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Introduction

To a large extent this book is an updated version of Lectures on Topological
Dynamics by Robert Ellis [Ellis, R., (1969)]. That book gave an exposition
of what might be called an algebraic theory of minimal sets. Our goal here
is to give a clear, self contained exposition of a new approach to the theory
which allows for more straightforward proofs and develops a clearer language
for expressing many of the fundamental ideas. We have included a treatment
of many of the results in the aforementioned exposition, in addition to more
recent developments in the theory; we have not attempted, however, to give
a complete or exhaustive treatment of all the known results in the algebraic
theory of minimal sets. Our hope is that the reader will be motivated to use the
language and techniques to study related topics not touched on here. Some of
these are mentioned either in the exercises or notes given at the end of various
sections. This book should be suitable for a graduate course in topological
dynamics whose prerequisites need only include some background in topology.
We assume the reader is familiar with compact Hausdorff spaces, convergence
of nets, etc., and perhaps has had some exposure to uniform structures and
pseudo metrics which play a limited role in our exposition.

A flow is a triple (X, T, w) where X is a compact Hausdorff space, T is a
topological group, and 7 : X x T — X is a continuous action of 7 on X,
so that xe = x and (x7)s = x(ts) forall x € X, s,t € T. Here we write
xt = w(x,t) forall x € X andt € T, and e is the identity of the group
T. Usually the symbol 7 will be omitted and the flow (X, T, w) denoted by
(X, T) or simply by X. In the situations considered here there is no loss of
generality if T is given the discrete topology. The assumptions made thus far
do not suffice to produce an interesting theory. The group 7 may be too “small”
in its action on X. Thus for example, the trivial case where xt = xo, a fixed
element of X, forall x € X and ¢t € T, is not ruled out. To eliminate such
degenerate behavior it is convenient to assume that the flow (X, T) is point

iX



X Introduction

transitive, i.e. that there exists xo € X such that its orbit xo7 = {xof |t € T}
is dense in X.

The category P of point transitive flows has the remarkable property that
it possesses a universal object; i,e, there exists a point transitive flow (87, T')
such that any flow in P is a homomorphic image of BT. (See section 1 for a
description of (8T, T) and the proof of its universality.) Moreover, one may
associate in a canonical fashion with any flow (X, T') a point transitive flow
E(X, T). The latter, called the enveloping semigroup has proved extremely
useful in the study of the dynamical properties of the original flow (X, 7). The
enveloping semigroup is defined and studied in section 2, and examples of its
use are scattered throughout the subsequent sections.

This exposition focuses, however, on the category, M, of minimal flows.
These are flows for which the orbit of every point x € X is dense; that is
xT = {xt [t €T} = X for all x € X. Again there exists a (unique up to
isomorphism) universal object M in M. This fact was exploited in several
papers to develop an “algebraic theory” of minimal flows. In particular a group
was associated with each such flow and various relations among minimal flows
studied by means of these groups. One purpose of this volume is to collect in
one place the techniques which have proved useful in this study; another goal
is to provide an exposition of a new approach to this material.

The account of this algebraic theory of minimal flows given in Lectures on
Topological Dynamics depends heavily on an algebraic point of view derived
by studying the collection C(X) of continuous functions on X rather than X
itself. In this volume we instead exploit the fact that X, as a homomorphic
image of M, is of the form M /R for some icer (invariant closed equivalence
relation) on M. We study the flow (X, T') via the icer R rather than the algebra
C(X).

Another change is that the role of the group of automorphisms of a flow is
emphasized. In particular the group G of automorphisms of M plays a crucial
role. It is used both to codify the algebraic structure of M, and to define the
groups associated to the minimal flows in M. In the earlier approach G was
viewed as a subset Mu of M, where u € M was a fixed idempotent. The new
approach eliminates the asymmetrical treatment of the idempotents. Instead
we view M = |4/ G(u) as a disjoint union (taken over all the idempotents
in u € M) of the images of the idempotents under the group G. Thus we
explicitly take advantage of the fact that every p € M can be written uniquely
in the form « (1) with « € G and u an idempotent in M. This approach also
makes reliance on the concept of a pointed flow unnecessary. Previously the
concept of a pointed flow was used to define, up to conjugacy, the group of
a minimal flow; a different choice of base point corresponding to a conjugate
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subgroup of Mu. From the point of view of icers on M, the group of the flow
M /R is the subgroup:

G(R) ={a e G |gr(a) C R},

of G. Here gr(a) = {(p,a(p)) | p € M} is the graph of the automorphism
o of M. Again if S is an icer with M/R = M/S, then G(S) is conjugate to
G(R).

One of the important tools for the study of minimal flows is the so-called
T-topology on G. In section 10 we show how one can define a topology on the
automorphism group Aut(X) of any regular flow (X, T). Since G = Aut (M)
and (M, T) is regular, this allows one to define a topology on G. This topology
on G coincides with the original definition of the t-topology. (The idea for
this viewpoint stems from J. Auslander’s approach to the t-topology—private
communication.)

We would now like to make a few comments on some of the results which
have been included herein. In part I we lay the foundation for what follows by
treating the universal constructions upon which much of the later material is
based. This includes an introduction to 87, the enveloping semigroup, and the
universal minimal flow. The flow (2%, T') whose minimal subflows are the so-
called quasi-factors of the minimal flow (X, T) is discussed in section 5. Here
2% is the collection of non-empty closed subsets of X. The space 2% is given
the Vietoris topology detailed in the appendix to section 5. The extension of
the action of 7 on 2% to an action of BT on 2% via the circle operator is also
discussed in section 5, and used later in sections 12 and 17.

Part IT develops many of the techniques and language critical to our approach.
As mentioned above, this approach hinges on identifying minimal flows as
quotients of M by icers. We need not only to associate to any minimal flow an
icer on M, but to any icer on M a minimal flow. The basic topological result
needed is that the quotient of any compact Hausdorff space by a closed equiv-
alence relation is again a compact Hausdorff space. Section 6 includes a proof
of this result and a discussion of the relative product of two relations, a useful
tool for constructing equivalence relations.

The fundamental result concerning icers on M is proven in section 7. We
show that any icer R on M can be written as a relative product

R = (RN Py) o gr(G(R))

where Py = {(«¢(u), ¢(v)) | @« € G and u, v are idempotents in M} (see 7.21).
Regular flows, whose original definition is motivated in terms of automor-
phisms, are those flows whose representation as a quotient M /R is unique.
The flow (M, T) is of course regular, and its structure serves as a prototype
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for the algebraic structure of regular flows outlined in section 8. In particular,
if (X, T) is a regular flow, then the pair {X, Aut (X)} has properties analogous
to those of the pair {M, G}, some of which were alluded to above.

In part III we give a detailed exposition of the approach to the t-topology
mentioned earlier. When applied to the group Aut (X), for any regular minimal
flow (X, T'), we obtain a topology which is compact and T; but not Hausdorff.
The construction of a derived group F' for any closed subgroup F C Aut (X)
is given in section 1. F’ is a normal subgroup of F which measures the extent
to which F fails to be Hausdorff; in fact for any closed subgroup H C F,
the quotient space F/H is Hausdorff if and only if F' C H (see 11.10). In
section 12 we give a proof of the fact that there exists a minimal flow X whose
group G(X) = A if and only if A is a t-closed subgroup of G. One example
of such a flow is M /R where

R =gr(A) = Jlgr@) |« € A}.

The basic idea of the proof, which uses the material on quasi-factors, is the
same as in Lectures on Topological Dynamics but the language of the current
approach allows a more efficient treatment.

Part IV is motivated by the questions: How are the various subgroups of G
related to one another, and what do they tell us about the dynamics of minimal
flows? It has long been known that the subcategories D and £ of minimal
distal and minimal equicontinuous flows respectively also possess universal
objects Xp and X¢. Heretofore the groups D and E have been defined as
the groups associated to these flows, i.e. D = G(Xp) and E = G(Xg). In
sections 14 and 15 we obtain intrinsic characterizations of D (see 14.6), and E
(see 15.23) respectively. This gives content to the statements: if X is distal, then
D C G(X), and if X is equicontinuous, then E C G(X). In fact, emphasizing
the language of icers, M /R is distal (respectively equicontinuous) if and only if

R = Pyogr(A)

with D C A (respectively E C A). For proofs see 14.10 and 15.14 respec-
tively. In particular distal and equicontinuous flows are completely determined
by their groups. We show in 15.21 that G'D = E, from which it follows
immediately that (X, 7') is equicontinuous if and only if (X, T) is distal and
G’ C G(X). In section 13 we discuss the proximal relation P(X) on a min-
imal flow X. In analogy with the distal and equicontinuous cases, we give a
description of a subgroup P C G and show that P(X) is an equivalence rela-
tion if and only if P C G(X). Another subgroup G’ C G is introduced and
we show that P(X) is an equivalence relation with closed cells if and only
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if PG’ ¢ G(X). In fact PG’ CD which is consistent with the well-known
#~

result that P(X) is a closed invariant equivalence relation on X if and only if
D C G(X). (see 14.8) In section 15 the regionally proximal relation, Q(X) of
a minimal flow (X, T') is introduced to facilitate the study of equicontinuous
flows. (Recall that (X, T') is equicontinuous if and only if Q(X) = Ay the
diagonal in X x X.) The case Q = Q(M) is also used to define the group E.
Equicontinuous minimal flows are discussed from the point of view of icers on
M in the body of section 15, while the approach to the same material via the
enveloping semigroup is treated in the appendix. Q(X) is discussed in further
detail in section 15 where we give a new proof of the fact that if E C G'G(X),
then Q(X) is an equivalence relation.

To a large extent part V is concerned with generalizing the results of part IV
to homomorphisms (extensions) of minimal flows. For instance for icers R C
S on M, the canonical projection M/R — M/S is a distal homomorphism if
and only if

S = (RN Py ogr(G(9)),

moreover the extension is equicontinuous if and only if G(S)" C G(R). We
close with a section devoted to four theorems all of which are equivalent to
the Furstenberg structure theorem for distal extensions; this section uses the
language of icers and the techniques developed in the earlier sections to give
proofs that all four theorems are equivalent. This fact does not seem to have
been emphasized in the literature, and provides a good opportunity to illus-
trate the language and techniques developed in the book. This analysis also
illustrates an interesting twist to the icer approach. Here not only does the
structure of the icers R and S come into play in understanding the extension
M/R — M/S, the dynamics of the icer on M /R whose quotient gives M /S
also plays an important role. The construction of the so-called Furstenberg
tower provides another nice illustration of the language of icers; the stages
in the tower are explicitly constructed using icers which are themselves con-
structed from the groups involved.

Section 20 itself does not contain the proof of the Furstenberg theorem.
Instead we give a chart describing where proofs of various special cases appear
in the text. On the other hand a complete proof for compact Hausdorff spaces,
of the fact that any icer on a minimal flow which is both topologically tran-
sitive and pointwise almost periodic must be trivial (one of the equivalents
of the Furstenberg structure theorem) appears in 9.13. This is because our
proof relies on the concept of the quasi-relative product developed in section 9.
Indeed the quasi-relative product arose during our attempt to give a proof of
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the Furstenberg theorem in its full generality. The metric case of the theorem
follows immediately from the fact that for metric flows the notions of point-
transitivity and topological transitivity coincide. Our proof in the general case
proceeds by reducing it to the metric case; the key tool in the construction
which enables this is the quasi-relative product. While the quasi-relative prod-
uct is only necessary for the most general version of the Furstenberg theorem,
it turns out to be closely connected to quasi-factors (hence the name) and RIC
extensions. We detail these connections in sections 9 and 17 respectively.

A word about format

We have written this book using a theorem-proof format. All the proofs are
given using a sequence of numbered steps for which reasons are given at each
stage. There are two main reasons for this approach. The first is to make sure
that the arguments are as clear and accessible as possible. We found that insist-
ing on numbering our steps and giving reasons forced a rigor, clarity, and atten-
tion to detail we hope the reader will appreciate. We have attempted to avoid
situations where as the material becomes more complex the reader is expected
to fill in more gaps in the arguments.

In addition to a better understanding of the details of the individual argu-
ments, we hope that the format adds to the clarity of the overall exposition.
The assumptions and conclusions of each of the lemmas, propositions, and
theorems are stated carefully and precisely in a consistent format. These items
are all numbered so that they can be referred to in a precise and unambiguous
way as the exposition proceeds. We have tried to keep the proofs reasonably
short and have divided the material into short sections, typically ten to fifteen
pages long. In addition, we begin each section with an introduction designed
to give an informal outline and motivation for the material in that section. The
reader who wishes to go lightly on the intricate details, may wish to follow the
train of thought by focusing on the introductions to each section and skipping
the proofs. In this case, if a specific result attracts the reader’s interest, then
the numbering system should facilitate a more careful reading of the details.
This format is designed especially for the student who is not yet an expert; it
assures that careful attention is paid to the details and that the train of thought
is readily accessible.



PART I

Universal constructions

Our focus in the first part of this book is on the construction of certain universal
objects that are crucial to the algebraic approach to the study of the asymptotic
behavior of dynamical systems (flows). For the purposes of this exposition a
flow is a pair (X, T'), where X is a compact Hausdorff space, and T is a group
which acts on X (on the right). A homomorphism of flows is a continuous map-
ping which preserves the actions. When the orbit closure of some point xg € X
is all of X, thatis xoT = X, we say that the flow (X, T') is point transitive. If
xT = X forall x € X we say that (X, T) is minimal. The collection of point
transitive flows has a universal object, (87, T'), in the sense that every point
transitive flow is a homomorphic image of (87, T') (see 2.5). The action of T'
on BT extends in a natural way to a semigroup structure on $7 which plays an
important role in the study of flows. In section 1, we give an exposition of the
structure of ST, relegating its construction via ultrafilters on 7' to an appendix.

We exploit the properties of ST in section 2 to give a treatment of the
enveloping semigroup E (X, T) of aflow (X, T'). In Section4 8T and E(X, T)
are used to introduce many of the fundamental notions which will be studied
throughout the book. Of particular importance is the structure of the minimal
idealsin E (X, T') discussed in section 3. The fact that BT is its own enveloping
semigroup allows us to apply these ideas to a minimal right ideal M C BT.
On the other hand for such a minimal ideal, the flow (M, T') is a universal
object for the collection of all minimal flows (see 3.16). Our approach to the
study of minimal flows involves exploiting the structure of M and the group
of automorphisms of M to gain an understanding of the structure of the icers
(closed invariant equivalence relations) on M. These ideas are pursued further
in section 7 of Part II.

Another construction which will play a significant role in our exposition is
that of a quasi-factor of the flow (X, T'); this is by definition a subflow of the
flow (2%, T'). Here by 2¥ we mean the space whose elements are closed non-
empty subsets of X. In the appendix to section 5, we give an outline of the
construction of the Vietoris topology, a compact Hausdorff topology on 2% . In
the body of section 5 we develop some of the properties of the flow (2%, T),
including the extension of the natural action of T on 2% to an action of 7 on
2X given by the so-called circle operator.
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The Stone-cech compactification ST

The Stone-Cech compactification 7, is a compact Hausdorff space contain-
ing the discrete group 7 as a dense subset. Of course one can construct the
Stone-Cech compactification of any discrete set; a construction via ultrafilters
is outlined in the appendix to this section. On the other hand BT is character-
ized by certain properties which we take as its definition for the purposes of
this section. When 7' is a group there is a natural semigroup structure on 87,
for which left multiplication by all elements, and right multiplication by ele-
ments of 7" are continuous. This semigroup structure plays a fundamental role
in our study. In proposition 1.3 we deduce this structure as a consequence of
the characterizing properties of B7'; in the appendix the semigroup structure is
defined directly in terms of ultrafilters.

Definition 1.1 Let 7 be a set with the discrete topology. The Stone-Cech
compactification BT of T is determined up to homeomorphism by the fol-
lowing properties:

(i) T c BT with T = BT,
(i) BT is a compact Hausdorff space, and
(iii) if X is a compact Hausdorff space and f:T — X, then there exists a
unique continuous extension f : BT — X.

The uniqueness of the extension in (iii) above is crucial. For instance it has
as a consequence the fact that ST is unique up to homeomorphism. Indeed
if Y is any space satisfying (i), (ii), and (iii), then the inclusions 7 C Y and
T C BT extend to continuous maps ¢: BT — Y and ¥: Y — BT. The
composition ¢ o v is thus a continuous extension of the inclusion T C Y to Y,
and hence by uniqueness must be the identity. Similarly v o ¢ is the identity
on BT, and therefore ¢ is a homeomorphism with inverse 1. This shows that
as a topological space ST is completely determined by the conditions in 1.1.



4 The Stone-cech compactification ST

The following theorem confirms this by exhibiting a base for the topology on
BT. It is interesting to note that this base consists of sets which are both open
and closed in BT.

Theorem 1.2 Let:

(i) T be a set with the discrete topology and BT be its Stone-Cech compact-
ification,
(i) ACT,and
(iii)) V C BT be an open set.

Then:
(a) BT = AUT \ A is a disjoint union, and thus A is both open and closed
(clopen) in BT,

(b) V=V NT,and hence V is both open and closed, and
(c) {A| A C T} is a base for the topology on AT .

PROOF: (a)l.Letd £ACT.

1 ifreA
2.Let xa: T — {0, 1} be defined by x4(¢) = .

0 otherwise
3. There exists a continuous extension x4: 87 — {0, 1}. (by 2, 1.1(iii))
4. 2,1 (1) and £, (0) are clopen with A € %' (1) and T\ A C %' (0).

(by 2,3)
S.Letp e 2;1(1) and W C BT be open with p € W.
6. There exists € T withr € W N %' (1). (by 4, 5, 1.1(1))
7.te ANW. (by 2, 3, 6)
8.peA. (by 5,7)
9. 251 (1) C A. (by 5, 8)
10. 2;1 0)CT\A. (similar argument)
1. 3, ') =Aand 3,'(0) =T\ A. (by 4,9, 10)
(b)1.Clearly VNT C V.

2.Let W C BT beopenand p € VN W.
3. There existst € T witht € VN W. (by 2, 1.1(1))
4.re(VNT)NW. (by 3)
5.peVNT. (by 2, 4)

(c)1.Let@ £V C BT beopenand p € V.
2. There exists W open with p € W ¢ W € V. (BT is compact Hausdorff)
3.peW=WNTCV. (by 2, part (b))
4.{A| A C T} is a base for the topology on AT . (by 1, 3)

We will be most interested in the space BT when T is a group. In this case,
and in fact whenever 7 is a semigroup, the semigroup structure on 7" induces a



The Stone-cech compactification ST 5

semigroup structure on B7. Once again the uniqueness of the extension in 1.1
(iii) is crucial. The following proposition details the construction.

Proposition 1.3 Let T be a semigroup, so that 7 is provided with an associa-
tive binary operation:

TxT—>T
(s,t) — st.
Then the semigroup structure on 7" extends to one on 87,
BT x BT — BT
(p.q) = pq
such that:

(a) the right multiplication map R, : BT — BT is continuous for allt € T,

p — pt
and
(b) the left multiplication map L, : BT — BT is continuous forall p € BT.
q—rq

PROOF: 1.Letm'(s) =stforalls,teT.
2. There exists a continuous extension R, : BT — BT of m' foreveryr € T.
(by (iii) of 1.1)

3. There exists a continuous extension L, : BT — BT of the map
T — BT

. (by (iii) of 1.1)
t = R(p) Y

4. For p, q € BT we define pg = L ,(q).
5.Lett,s € T.Thenthe maps BT — BT and BT — BT
p — (psi p = plsn
are both continuous extensions of the map
T — BT
t'— (t's)t =t'(st).
6. p(st) = (ps)t forall p € BT and s,t € T.
(by 5 and uniqueness in (iii) of 1.1)
7.Let p,q € BT. Thenthe maps BT — BT and BT — BT
qg — (pgr qg — prlgn)
are both continuous extensions of the map
T — BT
s = (ps)t = p(s1). (by 3, 6)
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8. p(gt) = (pg)tforall p e BT andt € T.
(by 7 and uniqueness in (iii) of 1.1)
9. The maps BT — BT and BT — BT

r — (pg)r r — p(qr) are both continuous extensions
of the map
T — BT
t— (pg)t = p(q1). (by 3,8)

10. p(gr) = (pg)r for all p,q,r € BT. (by 9 and uniqueness in (iii) of 1.1)

The space BT can be provided with a (different) semigroup structure in which
left multiplication is continuous for all + € T, and right multiplication is
continuous for all p € BT. Merely mimic the proof of 1.2 starting with the
map m;:T — T.We will most often be interested in right actions of a
s — ts

group 7.

Henceforth we will always assume unless explicitly indicated otherwise that
T is a group, and that BT is provided with the semigroup structure of 1.2. In
the upcoming sections we will make extensive use of this semigroup structure
and in particular the fact that it makes (87, T) into a flow. It is important to
note that the assumption that 7" is a group, so that every element of 7" has an
inverse does not guarantee that the elements of BT have inverses. In fact BT
is a group only if 7 is finite and 87 = T. In general, the only elements of ST
which have inverses are the elements of 7'. This follows immediately from the
fact that p, g € BT with pg € T implies that p, g € T.Indeedif pg =t € T,
thent € L,(BT) = LP(T) = L,(T) since L, is continuous. On the other
hand T C BT has the discrete topology so {¢} is an open subset of BT. It
follows that r € L,(T) and there exists s € T with ps = ¢. But this implies
that p=ts~ ' eTandg=s e T.

We end this section with an elementary proposition which speaks to the
naturality of the construction of BT.

Proposition 1.4 Let:

(i) T be a semigroup,
(i) W # H C T, and
(iii) j: BH — BT be the continuous extension to SH of the inclusion
H — BT.

Then:
(a) j is injective,
(b) im j = H, and
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(c) if H is a subsemigroup of T, then j(pg) = j(p)j(q) forall p,q € BH.
(Thus we will identify BH with H C BT.)

PROOF: (a)l.Lethy e H.

t ifteH

ho ift ¢ H
3.Let ¢: BT — BH be the continuous extension of ¢ to BT.
4.Lety =¢oj: BH — BH.

2.Letg: T — BH be defined by ¢(t) = {

5.9 (h)=hforallh e H. (by 2,3, 4)
6.y (p) = pforall p e BH. (by 3, (iii), 1.1(iii))
7. j is injective. (by 4,6)

(b) and (c) We leave these to the reader.

APPENDIX TO SECTION 1: ULTRAFILTERS
AND THE CONSTRUCTION OF BT

Our goal here is the construction of the compact Hausdorff space 87T, which
is characterized up to homeomorphism by 1.1. Those readers already familiar
with ultrafilters will recall that a topological space X is compact if and only
if every ultrafilter on X converges to a point in X (see 1.A.16 and Ex. 1.5).
This motivates the approach we will take; in analogy with the construction of
the real numbers as Cauchy sequences of rational numbers, BT will be iden-
tified as the collection of ultrafilters on 7. We have attempted to make this
presentation self-contained, so that filters and ultrafilters are defined, and the
elementary properties necessary for the construction explicitly introduced. We
make use of one of these properties, namely 1.A.8, in the appendix to section 5.
All the other sections of the book, while occasionally using the terminology of
this appendix, rely only on the results of section 1 itself. In the interest of
brevity, proofs of some of the results in this appendix are left as exercises for
the reader. We begin with some background material on filters and ultrafilters.

Definition 1.A.1 Let 7' be a nonempty set and F a collection of nonempty
subsets of 7. We make the following definitions:
(a) Fis afilter base on T if

Fi,...,F, € F — thereexists F € FwithF C F;N---NF,.

(b) F¢ ={A | A C T and there exists F € F with F C A}.
(¢c) Fis afilter on T if F is a filter base on T and F¢ = F. Thus if F is a
filter, then it has the finite intersection property (F1.P.), meaning

F, . ..FFeF = FN---NF,eF.
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(d) U is an ultrafilter on T if U is a filter on T such that
FafilteronTwithd C F —= U = F
(so that U/ is a maximal filter on 7).

The neighborhoods of a point x in a topological space provide an important
motivating example; we leave it as an exercise for the reader to verify this.

Example 1.A.2 Let X be a topological space and x € X. Then the collection
Ny = {A | there exists U open in X withx € U C A}
is a filter on X. We refer to N, as the neighborhood filter at x.

Another elementary example which plays a fundamental role in the con-
struction of BT is the following:

Example 1.A.3 Lett € T. Then the collection
ht)y={A|te ACT}

is an ultrafilter on 7. Moreover A (¢) is the only ultrafilter on 7" which contains
the singleton set {r}. We refer to h(¢) as the principal ultrafilter generated
byt.

PROOF: We leave the proof as an exercise for the reader.

According to 1.A.3, every ¢ € T generates an ultrafilter on 7'; we now observe
that any filter is contained in some ultrafilter. Suppose that {F; | i € [}isa
collection of filters on 7', where [ is a totally ordered set. Assume further that
ifi < j e I,then F; C F;. (These assumptions amount to saying that this
collection is an increasing chain of filters on 7'.) Then it is straightforward to
check that the union | J F; is a filter on T'. This shows that every increasing
chain of filters has a rilealximal element; hence as an immediate consequence of
Zorn’s lemma (see also 3.3 for a statement) every filter is contained in some
maximal filter (i.e an ultrafilter). We state this result as a lemma for future
reference:

Lemma 1.A.4 Let F be a filter (or filter base) on 7. Then there exists an
ultrafilter / on T such that 7 C U.

The next few results examine the structure of ultrafilters on 7. In particular
they allow us to characterize those filters which are ultrafilters. In fact a filter 7
is an ultrafilter if and only if for every ¥ # A C T, either A or its complement
lie in F. (This is the content of 1.A.6 and 1.A.7.)
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Proposition 1.A.5 Let:

(1) U be an ultrafilter on 7', and
i) AcCT.

Then A e U ifandonlyif ANU # @PforallU € U.

PROOF: 1. Since Uf is afilteritis clearthat A e Y = AN U # ¢ for all

Uel.
2. Assume that ANU # @ forallU € U.

LetG={GCT|ANU C GforsomeU € U}.

.LetGy,...,G, €G.

. There exist U; € Y suchthat ANU; C G; forl <i <n.

LANU CGiNn---NGy.
.GinNn---NnG, €gG.
.Gisafilteron T.
10.U C G.

11.U = G.

12. A e U.

3
4
5
6.U=UN---NU, eU.
7
8
9

Corollary 1.A.6 Let:

(i) U be an ultrafilter on 7', and
(i) ACT.

Theneither AcUdorT\ A el

PROOF: 1. Assume that A ¢ U.

2. There exists U € U suchthat ANU = ¢.

3.UCT\A.
4.T\Ael.

Proposition 1.A.7 Let:

(i) F be afilteron T, and
(i) Ae ForT\Ae Fforall ACT.

Then F is an ultrafiter on 7.

PROOF: 1.LetG beafilteron 7 with F C G.

2.Let G € G.
3.T\G ¢G.
4.T\G ¢ F.
5.G e F.

(by 3,4)
(by 5, (1))
(by 5, 6)
3.7

(by 4, 8)
(by 3)

(by 10, (1))
(by 3, 11)

(by 1, 1.A.5)
(by 2)
(by 3, (1))

(by 1,2)
(by 1, 3)
(by 4, (ii))
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6.GCF. (by 2,5)
7. F is an ultrafilter on 7. (by (1), 1, 5)

The following natural generalization of 1.A.6 will be useful here and is used
in proposition 5.A.3 of the appendix to section 5.

Corollary 1.A.8 Let:

(1) U be an ultrafilter on 7,
(i1) Aq,..., A, be subsets of 7', and
(iii) AyU---UA, eld.

Then there exists j with A; € U.

PROOF: 1. Assumethat A; ¢ U foralli # j.

2. T\ A; el foralli # j. (by 1, (i), 1.A.6)
3. N(T\A)el. (by 2, (1))
i#]
4. A NN (T\A) = (A U--UA)N (T \A) €U, (by 3, (i), (iii))
i#j i#]
5. Aj elU. (by 4, (1))
6. There exists j with A; € U. (by 1, 5)

Having discussed a few of the elementary properties of ultrafilters, we are
ready to define the Stone-Cech compactification ST of T. As a set BT simply
consists of all the ultrafilters on T'; the next step is to define a topology on 7.
Describing this topology requires some notation.

Definition 1.A.9 Let 7' be a nonempty set. We define BT by
BT = {U | Uis an ultrafilter on 7 }.

Definition and Notation 1.A.10 Let § # A C T. We define the hull of A by
h(A) ={u € BT | A € u}.

Note that for r € T we have used the notation /4 (t) for the single element
h(it)y={A|te ACT}epT,

whereas the hull 4 ({¢}) as defined above is a subset of 87. This notation is
justified by the fact that 2({¢t}) = {h(¢)} since h(t) is the only ultrafilter which
contains {¢}. We will identify 7" with the subset {h(¢) | t € T} C BT and thus
write ¢ for the element i(t) € BT.

Note that if an ultrafilter u € h(A) N h(B), then A € u and B € u. This
implies that A N B € u and hence u € h(A N B). It follows that the collection

{(h(A)|ACT}

is a base for a topology on BT . This gives us the following proposition.
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Proposition 1.A.11 Let
T ={I C BT | foreveryu € I there exists A € u withh(A) C T'}.
Then 7T is a topology on BT.

Henceforth we will assume that 87 is provided with the topology 7. In this
topology if A C T C BT, then h(A) is the closure of A in ST. We leave the
proof as an exercise for the reader; one immediate consequence is the fact that
A is both open and closed in BT, as we saw in 1.2. On the other hand every
ultrafilter on 7' contains the set 7, so BT = h(T) = T, in other words 7 is
dense in ST. We restate this for emphasis.

Proposition 1.A.12 T is dense in 8T.

Having constructed the space ST satisfying condition (i) of 1.1, we now wish
to show that ST is a compact Hausdorff space (condition (ii) of 1.1).

Lemma 1.A.13 Let:

(1) {A; | i € I} be nonempty subsets of 7', and
(i) U h(A) = BT.

iel
Then there exists a finite subset F C I with | J A; =T.
ielF

PROOF: 1. Assumethat Br =T \ (U A,-> # () for all finite sets F C 1.
ieF
2.Let B={Bp | F C I finite}.

n

3. Bru.ur, =T\ U al=NIr\Ua|]|=

i€F|U--UF, j=1 icF;
Bp, N---NBg,. (by 1)
4. Bis a filter base on T'. (by 2, 3)
5. There exists an ultrafilter &/ on T with B C U. (by 4,1.A.4)
6. There exists k € I withif € h(Ay), and hence Ay € U. (by 5, (ii))
7.T\ Ay =ByyeBcCU. (by 1,2,4)

8. BF = ¥ and hence UieF A; = T for some finite set F C T.
(6, 7 contradict 1)

Theorem 1.A.14 (BT, T) is a compact Hausdorff topological space.

PROOF: 1. Let {I'; | i € I} be a family of open subsets of 8T with

UTi =8T.

iel

2. For every u € BT, there exists A, € u and i, € I with h(A,) C T, . (by 1)
3. UueﬂT h(A,) = BT. (by 2)

4. There exists a finite subset F C BT .suchthat | J A, =T. (by 3, 1.A.13)

ueF
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5.Letv € BT.

6.A, €¢vforsomeu € F. (by 4,5, 1.A.8)

7.veh(Ay) CTy,. (by 2, 6)

8. U I, =8T. (by 5,7)
ueF

9. (BT, T) is compact. (by 1, 8)

10. Let uy # un € BT.

11. There exists a subset A C T suchthat A € uj and A ¢ u». (by 1)

12.T \ A € us. (by 11, 1.A.7)

13.u; € h(A) and up € h(T \ A). (by 11, 12)

14. h(A) and h(T \ A) are disjoint open subsets of S7.

15. (BT, T) is Hausdorff. (by 10, 13, 14)

In order to show that BT satisfies the final condition of 1.1, we make use of
the fact that in a compact Hausdorff space X, every ultrafilter converges to a
unique point in X. This is the content of 1.A.16 whose proof we include in the
interest of completeness. The converse also holds, but since we will not make
explicit use of it, we have left its proof as an exercise.

Definition 1.A.15 Let X be a topological space, x € X and F be a filter on
X. We say that F converges to x and write J — x, if the neighborhood filter
atx, Ny C F.

Lemma 1.A.16 Let:

(i) X be a compact Hausdorff topological space,
(i) # #Y C X,
(iii) U be an ultrafilter on X, and
(iv) Y e U.
Then there exists a unique x € Y such that f — x.

PROOF: 1. Assume that{ /4 x forallx € Y.

2. For every x € Y there exists Vy € Ny with Vy ¢U. (by 1)
3. There exists a finite subset F C Y such that Y C U V.
xeF
(by 2, (Y is compact by (i)))
4.Yv=J,NY)el. (by 3, (iv))
5. Thergi:iists x € Fsuchthat V, NY € U. (by 4, (iii), 1.A.8)
6. There exists x € Y such that i/ — x. (5 contradicts 2)

7. Uniqueness follows from the fact that X is Hausdorff.

We now wish to prove that every mapping from 7 to a compact Hausdorff
space Y can be extended to a continuous map 7 — Y. The proof uses the fol-
lowing elementary lemma, whose proof we leave as an exercise for the reader.
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Lemma 1.A.17 Let:
G f:T—->Y,
(i) U be an ultrafilter on T, and
(ili) fU) = {B C Y | there exists A € I with f(A) C B}.

Then f () is an ultrafilter on Y.
Theorem 1.A.18 (Compare with 1.1.) Let:

(i) X be a compact Hausdorff topological space, and

G f: T — X.

Then there exists a unique continuous map f : BT — X with f (t) = f(t) for
allt eT.

PROOF: 1.Letu € BT.
2. f(u) = {B C X | there exists A € u with f(A) C B} is an ultrafilter on X.
(by 1, 1.A.17)
3. There exists a unique element f(u) € X such that f(u) — f(u).
(by 2, 1.A.16)
4. Lett=h(t)eT C BT.

5. f@0)={BCXI|f@®)e€B}DNyq. (by 2, 4)
6. f(1) = f (). (by 3,5)
7.LetV C X beopenandu € BT withu € f_l(V).

8. There exists W C X open with f(u) eWcCWwWcV. (by 7, (1))
9. f(u) > f(u) e W. (by 3, 8, 1.A.16)
10. W € f(u). (by 8, 9)
11. There exists B € u with f(B) C W. (by 10)
12. Let v € h(B) (so that B € v).

13. W € f(v). (by 11, 12)
14. There exists x € W such that f(v) — x. (by 13, 1.A.16)
15. fw)=x € V. (by 3, 8, 14)
16.ve fL(V). (by 15)
17.u € h(B) C f~Y(V). (by 11, 12, 16)
18. f’l (V) is open and hence f is continuous. (by 7, 17)

19. f is unique because 7 is dense in BT (by 1.A.12) and X is Hausdorff.

We turn now to the case where 7 is a semigroup. We saw in 1.3 that in this case
there is a unique semigroup structure on 87 which makes right multiplication
by elements of 7" and left multiplication by all elements of 87 continuous.
Having constructed the topological space ST using the ultrafilters on 7', we
complete this appendix by showing that a semigroup structure on 7" allows us
to define the product of two ultrafilters on 7', giving 87 a semigroup structure.
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This definition is motivated by the fact that for an ultrafilter v € T, and an
element ¢ € T, one expects their product to be given by:

ut={Ar|Acul={A|Ar"" cu)

which in fact makes sense when 7 is a group but may not be an ultrafilter
when the right multiplication map R; is not one-one. Instead we will use

ut = {A| R (A) € u),

which gives the same result when 7 is a group since R, I = R,-1 in that case.
Thus the ultrafilter ut = uh(¢) should be characterized by the fact that:

Acut & te{s|R (A eu} < {s|R'(A) eu) €h().

This viewpoint generalizes in a natural way to the product uv of two ultrafil-
ters:

Acuv < {s|R;'(A) eu}ev.

There are many details to check; for instance it needs to be shown that uv
as defined above is an ultrafilter. We content ourselves with giving a precise
outline of the notation and results involved while leaving the details of the
proofs to the reader.

Definition and Notation 1.A.19 Let T be a semigroup, t € T, A C T, and
u € BT. We use the notation:

R:T — T L,:T — T
s — st s — ts

for the multiplication maps in 7', and
At = R;(A) = {at |a € A}.
We define
Asxu={seT|R (A eu)
Note that
RN A)eh(t) & 1eR;1(A) < 15€ A = seL (A,

sothat A % h(r) = L' (A).
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Proposition 1.A.20 Let:

(i) T be a semigroup,
(i) u,v € BT, and
(i) w={ACT|Axue v}

Then w is an ultrafilter on 7.
PROOF: We leave the proof as an exercise for the reader.

Definition 1.A.21 Let 7 be a semigroup, and u, v € BT . We define
uv={ACT|Ax*xue€uv},

so that uv € BT by 1.A.20.

For any two elements s, t € T, applying 1.A.21 yields:
h(s)h(t) ={A|Axh(s) e h(t)} ={A|t € LS_I(A)} = {A|st € A} = h(st),
so this definition of a product on BT agrees with the semigroup structure on 7.
It follows immediately from the next lemma that this product is associative and
hence gives BT a semigroup structure which extends the semigroup structure
onT.
Lemma 1.A.22 Let:

(i) T be a semigroup,
(i) u,v € BT, and
(i)  £AACT.
Then A * (uv) = (A xu) * v.

PROOF: We leave the proof as an exercise for the reader.

Proposition 1.A.23 Let:

(i) T be a semigroup, and
(i) u,v,w € BT.

Then (uv)w = u(vw).

PROOF: Ac (uv)w < (Axu)*xv=Axuv) ew < Axuc
vw = A €u(vw). (by 1.A.22)
We complete our discussion of BT by indicating how to verify that the maps
R; and L, are continuous for all # € T and p € BT respectively.

Lemma 1.A.24 Let:

(i) T be a semigroup,
(i) #ACT,
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(iii) t e T,

(iv) u € BT,

(v) R,:BT — BT ,and
v — vt

(vi) L,:BT — PBT.
v —  uv

Then

(@) R '(h(A)) = h(R(A)),
(b) L;l(h(A)) =h(A *xu).

PROOF: We leave the proof as an exercise for the reader.

Proposition 1.A.25 (Compare with 1.3) Let:

(i) T be a semigroup,

(i) teT,

(iii) u € BT,

(iv) R,:BT — BT, and
v — vt

V) L,:BT — BT .
vo—>  uv

Then R; and L, are both continuous.

PROOF: This follows immediately from 1.A.24.

EXERCISES FOR CHAPTER 1

Exercise 1.1 (See 1.4) Let:

(i) T be a semigroup,
(i) ¥ # H C T be a subsemigroup, and
(iii) j : BH — BT be the continuous extension to BH of the inclusion
H — BT.

Then j(pg) = j(p)j(q) forall p,q € BH (so that BH = H is a subsemi-
group of BT).

Exercise 1.2 Let X be a topological space and x € X. Prove that the collection
N = {A | there exists U open in X withx € U C A}

is afilteron 7.
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Exercise 1.3 Let:

(1) F beafilteron T, and
(i) U(F) = {U | Uis an ultrafilter on T with F C U}.

Provethat F = [\ U.
UeU(F)

Exercise 1.4 Let s € T. Prove that the collection
h(it) ={A|te ACT}

is the unique ultrafilter on 7" containing {7}.

Exercise 1.5 Let X be a topological space. Show that X is compact if and only
if every ultrafilter on X converges. (Compare with 1.A.16.)

Exercise 1.6 Let:

@ f:T—Y,
(i) U be an ultrafilter on 7', and
(iii) fU) = {B C Y |there exists A € U with f(A) C B}.

Show that f(U/) is an ultrafilter on Y.

Exercise 1.7 Let
T ={T C BT |foreveryu € T there exists A € u withh(A) C T'}.

Show that T is a topology on BT'; since @, BT € T this amounts to proving:
(a) if{T;|i e I} C T,then |JT; € T, and

iel

(b) if {T'y,..., Ty} C T.then [, N---NT, € T.

Exercise 1.8 Let:
1) T={C cBT |VueTl, JA € uwithh(A) C T}, and
(i) AcCT.

Show that A = h(A); so that A is both open and closed with respect to the
topology 7.

Exercise 1.9 Let:
(i) T be a semigroup,
(i1) u,v € BT, and
(i) uv={ACT|Axuecv}.
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Show that

(a) wuv is an ultrafilter on 7', and
(b) Ax(wmv)=(Axu)*xvforalld #A#ACT.

Exercise 1.10 Let:

(i) T be a semigroup,

) £AACT,

(iii) t e T,

(iv) u € BT,

(v) R,:BT — BT, and
v — vt

vi) L,:BT — BT,
v —  uv

Show that

() R '(h(A)) = h(R;'(A)), and
() L, (h(A)) = h(A % u).
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Flows and their enveloping semigroups

For us a flow will be a compact Hausdorff space X provided with a continuous
(right) action of a group 7 on X. In Topological Dynamics we are concerned
with the so-called asymptotic behavior of this action. This motivates the con-
sideration of not just the collection T thought of as a subset of the set X¥
of self-mappings of X, but all of the limit points of 7' in XX . This gives rise
to the notion of the enveloping semigroup E(X, T) of the flow. The compo-
sition of functions gives a natural semigroup structure on E (X, 7') which as
we will see in subsequent sections, can be exploited to study the asymptotics
of the original flow (X, 7). The semigroup structure on 87 discussed in the
previous section and its appendix serves as a prototype example. Indeed since
T C BT, this semigroup structure makes (87, T) itself a flow, and we will see
in proposition 2.9 that E(BT, T) = BT in a natural way.

In this section we introduce the appropriate notation, the details of the con-
struction, and give an exposition of some of the elementary properties of
E(X, T). Many of these properties will be used directly, and serve as moti-
vation in what follows. Several accounts of this material appear in the text-
book-literature (see for example [Auslander, J., (1988)] and [Ellis, R., (1969)].
However, the point of view we have adopted here is slightly different. In order
to emphasize the connection between the two, we have involved ST in the
definition of E(X, T') (see 2.8). In particular the fact that E(X, T') is a homo-
morphic image of ST, both as a flow and as a semigroup has important conse-
quences. We begin with some basic notation and definitions.

Definition 2.1 Let X be a set and S a semigroup. Then an action of S on X is
a function

T:XxS—>X

(x,8) = xs such that x(st) = (xs)t

19
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forall x € X and s, ¢ € S. If S has an identity e we require that xe = x for all
x € X.If m is an action of S on X, we say that S acts on X via 7w or simply
that S acts on X.

Definition 2.2 A flow is a triple (X, T, w) where X is a compact Hausdorff
space, T is a topological group, and 7 is an action of 7 on X such that the map
7 is continuous. Let A C X. We say that A is invariant if AT = {at | a €
A,t € T} C A.If A is invariant, then the restriction of 7 to A x T defines
an action of 7 on A. If A is also closed, the resulting flow (A, T, 7) is called
a subflow of the flow (X, T, 7). Most of the time the symbol 7 is suppressed,
i.e. the flow (X, T, ) is denoted (X, T') or simply, X.

For all of the flows (X, T, i) considered here we will assume that 7' is pro-
vided with the discrete topology. In this case for 7 to be continuous it suffices
that the maps n’: X — X be continuous forallt € T.

x — xt

As we mentioned above, it follows from 1.3 thatthe map n: BT x T — BT
defined by 7 (p, t) = pt makes (87T, T) a flow.

We now make explicit the definition of a homomorphism of flows mentioned
earlier.

Definition 2.3 Let (X, T), (Y, T) be flowsand f: X — Y. Then f is a homo-
morphism if f is continuous and f(xt) = f(x)t forallx € X, andr € T.
The set of homomorphisms from X to ¥ will be denoted Hom(X, Y). The set
of automorphisms (bijective elements of Hom (X, X)) of X, will be denoted
Aut(X).

One example of an asymptotic property of a flow is point transitivity as
defined below.

Definition 2.4 Let (X, T') be a flow. We say that (X, T') is point transitive if
there exists xo € X with xoT = X.

Clearly the flow (8T, T) is point transitive since eT = T = BT . Note also
that if f: (X,T) — (Y, T) is an epimorphism (surjective homomorphism),
and (X, T) is point transitive, then (Y, T') is point transitive. Thus any homo-
morphic image of (87, T) is point transitive. As we show in 2.5, the converse
of this statement also holds. For this reason the flow (BT, T) is often called
the universal point transitive flow.

Proposition 2.5 Let (X, T) be a point transitive flow. Then there exists an
epimorphism f: (BT, T) — (X, T).
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PROOF: 1. There exists xo € X with x0T = X.
2. The map T — X has a unique continuous extension f : BT — X .
t — xot p — Xxop
(by 1.1)
3. LetteT.
4. The maps

BT — X and BT — X
p — xo(pt) p — (xop)t

are continuous extensions of the map

T — X
' = (xot)t = xo(t't).

5. x0(pt) = (xop)t and hence f is a homomorphism. (by 2,3,4,1.1)
6.x0T = f(T) C f(BT). (by 1)
7. X =xoT C f(BT).

(by 2, 6, since BT and X are compact Hausdorff spaces)

In order to describe the so-called enveloping semigroup of a flow (X, T') we
introduce the space of self-maps of X, along with some useful notation. Since
our actions are on the right, it is natural write x7’ = xt for the value at x of
the element 7' of X* associated with ¢ € T'. For this reason we will write all
of the functions in XX on the right.

Notation 2.6 Let X be a compact Hausdorff space. Then X* will denote the
set of maps of X to X provided with the ropology of pointwise convergence. Let
f.g € XX andx € X. Then xf will denote the image of x under f, and fg the
composite map first f then g. Thus x(fg) = (xf)g. Finally p: XX x X¥ —
XX will denote the map defined by p(f, g) = fg forall f, g € X¥.

We will make use of the following elementary properties of XX,

Proposition 2.7 Let X be compact Hausdorff. Then:

(a) XX is compact Hausdorff,
(b) p provides X* with a semigroup structure,

(c) the maps p/: XX — XX are continuous for all continuous f € XX,
g — &f

(d) the maps ps: XX — XX are continuous forall f € X¥, and
g — fg
(e) p defines an action of the semigroup XX on the set XX.
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PROOF: (a)and (b) are standard.

(c) 1. Let g, —> g be a convergent net, and f be continuous.
2.x8y —> xg forall x € X.
3.x(8a f) = (xga)fﬁ(xg)f =x(gf) forallx € X.

4.8af — &f. (by 3)
(d1.Let gy — g.

2.ygq —> ygforall y € X. (by 1)

3. x(f8a) = (xf)8a—>(xf)g = x(fg) forall x € X.

4. f8a — f8&. (by 3)

(e) This follows immediately from parts (b) and (c).

It is clear that the map

XxxX - X
(x, f) — xf

defines an action of the semigroup X* on X. Thus if T is any subgroup of XX
which consists entirely of continuous maps, then (X, T') is a flow. Conversely
given any flow (X, T), the set {7’ | t € T} is a subgroup of XX consisting of
continuous maps. In this case we obtain a group homomorphism of 7 into a
subgroup of X¥, allowing the following definition of the enveloping semigroup
of the flow (X, T).

Definition 2.8 Let (X, 7) be a flow. By 1.1themap T — X* has a con-
t —

tinuous extension ®y: BT — XX. The image of ®x,

Ox(BT)={n"|teT}=EX,T)

is clearly a subsemigroup of X*, which we call the enveloping semigroup of
the flow (X, T) and denote by E(X, T) or simply E(X). The map ®y will
be referred to as the canonical map of BT onto E(X). Since we write xt for
xm! = x®x(¢) forall x € X and ¢ € T, it will be convenient to write xp for
x®x(p)forallx € X and p € BT.

Some of the properties of E(X) which follow directly from the definition are
collected and detailed below in order that they may be referred to as needed.
We leave it as an exercise for the reader to provide detailed proofs.

Proposition 2.9 Let (X, T') be a flow. Then:
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(a) The action
EX)yxT — EX)
(p, 1) —  pu!

where

a'=R;: E(X) — E(X)
q - qt

makes E (X, T) a point transitive flow.
(b) The canonical map ®y: BT — E(X) is both a flow and a semigroup

homomorphism.
(c) Themap E(X) — X isaflowhomomorphism forall x € X.
p — Xxp

(d) The map ®gr: BT — E(BT) is an isomorphism.
(e) Let f: (X, T) — (Y, T) be a homomorphism of flows. Then f(xp) =
f(x)pforallx € X and p € BT.

The association of E(X, T) to a flow (X, T) is natural in the sense outlined in
the following proposition.

Proposition 2.10 Let f: (X,7T) — (Y, T) be a surjective flow homomor-
phism. Then there exists amap 6: E(X) — E(Y) such that:

(a) the following diagram is commutative

BT — BT
dx | | @y
« EX) %  Ew b
|2 2 J 2
xa X £ Y g(x)b

for all homomorphisms g: X — Y and x € X,

(b) 6 is surjective and continuous,

(c) 8(pg) = B(p)B(q) for all p,q € E(X) so that € is both a flow and a
semigroup homomorphism, and

(d) ify: E(X) — E(Y)isahomomorphism with Yy o®y = Oy, thend = .

PROOF: (a) 1. Leta € E(X) and define 0(a) = Py (p) where p € T
with ®x(p) = a.

2. To see that 6 is well-defined, suppose p, g € BT with ®x(p) = Px(g) and
lety eY.

3. Since f is onto, there exists x € X with f(x) = y.
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4. y<1>Y(p)?f(X)qW(p)2'9=(e)f(x<1>x(P))§f(x<1>x(q))2_9=(e)f(X)<I>Y(q)

= yPy(g).

5. Thus 6 is well-defined and 6 o @y = Py, so the top half of the diagram is
commutative.

6. Nowletx € X,a € E(X),and p € BT with ®x(p) = a.

7. Then g(xa) = gxPx(p)), 9=(e)g(X)q>Y(P)?g(XW(d’x(p)) = g(x)f(a)
which shows that the bottom half of the diagram is commutative.

(b) 1. 0 is surjective because Dy is.
2.Let C C E(Y) be closed.
3.071(C) = Dy (5 (0)) is closed.
(dyx, Dy are continuous, BT is compact)
4. 6 is continuous. (by 2,3)
(c)1.Leta,b € E(X),and p,q € BT with ®x(p) = a and Ox(q) = b.
2.0(ab) = 0(@x(PPx (@), = 6(@x(pg)

= <I>Y(Pq)2.9=(b)<1>y(p)¢y(q) =0(®x(p)O(Px(q)) = 0(a)(b).
(d) 1. Assume that ¢ : E(X) — E(Y) satisfies y o &y = Py.
2. For a=®x(p), f(m)=f(x<1>x(p))2.9=(e)f(X)<DY(p)ff(X)lﬁ(q)x(P))
= f)¥(a).
3. f(x)Y(a) = f(x)f(a) forall x € X and a € E(X). (by 2 and part (a))
4.y (a) = 6O(a) forall a € E(X). (by 2, 3, because f is onto)

We end this section with a few examples of how 2.10 is used to identify certain
enveloping semigroups. Note that if (X, T') is a flow, then T acts diagonally on
the Cartesian product X x X, so that (x, y)t = (xt, yt), making (X x X, T) a
flow.

Corollary 2.11 Let (X, T) be a flow. Then E(X, T) Z E(X x X, T).

PROOF: 1.Themapsg;: X xX — Xand g:XxX — Xare

(x,y) — X xy) =y
surjective homomorphisms of flows.

2. There exists a surjective flow and semigroup homomorphism 6:

E(X x X) > E(X). (by 1, 2.10)
3.Let p, g € BT with0(Pxx(p)) = 0(Pxxx(q)).
4. Oy (p) = Ox(q). (by 2, 3, 2.10)

5.Let (x,y) € X x X.
6. g1((x, y)fbex(p))Z:wgl(x, Nex(p) = xfbx(p)fﬂbx(q)
;58 ((x, M Pxxx(q)).
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7. gz((x,y)<I>xXx(p))2=10gz(x,y)d>x(p) = yd)x(p)fy@x(q)z:logz((x,y)

Dxxx(g)).
8. (X, Y)Pxxx(p) = (g1((x, M) Pxxx(P), g2((x, y)Pxxx(p)))

7(g1((x, NPxxx(q)), &2((x, ) Pxxx(q)))

= (x, ) Pxxx(q).

9. xxx(p) = Pxxx(q). (by 5, 8)
10. 6 is an isomorphism. (by2,3,9)

Proposition 2.12 Let:

(i) (X, T) be a flow,
(il) xo € X with xoT = X (so that (X, T) is point transitive), and
(iii) f: E(X) — X be defined by f(p) = xop forall p € E(X).

Then f induces an isomorphism, 6: E(E(X)) = E(X).
PROOF: We leave the proof as an exercise for the reader.
Proposition 2.13 Let (X, T) be a flow. Then E(E(E(X))) = E(E(X)).

PROOF: This follows from 2.12 and the fact that (E(X, T), T) is point
transitive.

EXERCISES FOR CHAPTER 2

Exercise 2.1 (see 2.9) Let:

(1) (X, T) and (Y, T) be flows, and
@) f:(X,T) — (Y, T) be ahomomorphism.

