin) = var(—q + Pors) = var(@) + varBors),
since cov(ﬁGLs, q) = 0. Therefore,

var(q) = var(Pwimin) — var(BoLs) = o2(X'QX) - (XX

Detailed solutions for problems 12.17, 12.18 and 12.21 are given in Baltagi (2009).
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CHAPTER 13
Limited Dependent Variables

13.1 The Linear Probability Model

Vi uj ‘ Prob.
1 1-— X;B i
0 —X;B 1— i
a. Let ; = Pr[y; = 1], theny; = 1 when u; = 1 — x!p with probability
i as shown in the table above. Similarly, y; = 0 when u; = —X{B with

probability 1 — ;. Hence, E(wj) = (1 —x/B) + (1— ;) (—x[B).
For this to equal zero, we get, ;— x{p+ x/f—x/B = 0 which gives
i = x/P as required.
2 2
p. Var(u) = E@}) = (1-xB)" i+ (—x{p) (1 - )
= [1 -2+ (xB)°] i+ () - )
= i—24B i+ (xp)’
= i— {= i1— )=xp(1-xp)
using the fact that ; = xp.

13.2 a. Since there are no slopes and only a constant, x/f = o and (13.16) becomes

logl = > {yilogF(a)+ (1—y;) log[1 —F(a)]} differentiating with respect
i=1
to a we get

aloge . (
o F() <)+Z F()( f()).

Setting this equal to zero yields Y (y; — F(a))f(a) = 0.
i=1

~ n
Therefore, F(a) = > yi/n = y. This is the proportion of the sample with
i=1

yizl.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 333
in Business and Economics, DOI 10.1007/978-3-642-54548-1_13,
© Springer-Verlag Berlin Heidelberg 2015
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b. Using ﬁ(OL) =y, the value of the maximized likelihood, from (13.16), is

log £ = {yilogy + (1—yi) log(1—§)} = nylogy + (n—ny) log(1—y)

i=1

=n[ylogy + (1 —¥) log(1 —y)]

as required.

¢. For the empirical example in Sect. 13.9, we know that y = 218/595 =

0.366. Substituting in (13.33) we get,

log £; = n[0.36610g0.366 + (1 — 0.366) log(1 — 0.366)] = —390.918.

13.3 Union participation example. See Tables 13.3—13.5. These were run using

EViews.

a. OLS ESTIMATION

LS // Dependent Variable is UNION

Sample: 1 595

Included observations: 595

Variable Coefficient
C 1.195872
EX -0.001974
WKS -0.017809
ocC 0.318118
IND 0.030048
SOUTH -0.170130
SMSA 0.084522
MS 0.098953
FEM -0.108706
ED -0.016187
BLK 0.050197

R-squared

Adjusted R-squared

S.E. of regression
Sum squared resid
Log likelihood
Durbin-Watson stat

0.233548
0.220424
0.425771
105.8682
-330.6745
1.900963

Std. Error

0.227010
0.001726
0.003419
0.046425
0.038072
0.039801
0.038464
0.063781
0.079266
0.008592
0.071130

t-Statistic
5.267922

-1.143270
-5.209226

6.852287
0.789229

-4.274471

2.197419
1.551453

-1.371398
-1.883924

0.705708

Mean dependent var
S.D. dependent var
Akaike info criterion
Schwarz criterion

F-statistic

Prob(F-statistic)

Prob.

0.0000
0.2534
0.0000
0.0000
0.4303
0.0000
0.0284
0.1213
0.1708
0.0601
0.4807

0.366387
0.482222
-1.689391
-1.608258
17.79528
0.000000
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LOGIT ESTIMATION

LOGIT // Dependent Variable is UNION
Sample: 1 595

Included observations: 595

Convergence achieved after 4 iterations

Variable Coefficient Std. Error t-Statistic Prob.

C 4.380828 1.338629 3.272624 0.0011
EX -0.011143 0.009691 -1.149750 0.2507
WKS -0.108126 0.021428 -5.046037 0.0000
0CC 1.658222 0.264456 6.270325 0.0000
IND 0.181818 0.205470 0.884888 0.3766
SOUTH -1.044332 0.241107 -4,331411 0.0000
SMSA 0.448389 0.218289 2.054110 0.0404
MS 0.604999 0.365043 1.657336 0.0980
FEM -0.772222 0.489665 -1.577040 0.1153
ED -0.090799 0.049227 -1.844501 0.0656
BLK 0.355706 0.394794 0.900992 0.3680

Log likelihood -312.3367
Obs with Dep=1 218
Obs with Dep=0 377

Variable Mean All Mean D=1 Mean D=0
C 1.000000 1.000000 1.000000
EX 22.85378 23.83028 22.28912
WKS 46.45210 45.27982 47.12997
0ocC 0.512605 0.766055 0.366048
IND 0.405042 0.513761 0.342175
SOUTH 0.292437 0.197248 0.347480
SMSA 0.642017 0.646789 0.639257
MS 0.805042 0.866972 0.769231
FEM 0.112605 0.059633 0.143236
ED 12.84538 11.84862 13.42175
BLK 0.072269 0.082569 0.066313

PROBIT ESTIMATION

PROBIT // Dependent Variable is UNION

Sample: 1 595

Included observations: 595
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Convergence achieved after 3 iterations

Variable Coefficient Std. Error t-Statistic Prob.

C 2.516784 0.762606 3.300242 0.0010
EX -0.006932 0.005745 -1.206501 0.2281
WKS -0.060829 0.011785 -5.161707 0.0000
0CC 0.955490 0.152136 6.280522 0.0000
IND 0.092827 0.122773 0.756089 0.4499
SOUTH -0.592739 0.139100 -4.261243 0.0000
SMSA 0.260701 0.128629 2.026756 0.0431
MS 0.350520 0.216282 1.620664 0.1056
FEM -0.407026 0.277034 -1.469226 0.1423
ED -0.057382 0.028842 -1.989533 0.0471
BLK 0.226482 0.228843 0.989683 0.3227

Log likelihood ~ -313.3795
Obs with Dep=1 218
Obs with Dep=0 377

d. Dropping the industry variable (IND).

OLS ESTIMATION
LS // Dependent Variable is UNION
Sample: 1595

Included observations: 595

Variable Coefficient Std. Error t-Statistic Prob.
C 1.216753 0.225390 5.398425 0.0000
EX -0.001848 0.001718 -1.075209 0.2827
WKS -0.017874 0.003417 -5.231558 0.0000
0ocC 0.322215 0.046119 6.986568 0.0000
SOUTH -0.173339 0.039580 -4.379418 0.0000
SMSA 0.085043 0.038446 2.212014 0.0274
MS 0.100697 0.063722 1.580267 0.1146
FEM -0.114088 0.078947 -1.445122 0.1490
ED -0.017021 0.008524 -1.996684 0.0463
BLK 0.048167 0.071061 0.677822 0.4982
R-squared 0.232731 Mean dependent var 0.366387
Adjusted R-squared 0.220927 S.D. dependent var 0.482222
S.E. of regression 0.425634 Akaike info criterion -1.691687
Sum squared resid 105.9811 Schwarz criterion -1.617929
Log likelihood -330.9916 F-statistic 19.71604

Durbin-Watson stat 1.907714 Prob(F-statistic) 0.000000
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LOGIT ESTIMATION

LOGIT // Dependent Variable is UNION
Sample: 1 595

Included observations: 595

Convergence achieved after 4 iterations

Variable Coefficient Std. Error t-Statistic Prob.

C 4.492957 1.333992 3.368053 0.0008
EX -0.010454 0.009649 -1.083430 0.2791
WKS -0.107912 0.021380 -5.047345 0.0000
0CC 1.675169 0.263654 6.353652 0.0000
SOUTH -1.058953 0.240224 -4.408193 0.0000
SMSA 0.449003 0.217955 2.060074 0.0398
MS 0.618511 0.365637 1.691599 0.0913
FEM -0.795607 0.489820 -1.624285 0.1049
ED -0.096695 0.048806 -1.981194 0.0480
BLK 0.339984 0.394027 0.862845 0.3886

Log likelihood -312.7267
Obs with Dep=1 218
Obs with Dep=0 377

Variable Mean All Mean D=1 Mean D=0
C 1.000000 1.000000 1.000000
EX 22.85378 23.83028 22.28912
WKS 46.45210 45.27982 47.12997
0cC 0.512605 0.766055 0.366048
SOUTH 0.292437 0.197248 0.347480
SMSA 0.642017 0.646789 0.639257
MS 0.805042 0.866972 0.769231
FEM 0.112605 0.059633 0.143236
ED 12.84538 11.84862 13.42175
BLK 0.072269 0.082569 0.066313

PROBIT ESTIMATION

PROBIT // Dependent Variable is UNION

Sample: 1595

Included observations: 595

Convergence achieved after 3 iterations



338

Variable

C

EX
WKS
OCC
SOUTH
SMSA
MS
FEM
ED
BLK

Coefficient

2.570491
-0.006590
-0.060795

0.967972
-0.601050

0.261381

0.357808
-0.417974
-0.060082

0.220695

Log likelihood  -313.6647

Obs with Dep = 1
Obs with Dep = 0

218
377

Std. Error

0.759181
0.005723
0.011777
0.151305
0.138528
0.128465
0.216057
0.276501
0.028625
0.228363

t-Statistic

3.385875
-1.151333
-5.162354

6.397481
-4.338836

2.034640

1.656085
-1.511657
-2.098957

0.966423

Badi Baltagi

Prob.

0.0008
0.2501
0.0000
0.0000
0.0000
0.0423
0.0982
0.1312
0.0362
0.3342

. The restricted regressions omitting IND, FEM and BLK are given below:

LS // Dependent Variable is UNION

Sample: 1595

Included observations: 595
Variable Coefficient
C 1.153900
EX -0.001840
WKS -0.017744
0CC 0.326411
SOUTH -0.171713
SMSA 0.086076
MS 0.158303
ED -0.017204
R-squared

Adjusted R-squared

S.E. of regression
Sum squared resid
Log likelihood

Std.Error t-Statistic
0.218771 5.274452
0.001717 -1.071655
0.003412 -5.200421
0.046051 7.088110
0.039295 -4.369868
0.038013 2.264382
0.045433 3.484351
0.008507 -2.022449
0.229543 Mean dependent var
0.220355 S.D. dependent var
0.425790 Akaike info criterion
106.4215 Schwarz criterion
-332.2252 F-statistic
1.912059 Prob(F-statistic)

Durbin-Watson stat

0.366387
0.482222
-1.694263
-1.635257
24.98361
0.000000

LOGIT // Dependent Variable is UNION

Sample: 1595

Included observations: 595
Convergence achieved after 4 iterations
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Variable Coefficient

C 4.152595

EX -0.011018

WKS -0.107116

0CC 1.684082

SOUTH -1.043629

SMSA 0.459707

MS 0.975711

ED 0.100033

Log likelihood  -314.2744

Obs with Dep=1 218

Obs with Dep=0 377
Variable Mean All
C 1.000000
EX 22.85378
WKS 46.45210
0OCC 0.512605
SOUTH 0.292437
SMSA 0.642017
MS 0.805042
ED 12.84538

PROBIT // Dependent Variable is UNION

Sample: 1 595
Included observations: 595

Convergence achieved after 3 iterations

Variable Coefficient
C 2.411706
EX -0.006986
WKS -0.060491
0ocC 0.971984
SOUTH -0.580959
SMSA 0.273201
MS 0.545824
ED 0.063196

339
Std.Error t-Statistic Prob.
1.288390 3.223088 0.0013
0.009641 -1.142863 0.2536
0.021215 -5.049031 0.0000
0.262193 6.423059 0.0000
0.237769 -4.389255 0.0000
0.215149 2.136687 0.0330
0.272560 3.579800 0.0004
0.048507 2.062229 0.0396
Mean D=1 Mean D=0
1.000000 1.000000
23.83028 22.28912
45.27982 47.12997
0.766055 0.366048
0.197248 0.347480
0.646789 0.639257
0.866972 0.769231
11.84862 13.42175
Std. Error t-Statistic Prob.
0.741327 3.253228 0.0012
0.005715 -1.222444 0.2220
0.011788 -5.131568 0.0000
0.150538 6.456745 0.0000
0.136344 -4.260988 0.0000
0.126988 2.151388 0.0319
0.155812 3.503105 0.0005
0.028464 -2.220210 0.0268

Log likelihood  -315.1770
Obs with Dep=1 218
Obs with Dep=0 377
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13.4 Occupation regression.

a. OLS Estimation

LS // Dependent Variable is OCC

Sample: 1595

Included observations: 595

Variable Coefficient
C 2.111943
ED -0.111499
WKS -0.001510
EX -0.002870
SOUTH -0.068631
SMSA -0.079735
IND 0.091688
MS 0.006271
FEM -0.064045
BLK 0.068514

R-squared

Adjusted R-squared

S.E. of regression
Sum squared resid
Log likelihood
Durbin-Watson stat

LOGIT ESTIMATION

Std. Error

0.182340
0.006108
0.003044
0.001533
0.035332
0.034096
0.033693
0.056801
0.070543
0.063283

t-Statistic
11.58245

-18.25569
-0.496158
-1.872517
-1.942452
-2.338528

2.721240
0.110402

-0.907893

1.082647

0.434196 Mean dependent var
0.425491 S.D. dependent var
0.379180 Akaike info criterion
84.10987 Schwarz criterion

-262.2283 F-statistic

1.876105 Prob(F-statistic)

LOGIT // Dependent Variable is OCC

Sample: 1 595

Included observations: 595

Convergence achieved after 5 iterations

Variable Coefficient
C 11.62962
ED -0.806320
WKS -0.008424
EX -0.017610
SOUTH -0.349960
SMSA -0.601945
IND 0.689620

Std. Error

1.581601
0.070068
0.023511
0.011161
0.260761
0.247206
0.241028

t-Statistic
7.353069

-11.50773
-0.358297
-1.577893
-1.342073
-2.434995

2.861157

Badi Baltagi

Prob.

0.0000
0.0000
0.6200
0.0616
0.0526
0.0197
0.0067
0.9121
0.3643
0.2794

0.512605
0.500262

-1.922824
-1.849067

49.88075
0.000000

Prob.

0.0000
0.0000
0.7203
0.1151
0.1801
0.0152
0.0044
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MS -0.178865 0.417192 -0.428735 0.6683
FEM -0.672117 0.503002 -1.336212 0.1820
BLK 0.333307 0.441064 0.755687 0.4501

Log likelihood ~ -244.2390

Obs with Dep=1 305

Obs with Dep=0 290
Variable Mean All Mean D=1 Mean D=0
C 1.000000 1.000000 1.000000
ED 12.84538 11.10164 14.67931
WKS 46.45210 46.40984 46.49655
EX 22.85378 23.88525 21.76897
SOUTH 0.292437 0.298361 0.286207
SMSA 0.642017 0.554098 0.734483
IND 0.405042 0.524590 0.279310
MS 0.805042 0.816393 0.793103
FEM 0.112605 0.095082 0.131034
BLK 0.072269 0.091803 0.051724

PROBIT ESTIMATION

PROBIT // Dependent Variable is OCC

Sample: 1 595

Included observations: 595

Convergence achieved after 4 iterations

Variable Coefficient Std. Error t-Statistic Prob.

C 6.416131 0.847427 7.571312 0.0000
ED -0.446740 0.034458 -12.96473 0.0000
WKS -0.003574 0.013258 -0.269581 0.7876
EX -0.010891 0.006336 -1.718878 0.0862
SOUTH -0.240756 0.147920 -1.627608 0.1041
SMSA -0.327948 0.139849 -2.345016 0.0194
IND 0.371434 0.135825 2.734658 0.0064
MS -0.097665 0.245069 -0.398522 0.6904
FEM -0.358948 0.296971 -1.208697 0.2273
BLK 0.215257 0.252219 0.853453 0.3938

Log likelihood  -246.6581
Obs with Dep=1 305
Obs with Dep=0 290
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13.5 Truncated Uniform Density.
1 L 1737 3
Pr|:x>——i| :/ —dx:—|:—i| = —. So that
2 —122 212 4
1 i /2 2
2 Pr[x>—3] 3/4 3

1 ! 1 o2 21
b. E|x/x > —= :/ xf|x/x > —= dx:/ x-—dx = —-—[Xz]l_l/z
2|~ Jip 2 L 3 32

E(x)z/_lx-%dx: Jl=(=DH =0.

1
Therefore, i E[x/x>—1] > E(x) = 0. Because the density is
truncated from below, the new mean shifts to the right.
1
1 1 1 1
c. E(x?) =/_ xz-zdx= 3 L ==

1

var() = E() ~ (B’ = B() = 3

1 1 2 2 1 2 1 1
E(x2 I 2.2 dx = 2. k3! - .
(X /x> 2) /—1/2X 3 X =3 3[X] 127 9 +8

4
2 2
X ) RN ()
1 1 3 1

:Z—Ezl—6<Var(X)

Therefore, as expected, truncation reduces the variance.

