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Editorial 

Ralf Erens und Carola Bernack-Schüler 

 
Looking at venues of the various MAVI conferences, the 19th international con-
ference on Mathematical Beliefs (MAVI) moved southwards into the heart of 
the Black Forest in southwestern Germany after it had been held in Talinn, Bo-
chum and Helsinki in the last three years respectively. The 19th MAVI confer-
ence was organized by the University of Education in Freiburg from September 
25th to September 28th, 2013. The current proceedings is/are published in the 
Freiburg Springer series of empirical research in mathematics education. We are 
grateful for the financial support of the University of Education Freiburg which 
enabled the publication of this conference issue 
The founding fathers of these conferences, Erkki Pekhonen (Helsinki) und Gün-
ter Törner (Duisburg), initiated the MAVI group as a bilateral Finnish-German 
cooperation in 1995 which soon grew into an international community of re-
searchers who met at yearly meetings e.g. in Pisa and Genova (Italy), Vienna 
and St. Wolfgang (Austria), Kristianstad and Gävle (Sweden) and Nikosia (Cy-
prus). The remarkable body of MAVI volumes of each meeting displays a varie-
ty of research papers on beliefs, attitudes and emotions in mathematics educa-
tion. 
A noteworthy characteristic of MAVI conferences is the lack of formal organi-
zation. Each participant enjoys an equal status and all accepted contributions are 
given the same time for presentation and discussion. According to the MAVI 
tradition, papers were submitted in advance and pass through a peer review 
procedure. For the 19th MAVI altogether 21 papers were presented and actively 
discussed by the participants.  
The first section of this volume consists of six papers looking into teachers’ 
beliefs. Their working contexts reach from pre-school (Sumpter, p.63) across 
out-of-field mathematics teaching (Bosse & Törner, p.10)  to secondary school. 
The papers focus on mathematics in general but also on specific contents as 
curriculum reform (Berg et al., p.75) or beliefs about geometry (Girnat, p.xy). 
But also the belief change over 25 years in the Finnish teacher population was 
subject of research (Oksanen & Pehkonen, p.35) as well as conceptions about 
mathematics in different countries (Salo i Nevado et al., p.51). 
The following four papers focus on belief research during teacher training and 
during the experiences as novice teachers (teacher trainees). The professional 
development of pre-service teachers is described either based on a longitudinal 
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case study of a novice teacher (Palmér, p.131), taking into account external 
influences outside university (Ebbelind, p.119) or based on belief changes 
through a teacher training course (Bernack-Schüler et al., p.91). Furthermore 
the novice teachers’ belief system concerning the teaching and learning of 
arithmetics was subject of research (Bräunling & Eichler, p.105).  
The next three contributions deal with mathematics beliefs in the domain of 
technology. One paper is looking into pre-service teachers’ beliefs concerning 
the teaching of mathematics with technology using metaphors (Portaankorva-
Koivisto, p.135) but also the beliefs about the implementation and use of tech-
nology for the specific domain of calculus is described (Erens & Eichler, 
p.143). Moreover, Sundberg (p.169) glance at teachers’ technological pedagogi-
cal content knowledge.  
Another two papers look into beliefs related to problem solving and posing 
(Kontorovich, p.181; Papadopoulos, p.193).  Beyond one theoretical framework 
from the history of mathematics is presented to investigate beliefs (Haapasalo & 
Zimmermann, p.207) and epistemological judgments about the certainty of 
mathematics knowledge were subject to research using a special approach in 
terms of interviews (Rott et al., p.235). Liljedahl & Andra (p.223) get a deep 
insight in students’ interactions.  
The different contributions address different topics and groups of students, 
teachers etc. The 19th MAVI conference added a variety or research perspectives 
to the international discussions of mathematics related beliefs and affect. With 
the feedback of the reviewers and the discussion in the conference the authors 
of this volume produced the existing contribution of a rich selection of research 
methods and may further enhance the discussion of MAVI topics in the future. 
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2  Marc Bosse, Günter Törner 

Abstract 

This theoretical essay deals with teacher identity as an approach for studying 
out-of-field teaching mathematics teachers, i.e. teachers without formal educa-
tion for teaching mathematics. It thinks about teacher identity as a unifying 
concept that is able to connect cognitive and affective-motivational perspec-
tives. The connecting framework helps us to explain how out-of-field teaching 
in mathematics works: teachers’ shortcomings in cognitive domains are indirect-
ly compensated due to the prioritization-function of affective-motivational 
realms. Furthermore, other advantages of the identity approach are stated by 
referring to characteristics of identity concepts that can be found in literature. 
Finally, our conclusion leads to recommendations for designing in-service train-
ing programs for these teachers. 

1 Introduction and Motivation  

Some teachers have neither been formally educated as mathematics teachers at 
university nor in pre-service courses but actually teach mathematics in school. 
Following the terminology of Ingersoll (2001), we want to call this group of 
teachers out-of-field teaching mathematics teachers. In Germany – for example 
– we can observe this out-of-field teaching phenomenon both in primary 
schools and in secondary schools.  
Only recently, the German Institut zur Qualitätsentwicklung im Bildungswesen 
(IQB) found out that in some federal states the percentage of out-of-field teach-
ing mathematics teachers is about 50 % in grade 4 (Richter, D., Kuhl, P., 
Reimers, H., & Pant, H. A., 2012) and about 37 % in grade 9 (Richter, D., Kuhl, 
P., Haag, N., & Pant, H. A., 2013). Further, the authors of the quoted studies 
claim to show that there are significant differences in mathematics-related stu-
dent achievement between students who were taught out-of-field and those who 
were not. Especially low-performing students achieved even worse, when edu-
cated by out-of-field teaching teachers.  
Not only in Germany (Bosse & Törner, 2012; Törner & Törner, 2012) but also 
in other countries out-of-field teaching poses a challenge for teachers, teacher 
educators and politics (Crisan & Rodd, 2011; Dee & Cohodes, 2008; Hobbs, 
2012; Ingersoll, 2001; Ingersoll & Curran, 2004; McConney & Price, 2009a; 
McConney & Price, 2009b; Rodd, 2012; Vale, 2010).  
Having in mind that out-of-field teaching has negative influence on student 
achievement, it seems reasonable to cope with the phenomenon. Professional 
development programs – like those provided by the German National Centre for 
Mathematics Teacher Education (DZLM) – deal with this topic and offer in-
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service teacher education in order to support teachers in teaching mathematics. 
The crucial questions in this context are: What support do out-of-field teachers 
need? How can professional development programs help these teachers? And 
what has to be considered when designing in-service training courses? In order 
to answer these questions we have to understand the practical experiences made 
by those teachers. We have to get insight into their needs, into their self-
conception, into their cognitive and affective problems and challenges, and – of 
course – into their relation to mathematics and to mathematics education. 
Therefore, we need a theoretical framework in which we can analyze not only 
the phenomenon per se but the individuals who teach out-of-field. In the follow-
ing paragraphs we will show that the theory of teacher identity is a useful ap-
proach to answer the crucial questions. We will proceed as follows: 
First, we will explain the rather general term identity by referring to current 
research literature and by highlighting its benefits for our research purposes. 
Second, we will connect the concept of identity to an established theoretical 
approach in mathematics teacher education: we will show how the identity 
concept can profitably enhance models for describing and analyzing teachers’ 
professional competencies. The aim of this step is to develop a theoretical 
framework we want to call subject-related teacher identity. This framework 
helps both analyzing out-of-field teaching mathematics teachers and under-
standing how to and where to start when support shall be offered. 
Third, we will critical reflect on the framework of subject-related teacher iden-
tity. Therefore, we will consider practical and methodological challenges that 
occur when researching out-of-field teaching mathematics teachers.  
Fourth, we will make some concluding remarks about further steps in a possible 
research project. It has to be pondered whether, and if so, how the framework 
actually helps with designing professional development activities. 

2 Teacher Identity as a Research Approach 

2.1 A Rough Survey of Existing Research 

Researching Identity is a broad field that is dealt with in many different educa-
tional and non-educational disciplines. In the last decades, the concept of identi-
ty has often changed depending on the theoretical perspective and depending on 
problems researchers want to work on. Grootenboer, Lowrie and Smith (2006) 
suggest that one can have three different views on the concept of identity: a 
psychological-developmental perspective, a social-cultural perspective and a 
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poststructural perspective. Recently, researches in (mathematics) education have 
preferred social-cultural approaches (e.g. Boaler, 2002) like the theory of Com-
munities of Practice by Wenger (2007). Apart from that, one can find studies in 
which teacher identity is seen in a poststructural framework (e.g. Walshaw, 
2004). Other authors differ from the named trisection of perspectives. In this 
case, identity is seen as a narrative or at least in narrative contexts (Alsup, 2006; 
Sfard & Prusak, 2005).  
On the one hand, each of these four perspectives implicates another research 
approach and another understanding of the identity concept. On the other hand, 
multiple perspectives (or facets of several single perspectives) are chosen and 
arranged for a specific research purpose. According to Grootenboer et al. 
(2006), the way the term identity is used in research contexts depends on the 
persuasions of the researcher.  
Thus, it is difficult to provide an exact definition of the term identity. Some 
authors (e.g. Kelchtermans, 2009) prefer a quite narrow definition of identity by 
fixing static identity components, by framing their scope and by determining the 
meaning of the identity concept with a new term. Kelchtermans (2009) for ex-
ample speaks about self-understanding instead of identity, because he wants to 
emphasize the teachers’ conceptions of themselves as teachers. 
Having in mind that out-of-field teaching of mathematics is an almost unex-
plored research field, we prefer a broader definition of identity. Therefore, we 
want to refer to Grootenboer et al. (2006) and Grootenboer and Zevenbergen 
(2008). They provide a “unifying” and “connecting” concept that can bring 
together multiple and interrelated elements which are relevant for out-of-field 
teaching mathematics teachers’ professional activities, too. More precisely, the 
authors suggest using the term identity by framing beliefs, attitudes, emotions, 
cognitive capacity and life history. In this way, the identity concept lets us ex-
plore many different facets of out-of-field teaching mathematics teachers’ ac-
tivities, challenges and needs. Further, we cannot only have a look at cognitive 
but also on affective questions. With the help of this identity concept, the differ-
ent identity facets are not detached anymore. They are brought together and 
allow us to gain a holistic view of our research objects. 

2.2 Complex-Systemic Aspects of Teacher Identity 

As a consequence of the broad definition, teacher identity becomes more com-
plex. In fact, complexity appears in four ways: 
First, the unifying concept of identity allows us to draw links to other relevant 
domains. Beauchamp and Thomas (2009) give an overview of such links and 
show that teacher identity is at least connected to activities of self-reflection, to 
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the role of emotions, to agency, to stories and discourses, and to context. These 
domains are partly connected to each other. Thus, we can speak about identity 
as a systemic concept. 
Second, we have to respect the situational character of identity (Beauchamp & 
Thomas, 2009; Grootenboer & Zevenbergen, 2007; Wenger, 2007). According 
to that, identity is something highly dynamic. It cannot be treated like a static 
entity you can have a look at without considering physical, social, institutional 
and affective contexts. If identity is context-dependent, we have to assume that 
there is something like a mathematical identity and a specific identity of out-of-
field teaching mathematics teachers. Having said this, we should have in mind 
that teaching out-of-field is another context than teaching in-field and that 
crossing from one context to the other might have implications on many differ-
ent levels (Hobbs, 2012). 
Third, the dependence on context implies that identity comprises the existence 
of something like sub-identities. The identity of a german out-of-field teaching 
primary mathematics teacher belongs somehow or other to the identity of the 
german primary teacher that in turn belongs to the identity of the german 
teacher and so on. Such vertical identity hierarchies as well as horizontal identi-
ty overlapping – for example the identities of a mathematics teacher who also 
teaches geography – have to be considered. 
Fourth, every teacher has two sub-identities that come along with special impli-
cations and interdependences: the professional and the personal identity (Alsup, 
2006). In the context of our research purposes, this fact plays an important role 
in two ways: On the one hand, the out-of-field teaching teachers are profession-
als in teaching one (or more) subject(s) apart from mathematics. One can as-
sume that the knowledge and the skills that are related to that (or these) sub-
ject(s) influence the personal identity. On the other hand, we can assume that a 
strong and developed professional identity in teaching mathematics is missing. 
However, these teachers encountered mathematics and teaching mathematics in 
their personal, non-professional life when they were students themselves. Thus, 
the personal identity might play a significant role when talking about the profes-
sional one. 

2.3 Historic-Process-Oriented Aspects of Teacher Identity 

In the identity concept, there is not only a dynamic momentum due to contextu-
ality but also due to variability. Beauchamp and Thomas (2009) assemble dif-
ferent terms that are used in literature and that explain the process of identity 
shifting and reshaping (e.g. development, construction, formation, making, 
creation, building, architecture and so forth). Every term describes that identity 
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is something that has to be built. The authors underline that identity develop-
ment is not a process that eventually ends. Moreover, they say that identities are 
developed and re-developed constantly – which is obvious as the individual 
enters new contexts and makes new experiences constantly.  
Also Sachs (2001) and Kelchtermans (2009) emphasize the importance of the 
dynamic nature of identity. In Kelchtermans’ opinion, identity itself is an “ongo-
ing process of making sense of one’s experiences and their impact on the ‘self’” 
(ibid., p. 261). Regarding the broad definition, talking about an individual’s 
identity also means talking about life history (Grootenboer et al., 2006) and 
about the individual’s biographic experiences (e.g. Alsup, 2006).  
When using identity as an approach, the individual’s past, present and future is 
considered. Bernstein (2000) distinguishes between the retroperspective and the 
properspective identity, having in mind that identity has developed from experi-
ences in the past and will be developed from expectations and goals in the fu-
ture. Also Sfard and Prusak (2005) consider the time-related variability of iden-
tity. They differentiate between the actual and the designated identity by ex-
plaining that there is a difference between actual experiences and those that are 
expected in the future. 

2.4 Narrative Aspects of Teacher Identity 

Stories and discourses are not only a way to express identity (Beauchamp & 
Thomas, 2009). Moreover, they are seen as a means of identity-making (ibid.; 
Alsup, 2006) or even as the identity itself (Sfard & Prusak, 2005). For the anal-
ysis of out-of-field teaching mathematics teachers it is mainly important, that 
narrative activities and communicational practice can support these teachers in 
developing a stronger mathematical identity (e.g. when consulting colleagues or 
attending an in-service course). In relation to this, Alsup (2006) ascribes narra-
tives the power of transformation in thinking. Narratives become also relevant 
for methodological considerations, as they are able to open windows through 
which one can have a look at a facet of an individual’s identity. 

3 From Teacher Identity to Subject-Related Teacher 
Identity 

3.1 Professional Competence of Mathematics Teachers 

One option to analyze and to describe mathematics teachers’ knowledge, skills 
and affective-motivational dispositions is the use of competence models. Espe-
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cially empirical research deals with measuring teachers’ competencies in order 
to model these with competence profiles (Blömeke, Kaiser, & Lehmann, 2010; 
Blömeke, Suhl, & Döhrmann, 2012). For example, the model that is used in the 
TEDS-M study (ibid.) contains both cognitive (PCK, CK, PK) and affective-
motivational (beliefs, motivations, self-regulation) domains. Of course, we 
could list other competence models for modeling mathematics teachers’ compe-
tencies. 

3.2 Connecting Cognitive and Affective-Motivational Components 

Having a look at each of these models, the question is left open how these two 
domains are connected to each other. The authors of such models try to describe 
teachers’ cognitive and affective competencies as precisely as possible by divid-
ing them into sub-competencies that are sometimes divided into sub-sub-
competencies again. Once a research field is defined and a corresponding (sub-)-
competence is located in the model, other competencies are faded out (above 
all affective-motivational competencies when someone has chosen a cognitive 
(sub)competence). At the best, a study is extensive enough to research many 
different competencies and sub-competencies. That has to be the necessary 
condition if someone wants to get a holistic picture of a teacher, his or her skills, 
needs, and shortcomings. 
The unifying concept of identity as described above gives us the chance to build 
a theoretical framework in which cognitive and affective-motivational compo-
nents are already connected to each other. The framework does not claim to be 
able to define fixed competence fields but can, however, provide a holistic pic-
ture. Moreover, the theory makes it possible to explore the same research ob-
jects based on both cognitive and affective perspectives. 
When researching out-of-field teaching mathematics teachers, it stands to rea-
son that the cognitive focus is on mathematics and teaching mathematics. Using 
the terminology of the established competence models, the theory of identity is 
able to relate affective-motivational competencies to any item dedicated to PCK 
and CK. Having this in mind, we do not have to care about asking ourselves if 
we want to analyze a sub-competence of PCK, if we want to explore a CK relat-
ed question exclusively or if we are just interested in a perspective shedding 
light on a teacher’s beliefs.  
Let us have a look at an example. If we want to analyze how out-of-field teach-
ing mathematics teachers cope with the Theorem of Pythagoras, how they im-
plement the theorem in teaching contexts and how a professional development 
program can support these teachers in doing that, we can examine this against 
the background of identity very well.  
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One can observe how they encountered the theorem in professional and/or per-
sonal domains and ask whether, and if so, how this plays a role in present teach-
ing (life history aspect of identity). Further, one can ask whether, and if so, how 
they have actually learned to give a fruitful introduction to this topic in lessons. 
Supporting colleagues might play an important role when answering this ques-
tion (contextuality and variability of identity). Apart from that, one can research 
which proof of the theorem the teacher uses in teaching and why he or she fa-
vors it (connections to facets of self-regulation and self-understanding). It is 
also an interesting opportunity to ask about likes and dislikes around the theo-
rem and its possible proofs (emotional aspects) and about personal and profes-
sional experiences, expectations and views towards it (aspects of beliefs, atti-
tudes and biography). Of course, one could find many other practical approach-
es.  
Every identity-related item of this example is somehow or other linked to the 
subject (CK and/or PCK). Therefore, we want to call the theory subject-related 
teacher identity. 

3.3 Affective-Motivational Components as Shortcomings-Compensating 
Factors 

When dealing with out-of-field teaching mathematics teachers, we have to as-
sume that they have shortcomings in PCK and CK, as they were not educated in 
these domains (Bosse & Törner, 2012). Schoenfeld (2011) suggests that the 
elements of the affective-motivational domain (“orientations”) have a function 
of prioritizing cognitive and other resources. If cognitive resources are missing, 
then other resources are consulted (e.g. colleagues, textbooks, own experiences 
in life history). What other resources are used for teaching and how the process 
of choosing resources looks like, is – according to Schoenfeld – initiated by the 
affective-motivational domain (cf. ibid, p. 30). From this, one can conclude that 
out-of-field teaching teachers’ shortcomings in the cognitive domain are indi-
rectly compensated by affective-motivational components.  
In this respect, the theory of subject-related teacher identity – as combining 
both components – helps to clarify basics and mechanisms of compensating. 
Therefore, it helps to understand how teachers teach out-of-field and how 
teachers can be supported. 
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4 Critical Reflection 

4.1 Challenges and Advantages of the Identity Approach 

Argument of ethics and appreciation: In our opinion an analysis that investi-
gates shortcomings of out-of-field teaching mathematics teachers exclusively is 
not an option. Some of these teachers are highly motivated and enthusiastic to 
teach mathematics out-of-field. Thus, their work has to be appreciated instead of 
highlighting the deficits. A study that concentrates on shortcomings would ig-
nore that these teachers already compensate drawbacks by their own methods 
and strategies. The identity framework makes these approaches visible and 
considers both shortcomings and the individual ways to cope with them. 
Argument of dissolving uncertainty: It seems to us that analyzing competence 
profiles carries a certain risk. Similar to Heisenberg’s uncertainty principle, 
investigating a competence object to close – for example in the context of a sub-
sub-competence field – leads to loosing information about the object itself. The 
identity approach is a more holistic way that allows us to research many differ-
ent facets of out-of-field teaching mathematics teachers without the need to be 
perfectly precise on subatomic-like levels. Nevertheless, one gets a broad pic-
ture of teaching and possible starting points for supporting these teachers. 
Argument of cognitive-empowerment: The cognitive and the affective domain 
are related to each other. The identity approach respects this due to its unifying 
character. Separating cognitive and affective components, as it is often done in 
competence-oriented approaches, limits the opportunities to understand interde-
pendencies that are especially relevant for out-of-field teaching teachers. That 
has to be underlined since affective components are able to empower cognitive 
ones (see a multitude of findings in the wake of emotion, motivation and belief 
research). 
Argument of model learning: Not only teachers but also students own a mathe-
matical identity (Boaler, 2002). In order to avoid that students acquire negative 
attitudes towards mathematics, teachers should develop a fruitful mathematical 
identity themselves. Bandura (1977) showed that students learn from role mod-
els. If an out-of-field teaching mathematics teacher is not able to develop an 
appropriate identity, his or her students will not do either (see Boaler, 2002; 
Grootenboer & Zevenbergen, 2008). 
Argument of practice: The starting points for the study as well as the practical 
implementation of the findings are related to questions of teaching in practice. 
The theoretical framework considers this: Since identity and practical experi-
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ences can be made accessible due to narratives, the approach provides ways for 
involving practical relevance. 

4.2 Methodological Considerations towards Further Research Activities 

While out-of-field teaching mathematics teachers often refuse to participate in 
our studies due to affective reasons (fear, shame, embarrassment), it is difficult 
to undertake a broad quantitative study. Further, it is often unknown who actual-
ly teaches out-of-field, as there are almost no statistics about the phenomenon. 
The identity concept provides a theoretical framework that can also be used for 
doing reasonable qualitative research on a small group of teachers.  
Despite of the group size, the identity approach lets us achieve findings that 
provide a holistic picture. A qualitative analysis of different and manifold facets 
is possible – and not only an investigation of a specific competence-field. The 
identity approach helps us to research beliefs, contexts of self-image and sense 
of self, motivations and emotions. Every facet can be projected into mathemat-
ics-related realms, since the identity approach is a unifying concept. 
Besides, the identity concept provides narrative approaches that are especially 
appropriate for qualitative interviews and narrative data collection. To this ef-
fect, a useful research method is – for example – asking out-of-field teaching 
mathematics teachers to write short essays about the topic “mathematics and 
me”. 

5 Conclusions and Recommendations for Professional 
Development Programs 

Sachs (2005) claims, that teachers’ “professional identity […] stands at the core 
of the teaching profession. It provides a framework for teachers to construct 
their own ideas of ‘how to be’, ‘how to act’ and ‘how to understand’ their work” 
(p. 15). If we project this into mathematics and mathematics education as ex-
plained above, we are able to comprehend how to support out-of-field teaching 
mathematics teachers. Subject-related teacher identity as a theoretical frame-
work provides starting-points for both research and intervention due to profes-
sional development. Further, it allows us to focus not only on shortcomings in 
cognitive knowledge but to consider affective-motivational dispositions. As 
affective-motivational components are responsible for prioritizing knowledge 
and other resources (cf. Schoenfeld, 2011), we can explain how out-of-field 
teaching works in spite of shortcomings in CK and PCK.  
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A professional development program for out-of-field teaching teachers should 
not only spend time on fostering subject-related cognitive competencies. Of 
course, this is necessary and important; but in addition to that, in-service train-
ing courses should have an eye on the teachers’ subject-related identity. We are 
convinced that being able to explain out-of-field teaching in such a holistic way 
leads to a better understanding for designing effective and successful profes-
sional development. 
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Abstract 

This article presents some results of a qualitative study on secondary teachers’ 
beliefs, reconstructed as so-called individual curricula, a concept to represent a 
teacher’s argumentative connections between his choice of content, methods, 
and goals of education. Within these individual curricula, two archetypes are 
figured out that are supposed to be oppositional in three dimensions: in the use 
of Geometrical Working Spaces in classroom teaching, in the general mathemat-
ical worldview, and in the choice of goals of education a teacher intends  to 
achieve by teaching elementary geometry. The first archetype is characterised 
by deductive standards, a static view on mathematics, and expert-oriented goals 
of education; the second one is more empirical, dynamic, and guided by prag-
matic goals of education. 
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1 Interest of Research and Background of the Study 

This article presents some results of a qualitative interview study concerning 
secondary school teachers’ individual curricula on teaching elementary geome-
try. The core framework is based on the concept of individual curricula (Eich-
ler, 2007) which are used to describe the part of a teacher’s beliefs system (cf. 
Philipp, 2007) that contains argumentative connections between content, meth-
ods, and goals of education and has a similar function as a written curriculum 
(cf. Stein, Remillard & Smith, 2007), especially the task to justify the choice of 
contents and teaching methods against to the background of a teacher’s individ-
ual goals of education. 
After reconstructing nine individual curricula out of in-depth interviews, the 
study was faced to the problem to compare and to categorise the findings. Since 
an individual curriculum – even restricted to teaching elementary geometry – is 
a “holistic” conception, it is not sufficient to use just one framework for a cate-
gorisation, e. g. just a purely geometrical one; rather it is advisable to use dis-
criminations on three typical levels of a curriculum: the level of goals of educa-
tions, the geometrical level, and the geometrical aspect seen in a broader context 
of general beliefs of the “nature” of mathematics. To do so, three background 
theories were combined, namely the theory of Geometrical Working Spaces 
(Kuzniak, 2006), a classification of goals of education (Graumann, 1993) and a 
framework to analyse general understandings of mathematics, called the theory 
of mathematical worldviews (Grigutsch, Raatz, & Törner, 1998). Insofar, the 
central research question of this study is as follows: How can individual cur-
ricula on teaching elementary geometry be classified based on these three levels 
and are there any systematic connections between them? It will be argued that 
the answer is positive and that it is possible to identify two archetypes of sys-
tematic connections between these levels and that each of the nine teachers can 
be attached to one of the two archetypes. 

2 Theoretical Background 

Before we can start to describe the study and its method, it is necessary to make 
some remarks on the three theoretical backgrounds used for the classification. 

2.1 Geometrical Working Spaces 

The framework of Geometrical Working Spaces (GWS) is based on the idea that 
three geometrical paradigms are relevant to the history and philosophy of ele-
mentary geometry which are fundamentally different in ontological, epistemo-
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logical, and practical assertions (Houdement & Kuzniak, 2001). The classifica-
tion consists of three entries which are named and explained as follows: 
1) Geometry I or G1 (Natural Geometry): Geometry is regarded as an empirical 
discipline which refers to physical objects. To “proof” or to refute conjectures, 
both argumentations and experiments are allowed. The basic foundations of 
arguments are not axioms, but propositions derived from empirical observa-
tions. The standards of arguments are typically not as “sophisticated” as in 
mathematical proofs, but close to ordinary language argumentations used in 
everyday life. 
2) Geometry II or G2 (Natural Axiomatic Geometry): Geometry is seen as an 
axiomatic theory. The axioms are supposed to refer to the real world and, there-
fore, to describe physical figures and objects (with some idealisations); but to 
proof or to reject propositions, no empirical arguments are allowed. Only de-
ductive conclusions based on the axioms are permitted. 
3) Geometry III or G3 (Formalist Axiomatic Geometry): Geometry is seen as a 
formal axiomatic theory, and no connection to the real world is intended. 
G3 is more or less restricted to university level, whereas G1 and G2 are the 
paradigms that play a role at secondary school. Against to the background of 
geometrical paradigms, a pupil’s Geometrical Working Space can be described 
as his individual (conscious or unconscious) selection of aspects of one or more 
geometrical paradigms he uses when being confronted to geometrical tasks, 
concepts, figures, and problems (Kuzniak, 2006). This approach was extended 
to analyse teachers’ standards of teaching geometry (Girnat, 2009). In this case, 
the teacher’s GWS is not necessarily his own working space, but the working 
space he demands from his pupils to use. Insofar, the teacher’s GWS expresses 
what type of geometrical paradigms he wants to see as predominant in his les-
sons on geometry. 
According to Houdement & Kuzniak (2001), the main problem on teaching 
geometry consists in the fact that a written curriculum normally intended the use 
of G2, whereas pupils often adhere on G1. Girnat (2009) pointed out that the 
teachers’ response to this problem is quite diverse: Some of teachers try to im-
plement G2 standards as their intended GWS, but some prefer to teach geome-
try on a G1 level, partly intentionally to avoid pupils being demanded more than 
“appropriate”, partly unintentionally since G1 is their own understanding of 
geometry. 

2.2 Mathematical Worldviews 

A mathematical worldview can be explained as a beliefs system (cf. Philipp, 
2007) which a person, especially a teacher, holds for true and “essential” in all 
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parts of mathematics. We follow an approach of Grigutsch, Raatz, & Törner 
(1998) who suggest a classification of mathematical worldviews by four as-
pects: 
1) Formalistic aspect: Mathematics is seen as a formalistic language whose 
concepts are introduced by definitions and whose theorems are derived by de-
duction from basic axioms. 
2) Schematic aspect: Mathematics is seen as a pool of rules and algorithms 
which enables a person to solve mathematical problem by following these rules 
and algorithms (like recipes, i. e. not necessarily by understanding their back-
grounds). 
3) Dynamic aspect: Mathematics is seen as a field of creativity in which every-
one can try to invent his own concepts and rules to solve mathematical prob-
lems or problems including a mathematical part. The opposite is called the static 
aspect, which means: Mathematics is seen as a bound of theories whose con-
cepts, axioms, and theorems are fixed and unchangeable; and doing mathemat-
ics means reproducing these theories and to applying them correctly. 
4) Applied-oriented aspect: Mathematics is seen as practically useful and as a 
powerful tool to handle challenges occurring in everyone’s professional and 
everyday life. 
Grigutsch, Raatz, & Törner (1998) undertook a representative study among 
secondary school teachers (N=400) to reveal correlations between the four as-
pect of their mathematical worldviews. Their results are presented in Figure 1. 
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Figure 1  Correlations between the aspects of mathematical worldviews 
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The correlations are low at all hands, but nevertheless, Grigutsch, Raatz, and 
Törner conclude that there are two clusters, namely a cluster which consist of 
the schematic and the formalistic aspect and an opposed cluster which is formed 
by the dynamic and the applied-oriented one. This hypothesis is taken into ac-
count in our study. More precisely, there are two questions of interest: 1) Can 
similar affinities between the four mathematical worldviews observed in the 
study; 2) and are there connections between a teacher’s mathematical 
worldview and his choice of the GWS he demands his pupils to use. 

2.3 Goals of Education 

There are many approaches to classify goals of mathematics education. To ana-
lyse our teachers’ statements, we choose a model that depends on two steps of 
discrimination: At first, we distinguish if a teacher wants to make his pupils 
achieve competencies which are mainly specifically mathematical or if he is 
interested in using mathematical education to acquaint his pupils with goals of 
education that are more general than mathematical ones. Let us call the first 
point of view expert education, the latter one general education. In case of 
expert education, the specific goals are given by the teacher’s understanding of 
mathematics and are related to his mathematical worldview or (nor specially) to 
his geometrical paradigm. In case of general education, we use a framework of 
Graumann (1993) to distinguish between five dimensions of general education: 
1) Pragmatic dimension: Mathematics education should be perceived as useful 
to solve practical and technical problems. 
2) Enlightenment dimension: Mathematics education should foster an under-
standing of the world including its historical, cultural, and philosophical back-
grounds. 
3) Social dimension: Mathematics education should strengthen the pupils’ com-
petencies to cooperate, to communicate, and to accept responsibility. 
4) Individual dimension: Mathematics education should enhance each pupil’s 
own abilities and interests. 
5) Reflective dimension: Mathematics education should sensitise the pupils to 
the limits, boundaries, and fallacies of mathematical methods. 
The choice of this framework is founded in need of a conception which is de-
cidedly not restricted to mathematical education (as e. g. the widespread frame-
works of mathematical competencies would be), but which is in principle appli-
cable to every school subject. 
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3 Settings of the Study and Methodological Background 

The study was carried out at higher-level secondary schools by interviewing 
nine teachers about their individual curricula (cf. Eichler, 2007) of teaching 
geometry. All these teachers studied mathematics at university on a level com-
parable to a master of science without or with just a minor contingent of peda-
gogy or didactics of mathematics. They gained their certificate necessary to be 
employed as secondary school teachers in a practically oriented second step of 
training after their studies at university. They were chosen randomly from nine 
different schools. 
The method to reconstruct individual curricula from interview transcripts is 
based on a qualitative approach, called dialogue-hermeneutics technique, which 
was invented to expose argumentative relations within belief systems (Groeben 
& Scheele, 2000). In our case, the argumentative relations in question are mean-
ends relations between contents, teaching methods, and goals of education. The 
methods is based on a way to represent such connections graphically: If a teach-
ers utters a sentence like “I do a lot of problem solving to enhance my pupils’ 
intellectual skills”, the aim “enhancing intellectual skill” is placed in a tree dia-
gram on a higher level and the mean “by doing a lot of problem solving” is 
subordinated to this aim on a lower level. After the interviewer has compiled 
such a diagram in the hermeneutic stage of the method, his end-product is given 
to the teacher to check if he can approve the interviewer’s proposal or if he 
insists on revising the diagram to display his arguments correctly. This is the 
dialogical part of the method. In fig. 2 and 3, diagrams derived by this technique 
are shown which are condensed to a very abstract structure. 
The interviews are prepared along the principle to give as little input as possi-
ble. Therefore, the questions normally are very open like “Could you describe 
your lessons on geometry?” and typically followed by questions which are sup-
posed to reveal the teacher’s aims like “Why do you prefer this content, this 
teaching method and so on?” or “Why do you do this and not for example this 
alternative?” 

4 Empirical Findings 

Seven of the teachers who took part of our study can be classified as proponents 
of G2, two of them as exponents of G1. The latter ones are called Ernest and 
Henry. To quote a typical passage which can be used to classify a teacher’s 
GWS, we choose some statements of proponents of G2 first and some of Ern-
est’s and Henry’s later: 
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Ian:  Geometry definitely is a well-ordered system, if you follow Euclid’s “Ele-
ments”. It is a prototypic example of an axiomatic theory. Unfolding this theory at 
school is impossible, but on a local level, it is a very important to make pupils ar-
gue precisely, to deduce from premises, to make them search for proofs or to re-
trace proofs at least. […] As a mathematician, I have to observe that pupils are not 
simply convinced by empirical observations. 
Gertrude:  It’s the central point of mathematics to argue logically and to show 
the pupils how logical chains of proofs are made. 
Fredric:  It is important to me that my students switch to an abstract level, practise 
pure geometry. In order to do so, applications, concrete figures, measuring and so 
on are rather obstacles than aids. These are no valid methods. 
Dorothy:  The beauty of mathematics is the fact that everything is logical and 
dignified. […] Everywhere else, there are approximations, but not in mathematics. 
There is everything in this status it has ideally to be in. [It is important for the pu-
pils] to recognise that there are ideal things and objects in mathematics and that, in 
reality, they are similar, but not equal. 
Ernest:  A theory has got its place at university. […] Theoretical deliberations on-
ly make sense at school – like in my lessons –, if they are useful to solve practical 
problems. I mean authentic problems that come from the pupils’ everyday life. Oth-
erwise, a theory is deathlike. […] A proof is something conflicting. Normally, you 
prove theorems at school just because someone said that’s the task mathematician 
have to do; and that’s brainless, I think. For me, argumentation is more a social 
phenomenon to convince each other, to discuss a problem together, to help each 
other. That’s the social aspect. […] It would be nice if we had a problem and eve-
ryone would propose different concepts, definitions, and we would try how far we 
can. 
Henry:  Proofs are of minor interest. The task is to make theorems plausible, e. g. 
by cutting out figures and laying them onto each other, and you can observe if they 
match each other; and we take this as a proof. […] DGS [dynamic geometry soft-
ware] is a very useful tool. You can prove a lot by it. For example, in case of Tha-
les, you can put a third point on this semi-circle and you can pull it hither and 
thither; and you will notice that the angle equals 90 degrees all the time. And so, 
you have proven that there are always 90 degrees, and you did it convincingly. 
[…]At the end of the day, it’s not necessary to be exact; it is necessary that pupils 
can solve their tasks. That doesn’t have to be exact. It depends on the context. And 
later, it will be important to the pupils to solve problems. It won’t be important to 
solve them elegantly or in the manner they have learnt at school; it will be just im-
portant that they are willing to face the problem and that they will come to a suita-
ble solution, an estimation, an approximation anyhow. 

Like in these quote, the crucial distinction between G1 and G2 is found in the 
role of justification and in the perception of geometrical objects of being empir-
ical or non-empirical, “idealistic” ones. The first passages stress the importance 
of deductive proofs, whereas Henry and Ernest are willing to accept empirical 
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observations as arguments. Beside that fundamental difference, you can observe 
some remarks on the topics we want to combine with the teachers’ geometrical 
paradigms: 1) Ian stresses his role “as a mathematician”, and Dorothy pointed 
out some ontological and epistemological aspects she regards as typical for 
mathematics. She concludes that they are “therefore” also important to her pu-
pils. Henry, on contrary, does not accept the argument that an aspect of mathe-
matics has to be part of mathematics education just because it is typical for 
mathematics as a (scientific) discipline. Besides these quotes, which can only 
illustrate the findings, the proponents of G2 tend to emphasise an expert educa-
tion in mathematics and consider it as their task to familiarise their pupils to a 
scientifically oriented perception of mathematics. 2) The proponents of G1 
stress the pragmatic benefits of geometry and the importance of mathematical 
education for the pupils’ future life. They seem to be willing to adjust mathe-
matical standards of exactness and justification to the circumstances which are 
given by a real world problem mathematics is a part of. Insofar, the exponents 
of G1 appear to be applied-oriented, whereas the proponents of G2 seem to fear 
confusions between mathematical and empirical standards of justification, if the 
practical use comes to close to geometry. 3) Especially Ernest emphasises the 
social dimension of education and seems to represent a more dynamic concep-
tion of mathematics which includes creating new concepts and exploring them 
in the contexts of realistic problems. 4) The observation that G1 proponents are 
willing to adjust mathematical standards of exactness to practical needs may 
indicate that they perceive mathematics as a “tool box” in a schematic manner. 
But this is unclear. 
Let us regard some further excerpts of the interviews to search for connections 
to other aspects of goals of educations and mathematical worldviews among G2 
proponents, since until now, they seem to be just focussed on expert education: 

Gertrude:  Besides proof abilities, problem solving is in fact the most important 
thing I want to convey in my lessons on geometry. […] I want activate my pupils to 
deliberate on their own and to overcome the habit “Now, we handle ten task using 
the recipe xy”. 
Ian: Problem solving is a sort of intelligent exercises. You have to remember for-
mer content, and you have to use it actively. Thinking, I mean, intellectual abilities 
are trained by problem solving; and to be successful, you have to be fit in mathe-
matical basics, and you have to train them. 
Frederick: Mathematics education is brain callisthenics. In other school sub-
jects, you can learn something different, but in my lessons, you will do brain callis-
thenics. […] Proofs are important. You can’t accept an assertion just because some-
one told you that it’s true. You have to scrutinise everything. 
Alan: I think, in mathematics education, pupils can learn to think, to structure, to 
solve problems. […] And beside this, I want to give my pupils an insight how the 
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ancient Greek did it. They were very ambitious. They didn’t just want to know how 
something was, they wanted to found why it was as it was. Normally, the pupils 
don’t want to be inferior to them. 
Christian: All the tasks provided at school are fabricated. I have no concern to 
provide a task that is fabricated. The pupils will accept it, and they can learn geom-
etry even if the task is fabricated. It’s the same thing in every school subject, and 
mathematics education has not to apologise for this fact. […] Knowing the basic 
principles precisely and drawing conclusions from these principles without calling 
them into question, I think that’s something you can learn in mathematics educa-
tion, and not in other school subjects. 

In case of G1, we can primarily find the goal to show the practical side of math-
ematics and to prepare pupils to their further life, as sketched above. These 
quotes, on contrary, shall illustrate some typical statements in which proponents 
of G2 express goals of education that lie beyond subject-specific aspects: 1) It is 
noticeable that they disdain authentic real-world problems. They seem to regard 
realistic tasks only as tools to learn mathematics, and not as a subject interesting 
of its own. Insofar, they attach little value to the pragmatic dimension of educa-
tion, but stress the enlightenment and reflective dimension, promoting formal 
and intellectual abilities. 2) Beside proofs, problem solving task seem to be the 
main focus of the G2 proponents. 3) For both proofs and problem solving, they 
seem to regard it as necessary to possess a broad and active knowledge of basic 
principles which are standardised and not committed to subjective creations. 
Insofar, a more static view of mathematics seems to be a precondition to teach 
geometry in the sense of G2 and to achieve goals of education that are seeming-
ly linked to this kind of teaching. 

5 Conclusions 

Considering the few passages quoted here and the few teachers interviewed, it 
seems daring to draw general conclusions. But since it is one of the main tasks 
of qualitative studies not to make representative assertions, but to generate ar-
chetypes which can be tested representatively afterwards, we propose two ar-
chetypes that represent systematic connections between the three layers of our 
classification, namely goals of educations, geometrical paradigms, and mathe-
matical worldviews. 



24  Boris Girnat 

formalistic
aspect

schematic
aspect

static
aspect

applied-oriented
aspect

G2
- systematic and deductive understanding of geometry
- non-empirical understanding of geometry
- predominance of proofs and problem solving tasks

contrary to
problem solving

necessary
condition

may cause
confusions

necessary
condition

expert
education

general
education

pragmatic enlightenment social individual reflective

+– ? ? ++

+ +– –

 

Figure 2  G2 in the context of mathematical worldview and goals of education 

In fig. 2, we try to sketch the connections that are supposed to be typical for the 
G2 GWS. A plus sign indicates that the G2 teachers affirm a specific goal of 
education (at the top of the diagram) or a specific mean (at the bottom). The 
minus signs denote refusals. In case of a question mark, neither an affirmative 
nor a dismissive statement can be found. If a quantitative extension of this study 
was carried out, the plus and minus signs would indicate the hypotheses that a 
positive or rather a negative correlation should be observable. The italic phrases 
display typical reasons “in a nutshell” the teachers use to justify their approvals 
and rejections. 
Overall, the formalistic and the static aspect of mathematics seem to be a pre-
condition to implement G2 standards. Applications may be “too empirical” and 
could cause a conflict with the non-empirical standards of justification. It seems 
a “natural” way to extend the G2 approach to subject-specific goals of educa-
tion, especially to an expert education and, as far as general education is con-
cerned, to rather intellectual and cultural aspects than to pragmatic ones. 
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As visualised in fig. 3, an archetypical G1 curriculum is supposed to look quite 
oppositional compared to a G2 one: Realistic problems are necessary conditions 
for an empirical understanding of geometry, and from there, a “natural” way 
leads to pragmatic goals of education. Formalistic aspects are not as important 
as for a G2 concept and rather obstacles; and a static understanding of mathe-
matics seems to be opposed to individual experiences. 
The results of this study may be useful in two respects: 1) Qualitative studies 
primarily support conceptual work and hypothesis generation. In this study, we 
propose the two concepts of a G1 and G2 archetypical curriculum. These sug-
gestions can be the initial points for a representative study on this issue. In this 
case, the two concepts GWS and “dimensions of general education” has to be 
operationalised); and it has to test if the connections proposed by plus and mi-
nus signs in the archetypes can be confirmed or not. 
2) If these archetypes were affirmed by a representative study, it would be pos-
sible to get a deeper explanation of mathematical worldviews, since in this case, 
the teachers’ GWS would be a “hidden variable” that could explain systematic 
connections “behind” correlations as displayed in fig. 1. Maybe, it is possible to 
revise or to clarify some of the aspect expressed there. For example, the highest 
correlation observed, the one between the formalistic and the schematic aspect, 
is astonishing concerning the G2 teachers’ statements that they prefer problem 
solving and that they want to reduce the amount of schematic tasks. A possible 

Figure 3  G1 in the context of mathematical worldview and goals of education 
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explanation could be that they insist on routine task as a precondition of prob-
lem solving, but that they do not see schematic tasks as valuable on their own. 
Insofar, the connection to the archetypical curricula could be the basis to formu-
late the aspects of mathematical worldviews more precisely and more usefully 
to collect data on teachers’ curricular background of planning their lessons on 
geometry. 
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Abstract 
This study reveals what kind of changes have occurred in Finnish mathematics 
teachers’ beliefs during 1987-2012 and some reasons for the change. The infor-
mation gained with two questionnaires and their analysis show what kind of 
beliefs about mathematics and its teaching teachers had 25 years ago, and how 
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they have changed. This paper also presents the most important influential fac-
tors on the development of Finnish mathematics teaching within four decades, 
the years 1970–2010. The main point of the paper is to reveal the recent rapid 
development of the Finnish school system and society.  
Key words: mathematics, teachers’ beliefs, teacher change 
 
 
1 Introduction  

Teachers’ beliefs play a significant role in the planning and implementation of 
their teaching. They affect on what will be taught, how it is taught, and there-
fore, what is learned in the classroom (Andrews & Hatch, 2000). Beliefs shape 
how teachers think and feel about mathematics and its teaching and learning. As 
teachers’ beliefs affect their teaching, it is important to recognize those beliefs. 
Changing teachers’ practices will depend on changing their beliefs, and chang-
ing beliefs will lead to change in practices (Lerman, 2002). 
In the last decades the content and ways of teaching mathematics have changed. 
Based on the results of the survey called TALIS (Teaching and Learning Inter-
national Survey), it is evident that teaching style has a big influence on pupils’ 
performance (OECD, 2009).  
Pehkonen & Lepmann (1995) conducted a survey on Finnish mathematics 
teachers’ beliefs about mathematics and mathematics teaching in 1987-1988 
using Dionné framework (1984). It introduces three perceptions of mathematics: 
traditional view (mathematics is limited to calculations and following rules), 
formalist view (stresses rigorous logic, proofs and exact use of language), and 
constructivist view (the pupil comes first and the emphasis is on pupil-centered 
learning methods and intuition). 
Oksanen & Hannula (2013) have repeated the survey in 2010-2011 and report 
similarities and differences between these two measurements. They expected 
that the changes in curriculum and the overall teaching philosophy in teacher 
education would be reflected also in teachers’ beliefs. 