Show that
(a) The canonical map ®x: BT — E(X) is both a flow and a semigroup
homomorphism.
(b) Themap E(X) — X isaflowhomomorphism forall x € X.
p — Xp

(¢) The map ®g7: BT — E(BT) is an isomorphism.
(d) f(xp)=f(x)pforallx € X and p € BT.
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Exercise 2.2 (see 2.12) Let:

(i) (X, T) be a flow,

(i) xo € X with xoT = X (so that (X, T) is point transitive), and
(iii)) f: E(X) — X be defined by f(p) = xop forall p € E(X).
Then f induces an isomorphism, 6: E(E(X)) = E(X).

Exercise 2.3 Let:

(i) E be a compact Hausdorff space provided with a semigroup structure,
() L,:E — E forallpekE,
m — pm
(iii) R,:E — E forallpe E,and
m — mp
(iv) ¢: E — EF be defined by ¢(p) = R), for all p € E(X).

Then

(a) ¢ is a semigroup homomorphism, and

(b) ¢ is continuous if and only if L, is continuous for all p € E. In this
case ¢ identifies E with a subsemigroup of E¥, and E is referred to as an
E-semigroup (see also [Akin, E. (1997)]). It is immediate from 2.7, that for
any flow (X, T), its enveloping semigroup E (X, T') is an E-semigroup.
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Minimal sets and minimal right ideals

A subset M C X of a flow (X, T) is minimal (see 3.1) if it is a closed non-
empty invariant set which is minimal with respect to those properties. One
illustration of the interplay between the algebraic and topological properties
of the enveloping semigroup is the fact that the minimal subsets of E(X, T)
are exactly the minimal right ideals in E (X, T) with respect to its semigroup
structure. This motivates a study of the algebraic structure of E(X, T') and its
minimal ideals in particular.

The key to understanding the structure of a minimal ideal / C E(X), is an
investigation of the idempotents in / (those u € I with u® = u). In a group, of
course, the identity is the only idempotent. We will see that in £ (X), any closed
sub-semigroup contains an idempotent, so that in general E(X) contains many
idempotents in addition to the identity. In particular any right ideal contains
an idempotent. In 3.12 we show that if / is a minimal right ideal, then [ is
a disjoint union #J{I/v | v € J}, where J = {v € I | v2 = v} is the set of
idempotents in /. In fact all of the sets v, with v € J are subgroups of
which are isomorphic to one another.

We saw in 2.9 that E(BT, T) = BT. Thus the preceding discussion applies
to any minimal right ideal M in ST . In this case the flow (M, T) is a universal
minimal flow meaning that every minimal flow, is the image of M under some
epimorphism. Thus every minimal flow can be identified with the quotient flow
(M/R, T) for some closed, invariant equivalence relation (icer) R on M. This
is the basis for our approach to the algebraic theory of minimal flows, in which
the structure of M plays a crucial role.

This section begins with some background material on minimal sets. We
then make explicit the relationship between the minimal sets, and minimal
ideals in the enveloping semigroup. We go on to describe the structure of the
minimal ideals in E(X, T'), and the section closes with some brief remarks on
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M which motivate the notation, terminology and approach which will be used
in the later sections.

Definition 3.1 A subset, M of the flow X is minimal if:
W) ¥#M,
(i) M is closed,
(iii) M is invariant, meaning Mt C M forallt € T, and
@iv) if N C M satisfies (i), (ii), (iii), then N = M. That is M is minimal with
respect to (i),(ii), and (iii).

The flow X is minimal (or a minimal set) if X is minimal. Notice that if M is a
minimal subset of X, then the flow (M, T) is a minimal set.

We begin with an elementary characterization of minimal sets. This shows
that the minimal subsets of a flow reflect its asymptotic properties in the sense
that minimality can be characterized in terms of orbit closures.

Proposition 3.2 Let:

(i) (X, T) be a flow, and
(i) ¥ # M C X be closed and invariant.

Then the following are equivalent:

(a) M is minimal,
(b) xT = M forall x € M, and
(c) if U C Xisopenwith M NU # A, then M = (U N M)T.

PROOF: (a) = (b)

1. Assume that M is minimal and let x € M.
2. xT C M satisfies (i), (ii), and (iii) of 3.1.

3. xT = M. (by 1, 2)
(b) = (©

1. Assume that xT = M for all x € M and let U C X be open with

UNM#Q.

2.xTNU #@Pforallx € M. (by 1)

3.x € UT forallx e M. (by 2)
(c) = (a)

1. Assume that (c) holds and N C M is a nonempty closed, invariant subset
of M.

2.LetU =X\ N.

3. U is open. (by 1,2)
4ANNWUNMT CNTNU=NNU=4. (by 1,2)
5.(UNM)T #M. (by 1,4)
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6.UNM=0. (by 1, 5)
7.N =M. (by 1,2, 6)

We use the axiom of choice in the form of Zorn’s lemma both in the following
proposition, to show that minimal sets exist, and later to show that certain
semigroups contain idempotents. Zorn’s lemma was also used in the appendix
to section 1; for the sake of completeness we give a statement here.

Zorn’s Lemma 3.3 If (S, <) is a partially ordered set such that any increasing
chain sy < --+ <s; < --- has a supremum in S, then S itself has a maximal
element.

Proposition 3.4 Let (X, 7) be a flow. Then there exists a minimal subset
in X.

PROOF: 1.LetC ={0 # C C X | Cisclosed and invariant}.

2. C is partially ordered by the relation C1 D C».

3.LetI’ ={C; D Cy D ---C; D ---}be an increasing chain of elements of C.
4. C = (N C; is nonempty, closed and invariant, hence C € C is a supremum

for I. (X is compact)
5. C has a maximal element M C X. (by Zorn’s lemma)
6. M is a minimal subset of X. (by 1,2,5)

It is an elementary but important fact, detailed in the next proposition, that
minimality is preserved by homomorphisms.

Proposition 3.5 Let ¢: X — Y be a flow homomorphism.

(a) If M is a minimal subset of X, then ¢ (M) is a minimal subset of Y.
(b) If N is a minimal subset of ¢(X), then there exists a minimal subset M of
X with (M) = N.

PROOF: (a)l. Let K be a non-empty closed invariant subset of ¢ (M).
2. ¢~ 1(K) N M is a closed non-empty invariant subset of the minimal set M.
3.0 KYNM =M.

4. K = o(M). (by 3)
(b) 1. =1 (N) is a non-empty closed invariant subset of X.
2. There exists a minimal subset M of go’l (N). (by 3.4)

3. ¢(M) is a minimal subset of the minimal set N, so ¢(M) = N. (by (2))

Now we turn to a discussion of the minimal ideals in the enveloping semigroup
E(X,T) of a flow (X, T). We first show that they coincide with the minimal
sets of the flow (E(X,T), T); then we will describe the structure of these
minimal ideals.
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Definition 3.6 Let X be a flow, and E its enveloping semigroup. Then a
nonempty subset / of E is a (right) ideal if IE C I. The ideal is minimal
if it contains no ideals as proper subsets.

Note that if / C E(X, T) is an ideal, then /T C I, whence if I is closed,
(I, T) is a flow. In fact as the following proposition shows, (1, 7) is a minimal
flow.

Proposition 3.7 Let:

(i) (X, T) be a flow,
(iil) E=E(X,T), and
(iii) 7 anideal in E.
Then 7 is a minimal ideal if and only if 7 is closed and the flow (I, T) is
minimal.

PROOF: = 1. Assume that / is minimal and let p € I.

2. pT = pE C I. (I is an ideal)
3. Ly(E)=pE=1. (pE is an ideal and 7 is minimal)
4. 1 is closed. (by 3, E is compact and L is continuous by 2.7)
5. (I, T) is minimal. (by 2,3,3.2)

<= 1. Assume that (/, T) is a minimal flow, let J C [ be an ideal, and
peJ.
2. 1=pT =pECJ.
3.1=1J. (by 1,2)

Corollary 3.8 Let:

(i) (X, T) be a flow,
(i) E=E(X,T),and
(iii) I anideal in E.

Then I contains a minimal ideal.
PROOF: This follows from 3.7 and 3.4; we leave the details to the reader.

The description of the structure of a minimal ideal / C E (X, T) relies on the
existence of idempotents u> = u € I. Thus the importance of the following
theorem, which is an interesting example of the interplay between the topolog-
ical and algebraic structure in a topological space which is also a semigroup.

Theorem 3.9 Let X be a compact T; (single points are closed) semigroup
such that the left-multiplication maps



Minimal sets and minimal right ideals 31

Ly: X —- X
y — Xy

are continuous and closed for all x € X. Then there exists an idempotent u in
X. (u is an idempotent if u” = u.)

PROOF: 1. LletS={SC X |0 #S=_SandS?C S}.

2. Then ¥ # ¢ and by Zorn’s lemma there exists a minimal element, S of X
when the latter is ordered by inclusion.

3.Lets € S.

4. 58 = Lg(S) is a closed subset of S. (by 1, 2,3, Ly is closed)
5.58sS C 5SS CsS C S, whence sS = S by the minimality of S.
6.LetR=1{t € S|st=s}

7.0 # R. (by 3,5)
8.R2CR= Ls_l{s} =R. (L is continuous, X is Ty)
9.R=S. (by 2,6,7,8)
10.s2 =5 (by 3,6,9)

Since every continuous map from a compact space to a Hausdorff space is a
closed map, the following is an immediate consequence of 3.9.

Corollary 3.10 Let X be a compact Hausdorff semigroup such that the maps
Ly: X —> X

are continuous for all x € X. (We often refer to such a semigroup as an
E-semigroup, see 2.E.3.) Then there exists an idempotent « in X.

Corollary 3.11 Let X be a compact T; group such that left multiplication is
continuous, and let S be a closed sub-semigroup of X. Then § is a subgroup
of X.

PROOF: 1. Letx € S.

2. xS = L;,ll (S) is a closed subsemigroup of S. (L -1 is continuous)
3. There exists an idempotent u € xS. (by 1,2,3.9)
4. u=1id. (X is a group)
5. x les. (by 3, 4)

For any flow (X, T'), the enveloping semigroup E(X, T') is an E-semigroup
in the sense of 3.10, and hence any minimal ideal / C E(X) is also an
E-semigroup and therefore contains idempotents. It turns out that each of
the idempotents in / acts as a left-identity on /. In fact the ideal I can be
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partitioned into a disjoint union of groups, each one containing exactly one
idempotent (which serves as the identity for that group). We give the details in
the following theorem.

Theorem 3.12 Let:
(i) (X, T) be a flow,
(i) E=E(X,T),and
(iii) I C E be a minimal ideal in E.

Then:

(a) The set J of idempotents of I is non-empty,

(b) vp=pforallve Jand p €I,

(c) Ivis a group with identity v, forall v € J,

(d) {Iv|v e J}isapartition of /, and

(e) if we set G = Iu for some u € J, then I = H{Gv | v € J} (disjoint
union).

PROOF: (a) 1. This follows immediately from 3.10.
Mb) 1. Letve J,and p € 1.

2.vl C 1. (I is an ideal)
3.l =1. (by 2, I is minimal)
4. There exists g € I with vg = p. (by 3)
5

.vavvq:vqu.
(c) 1. Letg € Iv.

2. There exists p € I with g = pv.

3.qv = pvv = pv =gq.

4. v is both a left and right identity for /v. (by (b), and 3)
5. ¢ql is an ideal. (I is an ideal)
6.ql = 1. (I is minimal)
7. There exists ¢’ € I with g¢' = v. (by 6)
8.q(q'v) = (qq)v =vv =v. (by 7)
9

.(qq)(qq)=q(qq)q7q(vq)(f)qq-

10. (¢'v)qg = ¢'qg = (¢’ = .
(qv)q(b)qu(qq)v v

9.(b)
11. ¢'v is a left and right inverse of ¢ in Iv. (by 8, 10)
(d) 1. Letp e I.
2. As before pI = 1. (I is a minimal ideal)
3. K={qel|pg=p}= L;l(p) is a nonempty closed subsemigroup of I.
(by 2, 2.9)
4. There exists an idempotent u € J with pu = p. (by 3.9)

5.p € lu. (by 4)
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6.1 ={Iv|velJ} (by 1, 5)
7. Finally letu,v € Jand p € TvN [u.
8. p = pu = pv and there exists g € [v with gp = v. (by 8, (¢))

9.u =vu = U= u) = = .
we (gp)u = q(pu) = ap <

(e) This is just a restatement of (d).

Note that each of the groups /v in proposition 3.12 is isomorphic to the group
G = Iu; indeed the map pu — pv is an isomorphism since (pv)(qv) =
p(vg)v = (pq)v. It is interesting to note that given an abstract group G and
an index set J, one can define a semigroup structure on the disjoint union
I = |#),c; Gy of copies of G, in which J can be identified with the set of
idempotents. We simply define pyqy, = (pg)w € Gy for p,g € G and
v,weJ. Then {e, | v € J} is the set of idempotents in /. Proposition 3.12
shows that every minimal ideal in E (X, T') has this structure.

For any semigroup E one can define an equivalence relation on the set J of
idempotents in E as follows:

u~v < uv=uandvu = v.

This relation is clearly reflexive and symmetric; to check transitivity we observe
that:

u~v~w=uw=wv)w =u(vw) =uv=u

and wu = (wv)u = w(vu) = wv = w.
This motivates the following definition.

Definition 3.13 Let (X, T) be a flow. An idempotent w> =u e EX,T)
is said to be a minimal idempotent if u is contained in some minimal ideal
I C EXX,T). Ifu,v € E(X, T) are idempotents with uv = u and vu = v,
we write u ~ v and refer to u and v as equivalent idempotents.

When u and v are in the same minimal ideal 7, then u ~ v = u = v
since by 3.12 both u and v act as left-identities on /. Thus for any minimal
idempotent, the equivalence class [u] intersects each minimal ideal at most
once; we leave it as an exercise for the reader to check that [u] contains only
minimal idempotents. The following proposition says that [«] intersects every
minimal ideal exactly once, so that [¢] consists of one idempotent from every
minimal ideal in E(X, T).

Proposition 3.14 Let:

(1) (X, T) be a flow,
) E=EX,T),
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(i) I, K C E be minimal ideals in E, and
(iv) u®> = u € I be an idempotent.

Then there exists a unique idempotent v € K with uv = u and vu = v.

PROOF: 1. Letu’=ucel.

2. uK is aclosed ideal in /, whence uK = 1I.

.N={keK|uk=u}#0. (by 2)
4. N = L;l(u) N K is closed, and N2 C N.

5. There exists v2 = v € N. (by 4, 3.10)
6. uv = u. (by 3,5)
7. Similarly there exists w?> = w € I with vw = v. (applying 1-6 to v € K)
8
9

W

W = uUw=uvw = uv =u.
1,3.12 6 7 6
.vu = v. (by 7, 8)

10. Now suppose n?> =n e K withun = u and nu = .

g 10 i 6 e 10 v
12.71 € KnN Kv. (by 10, 11)
13.n =v. (by 3.12)

As an immediate consequence of 3.12 we see that any two minimal ideals in
E (X, T) are isomorphic as minimal flows in a natural way.

Proposition 3.15 Let:
(1) (X, T) be a flow,
(i) E=EX,T),
(iii) I, K C E be minimal ideals in E,
(iv) u?2 =u €I be an idempotent, and
(v) v2=v e K withu ~ v.
Thenthe map L, : (I, T) — (K, T) is an isomorphism, its inverse being

p - vp
the map L,,.

PROOF: We leave the proof as an exercise for the reader.

The structure of the minimal ideals in the enveloping semigroup E (X, T') of
any flow (X, T) described above, and the minimal idempotents themselves
play an important role (see in particular section 4) in the study of the dynamics
of (X, T). The minimal ideals in the semigroup BT have exactly the same
structure. This can be seen by noting that the proofs of 3.12, 3.14, and 3.15
rely only on properties of E(X, 7)) which are shared by BT . On the other hand
we saw in 2.9, that E(BT) = BT as semigroups. Thus 3.12, 3.14, and 3.15 can
be applied directly to BT . In particular, we can speak of minimal idempotents
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in BT, and the minimal subsets (ideals) of ST are isomorphic to one another.
The importance of the minimal ideals in BT stems from the fact that any such
minimal ideal M C BT is a universal minimal set, meaning that every minimal
flow (X, T') is a homomorphic image of the flow (M, T).

Theorem 3.16 Let M be a minimal subset of 87, and (X, T') be a minimal
flow. Then there exists an epimorphism f: M — X.

PROOF: 1. Letx € X.

2. The map T — X has a continuous extension g: ST — X. (by 1.1)
t — xt

3. g is a homomorphism of flows.

4. The restriction f of g to M is an epimorphism. (X is minimal)

We end this section with an observation which emphasizes the importance of
the preceding theorem. Let f: M — X be an epimorphism and

Ry={(p,g) e M xM]| f(p)= f(g).

Then R is an invariant closed equivalence relation (icer for short) on M, such
that M/Ry = X. Thus theorem 3.16 shows that every minimal flow can be
obtained as a quotient of M by an icer. Conversely for every icer R on M,
the quotient M /R is a minimal flow. This follows from the purely topological
result (included here as 6.2) that the quotient of any compact Hausdorff space
by a closed equivalence relation is itself a compact Hausdorff space. Minimal
flows and their properties can therefore be studied by studying icers on the
universal minimal set M. This is one of the major themes of this book. We
begin the development of this theme in part II. In particular the structure of M
given in 3.12 will be used in section 7 to facilitate the study of icers on M, and
lay the foundation for our approach to the algebraic theory of minimal sets.

EXERCISES FOR CHAPTER 3

Exercise 3.1 (see 3.15) Let:

(i) (X, T) be a flow,

(i) E=EX,T),
(iii) I, K C E be minimal ideals in E,
(iv) u> =u € I be an idempotent, and
(v) v?2 =v e K withu ~ v.
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Show that L, : (I, T) — (K, T) is an isomorphism, its inverse being the
4 - vp
map L.

Exercise 3.2 Let:
(1) (X, T) be a flow,
(i) E=EX,T),
(iii) u be a minimal idempotent in E, and
(iv) v € E be an idempotent with u ~ v.

Show that v is a minimal idempotent in E.
Exercise 3.3 Show that a compact Hausdorff semigroup X is an E-semigroup

if and only if the map X — X% is continuous. (see 3.10)
x — R

Exercise 3.4 Prove analogs of 3.12, 3.14, and 3.15 for E-semigroups.
(see 3.10)

Exercise 3.5 Show that any topological group S which is T; must be
Hausdorff.
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Fundamental notions

Certain important notions in topological dynamics serve as the language,
foundation and motivation for the theory. These include pointwise almost
periodicity, minimality, distality, proximality, weak-mixing, and topological
transitivity for flows. This section is devoted to defining and discussing these
concepts and some of their analogs and generalizations to homomorphisms of
flows.

Our exposition emphasizes the role played by the semigroups 87, and
E(X,T), and the minimal ideals therein in understanding the properties of
the flow (X, T'). Many of the fundamental notions can be cast in terms of the
algebraic structure of these semigroups, their minimal ideals and idempotents.
One example of this is proposition 4.9 which shows that (X, T') is distal if and
only if E(X, T) is a group. This algebraic approach also leads to 4.12, where
it is shown that every distal flow is pointwise almost periodic.

The later part of this section is devoted to a discussion of topological tran-
sitivity and related questions. For metric flows, the notions of point transi-
tivity and topological transitivity are quite easily seen to be equivalent (see
4.18). This allows certain results (notably the Furstenberg structure theorem
for distal flows) to be deduced for metric flows in a straightforward way. On
the other hand topological transitivity and point transitivity are not equivalent
in general for flows on compact Hausdorff spaces. Despite this, some deep
results along these lines can be obtained by deducing the general case from
metric considerations. As one example of this technique we show in 4.24 that
every flow which is both topologically transitive and distal, must be minimal.
This result has the general case of the Furstenberg theorem as an immedi-
ate consequence. This result can also be generalized to the case of homomor-
phisms of minimal flows. Here one can prove that a homomorphism of minimal
flows which is both weak mixing (so that the corresponding equivalence rela-
tion is topologically transitive) and distal must be trivial. Our proof (given in

37
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section 9) of this more general result again involves reducing the argument to
the metric case, but also requires the introduction of what we call the quasi-
relative product of two icers.

‘We begin with the definition of an almost periodic point which is given here
in terms of minimal sets.

Definition 4.1 Let (X, T) be a flow and x € X. Then x is an almost periodic
point if the orbit closure of x, denoted xT, is minimal. We say that the flow
(X, T) is pointwise almost periodic if every x € X is an almost periodic point.

It is clear that any minimal flow is pointwise almost periodic, and that any
pointwise almost periodic flow is a disjoint union of minimal sets. For semi-
groups, which we do not assume contain the identity, the definition needs to
be modified slightly. In this case xT need not contain x, so we require that
an almost periodic point satisfy x € xT. Thus any pointwise almost periodic
semigroup action on X partitions X into a disjoint union of minimal sets.

Note that if a point x € X is fixed by every element of 7', or more generally
if the orbit x7 is finite (where we might think of x as a periodic point), then
x is an almost periodic point of the flow (X, T'). The terminology is further
motivated by the case T = Z, the group of integers. Here by abuse of notation
we think of

T={.. T ..., T 217 idT,T%...,T" ..},

where 7: X — X is a homeomorphism. For this special case a periodic point
of period n has as set of return times the set

A(x) = {T/|xT/ =x} = {T™ Mk € Z).

This set is large in the sense that its product with the finite set {T'!, ..., "1}
gives the whole group 7. This way of characterizing a periodic point when
T = Z has a natural generalization which makes sense for any group 7. For
any x € X and neighborhood U of x we consider the set of return times to U:

AU) ={t €T |xteU).

The next proposition proves that A(U) is large in the sense mentioned above
if and only if x is an almost periodic point, thus motivating the terminology.

Proposition 4.2 Let:
(1) (X, T) be aflow,
(i) x € X,
(iii) My = {U C X|x € U and U is open}, and
@iv) AU)={teT|xt eU}.



Fundamental notions 39

Then x is an almost periodic point if and only if for every U € N, there exists

a finite set F C T, such that A(U)F = T. In other words A(U) is a syndetic

subset of T'.

PROOF: =

1. Assume that x is an almost periodic point and let U € N.

2.xT Cc (UNxT)T. ((xT, T) is minimal by 1)

3. There exists a finite set ¥ C T such that xT C UF. (by 2, xT is compact)

4. LetteT.

5.xt € Us for some s € F. (by 3)

6.t571 € A(U). (by 5, (iv))

7.t € A(U)F. (by 6)

8. AWU)F =T. (by 4,7)
<

1. Assume that A(U) is syndetic for every U € N,.

2.Let W C X be open with W N xT # 0.

3. Let Wy be open with Wo C W and Wo N xT # ¢.

4. There exists ¢ € T such that Wyt € N. (by 3, (iii))
5. There exists a finite subset ' C T such that A(Wot)F = T. (by 1,4)
6. xT - xAWot)F TxA(Wot)F c Wot "\ xT)F ¢ WoNxT)tF - wn
xT)T.

7.xT is minimal. (by 2, 6)

We now characterize the almost periodic points of (X, 7') in terms of the min-
imal idempotents in the enveloping semigroup E (X, T).

Proposition 4.3 Let:

(1) (X, T) be a flow,

(i) £E=EX,T),
(iii) I C E be a minimal ideal in E, and
(iv) x € X.

Then the following are equivalent:

(a) x is an almost periodic point of X,
(b) xT =xI ={xp|pel} and
(c) there exists u?> = u € I with xu = x.

PROOF: (a)= (b) 1. Assume that x is an almost periodic point of (X, T).

2

. ¢ E — X isahomomorphism of E onto x7. (by 2.9)

p — Xp
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3.xI = ¢, (I) is a closed invariant subset of xT. (by (iii), 3.7)

4. xI =xT. (by 1,3)
(b) = (c) 1. Assume that xT = x1.

2. Theset S={p € I | xp = x} is a closed nonempty subsemigroup of /.

(by 1)
3. There exists u> = u € S. (by 2, 3.10)
(c) = (a) 1. Assume that there exists u = u? € I with xu = x.
2.xT = (xu)T =x(uT) C xI.
3.xT C xI. (by 2 and 3.7)
4.xT = xI. (xI is minimal by 3.7)
5. x is an almost periodic point. (by 4)

Continuing with our theme of characterizing dynamical notions in terms of
the semigroups BT and E (X, T), the following proposition considers notions
which are equivalent to what we call proximality.

Proposition 4.4 Let (X, T) be a flow and x, y € X. Then the following are

equivalent:

(a) there exists a net {t;} C T with lim x#; = lim yt;,

®) (x, )T N A #@, (here A = {(x, x) | x € X} is the diagonal),

(c) there exists p € BT with xp = yp,

(d) there exists r € E(X) with xr = yr,

(e) there exists a minimal right ideal / C E(X) with xr = yr forallr € I,
and

(f) there exists a minimal right ideal K C BT with xq = yq forallg € K.

PROOF: (a) = (b)
1. Assume that {¢; | i € L} C T is anet with limx#; = z = lim yz;.

2.LetV C X x X be a neighborhood of (z, z).
3. There exists N C X open with (z,z) € N x N C V. (by 2)
4. There exist i1,i> € L suchthati > i = xt; € N andi > ip = yt; € N.
(by 1,3)
5.Leti € Lwithi > ijandi > ip.
6. (x, V)t; = (xt;, yt;) € N x N C V. (by 3,4,5)
7.((x, »TYNYV # . (by 6)
8.(z,2) e (x, T NA. (by2,7)
(b) = (0
This follows from the fact that (x, y)T = (x, y)BT.
() = (d)

1. Let p € BT with xp = yp.
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2.Let ®: BT — E(X) be the canonical map. (see 2.8)
.Setr = ®(p) € E(X).
4. xr =xO(p) =xp =yp = yr.

W

d) = (o

. Assume that xr = yr for some r € E(X).

.xrq = yrq forall g € E(X).

. There exists a minimal ideal I C r E(X). (by 3.8)
.xm =ymforallm € I. (by 2, 3)

(e) = ()

AW N =

. Assume that xg = yq for all ¢ € I, a minimal ideal in E(X).

.®~1(I) C BT is aright ideal in BT.

. There exists a minimal ideal K ¢ ®~!(1). (by 2.9 and 3.8)
.xqg =xP(q) = yP(g) = yg forallg € K.

B W N =

(8 = (@

1. Assume xg = yq for all ¢ € K with K a minimal right ideal in 8T .
2.Letk € K and {t;} C T witht; — k.
3.limxt; = xlim¢t; = xk = yk = ylim¢t; = lim yz;.

Definition 4.5 Let (X, 7) be a flow and x, y € X. Then the pair (x, y) is prox-
imal if it satisfies any one of the equivalent conditions of 4.4. The collection of
proximal pairs in X x X will be denoted P (X), so that

PX)={(x,y)eXxX | (x,y)TNA #@7}.

We will also be interested in the proximal cells; anticipating the notation of
6.1, for general relations, we write

xPX)={ze X | (x,2) € P(X)}

for the proximal cell containing x. We say that the flow (X, T) is a proximal
flow if every pair (x, y) € X x X is proximal; thatis P(X) = X x X. We say
that the flow (X, T') is a distal flow if the only proximal pairs are of the form
(x,x) e X x X;thatis P(X) = A C X x X.

The relation P(X) described above is invariant reflexive and symmetric, but
is in general not transitive. In section 13 we will study conditions under which
P(X) is transitive, i.e. when P(X) is an equivalence relation. In this section
we focus on how the proximal relation P (X), and consequently the notion of
distality, can be studied via the idempotents in ST or E(X, T).
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Letu? = u € BT be an idempotent in BT, and x € X where (X, T) is a
flow. Since T is dense in BT, there exists a net {t;} C T, such thatt; — u in
BT. Thus

lim(x, xu)t; = (limxt;, lim(xu)t;) = (xu,xuz) = (xu, xu),

and hence x is proximal to xu. This elementary observation makes a key con-
nection between proximality and the idempotents in 87, and is the basis for
many interesting results. We describe some of them below, beginning with a
characterization of the proximal relation.

Lemma 4.6 Let (X, T) be a minimal flow. Then:

(@) P(X) = {(x,xw) | x € X and w is a minimal idempotent in BT} = K,
and
(b) P(X) ={(x,xw) | x € X and w is a minimal idempotent in E(X)} = L.

PROOF: The proof of parts (a) and (b) are similar. We give a proof of part
(b), leaving the proof of part (a) to the reader.

Proof that L C P(X):

1. Let x € X and w be any idempotent in E(X).
2. (x, xw)w = (xw, xw).
3. (x,xw) € P(X). (by 2, 4.4)
Proof that P(X) C L:
4. Let (x,y) € P(X).
5. There exists a minimal ideal / C E(X) such that xg = yq forall g € I.
6. There exists w = w? € I such that yw = y.  (by 4.3, since X is minimal)
7. = =y.
Xw = yw =y
8. (x,y) =(x,xw) € L.

The characterization of P (X) given in 4.6 allows us to prove that, for minimal
flows, the proximal relation is preserved by homomorphisms.
Proposition 4.7 Let:

(i) X and Y be minimal flows, and
(i) m: X — Y be a homomorphism.

Then:
(a) m(P(X)) = P(Y), and
(b) t(xP(X)) =n(x)P(Y) forall x € X.

PROOF: (a)l. Itisclearthat 7(P(X)) C P(Y),
2. Let (y1, y2) € P(Y).
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3. There exists a minimal right ideal I in BT with y;p = ypp forall p € I.

4. There exists u € I with u? = u and yru = y». (Y is minimal)

5.Letx € X with r(x) = y;.

6. (x, xu) € P(X). (by 4.4)

7. (y1, y2) = (1, you) o V1, yiu) < (m(x), w(xX)u) = 7 (x, xu) € n(P(X)).
) 1. If (x,y) € P(X), then (;r(x), w(y)) € P(Y). (by part (a))

2.7(xP(X)) Cwt(x)P(Y). (by 1)

3.Lety e m(x)P(Y).
4. There exists 72 = 7 in some minimal ideal in AT with 7 (x)n = y.

(by 3, 4.6)
5. (x,xn) € P(X). (by 4, 4.6)
6.y=m(x)n=mn(n) € r(xP(X)). (by 4,5)

We observed earlier that for any flow (X, 7) and x € X, the pair (x, xu) is
proximal for any idempotent # € E(X, T). This of course means that in a
distal flow xu = x, so that the identity is the only idempotent in £(X). This
basic idea (made explicit in 4.8), is exploited in 4.9 to characterize a distal
flow in terms of its enveloping semigroup.

Proposition 4.8 Let (X, T) be a flow. Then (X, T) is distal if and only if
xu = x for all x € X and idempotents u = u”> € BT.

PROOF: 1. Assume that (X, T) is distal and let u?> = u € BT.

2. (x, xuw)u = (xu, xuz) = (xu, xu). (by 1)
3. (x,xu) € P(X). (by 2, 4.4)
4. x = xu. (by 1, 3)

5. Assume that xu = x forall u? = u € BT,and x € X.
6. Let (x,y) € P(X).
7. There exists a minimal right ideal K C BT such that (x, y)p € A for every

pek. (by 6, 4.4)
8. There exists an idempotent > = u € K. (by 7, 3.10)
Qox=xu=yu=y (by 5,7, 8)

The proof given above shows somewhat more: if xu = x for all x € X and all
minimal idempotents, then (X, T') is distal.

Proposition 4.9 Let (X, T) be a flow and ®: 8T — E(X) be the canonical
map. Then the following are equivalent:

(a) X is distal,

(b) e is the only idempotent in E(X),

(¢) E(X) is a group,
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(d) E(X)=d(M), and
(e) E(X) is minimal.

PROOF: The proof is similar to that of 4.8; we leave the details as an exer-
cise for the reader.

The fact that distality is preserved by homomorphisms will be used extensively
in later sections. This could be deduced immediately from 4.7 in the case of
minimal flows, or directly from the definition. As a means of emphasizing the
algebraic approach we give a very short proof using the idempotents in 87 .

Proposition 4.10 Let:

1) f: (X, T)— (Y, T) be asurjective homomorphism of flows, and
(i) (X, T) be distal.

Then (Y, T) is distal.

PROOF: 1. Letu’=ucpTandy= f(x) Y.
2.yu = f(x)u = f(xu) = f(x) =y. (by 1, 4.8)
3.(Y, T) is distal. (by 1,2, 4.8)

The following result, though it is an immediate consequence of the elemen-
tary observation made earlier, is of independent interest. Historically, the result
which we derive from it, that every distal flow is pointwise almost periodic, was
proven first. The Auslander-Ellis theorem was in some sense an afterthought.

Theorem 4.11 (Auslander-Ellis): Let (X, T') be a flow and x € X. Then there
exists an almost periodic point y € X with (x, y) € P(X).

PROOF: 1. There exist a minimal ideal / C E(X, T) and an idempotent

uel. (by 3.8 and 3.12)
2.y = xu is an almost periodic point of (X, T). (by 1, and 4.3)
3. (x,y) € P(X). (by 2, and 4.6)

Theorem 4.12 Let (X, T') be a distal flow. Then (X, T') is pointwise almost
periodic.

PROOF: 1. Letx € X.
2. There exists y € X an almost periodic point with (x, y) € P(X). (by4.11)
3.x =y and hence (X, T) is pointwise almost periodic.

(by 1, 2, since P(X) = A)

It is worth noting that 4.12 is not at all obvious from the definitions, yet
the algebraic techniques allow a very elementary proof. Another interesting
connection between the notions of distal and pointwise almost periodic flows
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is given below. The result is of independent interest, but as we will see it
also serves as motivation for many other results involving homomorphisms
of flows.

Theorem 4.13 Let (X, T') be a flow, then the following are equivalent:

(a) (X, T) is adistal flow,
(b) (X x X, T) is a distal flow, and
(c) (X x X, T) is pointwise almost periodic.

PROOF: (a) = (b)

1. Assume that (X, T') is distal.
2.Let (x,y) € X x Xand u? = u € BT.

3. (x, y)u = (xu, yu) = (x, y). (by 1, 2, and 4.8)
4. (X x X, T) is distal. (by 2, 4, and 4.8)
(b) = (0

This follows from 4.12.
(c) = (a)

1. Assume that (X x X, T') is pointwise almost periodic and let (x, y) € P(X).

2.(x, )T NAx #0. (by 1, 4.4)
3. (x, )T is a minimal subset of (X x X, T). (by 1)
4. (x,y)T C Ax. (by 2, 3, Ay is closed and T -invariant)
5.x=y. (by 4)
6. P(X) = Ax and (X, T) is distal. (by 1,5)

There are natural generalizations of the notions of proximal and distal to homo-
morphisms of flows. These notions are defined in such a way that the trivial
homomorphism (X, T) — ({pt}, T) is proximal (resp. distal) if and only if
the flow (X, T') is proximal (resp. distal).

Definition 4.14 Let f: (X, T) — (Y, T) be a homomorphism of flows. We
say that f is a proximal homomorphism if whenever f(x) = f(y), the pair
(x, y) is proximal. We say that f is a distal homomorphism if whenever f(x) =
f(y), and (x, y) is proximal, we have x = y. When f: (X, T) — (Y, T) is
a surjective homomorphism of flows, we often refer to X as an extension of
Y, and Y as a factor of X. If f is a proximal homomorphism, then we refer
to (X, T) as a proximal extension of (Y, T). If f is a distal homomorphism,
then we refer to (X, T') as a distal extension of (Y, T'). Using this terminology,
a flow is proximal (resp. distal) if and only if it is a proximal (resp. distal)
extension of the one-point flow.
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Let f: X — Y be a homomorphism of flows. Generalizing the notation
introduced at the end of section 3, the icer (closed invariant equivalence rela-
tion) Ry is defined by:

Ry ={x, ) fx)=fOM}CX xX.

Then f is a proximal homomorphism if and only if Ry C P(X). Similarly f
is distal if and only if Ry N P(X) = A, the diagonal in X x X. These are two
elementary examples of how the dynamics of the homomorphism f is related
to the structure of the icer Ry. A deeper illustration of this idea where the
dynamics of the flow (R, T) plays arole is motivated by 4.13. For the constant
homomorphism ¢, we have R, = X x X, so 4.13 says that c is distal if and only
if R, is pointwise almost periodic. This is true for any homomorphism under
the assumption that the flow (X, T') is itself pointwise almost periodic (this is
the best we can hope for since A C Ry, so (Ry, T') pointwise almost periodic
implies (X, T') pointwise almost periodic). The following theorem gives the
details.

Theorem 4.15 Let f: (X, T) — (Y, T) be a homomorphism of flows, then:

(a) if (Ry, T) is pointwise almost periodic, then f is distal, and

(b) if (X, T') is pointwise almost periodic, and f is distal, then (R, T) is
pointwise almost periodic.

PROOF: (a) The proof is similar to that of 4.13, we leave it as an exercise
for the reader.
(b) 1. Assume that (X, T') is pointwise almost periodic, and f is distal.

2. Let (x,y) € Ry.
3. There exist a minimal ideal I C E(X, T) and an idempotent u € [ with
Xu = X. (by 1, 4.3)
4. (x, yu) = (xu, yu) = (x, y)u € Ryu C Ry.

(by 3, Ry is closed and invariant)

5.(y,yu) € Ry. (by 2,4, Ry is an equivalence relation)
6. (yu, yu) = (y, ywu € (y, yu)T.

7. (y,yu) € Ry N P(X) = Ax. (by 1, 5, 6)
8. (x,y) = (x, y)u, so (x, y) is an almost periodic point. (by 3,7,4.3)

The remainder of this section is devoted to a discussion of topological tran-
sitivity, the related notion of weak mixing, and their relationship to the ideas
introduced so far. Recall that an action of 7' on X is transitive if and only if the
orbit x7 = X. We have introduced the notions of minimality (where xT = X
for all x € X) and point-transitivity (where xoT = X for some xy € X). Both
of these are examples of “topological weakenings” of the notion of transitivity.



Fundamental notions 47

Another approach is to require for every pair x, y € X, not that there exist
t € T with xt = y, but that for every neighborhood U of x and V of y, there
exist xy € U,and t € T with xyt € V. This gives us topological transitivity;
we give an equivalent formulation as the definition.

Definition 4.16 We say that (X, T') is fopologically transitive if for any pair
V, W of nonempty open subsets of X, the intersection VT N W # (. This is
equivalent to saying that VT = X for any nonempty open set V C X. We say
that (X, T') is weak mixing if the flow (X x X, T) is topologically transitive.
As in 4.14, we generalize this terminology to homomorphisms, referring to a
surjective homomorphism f: (X, T) — (Y, T) as a weak mixing extension if
the corresponding icer Ry C X x X is topologically transitive.

Let (X, T') be aflow. If (X, T') is minimal, then for every x € X and open set
V C X,xT NV # @, because xT = X. It follows that X = VT and (X, T) is
topologically transitive. More generally, suppose that (X, 7') is point transitive,
that is there exists xo € X with xoT = X. Then for every open subset V C X,
there exists t € T with xor € V. Thus xo7 C VT so VT = X. In other words
any flow which is point transitive is also topologically transitive. It is worth
noting that the argument above fails for semigroup actions; indeed, in general,
a point transitive semigroup action need not be topologically transitive. For
metric flows (where T is a group), as the following lemma states, the converse
also holds; for completeness sake we give an outline of a proof. We first give
an example of a topologically transitive flow which is not point transitive.

Example 4.17 Let Y be a compact Hausdorff space which is not separable
(so Y has no countable dense subset). Consider the flow (X, Z) where Z is the
group of integers under addition,

X=Yl={f|f:Z— Y},

is the symbol space with symbols in Y, and the action of Z on X is given by
the homeomorphism (shift map) o : X — X defined by:

n)(fo)=m+1)f foralln € Z.

Note that since X is not separable, and Z is countable, the flow (X, Z) is not
point transitive. We leave it as an exercise for the reader to check that (X, Z)
is topologically transitive.

Lemma 4.18 Let:

(1) (X, T) be a topologically transitive flow, and
(ii) X be metrizable.

Then there exists x € X with x7 = X. (That is (X, T') is point transitive.)



48 Fundamental notions

PROOF: 1. LetV be a countable base for the topology on X.

2. VT is open and dense in X for every V € V. (by 1, (1))
3. There exists x € ({VT|V € V}. (1, 2, X is a Baire space by (ii))
4.xT = X. (by 3)

The following immediate corollaries of 4.18 are of independent interest, and
also motivate deeper investigations in the case of non-metric flows.

Corollary 4.19 Let:

(i) (X, T) be a topologically transitive flow,
(i1) (X, T') be pointwise almost periodic, and
(iii)) X be metrizable.

Then (X, T') is minimal.
PROOF: This follows immediately from 4.18.

Corollary 4.20 Let:

(1) (X, T) be a topologically transitive flow,
(i) (X, T) be distal, and
(iii)) X be metrizable.

Then (X, T') is minimal.
PROOF: This follows immediately from 4.12 and 4.19.

Proposition 4.21 Let:

(i) m: (X, T) — (Y, T) be an epimorphism of flows, and
(i1) (X, T) be topologically transitive.

Then (Y, T) is topologically transitive.

PROOF: We leave the proof of this proposition as an exercise for the reader.

We will see in later sections that 4.19 has important consequences for minimal
distal flows and distal extensions of minimal flows. As a preview note that if R
is an icer on a minimal metrizable flow such that (R, T') is both topologically
transitive and pointwise almost periodic, then it follows from 4.19 that R = A.
This fact is equivalent to the so-called generalized (relative) Furstenberg Struc-
ture Theorem (see section 20). It turns out that the metrizability assumption can
be dropped, so that among icers on any minimal flow, A is the only one which
is both pointwise almost periodic and topologically transitive. In the language
of 4.16, this says that any extension of minimal flows which is both distal and
weak mixing must be trivial. The proof in the general case is considerably more
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difficult than in the metric case. Our proof, given in 9.13, is an application of
the quasi-relative product introduced in section 9.

The remainder of this section will be devoted to exploring various gen-
eralizations and consequences of 4.19 and 4.20 for compact Hausdorff (not
necessarily metric) spaces, which are accessible without the use of the quasi-
relative product. The proofs are a bit technical and rely on some familiarity
with pseudo-metrics (see 15.A.7). On a first reading, or for a reader focusing
on the metric case, the technical details of the two proofs which follow might
well be skipped. We begin with a technical lemma which we use to deduce
4.19 for general compact Hausdorff topological spaces X under the assump-
tion that the group T is countable. We then use the same lemma to deduce 4.20
in general.

Lemma 4.22 Let:

(1) (X, T) be a topologically transitive flow,
(ii)) H C T be a countable subgroup of 7, and
(iii)) V C X be an open set.

Then there exist a countable subgroup K C T, a surjective homomorphism
m:(X,K)— (Y,K), andanopensubset B CV,

such that:

() HCK,

(b) (Y, K) is a topologically transitive flow,
(c) Y is metrizable, and

(d) 7' (= (B)) = B.

PROOF: 1. LetyeV.
2. There exists a continuous psuedo-metric d on X and an € > 0 such that

B={zeX|d(y,z) <€} CV.
3. For any subgroup F C T set
R[F]={(a,b) € X x X | d(at, bt) = Oforallt € F}.

4. (X/R[F], F) is a compact metrizable flow when F is countable. (by 3)
5.Set Hy = H,and let mp: X — Xo = X/R[Hp] be the canonical map.

6. There exists a countable base U for the topology on Xj. (by 4,5)
7.V = ﬂ{no_l(U)T | U € Up} is aresidual subset of X. (X is a Baire space)
8. Letxge V.

9. m9(xoT) NU # @ forall U € Uy. (by 7, 8)
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10. There exists a countable subgroup H; of T with Hy C H; and
mo(xoH1) = Xo. (by 6,9)

11. Set X1 = X/R[H;] and let r1 : X — X be the canonical map.
12. There exist x; € X and a countable subgroup H» of T with Hy C H, and

71 (x1 H) = X|. (apply 6-10 to X 1)
13. There exist a countable subgroups
H=HyCc---CcH,C---CT
and points (x,) C X such that
7n(XnHpy1) = X/R[H,], forn=0,1,.... (by induction)
14.Let K = |J H,, and V| # @ # V, be two open subsets of X/R[K].
15. Let ¢; : X/R[K] — X/R[H;] be the canonical map.

16. X/R[K] = lim X/R[H,,]. (by 14, 15)
17. There exist n and open subsets Uy, U» C X/R[H,] with

¢, (U c Vi fori =1,2. (by 14, 16)
18. There exist iy, hy € H,11 C K with
On (K (Xnhi)) = 7wy (xphi) € U; fori =1, 2. (by 13, 17)

19. 70k Condhi = i (xahi) € ¢ (UD) C Vi for i = 1,2.
17

20. ViK NV, # (. (by 19)
21. (Y, K) = (X/R[K], K) is topologically transitive. (by 14, 20)
22. Letgq € JT;](JTK(B)) so mg (q) = g (b) for some b € B.

23.d(y,q) <d(y,b) +d(b,q) =d(y,b) < €. (by 3,22)
24.q € B. (by 2, 23)
25. nEl(rrK(B)) = B. (by 22, 24)

Proposition 4.23 Let:

(1) (X, T) be a topologically transitive flow,
(i) (X, T) be pointwise almost periodic, and
(iii)) T be countable.

Then (X, T') is minimal.



Fundamental notions 51

PROOF: 1. Let V be openin X.
2. There exists a topologically transitive metrizable flow (Y, T'), an open subset
B C V, and a surjective homomorphism

n: (X, T)—> (Y, T) withn_l(n(B)) = B. (by4.22 withH =T)

3. (Y, T) is pointwise almost periodic. (by 2, (ii))
4. (Y, T) is minimal. (by 2, 3,4.19)
S.m(B)isopeninY. (by 2)
6.X=n"'Y)=a"'#(B)T)=n"'7(B)T =BT C VT. (by2,4,5)
7. (X, T) is minimal. (by 1, 6)

Proposition 4.24 Let (X, T') be topologically transitive and distal. Then (X, T')
is minimal.

PROOF: 1. Let V be an open subset of X.
2. There exists a countable subgroup K C T, a surjective homomorphism
m:(X,K)— (Y,K), and an open subset B C V,
such that
(a) (¥, K) is topologically transitive flow,
(b) Y is metrizable, and

(c) m~'(m(B)) = B. (by 4.22 with H = {id})
3. (X, K) is distal. (since (X, T) is distal)
4. (Y, K) is distal. (by 2, 3, 4.10)
5. (Y, K) is minimal. (by 2ab, 4, 4.20)
6.X=n"1Y)=n"'@(B)K) =n"'(n(B)K =BK C VT. (by2,4,5)
7. (X, T) is minimal. (by 1, 6)

Corollary 4.25 Let:

(i) (X, T) be a distal flow, and
(i) (X, T) be weak mixing.

Then X = {pt}.

PROOF: 1. (X x X, T) is distal. (by (i), 4.13)
2. (X x X, T) is minimal. (by 1, (ii), 4.24)
3. X = {pt}. (by 2)

Corollary 4.26 Let:

(i) (X, T) be a distal flow,

(i) L be anicer on X, and
(iii) (L, T) be topologically transitive.
Then L = Ax.
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PROOF: 1. (X x X, T) is distal. (by (1), 4.13)
2. (L, T) is distal. (by 1)
3. (L, T) is minimal. (by 2, (iii), 4.24)
4. L = Ay. (by 3)

Note that 4.26 uses the fact that when L is an icer on a distal flow (X, T'), the
flow (L, T) is distal. Conversely if a flow (X, T') admits an icer L such that
(L, T) is distal, then (X, T) is distal (because (X, T) = (Ax,T) C (L, T)).
Thus we may regard 4.26 as saying that the only icer L on a flow (X, T') for
which (L, T) is distal and topologically transitive is L = Ayx. As remarked
earlier, we will prove a natural generalization of this result: the only icer L
on a minimal flow (X, T') for which (L, T') is pointwise almost periodic and
topologically transitive is L = Ay (see 9.13). It should be pointed out that
the situation for pointwise almost periodic icers is different from that for distal
icers. If L is anicer on X and (L, T) is pointwise almost periodic, then (X, T)
is pointwise almost periodic (again because Ay C L). On the other hand when
(X, T) is pointwise almost periodic, an icer L on X need not be pointwise
almost periodic. Indeed an icer L on X is pointwise almost periodic if and
only if (X, T') is pointwise almost periodic and the extension X — X /L is a
distal extension (see 4.15). Here (L, T') is pointwise almost periodic but will
not be distal unless (X, T) is distal.

Note that the analog of 4.25 holds for homomorphisms of minimal flows.
Namely if f: (X, T) — (Y, T) is a distal homomorphism of minimal flows
and (Ry, T) is topologically transitive, then f is trivial (thatis X = Y). This
follows immediately from 4.15, and 9.13 mentioned above: the icer R s is both
topologically transitive and pointwise almost periodic, so Ry = A and hence
X=vY.

EXERCISES FOR CHAPTER 4

Exercise 4.1 Give the details of the proof of 4.6 (a).

Exercise 4.2 (See 4.9) Let (X, T) be a flow and ®: BT — E(X) be the
canonical map. Then the following are equivalent:

(a) X is distal,

(b) e is the only idempotent in E(X),
(c) E(X) is a group,

(d) E(X)=®(M), and

(e) E(X) is minimal.
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Exercise 4.3 Let X be distal. Show that E(X) is distal.
Exercise 4.4 Formulate and prove analogs of 4.2, 4.3, 4.4, 4.8,4.9,4.11, 4.12,

and 4.13 for semigroup actions.
Exercise 4.5 Let:

(1) T beagroupand S C T asubsemigroup,
(i) sS = Ss for all s € S (this holds in particular if S is abelian), and
(i) (X, T) be a flow.

Prove that (X, §) is distal <= (X, S~ !)isdistal <= (X, S-S~1)is distal.
Exercise 4.6 Let:

1) ¢: (X, T) — (Y, T) be a homomorphism of flows, and
(i) ¥: (X, T) — (X, T) be an isomorphism of flows.

Show that ¢ is proximal if and only if ¢ o v is proximal.
Exercise 4.7 (see 4.15) Let f: (X,T) — (¥, T) be a homomorphism of
flows, and assume that (Rz, T') is pointwise almost periodic. Show that f is
distal.
Exercise 4.8 (see 4.21) Let:
(i) m: (X, T) — (Y, T) be an epimorphism of flows, and
(i) (X, T) be topologically transitive.
Show that (Y, T) is topologically transitive.
Exercise 4.9 Verify that the symbol space (X,Z) of 4.17 is topologically
transitive.
Exercise 4.10 Let:
(i) (X, T) be pointwise almost periodic,
(i) f: (X, T) — (Y, T) be adistal epimorphism of flows,
(iii) (Ry, T) be topologically transitive, and
(iv) X be metrizable.

Show that X =Y.
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Quasi-factors and the circle operator

For a minimal flow (X, T), the set 2% of non-vacuous closed subsets of X is
a compact Hausdorff space when provided with the Vietoris topology (see the
following appendix). There is a natural action of 7 on this space, resulting in a
flow (2%, T). The minimal subsets of this flow provide many interesting exam-
ples of minimal flows. These are the so-called quasi-factors of (X, T). Fol-
lowing the themes developed in the preceding sections quasi-factors and more
generally the flow (2%, T') can be studied using the extension of the action of T
on 2% to an action of BT on 2% . Some elementary properties of this extension,
which we refer to as the circle operator, are outlined in this section. The circle
operator will be used in section 12 to construct icers on M and in section 17 to
study open and highly proximal extensions.

Notation, Definition, and Assumptions 5.1

(a) All the topological spaces that occur are assumed to be compact and
Hausdorff.

(b) For any topological space X, 2% will denote the collection of non-vacuous
closed subsets of X.

o) f@d#A= A C X, then [A] will denote the element of 2X determined by
A. Thus the locution “let [A] € 2X” means that ) 2 A = A C X, and [A]
is the corresponding element of 2% .

(d) Let: X — Y be continuous. Then the map:

27:2% 5 2Y isdefined by 27 ([A]) = [7(A)].
If in addition 7 is onto, it induces a map:
n*:2Y - 2% givenby #*([B]) =[x ' (B)].
By “abuse of notation” the map 2" will often be designated simply by .

54
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We will need an understanding of the topology on 2% which is provided by
the following proposition; we relegate its proof to the appendix to this section.

Proposition 5.2 Let:
(i) X be a compact Hausdorff space,

(i) <Vi,...,Vi> = {[Al € 2X | A c U‘_, Vi and ANV; # @ for
1 < i < k} for any finite collection {V, ..., Vi} of subsets of X, and

i) C={<Vi,..., Vi > |k=1,2,... and V; is an open subset of X for 1 <
i <k}

Then C is a base for a compact Hausdorff topology, V, on 2% called the Vietoris

topology on 2.

Using 5.2, we deduce some elementary properties of the Vietoris topology.

Proposition 5.3 Let:

(i) X be a compact Hausdorff space,
(i) [A;] = [Alin 2%, V),
(iii) [Bi] — [B]in (2%, V), and
(iv) A; C B; foralli.
Then A C B.

PROOF: 1.Leta € Aand U, C X be open witha € U,.

