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Preface

The cracking of massive concrete structures due to thermal stresses is a problem

which had puzzled engineers for a long time. “No dam without crack” is the actual

state of concrete dams in the world. The theory of thermal stress and temperature

control of mass concrete is established by the writer in this book under the direc-

tion of which the problem of cracking of massive concrete structures had been

solved, and several concrete dams without crack have been successfully constructed

in China in recent years which indicates that the history of “No dam without crack”

has ended.

Mass concrete is important for the economical construction of a country. For

example, more than 10 million cubic meters of mass concrete are placed in the

hydraulic engineering projects in China every year. In addition, a large amount of

mass concrete is placed every year in the engineering of harbors, foundation of

high buildings heavy machines, nuclear reactors, etc.

The thickness of a massive concrete structure is immense, e.g., the thickness of

a concrete dam may be 100�200 m, the depth of the region under tension may be

10�30 m; if all the tensile stresses are undertaken by steel reinforcement, the

amount of steel will be considerable, and the cost will be very high. In the process

of construction, if there are many vertical steel reinforcements on the top of a con-

crete block, the spreading and placing of the new concrete lift will be very difficult.

Thus in the design of massive concrete structures, such as concrete dams, generally

it is required that the tensile stresses do not exceed the allowable tensile stress of

concrete so that no steel reinforcement is used. If there are only concrete weight

and water pressure acting on the dam, the above-mentioned requirement is easy to

achieve, but the period of construction of a high concrete dam may be several

years. Due to the heat of hydration of cement and the variation of the ambient tem-

perature, large tensile stresses may appear in the massive concrete structure. As a

result, cracks developed in almost all the concrete dams.

The concrete dams are divided into blocks and each block is constructed in

horizontal lifts with thickness 1�3 m. The intermissions between two lifts are

5�10 days. As the mechanical and thermal properties of concrete vary with age

and have different values in different layers, so the computing of thermal stresses

in concrete dams is rather complicated. In the past, there were no methods to com-

pute the thermal stresses in the period of construction of concrete dams, although

some temperature control measures had been adopted, but the thermal stresses in

the dam are unknown. Actually the tensile stresses are so large that many cracks

developed in almost all the dams.



Now a perfect system of the theory of thermal stress and temperature control is

established by the writer in this book which includes the following parts:

1. A series of methods for computing the temperature field and the thermal stress field,

especially the simulation method for computing the temperature field and stress field of

the structure taking account of the influences of all the factors including (a) the process

of construction, (b) the mechanical and thermal properties varying with the age of con-

crete, (c) the variation of ambient air and water temperature, (d) the various measures of

temperature control.

2. The law of variation and peculiarity of thermal stresses of different types of massive con-

crete structures, such as gravity dams, arch dams, buttress dams, concrete blocks, locks,

sluices, concrete beams on elastic foundations, concrete pipes, and concrete linings of

tunnels. Understanding these issues by engineers is favorable for the construction of mas-

sive concrete structures without crack.

3. Various technical measures to prevent cracking of mass concrete, such as choice of raw

materials, precooling, pipe cooling, and superficial thermal insulation.

4. The experiences of many practical concrete dams, particularly the success of the con-

struction of several concrete dams without crack in China in recent years.

5. Many new ideas and new methods for prevention of cracking and temperature control of

mass concrete.

6. Comprehensive analysis of different schemes of construction of concrete dams with dif-

ferent combinations of the measures of temperature control.

In the design stage of a massive concrete structure, several schemes of temperature

control may be given and computed the temperature field and stress field in detail by

the methods given in this book, after comprehensive analysis, a rational scheme may

be obtained. Otherwise, a new scheme with improved combination of temperature

control may be given and analyzed, until a good scheme of temperature control is

obtained which will lead to the possibility that there will be no crack in the dam in the

construction and operation period. By this method, several concrete dams without

crack have been constructed in China in recent years. This is an important and valu-

able experience in the construction of massive concrete structures.

Cracks in massive concrete structures, such as concrete dams, will reduce the

safety, integrity, and durability of the structure. The repair of cracks in concrete

dams is very difficult, e.g., a big crack developed in Norfork dam, the engineers

had attempted to repair the dam by grouting, but due to the worry that the crack

may develop further under the pressure of grouting, the crack was not repaired and

the dam has been working with a big crack in the dam body; as a result, the safety

and durability of the dam are reduced remarkably.

The successful construction of several concrete dams without crack in China is

an important achievement in technical science in the world.

Due to the needs of flood control, irrigation, and hydropower, many concrete

dams have been constructed in China in the past 60 years. At present the amount of

concrete dams higher than 15 m in China is over 40% of those elsewhere and the

three highest concrete dams in the world (Jingping 305 m, Xiaowan 295 m,

Xiluodu 284 m) are in China. In the process of large-scale construction of concrete

dams in China, besides learning abroad experiences, systematic research works had
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been carried out and new theory and new experiences were created; hence, the

problem of cracking in mass concrete has been solved and several concrete dams

without crack have been constructed in recent 10 years.

After graduating from university in 1951, the writer participated in the design and

construction of the first three concrete dams in China (Fuzhiling dam, Meishang

dam, and Xiang hongdian dam) in 1951�1957. Although some measures to prevent

cracking had been adopted, cracks still appeared in these dams, which indicates that

cracking of mass concrete is a complex problem. The writer began to research the

problem in 1955 and published two papers in 1956 and 1957 which triggered

research of thermal stress and temperature control of mass concrete in China.

In 1958, the writer was transferred to the China Institute of Water Resources and

Hydropower Research where he was engaged in the research work of high concrete

dams, particularly the thermal stresses and temperature control of concrete dams.

A vast amount of research works had been carried out under the direction of the

writer for a series of important concrete dams in China, such as Three Gorges,

Xiaowan, Longtan, Xiluodu, Sanmenxia, Liujiaxia, Xin’anjiang, and Gutian.

More than 120 papers had been published putting forward a series of new ideas,

new calculating methods, and new technical measures, including (1) a new idea of

“long time superficial thermal insulation together with comprehensive temperature

control” which may prevent crack in mass concrete effectively, (2) methods for cal-

culating the temperature field and thermal stresses in dams, docks, sluices, tunnels,

concrete blocks, and beams on elastic foundations; (3) simulation thermal stress

computation taking into account the influences of all the factors and simulating the

process of construction; (4) method of back analysis for determining the practical

thermal and mechanical properties of concrete from the observed results; (5) the

new idea of numerical monitoring of mass concrete; (6) the new idea of semi-

mature age of concrete; and (7) formulas for determining the water temperature in

reservoirs and temperature loading of arch dams.

Hence, a perfect system of the theory of thermal stress and temperature control

of mass concrete is established whereby several concrete dams without crack have

been successfully constructed in China in the past 10 years, including the

Sangianghe concrete arch dam and the third stage of the famous Three Gorges con-

crete gravity dam and hence “no dam without crack” is no longer a problem.

The solution of the problem of cracking is an important achievement in the tech-

nology of mass concrete.

More than 10 results of the author’s scientific research were adopted in the spe-

cifications for design and construction of gravity dams, arch dams, docks, and mas-

sive concrete structures in China.

In order to summarize the experiences, the author published the book Thermal

Stresses and Temperature Control of Mass Concrete (in Chinese) in 1999.

The Information Center of the China Academy of Science published two statistics

in 2011: (1) According to the number of quotations, the first 10 books of each profes-

sion of China, Thermal Stresses and Temperature Control of Mass Concrete is one of

the 10 most widely quoted books of civil engineering in China. (2) According to the

number of quotations, the first 20 authors of scientific papers of each profession in
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China, the writer is the first one of the 20 most widely quoted authors of hydraulic

engineering.

The author was awarded the China National Prize of Natural Science in 1982

for research work in thermal stresses in mass concrete, the China National Prize of

Scientific Progress in 1988 for research work in the optimum design of arch dams,

the China National Prize of Scientific Progress in 2000 for research work in simu-

lating computation and thermal stresses, and the International Congress on Large

Dams Honorary Member at Saint Petersburg in 2007.

Outside China there are two books on temperature control of mass concrete:

(1) US Bureau of Reclamation, Cooling of Concrete Dams, 1949, (2) Stuky A,

Derron MH, Problemes Thermiques Poses Par La Construction des Barrages-

Reservoirs, Lausanne, Sciences & Technique, 1957. Theoretical solutions and

many graphs for determining the temperatures of concrete dams are given in these

two books which are useful to engineers, but there is no method for computing the

thermal stresses, no method for preventing crack except pipe cooling, no criterion

for temperature control, no experiences for preventing cracks, particularly the suc-

cessful experiences in China, thus, they are insufficient for engineers to design and

construct mass concrete structures without crack.

A vast amount of mass concrete is placed in the world every year. How to pre-

vent crack is still an important problem, thus Thermal Stresses and Temperature

Control of Mass Concrete in English will be useful for engineers and professors of

civil engineering.

In this book, consideration is given to both the theory and the practice. On one

side, the methods for computing the temperature fields, thermal stresses, and the

variation of temperatures and thermal stresses in various types of mass concrete

structures are introduced in detail; on the other side, the technical measures to con-

trol temperature and to prevent cracking, the criterion of temperature control and

the experiences of practical engineering projects, particularly, the successful experi-

ences in China in the construction of several concrete dams without crack, are

described. A series of new ideas and new techniques, e.g., the idea of “long time

superficial thermal insulation together with comprehensive temperature control,”

MgO self-expansive concrete, etc., many useful methods, formulas, graphs, charts,

and figures are given.

Apart from causing cracks, the change of temperature is an important and com-

plex loading which has great influence on the stress state of concrete structures,

particularly the arch dam. In the design and construction of mass concrete struc-

tures, particular attention should be paid to thermal stress and temperature control.

I hope the publication of this book will give useful help to the engineers engaged

in the design and construction of mass concrete structures and the professors and

students of the department of civil engineering of universities.

I am grateful to Mr. Wu Longshen, Miss Hao Wengqian, and Mrs. Li Yue for

their help given to me in the preparation of this book.

Zhu Bofang

July 2013
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1 Introduction

1.1 The Significance of Thermal Stress in Mass Concrete

Mass concrete plays an important role in modern construction, especially in

hydraulic and hydroelectric construction. In China, more than 10 million m3 mass

concrete are poured every year in hydraulic and hydroelectric engineering. Besides,

the structure of harbor engineering and foundations of heavy machines are often

built with mass concrete.

The following are the peculiarities of a massive concrete structure:

1. Concrete is a kind of brittle material, the tensile strength of which is only about 8% of its

compressive strength and the tensile deformability is poor. For short-time loading, the

ultimate tensile strain is about (0.6B1.0)3 1024, which is equal to the strain caused by

6�10�C temperature drop. For long-time load, the ultimate tensile strain is about

(1.2B2.0)3 1024.

2. As the section size of a massive concrete structure is quite large, after the pouring of con-

crete, the internal temperature increases dramatically due to the heat of hydration. As the

modulus of elasticity of concrete is relatively small and the creep is relatively large at

this time, the compressive stress caused by the temperature rise is not large; however,

when the temperature gradually decreases with time later on, the modulus of elasticity is

large and the creep is small, it will cause considerable tensile stress.

3. Mass concrete is often exposed to the air or water, the changes of air and water tempera-

ture will cause considerable tensile stress in a massive concrete structure.

4. In a reinforced concrete structure, tensile stresses are undertaken by steel reinforcement and

concrete only bears the compressive stresses. Due to the immense thickness, if the tensile

stresses in a massive concrete structure are undertaken by steel reinforcement, the volume

and cost of steel reinforcement will be very big, thus generally there is no steel reinforce-

ment in mass concrete and the tensile stresses must be undertaken by concrete itself.

Based on the features above, in the design of a massive concrete structure, it is

required to have no or little tensile stress. For the external load like deadweight and

water pressure, this requirement is not difficult to achieve. But in the process of

construction and operation, the changes of temperature will cause large tensile

stress in mass concrete, and it is not easy to control the tensile stress in an allow-

able value, so cracks often appeared in mass concrete.

As shown in Figure 1.1, the cracks in mass concrete can be classified into three

kinds, namely through cracks, deep cracks and surface cracks. Through cracks cut

the structure section and may probably destroy the stability and integrity of the

structure. Leakage may occur if the cracks reach to the upstream surface. They are

Thermal Stresses and Temperature Control of Mass Concrete. DOI: http://dx.doi.org/10.1016/B978-0-12-407723-2.00001-4
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very dangerous. Deep cracks partly cut the structure, and they are also dangerous.

For surface cracks, if they do not extend, the impact is not serious. But upon reservoir

impoundment, pressurized water enters the cracks, and the surface crack at upstream

face of the dam may extend to a deep crack or even a through crack. Surface

cracks in the region above foundation or old concrete may also develop to deep

cracks or even through cracks during the cooling process of the internal concrete.

Cracks in concrete can also come from dry shrinkage, but the changes of humid-

ity are small in mass concrete, and these changes are limited to a very shallow

range near the surface, so it is not difficult to solve the problem by curing.

Experiences show that it is possible but not easy to prevent hazardous cracks of

mass concrete. For the project of Qingtongxia Hydropower Station, which was built

during the early stage of new China, because the engineers lacked experience and

did not fully realize the importance of thermal stress, the riverbed power plants

constructed in cold areas are designed with thin-wall structure and lack of effective

temperature control measure. As a result, severe cracks occurred after construction

started. The construction was subsequently stopped and delayed for several years.

In the 1950s, several slotted gravity dams were built by the Soviet Union in the

cold Siberi region. There were severe cracks in all these dams. Consequently, the

hydropower stations are all built with solid gravity dams, and the Toktogul method

was developed for preventing cracks.

In a massive concrete structure, the changes of temperature can not only lead to

cracks but also have an important impact on the stress state of the structure.

Sometimes, the thermal stress can exceed the sum of the stresses caused by other

external loads. For instance, as is shown in the study of the stress state around the

orifice of the Sanmenxia gravity dam, the alignment of stress values caused by dif-

ferent loads from high to low is caused by the temperature, the internal water pres-

sure, self-weight, and external water pressure, and the thermal stress is larger than

the sum of stresses caused by all other loads. The changes of temperature also have

a remarkable impact on the stress state of arch dams.

The thermal stress is closely related to the type of structure, the weather condi-

tions, the construction process, the properties of material, and the operating condi-

tions. The variation of thermal stress is very complicated. It is more complex to

analyze the thermal stress than the stresses caused by water, self-weight, and other

external loads.

(a) (b) (c)

Figure 1.1 Sketch of different kinds of cracks in a massive concrete structure: (a) through

crack, (b) deep crack or surface crack, and (c) surface crack.
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In conclusion, the analysis of the thermal stress, the temperature control, and the

measures to prevent cracking are the crucial topics in the design and construction

of massive concrete structures [104�110].

1.2 The Features of Thermal Stresses in Concrete Structures

Here we use an example to explain the features of the thermal stresses in concrete

structures. As is shown in Figure 1.2(a), we assume that there is a steel bar AB

whose ends are fixed. The temperature change is T(τ) which is a function of time:

when τ5 0, T(0)5 0, at the beginning, T(τ) increases as the time proceeds; after it

reaches the highest temperature T0, the steel bar gradually cools down, and finally

T(N) equals 0. The elastic modulus of steel is a constant Es. Since the steel bar is

fixed at both ends, the thermal stress of steel bar AB is

σsðτÞ52EsαsTðτÞ ð1:1Þ

The thermal stress σs(τ) of the steel bar is proportional to T(τ), and the propor-

tional factor is 2Esαs, where αs is the linear expansion coefficient of steel. When

the temperature reaches its highest from the original 0�C, the stress also reaches its

highest from the zero stress. When the temperature gradually cools down to 0�C,
the stress also decreases to 0, and finally they return to the initial state.

As for the concrete bar AB, since the elastic modulus of concrete is varying

with age τ, the thermal stress cannot be calculated using Eq. (1.1). Instead, we

should use an incremental method to calculate. Dividing the time τ into a series of

time intervals Δτi (i5 1 � n) in the ith time interval Δτi, the increment of temper-

ature is ΔTi, the average elastic modulus is E(τi), so the increment of elastic stress

should be

Δσi 52αEðτiÞΔTi

(a) (b)

Time τ

Time τ
Es = constant

A

–σs (τ)

–σc (τ)

Ec (τ)T (τ)
T (τ)

T
, σ

, E
s

T
, σ

, E
sB

Figure 1.2 Comparison of the thermal stress between steel structure and concrete structure:

(a) thermal stress in a steel bar with fixed ends and (b) thermal stress in a concrete bar with

fixed ends.
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After accumulation, the elastic stress is

σcðtÞ52α
X

EðτiÞΔTi ð1:2Þ

Considering the influence of creep of the concrete, we should use the following

equation to calculate:

σcðτÞ52α
X

EðτiÞKðt; τiÞΔTi ð1:3Þ

where K(t,τi) is the stress relaxation coefficient, its definition is referring to

Eq. (8.72). Assuming that the concrete is subjected to stress σ(τ) at age τ, if the
strain remains at a constant, because of the creep effect, at time t, the stress will

decrease to σ(t)5σ(τ)K(t,τ), and the relaxation coefficient is the ratio of σ(t) to
σ(τ), namely

Kðt; τÞ5σðtÞ=σðτÞ ð1:4Þ

Figure 1.2(b) shows the changes of temperature T(t) and stress σ(t) with time τ.
In the early stage of temperature rising, compressive stress is developed in the bar.

But since in early stage the elastic modulus of concrete and the relaxation coeffi-

cient is small, the compressive stress is not large. In the later cooling stage, the

elastic modulus of concrete is relatively large, as are the relaxation coefficient and

the increment of stress produced by unit temperature difference. As the temperature

of the bar gradually decreases, not only the early compressive stress is canceled,

but large tensile stress will be created in the bar. Finally, when the time !N, the

temperature T(N)!0. If the stress is not 0, there will be a large surplus tensile

stress. In practice, when the temperature drop reaches 12�20�C, as for the fully

restrained concrete bar, the later tensile stress is big enough to pull the concrete to

failure.

We can conclude from the above examples that the changing pattern of thermal

stress between the concrete structure and steel structure is totally different, the rea-

sons accounting for this being (1) the elastic modulus of concrete is changing with

age τ and (2) the impact of the creep effect of the concrete.

1.3 The Variation of Temperature and Thermal Stress of
Mass Concrete with Time

1.3.1 The Variation of Temperature of Mass Concrete with Time

Because of the large size, the variation of temperature in a mass concrete structure

is shown in Figure 1.3; the placing temperature Tp is the concrete temperature just

after pouring. If the concrete cannot be completely cooled, it would be in an adia-

batic state, and the temperature will increase according to the adiabatic rise of
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temperature curve, as shown by the dotted line in the figure. In practice, since

some heat may be lost from the top and the sides of the pouring layer, the concrete

temperature will change along the solid line in the figure. The temperature rises to

its highest Tp1 Tr and then decreases. Tr is the temperature rise due to the heat of

hydration of cement. After being covered with newly poured concrete, the old con-

crete will be influenced by the heat of hydration produced by the newly poured

concrete, and temperature recovers slightly. After the second peak temperature, the

temperature will continue to decrease. If the point is more than 7 m far from the

lateral surface, the temperature of this point will not be affected by the external

temperature changes and is influenced only by the placing temperature, the hydra-

tion heat, and the temperature of the top of the placing layer. As is shown by the

solid line in the figure, finally the temperature will vary with a small difference

about the steady temperature Tf and is called the quasi-steady temperature.

In the concrete dam, the interior temperature cools down from the highest tem-

perature to the steady temperature very slowly. It normally takes several decades or

hundreds of years. In order to accelerate the cooling process, cooling pipes are

adopted.

1.3.2 The Variation of the Thermal Stress in Mass Concrete

Since the elastic modulus of concrete varies with age, in a massive concrete struc-

ture, the development of thermal stress can be divided into three stages:

1. Early stage: It is about 1 month from the start of concrete pouring to the finish of the

heat release of cement. There are two features in this stage: Firstly the temperature field

will change dramatically because of the intense heat of cement hydration. And secondly,

the elastic modulus of the concrete will change rapidly with time.

2. Mid stage: This stage starts from the end of heat release of cement and ends when the

concrete is cooled down to a final steady temperature. The thermal stress in this stage is

Adiabatic temp rise
T,E

Modulus of elasticity E(τ)

Maximum temperature Tp+Tr

Temperature T

Artificial cooling

T
p

T
f

T
r

θ 0

Early stage Middle stage Late stage

Time τ

Figure 1.3 The variation of the temperature and elastic modulus of mass concrete with time.
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caused by the cooling of the concrete and the changes of external temperature. In the mid

stage, the elastic modulus will change slightly with time.

3. Late stage: The operation stage after the concrete is completely cooled down. Thermal

stress is mainly caused by the changes of external air temperature and water temperature.

The stresses of the three stages accumulated to form the final stress state of concrete.

1.4 Kinds of Thermal Stress

There are two kinds of thermal stress in mass concrete:

1. Self-stress

For structures without any external constraint or statically determinate structure, if the

internal temperature is linearly distributed, no stress will appear; if the internal tempera-

ture is nonlinearly distributed, the stress caused by restraint of the structure itself is called

self-stress. For instance, when a concrete wall is cooled in the air, the surface temperature

is low and the inner temperature is high. The shrink of the surface is restrained by the

inner concrete. The tensile stress appears at the surface, and the compressive stress

appears in the interior. At any section, the area of tensile stress must be equal to the area

of compressive stress, as shown in Figure 1.4(a).

2. Restraint stress

When the whole or part of the boundaries of the structure is restrained, the structure

cannot deform freely with the change of temperature. The stress produced by this reason

is called restraint stress, for instance, the stress in a concrete block caused by the restraint

of the rock foundation when the concrete is cooling as shown in Figure 1.4(b).

In the statically determinate structure, only self-stress will appear, but in the statically

indeterminate structure, both self-stress and restraint stress will appear.

1.5 Analysis of Thermal Stress of a Massive Concrete
Structure

1. Analysis of temperature field of mass concrete

The temperature field of mass concrete depends on the weather conditions and the

construction process. The problem can be treated by solving a heat conduction equation

with given boundary condition and initial condition. For the simple cases, theoretical

(a) (b)
Foundation

Concrete

Figure 1.4 Sketch of two types of

thermal stress: (a) self-stress and (b)

restraint stress.
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solution can be found; as for the practical complex cases, the finite difference method or

finite element method can be used.

2. Analysis of thermal stress field of mass concrete

It is more difficult to analyze the thermal stress in a given temperature field. A theo-

retical solution can be found only in simple cases. The numerical method is mostly used.

The finite element method is commonly used at present.

The creep of concrete will influence thermal stress. When calculating the concrete

thermal stress, impact of concrete creep must be considered.

Shrinkage stress is similar to thermal stress. The method used to analyze thermal stress

can also be used to analyze shrinkage stress.

1.6 Thermal Stress—The Cause of Crack

The cracks will appear when the tensile stress of concrete exceeds its tensile

strength. The tensile stress depends not only on temperature difference but also on

the constraint condition. As shown in Figure 1.5, there are concrete plates on rock

foundation and soil foundation. Since rock foundation has a large deformation

modulus, the restraint to the deformation of the concrete plate is large; however,

soil foundation has small deformation modulus, and the restraint to the deformation

of the concrete plate is small. Even though the thickness and temperature drops of

the two concrete plates are the same, the concrete plate on the rock foundation may

crack, but the concrete plate on the soil foundation may not crack.

The thermal stress of concrete can be approximately represented as

σ5RKpEα ΔT ð1:5Þ

where

σ—thermal stress

R—restraint coefficient

Kp—stress relaxation coefficient caused by the creep of concrete

E—elastic modulus of concrete

α—coefficient of linear expansion of concrete

ΔT—temperature difference of concrete.

To prevent cracks, we must control the thermal stress so that it does not exceed

the allowable tensile stress, as

σ5RKpEα ΔT #
Rt

K
ð1:6Þ

(a) (b)

Figure 1.5 Concrete plate

on (a) rock and (b) soil

foundation.
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where

Rt—tensile strength of concrete

K—safety factor.

From the above equation, it is clear that to prevent concrete crack, the following

three aspects should be considered:

1. Control temperature difference ΔT

2. Minimize the restraint coefficient R

3. Enhance the tensile strength Rt.

The restraint factor R includes the external restraint and the internal restraint.

1.7 Technical Measures for Control of Thermal Stress and
Prevention of Cracking

Once cracks appear in a massive concrete structure, it is difficult to restore the

integrity of the structure by repairing. Experiences show that it is possible but not

easy to prevent cracking in mass concrete. It requires careful design, careful study,

and careful construction.

The following aspects should be considered when dealing with cracks in a mas-

sive concrete structure:

1. Rational choice of the type of structure and joint spacing.

As experience shows, the type of structure has a great impact on the thermal stress

and cracks. In the 1950s and 1960s, the Soviet Union constructed several slotted gravity

dams in the cold Siberia area, such as the Mamakansky dam, Bratsky dam and the

Boohtarminsky dam. Cracks emerged in all of these dams. The engineers learnt from this

experience. They constructed solid gravity dams instead in later projects.

The size of pouring block may influence the thermal stress. The bigger the pouring

block, the larger the thermal stress. So rational joint spacing is important to prevent

cracks. Practical experience and theoretical analysis have shown that when the size of the

pouring block is controlled for about 15 m3 15 m, the thermal stress is low, and the con-

straint height of the foundation is only about 3�4 m. In temperate areas, cracks are less

likely to happen. But in cold areas, because of the extensive temperature difference, a

pouring block of this size is still difficult to prevent cracks, so some rigorous heat preser-

vation actions are needed.

Elevation difference of foundation should be avoided in the same pouring block.

Stress concentration should be avoided or reduced in structure design.

2. Choosing the raw material of concrete and optimizing the mix of concrete.

The purpose of choosing the raw material of concrete and optimizing the mix ratio of

concrete is to improve the crack resistance of the concrete. Specifically, it requires con-

crete to have low adiabatic temperature rise, large extensibility, and low linear expansion

coefficient. It is fine if the autogenous volume deformation is micro-expansion or at least

low shrinkage:

a. Choice of cement. Crack resistance, low heat, and high strength are important factors

for choice of cement for internal concrete. As for external concrete, despite the crack
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resistance, it requires resistance to freezing, thawing and erosion, high strength, and

low shrinkage.

b. Mixed with admixture to lower the adiabatic temperature rise and to improve crack

resistance of concrete. At present, fly ash is widely used.

c. Mixed with agent, including water reducing agent, air entraining agent, retarder, early

strength agent, etc. Water reducing agent is the most commonly used. It can help to

reduce water and to increase plasticity. With the same level of slumps and strength, it

can help to reduce the water consumption, save cement, and reduce the adiabatic tem-

perature rise. Air entraining agent helps to create large quantities of small bubbles in

concrete in order to improve the freezing�thawing resisting durability of concrete.

Retarder is used in summer construction and early strength agent is used in winter

construction.

d. Optimize the concrete mix. To guarantee of the strength and fluidity of concrete, efforts

should be made to save cement to reduce the adiabatic temperature rise of concrete.

3. Rigorous control of the temperature of concrete.

Rigorous control of the concrete temperature is the most important measure to prevent

crack.

a. Reduce the placing temperature of concrete. Cooling the mixing water, adding ice to

mixing water, pre-cooling aggregate, and other methods are used to reduce the con-

crete temperature at the exit of the concrete mixer. Increasing the strength of concrete

pouring, cooling of pouring surface, and other methods are used to reduce the temper-

ature rise during the pouring process.

b. Pipe cooling. Cooling pipes are embedded in the concrete to reduce the concrete

temperature.

c. Superficial heat insulation. Insulation material is used to cover the surface of the con-

crete to reduce the inside and outside temperature difference and reduce the surface

temperature gradient of concrete.

4. Emphasis on the preparation work before construction.

In the early stage of the construction, preparation work of temperature control of con-

crete must be emphasized, such as the installation and testing of the cooling plant and ice

machine, cooling water pipe, and preparation for heat insulation material.

5. Strengthen the management of construction.

a. Improve the quality of concrete construction. To prevent cracks, despite the rigorous

control of concrete temperature, reinforcement of construction management and

improvement for construction quality are also needed. Obviously, the strength distri-

bution in a concrete block is nonuniform. Cracks emerge firstly at the most vulnerable

place. A survey was conducted at the Dan Jiang Kou dam site, and hundreds of con-

crete layers were investigated. The results showed that the emergence of the cracks

had significant connection with the strength distribution of the concrete. When the

quality of concrete is poor and the deviation coefficient of concrete strength Cv is

large, there will be more cracks. Projects with good concrete construction quality may

have fewer cracks; otherwise, there will be many cracks. So it is important to

strengthen the construction management to improve the concrete construction quality.

b. Even rising with thin layer and short interval. For the schedule of concrete pouring, it

is better to pour concrete with thin layer, short interval (5�10 days) and even rising.

Avoid pouring concrete in a rush and resting for a long time; avoid large height differ-

ence between adjacent dam blocks; especially avoid “thin block, long interval.”

c. Better to pour concrete above foundation in cold weather.

d. Strengthen curing and prevent shrinkage.
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1.8 The Experience of the Temperature Control and Crack
Prevention of Mass Concrete in the Last 30 Years

1. Enhancement of pipe cooling in the local area makes the control of the maximum tensile

stress in concrete dams no longer a challenge.

In the past, since the steel water pipe has too many connections, it takes time to set up

and can only be set on the surface of the old concrete layer. The vertical spacing of water

pipe is equal to the thickness of the pouring layer. In recent years, steel water pipe is

substituted by the plastic water pipe. The plastic water pipe is flexible and can be paved

during the pouring process. The vertical spacing of the water pipe can be reduced to the

thickness of pouring layer, which is about 0.3�0.7 m; the horizontal space can be reduced

to about 1.0 m. Cooling of water pipe with small spacing can greatly reduce the tempera-

ture rise caused by the heat of hydration. The combination of pipe cooling and pre-

cooling of the concrete makes the control of the maximum tensile stress in the concrete

dam no longer a challenge. Moreover, the height of cooling area with closely arranged

cooling pipes is only 0.1�0.2 the length of the pouring block. The range of cooling area

with closely arranged cooling pipes is not large, and the cost is low.

2. Application of the plastic foam board can effectively help to control the surface tensile

stress.

In the past, straw bags were mainly used to insulate the surface of the concrete dam.

But the straw bags become damp and rot. Moreover, the straw bags are inflammable and

their heat insulation effect is poor. The poor heat insulation at the surface is the signifi-

cant cause of “No dam without cracks” in the past. After 1980, plastic foam boards were

applied in the superficial thermal insulation of mass concrete, and the effect is excellent.

Construction with plastic foam board is easy, and the cost is not high. Plastic foam board

can be used for long-term heat insulation.

3. It is a trend to built concrete dams without cracks.

In the past, there were cracks in almost all concrete dams. It is an objective fact that

there is “No dam without cracks.” Nowadays, with the remarkable development of the

technique of temperature control, several concrete dams have been constructed without

cracks, such as the third stage of Three Gorges concrete gravity dam and the San Jiang

He arch dam.

Today, if the dam is well designed, well studied, and well constructed, a concrete dam

can be constructed without cracking and the cost is not high. Thus the trend in the future

is to construct mass concrete without cracking.
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2 Conduction of Heat in Mass
Concrete, Boundary Conditions, and
Methods of Solution

2.1 Differential Equation of Heat Conduction, Initial and
Boundary Conditions

2.1.1 Differential Equation of Heat Conduction [1�4, 7�11]

As shown in Figure 2.1, an elementary parallelepiped dx dy dz is taken from the

interior of a mass concrete structure. The sum of the heat fluxes across the six sur-

faces of the elementary parallelepiped is

Q1 5λ
@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
ð2:1Þ

The heat emitted by the hydration of cement is

Q2 5 cρ
@θ
@τ

dt ð2:2Þ

The heat absorbed by concrete due to the rise of temperature is

Q3 5 cρ
@T

@τ
dτ ð2:3Þ

From the balance of heat, Q35Q11Q2, namely

cρ
@T

@τ
dτ5λ

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1 cρ

@θ
@τ

dτ ð2:4Þ

Dividing Eq. (2.4) by cρ dτ, the differential equation of heat conduction is

derived in the following:

@T

@τ
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1

@θ
@τ

ð2:5Þ
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where

a5λ/cρ—the diffusivity of concrete

λ—the conductivity of concrete

c—the specific heat of concrete

ρ—the density of concrete

T—the temperature

θ—the adiabatic temperature rise due to hydration of cement

τ—time

x, y, z—the coordinates.

2.1.2 Initial Condition

The initial temperature of the structure is given as follows:

when τ5 0

Tðx; y; z; 0Þ5T0ðx; y; zÞ ð2:6aÞ

or

Tðx; y; z; 0Þ5 T0 ð2:6bÞ

where T0(x,y,z) is a continuous function of x,y,z and T0 is a constant.

On the contact surface between the concrete and the rock or between the new

and the old concrete, the initial temperature may be discontinuous; in this case, two

numbers relating to different initial temperatures must be given to one point on the

contact surface.

y

o
x

z

dx

qx
qx + dx

dz

dy

Figure 2.1 An elementary

parallelepiped.
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2.1.3 Boundary Conditions

There are four kinds of boundary conditions.

1. First kind of boundary condition: prescribed surface temperature.

The surface temperature is prescribed as follows:

on the surface,

TsðτÞ5 f1ðτÞ ð2:7Þ

where f1(τ) is a function of τ.
2. Second kind of boundary condition: prescribed heat flux across the surface.

The flux of heat across the surface is a known function of time, namely

on the surface,

2λ
@T

@n
5 f2ðτÞ ð2:8Þ

where

n—the outward normal of the surface

λ—the conductivity of concrete

f2(τ)—a known function of time τ.
When there is no flux across the surface, Eq. (2.8) will become:

on the surface

@T

@n
5 0 ð2:9Þ

3. Third kind of boundary condition: linear heat transfer on the surface.

The flux across the surface is proportional to the temperature difference between the

surface and the surrounding medium, namely

on the surface

2λ
@T

@n
5 βðTs 2TaÞ ð2:10Þ

where

β—the surface conductance, kJ/(m2 h �C)
Ts—surface temperature

Ta—the air temperature.

As shown in Figure 2.2, if the radiation heat from the sun on unit surface in unit time

is S, the portion absorbed by the concrete is R and the left part S�R is reflected, then

R5αsS ð2:11Þ

in which

αs—the coefficient of absorption, generally αsJ0.65.

The boundary condition considering the sun radiation is

2λ
@T

@n
5 βðTs 2TaÞ2R ð2:12Þ
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or

2λ
@T

@n
5 β Ts 2 Ta 1

R

β

� �� �
ð2:13Þ

After comparing Eq. (2.13) with Eq. (2.10), it is clear that the influence of sun radia-

tion is approximately equal to the increment of the surrounding air temperature:

ΔTa 5R=β ð2:14Þ
4. Fourth kind of boundary condition: contact surface between two different solids.

If the contact is good, the temperature will be continuous on the surface, the boundary

condition is

on the contact surface:

T1 5 T2

λ1

@T1
@n

5λ2

@T2
@n

9>=
>; ð2:15Þ

where λ1 and λ2—the conductivities of the two solids.

If the contact is imperfect, the temperature will be discontinuous and the boundary

conditions will be

λ1

@T1
@n

5
1

Rc

ðT2 2T1Þ

λ1

@T1
@n

5λ2

@T2
@n

9>>>>=
>>>>;

ð2:16Þ

where

Rc—the thermal resistance due to the imperfectness of contact.

2.1.4 The Approximate Treatment of the Third Kind of
Boundary Condition

Equation (2.10) may be transformed into the following form:

2
@T

@n
5

Ts 2 Ta

λ=β
ð2:17Þ

R

S

S – R

Figure 2.2 Boundary of mass concrete.
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When the surface temperature Ts is changed from T1 to T2, the negative temper-

ature gradient will be

2
@T1
@n

5 tan ϕ1 5
T1 2 Ta

λ=β

and

2
@T2
@n

5 tan ϕ2 5
T2 2 Ta

λ=β

As shown in Figure 2.3, the tangents to the temperature curves at the surface

will always pass through point B and the distance between point B and the surface

of concrete is

d5λ=β ð2:18Þ

For the third kind of boundary condition, if a virtual thickness d5λ/β is added

to the plate, a virtual boundary is obtained. The temperature on the virtual bound-

ary is equal to the air temperature Ta. It means that, the virtual boundary is a first

kind of boundary with prescribed temperature Ta. If thickness d5λ/β is added to

the plate on both sides, we get a new plate with thickness

L0 5 L1 2d ð2:19Þ

the temperature field which may be computed with the first kind of boundary

condition.

True
boundary

Virtual
boundary

T2

T1

φ1 φ2
Ta

T
a

T
1 

– 
T

a

B

d = λ / β

Figure 2.3 The third boundary condition.
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The conductivity of concrete is λ5 8�12 kJ/(m h �C), if the concrete is in con-

tact with water, the surface conductance is β5 8000�16,000 kJ/(m2 h �C), the vir-

tual thickness λ/β5 0.5�1.0 mm, the influence of which may be neglected and the

surface temperature of concrete is equal to the water temperature.

If the concrete is in contact with air, the surface conductance is β5 40�80 kJ/

(m h �C), λ/β5 0.1�0.2 m. When the air temperature changes rapidly (as a cold

wave or the variation in 1 day), the influence of λ/β5 0.1�0.2 is remarkable.

When the air temperature Ta changes slowly (as the annual variation), the influence

of λ/β5 0.1�0.2 m is so small that the surface may be computed as it is the first

kind of boundary condition.

Equation (2.19) is generally applied only in the manual computation and

Eq. (2.10) is used in the numerical analysis on a computer.

2.2 Surface Conductance and Computation of Superficial
Thermal Insulation

2.2.1 Surface Conductance β

The surface conductance β of solid in air depends on the wind speed as given in

Table 2.1. β may also be computed by the writer’s following formulas:

For rough surface: β5 21:061 17:58v0:910a

or β5 21:061 14:60F1:38

For smooth surface: β5 18:461 17:36v0:885a

or β5 18:461 13:60F1:36

9>>=
>>; ð2:20Þ

where

va—wind speed, m/s

F—wind class

β—surface conductance, kJ/(m2 h �C) (Table 2.2).

Table 2.1 Surface Conductance β of Solid in Air

Wind Speed va
(m/s)

β (kJ/(m2 h �C)) Wind Speed va
(m/s)

β (kJ/(m2 h �C))

Smooth

Surface

Rough

Surface

Smooth

Surface

Rough

Surface

0.0 18.46 21.06 5.0 90.14 96.71

0.5 28.68 31.36 6.0 103.25 110.99

1.0 35.75 38.64 7.0 116.06 124.89

2.0 49.40 53.00 8.0 128.57 138.46

3.0 63.09 67.57 9.0 140.76 151.73

4.0 76.70 82.23 10.0 152.69 165.13
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2.2.2 Computation of the Effect of Superficial Thermal Insulation

The surface of mass concrete with thermal insulation layer may be computed as the

third kind of boundary condition with equivalent surface conductance βs. As shown

in Figure 2.4, when the concrete surface is covered by several thermal insulation

layers, the thermal resistance of each insulation layer is

Ri 5
hi

λib1b2
ð2:21Þ

where

hi—the thickness of the ith layer

λi—the conductivity of the ith layer

Ri—the thermal resistance of the ith layer

b1—the influence coefficient of wind velocity, see Table 2.3

b2—the influence coefficient of humidity of the material, b25 3�5 for wet material,

b25 1 for dry material.

The thermal resistance between the air and the insulation layer in contact with

air is 1/β, so the total thermal resistance of all the insulation layers is

Rs 5
1

β
1

P hi

λib1b2
ð2:22Þ

The thermal capacity of the insulation layers is small and may be neglected and

the equivalent surface conduction of concrete surface is given by

βs 5
1

Rs

5
1

ð1=βÞ1 Pðhi=λib1b2Þ
ð2:23Þ

Table 2.2 Wind Class F and Wind Speed va

Wind Class F 0 1 2 3 4 5

Wind speed va (m/s) 0�0.2 0.3�1.5 1.6�3.3 3.4�5.4 5.5�7.9 8.0�10.7

Wind class F 6 7 8 9 10

Wind speed va (m/s) 10.8�13.8 13.9�17.1 17.2�20.7 20.8�24.4 24.5�28.4

Table 2.3 Influence Coefficient of Wind Velocity, b1

Wind Velocity va va, 4 m/s va. 4 m/s

Material pervious to wind (straw, sawdust)

Without protection layer 2.6 3.0

With protection layer 1.6 1.9

Non-pervious material 1.3 1.5
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If the results of thermal stress analysis show that βs is the required surface con-

ductance for preventing cracking of concrete, then the necessary thermal resistance

provided by the insulation layers is

P hi

λib1b2
5

1

βs

2
1

β
ð2:24Þ

If there is only one insulation layer with conductivity λ1, its thickness h1 may be

computed by

h1 5 b1b2λ1

1

βs

2
1

β

� �
ð2:25Þ

The conductivities of various insulation materials are given in Table 2.4.
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Figure 2.4 Superficial thermal insulation: (a) uncovered surface and (b) surface with

thermal insulation layer.

Table 2.4 Conductivities of Thermal Insulation Materials, λ (kJ/(m h �C))

Insulation Material λ Insulation Material λ

Foamed plastics 0.1256 Dry sand 1.172

Wood plate 0.837 Wet sand 4.06

Wood crambs 0.628 Mineral wool 0.209

Straw mat 0.502 Paper board 0.628

Foamed concrete 0.377 Gunny felt 0.188

Asphalt 0.938 Asphalt felt 0.167
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2.3 Air Temperature

2.3.1 Annual Variation of Air Temperature

The variation of air temperature in 1 year or 1 day generally can be expressed by the fol-

lowing cosine series:

TaðτÞ5 Tam 1
Xn
i51

Ai cos
2iπ
P

ðτ2 τ0Þ
� �

ð2:26Þ

Ai 5
2

P

ðP
0

TaðτÞ cos
2iπ
P

ðτ2 τ0Þ
� �

dτ ð2:27Þ

where

Ta(τ)—the air temperature

Tam—the mean air temperature

P—the period of variation, P is equal to 1 year or 1 day

τ—time

τ0—the time for the maximum air temperature

n—the number of terms, generally n5 1 or 2.

Fox example, the air temperature at Three Gorges dam is given by (n5 1):

Ta 5 17:301 11:35 cos
π
6
ðτ2 6:50Þ

h i
ð�CÞ ð2:28Þ

and the air temperature at Baise dam is expressed by (n5 2):

Ta 5 22:11 7:57 cos
π
6
ðτ2 6:50Þ

h i
2 1:22 cos

π
3
ðτ2 6:50Þ

h i
ð�CÞ ð2:29Þ

2.3.2 Cold Wave

The cold wave, a rapid drop of air temperature in 2�6 days, is an important cause for

cracking of mass concrete. The variation of the air temperature during a cold wave may

be expressed as follows (Figure 2.5):

Ta 5 T0 2Ac sin
πðτ2 τ1Þ

2Q

� �
ð2:30Þ

Ta

Ac

Q

τ1
τ

Figure 2.5 Variation of air temperature

in a cold wave.
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where

T0—the initial air temperature

Ac—the maxima drop of air temperature

Q—the duration of drop of air temperature in the cold wave.

2.4 Temperature Increments due to Sunshine

It is clear from Eq. (2.13) that the increment of air temperature due to sunshine is

ΔTa5R/β, where R is the sun radiation and β is the surface conductance of

concrete.

2.4.1 Sun Radiation on Horizontal Surface

The data about sun radiation should be obtained from the meteorological station

at the damsite. Some data for reference are given in Table 2.5, where S0 is the

heat of radiation in a sunny day. The radiation heat S in a cloudy day may be

computed by

S5 S0ð12 k1nÞ ð2:31Þ

where

S—the radiation heat of sun in a cloudy day

S0—the radiation heat of sun in a sunny day, see Table 2.5

n—cloud coefficient

k1—latitude coefficient given in Table 2.6.

Example Latitude 30�, cloud coefficient n5 0.20, surface conductance β5 80.0 kJ/

(m2 h �C), from Table 2.5, the annual mean value S05 1066.8 kJ/(m2 h), From

Table 2.6, k15 0.68.

By Eq. (2.31):

S5 1066:8ð12 0:683 0:20Þ5 921:7 kJ=ðm2 hÞ

Let the coefficient of absorption αs5 0.65, then

R

β
5

αsS

β
5

0:653 921:7

80:0
5 7:49�C

Thus, the annual mean value of air temperature is increased to 7.49�C due to the

solar radiation.

The minimum solar radiation in December: S05 641.5 kJ/(m2 h),

R=β5 4:50�C
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Table 2.5 Monthly Mean Value of Radiation Heat of Sun S0 (kJ/(m
2 h)) in a Sunny Day

Latitude Month Annual Mean

Value
1 2 3 4 5 6 7 8 9 10 11 12

80 0 0 140.0 558.2 1007.3 1180.4 1063.6 607.8 209.3 22.5 0 0 401.5

75 5.6 37.4 225.1 651.3 1052.3 1215.3 1108.6 692.2 308.2 95.7 11.6 0 453.1

70 11.3 87.2 326.4 738.5 1091.7 1244.4 1142.4 771.0 407.1 168.8 11.6 0 504.7

65 45.0 155.8 427.7 819.9 1131.1 1273.5 1181.8 849.7 511.7 253.2 87.2 22.5 567.8

60 95.7 243.0 540.2 895.5 1170.5 1296.7 1215.5 922.9 610.6 343.3 151.2 67.5 630.9

55 168.8 348.9 647.2 965.3 1209.9 1320.0 1243.7 996.0 715.2 433.3 238.4 129.4 705.4

50 264.5 467.3 759.7 1035.1 1243.7 1337.5 1266.2 1058.0 825.7 540.2 337.3 213.8 780.0

45 371.4 585.6 866.6 1104.9 1271.8 1354.9 1288.7 1131.1 930.4 652.8 447.8 320.8 860.3

40 489.6 716.5 956.7 1163.0 1288.7 1366.5 1305.6 1187.4 1023.4 754.1 564.1 433.3 940.6

35 607.7 847.3 1041.1 1221.2 1294.3 1366.5 1311.2 1226.8 1093.2 849.7 686.2 540.2 1009.4

30 714.6 947.0 1097.3 1256.0 1294.3 1366.5 1311.2 1249.3 1151.4 928.5 790.8 641.5 1066.8

25 804.7 1028.0 142.4 1267.7 1288.7 1360.7 1299.9 1254.9 1192.1 990.4 872.3 737.2 1106.9

20 872.2 1090.3 1170.5 1267.7 1271.8 1331.6 1277.4 1136.7 1221.2 1041.1 947.8 816.0 1129.8

15 934.1 1140.1 1181.8 1256.0 1238.0 1290.9 1243.7 1226.8 1227.0 1080.5 1006.0 883.5 1141.3

10 979.2 1183.8 1181.8 1238.6 1193.0 1232.8 1193.0 1193.0 1227.0 1103.0 1046.7 934.1 1141.3

5 1012.9 1214.9 1170.5 1209.5 1148.0 1151.4 1131.1 1153.6 1209.5 1119.9 1081.6 973.5 1129.9

0 1041.1 1233.6 1147.9 1174.6 1080.5 1046.7 1052.3 1103.0 1186.3 1125.5 1104.9 1012.9 1106.9



The maximum solar radiation in June: S05 1366.5 kJ/(m2 h),

R=β5 9:59�C

The amplitude of annual variation

A5 ð9:592 4:50Þ=25 2:55�C

Thus, due to the solar radiation, the annual mean temperature is increased to

7.49�C and the amplitude of annual variation is increased to 2.55�C.
If the cloud coefficient varies with month, the increments of air temperature due

to sunshine may be computed month by month.

2.4.2 Temperature Increment of the Dam Surface due to Sunshine

Due to solar radiation, the temperature of the dam surface above the water level is

higher than the air temperature.

On the basis of observed temperatures on some dams and combined with some

theoretical analysis, Figure 2.6 is proposed by the U.S. Bureau of Reclamation [3],

which may be used to compute the increments of annual mean temperature. When

the valley is narrow, the sunshine may be partly sheltered by the hills on both sides,

a topography coefficient k is introduced to consider its influence.

Example 1 Refer to Figure 2.7, the angle between the north and the normal to dam

surface is φ5 156�, the slope of the downstream face of dam is 0.26, the latitude

of damsite is 33�. From Figure 2.6(a), the increment of the annual mean tempera-

ture for 100% exposed surface is 5.1�C, the topography coefficient k5 132/180, so

the temperature increment of the dam surface due to sunshine is

ΔTs 5 5:13 132=1805 3:7�C

2.4.3 Influence of Sunshine on the Temperature of
Horizontal Lift Surface

If there is observed value of solar radiation R, the increment of temperature of the lift

surface will beΔT5R/β. When there is no observed R, it may be estimated as follows.

Table 2.6 Latitude Coefficient k1

Latitude 75 70 65 60 55 50 45 40 35 30 25 20 15 10 5 0

k1 0.45 0.50 0.55 0.60 0.62 0.64 0.66 0.67 0.68 0.68 0.68 0.67 0.67 0.66 0.66 0.65
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As shown in Figure 2.8, take the origin of time at noon, suppose that the sun

radiation S varies with time τ in the following manner:

When PS=2# τ#PS=2; S5AS cos

�
πτ
PS

�
When jτj.PS=2; S5 0

9>=
>; ð2:32Þ
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Figure 2.6 Increments of annual mean temperature due to sunshine (φ is the angle between

normal to dam surface and direction of north, ψ is the angle between the vertical and dam

surface): (a) latitude 30�35�, (b) latitude 35�40�, (c) latitude 40�45�, (d) latitude 45�50�.
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After integration, the mean sun radiation in a day is

S0 5
PSAS

12π
ð2:33Þ

where PS is the time of sunshine of a day, given in Table 2.7.

Example Latitude 30�, cloudy coefficient n5 0.20, from Table 2.4, S05 1366.5 kJ/

(m2 h), PS5 14 h, from Eq. (2.33).

AS 5
12π
PS

S0 5
12π
14

3 1366:55 3679 kJ=ðm2 hÞ

Northϕ = 24°

ϕ = 156°

132°

A°

200200

North

East – west

Normal to upstream face

Plane normal to downstream face

Slope 0.26

(a)

(b)

Figure 2.7 Example of influence of sunshine: (a) plane and (b) cross-section along east-west.

S

A
s

Ps
2

Ps
2

τ

Figure 2.8 Variation of sun radiation with time.
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From Table 2.6, the latitude coefficient k15 0.68, by Eq. (2.31).

A0 5 3679ð12 0:683 0:20Þ5 3179 kJ=ðm2 hÞ

Supposing the surface conductance β5 85.0 kJ/(m2 h �C) and coefficient of

absorption αs5 0.65, the maximum temperature increment due to sunshine is

R=β5 0:653 3179=85:05 24:3�C

From Eq. (2.32), the increment of air temperature due to sunshine in 1 day is

ΔTa 5
R

β
5

24:3 cos

�
π
14

τ
�
; when 27# τ# 7

0; when jτj. 7

8<
:

2.5 Estimation of Water Temperature in Reservoir

In a natural river, the velocity of water is high and the flow is turbulent, so the

water temperature is nearly uniform in the cross-section of the river. In a reservoir,

the velocity of water is very small so the flow is laminar. The density of water is

highest at 4�C, thus in a large reservoir, the water temperature is lowest at the bot-

tom and higher in a higher elevation. The water at the same elevation will have the

same temperature [93�95].

The variations of water temperature with time and depth of water for two reser-

voirs are shown in Figures 2.9 and 2.10 [21].

The water temperature in a reservoir may be computed by the following formu-

las proposed by the writer in 1985 [43, 51]:

the water temperature at depth y:

Tðy; τÞ5TmðyÞ1AðyÞ cos ωðτ2 τ0 2 εÞ ð2:34Þ

the annual mean temperature at depth y:

TmðyÞ5 c1 ðTs 2 cÞe2αy ð2:35Þ

Table 2.7 Time of Sunshine PS(h)

Latitude Spring Equinox,

Autumn Equinox

Winter Solstice Summer Solstice

30� 12 10 14

40� 12 9 15

50� 12 8 16
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the amplitude of annual variation of water temperature:

AðyÞ5A0 e
2βy ð2:36Þ

the phase difference of water temperature:

ε5 2:152 1:30 e20:085yðmonthÞ ð2:37Þ

where

y—depth of water, m

τ—time, month
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Figure 2.9 Observed water temperature in Xingfengjiang reservoir in south China.
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Figure 2.10 Observed water

temperature in Fengman reservoir in

northeast China.
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ω5 2π/P—circular frequency of variation of water temperature

P—period of variation, P5 12 month

ε—phase difference, month

T(y,τ)—water temperature at depth y and time τ, �C
Tm(y)—annual mean temperature of water at depth y, �C
A(y)—the amplitude of annual variation, �C
τ0—the time for maximum air temperature, month.

The constants α, β, and A0 are determined by the observed water temperatures

in practical reservoirs.

Fox example, the water temperature in Xinfengjiang reservoir is expressed by

TmðyÞ5 11:371 10:33 e20:04y �C ð2:38Þ

AðyÞ5 7:4 e20:018y �C ð2:39Þ

and those for Fengman reservoir are

TmðyÞ5 5:671 5:43 e20:04y �C ð2:40Þ

AðyÞ5 13:4 e20:018y �C ð2:41Þ

A comparison between the computed and the observed annual mean tempera-

tures of water in two reservoirs is shown in Figure 2.11. The computed tempera-

tures agree well with the observed values.

The temperatures on the upstream face of concrete dams are influenced by the

elevation of water surface which is discussed in Section 2.9.
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Figure 2.11 Comparison between the computed

and the observed annual mean temperatures of

water in two reservoirs.
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2.6 Numerical Computation of Water Temperature
in Reservoir

As shown in Figure 2.12, the reservoir is divided into horizontal layers. Assuming

that each layer has the same temperature, i.e., the water temperature is a function

of y, from balance of heat, the fundamental equation for computing water tempera-

ture is derived as follows [93�95]:

@T

@τ
1 v

@T

@y
5

1

A

@

@y
Aa

@T

@y

� �
1

qiðTi 2 TÞ
A

1
1

cρA
@ðARÞ
@y

ð2:42Þ

where

a—diffusivity of water, a5λ/cp
T—temperature of water

τ—time

A—horizontal area

qi—horizontal inlet discharge in unit height

qo—horizontal outlet discharge in unit height

v—vertical mean velocity of water, can be calculated by qi2 qo
R—sun radiation

c—specific heat of water

ρ—density of water.

The bottom of the reservoir is an insulated surface, so

when

y5 0;
@T

@y
5 0 ð2:43Þ

(a) (b)

q0 dy

q1 dy

q0 dy

qi dy

dy

dy

Qv

Qv

Qv
dQv

y

y s

Area A

Temperature T

Temperature T + dT
Area A + dA

+

Figure 2.12 Sketch for computing the reservoir temperature: (a) the reservoir and (b) an

elementary layer.
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At the surface of the reservoir:

when

y5 ys; 2λ
@T

@y
5ϕs 1ϕa 2ϕL ð2:44Þ

in which

φs—sun radiation absorbed on the surface

φa—atmosphere radiation on the surface

φL—loss of heat on the surface due to vaporization, etc.

Taking the early spring as the origin of time, when the water temperature in the

reservoir is nearly uniform, thus the initial condition is

when

τ5 0; Tðy; 0Þ5T0 ð2:45Þ

Solving Eq. (2.42) by numerical method with the above initial and boundary

conditions, the water temperature in the reservoir will be obtained.

2.7 Thermal Properties of Concrete

The thermal properties of concrete include the diffusivity a (m2/h), the conductivity

λ (kJ/(m h �C)), the specific heat c (kJ/(kg �C)) and the density ρ (kg/m3). From

the definition of diffusivity, a is given by

a5
λ
cρ

ð2:46Þ

There are four thermal properties of concrete, namely λ, c, ρ, a, three of them

must be determined by tests and the fourth one may be calculated by Eq. (2.46).

The thermal properties of some conventional concrete dams are given in

Table 2.8 and those of some RCC dams are given in Table 2.9.

In the preliminary design, if there are no test results, the thermal properties of

concrete can be estimated with the aid of Table 2.10 [4]. Experiences show that the

specific heat estimated with Table 2.10 is somewhat lower than the practical value

and it is suggested to multiply it by a coefficient kc5 1.05.

Example The mix of concrete is given in Table 2.11. The thermal properties at

32�C are estimated by the percentages of weights with a coefficient of modification

kc5 1.05 for the specific heat:

λ5
P

piλi5ð8:3534:593118:51311:099168:96310:46714:1832:16Þ=100
59:75kJ=ðmh�CÞ
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c5
P

kpici51:05ð8:3530:536118:5130:745168:9630:70814:1834:187Þ=100
50:888kJ=ðkg�CÞ

ρ52539kg=m3

a5
λ
cρ

5
9:75

0:88832539
50:00432m2=h

Table 2.8 Thermal Properties of Conventional Concrete Dams

Name of Dam Conductivity λ
(kJ/(m h �C))

Specific Heat c

(kJ/(kg �C))
Density ρ
(kg/m3)

Diffusivity

a (m2/h)

Xiaowan 8.26 1.036 2500 0.00319

Laxiwa 8.44 0.996 2395 0.00354

Xilodu 7.28 0.997 2635 0.00280

Jingping 7.74 0.850 2475 0.00360

Ertan 5.72 0.936 2478 0.00247

Three Gorges 9.04 0.959 2450 0.00347

Danjiangkou 12.94 1.00 2469 0.00520

Seminoe 12.18 0.925 2483 0.00550

Norris 12.98 1.034 2570 0.00490

Wheeler 11.10 0.984 2330 0.00480

Hoover 10.43 0.925 2500 0.00460

Hiwassee 9.21 0.976 2490 0.00379

Grand Coulee 6.55 0.950 2530 0.00270

Average 9.37 0.967 2485 0.00390

Table 2.9 Thermal Properties of Roller-Compacted Concrete Dams

Name of

Dam

Conductivity λ
(kJ/(m h �C))

Specific Heat c

(kJ/(kg �C))
Density ρ
(kg/m3)

Diffusivity a

(m2/h)

Longtan 8.78 0.967 2450 0.00370

Mianhuatan 8.59 0.980 2400 0.00365

Jinghong 9.27 0.967 2400 0.00394

Guangzhao 8.14 0.935 2445 0.00380

Linghekou 8.31 1.004 2480 0.00341

Zhaolaihe 8.70 1.04 2400 0.00349

Bailiangyan 8.50 0.921 2400 0.00385

Shapai 8.28 0.934 2507 0.00363

Yantan 8.31 0.990 2400 0.00350

Average 8.54 0.970 2431 0.00366

30 Thermal Stresses and Temperature Control of Mass Concrete



2.8 Heat of Hydration of Cement and the Adiabatic
Temperature Rise of Concrete

2.8.1 Heat of Hydration of Cement

The relation between the heat of hydration of cement and the age may be expressed

by one of the following formulas:

Exponential formula [3]

QðτÞ5Q0ð12 e2mτÞ ð2:47Þ

Hyperbolic formula [4, 8]

QðτÞ5Q0τ=ðn1 τÞ ð2:48Þ

Complex exponential formula [4, 8]

QðτÞ5Q0ð12 e2aτb Þ ð2:49Þ

Table 2.10 Coefficients for Estimating the Thermal Properties of Mass Concrete

Material Density ρ
(kg/m3)

Conductivity λ (kJ/(m h �C)) Specific Heat c

(kJ/(kg �C))

21�C 32�C 43�C 54�C 21�C 32�C 43�C 54�C

Water 1000 2.160 2.160 2.160 2.160 4.187 4.187 4.187 4.187

Cement 3100 4.446 4.593 4.735 4.865 0.456 0.536 0.662 0.825

Quartz sand 2660 11.129 11.099 11.053 11.036 0.699 0.745 0.795 0.867

Basalt gravel 2660 6.891 6.871 6.858 6.837 0.766 0.758 0.783 0.837

Dolomite

gravel

2660 15.533 15.261 15.014 14.336 0.804 0.821 0.854 0.888

Granite

gravel

2680 10.505 10.467 10.442 10.379 0.716 0.708 0.733 0.775

Lime gravel 2670 14.528 14.193 13.917 13.657 0.749 0.758 0.783 0.821

Quartz gravel 2660 16.910 16.777 16.638 16.475 0.691 0.724 0.758 0.791

Rhyolite

gravel

2660 6.770 6.812 6.862 6.887 0.766 0.775 0.800 0.808

Table 2.11 Example of Concrete Mix

Cement Sand Gravel (Granite) Water Total

Weight (kg) 212 470 1751 106 2539

Percentage 8.35 18.51 68.96 4.18 100
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where

Q(τ)—the accumulated heat of hydration of cement at age τ, kJ/kg
Q0—the final heat of hydration of cement as τ!N, kJ/kg

τ—age, day

m, n, a, b—constants.

Formulas (2.48) and (2.49) agree well with the test results. Some constants for

formula (2.49) are given in Table 2.12.

The rate of heat of hydration is influenced by the curing temperature, as shown

in Figure 2.13.

2.8.2 Adiabatic Temperature Rise of Concrete

The adiabatic temperature rise of concrete is influenced by the kind and amount of

cement and admixture and the placing temperature. Generally it is determined by

tests. In case of no test results, it can be estimated as follows:

θðτÞ5 QðτÞðW 1 kFÞ
cρ

ð2:50Þ

Table 2.12 Constants for Heat of Hydration of Cement in Eq. (2.49)

Kind of Cement Q0 (kJ/kg) a b

Silicate cement 425#, 525# 330 0.69 0.56

350 0.36 0.74

Silicate cement for dam 525# 270 0.79 0.70

Slag silicate cement for dam 425# 285 0.29 0.76
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Figure 2.13 Heat of hydration at different initial temperatures.
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where

θ(τ)—the adiabatic temperature rise of concrete

W—amount of cement

F—amount of admixture

Q(τ)—heat of hydration of cement

c—specific heat of concrete

ρ—density of concrete

k—coefficient of reduction, k5 0.25 for fly ash.

The curves of the adiabatic temperature rises of concretes with the same amount

of cements of different kinds are shown in Figure 2.14.

Curve Kind of Cement C3S (%) C3A (%) Fineness (cm2/g)

1 Early strength cement, Type III 56 12 2030

2 Common cement, Type I 43 11 1790

3 Moderate heat cement, Type II 40 8 1890

4 Type II cement 75%1 fly ash 25%

5 Low heat cement, Type IV 20 6 1910

The relation between θ(τ) and age τ can be expressed by the following

formulas:

Exponential formula

θðτÞ5 θ0ð12 e2mτÞ ð2:51Þ
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Figure 2.14 The curves of adiabatic temperature rise of concretes with the same amount of

cements of different kinds.
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Hyperbolic formula

θðτÞ5 θ0τ=ðn1 τÞ ð2:52Þ

Complex exponential formula

θðτÞ5 θ0ð12 e2aτb Þ ð2:53Þ

where θ0 is the final temperature rise of concrete as τ!N.

Equations (2.52) and (2.53) agree well with test results. Some examples are

given in the following:

Xiaowang dam, conventional concrete,

C18045; θðτÞ5 27:0τ=ð1:351 τÞ �C

C18040; θðτÞ5 26:0τ=ð1:251 τÞ �C

)
ð2:54Þ

Longtan dam, RCC,

C20 θðτÞ5 20:7τ=ð3:261 τÞ �C ð2:55Þ

Yangtan dam, RCC,

θðτÞ5 20:33ð12 e20:1232τ0:7558 Þ ð2:56Þ

Mangwan dam, RCC,

θðτÞ5 21:59ð12 e20:319τ0:5972Þ ð2:57Þ

The exponential formula (2.51) is suitable for mathematical manipulation, but it

does not agree with test results. A new formula, which is suitable for mathematical

manipulation and agrees well with test results, is given by the writer in the

following:

θðτÞ5 θ0½sð12 e2m1τÞ1 ð12 sÞð12 e2m2τÞ� ð2:58Þ

where s, m1 and m2 are constants, and the initial values of them may be

s5 0:60; m1 5 1:55=n; m2 5 0:55=n ð2:59Þ

where n is the constant in the hyperbolic formula (2.52).
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2.9 Temperature on the Surface of Dam

As shown in Figure 2.15, above the maximum water level, the dam is in contact

with air, the surface temperature is given in the following:

TsðτÞ5 TaðτÞ1 TRðτÞ ð2:60Þ

where

Ts(τ)—the surface temperature of the dam

Ta(τ)—the air temperature

TR(τ)—the temperature increment due to sun radiation.

Below the maximum water level, for a fixed point on the dam surface, some-

times it is in contact with air and sometimes it is in contact with water; thus, the

surface temperature of dam can be computed in the following:

TsðτÞ5 Twðy; τÞ when y5 z2 z0 $ 0

TsðτÞ5 TaðτÞ1 TRðτÞ when z# z0

�
ð2:61Þ

where

Tw(y,τ)—water temperature

y—depth of water

z0—elevation of the point on dam surface.

Assuming that the surface temperature of the dam varies periodically with time,

it may be expressed by Fourier series as follows:

TuðτÞ5 Tum 1
XN
n51

Bn cos
2nπ
P

ðτ2 τ0Þ
� �

1Cn sin
2nπ
P

ðτ2 τ0Þ
� �� �

ð2:62Þ

y

L

Z0

Z

Figure 2.15 Cross-section of a dam.
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The coefficients Bn and Cn are determined by

Bn 5
2

P

ðP
0

TuðτÞcos
2nπ
P

ðτ2 τ0Þ
2
4

3
5dτ

Cn 5
2

P

ðP
0

TuðτÞsin
2nπ
P

ðτ2 τ0Þ
2
4

3
5dτ

9>>>>>>>=
>>>>>>>;

ð2:63Þ

2.10 The Autogenous Deformation of Concrete

The autogenous deformation of concrete is the volume change caused by the

hydration of the cementing materials under the condition of constant tempera-

ture and constant humidity. The autogenous deformations of concrete made by

different kinds of cement are shown in Figure 2.16 and the influences of the

amount of admixture of fly ash on the autogenous deformation are shown in

Figure 2.17.

2.11 Semi-Mature Age of Concrete

The adiabatic temperature rise, strength, and modulus of elasticity of concrete increase

gradually with age and finally reach their ultimate values [7]. At present, there is no

appropriate index for expressing the rate of growth of these properties of concrete.
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Figure 2.16 The autogenous deformation of concretes made by different kinds of cements.
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For expressing the rate of growth of these concrete properties, it is suggested by

the writer [79] that the ages when the adiabatic temperature rise, strength, and

the modulus of elasticity reach the halves of their final values are defined as the

semi-mature ages, which can be denoted by τ1/2. The value of τ1/2 reflects the

rate of maturity of concrete. The smaller the value of τ1/2, the greater the rate of

maturity of concrete. Conversely, the bigger the value of τ1/2, the smaller

the rate of maturity of concrete. For mass concrete structures like concrete dams,

the age of concrete for undertaking full loads is rather high. There are no pro-

blems for the strength of concrete in early age. But there are requirements for

the prevention of cracks in the structures. Generally, the temperatures in concrete

dams are controlled by natural dissipation of heat from the surface and pipe

cooling in the interior. If the semi-mature age of concrete is too small, the adia-

batic temperature rise will increase rapidly and the temperatures in the interior of

concrete will also increase quickly. When the measures of natural surface cooling

and internal pipe cooling have not performed their function yet, the temperature

in the concrete has already reached its maximum value. On the contrary, if the

semi-mature age of concrete is higher, the adiabatic temperature rise will

increase slowly. There is enough time for the natural cooling and pipe cooling to

perform their function. The maximum temperature in the concrete will be lower

and the thermal stresses will be smaller. Therefore, semi-mature age is an impor-

tant index for mass concrete.

2.11.1 Method for Determining the Semi-Mature Age of Concrete

The semi-mature age τ1/2 can be determined directly from the test results of con-

crete. For example, the test results of adiabatic temperature rise of mass concrete

are shown in Figure 2.18. By a smooth curve θ(τ), draw a straight line y5 θ0/2
which intersects the curve of θ(τ) at τ5 τ1/2, then τ1/2 is the semi-mature age for

the adiabatic temperature rise of concrete.

The semi-mature age of concrete for the modulus of elasticity, the tensile

strength, and the extensibility may be determined in the same way.
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Figure 2.17 The influence of the amount of admixture of fly ash on the autogenous

deformation of concrete.
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2.11.2 Formulas for Computing the Semi-Mature Age of Concrete

Let one property of concrete be expressed by the following equation:

yðτÞ5 y0f ðτÞ ð2:64Þ

where y0 is the final value of y(τ); then, the semi-mature age τ1/2 is determined by

f ðτ1=2Þ5 1=2 ð2:65Þ

For some function expressing property of concrete, τ1/2 are given in the

following:

1. Exponential function f(τ)5 12 e2mτ

From Eq. (2.65), exp(2mτ1/2)5 0.5, by taking logarithm on both sides, we get

τ1=2 5
0:693

m
or m5

0:693

τ1=2
ð2:66Þ

2. Hyperbolic function f(τ)5 τ/(n1 τ)

τ1=2 5 n ð2:67Þ

3. Compound exponential function f(τ)5 12 exp(2 gτd)
From Eq. (2.65), expðgτd

1=2Þ5 0:5, taking logarithm on both sides, gτd
1=2 5

2ln 0:5005 0:693, taking logarithm again,

ln τ1=2 5
1

d
ln

0:693

g

� �

thus

τ1=2 5 exp
1

d
ln

0:693

g

� �� �
ð2:68Þ

The semi-mature ages of concrete for adiabatic temperature rise for modulus of

elasticity, for tensile and compressive strength, and for extensibility of some con-

crete dams are given in Table 2.13.

y 0y0

y

/2

Age τ τ1/2

Figure 2.18 Determination

of τ1/2.
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Table 2.13 Semi-Mature Ages of Concrete of Some Concrete Dams

Dam Concrete

Mix

Concrete

Mark

Semi-Mature Age τ1/2 (days)

For Adiabatic

Temperature Rise

For Modulus of

Elasticity

For Tensile

Strength

For Compressive

Strength

For

Extensibility

Xiaowan 1 c18045 1.35 3.30 6.80 10.50 1.20

2 c18040 1.25 4.79 7.43 14.90 1.70

3 c18035 1.30 6.86 6.87 14.95 2.40

4 c18030 1.30 6.70 � 15.30 3.00

Xiluodu 1 c18035 2.58 7.76 1.95 11.2 3.71

2 c18030 2.46 6.92 5.72 11.8 2.65

3 c18025 2.58 5.71 6.67 11.1 3.51

Jingping1 1 c18040 3.63 5.41 � 10.8 7.76

2 c18035 3.59 5.72 � 10.7 7.64

3 c18030 3.47 5.26 � 12.4 7.71

Remark: (1) The concrete mark c18040 means the compressive strength of concrete at 180-day age is 40 MPa. (2) The extensibility of concrete is the maximum tensile strain before its
failure under tension.



2.11.3 Meaning of Semi-Mature Age in Engineering

If the semi-mature age of concrete is too short, the adiabatic temperature rise will

increase rapidly and there is not enough time for the natural surface cooling and

pipe cooling in the interior of the dam. So the maximum temperature and thermal

stress in the interior of the dam due to the heat of hydration of cement will be high.

On the contrary, if the semi-mature age of concrete is longer, the adiabatic temper-

ature rise will increase slowly, and there is enough time for the natural cooling and

pipe cooling to reduce the maximum temperature of concrete. The maximum tem-

perature rise in the dam and the thermal stresses will be lower. Thus, the semi-

mature age of concrete is an important index for mass concrete.

2.11.4 Example of the Influence of Semi-Mature Age

The influence of semi-mature age on the temperature field and stress field of mas-

sive concrete structures will be shown by an example.

Considering two kinds of concrete with different semi-mature ages, the mechan-

ical and thermal properties of them are given in Table 2.14, the coefficient

of heat diffusivity a5 0.10 m2/day, and the coefficient of surface conductance

β5 70 kJ/(m h �C).
A massive concrete block on rock foundation (Figure 2.19) cooled naturally

by dissipation of heat from the top surface to the air, length3width

3 thickness5 20 m3 20 m3 1.5 m. Two kinds of concrete are considered as given in

Table 2.14. The initial temperature of the concrete and rock is 20�C. The top and

lateral surfaces of the concrete block are free from external restraint, but the bottom

surface is restrained by the rock foundation. The temperature field and stress field are

Table 2.14 Properties of Mass Concrete

Properties Concrete A Concrete B Rock Foundation

Adiabatic temperature rise (�C)
θ5

25:0τ
1:21 τ

θ5
25:0τ
3:61 τ

θ5 0

Modulus of elasticity (MPa)
E5

35; 000τ
1:51 τ

E5
35; 000τ
4:51 τ

E5 35,000

20 m1.
5

m

20m

Figure 2.19 Massive concrete block on rock foundation and the network of FEM

computation.
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computed by the finite element method (FEM) taking into account the effect of creep

of concrete. The variation of the temperature at the center of the concrete block is

shown in Figure 2.20. The envelope of the temperatures along the centerline of the

concrete block is shown in Figure 2.21. The maximum temperature of concrete B with

τ1/25 3.6 days is 3.8�C lower than that of concrete A with τ1/25 1.2 days. This is

approximately equal to the effect of mixing the cement with 50% of fly ash. The varia-

tions of thermal stresses at the center of block. The envelopes of the stresses along the

centerline of the concrete block. The maximum tensile stress in concrete B is 30.4%

(0.38 MPa) lower than that in concrete A.

2.11.5 Measures for Adjusting the Semi-Mature Ages of Concrete

As mentioned above, if the semi-mature age of concrete is long, it will be favorable

for prevention of cracking in mass concrete. The following methods may be used

to change the semi-mature age of concrete.

1. Change the mineral composition and the fineness of cement

In order to prevent cracking, the reasonable properties of mass concrete are high

strength in late age and low total quantity of discharge of heat of hydration. It is neces-

sary to reduce the content of C3A and C3S and increase the content of C2S. The finer

the cement, the quicker is the rate of hydration, so it is reasonable to reduce the specific

surface of cement.

In the 1930s, the common Portland cement contained only about 30% C3S and its spe-

cific surface was about 220 m2/kg. The rate of hydration of cement and the rate of growth

of strength are rather low which is favorable for crack prevention. As the designed age of

the conventional reinforced concrete structure is generally 28 days, under the drive for

catering to the need of market, the cement factories pursue high strength at 28-days age.

The content of C3S and the specific surface of cement become higher and higher.

For the Portland cement manufactured in China at present, the content of C3S exceeds

50% and the specific surface is 340�370 m2/kg; the rates of discharge of heat of hydra-

tion and growth of strength are high, which is unfavorable for crack prevention.

It is necessary to reduce the content of C3S and the specific surface of cement.
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Figure 2.20 The variation of temperature at the center of concrete block cooled naturally.
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2. Fly ash and admixture agent

By mixing fly ash with cement, the rate of discharge of heat of hydration will be

slower and the semi-mature age of concrete will be longer. Formerly the admixture agent

was used to change the initial setting time; now it may be used to change the semi-

mature age of concrete.

2.11.6 Conclusions

1. The age when the adiabatic temperature rises, the strength or the modulus of elasticity

reaches one-half of its final value is defined as the semi-mature age of concrete.

2. If the semi-mature age of adiabatic temperature rise is higher, the temperature in the inte-

rior of a mass concrete structure will increase more slowly, the effect of natural superfi-

cial cooling and artificial pipe cooling will be greater, and the thermal stresses may be

reduced remarkably. This is favorable for the prevention of cracks.

3. The semi-mature age introduced in this chapter is a new and important index for mass

concrete.

4. The semi-mature age of concrete may be adjusted by reducing the content of C3S and

C3A and the specific surface of cement and mixing the cement with fly ash and admixture

agent.

2.12 Deformation of Concrete Caused by Change
of Humidity

The loss of water in concrete will cause shrinkage and the absorption of water will

cause expansion. The differential equation of diffusivity of humidity in concrete is

@U

@τ
5 k1

@2U

@x2
1

@2U

@y2
1

@2U

@z2

� �
ð2:69Þ

2 3 4 5 6 7 8 9 10

Temperature (°C)

0

0.20

0.40

0.60

0.80

1.00

1.20

1.40
Concrete A
Concrete B

Figure 2.21 The envelopes of temperatures along the vertical centerline of concrete block

on rock foundation cooled naturally.
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For the dry concrete in contact with air, the boundary condition is

k1
@U

@n
5 β1ðUF 2UBÞ ð2:70Þ

where

U—humidity (kg/m3), the weight of water contained in concrete of unit volume

UF—surface humidity of concrete

UB—balance humidity

k1—coefficient of diffusivity of humidity (m2/h), the weight of water (kg) passed through

unit area (m2) in unit time (h) when the gradient of U is 1 unit (kg/m3 m)

β1—coefficient of water exchange on the surface (m/h), it is the loss of water (kg) in unit

time and unit area when the difference of water content between air and concrete surface

is 1 unit (kg/m3)

n—normal to surface of concrete.

The law of change of humidity of concrete is similar to the change of tempera-

ture. The differential equation of the diffusion of humidity of concrete is the same

as the equation of conduction of heat, but the coefficient of diffusion of humidity

of concrete is only 1/1200�1/1600 of the coefficient of conductivity of heat of con-

crete. The speed of drying of concrete is very small. The computed results of the

drying process of mass concrete with one surface exposed in the air of 50% relative

humidity is shown in Figure 2.22.

2.13 Coefficients of Thermal Expansion of Concrete

The coefficients of thermal expansion of different kinds of aggregates are given in

Table 2.15 and the coefficients of 1:6 concretes made by various aggregates are
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Figure 2.22 Loss of water (%) in mass concrete.
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given in Table 2.16. The coefficients of expansion measured in some concrete

dams are given in Table 2.17.

2.14 Solution of Temperature Field by Finite
Difference Method

The two-dimensional and the three-dimensional problems of heat conduction are

generally computed by FEM, which will be described in Chapter 8, and the one-

dimensional problem is generally computed by the finite difference method

described in the following.

Table 2.15 Coefficients of Thermal Expansion of Various Aggregates

Kind of Aggregate Quartz Sandstone Basalt Granite Limestone

α (1025/�C) 1.02�1.34 0.61�1.17 0.61�0.75 0.55�0.85 0.36�0.60

Table 2.17 Coefficient of Thermal Expansion of Concrete in Some Dams

Type of

Dam

Name of

Dam

Kind of

Aggregate

Test Condition Coefficient of

Expansion α (1025/�C)

RCC Guanyinge Gravel Room test 0.906

Yantan Limestone Room test 0.580

Mangwan Rhyolite Room test 0.524

Longtan Room test 0.70

Mianhuatan Room test 0.66

Jinghong Room test 1.00

Conventional

concrete

Xilodu Limestone,

basalt

Room test 0.63

Yoojiangdu Limestone Observed in dam 0.52

Zaxi Observed in dam 0.96�1.00

Danjiangkou Observed in dam 0.90

Salamond

(Portugal)

Observed in dam 0.80�0.83

Dworshak

(USA)

0.94�0.99

Table 2.16 Coefficients of Thermal Expansion of 1:6 Concrete Made by Various

Aggregates

Kind of Aggregate Quartz Sandstone Granite Basalt Limestone

α (1025/�C) 1.22 1.01 0.86 0.85 0.61
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The one-dimensional equation of conduction of heat is

@T

@τ
5 a

@2T

@x2
1

@θ
@τ

ð2:71Þ

As shown in Figure 2.23, an infinite plate with thickness L is divided into n2 1

layers with equal thickness Δx5 L=ðn2 1Þ. The partial derivative of temperature T

in the x-direction is

@T

@x

� �
i10:5Δx;τ

5
1

Δx
ðTi11;τ 2 Ti;τÞ

@T

@x

� �
i20:5Δx;τ

5
1

Δx
ðTi;τ 2 Ti21;τÞ

Thus

@2T

@x2

� �
i;τ
5

1

Δx

@T

@x

� �
i10:5Δx;τ

2
@T

@x

� �
i20:5Δx;τ

" #
5

1

Δx2
ðTi21;τ 1 Ti11;τ 2 2Ti;τÞ

ð2:72Þ

The finite differential of T and θ with respect to time τ are

@T

@τ

� �
i;τ
5

1

Δτ
ðTi;τ1Δτ 2 Ti;τÞ ð2:73Þ

@θ
@τ

� �
i;τ
5

θðτ1ΔτÞ2 θðτÞ
Δτ

5
Δθ
Δτ

ð2:74Þ

i i + 1i – 1

Ti, τ + Δ τ

Ti + 1, τ

Ti – 1, τ

Ti, τ

Ti+ 1, τ + Δ τ

Ti – 1, τ + Δ τ

h h h

Figure 2.23 The finite difference method.
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Substituting Eqs. (2.72)�(2.74) into Eq. (2.5), we get the finite difference equa-

tion of conduction of heat in the following:

Ti;τ1Δτ 5 ð12 2rÞTi;τ 1 rðTi21;t 1 Ti11;τÞ1Δθ ð2:75Þ

where

r5 aΔτ=Δx2 ð2:76Þ

Ti,τ—the temperature of point i at time τ.

The initial temperature at point i is

Ti;0 5 T0 ð2:77Þ

As shown in Figure 2.24, the temperature of the point 1 on the left boundary is

T1;τ1Δτ 5 Ta;τ1Δτ 1
λ
β
T2;τ1Δτ 2 Ta;τ1Δτ

Δx1λ=β
5

ΔxUTa;τ1Δτ 1 ðλ=βÞT2;τ1Δτ

Δx1λ=β
ð2:78Þ

Similarly, the temperature of point n on the right boundary is

Tn;τ1Δτ 5
ΔxUTa;τ1Δτ 1 ðλ=βÞTn21;τ1Δτ

Δx1λ=β
ð2:79Þ

T1, τ + Δ τ

Ta, τ + Δ τ

 Δ × λ / β  Δ ×

T2, τ + Δ τ

T3, τ + Δ τ

Tr
ue

 b
ou

nd
ar

V
ir

tu
al

 b
ou

nd
ar

y

1 2 3 Figure 2.24 The boundary

condition on the left side.
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With the initial temperature T0 and the boundary conditions (2.78) and (2.79),

the temperatures of all the points i5 1�n at time τ5 0;Δτ; 2Δτ; 3Δτ; . . . may be

computed by Eq. (2.75) step by step. The magnitude of Δτ is limited by the stability

condition:

r5
a Δτ
Δx2

#
1

2
ð2:80Þ

Example Infinite plate, thickness L5 10 m, initial temperature T05 10�C, the

boundary temperatures on both sides are 0�C, the diffusivity a5 0.10 m2/day, on

account of symmetry, only one-half is taken in the computation, take (1)

Δx5 1.0 m, Δτ5 5 days, r5 a Δτ/Δx25 0.103 5.0/1.025 0.50; (2) Δx5 1.0 m,

Δτ5 2.5 days, r5 0.103 2.5/1.025 0.25. The results of computing are shown in

Figure 2.25.
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Figure 2.25 Example of finite

difference method.
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3 Temperature Field in the
Operation Period of a Massive
Concrete Structure

3.1 Depth of Influence of the Variation of Exterior
Temperature in the Operation Period

The surface of a dam is in contact with water and air in the operation period, so the

periodical variations of the temperatures of water and air will exert influence on

the temperature field of the dam. The depth of influence depends on the period of

variation.

3.1.1 Depth of Influence of Variation of Water Temperature

It is assumed that the surface temperature of the dam is equal to water temperature

and the depth of influence is very small in comparison with the thickness of the

dam, so the temperature field of a semi-infinite solid is analyzed in the following.

The temperature T(x,τ) must satisfy the following conditions:

@T

@τ
5 a

@2T

@x2
ð0, x,NÞ

T 5A sin
2πτ
P

; when x5 0

T 5 0; when x !N

and T 5 0; when τ5 0

9>>>>>>>>>=
>>>>>>>>>;

ð3:1Þ

where

P—period of variation of temperature

A—amplitude of variation of the surface temperature.

The solution of Eq. (3.1) is
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Tðx; τÞ5A e2x
ffiffiffiffiffiffiffiffi
π=aP

p
sin

2πτ
P

2 x

ffiffiffiffiffiffi
π
aP

r� �
1

2aA

π

ðN
0

ð2π=PÞe2aξ2τ

ð2π=PÞ2 1 a2ξ4
sin ξx dξ

ð3:2Þ

where ξ is a variable of integration. The second term on the right part of the above

equation represents the influence of the initial temperature and will vanish as

τ!N. Finally, only the first term is left, namely

Tðx; τÞ5A e2x
ffiffiffiffiffiffiffiffi
π=aP

p
sin

2πτ
P

2 x

ffiffiffiffiffiffi
π
aP

r� �
ð3:3Þ

which varies periodically with time and is called the quasi-steady temperature field.

The amplitude of variation in the interior is

ΔTðxÞ5A e2x
ffiffiffiffiffiffiffiffi
π=aP

p
ð3:4Þ

so

ΔTðxÞ=A5 e2x
ffiffiffiffiffiffiffiffi
π=aP

p
ð3:5Þ

Taking the natural logarithm on both sides of Eq. (3.5), we get

x52
ffiffiffiffiffiffiffiffiffiffiffi
aP=π

p
ln½ΔTðxÞ=A� ð3:6Þ

Let the diffusivity of concrete a5 0.10 m2/day, the depths of influence of varia-

tion of water temperature computed by Eq. (3.6) are given in Table 3.1 and

Figure 3.1.

Taking ΔT(x)5 0.05A, from Table 3.1, the depth of influence of water tempera-

ture is 0.53 and 10.21 m for the daily and annual variation, respectively.

3.1.2 Depth of Influence of Variation of Air Temperature

When the mass concrete is in contact with air, the differential equation for the

temperature field is the same as Eq. (3.1), but the boundary condition becomes

2λ
@T

@x
5β T 2A sin

2πτ
P

� �
; when x5 0 ð3:7Þ

where A is the amplitude of variation of air temperature and β is the surface

conductance of concrete. The quasi-steady temperature solution satisfying

Eq. (3.7) is

Tðx; τÞ5 k Ae2qxsin
2πτ
P

2 qx2M

� �
ð3:8Þ
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Table 3.1 Depth of Influence of Variation of Water Temperature (m)

Period of Variation (d) 1 15 365

Amplitude of

variation ΔT(x)

0.10A 0.41 1.59 7.85

0.05A 0.53 2.07 10.21

0.01A 0.82 3.19 15.75

1.0 2.0 3.0 4.00

1.0

0.8

0.6

Daily variation 0 0.1 0.2 0.3 0.4 0.5 0.6 (m)

Half month variation

Annual variation

0.4

–1.0

–0.8

–0.6

–0.4

–0.2

0.2

S
ur

fa
ce

 a
m

pl
itu

de
 A

R
el

at
iv

e 
te

m
pe

ra
tu

re
 T

/A

0

Relative depth ξ = x aP
π

0 2 4 6 8 10 12 (m)

0 1.0 2.0 (m)

ωτ= π

π/
3

2π
/3

5π/6

5π/3
3π/2

11π/6

4π/3

2π

7π/6

π

π/6

2

ωτ=3π/2

ω = 2π/P

a = 0.10(m2/day)

Figure 3.1 Influence of variation of water temperature on the interior temperature of

concrete.
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k5 ½112qλ=β12ðq=λβÞ2�21=2

q5
ffiffiffiffiffiffiffiffiffiffiffi
π=aP

p

M5 tan21 1

11β=λq

0
@

1
A

9>>>>>>=
>>>>>>;

ð3:9Þ

The surface temperature (x5 0) of concrete is

Ts 5 kA sin
2πτ
P

2M

� �
ð3:10Þ

The amplitude of variation of surface temperature of mass concrete with

a5 0.10 m2/day is kA which is given in Table 3.2.

The depth of influence of variation of air temperature is

x52

ffiffiffiffiffiffi
aP

π

r
ln ΔTðxÞ=kA� � ð3:11Þ

Let a5 0.10 m2/day, the depth of influence x computed by Eq. (3.11) is given in

Table 3.3.

Let λ/β5 0.10 m and P5 365 days, from Table 3.3, the depth of influence of vari-

ation of air temperature is 7.75 m for ΔT(x)5 0.10A and 10.11 m for ΔT(x)5 0.05A.

Table 3.2 Amplitude of Variation of Surface Temperature of Concrete Due to Change of

Air Temperature

λ/β Period of Variation of Temperature

1 day 15 days 365 days

10 m 0.61A 0.87A 0.97A

0.20 m 0.42A 0.77A 0.94A

Table 3.3 Depth of Influence of Variation of Air Temperature

λ/β Amplitude of Variation Period of Variation

1 day 15 days 365 days

0.10 m 0.10A 0.32 m 1.49 m 7.75 m

0.05A 0.44 m 1.97 m 10.11 m

0.01A 0.73 m 3.08 m 15.60 m

0.20 m 0.10A 0.25 m 1.40 m 7.65 m

0.05A 0.38 m 1.88 m 10.01 m

0.01A 0.67 m 2.99 m 15.50 m
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In conclusion, in the operation period of massive concrete structure, the depth of

influence of variation of exterior temperature is about 8�10 m.

3.2 Variation of Concrete Temperature from the Beginning
of Construction to the Period of Operation

The horizontal thickness of mass concrete is generally about 10�150 m. The mas-

sive concrete structures are constructed layer by layer. The vertical thickness of a

layer is 1.50�3.00 m, thus the maximum temperature in the construction period is

dependent on the vertical thickness of the layer and is practically independent on

the horizontal thickness of the block. Therefore in the construction period, the max-

imum temperature of a block with horizontal thickness . 30 m is equal to that of a

block with horizontal thickness , 30 m, but those in the operation period are dif-

ferent, as shown in Figure 3.2.

As shown in Figure 3.2, in the construction period, the temperature of concrete

will increase from the placing temperature TP to the maximum temperature TP1 Tr,

where Tr is the temperature rise due to heat of hydration of cement; thereafter, the

temperature will decrease owing to natural or artificial cooling. After the disappear-

ance of the influence of the initial conditions, the temperature field in the structure

depends only on the boundary temperature. Since the depth of influence of the vari-

ation of the surface temperature is 8�10 m, the temperature in the interior of the

structure does not vary with time, if the thickness of the structure is greater than

30 m and it is called the steady temperature. If the thickness of the structure is less

than 30 m and the surface temperature varies periodically with time, the tempera-

ture in the interior also varies with time with the same period but with smaller

amplitude and it is called the quasi-steady temperature.

Since the influence of the initial temperature disappeared with the elapse of

time, the temperature in the mass concrete structure depends only on the boundary

temperature in the operation period. As shown in Figure 3.3, the surface tempera-

ture is TmðsÞ1AðsÞsin ωτ, where Tm(s) is the annual mean temperature relating to

T

Construction period

Steady temperature Tf

(a)

Operation period
t

Tp Tp

Tp + Tr Tp + TrT

Construction period

Quasi-steady temperature

(b)

Operation period
t

Figure 3.2 Variation of temperatures in the interior of mass concrete structure: (a) structure

with horizontal thickness $30 m and (b) structure with horizontal thickness ,30 m.
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the position s of the surface, A(s) is the amplitude of variation, ω5 2π/P, and P is

the period of variation. The temperature field may be resolved into two parts as fol-

lows (Figure 3.3):

Ta 5 Tf 1 Tq ð3:12Þ
where

Ta—the practical temperature

Tf—the steady temperature relating to the surface temperature TmðsÞ
Tq—the quasi-steady temperature relating to the variation of surface temperature

AðsÞsin ωτ.

Tf and Tq satisfy the following equations:

1. Steady temperature Tf

@2T

@x2
1

@2T

@y2
1

@2T

@z2
5 0

T5 TmðsÞ on the surface

9>>=
>>;

ð3:13Þ

2. Quasi-steady temperature Tq

@T

@τ
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

0
@

1
A

T5AðsÞsin ωτ on the surface

9>>=
>>;

ð3:14Þ

3.3 Steady Temperature Field of Concrete Dams

The steady temperature Tf determined by Eq. (3.13) represents the final tempera-

ture of the concrete dam after the disappearance of the initial conditions. The two-

Tm(s) + A(s)sinωτ

A(s)sinωτ
Variable

temperature

= +

Variable
temperature

Zero
temperature

Constant
temperature

Constant
temperature

Tm(s)

( a ) ( b ) ( c )

Figure 3.3 Temperature field in operation period and its resolution: (a) practical

temperature, (b) steady temperature, and (c) quasi-steady temperature.
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Figure 3.4 Steady temperature field of

a gravity-arch dam.
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Figure 3.5 Steady temperature field of a gravity dam.
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dimensional Tf may be given by the method of flow net. The two- and the three-

dimensional Tf can be computed by the finite element method (FEM).

Figure 3.4 is the steady temperature field of a gravity-arch dam given by

the writer in 1955 with the flow net method. Figure 3.5 is the steady temperature

field of a solid gravity dam, and Figure 3.6 is the steady temperature field of a

gravity dam with a penstock in the dam body and a top-overflow power plant after

the dam.

10.00 10.00

25.00

6.2°C

19.2°C
21.4°C
23.6°C

25.0°C
28.0°C

17.0°C

17.3°C 14.8°C

12.6°C

10.4°C

8.2°C

(17.3°C)118.00

Figure 3.6 Steady temperature field of a gravity dam with a penstock in the dam and an

overflowing plant behind the dam.
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4 Placing Temperature and
Temperature Rise of Concrete Lift
due to Hydration Heat of Cement

The following three characteristic temperatures are important in dam engineering:

1. The placing temperature Tp which is the starting point for the variation of temperature in

a concrete structure.

2. The maximum temperature Tp1 Tr, where Tr is the temperature rise due to hydration heat

of cement.

3. The steady temperature Tf which is the final state of temperature in a concrete dam.

4.1 Mixing Temperature of Concrete—T0

The mixing temperature is the temperature of concrete at the exit of mixer after

mixing which is computed by

T05
ðcs1cwqsÞWsTs1ðcg1cwqgÞWgTg1ccWcTc1cwðWw2qsWs2qgWgÞTw1Hc

csWs1cgWg1ccWc1cwWw

ð4:1Þ

where

T0—the mixing temperature of concrete

cs, cg, cc, cw—the specific heat of sand, gravel, cement, and water

qs, qg—the water content (%) of sand and gravel

Ws, Wg, Wc, Ww—the weight of sand, gravel, cement, and water in 1 m3 of concrete

Ts, Tg, Tc, Tw—the temperature of sand, gravel, cement, and water

Hc—the mechanical heat (kJ/m3) produced in the mixing process.

The mechanical heat Hc is given by the following formula:

Hc 5 42Pt=V ð4:2Þ

where

P—the power of motor of the concrete mixer, kW
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t—the time of mixing, min

V—the effective volume of the concrete mixer, m3.

Taking cs5 cg5 cc5 0.837 kJ/(kg �C), cw5 4.19 kJ/(kg �C), replacing part of

water by ice and considering the latent heat of ice 2335 kJ/kg, the mixing temper-

ature of concrete at the exit of the mixer is

T0 5
ð0:8371 4:19qsÞWsTs 1 ð0:8371 4:19qgÞWgTg 1 0:837WcTc

0:837ðWs 1Wg 1WcÞ1 4:19Ww

1
4:19ð12 pÞðWw 2 qsWs 2 qgWgÞTw 2 335ηpðWw 2 qsWs 2 qgWgÞ1Hc

0:837ðWs 1Wg 1WcÞ1 4:19Ww

ð4:3Þ

where

p—percentage (%) of water replaced by ice

η—effective coefficient of ice, generally η5 0.75�0.85.