13.6 Truncated Normal Density.
a. From the Appendix, Eq.(A.1), usingc =1, & = 1, 0> = 1 and

®(0) = l, we get, f(x/x > 1) = ¢(xq>(1))) 20(x— 1) forx > 1

Similarly, using Eq.(A.2), forc = 1, @ = 1 and 62 = 1 with ®(0) = =

¢x—=1

we get f(x/x < 1) = 0)

=2¢p(x—1)forx <1



Chapter 13: Limited Dependent Variables 343

b. The conditional mean is given in (A.3) and for this example we get

d(c*) $(0)
E D=141-—-—=14+ —"—=1+2¢(0
(x/x>1) =1+ = a(c) + = Y0) +2¢(0)
2
=14 —~=~18>1=E(®x)
V2

with ¢* = e % = 0. Similarly, using (A.4) we get,

o

o) _ . 90 _ -2
'@(c*)_l 1/2_1 2¢(0) = 1 7
~1-08=02<1=E(®).

Ex/x<1)=1-1

¢. From (A.5) we get, var(x/x > 1) = 1(1 — 8(c*)) = 1 — §(0) where
6(0) [ 6(0) 0}

for x> 1

50 = 1= 0) | T-®(0)

= 20(0)[26(0)] = 402(0) = 21 ~2_ 064 for x>l

From (A.6), we get var(x/x > 1) = 1 — 8(0) where

—90) [=¢(0) a0y = & _
m[m—o}_%m)_z =064 for x<lI.

Both conditional truncated variances are less than the unconditional

8(0) =

var(x) = 1.

13.7 Censored Normal Distribution.
a. From the Appendix we get,
E(y) = Prly = ¢] E(y/y = ¢) + Pr[y > ] E(y/y > ¢)
= c®(c*) + (1 — B(c")EQF"/y* > ¢)
$(c*)
where E(y*/y* > c) is obtained from the mean of a truncated normal
density, see (A.3).

b. Using the result on conditional variance given in Chap. 2 we get, var(y) =

E(conditional variance) + var(conditional mean). But

E(conditional variance) = P[y = c] var(y/y = ¢)+P[y > c] var(y/y > ¢)
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= ®(c*) -0+ (1 — D(c*)o?(1 —8(c*))
where var(y/y > c) is given by (A.5).
var(conditional mean) = P[y = c] - (c — E(y))* + Pr(y > ¢)[E(y/y>¢c)—E(y)]*
= &(c*)(c — E))*+[1 = @(cM)][E(y/y > ¢) —EW)]
where E(y) is given by (A.7) and E(y/y > c) is given by (A.3). This gives

var(conditional mean) = ®(c*) {c — c¢®(c*) — (1 — ®(c*))

ool

1 —®(c*)

+[1 — @(c")] % W+oq ?(&;2*) e

— (1= ®(c") [** + 10-¢§<?*>}}2
= B(c*) { (1= ®(c") (C R 0%)}2

+ (1 - 0(c") {@(c*> (C—“—"%)}z
= {D(c")[1 — B(cH)

+ (1= B PA(M)}o? ["* I f’(&l&)T
= ®(c")[1 — d(c*)]o? [C* 1 j)(qC)(i)T
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Summing the two terms, we get the expression in (A.8)

> o) T
Var(y) =0 (1 — CD(C*)) 1-— S(C*) =+ [C* — T{)(C*)} CD(C*)
c. For the special case where ¢ = 0 and ¢* = —u/o, the mean in

(A.7) simplifies to

B =00 + (1= @ (-2)) [+ 22

= @(—/0)
(/o)
=2 (3)) [” * "i(i/z)}

as required. Similarly, from part (b), using ¢c* = —p /0 and &(—pn /o) =
®(n/o), we get var(y) = 02©(M)|:1 — 8(—%) + (_E _

(o}

o
d(—n/o) \ [ " B d(—p/0)
1—©(—M/0)) q’(_E)} whee 3(=0) = Tatug

[ S A g} _ $/o) [¢(—u/0) g}
1—®(—p/o) o ®(u/o) L ©(n/o) o
13.8 Fixed vs. adjustable mortgage rates. This is based on Dhillon et al. (1987).

a. The OLS regression of Y on all variables in the data set is given below.
This was done using EViews. The R? = 0.434 and the F-statistic for the
significance of all slopes is equal to 3.169. This is distributed as F(15,62)
under the null hypothesis. This has a p-value of 0.0007. Therefore, we
reject H, and we conclude that this is a significant regression. As explained
in Sect. 13.6, using BRMR this also rejects the insignificance of all slopes

in the logit specification.
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Unrestricted Least Squares

LS // Dependent Variable is Y
Sample: 178
Included observations: 78

Variable Coefficient Std. Error t-Statistic Prob.
c 1272832 1411806 0901563 03708
BA 0.000398 0.007307 0.054431 0.9568
BS 0.017084 0.020365 0.838887 0.4048
NW -0.036932 0.025320 -1.458609 0.1497
Fl -0.221726 0.092813 -2.388949 0.0200
PTS 0.178963 0.091050 1.965544 0.0538
MAT 0.214264 0.202497 1.058108 0.2941
MOB 0.020963 0.009194 2.279984 0.0261
MC 0.189973 0.150816 1.259635 0.2125
FTB -0.013857 0.136127 -0.101797 0.9192
SE 0.188284 0.360196 0.522728 0.6030
YLD 0.656227 0.366117 1.792399 0.0779
MARG 0.129127 0.054840 2.354621 0.0217
CB 0.172202 0.137827 1.249403 0.2162
STL -0.001599 0.005994 -0.266823 0.7905
LA -0.001761 0.007801 -0.225725 0.8222
Rsquared 043399 | Mean dependentvar 0589744
Adjusted R-squared 0.297059 S.D. dependent var 0.495064
S.E. of regression 0.415069 Akaike info criter -1.577938
Sum squared resid 10.68152 Schwarz criterion -1.094510
Log likelihood -33.13764 F-statistic 3.169321
Durbin-Watson stat 0.905968 Prob(F-statistic) 0.000702
Plot of Y and YHAT

1.6

1.2+ Lo

081

0.4 7

0.0
—04 T RN R RN R RN R TTITrrroTT LRRRRR R TTTTT Tt IRERRERRE]
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b. The URSS from part (a) is 10.6815 while the RRSS by including only the
cost variables is 14.0180 as shown in the enclosed output from EViews.
The Chow-F statistic for insignificance of 10 personal characteristics

variables is

_ (14.0180 — 10.6815)/10
N 10.6815/62

which is distributed as F(10,62) under the null hypothesis. This has a 5%

= 1.9366

critical value of 1.99. Hence, we cannot reject H,. The principal agent
theory suggests that personal characteristics are important in making this
mortgage choice. Briefly, this theory suggests that information is asym-
metric and the borrower knows things about himself or herself that the
lending institution does not. Not rejecting H, does not provide support for

the principal agent theory.

TESTING THE EFFICIENT MARKET HYPOTHESIS WITH THE LINEAR
PROBABILITY MODEL

Restricted Least Squares

LS // Dependent Variable is Y
Sample: 178
Included observations: 78

Variable Coefficient Std. Error t-Statistic Prob

Fl -0.237228 0.078592 -3.018479 0.0035
MARG 0.127029 0.051496 2.466784 0.0160
YLD 0.889908 0.332037 2.680151 0.0091
PTS 0.054879 0.072165 0.760465 0.4495
MAT 0.069466 0.196727 0.353108 0.7250
C 1.856435 1.289797 1.439324 0.1544
R-squared 0.257199 Mean dependent var 0.589744
Adjusted R-squared 0.205616 S.D. dependent var 0.495064
S.E. of regression 0.441242 Akaike info criter -1.562522
Sum squared resid 14.01798 Schwarz criterion -1.381236
Log likelihood -43.73886 F-statistic 4.986087

Durbin-Watson stat 0.509361 Prob(F-statistic) 0.000562
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c. The logit specification output using EViews is given below. The unre-
stricted log-likelihood is equal to —30.8963. The restricted specification
output is also given showing a restricted log-likelihood of —41.4729.

Badi Baltagi

Therefore, the LR test statistic is given by LR = 2(41.4729 — 30.8963) =

21.1532 which is distributed as X%o under the null hypothesis. This is sig-

nificant given that the 5% critical value of %7, is 18.31. This means that

the logit specification does not reject the principal agent theory as personal

characteristics are not jointly insignificant.

TESTING THE EFFICIENT MARKET HYPOTHESIS WITH THE LOGIT MODEL

Unrestricted Logit Model

LOGIT // Dependent Variable is Y
Sample: 178
Included observations: 78

Convergence achieved after 5 iterations

Variable Coefficient
C 4.238872
BA 0.010478
BS 0.198251
NW -0.244064
Fl -1.717497
PTS 1.499799
MAT 2.057067
MOB 0.153078
MC 1.922943
FTB -0.110924
SE 2.208505
YLD 4.626702
MARG 1.189518
CB 1.759744
STL -0.031563
LA -0.022067

10.47875
0.075692
0.172444
0.185027
0.727707
0.719917
1.631100
0.097000
1.182932
0.983688
2.800907
2.919634
0.485433
1.242104
0.051720

0.404521
0.138425
1.149658

-1.319072
-2.360149

2.083294
1.261153
1.578129
1.625575

-0.112763

0.788496
1.584686
2.450426
1.416744

-0.610265

Log likelihood ~ -30.89597
Obs with Dep=1 46
Obs with Dep=0 32
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1.000000
35.52174
15.58696
2.075261
13.02348
1.505217
1.027609
4.913043
0.695652
0.521739
0.043478
1.633261
2.526304
0.478261
11.72304
4.792174

1.000000
36.78125
17.68750
5.557844
13.57406
1.487500
1.102500
3.187500
0.468750
0.750000
0.187500
1.567813
1.955000
0.187500
15.86469
6.962812

Variable Mean All
C 1.000000
BA 36.03846
BS 16.44872
NW 3.504013
Fl 13.24936
PTS 1.497949
MAT 1.058333
MOB 4.205128
MC 0.602564
FTB 0.615385
SE 0.102564
YLD 1.606410
MARG 2.291923
CB 0.358974
STL 13.42218
LA 5.682692
Restricted Logit Model

LOGIT // Dependent Variable is Y
Sample: 178
Included observations: 78

Convergence achieved after 4 iterations

0.454050
0.313845
1.958833
0.423378
1.036613

-2.785172
2.287265
2.464497
0.848019
0.530883

13.57406
1.955000
1.567813

Variable Coefficient
FI -1.264608
MARG 0.717847
YLD 4.827537
PTS 0.359033
MAT 0.550320
C 6.731755
Log likelihood ~ -41.47292
Obs with Dep=1 46
Obs with Dep=0 32
Variable Mean All
FI 13.24936
MARG 2.291923
YLD 1.606410
PTS 1.497949
MAT 1.058333

C 1.000000

13.02348
2.526304
1.633261

1.505217
1.027609
1.000000

1.487500

1.

102500

1.000000

349
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d. Similarly, the probit specification output using EViews is given below.
The unrestricted log-likelihood is equal to —30.7294. The restricted log-
likelihood is —41.7649. Therefore, the LR test statistic is given by LR =
2(41.7649 — 30.7294) = 22.0710 which is distributed as X%o under the
null hypothesis. This is significant given that the 5% critical value of x 2, is
18.31. This means that the probit specification does not reject the principal

agent theory as personal characteristics are not jointly insignificant.
TESTING THE EFFICIENT MARKET HYPOTHESIS WITH THE PROBIT MODEL

Unrestricted Probit Model

PROBIT // Dependent Variable is Y
Sample: 178

Included observations: 78
Convergence achieved after 5 iterations

Variable Coefficien Std. Error t-Statistic Prob

C 3.107820 5.954673 0.521913 0.6036
BA 0.003978 0.044546 0.089293 0.9291
BS 0.108267 0.099172 1.091704 0.2792
NW -0.128775 0.103438 -1.244943 0.2178
Fl -1.008080 0.418160 -2.410750 0.0189
PTS 0.830273 0.379895 2.185533 0.0326
MAT 1.164384 0.924018 1.260131 0.2123
MOB 0.093034 0.056047 1.659924 0.1020
MC 1.058577 0.653234 1.620518 0.1102
FTB -0.143447 0.550471 -0.260589 0.7953
SE 1.127523 1.565488 0.720237 0.4741
YLD 2.525122 1590796 1587332 0.1175
MARG 0.705238 0.276340 2.552069 0.0132
CB 1.066589 0.721403 1.478493 0.1443
STL -0.016130 0.029303 -0.550446 0.5840
LA 0.014615 0.035920 0.406871 0.6855
Log likelihood ~ -30.72937

Obs with Dep=1 46

Obs with Dep=0 32

Restricted Probit Model
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PROBIT // Dependent Variable is Y
Sample: 178

Included observations: 78
Convergence achieved after 3 iterations

Variable Coefficient Std. Error t-Statistic Prob

Fl -0.693584 0.244631 -2.835225 0.0059
MARG 0.419997 0.175012 2.399811 0.0190
YLD 2.730187 1.099487 2.483146 0.0154
PTS 0.235534 0.247390 0.952076 0.3442
MAT 0.221568 0.610572 0.362886 0.7178
C 3.536657 4.030251 0.877528 0.3831
Log likelihood ~ -41.76443

Obs with Dep=1 46

Obs with Dep=0 32

13.13 Problem Drinking and Employment. The following Stata output replicates the
OLS results given in Table 5 of Mullahy and Sindelar (1996, p. 428) for males.
The first regression is for employment, given in column 1 of Table 5 of the
paper, and the second regression is for unemployment, given in column 3 of

Table 5 of the paper. Robust standard errors are reported.

. reg emp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2

histat3 histat4 region1 region2 region3 msai msa2 q1 g2 g3, robust

Regression with robust standard errors Number of obs = 9822
F (20, 9801) = 46.15
Prob > F = 0.0000
R-squared = 0.1563
Root MSE = .27807
| Robust

emp | Coef. Std. Err. t P>t [95% Conf. Interval]
hvdrnk90 | -.0155071 .0101891 -1.52 0.128 -.0354798 .0044657
uess | -.0090938 .0022494 -4.04 0.000 -.013503 -.0046846
age | .0162668 .0029248 5.56 0.000 .0105336 .0220001

agesq | -.0002164 .0000362 -5:98 0.000 -.0002873 -.0001455
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educ | .0078258 .0011271 6.94 0.000 .0056166 .0100351
married | .0505682 .0098396 5.14 0.000 .0312805 .0698558
famsize | .0020612 .0021796 0.95 0.344 -.0022113 .0063336

white | 0773332 .0104289 742 0.000 .0568905 097776

histat1 | 5751898 .0306635 18.76 0.000 5150831 .6352965
histat? | 5728 .0306427 18.69 0.000 512734 .632866
histat3 | 537617 .0308845 17.41 0.000 4770769 .598157
histat4 | .3947391 .0354291 11.14 0.000 .3252908 4641874
region? | -.0013608 .0094193 -0.14 0.885 -.0198247 .017103
region? | .0050446 .0084215 0.60 0.549 -.0114633 .0215526
region3 | .0254332 .0081999 3.10 0.002 .0093596 .0415067
msai | -.0159492 .0083578 -1.91 0.056 -.0323322 .0004337
msaz | .0073081 .0072395 1.01 0.313 -.0068827 .0214989
ql | -.0155891 .0079415 -1.96 0.050 -.0311561 -.000022

2 | -.0068915 .0077786 -0.89 0.376 -.0221392 .0083561

q3 | -.0035867 .0078474 -0.46 0.648 -.0189692 .0117957
_cons| -.0957667 .0623045 -1.54 0.124 -.2178964 .0263631

. reg unemp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2

histat3 histat4 region1 region2 region3 msai msa2 q1 g2 g3, robust

Regression with robust standard errors Numberofobs = 9822

F(20, 9801) = 3.37

Prob > F = 0.0000

R-squared = 0.0099

Root MSE = 17577

| Robust
emp | Coef. Std. Err. t P>t [95% Conf. Interval]

hvdrnk90 | .0100022 .0066807 1.50 0.134 -.0030934 .0230977
uess | .0045029 .0014666 3.07 0.002 .0016281 .0073776
age | -.0014753 .0017288 -0.85 0.393 -.0048641 .0019134
agesq | .0000123 .0000206 0.60 0.551 -.0000281 .0000527
educ | -.0028141 .0006307 -4.46 0.000 -.0040504 -.0015777
married | -.0092854 .0060161 -1.54 0.123 -.0210782 .0025073
famsize | .0003859 .0013719 0.28 0.778 -.0023033 .0030751
white | -.0246801 .0063618 -3.88 0.000 -.0371506 -.0122096
histat1 | .0150194 .0113968 1.32 0.188 -.0073206 .0373594
histat2 | .0178594 .0114626 1.56 0.119 -.0046097 .0403285
histat3 | .0225153 .0116518 1.93 0.053 -.0003245 .0453552
histat4 | .0178865 .0136228 1.31 0.189 -.0088171 .0445901
regiont | .0007911 .005861 0.13 0.893 -.0106977 .01228
region2 | -.0029056 .0053543 -0.54 0.587 -.0134011 .0075898
region3 | -.0065005 .005095 -1.28 0.202 -.0164877 .0034868

msail | -.0008801 .0052004 -0.17 0.866 -011074 .0093139
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msaz | -.0055184 .0047189 -1.17 0.242 -.0147685 .0037317
ql | .0145704 .0051986 2.80 0.005 .00438 .0247607
q2 | .0022831 .0047579 0.48 0.631 -.0070434 .0116096
a3 | .000043 .0047504 0.01 0.993 -.0092687 .0093547

_cons | .0927746 .0364578 2.54 0.011 .0213098 .1642394

The following Stata output replicates the OLS results given in Table 6 of
Mullahy and Sindelar (1996, p. 429) for females. The first regression is for
employment, given in column 1 of Table 6 of the paper, and the second regres-
sion is for unemployment, given in column 3 of Table 6 of the paper. Robust

standard errors are reported.