2. There exists an open set U C X witha e U c U C U,. (by 1, (1))
3. Assume that BN U = .
4. X\ Uisopenwith B C X \U. (by 3)

5. There exists i with[A;] € < U > and [B;] € < X\ U >. (by 2, 4, (ii), (iii))
6.0 A =UNA, CcUNB CcUN (X\ﬁ) = () (a contradiction).

B (by 5, (iv))
7.94UNBCU,NB. (since 3 = 6 which is false)
8.a € B=B. (by 1,7)

Proposition 5.4 Let:

(i) X, Y be compact Hausdorff spaces, and
(ii) m: X — Y be continuous.

Then 27 : 2X — 2% is continuous.

PROOF: For any open subsets Vi, ..., Vi of X,
QY N <Vi. . Vi) =<a 'V, ..., (W) >.
Corollary 5.5 Let:

(1) (X,T), (Y, T) be flows, and
(i) w: X — Y be a homomorphism of flows.
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Then:

(a) Themaps 2¥ — 2X  define an action of T on 2%, and
[A] — [Af]
(b) 27 is a homomorphism of flows.

PROOF: (a.) 1. Each of the maps [A] — [A]t = [At] is continuous.
(by 5.2)

2. [Al(ts) = [A(ts)] = [(Ar)s] = [At]ls = ([Al)s, for all [A] € 2%, and
s,teT.
3.[Ale = [Ae] = [A] for all [A] € 2X.

(b) 1. 27 is continuous. (by 5.4)
2.27([A]r) = 27 ([At]) = [ (A1)] (izi)[rr(A)t] = [7(A)]t = 27 ([A])t for all
teT.

Lemma 5.6 Let:
(i) X be a compact Hausdorff space, and
() o: X — 2%

x = [{x}]

Then o is continuous.

PROOF: We leave the proof as an exercise for the reader.

We have seen that for a continuous map 7 : X — Y the map 27 : 2% — 2Y
is continuous. This is not true in general for the map 7*: 2 — 2% which is
defined when 7 is onto; in fact 7* is continuous if and only if the map 7 is
open. The proof of this result given below requires careful use of the basis for
the Vietoris topology described in 5.2.

Proposition 5.7 Let:

(i) X, Y be compact Hausdorff spaces,
(i) 7: X — Y be continuous and onto, and
(iii) @: Y — 2% be defined by ¢(y) =[x~ (y)] forall y € Y.

Then the following are equivalent:

(a) m* is continuous.
(b) ¢ is continuous.
(c) m is open.
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PROOF: (@) = (b)

1. Assume that 7* is continuous.

2. Leto: Y — 2 be defined by o (y) = [{y}] forall y € Y.

3. o is continuous. (by 5.6)

4. ¢ = ¥ o o is continuous. (by 1, 2, 3)
(b) = ()

. Assume that ¢ is continuous.
.Let U C X beopen, x € U and y = 7 (x).
. Case 1: Assume that 7~ (y) c U.

3.1 < U > is a neighborhood of ¢(y) = [z~ (y)]. (by 3)
3.2. There exists an open neighborhood V of y with ¢(V) C < U >.

(by 1, 3.1)
33.9(2)=[n"'(2)le <U > forallz € V. (by 3.2)
34.77 (V) cU. (by 3.3)
35yeV cna). (by 3.2,3.4)

. Case 2: Assume that 7~ !(y) ¢ U.
4.1. < U, X\ {x} > is an open neighborhood of ¢p(y) = =ty (by 2,4)
4.2. There exists an open neighborhood V of y with (V) C < U, X \{x} >.

(by 1,4.1)
43.9(z) =7 (2)] e <U, X\ {x} >forallz e V. (by 4.2)
44.9#£n Y z)NU forallz € V. (by 4.3)
45.yeV cn). (by 3.2,4.4)

. 7T is open. (by 2,4,5)

(©) = (a)

. Assume that r is open.
.Let[B] € 2¥ with 7*([B]) =[x~ '(B)]e < Uy, ..., Uy >.
.t Y B)cUU; =U. (by 2)
. There exists an open set W C ¥ with B C W and 7w~ (W) c U. (by 1, 3)
LetVi=aUy)NWforl <i <k.
. Viisopenforl <i <k. (by 1,4)
B =G (B) C WNrW) =WnUrU) =UWNnxU) UV
BNVi=BNaU)NW

=7 (' (B) N (Up)

Sar Y (B)YNU) #Bforl <i <k.
2
. < Vi,..., Vi > is an open neighborhood of [B]. (by 6,7, 8)
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10. Let [Cl € < Vi, ..., Vi >.
11. n*l(C)lcoyrl Uvi) = Un*I(W)gn’l(W)EU?UU,-.

12.04ACNVicCNnU;)foralll <i <k. (by 5, 10)
13.77(C)NU; #Wforall 1 <i <k. (by 12)
4. 7*(C) e < Uy, ..., Uy >. (by 11, 13)
15.[Ble<Vi,....,Vi>C (@) W< Uy, ..., U >). (by 9, 14)

Even though it follows from 5.7 that the map ¢ is not continuous in general,
the following result will be useful.

Lemma 5.8 Let:
(i) X and Y be compact Hausdorff,
(il) m: X — Y be continuous and onto,
(iii) U C X be an open set, and
(iv) V={ylz"'(» cU}

Then V is an open subset of Y.

PROOF: 1. Y\V=aX\U)=n(X\U). (by (i), (ii), (iii), (iv))
2. V is open. (by 1)

Let (X, T) be a flow. Then according to 5.5, (2%, T) is also a flow. Thus the
action of 7 on 2% may be extended to an action of T on 2X. We would
like, given a closed non-empty subset A C X, which represents an element
[A] e 2%, to describe explicitly the closed subset of X which represents the
element [A]p € 2X where p € BT. For this we need the so-called circle
operator defined below.

Definition 5.9 Let (X, T) beaflow, # A = A C X, and p € BT. We
define the circle operation of BT on X by

Ao p={x € X | there exist nets (a;) C A,
and (¢;) C T witht; — pand a;t; — x}.

The following proposition shows that the circle operator does indeed charac-
terize the action of BT on 2X. This proposition and its corollary also detail
some of the properties of the circle operator that will be used later.

Proposition 5.10 Let:

(i) (X, T) be a flow,
(i) W # A C X, and
(iii) t € T and p,q € BT.
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Then:

(a) Aot = At,

(b)y Aop = ﬂ{m | N is a neighborhood of p in BT},
(c) ApCAop=Aop,

d Aop=Aop,

(e) [Aop]l=I[Alp,and

(f) (Aop)og=Ao(pg).

PROOF: (a), (b) We leave these to the reader.

©1.Ap={aplae A} C Aop. (this is clear from the definition)
2.Letx € Ao p,and U C X be open withx € U.
3.UN(Aop) #40. (by 2)

4.Let N C BT be open with p € N.
5. There exista(U, N) € Aandt(U, N) € NN T witha(U, N)t(U, N) € U.
(by 3,5.9)
6. There exist {a(U, N)} C A, {t(U,N)} ¢ T with t(U, N) — p and
a(U, N)t(U, N) — x.
(by 2,4,5)
7.x € Ao p. (by 6)
(d) We leave this to the reader.
(e) 1. Let Vi, ..., Vi be open subsets of X with [Alpe< Vi, ..., Vi >.
2. There exist open sets Wi, ..., Wy with W; C W; C Vi and [K] p
e< Wi, ..., Wi >.
3.lim, ,[Af] = lim,—, ,[A]t = [A]p.
4. There exists N C BT open with p € N such that [Afle < Wy, ..., W, >

forallt e NNT. (by 3)
5AcpcUWi=UW: cUVi (by 4)
6.(Aop)NV; D (Aop)NW,; # 0. (by 4)
T.[Aople<Vi, ..., Vg >. (by 5, 6)

8. [Aop]=[Ao = [A]p.
[ p](d)[ p]m)[ 1p

(® [(Aop)og] ;[A o plg = ([Alp)q = [Al(pq) = [A o (pq)].

Corollary 5.11 Let:

(i) (X,T), (Y, T) be flows, and

(ii) w: X — Y be a homomorphism of flows.

Then:

(@) T(Aop)=m(A)opforall@d #A C X andall p € BT, and
b)) 7'y opcal(yp)forally € Y and p € BT.
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PROOF: 1.7(Aop)=m (ﬂ{A(N N T) | N is a neighborhood ofpin,BT})
C (M (A)Y(N NT)| N is aneighborhood of p in BT}

— 7(A) o p. (by 5.10)
2.Lety e n(A)op = ({x (A(N n T)) | N is a neighborhood of p in AT}.
3. n_l(y) N A(N NT) # @ for all neighborhoods N of p. (by 2)

4. 77" (y») N{A(N NT) | N is a neighborhood of p in BT} # 0.
(by 3, compactness)
5.y enm (ﬂ{A(N N T) | N is a neighborhood of p in ,3T}> = 1(A o p).

(by 5.10)
O La@ ' Mop)=n@'(y)op={ylop=1{yp}.  (bypart(a)
2.7 () opCcalp). (by 1)

APPENDIX TO SECTION 5:
THE VIETORIS TOPOLOGY ON 2X

In this appendix we show that when X is a compact Hausdorff space, the space
2% provided with the Vietoris topology is also a compact Hausdorff space.

Notation 5.A.1 Let X be a set provided with a compact Hausdorff topology
T. We set

C={<Vi,....Vie> |VieTforl <i <k}.
Recall that
<Vi,...,Vi>={[Ale2X| AcU_, Viand ANV, # @forall 1 <i <k).

Lemma 5.A.2 Let X be a compact Hausdorff space.
Then C is a base for a Hausdorff topology V on 2%.

PROOF: 1l.Let< Vi,..., Vi >, < W,...,W, > e C with
[Ale< Vi,...,. Vi>N<Wi,..., W, >.

2.Set V=U, Viand W = Ji_, W;.
3.Setfﬁ~:V,-ﬂWandWi:VﬂijorlgiSkandlfjgn.
4. [A]l e < Vl,...,Vk,Wh...,Wn >C<V,...,.Vie>N< Wi,..., W, >.
(by 1,2, 3)
5. Let [A], [B] € 2X with [A] # [B].
6. We may assume without loss of generality that there exists a € A \ B.
(by 5)
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7.LetU,V C Xbeopenwithae U,BC VandVNU = 0.
8.[Ale < U, X \{a}>or[A]l=[{a}] e< U >,and [B] e < V >. (by7)
9. LetCCc XwithC CV.

10.CNU =4. (by 7)
11.<U,X\{a}>N<V>=<U>N<V>=0. (by 9, 10)
12. (2%, V) is Hausdorff. (by 5,8, 11)

Proposition 5.A.3 Let X be a compact Hausdorff space. Then 2% provided
with the Vietoris topology V), is compact.

PROOF: 1. Let F be a collection of closed subsets of 2X which has the
finite intersection property, and let I/ be an ultrafilter containing . (see
1.A4)

2. For every collection @, of subsets of X, (e.g. every ® € U) set b =
U{A [ TA] € @}

3.0 Ny C d; N D, forany @y, By € U. (by 2)
4. {<i> | ® € U} is a collection of closed subsets of X which has the finite
intersection property. (by 3)
5.StA= [ o
deld
6. A is closed and non-empty. (by 4, 5, X is compact)
7.Let[A]le < Vy,..., Vi > € (C,and ¥y € F.
k A
8. X\(UV)cx\A= U X\ (by5.7)
i=l deld
9. There exist @y, ..., P, € Fwith X\ (JV;)) C(X\DP)U---U(X\ Dy).

(by 8, X \ (I Vi) is compact)
10. Set W =¥gNdN---ND,.
R k
11.W e Fwith W ¢ Wgand ¥ ¢ |J V. (by 1,7,9, 10)
i=1
12.Set W; = {[Ble W |BNV; =@} forl <i <k.
13. Assume that W U --- U W, = W,

4.9 U---U¥Y, e FCU. (by 11, 13)
15. There exists j with W; € . (by 1, 1.A.18)
16.ACY; cX\V,=X\V,. (by 5, 12, 15)
17. 9 U - U, g v, (by 12, 13, since 16 contradicts 7)
18. There exists [B] € W suchthat BNV; # @ forall1 <i <k. (by12,17)
190V N< V...,V >C¥oN< Vi, ..., Vi >. (by 11, 18)
20. [A] € ¥ = . (by 1,7, 19)

21.[A] e N F. (by 7, 20)
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EXERCISES FOR CHAPTER 5

Exercise 5.1 Let X be a set provided with a compact Hausdorff topology 7.
Let

U ={oe C X x X | @ is aneighborhood of A}

be the unique uniformity on X which induces 7. We refer to an element & € U
as an index on X and write

xa={y|(x,y)€ea} and Aa= Uxa
xX€eA

forany x € X and A C X. Given any index o € U we set
& = {([A],[B]) | B C Aaand A C Ba} C 2X x 2%,
We then define
U={&|ael).

Then

(a) U is a base for a uniformity on 2X.

(b) For any [A] € 2X and o € U, there exists W € C with [A] € W C [A]Q.

(c) For any [A] € < Vi,...,V,x > € C, there exists « € U such that
[Ala C < Vi, ..., Vi >.

(d) The uniformity U induces the topology V.

Exercise 5.2 (See 5.6) Let:

(1) X be a compact Hausdorff space, and
(i) o: X — 2%,

x = [{x}]
Show that o is continuous.
Exercise 5.3 Let 7: X — Y be continuous, open and onto. Then
@ 2" (< Vi,...,. Vii>)=<a(Vy),...,nt(Vy) >.
(b) 27: 2% — 2 is open.
Exercise 5.4 (See 5.10) Let:
(i) X be compact metric space with metric d: X x X — R, and
(i) h: 2% x 2X — R be defined by

h([A], [B]) = max{sup{d(x, B) | x € A}, sup{d(x, A) | x € B}}.

Show that / is a metric on 2% which induces the Veitoris topology.
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Exercise 5.5 Let:
(i) (X, T) be a flow,
(i) ¥ # A C X, and
(iii) p € BT.
Show that A o p = ({A(N NT) | N is a neighborhood of p in BT}.
Exercise 5.6 Let:
(1) mw: (X, T) — (Y, T) be ahomomorphism, and
(i) (Y, T') be minimal.
Then the following are equivalent:
(a) m is open,
(b) =Y (Bop)=a"1(B)o pforall [B] € 2¥ and p € M,
() = "(yp)=n""(y)opforally € Y and p € M, and
(d) n’l(yop) = n’l(yo) o p forsome yg € Y and all p € M.
Notice that (i) and (ii) imply that 7 is onto.

Exercise 5.7 Let:
(i) Ry C Ry beicerson M,
(i) X =M/R;,Y = M/R;, and
(iii) ¥y ={[(xg) "' (p)1 | p e M} C2¥ forall y e Y.
Then
(a) Yy=7Y forally,zeY.
(b) Y, is minimal.
(c) M/(RiNS) — M/(R»NS) is open where Y, = M/S.
(d) if Nisaniceron M with M/(R{NN) — M/(R,NN) open, then N C S.






PART II

Equivalence relations and automorphisms of
flows

According to 3.16, every minimal flow is a quotient (M /R, T') of the universal
minimal flow (M, T') by some icer R on M. We now proceed to investigate the
icers on M using the structure of M and its group of automorphisms. Applying
3.12, 3.16, and 3.15, to M (a fixed minimal ideal in BT = E(BT,T)), we
conclude that M can be written as a disjoint union of copies of a subgroup
G C M, one for each of the idempotents u? =u € M. We show (see 7.4) that
this group G can be identified with the group of automorphisms of the flow
(M, T). The icers on M can then be characterized in terms of the idempotents
in M and the subgroups of G. This characterization relies on the so-called
relative product of two relations which is discussed in section 6. Given two
relations R and S on a space X, the relative product R o § is a relation on X
which contains R U S. Theorem 7.21 shows that every icer R on M can be
written uniquely as a relative product

R = (RN Py) o gr(G(R)). (€))

Here Py C P(M) is a an equivalence relation generated by the pairs of idem-
potents in M, and the subgroup

G(R)={aeG|gr(@) CR}CG

consists of the automorphisms of M whose graphs are contained in R. The
expression (x) of every icer on M as a relative product plays a fundamen-
tal role in our study of minimal flows via the icers on M. Section 7 devel-
ops the language and techniques for proving this result and understanding its
consequences.

Section 8 is concerned with the so-called regular flows; these are the flows
which can be uniquely expressed in the form M/R. We show that the regular
flows are those which have as many automorphisms as possible. For a regular
flow the pair { X, Aut(X)} has properties analogous to those of the pair {M, G}.

In section 9 we introduce what we call the quasi-relative product R(S) of
two icers. R(S) though it need not be closed is always an invariant equivalence
relation. When R o S is an icer, R(S) = Ro S, but R(S) is an icer in situations
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when R o S is not. We show that when R(S) is an icer the flow M/R(S) is a
quasi-factor of X/S (see 9.9). R(S) arose originally as we searched for a new
proof of the Furstenberg structure theorem for distal extensions of compact
Hausdorff (not necessarily metric) spaces. The resulting proof (see 9.13) of a
result which is equivalent to the Furstenberg theorem, requires a construction
of metric flows via icers in a situation where the relative product alone does
not suffice.



6

Quotient spaces and relative products

Any continuous mapping f: X — Y of compact Hausdorff spaces which is
onto is a quotient map, and the equivalence relation Ry = {(x1, x2) | f(x1) =
f(x2)}isclosed. Conversely any closed equivalence relation R on X gives rise to
acompact Hausdorff space X /R and continuous quotient map X — X/R. Thus
continuous mappings can be defined by constructing closed equivalence rela-
tions; this motivates the study of the so-called relative product of two relations.

In the interest of completeness we include a proof (see also [Massey, (1977)])
of the fact that if R is a closed equivalence relation on a compact Hausdorff
space X, then X/R is Hausdorff. We then introduce and investigate some
basic properties of the relative product of two relations on a compact Haus-
dorft space. The techniques developed here are used extensively throughout
the remainder of the text; for example the relative product is used in section
7 to construct and characterize the icers on the universal minimal flow M.
Another example is seen in 6.18 where we obtain a generalization of the fact
that any factor of a distal flow is itself a distal flow; a refinement of this result
will be used in section 9.

The following notation will be used to facilitate our discussion of equiva-
lence relations, quotient spaces, and quotient mappings.

Definition and Notation 6.1 Let R C S be closed equivalence relations on a
compact Hausdorff space X. We define an R-cell to be a set of the form:

xR={yeX|(x,y) e R} CX.
If A C X is any subset of X we write

AR=|JxR={yeX|(x.y) € R for somex € A

x€eA

67
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for the union of the R-cells corresponding to points of A. We use the notation
X/R={xR|x € X}

for the quotient space (provided with the quotient topology). The notation
g and 71§e will be used for the quotient map, and canonical projection map
respectively:

mg:X — X/R and nf:X/R — X/S
x — xR xR — xS.
Thus the composition n§ omr = ms. By “abuse of notation" we will also

write:

ntr=npxnr: XxX — X/RxX/R.
x,y) — (xR, yR)
Proposition 6.2 Let:

(1) X be a compact Hausdorff space, and
(i1) R be a closed equivalence relations on X.

Then X/R is Hausdorff.

PROOF: 1. Letx,y € X.
2.U C X be open withxR C U.

3.xRN(X\U) = 0. (by 2)
4. x ¢ (X \ U)R which is closed. (by 3, (ii), X is compact)
5.x€ F=X\((X\U)R) = 15 (xg(X\(X\U)R)) = ng' (ng(F)) = FR
which is open. (by 4)
6.xRCFCU. (by 5)
7.xR = ({F | x € F open with FR = FY}. (by 2, 6, (i), (ii))
8.yR=(\{H |y € Hopenwith HR = H}. (by 2-7 applied to y)

9. Assume every open neighborhood of 7 (x) intersects every open neighbor-
hood of wg(y).

10. Let F, H be open sets withx € F,y e H, FR=F,and HR = H.

11. 7ng(F) and mwr(H) are open neighborhoods of mg(x) and mwgr(y)

respectively. (by 10)
12.0 # ng (g (F) Nwg(H)) C mp' (mr(F)) Ny (wr(H)) = F N H.
(by 10, 11)
13.{HNF | x € F open with FR = F} has the finite intersection property.
(by 12)

14. H N xR # 0. (by 7, 13, compactness)
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15.{HNxR | y € H open with HR = H} has the finite intersection property.

(by 10, 14)
16. yRN xR # 0. (by 8, 15, compactness)
17.xR = yR and mp(x) = wr(y). (by 16)
18. X/R is Hausdorff. (by 9, 17)

Applying 6.2 allows us to study continuous mappings via closed equivalence
relations. In particular if S is another closed equivalence relation on X, one is
often interested in spaces Y that fit into a commutative diagram of the form.

X - X/§
\ \ ()
X/R — Y.

Any such Y is a quotient of X, so finding such a ¥ amounts to finding a closed
equivalence relation on X which contains both R and S. This motivates the
following definition.

Definition 6.3 Let R, S be any relations on X (a compact Hausdorff space).
We define the relative product, R o S, of R and S by

RoS={(p,q) € X x X |thereexistsr € X with(p,r) € Rand (r, q) € S}.

Using the notation introduced above the cells of the relative product R o S of
two relations can be written

x(RoS)=xR)S;
in other words
(x,z) € RoS <= thereexistsy € xR with z € yS.

In this sense the relative product is indeed a product.

Our investigation of the properties of the relative product begins with a few
preliminary results; many of the proofs are direct consequences of the defini-
tions and are left to the reader. Though we will be primarily interested in the
case of closed equivalence relations where the quotient spaces are Hausdorff,
often these results hold in somewhat greater generality.

Lemma 6.4 Let:

(i) X be a compact Hausdorff space,

(i) R, S be closed equivalence relations on X,
(i) A C X x X, and
@iv) B,C C X/R x X/R.
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Then:

(@) (g x 7g)~ (g x ﬂs)(A)) =RoAoS,
(b) n,;‘(B h = (n,;‘(B)) ,and

©) g (BoC)=ng'(B)omy'(C).

PROOF: We leave this as an exercise for the reader.

Corollary 6.5 Let:

(i) X be a compact Hausdorff space,
(i) N be a closed equivalence relation on X, and
(iii)) R C X/N x X/N be a closed equivalence relation on X/N.

Then 7y ! (R) is a closed equivalence relation on X.

PROOF l. Ax CN =my' (AX/N) c gl (R). (by (i), (iii))
2. (my (R))™ 1—71_1(R 1) =7y (R). (by (iii), and 6.4)
3. n,gl(R) ony (R) =7y (Ro R) =7y (R). (by (iii), and 6.4)

Lemma 6.6 Let:

(i) X be a compact Hausdorff space,
(i) N be a closed equivalence relation on X, and
(i) R, S C X x X be arbitrary relations on X.

Then:

(@) my (nN(R)) =NoRoN,
(b) er(R oS) Can(R)onn(S) Cry(RoNolS),and
(c) if either R o N or S o N are closed equivalence relations on X, then

an(RoS) =mn(R)onmn(S).
PROOF: We leave this as an exercise for the reader.

Note that if R and § are closed, then the relative product R o § is also closed.
Similarly if (X, T') is a flow, and R and § are invariant, then R o S is invariant.
On the other hand the relative product of two equivalence relations is reflexive,
but need not be symmetric or transitive. However in this case if R o S is sym-
metric, then R o S = S o R and it is also transitive (see 6.9). It is clear that any
equivalence relation which contains both R and S must also contain Ro S. Con-
sequently if R o S is an equivalence relation, then it must be the smallest one
which contains RUS. This says that Y = X/(RoS) fits into the diagram in (x),
and is maximal in the sense that any other Y is a quotient of X /(R o S). In this
maximal example the diagram in (x) has particularly nice properties which are
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used throughout the text. Moreover we will see that the relative product can be
used to understand these diagrams in general by describing the equivalence
relations involved in their construction. We proceed to make these notions
precise.

Proposition 6.7 Let:

(1) Ry, R» be closed equivalence relations on X, and

(i) N =({S | Sis a closed equivalence relation with R; U Ry C S}.
Then:

(a) N is aclosed equivalence relation on X, and
(b) if S is a closed equivalence relation on X with Rf U R, C S, then N C S.

PROOF: Thisis clear.

Definition 6.8 Let R, S be closed equivalence relations on X. We define the
infimum of R and S, inf(R, S) by

inf(R, S) = ﬂ{N | N is a closed equivalence relation on Xwith R U § C N}.

According to proposition 6.7, inf(R, S) is a closed equivalence relation on
X; we proceed to show that R o S is an equivalence relation if and only if
Ro S =inf(R, S).

Proposition 6.9 Let R, S be closed equivalence relations on X.
Then the following are equivalent:

(@) SoR=RoS,

(b) R o Sis aclosed equivalence relation on X, and

(¢) Ro S =inf(R, S).

PROOF: (a) = (b)

1. Assume that Ro S = S o R.

2. As has been previously remarked R o S is closed and reflexive.
3.(RoS) ' =ST1oR 1'=S0R=RoSsoR oS is symmetric.
4. (RoS)o(RoS)=Ro(RoS)oS=RoSsoRo S is transitive.

(b) = (¢)

1. Assume that R o S is a closed equivalence relation on X.
2.RUS CRoS. (by 6.3)
3.inf(R, S) C Ro S. (by 6.7)
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4. Ro S Cinf(R, S) oinf(R, S) = inf(R, S). (by 6.7)
5.Ro S =inf(R, S). (by 3,4)

© =@

1. Assume that R o § = inf(R, ).
2. R o S'is a closed equivalence relation on X. (by 1)
3.50R=S"'1oR 1'=(RoS) " '=RoS. (by 2)

There are many situations where the projection g (S) is an equivalence rela-
tion on X/R even though S is not an equivalence relation on X. For flows
(X, T), one such example is when S = P(X) is the proximal relation intro-
duced earlier; we investigate this further in section 13. Another example is the
regionally proximal relation introduced in section 15 and studied further in sec-
tions 16 and 19. Though the main application of the following proposition is
the corollary which follows, where R, S and R o S are closed equivalence rela-
tions on X, it does give a condition under which the projection of a reflexive
symmetric relation is an equivalence relation.

Proposition 6.10 Let:

(i) X be a compact Hausdorff space,

(i) R be a closed equivalence relation on X, and
(iii) S be a closed reflexive symmetric relation on X.
Then the following are equivalent:

(a) Ro SoRisaclosed equivalence relation on X,
(b) RoSoRoS=RoSoR,and

(c) mg(S) is a closed equivalence relation on X /R.
Moreover all of these conditions imply:

(d) (X/R)/mr(S) = X/(RoSoR).

PROOF: (a) = (b)
1. Assume that R o S o R is a closed equivalence relation on X.
22RoSoRCRoSoRoSC(RoSoR)o(RoSoR)CRoSoR.

(by 1, (i), (iii))

(®) = (¢)

1. Assume that Ro So RoS =Ro SoR.
2. It suffices to show that wg(S) is transitive. (by (iii))
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3.5 (wR(S) 0 TR(S)) ;n;lmR(S)) o (TR(S))
=RoSoRoRoSoR
6.6

=RoSoRoSoR=RoSoRoR
(ii) 1

= RoSoR=ng (wr(S)).
(ii)

4. tR(S) o mR(S) = mr(S). (by 3)
()= (a)

1. Assume that g (S) is a closed equivalence relation on X/R.

2. nEl (rgr(S)) is a closed equivalence relation on X. (by 1, and 6.5)

3.7 (mr(S) = RoSoR. (by 6.6)
(c) = (d)

(X/R)/mr(S) = X/]TEI(]TR(S)) = X/(RoSoR).

Corollary 6.11 Let R, S be closed equivalence relations on X such that R o S
is a closed equivalence relation on X. Then:

(a) mr(S) is a closed equivalence relation on X /R,
(b) ms(R) is a closed equivalence relation on X /S, and
(©) (X/R)/7r(S) = X/(RoS).

PROOF: 1. SoRoS=So0SoR=SoR=SoRoR=RoSoR.

(by 6.9)
2.S50 Ro Sand R o S o R are closed equivalence relations on X. (by 1)
3. ws(R) and wg(S) are closed equivalence relations on X/S and X/R
respectively. (by 2, 6.10)
Part (c) follows from 6.9 and 6.10.

We will make extensive use of 6.11 in constructing icers on M and on flows
in general; it can be interpreted as saying that when R, S, and R o § are
closed equivalence relations on X, the following diagram of quotient maps is

commutative:
s

X - X/S
‘L TR ‘l’ T[IgoS
T[l[;os
X/R 2S5 X/)(Ro ).
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In fact we now show that in this diagram wg and 7g map fibers onto fibers, a
property which characterizes the relative product.

Proposition 6.12 Let:

(i) X be a compact Hausdorff space,

(i) R, S, N be closed equivalence relations on X, and
(iii)) RUS C N.
Then we can form the commutative diagram

s

X - X/S

7R by

R
N

X/R X X/N

and the following are equivalent:

(a) ms maps the fibers of the map g onto the fibers of nf,; ie. rs({xR}) =
(r3) "1 (xN) or equivalently 75({xR}) = ms({xN}) for all x € X.

(b) N=RoS.

(c) mr maps the fibers of the map 75 onto the fibers of 71115; ire. tr({xS}) =
(R ~1(xN) or equivalently 7g({xS}) = mg({xN}) forall x € X.

(A {(xR,yS) € X/R x X/S | 7§ (xR) = i (y$)} = (wr X 75)(A).

PROOF: (a) = (b)
1. Assume that rg maps the fibers of 7w onto the fibers of nfj.
2.Let (p,q) € N.
3.7n(p) T n(q) 6=1 nlf,(ng(q)) so ws(q) is in the fiber over y (p).
4. There exists 7 € X in the fiber over wr(p) with mg(r) = ws(g). (by 1, 3)
5.(p,r) € R,and (r,q) € S. (by 4)
6.(p,q) € RoS. (by 5)
7.N CRoS C NoN = N.

2,6 (iii) (ii)

(b) = (a)

1. Assume that N = Ro S.
2. Let g € X with wg(q) in the fiber over 7y (p).
3.71n(q) =7y (ts(q)) = N (p). (by 2)
4.(p.q) € N. (by 3)
5

. There exists r € X with (p,r) € Rand (r,q) € S. (by 1, 4)
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6. mr(r) = mr(p) so r is in the fiber over wg(p). (by 5)
7. 7s5(r) = 7ws(q). (by 4)

(b) < (o)
Interchange the roles of R and S in the proof that (a) <= (b).
(b) = ()

1. Assume that N = Ro §S.

2. (g x ws)(A) C {(xR,yS) € X/R x X/§ | nﬁ(xR) = nf,(yS)} is
immediate.

3.Let (xR, yS) with 7R (xR) = 73 (y$).

4. xN =yN. (by 3)
5. There exists z € X with (x,z) € Rand (z,y) € S. (by 1, 4)
6. (xR, yS) = (2R, 28) = (nr(2), 75(2)) € (MR X 7S)(A). (by 5)
(d) = (b)

1. Assume (g x wg)(A) = {(xR,yS) € X/R x X/S§ | n/\f(xR) = n;f,(yS)}.
2.Let (x,y) € N.

3.78(xR) =xN = yN =25 (»$). (by 2)
4. There exists z € X with (7g(2), m5(z)) = (xR, YR). (by 1, 3)
5.(x,z) € Rand (z,y) € S. (by 4)
6.(x,y) € RoS. (by 5)

Another useful property of the relative product is given below.

Proposition 6.13 Let:

(i) X be a compact Hausdorff space,
(i) R, S, N be closed equivalence relations on X, and
(iii) RoS=N.

Then as in 6.12 we can form the commutative diagram

X X x/s

| 7R by

X/R - X/N
and

(a) mg open implies that 7116 is open,
(b) mr open implies that 711‘\9, is open.
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PROOF: (a) 1. Assume that 7rg is open.

2.Let V C X/R be open.

3.75((rr) (V) = () "' (xR (V)) is open in X/S. (by 1,2, 6.12)

4. 7R (V) is openin X/N. (by 3)
(b) This is just (a) with the roles of R and S interchanged.

The basic properties of the relative product outlined above will be used to
construct equivalence relations and quotient maps. We will also need a result
which says that the relative product construction commutes with the inverse
limit construction. First note that any descending chain

$1 28228 D
of closed equivalence relations on X gives rise to a sequence of continuous
maps
X/S1 <« X/Sy <+« X/S, < -
whose inverse limit
lim X/S; = X/ (5.
For completeness sake and for future reference, we make this precise in the

slightly more general context where {.S;} is a filter base of equivalence relations
on X.

Proposition 6.14 Let:

(1) R be a closed equivalence relation on X, and
(i) {S; | i € I} be afilter base of closed equivalence relations on X.

Then:
(@ X/ (S E lim X/S; (the inverse limit), and
<«

iel
(b) x e U C X/ () S with U open implies that there exists U; open in X/S;
iel
such that x € njfl(Uj) C Uwherenj: X/()Si — X/S§; is the canonical
map.

PROOF: Left as an exercise for the reader.

The relative product construction commutes with this inverse limit construc-
tion in the following sense. If R is a closed equivalence relation on X such that
each of the R o §; is an equivalence relation, then R o (ﬂ S,-) =[(\(RoS;)is
an equivalence relation and

lim X/(R 0 5;) = X/ (R o S,-) .
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This result holds when {S;} is a filter base of closed equivalence relations; the
details are given in the next proposition and its corollary.

Proposition 6.15 Let:

(i) R be a closed relation on X (a compact Hausdorff space), and
(i) {S; | i € I} be afilter base (see 1.A.1) of closed relations on X.

Then:

(a) Ro <ﬂ Si) = ()(RoS;),and

iel iel
(b) (ﬂ S,~) oR = (S oR).
iel iel
PROOF: (a)l. LetS=)S,.
iel
Proof that: Ro S C [ (R o S;)
iel
2.Let(p,g) e Ro S.
3. There exists r € S with (p,r) € Rand (r,q) € S. (by 2)
4.(p,q) € N (RoS)). (by 1, 3)
iel
Proof that: (((Ro S;)) CRo S
iel
1. Let C be a closed subset of X x X with CNS; #@Pforall j el.
2. Let {iy,...iy} CI.
3. There existsi € I with S; C S;; N---NS;, . (by (i)
4.09#£CNS; CcCNS)N---NECNS;). (by 1, 3)
5. The collection {C N S; | i € I} has the finite intersection property. (by 2, 4)
6.CNS=N(CNS;) #0. (by 5, X x X is compact)
iel
7.Let (p,q) € ()(R o S;) and N be an open neighborhood of S in X x X.
iel

(X xX)\N)NS=0.
9. (X x X)\N)NS; = for some j € I.
(by 1,6,7withC = (X x X)\ N)

10. S; C N. (by 9)
11.(p,q) € RoS; CRoN. (by 7, 10)
12. There exists ry with (p,ry) € Rand (ry,q) € N. (by 11)

13. Theset Ky ={r | (p,r) € R and (r,q) € N}isnonempty. (by 12)
14.{Ky | N is an open neighborhood of S} has the finite intersection property.
(by 8, 13)
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15.Letx € m Ky and V be an open neighborhood of x in X.

N
16. VN Ky # @ forall N. (by 15)
17. There exists r € V with (p,r) € Rand (r,q) € N. (by 13, 16)
18.(p,x) e R=Rand (x,q) ey N = S. (by 15, 17)

19. (p,g) € Ro S.
(b) Similar argument.
The following result will be used in section 20.

Corollary 6.16 Let:

(1) R be a closed equivalence relation on X,
(i) {S; | i € I} be a filter base of closed equivalence relations on X, and
(iii) R o S; be an equivalence relation for every i.

Then R o ( N S,-) is a closed equivalence relation.

iel
PROOF: 1. () S; is a closed equivalence relation. (by (ii))
iel
2.Ro Si | = RoS;) = SioR) = S; | oR.
(Q, ’) 6.15 Q( l)(iii) D( ! )6.15 (D ’)
3.Ro ( N S,-> is an equivalence relation. (by 1,2, 6.9)
iel

The results in this section have been stated for closed equivalence relations
on any compact Hausdorff space X. If (X, T) is a flow and the equivalence
relations are invariant under the action of 7', then the results remain valid for
icers on X, and the quotient maps are homomorphisms of flows. In particular
we recover results on minimal flows by setting X = M and requiring that the
equivalence relations be icers.

We end this section with some applications of the relative product to homo-
morphisms of flows. These results are motivated by considering the following
diagram:

b
X — Y
wr I

X/L — Z

where f is an epimorphism of flows, L is an icer on X, and 7 is a homomor-
phism of flows. Assuming that 7y is a distal homomorphism, when can we
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conclude that 7 is also distal? Note that when X/L = {pt} = Z, the answer
is always. (In this case we are just asking whether (X, T') distal implies that
(Y, T) is distal, which is the content of 4.10.) In general, using Ry to denote
the icer on X corresponding to f,if Ryof C RyoLo Ry, and (X, T) is point-
wise almost periodic, then 7 is distal. In the interest of clarity, we state this as
the next proposition. If the diagram is a relative product, thatis R;of = LoRy
and Z = X /(L o Ry), then 7 is distal under the weaker assumption that (Y, T)
is pointwise almost periodic. We give a proof of this in 6.17.

Proposition 6.17 Let:

(i) (X, T) be a pointwise almost periodic flow,
(i1) L be aniceron X,
(iii) 7z : X — X/L be distal,
(iv) f: (X, T) — (Y, T) be an epimorphism of flows,
(v) the following be a commutative diagram of flows and flow homomor-
phism, and

(Vi) Ryof C RyoLoRy.
Then: Y — Z is distal.

PROOF: 1. (L, T) is pointwise almost periodic. (by (i), (ii), (iii), and 4.15)
2fW)=f(RroLoRy) = f(Ruop) = f(f ™ (Rn)) = Rr.

3. (Ry, T) is pointwise almost periodic. (by 1,2)
4. 7 is distal. (by 4.15)

Lemma 6.18 Let:

(i) (X, T) be a flow,
(ii) L and N be an icers on X,
(iii)) X — X/L be distal,
(iv) (X/N, T) be pointwise almost periodic, and
(v) Lo N beaniceron X.
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In other words assume that the following is a commutative diagram of flows
such that the flows in the right hand column are pointwise almost periodic and
the left hand column is a distal extension.

X - X/N

\ \

X/L — X/(LoN)
Then X/N — X /(L o N) is distal.
PROOF: 1. ny(L o N)=my(L) is aclosed equivalence relation on X/N
with
(X/N)/nny(L) = X/(LoN). (by 6.11)
2. Let my(x1,x2) € P(X/N) with (x1,x2) € Lo N.
3. There exists a minimal ideal / C E(X, T) with (x;p,x2p) € N for all

pel. (by 2,4.4)
4. There exists a minimal idempotent u € [ with

iy (xiu) =y (xpu = 7y (x1). (by 3, (iv), 4.3)
5.(xiu,x) e NoLoN =LoN. (by 2, 3, (v))
6. There exists x3 € X with (xju, x3) € L and (x3, x2) € N. (by 5)
7. (x1u, x3u) = (xu, x3)u € Lu C L. (by 6, (ii))
8. (x3,x3u) € L. (by 6, 7, (i1))
9. x3 = x3u. (by 8, (iii))
10. (x3, xpu) = (x3u, xpu) € Nu C N. (by 6,9)
11. (x3,xju) € NoN = N. (by 3, 5, 10, (ii))
12. (x3,x1) € N. (by 4.11)
13. (x2,x1) € N and so my (x1, x2) € Ax/N. (by 6, 12)
14. P(X/N) Nmy(L) = Ax/N. (by 2, 13)
15. X/N — X /(L o N) is distal. (by 1, 14, and (v))

A refinement of the preceding result will be needed in section 9.

Corollary 6.19 Let:

(i) (X, T) be a (not necessarily minimal) flow,
(i) L be anicer on X,
(iii) X — X/L be distal,
(iv) H C T be a subgroup of T,
(v) N be aclosed H-invariant equivalence relation on X,
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(vi) (X/N, H) be pointwise almost periodic, and
(vii) L o N be an H-invariant equivalence relation on X.

In other words assume that the following is a commutative diagram of H-flows
such that the flows in the right hand column are H-pointwise almost periodic
and the left hand column is a 7'-distal extension.

X - X/N

\ =

X/L — X/(LoN)
Then (7 (L), H) is pointwise almost periodic.

PROOF: The assumption that X — X/L is distal as a T-homomorphism,
implies that it is distal as an H-homomorphism. Thus the result follows imme-
diately by applying 6.18 and 4.15 to the group H.

EXERCISES FOR CHAPTER 6

Exercise 6.1 (See 6.4) Let:

(i) X be a compact Hausdorff space,
(i) R, S beicerson X,
(iii)) A C X x X, and
(iv) B,C C X/R x X/R.

Then:

(a) (g x 75) "' (g x w5)(A)) = Ro Ao S,
(b) 75" (B! = (n,;‘(B))_l, and

(©) mg (BoC) =mg ' (B)omg ' (C).
Exercise 6.2 (See 6.9) Let:

(i) X be a compact Hausdorff space, and
(i) R, S C X x X be equivalence relations on X.

Show that R o S is an equivalence relation on X if and onlyif Ro S C So R.

Exercise 6.3 (See 6.6) Let:

(i) X be a compact Hausdorff space,
(i1) N be a closed equivalence relation on X, and
(iii)) R, S C X x X be arbitrary relations on X.
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Show that:
(@) 7y (my(R) =NoRoN,
(b) an(RoS) Cay(R)onyn(S) Cay(Ro N oS),and
(c) if Ro N or So N is aclosed equivalence relations on X, then
aN(RoS) =nyN(R)omn(S).
Exercise 6.4 (See 6.14) Let:
(i) R be a closed equivalence relation on X, and
(1) {S; | i € I} be a filter base of closed equivalence relations on X.
Show that:
(@) X/ (S E lim X/S; (the inverse limit), and
iel -
(b) x e U C X/ () S; with U open implies that there exists U; open in X/S;
iel
such that x € njfl(Uj) C Uwheren;: X/()Si — X/§; is the canonical
map.
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Icers on M and automorphisms of M

For this section, and the remainder of this book, we will use M to denote a fixed
minimal ideal in BT". As we saw in 3.16, given any minimal flow (X, T') there
exists an epimorphism of flows f: M — X, sothat M/Ry = X. Here Ry =
{(p,q) e M x M | f(p) = f(g)}is an invariant closed equivalence relation
on M. We will study minimal flows and their properties by studying invariant
closed equivalence relations on the universal minimal set M. We emphasize
this point of view by defining a category M.

Definition 7.1 The category M.

We define a category M whose objects, obj (M) are the icers (closed invariant

equivalence relations) on M. If R and S are icers on M with R C S, then & §

will denote the canonical map
n® M/R — M/s.

We refer to M /S as a factor of M/R and to M /R as an extension of M /S. We
then define

Ry ifRcCS
morph(R, S) = g} iR C .
] ifRZ S

We write g for
TR E?T]%Z M — M/R,
Note thatif R C S, then g = & o p.

Given anicer R on M, the quotient space is a compact Hausdorff space (by 6.2)
on which T acts. In other words (M /R, T) is a flow; moreover it’s minimal
since it’s an image of M. Conversely any minimal flow (X, T') is represented
by the element Ry in the category M, where f: M — X is a homomorphism
of flows. In general however, if g is another such homomorphism, then R,

83
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need not equal R . Thus X may have many distinct representatives in the cat-
egory M. In other words obj (M) is not in one-one correspondence with the
collection of minimal flows. We will see in section 8 (see 8.1 and 8.3) that the
regular minimal flows are exactly those minimal flows (X, T'), for which there
is a unique icer with X = M/R. Similarly morph(R, S) consists of at most
one element and is not in one-one correspondence with Hom(M /R, M/S).
In particular morph(R, R) consists of a single element, while Aut(M/R), in
general, contains many automorphisms of the flow (M/R, T). Nevertheless
M provides a useful context in which to frame many of the questions con-
cerning minimal flows and their extensions. Before addressing some of these
questions we state an elementary proposition which will be used frequently in
subsequent discussions.

Proposition 7.2 Let:

(i) X = M/R be a flow,
(i1) N be anicer on X, and
(i) §=mg'(N).
Then:

(a) Sisaniceron M, and
(b) M/S = X/N.

PROOF: Straightforward.

In section 3 we showed (see 3.12) that any minimal ideal 7 in the enveloping
semigroup E(X) of a flow (X, T) can be written as a disjoint union of iso-
morphic groups, one for each idempotent in 7. Since E(BT) = BT this holds
for M. In fact M can be written as a disjoint union of copies of the group
G of automorphisms of M. In particular any element p € M can be written
uniquely in the form p = o (u) where @« € G and u is an idempotent in M.
This description, which is a consequence of the proposition below, plays a key
role in our study of the category M.

Proposition 7.3 Let:
i) p.geM,
(ii)) Ly: M — M be defined by L,(m) = pm, and
(iii) o: M — M be any homomorphism of the flow (M, T).
Then:
(a) there exists a unique idempotent # € M such that L, (u) = pu = p,
(b) L is an automorphism of (M, T),
(¢c) L, = Ly if and only if p = qu, and
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(d) @ = L) for any idempotent v € M, and hence « is an automorphism
of M.

PROOF: (a) This follows immediately from 3.12.
(b) 1. L,(qt) = p(gt) = (pg)t = Ly(q)t forallg € M andr € T.

2. L is a homomorphism of flows. (by 1)
3. There exists ¢ € M with gp = u = pq. (by 3.12)
4. Ly(Ly(r)) = plgr) =ur =r = (gp)r = Ly(Ly(r)) forallr € M.
(by 3.12)
5. L, is the inverse of L. (by 4)
(© 1. If L, =Ly, then p = L,(u) = Ly(u) = qu. (by part (a))
2.If p = qu, then L,(r) = pr = (quyr = q(ur) = qr = L4 (r) for all
reM,solL,=Ly. (by 3.12)
(d) Lo (r) = a()r =a(vr) =a(r) forallr € M. (by 3.12)

We state the following corollary for emphasis, and so that it may be referred to
later in the text.

Corollary 7.4 Let:

(i) G ={a|a: M — M} be the group of automorphisms of M, and
(i) J = {u € M | u> = u} be the set of idempotents of M.

Thenthemap G x J — M is bijective.
(,u)y  — o)

PROOF: This follows immediately from 7.3 and 3.12.

Given two minimal flows (X, T') and (Y, T), we would like to study homo-
morphisms

p: X = Y.

It is clear that we can find icers R and S on M such that X = M/R and
Y = M/S; we would like to do this in such a way that R C S, and then relate
@ to the canonical projection map § . As a first step we show that there exists
an automorphism o € G such that

M — M

Wl e

M/R % M/s
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is a commutative diagram of flow homomorphisms. This is a consequence
of the fact that every minimal subset of M x M is of the form gr(a) =
{(p,a(p)) | p € M} for some automorphism o € G. This result, an ana-
log of which holds for regular flows (see 8.9), is of independent interest and
will also be used in section 10 to analyze the 7-topology on G.

Proposition 7.5 A nonvacuous subset Y C M x M is minimal if and only if
Y = gr(a) for some o € G (thatis Y is the graph of an automorphism of M).

PROOF: 1. The graph of an automorphism of M is a homomorphic image

of M and hence is a minimal subset of M x M. (by 3.5)
2.LetY C M x M be aminimal setand (p,q) € Y.

3. There exists an idempotent u € M with pu = p. (by 3.12)
4. There exists p’ = p'u € M with pp’ =u = p'p. (by 3.12)
S5a=Lyy €G. (by 7.3)
6. (u,a(u)) = (pp’, (qpu) = (p.q)p' € Yp' C Y. (by 2,4,5)
T.gr(@)NY #@. (by 6)
8.Y = gr(w). (by 2,7, since gr(«) is minimal)

We now use 7.5 to characterize homomorphisms. For this purpose, and for the
remainder of the text, it will be convenient to write:

a(p,q) = (a xa)(p,q) = (a(p),alq)),

forany « € G and (p,q) € M x M. Thus when R is an icer on M, we will
use the notation:

a(R) ={a(p,q) | (p,q) € R}.
Proposition 7.6 Let R, S be icers on M. Then:

(a) ifo € Hom(M/R, M/S), there exists¢ € G witha(R) C Sand pomrp =
s o,

(b) if « € G with «(R) C S, there exists ¢ € Hom(M /R, M/S) such that
QOMR =Ts o,

(c) ifp € Iso(M/R, M/S), there exists « € G witha(R) = Sandp o mg =
s o, and

(d) if « € G with «(R) = S, there exists ¢ € Iso(M/R, M/S) such that
QOTNTR =T§OU.

PROOF: (a)l. Leteo: M/R — M/S be a flow homomorphism.
2. gr(¢) is a minimal subset of M/R x M/S. (by 3.5)
3. There exists a minimal set Y C M x M with (mg x ws)(Y) = gr(¢p).

(by 3.5, since mr X mg is an epimorphism)
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4. There exists @ € G with Y = gr(w). (by 3, and 7.5)
S5.Letpe M.
6. There exists g € M with (mr(p), (wr(p))) = (Tr x 7s)(q, ¢ (q)).

(by 3,4)
7. ¢(r(q)) = ¢(r(P)) = 7ws(a(q)). (by 6)
8.pomg =mgoa. (7, M is minimal)
9. (rs x ) (@(R)) = (¢ x @) (g X TR)(R) = A C M/S x M/S. (by8)
10.«(R) C S. (by 9)

(b) 1. Leta € G withax(R) C S.
2.Let(p,q) € R.

3. (a(p), alg)) € S. (by 1,2)

4. ws(a(p)) = ms(a(q)). (by 3)

5.¢0M/R —  M/S is a well-defined homomorphism. (by 2, 4)
PR — a(p)§

6.pomg =mgoa. (by 5)

(c) This follows from (a); we leave the details to the reader.
(d) This follows from (b); we leave the details to the reader.

Corollary 7.7 Let R, S be icers on M. Then M/R = M/S if and only if
a(R) = S for some o € G.

PROOF: This follows immediately from 7.6.

As an additional consequence of 7.6 we note that up to pre-composition with an
isomorphism, any homomorphism of flows can be represented by the canonical
homomorphism 71§ :M/R — M/S, for some choice of R C S. Thus not only
properties of individual flows, but also properties of homomorphisms of flows
can be studied using the category M.

Corollary 7.8 Let ¢: X — Y be a homomorphism of minimal flows. Then
there exist icers R C § on M, and an isomorphism : X — M/R such that
M/S=Yandg=nEoy.

PROOF: 1. There exists an icer S on M such that Y = M/S. (by 3.16)

2. There exists an icer Ry on M such that X = M/R;. (by 3.16)
3. There exists @ € G suchthat R = «(Ry) C Sand ng o = ¢ o mg,.

(by 7.6)
4. There exists an isomorphism ¥: X = M/Ry — M/R suchthat tg o @ =
Yo 7R, . (by 7.6)
5.Letx € X.

6. There exists p € M with g, (p) = x. (by 2)
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7. 78y (x)) = & (mr, () = & (wr(a(p))) =ns(a(p)) = ¢k, (P))
= @(x).
6

According to 7.6, every automorphism ¢ : M /R — M /R fits into a commuta-
tive diagram:

M <~ M

Wl |m

M/R <%  M/R
for some choice of @« € G. In this sense every automorphism of M/R is
induced by an @« € G with «(R) = R. This motivates us to consider the
subgroup

aut(Ry={a e G|a(R)=R} CG

consisting of the automorphisms of M which descend to automorphisms of
M /R. Of special interest are those o which induce the identity on M /R; this
happens when:

mr(a(p)) = wr(p)

for all p € M, or equivalently: gr(e) C R. In other words those o which
descend to the identity on M /R are the members of the subgroup G(R) =
{e € G| gr(e) C R} C aut(R) C G. We make these ideas precise and set
some notation in the following definition and proposition.

Definition 7.9 Let R be an icer. As indicated above we will use the notation:
aut(R) ={x € G | «(R) = R} GR)={x e G|gr(a) CR}

and we refer to G(R) as the group of the flow M /R. (It will also be denoted by
G(M/R).)

It should be noted that the terminology introduced in 7.9 is an abuse of
language since G (M /R) depends on the choice of icer R. This terminology is
consistent with the literature where the group of a flow is defined for pointed
flows (where a base point is specified), and it depends on the choice of base
point. This abuse of language is often justified by 7.8 since we are most often
interested in properties of flows and homomorphisms which are invariant under
isomorphisms. It is important to keep in mind however that in general
(M/R, T) = (M/a(R),T) for every a € aut(R). We will show (see 7.16)
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that G(«(R)) = «G(R)ar~! which implies that G(M/R) is well-defined up to
conjugacy. (A change of base point in the original definition given in
[Ellis, R., 1969] also results in a conjugate subgroup.)

Clearly, if R C § are icers on M, then G(R) C G(S). Of course this is not
necessarily the case for aut (R); indeed we will show that any icer S contains
an icer reg(S) (the so-called regularizer of S, see 8.4) with aut (reg(S)) = G.
Proposition 7.10 Let:

(i) R be anicer on M, and

(i) X = M/R.

Then:

(a) there exists a group epimorphism g : aut(R) — Aut(X) such that

mr(a(p)) = xr(a)(wr(p)) forallp € Mandw € aut(R), (%)

(b) ker(xgr) = G(R), and
(¢) G(R) is a normal subgroup of aut(R).