For example, let Ww5 110 kg/m3, Wc5 130 kg/m3, Ws5 480 kg/m3,

Wg5 1750 kg/m3, qs5 3%, qg5 1%, from Eq. (4.3), we get

T0 5 0:1896Ts 1 0:631Tg 1 0:0446Tc 1 0:1342ð12 pÞTw 2 10:74ηp ð4:4Þ

If there is no artificial cooling, the original temperatures of sand and gravel will

be higher than the air temperature; as a result, the mixing temperature of concrete

is higher than that of air, namely

T0 5 Ta 1ΔT ð4:5Þ

where

Ta—the mean daily air temperature

ΔT—increment of concrete temperature due to sunshine, e.g., ΔTD5�C in middle China

in the summer.

4.2 The Forming Temperature of Concrete T1

The forming temperature of concrete T1 is the temperature of concrete when it is

discharged into the forms after being transported from the mixer. Considering the

loss or gain of heat in the process of transport from the mixer to the forms, the

forming temperature of concrete T1 may be estimated by the following formula:

T1 5 T0 1 ðTa 1R=β2 T0Þðφ1 1φ2 1φ3 1?1φnÞ ð4:6Þ
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where

T1—the forming temperature of concrete

Ta—the air temperature

R—the solar radiation

β—the surface conductance

T0—the mixing temperature of concrete.

φ1, φ2, φ3, φn are the coefficients of experience, and they are determined by

observed temperatures in the process of construction of important projects. Some

reference values are given in the following:

1. For the loading, unloading, and change of transporter, φ5 0.032 for each time.

2. In the process of transport, ϕ5Aτ, where τ is the time of transport, min; and the coeffi-

cients A are given in Table 4.1.

In the summer, the air temperature is higher than the mixing temperature of con-

crete, Ta . T0, heat is absorbed in the process of transport, so the forming tempera-

ture of concrete will be higher than the mixing temperature, i.e., T1 . T0. On the

contrary, T1 , T0 in the winter because Ta , T0.

Example Constructing in summer, the air temperature Ta5 25�C, influence of solar
radiation R/β5 15�C, the mixing temperature of concrete T05 7�C, transporting by

2 m3 automatic truck in 10 min. Try to compute the forming temperature of con-

crete. The coefficients ϕi in Eq. (4.6) are given in the following:

Loading φ15 0.032

10 min transport by 2 m3 truck φ25 0.00303 105 0.030

Change of transporter φ35 0.032

10 min in rectangular bucket in crane φ45 0.00133 105 0.013

Discharge φ55 0.032

Total
P5

i51 ϕi 5 0:139

Table 4.1 Coefficients A for Loss of Heat in the Process of Transport

Means of

Transport

Volume of

Concrete (m3)

A Means of

Transport

Volume of

Concrete (m3)

A

Automatic

truck

1.0 0.0040 Cylindrical bucket 1.6 0.0009

1.4 0.0037 3.0 0.0007

2.0 0.0030 6.0 0.0005

4.0 0.0022 Hand cart

(insulated,

covered)

0.15 0.0070

Rectangular

bucket

1.6 0.0013 Trolley (insulated) 0.75 0.0100
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T1 5 7:01 ð251 152 7Þ3 0:1395 7:01 4:65 11:6�C

If it is changed to place the concrete in the night, the air temperature

Ta5 18.0�C, the solar radiation R5 0, and the forming temperature of concrete

will be

T1 5 7:01 ð18:02 7:0Þ3 0:1395 7:01 1:535 8:53�C

4.3 Placing Temperature of Concrete Tp

The concrete dam is constructed lift by lift with a 5�10-day time interval between

two lifts, and the thickness of each lift is generally 1.5�3.0 m.

In fact, each lift of concrete is divided into several thin layers with thickness

LD0.30 m. The concrete mixture discharged in the form is spread and vibrated to

form a new concrete layer, then new mix will be discharged on it. The temperature

in the concrete layer just before it is covered by new concrete is called the placing

temperature and denoted by Tp.

A sketch is shown in Figure 4.1 to show the construction process, and five

0.3 m layers are placed one by one to form a lift of 1.50 m. After a time interval of

5�10 days, the next lift of 1.50 is constructed by 5 m3 0.3 m layers. The process

of placing of each layer consists of two steps, i.e., step 1 for spreading the concrete

mixture and step 2 for vibrating the concrete. The placing temperature Tp is

computed as follows:

Tp 5 T1 1 ðTa 1R=β2 T1Þðϕ1 1ϕ2Þ ð4:7Þ

where

Tp—placing temperature

T1—forming temperature

Ta—air temperature

Li
ft

5 
× 

0.
3 

= 
1.

5
m

5 
× 

0.
3 

= 
1.

5
m

Li
ft

L

Figure 4.1 Sketch of the rise of a concrete

dam.
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R—solar radiation

β—surface conductance

φ1—coefficient of step 1

φ2—coefficient of step 2.

The coefficient ϕ1 is estimated by the following formula:

ϕ1 5 kτ1 ð4:8Þ

where τ1 is the time in step 1 for spreading the mixture and k is the experience

coefficient, which should be estimated from observed temperatures in the practical

construction process. We may take k5 0.0030 (1/min) when there is no practical

observed data.

In order to compute the coefficient ϕ2 in step 2, consider a placing layer with

thickness L as shown in Figure 4.1, the bottom surface is insulated and the top sur-

face is in contact with air. A theoretical solution is given in Section 5.3 and

ψ5 Tm/T0 in Figure 5.9 is related to the coefficient ϕ2 as follows:

ϕ2 5 12ψ ð4:9Þ

ϕ2 for λ=β5 0.10 or 0.20 m are shown in Figure 4.2.

Example 1 Placing concrete in a sunny day in the summer, air temperature

Ta5 25�C, influence of solar radiation R/β5 15�C, forming temperature of con-

crete T15 11.60�C, thickness of placing layer L5 0.30 m, λ/β5 0.10 m,

a5 0.0040 m2/h, the time for spreading the concrete mixture τ1 5 10 min, let

k5 0.0030. From Eq. (4.8), we get

ϕ1 5 0:00303 105 0:030

α = 0.0040 m2/h
α = 0.0040 m2/h

0.15m

0.15m

0.30m

0.30m

L = 0.50 m

L = 0.50 m
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2
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Figure 4.2 Temperature coefficient φ2 in a placing layer with thickness L and no superficial

insulation: (a) λ/β5 0.10 m and (b) λ/β5 0.20 m.
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The top of the layer is covered at τ5 2 h, let L5 0.30 m, λ/β5 0.10 m, τ5 2 h.

From Figure 4.2, we get ϕ2 5 0.160. From Eq. (4.7), the placing temperature of

concrete is

Tp 5 11:601 ð25:01 15:02 11:60Þð0:0301 0:160Þ5 17:00�C

If it is changed to place the concrete at night, Ta5 18�C, R/β5 0, then the plac-

ing temperature will be Tp5 12.8�C, which is 5.2�C lower than 17.0�C.

Example 2 A concrete layer with thickness L5 0.30 m, diffusivity

a5 0.00355 m2/h, conductivity λ5 9.40 kJ/(m h �C), the bottom surface is insu-

lated, the time of placing τ1 5 2 h, the top surface of the layer is covered by

foamed plastics with thickness h and conductivity λs 5 0.1256 kJ/(m h �C) after

placing (τ$ 2h), the equivalent surface conductance of the top is

βe 5 1/ð1/β1 h/λsÞ. The temperature coefficient ϕ2 of the concrete layer is com-

puted by the finite difference method and is shown in Figure 4.3.

4.4 Theoretical Solution of Temperature Rise of Concrete
Lift due to Hydration Heat of Cement

4.4.1 Temperature Rise due to Hydration Heat in Concrete Lift with
First Kind of Boundary Condition

As shown in Figure 4.4, a lift of concrete with thickness L, the bottom surface is

insulated, the temperature of the top surface is zero, the adiabatic temperature rise

due to hydration heat of cement is θðτÞ5 θ0ð12 e2mτÞ, and @θ=@τ5 θ0m e2mτ .

The problem to be solved is as follows [8, 61]:

Differential equation
@T

@τ
5 a

@2T

@x2
1 θ0m e2mτ

Initial condition τ5 0; T 5 0

Boundary condition τ. 0; x5 0; T 5 0

τ. 0; x5 L;
@T

@x
5 0

g ð4:10Þ

The solution given by the writer in 1956 is in the following:

Tðx; τÞ5 θ
cosðL2 xÞ

ffiffiffiffiffiffiffiffiffi
m=a

p
cos L

ffiffiffiffiffiffiffiffiffi
m=a

p 2 1

 !
e2mτ 2

4mθ0
π

X
n5 1;3;5;...

sinðnπx=2LÞ
nðan2π2=4L2 2mÞ exp 2

an2π2τ
4L2

� �

ð4:11Þ
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The mean temperature is

Tm 5 θ0
sin L

ffiffiffiffiffiffiffiffiffi
m=a

p
L
ffiffiffiffiffiffiffiffiffi
m=a

p
cos L

ffiffiffiffiffiffiffiffiffi
m=a

p 2 1

 !
e2mτ 2

8mθ0
π2

X
n5 1;3;5;...

1

n2
an2π2

4L2
2m

� � exp 2
an2π2τ
4L2

� �

ð4:12Þ

The temperature rise due to hydration heat of cement in concrete lifts of differ-

ent thickness is shown in Figure 4.5. It is assumed that the top surface is insulated

α = 0.00355 m3/h
λ = 9.40 kj/(m⋅ h⋅ °C)
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Figure 4.3 The temperature coefficient φ2 for concrete layer covered by foamed plastics

with thickness h5 0, 1, and 2 cm.

0

x

L

Figure 4.4 A lift of concrete.
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when it is covered by new concrete after the time interval and then the hydration

heat cannot be dissipated and the final temperature rise of the lift due to hydration

heat is shown in Figure 4.6.

4.4.2 Temperature Rise due to Hydration Heat in Concrete Lift with
Third Kind of Boundary Condition

The differential equation to be solved is the same as Eq. (4.10), but the boundary

condition on the top surface is changed to the following:

when

τ. 0; x5 L; λ
@T

@x
5βT ð4:13Þ

The problem is solved by means of the solution of the temperature in an infinite

plate with initial temperature T0 and without internal source of heat in Section 5.3;

in this case the mean temperature of the plate is

TmðτÞ
T0

5
XN
n21

Bne
-snτ 5 ηðτÞ ð4:14Þ

where

Bn 5
2B2

i

μ2
nðB2

i 1Bi 1μ2
nÞ
; Bi 5

βL
λ

ð4:15Þ

L = 1.0 m
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Figure 4.5 Temperature rise due to hydration heat of cement in lifts of concrete.
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sn 5
μ2
na

L2
ð4:16Þ

μn is the root of the characteristic Eq. (5.31).

Now, returning to our original problem (4.13), if there is a temperature incre-

ment ΔθðτÞ at age τ, the mean temperature rise at time t induced by ΔθðτÞ will be
ΔθðτÞηðt2 τÞ. Integrating from 0 to t, we get the mean temperature of the concrete

lift:

TmðtÞ5
ðt
o

ηðt2 τÞ @θ
@τ

dτ

5 θ0m
XN
n51

Bn

sn 2m
ðe2mt 2 e2sntÞ

ð4:17Þ

where Bn and sn are given in Eqs. (4.15) and (4.40).

Example 1 L51.50m, λ/β5 0.10m, Bi5βL/λ51.50/0.10515.0, a5 0.10m2/day,

m5 0.384 (l/day), from Eq. (5.31), Eqs. (4.15) and (4.16), the first three terms of

Bn, μn, and Sn are as follows:

μ1 5 1:4729; μ2 5 4:4255; μ3 5 7:3959
B1 5 0:8565; B2 5 0:0885; B3 5 0:0279
s1 5 0:09642; s2 5 0:8704; s3 5 2:4311

7days

9days

Tr = Gθ0
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Figure 4.6 Final temperature rise in lifts of concrete due to hydration heat of cement.
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Substituting them in Eq. (4.17), the mean temperature of the lift due to hydration

heat is

TmðtÞ
θ0

5 1:1437ðe20:09642t 2 e20:384tÞ1 0:0696ðe20:384t 2 e20:8704tÞ

1 0:0052ðe20:384t 2 e22:4311tÞ

The results of computation are shown in Figure 4.7.

4.4.3 Temperature Rise due to Hydration Heat with Adiabatic
Temperature Rise Expressed by Compound Exponentials

The temperature rise of concrete expressed by exponential formula is convenient

for integration and differentiation but does not agree well with test results. In order

to avoid this drawback, the following compound exponential formula proposed by

the writer may be used:

θðτÞ5 θ1ð12 e2m1τÞ1 θ2ð12 e2m2τÞ ð4:18Þ
@θ
@τ

5 θ1m1 e
2m1τ 1 θ2m2 e

2m2τ ð4:19Þ

Substituting in Eq. (4.17), the following formula for mean temperature rise of

concrete lift is derived:

TmðtÞ5
XN
n51

Bn

θ1m1

sn 2m1

ðe2m1t 2 e2sntÞ1 θ2m2

sn 2m2

ðe2m2t 2 e2sntÞ
� �

ð4:20Þ

λ/β = 0

λ/β = 0.10 m L = 1.50 (m)

t(day)
0 5 10 15 20 25 30

T
m

 / 
θ 0

0.2

0.4

0.6

a = 0.10 (m2/day)

m = 0.384 (1/day)

Figure 4.7 Example 1: temperature rise due to hydration heat of a concrete lift with third

kind of boundary condition.
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Example 2 A concrete lift with thickness L5 1.50m, λ/β5 0.10m, a5 0.10m2/day,

θðτÞ5 16:4ð12 e20:50τÞ1 10:9ð12 e20:55τÞ, Bn and Sn are the same as in example 1.

Taking the first three terms, Eq. (4.20) gives the mean temperature rise of the con-

crete lift as shown in Figure 4.8.

4.5 Theoretical Solution of Temperature Field of Concrete
Lift due to Simultaneous Action of Natural Cooling and
Pipe Cooling

The adiabatic temperature rise of concrete due to hydration heat of cement is

θðτÞ5
X

θið12 e2miτÞ ð4:21Þ

where θi and mi are constants. The mean temperature of a concrete cylinder with

insulated surface and cooling pipe in the interior is

UðtÞ5 Tw 1 ðT0 2 TwÞϕðtÞ1
ðt
0

ϕðt2 τÞ @θ
@τ

dτ ð4:22Þ

ϕðtÞ5 e2pt ð4:23Þ

where

T0—initial temperature of concrete

Tw—temperature of water at the inlet

ϕðtÞ5 e2pt—function of pipe cooling given by Eq. (17.65).

0.0

2.0

4.0

6.0

8.0

10.0

12.0

0 2 4 6 8 10 12 14 16 18 20

T
 (

°C
)

L = 1.50 m

t (day)

λ/β = 0.10 m

θ (τ) = 16.4(1– e–0.50τ) + 10.9(1– e0.055τ)

Figure 4.8 Example 2:

temperature rise in a concrete

lift with the adiabatic

temperature rise θ(τ)
expressed by compound

exponential formula.
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Substituting Eqs. (4.21) and (4.23) into Eq. (4.22), we get

UðtÞ5 Tw 1 ðT0 2 TwÞϕðtÞ1
X

θiψiðtÞ ð4:24Þ

where

ψiðtÞ5
mi

mi 2 p
ðe2pt 2 e2mitÞ ð4:25Þ

Differentiating Eq. (4.24), we get

@U

@t
5
X

Ai e
2mit 2B e2pt ð4:26Þ

Ai 5
θim2

i

mi 2 p
; B5

X θimip

mi 2 p
1 ðT0 2 TwÞp ð4:27Þ

Substituting @U=@t for @θ=@t in the equation of heat conduction, the equivalent

equation of heat conduction considering the effect of pipe cooling is derived as

follows:

@U

@τ
5 a

@2T

@x2
1
X

Ai e
2mit 2B e2pt ð4:28Þ

From Eqs. (4.15) and (4.17), the mean temperature of the concrete lift under the

simultaneous action of pipe cooling in the interior and natural cooling of the top

surface is

TmðtÞ5
ðt
o

ηðt2 τÞ @U
@τ

dτ

5
X

n5 1;3;5;...

ðt
0

Bn e
2snðt2τÞ @U

@τ
dτ

ð4:29Þ

Substituting Eq. (4.26) into the above equation, we get

TmðtÞ5
X

n5 1;3;5;...

Bn

X An

sn 2mi

ðe2mit 2 e2sntÞ2 B

sn 2 p
ðe2pt 2 e2sntÞ

� �
ð4:30Þ

Example A concrete lift with thickness L5 1.5 m, and first kind of boundary con-

dition on the top, a5 0.10 m2/day, θðτÞ5 25:0½12 expð2 0:40 τÞ�, the length of

cooling pipe L15 300 m, ξ5λL1=ðCwρwqwÞ5 0:50, Tp5 0�C, Tw5 0�C. The

mean temperatures given by Eq. (4.30) are shown in Figure 4.9, from which the

influence of the spacing of cooling pipes is remarkable.
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4.6 Temperature Field in Concrete Lift Computed by Finite
Difference Method

4.6.1 Temperature Field in Concrete Lift due to Hydration Heat
Computed by Finite Difference Method

The one-dimensional finite difference method for temperature field is given in

Section 2.14. Two examples for temperature field in concrete lifts on rock founda-

tion due to hydration heat of cement are given in the following.

Example 1 Place mass concrete on rock foundation one lift every 4 days. The dif-

fusivity a5 0.10 m2/day, the adiabatic temperature rise θðτÞ5 27:3ð12 e20:384τÞ�C,
λ/β5 0:10. Taking Δx5 0.50 m, Δτ5 1 day, r5 aΔτ/Δx2 5 0:103 1:0/
0:502 5 0:40, from Eq. (2.75)

Ti;Δ1Δτ 5 0:20Ti;τ 1 0:40ðTi21;τ 1 Ti11;τÞ1Δθ ð4:31Þ

On the contact surface of the old and new concrete, the increments of adiabatic

temperature rise are given by

Δθ5 ðΔθnew 1ΔθoldÞ=2

Two cases are computed, in one case the thickness of concrete lift is

L5 1.50 m; in the other case, L5 3.0 m. The computed results are shown in

Figures 4.10 and 4.11.

1.5 m × 1.5 m

1.5 m × 0.75 m

2

4

6

8

10

12

14

Pipe cooling

 No pipe cooling

Pipe cooling

0 1 2 3 4 5 6 7 8 9 10 11 12

t(day)

T
(°

C
)

Figure 4.9 The mean temperature of a concrete lift with thickness L5 1.5 m under the

simultaneous action of pipe cooling and natural cooling of top surface.
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4.6.2 Temperature Field due to Hydration Heat in Concrete Lift with
Cooling Pipe Computed by Finite Difference Method

The adiabatic temperature rise due to hydration heat is expressed by Eq. (4.21).

The mean temperature of a concrete cylinder with insulated surface and cooling

pipe in the interior is expressed by Eq. (4.24); the increment of U(t) is

ΔUðtÞ5 ðT0 2 TwÞΔϕðtÞ1
X

θiΔψðtÞ ð4:32Þ

Substituting ΔUðtÞ for ΔθðtÞ in Eq. (2.75), the finite difference equation consid-

ering the effect of pipe cooling is derived in the following:

Ti;τ1Δτ 5 ð12 2rÞTi;τ 1 rðTi21;τ 1 Ti11;τÞ1ΔU ð4:33Þ

which may be used to compute the temperature in concrete lift with pipe cooling.
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Figure 4.10 Temperature rise in concrete lifts

on rock foundation (thickness of lift 1.5 m,

time interval 4 days).
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Example 2 Mass concrete is placed on rock foundation, one lift every 4 days,

L5 1.5 m, a5 0.10 m2/day, λ/β5 0.10 m, Tp 5 0�C, Ta 5 0�C, p5 0.0437 (1/day);

the adiabatic temperature rise is

θðτÞ5 16:4ð12 e20:50τÞ1 10:9ð12 e20:055τÞ

Taking Δx5 0:30 m, Δτ5 0:333 day, r5 a Δτ=Δx2 5 0:103 0:333=0:302

5 0:370, and substituting into Eq. (4.33), we get

Ti;τ1Δτ 5 0:260Ti;τ 1 0:370ðTi21;τ 1 Ti11;τÞ1ΔU
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Figure 4.11 Temperature

rise in concrete lifts on rock

foundation (thickness of lift

3.0 m, time interval 4 days).
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The temperature on the surface point 1 is

T1;τ1Δτ 5
Δx Ta 1 ðλ/βÞT2;τ1Δτ

Δx1λ/β

and

UðtÞ5 17:97ðe2:0437t 2 e2:50tÞ1 53:1ðe2:0437t 2 e20:055tÞ

ΔUðtiÞ5 @Uðti 1 0:5ΔtiÞ
@t

Δt5 2:995 e20:50ðti10:167Þ

1 0:972 e2:055ðt10:167Þ 2 1:0346 e2:0437ðt10:167Þ

The computed results are shown in Figure 4.12.

4.7 Practical Method for Computing Temperature Field in
Construction Period of Concrete Dams

The adiabatic temperature rise of concrete due to hydration heat is

θðτÞ5 θ0 f ðτÞ ð4:34Þ
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Figure 4.12 Temperature rise

in concrete lifts on rock

foundation due to hydration

heat, pipe cooling, and

natural cooling of lift surface.
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f ðτÞ5 sð12 e2m1τÞ1 ð12 sÞð12 e2m2τÞ ð4:35Þ

where

θ0—the final temperature rise

s, m1, and m2—constants.

The mean temperature of a concrete cylinder with diameter D, length L, insu-

lated surface, and cooling pipe is

UðtÞ5 TW 1 ðTP 2 TWÞϕðtÞ1 θ0ψðtÞ ð4:36Þ

ϕðtÞ5 e2pt ð4:37Þ

ψðtÞ5 sm1

m1 2 p
ðe2pt 2 e2m1tÞ1 ð12 sÞm2

m2 2 p
ðe2pt 2 e2m2tÞ ð4:38Þ

p5
kga

D2
5

kga

1:362S1S2
ð4:39Þ

k5 2:092 1:35ξ1 0:320ξ2 ð4:40Þ

g5 1:67 exp 20:0628
b

c

c

r0

� �η

220

� �0:48( )
ð4:41Þ

or approximately

g5
ln 100

lnðb/cÞ1 ðλ/λ1Þlnðc/r0Þ
ð4:42Þ

ξ5λL/ðcwρwqwÞ; η5λ/λ1 ð4:43Þ

where

S1, S2—spacing of cooling pipes

b5D/2—exterior radius of the concrete cylinder

c—the exterior radius of the pipe

r0—the inner radius of pipe

λ—conductivity of concrete

λ1—conductivity of pipe

cw, ρw, qw—the specific heat, density, and discharge of the cooling water.

When there is no cooling pipe, the equation of heat conduction is

@T

@τ
5 a

@2T

@x2
1

@θ
@τ

ð4:44Þ
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Substituting @U=@t for @θ=@t in the above equation, the equivalent equation of

heat conduction with pipe cooling is derived as follows:

@T

@τ
5 a

@2T

@x2
1 ðTp 2 TWÞ

@ϕ
@τ

1 θ0
@ψ
@τ

ð4:45Þ

4.7.1 Practical Method for Computing Temperature Field in Concrete Lift
without Pipe Cooling

As shown in Figure 4.13(a), when the new concrete is placed, the temperature in

the old concrete is TD, the temperature in the new concrete is 0�C, and the air tem-

perature is 0�C. The concrete dam is analyzed as it is a semi-infinite solid, the

boundary condition is Tð0; tÞ5 0 when x5 0; the initial condition is when t5 0,

Tð0# x# l; 0Þ5 0, Tðx. l; 0Þ5 TD.

The solution to this problem is

Tðx; tÞ5 TDF1ðx; tÞ ð4:46Þ

F1ðx; tÞ5
1

2
P

l1 x

2
ffiffiffiffi
at

p
� �

2
1

2
P

l2 x

2
ffiffiffiffi
at

p
� �

ð4:47Þ

PðuÞ5 2ffiffiffi
π

p
ðu
0

e2u2 du ð4:48Þ

where

PðuÞ—the probability function

l—the thickness of concrete lift.

(a)
T(0, t) = 0

T(x, 0) = 0
l

T(x, 0) = TD

T(x, 0) = Tp

T(0, t) = 0

T(x, 0) = 0
X

(b)

Figure 4.13 Temperature in the concrete block: (a) TD—temperature in old concrete and

(b) Tp—temperature in new concrete.
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Let x5 l=2, we get the temperature of the center point of the lift:

TCðtÞ5 TDC1ðtÞ ð4:49Þ

C1ðtÞ5 1

2
Pð0:75vÞ2 1

2
Pð0:25vÞ ð4:50Þ

v5 l=
ffiffiffiffi
at

p ð4:51Þ

Integrating in x5 0� l in Eq. (4.46) and dividing by l, we get the mean temper-

ature of the lift:

TmðtÞ5 TDE1ðtÞ ð4:52Þ

E1ðtÞ5PðvÞ2Pð0:5vÞ1 1

v
ffiffiffi
π

p expð2vÞ2 1 12 2 exp 2
v2

4

� �� �
ð4:53Þ

C1ðtÞ and E1ðtÞ are shown in Figure 4.14.

4.7.2 Influence of the Placing Temperature Tp of the New Concrete

As shown in Figure 4.13(b), the placing temperature of the new concrete is Tp, the

initial temperature of the old concrete is 0�C, and the surface temperature is 0�C.
In other words, the boundary condition is Tð0; tÞ5 0 when x5 0; the initial
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Figure 4.14 C1 and E1.
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conditions are Tð0# x# l; 0Þ5 Tp and Tðx. l; 0Þ5 0 when t5 0. The solution for

this problem is

Tðx; tÞ5 TpF2ðx; tÞ ð4:54Þ

F2ðx; tÞ5P
x

2
ffiffiffiffi
at

p
� �

2
1

2
P

l1 x

2
ffiffiffiffi
at

p
� �

1
1

2
P

l2 x

2
ffiffiffiffi
at

p
� �

ð4:55Þ

The temperature of the center point is

TcðtÞ5 TpC2ðtÞ ð4:56Þ

C2ðtÞ5
3

2
Pð0:25vÞ2 1

2
Pð0:75vÞ ð4:57Þ

The mean temperature of the lift is

TmðtÞ5 TpE2ðtÞ ð4:58Þ

E2ðtÞ5 2P
v

2

� �
2PðvÞ1 1

v
ffiffiffi
π

p 4 exp 2
v2

4

� �
2 32 expð2 v2Þ

� �
ð4:59Þ

C2(t) and E2(t) are shown in Figure 4.15.
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4.7.3 Practical Method for Computing Temperature in Concrete Lift
without Pipe Cooling

The initial temperature of new concrete is the placing temperature Tp, the initial

temperature of the old concrete is TD, and the adiabatic temperature rise of the new

concrete is θðτÞ. The problem to be solved is as follows:

Equation of heat conduction

@T

@τ
5 a

@2T

@x2
1

@θ
@τ

ð4:60Þ

Initial condition: when t5 0;Tð0# x# l; 0Þ5 Tp

Tðx. l; 0Þ5 TD

Boundary condition: when x5 0;Tð0; τÞ5 Ts

9>=
>; ð4:61Þ

The solution is

Tðx; tÞ5 Ts 1 ðTD 2 TsÞF1ðx; tÞ1 ðTp 2 TsÞF2ðx; tÞ1
ðt
0

F2ðx; t2 τÞ @θ
@τ

dτ

ð4:62Þ

or

Tðx;tÞ5Ts1ðTD2TsÞF1ðx;tÞ1ðTp2TsÞF2ðx;tÞ1
Xn
i51

ΔθiF2ðx;t2ti20:5ΔtiÞ

ð4:63Þ

The mean temperature of the lift is

TmðtÞ5 Ts 1 ðTD 2 TSÞE1ðtÞ1 ðTp 2 TsÞE2ðtÞ1
X

ΔθiE2ðt2 ti 2 0:5ΔtiÞ
ð4:64Þ

The temperature of the center point of lift is

TcðtÞ5 Ts 1 ðTD 2 TsÞC1ðtÞ1 ðTp 2 TsÞC2ðtÞ1
X

ΔθiC2ðt2 ti 2 0:5ΔtiÞ
ð4:65Þ

4.7.4 Practical Method for Computing Temperature Field in Concrete Lift
with Pipe Cooling

The initial temperature of concrete is shown in Figure 4.16(a). The mean tempera-

ture of concrete lift without pipe cooling is given by Eq. (4.64). When there is pipe
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cooling, the difference between the mean temperature of concrete lift and the tem-

perature of cooling water is

ΔT5 ðTD 2 TsÞE1ðtÞ1 ðTp 2 TsÞE2ðtÞ1 Ts 2 Tw 1
X

ΔθiE2ðt2 ti 2 0:5ΔtiÞ
ð4:66Þ

which may be resolved into four parts, namely ΔT1 5 ðTD 2 TsÞE1ðtÞ,
ΔT2 5 ðTp 2 TsÞE2ðtÞ, ΔT3 5 Ts 2 Tw, and ΔT4 5

P
ΔθiE2ðt2 ti 2 0:5ΔtiÞ. The

contributions of each part to the mean temperature of concrete under the simulta-

neous action of pipe cooling and natural cooling are derived in the following.

1. Contribution of ΔT1 5 ðTD 2TsÞE1ðtÞ
Considering the effect of pipe cooling, the contribution of ΔT1 to the mean tempera-

ture of concrete lift is (refer to Figure 4.17)

Tm1ðtÞ5 ðTD 2TsÞ
X

ΔE1ðtiÞφðt2 ti 2 0:5ΔtiÞ ð4:67Þ

2. Contribution of ΔT2 5 ðTp 2 TsÞE2ðtÞ
When t5 0, E2ð0Þ5 1:0, and ΔT2 5Tp 2Ts and when t5 t1, the temperature differ-

ence is ΔT2 5 ðTp 2 TsÞE2ðtÞ5 ðTp 2TsÞ½11ΔE2ðt1Þ� which can be resolved into two

parts; the first part is the constant temperature difference Tp 2 Ts which will become

ðTp 2TsÞϕðt1Þ due to pipe cooling and the second part is the variable temperature differ-

ence ðTp 2TsÞΔE2ðt1Þ which will become ðTp 2TsÞΔE2ðt1Þϕðt2 0:5Δt1Þ owing to pipe

cooling. Thus, the contribution of ΔT2 is (Figure 4.18)

Tm2ðtÞ5 ðTp 2 TsÞ½ϕðtÞ1
X

ΔE2ðtiÞϕðt2 ti 2 0:5ΔtiÞ� ð4:68Þ

Ts

Tp

TD Ts

l Ts Tp–Ts

TD–Ts

Ts 0

0=

(a) (b) (c) (d)

+ +

0

0 Figure 4.16 Decomposition of the initial

and boundary conditions.

l

TS TS t1 t2TD t

(TD−TS)E1(t)

(TD−TS)ΔE1(t2)

(TD−TS)ΔE1(t1)

Figure 4.17 Temperature difference

(TD2Ts)E1(t).

78 Thermal Stresses and Temperature Control of Mass Concrete



3. Contribution of ΔT3 5 Ts 2Tw
As shown in Figure 4.19, when t5 0, ϕð0Þ5 1:0, there is no temperature difference

between the upper and lower part of concrete; when t. 0, the temperature difference between

the upper and lower part of concrete will be ðTs 2 TwÞϕðtÞ. Thus the contribution ofΔT3 is

Tm3 5 ðTs 2 TwÞ½11
X

ΔϕðtiÞE2ðt2 ti 2 0:5ΔtiÞ� ð4:69Þ

4. Contribution of ΔT4 5
P

ΔθiE2ðt2 ti 2 0:5ΔtiÞ
Taking account of pipe cooling, the contribution of ΔT4 is

Tm4 5 TrmðtÞ5
X

ΔθðτiÞϕðt2 ti 2 0:5ΔtiÞE2ðt2 ti 2 0:5ΔtiÞ ð4:70Þ

To sum up, the mean temperature of a concrete lift is as follows:

TmðtÞ5Ts1ðTD2TsÞ
X

ΔE1ðtiÞϕðt2ti20:5ΔtiÞ1ðtp2TsÞ
½ϕðtÞ1

X
ΔE2ðtiÞϕðt2tl20:5Δti�1ðTs2TwÞ

X
ΔϕðtiÞE2ðt2ti20:5ΔtiÞ�

1TrmðtÞ
ð4:71Þ

l

TS

t1 t2

TP

t

(TP−TS)E2(t)

(TP−TS)ΔE2(t1)

(TP−TS)ΔE2(t2)

Figure 4.18 Temperature difference

(Tp2 Ts)E2(t).

(TS−TW)φ(t)

(TS−TW)φ(t)

(TS−TW)Δφ(t1)

(TS−TW)Δφ(t2)

t1 t2 t

TS

l

Figure 4.19 Contribution of

temperature difference Ts2Tw.
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If only one time increment Δt1 5 t is taken in Eq. (4.71), then ΔE1ðtÞ5E1ðtÞ,
ΔE2ðtÞ5E2ðtÞ2 1, and ΔϕðtÞ5ϕðtÞ2 1, and the simplified formula for the mean

temperature of concrete lift is derived in the following:

TmðtÞ5 Ts 1 ðTD 2 TsÞE1ðtÞϕð0:5tÞ1 ðTp 2 TsÞfϕðtÞ1 ½E2ðtÞ2 1�ϕð0:5tÞg
1 ðTs 2 TwÞ½ϕðtÞ2 1�E2ð0:5tÞ1 T 0

rmðtÞ
ð4:72Þ

in which

T 0
rmðtÞ5 θ0

X
Δf ðtiÞE2ðt2 ti 2 0:5ΔtiÞϕðt2 ti 2 0:5tiÞ ð4:73Þ

4.7.5 Practical Treatment of Boundary Condition on the Top Surface

In the above-mentioned computing method, it is assumed that the temperature of

the top surface of concrete lift is equal to air temperature. The following approxi-

mate method may be adopted to consider the influence of the third kind of bound-

ary condition:

1. Additional thickness λ/β
An additional thickness λ/β is put on the exposed surface of the concrete lift, the new

thickness of which will be

l5 l0 1λ/β ð4:74Þ

where

l—new thickness of the concrete lift

l0—the original thickness of the concrete lift

λ—the conductivity of concrete

β—the surface conductance of concrete.

The temperature of the new surface is equal to the air temperature.

2. Estimated surface temperature

For the semi-infinite solid x$ 0 with initial temperature T0, on basis of the third kind

of boundary condition, the temperature of the concrete surface is given by Eq. (5.6).

Example Concrete lift with thickness l5 1.50 m and initial temperature Tp 5 12�C,
the initial temperature of the lower old concrete TD5 20�C, the spacing of cooling

pipes 1.50 m3 1.50 m, the water temperature at the inlet Tw5 10�C, the tempera-

ture of concrete surface Ts5 15�C, the coefficient of pipe cooling p5 0.0437

(1/day), and the adiabatic temperature rise of concrete is

θðtÞ5 25:0½0:60ð12 e2:78tÞ1 0:40ð12 e2:078tÞ� ð4:75Þ
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The function of pipe cooling is

ϕðtÞ5 e2:0437t ð4:76Þ

The temperature rise due to hydration heat considering the effect of pipe cooling

is given by Eq. (4.70), the mean temperature of the concrete lift is given by

Eq. (4.71) or the simplified formula (4.72). The results of computation are given in

Table 4.2. It is clear that the precision of the simplified formula (4.72) is good so it

is extensively used in engineering.

Table 4.2 Example of Temperature Rise and Mean Temperature of Concrete Lift (�C)

Time (days) 0 1 2 3 4 5

Temperature rise due to hydration heat,

Eq. (4.70)

0 6.45 7.83 7.33 6.50 5.40

Mean

temperature of concrete lift

Eq. (4.71) 12.00 20.04 21.87 21.89 21.29 20.33

Eq. (4.72) 12.00 19.66 21.64 21.92 22.11 21.31
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5 Natural Cooling of Mass Concrete

5.1 Cooling of Semi-Infinite Solid, Third Kind of
Boundary Condition

Let the solid be bounded by the plane x5 0 and extend to infinity in the direction

of x positive, as shown in Figure 5.1, the problem to be solved is

Equation of heat conduction

@T

@τ
5 a

@2T

@x2
ð5:1Þ

Initial condition Tðx; 0Þ5 T0; when τ5 0

Boundary condition λ
@T

@x
1 βðTa 2TÞ5 0; when x5 0

@T

@x
5 0; when x5N

9>>>>>>>=
>>>>>>>;

ð5:2Þ

where

Ta—air temperature

T0—initial temperature

β—surface conductance

λ—conductivity.

The solution is

Tðx; τÞ5 T0 1 ðTa 2 T0Þf ðx; τÞ ð5:3Þ

f ðx; τÞ5 erfc
x

2
ffiffiffiffiffi
aτ

p
� �

2 exp
βx
λ

1w2

� �
� erfc x

2
ffiffiffiffiffi
aτ

p 1w

� �
ð5:4Þ

where

w5 β
ffiffiffiffiffi
aτ

p
=λ ð5:5Þ
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erfc x5 12 erf x5 12P(x), P(x) is the probability function, f(x,τ) is shown in

Figure 5.2.

If the air temperature varies with time, the concrete temperature is given by

Tðx; τÞ5 T0 1 ðTa 2 T0Þf ðx; τÞ1
X

ΔTaðτiÞf ðx; τ2 τiÞ ð5:6Þ

Let x5 0 in Eq. (5.4), we get the surface temperature

Ts 5 T0 1 ðTa 2 T0ÞGðtÞ ð5:7Þ
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Log10( β  aτ / λ)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

f(
x,

 t)

1.5
1.4
1.3
1.2
1.1
1.0
0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

x
2

0
aτ

 

Figure 5.2 Cooling function f(x,τ) of semi-infinite solid with third kind of boundary

condition.

X

Figure 5.1 Semi-infinite solid.
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GðtÞ5 12 expðw2Þ � erfc w ð5:8Þ

where

Ts—the surface temperature of concrete lift

T0—the initial temperature of concrete

Ta—the air temperature

T—time.

It is more convenient to compute G(t) by the following approximate formula

given by the writer:

GðtÞ5 12 expð2 0:85w0:76Þ ð5:9Þ

Example Semi-infinite concrete solid, conductivity λ5 10.0 kJ/(m h �C), diffusiv-
ity a5 0.10 m2/day, the concrete surface is insulated by 2 cm foamed polystyrene

plate with conductivity λ15 0.14 kJ/(m h �C) and surface conductance β05 70 kJ/

(m2 h �C), the initial temperature of the solid is T05 20�C, and the air temperature

Ta5 0�C. The results of computation are shown in Figure 5.3.

5.2 Cooling of a Slab with First Kind of Boundary Condition

Consider a slab of thickness L whose surfaces are kept at zero temperatures, as

shown in Figure 5.4. The problem to be solved is as follows:

Equation of heat conduction

@T

@τ
5 a

@2T

@x2
ð5:10Þ

Initial condition

τ5 0; 0# x#L; Tðx; 0Þ5 T0 ð5:11Þ

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

X(m)

4.0

8.0

12.0

16.0

20.0

T
(°

C
)

t = 0
t = 1 day

t = 3 days

t = 7 days

Figure 5.3 Example of semi-

infinite solid with third boundary

condition (surface insulated by

2 cm foamed polystyrene plate,

T05 20�C).
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Boundary condition

t. 0; x5 0; Tð0; τÞ5 0

τ. 0; x5 L; TðL; τÞ5 0

�
ð5:12Þ

The solution is

Tðx; τÞ5 4T0

π

XN
n21

1

2n2 1
sin

ð2n2 1Þπx
L

e2ð2n21Þ2π2aτ=L2 ð5:13Þ

The mean temperature is

TmðτÞ5
8T0

π2

XN
n21

1

ð2n21Þ2 e
2ð2n21Þ2π2aτ=L2 ð5:14Þ

Let

F0 5 aτ=L2 ð5:15Þ

which is a dimensionless number and is called the Fourier number.

From Eqs. (5.13) and (5.14), an important conclusion is derived: for two slabs

with different diffusivities a1, a2, different thicknesses L1, L2, and the same initial

temperature T0, if they have the same Fourier number F0, namely

a1τ1
L21

5F0 5
a2τ2
L22

ð5:16Þ

L

x

T0

T
 =

 0

Figure 5.4 A slab with uniform initial temperature.
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Tm1ðτ1Þ5 Tm2ðτ2Þ ð5:17Þ

and

T1ðx1; τ1Þ5 T2ðx2; τ2Þ

when

x1=L1 5 x2=L2 ð5:18Þ

The distribution of temperature in the slab is shown in Figure 5.5. In order to

give an obvious idea to the reader, the distribution of temperature in a slab of thick-

ness 10 m is shown in Figure 5.6. The mean temperature of the slab is shown in

Figure 5.7.

If the external temperature is Tc, the initial temperature is TB, then

T0 5 TB 2 Tc ð5:19Þ

and the mean temperature Tm of the slab is given by

Tm 5 Tc 1HT0 5 Tc 1HðTB 2 TcÞ ð5:20Þ

The coefficient H is shown in Figure 5.7.

Example Concrete slab, L5 40 m, a5 0.10 m2/day, the initial temperature

TB5 40�C, and external temperature Tc5 25�C, compute the mean temperature Tm
after 40-day cooling.

Figure 5.5 Distribution of temperature in a slab with uniform initial temperature T0 and

zero surface temperature.
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Figure 5.6 Distribution of temperature in a 10 m slab with uniform initial temperature T0
and zero surface temperature (a5 0.10 m2/day).

Figure 5.7 The mean temperature Tm of a slab with uniform initial temperature T0 and zero

surface temperature.
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F0 5
aτ
L2

5
0:103 40

402
5 0:0025

From Figure 5.7, H5 0.885, by Eq. (5.20), the mean temperature is

Tm 5 251 0:885ð402 25Þ5 251 13:35 38:3�C

5.3 Cooling of a Slab with Third Kind of Boundary Condition

As shown in Figure 5.8, consider an infinite slab with thickness L5 2l, uniform ini-

tial temperature T0, conductivity λ, diffusivity a, surface conductance β, and air

temperature Ta5 0.

Because of symmetry, take one half to analysis:

Equation of heat conduction

@T

@τ
5 a

@2T

@x2
ð5:21Þ

Initial condition

τ5 0; Tðx; 0Þ5T0 ð5:22Þ

T

T0

Ta Ta

x

λ / β λ / βl l

Figure 5.8 Cooling of a slab,

third kind of boundary condition.
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Boundary condition

t. 0; x5 0;
@T

@x
5 0 ð5:23Þ

t. 0; x5 l; 2λ
@T

@x
5βTðl; xÞ ð5:24Þ

The solution is

Tðx; τÞ5 T0
XN
n51

An cos
μnx

l
e2μ2naτ=l2 ð5:25Þ

where

An 5 2 sin μn=ðμn 1 sin μn cos μnÞ ð5:26Þ

The mean temperature is

TmðτÞ5 T0
XN
n51

Bn e
2μ2

naτ=l
2

5 T0
XN
n51

Bn e
2snτ 5 T0ηðτÞ ð5:27Þ

where

Bn 5
An sin μn

μn

5
2B2

i

μ2
nðB2

i 1Bi 1μ2
nÞ

ð5:28Þ

sn 5μ2
na=L

2 ð5:29Þ

Bi 5βl=λ ð5:30Þ

where

Bi—the Biot number

μn—the root of the characteristic equation:

cot μn 2μn=Bi 5 0 ð5:31Þ

Putting x5 l in Eq. (5.25), the surface temperature is

Tðl; τÞ5 T0
XN
n51

An cos μn e
2μ2naτ=l2 ð5:32Þ

The ratio Tm/T0 in Eq. (5.27) is shown in Figure 5.9.
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5.4 Temperature in a Concrete Slab with Harmonic
Surface Temperature

5.4.1 Concrete Slab with Zero Initial Temperature and Harmonic
Surface Temperature

As the surface temperature of mass concrete structure generally can be expressed by

cosine function of time, the temperature field of a slab with zero initial temperature

and surface temperature varying in cosine law of time as shown in Figure 5.10 is ana-

lyzed in the following. The problem is

Equation of heat conduction
@T

@τ
5 a

@2T

@x2

Initial condition τ5 0; Tðx; 0Þ5 0

Boundary condition x5 0 and x5 L; T 52A0 cos
2π
P

ðτ0 1 τÞ

9>>>>>=
>>>>>;
ð5:33Þ

where

A0—the amplitude of variation of surface temperature

Figure 5.9 The mean temperature of a slab, initial temperature T0, zero air temperature,

third kind of boundary condition.
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P—the period of variation of surface temperature

τ0—the interval between the time of minimum surface temperature and the placing of

concrete as shown in Figure 5.10.

The solution of Eq. (5.33) is

Tðx; τÞ 52A0 cos
2π
P

ðτ0 2 τÞ1 4A0

π
cos

2πτ0
P

XN
n51

e2ð2n21Þ2π2aτ=L2

ð2n2 1Þ sin
ð2n2 1Þπx

L

2
8A0

P

ðτ
0

sin
2π
P

ðτ0 2 ξÞ
XN
n51

sin
e2ð2n21Þ2π2aðτ2ξÞ=L2

ð2n2 1Þ sin
ð2n2 1Þπx

L
dξ

ð5:34Þ

The mean temperature is

Tm 52A0A0 cos
2π
P

ðτ0 1 τÞ2B0A0 sin
2π
P

ðτ0 1 τÞ

1C0A0 cos
2π
P

τ0 1D0A0 sin
2π
P

τ0
ð5:35Þ

or

Tm 52 ρA0 cos
2π
P

ðτ0 1 τ2 γÞ1C0A0 cos
2π
P

τ0 1D0A0 sin
2π
P

τ0 ð5:35aÞ
where

Mean surface temperature

A
m

pl
itu

de

Period  P

T

0

s

τ

τ

τ0

τ1

τ – ξξ

A
0

A
0

Figure 5.10 The variation of surface temperature with time.
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A0 5 12
32

π4
L4c

XN
n51

1

ð2n21Þ2½ð2n21Þ4 1 4L4c=π2�

B0 5
16

π3
L4c

XN
n51

1

ð2n21Þ4 1 4L4c=π2

C0 5
8

π2
L4c

XN
n51

ð2n21Þ2
ð2n21Þ4 1 4L4c=π2

e�ð2n21Þ2=π2F0

D0 5
16

π3
L4c

XN
n51

1

ð2n21Þ4 1 4L4c=π2
e2ð2n21Þ2=π2F0

γ5
P

2π
tan21 B0

A0

0
@

1
A; ρ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A02 1B02

p

Lc 5
Lffiffiffiffiffiffi
aP

p ; F0 5
aτ
L2

ð5:36Þ

C0 and D0 represent the influence of initial temperature. When τ!N,

C0 5D0 5 0, then the mean temperature becomes

T 0
m 52 ρA0 cos

2π
P

ðτ0 1 τ2 γÞ ð5:37Þ

which is a quasi-steady temperature varying periodically with time, the amplitude

and phase of variation is, respectively, ρA0 and γ. The coefficients A0, B0, C0, D0, ρ,
and γ are shown in Figures 5.11�5.14.

It is clear from Figure 5.14 that when L=
ffiffiffiffiffiffi
aP

p
$ 1:6, the lag to the mean temper-

ature will be

γ5
1

8
P ð5:38Þ

Taking a5 3.0 m2/month, for annual variation,
ffiffiffiffiffiffi
aP

p
5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
33 12

p
5 6, so the lag

of the mean temperature is

γ5
1

8
3 125 1:5 month

when L$ 10 m, because L=
ffiffiffiffiffiffi
aP

p
5 10=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:03 12

p
5 1:66.
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5.4.2 Concrete Slab, Initial Temperature T0, Harmonic Surface
Temperature

The concrete slab with uniform initial temperature T0 and harmonic surface temper-

ature is analyzed. Let τ1 be the calendar time, τ15 s being the time of minimum

external temperature, generally s5 0.5 month, from Figure 5.15,

τ0 5 τ1 2 s ð5:39Þ

The problem to be solved is

Equation of heat conduction
@T

@τ
5a

@2T

@x2

Initial condition τ50; Tðx;0Þ5T0

Boundary condition x50 andL;T5Tam2A0 cos
2π
P
ðτ01τÞ

9>>>>>=
>>>>>;

ð5:40Þ

Superposition of Eqs. (5.13) and (5.34) will give the solution of Eq. (5.40). The

mean temperature is

Tm 5 Tam 1 ðT0 2 TamÞH
1A0½2A0 cos ωðτ0 1 τÞ2B0 sin ωðτ0 1 τÞ
1C0 cos ωτ0 1D0 sin ωτ0�

ð5:41Þ

where ω5 2π/P.

Figure 5.11 Coefficients A0, B0, ρ.
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Figure 5.12 Coefficient C0.
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Figure 5.13 Coefficient D0.
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Example Concrete slab, thickness L5 30 m, diffusivity temperature

a5 0.0035 m2/day5 2.56 m2/month, the concrete is placed in the middle of May

(τ15 4.5 month), placing temperature Tp5 20�C, the temperature rise due to

hydration heat Tr5 18�C, the annual mean air temperature Tam5 12�C, the ampli-

tude of variation of air temperature A05 13�C. The time of minimum air tempera-

ture s5 0.5 month. It is required to grout the dam joints in the middle of March of

the second year (τ15 121 2.55 14.5 month) with mean temperature of dam 12�C.
Try to check whether the requirements can be satisfied by means of natural

cooling.

From Eq. (5.39),

τ0 5 τ1 2 s5 4:52 0:55 4:0 month

The time of natural cooling is

τ5 14:52 4:55 10:0 month

0 0.8 1.6 2.4 3.2 4.0

L/  aP

0.04

0.08

0.12

γ/
P

1/8
Figure 5.14 The lag of mean

temperature.

τi

Tc

ττi+l

τ– τi

ΔTc( τi )

Figure 5.15 Variation of external temperature

Tc.
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The initial temperature of concrete is

τ0 5 20:01 18:05 38:0�C

The period of variation P5 12 month

L=
ffiffiffiffiffiffi
aP

p
5 30=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:563 12

p
5 5:41

aτ=L2 5 2:563 10=302 5 0:02844

From Figures 5.7 and 5.11�5.13, the following constants are obtained

A0 5 0:100; B0 5 0:105; C0 5 0:005; D0 5 0:035; H5 0:615

By formula (5.41), the mean temperature of concrete in March of the next year is

Tm 5 12:01 0:615ð382 12Þ2 0:1003 13 cos
2π
12

ð4:01 10:0Þ

20:1053 133 sin
2π
12

ð4:01 10:0Þ1 0:0053 133 cos
2π
12

3 4:0

10:0353 133 sin
2π
12

3 4:0

5 12:01 16:02 0:652 1:182 0:031 0:395 26:5. 12

The results of computation show that the requirement cannot be satisfied by nat-

ural cooling.

5.5 Temperature in a Slab with Arbitrary External
Temperature

The temperature in a slab with arbitrary external temperature can be derived from

the solution of a slab with constant external temperature in Section 5.2 (first kind

of boundary condition) or 5.3 (third kind of boundary condition) by the principle of

superposition.

From Eq. (5.13), the temperature in a slab with initial temperature T0, external

temperature Tc5 constant, and the first kind of boundary condition is

Tðx; τÞ5 Tc 1 ðT0 2 TcÞhðx; τÞ ð5:42Þ

where

hðx; τÞ5 4

π

Xl

n51

1

2n21
sin

ð2n21Þπx
L

e2ð2n21Þ2π2aτ=L2 ð5:43Þ
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Let

f ðx; τÞ5 12 hðx; τÞ ð5:44Þ

and substitute it into Eq. (5.42), we get

Tðx; τÞ5 T0 1 ðTc 2 T0Þf ðx; τÞ ð5:45Þ

The mean temperature is

TmðτÞ5 T0 1 ðTc 2 T0ÞFðτÞ ð5:46Þ

in which FðτÞ5 12HðτÞ and H(τ) is given by Eq. (5.14). F(τ) is shown in

Figure 5.7.

As shown in Figure 5.15, the external temperature Tc may be transformed into a

series of increments ΔTc(τi) and the mean temperature of the slab with arbitrary

external temperature is given by

TmðτÞ5 T0 1 ðTc 2 T0ÞFðτÞ1
X

ΔTcðτiÞFðτ2τiÞ ð5:47Þ

where

ΔTcðτiÞ5 Tcðτi11Þ2 TcðτiÞ; τi 5
τi 1 τi11

2
ð5:48Þ

The process of computation is given in Table 5.1.

If the surface temperature of the two sides of the slab is different, e.g., on one

side is air temperature Ta(τ) and on the other side is water temperature Tw(τ),
Eq. (5.47) can still be used to compute the mean temperature of the slab, but it is

necessary to take the external temperature Tc(τ) as the following:

TcðτÞ5
1

2
TaðτÞ1 TwðτÞ½ � ð5:49Þ

Example Concrete slab, thickness L5 15 m, diffusivity a5 3.0 m2/month, placed

in June, placing temperature Tp5 25�C, temperature rise due to hydration heat

Tr5 10�C, initial temperature T05 Tp1 Tr5 251 105 35�C, try to compute the

mean temperature of slab under natural cooling by Eq. (5.47). When τ5 0, the

external temperature Tc05 26.0�C, Tc0 2 T0 5 26:02 35:052 9:0�C, the first

increment of external temperatureΔTc1 5 Tc1 2 Tc0 5 27:32 26:05 1:3�C; :::. The
process and results of computation are given in Table 5.2.
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Table 5.1 Calculation of Mean Temperature of a Slab with Arbitrary External Temperature

i Tc ΔTc
aτ
L2

F(τ) aðτ 2 τ iÞ
L2

Fðτ 2 τ iÞ ΔTcðτ iÞFðτ 2 τ iÞ

τ0 τ1 τ2 τ3 τ4

0 Tc0 Tc02 T0 0 F0 0 (Tc2 T0)F0 (Tc2T0)F1 (Tc2 T0)F2 (Tc2T0)F3 (Tc2 T0)F4

1 Tc0 ΔTc1 aΔτ/L2 F1 0.5a Δτ/L2 F0.5 ΔTc1F0.5 ΔTc1F1.5 ΔTc1F2.5 ΔTc1F3.5

2 Tc2 ΔTc2 2aΔτ/L2 F2 1.5a Δτ/L2 F1.5 ΔTc2F0.5 ΔTc2F1.5 ΔTc2F2.5

3 Tc3 ΔTc3 3aΔτ/L2 F3 2.5a Δτ/L2 F2.5 ΔTc3F0.5 ΔTc3F1.5

4 Tc4 ΔTc4 4aΔτ/L2 F4 3.5a Δτ/L2 F3.5 � ΔTc4F0.5

? ? ? ? ? ? ? �
Σ
Tm(τ)5 T01Σ

1
0
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5.6 Cooling of Mass Concrete in Two and Three Directions,
Theorem of Product

The problem of cooling of a rectangular parallelepiped as shown in Figure 5.16 is

as follows:

9>>>=
>>>;

Equation of heat conduction
@T

@τ
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

0
@

1
A

Initial condition Tðx; y; z; 0Þ5 T0 5 constant

Boundary condition Tð0; y; z; τÞ5 TðL1; y; z; τÞ5 Tc

Tðx; 0; z; τÞ5 Tðx; L2; z; τÞ5 Tc

Tðx; y; 0; τÞ5 Tðx; y;L3; τÞ5 Tc

ð5:50Þ

Table 5.2 Example of Mean Temperature in Slab with Arbitrary External Temperature Tc

Month Tc

(�C)
ΔTc

(�C)
τ
(month)

aτ
L2

F

(τ)
aðτ 2 τ iÞ

L2

Fðτ 2 τ iÞ ΔTcðτ iÞFðτ 2 τ iÞ
For Different Months

6 7 8 9

6 26.0 29.0 0 0 0 0 22.34 23.33 24.05

7 27.3 11.3 1 0.0133 0.26 0.0067 0.20 0.26 0.42 0.55

8 26.3 21.0 2 0.0267 0.37 0.0200 0.32 20.20 20.32

9 22.6 23.7 3 0.0400 0.45 0.0333 0.42 20.68

Σ 0 22.08 23.11 24.50

Tm5 35.01Σ 35.0 32.92 31.89 30.5

L2

L 1

L 3

x

z

y

Figure 5.16 A rectangular

parallelepiped.
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It has been proved that the solution T(x,y,z,τ) of Eq. (5.50) is the product of the

solutions of three one-variable problems and may be expressed in the following:

Tðx; y; z; τÞ2 Tc

T0 2 Tc
5

Tðx; τÞ2 Tc

T0 2 Tc
� Tðy; τÞ2 Tc

T0 2 Tc
� Tðz; τÞ2 Tc

T0 2 Tc
ð5:51Þ

where T(x,τ), T(y,τ), and T(z,τ) are respectively the one-dimensional solutions in x,

y, z directions. For example, T(x,τ) is the solution of the following problem:

Equation of heat conduction
@Tðx; τÞ

@τ
5 a

@2Tðx; τÞ
@x2

Initial condition Tðx; 0Þ5 T0
Boundary condition Tð0; τÞ5 TðL1; τÞ5 Tc

9>>>=
>>>;

ð5:52Þ

Equation (5.51) is called the theorem of product. The mean temperature Tm of

the rectangular parallelepiped may be computed as follows:

Tm 2 Tc

T0 2 Tc
5

Tmx 2 Tc

T0 2 Tc
3

Tmy 2 Tc

T0 2 Tc
3

Tmz 2 Tc

T0 2 Tc
5HxHyHz ð5:53Þ

or

Tm 5 Tc 1HðT0 2 TcÞ ð5:54Þ

in which

H5HxHyHz ð5:55Þ

where

Tm—mean temperature of parallelepiped

Tmx, Tmy, Tmz—mean temperature of one-variable problem in x, y, z directions,

respectively

H—residual ratio of three-dimensional problem

Hx, Hy, Hz—one-dimensional residual ratio in x, y, z directions, respectively.

From Eq. (5.55), it is clear that the residual ratio H of a three-dimensional prob-

lem is equal to the product of three residual ratios Hx, Hy, Hz of one-dimensional

problems in x, y, z directions.

For a two-dimensional problem, the temperature T(x,y,τ) may be expressed as

follows:

Tðx; y; τÞ2 Tc

T0 2 Tc
5

Tðx; τÞ2 Tc

T0 2 Tc
3

Tðy; τÞ2 Tc

T0 2 Tc
ð5:56Þ
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or

Tðx; y; τÞ5 Tc 1 hðx; τÞhðy; τÞðT0 2 TcÞ ð5:57Þ

where

hðx; τÞ5 Tðx; τÞ2 Tc

T0 2 Tc
; hðy; τÞ5 Tðy; τÞ2 Tc

T0 2 Tc
ð5:58Þ

The mean temperature Tm is given by

Tm 5 Tc 1HxHyðT0 2 TcÞ ð5:59Þ
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6 Stress�Strain Relation and Analysis
of Viscoelastic Stress of Mass
Concrete

6.1 Stress�Strain Relation of Concrete

Under the action of stress in one direction, the total deformation ε(t) of concrete at

time t may be expressed in the following [5, 17-19, 37-40, 79, 96-98]:

εðtÞ5 εeðtÞ1 εcðtÞ1 εsðtÞ1 εTðtÞ1 εgðtÞ ð6:1Þ

where

εe(t)—the instantaneous elastic strain due to stress

εc(t)—the creep strain due to stress

εs(t)—the shrinkage strain due to loss of water in concrete

εT(t)—the thermal strain due to change of temperature

εg(t)—the autogenous strain.

In the right part of Eq. (6.1), the first two terms, εe(t) and εc(t) are caused by the

stress and the last three terms, εs(t), εT(t), and εg(t), are independent of stress. The

computing method of the elastic strain εe(t) and the creep strain εc(t) due to stress

are described in this chapter.

6.1.1 Strain of Concrete due to Constant Stress

Assuming that the one-dimensional stress σ(τ) is applied to concrete at age τ, the
instantaneous elastic strain εe(τ) produced at the instant of application of stress is

εeðτÞ5 σðτÞ
EðτÞ ð6:2Þ

where

E(τ)—the instantaneous modulus of elasticity of concrete at age τ.
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If the stress does not vary with time t, then the strain will increase slowly with

time, as shown in Figure 6.1; this part of strain is called creep of concrete.

Experimental results show that when the tensile stress does not exceed 70% of ten-

sile strength and the compressive stress does not exceed 50% of compressive

strength, the principle of superposition is valid, and the creep strain εc(t) may be

computed by [5]

εcðtÞ5σðτÞCðt; τÞ ð6:3Þ

where C(t,τ)—the creep produced under the action of unit stress and is called the

unit creep of concrete whose dimension is MPa21.

Thus, if the stress is applied at age τ, the total strain at time t is the sum of the

instantaneous elastic strain εe(t) and the creep strain εc(t), namely

εðtÞ5 εeðτÞ1 εcðtÞ5 σðτÞ
EðτÞ 1σðτÞCðt; τÞ5σðτÞJðt; τÞ ð6:4Þ

where

Jðt; τÞ5 1

EðτÞ 1Cðt; τÞ ð6:5Þ

where J(t,τ)—the creep compliance whose dimension is MPa21.

If unit stress σ5 1 MPa is applied at t5 τ0,τ1,τ2,. . ., a group of strain curves

will be obtained, as shown in Figure 6.2.

The creep compliance of concrete J(t,τ) can also be expressed in the following:

Jðt; τÞ5 11ϕðt; τÞ
EðτÞ ð6:6Þ

ε (t)

τ t

τ

σ

σ 
(τ

)
σ 

(τ
)/

E
(τ

) 
σ 

(τ
)C

(t
,τ

)

t

Figure 6.1 The strain of concrete under the

action of constant stress.
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where

ϕðt; τÞ5EðτÞCðt; τÞ5Cðt; τÞ:½1=EðτÞ� ð6:7Þ

where φ(t,τ)—the coefficient of creep and is equal to the ratio of creep to elastic

strain.

The reciprocal of creep compliance is called the sustained modulus of elasticity

or the effective modulus of elasticity and is denoted by E�(t,τ) and

E�ðt; τÞ5 1

Jðt; τÞ 5
EðτÞ

11ϕðt; τÞ 5
EðτÞ

11EðτÞCðt; τÞ ð6:8Þ

6.1.2 Strain of Concrete due to Variable Stress

If the stress σ(τ0) is applied at t5 τ0 and then the stress σ(t) varies with time, the

strain at time t is given by

εðtÞ2 ε0ðtÞ5σðτ0ÞJðt; τ0Þ1
ðt
τ0
Jðt; τÞ dσ

dτ
dτ ð6:9Þ

where ε0(t)—the strain independent of stress.

6.1.3 Modulus of Elasticity and Creep of Concrete

The modulus of elasticity E(τ) of concrete is dependent on the age τ and can be

expressed by one of the following three formulas:

Exponential formula

E5E0ð12 e2mτÞ ð6:10Þ

Complex exponential formula

E5E0ð12 e2aτb Þ ð6:11Þ

τ0 τ1 τ2 t

J(
t,τ

)

J(t,τ0)

J(t,τ1)

1/E(τ,)

Figure 6.2 The creep compliance of

concrete for stress applied at different

ages.
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Hyperbolic formula

E5E0τ=ðn1 τÞ ð6:12Þ

The exponential formula (6.10) is suitable for mathematical manipulation but

does not agree well with test results. The complex exponential formula (6.11) and

the hyperbolic formula (6.12), all proposed by the writer, agree well with test

results and are now applied extensively in practice.

The creep of mass concrete may be expressed by the following formula:

Cðt;τÞ5 ðf11g1τ2p1Þ½12e2r1ðt2τÞ�1 ðf21g2τ2p2 Þ½12e2r2ðt2τÞ�1Dðe2sτ2e2sτÞ
ð6:13Þ

where f1,g1,r1,. . .,D, and s—constants.

For example, the modulus of elasticity and unit creep of mass concrete of

Gongzui gravity dam are expressed by the following formulas:

EðτÞ5 38; 500½12 expð2 0:402τ0:335� ðMPaÞ ð6:14Þ

Cðt; τÞ5 ð7:01 64:4τ20:45Þ½12 e20:30ðt2τÞ�
1ð16:01 27:2τ20:45Þ½12 e20:005ðt-τÞ� ð1026=MPaÞ

ð6:15Þ

Owing to the property of exponential function, the exponential formula (6.13) is

very suitable for the numerical stress analysis of mass concrete structure when the

influence of creep is considered.

The creep compliance of concrete can also be expressed by logarithmic function

of time as follows:

Jðt; τÞ5 1

C lnðτb 1 1Þ 1 ðA0 1A1τ2B1 Þlnðt2 τ1 1Þ ð6:16Þ

For example, the creep compliance of concrete of Felly Cangon dam is

expressed by

Jðt; τÞ5 1000

24:0 lnðτ0:30 1 1Þ 1 ð0:201 11:0τ20:29Þlnðt2 τ1 1Þ ð1026=MPaÞ

ð6:17Þ

The logarithmic formula (6.16) is simple and agrees well with the test results

(Figure 6.3), but it is not suitable for stress analysis of concrete when the influence

of creep is considered by the finite element method.

Some formulas for E(τ) and C(t,τ) adopted in practical concrete dams are given

below for reference. All of them are based on the results of creep tests in the

laboratory.
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1. Tongfeng arch dam

EðτÞ5 41:4½12 expð2 0:52τ0:35Þ� ðGPaÞ ð6:18Þ

Cðt; τÞ5 ð3:01 70τ20:50Þ½12 e20:30ðt2τÞ�1 ð1:01 4:0τ20:50Þ½12 e20:0050ðt2τÞ� ð1026=MPaÞ
ð6:19Þ

2. Xiaowang arch dam, C18040 (C18040 means that the compressive strength at age 180 days

is 40 MPa)

EðτÞ5 35;000½12 expð2 0:44τ0:29Þ� ðMPaÞ ð6:20Þ

Cðt; τÞ5 56:5τ20:405½12 e20:604ðt2τÞ�1 ð3:751 24:5τ26:53Þ½12 e20:034ðt2τÞ�
126:1e20:0213τ ½12 e20:0213ðt2τÞ� ð1026=MPaÞ

ð6:21Þ

3. Xilaodu arch dam, C18035

EðτÞ5 40;800½12 expð2 0:22τ0:56Þ� ðMPaÞ ð6:22Þ

Cðt; τÞ5 ð2:021 74:1τ20:697Þ½12 e20:306ðt2τÞ�1 ð5:301 24:6τ23:0Þ½12 e0:109ðt2τÞ�
123:3e20:0373τ ½12 e20:00373ðt2τÞ� ð1026=MPaÞ

ð6:23Þ

4. Jingping-I arch dam

EðτÞ5 36;800½12 expð2 0:354τ0:398Þ� ðMPaÞ ð6:24Þ
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Figure 6.3 Creep compliance of concrete of Felly Cangon dam.
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Cðt; τÞ5 ð3:991 74:7τ20:727Þ½12 e20:925ðt2τÞ�1 ð5:741 24:8τ21:25Þ½12 e20:0139ðt2τÞ�
122:4e20:0334τ ½12 e20:0334ðt2τÞ� ð1026=MPaÞ

ð6:25Þ

5. Xiangjiaba gravity dam, C9020

EðτÞ5 44;500τ=ð3:371 τÞ ðMPaÞ ð6:26Þ

Cðt; τÞ5 ð5:971 68:1τ20:902Þ½12 e20:862ðt2τÞ�1 ð0:1401 32:7τ20:288Þ
½12 e20:0298ðt2τÞ� ð1026=MPaÞ

ð6:27Þ

6.1.4 Lateral Strain and Poisson’s Ratio of Concrete

Under action of constant stress σ(τ) applied at time τ in the x direction, the elastic

strain is σx(τ)/E(τ) and the creep strain is σx(τ)/C(t,τ). Experimental results show

that in the y and z directions, there will be lateral elastic strain

εeyðtÞ5 εezðtÞ52μ1ðτÞ
σxðτÞ
EðτÞ ð6:28Þ

and the lateral creep strain

εeyðtÞ5 εczðtÞ52μ2ðt; τÞσxðτÞCðt; τÞ ð6:29Þ

The total lateral strain will be

εyðtÞ5 εzðtÞ52 σxðτÞ
μ1ðτÞ
EðτÞ 1μ2ðt; τÞCðt; τÞ

� �
ð6:30Þ

where μ1(τ) is the Poisson’s ratio for elastic strain and μ2(t,τ) is the Poisson’s ratio
for creep strain. Theoretically, μ1(τ) is a function of τ and μ2(t,τ) is a function of

t and τ.
Experimental results show that μ1(τ) and μ2(t,τ) are equal to 0.10�0.25 for con-

crete with different aggregates. In engineering analysis, generally Poisson’s ratio is

taken

μ1ðτÞ5μ2ðt; τÞ5μ ð6:31Þ

Thus the total lateral strain under long time action of constant stress σx(τ) is

εyðtÞ5 εzðtÞ52μσxðτÞ
1

EðτÞ 1Cðt; τÞ
� �

52μσxJðt; τÞ ð6:32Þ

When there are no test results, we may take μ5 1/6 for mass concrete.
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6.2 Stress Relaxation of Concrete

6.2.1 Stress Relaxation of Concrete Subjected to Constant Strain

When the strain ε(τ) is imposed to concrete at age τ, the stress at the instant of

application of strain is

σðτÞ5EðτÞεðτÞ ð6:33Þ

If the strain ε(τ) does not change with time, namely

εðtÞ5 εðτÞ5 constant ð6:34Þ

as shown in Figure 6.4, under the action of constant strain, the stress will decrease

slowly with time and the stress at time t will be

σðtÞ5Rðt; τÞεðτÞ ð6:35Þ

where R(t,τ)—the relaxation modulus of concrete.

Refer to Figure 6.4, under the action of constant strain ε(t)5 constant, the ratio

of the stress σ(t) at time t to the stress σ(τ) at time τ when the strain is imposed is

called the relaxation coefficient and denoted by K(t,τ), thus

Kðt; τÞ5 σðtÞ
σðτÞ ð6:36Þ

σ E(τ) ε(τ)

R(t,τ) ε(τ)

τ t

τ t

ε(τ)
ε

Figure 6.4 The stress relaxation of

concrete.
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Substituting Eqs. (6.33) and (6.35) into Eq. (6.36), the following equation is

derived:

Kðt; τÞ5 Rðt; τÞ
EðτÞ ð6:37aÞ

or

Rðt; τÞ5Kðt; τÞEðτÞ ð6:37bÞ

The relaxation coefficients of conventional concrete of Liujiaxia gravity dam

are shown in Figure 6.5 and those of roller-compacted concrete (RCC) of Longtang

gravity dam are shown in Figure 6.6.

6.2.2 Method for Computing the Relaxation Coefficient from Creep of
Concrete

As the creep test is simpler than the relaxation test, generally only creep test is con-

ducted and the relaxation coefficients are calculated from the results of creep test

of concrete. The method of calculation is given in the following.

Let the stress-free strain ε0(t)5 0 in Eq. (6.9), the strain caused by stress is

given by

εðtÞ5 σðτ0Þ
Eðτ0Þ

1σðτ0ÞCðt; τ0Þ1
ðt
τ0
Jðt; τÞ dσ

dτ
dτ ð6:38Þ

If the strain is kept constant with time:

εðtÞ5 σðτ0Þ
Eðτ0Þ

5 constant ð6:39Þ
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Figure 6.5 The relaxation coefficients of the conventional concrete of Liujiaxia gravity dam.
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Subtracting Eq. (6.39) from Eq. (6.38), we get the fundamental equation for com-

puting relaxation coefficient as follows:

σðτ0ÞCðt; τ0Þ1
ðt
τ0
Jðt; τÞ dσ

dτ
dτ5 0 ð6:40Þ

The ratio of σ(t) given by the above equation to σ(τ0) is the relaxation

coefficient.

Taking the initial stress σ(τ0)5 1, we get

Cðt; τ0Þ1
ðt
τ0
Jðt; τÞdσ5 0 ð6:41Þ

The stress σ(t) given by the above equation is the relaxation coefficient. Dividing

t2 τ0 into a series of time increments Δτi, Eq. (6.41) is transformed into the

following equation:

Cðτn;τ0Þ1Jðτn;τ1ÞΔσ11Jðτn;τ2ÞΔσ21?1Jðτn;τn21ÞΔσn211Jðτn;τnÞΔσn50

ð6:42Þ

Hence the nth stress increment is

Δσn 52
Cðτn; τ0Þ1

Pn21
i51 Jðτn; τiÞΔσi

Jðτn; τnÞ
ð6:43Þ
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Figure 6.6 The relaxation coefficients of RCC of Longtang RCC gravity dam.
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where

Jðτn; τiÞ5
1

EðτiÞ
1Cðτn; τiÞ

τi 5 ðτi21 1 τiÞ=2 ð6:44Þ

The relaxation coefficient is

Kðt; τÞ5 11
X

Δσi ð6:45Þ

6.2.3 Formulas for Relaxation Coefficient

The relaxation coefficient K(t,τ) is dependent on two variables τ and t and may be

expressed by the following formulas proposed by the writer:

1. Exponential formula

Kðt; τÞ5 12
Xn
i51

ðai 1 biτ2di Þ½12 e2hiðt2τÞ� ð6:46Þ

where ai, bi, di, and hi are constants. For the conventional mass concrete, the relaxation

coefficient may be given by

Kðt; τÞ5 12 ð0:251 0:25τ20:40Þ½12 e20:20ðt2τÞ�2 ð0:151 0:30τ20:40Þ½12 e20:0060ðt2τÞ�
ð6:47Þ

2. Compound exponential formula

Kðt; τÞ5 12ψðτÞf12 exp½2mðτÞðt2τÞnðτÞ�g
ψðτÞ5ψ0 1 ð12ψ0Þexpð2 f τgÞ
mðτÞ5m0 1m1τ2λ

nðτÞ5 n0 1 n1τ2β

9>>>>=
>>>>;

ð6:48Þ

where ψ0, f, g, m0, m1, λ, n1, and β—material constants.

For example, the relaxation coefficient of mass concrete of Gongzui gravity

dam is

Kðt; τÞ5 12 ½0:471 0:53 expð2 0:623τ0:170Þ�
3 f12 exp½2 ð0:201 0:271τ20:225Þðt2τÞð0:32610:125τ20:583Þ�g

ð6:49Þ
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6.3 Modulus of Elasticity, Unit Creep, and Relaxation
Coefficient of Concrete for Preliminary Analysis [39, 40]

The modulus of elasticity E(τ), unit creep C(t,τ), and relaxation coefficient K(t,τ)
are required in the viscoelastic stress analysis of mass concrete. They may be esti-

mated by the following formulas when there are no test results:

1. E(τ), C(t,τ), K(t,τ) for conventional mass concrete

EðτÞ5E0½12 expð2 0:40τ0:34Þ� ð6:50Þ

Cðt; τÞ5C1ð11 9:20τ20:45Þ½12 e20:30ðt2τÞ�1C2ð11 1:70τ20:45Þ½12 e20:0050ðt2τÞ� ð6:51Þ

Kðt; τÞ5 12 ð0:251 0:25τ20:40Þ½12 e20:20ðt2τÞ�2 ð0:151 0:30τ0:40Þ½12 e20:0060ðt2τÞ�
ð6:52Þ

where C15 0.23/E0, C25 0.52/E0, E05 1.05E(360) (or E05 1.20E(90), or E05 1.45E(28)).

The unit of time is day.

2. E(τ), C(t,τ), K(t,τ) for RCC.

EðτÞ5E0½12 expð2 0:31τ0:35Þ� ð6:53Þ

Cðt; τÞ5 0:10

E0

ð11 30:0τ20:50Þ 12 e20:30ðt2τÞ� �
1

0:15

E0

ð11 1:0τ20:40Þ 12 e20:0020ðt2τÞ� �
ð6:54Þ

Kðt; τÞ5 12 ð0:231 0:24τ20:40Þ½12 e0:20ðt2τÞ�2 ð0:131 0:29τ20:40Þ½12 e20:0060ðt2τÞ�
ð6:55Þ

6.4 Two Theorems About the Influence of Creep on the
Stresses and Deformations of Concrete Structures
[17, 18, 33, 35]

The influence of creep on the stresses and deformations of concrete structure

depends on the boundary conditions shown in Table 6.1 and whether the structure

is homogeneous. Alfrey had studied the homogeneous structure under simple

boundary conditions, namely cases (1) and (2) in Table 6.1 [17]. The writer had

studied the nonhomogeneous structure under mixed boundary condition, i.e., case 6

in Table 6.1 (cases 1�5 are special cases of case 6) and proposed two theorems [33].

Consider the structure consisting of two kinds of materials. The material constants

in region I are E1(τ), C1(t, τ), μ1(t, τ), and those in region II are E2(τ), C2(t, τ),
μ2(t, τ).
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If the material constants tally with the proportional relations,

or

E1ðτÞC1ðt; τÞ5E2ðτÞC2ðt; τÞ

C1ðt; τÞ:C2ðt; τÞ5
1

E1ðτÞ
:

1

E2ðτÞ
μ1 t1τð Þ5μ2 t2τð Þ5μ

9>>>>=
>>>>;

ð6:56Þ

it is called the structure of proportional material constants.

Theorem I For the homogeneous structure or the nonhomogeneous viscoelastic

structure whose material constants satisfy the proportional relations (6.56), if

change of temperature in the structure is zero, part of its boundary is subjected to

external force, and part of its boundary is fixed (no displacement), then the stresses

in the structure due to the action of body force and external force are not influenced

by the creep of concrete and the strain εx(x,y,z,t) and displacement u(x,y,z,t) of any

point (x,y,z) at time t may be determined from the elastic strain εexðx; y; z; τ0Þ and
elastic displacement ue(x,y,z,τ0) at time τ0 by the following equations:

εxðx; y; z; tÞ5 εexðx; y; z; τ0Þ½11Eðτ0ÞCðt; τ0Þ�
uðx; y; z; tÞ5 ueðx; y; z; τ0Þ½11Eðτ0ÞCðt; τ0Þ�

)
ð6:57Þ

Theorem II For the homogeneous structure or the nonhomogeneous viscoelastic

structure whose material constants satisfy the proportional relation (6.56), if the

body force is zero, the change of temperature in the structure is not zero, part of

Table 6.1 Boundary Conditions of Structures

First Kind Problem Second Kind Problem Mixed Problem

Homogeneous

(1)
T (2)

T

B2

B1

(3)

Nonhomogeneous

II

I
(4)

II

I
T

T (5)
B2

B1
II

I

T

(6)
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the boundary is free, and part of the boundary is subjected to known displacements,

then under the action of the temperature and the imposed boundary displacements,

the displacements of the structure is the same as those of the elastic structure and

the stress of the structure may be computed with relaxation coefficients by the

following equation:

σðx; y; z; tÞ5
X

Δσeðx; y; z; τiÞKðt; τiÞ ð6:58Þ

where

K(t,τ0)—the relaxation coefficient

Δσe(x,y,z,τi)—the increment of elastic stress.

6.5 Classification of Massive Concrete Structures and
Method of Analysis

According to the two theorems in Section 6.4, the massive concrete structures may

be classified into two kinds as follows:

1. Structure of proportional deformation

This first kind of structure includes

a. homogeneous structure supported on rigid foundation;

b. nonhomogeneous structure with material constants satisfying proportional relation

(6.56) and supported on rigid foundation;

c. nonhomogeneous structure supported on viscoelastic foundation and all the material

constants of the structure and foundation satisfy the proportional relation (6.56).

For the structure of proportional deformation, the viscoelastic stresses and deforma-

tions may be computed from the elastic stress and deformations by Eqs. (6.57) and

(6.58).

2. Structure of nonproportional deformation

This second kind of structure includes all the structures other than the structure of pro-

portional deformation. The stresses and deformation of this kind of structure generally

must be computed by the finite element method.

6.6 Method of Equivalent Modulus for Analyzing Stresses
in Matured Concrete due to Harmonic Variation of
Temperature

The modulus of elasticity and unit creep for matured concrete can be expressed by

EðτÞ5E5 constant

Cðt; τÞ5C1½12 e2r1ðt2τÞ�

)
ð6:59Þ
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where E, C1, and r1 are constants. Considering the quasi-steady temperature field

and taking τ052N, the strain at time t is given by

εðtÞ5 σðtÞ
E

1

ðt
2N

C1r1 e
2r1ðt2τÞσðtÞdτ ð6:60Þ

Because the air temperature and the water temperature generally vary with

cosine function of time, after disappearance of the initial influence, the temperature

and stresses of any point in the interior of the structure will vary with cosine func-

tion of time, so the stress may be expressed by

σðtÞ5σ0 cos ωðt1 ηÞ ð6:61Þ

where

ω5 2π/P—circular frequency

P—period of variation

σ0—amplitude of variation

η—phase difference.

Substituting Eq. (6.61) into Eq. (6.60), we get

εðtÞ5 σ0

ρE
cos ωð11 η2 ξÞ ð6:62Þ

where

ρ5 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 1 b2

p

ξ5
1

ω
tan21 b

a

0
@

1
A

a5 11
Ec1r

2
1

r21 1ω2

b5
Ec1r1ω
r21 1ω2

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

ð6:63Þ

where ξ—the phase difference between the maximum strain and the maximum

stress.

Let

E� 5 ρE
t� 5 t2 ξ

)
ð6:64Þ
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and substitute them into Eq. (6.62), we get

εðtÞ5 σ0

E� cos ωðt1 η�Þ ð6:65Þ

The above equation is consistent with the stress�strain relation of elastic body

in shape, thus the following conclusion is derived: The viscoelastic body under the

action of harmonic stress may be replaced by an equivalent elastic body with

equivalent modulus of elasticity E� 5 ρE and analyzed by elastic method which

gives rise to stress σ0, strain ε0, and phase difference η�, then, σ0, ε0, and η� are

equal to the maximum stress, maximum strain, and phase difference of the original

viscoelastic body. This method proposed by the writer is called the equivalent mod-

ulus method [37].
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7 Thermal Stresses in Fixed Slab or
Free Slab

The fixed and free slabs are two simple structural types for studying the thermal

stresses in massive concrete structures.

The fixed slab is a thin concrete slab placed on a rigid foundation with infinite

plane dimensions. Due to the restraint of the rigid foundation, the horizontal displace-

ments and turn of the slab are zero. The free slab is free of external restraint and can

deform freely in all directions. The thermal stresses in a free slab are induced by the

nonuniform distribution of temperature in the slab. Through the fixed and free slabs,

readers can understand some basic rules and important characteristics of the thermal

stresses in massive concrete structures.

7.1 Thermal Stresses in Fixed Slab [7, 8]

7.1.1 Computation of the Temperature Field

As shown in Figure 7.1, it is assumed that the temperature varies only in the

z-direction, i.e., T5 T(z,t). The top surface of the slab is exposed in the air and the

bottom surface is in contact with rock foundation. There is hydration heat of

cement in the slab, and there is no hydration heat in the rock. Generally, the tem-

perature field is computed by the finite difference method.

7.1.2 The Elastic Thermal Stress

Due to the restraint of rigid foundation, the slab is perfectly restrained in the x- and

y-directions, thus

εx 5 εy 5 0 ð7:1Þ

The slab is free in the z-direction, so

σz 5 0 ð7:2Þ
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According to Hooke’s law, we have

εx 5
σx 2μσy

E
1αT 5 0 ð7:3Þ

εy 5
σy 2μσx

E
1αT 5 0 ð7:4Þ

Multiplying Eq. (7.4) by μ and adding to Eq. (7.3), we get

ð12μ2Þσx

E
1 ð11μÞαT 5 0 ð7:5Þ

Dividing Eq. (7.5) by (11μ), the fundamental equation for computing elastic

thermal stresses in a fixed slab with constant modulus of elasticity is derived

σ5 σx 5σy 52
EαT
12μ

ð7:6Þ

Practically, the modulus of elasticity of concrete varies with age. In order to

consider this important factor, the incremental method is adopted. The time t is

divided into a series of time increments Δti, i5 1,2, . . . ,n. As shown in Figure 7.2,

the temperature increment in Δti is

DTi 5 TðtiÞ2 Tðti21Þ ð7:7Þ

The elastic stress increment induced by Δti is

Δσe
i 552

EiαΔTi

12μ
ð7:8Þ

where

Ei 5 ½Eðti21Þ1EðtiÞ�=2 ð7:9Þ

0

y

x

z Figure 7.1 A fixed slab.
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7.1.3 The Viscoelastic Thermal Stresses

According to Theorem II in Section 6.4, the viscoelastic thermal stresses in a fixed

slab may be computed by the method of relaxation coefficient as follows:

σðtÞ5
Xn
i51

Δσe
i Kðt; τiÞ52

Xn
i51

EiαΔTi

12μ
Kðt; τi Þ ð7:10Þ

where Kðt; τiÞ is the relaxation coefficient, τ5 ðτi21 1 τiÞ=2.

7.1.4 The Thermal Stresses in Fixed Slab Due to Hydration Heat of
Cement

In order to study the variations of thermal stresses in fixed slabs of different thick-

ness, the thermal stresses in fixed slabs with thickness h5 1, 2, 3, 4, 5 m are com-

puted in the following.

The adiabatic temperature rise of concrete is

θ5
θ0τ

1:001 τ
ð7:11Þ

The modulus of elasticity is

EðτÞ5E0½12 expð2 0:40τ0:34Þ� ð7:12Þ

The relaxation coefficient is

Kðt;τÞ512 ½0:4010:60expð20:62τ0:17Þ�3f12exp½2ð0:2010:27τ20:23Þðt2τÞ0:36�g
ð7:13Þ

E , T

E(t)

Ti – 1

ti –1 ti t

Ti 

Ei 

Figure 7.2 The variation of

temperature and modulus

of elasticity.
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The unit of time is day. The thermal properties of concrete and rock are the

same: the diffusivity a5 0.10 m2/day, the conductivity λ5 220 kJ/(m d �C), the

surface conductance β5 2000 kJ/(m2 d �C).
The temperature field is computed by the finite difference method.

The temperature distributions in a fixed slab with thickness 3 m are shown in

Figure 7.3. The maximum temperatures appear in the central part of the slab.

The variations of temperatures at the center of fixed slabs with different thick-

ness are shown in Figure 7.4. It is clear that the higher temperature will appear in a

thicker slab.

The thermal stresses due to hydration heat of cement at different times in a fixed

slab with 3 m thickness are shown in Figure 7.5. The slab is subjected to compres-

sive stress before τ5 2 days, because the expansion induced by temperature rise is

0 0.20 0.40 0.60
T/θ0

0.80

200.0

3.
00

 m

Rock

0.5 days
15.0 1.0

10.0
2.0

5.0 days

60.0

30.0

Concrete

Figure 7.3 Distribution of temperatures in a concrete

slab with 3 m thickness.
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restrained by the foundation. Owing to natural cooling of the slab, the tensile

stresses appear near the top surface after 5 days and the whole section of the slab is

subjected to tensile stress after 30 days. The maximum tensile stress is 0.235

E0αθ0/(12μ) when t !N. The compressive stress induced by temperature rise in

the early age was small because E(τ) and K(t,τ) were small in the early age. On

the other hand, E(τ) and K(t,τ) were large at late age and when the temperature

dropped from the maximum to zero, the tensile stress caused by the temperature

change is so big that there will be remarkable residual tensile stress in the slab after

complete cooling which may lead to cracking. This is an important peculiarity of

thermal stress of massive concrete structures.

The viscoelastic thermal stresses at the centers of fixed slabs due to hydration

heat of cement are shown in Figure 7.6. They are compressive stresses in early age

and tensile stresses in later age.

Time (days)
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2 m
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5 m

Figure 7.4 Variation of temperatures due to hydration heat of cement at the center of

concrete slab of different thickness on rock foundation.
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Figure 7.5 Viscoelastic thermal stresses due to hydration heat of cement in a fixed slab of

3 m thickness on rock foundation [unit: (12μ)σ/E0αθ0].
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7.2 Method for Computing Thermal Stresses in a Free Slab [7, 8]

7.2.1 Elastic Thermal Stress in a Free Slab When the Modulus of
Elasticity is Constant

In an infinite slab shown in Figure 7.7, it is assumed that the temperature varies

only in the direction of thickness. As the slab can deform freely in all directions,

the normal stress and normal strain are as follows:

σx 5σy 5 σ; σz 5 0

εx 5 εy 5 ε

�
ð7:14Þ

As σz5 0, Eq. (7.6) is also applicable to free slab. Substituting Eq. (7.14) into

Eq. (7.6), the stress�strain relation for a free slab is derived:

σ5
Eðε2αTÞ
12μ

ð7:15Þ

According to the assumption of plane section, the strain ε should be a linear

function of z as follows:

ε5
du

dx
5

dv

dy
5αðA1BzÞ ð7:16Þ

in which A and B are constants independent of z. Substituting Eq. (7.16) into

Eq. (7.15), we have
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Figure 7.6 The viscoelastic thermal stresses at the center of a fixed slab with different

thickness due to hydration heat of cement.
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σ5
Eα
12μ

ðA1Bz2 TÞ ð7:17Þ

In a free slab, the axial force and bending moment of any cross section must be

equal to zero, namely

Ð L=2
2L=2 σ dz5

Ð L=2
2L=2

Eα
12μ

ðA1Bz2 TÞdz5 0

Ð L=2
2L=2 σz dz5

Ð L=2
2L=2

Eα
12μ

ðA1Bz2 TÞz dz5 0

9>>>=
>>>;

ð7:18Þ

As the origin of coordinate z is the center of section, so

ðL=2
2L=2

dz5 L;

ðL=2
2L=2

z dz5 0;

ðL=2
2L=2

z2 dz5
L3

12
ð7:19Þ

From Eqs. (7.18) and (7.19), we have

A5
1

L

ðL=2
2L=2

T dz5 Tm

B5
12

L3
S5

Td

L

Td 5
12S

L2
; S5

ðL=2
2L=2

Tz dz

9>>>>>>>>>=
>>>>>>>>>;

ð7:20Þ

y

L
2

x

z
L
2

Figure 7.7 A free slab.

127Thermal Stresses in Fixed Slab or Free Slab



where

Tm—mean temperature

Td—equivalent linear temperature difference

S—moment of temperature

L—thickness of slab.

Substituting Eq. (7.20) into Eq. (7.17), the formula for computing the elastic

thermal stress in a free slab is derived as follows:

σðz; tÞ5 Eα
12μ

Tm 1
Td

L
z2 Tðz; tÞ

� �
ð7:21Þ

If the distribution of temperature is symmetrical, i.e., T(z,t)5 T(2 z,t), then

Td5 0 and the stress is given by

σðz; tÞ5 Eα
12μ

Tm 2 Tðz; tÞ½ � ð7:22Þ

7.2.2 Viscoelastic Thermal Stress in a Free Slab Considering the
Influence of Age

Dividing time t into a series of time increments Δti, i5 1,2, . . . ,n; as shown in

Figure 7.2, the temperature increment in Δti is

ΔTiðz; tiÞ5 Tðz; tiÞ2 Tðz; ti21Þ ð7:23Þ

and the increment of elastic thermal stress in Δti is

Δσe
i ðz; tiÞ5

Eiα
12μ

ΔAi 1ΔBiz2ΔTiðz; tiÞ½ � ð7:24Þ

where

ΔAi 5ΔTmi 5
1

L

ðL=2
2L=2

ΔTiðz; tiÞdz

ΔBi 5
ΔTdi

L
5

12

L3
ΔSi

ΔSi 5
Ð L=2
2L=2 ΔTiðz; tiÞz dz

Ei 5
1

2
EðtiÞ1Eðti21Þ½ �

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð7:25Þ

Taking account of influence of creep by relaxation coefficient, the viscoelastic

thermal stress at time tn is
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σðz; tnÞ5
Xn
i51

Δσe
i ðz; tiÞKðtn; τiÞ ð7:26Þ

in which τi 5 ðτi 1 τi21Þ=2;Kðtn; τiÞ is the relaxation coefficient.

Observed results of the bottom slab of a sluice constructed on soft foundation

are shown in Figure 7.8. It is clear from the figure that the thermal stresses are

close to those in a free slab.

7.3 Thermal Stresses in Free Concrete Slab due to
Hydration Heat of Cement

The thermal stresses in free concrete slabs due to hydration heat of cement are

computed by Eq. (7.26). The adiabatic temperature rise θ(τ), the modulus of elas-

ticity E(τ), and the relaxation coefficient are expressed by Eqs. (7.11�7.13).

The thicknesses of the slabs are 4 and 10 m.

The stress distributions at different times are shown in Figure 7.9. In the early

age, the surface of the slab is subjected to tensile stress and the center to compres-

sive stress. In the late age, the surface of the slab is subjected to compressive stress

and the center to tensile stress.

The variations with time of the superficial thermal stresses of two free concrete

slabs are shown in Figure 7.10.

7.4 Thermal Stresses in Free Slabs with Periodically Varying
Surface Temperature

7.4.1 The Temperature Field

Consider the quasi-steady temperature field in an infinite slab as shown in

Figure 7.11.

Equation of heat conduction
@T

@τ
5 a

@2T

@x2

Boundary conditions: when x5 L; T5A1 cos ωðτ2 τ0Þ
when x5 0; T 5A2 cosðτ2 ε2 τ0Þ

9>>>=
>>>;
ð7:27Þ

in which

ω5 2π/P—circular frequency

P—period of variation of temperature

A1;A2—amplitudes of variation of surface temperature.
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Figure 7.8 Observed results of the bottom slab of a sluice. (1) Observed temperatures, (2)

stresses computed by Eq. (7.26) from the observed temperatures, (3) stresses computed from

the measured strains, (4) stresses computed by Eq. (7.26) from the computed temperatures.

