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This book is the result of the experience gained over the years on the learning and
teaching the subject of thermodynamics in metal and materials systems. The authors
still remember how painful it is to do well in such courses, and are sympathetic to
those students currently undergoing such ordeal.

On the other hand, the authors have realized over the years that thermodynamics
is not a nightmare; and in fact they have come to a realization that this subject is not
as complex as many believe it to be.

Hence, this text was created. It is designed to serve as a complement to more
extensive textbooks. The main idea is to show full solutions of problems commonly
taught in chemical thermodynamics, thermochemistry or simple thermodynamics
courses. The fully solved problems presented in this manuscript are not only found
in academics, some of them are also found (quite frequently) in major metallurgical
operations. It has been sought as a balance between merely academic problems and
industry-related ones. The problems shown in the text are to ease the understanding
of key concepts and help students overcome their fear to this simple yet powerful
tool for process analysis.

The book also includes some theory; however, we tried to keep the concepts
described in the text as simple as possible and it has been attempted to use a
friendly language appealing to students.

In the end, we expect that the students and those who have an opportunity to
check on the book might experience a pleasant time learning this subject manner.

Most of the examples in the book were modified versions of those taken from
Collection of problems in chemical metallurgy and materials science by Toguri
et al. The data used to solve the problems were taken from HSC Chemistry V6.1 by
A. Roine, Hultgren’s et al. book Selected values of thermodynamic properties of
metals and alloys and from Alcock and Kubaschewski’s Materials Thermochem-
istry, 6th Edition. The phase diagrams shown in Chap. 5 were drawn using TAPP
V2.2 software.

Mexico City, Mexico Gabriel Plascencia
November 2016 David Jaramillo
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Introduction

Thermodynamics developed from studying the efficiency of early steam engines.
Thermodynamics deals with energy exchange or energy transformation in a given
system without considering any molecular mechanism. At its core, thermodynamics
relates heat and temperature to energy and mechanical work.

From its beginnings, thermodynamics extended to chemical systems. Chemical
thermodynamics or thermochemistry developed into a powerful tool for chemical
engineers, metallurgists, and materials science specialists to predict the macroscopic
behavior of the system under study.

Thermochemistry relates to the amount of energy needed to undergo any sort of
chemical or physical transformation. In materials processing, process engineers
usually look for specific chemical reactions (oxidation, reduction, etc.) or for phase
changes, i.e., fusion or solidification. In either case, it is imperative to estimate the
energy exchange involved in such changes.

The importance of quantifying the energy required to incur in any of these
transformations allows for establishing energy and mass balances which in turn
help in sizing up the different equipments used to produce the materials that we end
up using every day.

To be able to calculate the energy exchange, thermochemistry heavily relies on
basic thermodynamic principles. In this chapter, we will define some quantities and
functions based on the laws of thermodynamics. These quantities will be used
throughout the entire text to help us calculate the energy needed to carry over any
chemical reaction, phase change, or to form solutions over different composition
ranges.

© Springer International Publishing AG 2017 1
G. Plascencia and D. Jaramillo, Basic Thermochemistry in Materials Processing,
DOI 10.1007/978-3-319-53815-0_1



2 1 Laws of Thermodynamics and Auxiliary Functions

The First Law of Thermodynamics
and the Enthalpy Function

The first law of thermodynamics is a conservation law that defines energy as a
constant in a system of fixed mass. This law states that energy can be transformed
form one kind into another and even some of the energy can be converted into
mechanical work.

The total energy of a system can be associated to the internal energy (E) which is
comprised of: (i) The kinetic energy associated with atom motions, (ii) the energy
stored in chemical bonds of the molecules within the system, (iii) the potential
energy of the system.

It is nearly impossible account for each of these contributions to determine the
absolute energy of the system; that is why we only concern about the change in the
energy of the system (AE). This simplifies our calculations because:

e If the temperature remains constant, the kinetic energy of the atoms can be
neglected.

e If no bonds are broken, the chemical energy of the system can be ignored.

e If the system does not change location (height), its potential energy is discarded.

In a chemical reaction, the internal energy of the reactants is Ej,j;, and the heat
of the products is Efqp,).

In terms of work, in thermodynamic systems the most common one is in the
form of PV work, which is conducted by gases behaving ideally. Depending on
process conditions, PV work can be expressed in different ways using process
variables, as seen in Table 1.2. In addition to PV work, other types of work such as
gravitational (w = Mgh), electrical (E; - df) and that to create an interfacial area
(dw = —PdV + ydA) among others are also attainable.

Based on this, the change of internal energy in a system can be expressed in
terms of the heat or energy (q) and the work (w) that can be exchanged as any
transformation takes place (Table 1.1):

AE = Efinal — Einitd = ¢ — W (L.1)
Table 1.1 Sign convention Quantity Sign Condition
for heat and work ..
Heat Positive Energy taken INTO the system
Negative Energy taken OUT of the system
Work Positive Work done BY the system

Negative Work done UPON the system
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The Enthalpy Function

Table 1.2 shows that when the pressure remains fixed, the first law of thermody-
namics takes the form:

Efinal — Einitiat = ¢ — P(Veinal — Vinitial) (1.2)
Solving for g in Eq. (1.2) yields:
q=(E+PV)gu—(E+PV)iiiu=H (1.3)

The terms (E + PV) are called ENTHALPY or heat content (H). Thus the total
heat exchanged from/to a system under constant pressure conditions is defined by
this quantity, so:

q = Hpinat — Hinisia = AH (1.4)
Taking differentials in Eq. (1.4) results in:
dg =dH (L.5)

Enthalpy as internal energy is an extensive property of a system. It depends on
the mass present in the system and like internal energy; H is a state function since it
only depends on the final and initial states of the system. If during the chemical
reaction or transformation heat is released, then the process is called exothermic;
whereas if energy is applied to complete the reaction or the transformation, it is
called endothermic.

As mentioned before, enthalpy relates to the heat involved in chemical reactions,
phase changes, and solution formation. Each of these phenomena can be associated
to a specific type of heat:

Heat of formation: Is the heat evolved or absorbed per mole when a mole of a
compound is obtained from its constituent elements. The heat of formation depends
on the thermodynamic state of reactants and products as well as to their chemical
state. For this reason, this heat is expressed in terms of “standard heat of forma-
tion”. Based on that, it is necessary to define the standard state.

The standard state of an element is the most stable form of that element under the
chosen standard conditions. IUPAC recognizes the standard state as an arbitrary

Table 1.2 AE and its relation to PV work and heat

Fixed variable Work Heat Internal energy
P (Isobaric) | w = P(Viinat — Vinitia) | ¢ = CP(Tinal — Tinita) AE =q —w
T (Isothermic) |, — ,RT'In (M) g=w AE =0
inital
% (Isometric) w=0 q = AE AE = I‘lCV(Trmal — Tinilial)

O (Adiabatic) w = nCV(Tﬁml — Tinitial) q=0 AE = —w
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one, but it recommends setting the standard pressure as 10° Pa. On the other hand,
most thermodynamic databases report data with a standard state of
1.01325 x 10° Pa (1 atm) and 298 K (25 °C); it is seldom found the standard state
as 1 atm and 273 K (0 °C). In this text, we will adopt the standard state as
1.01325 x 10° Pa (1 atm) and 298 K (25 °C). Furthermore, by convention, the
standard enthalpy of formation for a pure element in its standard state is zero.

Heat of reaction: Is the heat released or absorbed when reactants fully transform
into products. This heat can be expressed in terms of the number of moles of any
reactant or any product.

To evaluate the heat of reaction it is necessary to account for the enthalpies of all
the reactants and products, thus for any reaction, its heat of reaction is given by:

AH, reaction — Z AH products — Z AH, reactants (1 6)

If both reactants and products are in their respective standard state, Eq. (1.6) can
be rewritten as:

o _ o o
A reaction E :A products E :AI—Irf:actzmts7 (16&)

where the superscript “°” denotes the standard state.

Heat of combustion: The heat of combustion is the amount of energy released
when one mole of a substance is fully burnt in oxygen.

Heat of solution: 1t is the energy exchange when a substance dissolved into
another one, and it depends on the concentration of the solution.

Heat of transformation: It is also known as “Latent heat” and it is the energy
released or absorbed by an element or a compound as it undergoes a phase change
such as melting, solidification, or any solid state transformation.

As systems differ, some of them may be able to store more energy than others.
Thus the enthalpy is related to the heat capacity (C) of a system:

q

C=ar

(1.7)

Under constant pressure conditions and using the definition (1.5), Eq. (1.7)
transforms into:

dH

Cp=
where Cp is the heat capacity at constant pressure. Analogously, under constant
volume conditions, the heat capacity (Cv) is defined as a function of the internal
energy of the system (Cv = dE/dT).
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From relationship (1.8), it is evident that it is possible to estimate the enthalpy
change from the heat capacity:

dH = nCpdT, (1.9)

where 7n is the number of moles in the system. Heat capacity is also an extensive
property of any system that depends on the amount of substance present. Cp
strongly depends on the temperature and is generally expressed by polynomials
with the temperature as independent variable:

C
Cp:a+bT+ﬁ+dT2+--- (1.10)

Figure 1.1 shows the Cp of iron and silver as a function of temperature. Each of
the iron phases in the solid state is represented in such figure. It can be noticed that
there is a discontinuity in the Cp when a phase transformation occurs; this means
that every single phase of an element or a compound has its own heat capacity. This
is an inherent property of every material that has to be measured experimentally.

60

Fe-u ferromagnetic Fe-c paramagnetic

Liquid Fe

Fed
404

Fe-a ferromagnetic,

Cp/J mole! K

Liguid Ag

30 4

0 400 800 1200 1600 2000
Temperature / °C

Fig. 1.1 Heat capacity at constant pressure (Cp) of iron and silver as a function of temperature



6 1 Laws of Thermodynamics and Auxiliary Functions
Hess’s Law

This law states that for any chemical reaction, the total energy exchange is the same
whether it takes place in one or in several steps as long as the temperature of the
system and either the pressure or the volume remains constant.

The Second Law of Thermodynamics and the Entropy
Function

The first law of thermodynamics establishes that the energy needed to undergo any
transformation remains constant and it can only be transformed into another form of
energy or into any sort of work. This law does not provide with any indication of
how efficiently the energy is used; furthermore the first law only quantifies the
amount of energy required. Additionally, it can be deducted from the first law if the
system releases or absorbs heat as it transforms, but it does not provide insight into
how easily the transformation will take place or even more if under given condi-
tions, the transformation will or will not occur. Thus it is necessary to define a
thermodynamic quantity which can provide information regarding to the spon-
taneity of a reaction.

The second law of thermodynamics was the first to be recognized; this law
evidences an imbalance in natural systems; for example, hot objects cool down
spontaneously, but cold objects do not become hot by themselves. Despite the total
energy must be preserved in any process, the distribution of that energy changes
irreversibly. Thus the second law relates to the natural direction of how energy is
distributed, which is independent of the total amount of energy available.'

The second law lacks of a universal statement, but according to Smith? this law
can be postulated as: “Spontaneous changes are those which, if carried out under
the proper conditions, can be made to do work. If carried out reversibly they yield a
maximum amount of work. In natural processes, the maximum work is never
obtained.”

According to this assertion, changes can be spontaneous (occurring in nature) or
reversible (non-spontaneous). Those spontaneous changes absorb less energy and
do less work than reversible changes. In reversible systems the maximum amount
of work is attainable.

Based on this, the internal energy cannot totally transform into work; which is
defined by the potential energy of the system, while the equilibrium condition is set
by the minimum level of potential energy. Therefore, it is needed to define a
quantity that accounts for the capacity of a system to do work, and it is also required
to define a state function that reflects the loss in the ability to do work.

'Atkins P.W., The second law. Scientific American Books, New York, 1984.

2Smith E.B., Basic chemical thermodynamics. Imperial College Press, London, 2004.
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If we consider a reversible process that absorbs an infinitesimal amount of heat
dq at temperature 7, the term ‘)—T" is called ENTROPY (S). dq itself is not a state

. 5q . i
property, but the ratio % is. Thus:

oq
ds = (1.11)

Entropy also is an extensive property as it depends on the mass of the system.
Additionally, entropy is a state function since it is defined by the thermodynamic
state of the system. However, when using entropy as a criterion to determine the
state of equilibrium of a system, it is necessary to evaluate both the system and its
surroundings. The combination of these two constitutes an isolated system.

For reversible processes, the sum of the entropy change of a system and its
surroundings is always zero:

ASsystem + ASsurroundings =0 (1 12)

Therefore, the entropy change in an isolated system undergoing a reversible
change is always zero.

In irreversible (spontaneous) processes, the sum of the entropy change of the
system and its surroundings is always a positive quantity:

ASsystem + A*S‘surroundings >0 (1'13)

Thus, isolated systems going through spontaneous transformations will result in
an entropy increase. That entropy increase will eventually reach a maximum value
at such point the system will be in equilibrium and the entropy will remain constant
at its maximum value. This is represented in Fig. 1.2.

Fig. 1.2 Total entropy of a .
:system cor}s1dermg th§ system  system
itself and its surroundings >
/I’
4""
= e
=¥ -
£ o
= ™
= X ~
.
b, Total
S (system + surroundings)
* ~
.
N
N
¥ ~
~ . surroundings
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Table 1.3 Entropy criteria to reach equilibrium conditions

Criterion Condition
AStoa1 = 0 The system is at equilibrium and no spontaneous transformations will occur

AStot >0 Any transformation will tend to take place spontaneously from initial state 1 to
final state 2

AStota1 <0 Any transformation will tend to take place spontaneously in the inverse direction
from initial state 2 to final state 1

To define the equilibrium condition for a system going from the initial state 1 to
the final state 2, the total entropy change (system + surroundings) is:

ASTotal == ASZ‘total - ASl,tolal (114)

Under conditions of constant internal energy and volume or constant enthalpy
and pressure, spontaneous transformations will occur accordingly to Table 1.3.

In spite of clearly defining the equilibrium condition and also predicting in
which direction a transformation will take place, entropy presents a major setback.
The surroundings must be examined before deciding if a change may occur either
reversibly or irreversibly. Since the surroundings are vast, they are difficult to
evaluate. This limits the utility of entropy to define equilibrium conditions.

Entropy itself is a primitive concept that has no explicit definition and was
developed from efficiency analysis of heat engines. However entropy is useful in
determining how energy spreads.

In summary, the second law of thermodynamics is a conservation law only for
reversible (nonnatural) processes. This law can be stated in two parts:

e the entropy of a system is a state function. If the state of a system changes

reversibly by heat flow, the entropy change is given by: dS = %
e in spontaneous processes, the entropy change in the universe is given by:
dSuniverse > 0= dSsyslem + dSsurroundings-

Third and Zeroth Laws of Thermodynamics

Entropy not only defines the state of equilibrium of a system; it also relates to the
degree of randomness or lack of uniformity within systems. Such randomness
results from either compositional or thermal gradients.

From Eqgs. (1.8) and (1.11), it is clear that under constant pressure conditions, the
entropy of any substance can be calculated by:

G
ds:7pdT (1.15)
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After integration it yields:
Sr, =Sty = | =dT (1.16)

Equation (1.15) shows the dependency between entropy and temperature,
however, unlike enthalpy, entropy has an absolute value, which can be estimated by
defining the entropy of a perfect crystal as zero at the absolute zero temperature.
This is stated by the third law of thermodynamics. Most pure substances may form
perfect crystals at the lowest temperatures, which allow us to assume Sr, = 0.
Therefore Eq. (1.16) turns into:

T
G
ST:/%’dT (1.17)
0

As with enthalpy, the entropy change for a chemical reaction with all products
and reactants in their respective standard state is given by:

A ;)eaction = Z A‘S']C;J)roducts - Z A‘S‘feactants (118)

The third law deals with properties of the matter at very low temperatures; it
basically states that it is not possible to bring any substance to the absolute zero in a
finite number of steps. Aside this, the third law might not even be considered a law,
but solely a definition.

On the other hand, heat measurements are not simple to make. Process engineers
usually measure temperature and then relate such variable to the amount of heat
exchanged. Based on the strong relationship between heat and temperature, the
zeroth law was conceived as an afterthought of the three other laws. This law
simply defines the temperature by making the observation that when two objects are
separately in thermal equilibrium with a third one, they are in equilibrium with each
other. Objects in thermodynamic equilibrium have the same temperature.