PROOF: (a) The fact that xg is well-defined and onto follows immediately
from 7.7. We leave it to the reader to verify that x g is a group homomorphism.

(b) Proof that ker (xg) C G(R):

1. Assume that xg(a) = id.

2. tg(a(p)) = wr(p). forall p e M. (by 1, and (x))
3.(p,a(p)) € Rforall p e M. (by 2)
4. gr(a) C R. (by 3)
5.a € G(R). (by 4)

Proof that G(R) C ker(xr):

1. Assume that gr(«) C R.

2.(p,a(p)) € Rforall p e M. (by 1)
3. 7p(x(p)) = mr(p) forall p e M. (by 2)
4. xp(a) = id. (by 3 and (x))

(c) This follows immediately from (a) and (b).

When R is an icer on M, the group G(R) plays a fundamental role in under-
standing the dynamics of the minimal flow M/R. This motivates and serves
as one of the main themes of parts IV and V of this text. As a first elementary
example of this principle we show that a homomorphism of minimal flows
¢: X — Y is proximal if and only if the groups G(X) = G(Y) are equal. As
we remarked above this is technically an abuse of language. We make things
precise by appealing to 7.8 and writing X = M/R,Y = M/S with R C S
icers on M. Then ¢ = nf o ¢ for some isomorphism ¢ : X — M/R. Now it
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is clear (see exercise 4.6) that ¢ is proximal if and only JTS is proximal. Thus

in
on

the category M we will show that 715 M/R — M/S is proximal if and
ly if G(R) = G(S5).

Proposition 7.11 Let:

(i) R C Sicerson M, and
(i) X=M/R,andY = M/S.

Then 71’S M/R — M/S is proximal if and only if G(R) = G(S).

PROOF: -

1. Assume that X is a proximal extension of Y.

2. Leta e G(S)andu € J.

3.7 () = ms(u) 5 ms(aw) = (g (u))).

4. (mr(u), mr(a(u))) € P(X). (by 1,3)

5. There exists p € BT with mg(up) = mgr(a(up)). (by 4)

6.a € G(R). (by 5)

7.G(S) C G(R). (by 2, 6)

8. G(R) C G(S). (since R C §)
—

w

0N N LA

. Assume that G(S) = G(R)
.Let x1, xo € X with JTS (x1) =7y R(x2).
. There exist oy, ap € G and uy, up € J with (x1, x2) = wr(a1(uy), ez (u2)).

(by 7.4)
cws(ay(u) = s Rrr(er () = w8 (x) = 78 (x0) = m5(aa(u2)). (by 2)
o (1), ey e (u1)) = (@1 (1), 02 (u2))uy € Suy C S. (by 4)
ey € G(S) = G(R). (by 1. 4)
(xr, x)uy = wr(ay(uy), ax(uz))uy = wr(ay(uy), az2(uy)) € Ax.  (by 6)
. (x1, x2) € P(X). (by 7, and 4.4)

Corollary 7.12 Let X = M/R. Then X is a proximal flow if and only if
G(R) =

PROOF: Thisis immediate from 7.11

Returning to our consideration of homomorphisms ¢: X — Y of minimal
flows, the case where there exists a point yg € Y such that the fiber ¢! (yp)

oV

er yo consists of a single point is referred to as an almost one-one extension.

This terminology is motivated by the observation that <p_1(y0)t = q)—l(yot)

SO
in

that if the fiber over yy is a single point then the same is true for every point
the orbit of yg. Since we are assuming that (¥, 7') is minimal this means
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that the set of y for which ¢ ~!(y) is a single point is dense in Y. Just as in the
case of proximal extensions ¢ is almost one-one if and only if ¢ o ¥ is almost
one-one for any isomorphism ¢ : X — X. Applying 7.8 we need only focus
on the canonical projection 71_5: M/R — M/S for R C S. We make this
the definition of an almost one-one extension and then show that any almost
one-one extension is a proximal extension.

Definition 7.13 Let X = M/R,and Y = M/S be flows with R C § icers on
M. We say that X is an almost one-one extension of Y if there exists p € M
such that pR = pS. Clearly this is equivalent to the existence of yp € ¥ such
that (7 §)~!(y) consists of a single point.

Proposition 7.14 Let:

i) X=M/R,and Y = M/S be flows with R C S icers on M, and
(i1) X be an almost one-one extension of Y.

Then X is a proximal extension of Y.

PROOF: 1. G(R) C G(95). (by (1))
2. Leta € G(9).

3. There exists p € M with pR = pS. (by (ii), 7.13)
4. a(p) € pS = pR. (by 2, 3)
5. x € G(R). (by 4)
6. G(S) C G(R). (by 2,5)
7. G(R) = G(S). (by 1, 6)
8. X is a proximal extension of Y. (by 7,7.11)

We will be interested in what the group G(R) tells us about an icer R, and to
what extent R is determined by G (R). In order to answer these questions we
first deduce some elementary properties of G(R). We will use an elementary
lemma concerning the graphs of elements of G; it will be convenient to use the
notation:

gr(A) = Jlgr@ la € A)
for any subset A C G.

Lemma 7.15 Let:
(i) a,y € G, and
(i) # #A CG.
Then:

(@) gr(aya™") =a(gr(y)), and
(b) gr(aAa~l) = a(gr(A)).
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PROOF: (a)l. Letp e M.
2. (p,aya(p) = (@@ (p), a(y (@™ (p))) € algr(y)).

3. gr(aya™) Calgr(y)). (by 1,2)
4. a(gr(y)) = a(gr@ Haya Ha)) - a(@ (gr@ ya))) = gr@ya™).

(b) 1. gr@Aa™") = a(gr(A)). (by (a))
2.a(gr(A)) C a(gr(A)) = gr(aAal). (o is continuous)

3. a(gr(A)) is compact hence closed.

4. gr(eAa—ly C a(gr(A)). (by 1, 3)
Proposition 7.16 Let R be an icer on M and « € G. Then:

(a) a(R) is anicer on M, and

() G(@(R)) =aG(R)a™ .

PROOF: We leave this as an exercise for the reader.

Note that if @ € aut(R), then «(R) = R and applying 7.16 we get
«G(R)a™! = G(@(R) = G(R),

which gives an alternate proof that G(R) is a normal subgroup of aut(R).
This idea is also used in the following proposition to determine when G (R) is
a normal subgroup of G.

Proposition 7.17 Let R be an icer on M. Then the following are equivalent:

(a) G(R) is a normal subgroup of G,
(b) G(x(R)) = G(R) forall a € G,
(c) a(gr(G(R))) C Rforall @ € G, and
(d) a(gr(G(R))) Cc Rforalla € G.

PROOF: This follows immediately from 7.15 and 7.16.

Proposition 7.18 Let R and S be icers on M with M/R = M/S. Then
G(S) = aG(R)a~! for some « € G.

PROOF: 1. There exists @ € G with @(R) = S. (by 7.7)
2. G(S) = G@(R)) = aG(R)a™ . (by 7.16)

Proposition 7.19 Let {R;} be a family of icers on M. Then G((\R;) =
N G(R)).
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PROOF:
aeG <ﬂ R,-) < gr(a) C ﬂR,- <= gr(o) C R; foralli
= aeGR) foralli < ac(|GR)).

An immediate consequence of 7.19 is the statement that the group of an inverse
limit of flows is the intersection of the groups of those flows.

We turn now to the task of identifying and constructing icers on M. A key
role is played by a certain subset, Py of the proximal relation P(M) in M;
intuitively Py is the subset generated by the pairs of idempotents in M.

Definition 7.20 Let M C BT be a fixed minimal ideal in 8T, G = aut (M),
and J C M be the set of idempotents in M. Now we define a set Py C P(M)
by:

Py={(c¢(m),a(v)) |u,v e Janda € G} = {(p, pv) |v e Jand p € M}.

It is easy to see that Py is an equivalence relation on M x M (though it is
neither closed nor invariant). Our plan is to show that every icer on R on M
is determined by its intersection with Py and its group G(R); in fact we will
show that:

R = (RN Py) o gr(G(R)). ()

By way of motivation we begin with the icer M x M. It follows from 7.4 that
for any (p,q) € M x M, we can write

(P, q) = (a(), B)) = (a(w), B~ (@(v))),
for some «, B € G and idempotents u, v € J. Now
(a(u), a(v)) € Py and (@), o~ (@(v))) € gr(Ba”") C gr(G),
50 (p, q) € Py o gr(G). Thus we have shown that
M x M = Pyogr(G);

in other words equation (%) holds for the icer M x M. The next theorem shows
that (x) holds in general.

Theorem 7.21 Let R be an icer on M. Then
R = (RN Py) o gr(G(R)) = gr(G(R)) o (RN Py).

PROOF: 1. (RN Py)ogr(G(R)) C R. (R is transitive)
2.Let (p,q) = (x¢(u), B(v)) € R.
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3.(p, e (v) = (@@ (), Bw)a~w))
= (a(ua™ (v)), Bva (v))) =0 pa~'(v)) € R.

(Ris closed and invariant)

4. Ba~! € G(R). (by 3)
5. (a(u), a(v)) = (p, aﬂ_l(q)) € RoR=R. (by 2, 4, R is transitive)
6. (a(v), B(v) = (a(v), Ba~(«(v))) € gr(Ba™") C R. (by 4)
7.(p,q) = (a(u), B(v)) € (PhN R) o gr(G(R)). (by 5, 6)
8. R= (RN Py) o gr(G(R)). (by 1,2,7)

9.gr(G(R))o(RNP)) =R '=R= (RN Py)o gr(G(R)).
(by 8, R is symmetric)

Corollary 7.22 Let R, S be icers on M. Then the following are equivalent:
(@) SNPyC RN Py,

(b) S$ C Rogr(G(S)),and

(©) TrR(G(S)(p)) =nr(pS) forall p e M.

PROOF: (a) = (b)

1. Assume that SN Py C RN Py.

2.8 =(85N Py) ogr(G(S)) C Rogr(G(S)). (by 1,7.21)
(b) = (a)

1. Assume that S C R o gr(G(S)).

2.85NPyC (Rogr(G(S))NPyC RN Py. (by 1,7.21)
(a) = (¢)

1. Assume that SN Py C RN Py andletg € pS.

2.(p,q) € S= (SN Py) o gr(G(S)). (by 1,7.21)

3. There exists v € J and o € G(S) such that (p, pv) € SNPyand g = ax(pv).

(by 2)

4. (a(p),q) = a(p,pv) €a(SNP) =SSN Py C RN Po. (by 1, 3)

5.7r(q) = mr(a(p)) € Tr(G(S)(p)). (by 3, 4)

6. Tr(pS) C TR(G(S)(p)). (by 1, 5)
(c) = (a)

1. Assume that 7 (pS) C Tr(G(S)(p)) forall p € M.

2. Let (p, pv) € SN Py.

3. There exists « € G(S) with (x(p), pv) € R. (by 1,2)

4. € G(R) and (p, pv) € R. (by 3,7.21)

5.5NPyC RN Py. (by 2,4)
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The characterization of icers given in 7.21 will play a fundamental role in
our exposition. We mention one important consequence here; namely that any
distal extension (homomorphism) of minimal flows is an open extension.

Proposition 7.23 Let:

(i) R C S beicerson M, and

(i) 7 =7&: M/R — M/S be a distal homomorphism.
Then:

(@) RN Py=SN Py, and

(b) m is an open map.

PROOF: (a)l. Clearly RN Py C SN Py. (by (1))
2.Leta € G and u, v € J with (a(u), a(v)) € SN Py.

3.7 (wr(a(u))) = ns(a(u)) = ws(a(v)) = 7 (Tr(c(v))). (by 2, (ii))
4. wg(a(u), a(v)) € mr(Py) C 7r(P(M)) = P(M/R). (by 2,4.7)
5. wr(a(u)) = mr(a(v)). (by 3, 4, (i)
6. (ax(u),a(v)) € RN Py. (by 2,5)
7.RNPy=SNP. (by 1,2, 6)

(b) 1. Let U be openin M/R.
2. 77! (x D) = (p e M | 7(pR) € (V)
={peM|n(pR) =n(gR) for some gR € U}
={peM|(p,q) € SforsomegR € U}

peM]|(B(phg)ehNS
for some B € G(S) and ¢q € n;l(U)}
(ii),=7.22{p eM|(B(p)q)ePoNR

for some 8 € G(S) and g € n;l(U)}
={peM|B(p) e nEI(U) for some B € G(S)}
={peM|pce ﬂ(nEI(U)) for some B € G(S)}

= | Baz'wy.

721 {

BEG(S)
3.5 (1 (7w (U))) is open. (by 1,2)
4. 7~ (U)) is open. (by 3)
5. (U) is open. (by 4)

We will study distal extensions in more detail in section 18; in particular we
will show (see 18.5) that for R C S, the extension M/R — M/S is distal if
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and only if RN Py = SN Py. The reader may wish to verify this as an exercise

now since the proof does not rely on any results not yet discussed.

Theorem 7.21 will often allow us to construct icers and hence minimal flows
by manipulating relative products. To facilitate this we present the following
lemma.

Lemma 7.24 Let:

(i) R be an equivalence relation on M,
(i) A, B C G be subgroups of G, and
(iii)) A C aut(R).

Then:
(a) gr(A)ogr(B) =gr(BA),

(b) if AB = BA, then gr(AB) is an equivalence relation on M,

(¢) Rogr(A) =gr(A)oR,and
(d) R o gr(A) isan equivalence relation on M.

PROOF: (a)l. Let (p,q) € gr(A) o gr(B).

\S} O 0 1 N L AW

w

AN N BN

7.

Aa(p),r) =a(p,q) € R.
.(p,a(p))) € gr(A)so (p,r) € gr(A) oR.
.Rogr(A) Cc gr(A)oR.
.gr(A)oR = (Rogr(A)™' c (gr(A)oR)"! = Rogr(A).

. There exists r € M with (p,r) € gr(A) and (r, q) € gr(B).
. There exist« € A and 8 € B withr = a(p) and B(r) = q.
-(p.q) = (p, B(a(p))) € gr(BA).

. 8r(A)ogr(B) C gr(BA).

.Let (p, B(ax(p))) € gr(BA) witha € A and B8 € B.

. (p,a(p)) € gr(A) and (a(p), B(a(p))) € gr(B).

- (p, Bla(p))) € gr(A) ogr(B).

.gr(BA) C gr(A) o gr(B).

(b) 1. Assume that AB = BA.

. AB is a group.
. gr(AB) is an equivalence relation on M.

(©) 1. Let (p,r) € R o gr(A).

Rogr(A) =gr(A)oR.
(d) follows immediately from part (c).

(by 2)
(by 3)
(by 1,4

(by 6)
(by 7)
(by 6, 8)

(by 1)
(by 2)

. There exists ¢ € M with (p,q) € Rand a(q) =r forsome«a € A. (by 1)
(¢ € A C aut(R) by 2, (iii))

(by 3)
(by 1,4)
(by 5)
(by 5, 6)

(by Ex. 6.2)

It is clear from 7.21 that an icer R on M is completely determined by R N Py
and G(R); we make this precise for future reference in the following
proposition.
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Proposition 7.25 Let N, S be icers on M such that:

i) PoNS C PhN N, and
(i) G(S) C G(N).

Then S C N.

PROOF: S = (SN Py ogr(G(S) C (NNPy)ogr(G(N)) = N.
721 @), (i) 721

Clearly we will be interested in how G(R o S) is related to G(R) and G(S)
when R, S and Ro S are icers on M. This question is answered by the following
proposition.

Proposition 7.26 Let R, S be icers on M such that Ro S is an icer on M. Then
G(RoS)=G(R)G(S).

PROOF: 1. RCRoSandSC RoS.

2.G(R) C G(Ro S)and G(S) C G(Ro S). (by 1)
3.G(R)G(S) C G(Ro S). (by 2)
4 1leta e G(RoS)andu?> =u € M.
5.(u,a(u)) e RoS=SoR. (by 4)
6. There exists f(v) € M with (u, B(v)) € S and (B(v), @(u)) € R.

(by 5, 7.4)
7. (u, Bw)) = (u, BW)u € Su C S and (Ba™ (@ (v)), «(v)) = (B(v), a(u))
v e Rv CR. (by 6)
8.8 G(S)andaf™ = (Ba~ 1)1 € G(R). (by 7)
9.0 = (@B~ HB € G(RG(S). (by 8)

When R and S are icers on M 7.26 can be thought of as giving an obstruction
to R o S being an icer on M. In order for R o S to be an icer, the product
G(R)G(S) = G(R o S) must be a group. This motivates our next result which
gives a sufficient condition for R o S to be an icer.

Proposition 7.27 Let:

(i) R, Sbeicerson M,
(ii) G(R)G(S) = G(S)G(R), and
(iii) RN Py= SN Py.

Then R o S is an icer on M.

PROOF: Since R o S is reflexive, closed and invariant it suffices to show
that RoS = SoR.
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Ro S7:21(R N Py) o gr(G(R)) o (SN Py) o gr(G(S))
(;)(R N Py) o gr(G(R)) o (RN Py) o gr(G(S))
3(13 N Py) o gr(G(R)) o gr(G(S))
734(1? N Py) o gr(G(S)G(R))

5 S 0 P 0 8r(GIRIG(S))

5,81 Po) 0 gr(G(8)) o gr(G(R))

3(5 N Pp) 0 gr(G(S)) o (SN Py) o gr(G(R))
(;)(S N Py) 0 gr(G(S)) o (RN Py) o gr(G(R))

= (SoR).
7.21

We end this section with another sufficient condition for R o S to be an icer;
we will use this result in sections 15, 18, and 19.
Proposition 7.28 Let:

(i) R, Sbeicerson M,
(i) G(S) C aut(R), and
@iii) SN Py C RN Py.

Then:

(a) Ro Sisaniceron M,
(b) mg(S) is anicer on M /R, and
(c) ms(R) is aniceron M/S.

PROOF: (a) It suffices to show that Ro S = S o R.
1.RoS 5 gr(G(R)) o (RN Py) o (SN Py) o gr(G(S)).

W gr(G(R)) o (RN Py) o gr(G(9)).
i)7.24 gr(G(R)) o gr(G(S)) o (RN Py).

5,87 (GS)GR)) o (RN Fy).
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2.S5oR 5 gr(G(S)) o (SN Py) o (RN Py) o gr(G(R))
& gr(G(8)) o (RN Py) o gr(G(R))
5, 87(G(8) 0 gr(G(R)) o (RN Py)

> gr(G(R)G(S)) o (RN Py).

3. G(R) is a normal subgroup of aut (R). (by 7.10)
4. G(R)G(S) = G(S)G(R). (by 3, (ii))
5.RoS=SoR. (by 1,2,4)

Parts (b) and (c) follow from part (a) and 6.11.

NOTES ON SECTION 7

In the body of this section we have identified a minimal flow with an object in
the category M, of icers on M. Following the treatment in [Ellis (1969)], one
can instead identify a minimal flow with an object in the category al(M), of
T -invariant uniformly closed subalgebras of C(M) where

C(M) ={f:M — R| f is continuous}.

We now examine a few of the key ideas in this section from this point of
view. The objects in the two categories are related by the following propo-
sition which is an immediate consequence of the Stone-Weierstrass theorem.
(see [Rudin, Walter (1953)])

Note 7.N.1 Forevery R € obj (M) and A € al(M) let
(1) al(R) ={f €e C(M) | f(x) = f(y) forall (x, y) € R}, and
(i) RCA) ={(x,y) e M x M| f(x) = f(y) forall f e A}.

Then the map obj (M) — al(M) is bijective, with inverse al(M)—o0bj (M) .
R — al(R) A — R(A

We now describe the group G(R) of an icer on M in terms of the subalgebra

al(R) C C(M). We begin with a preliminary lemma.

Note 7.N.2 Let f, g € Hom(M, X) with X minimal. Then:

(a) there exists « € G with f = goa,
(b) GRy) ={p G| fB=f} and
(©) G(Ry) = a"'G(Ry)ar.
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PROOF: (a)l. Let S be anicer on M with X = M/S.
2. There exist B,y € G with B(A) C S, y(A) C Sand fompa = w50 B,

goma =Tgoy. (by 7.6)
3.f=msoB=(s0y)o(y !B =go(y™'B). (by 2)
(b) 1. Lety € G(Ry).

2.gr(y) C Ry.

3. f(p) = f(y(p)) forall p e M. (by 2)
4. f = foy. (by 3)
S5.Lety € G with fy = f.

6. f(p) = f(y(p)) forall p e M. (by 5)
7.(p,v(p)) € Ry. (by 6)

© y eGRy) &= fy=f > goaoy=goa

—go(@oyoa H=ge=aoyoa™! € G(Ry)
=y ca 'G(Ry)a.

Note 7.N.3 Let R be an icer on M and A = al(R). Then

G(R)={a | fa = fforallf € A} = B.

PROOF: 1. Leta € G(R),and f € A.

gr(a) C R. (by 1)
f(x) = f(a(x)) forall f € Aandx € M. (by 2, A =al(R))
o € B. (by 3)
Now leta € B,and x € M.

fla(x)) = f(x) forall f e A. (by 5)
(x,a(x)) € R. (by 6)
gr(a) C R. (by 5,7)
a € G(R). (by 8)

The preceding result shows that the definition of the group G(R) associated
to the flow (M/R, T) coincides with the group of the flow associated to the
corresponding algebra A as defined in [Ellis, R., (1969)]. We end the notes on
this section with the observation that the inf of two icers (which is their relative
product when it’s an icer) corresponds to the intersection of the corresponding
subalgebras of C(M).

Note 7.N.4 Let:

(i) R, S beicers on M, and
(ii) A =al(R) and B = al(S).

Then al(inf(R, S)) = AN B.
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PROOF: 1. LetC = al(inf(R, 3)).

2. R, S Cinf(R, ).

3.Cc ANB. (by 1,2, and 7.N.1)
4. R=R(A) C R(ANB)and S = R(B) C R(AN B). (by 7.N.1)
5. inf(R, S) C R(ANB). (by 4)
6. ANB C al(inf(R, S)) = C. (by 5)

EXERCISES FOR CHAPTER 7

Exercise 7.1 (See 7.16) Let R be an icer on M and o € G. Show that
(a) a(R)is anicer on M, and
(b) G@(R)) = aG(R)a~".
Exercise 7.2 Let R be an icer. Then
GR)={aeG|(Uxa)R)CR}={aeG|(lxa)(R)=R}
Exercise 7.3 Let R be an icer on M. Then
R = {(a). @) | ap™" € GR), (u.v) € (J x J) N~ (R)}.

Exercise 7.4 Let Rbeaniceron M. Then R = |J (1 x a)(RN Pp).
aeG(R)

Exercise 7.5 Suppose that R is an icer on M; given the results of Ex. 7.3 and
Ex. 7.4 itis natural to consider the relations

Ry = {(a@@), W) |ap™ e H, (u,v) € (J x J)Na" " (R) N B~ (R)}
and

RY = U (1 x a)(R N Py)
acH

where H is a subgroup of G. Note that if H = G(R), then Ex. 7.3 and Ex.
7.4 imply that Ry = R = R . In general Ry and R¥ need not be equal, and
neither are icers. Prove the following:

(a) Ry C R,

(b) if H C aut(R), then Ry = R isan equivalence relation, and

(c) if G(R) C H,then R = |J (1 x a)(R).

aceH

Exercise 7.6 Complete the proof of proposition 7.10.

Exercise 7.7 Let R, S be icers on M. Then:
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(@ U (Ixa)R)CRoS, and
aeG(S)
(b) if SNPyC RN Py, thenRoS= |J (I xa)R).
aeG(S)

Exercise 7.8 (A partial converse to 7.24) Let:

(i) R C Py be an equivalence relation on M,
(ii) A be a subgroup of G, and
(iii)) Rogr(A) = gr(A)oR.

Then A C aut(R). (In particular G(R) C aut(R N Py) for any icer R.)

Exercise 7.9 Let:

(i) R, S beicers on M, and
(ii) N be aniceron M with RUS C N.

Then we can form the commutative diagram
(tr xms)(NC M/RxM/S — M/S
\ by
Ty
M/R — M/N
and (g X mws)(N) is minimal if and only if N = R o S.

Exercise 7.10 Let:

(i) R, S beicers on M, and

(ii) N = inf(R, S).

Then G(N) = G(R)G(S) if and only if (7g x mg)(N) contains only one
minimal set.
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Regular flows

Regular flows were introduced in [Auslander, J., Regular minimal sets, 1966].
The original definition is motivated by the idea that regular flows are those
which admit as many automorphisms as possible. Indeed for a regular flow, its
group of automorphisms, Aut (X), acts almost transitively in the sense that for
any p, q € X there exists an @ € Aut(X) such that «(p) is proximal to g. Here
we focus on the icer R on the universal minimal ideal M, writing X = M/R.
In this context it is natural to consider those icers for which aut(R) = G,
which motivates our definition of a regular flow.

Definition 8.1 Let R be an icer on M. We say that R is regular if «(R) = R
for every @ € G. Thus R is regular if and only if aut(R) = G (see 7.9). We
also refer to the flow X = M/R as a regular flow.

We begin with a few immediate consequences of the definition.

Proposition 8.2 Let:

(i) R be anicer on M, and
(ii)) a(R) C Rforalla € G.

Then:

(a) R isregular, and
(b) G(R) is a normal subgroup of G.

PROOF: (a)l. R=a(e " (R)) C a(R) foralla € G. (by (ii))
2.R=a(R) foralla € G. (by 1, (ii))

(b) R is regular so aut(R) = G, and hence G(R) is a normal subgroup
of G. (by 7.10)

For a given minimal flow (X, T'), there may be many icers R on M with
M/R = X. The flows for which R is unique are exactly the regular flows,
as shown in the next proposition.
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Proposition 8.3 Let:

(i) R and S be icers on M,
(i1) R be regular, and
(i) ¢ : M/R — M /S be a homomorphism.

Then:

(a) RC S, and
(b) if ¢ is one-one, then R = S.

PROOF: (a) 1. There exists @ € G with a(R) C S. (by (ii), 7.6)

2.RCS. (by 1, (iii))
(b) 1. Assume that ¢ is one-one.

2.9~ 1:M/S — M/R is a homomorphism. (by )

3. There exists « € G with «(S) C R. (by 7.6)

4. RcSca '(R) =R.
(a) 3 (iii)

Given any icer R on M we construct the largest regular icer reg(R) C R, the
so-called regularizer of R.

Definition 8.4 Let R be an icer on M. The regularizer of R is defined by

reg(R) = m a(R).

aeG
When X = M /R we will write reg(X) = M /reg(R).

It is clear from the definition that aut (reg(R)) = G so that reg(R) is a regular
icer on M. We now show that when R is an icer the flow reg(M/R) can be
identified with a minimal ideal in the enveloping semigroup of M/R.

Proposition 8.5 Let:
(i) Rbeanicerand X = M/R,
(i) ®x: BT — E(X) the canonical map,
(iii) 1(X) = ®x (M), and
(iv) N=Roy ={(p,q) € M x M | @x(p) = Px(q)}.
Then N = reg(R) and hence I(X) = reg(X).

PROOF: Proof that N C reg(R):
1.Let (p,q) e Nyoa € G,andu € J.
2. wr(a(p)) = nr(a(up)) = mr(a(u)p) 2=97TR(a(u))<Dx(p)

=nr(a(u)Px(q) = mr(a(u)q) = nr(a(ug)) = wr(a(q)).
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3. (x(p), x(q)) € R. (by 2)
4.(p,q) €reg(R). (by 1,3)

Proof that reg(R) C N:

1.Let (p,q) € reg(R) and x € X.
2. There exists « € G and u € J with mg(a(u)) = x.

3.xPx(p) = nr(a@)®Px(p) = wr(a(p)) TTFR(“(CI)) =xPx(q).

4. Ox(p) = Px(q). (by 1,3)
5.(p.q) € N. (by 1, 4)

Applying 8.5 in the case where R is a regular icer on M, so that R = reg(R),
we see that X = [(X) = &x(M). Here X = M/R and ®x: BT — E(X)
is the canonical map. As a result X inherits a semigroup structure which is
given by:

7r(p)mr(q) = wr(pq),

for all p,q € M. The semigroup X has a structure analogous to that of the
universal minimal flow M; we state this precisely in the following propositions.

Proposition 8.6 Let:

(i) R be aregular icer on M, and
(i) X = M/R.

Then:

(a) X has a semigroup structure for which 7g: M — X is both a flow and a
semigroup homomorphism, in particular 7g(p)7g(g) = wr(pgq), for all
p,q €M.

(b) themaps L,: X — X are flow homomorphisms for all x € X.

y — Xy
In particular X is an E-semigroup (see Ex. 2.3 and Ex. 3.4).

PROOF: This follows immediately from 8.5 and 2.9.

We saw in 7.4 that the elements of M can be written uniquely in the form o (1)
where « € G and u is an idempotent in M; the analogous statement holds for
the elements of a regular flow X. In order to state this result and some of its
consequences we introduce some notation.

Notation 8.7 Let R be an icer on M and X = M/R. When X is regular, the
group Aut (X) of automorphisms of X will often be denoted Gx. The collec-
tion of idempotents in X will be denoted Jx = {u € X | u? = uj.
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We proceed with a series of results which show that when X is a regular
minimal flow, the pair {X, G x} has properties analogous to those of the pair
{M, G}.

Proposition 8.8 Let:

(i) X = M/R be aregular flow, and
(i) Jx = {u € X | u?® =u).

Then:
(a) the map Gx — Xu is an isomorphism of groups for every u € Jx, and
o — a(u)
(b) the map ¢: Gx x Jxy — X is bijective. Thus any element of X can be
(a, u) — a(u)

written uniquely in the form «(v) for some @ € Gx and v € Jx.
PROOF: We leave this to the reader (compare 7.4).

Proposition 8.9 Let X be a minimal flow. Then the following are equivalent:

(a) X isregular,

(b) Y C X x X is minimal if and only if ¥ = gr(B) for some 8 € Aut(X)
(compare 7.5), and

(c) forany x, y € X there exists § € Aut(X) such that B(x) is proximal to y.

PROOF: We leave the proof as an exercise for the reader.

In section 7 we developed the machinery which allows us to analyze the factors
of M (all minimal flows) using the icers on M and the subgroups of the group
G of automorphisms of M. The structure of any regular flow X allows for the
same treatment of the factors of X in terms of the icers on X and the subgroups
of the group Gy of automorphisms of X. In order to outline these ideas we
introduce some additional notation.

Definition 8.10 Let X = M/R be a regular flow. Let N be an icer on X. We
define the X-group of N by

Gx(N)={a e Gy | gr(a) C N}.
‘We will also use the notation
autx(N)={x € Gx | a(N) = N}.

Asin 7.10, G x (N) is a normal subgroup of autx (N). For reference we restate
proposition 7.10 here using the current notation.
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Proposition 8.11 Let X = M/R be a regular flow. Then there exists a group
epimorphism

XRr:G =aut(R) — Gy

such that:

(a) mr(a(p)) = xr()(wr(p)) forall p € M and @ € aut(R),

(b) ker(xgr) = G(R), and

(c) Gx =ZG/G(R).

The next three results explore the naturality of these constructions with respect

to the map xr. The following definition will be used in later sections; the
naturality results can easily be extended to the map 5.

Definition 8.12 Let X = M/R and Y = M/S be regular flows with R C S.
Then the (canonical) map of Gx = G/G(R) onto Gy = G/G(S) induced by
the inclusion G(R) C G(S) will be denoted x&. Thus xX o xg = xs.

Proposition 8.13 Let:
(1) X = M/R be aregular flow,
(i1) N be anicer on X, and
(iii) § =z (N).
Then:
(a) Sisaniceron M,
(b) M/S = X/N, and
(©) xr(G(S)) ={a € Gx |gr(a) CN}=Gx(N).

PROOF: (a) and (b) are simply 7.2 in the case where R is regular.
(©) Proof that xg(G(S)) C Gx(N):
l.Leta € G(S) and x € X.
2. There exists p € M with 7p(p) = x.
3.(p,a(p)) € 8. (by 1)
4 (x, xr(@)(x) §(7TR(p), Xr (@) (R (P)))

sfl(”R(p)’ 7r(a(p))) = wr(p, a(p)) gﬂR(S) e N.

5. xr(a) € Gx(N). (by 1,4)
Proof that Gx(N) C xr(G(S)):

l.Lety e Gx(N)and p € M.
2. There exists & € G with xg(«) = y. (by 8.11)
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3.7r(p,a(p)) = (wr(p), mr(a(p))) 5 8=11(7TR(P)v v (@r(p))) < N.
4. (pa(p) € (N) =5
5.y 5 xR (@) < Xr(G(S)).

Corollary 8.14 Let:

(i) X = M/R be aregular flow,
(i1) N be aniceron X,
(i) $ =y (N),and
@(iv) auty(N) ={e € Gx | a(N) = N}.

Then xg(aut(S)) = autx(N).
PROOF: Similar to 8.13.

Corollary 8.15 Let:

(i) X = M/R be aregular flow,
(i) N be an icer on M, and
(iii) mr(N) be anicer on X.

Then xgr(G(N)) = Gx(wr(N)) ={a € Gx | gr(a) C wr(N)}.
PROOF: SetS = n,gl(nR(N));R oNoR.

Proof that xg(G(N)) C Gx(wr(N)):

I.LN CS.
2. G(N) C G(S). (by 1)
3. xr(G(N)) C xr(G(S)) = Gx (wr(N)). (by 2,8.13)

Proof that Gx(mr(N)) C xr(G(N)):
L. GX(7TR(N))8=13 XR(G(S)) = xr(G(RoNoR)) C xr(G(R)G(N)G(R)) =

XR(G(N)).
(We leave it to the reader to check that G(Ro N o R) C G(R)G(N)G(R).)

We end this section with a generalization of the notion of regular flows to
homomorphisms (extensions) of minimal flows which will be useful in part V.

Definition 8.16 Let 71_5: M/R — M/S be the canonical homomorphism of
minimal flows where R C S are icers on M. We say that n§ is regular homo-
morphism and that R C S is a regular extension if G(S) C aut(R).

Note thatif § = M x M, then G(S) = G, so that M /R is a regular extension
of the point flow if and only if R is a regular icer. A construction analogous
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to that of the regularizer associates to any extension a corresponding regular
extension.

Proposition 8.17 Let:

(i) N C Sbeicerson M, and
(i) R= () a(N).

aeG(S)

Then 71§ is regular (R C S is a regular extension).

PROOF: Straighforward.

Proposition 8.18 Let:

(i) R C Sbeicerson M, and

(i) m =nf: X =M/R - M/S.

Then the following are equivalent:

(a) R C Sisregular,

(b) Y C mr(S) is minimal if and only if ¥ = gr(B) for some B € Aut(X),
and

(c) forany y € 7~ !lm(x) C X there exists € Aut(X) such that B(x) is
proximal to y.

PROOF: We leave the proof as an exercise for the reader.

NOTES ON SECTION 8

Note 8.N.1 A close reading of section 7 reveals that none of the results depend
on any special property of M other than regularity. This suggests that they
remain valid when M is replaced by an arbitrary regular minimal flow. We have
touched on this in 8.8, 8.9, and 8.10. For emphasis and to be more specific: Let
Z be a regular minimal flow. Then mimicking 7.1 we define the category Z:

obj(Z) =icerson Z

{n§} if R C S areicerson Z,

Z) =
morph(Z) { @ otherwise.

Here n§ is the canonical map Z/R — Z/S when R C S.
Other relevant definitions and notation:

1. Gz = the set of automorphisms of Z.
2. Let R be an icer on Z. Then:
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2.1. the Z-group of R is defined by Gz(R) = {«¢ € Gz | gr(a) C R}.
(as in 8.10)

2.2. autz(R) = {o € Gz | «(R) = R}. (again as in 8.10)

2.3. Ris Z-regularif autz(R) = Gz.

2.4. r: Z — Z/R denotes the canonical map.

Finally all the results of sections 8 and 9 remain valid if the category M
and related concepts are replaced be the category Z and the concepts defined
above. Moreover these constructions behave naturally with respect to the canon-
ical projection map (see for example 8.13, 8.14, and 8.15).

EXERCISES FOR CHAPTER 8

Exercise 8.1 Let R be aniceron M and « € G. Then a(pR) = a(p)(x(R)).
In particular if R is regular, then a(pR) = a(p)R.

Exercise 8.2 (See 8.9) Let X be a minimal flow. Then the following are equiv-

alent:

(a) X isregular,

(b) Y C X x X is minimal if and only if ¥ = gr () for some B € Aut(X),
and

(c) forany x, y € X there exists f € Aut(X) such that B(x) is proximal to y.

Exercise 8.3 (See 8.15) Let:

(i) X = M/R be aregular flow,
(i1) N be anicer on M, and
(iii) mgr(N) be anicer on X.

Show that G(R o N o R) C G(R)G(N)G(R).

Exercise 8.4 (See 8.18) Let:

(i) R C Sbeicerson M, and

(i) T =7f: X =M/R - M/S.

Then the following are equivalent:

(a) R C Sisregular,

(b) Y C 7r(S) is minimal if and only if ¥ = gr(B) for some B € Aut(X),
and

(c) forany y € 7w (x) (7 (x)) C X there exists B € Aut(X) such that B(x)
is proximal to y.
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The quasi-relative product

The definition of the quasi-relative product given below is motivated by the fact
that when R and § are closed equivalence relations on X, the relative product
R o S, though closed, may not be an equivalence relation. The quasi-relative
product R(S), while not always closed, is the largest equivalence relation N
with R C N C RoS.In 9.8, we show that when the projection map g is open,
R(S) is closed. Under the same assumption we show in 9.9, that (X/R(S), T)
is a quasi-factor of X/S. That is, (X/R(S), T) is isomorphic to a sub-flow of
(2X/S, T). This motivates the use of the term quasi-relative product.

At the end of this section we use the quasi-relative product to give a proof
that if R is an icer on a minimal flow such that (R, T') is both pointwise almost
periodic and topologically transitive, then R = A. This result (which is equiva-
lent to the generalized Furstenberg structure theorem for distal extensions) was
proven for metric flows in 4.19, and will be discussed further in section 20. We
will also use the quasi-relative product in section 17 as a means of studying
so-called RIC extensions of minimal flows.

We begin this section by deriving some properties of the quasi-relative prod-
uct and using them to give conditions under which the relative product of two
equivalence relations is an equivalence relation. As in section 6 which dealt
with the relative product, many results in this section are stated for equivalence
relations on any compact Hausdorff space X. If (X, T) is a flow and the equiva-
lence relations are invariant under the action of 7, then the results remain valid.

In order to state the definition of the quasi-relative product we recall the
notation introduced in 6.1; namely if R is a relation on X, then

xR={yeX|(x,y) € R},
denotes the R-cell containing x.

Definition 9.1 Let R and S be any relations on X. We define the quasi-relative
product of R and S
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R(S) ={(p.q) €e X x X | p(RoS) =q(RoS)}.

It is immediate from the definition that even when neither R nor S is an equiv-
alence relation, R(S) is an equivalence relation. When S is an equivalence
relation on X note that

7 € p(R o §) <= there exists x € pR with (x,7) € § <= 75(2) € 7s(pR).

Thus in this case p(R o §) = ns_l(ns(pR)), which proves the following
lemma.

Lemma 9.2 Let:

(i) X be a compact Hausdorff space,
(ii) R be any relation on X, and
(i1) S be an equivalence relation on X.

Then R(S) = {(p,q) | ms(pR) = ws(qR)}.

The elementary properties of the quasi-relative product are readily deduced
from those of the relative product. In section 6 (see 6.3) we observed that for
any two relations, x (R o S) = (xR)S; since we will refer to this fact frequently
we state it explicitly as part of the next lemma.

Lemma 9.3 Let:
(i) (X, T) be a flow,
(i) R, S be subsets of X x X,
(iii) r € T, and
(iv) z € X.
Then:
(@) (zR)t = (zt)(Rt), and
(b) zZR)S =z(Ro ).

PROOF: We leave this as an exercise for the reader.

The quasi-relative product R(S) is the largest equivalence relation which con-
tains R and is contained in R o S. We deduce this and a couple of elementary
consequences before examining the question of when R(S) is closed.

Proposition 9.4 Let:

(i) (X, T) be a flow,
(ii)) H C T be a subgroup of T, and
(iii)) R, S be H-invariant equivalence relations on X.
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Then:

(a) R(S) is an H-invariant equivalence relation on X,
(b) RC R(S) CRoS,and
(©) R(S)=Ro(R(SHNS)=(R(S)NS)oR.

PROOF: (a) 1. R(S) is clearly reflexive, symmetric, and transitive.

2
3

4

.Let (p,gq) € R(S)andt € H.
- (pH)(R o §) = (pt)(Rt o St) = ((pt)(Rt))(S1) 9=3((17R)t)(5t)

(PRSI = (p(Ro 5t =(q(Ro S))t9.3,=(iii)(qt)(R 0S).

. (pt, qt) € R(S). (by 3)
b)) 1. (p,g) € R(S) = p(RoS) =q(RoS) =q € p(RoS) = (p.q) €

RoS.
2.Let (p,q) € R.

3. pR =¢gR. (by 2, R is transitive)

4. p(RoS) = (pR)S = (@qR)S =q(Ro S). (by 3,9.3)

5.(p.q) € R(S). (by 4)
(c) 1. The fact that R o (R(S) N'S) C R(S) follows from parts (a) and (b).

2. Let (p, q) € R(S).

3.p(RoS)=¢qg(RoS). (by 2)

4.9 € p(RoS).

5. There exists x € X with (p,x) € Rand (x, q) € S. (by 4)

6.x(RoS) ?p(R 0S) ?q(R o S).

7.(x,q) € R(S)NS. (by 5, 6)

8.(p,q) € Ro(R(S)NS). (by 5,7)

9. R(S) =Ro (R(S)NS). (by 1,2, 8)

10. Ro(R(S)YNS)=(R(S)NS)oR. (by 9, and part (a))

Proposition 9.5 Let:

(i) X be a compact Hausdorff space,
(i) R, S, and K be equivalence relations on X, and
(i) RCK CRoS.

Then K C R(S).

PROOF: 1. KoRoS = KoSCRoSoS=RoS.
(ii), (iii) (iii) (ii)
2.Let(p,q) € K.
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3.p(Ro§)=p(Ko(RoS)=(pK)(RoS) 2=(i)(CIK)(R 0S)
;CI(K o(Ro S))?q(R oS).

4.(p.q) € R(S). (by 3)
Corollary 9.6 Let:

(i) X be a compact Hausdorff space,

(i) R, S, and K be equivalence relations on X,
(i) K C S, and
(iv) R o K be an equivalence relation.

Then K C R(S).
PROOF: Applying 9.5 to R o K we obtain K C Ro K C R(S).

Corollary 9.7 Let R and S be equivalence relations on X. Then the following
are equivalent:

(@) § C R(S),

(b) R(S)=Ro S, and

(d) R o S is an equivalence relation.

PROOF: (a) = (b)

1. Assume that § C R(S).

2.RoSCR(S)CRoS. (by 1,9.4)
(®) = ()

1. Assume that R(S) = Ro S.

2. R o S is an equivalence relation. (by 9.4)
(©)=(

1. Assume that R o S is an equivalence relation.

2.8 C R(S). (by 1, and 9.6 with K = S)
As we have seen the quasi-relative product of two equivalence relations is an
equivalence relation. In general R(S) need not be closed even when both R
and S are closed. We will often make use of the fact, proven in the following
proposition, that if the canonical projection map associated to R is an open
mapping, then R(S) is closed.

Proposition 9.8 Let:

(1) R and S be closed equivalence relations on X, and
(i) w : X — X/R (the canonical projection) be an open map.

Then R(S) is closed.
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PROOF: 1. Let (x,z2) € R(S).

2.Lety €e x(Ro S).

3. There exists p € X with (x, p) € Rand (p, y) € S. (by 2)
4. Let V and W be open neighborhoods of p and z respectively.

5. (V) is an open neighborhood of 7 (p) = 7w (x) in X/R. (by 3, 4, (ii))
6.7 1(x(V))is an open neighborhood of x in X. (by 5)
7. There exists an open neighborhood U of x with 7(U) C w(V). (by 6)
8. There exists (xy, zw) € (U x W) N R(S). (by 1,4,7)
9. There exists xy € V with m(xy) = w(xy). (by 7, 8)
10. xy(Ro S) = (xyR)S 5 (xyR)S =xy(RoS) = zZw(Ro S).

11. (zw,xy) € Ro S. (by 10, (i)
12.(z,p) e RoS=RoS. (by 4,8,9, 11, (i)
13.(z,y) e RoSoS=RoS. (by 3, 12, (i)
14.y € z(Ro S). (by 13)
15.x(RoS) Cz(RoS). (by 2, 14)
16.z2(Ro S) C x(Ro S). (by 1-15 with the roles of x and z interchanged)
17. (x, z) € R(S). (by 15, 16)

Our use of the terminology quasi-relative product for R(S) is motivated by the
fact that under certain assumptions the flow X/R(S) is a quasi-factor of the
flow X/S. Keeping in mind that R(S) is invariant if R and S are invariant this
amounts to showing that there is a homomorphism of flows ¥: X — 2X/5 with

R(S) ={(x, y) [ ¥ (x) =¥ (M)}
Proposition 9.9 Let:

(i) (X, T) be a flow,

(i1) R and S be icers on X,
(i) mg : X — X/R and w5: X — X/S be the canonical maps, and
(iv) mg be open.

Then the map

X — 2%/
x —  [rs(xR)]

is a flow homomorphism which induces an isomorphism of X/R(S) onto a
subflow of 2%X/5.

PROOF: 1. Themap o:X — 2X/R s continuous.  (by 5.6)

x = [{rr()}]
2. is continuous. (by (iv), 5.7)
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3. ¢ =275 oy o 0 is a homomorphism of flows. (by 2, 5.5)
4. R(S) ={(x,y) | ms(xR) = ms(yR)} = {(x, y) | ¥(x) = ¥ ().

Note that the argument given in 9.9 applies when there is no 7-action on X,
producing a continuous map ¥: X — 2X/S with R(S) = {(x,y) | ¥(x) =
¥ (y)}. In particular this shows that R(S) is closed, giving an alternative proof
of 9.8.

We will need to use the quasi-relative product to construct metrizable flows.
As long as X/S is metrizable it follows from 9.9 that X/R(S) is metrizable.

Corollary 9.10 Let:

(i) X be a compact Hausdorff space,
(i1) R and S be icers on X,
(iii) X — X/R be an open map, and
(iii)) X/S be metrizable.

Then X/R(S) is metrizable.

PROOF: This follows immediately from 9.9 and the fact that 2X/5 is
metrizable. (by Ex. 5.4)

We saw in section 6 that the relative product construction commutes with this
inverse limit construction. We wish to prove that the same is true for the quasi-
relative product. Recall from 6.15 that

ﬂ(RoSi) =Ro (ﬁs,-)

iel iel

from which we deduced that under appropriate assumptions:
lim X/(R o S;) = X/ (R o S,-) .

Here we prove the corresponding results for the quasi-relative product.

Proposition 9.11 Let:

(i) R be a closed equivalence relation on X, and
(i1) {S; | i € I} be afilter base of closed equivalence relations on X.

Then:
(a) R (ﬂ S,-) = [ R(S;), and

iel iel

(b) lim X/R(S;) = X/R( ).
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PROOF: (a) We leave it to the reader to check that S| C S, =— R(S;) C
R(S>), from which it follows immediately that R <ﬂ Si) C () R(S)).

iel iel

Proof that () R(S;) C R(ﬂ Si>:

iel iel
1. R(S;) is an equivalence relation with R C R(S;) C Ro S;. (by 9.4)
2. () R(S;) is an equivalence relation with R C [ R(S;) C [(Ro S =
iel iel iel
Ro (ﬂ S,-). (by 1, 6.15)
iel
3. R(S) CR (ﬂ Si>. (by 2,9.5)
iel iel

(b) This follows immediately from part (a) and 6.14.

We end this section with a proof that the diagonal is the only icer on a minimal
flow which is both pointwise almost periodic and topologically transitive. As
we have seen this follows immediately from 4.19 in the case of a metric flow.
The result in the general case also uses 4.19, but since 4.19 only applies to
metric flows, the proof requires a technical lemma relating the general case to
the metric case. The idea behind this lemma is that if L is a topologically tran-
sitive pointwise almost periodic icer on X, then the extension X — X /L can
be “shadowed” by a metric extension of the same type, though we may have to
restrict ourselves to a countable subgroup of T'. In fact if we are given homo-
morphisms of minimal 7' -flows with X /N metrizable and (L, T') topologically
transitive:

X —- X/N
|
X/L
then there exists a countable subgroup H C T, an icer Ny, on X, and a
commutative diagram of minimal H-flows such that X /N is metrizable and
(ny (L), H) is topologically transitive:

X - X/Noo -~ X/N

\: \A
X/L — X/(LoNs).

The extension X — X/L can be shadowed closely in the sense that an Ny
with these properties can be found for any N with X /N metrizable. The proof
of this lemma relies on a technical construction involving inverse limits, rel-
ative products, and quasi-relative products. The reader interested primarily in
the metric case may wish to skip the technical details of 9.12 and 9.13. The
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details of the shadowing lemma are laid out below; a close inspection reveals
that the assumption that L C X x X is pointwise almost periodic (equivalently,
by 4.15, X — X/L is a distal homomorphism) can be weakened slightly to
the assumption that X — X /L is an open map.

Lemma 9.12 Let:

(i) X be a minimal flow,
(ii) L be aniceron X,
(iii) X — X/L be an open mapping,
(iv) L be topologically transitive, and
(v) N be a closed equivalence relation on X with X /N metrizable.

Then there exists a countable subgroup H C T and a closed equivalence rela-
tion No on X such that:

(@) Noo C N,

(b) NooH = N,

(¢) (X/Noo, H) is minimal and metrizable,

(d) L o Ny is a H-invariant closed equivalence relation on X, and
(e) the flow (y,, (L), H) is topologically transitive.

In other words assume that we are given homomorphisms of minimal 7 -flows
with X /N metrizable and (L, T') topologically transitive:

X — X/N

A
X/L

then there exists a countable subgroup H C T and a commutative diagram of
minimal H-flows such that X /N« is metrizable and (wy,, (L), H) is topolog-
ically transitive:

X - X/Nxo — X/N

J J
X/L — X/(LoNo).

PROOF: (a),(b),and (c) 1. Letly and M, be countable bases for the topolo-

gieson X/N and my (L) C X/N x X/N respectively.

2. rr];l(U) is open in X for every U € U.

3. For every U € U there exists a finite set Fy C T with n&l(U)FU = X.
(by 2, (i)

4. For every pair Vi, V, € V) there exists t(y, v,) € T with

TN (VD vy Ny (Vo) N L # 6. (by 1, (iv))
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5. Let T be the subgroup of 7' generated by

U{FU | U €Uy Ultvy, vy | Vi, Vo € Vol

6. Then:
6.1 T} is countable. (by 1,3,4,5)
6.2 nlgl(W)Tl = X for all opensets ¥ = W C X/N. (by 1, 3,5)
6.3 n&l(Vl)Tl N n&l(Vz) N L # @ for any pair of nonvacuous open sets
Vi, Vo C n(L). (by 1,4,5)
7.Let Ny = [ Nt.

teT)
8.Set Ny = L(N;)NN; C N; C N.
9. N is a closed Tj-invariant equivalence relation on X.
(by 7, 8, (iii), 9.4, and 9.8)

10. X/Nj is metrizable. (by 6,7, (V)
11. X/L(Nl’) is metrizable. (by 10, (iii), and 9.10)
12. X/ Ny is metrizable. (by 8, 10, 11)

13. L o Ny = L(Ny) is a Ty-invariant closed equivalence relation. (by 8, 9.4)
14. Assume that

hichc---cT,cT and NDN;D---DN,

have been constructed so that forall 1 <i < n:
14.1 T; is countable,
14.2 N; is a closed T;-invariant equivalence relation with X /N; metrizable,
14.3 L o N; is a closed T;-invariant equivalence relation on X,
14.4 n&il(W)T,-H = X for all open sets ¥ # W C X/N;, and
14.5 n;il(Vl)TiH ﬂn&il (Vo)NL # @ for any pair of open sets V| #= @ # Vs
inmy, (L).
15. Let U, and V), be countable bases for the topologies on X/N, and 7y, (L)
respectively.
16. For every U € U,, there exists a finite set Fy C T with 711;"1 () Fy = X.
(by (i)
17. For every pair V1, V» € V), there exists ¢y, v,) € T with

ﬂﬁnl(Vl)t(vl,vz) N n;nl(Vz) NL#Q. (by 15, (iv))
18. Let 7,11 be the subgroup of T generated by
T\ J{Fu | U €U} Ut vy | Via Vo € Vil

19. Then: (by 15-18)
19.1 T,,41 is countable and contains 7,
19.2 n&}(W)T,,H = X for all open sets ¥ # W C X/N,, and
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19. 371N (VDT Ny (Vz)ﬂL # () for any pair of open sets V| # (0 £ V;
inmy, (L).
20.Let N/, = () Nqt.

o t€Tp+1
21.Set Ny1 = L(N, ) NN, | CN, | C Ny
22. Nyp41 is a closed T),41-invariant equivalence relation on X.
(by 20, 21, (iii), 9.4, and 9.8)

23. X/N Tl is metrizable. (by 19, 20, and (v))
24. X/L(N, 41) is metrizable. (by 23, (iii), and 9.10)
25. X/Np+1 is metrizable. (by 21, 23, 24)
26. Lo N,i1 = L(N/ Jrl) is a T,,41-invariant closed equivalence relation.