(a) Cross section of observation, (b) temperature and stress distribution, (c) variation of

stresses.
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By method of complex variable, the solution of Eq. (7.27) is

Tðx; τÞ5A1k1 cos½ωðτ2 τ0Þ1ϕ1�1A2k2 cos½ωðτ2 ε2 τ0Þ1ϕ2� ð7:28Þ

k1 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ch 2ζ2 cos 2ζ
ch 2ζ0 2 cos 2ζ0

s

k2 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ch 2ðζ0 2 ζÞ2 cos 2ðζ0 2 ζÞ

ch 2ζ0 2 cos 2ζ0

s

ϕ1 5 tan21 tan ζ
th ζ

0
@

1
A2 tan

tan ζ0
th ζ0

0
@

1
A

ϕ2 5 tan21 tanðζ0 2 ζÞ
thðζ0 2 ζÞ

2
4

3
52 tan

tan ζ0
th ζ0

0
@

1
A

ζ 5 x=η; ζ0 5 L=η; η5
ffiffiffiffiffiffiffiffiffiffiffi
aP=π

p

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

ð7:29Þ

The mean temperature Tm and the equivalent linear temperature difference Td
are given by

Tm 5
1

2
km A1 cos ωðτ2 θm 2 τ0Þ1A2 cos ωðτ2 ε2 θm 2 τ0Þ½ � ð7:30Þ

T
 =
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s[

 ω
(τ

 –
 τ

0)
 ]

T
 =

 A
2 

co
s[

 ω
(τ

 –
 ε

 –
 τ

0)
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Figure 7.11 A slab.
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Td 5 kd½A1 cos ωðτ2 θd 2 τ0Þ2A2 cos ωðτ2 ε2 θd 2 τ0Þ� ð7:31Þ

km 5
1

ζ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðch ζ0 2 cos ζ0Þ
ch ζ0 1 cos ζ0

s

θm 5
1

ω
π
4
2 tan21 sin ζ0

sh ζ0

0
@

1
A

2
4

3
5

kd 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 1 b21

p
; θd 5

1

ω
tan21ðb1=a1Þ

a1 5
6 sin ωθm
kmζ20

; b1 5
6

ζ20

1

km
cos ωθm 2 1

0
@

1
A

ð7:32Þ

The coefficients km=2; kd; θm=P; θd=P are shown in Figure 7.12.
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Figure 7.12 Coefficients km=2; kd; θm=P; θd=P.
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7.4.2 The Viscoelastic Thermal Stresses

The elastic thermal stresses are computed by

σðx; τÞ5 Eα
12μ

TmðτÞ1 TdðτÞ
x

L
2

1

2

� �
2 Tðx; τÞ

� �
ð7:33Þ

From Eq. (6.64), substituting E by ρE and τ by τ2 ξ, the formula for computing

viscoelastic thermal stress is derived as follows:

σðx; τÞ5 ρEα
12μ

Tmðτ2 ξÞ1 Tdðτ2 ξÞ x

L
2

1

2

� �
2 Tðx; τ2 ξÞ

� �
ð7:34Þ

where ρ and ξ are given in Eq. (6.63).

Example A free concrete slab with thickness L5 10 m, diffusivity a5 2.88 m2/

month, the amplitude of variation of surface temperature at x5 L is A1 and at

x5 0, A25 0. The temperatures in the slab computed by Eq. (7.28) are shown in

Figure 7.13. The elastic thermal stresses given by Eq. (7.29) are shown in

Figure 7.14.

7.5 Thermal Stress in Free Slab with Third Kind of
Boundary Condition and Periodically Varying Air
Temperature

An infinite slab is shown in Figure 7.15. On the left side, the surface conductance

is β1 and the air temperature is Ta5 0; on the right side, the surface conductance is

β2 and the air temperature is Ta 5A0 cos ωτ. The quasi-steady problem to be

solved is

Equation of heat conduction
@T

@τ
5 a

@2T

@x2

Boundary condition: when x5 0 λ
@T

@τ
5β1T

when x5 L 2λ
@T

@τ
5β2ðT 2A0 cos ωτÞ

9>>>>>>>>>=
>>>>>>>>>;

ð7:35Þ

The temperature is

Tðx; τÞ5A0ðg1 cos ωτ1 g2 sin ωτÞ ð7:36Þ
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The elastic thermal stress is

σðx; τÞ5 Eα
12μ

Tm 1
Td

L
x2

L

2

� �
2 Tðx; τÞ

� �
ð7:37Þ

where

Tm 5 ðA0=LÞðg3 cos ωτ1 g4 sin ωτÞ ð7:38Þ

Td

L
5

12

L3
S0 2

L2

2
Tm

� �
ð7:39Þ
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Figure 7.14 Example, L5 10 m,

elastic thermal stresses in the

slab.
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Figure 7.13 Example,

L5 10 m, temperatures in the

slab.

135Thermal Stresses in Fixed Slab or Free Slab



S0 5A0ðg5 cos ωτ1 g6 sin ωτÞ ð7:40Þ
g1 5 ða1b1 1 a2b2Þ=ða21 1 a22Þ
g2 5 ða2b1 2 a1b2Þ=ða21 1 a22Þ
g3 5 ða1a3 1 a2a4Þ=ða21 1 a22Þ
g4 5 ða2a3 2 a1a4Þ=ða21 1 a22Þ
g5 5 ða1a6 2 a2a5Þ=½2q2ða21 1 a22Þ�
g6 5 ða1a5 1 a2a6Þ=½2q2ða21 1 a22Þ�
a1 5 d1 2 d2s4 1 s3ðd3 2 d4Þ; a2 5 d1s4 1 d2 1 s3ðd3 1 d4Þ
a3 5

1

2q
ð2s1d1 1 d3 1 d4 2 1Þ; a4 5

1

2q
ð2s1d2 2 d3 1 d4 1 1Þ

a5 5 s1ð2 2ς0d1 2 d3 1 d4 1 1Þ1 ς0ðd3 2 d4Þ2 d1
a6 5 s1ð2ς0d1 2 d3 2 d4 1 1Þ1 ς0ðd3 1 d4Þ2 d2
b1ðςÞ5 s1ðf1 2 f2Þ1 f3; b2ðςÞ5 s1ðf1 1 f2Þ1 f4
f1ðςÞ5 ch ς cos ς; f2ðςÞ5 sh ς sin ς
f3ðςÞ5 sh ς cos ς; f4ðςÞ5 ch ς sin ς
d1 5 sh ζ0 cos ζ0; d2 5 ch ζ0 sin ζ0; d3 5 ch ζ0 cos ζ0; d4 5 sh ζ0 sin ζ0
s1 5λq=β1; s2 5λq=β2; s3 5 s1 1 s2; s4 5 2s1s2

q5
ffiffiffiffiffiffiffiffiffiffiffi
π=aP

p
; ζ5 qx; ζ0 5 qL ð7:41Þ

The viscoelastic thermal stress is given by

σðx; τÞ5 ρEα
12μ

Tmðτ2 ξÞ1 Tdðτ2 ξÞ x

L
2

1

2

� �
2 Tðx; τ2 ξÞ

� �
ð7:42Þ

in which ρ and ξ are given by Eq. (6.63).

T
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L
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Figure 7.15 A free slab.
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Example A free concrete slab with thickness L5 2.6 m, diffusivity

a5 0.00217 m2/h, conductivity λ5 5.23 kJ/(m h �C), surface conductance

β15 25.1 kJ/(m2 h �C), β25 50.2 kJ/(m2 h �C). The temperatures in the slab given

by Eq. (7.36) are shown in Figure 7.16. The elastic thermal stresses given by

Eq. (7.37) are shown in Figure 7.17.

The computation of thermal stress in a free slab with third kind of boundary

condition and harmonic air temperature is rather tedious; when the thickness of the

slab is bigger than 10 m, the following approximate method can be used in practi-

cal engineering analysis: the amplitude of variation of air temperature A0 is multi-

plied by a coefficient k, the new amplitude A15 kA0 is used as the amplitude of

variation of the surface temperature of the slab, k is given by

Figure 7.16 Example, distribution of

temperatures in the slab with

L5 2.6 m.

Figure 7.17 Example, elastic thermal

stresses in the free slab with

L5 2.60 m.
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k5 11
2λ
β

ffiffiffiffiffiffi
π
aP

r
1

2πλ2

aPβ2

� �21=2

ð7:43Þ

Coefficient k is given in Table 3.2.

7.6 Thermal Stresses Due to Removing Forms

Owing to the hydration heat of cement, the surface temperature of mass concrete is

higher than the air temperature before removing forms. After removing forms, the

surfaces of mass concrete come in contact with cold air, and the rapid drop of

superficial temperature gives rise to remarkable tensile stress which sometimes

may lead to cracking of concrete.

7.6.1 Stresses Due to Removing Forms of Infinite Slab

Consider an infinite slab as shown in Figure 5.8, the thickness is L5 2l, the initial

temperature of concrete is T0, the air temperature is Ta, the forms are removed at

τ5 0, the temperature in the slab is given by Eq. (5.25). From Eq. (7.21), the elas-

tic stress in the slab is derived as follows:

σ5
EαðT0 2 TaÞ

12μ
ðH2GÞ ð7:44Þ

where

H 5
XN
n51

2 sin μ2
n

μnðμn 1 sin μn cos μnÞ
e2Fμ2

n

G 5
XN
n51

2 sin μn

μn 1 sin μn cos μn

cos μn

x

l
Ue2Fμ2

n

9>>>>=
>>>>;

ð7:45Þ

in which F5 aτ/l2, H represents the mean temperature and G represents the point

temperature. H2G of the surface (x5 l) and the center (x5 0) are shown in

Figure 7.18, in which c5βl/λ and F5 aτ/l2 are the Biot’s number and the

Fourier’s number, respectively.

For example, for a concrete slab with thickness 2l5 4.0 m, λ/β5 0.20 m,

c5βl/λ5 2.0/0.205 10.0, the variations of the thermal stress σ(12μ)/Eα
(T02 Ta) of the surface and the center are shown in Figure 7.18 by the curves with

c5 10.0.
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7.6.2 Stresses Due to Removing Forms of Semi-infinite Solid

Consider the semi-infinite solid x$ 0 as shown in Figure 7.19, the initial tempera-

ture of concrete is T0, the air temperature is Ta, the forms are removed when τ5 0.

According to Section 5.1 the surface temperature is

Tð0; τÞ5 T0 1 ðTa 2 T0ÞϕðξÞ
ϕðξÞ5 12 eξ

2ð12 erf ξÞ
ξ5β

ffiffiffiffiffi
aτ

p
=λ

9=
; ð7:46Þ

The superficial thermal stress is

σ52
Eα
12μ

Tð0; τÞ2 T0½ �5 Eα
12μ

ðT0 2 TaÞϕðξÞ ð7:47Þ

ϕðξÞ is shown in Figure 7.20.

Example The semi-infinite solid with a5 0.10 m2/day, λ5 8.0 kJ/(m h �C),
β5 40.0 kJ/(m2 h �C), initial temperature T0, air temperature Ta, the forms are

removed when τ5 0.

Figure 7.18 Stresses in an infinite concrete slab due to removing forms (C5βl/λ, F5 aτ/l2).
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ξ5
ffiffiffiffiffi
aτ

p

λ=β
5

ffiffiffiffiffiffiffiffiffiffiffi
0:10τ

p

0:20
5 1:581

ffiffiffi
τ

p

The thermal stresses are computed by Eqs. (7.46) and (7.47) and σ(12μ)/Eα
(T02 Ta) is shown in Figure 7.21. The thermal stress increased rapidly in the

first 2 h.

If the concrete surface is covered by foamed plastic plate 1 cm thick with con-

ductivity λ15 0.125 kJ/(m h �C) immediately after removing forms, the equivalent

surface conductance of concrete is

β5
1

1=401 0:01=0:125
5 9:524 kJ=ðm2 h �CÞ; λ=β5 8:0=9:5245 0:840 m;

ξ5
ffiffiffiffiffiffiffiffiffiffiffi
0:10τ

p
=0:8405 0:3765

ffiffiffi
τ

p
0; 1½ �

Figure 7.19 Semi-infinite solid.
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Figure 7.20 Curve φ(ξ) for semi-infinite solid.
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In this case, the superficial thermal stress is shown by the dotted curve in

Figure 7.21. The stress reduced about one half.

7.6.3 Computing Thermal Stress Due to Removing Forms by Finite
Element Method

The finite element method (FEM) is suitable for computing the thermal stress due

to removing of forms in some complex engineering problems. The effect of remov-

ing forms may be considered by the sudden change of surface conductance β.
From Eq. (8.78), it is clear that when the temperature field is computed by FEM,

only the following two quantities are related to the surface conductance β:

geij 5
λ
β

ð
Δ

ð
C

NiNj ds; pei 5
λ
β

ð
Δ

ð
C

Ni ds ð7:48Þ

in which geij and pei are area integrals on the third kind of boundary C. In order to

take account of the influence of removing forms on the thermal stress, β1 and β2

are used before and after removing forms in the computing ofgeij and pei . There is

one point for attention: after removing forms, the temperature gradient is large near

the surface and the surface temperature drops rapidly, so smaller elements near the

surface and smaller time increment Δτi must be adopted.

Example A free concrete slab with thickness 6 m, a5 0.0040 m2/day, λ5 8.40 kJ/

(m h �C), θ(τ)5 25.0τ/(1.01 τ)�C, EðτÞ5 30; 000½12 expð2 0:40τ0:34Þ� MPa, unit

creep given by Eq. (6.51).

0.5 1.0 1.5 2.0
Time (days)

0

0.2

0.4

0.6

0.8

β = 40.0

σ(
1–

μ
)/

E
α

(T
0–

T
a)

β = 9.52

Figure 7.21 Example, stresses due to

removing forms of semi-infinite solid.
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The thermal stresses in the following four cases are computed by FEM:

1. the forms are not removed, τ5 0B100 days, β5 8.40 kJ/(m2 h �C);
2. removing forms at τ5 20 days, τ5 1B20 days, β5 8.40 kJ/(m2 h �C); τ5 202 100

days, β5 84.0 kJ/(m2 h �C);
3. removing forms at τ5 45 days, τ5 02 45 days, β5 8.40 kJ/(m2 h �C); τ5 452 100

days, β5 84.0 kJ/(m2 h �C),
4. τ5 02 30 days, β5 8.4 kJ/(m2 h �C); when τ5 30 days, the forms are removed and the

surface of concrete is covered by insulation layer with β5 25.1 kJ/(m2 h �C) which is

removed at τ5 40 days, then the surface is in contact with air and β5 84.0 kJ/(m2 h �C).

The results of computation are shown in Figure 7.22. It is clear that the tensile

stresses due to removing forms are remarkable.

Figure 7.22 Variations of the surface thermal stresses before and after removing forms

computed by FEM.
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8 Thermal Stresses in Concrete Beams
on Elastic Foundation

The method for computing the thermal stresses in concrete beams on elastic foun-

dation proposed by the author in 1977 is discussed in this chapter. This method

was adopted in the design specifications of gravity dam, arch dam, and docks in

China. The thermal stresses in a beam on elastic foundation are the sum of the self-

stresses and the restraint stresses [45,73].

8.1 Self-Thermal Stress in a Beam

A multilayered beam on elastic foundation with length 2l is shown in Figure 8.1.

The temperature T(y) in the beam varies with y, the modulus of elasticity of the

ground is Ef and the modulus of the concrete layers are E1, E2, . . .
The beam and the foundation are cut along the plane of contact to make the

beam free of restraint of the foundation. Hence, the self-stress in the beam is given

by

σx 5
EðyÞα
12μ

Tm 1Ψy2 TðyÞ½ � ð8:1Þ

where

Tm 5

Ð
EðyÞTðyÞdyÐ
EðyÞdy ð8:2Þ

Ψ5

Ð
EðyÞTðyÞy dyÐ
EðyÞy2 dy ð8:3Þ

Tm is the mean temperature with weight E(y), and Ψ is the equivalent linear tem-

perature gradient with weight E(y).
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Putting the origin of ordinate y on the weighted centroid of the section, the

height b of which is determined by

ð
EðyÞy dy5 0 ð8:4Þ

If the origin of ordinate y0 is put on the bottom plane of the beam, then

b5

ð
Eðy0Þy0 dy0=

ð
Eðy0Þdy0 ð8:5Þ

Under the action of temperature and self-stress, the axial displacement wT and

the vertical displacement yT are respectively

wT 5 ð11μÞαTmx ð8:6Þ

yT 5
ð11μÞαΨ

2
x2 ð8:7Þ

For a homogeneous beam with height 2h, width c5 1, length 2l, b5 h, the self-

stress is given by

σx 5
Eα
12μ

Tm 1 Td
y

2h
2 TðyÞ

h i
ð8:8Þ

where

Tm 5
1

2h

ðh
2h

T dy ð8:9Þ

Td 5
3

2h2

ðh
2h

Ty dy ð8:10Þ

E2

l

xb

y

l

E1

E0

Figure 8.1 Heterogeneous beam on elastic foundation.
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8.2 Restraint Thermal Stress of Beam on Foundation of
Semi-infinite Plane

8.2.1 Nonhomogeneous Beam on Elastic Foundation

Let

D5
1

12μ2

ð
EðyÞy2 dy ð8:11Þ

F5
1

12μ2

ð
EðyÞdy ð8:12Þ

the forces acting on the beam are shown in Figure 8.2, from the condition of bal-

ance of forces, the following equations are derived:

dM

dx
5V 2 bτ ð8:13Þ

dV

dx
52 p ð8:14Þ

dP

dx
5 τ ð8:15Þ

where

M—the moment

V—the shearing force

P—the axial force

p—the normal stress on the plane of contact

τ—the shearing stress on the plane of contact

x—the abscissa.

From the stress�strain relation and the hypothesis of plane section of beam,

we get

M5D
d2y

dx2
ð8:16Þ

dx

τ dx

pdx

V

M
M + dM

V + dV

P + dP

b

P

Figure 8.2 The forces acting

on the beam.
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P5F
dw

dx
ð8:17Þ

where

y—the vertical displacement of beam

w—the axial displacement of beam.

Substitution of the above two equations into Eqs. (8.13)�(8.15) yields the

following equations:

D
d3y

dx3
5V 2 bτ ð8:18Þ

D
d4y

dx4
52 p2 b

dτ
dξ

ð8:19Þ

F
d2w

dx2
5 τ ð8:20Þ

For transforming the abscissa into a dimensionless number, let

ξ5 x=l ð8:21Þ

By substituting Eq. (8.21) into Eqs. (8.16)�(8.20), we have

M5
D

l2
d2y

dξ2
ð8:22Þ

V 5
D

l3
d3y

dξ3
1 bτ ð8:23Þ

P5
F

l

dw

dξ
ð8:24Þ

D

l4
d4y

dξ4
1 p1

b

l

dτ
dξ

5 0 ð8:25Þ

F

l2
d2w

dξ2
2 τ5 0 ð8:26Þ

After solution of the simultaneous Eqs. (8.25) and (8.26), we will get y(ξ) and

w(ξ) satisfying the boundary conditions. By substituting them into Eqs. (8.22)�(8.24),

M, V, and P are obtained.
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Due to symmetry, the normal stress p(ξ) on the contact surface is an even func-

tion and the shearing stress τ(ξ) is an odd function.

Let

pðξÞ5 A0H0ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1
A2H2ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1
A4H4ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1 . . . ð8:27Þ

τðξÞ5 B1H1ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1
B3H3ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1 . . . ð8:28Þ

where

HnðξÞ5 cosðn cos21 ξÞ ð8:29Þ

Hn(ξ) is a Chebyshev polynomial which can be expressed explicitly as follows:

H0ðξÞ5 1; H1ðξÞ5 ξ; H2ðξÞ5 2ξ2 2 1;
H3ðξÞ5 4ξ3 2 3ξ; H4ðξÞ5 8ξ4 2 8ξ2 1 1; . . .

�
ð8:30Þ

Hn(ξ) is an orthogonal polynomial with weight (12 ξ2)21/2 as follows:

ð11

21

HnðξÞHmðξÞdξffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 5
0; when n 6¼ m

π=2; when n5m. 0

π; when n5m5 0

8<
: ð8:31Þ

Taking Hm(ξ)5H0(ξ)5 1, from Eqs. (8.27) and (8.31), we have

ð11

21

pðξÞdξ5
ð11

21

A0H0ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1
A2H2ðξÞffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

p 1?

" #
H0ðξÞdξ5A0π ð8:32Þ

Because there is no external load on the beam, by the condition of balanceÐ11

21
pðξÞdξ5 0, from Eq. (8.32) we know that

A0 5 0 ð8:33Þ

the other coefficients A2, A4, B1, B3, . . . must be determined by the condition of con-

tinuity of deformations at the contact surface. Due to the peculiarity of the

Chebyshev polynomial, the condition of continuity of deformation is very simple.

Experience shows that the computed results are satisfactory even when only one
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term is taken in p(ξ) and in τ(ξ), thus, the problem is simplified a great deal.

Substituting p(ξ) and τ(ξ) into Eq. (8.25) and letting A05 0, after integration, we get

yðξÞ5 l4

D

C1ξ3

6
1
C2ξ2

2
1C3ξ1C42

A2

120
15ξ sin21 ξ2ð2ξ429ξ228Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
12ξ2

q� �8<
:

1
B1r

6
ðξ212Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
12ξ2

q
13ξ sin21 ξ

� �
1?

9=
;

ð8:34Þ

where

r5 b=l ð8:35Þ

After differentiating with respect to ξ, we get

y0ðξÞ5 l4

D

C1ξ2

2
1C2ξ1C3 2

A2

24
ð52 2ξ2Þξ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
22 ξ2

q
1 3 sin21 ξ

� �8<
:

1
B1r

2
ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1 sin21 ξ

� �
1?

9=
;

ð8:36Þ

From Eqs. (8.22) and (8.23), we have

M5 l2 C1ξ1C2 2
A2

3
ð12 ξ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1B1r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1?

� �
ð8:37Þ

V 5 l C1 1A2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1?

� �
ð8:38Þ

The boundary conditions of deflection y(ξ) are as follows:

when ξ5 0 y0ðξÞ5 0; VðξÞ5 0

when ξ5 6 1 MðξÞ5 0; VðξÞ5 0

�
ð8:39Þ

from which we get

C1 5C2 5C3 5 0

One condition in Eq. (8.39) coincides with A05 0, so only three coefficients can

be determined and the coefficient C4 remains to be computed. Letting ξ5 0 in

Eq. (8.34), we have
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yð0Þ5 l4

D
C4 2

A2

15
1

B1r

3
1?

� �
ð8:40Þ

In order to eliminate C4, we take the relative displacement y0(ξ)5 y(ξ)2 y(0),

namely

y0ðξÞ5 yðξÞ2 yð0Þ

5
l4

D
2

A2

120
15ξ sin21 ξ2 ð2ξ4 2 9ξ2 2 8Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
2 8

� �8<
:

1
B1r

6
ðξ2 1 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1 3ξ sin21 ξ2 2

� �
1?

9=
;

� l4

D
ξ2 2

A2

6
1

B1r

2

0
@

1
A1?

2
4

3
5

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð8:41Þ

The axial displacement w(ξ) must satisfy the following boundary condition:

when ξ5 0; w5 0

when ξ5 6 1; PðξÞ5 F

l

dw

dξ
5 0

9=
; ð8:42Þ

Substituting Eq. (8.28) into Eq. (8.26), the general solution of w(ξ) is obtained

and the coefficients of w(ξ) are determined by the above boundary conditions,

finally we get the solution of w(ξ) as follows:

wðξÞ5 B1l
2

F

ξ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1

1

2
sin21 ξ

� �
1?52

B1l
2ξ

F
1? ð8:43Þ

From the theory of elasticity, the superficial displacements of a semi-infinite

half plane due to the action of superficial forces p(ξ) and τ(ξ) are given by

u52
ð11μfÞð12 2μfÞl

2Ef

ðξ
21

pðηÞdη2
ð11

ξ
pðηÞdη

� �

2
2ð12μ2

f Þ
πEf

ð11

21

τðηÞlnjξ2 ηjdη

v52
2ð12μ2

f Þl
πEf

ð11

21

pðηÞlnjξ2 ηjdη

1
ð11μfÞð12 2μfÞl

2Ef

ðξ
21

τðηÞdη2
ð11

ξ
τðηÞdη

� �
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where Ef and μf are respectively the modulus of elasticity and Poisson’s ratio of

the foundation.

Substituting Eqs. (8.27) and (8.28) into the above two equations, we have

uðξÞ5 ð11μfÞð12 2μfÞl
Ef

A2ξ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
1?

� �
1

2ð12μ2
f Þl

Ef

B1ξ1?½ �

� ð12μ2
f Þlξ

Ef

ðsA2 1 2B1Þ1?

ð8:44Þ

vðξÞ5 ð12μ2
f ÞlA2

Ef

ð2ξ221Þ1 ð11μfÞð122μfÞl
Ef

2B1

ffiffiffiffiffiffiffiffiffiffiffiffi
12ξ2

q� �
1?

v0ðξÞ5vðξÞ2vð0Þ5 2ð12μ2
f ÞlA2

Ef

ξ21
ð11μfÞð122μfÞlB1

Ef

12

ffiffiffiffiffiffiffiffiffiffiffiffi
12ξ2

q� �
1?

�ð12μ2
f Þl

Ef

2A21
s

2
B1

0
@

1
Aξ21?

ð8:45Þ

where

s5
ð11μfÞð12 2μfÞ

12μ2
f

5
12 2μf

12μf

ð8:46Þ

The axial displacement of the beam on the contact surface is w1wT2 b

(dy/dx1 dyT/dx), where the third term is due to the rotation of the section.

Assuming that the height of the beam is far smaller than its length, so the effect of

rotation may be neglected, then the condition of continuity of displacements on the

surface of contact is

w1wT 5 u

y1 yT 5 v

)
ð8:47Þ

Substituting the expressions of wT, yT, w, y, u, v into the above equations and

comparing the coefficients of both sides, we get
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C11B1 1C12A2 5β
C21B1 1C22A2 52λ

�
ð8:48Þ

where

C11 5 15ðkr2 sÞ; C12 52 5k2 60; C21 52 15i2 30; C22 52 15s

β5
15ð11μÞαΨEf l

12μ2
f

; λ5
15ð11μÞαEfTm

12μ2
f

s5
12 2μf

12μf

; i5
Ef l

ð12μ2
f ÞF

; k5
Ef l

3

ð12μ2
f ÞD

; r5
b

l

9>>>>>>=
>>>>>>;

ð8:49Þ

Solution of Eq. (8.48) yields

B1 5
C22β1C12λ

C11C22 2C12C21

; A2 5
2C21β2C11λ
C11C22 2C12C21

ð8:50Þ

From Eqs. (8.22) and (8.24), we get

MðξÞ5 l2 B1r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
2

A2

3
ð12 ξ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q� �
ð8:51Þ

PðξÞ52B1l

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 ξ2

q
ð8:52Þ

We are most interested in the stresses on the central section where the stresses

are maximum; letting ξ5 0 in the above two equations, we get the moment M0 and

the axial force P0 on the central section:

M0 5 l2 B1r2
A2

3

� �
; P0 52B1l ð8:53Þ

The stresses in the beam due to moment M and axial force P are given by

σ5
EðyÞ
12μ2

P

F
2

yM

D

� �
ð8:54Þ

which are the stresses in the beam due to the restraint of foundation; after superpo-

sition with the self-stresses given by Eq. (8.1), the elastic thermal stresses in the

beam is obtained. For beam of multilayers, different modulus of elasticity of

concrete must be adopted in Eq. (8.54) for different layers.
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8.2.2 Homogeneous Beam on Elastic Foundation

The computation may be simplified for a homogeneous beam. Let the thickness of

the beam be 2h, the length be 2l, then

b5 h; F5
2Eh

12μ2
; D5

2Eh3

3ð12μ2Þ

Let

r5
h

l
; η5

E

Ef

; μ5μf 5
1

6

and substitute them into Eqs. (8.2), (8.3), (8.50), and (8.53), we get

Tm 5
1

2h

ð1h

2h

T dy ð8:55Þ

Ψ5
3

2h3

ð1h

2h

yT dy5
Td

2h
ð8:56Þ

B1 5
22:5

ηr3
1 180

� �
EαTm

ð12μÞΔ 1
36EαΨh
ð12μÞrΔ ð8:57Þ

A2 5
67:5

ηr2
2 36

� �
EαTm

ð12μÞΔ 2
22:5

ηr2
1

90

r

� �
EαΨh
12μð ÞΔ ð8:58Þ

Δ5 331:2η1
90

r
1

54

r2
1

45

r3
1

11:25

ηr4
ð8:59Þ

P0 52 lB1 ð8:60Þ

M0 5 l2 B1r2
A2

3

� �
ð8:61Þ

The restraint stresses at the top and bottom of the beam are given by

σtop

σbottom

�
5

P0

2h
6

3M0

2h2
ð8:62Þ

The restraint stress varies linearly between the top and bottom of a homoge-

neous beam, but the self-stress is generally nonlinear due to the nonlinear distribu-

tion of temperature.

Example 1 A homogeneous beam on the rock foundation, h/l5 0.25, E5Ef,

μ5μf5 1/6, there is a uniform temperature drop T in the beam. From Eqs. (8.55)
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and (8.56), Tm5 T, Ψ5 0; from Eq. (8.1), the self-stress is zero. From Eq. (8.59),

Δ5 7315; from Eqs. (8.50)�(8.62), we get

P0 52 0:221l
EαT
12μ

; M0 5 0:00778l2
EαT
12μ

σtop 52 0:255
EαT
12μ

; σbottom 52 0:629
EαT
12μ

The stresses given by photo elastic test are

σtop 52 0:22
EαT
12μ

� �
; σbottom 52 0:62

EαT
12μ

� �

which are close to the computed stresses.

The comparison between the stresses given by computation and those given by

photo elastic test for different dimensions of beam are shown in Table 8.1. It is

clear that all the computed stresses are close to those given by test.

Example 2 As shown in Figure 8.3, a concrete beam of two layers on the rock

foundation, the thickness of each layer is 2h, the length of beam is 2l, l/h5 8,

E1:E2:Ef5 1:2:3, there is a uniform temperature drop T in the first layer of the

beam, try to compute the elastic thermal stresses in the beam.

From Eq. (8.5), the height b of the weighted centroid of the section is

b5
2hE1 3 3h1 2hE2h

2hE1 1 2hE2

5
5

3
h

Putting the origin of the coordinate system on the weighted centroid, the axis y

is directed downward, from Eqs. (8.11) and (8.12), we get

F5
1

12μ2

ð
EðyÞdy5 2hE1 1 2hE2

12μ2
5

6E1h

12μ2

Table 8.1 The Elastic Thermal Stress σx(12μ)/EαT of a Homogeneous Beam on Rock

Foundation (E5Et) due to Uniform Temperature Drop

l/h Computed Stresses Stresses by Test

Top Bottom Top Bottom

4 2 0.26 2 0.63 2 0.22 2 0.62

8 2 0.59 2 0.68 2 0.57 2 0.68

12.5 2 0.73 2 0.75 2 0.79 2 0.80
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D5
1

12μ2

ð
EðyÞy2 dy5 7:34E1h

3

12μ2

From Eqs. (8.2) and (8.3)

Tm 5
E1T 3 2h

2hE1 1 2hE2

5
T

3

Ψ5
E1Tð2 ð4h=3ÞÞ3 2h

7:34E1h3
52 0:364T=h

From Eq. (8.1), the self-thermal stress is

σx 5
EðyÞα
12μ

T

3
2

0:364

h
Ty2 TðyÞ

� �

For the first layer, E(y)5E1, T(y)5 T the self-stress is

σI 5
E1α
12μ

T

3
2

0:364

h
Ty2 T

� �

y527h/3 at the top, y52h/3 at the bottom, hence from the above equation,

we get

σI
top 5 0:180

E1αT
12μ

; σI
bottom 52 0:546

E1αT
12μ

For the second layer, E25 2E1, T(y)5 0, the self-thermal stress is

σII 5
E2α
12μ

T

3
2

0:364

h
Ty

� �
5

2E1α
12μ

T

3
2

0:364Ty

h

� �

T

xb

E2

E1

E0

2h
2h

y

l l

Figure 8.3 A beam of two layers on rock foundation.
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Since y52h/3 at the top and y515h/3 at the bottom of the second layer, so

σII
top 5 0:908

E1αT
12μ

; σII
bottom 52 0:546

E1αT
12μ

The thermal stresses due to restraint of foundation are computed in the

following:

r5 b=l5 0:209; Ef 5 3E1; μ5μf

From Eq. (8.49),

i5 4; k5 209; s5 0:800; C11 5 644; C12 5 21105; C21 5 2 90;

C22 5 212:00

λ5
15E1αT
12μ

; β5 2 130:5
E1αT
12μ

From Eq. (8.50),

B1 5 0:1401
E1αT
12μ

; A2 5 0:200
E1αT
12μ

From Eq. (8.53),

P0 52 0:1401
E1αTl
12μ

; M0 52 0:0374
E1αTl2

12μ

From Eq. (8.54), the restraint stress in the first layer is

σI 5
E1αT
12μ

20:8171 0:326
y

h

� 	

By substituting the value of y of the top and the bottom of the first layer in the

above equation, we get

σI
top 52 0:948

E1αT
12μ

; σI
bottom 52 0:296

E1αT
12μ

The restraint stresses of the second layer of the beam are as follows:

σII 5
E2αT
12μ

20:8171 0:326
y

h

� 	

σII
top 52 0:592

E1αT
12μ

; σII
bottom 5 0:714

E1αT
12μ

155Thermal Stresses in Concrete Beams on Elastic Foundation



Superposition of the restraint stresses and the self-stresses yields the elastic ther-

mal stresses in the beam as shown in Figure 8.4. The numbers in the brackets are

the stresses computed by the method of theory of elasticity proposed by the author

[7]. It is clear that the results given by two methods are close to each other.

From the two examples, it is evident that the method proposed by the author not

only can compute the beam on elastic foundation but also can compute the thermal

stresses in concrete blocks with small ratio of height to length. The computation is

rather simple and the precision is good, so it is widely applied in practical engineer-

ing and adopted in the design specifications of concrete dams and docks in China.

8.3 Restraint Stresses of Beam on Old Concrete Block

When new concrete is poured on an old concrete block which is completely cooled,

the thermal stresses in the new concrete may be computed as follows.

The self-stresses of the beam are still given by Eq. (8.1). The foundation is an

old concrete block which may be considered as a semi-infinite strip as shown in

Figure 8.5, the stress function for which may be taken as follows:

φðx; yÞ5Cy cos λx � e2λy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 1 b2

p
ð8:63Þ

the stresses and displacements are given by

σx 5Cλ cos λxðλy2 2Þe2λy ð8:64Þ
σy 52Cyλ2 cos λxe2λy ð8:65Þ

τxy 52Cλ sin λxðλy2 1Þe2λy ð8:66Þ

u5
11μf

Ef

C sin λxðλy2 21 2μfÞe2λy ð8:67Þ

where

λ5π=ð2lÞ ð8:68Þ

0.17(0.19)

0.32(0.31)

–0.77(–0.81)

–0.84(–0.83)

Figure 8.4 The thermal stress σx(12μ)/EαT in a beam of two layers on rock foundation.
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As shown in Figure 8.6, the lateral surface of the strip is free, i.e., when

x5 6 l, σx5 0, and τxy5 0, from Eqs. (8.64) and (8.66), when x5 6 l, σx5 0, but

τxy 6¼ 0. Thus, the boundary conditions on the lateral surfaces of the strip are par-

tially satisfied, but the influence of shearing stress of the lateral surfaces on the

horizontal displacement of the top surface is small.

On the top of the strip, y5 0, from Eqs. (8.65)�(8.67), we have

ðτxyÞy50 5Cλ sin λx; ðσyÞy50 5 0 ð8:69Þ

uy50 52
2ð12μ2

f Þ
Ef

C sin λx ð8:70Þ

Let γ1 be the coefficient of horizontal resistance of the strip foundation, defined

by the following equation:

γ1 52
ðτxyÞy50

uy50

ð8:71Þ

El

Ef

Figure 8.5 Beam on old concrete block.

x

y

Figure 8.6 The old concrete foundation.
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From Eqs. (8.69) and (8.70), we have

γ1 52
λEf

2ð12μ2
f Þ

5
πEf

4ð12μ2
f Þl

ð8:72Þ

The coefficient of semi-infinite plane is greater, the expression of which is given

by Eq. (8.109). By comparison of Eqs. (8.72) and (8.109), it is clear that in order to

make γ15 k1, we must take

E0
f 52

3:16

4
Ef � 0:80Ef ð8:73Þ

For the same modulus of elasticity, the ratio of the rigidity of strip to that of

half plane is approximately 0.80. The following approximate method can be used

to compute the thermal stresses in beam on old concrete block: let Ef be the modu-

lus of old concrete foundation, the thermal stresses can be computed by the method

of beam on semi-infinite plane with E0
f 5 0:80Ef .

Example A homogeneous beam on old concrete block, h5 0.20l, E5Ef, there is a

uniform temperature T in the beam. Try to compute the thermal stresses.

From Eq. (8.73), E0
f 5 0:80Ef 5 0:80E; η5E=E0

f 5 1=0:805 1:25, r5 0.20;

from Eq. (8.59), Δ5 13,463; from Eqs. (8.60) and (8.61), we have

P0 52 0:1803l
EαT
12μ

; M0 5 0:00357
EαTl2

12μ

From Eq. (8.62), the horizontal stresses at the top and bottom of beam are as

follows:

σtop
x 52 0:317

EαT
12μ

; σbottom
x 52 0:585

EαT
12μ

The distribution of the stresses is shown in Figure 8.7.

–0.317EαT/(1 – μ)

–0.585EαT/(1 – μ)

Figure 8.7 The thermal stresses in beam on old

concrete block.
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8.4 Approximate Analysis of Thermal Stresses in Thin Beam
on Half-Plane Foundation

When l/h is large enough, the rotation of the beam may be neglected, only the axial

deformation of the beam is considered, the self-stress can be computed by

σ1 5
Eα
12μ

Tm 2 TðyÞ½ � ð8:74Þ

In the computing of the restraint stress, as the rotation is neglected, only the

condition of continuity of horizontal displacement

u5w1wT ð8:75Þ

is considered, thus, the restraint stress of the thin beam is

σ2 52
s1EαTm
12μ

ð8:76Þ

where

s1 5
1

11 ð4ð12μ2
f ÞEh=ð12μ2ÞEf lÞ

ð8:77Þ

The actual thermal stress in the thin beam on foundation of half plane is

σ5σ1 1 σ2 5
Eα
12μ

ð12 s1ÞTm 2 TðyÞ½ � ð8:78Þ

Example E5Ef, T(y)5 Tm, μ5μf5 1/6, l/h5 12.5, from Eq. (8.77), s15 0.76,

from Eq. (8.78), the thermal stress in the beam is

σ52 0:76
EαTm
12μ

8.5 Thermal Stress on the Lateral Surface of Beam on
Elastic Foundation

Sometimes the lateral surfaces of the beam are exposed in the air and superficial

cracks may appear due to sudden change of the air temperature. In this case, the

temperature of the beam is not only a function of y, but also a function of z, as
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shown in Figure 8.8, and the foundation is a half space, not a half plane. It is neces-

sary to use the three-dimensional finite element method for precise analysis. If the

time of exposure of the lateral surface is not too long, the depth of influence of air

temperature is small, hence, the following approximate method may be adopted.

Assuming that the temperature is symmetrical about the y-axis, i.e., T(y,z)5
T(y,2 z), the self-stress is given by

σx 5
EðyÞα
12μ

Tm 1Ψy2 Tðy; zÞ½ � ð8:79Þ

Tm 5

ÐÐ
EðyÞTðy; zÞdy dzÐÐ

EðyÞdy dz ð8:80Þ

Ψ5

ÐÐ
EðyÞTðy; zÞy dy dzÐÐ

EðyÞy2 dy dz ð8:81Þ

Neglecting the influence of lateral foundation, and assuming that the thickness

of foundation in the z-direction is equal to the thickness of beam, the restraint

stresses of the beam are computed approximately by the method of Section 8.2,

namely the beam on half plane, with Tm and ψ given by Eqs. (8.80) and (8.81). If

the time of exposure of the lateral surface is short, the depth of influence of air

temperature is small, Tm and ψ may be computed by Eqs. (8.2) and (8.3) which are

simpler, but the self-stress must be computed by Eq. (8.79). From comparison of

Eqs. (8.79) and (8.1), it is evident that the difference between the stress on the

lateral surface and that on the central section of the beam is as follows:

Δσx 5σlateral
x 2 σcentral

x 5
EðyÞα
12μ

Tðy; 0Þ2 Tðy; zÞ½ � ð8:82Þ

Thus, the stresses on the lateral surface are given by

σlateral
x 5σcentral

x 1Δσx ð8:83Þ

in which σcentral
x is given by Eq. (8.54) and Δσx is given by Eq. (8.82).

Figure 8.8 Homogeneous beam on elastic foundation.
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8.6 Thermal Stresses in Beam on Winkler Foundation
[22,45,73]

A strip with unit width is cut from a rectangular plate with uniform thickness, thus,

we get a beam with height 2h, length 2l, width 1, and temperature T(y) as shown in

Figure 8.9. The stresses and internal forces of the beam are given by the following

formulas:

σ5
E

12μ2

du

dx
2 ð11μÞαT

2
4

3
5

N5
2Eh

12μ2

du

dx
2 ð11μÞαTm

2
4

3
5

M5
2Eh3

3ð12μ2Þ
d2v

dx2
2 ð11μÞα Td

2h

2
4

3
5

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ð8:84Þ

where

u—horizontal displacement

v—vertical displacement

N—axial force

M—bending moment.

The self-stresses are given by Eq. (8.8), and in the following, we shall show

how to compute the restraint stresses which are dependent on Tm and Td.

8.6.1 Restraint Stress of Beam in Pure Tension

Consider a beam of unit width and height 2h on elastic foundation as shown

in Figure 8.9. Neglecting the rotation of the cross section of beam, only axial

displacement u is considered. On the contact surface, only the shearing stress q is

considered which is expressed by

q5 k1u ð8:85Þ

where k1—the coefficient of horizontal resistance of foundation.

x

y

2h
h
h

l l 1

Figure 8.9 Beam of unit width on elastic

foundation.
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The condition of balance of force of a beam element with length dx is q5 2h dσ/dx,
from which the following equilibrium equation of the beam is derived as follows:

d2u

dx2
2λ2u5 0 ð8:86Þ

where

λ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1ð12μ2Þ

2Eh

r
ð8:87Þ

Boundary condition: when x5 0, u5 0; when x5 6 l, σ5 0; hence the solution

of Eq. (8.86) is

u5
ð11μÞαTm

λ
� sh λx
ch λl

ð8:88Þ

and the stress is

σ5
EαTm
12μ

ch λx
ch λl

2 1

� �
ð8:89Þ

The stress at midpoint of beam (x5 0) is maximum

σm 52
EαTm
12μ

gðλlÞ ð8:90Þ

where

gðλlÞ5 12
1

ch λl
ð8:91Þ

8.6.2 Restraint Stress of Beam in Pure Bending

Neglecting the axial force and axial displacement, only the bending moment and

the rotation of cross section of beam are taken into account. On the contact surface,

only the normal stress p is considered which is expressed by

p5 k2v ð8:92Þ

where k2—the coefficient of vertical resistance of the foundation.

The equilibrium equation of the beam is

d4v

dξ4
1 4v5 0 ð8:93Þ
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where

ξ5
x

ρ
; ρ5

4EI

ð12μ2Þk2

� �1=4
5

8Eh3

3ð12μ2Þk2

� �1=4
ð8:94Þ

Boundary conditions: when ξ5 0, dv/dξ5 0, shearing force is zero; when ξ5 l/ρ,
both the moment and the shearing force are zero. The solution is as follows:

v5A1 ch ξ cos ξ1A2 sh ξ sin ξ ð8:95Þ

in which

A1 5
4EαTdh2

3ð12μ2Þk2ρ2
� sh η cos η2 ch η sin η

sin 2η1 sh 2η

A2 5
4EαTdh2

3ð12μ2Þk2ρ2
� sh η cos η1 ch η sin η

sin 2η1 sh 2η

η5 l=ρ

9>>>>>>>=
>>>>>>>;

ð8:96Þ

The stress is

σ52
2y

ρ2
ðA1 sh ξ sin ξ2A2 ch ξ cos ξÞ2 EαyTd

2hð12μÞ ð8:97Þ

Let ξ5 0, we get the maximum stress as follows:

σd 52
EαTdy

2ð12μÞh f ðηÞ ð8:98Þ

where

f ðηÞ5 12
2ðsh η cos η1 ch η sin ηÞ

sin 2η1 sh 2η
ð8:99Þ

The stresses at the top and bottom of the central section (ξ5 0, y5 6 h) of

beam are as follows:

σtop
do

σbottom
do

)
5 7

EαTd
2ð12μÞh f ðηÞ ð8:100Þ

f(η) and g(λl) are shown in Figure 8.10.

8.6.3 Restraint Stresses of Beam in Bending and Tension

On the contact surface, there are shearing stress q and normal stress p expressed by

q5 k1u; p5 k2v ð8:101Þ
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where k1 and k2 are respectively the coefficients of horizontal and vertical resis-

tance of foundation. The horizontal displacement of the bottom of beam is

u1 h dv/dx, assuming that the height of beam h is far smaller than its length l, such

that the influence of the rotation of cross section on the axial displacement may be

neglected so the horizontal displacement u is still expressed by Eq. (8.88). It has

been proved that the vertical displacement v may be expressed by

v5 c1 ch
x

ρ
cos

x

ρ
1 c2 sh

x

ρ
sin

x

ρ
1 γ ch λx ð8:102Þ

where

γ52
3λ2αTm

Eh ch λl � ½λ4 1 3k2=ð2Eh3Þ�
ð8:103Þ

At the ends of the beam (x5 6 l), the moment M and the shearing force Q are

equal to zero, thus, we have

c1 sh η sin η2 c2 ch η cos η5
2h2E

3ð12μÞk2ρ2
ð2γh ch λl2αTdÞ

c1ðsh η cos η1 ch η sin ηÞ2 c2ðsh η cos η2 ch η sin ηÞ

5
4Eγh3λ3

3ð12μ2Þk2ρ
sh λl1

2k1hαTm
ð12μÞk2λρ

th λl

9>>>>>>>=
>>>>>>>;

ð8:104Þ

The coefficients c1 and c2 may be solved from the above equations. The bending

moment is given by

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.2 0.6 1.0 1.4 1.8 2.2 2.6 3.0 4.0 5.0 6.0

g(λl)

g(λl)

f(η)

f(η)

η , λl

f (
η)

 , 
g(

μ
)

Figure 8.10 Values of f(η) and g(λl).

164 Thermal Stresses and Temperature Control of Mass Concrete



M5
k2ρ2

2
c1 sh

x

ρ
sin

x

ρ
2 c2 ch

x

ρ
cos

x

ρ

0
@

1
A

2
2Eh3γλ2

3ð12μ2Þ ch λx1
Eαh2Td
3ð12μÞ

ð8:105Þ

On the central section (x5 0), the bending moment M0 and axial force N0 are as

follows:

M0 52
c2k2ρ2

2
2

2Eh3γλ2

3ð12μ2Þ 1
Eαh2Td
3ð12μÞ

N0 52
2EhαTm
12μ

gðλlÞ

The restraint stresses on the central section are given by

σ52
EαTm
12μ

gðλlÞ7 3M0y

2h3
ð8:106Þ

8.6.4 Coefficients of Resistance of Foundation

The above solutions of beam on Winkler foundation were given by Professor G. N.

Maslov in 1940, but they have not been applied in engineering due to lack of

expressions of coefficients of resistance of foundation which is given by the author

as the following.

Assuming that the foundation is an elastic half plane, on the surface of which

there are shearing loads q(x) as follows:

qðxÞ5 x; when 2 l# x# 1 l

0; when jxj. l



ð8:107Þ

From the theory of elasticity, the tangential displacement of the surface of foun-

dation is

u0 52
ð12μ2

f Þl2
πEf

12
x2

l2

� �
ln
l1 x

l2 x
1

2x

l

� �
ð8:108Þ

which is expressed by solid curve in Figure 8.11. Drawing a dotted straight line

close to the curve from which the coefficient of horizontal resistance of the founda-

tion is derived in the following:

165Thermal Stresses in Concrete Beams on Elastic Foundation



k1 5
πEf

3:16ð12μ2
f Þl

5
0:9942Ef

ð12μ2
f Þl

ð8:109Þ

where Ef and μf are respectively the modulus of elasticity and Poisson’s ratio of

the foundation.

If on the surface of foundation, there are normal loadings as follows:

pðxÞ5
l

2
2 jxj; when jxj, l

0; when jxj. l

8><
>: ð8:110Þ

the vertical displacement v0 of the surface of foundation will be

v0 5
ð12μ2

f Þl2
πEf

x

l
2

x2

l2

� �
ln

x

l2 x
1

x

l
1

x2

l2

� �
ln
l1 x

x
2 1

� �
ð8:111Þ

which are expressed by the solid curve in Figure 8.12. Drawing a dotted line close

to the curve from which the coefficient of vertical resistance of the foundation is

obtained as follows:

k2 5
πEf

1:73ð12μ2
f Þl

5
1:816Ef

ð12μ2
f Þl

ð8:112Þ

Figure 8.11 The horizontal

displacement u0 of the surface

of foundation.
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Figure 8.12 The vertical

displacement v0 of the surface

of foundation.
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8.6.5 Approximate Method for Beam on Winkler Foundation

For the exact solution of beam on Winkler foundation, it is necessary to solve the

simultaneous Eq. (8.104). For a thin beam with small h/l, we can neglect the influ-

ence of axial displacement on the bending moment and the influence of rotation on

the axial force; from Eqs. (8.79), (8.90), and (8.98), we get an approximate formula

for the stresses on the central cross section (ξ5 0) of the beam on elastic founda-

tion as follows:

σ5
Eα
12μ

12 gðλlÞ½ �Tm 1 12 f ðηÞ½ � � Tdy
2h

2 TðyÞ

 �

ð8:113Þ

where λ, η, f(η), g(λl) are given by Eqs. (8.87), (8.91), (8.96), and (8.99).

This is a convenient and useful formula which can be applied widely in

engineering.

Let y5 6 h, we will get the stresses at the top and bottom of the beam.

8.6.6 Analysis of Effect of Restraint of Soil Foundation

For concrete beam on rock foundation, as the modulus of elasticity of rock is large,

both the vertical and horizontal resistance of foundation cannot be neglected, the

restraint stresses must be computed by Eq. (8.54). Because the modulus of elastic-

ity of soil is small, the thermal stresses in concrete beam on soil foundation may be

simplified in some cases, which will be analyzed in the following.

1. The horizontal restraint

If the horizontal displacement of the beam is fully restrained, the thermal stress is

σmo52EαTm/(12μ), the actual restraint stress σm is given by Eq. (8.90), the ratio of

σm/σmo is

σm

σmo

52
σmð12μÞ
EαTm

5 12
1

ch λl
5 gðλlÞ ð8:114Þ

where λ, g(λl), and k1 are given in Eqs. (8.87), (8.91), and (8.109). Let the Poisson’s ratio

of concrete and foundation be μ5 0.167, μf5 0.25, we have

λl5 ch21 1

12 g

� �
ð8:115Þ

Taking g5 0.05, from the above equation, the error due to neglect of the horizontal

restraint of soil foundation will not exceed 5% if

l=h# l1=h5 0:202E=Ef ð8:116Þ
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2. The restraint of rotation of beam

When the rotation of beam is fully restrained, the stresses at the top and bottom of

beam are σdo 5 7EαTd=½2ð12μÞh�, when the rotation is partially restrained, the stress is

σd, the ratio of σd/σdo is

σd

σdo

52
2σdð12μÞh

EαTd
5 f ðηÞ ð8:117Þ

Let f(η)5 0.95, when

l

h
.

l2

h
5 0:306

E

Ef

� �1=3

ð8:118Þ

the beam may be considered as fully restrained in rotation. Let f(η)5 0.05, when

l

h
,

l3

h
5 0:763

E

Ef

� �1=3

ð8:119Þ

the restraint of foundation to rotation of beam may be neglected. l1/h, l2/h, and l3/h for

different E/Ef are given in Figure 8.13.

Let the modulus of concrete be Ec5 30,000 MPa, l1/h, l2/h, and l3/h are given in

Table 8.2.

For example, modulus of elasticity of concrete Ec5 30,000 MPa, length of

beam l5 30 m, height of beam h5 2.5 m, modulus of elasticity of foundation

Ef5 50 MPa, l/h5 30/2.55 12.00. From Table 8.2, l1/h5 121. 12,

l3/h5 6.4, 12, so in this case, the horizontal resistance of the foundation may be

neglected but the rotational resistance of the foundation must be considered.

500 1000 1500 2000 2500 3000 3500 4000
E/Ef0

20

40

60

80

100

200

300

400
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700
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1000

l1/h

l2/h

l3/h

l
h

Figure 8.13 l1/h, l2/h, and l3/h for different E/Ef.
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Generally speaking, for concrete beam on soil foundation, the horizontal resis-

tance may be neglected but the rotational resistance must be considered in most

cases.

8.7 Thermal Stresses in Beams on Elastic Foundation When
Modulus of Elasticity of Concrete Varying with Time

In order to consider the variation of modulus of elasticity with age of concrete, the

incremental method may be used. In the ith increment of time Δτi5 τi2 τi21, the

increment of temperature is

ΔTðy; τiÞ5 Tðy; τiÞ2 Tðy; τi21Þ ð8:120Þ

and the mean modulus of elasticity of concrete is

Eðτi20:5Þ5
EðτiÞ1Eðτi21Þ

2

The elastic stress increment Δσ(τi) may be computed by the above-mentioned

method, the viscoelastic thermal stress at time t may be computed by the following

approximate formula:

σðtÞ5
X

ΔσðτiÞKðt; τiÞ ð8:121Þ

where K(t,τi) is the stress relaxation coefficient.

Table 8.2 l1/h, l2/h, l3/h (Ec5 30,000 MPa) for different restraint conditions

Modulus of Elasticity of

Foundation, Ef (MPa)

l1/h for No

Horizontal

Restraint

l2/h for Full

Rotational

Restraint

l3/h for No

Rotational

Restraint

10 606 44.1 11.0

20 303 35.0 8.7

30 202 30.6 7.6

40 152 27.8 6.9

50 121 25.8 6.4
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9 Finite Element Method for
Computing Temperature Field

Experience shows that the finite difference method is suitable for the solution of

one-dimensional (1D) temperature field and the finite element (FEM) method is

more suitable for the solution of 2D and 3D temperature field in practical

engineering.

9.1 Variational Principle for the Problem of Heat
Conduction [9, 35, 39, 40, 44, 46, 53, 70, 76, 78]

9.1.1 Euler’s Equation

As shown in Figure 9.1, consider the functional

IðTÞ5
ð ð

R

ð
FðT ;Tx;Ty;TzÞdx dy dz1

ð ð
C

GðTÞds ð9:1Þ

where Tx5 @T/@x, Ty5 @T/@y, Tz5 @T/@z, and the boundary conditions of tempera-

ture T are:

On boundary c0 T 5 Tb

On boundary c lx
@T

@x
1 ly

@T

@y
1 lz

@T

@z
5

β
λ
ðT 2 TaÞ

9>=
>; ð9:2Þ

where lx, ly, lz are the direction cosines of the outward normal to the surface and Ta
is the air temperature. It has been proved that when the functional I(T) takes the

minimum value, namely

δðIÞ5 0 ð9:3Þ

the following equations are valid:

@F

@T
2

@

@x

@F

@Tx

� �
2

@

@y

@F

@Ty

� �
2

@

@z

@F

@Tz

� �
5 0 ð9:4Þ
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@G

@T
1 lx

@F

@Tx
1 ly

@F

@Ty
1 lz

@F

@Tz
5 0 ð9:5Þ

These are the Euler’s equations of the variational problem (Eqs. (9.1)�(9.3)).

9.1.2 Variational Principle of Problem of Heat Conduction

Consider the unsteady temperature T(x,y,z,t) which satisfies the following

equations:

In region R

@2T

@x2
1

@2T

@y2
1

@2T

@z2
1

1

a

@θ
@τ

2
@T

@τ

� �
5 0 ð9:6Þ

when τ5 0

T 5 T0ðx; y; zÞ ð9:7Þ

On surface c0 when τ. 0; T 5 Tb ð9:8Þ

On surface c when τ. 0; lx
@T

@x
1 ly

@T

@y
1 lz

@T

@z
1

β
λ
ðT 2 TaÞ5 0 ð9:9Þ

Now take the function F and G as follows:

F5
1

2
@T
@x

� �2

1 @T
@y

� �2

1 @T
@z

� �2
" #

2
1

a

@θ
@τ

2
@T

@τ

0
@

1
AT

G5
β
λ

1

2
T2 2 TaT

0
@

1
A

9>>>>>>=
>>>>>>;

ð9:10Þ

C

R
C´

x

y

z Figure 9.1 A space problem.
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Substituting F and G into Eq. (9.1), we get

IðTÞ5
ð ð

R

ð
1

2
@T
@x

� �2

1 @T
@y

� �2

1 @T
@z

� �2
" #

2
1

a

@θ
@τ

2
@T

@τ

0
@

1
AT

8<
:

9=
;dx dy dz

1

ð ð
C

β
λ

1

2
T2 2 TaT

0
@

1
Ads

ð9:11Þ

From Eq. (9.10), we get the partial derivatives of F and G:

@F

@T
52

1

a

@θ
@τ

2
@T

@τ

� �
;

@F

@Tx
5

@T

@x
;

@F

@Ty
5

@T

@y

@F

@Tz
5

@T

@z
;

@

@x

@F

@Tx

� �
5

@2T

@x2
;

@

@y

@F

@Ty

� �
5

@2T

@y2

@

@z

@F

@Tz

� �
5

@2T

@z2
;

@G

@T
5

β
λ
ðT 2 TaÞ

Substituting them into Eqs. (9.4) and (9.5), we have

In region R:

@F

@T
2

@

@x

@F

@Tx

� �
2

@

@y

@F

@Ty

� �
2

@

@z

@F

@Tz

� �
52

1

a

@θ
@τ

2
@T

@τ

� �
ð9:12Þ

On boundary C:

@G

@T
1 lx

@F

@Tx
1 ly

@F

@Ty
1 lz

@F

@Tz
5

β
λ
ðT 2 TaÞ1 lx

@T

@x
1 ly

@T

@y
1 lz

@T

@z
5 0

ð9:13Þ

Equations (9.12) and (9.13) are identical with Eqs. (9.6) and (9.9). Hence the

following conclusion is derived: If the temperature T(x,y,z,τ) takes the initial tem-

perature T0 when τ5 0, takes the boundary temperature Tb on the surface c0 and
enforces the functional I(T) expressed by Eq. (9.11) to take the minimum value,

then T(x,y,z,τ) will satisfy Eq. (9.6) in region R and Eq. (9.9) on surface C, namely,

T(x,y,z,τ) is the unsteady temperature solution that we seek.
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9.2 Discretization of Continuous Body

Temperatures are the unknown variables in the solution of temperature field. There

are infinite points in a continuous body and every point has a temperature; hence,

there are infinite unknown variables in the temperature field of a continuous body

which is difficult to be solved by numerical method. In the FEM, the continuous

body is substituted by a group of elements which are connected at a finite number

of nodes as shown in Figure 9.2. The temperatures in the element are expressed by

the temperatures of the nodes with shape functions. Only temperatures of the finite

number of nodes are unknown variables, and the original problem with infinite

unknown variables is replaced by a new problem with finite unknown variables

which can be solved by numerical methods.

9.3 Fundamental Equations for Solving Unsteady
Temperature Field by FEM [8, 9]

Consider a 3D unsteady temperature field, the equation of heat conduction, the ini-

tial and boundary conditions are given by Eqs. (9.6)�(9.9). According to the varia-

tional principle and Eq. (9.10), this heat conduction problem is identical with the

minimum value problem of the functional IðTÞ:Tðx; y; z; τÞ5 T0ðx; y; zÞ when τ5 0

and T(x,y,z,τ)5 Tb on the first kind of boundary c0 and enforce the following func-

tional I(T) to take the minimum value.

Figure 9.2 Discretization of continuous structure by FEMs: (a) original structure,

(b) structure after discretization, and (c) element.
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IðTÞ5
ð ð

R

ð
1

2

@T

@x

� �2

1
@T

@y

� �2

1
@T

@z

� �2
" #

2
1

a

@θ
@τ

2
@T

@τ

� �
T

( )
dx dy dz

1

ð ð
C

β
λ

1

2
T2 2 TaT

� �
ds

ð9:14Þ

The first term on the right part of Eq. (9.14) is the space integral in the region

of solution R and the second term is the area integral of the third kind of boundary

C0. As shown in Figure 9.2, the solution region R is divided into a finite number of

elements. Suppose that the nodes of element e are i; j;m; . . . ; p, the temperatures of

modes are TiðτÞ;TjðτÞ;TmðτÞ; . . . ;TpðτÞ, and the temperature of any point of the ele-

ment is expressed by the temperatures of nodes as follows:

Teðx; y; z; τÞ 5NiTi 1NjTj 1NmTm 1?1NpTp

5 ½Ni;Nj;Nm?�
Ti
Tj
Tm
^

8>><
>>:

9>>=
>>;5 ½N�fTge ð9:15Þ

where the shape function Ni(ξ,η,s) is a function of the local coordinates ξ, η, ς and

the nodal temperature Ti(τ) is a function of time.

The rate of change of temperature of any point in the element is

@T

@τ
5Ni

@Ti
@τ

1Nj

@Tj
@τ

1Nm

@Tm
@τ

1?

5 ½Ni;Nj;Nm 1?�
_Ti

_Tj

_Tm

?

8>><
>>:

9>>=
>>;5 ½N�f _Tge

ð9:16Þ

Considering element e as a subregion ΔR of the solution region R, the value of

the functional in the subregion is

IeðTÞ5
ð ð

ΔR

ð
1

2

@T

@x

� �2

1
@T

@y

� �2

1
@T

@z

� �2
" #

2
1

a

@θ
@τ

2
@T

@τ

� �
T

( )
dx dy dz

1

ð ð
ΔC

β
λ

1

2
T2 2 TaT

� �
ds

ð9:17Þ
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Differentiating Eq. (9.17) in the sign of integral, we obtain

@Ie

@Ti
5 heiiTi 1 heijTj 1 heimTm 1?1 reii

@Ti
@τ

1 reij
@Tj
@τ

1 reim
@Tm
@τ

1?

2 f ei
@θ
@τ

1 geiiTi 1 geijTj 1 geimTm 1?2 pei Ta

ð9:18Þ

where

heij 5

ð ð
ΔR

ð
@Ni

@x

@Nj

@x
1

@Ni

@y

@Nj

@y
1

@Ni

@z

@Nj

@z

0
@

1
Adx dy dz

f ei 5
1

a

ð ð
ΔR

ð
Ni dx dy dz

geij 5
λ
β

ð
ΔC

ð
NiNj ds

pei 5
λ
β

ð
ΔC

ð
Ni ds

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

ð9:19Þ

where geij and pei are area integrals on the third kind of boundary C.

When the elements are small enough, the original functional may be replaced by

the sum of the functional of the elements, namely

IðTÞD
X
e

IeðTÞ ð9:20Þ

In order to enforce the functional I(T) to take the minimum value, it is necessary

that

@I

@Ti
D

X
e

@Ie

@Ti
5 0 ð9:21Þ

Substituting Eq. (9.18) into the above equation, we get

X
e

heiiTi 1 heijTj 1 heimTm 1?1 reii
@Ti
@τ

1 reij
@Tj
@τ

1 reim
@Tm
@τ

1?

2 fi
@θ
@τ

1 geiiTi 1 geijTj 1 geimTm 1?2 pei Ta 5 0

ð9:22Þ

which may be transformed into the following equation by the symbol of matrix:

H½ �fTg1 R½ � @T

@τ

� �
1 Fg5 0f ð9:23Þ
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where

Hij 5
X
e

ðheij 1 geijÞ

Rij 5
X
e

reij

Fi 5
X
e

2fi
@θ
@τ

2 pei Ta

0
@

1
A

9>>>>>>>=
>>>>>>>;

ð9:24Þ

where
P

e indicates the sum of all the elements relevant to the node i.

Equation (9.23) is valid at any time τ, so it is valid at τ5 τn and τ5 τn11,

namely

H½ �fTng1 R½ � @T

@τ

� �
n

1 Fng5 0f ð9:25Þ

H½ �fTn11g1 R½ � @T

@τ

� �
n11

1 Fn11g5 0f ð9:26Þ

Now let

ΔTn 5 Tn11 2 Tn 5Δτn ð12 sÞ @T

@τ

� �
n

1 s
@T

@τ

� �
n11

� �
ð9:27Þ

According to the value of s, there are the following cases:

1. For s5 0, ΔTn 5Δτnð@T=@τÞn, forward difference, explicit solution.

2. For s5 1, ΔTn 5Δτnð@T=@τÞn11, backward difference, implicit solution.

3. For s51/2, ΔTn5ð1=2ÞΔτn½ð@T=@τÞn1ð@T=@τÞn11�, midpoint difference, implicit solution.

Experience shows that the backward difference method (s5 1) is the better one

in the two implicit methods.

From Eq. (9.27), we have

@T

@τ

� �
n11

5
1

s Δτn
½ Tn11f g2 Tngf �2 12 s

s

@T

@τ

� �
n

ð9:28Þ

Substituting into Eq. (9.26), we get

H½ �fTn11g1 R½ � 1

s Δτn
½fTn11g2 Tngf �2 12 s

s

@T

@τ

� �
n

� �
1 Fn11g5 0f ð9:29Þ

From Eq. (9.25),

177Finite Element Method for Computing Temperature Field



2 R½ � @T

@τ

� �
n

5 H½ � Tng1 Fngff

Substituting into Eq. (9.29), the fundamental equation for computing the

unsteady temperature field by FEM is derived in the following:

H½ �1 1

sΔτn
R½ �

� �
fTn11g1

12s

s
H½ �2 1

sΔτn
R½ �

� �
fTng1

12s

s
Fng1 Fn11g50ff

ð9:30Þ

where {Tn}, {Fn}, and {Fn11} are known and {Tn11} are unknown; thus the above

equation is a linear equation system about {Tn11} and the solution of which will

give the temperatures {Tn11} of all the nodes at time τ5 τn11.

9.4 Two-Dimensional Unsteady Temperature Field,
Triangular Elements

In order to give the readers a clear idea, it will be explained in the following how

triangular elements are used to compute the 2D unsteady temperature field.

As shown in Figure 9.3, the solution region R is divided into a set of elements

each of which has three nodes. Take one element e whose nodes are i, j, and m.

The temperature in the element e is expressed in the following (Figure 9.4):

Teðx; y; y; τÞ5Niðx; yÞTiðτÞ1Njðx; yÞTjðτÞ1Nmðx; yÞTmðτÞ ð9:31Þ

where Ni, Nj, Nm are the following shape functions:

Figure 9.3 Discretization of the

solution region.
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Ni 5
1

2A
ðai 1 bix1 ciyÞ

Nj 5
1

2A
ðaj 1 bjx1 cjyÞ

Nm 5
1

2A
ðam 1 bmx1 cmyÞ

9>>>>>>>>>=
>>>>>>>>>;

ð9:32Þ

where

ai 5 xjym 2 xmyj; bi 5 yj 2 ym; ci 5 xm 2 xj ð9:33Þ

and A is the area of the triangle ijm

A5
1

2

1 xi yi
1 xj yj
1 xm ym

������
������

Substituting Eq. (9.32) into Eq. (9.19), we get

heii 5
b2i 1 c2i
4A

; heij 5
bibj 1 cicj

4A
; heim 5

bibm 1 cicm

4A

reii 5
A

6a
; reij 5 reim 5

A

12a

f ei 5
A

3a
; pei 5βL=2

geii 5 βL=3; geij 5 geim 5βL=6; β5β=λ

ð9:34Þ

Now we have obtained all the coefficients in Eq. (9.24). Let

Figure 9.4 Element e.
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@θ
@τ

5
Δθ
Δτ

ð9:35Þ

Then Eq. (9.30) is established and the solution of which will give the nodal tem-

peratures {Tn11} for τ5 τn11.

9.5 Isoparametric Elements

Today the isoparametric elements are extensively used in practice to raise the effi-

ciency of computing [8, 90, 91, 112–115].

9.5.1 Two-Dimensional Isoparametric Elements

The isoparametric elements are constructed by transformation of coordinates. The

2D linear isoparametric element is shown in Figure 9.5. The element in the local

coordinates is a 23 2 square, the origin of the local coordinates (ξ,η) is the center

of element and the four boundary elements are ξ5 6 1 and η5 6 1. In the

Cartesian coordinates, the element is a quadrilateral. The coordinates of any point

in the element are expressed by

x5
P

Nixi 5N1x1 1N2x2 1?
y5

P
Niyi 5N1y1 1N2yx2 1?

�
ð9:36Þ

where Ni (ξ,η) is the shape function expressed by local coordinates ξ and η, and
(xi,yi) are the global coordinates of node i. Equation (9.36) is the coordinate trans-

form formula for a 2D isoparametric element.

3 4

y

o x1 2

η = 1

η = 1

ξ = 1
η

ξ 
= 

1

ξ 
= 

1

ξ = –

η = –1

η = –1

ζ 
= 

–1

η

ο

ο

ξ

1
2

2

1

3

ξ = 1
2

η = 1
2

4

ξ

(a) (b)

Figure 9.5 Two-dimensional linear isoparametric element: (a) local coordinates and

(b) Cartesian coordinates.
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The shape functions for a 2D linear isoparametric element are

N1 5
1

4
ð12 ξÞð12 ηÞ

N2 5
1

4
ð11 ξÞð12 ηÞ

N3 5
1

4
ð12 ξÞð11 ηÞ

N4 5
1

4
ð11 ξÞð11 ηÞ

ð9:37Þ

The temperature at any point of the element in the Cartesian coordinate

system is

T 5
X

NiTi 5N1T1 1N2T2 1? ð9:38Þ

where Ni(ξ,η) is the shape function expressed by local coordinates (ξ,η) and Ti is

the temperature at node i in the Cartesian coordinate.

The 2D quadratic isoparametric element with eight nodes is shown in

Figure 9.6.

The coordinates are transformed by Eq. (9.36) with shape functions as

follows:

3
6 4

87

1 5 2

η
η

η = 1

η = 1/2

ο ξ
ξ

(a)

(b)
0

y

x

1

7

3

6

8

0

5
η = –1

ξ = 1

ξ = 1/2

2

Figure 9.6 Two-dimensional quadratic isoparametric element: (a) local coordinates and

(b) Cartesian coordinates.

181Finite Element Method for Computing Temperature Field



Corner point Ni 5
1

4
ð11 ξ0Þð11 η0Þðξ0 1 η0 2 1Þ; i5 1; 2; 3; 4

Midpoint of side Ni 5
1

2
ð12 ξ2Þð11 η0Þ; i5 5; 6

Ni 5
1

2
ð12 η2Þð11 ξ0Þ; i5 7; 8

ξ0 5 ξiξ; η0 5 ηiη

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð9:39Þ
The shape functions are quadratic on the four sides of the element.

9.5.2 Three-Dimensional Isoparametric Elements

A 3D quadratic isoparametric element with 20 nodes is shown in Figure 9.7. The

coordinates of any point of the element in the Cartesian coordinates are

x5
P

Nixi 5N1x1 1N2x2 1?
y5

P
Niyi 5N1y1 1N2y2 1?

z5
P

Nizi 5N1z1 1N2z2 1?

9=
; ð9:40Þ

where xi, yi, zi are the Cartesian coordinates of node i and Ni(ξ,η,ζ) is the shape

function expressed by local coordinates ξ,η,ζ as follows:

Corner point Ni 5
1

8
ð11 ξ0Þð11 η0Þð11 ζ0Þðξ0 1 η0 1 ζ0 2 2Þ

ðξi 5 0; ηi 5 6 1; ζ i 5 6 1Þ
Midpoint of side Ni 5

1

4
ð12 ξ2Þð11 η0Þð11 ζ0Þ

9>>>>>=
>>>>>;

ð9:41Þ
The temperature in the element in the Cartesian coordinates is still expressed by

Eq. (9.38), but the shape functions in which are expressed by ξ,η,ζ as Eq. (9.41).

z

y

0 x

η = –1

η = –1 ξ = 1

ξ

ξ

ζ = 1

ζ = 1
ξ = 1

η η
ζ

ζ

0

o

(a) (b)

Figure 9.7 Three-dimensional quadratic isoparametric element: (a) local coordinates and

(b) Cartesian coordinates.
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9.6 Computing Examples of Unsteady Temperature Field

Example 1 Cooling of rectangular prism A rectangular prism of infinite length,

the cross section is 10 m3 4 m, the initial temperature is T05 20�C, the sides AD

and BC are insulated, the sides AB and CD are kept at Tb5 10�C, the diffusivity

a5 0.10 m2/day, the net of computation is shown in Figure 9.8, the results com-

puted by FEM are shown in Figure 9.9. The points indicating the computed results

all lie on the curves indicating the theoretical solutions.

Example 2 Cooling of concrete dam A concrete gravity dam is shown in

Figure 9.10(a), the height of dam is H5 65 m, the width of the base of dam is

L5 49 m, the initial temperature of the dam is 20�C and that of the rock foundation

is 0�C, and the boundary temperature is 0�C. The process of cooling is computed

by FEM and the computed results are shown in Figure 9.10. It is clear from

10 m

A

B

D

C

4
m

Figure 9.8 Example of net of

computation.

0 1 2 3 4 5 6 7 8 9 10

Theoretical solution Computed value

10

11

12

13

14

15

16

17

18

19

20

Theoretical solution

Computed value

(°
C

)

(m)

20days
10days

4days
1day

Figure 9.9 Example 1: Comparison of the results given by FEM and the theoretical

solution.
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Figure 9.10(e) that the temperature in the interior of the dam is still 2�C after cool-

ing of 8 years.

15 m

49 m

T = 20°C

1 : 0.70

T = 0°C

5
m

65
m

(a) (b)

17.9°C
17°C

15°C
10°C

5°C

3°C

5°C
7°C

9°C

0.5°C

1.0°C

1.5°C

2.0°C

(c) (d) (e)

Figure 9.10 Example 2: Cooling of concrete dam: (a) dimensions of dam and initial

temperature T0, (b) net of computing (only part of net is shown for the foundation),

(c) temperature distribution after cooling of 1 year, (d) temperature distribution after

cooling of 3 years, and (e) temperature distribution after cooling of 8 years.

184 Thermal Stresses and Temperature Control of Mass Concrete



10 Finite Element Method for
Computing the Viscoelastic
Thermal Stresses of Massive
Concrete Structures

The thermal stresses of massive concrete structures depend on the process of con-

struction. Sometimes the geometrical shape of a structure is irregular, so it is diffi-

cult to compute them by theoretical methods; generally the finite element method

(FEM) is used.

10.1 FEM for Computing Elastic Thermal Stresses

As shown in Figure 10.1, a two-dimensional continuous body is divided into a

finite number of elements which are connected at n nodes. Two displacements of

each node are unknown variables; thus there are 2n unknowns for the whole struc-

ture. There are three displacements for each node and 3n unknowns for the whole

structure for a spatial problem [8, 9, 35�40].

10.1.1 Displacements of an Element

For a spatial element shown in Figure 10.2, the displacements of any node i are

fδig5
ui
vi
wi

8<
:

9=
;

where ui; vi;wi are the displacements in the x, y, z directions, respectively. The vec-

tor constructed by the displacements of all the nodes of element e is indicated by

fδge in the following:

fδge 5 ½δ1δ2δ3?�T 5 ½u1v1w1u2v2w2?�T ð10:1Þ
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The displacements of any point in the element are expressed by shape functions

and nodal displacements as follows:

u 5
X

Niui 5N1u1 1N2u2 1?

v 5
X

Nivi 5N1v1 1N2v2 1?

w 5
X

Niwi 5N1w1 1N2wu2 1?

9>>=
>>;

ð10:2Þ

or expressed by matrices

frg5
u

v

w

8<
:

9=
;5

N1 0 0 N2 0 0 ?
0 N1 0 0 N2 0 ?
0 0 N1 0 0 N2 ?

2
4

3
5

u1
v1
w1

u2
v2
^

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
5 ½N1I;N2I;?�fδge5 ½N�fδge

ð10:3Þ

(a) (b)
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Figure 10.2 Spatial element: (a) nodal displacements and (b) nodal force.

Load
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Figure 10.1 Discretion of plane problem: (a) continuous body and (b) model of finite element.
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where

[N]—the shape function matrix

I—a 33 3 unit matrix.

10.1.2 Strains of an Element

For the spatial problem, there are six strain components at any point which may be

expressed in the following:

fεg5

εx
εy
εz
γxy
γyz
γzx

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

5

@u

@x

@v

@y

@w

@z

@u

@y
1

@v

@x

@v

@z
1

@w

@y

@w

@x
1

@u

@z

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>;

ð10:4Þ

Substituting Eq. (10.2) into Eq. (10.4), we have

fεg5

@N1

@x
0 0

@N2

@x
0 0 . . .

0
@N1

@y
0 0

@N2

@y
0 . . .

0 0
@N1

@z
0 0

@N2

@z
. . .

@N1

@y

@N1

@x
0

@N2

@y

@N2

@x
0 . . .

0
@N1

@z

@N1

@y
0

@N2

@z

@N2

@y
. . .

@N1

@z
0

@N1

@x

@N2

@z
0

@N2

@x
. . .

2
666666666666666666666664

3
777777777777777777777775

u1

v1

w1

u2

v2

w2

^

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

5 B1B2. . .½ �fδge5 B½ �fδge

ð10:5Þ
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where

Bi½ �5

@Ni

@x
0 0

0
@Ni

@y
0

0 0
@Ni

@z

@Ni

@y

@Ni

@x
0

0
@Ni

@z

@Ni

@y

@Ni

@z
0

@Ni

@x

2
666666666666666666666664

3
777777777777777777777775

ð10:6Þ

10.1.3 Stresses of an Element

There are six stress components at any point in an element:

fσg5 σx σy σz τxy τyz τzx �T
� ð10:7Þ

According to the generalized Hooke’s law, the stress�strain relationship is as

follows:

fσg5 ½D�ðfεg2 fε0gÞ1 fσ0g ð10:8Þ

where {ε0} is the initial strain and {σ0} the initial stress. The elasticity matrix for

isotropic elastic body is expressed in the following:

D½ �5 Eð12μÞ
ð11μÞð122μÞ

1
μ

12μ
μ

12μ
0 0 0

1
μ

12μ
0 0 0

1 0 0 0

symmetrical
122μ
2ð12μÞ 0 0

122μ
2ð12μÞ 0

122μ
2ð12μÞ

2
6666666666666666666666664

3
7777777777777777777777775

ð10:9Þ
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10.1.4 Nodal Forces and Stiffness Matrix of an Element

Nodal forces are concentrated forces acting on the nodes which are equivalent stati-

cally to the boundary stresses and distributed loads on the element. As shown in

Figure 10.2(b), the nodal forces at node i are expressed by

fFig5
Ui

Vi

Wi

8<
:

9=
;

where Ui, Vi, Wi are the nodal force acting at node i in the x, y, z directions, respec-

tively. The vector consisting of all the nodal forces of the element e is indicated by

fFge as follows:

fFge 5 ½F1F2?�T 5 ½U1V1W1U2V2W2?�T ð10:10Þ

By the principle of virtual displacement, the element nodal forces may be

computed as follows:

fFge 5
ððð

½B�Tfσgdx dy dz ð10:11Þ

If there is no initial stress, the stresses are expressed by

fσg5 ½D�fεg5 ½D�½B�fδge

Substituting the above equation into Eq. (10.11), we get

fFge 5
ððð

½B�T½D�½B�dx dy dzfδge

Let

½k�e 5
ððð

½B�T½D�½B�dx dy dz ð10:12Þ

then

fFge 5 ½k�efδge ð10:13Þ

which establishes the relation between the nodal forces and the nodal displacements.

The matrix [k]e is called the element stiffness matrix.
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10.1.5 Nodal Loads

All the distributed loads are replaced by equivalent nodal loads. Let fPig be the

equivalent nodal loads at node i,

fPig5
Xi

Yi
Zi

8<
:

9=
;

where Xi, Yi, Zi are the concentrated loads at node i in the x, y, z directions,

respectively.

Let fPge be the vector consisting of all the nodal loads:

fPge 5 ½P1P2?�T 5 ½X1Y1Z1X2Y2Z2?�T ð10:14Þ

The formulas for various nodal loads derived by the principle of virtual displace-

ment are given in the following:

1. Distributed body force

If the body force in a unit volume is

fqg5
qx
qy
qz

8<
:

9=
;

The equivalent nodal load produced by {q} are

fPgeq 5
ððð

½N�Tfqgdx dy dz ð10:15Þ

2. Distributed surface force

If the element e keeps to the side of the structure and the surface forces {p} are acting

on the surface of the element:

fpg5
px
py
pz

8<
:

9=
;

The equivalent nodal load induced by {p} is

fPgep 5
ð
½N�TfpgdS ð10:16Þ

3. Initial strain and initial stress

If there are initial strain {ε0} and initial stress {σ0} in the element, the equivalent

nodal loads produced by them are

fPgeε0 5
ððð

½B�T½D� ε0f gdx dy dz ð10:17Þ

fPgeσ0
52

ððð
½B�T½σ0�dx dy dz ð10:18Þ
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10.1.6 Equilibrium Equation of Nodes and the Global Stiffness Matrix

For any node i cut from the body, the equilibrium equations in the x, y, z directions

must be satisfied as follows:

X
e

Ui 5Xi;
X
e

Vi 5 Yi;
X
e

Wi 5 Zi ð10:19Þ

where Ui, Vi, Wi are nodal forces and Xi, Yi, Zi are nodal loads. The above equa-

tions may be expressed by matrices as follows:

X
e

fFig5 fPig

Substituting fFge 5 ½k�efδge, we obtain the nodal equilibrium equations expressed

by nodal displacements in the following:

½K�fδg5 fPg ð10:20Þ

where [K] is the global stiffness matrix, whose elements Kij are computed by

Krs 5
X
e

keij ð10:21Þ

where the symbol
P

e means the sum of all the coefficients keij relevant to the

element “e.”

10.1.7 Collection of FEM Formulas

For the convenience of the reader, the FEM formulas are collected in the

following:

fδge 5 ½u1v1w1u2v2w2?�T ð10:22Þ

fεg5 ½εxεyεzγxyγyzγzx�T ð10:23Þ

fσg5 ½σxσyσzτxyτyzτzx�T ð10:24Þ

frg5
u

v

w

8<
:

9=
;5

N1 0 0 N2 0 0 . . .
0 N1 0 0 N2 0 . . .
0 0 N1 0 0 N2 . . .

2
4

3
5

u1
v1
w1

u2
^

8>>>><
>>>>:

9>>>>=
>>>>;

5 ½N�fδge

ð10:25Þ
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fεg5 ½B�fδge ð10:26Þ

fσg5 ½D�ðfεg2 fε0gÞ1 fσ0g ð10:27Þ

fFge 5
ððð

½B�Tfσgdx dy dz ð10:28Þ

fFge 5 ½k�efδge ð10:29Þ

fkge 5
ððð

½B�T½D�½B�dx dy dz ð10:30Þ

fPgeq 5
ððð

½N�Tfqgdx dy dz ð10:31Þ

fPgep 5
ð
S

½N�Tfpgds ð10:32Þ

fPgeε0 5
ððð

½B�T½D�fε0gdx dy dz ð10:33Þ

fPgeσ0
52

ððð
½B�T½σ0�dx dy dz ð10:34Þ

½K�fδg5 fPg ð10:35Þ

10.2 Implicit Method for Solving Viscoelastic
Stress�Strain Equation of Mass Concrete

Because the creep strain of concrete depends on the history of stress which must be

recorded in the process of computation, a huge volume of memory is required.

How to reduce the volume of memory is important in computing viscoelastic ther-

mal stress of mass concrete by FEM. Zienkiewicz had proposed an explicit method

with equal time interval, the writer had proposed an implicit method with unequal

time interval which is more efficient and will be described in the following.

10.2.1 Computing Increment of Strain

In the explicit calculation, the stress is assumed to be constant in Δτ, the

stress�time curve has the shape of steps, as shown in Figure 10.3(a), and the error
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of computation is rather big. In the implicit calculation, it is assumed that the stress

varies linearly in Δτ, namely

dσ
dτ

5 ξi 5 constant

in Δτi, as shown in Figure 10.3(b), the σ2 τ curve is a broken line.

From Eq. (2.23), the strain at time t is

εðtÞ5 εeðtÞ1 εcðtÞ ð10:36Þ

where

εeðtÞ5 σðτ0Þ
Eðτ0Þ

1

ðt
τ0

1

EðτÞ
dσ
dτ

dτ ð10:37Þ

εcðtÞ5σðτ0ÞCðt; τ0Þ1
ðt
τ0
Cðt; τÞ dσ

dτ
dτ ð10:38Þ

in which εeðtÞ is the elastic strain and εcðtÞ is the creep strain.

Dividing the time τ into a series of unequal time increments as shown in

Figure 10.4, the increment of elastic strain in Δτi is given by

Δεen 5 εeðtnÞ2 εeðtn21Þ5
ðτn
τn21

1

EðτÞ
dσ
dτ

dτ5
dσ
dτ

� �
n

ðτn
τn21

1

EðτÞ dτ

By the mean value theorem of integration, we get

Δεen 5
1

EðτnÞ
dσ
dτ

� �
n

ðτn 2 τn21Þ5
Δσn

EðτnÞ
ð10:39Þ

Δσ0
Δσ0

ζ1

ζ2

Δσ1

Δσ2

σ σ

t t
(a) (b)

Figure 10.3 History of stress: (a) explicit method and (b) implicit method.
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From τ0 to t, the creep strain is

εcðtÞ5Δσ0Cðt; τ0Þ1
X
i

ðτn
τn21

Cðt; τÞ dσ
dτ

dτ

5Δσ0Cðt; τ0Þ1
X
i

dσ
dτ

0
@

1
Aðτn

τn21
Cðt; τÞdτ

By the mean value theorem, we have

εcðtÞ5Δσ0Cðt; τ0Þ1
X
i

Cðt; τiÞ
dσ
dτ

� �
i

Δτi 5Δσ0Cðt; τ0Þ1
X
i

Cðt; τiÞΔσi

ð10:40Þ

Let the unit creep be expressed by

Cðt; τÞ5ΨðτÞ½12 e-rðt-τÞ� ð10:41Þ

Substituting into Eq. (10.40), we get

εcðtÞ5Δσ0Ψðτ0Þ½12 e2rðt2τ0Þ�1
X
i

ΔσiΨðτiÞ½12 e2rðt2τiÞ� ð10:42Þ

As shown in Figure 10.4, take three adjacent instants of time τn21, τn, τn11,

with

Δτn 5 τn 2 τn21; Δτn11 5 τn11 2 τn

τ0 τ1 τ2 τn – 1 τn + 1 t , ττn 

Δσ0

Δσ1

Δσ2

Δσn

σ

Δσn + 1

Δτn Δτn +1

Figure 10.4 Incremental

method.
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From Eq. (10.42), the creep strains at the three adjacent instants of time are

εcðtn21Þ5Δσ0Ψðτ0Þ½12 e2rðτn2Δτn2τ0Þ�
1Δσ1Ψðτ1Þ½12 e2rðτn2Δτn2τ1Þ�1UUU

1Δσn21Ψðτn21Þ½12 e2rðτn2Δτn2τn21Þ�
ð10:43Þ

εcðtnÞ5Δσ0Ψðτ0Þ½12 e2rðtn2τ0Þ�1Δσ1Ψðτ1Þ½12 e2rðtn2τ1Þ�1?

1Δσn21Ψðτn21Þ½12 e2rðtn2τn21Þ�1ΔσnΨðτnÞ½12 e2rðtn2τnÞ�
ð10:44Þ

εcðtn11Þ5Δσ0Ψðτ0Þ½12e2rðtn1Δτn112τ0Þ�1Δσ1Ψðτ1Þ½12e2rðτn1Δτn112τ1Þ�1?

1Δσn21Ψðτn21Þ½12e2rðtn1Δτn112τn21Þ�1ΔσnΨðτnÞ½12e2rðtn1Δτn112τnÞ�
1Δσn11Ψðτn11Þ½12e2rðtn1Δτn112τn11Þ�

10:45

From Eq. (10.44) minus Eq. (10.43), we get

Δεcn 5 εcðtnÞ2 εcðtn21Þ
5Δσ0Ψðτ0Þ½e2rðtn2Δτn2τ0Þ 2 e2rðtn2τ0Þ�

1Δσ1Ψðτ 1Þ½e2rðtn2Δτn2τ1Þ 2 e2rðtn2τ1Þ�
^

1Δσn21Ψðτn21Þ½e2rðtn2Δτn2τn21Þ 2 e2rðtn2τn21Þ�
1ΔσnΨðτnÞ½12 e2rðtn2τnÞ�

5 ð12 e2rΔτn Þ½Δσ0Ψðτ0Þe2rðtn2Δτn2τ0Þ

1Δσ1Ψðτ1Þe2rðtn2Δτn2τ1Þ 1?

1Δσn21Ψðτn21Þe2rðtn2Δτn2τn21Þ�
1ΔσnΨðτnÞ½12 e2rðtn2τnÞ�

ð10:46Þ

Similarly

Δεcn11 5 εcðtn11Þ2 εcðtnÞ
5 ð12 e2rΔτn11 Þ½Δσ0Ψðτ0Þe2rðtn2τ0Þ 1Δσ1Ψðτ1Þe2rðtn2τ1Þ 1?

1Δσn21Ψðτn21Þe2rðtn2τn21Þ 1ΔσnΨðτnÞe2rðtn2τnÞ�
1Δσn21Ψðτn21Þ½12 e2rðtn1Δτn111τn11Þ�

ð10:47Þ

Comparison of Eqs. (10.46) and (10.47) yields a set of recurrence formulas as

follows:

Δεcn11 5 ð12 e2rΔτn11 Þωn11 1Δσn11Cðtn11; τnÞ
ωn11 5ωn e

2rΔτn 1ΔσnΨðτnÞe20:5rΔτn

ω1 5Δσ0Ψðτ0Þ

9>=
>; ð10:48Þ
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which may be rewritten in the following:

Δεcn 5 εcðtnÞ2 εcðtn21Þ
5 ð12 e2rΔτn Þωn 1ΔσnCðtn; τnÞ

ωn 5ωn21 e
2rΔτn21 1Δσn21Ψðτn21ÞΨ e20:5rΔτn21

ω1 5Δσ0Ψðτ0Þ

9>>>>=
>>>>;

ð10:49Þ

If the unit creep is expressed by

Cðt; τÞ5
X
s5 1

ΨsðτÞ½12 e2rsðt2τÞ� ð10:50Þ

then the incremet of creep strain is given by

Δεcn 5 εcðtnÞ2 εcðtn21Þ
5

X
s

ð12 e2rsΔτn Þωsn 1ΔσnCðtn 2 τnÞ

5 ηs 1ΔσnCðtn; τnÞ
ð10:51aÞ

ηn 5
X
s

ð12 e2rsΔτn Þωsn ð10:51bÞ

ωsn 5ωs;n21 e
2rsΔτn21 1Δσn21Ψsðτn21Þe20:5rsΔτn21 ð10:51cÞ

ωs1 5Δσ0Ψsðτ0Þ ð10:51dÞ

Using the above recurrence formulas to compute the viscoelastic thermal stresses

of massive concrete structure, it is not necessary to record the history of stress, only

ωsn is required to store; thus the volume of memory is reduced a great deal.

10.2.2 Relationship Between Stress Increment and Strain Increment for
One-Directional Stress

Besides the elastic strain and creep strain induced by stress, there are thermal

strain, shrinkage strain, and autogenous strain in concrete. Generally the strain of

concrete under the action of one-directional stress may be expressed by

εðtÞ5 εeðtÞ1 εcðtÞ1 εTðtÞ1 ε0ðtÞ1 εsðtÞ ð10:52Þ

where

εeðtÞ—elastic strain

εcðtÞ—creep strain

εTðtÞ—free thermal strain

ε0ðtÞ—autogenous strain

εsðtÞ—shrinkage strain.
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The strain increment in Δτn is

Δεn 5 εðtnÞ2 εðtn21Þ5Δεen 1Δεcn 1ΔεTn 1Δε0n 1Δεsn ð10:53Þ

Substituting Eqs. (10.39) and (10.36) into Eq. (10.53), we have

Δεn 5
Δσn

EðτnÞ
1 ηn 1ΔσnCðtn; τnÞ1ΔεTn 1Δε0n 1Δεsn ð10:54Þ

Hence the formula for stress increment Δσn is derived

Δσn 5EnðΔεn 2 ηn 2ΔεTn 2Δε0n 2ΔεsnÞ ð10:55Þ

where

En 5
EðτnÞ

11EðτnÞCðtn; τnÞ
ð10:56Þ

ηn is given by Eq. (10.51b), ΔεTn 5αΔTn, Δε0n 5 ε0ðtnÞ2 ε0ðtn21Þ,
Δεsn 5 εsðtnÞ2 εsðtn21Þ, τn 5 ðτn21 1 τnÞ=2.

10.2.3 Relationship Between Stress Increment and Strain Increment for
Complex Stress State

For plane problem

fεg5 ½εx; εy; γxy�T ð10:57Þ

fσg5 ½σx;σy; τxy�T ð10:58Þ

For spatial problem

fεg5 ½εx; εy; εz; γxy; γyz; γzx�T ð10:59Þ

fσg5 ½σx;σy;σz; τxy; τyz; τzx�T ð10:60Þ

From Eq. (9-2-4), the vector of elastic strain increment is given by

fΔεeng5
1

Eðτ nÞ
Q½ � Δσn½ � ð10:61Þ

where [Q] is given by Eqs. (10.65)�(10.67).

197Finite Element Method for Computing the Viscoelastic Thermal Stresses



From Eqs. (10.51a)�(10.51d) the vector of creep strain increment is given by

fΔεcng5 fηng1Cðtn; τnÞ½Q�fΔσng ð10:62Þ

where

fηng5
X
s

ð12 e2rsΔτn Þfωsng ð10:63Þ

fωsng5 fωs;n21ge2rsΔτn21 1 ½Q�fΔσn21gΨsðτn21Þe20:5rsΔτn21 ð10:64Þ

For plane stress problem

Q½ �5
1 2μ 0

2μ 1 0

0 0 2ð11μÞ

2
4

3
5; ½Q�215 1

12μ2

1 μ 0

μ 1 0

0 0 ð12μÞ=2

2
4

3
5; fΔεTn g5

αΔTn
αΔTn
0

8<
:

9=
;

ð10:65Þ

For plane strain problem

Q½ �5ð11μÞ
12μ 2μ 0

2μ 12μ 0

0 0 2

2
4

3
5; ½Q�215 12μ

ð11μÞð122μÞ

1
μ

12μ
0

μ
12μ

1 0

0 0
122μ
2ð12μÞ

2
66666664

3
77777775

fΔεTn g5 ½ð11μÞαΔTn; ð11μÞαΔTn;0�T ð10:66Þ

For spatial problem

½Q�5

1 2μ 2μ 0 0 0

1 2μ 0 0 0

1 0 0 0

symmetrical 2ð11μÞ 0 0

2ð11μÞ 0

2ð11μÞ

2
6666664

3
7777775
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½Q�215 12μ
ð11μÞð122μÞ

1
μ

12μ
μ

12μ
0 0 0

1
μ

12μ
0 0 0

1 0 0 0

symmetrical
122μ
2ð12μÞ 0 0

122μ
2ð12μÞ 0

122μ
2ð12μÞ

2
6666666666666666666666664

3
7777777777777777777777775

fΔεTn g5 ½αΔTn; αΔTn; αΔTn; 0; 0; 0�T ð10:67Þ

Similar to Eq. (10.53), the strain increment vector is

fΔεng5 fΔεeng1 fΔεcng1 fΔεTn g1 fΔε0ng1 fΔεsng ð10:68Þ

Substituting Eqs. (10.61) and (10.62) into the above equation, the relation between

the stress increment vector and the strain increment vector for complex stress state

is derived:

fΔσng5 ½Dn�ðfΔεng2 fηng2 fΔεTn g2 fΔε0ng2 fΔεsngÞ ð10:69Þ

where

½Dn�5En½Q�21 ð10:70Þ

where En is given by Eq. (10.56) and ½Dn� is the elasticity matrix.