Free Energy and Auxiliary Functions

The first and second laws of thermodynamics basically state that energy is a con-
stant and how it is utilized, however we still need to define a criterion which allows
us in a simple, yet effective manner to stablish whether or not a transformation will
take place.
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Entropy could be used as criterion for reaching the equilibrium state, however to
be useful, it is necessary to evaluate both the system and the surroundings, which
may not be very practical.

It is necessary to define a new thermodynamic function that will allow us to
predict the equilibrium state of any given system. From the first law and the
definition of entropy, we can determine the work done in a reversible process as:

AWreversible = dE — TdS (119)

This expression defines reversible work as the difference between internal
energy and the not-available energy; therefore, reversible work is the free energy of
the system. Such free energy clearly defines the state of equilibrium. If the value of
the free energy is zero, then the system is under equilibrium; otherwise, the system
needs additional work to keep the equilibrium condition.

Most reactions in materials processing occur under constant pressure and tem-
perature. Any system under these conditions is considered closed and energy is
exchanged through its boundaries. Because of this, it is highly desirable to develop
a criterion for spontaneity based on a thermodynamic quantity/function that can be
used under fixed pressure and temperature conditions. Such criterion can be
developed based on the concept of Free energy.

If we combine both the enthalpy and the entropy, we can define a new ther-
modynamic function named Gibbs free energy (G):

G=H-TS (1.20)

Since we are interested in evaluating the change in Gibbs free energy, Eq. (1.18)
can be rewritten as:

AG = AH — TAS (1.21)

The free energy change for any reaction is the difference between the sum of the
free energies of the products and those of the reactants; thus at a temperature 7, the
standard Gibbs free energy change is:

o __ 1) o
AG" = Z Gproducts - E :Greactams
— o 2 : o ° o
N (Z Hproducts -T SPTOdUCtS> B ( Hreactants =T § :Sreactams>
— o ) o o
B (Z HPFOdUCtS o ZHreactants) - T(Z Sproduc[s - E Sreactants)

AG® = AH®° — TAS®
(1.22)
For a reaction to occur, it is necessary that the Gibbs free energy has a negative

value; the more negative the AG value, the more spontaneous the reaction will be.
As temperature increases, the entropy term in Egs. (1.20)—(1.22) becomes more
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Fig. 1.3 Effect of entropy on A
the Gibbs free energy function

[a’?] r H

~
N
G
>
T

Tablg 1.4 Spontaneity of Spontaneity AH AS AG Comments
reactions based on the Al ~ ~ AG al =
enthalpy and entropy ways * G always ()
contributions attached to them ~ Never + - + AG always (+)

Enthalpy driven - - - Occurs at low T

Entropy driven + + - Occurs at high T

important, so at higher temperatures it is more likely that Gibbs free energy will
have a negative value (see Fig. 1.3). If the free energy has a value of zero, then the
system is in equilibrium. Additionally, all exothermic reactions will occur.
Table 1.4 summarizes under which conditions the Gibbs free energy will be neg-
ative and positive.

Thermodynamic data is usually reported in the form of standard enthalpies and
entropies at 25 °C (298 K), which allows for an easy calculation of the standard
free energy change at the reference temperature; however, if it is of interest cal-
culating the free energy change at a different temperature, it is possible to do so by
integrating the respective Cp’s:

AC
24P ar

T T
AG; = AH§98 + / ACp dT — T Asggg + / T

298 298

(1.23)

Equation (1.23) allows calculating the standard free energy change at any
temperature using the standard enthalpy (AH5y) and the standard entropy (AS54g)
changes (heat and entropy of reaction) at 298 K and ACp values. The ACp values
are the difference between the sum of products Cp’s and reactants Cp’s. If any
phase transformation occurs in the temperature interval (298 to T), enthalpy and
entropy terms must be added to Eq. (1.23) accordingly.
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Gibbs Free Energy and Chemical Equilibrium

As chemical reactions proceed, the concentration of reactants decrease as that of the
reaction products increase; this happen until the chemical equilibrium is attained
(see Fig. 1.4). Once this condition is reached, the concentration of both products
and reactants remains constant.

The concentration of all species participating in a chemical reaction (reactants
and products) can be related through a reaction quotient (Q). For example, consider
the general chemical reaction:

aA +bB= cC +dD (1.24)

The reaction quotient associated to reaction (1.24) will be:

Q:[Cii]z (1.25)

In Eq. (1.25) the square brackets indicate the concentration of the different
chemicals in the reaction. The concentration itself can be expressed in several ways;
in material systems and for convenience it can be expressed in terms of the
chemical activity of the ith chemical (a;) in the reaction. In the case of gases, their
partial pressure can be used as well. The chemical activity will be discussed later in
the text. At this point the activity of any species should be considered as 1 if such
species is pure.

The reaction quotient measures the relative amounts of products and reactants in
a chemical reaction at any point in time. This ratio indicates in which direction the
reaction is going to proceed. When the chemical equilibrium has been reached, the
reaction quotient is called equilibrium constant (K); K is defined by the concen-
tration of products and reactants in equilibrium. Thus under chemical equilibrium
conditions, we can rewrite Eq. (1.25) as:

Fig. 1.4 Advancement of a A

chemical reaction until Steady state
reaching the equilibrium f
condition (steady state)

Concentration
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Fig. 1.5 Chemical
equilibrium condition and its AG°=G,°- G,°
relationship with AG®
Go°
AG®° | Non-spontancous
reaction (AGT=0)
G,°
!'-"J""{""f’""""’ Spontancous
condition reaction (AG®<0)
Reactants Products
Reaction coordinate —»
a b
a,da
K =428 (1.25a)
as-as
Cc*D

If O <K the reaction proceeds toward the products, whereas if Q > K the
reaction proceeds toward the reactants, this is illustrated in Fig. 1.5.

Relationship Between K and AG

Equation (1.22) indicates that the Gibbs free energy change for a chemical reaction
consists in subtracting the free energy of reactants from that of the products;
similarly K relates the relative concentrations of reaction products to reactants,
therefore, there should exist a relationship between the equilibrium constant and
AG for any reaction.

Combining Egs. (1.3) and (1.20), we can define Gibbs free energy as:

G=E+PV-TS (1.26)
After taking differentials in Eq. (1.24) we obtain:
dG = VdP — 8dT (1.27)

Since chemical reactions take place at constant temperature, Eq. (1.27) reduces
to:

dG = VdP (1.28)
Using the ideal gases law, we can rewrite Eq. (1.28) as:

dG = RTd?P (1.29)
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It is evident that for gaseous species, integration of Eq. (1.29) between limits
G =0 when P =1 atm, and G = G when P = P atm, will result in:

G=RTIhP (1.30)
For condensed phases (liquids and solids), we can exchange the pressure for the

activity® of each participant in the chemical reaction, thus Eq. (1.29) can be inte-
grated as follows:

a (1.31)

In this case a° is the activity in standard state of the ith component in the
reaction, this standard activity has a value of 1, thus Eq. (1.31) simplifies to:

G —G°=RTlna (1.32)

We can establish a clear relationship between the equilibrium constant (K) and

the free energy change for any chemical reaction through Eq. (1.32). Take for
example reaction (1.24). From definition (1.22), we have:

AG = cG¢ +dGp — (aGs + bGp) (1.33a)

Similarly, assuming that all participants in the reaction are in their respective
standard state:

AG® = ¢Gg. +dGj, — (aG} + bGy) (1.33b)
Subtracting Eq. (1.33b) from (1.33a):

AG — AG°® = ¢(G¢c — G¢) +d(Gp — Gy) — [a(Ga — GS) +b(Gp — Gj) ]

Substituting Eq. (1.32) into (1.34) results in:

AG — AG° =RT(cInac+dInap) — RT(alnas +blnagp) (1.35)

*This concept will be further discussed in Chap. 4.
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Simplification of (1.35) yields:

aab

as.al
AG — AG° :RTln{ ¢ D] (1.36)
apdp

Substitution of expression (1.25a) into (1.36) gives the relationship between the
equilibrium constant and the Gibbs free energy change associated to any chemical
reaction:

AG — AG® = RTInK (1.37)
or
AG = AG° +RTInK (1.37a)

Furthermore, K indicates that the reaction has reached its equilibrium; therefore,
AG = 0 and Eq. (1.37a) reduces to:

AG® = —RTInK (1.38)

It is clear now from Eq. (1.38) that we can relate the standard free energy change
to the equilibrium constant of any chemical reaction.

Table 1.5 relates the possible values of K to those of AG°.

Table 1.6 summarizes the relationship between the different thermodynamic
quantities that we have developed up to this point. It is evident from this table that
all the quantities involved are interrelated. We will keep using these relationships
throughout the rest of the text to determine energy changes in single component as
well as in multicomponent systems.

As Table 1.6 suggests, it is possible to combine the different thermodynamic
quantities in order to obtain information about the effect of temperature on either
AG® or K without having to calculate the enthalpy and entropy changes that
accompany the chemical reactions as they take place.

Table 1.5 Relationship between K and AG®

K In AG° | Comments
(0.9)
>1 + - Products are favored over reactants. The reaction takes place
=1 0 0 Products and reactants are equally favored, true equilibrium
<1 - + Reactants are favored over products. Reaction is favorable in reverse

direction
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Table 1.6 Relationships between the different thermodynamic functions

Quantity to determine = Quantity needed Relationship
K AG® AG® = —RTIn(K)
AG® = —2.303RT log(K)
AG° AH°, AS° AG®° = AH° — TAS°
AG®° = VdP — SdT
AH° AH3, Cp AH® =37 AH;mducmz% = 20 AHG s 298

T,
AH = n’i‘] CpdT + AHlOransfmmmion
1
As® AS3es. Cp AS° =3 AS;mducls.Z()S -2 AS acrants. 208
T . A
AH =n [ SdT +
Ty

[%}P: -S

Cp Experimental measurements

Gibbs—-Helmholtz Equation

Gibbs—Helmholtz equation allows calculating AG® for a reaction at any temperature
from its value at a different temperature..
If we substitute the relationship:

_AS — [WL (1.39)

into Eq. (1.19), we obtain:

8AGT (1.40)

Dividing (1.40) by —1/T? and taking the partial derivative with respect of 1/T
of results in:

O[]
ol /,

Equation (1.41) is the differential form of Gibbs—Helmholtz equation. It can be
seen from this last expression that plotting % versus % gives a straight line whose

= AH® (1.41)

slope is the enthalpy of reaction. Figure 1.6 shows a schematic representation of
these plots.

Assuming that the heat of formation remains constant, the slope of the resulting
line represents the standard heat of formation at 298 K. Furthermore, if the slope of
this plot is positive, then the reaction is endothermic since AH® > 0. If the slope is
negative, the reaction is exothermic (AH® < 0).
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Fig. 1.6 Schematic plot of A
Gibbs—Helmholtz equation
slope = AH >0
fendothermic)

N
s slope = AH <0
fexothermic)

>

Nl

Integration of Eq. (1.41) between 1/T, and 1/T) yields:
AG} AGS 1 1

— b)) (=0 2 AR (= — — (1.42)
T, T I, T

Van’t Hoff Equation

Van’t Hoff equation allows to obtain information about the dependency of the
equilibrium constant on temperature. This equation can be derived from Gibbs—
Helmholtz equation (1.41).

Substitution of Eq. (1.38) into (1.41) yields:

O0lnK
(1)

Equation (1.43) is the differential form of Van’t Hoff equation. Integration of
this expression between limits 1/7, and 1/T; yields:

K AHC (1 1
In(=2) =— - (1.44)
KTl R T2 Tl

Similar to Eq. (1.41), plotting In K versus 1/T results in a straight line whose
slope is —%. As with Gibbs—Helmholtz equation, it is possible to evaluate the
nature of the reaction under study by examining the slope of the resulting curve. For
endothermic reactions, the slope is negative and the equilibrium constant increases

AH®
== 1.43
R (1.43)
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Fig. 1.7 Schematic plot of A «—T
Van’t Hoff equation

AS°
e ”
R 52
-~
.
s

o0 A
. R

(exothermic)

0
In(K)

AH"
— <
R

R (endothermic)

0

L
T

as temperature does so. For exothermic reactions, the slope is positive and the
equilibrium constant decreases as the temperature increases. Additionally from
Van’t Hoff’s curve, it is also possible to evaluate the entropy contribution to the
reaction. This entropy can be directly found at the interception of Van’t Hoff line
with the In(K) axis (Fig. 1.7).

Finally substitution of Eq. (1.38) into (1.21) results in:

AH®  AS°
InK)=——7++— 1.45
n(K) = -+ S (1.45)
This last equation relates the equilibrium constant to both enthalpy and entropy

contributions at a given temperature.

Helmholtz Free Energy

Similar to Gibbs free energy, Helmholtz free energy is a thermodynamic potential
that measures the maximum amount of work that the system can perform in a
thermodynamic process in which temperature is held constant.

If the volume within the system is not held constant, part of this work will be
performed as boundary work. The Helmholtz energy is commonly used for systems
held at constant volume. Since in this case no work is performed on the environ-
ment, the drop in the Helmholtz energy is equal to the maximum amount of useful
work that can be extracted from the system. For a system at constant temperature
and volume, the Helmholtz energy is minimized at equilibrium.

While Gibbs free energy is most commonly used as a measure of thermody-
namic potential; it is inconvenient for some applications that do not occur under
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constant pressure to use the Helmholtz free energy. For example, in explosives
research, Helmholtz free energy is often used since explosive reactions by their
nature induce pressure changes. This function is also frequently used to define
fundamental equations of state of pure substances.

Again, similar to Gibbs free energy, the Helmholtz free energy can be defined as
a function of entropy, but also as a function of the internal energy, thus the change
in Helmholtz free energy can be expressed as:

AA = AE — TAS (1.46)

For an isothermal change from one state to another, the condition for a spon-
taneous change to occur is that AA is less than zero and analogous to the Gibbs free
energy, the condition for equilibrium is that AA = 0 (constant 7 and V). If AA is
greater than zero a process is not spontaneous.

If work is done on the system, the Helmholtz free energy has an important
physical interpretation. Since the heat for reversible processes is related to entropy
(Eq. 1.11), then we have:

Grey = TAS (1.47)
Inserting this last expression into Eq. (1.48), we obtain:
AA = AE — ¢, (1.48)

From Eq. (1.1), we can see that under reversible isothermal conditions the
Helmholtz free energy becomes the maximum reversible work that can be extracted
from the system:

AA = —Wiey (1.49)

In a system at constant pressure and temperature, Gibbs free energy will decrease
continuously for spontaneous processes until the system reaches the equilibrium
condition, where dG = 0.

Direct comparison between Helmholtz and Gibbs free energies reveals that
A=AV, T) and G = G(P, T); in other words these energies are completely anal-
ogous except that A is valid at constant V and G is valid at constant P.

Moreover, these energies can be directly related:

AG =AA+PV (1.50)
Equation (1.50) is analogous to the definition of enthalpy (Eq. 1.3):
AH = AE+ PV (1.3a)

From these last two equations, it is clear that there is a direct relationship
between these four quantities (AE, AH, AG and AA), such link is illustrated in



20 1 Laws of Thermodynamics and Auxiliary Functions

-TS
—

E A

PV
4+

H G

Fig. 1.8 Relationship between AE, AH, AG, and AA

Fig. 1.8. The thermodynamic quantities before mentioned are related by offsets of
the TS and PV terms.

Examples of Calculations

Example 1 First Law of Thermodynamics (Energy conservation).

A mass of 50 kg attached to a stirrer through a pulley, falls 25 m at constant
velocity. The stirrer is placed in an isolated container filled with 1 L of water at
20 °C. As the mass falls, the stirrer stirs the water. Assume adiabatic conditions and
Cv ~ Cp and linear.

Calculate the change in internal energy and temperature of the water after the
mass has fallen 5, 10, 15, 20, and 25 m.

Plot the change in internal energy and that in potential energy versus water temperature.

Data:

Cpwater = 75.258 J/mol/K;  pyuer = 1 kg/L; g =9.8 m/SZ; Myaer = 18 g/mol

Solution

The energy balance establishes that the change in potential energy has to be equal to
the change in internal energy, thus the balance is:

AE potential = AEiemal (El 1 )

The potential energy is defined as: Epoenial = mgh; since the system is adiabatic
and Cv = Cp, the internal energy is defined by: AEiema = nCp(T> — T), addi-
tionally, since g = 0 (adiabatic), AEiyema = —W-

The total amount of energy available to stir the water is when the mass is at the
highest point (25 m); at that location, the total potential energy is:

Epotential,tolal = (50)(98)<25> = 12,250 J.
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As the mass falls, the potential energy decreases, by increasing the internal
energy of the system from 0 J at 25 m to 12,250 J at O m. At the highest point, the
mass has fallen 0 m, then:

Epotential = (50)(98)(25) = 12,250 J.