2 Theoretical framework 

Pehkonen and Törner (1998) summarized that an individual’s mathematical 
beliefs are compound of his subjective, experience-based, implicit knowledge 
on mathematics and its teaching and learning. The spectrum of an individual’s 
beliefs is very large, and its components influence each other.  
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We base our construction of beliefs and referring terminology on the article of 
Op’t Eynde, De Corte, and Verschaffel (2002), who have strived for making a 
synthesis regarding previous belief researches. In the paper Op’t Eynde and 
others (2002) define mathematical beliefs to be implicitly or explicitly held 
subjective conceptions people hold to be true, that influence their mathematical 
learning and problem solving.  
Beliefs may have a knowledge-type nature, (e.g. view of mathematics: “mathe-
matics learning is independent on gender”), the truthfulness of which can be 
discussed in social interaction, or volitional nature (individual and subjective; 
such as “It is important to me to provide good experiences with mathematics”). 
The latter kind of beliefs’ validity can never be judged socially with any “scien-
tific criteria”. Beliefs, as such, are subjective, something that an individual be-
lieves to be true, no matter whether the others agree or disagree. (Op‘t Eynde & 
al, 2002). 

2.1  Mathematics teachers’ beliefs 

Lerman (2002) underlines that there is a strong link between beliefs and prac-
tices: changing teachers’ practices will depend on changing their beliefs, and 
changing beliefs will lead to change in practices. Teacher change consists 
changes in teachers’ classroom behavior but also in the very art of teaching.  
The importance of reflection in changing teachers’ beliefs has also being recog-
nized. According to Tobin (1990) reflective thinking about teaching can change 
the teaching behavior and actions. In addition to reflection, teachers’ ability to 
attend to students’ understanding of mathematics and to base given instructions 
on what and how students are thinking is also important. 

2.2  Mathematics teaching in Finland 

Finland has been successful in the four last international PISA comparison stud-
ies (2000, 2003, 2006 and 2009). Recently the teacher educators in Helsinki 
wrote a book on the Finnish educational system, especially in the case of math-
ematics and science (cf. Pehkonen, Ahtee & Lavonen 2007). This book tries to 
describe what kind of changes have occurred in the Finnish school system, 
especially in mathematics education. Since the target group in the PISA studies 
was 15-year-olds, the paper at hand concentrates on the upper level of the com-
prehensive school, i.e. on grades 7–9 (13–16 years old pupils). 
Mathematics education in Finland has been changing rapidly within the last 60 
years, but the change has been the most rapid within the four last decades (cf. 
Pehkonen 2008). Apparently a part of changes is due to the school reform in the 
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1970’s. Until the end of the 1960’s mathematics education in secondary school 
in Finland was relatively steady and stable. The recent structure of the Finnish 
school system is described e.g. in the published paper (Lavonen 2006) and in 
the book (Pehkonen & al. 2007). 
In Finland the traditional or conventional teaching methods have been prevalent 
in mathematics teaching. Teacher educators have been trying to enrich and to 
change these traditional methods with alternative, more pupil-centered methods 
(cf. Pehkonen & Rossi 2007). The traditional teachers emphasized basic teach-
ing methods and extensive drilling, while the innovative teachers focused more 
on student thinking and deeper learning. (Kupari, 1996).  This change of teach-
ing methods has got more energy through the emergence of constructivism, in 
Finland in the 1980’s. 
In the paper Oksanen & Hannula (2013), it was used the same standardized 
factor scales as Loogma, Ruus, Talts & Poom-Valickis in 2009: traditional be-
liefs (the teaching is first and foremost the direct transmission of knowledge 
from the teacher to the pupil) and constructivist beliefs (the main emphasize is 
on the development of thinking and the understanding of the causal connec-
tions). 

3 Research question 

What kind of changes have occurred in Finnish mathematics teachers’ beliefs 
during 1987-2012 and some reasons for the change? 

4 Methodology 

In 1987–88 the study on Finnish teachers’ beliefs was carried out for comparing 
Estonian and Finnish teachers of mathematical understanding (Pehkonen & 
Lepmann, 1995). In 2009 a new cross-cultural survey of mathematics teachers’ 
beliefs was initiated. In this article a study that is a part of this cross-cultural 
survey of mathematics teachers is presented from the perspective of the compar-
ison. The study focuses on mathematics teachers of lower secondary school 
(grades seven to nine). The teacher beliefs are categorized according to Dionné 
(1984) into three groups: traditional, formalist and constructivist. 
Instrument in 1987-1988. The questionnaire included 54 structured items about 
different situations in mathematics teaching originating from the research pro-
ject “Open Tasks in Mathematics (Pehkonen & Zimmermann, 1990). The teach-
ers were asked to rate their views within these statements on a five point Likert 
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scale. Thirty-five of these items were successfully classified into the three di-
mensions by Dionné (Pehkonen & Lepmann, 1995).  
Instrument in 2011-2012. A questionnaire with 77 statements was built in con-
nection with an international NorBa study (Nordic-Baltic Comparative Research 
in Mathematics Education). The questionnaire included seven modules, one of 
which included 24 ‘Dionné items’ from the questionnaire 1987-1988. We re-
moved from our analysis two items that were considered unreliable for compari-
son because they had changed in their wording. Theoretical background, devel-
opment and structure of the questionnaire as well as the sample items for first 
three modules are described more thoroughly in the previous papers (Lepik & 
Pipere, 2011; Hannula, Lepik, Pipere & Tuohilampi, 2012). 

4.1 Procedure 

Procedure in 1987-1988. One part of the sample consisted of teachers on in-
service courses (N=52), and the other group of teachers were reached by a post-
al questionnaire (N=34).  
Procedure in 2011-2012. Informative letters and E-mails were sent to schools all 
over Finland inviting mathematics teachers to participate in the polling. Teach-
ers who wished to participate in the polling filled in applications and sent them 
back to the university, or used an electronic form to inform about the willing-
ness (N=94). 

4.2 Sample 

Sample in 1987-1988. The respondents were 86 Finnish mathematics teachers 
with different teaching experiences and ages. The youngest teacher was 27 
years old and the oldest 57 years old. The average age was 41 years.  
Sample in 2011-2012. The respondents were 94 Finnish mathematics teachers 
teaching grades 7-9 from different regions of Finland with different teaching 
experiences and ages. The sample size in 2010 was 52 teachers (the question-
naire was sent to 35 schools) and in 2011-2012 42 teachers (the questionnaire 
was sent to 71 schools). The average age of respondents was 41 with range of 
25 to 61 years old. The average duration of teaching experience of respondents 
was 14,5 with range of 1 to 35 years. 
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4.3 Analyses 

In both surveys we had 22 identical items. For the older data we used the means 
and standard deviations that were reported in the end of the research report from 
Pehkonen & Lepmann (1995). Because we could not confirm the equal variance 
across samples, we used the Welch’s t-test to compare the changes in teachers’ 
beliefs. 

5 Results of the questionnaires 

The statistically significant differences in 0,001-0,05 level between teachers’ 
beliefs in 1987-1988 and 2011-2012 appeared in 45% of statements (10 state-
ments out of 22). In the formalist view, statistically significant differences ap-
peared in 1 out of 7 statements (14%), in the traditional view in 4 out of 7 
statements (57%) and in the constructivist view in 5 out of 8 statements (63%).  
In the following tables, the mean results of every statement in every category 
are presented, and the statistically significant differences are marked with * 
(0,05 level), ** (0,01 level) and *** (0,001 level). 
Item number in the NorBa-questionnaire (2011-2012) is presented first. Item 
number in the earlier questionnaire (1987-1988) is in brackets. Likert-scale in 
the NorBa-questionnaire goes from 1=Fully disagree to 5=Fully agree and in the 
former questionnaire from 1=Fully agree to 1= Fully disagree. Therefore, the 
older results are scaled to respond NorBa-study’s results. 

Table 1 The formalist view 

Item  
number 6 Item wording 

1987-88 
Mean and SD

2011-12 
Mean and SD 

20 (35) Mathematics teaching should emphasize 
logical reasoning 

4,31 0,80 4, 38 0,779 

12 (19) 
In teaching, one should proceed sys-
tematically above all 

4,03 0,94 3.83 0,872 

1 (4) One has to pay attention to the exact 
use of language (e.g. one should distin-
guish between an angle and the magni-
tude of an angle, between a decimal 
number and a decimal notation) 

3, 86 1,15 3,70 0,953 

11 (17) ***
In particular, the use of mathematical 
symbols should be practiced 

2,76 1,17 3,41 0,888 

18 (33) 
Abstraction practice should be stressed 
in mathematics 

3,06 0,96 3,02 0,766 
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4 (7) 
Working with exact proof forms is an
essential objective of mathematics teaching

2,20 0,99 2,48 1,022 

8 (12) 
The irrationality of the number 2 has to 
be proved 

1,92 1,10 1,84 0,934 

 
As expected, the constructivist way of teaching was in year 2012 supported 
most strongly (mean=3,72). The formalistic way (mean=3,23) and the tradition-
al way of teaching (mean=3,17) were supported the least. The directions in the 
changes are negative in traditional and formalistic view.  The changes in con-
structivist view go to both directions.  
When taking the three most agreed statements in the year 2012, the beliefs of 
Finnish mathematics teachers can be described as follows: Mathematics teach-
ing should emphasize logical reasoning, as often as possible; pupils should 
work using concrete materials; above all the teacher should try to get pupils 
involved in intensive discussions.  

Table 2   The traditional view 

Item 
number Item wording 

1987-88 
Mean and SD 

2011-12 
Mean and SD 

13 (24)* 

The learning of central computing tech-
niques (e.g. applying formulas) must be
stressed 

4,01 0,91 3,71 0,867 

6 (10)*** 
In mathematics teaching, one has to
practice much above all 

4,34 0,85 3,87 0,981 

19 (34)* 
Above all mathematical knowledge, such
as facts and results, should be taught 

2,86 1,14 2,48 0,940 

2 (5)*** 

In a mathematics lesson, there should be
more emphasis on the practicing phase
than on the introductory and explanatory 
phase 

4,21 0,86 3,48 0,974 

17 (31) 

As often as possible such routine tasks
should be solved where the use of the
known procedure will surely lead to the
result 

2,83 1,11 3,11 0,914 

14 (26) 
Pupils should above all get the right
answer when solving tasks 

2,65 1,14 2,41 1,055 

16 (29) 
A pupil need not necessarily understand
each reasoning and procedure 

3,20 1,04 3,14 1,054 
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It is obvious that the teachers emphasize the importance of logical reasoning 
and exact use of language and systematizing. But sometimes teaching should be 
implemented, for example, as project-oriented (beyond subject limits), instead 
of learning only the central computing techniques and solving routine tasks. In 
the traditional view statistically significant differences were found in four out of 
seven statements. The support of teaching facts and practice a lot of exercises 
have decreased, and the support to understanding increased.  
The importance to use concrete materials has increased. Also the support on 
using social forms of learning, such as project work and class discussion, has 
increased. At the same time the independent thinking via problem posing and 
problem solving has lost some of its popularity amongst teachers. 

Table 3  The constructivist view 

Item 
number 7 Item wording 

1987-88 
Mean 

2011-12 
Mean 

21 (38) 

Pupils should develop as many dif-
ferent ways as possible of finding
solutions, and in teaching they
should be discussed 

3,95 0,95 3,88 0,845 

22 
(40)*** 

Pupils should formulate tasks and
questions themselves, and then work
on them 

4,33 0,80 3,56 0,926 

24 
(47)*** 

As often as possible, the teacher
should deal with tasks in which
pupils have to think first and for 
which it is not enough to merely use
calculation procedures 

4,43 0,75 3,71 0,854 

15 (28) 

Above all the teacher should try to
get pupils involved in intensive
discussions 

3,84 0,89 3,89 0,853 

10 (16)* 

As often as possible, pupils should
work using concrete materials (e.g.
cardboard models) 

3,66 1,08 3,96 0,908 

5 (9)* 

Sometimes teaching should be real-
ized as project-oriented (beyond 
subject limits), and prerequisites for
it should be created. (An example of 
the project: to buy and maintain an
aquarium.) 

3,42 1,14 3,80 0,891 
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9 (14) 
In mathematics teaching, learning
games should be used 

3,67 1,06 3,87 0,875 

3 (6)** 

Mathematics has to be taught as an
open system that will develop via 
hypotheses and cul-de-sacs 

3,52 1,08 3,12 0,931 

8 Discussion 

Here we discuss the most important changes in the Finnish school mathematics 
during the years 1970–2010. A lot of activities are still left outside, in order to 
deliver a coherent picture to the reader. Unfortunately many references are in 
Finnish, since they are written for our teachers, administrators and policy mak-
ers, but the titles of the publication are translated into English, in order to a 
reader is offered a flavor of its contents. 

8.1 The frames of the Finnish mathematics teaching 

In the beginning of the 1980’s the dominant understanding of learning was a 
behaviorist one. The main idea of learning, also in mathematics, was repetition 
and practice. This understanding of learning can be read also in the textbooks of 
the time period in question.  
Board of General Education began at the end of the 1980’s to publish small 
booklets on the new understanding on learning that was based on constructivism 
(Lehtinen 1989). Among these booklets, there was also a discussion book on 
mathematics education (Halinen & al. 1991) in that a vision for the 1990’s was 
created.  
Departments of teacher education are aiming to change the traditional habit of 
teaching. Already in the 1980’s Finnish teacher in-service education concentrat-
ed much on the delivering of new methods of school teaching. There were in-
service courses for mathematics teachers on using learning games, on problem 
solving, on developing creativity, on using computers and calculators, and on 
constructive geometry teaching. 
The amount of mathematics lessons in the upper level of the comprehensive 
school (grades 7–9) is in Finland one of the smallest in the whole world 
(UNESCO 1986): During the period of the two curricula (1985–1994 and 
1994–2004), there was only 3 lessons mathematics pro week in each grade of 
the upper level of the comprehensive school (i.e. grades 7–9); today there is one 
additional weekly lesson for grade 9. Therefore, teachers are not very eager to 
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use their teaching time to anything else, but to concentrate on the basic mathe-
matics, during their few mathematics lessons. 

8.2 Change factors in the Finnish system   

When we start to look for explanations for the changes observed, one big 
change is the “new math” movement that was implemented also in Finland in 
the 1970’s. It was called “new math”, since teaching of structural mathematics 
was there in the paramount position, and teaching set theory was in the very 
center. In the Nordic countries the new math reform was implemented about ten 
years later than in the United States. In the Nordic co-operation, the committee 
report on renovation of mathematics education in the Nordic countries was 
elaborated and published at the end of the 1960’s (Anon.). The report gave 
common directions for the renovation of mathematics education.  
But at the same time a school reform was planned and implemented in Finland. 
The aim was to develop a comprehensive school instead of the existing parallel 
school system. The committee report for the curriculum in the comprehensive 
school was published in the beginning of the 1970’s (Anon.). The parliament 
decided that in Finland the change to the uniform school system will be imple-
mented during the years 1970–77. The reform meant that the civic school and 
intermediate school were emerged into a unified comprehensive school of 
grades 1–9. The reform began in 1970 from the North (Lapland) and moved 
little by little southwards; it reached finally in 1977 Helsinki and its surround-
ings.  
Thus the two big reforms – the new math reform and the comprehensive school 
reform – were mixed with each other. Since in the comprehensive school the 
aim is to teach the whole age cohort together, this had influences also in the 
contents of mathematics education. The mathematics curricula of the civic 
school and intermediate school were emerged together. Problems rising from the 
teaching of the whole age cohort in mathematics together were tried to control 
with level courses (streaming) in the upper grades of the comprehensive school 
(grades 7–9). In the middle of the 1970’s, the Board of General Education ac-
cepted that the curriculum for the comprehensive school (Anon.) was too de-
manding, and they published a suggestion for the so-called basic curriculum 
(Anon.). Therefore, the curriculum was rewritten in the beginning of 1980’s 
(Anon.). A detailed description of this phase of curriculum reform is given e.g. 
in the published paper Pehkonen (1983). 
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8.3 Changes around mathematics curricula   

At the end of the 1970’s, citizens were not satisfied with the results of mathe-
matics instruction in the comprehensive school. Especially the abstract “new 
math” was criticized, since people were afraid that children don’t learn enough 
basic calculations. As in the States, also in Finland the movement “Back to 
Basics” was raising its head. Teachers wanted to enrich abstract (pure) school 
mathematics with different applications (Leino & Norlamo 1980).  
Since the level courses were totally removed in 1985, we had from the middle 
of the 1980’s heterogeneous groups in mathematics. And within each teaching 
group pupils’ knowledge level varies a lot. In order to manage to teach in the 
heterogeneous groups, teachers and textbooks moved in the 1980’s to the so-
called “task didactics”, since the only functioning solution seemed to be to dif-
ferentiate with tasks. This movement was accelerated by the Nordic co-
operational initiative for individualization in mathematics instruction (Anon.).  
Work on new curricula began already in the beginning of the 1990’s. But in the 
Board of General Education there was an evolution – it and the Board of Voca-
tional Education were emerged and reorganized into a new National Board of 
Education. At the same time, the curriculum strategy was changed: it was decid-
ed to free schools from “the chains of curricula”. National Board of Education 
published only the framework curriculum (Anon.) within which communes and 
schools were obligated to write their own curricula.   
In 1996 teaching of mathematics and science in Finland got a new push for-
ward, when the government decided to give special attention to the level of 
mathematics and science teaching. Ministry of Education published a six-year 
development program named National Joint Action (Heinonen 1996), and allot-
ted six million Finn marks (about one million euros) to implement it. A revision 
of the Action was published three years later (Anon.), and the final report after 
six years (Anon.). National Joint Action produced many courses and activities, 
but failed in some main points, as in diminishing gender differences in learning 
results, and in increasing interest in studying mathematics and science. The 
main part of the results can be read also in another report (Anon.). 
The development in school mathematics in the 2000 was no more so hectic. In 
2004 the latest curriculum for the comprehensive school was published (Anon.). 
In that version, some of the obligations concerning the curriculum were taken 
away from teachers, in that sense the curriculum was transformed to more tradi-
tional than the earlier ones. Now there are initiatives for the rewriting of the 
curriculum, e.g. the new share of lessons for each subject is given and the 
groups for writing the subject matter part of the curriculum are named. It is 
planned that new curriculum will be published in 2016 (Anon.). 
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8.4 Increase of didactical know-how    

In Finland, teacher education was reorganized and moved into the universities 
in 1974. At the same time, new positions on mathematics education were estab-
lished in the universities; in some positions there was also a clear demand on 
research besides teaching. 
About ten years later in 1983, teachers and researchers in mathematics and 
science education organized themselves into an association on research of 
teaching in mathematics and science education (Malinen & Kupari 2003). All 
this development has led in the 1990’s to the situation that Finland has a clear 
leading position within the Nordic countries in mathematics education and its 
research, according to an outside evaluator (cf. Johansson 1994). 

8.5 An attempt to explain why such changes 

International comparison studies show that Finnish mathematics teaching has 
been implemented optimal to the resources in a long run. Success in the interna-
tional comparison studies, as TIMSS and PISA (Välijärvi & al. 2012), was con-
firmed with the results of the following PISA rounds. Finland is today clearly in 
a leading position in the world, when measured with the PISA indicators, and in 
the TIMSS it was also clearly above the average.  
If we measure the amount of pupils’ knowledge, the Finns will be losers com-
pared with other countries, since our weekly number of mathematics lessons is 
the smallest in Europe (UNESCO 1986). The small amount of weekly lessons 
does not offer an opportunity to learn mathematics at large in school. Therefore, 
school teaching has been concentrated more or less around calculation, and 
mathematical understanding seems to be very poor. About ten years ago the 
second author evaluated the state-of-art of Finnish school mathematics in a 
published paper Pehkonen (2001). In the paper, the fact was emphasized that 
there are lacks in the level of mathematical understanding of both school pupils 
and teacher students (also Merenluoto & Pehkonen 2002). 

9 Conclusions 

During the last two decades, researchers around the world have paid more and 
more attention to mathematics learning as a process. For example, Wilson and 
Cooney (2002) pointed that students learn mathematics most effectively when 
they construct meanings for themselves, rather than simply being told. A con-
structivist approach to teaching helps students to create these meanings and to 
learn. Learning is interactive and student-centered.  
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Nowadays the constructivist teaching approach is commonly in use. For exam-
ple TALIS results (OECD, 2009) showed that in most countries endorsement of 
constructivist beliefs (beliefs regarding constructivist teaching approach) is 
stronger than that of traditional beliefs (beliefs regarding traditional teaching 
approach). This applied especially the Scandinavian countries.  
In Finland much work has been done during more than three decades, in order 
to help teachers to change their teaching style from teacher-centered to pupil-
centered. National Board of Education also aimed this via publishing a guide for 
implementation of mathematics teaching (Seppälä 1994) within the new frame-
work curriculum (Anon.). For example, the focus of teacher in-service training 
in the 1980’s was in different pupil activities, as learning games, problem solv-
ing and outdoor activities. Also written materials on the use of alternative teach-
ing methods were published (e.g. Pehkonen & Rossi 2007); some of these are 
described also in the report Ahtee & Pehkonen (1994). In the 2000’s one could 
state that in Finnish school mathematics, we have moved from the “task didac-
tics” of the 1980’s further to pupil activities. 
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Abstract 

This paper analyses the cases of two Chilean and two Finnish elementary teach-
ers’ reflections on their own professional development during a research project 
where they learned about and used open-ended problems to teach mathematics. 
The data indicates that during the project the teachers increased their pedagogi-
cal content knowledge, subject matter knowledge and motivational components. 
Teachers claim they give more room for pupils' ideas and rely on pupils' learn-
ing in pairs or in groups. Furthermore, they allege that also the weakest pupils 
seem to be involved with problem solving. 
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1 Background 

This study is part of a larger research project in the field of mathematics educa-
tion, financed by the Academy of Finland (project #135556) and Chilean 
CONICYT (project # AKA 09). The focal point of the project is teachers’ pro-
fessional development along with both teachers and pupils’ development in 
mathematical thinking and understanding as well as pupils’ performance when 
dealing with open-ended problems. The same problems are dealt with in both 
Chile and Finland. This paper is particularly focused on the teachers’ own con-
ceptions of their development and not on the results on pupils’ development 
which are described in other papers (e.g. Laine & al. 2012, Varas & al. 2012).  
The initiative for a joint research project came from Chile. The Academy of 
Finland and the Chilean CONICYT made an agreement for a research enterprise 
on education where mathematics education was a part of it. 

2 Theoretical Framework 

In mathematics education, problem solving is considered as a method to pro-
mote pupils’ high-order thinking and understanding (e.g. Schoenfeld 1992). In 
the 1970’s in different countries (cf. Nohda 1987), the methods of using open-
ended problems were developed, in order to confront challenges of constructiv-
ism.   
A problem is said to be open-ended, if it has an exactly stated starting point, but 
there are many possible goals where a solver might end, with equally correct 
methods (cf. Pehkonen 1995). Therefore, such problems do not have only one 
solution, but there might be many possible correct results, depending on the 
choices the solver has done.  
When discussing the teaching of open-ended problems, the focus should be on 
teachers’ pedagogical content knowledge and subject matter knowledge (cf. 
Shulman 1986). The use of open-ended problems challenges teachers to modify 
their roles in class. A teacher is no more a deliverer or transmitter of infor-
mation, but a guide and facilitator for learning, and a planner of learning envi-
ronments. Thus, teachers need to alternate and to improve their own concep-
tions of teaching and learning (cf. Pehkonen 2007). In order for teachers to be 
able to make such an adjustment, they need, for example, to learn to be sensitive 
to pupils’ ideas and solution efforts, and to listen deeply to and try to pick up 
pupils’ understanding (Stein & al. 2000). This all means a huge modification in 
teachers’ pedagogical conceptions; the change might even be a radical one (cf. 
Merenluoto 2005).  
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A new idea for helping teachers to evolve is to accept that they are experts in 
developing new teaching solutions if only they are given the access to the new-
est results of theoretical studies (e.g. Wiliam 2002). This idea was empirically 
confirmed in the research paper by Roddick and Begthold (2004) where the 
authors found one of the critical change factors to be teachers’ participation in 
the project from planning to implementation. 
On the basis of previous research (e.g. Merenluoto 2001), the study at hand 
works with the hypothesis that when individuals encounter a phenomenon un-
known to them, it leads to different cognitive effects and levels of learning. On 
the basis of the empirical research, another hypothesis sustains that teachers’ 
prior understanding is quite resistant to the change (cf. Pehkonen 2007). Since 
the use of open-ended problems is difficult for most teachers, its learning takes 
time. However, there are other studies showing that such changes can also be 
very rapid (cf. Liljedahl 2010). 

2.1 Focus of the study 

The main question to be answered is the following: How do the teachers them-
selves perceive their conceptions about mathematics and teaching of mathemat-
ics have changed during the project? 

3 Implementation of the study 

The project is ongoing and will be implemented as a three-year (2010–13) fol-
low-up study in the elementary school using quasi-experimental design. In the 
experimental group there are10–20 elementary classes with their teachers from 
Santiago and Helsinki involved and committed to the study; and there is the 
same amount of classes in the control group in both countries. In these experi-
mental classes, the teachers have implemented an open-ended problem once a 
month, from grade 3 to grade 5, in both countries. The researchers have fol-
lowed the teachers’ planning, implementation and reflection (self-evaluation) of 
their mathematics lessons, when the same open-ended problems are used in both 
countries.  
In the following, there are three examples of open-ended problems used in the 
project: 

1) Coloring a flag (grade 3): When using exactly three colors, plan as many 
different flags with three stripes as possible. 
2) Snail-Elli (grade 4): Elli the snail climbs a wall very slowly. Some days 
the snail ascends 10 cm, some days she ascends 20 cm, some days she sleeps 
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and it does not move, and other days she is sound asleep and falls 10 cm. 
The wall has 100 cm of height. At the end of the tenth day Elli is at the half 
of the wall’s height?  What could have happened in the first 10 days? Show 
as many ways as possible. 
3) Rectangles (grade 5): Find rectangles the perimeter of which is 16 cm. 
Find the area of each of them, and the rectangle with the biggest area. 

Altogether there are seven problems per school year, i.e. about one problem 
lesson per month. The purpose of using such problems is to develop pupils’ 
thinking skills and creativity. The main point is to let them see that there is not 
only one solution in a mathematical problem, but there might be many. There-
fore, the problems dealt with are open, in the sense that they have many correct 
answers; very often the amount of correct answers is infinite. Additionally, the 
pupils are encouraged to find out the strategies of finding all solutions, if possi-
ble. 
During the project, the problems were discussed with the teachers before and 
after the implementation in a joint meeting with the experimental teachers and 
the researchers’ group in each country. In the meeting, they were talking about 
the experiences in the previous implemented problem and discussing about the 
next problem coming. In addition, in Finland there was a theoretical topic 
(around problem solving) presented to and discussed with the experimental 
teachers. In Chile, this was done in a two-week training seminar regarding 
open-ended problems previous to the beginning of the project for all the Chilean 
experimental teachers.  
For teachers, the use of open problems means a new approach for teaching 
mathematics. They should modify their teaching habits, from much talking to 
more listening. And this might be for some teachers a huge conceptual change 
in their pedagogy, perhaps even a radical one (cf. Merenluoto 2005).   

3.1 The interviews 

For this paper, we analyze part of the research data that has been gathered 
through teacher interviews, classroom observations, videotaped discussions and 
the researchers’ field notes. The teacher interviews took place during March-
April 2012 in Finland and during November-December 2012 in Chile.  
In this paper we analyze four of the cases, two teachers from each country, in 
order to reach a deeper level of analysis and more detailed reporting. The inter-
views of the Chilean teachers (Amelia and Nicholas) were selected from a sam-
ple of 10 interviews, and they were chosen because of their differences in a 
particular measurement regarding the quality of the introduction of a problem-
solving task (arithmagon) that has been analyzed previously (see Varas & al. 
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2012). In Finland, only two teachers (Fiona and Dana) from 10 experimenting 
teachers volunteered to be interviewed. However, the measurement regarding 
the quality of the introduction of a problem solving task indicated that all four 
teachers were considerably different, which met our interest for answering the 
research question in different cases, therefore, providing a broader perspective 
(see Varas & al. 2012).  
Interviews were conducted as semi-structured individual interviews that lasted 
between forty-five minutes and an hour and a half. The same questions were 
used in both countries, but because interviews were conducted with interview-
ees’ native language two different researchers were used. Analysis of the inter-
view data was carried out as a joint analysis in English.  
The interviews were recorded. Each interview was divided into six different 
sections; in these the participants were asked about their background, the math-
ematical thinking of their pupils, the characteristics of their mathematics les-
sons, their involvement in the project, their expectations within the project and 
their professional development.  
The observations and field notes were taken in Chile during November and 
December 2012, during visits to the different schools of the project and open 
discussions with the teachers and other school staff. In Finland the observations 
and field notes were from March, April and May 2012. 

4 Findings 

Here are the findings for the four teachers (Nicholas, Amelia, Fiona and Dana) 
based on the data collected through interviews, observations and field notes. 
The findings are gathered into the following table:  

4.1 The case of Nicholas 

Nicholas is a 49 year  old Chilean male teacher. He claims that he gives freedom 
to his pupils to work, and listens and values pupils’ ideas. In general, he be-
lieves that in his lessons he clearly becomes a mediator of pupils learning by 
being active and perceptive of the pupils’ ideas and promoting the appearance of 
diversity in the pupils’ production and responses.   
Nicholas was obliged to join the project by the headmaster. At first, he had no 
expectations, and had a feeling there was nothing in it for him. He claims he felt 
tired of teaching. Nicholas considers he used to be a structured teacher in math-
ematics and having structured ideas about mathematics. However, he claims that 
during the project, he started to feel comfortable with mathematics. He feels that 
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mathematics no longer has the same authoritative position and thus often there 
are no single right answers. On the contrary, he believes that people construct 
mathematics in a difficult way, and they should not be afraid of it. According to 
him, mathematics is everywhere and mathematics teaching is to enable the child 
to understand how things are formed. He says: “God might have been a great 
mathematician, because wherever you look around… there is maths”. 

Table :  Findings regarding the Perceptions of four teachers: Nicolas (N), Amelia (A), Fiona (F) 
and Dana (the abbreviation used: OE = open-ended). 

BEFORE THE PROJECT MIDDLE OF THE PROJECT 

M
AT

H
 

N: Math seemed to be an impera-
tive 
A: Always liked math, but diffi-
cult and hard  
F: Math one subject among 
others, very easy  
D: Math structured, systematic 
and accurate  

N: Enthusiastic about math  
A: Math difficult, but interesting  
F: Math connected to the children’s 
world 
D: Perception has not changed, but 
deepened 

O
PE

N
-E

N
D

ED
  

PR
O

B
LE

M
 S

O
LV

IN
G

 N: A problem needs to have only 
one solution  
A: Didn’t know that OE prob-
lems existed  
F: Not familiar with the concept  
D: used problem-solving activi-
ties  

N: OE problems are as valid as other 
type of math  
A: Sees the benefit in the use of OE 
problems 
F: OE problems are for all pupils  
D: Critical with some of the OE tasks  

PU
PI

LS
 C

A
PA

B
IL

IT
IE

S N: Had quite many weak pupils  
A: Pupils were mostly scared of 
math  
F: Wished the pupils to learn to 
connect problem solving with 
everyday’s reality  
D: Sometimes pupils come up 
with unexpected solutions. 

N: Some weak pupils had lost their 
fear to math  
A: Pupils seem more secure and like 
more math.  
F: Pupils think independently and not 
give up easily 
D: Pupils self- awareness has in-
creased 
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BEFORE THE PROJECT MIDDLE OF THE PROJECT 
TE

A
C

H
IN

G
 M

AT
H

S 

N: Very structured.  
A: Liked to have control over the 
class and use concrete materials.  
F: Likes to lead when she teaches 
math, and follows the book 
D: Liked group work based 
lessons.   

N: Not being an authority in the class 
A: Gives no room for pupils to impro-
vise 
F: Has more patience to discuss and 
more independent from the book.  
D: Values more interaction with the 
pupils.  

Nicholas declares that for him mathematics learning is based on the concrete, 
with games and through discovering. He insists on the importance of letting the 
pupils discover. After two years in the project he thinks his view of mathematics 
has changed. He claims that “now math is crazy… and I owe it to the project”. 
He complains that he does not like to plan the lessons and thus, the lessons 
result in what he calls a “salad of diverse activities”. He describes himself as a 
mediator, and claims that the project has helped him understand how important 
it is for the teacher to allow pupils to express themselves.   
For Nicholas a mathematical problem is a difficulty that a child has, and that the 
child can solve with mathematical attributes. With open-ended problems, Nicho-
las was surprised that the weakest pupils seemed to be motivated and involved. 
He considers it a challenge for the teacher to sustain the children’s interest. 
According to him, by incorporating open-ended problems to his lessons, the 
result is a clear increase of participation and, pupils like mathematics more and 
develop their potentials better. He thinks that, in all, the project has affected his 
class positively and the pupils seem more open to mathematics. However, de-
spite all the impact he claims that the use of open-ended problems has had in 
him, not much has changed in his lessons. The main change is that the pupils 
realize that he is fascinated with mathematics. 

4.2 The case of Amelia 

Amelia is a Chilean 47 year old female teacher. Amelia has low expectations of 
her pupils. Even though she is pessimistic, she is always ready to acknowledge 
the work of her pupils. Most of the time, the pupils’ work is better than what she 
expects. 
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She got involved in the project because she thought it was interesting, and it 
was going to help the children. And as a result of it, she feels that there are chil-
dren that are more secure and like mathematics more.  
Amelia claims that mathematics is something that she has always liked, but it 
has been hard. She says that to teach mathematics is to give tools to the children 
to show the world of numbers, which is the practical and logical world where 
children live. Amelia remarks that mathematics is the base for everything to 
function well.  
The use of open-ended problems has made Amelia realize that she speaks too 
much in her lessons, and she feels that she is mostly the main actor and thus, as 
a result, the pupils follow her way. She recognizes that she does not let them 
speak or think. She justifies that her intentions are to guide them through her 
experience.  
Amelia believes that open-ended problems develop pupils’ own abilities. She 
clarifies that with the traditional problems that are closed and structured, some 
pupils are not capable of   solving them and getting engaged. Amelia claims that 
with open-ended problems, some of the weakest pupils are motivated and par-
ticipate during the lesson.  
In addition Amelia feels that, as a negative part, the open-ended problems do 
not connect with the contents of the curriculum, she is expected to teach. In her 
normal lessons she says she feels appalled to go back to fixed answers and 
structured ways to solve things.   

4.3 The case of Fiona 

Fiona is a Finnish 41 year old and claims that she uses partly teacher-led prac-
tices. She plans her lessons well and in her partly pupil-centered practices, her 
pupils work in pairs or groups. She explained that she has high expectations of 
her pupils and her classes are filled with work. She said that mathematics was 
an easy subject at school and she felt she did not need to put extra effort into 
learning it.  
Fiona got the information of the project from her headmaster. She was inspired 
to get new ideas about teaching mathematics, professional development and 
using problem solving in her classes. Fiona claims that she used problem-
solving tasks earlier in her mathematics teaching only now and then, and mostly 
as some extra material for her gifted pupils. However, within the project, she 
says she has learned a lot of how to use problem-solving tasks in her teaching 
and how to instruct her pupils.   
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According to Fiona, her perceptions of mathematics have changed during her 
working years. She claims that concreteness is of increased importance, and that 
she wants to tie mathematics into the lives of children. She insists that within 
the project she has learned to understand the value of guiding and asking rele-
vant questions. She feels confident in herself: “I know I am on the right track!” 
Fiona tells that her teaching of mathematics has also changed. She explains she 
has learned to separate the essential from irrelevant, and has now courage to 
vary her teaching methods. Fiona believes now that she can weed out material 
and achieve the same objectives with different methods also. She affirms to be 
more relaxed and she is confident on her professional skills.  
There have been changes in Fiona’s classroom practices, too. She mentions that 
now she understands that problem-solving tasks can promote mathematical 
thinking, and she can provide them to everyone, not just for the talented pupils. 
Fiona reveals that in her lessons, when pupils work in pairs, they help each 
other and their self-efficacy seems to have increased. 

4.4 The case of Dana 

Dana is a 49 year old Finnish teacher. She is an affective person, who appreci-
ates creativity and spontaneity. Dana says that she does not plan her teaching 
that much beforehand but relies on pupils’ ideas. She got the information of the 
project from her headmaster. Dana explained that she had used problem-solving 
tasks in her mathematics teaching now and then. But she adds that her own 
perceptions of mathematics have not changed much though during the project. 
She claims that she develops her pupils’ mathematical thinking by questioning, 
and not giving ready-made answers. She tells that she gives nice feedback often 
and accepts many of her pupils’ answers, even though they are perhaps not quite 
right. According to her, during her years of work, her mathematics teaching has 
changed. She tells about some kind of relaxation in her teaching and claims to 
live in the moment.  
Dana explains that there have been changes in her classroom practices, too. 
Nowadays Dana reveals that she allows her pupils to work in pairs for the pu-
pils to negotiate and consult each other. In her opinion some of the tasks used in 
this project were inspiring and during the project Dana insists she has learned to 
understand different areas of her pupils’ interests. 
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5 Conclusions 

As an answer to the research question “How do the teachers themselves per-
ceive that their conceptions about mathematics and teaching of mathematics 
have changed during the project?” we have the following findings:  
Firstly, the teachers claimed that the use of open-ended problems had an effect 
on their’ conceptions about mathematics and teaching of mathematics since, for 
example, in the case of Dana, the subject knowledge increased and, in the case 
of Nicholas, the motivational component and his enthusiasm towards mathemat-
ics clearly increased.   
Secondly, regarding the teacher’s perceptions about pupils as mathematics 
learners, their allegations of transformation were evident as well. This is in line 
with the findings about pupils (Laine & al. 2012, Varas & al. 2012). For in-
stance, Amelia noticed the growing interest in pupils and Fiona declared she 
was able to notice pupils’ mathematical thinking. In addition, Nicholas and 
Amelia claimed to be surprised to see how also the weakest pupils can be in-
volved with problem solving.  
Lastly, all teachers declared that the use of open-ended problems seemed to 
have affected teachers’ classroom practices up to certain extend. Nicholas, Fio-
na and Dana revealed the fact that they think they give more room for pupils' 
ideas, comments and arguments, and Fiona and Dana claimed that they rely on 
pupils' learning in pairs or in groups. Furthermore, Nicholas and Dana noticed 
how different tasks awaken different learning and interest. However, Amelia 
and Nicholas confessed that not much has changed in their daily lessons, and 
they blame this on the strictness of the system in Chile.  
There seem to be no differences in the development of teachers’ conceptions on 
mathematics and it’s teaching in Chile and Finland. In both countries one may 
notice the teachers evolve in similar ways that seem to be due to the use of 
open-ended problems: teachers give more room for their pupils' ideas, com-
ments and arguments, notice how different tasks awake different learning and 
interest, and that the weakest pupils can be involved with problem solving. 
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1 Introduction  

Previous research has indicated the important role of preschool teachers’ con-
ceptions for the practice of teaching (Greenes, 2004; Lee & Ginsburg, 2007). 
What you express in some way guides or mirrors what you do. However, other 
research has shown that there might also be no or very little connection between 
beliefs and practice (Wilcox-Herzog, 2002). The disconnection in these cases 
can be a result of not having the ability to put the beliefs into practice, since the 
beliefs were more developed or advanced than the observed actions could reveal 
(Charlesworth, Hart, Burts, Thomasson & Mosley, 1993; White, Deal, & Deniz, 
2004). In Sweden, a research study showed that 63 % of Swedish preschool 
teachers say that they have adequate knowledge in mathematics, whereas in 
language development (Swedish) 80% state they have sufficient knowledge 
(Sheridan, 2009). The limitations in the practice would then be in the education 
of the teachers – in the subject - more than the pedagogical ideas or the educa-
tional skills. If you then add the idea that “students learn what they have oppor-
tunity to learn” (Hiebert, 2003, p. 10), a statement in line with previous research 
showing that students that are not stimulated to practice processes do not devel-
op corresponding competencies (e.g Bobis, et al, 2005; Bobis, Mulligan & Low-
rie, 2008), a possible conclusion could be that mathematics at preschool level is 
influenced by teachers’ conceptions and can be limited by their education result-
ing in different practices with different results. Benz (2012) ends her briefing on 
recent research dealing with this particular topic by saying that “we still don’t 
know enough about the beliefs of people working in pre-school institutions 
especially concerning mathematics education.” (Benz, 2012, p. 252). This study 
aims to add to the collective knowledge about preschool teachers’ expressed 
mathematical world view by looking at Swedish preschool teachers’ concep-
tions about mathematics and their emotional orientation towards the subject. 
Here we follow Thompson’s (1992) definition of conceptions and see it as "con-
scious or subconscious beliefs, concepts, meanings, rules, mental images, and 
preferences" (Thompson, 1992, p. 132). This means that conceptions may have 
both affective and cognitive dimensions. There will be no attempt to try to sepa-
rate different affective concepts from each other, for instance an attitude from a 
belief, meaning that they are treated in the research review and in the data anal-
ysis as ‘conceptions’.  The research questions posed are: (1) What is mathemat-
ics at preschool level according to Swedish preschool teachers?; and, (2) What 
emotional directions towards mathematics do they express?. 
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2 Background 

2.1 Preschool curriculum 

To understand the answers to the question ‘What is mathematics?’, we first need 
to know what mathematics is supposed to be according to the policy documents. 
Sweden got its first curriculum for preschools (children age 1-5) in 1998, but 
since then it has been revised. To illustrate the differences between the first 
curriculum (Lpfö 98) and the revised version (Lpfö 98/2010), we have made a 
table of the different goals to strive for (Table 1). Both curriculums starts with 
the phrase “The preschool should strive to ensure that each child…”: 

Table 1   Comparison of Swedish preschool curriculums 

Lpfö 98 Lpfö 98/2010 

develop their ability to discover 
and use mathematics in mean-
ingful contexts 

develop their understanding of space, shapes, 
location and direction, and the basic properties of 
sets, quantity, order and number concepts, also 
for measurement, time and change, 

develop their understanding for 
basic properties in the concepts 
of number, measurement and 
shapes and their ability to orien-
tate in space and time 

develop their ability to use mathematics to inves-
tigate, reflect over and test different solutions to 
problems raised by themselves and others, 

 develop their ability to distinguish, express, ex-
amine and use mathematical concepts and their 
interrelationships, 

 develop their mathematical skill in putting for-
ward and following reasoning, 

 
Besides that the goals have increased from two to four, the mathematical con-
cepts are in the revised version described in a more detailed way; e.g. instead of 
the single word number we have now sets, quantity, order and number as de-
fined concepts. These are all examples of mathematical products. Also, in the 
revised version the emphasis is on the child’s own construction of sense mak-
ing, e.g. when developing the ability to distinguish, express, examine and use 
mathematical concepts and their interrelationships or developing their reasoning 
skills. They are examples of processes, or competencies. Mathematics at pre-
school level in Sweden has been given a new more emphasized role with this 
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revised curriculum (School Agency, 2011).  This follows a trend of ‘schoolifica-
tion’ of early childhood education and care that we can see in several countries 
in Western Europe (Waller, Sandeseter, Ärlemalm-Hagsér & Maynard, 2010).  
Also, the policy documents stresses that it is the pedagogical professionals that 
are responsible for the development of children’s joy to learn and to contribute 
to the realisation of the curriculum in everyday practice (School Agency, 2011), 
this including the goals for mathematics. 
There is a growing body of research in early mathematics education based on 
the evidence that young children are more capable of developing mathematical 
concepts and processes than previously thought (Clements & Sarama, 2007). 
This has been further stressed by research that focuses on general mathematical 
processes such as problem solving, argumentation and justification (Perry & 
Dockett, 2008), modelling (English, 2012), and early algebraic reasoning (War-
ren & Cooper, 2008). Swedish research shows that five year old children can 
express mathematical competences such as reasoning and connecting mathemat-
ical entities with each other or representations of mathematical entities (Säf-
ström, 2013). This would imply that young children’s mathematics involves 
both products and processes. With this new curriculum, Swedish preschool 
teachers are in a new context facing different demands on the practice then 
before. Recent research shows that Swedish preschool teaching is indeed a 
profession in change, and that teachers create shared conceptions of how the 
new policies should be manifested in practice (Sheridan, Williams, Sandberg & 
Vuorinen, 2011). These conceptions are then the base for the children’s learn-
ing. 