10.3 Viscoelastic Thermal Stress Analysis of Concrete
Structure

The creep compliance of concrete is

Jðt; τÞ5 1

EðτÞ 1Cðt; τÞ ð10:71Þ
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The modulus of elasticity is expressed by one of the two equations:

EðτÞ5E0ð12 e2aτbÞ ð10:72Þ

EðτÞ5 E0τ
q1 τ

ð10:73Þ

The unit creep Cðt; τÞ is expressed by

Cðt; τÞ5
Xm
s51

ΨsðτÞ½12 e2rsðt2τÞ� ð10:74Þ

in which ΨsðτÞ5 fs 1 gsτ2p; when s5 1 to m2 1

ΨsðτÞ5De2rsτ ; when s5m

�
ð10:75Þ

where E0, a, b, q, fs, gs, ps, D, rs are material constants.

Because the modulus of elasticity and unit creep both vary with time, incremental

method is used and the time τ is divided into a series of time increments

Δτ1;Δτ2; . . .;Δτn.
The strain increment in Δτn is

fΔεng5 fεðtnÞg2 fεðtn21Þg5 fΔεeng1 fΔεcng1 fΔεTn g1 fΔε0ng1 fΔεsng
ð10:76Þ

By implicit method, the elastic strain increment is computed by

fΔεeng5
1

EðτnÞ
Q½ � Δσngf ð10:77Þ

From Eqs. (10.51(a�d)), the creep strain increment is computed by

fΔεcng5 fηng1Cðt; τnÞ½Q�fΔσng ð10:78Þ

where

fηng5
X
s

ð12 e2rsΔτn Þfωsng ð10:79Þ

fωsng5 fωs;n21ge2rsΔτn21 1 ½Q�fΔσn21gΨsðτn21Þe20:5rsΔτn21 ð10:80Þ

The relation between stress increment and strain increment is

fΔσng5 ½Dn�ðfΔεng2 fηng2 fΔεTn g2 fΔε0ng2 fΔεsngÞ ð10:81Þ
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where

½Dn�5En½Q�21 ð10:82Þ

En 5
EðτnÞ

11EðτnÞCðtn; τnÞ
ð10:83Þ

From Eq. (10.6), the element nodal forces increment is given by

fΔFge 5
ððð

½B�TfΔσgdx dy dz ð10:84Þ

Substituting fΔσng expressed by Eq. (10.55) into the above equation, we have

fΔFge 5 ½k�efδnge 2
ð ð ð

½B�T ½Dn�ðfηng1 fΔεTn g1 fΔε0ng1ΔεsnÞdx dy dz
ð10:85Þ

where ½k�e is the element stiffness matrix given by

½k�e 5
ððð

½B�T½Dn�½B�dx dy dz ð10:86Þ

The third term on the right part of Eq. (10.85) represents the nodal forces induced by

the creep strain, thermal strain, autogenous strain, and shrinkage strain; after changing

their sign, we get the element nodal loads increment as follows

fΔPngce 5
ððð

½B�T½Dn�fηngdx dy dz ð10:87Þ

fΔPngTe 5
ððð

½B�T½Dn�fΔεTn gdx dy dz ð10:88Þ

fΔPng0e 5
ððð

B½ �T Dn

� �fΔε0ngdx dy dz ð10:89Þ

fΔPngse 5
ððð

½B�T½Dn�fΔεsngdx dy dz ð10:90Þ

where

fPngce—nodal load increment due to creep strain

fΔPngTe—nodal load increment due to temperature change
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fΔPng0e—nodal load increment due to autogenous strain

fΔPngse—nodal load increment due to shrinkage strain.

Collection of all the nodal forces and nodal loads yields the global equilibrium

equation as follows:

½K�fΔδng5 fΔPngL 1 fΔPngC 1 fΔPngT 1 fΔPng0 1 fΔPngS ð10:91Þ

where fΔPngL is the increment of nodal load due to external load and ½K� is the

global stiffness matrix, whose elements are given by

Krs 5
X
e

keij ð10:92Þ

Solution of equilibrium equation (10.91) yields the nodal displacement incre-

ments fΔδng; then the stress increment fΔσng may be computed by Eq. (10.55) and

the stresses at time tn are given by

fσng5 fΔσ1g1 fΔσ2g1?1 fΔσng5
X

fΔσng ð10:93Þ

10.4 Compound Element

The dimensions of element should be suited to the temperature gradients and stress

gradients of the structure. As shown in Figure 10.5, in the region R1 of new con-

crete, there must be several layers of elements in each lift of concrete; in the region

R2, there may be one layer of element in one lift of concrete; and in the region R3

of old concrete, several lifts of concrete may be combined to one layer of element

which is a compound element to reduce the number of unknowns [8].

R1

R2

R3

Figure 10.5 Dam block.
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As shown in Figure 10.6, in a compound element, each lift of concrete will have

different modulus of elasticity EiðτÞ, unit creep Ciðt; τÞ, and adiabatic temperature

rise θiðτÞ.

10.5 Method of Different Time Increments in Different
Regions

Generally the same time increment Δτi is used in different regions of structure in

computing temperature field and stress field. As shown in Figure 10.7, a new

method using different time increments Δτi in different regions is proposed which

is more efficient [7].

E1( τ ), C1( t , τ )

E2( τ ), C2( t , τ )

En( τ ), Cn( t , τ )

Figure 10.6 Compound element.

a

b
c c

Figure 10.7 Different Δτ in different region

(Δτa 6¼ Δτb).
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11 Stresses due to Change of Air
Temperature and Superficial
Thermal Insulation

Experience shows that most cracks in mass concrete structures are originally super-

ficial cracks, but some of them may become larger and deeper cracks later which

will reduce the safety and durability of the structure. Thermal insulation is the most

efficient measure for preventing superficial cracks of mass concrete structures.

11.1 Superficial Thermal Stress due to Linear Variation
of Air Temperature During Cold Wave

The variation of air temperature Ta during a cold wave is expressed in the

following:

When 0# τ#Q Ta 5 kτ
When Q# τ# 2Q Ta 5 kτ2 2kðτ2QÞ

�
ð11:1Þ

where

coefficient k5A/Q

A—the maximum drop of air temperature

Q—the duration of drop of air temperature.

According to the principle of superposition, it is necessary to compute the super-

ficial temperature of concrete f(τ) under the action of air temperature Ta5 kτ only,

when τ.Q and the superficial temperature of concrete is f(τ)2 2f(τ2Q).

Consider an infinite slab with thickness 2R and the initial and boundary condi-

tions are as follows:

When τ5 0; 0# x#R T 5 0

When τ. 0; x5 0
@T

@x
5 0

When τ. 0; x5R λ
@T

@x
2βðkτ2 TÞ5 0

9>>>>>>>=
>>>>>>>;

ð11:2Þ
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The solution is

Tðx; τÞ5 kτ2
k

2a
R2 11

2λ
βR

� �
2 x2

� �
1

kR2

a

XN
n51

An

μ2
n

cos
μnx

R

� �
exp 2μ2

n

aτ
R2

� �
ð11:3Þ

The temperature is minimum and the tensile stress is maximum on the surface

of concrete. Let x5R in Eq. (11.3), we get the superficial temperature of concrete

in the following:

TðR; τÞ5 kτ2
λkR
βa

1
kR2

a

XN
n51

An

μ2
n

cos μn exp 2μ2
n

aτ
R2

� �
ð11:4Þ

An 5 2 sin μn=ðμn 1 sin μn cos μnÞ

where

λ—the conductivity

a—the diffusivity

μn—root of the characteristic equation cot μn2μnλ/(βR)5 0

β—surface conductance.

The superficial temperature computed by Eq. (11.4) for Q5 1 day is shown in

Figure 11.1. The minimum superficial temperatures during a cold wave are shown

in Figure 11.2.

The depth of influence of a cold wave is so small that the thermal deformation

is perfectly restrained and the elastic thermal stress is σ5EαTðτÞ=ð12μÞ and the

viscoelastic thermal stress σ�(t) is given by

ð12μÞσ�ðtÞ
EαT0

5
1

T0

X
Kðt; τÞΔTðτÞ ð11:5Þ

where

K(t,τ)—the relaxation coefficient of concrete

T0—the maximum drop of air temperature in a cold wave.

Generally the thickness of a concrete dam is 5�50 m, but the influence of thick-

ness on the superficial temperature is very small if the thickness is greater than

5 m; thus an infinite slab with thickness 10 m and a5 0.0040 m2/h is analyzed, the

maximum superficial viscoelastic thermal stress for different thermal insulation is

shown in Figure 11.3 from which it is clear that the superficial thermal stress drops

rapidly with the increase of λ/β.
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Figure 11.1 The variation of superficial temperature for Q5 1 day.
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Figure 11.2 The minimum superficial temperature of mass concrete during a cold wave.
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11.2 Superficial Thermal Insulation, Harmonic Variation
of Air Temperature, One-Dimensional Heat Flow

11.2.1 Superficial Thermal Insulation, Daily Variation of Air
Temperature, One-Dimensional Heat Flow

The daily variation of air temperature is expressed by

Ta 5A sin
2πτ
P

� �
ð11:6Þ

where

Ta—air temperature

A—amplitude of variation

P—period of variation (P5 1 day).

The depth of influence of daily variation of air temperature is less than 1 m and the

thickness of concrete dam is more than 5 m; thus the temperature field of semi-infinite

solid is analyzed. As the air temperature varies periodically, we consider a quasi-

steady temperature field. The temperature T should satisfy the following equations:

Equation of heat conduction

@T

@τ
5 a

@2T

@x2
ð11:7Þ

0.9
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0.7

0.6

0.5

0.4
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0

(1
–

μ
) σ

∗ / E
αT

0

0.1 0.2 0.3 0.4 0.5 1.0 2.0 3.0 4.0 5.0 m

λ / β

Q = 3 days

Q = 2 days

Q = 1 days

σ* – maximum stress of concrete

Q–  duration of drop of air
       temperature

T0– amplitude of drop of air
       temperature

Figure 11.3 Influence of superficial thermal insulation on the maximum viscoelastic

superficial thermal stress of mass concrete during a cold wave.
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Boundary conditions

When x5 0; τ. 0; λ
@T

@x
5βðTa 2 TÞ

When x5N; T5 0

9=
; ð11:8Þ

The solution of Eqs. (11.7) and (11.8) is

T 5 fA e2pxsin
2πðτ2mÞ

P
2 px

� �
ð11:9Þ

where

f 5
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11 2u1 2u2
p ; u5

λ
β

ffiffiffiffiffiffi
π
aP

s

m5
P

2π
tan21 1

11 1=u

0
@

1
A; p5

ffiffiffiffiffiffi
π
aP

s ð11:10Þ

As the temperature variation is maximum on the surface of concrete, letting

x5 0 in Eq. (11.9), we get the surface temperature of concrete as follows:

T 5 fA sin½2πðτ2mÞ=P� ð11:11Þ
The depth of variation of temperature is very small so the mass concrete struc-

ture may be analyzed as it is a semi-infinite solid. The maximum viscoelastic

superficial thermal stress is given by

σ5 fρEðτÞαA=ð12μÞ ð11:12Þ
where ρ is the relaxation coefficient considering the effect of creep, for daily varia-

tion of air temperature ρD0.90.

The modulus of elasticity is given by

EðτÞ5E0½12 expð12 0:40τ0:34Þ� ð11:13Þ
where E0 is the final modulus of elasticity, approximately E05 1.20E(90),

E05 1.05E(365), or E05 1.45E(28).

If the allowable tensile stress of concrete is σa, the stress induced by external

load, hydration heat, initial temperature difference, etc. is σ0, the thermal stress due

to cold wave given by Eq. (11.12) should satisfy the following equation:

σ1σ0 # σa 5Rt=k ð11:14Þ

where

Rt—the tensile strength of concrete

k—the coefficient of safety.
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Taking the equal sign“5 ”in the above equation and substituting Eq. (11.12) in

it, we get

σ5 σa 2σ0 5 fρEðτÞaA=ð12μÞ ð11:15Þ

Substituting f of Eq. (11.10) into Eq. (11.15), we have

11 2u1 2u2 5 b2 ð11:16Þ

where

b5
1

f
5

ρEðτÞaA
ð12μÞðσa 2σ0Þ

ð11:17Þ

From Eq. (11.16), we obtain

u5 0:50
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b2 2 1

p
2 1

� �
ð11:18Þ

The capability of superficial thermal insulation is indicated by the surface con-

ductance β. After computing of u by Eq. (11.18), from Eq. (11.10), the required

surface conductance of concrete is given by

β5
λ
u

ffiffiffiffiffiffi
π
aP

r
ð11:19Þ

β given by the above equation can ensure that the thermal stress will not exceed

the allowable tensile stress of concrete.

The variation of the diffusivity of concrete is small, generally we may take

a5 0.10 m2/day. For daily variation, P5 1 day, so we get the required surface con-

ductance as follows:

β5 5:605λ=u ð11:19aÞ

The relation between surface conductance β and the thickness h of the superfi-

cial thermal insulation layer is

β5
1

ðh=λs 1 1=β0Þ
ð11:20Þ

where

h—thickness of insulation layer

λs—conductivity of insulation layer, see Table 2.1
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β0—surface conductance between air and the outside of the insulation layer, generally

β05 40�80 kJ/(m2 h �C).

From Eq. (11.20), the thickness of the surface insulation layer is given by

h5λs

1

β
2

1

β0

� �
ð11:21Þ

If the result of computation is β$β0 or h# 0, it means that the superficial ther-

mal insulation is not required.

Example 1 The amplitude of variation of air temperature A5 8�C, modulus of

elasticity of concrete at 90 days E(90)5 24,000 MPa, Poisson’s ratio μ5 0.16,

α5 13 1025�C21, λ5 9.21 kJ/(m h �C), a5 0.10 m2/day, β05 83.7 kJ/(m2 h �C).
Try to compute the thermal stress induced by daily variation of air temperature at

τ5 5 days. Let σ05 0.2 MPa, allowable stress σa5 1.0 MPa. Try to check whether

the superficial thermal insulation is required.

First, consider the case of no superficial thermal insulation, take

β5β05 83.7 kJ/(m2 h �C), from Eqs. (11.10), (11.12), and (11.13),

σ5 0.7121 0.2005 0.912 MPa, which is less than the allowable tensile stress, so

the superficial thermal insulation is not necessary.

11.2.2 Superficial Thermal Insulation for Cold Wave, One-Dimensional
Heat Flow

Assuming that the cold wave begins at τ5 τ1, as shown in Figure 11.4, the air tem-

perature during the cold wave is expressed by

Ta 52A sin
πðτ2 τ1Þ

2Q

� �
; τ$ τ1 ð11:22Þ

where

Q—duration of decrease of air temperature in cold wave

A—amplitude of decrease of air temperature in cold wave.

For a semi-infinite solid, the temperature field must satisfy the equation of heat

conduction (11.7), the boundary conditions (11.8), and the initial condition:

When τ5 0; T 5 0

The theoretical solution is too complex for practical application, so the follow-

ing approximate formula for the surface temperature of mass concrete during cold

wave is proposed by the writer:

T 52 f1 A sin
πðτ2 τ1 2ΔÞ

2P

� �
ð11:23Þ
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f1 5 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 1:85u1 1:12u2

p
; Δ5 0:4gQ

P5Q1Δ; g5
2

π
tan21 1

11 1=u

2
4

3
5

u5
λ
2β

ffiffiffiffiffiffi
π
Qa

s
5

2:802λ
β

ffiffiffiffi
Q

p ðwhen a5 0:10 m2=dayÞ

ð11:24Þ

In order to check the precision of Eq. (11.23), the following case is analyzed by

the finite difference method: Q5 3 days, λ/β5 4.4 m, A5 1�C, Δx5 0.03 m, the

temperatures obtained by the finite difference method are shown in Figure 11.5 by

a solid curve and the temperatures given by Eq. (11.23) are shown by a dotted

curve. It is clear from Figure 11.5 that the temperatures given by two methods

agree very well in the region of big temperature drop which we are interested in.

The viscoelastic thermal stress on the surface of mass concrete is

σ�ðtÞ5
X

Kðt; τÞEðτÞαΔTðτÞ=ð12μÞ ð11:25Þ

Figure 11.4 Variation of air temperature

in a cold wave.
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Finite difference method (Δx = 0.15 m)

Q = 90 days, λ/β = 10 m, A = 1°C

Figure 11.5 Surface temperature of mass concrete during a cold wave.
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For the conventional mass concrete with E(τ) given by Eq. (6.50) and K(t,τ)
given by (6.52), the maximum viscoelastic superficial thermal stress during a cold

wave is

σ5 f1ρ1EðτmÞαA=ð12μÞ ð11:26Þ

ρ1 5
0:8301 0:051τm
11 0:051τm

exp 2 0:095ðP21Þ0:60
 �
; P5 1� 8 days ð11:27Þ

where

ρ1—the relaxation coefficient considering creep of concrete

τm—the mean age of concrete during the time of drop of air temperature, given by

τm 5 τ1 1Δ1
1

2
P ð11:28Þ

From Eq. (11.24), we have 11 1:85u1 1:12u2 5 b2 5 1=f 21 .
In order to determine the required superficial thermal insulation, it is necessary

to compute u by

u5 0:9449
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 0:2360

p
2 0:8259 ð11:29Þ

where

b5
1

f1
5

ρ1EðτmÞαA
ð12μÞðσa 2σ0Þ

ð11:30Þ

The surface conductance β for resisting a cold wave is given by

β5
λ
2u

ffiffiffiffiffiffi
π
aQ

r
5

2:802λ
u

ffiffiffiffi
Q

p ðfor a5 0:10 m2=dayÞ ð11:31Þ

Example 2 The cold wave begins at τ15 5 days, Q5 3 days, A5 11.9�C, E(90)5
24 GPa, μ5 0.16, α5 13 1025�C21, a5 0.10 m2/day, β05 83.7 kJ/(m2 h �C),
λs5 0.1256 kJ/(m h �C), the initial stress σ05 0.30 MPa, the allowable tensile

stress σa5 1.10 MPa. Try to compute the required superficial thermal insulation for

resisting a cold wave.

In order to compute Δ, assuming β5 6.28 kJ/(m2 h �C), from Eq. (11.24), get

u5 2.37, g5 0.390, Δ5 0.468 day, P5 3.468 day. From Eqs. (11.28), (11.13), and

(11.27), get τm5 7.203 days, E(τm)5 15,633 MPa, ρ15 0.7437. From Eq. (11.30),

b5 2.232; from Eq. (11.29), u5 1.232; from Eq. (11.31), we get the required surface

conductance β5 12.09 kJ/(m2 h �C). Based on β5 12.09 kJ/(m2 h �C), compute
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once again, get the required surface conductance β5 12.12 kJ/(m2 h �C) which is

very close to β5 12.09 kJ/(m2 h �C) given by the first time computation. It is clear

that the assumed value of β has some influence on Δ, but its influence on the final

value of required β is very small, and the error is only 0.25%.

If foamed plastic plate with λs5 0.1256 kJ/(m h �C) is used as the insulation

layer, from Eq. (11.21), we get the required thickness h5 0.886 cm.

Check: substituting β5 12.12 kJ/(m2 h �C) in Eq. (11.31), we get u5 1.2297;

from Eq. (11.24), f15 0.4486; from Eq. (11.26), σ5 0.800 MPa,

σ1σ05 0.8001 0.3005 1.10 MPa which is equal to the expected allowable ten-

sile stress.

11.2.3 Superficial Thermal Insulation, Temperature Drop in Winter,
One-Dimensional Heat Flow

The placing of concrete generally is stopped in winter in the cold region. In this

case, the surface of concrete must be insulated carefully to prevent cracking. A

detailed method of computation will be given in Section 11.5 and an approximate

method of computation proposed by the writer will be described in the following,

which is adopted in the design specifications of concrete dams in China.

The monthly mean air temperature in the winter may still be expressed by

Eq. (11.22). Assuming that the concrete is placed at τ15 0 and A is the drop of air

temperature from the time of placing concrete to the time of minimum air tempera-

ture (generally the middle of January), the surface temperature of concrete can still

be computed by Eq. (11.23), the comparison of which with the results computed by

the finite difference method is shown in Figure 11.6. It is apparent that the tem-

peratures computed by two different methods are close to each other.

The maximum viscoelastic thermal stress on the surface of concrete is given by

σ5 rf1ρ2EðτmÞαA=ð12μÞ ð11:32Þ

ρ2 5
0:8301 0:051τm
1:001 0:051τm

expð2 0:104P0:35Þ; P$ 20 days ð11:33Þ

τm5Δ1P=2 ð11:34Þ

and f1 and u are given by Eqs. (11.24) and (11.18) and b is computed by

b5
1

f1
5

rρ2EðτmÞαA
ð12μÞðσa 2σ0Þ

ð11:35Þ

where r is the restraint coefficient shown in Figure 11.7. The required superficial

thermal insulation for preventing cracking in winter is given by Eqs. (11.29),

(11.31), and (11.21).
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Example 3 The placing of concrete is stopped at mid-October and the air tempera-

ture drops to mid-January. The duration of drop of air temperature is Q5 90 days.

The maximum drop of air temperature is A5 22�C. The length of dam block is

L5 40 m, the allowable stress σa5 1.10 MPa, the initial stress σ05 0.2 MPa,

λs5 0.140 kJ/(m h �C), the rest is the same as example 2. Try to compute the

required superficial thermal insulation.

In order to compute Δ, first assuming β5 2.51 kJ/(m2 h �C); from Eq. (11.24),

u5 1.083, g5 0.3052, Δ5 10.99 days, P5 100.99 days; from Figure 11.7, r5 0.80;

Q = 3 days, λ/β = 4.4 m, A = 1°C

Finite difference method (Δx = 0.03 m)
Eq (11.23)
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Figure 11.7 Restraint coefficient r.
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from Eqs. (11.28)�(11.34), τm5 61.48 days, ρ25 0.5684, E(τm)5 23,115 MPa,

b5 3.08, u5 2.047. From Eq. (11.31), we get the required β5 1.329 kJ/(m2 h �C). The
conductivity of foamed plastics λs5 0.140 kJ/(m2 h �C); from Eq. (11.21), the required

thickness is h5 10.36 cm.

11.3 Superficial Thermal Insulation, Harmonic Variation
of Air Temperature, Two-Dimensional Heat Flow
[22, 36, 41, 42]

Experience shows that superficial cracks frequently appear on the corners of massive

concrete structures where the concrete temperature drops more rapidly than elsewhere

during a cold wave.

11.3.1 Two-Dimensional Heat Flow, Thermal Insulation for Daily
Variation of Air Temperature

As shown in Figure 11.8, the faces AC and BC are covered by an insulation layer with

thickness h and equivalent surface conductance β. The variation of air temperature is

still expressed by Eq. (11.6). Because the depth of influence of daily variation is less

than 1.0 m, at any point 1.0 m beyond corner C, the superficial temperature may be

computed by the one-dimensional equation (11.11). Due to two-dimensional heat flow,

it is suggested to compute the temperature at the corner point C by the following

approximate formula:

Tc 5 fcA sin
2πðτ2mÞ

P

� �
ð11:36Þ

where m is given by Eq. (11.10). Refer to the product theorem in the theory of heat con-

duction, it is suggested to compute the coefficient fc in Eq. (11.36) by

fc 5 12 ð12f Þ2 ð11:37Þ

where f is given by Eq. (11.10).

The maximum viscoelastic thermal stress at corner C is given by

σc 5 fcρEðτÞαA ð11:38Þ

For daily variation of temperature, the relaxation coefficient ρD0.90.

Assuming that the initial stress is σ0, the allowable tensile stress is σa, hence

σc 1 σ0 #σa ð11:39Þ
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Taking equal sign in the above equation, we get σc5 σa2σ0, by substituting in

Eq. (11.38), we have

c5 fc 5
σa 2σ0

ρEðτÞαA ð11:40Þ

Substituting b5 1/f into Eq. (11.37), we get c5 12 (12 1/b)2, thus

b5
1

12
ffiffiffiffiffiffiffiffiffiffiffi
12 c

p ð11:41Þ

By substituting b in Eq. (11.16), u will be given by Eq. (11.18). Thus, it is clear that

after computing b and c by Eqs. (11.40) and (11.41), the required capability of superfi-

cial thermal insulation near corner C may be determined by Eqs. (11.18) and (11.19)

and the thickness of the insulation layer is given by Eq. (11.21).

Example 1 The basic data is the same as example 1 in Section 11.2; try to compute the

required capability of superficial thermal insulation at the corner of the dam block.

From Eq. (11.40), c5 0.7730; from Eq. (11.41), b5 1.910; from Eq. (11.18),

u5 0.7546; from Eq. (11.19), the required surface conductance is β5 68.41 kJ/(m2 h �C).

11.3.2 Two-Dimensional Heat Flow, Thermal Insulation for Cold Wave

The variation of air temperature during a cold wave is expressed by Eq. (11.22).

Since the depth of influence of a cold wave is about 1.5 m, the surface temperature

of concrete 1.5 m beyond the corner may still be computed by Eq. (11.13). The

temperature of the corner C is suggested to be given by

Tc 52 fc1A sin
πðτ2 τ1 2ΔÞ

2P

� �
ð11:42Þ

where Δ and P are given by Eq. (11.24) and referring to the theorem of product in

the theory of heat conduction, the coefficient fc1 is computed by

Figure 11.8 The corner of a concrete dam.
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fc1 5 12 ð12f1Þ2 ð11:43Þ

where f1 is given by Eq. (11.24).

Based on Eq. (11.9), it is suggested to compute the temperatures along the two

sides of the corner by the following approximate formula:

Tb 5A f1 1 ðfc1 2 f1Þe2qx½ �; q5

ffiffiffiffiffiffiffiffiffi
π

4Qa

r
ð11:44Þ

where x is the distance between the reference point and the corner C. The dotted

lines shown in Figure 11.9 are the temperatures given by Eq. (11.44) which are

close to the temperatures computed by the finite element method (FEM).

It will be shown in the following how to estimate the depth of influence of two-

dimensional heat flow. Let

ðTb 2 TsÞ=Ts 5 ε

where

Tb—the surface temperature due to two-dimensional heat flow

Ts—the surface temperature due to one-dimensional heat flow.

From Eq. (11.44), we get the depth of influence of two-dimensional heat flow as

follows:

x5
1

q
ln

fc1 2 f1

εf1

� �
; q5

ffiffiffiffiffiffiffiffiffi
π

4Qa

r
ð11:45Þ

For example, if Q5 3 days, λ/β5 4.40 m, a5 0.10 m2/day, ε5 0.10; from

Eq. (11.45), we get the depth of influence x5 1.34 m.
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Figure 11.9 The surface temperature near the corner of a dam block, two-dimensional heat

flow.
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The maximum viscoelastic thermal stress at the corner C during a cold wave is

σc 5 ρ1fc1EðτmÞαA ð11:46Þ

where ρ1 is the relaxation coefficient given by Eq. (11.27). After computing c by

c5
σa 2 σ0

ρ1EðτmÞαA
ð11:47Þ

compute b by Eq. (11.41), u by Eq. (11.29), we will get β by Eq. (11.31), and h by

Eq. (11.21).

Example 2 The basic data are the same as example 2 in Section 11.2; try to compute

the required superficial thermal insulation at the corner during a cold wave.

From Eq. (11.47), c5 0.533; from Eq. (11.41), b5 3.156; from Eq. (11.29),

u5 2.121; from Eq. (11.31), the required surface conductance at the corner is

β5 7.03 kJ/(m2 h �C). If foamed plastic plate is used, from Eq. (11.21), the

required thickness is h5 1.637 cm.

From example 2 in Section 11.2, the required thickness of insulation layer for

one-dimensional heat flow is 0.886 cm, which is 54% of the required thickness at

the corner.

Summarizing the results of the preceding two examples, the required thickness

of insulation plate is 1.637 cm in the range 1.5 m near the corner and 0.886 cm

beyond 1.5 m.

If the superficial thermal insulation layers on the two sides of the corner are of

different kinds of materials, there are different surface conductances β1 and β2 on

the two sides. From Eq. (11.24), we will get two different coefficients f1 and f2. In

this case, it is suggested to compute coefficient fc1 by

fc1 5 12 ð12 f1Þð12 f2Þ ð11:48Þ

In order to check the precision of the above equation, a 6 m3 6 m concrete

block with λ/β15 1.10 m, λ/β25 4.40 m, and Q5 3 days is computed by FEM.

The results given by two different methods are shown in the following:

By the FEM

f1 5 0:355; f2 5 0:118; fc1 5 0:425

By Eqs. (11.24) and (11.48)

f1 5 0:357; f2 5 0:119; fc1 5 0:433

It is apparent that the results given by two different methods are very close to

each other, and the error of fc1 is 1.88%.
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11.3.3 Two-Dimensional Heat Flow, the Superficial Thermal Insulation
During Winter

The temperature at the corner during winter can still be computed by Eq. (11.42). As

the time of cooling is long, the effect of creep is substantial, and the thermal stress is

computed by the following formula:

σc 5 rρ2 fc1EðτmÞαA ð11:49Þ

where r is the restraint coefficient shown in Figure 11.7, the relaxation coefficient

ρ2 is given by Eq. (11.33), and the coefficient c is computed by

c5
σa 2σ0

rρ2EðτmÞαA
ð11:50Þ

Compute b by Eq. (11.41), u by Eq. (11.29), then the required surface conduc-

tance β is given by Eq. (11.31) and the thickness by Eq. (11.21).

Example 3 The basic data are the same as example 3 given in Section 11.2; try to

compute the required surface conductance β near the corner to prevent cracking in

winter.

From Figure 11.7, r5 0.80; from Eq. (11.50), c5 0.3894; from Eq. (11.41),

b5 4.575; from Eq. (11.29), u5 3.472; from Eq. (11.31), the required

β5 0.7836 kJ/(m2 h �C). If foamed plastic plate is used, the required thickness is

h5 17.69 cm which is 171% of the required thickness for one-dimensional heat

flow. Taking ε5 0.15, from Eq. (11.45), the depth of influence of two-dimensional

heat flow is x5 5.58 m. For example, the thickness of the thermal insulation plate

is 17.69 cm in the range of 5.6 m near the corner and 10.36 cm beyond 5.6 m.

When determining β, Eq. (11.14) is used, i.e., σ1σ05σa, in which the initial

stress σ0 is also related to the value of β, thus the method of iteration should be

used, generally two to three iterations are required.

11.4 Thermal Stresses in Concrete Block During Winter and
Supercritical Thermal Insulation [41, 42, 66, 71, 72,
89]

11.4.1 Superficial Thermal Stresses During Winter

A series of concrete blocks with height H are shown in Figure 11.10. The placing of

concrete is stopped in the winter. One block with height H, width L, and length S is

taken from Figure 11.10 and shown in Figure 11.11. The top, upstream, and down-

stream surface of the block are exposed in the air and the two lateral surfaces are

220 Thermal Stresses and Temperature Control of Mass Concrete



thermally insulated. Take the x axis in the direction of flow of water, the y axis in the

direction of dam axis, and the z axis in the vertical direction. As shown in Figure 11.12,

the air temperature Ta is expressed by

Ta 52A sin
πτ
2Q

� �
ð11:51Þ

where A is the amplitude of variation, �C; τ is the time; Q is the duration of drop

of temperature, generally taking Q5 90 days. Because the depth of influence of a

cold wave is about 1.5 m and the length of dam block S is usually more than 20 m,

the temperature field may be analyzed as it is a semi-infinite solid. The solution

strictly satisfying the initial condition is too complex for practical application, so

an approximate solution of temperature is given in the following. Assuming that

Figure 11.10 A series of concrete dam

blocks.

Figure 11.11 A single dam block.
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the initial temperature is zero, under the action of the air temperature expressed by

Eq. (11.67), the surface temperature of the dam block is given by

T 52 f1A sin
πðτ2ΔÞ

2P

� �
ð11:52Þ

where

f1 5 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 1:85μ1 1:12u2

p
; Δ5 0:4gQ

P5Q1Δ; g5
2

π
tan21 1

11 1=u

2
4

3
5

u5
λ
2β

ffiffiffiffiffiffi
π
Qa

s
5

2:802λ
β

ffiffiffiffi
Q

p ðwhen a5 0:10 m2=dayÞ

9>>>>>>>>>=
>>>>>>>>>;

ð11:53Þ

where

a—the diffusivity

λ—the conductivity

β—the surface conductance; when the surface is covered by an insulation layer, β is

given by Eq. (11.20).

The temperature of the corner is given by

Tc 52 fc A sin
πðτ2ΔÞ

2P

� �
ð11:54Þ

fc 5 12 ð12f1Þ2 ð11:55Þ

In order to get an approximate formula for the viscoelastic thermal stress in the

block, the following analysis is conducted. For 16 concrete blocks with different

dimensions (height H5 300 m; thickness L5 10 m, 20 m, 30 m, 50 m; length

S5 20 m, 40 m, 60 m, 100 m, see Figure 11.11), the initial temperature is zero, the

air temperature is expressed by Eq. (11.51), the temperature field and the viscoelas-

tic thermal stresses in these blocks are computed by FEM. The results of these com-

putations provide a basis for the approximate formulas. The stresses interested in

engineering practice are the horizontal stress σy1 in the direction of dam axis and the

vertical stress σz1 on the midpoint of the upstream face, the horizontal stress σx2 in

T

Q

A

τ Figure 11.12 Air temperature in the winter.
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the direction of water flow and the horizontal stress σy2 in the direction of dam axis

at the center of the top surface. These stresses may be computed as follows:

σy1 5Ry1f1ρ2EðτmÞαA=ð12μÞ
σz1 5Rz1f1ρ2EðτmÞαA=ð12μÞ
σx2 5Rx2f1ρ2EðτmÞαA=ð12μÞ
σy2 5Ry2f1ρ2EðτmÞαA=ð12μÞ

9>>>=
>>>;

ð11:56Þ

ρ2 5
0:8301 0:051τm
1:001 0:051τm

expð2 0:104P0:35Þ ð11:57Þ

τm 5Δ1P=2 ð11:58Þ

where ρ2 is the relaxation coefficient, Ry1, Rz1, Rx2, and Ry2 are the restraint coeffi-

cients of σy1, σz1, σx2, and σy2 as shown in Figure 11.13 which are computed by

FEM.

It is evident from Figure 11.13 that the restraint coefficients are dependent on

the surface conductance β of concrete. This is due to the fact that the restraint coef-

ficients are related to the depth of variation of temperature. The smaller the value

of β, the smaller the depth of variation of temperature, the bigger the restraint

coefficient.

The stress σyc at the corner of the midpoint on the upstream face is given by

σyc 5 fcRycρ2EðτmÞαA ð11:59Þ

11.4.2 Computation of Superficial Thermal Insulation

The thickness of the superficial thermal insulation layer is determined by the ther-

mal stress as follows:

σx 1σx0 # ½σx� ð11:60Þ

σy 1σy0 # ½σy� ð11:61Þ

σz 1σz0 2 γz# ½σz� ð11:62Þ

where σx, σy, σz are the stresses induced by the variation of air temperature in the

winter; σx0, σy0, and σz0 are the initial stresses; γ is the density of concrete, γz is

the compressive stress due to weight of concrete, z is the height of the block. [σx],

[σy], and [σz] are the allowable stresses computed by

σx½ �5 σy


 �
5

Eεp
K1

or
Rt

K2

ð11:63Þ
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σz½ �5 ηRt

K2

ð11:64Þ

where E is the modulus of elasticity, εp is the extensibility of concrete, Rt is the

tensile strength, η is the reduction coefficient of tensile strength of the horizontal

construction joint, generally η5 0.5�0.7; K1 and K2 are the coefficients of safety,

it is suggested to take K15 1.6�2.2, K25 1.4�1.9.

Example Thermal stresses in winter of concrete block with thickness L5 20 m,

width s5 40 m, density γ5 24.5 kN/m3, z5 20 m, λ5 10 kJ/(m h �C),
a5 0.10 m2/day, β05 80 kJ/(m2 h �C), α5 13 1025(1/�C), E(τ)5 30,000(12 exp

(2 0.40τ0.34)) MPa, μ5 0.167, εp(90)5 0.803 1024, Rt(90)5 1.80 MPa, reduction

coefficient of horizontal joint η5 0.60, initial stress σx05σy05σz05 0.20 MPa.

Amplitude and duration of air temperature drop A5 22�C, Q5 90 days. The sur-

face of block is covered by foamed plastic plate with thickness h5 10 cm and

λs5 0.14 kJ/(m h �C).
Take

K1 5 1:8; ½σx�5 ½σy�5 1:12 MPa

K2 5 1:6; η5 0:60; ½σz�5 0:68 MPa

The allowable thermal stresses are

Figure 11.13 The restraint coefficient of thermal stress in dam blocks during winter (unit of

β: kJ/(m2 h� C)).
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½σx�2 ½σx0�5 1:122 0:205 0:92 MPa;

½σz�1 γz2σz0 5 0:681 0:492 0:205 0:97 MPa

The equivalent surface conductance is

β5
1

1=801 0:10=0:14
5 1:376 kJ=ðm2 h �CÞ

The thermal stresses are

σx2 5 1:04 MPa; σy2 5 0:675 MPa; σz1 5 1:056 MPa; σy1 5 0:685 MPa;

σyc 5 0:648 MPa

σx2 and σz1 exceed the allowable stresses 0.92 MPa and 0.97.

11.4.3 Determining the Thickness of Superficial Thermal Insulation
Plate

Let

b5
Rbiρ2EðτmÞαA

ð½σx�2σx0Þð12μÞ ð11:65aÞ

or

b5
Rzρ2EðτmÞαA

ð½σz�1 γz2σz0Þð12μÞ ð11:65bÞ

or

b5
Rycρ2EðτmÞαA
½σyc�2 σyc0

ð11:66Þ

The computing process is as follows:

1. Assume a preliminary value of h and compute the corresponding β by Eq. (11.20); (2)

get the restraint coefficients from Figure 11.13 and compute b by Eqs. (11.65a) or

(11.65b); (3) compute u by Eq. (11.29) and β by Eq. (11.31); (4) compute the required

thickness h by Eq. (11.21).

Example 2 The basic data are the same as example 1. Try to compute the required

thickness of thermal insulation plate. From example 1, it is evident that the control
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stresses for this example are σx2 and σz1.
I. h1 determined by σx2

From example 1, Rx25 0.925, ρ25 0.565, E(τm)5 23,940 MPa,

α5 13 1025�C21, A5 22�C, [σx]5 1.12 MPa, σx05 0.20 MPa.

From Eq. (11.65a):

b5
0:9253 0:5653 239403 1025 3 22

ð1:122 0:20Þð12 0:167Þ 5 3:59

From Eq. (11.29)

u5 0:9449
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:592 2 0:236

p
2 0:82595 2:535

From Eq. (11.31)

β5
10

23 2:535

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

0:103 90

r
5 1:165

From Eq. (11.21), the required thickness is

h5 0:14
1

1:165
2

1

80

� �
5 0:1184 m5 11:84 cm

II. h2 determined by σz1

By the similar computation, we get h25 11.24 cm.

III. The required thickness is

h5max(h1,h2)5max(11.84,11.24)5 11.84 cm.

11.5 Comprehensive Analysis of Effect of Superficial
Thermal Insulation for Variation of Air Temperature

The effect of superficial thermal insulation may be indicated by A0/A, where A0 is

the amplitude of variation of surface temperature of concrete and A is the ampli-

tude of variation of air temperature. Assuming that the variation of air temperature

is expressed by Eqs. (11.6) and (11.22), the conductivity λ5 10.0 kJ/(m h �C), the
diffusivity a5 0.10 m2/day, the surface conductance between air and the insulation

plate is β05 80.0 kJ/(m2 h �C); from Eqs. (11.10) and (11.24), the effect of thermal

insulation may be computed by the following formulas:

For annual and daily variation

A0=A5 ½11112=β
ffiffiffi
P

p
16272=β2P�21=2 ð11:67Þ

For cold wave
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A0=A5 ½1151:8=β
ffiffiffiffi
Q

p
1878=β2Q�21=2 ð11:68Þ

Thickness of insulation plate

h5λsð1=β2 1=β0Þ ð11:69Þ
where

P—period of variation

Q—duration of drop of air temperature in cold wave

λs—conductivity of the insulation plate.

Assuming λ5 10.0 kJ/(m2 h �C) and a5 0.10 m2/day, the results computed by

Eqs. (11.67)�(11.69) are given in Table 11.1 and Figure 11.14.

11.6 The Necessity of Long Time Thermal Insulation for
Important Concrete Surface

In the construction of a concrete dam, some cracks often appear after a severe cold

wave. Hence people only pay attention to superficial thermal insulation in the early

age of concrete and overlook it in the late age. DL/T 5144-2001 “Specifications for

hydraulic concrete construction” stipulates that “the concrete of age within 28 days

should be covered by insulation layer before sudden drop of air temperature” [13]

which presents possibly a false impression that it is not necessary to protect the

concrete after the age of 28 days. Practical experience shows that cracks may

appear in mass concrete of age over 28 days in the first or second winter after

construction.

For example, a lot of cracks appeared on the upstream and downstream face of a

gravity dam as shown in Figure 11.15. These cracks appeared not within the 28-

day age but in the first and second winter after construction of the dam. The annual

mean air temperature at the damsite is 17.3�C, the amplitude of annual variation of

air temperature is 11.3�C, and the mean daily air temperature drop is 13.3�C in 3

days in a maximum cold wave. The tensile strength of concrete is 3.32 MPa, taking

safety coefficient k5 1.50, the allowable tensile stress is [σx]5 2.21 MPa, let the

reduction coefficient of horizontal construction joint be η5 0.60, the allowable ver-

tical tensile stress is [σy]5 1.33 MPa. According to the situation of practical con-

struction process, the simulation thermal stresses are computed by FEM.

The results of computation are given in Table 11.2. The maximum tensile

stresses appear in the first and second winter after construction. In the case of no

thermal insulation, the maximum horizontal tensile stress σx5 4.2 MPa, the maxi-

mum vertical tensile stress σy5 2.6 MPa, all exceed the allowable tensile stress

which explains the cause of cracking.

In order to prevent cracking, two schemes for superficial thermal insulation

plates are computed: (1) scheme 5 cm1 2 cm, the upstream and downstream faces

are covered with foamed polystyrene plate 5 cm thick, the horizontal construction

joint and the lateral vertical surface are covered with foamed polythene quilt 2 cm
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Table 11.1 Effect of Superficial Thermal Insulation A0/A and Thickness of Insulation Plate h

Equivalent

Surface

Conductance β
(kJ/(m2 h �C))

λ/β Thickness of Plastic Plate h(cm) Effect of Insulation A0/A

EPS

λs5 0.148

XPS

λs5 0.108

Polythene

λs5 0.160

Polyurethane

λs5 0.095

Daily

Variation

Semi

Month

Variation

Annual

Variation

2-Day

Cold

Wave

4-Day

Cold

Wave

80.0 0.125 0 0 0 0 0.544 0.837 0.964 0.809 0.858

40.0 0.25 0.19 0.14 0.20 0.12 0.360 0.710 0.930 0.676 0.749

20.0 0.50 0.56 0.41 0.60 0.36 0.212 0.535 0.865 0.504 0.593

10.0 1.00 1.30 0.95 1.40 0.83 0.116 0.352 0.754 0.332 0.416

7.0 1.43 1.93 1.41 2.09 1.24 0.083 0.271 0.676 0.257 0.330

5.0 2.00 2.78 2.03 3.00 1.78 0.060 0.206 0.591 0.197 0.259

4.0 2.50 3.52 2.56 3.80 2.26 0.049 0.171 0.532 0.163 0.217

3.0 3.33 4.75 3.47 5.13 3.05 0.037 0.132 0.453 0.127 0.171

2.0 5.00 7.22 5.27 7.80 4.63 0.025 0.091 0.349 0.088 0.121

1.0 10.00 14.62 10.67 15.80 9.38 0.0125 0.047 0.204 0.0458 0.0637

0.5 20.00 29.42 21.47 31.80 18.88 0.0063 0.024 0.111 0.0234 0.0328

Note: A0—amplitude of variation of temperature of concrete surface; A—amplitude of variation of air temperature; h—thickness of insulation plate; λs—conductivity of insulation plate.
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Figure 11.15 Cracks on the upstream face of a gravity dam.
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thick; (2) scheme 3 cm1 1 cm, the corresponding thicknesses are changed to 3 and

1 cm. The results of computation are given in Table 11.2, which show that the ther-

mal stresses are reduced remarkably by thermal insulation and the maximum stres-

ses are less than the allowable stresses. No crack appeared in the later

5,000,000 m3 concrete in this gravity dam.

DL/T 5144-2001 “Specifications for hydraulic concrete construction” stipulates

that the time of curing of concrete should not be less than 28 days. Practical experi-

ences of dam construction show that 28 days is too short for curing of mass

concrete.

11.7 Materials for Superficial Thermal Insulation

11.7.1 Foamed Polystyrene Plate

Polystyrene, polythene, and polyurethane are now used in the superficial thermal

insulation of mass concrete structures. Their properties are given in Table 11.3.

Generally EPS is used in the construction of concrete dams for superficial ther-

mal insulation. The outer face of EPS is painted with acrylic acid cement for water

proofing.

A lot of horizontal cracks appeared in the upstream face in the early stage of con-

struction of Jingshuitang arch dam. Since January 1985, all the upstream face is cov-

ered by foamed polystyrene plates whose dimensions are 1.0 m3 1.5 m3 0.02 m

and no cracks appeared thereafter.

11.7.2 Foamed Polythene Wadded Quilt

In the construction of Three Gorges dam, the foamed polythene wadded quilts are

used to cover the horizontal construction joints and the vertical surfaces with keys.

Two layers of foamed polythene of thickness 1 cm are wadded in a canvas bag to

form a 1.5 m3 2.0 m quilt, the outer face of which is painted with waterproofing

glue.

Table 11.2 The Maximum Tensile Stress on the Upstream Face of a Gravity Dam

in Winter (MPa)

Thickness of polystyrene plate on upstream and

downstream face

0 5 cm 3 cm Allowable stress

(late age)

Thickness of polythene quilt on horizontal surface 0 2 cm 1 cm

Horizontal tensile stress 4.2 1.6 1.9 2.2

Vertical tensile stress 2.6 20.1 0.1 1.33
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11.7.3 Polyurethane Foamed Coating

The polyurethane and the foaming agent sprayed by a nozzle on the concrete sur-

face will form a foamed layer whose conductivity is λJ0.11 kJ/(m h �C). If it is
used for long time insulation, it must be covered by a protective coating.

11.7.4 Compound Permanent Insulation Plate

For long time thermal insulation of mass concrete, it is suggested to use the com-

pound permanent insulation plate whose structure is

ðFoamed plastic plateÞ1 ðprotective layerÞ

The foamed plastic plate generally is made of polystyrene and the protective

layer may be one of the following types (refer to Figure 11.16):

Type A: polymer layer

Type B: cement and sand reinforced by steel wire

Type C1: reinforced concrete

Type C2: reinforced concrete fixed by steel bolt.

11.7.5 Permanent Thermal Insulation and Anti-Seepage Plate

In order to possess the effect of anti-seepage as well as thermal insulation, an anti-

seepage curtain may be added between the surface of concrete and the foamed plas-

tic plate.

Table 11.3 Properties of Foamed Plastics

Kinds Density

(kg/m3)

Conductivity

(kJ/(m h �C))
Water

Adsorption

(%)

Compressive

Strength (kPa)

Tensile

Strength

(kPa)

Expansive type

polystyrene

(EPS)

15�30 0.148 2�6 60�280 130�340

Compressive type

polystyrene

(XPS)

42�44 0.108 1 200 500

Polythene 22�40 0.160 2 33 190

Polyurethane 35�55 0.080�0.108 1 150�300 500
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11.7.6 Straw Bag

The conductivity of a dry straw bag is about 0.20 kJ/(m h �C) and that of a wet

straw bag is about 0.60 kJ/(m h �C). The dry straw bag burns easily and the wet

straw bag is corruptible. In the past, straw bags had been extensively used for the

thermal insulation of mass concrete, but due to the development of the plastics

industry, the application of straw bags had reduced in recent years.

11.7.7 Sand Layer

The thermal properties of sand are given in Table 11.4. If the construction stopped

in the winter, the top surface of the dam may be covered by two sand layers: the

upper layer is dry sand and the lower layer is wet sand. The air temperature is

expressed by Eq. (11.22).

The minimum temperature of the concrete surface is T152f1A, so

T1=A52 f1 52 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 1:85u1 1:12u2

p
ð11:70Þ

and

(a) typeA (b) typeB (c) typeC1 (d) typeC2

Steel wire
Steel bar

Bolt

Washer

Bolt

Steel bar

4 111

5 5

12
222

3

b c b cb deb

Figure 11.16 Compound permanent insulation plate: (a) type A, (b) type B, (c) type C1, and

(d) type C2. 1—dam; 2—foamed polystyrene plate; 3—polymer protective coating; 4—

cement and sand reinforced by steel wire; 5—reinforced concrete.

Table 11.4 Thermal Properties of Sand Layer

Material Conductivity λ
(kJ/(m h �C))

Specific Heat c

(kJ/(kg �C))
Diffusivity a (m2/h) Density ρ (kg/m3)

Dry sand 1.17 0.80 0.00098 1500

Wet sand 4.06 2.09 0.00118 1650
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u5
1

2

ffiffiffiffiffiffi
π
aQ

r
λ
β0

1
λ
λs1

h1 1
λ
λs1

h2

� �
ð11:71Þ

where

Q—time of temperature drop

a—diffusivity of concrete

λs1, λs2—conductivity of dry and wet sand

h1, h2—thickness of dry and wet sand

β0—surface conductance of top surface of sand.

Example Effect of thermal insulation of sand layer in the winter. The thermal

properties for concrete are λ5 10.0 kJ/(m h �C), a5 0.10 m2/day. The top of con-

crete is covered by one layer of dry or wet sand, Q5 90 days. The effect of thermal

insulation indicated by T1/A is given in Table 11.5.

11.7.8 Requirements of Thermal Insulation for Different Concrete
Surfaces

The requirements of thermal insulation for different parts of surfaces of mass con-

crete are different as given in Table 11.6.

Table 11.5 Effect of Thermal Insulation of Sand Layer in Winter (2 T1/A)

Thickness of sand (m) 0.50 1.00 1.50 2.00

Dry sand 0.436 0.277 0.202 0.160

Wet sand 0.725 0.573 0.472 0.401
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Table 11.6 Requirements of Thermal Insulation for Different Parts of Concrete Dam

Type of Dam Common Region Cold Region

Important

Dam

Common

Dam

Small

Dam

Important

Dam

Common

Dam

Small

Dam

Conventional

concrete

dam

Arch dam Upstream face Dam heel A A C A A B

The rest B B C B B B

Downstream

face

Tensile

region

B B C B B B

The rest B C D B B C

Gravity

dam

Upstream face B B C B B B

Downstream face B C D B B C

RCC Arch dam Upstream face A A A A A A

Downstream face B C D B B B

Gravity

dam

Upstream face A A A A A A

Downstream face B C D B B C

Note: A—permanent thermal insulation and seepage proof; B—permanent thermal insulation; C—long time thermal insulation in construction period; D—short time thermal insulation in
construction period.



12 Thermal Stresses in Massive
Concrete Blocks

For the convenience of construction and prevention of cracking, in the period of

construction, massive concrete structures generally are divided into many blocks by

contraction joints which are grouted after cooling of the structure. Before grouting

of joints, the thermal stresses in the structure are actually the thermal stresses in the

concrete blocks. After grouting of joints, the concrete blocks are combined into a

monolithic structure. Thus, the thermal stresses in the period of operation are the

stresses of the global structure.

Strictly speaking, the stresses in the concrete structure are accumulated from the

beginning of placing concrete to the operation of the structure: The stress analysis

simulating the process of construction will be described later in Chapter 16.

The thermal stresses in concrete blocks induced by change of temperatures are

introduced in the following.

The thermal stresses of concrete blocks are influenced by the following factors:

(1) the modulus of deformation of the foundation, (2) the shape and dimensions of

the block, (3) the temperature differences and temperature gradients of concrete.

Generally speaking, the modulus of elasticity of concrete Ec 5 302 40 GPa and

the modulus of deformation of rock foundation ER 5 52 30 GPa. For important

projects, Ec and ER must be determined by tests at the damsite.

12.1 Thermal Stresses of Concrete Block on Elastic
Foundation due to Uniform Cooling

12.1.1 Thermal Stresses of Block on Horizontal Foundation

As shown in Figure 12.1, a concrete block with height H, length L, and modulus of

elasticity E lies on rock foundation with modulus of elasticity ER. Under the action

of uniform cooling, the horizontal stress on the vertical central cross-section of the

block is expressed by

σx 52
REαT
12μ

ð12:1Þ
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where

T—the temperature difference

R—the restraint coefficient which is dependent on E=ER and H=L.

By means of stress function, Schleeh had computed the thermal stresses of a con-

crete block on a rigid foundation due to uniform cooling [92]. The restraint coeffi-

cients R of horizontal stresses σx of the central section are shown in Figure 12.2.

By means of stress function and relaxation method, Zienkiewicz had computed

the thermal stresses in a concrete block on elastic foundation due to uniform cool-

ing (H5 L, Ec 5ER). The results of computing are shown in Figure 12.3 [89].

By means of the finite element method (FEM), the writer and Song Jingting had

computed the thermal stresses in a concrete block on elastic foundation with differ-

ent Ec/ER due to uniform cooling. The results of computing are shown in

Figure 12.4. It is evident that the influence of the restraint of rock foundation is

very small when y$ 0.40L [8].

For a concrete block with H5 L, the relation between the maximum restraint

coefficient R and the ratio Ec/ER may be expressed by

R5 exp 20:58
Ec

ER

� �0:60
" #

ð12:2Þ

where

Ec—modulus of elasticity of concrete

ER—modulus of elasticity of rock foundation.

H/L=1

(0.056)

(0.106)
(0.020)

0.096 0.552 0.962
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0.966

0.972
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0.184
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Figure 12.2 The restraint coefficient R of thermal stress in a concrete block on rigid

foundation due to uniform cooling.
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Figure 12.1 Concrete block on rock foundation.
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Figure 12.3 Thermal stresses of a concrete block on elastic foundation due to uniform

cooling (E5ER).
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Figure 12.4 Thermal stresses of a concrete block on elastic foundation: (a) distribution of

stress when Ec5ER and (b) R5σxð12μÞ=EcαT for different Ec/Eγ.
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The thermal stresses of concrete blocks of different shapes (H/L5 1.0, 0.5, 0.25,

0.1875, 0.125, 0.0625) on elastic foundation (ER5Ec) are shown in Figure 12.5 [7].

12.1.2 Danger of Cracking of Thin Block with Long Time of Cooling

From the above-mentioned results of computing, it is clear that large and deep

cracks are liable to develop in thin blocks with long time of cooling. This is due to

the following reasons:

1. The restraint coefficients are large in a thin and long block.

2. The rate of cooling is rapid in a thin block.

3. The whole section is subjected to tensile stress in the late age, once a cold wave appears

and the superficial fissure induced is liable to become a large and deep crack.

12.1.3 Concrete Block on Inclined Foundation

The viscoelastic thermal stresses in the concrete block on an inclined foundation

due to uniform unit temperature difference of Tongfeng arch dam computed by
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Figure 12.5 The restraint coefficients of concrete blocks with different H/L on elastic

foundation, R52 ð12μÞσ=EαΔT .
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Wang Guobing by FEM are shown in Figure 12.6. ER5 20 GPa, Ec(90)5
41.2 GPa, α5 63 1026�C21. Although ER and α are rather small, tensile stresses

over 1 MPa appeared in a large area.

12.2 Influence Lines of Thermal Stress in Concrete Block

A concrete block with height H and length L on rock foundation is shown in

Figure 12.7(a). The temperature T(y) in the block varies only in the direction y.

The horizontal thermal stress on the central cross-section is given by

σxðyÞ52
EαTðyÞ
12μ

1
Eα
12μ

ðH
0

TðξÞA0
yðξÞdξ ð12:3Þ
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Figure 12.6 Viscoelastic stresses of a concrete block on inclined foundation due to

uniform temperature difference in Tongfeng arch dam (α5 63 1026�C21, ER5 20 GPa,

Ec(90)5 41.2 GPa): (a) iso-stress curve, (b) cross-section and (c) downstream elevation.

239Thermal Stresses in Massive Concrete Blocks



where A0
yðξÞ—influence coefficient of stress, namely, the horizontal stress at point

y of the central cross-section when a pair of unit concentrated force P5 1.0 acting

at two points y5 ξ on the two sides.

Substituting dξ by Δξ, Eq. (12.3) may be transformed into the following

equation:

σxðyÞ52
EαTðyÞ
12μ

1
Xn
i51

A0
yðξÞPiðξÞ

PiðξÞ5
Eα
12μ

TðξiÞΔξi

9>>>>=
>>>>;

ð12:4Þ

where ξi is the ordinate of the point of application of PiðξÞ which is a concentrated

force acting on the sides of the block with unit thickness. The dimension of PiðξÞ is
t/m, that of σx is MPa, thus the dimension of A0

yðξÞ is m21.

Let

AyðξÞ5A0
yðξÞL ð12:5Þ

where A0
yðξÞ is a dimensionless number and L is the length of the concrete block.

The value of AyðξÞ depends on Ec/ER and H/L. Substituting Eq. (12.5) into

Eq. (12.4), we obtain

σxðyÞ52
EαTðyÞ
12μ

1
1

L

Xn
i51

AyðξÞPiðξÞ

5
Eα
12μ

2TðyÞ1 1

L

Xn
i51

AyðξÞTðξiÞΔξi

2
4

3
5 ð12:6Þ
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Figure 12.7 Method of influence lines.
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The influence coefficient AyðξÞ5A0
yðξÞL of a concrete block on elastic founda-

tion, H5 L, Ec/ER5 1 and 0.5 are shown in Figure 12.8 [7].

Some examples of computing are given in the following.

Example 1 A concrete block on rock foundation, placed every 4 days a lift of thick-

ness 1.5 m, the adiabatic temperature rise θ5 20ð12 e20:34τÞ�C. By the finite differ-

ence method, the temperature field is computed by the envelop which is TkðyÞ.
The stresses induced by TkðyÞ is computed by method of influence lines and shown

in Figure 12.9. The maximum stress is 20.45 EαTr/(12μ) which is 26% less than

20.61EαTr/(12μ) computed by restraint coefficient. From this example, it is clear

that the distribution of temperature has a great influence upon thermal stress.

Example 2 Local cooling of concrete block. The pipe cooling before grouting of

joints is carried out stage by stage. Generally the first stage pipe cooling will

induce the maximum thermal stress because the concrete in the cooled region is

subjected to restraint of rock foundation as well as the upper uncooled concrete.

Let L5H5 30 m, height of local cooling ΔH5 10 and 18 m, EC 5E2 5 24 GPa,

α5 13 1025�C21. The temperature differences and the stresses computed by influ-

ence lines are shown in Figure 12.10.

Example 3 Thermal stresses due to stepwise temperature difference are shown in

Figure 12.11.

Example 4 Influence of temperature gradient on thermal stresses in a concrete

block on rock foundation is shown in Figure 12.12.
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12.3 Influence of Height of Cooling Region on Thermal
Stresses

12.3.1 Influence of Height of Cooling Region on Elastic Thermal Stresses

It is necessary to lower the temperature of the concrete to the steady temperature of the

dam before the grouting of contraction joints by pipe cooling. Generally the height of

the cooling region is less than the height of the block, i.e., b,H, as shown in

Figure 12.13.

As shown in Figure 12.13, the difference between overall cooling and local

cooling is remarkable. In overall cooling, the tensile stresses appear only in the

region of foundation restraint. In local cooling, the tensile stresses appear not only

in the region of foundation restraint but also in the upper part of the cooling region.

Consider a concrete block on rock foundation with height H, width L, H5 3L,

E5ER. When y5 0�b, ΔT5 1�C; when y5 b�H, ΔT5 0. The thermal stresses are

H

0.50H

0.25H

T

4

3

2

1

12

0.2 0.4 0.6

3

4

Temperature distribution

Figure 12.12 Influence of temperature gradient on thermal stress (stress unit:

2EαTM=ð12μ Þ).
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Figure 12.13 Comparison of (a) overall cooling and (b) local cooling.
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computed by FEM. The stress coefficients η5 ð12μÞσx=EαΔT of the central cross-

section are shown in Figure 12.14 and Table 12.1. It is evident that the ratio b/H has

remarkable influence on the thermal stress and an important conclusion is derived: the

ratio b/H should not be less than 0.40 in local cooling, i.e., it is suggested to control

b=H$ 0:40 ð12:7Þ

Practically pipe cooling is conducted step by step. The second cooling and the

third cooling will be conducted after the first cooling. Assuming that b is the height

of the first cooling region and c the height of the second cooling region, the influ-

ence of c/L on the thermal stress will be studied in the following.

Consider three cases: (1) c/L5 0.10, b/L5 0.50, (b1 c)/L5 0.60, from Table 12.1,

η2 5 0.50; (2) c/L5 0.20, b/L5 0.50, (b1 c)/L5 0.70, η2 5 0.49; (3) c/L5 0.50,

b/L5 0.50, (b1 c)/L5 1.00, η2 5 0.49. Hence, when b/L5 0.50, c/L practically has

no influence on the thermal stress.

As shown in Figure 12.15(a), the concrete above the cooling region is subjected

to compressive stress, when b5 0.5L, y/L5 0.5, 0.6, 0.7, η520.50, 20.32, 20.18.

As shown in Figure 12.15(b), in the second cooling, if the concrete between y5 0.5L

and y5 0.6L is cooled, η5 0.82; if the cooling region is y5 0.5L to y5 0.7L,

η5 0.67. The comprehensive stresses of first and second cooling are shown in

Figure 12.15(c), when b1 c5 0.6L, η5 0.822 0.325 0.50; when b1 c5 0.7L,

η5 0.672 0.185 0.49, The two stress coefficients η are close to each other.

Hence, for a high concrete block on rock foundation with uniform initial temper-

ature, the height b of first cooling region has great influence on the thermal stres-

ses, but the height increment c of the second cooling region practically has no

influence on the thermal stress. Of course the practical situation is complex, c/L

should not be too small.
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Figure 12.14 Stress coefficient η5 ð12μÞσx=EαΔT in local cooling of concrete block on

rock foundation (H5 3L; E5ER; y5 0�b, ΔT5 1, y. b, ΔT5 0).
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12.3.2 Influence of Height of Cooling Region on the Viscoelastic
Thermal Stresses

Consider a concrete block on rock foundation with height H5 60 m and width

L5 60 m. The modulus of elasticity EðτÞ and unit creep Cðt; τÞ are given by

EðτÞ5 35; 000½12 expð2 0:40τ0:34Þ� MPa ð12:8Þ
Cðt; τÞ5 6:503 1026ð11 9:20=τ0:45Þ½12 e0:30ðt2τÞ�

1 14:803 1026ð11 1:70=τ0:45Þ½12 e0:0050ðt2τÞ�
ð12:9Þ

α5 13 1025�C21, a5 0.10 m2/day, β5 70 kJ/(m2 h �C), μ5 0.167, allowable

tensile stress ðσtÞ5 2:10τ=ð7:01 τÞ MPa. For the rock foundation,

ER5 35,000 MPa, μ5 0.25, no creep.

The height of the first cooling region is b, the initial temperature of concrete and

rock is T0 5 30�C, the steady temperature Tf 5 10�C, the temperature of cooling water

Tw 5 8�C. The pipe cooling begins at τ5 90 days and ends when the temperature of

concrete drops to the steady temperature. The spacing of cooling pipe is 1.5 m3 1.5 m,

b=L5 0.10, 0.20, 0.30, 0.40. The viscoelastic thermal stresses are computed by FEM.

The stresses on the central section are shown in Figure 12.16. For b=L5 0.40, 0.30,

0.20, 0.10, the maximum stresses are σx5 2.75, 3.05, 3.51, 3.90 MPa, respectively.

Table 12.1 Stress Coefficients η of Local Cooling of Block

b/L 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 2.0

η2 at top of cooling region 0.85 0.72 0.61 0.53 0.51 0.50 0.49 0.49 0.49 0.49 0.50

η1 at base of cooling region 0.86 0.73 0.64 0.57 0.56 0.56 0.56 0.56 0.56 0.56 0.56
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Figure 12.15 Influence of the increment of height of cooling region on thermal stress:

(a) first cooling, b5 5L, (b) second cooling, c5 0.1L, 0.2L and (c) comprehensive stress.

245Thermal Stresses in Massive Concrete Blocks



By means of the stress coefficients in Figure 12.14, neglecting the effect of

creep, the maximum elastic stresses are σx5 5.15, 5.62, 6.3, and 7.33 MPa.

It is clear that: (1) the smaller the ratio b/L, the bigger the stress; (2) because the

block is very long (L5 60 m), for the four cases computed, the maximum tensile

stresses all exceed the allowable stress.

12.4 Influence of Height of Cooling Region on Opening of
Contraction Joints

Two concrete blocks standing side by side on rock foundation are shown in

Figure 12.17. The height of cooling region is b. There is a uniform temperature

difference ΔT in the cooling region. For the concrete, the modulus of elasticity is

Ec, Poisson’s ratio μ5 0:167, coefficient of thermal expansion α5 13 1025�C21.

For the rock foundation, the modulus of elasticity ER 5Ec, μR 5 0:25, αR 5α.
Computed by FEM as a plane strain problem.

The opening of contraction joint is expressed by

δ5 ραLΔT ð12:10Þ

where

δ—the opening of joint

ρ—coefficient of opening of joint

α—coefficient of thermal expansion

L—length of block

ΔT—temperature difference.
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Figure 12.16 The final viscoelastic thermal stress on the central section of the block after

cooling.
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The coefficient of opening of joint ρ is shown in Figure 12.18. It is evident that

the ratio b=L is of vital importance to the opening of joint. If b=L# 0:60, the joint

cannot open fully. Here b is the height of the cooling region before the grouting of

joint which is generally greater than the height of the first cooling region.

12.5 Two Kinds of Temperature Difference Between Upper
and Lower Parts of Block

In the specifications for design of concrete dams, the temperature difference

between the upper and lower parts of a concrete block is defined as the difference

between the maximum temperatures of the upper and lower parts of the block.

ΔT

b

L L

(a) (b)

H
 =

 2
L

Figure 12.17 Concrete blocks standing side by side: (a) concrete blocks and (b) temperature

difference.
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Figure 12.18 The coefficient ρ of opening of joint.

247Thermal Stresses in Massive Concrete Blocks



This is incomplete. Actually there are two kinds of temperature difference between

the upper and lower parts of the block as follows.

1. Final temperature difference between the upper and lower parts of the block

As shown in Figure 12.19, the maximum temperature of concrete in the period of con-

struction is Tm; due to natural or artificial cooling the temperatures finally drop to the steady

temperature Tf . The temperature difference of concrete is ΔTf 5 Tm 2Tf which is different

in the upper and lower parts. In the upper part, ΔTu 5 Tmu2 Tfu, where Tmu and Tfu are the

maximum temperature and the steady temperature of the upper part, respectively. In the

lower part, ΔTd 5 Tmd2 Tfd, where Tmd and Tfd are the maximum and steady temperatures

of the lower part of the block. The final temperature difference between the upper and lower

parts of the block is given by

ΔT1 5ΔTu 2ΔTd 5 ðTmu 2 TfuÞ2 ðTmd 2 TfdÞ

Since the steady temperature Tf varies slowly in the vertical direction, Tfu 2TfdD0,

thus the final temperature difference between the upper and lower parts of the block is

ΔT1 5Tmu 2 Tmd ð12:11Þ

Because there is no pipe cooling before joint grouting, the temperature difference

between the upper and lower parts of RCC gravity dam is computed by Eq. (12.11).

2. Transient temperature difference between the upper and lower parts of the block

If the joints are to be grouted, the temperature of the dam must be lowered to steady

temperature Tf before grouting of joints by pipe cooling. As shown in Figure 12.20(b),

after local cooling, the temperature in the lower part is steady temperature Tf , but the

temperature in the upper part is still Tmu, thus the transient temperature difference

between the upper and lower parts of the block is

ΔT2 5Tmu 2 Tf ð12:12Þ

Generally speaking, the maximum temperature of the lower part is higher than the

steady temperature Tf , i.e., Tmd . Tf , so from Eqs. (12.11) and (12.12), we have

ΔT2 .ΔT1 ð12:13Þ

Thus, we come to the conclusion that the transient temperature difference ΔT2
between the upper and lower parts of the block generally is bigger than the final

Tmu

Tmd

Figure 12.19 Final temperature difference between the

upper and lower parts of a concrete block.
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temperature difference ΔT1 between the upper and lower parts of the block. This explains

why sometimes large cracks appeared in the upper region of dam block which is out of

restraint of rock foundation.

12.6 Two Principles for Temperature Control and the
Allowable Temperature Differences of Mass Concrete
on Rock Foundation

12.6.1 Stresses due to Stepwise Temperature Difference

Consider a concrete block on rock foundation with height H and length L, H5 L.

As shown in Figure 12.21, the temperature in the rock is 0�C, the distribution of

temperature in the block is uniform in the horizontal direction and stepwise in the

vertical direction, namely

When y5 0Bb1; b1Bb2; b2Bb3; b3BH

T 5 T0; T0 1 T1; T0 1 T1 1 T2; T0 1 T1 1 T2 1 T3

)
ð12:14Þ

Assuming that the modulus of elasticity of rock foundation is ER, the Poisson’s

ratio is μR 5 0:25, the temperature is 0�C; the modulus of elasticity of concrete is

E5ER, the coefficient ηbiðyÞ of horizontal stress at point y of the central section

due to the unit temperature difference shown in Figure 12.22 are computed by

FEM and shown in Figure 12.23.

For the temperature difference shown in Figure 12.21, the horizontal stress σx

on the central section may be computed by

σxðyÞ5
Eα
12μ

T0η0ðyÞ1 T1ηb1ðyÞ1 T2ηb2ðyÞ1 T3ηb3ðyÞ
� � ð12:15Þ

where ηbiðyÞ is the stress coefficient of point y on the central section when

b=L5 bi, e.g., η0:15ðyÞ is the stress coefficient when b=L5 0:15. ηbiðyÞ is shown in

Figure 12.23 and Table 12.2 in which there are two coefficients for y5 bi because

the stress σx is discontinuous at this point.

Tm Tm

Tf

Tf

(a) (b) Figure 12.20 Transient temperature

difference between upper and lower parts of a

concrete block: (a) initial temperature and (b)

after local cooling.
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Figure 12.22 Unit temperature difference:

(a) uniform temperature difference,

(b) nonuniform temperature difference 1 and

(d) nonuniform temperature difference 1.
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Figure 12.21 Distribution of temperature.
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Figure 12.23 Stress coefficient ηb=HðyÞ of central section of concrete block due to unit

temperature difference: (a) η0; η0:15, (b) η0:05; η0:20 and (c) η0:10; η0:30.

Table 12.2 Stress Coefficient η due to Unit Temperature Difference

y/L b/L

0 0.05 0.10 0.15 0.20 0.30

0.00 0.562 20.364 2 0.289 2 0.219 2 0.158 2 0.065

0.05 0.477 2 0.451,0.49 2 0.372 2 0.294 2 0.223 2 0.108

0.10 0.391 0.459 2 0.462, 0.538 2 0.380 2 0.300 2 0.162

0.15 0.311 0.371 0.446 2 0.47, 0.53 2 0.386 2 0.229

0.20 0.238 0.289 0.357 0.436 2 0.478, 0.522 2 0.307

0.25 0.175 0.217 0.276 0.347 0.429 2 0.394

0.30 0.123 0.156 0.204 0.266 0.341 2 0.486, 0.514

0.35 0.0811 0.106 0.144 0.196 0.261 0.423

0.40 0.049 0.067 0.096 0.127 0.191 0.335

0.45 0.026 0.038 0.059 0.091 0.123 0.256

0.50 0.008 0.016 0.031 0.054 0.087 0.187

0.60 2 0.011 2 0.009 0.011 0.007 0.024 0.083

0.70 2 0.020 2 0.021 2 0.021 2 0.018 2 0.012 0.016

0.80 2 0.025 2 0.028 2 0.031 2 0.034 2 0.035 2 0.030

1.00 2 0.049 2 0.058 2 0.070 2 0.083 2 0.099 2 0.125
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12.6.2 Positive Stepwise Temperature Difference and the First Principle
About the Control of Temperature Difference of Concrete on Rock
Foundation

Consider a concrete block on rock foundation as shown in Figure 12.24, the tem-

perature in the rock is zero and the temperatures in the concrete block are

When y5 0Bb T5ΔT

When y5 bBH ΔT 5ΔT 0 5 k ΔT

�
ð12:16Þ

The temperature difference in Eq. (12.16) may be changed to the sum of the

following two temperature differences:

When y5 0BH;T 5ΔT

When y5 bBH;T 5 ðk2 1ÞΔT

�
ð12:17Þ

The stresses in the block induced by the above temperature difference is

σxðyÞ5
Eα
12μ

η0ðyÞΔT 1 ηbðyÞðk2 1ÞΔT
� � ð12:18Þ

The stress coefficients η5σxðyÞð12μÞ=EαΔT computed by Eq. (12.18) for

k$ 1:0 are shown in Figure 12.25.

In the following we will explain how to choose a suitable value of k to get a

favorable stress coefficient η.

ΔT ′= kΔT ΔT ′= kΔT

ΔT ΔT 

H
 =

 L

H
 =

 L

L / 2 L / 2

(a) (b)

L / 2 L / 2

b

Figure 12.24 Second-order stepwise temperature difference in concrete block on rock

foundation: (a) positive stepwise temperature difference (k. 1.0) and (b) negative stepwise

temperature difference (k, 0).
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The maximum η may appear either at y5 0 or at y5 b, from the condition

σxð0Þ5σxðyÞ, we have
η0ð0Þ1 ðk2 1Þηbð0Þ5 η0ðbÞ1 ðk2 1ÞηbðbÞ ð12:19Þ

Hence, a critical value kcr is derived in the following:

kcr 5 11
η0ð0Þ2 η0ðbÞ
ηbðbÞ2 ηbð0Þ

ð12:20Þ
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Figure 12.25 Stress coefficients for

positive stepwise temperature difference:

(a) b/L5 0.05, (b) b/L5 0.10,

(c) b/L5 0.20, and (d) b/L5 0.30.
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when k5 kcr, the thermal stress will have the minimum value σmin; if k, kcr,

σxð0Þ. σmin; if k. kcr, σxðbÞ. σmin, kcr computed by Eq. (12.20) and the corre-

sponding stress coefficient η5 ð12μÞσ=Ex ΔT are given in Table 12.3. In order

to reduce the thermal stress, it is suggested to take k5 kcr, but if k is too big, the

temperature difference between the surface and the interior of the block will be

large; hence, it would be better if k does not exceed 1.30.

The values adopted in the allowable temperature differences in the design specifi-

cations of a concrete dam are b/L5 0.20 and k5 1.1�1.2, if b/L is reduced from 0.20

to 0.05�0.10 and k is increased from 1.1�1.2 to 1.30, the thermal stresses will reduce

and it will be favorable for construction. Hence the following principle is derived.

The first principle about the control of temperature of concrete on rock founda-

tion: for the positive stepwise temperature difference, reducing the height of region

of low temperature and suitable increase of the temperature difference between the

upper and lower parts of the block will reduce the maximum thermal stress and are

favorable for the construction.

The allowable temperature differences in concrete block on rock foundation

stipulated in the design specifications of concrete gravity and arch dam are given

in Table 12.4.

Based on the above-mentioned first principle, theoretical analysis and practical

experiences, it is suggested to adopt the allowable temperature differences ΔT(�C)
of a concrete block on rock foundation as given in Table 12.4, which are more con-

venient for the construction and the coefficients of safety are 6�9% higher than

those in the design specification [15] and [16].

Table 12.3 kcr and η5 (12μ)σ/Eα ΔT

b/L 0 0.05 0.10 0.15 0.20 0.30

Critical value kcr 1.00 1.093 1.206 1.336 1.477 1.758

η 0.562 0.528 0.502 0.488 0.487 0.512

Suggested value k 1.00 1.10 1.20 1.30 1.30 1.30

η 0.562 0.532 0.504 0.496 0.515 0.542

Table 12.4 Suggested Allowable Temperature Differences ΔT (�C) of Concrete on Rock

Foundation

Height of Low

Temperature b

Height of Temperature

Control y

L(m)

,17 17�20 20�30 30�40 .40

0 0.00�0.40L 26�25 25�22 22�19 19�16 16�14

0.05L 0.00�0.05L 26�25 25�22 22�19 19�16 16�14

0.05�0.40L 29�28 28�24 24�21 21�18 18�15

0.10 L 0.00�0.10L 26�25 25�22 22�19 19�16 16�14

0.10�0.40L 33�31 31�28 28�26 24�20 20�18

0.20 L 0.00�0.20L 26�25 25�22 22�19 19�16 16�14

0.20�0.40L 34�33 33�29 29�25 25�21 21�19
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12.6.3 Negative Stepwise Temperature Difference and the Second
Principle About the Control of Temperature Difference of
Concrete on Rock Foundation

The negative stepwise temperature difference shown in Figure 12.24(b) is unfavor-

able to thermal stress. In the process of cooling, the lower part of concrete is sub-

jected to the restraint of the upper part of concrete as well as the rock foundation

and the tensile stress will be large. The stress coefficients η5 (1�μ)σx/Eα ΔT for

negative temperature difference are shown in Figure 12.26 which are larger than

those for positive temperature difference. Based on the analysis of the relation

between b/L, k, and η, we derived the following principle.

The second principle about the temperature control of concrete on rock founda-

tion: for the negative stepwise temperature difference, it is not only necessary to

reduce the maximum temperature in the strong restraint region (lower part of con-

crete block), but also necessary to avoid too low temperature in the weak restraint

region (upper part of concrete block).

There are no allowable temperature differences for negative stepwise tempera-

ture difference of mass concrete on rock foundation in the current literature, but

negative stepwise temperature differences appear frequently in practical engineer-

ing. According to the above-mentioned second principle, the analysis of thermal

stresses and practical experiences, the suggested allowable temperature differences

are given in Table 12.5, where y is the height of temperature control.

For positive temperature difference, the allowable temperature differences given

in Table 12.5 are the upper limits of temperature. For the negative temperature dif-

ference, the allowable temperature differences given in Table 12.6 are the upper

limits of temperature difference for the lower part of the block and the lower limits

of temperature difference for the upper part of the block, namely

When y5 0Bb ΔT # ½ΔTa�
When y5 bBL ΔT $ ΔTb½ �

�
ð12:21Þ

where

[ΔTa]—the allowable temperature difference in the lower part of the block

[ΔTb]—in the upper part of the block.

12.6.4 Stresses due to Multi-Stepwise Temperature Difference

Consider a concrete block on rock foundation shown in Figure 12.27. The elastic

thermal stresses due to multi-stepwise temperature difference are computed by

FEM. There are four schemes A, B, C, D as shown in Figure 12.28 and Table 12.6,

and the computed results are shown in Figure 12.29. The maximum stress coeffi-

cients of scheme A, B, C, D are 0.475, 0.580, 0.511, 0.460, respectively. The stress

coefficient η of scheme D is the minimum among them.
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12.6.5 Viscoelastic Thermal Stresses Simulating Process of Construction
of Multilayer Concrete Block on Rock Foundation

The practical temperature differences and stresses are very complex, but the above-

mentioned two principles about temperature control are still suitable, which will be

explained by two examples in the following.
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Figure 12.26 Stress

coefficients for negative

stepwise temperature

difference: (a) b/L5 0.05,

(b) b/L5 0.10, and

(c) b/L5 0.20.
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Consider a multilayered concrete block on rock foundation, length L5 60 m,

height H5 60 m, thickness of lift 3.0 m, time interval 7 days, diffusivity of con-

crete a5 0.10 m2/day, surface conductance β5 70 kJ/(m2 h �C), Poisson’s ratio

μ5 0.167, modulus of elasticity E5 35,000(12 exp(2 0.40τ0.34)) MPa, unit creep

expressed by Eq. (12.9), coefficient of thermal expansion α5 13 1025�C21,

allowable tensile stress ½σt�5 2:10τ=ð7:01 τÞ MPa, adiabatic temperature rise

θðτÞ5 25:0τ=ð1:701 τÞ�C, unit of time is day. There is no creep in the rock foun-

dation, ER5 35,000 MPa, μR5 0.25. The initial temperature of concrete and rock

foundation is T05 25�C, air temperature Ta5 25.0�C.

Table 12.5 Allowable Temperature Difference for Negative Stepwise Temperature

Difference of Concrete Block on Rock Foundation (�C)

Ratio of ΔT k b/L y/L ΔT L(m) η

, 17 17�20 20�30 30�40 . 40

0.90 0.05 0.00�0.05 ΔTa# 24 23 21 18 15 0.598

0.05�0.40 ΔTb$ 22 21 19 16 14

0.10 0.00�0.10 ΔTa# 25 24 21 18 15 0.591

0.10�0.40 ΔTb$ 22 21 19 16 12

0.20 0.00�0.20 ΔTa# 25 24 21 18 16 0.578

0.20�0.40 ΔTb$ 23 22 19 17 14

0.80 0.05 0.00�0.05 ΔTa# 23 22 19 17 14 0.635

0.05�0.40 ΔTb$ 18 17 15 14 11

0.10 0.00�0.10 ΔTa# 24 23 20 17 14 0.620

0.10�0.40 ΔTb$ 19 18 16 14 12

0.20 0.00�0.20 ΔTa# 25 24 21 18 15 0.594

0.20�0.40 ΔTb$ 20 19 17 14 12

0.70 0.05 0.00�0.05 ΔTa# 22 21 18 16 12 0.671

0.05�0.40 ΔTb$ 15 15 12 11 9

0.10 0.00�0.10 ΔTa# 23 22 19 16 14 0.649

0.10�0.40 ΔTb$ 16 15 12 12 10

0.20 0.00�0.20 ΔTa# 24 23 20 17 15 0.609

0.20�0.40 ΔTb$ 17 16 14 12 10

Table 12.6 Computed Schemes

Scheme A B C D Scheme A B C D

b/L 0.05 0.05 0.10 0.10 T2 1.20 1.40 1.20 1.40

T0 1.00 1.00 1.00 1.00 T3 1.30 1.60 1.30 1.60

T1 1.10 1.20 1.10 1.20 Max. η 0.475 0.580 0.511 0.460
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Cooling Scheme 1 Spacing of cooling pipe: elevation y5 0�30 m,

1.0 m3 0.50 m; y5 30�60 m, 1.50 m3 1.50 m. There are three stages of cooling:

First stage of cooling, τ5 0�20 days, water temperature Tw5 20�C; second stage

of cooling, τ5 150�200 days, Tw5 15�C; third stage of cooling, cooling begins

from τ5 240 days, Tw5 11.5�C, cooling stops when the temperature drops to

Tf5 12.0�C.

Cooling Scheme 2 Spacing of cooling pipe; y5 0�6 m, 1.0 m3 0.50 m;

y5 6 m�60 m, 1.5 m3 1.5 m. The time of cooling and water temperatures are the

same as scheme 1.

The envelopes of the temperatures and stresses on the central section of the block

for the two schemes are shown in Figures 12.30 and 12.31. The height of dense

cooling pipe (1.0 m3 0.50 m) in scheme 1 is 30 m and in scheme 2 is reduced to

6 m, but the maximum tensile stress reduced from 1.90 MPa of scheme 1 to

1.82 MPa of scheme 2. It is apparent that scheme 2 is better than scheme 1.

Figure 12.28 Schemes for computing.

T3

T2

T1

T0 b
2b

3b

H
=L

Figure 12.27 Multi-stepwise temperature difference.
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12.7 Approximate Formula for Thermal Stress in Concrete
Block on Rock Foundation in Construction Period

The maximum thermal stress in a concrete block on rock foundation in the

construction period may be computed by

σx 52
KREαðTp 2 TfÞ

12μ
2

KkrAEαTr
12μ

ð12:22Þ
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Figure 12.29 Stress coefficients η5 (12μ)σx/EαT for multi-stepwise temperature

difference: (a) scheme A, B and (b) scheme C, D.
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where

Tp—placing temperature of concrete

Tf—steady temperature of dam

Tr—temperature rise of concrete due to hydration heat of cement

K—the coefficient of relaxation to consider the effect of creep, generally K5 0.5�0.7 for

conventional concrete, K5 0.6�0.8 for RCC

R—restraint coefficient of foundation, given by Eq. (12.2)

A—stress coefficient for temperature rise due to hydration heat of cement, see

Figure 12.32. and Eq. (12.23)

kr—the reduction coefficient to consider the compressive stress induced by the tempera-

ture rise in early age due to hydration heat of cement, approximately, kr5 0.70�0.85,

because the problem is complex, generally assume kr5 1.0.

The stress coefficient A may also be computed by the writer’s formula:

A5 exp 20:50
E

ER

� �0:75
" #

12 0:49 exp 2 0:055ðL210:0Þ0:85� �g; L$ 10 m
�

ð12:23Þ

12.8 Influence of Length of Concrete Block on the Thermal
Stress

12.8.1 Influence of Length of Concrete Block on the Thermal Stress due
to Temperature Difference Between the Upper and Lower Parts

A concrete dam is generally constructed in the period of several years. The differ-

ence of temperature between the upper and lower parts of the dam block is primar-

ily due to the seasonal variation of air temperature. In order to study the influence

of length of concrete block on the thermal stress, a concrete block of Three
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Figure 12.30 Envelopes of temperatures on the central section of the block.
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Georges dam with height H5 158 m and length of block L5 20, 40, 80, 120 m is

computed by FEM. The elevation of the top of the block is 185 m and the elevation

of the surface of rock foundation is 27 m. The temperature difference is computed

according to the process of construction and then the thermal stresses are com-

puted. The computed results are shown in Figure 12.33 from which it is clear that

the influence of length of block on the stress is remarkable. For a concrete block

with L5 20 m, the stress is very small except in the region near the rock founda-

tion, but for a long concrete block, there are remarkable thermal stresses due to dif-

ference of temperature between the upper and lower parts of the block, as well as

temperature difference of concrete above rock foundation.
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Figure 12.31 Envelopes of the horizontal stresses on the central section of the block.
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Figure 12.32 Stress coefficient A for temperature rise due to hydration heat of cement.
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12.8.2 Influence of Joint Spacing on the Thermal Stress due to Annual
Variation of Temperature

The annual variation of the surface temperature of a concrete dam may be expressed

by

TðτÞ5A0 cos
2πτ
P

ð12:24Þ
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Figure 12.33 Thermal stress in concrete blocks of different length: (a) concrete block and

temperature difference, (b) stress without self-weight, and (c) stress with self-weight.
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where

A0—the amplitude of annual variation of surface temperature

P(51a)—period of temperature variation.

The maximum horizontal thermal stress of the surface is given by

σx0 52
EαA0RK

12μ
ð12:25Þ

where

R—the stress coefficient given by Figure 12.34

K—the relaxation coefficient due to creep of concrete, generally k5 0.60�0.70.

It may be seen from Figure 12.34 that the stress coefficient R is closely related

to joint spacing L.

12.9 Danger of Cracking due to Over-precooling of Concrete

Precooling of concrete may effectively reduce the placing temperature, thus it is an

important measure of temperature control, but precooling should be suitable, over-

precooling is unfavorable for the prevention of cracks [27].

Firstly, in order to avoid the negative stepwise temperature difference as shown in

Figure 12.24(b), it is necessary to avoid over-precooling of concrete of the upper part.

Secondly, precooling of new concrete is actually a cold attack on the old concrete.

Assuming that at the time of placing new concrete, the surface temperature of the old
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concrete is T1 and the placing temperature of the new concrete is T2, the surface tem-

perature of the old concrete will drop to (T11 T2)/2 immediately after placing of new

concrete with ΔT 5 T1 2 ðT1 1 T2Þ=25 ðT1 2 T2Þ=2; because the temperature drops

very quickly, the coefficient of relaxation and coefficient of restraint are both close to

1.00, thus the stress increment induced byΔT is approximately

ΔσðτÞ5 EðτÞα
12μ

� T1 2 T2

2
ð12:26Þ

where

EðτÞ—the modulus of elasticity of old concrete

T1—the surface temperature of old concrete at the time of placing new concrete

T2—placing temperature of new concrete.

In order to prevent cracking of old concrete, it is necessary that

ΔσðτÞ1σ0ðτÞ#Rt=k

Hence, the allowable temperature difference for placing of new concrete is

T1 2 T2 5
2ð12μÞ
EðτÞα RtðτÞ=k2 σ0ðτÞ

� � ð12:27Þ

where

RtðτÞ—the tensile strength of old concrete

σ0ðτÞ—the initial stress of old concrete

k—coefficient of safety.

Example Assuming that EðτÞ5 35; 000ð12 expð20:44τ0:29ÞÞ MPa, RtðτÞ5 3:30
½12 expð20:33τ0:37Þ� MPa, α5 13 1025�C21; when τ5 0�15 days, σ05
20.10 MPa; when τ5 16�30 days, σ0 5 0; the allowable placing temperature

difference T1 2 T2 computed by Eq. (12.27) is given in Table 12.7. For example,

taking k5 1.1, the allowable placing temperature difference T12 T2J14�C; if the

Table 12.7 Example of Allowable Placing Temperature Difference T12 T2 (
�C)

Age of concrete τ (day) 5 7 14 28

Initial stress σ0 (MPa) 20.10 20.10 20.10 0

Coefficient of safety k 1.0 14.98 15.24 15.78 15.53

1.1 12.70 12.94 14.42 14.12

1.3 11.74 11.93 12.32 11.95

1.5 10.30 10.46 10.78 10.36

1.8 8.74 8.86 9.11 8.63
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placing temperature of new concrete is T25 8�C, the surface temperature of old

concrete should be T1# 22�C, which may be a problem in summer.

The measures for control of placing temperature difference (1) reduce the sur-

face temperature T1, e.g., by spraying water on the surface of old concrete before

placing the new concrete, placing the new concrete at night, and pipe cooling of

old concrete near the surface with superficial thermal insulation.

12.10 Thermal Stresses in Concrete Blocks Standing
Side by Side

The elastic thermal stresses in five concrete blocks standing side by side on rock foun-

dation due to uniform cooling are analyzed by photoelastic model test [6]. The stress

coefficients of the central section of the blocks are shown in Figure 12.35 which are

greater than the stress coefficient of a single concrete block. Among the five blocks,

the thermal stress in the central block is bigger than those in the lateral blocks.

12.11 Equivalent Temperature Rise due to Self-Weight of
Concrete

The lateral expansive strain due to action of self-weight of concrete is equivalent to

temperature rise which may offset part of the shrinkage strain. Let the block be cut

on the surface of foundation, the stresses in the block are σx 5 0 and σy 52 γH,

Figure 12.35 Thermal stresses in five concrete blocks standing side by side on rock

foundation.
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where γ is the density of concrete and H is the height of the block. Due to influ-

ence of Poisson’s ratio μ, the horizontal lateral strain is

εx 5μγH
1

E
1C

� �

which is equal to the strain induced by temperature rise

Tg 5
μγH
α

1

E
1C

� �
ð12:28Þ

where

Tg—equivalent temperature rise due to weight of concrete

γ—density of concrete

H—height of concrete

E—modulus of elasticity of concrete

C—unit creep of concrete.

For example, let μ5 0.17, γ5 2.4 t/m3, E5 30 GPa, C5 1/E,

α5 13 1025�C21, from Eq. (12.28), we get

Tg 5 0:0272Hð�CÞ ð12:29Þ

which gives the equivalent temperature rise Tg due to weight of concrete as given

in Table 12.8. It is evident that Tg is appreciable when H$ 100 m.

Table 12.8 Equivalent Temperature Rise Tg due to Weight of Concrete

H(m) 50 100 150 200 250 300

Tg(
�C) 1.36 2.72 4.08 5.44 6.80 8.16
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13 Thermal Stresses in Concrete
Gravity Dams�

13.1 Thermal Stresses in Gravity Dams due to Restraint of
Foundation

As shown in Figure 13.1, Td is the temperature of a gravity dam without longitudinal

joint or the temperature at the time of joint grouting of a gravity dam with longitudi-

nal joints; Tg is the temperature of the rock foundation before the construction of

dam; Tf is the final steady temperature of the dam and foundation; the temperature

difference shown in Figure 13.1(d) may be divided into two parts as follows:

1. Td 2Tg, the difference between the temperature of the dam and that of the foundation

which will induce stresses in the dam.

2. Tg 2Tf , the difference of the temperature of the foundation before construction of the

dam and the steady temperature, as r2ðTg 2 TfÞ5 0, so Tg 2Tf does not induce stress in

the dam.

The stresses in a gravity dam induced by uniform cooling of the dam body are

shown in Figure 13.2.

For a gravity dam without longitudinal joint, the temperature in the interior of

the dam decreases very slowly because there is no artificial cooling for grouting of

the joint. The process of construction is already completed when the dam is cooled

to the final steady temperature; thus the stresses due to weight of concrete, water

pressure, and temperature change must be superposed. The stresses in a gravity

dam without longitudinal joint are computed by the finite element method (FEM)

for the following loading cases:

1. Temperature change of the dam body ΔT 52 11�C
2. Weight of concrete

3. Low water head (water surface elevation 135 m)

4. Temperature change1weight of concrete

5. Temperature change1weight of concrete1 low water head (135 m)

6. Temperature change1weight of concrete1moderate water head (155 m)

7. Temperature change 1weight of concrete1 high water head (175 m).

The horizontal stresses σx of the above-mentioned seven loading cases in this

dam are shown in Figure 13.3. It is evident that the tensile stress will be reduced

� The thermal stresses in concrete gravity dams are also explained in Refs [48-50, 54, 55, 102 and 104]

Thermal Stresses and Temperature Control of Mass Concrete. DOI: http://dx.doi.org/10.1016/B978-0-12-407723-2.00013-0

© 2014 Tsinghua University Press. Published by Elsevier Inc. All rights reserved.
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more than 0.50 MPa by the effect of self-weight and water pressure even the low

water elevation 135 m is considered. The vertical stresses σy on the horizontal

cross section of the dam 3 m above the rock foundation are shown in

Figure 13.4.
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difference.
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13.2 Influence of Longitudinal Joints on Thermal Stress in
Gravity Dam

The influence of longitudinal joints on the thermal stresses in a gravity dam is

remarkable and is displayed in the following respects:

1. Influence of the temperature difference between the surface and the interior of the dam.

For a gravity dam with longitudinal joints, the dam must be cooled to the final steady

temperature by artificial cooling before the grouting of joints; thereafter, the temperature

difference between the surface and the interior of the dam is small and the surface of the

dam is subjected to compressive stress or small tensile stress. For a gravity dam without

longitudinal joints, there is no artificial cooling for joint grouting, the internal temperature

of the dam is high and decreases very slowly, the surface temperature is low, so tensile

stress will appear on the surface, particularly in the winter, and the tensile stress may be

so large as to give rise to cracks, as shown in Figure 13.5.