Since the mass has not moved, no energy has exchanged, and
Einternat = 0 = —w; finally, the water temperature remains at 20° since no work was
performed on the water.

When the mass fell 5 m, the change in potential energy is
(50)(9.8)(20) — 12,250 = —2450 J.

Einternal = 2450 = (55.56 mol)(75.258 J/mol/K)(T, — T1), solving for T,
yields a value of 20.6 °C.

This calculation is repeated until the mass reaches the ground level. Table 1.7
summarizes the computations.

Plotting the energy exchange versus water temperature yields straight lines
which is expected since constant Cp was used during the calculations. It can also be
noticed from the table and the figure that adding the potential energy to the internal
energy gives a constant of 12,250 J which is the total energy available (Fig. 1.9).

Example 2 Effect of Temperature on Cp.
One mole of gold at uniform temperature (0 °C) is placed in thermal contact
with a second mole of gold which is a 100 °C. Calculate the temperature of the

Table 1.7 Water temperature increase as result of energy exchange

Fallen distance (m) Potential energy (J) Internal energy (J) Water temperature (°C)

0 12,250 0 20.0
5 9800 2450 20.6
10 7350 4900 21.2
15 4900 7350 21.8
20 2450 9800 223
25 0 12,250 229
Fig. 1.9 Water temperature 15000
increase as a function energy Ptintialaiciey Internal energy
exchange 12000 4
-
;;;ﬂ 9000 +
1
=
S eooo §
3000 4
0 e + + + »
19.5 0.5 215 225 23.5

Water temeprature / °C
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2 mol system, which is contained in an adiabatic enclosure when thermal equi-

librium is attained. Why not the common temperature of the moles is 50 °C? How
much heat is transferred? The heat capacity of gold is:

Cpay =23.7+5.19 x 1073T J/mol /K

Repeat the calculations if cobalt or magnesium is used instead of gold, using the
following data:

0.88 x 10°

Cpeo =21.44+1.43 x 107°T - J/mol /K
431 x 10*
Cppg = 223+ 1.03 x 1072T — Tiﬁ J/mol /K

Solution

The energy balance establishes that g1 = Gnot + geola = 0. The energy exchange
has to be expressed in terms of the Cp of the metal:
Energy Balance:

Inet = A[{total = AI_IAu,hot + AI_IAu.,cold =0

T T
AHpupot = / CpaudT = / (23.745.19 x 107°T)dT
373 373

AHpupot = 23.7(T — 373) +2.6 x 1073 (T* — 373%)

similarly for the cold gold

T T
AHpy cola = / CpaudT = / (23.7+5.19 x 10°T)dT
273 273

AHpyeoa = 23.7(T — 273) +2.6 x 107 (T* — 273?)
adding AI'IAu,cold to A["IAu.,hot

ne = 23.7(T — 373) +2.6 x 107 (T* — 373%) +23.7(T — 273) +2.6 x 107°(T* — 2737)
Gnet = 47AT +5.19 x 107°T* — 15,865.7 = 0

solving for T

T =32327K; T=5027°C
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Since Cp increases with T, the temperature change caused by adding heat to the
system is imposed over that withdrawing it.
Total heat transferred:

AHpupot = 23.7(T — 373) +2.6 x 1073 (T* — 373%)
AHpqpor = 23.7(323.27 — 373) +2.6 x 1077(323.27% — 373%) = AHpupo = —1269 ]

or

AHpy ol = 23.7(T — 273) +2.6 x 107 (T% — 273%)
AHpycoid = 23.7(323.27 — 273) +2.6 x 107 (323.27% — 273%) = AHaucoa = 1269 ]

For cobalt, we have the following energy balance:

Grotal — AHtolal = AHCO,hOt + AI_ICc),cold =0
hot Co:

T

0.88 x 10°

AHcopor = / CpdT = / (21.4+1.43><102T+>dT
373 373

11
AHcopoy = 21.4(T — 373) +7.15 x 107 (T* — 373%) 4+ 0.88 x 10° (T 373>

cold Co:

T T
0.88 x 10°
AHCO,mmz/deT: / (21.4+7.15><10‘3T—7X>dT
73

T
273 273

1 1
AHcocoq = 21.4(T — 273) +7.15 x 1073 (7% — 273%) +0.88 x 107 (? — 273)

Adding both contributions:

176 x 10°
AHcopot + AHeo coq = 42.8T + 143 x 107272 + TX ~ 15,9103 =0

Solving for T

T=32397K; T=5097°C
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The total energy transferred is:

1 1
B _ -3 2 _ 2 S J—
AHcohot = 21.4(323.97 — 373) +7.15 x 10 (323.97 373 ) +0.88 x 10 <323.97 373>
AHcopot = —1258 7
1 1
_ _ -3 2 _ 2 S -~
AHcocold = 21.4(323.97 — 273) +7.15 x 10 (323.97 273 )+0.88 x 10 (323.97 273>

AHcocola = 1258 1

Similar to gold and cobalt, an energy balance is needed:

Grotal = AH o = AI'IMg,hm + AHMg,cold =0

hot Co:

T
431 % 10*
AHytg pot = / CpdT = / <22.3+1‘03 x 10%—%)&

373 373

11
AHyghor = 22.3(T — 373) +5.15 x 1073 (7% — 373%) +4.31 x 10* (? — %>

Cold Mg:

T T
431 x 10*
AHytg coid = / CpdT = / (22.3 +1.03 x 10727 — —X) ar
273

T
273

11
AHwg ol = 22.3(T — 273) +5.15 x 10 (T* — 273%) +4.31 x 10* (T — 273>

Adding both contributions:

8.62 x 10*
AHytg ot + AHyg o = 44.6T +1.03 x 107272 + + —15779.56 = 0

Solving for T:

T =323.65K; T =5065°C

The total energy transferred is:
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1 1
AH =22.3(323.65 — 15 x 1073(323.65% — 373%) +4.31 x 10*( —x — —
Me hot 3(323.65 — 373) +5.15 x 1073 (323.65% — 373%) +4.31 x 10 B33
AHyjgpot = —1260 J
_ 1 1
AHpig con = 22.3(323.65 — 273) +5.15 x 107%(323.65% — 273%) +4.31 x 10° (%_ﬁ>

AHytg co = 1260

It is worth noticing that when calculating the heat exchange, we get the same
numerical value, but the change in sign indicates that the hot metal releases energy
as it cools while the cold metal takes that energy to heat up until reaching the
equilibrium point which is slightly over 50 °C. This indicates the strong influence
of Temperature on the Heat Capacity (Cp).

Example 3 Calculation of heat of reaction at 298 K and at different temperatures.
Use of Cp’s and application of Hess’s Law.

Part (a) Iron for steelmaking is sometimes processed in a blast furnace. The main
reaction in this furnace is the reduction of iron ore (Fe,O5) with carbon monoxide to
produce iron (with some impurities) and CO, gas. Using the data for the following
reactions:

3Fe;0; +CO — 2Fe;04 +CO;  AHSyg = —53.1KJ
Fe;04+CO — 3Fe0+CO,  AHj = 41.0KJ
FeO + CO — Fe +CO, AH3g = —18.4KJ

Calculate AH®,9g for the reaction:

Fe,O3 +3CO — 2Fe 4 CO,

Solution

Hess’s law states that it is possible to combine as many reactions as needed to
calculate the heat of reaction of any particular chemical transformation. Based on
this, we can combine the chemical reactions given to us:

3Fe,03 +CO — 2Fe304 +CO,  AHS = —53.1k1 (1)
Fe;0,+CO — 3Fe0+CO,  AH =41.0K]  (2)
FeO + CO — Fe + CO, AHy = —18.0KJ  (3)

To get to the solution of this problem, we need to follow some steps:
Step 1. Multiply reaction (2) by 2 and add it to reaction (1):
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3Fe,03 +CO — 2Fes0, +CO;  AHSpe = —53.1k1 (1)
2Fe;04 +2C0 — 6Fe0 +2C0, AHS =82.0k]  (2)
3Fe,05 +3C0O — 6Fe0 +3C0O, AH5, =28.9k]  (4)

As it can be seen, in this step, by multiplying Eq. (2) by 2, the Fe;0,4 has been
eliminated, since the oxide appears as product (Eq. 1) and reactant (Eq. 2) in the
same amount. Also by doubling Eq. (2), its heat of reaction has to double as well.
As a result we obtain reaction (4) with AH®,9g of 28.9 kJ.

Step 2. Multiply reaction (3) by 6 and add it to reaction (4):

3Fe;05 + CO — 6FeO +3CO;  AH5, =28.9k]  (4)
6Fe0+6CO — 6Fe+6C0;  AH5, = —110.4kJ  (3)
3Fe,05 4+ 9CO — 6Fe +9CO,  AHS, = —81.5k1  (5)

Similar to Step 1, reaction (3) has been multiplied by 6, so the FeO can be
eliminated. The heat of reaction of Eq. (3) has been multiplied by 6 as well. The
result is reaction (5), which has the chemical species that we are looking for, but we
still need to express this reaction in terms of one mole of Fe,Oj3.

Step 3. Multiply reaction (5) by 1/3:

Fe,03 +3CO — 2Fe +3CO, AHj3p = —27.17k]

We obtain the reaction we are seeking for. The heat of formation of iron from
F6203 is —27.17 kJ.

Part (b) In this example, we are going to manipulate the Cp’s of the chemical
species involved to (i) express the heat of reaction as a function of temperature and
(ii) calculate it at a Temperature different than 298 K:

The heat of formation of FeO at 25 °C (298 K) is —267.3 kJ/mol. Obtain an
expression for AH®,9g of FeO as a function of temperature and evaluate it at 800 K,
using the following data:

Oy; Cp =27.73412.97 x 1073T
Fe; Cp = 16.32428.45 x 107°T
FeO; Cp = 52.80+6.23 x 107°T

Solution

We need to calculate the heat of reaction of the iron oxide from its constitutive
elements; thus the reaction we are looking for is:

1
Fe + EngFeO (1)



Examples of Calculations 27

For this reaction, its heat of formation has been already given, so
AH3gq o = —267.3 kJ/mol. We need to calculate the heat of reaction (1) at
800 K; to do so, we need to use the Cp’s provided, to set up AH® as a function of
temperature. We need to use the definitions:

T
AHyg ¢ =n / CpdT 2)
298
and
AH® = Z AH ;mducts - Z AH roeactams (3)
Substituting (2) into (3):

T T T
AH5g 7 = / CpreodT — / Cpr.dT +0.5 / Cpo,dT (4)

298 298 298

Substituting the Cp’s into (4):

T
AH5es 7 = / (52.846.23 x 107°T)dT — / (16.32428.45 x 107°T)dT
298 298

~

~

-05 / (27.73412.97 x 107°T)dT
298

~

AH%ye = / (22.62 — 2.871 x 10°T)dT
298

AHSgq 7 =22.62(T — 298) — 1.436 x 107>(T* — 298?)
AHSge ;= 22.62T — 1.436 x 1072T2 — 5465.5

Finally, to find AHg,, we need to add AH5y to AH5gs 1, and substitute 7 = 800
in the resulting equation:

AHgy, = AH5o 1+ AHj0s = 22.62T — 1.436 x 107272 — 5465.5 — 267,300
Substituting 7 = 800 K

AHS,, = 22.62(800) — 1.436 x 1072(800)>—5465.5 — 267,300
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AHg, = —263,860
AH},, = —263.86 k]

The heat of reaction (1) at 800 Kis —263.86 kJ. The negative sign indicates that the
reaction is exothermic which is expected since all oxidation reactions release energy.

Part (¢) This example is similar to part (b) in this case we need to take into account a
phase transformation as we calculate the heat contribution from the reaction products:
Calculate the heat of reaction of the Hall-Héroult process for refining aluminum:

AlLO; + 3C =2A1+3CO

At 25 and 1200 °C from the following data:

3
2AL+ 50 — ALOs  AHys = —30,962 J/gAl

1

C+50,—CO AH5q = —9414 J/gC
Cpars = 20.67 4+ 12.38 x 10T J/mol
Cpai1 = 29.29 J/mol

28.53 x 10°

Cpao, = 106.67 +17.78 x 107°T — T2 J/mol

8.8 x 10°
Cpe = 17154427 x 107°T = === Jimol

B 2.1 x 10°
Cpco =29.29+4.18 x 107°T — =z Y/mol

AHg o1 = 10,460 J/mol
Melting point of aluminum = 660 °C

Solution

(1) Heat of reaction at 298 K.

To calculate the heat of reaction at 298 K (25 °C), it is necessary to manipulate
the reactions provided:

2Al + %Oz = ALOs; AH5p = *307962$ (1)

C+10,=Co AHSy, = _9414g% ()

To obtain AH3ye, we need to multiply reaction (2) by 3 and subtract reaction
(1) from it:
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Al,O3+3C =2A14+3CO  AH34; = —9414 x 34309,062 J

To obtain the value of the heat of reaction at 298 K, it is necessary to multiply
the heat contribution from reaction 1 by 54 (2 moles of aluminum are involved) and
also is necessary to multiply the heat contribution from reaction 2 by 12 (3 moles of
carbon react), since this reaction has already been augmented by 3; additionally,
since 1 mole of alumina is reacted, the heat of reaction is expressed in terms of the
mole of Al,O;.

Al,O3 +3C = 2A1+3CO

AHSo, = —28.242 % 12+30.962 x 54—
298 2as X AS 30,902 X8 AL O,

Al,O3 +3C = 2A143CO
AHSy = 1,333,044 J/molAl,O3 = 1333.04 kJ/mol Al,O3

It takes 1333.04 kJ/mol Al,Os5 to reduce alumina to aluminum at 298 K. Notice
that this is a reduction reaction. Since reduction reactions are opposite to oxidation
reactions, the enthalpy change in these kinds of transformations will always be
positive.

To calculate the heat of reaction at 1200 K, we need to consider the Cp’s of all
the species involved. To help visualize how to set up the energy balance involved,
the following scheme can be followed up (Fig. 1.10):

The heat balance in this problem is: AH{+ AHS — AH; — AH; = 0. We are
looking for calculating AH5 which is the heat of reaction at 1473 K. To calculate
this heat, we already have AHY, since AH3,; = AH7. The remaining two paths, i.e.,
AH3 and AHj need to be calculated by means of the respective Cp’s. The negative
sign in AH3 indicates that the reaction is “assumed” backwards, whereas the path
AHj indicates that the reactants have to be subtracted from the reaction products.
With this, we can establish these paths:

AH3 takes into account the heating of solid and liquid Al; also the phase tran-
sitions from solid to liquid has to be accounted for. Additionally, the heating of CO
gas is considered. Each contribution has to be affected by the number of moles of
each participating species:

Fig. 1.10 Estimation of the
heat of reaction for the ALO. +3C 1473 Al +3CO

reduction of aluminum

f 2]

ALO,+3C —=  2A1+3CO
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AH; = 28H 293 1473 T 3AHC0 295 1473

933 1473 1473
AHS =2 / CP Al so1iadT + AHE on a1 / CpatiquiadT | +3 / CpcodT
298 933 208
933 1473
AHS =2 / (20.67 +12.38 x 107°T)dT + 10,460 + / 29.29dT
298 933

1473

2.1 x 10°
+3/ (29.29+4.18><103T—%0)dT

298

AHS = 2(17,964.08 + 10,460 + 15,816.6) 4 3(38,202.75)
AHS = 203,089.61

To calculate AH;, we can simply exchange the integration limits of the reactants
Cp’s from 1473 to 298 K, or we can integrate from 298 to 1473 K and change signs
accordingly. Either case will give the same value regardless of the sign. In this
example, we are going to change the integration limits.

o __ o o
A1_14 - AI-IA1203,14737298 + 3AI_IC,14737298

298 298
Z&[{z = u/ﬂ CJQAb03d71+’3 u/p C‘pCd’Z1
1473 1473

298

28.53 x 10°
AHE = / (106.67+ 17.78 x 103T—7X> dr

T2
1473
T 8.8 x 10°
+3/ (17.15+4.27x10—3T—%>dT
1473

AHS = —136,199.71 + 3(—22,248.83)
AHS = —202,946.2 ]

Finally, the heat of reaction at 1473 K can be calculated as:
AHS,,; = AH; = AH] + AH; + AH],

AHS 5 = 1,333,044 +203,089.6 — 202,946.2
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or

AHS,, = 1,333,187.4 ] /mol AL, 05

AHS,,; = 1333.19 kJ/molAl,O;

Example 4 Calculation of entropy.