2.2 Preschool teacher’s conceptions and emotions 

One of the first Swedish studies looking at preschool educators’ conceptions 
was Doverborg (1987). She categorised the educators’ responses into three 
themes: (1) mathematics is an activity in itself; (2) mathematics comes as a 
natural part in all situations; and, (3) mathematics is not an activity for pre-
school children. The most common reply from educators working in preschools 
(which purpose was to work toward schools) was that mathematics is an activity 
in itself. This could be a reflection of the goal that preschools had at that time. 
The most common response from the educators working in daycare (which 
offered child minding) was that mathematics is everywhere and it comes natu-
rally in everything you do. Benz (2012) has studied German kindergarten pro-
fessionals’ attitudes towards mathematics in kindergarten. When asked about 
expected competences only a few replied that mathematics is a school activity 
and not a kindergarten activity. Most educators gave responses that could be 
interpreted as mathematical products. The most common adjectives used by the 
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educators to describe their feelings towards mathematics in her study were use-
ful (63%), important (59%), challenging (52 %), interesting (40%) and confus-
ing (35 %) (Benz, 2012). Most of these adjectives could be considered positive, 
except for confusing and challenging were the first one is most likely to be 
negative and the latter could be either or. Research shows that there is a correla-
tion between the attitudes towards mathematics and teacher’s age, where 
younger teachers are more reluctant to the subject compared to older one’s 
(Thiel, 2010). It could be a case of ‘the more experience – the more you know’ 
and with increased knowledge comes positive feelings. 
Lee and Ginsburg (2007) have studied preschool teachers’ beliefs about what 
they think is mathematics for 4 year olds. Teachers working in low and middle 
economic areas gave responses that emphasised teaching arithmetic and it has to 
be enjoyable. When providing examples of data of the first set of beliefs, it is 
mainly statements concerning arithmetic as concepts and procedures such as 
counting and one-to-one correspondence. This is similar result as Swedish pre-
school teachers’ responses, but then with the addition of geometrical shapes 
(Sheridan, 2009).  

3 Method 

This present study is a pilot study for a larger research project aiming to look at 
Swedish preschool educators’ conceptions and emotional directions towards 
mathematics. The data was collected in one cohort, in a small municipality in 
north of Sweden.  The study was made through a written questionnaire handed 
out to 50 preschool teachers from five municipal preschools with children from 
age 1-5. The data consists or responses from 29 educators, all female. The re-
sponse rate was then 58%. Of these 29, 24 were educated preschool teachers 
and five have vocational education from upper secondary school (where four of 
these have had some additional education, but not a teacher degree). They are 
all here treated as preschool teachers since they have the same responsibility for 
the children’s educational activities. The questionnaire consists of 10 questions 
including four background questions. The questions that will be treated here 
are: [item 5] How would you describe your relationship (including emotions) 
towards mathematics?; [item 6] “What do you think is mathematics at preschool 
level?”; and, [item 7] “Do you work with mathematics in preschool? If yes, can 
you describe a typical situation when you work with mathematics?”. The first 
listed question here aims to capture the preschool teachers’ emotional direction 
towards mathematics, and the latter ones about their conceptions what mathe-
matics is. This is a qualitative study. It works as a development of an analytic 
tool so that through thematic analysis we aim to identify themes that later can be 
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used as factors (categories) for statistical analysis. A theme represents a pat-
terned responses or meaning within the data set (Braun & Clarke, 2006) and can 
be identified in one or two primary ways in thematic analysis, inductive or de-
ductive.  Here we will use both an inductive and a deductive approach. We first 
use induction to see what categories data will generate in terms of the replies to 
what mathematics is at preschool level. As a second step, we will re-categories 
the responses in the categories provided by Doverborg (1987) and compare our 
results with her study. 

4 Results and Discussion 

4.1 Static and dynamic emotional orientation  

To study preschool teachers’ emotional orientation towards mathematics, we 
asked: “How would you describe your relationship (including emotions) to-
wards mathematics?”. All respondents answered the question with the following 
results (see Table 2): 

Table 2  Preschool teachers' emotional direction towards mathematics 

Emotional orientation Number of respondents 

Positive 22 (76%) 

Negative 6 (21%) 

Both pos/neg 1 (3%) 

 
As we can see in Table 1, the majority of the preschool teachers (76%) state a 
positive relationship towards mathematics. These results are similar to Benz 
(2012). Five of the preschool teachers here describe their emotional orientation 
as a dynamic process where they previously have been negative towards math-
ematics, but now are feeling more positive: 

During my own schooling, mathematics wasn’t interesting or an important 
subject. Especially during lower secondary school it just got more difficult 
and advanced and I lost the interest. When we now work with mathematics 
with the children in the preschool I realize that I have missed out, and I have 
got another attitude towards mathematics. I think it is fun and I see mathe-
matics everywhere [P15]; I have always related the word mathematics to 
something negative. But, the more I work with it [the subject] and get inspi-
ration from lecturers etc., the more fun it gets. [P21].   
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Both these teachers express an insight in the change of their attitude towards 
mathematics, and that the change is due to more experiences/ knowledge. This 
is in line with Thiel (2010) who reported that the attitude becomes more positive 
with time and experience. 

4.2 What is mathematics at preschool level? 

In order to look at preschool teachers conceptions about mathematics at pre-
school level, we asked “What do you think is mathematics at preschool level?”. 
All respondents answered this question, and the responses were after inductive 
analysis divided into four categories were some replies fitted in to more than 
one category. The categories were mathematical products, “mathematics is eve-
rywhere”, everyday activities, and the teacher’s role. 
Let us start with mathematical products. This was the most common reply; more 
than half of teachers (17 of 29, 58 %) mention mathematical products such as 
concepts and/or a procedure in their description of what mathematics is:  

This is something we use every day. We talk about the number of – how 
many, measure – how long? Find tall + short. Concepts about location on – 
under, behind – in front of etc. Look at the clock, showing what time [it is]. 
Shapes. Comparisons. Parts of e.g. an apple – ½ apple 1/8 apple ¼ apple 
[P29]; Make children curios about seeing shapes and their names. Make 
children curios about amounts and understanding for amounts. Make chil-
dren curious about counting, measuring, compare sizes [P06]. 

The responses are mainly about arithmetic, just as Lee and Ginsburg (2007), 
with the addition of geometry, which is similar as the results from Sheridan 
(2007). 
The second theme was “mathematics is everywhere”; 14 of the 29 preschool 
teachers (48%) gave a response that fitted into this category: 

A lot, Games, Dices, Music, Dance, Books, Physio etc. There is math in all 
situations. [P24]; Mathematics for me is everywhere. That could be e.g. con-
cepts about location, amount, volume, equal different length, short. [P22]. 

Almost half of the teachers writes that “mathematics is everywhere”, but as we 
can see from the replies we cannot say why mathematics is everywhere except 
from named situations or mathematical products.  
The third theme was everyday activities. This theme could be described as a 
subset from the previous category, and 12 teachers (41%) gave an answer that 
was categorised into this theme: 
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Everyday situations when we set the table, when the children are building 
and constructing with different materials etc. [P19]; In everyday [situations] 
we are surrounded by math [P03]. 

The last theme was concerning the teacher’s role. The 11 replies that fitted into 
this category were all a combination with one or several of the other three cate-
gories. Here are two replies that have both been sorted into both “mathematics 
is everywhere” and to “teacher’s role”: 

Mathematics is everywhere at preschool level. You have to make it explic-
it.[P1]; Mathematics at preschool level shall be adjusted to the children’s 
level, that could be everything from building with different types of blocks 
to sorting, comparing, categorisation. You can get mathematics in almost 
everything you do with the children. It is about consciously looking and lis-
tening for mathematics. [P21] 

Summarising this part of the study, there seems to be an emphasis on mathemat-
ical products and in particular concepts from the mathematical areas arithmetic 
and geometry. Almost half of the preschool teachers say that mathematics is 
everywhere, and as a subcategory to this “everywhere”, mathematics is some-
thing that exists in everyday life.  
The next step of the analysis is to have a deductive approach and compare the 
responses with Doverborg’s (1987) study (see Table 3): 

Table 3   Comparison results with Doverborg's three categories. 

Conceptions as 
themes 

Doverborg (1987) - 
daycare 

Doverborg (1987) - 
preschool 

Present study 

Mathematics is an 
activity in itself 

15 (16%) 55 (80%) 1 (3%) 

Mathematics 
comes as a natural 
part in all situa-
tions 

61 (65%) 9 (13%) 26 (90%) 

Mathematics is not 
an activity for 
preschool children 

18 (19%) 5 (7%) 0 (0%) 

Not classified 0 (0%) 0 (0%) 2 (7%) 
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Two of the responses could not be classified according to Doverborg’s catego-
ries since they in their replies listed products (concepts and procedures) as a 
description what mathematics is at preschool level e.g.,  

Shapes, amount, ordering, sorting, sets many – few [P10]  
Almost all of the respondents in this present study (26 of 29; 90 %) express a 
conception that fits into the category ‘Mathematics comes as a natural part in all 
situations’, e.g.,  

In principal, [mathematics is] everywhere. When we are at the preschool: 
when the children arrives, how many today, at breakfast; setting the tables 
for lunch, how many glasses etc. Sorting into categories how many belongs 
to what etc what belongs to what, how many etc. In the forest how far how 
many measuring steps sticks cones etc [P13] 

As this reply illustrates, mathematics is according to this preschool teacher 
something that exists everywhere although it is not clear exactly what this ‘eve-
rywhere’ is beyond basic arithmetic (counting) and measuring. We need to find 
out more what this mathematics could be and in what way. 

4.3 What is a mathematical activity? 

To illustrate what a mathematical activity could be, we asked the preschool 
teachers to give an example of a typical situation. All 29 respondents say that 
they work with mathematics and gave several examples of typical situations. 
The situations named were e.g. eating (18 of 29 respondents: 62 %) and various 
assembly times (13 of 29 respondents: 45%). What is mathematics in these 
situations? In the replies from 24 of the preschool teachers we can get some 
information: 

Assembly, play in everyday situations! Outside! E.g. Singing time count 
your friends, say [what is] larger/smaller, who sits in front/back in between 
etc. [P11]; At fruit time, share the fruit in halves, quarters etc. At assemblies, 
singing. E.g. at physical education: use dice, say that with a one. Go 1 step 
with a two Jump 2 times 3: go backwards 3 steps [P18]. 

Again, the replies concern mathematical products such as counting and to giv-
ing name to objects. Even though most preschool teachers would emphasize the 
teacher’s role in the situations, that they are the key to make things mathemati-
cal, it is still not clear from these results why eating or sharing a fruit in halves 
is mathematics. A result from this is that in the main study an addition of a clari-
fying question is added: what is the mathematics in the situation you just de-
scribe. Compared to the curriculums, both the first one from 1998 and the re-
vised one (Lpfö 98/2010), we can see that the replies are more in line with the 
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second goal from the first one: that the children should develop their under-
standing for basic properties in the concepts of number, measurement and 
shapes and their ability to orientate in space and time. It would be probable to 
think that the process of changing your mathematical world view when changed 
policy documents would take some time, following the results from Sheridan, 
Williams, Sandberg and Vuorinen (2011). From this present study we cannot 
say in what way preschool teachers’ conceptions about mathematics encompass 
mathematical processes such as reasoning. A larger sample with an additional 
question may provide further information about that area. 

5 Summary 

According to the teachers responding in this study, mathematics at preschool 
level is products, mainly concepts from arithmetic and geometry, and the idea 
that “mathematics is everywhere”, although it is not clear how and in what way 
mathematics is everywhere. When specifying situations, it is mainly different 
assembly times that were given as examples. For the majority of the respond-
ents, mathematics is linked with positive emotions. Some teachers talk about a 
development from first being more negative to become more positive with time, 
as they gain experience and more knowledge. It is likely that knowing more 
helps to understand new policy documents and transform them in to practice. 
One implication of this study is that the teacher education should make sure that 
prospective preschool teachers (and maybe also in-service teachers) have the 
possibility to learn and explore what mathematical processes can be at preschool 
level. It seems like that is this stage that is the difficult part of mathematics 
education. 
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Abstract 
This paper reports the results of a quantitative study on primary teachers’ 
(n=253) views on the introduction of steering documents and national examina-
tions for Grade 3. While the majority of the teachers experience the reform as 
empowering, some teachers feel the new curriculum and the national examina-
tion restrict their teacher professionalism. We found differences in how teachers 
viewed the reform depending on whether they had graduated before or after the 
reform in 1994. The differing views can be connected to teachers’ beliefs about 
teacher professionalism and the relation between teaching, learning and matur-
ing. We discuss our findings also in the light of curriculum development during 
the last four decades.   
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1 Introduction 

After a period of decentralization with weak classification and framing (see  
Hemmi & Berg, 2012; Bernstein, 1990), during which schools and primary 
teachers had a great deal of space to choose both the mathematics content to be 
dealt with and the rate of instruction in the classroom, the Swedish government 
has introduced new steering document (Lgr11) and national examinations that 
aim to support teachers by providing them with clearer guidelines concerning 
both content and knowledge requirements (Skolverket, 2012). Before the recent 
reform, only very general goals for Grades 5 and 9 in compulsory school were 
stated. The fulfilment of these goals was monitored for the first time during 
Grade 5, through national examinations testing a minimal level of pupils’ 
achievement. Although the statements of goals and content and the introduction 
of the national examination at Grade 3 imply more steering than the previous 
system, the curriculum can still be seen as a relatively general framework, as it 
does not recommend teaching methods, textbooks, lessons plans or tests (cf. 
Hemmi, Lepik & Viholainen, 2013; Fowler & Poetter, 2004). Also, the 
knowledge demands for Grade 3 only state the minimum goals.  
There is a mismatch between the intended curriculum given by policy makers 
and the implemented curriculum taught by the teacher in the classrooms. Most 
reforms in mathematics have been presented by a top down approach which 
ignores teachers’ beliefs and pedagogical practices (Cuban, 1993). Several re-
searchers have shown the importance of teachers’ attitudes and beliefs in the 
success of reforming a curriculum. To understand what impact the reform could 
have on teaching and learning, it is important to understand how teachers expe-
rience and relate to the new steering documents (e.g. Handal & Herrington, 
2003; Kleve, 2007; Remillard, 2005). Gjone (2001) suggests: “If a curriculum 
reform is to be successful (implemented and realized in practice), it must pre-
sumably reflect a general attitude of the teachers that changes are necessary or 
desirable” (author’s translation) (p. 103). A teacher’s interest in changing his/her 
way of teaching may affect the implementation of a curriculum (Fullan, 1991). 
An important issue for the individual teacher’s actions concerns whether the 
teacher believes a change is possible in practice. Not only the teacher’s experi-
ences of what works and does not work in teaching, but also whether the change 
is consistent with the teacher’s goals and interests, impact his/her actions (Har-
greaves, 1994).   
Kleve (2007) found three types of constraints that affect teachers’ implementa-
tion of a curriculum. The first entails the teacher not believing in the reform but 
rather thinking that the way he/she has taught mathematics in the past is the 
best. This teacher will probably not implement the curriculum. The second con-
straint Kleve discusses is the teacher believing the reform is positive, but never-
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theless not teaching according to the curriculum. Parents’ expectations, students’ 
demands, the work plan, and lack of time are limiting factors that exist among 
the teacher’s beliefs about his/her teaching practice. The third type of constraint 
is the teacher believing in the reform and planning lessons with, for example, an 
investigative approach according to the curriculum, but keeping classroom 
activities fairly “traditional”. Identifying constraining factors offers greater 
opportunities to improve teacher education (Kleve, 2007).  
We have previously explored Swedish teachers’ views on the recent curriculum 
reform through a number of qualitative studies (Hemmi & Berg, 2012), and 
found quite different attitudes and beliefs among the teachers. While most of the 
teachers were positive and regarded both the curriculum and the national exam-
ination as support for their teaching, some of the teachers felt the reform forced 
them to go against the natural maturation process of the child. Some teachers 
considered the level of curriculum goals and national examination as too low in 
order to find and support high-performing pupils. There were also teachers who 
wanted to have even more detailed curriculum guidelines. We connect these 
different views to different beliefs about teacher professionalism. In this paper 
we investigate the main result concerning the teachers’ beliefs and attitudes, 
obtained from the qualitative studies, on a larger scale, and we focus on the 
following questions:  
• How do primary teachers (Grades F-3) relate to the new curriculum and 
national examination?  
• Are there differences in the views with respect to gender, age, how long one 
has worked as a teacher and the year of examination? 
There is no consensus on the notion of beliefs in our research field  
(cf. Furinghetti & Pehkonen, 2003) and in many studies the lack of an explicit 
definition of beliefs and attitudes can make it hard to understand what is being 
investigated (Di Martino & Zan, 2011). We consider the teachers’ beliefs about 
teaching, learning and teacher professionalism as a part of subjective knowledge 
consisting of conceptions, views and personal ideologies and we also recognise 
that the teachers’ beliefs are more or less changing by influences of the culture 
of education (cf. Hannula, Lepik, Pipere & Tuohilampi, in press). Further, in 
this study we assume “the simple definition” of an attitude as “a general emo-
tional disposition toward a certain subject” (Di Martino & Zan, 2001, p.18).    

2 Data Gathering and Analysis 

Using the results of the explorative qualitative studies entailing interviews and 
questionnaires, we formulated 40 statements about the new curriculum and the 
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national examination using the teachers’ authentic utterances as a source of 
inspiration (cf. Oppenheim, 1998). The teachers were asked to rate their agree-
ment with the statements on a five-step scale. The questionnaire was distributed 
to all teachers teaching a preschool class or Grade 1-3 in an average Swedish 
municipality who participated in a meeting in August 2012. Hence, almost all 
teachers (n = 253) in the municipality responded to the questionnaire. 
The teachers’ ages ranged from 25 to 67 years (M = 49.5, SD = 10.0), and they 
had been working as teachers from one to 42 years (M = 15.9, SD = 11.5). A 
total of 95% of the teachers were female.  
In this paper we focus on teachers’ views, and use four item pools to investigate 
them. Four subscales were created with factor analysis (see tables 1-4, Appen-
dix). The internal consistency (Cronbach’s alpha) is presented after the abbrevi-
ated name of the subscale (in brackets). Also the factor loadings are presented.  
The internal consistency was examined. Nunnally and Bernstein (1994, p 265) 
argue that internal consistency should be above 0.70 (Cronbach’s alpha) for 
reliability to be regarded as satisfactory. The internal consistency was reasona-
bly satisfactory for two of the subscales (Support, Restrict), and for the others it 
was rather low. For the subscale: The teacher considers the level of the curricu-
lum goals and the national examination to be low (Goals Low), the internal 
consistency was low but all variables in the subscale correlated positively with 
at least one of the other variables. Although its internal consistency was low, the 
subscale was theoretically meaningful. Conceptually, the questions measured 
the same phenomenon, although this was not confirmed in the analysis of inter-
nal consistency. The subscale Clearness had low internal consistency, but was 
used on the same basis as Goals Low.  
Teachers responded on a five-point Likert scale, ranging from “strongly disa-
gree” to “strongly agree”. Responses were coded from 1 to 5, and the scores for 
the questions in a subscale were summed to a score for that subscale. The score 
for the subscale then was divided by its number of variables, which means that 
the maximum points on all subscales is 5, no matter how many questions are 
included.  
We also investigated differences depending on different background factors. We 
believed there could be different views of the reform if the teacher had worked 
only during the previous, very general steering document (teachers graduated 
1994 or later: GA94) compared with the teachers who had experience about the 
earlier quite detailed curriculum (teachers graduated before 1994: GB94). 
Bulmer (1979) suggests that data is skewed if skewness is < -1 or > 1. Data is 
peaked or flat if kurtosis is < -1 or > 1. The skewness of the data and kurtosis of 
the data was mostly within the limit. Parametric statistical analyses (ANOVA) 
were used for the scales Restrict, Goals Low and Clearness. The distribution for 
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the Support scale was skew and not within the limit for kurtosis (Bulmer, 1979), 
see Table 5. Accordingly to this the Mann-Whitney U test was used for the 
Support scale. 

Table 1  Skewness and kurtosis for the dependent variables. 

 Graduated < 1994 (N=123-158) Graduated 1994 (N=78-85) 
Variable Skewness Kurtosis Skewness Kurtosis 
Support -1.16 S .62 -1.66 S 3.03 K 
Restrict -.11  -.39 -.47 -.61  
Goals low -.33  -.17 -.50 -.01  
Clearness -.27  -.22 -.35 .10  

Note: Skew and peaking values are marked with S and K.  
 
We also investigated the possible differences in teachers’ views depending on 
gender as well as the teachers’ ages. 

3 Results 

In general, the teachers’ views on the introduction of the steering document and 
national examination in Grade 3 were quite positive in both groups (the teachers 
who graduated before 1994 GB94 and the teachers who graduated in 1994 or 
after 1994 GA94), and they considered the guidelines quite clear (Table 6). 

Table 2.   Means, standard deviations, median and quartile deviation of the dependent variables. 

 Graduated < 1994 (N=123-158) Graduated  1994 (N=78-85) 
Variable M SD M SD 
Support 3.5 (Mdn) 1 (qd) 3.75 (Mdn) 1.13 (qd) 
Restrict 2.93 0.86 3.22 0.93 
Goals low 1.82 0.68 2.02 0.71 
Clearness 3.06 0.88 3.27 0.78 

Note: for the subscale Support the median (Mdn) and quartile deviation (qd) are present-
ed. For the other dependent variables the mean and standard deviation are presented.  
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3.1 Analysis of Variance 

Teachers who graduated in 1994 or later (GA94) were slightly more supportive 
of the reform of 2011 (see Figure 1); in particular, they supported the use of 
national tests. However, the difference was not statistically significant [z = 1.73, 
n.s.].
On the contrary (and this difference was statistically significant), teachers in the 
GA94 group criticized the reform for limiting teachers’ professionalism to a 
statistically significantly higher degree than those in the GB94 group did; see 
Figure 2. [F=(1,201) = 5.03, p<.05]. 

Figure 1  Support of the reform. Distribution of how positively teachers related to the reform in 
general and the national tests in particular. N=203 
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Figure 2  Restricting teacher professionalism. Distribution of experience of the reform as re-
stricting teacher professionalism. N=212 

These GA94 teachers, in comparison to those in the GB94 group, also consid-
ered the levels of the curriculum goals and the national examination to be low 
(see Figure 3), making it difficult to use the results from the national tests to 
identify and support high-performing pupils in need of extra stimulation. This 
difference between the groups was statistically significant [F=(1,208) = 4.56, 
p<.05].  
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Figure 3  Low Goals. Distribution of the extent to which the teachers considered the level of the 
curriculum goals and the national examination to be low. N=219. 

The teachers in the GA94 group thought that the steering documents gave spe-
cific support in planning and carrying out the teaching to a greater extent than 
those in the GB94 group did (see Figure 4). This difference was statistically 
significant F=(1,221) = 4.61, p<.05]. 
Complementary analyses showed no significant differences in the dependent 
variables between teachers who had worked less than ten years, ten to 25 years, 
and more than 25 years. Analyses with ANOVA and Mann-Whitney U test 
showed that the F-values for these analyses varied between .21 and .85. This 
indicates that a teacher’s age does not influence his/her views on support for the 
reform, restrictions on their professionalism, the level of the curriculum goals, 
or the clearness of the curriculum guidelines. It rather seems to be that the time 
the teachers began teaching career is more important for their views on the 
reform of 2011. We also found no differences between the teachers’ views with 
respect to gender.  
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Figure 4  Clearness in the curriculum guidelines. Distribution of the extent to which the teachers 
viewed the curriculum guidelines as clear. N=223. 

4 Conclusion and Discussion 

Our study shows that most teachers in the municipality that we have investigat-
ed relate positively to the reform and, hence, the quantitative study confirms the 
results of our earlier qualitative explorations concerning this attitude (Hemmi & 
Berg, 2012). The most important background factor for different attitudes and 
beliefs seem to be the year of graduation. For example, the data analysis shows 
that the teachers who graduated in 1994 or later (GA94) were slightly more 
supportive of the reform, in particular the introduction of the national examina-
tion for Grade 3. These teachers (GA94) have worked only with very general 
national goals and guidelines, stated and measured for the first time for Grade 5, 
while the GB94 teachers have experienced also very detailed curriculum guide-
lines before the reform in 1994. It is possible that the GA94 teachers welcome 
the standards in form of the national examinations in order to relate their own 
goals to the national level while the GB94 teachers who started their teacher 
carrier during a period of more centralized guidelines might have continued 
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using those guidelines as leading their work during the period of decentraliza-
tion. 
Against this background we find it interesting that the GA94 teachers felt that 
the reform restricted their teacher professionalism to statistically significantly 
higher degree than the teachers who graduated before the reform in 1994. It is 
possible that at the same time as the GA94 teachers find it helpful to compare 
their own goals to the national standards, they feel that the steering document 
with national examinations restrict their teacher professionalism, as they are 
used to work freely adapting the work on individual students’ interests and 
developmental level. According to this view, it is impossible to state common 
mathematics goals proper for all students and therefore it is unnecessary to 
worry the pupils and their parents in vain. This view can be connected to teach-
ers’ beliefs about teaching, learning and the maturation of the child (see Vygot-
sky, 1978), something that may affect their views about what is possible to 
achieve in the teaching of mathematics. 
The goals stated in the steering document for Grade 3 define the minimum level 
of student achievement, and the national examinations test only the fulfilment of 
these goals. A small group of teachers are concerned about this. We also found 
that this concern was more common among those who had graduated in 1994 or 
later, a fact we find difficult to explain. 
Most teachers seem to be quite satisfied with the clearness of the guidelines. 
Again, we find an interesting difference between the GB94 and GA94 teachers. 
The teachers, who graduated in 1994 or later, feel that the steering documents 
offer them specific support in planning and carrying out the teaching to a great-
er extent than GB94 teachers feel. We think this can be connected to the GA94 
teachers’ earlier experiences about very general guidelines. The GB94 may still 
have in mind the older, quite specific guidelines and compared to those the new 
guidelines are quite general.   
The teachers who advocate for clearer guidelines presumably also hold different 
beliefs about teacher professionalism, especially compared with those who 
believe that early goals are unnecessary and perhaps even damaging. If a teach-
er believes he/she knows the possible learning trajectories of the students and 
believes that it is impossible for all the students to learn the contents according 
to the national goals because of varying maturation of the children, he/she may 
not be willing to struggle to get all students to the decreed minimum level. Ac-
cording to earlier research teachers’ positive attitudes towards reforms are im-
portant for the success of the reform (e.g. Kleve, 2007; Remillard, 2005; Gjone, 
2001). Teachers’ beliefs about a curriculum in relation to their own teaching can 
either facilitate or inhibit the realisation of the guidelines and ideas in new steer-
ing documents into classroom practices that reflect the reform (cf. Handal & 
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Herrington, 2003). Our results show that in general most of the teachers relate 
positively to the reform and hence, there should be good conditions for the 
reform to become successful. However, as Kleve (2007) points out, there can 
still be various external constraints that may have a negative impact on how 
teachers implement the curriculum, like parents’ expectations or lack of time. 
Also, teachers can believe that the reform is needed and they try to adapt their 
teaching to the new demands. However, it is not always easy to introduce new 
contents in mathematics classrooms, even if the teacher would accept the im-
portance of them. For example, problem solving is heavily stressed in the new 
Swedish curriculum and there are certainly a lot of teachers who are not accus-
tomed to teach problem solving for children. That is why it is also important to 
focus on the character of the in-service teacher education where focus is on 
guidance about how to proceed in practice. 
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6 Appendix 

Table 1. Variables in the subscale ”The teacher relates positively to the reform in general 
and the national tests in particular” (Support,  = .76) and the factor loadings of the 
variables. 

Variable 
Factor 
loadings 

 

Results of national examinations will help me develop my teaching.  .59  
National examinations are a great support for me as a teacher in my 

own assessment of students’ knowledge.  .58 
 

National examinations give me a good basis for individual development 
plans.  .45 

 

National examinations give a clear picture of what knowledge the 
student has developed.  .54 

 

National examinations concretize the goals of the curriculum.  .51  
National examinations allow the teacher to diagnose what needs to be 

trained more.  .37 
 

The goals for Grade 3 will help me get an idea of the student’s devel-
opment.  .38 

 

The knowledge requirements help me focus on what is most important 
in my teaching.  .31 

 

 
Table 2. Variables in the subscale ”The teacher experiences the reform as restricting their 
professionalism as they think the students should develop at their own rate” (Restrict,  
= .65) and the factor loadings of the variables. 

Variable Factor 
loadings 

 

National examinations needlessly worry students and parents.  .63 
 

National examinations entail altogether too much work, you still 
know what students can do.  .48 

 

National examinations make the students nervous.  .34 
 

National examinations take a great deal of time to prepare, per-
form and process.  .31 
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Table 3. Variables in the subscale ” The teacher considers the level of the curriculum 
goals and the national examination to be low” (Low Goals,  = .44) and the factor load-
ings of the variables. 

Variable Factor 
loadings 

 

National examinations do not help me identify students who 
need more stimulation.  .27 

 

The goals are set too low for most students at the end of  
Grade 3.  .19 

 

The tasks in national examinations are too easy to help me sin-
gle out the students who can learn a lot more.   .31 

 

It is difficult to set the bar higher because only the minimum 
level is described in the steering document.  .20 

 

 
Table 4. Variables in the subscale ”The teachers’ views of the clearness of the curriculum 
guidelines” (Clearness,  = .47) and the factor loadings of the variables. 

Variable Factor 
loadings 

 

Lgr 11 gives me concrete support in how to plan and carry out 
my mathematics teaching.  .30 

 

The steering document for Grade 3 should be more specific in 
order to guide me in my teaching. (reversed)  .30 
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Abstract 
Different teacher programs and university courses in teacher education aim at 
changing the participants’ beliefs towards a view of mathematics as a process 
and of mathematics learning as a constructivist act. They often include vivid 
experiences of problem solving and epistemic reflection. This paper describes a 
case study based on a pre-post interview design with pre-service teachers during 
such a course. One participant’s belief system is analysed with respect to the 
beliefs before and after the course, the way of reasoning expressing these beliefs 
and the structure of the belief system. The results show amongst others that new 
beliefs evolve without the old ones being rejected. This leads to a more or less 
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conscious ambiguity and to a conflict within the belief system. General results 
are briefly presented by describing a typology of belief change taking into ac-
count the whole sample of eight students. 

1 Introduction  

In school, pupils are not only learning mathematical content, they are also learn-
ing what mathematics is and how it is learned (Philipp, 2007). For that reason – 
and having in mind that many pre-service teachers have developed unhelpful 
beliefs during their school days – teacher educators aim at communicating a 
view on mathematics as a process and on mathematics learning as a constructive 
act (e.g. Schoenfeld, 1992). University courses which include for example vivid 
experiences of problem solving and epistemic reflection constitute an academic 
environment that can initiate and support belief change. It is of vital interest for 
designing such courses to better understand the processes of such a belief 
change. In this paper the belief change of pre-service teachers in a problem 
solving course is investigated to a deep level. The belief change in the course 
has already been corroborated inferentially by means of a questionnaire (Leud-
ers, Holzäpfel, Bernack & Renkl., in prep.). However, the quantitative data used 
for that purpose cannot completely describe the complex characteristics of the 
change process in a belief system. Therefore, an interview study aimed to un-
derstand the belief change and to identify typologies. One case will be presented 
in a detailed way exemplifying the general results found in the other cases. The 
paper ends with an outlook on general results presenting a typology of belief 
change. 

2 Belief change: Theoretical framework and research 

Beliefs about mathematics and about mathematics teaching of prospective 
teachers develop primarily during their own school days where they are shaped 
by their experiences as students (Thompson, 1992). The change of belief sys-
tems occurs as a result of one’s experience (ibid.). Green (1971) describes three 
dimensions of belief systems: First, beliefs have a quasi-logical relationship. 
Secondly, they can be central or peripheral which depends on their psychologi-
cal strength. Finally they are held in clusters which can be more or less isolated 
from each other (ibid.). Green remarks that the disposition to change certain 
beliefs is related to the psychological strength of beliefs. Those that are located 
peripherally are easier to change than those located centrally (Green, 1971). 
Pajares (1992) argues in the same way though he differentiates between early 
and lately acquired beliefs. The question of why exactly it is so difficult for 
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teachers to assimilate their schemes and to internalize new beliefs remains un-
answered (Thompson, 1992). For that reason an important goal of research is to 
detect what happens cognitively when beliefs are changing and to identify those 
factors that promote belief change (Grigutsch, Raatz & Törner, 1998). 
Several studies and teacher programs report belief changes, mostly towards 
mathematics as a process and towards a constructivist view of mathematics 
learning. These programs can essentially be characterized as follows: Working 
on open ended problems and/or unfamiliar mathematical content gives the par-
ticipants the opportunity to experience and to reflect the role of a learner of 
mathematics (e.g. Chapman, 1999; DeBellis & Rosenstein, 2004; Liljedahl, 
Rolka, & Rösken, 2007; Lloyd & Frykholm, 2000). Some programs include 
participants’ working with pupils and provide an opportunity to reflect on actual 
children’s mathematical thinking (Ambrose, 2004; Chapman, 1999). Other 
programmes include the development and implementation of lesson plans (e.g. 
DeBellis & Rosenstein, 2004). Most of the programs aim at making the partici-
pants aware of their beliefs as well as providing emotion-packed experiences of 
doing mathematics. In almost all programs reflection is an important compo-
nent. However, most of the studies focus on beliefs about teaching and learning 
mathematics or they do not clearly separate between beliefs about mathematics 
and those about teaching and learning. While all studies drew on retrospective 
reflection, only some studies refer to pre and post data to describe the belief 
change (Ambrose 2004; Chapman, 1999; Liljedahl, Rolka, & Rösken, 2007). A 
belief change of participants is reported throughout all these programs – few 
studies also use inferential analysis of quantitative data (e.g. Roscoe & 
Sriraman, 2011; Leuders et al., in prep.). Ambrose (2004) describes the change 
in the participants’ belief system concluding “that prospective teachers do not 
let go of old beliefs while they are forming new ones” (ibid., p.117). With this 
caveat in mind, it seems reasonable to further investigate the quality of belief 
change. 

3 Research desiderata and goals of the study 

In the teacher education course reported in this paper, the questionnaire data 
demonstrated a belief change with respect to several dimensions (Leuders et al., 
in prep.). However these results neither explain the reasons for the belief change 
nor do they provide insight into the complex change of a belief system. Differ-
ent beliefs concerning mathematics itself and the teaching and learning of math-
ematics interact in a complex way and thus can only be roughly captured by 
means of questionnaires. Stahl (2011) doubts the validity of capturing beliefs by 
questionnaire ratings because the same judgments might be given e.g. at differ-
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ent age levels for different reasons. Stahl pointed out that “the argumentation 
structures and the cognitive elements that different learners activate to reach the 
judgment might be greatly different from each other” (Stahl, 2011, p.42). 
Cooney (1998) proposed four types of belief change based on organizing beliefs 
in isolated clusters to creating a coherent belief system through reflection. How-
ever, he based his research on the case studies of four individual teachers, so 
that his findings must be judged critically. Furthermore, when belief change is 
reported from a retrospective view there may be bias in describing the change 
process. In order to overcome this bias the study reported here aimed to better 
understand the belief change and the individual belief system in a longitudinal 
design in relation with problem solving courses by means of interviews. A sec-
ond goal consisted of identifying typologies of belief change which occur with-
in a problem solving course. These objectives lead to the following research 
question: In which way does active problem solving and reflection of one’s own 
problem solving processes influence beliefs about mathematics and beliefs 
about teaching and learning mathematics? We try to answer this overarching 
question by investigating the following sub-questions: Which beliefs change 
and which ones stay the same? How do the arguments used to express beliefs 
change? How does the structure of the belief system change? Which types of 
change can be found? 

4 Methodology 

4.1 Implemented course concept 

The course concept draws on ideas from teacher programs like the ones report-
ed above (e.g. DeBellis & Rosenstein, 2004). The research project is closely 
linked with a university course for future primary level teachers titled ‘Mathe-
matical Thinking’. The students work individually on open ended problems 
which lead to activities that involve exploring arithmetic or geometric phenom-
ena, proposing and testing hypotheses, thereby generating systematic 
knowledge about mathematical structures. As one example of the problems used 
in the course the problem ‘Step-Numbers’ is presented in Figure 1: 
 
Problem 3: Which numbers can you write as the sum of consecutive natural numbers 
(e.g. 12 = 3+4+5)? Can you tell which numbers can be written in which different ways? 
When you have worked on the problem to your satisfaction, ask some questions, e.g. 
“What happens if…?” or vary the problem. 

Figure 1   Example of the problems 
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The participants (N=78, mainly in their second year of three of teacher educa-
tion studies) received neither heuristic support nor any other kind of feedback 
from the instructor, so they could experience for themselves being independent 
and self-regulated problem solvers. They were required to keep records of the 
problem solving process including all ideas, emotions and reflections. At the 
beginning and at the end of the course the participants reflected on their notion 
of ‘mathematical thinking’ and on their beliefs by means of concept maps and 
written reflections. The course took place in an experimental intervention de-
sign involving a quantitative pre-, post-study on belief change (Leuders et al., in 
prep.). Moreover qualitative data on the problem solving processes and the 
participants’ reflection was gathered. This paper focuses exclusively on the 
interview data. 

4.2 Interviews and Data analysis 

The interview study was based on a convenience sample; eight students from 
the course volunteered. All of them were studying to become primary or lower 
secondary school teachers. The interviews were conducted in a pre-post-design 
as guided interviews to avoid gathering only potentially distorted retrospective 
view. Because the goal was to understand the individuals’ belief systems and 
their change, in each interview the same open questions about the nature of 
mathematics, mathematics at school and at university etc. were asked. Each 
interview took 45 to 70 minutes.  
The method of analysis follows the Qualitative Content Analysis (cf. Mayring, 
2000). The process of analysis mainly consisted of loops of summarizing and 
structuring according to areas and belief-categories which were identified both 
inductively and deductively. In the first step, the interview was divided into 
coherent text sections which then were classified by seven areas: ‘Nature of 
mathematics’, ‘Mathematical tasks and problems’, ‘Mathematical activities’, 
‘Context of own school days’, ‘Context of own studies’, ‘Mathematics learning 
and teaching’ and ‘Mathematical self-concept’. The selection of these areas for 
the interview was based on the dimensions and aspects of belief structures re-
ported in literature (e.g. Op’t Eynde, de Corte & Verschaffel, 2002). In the next 
step all sections of every single area were summarized. These thematic summar-
ies were then categorized according to a set of belief categories. On the one 
hand, established belief categories (Baumert et al., 2006) were used if appropri-
ate. On the other hand categories were inductively introduced to describe the 
individual belief system when new aspects arose. On this basis the following 
comparisons and interpretations according to the research questions could be 
carried out and will be presented in this paper: A comparison of pre- and post- 
for each student (exemplified for one case) as well as finding typologies of 
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belief change (presented for all cases). Additionally, changes in the way of rea-
soning can be found and the change in the overall belief structure of the indi-
vidual student can be analysed. 

5 Results and discussion  

5.1 Changing beliefs and stable beliefs 

The case of Maria (pseudonym) will be presented here in a detailed way, so that 
the power of the method of analysis for further cases becomes apparent. Maria 
is 22 years old; she was studying to become a lower secondary school teacher 
and she was in her third year of the teacher education program. Her high school 
results in mathematics corresponded to an American grad A. During the first 
interview the belief of ‘Mathematics as a toolbox’ strongly appears within dif-
ferent areas. In Table 1 a cross indicates in which area this belief is expressed in 
the first (pre) and the second (post) interview. In the first interview ‘Mathemat-
ics as a toolbox’ appears e.g. within the area ‘Tasks and problems’. 

Table 1:  The beliefs 'Mathematics as a toolbox' and 'Usefulness of mathematics' found within 
thematic summaries 

Beliefs 
Areas 

M. as a toolbox Usefulness of m. 

pre post pre post 

Tasks and problems x x 
Context of her own school days x 
Mathematics’ learning and teaching x x x x 
Mathematical activities x x x x 
Nature of mathematics x x x x 

Maria preferred to solve tasks by a known algorithm and tasks that focus on 
computation. She explained a typical task in mathematics as follows (a selection 
of different tasks was presented to her): 

Interv.: And why are they [these tasks] typical? 
Maria: It’s clearly said what to do and referring to teaching, the student knows 

immediately what to do without having to resolve a puzzle – like in the other 
task. 

Interv.: And when not referring to teaching? 
Maria: Hm, generally spoken this task includes what is given and what is asked 

for, it is clearly understandable and yes, it is universally valid. 
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This belief still appears as stable during the second interview after the course 
within the same areas, but sometimes with little shifts and constraints. Asked 
about typical tasks in mathematics she explains for example: 

Maria: For this, I feel ambivalent. On the one hand, I think, tasks like [these] 
ones are typical because they specify what to do. On the other hand, I be-
lieve there is a big part in mathematics that tries to appreciate individual 
solution processes. I can’t tell about the relation between these, that’s dif-
ficult. I think, the own school days rather shape the idea what mathemat-
ics is. And perhaps I still have internalized that there has to be a formula.  