. reg emp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2

histat3 histat4 region1 region2 region3 msal msa2 g1 g2 g3, robust

Regression with robust standard errors Numberof obs = 12534

F(20,12513) = 117.99

Prob > F = 0.0000

R-squared = 0.1358

Root MSE = 42932

| Robust
emp | Coef Std. Err. t P>t [95% Conf. Interval]

hvdrnk90 | .0059878 .0120102 0.50 0.618 -.017554 .0295296
uess | -.0168969 .002911 -5.80 0.000 -.0226028 -011191
age | .04635 .0036794 12.60 0.000 .0391378 .0535622
agesq | -.0005898 .0000449 -13.13 0.000 -.0006778 -.0005018
educ | .0227162 .0015509 14.65 0.000 .0196762 .0257563
married | .0105416 .0111463 0.95 0.344 -.0113068 .0323901
famsize | -.0662794 .0030445 -21.77 0.000 -.072247 -.0603118
white | -.0077594 0104111 -0.75 0.456 -.0281668 .012648
hvdrmk90 | .0059878 .0120102 0.50 0.618 -.017554 .0295296
uess | -.0168969 .002911 -5.80 0.000 -.0226028 -011191
age | .04635 .0036794 12.60 0.000 .0391378 .0535622
agesq | -.0005898 .0000449 -13.13 0.000 -.0006778 -.0005018
educ | .0227162 .0015509 14.65 0.000 .0196762 .0257563
married | .0105416 .0111463 0.95 0.344 -.0113068 .0323901
famsize | -.0662794 .0030445 -21.77 0.000 -.072247 -.0603118
white | -.00775% 0104111 -0.75 0.456 -.0281668 .012648
histat1 | 4601695 .0253797 18.13 0.000 4104214 5099177

histat2 | .4583823 0252973 18.12 0.000 4087957 .5079689
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histat3 |
histat4 |
regiont |
region2 |
region3 |

msat |

msaz2 |

qt |

4096243
2494427
-.0180596
.0095951
.0465464
-.0256183
.0051885
-.0058134
-.0061301
-.0168673
-.5882924

.0251983

.027846

.0129489
.0114397
.0108841
.0109856
.0103385
.0107234
.0109033
.0109023
.0782545

3602317

.1948602
-.0434415
-.0128285

0252119
-.0471518
-.0150765
-.0268329
-.0275022
-.0382376
-.7416831
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4590169
.3040251
.0073223
.0320186
.067881
-.0040848
.0254534
.0152061
.0152421
.0045029
-4349017

. reg unemp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2

histat3 histat4 region1 region2 region3 msal msa2 g1 g2 g3, robust

Regression with robust standard errors

Number of obs
F(20, 12513)
Prob > F
R-squared
Root MSE

12534
5.99
0.0000
0.0141
.18409

Robust
Std. Err.

hvdrmk90 |
uess |
age |
agesq |
educ |
married |
famsize |
white |
histat1 |
histat2 |
histat3 |
histat4 |
regiont |
region2 |
region3 |
msat |
msa2 |
qt|

Q2|

q3 |
_cons |

.0149286
.0038119
—.0013974
4.43e-06
—.0011631
—.0066296
.0013304
—.0308826
.008861
.0079536
0224927
.0193116
.0020325
—.0005405
—.0079708
—.002055
—.0130041
.0025441
.0080984
.0102601
.0922081

.0059782
.0013782
.0015439
.0000181
.0006751
.0058847
.0013075
.0051866
.0092209
.0091305
.0093356
.0106953
.0055618
.0049211
.0046818
.0049721
.0041938
.0043698
.0046198
.0046839
.0350856

.0032104
.0011105
-.0044237
-.0000311
-.0024865
-.0181645
-.0012325
-.0410493
-.0092135
-.0099435
.0041934
-.0016528
-.0088694
-.0101866
-0171479
-.0118011
-.0212246
-.0060214
-.0009571
.001079
.023435

.0266468
.0065133
.0016289
.00004
.0001602
.0049053
.0038933
-.020716
.0269354
.0258507
.0407919
.040276
.0129344
.0091057
.0012063
.007691
-.0047835
.0111095
.0171539
.0194413
.1609813
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The corresponding probit equation for employment for males is given by the

following stata output (this replicates Table 13.6 in the text):

. probit emp hvdrnk90 ue88 age agesq educ married famsize white histat1

histat2 histat3 histat4 region1 region2 region3 msail msa2 q1 g2 g3, robust

Probit regression Numberofobs = 9822
Wald chi2(20) = 928.34
Prob > chi2 = 0.0000
Log pseudolikelihood = —2698.1797 Pseudo R2 = 0.1651
| Robust

emp | Coef. Std. Err. z P>|z| [95% Conf. Interval]
hvdrnk90 |  -.1049465  .0589878 -1.78  0.075  -.2205606 .0106675
ue88|  -.0532774  .0142024 -3.75 0.000 -.0811135 -.0254413
age | .0996338  .0171184 5.82  0.000 .0660824 .1331853
agesq|  -.0013043  .0002051 -6.36  0.000 -.0017062 -.0009023
educ | .0471834  .0066738 7.07  0.000 .034103 .0602638
married | 2952921 .0540855 546  0.000 .1892866 4012976
famsize | .0188906  .0140462 134 0.179  -.0086395 .0464206
white | 3945226 .0483378 8.16  0.000 2997822 489263
histat1 | 1.816306  .0983443 1847  0.000 1.623554 2.009057
histat2 | 1.778434 0991528  17.94  0.000 1.584098 1.97277
histat3 | 1547836  .0982635 1575  0.000 1.355244 1.740429
histat4 | 1.043363  .1077276 9.69  0.000 .8322209 1.254505
regiont | 0343123  .0620016 055 0580  -.0872085 .1558331
region2 | .0604907 0537881 112 0.261 -.044932 .1659135
region3 | 1821206  .0542342 336  0.001 .0758236 2884176
msat | -.0730529 .0518715 -1.41 0.159 -1747192 .0286134
msa2 | .0759533  .0513087 148  0.139 -.02461 1765166
ql|  -1054844  .0527723 2.00 0.046  -2089162 -.0020525
g2|  -.0513229 .052818 097 0331  -1548444 .0521985
g3|  -.0293419  .0543746 -0.54 0589  -.1359142 0772303
cons|  -3.017454  .3592294 -840  0.000 -3.72153 -2.313377

We can see how the probit model fits by looking at its predictions.

. estat classification

Probit model for emp
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------- True
Classified | D
+ | 8743
— | 79
Total | 8822

Classified + if predicted Pr(D) >=.5

True D defined as emp =0

Sensitivity

Specificity

Positive predictive value
Negative predictive value

False -+ rate for true ~D
False — rate for true D

False -+ rate for classified +
False — rate for classified —

~D | Total

826| 9569

174 253

1000 | 9822
Pr(+| D) 99.10%
Pr(—| ~D)  17.40%
Pr(D| +) 91.37%
Pr(~D|—) 68.77%
Pr(+] ~D) 82.60%
Pr(—| D) 0.90%
Pr(~D]| +) 8.63%
Pr(D| —) 31.23%
90.79%
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We could have alternatively run a logit regression on employment for males

Jogit emp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2

histat3 histat4 region1 region2 region3 msai msa2 q1 g2 g3, robust

Logistic regression

Log pseudolikelihood = -2700.0567

Number of obs
Wald chi2(20)
Prob > chi2
Pseudo R2

9822
900.15
0.0000
0.1646

| Robust
emp | Coef. Std. Err. z
hvdmk90|  -1960754  .1114946  -1.76
ue88|  -.1131074  .0273316  -4.14
age | 1884486  .0332284 5.67

agesq|  -0024584 0003965  -6.20
educ| 0913569 0127978  7.14
married | 5534291 1057963  5.23
famsize|  .0365059 0276468  1.32

-4146008
-.1666764

123322

-.0032356
.0662738
.3460721

-.0176808
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white | 7224036 0912559 7.92
histat1 | 3.145481 1721925 18.27
histat2 | 3.067279 1741295  17.61
histat3 | 2.613691 1707421 15.31
histat4 | 1.725571 .1844904 9.35

regiont | .0493715 1220065 0.40
region2 | .1146108 .105504 1.09
region3 | 3738274 1066491 3.51
msal|  -1690904  .1016459 -1.66
msa2 | 1345974 1021625 1.32
ql|  -1954528  .1034703 -1.89
g2|  -1052494  .1033014 -1.02

q3|  -0418287  .1074896 -0.39
cons|  -5.538271 .6935383 -7.99

0.000 5435454
0.000 2.80799
0.000 2.725992
0.000 2.279042
0.000 1.363976
0.686  -.1897568
0277  -.0921733
0.000 1647991
0.096  -.3683127
0.188  -.0656374
0.059  -.3982508
0.308  -.3077163
0.697  -.2525045
0.000  -6.897581

9012619
3.482972
3.408567
2.948339
2.087166
.2884999
.3213948
.5828558
.0301319
.3348323
.0073453
0972176

168847

-4.178961

And the corresponding predictions for the logit model are given by

. estat classification
Logistic model for emp

------- True
Classified | D
+ | 8740
- | 82
Total | 8822
Classified + if predicted Pr(D) >=.5
True D defined as emp =0
Sensitivity
Specificity
Positive predictive value
Negative predictive value

False + rate for true ~D
False — rate for true D

False + rate for classified +
False — rate for classified —

~D | Tota
822 | 9562
178 260
1000 | 9822

Pr+—D)  99.07%
Pr——~D)  17.80%
PrD—+)  91.40%
Pr(~D——)  68.46%

Pr(+] ~D)  82.20%
Pr(— D) 0.93%
Pr(~D—+)  8.60%
PrD——)  31.54%

The marginal effects for the probit model can be obtained as follows:

357
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.dprobit emp hvdrnk90 ue88 age agesq educ married famsize white histat1 histat2 histat3
histat4 region1 region2 region3 msal msa2 q1 g2 g3, robust

log pseudolikelihood =-3231.8973
log pseudolikelihood =-2707.0435
log pseudolikelihood =-2698.2015
log pseudolikelihood =-2698.1797

Iteration 0:
lteration 1:
Iteration 2;

Iteration 3:

Probit regression, reporting marginal effects

Log pseudolikelihood = —2698.1797

Robust
Std. Err.

hvdrnk90* |
ue88 |
age |
agesq |
educ |
married™ |
famsize |
white™ |
histat1* |
histat2™ |
histat3* |
histat4™ |
region1™ |
region2* |
region3* |
msal* |
msa2* |

-.0161704
-.0077362
0144674
-.0001894
.0068513
.0488911

.002743
.069445

2460794
1842432

130786

0779836
.0049107
.0086088
.0252543
-.0107946
.0109542
-.0158927
-.0075883
-.0043066

.0096242
.0020463
.0024796
.0000297
.0009621

.010088
.002039

.0100697
.0148411
.0099207
.0066051
.0041542
.0087468
.0075003
.0071469
.0077889
.0073524
.0082451
.0079484
.0080689

Number of obs = 9822

Wald chi2(20) = 928.34

Prob > chi2 = 0.0000

Pseudo R2 = 0.1651

x-bar [95% Conf. Interval]

099165 -.035034  .002693
556921 -.011747  -.003725
39.1757  .009607  .019327
1627.61 -.000248 -.000131
13.3096  .004966  .008737
816432 029119  .068663
2.7415 -001253  .006739
853085  .049709  .089181
415903 216991 275167
301873 164799  .203687
205254 11784 143732
053451  .069841 .086126
203014  -.012233 .022054
265628 -.006092  .023309
.318265 .011247 .039262
333232 -.026061 .004471
434942  -003456  .025365
254632  -.032053  .000267
252698  -.023167 .00799
242822  -.020121 .011508

8981877
9224487 (at x-bar)

(*) dF/dx is for discrete change of dummy variable from 0 to 1
z and P>|z| correspond to the test of the underlying coefficient being 0

One can also run logit and probit for the unemployment variable and repeat

this for females. This is not done here to save space.
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13.15 Fertility and Female Labor Supply

a. Carrasco (2001, p. 391) Table 4, column 1, ran a fertility probit equation,
which we replicate below using Stata:

probit f dsex ags26l educ_2 educ_3 age drace inc

Probit regression Number of obs = 5768

LR chi2 (7) = 964.31

Prob >chi2 = 0.0000

Log likelihood = —1561.1312 Pseudo R2 = 0.2360
f |  Coef Std. Err. z P>|z| [95% Contf. Interval]

dsex .3250503 0602214 5.40 0.000 2070184 4430822
ags26l -2.135365 1614783 -13.22 0.000 -2.451857 -1.818873
educ_2 .0278467 1145118 0.24 0.808 -.1965922 2522856
educ_3 .3071582 1255317 2.45 0.014 .0611207 55631958

age -.0808522 .0048563 -16.65 0.000 -.0903703 -.071334
drace -.0916409 .0629859 -1.45 0.146 -.215091 .0318093
inc .003161 .0029803 1.06 0.289 -.0026803 .0090022

_cons 1.526893 .1856654 8:22 0.000 1.162996 1.890791

For part (b) the predicted probabilities are obtained as follows:

. Istat
Probit model for f
------ True------
Classified | D ~D | Total
+ 2 3 5
654 5109 5763
Total \ 656 5112 \ 5768

Classified + if predicted Pr(D) >=.5
True D defined as f!=0

Sensitivity Pr( +| D) 0.30%
Specificity Pr(-| ~D) 99.94%
Positive predictive value Pr( D] +) 40.00%
Negative predictive value ~ Pr(~D]| -) 88.65%
False + rate for true ~D Pr( +| ~D) 0.06%
False - rate for true D Pr(-| D) 99.70%
False + rate for classified +  Pr(~D] +) 60.00%
False - rate for classified-  Pr( D] -) 11.35%
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The estimates reveal that having children of the same sex has a significant and
positive effect on the probability of having an additional child. The marginal effects

are given by dprobit in Stata

. dprobit f dsex ags26l educ_2 educ_3 age drace inc

Probit regression, reporting marginal effects Numberofobs = 5768
LR chi2 (7) = 964.31
Prob > chi2 = 0.0000
Log likelihood = —1561.1312 Pseudo R2 = 0.2360
f] dF/dx Std. Err. z P>|z| x-bar [95% C.1.]
dsex* .0302835 .0069532 5.40 0.000 256415 .016655 043912
ags26l* -.1618148 .0066629 -13.22 0.000 .377601 -174874 -.148756
educ_2* .0022157 .0090239 0.24 0.808 717753 -.015471 .019902
educ_3* .0288636 .0140083 245 0.014 223994 .001408 .056319
age -.0065031 .0007644 -16.65 0.000 32.8024 -.008001 -.005005
drace* -.0077119 .0055649 -1.45 0.146 773232 -.018619 .003195
inc .0002542 .000241 1.06 0.289 12.8582 -.000218 .000727
obs. P 1137309
pred. P .0367557 (at x-bar)

(*) dF/dx is for discrete change of dummy variable from 0 to 1 zand P> |z| correspond to the test of the underlying
coefficient being 0

If we replace same sex by its components: same sex female and same sex male
variables, the results do not change indicating that having both boys or girls does

not matter, see Carrasco (2001,p.391) Table 4, column 2.