2. Influence of the length of dam block.

For a gravity dam with longitudinal joints, the length of concrete blocks is 20�40 m,

while the length of the base of a gravity dam without longitudinal joints may be

100�200 m or more which is unfavorable to thermal stress.

3. Influence of loading condition.

For a gravity dam with longitudinal joints, the dam is cooled before grouting of joints,

so the thermal stress is computed independently. For a gravity dam without longitudinal

joints, the process of construction of the dam is already completed when the dam is

cooled to the final steady temperature; thus the stresses due to temperature change must
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Figure 13.4 The vertical stress σy on the horizontal cross section of the dam 3 m above the

rock foundation due to weight of concrete, water pressure, and temperature change

ΔT 52 11�C of the dam body.
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be superimposed with the stresses due to weight of concrete and water pressure which

will reduce the tensile stress and is favorable to prevention of cracking.

Thus, the stresses in a gravity dam without longitudinal joints are quite different from

those in a gravity dam with longitudinal joints.

13.3 The Temperatures and Stresses in a Gravity Dam
without Longitudinal Joint

Generally the dam is constructed in 1.5�2.3 m lifts with time interval 5�15 days,

the period of construction may be several years, so the process of construction has

appreciable influence on the temperatures and stresses of the dam. In order to con-

sider these influences, the computation must simulate the process of construction

by the FEM.

The Longtan roller compacted concrete (RCC) gravity dam with height 192 m is

shown in Figure 13.6. A layer of conventional concrete with thickness 6 m is

placed on the rock surface and then the RCC is placed. The temperature field and

stress field are computed by SAPTIS—a three-dimensional finite element program

for simulation computation compiled by Prof. Zhang Guoxin. The influence of cli-

mate condition, temperature control, and process of construction are considered in

the computation, and the results are shown in Figures 13.7 and 13.8.

13.4 Gravity Dam with Longitudinal Crack

As shown in Figure 13.9, a longitudinal crack appeared in the Norfork dam. The

stresses in the dam with and without crack are computed by FEM and the results

Gravity dam with longitudinal joint
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Figure 13.5 Superficial stress due to temperature difference between surface and interior of

gravity dam with or without longitudinal joint.
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are shown in Figures 13.10 and 13.11. It is apparent that the influence of longitudi-

nal crack on the stresses in the dam is remarkable [101].

13.5 Deep Crack on the Upstream Face of Gravity Dam

There are deep cracks on the upstream face of some gravity dams which are very

harmful to the structure. The deep crack on the upstream face of the Dworshak

dam is shown in Figure 13.12. In order to prevent this type of crack, it is necessary

to put a long-time superficial thermal insulation layer, as foamed plastic plate, on

the upstream face of the dam.
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13.6 Opening of Longitudinal Joint of Gravity Dam in the
Period of Operation

Before the grouting of longitudinal joints, generally the temperature of the dam is

reduced to the steady temperature Tf by artificial cooling. The actual temperature

T(x,y,z,t) of the dam in the period of operation is a function of position (x,y,z) and

time t. The steady temperature Tf(x,y,z) is the annual mean value of T(x,y,z,t) in the

time domain. The actual temperature T(x,y,z,t) may be divided into two parts as

follows:

Tðx; y; z; tÞ5 Tf 1 Tq ð13:1Þ

Tq 5 Tðx; y; z; tÞ2 Tf ð13:2Þ

where Tf is the steady temperature and Tq is the quasi-steady temperature, as shown

in Figure 13.13.

As the longitudinal joints are grouted at the steady temperature Tf, so Tf will not

induce the opening of joints. The opening of joints is induced by the quasi-steady

temperature Tq(x,y,z,t) which varies sinusoidally with time.

A computed example is shown in Figures 13.14 and 13.15.
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Figure 13.7 Iso-temperature of Longtan RCC gravity dam at 20 years after completion of

dam construction.
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13.7 Thermal Stresses of Gravity Dams in Severe Cold
Region

13.7.1 Peculiarity of Thermal Stresses of Gravity Dam in Severe Cold
Region

The climatic condition is harsh for construction of gravity dams without lon-

gitudinal joint in severe cold region. As the air temperature is too low, con-

crete cannot be poured in about half a year in the winter. The air

temperature in the summer is rather high; the temperature of the concrete

poured in summer is high. Thus the temperature difference between the upper

and lower parts of the dam block is large. The air temperature is very low

and the time of low temperature is long in the winter, so there are big tem-

perature differences between surface and interior of the concrete poured in

summer. It is necessary to adopt a special superficial thermal insulation layer

to prevent cracking of concrete.
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13.7.2 Horizontal Cracks and Upstream Face Cracks

For gravity dams in a severe cold region, under the simultaneous action of the big

temperature difference between the upper and the lower parts of the dam and the

temperature difference between the surface and the interior of the dam, there may

be large vertical tensile stress near the surface of lift of concrete stopped in

∇ 168.00

∇ 107.00

∇ 180.00 Figure 13.9 Crack in Norfork dam (m).
9.

70
 m

57
.3

 m

61 m

(a)

–10
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Figure 13.10 Vertical stress σy in the dam

without crack: (a) water pressure1weight and

(b) water pressure1weight1ΔT5 12�20�C.
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previous winters and large horizontal tensile stresses on the upstream and down-

stream faces of the dam which may lead to horizontal and vertical cracks.

The Guanyinge RCC gravity dam with maximum height 82 m is located in

Liaoning province in China. At the damsite, the annual mean temperature of air is

4.77�C, the maximum monthly mean air temperature is 23.3�C, there are 5 months

in which the monthly air temperature is below 0�C, and the pouring of concrete

was stopped. The dam was constructed from May 1990 to September 1995, and the

pouring of concrete was stopped for 5 months in the winter every year. The

–30
–20
–10

–10
0

10
(b)

(a)
10

0

Figure 13.11 Stress in the dam with crack,

weight1water pressure (0.1 MPa): (a) vertical

stress σy and (b) shearing stress τxy.

Figure 13.12 The plastic

model showing the deep crack

on the upstream face of

Dworshak dam.

276 Thermal Stresses and Temperature Control of Mass Concrete



upstream face and the downstream face are insulated by foamed polystyrene plate

of thickness 3�7 and 5 cm, respectively. The horizontal surface of the concrete

stopped in winter is insulated by three layers of straw mat with a polystyrene cloth

on the top.

The actual temperature difference between the upper and the lower parts of the

dam is 13.25�20.65�C and the temperature difference between the surface and the

interior of the dam is 15.0�29.0�C. The simulating computation by FEM showed

that the vertical stresses on the upstream and downstream faces near the horizontal

Constant
temperature

Constant
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Zero
temperature

Longitudinal joint 

Variable temperature
Variable

temperature

Tm(s)
ΣAi(s) cos ωi (τ − τ0 − ξi)

Tm(s) + ΣAi(s) cos ωi (τ − τ0 − ξi)

+
=

(a) (b) (C)

Figure 13.13 Temperature field Td of gravity dam in the operation period: (a) temperature

field Td in the operation period, (b) steady temperature, and (c) quasi-steady temperature

field Tq.
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Figure 13.14 Example, opening of longitudinal joints (mm) for empty reservoir.

277Thermal Stresses in Concrete Gravity Dams



joints at which the placing of concrete was stopped in the winter were

2.5�4.0 MPa, which exceed the tensile strength of concrete a great deal. As shown

in Figure 13.16, on the upstream surface of Guanyinge dam appeared 53 cracks of

which 51 were horizontal cracks, most of them were near the horizontal joints at

which the pouring of concrete was stopped in the winter, The width of crack was

0.5�1.2 mm, the depth 3.0�6.0 m, and the length of crack was nearly equal to the

length of the dam block. On the downstream surface, there appeared 79 cracks in

which 60 were horizontal cracks.

13.7.3 Measures for Preventing Cracking of Gravity Dam in Severe Cold
Region

1. Strengthen superficial thermal insulation

Superficial thermal insulation is the most important measure for preventing cracking

of gravity dams. The simulating computation by FEM shows that if the upstream and

downstream surfaces of Guanyinge dam are insulated by foamed polystyrene plate of

thickness 17 cm, the maximum thermal tensile stresses in the winter are reduced to 1.80

and 1.30 MPa, respectively, which will be smaller due to the effect of weight of concrete

and no crack will appear.

2. Pipe heating

It is suggested to set water pipes in the range of 2�3 m in the concrete below the hori-

zontal surface at which pouring of concrete is stopped in winter. At 10�20 days before

resuming the placing of concrete next year, 15�20�C water is used to increase the
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∇100.00 m

∇0.00 m

Feb
1.7 mm

0.65 mm
Feb

Jan

Dec

Jan
March

Aug

Ta

Tw

Figure 13.15 Example, opening of longitudinal joints (mm) for water head 100 m.
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temperature of old concrete to reduce the temperature difference between the upper and

the lower parts of concrete.

3. Pipe cooling in the new concrete.

4. Preset artificial cracks.

In the Baishi RCC gravity dam with height 50.3 m, horizontal artificial cracks with

water stop are preset on the upstream face (depth 1.0 m) and the downstream face (depth

3.0 m) near the horizontal surface at which concrete is stopped in winter to relieve the

tensile stresses as shown in Figure 13.17. In the operation period of this dam, the preset

cracks opened in the winter and no crack appeared.

13.8 Thermal Stresses due to Heightening of Gravity Dam

In the heightening of a gravity dam, the old part of the dam is fully cooled, while

the temperature in the new concrete will be higher due to hydration heat of cement

and high placing temperature of concrete in the hot season. There will be a temper-

ature difference between the old and new concrete which will induce stresses both

in the new and old concrete [65, 77, 100, 103].

The author had proposed two methods for computing the stresses due to height-

ening of a gravity dam, the first one is based on the formula in strength of materials

and the second one is based on the theory of elasticity [62]. The first one will be

introduced in the following.
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Figure 13.16 The horizontal cracks of Guanyinge RCC gravity dam.
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As shown in Figure 13.18, E1 and E2 are the modulus of elasticity of the old and

new concrete respectively and b1 and b2 are the width of the old and new concrete.

If the dam is fully restrained in the direction CD of the downstream face of the old

dam and is free in the perpendicular direction, the initial stress in the dam will be

σ0
x 52EαT sin2 β

σ0
y 52EαT cos2 β

τ0xy 52EαT sin β cos β

9>>=
>>;

ð13:3Þ

The normal force N and moment M produced by the above initial stress are

N52 cos2 β
ð
EαT dx; M52 cos2 β

ð
EαTx dx ð13:4Þ

According to the hypothesis of plane section in the theory of strength of materi-

als, the vertical strain on section 1-1 is a linear function of x as follows:

εy 5A1Bx ð13:5Þ
where A and B are constants. The stress will be

σy 5Eiεy 5EiðA1BxÞ ð13:6Þ
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Figure 13.17 Preset artificial cracks in Baishi RCC gravity dam.
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where Ei 5E1 for the old concrete and Ei 5E2 for the new concrete. The normal

force N and the moment M will be

N5

ð
σy dx5A

ð
E dx1B

ð
Ex dx

M5

ð
σyx dx5A

ð
Ex dx1B

ð
Ex2 dx

ð13:7Þ

Put the origin of coordinate at the centroid of the cross section with weight E,

then

ð
Ex dx5 0 ð13:8Þ

From Eqs. (13.6�13.9), we have

A5
N

D
; B5

M

F
ð13:9Þ

where

D5

ð
E dx5E1b11E2b2

F5

ð
Ex2 dx5

E1

3
ðb12b0Þ31b30
� �

1
E2

3
ðb2b0Þ32ðb12b0Þ3
� �

9>>>=
>>>;

ð13:10Þ
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Figure 13.18 Example 1:

Heightening of a gravity dam.
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Now let the boundary of the dam be free from external restraint, the resulting

normal stress on section 1-1 due to removal of N and M will be

σy 52E
N

D
1

M

F
x

� �
ð13:11Þ

Superposing the above stress with the initial stress given by Eq. (13.3), finally

we get the stress due to heightening of the dam as follows:

σy 52E
N

D
1

M

F
x

� �
2EαT cos2 β ð13:12Þ

From Eq. (13.8), the distance from the upstream face to the E weighted centroid

O of the section is

b0 5
E1b

2
1=21E2b2ðb1 1 b2=2Þ

E1b1 1E2b2
ð13:13Þ

If E1 5E2, then

b0 5 ðb1 1 b2Þ=25 b=2

D5Eb; F5Eb3=12
ð13:14Þ

Example 1 As shown in Figure 13.19, the height of the old dam is 38.0 m, the

base is b15 25.5 m, the increment of dam height is ΔH5 5.0 m, b25 3.36 m, the

uniform temperature difference in the new concrete is T0, and E1 5E2, try to com-

pute the thermal stress on the base section of the dam.

Now b5 b11 b25 28.86 m, b05 b/25 14.43 m, β5 33.9�, cos2 β5 0.689.

From Eq. (13.4)

N52 3:363 0:689EαT0 52 2:315EαT0
M5Nðb2 b0 2 b2=2Þ52 2:31EαT0ð14:432 3:36=2Þ52 29:52EαT0

From Eq. (13.12),

σy 5EαT0
2:315

28:86
1

123 29:52

28:863
x

0
@

1
A2 0:689EαT

5EαT0ð0:08021 0:014736xÞ2 0:689EαT

ð13:15Þ

On the upstream face, x5214.43 m, T5 0, from Eq. (13.15),

σy 5EαT0ð0:08021 0:0147363 ð2 14:43ÞÞ52 0:1324EαT0
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On the downstream face of old dam, x5 14.432 3.365 11.07 m, T5 0, from

Eq. (13.15)

σy 5EαT0ð0:08021 0:0147363 11:07Þ5 0:2433T

On the upstream face of new concrete, x5 11.07, T 5 T0, from Eq. (13.15)

σy 5EαT0ð0:08021 0:0147363 11:07Þ2 0:689EαT0 52 0:4457EαT0

On the downstream face of new concrete, x5 14.43, T5 T0, from Eq. (13.15)

σy 5EαT0ð0:08021 0:0147363 14:43Þ2 0:689EαT0 52 0:3962EαT0

The distribution of stress σy is shown in Figure 13.19.

Example 2 For the same dam, if E1 5 1:5E2, from Eqs. (13.13) and (13.10),

b0 5
1:53 1=23 25:52 1 3:36ð25:51 3:36=2Þ

1:53 25:51 3:36
5 13:915 m

D5 41:61E2; F5 2719:2E2

σy 5EαT0ð0:055631 0:01129xÞ2EαT cos2 β
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Figure 13.19 Example 1: Heightening of

a gravity dam, σy=EαT0.
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For the old concrete, E5 1:5E2, T0 5 0, and for the new concrete, E5E2,

T 5 T0.

The vertical stress at the upstream face, the downstream face of the old concrete

and new concrete are respectively:

σy1 52 0:1015E1αT0 52 0:1523E2αT0
σy2 5 0:1864E1αT0 5 0:2797E2αT0
σy3 52 0:5025E2αT0
σy4 52 0:4646E2αT0

13.9 Technical Measures to Reduce the Thermal Stress due
to Heightening of Gravity Dam

From Figure 13.18, it is evident that the thermal stresses due to heightening of a

gravity dam are induced by the temperature difference

ΔT5 Tc 2 Tf ð13:16Þ

where Tf is the final steady temperature and Tc is the closing temperature which is

the mean temperature of the new concrete at the time of closing of dam top or at

the time when the height of new concrete increases to the height of the old dam

block. There will be no thermal stress if ΔT5 0; thus the criterion of temperature

control for heightening of a gravity dam is

Tc # Tf ð13:17Þ

Referring to Figure 13.20, in the process of heightening a gravity dam, the new

concrete is poured by lifts with thickness of 1.5�3.0 m. The variations of

Figure 13.20 Heightening of a gravity dam.
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temperature in the new concrete are shown in Figure 13.21. In the case of natural

cooling, the temperature decreases very slowly and the closing temperature Tc1 will

be higher than the steady temperature Tf . But in the case of artificial cooling, pri-

marily pipe cooling, the temperature in the new concrete may be reduced to

Tc2 # Tf in 30�60 days. The time required for cooling may be controlled by adjust-

ing the spacing of pipes and the temperature of cooling water. Too fast cooling of

dam concrete is unfavorable. It is suggested that the time of cooling is controlled

as follows:

t5 ð3� 5ÞΔt ð13:18Þ

where t is the time of cooling and Δt is the time interval between concrete lifts. In

this case, the temperature gradient in the vertical direction is small and the stresses

induced by the difference between the maximum temperature and the closing tem-

perature will be also small and confined in the vicinity of the new concrete and

will not influence the stress of the dam as a whole.

T
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Tc2

Tc1

Tp

Tp + Tr

Tf2

Figure 13.21 The variation of temperature in the new concrete.
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14 Thermal Stresses in Concrete
Arch Dams

The thermal stresses in the arch dam before the grouting of transverse joints are com-

puted as concrete blocks; see Chapter 12 and the stresses in the dam after the grouting

of joints must be computed as a whole body which will be described in this chapter

[47, 60, 63, 67, 72, 74, 75, 88, 99, 105].

14.1 Introduction

14.1.1 Self-Thermal Stresses of Arch Dam

Taking the coordinate system (x,y,z) as shown in Figure 14.1, the self-induced ther-

mal stresses are computed in the following:

σy 5σz 5
Eα

12μ
Tm 1 Td

x

L
2 T

0
@

1
A5

EαTn
12μ

Tn 5 Tm 1 Td
x

L
2 T

ð14:1Þ

where

Tm 5
1

L

ðL=2
2L=2

T dx

Td 5
12

L2

ðL=2
2L=2

xT dx

9>>>>>=
>>>>>;

ð14:2Þ

where

Tm—mean temperature of the section

Td—equivalent linear temperature difference

Tn—nonlinear temperature difference, namely, the difference between the actual tempera-

ture and the equivalent linear temperature.

The temperature distribution is shown in Figure 14.2.
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14.1.2 Three Characteristic Temperature Fields in Arch Dam

There are three important characteristic temperature fields in a concrete arch dam:

1. Grouting temperature T0ðxÞ
Grouting temperature T0ðxÞ is the temperature of the dam when the transverse joints

are grouted. The mean temperature of T0ðxÞ is Tm0 and the equivalent linear temperature

difference of T0ðxÞ is Td0 which can be computed by Eq. (14.2).

2. Mean temperature of point x in the operation period T1ðxÞ
T1ðxÞ is the annual mean temperature at point x in the operation period. In the direc-

tion x of thickness, the mean temperature of T1ðxÞ is Tm1 and the equivalent temperature

difference of T1ðxÞ is Td1. Generally the arch dam may be considered as a plate, the

L/2 L/2

T
m

T
m

Tn

T
d

T
d

(a)

L/2 L/2

(b)

L/2 L/2

(c)

Figure 14.2 Temperature distribution in arch dam: (a) actual temperature, (b) equivalent

temperature, and (c) difference between actual and equivalent temperature.

z

y

x

Figure 14.1 Arch dam.
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annual mean temperature of point is a linear function of x, so Tm1 and Td1 may be

computed as follows:

Tm1 5
1

2
ðTum 1TdmÞ

Td1 5Tdm 2 Tum

9>=
>; ð14:3Þ

where

Tum—annual mean temperature of the upstream face, generally it is equal to the

annual mean temperature of water in the reservoir

Tdm—annual mean temperature of the downstream face, generally it is equal to the

annual mean air temperature plus the influence of sunshine

3. Temperature variation T2ðx; τÞ in operation period

T2ðx; τÞ is the temperature variation at point x due to the temperature change of air and

water. In the direction of thickness, the mean temperature of T2ðx; τÞ is Tm2 and the equiva-

lent linear temperature difference is Td2, of course both Tm2 and Td2 are functions of time.

14.1.3 Temperature Loading on Arch Dams

According to the three characteristic temperature fields, it is suggested by the

writer to compute the temperature loading on arch dams by the following equation

(this suggestion is adopted in the design specifications of concrete arch dams in

China) [36,43,64,75]:

Tm 5 Tm1 1 Tm2 2 Tm0

Td 5 Td1 1 Td2 2 Td0

)
ð14:4Þ

where

Tm, Td—temperature loadings on arch dam

Tm0, Td0—the mean grouting temperature and the equivalent linear grouting temperature

difference, respectively

Tm1, Td1—the mean temperature and the equivalent linear temperature difference of the

annual mean temperature T1ðxÞ in the direction of thickness, respectively

Tm2, Td2—the mean temperature and the equivalent linear temperature difference of tem-

perature variation T2ðx; τÞ in the direction of thickness.

From Eq. (14.4), it is apparent that the temperature loadings of an arch dam con-

sist of two parts: the first part is Tm1 2 Tm0 and Td1 2 Td0 which do not vary with

time and the second part is Tm2 and Td2 which vary sinusoidally with time.

14.2 Temperature Loading on Arch Dam for Constant Water
Level

For constant water level, Tm1 and Td1 are given by Eq. (14.3). The methods for

computing Tm2 and Td2 are introduced in the following.
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14.2.1 Formulas for Tm2 and Td2

The boundary condition for the temperature field of an arch dam is shown in

Figure 14.3, the thickness of the computed section is L, the depth of water is y, and

the downstream face is in contact with air. The temperature of the downstream face

is expressed by

Td 5 Tdm 1Ad cos ωðτ2 τ0Þ ð14:5Þ

where

Td—temperature of downstream face of the dam

Tdm—annual mean temperature of downstream face, which is equal to the annual mean

air temperature plus the influence of sunshine

Ad—amplitude of annual variation of temperature of downstream face which is equal to

the amplitude of annual variation of air temperature plus the influence of sunshine (about

1�2�C)
τ—time, in month

τ0—the time for maximum air temperature, generally τ0 5 6:5 month

ωð5 2π=PÞ—circular frequency

P(512 month)—period of variation of temperature.

For the upstream face of the dam, the temperature above the water level is equal

to the air temperature and may be computed in the same way as Eq. (14.5); the

temperature below the water level is equal to the temperature of water and may be

expressed by the following equation:

Tu 5 Tum 1Au cos ωðτ2 τ0 2 εÞ ð14:6Þ

L

Tu = Tum + Au cos ω(τ – τ0 – ε)

Td = Tdm + Ad cos ω(τ – τ0 )

Δ

Z
0

Z

y

Figure 14.3 Boundary

condition for temperature field

of arch dam.
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where

Tu—temperature of the upstream face of dam

Tum—annual mean temperature of upstream face

Au—amplitude of annual variation of temperature of upstream face

ε—phase difference, in month, the difference between the time for the maximum temper-

ature of upstream face and that of downstream face.

From the above boundary condition and Eq. (5.11), Tm2 and Td2 are given by the

following formulas:

Tm2 5
ρ1
2

AD cosωðτ2 τ0 2 θ1Þ1AU cos ωðτ2 τ0 2 ε2 θ1Þ½ �

Td2 5 ρ2½AD cos ωðτ2 τ0 2 θ2Þ2AU cos ωðτ2 τ0 2 ε2 θ2Þ�

9>=
>; ð14:7Þ

ρ1 5
1

η

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðch η2 cos ηÞ
ch η1 cos η

s

ρ2 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 1 b21

q

θ1 5
1

ω
π
4
2 tan21 sin η

sh η

0
@

1
A

2
4

3
5

θ2 5
1

ω
tan21ðb1=a1Þ

a1 5
6

ρ1η2
sin ωθ1

b1 5
6

η2
1

ρ1
cos ωθ1 2 1

0
@

1
A

η5
ffiffiffiffiffiffi
π
aP

s
L; ω5

2π
P

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð14:8Þ

The values of Av, AD, and ε are given in Section 2.5.

14.2.2 Physical Meaning of the Equivalent Linear Temperature

As shown in Figure 14.2, the equivalent linear temperature is

TeðxÞ5 Tm 1
Td

L
� x ð14:9Þ

TeðxÞ is not the true temperature and is a fictitious temperature the mechanical

effect of which is equal to the true temperature TðxÞ. When the structure is free of

external restraint, the deformations induced by the equivalent temperature TeðxÞ are
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equal to those induced by the true temperature TðxÞ. If the structure is fully

restrained, the internal forces aroused by TeðxÞ are equal to those aroused by the

true temperature.

Example The thickness of the dam L5 30 m, diffusivity a5 3.0 m2/month, period

P5 12 month, the upstream face is the bottom of the reservoir, the amplitude of

variation of the temperature of the upstream face Au5 0 and that of the down-

stream face Ad5 20�C. Try to compute the equivalent linear temperature of the

dam due to the annual variation of the temperature of the downstream face

Td 5 20 cos ωðτ2 6:50Þ�C.
The computed results are shown in Figure 14.4.

14.3 Temperature Loading on Arch Dam for Variable Water
Level

14.3.1 Computation of Surface Temperature of Dam for Variable Water
Level

The water temperature is dependent on the depth y of the water; from Figure 14.3,

it is clear that

y5 z2 z0 ð14:10Þ

(a)summer (b)winter
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Equivalent temperatureActual
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Figure 14.4 Example: The equivalent linear temperature and the actual temperature:

(a) summer and (b) winter.
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where

y—the depth of water

z—the elevation of water surface

z0—the elevation of the computed section.

If z, z0, the water surface is below the computed section, the temperature of

the upstream face TuðτÞ is equal to air temperature TaðτÞ and when z$ z0, TuðτÞ is
equal to the water temperature Tw; thus the temperature of the upstream face of the

dam is given by the following equation:

When z2 z0 $ 0; TuðτÞ5 Twðz2 z0; τÞ
z, z0; TuðτÞ5 TaðτÞ

�
ð14:11Þ

The temperature of the upstream face of one dam at elevation 570 m and the

elevation of water surface are shown in Figure 14.5, in which Tu1 is the temper-

ature computed by Eq. (14.11) with the water surface elevation varying with

time and Tu2 is the temperature of the upstream face if the elevation of water

surface is assumed to be fixed at 600 m. It is clear that Tu1 is higher than Tu2,

because from March to July the upstream face is in contact with air with higher

temperature.

Assuming that the temperature of the upstream face varies periodically with

time, it may be expressed by Fourier series as follows:

TuðτÞ5 Tum 1
Xn
i51

Bn cos
2nπ
P

ðτ2 τ0 2 εÞ
� �

1
Xn
i51

Cn sin
2nπ
P

ðτ2 τ0 2 εÞ
� �

ð14:12Þ
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Figure 14.5 The elevation of water surface and the temperature of the upstream face of

dam: (a) z—elevation of upstream water surface, (b) Tu1; Tu2—temperature of upstream face

at elevation 570 m.
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where

Bn 5
2

P

ð
T cos

2nπ
P

ðτ2 τ0 2 εÞ
2
4

3
5dτ

Cn 5
2

P

ð
T sin

2nπ
P

ðτ2 τ0 2 εÞ
2
4

3
5dτ

9>>>>>>=
>>>>>>;

ð14:13Þ

By means of the relation

a cos φ6 b sin φ5 ρ cosðφ7 θÞ
ρ5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 1 b2

p
; θ5 tan21ðb=aÞ

)
ð14:14Þ

Equation (14.12) may be transformed into the following equation:

TuðτÞ5 Tum 1
X8
n51

Aun cos
2nπ
P

ðτ2 τ0 2 ε2 θunÞ
2
4

3
5

Aun 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
un 1C2

un

q
; θun 5

P

2nπ
tan21ðCun=BunÞ

9>>>>>=
>>>>>;

ð14:15Þ

The temperature of the downstream face may be expressed by

TdðτÞ5 Tdm 1
X8
n51

Adn cos
2nπ
P

ðτ2 τ0 2 θdnÞ
� �

ð14:16Þ

14.3.2 Temperature Loading on Arch Dam for Variable Water Level

When the upstream surface temperature Tu and the downstream surface temperature

Td are expressed by Eqs. (14.15) and (14.16), the temperature loading on arch dam

Tm2 and Td2 may be computed as follows:

Tm2 5
XN
n51

ρ1n
2

Adn cos ωnðτ2 τ0 2 θ1nÞ½ �1Aun cos ωnðτ2 τ0 2 ε2 θ1nÞ½ �� �
ð14:17Þ

Td2 5
XN
n51

ρ2n Adn cos½ωnðτ2 τ0 2 θ2nÞ�2Aun cos½ωnðτ2 τ0 2 ε2 θ2nÞ�
� �

ð14:18Þ
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where

ρ1n 5
1

ηn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðch ηn 2 cos ηnÞ
ch ηn 1 cos ηn

s

ρ2n 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n 1 b2n

q

θ1n 5
1

ωn

π
4
2 tan21 sin ηn

sh ηn

0
@

1
A

2
4

3
5

θ2n 5
1

ωn

tan21ðbn=anÞ

an 5
6

ρ1nη2n
sinðωnθ1nÞ

bn 5
6

η2n

1

ρ1n
cosðωnθ1nÞ2 1

2
4

3
5

ηn 5
ffiffiffiffiffiffi
nπ
aP

s
L; ωn 5

2nπ
P

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð14:19Þ

Taking P5 12 month, then ωn 5 nπ=6.
Tm2 and Td2 are respectively the mean temperature and the equivalent linear

temperature difference of the dam.

Example 1 One arch dam, the maximum dam height H5 278 m, the elevation of

normal water surface is 600 m, the limited elevation of water surface in flood

period is 560 m, the annual mean air temperature is 19.7�C, and the amplitude of

annual variation of air temperature is 8.05�C.
Due to sunshine, the increment of the mean temperature of the downstream face

is ΔTm 5 2:2�C, the increment of the amplitude of variation of temperature

ΔA5 0:50�C, the diffusivity of concrete a5 2.05 m2/month, and the thickness of

the dam L5 33.7 m. The temperature loadings of elevation 570 m are computed as

follows:

1. The water temperature Twðy; τÞ is computed by the one-dimensional numerical model.

2. The upstream face temperature Tu at elevation 570 m is computed by Eq. (14.11).

3. The upstream face temperature Tu is expressed by Fourier series Eq. (14.12). Tuð1Þ, Tuð3Þ,
and Tuð6Þ given in Table 14.1 are the computed temperatures when one term, three terms,

and six terms are taken in Eq. (14.12).

4. Assuming that the closing temperature Tm0 5 14:7�C and Td0 5 0, the temperature load-

ings are given by Eqs. (14.17) and (14.18) which are varying with time. The temperature

loadings at February and August are the maximum and the minimum are given in

Table 14.2.
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Table 14.1 Upstream Surface Temperature Tu and Temperatures Given by Fourier Series Tu(1), Tu(3), Tu(6) (
�C)

τ (month) 0.5 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5

Surface

temperature Tu

13.20 13.80 16.40 21.10 23.90 25.80 27.10 27.10 24.50 22.00 19.40 15.00

By series Tu (1) 13.93 14.41 16.59 19.90 23.43 26.26 27.62 27.14 24.96 21.65 18.11 15.29

Tu (3) 13.04 13.52 16.86 20.84 23.85 25.95 27.16 26.78 24.79 22.06 18.96 15.50

Tu (6) 13.18 13.83 16.38 21.13 23.88 25.83 27.07 27.12 24.47 22.02 19.38 15.02

Table 14.2 Example 1: Temperature Loading Tm and Td (L5 33.7 m)

Elevation

of Water

Surface

Method for

Computing

Water

Temperature

Tm1 Tm0 Tm2 Tm Td1 Td0 Td2 Td

Feb. Aug. Feb. Aug. Feb. Aug. Feb. Aug.

Constant Simple fine, 6

terms in

Eq. (14.12)

17.78 14.7 2 0.68 0.68 2.40 3.76 8.24 0 2 1.99 1.99 6.25 10.23

21.36 14.7 2 0.95 0.92 5..71 7.58 1.17 0 2 0.40 0.72 0.77 1.89

Variable Simple, 1

term in

Eq. (14.12)

21.08 14.7 2 0.92 0.92 5.47 7.30 1.73 0 2 0.45 0.45 1.28 2.18



From Table 14.2, it is clear that: (1) the temperature loadings computed for con-

stant elevation of water surface are far different from those computed for variable

elevation of water surface; (2) the temperature loadings computed by Eq. (14.12)

with six terms are close to those given by Eq. (14.12) with one term.

Example 2 The fundamental data are the same as Example 1, but L5 5 m,

a5 3.0 m2/month, and the computed results are given in Table 14.3.

14.4 Temperature Loadings on Arch Dams in Cold Region
with Superficial Thermal Insulation Layer [64, 75]

For arch dams in cold region, the influence of temperature loading on the stresses

and internal forces is higher than water pressure. In order to reduce the thermal

stress, it is suggested to adopt superficial thermal insulation layer for thin arch

dams in cold region.

The boundary condition of temperature field of arch dam with superficial ther-

mal insulation layer is shown in Figure 14.6. The temperature of the external sur-

face of the downstream thermal insulation layer is

TD 5 TDm 1AD cos ωðτ2 τ0Þ ð14:20Þ

where

TDm—annual mean temperature

AD—the amplitude of variation of temperature

ω5 2π=P—the circular frequency

P5 12 month—period of variation of temperature

τ0—the time of the maximum temperature, generally τ0 5 6.5 month.

The temperature of the external surface of the upstream thermal insulation layer is

TU 5 TUmðyÞ1AUðyÞcos ωðτ2 τ0 2 εÞ ð14:21Þ

where

TUm(y)—the annual mean temperature of the water

AU(y)—the amplitude of annual variation of water temperature

ε—the phase difference between temperature of water and air

y—depth of water.

The cross section with thickness L and depth of water y is analyzed in the

following.

14.4.1 Tm1 and Td1 for the Annual Mean Temperature Field T1(x)

Tm1 and Td1 are respectively the average temperature and the equivalent linear tem-

perature difference along the thickness of the annual mean temperature T1(x) of the
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Table 14.3 Example 2: Temperature Loading Tm and Td (L5 5 m)

Elevation

of Water

Surface

Method for Computing

Water Temperature

Tm1 Tm0 Tm2 Tm Td1 Td0 Td2 Td

Feb. Aug. Feb. Aug. Feb. Aug. Feb. Aug.

Constant Simple

fine, 6

terms in Eq.

(14.12)

17.78 14.7 5.73 5.73 2 2.65 8.81 8.24 0 2 1.94 1.94 6.30 10.18

21.36 14.7 2 6.91 6.69 2 0.25 13.35 1.17 0 2 0.25 1.38 0.92 2.55

Variable Simple, 1

term in

(14.12)

Eq. 21.08 14.7 2 6.86 6.86 2 0.48 13.24 1.73 0 2 0.17 0.17 1.56 1.90



dam which is a function of x, as shown in Figure 14.7. The thickness of the dam

body is L and the conductivity is λ; the thickness and conductivity of the upstream

insulation layer are hu and λu; the thickness and conductivity of the downstream

insulation layer are hD and λD. The distribution of the annual mean temperature

T1(x) in the plate consisting of three layers is analyzed in the following. The

upstream face annual mean temperature TUm and the downstream face annual mean

temperature TDm are constant, i.e., they do not vary with time, so the annual mean

temperature T1(x) of any point x does not vary with time, thus

@T1
@τ

5 a
@2T1
@x2

5 0

Hence, T1(x) is a linear function of x in each one of the three layers, but on the

plane of contact of two layers, the following conditions of balance of heat flow

must be satisfied:

On the contact plane 1:

λU � T1 2 TUm

hU
5λ � T2 2T1

L
ð14:22Þ

Dam body

1
2

λ
λD

λU

TDm

LhU hD

TUm

Upstream insulation layer

Downstream
insulation

layer

Figure 14.7 The annual mean temperature T1(x).

Tu = Tum + Au cos ω(τ – τ0 – ε)

TD = TDm + AD cos ω(τ – τ0)

Z0

y

L

Δ Figure 14.6 Boundary condition for

temperature field of arch dam with

superficial thermal insulation layer.
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On the contact plane 2:

λ � T2 2 T1

L
5λD � TDm 2T2

hD
ð14:23Þ

From the above two equations, we get

T1 5
ð11 ρ1ρ2ÞTUm
11 ρ1 1 ρ1ρ2

1
ρ1TDm

11 ρ1 1 ρ1ρ2
ð14:24Þ

T2 5
TUm

11 ρ1 1 ρ1ρ2
1

ðρ1 1 ρ1ρ2ÞTDm
11 ρ1 1 ρ1ρ2

ð14:25Þ

where

ρ1 5
λDhU

λUhD
; ρ2 5

λUL

λhU
ð14:26Þ

T1 and T2 are the temperatures at the upstream and downstream face of the dam

body respectively and the temperature is a linear function of x, so

Tm1 5
T1 1 T2

2
; Td1 5 T2 2 T1 ð14:27Þ

Example 1 TUm5 6.0�C, TDm5 4.2�C, L5 5.00 m, λ5 9.0 kJ/(m h �C),
hD5 0.05 m, hU5 0.03 m, λU5λD5 0.1256 kJ/(m h �C).

From Eq. (14.26),

ρ1 5 0:600; ρ2 5 2:326

From Eqs. (14.24) and (14.25),

T1 5 5:64�C; T2 5 4:80�C

From Eq. (14.27),

Tm1 5 5:22�C; Td1 52 0:84�C

14.4.2 Exact Solution of Tm2 and Td2 for the Yearly Varying Temperature
Field T2(x,T)

In order to simplify the solution, the effect of the superficial thermal insulation

layer is considered by the equivalent surface conductance as follows:

β1 5
1

1/β0 1 hU/λU

; β2 5
1

1/β0 1 hD/λD
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where

β0—the surface conductance between the insulation layer and water or air

β1 and β2—the equivalent surface conductance of the upstream and downstream face,

respectively.

First, consider the plate shown in Figure 14.8, the equation of heat conduction is

@T

@τ
5 a

@2T

@x2
ð14:28Þ

The boundary condition:

When x5 0; λ
@T

@x
5β1ðT 2 0Þ ð14:29Þ

When x5 L; 2λ
@T

@x
5β2ðT2A cos ωτÞ ð14:30Þ

The problem is solved by the method of complex variable, let

Tðx; τÞ5Re½T0ðx; τÞ� ð14:31Þ

T0ðx; τÞ5 ½f1ðxÞ1 if2ðxÞ�eiωτ ð14:32Þ

where Re is the real part, i5
ffiffiffiffiffiffiffiffi
2 1

p
. By substituting Eq. (14.31) into Eqs. (14.28)�

(14.30), T0ðx; τÞ is obtained. Taking the real part, we get

Tðx; τÞ5A½g1ðqxÞcos ωτ1 g2ðqxÞsin ωτ� ð14:33Þ

Tm 5
1

L

ðL
0

T dx5
A

L
ðg3 cos ωτ1 g4 sin ωτÞ ð14:34Þ

L

x

β 1
 , 

T
1 

= 
0

β 2
 , 

T
2 

= 
A

 c
os

 ω
 τ

Figure 14.8 Plate.
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S0 5

ðL
0

Tx dx5Aðg5 cos ωτ1 g6 sin ωτÞ ð14:35Þ

Td 5
12

L2
S0 2

L2

2
Tm

� 	
5

12A

L2
g5 2

L

2
g3

� 	
cos ωτ1 g6 2

L

2
g4

� 	
sin ωτ

� �
ð14:36Þ

where

g1 5 ða1b1 1 a2b2Þ=ða21 1 a22Þ; g2 5 ða2b1 2 a1b2Þ=ða21 1 a22Þ
g3 5 ða1a3 1 a2a4Þ=ða21 1 a22Þ; g4 5 ða2a3 2 a1a4Þ=ða21 1 a22Þ
g5 5 ða1a6 2 a2a5Þ=½2q2ða21 1 a22Þ�; g6 5 ða1a5 1 a2a6Þ=½2q2ða21 1 a22Þ�
a1 5 d1 2 d2s4 1 s3ðd3 2 d4Þ; a2 5 d1s4 1 d2 1 s3ðd3 1 d4Þ

a3 5
1

2q
ð2s1d1 1 d3 1 d4 2 1Þ; a4 5

1

2q
ð2s1d2 2 d3 1 d4 1 1Þ

a5 5 s1ð2 2ηd2 2 d3 1 d4 1 1Þ1 ηðd3 2 d4Þ2 d1

a6 5 s1ð2ηd1 2 d3 2 d4 1 1Þ1 ηðd3 1 d4Þ2 d2

b1ðζÞ5 s1ðf1 2 f2Þ1 f3; b2ðζÞ5 s1ðf1 1 f2Þ1 f4

f1ðζÞ5 ch ζ cos ζ ; f2ðζÞ5 sh ζ sin ζ
f3ðζÞ5 sh ζ cos ζ ; f4ðζÞ5 ch ζ sin ζ
d1 5 sh η cos η; d2 5 ch η sinη; d3 5 ch η cos η; d4 5 sh η sin η
s1 5λq=β1; s2 5λq=β2; s3 5 s1 1 s2; s4 5 2s1s2

q5
ffiffiffiffiffiffiffiffiffiffiffi
π=aP

p
; ζ5 qx; η5 qL

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð14:37Þ

Now, we consider the cross section of an arch dam as shown in Figure 14.9; for

the upstream face, the temperature of water or air is T 5AU cos ωðτ2 τ0 2 εÞ, the
surface conductance is βU; for the downstream face, the temperature of the air is

β u
 ,T

 =
 A

u 
co

s
ω

(τ
 –

 τ
0 

– 
ε)

β D
 ,T

 =
 A

D
 c

os
ω

(τ
 –

 τ
0 

)

L

Figure 14.9 A cross section of an arch dam.
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TD 5AD cos ωðτ2 τ0Þ, the surface conductance is βD. By means of Eqs. (14.34)

and (14.36), we get

Tm2 5 kmDAD cos ωðτ2 τ0 2 θmDÞ1 kmUAU cos ωðτ2 τ0 2 ε2 θmUÞ ð14:38Þ

Td2 5 kdDAD cos ωðτ2 τ0 2 θdDÞ2 kdUAU cos ωðτ2 τ0 2 ε2 θdUÞ ð14:39Þ

where

kmD 5 kmU 5
1

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g23 1 g24

q
ð14:40Þ

θmD 5 θmU 5
1

ω
tan21 g4

g3

� 	
ð14:41Þ

kdD 5 kdU 5
12

L2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg52g3L=2Þ2 1 ðg62g4L=2Þ2

q
ð14:42Þ

θdD 5 θdU 5
1

ω
tan21 g6 2 g4L=2

g5 2 g3L=2

� 	
ð14:43Þ

Referring to Figures 14.8 and 14.9, take β1 and β2 as follows:

For downstream face A5AD; β1 5βU; β2 5βD

Or upstream face A5AU; β1 5βD; β2 5βU

�
ð14:44Þ

As β1 6¼ β2; so kmU 6¼ kmD; θmU 6¼ θmD

Example 2 The variation of air temperature of the downstream face is

TD 5 19:3 cos ωðτ2 6:50Þ, the variation of the water temperature of the upstream

face is TU 5 6:17 cos ωðτ2 6:502 1:64Þ, i.e., TD5 19.30�C, TU5 6.17�C, ε5 1.64

month. βD5 2.437 kJ/(m2 h �C), βU5 4.185 kJ/(m2 h �C), ω5 2π=P5 π=6,
a5 3.0 m2/month, q5

ffiffiffiffiffiffiffiffiffiffiffi
π=aP

p
5 0:2954, η5 qL5 1:477, λ5 9.00 kJ/(m2 h �C).

From Eqs. (14.37)�(14.44), we get

kmD 5 0:2254; θmD 5 1:948 month; kdD 5 0:3878; θdD 5 0:662 month

kmU 5 0:3034; θmU 5 1:860 month; kdU 5 0:5219; θU 5 0:313 month

Tm2 5 4:35 cos ωðτ2 8:45Þ1 1:87 cos ωðτ2 10:0Þ

Td2 5 7:48 cos ωðτ2 7:16Þ2 3:22 cosðτ2 8:45Þ
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14.4.3 Approximate Solution of Tm2 and Td2 for the Yearly Varying
Temperature Field T2(x,τ)

As the above exact solutions of Tm2 and Td2 are rather complicated, an approximate

solution is given in the following. Consider the cross section of arch dam and the

boundary conditions shown in Figure 14.9.

At first, by means of Eq. (3.8), the solution of the quasi-steady temperature field

of semi-infinite solid with the third kind of boundary condition, the approximate

surface temperatures of the dam body are given as follows:

On upstream face:

TU 5 kUAU cos ωðτ2 τ0 2 ε2 ξUÞ ð14:45Þ

On downstream face:

TD 5 kDAD cos ωðτ2 τ0 2 ξDÞ ð14:46Þ

where

kU 5 ½112qλ/βU12ðqλ/βUÞ2�21=2

ξU 5
1

ω
tan21 1

11 βU/λq

0
@

1
A

kD 5 ½112qλ/βD12ðqλ/βDÞ2�21=2

ξD 5
1

ω
tan21 1

11 βD=λq

0
@

1
A

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð14:47Þ

Then, for a plate with known surface temperature TU and TD, from Eqs. (7.30)

and (7.31), the mean temperature Tm2 and the equivalent linear temperature differ-

ence Td2 across the thickness of plate are given in the following:

Tm2 5
ρ1
2

kDAD cos ωðτ2 τ0 1 ξD 2 θ1Þ1 kUAU cos ωðτ2 τ0 2 ε1 ξU 2 θ1Þ

 �

ð14:48Þ

Td2 5 ρ2½kDAD cos ωðτ2 τ0 1 ξD 2 θ2Þ2 kUAU cos ωðτ2 τ0 2 ε1 ξU 2 θ2Þ�
ð14:49Þ
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where

ρ1 5
1

η

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðch η2 cos ηÞ
ch η1 cos η

s

ρ2 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 1 b21

q

θ1 5
1

ω
π
4
2 tan21 sin η

sh η

0
@

1
A

2
4

3
5

θ2 5
1

ω
tan21ðb1=a1Þ

a1 5
6

ρ1η2
sin ωθ1

b1 5
6

η
1

ρ1
cos ωθ1 2 1

0
@

1
A

η5
ffiffiffiffiffiffiffiffiffi
π
aP

L

s
5 qL; ω5

2π
P

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð14:50Þ

Example 3 The basic data is the same as example 1, βU5 4.185 kJ(m2 h �C),
βD5 2.437 kJ(m2 h �C), λ5 9.00 kJ(m2 h �C), L5 5.00 m, a5 3:0 m2=month, q5ffiffiffiffiffiffiffiffiffiffiffi

π=aP
p

5 1:477, λ/βU 5 2:150 m, λ/βD 5 3:693 m, ξU 5 0:9184 month, ξD 5
0:7077 month, from Eqs. (14.48) and (14.49), we get

Tm2 5 3:76 cos ωðτ2 8:06Þ1 1:62 cos ωðτ2 9:49Þ
Td2 5 8:14 cos ωðτ2 7:56Þ2 3:50 cos ωðτ2 8:98Þ

Experience shows that the precision of the approximate solution is good when

L$ 5:0 m and the precision is lower for a very thin dam.

14.5 Measures for Reducing Temperature Loadings of
Arch Dam

Generally speaking, the temperature loadings will increase the stresses, especially

the tensile stresses in the arch dams. From Eq. (14.4), for reducing temperature

loadings, it is necessary to change T0ðxÞ, T1ðxÞ, and T2ðxÞ. There are two measures

to reduce the temperature loadings, namely, optimizing the grouting temperature

and superficial thermal insulation.
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14.5.1 Optimizing Grouting Temperature

1. Control of the mean grouting temperature Tm0. It is favorable to control

Tm0 # Tm1 ð14:51Þ

by piping cooling before the grouting of transverse joints of the dam.

2. Control of the equivalent linear temperature difference Td0 of grouting temperature.

The positive equivalent linear temperature difference Td . 0 will induce tensile stress

at the upstream face of arch at abutment, so it is necessary to reduce

Td 5Td1 1 Td2 2 Td0. It is more difficult to control Td1 and Td2 than Td0, it is suggested to

control Td0 such that

Td0 $ 0 or Td0 5Td1 ð14:52Þ

Generally the condition Td0 5 0 is adopted in practice.

14.5.2 Superficial Thermal Insulation [71, 72]

The superficial thermal insulation is the most effective measure for reducing Tm2

and Td2. The compound insulation plate consisting of foamed polymer layer and

protective layer as shown in Figure 12.32 may be adopted.

Some reinforced concrete thin arch dams were constructed in the cold region in

Norway. As shown in Figure 14.10, the reinforced concrete insulation walls with

thickness 10�15 cm were set on the downstream face of the dam, the distance

between the wall and the dam is 80 cm. Experience shows that the air temperature

behind the wall may be kept above 0�C when the external air temperature is 230�C.

14.6 Temperature Control of RCC Arch Dams [47, 63]

14.6.1 RCC Arch Dams without Transverse Joint

The steady temperature Tf of the dam is high in the south part of China, it is possi-

ble to construct a small arch dam without transverse joint if the whole dam can be

Contraction

Plan

B

B
A

A

Insulation

Support

Section A – A

Section B – B

Figure 14.10 Thermal insulation wall of an arch dam in a cold region.
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constructed in the months of low air temperature and the tensile stresses of the dam

are within the allowable range.

14.6.2 RCC Arch Dam with Transverse Joints

If the whole dam cannot be constructed in the months of low temperature or the

damsite is located in a cold region with very low steady temperature Tf , it is neces-

sary to set transverse joints in the dam; otherwise too large tensile stresses will

appear in the dam:

1. The principle of design of transverse joints of RCC arch dams

As shown in Figure 14.11, the lower part of the dam, i.e., y#H1, is constructed in the

months of low temperature without transverse joint and in the higher part y$H1 there

are one to two transverse joints. As the temperature rise in RCC is less than that in con-

ventional concrete, the distances between transverse joints in RCC arch dams are bigger

than those in conventional concrete arch dams. The concrete in the dam must be cooled

to the steady temperature before the grouting of the transverse joints.

2. Two types of transverse joint in RCC arch dams

There are two types of transverse joint in RCC arch dams: (1) the common transverse

joint which cuts the whole section of the dam and (2) the inducing joint which cuts only

a part of the section of the dam.

As shown in Figure 14.12, there are two conventional transverse joints and two induc-

ing joints in Shapai RCC arch dam. The conventional transverse joint cuts the whole sec-

tion of the dam and the inducing joint cuts only 20% of the section of the dam:

a. Structure of inducing joint in Shapai RCC arch dam

The inducing joint is constructed by a pair of gravity type concrete joint forms

with length 1 m and height 0.30 m which is equal to the height of placing layer of

RCC. In the process of construction of the dam, firstly the gravity type concrete joint

forms are fixed on the surface of old concrete, and they are disconnected in two direc-

tions: in the horizontal direction, the length of form is 1.0 m and the interval is 0.5 m;

in the vertical direction, the height of form is 0.30 m and the interval is 0.60 m (one

form is set in every three layers). The height of joint grout region is 6.0 m and three

independent grouting pipes are set in each region. Rubber sleeves are put on the grout-

ing pipes for repeated grouting.

b. Structure of transverse joint of Shapai RCC arch dam

The transverse joint cuts the whole section of the dam. A series of pairs of gravity

type concrete joint forms are set continuously in both the vertical and the horizontal

directions.

(A) (B) (C)

H
1

Figure 14.11 Transverse joints of RCC arch dams.
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14.7 Observed Thermal Stresses and Deformations of Arch
Dams

In Figure 14.13 are shown the observed deformations and the displacements com-

puted from the practical water elevations and the temperature variations of Isolado

arch dam. It is apparent that the temperature variations have remarkable influence

on the deformations of arch dams.

The observed temperatures and stresses in the horizontal arch of Kimishiba arch

dam are shown in Figure 14.14 from which it is clear that the distribution of tem-

perature and stress are nonlinear and there are initial stresses before the impound-

ing of water. Figure 14.15 shows the practical observed temperatures and stresses

in the cantilevers of Kimishiba arch dam. Comparing (b) and (d), although the

upstream water levels at both times are close, but due to the change of temperature,

the distribution of stress is quite different.

Right

Transverse joint

Inducing joint

Original surface

Excavation surface
Cushion block

1867.50

Δ

1735.50
10.00 10.00

Δ

1790.00

8.00 8.0028.00

RCC

Δ

1750.00

Δ

1735.50
44.00

Drain holes

Min water level

max water level

Transverse joint
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Inducing joint

Grout holes

Δ

1820.00

Δ

1867.50
9.50

Δ

1866.00

Δ

1825.00

Δ

S8 S6
(a)

(b) (c)

Figure 14.12 Shapai RCC arch dam: (a) downstream elevation, (b) plan, and (c) vertical

cross section at the crown.
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Figure 14.13 Comparison of the observed and the computed displacements of Isolado

arch dam.
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Figure 14.14 Observed temperatures and stresses of Kimishiba arch dam (unit of

temperature: �C; unit of stress: 0.10 MPa; tensile stress is positive, compressive stress is

negative; the stresses are observed by stress meter, the tensile stress is not accurate).
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Figure 14.15 Observed temperatures and stresses in the cantilevers of Kimishiba arch dam

(unit of temperature: �C; unit of stress: 0.10 MPa; tensile stress is positive, compressive

stress is negative): (a) April 26, 1955, (b) July 31, 1955, (c) October 15, 1955, and

(d) December 31, 1955.

311Thermal Stresses in Concrete Arch Dams



15 Thermal Stresses in Docks,
Locks, and Sluices

Docks, locks, and sluices are generally constructed on soft foundations, the

restraints of which are small; rare cracks appear in the bottom plates of these struc-

tures, but experiences show that there may be deep cracks in the walls or piers as

shown in Figure 15.1. As the bottom plates are constructed earlier, there are tem-

perature differences between the bottom plates and the walls or the piers; due to

the restraint of the bottom plate, tensile stresses may appear in the walls and piers

which can induce deep cracks.

Strictly speaking, the analysis of thermal stresses in docks, locks, and sluices is

a three-dimensional problem of elasticity; as the shape of the structure is rather

complex, it is very difficult to get a theoretical solution. The problem had not been

studied before 1974. The writer studied the problem in 1974 and got a practical

method for stress analysis which had been widely applied in the field of hydraulic

and transport engineering in China and will be described in the following [34,84].

15.1 Self-Thermal Stresses in Walls of Docks and Piers of
Sluices

The thermal stresses in docks, locks, and sluices may be divided into two parts: the

self-stress and the restraint stress. The self-stress is the stress in the wall or pier

due to self-restraint and the restraint stress is the stress in the wall or pier due to

the restraint of the bottom plate. The actual stress is the sum of the two parts.

The coordinate system is taken as Figure 15.2. Assuming that the temperature

varies only in the direction of thickness and is symmetrical about the mid-plane,

i.e., TðzÞ5 Tð2 zÞ, the self-stress of the wall or pier may be computed by the fol-

lowing formula:

σx 5σy 5E1αðTm 2 TÞ ð15:1Þ

Tm 5
1

t1

ð
T dz ð15:2Þ
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where Tm is the mean temperature in the direction of thickness, t1 and E1 are respec-

tively the thickness and modulus of elasticity of the wall or pier. If the distribution of

temperature is uniform, namely Tm 5 T , then the self-stress is equal to zero.

15.2 Restraint Stress in the Wall of Dock

15.2.1 General Theory for the Restraint Stress in the Wall of Dock

A dock is shown in Figure 15.3. Only the thermal stress is considered, and there is

no external load and all the external surfaces are free. Referring to Figure 15.4, the

bottom plane is a free plane, the normal stress σy and shearing stress τyz, τyx all of
which are equal to zero. On the plane of contact 1-1, there are three stress compo-

nents: σy, τyz, and τyx, the magnitudes of which depend on the condition of conti-

nuity of deformation of the wall and the bottom plate. The bottom plate is a thin

plate, with sizeable rigidity in the plane xz and can produce a large restraint to the

displacement in the x direction of the bottom of the wall, thus the shearing stress

τyx is large. The bending rigidity of the bottom plate in the plane xy is very small,

so the normal stress σy on plane 1-1 is small and can be neglected. Similarly, the

bending rigidity of the wall in the plane xz is very small; the shearing stress τyx on
plane 1-1 is small and can be neglected. Thus, there is only one stress component

τyx on plane 1-1. Similarly, only the shearing stress τzx is in need of consideration

on the contact surface 2-2. These assumptions are consistent with the theory of I

beam in engineering mechanics. Hence, only the stress components τyx and τzx

x

y

z

Figure 15.2 Coordinate system.

Crack

Figure 15.1 Cracks on the wall of a

dock.
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must be considered in the joint of the wall and the bottom plate as shown in

Figure 15.4(b).

For the wall of the dock, the stress function is taken as follows:

F5
XN
i51

cos λixðAi ch λiy1Bi sh λiy1Ciy ch λiy1Diy ch λiyÞ ð15:3Þ

The stress components in the wall are

σx 5
@2F

@y2
5
XN
i51

λiβiðyÞcos λix

σy 5
@2F

@x2
52

XN
i51

λ2
i φiðyÞcos λix

τxy 52
@2F

@x@y
5
XN
i51

λiψiðyÞsin λix

ð15:4Þ
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x

ll2l

t 2
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E1 y
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t 1
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Figure 15.3 A dock and the schematic diagram for stress analysis.
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Figure 15.4 The joint of the bottom plate and the wall of the dock.
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The displacements of the wall are

u5
1

E1

XN
i51

½βiðyÞ1μφiðyÞ�sin λix

v52
1

E1

XN
i51

½ηiðyÞ1μψiðyÞ�cos λix

ð15:5Þ

where

βiðyÞ5Aiλi ch λiy1Biλi sh λiy1Cið2 sh λiy1λiy ch λiyÞ
1Dið2 ch λiy1λiy sh λiyÞ

φiðyÞ5Ai ch λiy1Bi sh λiy1Ciy ch λiy1Diy sh λiy

ψiðyÞ5Aiλi sh λiy1Biλi ch λiy1Ciðch λiy1λiy sh λiyÞ
1Diðsh λiy1λiy ch λiyÞ

ηiðyÞ5Aiλi sh λiy1Biλi ch λiy1Ciðλiy sh λiy2 ch λiyÞ
1Diðλiy ch λiy2 sh λiyÞ

ð15:6Þ

where the coefficients Ai, Bi, Ci, Di and the characteristic number λi are determined

by the boundary conditions of the wall. At the top of the wall, i.e., when y5 0, we

have

σy 5 0 ð15:7Þ

τxy 5 0 ð15:8Þ

at the ends of the wall, i.e., when x5 6 l.

σx 5 0 ð15:9Þ
ðh
0

τxy dy5 0 ð15:10Þ

at the bottom of the wall, i.e., when y5 h.

σy 5 0 ð15:11Þ

t1τxy 5 t2τzx ð15:12Þ

where τzx and t2 are the shearing stress and the thickness of the bottom plate.

From Eq. (15.7),

Ai 5 0 ð15:13Þ
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From Eq. (15.8),

Bi 52Ci/λi ð15:14Þ
From Eq. (15.9),

λi 5 ð2i2 1Þπ/2l ð15:15Þ
From Eq. (15.10),

Ci 5 qiDi ð15:16Þ

qi 5λih sh λih/ðsh λih2λih ch λihÞ ð15:17Þ

From the condition of balance, it is evident that Eq. (15.10) is equivalent to

Eq. (15.11); thus the result derived from Eq. (15.11) is also Eq. (15.16).

Substituting Eqs. (15.13)�(15.16) into Eqs. (15.4) and (15.5), we get

σx5
X

λiDi cos λix�½qiðsh λiy1λiy ch λiyÞ12 ch λiy1λiy sh λiy�
σy52

X
λiDi cos λix�½qiðλiy ch λiy2 sh λiyÞ1λiy sh λiy�

τxy5
X

λiDi sin λix�½qiλiy sh λiy1 sh λiy1λiy ch λiy�
ð15:18Þ

u5
1

E1

XN
i51

Di sin λix�½qiðsh λiy1λiy ch λiyÞ12 ch λiy1λiy sh λiy� ð15:19Þ

where the coefficient Di is determined by the condition of contact of the wall and

the bottom plate.

The width of the bottom plate of a dock is large and the width of a lock or a

sluice is rather small. The solution for the bottom plate with large or moderate

width is given in the following and the solution for the bottom plate with small

width will be given in Section 15.4.

15.2.2 Computation for Wide Bottom Plate

Assuming that the bottom plate is a semi-infinite strip as shown in Figure 15.5, the

stress function for which is

F5
X

cos λixðCi 1DizÞe2λiz ð15:20Þ

The stress components are

σx 5
X

λi cos λixðλiCi 2 2Di 1DiλizÞe2λiz

σz 52
X

λ2
i cos λixðCi 1DizÞe2λiz

τxz 52
X

λi sin λixðλiCi 2Di 1λiDizÞe2λiz

9>>=
>>;

ð15:21Þ
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The displacements are

u5
1

E2

X
sin λix ð11μÞλiðCi 1DizÞ2 2Di

� �
e2λiz

v5
21

E2

X
cos λix ð11μÞλiðCi 1DizÞ1 ð12μÞDi

� �
e2λiz

ð15:22Þ

The boundary conditions of the bottom plate are when z5 0,

σz 5 0 ð15:23Þ

When x5 6 l

σx 5 0 ð15:24Þ

From Eq. (15.23),

Ci 5 0 ð15:25Þ

Substituting the above equations into Eqs. (15.31) and (15.22), we get

τzx 5
X

Diλi sin λixð12λizÞe2λiz ð15:26Þ

u5
1

E2

X
Di sin λix ð11μÞλiz2 2½ �e2λiz ð15:27Þ

x

ll

z

Figure 15.5 Semi-infinite strip.
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The condition of balance of forces at the joint of the wall and the bottom plate

when z5 0 and y5 h is,

t1τxyjy5h 5 t2τzxjz50 ð15:28Þ

The condition of continuity of deformation is

ujy5h 1 uT 5 ujz50 ð15:29Þ

where uT 5αTmx is the free thermal displacement of the wall when there is no

restraint of the bottom plate, let uT be expanded into Fourier series, we have

uT 5
X

ui sin λix ð15:30Þ

where

ui 5
2

l

ðl
0

αTm x sin λix dx5
4αTmð21Þi21

ð2i2 1Þπλi

ð15:31Þ

Substituting Eqs. (15.17) and (15.26) into Eq. (15.28), we get

Di 5 ½qiλih sh λih1 sh λih1λih ch λih�Dit1=t2 ð15:32Þ

Substituting (15.19), (15.27), (15.32) into (15.29), we have

λiDi 5 4E1αTmð21Þi=½ð2i2 1ÞH1iπ� ð15:33Þ

where

H1i 5 ðqi 1 ρ1Þðsh λih1λih ch λihÞ1 ð11 ρ1qiÞλih sh λih1 2 ch λih ð15:34Þ

ρ1 5 2t1E1=ðt2E2Þ ð15:35Þ

When i$ 2, sh λh � ch λh, thus

qiDλih=ð12λihÞ ð15:36Þ

H1iDsh λih�½ðqi 1 ρ1Þð11λihÞ1 ð11 ρ1qiÞλih1 2� ð15:37Þ

Substituting λiDi in Eq. (15.18), the thermal stress in the wall of the dock is

derived. In the computation of thermal stress, the temperature of the bottom is

assumed to be zero; thus, Tm is the difference between the mean temperatures of

the wall and the bottom plate.

319Thermal Stresses in Docks, Locks, and Sluices



Example 1 The height of the wall of the dock is h5 8.00 m, the width

2l5 15.00 m, the thickness t15 1.60 m, the modulus of elasticity is E1, the uniform

temperature drop is �T, the coefficient of expansion is α, the thickness of the bot-

tom plate is t15 1.85 m, the length is semi-infinite, modulus of elasticity is E2, and

the computed results are expressed by dimensionless number σx=EαT in

Figure 15.6, in which the dotted curve represents the stresses computed by the sim-

plified method of Section 15.6.

From Figure 15.6, it is clear that, under the action of uniform temperature drop

�T of the wall of the dock, the lower two-thirds of the wall are subjected to ten-

sion, the maximum tensile stress is σx 5 0:62EαT , the upper one-third of the wall

is subjected to compression, and the maximum compressive stress σx 52 0:30EαT
appears at the top.

15.2.3 Computation for Bottom Plate with Moderate Width

The bottom plate with moderate width shown in Figure 15.7 may be analyzed as if

it is a rectangular plate with length 2l, width s, and thickness t2. Taking the stress

function as follows:

F5
X

cos λix�ðAi ch λiz1Bi sh λiz1Ciz ch λiz1Diz sh λizÞ ð15:38Þ

The stress components are:

σx 5
X

λiβiðzÞcos λix

σz 52
X

λ2
iφiðzÞcos λix

τxz 5
X

λiψiðzÞshλix

9>>=
>>;

ð15:39Þ

Serious solution Simple method

0

+0.23

+0.09

–0.03

–0.17

–0.36

–0.60
–8 –4 0 4 8(m)

–0.62 –0.60

+0.12

0.05

0.23

–0.41

+0.09

0.03

0.17

0.36

+0.30 +0.23

1.6

3.2

4.8

6.4

8.0(m)

Figure 15.6 Thermal stress σx=EαT in the wall of a dock.
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The displacement components are

u5
1

E2

X
βiðzÞ1μφiðzÞ
� �

sin λiχ

w52
1

E2

X
ηiðzÞ1μφiðzÞ
� �

cos λiχ
ð15:40Þ

where βi(z), φi(z), ψi(z), ηi(z) are similar to the functions in Eq. (15.6).

Substituting y in Eq. (15.6) by z, we get the correspondent functions in Eqs. (15.39)

and (15.40).

On the joint of the wall and the bottom plate, the condition of balance and conti-

nuity of deformation are

t1τxyjy5h 5 t2τzxjz5s ð15:41Þ

ujy5h 1 uT 5 ujz5s ð15:42Þ

After the coefficients Di and Di are determined by the above two equations, the

problem is solved.

15.3 Restraint Stress in the Piers of Sluices

A sluice is shown in Figure 15.8. The pier is a rectangular plate; the expressions of

the stresses and displacements of which are the same as those of the wall of a dock

and can be expressed by Eqs. (15.18) and (15.19). The bottom plate consists of two

semi-infinite plates or two rectangular plates jointed at z5 0, the stresses and

x

z

h

ll

s

Figure 15.7 Sketch for analyzing a dock with bottom plate of moderate width.
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displacements of which can still be expressed by Eqs. (15.21), (15.22), (15.39), and

(15.40), but the boundary conditions are different from the bottom plate of a dock.

From the condition of a joint at z5 0, the boundary conditions of a wide bottom

plate are as follows:

When z5 0; w5 0 ð15:43Þ

When x5 6 l; σx 5 0 ð15:44Þ

From Eqs. (15.43) and (15.22), we get λiCi 52 ð12μÞDi=ð11μÞ. From

Eq. (15.44), we get λil5 ð2i2 1Þπ=2; substituting them into Eqs. (15.21) and

(15.22), the shearing stress and displacement of the bottom plate of a sluice are

derived:

τzx 52
X

λiDi sin λix½λiz2 2=ð11μÞ�e2λiz

ui 5 ½ð11μÞ=E2�
X

Di sin λix�½λiz2 ð32μÞ=ð11μÞ�e2λiz

Let z5 0 in the above two equations, we get the shearing stress and the dis-

placement in the following:

τzxjz50 5 ½2/ð11μÞ�
X

λiDi sin λix ð15:45Þ

ujz50 52 ½ð32μÞ=E2�
X

Di sin λix ð15:46Þ
At the joint of the pier and the bottom plate, the condition of balance of forces is

tiτxyjy5h 5 2t2τzxjz50 ð15:47Þ

The condition of continuity of deformation is

ujy5h 1 uT 5 ujz50 ð15:48Þ

Substitution of Eqs. (15.17) and (15.45) into Eq. (15.47) yields

Di 5 ð11μÞt1Diðqiλih sh λi 1 sh λih1λih ch λihÞ=4t2 ð15:49Þ

Substitution of Eqs. (15.19), (15.30), and (15.36) into Eq. (15.48) yields

λiDi 5 4ð21ÞiE1αTm=½ð2i2 1ÞπH2i� ð15:50Þ

(a) (b)

E2

2l

E1
z

y

x

t 2

t 1
h

Figure 15.8 A sluice and the

schematic diagram for computation.
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H2i 5 ðqi 1 ρ2Þðsh λih1λih ch λihÞ1 ð11 ρ2qiÞλih sh λih1 2 ch λih ð15:51Þ
ρ2 5 ð32μÞð11μÞt1E1=ð4t2E2Þ ð15:52Þ

where qi is given in (15.17). Substituting λiDi given by (15.50) into (15.17), the

stresses in the pier will be obtained.

For i$ 2, because sh λihDch λih, Eq. (15.51) may be simplified as follows

H2i 5 sh λih½ðqi 1 ρ2Þð11λihÞ1 ð11 ρ2qiÞλih1 2� ð15:53Þ

Example 2 The height of the pier of a sluice is h5 8 m, width 2l5 15 m, thickness

t15 1.5 m, and modulus of elasticity E1. The thickness of the bottom plate is

t25 1.5 m, width 2l5 15 m, modulus of elasticity E2 5 E1 5E, Poisson’s ratio

μ5 1=6. Try to compute the thermal stresses in the pier due to uniform temperature

drop 2Tm by the above method. The results of computation are expressed in

σx=EαTm in Figure 15.9, from which it is clear that these stresses are similar to but

greater than those in the wall of a dock.

The above-mentioned method of computation may also be applied to the bottom

plate of moderate width, but the condition of balance equation (15.41) should be

replaced by the following equation:

t1τxy=y5h 5 2t2τzx=z5s ð15:54Þ

15.4 Restraint Stress in the Wall of Dock or the Pier of
Sluice on Narrow Bottom Plate

The wall or pier on a narrow bottom plate is shown in Figure 15.10. As the bottom

plate is narrow, it is assumed that the stresses in the bottom only change in the

x direction and do not change in the z direction.

Series solution Simple method

0

+0.29

+0.11

–0.04

–0.22

–0.73
–8 –4 0 4 8 m

–0.74 –0.73

+0.14

–0.07

–0.29

+0.11

–0.04

–0.22

–0.47

+0.37 +0.29

1.6

3.2

4.8

6.4

8.0 m

–0.47

Figure 15.9 The thermal stress σx=EαTm in the pier of a sluice.
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As shown in Figure 15.11, the shearing stress in the bottom plate is an odd func-

tion of x and can be expressed by

Q5
XN
i51

λiDi sin λix ð15:55Þ

After integration along the x direction, the normal force of the bottom plate is

N52
XN
i51

Di cos λix ð15:56Þ

Thus, the tensile stress in the bottom plate is

σx 5
N

h2t2
52

1

h2t2

X
Di cos λix5E2

@u

@x
ð15:57Þ

After integration of the above equation, the displacement of the bottom plate is

u52
1

E2h2t2

X 1

λi

Di sin λix ð15:58Þ

The stresses and displacements of the wall and the pier are given by

Eqs. (15.18) and (15.19). The condition of balance of force at the joint of the wall

or pier with the bottom plate is

t1τxyjy5h 5Q ð15:59Þ

y
z

x

ll

h 1

t 2t 1

h 2

Figure 15.10 The wall or pier on a

narrow bottom plate.

x l – x

Figure 15.11 The distribution of shearing

stress in a narrow bottom plate.
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and the condition of continuity of deformation is

ujy5h 1 uT 5 ujz50 ð15:60Þ

Substituting Eqs. (15.17), (15.19), (15.30), (15.55), and (15.58) into the above two

equations, we get

λiDi 5 4E1αTmð21Þi=½ð2i2 1ÞπH3i� ð15:61Þ

H3i 5 ðqi 1 ρ3Þðsh λih1λih ch λihÞ1 ð11 ρ3qiÞλih sh λih1 2 ch λih ð15:62Þ

ρ3 5 t1E1=ðt2E2λih2Þ ð15:63Þ

Substitution of λiDi into Eq. (15.17) will yield the restraint stress in the wall or pier.

Example 3 There is a uniform temperature drop 2 T �C in the wall of a dock, the

height of which is h15 8 m, the thickness t15 1.60 m. The length 2l5 15 m; the

width of the bottom plate is h25 2.50 m, the modulus of elasticity E2 5 E1 5E,

the Poisson’s ratio μ5 1=6, and the temperature in the bottom plate is zero. The

stresses computed by the above-mentioned method are shown by solid lines in

Figure 15.12.

15.5 Simplified Computing Method

15.5.1 T beam

The wall or pier on a narrow bottom plate is simplified as a T beam shown in

Figure 15.13. The origin of coordinates is placed on the centroid of the cross sec-

tion with weight E, namelyð
EðyÞby dy5 0

–8 –4 0 4 8 m
–0.52

Series solution Simple computing

–0.53 –0.52
0

1.6

3.2

4.8

6.4

8.0 m

+0.09

+0.22

+0.09

–0.03

–0.16

–0.37

–0.22

–0.41

–0.05

+0.11

+0.27+0.22

–0.03

–0.16

–0.37

Figure 15.12 The thermal stress

σx=EαTm in the wall or pier on a

narrow bottom plate.
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The distance c between the centroid and the top of the wall is given by

c5

ð
Eby0 dy0=

ð
Eb dy0 ð15:64Þ

where y0 5 y1 c is the ordinate of the centroid from the top of the wall. E and b

are functions of y0. If the cross section is divided into n layers in the direction of

height, for the ith layer the modulus of elasticity is Ei, the width is bi, the height is

Δy0i, and the ordinate of the centroid is y0i, then the distance c between the centroid

of the whole section and the top of the wall is given by

c5
Xn
i51

Eibiy
0
iΔy0i=

Xn
i51

EibiΔy0i ð15:65Þ

If the temperature Tðy; zÞ is a function of y and z and is symmetrical about the

plane z5 0, namely, Tðy; zÞ5 Tðy; 2 zÞ, according to the hypothesis of plane sec-

tion, the thermal stress may be computed by

σx 5EðyÞα½Tm 1ψy2 Tðy; zÞ� ð15:66Þ

Tm 5

ðð
EðyÞTðy; zÞdy dz=

ð
EðyÞbðyÞdy ð15:67Þ

ψ5

ðð
EðyÞTðy; zÞy dy dz=

ð
EðyÞbðyÞy2 dy ð15:68Þ

where Tm is the mean temperature with weight EðyÞ; ψ is the equivalent tempera-

ture gradient with weight EðyÞ, and the origin of coordinate is the centroid with

weight EðyÞ. For arbitrary temperature field, Tm and ψ can be computed from

Eqs. (15.67) and (15.68) by numerical integration.

It should be pointed out that Eq. (15.66) can be used to compute the thermal

stresses in walls or piers with variable thickness and the self-stress and the restraint

stress can be computed together.

Example 4 Example 3 is computed by the above-mentioned simplified method, the

results of computation are shown by dotted lines in Figure 15.12. It is evident that

the stresses given by the two methods are close to each other.

z
x

y

z

y

b
y1

c

Figure 15.13 The coordinate system for a simplified method.
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15.5.2 Simplified Computation of Thermal Stresses in Dock

From Eqs. (15.17) and (15.33), it is clear that the thermal stresses of the wall of a

dock are determined by coefficient Di which is determined by H1i. Comparison

between Eqs. (15.34) and (15.62) shows that the difference of H1i and H3i is deter-

mined by ρ1 and ρ3. If an equivalent width h2 is given by the condition

ρ1 5 ρ3 ð15:69Þ

then the wall of a dock on a semi-infinite bottom plate can be substituted by a T

beam, the width of the bottom plate of which is h2, and the thermal stresses in the

T beam can be computed by the simplified equation (15.66) (Figure 15.14).

Substitution of Eqs. (15.35) and (15.63) into Eq. (15.69) yields the equivalent

width of bottom plate as follows:

h2 5
1

2λ
5

l

ð2i2 1Þπ ð15:70Þ

where h2 is related to i. If the stress is computed by Eq. (15.61), h2 is given by

Eq. (15.70). Now the stress is computed by T beam formula, we may take i5 1,

thus

h2 5 l=π ð15:71Þ

Example 5 The basic data are the same as example 1. From Eq. (15.71), we get

h25 8.0/π5 2.55 m, from Eq. (15.66), we get the thermal stresses as shown in

Figure 15.6 by dotted lines. It is clear that the stresses given by the simplified

method are close to those given by the series method.

Practical stress distribution

Stress distribution in equivalent
bottom plate

h2

Figure 15.14 The equivalent width of the

bottom plate of a dock.
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15.5.3 Simplified Method for Thermal Stresses in Sluices

From Section 15.3, it is evident that the differences between the thermal stresses in

the pier on a narrow bottom plate and those in the pier on a bottom plate with infi-

nite length depend on the value of ρ2 and ρ3. Choose an equivalent width of bottom

plate h2 such that

ρ2 5 ρ3 ð15:72Þ

and substitute Eqs. (15.52) and (15.63) in the above equation, we get

h2 5
4

ð32μÞð11μÞλi

5
8l

ð32μÞð11μÞð2i2 1Þπ ð15:73Þ

Let i5 1 and μ5 1/6, we have

h2 5 0:773l ð15:74Þ

Now the actual sluice may be replaced by a T beam the width of the bottom

plate of which is h2 as shown in Figure 15.15 and the thermal stresses may be com-

puted by the simplified formula (15.66).

Example 6 The basic data are the same as example 2. From Eq. (15.74),

h25 0.7733 85 6.18 m, the thermal stresses given by Eq. (15.66) are shown by

dotted lines in Figure 15.9.

Example 7 As shown in Figure 15.16, there is a uniform temperature drop in the

wall of a dock. From Eq. (15.71), h25 9.00/π5 2.87 m. The total width of the

bottom plate is 2.871 2.151 2.355 7.37 m. According to the actual dimensions

in Figure 15.16(b), the thermal stresses in the wall of the dock given by

Eq. (15.66) are shown in Figure 15.16(a), and the maximum tensile stress is

σx520.66EαT.

Figure 15.15 The equivalent width of a

bottom plate of a sluice.
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15.5.4 Simplified Method for E(y, τ) Varying with Age τ

In order to consider the process of construction and the variation of E with age τ of

concrete, it is necessary to adopt the increment method. The elastic stress incre-

ments in Δτi are given by

Δσxi 5Eðy; τiÞα½ΔTmðτiÞ1ΔψðτiÞy2ΔTðy; z; τiÞ� ð15:75Þ

where ΔTðy;z;τiÞ5Tðy;z;τi11Þ2Tðy;z;τiÞ;Eðy;τiÞ5 ½Eðy;τiÞ1Eðy;τi11Þ�=2;ΔTmðτiÞ
and ΔψðτiÞ are computed by formulas similar to Eqs. (15.67) and (15.68).

The viscoelastic thermal stress is computed by

σxðtÞ5
X

ΔσxðτiÞKðt; τiÞ ð15:76Þ

where Kðt; τiÞ is the relaxation coefficient of concrete.

15.6 Thermal Stresses in a Sluice by FEM

The thermal stresses in a sluice are computed systematically by three-dimensional

FEM with the program SAPTIS compiled by Prof. Zhang Guoxin.

15.6.1 Thermal Stress due to Hydration Heat of Cement in Construction
Period

The dimensions of the sluice are shown in Figure 15.17. For the

pier, length3 height3 thickness5 10.5 m3 6.0 m3 1.0 m; for the bottom plate,

+0.31

–0.66

B

B A
h2 = 2.87

9.00 9.00
12.00

0.
90

0.
90

0.55

7.
13

2.15 2.35

(a) (b)

Figure 15.16 The thermal stresses in a dock: (a) longitudinal section A2A and σx=EαT
and (b) cross section B�B.
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length3width3 thickness5 10.5 m3 9.0 m3 1.30 m. Due to symmetry, only 1/4

is taken in the analysis.

For the concrete, the diffusivity a5 0.10 m2/day, the adiabatic temperature rise

θðτÞ5 30τ=ð1:701 τÞ�C, Young’s modulus EðτÞ5 35;000τ=ð3:301 τÞ MPa,

Poisson’s ratio μ5 0:167, the unit creep is given by Eq. (6.21), the surface conduc-

tance of the exposed surface is β5 70 kJ/(m2 h �C) and that of the surface

covered by timber 1 cm thick is β5 38 kJ/(m2 h �C).
For the soil foundation, there is no hydration heat, no creep, Ef5 50 MPa,

μ5 0.25.
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Plane of symmetry
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in computing

(a) (b)

1.75 1.0 3.50 1.0 1.75

B

A

Figure 15.17 The dimensions of a sluice (m): (a) longitudinal section and (b) transverse

section.
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Figure 15.18 Temperatures and stresses in the mid-plane of pier of the sluice in the

direction of flow in the period of construction due to hydration heat of cement.
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Taking air temperature Ta5 0�C, initial temperature of concrete T05 0�C, and
θðτÞ5 30τ=ð1:71 τÞ�C. The bottom plate is poured first and the pier is placed 14

days later. The computed results are shown in Figures 15.18 and 15.19. From the

comprehensive computed results it is clear that the maximum tensile stress due to

hydration heat of cement, annual variation of air temperature and cold wave are

respectively 0.59, 0.49, and 1.56 MPa, each one of which is lower than the tensile

strength of concrete and will not induce cracking alone but the maximum compre-

hensive tensile stress is 1.99 MPa which is possible to induce cracking in the

sluice.

Figure 15.19 Temperatures and stresses in the central transverse section of a sluice in

the construction period due to hydration heat of cement: (a) envelopes of temperatures,

(b) envelopes of stress σx, and (c) final stress σx.
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16 Simulation Analysis, Dynamic
Temperature Control, Numerical
Monitoring, and Model Test of
Thermal Stresses in Massive
Concrete Structures

16.1 Full Course Simulation Analysis of Concrete Dams

In the construction process, the concrete dam is divided into many blocks which are

further divided into many horizontal layers with a thickness of 1.5�3.0 m.

Generally, there are several years from the beginning to the completion of construc-

tion of a dam. Due to the variation of air temperature, the hydration heat, and pipe

cooling, the variation of temperature field is very complex. It is difficult to compute

the thermal stresses in the construction period by the traditional methods of struc-

tural mechanics. As the number of the monitoring instruments is small, it is also dif-

ficult to give the actual stress field of a concrete dam in the construction process by

the instrumental monitoring. Only the finite element method (FEM) can be used to

give the simulation computation of concrete dams considering the process of con-

struction and all the factors which influence the temperature and stress fields of the

dam. If necessary, it can give the factor of safety by overload computation.

The peculiarities of simulation computation are as follows: (1) adopt the incremental

FEM; (2) simulate the whole course of construction, the dam is divided into blocks and

layers; (3) consider the following factors—the variation of the ambient and the interior

temperatures, the variation of the mechanical and thermal properties with age of con-

crete, the artificial cooling, etc.; (4) the influence of the opening and grouting of joints;

(5) give the factor of safety by overload computation, if necessary.

The scope of simulation computation depends on the purpose of analysis and the

type of structure. Generally, only one dam block is computed for a gravity dam. In the

analysis of the thermal stresses in the course of construction of arch dams, only one

dam block or three adjacent dam blocks are computed. In the analysis of the stress state

of an arch dam after impounding of water, it is necessary to conduct simulation compu-

tation of the whole dam [26, 28, 35, 37, 52, 57, 78].

The envelopes of the first principal stresses of the 3D whole course simulation

computation of the Jinghong gravity dam are shown in Figure 16.1.

Thermal Stresses and Temperature Control of Mass Concrete. DOI: http://dx.doi.org/10.1016/B978-0-12-407723-2.00016-6
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16.2 Dynamic Temperature Control and Decision Support
System of Concrete Dam

In the past, the allowable temperature differences and maximum temperature of

concrete are given in the design report of concrete dams. Technical measures are

taken in the stage of construction to satisfy the needs of design. Experience shows

that this is not sufficient for the temperature control of high concrete dams.
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Figure 16.1 The envelopes of the first principal stresses of the 3D simulation computation

of Jinghong gravity dam (stress unit: MPa).
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In the construction process, there may be some changes of the conditions

assumed in the design but generally there is no analysis and monitoring of these

changes. This may be the cause of cracking of concrete. A decision-support system

of dynamic temperature control of high concrete dams has been developed by Zhu

Bofang, Zhang Guoxin, and Xu Ping. The functions of the system are as follows:

1. Whole course simulation computation of the temperature and stress fields of the dam by

3D FEM. The output of the system includes the actual geometrical figure of the shape of

the dam blocks, the temperature and stress fields at any time.

2. Back analysis of the thermal properties of concrete and the effect of superficial thermal

insulation are conducted in the process of construction to give the practical thermal prop-

erties of concrete and the actual effect of the superficial thermal insulation.

3. Forecast of the temperature and stress fields of the dam. In the process of construction,

based on the actual temperature and stress fields of the concrete blocks which have been

constructed, according to the predetermined schedules of progress and technical measures

of temperature control, simulation computation is conducted to predict the temperature

and stress fields in the future and check the effect of the technical measures and the

schedule of progress.

4. Decision support of the control of temperatures and thermal stresses of the dam. The

experiences of the experts in the world about the design, construction and temperature

control, the specifications, and examples of design and construction of concrete dams are

collected and systematized. Based on the above data and the results of simulation compu-

tation of the temperature and stress fields, information will be given to the engineers to

help them to modify the measures of temperature control and construction schedule to

prevent the cracking of a dam.

5. Operation platform and database for comprehensive management of the system.

This system had been successfully applied in the Zhougongzhai concrete arch dam

with a height of 126.5 m. The dam was constructed from December 2003 to April

2006. The first principal stresses on January 15, 2005 are shown in Figure 16.2.

16.3 Numerical Monitoring of Concrete Dams

At present concrete dams are monitored by instruments in the period of construction

and operation. Instrumental monitoring is important and can be used to judge

z
xy

Si – Stress
300
261.11
222.22
183.33
144.44
105.55
66.664
27.775
–11.114
–50

Figure 16.2 The first principal stress of Zhougongzhai concrete arch dam on January15,

2005 (unit: 1022 MPa).
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whether the dam is working normally, but there are some drawbacks, so it is sug-

gested to add numerical monitoring to instrumental monitoring of concrete dams.

16.3.1 The Drawbacks of Instrumental Monitoring

1. There are few cross sections of monitoring.

Due to the restraint of many practical factors, generally there are two to four cross

sections embedded with instruments. Practically, there is no instrument in most dam

blocks.

2. It is difficult to give the whole picture of temperature and stress fields even in the cross

section embedded with instruments.

A concrete dam is constructed layer by layer. The variation of temperature and stress

fields in each layer is very complex. In order to monitor the temperature and stress varia-

tions, at least three rows of instruments must be embedded in each layer of concrete. For

a dam block with 100 layers, there are 300 rows of instruments to be embedded.

Practically, there are only 3�4 rows of instruments in the observed cross section, so it is

impossible to give the whole picture of temperature and stress fields and factor of safety

even in the monitored section.

16.3.2 Numerical Monitoring

It is suggested to add numerical monitoring in the construction of concrete dams.

The content of numerical monitoring includes the following:

1. Whole dam and whole course simulation computation of the temperature field and stress

field by 3D FEM.

2. Loading, including temperature, self-weight, water pressure, seepage flow, and initial

stress.

3. Properties of materials, including the elastic, inelastic, and creep deformations and the

influences of joints.

4. In addition to the room test, the actual properties of materials are determined by back

analysis of observed results of the prototype.

5. Forecast the temperature and stress fields of the dam.

16.3.3 The Important Functions of Numerical Monitoring

1. The function of numerical monitoring in the period of construction

By numerical monitoring, we can understand the temperature and stress fields of the

dam in the period of construction and technical measures may be adopted to prevent pos-

sible cracks, if there are any problems.

2. The function of numerical monitoring in the period of operation

It is possible to give appraisals of a dam’s work frequently in the period of operation

from the results of numerical monitoring.

A concrete gravity-arch dam with maximum height 76.3 m and crest length 419 m

was constructed in 1968�1972. There was no efficient temperature control in the con-

struction period of the dam so some cracks appeared in the dam. We gave a whole

dam and whole course inelastic finite element simulation analysis to the dam. All the
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faults in the foundation, the joints and principal cracks in the dam, and the construc-

tion process are simulated in the computation. The joints and cracks in the computing

model are shown in Figure 16.3. The computed displacements and the observed dis-

placements of the dam are shown in Figure 16.4; they are close to each other.

Based on the results of simulation computation, an overload analysis is given by

FEM: (1) With consideration of stress history and influence of joints, the safety

factor is k5 1:11 (in winter) and 1.14 (in summer). (2) Without consideration of

stress history and influence of joints, k5 1:67. (3) If efficient temperature control

was conducted in the period of construction as required by specifications of con-

crete dam, the safety factor is k5 3:26. The failure of the downstream face of the

dam under loading is shown in (Figure 16.5).

16.4 Model Test of Temperature and Stress Fields of
Massive Concrete Structures

If the adiabatic temperature rise of concrete is θðtÞ5 θ0ð12 e2stÞ, the differential

equation of heat conduction and the initial and boundary conditions of the proto-

type are as follows:

Figure 16.3 The transverse joints and cracks in the computing model of a concrete gravity-

arch dam.
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Figure 16.4 Comparison of the observed displacements with the displacements given by

simulation computation of FEM of a concrete gravity-arch dam.
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Equation of heat conduction:

@T

@t
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1

θ0@ð12 e2stÞ
@t

ð16:1Þ

Initial condition:

Tð0; x; y; zÞ5T0ðx; y; zÞ ð16:2Þ
Boundary condition:

λ
@T

@n
1 βðT 2TcÞ5 0 ð16:3Þ

If the adiabatic temperature rise of the material of the model is

θmðtmÞ5 θ0mð12 e2smtmÞ, the differential equation and the conditions of the model are:

Equation of heat conduction:

@Tm
@tm

5 am
@2Tm
@x2m

1
@2Tm
@y2m

1
@2Tm
@z2m

� �
1

θ0m@ð12 e2smtm Þ
@tm

ð16:1aÞ

Initial condition:

Tmð0; xm; ym; zmÞ5T0ðxm; ym; zmÞ ð16:2aÞ

Boundary condition:

λm

@Tm
@nm

1βmðTm 2TcmÞ5 0 ð16:3aÞ

Let

CT 5 T=Tm; Ct 5 t/tm; CL 5 x/xm; Ca 5 a/am
Cθ 5 θ0=θ0m; Cλ 5λ/λm; Cβ 5β/βm; Cs 5 s/sm

�
ð16:4Þ

Figure 16.5 Failure of the downstream face of a concrete gravity-arch dam after

overloading.
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where the subscript “m” represents the model.

Substitution of Eq. (17.51) into Eqs. (16.1)�(16.3) yields

CT

Ct

@Tm
@tm

5
CaCT

C2
L

� am
@2Tm
@xm

1
@2Tm
@y2m

1
@2Tm
@z2m

� �
1

Cθ

Ct

� θ0m@ð12 e2CSCtsmtm Þ
@tm

ð16:1bÞ

CTCLTmð0; xm; ym; zmÞ5CTCLT0ðxm; ym; zmÞ ð16:2bÞ

CλCT

CL

λm

@Tm
@nm

1CβCT � βmðTm 2 TcmÞ5 0 ð16:3bÞ

Comparing Eqs. (16.1b)�(16.3b) with Eqs. (16.1a)�(16.3a), it is clear that, in

order to make the temperature field of the model similar to that of the prototype,

the following conditions of similarity must be satisfied:

CT

Ct

5
CaCT

C2
L

5
Cθ

Ct

;
CλCT

CL

5CβCT ; CsCt 5 1 ð16:5Þ

Ct 5C2
L=Ca; Cβ 5Cλ=CL; Cθ 5CT ; Cs 5 1=Ct ð16:6Þ

There are eight parameters and four equations in Eq. (16.5), thus four para-

meters may be given freely and the other four parameters must be computed by

Eqs. (16.5) and (16.6). For example, let CT 5 1; Ca 5 1:1; Cλ 5 1:1; CL 5 20, from

Eq. (16.6), we have:

Ct 5 202/1:15 364; Cβ 5 1:1/205 0:055; Cθ 5 1; Cs 5 1/364

In order to satisfy the similarity conditions, for the period of annual variation

(P5 1 year) in the prototype, the period of variation in the model is

Pm 5 1=364 year5 1d; for the duration of cold wave Q5 22 4d in the proto-

type, in the model Qm 5 0:13� 0:26 h; in the prototype β5 80 kJ/(m2 h �C), in
the model, β5 4.40 kJ/(m2 h �C). These conditions are possible to be fulfilled in

the model, but it is difficult to make the rate of hydration heat in the model

sm 5 s=364. Thus, it is possible to make a model test of the temperature field

for the period of operation and it is difficult to conduct a model test of the tem-

perature field for the period of construction.

In the construction period, the thermal stresses are related to the modulus of

elasticity EðτÞ and unit creep Cðt; τÞ which are functions of time t and age τ. It is
difficult to make EðτÞ and Cðt; τÞ to satisfy the similarity conditions. So it is diffi-

cult to do a model test for thermal stress in the period of construction.

The modulus of elasticity of concrete is nearly constant in the period of opera-

tion, so it is possible to do a model test for elastic thermal stress of mass concrete
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in the period of operation. Because the creep of concrete is difficult to satisfy the

similarity condition, it is difficult to do a model test for viscoelastic thermal stress

even in the period of operation.

In 2010, one engineer had made a 1:7 model test for the thermal stresses in the

period of construction, and the material for model is also concrete, so

Ct 5 1:0; Ca 5 1:0; Cs 5 1:0, from Eq. (16.5), CL 5 1:0. Thus, the model must

have the same dimensions as the prototype, and the model with CL 5 7 is not simi-

lar to the prototype.
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17 Pipe Cooling of Mass Concrete

17.1 Introduction [3, 8, 32, 44, 46, 53, 80, 82, 83, 85, 86]

Pipe cooling was first used in the construction of the Hoover Dam in 1933. Coils

of steel pipe with outer diameter 25 mm and thickness 1.5�1.8 mm are laid on the

surface of lift of concrete before placing the new concrete as shown in Figure 17.1.

The vertical spacing of the pipe generally is equal to the height of lift of concrete

and the horizontal spacing is 1.5�3.0 m. The concrete is cooled by water flowing

in the pipes. In the vertical cross section of concrete, if the pipes are laid in the

form of a hexagon as shown in Figure 17.2 with horizontal spacing S1 and vertical

spacing S2, then S2 5 S1 cos 30
�, S1 5 1:1547S2 and the area of the hexagon is

S1S2. From the condition πb2 5 S1S2, we get [3, 8]

b5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1S2=π

p
ð17:1Þ

b is the radius of a circle the area of which is equal to the area of the hexagon. The

concrete cooled by each pipe is a cylinder with outer radius b. Due to symmetry,

the surface of the cylinder is thermally insulated. The model of computation is a

hollow cylinder with outer radius b given by Eq. (17.1) and inner radius c which is

equal to the exterior radius of the cooling pipe.

The effect of cooling is best for the hexagonal arrangement of pipes, but in the

construction of dams the actual arrangement generally is rectangular, the effect of

cooling is somewhat lower. According to the results of computation, the cooling

area must be increased 7% to consider this effect. Hence the radius b and diameter

D of the cooling cylinder are given by (Figure 17.3).

b5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:07S1S2=π

p
5 0:5836

ffiffiffiffiffiffiffiffiffi
S1S2

p
; D5 2b5 1:1672

ffiffiffiffiffiffiffiffiffi
S1S2

p
ð17:2Þ

where S1—horizontal spacing of pipe and S2—vertical spacing of pipe.