(by 21, 9.4)

27. There exist
Ihhchc---CcT,Cc---CcT and NDODN; D---DN, D

such that:

27.1 T; is countable,

27.2 N; is aclosed T;-invariant equivalence relation on X with X/N; metriz-
able,

27.3 L o N; is a closed T;-invariant equivalence relation on X,

27. 4711;1(W)T,+] = X for all open sets ¥ # W C X/N;, and

27. SnN (VDT Ny, (Vg)ﬁL # () for any pair of open sets V| # ) # V

inmy, (L). (by induction)
28.Let H =|JT; and Noo = (| N;.

29. N is a closed H-invariant equivalence relation on X. (by 27, 28)
30. X/ N is metrizable. (by 27, 28)

31. Let Uy C X/No be open.
32. There existi and U C X/N; open with y'r];l_l(U) Cc Up. (by28,31,6.14)
33. UgH Dy (U)H Dy (U)Tis = X.

3 28

27,32
34. X /Noo is minimal. (by 31, 33)
(d1. LoNoo=Lo| N,-> = [(L o N;) is a closed equivalence relation
on X. (by 6.16, since L o N; is a closed equivalence relation for every i)
2. L o Ny is H-invariant. (L and N are both H-invariant)

(e) 1. Let Vo # ¥ # Wy be open subsets of 7wy, (L) C X/Noo X X/Neo.
2. There exist i, j, V and W be open subsets of X/N; x X/N; and X/N; x
X/N; respectively with

B # (ay) (V) Ny (L) € Vo and
[ (n/]\\,lj‘?o)_l(W) N7, (L) C Wo. (by 2, 6.14)
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3. We may assume without loss of generality thati < j.

N —1
4.0 # LNmy! ((”;VV/) (v)) T Ny (W) =Y. (by 2,3, and 27 above)

-1 -1
5.0 # N, (Y) C iy (L) N (n,’vvfo) V)T, N (n/{\,};’o) (W) C 7ty (L) N
VoH N Wy. (by 2,4)
6. (., (L), H) is topologically transitive. (by 1,5)

Theorem 9.13 Let:

(i) (X, T) be a minimal flow,
(i1) L be anicer on X, and
(iii) (L, T) be topologically transitive and pointwise almost periodic.

Then L = Ax.

PROOF: 1. Assume that (x, y) € X x X withx # y.
2. There exists a continuous function f : X — R with f(x) # f(y).
(by 1, X is compact Hausdorff)
3.LetN ={(p.q) e X x X | f(p) = f(@)}
4. N is aclosed equivalence relation on X, X/N is metrtizable and (x, y) & N.
(by 1,2)
5. X — X/L is open. (by (iii), 4.15 and 7.23)
6. By 5 and 9.12 there exists a countable subgroup H C T and a closed
equivalence relation Ny, on X such that:
(@) No C N,
(b) NooH = Neo,
(¢) (X/N, H) is metrizable and minimal,
(d) L o Ny is a H-invariant equivalence relation on X, and
(e) The flow (7w, (L), H) is topologically transitive.
7. In the diagram

X - X/Noo

\2 \2
X/L — X/(LoNs),

the first column is a minimal distal 7 -extension and the second column is a

homomorphism of minimal H-flows. (by 6, (iii), and 4.15)
8. (wn, (L), H) is pointwise almost periodic. (by 7, 6.19)
9. (N, (L), H) is minimal. (by 6(c), 6(e), 8, and 4.19)
10. ”NOO(L) = AX/Noo' (by 9)

() = TN (N (L)) = TNE (Ax/Ny) = Ax)N-
12.L C N. (by 11)
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13. (x,y) ¢ L. 4, 12)
14. L C Ay. (by 1, 13)

Corollary 9.14 Let:
(1) (X, T), (Y, T) be minimal flows,
@) f:(X,T)— (Y, T) be adistal homomorphism, and
(iii) Ry ={(x,y) € X x X | f(x) = f(y)} be topologically transitive.
Then X =Y.

PROOF: 1.. Ry is pointwise almost periodic. (by (ii) and 4.15)
2.. Ry =Axandhence X =Y. (by 1, (iii), and 9.13)

Restated in terms of icers on M, 9.14 says that if R C S is a distal extension
and (wg(S), T) is topologically transitive, then R = S. Recalling the termi-
nology of 4.16, this says that if R C S is both distal and weak mixing, then
R = S. When S = M x M, this reduces to saying that if (M /R, T) is a weak
mixing flow which is also distal, then M/R = {pt}; thus 9.14 generalizes
4.25. We will discuss 9.13 and its consequences further in section 20.

EXERCISES FOR CHAPTER 9

Exercise 9.1 (See 9.3) Let:

(i) (X, T) be a flow,

(i1) R, S be subsets of X x X,
(iii) r € T, and
(iv) z € X.

Show that:

(a) (zR)t = (zt)(Rt), and
(b) zZR)S =z(Ro ).
Exercise 9.2 (See 9.11) Let:

(i) X be a compact Hausdorff space,
(i) R, Si, S» be subsets of X x X, and
(i) S1 C S.

Show that R(S}) C R(S»).

Exercise 9.3 Let R and S be regular icers on M. Show that «(R(S)) = R(S)
for all @ € G. (Thus if R(S) is closed, then it is a regular icer on M.)
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Exercise 9.4 Let:

(i) R and S be icers on M, and
(i) R(S) be closed.

Then aut (R) N G(S) C G(R(S)).
Exercise 9.5 Let:

(i) R and S be icers on M, and
(i1)) R(S) be closed.

Then G(R(S)) ={d¢ € G| (¢ x 1)(Ro S) = Ro S}.

Exercise 9.6 Let:

(i) R and S be icers on M, and

(i1) R(S) be closed.

Then G(R(S)) = G(R)G(S) if and only if G(S) C aut(R o S). (Note: we do
not assume that R o S is an equivalence relation.)

Exercise 9.7 Let:

(i) R and S be icers on M,
(i) G(S) C aut(R), and
(ii1) R(S) be closed.

Then G(R(S)) = G(R)G(S).






PART III

The t-topology

In this section we introduce the t-topology on the group G of automorphisms
of the universal minimal set M. Though (G, 7) is not a topological
group it is a compact space in which points are closed, inversion is continuous,
and multiplication is unilaterally continuous. Most importantly for our pur-
poses the properties of (G, t) reflect the structure of the category M of mini-
mal flows. There are several approaches to the construction of this
topology. (See for example the books [Auslander, (1988)] [Ellis, (1969)] and
[Glasner, (1976)]). We will begin by giving a new approach to defining a
T-topology on the group Aut(X) of automorphisms of any minimal flow X.
Our approach was motivated by an observation of J. Auslander’s (personal
communication) that the - topology on G could be obtained from the graphs
of the left multiplication maps in M. In the present context this observation
amounts to the statement (see 10.7) that the t-topology on G is characterized
by the fact that « € G, is an element of the t-closure of A C G, if and only if,
gr(a) C gr(A).

In section 10 we explicitly construct a base for a topology on Aut(X) for a
minimal flow (X, T'). In general this topology is T (points are closed), multi-
plication is unilaterally continuous, and inversion is continuous. When (X, 7')
is a regular flow, Aur(X) is also compact. In particular taking X = M, we
obtain a compact T topology on G (the T-topology).

The construction of the so-called derived group is the subject of section 11.
When F C G is a closed subgroup of G, the derived group F/ C F is a
closed normal subgroup of F which measures the degree to which F fails to be
Hausdorff. Indeed, for any closed subgroup H C F, the quotient space F/H
is Hausdorff if and only if 7/ C H (see 11.10). The derived group G’ C G
plays a particularly important role in analyzing equicontinuous flows and their
relationship to distal flows; this is discussed in section 15.

It follows immediately from the characterization of the t-topology men-
tioned above that if R is an icer on M, then the group G(R) is a t-closed sub-
group of G. We exploit the interplay between quasi-factors and the 7-topology
in section 12 to show that a subgroup A of G is the group of some icer on M
if and only if A is t-closed. In particular we show in 12.2 that if A is t-closed,
then R = gr(A) is an icer with G(R) = A, and M/R is a quasi-factor of M.
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The icer gr(A) is clearly the smallest icer with group A, and as such is a prox-
imal extension of any icer with group A. We show in 12.5 that (gr(A), T) is
topologically transitive if and only if A = A’. This result is used in sections 14
and 20.



10
The t-topology on Aut(X)

For a minimal flow (X, T'), we explicitly construct a base for a topology on
Aut(X). In general this topology is Ty (points are closed), multiplication is
unilaterally continuous, and inversion is continuous. When (X, T') is a regular
flow, Aut(X) which we denote by Gy, is also compact (see 10.6).

Definition and Notation 10.1 In this section the following will be in force.

(1) (X, T) will denote a minimal flow,
(i) Aut(X) will denote the group of automorphisms of X, and
(iii) for nonempty open sets U, V C X, we will write:

<U,V>={aeAut(X) |a(U)NV #0}.

We will show that the collection of unions of sets of the form < U,V >
forms a topology on Aut(X). This will follow once we show that for every
pair < Uy, V] >, < Uz, Vo >anda € < Uy, V] > N < U, Vo >, there
exist U and V with

ae<U,V>C<U;,VI>N<U,V, >;
in other words we need to prove the following lemma.

Lemma 10.2 The collection B;(X) = {< U,V > | U, V C X are nonempty
open sets} forms a basis for a topology on Aut (X).

PROOF: 1. Assumethata € < Uy, V) > N < U, Vo >.
2. There exist p1, pop € X with (p1,a(p1)) € Up x Vi and (p2, a(p2)) €
Uy x V. (by 1)
3.ppea (V) NU, # 0. (by 2)
4. There exists t € T such that pt € a~ Y (Vo) N Us.

(by 2, 3, « is continuous, X is minimal)
5.p1 e UyNUyt ' and a(py) € Vi N Var L. (by 2, 4)

127
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6.SetU =U;NUxt " and V =V, N Vot~

7.0!566 <U, V> Cc <U,Vi>nN«< Uzt_l,Vzt_l >=<U;, V| >
s 6

N < Uy, Vo >.

Definition and Notation 10.3 The topology on Auz(X) generated by the basis
B: (X) will be denoted ty and referred to as the t-fopology on Aut(X). Thus
we have the topological space (Aut(X), tx). When X is regular, following
8.7, we write Gy = Aut(X), obtaining the topological space (Gx, tx). In
particular for X = M, the universal minimal set, we simply write (G, 7).

Note that for any A € Aut(X) and ¥ # U C X, the set A(U) is open in X
and hence < U, A(U) > is an open neighborhood of A in Aut(X). In fact the
collection of all such sets forms a neighborhood base for A.

Corollary 10.4 Let:
(1) X € Aut(X),
(i) p € X, and
(iii) N, ={V C X|Visopenand p € V}.
Then {< U, A(U) > | U € N,} is aneighborhood base for A in the T-topology
on Aut(X).

PROOF: This follows immediately from 10.2.

The next lemma will be used to show that inversion, left multiplication, and
right multiplication are continuous in Auf (X).

Lemma 10.5 Let:

(1) A,y € Aut(X), and

(i) ¥ # V C X be open.

Then

@ < V,AV)>"l=<1(V), V >,

®) y<V,AM(V)>=<V,yA(V) >, and
© <V, A(V)>y =<y lV,M(V) >.

PROOF: (@ aec<V,A(V)>"le=a l(V)NALV)£0
= VNar(V) 0
—ae<i(V),V >
Daecy <V, AMV) >y la(V)NA(V) £0
= a(V)Nyr(V) £ 0
S ae<V,ya(V) >.
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Q@Qae<V,AV)>y < ay 'MNAMV) £V ac<y I(V),
A(V) >.

Proposition 10.6 (a) (Aut(X), ty) is Ty (points are closed),
(b) multiplication in (Aut(X), tx) is unilaterally continuous,
(c) inversion is continuous in (Aut(X), tx), and

(d) if X is regular, then (Aut (X), tx) = (Gx, Tx) is compact.

PROOEF: (a)l. Leta # A € Aut (X).

2. There exists p € X such that a(p) # A(p). (by 1)
3. There exist disjoint open sets Wi, W> C X such that «(p) € Wi and A(p) €
Ws. (by 2, X is Tp)
4. There exists an open set V C X such that p € V, a(V) C Wy and A(V) C
W,. (by 3,  and A are continuous)
50a(V)NA(V) =40. (by 3, 4)
6. g <V, A(V) >. (by 5)
X: ). (by 6)
8. {A} ={A}. (by 1,7)

(b) This follows immediately from 10.5(b) and 10.5(c).

(c) This follows immediately from 10.5(a).

(d) 1. Assume that X is regular and let {{f; | i € I} be an open cover of
Aut(X) = Gy

2. For every A € G there exists a nonempty open set V3 C X and i) € [ with

< Vi, A(Vy) > C U, (by 1,10.4)
3.LetU = |J (Vi x M(Vu))T.

reGy
4.U C X x X is open and invariant. (by 3)
S5.gr(x) U forall A € Gy. (by 3, gr(A) is mimimal)

6. (X x X) \ U is aclosed invariant set containing no minimal sets.
(by 1,4, 5, and 8.9)
7.0 =X x X. (by 6, and 3.4)
n
8. There exist A1, ..., 4, € Gx with X x X = [J Vi, x A (Vy,)T.
i=1
(by 3,7, X is compact)

9. For any @ € Gx we have:
gr)N(Vy; x (V)T #¢  forsomel <i <n,
8

- a(Vi) NAi(Vy,) #0 forsomel <i <n,
:> a€<Vxl,k(Vkl)> forsomel <i <n.
10. GXCu<VAt,)L(VA)>C UU;\ (by 2,9)

=1 i=1
11. {Uy,; | 1 < i < n}is a finite subcover of {{f; | i € I}. (by 10)
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Let A C Aut(X) where (X, T) is a minimal flow. Then gr(A) = J{gr (@) |
o € A} need not be a closed subset of X x X, indeed gr (A) may contain gr(8)
for some ¢ A. When A is 7-closed, however gr(8) C gr(A) implies 8 € A,
in fact we will prove that

A={a|gr(a) Cgr(d)}. ()
It should be noted that as an alternate approach to the t-topology one can show
that the equation above defines a closure operator on subsets of Auz(X), and
hence generates a topology on Aut(X) (which coincides with the topology

we have defined above). Hence the 7-topology is completely characterized by
equation ().

Proposition 10.7 Let ¥ £ A C Aut(X), and o« € Aut(X). Then
€A < gr(a) C gr(A).

(Here of course A denotes the Ty-closure of A in Auz(X).)

PROOF: =
1. Assume that o € A.
2.Let p € X and U x W be any open neighborhood of (p, a(p)).
3. There exists an open neighborhood V of p with V x (V) C U x W.
(by 2, « is continuous)

4. Thereexists B € AN < V,a(V) >. (by 1, 3, and 10.4)
500V xa(V)Ngr(B) C (U x W)ngr(A). (by 3,4)
6. (p,a(p)) € gr(A). (by 2,5)
—

1. Assume that gr(a) C gr(A).

2. Let p € X and V be any open neighborhood of p.

3.gr(A) NV x a(V)) #0. (by 1, 2)
4. There exists B € A with B(V) Na (V) # 0. (by 3)
5.Thereexists B € AN < V,a(V) >. (by 4)
6. € A. (by 2,5, 10.4)

It follows immediately from 10.7 that the group G(R) of any icer R on M is
a t-closed subgroup of G; for emphasis the explicit details are given in the
corollary below. We will see in section 12 that every closed subgroup of G is
of the form G (R) for some icer on M.

Corollary 10.8 Let:

(i) R be anicer on M, and
(i) G(R)={ax € G = Aut(M) | gr(x) C R}.
Then G (R) is t-closed.
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PROOF: 1. Leta € G(R).

2. gr(ax) C gr(G(R)) C R. (by 1, (i), and 10.7)
3. a € G(R). (by 2)
4. G(R) is closed. (by 1, 3)

Using 10.7 we give a description of the t-closure of any subset A C Aut(X)
by characterizing the elements of gr(A).
Proposition 10.9 Let:

(1) (X, T) be a minimal flow,
(i) ¥ # A C Aut(X), and
>iil)) o € Aut(X).

Then:
(@ gr(A) = {(p,q) | ¢ € (M{AWU) | U an open neighborhood of pin X}},

and
(b) « € A if and only if there exists a proximal pair (x, y) € X x X with

a(y) € ﬂ{A(U) | U an open neighborhood of x in X}.

(Here of course A denotes the t-closure of A in Aut(X), and A(U) denotes
the closure of A(U) = {B(z) | B€ A,z € U}in X.)

PROOF: (a)l. Let (p,q) € gr(A).
2. There exists o € A such that

B+ gr@)N U x V)

forall U, V C X open neighborhoods of p and g respectively. (by 1)
3. There exists z € U witha(z) € V forall U e N, and V € N. (by 2)
4. AU)NV £@forallU € Ny and V € N,. (by 3)
5. € {AWU) | U e N,}. (by 4)

6.gr(A) C{(p.q) | q € ﬂ{m | U an open neighborhood of p}}. (by 1, 5)
7.¢r(A) D {(p.q) | q € ﬂ{m | U an open neighborhood of p}}.
(read 1-5 in reverse)
(b)1. Leta € A,and x € X.

2. (x,a(x)) € gr(A). (by 1, 10.7)
3.a(x) e {AU) | U € Ny). (by 2, part (a))
4. Assume that (x, y) is a proximal pair such that a(y) € (J{AU) | U € N,}.
5. There exists z € X and p € BT such that (x, y)p = (z, 2). (by 4)
6. (x, a(y)) € gr(A). (by 4, part (a))

7. gr(a) C (z, ()T - (x,a(yNT - gr(A).
8.« € A. (by 7, 10.7)
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As we will see in section 12, the collection of t-closed subgroups of the group
G of automorphisms of the universal minimal set M is exactly the collection
{G(R) | Risanicer on M} of groups of minimal flows. Thus any result con-
cerning the closed subsets of G is of potential interest in studying minimal
flows. The description of the closure of a subset A C Aut(X) given in 10.9
allows us, in the case where X is regular, to prove that the product of two
t-closed subsets of G x is t-closed. This result will be used in sections 11, 12,
18, 19, and 20.

Theorem 10.10 Let:

(i) X be regular, and
(ii) A, B be non-empty closed subsets of G x.

Then AB is also closed.

PROOF: 1. Lety € AB,u € Jx be an idempotent in X, and U € N,,.

2.ABN < U,y(U) ># 0. (by 1)
3.ABU)NyU) #40. (by 2)
4. BUYN A"y (U) # 0. (by 3)
5. {BUYNA-lyU) | U e N,} is a filter base of closed subsets of X.

(by 1, 4)
6. There exists x € ﬂNeJ\/u BWU)N A~y (U). (by 5, X is compact)
7. There exist B € Gx and v € Jy such that x = B(v). (by 6, (i), and 8.8)
8. () € Ny, BW) NNy, A~y (). (by 6,7)
9. (u, v) is a proximal pair. (by 1, 8)
10. e BN A1y, (by 8,9, 10.9)
11.e BNA™y. (by 10, (ii), 10.6)
12.y € AB C AB. (by 11)

Corollary 10.11 Let:

(i) X be regular, and
(i) A, B be non-empty subsets of G x.

Then AB = AB.

PROOPF: This follows from 10.10 and 10.6. We leave the details as an exer-
cise for the reader.

Another result concerning the closed subsets of G which will be of use to us is
the following.
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Lemma 10.12 Let:

(i) X be regular,
(i) A be a closed subset of G x, and

(iii) B be a filter base of closed non-empty subsets of Gx, (i.e. By,..., B, €
B implies there exists B € Bwith B C BiN---N By).
Then:
(@ A(MB)= () AB,and
BeB
() (B)A = () BA.
BeB
PROOF: (a) ProofthatA(ﬂBeB B) C\gen AB:

1. A(MB) C ABforall B € B.

2.A(r]B)(: r]l4B.
BeB

Proof that ﬂ ABC A (ﬂ B) :

BeB BeBB

l.Letax € [) AB.
BeB

2. {A 'a N B | B € B} is a filter base of non-empty closed subsets of G .
(by 1, (iii), 10.6)

3. Thereexists B € (| B with 8 € A~ 'a. (by 2, and compactness from 10.6)
BeB

4aecAl ) B (by 3)
BeB
(b) The proof is completely analogous to the proof of part (a).

The fact that for A C Aut(X), we have A = {a | gr(a) C M} can be
thought of as giving conditions under which an o € Aut(X) can be obtained
as a limit of elements of A. Another approach to this is via nets. Namely, given
o € Aut(X), under what conditions does a net (¢;) converge to o? We now gve
a few results in this direction which can be thought of as refinements of 10.7.

Proposition 10.13 Let:

(1) (pi), (o) be nets in X and Aur (X) respectively,
(i) p; — p,and
(iii) ;i (p;) = a(pv) forsomev € J ={u € M | u®> = u).

Then o; — «.
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PROOF: 1. Let¥ # W C X be open.

2. There exists ¢ € M with pg € W. (X is minimal so X = pM)
3.a(pv)g = a(pq) € a(W). (by 2, 3.12)
4. There exists t € T with pt € W and a(pv)t € a(W).
(by 2,3, L), Ly(pv) are continuous)
5. pit — pt and «; (pit) — a(pv)t. (by 4, (i), (iii), R; is continuous)
6. There exists ig such that if i > i, then p;t € W and «; (p;it) € a(W).
(by 1,4,5)
7. There exists ig such that if i > i, thena; € < W, a(W) >. (by 6)
8.0 — «a. (by 1,7,10.4)
Corollary 10.14 Let:
(i) X be regular,
(i1) (pi), (o) be nets in X and Gy respectively,
(iii) p; — B(u), where B € Gx and u € Jx, and
(v) «ai(pi) = y(v), where y € Gx and v € Jy.
Then o; — yp~ .
PROOF: 1. a;i(p) — y (B~ (B) = yB~ (Bw)v). (by (iv))
2. a; = yB~ L (by 1, (iii), 10.13)

Proposition 10.15 Let:

(i) oj = o in Aut(X), and
(i) p € X.

Then there exists a subnet {«;, } C {@;}, and a net {p;,} C X, such that

piy =~ p and oy, (piy,) = a(p).

PROOF: We leave the proof as an exercise for the reader.

When X = M/R is a minimal regular flow we have defined a topology tx on
the group G x of automorphisms of X; in particular this gives us the t-topology
on the group G of automorphisms of M. On the other hand we saw in 8.11
and 7.10, that the map xg: G — Gyx has kernel G(R), and hence induces
an isomorphism of G/G(R) onto Gx. In the next proposition we prove that
this isomorphism is a homeomorphism when G/ G (R) is provided the quotient
topology. For simplicity we denote the maps 7wz and x g by 7 and x respectively.

Proposition 10.16 Let:

(i) (X,T)= (M/R,T) be aregular minimal flow, and
(i) U and V be nonempty open subsets of X.
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Then:
(@ <7 ' U), 77 (V) >=x"U< U,V >),

(b) the canonical map x = xg: (G, ) = (Gyx, Tx) is continuous,

(¢c) themap x: (G, 1) = (Gy, tx) is closed, and
(d) x induces a homeomorphism (G/G(R), 1) — (Gx, tx).

135

PROOF: (a)1. 7~ '(U) and 7~ (V) are nonempty open subsets of M.
(by (i), m =nmg: M - M/R = X is continuous)

2. Leta € < ' (U), 77 1(V) >.

3. There exists p € M with 7(p) € U and w(x(p)) € V. (by 2)
4. x () ((p)) = m(a(p)). (by 8.11)
5. x(x) e< U,V >. (by 3,4)
6. <7 W U),n7 " (V)>cx U< U,V >). (by 2,5)
7.Nowlet e x Y (< U,V >).

8. There exists x € U with x(8)(x) € V. (by 7)
9. There exists p € M with 7 (p) = x. (by (1))
10. p € 71 (U) and 7 (B(p)) = x (B)(7(p)) = x (B)(x) € V. (8,9
1.8 e < Y U), n~ (V) >. (by 10)
12.x (< U, V> c<a WU, 77 (V) >. (by 7, 11)

(b) This follows immediately from part (a) and 10.3.
(c) 1. Let ¥ # K be a closed subset of G and let ) € x (K).

2.7(gr(K)) = gr(x(K)). (by 8.11)
3.m(gr(K)) = gr(x(K)). (by 2)
4. gr(n) C m(gr(K)). (by 1, 3, 10.7)
5. There exists a minimal subset Y C gr(K) with w(Y) = gr(n). (by 4)
6. There exists « € G with gr(a) =Y. (by (1), 5,7.5)
7.a € K. (by 1, 5, 6, 10.7)
8. x(@) =n. (by 5, 6)
9.1 € x(K). (by 7, 8)
10. x (K) is closed. (by 1,9)

(d) This follows immediately from parts (b), (c), and 7.10.

NOTES ON SECTION 10

According to part (d) of 10.6, when X is regular, (Aut(X), tx) is compact.
The key to the proof is 8.9 (when X is regular all the minimal subsets of X x
X are graphs of automorphisms of X). In general it is possible to define a
T-topology on the set of minimal subsets of X x X making this collection
into a compact space. Identifying each automorphism « of X with the minimal
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subset gr(a) C X x X, the resulting subspace topology on Aut(X) is the
topology tx we have defined above. In the regular case Gx = Aut(X) is the
whole space and the two topologies coincide.

In these notes we will outline the construction of a t-topology on the col-
lection of minimal subsets of any flow (the case X x X is the one alluded to
above), leaving the proofs as exercises for the reader.

Notation 10.N.1 In these notes the following will be in force.

(1) X will denote a not necessarily minimal flow.
(i) © = 9O(X) will denote the collection of minimal subsets of X.
(iii) U will denote the collection of open invariant subsets of X, here ¥ € U.
(iv) When U € U, we will write H(U) ={Y € Q| Y C U}.
V) t={HWU) | U e U}.

The following lemma is used to show that 7 is a topology on Q.
Lemma 10.N.2 LetY € Qand U e Y. ThenY NU =@PorY C U.

Proposition 10.N.3 (a) Let (U; | i € I) be a family of elements of &/ and
U=U;.ThenU € U and H{U) = |J H(U;).

(b) LetUy, ..., Uy € U. Then U; € U,and H((\U;) = () HU;).

(c) tisatopology on Q.

The analog of 10.7 in this context identifies the t-closure of a subset of Q as

the closure in X of the union of its elements.

Proposition 10.N.4 LetI’ C Q,Y € Q. ThenY € cls;, I’ < Y Cc JT.
Proposition 10.N.5 (Q, 7) is compact 77.

The construction of a topology on Q(X) for a flow (X, T') is natural in the
sense that a homomorphism of flows gives rise to a continuous map of the
corresponding topological spaces.

Proposition 10.N.6 Let ¢: W; — W; be a homomorphism of flows. Then

d: Q(Wy) - Q(Wr)
Y — ¢(Y)

is continuous.

Let W be a minimal set, Z a flow, and f: W — Z a homomorphism. Then the
graph of f, gr(f) is a minimal subset of W x Z, and the map
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f—gr(f): Hom(W,Z) — QW x Z)

is injective. Thus the t-topology on Q(W x Z) induces a topology on
Hom (W, Z) which will also be called the 7-topology. Once again this con-
struction is natural in the sense that for fixed homomorphisms the left and
right composition operations are continuous. In particular this approach yields
the full strength of 10.6 in this context.

Corollary 10.N.7 Let X, Y be minimal and g € Hom (Y, Z). Then the map
Hom(X,Y) —> Hom(X, Z)
f—gof
is continuous.
Lemma 10.N.8 Let X, Y be minimal and 2 € Hom (X, Y). Then the map
Hom(Y,Z) — Hom(X, Z)
f— foh
is continuous.

Proposition 10.N.9 Let X be minimal. Then:

(@) Themap (f,g) = fog: Hom(X, X) x Hom(X, X) - Hom(X, X) is
unilaterally continuous.

(b) The map f — f~': Aut(X) — Aut(X) is continuous. (Here Aut(X) is
the set of invertible elements of Hom (X, X).)

EXERCISES FOR CHAPTER 10

Exercise 10.1 (See 10.15) Let:

(i) oj = ain Aut(X), and
(i) p € X.

Then there exists a subnet {¢;, } C {«;}, and anet {p;,} C X, such that
piy = p and ai, (piy) = a(p).
Exercise 10.2 Let:

(i) X be regular, and
(ii)) A, B be non-empty subsets of Gx.

Then AB = AB.
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The derived group

If F C Aut(X) is a closed subgroup of the group of automorphisms of a
minimal flow (X, T), then the derived group F’ C F is a closed normal sub-
group of F which measures the degree to which the 7-topology on F fails
to be Hausdorff. The most interesting case is when (X, T') is regular so that
Aut(X) = Gy is compact; the case X = M with Aut(X) = G being of par-
ticular interest. The key result in this case is that for a closed normal subgroup
H C F, the quotient F//H is a compact Hausdorff topological group if and
only if F* C H (see 11.11) This result along with a few more technical results
such as 11.14, 11.15, will play an important role in the study of equicontinuous
flows and almost periodic extensions of minimal flows in sections 15 and 19
respectively.

Definition 11.1 Let X be a minimal flow and F be a closed subgroup of
Aut (X). Then the derived group F’ of F is the intersection of the closed neigh-
borhoods of the identity in F'. More precisely

F = ﬂ <V,V> NF,
VeN,

where p € X is any element of X and as in 10.4 we are using the following
notation:

N, ={U | peUcCX, andU is open}.
This definition is independent of the choice of p since for any p the collection
{<V,V>NF|VeN,)

is a neighborhood base at 1 € F (see 10.4). The factthat < V,V > N F C
F follows from the assumption that F is closed.

138
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It will be convenient to reformulate the definition of F’ using the fact that
the collection

{<V,a(V)> NF|VeN,)}

is a neighborhood base at o € F.

Proposition 11.2 Let:
(i) (X, T) be a minimal flow,
(ii) F is a closed subgroup of Aut(X),
(iii) «, B € F, and
@iv) p € X.
Then
@ aecF < <W,aW)y>N<V, V>0 forall V,WeN,,and
(b) /3’101 € F < < W,aW) >N < V,B(V) > # ¢ for all
V,WeN,.

PROOF: (a) This follows immediately from 11.1 and 10.4.
® 1. BN (< W, a(W) >N < V,B(V)>)
=B N < W, a(W) >N~ (< V,B(V) >)
=< W, laW)>N<V,V>. (by 10.5)
2. ,8_105 EF << <W,aW)>N<V,B(V)>#¢ forall V,W e./\/p.
(by 1, part (a))

In 11.1 F’ is referred to as the derived group of F. This terminology will be
justified when we show that F” is indeed a group. This requires two preliminary
lemmas.

Lemma 11.3 Let:

(1) (X, T) be a minimal flow,
(i1) F be a closed subgroup of Aut(X), and
(iii)) U be a non-vacuous open subset of F'.

Then UF' =U = F'U.

PROOF: 1. Leta € F'andB € U.

2. B!'Uisopenin F,and 17 € B~'U. (by 1, and 10.6)
3.ae B lU=8""U. (by 1, 2, 10.6)
4. BaeU. (by 3)
5. Uc=Ua CU. (by 1, 4, 10.6)
6. UF' c U. (by 1, 5)
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7. UF =U
8. F'U =

Lemma 11.4 Let:

(i) (X, T) be a minimal flow,
(i1) F, H be closed subgroups of Aut(X),
(iii) ¢ : F — H be continuous, and
iv) ¢(1p) = 1n.
Then ¢(F') C H'.

PROOF: 1. Let V be a neighborhood of 1.

2. There exists a neighborhood U of 1 with p(U) C V.
3.9U)CV.

4. 9(FYCc oU) C V.

5.0(F)c(\V=H.

Proposition 11.5 Let:

(i) (X, T) be a minimal flow, and
(i) F be a closed subgroup of Aut(X).

Then F’ is a subgroup of F.

(by 6, 17 € F')

U. (by an analogous argument)

(by 1, (ii), (iii))
(by 2, (iii))
(by 2,3)

PROOF: 1. Let U be an open neighborhood of 1 in F.

2.Fa cUxCUF’ 11:3Uforalla e F'.

3. FFa C F' foralla € F'.

4. F' is a closed semigroup.

5. Themap F — F is continuous.
o« — ol

6. (FY 1= F.

7. F' is a subgroup of F.

Corollary 11.6 Let:

(i) (X, T) be a minimal flow,
(ii) F be a closed subgroup of Aut(X), and
>iil) o € Aut(X).

Then a(Fa~ ! = (¢ Fa™lY.

PROOF: Apply 11.4 tothe map ¢ : F - aFa™!

B — oz,Ba_l

(by 1, 2)
(by 3)
(by 10.6)

(by 5, 11.4)
(by 4, 6)

and to its inverse.
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Corollary 11.7 Let:

(i) (X, T) be a minimal flow,
(i) F C B be closed subgroups of Aut(X), and
(iii) F be normal in B.

Then F’ is a normal subgroup of B.
PROOF: Foranyo € B, a(F)a~' = (@Fa™ 1) = F'. (by 11.6)

According to 11.6, when F is a closed subgroup of Aut(X), F’ is a nor-
mal subgroup of F so that F/F’ is group. If the flow (X, T) is regular, then
Gx = Aut(X) and hence F is compact. Thus F/F’ is a compact Hausdorff
group in which multiplication is unilaterally continuous by 10.6. We will see in
the appendix to section 15 that any compact Hausdorff group in which multipli-
cation is unilaterally continuous is a topological group. In this section we use
the next few results to prove directly that F/F’ is a topological group. These
results can be proved in a slightly more general context (see [Ellis, R., (1969)]),
but we wish to prove them using the techniques developed herein. Moreover,
these proofs are much simpler than the ones given in the reference above.

Proposition 11.8 Let:

(1) (X, T) be a regular minimal flow,
(i) F be a closed subgroup of Gy,
(iii) ¥ # V C F be open, and
(iv) F' C V.

Then there exists an open set W with 1z € W and FWW~! c V.

PROOF: 1. Let A\ be the collection of open neighborhoods of 15 in F.

2. N (FA\VYNU=(F\V)N () U=(F\V)NF =g@. (by (i), (iv))
UeN NeN

3. There exists Uy € N with (F \ V) N Uy = @. (by 2, Gx is compact T7)

4.8etU = UpnU; "

5UcUycC V. (by 3,4)

6. | NU = N|U=FU =UcV.

7. N (F\V)NNU =¢. (by 6)
NeN

8. There exists Ng € N with (F\ V)N No U = @. (by 7, and compactness)
9.Set N =NoNN,'and W =NNU.
10. FWW-'CF'NU = NU C V.

9 113 8,9
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Proposition 11.9 Let:

(i) (X, T) be aregular minimal flow, and
(i1) F be a closed subgroup of G x.

Then F/F’ is a compact topological group.

PROOF: 1. F/F’isacompact group in which multiplication is unilaterally
continuous. (by (i), 10.6, 11.7)
2.Let: F — F/F’ be the canonical map.

3.Let V C F/F’ be an open neighborhood of the identity.

4. F' c w~"(V)isopenin F. (by 3)

5. There exists an open neighborhood W of 1z with FWW~! ¢ 7z=1(V).
(by 4, 11.8)

6. (W) is an open neighborhood of the identity in F/F’.  (by 5, 7 is open)

T.aWyaW)y ' =aWW-hH cra@= (V) =V.
5
8. F/F’ is a topological group. (by 1,3,7)

Theorem 11.10 Let:
(i) X be regular,

(i) F be a closed subgroup of G x, and
(iii) H be a closed subgroup of F.

Then F/H is Hausdorff if and only if F/ C H.

PROOF: ==
1.Letw : F — F/H be the canonical map, and @ ¢ H.
2. There exists an open set V with 7(1z) € V,and () ¢ V.
(F/H is Hausdorff)
3.1pen N (V) ca—1(V) c = L(V).

4oa¢a (V). (by 2,3)
5.a¢F. (by 4)
P

l.Let /" C H,and o ¢ H.

2.FFCHCF\aH. (by 1)
3. There exists an open neighborhood W of 1z with W=W~! and
FWW-! C F\aH. (by 2, (iii), 10.6, 11.8)
4. W?c FFW? C F\aH. (by 3)
5.W2NaH =40. (by 4)

6. WNWaH = 0. (by 3, 5)



The derived group 143

7. WHNWaH = . (by 6, (iii))
8. F/H is Hausdorff. (by 1,7)

Corollary 11.11 Let:

(i) X be regular,
(ii) F be a closed subgroup of Gy, and
(iii) H be a closed normal subgroup of F.

Then F/H is a compact (Hausdorff) topological group if and only if
F'CH.

PROOF: =

1. Assume that F//H is a topological group.

2. F/H is Ty. (by 10.6)

3. F/H is Hausdorff. (by 1, 2, and Ex. 3.5)

4. F' C H. (by 3, 11.10)
—

1. Assume that F' C H.

2.Letw : F/F' — F/H be the canonical projection.

3.7 ' @(V)) = U{(Va | @« € H/F') for any subset V. C F/F’. (by 2, (iii))

4. 7 is an open map. (by 2, 3)

5.Let W C F/H be an open neighborhood of the identity.

6. 7~'(W) c F/F’ is an open neighborhood of the identity. (by 2,5)

7. There exists an open neighborhood V' of the identity in F/F’ with VV~! ¢

TN (W). (by 6, 11.9)

8. (V) is an open neighborhood of the identity in F//H with

W @(V)H ' =a(vvh ca@ ' (W) =Ww. (by 4,7)

9. F/H is a topological group. (by 5, 8)

The next two technical lemmas are used to prove 11.14, 11.15, and 11.16,
which are needed in future sections.

Lemma 11.12 Let:

(1) X be regular,
(ii) F be a closed subgroup of Gy,
(iii) A, B be closed subgroups of F,
(iv) W be a B-open set with 1z € W, and
(v) K = B\AW.
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Then:

(a) K is a closed subset of F,
(b) 1r € AK, and

(c) there exists an F-open set N with lp € Nand BNAN C BN AW.

PROOF: (a)l. Letbe BN AW.

2.b =aw forsomea € Aand w € W.
3.a € B.

4.be (ANB)W.

5.2.BNAW CBN(ANB)YW C BNAW.
6. B\ AW =B\ (ANB)W.

7. (AN B)W is open in B.

8. K=B\ AW =B\ (AN B)W isclosed in B.

9. K is closed.

(b)1. A=A{lp} C AW.
2.ANK =4.

3.ANAK =0.

4. 1p ¢ AK.

(¢)1. AK isclosedin F.
2.N = F\ AK is an F-open set with 1z € N.
3.Lethbe BN AN.

4.b =an witha € Aandn € N.
5.a'b=n ¢ AK.

6.b ¢ K.

7.b € AW.

8. BNAN C BNAW.

Lemma 11.13 Let:

(1) X be regular,
(i) F be a closed subgroup of Gy,
(iii) A, B be closed subgroups of F,

(by 1 and (v))

(by (iii), (iv), and 2)
(by 2,3)

(by 1, 4)

(by 5)

(by (iid), (iv))

(by 7)

(by 8, (iii))

(by (iid), (iv))

(by 1)

(by 2, (iii))

(by 3, (iii))

(by (iii), (a), 10.10)
(by 1, (b))

(by 3)

(by 2,4)

(by 5)

(by 3,6, (v))
(by 3,7)

(iv) N(F) = {N | N is an open neighborhood of 1 in F},

v) Lo=(BNAU | U € N(F)}, and
(vi) L={ABNU | U € N(F)}.

Then:

(a) Lo C AB/,
(b) BB C L C AB/,and
(c) AL = AB'.
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PROOF: (a)l. Let N(B) = {N | N is an open neighborhood of 15 in B}.
2. Lo = (Y(BNAU | U e N(F)} 1ﬁuﬂ{B NAW | W € N(B)}
CIHAW | W e NB)} =, AW | W e N(B)) = AB'.

(b) 1. Itis clear that B C L since BNU C ABNU forall U € N(F).
2.ABNU C A(BN AU) forall U € N'(F).
(@B € ABNU = B € AUNB = af € A(BN AU))
3.ABNU C A(BNAU) = A(BN AU) = A(BN AU) forall U € N'(F).
(by 2, (i), 10.11)

4. L = ABNU C A(BNAU
(vi) ﬂ 3 ﬂ ( )
UeN UeN
= A ( ﬂ B mAU) = ALy C A(AB') = AB'.
10.12 UeN ) (a) (iii)
(¢)1. AB'C AL C A(AB") = AB'. (by part (b), (iii))

Corollary 11.14 Let:

(i) X be regular,

(ii) F be a closed subgroup of G,

(iii)) A, B be closed subgroups of F, and

(iv) AB = BA.

Then:

(a) BB C (AB) C AB’, and

(b) A(AB) = AB'.

PROOF: This follows immediately from 11.13. (In this case L = (AB)’.)
Let p € X with (X, T) a regular minimal flow. For any closed subgroup

F C Gx and open neighborhood V of p in X we consider the set A, (V) =

{d € F | a(p) € V}. We would like to characterize F’ using the collection
{A,(V) |V € N,}. Clearly

Ap(V)YClae FlaV)NV £y =FN <V, (V) >,

so F' C ({Ap(V) | V € N,}. On the other hand in general, A, (V) may have
empty interior. When p is an almost periodic point of the flow (F, X) where F

acts on X on the left, int (A p(V)) # J, and the following proposition gives a

complete description of F’.

Proposition 11.15 Let:

(1) (X, T) be a regular minimal flow,
(i) F be a closed subgroup of G,
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(iii) p be an almost periodic point of the flow (F, X) (F acts on X on the left),
and
(iv) Ap(V)={a € F|a(p) e V}forany J #V C X.

Then F' = () {int (A,(V)) | V € N, .

We write cic(A,(V)) for int(A,(V)) and D, for ({cic(A,(V)) | V €
N, }. Note that all topological references are to the space (F, 7).

PROOF: 1. LetV e N,,.
2. There exists a finite subset K of F' such that F C K(A,(V)).
(by (iii), and 4.2)

3.F=KA,WV). (by 2, (ii))
4.int(Ap(V)) # 0. (by 3, K is finite)
5.D, #0. (by 4, (F, t) is compact by (ii), 10.6)
6. F'cic(Ap(V)) Ccic(Ap(V)) forall V e N,,. (by 11.3)
7.F'D, C D,. (by 6, 10.12)
8. Let Z be a neighborhood of 1f.

9. There exists V € N}, suchthat 1p € <V, V > C Z. (by 8, 10.4)
10. cic(Ap(V)) Ccic(< V,V>)C <V, V>C Z. (by 9, (iii))
11.D,Cc(Z=F. (by 8 and 10)
12. F’ﬁ F'D, C D,. (F'is a group)

7
13. F' = D,,. (by 11, 12)

Proposition 11.16 Let:

(1) (X, T) be a regular minimal flow,

(i) F be a closed subgroup of Gx,
(iii) p be an almost periodic point of the flow (F, X), and
(iv) a € F'.

Then there exists a net («;) in F with «; (p) - a(p) ando; — 1p.

PROOF: 1. LetA,(V)={B e F|B(p)eV}.

2.7V e F' Ccic(Ay(V)) forall V e N, (by 11.15)
3. Let T denote the set of neighborhoods of a~!.
4.ZNA,(V)#Pforall Z € T,and V € N,,. (by 1 and 2)

5.Let B(Z,V)e ZNA,(V)forallZ e T,and V € N,.

6.For Z1,Z, € T, Vi, Vo € N, set (Z1, V1) = (Z>, Vo) if Z; C Z5 and
Vic W

7.Then (B(Z,V) | Z € T,V e N) — a Vand (B(Z,V)(p) | Z €
T.VeN,) — p.

8. Finally (@f(Z,V) | Z € T, V € N,) is the required net.
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We end this section with an iteration of the derived group construction which
will be used in later sections.

Definition 11.17 Let (X, 7') be a regular minimal flow and A a closed sub-
group of Gx = Aut(X). Then we associate with A, a closed subgroup A*° C
A, by transfinite induction, as follows:

set A = A, A%t = (A%)andAP = ﬂ A% if B is a limit ordinal.

a<f

Now if the cardinal number of the set of ordinals less than or equal to v is
greater than the cardinal number of the set A, there must exist an ordinal @ < v
with A% = AP for all B witha < B < v. We define A® = A% where « is the
least such ordinal. Note that it follows from 11.7 that A°° is a normal subgroup
of A.

Corollary 11.18 Let:

(i) (X, T) be a regular minimal flow,

(i) B C A be closed subgroups of Gy, and
(iii) A'B = A.
Then A B = A.

PROOPF: This follows from 11.14 and 10.12. We leave the details as an
exercise for the reader.

EXERCISES FOR CHAPTER 11

Exercise 11.1 Let:

(i) X be minimal flow,
(ii) F be a closed subgroup of Aut(X), and
(iii) o, B € F'.
Then every open neighborhood of « in F intersects every open neighborhood
of Bin F.
Exercise 11.2 Let:

(i) X be aregular minimal flow,
(ii) F be a closed subgroup of G x, and
(iii) « € F'.

Then there exists a net (¢;) in F witho; — o and o; — 1p.



148 The derived group

Exercise 11.3 Let:

(i) X be a minimal flow,
(i1) F be a closed subgroup of Gx, and
(iii) A be a closed subgroup of F'.

Then A’ C AN F'.

Exercise 11.4 Let R, S be regular icers with R C S. Then the natural map
(Gg,t) = (Gg, 1) is continuous, open, and closed.

Exercise 11.5 Let:

(i) R, S be regular icers with R C S,
(ii) A C G be a closed subgroup, and
(ili) ¥ : A — Gg be the restriction of the natural map to A.

Then:
(a) « is continuous.
(b) « is closed.
(c) k induces a homeomorphism A/ker (k) — xX(A).
(d) « is open.
Exercise 11.6 Let:
(1) (X, T) be aregular minimal flow,
(i1) A be a closed subgroup of G, and
(i) xx : G — Gy be the natural map.

Then xx (A") = (xx(A))".
Exercise 11.7 Give the details of the proof of 11.18.
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Quasi-factors and the t-topology

The study of the transformation group (2™, T') provides another approach to
the t-topology on G. We use this approach to prove that given any closed
subgroup, A C G there exists an icer R on M with G(R) = A. In fact we
show that R = gr(A) is such an icer. The key tool is the action of T on 2
via the circle operator which was introduced in section 5.

The notation and definitions of 5.1 will be in force throughout this section. In
particular all the topological spaces that occur (other than G and its subgroups)
are assumed to be compact Hausdorff.

Let A C G be a subgroup; we would like to associate with A a quasi-factor
of M, that is a minimal sub-flow of (2M ,T). Let u € M be an idempotent,
then the element [A(u)u = [A(u) ou] € 2™ is an almost periodic point of the
flow (2™, T). Thus the orbit closure of [A («) o «] is a minimal flow, and hence
a quasi-factor of M. We show in 12.2 that this orbit closure is isomorphic to
the flow M/gr(A); the proof relies on the following lemma.

Lemma 12.1 Let:

i) p,ge M,u e J,and
(i) A C G be a subgroup of G.

Then:

(@) A(u)op C pgr(A).
(b) A(u)op = Au) ou(p)foralla € A.
©) [Aw)]p = [Aw)a(p) foralla € A.

PROOF: (a)l. Letqg € A(u) o p.

2. There exista; € Aandt; € T witht; — p and «; (u)t; — q. (by 1)
3.(p,q) 5 lim(ut;, o; (ut;)) € gr(A).
4.q € pgr(A).

(b) 1. Letz € A(u) o p.

149
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. There exist o; € A and t; — p with o; (u)t; — z. (by 1)
Lo(uty) = a(p). (by 2)
. ocia_l(u)a(uti) =i la)); — z. (by 2)

.Let U, Z C BT be open neighborhoods of «(p) and z respectively.
. There exists i such that o (ut;) € U and (ajoe ™) () (e (ut;)) € Z.
(by 3,4,6)

AN L B W N

7. There exists t (U, Z) € T with t (U, Z) € U and (e;a™ ") (1)
t(U,Z) € Z.(Ly,4-1(y) is continuous)
8. There existnets tyy, z € T and ay, 7z € A with 1y, 7 — a(p) and ay, z(u)

ty,z — 2. (by 7)
9.z2€ A(u) oa(p). (by 8)
10. A(u) o p C A(u) o a(p). (by 1,9)

11. Aw) o (p) C Au) o Ha(p)) = A(u) o p. (by 10 applied to 1)
(c) This follows immediately from 5.10 and part (b).

Theorem 12.2 Let:

(i) A be a subgroup of G,
(i) u € M be an idempotent,
(iii) 7 : M — 2M be defined by 7 (p) = [A(u) o p] forall p € M,
v) R ={(p.q) | n(p) = n(q)}.
Then:

(a) & is a homomorphism,

(b) Risaniceron M,

(© R =gr(A), -
(d) pR=A) o p = pgr(A),
(e) m is open, and

) G(R) = A.

PROOF: (a)follows from the fact that [A(u)op] = [A(u)]p and (b) follows
immediately from (a).
(c) Proof that R C m:
I.Let (p,q) € R.
2.g=uq € Au)g C A@w)oq = A(u) o p C pgr(A).
(by 1, (iii), (iv), and 12.1)
Proof that gr(A) C R:

1.Aw) o p = Au) oa(p) foralla € A and p € M. (by 12.1)
2.gr(A) C R. (by 1)
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3.gr(A) C R. (by 2, and part (b))
(d) 1. Letg € pR.

2.g=uq € A(u)g C A(u) oq = A(u) o p. (by 1, (iii), (iv))

3. pR C A(u) o p. (by 1,2)

4. A(u) o p C pgr(A). (by 12.1)

5.pR = A(u) o p = pgr(A). (by 3, 4, and part (c))

(e) 1. Let ¢ : m(M) — 2M be defined by ¢(y) = [x~'(y)] forall y €
a(M).
2.Lety =[A®u) o p] = n(p) € T(M).

3.77(y) = yR = A(u) o p. (by 1, (iv) and part (d))
4.9(y) =[A(u) o pl = y. (by 2,3)
5. ¢ is the identity map and hence is continuous. (by 2,4)
6. 7 is open. (by 1,5, and 5.7)

1. « € G(R) & gr(@) CR < gr(a) C gr(A) & a € A.
(by (c), 10.7)

One immediate consequence of theorem 12.2 is a characterization of the
t-closure of a subgroup of G in terms of the circle operator on M.

Corollary 12.3 Let:

(1) ue J,and

(i) A be a subgroup of G.

Then A = {a € G | a(u) € A(u) o u}.

PROOF: acA S TE gr(@) C gr(A) < a(u) € ugr(A) 5 A(u)ou.

We now prove a theorem which gives conditions under which the (gr(A), T')
is topologically transitive. This proof uses a brief technical lemma.

Lemma 12.4 Let:

(i) A C G be a closed subgroup,

(i) a € A/,
(i) U C M x M be open and invariant, and
@{v) gr(@)NU # .

Then gr(A’) c U N gr(A).

PROOF: 1. There exists V C M open with V x a(V) C U. (by (iii), (iv))
22AC<V,V>nNA. (by 1)
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3. gi"(A’)2 %)7gr(< V,V>nNA)C(VxV)TNgr(A)

1 (C) (I xa=H(U)Ngr(A)

= xa HUngr(d) =1 x oc_l) (U N gr(A)).

4.gr(A) = gr(aA’) = (1 x a)(gr(A")) g Ungr(A).

Theorem 12.5 Let A C G be a closed subgroup. Then (gr(A), T) is topolog-
ically transitive if and only if A = A’.

PROOF: =

1. Assume that A = A’ and let W C M x M be open with W N gr(A) # 0.

2. There exists o € A’ with gr(a) N W # (. (by 1)

3.gr(A) Cc WT Ngr(A) = (WNgr(A)T C (WNgr(A)T. (by?2,12.4)

4. gr(A) = gr(A’) C (WNgr(A)T C gr(A). (by 1, 3)

5. WnNgr(A)T = gr(A). (by 4)

6. gr(A) is topologically transitive. (by 1,5)
—

1. Assume that gr (A) is topologically transitive.

2.Leta € Aand V, W C M be open sets.

3.((V x V)N Gr) T (W x (W) N gr(A) £, (by 1,2)

4. There exists B € A with gr(B) N (V x V) £ 0 # gr(B) N (W x a(W)).

(by 3)

5.86AN<V,V>nN<W,a(W)>#0. (by 4)

6.acAN<V,V>. (by 2,5)

T.aeA. (by 2, 6)

8. A=A (by 2,7)

EXERCISES FOR CHAPTER 12

Exercise 12.1 Let:

(i) X = M/R be regular,
(i) K be a subgroup of G x, and
(ii) u € Jx,and w € J with mg(w) = u.