. probit f dsexm dsexf ags26l educ_2 educ_3 age drace inc

Probit regression Number of obs = 5768

LR chi2 (8) = 964.32

Prob >chi2 = 0.0000

Log likelihood = —1561.1284 Pseudo R2 = 0.2360
f | Coef Std. Err. z P>|z| [95% Contf. Interval]

dsexm .328542 .0764336 4.30 0.000 1787349 4783491

dsexf .3209239 .0820417 3.91 0.000 .1601252 4817226
ags26l -2.135421 1614518 -13.23 0.000 -2.451861 -1.818981
educ_2 .027657 1145384 0.24 0.809 -.1968342 2521482
educ_3 .3068706 .1255904 2.44 0.015 .0607179 .5530233

age -.0808669 .0048605 -16.64 0.000 -.0903934 -.0713404

drace -.0918074 .0630233 -1.46 0.145 -.2153308 031716
inc .0031709 .0029829 1.06 0.288 -.0026754 .0090173
_cons 1.527551 .1858818 8.22 0.000 1.163229 1.891872
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Probit model for f

------ Trug------
Classified | D ~D | Total
+ 2 3 5
654 5109 5763
Total | 656 5112 | 5768

Classified + if predicted Pr(D) >=.5
True D defined asf!=0

Sensitivity Pr( +| D) 0.30%
Specificity Pr(-| ~D) 99.94%
Positive predictive value Pr( D] +) 40.00%
Negative predictive value ~ Pr(~D] -) 88.65%
False + rate for true ~D Pr(+| ~D) 0.06%
False - rate for true D Pr(-| D) 99.70%
False + rate for classified +  Pr(~D] +) 60.00%
False - rate for classified-  Pr( D] -) 11.35%
Correctly classified 88.61%

. dprobit f dsexm dsexf ags26l educ_2 educ_3 age drace inc

Probit regression, reporting marginal effects Number ofobs = 5768
LR chi2 (7) = 964.32
Prob > chi2 = 0.0000
Log likelihood = —1561.1284 Pseudo R2 = 0.2360
f| dF/dx Std. Err. z P>z x-bar [95% C.1]
dsexm* .0325965 .0095475 4.30 0.000 145111 .013884 .051309
dsexf* .032261 .0103983 3.91 0.000 111304 .011881 .052641
ags26l* -.16182 .0066634 -13.23 0.000 .377601 -.17488 -.14876
educ_2* .0022008 .0090273 0.24 0.809 717753 -.015492 .019894
educ_3* .0288323 .01401 244 0.015 223994 .001373 .056291
age -.0065042 .0007645 -16.64 0.000 32.8024 -.008003 -.005006
drace* -.0077266 .0055692 -1.46 0.145 773232 -.018642 .003189
inc .000255 .0002412 1.06 0.288 12.8582 -.000218 .000728
obs. P 1137309
pred. P .0367556 (at x-bar)

(*) dF/dx is for discrete change of dummy variable from 0 to 1
zand P > |z| correspond to the test of the underlying coefficient being 0
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c. Carrasco (2001, p. 392) Table 5, column 4, ran a female labor force

participation OLS equation, which we replicate below using Stata 10:

. reg dhw f ags26l fxag26l educ_2 educ_3 age drace inc dhwl

Source | S8 df MS Number ofobs = 5768
------------------------------------------------ F(9, 5758) = 44542
Model 419.800476 9 46.6444973 Prob > F = 0.0000
Residual 602.985758 5758 104721389 R-squared = 04104
------------------------------------------------ Adj R-squared = 0.4095
Total | 1022.78623 5767 177351523 Root MSE = .32361
dhw | Coef. Std. Er. t P>t [95% Conf. Interval]

f -.0888995 .0144912 -6.13 0.000 - 1173077 -.0604912
ags26l -.0194454 .0093334 -2.08 0.037 -.0377424 -.0011484
fxag26l -.0581458 1629414 -0.36 0.721 -3775723 .2612806
educ_2 .0491989 .0186018 2.64 0.008 0127323 .0856655

educ_3 .0725501 .0207404 3.50 0.000 .0318912 1132091
age .0014193 .0007854 1.81 0.071 -.0001203 .002959
drace -.0098333 .010379 -0.95 0.343 -.03018 0105134
inc -0018149 .0004887 -3.71 0.000 -.002773 -.0008568
dhw! 6253973 .0103188 60.61 0.000 6051686 .645626

_cons 2373022 032744 7.25 0.000 A731117 3014927

Carrasco (2001, p. 392) Table 5, column 1, ran a female labor force

participation probit equation, which we replicate below using Stata:

. probit dhw f ags26l fxag26l educ_2 educ_3 age drace inc dhwl

Probit regression Number of obs = 5768

LR chi2 (7) = 215317

Prob>chi2 = 0.0000

Log likelihood = —2036.8086 Pseudo R2 = 0.3458

dhw | Coef Std. Err. z P>|z| [95% Conf. Interval]

f -4103849 .0690538 -5.94 0.000 -.5457279 -.2750419
ags26l -.1064159 .0480907 -2.21 0.027 -.200672 -.0121598
fxag26l -.1886427 .7087803 -0.27 0.790 -1.577827 1.200541

educ_2 .2338264 .0858408 2.72 0.006 .0655816 4020713
educ_3 3773278 .1001949 3.77 0.000 .1809494 5737062
age .0091203 0041132 2.22 0.027 .0010586 017182
drace -.0577508 0542972 -1.06 0.288 -1641714 .0486699
inc -.0088483 .0024217 -3.65 0.000 -.0135948 -.0041019
dhwl 1.932025 0462191 41.80 0.000 1.841438 2.022613
_cons -.8540838 .1638299 -5.21 0.000 -1.175184 -.5320831
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Probit model fordhw Trlee == - -
Classified | D ~D | Total
+ 4073 378 4451
366 951 1317
Total | 4439 1329 | 5768
Classified + if predicted Pr(D) >=.5
True D defined as dhw != 0
Sensitivity Pr( +| D) 91.75%
Specificity Pr(-| ~D) 71.56%
Positive predictive value Pr( D] +) 91.51%
Negative predictive value ~ Pr(~D]| -) 72.21%
False + rate for true ~D Pr( +| ~D) 28.44%
False - rate for true D Pr( -| D) 8.25%
False + rate for classified +  Pr(~D] +) 8.49%
False - rate for classified-  Pr( D] -) 27.79%
Correctly classified 87.10%
The marginal effects are given by dprobit in Stata:
. dprobit dhw f ags26l fxag26l educ_2 educ_3 age drace inc dhwl
Probit regression, reporting marginal effects Number of obs = 5768
LR chi2 (9) = 215317
Prob > chi2 = 0.0000
Log likelihood = —2036.8086 Pseudo R2 = 0.3458
dw | dF/dx Std. Err. z P>z x-bar [95% C.l]

f* -.1200392 .0224936 -5.94 0.000 113731 -.164126 -.075953
ags26l* -.0275503 .0125892 -2.21 0.027 377601 -.052225 -.002876
fxag26l* -.0524753 2127127 -0.27 0.790 .000693 -.469385 .364434
educ_2* .0626367 .0239923 2.72 0.006 717753 .015613 .109661
educ_3" .0870573 .0206089 3.77 0.000 .223994 .046665 12745

age .0023327 .0010504 2.22 0.027 32.8024 .000274 .004391
drace* -.0145508 .0134701 -1.06 0.288 773232 -.040952 .01185
inc -.0022631 .0006189 -3.65 0.000 12.8582 -.003476 -.00105
dhwi* 6249756 .0134883 41.80 0.000 771671 598539 651412
obs. P .7695908
pred. P .8271351 (at x-bar)

(*) dF/dx is for discrete change of dummy variable from 0 to 1z and P> |z| correspond to the test of the underlying

coefficient being 0
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d. The 2sls estimates in Table 5, column 5, of Carrasco (2001, p. 392) using
as instruments the same sex variables and their interactions with ags261
is given below, along with the over-identification test and the first stage
diagnostics:

. ivregress 2sls dhw (f fxag26l =dsexm dsexf sexm_26! sexf_26l) ags26l educ_2 e
> duc_3 age drace inc dhwl
Instrumental variables (2SLS) regression Number of obs = 5768
Waldchi2(9) = 3645.96
Prob > chi2 = 0.0000
R-squared = 0.3565
Root MSE = 3378
dhw | Coef. Std. Err z P>|z| [95% Conf. Interval]
f -.2164685 .2246665 -0.96 0.335 -.6568067 .2238697
fxag26l -3.366305 3.512783 -0.96 0.338 -10.25123 3.518623
ags26! -.0385731 .0467522 -0.83 0.409 -.1302058 .0530596
educ_2 .0331807 .0288653 1.15 0.250 -.0233943 .0897557
educ_3 .064607 .0348694 1.85 0.064 -.0037357 1329497
age -.0001934 .0030344 -0.06 0.949 -.0061407 .0057539
drace -.0163251 .012366 -1.32 0.187 -.0405621 .0079118

inc -.0017194 .0005162 -3.33 0.001 -.0027312 -.0007076
dhwl .6230639 .017256 36.11 0.000 5892427 .6568851
_cons .3330965 141537 2.35 0.019 .0556891 .610504

Instrumented: f fxag26l
Instruments: ags26l educ_2 educ_3 age drace inc dhwl dsexm dsexf sexm_26l

sexf_26l

. estat overid

Tests of overidentifying restrictions:

Sargan

(score) chi2(2) =.332468 (p = 0.8468)

Basmann chi2(2) =.331796 (p = 0.8471)

. estat firststage

Shea’s partial R-squared
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Shea’s Shea’s
Variable Partial R-sq.  Adj. Partial R-sq.
f 0.0045 0.0028
fxag26l 0.0023 0.0006

Minimum eigenvalue statistic = 3.36217

Critical Values # of endogenous regressors: 2
Ho: Instruments are weak # of excluded instruments: 4
5% 10% 20% 30%
2SLS relative bias 11.04 7.56 5.57 4.73
10% 15% 20% 25%
2SLS Size of nominal 5% Wald test 16.87 9.93 7.54 6.28
LIML Size of nominal 5% Wald test 4.72 3.39 2.99 2.79

e. So far, heterogeneity across the individuals is not taken into account.
Carrasco (2001, p. 393) Table 7, column 4, ran a female labor force par-
ticipation fixed effects equation with robust standard errors, which we

replicate below using Stata:

. xtreg dhw f ags26l fxag26l dhwl, fe r

Fixed-effects (within) regression Number of obs = 5768
Group variable: ident Number of groups = 1442
R-sq: within = 0.0059 Obs per group: min = 4
between = 0.6185 avg = 4.0
overall = 0.2046 max = 4
F(4,4322) = 464
corr(u_i, Xb) = 0.4991 Prob > F = 0.0010
(Std. Err. adjusted for clustering on ident)
Robust
dhw Coef. Std. Em. t P>t [95% Cont. Interval]
f -.0547777  .0155326 -3.53  0.000 -0852296  -.0243257
ags26l .0012836  .0126213 010 0919 -.0234607 .0260279
fxag26l -2204885 2013721 -1.09 0274 -.615281 1743041
dhwl .0356233  .0236582 1.51 0.132 -.0107588 .0820055
_cons 7479995 0193259  38.70  0.000 7101108 .7858881
sigma_u | .33260036
sigma_e 27830212
rho | .58818535  (fraction of variance due to u_i)
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Note that only fertility is significant in this equation.
Fixed effects 2sls using as instruments the same sex variables and their

interactions with ags26l is given below:

. xtivreg dhw (f fxag26l =dsexm dsexf sexm_261 sexf_26l)ags26l age inc dhwl, fe

Fixed-effects (within) IV regression Number of obs = 5768
Group variable: ident Number of groups = 1442
R-sq: within = . Obs per group: min = 4
between = 0.1125 avg = 4.0
overall = 0.0332 max = 4
Wald chi2(6) = 3971029
corr(u_i, Xb) = 0.0882 Prob > chi2 = 0.0000
dhw | Coef. Std. Err. z P>|z| [95% Contf. Interval]

f -.2970225 156909  -1.89  0.058  -.6045584 .0105134

fxag26l -2.1887 2433852  -0.90 0369  -6.958963  2.581562

ags26l -0584866  .0467667 -125 0211  -.1501476 .0331744

age .000651 .0043265 015  0.880  -.0078287 .0091307

inc -0011213  .0010482  -1.07 0285  -.0031758 .0009331

dhwl .0362943  .0160524 226  0.024 .0048322 .0677565

_cons 7920305  .1623108 488  0.000 4739071 1.110154
sigma_u .3293446
sigma_e .29336161

rho 55759255 (fraction of variance due to u_i)
F test that all u_i=0: F(1441,4320) =2.16 Prob > F = 0.0000
Instrumented: f fxag26l
Instruments: ags26l age inc dhwl dsexm dsexf sexm_26| sexf_26l

13.16 multinomial logit model

a. Table II of Terza (2002, p. 399) columns 3,4, 9 and 10 are replicated below
for the male data using Stata:
. mlogit y alc90th ue88 age agesq schooling married famsize white excellent
verygood good fair northeast midwest south centercity othermsa q1 g2 g3,

baseoutcome(1)
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Multinomial logistic regression

Log likelihood = —3217.481

Number of obs
LR chi2 (40)
Prob > chi2
Pseudo R2
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9822
1276.47
0.0000
0.1655

alc90th
ue8s8
age
agesq
schooling
married
famsize
white
excellent
verygood
good

fair
northeast
midwest
south
centercity
othermsa

alc90th
ue8s
age
agesq
schooling
married
famsize
white
excellent
verygood
good

fair
northeast
midwest
south
centercity
othermsa

1270931
.0458099
1617634
-.0024377
-.0092135
4004928
.0622453
.0391309
2.91833
2.978336
2.493939
1.460263
.0849125
.0158816
1750244
-2717445
-.0921566
422405
-.0219499
-.0365295
-6.113244

-.1534987
-.0954848
227164
-.0030796
.0890537
.7085708
.0622447
.7380044
3.702792
3.653313
2.99946
1.876172
.088966
1230169
4393047
-.2689532
.0978701
-.0274086
-110751
-.0530835
-6.237275

21395
.051355
.0663205
.0007991
.0245172
1927458
.0503686
.1705625
4486757
4505932
4446815
4817231
2374365
.2037486
2027444
1911074
.1929076
1978767
.2056751
.2109049
1.427325

.1395003

.033631
.0409884
.0004813
.0152314
.1219565
.0332365
.1083131
.1852415
.1894137
1786747
.1885159
1491191
1294376
.1298054
.1231083
1257623
.1286695

126176
.1296053
.8886698

-.2922412
-.0548441
0317776
-.004004
-.0572664
022718
-.0364753
-.2951653
2.038942
2.09519
1.622379
5161027
-.3804545
-.3834583
-.2223474
-.6463081
-.4702486
.0345738
-.4250657
-.4498954
-8.910749

-4269144
-.1614004
1468282
-.0040228
.0592008
4695405
-.0028975
5257147
3.339725
3.282069
2.649264
1.506688
-.203302
-.130676
.1848908
-510241
-.1486195
-.2795961
-.3580514
-.3071052
-7.979036

5464274
.1464639
2917492

-.0008714

.0388393
1782677
.1609659
3734272
3.797719
3.861483
3.365499
2.404422
.5502796
4152215
5723962
.1028192
.2859354
.8102362
.3811659
.3768364

-3.315739

1199169

-.0295693

.3074999

-.0021363

.1189067
.9476012

127387
.9502941
4.065858
4.024557
3.349656
2.245657
.3812341
.3767099
6937185

-.0276654

.3443598

224779
.1365494
.2009382

-4.495515

(y==11is the base outcome)
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**using bootstrap for the var-cov matrix

. mlogit y alc90th ue88 age agesq schooling married famsize white excellent ver >
ygood good fair northeast midwest south centercity othermsa q1 g2 g3, baseout
> come(1) vce(bootstrap)

(running mlogit on estimation sample)

Bootstrap replications (50)

..................................................................................... 50
Multinomial logistic regression Number of obs = 9822
Replications = 50
Wald chi2 (40) = 7442.69
Prob > chi2 = 0.0000
Log likelihood = —3217.481 Pseudo R2 = 0.1655