Part (a) Find the entropy of element “X” at 273 and 298 K from the following

data:

T/K
10
25
50
100
150
200
298

Solution

To solve this problem, we need to express the Cp as a function of temperature. To
do so, we need to plot the data (Cp vs. T) and fit (least squares) to find an

Cp/T mol ' K™!
0.04

0.29

2.97

11.8

18.12

21.63

25.23

appropriate polynomial. Figure 1.11 shows the data fitted.

Cp /J mole! K!

30

10 +

Cp =-10"T% + (0.0003T* + 0.114T - 2.0942
R*=10.9929
. -~ o
e
%
—/’
o7 ’
I/I'
r/,l
/l.o
FOOmiy 4 . : . ;
0 50 100 150 200 250 300 350

Temperature / K

Fig. 1.11 Cp data fitting as a function of temperature

31
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From Fig. 1.11, the heat capacity of element X is:
Cp = —107°73 4+ 0.00037% + 0.114T — 2.092

To find the entropy, we need to use the definition:
r C
)
AS = | —=dT
[
0

Remember that § = 0 at T = 0 K. Thus substituting the Cp into AS expression,
we have:

T
AS — / —107°7 +0.000377 4 0.114T — 2.092

T

dT

0

T
2.092
AS = / (—106T2+0.0003T+0.114 —Tg)dT

106 0.0003
AS = —TT3 + TT2+0.114T —2.092InT

Substituting the values of 7 = 273 and T = 298 into the last expression, we get
AS>73 = 23.78 Tmol ' K™ and AS»es = 26.55 J mol ™' K™, respectively. Notice
that these values may change depending on the fitting of the data.

Part (b) The heat capacity of an element is:

Cp =22.64+628 x 107°T

If the entropy of this element at 300 K is 33.5 J mol ' K™, what is the entropy
at 1073 °C?

Solution
In this problem, we already have an entropy value up to 300 K; to estimate the

entropy at the indicated temperature, we need to divide the Cp by T and integrate it
from 300 to 1346 K:

1346 c
AS = AS3p0 + / 7pdT
300
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1346
22.64
AS = AS300 + / (T +6.28 x 103>dT
300

1346
AS = 33.5+22.641
S + n< 300

) +6.28 x 1073(1346 — 300)

AS =33.5434+6.6

AS = 74.1 Tmol ' K~!

Part (c¢) Zinc melts at 420 °C and its standard entropy at 25 °C is
41.63 J mol™' K™'. Calculate the standard entropy of this metal at 750 °C, given
that:  AHp G, 7, = 728 kJ mol !, Cpznsolia = 22.38 +10.04 x 10737 J mol ™

K™, Cpzntiquia = 31.38 Jmol ' K.
Solution
To calculate the entropy change, we need to take into account the entropy contri-

bution from the solid and the liquid zinc and also the entropy change due to the
melting process.

693 1023
o o CPzn solia AH7Z, tision CPzn liquia
sion
208 st 93

693

1023
22.38 7280 31.38
AS70 1003 = 41.63 + / <T +10.04 x 10—3)dr+ <3 F /
298 693

ASy, 103 = 41.63 + (18.89 +3.97) + 10.51 + 12.22

ASY, 1003 = 87.22 Jmol ' K

Part (d) Calculate the standard entropy change at 298 K for the reaction:

Cr,03 +3C = 2Cr +3CO,

Given AS%, o, =81.17 Jmol ' K™', AS2 =5.69 I mol ' K™', AS3 =23.76
Jmol ' K™, AS2o = 197.90 I mol ' K.
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Solution

To solve this problem, we need to alter the entropy of each component by its
stoichiometric coefficient and then we need to subtract the entropy of reactants from
that of products:

Cr,03 +3C =2Cr+3CO

AS59 = Z nAS;roducts - Z NAS. ctanss

ASjos = (2058 +3A8%) — (ASZ0, +3AS¢)

ASSes = (2% 23.76 43 x 197.9) — (81.17 +3 x 5.69)
AS5es = (641.22) — (98.24)

AS5gg = 543 T mol ' K™

Example 5 Calculation of the free energy change in chemical reactions.
AG?® for the reaction: Ni+ 1,0, = NiO at 25 °C is —211,585 J.
Calculate AG®° at 400 °C for the nickel oxide reaction using the following data:

Cpnio = 54.01 Tmol ' K™!

1.67 % 10

Cpo, = 29.96 +4.184 x 1073T — Tii Jmol ™' K~!
43.68 x 106

Cpni = 25.23 — 10.46 x 10737 + =20 X 2 ol T K-

T2

Solution

To solve this problem, we need to use the Cp’s given in order to estimate the enthalpy
and entropy contributions of the nickel oxide and the reactants as they are heated up

from 298 to the desired temperature. Once we have done that, we will add the value of
AGjgg, so we can calculate the free energy change at 673 K (400 °C).

1
Ni+ 50y = NiO  AGjy = —211,585 Jmol™!

AGgry = AGrgg + AGrgs_673
AG;98—673 = AH§98—673 - TAS§98—673

673 673 AC
AGSos 673 = / ACpdT — T / TpdT

298 298
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ACp is the difference in Cp’s between products and reactants, thus from the data
given, we can calculate this function:

ACp = Z ncpproducls - Z nCPreactants
ACp = Cpyio — (Cpni +0.5Cpo,)

ACp = 54.01 —25.23 — 14.98+ (10.46 x 107> —2.092 x 107°)T
(0.835 x 10° — 43.68 x 10°)
+ e

46.6 x 10°

ACp = 13.8+8.368 x 107°T — 2

With this Cp, we can calculate both the enthalpy and the entropy contributions:

673

46.6 x 10°
AHSsy s = / (13.8 +8.368 x 10T — T—j) dr
298
AHSy 73 = 13.8(673 —298) +0.5 x 8.368 x 1077 (673% — 2987)
1

I
46.6 x 10° [ —= — —
Ha06x (673 298)

AHSq 75 = —80,435.17

673
13.8
ASSos 673 = / (T +8.368 x 10~°
298

46.6 x 10°
S L1

673
AS5os 673 = 13.81n <298> +8.368 x 1073 (673 — 298) +

+46.6><105 1
2 6732 2982

ASSeg 673 = —196.55 JK !

To calculate AG®° for the formation of nickel oxide at 673 K, we substitute
values:

AGg73 = A(;;98 + (AH§98—673 - TAS;98—673)
AGZ,; = —211,585+ (—80,435.1 — 673 x —196.55)
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AGS,, = —159,7427 or — 160 kJ

Example 6 Equilibrium constant and free energy.

A gaseous mixture consisting of 75 mol% H, and 25 mol% CO, at a total
pressure of 1 atm is passed through a furnace at 1000 K. Calculate the equilibrium
composition of the mix made up of H,, H,O, CO,, and CO gases, given the
following data:

C+10,=CO AG°=-111,713-87.65T1 (1)
C+0,=CO,  AG° =-394,133-0.84T] (2)
Hy+ 30, =H,0 AG® = —246,856+55.98TJ (3)

Solution

We need to combine reactions (1) to (3) obtain the reaction:

H, + CO, = H,O+CO (4)

To obtain reaction (4) we have to do the following operation between reactions:
(1) + (3) — (2). The corresponding AG® for reaction (4) is: AG° = 35564 — 30.83T
The equilibrium constant of reaction (4) is:

_ Pu,oPco

K = .
Pu,Pco,

Since the reaction takes place at 1000 K, the free energy change is:
AG° = 35,564 — 30.83(1000) = 4734 J. With this value, we can calculate now that
of the equilibrium constant:

AG° = —RT In(K)
i)
K =expq —
RT

e 4734

= X -_—_—
P 78314 x 1000

K = 0.566

We need to relate the partial pressure of each gas with the value of the equi-
librium constant:

Py,0Pco

0.566 =
Py,Pco,
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Initially (before the reaction takes place), there are 0.75 atm H, and 0.25 atm
CO,, as they begin to react they form H,O and CO gases in a proportion of 1 mol.
Thus we can establish the following balance:

Species Initial conditions Equilibrium conditions
H, 0.75 0.75 — x

CO, 0.25 025 - x

H,O 0.00 x

(6(0) 0.00 X

Substituting the equilibrium conditions into the expression for the equilibrium
constant:

0.566 = L0ofco
Pu, Pco,
0566 (075 =2)(025 — )
(x)(x)

0.566x> = 0.1875 — x + x>
0.434x*> —x+0.1875 =0

Solving for x, we get x = 0.206. Thus the equilibrium composition of the gas
mixture is:

Species Equilibrium composition (atm)
H, 0.544
CO, 0.044
H,O 0.206
CcO 0.206

Example 7 Use of Gibbs—Helmholtz equation.

Part (a) Calculate the free energy change at 425 °C for the reaction:
1
H, + 502 = HQO

With the data available: AG§98,H20 = —237.141 kJ/mol, and
AH§987H20 = —285.83 kJ/mol.
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Solution

Using the integrated form of Gibbs—Helmholtz equation:

AGr, AGH _ppe(L_ L
T, T, T, T,

Taking T, = 698 K, T; = 298 K, and substituting the known values for AH° and
AG3,, into the latest equation, it is possible to find AGgyg:

A6298 _ AG;QS — AH° L _ L
698 298 698 298

1 1 AG;
AGlyg = |AH® | — — — 281698
698 [ <698 298)+ 208 |%

1 1 ) 237.141

AGgyg = |—285.83( —= — ——
698 [ (698 298 298

AGgy = —171.778 kJ mol ™!

] 698

Part (b) Calculate the free energy change at 1000 °C for the reaction:
CaCO3 = CaO + C02

For this reaction, the following data is available: AG3g c,co, = 130.423 kJ/mol,
and AH3g cyc0, = 178.175 kl/mol.

Solution

Similar to part (a); use the integrated form of Gibbs—Helmholtz equation, consider
T, = 1273 K, T, = 298 K and substitute known values to find AG},5:

S VA .

1273 208 1273 298

1 1
AGSy, = 1273 [178.175 (_ _ _> N

1273 298
AGoq = —25.71 kJ mol ™!

130.423
298

From this example it is evident the behavior of endothermic and exothermic
reactions. As predicted, temperature increments result in increasing the free energy
value of the exothermic reaction (water reaction); whereas for the endothermic
carbonate decomposition, increasing the temperature results in lowering its free
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Fig. 1.12 Use of Gibbs— 150
Helmbholtz equation 100 4

CaC0y=Cal +COy
(endothernic)

AG®/kJ mole!
2

Hy +1/2 03= H,0
T -- fexothermic)

0 0.001 0.002 0.003 0.004
1T /K?

energy, thus making the reaction barely feasible at 1000 °C. This can be better seen
in Fig. 1.12.

Example 8 Use of Van’t Hoff equation
The following data for Boudouard reaction:

C+CO, =2CO (1)

is presented at 800 and 900 °C

Temperature/°C Pioar/atm % CO in gas
800 2.57 74.55
900 2.30 93.08

Additionally, for the equilibrium:
2C0O, =2C0O0+ 0, (2)

Its equilibrium constant at 900 °C is 8.33 x 107", On the other hand, it was
determined that the heat of formation of CO, at 1173 K is —394.96 kJ mol .
With this information, determine AH® and AS° for reaction (2) at 900 °C.

Solution

From reaction (1), we can obtain an expression for K in terms of the partial pres-
sures of CO and CO,. These pressures can be easily calculated since the total
pressure and the CO content are provided.

2
PCO

C+CO,=2C0; K=-—C
PCOZ X ac



40 1 Laws of Thermodynamics and Auxiliary Functions

Table 1.8 Computed values for the equilibrium constant at 800 and 900 °C

T/°C T/K P /atm Pco/atm Pco,/atm K
800 1073 2.57 1.92 0.65 5.61
900 1173 2.30 2.14 0.16 28.80

To simplify our calculations, we can assume pure solid carbon reacting with CO,
gas, thus the activity of carbon has a value of 1, so we can express the equilibrium
constant as:

From the data given and the expression for K, we obtained the following results
(Table 1.8).

If we make T, = 1173 K, Kr, =28.80, T; = 1073 K and K7, =5.61; and
substitute these values into Van’t Hoff’s equation, to calculate AH® for reaction (1):

n Kr,\  AH (1 1
Kr,) R \Th T
n 28.80\  AH° [ 1 1
561 ) R \1173 1073

—8.314 x 1.635 = AH°(—7.95 x 107°)

AH® = 171.12 k) mol !

Now we need to combine reaction (1) with that of the CO, formation:
C+0,=C0, AH°= —394.96 kJmol™'

To obtain reaction (2), we have to apply Hess’s law by reversing the CO,
reaction and add it to reaction (1):

C+C0O,=2CO  AH° =171.12
CO, =C+0, AH® = 394.96
2C0, =2CO0+0, AH° = 566.08 kJ mol ™!

So far we have computed the heat of reaction (2) at 1173 K, whose value is
AH°, 173 = 566.08 kJ mol™!. To calculate the entropy for this reaction, we can use
the value given for its equilibrium constant:
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AG® = —RTInK
AG® = -8.314(1173)In(8.33 x 107"7)
AG°® = 361.07 kI mol

Knowing both AG® and AH®, it is possible to calculate AS°:

AG® = AH®° — TAS®
AH® — AG°

AS° = T

566.08 — 361.07
o 1173
AS° = 0.175 kJmol ! K~!

AS°



Introduction

In the previous chapter, it was discussed the thermodynamics principles that are the
basis of thermochemistry. It was shown how to calculate the energy involved in any
chemical or physical transformation. Additionally, it was established the Gibbs free
energy as a criterion to know whether or not such transformations would take place
under a given set of conditions.

Furthermore based on the sign of the enthalpy change associated to any of these
transformations, it is possible to distinguish if we need to supply heat to the system
or to withdraw it.

As chemical reactions occur, they occasionally involve phase transitions such as
allotropy, melting, boiling, etc. As they take place, their requirement of energy can
be easily accounted, but more importantly, it is possible to relate such energy
demands to determine specific conditions under which two or more phases can
coexist simultaneously in equilibrium.

Heat and Phase Changes

To boil water, it is necessary to provide heat, as heat is supplied to the liquid, the
water temperature increases in inverse proportion to the heat capacity of the liquid.

This happens until the normal boiling point of the liquid is reached. At that
point, boiling begins and the temperature of the water remains constant while the
heat supplied to the system boils the liquid. The water temperature does not increase
again until all the liquid has fully transformed into vapor. Once the liquid has
disappeared, the temperature of the system again increases, this time in inverse
proportion to the heat capacity of the gas. If we plot this experiment over a wide
enough range of temperature to go from solid to liquid to vapor, the plot would look
something like Fig. 2.1.

© Springer International Publishing AG 2017 43
G. Plascencia and D. Jaramillo, Basic Thermochemistry in Materials Processing,
DOI 10.1007/978-3-319-53815-0_2
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Fig. 2.1 Heat exchange ‘
during heating of a substance,
. b AH = AH o ormtion
phase transformations occur T
I'=Constant

at constant temperature

In such plot, time directly relates to the energy supplied in the form of heat since
it is assumed that heat is added at a constant rate. This graph is somewhat idealistic;
the slopes (temperature increase) for the solid, liquid and gas will not be equal (each
slope will be the inverse of the heat capacity for that particular phase) nor will they
be linear since we know that heat capacity increases with temperature. Still, over a
short enough range, the heat capacities of each phase can be assumed as constant.

The heat that must be supplied to convert one phase into another (solid to liquid,
liquid to vapor) is just the enthalpy of the phase transition (AHgysion, AHyaporizations
etc.), adjusted appropriately for the number of moles of substance present at the
moment of the transformation. Because this amount of energy has to be supplied to
the lower temperature phase to convert it into the higher temperature phase, it is
called the latent heat of the phase transition.

For phase transitions with latent heat, the corresponding entropy of the phase
change is:

AH transformation

(2.1)

AStransformation = T
transformation

Phase transitions with latent heats are called first-order transitions. The phase
jump from one state to the other is discontinuous with temperature. In second-order
transition, such as the demagnetization of iron, the change is continuous over a
range of temperatures.