Then « € K if and only if a(u) € K (1) o w.
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Exercise 12.2 Let:
(i) X = M/R be regular,
(i) ¥ # A C Gy, and
(ili) B = x5 (A) CG.
Then:
(a) mr(B(u)o p) = A(rg(u))opforallu € Jand p € M.
(b) if g is open, then wr(pgr(B)) = nwr(p)gr(A) forall p € M.
(c) if g is open and A is a closed subgroup of Gy, then gr(A) is an icer on
X with Gx(gr(A)) = A.
Exercise 12.3 Let:
(i) A and B be closed subgroups of G, and
(ii) AB = BA.
Then gr(A) o gr(B) = gr(AB).

Exercise 12.4 Let:

(i) A be a closed subgroup of G, and
(i) Raniceron M.

Show that there exists an icer Ry C R such that:

(a) Ro C R is a proximal extension, and
(b) Rpogr(A)isaniceron M.

Hint: Use the quasi-relative product.






PART IV

Subgroups of G and the dynamics of
minimal flows

Every minimal flow is determined by an icer R on the universal minimal set M.
According to 7.21, this icer must be of the form

R = (RN Py) ogr(G(R)),

where G(R) C G is a t-closed subgroup of G. This motivates one of the
important themes of this book: What does the group G(R) tell us about the
minimal flow M/R? We pursue this theme by introducing 7-closed subgroups
P, D, and E, of G in sections 13, 14, and 15 respectively. These groups and
their relationship to G(R) and to the derived group G’ play a key role in the
study of the dynamics of the flow (M /R, T).

We show that the proximal relation on M/R is an equivalence relation if
and only if P C G(R) (see 13.8). In section 14, we show that (M/R, T)
is a distal flow if and only if R = Py o gr(G(R)) with D C G(R). Simi-
larly, in section 15, we see that (M /R, T) is an equicontinuous flow if and
only if R = Py o gr(G(R)) with E C G(R). Showing that E = DG’, then
implies that a distal flow M/R is equicontinuous if and only if G’ C G(R)
(see 15.22). Traditionally the group E has been defined as the group of the
maximal equicontinuous minimal flow M/S,, where S.; = Py o gr(E) is the
equicontinuous structure relation on M. At the end of section 15 we give an
intrinsic description of E.

The regionally proximal relation Q(X) for a minimal flow (X, T) is intro-
duced in section 15 in order to study equicontinuity. The relation Q(X) = Ay
if and only if the flow (X, T') is equicontinuous (see 15.5). Moreover if Q(X)
is an equivalence relation, then Q(X) = S,,(X), the equicontinuous structure
relation on X (16.2). Section 16 makes a more detailed study of the regionally
proximal relation; including a proof that if E C G(R)G’, then Q(M/R) is an
equivalence relation.






13

The proximal relation and the group P

In this section we wish to examine in more detail the proximal relation
P(X) ={(x,y) e X x X | (x, )T N Ax # V}

for a flow (X, T) (see 4.5). The relation P(X) is invariant reflexive and
symmetric, but is in general neither closed nor transitive. We begin with an
investigation of conditions under which P (X) is transitive, i.e. when P(X) is
an equivalence relation. Recall that (x, y) € P(X) if and only if there exists
p € BT with xp = yp, which is equivalent to saying that xp = yp for all p
in some minimal ideal in ST. But this ideal may depend upon the pair (x, y).
Our first proposition shows that P(X) is an equivalence relation if and only if
P(X)={(x,y)|xp=ypforall p e M}

Proposition 13.1 Let (X, T') be a flow. Then the following are equivalent:

(a) E(X) contains only one minimal ideal,
b) P(X) ={(x,y) e X x X | xm = ym forallm € M}, and
(¢) P(X) is an equivalence relation on X.

PROOF: (a) = (b)

. Assume that I C E(X, T) is the unique minimal ideal in E(X, T).

Ax,y) e X x X |xm =ymforallm e M} C P(X). (by 4.4)
.Let ®x : BT — E(X) be the canonical map.

. ®x (M) is a minimal subset of E(X).

.Ox (M) =1. (by 1,4)
.Let (x,y) € P(X).

axm=xbx(m) = ydx(m) = ym. (by 1,5, 6, and 4.4)

(b) = (0

1. Assume that P(X) = {(x,y) € X x X | xm = ym forallm € M}.
2. It suffices to show that P (X) is transitive.

~N N kAW

157



158 The proximal relation and the group P

3. Let (x, y), (y,2) € P(X).
4. xm = ym = zm forallm € M. (by 1,2)
5. (x, z) € P(X). (by 1, 4)

()= (a)

1. Assume that P(X) is an equivalence relation.
2. Let I1 and I be minimal right ideals in E(X).
3. There exists idempotents 1 € I and up € I, with uyuy = uy and uou; =

up. (by 3.14)
4. Letx € X.
5. (x, xuy), (x, xuz) € P(X). (by 1,3,4,44)
6. (xuy, xuz) € P(X). (by 1,5)
7. There exists a minimal right ideal I3 C E(X) with xu1q = xu»q for all
q € Is. (by 6, and 4.4)
8. There exists an idempotent u3 € I3 with u3u| = u3 and ujuz = uj.

(by 3,7, 3.14)
9. XUq §xu1u3 ?xu2u3 ?x(uzul)ug = xuz(u1u3) ?xuzul ?xuz.
10. u; = us. (by 4,9)

11. 11 =u111 =u211 212.
2 10 2

One consequence of 13.1 is a characterization of those minimal flows for
which the proximal relation is an equivalence relation. We identify those icers
R on M for which P(M/R) is an equivalence relation using the notion of
equivalent minimal idempotents. Recall from 3.13 that a minimal idempotent
is an idempotent in some minimal ideal, and u; ~ u» means ujuy = u1 and
Ul = uy.

Proposition 13.2 Let X = M/R with R an icer on M. Then P(X) is an
equivalence relation if and only if (pu1, puz) € R for all p € M and pairs
u1, up of equivalent minimal idempotents in B7 .

PROOF: -

1. Assume that P(X) is an equivalence relation.

2. Let u; ~ up be minimal idempotents and p € M.

3.7r(p, pu1), r(p, puz) € tr(P(M)) = P(X). (by 1, 2, 4.6, and 4.7)

4. wr(pu1, puz) € P(X). (by 1, 3)
5. There exists a minimal ideal I C BT with wr(puy, puz)g € A for all
qel. (by 4, and 4.4)
6. There exists an idempotent # € I with u ~ uj ~ us. (by 3.14)

7. mwr(pur) ?nR(pulu) = nmr(pur)u ?WR(PMZ)M = mr(pusu) ?WR(P“2)~
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8. (puy, puz) € R. (by 7)
—

1. Assume that (pu1, pus) € R whenever u; ~ u, are minimal idempotents
in BT.

2. Let I} and I, be minimal ideals in E(X).

3. There exist minimal idempotents u; ~ up € BT with ®x(u1) € I} and
DOx(u2) € b. (by 2.9)
4. Letx = mp(p) € X.

5. xPx(ur) T”R(PMI)TWR(PMZ)TX(DX(UZ)-

6. Dy (1) = Dy (u2). (by 4. 5)
7. N 1L #9. (by 2,3,6)
8. 11 = I (by 2,7)
9. P(X) is an equivalence relation. (by 2,9, 13.1)

The next two corollaries can be deduced more directly but are easily seen to be
immediate consequences of 13.2.

Corollary 13.3 Let:

(i) R C Sbeicerson M, and
(i) P(M/R) be an equivalence relation.

Then P(M/S) is an equivalence relation.

Corollary 13.4 Let:

(1) {R; | i € I} be a family of icers on M, and

(i) R =(ies Ri-

Then P(M/R) is an equivalence relation if and only if P(M/R;) is an equiv-

alence relation for all i € I.

Another important corollary involves the regularizer of an icer S on M.
Recall from 8.4 that reg (S) = [, @(S) and that G (reg(S)) =) a 'G(S)a
is a normal subgroup of G.

Corollary 13.5 Let:

(i) S be anicer on M, and
(i) R =(yeq @ (S) be the regularizer of S.

Then P(M/R) is an equivalence relation if and only if P(M/S) is an equiva-
lence relation.

PROOF: This follows immediately from 7.16 and 13.4.
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It is an interesting consequence of 13.2 that for a minimal flow (X, T), if P(X)
is closed, then it is also an equivalence relation. This means that in this case
P(X) is an icer and the quotient flow X /P (X) is distal. We will examine this
situation further in section 13; here we give a proof that if P(M/R) is closed,
then it is an equivalence relation.

Proposition 13.6 Let:

(i) R be anicer on M, and

(i) S= ) «(R).

aeG
Then:
(a) P(M/R) closed implies that P(M/R) is an equivalence relation, and
(b) P(M/R) is closed if and only if P(M/S) is closed.

PROOF: (a) 1. Assume that P(M/R) is closed.

2.Let p € M and u; ~ uy be minimal idempotents in 87 .

3. (p, puz) € P(M).

4. (pt, pust) € P(M) foralltr € T.

5. wr(pur, puz) = ﬂR(pqu2)ulf47TR(P(M)) = ”R(P(M))EP(M/R)

= P(M/R).

6. There exists a minimal ideal K C BT with wr(puy, puz)g € A for all
g €K. (by 5,4.4)
7. There exists uz € K with uy ~ u3z ~ u». (by 2, 6, and 3.14)
8. wr(pui, puz) = wr(puy, puz)uz € A. (by 6,7)
9. (pui, puz) € R. (by 8)
10. P(M/R) is an equivalence relation. (by 2,9, and 13.2)

(b) —

This follows immediately from 4.7.
S

. Assume that P(M/R) is closed.

.Let (p,q) € P(M).

.Leta € G.

a(p.q) ea (P(M)) — a(P(M)) = P(M).

TR@(p), ¢(q)) € 7 (POM)) = PM]R) = P(M/R).

| B T S \S I

(by 1, 4, and 4.7)

6. P(M/R) is an equivalence relation since we are assuming it is closed.
(by (a))
7.wr(a(p),a(g))ym € Aforallm € M. (by 5, 6, 13.1)
8. a(pm,qm) € Rforalla € Gandm € M. (by3,7)
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9. (pm,qm) € Sforallm € M. (by 8, (ii))
10. ts(p,q) € P(M/S). (by 9, and 4.4)
11. P(M/S)4=7nS(P(M)) =7y (P(M)) 2CIOP(M/S).

It is natural to ask whether the converse of 13.6 (a) is true. A counterexample
is given in [Shapiro, Proximality in minimal transformation groups, (1970)].
Indeed, in this example not only is P(X) an equivalence relation but every
proximal cell

xP(X)={zeX|(x,2) € P(X)}

is closed, and yet P(X) is not closed. We now investigate this situation from
the group-theoretic point of view; our goal is to define closed subgroups P C
G and G’ C G so that P(M/R) is an equivalence relation if and only if
P C G(R) and P(M/R) is an equivalence relation with closed cells if and
only if PG’ C G(R).

We first observe that the collection {8(J) | B € G} (where as usual J
denotes the set of idempotents in M) forms a partition of M (by 7.4). On the
other hand the subsets f(J) C M with 8 € G are not the proximal cells
in M. In particular for u € J, uP(M) # J. Indeed (u,uu;) € P(M) for
any u € J and any idempotent u; € BT, so uu; € uP (M) but uu; need
not be an idempotent. On the other hand uu; must be of the form «(v) for
some « € G and v € J. Now if R is any icer for which P(M/R) is an
equivalence relation we must have (g (u), 7r(x(v))) € P(M/R). Using 13.1
this gives mg(gr(a)) C A and thus @ € G(R). In this sense the elements o €
G with (1, «(v)) € P(M) are “obstructions” to P (M /R) being an equivalence
relation. This motivates the definition of the subgroup P C G, which, as the
next proposition shows, characterizes those icers on M for which P(M/R) is
an equivalence relation.

Definition 13.7 Let P C G denote the closed normal subgroup of G generated
by the set

{a | (u, x(v)) € P(M) for some u, v € J}.

Proposition 13.8 Let X = M/R. Then P(X) is an equivalence relation if and
only if P C G(R).

PROOF: =
1. Assume that P(X) is an equivalence relation.
2.Letu,v € J with (u, «(v)) € P(M) where o € G.

3.SetS= () B(R)and Y = M/S.
BeG
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4. P(Y) is an equivalence relation. (by 1, 13.5)
5. ws(u, a(v)), ws(u, v) € rs(P(M)) = P(Y). (by 2,4.7)
6. 75(v, a(v)) € P(Y). (by 4,5)
7. There exists g € BT with mg(vg) = ws(a(vq)). (by 6, and 4.4)
8. o € G(S) which is a normal subgroup of G. (by 3,7,8.2,84)
9. P C G(S) C G(R). (by 2, 8)
«—
1. Assume that P C G(R).
2. Since P is normal in G, P C () aG(R)a~! = [ G(a(R)) =
aeG aeG

G ( N a(R)). (by 1, 7.16, and 7.19)
3. Lgte LCI,; 1 ~ up be minimal idempotents in 87, and p € M.

4. There exists u> = u € M with u ~ uy ~ us. (by 3.14)
5. There exists v2 = v € M and B € G with B(v) = p. (by 7.4)
6. There exists « € G with (1) = vuj. (by 4, 5,and 7.4)
7. (v, x(u)) = (v,vuy) € P(M). (by 3, 6, and 4.6)
8.a€P. (by 7)
9. BaB~ ! € P C G(R). (by 1, 8)

10. (P”’P’/ll)?(ﬁ(v)u»ﬂ(v)ul)?(,3(“),,3‘1(“)) = (Bw), Bap~ (Bw)) €
gr(ﬂaﬂ‘l)gR-

11. (pu, puy) € R. (applying 6-10 to u3)
12. (puy, pus) € R. (by 10, 11)
13. P(X) is an equivalence relation. (by 3, 12,13.2)

As we remarked earlier the partition {8(J) | B € G} is not the collection of
proximal cells in M. On the other hand for any icer R for which P(M/R) is
an equivalence relation this partition does project under 7 to the collection
of proximal cells in M/R, i.e. tr(B(J)) = nwr(B(v))P(M/R). This follows
from 13.1; we leave the proof as an exercise for the reader. In particular, in this
case g (J) is one of the proximal cells in M /R. If the proximal cells are to be
closed, then we must have 7g(J) = 7 (J). This means that for (1) € J we
must have mg(a(u)) € mr(J) which implies that « € G(R). Once again this
motivates the appropriate definition.

Definition 13.9 Asusual let J = {u € M | u*> = u} denote the set of idempo-
tents in a fixed minimal ideal M C BT. We denote by:

J¥={aeG|lall)NT #0),

and define G” to be the closed normal subgroup of G generated by J*.
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The following lemma will be used to prove that the subgroup PG’ charac-
terizes those icers for which M /R is an equivalence relation with closed cells.

Lemma 13.10 Let:
(i) X be a flow,
(i) NC X x X,
(iil) o € Aut(X), and
(iv) x € X.
Then a(x)a(N) = a(xN).

PROOF: We leave the proof as an exercise for the reader.

Theorem 13.11 Let:

(i) R be anicer on M, and

() S= N a(R).

aeG
Then the following are equivalent:

(a) P(M/R) is an equivalence relation with closed cells,
(b) P(M/S) is an equivalence relation with closed cells,
(c) PG’ C G(S), and

(d PG’ c G(R).

PROOF: (a) = (b)

1. Assume that P(M/R) is an equivalence relation with closed cells.

2. P(M/S) is an equivalence relation. (by 1, 13.5)
3.Letx e yP(M/S).

4. There exist p,q € M with rs(p, q) = (x, y).

S.Leta € G.

6. Tr(a(p))

= mR(rs(@(p)) = TR (s s (p)) € 7 (xs(@) (ws@POITS)) )

=} (xs@Crs@)PO/S)) = 7} (xs@rs@)xs @ (PM/S))

= 7} (zs(a(@)s@PN))) = 73 (ws(algnms(P(M)) )

8.11
=7k (s@@ P (D)) = mrlag) P(MD)

= 7R(@(@)P(M/R) =mg(a(q)) P(M/R).

7. wr(a(p))m = nr(a(g))m forallm € M. (by 1, 6, and 13.1)
8. ((pm),a(qgm)) € Rforallm € M. (by 7)
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9. (pm,qm) € Sforallm € M. (by 5, 8)
10. xm = wg(pm) = wg(gm) = ym forallm € M. (by 9)
11. (y,x) € P(M/S). (by 10)
12.x e yP(M/S). (by 11)
13. yP(M/S) is closed. (by 3, 12)
(b) = (0)

1. Assume that P(M/S) is an equivalence relation with closed cells.

2. P C G(S). (by 1, 13.8)
3. Leta € J*.

4. There exists u € J with a(u) € J C uP(M). (by 3)

S.ws(e(w)) emsP (M) = ms(uP (M) =sw)P(M/S) =msu)P(M/S).

6. nS(a(m)) =ns(a(u))m = ns(u)ym = ns(m) forall m € M
(by 1, 5, and 13.1)

7.a € G(S). (by 6)
8.G’ C G(5). (by 3, 7, and the fact that G(S) is normal in G)
()= (d)
G(S) C G(R) so this is immediate.

(d) = (a)
1. Assume that PG’ € G(R).
2. P(M/R) is an equivalence relation. (by 13.8)
3.Letx € yP(M/R).
4. There exist B € G and v € J with y = g(B(v)).
5. There exist € G and u € J with x = g (x(u)).
6. 7r(et(u)) € BW)P(M/R) = mr(B(J)) = mr(B(J))). (by 2, and 13.1)
7. There exists y € J* and w € J with mg(a(u)) = nr(B(y (w))). (by 6)
8. Bya~! € G(R). (by 7)
9. pat = (By~'BH(Byrah) € GR). (by 1, 8)
10. (y, x) = mr(a(u), B(v)) = wr(Bu), B(v)) € P(M/R). (by 9)
11.x e yP(M/R). (by 10)
12. P(M/R) has closed cells. (by 3, 11)

The definition of the subset J* C G though motivated by the fact that when
P(M/R) is an equivalence relation g (J) is a proximal cell in M /R, identifies
the elements of G which are obsructions to g (J) being closed. We make this
precise in the following proposition.

Proposition 13.12 Let X = M /R be a minimal flow. Then J* C G(R) if and
only if mg(J) is closed.
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PROOF: -
1. Assume that J* C G(X).
2.Lety € mgr(J).
3.y = mr(p) for some p € J. (by 2)
4. There exists an idempotent u € J and « € G with a (1) = p. (by 7.4)
5.a € J* C G(R). (by 1, 3, 4, and 13.9)
6.y ?me(p) ?me(a(u)) < wr(u) € mr(J).

—
1. Assume that 7z (J) is closed and let o € J*.
2. There exists an idempotent u € J with a(u) € J.
3. r(a()) € mr(J) = mr(J). (by 1,2)
4. (v,a(un)) € R forsome v € J. (by 3)
5. (u,(u)) € Ru C R. (by 4)
6.a € G(R). (by 5)
7.J* C G(R). (by 1, 6)

Let X = M/R be aregular flow and Jy = {u € X | u> = u}. We first recall
from 8.6 that the canonical map wg: M — X is a homomorphism both of flows
and of semigroups. It follows that

ar(J) = Jx and  wr(J) = Jx.

Thus the previous proposition shows that Jx is closed if and only if J* C
G(R).

EXERCISES FOR CHAPTER 13

Exercise 13.1 Let R be an icer on M. Show that P(M/R) is an equivalence
relation if and only if P(M/R) = g (Py).

Exercise 13.2 Let:

(i) Rbeaniceron M,

(i) P(M/R) be an equivalence relation,

(iii) u, v € J (the set of idempotents in M), and

(iv) B eG.

Then the partition {8(J) | B € G} of M projects onto the proximal cells in
M/R,ie.7r(B(J)) = nr(B(v))P(M/R).

Exercise 13.3 (See 13.10) Let:

(1) X be a flow,

(i) N C X x X,
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(i) o € Aut(X), and
@iv) x € X.

Then a(x)ax(N) = a(xN).

Exercise 13.4 Let:

(i) X = M/R be a flow, and

(i) N={(x,xu)|x e Xandu € J}.

Then:

(a) N is an invariant equivalence relation on X.

(b) N has closed cells if and only if G/ C G(R).
(¢c) N = P(X)ifandonlyif P C G(R).

Exercise 13.5 Let:

(i) X = M/R be a flow,
(i) G(R) be a normal subgroup of G, and
(i) P(X) be an equivalence relation with one closed cell.

Then all the cells of P(X) are closed.

Exercise 13.6 Let X = M/Rand Y = M/S with R C S icers on M.
Then the following are equivalent:

(a) X is aproximal extension of Y,
®) (@H™') p={xp}forally e ¥, x € (xF)~!(y), and p € M, and
(c) there exist yp € Y and p € M such that ((n§)_l(yo)) p is a singleton.
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Distal flows and the group D

In this section we characterize those icers on M for which the minimal flow
M /R is distal. We introduce a t-closed subgroup D C G and show that M /R
is distal if and only if R = Pyogr(A), where A = G(R) is a T-closed subgroup
with D C A. (See 7.20 for the definition of Py.) In particular S; = Py o
gr (D) the so-called distal structure relation is an icer on M, and every minimal
distal flow is an image of M/S,;. Indeed a minimal distal flow is completely
determined by its group, and the collection of distal minimal flows, {M /R |
S; C R} can be put in one-one correspondence with the collection {A = A C
G | D C A}, of t-closed subgroups of G which contain D.

Let (X, T) be a flow. Recall that as in 4.5, we say that (X, T') is a distal flow
if P(X) = A (the diagonal of X x X). Here P(X) is the proximal relation
consisting of all the proximal pairs in X x X. We will be interested in minimal
distal flows; in this case X = M /R for some icer R on M. We will often use the
phrase: R is distal to mean that the flow (M /R, T) is distal. This terminology
needs to be used carefully; this does not mean that the subflow (R, T) of
(M x M, T) is a distal flow. Note that the homomorphic image of a distal
flow is distal (see 4.10). Hence, using the terminology above, R is distal, if
and only if, «(R) is distal for every o € G. (Recall that by 7.6, « induces an
isomorphism of the flows M /R and M /«x(R).)

Now assume that R is a distal icer on M; then according to 4.7, mg (P (M)) =
P(M/R), so we must have P(M) C R. Recalling the notation from 7.20:

Py={(¢(u),x(v)) |a,B e Gandu,v e J} C P(M).
The following proposition shows that M /R is distal if and only if Py C R.
Proposition 14.1 Let:

(i) R be anicer on M,
(i) X = M/R, and
(iii)) J C M be the set of idempotents in M.

167
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Then the following are equivalent:
(a) X is a distal flow,

(b) P(M) C R, and

(©) Po=Uyega(J x J) CR.

PROOF: (a) <= (b)
This follows immediately from the fact that g (P(M)) = P(X) (see 4.7).
(b) = (0)

Clear since Py C P(M).
() = (b)

1. Assume that Py C R and let (p, q) € P(M).
2. There exists a minimal ideal / C BT and an idempotent w e/

with g = pw. (by 4.6)
3. There exists v € J with vw = v and wv = w. (by 3.14)
4. (p, pv) € Pp C R. (by 1)

5. (pv, pw) =(pvw, pw) = (pv, p)w € Rw C R.
6.(p,q) §(p, pw) £ RoRCR.

We deduce some immediate consequences of 14.1.

Corollary 14.2 Let R C S be distal icers on M. Then the map JT§: M/R —
M/S is open.

PROOF: RN Py= Py= SN Py so this follows immediately from 7.23.

Corollary 14.3 Let R be a regular icer on M, and J C M be the set of idem-
potents in M. Then R is distal if and only if J x J C R.

Corollary 14.4 Let R be an icer on M. Then (M /R, T) is distal if and only if
R = Pyogr(G(R)).

PROOF: Recall that by 7.21, R = (R N Py) o gr(G(R)).

Suppose that S is a compact Hausdorff topological space with a group structure
which is a compactification of T in the sense that there exists a homomorphism
of T onto a dense subgroup of S. Assume further that for every ¢+ € T right
multiplication by the image of # in § is continuous (this is a much weaker than
assuming S is a topological group). Then (S, T) is a minimal flow where T
acts on S by right multiplication. In fact in this case (s1,52)T N Ag # 0 =
(s1,52)s € Aforsomes € S = s1 = s2. Thus (S, T') is a minimal distal flow.
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The following proposition shows that every regular minimal distal flow is of
this form.
Proposition 14.5 Let:

(i) X = M/R be aregular distal flow, and
(i1) u € J be any idempotent in M.

Then:
(@) X ={mgr(a(n)) | « € G} is a group with identity wg (1),
(b) the map

T — X

t — wgr(ut)

is a homomorphism of T onto a dense subgroup of X, and
(c) the map
0: G — X
o — 7nr(a(u))

is an epimorphism which induces an isomorphism
G/G(R) — X.

PROOF: (a)l. Letx € X.

2. There exists p € M with mgp(p) = x.
3. There exist @ € G and v € J with a(v) = p. (by 7.4)
4. x =nr(p) = wr(a(v)) = mr(a(u)). (by 2, 3, (i), and 14.1)
5.mr: M — X = M/R is a semigroup homomorphism. (by (1), 8.6)
6. tr(a(u)r(Bu)) = wr(a@)p(u)) = mr(e(Bw))) forall e, p € G.
(by 5)
T.wr(W)mr(BW)) = mr(B(u)) = wr(B(u))r(u) forall g € G. (by 6)
(b) 1. Lett,s eT.
2. tr(ut)wr(us) = mp(ut)wr(u)s = mwr(uts). (by part (a))
3. {mgrut) |teT}={nrw)t |t eT}=X. (X is minimal)
(c) 1. ¢ is an epimorphism of the group G onto the group X. (by (a))

2.a e kerp < mrp(a(u)) = np(u) < (u,a(u)) € R <= o € G(R).

It is important to note that 14.5 does not say that any regular minimal distal
flow is a compact topological group. The map ¢ while it is an isomorphism of
groups is not in general continuous. Indeed (by 11.11) the quotient G/G(R)
is a compact Hausdorff topological group if and only if the derived group
G’ C G(R). We will see in the next section that this is the case if and only
if (X, T) is an equicontinuous flow.
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We now wish to define the closed subgroup D C G which allows us to
identify all of those icers R for which M/R is distal. The group D char-
acterizes those icers R for which P(M/R) is closed in the same sense that
the subgroup P C G characterizes those for which P(M/R) is an equiv-
alence relation. Since mg(P(M)) = P(M/R), if the latter is closed, then
ng(P(M)) = P(M/R) so that gr(e) C P(M) implies that @ € G(R). This
motivates the following definition.

Definition 14.6 Let K = {« € G | gr(«) C P(M)}. We define D to be the
closed subgroup of G generated by K. More generally, for any regular minimal
flow (X, T), we define Dy to be the closed subgroup of Gx generated by
Ky ={a € Gx | gr(@) C P(X)}. Thus in particular D = Dy;.

As an immediate consequence of the definitions we have the following
lemma.

Lemma 14.7 Let:

(i) X = M/R be a regular minimal flow, and
(i) B e Gy.

Then:

(@) Kx = {o € G |gr@)nPX) # ¥

(b) B~'KxB = Kx, and
(¢) Dy isnormal in Gy.

PROOF: (a) This follows immediately from the fact that P(X) is closed
and invariant.

(b) 1. Leta € Kx.

2.(B(p).a(B(p))) € P(X). (by 1, (i)
3. (. BB (p)) € B! (POD)) = POX). (by2)
4. p'ap € Ky. (by 3)
5.7 'KxB C Kx. (by 1, 4)
6. BKxB~! C Kx. (by 5 applied to 1)
7.8 'Kxp = Kx. (by 5, 6)

(¢)1. Kx c B~'DxpBforall B € Gy. (by part (b))
2.Dx C B~ 'Dxp forall B € Gy. (by 1)
3.Dx C BDxB~ ! forall B € Gy. (by 2 applied to 1)
4. Dy is normal in G x. (by 2,3)

We use the preceding lemma to verify that the group D does indeed character-
ize those icers for which P (M /R) is closed.
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Proposition 14.8 Let X = M /R be a minimal flow. Then the following are
equivalent:

(a) P(X) isclosed,

(b) D C G(R), and

(c) (X, T) is a proximal extension of the distal flow (M /(Pyogr(G(R))), T).

PROOF: (a) = (b)

1. Assume that P (X) is closed.

2. Leta € G with gr(@) C P(M)andu € J.

3.7g(u,x(u)) € tr(P(M)) = ng(P(M)) = P(X) = P(X). (by 1, 4.7)

4. There exists p € BT with mr(u, x(u))p € A C X x X. (by 3,4.4)

S5.wr(gr(@) NA #£Q. (by 4)

6. mr(gr(a)) is a minimal subset of X x X. (by 3.5,7.5)

T.wr(gr(a)) C A. (by 5, 6)

8.gr(x) C R. (by 7)

9.a € G(R). (by 8)

10. D C G(R). (by 2,9)
(b) = (a)

. Assume that D C G(R).

2. Let (a(u), B(v)) € P(M).

(O8]

[C N | AN N

~N O RN

@), Ba™ o) = (), Bw)) = (a(u), B(v))u € P(M)u C P(M).
L (by 2)

cgr(Ba~Hhy N P(M) # 0. (by 3)

.Ba~'e D c G(R). (by 1, 4, and 14.7)

.7R(a(u), B(v)) ?ﬂR(a(u), a(v)) € Tr(P(M)) = P(X).

.r(P(M)) = P(X). (by 1, 6,4.7)

. P(X) is closed. (by 7)

(@) = (0)

. Assume that P (X) is closed.

. P(X) is an icer. (by 13.6)

.LetY = X/P(X)=M/S.

. X is a proximal extension of Y. (by 3)

LPY) =nk(PX) = Ay. (by 3, and 4.7)

.Y is distal with G(S) = G(R). (by 3,4, 5,7.11)

.S = Pyogr(G(S)) = Pyogr(G(R)). (by 5, 6, 14.4)

()= (a)

. Assume that X is a proximal extension of the distal flow ¥ = M/S.
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2. P(M) CS. (by 1)
3.DC G(S) = G(R).

2 () 1,7.11 (B)
Recall that the group P C G was defined to be the closed normal subgroup of
G generated by the set {« | (1, ¢(v)) € P(M) for some u, v € J}. But

(u,x(v)) €e P(M) = gr(a) C P(M),

thus since D is closed and normal in G, it follows that P C D. Since the
proof given above that (a) = (b) makes no use of 13.6, it provides an alter-
nate proof of 13.6(a). Namely P(M/R) closed ?SD C G(R) > P C
G(R) 1?8 P(M/R) is an equivalence relation. Thus as an immediate conse-
quence of 14.8, P(M/R) is anicer if and only if D C G(R).

Of course if P(M/R) is closed, then each of its cells are closed. We saw

in 13.11 that this is the case if and only if PG’ G(R), so it follows that
G’ C D. To see this directly we observe that

a(NNT #B=0#gr(a)N(J xJ)C gr(e)N P(M)
= gr(@) C P(M) = a € D.

This shows that J* C D (see 13.9); since D is closed and normal in G this
argument shows that G/ C D. For emphasis we restate these observations in
the following proposition.

Proposition 14.9 Let:

(i) R be anicer on M, and
(i) P, G’, and D be the subgroups of G defined in 13.7, 13.9, and 14.6
respectively.

Then:

(a) PG’ c D, and
(b) P(M/R) is anicer if and only if D C G(R).

As we remarked earlier, in [Shapiro, L., Proximality in minimal transforma-
tion groups, (1970)] Shapiro gives an example where P (X) is an equivalence
relation and every proximal cell is closed, yet P(X) is not closed. Thus for
this example it follows from 13.11 that PG’ C G(X). On the other hand it
follows from 14.8 that D ¢ G(X). Thus PG’ c D, but PG’ # D.

We saw in 14.1, that the flow (M /R, T) is distal if and only if Py C R. On
the other hand if M/R is distal, then P(M/R) = A is closed, so it follows
from 14.8 that D C G(R). Thus it follows from 14.4 that any distal icer R is
of the form R = Py o gr(A) for some t-closed subgroup of G with D C A.
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The main theorem of this section says that {Py o gr(A) | D C A = A} is

exactly the collection of all distal icers on M.

Theorem 14.10 Let A be a closed subgroup of G. Then Py o gr(A) is a distal

iceron M if and only if D C A.

(by 1, 14.1)
(by 2)
(by 1, 3, 14.8)

(by 1,2, 12.2)

PROOF: ==
1. Assume that R = Py o gr(A) is an icer.
2. R is distal.
3. P(M/R) = A is closed.
4. D C G(R) = A.
—
1. Assume that D C A.
2. Let § = gr(A).
3. S is anicer on M with D C G(S).
4. S is a proximal extension of the distal flow Py o gr(G(S)) = Py o gr(A).

(by 3, 14.8)

As an immediate consequence of theorem 14.10 we obtain the so-called
“Galois theory” of minimal distal flows discussed in [Ellis, R. (1969)] (see

proposition 13.23 of that reference).
Theorem 14.11 Let:

(i) D ={R | R is adistal icer on M},
(i) ¢ = {H | H is a closed subgroup of G with D C H},
(iii) ¢: D — g
N — G(N), and

i) v: G — D
A — Pyogr(A).

Then:

(a) ¢ is bijective, its inverse being the map ¥, and
(b) ¥ (A) is regular if and only if A is normal.

PROOF: (a) This is basically a restatement of 14.10.
(b) =

1. Assume that A € G is normal, and let« € G.

2. A = G(y¥(A)) is normal.

3. G(a(y(A) = G(Y(A)).

(by 2,7.17)
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4. a(Py(A) = ¥ (A). (by 3, and part (a))
5. ¥ (A) is regular. (by 1,4)

—
The group of any regular flow is normal by 8.2.

When R and S are icers on M we know that Ro S is an icer on M if and only
if Ro S = § o R. Thus in particular the condition G(R)G(S) = G(S)G(R)
(that G(R)G(S) be a group) is necessary in order for R o S to be an icer. When
one of the icers R or S is distal, this condition is also sufficient.

Proposition 14.12 Let:
(i) R, Sbeicerson M,
(i1) S be distal, and
(iii)) G(R)G(S) be a group.
Then:
(@) RoS = Pyogr(G(R)G(S)) is adistal icer on M,
(b) G(RoS) =G(R)G(S),
(¢c) mr(S)is aniceron M/R, and
(d) (M/R)/mg(S) is distal.

PROOF: (a), (b):
1. S = Pyogr(G(S)). (by (ii), and 14.4)
2.Ro S1 7=21(Po N R) o gr(G(R)) o Pyogr(G(S))

= gr(G(R)) o (PhN R) o Py o gr(G(S))

=gr(G(R)) o Ppogr(G(S)) = gr(G(R)) o gr(G(S)) o Py

=gr(GGR) o Py = Pyogr(GR)G(S)).
(ii), (iii), 14.10

3. R o Sis adistal icer. (by 2, and 14.10)
(c) This follows from part (a) and 6.11.
() 1. (M/R)/ng(S) = M/(mg" (xr(S)) = M/(R o S). (by 7.2)
2. (M/R)/mg(S) is distal. (by 1, (a))

As one application of the material discussed above, along with the results from
sections 4 and 12 on topological transitivity and pointwise almost periodicity, we
obtain the following important relationship between the groups G* and D. We
will explore these ideas further in section 20 where we show that this theorem is
equivalent to the generalized Furstenberg structure theorem for distal extensions.

Theorem 14.13 Let A C G be a closed subgroup with A = A’. Then A C D;
in particular G*° C D.
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PROOF: 1.LetR = Pyogr(D).

2. (M/R, T) is distal. (by 14.10)
3.Let S = gr(A).

4. S is an icer on M with G(S) = A. (by 12.2)
5. (S, T) is a topologically transitive flow. (by 12.5)
6. G(R)G(S) = DA =AD = G(S)G(R). (by 1,2, D is normal in G)
7. R o Sis anicer on M and 7g(S) is an icer on M/R with (M/R)/mg(S) =
M/(Ro S). (by 2,5, 14.12)
8. (Tr(S), T) is topologically transitive. (by 5,4.21)
9. (wgr(S), T) is distal. (by 2,7,4.13)
10. (g (S), T) is minimal. (by 8,9, 4.24)
11. tg(S) = A and hence S C R. (by 7, 10)
12.A=G(S) C G(R) = D. (by 1,4, 11)

Using the “classical” terminology, the distal structure relation on M is the
smallest icer on M such that the quotient flow is distal. We present the def-
inition from the point of view of theorem 14.10.

Definition 14.14 We define the distal structure relation on M by Sg = Py o
gr(D).

Proposition 14.15 Let R be an icer on M. Then R is distal if and only if
Si C R.

PROOF: This follows immediately from 14.10.

More generally for any minimal flow (X, T'), we would like to produce S;(X),
the smallest icer on X such that X/S;(X) is distal. The following corollary
shows that the projection of S; onto X is a distal icer on X which we define to
be the distal structure relation on X.

Corollary 14.16 Let X = M/R. Then:

(a) R o Syisaniceron M,

(b) G(RoSq) = G(R)D,

(c) mr(Sy) is anicer on X, and
(d) X/mr(Sy) is distal.

PROOF: This follows immediately from 14.12 since D is normal in G

Definition 14.17 Let X = M /R be a minimal flow. We define the distal struc-
ture relation on X by Sg(X) = 7wr(Sa).

It should be pointed out that S; (X) depends only on the minimal flow (X, T)
not on the icer R, even when X is not regular. This amounts to saying that if
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S is an icer on M with X = M/S, then the isomorphism ¢: M/R — M/S
takes mr(S4) to ws(Syz). But in this situation S = «(R) for some o € G (by
7.7) with ¢ o mg = mg o «. But Sy is regular (since D is normal) and hence
P(R(Sa)) = ms(a(Sq)) = ms(Sa).

We leave it as an exercise for the reader to verify that if S is an icer on X
with X /S distal, then S;(X) C S. When R is regular, the icer S;(X) can be
constructed directly from the subgroup Dy of the group G x of automorphisms
of X. To this end in analogy with 7.20, we denote by:

PoX) = | a(Ux x Jx),

aeGy

where as usual Jy is the set of idempotents of X. Note that Py(X) C P(X)
is an equivalence relation on X; in general it is neither invariant nor closed.
Clearly the analog of the fact that S; = Py o gr(D) is the statement that
S4(X) = Po(X) o gr(Dx). We leave it to the reader to verify this in exercise
14.6 below.

NOTES ON SECTION 14

Notation 14.N.1 In [Ellis (1969)] the algebra, D of distal functions on 7 was
defined. This turned out to be a uniformly closed T-invariant subalgebra of
C(BT) such that the associated flow |D| was minimal, distal, and had the prop-
erty that every minimal distal flow was a homomorphic image thereof. Hence
by 14.15 |D| is isomorphic to M /S; and the group D introduced above coin-
cides with G (D) which was also denoted D in the reference above.

EXERCISES FOR CHAPTER 14

Exercise 14.1 (An extension of Ex. 4.2.) Let (X, T) be a flow and ®: 8T —
E(X) be the canonical map. Then the following are equivalent:

(a) X is distal.

(b) e is the only idempotent in E(X).

(c) E(X) is a group.

(d) E(X) = ®(G(u)) for all idempotents u € J.

(e) Themap G — E(X) 1isanepimorphism forall u € J.
a — D(a(un))

) EX) = P(M).

(g) E(X) is minimal.
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Exercise 14.2 Let X = M/R be distal and u € J be any idempotent in M.
Then the map

0 G — X
o — mr(a(u))
induces a bijection
G/G(R) — X.

Exercise 14.3 (Local version of 14.13) Let:
(i) (X, T) be a regular minimal flow,
(il) A C Gy be aclosed, and
(iii) A=A,
Then A C Dy.
Hint: this can be deduced from 14.13, or from 4.24 directly.
Exercise 14.4 Let:

(i) R C Sbeicerson M,
(i) X=M/R,Y = M/S, and
(iii)) f € Hom(M, X).

Then:

(@ f(Sa) = Sa(X).

(b) 7§ (Sa(X)) = Sa(¥).

Exercise 14.5 Let:

(i) X = M/R be a minimal flow, and

(ii) N be anicer on X.

Then X /N is distal if and only if S;(X) C N.

Exercise 14.6 Let X = M/R be regular.
Then:

(@) xr(D) = Dx.
(b) Sa(X) = Po(X) o gr(Dx).
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Equicontinuous flows and the group E

In this section we introduce the concept of an equicontinuous flow. Basically
a flow (X, T) is equicontinuous when the group 7', thought of as a family
of continuous elements of X¥, is uniformly equicontinuous [Rudin (1953)].
Every equicontinuous flow is distal (see 15.3), but the converse is false. The
prototype example of an equicontinuous minimal flow is a compact group K
with a dense subgroup which is a homomorphic image of 7' (see 15.9 for a
precise statement). In fact every regular equicontinuous minimal flow, (X, T'),
is of this form (see 15.10). Indeed in this situation G/G(X) = X = E(X, T)
as compact Hausdorff topological groups. Thus one approach to the study of
equicontinuity is via the enveloping semigroup. This approach, which does not
require that (X, 7') be minimal, will be pursued in the appendix to this section.
In the body of this section we study equicontinuity for minimal flows in the
context of icers on M and subgroups of G. In particular we introduce both the
regionally proximal relation Q(X) and a subgroup E C G which play roles
analogous to those played by the proximal relation P (X) and the subgroup D
for minimal distal flows.

Definition 15.1 We say that (X, T') is an equicontinuous flow if given any
neighborhood U of the diagonal A C X x X, there exists a neighborhood
V of A with VT C U. Let x € X. Then the flow (X, T) is equicontinuous
at x if given any neighborhood U of A, there exists a neighborhood V of x
such that (xt, yt) € U forall y € V and r € T. The flow (X, T) is pointwise
equicontinuous if it is equicontinuous at x for every x € X.

Since for our flows (X, T') the space X is compact, pointwise equicontinu-
ity and equicontinuity are equivalent. For future reference we state this in the
following lemma, leaving the proof as an exercise for the reader.

Lemma 15.2 (X, T) is pointwise equicontinuous if and only if (X, T) is
equicontinuous.

178
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For the compact Hausdorff space X, the collection of neighborhoods of A in

X x X is the unique uniformity on X compatible with its topology (see [James,

LM., (1987)] page 106). Hence 15.1 amounts to requiring that the family

of maps {w’: X — X |t € T} is uniformly equicontinuous. (See [Munkres,
X — xt

James R., (1975)] for the definition in the metric case.)

We begin our study of equicontinuity with the elementary observation that
any equicontinuous flow is distal.

Proposition 15.3 Let (X, T) be an equicontinuous flow. Then (X, T') is distal.

PROOF: 1.Let(x,y) e P(X).
2. Let V be a neighborhood of A C X x X.
3. There exists a neighborhood U of A such that UT C V.
((X, T) is equicontinuous)

4. (x, DTN A #§. (by 1)
5. There exists ¢t € T such that (x, y)t € U. (by 3,4)
6.(x,y)eUt™ ' cV. (by 3, 5)
7.y =x. (by 2, 6, X is Hausdorff)

The converse of 15.3 is false. Before giving an example of a distal flow which
is not equicontinuous we introduce the so-called regionally proximal relation,
Q(X) which will play an important role in our exposition. Q(X) is an analog
of the proximal relation; just as (X, 7) is distal if and only if P(X,T) = A,
we will show that (X, T') is equicontinuous if and only if Q(X) = A. By way
of motivation note that

X, ) ePX) <= (x,WVTNA#P
<= (x,y)T NV # @ for all open V with A C V.

Thus P(X) = (){VT | Visopenand A C V} and it is natural to consider the
intersection ﬂ{W | Visopen and A C V}; this is precisely the regionally
proximal relation on X.

Definition 15.4 Let (X, T) be a flow. We define the regionally proximal rela-
tion on X by:

Q(X) =({WT | W C X x X is open with Ax C W}.

When X = M we will often simply write Q = Q(M).

The following propositions outline a few of the basic properties of Q(X).
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Proposition 15.5 Let (X, T') be a flow. Then:

(a) Q(X) is invariant, closed, reflexive, and symmetric,
(b) ¢(Q(X)) = Q(X) forall « € Aut(X),

(¢) P(X) C Q(X), and

(d) X is equicontinuous if and only if Q(X) = Ay.

PROOF: (a)and (b) are immediate from the definition.

(¢) This follows immediately from the fact that P(X) = (\{VT | V is open
and A C V}.

(d) =
1. Assume that (X, T') is equicontinuous and let V. C X x X be open with
ACV.
2. There exists U C X x X beopenwith A Cc U c U C V.

(X is compact Hausdorff)

3. There exists W C X x X beopenwith A C W,and WT Cc U. (by 1,2)

4.0X)CcWTcUCV. (by 2,3)
5.0(X) = A. (by 1,4)
—

1. Assume that Q(X) = Aandlet V C X x X be open with A C V.

2. Assume that WTN(X x X \ V) # @forall W C X x X open with A C W.

3.WTN(X xX\V)|AC WO c X x X} are closed sets with the F.IP.

(by 1,2)
4. 0X)NX x X\V)#0. (by 3, and compactness)
5. There exists W with WT N (X x X \ V) = 4. (4 contradicts 1)
6. WT C V. (by 5)
7. (X, T) is equicontinuous. (by 1, 6)

Proposition 15.6 Let X, Y be minimal and 7: X — Y be a homomorphism.

Then 7(Q(X)) = Q(Y).

PROOF: Clearly 7(Q(X)) C Q(Y).

1. Let (x, y) € Q(Y), and W be an open neighborhood of Ay.

2.Let V C X be closed with nonempty interior and V x V. C W.

3. There exists F' C T finite with X = V F. (X is minimal)
4. 7(V)F =Y. (by 3, 7 is surjective since Y is minimal)
5.U =int(z(V)) # 0. (by 4)
6. Ay C (U x U)Tg int(r((V x V)T)) gint(n(WT)).

7.(x,y) e x(WT) C 7(WT). (by 1, 6)
8. 717 (x, ) NWT # 0. (by 7)
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9.7 (x, y) N H{W | Wis an open neighborhood of Ay} # @.

(by 1, 8, and compactness)
10. 771 (x, y) N Q(X) # 0. (by 9)
1. (x, y) € 7(Q(X)). (by 10)

Corollary 15.7 Let:

(i) (X, T) be a an equicontinuous minimal flow,
(i) (Y, T) be a flow, and
(iii) m: X — Y be an epimomorphism.

Then (Y, T') is equicontinuous.

PROOF: Q(Y) 15=6JT(Q(X)) lszsn(Ax) = Ay, so (Y, T) is equicontinu-
ous by 15.5. ' .

In general transitivity is the only property that O (X) lacks in order that it be an
icer. In the next section we will study Q(X) itself in more detail. In this section
we will concentrate on the relationship between Q(X) and equicontinuity. His-
torically Q(X) arose in an attempt to determine the equicontinuous structure
relation S.4 (X), the smallest icer on X such that X /S, (X) is equicontinuous.

Note that (x, y) € Q(X) if and only if there exist nets {x;} and {y;} in X and
anet{t;}in T with x; — x, y; — y, and lim x;# = lim y;#;. This formulation
is often used as the definition of Q(X).

It follows immediately from 15.5 that if Q(X) = A, then P(X) = A
which gives an alternative proof of the fact that any equicontinuous flow is
distal. On the other hand any flow for which A = P(X) # Q(X) is distal
but not equicontinuous. We take advantage of this observation in the simple
example below.

Example 15.8 Let:

(1) X ={z € C| |z| < 1} be the unit disk in the complex plane, and

(ii) T: X — X be the homeomorphism defined by zT = ze'l*!.

Then:

(a) (X, T)isadistal flow where T = {T" | n € Z} is identified with the group

of integers, and
(b) (X, T) is not equicontinuous.

PROOF: (a) P(X,T) = A because

ilz1] i|z2]

1T = 2| = |z — 22| = |2 — 2] if 1] = |22]

and
21T — 22T > [lz1] = |z2l|  if |21l # |22l
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(b) This follows from the fact that Q(X, T) = {(z1,z2) | |z1] = |z2l}; we
leave the details to the reader.

We noted in section 14 that a compact Hausdorff topological space S, with a
group structure which contains a homomorphic image of 7 as a dense sub-
group whose elements act continuously on S by right multiplication (S might
be referred to as a compactification of 7') gives rise to a distal flow (S, 7). If §
is a compact Hausdorff topological group, then the flow (S, T') is equicontinu-
ous. We give the details in the following proposition.

Proposition 15.9 Let:

(i) K be a compact Hausdorff topological group,
@ii) ¥: T — K a homomorphism with v (T) = K,
(iii) w: K x T — K be defined by w(k,t) = ky(t) forallk € K,andt € T,
(iv) f be the continuous extension of ¥ to ST, and
(v) k: BT — E(K, T) be the canonical map.

Then:

(a) 7 defines an action of T on K,

(b) the flow (K, T') is equicontinuous, minimal, and regular,
© f(pa) = f(p)f(@) = f(p)(q) forall p.q € BT,

(d E(K,T) — (K,T)isanisomorphism, and

p - ep
) GIK,T)={x € G| f(a(u)) = f(u) forsomeu € J}.

PROOF: (a)and (d) are straightforward and we leave them to the reader.
(b) It is immediate that (K, T') is minimal. The fact that (K, T') is regular

follows from 8.9, and the fact that L is an automorphism of (K, T') for every

k € K. We give a proof that (K, T') is equicontinuous.

I.Let A C V C K x K be open.

2.Letx,y € K.

3.y, ) xe ACV.

4. There exist open sets (y,y) € Wy, C K x K and x € Uy y, such that

Wy yUxy C V. (by 3, (1)
5.{Ux,y | x € K} is an open cover of K.

n
6. There exist Uy, y, ..., Uy, y with K C |J Uy, y. (by 5, (1))

i=1

7.Set Wy = (/) Wy.y.
n n "

8. WyK%Wy (U Uxi)’) - U WyUXi’yg U WXi‘yUx’l,y <V
i=1 i=I i=1

9.Set W = |J W,.
yekK
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10. W is open with A C W. (by4,7,9)
11.WT Cc WK C V. (by 8,9)
12. (K, T) is equicontinuous. (by 1, 10, 11)
© L f(p) = lim f(st) = lim y(st) = lim Y )y (1) = f(P)Y (1)
@iv) s—>p (iv) s—>p (i) s=>p (iv)
5 f(p)k(2).

2. f(pq) = th_?}, f(pt) T}E’% F(p)k() 5 f(p)k(q).
3 f(pg) = lim f(p0) = lim f(p)Y ()= F(p) lim y(0) = f(P)f (@)
e)l.Let R={(p,q) e M x M | k(p) =«(q)}sothat E(K,T) = M/R.

2.G(K) =G(E(K)) ={x e G| gr(a) C R}. (by 1 and part (d))
3.Leta e G(K),u € J.

4. k(a(u)) =k) =e. (by 1,2,3)
5. fla(m) = fluam)) = fwk(a(m)) = f(u). (by 4)

6. Now suppose that f(B(u)) = f(u) =e.
1. f(Bw) = fup)) = fwk(B) =k (B)).
8. k(B(u)) = e =« (u). (by 6,7)

Our next goal is to prove the converse of 15.9. Note that when R is regular and
distal, we saw in 14.5, that X = M /R is a group (though multiplication may
not be continuous) and that a homomorphic image of T is a dense subgroup.
We will show that the equicontinuous regular minimal flows are exactly those
for which X is a compact topological group (in fact isomorphic to G/G(R)).
Again there is a homomorphism of 7 onto a dense subgroup of X, and the right
action of 7" on X is given by right multiplication in X.

Theorem 15.10 Let:
(i) R be aregular icer on M such that M/R is distal, and
(i) u> = u € X = M/R. (Note that in view of (i) u is unique and acts as the
identity in the group X, see 14.5.)
Then the following are equivalent:
(a) (X, T) is equicontinuous,
(b) m: X x X — X iscontinuous and X is a compact topological group,
(x,y) = xy
(c) the map ¢: Aut(X) — X is continuous,
o —  a(u)
(d) G/G(R) and X are isomorphic as compact topological groups, and
(e) G’ C G(R).

PROOF: (a) = (b)
1. Assume that X is equicontinuous and let (x, y) € X x X.



184 Equicontinuous flows and the group E

2.Let W C X beopenwithx y € W.
3. There exists U C X x X open with A C U and {z | (xy,z) e U} C W.
(by 2)
4. Let Uy C X x X be an open neighborhood of A with Uy o Uy C U.
5. There exists an openset V C X x X with A C V,and VT C UoﬂL;l(Uo).
(by 1, 4, L, is continuous)
6.Let (p,q) € X x X with (x, p) € Vand (y,q) € V.

7.(xq. pq) = (x, p)g € Vg C VT C Up. (by 5, 6)
8. (xy,xq) = Lx(y,q) € Lx(V) C Up. (by 5,6)
9. (xy, pq) e Uyo Uy C U. (by 4,7, 8)
10. {(p,¢) | (x, p) € Vand (y,q) € V} C Mz | (xy,2) € U}y C w1 (W).