Observed  Bookstrap Normal-based
y Coef. Std. Err. z P>|z| [95% Conf. Interval]
2

alc90th 1270931 .1933016 066  0.511 -.251771 5059573
uess 0458099  .0566344 0.81 0419  -.0651914 .1568112
age 1617634  .0615543 2.63  0.009 0411192 .2824076
agesq | -.0024377  .0007266  -3.35  0.001 -.0038619 -.0010135
schooling | -.0092135  .0249799  -0.37 0712  -.0581732 .0397462
married 4004928 2069088 1.94  0.053  -.0050409 .8060266
famsize 0622453 0534164 117 0244 -.0424489 .1669395
white .0391309  .1817052 022 0829  -.3170046 .3952665
excellent 291833 5134264 5.68  0.000 1.912033 3.924628
verygood 2978336 5473854 544  0.000 1.905481 4.051192
good 2493939 4904972 5.08  0.000 1.532582 3.455296
fair 1.460263 5156181 283  0.005 4496697 2.470855
northeast 0849125  .2058457 0.41 0680  -.3185377 .4883627
midwest .0158816 .197601 008 0936  -3714093 4031725
south 1750244 2211406 079 0429  -2584032 .608452
centercity | -2717445 1708023  -159  0.112  -6065108 .0630218
othermsa | -.0921566 191577 -048  0.630  -.4676406 .2833275
qi 422405 2392306 1.77 0077  -.0464783 .8912883
g2 | -0219499 2404712  -0.09 0927  -.4932649 4493651
g3 | -0365295 2500046  -0.15  0.884  -.5265295 4534704
_cons | -6.113244 1259449  -485  0.000 -8.581719 -3.644769
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alc90th
ue8s
age
agesq
schooling
married
famsize
white
excellent
verygood
good

fair
northeast
midwest
south
centercity
othermsa

-.1534987
-.0954848

227164

-.0030796

.0890537
.7085708
.0622447
.7380044
3.702792
3.653313

2.99946
1.876172

.088966
1230169
4393047

-.2689532

.0978701

-.0274086

-110751

-.0530835
-6.237275

.1129983
.0349536

.0431

.0005224
0173814
.1286085
.0361903
.1320206
.2019607
.2090086
.2053791
.2063004
.1624429
.1410455
.1340076

.098325

1067784
.1206965
.1303469
1329726
.8224026

-1.36

-.3749714
-.1639927

1426896

-.0041034

.0549868
4565028

-.0086869

4792488
3.306956
3.243663
2.596925
1.471831

-.2294162
-.1534272

1766547

-.4616666
1114117
-.2639694
-.3662263

-.313705

-7.849155

.0679739
-.026977
.3116385

-.0020558

1231207
.9606389
1331764
.9967599
4.098627
4.062962
3.401996
2.280514
4073482

.399461
.7019547

-.0762398

307152
.2091523
1447243
.2075381

-4.625396

(y==11is the base outcome)

**using robust for the var-cov matrix

. mlogit y alc90th ue88 age agesq schooling married famsize white excellent ver >

ygood good fair northeast midwest south centercity othermsa q1 g2 g3, baseout

> come(1) vce(robust)

Iteration 0: log pseudolikelihood =
Iteration 1: log pseudolikelihood = -
Iteration 2: log pseudolikelihood = -
-3236.3918
-3219.1826

Iteration 3: log pseudolikelihood =
Iteration 4: log pseudolikelihood =
Iteration 5: log pseudolikelihood = -
Iteration 6: log pseudolikelihood = -

Iteration 7: log pseudolikelihood = -3217.481

-3855.7148

3692.5753
3526.5092

3217.5569
3217.4813
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Multinomial logistic regression

Log pseudolikelihood = —3217.481

Number of obs
Wald chi2 (40)
Prob > chi2
Pseudo R2

Badi Baltagi

9822
1075.69
0.0000
0.1655

Robust
y Coef. Std. Err.

alc90th .1270931 2152878
ue88 .0458099 .0500181
age 1617634 .0668732
agesq -.0024377 .0008087
schooling -.0092135 .0234188
married 4004928 .204195
famsize 0622453 0517847
white .0391309 1711588
excellent 2.91833 4548999
verygood 2.978336 4566665
good 2.493939 4507366

fair 1.460263 .48807
northeast .0849125 23845
midwest .0158816 2044175
south 1750244 2022599
centercity -2717445 1911311
othermsa -.0921566 1955115
ql 422405 .1970871

q2 -.0219499 .2049964

q3 -.0365295 .2109886

_cons -6.113244 1.412512

-.2948632
-.0522238
.0306944
-.0040227
-.0551135
.0002779
-.0392509
-.2963342
2.026743
2.083286
1.610511
.5036629
-.382441
-.3847694
-.2213977
-.6463546
-475352
0361213
-.4237355
-.4500595
-8.881717

.5490494
.1438436
2028324

-.0008527

.0366864
.8007078
1637416
.3745961
3.809918
3.873386
3.377366
2.416862

552266
4165326
5714466
.1028656
2910389
.8086887
.3798357
.3770005

-3.344771

alc90th -.1534987 .1392906
ue88 -.0954848 .0335442
age 227164 .0411389
agesq -.0030796 .000487
schooling .0890537 0160584
married .7085708 .1315325
famsize 0622447 .035511
white .7380044 .1139831
excellent 3.702792 .190178
verygood 3.653313 1929514
good 2.99946 .1849776
fair 1.876172 .1956878
northeast .088966 .1505301
midwest .1230169 .1302651
south 4393047 .1341061
centercity -.2689532 .1266976
othermsa .0978701 1275274
ql -.0274086 .1288453

q2 - 110751 .12602

q3 -.0530835 .1321321

_cons -6.237275 .8601993

-.4265033
-.1612303
.1465333
-.004034
.0575798
4507719
-.0073556
5146017
3.33005
3.275135
2.636911
1.492631
-.2060675
-.1322981
1764616
-.5172758
-.152079
-.2799406
-.3577457
-.3120576
-7.923235

.1195059

-.0297394

3077948

-.0021251

1205276
.9663698
.1318451
9614071
4.075534

4.03149

3.36201
2.259713
.3839996
.3783319
7021478

-.0206306

.3478193
2251235
1362437
.2058907

-4.551316

(y==11s the base outcome)
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b. For the female data, the multinomial logit estimates yield:
. mlogit y alc90th ue88 age agesq schooling married famsize white excellent

verygood good fair northeast midwest south centercity othermsa q1 g2 g3,

baseoutcome(1)
Multinomial logistic regression Numberofobs = 12534
LRchi2 (40) = 6680.38
Prob>chi2 = 0.0000
Log likelihood = —6140.5419 Pseudo R2 = 0.3523
y |  Coef Std. Er. z P>|z| [95% Contf. Interval]

2
alc90th | -.1241993 2365754  -0.52  0.600  -.5878785 .3394799
ue8s -001862 0514214  -0.04 0971  -1026462 .0989221
age | -0392239  .0612728  -064 0522  -.1593164 .0808687
agesq .0004834  .0007411 0.65 0514  -0009691 .0019359
schooling | -.0121174 0254645  -0.48  0.634  -.0620269 .037792
married 0117958 2220045 0.05  0.958 -.423325 4469167
famsize 0092434 0495871 019 0852  -.0879456 1064324
white 2817941 1935931 146  0.146  -.0976414 .6612296
excellent 0420423 4579618 0.09 0927  -.8555463 .939631
verygood 0449091 4574373 010 0922  -8516516 .9414698
good 0182444 4544742 0.04 0968  -.8725086 .9089974
fair 2925131 4839658 060 0546  -6560424 1.241069
northeast -1721726 2163151 -0.80 0.426 -.5961425 2517973
midwest -.2643294 .1944624 -1.36 0.174 -.6454687 11681
south | -0161982  .1814209  -0.09 0929  -.3717766 .3393803
centercity | -.0812978  .1869101 -043  0.664 -447635 .2850393
othermsa 044578 1738872 026 0798  -.2962347 .3853908
ql 2230515  1.328553  16.79  0.000 19.70123 24.90906
q2 22.24068 1.32893  16.74  0.000 19.63603 24.84534
a3 18.65596  1.360765  13.71  0.000 15.98891 21.32301
_cons | -23.50938 . . . . .

3
alc90th 1288509  .0812475 159  0.113  -.0303912 .2880931
ue8s 0148758  .0188237 079 0429 -.022018 .0517696
age 0175243 .0230613 0.76 0447  -0276751 .0627236
agesq | -.0002381 .00028  -0.85 0.395  -.0007868 .0003106
schooling .0035127  .0095824 037 0714  -.0152685 .0222939
married | -.0997914 078327  -127 0203  -2533095 .0537266
famsize .0027002  .0184619 015  0.884  -.0334844 .0388849
white | -.0277798 066196  -042 0675  -1575217 .1019621
excellent | -1178398  .1636194  -0.72 0471  -4385278 .2028483
verygood | -.1170045 .1633395 -0.72 0474 -437144 .203135
good | -1144024 1622966  -0.70  0.481  -.4324979 .2036931
fair | -.0344312 1775054  -0.19  0.846  -.3823353 3134729
northeast | -.0548967  .0819514  -0.67 0503  -2155184 105725
midwest 0572296  .0720545 079 0427  -0839946 .1984538
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south
centercity
othermsa

.1500468
.0366537
.0638026
22.22019
22.22849
19.74301
-21.64045

.0698025

.06934
.0655869
4972432
4972341
4973915

0.032
0.597
0.331
0.000
0.000
0.000

.0132365
-.0992503
-.0647453

21.24561

21.256392

18.76815

Badi Baltagi

.2868571
1725576
.1923505
23.19477
23.20305
20.71788

(y==11s the base outcome)

13.17 Tobit estimation of Married Women Labor Supply

a. A detailed summary of the hours of work show that mean hours of work is

741, the median is 288, the minimum is zero and the maximum is 4950.

. sum hours, detail

hours worked, 1975

Percentiles  Smallest
1% 0 0
5% 0 0
10% 0 0
25% 0 0
50% 288
Largest
75% 1516 3640
90% 1984 3686
95% 2100 4210
99% 3087 4950

Obs 753
Sum of Wagt. 753
Mean 740.5764
Std. Dev. 871.3142
Variance 759188.5
Skewness .9225315
Kurtosis 3.193949

b. Using the notation of solution 11.31, OLS on this model yields

. reg hours nwifeinc kidslt6 kidsge6 ‘control’ ‘E’, r

Linear regression

Number of obs
F(7,745)

Prob > F
R-squared
Root MSE

Robust
Std. Err.

nwifeinc
kidslt6
kidsge6
age
educ
exper
expersq
_cons

-3.446636
-442.0899
-32.77923
-30.51163

28.76112
65.67251

-.7004939

1330.482

2.240662
57.46384
22.80238
4.244791
13.03905
10.79419
3720129
274.8776

-7.845398
-554.9002
-77.5438
-38.84481
3.163468
44.48186
-1.430812
790.8556

.9521268

-329.2796

11.98535

-22.17846

54.35878
86.86316
.0298245
1870.109

Tobit estimation with left censoring at zero is represented by the option 11(0)
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. tobit hours nwifeinc kidslt6 kidsge6 ‘control’ ‘E’, 1I(0)

Tobit regression

Log likelihood = —3819.0946

Number of obs
LR chi2 (7)
Prob > chi2
Pseudo R2
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753
271.59
0.0000
0.0343

nwifeinc
kidslt6
kidsge6
age
educ
exper
expersq
_cons

-8.814243
-894.0217
-16.218
-54.40501
80.64561
131.5643
-1.864158
965.3053

4.459096
111.8779
38.64136
7.418496
21.58322
17.27938
5376615
446.4358

-17.56811
-1113.655
-92.07675
-68.96862
38.27453
97.64231
-2.919667
88.88528

.0603724

-674.3887

59.64075
-39.8414
123.0167
165.4863

-.8086479

1841.725

Obs. summary:

325 left-censored observations at hours <=0
428 uncensored observations
0 right-censored observations

c. This replicates Table 17.1 of Wooldridge (2009, p. 585) using Stata

. reg inlf nwifeinc kidslt6 kidsge6 ‘control’ ‘E’, r

Number of obs
F(7,745)

Prob > F
R-squared
Root MSE

753
62.48
0.0000
0.2642
42713

Linear regression
inlf Coef.

nwifeinc -.0034052
kidslt6 -.2618105
kidsge6 .0130122
age -.0160908
educ .0379953
exper .0394924
expersq -.0005963
_cons 5855192

Robust
Std. Err.

.0015249
0317832
.0135329
.002399
.007266
.00581
.00019
.1522599

0.026
0.000
0.337
0.000
0.000
0.000
0.002
0.000

-.0063988
-.3242058
-.013555
-.0208004
023731
.0280864
-.0009693
.2866098

-.0004115
-.1994152

.0395795

-0113812

.0522596
.0508983

-.0002233

.8844287
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The Logit estimates yield:
. logit inlf nwifeinc kidslt6 kidsge6 ‘control’ ‘E’, r
Iteration 0: log pseudolikelihood = -514.8732
Iteration 1: log pseudolikelihood = -402.38502
Iteration 2: log pseudolikelihood = -401.76569
Iteration 3: log pseudolikelihood = -401.76515
Iteration 4: log pseudolikelihood = -401.76515
Logistic regression Number of obs = 753
Waldchi2 (7) = 15848
Prob > chi2 = 0.0000
Log pseudolikelihood = —401.76515 Pseudo R2 = 02197
Robust
inlf Coef. Std. Err. z P>|z| [95% Contf. Interval]
nwifeinc -.0213452 .0090782 -2.35 0.019 -.039138 -.0035523
kidslt6 -1.443354 2031615 -7.10 0.000 -1.841543 -1.045165
kidsge6 .0601122 .0798825 0.75 0.452 -.0964546 2166791
age -.0880244 .0144393 -6.10 0.000 -.1163248 -.0597239
educ 2211704 .0444509 4.98 0.000 .1340482 .3082925
exper .2058695 0322914 6.38 0.000 1425796 2691594
expersq -.0031541 .0010124 -3.12 0.002 -.0051384 -.0011698
_cons 4254524 .8597308 0.49 0.621 -1.259589 2.110494

. estat classification

Logistic model for inlf

------ True------
Classified | D ~D | Total
+ 347 18 465
81 207 288
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Classified + if predicted Pr(D) >=.5
True D defined as inlf =0
Sensitivity
Specificity
Positive predictive value

Negative predictive value

False + rate for true ~D

False - rate for true D
False + rate for classified +

False - rate for classified -

Marginal effects after logit
y = Pr(inlf) (predict)

=.58277201

nwifeinc
kidslt6
kidsge6
age
educ
exper
expersq

Correctly classified

dy/dx Std. Er. z
-.0051901 00221 -2.35
-.3509498 04988 -7.04
0146162 .01941 0.75
-.021403 .00353 -6.07
.0537773 .01086 4.95
.0500569 00788 6.35
-.0007669 00025 -3.11

Average partial effects after logit

y = Pr(inlf)
variable |  Coef.
nwifeinc -.0038118

kidslt6 -.240805
kidsge6 .0107335
age -.0157153
educ .0394323
exper .0367123

expersq

-.0005633

.0015923
.0262576
.0142337
.0023842
.0074566
.0051935
.0001767

375
Pr( +| D) 81.07%
Pr( -| ~D) 63.69%
Pr( D] +) 74.62%
Pr(~D| - 71.88%
Pr(+| ~D) 36.31%
Pr(-| D) 18.93%
Pr(~D| +) 25.38%
Pr(D] -) 28.13%
73.57%
mfx
P>|z| [95% C.l.] X
0.019 -.009523 -000857  20.129
0.000 -.448718 -253182  .237716
0.451 -.023428 05266  1.35325
0.000 -.028317 -014489  42.5378
0.000 .032498 075057  12.2869
0.000 .034604 .06551  10.6308
0.002 -.001251 -000283  178.039
P>|z| [95% Conf. Interval]
0.017 -.0069327 -.0006909
0.000 -.292269 -.189341
0.451 -017164 .038631
0.000 -.0203883 -.0110423
0.000 0248176 .0540471
0.000 .0265332 .0468914
0.001 -.0009096 -.0002169
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. probit inlf nwifeinc kidslt6 kidsge6 ‘control’ ‘E’,
Iteration 0: log pseudolikelihood = -514.8732
Iteration 1: log pseudolikelihood = -402.06651
Iteration 2: log pseudolikelihood = -401.30273
Iteration 3: log pseudolikelihood = -401.30219
Iteration 4: log pseudolikelihood = -401.30219

Probit regression

Number of obs
Wald chi2 (7)
Prob > chi2
Pseudo R2

Badi Baltagi

753
185.10
0.0000
0.2206

Log pseudolikelihood = —401.30219
Robust
Coef. Std. Err. z P>|z|

nwifeinc
kidslt6
kidsge6
age
educ
exper
expersq
_cons

-.0120237 .0053106 -2.26 0.024
-.8683285 1162037 -1.47 0.000
.036005 .0452958 0.79 0.427
-.0528527 .0083532 -6.33 0.000
.1309047 0258192 5.07 0.000
1233476 .0188537 6.54 0.000
-.0018871 .0006007 -3.14 0.002
.2700768 505175 0.53 0.593

-.0224323
-1.096084
-.0527731
-.0692246
.0803
.086395
-.0030645
-.7200481

-.0016152
-.6405735
124783
-.0364807
.1815095
.1603002
-.0007097
1.260202

Marginal effects after probit
y = Pr(inlf) (predict)

-.008766
-.428628
-.020603
-.027056
.031308
.033694

-000626  20.129
-249675 237716

048729  1.35325
-014231  42.5378

07095  12.2869
06266  10.6308

=.58154201
variable | dy/dx Std. Err. z P>|z|
nwifeinc -.0046962 .00208 -2.26 0.024
kidslt6 -.3391514 .04565 -7.43 0.000
kidsge6 .0140628 .01769 0.80 0.427
age -.0206432 .00327 -6.31 0.000
educ 0511287 .01011 5.06 0.000
exper 0481771 .00739 6.52 0.000
expersq -.0007371 .00024 -3.14 0.002