Generally the cooling of concrete is conducted in two stages. The early-stage

cooling is conducted immediately after placing the concrete to reduce the temper-

ature rise of concrete due to hydration heat of cement. The late-stage cooling is

conducted before the grouting of contraction joints in the dam to reduce the tem-

perature of concrete to the final steady temperature. In recent years, one to two

intermediate stages of cooling are added for high concrete dams to reduce the
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thermal stresses, but the method of computation is the same as the late-stage

cooling.

17.2 Plane Temperature Field of Pipe Cooling in Late Stage

17.2.1 Plane Temperature Field of Concrete Cooled by Nonmetal Pipe in
Late Stage [3, 8, 32]

The computing model is shown in Figure 17.4. The inner surface of the pipe is in

contact with water, so its temperature is equal to the water temperature. The tem-

perature of the outer surface of the pipe is equal to the temperature Tc of the inner

S2 = S1 cos 30°

S1 = 1.1547S1

S1-horizontal spacing
S

2

S1

S
1

S 1

Figure 17.2 Hexagonal arrangement of cooling pipes.

D = 2b

c b

Figure 17.3 Scheme for computation.

0.75

1.5
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0.
75

9×
1.

5
0.
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Figure 17.1 Schematic diagram for

horizontal arrangement of cooling pipes.

342 Thermal Stresses and Temperature Control of Mass Concrete



surface of concrete. Assuming that the water temperature is zero, the boundary con-

dition of the pipe is: when r5 r0, T 5 0; when r5 c, T 5 Tc and the radial flux of

heat is as follows:

q52
λ1Tc

c lnðc=r0Þ
52 k5Tc ð17:3Þ

where

k5 5
λ1

c lnðc=r0Þ
ð17:4Þ

in which

λ1—coefficient of heat conduction of pipe

c—outer radius of pipe

r0—inner radius of pipe.

The flux of heat q given by Eq. (17.3) must be equal to the heat flux of the inner

surface of the concrete, i.e., q52λ½@T=@r�r5c, thus, the boundary conditions of

the concrete cylinder are as follows:

when τ5 0; c, r, b Tðr; 0Þ5 T0

when τ. 0; r5 c 2λ
@T

@r
1 k5T 5 0

when τ. 0; r5 b
@T

@r
5 0

9>>>>>=
>>>>>;

ð17:5Þ

The equation of heat conduction is

@T

@τ
5 a

@2T

@r2
1

1

r

@T

@r

� �
ð17:6Þ

where a;λ;T0 are respectively the diffusivity, conductance, and the initial tempera-

ture of concrete.

bc
r

Concrete

Pipe
0

Figure 17.4 Computing model for nonmetal cooling

pipe.
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By Laplace transformation, the solution is as follows [32]:

Tðr; tÞ5 T0
XN
n51

2e2aa2nτ

αnb
� J1ðαnbÞY0ðαnrÞ2 Y1ðαnbÞJ0ðαnrÞ

R1ðαnbÞ
n!

r! n2 rð Þ! ð17:7Þ

R1ðαnbÞ 52
λ
k5b

αnb

c

b
J1ðαnbÞY0ðαncÞ2 J0ðαncÞY1ðαnbÞ½ �1 J0ðαnbÞY1ðαncÞ2 J1ðαncÞY0ðαnbÞ½ �

8<
:

9=
;

1
c

b
J1ðαnbÞY1ðαncÞ2 J1ðαncÞY1ðαnbÞ½ �1 J0ðαncÞY0ðαnbÞ2 J0ðαnbÞY0ðαncÞ½ �

ð17:8Þ

in which αnb is the root of the following characteristic equation

λ
k5
αn J1ðαncÞY1ðαnbÞ2J1ðαnbÞY1ðαncÞ½ �1 J1ðαnbÞY0ðαncÞ2J0ðαncÞY1ðαnbÞ½ �50

ð17:9Þ

The mean temperature is

Tm 5 T0
XN
n51

Hne
2α2

nb
2ατ=b2 5 T0FðτÞ ð17:10Þ

where

Hn 5
4bc

b2 2 c2
� Y1ðαnbÞJ1ðαncÞ2 J1ðαnbÞY1ðαncÞ

α2
nb

2R1ðαnbÞ
ð17:11Þ

Equation (17.10) converges so quickly that only one term is required in practical

computation with error # 1% and H1D1:00, thus, the mean temperature may be

computed by

Tm 5 T0e
2α2

1
b2ατ=b2 ð17:12Þ

The characteristic root α1b is given in Table 17.1 and Figure 17.5.

Let the temperature of cooling water be Tw and the initial temperature of con-

crete be T0, the mean temperature of concrete is given by

Tm 5 Tw 1 ðT0 2 TwÞe2α2
1
b2ατ=b2 ð17:13Þ
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Example 1 Plane problem for cooling of concrete by nonmetal pipe, the diffusivity

of concrete a5 0.0040 m2/h, the conductivity of concrete λ5 8.37 kJ/(m h �C), the
outer radius of the cooling cylinder b5 0.845 m, the inner radius c5 0.0160 m,

the outer radius of the polythene pipe c5 1.60 cm, the inner radius r05 1.40 cm,

the conductivity of pipe λ15 1.66 kJ/(m h �C). The initial temperature of concrete

T0 5 20�C, the water temperature Tw 5 0�C. Try to compute the variation with time

of the mean temperature of concrete.

From Eq. (17.4),

k5 5
λ1

c � lnðc=r0Þ
5

1:66

0:016 � lnð0:016=0:014Þ 5 777:0

λ
k5b

5
8:37

777:03 0:845
5 0:01275

b

c
5

0:845

0:0160
5 52:81

0.50

0.60

0.70

0.80

0.90

1.00

α
1b

b / c = 20

b / c = 50
b / c = 80

λ / (k5 b)
0 0.01 0.02 0.03 0.04 0.05

Figure 17.5 The characteristic

root α1b for cooling of concrete

by nonmetal pipe.

Table 17.1 The Characteristic Root α1b for Cooling of Concrete by Nonmetal Pipe

b/c λ/(k5b)

0 0.010 0.020 0.030 0.040 0.050

20 0.926 0.888 0.857 0.827 0.800 0.778

50 0.787 0.734 0.690 0.652 0.620 0.592

80 0.738 0.668 0.617 0.576 0.542 0.512
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and from Figure 17.5, α1b5 0:712, substitute it into Eq. (17.13), we get the mean

temperature of concrete as follows:

Tm 5 20e20:002840τ

in which the unit of time τ is h. If the concrete is cooled by steel pipe with outer

radius c5 1.60 cm, k1 5N, λ=ðk5bÞ5 0, α1b5 0:783, from Eq. (17.12), the mean

temperature of concrete is

T 0
m 5 20e20:003435τ

the variations of Tm and T 0
m with time are shown in Figure 17.6.

17.2.2 Plane Temperature Field of Concrete Cooled by Metal Pipe in
Late Stage

The initial temperature of the concrete cylinder is T0, the outer surface is insulated,

as the conductivity of metal pipe is considerable, the temperature of the inner sur-

face of concrete is practically equal to water temperature Tw 5 0�C.
The equation of heat conduction is

@T

@τ
5 a

@2T

@r2
1

1

r

@T

@r

� �
ð17:14Þ

The initial and boundary conditions are as follows:

when τ5 0; c# r# b Tðr; 0Þ5 T0
when τ. 0; r5 c Tðc; τÞ5 0

when τ. 0; r5 b
@T

@r
5 0

ð17:15Þ
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Figure 17.6 Example of plane

problem for pipe cooling of concrete

without internal source of heat.
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The solution of the above problem given by the U.S. Bureau of Reclamation

converges slowly. The following solution is given by the author by Laplace

transformation:

Tðr; tÞ5 T0
XN
n51

2e2α2
nb

2aτ=b2

αnb
� J1ðαnbÞY0ðαnrÞ2 Y1ðαnbÞJ0ðαnrÞ

RðαnbÞ
ð17:16Þ

RðαnbÞ5 ðc=bÞ½J1ðαnbÞY1ðαncÞ2 J1ðαncÞY1ðαnbÞ�
1 ½J0ðαncÞY0ðαnbÞ2 J0ðαnbÞY0ðαncÞ�

ð17:17Þ

where

J0; J1—the first kind of Bessel functions of zero order and first order

Y0;Y1—the second kind of Bessel functions of zero order and first order

αnb—the root of the following characteristic equation.

J1ðαnbÞY0ðαncÞ2 J0ðαncÞY1ðαnbÞ5 0 ð17:18Þ

when b=c5 100, the first 5 roots of the above equation are αnb5 0.716691,

4.289947, 7.546395, 10.766313, 13.972000. The first root α1b may be computed

by Eq. (17.40). The distributions of Tðr; τÞ=T0 for various time intervals of a hol-

low cylinder with b=c5 100 are shown in Figure 17.7. The mean temperature is

Tm 5

ðb
c

2πrTðr; τÞdr=
ðb
c

2πr dr5 T0
XN
n51

Hne
2α2

nb
2aτ=b2 5 T0FðτÞ ð17:19Þ

where

Hn 5
4bc

b2 2 c2
� Y1ðαnbÞJ1ðαncÞ2 J1ðαnbÞY1ðαncÞ

α2
nb

2RðαnbÞ
ð17:20Þ

The solution Eq. (17.19) converges so quickly that practically only one term is

required with error # 1.0% and H1D1:00, thus taking H1 5 1:00, the mean temper-

ature is given by

Tm 5 T0e
2α2

1
b2aτ=b2 ð17:21Þ

when b=c5 100, α1b5 0:7167, thus

Tm 5 T0e
20:71672aτ=b2 5 T0e

20:5136aτ=b2 ð17:22Þ

The approximate value of Tm given by Eq. (17.22) and the precise Tm are given

in Table 17.2. It is clear that the precision of Eqs. (17.21) and (17.22) is very high.
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The metal cooling pipe is a special case of nonmetal pipe. Let the conductivity

of pipe λ1 5N, then k5 5N, the R1ðαnbÞ in Eq. (17.8) is equal to the RðαnbÞ in
Eq. (17.17), the characteristic Eq. (17.9) degenerates to Eq. (17.18).

17.3 Spatial Temperature Field of Pipe Cooling in Late
Stage

17.3.1 Method of Solution of the Spatial Problem of Pipe Cooling

In the above computation of plane problem, the temperature of water is assumed to

be constant. Practically, due to absorption of heat from concrete, the temperature of

water will increase gradually and the temperature of water at the outlet will be

higher than that at the inlet. This is a spatial problem which is difficult to solve. In

the construction of a concrete dam, the length of the cooling pipes is 200�500 m,

and the spacing of the pipes is 1.5�3.0 m which is far smaller than the length. The

heat is conducted primarily in the plane perpendicular to the axis of the pipes and

the temperature gradient of concrete in the direction of axis of the pipes may be

neglected. Thus the actual temperature in the concrete can still be analyzed as a

plane problem but the influence of the variation of water temperature must be taken

into account. The key for the spatial problem is the computation of water tempera-

ture which increases gradually along with the length of pipe.
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Figure 17.7 The distribution of temperature of a hollow cylinder (b=c5 100) at different

time.
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As shown in Figure 17.8, let T0 be the initial temperature of concrete, Tw be the

temperature of water at the inlet of the pipe, TLw be the temperature of water at the

section where the length of pipe is L, TLm be the mean temperature of concrete at

the section where the length of pipe is L, and Tm be the mean temperature of con-

crete in the range of length of pipe 0�L, defined three variables as follows:

X5
Tm 2 Tw

T0 2 Tw
; Y 5

TLw 2 Tw

T0 2 Tw
; Z5

TLm 2 Tw

T0 2 Tw
ð17:23Þ

hence

Tm 5 Tw 1XðT0 2 TwÞ
TLw 5 Tw 1 YðT0 2 TwÞ
TLm 5 Tw 1 ZðT0 2 TwÞ

9>=
>; ð17:24Þ

The variables X; Y , and Z will be computed in the following. As the problem is

linear, the flux of heat may be divided into three parts as follows:

1. Q1—the amount of heat flowed from the concrete into the water;

2. Q2—the amount of heat flowed from the warmed water into the concrete with zero initial

temperature;

3. Q3—the amount of heat absorbed by the water in the range of length 0�L.

The amount of heat flows into the water in unit of time from the concrete cylin-

der of unit length is

@Q1

@L
5 2πcλ 2

@T

@r

� �
r5c

5λðT0 2 TwÞRðtÞ ð17:25Þ

The amount of heat flows into the water is equal to the loss of heat of concrete,

so @Q1=@L can also be computed by

@Q1

@L
5 πðb2 2 c2Þc1ρ 2

dTm

dt

� �
5λðT0 2 TwÞRðtÞ ð17:26Þ

Table 17.2 Mean Temperature Tm of a Cylinder (b/c5 100, Initial Temperature T0)

aτ/b2 0.0025 0.025 0.100 0.250

Tm/T0 Exact value 0.975 0.811 0.440 0.128

Eq. (17.22) 0.979 0.814 0.440 0.128

Error 0.41% 0.37% 0 0

Inlet

L dL

Outlet
Figure 17.8 The spatial problem

of pipe cooling.
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Substitution of Eq. (17.7) into (17.25) or substitution Eq. (17.10) into

Eq. (17.26) yields

RðtÞ5 4πc
b

X e2α2
nb

2at=b2

R1ðαnbÞ
Y1ðαnbÞJ1ðαncÞ2 J1ðαnbÞY1ðαncÞ½ � ð17:27Þ

The above series converges so quickly that only one term is required in engi-

neering computation. Substituting Eq. (17.12) into Eq. (17.26), we get

RðtÞDπ 12
c2

b2

� �
α2
1b

2e2α2
1
b2at=b2 ð17:28Þ

The increase of water temperature from time τ to τ1 dτ is ΔTLw 5 ðT0 2 TwÞ
ð@Y=@τÞdτ. The flux of heat from water to concrete due to ΔTLw at time t is

@Q2

@L
5λðT0 2 TwÞRðt2 τÞ @Y

@τ
dτ ð17:29Þ

At time t, the amount of heat absorbed by the water in the range 0�L is

Q3 5 cwρwqwðT0 2 TwÞYðt; LÞ ð17:30Þ

From balance of heat,

Q3 5

ðL
0

@Q1

@L
dL2

ðL
0

@Q2

@L
dL ð17:31Þ

Substituting Eqs. (17.26), (17.29), and (17.30) into Eq. (17.31) and canceling

T0 2 Tw, we obtain the fundamental equation for computing the water temperature

as follows:

ηqwYðt;LÞ5 LRðtÞ2
ðt
0

ðL
0

Rðt2 τÞ @Y
@τ

dτ dL ð17:32Þ

where

η5 cwρw=λ

Equation (17.32) is an integral equation. Now the time t is divided into n time

intervals Δti; i5 1� n; the length L is divided into m subregions ΔLj; j5 1� m,

we have

ðti
ti21

ðLj
Lj21

Rðt2 τÞ @Y
@τ

dτ dLDRðt2 ti20:5ÞΔYðti20:5;Lj20:5ÞΔLj ð17:33Þ
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Substituting the above equation into Eq. (17.32), we get

ηqwYðt;LÞ5 LRðtÞ2
X
i

X
j

Rðt2 ti20:5ÞΔYðti20:5;Lj20:5ÞΔLj ð17:34Þ

Since ΔYðti20:5; Lj20:5Þ is unknown, the above equation must be solved by

method of iteration. For example, for the first time interval and first subregion

ðt5 0Bt1; L5 0BL1Þ, i.e., ði5 1; j5 1Þ, from Eq. (17.34), we have

ηqwYðt;LÞ5 LRðtÞ2Rðt2 ti20:5ÞΔYðt0:5;L0:5ÞΔL1 ð17:35Þ

at first, let ΔYðt0:5;L0:5Þ5 0, from Eq. (17.35), we get the first approximate value

as follows:

ηqwY ð1Þðt;LÞ5 LRðtÞ

hence we have

Y ð1Þðt1;L0:5Þ5
1

ηqw
L0:5Rðt1Þ

Y ð1Þð0;L0:5Þ5
1

ηqw
L0:5Rð0Þ

Thus, the first approximate value of ΔYðt0:5;L0:5Þ is

ΔY ð1Þðt0:5;L0:5Þ5
L0:5

ηqw
Rðt1Þ2Rð0Þ½ � ð17:36Þ

Substitution of Eq. (17.36) into Eq. (17.35) yields the second approximate value.

Repeating the above computation, Yðt;LÞ of higher and higher precision will be

obtained.

In Eqs. (17.32) and (17.34), qw is known but it may be a known value varying

with time.

The mean temperature of the section of concrete at L is ZT0, from Eq. (17.19), if

the influence of the increase of water temperature is neglected, ZT0 5 T0FðtÞ; if the
influence of increase of water temperature is taken into account, ZT0 is given by

the following equation:

Zðt; ξÞT0 5 T0FðtÞ1
ðt
0

T0 12Fðt2 τÞ½ � @Y
@τ

dτ

or

Zðt; ξÞ5FðtÞ1
X

½12Fðt2 τÞ�ΔYðτ; ξÞ ð17:37Þ
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The mean temperature of concrete in the range of length 0�L is XT0, X is

given by

Xðt; ξÞ5 1

ξ

ðξ
0

Zðt; ξÞdξ ð17:38Þ

where ξ5λL=ðcwρwqwÞ and dξ5λdL=ðcwρwqwÞ.
Thus, Y, Z, X are determined by Eqs. (17.32), (17.37), and (17.38).

17.3.2 Spatial Cooling of Concrete by Metal Pipe in Late Stage

The X, Y, Z for spatial cooling of concrete by metal pipe with b=c5 100 at late stage

are given by U.S. Bureau of Reclamation as shown in Figures 17.9�17.11 [3].

When b=c 6¼ 100, instead of the diffusivity a, we must use an equivalent diffu-

sivity a0 as follows:

a0 5
α1b

0:7167

� �2

a5 1:947ðα1bÞ2a ð17:39Þ

in which 0.7167 is the characteristic root for b=c5 100 and α1b is the characteristic

root for b=c 6¼ 100 given by Figure 17.12 or by the following equation:

α1b5 0:926 exp 20:0314
b

c
220

� �0:48
" #

; 20#
b

c
# 130 ð17:40Þ

The equivalent diffusivity of concrete may also be given by the following

approximate formula suggested by U.S. Bureau of Reclamation:

a0 5
a ln 100

lnðb=cÞ ð17:41Þ

Equation (17.39) is more precise than Eq. (17.41). The computed results of these

two formulas are shown in Table 17.3, from which it is clear that the error is not

too big when 50# b/c# 130.

Example 1 For the concrete, the initial temperature T05 30�C, the diffusivity

a5 0.0040 m2/h, the conductivity λ5 8.37 kJ/(m h �C). The outer radius of pipe

c5 1.25 cm, the arrangement of the cooling pipes is rectangular, both the horizon-

tal spacing s1 and vertical spacing s2 are equal to 1.50 m. For the cooling water, the

temperature at the inlet Tw5 10�C, the specific heat cw5 4.187 kJ/(kg �C), the den-
sity ρw5 1000 kg/m3, the discharge qw5 15 L/min5 0.90 m3/h. The length of pipe

L5 200 m. Try to compute the mean temperature Tm of concrete of length L, the
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Figure 17.10 Y for cooling of concrete by metal pipe in late stage (b/c5 100).
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Figure 17.11 Z for cooling of concrete by metal pipe in late stage (b/c5 100).
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water temperature TLw at the outlet, and the mean temperature of concrete of the

section at length L.

From Eq. (17.2), b5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:073 1:53 1:5=π

p
5 0:875 m, b=c5 0:875=0:01255

70:0.
From Eq. (17.40), the characteristic root is

a1b5 0:926 exp½2 0:0314ð70220Þ0:48�5 0:754

From Eq. (17.29), the equivalent diffusivity is

a0 5 1:9473 0:7542 3 0:0965 0:1063 m2=day

a0t=D2 5 0:10633 20=ð23 0:875Þ2 5 0:694

ξ5
λL

cwρwqw
5

8:373 200

4:1873 10003 0:90
5 0:444

From Figures 17.9�17.11, we get X5 0:349, Y5 0:187, and Z5 0:460. From
Eq. (17.24), we have

Tm 5 Tw 1XðT0 2 TwÞ5 101 0:3493 ð302 10Þ5 17:0�C

TLw 5 Tw 1 YðT0 2 TwÞ5 101 0:1873 ð302 10Þ5 13:74�C

TLm 5 Tw 1 ZðT0 2 TwÞ5 10:01 0:460ð302 10Þ5 19:2�C

0.60

0.70

0.80

0.90

1.00

0 40 80 120 160 200

b / c

α
1 

b

Figure 17.12 The characteristic root α1b for cooling of concrete by metal pipe.

355Pipe Cooling of Mass Concrete



17.3.3 Spatial Cooling of Concrete by Nonmetal Pipe in Late Stage [53]

1. Method I

Comparing Eq. (17.12) for nonmetal pipe with Eq. (17.21) for metal pipe, it is clear

that the structure of the two formulas is the same, the difference lies in the value of char-

acteristic root α1b which may be found in Figure 17.5. A more precise formula for α1b

will be derived in the following.

Consider a cooling pipe with outer radius c and inner radius r0, when r5 c, T5Tc
and when r5 r0, T5 0, the solution of steady temperature is

TðrÞ5Tc
lnðr=r0Þ
lnðc=r0Þ

ð17:42Þ

The temperature gradient is

@T

@r
5

Tc

r lnðc=r0Þ
ð17:43Þ

The original problem is a composite cylinder consisting of two parts: the outer part is a

concrete cylinder with outer radius b, inner radius c and conductivity λ; the inner part is the
cooling pipe with outer radius c, inner radius r0, and conductivity λ1. Instead of the original

composite cylinder, we will give an equivalent homogeneous concrete cylinder with outer

radius b, inner radius r1, and conductivity λ and the surface temperature at r5 r1 is equal to

the water temperature. Thus, the new problem can be solved by the conventional method for

concrete cooled by metal pipe with outer radius r1. The key lies in the computing of r1.

Assuming that the flux of heat of the new problem is equal to that of the original prob-

lem when r5 c

λTc
c lnðc=r1Þ

5
λ1Tc

c lnðc=r0Þ

so

lnðc=r1Þ5 η lnðc=r0Þ5 lnðc=r0Þη

hence

r1 5 c
r0

c

� �η
ð17:44Þ

where η5λ=λ1. As r0=c, 1, thus r1 , c. The original problem of concrete cooled by

nonmetal pipe is substituted by a new problem of concrete cooled by metal pipe.

Table 17.3 Comparison of the Equivalent Diffusivity

b/c 20 50 80 100 130

α1b 0.926 0.787 0.738 0.7167 0.692

a0/a Eq. (17.39) 1.669 1.206 1.060 1.00 0.932

Eq. (17.41) 1.537 1.177 1.051 1.00 0.946

Error 27.9% 22.4% 20.85% 0 1.47%
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Substituting r1 in Eq. (17.40), we get the characteristic root α1b for the nonmetal pipe as

follows:

α1b5 0:926 exp 20:0314
b

c

c

r0

� �η

220

� �0:48( )
ð17:45Þ

From Eq. (17.39), the equivalent diffusivity a0 is given as follows:

a0 5 1:67a � exp 20:0628
b

c

c

r0

� �η

220

� �0:48( )
ð17:46Þ

2. Method II

Let

lnðb=r1Þ
λ

5
lnðb=cÞ

λ
1

lnðc=r0Þ
λ1

Substituting lnðb=cÞ in Eq. (17.39) by lnðb=r1Þ, we get the equivalent diffusivity a0 of
concrete as follows:

a0 5
a ln 100

lnðb=cÞ1 ðλ=λ1Þlnðc=r0Þ
ð17:47Þ

Example 2 Concrete is cooled by polythene pipe. For concrete, a5 0.0040 m2/h,

λ5 8.37 kJ/(m h �C), b5 0.845 m.

For the polythene pipe, the outer radius c5 1:60 cm, the inner radius

r0 5 1:40 cm, the conductivity λ15 1.66 kJ/(m h �C). Try to compute the equiva-

lent diffusivity of concrete a0.

η5λ=λ1 5 8:37=1:665 5:04

Method I, from Eq. (17.46)

a051:6730:00403exp 20:0628
0:845

0:016

0:016

0:014

� �5:04

220

" #0:488<
:

9=
;50:00395m2=h

Method II, from Eq. (17.47)

a0 5
0:0040 ln 100

lnð0:845=0:016Þ1 ð8:37=1:66Þlnð0:016=0:014Þ 5 0:00397 m2=h

For the same polythene pipe with c5 1:60 cm, r0 5 1:40 cm, and η5 5:04, the
values of a0=a given by the two methods for different b=c are shown in Table 17.4.
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It is clear that the results given by two methods are close to each other when

20# b=c# 80, but when b=c. 100, the precision of method B is rather low.

17.4 Temperature Field of Pipe Cooling in Early Stage

The pipe cooling of early stage is conducted immediately after placing the con-

crete, so it is necessary to take the hydration heat of cement into account. Let Tw
be the water temperature, T0 be the initial temperature of concrete, and θðτÞ be the

adiabatic temperature rise due to hydration heat. The temperature field may be

divided into two parts: the first part is due to the influence of T0 2 Tw which can

be computed by the above-mentioned method for cooling in late stage, the second

part is due to the influence of the adiabatic temperature rise θðτÞ whose computing

method will be given in the following [8, 32].

17.4.1 Plane Problem of Pipe Cooling of Early Stage

Consider the pipe cooling of a concrete cylinder, the initial temperature of concrete

T0 and the water temperature Tw are equal to zero, and the adiabatic temperature

rise due to hydration heat of cement is

θðτÞ5 θ0ð12 e2mτÞ ð17:48Þ
@θ
@τ

5 θ0me2mτ ð17:49Þ

The equation of heat conduction is

@T

@τ
5 a

@2T

@r2
1

1

r

@T

@r

� �
1 θ0me2mτ ð17:50Þ

At first consider the concrete cooled by metal pipe, the initial and the boundary

conditions are as follows:

when τ5 0; c# r# b Tðr; 0Þ5 0

when τ. 0; r5 c Tðc; τÞ5 0

when τ. 0; r5 b
@T

@r
5 0

9>>=
>>; ð17:51Þ

The solution given by Laplace transformation [32] is as follows:

T 5θ0e2ðb
ffiffiffiffiffiffi
m=a

p
Þ2at=b2 Y1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞJ0ðr

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2J1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY0ðr

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ

Y1ðb
ffiffiffiffiffiffiffiffiffi
m=a

p
ÞJ0ðc

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2J1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY0ðc

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ
21

2
4

3
5

12θ0
XN
n51

e2α
2
nb

2at=b2

12α2
nb

2=ðb
ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2	 


αnb
�Y0ðαnrÞJ1ðαnbÞ2Y1ðαnbÞJ0ðαnrÞ

RðαnbÞ
ð17:52Þ
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in which RðαnbÞ is given by Eq. (17.17) and αnb is the root of Eq. (17.18).

The mean temperature is

Tm 5 θ0e2ðb
ffiffiffiffiffiffi
m=a

p
Þ2�at=b2

2bc

ðb2 2 c2Þb
ffiffiffiffiffiffiffiffiffi
m=a

p 3
J1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY1ðc

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2 J1ðc

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ

J0ðc
ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2 J1ðb

ffiffiffiffiffiffiffiffiffi
m=a

p
ÞY0ðc

ffiffiffiffiffiffiffiffiffi
m=a

p
Þ
2 1

2
4

3
5

1
4θ0bc
b2 2 c2

XN
n51

e2ðαnbÞ2�at=b2

½12α2
nb

2=ðb
ffiffiffiffiffiffiffiffiffi
m=a

p
Þ2�α2

nb
2
� J1ðαncÞY1ðαnbÞ2 J1ðαnbÞY1ðαncÞ

RðαnbÞ
ð17:53Þ

The above series converges so quickly that only one term is required in practical

computation.

Equations (17.52) and (17.53) represent an exact solution. A convenient

approximate solution will be given in the following. In the time interval dτ, the
adiabatic temperature rise is dθ which may be considered as an initial temperature

difference, due to pipe cooling, from Eq. (17.21), the mean temperature at time t

will be

dTm 5 e2α2
1
aðt2τÞdθ ð17:54Þ

Integrating from 0 to t, we get an approximate formula for the mean temperature

of first-stage cooling as follows:

Tm 5

ðt
0

e2α2
1
aðt2τÞ � @θ

@τ
dτ5

mθ0
m2 aα2

1

ðe2aα2
1
t 2 e2mtÞ ð17:55Þ

If α1b is the roof of the characteristic equation Eq. (17.9) for cooling by non-

metal pipe, the above equation may be used to compute the temperature of concrete

cooled by nonmetal pipe.

Example Plane problem of first-stage pipe cooling. Comparison between metal

pipe and nonmetal pipe. For concrete, diffusivity a5 0:0040 m2=h, conductivity
λ5 8.37 kJ/(m h �C), outer radius b5 0.845 m, inner radius c5 0.0160 m. For

polythene pipe, outer radius c5 1.60 cm, inner radius r05 1.40 cm, conductivity

Table 17.4 Ratio a0=a of Equivalent Diffusivity Given by Two Methods

b/c 20 50 80 100 130

Method A, Eq. (17.46) 1.288 1.004 0.858 0.788 0.705

Method B, Eq. (17.47) 1.255 1.008 0.910 0.873 0.842

Error (%) 2.5 0.5 6.1 10.8 19.5

359Pipe Cooling of Mass Concrete



λ15 1.66 kJ/(m h �C). Initial temperature of concrete T05 0, water temperature

Tw5 0, the adiabatic temperature rise of concrete is

θðτÞ5 25ð12 e20:35τÞ

namely, θ0 5 25�C, m5 0:35 (l/day). For polythene pipe, α1b5 0:712,
α1 5α1b=b5 0:712=0:8455 0:8426, substitute it into Eq. (17.55), the mean tem-

perature rise due to hydration heat cooled by polythene pipe is

Tm 5
0:3503 25

0:3502 0:0963 0:84262
ðe20:0963 0:84262t 2 e20:350tÞ

5 31:04ðe20:06815t 2 e20:350tÞ

If steel pipe is used, α1b5 0:783, α1 5 0:9266, the mean temperature rise due to

hydration heat is

T 0
m 5

0:3503 25

0:3502 0:0963 0:92662
ðe20:0963 0:92662t 2 e20:350tÞ

5 32:70ðe20:8242t 2 e20:350tÞ

The computed results are shown in Figure 17.13.

17.4.2 Spatial Problem of Pipe Cooling of Late Stage

The water temperature at pipe length L is

TwL 5 Tw 1Uðt;LÞ ð17:56Þ

The heat absorbed by the water in unit time is

Q3 5 cwρwqwUðt;LÞ ð17:57Þ

The heat flows into the water from concrete of unit length in unit time is

@Q1

@L
5λðT0 2 TwÞRðtÞ1λ

ðt
0

Rðt2 τÞ @θ
@τ

dτ ð17:58Þ

From time τ to τ1 dτ, the water temperature increases ð@U=@τÞdτ, and the

amount of heat flows from water to concrete at time t in unit time and unit length

is

@Q2

@L
5λRðt2 τÞ @U

@τ
dτ ð17:59Þ
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From Eq. (17.31) of balance of heat, we get

cwρwqwUðt;LÞ5λðT0 2 TwÞLRðtÞ

1λ
ðt
0

ðL
0

Rðt2 τÞ @θ
@τ

dτ dL2λ
ðt
0

ðL
0

Rðt2 τÞ @θ
@τ

dτ dL

ð17:60Þ

Let η5 cwρw=λ, we have

ηqwUðt;LÞ5 LRðtÞ1
X
i

X
j

Rðt2 ti20:5ÞΔθðti20:5;Lj20:5ÞΔLj

2
X
i

X
j

Rðt2 ti20:5ÞΔUðti20:5; Lj20:5ÞΔLj
ð17:61Þ

Solving the above equation, the water temperature will be obtained, then we can

compute the temperature of concrete. The mean temperature of concrete is given

by

Tm 5X0θ0 ð17:62Þ

For b=c5 100, b
ffiffiffiffiffiffiffiffiffi
m=a

p
5 1:5, and b

ffiffiffiffiffiffiffiffiffi
m=a

p
5 2:0, coefficient X0 is shown in

Figure 17.14.

In practical engineering, besides pipe cooling, there is loss of heat from the hori-

zontal surface of concrete lift. This is a complicated problem which will be ana-

lyzed by the equivalent equation of heat conduction in Section 17.6.
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Figure 17.13 Examples of plane

problem of pipe cooling of concrete

with internal source of heat.
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17.5 Practical Formulas for Pipe Cooling of Mass Concrete

In recent years, the design of pipe cooling of mass concrete has become finer.

Besides the initial temperature of concrete and the water temperature, it is neces-

sary to consider more factors, such as the hydration heat of cement and the spacing

of pipes, thus, there is a great need for practical formulas for computation which

will be given in the following [8, 53].

17.5.1 Mean Temperature of Concrete Cylinder with Length L

Consider the pipe cooling of a concrete cylinder with diameter D, length L, initial

temperature T0, adiabatic temperature rise θðτÞ, and water temperature Tw at the

inlet. The mean temperature of the cylinder to length L is

T1ðtÞ5 Tw 1 ðT0 2 TwÞφðtÞ1
X

ΔθðτiÞφðt2 τi 2 0:5ΔτiÞ ð17:63Þ

Two formulas are given for the pipe cooling function φðtÞ. The first formula is

φ1ðtÞ5 expð2 k1z
sÞ

k1 5 2:082 1:174ξ1 0:256ξ2

s5 0:9711 0:1485ξ2 0:0445ξ2

9>=
>; ð17:64Þ

The second formula is

φ2ðtÞ5 e2k2z

k2 5 2:092 1:35ξ1 0:320ξ2

)
ð17:65Þ

where

ξ5
λL

cwρwqw
; z5

gat

D2
ð17:66Þ

in which g is a coefficient to consider the influence of b=c and the material of pipe.

There are two formulas for g:

g5 a0=a5 1:67 exp 20:0628
b

c

c

r0

� �η

220

� �0:48( )
ð17:67Þ

or

g5 a0=a5
ln 100

lnðb=cÞ1 ðλ=λ1Þlnðc=r0Þ
ð17:68Þ
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Let b=c5 100; λ1 5N; η5λ=λ1 5 0 ; from the above equations, g5 1.00;

from Figure 17.9, we get φ3; from Eqs. (17.64) and (17.65), we get φ1 and φ2. The

comparison of φ1, φ2, and φ3 is given in Table 17.5. It is evident that the precision

of φ1 is high from beginning to end, and the precision of φ2 is high when z# 2:0
but low when z$ 2:0. When the spacings of pipe are 1.5 m3 1.5 m, z. 2:0 is

equivalent to t. 60 days, thus, generally speaking the precision of φ2 is good.

Substituting z5 gat=D2 into Eqs. (17.64) and (17.65), we have

φ1ðtÞ5 e2p1t
s ð17:69Þ
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Figure 17.14 Mean temperature of concrete in early-stage pipe cooling Tm 5X0θ0.
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φ2ðtÞ5 e2p2t ð17:70Þ
where

p1 5 k1ðga=D2Þs; p2 5 k2ga=D
2 5 0:734k2ga=ðS1S2Þ ð17:71Þ

in which S1 and S2 are the spacings of pipes.

Example 1 Pipe cooling in late stage, polythene pipe, spacing 1.5 m3 1.5 m, outer

radius of pipe c5 0:016 m, inner radius r0 5 0:014 m, conductivity λ15 1.66 kJ/

(m h �C), length L5 300 m. The diffusivity of concrete a5 0:10 m2=day, conduc-
tivity λ5 8:37 kJ/(m h �C). The specific heat of water cw5 4.187 kJ/(kg �C), den-
sity ρw 5 1000 kg=m3, discharge qw 5 1:00 m3=h, time t5 30 days.

b5 0:5836
ffiffiffiffiffiffiffiffi
s1s2

p
5 0:875 m; D5 2b5 1:75 m

g5 1:67 exp 20:628 0:875
0:016

0:016
0:014

� �8:37=1:66

220

" #0:488<
:

9=
;5 0:977

z5
0:9773 0:103 30

1:752
5 0:957

ξ5
8:373 300

4:1873 10003 1:00
5 0:600

k1 5 2:082 1:1743 0:6001 0:2563 0:602 5 1:468

s5 0:9711 0:14853 0:602 0:04453 0:602 5 1:044

φ1ðtÞ5 exp½2 1:4683 0:9571:044�5 0:25

k2 5 2:092 1:353 0:6001 0:3203 0:6002 5 1:395

φ2ðtÞ5 e21:3953 0:957 5 0:26

17.5.2 Mean Temperature of the Cross Section of Concrete Cylinder

For a concrete cylinder with insulated surface, diameter D, length L, initial temper-

ature T0, adiabatic temperature rise θðτÞ5 θ0f ðτÞ, water temperature Tw, the mean

temperature of the cross section at length L is given by

T1LðtÞ5 Tw 1 ðT0 2 TwÞφLðtÞ1 θ0ψLðtÞ ð17:72Þ

φLðtÞ5 e2p3t ð17:73Þ

ψLðtÞ5
X

Δf ðτÞ � e2p3ðt2τ20:5ΔτÞ ð17:74Þ

p3 5 k3ga=D
2 5 0:734k3ga=ðs1s2Þ ð17:75Þ
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k3 5 2:052 2:14ξ1 0:65ξ2 ð17:76Þ
in which

ξ5
λL

cwρwqw

17.5.3 Time of Cooling

Let T0 be the initial temperature of concrete, Tw be the water temperature at the

inlet of pipe, from Eqs. (17.63), (17.69), and (17.70), we have

φðtÞ5 TðtÞ2 Tw

T0 2 Tw
5e2p1t

s

5 e2p2t ð17:77Þ

Hence, we get two formulas for computing the time t for the mean temperature

of a cylinder reducing from T0 to TðtÞ as follows:

t52
1

p2
ln

TðtÞ2 Tw

T0 2 Tw

� �
ð17:78Þ

or

t5 2
1

p1
ln

TðtÞ2Tw

T02Tw

� �� �1=s

ð17:79Þ

Example 2 The basic data are the same as example 1, the initial temperature

T05 30�C, try to compute the time t required from T0 to T(t)5 20�C.

Table 17.5 Comparison Between the Cooling Functions

z5 at=D2 ξ5 0 ξ5 1:0 ξ5 2:0

φ1 φ2 φ3 φ1 φ2 φ3 φ1 φ2 φ3

0.10 0.801 0.811 0.808 0.906 0.899 0.897 0.940 0.935 0.940

0.20 0.647 0.658 0.655 0.814 0.809 0.808 0.877 0.875 0.875

0.30 0.524 0.534 0.532 0.727 0.728 0.727 0.816 0.818 0.822

0.50 0.346 0.352 0.352 0.576 0.589 0.585 0.701 0.715 0.715

0.75 0.207 0.209 0.212 0.426 0.452 0.438 0.576 0.605 0.590

1.00 0.125 0.124 0.125 0.313 0.346 0.327 0.470 0.512 0.485

2.00 0.017 0.015 0.018 0.087 0.120 0.095 0.200 0.262 0.203

3.00 0.002 0.002 0.000 0.023 0.042 0.025 0.082 0.130 0.075

Note: φ1 and φ2 are computed results, φ3 is obtained from Figure 17.4.
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Let Tw5 10�C, k15 1.468, s5 1.044, g5 0.977, D5 1.75 m, k25 1.395,

p1 5 k1ðga=D2Þs 5 1:4683 ð0:9773 0:10=1:752Þ1:044 5 0:04025

p2 5 k2ga=D
2 5 1:3953 0:9773 0:10=1:752 5 0:0445

From Eq. (17.78),

t52
1

0:0445
ln

202 10

302 10

� �
5 15:6 days

From Eq. (17.79),

t5 2
1

0:04025
ln

20210

30210

� �� �1=1:044

5 15:3 days

17.5.4 Formula for Water Temperature

A formula is given in the following for computing the temperature of water as

follows:

TwL 5 Tw 1 ðT0 2 TwÞwðξ; zÞ1
X

ΔθðτiÞwðξ; z0Þ ð17:80Þ

wðξ; zÞ5 ½12 ð12 gÞe2ξ�ð12 e22:70ξÞexp½2 2:40z0:50e2ξ� ð17:81Þ

wðξ; z0Þ5 ½12 ð12 gÞe2ξ�ð12 e22:70ξÞexp½2 2:40ðz0Þ0:50e2ξ� ð17:82Þ

where

z5 gat=D2; z0 5 gaðt2 τi 2 0:5ΔτiÞ=D2 ð17:83Þ

Example 3 The basic data are the same as example 1, g5 0.977, try to analyze the

relation between the coefficient wðξ; zÞ, the discharge qw and time t.

ξ5
8:373 300

4:1873 1000qw
5 0:600=qw ðqwin m3=h; to match the unit of λÞ

z5
0:9773 0:10t

1:752
5 0:0319t ðt in d; to match the unit of aÞ

From Eq. (17.76), the coefficient of water temperature is

wðqw; tÞ5 ð12 0:023e20:60=qw Þ � ð12 e21:62=qw Þexp½12 0:43
ffiffi
t

p
e20:60=qw �

ð17:84Þ
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The computed results are shown in Figure 17.15.

Example 4 Pipe cooling of the early stage, the basic data are the same as example 1,

the adiabatic temperature rise θðτÞ5 25τ=ð2:01 τÞ�C, the initial temperature

T05 12�C, the water temperature at inlet Tw5 9�C, try to compute the water temper-

ature TLw at the outlet where L5 300 m. There are two schemes: (i) Scheme I,

τ5 20 days, qw5 2.0 m3/h; (ii) Scheme II, τ5 0�8 days, qw5 2.0 m3/h; τ5 8�2

days, qw5 0.50 m3/h or 0.30 m3/h. From Eq. (17.80),

TwL 5 9:01 ð12:02 9:0Þwðqw; t2 0Þ1
X

ΔθðτiÞwðqw; t2 τi20:5Þ ð17:85Þ

wðqw2 t2 τÞ5 ð12 0:023 e20:60=qwÞð12 e21:62=qw Þexp½12 0:43
ffiffiffiffiffiffiffiffiffiffi
t2 τ

p � e20:60=qw �
ð17:86Þ

where

ΔθðτiÞ5 θðτiÞ2 θðτi21Þ

The computed results are shown in Figure 17.16. The premise of Eqs. (17.81)

and (17.82) is that qw is constant thus the precision will be lower when they are

used for qw varying with time. It would be better to use Eqs. (17.34) and (17.61).

17.6 Equivalent Equation of Heat Conduction Considering
Effect of Pipe Cooling [46,53]

In the computation of the temperature field in the construction of concrete dams, it

is necessary to take into account the effect of pipe cooling as well as the effect of

natural surface cooling. The best way is to use the equivalent equation of heat con-

duction considering the effect of pipe cooling proposed by the author.

17.6.1 Temperature Variation of Concrete with Insulated Surface and
Cooling Pipe

Consider a concrete cylinder with insulated surface, diameter D, length L, initial

temperature T0, water temperature at inlet Tw, adiabatic temperature rise

θðτÞ5 θ0f ðτÞ, under the simultaneous action of the adiabatic temperature rise and

the pipe cooling, the mean temperature of the cylinder is

T1ðtÞ5 Tw 1 ðT0 2 TwÞϕðtÞ1
ðt
0

ϕðt2 τÞ @θ
@τ

dτ ð17:87Þ
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From Eqs. (17.69) and (17.70), it is evident that there are two expressions of

φðtÞ as follows:

φ1ðtÞ5 e2p1t
s

; φ2ðtÞ5 e2p2t

Both of them can be used in Eq. (17.87), but φ2ðtÞ is more convenient in integra-

tion and differentiation and the precision of computation is also good; thus φ2ðtÞ
will be used in the following and omit the subscript. Substitution of φðtÞ5 e2pt in

Eq. (17.87) yields

T1ðtÞ5 Tw 1 ðT0 2 TwÞe2pt 1

ðt
0

e2pðt2τÞ @θ
@τ

dτ ð17:88Þ

where

φðtÞ5 e2pt ð17:89Þ

p5 p2 5 k2ga=D
2 ð17:90Þ

k2 and g are given in Eqs. (17.65), (17.67), and (17.68).

Now consider the third term in the right part of Eq. (17.88), namely

T3ðtÞ5
ðt
0

e2pðt2τÞ @θ
@τ

dτ5 θ0ψðtÞ ð17:91Þ
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which is computed in the following three cases:

1. when

θðτÞ5 θ0ð12 e2mτÞ ð17:92Þ

ψðtÞ5 m

m2 p
ðe2pt 2 e2mtÞ ð17:93Þ

2. when

θðτÞ5 θ0τ=ðn1 τÞ ð17:94Þ

ψðtÞ5 np e2pðn1tÞ epn

np
2

epðn1tÞ

pðn1 1Þ 2EiðpnÞ1Ei pðn1 tÞ½ �
� �

ð17:95Þ

EiðpxÞ5
ð
epx

x
dx

EiðpxÞ is an integral of the exponential which may be taken from a mathematical hand-

book or computed by the following formula:

ðd
c

epx

x
dx5

X
epðx10:5ΔxÞln

x1Δx

x

� �
ð17:96Þ

3. when

θðτÞ5 θ0f ðτÞ ð17:97Þ
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Figure 17.16 Example 4, the water

temperature at the outlet in the early-

stage cooling of concrete.
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where f ðτÞ is an arbitrary function of time, the function ψðtÞ may be given by numerical

integration as follows:

ψðtÞ5
X

e2pðt2τ20:50ΔτÞΔf ðτÞ ð17:98Þ

Generally speaking, the mean temperature of concrete is given by

T1ðtÞ5Tw 1 ðT0 2 TwÞφðtÞ1 θ0ψðtÞ ð17:99Þ

where T0—initial temperature of concrete, Tw—water temperature at the inlet of pipe,

φðtÞ is given by Eq. (17.89), ψðtÞ is given by Eqs. (17.93), (17.95), and (17.98).

Example For concrete, diffusivity a5 0.10 m2/day, conductivity λ5 8.37 kJ/

(m h �C), p5 k2ga=D2, θðτÞ5 θ0ð12 e20:40τÞ; for polythene pipe, c5 1.60 cm,

r05 1.40 cm, conductivity λ5 1.66 kJ/(m h �C), ξ5λL=ðcwρwqwÞ5 0:50. The

computed φðtÞ and ψðtÞ are shown in Figures 17.17�17.19.

17.6.2 Equivalent Equation of Heat Conduction Considering the Effect
of Pipe Cooling

By differentiating Eq. (17.99), we get the rate of increase of temperature of a con-

crete cylinder with insulated surface, adiabatic temperature rise θðτÞ5 θ0f ðτÞ, and
pipe cooling in the following:

@T1
@t

5 ðT0 2 TwÞ
@φ
@t

1 θ0
@ψ
@t

ð17:100Þ

Substituting @θ=@τ in Eq. (2.1) by @T1=@t in Eq. (17.100), we get the equivalent

equation of heat conduction considering the effect of pipe cooling as follows:

@T

@t
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1 ðT0 2 TwÞ @φ

@t
1 θ0

@ψ
@t

ð17:101Þ

There are three parts in the right part of the above equation, the first part repre-

sents the influence of the flux of heat across the surface of concrete, the second

and the third terms represent the influences of the initial temperature of concrete,

pipe cooling, and the hydration heat of cement.

Since the radius of cooling pipe is only 1.0�1.6 cm, if the finite elements are

directly used to compute the influence of cooling pipe, the dimensions of the ele-

ments near the pipe must be of the order 1.0�1.6 cm, the total number of elements

will be so enormous that the computation is very difficult. Thus, the equivalent

equation of heat conduction Eq. (17.101) is widely applied in the analysis of tem-

perature field and thermal stresses in mass concrete.
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17.7 Theoretical Solution of the Elastocreeping Stresses
Due to Pipe Cooling and Self-Restraint

The thermal stresses due to pipe cooling are the sum of the self-stresses and the

restraint stresses. The former will be described in the following.

17.7.1 The Elastic Thermal Stress Due to Self-Restraint

Consider a circular cylinder free of external restraint, the cross section is shown in

Figure 17.4 and the temperature field is given by Eq. (17.7). If the modulus of elas-

ticity is constant, the elastic thermal stress is given by the following formula:

σr 5
Eα
12μ

r2 2 c2

b2 2 c2

ðb
c

Tr dr2

ðr
c

Tr dr

0
@

1
A

σθ 5
Eα

ð12μÞr2
r2 1 c2

b2 2 c2

ðb
c

Tr dr1

ðr
c

Tr dr2 Tr2

0
@

1
Aσz

σz 5
Eα
12μ

ðTm 2 TÞ

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð17:102Þ

where σr; σθ; σz are respectively the radial, tangential, and axial stress. From

Eq. (17.7), we get the integral

ðr
c

Tr dr5 T0
X 2be2aα2

nτ

α2
nb

2R1ðαnbÞ
�

r J1ðαnbÞY1ðαnrÞ2 Y1ðαnbÞJ1ðαnrÞ½ �1 c Y1ðαnbÞJ1ðαncÞ2 J1ðαnbÞY1ðαncÞ½ �
 �
ð17:103Þ

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.5 m × 0.5 m

1.0 m × 0.5 m

1.0 m × 1.0 m

1.5 m × 1.5 m

3.0 m × 3.0 m

2 4 6 8 10 12 14 16 18 20

t (days)

φ
(t

)

Figure 17.17 φðtÞ5 e2pt (a5 0.10 m2/day, p5 k2ga=D2).
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The stresses at any point can be computed by Eqs. (17.102) and (17.103), gener-

ally the maximum stress appears at inner surface r5 c where

σ5 σθ 5σz 5
Eα
12μ

ðTm 2 TcÞ; σr 5 0 ð17:104Þ
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Figure 17.18 ψðtÞ for θðτÞ5 θ0ð12 e20:40τÞ.
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Figure 17.19 ψðtÞ for θðτÞ5 θ0τð2:01 τÞ.
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in which Tm is the mean temperature given by Eq. (17.12) and Tc is the temperature

at r5 c given by the following formula:

Tc 5 T0
X

mne
2α2

1
b2ατ=b2 ð17:105Þ

mn 5
2½J1ðαnbÞY0ðαncÞ2 Y1ðαnbÞJ0ðαncÞ�

αnbR1ðαnbÞ
ð17:106Þ

Equation (17.105) converges quickly and only one term is required, let T0 be the

initial temperature of concrete and Tw be the water temperature, from Eq. (17.104),

we get the thermal stress at the inner surface of concrete as the following:

σðtÞ52
EαðTw 2 T0Þð12m1Þ

12μ
e2p2ðt2τÞ ð17:107Þ

p2 5α2
1b

2a=b2 ð17:108Þ
For polythene pipe with inner radius 14 mm and outer radius 16 mm, we may

take m1 5 0:20. For steel pipe, m1 5 0. For three-dimensional problem, Eq. (17.71)

must be used with p2 5 k2ga=D2.

If the initial temperature of concrete is T0 and the water temperature varies step

by step, when t5 τ1; τ2; τ3; . . .;Tw 5 Tw1; Tw2;Tw3; . . ., the elastic thermal stresses

at the inner surface are as follows

σðtÞ52
X
i

Eαð12m1ÞΔTi

12μ
e2p2ðt2τiÞ ð17:109Þ

where

ΔT1 5 Tw1 2 T0; ΔT2 5 Tw2 2 Tw1; ΔT3 5 Tw3 2 Tw2

17.7.2 The Elastocreeping Thermal Stress Due to Self-Restraint

Since the temperature varies with time, the elastic stress is variable even if the

water temperature is constant. For the first step water temperature Tw1, the stress

increment at Δtj on the inner surface of the concrete is

Δσ1j 5σðtj 1ΔtjÞ2 σðtjÞ52
EðtjÞð12m1ÞαΔT1

12μ
ðe2p2Δt

j 2 1Þe2p2ðtj2τ1Þ

ð17:110Þ

Under the action of the stepwise water temperature Tw1; Tw2;Tw3; . . ., the elasto-

creeping thermal stress is

σ�ðtÞ52
X
i

ð12m1ÞαΔTi

12μ

X
j

EðtjÞðe2p2Δt
j 2 1Þe2p2ðtj2τiÞKðt; tjÞ ð17:111Þ
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where Kðt; tjÞ is the stress relaxation coefficient. The computed results show that

the depth of tensile stress around the pipe is about 35 cm (1.5 m3 1.5 m pipe spac-

ing) to 75 cm (3.0 m3 3.0 m pipe spacing) which is near to the depth of tensile

stress induced by cold wave.

17.7.3 A Practical Formula for the Elastocreeping Thermal Stress Due to
Self-Restraint

For late-stage pipe cooling, the tensile stress at the boundary of a hole may be com-

puted by

σ�ðtÞ52
EðτÞαðTw 2 T0Þð12m1Þk4

12μ
e2p2sðt2τÞ ð17:112Þ

where T0—initial temperature, Tw—water temperature, p2 is given by

Eq. (17.108)k4 and s are coefficients to consider the influence of creep. For poly-

thene pipe with outer radius 16 mm and inner radius 14 mm, k4 5 0:81, m1 5 0:20,
s5 1:30. For steel pipe, k4 5 1:00, m1 5 0, s5 1:30.

Example 1 Spacing of pipe 1.5 m3 1.5 m, polythene pipe with inner radius 14 mm

and outer radius 16 mm, the initial temperature of concrete T05 30�C, the diffusiv-

ity a5 0.10 m2/day; when τ5 90�110 days, Tw5 19�C; when τ5 110�150 days,

Tw5 9�C, the elastocreeping thermal stresses at the surface given by Eq. (17.112)

are shown in Figure 17.20.

17.7.4 Reducing Thermal Stress by Multistage Cooling with Small
Temperature Differences—Theoretical Solution

In the past generally one-step cooling with T0 2 Tw 5 202 25�C was used in the

late-stage cooling which induced large tensile stress. In order to reduce the tensile

stress, it is suggested to use multistage cooling with small temperature differences.

Example 2 The initial temperature of concrete T05 30�C, the final steady tempera-

ture of dam Tf5 10�C. The spacing of cooling pipe 1.5 m3 1.5 m, diffusivity

a5 0.10 m2/day, polythene pipe with inner and outer radius 14 and 16 mm, respec-

tively. There are four schemes. Scheme 1, one-step cooling, cooling time

τ15 90�150 days, Tw15 9�C. Scheme 2, two-step cooling, τ15 90�110 days,

Tw15 19�C; τ25 110�150 days, Tw25 9�C. Scheme 3, three-step cooling,

τ15 90�110 days, Tw15 23�C; τ25 110�130 days, Tw25 16�C; τ35 130�150

days, Tw35 9�C. Scheme 4, six step cooling τ15 30�50 days, Tw15 26�C;
τ25 50�70 days, Tw25 22.5�C; τ35 70�90 days, Tw35 19.0�C; τ45 90�110

days, Tw45 15.5�C; τ55 110�130 days, Tw55 12�C; τ65 130�150 days,

Tw65 9�C.
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All the schemes are computed by Eq. (17.112), the thermal stresses at the inner

surface of concrete of all the schemes and the mean temperature of concrete of

Scheme 4 (six step cooling) are shown in Figure 17.20. The maximum elastocreep-

ing stresses at the inner surface of concrete for all the schemes are shown in

Table 17.6. It is clear that the maximum tensile stress is reduced from 4.82 to

0.97 MPa if the one step cooling is replaced by six step cooling.

17.7.5 The Elastocreeping Self-Stress Due to Pipe Cooling and Hydration
Heat of Cement

Assuming that the adiabatic temperature rise is θðτÞ, both the initial temperature of

concrete and the water temperature are zero, the elastocreeping stress at the inner

surface of concrete is

σðtÞ52
X
i

ð12m1ÞαΔθðtiÞ
12μ

X
j

EðTjÞðe2p1Δtj 2 1Þe2p1ðtj2τiÞKðt; tjÞ ð17:113Þ
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Figure 17.20 Example 2, the elastocreeping thermal stresses at the inner surface of concrete

in late-stage cooling (tensile stress is positive), theoretical solution.

Table 17.6 Example 2, the Maximum Elastocreeping Stress at Inner Surface of Concrete

(MPa)

Steps of Water Temperature 1 2 3 6

Stress (MPa) 4.82 2.75 1.97 0.97
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Under the action of hydration heat and pipe cooling, the mean temperature of

concrete first increases and afterward decreases and the surface stress first is

tensile and afterward becomes compressive. Let t ! N in Eq. (17.113), the

final compressive stress at the inner surface of concrete may be estimated as

follows:

σðNÞ5 ð12m1ÞEðτ1Þαηθ0Kp

12μ
ð17:114Þ

where η5 Tr=θ0 is the coefficient of temperature rise due to hydration heat given

in Figure 17.20, τ1 is time of temperature drop, approximately τ1D10 days, Kp is

the stress relaxation coefficient. In the early age, the temperature will increase and

induce some compressive stress which will offset part of the tensile stress produced

in the late age; kr is a coefficient to consider this factor.

For example, pipe spacing 1.5 m3 1.5 m, η5 0:75, kr 5 0:60, Kp5 0.40,

Eð10Þ520; 000 MPa, from Eq. (17.114), the compressive stress at the surface of a

hole at late age is 20.86 MPa.

Of course, the residual compressive stress at the inner surface of concrete

induced by the hydration heat at early age will offset one part of the tensile stress

due to pipe cooling at late age.

17.8 Numerical Analysis of Elastocreeping Self-Thermal
Stress of Pipe Cooling

In practical engineering, the cooling pipes sometimes are put on the surface of old

concrete or rock foundation, the concrete cylinder consists of new and old concrete

or concrete and rock. It is difficult to get a theoretical solution in this case. We

shall show how to compute the elastocreeping thermal stress of pipe cooling by the

three-dimensional finite element method (3D FEM) [44].

17.8.1 Computing Model

As shown in Figure 17.21, the computing model is a rectangular prism with height

s1, width s2, and length L5 28 m and a cooling pipe at the center. s1 and s2 are

14.00m 14.00m

S2

S1 z

y
x

Figure 17.21 Computing model of new concrete.
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respectively the vertical and horizontal spacing of the pipe. The cross sections of

the computing model are shown in Figure 17.22. Model A consists of one kind of

concrete, Model B consists of new and old concrete with time interval 20 days, and

Model C consists of concrete and rock.

For concrete, the diffusivity a5 0.10 m2/day, the conductivity λ5 8.37 kJ/

(m h �C), the coefficient of expansion α5 13 1025/�C, the Poisson’s ratio

μ5 0:167, the modulus of elasticity EðτÞ5 35; 000½12 expð2 0:40τ0:34Þ� MPa, the

unit creep is given by Eq. (6.51), the external surface of concrete is insulated. For

the rock, E5 35;000 MPa, μ5 0:25, C(t, τ)5 0. For the polythene cooling pipe,

c5 16 mm, r0 5 14 mm, λ5 1.66 kJ/(m h �C). Due to symmetry, only 1/4 of the

prism is taken to be computed by 3D FEM, the minimum dimension of the element

near the pipe is 12 mm.

17.8.2 Elastocreeping Stresses in 60 days Early Pipe Cooling

Consider the pipe cooling in 60 days early age of concrete, T0 5 0, Tw 5 0,

θðτÞ5 25τ=ð2:11 τÞ�C, spacing of pipe 1.5 m3 1.5 m. The elastocreeping stresses

at the surface of hole are shown in Figure 17.23. They are tensile stresses in the

early age and become compressive stresses in the late age.

17.8.3 Elastocreeping Stresses in 20 days Early Pipe Cooling

The concrete is cooled in the first 20 days and the cooling is stopped after τ5 20

days. The stresses are shown in Figure 17.24.

17.8.4 Elastocreeping Stresses in Late Pipe Cooling

The initial temperature of concrete T0 5 30�C, the final steady temperature

Tf 5 10�C, water temperature Tw 5 9�C. The concrete is cooled by pipe from

τ5 90 days. The tangential stress σx at point a is shown in Figure 17.25. The dis-

tribution of σx in section ab of Model A is given in Figure 17.26. From

Figure 17.26(a), it is evident that the stress is close to zero when x. 0.25 m. Hence

an important conclusion is derived: the temperature field and stress field given by

Concrete

(a) (b) (c) (d)

New concrete

Old concrete

Concrete

Rock

a

b

c
e

Figure 17.22 Cross sections of computing model.
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Figure 17.23 Sixty days early pipe cooling, elastocreeping tangential stress σx at point a

(pipe spacing 1.5 m3 1.5 m, θ0 5 25�C).
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Figure 17.24 Twenty days early pipe cooling, elastocreeping, tangential stress σx at inner

surface (pipe spacing 1.5 m3 1.5 m, θ0 5 25�C).
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Figure 17.25 Elastocreeping

stress σx at point a in late

pipe cooling (T0 5 30�C,
Tw 5 9�C, pipe spacing
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the equivalent equation of heat conduction considering the effect of pipe cooling

are close to the practical temperatures and stresses except the small region near the

pipe (Figure 17.26).

The maximum elastocreeping stress appears at the instant of beginning of flow

of water, the values of which are shown in Table 17.7.

17.8.5 New Method of Cooling—Multistep Early and Slow Cooling with
Small Temperature Differences—Numerical Analysis [82, 83]

Experience shows that the best way to prevent cracking of mass concrete is to use

the author’s method—multistep early and slow cooling with small temperature dif-

ferences to replace the traditional method—quick and late cooling with big temper-

ature differences. It has been proved in Section 17.7 by theoretical method that the

new method can reduce the tensile stress a great deal and in the following it will be

proved again by the numerical method.

Let the pipe spacing be 1.5 m3 1.5 m, computing Model A, initial temperature

T0 5 30�C, the final steady temperature Tf 5 10�C, three cases are computed as

follows:

1. 1 step water temperature, τ5 902 160 days, Tw 5 9�C;
2. 2 step water temperature, τ5 902 120 days, Tw 5 19�C; τ5 1202 160 days, Tw 5 9�C;
3. 4 step water temperature, τ5 302 60 days, Tw 5 24�C; τ5 602 90 days; Tw 5 19�C;

τ5 902 120 days, Tw 5 14�C; τ5 1202 160 days, Tw 5 9�C.

The computed results are shown in Figure 17.27. It is evident that the new

method can reduce the tensile stress a great deal. This conclusion is the same as

that given by theoretical solution in Section 17.7.
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Figure 17.26 Distribution of tangential stress σx in cross section ab of Model A in late pipe

cooling (T0 5 30�C, Tw 5 9�C, cooling begins at t5 90 days). (a) Pipe spacing

1.5 m3 1.5 m and (b) pipe spacing 3.0 m3 3.0 m.
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17.9 The FEM for Computing Temperatures and Stresses in
Pipe Cooled Concrete

17.9.1 Pipe Cooling Temperature Field Solved Directly by FEM

1. Fundamental equation

The differential equation of heat conduction of concrete cooled by pipe is

@T

@t
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1

@θ
@t

ð17:115Þ

Initial condition: when

t5 0; Tðx; y; z; oÞ5 T0ðx; y; zÞ ð17:116Þ

Boundary condition: on surface of concrete,

2λ
@T

@n
5 βðT 2TaÞ ð17:117Þ

On boundary of pipe,

2λ
@T

@n
5 k5ðT2 TwÞ ð17:118Þ

where

n—normal

β—surface conductance of concrete

Table 17.7 The Maximum Stress at the Inner Surface in Late Cooling (MPa) (T05 30�C,
Tw5 9�C)

Pipe

Spacing

(m3m)

Maximum Stress Computing Model Depth of

Tensile

Stress (m)Point Stress A B C

1.5 m3 1.5 m Axial stress a σz 5.00 5.00 4.96 0.43

c σz 5.00 5.06 6.00

e σz 5.00 5.09 7.12

Tangential stress a σx 4.81 4.81 4.52 0.33

c σy 4.81 4.86 5.76

e σx 4.81 4.89 7.05

3.0 m3 3.0 m Axial stress a σz 5.25 5.25 5.23 0.87

c σz 5.25 5.33 6.40

e σz 5.25 5.36 7.73

Tangential stress a σx 5.05 5.06 4.74 0.70

c σy 5.05 5.11 6.12

e σx 5.05 5.14 7.58
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Ta—air temperature

k5—coefficient of heat conductance of pipe given by Eq. (17.4)

Tw—water temperature.

Discretizing Eq. (17.115) by FEM, we get a system of linear equations as follows:

H½ �1 1

sΔτn
R½ �

� �
Tn11f g1 12 s

s
H½ �2 1

sΔτn
R½ �

� �
Tnf g1 12 s

s
Fng1 Fn11g5 0ff

ð17:119Þ

The matrices ½H� and ½R� are given in Eq. (9.19) and Eq. (9.24), and the elements of

fFng and fFn11g are given in the following:

Fi 5
X
e

2fi
@θ
@τ

2 pei Ta 2 pei Tw

� �
ð17:120Þ

pei 5
β
λ

ðð
Δc

Ni ds ð17:121Þ

pei 5
k5

λ

ðð
Δc

Ni ds ð17:122Þ

where Ta—air temperature and Tw—temperature of cooling water.

2. Temperature of water in the cooling pipe

We only know the water temperature Tw at the inlet of pipe, due to absorption of heat

from concrete, Tw will increase along the length of pipe, the variation of Tw depends on

the temperature field of concrete, thus Tw is practically unknown. This is the difficulty
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Figure 17.27 Model A, the elastocreeping stress σx at the inner surface of concrete and the

mean temperature Tm in the late cooling, numerical solution (T0 5 30�C, Tw 5 9�C, pipe
spacing 1.5 m3 1.5 m).
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for solving the pipe cooling problem directly by FEM. This problem was solved by the

author and Cai Jiangbo in 1989 [41] as follows.

The temperature of water Tw at the inlet of the pipe is known, the variation of Tw
along the pipe will be computed in the following.

Cutting a series of cross sections as shown in Figure 17.28, due to absorption of heat

from the concrete between two cross sections, the increment of water temperature is

ΔTwi 5
λΔL

2cwpwqw

ð
B0

@T

@r
ds

� �
i

1

ð
B0

@T

@r
ds

� �
i11

� �
ð17:123Þ

where B0 is the contact surface between concrete and water, the water temperature along

the pipe is

Twi 5 Tw1 1
Xi21

j51

ΔTwj i5 2; 3; 4; . . . ð17:124Þ

in which Twi is the water temperature at the inlet of the pipe. As Twj for j$ 2 is unknown,

the above equation must be computed by the iteration method as follows:

The first iteration: assuming that all the water temperatures Twi are equal to Tw1 at the

inlet of the pipe, solve the temperature field by Eq. (17.119) and compute the first

approximate water temperature T
ð1Þ
wi by Eqs. (17.123) and (17.124).

The second iteration: let the water temperature along the cooling pipe be equal to T
ð1Þ
wi ,

solve Eq. (17.119) again and compute the second approximate water temperature T
ð2Þ
wi

by Eq. (17.124).

This method converges so quickly that only two to three iterations are required.

17.9.2 Equivalent FEM for Computing the Temperatures and Stresses in
Mass Concrete Block with Cooling Pipe

Consider a massive concrete block with cooling pipe as shown in Figure 17.29,

along the planes of symmetry between pipes cut a prism with one cooling pipe as

shown in Figure 17.29(b).

First step, assuming that the external surface of the cooling block is insulated,

due to symmetry, the planes of symmetry between cooling pipes are also insulated,

LΔL

Figure 17.28 The concrete prism cooled by a water pipe.
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thus, the external surface of each cooling prism is insulated. In this case, the tem-

perature field of the block is equal to the temperature T1ðx; y; z; tÞ of the cooling

prism with insulated surface, in which z is the direction in the length of pipe. The

mean temperature in the xy plane of the cooling prism is T1mðz; tÞ which varies

along the length of pipe and may be expressed as T1mðL; tÞ and can be computed as

follows:

T1mðL; tÞ5 ðT0 2 TmÞΦLðL; tÞ1 θ0ψLðL; tÞ ð17:125Þ

The stresses in the cooling prism are σ1ðx; y; z; tÞ.
By differentiating Eq. (17.125), we have

@T1mðL; tÞ
@t

5 ðT0 2 TmÞ
@ΦLðL; tÞ

@t
1 θ0

@ψLðL; tÞ
@t

ð17:126Þ

Second step, the external surfaces of the dam block return to the natural condi-

tion, the temperature field of the block is determined by the second equivalent

equation of heat conduction with pipe cooling as follows:

@T

@τ
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1 ðT0 2 TwÞ

@ΦLðL; tÞ
@τ

1 θ0
@ψLðL; tÞ

@t
ð17:127Þ

This equation may be solved by FEM with common mesh, the influence of cool-

ing pipe is considered by the function ΦL and ψL, thus, the computation is simpli-

fied remarkably. The temperatures and stresses in this case are T2ðx; y; z; tÞ and

σ2ðx; y; z; tÞ, respectively.
The actual temperatures and stresses in the concrete block are given by

Tðx; y; z; tÞ5 T1ðx; y; z; tÞ1 T2ðx; y; z; tÞ
σðx; y; z; tÞ5σ1ðx; y; z; tÞ1σ2ðx; y; z; tÞ

)
ð17:128Þ

The temperatures and stresses given by Eq. (17.128) are precise values.

T1ðx; y; z; tÞ and σ1ðx; y; z; tÞ are computed by a submodel as shown in Figure 17.29

(b) or by theoretical Eq. (17.96), and T2ðx; y; z; tÞ and σ2ðx; y; z; tÞ of the original

model are computed by FEM with common mesh, so the computation is very

simple.

For further simplification, integrating @φL=@t and @ψL=@t along the length of

pipe, the mean value @φ=@t and @ψ=@t of length L is obtained. Substituting them in

A B

D C

(a) (b)

Figure 17.29 Concrete dam block and

cooling prism. (a) Original model, cross

section of a dam block and (b) submodel,

cooling prism with insulated surface.
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Eq. (17.127), we get the first kind of equivalent equation of heat conduction con-

sidering the effect of pipe cooling as follows:

@T

@τ
5 a

@2T

@x2
1

@2T

@y2
1

@2T

@z2

� �
1 ðT0 2 TwÞ

@Φ
@t

1 θ0
@ψ
@t

ð17:129Þ

which is the same as Eq. (17.126). The error induced by the simplification is small.

For example, for a cooling pipe with length L5 300 m, the temperature difference

between the water at the inlet and outlet is about 4�6�C, the temperature gradient

is about 0.013�0.020�C/m. The pipe is arranged in snakelike form. The length of

one coil is about 23 205 40 m, the maximum difference of water temperature

between two adjacent pipes is about 0.5�0.8�C which has some influence on the

temperature field of the original model but the influence is small. The direction of

flow of cooling water is changed every 12 or 24 h in practical engineering, and the

influence of difference of water temperature between adjacent pipe is reduced

further.

17.9.3 Comparison Between the Direct Method and the Equivalent
Method for Pipe Cooling

When the temperature field with cooling pipes is solved by direct method, there are

three difficulties: (i) As the radius of cooling pipe is 1�2 cm, so the number of ele-

ments of a dam block is very large. (ii) Due to the variation of the temperature of

water along the length of pipe, a series of sections with spacing L as shown in

Figure 17.28 must be computed. (iii) The spacing between cooling pipes is

0.5�3.0 m; there are many cooling pipes in a dam block.

As a result, it is very difficult to compute the temperature field of mass concrete

with cooling pipes by the direct method.

When the temperature field with cooling pipes is solved by the equivalent

Eq. (17.129), the influence of cooling pipe is considered by the function φ and ψ,
the above-mentioned three difficulties no longer exist, the problem may be solved

by common mesh of elements.

A concrete cylinder is computed by the equivalent Eq. (17.129) with FEM, the

results of computation are very close to the theoretical results of Section 17.3.

Hence, the precision of the equivalent method is good.

Now, the equivalent Eq. (17.129) is extensively applied in dam engineering.

17.10 Three Principles for Pipe Cooling [79�84]

The variation of the temperature and stress of concrete in the period before grout-

ing of contraction joints are shown in Figure 17.30. The first purpose of pipe cool-

ing is to reduce the temperature of concrete to the final steady temperature Tf
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before the grouting of contraction joints. The second purpose of pipe cooling is to

reduce the tensile stress by control of the maximum temperature T0 5 Tp 1 Tr,

where Tp is the placing temperature of concrete and Tr is the temperature rise due

to hydration heat of cement.

Only the above-mentioned two factors are taken into account in the traditional

design of temperature control of concrete dams. Due to the increase of dimensions

of the dam block, large tensile stress may appear in the cooling process; in recent

years, the mode of pipe cooling has changed to reduce the tensile stress.

In order to prevent cracking, the following three principles of pipe cooling are

suggested by the author:

Principle I: Early cooling immediately after placing the concrete to reduce the

maximum temperature of concrete. In the lowest part of concrete on rock founda-

tion, the spacing of polythene pipe may be reduced to 1.0 m3 0.5 m, which is suf-

ficient to control the maximum temperature. Part of the cooling pipe may be closed

2�3 days after the maximum temperature has appeared to avoid too rapid tempera-

ture drop in the late age.

Principle II: Improving the condition of restraint. In the medium and late stage

of cooling, it is suggested that ΔH$ 0.40L, where ΔH is the height of cooling

region and L is the length of concrete block. The temperature gradient in the verti-

cal direction must be controlled.

Principle III: Disperse the temperature difference. It is suggested to adopt the

new type of cooling: early cooling and slow cooling with small temperature differ-

ence. One to two medium coolings are added between the early cooling and the
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Figure 17.30 Variation of temperature and stress of concrete in the period before grouting

of contraction joints.
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late cooling; in each step of cooling the difference between the initial temperature

of concrete and the water temperature T0 2 Tw # 10�C.
As shown in Figure 17.30, the task of pipe cooling is to reduce the temperature

of concrete from the maximum temperature T0 5 Tp 1 Tr to the final steady temper-

ature Tf . The difference of temperature is ΔT 5 T0 2 Tf . In the past, generally there

was one or two-step cooling, the late-stage cooling or the early-stage cooling plus

the late-stage cooling. The temperature differences are so immense that cracks may

appear. In order to prevent cracking of concrete, it is suggested to adopt a new type

of cooling, i.e., early and slow cooling with small temperature differences in three

to four stages which possess the following benefits: (i) make full use of the effect

of creep of concrete; (ii) make use of the low modulus of elasticity of concrete in

early age; (iii) the tensile stress of the inner surface of concrete due to sudden

change of water temperature is reduced due to dispersing of temperature

difference.

17.11 Research on the Pattern of Early Pipe Cooling

The modulus of concrete is small in the early age, so in order to make use of this

property, the maximum temperature of concrete should be reduced as low as possi-

ble in the early age. The principles for the early pipe cooling of concrete are as

follows:

1. The tensile stress in the process of early cooling should not exceed the allowable tensile

stress.

2. At the end of early cooling, the temperature Toc of concrete should be as low as possible

so the temperature drop in the late age is small.

3. The control of temperature is simple.

The time interval between concrete lifts and the spacing of pipe are the two

important factors which influence the thermal stresses.

As shown in Figure 17.31, a concrete block with width 60 m, height 60 m is

computed, the thickness of the lower 8 lifts is 1.5 m, the thickness of the upper 16

lifts is 3.0 m, θðτÞ5 25τ=ð1:81 τÞ�C, EðτÞ5 35;000τ=ð5:01 τÞMPa, the unit

creep is given in Eq. (6.51), μ5 0:167. For the rock foundation, E5 35,000 MPa,

μ5 0:25. The initial temperature of concrete and rock is 12�C, the air temperature

is 12�C. The allowable tensile stress of concrete is ½σ�5 1:50τ=ð9:01 τÞMPa, τ is

the age of concrete of each lift, t is the time from the placing of concrete of the first

lift, polythene pipe with length 200 m, and discharge of cooling water 1.20 m3/h.

There are four stages of cooling. The time of cooling of the first, the second, and

the third stages is 20 days, the last stage of cooling is stopped when the temperature

of concrete reduces to the steady temperature 12�C.
Fourteen schemes are computed and the results are given in Table 17.8 and

Figures 17.32�17.34. It is evident that Schemes 3 and 9 are good schemes.
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17.12 Research on the Pattern of the Medium and the Late
Cooling

The pattern of the medium and the late cooling have important influence on the

thermal stress. The factors of influences include: (i) the height of cooling region,

(ii) the temperature gradient in the vertical direction, (iii) the spacing of pipes, and

(iv) the number of stages of cooling. The influence of the height of cooling region

has been discussed in Section 11.3, the other factors will be discussed in the fol-

lowing [82, 83].

17.12.1 The Influence of Temperature Gradient on the Thermal Stress

The thermal stresses will reduce if the temperature varies step by step in the verti-

cal direction as shown in Figure 17.35. The stress coefficients are as follows:

η5
σð12μÞ
EαΔT

For four kinds of temperature difference (c/L5 0.10, b/L5 0.50) computed by

FEM are shown in Figure 17.36.
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Figure 17.31 Example, a dam block.
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Table 17.8 Computed Results for 14 Schemes

Pipe

Spacing

(m3m)

Time

Interval

(days)

Scheme Water Temperature in Early Cooling (�C) Water

Temperature

in Medium

Cooling (�C)

Water

Temperature

in Late

Cooling (�C)

Early Cooling Medium and Late

Cooling

Good

Scheme

Age

(days)

0�t01

Water

Temperature

(�C) Tw01

Age

(days)

t01�t02

Water

Temperature

(�C) Tw02

First

Step

Second

Step

Max

Temperature

in Course of

Cooling (�C)

Temperature

at the End of

Early

Cooling (�C)

Maximum

Tensile

Stress

(MPa)

Maximum

Tensile

Stress in

Course of

Cooling

(MPa)

Maximum

Tensile

Stress at

End of

Cooling

(MPa)

1.53 1.5 5 1 0�5 9 5�20 9 16 16 9 25.76 18.89 0.78 1.26 0.87 O
2 9 16 16 16 9 25.79 22.61 0.38 1.55 1.14

10 3 0�5 9 5�20 9 16 16 9 25.61 18.1 0.74 1.13 0.77 O
4 9 20 16 16 9 25.72 23.53 0.25 1.54 1.16

5 9 16 16 16 9 25.68 21.61 0.39 1.39 1.02

6 9 Stop 16 16 9 27.79 25.45 0.25 1.65 1.16

20 7 0�5 9 5�20 9 16 16 9 25.55 16.12 1.17 1.05 0.70

8 9 20 16 16 9 25.63 20.56 0.65 1.35 0.96

9 0�12 9 12�30 16 16 16 9 25.66 17.82 0.92 1.10 0.78 O
1.53 0.75 5 10 0�7 9 7�20 9 16 16 9 23.43 13.16 1.01 0.88 0.51

11 9 16 16 16 9 23.43 18.45 0.45 1.29 0.84

10 12 0�7 9 7�20 9 16 16 9 23.38 13.26 1.03 0.71 0.48

13 9 16 16 16 9 23.45 18.3 0.43 1.12 0.81

14 9 7�30 16 16 16 9 23.45 17.31 0.54 1.04 0.75 O
20 15 0�7 9 7�20 9 16 16 9 23.35 12.51 1.35 0.67 0.49

16 9 16 16 16 9 23.39 17.01 0.71 0.95 0.74 O



17.12.2 The Influence of Pipe Spacing on the Thermal Stress

The rate of cooling and hence the thermal stress are influenced by the pipe spacing.

This is an important factor which is neglected in the past. A concrete block with

H5 L5 60 m on rock foundation is computed by FEM, the height of cooling

region is b5 0.30L, the concrete is cooled from T05 30�C to Tf5 10�C, the

stresses on the central section after cooling are shown in Figure 17.37. Corresponding

to four kinds of pipe spacing 1.0 m3 0.50 m, 1.0 m3 1.0 m, 1.5 m3 1.5 m, and

3.0 m3 3.0 m, the maximum stresses are respectively σx5 3.49, 3.26, 3.05, and

2.03 MPa. The smaller the pipe spacing, the quicker the cooling and the larger the

tensile stress.

17.12.3 The Influence of the Number of Stages of Pipe Cooling

The thermal stresses are influenced by the number of stages of pipe cooling. The more

the stages of cooling, the smaller the stresses. The comparison between the two-stage

cooling and the three-stage cooling is given by an example in the following.

Consider a dam block with length L5 60 m, height H560 m, thickness of con-

crete lift 3.0 m, time interval between lifts 7 days, θðτÞ5 25τ=ð1:71 τÞ�C, placing
temperature Tp525�C, air temperature Ta525�C, initial temperature of rock 25�C,
pipe spacing: the lower part y50�6 m, 1.0 m3 0.5 m; y56�60 m, 1.5 m3 1.5 m.

There are three schemes: (i) Scheme 1, two-stage cooling, for the first stage,

τ502 20 days, Tw520�C; the second stage of cooling begins at τ5240 days,

Tw510�C, cooling stopped when the temperature of concrete drops to 12�C. (ii)
Scheme 2, three-stage cooling, first stage, τ502 20 days, Tw520�C; second stage,

τ51502200 days, Tw515�C; third stage, t$240 days, Tw510�C, cooling stopped

when Tf512�C. (iii) Scheme 3, three-stage cooling1 temperature adjustment, the

first stage, τ502 25 days, Tw520�C; the second stage, τ51502200 days,

Tw516�C; the third stage including 2 steps, τ52402270d, Tw513�C, τ. 270

days, Tw511�C, cooling stopped when temperature of concrete reduced to

Tf512�C.
The envelope of the tensile stresses is shown in Figure 17.38. The maximum

stresses are given in Table 17.9. For the two-stage scheme, the maximum stress is

2.73 MPa which exceeds the allowable stress 2.10 MPa. For the three-stage

scheme, the maximum stress is 1.90 MPa which is lower than the allowable stress.

17.13 Strengthen Cooling by Close Polythene Pipe

17.13.1 Effect of Cooling by Close Pipe [80, 82]

Instead of steel pipe, the polythene pipes are widely used in the cooling of mass con-

crete in recent years. The placing and bending of polythene pipe are easy, thus, the

spacing of pipes may be very small which can strengthen the cooling of concrete

remarkably.
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Under the influence of pipe cooling, initial temperature difference and hydration

heat, the temperature T1 of concrete cylinder with insulated surface is given by

Eq. (17.88). T1 2 Tw for pipe cooled concrete cylinder with exponential and hyper-

bolic hydration heat are shown in Figures 17.39 and 17.40. It is clear that the influ-

ence of pipe spacing is remarkable.

For exponential type of hydration heat, from Eq. (17.88) and dT1=dt5 0, the

time t1 before T1 reaches its maximum value is

t1 5
1

m2 p
ln

θ0m2

pðm2 pÞ½T0 2 Tw 1 θ0m=ðm2 pÞ�

� �
ð17:130Þ

Substitution of t1 into (17.88) will yield the maximum T1. Let θ05 25�C,
m5 0.40 (1/d), the difference between the maximum temperature T1 and Tw is

shown in Table 17.10.

From Eq. (17.88), T1 5 Tw 1 ðT1 2 TwÞ and Tw 5 T0 2 ðT0 2 TwÞ, let T05 12�C,
from Table 17.10, we get the maximum temperature T1 of concrete for different spacing

of pipes as shown in Table 17.11. The maximum temperature T15 121 255 37�C
when there is no pipe cooling. From Table 17.11, the decrease of the maximum temper-

ature is 6.3�8.6�C for pipe spacing 1.5 m3 1.5 m, 10�13.7�C for pipe spacing

1.0 m3 1.0 m, and 13�19�C for pipe spacing 1.0 m3 0.5 m. The effect of pipe cool-

ing is apparent. The maximum temperature and the temperature difference of concrete

block on rock foundation can be reduced a great deal by pipe cooling.

17.13.2 Influence of Cooling of Pipe with Small Spacing on the Thermal
Stress

The temperature difference is reduced by the use of cooling pipe with small spac-

ing, thus, the thermal stresses are also reduced. An example is given in the

(a) Block  (b)Two-step temperature difference  (c) Three-step temperature difference
(d) Four-step temperature difference

b

c

c

c

ΔT ΔTΔTL

H

Figure 17.35 Stepwise temperature difference in late cooling.
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following. Consider a multilayered concrete block on rock foundation, length

L5 60 m, height H5 60 m, thickness of lift 3.0 m, time interval between lifts 7

days, diffusivity a5 0.10 m2/day, surface conductance β5 70 kJ/(m2 h �C),
μ5 0.167, EðτÞ5 35; 000½12 expð2 0:40τ0:34Þ� MPa, unit creep is given by

Eq. (6.51), α5 13 1025(1/�C), the allowable tensile stress

½σt�5 2:10τ=ð7:01 τÞ MPa, θðτÞ5 25τ=ð1:71 τÞ�C. There is no creep in the foun-

dation, Ef5 35,000 MPa, μ5 0.25. Initial temperature of concrete and rock

T05 25�C, air temperature Ta5 25�C.
Pipe spacing: height y5 0�6 m, 1.0 m3 0.5 m; y5 6�60 m. 1.5 m3 1.5 m.

There are three stages of cooling, first stage, τ5 0�20 days, Tw5 20�C; second
stage, τ5 150�200 days, Tw5 15�C; third stage, τ$ 240 days, Tw5 11.5�C, cool-
ing is stopped when the temperature of concrete decreases to Tf5 12�C.
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Figure 17.36 Stress coefficients η for stepwise temperature differences (c/L5 0.10, b/

L5 0.50, H5 3L). (a) One-step temperature difference; (b) two-step temperature difference;

(c) three-step temperature difference; (d) four-step temperature difference.
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Computed by 3D FEM, the results are shown in Figures 17.41 and 17.42, from

which the following important conclusions are derived:

1. The length of block is 60 m, the thickness of lift is 3.0 m, the velocity of rising of con-

crete is high, there is no precooling of concrete, the initial temperature of concrete and

air temperature is 25�C. Although the above-mentioned conditions are not favorable, the
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Figure 17.37 Thermal stresses on the central section after pipe cooling (H5L5 60 m, b/

L5 0.30).
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Figure 17.38 The envelopes of stresses for different schemes of pipe cooling.
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maximum tensile stress in the block is lower than the allowable stress. It is clear that the

artificial cooling by close polythene pipe in the range y5 0�6 m above the rock surface

can effectively control the thermal stress with minimal expense.

2. Artificial cooling by close polythene pipe in the range h5 0�0.10L can effectively con-

trol the tensile stress due to foundation temperature difference or upper�lower tempera-

ture difference in the concrete block with minimal expense.

3. By means of cooling of close polythene pipe, it is possible to save the expensive precool-

ing of concrete in some cases.

17.13.3 The Principle for Control of Pipe Spacing and Temperature
Difference T02 Tw

There are two methods to reduce the maximum temperature of concrete in the early

age: closing the pipe spacing and reducing the water temperature, but if the water

temperature is too low or T0 2 Tw is too big, it is possible to induce large tensile

Table 17.9 The Maximum Tensile Stress for Different Schemes in Late Cooling (MPa)

Pattern of Cooling Two-Stage

Cooling

Three-Stage

Cooling

Three-Stage Cooling with

Temperature Adjustment

Maximum tensile stress 2.73 1.90 1.72
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Figure 17.39 Temperature rise T1 2Tw of pipe cooled concrete with

θðτÞ5 25ð12 e20:40τÞ�C and T02Tw5 10�C.
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stress in the concrete. The principle for the early cooling is that the pipe spacing is

small and the temperature difference T0 2 Tw is suitable which must be determined

by computation. For the computed example in the section, T0 5 Ta 5 25�C, for

y5 0�6 m, the pipe spacing is 1.0 m3 0.5 m, the temperature difference

T0 2 Tw 5 5�C is suitable. In the medium and late pipe cooling, if the pipe spacing

is small, it is necessary to strictly control the temperature difference T0 2 Tw. The

water temperature Tw should be reduced step by step so as to avoid too large

T0 2 Tw which will induce large tensile stress. In the medium or late pipe cooling,

or 2 days after the appearance of the maximum temperature in the early pipe cool-

ing, one part of the pipe coils may be closed to reduce the rate of cooling.

17.14 Advantages and Disadvantages of Pipe Cooling

Although pipe cooling has been relevant for some time, the appropriate research

was insufficient 10 years ago. People knew its advantages but did not know some

of its disadvantages. As a result, serious cracks had appeared in some concrete

blocks after pipe cooling [85].

Example Concrete block on rock foundation, length L5 60 m, height H5 60 m,

the thickness of the lower 8 lifts 1.5 m, the thickness of the upper 16 lifts 3.0 m,

time interval between lifts 10 days, diffusivity a5 0.10 m2/day, surface conduc-

tance β5 70 kJ/(m2 h �C), modulus of elasticity EðτÞ5 35;000τ=ð5:01 τÞMPa,

unit creep is given by Eq. (6.32), μ5 0.167, θðτÞ5 25τ=ð1:801 τÞ�C, initial tem-

perature of concrete and rock 12�C, air temperature 12�C. For rock foundation,
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Figure 17.40 Temperature rise T1 2 Tw of pipe cooled concrete with θðτÞ5 25τ=ð21 τÞ�C
and T02 Tw5 10�C.
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Ef5 35,000 MPa, μf5 0.25. Four schemes are computed by FEM program SAPTIS

compiled by Professor Zhang Guoxin:

1. Scheme 1, natural cooling, no cooling pipe,

2. Scheme 2, early pipe cooling,

3. Scheme 3, early pipe cooling1 late pipe cooling.

Pipe spacing 1.5 m3 1.5 m, early cooling, τ5 0�20 days, Tw5 9�C; late cooling,

τ$ 90 days, Tw5 9�C, pipe cooling is stopped when the temperature of concrete

decreases to 12�C.
4. Scheme 4, early cooling1 two medium cooling1 late cooling.

The computed results are shown in Table 17.12. The following points may be

pointed out: (i) Comparing Scheme 2 with Scheme 1, due to early pipe cooling, the

maximum temperature is reduced from 30.7�C to 25.6�C, the maximum tensile

stress is reduced from 1.43 MPa to 0.80 MPa, the effect of early pipe cooling is

apparent. (ii) Compare Scheme 3 with Scheme 2, the maximum temperature is the

same, but the maximum stress 1.26 MPa in Scheme 3 is bigger than 0.80 MPa in

Scheme 2. This is due to the quicker temperature drop in late cooling in Scheme 3;

there is no sufficient time for creep to develop which is a disadvantage of pipe

cooling. (iii) There are four stages of pipe cooling in Scheme 4, the maximum ten-

sile stress is small and close to that in Scheme 2. (iv) There is no late pipe cooling

in Schemes 1 and 2, which cannot be applied to arch dams, because the tempera-

ture of concrete cannot decrease to the final steady temperature Tf before grouting

of contraction joints. Hence, the advantages and disadvantages of pipe cooling may

be summarized in the following:

The advantages of pipe cooling are as follows:

1. The maximum temperature of concrete can be controlled.

2. The temperature of the dam can be reduced to the final steady temperature before grout-

ing of joints in the dam.

Table 17.10 The Maximum T12 Tw (�C) for Different Pipe Spacing (θ05 25�C)

Pipe spacing

(m3m)

0.53 0.5 1.03 0.5 1.03 1.0 1.53 1.5 3.03 3.0

T0-Tw (�C) 0�C 7.66 11.28 14.99 18.72 22.67

5�C 9.44 13.68 18.07 22.51 27.22

10�C 11.86 16.39 21.32 26.37 31.78

Table 17.11 The Maximum Temperature T1(
�C) for Different Pipe Spacing (T05 12�C,

θ05 25�C)

Pipe spacing

(m3m)

0.53 0.5 1.03 0.5 1.03 1.0 1.53 1.5 3.03 3.0

Tw (�C) 12�C 19.66 23.28 27.00 30.72 34.67

7�C 16.44 20.68 25.07 29.51 34.22

2�C 13.86 18.39 23.32 28.37 33.78
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The disadvantages of pipe cooling are as follows:

1. The temperatures of concrete block decrease rapidly, there is no sufficient time for the

creep of concrete to display, thus for the same temperature drop, the tensile stress will be

bigger in pipe cooling.

2. Local tensile stress will appear near the inner surface of concrete due to nonlinear distri-

bution of temperature during pipe cooling.

The best way is to adopt multistage cooling with small temperature difference

as the Scheme 4 in Table 17.12.
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Figure 17.41 The envelope of temperatures on the central section of the concrete block.
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17.15 Superficial Thermal Insulation of Mass Concrete
During Pipe Cooling in Hot Seasons

Sometimes pipe cooling must be conducted in hot seasons. As the air temperature

is high, it is difficult to cool the concrete in the region 5�7 m near the surface of

dam block to the final steady temperature. In order to overcome this drawback, it is

necessary to adopt superficial thermal insulation [86].

Generally the depth of influence of superficial temperature does not exceed

10 m, if the thickness of dam L, 20 m, the computing model may be an infinite

plate with thickness L as shown in Figure 17.43(a), the two lateral surfaces of

which are in contact with air. If the dam is thicker than 20 m, the computing model

may be an infinite plate with L5 10 m, one side being insulated and the other side

being in contact with air, as shown in Figure 17.43(b). It is convenient to compute

the variation of temperature by the finite difference method.

Example Thickness of dam block is 30 m. The computing model is an infinite

plate with thickness L5 10 m with the left side in contact with air and the right

(a)L<20m (b)L>20m

L/2 L/2 10m

Figure 17.43 Schematic diagram for computation.

Table 17.12 Comparison of Natural Cooling with Three Schemes of Pipe Cooling

Scheme Pipe Cooling Maximum

Temperature

(�C)

Maximum Stress in

Course of Cooling

(MPa)

Final

Maximum

Stress (MPa)

1 No pipe cooling 30.7 1.43 1.38

2 Early pipe cooling 25.6 0.80 0.72

3 Early cooling1 late

cooling

25.6 1.26 0.76

4 Early cooling1 two

medium cooling1
late cooling

25.6 0.99 0.76
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side insulated. a5 0.10 m2/day, λ5 200 kJ/(m d �C), β5 1000 kJ/(m2 d �C),
T05 25�C, Ta5 25�C, Tw5 2�C, λL=cwpwqw 5 2003 200/

(4.1873 10003 21.6)5 0.442, outer radius of the steel pipe is 1.25 cm. Three

cases are computed for the left side: (i) in contact with air, β5 1000 kJ/(m2 d �C);
(ii) insulated by polythene plate with thickness 5 cm and λ1 5 3.00 kJ/(m d �C);
(iii) insulated by polythene plate with thickness 10 cm. The computed results are

shown in Figure 17.44. It is evident that the effect of superficial thermal insulation

is apparent.
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Figure 17.44 The effect of

superficial thermal insulation on the

temperature field of concrete cooled

by pipe in hot season.
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18 Precooling and Surface Cooling
of Mass Concrete

18.1 Introduction

The U.S. Bureau of Reclamation has developed a temperature control method for

concrete dams based on cooling pipes and dividing the dam into concrete blocks

which are grouted after complete cooling of concrete. This method had been suc-

cessfully used to build the Hoover Dam in the 1930s. However, this method also

has some disadvantages: formwork, cooling pipes, and joint grouting required more

man power, and also increased the costs. After World War II, the U.S. Army Corps

of Engineers developed a method of constructing dams with precooling aggregate

and pouring without longitudinal joint. In the initial phase, because the precooling

technology was not mature enough, the concrete placing temperature could only be

reduced to 17�18�C. Subsequently, with the gradual improvement of the technol-

ogy, the placing temperature can be reduced to 7�C, even in the hot summer

months [8,23�25].