Generally, the interviews reveal that old beliefs are mostly not rejected even if 
new ones are appearing.  
Another strong belief during Maria’s first interview was the ‘Usefulness of 
mathematics’ (cf. table 1, col. 3). She evaluated her former mathematics lessons 
as positive when she could transfer the content, e.g. geometry, to her everyday 
life. Her future pupils, she believed, should experience mathematics as some-
thing that is useful. In the second interview she focussed less on that belief. This 
is in line with the other interviewees where this belief remains or is less strong. 
In the second interview Maria referred to an aspect of mathematics that did not 
occur in the first interview. Her statements can be categorized as ‘Explorative 
activities’, ‘Individuality when doing mathematics’, ‘Different approaches’ and 
‘Problem solving’. These categories can be summarized as a process oriented 
view on mathematics. They can be found in the areas ‘Tasks and problems’, 
‘Mathematics’ learning and teaching’,’Mathematical activities’ and ‘Nature of 
mathematics’. In the quotations above from the second interview one can rec-
ognize the categories ‘Different approaches’ and ‘Individuality when doing 
mathematics’, when she is talking about individual solution processes. These 
beliefs are closely related to her experiences in the course. As it can be seen 
from the numerous areas within which she mentioned it, she is integrating them 
in her belief system. Asked what she is doing when she is practicing mathemat-
ics she refers to the course: 

Maria: One tries somehow to find connections between what is given. I realized that 
I focus on ALWAYS finding a formula. Even when you don’t need one. I 
think, that is due to my school days where you are shaped to believe that for 
every task there is an ideal solution and a formula to be applied. It was a 
great experience that it can work differently, WITHOUT a formula. […] 

Interv.:How could you describe this experience – of not using formulas? 
Maria: At the beginning, I didn’t have an exact idea about the result. In the course, I 

often started to create examples, then I discovered regularities which I inves-
tigated and then I found a solution. And this went on like pearls on a string. 
In the end you find something great and in between again and again little 
things. 
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5.2 Same belief - different reasoning 

Another belief-cluster can be found in Marias beliefs about teaching and learn-
ing. In the first interview she tells about ‘Constructivist learning through dis-
covery’ with regard to the areas ‘Context of her own school days’, ‘Context of 
university studies’ and ‘Mathematics’ learning and teaching’. Amongst other 
things it seemed important to her that the content is discussed and discovered by 
the pupils. This belief was found in the same areas in the second interview but 
she was answering in a more precise and extensive way, using fewer buzzwords 
then in the first interview. She described the change to this belief as follows 
(excerpt from the second interview):  

Maria: Basically, I knew that pupils should work on tasks by themselves. But I 
never understood how that should work because I hadn’t understood by 
myself how to tackle it when I’m uncertain about it. Now I realized that 
you don’t need to bother and that this comes up intentionally. 

After the course, almost all interviewees are expressing their beliefs in a more 
detailed and reflected way, especially related to the areas ‘Mathematical activi-
ties’, ‘Nature of mathematics’ and ‘Mathematical teaching and learning’. 

5.3 Change of the belief structure 

Regarding the structure of Maria’s belief system a certain ambiguity can be 
recognized. Referring to Green (1971) ‘Mathematics as a toolbox’ appears to be 
a central belief with more psychological strength then other beliefs about math-
ematics. Beliefs that can be summarized under the aspect mathematics a s pro-
cess (e.g. ‘Explorative activities’ and ‘Individuality when doing mathematics’) 
are still new beliefs. Reading the second interview’s excerpts above and consid-
ering further passages, an ambiguity between those two beliefs appears. Maria 
seemed to be consciously referring to this ambiguity that provokes an inner 
conflict. She recognized both apart from each other but she could not resolve 
the conflict or is restricting their application to certain aspects of mathematics. 

Maria: There are different areas in mathematics, one is for example problem solving 
where the solution procedure is rather open-ended. Everybody can develop 
its own approach. And for example in geometry, everything is more limited 
by formulas. 

Regarding the seven cases one can find indications of different belief structures 
with regard to the aspect of ambiguity as in Maria’s case – with varying sophis-
tication and consciousness. These first results merit deeper analysis since these 
ambiguities can play an important role for example in the students’ future teach-
ing practice. 
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To summarize the results, Figure 1 tries to give an overview of Maria’s central 
beliefs (darker boxes) and some local respectively less dominant beliefs (lighter 
boxes). The Figure additionally shows further belief categories and emotions 
towards mathematics that were found in the interview data and that could not be 
part of the in-depth description above. Figure 2 tries to describe her belief sys-
tem after the course. 

Math. as a
toolbox

Rules and laws

Usefulness of
math.

Importance of
illustrative
materialPositive emotions

towards math.

Constructivist learning
through discoveryCharacteristic:

logical

Basic arithmetics,
numbers

Math. in the
world around us

The belief ‘Explorative activities / individuality when doing mathematics’ could 
only be found in the statements of the second interview. The new beliefs around 
‘Explorative activities’ are related to ‘Constructivist Learning’ which is indicat-
ed by an arrow. Since it was the explicit goal of the course to strengthen such a 
view of mathematics it can be regarded as successful. However, the evolution of 
this new belief did not lead her to completely reject her old beliefs. The ambigu-
ity between these new beliefs and the old one ‘Mathematics as a toolbox’ 
is highlighted by a flash between them in Figure . 

Figure 2  Maria's belief system before the course
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Math. as a
toolbox

Usefulness of
mathematics

Importance of
illustrative
material

Positive emotions
towards

mathematics

Constructivist learning
through discovery

Explorative
activities /

Individuality

Problem solving Different
approaches

Math. patterns

 

 

5.4 Typology of belief change 

In this article an in-depth analysis of a single case is reported. Further seven 
cases of participants were analysed in the same way revealing similar results 
with different individual emphasis. In order to provide more elaborated results 
we identified types describing the change process (Bernack-Schüler, in prep.). 
As criteria we chose the way beliefs connected to Mathematics as a process and 
those about ‘Mathematics as toolbox’ changed because they appeared of par-
ticular importance in the data and regarding the goals of the course. The combi-
nation of these two criteria revealed three types of belief change. Furthermore 
those types were characterized by means of the way of reasoning pre and post 
and the structure of the belief system after the course. The characteristics of 
each type are represented in Table 2. Maria belongs to Type 1. Type 2 is charac-
terized by insisting on mathematics as a toolbox without developing process 
oriented beliefs that play a central role in their belief system. Type 3 stands out 
due to the aspect ‘mathematics as a process’ which was already important to 
them before the course and then confirmed during the course. Mathematics as a 
toolbox seemed not to be of particular importance in both interviews. 
 
 

Figure 3  Maria's belief system after the course 
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Table 2: A typology of belief change 

Type 1 Type 2 Type 3 

Math. as a toolbox:  
Way of change and 
importance pre-
post 

Beliefs stay con-
stantly important / 
Strengthening of 
existing beliefs 

Beliefs stay con-
stantly important / 
Strengthening of 
existing beliefs 

Weak beliefs – no 
particular im-
portance pre and 
post in the belief 
system 

Mathematics as a 
process: 
Way of change and 
importance pre-
post: 

Newly evolved 
after the course 

Weak beliefs – no 
particular im-
portance pre and 
post in the belief 
system 

Strengthening/ 
confirmation of 
existing beliefs 

Way of reasoning 
Vague or uncertain 
answers in the first 
interview 

Vague or uncertain 
answers in the first 
interview 

„Mathematics are 
everything and 
everywhere“ 

Belief system 
(post) 

In some cases 
ambiguity found 

integrated, reflec-
ted  

6 Conclusion 

This paper describes a single case as an example from an interview study of 
belief change during a university course in problem solving, together with in-
sights from the general results. The results show that during a belief change new 
beliefs evolve or some beliefs are strengthened without the older ones being 
rejected – as it was already indicated by Ambrose (2004). This process may lead 
in certain cases to a belief structure that can be characterised by a more or less 
conscious ambiguity or an inner conflict. This finding also has to be considered 
when teacher educators implement such a course concept and it stresses the 
importance of reflection that Cooney (1998) describes in his paper. Further-
more, the example underpins the criticism by Stahl (2011): Belief structures 
may be more complex than judgements elicited in questionnaires reveal. Fur-
thermore the same belief can be expressed with different degrees of reflection 
and reasoning. Interview studies are limited to the distinct questions posed and 
the answers elicited. There are possibly hidden beliefs that could not be made 
explicit by the participants. The case of Maria exemplifies type one of the belief 
change through such a problem solving course. The presented typology com-
pletes the results under a general viewpoint by taking into account all interview-
ees. More elaborated descriptions of the general results and case studies exem-
plifying type 2 and 3 can be found in Bernack-Schüler (in prep.). 
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Abstract 
In this paper, we focus on belief systems of six teachers of primary and second-
ary schools who just started their teacher trainees referring to the teaching and 
learning of arithmetic. Firstly, we discuss the theoretical framework of our re-
search and outline the method. Afterwards we discuss findings of our research 
in three separate sections. We discuss the identification of central beliefs refer-
ring to one teacher. Further we derive findings referring to peripheral beliefs to 
the same teacher. Finally, we discuss types of belief systems towards teaching 
arithmetic. We conclude the paper with a brief summary and suggestions for 
further research. 
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1 Introduction 

Teachers’ decide, what mathematical content they bring to the classroom; they 
have reasons, why they select specific content and – except for ad-hoc decision 
when interacting with students – they decide how they teach specific content, 
i.e. they individually define their way of teaching (cf. Calderhead, 1996). Alt-
hough a teacher’s responses to the what, why and how are dependent of his 
professional knowledge, his responses are strongly impacted by his beliefs 
about mathematics or teaching and learning mathematics that are a part of the 
teachers’ mathematical related affect (Hannula, 2012). For example, a teacher’s 
beliefs are crucial for a teacher’s decision to what extent he will enact his 
knowledge about mathematics and mathematics teaching and learning referring 
his instructional planning and, thus, for his classroom practice (e.g. Felbrich et 
al., 2012).  
Accepting the impact of teachers’ beliefs on both the instructional planning and 
the classroom practice, the further impact of teachers’ beliefs, i.e. on the stu-
dents’ learning, seems obvious. However, although research in mathematics 
education yielded results referring to the relationships among teachers’ beliefs 
on the one side, and the teachers’ classroom practice and the students’ learning 
on the other side (Artzt & Armour-Thomas, 1999; Staub & Stern, 2002; Dub-
berke et al., 2008), this relationships are not completely investigated (e.g. 
Hiebert & Grouws, 2007; Skott, 2009). In this report we concern two character-
istics of teachers’ beliefs that potentially could yield a consistency between 
teachers’ espoused beliefs referring to their instructional planning and those 
beliefs that could be derived from classroom observations, i.e. the centrality of 
the expressed beliefs concerning the internal organisation of beliefs called belief 
system (Green, 1971; Putnam & Borko, 2000; Wilson & Cooney, 2002; Eichler, 
2011; Schoenfeld, 2011), and the specificity of these beliefs referring to a math-
ematical subdomain (cf. Franke et al., 2007). The centrality of teachers’ beliefs 
seems further to be crucial when professional development or, respectively, a 
change of teachers’ beliefs is regarded (Borko & Putnam, 1996; Wilson & 
Cooney, 2002).  
Our research concerns both, teachers’ beliefs that are relevant for their class-
room practice and the development of beliefs of teachers that we have followed 
from their final exams at university through a phase as teacher trainees up to 
their starting point as a qualified teacher. For this reason, a specific interest of 
our research and the focus in this report is to identify teachers’ central beliefs 
restricted to the teaching and learning of arithmetic. According to this focus, we 
outline the theoretical framework and describe the method of our research. In 
addition to findings referring to individual arithmetic teachers’ central beliefs, 
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we discuss three types of arithmetic teachers (cf. Thompson, 1984). We con-
clude this report summarising our findings and suggesting further research. 

2 Theoretical framework 

Stein, Remillard and Smith (2007) provide a curriculum model including four 
phases of which the latter three phases are potentially influenced by teachers’ 
beliefs (see fig. 1).  
 

 
Figure 1  Four phases of the curriculum according to Stein at al. (2007) 

The written curriculum involves instructional content, and teaching goals pre-
scribed by national governments. The way the teachers interpret a written cur-
riculum concerning content and goals referring to his instructional planning is 
called the intended curriculum. In this report, we mainly focus on teachers’ 
intended curricula. However, indirectly we also regard the classroom practice 
involving interactions of a teacher with his or her students (enacted curriculum) 
and students’ learning, since both have an impact on a teacher’s intended cur-
riculum through reflection on his or her experiences in classrooms (Wilson & 
Cooney, 2002). 
We understand beliefs as an individual’s personal conviction concerning a spe-
cific subject, which shapes an individual’s way of both receiving information 
about a subject and acting in a specific situation (Pajares, 1992). Regarding this 
definition, we understand content and goals as specific forms of beliefs portray-
ing a teacher’s conviction about an appropriate way of teaching mathematics. 
Since an intended curriculum referring to arithmetic includes various specifica-
tions to appropriate content, goals or ways of teaching, we understand an in-
tended curriculum as a specific form of a teacher’s belief system (Green, 1971; 
Thompson, 1992). A belief system is characterised by a quasi-logical system of 
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beliefs with different grades of centrality (Thompson, 1992). Although a teach-
er’s belief system could potentially consists of clusters that need not to interact 
with each other, we hypothesise that a teacher’s belief system is mostly con-
sistent, if a specific mathematical domain, e.g. arithmetic, is regarded.  
In this report we refer partly to overarching goals of the teachers that can be 
characterised by different features regarding the perception of mathematics in 
general (Dionne, 1984; Thompson, 1984) and to which Grigutsch et al. (1998) 
distinct four views:): 
- A formalist view stresses that mathematics is characterised by a logical and 

formal approach. Accuracy and precision are most important. 
- A process-oriented view is represented by statements about mathematics 

being experienced as a heuristic and creative activity that allows solving 
problems using different and individual ways. 

- An instrumentalist view places emphasis on the “tool box”-aspect which 
means that mathematics is seen as a collection of calculation rules and pro-
cedures to be memorized and applied according to the given situation. 

An application oriented view accentuates the utility of mathematics for the real 
world and the attempts to include real-world problems into mathematics class-
rooms. Further we refer to a global distinction of two different ways of teaching 
mathematics, i.e. a “cognitive constructivist orientation”, and a “direct transmis-
sion view” (Staub & Stern, 2002, p. 344). 

3 Method 

The sample consists of 20 arithmetic teachers of primary and secondary school 
divided into two subsamples. The first subsample include 8 experienced teach-
ers (four primary teachers, four secondary teachers) teaching arithmetic at least 
for five years. The second subsample consists even of 6 teachers (three primary 
teachers, three secondary teachers) that we have followed from their final exams 
at university through a phase as teacher trainees up to their starting point as a 
qualified teacher. 
We collect data with a semi-structured interview including clusters of questions 
referring to arithmetic content, goals of teaching arithmetic, goals of teaching 
mathematics, the nature of mathematics, students’ learning or materials used for 
the classroom practice, e.g. textbooks. In addition, the interviews incorporate 
prompts to evaluate given arithmetic tasks or fictitious statements of teachers or 
students that represent one of the views mentioned above, e.g. an application 
oriented view. Further, we used a questionnaire adapted form an existing scale 
referring to teachers’ views (Grigutsch et al., 1998). We interviewed the experi-
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enced teachers once, since we assume these teachers’ beliefs to be relatively 
stable (Calderhead, 1996). In contrast, we interviewed the teachers of the sec-
ond subsample three times, i.e. at the end of their university studies, in the mid-
dle of their teacher training phase, and at the beginning of their time as a quali-
fied teacher. The rationale for this longitudinal design is the assumption that 
prospective teachers’ beliefs potentially change, when they get their first intense 
practical experience. These prospective teachers have little practical experience 
during their university studies including three internships that are mainly of 
observational nature. The teacher training between university and the beginning 
as a qualified teacher lasts 18 month and involves both self-dependent teaching 
and teaching guided by a mentor. 
For analysing the data of the verbatim transcribed interviews, we used a qualita-
tive coding method (Kuckartz, 2012) that is close to grounded theory (Glaser & 
Strauss, 1967). We used deductive codes derived from a theoretical perspective 
like “application oriented” goal and inductive codes for those goals we did not 
deduce from existing research concerning calculus education (Kuckartz, 2012). 
Further we weighted the codes with 1 or 2. If a teacher mentions a goal without 
a precision we weighted the code with 1. If a teacher explains a goal more deep-
ly giving for instance a concrete example or task of his classroom practice, we 
weighted the code with 2. The codings were conducted by at least two persons 
and we proved the interrater reliability to show an appropriate value. Further, 
we analysed the sum of the weighted codes as triangulation to the qualitative 
interpretation of the interview transcripts. In a further triangulation we com-
pared the results of the sum of weighted codes with the results referring to the 
questionnaire. We describe the results and the interpretation of the results of our 
method exemplarily in the next section referring to the structure of the belief 
system of one teacher.   

4 Identifying central beliefs 

In this section, we restrict the focus to one teacher, Mrs. A, and her beliefs sys-
tem towards the teaching and learning of arithmetic. Referring to Mrs. A, we 
demonstrate three steps of analysis outlined above aiming to identify central 
beliefs in the belief system of a teacher. In the first step of analysis, we charac-
terise a teacher’s belief system on the basis of the interview transcripts. 

Mrs. A expressed coherently a process oriented view. That means, Mrs. A repeated 
her process oriented view on different parts of the interview. For example, to the 
question of her favourite teaching style and her preferred methods she answered:  
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Mrs. A:  „Truly, it is important that they are able to find the solutions on their 
own, that they can work individually (…) that they can solve problems, that they can 
work on open tasks, that they can find their own strategies.” 

Later, nearly the same answer ensued when she was asked about pupils and 
their way of learning:   

Mrs. A:  „It is always important for me, that it comes from the pupils themselves, 
that it includes a problem, I like giving pupils problem statements.” 

Again, being asked to the question, which goals she would like to reach with 
her lesson, she answered:   

Mrs. A:  „And then there are strategies, i.e. to be flexible, to adapt oneself to 
something new. Therefore, you need the right attitude that you have the confidence 
to try something you don`t know and to put effort into it.” 

The three quoted episodes referring to different topics, i.e. the teaching style, 
students’ learning and teaching goals give evidence that beliefs representing the 
process oriented view are central in the belief system of Mrs. A. 

According to the process-oriented beliefs Mrs. A expressed in various episodes 
of the interview she responded to prompts given during the interview. For ex-
ample, Mrs. A was asked to arrange eight given teaching goals into a hierarchy. 
Figure 2 shows her arrangement of these goals for arithmetic lessons, where 
Mrs. A valued problem solving and process orientation as the most important 
goals.  
 

 

Figure 2   Mrs. A's arrangement of goals for arithmetic lessons 
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In figure 3 we show a further prompt consisting of students’ statements repre-
senting the four views towards mathematics. The teachers were asked to arrange 
the statements from most desired (1) to least desired (4).  Mrs. A preferred the 
second statement representing the process orientation. 
 

 

Figure 3  Prompt: What would you like for pupils to answer? 

Just as the espoused beliefs the responds to prompts give strong evidence that 
process orientation is central for Mrs. A.  
In the second step of analysis, we coded every episode of the interview tran-
script. Referring to the deductive codes, partly given by views (application (A), 
formalism (F), process (P) and instrumentalism (I) and weighted the codes (see 
above). The sum of weighted codes is shown in figure 3 on the left side.  
I the third step, the teachers were asked to complete a questionnaire according 
to the scale of Grigutsch et al (1998) and consisting a five-point-Likert-scale 
including 24 items representing the four mentioned view towards arithmetic 
(fig, 4, left side). To compare the weighted codes and the scores gained through 
the questionnaire, we standardised the sums of weighted codes and the ques-
tionnaire scores, which are both shown in figure 3 on the right side. Even for 
the individual teacher, we preliminary proved the fit of both distributions using 
correlation and ICC that show a good fit.  
 



102  Katinka Bräunling, Andreas Eichler 

 

 

 

Figure 4  Weighted sum of codes and questionnaire scores 

Concluding the analysis referring to the beliefs of Mrs. A concerning the teach-
ing and learning of arithmetic, there exist several unambiguous examples for 
Mrs. A´s process oriented view. The high degree of coherence in different parts 
of the interview, the sum of weighted codes and, finally the questionnaire un-
derline the mentioned assumption that the process oriented view is central in the 
belief system of Mrs. A.   

5 Explaining peripheral beliefs 

Since the sum of weighted codes and the results of the questionnaire facilitate 
the identification of central and more peripheral beliefs, the interview tran-
scripts provide a deep insight into the relationships of central and peripheral 
beliefs and also into primary and derivative (subordinated) beliefs (Thompson, 

application formalism process instrumentalism

application formalism process instrumentalism
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1992). For example, next to the process oriented view Mrs. A emphasised the 
importance of application (see fig. 3). Although application oriented goals are 
central for Mrs. A, however, her answers concerning the application oriented 
view give evidence that application oriented goals are subordinated to process 
oriented goals. Subordination means that that application is in some sense a 
central teaching goal but rather a means to an end for another even central and 
primary goal: 

„The relation to reality is important too, as I said before referring to money 
and time, but it doesn´t have to be highlighted all the time. Today, for exam-
ple, I just gave them a mathematical problem…” 

This example shows that teachers can hold central beliefs that represent differ-
ent views. In such a case we analyse relationships among the different views 
that were described exemplarily by regarding Mrs. A.  

Concluding the analysis of the belief system of Mrs. A: On the one side, the 
sum of weigthed codes fit the results of the questionnaire and allows central and 
peripheral beliefs to be distinguished. On the other side, interpretation of the 
transcript allows to reconstruct the relationship of different central beliefs in 
terms of primary and subordinated beliefs and  to explain beliefs as in detail 
based for example on specific tasks of a teacher’s classroom practice. 

6 Characterisation of teachers’ belief systems 

We restrict our focus to six teachers of our sample who were completely ana-
lysed yet. These six arithmetic teachers could be described by three views: 
Three teachers emphasise process-orientation and two emphasise application-
orientation. The sixth teacher highlights partly the instrumentalism view and 
shows primarily a negative view towards process-orientation. Figure 5 summa-
rises the findings for the teachers representing the three types of views in all 
three steps of analysis. The analysis of the interviews (column 1) shows the 
teachers’ central beliefs, column 2 and 3 show additionally by the quotation of 
the interviews and questionnaires the matching of qualitative and quantitative 
results. 
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Figure 5  preliminary typing of the six teachers 

It is striking that for all teachers the application oriented view is crucial and 
central for teaching arithmetic. However, the status of the application oriented 
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view varies: For type 1 (e.g. represented by Mrs. A) the application oriented 
view is subordinated to the process oriented view, i.e. teachers of this type tend 
to use applications by means of achieving a process orientation. In contrast, for 
type 2 real-world problems are per se a crucial part of arithmetic teaching with-
out emphasising a process oriented view. Finally, the teacher representing type 3 
highlight applications particularly as a principle of student motivation. Howev-
er, this teacher tends to subordinate the application oriented view to the instru-
mentalism view, i.e. applications are used to initiate arithmetic procedures the 
students have to learn. We illustrate the goal of student motivation referring to 
one episode of the interview with Mr. H: 

Mr. H:  „It’s commonly said you should pick things from the students’ 
everyday life. This is crucial for initiating a subject and this is totally differ-
ent compared to initiating a subject without these things. For example, if I 
have a family with 5 people and 3 pizzas, the students know that and can 
empathize with that and can perhaps understand the problem more easily. 
That’s why problems should be from the students’ everyday life.” 

7 Discussion 

In this report, we presented a method aiming to identify teachers’ central beliefs, 
which could further be distinguished to primary and subordinated beliefs, and 
peripheral beliefs constituting the teachers’ belief systems towards teaching 
arithmetic. Results show that the qualitative interpretation of the interview as 
well as the weighted sum of codes and, finally, the analysis of the teachers’ 
responds to a questionnaire consisting an existing scale (Grigutsch et al., 1998) 
yield consistent results referring to central and peripheral beliefs and, further, 
the qualitative analysis yield a distinction between primary and subordinated 
goals. We discussed these three steps of analysis in detail referring the process 
orientation of Mrs. A.  
Taking into account the analysis of Mrs. A and further teachers, it was possible 
to analyse the status of peripheral beliefs. Thus, these peripheral beliefs are 
subordinated to central beliefs, i.e. the teachers express peripheral goals as a 
means to achieve central teaching goals. For example, applications are used to 
initiate problem solving (process oriented view; type 1) or to motivate students 
to learn arithmetic procedures (schema view; type 3).  
On the basis of identifying central and peripheral beliefs as well as primary and 
subordinated beliefs, it was further possible to match the teachers to different 
types of teaching arithmetic. Partly, these types agree with the findings of 
Thompson (1984). In contrast to Thompson (ibid.), we found an omnipresence 
of favouring applications for the teaching of arithmetic.  
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We assume the central beliefs being relevant for both the teachers’ observable 
classroom practice and the development of teachers’ beliefs. Thus, the identifi-
cation of the beliefs’ characteristics serves as requirement for further steps in 
our research programme. In these steps, we will prove the relevance of central 
and peripheral beliefs and primary and subordinated beliefs by an observation 
of the classroom practice and the longitudinal analysis of teachers’ beliefs. 
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Abstract 
The aim of this paper is to show how external influences need be considered 
when discussing the formation of a primary school mathematics teacher. The 
external participation will be illustrated by the case of Evie, a student teacher. 
Two conceptual frameworks have been used, System Functional Linguistics and 
Patterns of Participation. The first has been used as a methodological tool and 
the second as an analytical tool. The results show that Evie’s external prior and 
present participation might have an impact on her process of becoming a prima-
ry school mathematics teacher inside teacher education. 
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1 Introduction  

Many researchers have studied the relationship between student teachers image 
of teaching mathematics and their knowledge or experience gained inside teach-
er education (Phillip, 2007; Sowder, 2007). In this paper the experience that can 
be negotiated inside teacher education are referred to as internal participation. A 
central issue in this paper is that a student teacher brings multiple experiences 
into teacher education. Some of them derive from within mathematics education 
and others do not (Skott, 2013). Therefore this paper focuses on experience that 
stem from outside teacher education, but that are re-negotiated within it, so 
called external participation.   
It is suggested that research on teacher development generally has focused on 
the individual paradigm, the learning-as-acquisition metaphor (Lerman, 2000; 
Sfard, 2009). However, in recent years the focus has been changing towards 
more social theories (Morgan, 2010; Phillip, 2007; Skott 2013). This paper 
follows the social and participatory paradigm, learning-as-participation meta-
phor (Lerman, 2000; Sfard, 2009), when interpreting data.  
There are two objectives with this paper. First to present and use the methodo-
logical tool System Functional Linguistics (Halliday & Hasan, 1989), hence-
forth SFL, with the intention to unfold and disentangle the student teacher 
Evie’s participation in prior and present practices. Secondly, the conceptual 
framework Patterns of Participation (Skott, 2013), henceforth PoP, will be used 
to interpret and illustrate the story of Evie, a student teacher. The aim is not to 
characterize external relevant practices, the aim is to explore and illustrate how 
a possible external influence are re-enacted and re-negotiated, inside teacher 
education, in the process of becoming an upper primary school mathematics 
teacher.  

2 Methodological and Theoretical Framing 

Two conceptual frameworks are used as methodological and analytic tools. First 
to address and unfold situated communication SFL has been used (Halliday & 
Hasan, 1989). It illustrates linguistic choises as results of prior and present par-
ticipation (Meaney, 2005). However, SFL does not emphasise any mathematical 
content. In the case presented in this paper it mainly focuses on how the student 
teacher, during interviews, addresses the content or situation. Secondly, the 
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conceptual framework PoP will be used when interpreting the data (Skott, 
2013). The outlined approach therefor uses SFL to unfold situated communica-
tion to reveal traces of context. These traces of context are then interpreted 
through PoP.  

2.1 System Functional Linguistic 

In SFL a text is something that is constructed while participating with others. It 
consists of everyday language and specific terms that are focus the producer’s 
awareness of the context of situation. The context of situation is the environ-
ment of the text itself and is described through field, tenor and mode (Halliday 
& Hasan, 1989). These concepts, which are described below, serve to interpret 
the social context of a text (Halliday & Hasan, 1989. A text is handled in three 
different processes, so-called meta-functions, simultaneously. Morgan (2006) 
points out that this unfolding into meta-functions serves as a crucial window 
when following processes, in this case the process of becoming a primary 
school mathematics teacher. I will present these meta-functions together with 
the notions of field, tenor and mode.  
The field concerns what is going on? The first meta-functions, the ideational 
meta-function, addresses peoples experience in some kind of process and is 
realised through the field (Morgan, 2006; Schleppegrell, 2007). It concerns 
verbs and how processes are expressed through the so-called transivity-system, 
material, relational, verbal and mental processes. Material processes involve 
physical actions. Relational processes emphasise relations between objects. 
Verbal processes express something that has been said and mental processes 
addressing phenomenon. 
The tenor highlights the participants and what choices they have according to 
power relations, status and roles. The second function is called the interpersonal 
meta-function and is realised through the tenor (Morgan, 2006; Schleppegrell, 
2007). This meta-function concerns the tense, prior and present participation, 
and to what extent the proposition/clause is valid. This is more active than the 
ideational meta-function; it is interpersonal meaning that it is both interactive 
and personal and highlights the choices the participants have in the situation.  
Finally we consider the context and the language surrounding us. This is done 
within situations and calls the textual meta-function. This function is realised 
through the mode (Meaney, 2005; Morgan, 2006).  It concerns the process of 
construing the coherence of a text. The approach described is illustrated in  
Table 1. 
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Table 1:   The methodological tool 

 

2.2 Patterns of Participation 

PoP draw according to Skott (2013) on two main theoretical sources, symbolic 
interactionism and social practice theory. In social practice theory student teach-
ers’ identity formation and learning are a result of shifted participation in educa-
tional situations. It acknowledges that all activities are situated. The aim in PoP 
is to understand how a persons interpretations of and contributions to immediate 
social interactions in interviews relate to prior engagement in a range of other 
social practices.  
Teacher education requires participants, that is, individuals who participate and 
negotiate meaning when positioning oneself in practice. The individual student 
teacher is part of a situation and since participation is situated in a specific loca-
tion individuals participate in specific ways. A student teacher brings multiple 
ways of participating into different contexts of situations that constitutes teacher 
education. Some of them derive from mathematics education and others do not 
(Skott, 2013).  
In PoP student teachers’ individual mathematical skills or beliefs are not the 
object of inquiry, but the process said to precede so-called mental construct. 
Expressed in another way, it describes differently what is usually described as 
mathematical skills, knowledge or beliefs. PoP are phrasing, in participatory 
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terms, the shifted movement when relating to different aspects of teaching and 
learning mathematics. In other words, it intend to use processual interpretations 
when describing the process of becoming a mathematical teacher, in this case a 
primary school matematics teacher.  

3 Methods Concerning the Study 

The present study adopts a theory driven, multi-site ethnographic approach. It 
involved six student teachers and followed them before, during and after differ-
ent situations such as lectures, seminars, internships, study groups and examina-
tion work. The study was theory driven (Walford, 2009), because theories that 
emphasise situatedness (Lave & Wenger, 1991; Skott, 2013) guided the choices 
made during the on-going project. The study was multi-sited because the mode 
of construction was not a single site; instead the mode of construction was a 
process that took place in multiple sites (Pierides, 2010).  
The six student teachers were chosen to ensure that the cases were critical 
(Flyvbjerg 2006). They are selected for their commitment and their mathemati-
cal knowledge. “In turn, this may allow novel interpretations and analytic gen-
eralisations about relationships between [student] teachers’ participation […] on 
the one hand and in educational practices and discourses beyond it on the oth-
er.” (Skott, 2013, p. 8) 
This paper concern one student teacher and is presented as narrative, the story 
of Evie, and intends to capture the student teachers evaluations and storie about 
herselves as teacher-to-be. To be more specific, it inteds to capture the shifts in 
Evie participation expressed during three semi-structured interviews (Kvale, 
Brinkmann & Torhell, 2009). 
A text is any instance of language being used as part of a context of a situation. 
Therefore, every text reflects that it is about something, is addressed to someone 
and uses a particular mode, spoken or written language for example, to express 
its meanings. In this paper short episodes that reflect the external context of 
situation related to Evie’s mother are chosen. These episodes are then analysed 
by SFL and interpreted through PoP.   

4 The Case of Evie 

Evie was included in this study because of her interest in mathematics and be-
cause she intended to write at least one master thesis, 15 credits, at advanced 
level in mathematics education. This means that she would have at least 45 
credits in mathematics education after her graduation (total 240 credits during 
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four years). However, the aim is not to focus on Evie as such but to illustrate 
how external influences needs to be considered when discussing the formation 
of a primary school mathematics teacher. The texts below are from three inter-
views with Evie and one interview with Evie’s mother. 
Evie, who was in her 20s, started teacher education directly after high school. 
According to Evie she came from a family history where mathematics was the 
main school subject. Her family was proud that she wanted to continue studying 
after high school, especially the choice of going into teaching. The first inter-
view was conducted at the very beginning of her teacher education programme 
and focused on her prior classroom experiences and her current understandings 
about teaching and learning mathematics. Evie emphasised that being a part of 
this study was her mother’s suggestion. She believed it was good for Evie to 
talk about educational things with a researcher.  

Evie: When you talk, you learn. […] We talk a lot about school at home, because 
my mother is a teacher. We think mathematics education is great. I come from a 
mathematics family and everybody is interested in mathematics. 
Researcher: You mentioned that your mother was a teacher, has she any influence 
on you? 
Evie: No, I do not think so. 
Researcher:  But you have some thoughts about teaching! 
Evie: Yes, maybe we talk sometimes, but on the same time you want to change you 
own experience. […] I want to say that I know what it means to be a teacher be-
cause I have a mother and my father’s sister that are teachers. I know what I engage 
in. 

The second interview was made at the end of the first five-week internship, 
after approximately seven months of university-based courses. It concerned 
Evie’s experiences with teacher education programme as they relate to what 
mathematics is, to mathematics learning and teaching and to what it means to 
know mathematics. 

Evie: [Mathematics is] one part of the society and a basic knowledge so one can 
manage, above all, when shopping and when something is needed in every day life. 
Not just something that one shall do. 
Researcher: Ones again you come back to usefulness. Have you always thought 
of it in this way? 
Evie: It derives from my own schooling and we have talked a lot about it at home. 
Researcher: Your mother, does she think she is successful in communication use-
fulness?  
Evie: Yes I think so; she tells that many students ask questions about if this is use-
ful. She has made that clear to them.  
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The third interview with Evie was conducted one week after entering a 30 cred-
its, 20 weeks, course in mathematics education, approximately 18 months after 
Evie began her studies at university. 

Researcher: How much do you [Evie and her mother] discusses your schoolwork? 
Evie: Well, she wants the material. But that is more for her own teaching, all exer-
cises and booklets. I will give her advice what to do. We do not discuss my school-
work, but I send her my tasks [assignments] and ask if they are okay.   
Researcher: Do you disagree with her sometimes? 
Evie: No I agree to the critic and change.  
Researcher:  So you are sending your assignments to her for response? 
Evie: Yes, especially during the history course. Sometimes I feel that my thoughts 
aren’t ready, I need input on what I might have forgotten. 

One interview was conducted with Evie’s mother, Angela, an upper primary 
school teacher who specialised in mathematics education. Angela was inter-
viewed at her work place after Evie’s first year of studies. Important notions for 
her in relation to teaching mathematics were, learning the basics, practical work, 
“and of course you need rote learning”, group work, and reality-based learning. 
She was very critical to her own teacher education programme from 2005, 
which, according to her, lacked any element of how to teach. Therefore she 
considered it “a great opportunity” for Evie to get the quality education that 
she did not get herself. At the end of this interview Angela concluded that Evie’s 
education is good for her to. 

5 Analysis 

In this section the situated communications presented will be analysed through 
the context of situation that constitutes the meta-function. 

5.1 Field and Ideational Meta-Function 

The first meta-function concerns people addressed experiences and are consti-
tuted by the field. Firstly there is a situation, a conversation with two persons. In 
this situation the researcher poses questions, imperatives, and guides the con-
versation. The student teacher makes, in the situation, linguistic choices to pre-
sent an evaluation when engaging and re-engaging in prior, present and future 
practises.  
In the first interview Evie indicates that school is a common subject of discus-
sion and identifies her family in relation to mathematics. In the second interview 
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she engages in a discussion about why mathematics is important. The researcher 
asks her. “Ones again you come back to usefulness. Have you always thought of 
it in this way?” Evie answers this question by re-engaging in a discussion about 
her mother. In the last interview she positions herself in relation to her mother. 
She engages in a discussion about the role that her mother takes in relation to 
her education.  
The ideational meta-function addresses peoples experience in some kind of 
process. In the transcript from the first interview Evie addresses material pro-
cesses.  These are “change”, “be” and “have”. She is visible in all these pro-
cesses as a doer. The first refers to Evie’s own experience and the last two ad-
dresses the choice of entering teacher education. “I want to say that I know 
what it means to be a teacher because [...].”  The verbal process “talk” are 
used two times and addresses her family and “say” is used to emphasize her 
claim of being aware of her choice. The mental processes in the text refer to 
“think” and “know”. The verb “think” refers to the family as one unit, “we”. 
There is one relational process, “come”. It describes the relation between her-
self, her family and their knowledge in mathematics. 
In the second interview the processes refers to mathematics, earlier school expe-
rience, the relation between Evie and Angela and Angela’s day-to-day work. 
Evie re-engages in their prior conversations about Angela’s practice and in their 
mutual interest in teacher education. The material processes “shopping and do” 
refer to the role mathematics play in society and “has” to the use of mathemat-
ics. “[T]alk” and “tells” refer to the relation between mother and daughter. 
There are three relational processes, “manage” and “needed” is related to 
mathematics in society. “Derives” is related to the usefulness and prior school 
experience. There is one mental process in this episode, “think”, and address 
Angela’s day-to-day work.  
In the last interview the material processes are “give” and “send”. Evie ad-
dresses two different practices, first the “give” refers to her mother’s need for 
teaching material and secondly “send” to their silent communication regarding 
her assignments. The mental processes in the text refer to “agree” and ”feel”. 
When she addresses these processes it might concern her mother’s authority as a 
teacher or even as a mother. “I agree to the critic [written response from Ange-
la] and change”. There are two verbal processes in this episode, “discuss” and 
“ask”. There are no relational processes, in this text the participation is entirely 
on the mothers terms. 
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5.2 Tenor and the Interpersonal Meta-Function     

The second meta-functions, interpersonal, concerned whom the addressed expe-
rience refers to and are constituted by the tenor. There are two persons present 
in the situation, the researcher and the student. Evie has in the first and second 
interview addressed prior and present experiences and brought her family and 
mother into the conversation. In the last interview the researcher guide the lin-
guistic choices to reveal who helps her with her academic work. In this section 
the power relation is that the researcher’s questions act like imperatives. Once 
again Evie includes her mother into the situation. Angela is taking part through 
Evie’s re-engagement in prior participation. It is clear that the power relation 
between mother and daughter are explicit in this interview. 
The second function is more active than the ideational meta-function; it is inter-
personal, i.e. both interactive and personal. The personal pronoun “I” is im-
portant in relation to prior experience in all interviews. In the first interview she 
re-engages with her family and her mother. On one occasion Evie refers to fu-
ture practices, she “want[s] to change” otherwise she uses past and present 
tense. This change is in relation to her prior experience and to her mother’s 
practice. She positions herself as someone that not wants to completely repeat 
the teaching she experienced in school. In the second interview “we” refers to 
Angela and Evie. There is another central actor in this interview, Angela’s prac-
tice interpreted by Evie. When Evie uses “They” it refers to Angela’s pupils and 
how they experience her practice. In the last interview Evie, her mother, and the 
teacher education programme are visible.  

5.3 Mode and the Textual Meta-Function     

The third meta-functions, textual ones, concern cohesive relations when adapt-
ing to the surroundings and are constituted by mode. In all interviews language 
is used to evaluate understanding of topics that are related to mathematics edu-
cation. Spoken language acts like a tool when Evie engages in prior, present and 
future practice.   
The lexical chain is intact in all three interviews. The story is centred through 
the “I” and getting its strength through other participants, family, Angela and 
Angela’s practise. The function of these is to visualise that this is not only my, 
Evie’s, thoughts.  In the second interview “we” refers also to Angela’s proven 
practice. The use of the conjunction “because”, in the first interview, is to con-
vince the listener. Finally in the third transcript the conjunction “but” is indicat-
ing a contradiction. It might be that Evie is expecting a coherent relationship 
with her mother but there are no indications in the textual meta-function that 
this is the case. 
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6 Summary the Case of Evie 

The researcher was a participant who used imperatives to guide the interview. 
Evie was the participant who was interviewed and she brought her mother in as 
an active participant, especially her mother’s practice. From the linguistic 
choices it seems that there is a change of character in Angela and Evie’s rela-
tion. Angela is changed, merged or constructed to an authority that Evie is trust-
ing to have the right interpretation regarding teacher education. A relevant ques-
tion in this case is weather this relationship complements, constrains or con-
structs her understanding of what mathematics is, how to learn and teach math-
ematics, and what it means to know mathematics.  
During the three interviews Evie was evaluating her prior and present participa-
tion. Through her linguistic choices she negotiated meaning and re-engaged 
herself in relation to other relevant practices. She chose to present pieces of her 
prior, present or future practices. The word “we” is central when interpreting 
what is going on. My interpretation is that her family, especially her mother, 
complement the teacher education. Evie re-enacts and re-negotiates her experi-
ence gained inside teacher education in relation to her family and especially her 
mother. Her experience from this external and internal participation merges and 
constructs her current understanding of teaching and learning mathematics.  
During time of the study Evie’s linguistic choices became more and more con-
tent specific in relation to what mathematics is, how to learn and teach mathe-
matics and what it means to know mathematics. In the first interview “we” 
refers to her family, all members, and her mother as parts of her current pattern. 
When she in the second and third interview mentioned “we” and “family” it 
referred to herself and her mother. There is another small active part visual in 
the second interview and central in the last one. Evie is re-engaging herself in 
Angela’s teaching and therefore her mother’s teaching becomes visual. Her 
evolved understanding helps her become more content specific when addressing 
Angela’s outspoken teaching. Angela’s teaching becomes a significant linguistic 
choice, an aspect of Evie’s current PoP.  
Evie’s relationship to her mother changed when referring to teacher education. 
From a person that you talk with, to a person to whom you owe gratitude, and 
finally to a person who has the right interpretation and knowledge. It also seems 
as if they have gone from a more mutual communication to a more one-way 
directed communication. The external participation becomes important when 
negotiating the internal participation. 
In the interview Evie’s obviously used spoken language to enact and re-enact 
prior and present experiences. She told the story of Evie, but this story got its 
inspiration from other external participation. By re-engaging in external practis-
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es the story tells us that there are not only Evie’s thoughts. There are thoughts of 
proven practice behind her evaluations. Central aspects of Evie’s Patterns of 
Participation are re-enacted from the outside when she positioned herself as a 
student teacher inside teacher education.  