-.001198

-000276  178.039

. margeff
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Average partial effects after probit

377

y = Pr(inlf)

Variable |  Coef Std. Err z P>z
nwifeinc -.0036162 .0015759 -2.29 0.022
kidslt6 -.2441788 .0257356 -9.49 0.000
kidsge6 .0108274 .0135967 0.80 0.426
age -.0158917 .0023447 -6.78 0.000
educ .0393088 .0073669 5.34 0.000
exper .037046 .0051959 7.13 0.000
expersq -.0005675 .0001775 -3.20 0.001

. dprobit inlf nwifeinc kidslt6é kidsge6 ‘control’ ‘E’, r

Iteration 0: log pseudolikelihood = -514.8732

Iteration 1: log pseudolikelihood = -405.78215
Iteration 2: log pseudolikelihood = -401.32924
Iteration 3: log pseudolikelihood = -401.30219
Iteration 4: log pseudolikelihood = -401.30219

Probit regression, reporting marginal effects

Log pseudolikelihood = —401.30219

nwifeinc
kidslt6
kidsge6
age
educ
exper
expersq

Robust
dF/dx Std. Er. z P>|z|

-.0046962 .0020767 -2.26 0.024
-.3391514 .045652 -7.47 0.000

.0140628 .0176869 0.79 0.427
-.0206432 .0032717 -6.33 0.000

581542 (at x-bar)

-.0067049 -.0005275
-.2946198 -1937379
-.0158217 .0374765
-.0204873 -.011296
.02487 .0537476
.0268621 0472299
-.0009154 -.0002197
Number of obs = 753
Waldchi2 (7) = 185.10
Prob > chi2 = 0.0000
Pseudo R2 = 0.2206
x-bar [95% C.I.]
20.129 -008766  -.000626
237716 -428628  -.249675
1.35325 -.020603 .048729
425378 -027056 -.014231
12.2869 031308  .07095
10.6308 033694  .06266
178.039 -001198  -.000276

0511287 010113 5.07 0.000
0481771 .0073896 6.54 0.000

-.0007371 .000235 -3.14 0.002
.5683931

zand P> |z| correspond to the test of the underlying coefficient being 0
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. estat classification

Probit model for inlf

------ Trug------
Classified | D ~D | Total
+ 348 120 468
80 205 285
Total | 428 325 | 753

Classified + if predicted Pr(D) >=.5
True D defined as inlf 1= 0

Sensitivity Pr(+| D) 81.31%
Specificity Pr(-| ~D) 63.08%
Positive predictive value Pr( D] +) 74.36%
Negative predictive value ~ Pr(~D] -) 71.93%
False + rate for true ~D Pr(+| ~D) 36.92%
False - rate for true D Pr(-| D) 18.69%
False + rate for classified +  Pr(~D] +) 25.64%
False - rate for classified-  Pr( D] -) 28.07%
Correctly classified 73.44%

d. Wooldridge (2009, Chapter 17) recommends one obtain the estimates of
(B/o?) from a probit using an indicator of labor force participation. Then
comparing those with the Tobit estimates generated by dividing 8 by o?.
If these estimates are different or have different signs, then the Tobit esti-
mation may not be appropriate. Part (c) gave such probit estimates. For
(kidslt6) this was estimated at —0.868. From part (b) the tobit estimation
gave a B estimate for (kidslt6) of —894 and an estimate of 62 of 1122. The
resulting estimate of (8/0%) is —0.797. These have the same sign but with

different magnitudes.
13.18 Heckit Estimation of Married Women s Earnings

a. OLS on this model yields
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. reg lwage educ exper expersq

Source | SS df MS Number of obs = 428
-------------------------------------------- F(3, 424) = 2629
Model 35.0222967 3 11.6740989 Prob > F = 0.0000
Residual 188.305144 424 444115906 R-squared = 0.1568
-------------------------------------------- AdjR-squared = 0.1509
Total | 223.327441 427 523015084 Root MSE = .66642
lwage | Coef Std. Err. t P>t [95% Conf. Interval]

educ .1074896 .0141465 7.60 0.000 .0796837 .1352956
exper .0415665 0131752 3.15 0.002 .0156697 0674633
expersq -.0008112 .0003932 -2.06 0.040 -.0015841 -.0000382
_cons -.5220406 .1986321 -2.63 0.009 -.9124667 -.1316144

Heckman two-step estimates

. heckman lwage educ exper expersq, select ( educ exper expersq age kidslté

kidsge6 nwifeinc) twostep

Heckman selection model — two-step estimates Number of obs = 753
(regression model with sample selection) Censoredobs = 325
Uncensored obs = 428
Wald chi2(3) = 5153
Prob > chi2 = 0.0000
lwage | Coef Std. Err. z P>|z| [95% Conf. Interval]
lwage
educ .1090655 .015523 7.03 0.000 0786411 13949
exper .0438873 0162611 2.70 0.007 .0120163 .0757584
expersq -.0008591 .0004389 -1.96 0.050 -.0017194 1.15e-06
_cons -5781032 .3050062 -1.90 0.058 -1.175904 .019698
select
educ .1309047 .0252542 5.18 0.000 .0814074 .180402
exper .1233476 0187164 6.59 0.000 .0866641 .1600311
expersq -.0018871 .0006 -3.15 0.002 -.003063 -.0007111
age -.0528527 .0084772 -6.23 0.000 -.0694678 -.0362376
kidslt6 -.8683285 1185223 -7.33 0.000 -1.100628 -.636029
kidsge6 .036005 .0434768 0.83 0.408 -.049208 1212179
nwifeinc -.0120237 .0048398 -2.48 0.013 -.0215096 -.0025378
_cons .2700768 508593 0.53 0.595 -.7267473 1.266901

mills
lambda | .0322619 .1336246 0.24 0.809 -.2296376 2941613
rho 0.04861
sigma .66362875
lambda .03226186 .1336246
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b. The inverse mills ratio coefficient lambda is estimated to be .032 with a
standard error of 0.134 which is not significant. This does not reject the

null hypothesis of no sample selection.
¢. The MLE of this Heckman (1976) sample selection model.

. heckman Iwage educ exper expersq, select ( educ exper expersq age kidslt6
kidsge6 nwifeinc)
Iteration 0: log likelihood = -832.89776

Iteration 1: log likelihood = -832.88509
Iteration 2: log likelihood = -832.88508

Heckman selection model Number of obs = 753

(regression model with sample selection) Censoredobs = 325

Uncensored obs = 428

Wald chi2(3) = 59.67

Log likelihood = —832.8851 Prob > chi2 = 0.0000
lwage |  Coef Std. Er. z P>|z| [95% Cont. Interval]

lwage
educ .1083502 .0148607 7.29 0.000 .0792238 1374767
exper .0428369 .0148785 2.88 0.004 .0136755 .0719983
expersq -.0008374 .0004175 -2.01 0.045 -.0016556 -.0000192
_cons -.5526973 .2603784 212 0.034 -1.06303 -.0423651

select
educ 1313415 .0253823 5.17 0.000 .0815931 .1810899
exper 1232818 0187242 6.58 0.000 .0865831 .1599806
expersq -.0018863 .0006004 -3.14 0.002 -.003063 -.0007095

age -.0528287 .0084792 -6.23 0.000 -.0694476 -.0362098
kidslt6 -.8673988 .1186509 -7.31 0.000 -1.09995 -.6348472
kidsge6 .0358723 .0434753 0.83 0.409 -.0493377 1210824
nwifeinc -.0121321 .0048767 -2.49 0.013 -.0216903 -.002574
_cons .2664491 5089578 0.52 0.601 -.7310898 1.263988

/athrho .026614 147182 0.18 0.857 -.2618573 .3150854
/Insigma -.4103809 .0342291 -11.99 0.000 -4774687 -.3432931
rho .0266078 1470778 -.2560319 .3050564
sigma .6633975 .0227075 .6203517 .7094303
lambda .0176515 .0976057 -.1736521 .2089552
LR test of indep. eqns. (rho = 0): chi2(1) = 0.03 Prob > chi2 = 0.8577

This yields the same results as the two-step Heckman procedure and the

LR test for (rho = 0) is not significant.
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CHAPTER 14
Time-Series Analysis

14.1 The AR(1) Model. y; = py.—1 + & with |p| < 1 and & ~ 1IN (0,0?). Also,
Yo ~N(0,07/1 = p?).

a. By successive substitution

Vi = pyio1 + & = p(pyia + &—1) + & = p*Yia + pe—1 + &

p*(pyi=3 + £2) + et + & = p Y3 + pEa + pei—1 + &
==Y+ p e+ p et e

Then, E(y,) = p'E(y,) = 0 for every t, since E(y,) = E(g) = 0.

var(y) = p*'var(yo) + p*"Vvar(er) + p*Pvar(es) + - + var(e,)

2

(0

_ p2t ( 3 ) + (pZ(t—l) + pz(t—Z) 4o 1)082
1 —p?

2t 2t 2
P 2 1— p 2 O
-0 -0- = = var(y,) foreveryt.

If p = 1, then var(y;) = 62/0 — oo. Also, if |p| > 1, then 1 — p? < 0 and
var(y;) < 0.

2 = var(yy), for

b. The AR(1) series y; has zero mean and constant variance o
t=0,1,2,... In part (a) we could have stopped the successive substitution

at yi—s, this yields
Vi = 0°Vies + 0 emst1 + -+ e

Therefore, cov(y,Yi—s) = cov(p®yis + p* 'est1 + - = +e,yis) =
p*var(y.s) = p*o> which only depends on s the distance between t and t-s.
Therefore, the AR(1) series y; is said to be covariance-stationary or weakly

stationary.

B.H. Baltagi, Solutions Manual for Econometrics, Springer Texts 383
in Business and Economics, DOI 10.1007/978-3-642-54548-1_14,
© Springer-Verlag Berlin Heidelberg 2015
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c. First one generates y, = 0.5 N(0, 1)/(1 — p?)!'/? for various values of p.

Then y; = py—1 + & where g ~ 1IN(0,0.25) fort =1,2,.., T.
14.2 The MA(1) Model. y, =& + 0g—; with & ~ IIN(0,0?)

a. E(y;) = E(&;) + 0E(g—1) = 0 for all t. Also,
var(y) = var(e;) + 6%var(e—1) = (1 + 6%)07 forallt.

Therefore, the mean and variance are independent of t.
b. COV(Ys, Yio1) = cov(e + Oe_1, 81 + Og—2) = Ovar(e—1) = 0o;

9082 whens =1
coV(yt, yi—s) = cov(e + Og1, —s + Og_s—1) =
0 when s > 1

002 whens =1

Since E(y;) = 0 for all t and cov(y, yi—s) =
0 when s > 1

for all t and s, then the MA(1) process is covariance stationary.
c. First one generates g ~ IIN(0,0.25). Then, for various values of 6, one

generates y; = & + 0g_.

14.3
a. The sample autocorrelation function for Income using EViews is as follows:

Correlogram of Income
Sample: 1959 2007
Included observations: 49
Partial
Autocorrelation Correlation AC PAC Q-Stat  Prob.

o o i 0.935 0.935 45538
0.869 -0.043 85.714
0.804 -0.031 120.81
0737 -0.05 150.95
0.671 -0.026 176.52
0.607 -0.026 197.93
0545 -0.022 215.62
0484 -0.034 229.91
0428 -0.006 241.33
0373 -0.023 250.25
0.324 0.005 257.17
0278 -0.022 262.37
0232 -0.025 266.12
0.189 -0.022 268.68
15 0.5 -0.009 270.33

|******* |
|******

|******

|*****

|*****

|****

|****

—
QOWoo N O WwWwhN —

|***

|**

—_
—_

|**

—_
no

|**

—_
w

|*

—
EaN
OO OO OO ODODODODODODOO O

|*** |

|*



Chapter 14: Time-Series Analysis 385
: o 16 0105 -0.077 271.17
17 0.061 -0.033 271.46
18 0.016 -0.056 271.48
19 -0.029 -0.038 271.56
20 -0.072 -0.024 272

OO OO o

*l I

The sample autocorrelation function for differenced Income is as follows:

Correlogram of Differenced Income
Sample: 1959 2007
Included observations: 48

Partial
Autocorrelation ~ Correlation AC PAC Q-Stat  Prob.
. . 1 0021 0.021 0.0234 0.879
T . 2 0145 0145 1.1253 057
2. . 3 -0.141 -0.15 21907 0.534
. . 4 0008 -0.022 21944 0.7
2. M. 5 -0145 -0.106 3.3743 0.642
N N 6 0112 0.11 4.0884  0.665
. . 7 -0.309 -0.306 9.6689 0.208
. . 8 0.05 0.026 9.8171 0.278
| A 9 -0232 -0.166 13.135 0.157
M. . 10 -0.129 -0.228 1418 0.165
N N 11 0.077 0.182 14.561 0.203
N . 12 0137 0.024 15.804 0.2
.. . 13 -0.019 -0.056 15.83  0.258
N N 14 0.209 0.11 18.905 0.169
- - 15 -0.057 -0.022 19.145 0.207
I . 16 0.113 0.043 20.371 0.256
A A 17  -0.06 -0.149 20.094 0.216
I - 18 -0.074 -0.054 20.813 0.289
A A 19 0.083 0.185 21.386 0.316
A e 20 0.089 0 22069 0.337

b. The Augmented Dickey—Fuller test statistic for Income using a constant and

linear trend is as follows:

Null Hypothesis: Y has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

t-Statistic ~ Prob.*
Augmented Dickey-Fuller test statistic  -1.843738 0.6677

Test critical values: 1% level -4.161144
5% level -3.506374
10% level -3.183002

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(Y)
Method: Least Squares
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Sample (adjusted): 1960 2007
Included observations: 48 after adjustments

Coefficient  Std. Error  t-Statistic Prob.

Y(-1) -0.165599 0.089817 -1.843738  0.0718

C 1771.254 798.2947 2218797  0.0316
@TREND(1959)  67.25568 34.64899 1.941058  0.0585
R-squared 0.100578 Mean dependentvar ~ 394.3542

Adjusted R-squared  0.060604 S.D. dependent var 277.5483
S.E. of regression 269.0066 Akaike info criterion 14.08781

Sum squared resid ~ 3256405.  Schwarz criterion 14.20476
Log likelihood -335.1074 Hannan-Quinn criter. ~ 14.13201
F-statistic 2516070 Durbin-Watson stat 1.806165
Prob(F-statistic) 0.092083

This does not reject the null hypothesis of unit root for Income.
c. The Augmented Dickey—Fuller test statistic for differenced Income using a

constant and linear trend is as follows:

Null Hypothesis: D(Y) has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

t-Statistic Prob.*

Augmented Dickey-Fuller test statistic -6.717325 0.0000
Test critical values: 1% level -4.165756
5% level -3.508508
10% level -3.184230

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(Y,2)
Method: Least Squares

Sample (adjusted): 1961 2007
Included observations: 47 after adjustments

Coefficient Std. Error  t-Statistic Prob.

D(Y(-1)) -1.002187 0.149194 -6.717325 0.0000

C 330.8657 96.73746  3.420244 0.0014
@TREND(1959)  2.866879 3.046308 0.941100 0.3518
R-squared 0.506532 Mean dependentvar  9.91489%4

Adjusted R-squared  0.484102 S.D. dependent var 388.6497
S.E. of regression 279.1518  Akaike info criterion 14.16309
Sum squared resid ~ 3428732.  Schwarz criterion 14.28118
Log likelihood -329.8326 Hannan-Quinn criter. ~ 14.20753
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F-statistic 22.58242 Durbin-Watson stat 2.018360
Prob(F-statistic) 0.000000

This rejects the null hypothesis of unit root for differenced Income. We
conclude that Income is I(1).
d. LetR1 denote the ols residuals from the regression of Consumption on Income

and a constant. This tests R1 for unit roots: This ADF includes a constant

Null Hypothesis: R1 has a unit root
Exogenous: Constant
Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

t-Statistic Prob.*

Augmented Dickey-Fuller test statistic -1.502798 0.5237
Test critical values: 1% level -3.574446
5% level -2.923780
10% level -2.599925

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(R1)
Method: Least Squares

Sample (adjusted): 1960 2007
Included observations: 48 after adjustments

Coefficient ~ Std. Error  t-Statistic ~ Prob.

R1(-1) -0.094140 0.062643 -1.502798 0.1397
C -1.110596 26.49763 -0.041913 0.9667
R-squared 0.046798 Mean dependent var 0.149870
Adjusted R-squared  0.026076 S.D. dependent var 185.9291
S.E. of regression 183.4889 Akaike info criterion 13.30296
Sum squared resid 1548737. Schwarz criterion 13.38093
Log likelihood -317.2710  Hannan-Quinn criter. 13.33242
F-statistic 2.258401 Durbin-Watson stat 2.408726
Prob(F-statistic) 0.139726

This ADF includes a constant and a linear trend.