(by 5, 8)
11.77 ' (W)isa neighborhood of (x, y). (by 10)
12. 7t is continuous. (by 1,2, 11)

13. Let W be an open set with x ™' € W.
14. Assume that for every closed neighborhood N of x there exists n € N with
nleX\W.
15. Let V be any closed neighborhood of the identity ¢ € X.
16. (N x (X \ W)) Nt~ 1(V) # @ for every closed neighborhood N of x.
17.{(N x (X \ W)) N~ (V) | N, V closed neighborhoods of x and e resp.}
has the F.I.P.. (by 16)
18. There exists (x, y) € ({(N x (X \ W) Nz~ 1(V)}.

(r is continuous and X x X is compact)
19.y=x"leXx\W. (by 18)
20. There exists a neighborhood N of x with N~! ¢ W. (19 contradicts 13)

(b) = (0)

1. Assume that X is a compact topological group.
2. Let W be open in X.
3. Leta € o~ (W) C Aut(X).
4. a7 (W)is an open neighborhood of u. (by 2,3)
5. There exists an open neighborhood V of u with VV~! c a~1(W). (by 1, 4)
6.Letpe<V,a(V) >.
7

. There exist p,q € V with a(p) = B(q). (by 6)
8.Bw) = Bl@)a~' =a(p)g~' =alpg™") 5e7a<a*1(W)> =W.
9.a0e<V,a(V)>C o L (W). (by 6, 8)
10. o~ (W) is open in Aut (X). (by 3,9)

(c)=(d)
1. Assume that ¢ is continuous.
2. ¢ is a homomorphism which is a bijection. (by 14.5, X is regular and distal)
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3. ¢ is a homeomorphism. (by 1, 2, Aut(X) is compact, X is Hausdorff)
. G/G(R) is homeomorphic to Gx = Aut(X) and hence is Hausdorff.
(by 3, 10.16)

N

5.G' ¢ G(R). (by 4, 11.10)
6. G/G(R) and hence Aut (X) is a compact topological group. (by 5, 11.11)
7. ¢ is an isomorphism of topological groups. (by 2,3,6)
8.G/G(R) = Aut(X) = X.
(d) = (e)
1. Assume that G/G(R) = Aut(X) = X.
2. G/G(R) is Hausdorff. (by 1)
3.G' C G(R). (by 2, 11.10)
(e) = (a)

1. Assume that X is not equicontinuous.
2. There exists an open neighborhood U of Ay, such that VT ¢ U for all

open neighborhoods V of Ay. (by 1)
3. There exist py,qy € M andty € T withmgp(py,qyv) € Vand wg(pv, qv)
tv ¢ U. (by 2)
4. There exists ay € G with mr(qy) = wr(ay(py)). (X is distal)
5. We may assume that 7z (py, ayv(py)) — (2, z) € A and that
Rr(py,ay(py)ty — wr(w, B(w)) € A. (by 3,4)
6. xr(ay) — 1in Aut(X) and xp(ay) — B in Aut (X). (by 5)
7.1 # xr(B) € Gy = xr(G"). (by 5, 6, 11.2 and Ex. 11.6)
8.G' ¢ ker xg = G(R). (by 7, 8.11)

Let R be a regular icer on M, X = M/R, and u? = u € M. In 811 we
showed that the map xg: G — Aut(X) induces an isomorphism of groups
G/G(R) = Aut(X); we saw in 10.16 that yg is continuous and hence that
this isomorphism of groups is also a homeomorphism. Note that xg induces a
map G — X and hence amap ¢ : G/G(R) — X.
a — 7mr(a)) = xr(a)(u)

In general G/G(R) is a group while X is only a semigroup and the map ¢
though it is a homomorphism, depends on the choice of u, and is neither onto
nor continuous. In 14.5 we saw that X is distal if and only if ¢ is an isomor-
phism of groups. Even when X is distal the map ¢ need not be a homeomor-
phism; indeed 15.10 shows that in this case ¢ is a homeomorphism if and only
if X is equicontinuous.

We now proceed to identify those icers R for which M /R is equicontinuous.
Just as in the distal case we will define a closed normal subgroup E of G so
that M /R is equicontinuous if and only if R = Py o gr(A) for some closed
subgroup A C G which contains E. There are various ways to define the
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subgroup E; our approach will be to use the regionally proximal relation Q =
Q (M) defined above.

Definition 15.11 Let L = {«¢ € G | gr(a) C Q}. We define E to be the
closed subgroup of G generated by L. More generally when (X, T') is a regular
flowwelet Ly = {a € Gy | gr(o) C Q(X)}, and define Ex to be the closed
subgroup of G x generated by L. Note that since Q(X) is closed and invariant
Ly ={a € Gy | gr(e) N Q(X) # 0}.

We emphasize a few properties of the group Ey in the following lemma.

Lemma 15.12 Let (X, T') be a regular flow and xx: G — Gx be the canoni-
cal map. Then:

(a) Ex isnormalin Gy.

(b) Dx C Ex.

(©) xx(E) = Ex.

PROOF: (a)l.Leta € Lx,and B8 € Gy.

2.gr(B~'ap) = B~ (gr(@)) C QX)) = 0(X). (by)
3.7 'Lxp C Ly forall B € Gy. (by 1, 2)
4.8~ 'LxB = Ly forall B € Gy. (by 3)
5.8 'ExB = Ex forall B € Gy. (by 4)

(b) This follows immediately from the fact that P(X) C Q(X). (by 15.5)
(c) We leave this as an exercise for the reader.

Our goal now is to show that {Py o gr(A) | E C A = A} is exactly the col-
lection of equicontinuous icers on M. Our approach is to first show that those
icers for which P(M/R) = Q(M/R) are exactly those icers with E C G(R).
This is the content of the following proposition which can be thought of as
saying that E characterizes those flows for which the proximal and regionally
proximal relations coincide.

Proposition 15.13 Let X = M /R be a minimal flow. Then the following are
equivalent:

(a) P(X)= Q(X),and
(b) E C G(R).

PROOF: (a) = (b)

1. Assume that P(X) = Q(X).

2.Leta € G with gr(a) C Qandu € J.

3.tr(u,x(u)) € tr(Q) = Q(X) = P(X). (by 1, 2, 15.6)
4. There exists p € BT with mr(u, x(u))p € A C X x X. (by 3,4.4)
S5.wr(gr(@) N A #£Q. (by 4)
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6. gr(a) C R. (by 5)

7.a € G(R). (by 8)

8. E C G(R). (by 2,7)
(b) = (a)

1. Assume that E C G(R).

2. Let (x(u), B(v)) € Q.

3. (), Ba~Ha))) = (a(u), Bw) = (au), B)u € Qu C Q. (by2)

4.gr(Ba HnNnQ 0. (by 3)

5.Ba"' € E Cc G(R). (by 1, 4)

6. Tr(a(u), B(v) ?TFR(“(“)a a(v)) € JTR(P(M))f7 P(X).

7. 0(X) = 7r(Q) = P(X). (by 2, 6, 15.5, 15.6)

Theorem 15.14 Let A be a closed subgroup of G. Then Py o gr(A) is an
equicontinuous icer on M if and only if £ C A.

PROOF: -

1. Assume that R = Py o gr(A) is an equicontinuous icer.

2.7r(Q) = Q(M/R) = A. (by 1, 15.5, and 14.14)

3. EC G(R) = A. (by 2, G(R) is a closed subgroup of G)
—

1. Assume that £ C A.

2.D C A. (by 1, 15.12)

3. R = Pyogr(A)isadistal icer. (by 1, 2, 14.10)

4. E C G(R). (by 1, 3)

5.A=P(M/R) = Q(M/R). (by 3,4, 15.13)

6. R is equicontinuous. (by 5, 15.5)

It follows immediately from 15.14 that an icer R is a proximal extension of the
equicontinuous icer Pyo gr(G(R)) if and only if E C G(R), which (by 15.13)
holds if and only if P(M/R) = Q(M/R). Moreover if R is equicontinuous,
then R = Py o gr(G(R)) contains the equicontinuous icer Py o gr(E). In
analogy with 14.1, we call this icer the equicontinuous structure relation on M.

Definition 15.15 The equicontinuous structure relation on M is given by
Seq = Py o gr(E).

The group E is a normal subgroup of G by 15.12, so it follows from 14.11, that
Seq 1s regular. Since S, is the smallest equicontinuous icer on M, M /S, is
the maximal equicontinuous flow. In fact as the following proposition shows,
Seq 1s also the smallest icer on M containing Q.

Proposition 15.16 Let X = M/R. Then the following are equivalent:
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(a) X is equicontinuous,
(b) O C R,and
(c) Seq CR.

PROOF: The fact that (a) <= (b) follows immediately from 15.5 and
15.6. The fact that (a) <= (c) follows immediately from 15.14.

We would like to to define the equicontinuous structure relation S,,(X) on
X = M/R to be the projection of S, (just as Sz(X) = mg(Sz)). Thus we
need to show that this projection g (S, ) is an icer on X.

Proposition 15.17 Let X = M /R be a minimal flow. Then

(a) Ro S,y isaniceron M.
(b) mR(Seq) is anicer on X.

PROOF: (a) 1. G(R) C G = aut(Sey). (Seq is regular)
2.RN Py C Py= Seqg N Po. (Seq is distal)
3. Ro S,y is anicer on M. (1,2,7.28)

(b) This follows from part (a) and 6.11.

Definition 15.18 Let X = M /R be a minimal flow. We define the it equicon-
tinuous structure relation on X by Se; (X) = mr(Seq).

As in the case of the distal structure relation S,,(X) depends only on the
minimal flow (X, T') not on the icer R, even when X is not regular. Again an
isomorphism M/R — M/S takes mg(Sey) to ms(Seq) because S, is regular
(since E is normal). The fact that S,,(X) is the smallest icer on X such that
X/Seq(X) is equicontinuous follows easily from the fact that S, is the smallest
icer on M such that M /S, is equicontinuous.

Proposition 15.19 Let:
(i) X = M/R be a minimal flow, and

(ii) N be aniceron X.

Then X/N is equicontinuous if and only if S, (X) C N.

PROOF: ==
1. Assume that X /N is equicontinuous and set S = 711;1 (N).
2.M/S = X/N. (by 1,7.2)
3. § is an equicontinuous icer on M. (by 1,2)
4.8 CS. (by 3, 15.16)
5. 80¢(X) = R(Seq) C mr(S) = N.

«—

1. Assume that Se, (X) C N.
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2. Seq C g (TR(Se)) = T (Seq (X)) C g (N), (by 1)
3. nEI(N) is an equicontinuous icer on M. (by 2, 15.16)
4. X/N = M/nEl(N) is equicontinuous. (by 3,7.2)

We now show that any homomorphism ¢: X — Y of minimal flows takes
Seq (X) onto S, (Y). It suffices to consider the map 71_5: M/R — M/S with
R C Sicerson M.

Proposition 15.20 Let:

(i) R C Sbeicerson M,

(i) X =M/R,Y = M/S, and
(iii) f € Hom(M, X).
Then:

(a) f(Seq) = Seq (X).
() 7E(Seq(X)) = Seq(Y).

PROOF: (a) 1. Thereexistsa € G with f =g o «x. (by 7.6)
2. f(Seq) = mR(0t(Seq)) = TR(Seq) = Seq(X). (by 1, Seq is regular)
(b) N?(Seq(X)) = ”Lé?(nR(Seq)) = nS(Seq) = Seq(Y)-

Given the importance of the groups D and E in understanding distality and
equicontinuity, it is not surprising that a better understanding of these groups
and the relationship between them leads to interesting results. We devote the
remainder of this section to expanding upon this theme.

Proposition 15.21 Let G’, D, and E be the subgroups of G = Aur(M)
defined in 11.1, 14.6, and 15.11 respectively. Then E = DG’.

PROOF: Proof that DG’ C E:

1. R = Py o gr(E) is an equicontinuous regular icer on M. (by 15.14)
2.DC G(R)=E. (by 1, 14.10, 15.3)
3.6/ Cc G(R)=E. (by 1, 15.10)

Proof that E C DG’:

1. R = Pyogr(DG') is a distal regular icer on M. (by 14.10, 14.11)
2.G' Cc G(R). (by 1)
3. R is an equicontinuous icer. (by 1, 2, 15.10)
4. E Cc G(R) = DG'. (by 1, 3, 15.13)

Corollary 15.22 Let X = M/R. Then X is equicontinuous if and only if X is
distal and G’ C G(R).

PROOF: —
1. Assume that X is equicontinuous.
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2.R=PyoG(R)and E C G(R). (by 15.14)
3.G' C G(R). (by 2, 15.21)
—

1. Assume that R is distal and G’ C G(R).

2.R = Pyogr(G(R)) and D C G(R). (by 14.10)
3.E = DG’ C G(R). (by 1,2)
4. R is equicontinuous. (by 2, 3, 15.14)

Traditionally the group E has been defined as the group of the maximal equicon-
tinuous minimal flow. Proposition 15.21 allows us to give an intrinsic descrip-
tion of the group E.

Proposition 15.23 Let:
(i) J be the set of idempotents in the universal minimal ideal M,
(i) Qu,v,t) = Ly oLy foru,ve J,andr €T,
(iii) €2 be the closed normal subgroup of G generated by {2 (u, v, t) | u,v €
Jandt e T},
(v) J* ={a € G |a(J)NJ # B}, and
(v) G’ be the closed normal subgroup of G generated by J*.

Then:
(@) S= Pyogr(QG’G’)isanicer on M, and

(b) QG’/G' =E.

PROOF: (a) Proof that § an equivalence relation:

1. Py is an equivalence relation on M with aut (Py) = G.

2. QG G’ is a subgroup of G. (by (i), (iv), (v))
3.Pyo gr(QG] G’) is an equivalence relation. (by 7.24)

Proof that § is closed:
1. Let (a(u), B(v)) € S.
2. There exist nets («; (u;), Bi(v;)) = (a(u), B(v)) with a,-,Bl._l € QGG for
all 7.
3. We may assume that u; — y(a) and v; — &(b) for some y,§ € G and

a,bel. (compactness)
4.y,8 € J* C QG’'G. (by 3)
5.a; > ay land B; — g5 L. (by 2, 3, 10.14)
6. G/ G’ G’ is a compact Hausdorff topological group. (by 11.11)

7.QG'G’ = QG G'ai ;! > QG Gay 587!
=QG'Gay salap! = QG'G'ap!.
8. (a(u), B(v)) € S. (by 7)
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Proof that S is invariant:
1. Let (a(u), B(v)) € Sandt € T.
2. There exist a, b € J with uta = ut and vtb = vt.
3. (a(u), B(v)t j(a(ut)a, Bwi)b) = (aLy(a), BLy (b)).

4. (@Lu)(BLy) ™' = aLy Ly, 7' € aQG'G'B™' = QG'/Gap™" =
QGG (by 1)
5. (a(u), ()t € S. (by 3, 4)

(b)1.D Cc QG’G'. (by 14.10, and part (a))
2.E=DG' c QG’G'. (by 1, 15.21)

3.Letu,ve Jandt e T.

4. There exists b € J with vtb = vr.

5. (vt, Q(u, v, t)(vt)) = (vt, 2(u, v, t)(vth)) (:) (vt, utb) n (vt,ut)b e
11

P(M)b C P(M).

6. gr(Qu, v, 1)) N P(M) # 0. (by 5)
7.Q2w,v,t) € D. (by 6, 14.6)
8.QG’'G’ ¢ DG’ =E. (by 7, (iii), 14.9, 15.21)

In general E = DG’ so G’ C E; similarly (see exercise 15.11) for any regular
minimal flow Ex = DxG'y and Gy C Ex. Of particular interest are those sit-
uations in which Ex = G/X; one class of examples are the so-called Bronstein
flows.

Proposition 15.24 Let:

(1) (X, T) be a regular minimal flow, and
(i) gr(Gyx) = X x X. (This says that the set of almost periodic points in X x X
is dense in X x X; this is often referred to as the Bronstein condition.)

Then Ex = G'y.

PROOF: 1.Leta € Gy with gr(e) C P(X).
2.Let V, W C X be any open subsets of X.

3.(Vxa(V)NPX) #0. (by 1, 2)
4. Ax C (V xa(V)T. (by 3)
500# (Vxa(V)T N (W x W) is open. (by 2, 4)
6. There exists B € Gy and p € M with (p, B(p)) € (Vxa(V)TN(W xW).

(by 5, (iD))
7.80V)Na(V) #@and B(W)NW £ . (by 6)
8.pe<V,a(V)>nN < W, W >, (by 7)
Q.0e< W, W >. (by 2, 8)
10. ¢ € ({< W, W > | Wopen in X} = G. (by 2,9)

11. Dy C G. (by 1, 10)
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12. Ex = xx(E) = xx(DG') = DxG'y = G.
(by 11, Ex. 11.6, Ex. 14.6, 15.12, 15.21)

When the group T is abelian, then the flow (M, T') is Bronstein so we have the
following corollary.

Corollary 15.25 Let T be abelian. Then E = G'.

PROOF: Il.LetueJ,peM,andt eT.
2. There exists anett; — p € T.

3. Ly (p) = limutt; = limut;t = upt = pt. (1,2, T is abelian)
4. R, =Ly €G. (by L, 3)
5. (p,_pt) € gr(G). (by 1, 4)
6.gr(G) =M x M. (by 1,5, M is minimal)
5E=G". (by 6, 15.24)

We end this section with one more example of the relationship between the
groups D and E; its proof relies on the fact that any compact Hausdorff group
in which multiplication is unilaterally continuous is a topological group. A
proof of the latter result is given in the appendix to this section.

Proposition 15.26 Let [G, G] denote the commutator subgroup of G. Then:

(a) E C DI[G, G].
(b) If T is abelian, then E = D[G, G].

PROOF: (a)l.Let R = Pyo gr(D[G, G]) and X = M/R.

2. R is aregular distal icer with G(R) = D[G, G]. (by 1, 14.11)
3.G/G(R) = X as groups. (by 14.5)
4. X is abelian. (by 2, 3)
5. Multiplication in X is unilaterally continuous. (by 4)
6. X is a compact topological group. (by 5, see 15.A.13)
7. (X, T) is equicontinuous. (by 6, 15.10)
8. E Cc G(R) = D[G, G]. (by 1,2,7,15.14)
(b) 1. Assume that T is abelian.
2. G/E and M/S,, are isomorphic as topological groups. (by 15.10)

w

.T — M/S,q is a continuous homomorphism of 7" onto a dense subgroup.
t — ut

(by 14.5, 15.10)
. G/E is abelian. (by 1,2,3)

.[G.G] C E. (by 4)

6. D[G,G] C E. (by 5, 15.21)

[ SN
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APPENDIX TO SECTION 15:
EQUICONTINUITY AND THE
ENVELOPING SEMIGROUP

In this appendix we examine the enveloping semigroup E(X) more closely in
the context of equicontinuous flows (X, 7'). Intuitively if (X, T') is an equicon-
tinuous flow then 7', thought of as a family of maps in E(X) is uniformly
equicontinuous. Since every element of E(X) is a limit point of 7', they must
all act continuously on X. Recall that a regular minimal flow X is isomor-
phic both as a flow and as a semigroup to /(X), a minimal ideal in E(X)
(see 8.5 and 8.6). When the flow (X, T) is also distal X = I(X) = E(X)
are isomorphic groups, though multiplication is continuous if and only if X is
equicontinuous.

The main goal of this appendix is to show that for a minimal flow (X, T') to
be equicontinuous it suffices that £(X) be a group and that the map X — X

X — xp

be continuous for every p € E(X). This result has as a consequence that any
compact Hausdorff space with a group structure for which multiplication is
unilaterally continuous, is a topological group.

Proposition 15.A.1 Let:

(i) (X, T) be a flow, and

) mXxEX) — X
(x, p) —  xp.

Then (X, T) is equicontinuous if and only if 7 is continuous.

PROOF: Exercise (similar to 15.10).
As a consequence we have the following proposition.

Proposition 15.A.2 Let (X, T') be a flow. Then:

(a) if (X, T') is equicontinuous, then its enveloping semigroup E(X) is a topo-
logical group, and

(b) if E(X) is topological group and (X, 7T) is minimal, then (X, 7T) is
equicontinuous.

PROOF: (a) We leave this as an exercise for the reader.
(b) 1. Assume that E(X) is a topological group.
2.Letx; > x€ Xandgq; > q € E(X,T).

3. There exist p; € E(X) with x; = xp;. (using minimality)
4. We may assume that p; — p € E(X). (E(X) is compact)
5.X; = xp;j = Xxp. (by 4)

6.xp = x. (by 2,5)
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7. Xiqi = XPiqi > P4 ZXq-

1,2,4
8. m: X x E(X) — X iscontinuous. (by2,7)
(x, p) - xp
9. (X, T) is equicontinuous. (by 15.A.1)

Note that the proof of 15.A.2(b) makes essential use of the fact that the flow
(X, T) is minimal. Indeed the result is false in general. In fact the flow (X, T)
of example 15.8 is distal but not equicontinuous, and yet E(X, T') is a topo-
logical group in this case (we leave it to the reader to verify this in exercise
15.2). Here the elements of E(X) do not act continuously on X; on the other
hand their restrictions to each minimal subset Y of X are continuous since they
are elements of E(Y).

Our main theorem shows that for any minimal flow (X, T'), if every element
of E(X) acts continuously on X, then (X, T) is equicontinuous (and hence
by 15.A.2, E(X) is a topological group). We begin with the case where X is
metrizable; for this we need the following lemma.

Lemma 15.A.3 Let:

(i) (X, T) be a metrizable flow, and
(i) p be continuous for all p € E(X).

Then E(X) is metrizable.

PROOF: 1.Letd be ametricon X, and A a countable dense subset of X.
2.5etR ={(p,q) € E(X) x E(X) |d(ap,aq) =0foralla € A}.
3. It is clear that R is a closed equivalence relation on E(X).

4. E(X)/R is a metric space. (by 1)
5.(p,q) € Rimplies d(xp, xg) =0 forall x € X. (by 1, 2, (ii))
6. (p,q) € Rimplies p = q. (by 1, 5)
7. E(X) = E(X)/R is a metric space. (by 4, 6)

The metric case of our theorem can now be deduced from the following well
known result (see for example [Bourbaki, N., (1949)]).

Proposition 15.A.4 Let X, Y be compact metric spaces, C(X, Y) the set of
continuous functions from X to Y provided with the topology of uniform con-
vergence. Then C(X, Y) is separable (has a countable dense subset).

Proposition 15.A.5 Let:

(i) X = M/R be minimal.
(i) X be metrizable.
(iii) p be continuous for every p € E(X).

Then (X, T') is equicontinuous.
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PROOF: 1.Lete > 0.
2.Let ¢: X — C(E(X), X)bedefined by p(x): E(X) — X.

X — o(x) p — Xxp
3. E(X) is metrizable. (by (iii), 15.A.3)
4. There exists a countable subset B of X such that ¢(B) is dense in ¢(X).

(by (ii), 2, 15.A.4)

5.Set A(b) = {x | d(bt, xt) <e/4dforallt € T}.

6. A(b) is closed. (x — xt is continuous forall t € T)

7. UpepAb) = X. (by 4)

8. There exists b € B with int(A(b)) # 0. (by 6, 7, X is a Baire space)

9.Let V = int(A(b)).

10. d(xt, yt) < d(xt,bt) +d(bt,yt) < €/2forall x,y € Vandt € T.
(by 5,9)

11. For every z € X, there exists t;, € T with zt, € V. (by (1))

12. There exists a neighborhood W, of z with W.z, C V. (by 9, 11)

13.Set W= J(W, x W,) C X x X.

14. Wisa neizglfborhood of the diagonal in X x X. (by 12, 13)

15. Let (wy, wp) € W.

16. There exists z € X with (wy, wp) € W, x W,. (by 13, 15)

17. (wit;, wat;) € V x V. (by 12, 16)

18. d(wit, wat) = d(wit;t; ', wot,t7 ') < e/2forallt € T.  (by 10, 17)

Corollary 15.A.6 Let:

(i) X = M/R be minimal,
(ii) X be metrizable, and
(iii) (X, T') be equicontinuous.

Then E(X) is metrizable.

PROOF: 1.Themap X x E(X) — X is continuous. (by (iii), 15.A.1)
(x,p) —axp

2. p is continuous. (by 1)

3. E(X) is metrizable. (by 2, 15.A.3)

Our next step is to consider the case where the group 7 is countable. We will
use the fact that the topology on a compact space X can be recovered from
the pseudo-metrics on X (see [Dugundji, J., (1966)]). These are the maps p:
X x X — R satisfying all the conditions necessary to be a metric except that
p(x,y) = 0 does not imply that x = y. We first observe that a continuous
pseudo-metric on X gives rise to a quotient space which is metrizable if the
group T is countable. The proof will be left to the reader.
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Lemma 15.A.7 Let:

(i) (X, T) be a flow,
(i) S € T asubgroup of T,
(iii) d a continuous psuedo-metric on X, and
(iv) Rsag={(x,y) € X x X |d(xt,yt) =0forall t € S}.
Then:

(a) Rs. 4 is aclosed equivalence relation which is invariant under S, and
(b) if S is countable, then X/Rg 4 is metrizable.

Now we can prove our result for the countable group case.

Proposition 15.A.8 Let:

(i) (X, T) be minimal.

(i) p be continuous for all p € E(X).
(iii) T be countable.

Then (X, T) is equicontinuous.

PROOF: 1.LetV be an open neighborhood of A in X x X, and x € X.

2. There exists d, a pseudo-metric on X, and € > 0 such that {(x1, x2) |
d(x1,x) <€} C V.

3.Set R =Rr 4 ={(v,w) | d(vt,wt) =0forallt € T}.

4. Ris anicer on X and X/R is metrizable. (by 1, 3, (iii), and 15.A.7)
5.If (v, w) € R, then (vp, wp) € R forall p € E(X). (by 4)
6.Letr: X — X/R =Y be the canonical map.

7.Let0: E(X) — E(X/R) be an epimorphism such that 7 (zp) = 7 (2)0(p)
forallz € X, and p € E(X). (as in 2.10)
8. Let {y,} be anetin Y with y, — yandr € E(Y).

9. There exist zo, € X and p € E(X) with w(z4) = yq and 8(p) = r.

10. We may assume that z, — z.

1l.7(z) = y. (by 9, 10)
12. zop — zp. (by 10, (i1))
13. yar = m(2)0(p) = 7 (2a p) 7 7 (2p) =7 ()0 (p) = yr-

14. The map y — yr is continuous for all r € E(X/R). (by 8, 13)
15. (X/R, T) is equicontinuous. (by 14, 15.A.5)

16. The map d: X x X — R induces a continuous map p: X/R x X/R — R
with

d(xi, x2) = p((x1), w(x2)). (by 3)
17.{(y1, ¥2) | (31, y2) < €} is an open neighborhood of Ay /g. (by 16)
18. There exists w(x) € N open, such that p(mw(x)t, zt) < e forallt € T, and
zZ€N. (by 15, 17)
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19.LetU =7~ '(N),yeUandreT.
20. d(xt, yt) = p(m(xt), w(y1)) = p(w(x)t, T(y)t) < €. (by 16, 18, 19)

21. (xt,yt) e Vforally e Uandr e T. (by 2, 20)
22. (X, T) is equicontinuous at x. (by 1, 21)
23. (X, T) is equicontinuous. (by 1, 22, and 15.2)

In order to deal with the general case we need the following proposition.

Proposition 15.A.9 The flow (X, T') is equicontinuous if and only if the flow
(X, H) is equicontinuous for all countable subgroups, H of T.

PROOF: —
This is clear.
—
1. Assume that (X, H) is equicontinuous for any countable subgroup H C T.
2. Assume that (X, T') is not equicontinuous.
3. There exists an open neighborhood V of A, such that UTﬂ((X xX)\ V) #0
for all open neighborhoods U of A.
4. Let W be an open neighborhood of A with Wo Wo W C V.
S5.Foreveryt e Tset B, ={seT | (xt,xs) e WN w1 for all x € X}.
6. Suppose that 7 = B;, U---U By, .
7. Choose A C U open with Ut; C Wforl <i <n.
8.Lett e Tand (x,y) € U.
9.t e B,j for some 1 < j <n.

10. (xt, xt}), (xtj, yt;), (ytj, yt) € W. (by 5,7,9)
11. (xt,yt) € V. (by 4, 10)
12.0T C V. (by 8, 11)
13. No finite union of sets of the form B; contains 7. (12 contradicts 3)

n—1
14. Choose a sequence {t;} C T such that 1, ¢ |J By,.
i=1

15. Let H be the subgroup of T generated by tlie sequence {,}.

16. (X, H) is equicontinuous. (by 1)
17. By Ascoli’s theorem (see [Bourbaki, N., (1949)] page 42) H is a compact
subset of C(X, X) when the latter is provided with the topology of uniform

convergence. (by 16)
18. The set {t, | n =1,2,...} has an accumulation point p € C(X, X).
(by 15, 17)

19. Let Wy be an open neighborhood of A C X x X with Woo Wy C WN w-L
20.Let By = {q € H | (xp, xq) € Wo N W, ! forall x € X}.

21. There exist k < m with ¢, t,, € By. (by 18, 19, 20)
22. (xtg, xp), (xp, xty,) € Wy forall x € X. (by 20, 21)



198 Equicontinuous flows and the group E

23. (xtg, xty) € WN W forall x € X. (by 19, 22)
24. 1, € By, forall x € X. (by 5, 23)
25. (X, T) is equicontinuous. (24 contradicts 14, so 2 must be false)

Note that given a minimal flow (X, 7') and a subgroup S C T, the flow (X, S)
need not be minimal, thus to handle the general case of our theorem we need
one last technical lemma.

Lemma 15.A.10 Let:
(i) (X, T) be minimal,
(i) H a countable subgroup of 7', and
(iii) d a continuous pseudo-metric on X.
Then there exists a countable subgroup K of 7 such that H C K, and
(X/Rk ,q, K) is a minimal flow.

PROOF: 1. Set Hy = H, Xog = X/Rpy,4, and let mp: X — X be the
canonical map.

2. There exists a countable base U for the topology on Xy.  (by (i), 15.A.7)
3.Let U € Uy.

4.7, ()T = X. (by (i)
5. There exists a finite subset Fyy of T such that ! (U)Fy = X. (by 4)
6. Let H; be a countable subgroup of 7 such that HyU | J Fy C H;.

Ueldy

7.7y "(UYH, = X forall U € Up. (by 3, 5,6)
8. n(;l (W)H; = X for all open subsets W of Xj. (by 2,7)

9. Assume Hy C H; C --- C H, have been chosen so that:
H; is a countable subgroup of T,
Xi = X/Ry, .4
mi: X — X; is the canonical map 0 <i <n — 1, and
”iﬁl (W)H;+1 = X for every nonempty open set W C X;.

10. Set X,, = X/Rpy, a4, let m,: X — X, be the canonical map, and U, be a
countable base for the topology on X,.

1. 7, " (U)T = X forall U € U,. (by (i)
12. Asin 5, 6, 7, there exists a countable subgroup H, 4+ with H, C H, 4 and
7tn_1 (W)H,,+1 = X for all open subsets W of X,.

13. H,, X,,, and m,, are defined for all n by induction.

14.Let K = |J H,.

15. H C K and K is a countable subgroup of T'. (by 14)
16. X/Rg.q = l(iLn(Xn,n,’[H) where 7"*1: X,;1 — X, is the canonical
map. (by 14)
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17.Let W be openin X/Rk 4 and m: X — X /R 4 be the canonical map.
18. There exists n and U open in X, such that ¢~ (U) C W where ¢:
X/Rk a4 — X, is the canonical map. (by 16)
197 (WK D= (W) Hyy D701 (97 (U) Ha

=7, " (U)Hy41 1:2)(.

20. 7~ (W)K = X for all open subsets W of X/Rk 4. (by 17, 19)
21. WK = X/Rk 4 for every openset W C X/Rg 4. (by 20)
22.(X/Rk 4, K) is minimal. (by 21)

We are now in position to deduce the main theorem of this appendix.
Theorem 15.A.11 Let:

(i) (X, T) be minimal, and
(i1) p be continuous for all p € E(X).

Then (X, T) is equicontinuous.

PROOF: 1. Let H be a countable subgroup of 7.

2. Let d be a continuous pseudo-metric on X and x € X.

3. There exists a countable subgroup K of 7' with H C K and (X/Rk 4, K)

minimal. (by 15.A.10)

4. As in the proof of 15.A.8 p is continuous for all p € E(X/Rk 4, K).
(using (ii))

5. (X/Rk 4, K) is equicontinuous. (by 3, 4, 15.A.8)
6. (X/Rk 4, H) is equicontinuous. (by 3,5)
7. As in the proof of 15.A.8, (X, H) is equicontinuous.

8. (X, T) is equicontinuous. (by 1,7, 15.A.9)

Corollary 15.A.12 Let:

(i) (X, T) be minimal, and
(i) E(X, T) be abelian.

Then (X, T) is equicontinuous.

PROOF: 1.L,=Rj,forallp e E(X,T). (by (ii))
2. p = R, is continuous for all p € E(X, T). (by 1)
3. (X, T) is equicontinuous. (by 15.A.11)

Theorem 15.A.13 Let H be a compact Hausdorff space provided with a group
structure in which multiplication is unilaterally continuous. Then H is a topo-
logical group.

PROOF: 1. Consider the minimal flow (H, H).
2.Let p € E(H, H) and {hy} C H with hy, — p.
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3. We may assume that hy, — h € H.
4.xp =limxhy = xhforallx € H.
(by 3, left multiplication L, in H is continuous for all x)

5.p=Ry. (by 4)
6. p is continuous. (by 5, right multiplication R, in H is continuous for all /)
7. (H, H) is equicontinuous. (by 6, 15.A.11)
8. H = E(H, H) is a topological group. (by 2,5,7,15.A.2)

NOTES ON SECTION 15

Note 15.N.1 Let H be a locally compact Hausdorff space provided with a
group structure for which multiplication is unilaterally continuous. Then H is
a topological group.

PROOF: This can be proven using methods similar to those of 15.A.13. For

this and related results see [Ellis, R., Locally compact transformation groups,
(1957)].

Note 15.N.2 Let

(i) 7: G — G/G' PG’ be the canonical map,
() v:T — G/G'PG’, and
t — ut
(iii) f the continuous extension of ¢ to BT .

Then f(x(u)) = (a) foralla € Gandu € J.

PROOF: 1l.Letae Gandu € J.
2. There exists a net (¢;) in T with ut; — o (u). (M C BT is minimal)
3. There exist u; € J with ut;u; = ut; for all i. (by 3.12)
4. We may assume that u; — S(v) with p € G’ and v € J.

(by compactness and 3.12)
5. Ly, — oL (by 2, 3, 4 and 10.14)
6. f(ti) = fQ) f(t)f(u) = f(utiu). (asin 15.9)
7.7 (Luy) = f () = futiu) = f(Lug; ().
8. f (@) = lim f (uti) =1im f (Luy, ) =lim 7w (Lu)

=7 =7 @B =7().

Note 15.N.3 Let & denote the algebra of almost periodic functions on 7. Then
the Stone space |£| admits a minimal equicontinuous action of 7. Indeed
(€, T) = (M/Seq, T) thus the E of definition 15.A.6 coincides with the
definition of E given in [Ellis, R., 1969].
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EXERCISES FOR CHAPTER 15

Exercise 15.1 Show that a flow (X, T') is equicontinuous if and only if it is
pointwise equicontinuous.

Exercise 15.2 Let (X, T') be the flow given in example 15.8. Show that:

(@) O(X) ={(z1,22) | lz1] = |z2|}, and
(b) E(X) is a compact topological group. (Hint: (Y, T') is equicontinuous for
every minimal set Y C X.)

Exercise 15.3 Let:

(i) (X, T) be a minimal flow, and

(ii) R be aniceron X.

Show that (X /R, T') is equicontinuous if and only Q(X) C R.

Exercise 15.4 Let (X, T') be a weak mixing minimal flow. Show that:
(a) O(X) =X x X, and

(b) X has no non-trivial equicontinuous factors.

Exercise 15.5 Let:

(1) {(X;,T)|i € I} be afamily of equicontinuous flows, and

(i) X = Mier X;.

Then the product flow (X, T') is equicontinuous.

Exercise 15.6 Let (X, T') be an equicontinuous flow. Then:

(a) (E(X), T) is an equicontinuous flow, and

(b) if in addition X = M /R, the regularizer (reg(R), T) is an equicontinuous
flow.

Exercise 15.7 Let:
(i) (X, T) be a flow, and
() m:XxEX) — X.
(x, p) — xp
Then (X, T) is equicontinuous if and only if 7 is continuous.

Exercise 15.8 Let:

(1) (X, T) be a an equicontinuous flow,
(ii) (Y, T) be a flow, and
(iii) f: X — Y be an epimomorphism.

Then (Y, T') is equicontinuous.
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Exercise 15.9 Show that a minimal flow (X, T) is equicontinuous if and only
if its enveloping semigroup E(X) is a compact topological group.
Exercise 15.10 (See 15.23) Let:

(1) X = M/R be regular,

(ii) J§ ={a € Gx | a(Jx) N Jx # 0},
(iii) G x(Jx) be the closed normal subgroup of G x generated by J5,
iv) Qx(u, v, t) = L,”L;ll where u, v € Jy andr € T, and

(v) Qx be the closed normal subgroup of G x generated by

{Qxm,v,t) |u,vexandt € T}.

Then:

(@) Ex = Gx(Jx)Qx Gy,
(b) xr(G’) =Gy,

(¢) xr(£2) = 2y, and
(d) xr(E) = Ex.
Exercise 15.11 (See 15.21) Let X = M /R be regular. Then:

(a) Ex = DxG/X.
(B) Seq(X) = Po(X) o gr(Ex).
(©) Gx(Seq(X)) = Ex.
Exercise 15.12 (See 15.A.7) Let:

(i) (X, T) be a flow,
(i) § C T be a countable subgroup of 7',
(iii) d be a continuous pseudo-metric on X, and
(iv) Rsa={(v,w) e X x X | d(vt,wt) =0forallr € S}.
Show that:

(a) Rs. 4 is aclosed equivalence relation on X, and
(b) X/Rs 4 is metrizable.
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The regionally proximal relation

In this section we examine in more depth the regionally proximal relation
Q(X), which was defined in 15.4. Here we will be primarily interested in the
case where X = M /R is aminimal flow. Note thatif £ C G(R), then by 15.13
P(M/R) = Q(M/R), thus in particular P (M /R) is closed and it follows from
13.6 that Q(X) is an equivalence relation and hence an icer on X. In fact a
stronger result holds; the main result of this section is that if E ¢ G(R)G’,
then Q(M/R) is an icer. We begin this section with a few standard results on
Q(X) and its relationship to the equicontinuous structure relation S, (X).

Proposition 16.1 Let N be an icer on the minimal flow (X, 7). Then (X/N, T)
is equicontinuous if and only if Q(X) C N.

PROOF: =
1. Assume that ¥ = X/N is equicontinuous, and let 7: X — Y be the canon-
ical map.

2. 0(Y) = Ay. (by 1, 15.5)

3.7(Q(X)) = Q(Y) = Ay. (by 2, 15.6)

4. Q(X) C N. (by 1, 3)
—

1. Assume that Q(X) C N.

2.0(Y) =7(Q(X)) = Ay. (by 1, 15.6)
3. Y is equicontinuous. (by 2, 15.5)
Proposition 16.2 Let X = M /R. Then the following are equivalent:

(@) Seq(X) = Q(X),
(b) Q(X) is an icer, and
(©) Seq(X) C Q(X).

203
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PROOF: (a) = (b) is clear.
(b) = (0
1. Assume that Q(X) is an icer.
2. X/Q(X) is equicontinuous. (by 16.1)
3. Let S be an icer on M with X/Q(X) = M/S.

4.8, CS. (by 3, 15.16)
5. 8eq(X) = mR(Seq) C mr(S) = O(X). (by 3, 4, 15.6)
()= (a)

1. Assume that Sg, (X) C Q(X).
2. X/8.4(X) is equicontinuous. (by 15.19)
3. 0(X) C Seq(X). (by 2, 16.1)

Corollary 16.3 Let:

(i) Rand N beicerson M with R C N,
(i) X=M/R,Y = M/N, and
(iiil) Q(X) be anicer on X.

Then Q(Y) is aniceron Y.

PROOF: 1. 5.,4(X) C Q(X). (by 16.2)
_ R R —

2. 8eq(Y) lﬁoﬂN(Seq(X)) ?ﬂN(Q(X)) 5 o).

3. Q(Y)isaniceronY. (by 2, 16.2)

We now prove two technical lemmas which will be used to deduce the main
result of this section.

Lemma 16.4 Let:

(i) N be a non-vacuous open subset of M, and
(i) Ay={eeG|la(J)NN #0}.

Then:

(@) int(Ayn) = cic(Ayn) # 0.

(b) G'cic(AN) = cic(Ap).

PROOF: (a) 1. The set of almost periodic points of the flow (G, M) is

dense in M. ((M, T) is minimal)
2. There exists an almost periodic point B(w) of the flow (G, M) with
B(w) € N. (by 1)
3.G' Ccicly | y(B(w)) € N}. (by 2, 11.15)
4.9 # cicly | yBw) € N} C cicly | yB € An} = cic(AyB~)) =
cic(Ay)p~ L. (by 3, (ii), 10.6)

(b) This follows from (a) and 11.3.
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Lemma 16.5 Let:

Hvel,
(i) Ay ={aeG|a(J)NN # @}, and

(iii) Ay= () cic(Ay). (Here N, ={V |V anopen neighborhood of
NeN,
vin M}.)

Then:

(@) Ay # 0,

(b) G/Av = Ay,

(©) (@(w),v) e Qforalla € Ay and w € J,
(d) A, C E,and

(e) EAy =E.

PROOF: (a) {cic(A(N)) | N € N,} is a collection of nonempty closed
sets with the finite intersection property so this follows from the fact that G is

compact. (by 16.4, 10.6)
) 1.A,CG'Ay=G" () cic(Ay) C () G'cic(An)=
NeN, NeN,
() cic(An) = Ay. (1€G',16.4,10.12)
NeN,

(©)1. Letw e Janda € mNeNv Ay.
2. Let U be an open invariant neighborhood of A in M x M.
3. Let W be an open neighborhood of («(w), v) in M x M.
4. Let V be an open neighborhood of v with (V) x a(V) C U and {a(w)} x
Vcw.

5.0 € Ay. (by 1, 4)
6. Thereexists f € Ay N < V,a(V) >. (by 5)
7. There exists u € J and p € V with B(u) € V and B(p) € a(V). (by 6, (i)
8. (a(w), Bw))p = (a(p), B(p)) € a(V) x (V) C U. (by 4,7)
9. (a(w), B(u)) € U. (by 2, 8)
10. 0 # ({a(w)} x V)NU Cc WNU. (by 4,7,9)
11. (@(w),v) € U. (by 3, 10)
12. (@(w), v) € 0. (by 2, 11)
(d) 1. Leta € Ay.
2. (x(v),v) € Q. (by part (c))
3.a € E. (by 2, 15.11)

(e) This follows immediately from parts (a) and (d).

Theorem 16.6 Let R be an icer on M with E C G(R)G'. Then Q(M/R) is
an icer.

PROOF: 1.Let(p,q) € Seq = Pyo gr(E).



206 The regionally proximal relation

2.(p,q) = (B(v), y(w)) forsome v, w € J and B~y € E. (by 1)
3.E=BTEBCc B 'G(R)G'B=B"'G(R)BG’.  (E and G’ are normal)
4. E=EA, C (B7'GR)BG)A, = B~'G(R)BA,. (by 3,16.5)
5. There exist pg € G(R) and a € A, with ﬂ_ly = ﬁ_IpRﬁa. (by 2, 4)
6. (v, x(w)) € Q. (by 5, 16.5)
7. (@w), B lyw) = (aw), B 'prBa(w)) € gr(B~'GR)B) =
B~ (gr(G(R))). (by 5,7.15)
8. (v, 7y (w)) € Qo B (gr(G(R))). (by 6,7)
9. (B). y(w)) = B, B~y (w)) € B(Q o B~ (gr(G(R))))

= B(Q) ogr(G(R)) = Qo gr(G(R)). (by 8, 15.5)

10. Seq(R) = R (Seq) C 7R (Q 0 gr(G(R))) =nr(Q) = Q(M/R).
(by 1,2,9,15.9)
11. Q(M/R) is an icer. (by 10, 16.2)

The converse of 16.6 is false. For a counter-example see [Auslander, J., Ellis,
D. B, Ellis, R., The regionally proximal relation, (1995)].

Corollary 16.7 Let X = M/R and P(X) be closed. Then Q(X) is an equiva-
lence relation.

PROOF: 1. D C G(R). (by 14.8)
2.E = DG'CcG(X)G'.

15.21 1
3. Q(X) is an equivalence relation. (by 16.6)

Corollary 16.8 Let:

(i) X = M/R be aregular flow, and
(ii)) X be Bronstein, i.e. gr(Gy) = X x X.

Then E C G(X)G’ and hence Q(X) is an equivalence relation.

PROOF: 1. Ex = G). (by (0), (i), 15.24)
2.E C xx (Ex) = xx (G%) = G'G(R). (by 1, Ex. 11.6, Ex. 15.10)

The result above holds without the regularity assumption, but the map xy:
G — Gy exists only in the regular case. Thus a proof which does not rely on
15.24 is required.

Corollary 16.9 Let:

(i) X = M/R be any minimal flow, and
(i) X be Bronstein, i.e. mg(gr(G)) = X x X.

Then E C G(X)G’ and hence Q(X) is an equivalence relation.

PROOF: 1. Letu € J anda € G with (u, x(u)) € Q.
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2.tp(u, a(u)) € Q(X). (by 1, 15.6)
3. There exist nets {p;} C M and {«;} C G, such that
TR(pi, @i(pi)) — wr(u, a(u)) and wr(p;, @i (pi))ti — 7R(Z, 2).
(by 2, (i)
4. We may assume that (p;, o; (p;)) = (p, q) and (p;, @i (pi)t;i = (r,m).
(M is compact)

5.7r(p,q) =limagr(p;, ;i (pi)) = wru, a(u)). (by 3,4)
6. Tr(r,m) = limng(pi, i (pi)ti = 7R (2, 2). (by 3, 4)
7. There exist vy, v € J and B, B2 € G(R) with

(P. @) = (Bi(v1), Boa(v)) = (p, BoaB; " (pv)). (by 5)
8. There exist w € J and B € G(R) with (r, m) = (r, B(rw)). (by 6)
9.a; — praf". (by 4,7,10.13)
10. o; — B. (by 4, 8, 10.13)
1. Brap; '~ € G (by 9, 10)
12.a € G(R)G'G(R) = G'G(R). (by 7,8, 11, G’ is normal)

As an immediate consequence we see that Q (X) is also an equivalence relation
for any point distal minimal flow. A flow is said to be point distal if there exists
apointa € X such that (a,x) € P(X) = x =a.

Proposition 16.10 Let:

(i) X =M/R, and

(i) a € X withaP(X) = {a}.

Then the almost periodic points of (X x X, T') are dense in X x X and so Q(X)
is an equivalence relation.

PROOF: 1. Letue JandteT.

2. (at, atu) € P(X). (by 1)
3. at = atu. (by 2, (ii))
4. (as, at) is an almost periodic point of X x X forall s,z € T. (by 1, 3)
5. {(as,at) | s,t e T} =X x X. (by (i), X is minimal)

EXERCISES FOR CHAPTER 16

Exercise 16.1 Show that Soy = Ppo Q = Qo Q.

Exercise 16.2 Let:

(i) R and S be icers on M, and
(i) G(R) = G(9).
Then S C Ro Q
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Exercise 16.3 Let:

(i) R and S be icers on M,
(i) G(R) = G(S), and
(iii) 711;1 (Q(M/R)) be an equivalence relation.

Then 75 ' (Q(M/S)) = S0 QoS C RoQoR=mg (Q(M/R)).



PART V

Extensions of minimal flows

In this section we study the structure of various types of extensions R C S
of minimal flows, using the theory of icers and subgroups of G developed in
the preceding sections. The results are often analogous to and motivated by the
corresponding results on minimal flows, thought of as extensions of the one-
point flow. The groups G(R) and G(S) along with the relative product and
quasi-relative product play key roles.

In section 17 we use the circle operator of section 5 to characterize open
extensions and to define the related notions of RIC and highly proximal exten-
sions. We see in 17.3 that R C S is a RIC extension if and only if S =
R o gr(G(9)).

Section 18 is devoted to an in-depth study of distal extension of minimal
flows, again from the point of view of icers. One key idea here is that an exten-
sion R C S is distal if and only if S = R o gr(G(S)) (see 18.9). From this
point of view it is evident that every distal extension is a RIC extension.

Almost periodic extensions, which are the natural generalization of equicon-
tinuous flows, are studied in section 19. This is done in large part with the aid
of the regionally proximal relation for equivalence relations, which is the nat-
ural generalization of the regionally proximal relation for flows introduced in
section 15. The classical result is that R C S is an almost periodic extension
if and only if it is a distal extension and G(S)" C G(R). Finally in section 20
we collect four theorems which are equivalent to the Furstenberg structure the-
orem which says that any non-trivial distal extension “factors” into a distal
extension together with a non-trivial almost periodic extension. The Fursten-
berg tower is developed as a consequence of this result; its construction being a
nice application of the machinery on icers, subgroups of G, and the 7-topology
developed in the preceding sections.






17

Open and highly proximal extensions

The notion of highly proximal extensions was introduced in [Auslander, J.,
Glasner, S., (1997)]. We will see that every almost one-one extension is a
highly proximal extension, and every highly proximal extension is a proximal
extension. Our account emphasizes the point of view of equivalence relations.
The key tool is the action of BT on 2% (see section 9) given by the circle oper-
ator. We include a brief introduction to relatively incontractible (RIC) exten-
sions which are also defined in terms of the circle operator. We begin by using
the circle operator to characterize open extensions of minimal flows. The fol-
lowing theorem is a restatement of exercise 5.6; we give a proof for the sake
of completeness and in order to motivate the definition of RIC extensions.

Theorem 17.1 Let:

(i) R C S beicerson M, and

(i) X=M/RandY = M/S.

Then the following are equivalent:

(a) n§ is open,

) tr(pSoq) =nr((pg)S) forall p,g € M, and
(c) truSop)=nr(pS)someu € Jandall p e M.

PROOF: (a) = (b)
1. Assume that 7 X is open and let p, g € M.
2. Themap ¢ : ¥ — 2% is a homomorphism of flows. (by 1,5.7)
y = [@H ™ 0]
3. 9(s(pg)) = ()~ (ws(pg)] = [nr (x5 (pa)] = [r (@) S)].
4 ¢(rs(pg)) = ¢(s(p)g = [~ (s (p))]g
= [tr(pSlq = [1r(PS) 0 q] = [7r((PS) © q)].

5.10 511
5. 7r((pg)S) = wr((pS) 0 q). (by 3,4

211
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(b) = (0)
Clear.

(©) = (a)
1. Assume that u € J with g (uS o p) = wr(pS) forall p € M.
2.lety; > yeYandg:Y — 2% bedefined as above.

y = l@HI

3. There exist p; € M with y; = wg(p;) forall i. (Y is minimal)
4. We may assume that p; - p € M.
5.y =limy; =limmg(p;) = ns(p). (by 2,3,4)
6

Nim(y,) = lim (s (pi) = lim{xg (p; $)] =lmlwr(uS) o pi]
=, imie@S)p; = [nruS)]p = [7r(uS) o p]

o, [TRS 0 Pl=Imr(pS)] = (s(p)) = ¢ (y).

T
7. ¢ is continuous. (by 2, 6)
8. 71§ is open. (by 8,5.7)

Let R C S beicerson M, u € J, and p,q € M. It is immediate that
G(S)(p) C pS and hence that g (G(S)(p)) C mwr(pS). On the other hand,
by 5.11,

Tr(pSoq) =nmr(pS) oq Cwr((pg)S),
from which we obtain
tr(G(S)(p)) = nr(G(S)(u)p) C wr(G(S)(u) o p)
C wr((mS) o p) C wr(pS)

()

for any extension. Now 17.1 says that the open extensions are those for which
the last containment in equation (x) is an equality. In particular any extension
for which wg(G(S)(p)) = mr(pS) is an open extension. The latter holds if
RN Py = SN Py, or equivalently R C § is a distal extension; this gives
another proof (see 7.23) that distal extensions are open. This argument also
shows that if 7r(G(S)(u) o p) = wr(pS) for all p € M, then n§ is open.
This is one motivation for the following definition.

Definition 17.2 Let R C S be icers on M. We say that R C S is a relatively
incontractible (RIC) extension if there exists u € J such that

7r(G(S)(u) o p) = mr(pS)

for all p € M. In the case where S = M x M so that M /R is a RIC extension
of the one-point flow we say the M /R is an incontractible flow.
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It follows from the preceding discussion that every distal extension of mini-
mal flows is RIC, and every RIC extension of minimal flows is open. Intuitively
S is a RIC extension of R if it is the smallest icer containing R which also con-
tains gr(G(S)). Of course any icer which contains gr(G(S)) also contains
gr(G(S)), hence the following characterization of RIC extensions.