7 Discussion 

This paper promotes a participatory interpretation of student teachers’ develop-
ment during teacher education. The approach is to consider not only teacher 
education itself but also other external types of participation. It is interested in 
teacher students shifted participation during their evaluations of what mathe-
matics is, how to learn and teach mathematics, and what it means to know 
mathematics. A weakness in this paper is that it only contains one case and one 
external influence, whereas the overall study is a multiple-case study that can 
show variations and possible similar prior engagement.  But the aim was not to 
characterize external relevant practices.  
The aim was to investigate and illustrate, through PoP, how external influences 
are possibly re-enacted and re-negotiated when a student teacher is becoming a 
primary school mathematics teacher and to raise some points in the interpreta-
tion that can be considered. 
The methodological tool System Functional Linguistics (Halliday & Hasan, 
1989) made a fine-grained unfolding possible that made the process of becom-
ing an upper primary school teacher visible (Morgan, 2006).  It disentangled the 
student teacher Evie’s participation in prior and present practices. This made the 
interpretation and illustration of Evie’s story possible using Patterns of Partici-
pation. SFL is used for unfold the meaning in texts and this can lead to relevant 
interpretations of how external practises operate in these texts.  
The story of Evie is my interpretation of the linguistic features that are visible in 
the transcripts. It is a story that draws on the verbs, the process, and the entities 
that it refers to. The material, mental, verbal and relational processes are de-
scribed in relation to the participants that are visible. Of course I might be con-
strained by my own background, but I consider my interpretation of the linguis-
tic features valid and hope that it has raised some points or contributed to 
thoughts about the complexity of becoming a teacher.  
This paper highlights the external participation that might influence the student 
teachers becoming. It shows that we need to consider not only the teacher edu-
cation itself but also understanding in how other relevant practices contribute to 
student teachers understanding.  
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Abstract 
The results presented in this paper derive from a longitudinal case study of 
seven novice primary school mathematics teachers’ professional identity devel-
opment. In the study it was found that this professional identity development 
did not include becoming a mathematics teacher. A primary school teacher in 
Sweden, like in many other countries, teaches many subjects but, at the same 
time they are the first teachers to teach mathematics to the school children. In 
the paper it will be shown how the novice primary school teachers’ image of a 
mathematics teacher prevented them from developing a sense of themselves as 
mathematics teachers.  
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1 Introduction  

Research on teachers’ professional identity formation has expanded in recent 
years with the mutual goal to better understand and support the needs of teach-
ers, including student teachers (Beijaard, Meijer & Verloop, 2004; Bjuland, 
Luiza Cestari & Borgersen 2012; Ponte & Chapman, 2008). The results pre-
sented in this paper derive from a longitudinal case study of seven novice pri-
mary school mathematics teachers’ professional identity development (Palmér, 
2013). A teacher’s professional identity is neither totally collective nor totally 
individual. A teacher is expected to have some characteristic professional 
knowledge, goals and attitudes but, at the same time, teachers are autonomous 
and differ with regard to knowledge, goals and attitudes (Beijaard, Meijer & 
Verloop, 2004). Further, the teaching profession is practiced in different con-
texts, which creates a plural teacher identity, including, for example, a mathe-
matics thinker, a teacher in the classroom, a mentor for students, a colleague and 
so on. The unified professional identity is a teacher but it is practiced in differ-
ent contexts in different communities, for example in the classroom and at meet-
ings, and is therefore affected differently (Schifter, 1996; Sachs, 2001). Based 
on above, a teacher’s professional identity is simultaneously individual, collec-
tive, plural and practiced in different contexts which is a challenge for the ex-
panded research in the area.  
According to McNally, Blake, Corbin and Gray (2008) the transfer from teacher 
education to teaching is to be seen as a shift in identity, where becoming accept-
ed as a teacher by colleagues but also by oneself is central.   

Beginners in teaching face the fundamental question of whether they can see them-
selves as teachers, not only the reflections from colleagues and children in their 
schools, but also in the mirror that they hold up to themselves (McNally, Blake, 
Corbin & Gray, 2008, p.295). 

In the here presented study of seven novice primary school mathematics teach-
ers’ professional identity development it was found that their professional iden-
tity development did not include becoming a mathematics teacher. Even if they 
taught mathematics they did not see a mathematics teacher “in the mirror that 
they [held] up to themselves” (McNally et al., 2008, p.295). When analysing the 
novice primary school teachers’ professional identity development the first two 
years after their graduation, a question emerged regarding what it was that made 
them not think of themselves as mathematics teachers. That question is what 
will be focused on in this paper as the image of a mathematics teacher. 
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2 Theoretical Framing 

According to Lerman (2000), research into mathematics education has “been 
turn[ed] to social theories” (p.20). He bases this on mathematics education re-
search since the late 20th century, sees meaning, thinking and reasoning as prod-
ucts of social activities where learning, thinking and reasoning are seen as situ-
ated in social situations. The term situated refers to a set of theoretical perspec-
tives and lines of research which conceptualise learning as changes in participa-
tion in socially organised activities and individuals’ use of knowledge as an 
aspect of their participation in social practices (Borko, 2004). Peressini, Borko, 
Romagnano, Knuth and Willis (2004) argue for using such a situative perspec-
tive in studies of mathematics teachers’ teaching.  
According to Gee (2000-2001), identity is to be recognised (by oneself and/or 
others) as a kind of person in a given context, which would imply that pro-
fessional identity as a mathematics teacher is being recognised (by oneself 
and/or others) as a mathematics teacher in a given context. As such, identity has 
both individual and social elements. To be recognised (by oneself and/or others) 
as a kind of person in a given context is neverending implying identity as a 
process. Similarly Morgan (2009) writes that establishing a (positive) profes-
sional identity as a mathematics teacher involves positioning oneself “within 
discourses of education in general and mathematics teaching in particular (p. 
109)” in ways that allow one to be seen by others and oneself as a (good) teach-
er of mathematics.  
In the study presented in this paper, two situative theoretical perspectives, 
communities of practice (Wenger, 1998) and patterns of participation (Skott, 
2010; Skott, Moeskær Larsen, & Østergaard, 2011), are coordinated in a con-
ceptual framework aiming to capture both the individual and the social part of 
identity development involved in the over-described recognition as a kind of 
person. According to Skott et al (2011) a teacher participates in “multiple simul-
taneous practices” (p.32) in the classroom and there are patterns in the ways in 
which the teacher participates in these practices. The aim in patterns of partici-
pation research is to understand how a teacher’s interpretations of and contribu-
tions to immediate social interactions in the classroom relate to prior engage-
ment in a range of other social practices. These other social practices are in the 
study treated as communities of practices by Wenger (1998). An individual’s 
patterns of participation in different communities of practice influence how they 
are recognised, by oneself and others. To become recognised, by oneself and 
others, as a mathematics teacher, an individual’s patterns of participation have 
to be in line with the patterns of participation of a mathematics teacher. But, 
what are the patterns of participation of a mathematics teacher?  
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3 The Study 

The study of primary school teachers’ professional identity development is a 
case study with an ethnographic approach, where seven Swedish novice primary 
school teachers have been followed from their graduation and two years on-
wards. In Sweden, primary school teachers most often work as class teachers 
teaching several subjects whereof mathematics may be one. This is similar to 
other countries around the world were most primary school teachers are educat-
ed as generalists (Tatto, Lerman & Novotná, 2009).  
The teacher education the respondents were to graduate from at the beginning 
of the study is an integrated teacher education where professional and subject 
studies take place concurrently. Compared to the previous primary school teach-
er educations in Sweden, content knowledge was emphasised with decreased 
practice periods (Lindström Nilsson, 2012). The respondents in the here pre-
sented study were selected because they in teacher education chose mathematics 
as one of their main subjects. Some of them also wrote their final teacher educa-
tion Bachelor theses on mathematics education. As a minimum the respondents 
in the study had taken 22,5 credits, at most 52,5 credits, of courses within the 
field of mathematics education. The meaning with this selection was to maxim-
ise the possibility for the respondents to teach mathematics after their gradua-
tion.  
The ethnographic approach was used to make visible both the individual and the 
social part of professional identity development. The empirical material was 
collected through self-recordings made by the respondents, observations and 
interviews. To accomplish a balance between an inside and outside perspective 
(Aspers, 2007); the observations were both participating and non-participating. 
For the same purpose the interviews were both spontaneous conversations dur-
ing observations and formal interviews (individual and in groups) based on 
thematic interview guides. These varying empirical materials have different 
characteristics but are in the analysis treated as complete-empiricism (Aspers, 
2007) implying that all the empirical material constitutes a whole. 
The results presented in this paper have been developed gradually based on 
interplay between fieldwork and analysis of observations, interviews and self-
recordings. The starting point of the analysis in ethnographic research is the 
meaning the respondents themselves infer on the situations studied (Aspers, 
2007; Hammersley & Atkinson, 2007). The analysis in this study has been done 
using grounded theory methods which implies building and connecting catego-
ries grounded in the empirical material by using codes (Charmaz, 2006). Coding 
the empirical material does not imply using pre-constructed codes, but labelling 
the empirical material, line-by-line, with as many codes as possible (Kelle, 
2007). Based on the question what it is that make the respondents recognise 
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themselves as a kind of mathematics teacher (or not) segments in the empirical 
material were inductive labelled with the codes attribute, image, criteria and 
epithet. After that, these codes were deductive connected through axial coding. 
Finally, through the writing of memos the category the image of a mathematics 
teacher emerged. This category is the similarities found in the unique experi-
ences and expressions of the respondents regarding what it implies to be a 
mathematics teacher.  

4 Results 

This section will be presented in three sub-sections. In the first section the time 
of graduation will be focused on. The second section contains a summary of the 
respondents’ two years after graduation. Finally, in the third section, parts from 
a group interview two years after graduation is presented. The joint theme in the 
sub-sections is the similarities of the respondents regarding what it implies to be 
a mathematics teacher. The empirical examples below are not to be seen as the 
wholeness of what the category the image of a mathematics teacher is based on 
but as examples of empirical instances labelled within that category.  

4.1 The Time of Graduation 

The respondents were interviewed the first time just before their graduation 
from teacher education. By other things they were asked why they wanted to 
become primary school teachers and why they had chosen mathematics as one 
of their main subjects. They were also asked if they had any mathematics teach-
ers as role models.  
The respondents’ motives to become teachers were connected to interest in 
working with children and in school. The choice of mathematics as one of their 
main subjects was explained as either a tactical choice or as a choice of interest.  

I have always liked mathematics a really lot. At least until upper secondary school. 
And I loved it already when I started school. […] mathematics is anyhow a subject 
I have always liked myself and I feel that it is fun, or like that. Then it is much eas-
ier. For example, quite the opposite I have had a really hard time with English and 
then you feel it is difficult to motivate the students to enjoy English when I have 
always experienced it as really, really difficult myself. (Camilla) 

Mathematics as a tactical choice is explained as mathematics together with 
Swedish being the most important subjects in primary school. 

I love to work with children! I chose Swedish and mathematics for younger chil-
dren since I think they are the foundation of the Swedish education system and they 
are the most important subjects. (Jenny)  
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I guess I would have preferred to study physical education but since there are few 
physical education teachers in primary school, I thought it was cleverer to have sci-
ence and mathematics when finished and applying for job. (Nina) 

Only one of the respondents remembers having had a good mathematics teacher 
in school and that was in municipality adult education.  

I can’t think of anyone because I don’t think I have met anyone who, as I see it, is a 
really good mathematics teacher. There are mathematics teachers who have good 
knowledge of mathematics, but that doesn’t mean that they can teach mathematics. 
(Barbro)  
I haven’t had what I think is a good mathematics teacher. […] It is not enough to 
explain the same thing ten times and think that the student will understand. I have 
experienced that many times, that they explain in the same way over and over 
again. (Gunilla) 

In time for graduation all of the respondents express a clear opinion regarding 
how mathematics ought to be taught in primary school and they want to reform 
mathematics teaching. They say that they have met a new way to teach mathe-
matics in their teacher education. This new way to teach mathematics differs 
from the mathematics teaching they themselves have experienced in school.   

I believe that there are many different ways today. When we went to school, you 
were only allowed to work in one way. Today there are different ways. (Barbro) 
The first time I saw a cubic meter and realised that I could fit inside it I was totally 
surprised. And I experienced that the first time here at the university. Why haven’t 
you experienced that in your own schooling when you were little? (Gunilla) 

4.2 The Two Years after Graduation  

After graduation the respondents start to work at different schools and pre-
schools as class teachers, long-term and short-term substitute teachers and as 
teacher assistants1. Some of them teach mathematics a lot, others more sporadic. 
However, in one way or another, all of them teach mathematics during the two 
first years after graduation. Similar for all of them is that they, even when they 
teach mathematics a lot, do not emphasis mathematics in their work. Not much 
is seen of the new way to teach mathematics that the respondents emphasized 
before graduation. Quite the opposite they teach mathematics in a way that they 
disaffiliated themselves from before graduation.   

                                                           
1  While collecting the empirical material for this study (2009-2010), it was difficult for primary 

school teachers in Sweden to get jobs, especially in certain municipalities. 
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4.3 Group Interview Two Years after Graduation 

Two years after their graduation from teacher education the respondents are 
gathered for a group interview. When, in that group interview, being asked if 
they feel like a mathematics teacher, they all say no. For some of them mathe-
matics teaching is not included in their teacher assignment right now but nor 
those who work as class teachers, teaching mathematics every day, express 
having a sense of themselves as a mathematics teacher.  

Gunilla It’s easy for me to answer that question. I don’t feel like a teacher of 
mathematics2. 
Researcher Have you felt like it at any time since graduation? 
Gunilla No 
Researcher Not even when you were teaching it? 
Gunilla No. […] But no, I don’t feel like a mathematics teacher but I can abso-
lutely see myself having a job as a class teacher within which teaching mathematics 
is a part.  
Researcher Nina? 
Nina […] I have quite a lot mathematics right now but my biggest dilemma is that 
I came in like that, and have to practice mathematics teaching that’s already been 
started. And I may not be one hundred per cent. I can feel like the next time I have 
mathematics, if I’m on my own and am to use a text book. I’ll choose the text book 
I want to use, and how to use it.  

Further, Helena says that she would like to work more as a “subject teacher” 
and not have to bother about subjects she has not got in her teaching degree. 
She also says that she have to learn more about the history of mathematics to 
develop a sense of herself as a kind of mathematics teacher.    

5 Analysis 

When analysing the empirical material with focus on why the respondents did 
not think of themselves as mathematics teachers, segments were labelled with 
the codes attribute, image, criteria and epithet. These codes put together is the 
similarities found in the unique experiences and expressions of the respondents 
regarding what it implies to be a mathematics teacher, their image of a mathe-
matics teacher.  
When, in the group interview two years after graduation, being asked if they felt 
like a mathematics teacher, all respondents said no. Even if they taught mathe-

                                                           
2  At the time for the group interview Gunilla is teaching Swedish as a second language.  
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matics they did not recognise a mathematics teacher “in the mirror that they 
[held] up to themselves” (McNally et al., 2008, p.295). The mathematics teach-
ing the respondents had done had not made them receive feedback, from them-
selves or others (Gee, 2000-2001), in line with being a kind of mathematics 
teacher. Not recognising themselves as a mathematics teacher can be connected 
to what it, according to the respondent, implies to be a mathematics teacher.  
Before graduation the respondents express a clear opinion regarding how math-
ematics ought to be taught in primary school and they want to reform mathemat-
ics teaching. After graduation mathematics teaching has a concealed and limited 
role in the respondents’ work. My focus in interviews and observations during 
the two years after graduation is mathematics but, in the work of the respond-
ents mathematics has a concealed and limited role. Answering no to the question 
of being a mathematics teacher two years after graduation is a natural answer 
for some of the respondent for whom mathematics teaching is not included in 
their teacher assignment at that time. But nor those who work as class teachers, 
teaching mathematics every day, express having a sense of themselves as a 
mathematics teacher.  
All respondent had chosen mathematics as one of their main subjects in teacher 
education. However, based on this study it does not seem to be enough to have a 
teaching degree including mathematics as a main subject to develop a sense of 
yourself as a kind of mathematics teacher. One aspect in developing a sense of 
yourself as a kind of mathematics teacher seems to be teaching mathematics, 
but that does not seem to be enough either. Gunilla has taught mathematics as a 
short run substitute teacher and in time for the group interview Nina is a class 
teacher, teaching mathematics in two different classes but this does not make 
them feel like mathematics teachers.  
Gunilla’s expression “I don’t feel like a mathematics teacher but I can absolute-
ly see myself having a job as a class teacher within which teaching mathematics 
is a part” indicated that there are different degrees of being a mathematics 
teacher. As mentioned, the image of a (mathematics) teacher is the similarities 
found in the unique experiences and expressions of the respondents regarding 
what it implies to be a (mathematics) teacher. Together the respondents express 
two different images of a teacher teaching mathematics (figure 1).  
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Figure 1  Two different images of teachers teaching mathematics. 

The image to the left is in line with the teaching degree and the work of the 
respondents. However, that image is not, according to the respondents, a math-
ematics teacher. A mathematics teacher is the image to the right and none of the 
respondent identify with that. As such, their image of a mathematics teacher 
prevents them from recognising themselves as a mathematics teacher.  

6 Conclusion and Discussion 

As mentioned, to be recognised (by oneself and/or others) as a kind of person in 
a given context is a neverending process. After graduation mathematics teaching 
has a concealed and limited role in the respondents’ professional identity devel-
opment and above it was shown that their image of a mathematics teacher pre-
vented them from recognising themselves as a mathematics teacher. According 
to George (2009) some student teachers are not given the opportunity to renego-
tiate their mathematical identity in teacher education and by that they bring 
psychic baggage from their own schooling into teaching. The respondents in 
this study had indeed, in teacher education, renegotiated their view of how 
mathematics should best be taught. But, what about their view of a mathematics 
teacher and its connection to this “new” way to teach mathematics?  
According to Lindström Nilsson (2012), student teachers often retain the image 
they have of teachers when they start teacher education throughout their whole 
teacher education. According to van Bommel (2012) student teachers who are to 
become primary school mathematics teachers need to shift from seeing them-
selves as general teachers to locking at themselves as mathematics teachers. Van 
Bommel studied primary school student teachers during a mathematics educa-
tion course and the requested shift was not made by the student teachers and 
neither was it addressed by the teacher educators. This is similar to other coun-
tries were most of the preparation  primary school teachers receive places low 
emphasis on mathematics content in relation to the overall program which re-
sults in mathematics teaching never being put in the front in professional identi-
ty development (Tatto, Lerman & Novotná, 2009). 

class teacher 

teach mathematics

mathematics teacher 

teach different 
classe  
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The results in the here presented study indicate that mathematics teacher is not a 
part of the professional primary school teacher identity of the respondents. But, 
when you, as a primary school teacher, are teaching mathematics you are a 
mathematics teacher. According to Palmer (2010), establishing a professional 
identity is about “picking up” the codes and the language associated with that 
profession. The codes and the language associated with the primary school 
teaching profession are seldom connected to mathematics but, instead, to caring 
and motherhood. Since the beginning of the 1900s, teachers teaching younger 
children have been pictured as warm, protecting and responsible females, a 
picture that still remains in both politics and the media.  
To become recognised, by oneself and others, as a mathematics teacher, an 
individual’s patterns of participation have to be in line with their image of the 
patterns of participation of a mathematics teacher (Palmér, 2013). With the 
image of mathematics teachers expressed by the respondents in this study it will 
become hard for them to recognise themselves as a mathematics teacher. For the 
respondents to develop (and striving towards developing) a sense of themselves 
as a kind of mathematics teacher; mathematics ought to become a part of their 
primary school teacher identities. Mathematics ought to become a part of their 
image of a primary school teacher as an image of a primary school mathemat-
ics teacher. Maybe then, mathematics teaching will become something they 
emphasise in their work.  
According to Hodgen and Askew (2007) it is possible for primary school teach-
ers to develop an identity as a teacher of mathematics but for this to happen the 
teacher has to “reconnect with mathematics whilst maintaining an identity as a 
primary teacher” (p.482). Just increasing the amount of mathematics courses in 
teacher education does not seem to be the solution (content knowledge was 
emphasised in the respondents’ teacher education at the expense of decreased 
practice periods) but to connect mathematics to the student teachers’ image of a 
primary school teacher. Then, maybe they will make a shift from looking at 
themselves as “only” general teachers to locking at themselves as also being 
mathematics teachers emphasising mathematics teaching in their work.  
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Abstract 
This report focuses on a part of a research programme concerning secondary 
teachers´ beliefs towards their teaching of calculus with particular attention to 
graphing and computer-algebra technology. First the theoretical framework and 
methodology is outlined. Afterwards the focus lies on studying these teachers´ 
beliefs with a particular concern to the teachers´ intended calculus teaching in 
technology-based secondary mathematics courses and the way teachers actually 
employ the technological device in teaching and learning of calculus. We con-
clude the paper by summarising our main findings and making suggestions for 
further research. 
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1 Introduction  

For mathematics classrooms it has been well established that teachers’ beliefs 
are a decisive factor for the teachers decisions what mathematical content is 
appropriate for a classroom (content), why this content is appropriate (teaching 
goals), and how the content should be taught (Calderhead, 1996). Thus, the 
main aim of our research programme is to investigate (upper secondary) teach-
ers’ beliefs for understanding their “professional world” (Calderhead, 1996, p. 
709).  
Indeed, in the recent decades research yielded evidence that teachers’ beliefs 
strongly determine their intended teaching consisting of responses to the what, 
the why and the how (e.g. Schraw & Olafson, 2002; Philipp, 2007). Further, 
teachers’ beliefs seem to impact on the teachers’ classroom practice and also 
students’ learning (e.g. Staub & Stern, 2002). However, the relationships be-
tween the teachers’ espoused beliefs and both the classroom practice and the 
students’ learning are not completely investigated (e.g. Philipp, 2007; Skott, 
2009). Amongst others, there are two characteristics of teachers’ beliefs that 
seem to influence the relevance of teachers’ espoused beliefs for their enactment 
in classrooms, i.e. the centrality of teachers beliefs and the specificity of these 
beliefs referring to a mathematical domain (Franke et al., 2007; Eichler, 2011; 
Schoenfeld, 2011). 
Referring to the aim to understand teachers’ professional worlds, the focus of 
our research is on mathematics teachers’ beliefs that are relevant for both the 
teachers’ instructional planning (intended curricula), and the teachers’ classroom 
practice. For this reason, we concern the specificity of upper secondary teach-
ers’ beliefs by investigating these teachers with a specific focus on a mathemati-
cal domain, which is, in this report, calculus. Recent steps in this research con-
cern the identification of teachers’ central beliefs towards calculus teaching that 
we reported elsewhere (Eichler & Erens, transmitted). Referring to these central 
beliefs, a striking result was attained by the considerable differences of teachers’ 
beliefs towards using technology in classrooms. In this report, we focus primari-
ly on this aspect, i.e. teachers’ beliefs towards using technology in classrooms. 
Doing this, we firstly outline the theoretical framework referring to the use of 
technology in mathematics classrooms, and the construct of teachers’ beliefs. 
Afterwards we discuss the method of our research. Finally we focus on results 
concerning calculus teachers’ beliefs referring to different levels of integration 
of technology in classrooms.  
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2 Theoretical Framework 

Research has ascertained that the role of technology in mathematics teaching 
requires an assiduous distinction between technical and conceptual mathemati-
cal activity. Technical activity is primarily concerned with tasks of procedural 
performance, whereas conceptual activity is concerned with tasks of inquiry, 
conjectures and justification (Zbiek et al, 2007). Thus, a central question for the 
teaching practice in technology supported classrooms is the function of technol-
ogy in learning mathematics effectively. Although the function is distinguished 
further (Zbiek, 2007), we primarily focus on the activities teachers intend to 
enact in their classrooms.  
The students’ development from technical activities to conceptual activities is 
deeply described in the construct of instrumental genesis. Central to this theory 
is the notion of an “instrument”, which is differentiated from an “artefact”. The 
notion of instrument is a psychological one and not a description of a material 
artefact (Zbiek et al., 2007). The artefact (e.g. a calculator) and its capacity 
requires to be understood by the user who develops a relationship with the arte-
fact. Thus, instrumental genesis is the process of the artefact (here: calculators) 
becoming an instrument and specifically how the artefact becomes a mathemati-
cal instrument – a tool that the user can employ for mathematical purposes. 
Main ideas of the approach of instrumental genesis conducted by teachers are 
described by Goos et al. (2011). Providing an example relevant for calculus, the 
construction of a secant or tangent can be seen as an instrument to conceptualize 
the difference quotient. The students must learn to construct the secant and drag 
it along the graph of the function up to a given point (instrumentalisation). But 
they also have to learn, why dragging the secant is meaningful (instrumentation) 
and that this process leads to the conceptualization of a new mathematical defi-
nition. Goos et al. (2011, p. 313) outline that “instrumental integration is a 
means to describe how the teacher organizes the conditions for instrumental 
genesis of the technology proposed to the students and to what extent (s)he 
fosters mathematics learning through instrumental genesis” distinguishing four 
different levels of instrumental integration: 
- Instrumental initiation: The focus lies on making the students familiar with 
the basic technical aspects of the tool by way of given tasks that enables stu-
dents to use the technology for mathematical activity. Sometimes this aspect is 
also referred to as “tool competence”. 
- Instrumental exploration: The emphasis lies on students´ exploration of the 
different features the technology offers through mathematical tasks. The teach-
ers´ aim may consist of improving the tool competence and deepen some math-
ematical knowledge. 
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- Instrumental reinforcement: On this level the students use the technology 
when they are faced with difficulties (e.g. solving an equation) while working 
on a mathematical task. The technology helps the students to overcome the 
difficulties so that they can concentrate on the mathematical knowledge. 
- Instrumental symbiosis: The focal point on this level is that the technology is 
used by students to solve mathematical tasks with the explicit assistance of the 
technology so that instrumental integration is necessary to create mathematical 
content. 
The question of how a “teacher organizes the conditions for instrumental gene-
sis” (ibid.) is closely connected to the teachers’ beliefs about what parts of an 
instrumental genesis facilitate their students learning. Defining beliefs as an 
individual’s personal conviction concerning a specific subject, which shapes an 
individual’s way of both receiving information about a subject and acting in a 
specific situation (Pajares, 1992), we understand the teachers’ teaching goals 
referring to the instrumental genesis in technology supported classrooms as a 
specific form of beliefs. Since a teacher potentially has various specifications to 
the what (content), the why (goals) or the how (ways of teaching), we use the 
construct of belief systems (Green, 1971; Thompson, 1992) to describe the 
teachers decisions about the what, the why and the how, each representing 
teaching goals of different range of influence. In this report, we do not empha-
sise the identification of central beliefs that is a crucial aspect of belief systems 
(Thompson, 1992) since we highlighted this aspect elsewhere (Eichler & Erens, 
transmitted). Thus, we postulate the centrality of the teachers’ beliefs outlined in 
the following section referring to technology supported classrooms, but analyse 
these central beliefs concerning the four levels of instrumental integration men-
tioned above.  

3 Method 

The sample for this study consists of 30 calculus teachers divided into three 
subsamples: pre-service teachers, teacher trainees and experienced teachers. 
The first subsample includes 10 experienced teachers who have been teaching 
calculus for at least five years. Data concerning the intended curricula of these 
teachers that are assumed to be relatively stable (Calderhead, 1996) were col-
lected once (table 1). The other subsamples consist of each 10 prospective 
teachers and 10 teacher trainees. The data for these subsamples were collected 
twice within one and a half years (table 1), since we assume that prospective 
teachers’ beliefs potentially change when the teachers get their first intense 
practical experience. 
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Table 1: Data collection 

Teacher sub-
sample 

End of univer-
sity studies 

Middle term 
of teacher 
training 

Beginning of 
career as 
qualified 
teacher 

After 5 years 
of teaching 
experience 

Pre-service 
teachers 

x x

Teacher 
ees 

x x

Experienced 
teachers 

x

The teachers who participated in this study were recruited from different uni-
versities, teacher training colleges and schools across the southwestern part of 
Germany. However, our sample is a theoretical sample (Glaser & Stauss, 1967), 
but not a representative sample. 
We used semi-structured interviews for data collection. Topics of these inter-
views were several clusters of questions that concern the content of calculus 
teaching, the related goals, reflections on the nature of calculus as a discipline 
generally, on the possible influence of technology on the students’ learning, or 
textbook(s) used by the teachers. Further, we use prompts to provoke teachers’ 
beliefs, e.g. potential challenges implied by the use of technology, fictive or real 
statements of teachers concerning instructional objectives and the use of tech-
nology in their calculus teaching.  
For analysing the data, we used a qualitative coding method (Kuckartz, 2012) 
that is close to grounded theory (Glaser & Strauss, 1967). The codes gained by 
interpretation of each episode of the verbatim transcribed interviews indicate 
goals of calculus teaching. We used deductive codes derived from a theoretical 
perspective (cf. Grigutsch et al., 1998) and inductive codes for those goals we 
did not deduce from existing research concerning calculus education (Kuckartz, 
2012). In this paper we primarily focus on the (inductive) codings relevant to 
the introduction and use of technological devices in the classroom not neglect-
ing, however, the overall reconstruction of teachers´ belief system. The codings 
were conducted by at least two persons and we proved the interrater reliability 
to show an appropriate value. 
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4 Results 

In this section, we discuss empirical evidences for the existence of the four 
levels of instrumental integration introduced above in the intended curricula of 
calculus teachers. Our aim here is to distinguish teachers´ goals and conceptions 
how and why they use a graphing or a symbolic calculator in their calculus 
classrooms. 

4.1 Instrumental initiation 

Referring to the level of instrumental initiation there is some evidence that it is 
natural for (especially pre-service) teachers to realize that their commitment to 
using technology is similar to their students´ needs: 

Mr. A:  In my university courses I worked a little bit with tools that can produce 
graphs. At school I will have to become acquainted with these graphing handhelds 
quickly so that I will be able to understand students, who don´t know how to use the 
calculator and help them to solve these problems. 

Primarily pre-service teachers and teacher trainees report in the interviews that 
they are prepared to meet the challenges they face on a basic instrumental level. 
As all the teachers of our sample use technology in their classroom following a 
compulsory curricular requirement to use a graphing handheld or a computer 
algebra calculator, it is not surprising that many of the pre-service and trainee 
teachers consider themselves to be on the level of instrumental initiation. The 
consequences for implementing learning sequences how to use the technology 
in their enacted curriculum is thus natural and need not be elaborated further. 

4.2 Instrumental exploration 

Although (pre-service) teachers after their university studies do not have much 
teaching experience they affirm their view that the use of technology will make 
their calculus teaching more dynamic and effective as compared to a chalk-and-
blackboard approach. These teachers mention that the appropriate use of tech-
nology enables the visualization of mathematical concepts and provides oppor-
tunities to utilize multiple representations to further students´ comprehension of 
more abstract concepts: 

Mr. B:  “The surplus of using technology I clearly see that we can very easily pro-
duce graphs and thus visualize particular properties of functions.  
Mr. C:  “Changes due to technology use? Well, I notice that my students deal with 
tables of real data more audaciously. In former times they had numerous difficulties 
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to transfer these to a graph and so on. With graphing calculators they can put the data 
in, graph it and then think about the functional properties.” 

Both examples (teacher trainee & experienced teacher) show the modes of inte-
grating technology in order to assist students´ learning of calculus with respect 
to two aspects: nurturing students´ comprehension of functions so that they can 
form a mental picture as well as fostering the relationship between the tool and 
the mathematical knowledge. The benefit of changing between different repre-
sentations (table, graph & function) of mathematical objects is noteworthy here. 
Mr C is a good example to show that students´ activities are enhanced by the 
use of technology on a technical as well as a mathematical level. In our sample 
there are more teachers who mention the aspect of visualization than those who 
emphasize the possibility of being able to change between three modes of repre-
sentation. Regarding the degree of professionalization, teachers of all three 
subsamples designate visualization as the main additional benefit of using tech-
nology. After instrumental initiation of how to use the specific ability of the 
artefact (i.e. producing graphs) the teachers´ objective of visualizing functions 
produces the desired links with the mathematical knowledge. Referring to the 
different levels of instrumental integration the emphasis of utilizing the features 
offered by the technology to broaden the mathematical knowledge can thus be 
seen as instrumental exploration. 
Regarding the level of instrumental exploration, Thomas (2006) reports that 
teachers consider “the time and effort needed by both students and teachers in 
order to become familiar with the technology” to be problematic. Although this 
aspect is at most peripherally mentioned in our data, nearly all teachers in our 
sample mention that the possibilities offered by the technology is of greater 
importance. Moreover, many teachers specify that compared to calculus lessons 
without digital technology there occurs a saving of time once the students are 
familiar with the artefact.  

Mrs D:  “In former times teachers had to copy students´ solutions onto an overhead 
transparency. Using the handheld displays practically saves a lot of time.” 

4.3 Instrumental reinforcement 

Most of the teachers who mentioned the introduction of handhelds as a gain of 
teaching time express clear intended purposes for this gained time: 

Mrs E: ”Often my students use the calculator in order to check their results. First 
they think about their strategy of solving the given task and then they can reassure 
themselves about solutions.” 
Mrs F:  “Of course the students do not have to do so many time-intensive calculation 
routines any more. That´s a great relief for many of my students. We can use that to 
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concentrate more on the subject matter of these calculus concepts. There is a shift to 
analyzing and interpreting results rather than these schematic calculations.” 

Many teachers express beliefs in a similar way representing a central character-
istic of instrumental reinforcement, i.e. the benefit of using technology to over-
come obstacles when solving problems or to concentrate on the mathematical 
knowledge. The quoted teachers mention the function of checking results and 
relieving students from procedural investment as main benefit of technology 
supported classrooms. In particular, for many teachers relieving students from 
procedural investment is related to creating a positive emotional attitude in 
connection with their calculus courses. In teachers´ mathematical views calculus 
und tedious calculations (derivates etc.) are often seen as an obstacle for suc-
cessful student learning. In making the concession that repetitive schemes need 
not be enacted extensively, teachers see an opportunity to further their students´ 
comprehension in the direction of a more advanced mathematical thinking (Tall, 
2008). Further, allowing students to overcome algebraic difficulties with the 
artefact as a manipulating and calculation assistant, many teachers believe that 
the tool is a meaningful device for students learning and a means to concentrate 
on the conceptual aspects of calculus at school.  

4.4 Instrumental symbiosis 

As a paradigmatic example of a teacher with a high level of instrumental inte-
gration representing the level of instrumental symbiosis, we use the case of Mrs 
H. As an experienced teacher she uses a computer-algebra calculator (CAS) 
which includes the opportunity of symbolic manipulations (in addition to tables 
& graphs): 

Mrs H:  “With CAS handhelds I can make students experiment themselves e.g. find-
ing out about characteristics of several functions and relevant structures. Formerly 
[i.e. without technology use] I used to introduce that in more teacher-centred way us-
ing only one function as you had to draw a graph which was rather time-consuming.” 

Mrs H emphasises the benefit of technology use to achieve a generic develop-
ment of calculus concepts. Moreover a contrast to her former teaching practice 
is mentioned regarding several elements: the shift from an instructivist to a 
more constructivist and inquiry-oriented teaching orientation. This approach 
facilitates students´ conceptual learning in experimenting with mathematical 
objects in an inductive way: 

Mrs. H:  “The CAS is simply a tool that provides the opportunity of checking cer-
tain mathematical things quickly and my students can actually see whether a conjec-
ture that they have found out themselves with one function can be validated with 
other types of functions.”  
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Mrs. H mentions that making students true participants in mathematical learning is 
an essential part of her calculus teaching. The above mentioned opportunities of a 
meaningful use of technology further support her overarching teaching objective of 
reaching a higher standard of abstraction: 
Mrs. H:  “If they (i.e. students) have affirmed their hypotheses with 5 examples, 
they are often willing to get involved in actually verifying the result in a more formal 
way, because they really want their own results to be proven which they have 
thought of.” 

Consistently describing the intense integration of technology into her calculus 
course, Mrs. H describes mainly three aspects of technology as advantages for 
teaching calculus, i.e. the benefit of technology of exploring mathematical phe-
nomena, of conceptualisation, and of checking results or hypotheses. Students 
in Mrs. H´s courses are faced with mathematical tasks that allow them to utilize 
their technical knowledge of the artefact and connect this to new mathematical 
knowledge.  

4.5 Teachers’ beliefs across the levels of instrumental integration 

Across all levels of instrumental integration, particularly experienced teachers 
also consider disadvantages referring to technology supported classrooms, e.g. a 
probable decline in students´ competencies to perform relevant calculation pro-
cedures that are fundamental for calculus teaching:  

Mr. K:  “There seems to be a development that computers are pervasive in every dis-
cipline and hardly anyone works with just a paper and pencil. Some competencies go 
missing (…) as I said there are advantages but also disadvantages using calculators.” 

For example, Mrs. L meets the mentioned disadvantage by emphasising both 
technology use, and paper and pencil skills: 

Mrs. L:  ”[using technology] some things are quicker. But on the other hand, stu-
dents must have the proficiency for both – doing these calculations by hand AND 
have the know-how to do with their calculator – the time factor must not be neglect-
ed…” 

These experienced teachers emphasise the benefit of technology use. However, 
they tend to hold beliefs pointing out that they put considerable effort in exer-
cises and calculation of routine tasks having in mind the students´ preparation of 
final exams, which consist of a technology-free part. 
Finally, one teacher expresses further beliefs that describe an obstacle of using 
technology in calculus courses: 

Mr. M: “They [i.e. students] use the calculator and take results as an absolute truth 
without reflecting on them. Does it really make sense? Taking into account that e.g. 
one might have typed wrong numbers is unimaginable.” 
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For Mr. M the integration of technology in calculus courses poses another chal-
lenge for the teacher role as a mediator of learning processes. Students may be 
tempted to regard the technological device as a “universal remedy” for mathe-
matical problem-solving. The mathematical fidelity (Zbiek et al., 2007) of the 
tool that students take for granted may lead to disparities in technology-based 
learning and teaching. One possible pitfall, for example, is the difference be-
tween graphic display and the interpretation of the display when considering the 
sine function with small periods. Further examples can be found in the relevant 
literature (e.g. Zbiek et al., 2007).  

5 Discussion and Conclusion 

In approaches using technology in mathematics teaching, the teacher plays a 
significant role in how the technology is used in learning (Tall, 2008). Moreo-
ver, teachers are experts of their teaching and teachers´ conceptions and beliefs 
are a decisive factor for the what, the how and the why. Given the circumstances 
of the mathematics syllabus and the technological environment, teachers may be 
persuaded of the value of technology integration in their actual teaching or not. 
In reconstructing teachers´ beliefs related to technology the above results pro-
vide a basis for understanding teachers´ objectives and goals in the framework 
of instrumental genesis. 
Regarding our sample of teachers, it seems possible to ascertain two antithetical 
belief systems referring to the integration of technology in upper secondary 
calculus courses, i.e. beliefs systems that we call “the old school” and “technol-
ogy supporter”.  
Teachers describing themselves as belonging to “the old school” consistently 
express severe doubts about technology use in helping students´ mathematical 
learning that we exemplarily quoted in the last paragraph. These resistances 
cannot be attributed to professional problems on the instrumental level. Rather 
personal and epistemological factors account for these deeply-rooted objections 
in their belief system. In addition to the quoted doubt referring to technology 
supported classrooms, some teachers emphasize a deductive structure of content 
as their main teaching objective and underline that it is necessary for students to 
fully understand mathematical ideas before using any kind of technological 
help. 
In contrast to “old-school” teachers there are “technology supporters”, i.e. 
teachers, who expressly utilize graphic and symbolic technology in order to 
realize a problem-oriented approach to teaching calculus. The benefit of tech-
nology is seen in various aspects of their teaching: making students true partici-
pants in learning calculus (exploring phenomena themselves) with a shift from 



The Use of Technology in Calculus Classrooms – Beliefs of High School Teachers 143 

an instructivist to a more inquiry –oriented way of teaching as well as the ad-
vantages for conceptualisation or checking results by using the artefact. 
In between our data suggests that teachers´ beliefs towards technology range in 
a continuum that reaches from scepticism to reluctance up to those teachers who 
use the given technology implemented in the curriculum as a means to an end. 
This end is specified with single but often mixed factors: making concessions to 
students (e.g. no tedious procedures) and gaining time in order to concentrate on 
modelling tasks or being able to grant more classroom time to qualitative and 
heuristic work and to initiate an advanced mathematical thinking. 
All teachers of our sample express that regardless of their degree of professional 
development or their individual conceptions about technology that paper and 
pencil-skills are more or less important. Particularly for the experienced teach-
ers these skills are mandatory in terms of students’ needs referring to final ex-
ams but also as a crucial part of mathematical thinking. 
To address the challenge of a meaningful integration of technology into calculus 
teaching at upper secondary level, further research needs to be carried out in 
several directions. In the context of our research programme one direction con-
cerns gaining evidence towards the relevance of teachers´ (technology) beliefs 
for their actual teaching. The other direction includes the relationship between 
teachers´ beliefs and students´ learning. As changes in mathematical learning in 
the digital age are difficult to implement in school, more research is needed by 
expounding the relationships between cognition, affect and their impact on 
teachers and students in mathematics classrooms. 
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Abstract 
While the metaphors for mathematics and for teaching mathematics have re-
ceived some attention, there is a lack of research on metaphors for technology. 
This study sought to investigate mathematics student teachers’ metaphors for 
technology in teaching mathematics. Based on metaphor theory and two theo-
ries of technology, the author analyzed 60 student teachers’ metaphors for tech-
nology. The findings reveal that student teachers’ views of using technology in 
mathematics teaching are ambiguous. The instrumental view of technology was 
dominating the data. Although the participating student teachers seem mainly to 
have a positive attitude towards technology, they need adequate opportunities in 
teacher education to explore the pedagogical and educational use of technology. 
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1 Introduction 

Technology and computer-aided learning materials are nowadays an essential 
part of modern mathematics teaching. Technology can help the teacher to visu-
alize mathematical concepts and give immediate feedback for students. Moreo-
ver, computer-based tools can help students to manipulate mathematical graphs 
and figures, and execute calculations that either cannot be done manually, or are 
too slow to calculate by hand. Therefore, knowledge of technology and comput-
er-based resources is important for a future mathematics teacher. (Asikainen, 
Pehkonen & Hirvonen, 2013.) 
Recently, the question of what mathematics teachers need to know in order to be 
able to integrate technology into their teaching has received much attention (see 
Mishra & Koehler, 2006; Akkoç, Bingolbali, & Ozmantar, 2008).  
 

 

 
Pierson (2001) added a technology component to Shulman’s (1987) PCK 
framework (figure 1) and described ‘Technological Pedagogical Content 
Knowledge (TPCK)’ as a combination of three types of knowledge: (1) content 
knowledge, (2) pedagogical knowledge, and (3) technological knowledge in-
cluding the basic operational skills of technologies. Later illustrated as an inter-
section of three knowledge categories: technological, pedagogical and content 
by Mishra and Koehler (2006) (figure 2). Akkoç et al. (2008) propose, that the 
TPCK framework can guide teacher educators to design courses concerning 
technology as a part of mathematics teacher education programmes.  
 

 

 

Figure 1  Shulman's pedagogical content knowledge (PCK) 1987
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Figure 2  Mishra’s and Koehler’s technological pedagogical content knowledge (TPCK) 2006. 
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And further on, since many pre-service teachers might not have learnt their 
mathematical content with technology, they suggest that school mathematics 
should be revisited using various technological tools. 
The teachers’ characteristics play an important role in adapting technology in 
their teaching. According to Becta study (Becta, 2004), which reviewed the 
research literature on ’barriers to the uptake of ICT by teachers’, a number of 
teacher-level barriers were identified. A very significant determinant of teach-
ers’ levels of engagement in ICT is their level of confidence in using the tech-
nology. Teachers with little or no confidence in using computers in their work 
will try to avoid them altogether. Levels of confidence are directly affected by 
the amount of personal access to ICT that a teacher has, the amount of technical 
support available, and the amount and quality of training available. Teachers are 
sometimes unable to make full use of technology because they lack the time 
needed to fully prepare and study materials for lessons. Besides technical faults 
with ICT equipment are likely to lead to lower levels of ICT use by teachers. 
Sometimes a total resistance can be seen in teachers’ actions. Teachers are un-
willing to change their teaching practices. Teachers who do not realise the ad-
vantages of using technology in their teaching are less likely to make use of 
ICT.  
In Finnish context using technology in mathematics teaching polarized the 
teachers’ responses. Some teachers thought that technology is important and can 
help students to learn. Others were more skeptical and emphasized the teacher’s 
role in guiding. (Asikainen et al., 2013.) 