Null Hypothesis: R1 has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 1 (Automatic based on SIC, MAXLAG=10)
t-Statistic Prob.*

Augmented Dickey-Fuller test statistic -1.000195 0.9342
Test critical values: 1% level -4.165756
5% level -3.508508
10% level -3.184230

*MacKinnon (1996) one-sided p-values.
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Augmented Dickey-Fuller Test Equation
Dependent Variable: D(R1)
Method: Least Squares

Sample (adjusted): 1961 2007
Included observations: 47 after adjustments
Coefficient  Std. Error  t-Statistic ~ Prob.

R1(-1) -0.062470  0.062458 -1.000195 0.3228
D(R1(-1)) -0.324625 0.145177 -2.236060 0.0306

C -121.4508 54.46854 -2.229742 0.0310
@TREND(1959)  4.793820 1.937792 2.473856 0.0174
R-squared 0.209855 Mean dependentvar ~ -0.103081

Adjusted R-squared  0.154728 S.D. dependent var 187.9309
S.E. of regression 172.7812  Akaike info criterion 13.22319

Sum squared resid ~ 1283693. Schwarz criterion 13.38065
Log likelihood -306.7451 Hannan-Quinn criter. 13.28245
F-statistic 3.806787 Durbin-Watson stat 2.032797
Prob(F-statistic) 0.016614

Both ADF tests do not reject the null hypothesis of unit roots in the ols

residuals.
f. Correlogram of log(consumption)

Correlogram of log(consumption)
Sample: 1959 2007
Included Observations: 49

Partial
Autocorrelation Correlation AC PAC Q-Stat  Prob

0.937  0.937 45.664
0.87 -0.059 85.895
0.801 -0.0563 120.74
0.733 -0.027 150.61
0.667 -0.03 175.86
0.603 -0.021 196.97
0541 -0.017 214.41
0.482 -0.024 228.6
0.425 -0.027 239.89
10 0373 0.003 248.81
11 0324 -0.016 25573
12 0275 -0.041 260.85
13 0228 -0.027 264.44
14 0.183 -0.011 266.84
N R 15 0.142 -0.01 268.33
S A 16 0.099 -0.063 269.07
[ 17 0.055 -0.038 269.3

.- 18 0.012 -0.036 269.32

- - 19 -0.029 -0.028 269.39
- 20 -0.068 -0.022 269.78
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I******
|*****
|*****
|****

|****
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For log(consumption), the ADF with a Constant and Linear Trend yields:

Null Hypothesis: LOGC has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 1 (Automatic based on SIC, MAXLAG=10)

t-Statistic Prob.*

Augmented Dickey-Fuller test statistic -3.201729 0.0965
Test critical values: 1% level -4.165756
5% level -3.508508
10% level -3.184230

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(LOGC)

Method: Least Squares

Sample (adjusted): 1961 2007

Included observations: 47 after adjustments

Coefficient Std. Error  t-Statistic Prob.

LOGC(-1) -0.216769 0.067704 -3.201729 0.0026
D(LOGC(-1)) 0.447493 0.129784  3.447996 0.0013
C 1.987148 0.614623 3.233118 0.0024
@TREND(1959)  0.004925 0.001590 3.097180 0.0034

R-squared 0.311464 Mean dependent var 0.024014
Adjusted R-squared  0.263427 S.D. dependent var 0.015980
S.E. of regression 0.013715 Akaike info criterion -5.659384

Sum squared resid ~ 0.008088 Schwarz criterion -5.501924
Log likelihood 136.9955 Hannan-Quinn criter.  -5.600131
F-statistic 6.483785 Durbin-Watson stat 1.978461
Prob(F-statistic) 0.001019

We do not reject the null hypothesis that log(consumption) has unit root at the
5% level, but we do so at the 10% level.
For differenced log(consumption), the ADF with a Constant and Linear Trend

yields:
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Null Hypothesis: D(LOGC) has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 1 (Automatic based on SIC, MAXLAG=10)

t-Statistic Prob.*

Augmented Dickey-Fuller test statistic -5.143889 0.0006
Test critical values: 1% level -4.170583
5% level -3.510740
10% level -3.185512

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(LOGC,2)

Method: Least Squares

Sample (adjusted): 1962 2007

Included observations: 46 after adjustments

Coefficient ~ Std. Error  t-Statistic Prob.

D(LOGC(-1)) -0.848482 0.164950 -5.143889 0.0000
D(LOGC(-1),2) 0.253834 0.143686 1.766584 0.0846
C 0.026204 0.006566 3.990611 0.0003
@TREND(1959)  -0.000215 0.000165 -1.307036 0.1983

R-squared 0.403764 Mean dependent var 0.000300
Adjusted R-squared  0.361175 S.D. dependent var 0.018320
S.E. of regression 0.014642 Akaike info criterion -5.526861

Sum squared resid ~ 0.009005 Schwarz criterion -5.367849
Log likelihood 131.1178 Hannan-Quinn criter. ~ -5.467294
F-statistic 9.480625 Durbin-Watson stat 2.028804
Prob(F-statistic) 0.000066

We do reject the null hypothesis that differenced log(consumption) has unit

root at the 5% level.

Correlogram of log Income
Sample: 1959 2007
Included Observations: 49

Autocorrelation Partial
Correlation AC PAC Q-Stat  Prob

[ [ 0.935 0.935 45507
0.867 -0.057 85.463
0.798 -0.042 120.07
0.729 -0.041 149.58
0.661 -0.035 174.36
0.596 -0.012 194.98
0.534 -0.016 211.96
0475 -0.026 225.69

|*******
|******

|******

|*****

|****
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|***** |

|****
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|***
|***
|**
|**
|**
|*
|*
|*
.
.
.

“l

*l

9
10
11
12
13
14
15
16
17
18
19
20

0.418
0.365
0.315
0.268
0.222
0.179
0.141
0.098
0.055
0.011
-0.031
-0.071

-0.015
-0.021
-0.009
-0.023
-0.023
-0.017

0.002

-0.079
-0.035
-0.043
-0.034
-0.018

236.64
24517

251.7
256.54
259.97
262.26
263.72
264.44
264.68
264.69
264.77

265.2

O OO O OO OOO oo

o

For log(Income), the ADF with a Constant and Linear Trend yields:

Null Hypothesis: LOGY has a unit root
Exogenous: Constant, Linear Trend
Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

t-Statistic
Augmented Dickey-Fuller test statistic -1.567210
Test critical values: 1% level -4.161144
5% level -3.506374
10% level -3.183002
*MacKinnon (1996) one-sided p-values.
Augmented Dickey-Fuller Test Equation
Dependent Variable: D(LOGY)
Method: Least Squares
Sample (adjusted): 1960 2007
Included observations: 48 after adjustments
Coefficient Std. Error t-Statistic
LOGY(-1) -0.079684 0.050844 -1.567210
C 0.765061 0.469055 1.631070
@TREND(1959) 0.001460 0.001136 1.285021
R-squared 0.118240 Mean dependent var
Adjusted R-squared 0.079051 S.D. dependent var
S.E. of regression 0.015364 Akaike info criterion
Sum squared resid 0.010623 Schwarz criterion
Log likelihood 133.8739 Hannan-Quinn criter.
F-statistic 3.017149 Durbin-Watson stat
Prob(F-statistic) 0.058936

Prob.”
0.7912

Prob.

0.1241
0.1099
0.2054

0.022569
0.016010
-5.453080
-5.336130
-5.408884
1.746698
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We do not reject the null hypothesis that log(income) has unit root at the 5%

level.

For differenced log(income), the ADF with a Constant and Linear Trend

yields:

Null Hypothesis: D(LOGY) has a unit root

Exogenous: Constant, Linear Trend

Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

Augmented Dickey-Fuller test statistic

Test critical values 1% level
5% level
10% level

t-Statistic

-6.336919
-4.165756
-3.508508
-3.184230

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(LOGY,2)
Method: Least Squares

Sample (adjusted): 1961 2007

Included observations: 47 after adjustments

Coefficient
D(LOGY(-1)) -0.924513
C 0.029916

@TREND(1959) -0.000347
R-squared 0.477988
Adjusted R-squared 0.454260
S.E. of regression 0.015436
Sum squared resid 0.010484
Log likelihood 130.8994
F-statistic 20.14464
Prob(F-statistic) 0.000001

Std. Error t-Statistic

0.145893 -6.336919
0.006480 4.616664
0.000172 -2.019494

Mean dependent var
S.D. dependent var
Akaike info criterion
Schwarz criterion
Hannan-Quinn criter.
Durbin-Watson stat

Prob.*
0.0000

Prob.

0.0000
0.0000
0.0496

0.000278
0.020895
-5.442528
-5.324434
-5.398088
2.057278

We do reject the null hypothesis that differenced log(income) has unit root at

the 5% level.

The OLS regression of log(consumption) on log(income) and a constant yields:

Dependent Variable: LOGC
Method: Least Squares
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Sample: 1959 2007

Included observations: 49

t-Statistic

-5.832253
95.99861

Mean dependent var
S.D. dependent var

Akaike info criterion
Schwarz criterion
Hannan-Quinn criter.
Durbin-Watson stat

Coefficient Std. Error

C -0.625988 0.107332

LOGY 1.053340 0.010972
R-squared 0.994926
Adjusted R-squared 0.994818
S.E. of regression 0.024136
Sum squared resid 0.027379
Log likelihood 113.9718
F-statistic 9215.733
Prob(F-statistic) 0.000000

393

Prob.

0.0000
0.0000

9.672434
0.335283
-4.570278
-4.493061
-4.540982
0.205803

Let R2 denote the ols residuals from the regression of Log(Consumption) on

log(Income) and a constant.

This tests R2 for unit roots:

Null Hypothesis: R2 has a unit root
Exogenous: Constant, Linear Trend

Lag Length: 0 (Automatic based on SIC, MAXLAG=10)

Augmented Dickey-Fuller test statistic

Test critical values: 1% level
5% level
10% level

*MacKinnon (1996) one-sided p-values.

Augmented Dickey-Fuller Test Equation
Dependent Variable: D(R2)
Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Coefficient
R2(-1) -0.122648
C -0.005115

@TREND(1959) 0.000201

Std. Error

0.064603
0.003074
0.000109

t-Statistic

-1.898473
-4.161144
-3.506374
-3.183002

t-Statistic

-1.898473
-1.663739
1.838000

Prob.*
0.6399

Prob.

0.0641
0.1031
0.0727
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R-squared 0.126883 Mean dependent var -0.000115
Adjusted R-squared 0.088078 S.D. dependent var 0.010949
S.E. of regression 0.010455 Akaike info criterion -6.222927
Sum squared resid 0.004919 Schwarz criterion -6.105977
Log likelihood 152.3503 Hannan-Quinn criter. -6.178732
F-statistic 3.269755 Durbin-Watson stat 2.497289
Prob(F-statistic) 0.047220

We do not reject the null hypothesis of unit roots in these ols residuals.

Johansen’s Cointegration Tests for Log(consumption) and log(Y)
Sample (adjusted): 1961 2007

Included observations: 47 after adjustments

Trend assumption: Linear deterministic trend

Series: LOGC LOGY

Lags interval (in first differences): 1 to 1

Unrestricted Cointegration Rank Test (Trace)

Hypothesized Trace 0.05
No. of CE(s) Eigenvalue Statistic Critical Value Prob.**
None 0.25379%4 14.26745 15.49471 0.0759
At most 1 0.010751 0.508018 3.841466 0.4760

Trace test indicates no cointegration at the 0.05 level
* denotes rejection of the hypothesis at the 0.05 level
“*MacKinnon-Haug-Michelis (1999) p-values

Unrestricted Cointegration Rank Test (Maximum Eigenvalue)

Hypothesized Max-Eigen 0.05
No. of CE(s) Eigenvalue Statistic Critical Value Prob.**
None 0.253794 13.75944 14.26460 0.0600
At most 1 0.010751 0.508018 3.841466 0.4760

Max-eigenvalue test indicates no cointegration at the 0.05 level
* denotes rejection of the hypothesis at the 0.05 level
**MacKinnon-Haug-Michelis (1999) p-values

Both tests indicate no cointegration between Log(consumption) and log(Y) at
the 5% level
GARCH(1,1) for Log(consumption) and log(Y)

Dependent Variable: LOGC
Method: ML - ARCH (Marquardt) - Normal distribution

Sample: 1959 2007

Included observations: 49

Convergence achieved after 20 iterations

Presample variance: backcast (parameter = 0.7)
GARCH = C(3) + C(4)*RESID(-1)2 + C(5)*GARCH(-1)
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Coefficient Std. Error z-Statistic Prob.
C -0.712055 0.077795 -9.152987 0.0000
LOGY 1.063091 0.007986 133.1172 0.0000
Variance Equation
C 0.000127 0.000114 1.112565 0.2659
RESID(-1)'2  1.332738 0.542199 2.458025 0.0140
GARCH(-1) -0.195201 0.120479 -1.620211 0.1052
R-squared 0.994060 Mean dependent var 9.672434
Adjusted R-squared 0.993521 S.D. dependent var 0.335283
S.E. of regression 0.026989 Akaike info criterion -4.800472
Sum squared resid 0.032049 Schwarz criterion -4.607429
Log likelihood 122.6116 Hannan-Quinn criter. -4.727232
F-statistic 1841.004 Durbin-Watson stat 0.178014
Prob(F-statistic) 0.000000

14.5 Data Description: This data is obtained from the Citibank data base.
M1 is the seasonally adjusted monetary base. This a monthly average series.
We get the quarterly average of M1 by using (M1; + M1y + M14,)/3.
TBILL3: is the T-bill-3 month-rate. This is a monthly series. We
calculate a quarterly average of TBILL3 by using (TBILL3; + TBILL3:4+; +
TBILL3;)/3. Note that TBILL3 is an annualized rate (per annum).
GNP: This is Quarterly GNP. All series are transformed by taking their natural

logarithm.

a. VAR with two lags on each variable

Sample(adjusted): 1959:3 1995:2
Included observations: 144 after adjusting endpoints
Standard errors & t-statistics in parentheses

LNGNP LNM1 LNTBILL3

LNGNP(-1)  1.135719 —0.005500  1.437376
(0.08677)  (0.07370)  (1.10780)
(13.0886) (—0.07463)  (1.29751)

LNGNP(-2) —0.130393  0.037241  —1.131462
(0.08750)  (0.07431)  (1.11705)
(—1.49028)  (0.50115)  (—1.01290)
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LNM1(-1) 0.160798  1.508925 1.767750
(0.07628)  (0.06478) (0.97383)
(2.10804)  (23.2913) (1.81525)
LNM1(-2) —0.163492 —0.520561 —1.892962
(0.07516)  (0.06383) (0.95951)
(—2.17535) (—8.15515) (—1.97284)
LNTBILL3(-1) 0.001615 —0.036446 1.250074
(0.00645)  (0.00547) (0.08230)
(0.25047) (—6.65703)  (15.1901)
LNTBILL3(-2) —0.008933  0.034629  —0.328626
(0.00646)  (0.00549) (0.08248)
(—1.38286)  (6.31145)  (—3.98453)
C —0.011276 —0.179754 —1.656048
(0.07574)  (0.06433) (0.96696)
(—0.14888) (—2.79436) (—1.71264)
R-squared 0.999256  0.999899  0.946550
Adj. R-squared 0.999223  0.999895  0.944209
Sum sq. resids 0.009049  0.006527  1.474870
S.E. equation 0.008127  0.006902  0.103757
Log likelihood 492.2698 515.7871  125.5229
Akaike Al C -9.577728 -9.904358 -4.484021
Schwarz SC -9.433362 -9.759992 -4.339656
Mean dependent  8.144045  5.860579  1.715690
S.D.dependent  0.291582  0.672211  0.439273
Determinant Residual Covariance 2.67E-11
Log Likelihood 1355.989
Akaike Information Criteria —24.24959
Schwarz Criteria —24.10523
b. VAR with three lags on each variable
Sample(adjusted): 1959:4 1995:2
Included observations: 143 after adjusting endpoints
Standard errors & t-statistics in parentheses
LNGNP LNM1  LNTBILL3
LNGNP(-1) 1.133814 —0.028308  1.660761
(0.08830)  (0.07328) (1.11241)
(12.8398) (—0.38629)  (1.49295)
LNGNP(-2) —0.031988  0.103428  0.252378
(0.13102)  (0.10873)  (1.65053)
(—0.24414)  (0.95122)  (0.15291)

Badi Baltagi
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LNGNP(-3)  —0.105146 —0.045414 —1.527252
(0.08774)  (0.07281)  (1.10526)
(—1.19842) (—0.62372) (—1.38180)

LNM1(-1) 0.098732  1.375936  1.635398
(0.10276)  (0.08528)  (1.29449)
(0.96081)  (16.1349)  (1.26335)