Gibbs Rule of Phases

Chemical systems are made of elements and/or molecules whose masses cannot be
taken arbitrarily; there exist certain mass relationships among them. For example, if
we have a system with magnesium carbonate, magnesium oxide and carbon
dioxide, the system is composed of C, Mg, and oxygen. We can randomly pick the
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mass of two of these elements, but the third one will be determined by itself without
any doubt. Thus, it is possible to choose in many different ways the number of
components (C) in any system.

On the other hand, we usually face heterogeneous systems. In general, it is quite
simple to enumerate the distinct phases that are present in a given system. For
example, a system formed by liquid water and water vapor has two phases.
A system containing salt crystals and an aqueous solution of this salt has likewise
two phases (the salt and the solution). In general, the number of phases comprising
a system is denoted by (P). It is clear now that any system is characterized by the
number of components (C) and that of the phases (P) into which the system is
divided.

If we define process variables (temperature, pressure, composition) of each
phase within the system, then it is possible to estimate the number of physical
variables that can be changed, without varying the number of phases present. The
number of process variables to change is known as degrees of freedom (F) and these
are related to the number of components and phases by:

F=C—-P+2 (2.2)

Equation (2.2) is known as Gibbs rule of phases.

One Component Systems

If we plot the pressure versus the temperature for an element or a molecule like
water, the system is comprised by a single component; such diagram, like the one
sketched in Fig. 2.2, reveals phase stability regions as well as phase boundaries. As
we know, water can exist as solid, liquid or gas, therefore fields corresponding to
these phases are properly labeled in the diagram, we also know that depending on
atmospheric or process conditions two of these phases can coexist, like ice and
water in a pond during wintertime or steam and liquid water in dry cleaning shops.
The phases can coexist along the lines (boundaries) delimiting them. Also, there is a
well-defined point in which the three phases can coexist; this point is named the
triple point. This triple point is unique for each system/compound.

Direct application of Gibbs rule of phases (Eq. 2.2) to any unary system rep-
resented in a pressure—temperature (PT) diagram, results in (Table 2.1).

In those regions containing any of the S, L or G phases, we have two degrees of
freedom which means that both pressure and temperature can vary freely, without
altering the corresponding phase. Along phase boundaries, there is only one degree
of freedom; this means that along any of these lines we can define arbitrarily either
the pressure or the temperature; then the second variable will be fixed by itself. At
the triple point, the three phases coexist in equilibrium; this means that there is a
specific P-T combination at which the phases can be present simultaneously. Thus,
at this point there are no degrees of freedom.
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Flg‘ 2.2 PI‘ES.SUI'Cf ca= Solid - Gas equilibrium
ten;lperatgre dlagram for water ab= Liquid - Gas equilibrium
(schematic) P i ad= Solid — Liquid equilibrium

a=Triple point

T

Table 2.’.1 Gibbs rule of Region in P-T diagram
phases in mono component Phase field
systems ase e

Phase boundary

i—bﬂbﬂo
W N = g
S = T

Triple point

Since it is possible for the different phases to coexist, then we should be able to
relate the free energy of each phase in a way to find correlations between process
variables and the corresponding energy change.

Thermodynamics of One Component Systems

In Chap. 1, it was shown that it is possible to express Gibbs free energy as a
function of temperature and pressure:

dG = VdP — SdT. (1.27)

Taking partial derivatives of expression (1.27) with respect of pressure and
temperature; the following relationships are obtained:

(29) s a3

(g_g) = V. (2.3b)
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Fig. 2.3 Gibbs free energy A
H°,G°
and enthalpy changes for He
phases in equilibrium as a / gas
function of temperature 3 B ; L
ol - B
‘*-:":“ Go\olltl
Gollquld
Goga\
>
Tosetting Thatting T

Plotting G and H for each phase at constant pressure, show that as temperature
increases, Gibbs free energy of each phase becomes more negative, and the most
stable phase at higher temperature is the one with larger specific heat, this is
illustrated in Fig. 2.3.

As seen in Fig. 2.3, the free energy curve can be crossed in more than one
occasion this lead to entropy ratios %, these ratios are larger than unity and
phase

increase as temperature does. This confirms the effect of temperature on the free
energy. As temperature increases, the entropy contribution to AG becomes more
important. Furthermore if we follow phase transitions as more energy is supplied to
any system, we can easily observe the change of entropy as a solid transforms into a
liquid and the liquid boils into a gas. Not surprisingly, the entropy of each phase
progressively increases from the solid to the gaseous state; this can be seen in

Fig. 2.4.

Clapeyron Equation

Figures 2.3 and 2.4 show the effect of enthalpy and entropy, respectively, on Gibbs
free energy during phase transitions. With this, it is possible to associate this free
energy to any of the phase boundaries in Fig. 2.2. To do so, we need to equate the
free energy of the phases in equilibrium. For example, consider a solid—gas
equilibrium. We can represent such equilibrium as a chemical reaction:

Solid — Liquid (2.4)
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Fig. 2.4 Effect of entropy on Gibbs free energy during phase transitions

From Eq. (2.4), we have that at the phase boundary; the corresponding free
energies are equated:

Gs =G (2.3)
Substituting Eq. (1.27) into (2.5), results in:
VsdP — SsdT = Vi.dP — 51.dT. (2.6)
Accommodating terms in expression (2.6)
Gs — G, = (Vs — VL)dP — (Ss — Sp)dT. (2.7)

Since at the phase boundary both phases are in equilibrium, then Gs-Gy. should
be zero, therefore, Eq. (2.7) can be written as:

AGs_ | = AVs_1dP — ASs_1dT = 0. (2.8)
From Eq. (2.8), we have:

dP_AS

AV (2.9)
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Equation (2.9) is known as Clapeyron equation. This equation can be modified if
we substitute expression (1.11) into (2.9), to obtain:

dP AH

e _ AH 2.
ar _ TAV (2.92)

Clapeyron equation applies to any phase change in a one-component system.
This equation, only determines the slope of the equilibrium boundary, not the actual
position of the reaction in the pressure—temperature domain. That position must be
determined by further thermodynamic calculations or by experiments.

For example, a reaction with shallow dP/dT slope is more sensitive to pressure
changes, whereas a reaction with a steep (nearly vertical) slope is sensitive to
temperature.

Additionally, if we collect experimental data on any reaction at a given
temperature (or pressure), we can determine the slope and extrapolate to other
conditions, rather than doing more time-consuming experiments.

Clapeyron equation helps determining thermodynamic values for reactions or
phases. When combined with volume data, we can use the slope of an experi-
mentally determined reaction to calculate the entropy change of the reaction, and to
calculate the entropy of formation of a particular phase. Often the volume of a phase
is well known, but the entropy data may have considerable uncertainties.

In some instances, volume changes are quite large, especially if a gas phase is
involved in the transformation we are interested in, thus the AV term in Clapeyron
equation can be assumed as the volume of the gas phase; by doing so, we can
modify Eq. (2.9) using the ideal gas equation, resulting in:

dP  AH

TRzt (2.10)
Variable separation in expression (2.10) results in:

dP  AHAT

—=——. (2.11)

P R T?

Equation (2.11) is the differential form of Clausius—Clapeyron equation. Inte-
gration of this expression results in:

In(P) = R T +C. (2.12)

C is an integration constant that should be evaluated depending on the system
properties. Clausius—Clapeyron equation can be applied to any phase transforma-
tion (melting, boiling, sublimation, allotropy). It is also worth noting that plotting In
(P) versus (1/T), would yield a straight line whose slope is equal to —AH/R; from this
slope it can be calculated the enthalpy change associated to the transformation under
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Fig. 2.5 Graphical A «—T
representation of Clausius—
Clapeyron equation |Q/ C
~
= ~
In P ~ % | AH®
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~
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study. The intersection of this line with the In (P) axis will give the value of
C constant. This is illustrated in Fig. 2.5.

Equation (2.11) can also be integrated between limits P; and P, corresponding
to T; and T, respectively; if such is the case, Eq. (2.12) results in:

ln(é> L <i _ i). (2.13)
P, R\D T

This last expression is the integrated form of Clausius—Clapeyron equation.
Relation (2.13) is often used to estimate the vapor pressures of pure liquids or
solids. AH is the enthalpy of vaporization if the substance is a liquid or the enthalpy
of sublimation if it is a solid. The enthalpy of vaporization (or sublimation) is
assumed to be constant over the temperature range of interest. This is not true, but
actual changes in AH values are negligible at low and moderate pressures. The
vapor phase can be assumed as an ideal gas, since the external pressure does not
significantly affect its pressure.

On the other hand, and in order to simplify calculations, the latent heat of
evaporation can be estimated using Trouton’s rule. This rule states that the ratio of
latent heat of evaporation to the normal point is constant for many liquids:

o

HVH
P — 88JK 'mol. (2.14)

vap

This rule is an approximate one. However, it is useful to estimate near values for
the heat of evaporation. Data in Fig. 2.6 from Kubaschewski and Alcock' reveal the
departure from this law, especially at higher boiling points.

The departure from Trouton’s rule can be explained by the presence of several
gaseous species during boiling; for example, when PbF, boils, its vapor not only

'Kubascheeski, O., Alcock, C.B., Metallurgical Thermochemistry 5th Ed., Pergamon Press,
Oxford, 1979.
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Fig. 2.6 Trouton’s rule and deviation from this rule of some elements and compounds. Data from
Kubaschewski and Alcock

contains such fluoride, but also contains minor amounts of other species such as
PbF, PbF,, and Pb.

In some applications, it is important to know the vapor pressure of metals and
alloys. Vapor of solids or liquids results from the dissociation of the substance in
the gaseous state as a consequence of thermal movement of atoms or molecules.
Vaporization is a reversible process highly sensitive on temperature; a small
variation in temperature produces condensation of the vapor phase. Therefore,
vaporization strongly depends on the pressure and temperature to which the system
is kept.

The enthalpy of vaporization AHﬁap is equal in magnitude but opposite in sign to
the enthalpy of condensation; however, the value of the enthalpy of vaporization
changes with the temperature. Furthermore, it has been observed that AH\‘fap
increases with the atomic weight (mass).

Using Calusius—Clapeyron equation (Eq. 2.11) to relate the vapor pressure of
metals or alloys to the temperature:

dP  AHg, dT
P~ R T

(2.11)
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Integration between limits Py, P, and Ty, T, yields Eq. (2.13); setting P; as 1
atmosphere and T as the boiling point (Tyjiing) and approximating using Trouton’s
rule (Eq. 2.14):

AH? AH?
In(P;) —In(1) = o 2.15
n(P2) = n(1) RThoiing ~ RT> (2.15)
Reduces to:
88 AH;,
In(P,) = —— — Y% 2.1
n(P2) =310 R, (2.152)

It is customary to represent vapor pressure data in terms of the log function
rather than the In one, thus, Eq. (2.15a) has to be altered by a factor of 2.303:

log(Py) = 4.6 — 2.15h
og(Py) = 4. —m- (2. )

This last result allows for a good approximation of the vapor partial pressure of a

metal or alloy; additionally it is evident that vapor pressure data can be estimated by
a general relation:

A
logP = T +B. (2.16)

Plotting log P versus 1/T results in a straight line whose slope equals —AHsap/
19.147. This is illustrated in Fig. 2.7.

If sublimation (solid transforming into a gas) takes place, a similar expression for
the vapor pressure over a solid can be deducted. The entropy associated to subli-
mation can be assumed? as 96 J mole”' K™'. With such value the following relation

Fig. 2.7 Relationship
between log P and 1/T log P

*Biswas A.K., Bashforth G.R., The Physical Chemistry of Metallurgical Processes, Chapman and
Hall, London, 1962.
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between the partial pressure of the solid and its enthalpy of sublimation AH_, can
be obtained:

AH,
s B, (2.17a)

log P — — —~tsub_
8 19.147T

Substituting the entropy of sublimation in (2.17a) gives:

Al (2.17b)

log P = 5.0 — —otsub_
ogP=50-157477

Therefore knowing the vapor pressure expression for the liquid phase, the
melting point and the heat of fusion it is then possible to obtain a general equation
valid for the solid phase; moreover, it is then concluded the validity of the following
relation:

AI—]§ub = AH\?ap + Angsion' (218>

Example of Calculations

Example 1 Gibbs rule of phases
Part (A)

An equimolar mixture of H, and O, is contained in a pressurized cylinder.
A spark causes a reaction resulting in the formation of water droplets. List the
degrees of freedom before and after the water forming reaction.

Solution
In this case we have a gaseous mixture (1 phase, two components) transforming

chemically into 1 phase and one component.
Gibbs rule of phases: F = C — P+2

H, + 0.5 O, H,O

C P F C P

2 1 3 1 1 2
Part (B)

Evaluate P, C and F for each of the following systems/reactions:

a. A mixture of five gases enclosed in a cylinder
b. 2HI = H, + I, in vapor phase, starting with various mixtures of hydrogen and
iodine



54

-~ 0 &0

Solution

System
a

Part (C)

@]
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. H,, O, and H,O enclosed in a vessel at room temperature
. 2H,0 = 2H, + O, at high temperature starting with water
. Solid carbon, CO, CO, and O, in equilibrium at 600 °C
. (CH3 COOH), liquid = (CH3 COOH), gas

Comments

This is a gaseous solution with 5 components. No chemical
interaction between components

This systems considers the decomposition of HI into H, and I,
gases; therefore there are two components mixed in one phase

At room temperature liquid water is the most stable phase. This is
in equilibrium with a gaseous mixture made of H, and O,

In this case water is expected to be in the gaseous phase, therefore
there are 3 components mixed together in a single phase

Two phases (1 solid, 1 gas) coexist. 3 components are present in
the gas and 1 component in the solid

There is a single component existing in two distinct phases

At high temperature, magnesium carbonate dissociates and can exist in equi-
librium with the decomposition products:

MgCO; = MgO + CO,

(a) State the number of phases and components in this system
(b) Would the number of components be changed by adding CO, from an external

source?

(c) Would the number of phases be altered?

Solution

(a) At equilibrium, there are 3 phases, 2 solids (MgCO5; and MgO) and one gas
(CO,). The number of components is also 3, the carbonate, the oxide and the

gas.

(b) No it would not change, since CO, is already in the system.
(c) No, because CO; is in the gas phase and already is in the system.

Part (D)

Ammonium chloride vaporizes upon heating.
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(a) State the number of components in a system consisting of solid ammonium
chloride and its vapor

(b) Would the number of components be changed by admitting ammonia gas into
the system?

(c) Would the number of phases be altered?

(d) Would equilibrium be still possible?

Solution

(a) There is one component (NH4CI) and two phases (1 solid, 1 gas)
(b) Yes, there would be 2 components (NH4Cl, NH3)

(c) No, there would still be a gaseous phase and a solid one

(d) Yes, it would.

Example 2 Clausius—Clapeyron equation The vapor pressures of sodium are
written as:

5603
log P = 10.304 — I (E2.1)
and
5377
logP =9.710 — 7 (E2.2)

Where P is in Pa and T in K. Which of the two equations is for solid sodium?

Solution

We need to convert log P into In P (In P = 2.303log P) in order to be able to use
Clausius—Clapeyron equation:

InP = 2.303 {10.304 — g}
12903.709 (E2.1a)
InP=23730 - —"—"—"
T
and,
InP = 2303 [9.710 — 53#}
(E2.2a)

InP = 22362 — 12383.231

Using Clausius—Clapeyron Eq. (2.11) witgh the form:
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dlnP AH?
| E2.3
dT RT? (E2.3)
Applying equation (E2.3) to expressions (E2.1a) and (E2.2a) results in:
dlnP d 12903.70
dnT s (23 730 — 12203709 - 9)
(E2.1b)
dinP 12903.709 AH,
dr T2  RT
and
d(ljr}P dc; (22 362 — 12383.231)
(E2.2b)
dinP 12383.231 AH,
a7~ T*  RT

From expressions (E2.1b) and (E2.2b) it is evident that AH; > AH,, therefore,
equation (E2.1) corresponds to solid sodium.