2 Teachers Beliefs about Using Technology in 
Mathematics Teaching  

Teachers’ beliefs about mathematics, its learning and teaching are reflected 
strongly in the way they teach. Reflection is assumed to play a key role in 
change of practice and many researchers see a cyclical relationship between 
changing beliefs and changing practices. (Kagan, 1992; Lerman, 2002; Wilson 
& Cooney, 2002.) Already in the 90’s Veen (1993) suggested that whether 
teachers use or not use computers depends on two basic factors: the school level 
and the teacher level. At the school level the principals are responsible for fi-
nancial, organizational and moral support and they should provide a long term 
perspective. Instead, at the teacher level the teachers adopt new media if they 
can use them in accordance with their existing beliefs and practices. By then the 
only major study to examine the relationships among teachers’ epistemological 
beliefs, pedagogical beliefs, and their instructional uses of technology was con-
ducted as a part of an evaluation of the Apple Classrooms of Tomorrow 
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(ACOT) project (Yocum, 1996) The study indicated that teachers tend to adopt 
new classroom practices based on whether the assumptions underlying the new 
practices are consistent with their personal epistemological beliefs (Yocum, 
1996). 
More recent studies suggest that there is a parallel between a teacher’s student-
centered beliefs about instruction and the nature of the teacher’s technology-
integrated experiences (Judson, 2006; Totter, Stutz, & Grote, 2006). In Becker 
and Ravitz’s (2001) study, the results show that computer use among teachers is 
related to more constructivist views and practices and to changes in practice in a 
more constructivist-compatible direction. Burton (2003) also showed in her 
study with elementary teachers that this development can happen two-way. 
Professional development experiences involving technology will also facilitate a 
change in teachers’ beliefs regarding teaching and learning towards a more 
student-centered focus. This may reflect the teachers’ believes about their role. 
A traditional role will change to that of facilitator and partner in inquiry. Also 
Totter, Stutz and Grote (2006) suggest that teachers who adopt a student-
oriented constructivist teaching style are more likely to make use of new tech-
nology in classrooms, and vice versa. They present some teachers’ key charac-
teristics, which influence the use of new media in classrooms. Positive influenc-
ing factors are openness to change, willingness to cooperate and constructivist 
teaching style. Moreover, negative influencing factors are lack of time, lack of 
ICT confidence and lack of ICT competence. 

3 How to Categorize Teachers’ Views of Using Technology 
in their Mathematics Teaching? 

Chen (2011) provides two theories of technology as a framework for looking at 
the use of technology in mathematics teaching. According to the instrumental 
view of technology, the technology is seen as a tool or device assisting students 
to learn. It is an independent entity in this learning process. Teachers regarded 
technology as morally neutral and good in the class if used appropriately. Tech-
nology was also seen as empowerment while performing complex calculations, 
showing connections among different representations, and visualizing mathe-
matical concepts. On the other hand according to the substantive view of tech-
nology, it represents an autonomous cultural system and acts to shape human 
perception and actions. Teachers in Chen’s study (2011) regarded technology as 
inevitable and thought that it was their responsibility to equip their students with 
technology skills. 
Gilbert and Kelly (2005) categorize attitudes towards technology pointing at 
emotions. Technology was seen either as a frontier, and a tool for exploration, or 
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as a frontline, an attack and a defense. In White’s (2004) study he proposes five 
teachers views of technology: a demon, a servant, an idol, a partner, and a liber-
ator. When technology is seen as a demon, teachers actively oppose and decline 
to integrate technology into their teaching. Teachers feel either afraid or not 
willing to learn. When technology is seen as a servant, teachers assimilate tech-
nology in their teaching but into their existing instructional practices. If tech-
nology is seen as an idol, the emphasis is upon the teaching about computers 
rather than with computers. If technology is more like a partner, the students are 
actively engaged in working with data, and making meaning of their results. 
The technology has changed not only how students learn but also what they 
learn. When technology is seen as a liberator, technology is organizing and 
structuring the education itself. 
In their study Levin and Wadmany (2006) provide a profound overview on 
technology and teacher change. Their findings reveal that following multi-year 
experiences in technology-based classrooms, teachers’ educational beliefs 
changed quite substantively, yet revealing rather multiple views than pure be-
liefs. The categories used were (1) technical interest, (2) communicative or 
practical interests, and (3) emancipatory knowledge interest. A technical 
knowledge interest is being realized when technology is perceived as a means of 
practicing knowledge, skills, understanding, or competency, and when the con-
text is not considered particularly relevant. When technology is serving a practi-
cal interest, then its role is in communication and interpretation. The emancipa-
tory view of technology’s role according to Levin and Wadmany (2006) in-
volves the pursuit of knowledge or capacity to become conscious of the ways in 
which knowledge is constructed. 
This study aims to find out the needs for support and encouragement the student 
teachers have in using technology in their mathematics teaching, and survey 
mathematics student teachers’ views of technology by using metaphors. The 
research question is: What kind of views expressed with metaphors do the pre-
service mathematics teachers have of using technology in their teaching? 

4 About Metaphors and Metaphor Theory 

Metaphors are significant in teacher education. They provide insights into com-
plex concepts of teaching and learning and thus provide a window into the 
comprehension of teachers’ personal experiences. The word ‘metaphor’ has its 
roots in Greek and is based on word metapherein, meaning to transfer or carry. 
That means that something is carrying across, and thus by metaphor we denote 
that something is, in some sense, something that it literally is not. As metaphors 
focus on similarities, they can be used to express views of the nature of technol-
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ogy. While they provide a way of talking about current views of technology, 
metaphors can open up new ideas of thinking about these perceptions. (Lakoff 
& Núñez, 2000.) 
Metaphors are not mere words or expressions. Instead they are ontological 
mappings across conceptual domains. “Mappings are not arbitrary, but ground-
ed in the body and everyday experience and knowledge.“ (Lakoff, 1993, p. 
245).  Also a metaphor is not just a matter of language, but of thought and rea-
son. “Metaphor is fundamentally conceptual, not linguistic, in nature.” (Lakoff, 
1993, p. 245).  The challenge in using metaphors is the different knowledge and 
different experiences that people bring in while telling something via meta-
phors. Like Lakoff (1993, p. 245) proposes “metaphorical mappings vary in 
universality; some seem to be universal, other are widespread, and some seem 
to be culture specific”, and “metaphor is mostly based on correspondences in 
our experiences, rather than on similarity”.  
While metaphors involve understanding one domain of experience in terms of a 
different domain of experience, metaphors can allow student teachers to under-
stand and express abstract matters in concrete ways, and as Noyes (2006) points 
out that metaphors can reveal hidden beliefs of mathematics and help teacher 
educators to create conflict situations that might shift the meanings of mathe-
matics. Reeder, Utley and Cassel (2009) argue that if experiences in teacher 
education programmes are to bring about meaningful transformation for pre-
service teachers, teacher educators must provide opportunities for students also 
to critically examine their own thinking and beliefs about teaching and learning. 

5 The Study 

This study was conducted among pre-service mathematics teachers during their 
didactical course in the beginning of 2013. In this chapter the secondary school 
teacher preparation programme in Finland is shortly introduced. After that the 
data gathering and instruments are brought forward. 

5.1 Educational setting 

In Finnish secondary school, teacher preparation is a 5-year programme (3 BA 
and 2 MA). The students major in one subject, and minor in one or two other 
subjects (e.g. mathematics major, and chemistry and physics minor). This means 
that the students take education as minor and these teacher’s pedagogical studies 
(60 ECTS) can be taken within one academic year. Usually the students do their 
pedagogical studies at the end of their BA-studies. The programme gives gen-
eral teacher qualifications to teach children (7th grade, 12-13 years), young 
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people (secondary school) and adults in educational institutions offering gen-
eral, vocational and adult education. Moreover, according to programme objec-
tives, the future teachers gain a starting point to develop into a professional who 
plans, implements, evaluates, and develops teaching. In pedagogical studies the 
student teachers have to combine content knowledge, knowledge related to 
education and different learners, pedagogical content knowledge (i.e. know-
ledge of how to teach, study and learn the subject), and knowledge about school 
practices into their own pedagogical practical theory. 

5.2 Method 

Data for this study was gathered from 60 mathematics student teachers in Janu-
ary 2013. By then the student teachers in this study had been able to familiarize 
themselves with nearly half of their pedagogical studies, namely the first math-
ematics methods course and student teachers’ first practical classroom experi-
ences. The assignment was: the student teachers were asked to determine a 
statement “technology in mathematics teaching is", and to continue with an 
explanation of why it is so. They were not asked to identify themselves in their 
texts, so the texts remained anonymous. Still, only the metaphors with students’ 
permission to use as data were gathered for this study. 
The analysis was made in two phases: firstly, mere inductively, categories driv-
en by the data; secondly, based on selected theory and previous studies. At first, 
all metaphors were read through thoroughly and five categories were formed. 
The metaphors were placed in categories exclusively, and a short description of 
categories was developed. Only three metaphors could not be categorized, 
merely because they were not true metaphors; they were ether lacking the meta-
phor word or the explanation. At this stage of analysis metaphors were assessed 
independently by the author. The five categories were:  
(1) Useless: the metaphor expressed reluctance to use technology in mathemat-
ics teaching 
(2) Over-advertised:  the metaphor reflected the usefulness of technology but at 
the same time downplayed its role in teaching  
(3) Tentative: the metaphor stressed that technology requires tackling, or it re-
quires competencies, and it was not fitting for every teacher 
(4) Good servant but bad master: the metaphor introduced both good and poor 
features of using technology in mathematics teaching 
(5) Technology believer: the metaphor praised the technology and its role as a 
savior. 
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After the categories were formed and the descriptions were written down, an 
assistant classifier was used. Once independent data analysis was completed the 
findings were compared for inconsistencies and worked collectively to reconcile 
some of the inconsistencies. After categorization, categories could be arranged 
in order in respect of emotional aspects; the one end of the axis was anxiety and 
the other was enthusiasm. In the study of Gilbert and Kelly (2005) these end-
points were called frontline and frontier (c.f. .White, 2004). 
At the second phase of analysis the metaphors were categorized again, but this 
time the dimension was weather technology was seen as a tool or it has intrinsic 
value or value in itself. These categories were adopted from Chen (2011), who 
provides two theories of technology as a framework for looking at the use of 
technology in mathematics teaching: the instrumental view of technology and 
the substantive view of technology. 

6 Analysis and Results 

Some of the metaphors were rather clear-cut, but some were opened up to vari-
ous possible interpretations. The categorization was exclusive, so each meta-
phor was counted as one. There were 60 metaphors in total at the beginning of 
analysis, and three of them were left out of analysis, because they were not true 
metaphors. After the first reading only the metaphors categorized the way that 
both classifiers could agree on were accepted as data (see table 1). This resulted 
that the number of metaphors decreased from 60 to 37 metaphors. 

Table 1 Classifiers’ categorizations and the data that was selected. 

Category Useless Over- 
advertised 

Tentative Good 
servant 
but bad 
master 

Technology 
believer 

To-
tal 

Both classi-
fiers agreed 

3 5 8 13 8 37 

Classifier 1 3 6 17 19 12 57 
Classifier 2 11 9 12 15 10 57 

 
Following examples explain the differences between classifiers. The metaphor 
“Technology in mathematics teaching is like an SLR camera. Basically, a good 
device, but only a very few know how to use it right” was one of those meta-
phors in between categories. Classifier 1 was stressing the part “a good device, 
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but” and categorized the metaphor in category 3. Classifier 2 stressed the part “a 
very few know” and categorized it in category 2. 
Sometimes differences appeared when the first classifier was looking at the 
explanation and the second was stressing the metaphor. For example “Technol-
ogy in mathematics teaching is a spice. When used incorrectly it can ruin even 
good ingredients, but well used it will take the remaining food ingredients to a 
new level”. Classifier 1 categorized it in category 4, because of the explanation, 
and classifier 2 in category 3 because of the metaphor word that was used.  
After the first categorization the same metaphors were categorized again but this 
time according to the role of the technology, weather technology has an intrinsic 
use or only use as a tool. Only the metaphors both classifiers were agreeing 
were selected to this analysis and the number of metaphors declined from 37 to 
27 (see table 2).  

Table 2  Technology metaphors categorized according to the role of the technology. 

Category Useless Over- 
advertised 

Tentative Good 
servant 
but bad 
master 

Technolo-
gy believer 

To-
tal 

Intrinsic 
value 

0 2 3 0 5 10 

Tool 2 3 2 10 0 17 
Total 2 5 5 10 5 27 

 
Most of the metaphors (17/27) were describing technology as a tool. However, 
all the metaphors in category good servant but bad master were tool metaphors 
(10/27), and all metaphors in category technology believer were metaphors 
where technology was having an intrinsic value (5/27). 
Only 2/27 metaphors were categorized in the category of useless. Both of them 
were expressing the role of the technology as a tool. “Technology in mathemat-
ics education is a magician's smoke. Magician's smoke prevents the audience to 
see exactly what is going on. Sometimes the use of technology, in particular the 
terrible, cumbersome CAS calculators, can come between the student and the 
content and the student does not understand what he is doing or what he is see-
ing, and his attention goes to finger at the device.” In these metaphors the tech-
nology was only interfering with the learning and teaching of mathematics. 
One of the metaphors in category over-advertised was: “Technology in mathe-
matics teaching is a Swiss pocket knife. With it one is able to do anything, and 
still it is rarely used.” Almost half of these metaphors (2/27) were stressing the 
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role of the technology as tool. One of the metaphors (3/27/) in this category 
expressing the intrinsic value of technology was “Technology in mathematics 
teaching is offering unlimited possibilities. However, no one is able to fully take 
advantage of them. Technology has advanced so rapidly, that it seems that 
teachers do not have time to follow the development.” 
In category tentative where 5/27 metaphors were categorized, some of the met-
aphors were manifesting of how much work the technology requires the teacher 
to do. “Technology in mathematics teaching is like gardening. It requires time 
and dedication, in order to get the perfect result.” This metaphor was expressing 
the intrinsic value of technology. Some metaphors in this category were ex-
pressing the uncertainty of technology. “Technology in mathematics teaching is 
a journey into the unknown, because you never know what can be found in 
front of you, or when the journey ends.” Like the previous metaphor also this is 
stressing the intrinsic value of technology. The metaphors in this category were 
also expressing the know-how teachers’ need, when they are planning to use 
technology in their teaching. “Technology in mathematics teaching is a flash 
drive. It is of no use if one cannot use it.”  This metaphor was also expressing 
the role of the technology as a tool. 
The metaphors (10/27) in category good servant but bad master were metaphors 
where the role of the technology was seen as a tool. “Technology in mathemat-
ics teaching is a dishwasher. Nice device that saves time and effort, but is not 
necessary.” ”Technology in mathematics teaching is a good servant, but a bad 
master. It takes too easily the focus away of the subject being taught.” “Tech-
nology in mathematics teaching is like electricity in summer cottage. Without it, 
it’ll be fine, but yes, it’s a little miserable and dreary in the long run.” 
The last category was technology believer. All 5/27 metaphors in this category 
were stressing the intrinsic value of technology. “Technology in mathematics 
teaching is like the child’s first step. It must be taken in order to go ahead.”  
“Technology in mathematics education is like getting additional senses. It is like 
getting more eyes and more ears to use.” 

7 Discussion 

The results of this study indicate that mathematics student teachers views of 
using technology in their teaching are moderately positive. When only affective 
categories were taken into account, no less than 61.7 % of metaphors were posi-
tive or fairly positive. When the role of the technology as an intrinsic value or as 
a tool was determinative 74.1 % of metaphors were positive or fairly positive. 
Weather these student teachers will use technology in their teaching in the fu-
ture is still uncertain. Like in Becta study (2004) and also in the study of Totter, 
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Stutz and Grote (2006) negative influencing factors are lack of time, lack of ICT 
confidence and lack of ICT competence. Even 63.0 % of the metaphors were 
describing technology in mathematics teaching as a tool. This was also the case 
in Chen’s (2011) study. Hopefully, like in Levin’s and Wadmany’s (2006, p. 
174) three-year study the teachers who could integrate technology in their 
teaching to long-term basis developed their “viewing technology as a technical 
tool to seeing it as a partner that can empower the student, teachers and the 
learning environment”. 
The present study is significant and relevant for several reasons. First, it offers 
an important contribution to the exploration of teachers’ professional growth 
when integrating technology component into student teachers’ reflective prac-
tice. Second, it gives us teacher educators a view of mathematics student teach-
ers’ beliefs of technology and its usefulness in mathematics education. This 
study also revealed how difficult is to categorize metaphors. The person writing 
the metaphor may have totally different view on the chosen metaphoric expres-
sion. For example the flash drive, if one uses it all the time, it is a necessity and 
one might be surprised if someone else is not able to use it. For somebody else 
it would be a device not so often used, and almost useless. Depending on classi-
fiers own interests and his cultural background the words get different mean-
ings. This is why the metaphors are so intriguing and the metaphor theory con-
tinues to interest researchers. 
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Abstract 
In this study, a sample of mathematics teachers at upper secondary level rated 
their knowledge with respect to the key domains described by the Technological 
Pedagogical Content Knowledge (TPACK) framework. The results indicated 
that teachers expressed that they had a high level of knowledge in terms of 
pedagogy and content and the combination of these, but the knowledge level 
was lower in terms of technology such as software installation or troubleshoot-
ing of computers. The results also indicated that there were small differences in 
the expressed level of knowledge between sexes and years of teaching experi-
ence. The study indicated that effective integration of digital tools should in-
clude training both in the educational use and the actual operation of the tools. 
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1 Introduction  

In society today, we use a lot of digital equipment, such as computers, iPads and 
smart phones. This equipment is used in various forms such as forums, search-
ing for facts, keeping in contact, etc. According to Säljö (2010), digital technol-
ogy, has in recent decades seen enormous development. Computers have gained 
immense storage capacity through faster processors and well-developed soft-
ware. The trends in education also show that the use of Internet and the availa-
bility e.g. through smart phones will be increasingly demanded (The Horizon 
Report, 2011). The changes society has undergone, on the digital side, the last 
few years’ means that teachers are facing all kinds of digital tools related to 
their work. While it is not certain that computers and digital technology alone 
can improve teaching; good teachers also need to be available (Säljö, 2010). 
Todays schools compete with a variety of information and knowledge channels 
such as TV, video and computer games, the Internet, apps, etc. It could be ar-
gued that teachers should at least know about the different kinds of learning 
opportunities that are available for students in a digital world. 
In Sweden, the curriculum for mathematics at upper secondary level says: 

Teaching should also give students the opportunity to develop their ability to use dig-
ital technology, digital media, and other tools which can occur in subjects typical of 
programmes. (Swedish National Agency for education, 2012, p. 1). 

This means that digital tools should be a part of mathematics education in Swe-
den. NCTM also recognizes ICT as a part of education: 

Technology is an essential tool for learning mathematics in the 21st century, and all 
schools must ensure that all their students have access to technology (NCTM, 2008, 
p. 1). 

As previously stated, access to technology is not enough. How the technology is 
used is dependent on the teachers and their knowledge. This has been pointed 
out by Drijvers: 

…the teacher has to orchestrate learning, for example by synthesizing the results of 
technology-rich activities, highlighting fruitful tool techniques, and relating the expe-
riences within the technological environment to paper-and-pen skills or to other 
mathematical activities (Drijvers, 2012, p. 12). 

This means that teachers should integrate knowledge of student thinking and 
learning strategies along with knowledge of the subject with the use of digital 
tools in their teaching. This is a relatively new area of research in Sweden and 
the question is whether today's teachers have the skills to integrate knowledge 
of student thinking and learning strategies, knowledge of the subject and with 
digital tools.  
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The study is a replica of the study that Archambault and Crippen (2009) did in 
the USA which examined a national sample of 596 K-12 online teachers and 
measured their knowledge with respect to three key domains as described by the 
TPACK framework. Here, I will specifically examine how teachers assess their 
own competence in integrating pedagogy, mathematics and digital tools in their 
teaching practice. The research questions were, 

• What is the perceived level of knowledge among teachers in mathemat-
ics that is specific to digital tools, pedagogy and subject content, including 
combinations of these? 
• What differences are there in the perceived level of knowledge among 
teachers in mathematics that is specific to digital tools, pedagogy and subject 
content, including combinations of these, depending on the factors gender 
and teaching experience?  

2 Background 

The concept of pedagogical content knowledge (PCK) was introduced by 
Shulman (1986). He raised the issue of the need for a more coherent theoretical 
framework with regard to what teachers should know and be able to do. Mishra 
and Koehler (2006) built on Shulman´s notion of PCK to articulate the concept 
of technological pedagogical content knowledge here referred to as TPACK. 
The framework TPACK consists of three areas of knowledge: content 
knowledge (the topic to be taught), pedagogical knowledge (process and / or 
methods of learning and teaching), and technological knowledge (both ordinary 
such as the blackboard and more advanced such as computers) including the 
connections between these areas, (Mishra & Koehler, 2006) as illustrated in 
Figure 1 below. The relationship between these fields of knowledge is complex 
and nuanced (Mishra & Koehler, 2006; Schmidt et.al, 2009). For further defini-
tions of each area of TPACK, see Koehler & Mishra (2008). 
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Figure 1  Framework of TPACK (Koehler, u.d.) 

Archambault & Crippen (2009) studied TPACK in K-12, online teachers. Their 
results indicated that teachers perceived themselves to be proficient in the areas 
of pedagogy, subject content and the combination of these. However when it 
came to technology, the teachers expressed that they had less knowledge. The 
study also showed strong correlations between pedagogy and subject content, 
whilst the relationship between technology and pedagogy, and technology and 
subject matter was weak. The responses to the open-ended questions revealed 
difficulties with learning the new technology (Archambault & Crippen, 2009). 
Similar views have been observed in Turkish prospective primary teachers re-
garding the use of computers in mathematics education (Do an, 2012). Alt-
hough the Turkish teachers stated that the use of computers can help them to 
teach mathematics, they did not feel confident about it. 

3 Method 

The data collection was done through a web survey where the responses were 
automatically anonymous. That meant that the questionnaire was easy to admin-
istrate and compile. The disadvantages of online surveys is the same as tradi-
tional surveys, i.e. sources of error due to non-response, sampling, coverage and 
measurement errors are the same (Avery, 2006). 



A Study of Mathematics Teachers Conceptions of Their Own Knowledge of TPACK 163 

The questionnaire was a translated and modified version of that used by 
Archambault & Crippen (2009). Modifications were made to satisfy Swedish 
conditions and the level of the school system to be investigated (upper second-
ary school). A number of background questions were added, such as gender, 
university education and teaching experience. The questions were initially con-
structed using the areas of TPACK and the 23 questions were grouped in these 
areas (see table 1). The opportunity to comment on each section was given in 
open questions. The responses were given in a 5-point Likert scale, ranging 
from 1 = very poor to 5 = very good. A pilot study was made to test the instru-
ment. 

Table 1  The structure an variation in the questionnaire. 

Area Part Question Variation
Pedagogical knowledge (PK) A 1-3 0.6 
Technological knowledge (TK) B 4-6 1.04 
Content knowledge (CK) C 7-9 0.6 
Pedagogical Content knowledge 
(PCK) 

E 13-16 1

Technological Content knowledge 
(TCK) 

D 10-12 1.08

Technological Pedagogical  
knowledge (TPK) 

F 17-20 1.28

Technological Pedagogical Content 
knowledge (TPACK) 

G 21-23 1.16

These are some sample statements from the survey: 
A. My ability to adapt teaching method to the students’ knowledge 
B. My ability to help students troubleshoot technical problems on their computers 
C. My ability to decide what mathematical concepts and how they should be taught 
in my class 
D. My ability to use different software in teaching (eg, Word, Powerpoint, Excel, 
etc.) 
E. My ability to support students in noticing connections between different concepts 
F. My ability to use different approaches to teaching through digital tools 
G. My ability to teach so that students achieve proficiency in digital software mod-
ule specified in the curriculum and syllabus 
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The schools participating in this study were located in a medium sized state 
located in central Sweden. The selected schools where chosen based on their 
presentation of themselves where the criteria was stressing the use of ICT in 
education. 13 schools were chosen from an initial group of 25. In these 13 
schools there were 71 mathematics teachers. Due to technical problems, 7 
teachers couldn´t participate in this study leaving the maximum number of po-
tential respondents to 64. Of these, 26 replied giving a response rate of 41 %. 
Mean value and standard deviation was calculated for each question. Due to the 
small number of respondents, no further statistical analysis was made and the 
results were compared with previous research. This study is descriptive and the 
result cannot be generalized beyond the response group. However general 
tendencies can be indicated. 

4 Result 

The results are summarized and presented by the different areas of TPACK and 
from now on I will use the abbreviations for the different areas. First we look at 
the differences between the areas of PK, CK and PCK that are higher than the 
other TK, TCK, TPK and TPACK, see Table 2:  

Table:2 Descriptive results within the areas concerning teachers' estimadted ability in different 
situations. 

Area Mean value Standard deviation 

Pedagogical knowledge (PK) 3.960 0.701 
Technological knowledge (TK) 3.160 1.233 
Content knowledge (CK) 4.227 0.741 
Pedagogical Content knowledge 
(PCK) 

4.250 0.766 

 Technological Content knowledge
(TCK) 

3.747 1.034 

Technological Pedagogical  
knowledge (TPK) 

3.360 1.063 

Technological Pedagogical Content 
knowledge (TPACK) 

3.347 1.149 
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Table 2, also shows that the spread among individual teachers is greater in the 
areas of TK, TCK, TPK, and TPACK than in the areas of CK, PK and PCK. 
In all areas except CK and PCK (which is basically the same), men rated their 
knowledge higher than women do, although the differences are quite small 
(Table 3). The largest gender difference exists within the subarea TK where the 
values differ by more than 1 unit, including TCK (0.7 units), TPK (0.6 units) 
and TPACK (0.3 units). 

Table 3  Descriptive results for issues concerning teachers' estmated ability in different situations by 
gender 

Mean value
Area Women Men
Pedagogical knowledge (PK) 3.923 4.000 
Technological knowledge (TK) 2.564 3.806 
Content knowledge (CK) 4.256 4.194 
Pedagogical Content knowledge (PCK) 4.269 4.229 
Technological Content knowledge (TCK) 3.410 4.111 
Technological Pedagogical knowledge (TPK) 3.077 3.667 
Technological Pedagogical Content knowledge 
(TPACK) 

3.205 3.500 

The groups of teacher experience were chosen based on the few respondents; 
smaller groups would have meant groups with no respondents in it. All areas 
show a maximum value for those with 10-20 years of teaching experience (table 
4). The difference from 0-10 years to 10-20 years is greatest for the area 
TPACK (1.1 units) for other areas, the differences are between 0.3-0.8 units. 
The reduction from 10-20 years to 20 years-, is greatest for TPACK (1 unit). 
However, as can be seen in table 4, the variations are quite small between the 
groups. 
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Table 4  Descriptive results for issues concerning teachers' estimated ability in different situations, 
sorted by  teaching experience 

Area All 0-10 
years 

10-20 
years 

20- 
years 

Pedagogical knowledge (PK) 3.96
0 

3.718 4.333 4.111 

Technological knowledge (TK) 3.16
0 

2.949 3.778 3.000 

Content knowledge (CK) 4.22
7 

3.897 4.667 4.500 

Pedagogical Content knowledge 
(PCK) 

4.25
0 

4.115 4.417 4.375 

Technological Content  
knowledge (TCK) 

3.74
7 

3.564 4.111 3.778 

Technological Pedagogical  
knowledge (TPK) 

3.36
0 

3.192 3.875 3.208 

Technological Pedagogical  
Content knowledge (TPACK) 

3.34
7 

3.051 4.167 3.167 

5 Discussion 

This study has used TPACK as a framework for measuring the perceived level 
of knowledge of a group of mathematics teachers working in schools explicitly 
focusing on ICT and other digital tools, these teachers should have knowledge 
related to these areas. It turned out to be difficult and complex. The pilot study 
revealed difficulties in distinguishing the areas implying that TPACK as a 
framework has difficulties in measuring the level of knowledge in the various 
fields, but it can still be a framework that describes what a teacher needs to have 
knowledge about, what distinguishes teachers from educators or technicians. 
From this present study a few conclusions can be drawn. 
In the study of what the perceived level of knowledge of mathematics teachers 
at secondary level is within the framework TPACK, teachers express that they 
have good or very good knowledge about traditional teaching (teaching that 
doesn’t integrate digital tools). However, they are more insecure in their 
knowledge regarding technology and the integration of technology in teaching. 
There are also some differences among individual teachers. In the respondents' 
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written comments there are two branches, those who want to try and integrate 
the technology but do not have time or feel they don’t know enough about the 
technology and need to learn it first, and those who do not wish or need to use 
technology at all. As one of the respondents writes "You can view different 
representations of a concept even without the use of digital tools, it’s called a 
review." This can be interpreted as an unwillingness to change that is one of the 
criteria for a mathematics teacher with good TPACK skills, according to 
Grandgenett (2008). The results of this study may be due to several factors, 
including what experience teachers have acquired in their professional activi-
ties. The survey shows a trend toward higher levels of knowledge in all areas 
after 10-20 years of teaching experience, which is supported by Samuelsson and 
Samuelsson (2011) and Nilsson (2010). Teacher education may also be a factor, 
if not previously learned to teach through digital tools, it can be hard to do it on 
your own unless the persons own interest is involved. According to Graham 
(2009), it is natural that the subareas with technology is lower than most but 
with practical training, these skills can increase. It could also be that the devel-
opment in technology progresses so very quickly that it is difficult to "keep up". 
If an education today would contain "the latest" in technology and education, it 
would still be "old" when the student graduates. As Dewey (1916) says, "If we 
teach today as we taught yesterday, then we rob our children of tomorrow." By 
changing teacher training and providing appropriate technical experience can 
we improve mathematics education (Landry, 2010).  
The results of this study are in line with the observations of Archambault & 
Crippen (2009), they are almost identical despite different contexts and re-
spondents. It seems like it exist a general view about yourself and your per-
ceived knowledge regarding the areas of TPACK. 
As a teacher educator, we cannot assume that the pedagogical knowledge of 
ICT follow for instance the use of ICT or the other way around. We need to be 
more specific about how to use it, when to use it, and be able to say why we 
should use it. 
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1 Introduction and Theoretical Background  

Motivation has been acknowledged as one of the key factors in teaching and 
learning. Empirical research conducted in mathematics education has shown 
that motivation is closely related to students' performance, achievements and 
beliefs (e.g., Lewis, 2013; Middleton & Spanias, 1999). Moreover, motivation 
is a part of the students' scholastic mathematical experience. This experience 
plays a significant role in a student's decision to learn mathematics courses in 
the future and pursue a career in mathematics (Middleton & Spanias, 1999). In 
light of the above, the recurrent findings on the steady decrease in students' 
motivation and interest in mathematics are truly disturbing (e.g., Lewis, 2013; 
Middleton & Spanias, 1999). 
In order to develop new insights into sources of students' motivation, this paper 
focuses on experts in mathematics. This focus is in line with the established 
practice of using research on experts as a source of ideas for fostering mathe-
matics learning for novices (see a detailed discussion on this point in Konto-
rovich and Koichu, in press). Several categories of experts were considered for 
the purposes of this study: practicing mathematicians, lecturers, teachers, task 
designers and mathematics textbook writers. Eventually, the decision was made 
to recruit expert problem posers (EPPs) for mathematics competitions (MCs). 
The decision was based on the assumption that in many cases EPPs for MCs 
receive neither fiscal rewards nor academic accreditation for being engaged in 
mathematics, unlike the aforementioned categories of experts. Thus, identifying 
the sources of the EPPs' motivation could shed new light on intrinsic motivation 
in engaging in mathematics. 
The preliminary study with 22 adult participants from the Competition Move-
ment (i.e. coaches, EPPs and organizers of MCs) was presented at the 17th 
MAVI conference (Kontorovich, 2012). The findings of the preliminary study 
suggested that the participants shared a pedagogical agenda consisting of four 
interrelated goals: to provide students with opportunities to learn meaningful 
mathematics, to strengthen their positive attitudes towards mathematics, to cre-
ate cognitive challenges for the students and to surprise them. Competition 
problems were perceived by the participants of the preliminary study as a means 
of achieving these goals.  
In light of the above, it can be suggested that fulfilling this pedagogical agenda 
is a possible source of experts' motivation to pose competition problems. How-
ever, EPPs might also consider alternative ways of engaging in students' math-
ematical education. For instance, they could publish books or teach mathematics 
at school. The experts' decision to invest their time and effort in creating prob-
lems for MCs implies that they may possess additional motivational sources. 
Identification of these sources is the goal of the current study. 
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Lewis (2013) wrote that research on motivation in mathematics education is 
frequently concerned with attitudes and that it is undertaken from a statistical 
point of view. He reminds us that motivation is an emotional phenomenon, and 
therefore phenomenological methods propose an added value in its exploration. 
Lewis's approach has been adapted in the current study. Namely, the study is 
conducted using qualitative methods, and motivation is analysed from the par-
ticipants' point of view, i.e. people who actually possess it. 

2 Method 

Twenty-five men and one woman participated in the study. All the participants 
are active problem posers for national, regional and international MCs, such as 
The Baltic Way, Mathematical Kangaroo and Tournament of the Towns. Twen-
ty-three experts were above the age of 40, and the average age of the experts 
was 50 (SD=12). The experts' problem-posing experience ranged from seven 
years to more than 30. The academic background of the experts is as follows: 
one expert holds a master's degree in mathematics education; six received a 
master's degree in mathematics; two have a PhD in mathematics education; and 
17 experts hold a PhD in mathematics.   
Nineteen experts are employed in colleges and universities; one expert teaches 
in a high-school and another works in the high-tech industry. One expert has an 
official paid position in the organizational committee of national competitions. 
Only one expert (Olivia) makes her living posing riddles for daily newspapers 
and publishing riddle books. Thus, the study's a-priory assumption that problem 
posing for most of the experts is a non-profitable practice proved to be a correct 
one.    
The participants reside in Australia, Bulgaria, Israel, Latvia, Lithuania, the Rus-
sian Federation, Spain, Sweden and the USA. Eighteen experts chose to interact 
with me in Russian, 4 preferred English and the remaining 4 preferred Hebrew. 
Thus, the majority of the experts participating in this study were influenced, or 
nurtured, by the [former] Soviet mathematics education. In other words, the 
variety of the experts' countries of residence does not fully represent the diversi-
ty of mathematical views and perceptions.  
The data were collected using semi-structured in-depth interviews (e.g., Evans, 
Patterson & O'Malley, 2001) and open questionnaires. The Israeli participants 
were interviewed face-to-face. Nine participants from other countries were 
interviewed by telephone or Skype. The interviews lasted between 60 and 90 
minutes. The questions were sent to participants by e-mail a week before the 
interview. This was done in order to “prep” the participants for the forthcoming 
interview. All the interviews were audio-taped and transcribed. The remaining 
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eight experts preferred to answer in writing by filling in a questionnaire consist-
ing of the central questions of the interview. After a preliminary analysis of the 
data the experts were then asked to take part in follow-up interviews and to 
answer a set of question for clarification and validation. Nine experts consented 
to take part in these follow-up activities.   
In both the interviews and the questionnaires, the experts were asked to tell 
about the role that the competition movement plays in their life. They were 
asked specifically about their problem-solving and problem-posing experience, 
their reasons for joining the competition movement in the first place, and their 
motivation for staying in the movement and becoming problem posers. The data 
were analysed using an inductive approach in order “[…] to allow research 
findings to emerge from the frequent, dominant or significant themes inherent in 
raw data, without the restraints imposed by structured methodologies” (Thomas, 
2006, p. 238). 

3 Findings 

3.1 Experts’ Intellectual Need 

According to Wikipedia (n.d.) the intellectual need of a person is a special type 
of intrinsic motivation for gaining a new piece of knowledge. In the excerpts 
below, two of the study participants, Ari and Mike (pseudonyms), explicitly 
refer to their “built-in” curiosity and desire to learn new mathematics: 

Ari:  All my life I was aware that the only things I need in my free-time are a pen 
and a sheet of paper. I am always preoccupied with some geometrical configura-
tions and their properties… which is why I usually have too many questions about 
them yet very few answers. I think this is the fate of any researcher. […] My moti-
vation for conducting [mathematical] research is curiosity and the desire to reveal 
what is true: [For instance,] Is some property generalizable from a special case to 
other cases as well? Does a particular configuration conceal any additional proper-
ties that we are not familiar with, or have we reached the maximum? [Translated 
from Hebrew.]. 
Mike:  When I pose a problem, I learn [i.e. acquire new mathematical 
knowledge]. Actually, it is one of my character traits. I don't even understand where 
it comes from. Every time I see a problem that interests me, I feel a powerful desire 
to "strengthen" it, to take it one step forward, to learn new things about it. In this 
way many new problems are created.  
Interviewer: What motivates you “to strengthen the problems”? 
Mike:  An ambition to know how this world works. Why does a problem include 
a particular given, rather than another one? The discovery and understanding create 
an incredible feeling, which gives you wings! [Translated from Russian.]. 
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Two phenomena can be observed in Ari's and Mike's statements. First, they both 
describe their desire to learn new mathematics in a highly emotional manner 
and report that its fulfillment creates a pleasant and rewarding feeling. Second, 
Ari and Mike refer to this desire as a significant characteristic of their personali-
ty rather than a situational feeling. The intensiveness and ubiquity of this desire 
bear resemblance to the physiological and socio-psychological needs described 
by Maslow (1943), which facilitates referring to this burning desire as an intel-
lectual need for enriching their mathematical knowledge base. 
Ari and Mike exposed their intellectual need more elaborately than the rest of 
the study participants. In the data collected on 10 additional  experts, intellectual 
need was noted in certain sentences and phrases, in which the experts referred 
to their aspiration to acquire new mathematical knowledge. For instance: “From 
the moment I remember myself, I always wanted to understand how…”, “I was always 
curious about …”, “There are problems and questions that will keep you up all night!”. 
Note that in the first two phrases, the idiosyncrasy of the need is emphasized 
(like in the case of Ari and Mike), when in the third phrase the need is described 
as contextual, i.e. being provoked by a particular mathematical situation. This 
type of situation is exemplified below in the case of Alexis and Mavlo's Theo-
rem: 
Mavlo's Theorem states that one of the arcs created by a side of a triangle in the 
Euler circle equals the sum of the arcs created by the other two sides. In some 
cases, the arcs are created by extending the sides of the triangle up to the inter-
section with the Euler circle. When Alexis was asked to recall his first reaction 
to the theorem, he said:  

"My intuition told me that it is possible to take this theorem one step forward. […] 
The Euler circle is the most familiar one in geometry and it leaves other circles a 
long way behind. I wanted to find out if some other circles also have a chance to 
stand out." 

After that, Alexis was engaged in a search for other circles with properties relat-
ed to arcs created by triangles. During his search, he acquired mathematical 
concepts and theorems which were new to him, and he posed problems based 
on his new knowledge. One of these problems appeared in 2010 in the Russian 
Geometry Olympiad named after Sharigin. In addition, Alexis described his 
mathematical journey of knowledge acquisition in a self-reflective paper (see 
Miakishev, 2010).  
Similarly to Alexis, other experts also said that when they pose problems for 
competitions, they frequently get exposed to mathematics which is new to them, 
generate questions that they did not think about before and encounter problems 
they are unfamiliar with. Therefore, it can be deduced that problem posing for 
MCs is fertile ground for fulfilling the experts' intellectual need for new mathe-
matical knowledge.   
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It is noteworthy that EPPs are not interested in just any piece of mathematical 
knowledge which is new and unfamiliar to them. The analysis showed that each 
participant possesses 1-3 fields of mathematical interests and seeks to enrich his 
or her knowledge base in these fields. Examples of such fields are Euclidean 
geometry, 3-D geometry, number theory, logic problems, linear algebra etc.   

3.2 Experts’ Socio-Psychological Needs 

The experts tend not only to discover new [for them] mathematical facts, but 
turn these facts into problems and propose them to various MCs. This behavior 
cannot be attributed to the aforementioned intellectual need. From the perspec-
tive of experts' pedagogical agendas, it could be said that experts use these 
problems to achieve their goals regarding the students who participate in the 
competitions (see Introduction and Theoretical Background). In this sub-section 
I argue that the act of publishing the created problems in MCs can also be inter-
preted as a means for fulfilling experts' socio-psychological needs for belong-
ing, recognition and appreciation. To recall, this need is included in Maslow's 
(1943) pyramid and its fulfillment is acknowledged by many schools as a pow-
erful motivating factor (e.g., Maccoby, 1988; McClelland, 1971).  
The importance of the sense of belonging in the case of EPPs is implied by the 
fact that all the experts who participated in the study were involved in MCs 
when they were students. Consequently, the experts have belonged to the com-
petition movement for the greater part of their lives, when at some point they 
made “a switch” from solvers to posers. When asked why they decided to stay 
in the competition movement as adults, some of the experts explained their 
decision using the law of inertia: “I got used to Olympiads; it was my hobby”, “I like 
dealing with mathematics, so how else am I supposed to do it?!”. One of the experts, 
Ronny (pseudonym), gave a more detailed explanation:  

"It was when I started studying in college. It was a very stressful time for me: I fin-
ished high school,  moved out of my parents' house and relocated to another city; I 
was away from my family. The studying [in college] was so different from what I 
was used to in high school. The mathematics was so different… So I looked for 
something to lean on, something that was familiar and natural to me." [Translated 
from Hebrew.]. 

Another expert, Olivia, explained her decision to remain in the competition 
movement metaphorically: 

"I participated in competitions when I was a student, but I never excelled in them. 
And I always had a strong desire to be noticed. This desire gave me the motivation 
to pose problems. I think that the desire to be better than others in something is nat-
ural. For instance, if someone likes ice skating but he isn't a good ice skater, he can 
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become a good coach, or a judge or an ice show producer." [Translated from Rus-
sian]. 

In this quote, Olivia admits that she possesses the need for recognition and 
appreciation, and this explains her decision to remain in the competition move-
ment. Namely, Olivia puts forward the connection between her modest 
achievements in solving competition problems and her decision to become a 
problem poser: the fact that she was a part of the competition movement in the 
past and that she is still a part of it today enables her to compensate for the lack 
of recognition and appreciation back then with the recognition and appreciation 
she gets today, thanks to the high-quality problems she creates.  
Olivia's idea about the connection between posing problems and gaining recog-
nition and appreciation can also be extracted from Leo's words: 

"It is important that Olympiad questions include as many ideas as possible. If all 
the questions are similar to each other or to the questions that appeared in the pre-
vious Olympiads, it can create an impression that we [problem posers] don't have 
enough ideas". [Translated from Russian.].  