Proposition 17.3 Let R C S be icers on M. Then the following are equivalent:

(@) 7r(G(S)(W)o p) =mar(pS) forallve Jand p € M,
(b) R C SisaRIC extension, and
(¢) S=Rogr(G(S)).

PROOF: (a) = (b)
Clear.

(b) = (¢)
1. Assume that R C § is a RIC extension and let (p, g) € S.
2.q € pS. (by 1)
3.71r(q) € Tr(pS) TnR(G(S)(u) op) 1?27113(pgr(G(S)) for some u € J.
4. There exists r € pgr(G(S)) with mg(q) = g (r). (by 3)
5.(p,r) € gr(G(S)) and (1, q) € R. (by 4)
6. (p,q) € gr(G(S)) o R. (by 5)
7.8 C gr(G(S)) o R. (by 1, 6)
8.S=MOR=ROM.

(by 7, S is an icer with R U m cS)

(c) = (a)
1. Assume that S = R o gr(G(S)) andletv € J and p € M.
2.1r(pS) = T[R(pgr(G(S)) =nr(G(S)(v) o p). (by 1, and 12.2)

We will see in section 18 that S is a distal extension of R if and only if
S = R o gr(G(S)). Here we use 17.3 to show that any extension of minimal
flows can be approximated up to proximal extensions by a RIC extension.
Proposition 17.4 Let:

(i) R C S beicerson M, and
(il) A C G be closed with G(R) C A C G(S).

Then there exist icers R4 C R and S4 C S such that:

(a) R4 C R is aproximal extension,
(b) R4 C S4 is a RIC extension, and
(c) G(Sy) = A.

PROOF: 1.M — M/gr(A) is an open map. (by 12.2)
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2. 54 = gr(A)(R) (the quasi-relative product of gr(A) with R) is an icer on
M. (by 1, 9.8)
3.Rp = Rﬂgr(A)(R) is an icer on M. (by 2)
4.G(Ra) = G(R) N G(gr(A)(R)). (by 3,7.19)
5.G(R) c A (gr(A)) C G(gr(A)(R)).

6. G(RA) G(R) (by 4, 5)
7. R4 C R is a proximal extension. (by 3,6,7.11)
8. 54 = R4 0 gr(A). (by 2,3,9.4)
9.G(Sa) = G(RA)G(gr(A)) = G(R)A = A. (by 6, 8, (ii), 7.26)
10. R4 C Sy is a RIC extension. (by 8,9, 17.3)

Corollary 17.5 Let R C S be icers on M. Then there exist icers Ry C R and
So C S such that:

(a) Rp C R is a proximal extension,
(b) Ry C Spis a RIC extension, and
(c) So C S is a proximal extension.

PROOF: Take A = G(S)in 17.4.

We now turn to a discussion of highly proximal extensions; as motivation
we recall (see 7.13) that R C S is an almost one-one extension if there exists
yo € Y such that (née)_l(yo) is a singleton. Exercise 13.6 says that R C S is
a proximal extension if and only if there exists yp € ¥ and p € M such that
(r5)='(00)) p is a singleton. Since ((x5)~' () p < (x5~ 00) o p.
requiring that ((née )_1(yo)) o p is a singleton leads to a condition which is a
priori stronger than the notion of a proximal extension but weaker than that of
an almost one-one extension.

Definition 17.6 Let X = M/R and Y = M/S with R C S icers on M.
We say that X is a highly proximal extension of Y (h. p. extension) if there
exists yo € Y and p € M such that ((nSR)_l(yo)) o p is a singleton. Here
X is a maximally highly proximal flow (m.h.p.) if it has no non-trivial highly
proximal extensions. The flow X is a maximally highly proximal extension
(m.h.p. extension) of Y if it is a highly proximal extension which is maximally
highly proximal.

We gather a few elementary properties of highly proximal extensions begin-
ning with a restatement of the definition.

Proposition 17.7 Let X = M/R and Y = M /S with R C S icers on M. Then
the following are equivalent:
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@ (@& ~1(y)) o pisasingletonforall y € ¥ and p € M,
®) (@) op={xp}forally e Y,x € xf)~'(y),and p € M, and
(c) X is a highly proximal extension of Y.

PROOF: (a) = (b)
1. Assume that (a) holdsand lety € Y, x € (n§)’l(y), and p e M.

2. fxp) C (@HT' W) p C (@H ') 0 p- (by 5.10)
3. {ap) = (@H ') o p- (by 1,2)
(b) = (¢)

Clear.
()= (a)
1. Assume that ((JTSR)_I(yo)) o g is a singleton, andlet p e M,y € Y.
2. There exists r € M with yr = yy. (Y is minimal)
3. There exists § € M with p = rqq. (M is minimal)
4. Ry—1 _ Ry—1 - Ry—1 -
(@HTM)op ‘T (@H ) or)oqq G,rsH) T 0 e qq
=(rH 7' G0 0 ) 0 4.
5. (x®)~1(y) o p is a singleton. (by 1, 4)

Proposition 17.8 Let 7 : X — Y be an extension of minimal flows. Then 7
is highly proximal if and only if every open subset of X contains a fiber of 7.

PROOF: ==

1. Assume that 7 is highly proximal and let U be an open subset of X.
2.Letx € U and u € J with xu = x.

3.Sety=m(x) €Y.

4.7 Y (y)ou = {xu} = {x} C U. (by 2,3,17.7)
5. There exists 1 € T with ! (yt) = (7 ~'(y))t C U. (by 5, 5.10)
«—

1. Assume that every open subset of X contains a fiber of .

2.Let yg € Y, xo € 7' (y9) and U be an open neighborhood of x.
3.LetV={yeY|n (y) cU}.

4.V is a nonempty open subset of Y. (by 1,2,5.8)
5. There exists ty € T with yoty € V. (by 4, Y is minimal)
6.7 (yoty) = 7~ (yo)tv C U.

7. There exists ¢ € BT with 77! (yo) o ¢ = {x0}. (by 2, 6)
8. Letu € J with you = yp, and set p = ugq.

9.peM. (by 8)

10. 7~ (yo) o P, (m7'(v) ou)ogq 5Cllﬂf‘l(you) og=n"'(y)og =(xo}.
11. 7 is highly proximal. ' (by 9, 10)
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Corollary 17.9 Let:

i) X=M/RandY = M/S with R C S icers on M, and
(i1) X be an almost one-one extension of Y.

Then X is a highly proximal extension of Y.

PROOF: This follows immediately from the definitions or from 17.8.

As we remarked above, the following proposition follows immediately from
13.6; we provide a different proof here for the sake of completeness.
Proposition 17.10 Let:

(i) X=M/RandY = M/S with R C § icers on M, and
(i) X be a highly proximal extension of Y.

Then X is a proximal extension of Y.

PROOF: I.Letxy, x; € X withwf(x)) =y = n&(x2).

2.Letp e M.

3.0p € (57" W) o p = tip). (by 1,2, (i), 17.7)
4.x1p=x2p. (by 3)
5. (x1, x2) € P(X). (by 4)

Corollary 17.11 Let A be a closed subgroup of G. Then Y = M/gr(A) is a
maximally highly proximal flow.

PROOF: 1. Assume that X = M/R is a highly proximal extension of Y
with R C gr(A).

2. X is a proximal extension of Y. (by 1, 17.10)
3. G(R) = G(gr(A)) = A. (by 2,7.11)
4.gr(A) C R. (by 3)
5.R=gr(A)and X =Y. (by 1, 4)
6. Y is maximally highly proximal. (by 1, 5)

In view of 17.10 it is natural to ask for an example of a proximal extension
which is not highly proximal. Note that if 7 : X — {pt}, then 7 is a highly
proximal extension only if X = {pt} (by 17.8 any open subset of X would
have to contain X, the only fiber of 7). Thus in this case any non-trivial prox-
imal flow X will be a proximal but not a highly proximal extension of the one
point flow. Of course not every group 7 admits non-trivial proximal flows.
Indeed T admits such flows if and only if gr(G) # M x M. Indeed when
the group T is abelian, the map x — x7 is an automorphism of M for every
x € M, so0 gr(G) = M x M. On the other hand there are plenty of examples
where gr(G) # M x M (see for example [Glasner, S., Compressibility prop-
erties in topological dynamics, (1975)])
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In view of 17.9 itis natural to ask for an example of a highly proximal exten-
sion which is not an almost one-one extension. One such example is provided
as follows.

Example 17.12 (two circle) Let:

() Y =S"={|0<a < 27} be the circle,
(ii) T = Z the integers act on Y by an irrational rotation 6, and
(i) X = {1} x Y U {2} x Y be provided with a topology for which a neigh-
borhood base at (1, ¢'%) is given by {U, | € > 0} where

Us={1,eP) la<B<a+elU{2,e?)|a<B<a+te)
and a neighborhood base at (2, ¢/®) is given by {V, | € > 0} where
Ve :{(2,eiﬂ) | —¢€ <,8§oz}U{(l,e"’3) o —€e < B < al.
(iv) T acton X by 0 on both circles,
(v) m : X — Y be defined by (j, ¢/%) = ¢'® for j € {1, 2}.
Then:

(a) X is a compact Hausdorff space and the action of 7 on X is minimal,
(b) X is a highly proximal extension of Y, and
(c) X is not an almost one-one extension of Y.

PROOF: (a) We leave this as an exercise for the reader.
(b) This follows from 17.8 since every open subset of X contains a fiber of 7.
(c) This is clear since every fiber of m consists of exactly two points.

Given an icer R on M, an extension Ry C R is a proximal extension if and
only if G(Rp) = G(R); we now investigate the collection of highly proximal
extensions of R.

Proposition 17.13 Let:

(i) X=M/RandY = M/S with R C S icers on M, and
(i) u e J.

Then the following are equivalent:

(a) X is a highly proximal extension of Y.
(b) gSop C(gp)Rforall p,g e M.
(¢) uSou CuR.

PROOF: (a) = (b)
1. Assume that X is a highly proximal extension of Y and let p, g € M.
2.7r(qSop) = TR(GS)op = (ﬂ?)‘l(ns(q))w17=7{n1e(q)p} = {nr(gp)}.
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3.qSop C(gp)R. (by 2)
(b) = (¢)
Setting ¢ = u = p in (b) yields (c).
(©) = (a)

1. Assume that uS ou C uR.
2. (B (wgu) ou = wr(uS) ou = TR WS ou) T{nR(u)}.

4. X is a highly proximal extension of Y. (by 2, 17.7)

Proposition 17.14 Let:
(i) R C S C N beicers on M, and
(i) X=M/R,Y =M/Sand Z = M/N.

Then X is a highly proximal extension of Z if and only if X is a highly proxi-
mal extension of ¥ and Y is a highly proximal extension of Z.

PROOF: —

1. Assume that X is a highly proximal extension of Z and letu € J.

2.uSou CuNou CuR Cus. (by 1, 2, (1), 17.13)

3. X isah. p. extension of Y and Y is a h. p. extension of Z. (by 2, 17.13)
—

1. Assume that X is a h. p. extension of ¥, Y is a h. p. extension of Z, and let

uel.

2.uNou=wNou)ou CuSou C uR. (by 1, 5.10, 17.13)

3. X is a highly proximal extension of Z. (by 2,17.13)

Corollary 17.15 Let:

(i) X=M/RandY = M/S with R C S icers on M,
(i) X be a highly proximal extension of Y, and
(iii) 7% be open.

Then R = S.

PROOF: 1.7g(pS) = nagSop) C ng(pR) = {mwr(p)} forall p e M

andu € J. (by (i), (iii), 17.1, 17.13)
2.SCR. (by 1)
3.5 =R. (by 2, (i))

We will now construct for an icer R, the maximal highly proximal extension
Rpp C R; this is a highly proximal extension of R which has the property
that Ry, C Rp for any Ry where Ry C R is a highly proximal extension. The
construction of Ry, requires a lemma which analyzes the action of 8T on the
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cells {pR | p € M}. Its proof applies results of section 5, in particular 5.3 and
5.10, to do calculations in 2™

Lemma 17.16 Let:

(i) Rbeaniceron M,
(i) p,q € M, and
(i) u,v € J.

Then:

(@) pRog C (pg)R.

(b) peuRogimpliesuRop CuRogq.

(¢) p € uR ouimplies uR o p is a subsemigroup of M.
(d) uRop =vRop.

PROOF: (a)l.Letr € pRog.

2. There existr; € pR and t; — g with limr;t; = r.

3. (r, pq) = lim(rit;, pt;) € R = R. (by 2, (i))

4.r € (pg)R. (by 3)
(b) 1. Assume that p € uR o q.

2. There exist p; € uR and t; — g with lim p;t; = p.

3.[uR o p] = [uR]p = lim[uR]p;t; = lim[(uR o p;)t;]. (by 2, 5.10)
4. R o p))t; C (piR)t; = (uR)t;. (by 2, and part (a))
5.1im[(uR)t;] = lim[uR]t; = [uR]g = [uR o q]. (by 2, 5.10)
6.uRop CuRogq. (by 3,4,5,5.3)

(c) 1. Assume that p € uR o u.
2.Letry,r» €uRo p.
3.uRorirp =mRory)or, CuRop)or, C wRou)or, = uR o
5.10 2,(b) 1,(b) 510

rp C uRop.

2,(b)
4.rirp =uryrp EuRoryry CuRo p. (by 3)

d1l.uRop =mRov)op CvRop.

5.10 (a)
2.VRop = (WRou)op CuRo p.
5.10 (@

3.uRop =vRop. (by 1,2)

Definition 17.17 Let R be an icer on M and u € J. We define
Rip = {(p.q) € M |uR o p = uR o g}.
It follows from 17.16 that Rp,, is independent of the choice of u. Note also
that by 5.10
Rpp ={(p,q) € M | [uR]p = [uR]q},
S0 Rpp is anicer on M and M /Ry, is a quasi-factor of M.
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The study of highly proximal extensions of M /R is facilitated by the study
of Ryp. In particular we will use the following lemma to show that R, C R is
a maximal highly proximal extension of R in the sense mentioned earlier.

Lemma 17.18 Let:

(i) R be anicer on M, and
(i) u e J.

Then:

(@) Rpp C R.

(b) there exists m € uR o u such that uR om C mRpyp.
(¢) pRyp =uRopforall p e M.

PROOF: (a)l.Let(p,q) € Ryp.

2.0 #uRop=uRoq C pRNgR. (by 1, 17.16)

3. pR =¢qR. (by 2, since R is an equivalence relation)
(b)1.SetC ={uRop|pe€uRou}.

2.Let{uR o p; | i € I} C C be a decreasing chain with respect to inclusion.

3.Set B =();c; R o p;).

4. We may assume by passing to a subnet if necessary that p; - p e uRou =
uRou.

5.[uR o p] = [uR]p = lim[uR]p; = lim[uR o p;]. (by 4, 5.10)
6. B CuRop. (by 5,5.3)
7.Leti e 1.

8.uRop;j CuRo p;forall j>i.

9.uRop CuRo p;. (by 5, 8,5.3)
10.uRo p C B. (by 7,9)
11.B=uRop=influRop; |i € I} €C. (by 6, 10)

12. C is inductive when ordered by inclusion.

13. There exists a minimal element uR om € C. (by 12 and Zorn’s Lemma)
14.Let p € uR om.

15.p=up € uR)p CuRop CuRom CuRou. (byl,13,14,17.16)

16.uRo p =uR om. (by 13, 14, 15)
17. p € mRy). (by 16)
18. uR om C mRy,. (by 14, 17)

(c)l.Let p e M.
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2. There exists p € M withmp = p. (M is minimal)
3. uRop=w@Rom)op C (mRpp) o pC (mﬁ)th = pRpp.

(by 2, (b), 17.16)
4. pRyp, ={geM|uRop=uRoqg} CuRop. (since g € uR o q)
5.pRpp =uRo p. (by 3, 4)

Proposition 17.19 Let R, N be icers on M with N C R. Then:

(a) mg,, is open.
(b) M/N is a highly proximal extension of M /R if and only if Ry, C N.
(© (th)hp = th-

PROOF: (a)l. pRp,oq=(uRop)og=uRo(pq)= (pg)Ryp.

(by 17.18)

2. 7R, is open. (by 1, 17.1)
(b) M/N is ah. p. extension of M/R if and only if pRy, = uRop C pN
forall p e M. (by 17.13, 17.18)
(©) p(Rup)hp = WRpp)op = uRou)op =uRop = pRy, forall p e M.
(by 17.18)

We now use the preceding results to characterize maximally highly proximal
flows; we show in the appendix that X = M/R is maximally highly proximal
if and only if X is extremely disconnected.

Proposition 17.20 Let R be an icer on M. Then the following are equivalent:
(a) M/R is maximally highly proximal.

(b) R = Ryp.

(c) mg is open.

PROOF: (a) = (b)
1. Assume that M /R is maximally highly proximal.

2. M /Ry, is a highly proximal extension of M/R. (by 17.19(b))
3. Ryp = R. (by 1,2)
(b) = (©

This follows immediately from 17.19(a).
(¢) = (a)
1. Assume that g is open and let M /S be a h.p. extension of M /R with
SCR.
2.pR=uRop C pSforallu e Jand p € M. (by 1,17.1,17.13)
3.8=R. (by 1,2)
4. M /R is maximally highly proximal. (by L, 3)
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APPENDIX TO SECTION 17:
EXTREMELY DISCONNECTED FLOWS

We saw in 17.20 that M/R is maximally highly proximal (m.h.p.) if and
only if mp is open. This leads to an interesting topological characterization
of maximally highly proximal flows: a flow (X, T') is m.h.p. if and only if X is
extremely disconnected. We begin by recalling what it means for a space to be
extremely disconnected.

Definition 17.A.1 The topological space X is extremely disconnected if the
closure of any open subset of X is open.

Note that it follows from 1.2 that the Stone-Cech compactification ST, of
T, is extremely disconnected. The same is true of any minimal ideal in B7T'.

Proposition 17.A.2 The space M is extremely disconnected.

PROOF: 1.LetV C M beopenanda(u) € V.
2.Set A={teT |utea (V).

3.ANM Ca (V). (by 2)
4ueca Y (V)y=a (V). (by 1)
5.Let W C T withu e W C BT.

6. W is open in BT. (by 5, 1.2)
7. There exists ¢ € = ' (V)N W N L1 (W). (by 4,5, 6)
8. There exists ryy € W with uty € a~1(V). (by 7)
9. There exists a net {fryy} C A with tyy — u. (by 5,8, 1.2)
10.u e ANM Ca (V). (by 3, 9)
1l.a(m) ex(ANM)C V. (by 10)
12. a(u) € int (V). (by 11, 1.2)
13.V is open. (by 1, 12)

Proposition 17.A.3 Let:

(i) X, Y be compact Hausdorff spaces,
(i) X be extremely disconnected, and
(iii) w : X — Y be continuous, open, and onto.

Then Y is extremely disconnected.

PROOF: 1.LetV C Y be open.

2.V=a@-Y(V))cn@z-'(V)) ca(xz='(V))=V. (by (iii))
3.V =n(@-L(V)). (by 2)
4. 7=1(V) is open. (by 1, (ii), (iii))

5.V is open. (by 3, 4, (iii))
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Proposition 17.A.4 Let:

(i) X =M/R,and Y = M/S be minimal flows with R C S, and
(ii) X be extremely disconnected.

Then Y is extremely disconnected if and only if 7 § is open.

PROOF: —
This follows immediately from 17.A.3, since & f is continuous and onto.
=

1. Assume that Y is extremely disconnected.

2.LetU C X beopenand y € nf(U).

3.Let W C Y be open withy € W.

4.9+UN (nf)_l(W) is open in X. (by 2,3, 7 & is continuous)
5

6

. There exists V C X openwith V.=V c UN (x8) "' (W).  (by 4, (ii))
. There exists a finite set F C T suchthat VF = X.
(5, X = M/R is minimal)

1.7aRWV)F =nf(V)F =Y. (by 6)
8.0 ;;e int(z&(V)) - int(z&U)) N w.
9.y €int(n&(U)). (by 3, 8)
10. int (z&(U)) = =& (). (by 2,9)
11. Foreveryx € U,let Uy C X beopenwithx e Uy C Uy C U.
12.U = U,y Us- (by 11)
B.a{U)y=U nRU,) = U nfWUy= U int(xRW,)).

12xeX xeX 1OxeX
14. 78 (U) is open. (by 1, 12)

Corollary 17.A.5 Let R be an icer on M. Then the following are equivalent:

(a) M/R is extremely disconnected,
(b) mr is open, and
(c) M/R is maximally highly proximal.

PROOF: The equivalence of (a) and (b) follows from 17.A.4 since M is
extremely disconnected by 17.A.2. We showed that (b) and (c) are equivalent
in 17.20.

We end this appendix with two lemmas concerning extremely disconnected
spaces in general.

Lemma 17.A.6 Let:

(i) X and Y be compact Hausdorff spaces,
(i1) 7 : X — Y be continuous and onto,
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(iii) Y be extremely disconnected, and
(iv) m(A) # Y for any closed proper subset of X.

Then:

(@ m(U) c Y\ (X \U)forall opensets U C X.
(b) 7 is one-one.

PROOF: (a)l.LetU C X be open.

O 0 3 N L AW

O 00 3 O Lt B W N

1

.Letx e U and V C Y be open with 7(x) € V.

. Assume that V N (Y \ 1(X \ U)) = 0.

VecrnX\0U). (by 3)
. There exists an open set W € X withx e W c U Nz~ 1(V).
aW)ycVcecaX\U)cCca(X\W). (by 4,5)
X\ W)=n(X)=Y. (by 6)
.vn (Y \m(X\ U)) # 0. (7 contradicts (iv))
aU) CY\n(X\U). (by 2, 8)

(b) 1. Let x| # x2 € X.

. There exists open sets Uy, and U, with x; € U; and Uy N U, = @.
X\ULUX\ U, =X. (by 2)
aX\UDUr(X\Up) =Y. (by 3, (ii))
Y\r(X\Up) Cn(X\Uy). (by 4)
Y \r(X\U) C X\ ). (by 5)
Y\7T(X\Us) CY\Y\7(X\U)). (by 6)
.Y\ 7w (X \ Uy) is open. (by (i), (ii), (iii))
Y\a(X\Uy)) CY\Y \n(X\Uyp. (by 7, 8)
10. 7 (Uy) N (Up) g) Y\rn(X\Up)NY\n(X\ Ug)jﬂ.

1. w(x1) # mw(x2). (by 2, 10)
2. 7 is one-one. (by 1, 11)

1

The following result, (see [Gleason, A., Projective topological spaces,

(1958)]) is important for the study of extremely disconnected spaces.

Proposition 17.A.7 Let:

(i) X and Y be compact Hausdorff spaces,

(ii) w : X — Y be continuous and onto, and
(iii) Y be extremely disconnected.

Then there exists a continuous function g : ¥ — X such that 7 (g(y)) = y for
ally e Y.

PROOF: 1.LetC={C|C=CC Xandn(C)=7Y).
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2. Applying Zorn’s lemma to C yields a closed subset Xg C X such that
7(Xo) =Y and w(A) # Y for any proper closed subset of Xj.

3. The restriction  of 7 to X is one-one. (by 2, 17.A.6)
4.g =m," Y — X is continuous. (by 3, (i), (ii))
5.m(g(y)) =yforally €Y. (by 3,4)

NOTES ON SECTION 17

Note 17.N.1 Let X be compact Hausdorff space, and .4 be a uniformly closed
subalgebra of the algebra C(X), of continuous functions f : X — R. We say
that A is complete if given any F C A with || f|| < 1 for all f € F, there
exists g € A such that:

() f < gforall feF.
(i) if f <h e Aforall f € F,the g < h.

Clearly such a g, if it exists, is unique. In this case we write g = \/ A or

g=V I
feA

Note 17.N.2 Let X be a set. Then C(S(X)) is complete.

PROOF: 1.Let F C C(B(X)) with || f]| < 1 forall f € F.

2.Let h(x) = sup f(x)forallx € X C BX.
feF

3. There exists a continuous function /4 : BX — [—1, 1] such that ﬁ(x) = h(x)
forall x € X.

4. f <hforall f € F. (by 2, 3)
5.Let g € C(BX) with f < g forall f € F.

6. h(x) < g(x) forall x € X. (by 2, 5)
7.h<g. (by 6 since X = SX)

Note 17.N.3 Let X be a compact Hausdorff space. Then X is extremely dis-
connected if and only if C(X) is complete.

PROOF: -
1. Let X be extremely disconnected and F C C(X) with || f]| < 1 for all
feF.
2. Let T be the topology on X and D be the discrete topology on X.
3. The map (X, D) — (X, T) has a continuous extension 7 : X — (X, 7).
X — X
4. There exists a continuous map o : (X, 7) — X withm oo = 1.
(by 17.A.7)
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W

LetG={fon|feF}cCEBX).
.2 =\ G € G exists. (by 17.N.2)
.goo =\/F. (exercise)

~N O

. Assume that C(X) is complete.

Letfd AU C X.

et F={felCX)| f(X)C[0,1]and f(x) =0 forall x & U}.

Letg =\ F.

.8 : X — [0, 1] is continuous and g(U) C (0, 1].

.U =g 10, 1). (exercise)
. U is open. (by 6)

~N OB W=

EXERCISES FOR CHAPTER 17

Exercise 17.1 Show that if the group T is abelian, then every minimal flow is
incontractible.

Exercise 17.2 Let R C S beicers on M. Show that the following are equivalent:

(a) R C Sis aRIC extension, and
(b) R C S is an open extension and wg(G(S)(u) o u) = wr(uS) for some
uelJ.

Exercise 17.3 In this exercise we describe a general method for constructing
almost one-one extensions. Let:

(i) Y = M/S with S an icer on M,

(i) yo € Y, and

(i) u € J and @ € G with wg(x(u)) = yo,

@iv) f :yoT — K be a continuous function where K is a compact Hausdorff

space, (e.g. K = [0, 1])
(v) g : BT — K be the continuous extension to 7 of themap T — K
t — f(yot),

vi) N={(p,q) e M x M | g(pt) = g(gqt) forallt € T}, and
(vii) R=a(N)NS.

Then:

(a) N is aniceron M.

(b) Risaniceron M.

(c) X = M/R is an almost one-one extension of Y such that (ng)_l(yo)
consists of a single point.
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Note that the extension X depends on the function f. When f is constant,
N =M x M and X =Y. The next exercise provides a non-trivial example.

Exercise 17.4 Let:

(1) X be the unit circle,
(ii)) ¢ : X — X be an “irrational rotation”,
(iii) T the group generated by ¢,
(iv) I an open arc of X with ¥ # I # X,
(v) xo € I be such that xoT N {a, b} = ¥ where {a, b} is the set of endpoints

of I,
. 1 ifxgt el
Vi) fxon) = {0 if xor ¢ 1,

(vii) m : Z — X the almost one-one extension induced by f as in 17.3.

and

Then n_l(xo) is a singleton and both 7~ Ya) and n_l(b) have exactly two
points.
Exercise 17.5 (two circle): (see 17.12) Let:

() Y = S! = {e/® | 0 < a < 27} be the circle,
(i) T = Z the integers act on Y by an irrational rotation 6,
(i) X = {1} x Y U {2} x Y be provided with a topology for which
a neighborhood base at (1, ¢/®) is given by {U, | € > 0} where

Ue={(lef) Jasp<atelU{@el)a<p<ate)
and a neighborhood base at (2, ¢/%) is given by {V, | € > 0} where
Ve={Q2eP)Ja—e<p=<ajuf.ef) |a—e<p<al
(iv) T acton X by 6 on both circles, gnd '
(v) m : X — Y be defined by 7 (j, ¢'*) = ¢'“ for j € {1, 2}.

Then:

(a) X is a compact Hausdorff space and the action of 7 on X is minimal,
(b) m : X — Y is a homomorphism of minimal flows.

Exercise 17.6 Let R C S be a proximal extension and assume that (71_5 )1 )
is finite for some y € M/S. Then R C S is a highly proximal extension.

Exercise 17.7 Let R be an icer on M. Then M /R is maximally highly proxi-
mal if and only if [pR] is an almost periodic point of ¥, T) forall p € M.

Exercise 17.8 Let:
(i) R C Sbeicerson M,
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(i) M/R be a highly proximal extension of M /S, and
(i) ¢ € G.

Then:

(a) M/a(R) is a highly proximal extension of M /«/(S).
(®) (@(S)np = a(Snp)-

Exercise 17.9 Let R C S icers on M. Then nf is open if and only if § =
Shp o R.
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Distal extensions of minimal flows

In section 4 we defined the notion of a distal homomorphism of flows (see
4.14). In this section we will focus on distal homomorphisms of minimal flows
(distal extensions), studying them from the point of view of icers on M. Note
that a flow is distal if and only if it is a distal extension of a point; thus the
results in section 14 on minimal distal flows can be thought of as results on
distal extensions. The results in this section are to a large extent motivated by,
and analogous to those of section 14. We begin by restating 4.14 in the context
of icers on M.

Definition 18.1 Let X = M/R ,and Y = M/S be flows with R C § icers.
Recall that

n?:X—>Y

denotes the canonical homomorphism. We say that X is a distal extension of Y
if n§ is a distal homomorphism in the sense of 4.14, that is:

(x1,x2) € P(X) with 78 (x1) = 78 (x2) implies that x; = x,.
Note that since Y = M /S = X/nr(S), this is equivalent to saying that
P(X)N7r(S) = Ax.

When X is a distal extension of Y, we also write nf is distal, R is a distal
extension of S, or simply R C S is distal.
The following proposition follows immediately from the definition.

Proposition 18.2 Let R C S be icers on M. Then the following are equivalent:

(a) R is a distal extension of S,
(b) P(M)NS C R,and
(c) PIM)YNS=P(M)NR.

229
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PROOF: (a) = (b)
1.Let R C Sbedistal and (p,gq) € P(M) N S.
2.(7r(p), mr(q)) € P(M/R). (by 1,4.7)
3. 78 (mr(p) = ms(p) fﬂs(q) =18 (wr(q)).
4. 7R (p) = TR(Q). (by 1,2, 3)
5.(p,q) € R. (by 4)
6. P(M)NS CR. (by 1, 5)
(b) = (¢)
This is immediate since R C S.
(c) = (a)

1. Assume that P(M) NS = P(M) N R and let (x1,x2) € P(M/R) with
rd(x1) = 7§ (x2).
2. There exist p1, p2 € M with (p1, p2) € P(M),nr(p1) = x1,and tg(p2) =

X2. (by 1, 4.7)
3.7s(p1) = n&(wr(p1)) §ﬂ§(xl) Tﬂg(xz) ?ﬂs(m)-

4.(p1,p2) € PIM)NS = P(M)NR C R. (by 1,2, 3)
5. x1 ?ﬂR(Pl)TﬂR(PZ)?XZ

6. R C S is distal. (by 1,5)

Corollary 18.3 Let:

(i) R, S, N beicers on M, and
(i) R C S be distal.

Then RN N C SN N is distal.

PROOF: 1.P(M)NS CR. (by 18.2)
2.P(IM)NSNN CRNN.
3. RN N is a distal extension of S N N. (by 2, 18.2)

One of the keys to our study of distal extensions is the equivalence relation
Py={(aw),a(v) |lae Gandu,ve J}C P(M)C M x M

which was defined in 7.20. We have seen that M x M = Py o gr(G), and more
generally (in 7.21) that any icer R on M is of the form

R = (RN Py) o gr(G(R)).

Moreover (M /R, T) is a distal flow (a distal extension of the one-point flow)
if and only if Py C R. Our first goal is to prove the analogous result for distal
extensions. We showed in 7.23 that if R C S is distal, then RN Py = SN Py
and the map nf is open. Now we show that R C § is a distal extension if and
only if RN Py = § N Py. We deduce this from the fact that for any icer R on
M, RN P(M) is completely determined by R N P.
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Lemma 18.4 Let R, S be icers on M, and J C M be the set of idempotents in
M. Then the following are equivalent:

(@ RNPM)C SNP(M),

®) a(R)NJI xJ)Ca(S)N(J x J)foralla € G, and

(c) RNPyC SN Py.

PROOF: (a) = (b)

1. Assume R N P(M) C SN P(M) and let (u, v) € a(R) N (J x J).
2. (@ lw), e tw) e RN P(M) C SN P(M).

3. (u,v) ea(S)NJ x J).

(b) = (¢)
1. Assume thata(R) N (J x J) Ca(S)N(J x J) forallax € G.
22RNa(J xJ)CcSNa(J x J)foralla € G. (by 1)
3RNPy= Y RNa(U xJ)C U Sna(J x J)=8nNP. (by 2)
aeG acG
()= (a)

1. Assume that RN Py C SN Py, and let (p,q) € RN P(M).

2. There exists a minimal idempotent w € BT such that (p, g) = (p, pw).
(by 4.6)

3. There exists an idempotent v € M with vw = v and wv = w. (by 3.14)

4. (pv, pw)?(pv, pwv) = (p, pw)v ?(p, g)v € Rv C R.

5.(p, pv) € R. (by 1,2, 4)

6. There exists « € G and u € J with a(u) = p.

7.(p, pv) = (@(u),x(v)) e RN Py C SN Py. (by 1, 5, 6)

8. (pv, pw) ?(pvw, pw) = (pv, p)w § Sw C S.

9.(p,q) = (p, pw) € S. (by 7, 8)

10.RNP(M)C SN P(M). (by 1,9)

Theorem 18.5 Let R C S be icers on M. Then the following are equivalent:

(a) R is a distal extension of S,

M) RNa(J xJ)y=SNa(J x J)foralla € G,

© aR)NUIxJ)y=a(S)N(J x J)forallx € G, and
(d RNPy=SN Py.

PROOF: This follows immediately from 18.2 and 18.4.

As immediate consequences we have the following.

Corollary 18.6 Let R C S be regular icers on M. Then R is a distal extension
of Sifandonlyif RN(J x J)=SN{J x J).
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Corollary 18.7 Let R, S be icers on M with R C S distal. Then:

(a) a(R) C a(S) is distal for all @ € G, and
(b) reg(R) C reg(S) is distal.

PROOF: (a)l.Leta € G.

2.RN Py =S8N P. (by 18.5)
3.0(R)N Py = a(R) Na(Py) = (RN Py) = a(SN Py = a(S) N Py.
(by 2)
4. a(R) is a distal extension of «(S). (by 3, 18.5)
(b) 1.reg(R)N Py = ( N a(R)) NPy= () (@(R)N Py)
aeG aeG
= [ (@(S) N Py) = reg(S) N Po.
@) geG

2. reg(R) is a distal extension of reg(S). (by 1, 18.5)

Corollary 18.8 Let:

(i) R, N, S beicers on M, and
(i) RCNCS.

Then R C S is distal if and only if R C N and N C S are both distal.

PROOF: -

1. Assume that R C § is distal.

2.PhNR=PyNS. (by 18.5)

3. P 9)NR=PyNN = PyNS. (by 1, 2, (ii))

4. R C N and N C S are both distal. (by 3, 18.5)
—

1. Assume that R C N and N C § are both distal.

22RNPy=NNPy=S5SNPkF,. (by 1, 18.5)

3. R C S isdistal. (by 2, 18.5)

One key theme, which is embodied in 18.5 is that distal extensions are com-
pletely determined by their groups. We emphasize this by combining 18.5 with
results from sections 4 and 7 to characterize distal extensions.

Theorem 18.9 Let R C S be icers on M. Then the following are equivalent:

(a) R C S is a distal extension,

(b) wr(SN Py) = Apyr,

(¢) $=Rogr(G(9)),

(d) 7r(S) = r(gr(G(S))),

(e) (mr(S), T) is a pointwise almost periodic icer.
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PROOF: (a) <= (b)

R C Sisdistal <= RN Py = SN Py = 7r(SN Po) = A.

(a) = (¢)
1. Assume that R C Sisdistal sothat RN Py = SN Py.
2. S7=21(S N Py) o gr(G(S)) T(R N Py) o gr(G(S))

= (RN P) o gr(G(R)) o gr(G(8)) = Rogr(G(S)).

()=
This is immediate.

(d)=(e)

1. Assume that mg(S) = wr(gr(G(S))).

2. tr(S)isaniceron X = M/R with X/mg(S) = M/S. (by 6.10)

3. (gr(G(S)), T) is pointwise almost periodic.

4. (rr(S), T) is pointwise almost periodic. (by 1,3)
() = (a)

This follows immediately from 4.15.

Proposition 18.10 Let:
(i) R, N, Sbeicerson M,
(ii)) S, N C R,
(iii) N be a distal extension of R, and
@iv) G(S) C G(N).
Then S C N.

PROOF: S = (SN Py)ogr(G(S)) (g)(R N Py) o gr(G(S))
(;)(N N Py) o gr(G(S)) (C)(N N Py) o gr(G(N)) = N.

Corollary 18.11 Let N C R, and S C R be distal extensions of R with
G(S) =G(N). Then S = N.

PROOF: This follows immediately from 18.10.

We now consider, for any icer R on M, the collection R = {S | S C R
is distal} of all distal extensions of R. When R = M x M so that M /R is the
one-point flow, the collection R is simply the collection of all minimal dis-
tal flows. In this case as we saw in 14.15, the collection contains a minimal
element Sy, the distal structure relation on M. The following proposition,
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which is an immediate consequence of 18.5, allows us to define an analog in the
general case.

Proposition 18.12 Let A/ be a collection of distal extensions of R. Then § =
(N is a distal extension of R.

PROOF: 1.SNPy= [V (NNP) = () (RNPy) =RN Py.
NeN 185 yeN
2. S is a distal extension of R. (by 1, 18.5)

Corollary 18.13 Let R, S be icers on M with R C S distal.
Then ( N a(R)) C S is distal.

aecaut (S)

PROOF: 1.Leta € aut(S).

2.a(R) C a(S) = S is distal. (by 18.7)
3. ( N a(R)) C § is distal. (by 1, 18.12)
acaut(S)

Definition 18.14 Let R be an icer on M, and R the collection of distal exten-
sions of R. Then we define R* = (|R. Note that by 18.12, R* is a distal
extension of R. When R = M x M, R* = S, the distal structure relation (see
14.14). For this reason we also refer to R* as the R-distal structure relation on
M and sometimes write Sy (R) for R*.

Clearly the icer R* = S;(R) is defined so that the collection {S C R |
R* C S} of extensions of R which contain R* is exactly the collection of
distal extensions of R.

Proposition 18.15 Let N, R be icers on M with N C R. Then N is a distal
extension of R if and only if R* C N.

PROOF: =
1. Assume that N is a distal extension of R.
2. N € R (the collection of distal extensions of R).

3.R* =R CN. (by 2)
—

1. Assume that R* C N.

2. R* C R is distal. (by 18.12)

3.R* C N,and N C R are both distal. (by 18.8)

Proposition 18.16 Let R C S be icers on M. Then:
(a) R* C S,
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(b) (¢(R))* = a(R*) for all « € G (in particular aut (R) C aut(R*)), and

(¢) R*™ = R*.
PROOF: (a)l.S* C Sisdistal. (by 18.12)
2.8 N R C SNR=Risdistal. (by 1, 18.3)
3.R*C S*NRC S* (by 18.15)
(b) 1. @(R*) C a(R) is distal. (by 18.7 and 18.12)
2. (@(R)* C a(R*). (by 1, 18.15)
3. (@ " (R)* c a L(R™). (by 2 applied to &™)
4. R* = (@ " (a(R)* C a~ ' ((a(R)). (by 3 applied to a(R))
5. a(R*) C (a(R))*. (by 4)
6. a(R*) = (a(R))*. (by 2,5)
(¢) 1. R** C R* is distal. (by 18.12)
2. R* C R is distal. (by 18.12)
3. R™ C R is distal. (by 1,2, and 18.8)
4. R* C R**. (by 3, 18.15)
5. R** = R*. (by 1,4)

The distal structure relation on M is of the form S; = Py o gr(D) where

D is the subgroup of G defined in 14.6. In fact by 14.11, the minimal distal
flows are all of the form Py o gr(A) where A is a closed subgroup of G which
contains D. We now define a subgroup Dr C G so that the R-distal structure
relation R* = Sz(R) = (RN Py) o gr(Dg); then we prove an analog of 14.11
for distal extensions of R.

Definition 18.17 Let R be an icer on M. We define Dp to be the closed sub-
group of G generated by {« € G | gr(a) C P(M)NR)}.

Note that the generators of Dg are contained in G(R) so that Dg C G(R).
The fact that y (P(M) N R) — P(M)N R forall y € aut(R) implies that
Dg is a normal subgroup of aut(R) (and hence of G(R)).

Lemma 18.18 Let R be an icer on M. Then:

(a) P(IM)NR C (RN Py) o gr(Dg), and

(b) if N is an icer on M with RN Py = N N Py, then Dg C G(N) C
aut(R N Py).

PROOF: (a)l.Let (x(u), B(v)) € P(M)NR.
2. (a(u), Ba N a(u))) = (a(u), Bw)) € (P(M) N R) uC P(M)NR.

(by 1, P(M) N R is invariant)
3. Ba"! € Dp. (by 2)
4. (x(u), x(v)) € PpNR. (by 1)
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5. (e(u), B(v)) € (PoN R) o gr(Dg). (by 3,4)
(b) 1. Assume that N is an icer on M with RN Py = N N Py.

2.Leta € G with gr(a) C P(M) N R.

3.gr@ CPM)NR=PM)NNCN. (by 2, 18.4)

4.a € G(N). (by 2)

5.Let B € G(N).

6. BBRNPy) = BINNPy) = BIN)NBPy) = NN Py = RN Py.
(by 1, 5)

7. G(N) C aut(R N Py). (by 5, 6)

Let R be an icer on M and suppose that N is an icer on M with N N Py =
R N Py. Then by 7.21, we must have

N = (RN Py) o gr(H)

for some closed subgroup H C G. Lemma18.18 shows that Dp C H C
aut(R N Py). Note also that gr(H) N Py C N N Py = RN Py. The following
proposition shows that these necessary conditions are also sufficient and hence
allows us to identify all of those icers N for which N N Py = RN Py.

Proposition 18.19 Let:

(i) Rbeanicerin M,

(iil) N = {N | N is an icer with RN Py = N N Py}, and
(iii) X = {H | H = H isasubgroupof G, Dg C H C aut(RN Py), Pp N

gr(H) C R}.
Then
o N—>H
N — G(N)

is bijective, its inverse being the map ¢ defined by ¥ (H) = (RN Py) o gr(H)
for all H € H. In particular R* = (RN Py) o gr(Dg).

PROOF: 1.LetH € H.
2. ¢ (H) is an equivalence relation on M since H C aut(R N Py). (by 7.24)
3.9 (H)T = ((PoNR) o gr(H))T C (PoNR)T o gr(H)

ii

Cc P(M)N Rogr(H) C (PoﬁR)ogr(DR)o(Po mgr(H)) o
18.18,7.21
gV(H)(%)W(H)O(PoﬂR) ogr(H) = W(H)Olﬁ(H)glﬂ(H)-

4.4 (H) is an icer. (by 2, 3)
5.9(H) e N. (by 1, 4)
6.9y (H)) =H.

7.Let N € N.
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8. Dr C G(N) C aut(R N Py). (by 7, 18.18)
9. PyNgr(GIN) CNNPy=RNPyCR. (by 7, (ii))
10. ¢(N) € H. (by 8,9)
1L ¥ (e(N) = Y(G(N) = (RN Py) o gr(GIN)) = (N N Py) o gr
(G(N)) = N. (by 10, 7.21)

Note that 18.19 is a generalization of 14.11; we see this by taking R = M x M.
In this case

N ={N|Nisanicerwith P C N} and H={H|DC H=H C G};

the bijections N — G(N) and H — Py o gr(H) give the one-one correspon-
dence (referred to in theorem 14.11) between the distal icers on M and the
closed subgroups of G which contain D.

It is worth restating the previous remark from the point of view of the spaces
X =M/R and Z = M/S. In this context the assighment

A — X/mr(gr(A))
gives a one-one correspondence:
{(AIGIRYCA=ACGO)) > {Y | X >Y > Z},

between the closed subgroups of G which sit between G (R) and G (), and the
distal extensions of Z which sit between X and Z.

We will have occasion to use the previous result in a slightly different form
which we articulate in the following corollary.

Corollary 18.20 Let:

(i) R C S bedistal,

(ii) N = {N | N is anicer with R C N C S}, and
(i) H = {H | H is a subgroup of G with G(R) C H = H C G(S)).
Then

o: N —>H
N — G(N)

is bijective, its inverse being the map ¥ defined by v (H) = (RN Py) o gr(H)
= Rogr(H).

In proposition 14.5 we showed that any regular distal flow M /R is a group.
We now show that if R C S is a distal extension which is regular in the
sense of 8.16, then M /S is a quotient of M /R by a subgroup of the group of
automorphisms of M/R. Moreover this subgroup is isomorphic to the group
G(S)/G(R). (Note that for a regular extension G(S) C aut(R) and hence
G(R) is normal in G(S).)
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Proposition 18.21 Let:

(i) X = M/R be a distal extension of Y = M/S,

(i) G(S) C aut(R) (so that R C S is a regular extension, see 8.16),
(iii) xg: aut(R) — Aut(X) be the canonical epimorphism (see 7.10), and
@iv) L =G(S)/G(R) = xr(G(S)) C Aut(X).
Then:
(a) nf(xl) = nf(xz) if and only if xp = xg(«)(x1) for some o € G(S).
(b) n§ induces an isomorphism (L\X, T) = (Y, T).

PROOF: (a) Y
1. Assume that née(xl) = n§(x2) for some x, x € X.

2. There exists u € J with xju = x;.

3. n_ée(xzu) Tng(xlu) ?nf(xl) Tnf(xz).

4. xou = x3. (by 3, (1))

5. There exist a1, a2 € G with wr(a;(u)) = x; and wr(a2(u)) = x3.
(by 2,4)

6. (a1 (u), ap(u)) € S. (by 1, 5)

7. 007" € G(S) C aut(R). (by 6, (ii))

8.x2 = 7 (2 (W) = 7x (2o (a1 ))) = xR (@ ay ") (g (@1 () =

Xr(@ay ().
—
1. Let xo = xr(a)(x1) with @ € G(S) and Tr(p) = x1.
2. x0 = wr(a(p)). (by 1, 7.10)
3. 78 (xp) ?ﬂs(a(P)) Tﬂs(lﬂ) Tﬂ§(xl)-
(b) This follows immediately from part (a).

In the previous proposition, L = G(S)/G(R) is a group since G(R) = ker xp
is normal in aut(R). In general G(S) is a closed subgroup of G (in the
7-topology), but L will be Hausdorff only if G(S)" € G(R) (by 11.10). In
addition it is important to note that the action of L on X is not continuous in
general. Looking in particular at the case where S = M x M we saw in 15.10
that G’ € G(R) if and only if M/R is an equicontinuous regular flow and
X = G/G(R) is a compact Hausdorff topological group (so L = X acts con-
tinuously on itself by left multiplication). We will prove in the next section that
for a regular distal extension R C S, the derived group G(S)" C G(R) if and
only if R C § is an almost periodic extension, and L is a compact Hausdorff
topological group whose action on X is continuous. In this case M/R — M /S
is a compact group extension with group L.
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Given an icer R on M, the icer S;(R) is the smallest icer on M such that
S4(R) C R is a distal extension. We now define for any minimal flow X/N,
and icer R on M with N C R, an icer S;(X; R) on X which is the smallest
icer on X such that X/S;(X; R) — M/R is a distal extension.

Definition 18.22 Let N, R be icers on M with N C R, and set X = M/N.
Then the R-distal structure relation, Sq(X; R) on X, is defined by

Sa(X: R)=(\(S | X/S — M/Ris distal}.

Clearly Sy (X; R) is the smallest icer S on X such that X /S is a distal extension
of M/R. In particular when N = A, S;(M; R) = R* is the R-distal structure
relation on M.

We now show that S;(X; R) = my (R¥).

Proposition 18.23 Let:

(i) R, N beicerson M,
(il) N C R, and
(iii) X = M/N.
Then:
(a) NoR* = R*o N = R*o gr(G(N)),
(b) R* o N is anicer on M,
(¢) mn(R*)is anicer on X, and
(d) 7y (R*) = S4(X; R).

PROOF: (a), (b),(c) 1. G(N) (g) G(R) C aut(R) 18C16aut(R*).

2.NN Py C RN Py = R*N Py. (by 18.5 since R* is a distal extension of R)
3.NoR* = R*o Nisaniceron M and 7y (R*) = mwn (N o R*) is an icer
on X. (by 1,2,7.28)
4. R* o N7=21R* o (NN Py o gr(G(N))1 7:24gr(G(N)) o R*o (NN Py)

7§1gr(G(N)) 0 gr(G(R*)) o (R* N Py) o (N N Po)
—er(G(N) 0 gr(G(R)) o (R*N Py) = R*ogr(G(N)).
: 721,7.24

(d1.R*C R*oN CR. (by (ii))
2. X/any(R*) = X/an(R*o N) = M/(R* o N) is a distal extension of M/R.
(by 1, 18.8, 18.9, and the previous parts)
3. Let S be an icer on X such that X/S is a distal extension of M/R.
4.X/S = M/my ' (S).
5.R* 7y (S) C R (by 3, 4, 18.15)
6. Tn(R*) C S. (by 5)
7. 78 (R*) = Sq(X; R). (by 2, 3,6)
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One immediate consequence of 18.23 is that the construction of the R-distal
structure relation is natural in the sense that a homomorphism X — Y of
minimal flows maps S;(X; R) onto Sz(Y; R).

Proposition 18.24 Let:
(i) N C S C Rbeicerson M, and
(i) X=M/N,andY = M/S.
Then:
(@) 78 (Sa(X; R)) = Sg(Y; R), and
(b) In the commutative diagram:
X — Y

| U ()
X/Sa(X:R) —> Y/Sa(Y;R)

where all the maps are the canonical ones, fibers are mapped onto fibers.

PROOF: (a) L. 7Y (S4(X; R)) = nl (wn (R¥)) = 7s(R*) = S4(Y; R).

(by 18.23)

(b) 1. N o R* and S o R* are both icers. (by 18.23)
2. X/Sa(X; R) = X/nN(R*) = M/(N o R*). (by 18.23)
3.Y/S4(Y; R) 2 Y /ng(R*) = M /(S o RY). (by 18.23)
4. SoR*=(NoR")oS. (by 1, (1))
5. Fibers are mapped to fibers in diagram (). (by 4, 6.12)

EXERCISES FOR CHAPTER 18

Exercise 18.1 Let:

(1) R C S be a distal extension,
(i) A C G(S) be a t-closed subgroup, and
(iii) AG(R) = G(R)A.

Then g (gr(A)) is an icer on M/R.

Exercise 18.2 Let:

(i) R C S be a RIC extension, and

(i) G(R)G(S) = G(S).

Then:

(a) mr(S) is topologically transitive (so R C S is a weak mixing extension),
and

(b) R C S is adistal extension if and only if R = §.
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Exercise 18.3 Let:

(i) N C Rbeicerson M,
(i) S C R be distal,
@iii)) G(S) € DrRG(N), and
(iii)) X = M/N.
Then:

(a) So N = R*o N (and hence S o N is an icer by 18.23), and
(b) 7N (S) = Sa(X; R).

Exercise 18.4 Let:

(i) R, S beanicers on M with R C S distal,
(i) H be a closed subgroup of G with G(R) C H C G(S),

(i) R = J (1 x a)(R), and
aeH

(iv) Ry = {(a(u), B()) |ap~" € H, (¢ (u), «(v)) € R}.
Then Ry = R = Rogr(H) C S.
Exercise 18.5 Let:

(i) R beaniceron M,
(ii) N C R be distal, and
(iii) y € aut(R) with G(N)y = yG(N).

Then y € aut(N).
Exercise 18.6 Let:

(i) R be anicer on M, and
(i) N C R be distal.

Then:

(a) if G(NV) is a normal subgroup of aut(R), then aut (R) C aut(N), and
(b) if G(N) be a normal subgroup of G(R), then G(R) C aut(N).

Exercise 18.7 Let A C G be a closed subgroup with A = A’. Then the fol-
lowing are equivalent:

(@) gr(A) = gr(A),

(b) M — M/gr(A) is distal,

(c) M — M/gr(A) is trivial,

(d) A={id},and

() PoNgr(A)=A.

Exercise 18.8 Let R be an icer on M with M — M /R distal. Then G(R)*>° =
{id}.
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Almost periodic extensions of minimal flows

The notion of an equicontinuous minimal flow generalizes in a natural way to
that of an almost periodic extension of minimal flows. Recall that proximal
and distal extensions are defined so that proximal and distal extensions of the
point flow are proximal and distal flows respectively. Similarly almost periodic
extensions are defined so that an almost periodic extension of the point flow is
an equicontinuous flow. We will use a generalization of the regionally proximal
relation to obtain analogs for almost periodic extensions of many of the results
on equicontinuous flows and distal extensions obtained earlier. This section
explores two main themes; the first involves a generalization of 15.10 where we
showed that a regular equicontinuous minimal flow is a compact topological
group containing a homomorphic image of 7" as a dense subset. The second
theme involves defining an analog of the equicontinuous structure relation f