LNM1(-2) —0.012617 —0.134075 —3.555324
(0.17109)  (0.14198)  (2.15524)
(—0.07375) (—0.94432) (—1.64962)

LNM1(-3) —0.085778 —0.253402  1.770995
(0.09254)  (0.07680)  (1.16577)
(—0.92693) (—3.29962)  (1.51917)

LNTBILL3(-1)  0.001412 —0.041461  1.306043
(0.00679)  (0.00564)  (0.08555)
(0.20788) (~7.35638)  (15.2657)

LNTBILL3(2) —0.013695  0.039858 —0.579077
(0.01094)  (0.00908)  (0.13782)
(—1.25180)  (4.38997) (—4.20158)

LNTBILL3(-3)  0.006468  0.000144  0.207577
(0.00761)  (0.00632)  (0.09588)
(0.84990)  (0.02281)  (2.16504)

C 0037812 —0.166320 —2.175434
(0.07842)  (0.06508)  (0.98789)
(0.48217) (—2.55566) (—2.20210)

R-squared 0.999271  0.999907  0.950041
Adj. R-squared 0.999222  0.999901  0.946661
Sum sg. resids 0.008622  0.005938 1.368186
S.E. equation 0.008051  0.006682 0.101425
Log likelihood 491.8106 518.4767 129.5215
Akaike AIC -9.576480 -9.949432 -4.509499
Schwarz SC -9.369288 -9.742240  -4.302307
Mean dependent  8.148050  5.866929  1.718861
S.D. dependent 0.288606 0.670225 0.439160

Determinant Residual Covariance 2.18E-11
Log Likelihood 1360.953
Akaike Information Criteria —24.40808
Schwarz Criteria —24.20088
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d. Pairwise Granger Causality Tests
Sample: 1959:1 1995:2
Lags: 3
Null Hypothesis:

LNTBILL3 does not Granger Cause LNM1 143
LNM1 does not Granger Cause LNTBILL3

e. Pairwise Granger Causality Tests
Pairwise Granger Causality Tests
Sample: 1959:1 1995:2
Lags: 2

Null Hypothesis:

LNTBILL3 does not Granger Cause LNM1 144
LNM1 does not Granger Cause LNTBILL3

Badi Baltagi
Obs F-Statistic  Probability
20.0752 7.8E-11
1.54595 0.20551
Obs F-Statistic  Probability
23.0844 2.2E-09
3.99777 0.02051

14.6 The Simple Deterministic Time Trend Model. This is based on Hamilton (1994).

yi=a+pt+u t=1,...,T

In vector form, this can be written as

where u; ~ IIN(0, 6%).

o
y=Xo+u X=][Lt, ¢= Bl
a. Qos = (X’X)"' X'y and ¢o1s — ¢ = (X'X)"'X'u
Therefore,
- —1
~ BQols — O Iy 4
—@=| A = 1,t
(p()ls (p BOIS - B} [(t/) ( )} (t/) '
- 1
o] 1w
Yt t'u
- T -1 T 94—l 1
Z 1 Zt Zut T Zt Zut
— t=1 t=1 t=1 — t=1 t=1
=l T T T =l r T T
Yt Yt 3ty St Yt 3ty
Li=1 =1 t=1 t=1  t=1 t=1
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T
X'X Toxt _ T T(T+1)/2
T T(T+1)/2 T(T+ 1)Q2T+1)/6

_ 1 (T+1)/2
S (T+1D/2 (T+DHQRT+1)/6
Therefore, plim(%) diverges as T — oo and is not a positive definite

matrix.

¢. Note that

T T
ML 1Yt _1
_ _ T2 0 - - T2 0
A I(X/X)A l: 0 T_%:| t—Tl t"Fl [ O T_%:|
L o Yt
t=1 t=1
e |-
T2l @t
_ t=1 t=1
Tl | 2
ot gt
L =1 t=1
T(T+1) 1 1
= T(Tl-i-l) T(T+%)T(22T+l) =1 11 1 Ej_ﬁl
| o 613 2t 3ttt

Therefore plim A~/ (X’X)A~! =

W= =

:| = Qas T — oo which is a finite

1
[SY[—

positive definite matrix. Also
T T

L ML du = u
A—l(x/u): |:ﬁ (1) :| |:1/u:| _ JT (1) ] t?l ‘ — ﬁt?l '
0 -1 0 1
L ; tut m t; tllt

TV/T.

T T
d. Show that z; = \/LT > u ~ N(0,6%). uy ~ N(0,0?), so that Y u, ~
t=1 t=1

N(0, To?).
1 I 1 .T 2 1 N(0 2
Therefore,ﬁt;ut~N( 7 1o TT) = N(0,07).
tug ~

T
Also, show that z, = Z [ vom - (T+ DT + 1)]
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Let o = var (+u) = E (%ut)2 = %02. Then,

T
Z Z B 6 - 612
1

T
t=
T T
i 1 1 oX(T+1)(2T+1
Since var (—Z: t) = gvar (Z ut) =1 Z ( 6%(2 )

-

o> TT+1DQRT+1) o> (T+DHERT+1)

'—]l
”]|

1
T/ T tu
1 1 t=1

T 2
o2(T+1D)(2T+1)
Therefore 7 t; tug ~ N (O, T)
T

Now z; = «/LT > u; ~ N(0,6?) and
=1
T+1)2T +1
(O,( + Q2T + )02)

T
1
Zy = —— tug ~ N
2 T\/TZI: ' 6T

with
T

T
t
cov(zy,z;) = E(z12;) = E (Z Eutz) =0’ Z:t/T2
t=1

t=1

= T(T + 1)0?/2T? = (T + 1)0?/2T.

Hence,
1 T+1
Z1 2T
~N|0,0° .
Z T+l  (T+DERT+D)
2T 6T2

Therefore as T — oo, (Zl

Z
N(O,o2 [} ]) or N(0, 02Q).
3

) has an asymptotic distribution that is

W ==

< — A1 (X! —11—11A—1 v/
/T (Bols—ﬁ)] AT XX)A AT (X )]

But from part (c), we have plim A~'(X’X)A~! is Q which is finite and pos-
itive definite. Therefore plim[A~'(X’X)A~!]7! is Q7. Also, from part (d)

T
1
) WP .
A7 (X'n) = 1 =l = [Zj
vE 2t
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has an asymptotic distribution N(0,02Q). Hence, [A~'(X'X)A~!]"!
[A7!(X'u)] has an asymptotic distribution N(0,Q'6?QQ~') or
N(0,02Q"). Thus,
VT (Qols — )

|:Tﬁ (éols - B):| ’

has an asymptotic distribution N(0,52Q™"). Since By has the factor T+/T
rather than the usual +/T, it is said to be superconsistent. This means that
not only does (6015 — B) converge to zero in probability limits, but so does
T(Bols —B). Note that the normality assumption is not needed for this result.
Using the central limit theorem, all that is needed is that u; is White noise

with finite fourth moments, see Sims et al. (1990) or Hamilton (1994).

14.7 Test of Hypothesis with a Deterministic Time Trend Model. This is based on
Hamilton (1994).

(Y1 — Gois — Boist)® = 62. By the law of large

M=

U R |
a. Show that plim s~ = mt )

T T
1 ~ D 2 1 2
numbers T—> tZ;(yt — Qols — Poist)” = T2 ; u;

—~

Hence, plim s*> = plimﬁ u? = var(u) = o2
¢

1

b. Show that t, = Gols—o — has the same asymptotic N(0,1)
1 2
2(1,0)(X’X)—!
distribution as t} = ‘/T(“"—‘\/%%) Multiplying both the numerator and
o4/

denominator of t, by +/T gives
\/T (Gols — 0to)

st [

ty =
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VT 0
From problem 14.6, part (c), we showed that for A = [ 0 TJT the

plim[A~'(X’X)A™!]"! = Q™! where

1
Q - [l } '
2
Now, [+/T, 0] in t, can be rewritten as [1,0]A, because
JT 0
mmA—um[O rof| = VT0

ﬁ(&ols_ao)

NE
s2[1,0)A(X’X) 1A
]

Using plim s> = 02 and plim A(X’X)"'A = Q! we get

1/2 1/2
plim |:s2[1,O]A(X’X)_1A |:(1)j|:| = |:c72[1,0]Q_1 [é]:| = 04/q!!

where q!! is the (1,1) element of Q. Therefore, t, has the same asymptotic

W= l—

Therefore, t, =

distribution as
\/T(&ols - 0‘0) -

o
o/q

\/T (é\f\ols — Qo)
Tﬁ(Bols - Bo)
totic distribution N(0,62Q™"), so that /T (Gois — o) is asymptotically

distributed N(0, o%q'"). Thus,
_ ﬁ(&ols —0o)
o/q

is asymptotically distributed as N(0,1) under the null hypothesis of & = ot,.

In problem 14.6, part (e), we showed that [ :| has an asymp-

ty

Therefore, both t, and t] have the same asymptotic N(0,1) distribution.

. Similarly, for testing Hy; B = Bo, show that

t5 = (Bots — Bo)/[s2(0, 1)(X'X) ' (0, 1)1/
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has the same asymptotic N(0,1) distribution as t* = T~/T(Bois—Bo)/0 v/q2.
Multiplying both numerator and denominator of tg by T+/T we get,
tp = TVT(Bots — Bo)/[5° (0, TVD(X'X) ™ (0, TVT)]"/?

= TVT(Bots — Bo)/[5° (0, DAX'X) ™' A(0, 1)]"/?

Now [0, TV/T] in tg can be rewritten as [0,1]A because

[0, 1]A = [0, 1] [*{)T T%] = [0.TVT].

Therefore, plimt; = T+/T (Bols — BO) /[62(0,NQ1(0,1)]"?2 = TVT
(Bols - Bo) /6+/q%2. Using plim s> = o2 and plim A(X'X)'A = Q',
we get that plim [s2(0, 1) AX'X)~'A(0, 1)']'/2 = [62(0, 1)Q'(0,1)]'/? =
0+/q22 where g2 is the (2,2) element of Q~'. Therefore, t; has the same

asymptotic distribution as

Tﬁ (Bols - Bo) /0 \Y q22 = tg

From problem 14.6, part (¢), T+/T (éols - Bo) has an asymptotic distribu-
tion N(0, 0°q*?). Therefore, both t3 and t; have the same asymptotic N(0,1)
distribution. Also, the usual OLS t-tests for « = o, and p = B, will give

asymptotically valid inference.

14.8 A Random Walk Model. This is based on Fuller (1976) and Hamilton (1994).
Vi = yio1 +u, t =0, 1,.., T where u; ~ IIN(0, 6?) and y, = 0.

a. Show thaty; = u; +--4u; with E(y;) = 0 and var(y;) = to>. By successive

substitution, we get
Vi =Yi—1 T W =Yt2 +U—] + U = =Y, + U + Uy + - +U

substituting y, = 0 we get y; = u; + - - +u.
Hence, E(yt) = E(u1) + - +E(u) =0

var(y) = var(uy) + - - +var(u) = to’

and y; ~ N(0, to?).
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b. Squaring the random walk equation, we get

Yy = (Yt—l + ut)2 = ytz_l + ZYt—lut + utz.

Solving for y,—ju, yields y—ju; = 5 (y? —y>, —u?)

Summing overt = 1,2..., T, we get

Z(Yt ) = > Z( yt 1 ——Zut.

But
2

Yo =vit 4y

t=1

Zyg—l =vye+- +yi
=1

T
Hence, by subtraction Y (y? —yZ ;) = y% — y2 Substituting this result
=1

T T T

(2 2y 1 2 _ 1.2 1 2

above, we get Y yiju = 3 (yi —y2) — 3 vl = 3yF — 3 > u
=1 =1 =1

T 2 T
Dividing by To? we get = Y yi1uc = 3 (j%c) — 5z U}
=1 =1
But, from part (a), yr ~ N(0,To?) and yr/+~/To ~ N(0,1). There-
T
2

fore, (yr/~/To)® ~ 3. Also, by the law of large numbers, plim=:— =
1 T

T

>

T

t

var(u) = o”. Hence, plims; - S— = 1. Therefore, # 3y =
=1

T

2 T
! (%) — 551 Z is asymptotically distributed as 1 (x7 — 1).

N
-

> ytz_l) = @02. Using the results in part (a), we get

Yi—1 = Yo +ur +uz + -+ 0

Substituting y, = 0, squaring both sides and taking expected values, we get
E(y2,) = E(u})+--+E(ul,) = (t—1)o? since the u,’s are independent.
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Therefore,
T T T
T(T—-1
E (Zytz—l) =Y E(yty) =) (t—1o’ = %02
=1 t=1 t=1

T
where we used the fact that Y~ t = T(T + 1)/2 from problem 14.6.
=1

d. Forthe AR(1) model, y; = py—; + u;, show that OLS estimate of p satisfies

T
Z Yt—lut/T02
t=1

T
> yi,/T%?

t=1

plimT (p — p) = plim = 0 where

T T
Z Yi—1Yt Yt—1Ut

A t=1 t=1

p= T— =p —+ T
>y >y

T
From part (b), #Z:l yi—1U; has an asymptotic distribution %(X%— 1).

T
This implies that )" y—ju;/0? converges to an asymptotic distribution of
t=1

t=1

T
% (X% — 1) at the rate of T. Also, from part (c), E (Z ytz_l) = (’ZT(ZLD

T
> y2,/0? converges
t=1

to % at the rate of T2. One can see that the asymptotic distribution of p when

T
implies that plim% 3" y2, is 62/2. This means that
=1

p = lisaratioofa %(x% —1) random variable to a non-standard distribution
in the denominator which is beyond the scope of this book, see Hamilton
(1994) or Fuller (1976) for further details. The object of this exercise is to
show that if p = 1, +/T(p — p) is no longer Normal as in the standard
stationary least squares regression with |p| < 1. Also, to show that for the
non-stationary (random walk) model, p converges at a faster rate (T) than
for the stationary case (+/T). From part (c) it is clear that one has to divide

the denominator of p by T rather than T to get a convergent distribution.
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14.9 Cointegration Example

a. Solving for the reduced form from (14.13) and (14.14) we get

Y_ut_Vt_ 1 U — 1 v
T @-B  @-B ' (@=P) "
and

Ct:B(ut—vt)Jrut: o B

@=p) @p ' @p

In this case, u; is 1(0) and v, is I(1). Therefore both Y and C; are I(1). Note
that there are no excluded exogenous variables in (14.13) and (14.14) and
only one right hand side endogenous variable in each equation. Hence both
equations are unidentified by the order condition of identification. However,
a linear combination of the two structural equations will have a mongrel dis-
turbance term that is neither AR(1) nor random walk. Hence, both equations
are identified. If p = 1, then both u; and v; are random walks and the mon-
grel disturbance is also a random walk. Therefore, the system is unidentified.
In such a case, there is no cointegrating relationship between C; and Y. Let
(Ct — yY:) be another cointegrating relationship, then subtracting it from
the first cointegrating relationship, one gets (y — B) Y which should be I(0).
Since Y, is I(1), this can only happen if y = p. Differencing both equations
in (14.13) and (14.14) we get

AC—BAY =Au=(p—Du g +e=¢+ (p— 1)(Cim1 —BY1)
=&+ (p— DCi1 —B(p— DY

and AC; — aAY; = Av; = 1. Writing them as a VAR, we get (14.17)

1 —p|[ac]  [e+ (o—1DCt—Blo— DYy
1 —a||AY | Nt

Post-multiplying by the inverse of the first matrix, we get

[ AC, _( 1 ) —a B|[e+ (0= 1DCi =Blo— DYy
AY, S \Bp—a/|-1 1 n
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B—a & —(p—DCio1 +B(p = DYy + 1

__ U |male=D able=D|(Ci) (h
B-a)| (=1 Blp—=1 [\Ye g

where h; and g; are linear combinations of ¢; and 1. This is Eq. (14.18). This

1 [_agt —a(p=1)Coi + aBlp— DY 1 + snt]

can be rewritten as

—a(p—1
ACt = %(Ct—l — BYt—l) + ht == _OLSZt—l + ht
—(p—1
AY, = %(Ct—l —BY1) + g =—8Z1 + &
where

§=((p-1/PB—a) and Z;=C;—pY..

These are Egs.(14.19) and (14.20). This is the Error-Correction Model
(ECM) representation of the original model. Z;_; is the error correction
term. It represents a disequilibrium term showing the departure from long-

run equilibrium. Note that if p = 1, then § = 0 and Z;—, drops from both

ECM equations.
T T
Z CiY, Z Y uy
b. Bols = t_; = B —+ t_;
> Y > Y
t=1 t=1

T
Since u, is 1(0) if p # 1 and Y, is I(1), we have plim }_ Y,2/T? is O(1),
=1

while plim i Y.u/Tis O(1). Hence T(ﬁols —pB)is O(1) or ([:3015 —B) is O(T).

t=1
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