It can be concluded from Leo's words that he perceives the competition prob-
lems as a two-sided assessment tool: It enables one to assess the problem-
solving skills of the students as well as the problem-posing skills of the experts. 
Therefore, when posing a problem, Leo makes an effort to create a positive 
impression with his problems on the intended solvers, fellow problem posers, 
coaches, organizers of the competitions etc. 
In 25 (out of 26) cases, the needs for belonging, recognition and appreciation 
went hand in hand. The excerpt from the case of Mike presented below shows 
that these emotions can intertwine in a complex manner. Mike specializes in the 
field of algebraic inequalities. For more than 20 years he has been solving these 
types of inequalities, collecting inequalities that appeared in MCs over the 
world, posing his own inequality problems and even  developing methods for 
solving and proving inequalities.  
Mike said that not many people are as interested in inequalities as he is. Moreo-
ver, over the years he has reached extraordinary levels of expertise in this field 
and asserted that he has difficulty finding people who are able to understand and 
appreciate his findings. He found these people on the web-forum “Art of Prob-
lem Solving” and became an active member with more than 10,000 posts. Thus, 
it can be concluded that the forum serves for Mike as a platform for having 
meaningful interactions with like-minded others and it provides him with a 
sense of belonging. 
However, it turned out that Mike conducts his mathematical research in writing 
and it is summarized in twenty-two thick notebooks. The following excerpt 
from the interview with Mike focused on this phenomenon:  
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Mike:  If all my stuff was saved in the computer, someone would steal it for 
sure. I don't want this to happen: it is an enormous amount of work, the work of all 
my life actually! Why should I give it to someone else?! 
Interviewer: Why you are so sure that someone would “steal” your work? 
Mike: It's not paranoia, it has already occurred in the past. 
Interviewer: Can you tell me about this?  
Mike:  Naughty XXXians [names a country] stole one of my problems [he says 
the words with an intonation of pride, smiles and giggles at this point]. I posted one 
of my problems on the forum “Art of Problem Solving” and a year and a half later, 
it appeared in the XXXian Olympiad.         
Interviewer:  And how did it make you feel then?  
Mike:  Well, you know… It is important to me that people see my results. If 
someone steals them, well… So be it! If I want, I can always prove that I was the 
first one to publish them. 

Mike's case exemplifies the importance of the sense of belonging, recognition 
and appreciation in expert problem posing. Similarly to Olivia and Leo, Mike 
wants people to attribute their positive emotions provoked by mathematical 
problems to him, the person who created these problems. This idea can be ex-
tracted from Mike's usage of the word “naughty”: While, on the one hand, he 
claims that some people stole his problem, on the other hand, they popularized 
it and, therefore, automatically popularized its creator. Interestingly, it is enough 
for Mike to know that he is the creator of the popularized problem, even if peo-
ple are not aware of this fact. Indeed, he did not try to expose himself as the real 
creator of the problem; he is satisfied simply knowing that the exposure is 
achievable. Regarding the act of "stealing" his intellectual property (from his 
point of view), apparently, this is the "price" he is willing to pay for the sense of 
belonging which he is granted by the forum.  
As can be seen from the excerpts above, experts' socio-psychological needs 
were observed in very personal and revealing materials, which they chose to 
share. Apparently, this special kind of material could not appear in the data on 
all the participants of the study. This fact partly explains why evidences of ex-
perts' socio-psychological needs were observed only in five cases. In addition, it 
turned out that in four of these cases, experts regularly publish their mathemati-
cal results in special journals and handbooks. This action can be interpreted as a 
realization of a high degree of need for recognition and appreciation, a degree 
which could not be completely fulfilled by publishing problems in competitions. 
The data collected on eight additional experts included phrases such as “I like 
sharing new mathematical results with people” or “I'm very proud, when people say 
'wow!' about my problems”. These phrases can also be seen as evidence of experts' 
needs for recognition and appreciation.  
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4 Discussion 

The main contribution of this paper is in its empirical identification of two mo-
tivational sources among experts in mathematics: an intellectual need for en-
riching their mathematical knowledge base and a socio-psychological need for 
belonging, recognition and appreciation. The identified sources serve as an 
explanatory framework for understanding the practices of 26 Expert Problem 
Posers (EPPs) who create problems for Mathematics Competitions (MCs). 
The analysed case of EPPs and MCs is an example of a "good match" between 
individuals who possess particular needs and a framework for participation that 
addresses these needs and enables its participants to create products of a high 
quality, develop their knowledge and skills, and actualize their capabilities and 
talents. Therefore, creating similar frameworks for learning purposes can be 
considered one of the central aims of education. Moreover, I argue that intellec-
tual and socio-psychological needs are typical to all people, and therefore, they 
could be and should be utilized for designing these frameworks.  
The educational community has been extensively utilizing students' intellectual 
needs for learning mathematics. For instance, Harel and his colleagues intro-
duced and empirically based a comprehensive framework for the instruction of 
mathematics (e.g., Harel, 2008). According to it, learning of a new construct of 
knowledge occurs as a result of students being engaged in carefully designed 
tasks, the solution of which requires the missing knowledge. However, Harel's 
approach to the concept is purely epistemological. In his words: 

“There is often confusion between intellectual need and motivation. The two are re-
lated but are fundamentally different. While intellectual need belongs to epistemol-
ogy, motivation belongs to psychology. Intellectual need has to do with disciplinary 
knowledge being born out of people's current knowledge through engagement in 
problematic situations conceived as such by them. Motivation, on the other hand, 
has to do with people's desire, volition, interest, self determination, and the like.” 
(Harel, 2008, p. 897-898). 

The data presented in the current paper show that in the case of EPPs, intellec-
tual need is one of the most powerful motivational sources deriving from their 
personalities. For them it is a state of mind that enables them to sense the need 
for a nonspecific piece of mathematical knowledge without being involved in 
problematic situations. This finding is in line with Ericsson (2006), who argued 
that experts tend to engage in deliberate practices (problem posing in this case) 
in order to extend their already well-developed knowledge bases and to sharpen 
their professional skills.  
In light of the above, there is room for rigorous empirical investigation of stu-
dents' personal intellectual needs, preferences and interests, for structuring them 
in clusters and for designing learning settings that will match the identified 
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clusters. Note that nowadays, the idea of a learning setting which is matched to 
the intellectual cluster of a student is realized in terms of a course in some 
mathematical area with a particular level of complexity (e.g., Algebra 3). In 
other cases the course is merely adjusted to the age of the students (e.g., Math-
ematics for the 9th grade). The aim of the proposed investigations is to address 
the intellectual needs of particular students with narrower aspects of the learn-
ing setting, such as mathematical topics that will interest them, problems that 
will challenge and engage them, exercises that will promote competencies with-
out boring them etc. Matching students to a carefully designed learning setting 
can be a powerful tool aimed at unlocking their mathematical potential. 
Regarding the socio-psychological need, recognition and appreciation are typi-
cally achieved through high grades, which are assigned by figures of authority. 
The grades are transformed into a goal to achieve, while learning is solely the 
means to an end. The situation is significantly different in the case of EPPs: 
First, they are rewarded by being accepted into the elite society of problem 
posers for prestigious MCs. Second, rewarding is based on high-quality prod-
ucts (excellent mathematical problems in this case) produced by the experts. 
Since these products are inseparable from learning mathematics, a direct con-
nection is established between learning and reward. Third, the experts are re-
warded by colleagues and consumers of their products – principally the students 
who participate in MCs. In this way, the rewarding communities encourage the 
posing of high-quality problems, and thus they enhance learning.  
Research has been relatively silent about empirical attempts to model these 
communities in a classroom setting (see Brawn & Walter, 1996 for a rare exam-
ple). Therefore, there is room for additional inquiry of students' socio-
psychological needs and for the ways these needs can be addressed when learn-
ing mathematics. I believe that rigorous study of the movement of Mathematics 
Competitions is an insightful step for addressing these issues.  
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Abstract 
In this paper the status of empirical mathematical reasoning during problem 
solving across primary, secondary and tertiary education is studied. The main 
aim is to see whether the very same beliefs influence the students’ performance 
in the same way across educational levels. The results show that despite sharing 
the same beliefs, the way these beliefs affect students’ performance (positively 
or negatively) is different for different ages. More precisely, as we move from 
primary grades to college, the students’ ability to employ empirical mathemati-
cal reasoning is inclined as they persist to ask for connections with more formal 
ways of working. Even though the students solved the same task and shared the 
same beliefs, the negative effects of these beliefs were stronger for older stu-
dents. 
 

C. Bernack-Schüler et al. (eds.), Views and Beliefs in Mathematics Education, 
Freiburger Empirische Forschung in der Mathematikdidaktik, 
DOI 10.1007/978-3-658-09614-4_15, © Springer Fachmedien Wiesbaden 2015



184  Ioannis Papadopoulos 

1 Introduction 

The logically correct reasoning was an achievement developed and tested 
through history. This constitutes a unique contribution of mathematics to the 
culture of science and we have to be very careful to preserve it. To obtain this, a 
culture of argumentation is needed in the mathematics classroom from the pri-
mary grades up all the way through college (Ball et.al., 2002). There is evidence 
(Maher & Martino, 1996) that young students can be capable of engaging in 
reasoning which varies from empirical arguments to abstract. However, this 
ability is influenced positively or negatively by the solver’s beliefs. It seems that 
the way you think about a mathematical topic affects the way you approach it, 
e.g. the fact that the students view mathematics mostly as a set of rules and 
procedures to be learned by rote (Crawford et.al., 1994). Thus, accepting that 
beliefs might be misleading for the students no matter the age or grade, the 
question we try to answer is: Is there any differentiation across grades and/or 
educational levels? Is this influence - caused by beliefs - stronger for some ages 
than for others?  This is why we study three populations (primary, secondary 
and tertiary education) asking for a comparison of the students’ reasoning as it 
may be influenced by their beliefs, given that they cope with the same task.  

2 Some Theoretical Aspects 

2.1 Reasoning  

Any type of mathematical reasoning suggests an a-posteriori summation of the 
lines of thought taken before in order to produce assertions and reach conclu-
sions in task solving (Mamona-Downs & Downs, 2013). Reasoning is not nec-
essarily based on formal logic and it may be incorrect (Lithner, 2008). In this 
respect Lithner makes a distinction between reasoning and argumentation and 
takes argumentation as the “substantiation” that convinces you that the “reason-
ing is appropriate”. In the context of problem solving this means that the stu-
dents rely on mental images and loosely grounded representations, they initial-
ize, collate and monitor the argumentation involved. In other words, this refers 
to what children at a particular grade level could be expected to know that could 
be used in a proof; what kind of arguments they are capable of making; and 
what kinds of representations they can use. Lithner (2008) describes two types 
of reasoning: (1) Creative Reasoning characterized by novelty, plausibility and 
mathematical foundation; it utilises resources, heuristics, beliefs, control skills 
and supporting environment (Schoenfeld, 1985), and (2) Imitative Reasoning 
which can be seen either as Memorised Reasoning (recalling an answer and 
writing it without consideration) and Algorithmic Reasoning (recalling a certain 
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algorithm and implementing the rules. According to Hanna (2000) the ability of 
young students to organize arguments into a logical chain grows in sophistica-
tion as the learner matures. The research literature presents some examples. 
Maher and Martino (1996) describe 4th graders presenting a version of proof by 
cases (or proof by exhaustion) and proof by mathematical induction during a 
combinatorial problem task. Ball (in Ball et al. 2002) describes how students in 
grade 3 use diagrams (visual aid) to ‘prove’ that ‘the sum of two odds is even’. 
Finally, retelling the story of what has been done is another way of reorganizing 
the ideas into a chain of logically connected statements (Fosnot & Jacob, 2010). 
For students this means that they need not only to convince, but also to explain. 
English (1997) suggests that elementary school textbooks and curricula must 
take reasoning processes into account, something that possibly could lessen the 
difficulties that secondary school students face because of the abrupt introduc-
tion to the new requirement of proof. 

2.2 Beliefs  

Schoenfeld (1985) defines beliefs as “one’s mathematical world of view, the 
perspectives with which one approaches mathematics and mathematical tasks. 
One’s beliefs about mathematics can determine how one chooses to approach a 
problem, which techniques will be used or avoided, and so on” (ibid, p. 45). 
Sumpter (2013) uses Schoenfeld’s definition as a starting point to conclude that 
beliefs essentially are the understanding that shapes the ways one conceptual-
izes and engages in mathematical behaviour and therefore in this sense beliefs 
are considered to be cognitive. Research findings show that students’ beliefs can 
either facilitate or hamper their problem solving process. Schoenfeld (1992) 
claims that the consequences of the students’ beliefs are extraordinary powerful 
and often negative. On the other hand Carlson (1999) investigating the mathe-
matical behaviour of graduate students and assessing their beliefs found that 
these beliefs fostered positively their persistence and confidence. The results of 
these studies reflect the status of beliefs as far as a specific uniform population 
is concerned (i.e., the participants are of the same age or educational level). We 
try to broaden this scope by recording at the same time the influence of beliefs 
on different populations given that: (a) they represent different educational 
levels, and (b) they are coping with the same tasks.   

3 Description of the Study 

The participants were students from primary and secondary school as well as 
university students (prospective elementary teachers in the Department of Pri-
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mary Education). More precisely there were 82 primary school students (37 
grade 5 and 45 grade 6), 35 secondary ones (17 grade 10 and 18 grade 11) and 
50 prospective teachers. There was no prerequisite mathematical knowledge for 
solving the task and this is why the participants’ mathematical background is 
not described. However, it would be helpful to keep in mind that during their 
regular classes the secondary school students were oriented towards science and 
mathematics and also, we assume that the prospective elementary teachers do 
not have a similar mathematical background to other tertiary students (i.e., un-
dergraduate mathematics). The task was comprised of two parts (Figure 1). For 
each part of the task, students had a separate session. 
 

 

Part I. In this chessboard the bot-
tom-right and the top-left squares 
are missing. Using dominos like the 
one given in the picture and apply-
ing the rules that govern domino try 
to find a path that starts from A and 
ends to B (or the opposite). 
Part II. For the same chessboard 
and with the same white squares 
missing, try to cover the whole area 
using the given rectangular tiles 
without breaking any of them. It is 
not required to follow the domino 
rules   

Figure 1  The chessboard task 

All the students were aware of the “domino rules” (as a prerequisite 
knowledge). The task was chosen because of its potentiality to be posed to ei-
ther young or older students. At the same time different levels of reasoning can 
be applied for solving the problem. The answer is negative for both parts of the 
task. Each tile no matter its position in the chessboard must cover at the same 
time one white and one black square. In general k tiles placed on the chessboard 
will cover k black and k white squares. Yet, the chessboard we are dealing with 
has 32 black and 30 white squares. Thus, there exists an insurmountable prob-
lem. The chessboard can never be tiled. This solution could be accepted as a 
valid one even though it seems that it rests much on perception. Mamona 
Downs and Downs (2011) suggest a plausible mathematization of the solution 
but this demands the availability of mathematical tools that are available in 
tertiary education and an advanced mathematical background. 
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Students were asked to express written their line of thoughts so as to make clear 
their chain of arguments. They were also asked to answer why they chose (and 
insisted to) the specific line of reasoning. This question gave evidence about the 
existence of a certain belief. Their worksheets constituted our data. They were 
collected and coded according to (a) whether there could be tracked a certain 
belief that seemed to influence positively or negatively the student and (b) the 
distribution of these beliefs across grades. Then, in a second level, students’ 
reasoning and according to its content was classified into two main types ac-
cording to whether this reasoning could be considered valid or weak. Each 
student’s effort was coded independently by two researchers. After that, they 
compared their results and whenever there was a disagreement they discussed it 
together looking for a convergence.   

4 Results and Discussion 

The task posed to the students was not procedural in the sense that it could be 
not solved by merely recalling certain algorithms and subsequently they did not 
have an idea how to proceed in solving the task. This is why they started by 
‘playing around’ with possible paths from square A to B and it was during this 
process when they became able to decide what will be the answer and follow a 
certain line of reasoning based on a specific belief. The examination of the an-
swers to the question concerning why they chose a specific approach, enabled 
us to distinguish three different beliefs that influenced the reasoning process of 
the participants. This was done on the basis of the form of the answers (I think 
that..., My opinion is that..., I chose this approach because I believe..., etc): 

i. It is not necessary to use numbers, algorithms and operations (positive).
(This is in accordance with Schoenfeld(1989): Real math problems 
can be solved by common sense instead of the math rules you 
learn in school) 

ii. Considering many examples is in itself a proof (negative). (This is in ac-
cordance with Bieda, Holden and Knuth (2006) who claim that 
“students believe that checking a few cases is sufficient”)  

iii. Mathematical tasks should be solved only by using numbers and
arithmetical relationships (negative). (This is in accordance with 
Tsamir and Tirosh (2002) who claim that students believe that 
“when faced with a mathematical problem, a mathematical opera-
tion should be performed”).   

All the students, no matter the belief they expressed, answered “correctly” that 
there is not solution for both parts of the task. But, depending on the belief they 
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expressed, their reasoning was either valid or problematic. Below, we will show 
how these three beliefs made the students to succeed or fail in each part of the 
task. 
 
Part 1 
The students who expressed themselves through the first belief did not reject the 
perspective of using numbers but they were clear that this cannot be their 
unique option.  This freedom allowed them to ‘play around’ without any bias 
towards certain approaches and this made them able to recognise the underlying 
structure yielded by the given situation. The majority of the convincing argu-
ments were based on the usage of colours (Fig.2, left) which could be summa-
rized by quoting a students’ extract: 

 S: Each domino covers simultaneously a black and white square on the chess-
board. More precisely, we always start with a black square (A or B) and end with a 
white one. This is always happening no matter the path. The end of any path will be 
always a white square. However, I am asked to have a black square as the final one 
(A or B). This is impossible. 

 

   

Figure 2  The usage of colours (left) and numbers (right) 

Slightly different was another approach that was based on numbers (Fig.2, 
right). Even though the core idea of the argumentation is similar (even/odd and 
black/white), this one could be considered as more sophisticated (in the sense 
that numbers and their properties are involved), especially if one has in mind 
that this was proposed by a primary school student (grade 6). This student put 
consecutive numbers into the 64 squares from 1 to 64.The numbers must be 
follow a continuous line (right to left and then from left to right and so on). 



Beliefs and Mathematical Reasoning during Problem Solving across Educational Levels 189 

Then he argued that by starting from A or B means that always the domino starts 
with an even and ends with an odd number no matter the path chosen. However, 
the asked final square (A or B) includes an even number. So, there could never 
be found any path satisfying the task’s instruction. 
 

       

Figure 3  Using coordinate system (left) and intersection points (right) 

It is worthwhile to mention here two other approaches presented by a Grade 11 
pupil and a university student respectively. The former used a Cartesian coordi-
nate system to show that it is not possible to find the asked path. He considered 
each square as a ‘point’ in a two-dimensional system of coordinates. The origin 
of the coordinate system (0,0) is square A and so square B would be defined by 
the pair (1,1).  In Figure 3 (left) the final end of the dominos could be described 
as (-1,0) (-3, 0) (-3, 2) (-3, 4) (-1, 4)  (1, 4) (1,2). According to his words: 

  S: Starting from A (i.e., (0,0)) each domino ends to one of the following: (even 
for x-coordinate, even for y-coordinate), (even for x, odd for y) and (odd for x, 
even for y). The fact is that it is impossible to have a path ending to (odd for x-
coordinate, odd for y-coordinate). However, the wanted square B is defined by the 
ordered pair (1,1) which means (odd,odd) and thus there is not such a path that ends 
to B. 

In the latter one, a prospective elementary teacher drew straight lines that de-
noted the potential positions of the tiles in any path (Fig.3 right). The points of 
intersection of any two lines denote the end of the tiles. According to this, in the 
column that includes B there are only three intersection points where a tile can 
end. None of them is the wanted one. Thus, there is no solution to the problem. 
There were in total 9 correct solutions for the primary school students 
(9/81=11,11%), 4 for the secondary school students (4/35=11,42%), and 11 for 
university students (11/50=22%) (see Table 1). 
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Let’s see now the working of the students who expressed themselves through 
the second and third beliefs. All of them decided that there cannot be any path 
from A to B, but their reasoning was not sufficiently convincing. Their argu-
mentation was based on the surface features of the problem rather than the un-
derlying structural elements, something that limited their problem solving abili-
ties and made their reasoning to appear problematic. Thus, the students who 
were influenced by the second belief argued that every time they tried to find a 
path, one square was left over (i.e., B). For them, this was in itself a proof that 
the asked path does not exist. 

Table 1 Arithmetical data for Part I.  

 Correct  One square left 
over Only 7 squares 

Primary 9/81(11.11%) 
4 (Gr.5) 

5/81(6.17%) 
2 

2/81(2.46%) 
2 

5 (Gr.6) 3 0 

Secondary 4/35(11.42%) 

3 (Gr. 
10) 

7/35(20%) 
3 

16/35(45.71%) 
6 

1 
(Gr.11) 4 10 

Tertiary 11/50(22%)  7/50 (14%)  14/50 (28%)  

 
The remaining ones (third belief) asked persistently for arithmetical relation-
ships. Therefore, they argued that the row or the column with the missing square 
consists of 7 squares  and so it is impossible to put integer number of dominos 
in this row or column because in that case 8 squares would be needed.  
It is interesting to see how these two kinds of weak reasoning are distributed 
across the educational levels so as to make a comparison. Considering Table 1, 
one can see that as we are moving across the grades the students tend to lose 
their abilities to employ creative thinking. Therefore, they gradually become 
unable to work in an environment that does not offer a hint that would help 
them to make connections with known algorithmic procedures. The first prob-
lematic reasoning actually refers to the fact that the students tried several alter-
natives to obtain the desired path but without success. One square (i.e., B) is 
always left over and so it is not possible to find the asked path. This means that 
some examples were considered being a justification. But, the fact that they did 
realize a certain number of trials cannot guarantee that the task cannot be 
solved. Five primary school students (6.17%) adopted that approach. The corre-
sponding percentages for secondary and tertiary (prospective elementary teach-
ers) levels were 20% and 14% respectively. This is in itself an important find-
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ing. One could expect that the conclusions drawn from a limited number of 
trials would be generalized and accepted as a universal truth by primary school 
students. Obviously, their immaturity concerning mathematical thinking allows 
them to draw conclusions based just on specific cases. They do not feel the need 
to use a valid reasoning to convince themselves as well as their classmates or 
their teacher. What they see is enough for generalizing their conjectures or their 
conclusions. But it is not the same when the corresponding percentages for the 
other two educational levels are two or three times bigger than the primary 
school ones. This highlights an existing problem especially if we have in mind 
that our secondary students were oriented towards science and mathematics and 
the prospective elementary teachers would after a while be teaching in primary 
schools. The second problematic reasoning actually is based on an aspect of the 
parity “oddness vs. evenness”. The main argument was that in the upper and 
lowest row of the chessboard was an odd number of squares (i.e., 7) and there-
fore it was not possible for the row to be completely covered by an integer 
number of unbroken tiles. All the 8 squares were needed to have the whole row 
covered. They did not think that there are possibly various paths and it was not 
required to cover completely the row in order to obtain the target path. The 
relevant arithmetical data for this second problematic reasoning were: (i) For 
primary education, 2 students (2.46%), (ii) for secondary education, 16 students 
(45.71%), and (iii) for tertiary education 13 prospective teachers (26%). The 
difference in the percentages between the very young students of primary 
school and the participants of the remaining two other levels of education is 
impressive and confirms the tendency of the older students to turn towards more 
formal ways of working such as numbers, operations and properties of numbers. 
This might be explained by considering that the negative impact of the same 
beliefs is stronger for older students rather than for younger ones.  
 
Part 2 
For the second part of the task the setting was different. The same imperfect 
chessboard had to be completely covered without following the rules that gov-
ern domino. Both the correct and the problematic reasoning of the students were 
developed around the same axes as it was in the previous part of the task: usage 
of colours and usage of numbers for the correct reasoning, and leftover squares 
and odd number of squares for the problematic reasoning. Actually, the revoca-
tion of the domino rules offered to the students more space to develop their 
reasoning. 
The following extract is representative of how the students, who were influ-
enced by the first belief, used the colours to explain why the chessboard cannot 
be covered completely by tiles: 
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   S: Each tile, no matter of its placement in the chessboard, covers simultaneous-
ly a white and a black square. Given that two white squares are missing then two 
black ones are leftover. So, the black squares are more than the white and the two 
extra black ones cannot be covered since each one of them requires a white square 
to make a pair that would be covered by a tile. 

64 squares = 32 white + 32 black, but

64 – 2 white = 32 black + 30 white

 We need equal number of white and 
black ones 

1 tile = 1 white + 1 black

2 tiles = 2 white + 2 black

30 tiles = 30 white + 30 black

2 white needed 

Figure   An effort for formalization in primary school 

The second approach (expressed by a primary school student) used numbers to 
express (in essence) exactly the same reasoning as follows: 

 S: There are 32 black and 30 white squares in the chessboard. Each tile covers 
one black and one white square. Therefore, covering 30 white ones means that 
30 black ones will be covered at the same time. Thus, 2 black squares remain 
that cannot be covered. 

Then, the same student tried to express himself in a rather formal way (see 
Figure 4). 
In total, eight primary students (9.87%), one secondary (2.85%) and six tertiary 
ones (12%) gave correct solutions (see Table 2). It seems that primary school 
students continued to keep their performance in more or less the same level 
compared to the rate of success in the first part. On the contrary, the percentages 
for the remaining educational levels were decreased to 2.85% (from 11.42%) 
and 12% (from 22%) for secondary and university students respectively. 
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Table 2 Arithmetical data for Part II 

 Correct  Two squares left 
over Only 7 squares 

Primary 8/81(9.87%) 
3 (Gr.5) 

15/81(18.51%) 
7 

7/81(8.64%) 
2 

5 (Gr.6) 8 5 

Secondary 1/35(2.85%) 

1 (Gr. 
10) 

8/35(22.85%) 
1 

6/35(17.14%) 
3 

0 
(Gr.11) 7 3 

Tertiary 6/50(12%)  14/50 (28%)  15/50 (30%)  

  
Again, it is interesting to see how the students were distributed between the two 
beliefs that inspired the two kinds of problematic reasoning. On the one hand 
there were students who made several attempts to cover the whole chessboard 
without success since “always two squares are leftover”. On the other hand, 
there were students who decided that it was not possible to cover the chessboard 
and this decision was based on the fact that the upper and lowest row consisted 
of an odd number of squares whereas an even number is needed in order to 
completely cover the row. The data in Table 2 confirm the general impression 
drawn from Table 1 that the impact of the same mathematical beliefs becomes 
stronger as we move from younger (primary school) to older students (second-
ary and tertiary education). 

5 Conclusions 

Research has showed that beliefs can support or mislead the solver no matter 
his/her age. Using this as a starting point this paper tries to explore whether 
there is uniformity in the extent these beliefs affect the students across the edu-
cational levels. The findings show that in primary school the positive impact of 
beliefs leaves space for students to employ creative reasoning during non-
routine problem solving. However, as far as the negative impact of beliefs is 
concerned, moving from primary education to secondary and (in some cases) to 
tertiary education it seems that the students, trapped in their beliefs, mainly seek 
algorithmic strategies and connections to formal mathematics for solving such 
tasks (see also Garofalo and Lester, 1985). This is confirmed by the tendency of 
many of our students to employ odd and even numbers in order to reach an 
answer. Moreover, the low percentages of successful approaches for the second-
ary students or the prospective elementary teachers show that they are unable to 
respond in problems that cannot be placed under a certain type of “well-known” 
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ones. On the contrary it is interesting to see primary school students to perform 
almost with the same rate of success as the older students to the same problems 
and at the same time to realize that these young students obtained the lowest 
scores in the percentages concerning the problematic kinds of reasoning which 
means that the same beliefs are less determinant for younger students (who are 
rather less preoccupied against certain ways of approaching problem solving). A 
potential explanation might be the way our educational system itself works. 
During primary school years there is no pressure to obtain certain scores in 
exams and thus the students are offered the opportunity to develop creative 
thinking or to exploit their imagination. However, as we are moving towards 
secondary education the whole system becomes focused on the national exams 
which determine whether the students will be accepted for college studies. This 
means that they must be equipped with very concrete algorithmic techniques 
that will enable them to solve certain types of problems. However, it seems that 
very often this way of educating pupils is accompanied by the establishment of 
certain beliefs about how one can approach problem solving in mathematics. 
Unavoidably, this emasculates the students’ ability to work in a less formal but 
more creative level and leaves them with a fault impression about what mathe-
matics problems really are and how one can cope with them. Therefore, it is 
needed to give emphasis to the development of this ability from the early 
schooling by giving to the young students very often opportunities to be in-
volved in situations that challenges their beliefs and provoke their imagination 
and the production of logical arguments to obtain a truth status.   
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Abstract 
In the theoretical part of the article a framework of eight activities and motives 
is sketched (calculate, apply, construct, argue, order, find, play, evaluate), which 
proved to be successful along the history of mathematics. Furthermore, some 
arguments are presented and discussed why this framework is useful for study-
ing mathematical beliefs. The empirical part is about two case studies using this 
network carried out in Joensuu (FIN) and Jena (GER). The goal of the first 
study was to compare mathematical beliefs of student mathematics teachers in 
Finland and Germany. The second part is about the influence of using a 
handheld calculator on the belief of a pupil. The first study reveals that neither 
in Finland nor in Germany the school mathematics seems to give much support 
for these activities, in Finland university mathematics even less. The only ex-
ception is calculating, for which the both institutions seem to give overdose. On 
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the other hand, the finding of the second study that voluntary playing with pro-
gressive technology, even during a short period of time, might shift mathemati-
cal beliefs in a positive way. 

1 Introduction 

We start by making some remarks about mathematical beliefs before we sketch 
a quite new framework drawn from history of mathematics and argue, why we 
think,  that  such  additional  approach  is  useful.  It  encompasses  eight  main 
motives and activities, which proved to lead frequently to new mathematical 
results at different times and in different cultures for more than 5000 years. In 
the  empirical  part  we  present  two  case  studies  based  on  questionnaires 
developed by the first author on the background of the aforementioned activities 
that we will call Z-activities, shortly. Finally, we present some results, a discus-
sion some hypotheses. 

2 Theoretical Background 

We used the following preliminary characterization of mathematical belief:  
Mathematical beliefs are views of mathematics and mathematics instruction, 
which have cognitive (Skemp 1979, Schoenfeld 1985, Bogdan 1986), affective 
(Frank 1985, Schoenfeld 1985, Yackel/Carter 1989) and normative (Zimmer-
mann 1991) aspects, which influence learning and teaching of mathematics. 
The main emphasis of this part will be placed on the first and last aspect. We 
present here the origin of this (completely new) approach, which seems to be 
necessary to better understand its motivation and to relate it to some original 
research of the MAVI-group. 
Our starting point is the habilitation of Zimmermann 1991, consisting of two 
parts: (1) mathematical beliefs of teachers and pupils, and (2) history of mathe-
matical problem solving (esp. heuristics). The original goal of the first part was 
to make an empirical contribution to the attempt to develop a meta-theory of 
mathematics education (cf. Zimmermann 1979). The theoretical background of 
the corresponding teacher-questionnaire (included in Zimmermann 1991) had 
been constituted by studies presented in Zimmermann 1981, 1983, 1987. Ques-
tionnaires had been administered in 1988 to teachers (n=110) and pupils 
(n=2600, mainly grade 7) in Hamburg and some suburbs. Some outcomes of 
these studies had been published in Zimmermann 1991, 1997, 1997a, 2002. 
Later on, the questionnaires were used as tools to detect possible points of de-
parture of teachers’ and pupils’ beliefs in a project about open problem solving, 
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which was planned already 1987 in Germany (cf. Kießwetter/Zimmermann 
1987), but finally could be conducted in Finland only (cf. e.g. Pehko-
nen/Zimmermann 1990). The questionnaires were translated by Pehkonen and 
administered in several countries (Finland, Sweden, Hungary, the US and Esto-
nia, cf. e.g. Pehkonen 1994). Hannula et al. 2013 used it as one tool to  compare 
Baltic States and to detected possible changes with  respect to teacher-beliefs. 
There was some side effect of the second part of this habilitation (about history 
of problem solving) in studying mathematical beliefs. This long-term study of 
history of mathematics (encompassing some 1000 text-resources), revealed the 
following eight main sustainable motives and activities, which proved to lead 
frequently to new mathematical results at different times and in different cul-
tures for more than 5000 years. These different activities are connected and 
 interrelated in many ways, which is represented in Fig. 1 by the connecting 
lines. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1  Z-activities which proved to be successful in producing new mathematics (Zimmer-
mann 2003, p. 42). 

To get at least some impression about the meaning of the words from Fig. 1, 
we give here a short summary: At the very beginning of nearly all large cul-
tures the documentation of quantities and their manipulation was of major 
interest (from the “Ishango-bone” up to scientific computing of today). This 
lead to the first important mathematical activity: calculate. Problems, e. g., 
from astronomy and agriculture, are until our days - from every-day prob-
lems up to space-industry and ecology - very important domains to apply 
mathematics and to develop new mathematical models, respectively (cf. the 
dominating “philosophy” of PISA). Construct is the most important activity, 
not only in (classical) geometry but also in architecture – which was taken as 
a part of mathematics for a long time. 
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These three activities are to some extent the oldest ones and therefore they 
form the basis of Fig. 1. 
Methods to invent something like heuristics (e.g., working backwards, analo-
gizing, successive approximation, change of representation etc.) were applied 
at least implicitly since the ancient times of, e. g., the Babylonians and Chi-
nese. To argue, esp. proving is at the core of modern mathematics and belongs 
to the more challenging mathematical activities. The tension to bring new 
knowledge, a set of new theorems or clusters of solved problems in a systemat-
ic order, including approaches to  axiomatization (Euclid),  led  very often to 
a deeper understanding and to more insight into theoretical interrelations. 
These activities are more challenging and sophisticated than those at the bot-
tom of Fig. 1. Therefore we put them at the top. 
Finally, there are two activities, which seem to be neglected to some extent, but 
which proved to be major stimulators over and over again, too. 
Striving for religious cognition as well as for esthetical (geometric or 
proof-) configurations and related systems of values generated also new prob-
lems and their solutions and produced in this way also new mathematical 
knowledge during history of mathematics (e.g., Vedic geometry, combinatoric, 
tessellation and ornaments in Islamic Mathematics). So the underlying activity 
of evaluate proved to be of importance, too. 
The same holds for an approach to mathematics by playing and the develop-
ment of recreational mathematics. In this way very oft new branches of math-
ematics were created like stochastic and game-theory. 
We skip a more detailed discussion on the development of the Z-activities 
because it can be found in Zimmermann (1999, 2003). Some first results com-
ing from this approach were already presented at the MAVI-meeting in 
Duisburg (Zimmermann 1998). 
There have been carried out several studies, which detected general phases 
in history (Spengler 1988), general styles of thinking in the history of science 
(Crombie 1994) and general laws in history of mathematics (Wilder 
1981). None of them centered on such activities, which produced new 
mathematics over a long range of time. 
If we look back on these activities from an educational point of view, we real-
ize that they are not at all less important for today’s mathematics instruction, 
especially if creative activities of pupils are stressed, too (cf. OH 2004, p. 
17, 
105). The interconnections between these activities, represented in Fig. 1, 
correspond to the general goal (of learning) to achieve a high degree of flexi-
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bility in thinking, to foster connecting thinking and mastering many routine 
activities as well. 
So we have already one good reason, why we took history of mathematics as 
an additional framework. Before we outline some more reasons, we make some 
remarks about mathematics education of today. 
Trends in mathematics education are subjected to change. At the moment con-
structivism, real-life mathematics, use of computers and “assessment” are “in”. 
Some possible pitfalls are as follows: 
During the last years there can be observed a slowly decrease of the im-
portance of the mathematical content in some mathematics education communi-
ties. Some hints (no “proofs”, of course) are: 

A colleague from Hungary, who is teaching mathematics education in
Sweden since 1989, said: “In Hungary mathematics is taught, in 
Sweden nomathematics is taught”. For us this highlights to some ex-
tent the conflict between the very excellent Hungarian tradition in 
mathematics, neglecting very often “real life” and overloading the av-
erage pupil, and the tendency in the West, to concentrate sometimes 
too much on activities, where instant motivation, communication for a 
goal in itself and the immediate use for tomorrow - sometime on ex-
pense of mathematical content - is to be achieved. 

This opinion was also expressed by Prof. Kaenders (Cologne), when he
criticized Prof. J. de Lange after his lecture “Problems with problem 
oriented mathematics instruction”, by saying, that the Dutch approach 
of “realistic mathematics” includes the danger to diminish the mathe-
matical content and understanding. 
At least in Germany more and more the assessment-tail seems to
“wag” the content dog. One possible indicator: There had been intro-
duced a special slot “mathematics in mathematics education” at the 
last GDM-conference in Münster 2013. By systematic analysis of sci-
entific papers of last decades, published in the Journal of Mathematics 
Education, Jahnke comes to the conclusion, that the content is “slowly 
vanishing out of mathematics education” (Jahnke 2010). 

Keeping these problems in our mind, the reference to history of mathematics has 
the following additional advantages: 

It can be taken as a mainly (but not only) cognitive long-term-study
about most productive activities, as we did. 
Results   could   be   more   independent   from   fashion-waves   and
more sustainable. 
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Results can be taken not only as an additional framework for measur-
ing the outcome of (as we soon will see) but also for orientation in 
mathematics instruction (we did so by orienting the development of a 
new textbook-series on this framework, cf. Cukrowicz/Zimmermann 
2000). 

3 Aims and Methods 

It was the idea of the first author, to use the framework of the previous sec-
tion for studying mathematical beliefs of student teachers and pupils. He was 
especially interested to what extent use of ICT changed these beliefs (cf. 
e.g. Haapasalo 2007, Haapasalo/Eronen 2011, Haapasalo/Hvorecky, J. 2011, 
Haapasalo/Samuels, Haapasalo/Zimmermann 2011, Haapasalo/Eskelinen 
2013). Based on the “octagon” in  Fig. 1, he developed several Likert-scaled 
questionnaires (scale 1-5 or -2 to +2) to measure different types of so-called 
profiles of student mathematics teachers and pupils. 

3.1  The study among student teachers 

The student teachers were asked to answer the following questions: 
a) How good do you think you are in performing each activity of the octagon

(self-confidence of student teachers)? 

b) To what extent do you think your received support by school mathematics to
carry out these activities (support by school-mathematics)? 

c) To what extent do you think you received support by university mathe- 
matics to carry out these activities (support by university mathematics)? 

The corresponding questionnaires were administered to 25 student teachers 
at the University of Eastern Finland in Joensuu and to 20 student teachers 
(Gymnasium) at the Friedrich-Schiller-University of Jena. For the compari-
son the Likert-scale was changed from 1 to 5 into -2 to +2). 

3.2 The study among pupils 

The pupils in Joensuu were asked by their teacher (Lasse Eronen) to cope 
with linear functions in their summer holidays with the opportunity to use 
ClassPad (and to write a protocol). Before (in May) and after (in August) these 
activities they were asked to answer the following questions (from 1= scant or 
not at all until 5= very strong): 
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a. How strong does each activity of the octagon appear when using the term
‘mathematics’ (view of mathematics)?

b. How good the person does think he or she is performing each activity of
the octagon (self-confidence, cf. Finish Curriculum 2004 )?

c. How strong a computer does give support to each activity of the octagon
(influence of computers)?

Furthermore, some interviews were conducted to validate the questionnaire and 
to get some deeper information about the possible changes of the opinions. 

4 Results 

4.1  Comparison of the beliefs among Finnish and German student 
teachers 

Self-confidence 
Fig. 2 illustrates that the self-confidence among Finnish students seems to be 
a bit higher than among German ones. The latter feel mainly stronger in 
“find” and in “argue” than the Finnish ones. Evidently the Finnish students 
trust more on their creative abilities and abilities to argue. This might be related 
to the different history and traditions in both areas during the last 80 years. 

 In Finish schools “self-confidence and responsibility for one’s own learning” 
are the first learning- goals  to  be  achieved  in  mathematics  with  
beginning of  grade  6  (cf.  “...luottamaan  itseensä  ja ottamaan vastuun 
omasta op-pimisestaan matematiikassa...”, OH 2004, p. 110). 
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Fig. 2  Self-confidence of student teachers Jena – Joensuu 

Support by school mathematics 
It is only “calculate” that got support from objects’ former mathematics in-
struction. Maybe the most interesting outcome is that the German subjects 
found essentially less support for “find” than their Finish colleagues, whilst for 
“play” the outcome is opposite. 
 

 

Fig. 3  Support by school-mathematics of student teachers  in Jena and Joensuu 
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Support by university mathematics 
The overwhelming impression of the German subjects seems to be, that they 
are mainly supported in calculate still at University. Nearly no support they 
feel to get - once again - for “find”, which might reinforce the impression that 
creativity was outside the scope of their experience. The Finnish subjects 
experienced university mathematics offered nearly the same modest support for 
all activities. 
 

 

Fig. 4  Support by university-mathematics of student teachers in Jena and Joensuu 

4.2 A pick-up from the study among pupils 

At the beginning of the so-called ClassPad project, this unfamiliar tool was 
demonstrated briefly to 8th grade students to give them opportunity to play 
with it voluntarily during their summer holiday with concepts of 9th grade 
mathematics (such as a linear function). Their only required duty was to write 
some kind of portfolio if they worked with the tool. Because a comprehen-
sive analysis has been done in Eskelinen & Haapasalo (2010), we present 
here the results of one pupil who is called Susi. 
View of  Mathematics 
Fig. 5 represents Susi’s answers with respect to the importance of these activi-
ties to do mathematics. While Susi’s picture of mathematics was dominated 
at the beginning by the applicability Mathematics, after the holidays and cop-
ing with linear functions, this aspect was shifted more into the background. 



206  Lenni Haapasalo, Bernd Zimmermann 

Arguing and methods of finding became more important. An interview in 
August revealed: “Now I know better and see things in different light”. 

 

Fig. 5  Susi’s view of mathematics before and after the ClassPad work. 

Self-confidence to make mathematics: 
Once again, after the period of learning in the summer-holidays, Susi had less 
confidence in applying mathematics. This might be due to the fact that the 
guidelines of the teacher for that time did not focus on applications of linear 
functions. They were treated later in the classroom. After using the ClassPad, 
Susi demonstrated increasing self-confidence in being able to “order” and to 
“find”. 

 

Fig. 6  Susi’s view of computer’s role in making mathematics 
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Impact of computers on mathematical belief 
The clearest increase of agreement was in “play”. This was underpinned by 
the following statement in an interview: 
“In May I could not even think to play ClassPad in summer holiday. However, 
I noticed, that it was very capable for playing with mathematics.” 
Some decrease of agreement could be observed as well: “Calculate”, “or-
der” and “find” were less stressed. 
Once again, Susi’s remark in an interview sheds some light on this observation: 
“ClassPad is suitable for calculating, but if you want to learn how to calculate, 
you have to do something by hand”. 
The protocols of Susi offered some more insight how she discovered for herself 
by appropriate use of ClassPad - sometimes in the middle of the night - con-
cepts as slope and different equations to represent linear functions. 
 