Now, pipe cooling and precooling are generally independently or simultaneously

used in the construction of concrete dams.

Mixing with cooled water or ice is the easiest way to precool the concrete.

In 1938, the U.S. Tennessee Valley Authority used mixing cold water to reduce the

placing temperature of concrete from 25.6�C to 22.2�C in the construction of

the Hiwassee dam in summer. And in 1940, the U.S. Bureau of Reclamation used

the method of mixing water with ice to reduce the placing temperature of concrete

to 21.1�C in the Friant dam in summer. However, because of the small proportion of

water in the heat capacity of concrete, it is not enough to reduce the concrete placing

temperature only by the method of mixing with cooled water and ice, and only the

method of precooling of aggregate can significantly reduce the temperature of

concrete.

A numerical example is given in Table 18.1, which lists the drop of placing tem-

perature ΔT by precooling a variety of raw materials when the precooling tempera-

ture is 1�C. Table 18.1 shows that the effect of precooling the stones is the best,

followed by precooling the sand and water, and then the effect of precooling the

cement. A significant cooling effect could be achieved by using the ice instead of

part of mixing water, since the ice will absorb 355 kJ/kg latent heat when melting,

which can be seen from Eq. (4.4) and Table 4.1. For example, the temperature of

the concrete can be about 6�C lower, by using 50 kg of ice instead of water, so the
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precooling of stones and sand, mixing water with ice are often used as the main

precooling measures.

In order that the cooling loss should be reduced to the minimum in the transpor-

tation and pouring process, after the concrete leaves the mixer, the concrete should

preferably be delivered in the hanging pot. If delivered by car, the sun visor should

be installed in summer. When delivered by conveyor belt, the temperature of the

concrete rises quickly because of its large exposed area, especially when the tem-

perature is high, so the belt should better be placed in a closed and air-conditioned

gallery. Or strictly, control the length of conveyor belt transport and reduce the

delivery time of the conveyor belt. Section 18.4.3 shows that the surface tempera-

ture of the concrete block rises quickly, so the speed of pouring concrete should be

accelerated to shorten the pouring time. For example, in Itaipu Dam, the old con-

crete was covered with new concrete within half an hour, so as to control the tem-

perature rise of the surface in less than 1�2�C in summer. As shown in Figure 4.3,

the stepped pouring method can also be used, when necessary; or cover the con-

crete with the heat preservation quilt immediately after vibrating, which is unfolded

until the new concrete is paved. A method of spraying water can also reduce the

surface temperature of the concrete block appropriately.

The calculation methods of mixing temperature and placing temperature of con-

crete have been given in Chapter 4, and will not be repeated here; in this chapter,

we mainly describe the precooling of concrete.

18.2 Getting Aggregates from Underground Gallery

Sieved and washed aggregates should each be stockpiled; in summer days aggre-

gate piling height should be increased and the gallery should be put under the

ground and this can reduce aggregate temperature, because the earth’s temperature

is lower than air temperature in summer. When Danjiangkou dam was under con-

struction, two net material yards had been observed for their temperature, and the

results show that: when aggregates are stockpiled for 3 days, the change of internal

Table 18.1 The Cooling Effect of Precooling the Various Raw Materials

Raw

Material

The Weight (W)

in One Cubic

Meter of

Concrete (kg)

Specific Heat

[kJ/(kg�C)]
The Heat Dissipated by

Precooling Raw Materials

When Precooling

Temperature is 1�C (kJ)

The

Temperature

Drop of

Concrete

(�C)

Stone 1600 0.84 1344 0.57

Sand 570 0.84 479 0.20

Water 100 4.19 419 0.18

Cement 150 0.84 126 0.05

Concrete 2420 1.005 2368 1.00

402 Thermal Stresses and Temperature Control of Mass Concrete



temperature has been small; for 5 days, the temperature is stable. As is shown in

Figure 18.1, the air temperature change of 1 day affects the surface temperature of

the material within 1.0 m, while, in 4 m’s deep, material’s temperature is equal

to the underground gallery’s temperature which is 23�C. The surface temperature

of the aggregate can reach 40�50�C under strong sunlight, and it is close to the air

temperature without sunshine. The old gallery of the Tangjiagou material yard in

Danjiangkou was built above ground, and the summer temperature of the gallery

was 23�24�C; later on, it was rebuilt underground, then in summer, the tempera-

ture in gallery is 17�18.5�C, and the temperature of the taken-out material is

19.5�21�C.
To spray water in the aggregate yard is unnecessary. The temperature of the

river is lower than the air temperature by 2�3�C in summer, but a few degrees

higher than the ground’s temperature, so water spraying is not useful.

In short, in China, aggregate should be stockpiled for 6�8 m in summer, and the

stockpiling time is 5�7 days. The gallery should be built underground, and the

door of the gallery should be open in turns, so that the low temperature aggregate

in the low level of the stockpiling can be taken out.

18.3 Mixing with Cooled Water and Ice

The mixing water can be cooled by refrigeration industry equipment, so as to

reduce the mixing temperature of concrete. Though the process is relatively simple,

the cooling effect is limited, and this can be seen from Eq. (4.4). For the sake of

improving the effect of precooling concrete, ice should be used instead of water as

far as possible in the mixing.
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Figure 18.1 Temperature of aggregate pile: (a) temperature of 4�8 cm stone and

(b) temperature of sand.
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There are two ways of mixing the concrete with ice: one way is that big blocks

of ice are first made, which are broken into 2�4 cm by an ice crusher and added to

the concrete mixer. We can also store ice in winter in cold areas. According to the

experiment, the cooling effect of ice with particle diameter less than 1 cm is lower

than that of ice with particle diameter within 2�4 cm by around 20%. If we

increase the concrete mixing time by half a minute, the ice with particle diameter

within 2�4 cm would melt completely.

The other method is making tube ice or flake ice directly at the worksite, which

is then added into the mixer, eliminating the process of crushing the ice. The device

has the features of less site area, and could be directly placed in the concrete mix-

ing house. At present, people incline toward the flake ice, about 3 cm long and

2 mm thick, which is easy to melt, so attention should be paid to the insulation of

ice storage.

18.4 Precooling of Aggregate

The methods for precooling of aggregate include water cooling, air cooling, and

mixed type.

18.4.1 Precooling of Aggregate by Water Cooling

Water cooling lowers the temperature of aggregate by direct contact of cold water

and the surface of the aggregate; it can be used in the following two ways:

1. Water immersion precooling

Lower the temperature of aggregate by immersing the aggregate into cold water, in

the specific cooling tank.

The Detroit dam built from 1950 to 1953, adopted the water immersion precooling.

It is required that the placing temperature of concrete should not be higher than 10�C and

not lower than 4.5�C. Considering the fact that the temperature of concrete may rise by

2.8�C in transportation, the temperature of concrete leaving the mixer must be no higher

than 7.2�C. Therefore, all the raw materials (including stones, sand, cement, and mixing

water) need to be precooled, and a 100% water cooling system is used. The temperature

of coarse aggregate dropped to 3.3�C, in the cooling tower filled with cold water of

1.7�C. Sand and cement was cooled with a spiral heat exchanger, which is often used in

the food industry, and the sand was cooled to 10�C, the cement to 15.6�C. The water was

cooled to 1.7�C, and the capacity of the refrigeration plant was 8803 104 kJ/h. There

were five cooling towers, each of 91.8 m3, four of them for four kinds of particle size of

aggregate, respectively, and one for reserve.

Immersion cooling is at present rarely used, due to the complexity of the equipment

and operation process.

2. Spray cooling

When stones of different particle size are moving slowly on the conveyor belt, which

was installed in the cooling room, spray the cold water from above to cool the stones.

Sand is usually cooled by air cooling, because of its poor dehydration. For example, the

404 Thermal Stresses and Temperature Control of Mass Concrete



Rihand dam required that the cooling temperature leaving the mixer was 13�C. The

stones were cooled from 33.5�C to 5�C by spraying cold water in the cooling room, and

the sand was cooled from 33.5�C to 14�C by air cooling on the conveyer belt, and the

cooling water was cooled from 29�C to 2�C. There were four conveyer belts; each for

four kinds of stones with different particle size, respectively; the belt was 83 m long, of

which 61 m was the horizontal section, and the remaining 22 m was 5:1 slope section.

The horizontal section was installed above with spray water pipes, and the slope section

was for dehydration. The belt speed was 6�10 m/min. In order to accelerate the cooling,

the cooling room was also air-conditioned.

18.4.2 Precooling of Aggregate by Air Cooling

The stones can be cooled in the aggregate storage bin of the concrete mixing house.

For example, in the Harlan state dam, the requirement that the placing temperature

of concrete not higher than 18�C was achieved by the method of the air cooling

and mixing with cooled water. Precooling of aggregate was carried out in the

aggregate storage bin of the concrete mixing house. The cooled air, delivered by

the refrigeration plant, finds its way to the bottom of the aggregate storage bin

through four air supply tubes. The cooled air flows upward through the voids of the

aggregate and returns back to the refrigeration plant by the air return pipe on the

top of the mixing house, completing a closed loop.

It is not easy to cool the sand in the aggregate storage bin of the concrete mixing

house because of its small voids and poor ventilation. The sand used in Harlan state

dam is not cooled. In order to cool the sand, the sand on the belt conveyer is blown

with cold air in the cooling room, and the sand is continuously turned over with the

sand-cast machine.

Several cooling methods must be used to get the best cooling effect. For exam-

ple: water cooling 1 air cooling 1 ice cooling, namely spraying the stones with

cold water, blowing the sand with cooled air on the conveyor belt; ventilating the

mixer bin by cooled air, and using the ice instead of part of mixing water.

18.4.3 Precooling of Aggregate by Mixed Type of Water Spraying and
Air Cooling

Since the water freezes at 0�C, the temperature of cold water must be higher than

0�C, which is often used as 2�4�C in practice; but the temperature of cooled air

can be below 0�C, such as 213�C to 217�C. If the temperature of concrete leav-

ing the mixer is required to be 6�7�C, we should better use the air cooling at the

last stage.

In hot summer, the placing temperature of concrete could be reduced to 14�C by

the water-cooled stones, the air-cooled sand, and the mixing with cold water.

To reduce the temperature of the concrete further, it is better to use the mixed cool-

ing mode, namely, (1) spraying stones with cooled water and blowing sand with

cooled air on the conveyor belt; (2) cooling the stones further by blowing cooled

air in the mixing house; and (3) mixing with ice. This mixed cooling method can
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make the temperature of concrete leaving the mixer drop to 5�6�C. The Deveau

dam, the Itaipu dam, and Chinese Gezhouba dam all adopted the mixed type of

water spraying and air cooling for precooling of aggregate.

For example, the process of the mixed type of water spraying and air cooling for

precooling of aggregate is as follow: firstly, the aggregate moves slowly on the

conveyor belt in the cooling gallery, and the length of the conveyor belt is

150�200 m, with the slope within 1�2%, which is then increased to 5�7% within

20�30 m from the head of the belt, so as to be beneficial to the drainage of the

aggregate. The cold water of 2�C, sprayed from the pipe above the conveyor belt,

would cool the aggregate. The steel tank under the conveyor belt catches the

poured cold water, which flows into the sedimentation tank at the end of the con-

veyor belt and is then delivered to the cooling pond after clear water is replenished.

After being cooled by water spraying on the conveyor belt, the aggregate is

removed to the dewatering screen for dewatering, and then sent to the mixing house

bin by the conveyor belt. For further cooling, add cooled air of 215�C to the mix-

ing house bin. Finally, add the flake ice to the concrete mixer.

18.4.4 Precooling of Aggregate by Secondary Air Cooling

A new process of secondary air cooling aggregate was proposed for the first time

in the Three Gorges stage I Project. After the success in the Three Gorges stage I

Project, the process was applied to stages II and III of the Three Gorges on a large

scale.

The secondary air cooling can be summarized as: the first air cooling1 the sec-

ond air cooling1 ice cooling:

1. The first air cooling, using the cold air of 0 to 25�C, turns the temperature of the aggre-

gate from the natural (such as 28�30�C) down to 8�10�C, in the aggregate regulating

bin on the ground.

2. The second air cooling, using the cold air of 213�C to 217�C, turns the temperature of

the aggregate down to 0 to 26�C, in the mixing aggregate storage bin.

3. The ice cooling, with the ice instead of part of mixing water, could reduce the mixing

outlet temperature of concrete down to 7�C.

18.5 Cooling by Spraying Fog or Flowing Water over Top of
the Concrete Block

18.5.1 Spraying Fog over Top of the Concrete Block

When pouring concrete in summer, it is better to form a foggy insulating layer over

the top of the concrete block by spraying fog. This could reduce the direct sunlight

so as to lower the surface temperature of the concrete block.

There are arc sprayer, straight tube sprayer, T-shaped sprayer, and axial flow

fan sprayer. The former two can be used in large concrete block, and the latter two
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are suitable for small concrete blocks. The performances of these four kinds of

sprayers are shown in Table 18.2.

In order to improve the effect of spraying, a fog-spray device was successfully

developed and used in the Three Gorges stage II Project. Pressure swirl atomizer

atomizes the water into fine droplets, which were then blown onto the surface of

the concrete uniformly and formed a fog layer. On one side, the fog droplets would

evaporate by absorbing heat; on the other side, the fog layer could reduce the direct

sunlight, thereby reducing temperature of the pouring surface. Its working process

is as follows.

The pressure water gets into the combined atomizing nozzle through the control

valve, the pressure gauge and the filter, and then formed into micro droplets, of

which the diameter ranges from 40 to 100 μm. The control valve can adjust the

water pressure within 0.3�0.6 MPa, in order to control the atomizing. Oblique

flow high-pressure blower generates high-pressure conveying flow, which sends

the droplets into the distance. The swinging system, consisting of a low-speed

motor, worm gear reducer, eccentric wheel, swing link, and a bracket, drives the

fan to reciprocating swing of 3�4 times/minute within 0�90�. The elevation angle

bracket installed under the fan, according to the environmental condition, can

upgrade the fan within 0�20�.
The fog-spray device comprises atomizing system, conveying flow system, and

swinging system and the base, etc. The base is equipped with a solid caster and can

be pushed on the surface and change the spray direction. The base bench was

Table 18.2 Comparison of Performance of Four Kinds of Sprayers

Spraying

Equipment

Arc Sprayer Tube Sprayer T-Shaped Sprayer Axial Flow Fan

Sprayer

Direct use of

energy

Pressure water,

wind

Pressure

water, wind

Pressure water,

wind

Water, electricity

Performances

of spray

The fog is dense

and the effect

of fogging is

good, the

fogging range

is large

The fogging

range is

large, while

the effect of

fogging is

common

The fogging range

is small, and the

effect of fogging

is common. More

sprayers should

be placed in one

block

The fogging range

is small, and the

effect of fogging

is common. More

sprayers should

be placed in one

block

Covering

range (m)

5�20 10�20 4�7 6�15

Cooling

effect (�C)
3�11 3�6 3�5 3�6
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welded by angle steel, with steel plate covered to the external, and can be removed

for inspection and maintenance of the swing system in the base box.

The effect of the fog-spray device used in the Three Gorges Project is as fol-

lows. (1) The temperature of the concrete is lower than the environment, after the

spraying. The temperature can be cooled by 6�10�C within 9�12 m, and 2�3�C
with 18.0 m from the nozzle. (2) The cooling effect of the fog-spray device without

elevation angle, the elevation angle is 0�, is better than that with some elevation

angle. (3) The spraying effect has something to do with the wind direction and

wind speed, and when spraying along wind, the cooling effect is best, and also the

area of coverage is large. (4) In order to understand the spraying effect on concrete,

two 100 mL measuring cylinders are respectively placed 6 and 9 m from the noz-

zle, and 1 h later the cylinder is checked to see if there were any water drops. This

would not affect the quality of the concrete. (5) The experiments show that,

although the spraying effect and environmental temperature have certain relations,

the atomizing effect on cooling extent of the surface temperature is basically the

same. (6) The spraying effect is related to the head pressure, the larger the water

pressure, the better the atomizing cooling effect, but the atomizing effect changes a

little with continued increase of the water pressure. The test results show that the

atomizing effect is good, and the water consumption is small when the water

pressure is about 0.6 MPa.

18.5.2 Cooling by Flowing Water over Top of the Concrete Block

In the construction of Toktogul dam in the former Soviet Union, the flowing water

is adopted fully to cool the concrete. The flow of water starts immediately after the

final set of concrete and the clearance of laitance of the surface, no more than 12 h

after pouring the concrete. The water comes from small holes drilled in the pipe

and forms a flow layer with thickness 2�8 mm on the surface of the concrete and

the flow velocity is less than 0.8 m/s. It is not allowed to interrupt the flowing of

water when the temperature is higher than 20�C. The temperature of the flowing

water in the pipe is no more than 18�C and that over the top of the concrete is no

more than 19�C. In the hot months of July and August, the flowing water over the

top of the concrete is 13.5 L/s in each of the 1000 m2 areas; in June and

September, the flow can be reduced to 25%. The average flow for each 1000 m2 of

8 h in every day is 8 L/s in April, May, and October. The measured water tempera-

ture would increase 1�C�3�C in practice. To insure the effect of flowing water, the

concrete should be poured in thin layers. The layer thickness of the Toktogul dam

is 0.5�1.0 m, and due to the flowing water, the temperature heat rises only 3�5�C
due to hydration heat in the hottest month every year. The cooling water can be

derived from the drilling holes or the drainage sump.

The calculation of the cooling effect of flowing water over the surface is simple:

calculate the concrete lift according to the first kind of boundary condition and let

the surface temperature equal to the water temperature.
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19 Construction of Dam by MgO
Concrete

Generally, the conventional concrete produces (240 to 260)3 104 shrinkage

deformation, but the MgO microexpansive concrete developed by Cao Zesheng and

colleagues in China can produce about 803 1026 expansive deformation which

can compensate some tensile stress due to temperature drop. This kind of concrete

was applied to Baishan arch dam in 1975 in which the cement containing MgO

was adopted, namely MgO is included in the mineral components of the cement.

Only a few cement plants can produce this cement because of the limitation of raw

materials. After 1985, Cao Zesheng and his colleagues began to research concrete

dams in which MgO is mixed in the concrete mixer, and it was applied in the five

monoliths of Shuikou Hydropower Station in Fujian province and the whole dam

of Qingxi Hydropower Station in Guangdong province. Later it came into use in

several medium- and small-sized arch dams such as Shalaohe arch dam, Sanjianghe

arch dam, and Yujianxi arch dam in Guizhou province [6,29,31,56,58,59,62,68].

19.1 MgO Concrete

By calcining the magnesite in the rotary kiln under a temperature of 10506 50�C
and grinding it, we can get lightly roasted MgO which is mixed with the cementing

material in a certain proportion; the concrete added with MgO is then developed.

The hydration of periclase (MgO) crystals generates magnesium hydroxide, with

accompanying volume expansion. The process is so slow under usual temperatures

that the expansive deformation appears rather late. Temperature also has a signifi-

cant influence on the rate of expansive deformation of MgO concrete. Li Chengmu

adds 4% MgO into the Portland dam cement mixed with 30% fly ash so as to carry

out the autogenous volume deformation test under different temperature conditions

and the results are shown in Figure 19.1, from which we can see the autogenous

volume deformation of MgO under different ages and the influence of ambient

temperature.

Apart from the great influence of mixing amount of MgO and temperature on

the autogenous volume deformation of MgO concrete, cement type, mixing amount

of fly ash, calcining temperature of MgO, and grinding grain size also exert a

certain impact.
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According to the information of Li Chengmu, laboratory experiments show that

the self-expansion of the autogenous volume deformation of the concrete added

with MgO is mostly at around (80�120)3 1026 after 1 year in various projects in

China and only three projects are over 1253 1026 because of excess cement

content.

The cement containing MgO produced by a qualified cement plant is of good

quality, but because the calcining temperature of cement is generally 1400�C which

is too high for MgO, the autogenous expansive deformation is small, and some-

times deformation may be shrinking. When MgO is produced with low calcining

temperature 1000�1100�C, the autogenous expansive deformation is large, and the

concrete added with MgO is agile for use. But most MgO concrete is produced by

small cement plant with shaft kilns and relatively crude technology, so it is hard to

guarantee the quality of the product. This type of concrete is mainly used for

medium- and small-sized projects. There are two types of MgO concrete, the first

type is produced by cement containing MgO in which MgO is contained in the raw

materials of cement and calcined with temperature about 1400�C, the second type

is produced by putting the lightly roasted MgO in the concrete mixer. The lightly

roasted MgO is produced by calcining the magnesite with temperature

10506 50�C. Due to the difference in calcining temperature, the second type of

MgO concrete can produce more expansive autogenous deformation.

19.2 Six Peculiarities of MgO Concrete Dams

After systematic research, the author summarizes six peculiarities of MgO con-

crete; it is very important to master them for the proper application of MgO con-

crete in the construction of dams [57�62].

19.2.1 Difference Between Indoor and Outdoor Expansive Deformation

The difference between indoor and outdoor expansive deformation refers to the dif-

ference between the MgO expansion obtained in the laboratory and the actual MgO

expansion of the dam outdoors. People failed to pay attention to this difference in

the past–actually the difference is quite large.

250

200

150

100

50

0

G
(t

) 
× 

10
–6

200 400 600 800 1000 1200 1400

t (day)

R28 25 concrete
Cement mixed with 4% MgO
Specimen size: φ20 cm × 60 cm

T = 20°C

T = 30°C

T = 50°C
T = 40°C

Figure 19.1 The autogenous

volume deformation G(t) of

the dam concrete, the cement

of which is mixed with 4%

MgO.

410 Thermal Stresses and Temperature Control of Mass Concrete



It is obvious that the amount of MgO (kg/m3) is an important factor which

affects the autogenous volume deformation of the concrete. The author has

researched the relation between the autogenous volume deformation ε (1026) of

365-day concrete and the content M (kg/m3) of MgO and obtained the following

approximate formula:

ε5 13:59ðM2 0:500Þ3 1026 ð19:1Þ

The indoor specimens must expel large aggregate (e.g. for ψ20x60 cm specimen

in which the strain gauge is buried, it is necessary to expel large aggregate over 40

mm) through wet screening and have higher content of MgO per unit volume, so

the autogenous volume deformation in actual engineering will be less than the

indoor experimental value. When burying an observation instrument on site, the

concrete around the non-stressmeter also goes through wet screening, so the autog-

enous volume deformation measured on the spot is also too large, but this impor-

tant factor was ignored in the past.

From Eq. (19.1), under the same temperature and material conditions, the

content of MgO is M1 and M2, the autogenous volume deformation G1 and G2

generally meets the following relation:

G1

G2

5
M1 2 g

M2 2 g
ð19:2Þ

Obviously, the value of g is mainly dependent on the cement type, it also has a

certain relationship with the mixing amount of fly ash, admixture, and so on.

Below is an estimating method, given concrete age τ (τ generally is 1 or 3 years),

when M5M1, G5G1; M5M2, G5G2; from the interpolation relationship we get

g5
1

2
ðM1 1M2Þ2

ðG1 1G2ÞðM1 2M2Þ
G1 2G2

� �
ð19:3Þ

For example, the age of concrete is 1 year, when M15 9.90 kg/m3,

G15 803 1026; when M25 0 (without MgO), G252303 1026 (shrinkage). From

Eq. (19.3), we get

g5
1

2
9:901 02

ð802 30Þ3 1026 3 ð9:902 0Þ
ð801 30Þ3 1026

� �
5 2:70 kg=m3

Now taking g5 2.50 kg/m3, let us calculate the influence of wet screening on

the autogenous volume deformation of concrete from Eq. (19.2).

Example 1 In 4-graded concrete, the content of MgO accounts for 5.5%, the

materials contained in one cubic meter of the concrete are as follows: water 90 kg,

cement 119 kg, fly ash 51 kg, water reducing agent 1.19 kg, MgO 9.4 kg,
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sand 510 kg, gravel: 5�20 mm 359 kg, 20�40 mm 359 kg, 40�150 mm 1077 kg.

One cubic meter of the concrete weighs 2575.6 kg and concrete specimens which

get rid of 40�150 mm aggregates weigh 1498.6 kg. Suppose the bulk density of

stones is 2700 kg/m3, the volume of 40�150 mm aggregates is 0.399 m3, the vol-

ume of the concrete after wet screening is 0.601 m3, the MgO content per cubic

meter of the concrete after wet screening is 9.43 1.00/0.6015 15.64 kg.

Let us take g5 2.50 kg/m3 in Eq. (19.2), the autogenous volume deformation of

the specimen to that of the dam body concrete is

G1

G2

5
15:642 2:50

9:402 2:50
5 1:904

The autogenous volume deformation of the specimen is 1.904 times of natural

gradation concrete.

It is clear that, after wet screening, the autogenous volume deformation of the

concrete around non-stressmeter and specimen is rather bigger than that of natural

gradation concrete in the dam. This difference can be called the difference between

indoor and outdoor expansive deformation.

19.2.2 Time Difference

Time difference means that the dam cooling rate is different from the expansive

deformation rate of MgO concrete, so the expansive deformation of MgO cannot

compensate the tensile stress to a sufficient degree.

In order to compensate dam temperature stress sufficiently, the development of

the expansive deformation of MgO concrete and the falling of the temperature

must keep pace with each other, but the natural cooling rate of the dam is in con-

trast to the square of the thickness of the dam, while the inflation of MgO concrete

has nothing to do with the thickness of the dam, thus, generally the inflation of

MgO and dam cooling do not happen at the same time. This is the time difference

which was first proposed by the author. People did not pay attention to this prob-

lem in the past, while, in fact, it is an important problem.

Suppose the initial temperature is evenly distributed and the boundary tempera-

ture keeps constant, the average temperature change process of the concrete dam

body with different thicknesses is shown in Figure 19.2; 12G(t)/G0 is also shown

in the figure, G0 is the final autogenous volume deformation of MgO concrete.

As seen in the figure, when the thickness of the dam L is 10�20 m, the cooling

of the dam body is generally synchronous with the expansive deformation caused

by MgO; for a thinner dam body, such as when L is 5 m, the autogenous volume

expansion has not fully developed when the cooling of the dam body ends; for a

thicker dam body, when L is 50 m, the dam body cools so slowly that the autoge-

nous volume expansion is pretty large while the cooling of the dam body is not

enough, so the dam has to bear considerable compressive deformation. This is the

time difference of dam cooling and autogenous volume deformation. For arch

dams, time difference is an important problem.
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19.2.3 Regional Difference

Without a cooling pipe, the temperature difference in the dam is

ΔT 5 Tp 1 Tr 2 Tf ð19:4Þ

where

Tp—the placing temperature

Tr—the temperature rise of hydration heat

Tf—the steady temperature of dam body.

According to common sense, the placing temperature in the north should be

lower than that in the south, but in the cold northern areas, a large amount of con-

crete is poured in the summer instead of winter, thus the placing temperature of the

north dam actually is not low.

The average water and air temperature in the north is lower than that in the

south, thus, the steady temperature of the dam body in the north is lower than that

in the south. The steady temperatures of the dam body are as follows: northeast

China 5�10�C, north China, northwest China 8�14�C, central China 14�18�C,
south China/southwest China 17�20�C.

Due to the above two reasons, the maximum temperature difference of concrete

dams built in north China is always bigger than that in south China if built without

strict temperature control measures.

The autogenous volume deformation of MgO concrete depends on temperature.

Under the same MgO content, due to the high concrete temperature in south China,

the expansive deformation is large; while in north China, low concrete temperature

causes low expansive deformation.

In conclusion, it is easy to achieve the temperature control simplified by the

autogenous volume deformation of MgO concrete in south China, while it is hard

to achieve in north China. When MgO concrete is applied in the construction of the

dam, we should pay attention to this “regional difference,” namely (i) temperature

Figure 19.2 The cooling process of dam body of different thickness.
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difference is large in the north while small in the south; (ii) under the same MgO

concrete, the autogenous volume expansion is small in the north while large in

the south.

19.2.4 Dam Type Difference

Arch dam and gravity dam have the following differences in the dam construction

technology with MgO concrete.

Different shape: The dam axis of a gravity dam is a straight line so that the expansive

deformation only brings compressive stress and we need not worry about overexpansion.

While the dam axis of an arch dam is a curve, either temperature rise or drop will cause

tensile stress, the arch dam has to control not only temperature drop but also too large

expansive deformation.

Different scope of constraints: The transverse joints of a gravity dam usually are not

grouted and the concrete volume deformation only brings stress at restraint areas of foun-

dation or old concrete. Once out of restraint areas, average volume deformation will not

bring stress. While an arch dam is different, the whole dam is restrained by the bedrock

of the banks from the top to the bottom of the dam after transverse joint grouting so that

average volume deformation will cause stress.

Different thickness: A gravity dam is relatively thick while an arch dam is rather thin.

The thickness of the upper arch dam body is always only 3�5 m so that the temperature

may drop from the maximum to a very low value in a very short time before the expan-

sive deformation of MgO concrete could develop.

The arch dam has to control the temperature during not only the construction

period but also the operating period, which includes temperature rise and drop.

19.2.5 Two Kinds of Temperature Difference

There are two kinds of temperature difference, namely the temperature difference

of concrete above the foundation and the temperature difference between the sur-

face and the interior of concrete, which are quite different. As the expansive

deformation of MgO concrete is uniform, which only produces compressive

stress under restraint of rock foundation and cannot compensate the thermal

stress caused by cold wave and the interior�exterior temperature difference

which must be solved by surface heat insulation; the autogenous volume defor-

mation of MgO concrete can only be used to reduce the thermal stress caused by

foundation restraint.

19.2.6 Dilatation Source Difference

The dilatation source difference means the difference between MgO expansion and

temperature rise expansion.

We must stress that, though the autogenous volume expansion of MgO concrete

and the deformation caused by concrete temperature rise are similar in macroscopic
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view, they have essential difference in microscopic structure. When the concrete

produces deformation owing to temperature changes, the deformations of cement

paste and aggregate are generally synchronous, but the autogenous expansion of

MgO concrete is different; MgO produces expansion while cement paste and aggre-

gate themselves will not expand. Therefore once the mixing amount of MgO sur-

passes a specific value, cement paste itself and the interface between it and

aggregate may be damaged, which affects the basic properties of concrete, such as

strength, extensibility, impermeability, and durability, so, it is definitely necessary

to enforce an appropriate limitation on the MgO maximum content of the concrete.

According to the national cement standard, MgO contained in the concrete cannot

exceed 5.5%. For the concrete added with MgO, it is required for hydraulic con-

crete that the MgO content cannot exceed 5% of the amount of cementing material.

19.3 The Calculation Model of the Expansive Deformation
of MgO Concrete

19.3.1 The Calculation Model of the Expansive Deformation for Test
Indoors

The expansive deformation of MgO concrete from the laboratory test can be shown

as follows:

Fðτ; tÞ5F0½12 expð2 aTbτcÞ� ð19:5Þ

where F0 is the final expansive deformation of the specimen, we generally get it

from test curves; a, b, c are three parameters. So, Eq. (19.5) is a three parameters

expression, take twice the natural logarithm on both sides of the formula, we can get

ln a1 b ln T 1 c ln τ5 ln½2 lnð12F=F0Þ� ð19:6Þ

Let ln τ be the abscissa, ln½2 lnð12F=F0Þ� be the ordinate, take τ5 τ1 and

τ5 τ2, draw two parallel lines through the test points, then work out b by the

straight slope, a and c can be found by the intercept of the two straight lines on the

ordinate; finally we can take some proper correction for a, b, c, in order to make

the calculated value agree better with the experimental value.

19.3.2 The Calculation of the Expansive Deformation of MgO Concrete
of Dam Body Outdoors

After taking the difference between indoor and outdoor into consideration, we can

calculate the autogenous volume deformation of dam body MgO concrete as follows:

Gðτ; TÞ5 kðMÞFðτ;TÞ ð19:7Þ
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where

Gðτ;TÞ—the autogenous volume deformation of dam body concrete

kðMÞ—the correction coefficient of MgO content

Fðτ;TÞ—the autogenous volume deformation of concrete specimen measured indoors.

From Eq. (19.2), kðMÞ can be calculated according to the following formula:

kðMÞ5 Md 2 g

Ms 2 g
ð19:8Þ

where Md is the MgO content of natural gradation concrete of the dam body,

kg/m3; Ms is the MgO content of the concrete specimen indoors (after wet screen-

ing), kg/m3; g is an experimental constant, calculated from Eq. (19.3), we generally

take g5 2.5 kg/m3.

19.3.3 The Incremental Calculation of the Autogenous Volume
Deformation

The increment of the autogenous volume deformation needed in the simulation

analysis can be given as follows:

ΔGðτ;TÞ5 kðMÞ dF
dτ

Δτ ð19:9Þ

dF

dτ
5F0acT

bτc21 12Fðτ; TÞ=F0

� � ð19:10Þ

The coefficients a, b, c in Eq. (19.5) are found under different temperature and

age. They can still be used here approximately.

19.4 The Application of MgO Concrete in Gravity Dams

19.4.1 Conventional Concrete Gravity Dams

In conventional concrete gravity dams MgO concrete may be used in the founda-

tion restraint zone, which can simplify the temperature control, but the cracks

caused by the interior�exterior temperature difference and cold wave must be

solved by the surface thermal insulation.

The maximum thermal stress of a concrete block on rock foundation can be

calculated as follows:

σ5
KREαðTp 2 TfÞ

12μ
1

CrKAEαTr
12μ

2
KRCgGðτÞ

12μ
#

Eεt
k

ð19:11Þ
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where

K—stress relaxation coefficient

E—modulus of elasticity

μ—Poisson’s ratio

Cr—the coefficient to consider early warming influence, the value is about 0.85, but the

problem is so complicated, we generally take Cr5 1.0 in practical projects; Cg5 1.0

GðτÞ—the autogenous volume expansion

εt—the ultimate extensibility of concrete

k—safety factor

R—the foundation restraint coefficient

A—the foundation influence coefficient of stress due to the temperature rise of hydration

heat.

Let us multiply both sides of Eq. (19.11) by (12μ)/(KREα), we will get

Tp 2 Tf 1
ATr

R
#

εtð12μÞ
kKα

1
GðτÞ
α

ð19:12Þ

The allowable temperature difference varies with the length of concrete block

in the design criterion of concrete gravity dams, which is the influence of A/R on

the left side of the above equation. From Eq. (19.12), we know, for micro-

expansive concrete, the foundation allowable temperature difference could relax

G(τ)/α�C.
If we make use of the allowable temperature difference WT regulated in the

criterion of gravity dams, the allowable placing temperature Tp of concrete can be

calculated by the following equation:

Tp 5 Tf 2 Tr 1ΔT 1GðτÞ=α ð19:13Þ

Let the steady temperature Tf of the lower part of gravity dams in northeast

China, north China, central China, south China be 6�C, 10�C, 15�C, 19�C, respec-
tively and use the allowable temperature difference regulated in the design specifi-

cations of concrete gravity dams, then we get the allowable placing temperature

from Eq. (19.13) as shown in Table 19.1. The lowest and highest monthly average

temperature in a year are generally as follows: northeast China: 217�21�C; north
China:28�25�C; central China: 6�28�C; south China: 10�28�C.

From Table 19.1, we can get the following points.

If the autogenous volume deformation of the concrete is 1003 1026, the gravity

dams without longitudinal joint can be constructed all year round in south China

and southwest China, while they can only be constructed in the summer with pre-

cooling and water pipe cooling in other areas.

If the autogenous volume deformation of the concrete is 1003 1026, dam blocks

under 25 m can be constructed all over the country except for northeast China

throughout the year. We can pour 15 m dam blocks in northeast China throughout

the year.
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Table 19.1 The Allowable Placing Temperature Tp of the Restrained Zones of MgO Concrete Gravity Dam

Placing

Type

With

Longitudinal

Joints

Length

of Dam

Block

(m)

Allowable

Temperature

Difference

ΔT (�C)

Hydration

Temperature

Rise Tr (
�C)

Allowable Placing

Temperature Tp(
�C)

Allowable Placing

Temperature Tp (
�C)

G/

α
Northeast

China

North

China

Central

China

South

China

G/α Northeast

China

North

China

Central

China

South

China

Conventional Yes 15 26 15 10 27 31 36 40 20 37 41 46 50

25 21 15 10 22 26 31 35 20 32 36 41 45

No 100 15 15 10 16 20 25 29 20 26 30 35 40

RCC No 60 13 13 5 11 15 20 24 10 16 20 25 29

100 11 13 5 9 13 18 22 10 14 18 23 27

Note: The steady temperature Tf used in the calculation: northeast China 6�C, north China 10�C, central China 15�C, south China 19�C.



In other words, as long as the autogenous volume deformation of the concrete is

1003 1026, we can pour concrete dams monolithically without precooling aggre-

gate and water pipe cooling in south China and southwest China, while precooling

aggregate and water pipe cooling are still needed in other areas. The above analysis

is for hard rock; we can appropriately relax the requirement if the bedrock defor-

mation modulus is lower.

For concrete blocks with length L# 25 m, it is necessary only to control the

foundation temperature difference and generally the upper and lower layer tempera-

ture difference will play no role. For the gravity dams without longitudinal joint,

due to the large length of dam blocks, except the foundation temperature differ-

ence, it is also necessary to control the upper and lower temperature difference

properly because it also can cause considerable tensile stress.

There is less cement content and high mixing amount of fly ash in RCC dams,

but high mixing amounts of fly ash have some inhibitory effect on the autogenous

volume deformation of the concrete, so we generally do not use MgO concrete in

the construction of RCC dams. Only a few gravity dams use MgO in the conven-

tional concrete cushion plate above the rock foundation and the upstream anti-

seepage body of the RCC dams.

Qingxi hydropower station is located at Dapu county of Guangdong province and

its installed capacity is 14,400 kW. The barrage is a normal concrete gravity dam

whose maximum height is 51.5 m with a longitudinal joint. It was built from 1990

to 1993, the local annual average temperature is 21.0�C and the monthly mean tem-

perature is 28.3�C in July and 11.8�C in January. The ordinary Portland cement

which contains 1.5% MgO and 30% fly ash is used in the dam body and the content

of MgO accounting for 5% is added in the foundation restraint zone (under 0.4L).

We use 2 cm polystyrene foam board on the upstream face of the dam and plastic

bubble cushion on the lateral side and horizontal surface for surface insulation.

The 180 day autogenous volume deformation measured by the non-stressmeters

in the dam is 27.9�98.63 1026 and no deep cracks were found after completion.

19.5 The Application of MgO Concrete in Arch Dams

19.5.1 Arch Dams with Contraction Joints

In arch dams with contraction joints, it is necessary to cool the dam by cooling

pipes before grouting of joints. The regulation of the temperature of the dam body

mainly depends on the cooling pipes. MgO concrete can be used in the lower part

of each monolith to compensate tensile stress caused by temperature difference

above the foundation.

Two questions need to be considered, the first one is the age of concrete for the

second stage of pipe cooling before grouting. Since we make use of the expansive

deformation of MgO to reduce foundation thermal stress, the process is rather

slow. From the curve 12GðτÞ=G0 shown in Figure 19.2, the second pipe cooling

should be carried 1 year later due to the slow development of the expansive
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deformation of MgO; of course, it may be quicker in the south area with higher

temperatures.

The second one is the problem of time difference, the thinner thickness of the

arch dam, the faster the natural cooling of the dam. Figure 19.2 shows that a dam

5 m thick will be cooled in only 2 months, but it is too early for the development

of the expansive deformation of MgO concrete.

In summary, for higher and thicker arch dams with contraction joints, it is better

to use MgO concrete; for thin arch dams, detailed simulation analysis should be

carried out before the application of MgO concrete.

19.5.2 Arch Dams without Contraction Joints, Time Difference

In the operation period, for any cross section of the dam, the temperature at point x

may be expressed approximately by:

Tðx; tÞ5 T1ðxÞ1 T2ðxÞcos
2π
P

ðt2 t0Þ ð19:14Þ
where

x—the distance of point x to the surface

t—time

t0—the time when the maximum temperature appears

P—1 year

T1(x)—the mean temperature of point x

T2(x)—the amplitude of temperature variation of point x.

The Control of Temperature Load

For conventional arch dams with contraction joints, temperature load Tm (Td is

similar and is omitted here) is calculated by the following formula:

Tm 5 Tm0 2 Tm1 2 Tm2 ð19:15Þ
where

Tm0—the average temperature of the dam section when the joints are grouted, it is gener-

ally taken as the average value of quasi-steady temperature field along the thickness

Tm1—the average value of annual mean temperature T1(x) along the thickness during the

operating period

Tm2—the average value of the amplitude of annual variation temperature T2(x) along the

thickness during the operating period.

For MgO concrete arch dams without contraction joints, temperature load Tm is

calculated by the following formula:

Tm 5 Tmc 2G=α2 Tm1 2 Tm2 ð19:16Þ

where G is the autogenous volume expansion of the concrete, Tmc is the mean

value of the maximum temperature of the concrete, Tmc5 Tp1CrTr, where Cr is

the coefficient with the consideration of early warming influence; we can take
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Cr5 1.0 in the preliminary calculation, that is Tmc5 Tp1 Tr, Tp is the placing

temperature shown in Eq. (4.6).

For practical engineering design, the calculation of temperature load should be

based on Eq. (19.15), the arch dam stress calculated, and the value of G/α decided

by trial calculation. In order to know the situation throughout the country on, let us

do some approximate analysis below. Practical experience shows that allowable

tensile stress is the key factor to control the section of dam body in either a high

arch dam or low arch dam, so, in order to maintain the section of dam body

roughly the same, we have to keep roughly the same temperature load; from

Eqs. (19.15) and (19.16), we know that, in order to keep the same temperature

load, the autogenous volume dilatation needed is as follows:

G=α5 Tmc 2 Tm0 5 Tp 1CrTr 2 Tm0 ð19:17Þ

We can calculate the autogenous volume dilatation needed for the cancelation of

transverse joints and pipe cooling from Eq. (19.17). Tmc relates to the air tempera-

ture, sunlight, cement content, concrete lift thickness, and interval time of the

placing concrete, etc. Tm0 generally takes the average value of the quasi-steady

temperature field along the thickness; it is not hard to calculate according to the

local specific conditions.

Example 1 Suppose we take some simple temperature control measures in the con-

struction, such as mixing with ice, so Tp5 Ta, in order to prevent freezing in cold

areas, take Tp5 5.0�C in the winter, assume that Cr5 1.0, Tr5 19.0�C, we can cal-

culate G/α required in the construction of arch dams with MgO concrete in differ-

ent regions of China from Eq. (19.17), as given in Table 19.2.

From Table 19.2, we can get the following points: (i) due to the lower tempera-

ture, the G/α required in the winter is less than that in the summer; (ii) the average

temperature Tm0 of the dam is lower at the bottom of the dam body during the

operating period, so the G/α required in the bottom of the dam body is higher than

that in the top; (iii) Tm0 in the south is higher than that in the north, so the G/α
required in the south is less than that in the north; (iv) if the G/α of concrete is

15�C, in areas such as south China, central China, and north China, we can pour

the concrete from December to March, at the same time the G/α required in north-

east China is 17.5�C; (v) if we carry out the construction all year round, the G/α
required in south China and other areas are 28�C and 35.0�C; it is equal to two or

three times the current autogenous volume deformation of MgO concrete. Also

note that, under the same mixing amount of MgO, the G/α in the north is less than

that in the south due to the lower temperature in the north.

The Importance of Time Difference

For arch dams without transverse joints, the problem of time difference in

Section 19.2.2 is rather important. Time difference is caused by the different rate
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Table 19.2 The Autogenous Volume Expansion Required in the Construction of Arch Dams with MgO Concrete

Area Dam Body Parts Tm0 (
�C) G/α Required in Different Month (�C)

1 2 3 4 5 6 7 8 9 10 11 12

South China Bottom 19.0 10.6 12.4 17.1 21.2 24.9 26.4 28.0 27.7 25.9 22.0 17.9 12.2

Top 23.5 6.1 7.9 12.6 16.7 20.4 21.9 23.5 23.2 21.4 17.5 13.4 7.7

Central China Bottom 14.0 11.0 12.4 17.1 25.9 26.7 31.0 33.2 33.0 28.4 23.1 17.3 12.0

Top 19.0 6.0 7.4 12.1 16.9 21.7 26.0 28.7 28.0 23.4 18.1 12.3 7.0

North China Bottom 10.0 14.0 14.0 15.1 21.2 24.7 29.3 31.4 30.1 25.5 18.6 14.0 14.0

Top 12.0 12.0 12.0 13.1 19.2 22.7 27.3 29.4 28.1 23.2 16.6 12.0 12.0

Northeast China Bottom 6.5 17.5 17.5 17.5 18.8 25.6 30.3 33.7 32.7 25.6 18.3 17.5 17.5

Top 9.5 14.5 14.5 14.5 15.8 22.6 27.0 30.7 29.7 22.6 15.3 14.5 14.5
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of natural cooling of dam body and the expansive deformation of MgO concrete.

For thinner arch dams, the temperature cools down quickly after pouring, and the

expansive deformation of MgO concrete is too small at the early age, thus generat-

ing relatively great tensile stress. For thicker arch dams, the cooling rate of the

dam body is slow, but the inner temperature of the dam body is still rather high

when the expansive deformation of MgO concrete is already large, thus leading to

excess compressive deformation of the dam body. Excess compressive deformation

may cause adverse tensile stress because the dam axis of an arch dam is a curve.

Above all, we should be careful in the construction of MgO concrete arch dams

without transverse joints.

19.5.3 Example of Application of MgO Concrete, Sanjianghe MgO
Concrete Arch Dam

Sanjianghe arch dam, located at north suburb of Guiyang city, is a double-

curvature arch dam. The maximum height of the dam is 71.5 m, arc length of dam

crest is 115.5 m, the thickness of dam at crest and base are 4.0 m and 10.44 m,

respectively. It was designed by Water Resources and Hydropower Design Institute

of Guizhou province and its temperature control analysis is undertaken by China

Institute of Water Resources and Hydropower Research.

The local monthly mean temperature is 4.4�C in January and 23.5�C in July.

In order to exploit the advantage of low temperature in winter, all the concrete was

poured from the middle of November 2002 to April 2003. The allowable tensile

stress is given by σ5Eεp=K, where K5 1.65. Suppose no transverse joints, all the

dam pours monolithically, a three-dimensional finite element simulation method is

used to calculate, the required mixing amount of MgO is 3�4% (dam height:

0�30 m) and 8�10% (dam height above 30 m). The 8�10% mixing amount has

greatly exceeded the code requirement, so we decide to give up the project without

transverse joints and set up two induced joints in the new design project, as

Figure 19.3 shows. Calculations show that stress meets the requirements, the

Right bankLeft bank

47 m47 m

25.4 m18.92 m Figure 19.3 Induced joints

of Sanjianghe MgO arch

dam.
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temperature control measures adopted in the construction process are as follows: (i)

the mixing amount of MgO is 4.5% in all the dam; (ii) set up two induced joints;

(iii) all the dam is poured in the low temperature season (planned placing time is

from November 2002 to April 2003, actual placing time is from December 2002 to

May 2003); (iv) spray and sprinkling water maintenance; (v) plastic foam board for

surface insulation.

This dam was constructed according to Figure 19.3 and was completed in April

2003, i.e. 10 years ago. We only found a hairline surface crack about 1.5 m long in

the dam body in 2010 which could be avoided if the surface protection is better;

two induced joints have opened. The biggest opening of the induced joint given

by calculation is 5.8 mm while the measured value is 5.6 mm. This dam is one of

the arch dams ever built which has the fewest cracks. The temperature control of

Sanjianghe arch dam is successful.
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20 Construction of Mass Concrete
in Winter

In civil engineering, the main problem of construction of reinforced concrete struc-

tures in winter is to prevent the early-age concrete from freezing; but things are

different when constructing mass concrete in winter. There are problems in control-

ling the temperature difference for preventing cracks besides preventing the early-

age concrete from freezing, and there is usually contradiction between the freeze

protection and crack prevention. This contradiction must be properly solved, con-

sidering the requirement of both freeze protection and crack prevention, which is

the main feature of the construction of mass concrete in winter.

Construction of concrete in winter, especially in severe cold regions, generally

requires a higher placing temperature to prevent the early-age concrete from freez-

ing, no matter what the construction method is. In the other side, the cold weather

makes the stable temperature of dam lower, which would increase the temperature

difference above foundation and the temperature difference between surface and

interior. Even in winter, the temperature difference would exceed the allowable

value if the placing temperature is not controlled, which would fail to meet the

requirement of crack prevention. So the contradiction between freeze protection

and crack prevention of winter construction is focused on the selection of placing

temperature. Practical experience shows that it would cause cracks if you simply

choose a higher placing temperature to prevent the early-age concrete from

freezing.

In this chapter, the correct design principle of mass concrete construction in

winter will be given first, then the correct way to solve the contradiction between

freeze protection and crack prevention will be pointed out [40, 50, 64, 71, 72].

20.1 Problems and Design Principles of Construction
of Mass Concrete in Winter

20.1.1 Problems of Construction of Mass Concrete in Winter

The first problem to be considered is whether or not to continue construction in

winter when constructing concrete dams in cold regions. It is better to stop in win-

ter when constructing the RCCD in a wide valley because it is hard to insulate

when placing concrete due to the large placing area. It is feasible to place mass
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concrete in winter as constructing concrete arch dam or gravity dam in narrow val-

ley when effective measures, such as automatically rising movable tent, may be

taken because the placing area is smaller. If it is decided to place mass concrete in

winter, it is necessary to research carefully the technical measures for freeze pro-

tection and crack prevention.

20.1.2 Design Principles of Construction of Mass Concrete in Winter

It would come into the period of winter construction when the mean daily air tem-

perature is below 5�C, or the minimum temperature is below 23�C.
Both freeze protection and crack prevention should be taken into account during

massive concrete construction in winter, so the following three principles suggested

by the author in 1976 should be followed [7]:

1. The optimum placing temperature of concrete is 5�12�C. Therefore, the temperature of

fresh concrete at the batch plant could be decided according to the local climate condi-

tions and construction method, as well as considering the heat loss during the transporta-

tion and pouring. No frozen block should be contained in sand and other raw materials.

2. The fresh concrete could not suffer freeze injury until it reaches the 50% design strength,

or it would lose strength because of the damage of the internal structure.

3. The temperature difference between surface and interior and the maximum temperature

of concrete, which influence the temperature difference above foundation and the temper-

ature difference between upper layer and lower layer, could not exceed the specified

value.

Among the three principles mentioned above, the first two are about freeze pro-

tection and the third one is about crack prevention. The proper thermal insulation

method should be chosen according to these principles.

When building a concrete dam in a cold region, there should be a specific study

about whether or not to continue construction in winter. Generally speaking, for

the conventional concrete dam, winter construction is feasible, but for the RCCD,

the winter layoff might be appropriate.

20.2 Technical Measures of Construction of Mass Concrete
in Winter

To satisfy the principles of winter construction mentioned above, some technical

measures must be taken.

1. Selection of the temperature of fresh concrete at the batch plant and placing temperature

The placing temperature is the concrete temperature after vibrating and before covered

by the second layer of concrete mixture. To prevent the early-age concrete from freezing,

the placing temperature of mass concrete is required to be no less than 5�C. The placing

temperature of construction of reinforced concrete with small sections is sometimes as

high as 30�40�C. For mass concrete, even though the surface temperature is low after

placing, the internal temperature will rise sharply because of the heat of hydration of the
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large body; there is a requirement of freeze protection besides crack prevention. To

reduce the temperature difference above foundations and the temperature difference

between surface and interior, the placing temperature should be lower, generally no more

than 10�C. Therefore, the placing temperature of construction of mass concrete is gener-

ally 5�12�C. If the temperature is too low, the surface concrete might suffer freeze dam-

age before it reaches the 50% design strength, and insulation measures should be taken

instead of simply raising the placing temperature for freeze protection.

According to local climate conditions and insulation measures, the temperature of

fresh concrete at the batch plant could be decided considering the placing temperature

and the heat loss during transportation and placing.

2. Preheating of foundation and cold wall

Before placing concrete for the foundation, embedded iron and cold wall such as old

concrete and precast concrete formwork, which contact with the new concrete, steam

should be used to clear the ice, snow, and frost, and raise the surface temperature. If the

internal temperature of bedrock and cold wall is low, preheating would be needed, other-

wise the temperature of new concrete near the contact surface would soon drop under

0�C. The temperature, depth, and duration of preheating are decided by temperature cal-

culation. The principle of the calculation is to avoid freezing the new concrete near the

contact surface before it reaches the 50% design strength; generally, it should make sure

that the temperature of bedrock with depth within 10 cm is above 5�C.
3. Heating the raw material

When air temperature is not lower than 21�C, generally heating the mixing water

could satisfy the requirement of temperature of concrete at the exit of the mixer. The

water temperature should not exceed 60�C to avoid the false set of cement. When air tem-

perature is lower than 21�C, the water, fine and coarse aggregates should be heated to

melt the ice and snow. Overheating and excessive drying should be avoided when heating

the aggregate, and the maximum temperature should not exceed 75�C.
Boiler, electric heat, or steam could be used to heat water; using the serpentine pipe to

heat the sand, and steam is the most convenient method to heat the stone.

4. Insulation during transportation

The heat loss during transportation is related to the means of transport. The heat loss

is generally small by using large transport tanks. If using a dump truck, the exhaust gas

can be used to heat the chassis and the truck body should be covered by insulation layer;

if using a belt conveyer, it is better to build a completely closed shelter or the heat loss

will be large. In addition, the number of transshipments should be minimized.

5. Reduce heat loss during placing

Concrete is placed in layers and each layer has a thickness of 20�50 cm. The heat

loss is large during placing due to the thin layer and large radiating surface. Measures to

reduce the heat loss are as follows: (i) accelerates the placing speed and shortens the plac-

ing time; (ii) EPS insulating layer should be used to insulate the heat; (iii) building auto-

matic rising tent and creating artificial climate in it so that it is absolutely insulated from

outside cold air when placing concrete. For many practical dams, the placing of concrete

will stop when the air temperature is below 25�C. When placing concrete in lower tem-

peratures, it is better to construct in warm shed. But it is still possible to place concrete

around 210�C if there is no wind.

6. Insulation and curing

Strict insulation and curing measures should be taken after placing concrete so that

the concrete strength will fully develop. The temperature should not drop below 0�C until

the concrete reaches the 50% design strength. At the same time, large temperature
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differences between surface and interior should be prevented. At present, the foam board

seems to be the best insulation method. For details, see Section 11.7.

7. Timely form stripping

The time for form stripping depends on the concrete strength as well as the require-

ment of crack prevention.

In the United States and Canada, it is required that the surface temperature drop can-

not exceed 11�C (20�F) in a day after form stripping. In the former Soviet Union, the

temperature difference between surface and interior cannot exceed 20�C. In Krasnoyarsk

dam: for C15 concrete with extensibility 0.73 1024, the temperature difference between

surface and interior should not exceed 17�C; for C20 concrete with extensibility

0.9�1.13 1024, the temperature difference between surface and interior should not

exceed 23�C. In addition, the temperature difference between the concrete surface and

the air should not exceed 15�C when stripping the form.

For some dams in Japan, the concrete surface would still be insulated by plastic insu-

lation layer after form stripping. When the former Soviet Union constructed dams in

Siberia, the form would not be removed during the whole winter, even though there were

still cracks sometimes. The Krasnoyarsk dam provided that the whole exposed surface

should be protected by insulation form with surface conductance 2.93 kJ/(m2 h �C) since
September 1 every year; the concrete in the constraint zone should be protected by insula-

tion form with surface conductance 1.67 kJ/(m2 h �C).

20.3 Calculation of Thermal Insulation of Mass Concrete
Construction in Winter

Known conditions: Outside air temperature Ta, concrete placing temperature Tp,

adiabatic temperature rise θ(τ), the concrete surface temperature Ts is required no

less than Tb before τ5 τR. Calculate the needed surface insulation capacity,

namely the surface conductance β.
This question should be solved by trial method and the following is an effective

one.

1. One-dimensional calculation

Since the heat conduction problem is linear, the original problem can be decomposed

as follows:

a. Air temperature Ta5 0, concrete initial temperature T05 0, adiabatic temperature rise

θ (τ), the surface temperature T1r in the condition of τ5 τR can be calculated by the

finite difference method.

b. Air temperature Ta5 0, concrete initial temperature T05 1.0 (unit initial temperature

difference), adiabatic temperature rise θ(τ)5 0, surface conductance β, the surface

temperature c in the condition of τ5 τR can be calculated by the finite difference

method.

c. Air temperature Ta, concrete placing temperature Tp, adiabatic temperature rise θ(τ),
surface conductance β, the surface temperature at τ5 τR can be calculated as follows:

Ts 5 Ta 1 cðTp 2 TaÞ1T1r ð20:1Þ
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Let Ts be equal to the wanted surface temperature Tb, we get:

cTp 1 ð12 cÞTa 5 Tb 2 T1r ð20:2Þ

This is a linear equation with Tp and Ta as variables, in which c, Tb, T1r are constants.

T1r and c depend on β, thermal properties and geometry of the structure. For a given

structure, there will be a line for each value of β. Sequentially let β be equal to

β1, β2, . . . ,βn, there will be n lines corresponding n values of β, with Tp as abscissa and

Ta as coordinate, as shown in Figure 20.1. Accordingly, for any given placing temperature

Tp and air temperature Ta, the required surface conductance β can be found in this figure.

Example Wall-type concrete block with thickness of 11.0 m. During winter

construction, the surface temperature is required to be no less than Tb5 5�C when

the concrete age τ5 14 days. The adiabatic temperature rise θ(τ)5 24 [12 exp

(2 0.32τ)], the diffusivity a5 0.080 m2/day, the conductivity λ5 0.83k/J (m h �C).
Sequentially let the surface conductance be β5 5.0, 7.5, 10.0, 15.0, 20.0, 30.0 kJ/

(m2 h �C) and calculate the surface temperature T1r caused by adiabatic

temperature rise and surface temperature c caused by unit initial temperature

difference respectively. Then, we get Figure 20.1. The required β can be found by

Tp and Ta.

2. Two- and three-dimensional calculation

For the edge and corner of placing block, there are problems of two-dimensional and

three-dimensional heat emissions. The scheme of one-dimensional calculation and the
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finite difference methods of two-dimensional or three-dimensional or the finite element

method could be used to calculate the temperature of edge or corner T1r and c. Then the

thermal insulation figure similar to Figure 20.1 could be obtained by substituting T1r and

c into Eq. (20.2).
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21 Temperature Control of Concrete
Dam in Cold Region

In a cold region, there are very low winter temperatures, low mean annual tempera-

tures, and large amplitude of annual temperature variations, and the construction of

a dam is usually suspended in winter because of the low temperature, which will

cause large temperature differences above foundations, large temperature differ-

ences between upper and lower parts, and large temperature differences between

surface and interior, which will bring great difficulties to the temperature control of

a concrete dam. Furthermore, there are two problems ignored by people when

building the RCCD in a cold region. The first one concerns the thin concrete block

on the bedrock passing through the winter. Since the construction of concrete dam

in a cold region is usually suspended in winter and the last concrete was placed in

autumn on both sides of the river that were located in the strong constraint zone of

foundation, in the following winter, the low temperature would bring ultracold to

the thin concrete block and cause cracks. The second one concerns the problem of

the ultracold of bedrock. The surface of rock is in contact with air of low tempera-

ture in the winter, the temperature of the bedrock under the first placed concrete in

spring is much lower than the steady temperature of the dam, which would increase

the temperature difference of concrete above the foundation.

This chapter will show how to solve the temperature control problems when

building a concrete dam in a cold region.

21.1 Climate Features of the Cold Region

When building concrete dam in a cold region, the following temperature features

are to be considered.

1. The mean annual temperature and the steady temperature of dam are low.

The annual air temperature and water temperature of northern cold regions are much

lower than those of southern regions, so the steady temperature of a dam in the north is

lower than that in the south. The steady temperatures of dams in China are Northeast

China 5�10�C, North and Northwest China 8�14�C, Center China 14�18�C, South

China and Southwest China 17�20�C.
2. The amplitude of annual variation of temperature is large.
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The amplitudes of annual variation of air temperature are about: Northeast China

19�20�C, North and Northwest China 14�17�C, Center China 11�12�C, South and

Southwest China 6�10�C.
3. The construction is suspended in winter and concrete is placed in summer.

The winter temperature is very low in cold regions, so the construction is usually sus-

pended in winter unless special temperature control measures are taken, and a large

amount of concrete, including the concrete in the strong restraint zone above the founda-

tion, is placed in summer.

21.2 Difficulties of Temperature Control of Concrete Dam
in Cold Region

1. The temperature difference above the foundation is large

The steady temperature of a dam is low and a large amount of concrete is placed in

summer, which will induce a large temperature difference above the foundation.

2. The temperature difference between upper and lower parts of concrete block is large

Since the construction is suspended in winter, the temperature of old concrete will be

very low after a long time cooling during the winter and when the new concrete is placed

in the following year when weather gets warm, together with the temperature rise caused

by the heat of hydration; all these cause large temperature differences between upper and

lower parts of concrete blocks.

3. The temperature difference between surface and interior is large

The concrete placed in summer has high interior temperature but the air temperature

is very low in winter, which will form large temperature differences between surface and

interior, and cause large tensile stress in both the vertical direction and horizontal direc-

tion in upstream and downstream surfaces, thus inducing vertical and horizontal cracks.

The stresses due to the temperature difference between surface and interior and the

temperature difference between upper and lower parts of concrete blocks mentioned

above will be superimposed to some extent, which would cause large vertical tensile

stresses on the upstream and downstream surfaces of the dam in the region near the

horizontal construction joints suspended in winter, but the tensile strength of construction

joints is low, so large amounts of horizontal cracks would appear.

4. Thin concrete blocks above bedrock passing through the winter

The roller compacted concrete is parallelly placed layer by layer between both sides of

the valley, thus the concrete placed on both sides before winter is in the strong restraint

zone above the foundation, and the concrete block is thin, together with a half-year low

temperature of winter, the temperature of concrete drops much lower than the steady tem-

perature of the dam, which results in the situation of thin concrete blocks above rock foun-

dation passing through the winter. Generally, cracks will appear in the concrete block.

5. Ultracold of bedrock

Generally, the starting point of calculation of the temperature difference above the

foundation is the steady temperature of the dam, but the temperature of the bedrock at the

beginning of spring in a cold region is lower than the steady temperature of the dam due to

cooling in the winter.

The first three problems mentioned above, the temperature difference above foundation,

the temperature difference between upper and lower layer, and the temperature

difference between surface and interior, are more prominent in cold regions though they also
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exist in common regions; the last two problems mentioned above, the thin concrete blocks

above bedrock passing through the winter and the ultracold of bedrock, are special problems

in a cold region, and so far, it seems nobody has ever studied them in literature of tempera-

ture control of a concrete dam.

21.3 Temperature Control of Concrete Dam in Cold Region

The following section explains how to control temperature of a concrete dam in a cold

region by taking an RCCD in Fengman District, Northeast China, as an example. The

maximum height of this dam is 94.5 m, and the adiabatic temperature rise is

θðτÞ5 23:3τ=ð5:951 τÞ.
1. Control of the temperature difference above foundation and the maximum temperature of

concrete

Figure 17.40 shows that the maximum temperature Tp 1 Tr can be controlled to

14�16�C by dense cooling pipes and the steady temperature of a dam in a cold region is

about 5�8�C, so the temperature difference can be effectively controlled by densifying

the cooling pipes.

2. Insulation of concrete surface in winter

Concrete is placed in hot seasons and the placing process is suspended during winter in

cold regions. These will form a large temperature difference between upper and lower layers

and cause both horizontal tensile stress in new concrete and vertical tensile stress in the

upstream and downstream surfaces near the placing layer. In the winter of the second and third

year, when the air temperature is low, the thermal stress between upper and lower layers and

the thermal stress between surface and interior may be superimposed and cause horizontal

cracks.

Simulation computation should be carried out for important projects. But a simplified prac-

tical algorithm is also needed in the actual engineering design and construction. Here is a prac-

tical algorithm given by author. Analysis as half-infinite body x$ 0:

Heat conduction equation:

@T

@t
5 a

@2T

@x2
ð21:1Þ

Initial condition:

when t5 0; Tðx; 0Þ5T0 ð21:2Þ

Boundary condition:

when x5 0; λ
@T

@x
1βðT 2 TaÞ5 0 ð21:3Þ

Temperature Ta varies as follows:

433Temperature Control of Concrete Dam in Cold Region



TaðtÞ5 Ta0 2A sin
πt
2Q

� �
ð21:4Þ

The following approximate solution was obtained by the author:

Tðx; tÞ5T0 1 ðTa0 2 T0Þf ðx; tÞ2 f2A e2qx sin
πt
2Q

2 qx2M

� �
ð21:5Þ

in which

f2 5 ½111:85qλ=β11:12ðλq=βÞ2�21=2 ð21:6Þ

M5 tan21 1

11β=ðλqÞ

� �
ð21:7Þ

q5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π=ð4aQÞ

p
ð21:8Þ

f ðx; tÞ can be found in Figure 5.2. Q is the cooling duration, which is generally taken

as Q5 90 days.

Example The concrete is placed before the middle of October and the initial tempera-

ture T0 5Tp 1 Tr 5 20�C, then the air temperature is

Ta 5 6:82 20:2 sin
πt
2Q

� �

The cooling duration Q5 3.0 months, calculate the temperature distribution along the

depth in early April of the next year, when t5 5.5 months. Calculate two schemes: Scheme A,

surface exposed to air, β05 80 kJ/(m2 h �C); Scheme B, surface insulated by 8 cm thick XPS

plastic board with λ5 0.108 kJ/(m h �C). The computed results are shown in Figure 21.1,

which shows that, without insulation, there will be a large temperature difference between

upper and lower layers when placing new upper concrete in early April of the next year

because the temperature of lower concrete is low; if insulated with 8 cm XPS board, the tem-

perature of concrete can increase 10�14�C and the temperature difference between upper and

lower layers will largely decrease.

3. Control of the ultracooling of bedrock surface

Generally, when calculating the temperature difference above the foundation, the starting

point is the steady temperature of dam Tf. In a cold region, when placing concrete in spring,

after cooling during the whole winter, the temperature of bedrock is usually lower than the

steady temperature of the dam, which would cause the problem of ultracold of the bedrock.

Let the air temperature be expressed by sine function and the annual temperature variation

in the bedrock be calculated as it is a semi-infinite body; Figure 21.2 shows the calculation

results of Fengman district. After cooling during the whole winter, the temperature of the

upper part with depth less than 4.5 m is under 0�C when placing concrete in early April the

next year; even though the temperature of the surface of bedrock increases to 4.2�C when

placing concrete in middle April, the temperature of the bedrock with depth of 1.0�4.7 m is
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still under 0�C, which is much lower than the steady temperature of the dam Tf5 6�C. When

it comes to the operation period, the temperature of the upper foundation will increase from

the negative temperature to the steady temperature of the dam. The rise of the temperature of

the foundation will cause tensile stress in the concrete in the restraint zone, which is harmful

to crack prevention of the dam. This is the problem of ultracooling of bedrock.
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Figure 21.1 Example: the temperature distribution of concrete on 1 April of the next year

after passing the winter and the initial temperature 20�C.
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In common regions, the steady temperature of the dam is lower than the mean

annual air temperature, which is not a big problem; but in cold regions, the steady tem-

perature of the dam is higher than the mean annual air temperature, meanwhile, the

temperature is very low in winter and the low temperature lasts longer, so the problem

is more prominent.

The solution to the ultracold of the foundation is thermal insulation of the surface of

bedrock before placing concrete. As Figure 21.2 shows, if the surface of rock is insulated

by polyethylene layer or XPS foam board with a thickness of 12 cm before winter (the

earlier the better), the temperature of bedrock will increase significantly, which is as

much as 3�6 �C higher than the bedrock with exposed surface.

4. Thin concrete blocks above bedrock passing the winter

For the normal concrete dam, placing concrete in the strong restraint zone above the

foundation should be avoided before winter; for the RCCD, generally parallel placing

between the two sides, both sides locate on the bedrock, thus, the concrete placed before

winter may be thin blocks above the bedrock, which will cause the problem of the thin

concrete blocks above bedrock passing the winter. The RCCD is placed without longitu-

dinal joints; the length of blocks parallel to the flow direction is also very long.

Specifically, there are two situations, the first is that there is only one conventional con-

crete cushion above the bedrock, the second is that there are two layers, a conventional

concrete cushion and a layer of roller compacted concrete.

Temperature control measures:

a. Surface insulation

Strict surface insulation measures should be taken 3�5 days after the appearance

of the maximum temperature of concrete to control the minimum temperature of

concrete in winter.

b. Control the maximum temperature of concrete

Control the maximum temperature of concrete by comprehensive measures to

decrease the total temperature difference of concrete and reduce the tensile stress.

The practical measures should be decided by simulation computation, and the

following is an example.

Example Figures 21.3 and 21.4 show the thermal stresses of thin concrete

blocks above bedrock passing through the winter. The normal concrete cushion has a

thickness of 1.50 m and a length of 60 m; bedrock has a depth of 100 m and a length of

260 m. Since the structure is symmetric, take one half of it and calculate as a plain strain

problem by the finite element method. For concrete, the adiabatic temperature rise

θðτÞ5 25:0τ=ð2:01 τÞ�C, the elastic modulus EðτÞ5 35; 000½12 expð2 0:40τ0:34Þ� MPa,

the unit creep C(t,τ)5 6.60(11 9.20 e20.45) [12 e20.30(t2τ)]1 14.9 (11 1.70τ20:45)
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Figure 21.3 Calculation model of the thin block above the bedrock.
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[12 e20.0050(t2τ)] (1026/MPa), a5 0.10 m2/day, λ5 10.0 kJ/(m h �C), μ5 0.167, the initial

temperature T05 7.0�C, air temperature Ta5 4.92 20.2 sin (πt/180)�C, t is calculated in

days, α5 13 1025/�C. The allowable tensile stress is
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½σt�5Rt=1:805 2:0½12 expð2 0:39τ0:30Þ� MPa. For bedrock, the elastic modulus is

Ef 5 18; 000 MPa; μ5 0:25; α5 13 1025=�C, and the initial temperature of bedrock is:

Tðx; 0Þ5 4:901 19:47e20:293x sinð0:293x1 0:0353Þ

Calculate three conditions: (i) Condition A: the surface of concrete has no insulation,

β5 80 kJ/(m2 h �C); (ii) Condition B: the surface of concrete is insulated by polyethylene

insulating layer with a thickness of 15 cm, λs5 0.148 kJ/(m h �C), β5 1.45 kJ/(m2 h �C);
and (iii) Condition C: the surface is exposed for cooling at first and insulated after

10 days, β5 1.45 kJ/(m2 h �C).
Figure 21.4 shows the results: Condition A, the surface is exposed; the whole section

suffers tensile stress, which is higher than the allowable stress. Condition B, the surface

is insulated during the whole process; the tensile stress decreases a lot in winter but the

tensile stresses in point A and point B are still higher than the allowable stress. Condition

C, the surface is exposed in the first 10 days for cooling to make the maximum interior

temperature decrease about 5�C, and 10 days later, the surface is insulated by polyethyl-

ene board. Compared to Condition B, the temperature decreases and the tensile stresses

in winter are lower than the allowable value in the whole section.

5. Control of the temperature difference between surface and interior

In cold region, a large amount of concrete is placed in summer, which will form large

temperature differences between surface and interior and cause cracks in the winter.

This is a complex problem, which is better to be solved by simulation computation analy-

sis. The most efficient measure to prevent cracking is superficial thermal insulation.

These problems are systematically researched in this chapter and a series of methods are

suggested to overcome them.
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22 Allowable Temperature
Difference, Cooling Capacity,
Inspection and Treatment of
Cracks, and Administration of
Temperature Control

For prevention of cracks in mass concrete, despite the temperature control, other

technical measures are needed, including strengthening the crack resistance of

concrete, quality control of concrete construction, improvement of the constraint

condition of concrete structures, etc., which means that comprehensive technical

measures are necessary to prevent crack in mass concrete [8, 12, 13, 23, 42, 52, 56,

69, 72 ,81, 99].

This chapter will illustrate the method to determine the allowable temperature differ-

ence of concrete, comprehensive technical measures, allowable temperature

differences used by different countries for preventing cracks, and the computing method

of cooling capacity in massive concrete construction. Moreover, this chapter will show

some practical examples of the temperature control in concrete dams.

22.1 Computational Formula for Concrete Crack Resistance

Figure 22.1 shows two kinds of simplified model for computing concrete crack

resistance.

1. Parallel model

As shown in Figure 22.1(a), the strain of each element is ε15 ε25 ε35 ε. When ε5 εp,
concrete failure happened, the allowable tensile stress [σ] may be calculated by the following

formula:

σ½ �# Eεp
K1

ð22:1Þ

where [σ] is the allowable tensile stress; E is the elastic modulus; εp is the extensibility;

K1 is the safety factor; Eεp is the virtual tensile strength, its value is slightly larger than

the true tensile strength, as shown in Figure 22.2.
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2. Serial model

As is shown in Figure 22.1(b), stress of each element is σ15σ25σ35 . . .5σ.
When σ5Rt, concrete failure happened, the allowable tensile stress [σ] should be

calculated by the following formula:

σ½ �# Rt

K2

ð22:2Þ

where Rt is the concrete axial tensile strength and K2 is the safety factor.

In reality, the concrete structure is complicated, the structure and stress of the interior of

concrete is nonuniform. Before applying of load, micro cracks exist in the concrete. Concrete

damage results from the continual development of micro cracks. Of course, the axial tensile

strength Rt and the ultimate extensibility obtained from tests have considered the influence of

micro cracks in the concrete.

3. Tear of horizontal construction joint

In practical projects, there are lots of horizontal cracks, which are generally torn along the

horizontal construction joint. The tensile strength of a horizontal construction joint is smaller

than Eεp, the allowable vertical tensile stress on the joint should be calculated by the following
formula:

σy

� �
5

rRt

K2

ð22:3Þ

ε1 ε2 ε3

ε σ σ

σ1 σ2 σ3

1 2 3

(a) (b) 

Figure 22.1 Calculation model of crack resistance of concrete: (a) parallel model and

(b) serial model.
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Figure 22.2 Extensibility of concrete

brittle fracture.
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in which [σy ] is the allowable vertical tensile stress; Rt is the axial tensile strength; and

r is the reduction factor. As experience shows r5 0.5�0.7.

22.2 Laboratory Test of Crack Resistance of Concrete

A special expensive test machine is needed to obtain the tensile load�strain curve of

concrete. At present, in a practical project, a normal testing machine is used to conduct

the ultimate tensile test of concrete. The σ�ε relation is represented by curve OA

shown in Figure 22.2. Since the measuring instrument is frequently damaged at the

time when test sample breaks abruptly, in order to avoid instrument damage, generally

instrument is removed when stress reaches 90% of the tensile strength. The rest of the

σ�ε curve can only be extended manually, which will introduce error.

From formulae (22.1) and (22.2), we know

Rt

Eεp
5 s5

K2

K1

ð22:4Þ

Concrete test data of practical projects shows that the ratio s is mostly between

0.75 and 0.95 and its average is about s5 0.820. In Figure 22.2, εq5Rt/E is the vir-

tual extensibility, which represents the tensile deformation when the stress�strain

relation line extends to tensile strength. Rq5Eεp is virtual tensile strength, which

represents the stress when the stress�strain relation line extends to the extensibility.

Apparently, εq5 sεp.

22.3 The Difference of Tensile Properties Between
Prototype Concrete and Laboratory Testing Sample

22.3.1 Coefficient b1 for Size and Screening Effect

Let b1 be the ratio of strength or extensibility of a large sample to that of a small

sample.

Normally, testing samples of 10 cm3 10 cm cross section are used for the test

of axial tensile strength and extensibility, the maximum grain size of aggregate is

3 cm while the maximum grain size of dam aggregate is 8�15 cm.

From the test results of Yang Chengqiu [8], for the three-graded concrete, b1 for

tensile strength is 0.73 and b1 for extensibility is 0.70; for the four-graded concrete,

b1 for tensile strength is 0.62 and b1 for the extensibility is 0.64. For the elastic

modulus, b1 is 1.15 and for the creep, b1 is 0.80 (three-graded concrete) to 0.70

(four-graded concrete).

From the test result of Li Jinyu [8], b1 for the axial tensile strength is 0.60, b1
for the extensibility ratio is 0.57, and the elastic modulus is 1.05. Poisson’s ratio of

the large sample is 0.23, which is a little higher than the traditional value 0.167.
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22.3.2 Time Effect Coefficient b2

Loading rate has a great impact on concrete strength. In a laboratory static test, a

testing sample is destroyed in 1�2 min. Under the effect of earthquake and impulse

loading, loading rate is fast and concrete strength is high; on the contrary, in practi-

cal dam engineering, rate of loading for water pressure, self-weight, and tempera-

ture are slow, the loading time is long, so the concrete strength is lower than the

laboratory testing result. For the same concrete testing sample, if the rate of loading

is normal and the load is P, then when the sample is applied with 0.9P, it will be

destroyed at about 1 h; when applied with 0.77P, it will take 30 years to be

destroyed. The influence of the time rate of loading to strength can be approxi-

mately represented as

b2 5 0:671 0:33 expð2 0:06t0:160Þ; t$ 0:01d ð22:5Þ

where t is the time of loading (d), b2 is the ratio of the strength at loading time t to

the strength under standard test rate.

The variation of the thermal stress σ with the time t is shown in Figure 22.3.

Δt is the time for thermal stress drop from the maximum σmax to 0.8 σmax. Δt for

different thermal stress is approximately as follows: for daily variation, Δt5 3.5 h;

for cold wave, Δt5 0.5Q (Q is the time of duration for cold wave); for annual vari-

ation, Δt5 1.75 month; for dam cooling before joint grouting Δt5 50 d, for the

natural cooling of a conventional concrete gravity dam and RCC gravity dam,

Δt$ 5 years.

From the formula (22.1), the time effect coefficient b2 for different thermal

stresses is approximately: for daily variation, b25 0.88; for a cold wave lasting for

3 days, b25 0.80; for annual variation and dam cooling before joint grouting,

b25 0.78; for the natural cooling of a normal concrete gravity dam and RCC (roller

compacted concrete) gravity dam, b25 0.70.

σmax

σ

tΔ t

0.8σmax

Figure 22.3 Variation of thermal

stress.
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22.4 Reasonable Value for the Safety Factor of Crack
Resistance

22.4.1 Theoretical Safety Factor of Crack Resistance

The tensile strength of prototype concrete is represented as shown below:

Rt 5Rtb1b2 ð22:6Þ

where Rt is the tensile strength of prototype concrete; Rt is the axial tensile strength

of test sample according to the SL352-2006 “Hydraulic Concrete Test Code”; b1 is

the coefficient of size and screening effect and b2 is the coefficient of effect of

hold time of load.

Tensile stress of concrete should not be larger than the tensile strength of the

prototype, namely:

σ# b1b2Rt 5Rt=K20 ð22:7Þ

K20 5 1=b1b2 ð22:8Þ

K20 is the theoretical safety factor of tensile stress. Table 22.1 shows an exam-

ple, from which we know that the theoretical safety factor of tensile stress is

1.56�2.30; the value is relatively large.

22.4.2 Practical Safety Factor of Concrete Crack Resistance

According to the specifications for a concrete gravity dam and arch dam [12�16], the

safety factor for compressive stress is K5 4.0. On one side, the safety factor for com-

pressive stress is very important, because if concrete is crushed, the dam would break;

Table 22.1 Theoretical Safety Factor of Crack Resistance (K205 1/b1b2)

Maximum grain size

of aggregate (mm)

80 150

Coefficient b1 for

size and screening

effect

0.73 0.62

Coefficient b2
for time effect

Daily variation 0.88 1.56 1.83

Cold wave (3 d) 0.80 1.71 2.01

Annual variation and

cooling before joint

grouting

0.78 1.76 2.07

Natural cooling and

continuous placement

0.70 1.96 2.30

Ignore the time effect 1.00 1.37 1.61
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on the other side, compressive strength with a safety factor 4.0 is not difficult for a

practical project to achieve. It is easy to accomplish if a proper water�cement ratio is

chosen.

If the safety factor for concrete tensile stress is 4.0, cracks will not emerge in practi-

cal projects. But the tensile strength of concrete is only about 8% of its compressive

strength, if the safety factor is 4.0, the allowable temperature difference would be too

small and it is hard to achieve in practice. On the other hand, cracks may have a great

impact on the safety and durability of a dam, but if proper treatment is applied, gener-

ally dam break would not happen. So, in current design and construction specifica-

tions, the safety factor of tensile strength is much lower than 4.0.

Safety factor of crack resistance K1 in “Design Specifications of Concrete

Gravity Dam” SDJ21-78 is only 1.3�1.8, which is rather small. As mentioned

above, because of the effect of the testing sample size and wet screening, concrete

extensibility in a practical project is only 0.60�0.70 of the laboratory test value.

Considering the time effect, if K15 1.3�1.8, practical safety factor K1 is only

0.6�0.8. The small safety factor is the primary reason for large quantity of cracks

in mass concrete.

“Design Specifications of Concrete Gravity Dam” SDJ21-78 was edited in the

1970s. At that time, the concrete temperature control of China is low, for example,

the precooling aggregate was rarely used. Straw bags are mainly used for surface

insulation and their effect is poor. Because of some practical conditions, the safety

factor is low. Nowadays, the temperature control level in China is highly improved,

the technique of precooling aggregate is mature, and the plastic industry has rapidly

developed. Foamed plastic is widely used in surface insulation, the performance is

good and the cost is low. Thus, there are suitable conditions to improve the safety

factor of concrete crack resistance.

Theoretical safety factor of crack resistance K205 1/b1b2 is calculated according

to the concrete mechanical property, but more influential factors should be taken

into consideration to determine the practical safety factor of crack resistance.

Here is a calculation method designed by the author.

Assume the designed concrete tensile stress to be

σdt 5σta1a2a3a4a5 ð22:9Þ

where σdt is the designed tensile stress; σt is the calculated tensile stress; α1 is the

coefficient for importance of the structure, for I, II, III level structure, α1 should be

1.1, 1.0, 0.9, respectively; α2 is the factor of importance for the position of tensile

stress, for interior and surface of the concrete in the foundation constraint zone and

upstream surface, the factor is 1.0 for the lateral face, the factor is 0.9, for down-

stream surface, the factor is 0.8. α3 is the overload coefficient. Considering the fact

that the drop of air temperature and cold wave may be beyond the computation

values and the time of adiabatic temperature rise test, 28 d is short, we take

α35 1.05�1.15. α4 is the age factor. Normally in the test of elastic modulus and

creep of concrete, the biggest age of loading is only 180 d, experience shows that

for late age τ. 1 year, based on these test values, the estimated later elastic
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modulus is smaller and creep deformation is larger than the actual values. By con-

sidering these factors, for early stage, τ# 1 year, α45 1.0, for later stage, τ$ 3

year, α45 1.1�1.2. α5 is the correction factor. Considering large amount of engi-

neering experiences and the feasibility of engineering implementation, it is sug-

gested that α55 0.70�1.00.

The tensile strength is

ft 5 b1b2b3Rt ð22:10Þ

where f t is the available tensile strength; b1 is the coefficient of the size of testing sam-

ple and wet screening; b2 is the coefficient of time duration of loading; b3 is the coeffi-

cient of age of concrete, normally the age of strength test is not greater than 180 d,

and the later strength estimated by the curve based on these test results is low. In the

natural cooling of gravity dam without longitudinal joint, the major part of the drop of

the interior temperature happened 5 years later, lots of test results of drilling core in

dam body show that the strength will still slowly increase after 20 years, the later

increase of the strength of concrete mixing with fly ash may be more. When τ# 1

year, b35 1.0; when τ$ 3 year, b35 1.2�1.3.

From σdt# f t, the safety factor for crack resistance is

K2 5
a1a2a3a4a5

b1b2b3
ð22:11Þ

Calculation example, assume overloading coefficient a35 1.05; correction factor,

a55 0.80; as for I, II, III level structure, a15 1.1, 1.0, 0.9; a2, b1, b2, and b3/b4 are

shown in Table 22.2, the safety factor K2 is calculated and shown in Table 22.2.

22.4.3 Safety Factors for Crack Resistance in Preliminary Design

In the preliminary design, the safety factors of crack resistance suggested by the

author are

by formula ð22:1Þ: K1 5 1:62 2:2
by formula ð22:2Þ: K2 5 1:42 1:9

ð22:12Þ

Compared with the K15 1.3�1.8 adopted in the old design specifications of con-

crete dams in China, the safety factors mentioned above have increased a lot.

According to the experience, cracks are largely reduced if the safety factors men-

tioned above are chosen and proper temperature control measures are achievable in

practical projects. Under current conditions, it has taken account both of the necessity

and possibility. According to the author’s suggestion to enlarge the safety factor of

crack resistance, the newly edited “Design Specifications of Concrete Gravity Dam”

of the Ministry of Water Conservancy of China sets K15 1.5�2.0. From the devel-

oping view, from now on, the tensile stress should be controlled by formula (22.2)

and safety factor K2 should be given by formula (22.11). The advantages of
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Table 22.2 Calculation Example for Practical Safety Factor of Tensile Strength K2

Maximum Size of Aggregate, Size, and Wet Screening Factor b1 150 mm (b15 0.62) 80 mm (b15 0.73)

Stress Classification and Position a2 b2 b3/a4 I II III I II III

Stress in zone of

foundation

restraint

With longitudinal joint 1.0 0.78 1.0 1.91 1.74 1.56 1.62 1.47 1.32

No longitudinal joint 1.0 0.70 1.1 1.93 1.76 1.58 1.64 1.49 1.34

Stress of upstream

surface and

lateral surface of

foundation

restraint zone

Daily variation 1.0 0.88 1.0 1.69 1.54 1.39 1.44 1.31 1.18

Cold wave (3 d) 1.0 0.80 1.0 1.86 1.69 1.52 1.58 1.44 1.29

Annual variation 1.0 0.78 1.0 1.91 1.74 1.57 1.62 1.48 1.33

Lateral and top

surface outside

the restraint zone

Daily variation 0.9 0.88 1.0 1.52 1.39 1.25 1.29 1.18 1.06

Cold wave (3 d) 0.9 0.80 1.0 1.68 1.52 1.37 1.43 1.29 1.16

Annual variation 0.9 0.78 1.0 1.72 1.56 1.41 1.46 1.33 1.20

Stress of

downstream

surface

Daily variation 0.8 0.88 1.0 1.36 1.23 1.11 1.16 0.94 0.94

Cold wave (3 d) 0.8 0.80 1.0 1.49 1.36 1.22 1.27 1.15 1.04

Annual variation 0.8 0.78 1.0 1.53 1.39 1.25 1.30 1.18 1.06



using formula (22.2) for crack computation are: (i) the tensile strength test is simple,

(ii) the results of tensile strength test are stable, and (iii) the extensibility tests are

complicated and they are rarely conducted in the construction process of the dam.

The influence of the actual tensile strength in practical construction and the design

value can be calculated by the formula (22.2), and temperature control measure can

be adjusted when necessary.

22.5 Calculation of Allowable Temperature Difference and
Ability of Superficial Thermal Insulation of Mass
Concrete

22.5.1 General Formula for Allowable Temperature Difference and
Superficial Thermal Insulation

Allowable temperature difference and superficial thermal insulation can be calcu-

lated by the formulae (22.1)�(22.3).

During the construction and operation period of a concrete dam, tensile stress is

varying due to the changes of loads and temperature. In the three formulae mentioned

above, σ is the maximum tensile stress and σy is the maximum vertical tensile stress.

Nowadays, the method of finite element simulation calculation is mature.

The stresses caused by temperature differences above the foundation, temperature

differences between the upper and lower parts of concrete blocks, surface-interior

temperature differences, different loads, and different insulation states can be calcu-

lated according to the local weather conditions, material properties, and process of

construction. By formulae (22.1)�(22.3), it is not difficult to determine the allow-

able temperature difference and insulation ability.

22.5.2 Approximate Calculation of Allowable Temperature Difference
and Insulation Ability

1. Allowable temperature difference above foundation

The maximum concrete temperature is Tp1 Tr, where Tp is the placing temperature

and Tr is the temperature rise caused by heat of hydration. The minimum temperature is

Tf, generally Tf is the steady temperature of dam. If there are holes in the dam, Tf is the

water temperature or air temperature in the holes in winter. Besides, there is autogenous

deformation of concrete. The allowable temperature difference Tp1Tr2Tf can be calcu-

lated by the formula:

KpREα
12μ

Tp 2Tf 1
C1A

R
Tr 1C2

G

α

� �
#

Eεp
K1

or
Rt

K2

ð22:13Þ

where

Kp—stress relaxation coefficient caused by creep

R—foundation restraint coefficient
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A—foundation influence coefficient as shown in Figure 12.5, it can also be computed

by the stress influence line or Eq. (12.23)

C1—reduction coefficient considering the influence of compressive stress due to tem-

perature rise at the early age of concrete, the value is about 0.70�0.85

C2—the coefficient considering the process that the autogenous volume deformation

varies with the age, the value is approximately C25 1.00

G—the autogenous deformation of concrete.

2. The allowable temperature difference between the upper and lower parts of concrete

block

The temperature difference between the upper and lower parts of the block can be

classified into two cases.

i. Temperature difference between the upper and lower parts of concrete block caused

by the annual variation of the placing temperature of concrete.

If there is no special temperature control measure like precooling of aggregate, the

placing temperature of concrete will vary with the air temperature, so the maximum con-

crete temperature will also vary with air temperature. The temperature is high in summer

and low in winter. For example, the process of construction for the block shown in

Figure 22.4 takes 4 years, there are four peak temperatures along the height.

In order to investigate the relation between the length of concrete block and the

stresses caused by the temperature difference between the upper and lower parts of

the block, a rectangular concrete block is computed by FEM. The heights of the block

and the rock surface are 185 m and 27 m, respectively, the lengths of the block are

Figure 22.4 Temperature

difference between upper

and lower parts caused by

annual variation of placing

temperature: (a) concrete

block l and (b) temperature

difference.
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L5 20, 40, 80, 120 m. According to the practical construction schedule, the tempera-

ture field and thermal stresses are computed. The results are shown in Figure 12.33.

It is evident that the thermal stresses are dependent on the length L of concrete block.

The bigger the length of block, the larger the thermal stress. For the block with

L5 20 m, there are large thermal stresses only in the restraint zone above the founda-

tion, there are very small thermal stresses in the rest of the block. For a concrete grav-

ity dam without longitudinal joints, the length of dam block in the water direction is

long, large thermal stresses may be caused by the temperature difference between the

upper and lower parts of the block.

Let ΔT be defined as the annual temperature difference between peak temperature

in summer and lowest temperature in winter, ΔH be defined as the height difference

of the block in summer and winter. The width of the block is L. From Figure 12.33,

we can know:

a. when L# 1.5ΔH, the thermal stress is small, and it is not mainly caused by tem-

perature difference between the upper and lower parts of the block;

b. when L$ 3ΔH, thermal stress is large, and it may be largely caused by tempera-

ture difference between the upper and lower parts of the block.

ΔH is the height rise of half a year. Assuming that the height rise velocity of the

block is 6 m/month, so ΔH5 63 65 36 m. When L# 54 m5 1.5ΔH, temperature

difference between the upper and lower parts of the block may not be the main cause

of thermal stress, whereas when L$ 108 m, temperature difference between the upper

and lower parts of the block may be the important cause of thermal stress.

ii. The temperature difference between the upper and lower parts caused by placing new

concrete on old concrete.

If the old concrete was placed a long time ago, the heat of hydration of cement is

completely dissipated and the temperature is low. There will be a large temperature

difference between the old concrete and new concrete. Since the elastic modulus of

old concrete may exceed the elastic modulus of bed rock, the tensile stress produced

by temperature difference between the upper and lower parts of concrete may exceed

the tensile stress caused by the bedrock restraint. As a result, cracks may emerge and

it should be of high concern. The thermal stress can be calculated by the thermal

stress influence line.

3. The allowable interior�exterior temperature difference and surface insulation.

There are mainly two causes of the interior�exterior temperature difference: (i) The

variation of ambient temperature, including the annual air or water temperature variation

and cold wave. The thermal stress caused by these factors can be calculated using the

method mentioned in Chapter 11. (ii) Heat hydration of cement. As for the fixed slab,

free slab, and foundation beam, the thermal stress can be calculated using the method in

Chapters 7 and 8. For the complex cases, the finite element method can be used for

calculation.

For concrete dams with longitudinal joints, artificial pipe cooling is needed for

joint grouting. After pipe cooling, the interior of the dam is cooled to steady temperature,

the exterior�interior temperature difference is not large. The gravity dams without

longitudinal joints including the RCC dams do not need pipe cooling since there is no

longitudinal joint. The internal temperature drops slowly, so there will be a large exter-

ior�interior temperature difference in winter. Superficial thermal insulation should be

emphasized.
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22.6 The Allowable Temperature Difference Adopted by
Practical Concrete Dam Design Specifications

22.6.1 Regulations of Allowable Temperature Difference in Chinese
Concrete Dam Design Specifications

Prescription for allowable temperature difference in Chinese “Design Specifications of

Concrete Gravity Dam” and “Design Specifications of Concrete Arch Dam” [12�16].

1. Allowable temperature difference above the foundation

The temperature difference above the foundation is normally defined as the temperature

difference between the peak temperature of concrete and stable temperature of the dam in the

restraint zone of the foundation. When the extensibility of concrete with age of 28 d is not

smaller than 0.853 1024, for the concrete block with good construction quality, similar modu-

lus of foundation and concrete, and short interval between concrete lifts, the value of allowable

temperature difference of concrete above the foundation is given in Table 22.3.

Under certain conditions, the temperature of block in construction and operation period

(such as deep hole, dam block with wide slot) may be lower than the stable temperature. The

influences of these cases should be considered in the design.

Allowable temperature difference of the following cases should be studied especially:

a. height�width ratio of block is smaller than 0.5;

b. long time stopped block in foundation restraint range; and

c. modulus of bedrock is very high.

The allowable temperature difference of concrete filled in pond, concrete plug, and

concrete placed on steep slope of rock foundation should be more rigorous than

Table 22.3. In the cold area, the allowable temperature difference above foundation must

be determined and discussed separately.

2. Temperature difference between the upper and lower parts of concrete block

Temperature difference between the upper and lower parts of the block is defined as:

within the range of L/4 of the upper and lower parts of the old concrete (age exceeds 28 d), the

temperature difference between the maximum temperature of upper part and the average tem-

perature of lower part when new concrete is placed. When the height h of new concrete placed

with short interval between lifts is larger than 0.5L, the temperature difference between upper

and lower parts is about 15�20�C. If the surface of the pouring block is always exposed, a

small value should be accepted. Standard for temperature difference between the upper and

lower parts of mass concrete constructed in a cold region should be studied especially.