Example 3 Use of Clapeyron equation Calculate the pressure that must be applied
to silver to increase its melting temperature by 10 and 20 K, using the following
data:

Property Value

Atomic mass (M) 107.87 g mole!
Melting point (Tgy) 961.8 °C

Solid density (p) 10.50 g cm >
Liquid density (p;) 932 gcm™’

Heat of melting (AHY,)

Solution

11280 J mole '

We need to calculate the molar volume of both solid and liquid silver:

Vmolar

= %; for each phase we have:

Vm solid — MAg - 107.87 mOIC - Cm3
. Ags 10. SOcm1 mole

M 107.87 3
Vi liquid = e _ mOIe — 1157
PAg, mole

From these molar volumes, we can calculate the volume change due to silver

melting:



Example of Calculations 57

3 3

AV = Vi tiquia — Vinsotid = 11.57 — 1027 = 13— or 1.3 x 106
’ mole mole

We can integrate Clapeyron’s equation between limits 1.01325 x 10° Pa at Ty
and P at T:

dp _ AH1
dr — AVT
0 A R d
_ AH dr
f dP AV f T
1.01325 x 105 1234.8

P =81n(5=) + 1.01325 x 10

P = 11280 1, +1.01325 x 10°

1.3x10°° (1234 8)

Substituting the corresponding temperature values (in K) in the last equation, we
can calculate the pressure increase needed to melt silver:

T (°C) P (atm)

961.8 1

971.8 691.7

981.8 1376.9

991.8 2056.6
2400

2000 1

)
3

Pressure /atm
g

400 1

960 965 970 975 980 985 990 995
Temperature/ °C

Fig. 2.8 Pressure increase to augment the meltinl g point of silver
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The relationship between the temperature (°C) increase and the corresponding
pressure (atm) increment is shown in the figure below (Fig. 2.8).
Example 4 Calculation of phase boundary line The dissociation of Na,O at
1000 °C can be represented by:

2Na2o(solid) = 4Na(gas) + OZ,(gas)

For this reaction, AG®|,73 = 450.77 kJ. Graphically determine under which
conditions, sodium oxide would not decompose:
Solution

For this problem, AG® is given, therefore we can relate the equilibrium constant to
the partial pressures of the gases resulting from the oxide decomposition

AGSy,; = —RTIn(K)

_ AGY _ 450770
K= exp(— RT ) = exp(— 8.314><1273) .

K=318x10"%

On the other hand, form the dissociation reaction we can express the equilibrium
constant in terms of partial pressure of sodium and oxygen:

3.18 x 107" = pg, X Ple-

The logarithm of the previous equation, allow us to express the partial pressure
of sodium as a function of that of the oxygen evolving from the oxide:

log(3.18 x 107'%) = log(p,) +410g(pya)

—18.5 —log(po,)
log(pya) = foz.

We can assign values to the partial pressure of oxygen so we can calculate the
equilibrium value for that of sodium and thus define the equilibrium line between
the oxide and its dissociation products; this is illustrated in the figure below
(Fig. 2.9).

Example 5 Determination of the heat of sublimation of water using the heat of
vaporization and that of melting along with Clasius—Clapeyron equation The heats
of vaporization and of fusion of water are 45.054 kJ mole” " and 6.01 kJ mole™" at
0 °C, respectively. The vapor pressure of water at 0 °C is 0.006 atm. Calculate the
sublimation pressure of ice at —15 °C, assuming that the enthalpies of transfor-
mation do not change with temperature.
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10
Na;0 = 4Na + 0, T=1273K
. ? P.~1atm
5T -~
-
~
-~
~
0+ ~ o
st Gas + Na;0
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~
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~
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Fig. 2.9 Phase stability in the dissociation of Na,O

o
AH' Susion .
liquid solid
AF !Dn‘apumrion AH a:\ ublination
vapour
o o o
aH.\uh]lm ation — ch\':\p\\r.\[:‘\n +AH fusion

Fig. 2.10 Relationship between the standard heat of evaporation, sublimation and fusion

Solution

The heats of transformation are related as indicated in the sketch below. According
to this figure, we can calculate the heat of sublimation of water at 0 °C by com-
bining the heats of evaporation and melting at the same temperature. With that heat,
then we can use Clausius—Clapeyron equation to calculate the pressure for trans-
forming solid water into vapor at —15 °C (Fig. 2.10).

To calculate the heat of sublimation at 273 K, we can use Eq. (2.18):

AHy, 073 = AHgyp 573 + AHiy 073
AHg,, 575 = 45.054+6.010  kJmole™
AH, 3 = 51.064 K] mole™!.
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Assuming that this value is independent of temperature, we can calculate the
sublimation pressure at a lower temperature:

m(F2) = _AHw (11
P] B R T2 Tl )

Solving for P,, and substituting the corresponding values:

AH°
P, = Py exp [—Tsub (1, - T;‘)]

_ 51064(
8.314
P, = 0.0017 atm.

P> = 0.006 exp{ 25871 — 2731)}

As temperature drops 15 °C, the pressure to transform solid water into vapor
decreases as well. This is observed in the P-T plot below (Fig. 2.11).

Example 6 Estimation of vapor pressure by combining Trouton’s rule and Clau-
sius—Clapeyron equation Mercury evaporates at 357 °C (630 K) under 1 atm of
pressure. Calculate its approximate vapor pressure at 100 °C, assuming that it
follows Trouton’s rule.

Solution

First, we need to find AH®,,, from Trouton’s rule:

AH:,
—® =88 Jmole 'K/

Tevaporalion

AH \(/)apA,Hg =33 (Tevaporation,l-lg )

AH;, 4, = 88(630)
AH;, i, = 55440 Jmole™.

Substituting this AH®,, p value, into Clausius—Clapeyron equation, and
solving for the gas pressure at the desired temperature:

P AHy,
n(5) =% (1)
AH,,
P, =P x exp[——R‘ d (TLZ—TLI)}
Py =1 x exp[— 351} (575 — &)
P, = exp[—7.293]
P, =0.0007 atm; P, =709 Pa.
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Pressure/ atm

0.007

0.006

0.005

0.004

0.003

0.002

0.001

255

61

solid p

* vapour

265

Temperature /K

Fig. 2.11 Solid-vapor equilibrium for water

275

Example 7 Estimation of the heat of transformation from raw temperature and
pressure data Calculate the mean heat of vaporization of palladium from the fol-

lowing data:

T (°C)
1314
1351
1568

Solution

P (Pa)
1.00 x 107*
215 x 1074
7.50 x 1073

To find the heat of vaporization, we need to work out the raw data to obtain the
logarithm of the pressure and the inverse of the temperature in absolute scale, such
manipulation results in:

P (Pa)

1.00 x 107*
215 x 1074
7.50 x 1073

In P

-9.210
—8.445
—4.893

T (°C)
1314
1351
1568

T (K)
1587
1624
1841

103/T (1/K)
0.630
0.616
0.543
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Fig. 2.12 Vapor pressure of -4
palladium as a function of the
inverse of temperature ST

In (P)
e |
/
/

-10 + + + + +
0.53 0.55 0.57 0.59 0.61 0.63 0.65

1000/T /K

Accordingly with Clausius—Calpeyron equation, plotting In (P) versus 10*/T, would
resultin a straight line whose slope is equivalent to ng“P. By taking 10%/T, the resulting
heat of evaporation will be expressed in kJ mole™". This is shown in (Fig. 2.12).

From the slope, the heat of evaporation of palladium becomes:

AH{,, = —slope X R
AH;, = 49.428 x 8.314
AH;, = 411kJmole™".

Example 8 Use of Clapeyron and Clausius—Clapeyron equations to solve every day
problems
Part (A)

How much a speed skater, who is 70 kg by weight, decreases the melting point
of ice? The skating iron is 1 by 400 mm. Assume all his weight is on one skate at a
time. Data: AS°q = 21.97 J mole™' K™'; AVg,s = —1.49 cm3 mol ™.

Solution
For this problem, we need to use Clapeyron equation

dpP ~ AP _ AS?nelling
dT 7 AT~ AVineliing
AVme]ling
AS?

melting

(E7.1)
AT = AP

It is necessary to calculate the pressure exerted by the skater on the ice surface:

F 70 x 9.8

Ap="C=_2270°
A 103 x04

=1.715 x 10° Pa. (E7.2)
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Substituting this pressure value into equation (E7.1):

—1.49 x 10°®

AT = 1.715 x 10°
715 x 10° x 2197 ;

AT = —0.12K.

Therefore, the melting point of ice drops by 0.12 K
Part (B)
The spouse of an engineer showed scientific interest in asking:

(i) What is the temperature in our pressure cooker?
(i) Why does it cook faster than in an ordinary saucepan?

Given: Pressure regulator weighs 78 g and sits on a 2.618 mm outer diameter
opening; AH®,,, for water at 1 atm and 100 °C is 40585 J mole™". What would
your answers be for (i) and (ii) above?

Solution

For this problem, we have to calculate the pressure inside the cooker using Clau-
sius—Clapeyron equation. To do so, we need to multiply the weight of the regulator
by 9.8 to find the force that it exerts over the area defined by the gage opening:

F 78 x 1073 x 9.8 [N]
Pcooker =7

= -— = 1.42 x 10’ Pa.
A 0257 x (2.618 x 1073)°[m?]

With the cooker pressure, we can fix the following conditions:
Py = 1.01325 x 10° Pa (1 atm), P, = 1.42 x 10> Pa, T; = 373 K (100 °C), and
T, = cooker temperature at the cooker pressure P,. These values along with that of
the heat of vaporization can be inserted now in Clausius—Clapeyron equation and

solve for T5:
In & — AH‘%P i _ i
Py R T, T

(142 40585 (1 1
"\101325) = 8314 \71, 373
03375 1 1

488153 T, 373
T, =383K; T,=110C.

Thus answering to the engineer’s spouse we have that (i) the cooker reaches
110 °C and (ii) since the pressure increases so does the boiling temperature, then
meals are cooked faster.



Introduction

In chapter one, it was stated that energy can transform into different forms; one of
such useful transformations is when electrical energy converts into chemical one or
vice versa. Batteries transform the energy released by a chemical reaction into
electricity, so we can run different devices like cell phones, computers, personal
media players, and even some vehicles.

Electrochemistry not only deals with this energy conversion, it is also useful in
determining thermodynamic properties of different systems at elevated tempera-
tures, it can be used to decrease corrosion rates among other applications.

In this chapter we will be establishing those energy—voltage relationships, so we
can calculate thermodynamic quantities from voltage measurements; additionally,
some techniques to measure the chemical activity of components in solution will be
described.

Also it will be illustrated how to calculate the amount of metal deposited in
coatings or in the electrorefining of some nonferrous metals such as copper or
aluminum.

Electrolysis

The use of electricity to promote chemical reactions has many different applica-
tions; for example, plating a thin film of metal on surfaces of other metals to
improve their appearance or to prevent corrosion. Another use of electricity can be
found in the extraction of reactive metals such as sodium and aluminum from their
ores. It can also be considered the industrial production of sodium hydroxide,
copper, chlorine gas and hydrogen gas, or recharging car batteries and other
rechargeable cells, such as lithium batteries.

© Springer International Publishing AG 2017 65
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Fig. 3.1 Energy transformation in galvanic and electrolytic cells

Electrolysis is the passing of an electric (direct) current through a conductive
medium (electrolyte) bearing ionic species; as the electricity flows, ions break down
into elements. During electrolysis, ions with positive charge move toward the
negative electrode known as cathode, while simultaneously the negatively charged
ions move to the positive electrode or anode.

At the cathode, the positive charged ions gain electrons, thus a reduction reaction
takes place; whereas at the anode negative ions give up (lose) electrons, therefore
oxidation reactions take place at this electrode.

Those chemical reactions occurring by electrolysis would not normally happen
without the application of electrical energy, and so they are non-spontaneous. Thus
the chemicals obtained by electrolysis are often difficult to obtain by other means.

Electrolysis takes place in electrolytic cells; these cells are comprised of a
positive electrode (anode), a negative one (cathode), and an electrolyte. Similarly,
the energy released by a chemical reaction can be transformed into electricity; for
this process, galvanic cells are the apparatuses used to achieve this goal. Galvanic
cells also contain two electrodes (one positive, one negative) and an electrolyte
(Fig. 3.1).

Electrochemical Cell

If a piece of solid metal is placed in a solution made of its own ions, an electro-
motive force or potential difference develops between the metal and the solution.
Such system constitutes an electrode and the potential difference is known as
electrode potential.

The potential develops from passing of the metal into the solution forming its
own ions, or by depositing metal ions from the solution onto the metal surface. If
two of such electrodes are connected, they result in an electrochemical cell, which is
a device where electrical energy is obtained from a chemical reaction.

For example, the Daniell cell consists of an electrode made of zinc in contact
with a zinc ions solution, coupled through a porous membrane or a wire to a copper
electrode made of copper in contact to Cu”* jons solution. This cell can be rep-
resented as: Zn | ZnSO, | CuSOy | Cu, and it is sketched in Fig. 3.2.
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Fig. 3.2 Schematics of a
Daniell cell

& Cu2+
[1M] [1M]

If the zinc and copper are connected through an external circuit, an electrical
current flows between them as a consequence of the reactions taking place at each
electrode:

Zn =7Zn*" 42" (3.1)
and
Cu’*" +2¢” =Cu (3.2)
Combining these reactions, results in the overall cell reaction:
Zn+Cu®t =Zn*" 4 Cu (3.3)
The electrodes not necessarily need to be made of a metal and its ions. For

example, if hydrogen gas is bubbled into a solution bearing hydrogen ions (acidic
solution), equilibrium between the gas and the ions can be obtained:

Hy = 2H" +2¢” (3.4)

In such case, it is necessary to introduce a metallic conductor to pick up the
electrons released; the hydrogen electrode can be written as PtH, | H'.

The voltage of the electrochemical cell is the combination of the two electrode
potentials. The cell voltage is proportional to the energy required to drive the
electrons from one electrode to the other and will be maximum when the resistance
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of the circuit is infinite. This maximum voltage (E) is related to the free energy
change associated to the cell reaction.

Electrical energy is the result of the product Volts x Coulombs which is
equivalent to Joules. The stoichiometry of a reaction involving electron transfer
relates to the electrical charge supplied. For a cell reaction, in which n Faradays
pass through a cell of voltage E volts, and one Faraday is given by F Coulombs
(F = 96,500 C mole™"), then the electrical energy associated to the cell reaction
under reversible conditions is:

Energy = nFE (3.5)

As an example, in Daniell’s cell two electrons are transferred between the zinc
and the copper electrodes, thus n = 2; this means that the energy associated to this
cell would be 2FE. This energy when expressed as work, does not involve work of
expansion and therefore, it is a direct measurement of the free energy change for the
cell reaction. If the cell reaction proceeds, then AG must be negative and hence
equating it to the electrical energy:

AG = —nFE. (3.6)

Therefore, the potential of a working cell must be positive. This relationship
between AG and the cell potential is very important, since it allows to obtain
thermodynamic data for many different chemical reactions.

Additionally, since AG is related to both AH and AS, these quantities associated
to any electrochemical cell can be estimated.

Recalling that entropy can be defined as the first derivative of AG with respect of
T at constant pressure:

A
AS = — P—G] . (3.7)
aT |,
Substituting back Egs. (3.7) into (3.6):
O(—nFE)
AS = —|———| .
{ oT }
This expression simplifies to:
OE
AS =nF|—=| . .
S=n [8TL (3.8)

The term [2—?] p 1s known as the temperature coefficient of the cell. This coeffi-

cient has to be found from experimental measurements by plotting the cell voltage
versus its temperature. The slope of the resulting curve at the desired temperature is

the temperature coefficient.
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Since we know both the free energy and the entropy changes as a function of the
cell voltage, we can now estimate the corresponding enthalpy change. To do so, we

need to use Eq. (1.21):
AG = AH —TAS (1.21)

Substituting Egs. (3.6) and (3.8) into (1.21), results in:

—nFE = AH — T(nF [a—E} )
aT | p

AH = T(nF {@] ) — nFE.
aT | p

(1] -5). 59

By using Eq. (1.8), it is possible to determine the heat capacity by means of an
electrochemical cell:

Simplifying:

OAH
AC, = (1.8)

2
AC, = nFT {%]. (3.10)

Nernst Equation

Recalling Eq. (1.37a), which relates the Gibbs free energy of any given reaction to
its equilibrium constant:

AG = AG° +RT In (K). (1.37a)

By substituting Eq. (3.6) into expression (1.37a) results in a new expression that
relates the equilibrium constant to the voltage supplied to the electrochemical cell:

—nFE = —nFE° +RT In (K). (3.11)

Dividing (3.11) by —nF:

E=E ——In(K). (3.11a)
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Equation (3.11a) is known as Nernst equation. As mentioned, this equation
relates the concentration (chemical) gradient to the electric gradient in a reaction. In
dilute solutions, actual concentrations can be inserted into Eq. (3.11a) since activity
coefficients are close to unity. As solutions become more concentrated, chemical
activities should be used; to do so, it is necessary to measure these activities. Nernst
equation is only useful when no current flows through the electrode. This is because
the ionic activity may change at the electrode’s surface when current is supplied;
additionally, over potentials or resistive terms may arise with the current, thus
altering the actual potential measurements.