 

Fig. 7  Susi’s view of computer’s role in making mathematics 

5 Discussion 

Our framework to analyze mathematical beliefs incorporates not only mod-
ern ways of understanding, but it is much more encompassing. To facilitate the 
understanding of this new approach - we made some remarks about is origin 
and its relation to the MAVI-community. As it is typical for exploratory stud-
ies, we wanted to get some ideas and possible hypotheses, which could be 
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followed in a more systematic way later on. This approach seems reasonable for 
us because of the novelty of the whole approach. 
As to the comparison of student teachers from Germany and Finland, we de-
rived from our specific observations the following hypotheses (based on the 
aforementioned framework): 
H1. Finnish student teachers are less self-confident than German students. 
H2. German students (at least from Eastern Germany) seem to feel less crea-
tive in mathematics and experienced less support at school and university in 
this respect. 
H3. German student teachers (at least from Eastern Germany) feel stronger 
to order there mathematical work and get more support in playing and calcu-
lating at school and university in relation to their Finish colleagues. 
H4. There might be still some difference between the beliefs of western and 
eastern German teachers. 
H5. The differences between Western and Eastern German student teachers 
are smaller than between corresponding teachers. 
In our case study with Susi we observed, that she demonstrated in the 
given voluntary and free context several positive learning gains. This observa-
tion triggers at least the following question: To what extent (for whom?) this 
experience can be generalized (with respect , e. g., to age of the students, quali-
ty of the teacher-“coach”, social setting, system of values for teaching and 
learning)? 
Ongoing research of Prof. Haapasalo probably reveals more interesting phe-
nomena and hypotheses, not only regarding math instruction itself but more 
generally: Where does the self-confidence in doing Z-activities actually 
come from (cf. Haapasalo & Eskelinen 2013). 
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Group interactions are socially and affectively charged environments wherein 
these dimensions cannot be separated out from the learning that takes place. To 
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four students working together to solve a problem. By resorting to different 
analytic tools crafied for capturing communicational, cognitive, and affective 
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grates different methodologies, but also allows us to unfold the students' inner 
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Abstract 

Group interaction is gaining more and more prominence in curricula around the 
world" for many reasons ranging from teaching to acknowledging the value of 
dialogue as scaffolded metacognition (Sfard, 2(01). But group interactions arc 
complex socially and affcctively charged environments wherein affc:ct cannot be 
separated out from. learning. Rotb &, Radford (2011) argue that we need to over
come the dualistic approach between the individual's interior space and his 
social interaction, and focus more on sociocultural conditions. Learning occurs 
in and through relations with others driven by collectively motivated activity. 
Activity is a process with inner contradictions, differentiations, transformations, 
as well as emotions-necessary for the activity and responsible of its develop
ment. In this article we explore some of these processes through the analysis of 
a group interaction. More spccifically, we explore the role of emotions, motiva
tion, will, as well as knowl.odge and leaming visible, and invisible, within the 
interaction. 

1 Methodology 

At the core of the research jRscnted here is a 4S second video clip of a group 
offour students working on a mathematics probl.cm. 

1.1 TIle Pmbklll 

The problem was inspired by the work of Iverscn and Nilsson (2005), who used 
a similar task to sce how students make sense of random phcnom.ena. The prob
lem is: 

A robot walks along a corridor, it tmns right 
with probability 1/3 and it turns left with 
probability 213. Tb<: map shows the laby
rinth where the robot has to move. Compute 
the probability for the robot to be in each of 
the rooms. 

The problem was crafted 80 88 to use the representation provided by the task: in 
order to introduce the concepts and the algorithms related to the tree diagram: 
why should onc: multiply subsequent branches? Why and when should one add? 
The task was presented like a game. and the students seemed willing to work on 
it as such. 
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1.2 The Students 

The task was used as part of a series of four lessons on probability in a grade 9 
(14-15 year olds) class in Bologna, Italy. The task formed a significant portion 
of the second lesson. The school is located in a low socio-economic neighbor
hood and all the students at the school live in this neighborhood. Four students 
(Luea, Fabio, Davide, and Marco) were selected to be videotaped while they 
worked on the task as a group. 

1.3 TheDafQ 

These four students worked on the task in a separate room and were filmed by a 
grade 12 student from the same school. The entire session lasted 50 minutes. 
The first 5 minutes of this video were transcribed. From this the first 45 seconds 
were selected to constitute the data for the research being presented here (see 
table 1). This subset of the data was selected because it exemplified some very 
interesting and turbulent undercurrents of group interactions. 

Table I: Transcription of First 4S Seconds of Video 

00:00 M: To the left two thirds to the right one third. 
00:01 D: Yos I don't remember. (speak> over M) 
00:03 M: Then it eoes two thirds two thirds. 
00:06 M: Can vou eive me a nen. nlease? 
00:07 L: No, let's do the first case, which is the one where it JU)CS always ... 
00:10 M: ... left:. You have two thirds here ... 
00:11 L: That is the most probable one. (speaks over M) 
00:13 M: ... and here is one third. 
00:15 L: Should you erase? 
00:16 M: Yes, bravo! 
00:17 D: I'm cute! 
00:19 M: Two thirds and here one third, hence these two thirds ... 
00:21 F: ... they •... they 00 .... 
00:22 M: Two thirds of two thirds. 
00:25 D: But ... but what are yon saying? Then no ... 
00:27 M: Of these two thirds vou should do ... 
00:28 D: We have ... but what do we have to compute? (speaks uve:r M) 

00:30 L&M: The prohability that the robot will arrive in eaeb one ... 
00:34 M: of these rooms. 
00:35 D: In the meantime let's see ... 
00:36 L: Why don't we first conurute how babilities there are in all? 
00:37 M: Tome this is the room with the highest probability. 

D: Why? 
00:42 L: There are 8 in all. 

M: Because here there are the hiRbest number of probabilities and then ... 
00:45 D: Of course 

M: ... the probability is higher. 
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From this transcript we can see that the students are making sense of the task. 
Marco is dealing with fractions, he is interested in the procedure. Luca, instead, 
seems more interested in understanding the overall sense of the activity ("Why 
don't we first compute how many probabilities are there in all?" 00.36). Both 
Luca (00:11) and Marco (00:42) come to notice that the highest probability is 
related to the first room, but seemingly from different standpoints: Luea makes 
his conclusion based on the fact that room 1 is arrived at by always going left, 
which has a higher probability than right. We can say that Luca is intuiting the 
solution rather than computing it. Marco, on the other hand, arrives at the same 
conclusion mueh later, by means of computations. Only after considering frac
tions can he say that room I has the highest probability. Davide seems interested 
in the activity, but his utterances lead us thinking that he is still grasping the 
sense of the task ("What do we have to compute?" 00:28), and he is struggling 
to follow Marco's reasoning ("Why?" 00:37). 

Marco expressed an instrumental view of mathematics, while Luea showed us a 
relatioual view. This divergence of views emerges at the moment Marco repeats, 
at 00:42, the same utterance Luca said at 00: 11-room 1 has the highest proba
bility-as if it is Marco that reached this conclusion for the first time. How is 
this possible? How is it that Marco does not see Luea's contribution? To begin 
to understand the answer to this question we need to shift our focus from the 
strictly literal interactions that we see in the transcript above and move to a 
more sociocu1toral analysis of the interaction. To do so we have co-opted the 
idea of an interactive flowchart. 

2 Interactive Flowchart 

Interactive flowcharts were introduced by Sfard and Kieran (2001) as a way to 
captore ''two types of speaker's meta-discursive intentions: the wish to react to a 
previous contribution of a partner or the wish to evoke a response in another 
interlocutor" (p.58). In this regard, a conversation can be thought of as being 
comprised of a series of invisible arrows aimed at specific people and/or specif
ic utterances. Sfard and Kieran (200 I) developed a coding scheme to make 
visible these invisible arrows. The scheme follows two basic structures: 

A vertically or diagonally upward arrow is called a reactive arrow and 
points towards a previous utterance. 
A vertically or diagonally downward arrow is called a proactive arrow 
and it points towards the person or people from whom a reaction is ex
pected. 

Add to this a distinction between arrows that are on task or mathematical in 
nature (solid) and off-task or non-mathematical in nature (dashed). Sfard and 
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Kieran (2001) developed this scheme to coded conversations between two peo
ple. Ryve (2006) extended this scheme to account for more than two people by 
assuming that a proactive utterance is meant to address each of the other partic
ipants. 

Following Ryve (2006) the transcript was coded with arrows (see Table 2). We 
read the arrows as follows: in the first row, for example, Marco (M) makes a 
comment to Luca (L) and Davide (0), D responds to M. 

What we see when the transcript is coded in this fashion is a very different pic
tore from when we look at the transcript alone. For example, Marco is contrib
uting the most proactive statements (n~7) as opposed to Luea (n~3) or Davide 
(n~). Marco and Davide responds to the most number of proactive statements 
(each n~5) as compared to Luca (n~1 not counting the self-talk as a reaction). 
Finally, there is a marked difference in the number of proactive statements that 
each person makes that are reacted to - Marco (n~6), Davide (n~3), and Luea 
(n~ I, not counting the self-talk). We will come back to the issue of self-talk in 
the section on fictional writing. 

The overall impression of this analysis is that Luca is being ignored-although 
he makes proactive statements, they are not reacted to. Luea had come to the 
solution very early on, but his classmates seem not to have heard him. The in
teractive flowchart confirms this, but also shows that it is Luea, more generally, 
and not just his solution that is ignored - even disregarded. But the video tells a 
very different story-a story in which Luca is not at all ignored. Communica
tion is a willful activity. Even in groups we want to be heard by certain individ
uals and we listen to some individuals more than others. Knowledge is emerging 
from group interaction, but we need suitable tools in order to integrate the indi
vidual cognitive/affective realm with a perspective that takes into account the 
interactions among the group, to see whether and how they can help us in seeing 
unrepresented relevant aspects. 
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Table 2: An Interactive Flowchart Coded from. the Transcript (L = Luca, D = 

Davide, ~ ) 

00:00 M: 
00:01 D: 
00:03 M: 
00:06 M 
00:07 L: 

00:10 M: 
00:11 L: 
00:13 M: 
00:15 L: 
00:16 M: 
00:17 D: 
00:19 M: 

00:21 F: 
00:22 M: 
00:25 D: 
00:27 M: 
00:28 D: 

To the left two thirds, to the right one thin!. 
Yes, I don't remember. (speaks over M) 
Then it goes two thirds, two thirds. 
Can you give me a pen, please? 
No, let's do the first case, which is the one 
where it goes always ... 
... left. You bave two thirds here ... 
That is the most probable one. (speaks over M) 
.. . and here is onc third. 
Sbould you erase? 
Yes, bravo! 
I'm cute! 
Two thirds and here one third, heoce these two 
thirds ... 
... they g ... they go .... 
Two thirds of two thirds. 
But ... but wbat are you saying? Theo no ... 
Of these two thirds you should do ... 
We bave ... but what do we bave to compute? 
(speaks over M) 

00:30 L&M: The probability that the robot will arrive in 
each one ... 

00:34 M: of these rooms. 
00:35 D: 
00:36 L: 

00:37 M: 

D: 
00:42 L: 

M: 

00:45 D: 
M: 

In the meantime, let's see ... 
Why don't we first compute how many 
probabilities there are in all? 
To me this is the room with the highest 
probability. 
Why? 
There are 8 in all. 
Because here there are the highest number of 
probabilities, aud theo ... 
Of course 
... the probability is higher. 

LID I M 

~ 
~ <1' ....... 0 

~ 
o o 0 
o ~ 

~ 
o 0 ,JJ .,... 
o 0 

o 

o 

o o 

o 
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3 Interactive Flowchart + Gaze 

To truly understand the nature of the interaction in this video we introduce the 
idea of gaze. That is, we represent, using a new set of arrows, where someone is 
gazing during each utterance. We use red arrows to represent the speaker and 
blue arrows to represent non-speakers. 

We also introduce a new interlocutor to the interaction - the paper (P) with the 
problem on it. This paper holds the gaze of the participants at different times of 
the conversation - so much so that we do not code blue arrows when the stu
dents are looking at the paper. Unlike the arrows representing utterances all of 
the gaze arrows are diagonally downward to represent the passage of time. Ta
ble 3 shows the transcript and interactive flowchart overlaid with the gaze ar
rows. 

This flowchart now reveals some interesting aspects of the interaction that the 
previous version (see table 2) did not show. Whereas the initial interactive 
flowchart seemed to show that Luca is being ignored the gaze arrows show that 
this is not at all the case. True, Davide never looks at Luca. Then again Davide 
doesn't look at anyone - he only looks at the paper when he is speaking. Marco, 
on the other hand, spends more time looking at Luca (n=6) than at the paper 
(n=5). At 00:25 Davide is asking a question while gazing at the paper. But 
Marco is not looking at Davide - he is looking at Luca. Then, while Marco 
responds to Davide's question at 00:27 he continues to look at Luca. This hap
pens again at 00:34. So, unlike the earlier interactive flowchart, this new 
flowchart including gazes seems to indicate that Luca is not at all being ignored 
or disregarded, but rather that he is quite well attended to by Marco. 

At the same time Luca only looks at Marco three times. Once at 00:15, then 
again at 00:25 while Davide is asking a question, and finally 00:36 while Marco 
is looking at the paper. So, as much as Marco is attending to Luca, Luca is ig
noring, maybe even avoiding, Marco. Why is Marco so intent on Luca and why 
is Luca ignoring Marco? To answer this we need a further modification to the 
flowchart. 
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Table 3: Interactive Flowchart with Gaze Arrows 

L I D I M I P 
00:00 M: To the left two thirds to the right one third. 

~ 00:01 D: Y cs, I don't remember. (speaks over M) 
00:03 M: Then it goes two thirds two thirds. 

~ 00:06 M Can you give me a pen, please? ~ 0 00:07 L: No, let's do the first case, which is the one ~  
where it Roes always ... 

o ~ --, :-0.0 00:10 M: . .. left. Yau have two thirds here ... 
00:11 L: That is the most probable one. (speaks over M) o ---.., 
00:13 M: ... and here is onc third. 0 ~  

00:15 L: Should you erase? 0 0 
00:16 M: Yes, bravo! 0 0 0 
00:17 D: I'm cute! 0 0 0 
00:19 M: Two thirds and here one third, hence these two 

~ thirds ... 
00:21 F: ... they g ... they go .... 
00:22 M: Two thirds of two thirds. 0 

~ 
0 

00:25 D: But ... but what are you saymg? Then no ... 0 
00:27 M: Of these two thirds YOU should do ... .,... 0 

00:28 D: We have ... but what do we have to compute? .... 
(speaks over M) 

00:30 L&M: The probability that the robot will arrive in 0 

~ each one ... 
00:34 M: of these rooms. 0 0 
00:35 D: In the meantime let's see ... 

3; 
0 

00:36 L: Why don't we first compute how many 
probabilities there are in all? 

00:37 M: To me this is the room with the highest 
urobabilitv. 

D: WhY? 0 
00:42 L: There are 8 in all. ~  ...., 

M: Because here there are the highest number of 

~ probabilities, and then ... 
00:45 D: Ofcourse 

M: ... the urobabilitv is hiJ!her. o 0 

Table 4 shows the interactive flowchart from 00:25 to 00:45 of the interaction 
with a slight modification. In this version of the flowchart we have increased 
the thickness of the gaze arrows according to how intense the gaze is. From this 
flowchart we can see something interesting happening at 00:25. While Davide is 
asking the question Luca and Marco are looking at each other. But these are not 
looks of equal intensity. In the video Marco is clearly more intense in his gaze 
upon Luca, who, after a while, glances away from Marco. From that moment on 
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Marco continues to be very intensely focused on Luea. Luca seems to sense this 
and diverts his gaze from Marco, only looking back at him while Marco is look
ing at the paper (00:36). Clearly there is an affective aspect to the interaction 
between Luca and Marco that the flowchart in Table 4 is picking up on. There 
are emotions, efficacy, will, and motivation in how Luca and Marco are interact
ing with each other. The gaze intensity arrows can detect this - but to go beyond 
detection, to really see affect, we need to invoke fictional wtiting. 

Table 4: Interactive Flowchart with Gaze Intensity Arrows 

L I D I MI P 
00:25 D: But ... but what are you saying? Then no ... ? C' ~ 00:27 M: Of these two thirds you should do ... 
00:28 D: We have ... but what do we have to compute? 

(speaks over M) 

~ 00:30 L&M: The probability that the robot will arrive in 
each one ... 

00:34 M: of these rooms. 
00:35 D: In the meantime, let's see ... 

~ 
00:36 L: Why don't we first compute how many 

probabilities there are in all? 
00:37 M: To me this is the room with the highest 

probability. 
D: Why? ~ ~ 0 0 

00:42 L: There are 8 in all. . ~ 
M: Because here there are the highest number of 

~ probabilities, and then ... 
00:45 D: Ofcoursc 

M: ... the probability is higher 

4 Fictional Writing 

Fictional wtiting is a technique that can help the researcher to go beyond the 
externsl and visible into the students' inner subjective experience (Hannula, 
2003). It is a methodology consisting of envisioning the inner monologue of the 
student, creating likely impressions, and connections that do not exist in the 
original data. Although this methodology is subjective in nature, it is not wholly 
so. With the help of good data and extensive analysis the researcher is able tu 
construct inner monologue that are consistent with the empirical data. These 
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inner monologues can help shed light on the students' emotional disposition, 
attitudes and beliefs about mathematics. In table 5 we present the inner dia
logues of Luca, Davide, and Marco (in italics) embedded within the extended 
interactive flowchart from Tables 3 and 4. 
Now we can see a possible explanation for Luca's behavior. Imagining an inner 
speech, we can see that Luca is feeling a sense of avoidance about fractions that 
forces him tu think on another level-a level that provides him with an over
arching view of the task. Any time Marco uses fractions, Luca escapes. At the 
same time, Marco seems tu have a procedural view of mathematics, ''mathemat
ics is doing computations", and in fact he is concerned mostly with computa
tions with fractions. For him, the whole sense of the task is to do computations, 
which provides him with a sense of likely success. Marco's perceived compe
tence in mathematics also frames his emotional disposition towards the activity 
and the task-a sense of self-confidence and pleasure. Pleasure is provided by 
this ''feeling good" about computations to be done, and conversely this feeling 
provides Marco with a basis for his perceived competence in doing math. 

Davide can be considered Marco's opposite, not on the axis of pleasure (since 
we can sense that Davide is involved in the activity, he likes it), but on the "r 
can do" axis. Davide is aware that he is not a good student in math, he "can't 
do" it, and this shapes his continuous act of prompting Marco's reactions. Da
vide has a willingness to understand. Marco, meanwhile, pretends to have un
derstood everything and spread his knowledge to his classmates, like a talented, 
enlightened student. 

Luca is avoiding Marco's gazes, which are very intense and firmly directed 
towards Luca. We see a sort of power struggle between Luca and Marco, where 
Luca is not prone to concede tu Marco. Another power struggle is played be
tween Marco and Davide, but in the end Davide gives in tu Marco. The power 
struggle between Luca and Marco reflects another struggle: the conflict between 
differing views of mathematics. This conflict is substantial/thick, tu the point 
that the students' gaze to each other but do not listen to each other. Two con
flicting views turn out to impede the interaction between Marco and Luca. Fic
tional writing provides us with the tools to see why there is conflict. Marco 
gazes a lot at Luca, trying to catch his attention and willing him to agree. Be
cause of this, the two students cannot really interact. The students' words, their 
gestures, their gazes cannot tell us this information---<mly by evoking the stu
dents' inner speech (inferred from a coordination of speech, posture, and gazes) 
can we sense the students' deep modes of being, their modes of interacting with 
each other, and their modes of dealing with the task. 
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Table 5: Inner Monologues (in italics) 

L I D I M I p 
00:00 M: To the left two thirds, to the right ooe third. 0 0 

~ I can do it! I know how to do it! 
00:01 D: Yes, I don't remember. (spealrs over M) 

I have no idea. Marco is too fast. I need time. 
But I like this problem. I want to solve it. I 

really want to solve it, but Marco is too fast. 

00:03 M: Then it goes two thirds, two thirds . 

~ I can do it. 
00:06 M Can you give me a pen, please? 

~ 
0 

00:07 L: Marco is confusing me with all these fractions! 
Why don't we think about the sense of the 

task? 
No, let's do the first case, which is the one 
where it goes always ... 

00:\0 M: " "" left. You have two thirds here ". <Z:": I can do it, I'm actually doing it. 
00:11 L: Itfeels to me ... 

That is the most probable one. (speaks over M) 

00:\3 M: ... and here is one third 0 
~ I can do it. 

~~ 
00:15 L: Should you erase? 

Uh, Marco has to correct what he has wrinen. 
I have no idea of what he is doing with all 

these fractions! 

00:16 M: Yes, bravo! 
00:17 D: I'mcutc! .. 

00:19 M: Two thirds and here one third, hence these two 

~~ thirds ... 
Here we go - this is the way to do it . 

00:21 F: ... they g ... the go .... 
Maybe I am understanding something. 
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00:22 M: 
00:25 D: 

M: 

L: 

00:27 M: 

L: 

00:28 D: 

00:30 L&M: 

00:34 M: 

00:35 D: 

00:36 L: 

00:37 M: 

D: 

00:42 L: 

M: 

00:45 D: 

M: 

Tw<> thirds of two thirds. 
But ... but what arc you saying? Then no ... 

I can '1 allow Marco. he is too ast. 
Davide is too slow. Luea is with me - he is 

following what I am doing. 
MaTeD is trying to take over here. He wants me 

to go his way. 
Of these two thirds you should do ... 

Wait - Luea is not with me. Come with me. I 
.bww what I am doing. 

I know that Marco is trying to take charge 
here. But I don't like it. I don't like all these 

fractions. 
We have ... but what do we have to compute? 
(speak> over 
The probability that the robot will arrive in 
each onc ... 
ofthcse rooms. 

Luca and 1 are good in math, Davide is not 
understanding. Luea is like me. Come with me 

Luca! 
In the meantime, let's see ... 

Wait. wait, wait .... 
Why don't we fim compute how many 
probabilities there are in all? 

Let's to avoid all these 1 actions. 
To me this is the room with the highest 
probability. 

Wait - Luca is not with me. Come with me, 
Lucal I am right. Show me that you know I'm 

right. 
Why? 

Oh my goodness! This is new ... Marco is too 
fost! 

There are 8 in all. 
This is a better way - and it avoids all these 

actions. 
Because here there are the highest number of 
probabilities, and then ... 

Luca! Listen to me! I am doin it ri ht! 
Of course. 

Let's trust Marco . 

P_ Liljedahl, Chiara Amid 

L D M P 

... the probability is highe 0 o 
Got it! This is the answer. This is the way to do 

it. 
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5 Discussion 

To sum up the story told in this paper, we have started from observing the stu
dents' utterances from a cognitive perspective, and we bave inferred their emo
tional dispositions with respect to the activity they are engaged in. How 
knowledge emerges and is shared amongst the group is seen by means of the 
words the students say. Then, we bave looked at the students' interactions, let
ting the behavioral lens play the main role in the analysis. Adding the students' 
glances points further towards the issues arising within the embodied mind 
paradigm: students' gestures, postures and glances are seen as constitutive com
ponents of the meaning making process. The students do not only express and 
communicate their ideas through the movements of their hands, they do not 
only stare at each other in order to catch the others' attention, but the ideas that 
emerge from the activity are in their gestures and glances-to the point that if 
we discard these elements as we did at the beginning of the paper we miss many 
relevant facts. 

But this is not the end of our story. Fictional writing provides us with a lens that 
helps us go deeper inside the students' thoughts and will. Following Hannula's 
(2003) techniques and intentions, we came to confirm that in order to open a 
window on the students' inner world it is necessary to repeatedly, patiently, and 
carefully look at their interactions, their words, and their postures. Knowledge 
and emotions are distributed throughout the students' hands, eyes, mind, and 
body, and they are consubstantial to the development of the activity. Gazes give 
us insights into this inner world and allow us to write a version of the inner 
monologues of each participant. Other monologues can be constructed from the 
data just like other conclusions can be extracted from different analyses. Re
gardless of what monologues result, however, one thing is clear-the interac
tions between these four students have a turbulent undercurrent of emotions and 
intentions. The use of interactive flowcharts documenting the verbal interactions 
and the gazes gives a window into these emotions and intentions. And like 
opening a window on a wonderful landscape fictional writing helps us to paint 
the sounds and smells that populate this landscape. 
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Abstract 
Research on personal epistemology is confronted with theoretical issues as there 
exist conflicting data regarding its coherence, discipline-relation and context
dependence as well as methodological issues regarding the often used question
naires to measure epistemological beliefs. We claim that it is necessary to dis
tinguish between relatively stable "epistemological beliefs" and situation
specific "epistemological judgments". In a sequence of interviews with regard 
to the topic of "certainty of mathematical knowledge", we show that the usual 
categories used in questionnaires to measure epistemological beliefs have to be 
differentiated. We argue that epistemological judgments provide a promising 
framework to interpret the statements of the interviewees. 
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1 Introduction the Research Project "LeScEd" 

Research orientation is a key characteristic of higher education and university 
education (cf. Tremp & Futter 2012). It is represented in nonnative frameworks 
for educational studies such as teacher education (e.g., KMK 2004). Research 
orientation is characterized as the competence to receive and understand scien
tific knowledge ("engagement with research',) and in addition to think and work 
scientifically ("engagement in research") (cf. Borg 2010). A development of 
these competencies is seen as essential to prepare pedagogical and educational 
professions in understanding science and science communication. 

The research project "LeScEd" (an acronym for "Learning the Science of Edu
cation"), which is funded by the BMBF' , is dedicated to exarnine three facets 
ofresearch orientation of university students and doctoral candidates: 

• Knowledge and mastery of procedures and methods of social sciences; 

Scientific argumentation and communication; 

• Epistemological beliefs about the nature of knowledge and knowing. 

This article addresses a subproject which studies epistemological beliefs with a 
special focus on mathematics. The purpose of the subproject is the construction 
of an instrument to measure beliefs of students with respect to the epistemology 
of mathematics. In a first step we investigated the assumption that the usnal 
categories used in questionnaires have to be differentiated. We argue that epis
temological judgments can be grounded in different beliefs as well as other 
cognitive arguments (e.g., Stab! 2011), within a considerable range of sophisti
cation. 

1.1 Theoretical Background 

A person's beliefs are his/her "[P]sychologically held understandings, premises, 
or propositions about the world that are thought to be true." (Philipp 2007, p. 
259) They filter his/her perceptions and direct his/her actions (cf. Philipp 2007). 
For example, beliefs about mathematics influence the person's mathematical 
problem solving performance (e.g., Schoenfeld 1992) and his/her acquisition of 
mathematical knowledge (see Muis 2004, p. 339 ff. for an overview of related 
studies). 

Epistemology is a branch of philosophy dealing with the nature of human 
knowledge and its justification. Researchers attribute a growing interest in per-

Bundcsministcrium fliT Bildung und Forschung - Federal Ministry of Education and Research 
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sonal epistemology development and epistemological beliefs (~ beliefs about 
the nature of knowledge and knowing) (cf. Hofer & Pintrich 1997). 
Research on personal epistemology origins in the work of Piaget and Perry and 
is nowadays part of both psychology and education (cf. Hofer 2000). Whereas 
early studies modeled personal epistemology as a unidimensional sequence of 
stages, recent studies consider personal epistemology as "a system of more or 
less independent epistemological beliefs" (Hofer 2000, p. 379). Hofer and Pin
trich (1997) proposed a structure for that system of epistemological beliefs: 
According to Hofer and Pintrich there are two general areas with two dimen
sions each. The first area is nature of knowledge (what one believes knowledge 
is) with the two dimensions certainty of knowledge and simplicity of 
knowledge; the second area is nature or process of knowing (how one comes to 
know) with the dimensions source of knowledge and justification of knowledge. 
Of special interest for this article is the dimension certainty of knowledge which 
is defmed as follows: 

"Certainty of knowledge. The degree to which onc sees knowledge as fixed or 
more fluid appears throughout the research, again with developmenta1ists likely to 
see this as a continuum that changes over time, moving from a fixed to a more fluid 
view. At lower levels, absolute truth exists with certainty. At higher levels, 
knowledge is tentative and evolving. [ ... ]" (Hofer & Pintrich 1997, S. 119 f.) 

A growing amount of psychological research presents relationships between 
epistemological beliefs and various aspects of learning. It is generally assumed 
that more sophisticated epistemological beliefs are related to more adequate 
learning strategies and therefore better learning outcomes (cf. Hofer & Pintrich 
1997; StabI2011). However, conflicting data exist that cannot be explained with 
traditional theories about epistemological beliefs (cf. Bromme, Kienhues, & 
Stabl 2008). Even though most researchers have conceived this construct as 
general and rather stable, growing empirical evidence showed that epistemolog
ical beliefs are less coherent, more discipline-related and more context-depen
dent than it was hitherlo assumed (cf. Hofer 2000). 
For example, Muis, Franco, and Gierus (2011) analyzed the epistemological 
beliefs of students enrolled in a statistics course. They showed that "slight 
changes in context influence what epistemic beliefs are activated, which can 
subsequently influence learuing." (ibid., p. 516) 
Stabl (2011) claims that it is necessary to distinguish between relatively stable 
epistemological beliefs and situation specific epistemological judgments when 
examining this construct in more detail. Epistemological judgments are defined 

"[ ... ] as learners' judgments of knowledge claims in relation to their beliefs about 
the nature of knowledge and knowing. They are generated in dependency of specif
ic scientific infonnation that is judged within a specific leanting context [ ... ] [A]n 
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epistemological judgment might be a result of the activation of different cognitive 
elements (like epistemological beliefs, prior knowledge within the discipline, 
methodological knowledge, and ontological assumptions) that are combined by a 
leamer to make the judgment." (Stabl2011, p. 38 f.) 

Stahl (2011) elaborates these theoretical considerations of a generative nature of 
epistemological judgments with fictitious examples. Three persons with differ
ent backgrounds (content knowledge, methodological knowledge, ontological 
assumptions, epistemological beliefs, etc.) in physics each judge the claim that 
the distance between sun and earth is 149.60 million kilometers. In this article 
we intend to support this assumption by empirical examples. 

In mathematics education the terms "personal epistemology" and "epistemolog
ical beliefs" are rarely used. Instead, research on this topic is assessed under the 
construct of beliefs (cf. Muis 2004, p. 322). Muis summarizes several studies 
dealing with beliefs about mathematics: 

"The majority of research that has examined students' beliefs about mathematics 
soggests that students at all levels hold nooavailing' beliefs. In general, when 
asked about the certainty of mathematical knowledge, students believe that 
knowledge is unchanging. The use and existence of mathematics proofs support 
this notion, and students believe the goal in mathematics problem solving is to fmd 
the right answer. [ ... ]" (Muis 2004, p. 330) 

Researchers investigating beliefs about mathematics as a discipline deal with 
opposing perceptions of mathematics: process-orientation versus rule-orien
tation, dynamic versus static interpretation, formal versus informal discipline, or 
its applicability (cf. Muis 2004; Grigutsch, Raatz & Tomer 1998). 

The global intentions of our research project are (a) to identify epistemological 
beliefs about mathematics as a science and (h) to develop the instruments to do 
so economically (cf. Muis 2004, p. 354). The research intentions for this paper 
are (i) to identify epistemological beliefs about mathematics as a science (espe
cially regarding "certainty of knowledge''), and (ii) to provide empirical evi
dence that supports the theoretical differentiation between epistemological be
liefs and epistemological judgments. 

To avoid a negative connotation, Muis (2004, p. 323 f.) does not use the common labels 
'"naive - sophisticated" or ''inappropriate - appropriate" from psychological and educational 
research. Instead she suggests to use the labels ''nonavailing - availing" for beliefs that are 
associated with better learning outcomes ("availingj, and for beliefs that have no influence 
or a negative influence on learning outcomes (''nonavailing''). 



Epistemological Judgments in Mathematics 231 

1.2 Development and Implementation of the Interviews 

Because of our global intentions, we chose suitable positions from the philoso-
phy of mathematics (e.g., about the ontology of mathematical objects) and start-
ed to design a manual for semi-structured interviews with the long-term goal to 
develop an adaptive, web-based questionnaire to collect data about according 
beliefs. The aim of the interviews is to examine the idea of a generative nature 
of beliefs in more detail.  
To get more insight into our subjects’ beliefs, we did not just ask general ques-
tions with philosophical orientation but presented quotes of representatives of 
opposing epistemological positions and had our subjects relate themselves 
thereto. Afterwards, we intervened with information contrary to the subjects’ 
positions to further identify their lines of reasoning. 
During the first phase of data collection, we optimized our selection of quotes 
as well as our interview questions and developed additional interventions for the 
various subjects’ positions and reasons. This can be seen as an application of 
Grounded Theory (cf. Strauss & Corbin 1996) which also postulates that the 
research design can be developed further with respect to successively analyzed 
data. As topics for the interviews we chose different key questions on the epis-
temology of mathematics as a science. In the following we chose to present – as 
an example from the larger body of data we collected – a single setting which 
deals with the topic of certainty of mathematical knowledge. 

2 Sample Setting: Certainty of Mathematical Knowledge 

2.1 Theoretical Background in the Philosophy of Mathematics:  

Mathematical knowledge is regarded as certain since antiquity, because of for-
mal proofs and deductive reasoning with respect to valid rules and axioms (cf. 
Heintz 2000, p. 52 ff.; Hoffmann 2011, p. 1 ff.) But this belief was shaken sev-
eral times during the history of mathematics: (i) It is impossible to justify the 
axioms that theorems rely on and the discovery of non-Euclidean geometries 
has shown that different determinations can lead to divergent mathematics. (ii) 
The finding of contradictory derivations from axioms (Russell’s paradox) led to 
the attempt of establishing formal rules of derivation by D. Hilbert but was 
doomed to failure because of Gödel’s incompleteness theorems in 1931 (cf. 
Hoffmann 2011, p. 52 ff.). (iii) Proofs of mathematical theorems can be inaccu-
rate or even incorrect and the review process of publishing magazines cannot 
guarantee identifying all weak spots. Often, mathematical work is so specialized 
that only a handful of experts is able to comprehend it and the history of math-
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ematics is full of examples of accepted proofs that were discovered to be wrong 
years after their publication. (iv) Finally, a growing number of mathematical 
results is achieved with the help of computers and no living mathematician is 
able to verify them without trusting the machines as well as hoping for error-
free hard- and software (cf. Borwein & Devlin 2011, p. 8 ff.). 
These aspects all relate to the topic of certainty of mathematics. Interviewees 
can relate to these aspects in different ways when arguing about their individual 
judgment on the certainty of mathematics. 

Table 1  Starting positions for “Certainty of Mathematical Knowledge”. 

Mathematical knowledge is certain 
“In mathematics knowledge is valid for-
ever. A theorem is never incorrect. In 
contrast to all other sciences, knowledge 
is accumulated in mathematics. […]  
 
It is impossible, that a theorem that was 
proven correctly will be wrong from a 
future point of view. Each theorem is for 
eternity.” 
 
(Albrecht Beutelspacher) [2001, p. 235; 
translated by the first author] 

Mathematical knowledge is uncertain 
“The issue is […] whether mathemati-
cians can always be absolutely confi-
dent of the truth of certain complex 
mathematical results […]. 
 
With regard to some very complex 
issues, truth in mathematics is that for 
which the vast majority of the commu-
nity believes it has compelling argu-
ments. And such truth may be fallible. 
Serious mistakes are relatively rare, of 
course.” 
 
(Alan H. Schoenfeld) [1994, p. 58 f.] 

2.2 Realization of the Interview:  

We confronted to our subjects with two quotes (see Table 1) and invited them to 
answer the following prompt: “These are two positions of mathematicians re-
garding the certainty of mathematical knowledge. With which position can you 
identify yourself? Please give reasons for your answer.” 
Further questions were: “Can you explain your position on the basis of your 
mathematical experience?” “Please compare the certainty of mathematical 
knowledge to that of other sciences, for example to physical, linguistic, or edu-
cational knowledge.” 
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If a subject settled on “math knowledge is certain”, we confronted him/her with 
the story of a false proof of the four color theorem by A. Kempe in 1879 that 
was accepted by the community of mathematicians and which was shown to be 
false by P. Heawood not earlier than 11 years later (e.g., Wilson 2002). If a 
subject thought that “math knowledge is uncertain”, we asked whether a theo-
rem like the Pythagorean one could be uncertain as there are hundreds of 
proofs, countless validations and practical applications like in masonry. 
So far, the first author interviewed 10 pre-service teachers of mathematics (stu-
dents at the University of Education Freiburg), 2 in-service teachers of mathe-
matics, 2 professional mathematicians and 2 professors of mathematics. Below 
you’ll find a selected sample of these interviews. 

3 Initial Results 

Our initial results with respect to the area of “certainty of math knowledge” are 
twofold: Firstly, we present two different lines of reasoning each for “certain” 
and “uncertain” to point out what arguments we found empirically to support 
these positions. Secondly, we show that subjects who support the same position 
and would (and actually did) check the same boxes for according questions in a 
typical beliefs questionnaire can do so for differing reasons. This supports our 
argument for the theoretical introduction of epistemological judgments. 

3.1 Interviewees judging that “mathematical knowledge is certain” 

1) T.W. is a pre-service teacher in his second year at the University of Educa-
tion in Freiburg. For him, mathematical knowledge is certain, “the first quote of 
Beutelspacher is more likely correct in my view.” He says that he thinks of 
proofs as inevitable and irrefutable. And he adds: “How can there possibly be 
errors in mathematics?”  
Confronted with the historical episode of the four color theorem, T.W. admits 
“Of course, there can be errors, […] but it got proven eventually, didn’t it?” 
When asked why he was so sure about the certainty of mathematical 
knowledge, T.W. mentioned the Pythagorean Theorem as an example of a theo-
rem which is inevitable for him, which has several hundred proofs, and which 
will not change in the next 10, 100, or 1000 years. He concludes with: “Hope-
fully. Otherwise, my fundamental conception would be destroyed.” 
2) A.R., a mathematician who just finished his diploma at the University of 
Oldenburg, considers mathematical knowledge for certain: “I identify myself 
definitely with Albrecht Beutelspacher.” A.R. adds that errors are possible, but 
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these would be the errors of mathematicians but not of mathematics itself. 
“Humans are fallible. […] There might be errors in proofs which are accepted 
by many people. […] But when a theorem is proved correctly from the axioms 
by formal rules of derivation then it will last for eternity.” As an example for 
human fallibility A.R. refers to Andrew Wiles’ proof of Fermat’s Last Theorem. 
This was regarded as proven for a short time, then rejected and republished after 
some years. It might take another several years until the methods Wiles used 
pass over to the common mathematical knowledge, but A.R. believes that there 
will be a time when this theorem and its proof will have been checked thor-
oughly and will have been finally accepted as certain. 
The quote of Schoenfeld might go well with great mathematical puzzles like 
Riemann’s Conjecture but otherwise, it does not describe A.R.’s view of math-
ematical knowledge. In comparison, other scientific disciplines are dependent 
on tests and laboratory experiments which results in their knowledge being 
uncertain. In contrast, mathematical knowledge is reducible to basic elements, 
the axioms, and to logical conclusions, which makes it certain. 

3.2  Interviewees judging that “mathematical knowledge is uncertain” 

3) B.G. is a pre-service teacher who just finished her degree at the University 
of Education in Freiburg. She thinks that mathematical knowledge is uncertain, 
because “for me, there is always the possibility that someone figures out that 
something is not quite correct. A theorem might be proven and checked but 
there is always the possibility of finding an aspect that it may not be correct.” 
She generally would not agree to any statement regarding “ever” or “never”. 
Asked if there is a counter-example for the Pythagorean Theorem she responds 
that she is not able to come up with any, but there might be others with a better 
mathematical background who could. The interviewer wanted to know if she 
was certain of the consequences of her position. The logical construction of 
mathematics might collapse if basic findings like the Pythagorean Theorem or 
Complete Induction were not certain. B.G. responded with “I know of the con-
sequence and I’m fine with it. […] This is no problem for me. […] But the pos-
sibility for this to happen is very, very small.” 
She states that in comparison to other scientific disciplines, knowledge in math-
ematics is very certain, but some uncertainty remains. 
4) S.W. is a mathematics professor at the University of Hanover for several 
years. In his view, Beutelspacher holds a Platonic view which he cannot agree 
to. He says that he does not believe in a mathematical realm with eternal con-
ceptions that exists outside the human sphere. S.W. describes in detail that he 
can think of basically two arguments for mathematical knowledge being uncer-
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tain: Firstly, mathematicians are fallible and errors can occur during proving and 
reviewing. But this is not the main point, because the community is very careful 
and all but maybe the most complex things are thought through very thoroughly 
and therefore very certain. Secondly, this is the crucial point according to S.W., 
mathematical knowledge cannot be definitely certain because that would imply 
an infallible system of rules with an otherworldly justification. Mathematics 
would need a justification outside of the human sphere and outside of the math-
ematical discourse, a realm that could be observed and described. S.W. con-
cludes: “That there is such a realm, such a sphere, I am very skeptical about it.” 
Asked whether theorems like the Pythagorean one are not sure, S.W. answers: 
“This theorem cannot be certain because it is unclear what certainty means in 
this context.” He says that the Pythagorean Theorem is an innermathematical 
theorem that the community of mathematicians considers true under certain 
axiomatic assumptions. But this does not mean that it would be true if there 
were no humans or the universe came to an end, because of the missing mathe-
matical realm that would justify such eternal truth. 
In comparison to other scientific disciplines, S.W. states that mathematical 
knowledge is more certain, because the other sciences have the same problem of 
a missing justification as well as additional disturbances in the form of assump-
tions, hypothesis and doctrines. “Mathematics is more rigorous and so to speak 
more pure and therefore more certain in a sense.”  

3.3 Interpretation using the category of epistemological judgments 

Both T.W. and A.R. answered the knowledge claim whether mathematical 
knowledge is certain or uncertain in the same way and both checked the box 
“mathematics is very certain” in a questionnaire (CAEB, Stahl & Bromme 
2007) they completed previously to the interview. Within a questionnaire study 
this would contribute to positioning them on a belief scale with respect to cer-
tainty. 
But actually they have shown a substantially different argumentation in those 
interviews due to their background. Whereas T.W. could only refer to simple 
examples such as the Pythagorean Theorem, A.R. was able to activate more 
content knowledge in the form of Andrew Wiles’ proof as well as the Riemann 
Conjecture. Additionally, A.R. did argue with mathematical axioms and rules of 
derivation, whereas T.W. solely relied on his “fundamental conceptions”. A.R. 
was conscious about possible errors in mathematical proofs but was able to 
integrate this into his beliefs. T.W., on the other hand, was not aware of this fact 
up to the intervention and did not use this piece of information for his argumen-
tation (“it got proven eventually, didn’t it?”). 
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The same is true for B.G. and S.W. who both supported the position that “math-
ematical knowledge is uncertain”. B.G. could only rely on fundamental concep-
tions (“I generally do not agree to statements referring to ‘ever’ or ‘never’.”). 
On the other hand, S.W. could not only refer to his content knowledge about the 
fallibility of the mathematical review process, but also to his ontological 
knowledge regarding Platonism to support his arguments. 
This empirical data supports the theoretical claim of Stahl (2011, p. 49): 

“In a questionnaire with rating scales, [these] persons would give the same answer. 
However, the conclusion that their responses are an expression for comparable 
epistemological beliefs would be wrong. Their epistemological judgments are built 
on different cognitive elements to evaluate the knowledge claim.” (Stahl 2011) 

4 Discussion 

The evaluations of the interviews show the breadth of arguments for the posi-
tions of “mathematical knowledge is certain / uncertain”. There are more or less 
reflected representatives of both statements which is somewhat surprising in 
relation to results from research on epistemological beliefs. For the dimension 
certainty of knowledge more “sophistication” is seen as less belief in truth with 
certainty (cf. Hofer & Pintrich 1997; Hofer 2000). But the example of A.R. 
shows that this position can be held in a reflected way (which is revealed by the 
way he judges the certainty of knowledge of other scientific disciplines).  
The evaluations of the interviews also show the gain of the theoretical introduc-
tion of epistemological judgments. Persons that hold the same position regard-
ing the certainty of mathematical knowledge can do so with differing back-
grounds. A traditional beliefs questionnaire would not be able to detect or ex-
plain those differences. Therefore it seems doubtful to rely on instruments that 
measure epistemological beliefs as a locus on a scale. It should be necessary to 
take into account different strands of argumentation and different backgrounds. 
The concept of “epistemological judgment” can be a promising starting point 
for developing instruments that can capture such important differences.  
Future prospects include developing an adaptive, web-based questionnaire to 
measure epistemological judgments and beliefs. A first pilot study was conduct-
ed in July 2013 with 45 university students; a second one is scheduled for the 
2013/14 winter term. 
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