3. Abrupt temperature drop of concrete surface

There are two kinds of superficial concrete cracks, the first kind of crack appeared in the

early stage of the pouring process and the abrupt temperature drop of concrete surface at this

time is the main cause of cracking. The second kind of crack generally appeared in the period

Table 22.3 Allowable Temperature Difference ΔT (�C) of Concrete Block Above

Foundation

Length of the Block L # 16 m 17�20 m 21�30 m 31�40 m . 40 m

Height above foundation

surface h

0�0.2L 26�25 24�22 22�19 19�16 16�14

0.2�0.4L 28�27 26�25 25�22 22�19 19�17
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of cold wave that occurred in the first to third winter after placing of concrete. The cracks are

caused by both the cold wave and the low air temperature in winter.

If daily average air temperature continues to decrease over 6�C in 2�4 days, cracks

may occur on the exposed surface of concrete with age ,28 d (in warm areas, concrete

before 5 d age is not easy to crack), so the structure should be implemented with surface

protection measures.

4. Interior�exterior temperature difference of longtime-exposed concrete block

Because of factors such as annual temperature variation, large interior�exterior tempera-

ture difference is formed, and cracks may occur at the longtime-exposed concrete later. So

for a massive concrete structure, the time and materials for surface protection should be

decided according to local temperature conditions. Even in the region free of foundation con-

straint, it is necessary to prevent cracking due to interior�exterior temperature difference by

longtime superficial thermal insulation. The entrances and exits of galleries and holes in the

dam must be sealed in winter.

5. Height difference between adjacent blocks

During the construction, blocks should rise evenly to prevent large height difference

and the intermission between pouring process should not be too long. The height differ-

ence between adjacent blocks should not exceed 10�12 m to reduce exposing time and

avoid the pressing of keys of adjacent blocks which may influence the grouting quality of

longitudinal joints.

6. Placing temperature of concrete

Placing temperature of concrete is the temperature of concrete at 5�10 cm depth after

vibrating and before pouring the upper layer of concrete. The placing temperature of concrete

should satisfy the provision of allowable temperature difference and maximum temperature

in the dam body, and it should not exceed 25�30�C during the construction in summer. For

winter construction, the placing temperature should be determined with the principle of no

freeze of concrete. If there is no precooling, the concrete above the foundation should be

poured in low temperature seasons to reduce the foundation temperature difference.

7. Grouting temperature in dam body

Generally the steady temperature of the dam body is used for joint grouting temperature. It

can be increased a little bit in cold areas after careful research. The suitable time for grouting

should be the low temperature seasons.

22.6.2 The Requirement of Temperature Control in “Design Guideline of
Roller Compacted Concrete Dam” of China

The history of the RCC dam is short. Due to lack of practical experience, “Design

Guideline of Roller Compacted Concrete Dam” (abbreviate to “Guideline” in the fol-

lowing paragraph) suggests calculating concrete thermal stress according to the proper-

ties of concrete, construction condition, geological and weather condition, so as to

determine the temperature difference above foundation, the maximum temperature and

interior�exterior temperature difference. Based on the assumption that (i) the extensi-

bility of RCC is εp15 0.703 1024 and that of the conventional concrete is

εp25 0.803 1024, (ii) the allowable temperature differences ΔT1 of RCC above rock

foundation and the allowable temperature difference ΔT2 of the conventional concrete

above rock foundation satisfy the following equation

ΔT1=ΔT2 5 εp1=εp2 5 0:70=0:80 ðaÞ
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FromΔT1 given by “Design Specifications of Concrete Gravity Dam” of China, the

allowable temperature difference ΔT1 of RCC above rock foundation is given by for-

mula (a) and shown in Table 22.4. It is recommended as shown in Table 22.4.

Allowable temperature difference above foundation of the following cases should be

studied especially:

1. Thin structure with height to width ratio H/L smaller than 0.5.

2. Long rest layer in foundation restraint range.

3. Elastic modulus of rock foundation and concrete is largely different.

4. Concrete filled in pond, concrete plug and concrete on steep slope of foundation.

“Design Specification of Roller Compacted Concrete Dam” SL 314-2004 only pre-

scribes to determine the allowable temperature difference by using temperature control

design, but the actual number is not given.

22.6.3 Temperature Control Regulation of Concrete Dam by U.S. Bureau
of Reclamation and U.S. Army Corps of Engineers

The allowable temperature difference given by the U.S. Bureau of Reclamation is

shown in Table 22.5.

The U.S. Army Corps of Engineers classifies the temperature control of a concrete

dam into basic control, level A control, and level B control.

Basic control includes: (i) use cement of moderate heat; (ii) adopt the minimum

cement quantity which can satisfy the construction requirement; (iii) thickness of plac-

ing lift is 1.5 m; and (iv) when temperature suddenly drops over 14�C, make protection

for concrete surface. Low gravity dams lower than 15 m should satisfy the basic

requirement.

Table 22.5 Allowable Temperature Difference of Concrete Above Foundation of U.S.

Bureau of Reclamation (�C)

Length of Concrete

Block L (m)

Height h5 0�0.2L 0.2�0.05L . 0.5L

55�73 16.7 19.5 22.2

37�55 19.5 22.2 25.0

27�37 22.2 25.0 Unlimited

18�27 25.0 Unlimited Unlimited

,18 27.8 Unlimited Unlimited

Table 22.4 Allowable Temperature Difference Above Foundation of RCC Dam ΔT (�C)

Maximum Length of

Concrete Block L

Under 30 m 30�70 m Above 70 m

Height above

foundation

0�0.2L 18�15.5 14.5�12 12�10

0.2�0.4L 19�17 16.5�14.5 14.5�12
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Level A control, despite the basic control, includes: (i) prohibit pouring concrete in

hot daytime; (ii) requirement to place four thin layers with thickness 0.75 m on the

surface of rock foundation or old concrete over 15 d, intermission should not be ,3 d,

intermission of 1.5 m placing lift should not be ,5 d; (iii) height difference between

adjacent blocks not bigger than 4.6 m; and (iv) from every September to next April,

when the top and side surface of the pouring block is open to air more than 30 d,

protection is needed to prevent dramatic temperature changes. High gravity dams with

height about 15�46 m should adopt part or all measures of A level control.

Level B control, despite the basic control and A level control, includes: (i) limit the

concrete placing temperature to 10�C; (ii) choose low heat cement on a hot day; and

(iii) use cooling pipes to conduct first stage cooling at local zone in basic constraint

range, in order to reduce the temperature rise caused by heat of hydration. A gravity

dam over 46 m needs to adopt part or all the above measures. After restricting the plac-

ing temperature of concrete, some of the aforementioned rules need to be changed.

Such as, concrete can be placed in daytime, it is not suitable to prescribe least intermis-

sion for thin layer pouring in hot days, because the concrete absorbs rather than dissi-

pates heat to open air on a hot day. It is not suitable to pour thin layers in this condition,

and the maximum intermission should be limited.

The provision of U.S. Army Corps of Engineers does not define the actual value of

allowable temperature difference but limits the placing temperature. It actually limits

the temperature difference in a certain way. They do not define the relationship between

the allowable temperature difference and the length of pouring block, but actually con-

sider the influence of the length of pouring blocks. Since the requirements are related to

the dam height, it means that they make regulation for the length of the concrete block.

22.6.4 Temperature Control Requirements of
Concrete Dam of Russia

There is no universal regulation for allowable temperature difference of concrete dams

in Russia, it depends on the practical condition of the project and is determined after cal-

culation. On this point, it is different from China and the United States. According to

the data collected from some practical dams, the allowable temperature differences they

used are shown in Table 22.6. From this table, we can see the allowable temperature dif-

ference is related to the grade of concrete. It is reasonable. In the design specifications

of Chinese gravity dam and arch dam, the allowable temperature differences are not

related to the grade of concrete, but are implied in the relationship between concrete

extensibility and its grade.

22.7 Practical Examples for Temperature Control of
Concrete Dams

22.7.1 Laxiwa Arch Dam

Laxiwa arch dam locates at the cold northwest area of China. The maximum height of

the arch dam is 250 m, the bottom width of crown section is 49.0 m, and the maximum
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Table 22.6 Allowable Temperature Difference of Russian Concrete Dam

Concrete

Grade

Length of

Concrete

Block L (m)

Allowable Maximum

Concrete

Temperature

Tmax (
�C)

Allowable

Temperature

Difference Above

Foundation ΔT (�C)

Allowable

Temperature

Difference between

Lateral Surface and

Center T R2TБ,Γ (�C)

Allowable Temperature

Difference Between

Horizontal Top Surface

and Center T R2TΓ ;Γ
(�C)

150 10 38 27�29 25 12

15 38 22�24 24 11

20 38 18.5�20.5 23 11

25 38 16�18 22 10

30 38 14�16 21 10

200 10 40 29�31 26 14

15 40 23�25 25 13

20 40 19.5�21.5 24 13

25 40 17�19 23 12

30 40 15�17 22 12

250 10 42 30�32 27 16

15 42 24.5�26.5 26 15

20 42 21�22.5 25 15

25 42 18�20 24 14

30 42 16�17.5 23 14

300 10 44 32�34 28 18

15 44 26�28 27 17

20 44 22�24 26 17

25 44 19�21 25 16

30 44 17�19 24 16



width of arch abutment is 55 m. The average local annual air temperature is 7.3�C, the
average temperature for July is 18.3�C, for November is 0.1�C, for December is

25.0�C, for January is 26.4�C, for February is 22.4�C, for March is 3.7�C. The con-
crete is characterized by low water�cement ratio, low water consumption, mixing with

fly ash, mixing with water reducing agent, and mixing with air entraining agent. The

construction process continues in the whole year. In summer, air-cooled aggregate,

cooling water, mixing with ice are used to control the temperature of the concrete at

the exit of mixer below 7�C. The vehicle for concrete horizontal transportation is

equipped with awning, sponges are set around for thermal insulation and rigorously

control the use of cable crane, in order to control the temperature rise below 1�C, con-
trol the concrete placing temperature lower than 12�C. The thickness of concrete lift is
1.5 m in the strong restrained region and 3.0 m in the weak restrained region. In the

month from May to September, placing of concrete should be avoided in period of

high temperature. The time from the concrete leaving the exit of mixer to it being cov-

ered by new concrete on the surface of block is controlled to 150 min (June to August)

and 180 min (May and September). Fog spray operation should be adopted when pour-

ing concrete in high temperature period and the new concrete is covered with quilt

(with 3-cm-thick polyethylene foam plastics roll inside canvas).

Pipe cooling is divided into three stages. Water should be immediately filled

into cooling pipe when it is covered by concrete. From May to September, 4�6�C
cooling water is used, in other seasons, natural river water is used. Cooling time in

first stage is 15�20 d, and the temperature drop rate is controlled below 1�C/d.
Natural river water is used in second stage, and its main purpose is to reduce the

exterior�interior temperature difference. 4�6�C cooling water is used in final

stage to reduce the dam temperature to steady level.

The time interval between two lifts of concrete is 6�8 d from April to October

and 5�7 d from November to March, it should not exceed 14 d. The height differ-

ence between adjacent dam blocks is not .12 m, the height difference between the

highest and lowest parts of the dam should not exceed 30 m.

The strengthened heat storage method is used in winter construction. The exiting

temperature of concrete is 12�15�C. In the neighborhood of 3�4 m around formwork,

temporary warming shed was set inside which the air temperature is increased by fan

heater. The temperature around formwork could be increased to 8�C. For the central

place of the pouring area, electric blanket is used. The temperature of concrete surface

could be increased to 11�C. The foamed polystyrene boards 5 cm thick were used on

the upstream and downstream surfaces for permanent thermal insulation. Two layers of

foamed polystyrene soft plate with the thickness of 2 cm are used for surface insulation

of the horizontal top surface of concrete block in the construction period.

22.7.2 Toktogulskaya Gravity Dam

The maximum height of Toktogulskaya gravity dam is 215 m, the maximum bottom

width is 170 m, the concrete volume is 3243 104 m3. It was built from 1969 to 1977.

The local annual average air temperature is 8.4�C, the average temperature for

January is 2 14.4�C, and the average temperature for July is 24.4�C. The dam is

divided into columnar blocks. In the original design, the spacing of transverse joint
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and longitudinal joint is 16 m and 15 m. During the construction, the “Toktogulskaya

construction method” was applied. The spacing of transverse joint was changed to

32 m. On upstream side, a cutting joint is set. The spacing of longitudinal joint is

increased to 30�60 m.

1. Auto rising tent

In 1950s and 1960s, Russian built lots of concrete dam, such as Brazk, Crasnoyarsk in the

Siberia area. Because of the cold weather, the crack problem is serious. When building the

Toktogulskaya gravity dam, the so-called Токтогулъская construction method is used to

solve the crack problem of concrete dam. The core idea of this method is to use auto rising

tent to create an artificial climate in order to achieve heat insulation in winter and sun shading

in summer. Concrete is placed inside the tent throughout the whole construction process.

Figure 22.5 shows the auto rising tent used by this dam. The inside height of the tent is 7 m,

which is determined by the height of dump truck used for concrete placing inside the tent.

When tent rises, it takes 10�15 min for every 0.5 m height rise; electric heater or steam heater

is used in the tent in winter. When the temperature outside tent is 225 to 230�C, the average
temperature inside tent is 13 to 15�C, the minimum temperature is 23.5�C, the maximum

is 12�C. Because the tent can achieve sun shading in summer, the temperature inside the tent

is 1.5�2.0�C lower than the outside temperature, the maximum temperature difference may

be up to 4�5�C. The air humidity inside the tent is 20�35% higher than the outside.

2. Surface water cooling on thin layer

The second important thing for the Toktogulskaya construction method is thin layer

placing and surface water cooling. After concrete is placed, cover it with polyethylene film

immediately to prevent drying and excessive cooling. After concrete is setting, eliminate

cement cream and start surface water cooling immediately. The operation of surface water

Figure 22.5 Auto rising tent of Toktogulskaya gravity dam: (1) steel prop; (2) gasket; (3) lift

sleeve; (4) supporting truss; (5) steel truss; (6) top cap made from canvas and metal net; (7) fixed

segment; (8) reinforced concrete form work; (9) long canvas skirt; and (10) transfer station.

456 Thermal Stresses and Temperature Control of Mass Concrete



cooling should not be later than 12 h after concrete pouring, and continue it until the con-

crete is covered with newly placed concrete. The surface water comes from the pored pipe,

and the leaking water forms the flowing water layer on the concrete surface; when the air

temperature is higher than 20�C, water should not be suspended. When the water velocity

is not faster than 0.8 m/s, the water layer should be 2�8 mm thick; the flowing water tem-

perature is not higher than 19�C; the water in the pipe should not exceed 18�C, and it

comes from the sump of the well of drilling and drainage system. In the hottest month from

July to August, the average water flow on every 1000 m2 surface of concrete is 13.5 L/s. It

will be 25% reduced in June and September. In April, May, and October, water flow lasts

for 8 h each day and the average discharge of water on 1000 m2 is 8 L/s. Practical observa-

tion shows that temperature of the flowing water generally rises for 1�3�C.
In order to improve the performance of the surface water cooling, the pouring layer

should be as thin as possible. In the study of this method, the relationship between the size

of pouring block, the strength of concrete and the concrete allowable temperature difference

are calculated, the result is shown in Table 22.7. The thickness of pouring layer is decided

to be 0.5 m, and enlarge the longitudinal joint spacing to 30 m. When the concrete tensile

strength is 1.8�2.0 MPa, the allowable maximum concrete temperature is 26�C. The practi-
cal construction result is: in summer from June to August, the temperature in the tent is

22.9�24.0�C, the concrete temperature at the exit of mixer is 21.2�21.9�C, the placing

temperature of concrete is 21.7�22.0�C, the maximum temperature inside concrete is

25.3�25.7�C, and temperature rise caused by heat of hydration is 3.8�4.1�C. The grouting
temperature of this dam is 6�8�C, so the maximum foundation temperature difference is

17�19.5�C, 16�18�C in general. If the surface water flow is 18�C in the tent, the differ-

ence between the concrete maximum temperature and the surface water flow is 7.3�7.7�C,
this value is not large. The maximum interior�exterior temperature difference appears on

the surface of upstream and downstream of the dam.

3. Reinforced concrete form work

During the construction process, this dam used large amount of reinforced concrete

form work, even in longitudinal joint. The form work is equipped with grouting pipeline,

grout cell, etc.

Later, the thickness of pouring layer is increased to 1.0 m, and the height difference

between adjacent blocks is limited to one layer (0.5�1.0 m). Cooling pipes are set inside

the dam, and the spacing between pipes is 1.5 m. These pipes are used for first stage and

second stage cooling, and the cooling water is the natural river water. Due to the use of

the natural river water for cooling, the cooling capacity of the dam is not large, only

586 kJ/h (1,400,000 kcal/h).

Since thin layer pouring was applied, there are lots of horizontal construction joints.

During the construction process, lots of experiments are conducted to research the impact

of construction joints too the strength. The in-house test results show that the strength of

the joint is 70�75% of the strength of the concrete; for the test of the concrete core,

strength of joint is 40�50% of the strength of the whole concrete; shearing test shows

that the adhesive strength is 1.0�1.2 MPa, friction coefficient f is 1.65�1.70.

4. Concrete pouring

Concrete is transported by dump truck from mixing plant to the bucket of the dumping

trestle bridge outside the tent. It is further dumped by chute to the dump trucks inside the

warm shed. Concrete pouring is conducted by dump trucks. Placing, vibrating, and cream

cleaning are all mechanized. According to the available information, no cracks were dis-

covered in this dam. Afterwards, this construction method was widely applied in Russia.
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Table 22.7 Relationship Between the Maximum Concrete Allowable Temperature and the Block Size

Size of Pouring

Block (m)

Interval Between

Layers (d)

Predicted Maximum Temperature in

Summer of 1969 (�C)
Allowable Maximum Temperature of

Concrete for Different Tensile Strength (�C)

(1) March�July (2) July�August 1.3 MPa 1.6 MPa 1.8 MPa 2.0 MPa

163 153 1.5 15 20�30 32 24 27 29 31

163 303 1.5 15 29�30 32 21 24 26 28

163 153 0.5 15 22�23 26 24 27 29 31

163 153 0.5 7.5 22�23 26 21 23 25 26

163 303 0.5 5 22�23 26 21 24 26 28

163 303 0.5 7.5 22�23 26 19 21 23 24

163 303 0.5� 5�7 21�23 25 19 22 24 26

(1) Cooled mixing water, 12�C river water flows on placing blocks, temperature of concrete at exit is 16�17�C.
(2) Cooled mixing water, 16�18�C river water flow on placing blocks, temperature of concrete at exit is 20�22�C.
�Within the range of 3 m height of strong restraint.



22.7.3 Dworshak Gravity Dam

Dworshak is a gravity dam with the maximum height of 219 m and maximum bottom

width of 152 m, the concrete volume is 5253 104 m3, and it is located at the northwest

part of America in state of Iowa. It is the highest gravity dam in the United States, and

also the highest gravity dam without longitudinal joint in the world. It was built during

the years from 1968 to 1972. U.S. Army Corps of Engineers were in charge of the

design and construction. As the tradition of U.S. Army Corps of Engineers, the dam

was constructed without longitudinal joint. The thickness of pouring layer is 1.5 m. The

main temperature control measures are as follows:

1. Rigorously control the temperature of concrete not higher than 6.7�C and not lower than

4.4�C when transported to the form (the local annual average temperature is 10�C, the air
temperature in summer is about 26.7�C). So despite the water mixing with ice, precooling

for aggregate is also needed. The concrete mixing plant locates at the left abutment and

equipped with 10 3 m3 concrete mixer. Aggregate processing plant and cooling plant are

set around the mixing plant. Aggregate is sprayed with cold water on the conveying belt

in precooling room. The belt is 1.52 m wide with a speed of 0.33 m/s. The flow of water

sprayed is 95 L/s. The aggregate stays in the precooling room for 3 min, and then coarse

aggregate is dehydrated and rescreened before entering the sealed tanks of mixing plant.

After that, aggregate is cooled by cold wind and the water is mixed with ice. The total

power of cooling plant is 43003 104 kJ/h, it can produce 360 t ice every day and 11 m3

1.7�C cold water every minute.

2. Within the range of 0.4H (H is dam height) above bed rock and the range of 6.1 m above the

old concrete with age longer than 28 d, cooling water pipes are embedded with a spacing of

1.5 m3 1.5 m. The water temperature at entrance of pipe is 5.06 1.1�C, the average water

temperature is 10�C, and the flow is 15 L/min. The water flow direction is changed every

12 h. The biggest length of pipe loop is 365 m and every pipe loop is equipped with indicator

showing whether water is flowing inside the pipe. The concrete cooling speed is controlled as

follows: for the first 14 days, the temperature drop should not exceed 6.6�C and the tempera-

ture drop for any 4 days should not exceed 4.4�C, so as to prevent cracks caused by fast cool-

ing. The cooling process generally lasts for 21 days. If the cooling speed exceeds the index

above, cooling process should be suspended for several days. The 21-day cooling process

should be done in the first 30 days. When the concrete temperature is lower than 16�C, cooling
process is stopped.

3. The maximum thickness of concrete lift is 1.5 m. The height difference between adjacent

blocks should not exceed 4.5 m in winter (from December to next February) and 6.0 m

for the rest month (from March to November). The height difference between the highest

and lowest blocks of the dam should not exceed 12 m so that the dam body can rise

evenly.

4. Surface protection: The required surface conductance of top and sides of concrete block in

spring (1st March to 15th April) and autumn (15th September to 15th October) is β# 10.1 kJ/

(m2h �C), in winter (from 15th October to 1st March) is β# 5.0 kJ/(m2h �C). Sometimes the

surface thermal insulation board needs to be uncovered for the surface cleaning and other con-

struction activity. In winter, the surface can be exposed for less than two 12 h, and the interval

between them is at least 24 h, only when the temperature is higher than 7.2�C.

Various temperature control measures specified in design are implemented in

the construction process. Measured concrete temperature: when air temperature is
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23�C, the concrete forming temperature was 5.6�C, the maximum concrete temper-

ature was 22�C after 21 days and 18�C after completion of concrete cooling pro-

cess. The effect of superficial insulation: β5 5.07 kJ/(m2h �C), initial temperature

of concrete was 11.7�C, the initial air temperature was 2.2�C, after 21 days, the air

temperature dropped 21�C, the surface temperature of concrete dropped 7.3�C.
There was not severe structural crack during the construction process of

Dworshak gravity dam. It was considered to be a good example in temperature

control of concrete dam, but after operation for several years, severe vertical

cracks emerged at the upstream face of the dam body. For details, please refer to

Section 13.5. It demonstrates that the protection at the upstream face of this dam

was not effective enough.

22.8 Cooling Capacity

Cooling capacity is related to the local temperature, the construction process, the

temperature control method, and the allowable temperature difference. Careful

calculation�analysis, and comparison proposals need to be done before reaching

a reasonable decision.

22.8.1 Calculation for the Total Cooling Capacity

The total cooling capacity is decided by the peak cooling load, including four parts

which are the concrete precooling, and first stage, second stage, and late stage pipe

cooling:

Q5Q11Q21Q31Q45kρC S Ta1Ts2T0ð Þ1 V1ΔT1

τ1
1

V2ΔT2

τ2
1

V3ΔT3

τ3

� �

ð22:14Þ

where

Q—cooling capacity, kJ/h;

Q1,Q2,Q3,Q4—cooling capacity required during concrete precooling, first, second, and

late stages of pipe cooling;

S—current concrete placing intensity, m3/h;

Ta—current daily average temperature,�C;
Ts—influence of the sunlight to the concrete raw material, generally about 3�5�C, which
is related to material storage condition, construction season, and some other factors;

T0—required concrete temperature at the exit of mixer;

V1—concrete volume of first stage pipe cooling, m3;

ΔT1—average temperature drop during first stage pipe cooling, which is calculated

according to the spacing and length of the pipes and the water flow speed;

τ1—average time spent on first stage pipe cooling, h;

V2—concrete volume of second stage pipe cooling, m3;
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ΔT2—average temperature drop during second stage pipe cooling, �C;
τ2—average time spent on second pipe cooling, determined by calculation;

V3—concrete volume of late stage pipe cooling, m3;

ΔT3—average temperature drop during late stage pipe cooling, �C;
τ3—average time spent on late stage pipe cooling;

ρ—unit weight of concrete, kg/m3;

c—concrete specific heat, kJ/(kg �C);
k—reserve coefficient, can be chosen from 1.1 to 1.3 considering the cooling lost during

the construction.

The temperature drop of first sage pipe cooling can be calculated as follows:

ΔT1 5 T1 2 T2 ð22:15Þ
where T1—temperature of the concrete lift after natural cooling at time τ1 (no pipe

cooling) and T2—concrete temperature after combined action of natural cooling

and pipe cooling at time τ1.
T1 and T2 can all be calculated by one-dimensional finite difference method, the

formula to calculate T1 is

Ti;τ1Δτ 5 Ti;τð12 2rÞ1 rðTi21;τ 1 Ti11;τÞ1Δθ ð22:16Þ
and the formula to calculate T2 is

Ti;τ1Δτ 5 Ti;τð12 2rÞ1 rðTi21;τ 1 Ti11;τÞ1 ðT0 2 TwÞΔφ1 θ0Δψ ð22:17Þ
where r5 aΔτ=Δx2; Δθ5 θðτ1ΔτÞ2 θðτÞ; Δϕ5ϕðτ1ΔτÞ2ϕðτÞ; Δψ5
ψðτ1ΔτÞ2ψðτÞ, ϕðτÞ refers to formula (17.70), ψ(τ) refers to formula (17.74),

T0 is the initial concrete temperature, and Tw is the cooling water temperature.

Temperature drop caused by second pipe cooling is calculated by the formula:

ΔT2 5 T3 2 T4 ð22:18Þ
where T3, T4� concrete temperature before and after second stage pipe cooling

Temperature drop caused by third stage pipe cooling is given by

ΔT3 5 T5 � Tf ð22:19Þ
where T5—concrete temperature before third stage cooling and Tf—grouting tem-

perature of the dam body.

Concrete at the exit of mixer should be determined according to the allowable

temperature, for example, for concrete above rock foundation

T0 5ΔTa 1 Tf 2 Tr 2 Tv ð22:20Þ
where

T0—temperature of concrete at exit of mixer;

ΔTa—allowable temperature difference of concrete above foundation;

Tr—temperature rise caused by heat of hydration;

Tv—temperature rise during the transportation and pouring process.
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Calculation process: The first step is to conduct the temperature control calculation

to determine the concrete temperature at exit of mixer, the placing temperature, the

time for first stage, second stage, and late stage pipe cooling; then, according to the pro-

cess of concrete placing and pipe cooling, calculate the cooling load per month using

the formula (22.14). Finally, determine the cooling capacity according to the peak load.

Here is an approximate calculation. In general, cooling capacity for concrete

placing in summer is large, and precooling is implemented with the first stage cool-

ing at the same time. So cooling capacity of aggregate precooling and first stage

pipe cooling can be calculated together by the following formula:

Q5 kρcSðTa 1 Ts 1 Tr 2 Tf 2ΔTalÞ ð22:21Þ
where

Q—cooling capacity, 104 kJ/h;

ρ—concrete density, kg/m3;

c—concrete specific heat, kJ/(kg �C);
S—concrete placing intensity, m3/h;

Ta—air temperature;

Ts—temperature rise caused by sunlight, including the impact on raw material, concrete

transportation and pouring process;

Tr—temperature rise caused by heat of hydration without pipe cooling;

Tf—steady temperature of dam body;

ΔTal—allowable temperature difference.

Calculation example Assume k51.3, c51.0 kJ/(kg �C), ρ52450 kg/m3, Ta530�C,
Ts5 8�C, Tr5 18�C, Tf5 14�C,ΔT5 16�C, cooling load of precooling and first stage
cooling is calculated using the formula (22.20):

Q5 8:28Sð3 104 kJ=hÞ5 23:0SðkWÞ ð22:22Þ
If the concrete pouring intensity is S5 250 m3/h,

Q5 8:283 2505 2703 104 kJ=h5 5750 kW

According to the cooling capacity used by practical concrete dam, the empirical

relation between maximum concrete pouring intensity S and cooling capacity Q is

Q5β1S ð22:23Þ
where β1 is an empirical coefficient which is the required cooling capacity of unity

concrete pouring capacity. From practical value of 16 concrete dams

β15 4�143 104 kJ/h, the average value is β15 7.923 104 kJ/h, whereas in for-

mula (22.22), β15 8.283 104 kJ/h, these two values are close.

We can also establish the empirical relationship between volume V of concrete

dam and cooling capacity Q.

Q5β2V ð22:24Þ
where β25 5�14 kJ/h, average value β25 7.86 kJ/h per unit volume of concrete.

462 Thermal Stresses and Temperature Control of Mass Concrete



22.8.2 Cooling Load for Different Cases

1. Cooling load for producing cooling water can be calculated by the following formula:

Q1 5 k1S1CwðTj 2TcÞðkJ=hÞ5 k1S1CwðTj 2 TcÞ=3600ðkWÞ ð22:25Þ

where

Q1—load for producing cooling water (kJ/h) or (kW), 1 kW5 3600 kJ/h;

k1—reserve coefficient, k15 1.1�1.2;

S1—production capacity of cooling water (kg/h);

Tj—water temperature entering cooling machine (�C);
Tc—water temperature exiting cooling machine (�C);
Cw—water specific heat [kJ/(kg �C)].

2. Cooling load for producing cooling ice can be calculated using the following formula:

Q2 5 k2S2½CwTw 1Cbð02 TbÞ1 335�ðkJ=hÞ
5 k2S2½CwTw 1Cbð02 TbÞ1 335�=3600ðkWÞ ð22:26Þ

where

Q2—load of producing cooling ice (kJ/h or kW);

k2—reserve coefficient, k25 1.20�1.25;

S2—production capacity of cooling ice (kg/h);

Tw—water temperature for ice production (�C);
Tb—ice temperature (�C);
Cw, Cb—specific heat of ice and water, kg/(kg �C);
335—latent heat for ice melting (kJ/kg).

Cooling load of air-cooled aggregate can be calculated by the following formula:

Q3 5
X

kiSiCgΔTiðkJ=hÞ
5

X
kiSiCgΔTi=3600ðkWÞ

ð22:27Þ

where

Q3—cooling load of air-cooled aggregate (kJ/h or kW);

ki—experience coefficient, about 1.50;

Si—production capacity of i-th aggregate (kg/h);

Cg—aggregate specific heat (kJ/kg �C);
ΔTi—temperature drop of i-th aggregate (�C).

22.9 Inspection and Classification of Concrete Cracks

22.9.1 Inspection of Concrete Cracks

With current level of temperature control, cracks in concrete dam can be prevented.

Projects, such as the third stage of Three Gorges gravity dam and the Sanjianghe arch

dam, have all been built without cracks, but it needs careful design and careful con-

struction. Since practical conditions are complicated and changeable, actually some
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cracks may appear in some practical projects. Frequent inspections are needed in con-

struction process in order to find and treat the cracks immediately, so that future big

cracks or hidden cracks which may endanger the safety of structure can be avoided.

Cracks in mass concrete are mostly surface cracks. Deep cracks and through cracks

are mostly developed from surface cracks. To inspect whether there are cracks or not,

inspection for the concrete surface is the prime thing to be done. Cracks with a width

bigger than 0.05 mm can be seen by naked eyes; to find out more thin cracks, concrete

surface can be firstly wet with water and dried by wind. Since cracks wet with water

are slower to be dried, it is easy to find thin cracks in this way. For cracks at high

place, telescope can be used to do the inspection. The width of cracks can be measured

by reading scale or thickness gauge. For important cracks, measuring apparatus should

be setup to monitor the possible changes of these cracks with time.

For the depth inspection of cracks, following methods can be used:

1. Dig groove to check the depth of cracks, dig to the depth of no cracks are visible.

2. Ultrasonic detection (the maximum depth is about 0.8 m).

3. Surface wave detection.

4. Pouring water or air in drill hole to check the deep cracks.

5. Drill hole TV and photo. Put the probe into the drill holes with diameter larger than

φ150 mm. The situation in drill hole can be displayed on TV screen or be shot.

22.9.2 Classification of Cracks in Mass Concrete

According to the width and depth, cracks in mass concrete can be classified as

shown in Table 22.8:

22.10 Treatment of Concrete Cracks

22.10.1 Harm of Cracks

1. Overall failure of structure and deterioration of stress state

Cracks may cause the overall failure of structure, deterioration of stress state, and

decrease of the structure safety. The deterioration of stress state can be classified into two

types. One is simple and visualized deterioration. Taking Norfork gravity dam

Table 22.8 Classification of Crack in Mass Concrete Structure

Cracks

Classification

Specification Classification Criterion

Crack Width Crack Depth

A-type cracks Micro cracks δ, 0.2 mm h# 300 mm

B-type cracks Surface cracks or

shallow cracks

0.2 mm# δ, 0.3 mm 300 mm, h# 1000 mm

C-type cracks Deep cracks 0.3 mm# δ, 0.5 mm 1000 mm, h# 5000 mm

D-type cracks Through cracks δ$ 0.5 mm h. 5000 mm
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for example, under the action of water load and dead weight, tensile stress should not

exist at the dam heel, as shown in Figure 12.18(a). After through cracks occur inside dam

body, tensile stress will be developed at the dam heel, as shown in Figure 12.3(a).

Another type of stress deterioration is more complicated. Take Kolnbrein arch dam

for example, its dam body is thin and overhang degree is large. Under the action of dead

weight and thermal stress, large horizontal crack occurs at the downstream side of cantile-

ver during the construction process, and the section area was reduced for 40%. After res-

ervoir impoundment, shearing stresses are concentrated at the upstream part of the

uncracked section, which causes large principal tensile stress. As a result, two large

inclined cracks occur at the dam heel.

2. Reduce the durability of structure

If through cracks occur at the water retaining structure, leakage may happen.

Normally the water leakage is limited, but the problem is water leakage may cause corro-

sion which directly reduces the durability of the structure. Deep cracks at the surface may

also influence the structure durability.

22.10.2 Environmental Condition of Cracks

Environmental condition of mass concrete cracks can be classified into following

three types:

Class I: Indoor or outdoor environment;

Class II: Upstream surface, water level variation zone and erosive groundwater

environment;

Class III: Overflow surface, zone with sea water and salt mist action.

22.10.3 Principle of Crack Treatment

The purpose of crack treatment: (i) prevent leakage, (ii) restore integrity of struc-

ture, and (iii) prevent cracks from further development.

It is better to remove shallow surface cracks at the horizontal layer immediately

during the construction. For deep cracks which are difficult to be removed, it is bet-

ter to put crack resistant reinforcement above the fully cooled old concrete, before

pouring of new concrete. Of course, it may largely influence the construction

process.

In massive concrete structure, cracks are not static but dynamic. Small cracks

today may develop into large cracks in the future. Whether cracks will develop

depends on the stress condition. If the crack ends locate at the tensile region or the

upstream side, after reservoir impoundment, cracks may develop because of the

splitting action of the water pressure. So to cracks at the upstream side or strong

restraint region should be paid more attention. Even though the cracks are A type

or B type, they must be handled.

Principle of treatment of mass concrete cracks: (i) A-type and B-type cracks at

class I condition can be not handled. A-type and B-type cracks at class II and class III

conditions should be handled. (ii) C-type and D-type cracks at different environment

conditions should all be handled.
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22.10.4 Method of Crack Treatment

There are many methods for cracks treatment. The method should be chosen

according to the depth, location, future stress condition, and the current construc-

tion condition.

1. Crack removal

During the construction process, if shallow cracks are found on the horizontal layers,

they can be removed by the air pick, air drill, or manual method. The gouging section

should be a trapezoid with wide top side and narrow bottom side. The bottom should be

wide enough to avoid new stress concentration. If the new concrete is poured after the

cracks have been completely removed, further cracks may not occur at this place. Even

though the crack removal is incomplete, such as the actual depth of crack is 30 cm, due

to some reasons only 25 cm is removed and then poured with new concrete. The possibil-

ity that the 5 cm crack may develop in the future is relatively small comparing with the

30 cm deep crack. So when dealing with cracks at horizontal layers, removing is better

than the crack resistant reinforcement.

2. Crack resistant reinforcement

For deep cracks and through cracks occurred in construction process, it is hard to

remove them by dig out method. Generally after the concrete is fully cooled down, one to

two layers of crack resistant reinforcement should be set above the cracks before pouring

of new concrete. Generally, the size of reinforcement is φ25�32 mm, spacing interval is

20 cm, length is 3�4 m. The reinforcements should not contain hooks and they should be

staggered by length, to prevent cracks from emerging at the ends of the reinforcements.

When cracks occur at the sides of the lower layer concrete, related part of the upper layer

concrete should be set with crack resistant reinforcements. When the reinforcements are

fully applied with stress, for example, the stress of reinforcement reaches 100 MPa, the

tensile strain is 53 1024. At this point, since the extensibility of concrete is # 13 1024

cracks may occur because concrete tries to maintain synchronous deformation with the

steel reinforcement. Therefore, reinforcements cannot prevent concrete cracks, they can

only limit the opening of cracks. In massive concrete structure, since the concrete section

is large and lack of reinforcement, actually the crack resistant effect is limited. To prevent

crack from developing upward, the prime treatment is to pour new concrete after old con-

crete is fully cooled and cracks are fully open, setting with reinforcement is just a supple-

mentary measure. If lower layer concrete is not fully cooled and poured with new

concrete, as a result, cracks may cross or bypass the reinforcement and develop upward.

These cases are common in practical project.

3. Cement grouting

For severe cracks, grouting should be done after the temperature of dam body has

reduced to steady temperature. When the crack width is larger than 0.5 mm cement grout-

ing can be done, otherwise chemical grouting should be done.

4. Chemical grouting

When crack width is smaller than 0.5 mm, chemical grouting should be done.

Generally epoxyresin is used for chemical grouting which can treat wet cracks.

5. Antiseepage measures for cracks at upstream surface

Cracks at upstream side may easily develop to large cracks after reservoir impound-

ment, thereafter they are difficult to be treated. So, careful inspection is required before

impoundment. All cracks including shallow surface cracks should be carefully treated to

prevent the development of them after impoundment.
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6. Drain hole

For severe cracks at the upstream side, drainage holes must be drilled across the

cracks to decrease the water pressure inside cracks. After severe upstream vertical cracks

occurred at the Dworshak dam in the United States, epoxyresin is used to seal the crack

at the upstream face, and then drill drainage holes to cross the cracks, the spacing

between drain holes is 1.5 m. This treatment largely decreased the water leakage and the

cracks become stable and never developed again.

7. Prestress anchoring

For severe cracks at the upstream side, prestress anchoring can be used if the perfor-

mance of all other methods is poor. Upstream vertical cracks at Zhaxi diamond-head but-

tress dam are reinforced by this method.

8. Gallery

If a gallery is set at the top of a severe crack, it can help to reduce stress concentration

and prevent the crack from developing upward.
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23 Key Principles for Temperature
Control of Mass Concrete

23.1 Selection of the Form of Structure

The mission of structural design is to obtain a rational structural form that can

withstand the design load and satisfy the requirements of safety, durability, and

economy. Three elements are included in the structural form: (i) reinforced or not,

(ii) shape of the structure, and (iii) size of the structure.

The safety of structure depends on three factors: compressive strength, tensile

strength, and shear strength, among which tensile strength is the main consideration

for temperature control and crack prevention.

The tensile strength of concrete is very low, only about 8% of its compressive

strength. Therefore, how to solve the problem of low tensile strength is the key

point of concrete structural design.

Even though the thin-walled structure may cool in a short time and the tempera-

ture rise caused by the hydration heat of cement during the construction is not sig-

nificant, the thin-walled structures are generally reinforced because the tensile

stress caused by ambient temperature fluctuation and external load might be high.

Tensile stress is borne by the steel and the concrete bears compressive stress only.

The tensile stress within the massive concrete structure caused by hydration heat

of cement and the ambient temperature fluctuation might be significant, and it

would use large amounts of steel if the tensile stress is borne by the steel because

of the thick section. Therefore, in massive concrete structures, such as concrete

dams, the tensile stress problem is usually solved by temperature control measures,

which include the optimization of raw material, dividing the dam into blocks, pre-

cooling of concrete, pipe cooling, and surface thermal insulation instead of being

reinforced.

Generally, massive concrete structures are known as the structures with the

thickness above 0.8�1.0 m; in the author’s opinion, this concept about massive

concrete structures is too general and it should be further divided into massive hol-

low structures and massive solid structures, the former as the buttress dam, the lat-

ter as the gravity and arch dams.

It is possible to prevent cracks in massive concrete structures with thickness

above 3 m, such as gravity dam and arch dam, by temperature control measures.

It could also prevent cracks during the operating period if there are permanent insu-

lating boards, otherwise there would be some surface cracks, among which the
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upstream ones might develop into large cracks and do harm to the structure but the

downstream ones are generally innocuous to the structure safety because of the

large size of the structure itself.

There would be a large tensile stress caused by ambient temperature fluctuation

within large hollow concrete structures, such as the buttress dam; many cracks may

appear and some of which might be through cracks due to the thin section. Even

though the dissipation of heat is quick in the hollow structure, it is hard to prevent

cracks because the structure is sensitive to the ambient temperature fluctuation.

Certainly, it is possible to prevent cracks if we make permanent insulation on the

entire exposed surface, but it would increase the cost and might lose some original

advantages of the hollow structure.

In conclusion, solid structure is more favorable in temperature control and crack

prevention.

23.2 Optimization of Concrete Material

The purpose of choice of the concrete raw material and the optimization of con-

crete mix is to obtain larger crack resistance, which means the larger tensile

strength and extensibility, smaller adiabatic temperature rise, modulus of elasticity

and linear expansion coefficient, and larger semi-mature age of concrete.

The linear expansion coefficient of concrete mainly depends on aggregate varie-

ties, as given in Tables 2.15 and 2.16, the linear expansion coefficients of different

aggregate from small to large are limestone, basalt, granite, sandstone, and quartz-

ite. Therefore, if there are different choices of aggregate in the construction site,

more attention should be paid to this factor, and the aggregate should be selected

after testing.

The tensile strength, extensibility, adiabatic temperature rise, and modulus of

elasticity of concrete are all closely related to the water�cement ratio and compres-

sive strength of concrete. There is a contradiction between high strength and low

heat and small elastic modulus, and the contradiction would be relieved by adding

appropriate amounts of fly ash, slag, and water-reducing agent; therefore, during the

testing period, we should research all feasible measures to relieve this contradiction

and select the primary material and mix design after a comprehensive consideration

of strength, crack resistance, durability and workability of concrete.

23.3 Calculation of Crack Resistance of Concrete

Calculate the allowable temperature difference and surface insulation ability

according to the following formulas:

σ# σ½ �5 Eεp
K1

ð23:1Þ
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σ# σ½ �5 Rt

K2

ð23:2Þ

σy # σy

� �
5

rRt

K2

ð23:3Þ

where, σ is the maximum tensile stress, σy is the vertical tensile stress, r is the ten-

sile strength reduction coefficient of the horizontal construction joint, εp is the ten-

sile extensibility, Rt is the tensile strength.

Recommended safety factors are as follows:

K1 5 1:6� 2:2

K2 5 1:4� 1:9

)
ð23:4Þ

23.4 Control of Temperature Difference of Mass Concrete

23.4.1 Temperature Difference Above Dam Foundation and Temperature
Difference Between Upper and Lower Parts of Dam Block

1. The allowable temperature differences above rock foundation adopted by the gravity dam

and arch dam design code of China are given in Table 22.3.

The temperature difference between upper part and lower part of dam block is

15�20�C.
2. Suggestion of the author

If the modulus of elasticity of concrete is equal to that of the bedrock, the restraint of

old concrete would be smaller than that of bedrock; actually, the modulus of deformation

of bedrock is smaller than concrete, so the restraint of old concrete to upper concrete

might not be lower than that of the bedrock. The stress caused by temperature difference

between upper part and lower part is also closely related to the length of concrete blocks.

The author suggests that the allowable temperature difference above foundation takes the

same value with the allowable temperature difference between upper part and lower part,

as given in Table 23.1.

Table 23.1 The Allowable Temperature Difference ΔT Above Dam Foundation or Between

Upper and Lower Parts of Dam

Height of New Concrete Long Edge of the Block L (m)

,16 m 17�20 m 21�30 m 31�40 m .40 m

0�0.1L 26�25 24�22 22�19 19�16 16�14

0.1�0.4L 33�31 31�28 28�26 24�20 20�18
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23.4.2 Surface�Interior Temperature Difference

Most cracks in mass concrete are surface cracks but some of them may become

large and deep cracks later on. Superficial thermal insulation is the most efficient

measure for preventing surface cracks. Equations (11.11) and (11.23) may be used

to determine the thickness of insulation layer. Simulation computation of thermal

stress must be made for important massive concrete structures.

23.4.3 Maximum Temperature of Concrete

The maximum temperature of concrete determines the temperature difference

above foundation, the temperature difference between upper and lower parts, and

the surface�interior temperature difference.

In the past, there were several projects which set very low-allowable maximum

temperature of concrete to solve the problem of surface�interior temperature dif-

ference, which caused some difficulties in construction and temperature control.

The author thinks that this opinion is worth discussing. Three parts are included in

the surface�interior temperature difference: temperature variations of air (annual

variation and cold wave), temperature rise caused by hydration heat of cement, and

the initial temperature difference. Since the annual change of air temperature is

about 10�20�C and the temperature drop during the cold wave could be 10�20�C,
even 20�40�C if in winter, it could reduce the maximum temperature by precool-

ing the aggregate and pipe cooling, but it is difficult to gain significant reduction.

Therefore, the reasonable method is setting the maximum temperature of concrete

according to the allowable temperature difference above foundation and the tem-

perature difference between upper and lower parts; the control of maximum tem-

perature mainly depends on the heat dissipation of lift surface, pipe cooling and

precooling of concrete; and control the surface�interior temperature difference

mainly by the superficial thermal insulation, not by the reduction of maximum

temperature.

23.5 Analysis of Thermal Stress of Mass Concrete

The analysis of thermal stress is divided into four kinds: (i) estimation, (ii) primary

calculation, (iii) detailed calculation, and (iv) simulation calculation. We can

choose one of them according to the importance of projects and the stage of

design.

23.5.1 Estimation of Thermal Stress

The maximum temperature of concrete Tm could be calculated as Eq. (4.72).

The temperature difference above foundation is

ΔT5 Tm 2 Tf ð23:5Þ
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where Tf is the steady temperature of dam; it could be estimated by the following

formula:

Tf 5
TW 1 Td 1ΔT

2
ð23:6Þ

where

TW—the mean annual water temperature of upstream face

Td—the mean annual water temperature or air temperature of downstream face

ΔT—the temperature rise caused by sunshine.

The first kind of temperature difference between the upper part and lower part

is:

ΔTu1 5 Tmu 2 Td ð23:7Þ

where

Tmu—the maximum mean temperature within the range of the upper L/4 of the block

Td—the actual mean temperature of the lower concrete when placing new concrete.

The second kind of temperature difference between the upper part and lower

part is:

ΔTu2 5 Tmu 2 Tfd ð23:8Þ

where Tfd is the steady temperature of the lower concrete before the grouting of

joints.

The three kinds of above-mentioned temperature difference should not exceed

the allowable temperature difference.

Calculate the necessary surface thermal insulation measures using the method

mentioned in Chapter 10.

23.5.2 Primary Calculation of the Temperature Stress

Calculate the temperature difference above foundation and the temperature differ-

ence between upper part and lower part by the one-dimensional finite difference

method, see Eq. (2.75); calculate the thermal stress of dam block by influence

lines; calculate the cold wave and overwinter thermal stress by the method men-

tioned in Chapter 10.

23.5.3 Detailed Calculation of Thermal Stress

Calculate the thermal stress of the dam during the construction and operation

period using the two-dimensional finite element method (FEM) and three-

dimensional FEM (3D FEM).
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23.5.4 Whole Process Simulation Calculation

Simulate the whole process of construction and whole dam by the 3D FEM; the

influence of construction process, the influence of joint and the operating condition

should be considered in the computation.

23.6 Dividing the Dam into Blocks

Concrete dams are very large structures; generally they are divided into blocks by

joints to make the construction more convenient and reduce the thermal stress.

The joints are grouted after the dam is cooled.

Transverse joints are perpendicular to dam axis. The spacing between them is

about 15�20 m, which might be different in a same dam as hydraulic arrangement

required. In the RCC dams, there is generally no longitudinal joint, but the trans-

verse joints are still set by a vibrating grooving machine.

Longitudinal joints are parallel to dam axis, the spacing between them is about

15�40 m. With the development of dam construction technology, nowadays, there

is generally no longitudinal joint in both gravity and arch dams.

The thickness of the concrete lift depends on three factors: (i) the effectiveness

of superficial heat dissipation, (ii) the rising speed of the dam, and (iii) the conve-

nience of construction.

For the multiple-arch dam and slab deck buttress dam, the thickness is less than

2 m, the dissipation of heat from the lateral surface is straightforward during construc-

tion, so the thickness of concrete lift usually takes about 5 m. For the diamond-head

single buttress dam, which has a head of large cross section, the dissipation of heat

from the lateral surface is difficult, so the concrete lift should not be too thick.

In the gravity dam and arch dam, which have a thick dam body, dissipation of

heat is mainly from the horizontal construction joints, the effectiveness of heat dis-

sipation is the determinant factor of the thickness of concrete lift.

During summer construction, if the concrete is precooled, the placing temperature Tp
would be lower than the air temperature Ta, which causes an initial temperature differ-

ence T0 5 Ta 2 Tp; if Ta. Tp, there will be some heat absorbed in the first few days

after placing—the thinner the lift is, the more the heat will be absorbed. The concrete

temperature will rise due to the hydration heat of cement, and the heat in the interior

will not dissipate until the internal temperature is higher than the outside. From this

view, the thicker the better. According to the author’s studies, when the

T0=θo 5 0:80� 0:85, the total temperature rise is almost independent of the lift thick-

ness; when the T0=θo . 0:85, the thicker the better, and when the T0=θo , 0:80, the
thinner the better.

When the valley is wide, there are many dam blocks, the dam rising rate has lit-

tle to do with the thickness of the lift, then the thin layer, short interval and even

rising could be taken.

When the valley is narrow, there are fewer dam blocks, the thickness of the lift

would be a constraint factor of dam rising rate.
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During the dam construction, temperature control standards must be adhered to

and could not be easily changed, but the thickness of the lift is changeable.

Generally, 1.5 or 3.0 m is suitable; under special circumstances, thicker lift is

adoptable, but the temperature control and management must be enhanced.

23.7 Temperature Control of Gravity Dam

Nowadays, the slotted gravity dam, buttress dam, and conventional gravity dam are

basically not adopted, and the RCC gravity dam is usually built in wide river

valleys.

In the early application period of the RCC gravity dam, some people thought

that there was no need to consider the temperature control and crack prevention

because in RCC less cement is used. Both theoretical analysis and practical experi-

ence have shown that it is not realistic; temperature control is also necessary for

RCC gravity dams.

The temperature control of the RCC gravity dam has the following

characteristics:

1. The adiabatic temperature rise of the roller compacted concrete is lower because it is

mixed with more fly ash and less cement. Even so, the temperature rise caused by hydra-

tion heat of cement is not too low because the large amount of mixed fly ash would post-

pone the dissipation of hydration heat and the rising rate of the RCC dam is high, with

less heat dissipation through horizontal lift surface.

2. Because the content of cement is less, the creep of the RCC is smaller and the extensibil-

ity is lower, which means lower crack resistance.

3. In addition to the hydration heat, the high placing temperature, cold wave, and low tem-

perature in winter are also important factors that cause cracks. The influence to the RCC

dam is as much as to the conventional concrete dam.

4. Generally, the RCC dams are poured without longitudinal joints and pipe cooling. The

dam body would be already completed when the dam temperature drops to steady temper-

ature, so the horizontal stress caused by self-weight and water pressure would offset some

tensile stress caused by temperature reduction. But the internal temperature of dam body

drops slowly; the low temperature in winter and cold wave may induce a large tempera-

ture difference between the surface and the interior of dam, which might cause horizontal

and vertical cracks and transverse cracks on the upstream surface.

5. Generally, concrete is placed in horizontal lifts in the river channel; even though the con-

crete in the central part of riverbed has been out of the foundation restraint zone, the con-

crete near the river banks is still subjected to strong restraint of bedrock. There would be

a “thin lift with long interval” problem when overflowing in the flood season or during

winter layoff in a cold region.

6. When precooling the concrete, ice cannot be added into the mixture because of low water

consumption; therefore, the fresh RCC temperature is usually higher than the conven-

tional concrete. More heat absorbed during the paving and rolling. Thus, the placing tem-

perature of the RCC is 15�17�C in summer construction, higher than the conventional

concrete, which is about 12�C.
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7. Generally, there should be a 2�4 m conventional concrete cushion plate on the bedrock

and an interval of about 2 months for the bedrock consolidation grouting after placing the

cushion. This is a typical “thin lift with long interval,” which is most likely to produce

through cracks. Because of locating in the strong constraint zone of bedrock, these kind

of cracks are easy to extend upward, which is hard to prevent even though the steel bars

are put across the joints when placing new concrete.

8. As the bottom outlet usually locates above the foundation, the extra cooling of the bottom

outlet might cause cracks.

23.8 Temperature Control of Arch Dam

Generally, the arch dam is set with transverse joints, which means it needs artificial

cooling before joint grouting to reduce the dam body temperature to the steady

temperature. Compared to natural cooling, the artificial cooling time is relatively

short, so there might be large tensile stress caused by the foundation restraint and

upper�lower temperature differences. It would be more serious if the dam body

were higher and thicker.

It is necessary to reduce the maximum temperature of concrete by early pipe

cooling and precooling to satisfy the allowable temperature difference. When the

dam body is thick, there should be one to two stages of mid-term pipe cooling

between early and later pipe cooling to disperse the temperature difference. The

height of the pipe cooling zone should not be less than 0.4 times the length of the

dam block during the late and mid periods of pipe cooling, and it should form a

certain temperature gradient in vertical direction to reduce the tensile stress.

It is better to set permanent insulation board on the upstream and downstream

surfaces of a high arch dam. The horizontal construction joints and the lateral face

of pouring blocks should be insulated by the foam insulation quilt.

When late pipe cooling is conducted in the hot season, the surface insulation

must be enhanced; otherwise, the concrete temperature near the surface would be

difficult to drop to the steady temperature.

The temperature load of the arch dam during the operating period may be calcu-

lated by the method mentioned in Chapter 13.

23.9 Control of Placing Temperature of Mass Concrete

When concrete is poured in hot weather, in order to satisfy the allowable tempera-

ture difference above foundation, the following measures could be adopted to

reduce the placing temperature of concrete:

1. Reduce the aggregate temperature by building arbors or putting it under the ground,

2. Use cold water or ice when mixing the concrete,

3. Precool the aggregate,

4. Shorten the concrete transporting and concrete spreading time,

5. Timely coverage.
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23.10 Pipe cooling of Mass Concrete

Pipe cooling could efficiently reduce the concrete maximum temperature and take

the dam temperature down to the target temperature in a relatively short time.

However, pipe cooling also has negative aspects: (i) there would be a large local

tensile stress around the pipe and (ii) because pipe cooling makes the dam tempera-

ture decrease sharply, the creep of concrete could not fully develop, so larger

tensile stress would appear in concrete compared with natural cooling.

Generally, pipe cooling should adhere to the following three principles:

1. As a rule, the initial cooling must be carried out immediately after placing the concrete

to reduce the concrete maximum temperature; in the initial cooling of the strong

restraint zone, dense cooling pipes could be taken to reduce the concrete maximum

temperature to a lower value, which would reduce the foundation temperature differ-

ence and the temperature difference between the upper part and lower part. The cost

will not be large as the range of dense pipes is small, but the effectiveness of crack

resistance is significant. Part of the dense pipes could be shut down in 2 or 3 days after

concrete reaches the maximum temperature to avoid faster cooling, which would cause

a large tensile stress.

2. The height of pipe cooling zone should not be less than 0.4 times the length of dam block

during the late and mid period, and it should form a certain temperature gradient in the

vertical direction to reduce the tensile stress.

3. Disperse the temperature difference, which means that there must be several stages of

cooling with small temperature differences. Between early cooling and late cooling, there

should be at least one or two mid-cooling stages. So the difference between initial con-

crete temperature and water temperature To 2Tw would ideally not exceed 10�C.

23.11 Surface Thermal Insulation

Practical experience shows that, initially, most of the cracks in massive concrete

structures are surface cracks, some of which might develop into deep cracks, even

through cracks. The factors that cause tensile stress are cold wave, annual air tem-

perature variations, hydration heat of concrete, initial temperature difference, and

desiccation; to prevent surface cracks, curing and surface insulation should be

enhanced [31,32,42,64,66,71,72,89].

The upstream and downstream surfaces of a concrete dam may be insulated by

expansive polystyrene foam board (EPS board) by the inside-paste or outside-

paste method: the inside-paste method fixes the EPS boards to the concrete foam,

leaving the EPS boards on the surface after form removing; the outside-paste

method pastes the EPS boards to the concrete surface after form stripping.

The horizontal lift and the lateral surface could be protected by EPS insulating

quilt. The permanent insulation could also use polyurethane spray foam, the

thickness of which should be determined by calculation, and there should be an

antioxidant layer outside the insulation. The small- and medium-sized projects

could also use the straw bag and sand layer as insulation.
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For important concrete arch dams, it is recommended to set permanent insulat-

ing boards on both upstream and downstream surfaces; for normal concrete gravity

dams and arch dams, it is recommended to set permanent insulating boards in

both upstream and downstream surfaces in the strong constraint zone of rock

foundation.

23.12 Winter Construction

Winter construction means the daily temperature is below 5�C or the minimum

temperature is below 23�C.
Both freeze protection and crack prevention should be taken into account during

massive concrete construction in winter, so the following three principles should be

followed:

1. The optimum placing temperature of concrete is 5�12�C, therefore, the temperature of

fresh concrete at batch plant may be decided according to the local climate and construc-

tion method, while also considering the heat loss during the transportation and pouring.

2. The fresh concrete could not suffer freeze injury until it reaches the 50% design strength,

or it would lose strength because of the damage of internal structure.

3. To prevent cracks, the temperature difference above foundation, temperature difference

between upper part and lower part, and temperature difference between surface and inte-

rior should not exceed the specified value.

When building a concrete dam in a cold region, there should be a specific study

about whether or not to continue construction in winter in the schematic design

stage. Generally speaking, for the conventional concrete dam, winter construction

is feasible, but for the RCC dam, winter construction is not appropriate.

23.13 Conclusion

The theory in this book and the practical experience in China have shown that it

is absolutely possible to prevent the cracks of the massive concrete structure by

well-designed research and careful construction.
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Appendix: Unit Conversion

1.00 kcal5 4.1868 kJ

1.00 kW5 3600 kJ/h

1.00 kg5 9.806 N

1.00 kg/cm25 0.09806 MPa

1.00 Pa5 1.00 N/m2

1.00 MPa5 1.00 N/mm25 106 Pa

1.00 in.5 2.54 cm

1.00 lb5 0.454 kg5 4.45 N

1.00 lb/in.25 0.07037 kg/cm25 0.00690 MPa

1.00 ft5 12 in.5 0.3048 m

1 Btu5 0.252 kcal5 1.055 kJ
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Note: Page numbers followed by “f ” and “t” refer to figures and tables, respectively.

A

Adiabatic temperature rise, of concrete,

8�9, 32�34, 33f, 39t, 40t, 66�67,

70, 72�73, 123, 337�338, 358, 428,

470, 475

Admixture, 9, 43

Agents, mixture with, 9

Aggregates, 44, 45t, 404�406, 459

precooling

by air cooling, 405

by mixed type of water spraying and

air cooling, 405�406

by secondary air cooling, 406

by water cooling, 404�405

from underground gallery, 402�403

Air entraining agent, 9, 453�455

Air temperature, 19�20, 84, 134�138,

402�403, 428

annual variation of, 19

cold wave, 19�20, 19f

daily variation of, 208�211

depth of influence of variation of, 50�53,

52t

and superficial thermal insulation, 205

Allowable temperature difference, 249�258,

334, 447�449, 470�471

adopted by practical concrete dam design

specifications, 450�453

in Chinese concrete dam design

specifications, 450�451

and insulation ability, 447�449

and superficial thermal insulation, 447

Analysis of thermal stress, 6�7, 159,

472�474

detailed calculation, 473

estimation, 472�473

primary calculation, 473

whole process simulation calculation, 474

Antiseepage measures for cracks at upstream

surface, 466

Arc sprayer, 406�407, 407t

Arch dams

application of MgO concrete in, 419�424

with contraction joints, 419�420

without contraction joints, 420�423

Sanjianghe arch dam, 423�424

characteristic temperature fields in,

288�289

measures for reducing temperature

loadings of, 305�306

grouting temperature, optimizing, 306

superficial thermal insulation, 306

observed thermal stresses and

deformations of, 308

RCC arch dams, temperature control of,

306�307

self-thermal stresses of, 287

temperature control of, 476

temperature loading on, 289

in cold region with superficial thermal

insulation layer, 297�305

for constant water level, 289�292

for variable water level, 292�297

thermal stresses in, 287

Artificial cracks, presetting, 279

A-type cracks, 464t, 465

Autogenous deformation of concrete, 36, 36f

Autogenous volume deformation, 409, 411

incremental calculation of, 416

Axial flow temperature reductioner,

406�407, 407t

B

Baishi RCC gravity dam, 279

Beam, thermal stresses in (on elastic

foundation), 143

on foundation of semiinfinite plane,

145�156

homogeneous beam, 152�156

nonhomogeneous beam, 145�151

on old concrete block, 156�158

self-thermal stress, 143�144



Beam, thermal stresses in (on elastic

foundation) (Continued)

thermal stress on lateral surface of,

159�160

thin beam on half-plane foundation, 159

variation of modulus of elasticity with age

of concrete, 169

on Winkler foundation, 161�169

analysis of effect of restraint of soil

foundation, 167�169

approximate method for, 167

coefficients of resistance of foundation,

165�166

restraint stresses of beam in bending

and tension, 163�165

restraint stress of beam in pure

bending, 162�163

restraint stress of beam in pure tension,

161�162

Bending and tension, restraint stress of beam

in, 163�165

Blocks, thermal stresses of, 235

cooling region, height of, 243�246

on elastic thermal stresses, 243�244

on opening of contraction joints,

246�247

on viscoelastic thermal stresses,

245�246

cracking due to over precooling of

concrete, 263�265

on elastic foundation due to uniform

cooling, 235�239

cracks in thin block with long time of

cooling, 238

on horizontal foundation, 235�238

on inclined foundation, 238�239

first principle about temperature control

on rock foundation, 252�254

influence lines of, 239�242

joint spacing and stress coefficient,

262�263

length of concrete block, influence of,

260�261

multilayer concrete block on rock

foundation, 256�258

multi-stepwise temperature difference,

stresses due to, 255

negative stepwise temperature difference,

255

positive stepwise temperature difference,

252�254

on rock foundation in construction period,

259�260

second principle about temperature

control on rock foundation, 255

standing side by side on rock foundation,

265

stepwise temperature difference, stresses

due to, 249�251

temperature rise due to self-weight of

concrete, 265�266

upper and lower parts of block,

temperature difference between,

247�249

Boundary conditions, 13�14, 62�66,

83�90, 134�138, 174�175

of structures, 116t

B-type cracks, 464t, 465

C

Cement

choice of, 8�9

grouting, 466

heat of hydration of, 31�32, 32t,

123�125

kinds of, 32t

Chemical grouting, 466

Cold region, concrete dam in, 274�279,

306f, 431

See also Severe cold region, thermal

stresses of gravity dams in

climate features of, 431�432

difficulties of, 432�433

temperature control of, 433�438

Cold wave, 19�20, 19f

superficial thermal insulation for,

211�214

thermal insulation for, 217�219

variation of air temperature during,

205�207

Complex stress state

stress increment and strain increment for,

197�199

Compound element, 202�203

Compound permanent insulation plate, 231

Compressive stress, 1, 124�125, 129

Concrete construction, quality of, 9

Concrete gravity-arch dam, model of, 337f
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Concrete lift

forming temperature of concrete,

58�60

mixing temperature of concrete, 57�58

placing temperature of concrete, 60�62

on rock foundation, 69�70, 70f, 71f, 72f

temperature rise due to hydration heat in

with adiabatic temperature rise

expressed by compound

exponentials, 66�67

with first kind of boundary condition,

62�64

with third kind of boundary condition,

64�66

Concrete lift, temperature field in

due to hydration heat computed by finite

difference method, 69

with cooling pipe, 70�72

practical method for computing

with pipe cooling, 77�80

placing temperature of the new

concrete, 75�76

without pipe cooling, 74�75, 77

practical treatment of boundary condition

on the top surface, 80�81

Concrete mixing

with cooled water and ice, 403�404

example of, 31t

Concrete slab

with harmonic surface temperature,

91�98

thermal stresses in

due to hydration heat of cement, 129

Concrete surfaces, requirements of thermal

insulation for, 233

Concrete temperature, 426�427

reducing, 9

rigorous control of, 9

variation of, 53�54

Constant stress, strain of concrete due to,

105�107

Construction of mass concrete

without cracks, 10

in winter, 425

problems and design principles of,

425�426

technical measures of, 426�428

thermal insulation calculation of,

428�430

Continuous body, discretization of, 174,

174f

Contraction joints

arch dams with, 419�420

arch dams without, 420�423

Control of thermal stress and prevention of

cracking, 8�9

Conventional concrete dams, thermal

properties of, 30t

Conventional concrete gravity dams,

416�419

Cooling capacity, 460�463

calculation for, 460�462

cooling load for different cases, 463

Cooling of mass concrete, 83

arbitrary external temperature,

temperature in slab with, 98�100,

100t

cooling of mass concrete in two and three

directions, 101�103

harmonic surface temperature,

temperature in concrete slab with,

91�98

of semi-infinite solid with third kind of

boundary condition, 83�85, 84f, 85f

of slab with first kind of boundary

condition, 85�89

of slab with third kind of boundary

condition, 89�90

in two and three directions, 101�103

Cooling pipes, 9�10

hexagonal arrangement of, 342f

horizontal arrangement of, 342f

temperature variation of concrete with

insulated surface and, 367�370

Cracks, 463�464

cause of, 7�8

classification of, 464, 464t

due to over precooling, 263�265

environmental condition of, 465

kinds of, 1�2, 2f

inspection of, 463�464

in massive concrete structure, 8�10

prevention, 8�9, 227�230, 469�470,

478

in late 30 years, 10

removal, 466

resistance

computational formula for, 439�441
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Cracks (Continued)

laboratory test of, 441

practical safety factor of, 443�445

reasonable value for safety factor of,

443�447

safety factors for, 445�447

theoretical safety factor of, 443

resistance, of concrete dams

calculation of, 470�471

computational formula for, 439�441

laboratory test of, 441

practical safety factor of, 443�445

reasonable value for safety factor of,

443�447

reinforcement, 466

safety factors for, 445�447

theoretical safety factor of, 443

of thin block with long time of cooling,

238

treatment of, 464�467

harm of cracks, 464�465

method of, 466�467

principle of, 465

Creep compliance of concrete, 106, 107f,

199�200

of Felly Cangon dam, 109f

Creep of concrete, 107�110

Creep on stresses and deformations of

concrete structure, 115�117

Creep strain increment, 200

C-type cracks, 465

D

Daily variation of air temperature, 208�211

Dam construction, temperature control

standards for, 474�475

Dam engineering, characteristic

temperatures in, 57

Dam surface, temperature on, 35�36

Danjiangkou Dam, 45t, 402�403

Decision support system and dynamic

temperature control, of concrete dam,

334�335

Deep cracks, 1�2, 464

on upstream face of gravity dam, 272

Deformation of concrete caused by change

of humidity, 43�44

Depth of influence

of variation of air temperature, 50�53, 52t

of variation of water temperature, 49�50,

51f, 51t

“Design Guideline of Roller Compacted

Concrete Dam” 451�452

Detroit Dam, 404

Deveau Dam, 405�406

Development of thermal stress, 5�6

Different time increments in different

regions, method of, 203

Diffusivity of humidity in concrete, 43�44

Displacements of an element, 185�187

Distributed body force, formula for, 190

Distributed surface force, formula for, 190

Distribution of temperature in slab, 87, 87f,

88f

Drain hole, 467

D-type cracks, 465

Dworshak dam, 45t, 272, 276f, 459�460

Dynamic temperature control

and decision support system, of concrete

dam, 334�335

E

Early-stage cooling, 341

Effective modulus of elasticity, 107

Elastic foundation

homogeneous beam on, 152�156

nonhomogeneous beam on, 145�151

thermal stress on lateral surface of,

159�160

Elastic strain increment, computing, 200

Elastic thermal stress, 3�4, 121�122,

126�128, 135�136, 153t, 206

cooling region height influence on,

243�244

due to self-restraint, 371�373

finite element method for computing,

185�192

displacements of element, 185�187

equilibrium equation of nodes and

global stiffness matrix, 191

formulas, 191�192

nodal forces and stiffness matrix of

element, 189

nodal loads, 190

strains of element, 187�188

stresses of element, 188

Elastocreeping self-thermal stress of pipe

cooling, 376�379
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in 20 days early pipe cooling, 377

in 60 days early pipe cooling, 377

computing model, 376�377

in late pipe cooling, 377

new method of cooling, numerical

analysis of, 379

Elastocreeping stresses, 371�376

elastic thermal stress due to self-restraint,

371�373

elastocreeping self-stress due to pipe

cooling and hydration heat of

cement, 375�376

elastocreeping thermal stress due to self-

restraint, 373�374

reducing thermal stress by multistage

cooling, 374�375

Element stiffness matrix, 189

Elementary parallelepiped, 11, 12f

Equilibrium equation of nodes, 191

Equivalent linear temperature, 132�133

physical meaning of, 291�292

Equivalent modulus method, 117�119

Euler’s equation, 171�172

Expansive polystyrene foam board (EPS

board), 477

External temperature, arbitrary, 100t

temperature in slab with, 98�100

F

Features of thermal stresses in concrete

structures, 3�4

Fengman reservoir, 26f, 27

Fineness of cement, 41�43

Finite difference method, 46f, 48f

solution of temperature field by, 44�48

Finite element method (FEM), 40�41,

54�56, 267

for computing temperature field, 171

discretization, of continuous body, 174

Euler’s equation, 171�172

heat conduction problem, variational

principle for, 172�173

isoparametric elements, 180�182

two-dimensional unsteady temperature

field, triangular elements, 178�180

unsteady temperature field, examples

of, 183�184

unsteady temperature field,

fundamental equations for, 174�178

for computing temperatures and stresses

with cooling pipe, 382�384

computing thermal stress due to removing

forms by, 141�142

for computing viscoelastic thermal

stresses, 185�192

displacements of element, 185�187

equilibrium equation of nodes and

global stiffness matrix, 191

formulas, 191�192

nodal forces and stiffness matrix of

element, 189

nodal loads, 190

strains of element, 187�188

stresses of element, 188

direct method and equivalent method for

pipe cooling, 384

pipe cooling temperature field solved

directly by, 380�382

Fixed slab, 121, 122f

thermal stresses in, 121�125

due to hydration heat of cement,

123�125

elastic thermal stress, 121�122

temperature field, computation of, 121

viscoelastic thermal stresses, 123

Flowing water over top of concrete block,

cooling by, 408

Fly ash, 37f, 43, 409, 453�455, 470

Foamed polystyrene plate, 230, 278

Foamed polythene wadded quilt, 230

Fog-spray device, 407�408

Form stripping, 428

Forming temperature of concrete, 58�60

Fourier number, 35�36, 86, 138, 293�294,

296t, 319

Free slab, 121, 127f, 136f

due to removing forms

by finite element method (FEM),

141�142

of infinite slab, 138, 139f

of semiinfinite solid, 139�141, 140f,

141f

elastic thermal stress, 126�128

with periodically varying surface

temperature

temperature field, 129�133

viscoelastic thermal stresses, 134

thermal stresses in, 126�129
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Free slab (Continued)

with third kind of boundary condition and

harmonic air temperature, 134�138

viscoelastic thermal stress, 128�129

Freeze protection, 425�426, 478

Friant Dam, 401

Full course simulation analysis, of concrete

dams, 333

G

Gallery, 467

aggregates from, 402�403

Gezhouba Dam, 405�406

Global stiffness matrix, 191, 202

Gongzui gravity dam, 108, 114�115

Gorges concrete gravity dam, 10

Gravity dam, 267

application of MgO concrete in

conventional concrete gravity dams,

416�419

conventional concrete dams, 416�419

dam axis of, 414

deep crack on upstream face of, 272

due to restraint of foundation, 267�269

heightening of, 284�285

with longitudinal crack, 271�272

without longitudinal joint, 271

longitudinal joint of, 273

longitudinal joints influence on, 270�271

in period of operation, 273

in severe cold region, 274�279

cracking preventing measures of,

278�279

horizontal cracks and upstream face

cracks, 275�278

steady temperature field of, 55f, 56f

temperature in, 268f

control of, 475�476

thermal stress in, 270�271

in severe cold region, 274�279

thickness, 414

transverse joints of, 414

Gravity dams, thermal stresses of (in severe

cold region), 274�279

horizontal cracks and upstream face

cracks, 275�278

measures for preventing cracking of,

278�279

peculiarity of, 274

Grouting temperature, 288, 451

optimizing, 306

Guanyinge dam, 276�278, 279f

H

Harmonic surface temperature

concrete slab with, 91�98

Heat absorbed by concrete, 11

Heat conduction, 11

adiabatic temperature rise of concrete,

32�34, 33f

air temperature, 19�20

annual variation of, 19

cold wave, 19�20, 19f

autogenous deformation of concrete, 36, 36f

boundary conditions, 13�14

approximate treatment of third kind of,

14�16, 15f

coefficients of thermal expansion of

concrete, 44

deformation of concrete caused by change

of humidity, 43�44

differential equation of, 11�12

finite difference method, solution of

temperature field by, 44�48

heat of hydration of cement, 31�32

initial condition, 12

semi-mature age of concrete, 36�43, 40t

example of inference of, 40�41

formulas for computing, 38�39

meaning of, 40

measures for adjusting, 41�43

method for determining, 37

superficial thermal insulation effect,

computation of, 17�18, 18f

surface conductance, 16, 16t

temperature increments due to sunshine,

20�25, 23f

of dam surface, 22

of horizontal lift surface, 22�25

sun radiation on horizontal surface,

20�22

on surface of dam, 35�36

temperature variation of concrete with

insulated surface and cooling pipe,

367�370

thermal properties of concrete, 29�30

variational principle of problem of,

172�173
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water temperature, in reservoir, 28f

estimation of, 25�27

numerical computation of, 28�29

Heat conduction, equation of, 11�12, 77,

83, 85, 91�92, 101�102, 134, 208,

337�338, 358, 367�370

Heat fluxes, 11

Heat of hydration

at different initial temperature, 32f

of cement, 31�32, 32t

Heightening of gravity dam

concrete gravity dams, thermal stresses in,

279�284

technical measures to, 284�285

Hidden cracks, 463�464

Hiwassee Dam, 30t, 401

Hoover Dam, 30t, 341, 401

Horizontal construction joint, 227, 440�441

Horizontal cracks, 230, 235�236, 279f,

440�441

and upstream face cracks, 275�278

Horizontal restraint, 167

Horizontal stress, 235�238, 267�268

Horizontal surface, sun radiation on, 20�22

Humidity change

deformation of concrete caused by,

43�44

Hydration heat of cement, 31�32

and adiabatic temperature rise of concrete,

31�34

temperature rise of concrete lift due to, 57

expressed by compound exponentials,

66�67

with first kind of boundary condition,

62�64

forming temperature of concrete,

58�60

mixing temperature of concrete, 57�58

placing temperature of concrete, 60�62

theoretical solution of, due to hydration

heat of cement, 62�67

with third kind of boundary condition,

64�66

thermal stresses in fixed slab due to,

123�125

I

Inclined foundation, concrete block on

viscoelastic thermal stresses in, 238�239

Incremental method, 200

Infinite slab, stresses due to removing forms

of, 138, 139f

Influence lines of thermal stress, 239�242

Initial strain and initial stress, formula for,

190

Instrumental monitoring, drawbacks of, 336

Isolado arch dam, 308, 309f

Isoparametric elements, 180�182

three-dimensional, 182

two-dimensional, 180�182

Itaipu Dam, 402, 405�406

J

Jinghong gravity dam, 30t, 45t, 333, 334f

Jinghong RCC dam, 45t

Jingping-I arch dam, 30t, 39t, 109�110

Joint spacing, 8, 262�263

K

Kimishiba arch dam

observed temperatures and stresses in,

308, 310f, 311f

Kinds of thermal stress, 6

restraint stress, 6

self-stress, 6

Kolnbrein arch dam, 464�465

Krasnoyarsk Dam, 428

L

Lateral strain and Poisson’s ratio of

concrete, 110

Late-stage cooling, 341

plane temperature field of, 342�348

spatial temperature field of pipe cooling

in, 348�358

temperature difference in, 391f

Lexica arch dam, 453�455

Lift of concrete. See Concrete lift

Linear variation of air temperature,

205�207

Liujiaxia gravity dam, 112, 112f

Locks, 313

Longitudinal crack, 271�272

concrete gravity dams, thermal stresses in,

271�272

Longitudinal joint, 457, 459, 474

concrete gravity dams, thermal stresses in,

270�271
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Longtan RCC dam, 45t

Longtang gravity dam, 112, 113f

M

Mangwan RCC dam, 45t

Massive concrete structure, 49, 469�470

classification of, 117

model test of temperature and stress fields

of, 337�340

peculiarities of, 1

temperature and stress fields of

model test of, 337�340

thermal stress of, 6�7

viscoelastic thermal stresses of, 185

Maximum temperature of concrete, 472

Maximum viscoelastic superficial thermal

stress, 209, 214�216

Mean temperature, 63, 363f

of concrete cylinder, 362�364

cross section of, 364�365

of concrete lift, 79�80

of point x in operation period,

288�289

Medium and late cooling pattern, research

on, 387�389

influence of number of stages of pipe

cooling, 389

thermal stress

influence of pipe spacing on, 389

influence of temperature gradient on,

387�388

MgO concrete, 409

arch dams, application in, 419�424

with contraction joints, 419�420

Sanjianghe arch dam, 423�424

without contraction joints, 420�423

calculation model of expansive

deformation of, 415�416

autogenous volume deformation,

incremental calculation of, 416

of dam body outdoors, 415�416

for test indoors, 415

gravity dams, application in

conventional concrete gravity dams,

416�419

peculiarities of, 410�415

dam type difference, 414

dilatation source difference,

414�415

indoor and outdoor expansive

deformation, difference between,

410�412

regional difference, 413�414

temperature difference, kinds of, 414

time difference, 412

Mianhuatan RCC dam, 45t

Micro cracks, 440

Mineral composition, changing, 41�43

Mixing of concrete, 8�9

with cooled water and ice, 403�404

Mixing temperature of concrete, 57�58

Modulus of elasticity, 115, 200, 209,

339�340, 471

of concrete varying with age, 169

and creep of concrete, 107�110

N

New concrete, 402, 466

computing model of, 376f

influence of placing temperature of,

75�76

Nodal forces of element, 189

Nodal loads, 190

Nonmetal cooling pipe

computing model of, 343f

Nonproportional deformation, structure of,

117

Norfork dam, 271�272, 464�465

crack in, 275f

Normal stress, 147

Numerical monitoring, of concrete dams,

335�337

content of, 336

drawbacks of, 336

important functions of, 336�337

O

Old concrete block, restraint stresses of

beam on, 156�158

One-dimensional heat flow, 208�211

One-directional stress, stress increment and

strain increment for, 196�197

Optimization of concrete material, 470

Overload computation, 333

P

Parallel model, for concrete crack resistance,

439, 440f
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Peculiarities of massive concrete structure, 1

Pier of sluices

longitudinal section, 330f

restraint stress in, 321�323

self-thermal stresses in walls of, 313�314

thermal stresses in, by FEM, 329�331

hydration heat of cement in

construction period, 329�331

transverse section, 330f

Pipe cooling, 9�10, 341, 477

advantages of, 395�397

disadvantages of, 395�397

early pipe cooling, research on pattern of,

386

elastocreeping self-thermal stress,

376�379

in 20 days early pipe cooling, 377

in 60 days early pipe cooling, 377

computing model, 376�377

in late pipe cooling, 377

multistep early and slow cooling with

small temperature differences, 379

elastocreeping stresses, 371�376

due to pipe cooling and hydration heat

of cement, 375�376

due to self-restraint, 373�374

elastic thermal stress due to self-

restraint, 371�373

thermal stress reduction by multistage

cooling, 374�375

enhancement of, 10

heat conduction equivalent equation,

considering pipe cooling effect,

367�370

medium and late cooling, research on,

387�389

pipe spacing influence on thermal

stress, 389

stages of cooling, influence on thermal

stress, 389

temperature gradient influence on

thermal stress, 387�388

natural cooling and, comparison of, 398t

plane temperature field of, in late stage,

342�348

of concrete cooled by metal pipe in late

stage, 346�348

of concrete cooled by nonmetal pipe in

late stage, 342�346, 343f

practical formulas for, 362�367

cooling time, 365�366

mean temperature of concrete cylinder

with length L, 362�365

water temperature, 366�367

principles, 384�386

spatial problem of, 349f

spatial temperature field of, in late stage,

348�358

solution method, 348�352

spatial cooling by metal pipe, 352�355

spatial cooling by nonmetal pipe,

356�358

strengthening cooling by close polythene

pipe, 389�395

cooling effect by close pipe, 389�391

pipe spacing and temperature difference

T0�Tw, principle for control of,

394�395

with small spacing on thermal stress,

391�394

superficial thermal insulation of, 398�399

temperature field in early stage, 358�361

plane problem, 358�360

spatial problem, 360�361

temperatures and stresses computation,

FEM for, 380�384

temperature variation of concrete with

insulated surface and cooling pipe,

367�370

Pipe heating, 278�279

Placing temperature, 60�62, 426�427

control of, 476

Plane temperature field of pipe cooling, in

late stage, 342�348

Plastic foam boards, 10

Plastic water pipe, 10

Poisson’s ratio of concrete, 110

Polythene pipes, 389�395

Polyurethane foamed coating, 231

Pouring block, size of, 8

Precooling

of aggregate

by air cooling, 405

by mixed type of water spraying and

air cooling, 405�406

by secondary air cooling, 406

by water cooling, 404�405

and cracking, 263�265
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Prestress anchoring, 467

Proportional deformation, structure of, 117

Prototype concrete and laboratory testing

sample, tensile properties between,

441�442

size and screening effect, coefficient b1
for, 441

time effect coefficient b2, 442

Q

Qingxi hydropower station, 419

Quasi-steady temperature, 4�5, 49�50,

53, 54f

R

Raw material selection of concrete, 8�9

Rectangular parallelepiped, 101�102, 101f

Relaxation coefficient, 111�112, 115

compution from creep of concrete,

112�114

formulas for, 114

Resistance of foundation, coefficients of,

165�166

Restraint stress, 6, 6f, 313, 317

in piers of sluices, 321�323

in wall of dock, 314�317

Restraint stress of beam

in bending and tension, 163�165

on old concrete block, 156�158

in pure bending, 162�163

in pure tension, 161�162

Retarder, 9

Rihand Dam, 404�405

Rise of concrete dam, sketch of, 60f

Rock foundation, temperature rise in

concrete lifts on, 69�70, 70f, 71f,

72f

Role of mass concrete, 1

Roller compacted concrete (RCC) arch dams

temperature control of, 306�307

with transverse joints, 307

without transverse joint, 306�307

Roller compacted concrete (RCC) gravity

dam, temperature control of,

475�476

Roller-compacted concrete (RCC), 112, 271

Rotation of beam, restraint of, 168

Russia Concrete Dam

temperature control requirements of, 453

S

Salamond dam, 45t

Same time increments, in different regions,

203

San Jiang He arch dam, 10

Sand layer, 232�233

Sanjianghe arch dam, 423�424, 463�464

Sanmenxia gravity dam, 2

SAPTIS, 271

Self-restraint

elastic thermal stress due to, 371�373

elastocreeping thermal stress due to,

373�374

practical formula for, 374

Self-stress, 6, 6f, 313

Self-thermal stress, 143�144, 287, 313�314

Semiinfinite plane, coefficients of, 158

Semi-infinite solid

cooling of, 83�85

stresses due to removing forms of,

139�141

Semi-mature age of concrete, 36�43, 40t

example of the inference of, 40�41

formulas for computing, 38�39

meaning of, 40

measures for adjusting, 41�43

method for determining, 37

Serial model, for concrete crack resistance,

440, 440f

Severe cold region, thermal stresses of

gravity dams in, 274�279

horizontal cracks and upstream face

cracks, 275�278

measures for preventing cracking of,

278�279

peculiarity of, 274

Shapai RCC arch dam, 308f

inducing joint in, 307

transverse joint of, 307

Shearing stress, 147

Simplified computing method, for wall of

docks, 325�329

coordinate system for, 326f

for E(y, τ) varying with age τ, 329
of T beam, 325�326

of thermal stresses in dock, 327

for thermal stresses in sluices, 328

Simulation analysis, of concrete dams, 333

Simulation calculation, 474
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Slab cooling

with first kind of boundary condition,

85�89

with third kind of boundary condition,

89�90

Slab with arbitrary external temperature,

temperature in, 98�100, 100t

Soil foundation, analysis of restraint effect

of, 167�169

Spatial cooling of concrete

by metal pipe, 352�355

by nonmetal pipe, 356�358

Spatial problem of pipe cooling, 348�352

Spray cooling, 404�405

Spraying fog over top of concrete block,

406�408

Steady temperature, 53�54

of concrete dams, 54�56

Steel bar, thermal stress of, 3

Steel bar, thermal stress of, 3

Steel water pipe, 10

Stepwise temperature difference

negative, 255

positive, 252�254

stresses due to, 249�251, 255

Straight tube sprayer, 406�407

Strain increment

for complex stress state, 197�199

computing, 192�196

for one-directional stress, 196�197

Strain of concrete

due to constant stress, 105�107

due to variable stress, 107

Straw bag, 232

Stress fields of massive concrete structures,

337�340

Stress increment

for complex stress state, 197�199

for one-directional stress, 196�197

Stress relaxation of concrete, 111�114, 111f

computing relaxation coefficient from

creep of concrete, 112�114

relaxation coefficient, formulas for, 114

subjected to constant strain, 111�112

Stresses analysis, method of equivalent

modulus for, 117�119

Stresses due to change of air temperature

and superficial thermal insulation,

205

Stress�strain relation of concrete, 105�110

lateral strain and Poisson’s ratio of

concrete, 110

modulus of elasticity and creep of

concrete, 107�110

strain of concrete

due to constant stress, 105�107

due to variable stress, 107

Structural form, selection of, 469�470

Sunshine, temperature increments due to,

20�25, 23f

Superficial heat insulation, 9

Superficial temperature, 206

Superficial thermal insulation, 214�216,

297, 306

for cold wave, 217�219

for cold wave, one-dimensional heat flow,

211�214

comprehensive analysis of, for variation

of air temperature, 226�227

computation of, 17�18, 18f, 223�225

for daily variation of air temperature,

216�217

one-dimensional heat flow, 208�211

thermal insulation for, 216�217

during winter, 220

for important concrete surface, 227�230

materials for, 230�233

compound permanent insulation plate,

231

concrete surfaces, requirements of

thermal insulation for, 233

foamed polystyrene plate, 230

foamed polythene wadded quilt, 230

permanent thermal insulation and anti-

seepage plate, 231

polyurethane foamed coating, 231

sand layer, 232�233

straw bag, 232

plate, determining thickness of, 225�226

Superficial thermal insulation, strengthening,

278

Superficial thermal stress

due to linear variation of air temperature,

205�207

during winter, 220�223

Surface conductance, 16, 16t, 210�211

Surface cooling of mass concrete, 401

See also Precooling
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Surface cracks, 1�2, 2f, 464, 477

Surface insulation ability, calculation of,

470�471

Surface of dam, temperature of, 35�36

Surface temperature of dam, 35�36

Surface thermal insulation, 477�478

Surface�interior temperature difference, 472

Sustained modulus of elasticity, 107

T

Токтогулъская gravity dam, 455�458

Tear of horizontal construction joint,

440�441

Temperature, model test of, 337�340

Temperature change, 2

Temperature control of mass concrete, 469

analysis of thermal stress, 472�474

detailed calculation, 473

estimation, 472�473

primary calculation, 473

whole process simulation calculation,

474

arch dam, temperature control of, 476

in China, 451�452

of concrete dam in cold region, 433�438

crack resistance of concrete, calculation

of, 470�471

dividing dam into blocks, 474�475

first principle about, 252�254

gravity dam, temperature control of,

475�476

in the late 30 years, 10

optimization of concrete material, 470

pipe cooling of mass concrete, 477

placing temperature, control of, 476

practical examples for

Dworshak Gravity Dam, 459�460

Lexica Arch Dam, 453�455

Токтогулъская gravity dam, 455�458

second principle about, 255

selection of form of structure, 469�470

surface thermal insulation, 477�478

temperature difference, control of,

471�472

maximum temperature of concrete, 472

surface�interior temperature

difference, 472

temperature difference above dam

foundation, 471

temperature difference between upper

and lower parts of dam block, 471

winter construction, 478

Temperature difference

calculation of, 470�471

control of, 471�472

maximum temperature of concrete, 472

surface�interior temperature

difference, 472

temperature difference above dam

foundation, 471

temperature difference between upper

and lower parts of dam block, 471

Temperature drop in winter, 214�216

Temperature field, 6�7, 49, 121

in concrete lift. See Concrete lift,

temperature field in

concrete temperature, variation of, 53�54

depth of influence

of variation of air temperature, 50�53,

52t

of variation of water temperature,

49�50, 51f, 51t

finite difference method for computing,

44�48

finite element method for computing, 171

discretization of continuous body, 174

Euler’s equation, 171�172

heat conduction problem, variational

principle for, 172�173

isoparametric elements, 180�182

two-dimensional unsteady temperature

field, triangular elements, 178�180

unsteady temperature field, examples

of, 183�184

unsteady temperature field,

fundamental equations for, 174�178

in operation period, 53�54

of pipe cooling in early stage, 358�361

steady temperature of concrete dams,

54�56

Temperature increments due to sunshine,

20�25

Temperature load, calculation of,

420�421

Temperature loading on arch dams, 289

in cold region with superficial thermal

insulation layer, 297�305

for constant water level, 289�292
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measures for reducing, 305�306

grouting temperature, optimizing, 306

superficial thermal insulation, 306

for variable water level, 292�297

Temperature variation

in operation period, 289

with time, 4�5

Tensile strength, 443, 469�470

Tensile stress, 1, 7, 469

of concrete, 7

and thermal stress, 7�8

Thermal expansion of concrete, coefficients

of, 44

Thermal insulation materials, conductivities

of, 17t

Thermal properties of concrete, 29�30, 31t

Thermal stress, 2

in arch dams, 287

in beam on Winkler Foundation, 161�169

cause of crack, 7�8

on central section after pipe cooling, 393f

on central section of concrete block, 397f

of concrete block on elastic foundation

due to uniform cooling, 235�239

danger of cracking of thin block with

long time of cooling, 238

horizontal stress, 235�238

inclined foundation, concrete block on,

238�239

in concrete block on rock foundation,

259�260

in concrete blocks standing side by side,

265

control of, 8�9

development of, 5�6

in docks, locks and sluices, 313

educing by multistage cooling with small

temperature differences, 374�375

features of, 3�4

influence lines of, 239�242

influence of cooling of pipe with small

spacing on, 391�394

influence of height of cooling region

on elastic thermal stresses, 243�244

on opening of contraction joints,

246�247

on viscoelastic thermal stresses,

245�246

influence of pipe spacing on, 389

influence of temperature gradient on,

387�388

kinds of, 6

of massive concrete structure, 6�7

pattern of medium and late cooling,

influence on, 387�389

pipe spacing influence on, 389

pouring block size and, 8

restraint stress, 6, 6f

self-stress, 6, 6f

significance of, 1�3

simplified computation, 325�326

stages of cooling influence on, 389

temperature gradient influence on, 387�388

and tensile stress, 7�8

types of, 6f

variation of, 5�6

Thermal stress field, analysis of, 7

Thin beam on half-plane foundation,

approximate analysis of thermal

stresses in, 159

Thin block cracking with long time of

cooling, 238

Thin-walled structures, 469

Three Gorges gravity dam, 463�464

Three Gorges stage I Project, 406

Three-dimensional FEM (3D FEM), 473

Through cracks, 1�2, 464

Toktogul Dam, 109, 408

Triangular elements, 178�180

T-Shaped sprayer, 406�407, 407t

Tube sprayer, 406�407, 407t

Two-dimensional finite element method (2D

FEM), 473

Two-dimensional heat flow, 216�220

U

Ultracold of bedrock, 432�433

Unit creep, 115, 200

Unsteady temperature field

examples of, 183�184

fundamental equations for, 174�178

two-dimensional, 178�180

U.S. Army Corps of Engineering, 452�453

U.S. Bureau of Reclamation, 401, 452�453

V

Variable stress, strain of concrete due

to, 107
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Viscoelastic stress analysis of mass

concrete, 115

Viscoelastic stress�strain equation, implicit

method for

strain increment, computing, 192�196

stress and strain increment

for complex stress state, 197�199

for one-directional stress, 196�197

Viscoelastic thermal stresses, 123, 125, 126f,

128�129, 131f, 134, 136�138, 206,

212�213

in concrete block on inclined foundation,

238�239

of concrete structure, 199�202

influence of height of cooling region on,

245�246

simulating process, 256�258

W

Wall of docks

cracks on, 314f

restraint stress in, 314�321

computation for bottom plate with

moderate width, 320�321

computation for wide bottom plate,

317�320

general theory for, 314�317

on narrow bottom plate, 323�325

self-thermal stresses in, 313�314

simplified computing method, 325�329

Water immersion precooling, 404

Water loss in mass concrete, 44f

Water reducing agent, 9

Water temperature, 388t

at pipe length, 360

coefficient of, 366�367, 368f

depth of influence of variation of, 49�50,

51f, 51t

formula for, 366�367

in reservoir, 28f

estimation of, 25�27

numerical computation of, 28�29

Whole process simulation calculation, 474

Winkler foundation, thermal stresses in

beam on, 161�169

analysis of effect of restraint of soil

foundation, 167�169

approximate method for, 167

coefficients of resistance of foundation,

165�166

restraint stress

in bending and tension, 163�165

in pure bending, 162�163

in pure tension, 161�162

Winter

superficial thermal insulation during, 220

superficial thermal stresses during,

220�223

temperature drop in, 214�216

Winter, construction of mass concrete in,

425, 478

design principles of, 426

problems of, 425�426

technical measures in, 426�428

thermal insulation calculation, 428�430

one-dimensional calculation, 428�429

two- and three-dimensional calculation,

429�430

X

Xiangjiaba gravity dam, 110

Xiaowang arch dam, 34, 109

Xilaodu arch dam, 109

Xilodu RCC dam, 45t

Xinfengjiang reservoir, 27

Xingfengjiang reservoir, 26f

Y

Yantan RCC dam, 45t

Yoojiangdu dam, 45t

Z

Zaxi dam, 45t

Zhougongzhai concrete arch dam, 335, 335f
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