Going back to the Daniell cell example, we can apply relation (3.11a) to the
negative zinc electrode: Zn = Zn>* + 2e~ (oxidation of zinc):

RT az.2+
EZn(OX) = E%n(ox) - ﬁ X In (%) (312)

were Ez,ox) is the electrode potential in volts, EZ ) is the standard oxidation

n(ox
potential, aZn2+, and ay, are the chemical activities of zinc ions and metallic zinc,
respectively. The activity of the later can be taken as unity, since it is a pure metal in

solid state, thus the electrode potential becomes:

RT
EZn(Ox) = E%n(ox) — ﬁ X ln(aan+ ) (313)

Similarly, for the positive copper electrode in this cell, the ions reduce to metal:
Cu?* 4 2e¢~ = Cu, the electrode potential is now expressed as:

. RT 1
ECu(red) = ECu(red) — ﬁ X In (ac 7+> (314)
w2

As already mentioned, the overall cell reaction results of adding the oxidation
and reduction reactions; this allows for calculating the total cell potential which can
be obtained by adding the oxidation voltage of zinc to the reduction voltage of
copper, this is:

E= EZn(ox) +ECu(red)

X RT . RT [ 1
E= EZn(ox) - ﬁln(aanJr ) +ECu(red) - ﬁln Aeg
u

o o RT g2+
E = Ezyo0) T Ecurea) — 510 (E) : (3.15)
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Defining E° = E)

Zn(ox) T EC we finally obtain:

Cu(red)?

RT
E=E° — (%), (3.16)
2F Clcu2+

Table 3.1 shows the standard potentials for several oxidation and reduction
reactions. The voltages shown in this table are in reference to the standard hydrogen
electrode depicted in Fig. 3.3.

The standard potential of any cell can be evaluated by either:

Doing direct measurements of E° under standard conditions.
Doing measurements of E under nonstandard conditions and calculating E°
using Nernst equation.

To express the tendency to oxidize (release electrons) or to reduce (gain elec-
trons) of individual electrodes, it is necessary to use a reference electrode. The most
common reference electrode in use is that of hydrogen. The standard voltage for the
hydrogen electrode is 0 V.

Table 3.1 Standard Half-reaction E [V]

potentials for the oxidation or I .

reduction of chemical Li"+e =Li —3.04

elements K'+e =K —2.92
Ca** +2¢ =Ca -2.76
Na*+e =Na -2.71
Mg>* +2¢” = Mg -2.38
AP* + 3¢ = Al -1.66
Ce* = Ce* + ¢ -1.61
VZ* 42 =V -1.19
2H,0 + 2¢” = H, + 20H~ -0.83
Zn** +2¢ =7Zn -0.76
Cr** +3e =Cr -0.74
Fe?* + 2¢~ = Fe -0.41
Cd** +2¢ =Cd -0.40
Ni** + 2¢” = Ni -0.23
Sn>* +2¢” = Sn -0.14
Pb>* +2¢ =Pb -0.13
Fe’* + 3¢ = Fe -0.04
2H" + 2¢ = H, 0.00
Sn** + 2¢” = Sn** 0.15
Cu** +e =Cu* 0.16
ClO,~ + H,O + 2¢” = ClO;~ + 20H~ 0.17
AgCl+e¢ =Ag+ Cl” 0.22

(continued)
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Table 3.1 (continued)

H,
(101.3 KPa)

Half-reaction

Cu®* +2¢ =Cu

ClO;™ + H,0 + 2¢” = ClO,” + 20H~
10" +H,0+2¢ =1 +20H
Cu*+e =Cu

L +2e =2I"

ClO,” + H,O + 2¢” =CIO™ + 20H”
Fe’* + e = Fe?*

Hg,** + 2¢” = 2Hg

Agt +e = Ag

Hg®" + 2¢” = Hg

ClO™ + H,0 +2¢ = CI” + 20H™
2Hg>" + 2¢” = Hg,**

NO;™ + 4H" + 3¢~ = NO(g) + 2H,0
Br, + 2¢” = 2Br

0, + 4H' + 4e” = 2H,0

Cr,0-°~ + 14H* + 6e” = 2Cr** + 7TH,0
Cl, + 2¢” = 2CI”

Cet +e = Ce*

MnO4~ + 8H' + 5¢” = Mn** + 4H,0
H,0, + 2H" + 2¢~ = 2H,0

Co™ +e = Co**

S,0¢% +2¢” =2S0,*

O; + 2H" + 2¢” = O, + H,0

F, +2¢” = 2F

3 Electrochemistry

E° [V]
0.34
0.35
0.49
0.52
0.54
0.59
0.77
0.80
0.80
0.85
0.90
0.90
0.96
1.07
1.23
1.33
1.36
1.44
1.49
1.78
1.82
2.01
2.07
2.87

Pt )
wire
Salt bridge
Pt //e o %0
foil
H* Mg
[1M] [1M]

Fig. 3.3 Sketch of a standard hydrogen electrode
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The more negative the half-cell potential, the greater the tendency of the
reductant to donate electrons, and the smaller the tendency of the oxidant to accept
electrons. Furthermore, Given the E° values for two half-reactions, it can easily
predict the potential difference of the corresponding cell by simply adding the
reduction potential of the reduction half-cell to the negative of the reduction
potential (that is, to the oxidation potential) of the oxidation reaction.

For example, to find the standard potential of the cell:

Cu|Cu®*||C1™ |AgCl|Ag

and predict the electron flow when the two electrodes are connected, it is necessary
to rewrite the cell to show the half-reactions at each electrode, thus:

Cu=Cu?" +2e E° = 4+0337V
AgCl+e” =Ag+Cl- E°= 40222V’

The cell indicates that copper oxidizes, releasing electrons; those electrons are
collected by the Ag* ions contained within AgCl. Reduction of Ag* ion to metallic
Ag is accompanied by the release of Cl ions into solution. Thus, the overall cell
reaction must be written as:

2AgCl+ Cu = 2Ag 4+ 2C1~ +Cu**

Because Cu is being oxidized, the negative of the standard reduction potential
should be used; additionally, the silver reaction has to multiply by 2 to balance out
electrons, thus the standard cell voltage is:

o = (—0.3374+0.222)V = —0.115V

Because this potential is negative, we know that the overall cell reaction proceed
in the reverse direction to those depicted above. Thus, when the two electrodes are
connected, electrons pass from the silver electrode through the external circuit to
the copper electrode. AgCl acts as an oxidizing agent to metallic copper.

It is also worth noting that the cell potential of the AgCl/Ag electrode was not
multiplied by two, the reason for this is that voltage represents the energy produced
per quantity of charge passing through the cell. Because voltage is the quotient of
two extensive quantities, it is intensive itself. When we multiply the anodic and
cathodic half-reactions by the stoichiometric factors required to ensure that each
involves the same quantity of charge, the free energy change and the number of
Coulombs both increase by the same factor, leaving the potential (voltage)
unchanged. This explains why we do not have to multiply the standard potentials of
anodic and cathodic reactions by stoichiometric factors when calculating potentials
of complete cells.
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Chemical Activity

It was mentioned the concept of activity. This quantity measures the propensity of a
given material to contribute to a chemical reaction. To determine how “active” this
material is in a reaction compared to how it would behave if it were present in its
standard state, it is necessary to determine the activity by either its concentration or
its partial pressure:

c P

aizazﬁ.

(3.17)

However, some intermolecular interactions in multicomponent systems result in
deviations from a direct correspondence with pressure or concentration, to account
for these deviations, it is necessary to introduce the concept of activity coefficient
(7). The activity coefficient is close to unity for dilute solutions and in gaseous
systems at low partial pressures; however, this coefficient changes rapidly with
concentration, temperature, etc., and it can be expressed in a very complex manner
as the number of components in a given system grows.

In its simpler way, the activity coefficient for the ith component in a multi-
component system can be defined as:

Ci
ar =gy (3.18)

Using the definition of molar fraction (xi == %), expression (3.18)

can be written as:
a; = yxi. (3.19)

More importantly, the activity is related to the chemical potential of the different
species in the system under study.

The chemical potential of the ith substance is the partial derivative of the free
energy G with respect of its number of moles in the system:

0G;
o [ani:|P,T,n,. 320

As matter flows spontaneously from a region of high chemical potential to a
region of low chemical potential; this quantity can be used to determine whether or
not a system is in equilibrium. When the system is at the state of equilibrium, the
chemical potential of each substance will be the same in all the phases appearing in
the system.

This will be discussed in the upcoming chapters.
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Experimental Determination of Thermodynamic Data

The determination of thermodynamic data (either in standard state or not) and the
activity of components in mixtures are paramount in materials research. Several
methods are used to accomplish such determinations. Of these methods, the elec-
trochemical ones are quite useful and easy to implement.

Electrochemical methods are commonly used to determine the standard Gibbs
free energy of formation of a compound as well as the activity of a component in
solution.

To determine the standard free energy of formation, consider an electrochemical
cell made of a metal M and a nonmetal X (X = N,O,S,CLF, etc.). The cell can be
represented as MMX|X. At the electrodes, the metal M is reduced, whereas X
oxidizes according to the general reactions:

RT 1
M* +e” =M Ey=Ey——7In|— 321
te M M nF n<GM> ( )
_ _ RT ax

Combining these electrode reactions, the overall cell reaction becomes:
M+1/2X, =M" +X". (3.23)

And the total cell voltage under reversible conditions becomes:

E=E°

RT ax-ay+ AG
il == 24
nF n{ VPx. ] (3:24)

nk
If the MX electrolyte is in equilibrium with its ions, it is possible to consider MX
to be in its standard state; thus the cell reaction can be rewritten as:

M+1/2X, = MX (3.25)
Then the Gibbs free energy of the cell reaction is given by:

AG = —nFE = AG° +RT In [ﬂ} . (3.26)
am/Px,

When both MX and M are pure and the partial pressure of X, reaches 1 atm (at
the electrode), the Gibbs free energy of reaction (3.25), represents the standard
Gibbs free energy change and is equal to —nFE°. Therefore, it is sufficient to
measure the cell potential to determine the standard Gibbs free energy of formation
of the MX compound.
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Depending on whether M or MX forms a solution, we may have an electrode or
an electrolyte concentration cell.

In the concentration cell, the voltage of two cells whose electrodes are different,
one being pure M and the other M dissolved in N metal, the overall reaction would
be:

M= (M), (3.27)

This reaction produces a voltage which corresponds to the Gibbs free energy of
mixing of M:

_ Guix _ RT
E= =2 =~ in(aw). (3.28)

Thus, the activity of M in solution is found by directly measuring the cell
potential. Furthermore, by changing the temperature of the cell, it is possible to
determine the entropy of mixing:

dGmix  _dE
Smix = =~z = nF . (3.29)

which is analogous to Eq. (3.8)

On the other hand, the electrolyte concentration cell allows estimating the
activity of the MX compound in solution with an NX salt. To do so, it is necessary
to compare the potential of the MX and (MX)nx bearing cells:

M|MX|X, (3.30)
M|(MX) x| X (3.31)

In cell (3.30), MX is obtained from pure elements, thus:

o Gls.30
E@30) = E330) = — ;F . (3.32)

Meanwhile, in cell (3.31) MX is dissolved into NX. Therefore, the voltage for
this cell depends on the activity of MX in the solution:

Gian RT
E3an = — WF E?g,m - ﬁln (“(MX)NX)' (3.33)

The voltage difference E5 31)—E3 30y sets the activity of the MX salt dissolved
into NX:

RT
Eiz31) — Egzo) = %ln (a(MX)NX>- (3.34)
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In spite of being very useful, electrochemical methods have some limitations. To
perform accurate activity measurements certain conditions must be met:

e The electrolyte conductivity must be ionic, or have limited electronic
contributions.

e The valency of the metallic ion in the electrolyte must be unique. It must be
known, since it is essential for calculating the activity of the electrolyte or that of
the metal (electrode).

e In electrode concentration cells, the metal in the electrolyte must be more active
than the electrode one otherwise; a displacement reaction will take place,
resulting in measuring the activity of different element.

If these conditions are not fulfilled, the composition of the electrolyte will
change at the electrode—electrolyte interface resulting in instable voltage readings.

Faraday’s Laws of Electrolysis

As mentioned before, electrolysis is quite useful in obtaining many metallic
materials that are quite different to refine by other means. It is possible to relate the
amount of metal recovered to the current and voltage supplied to the electrolytic cell
used for reduction.

The amount of metal that is reduced can be estimated by means of Faraday’s
electrolysis laws; these laws state that:

e The mass of a substance formed at an electrode during electrolysis is directly
proportional to the quantity of electricity that passes through the electrolyte.

e The masses of different substances formed by passing the same quantity of
electricity are proportional to the equivalent weight of each substance.

The equivalent weight of a substance is defined as the molar mass, divided by
the number of electrons required to oxidize or reduce each unit of the substance.
Thus one mole of AI** corresponds to three equivalents of this species, and will
require three Faradays (F) of charge to deposit it as metallic aluminum.

These laws can be expressed mathematically as:

(O

where m is the mass of the substance liberated/deposited at the electrode; Q is the
total electric charge passed through the substance (C); F' is Faraday’s constant
(96,500 C/mole); M is the molecular mass of the deposited substance and n is the
valence number of ions (electrons transferred per ion).



78 3 Electrochemistry

For Faraday’s 1st law, M, F, and z are constant, so that the larger the value of
O the larger m will be; whereas for Faraday’s 2nd law, Q, F, and z are constants, so
that the larger the value of M/z (equivalent weight) the larger m will be.

If the supplied current does no change, the total charge is equal to the product
between current and time:

Q=ixt (3.36)
Substituting Egs. (3.36) into (3.35), results in:

ixXt M
—X_

F Z

ixtM
m=——.

- (3.37)

If we are only interested in calculating the amount of moles of substance
deposited at the electrode, then Eq. (3.37) can be written as:

p—txtl (3.38)

This last set of equations is useful in estimating production rates of metals
obtained by electrolysis.

From the practical point of view, electrolysis of metals is conducted using as
electrolyte either aqueous solutions or molten salt mixtures. Regardless of the
electrolyte, the processes have some similarities:

1. Electrical energy does the chemical work and heat is generated due to the
resistance in the electrolyte.

2. Low metal production rate per unit or floor area.

3. Large space requirements, capital intensive, and labor intensive.

Also these processes have some major differences:

. Molten salt electrolysis is more energy intensive.

. Current density may be a factor of 10-50 times higher in molten salt electrol-
ysis, due to the higher ionic conductivity of the bath. Further, because a liquid
product is formed, there is no problem with dendrite formation.

3. In molten salt electrolysis, the raw materials are added directly to the individual

cells and no recirculation is possible.

4. In molten salt electrolysis, most metal products are tapped as liquids.

5. Molten salt electrowinning is used to produce the most reactive metals Al, Mg,

Na, also Li, K, Ca and Be, and also very reactive gases (F,).

N =
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Additionally, it is desired no chemical interaction of the electrolyte during the
refining (winning) of metals so an “inert” electrolyte is highly desired. Such
electrolyte must meet the following requirements:

(a) Stability

1. The electrolyte has to have a higher dissociation voltage than the salt from
which the metal is produced.
2. The vapor pressure should be as low as possible.

(b) Solubility

1. The salt from which the product is formed, should have a reasonable sol-
ubility in the electrolyte.

2. The products formed should have as low as solubility as possible to prevent
back-reactions.

(c) Physical-Chemical properties

1. The melt should have a low viscosity

2. The melt should have a high electrical conductivity

3. The melt should have a melting point as low as possible, but it should
generally be slightly above that of the metal in order to produce the metal in
a liquid form

4. The melt and the products formed should have a sufficient density difference
to facilitate a rapid phase separation.

Due to different operational reasons, the actual metal production rate is only a
fraction of the expected value; this difference is known current efficiency (4):

__actual metal production
~theoretical production

100 (3.39)

Examples of Calculations

Example 1 Calculation of cell potentials
Determine the cell potential for the following reactions:

(@) 2Aut 4 Cu = Cu’*t 4+ 2Au

(b) Sn**t +2Ce3t =Sn?* 42Ce* T
(¢c) Fe’* +V =Fe+V2+

(d) 2Ag* +Sn=2Ag+Sn*".
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Solution
By using the potentials in Table 3.1, we have:

For part (a)

The reaction: 2Au* + Cu = Cu®* + 2Au can be decomposed into two half-cell
reactions as:

Aut +e” =Au; E°=1.69V
Cu=Cu’t* +2¢; E°=-034V"

Thus the cell voltage is: 1.69 — 0.34 =135V
For part (b)
The reaction: Sn** +2Ce®™ = Sn?>* +2Ce*" can be decomposed into:

Sn*t +2¢~ =Sn’>T; E°=0.15V
Ce’t =Ce*t +e; E°=-161V’

Thus the cell voltage is: 0.15 — 1.61 = —1.46 V
For part (c)
The reaction: Fe** + V = Fe + V** can be decomposed into:

Fe’t +2e” =Fe; E°=—-041V
V2t 42 =V; E°=-1.19V

Thus the cell voltage is: —0.41 — (—=1.19) = 0.78 V
For part (d)
The reaction 2Ag* + Sn = 2Ag + Sn*" results from adding the reactions:

Sn?t 42¢~ =Sn; E°=—0.14V
2AgT +e =2Ag; E°=0.80V

Thus the cell voltage is: 0.80 — (—0.14) = 0.94 V

Example 2 Calculation of the equilibrium constant from standard cell voltage
Use the table of standard potentials to calculate the equilibrium constant at 25 °C
for the reaction:

2Cu+ = Cu2 + +Cu.

Solution
From Table 3.1, we have the following half-reactions:

Cut =Cu’* +e; E°=—-0.16V
Cut +e = Cu; E° =0.52V

Adding up these two reactions results in:
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2Cu” =Cu*" +Cu; E°=—-0.16+0.52=0.36V.
The free energy of the cell becomes:
AG® = —nFE°. (E2.1)
On the other hand, we also know that:
AG®° = —RT In(K). (E2.2)

Equating these expressions and noting that n = 1; thus the equilibrium constant
becomes:

—nFE° = —RT In (K)

FE° 96,500 x 0.36
RT ~ 8.314 x 298

In(K) = 14.02

K =1.23 x 10°.

In(K) =

Example 3 Calculation of the free energy and entropy of an electrochemical cell
The cell:

Pb|PbCl,[HCI|AgCl|Ag,

where all components are pure solids are in contact with an electrolyte made of
HCI. The cell voltage is 0.49 V at 298 K. The temperature coefficient of this cell at
the given temperature is —1.84 x 10~ VK. Calculate the free energy and the
entropy changes of the cell reaction at 25 °C.

Solution
To calculate the free energy of the cell reaction, we use Eq. (3.6):

AG = —nFE
AG = -2 x 96,500 x 0.49
AG = -94,570 .

To determine the entropy change, we use expression (3.7):

OE

AS =2 % 96,500 x —1.84 x 1071
AS = —355JK .
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Example 4 Estimation of thermodynamic quantities for an electrochemical cell.
The reaction of a cadmium—calomel cell is represented by:

Cd +Hg,Cl, = Cd** +2Cl™ 4 2Hg.

All components are in their standard state. The reversible cell voltage (E°) varies
with temperature, according to:

E° =0.67— 1.062 x 107*(T — 298) — 2.4 x 10~(T — 298)°. (E4.1)

Calculate the values of AG®, AS®, and AH° for the cell reaction at 40 °C.

Solution We need to determine the temperature coefficient of the cell. To do so, we
must take the first derivative of E° with respect of T:

[ai] 0 (0‘67 ~1.062 x 104(T — 298) — 2.4 x 10°5(T — 298)2)

ar |, aT
[aE ] —1.324 % 107% — 4.8 x 107°T. (E4.2)
T |,

Now it is necessary to calculate the cell voltage (E°) at 40 °C (313 K) which is
the test temperature. From equation (E4.1):

E° = 0.67 — 1.062 x 107#(T — 298) — 2.4 x 107°(T — 298)?
E° = 0.67 — 1.062 x 107#(313 — 298) — 2.4 x 107°(313 — 298)*
E° = 0.667 V.

Since both the standard potential and the temperature coefficient of the cell are
known, it is possible to calculate AG®, AS® and AH®:

AG° = —nFE°
AG® = —2 x 96,500 x 0.667 = —128,731]
AS°® = nF (‘3£

T | p

AS® =2 x 96,500 x (1.324 x 107 — 4.8 x 107° x 313) = —34.4JK"!
EO
s e [1[2Z) ]
P

or
AH® =2 % 96,500 x (313(1.324 x 107> — 4.8 x 107® x 313) — 0.667) = —139,539]J.

It is worth noticing that from the computed enthalpy and entropy changes it is
possible to calculate the Gibbs free energy associated to the cell using Eq. (1.21):
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AG® = AH®° — TAS® = —139,539 — 313 x —34 4
AG® = —128,7721.

This value differs 41 J from the one computed using Eq. (3.6). This error can be
attributed to rounding off; additionally such small difference is not significant given
the order of magnitude of the Gibbs free energy value.

Example 5 Use of experimental data to calculate the thermodynamic quantities
associated to a cell.
For the cell:

Zn|ZnCly (x = 0.6) + KCl(x = 0.4)|CL,C.

The following data has been recorded:

T (°C) E (V)

435 1.6447
436 1.6435
440 1.6420
453 1.6338
456 1.6325
461 1.6295
468 1.6235
469 1.6230
477 1.6178
490 1.6098
497 1.6052
525 1.5870
545 1.5750
546 1.5741
551 1.5695
561 1.5642
575 1.5540
583 1.5502

For this cell, E° is 1.5635 V at 500 °C. Answer:

(a) What is the cell reaction?

(b) Plot the cell voltage vs temperature and determine E at 500 °C by
interpolation

(c) Calculate the free energy, entropy and enthalpy of the cell reaction at 500 °C

(d) Calculate the activity and the activity coefficient of ZnCl, in the electrolyte.
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Solution
Part (a):

An electrochemical cell is represented by: anode | electrolyte | cathode; in this
example we have: Zn | ZnCly(x = 0.6) + KCl(x = 0.4) | Cl, C, which means than
zinc and chlorine gas are isolated at each electrode, but are in electrical contact
trough the chlorides mixture. In view of this the overall cell reaction is:

Zn+2Cl" =Zn*" +Cly T +2e”

Part (b)

Plotting the data provided: (Fig. 3.4)

To determine the cell potential at 500 °C, we can use the data provided to
interpolate this value. To do so, we need the data at 497 and 525 °C, with these
points, we have:

1.5870 — 1.6052 V. 1.5870 — Esgo V.
525—-497 ©°C  525—500 °C

25
Espo = 1.587 — 2(~0.0182) = 1.6033 V.

Thus the cell potential at 500 °C is 1.6033 V.

Another option is to run a linear regression on the data so we can estimate the
slope of the corresponding line and its distance to the origin. Using this second
approach, the calculated the cell voltage at 500 °C is 1.6029 V. This value is also
plotted in the graph above (black triangle). There is good agreement between the
computed values.

1.66
1.64 1 B,
ey, E=-6.45%10° T+ 1.9254
. R*=0.9997
®,
> L1627 6.,
~ B
8,

@ -
5 1601 S
8 ?
E

1.58

?,
b‘-
-
1.56 1
o
©
1.54
400 450 500 550 600
Temperature/°C

Fig. 3.4 Voltage versus temperature plot
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Part (c)
Form the linear regression on the data supplied, we can express the cell voltage
as a function of the temperature and thus calculate the cell temperature coefficient:

E=—6.45x 107*T +1.9254

[a—E} = —6.45x 107+,
oT |,

The cell free energy at 500 °C is:

AG = —nFE
AG = —2 x 96,500 x 1.6029 = —309,3601.

At 500 °C the cell entropy is:

OF

AS =2 x 96,500 x —6.45 x 107* = —124.5JK ..

The enthalpy of the cell at 500 °C is:

w2 4

AH =2 x 96,500(773 x —6.45 x 10~* — 1.6029) = —405,587J.

Part (d)
The standard free energy of the cell is given by:

AGce]l = Gcell - Ggeu
AGeey = —nFEq — <_nFEgeu)
AGean = nF(Egeu - Ecell)

AGeen = 2 % 96,500(1.5635 — 1.6029) = —7604

With the cell free energy change, we can now estimate the activity coefficient of
ZnCl,:

AGeen = RT In(yz01,)

) — ex AGcell — ex _ﬂ
Vznct, = OXP\ "o | TP\ T34 % 773

VZnClz = 0.306.
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Having this value, it is possible to compute the activity of zinc chloride:

aznCl, = XZnCl, X YznCl,

azncl, = 0.6 x 0.306
aznCl, = 0.184.

Further discussion on how to calculate the activity or the activity coefficient of a
component in a mixture as a function of Gibbs free energy will be presented in the next
chapter. In the meantime, we advise the reader to accept these formulae as shown.

Example 6 Use of experimental data to calculate thermodynamic quantities in an

electrolytic cell
The cell:

Yielded the following data at 700 K

Xpp

0.848
0.720
0.600
0.496
0.414
0.328
0.230
0.111

Pb|PbCl, + LiCl|Pb — Bi

E [V]
0.00532
0.01148
0.01929
0.02782
0.03594
0.0454
0.05976
0.08615

dEMAT [V K

7.40 x
1.44 x
2.08 x
2.78 x
3.76 x
4.64 x
6.44 x
1.02 x

1076
107°
107°
107°
1073
107°
1072
107

(a) Calculate the values of ap,, ASp, and AHp, for each of these compositions.
(b) At the composition xp, = 0.6, if a potential of 19.29001 mV were applied to the
cell so as to oppose the measured e.m.f. would the cell generate or absorb heat?

Solution

In this cell lead is dissolved into a Pb—Bi alloy; as more lead is mixed with the
bismuth, the activity of the former should increase from zero (unmixed bismuth)
toward unity (unmixed lead). As the solution gets richer in lead, the associated

entropy and enthalpy should change accordingly.

To calculate the activity of lead in the Pb-Bi alloy, we need to use Eq. (3.6)

along with Eq. (1.38):

AG®° = —RT In K.

AG® = —nFE°

(3.6)

(1.38)
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The dissolution of lead in bismuth can be expressed as:
Pb = Pbg; (E6.1)

From this expression, we can write down the equilibrium constant as:

K = 2P (E6.2)
Aapp

The activity of pure lead is 1, therefore the equilibrium constant becomes the
activity of lead in solution with bismuth, and therefore we have:

—RT In(apy,, ) = —nFE°. (E6.3)

From the given data, we have that T = 700 K, n = 2. Substituting the corre-
sponding voltage values in expression (E6.3) would yield the activity of the dis-
solved lead. This is shown in the table below.

To calculate the entropy of the cell as the lead content in the mixture changes,
we need to take the same approach as before. In this case the values of the cell
temperature coefficient must be inserted in Eq. (3.8) to compute the entropy change
associated to lead dissolution in bismuth. Results are shown in the table below. The
same procedure is taken to compute the enthalpy change.

Table (3.2) summarizes all the calculations of these thermodynamic quantities as
a function of lead concentration in the Pb—Bi mix.

Plotting the data in Table 3.2, results in: (Fig. 3.5)

For part (b)

AHp, at xp, = 0.6 is negative, the cell would release heat.

Example 7 Estimation of energy consumption in copper deposition.

Copper refining can be done by depositing Cu®* from an acidic CuSO, solution
onto copper cathodes by applying an electric current.

Determine:

(a) How many kWh are required for the electrolytic refining of 1 ton of copper if
0.4 V are applied to the electrolysis cell and all the current supplied is used to
deposit the metal.

Table 3.2 Activity of lead

and thermodynamic quantities P 4o ASpy [T K™'] AHp, [J]

as a function of lead content 0.848 0.8383 143 ~21.02

in bismuth 0.720 0.6834 2.78 -270.2
0.600 0.5274 4.01 -912.89
0.496 0.3975 5.37 —1613.48
0414 0.3037 7.26 —1856.66
0.328 0.2219 8.96 —2493.56
0.230 0.1378 12.43 —2833.24

0.111 0.0574 19.69 —2846.75
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1.0
0.8 4
0.6 -
0.4 1
0.2 1
0.0

Pb activi

0.0 02 0.4 0.6 0.8 1.0

25
20
15 A
10 A

AS°

XPb

-1000 -

AH°

-2000

-3000
0.0 02 0.4 0.6 0.8 1.0

XPb

Fig. 3.5 Thermodynamic quantities as lead dissolves in bismuth at 700 K (427 °C)

(b) How would the energy requirements would change if the voltage is lowered to
0.2 V?
(c) How much heat is liberated in each case?

Solution
For part (a):
We need to use Eq. (3.37) to determine the current supplied to the cell:
ixXtM
m=-——
F z

Assuming an hour of operation and solving for i:

. Fzm
i=—
tM
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Substituting values: F = 96,500 A s molefl, t=3600s, z=2, m=106 g,
M=6354¢ molefl; we obtain:

~(96,500)(2)(10°)
= T Be00)(63.5a) oA 1> A

Since we know the amount of current circulating through the cell as well as the
voltage supplied, we can calculate the power required:

P =iV = (844 x10°)(0.4) =3.376 x 10° W.

Since the current was supplied for an hour, then the power needed is 337.6 kWh.

For part (b)

Since we cut the voltage by a half, the power needed when using only 0.2 V is
168.8 kWh.

For part (c)

All the energy supplied to the cell via electric current has to be released even-
tually, therefore from the First law of Thermodynamics, we can estimate the heat
losses from the power supplied. Just remember that 1 kWh = 3.6 MJ, thus the
liberated heat when applying 0.4 V is (337.6 kWh x 3.6 MJ kWh™') 1215.4 MJ:
Similarly when 0.2 V are used, the heat released is 607.7 MJ.

Example 8 Estimation of current efficiency in a cell for copper deposition.

A set up for copper refining consists of 4 cells. After running a test for 7.33 h,
with an average current of 34.2 A, results in 1089 g of deposited copper. What is
the current efficiency of the process?

Solution
We need to use Eq. (3.37) to determine the theoretical amount of current needed to
deposit the specified amount of copper:

M

m=———.
zF

Substituting values: m = 1089 g, *=26,388s, M=06354¢ mole_l,
F=96,500 A s mole_l, z = 2 into Eq. (3.37) and solving for i:

~mzF 1089 x 2 x 96,500

= = 26388 x 6354 [ O3A

Each cell uses 34.2 A; therefore the total amount of current supplied to the cells
is 136.8 A. To deposit the copper the cells would only utilize 125.3 A, thus the
current efficiency (#) is defined by the ratio of theoretical current used to actual
current used:
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ith
n = % 100

Lsupl

1253 A
- 100 = 91.6%.
T=1368A " 91.6%

Example 9 Effect of process variables on the acidity of an electrolyte.
It has been suggested to produce metallic nickel powders by hydrogen reduction
of a nickel sulfate solution. The reduction reaction would be:

Ni’* +H, = Ni+2H*.

For this reaction, its standard free energy change is:AG® = 640,15 —
58.948 T/J mole™ .

Discuss the effect of the following variables and calculate the final value of the
solution pH for the given variables.

(a) Temperature: 100 and 200 °C
(b) Pp,: 10 and 100 atm
(©) ani>t: 1072 and 1073

Solution
We need to determine the equilibrium constant (K) of the nickel reduction reaction:

2
i X +
Ni2* +Hy = Ni42H*; K= -N7%% (E9.1)
ay;z+ ><P].[2

As seen, the K value depends on the activities (concentration) of the different
species involved in the reaction. In addition, we know we can express the equi-
librium constant in terms of the free energy change:

AG® = —RT In(K).

With this information, we can discuss the effect of the variables on the acidity of
the resulting solution:

For part (a):

Since we are looking to estimate the effect of process temperature on the acidity
of the final solution, we need to keep fixed ay;, ai; and Py, and solve for ajy as a
function of temperature. To simplify our calculations the fixed variables are set as 1,
thus we can establish how temperature influences the acidity of the electrolyte:

If T=100 °C =373 K
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AG® = 64,015 — 58.948T
AG°® = 64,015 — 58.948(373) = 42027.4]

Ko _AC _ (420274
TP RT ) T P\ T 8314(373)

ay+ = A|————  ayp+, Puy,ani =1
ani

ag = VK =V13x10°=1.14 x 107°.

From this, we can calculate the final pH since: pH ~ —log (ay")

pH ~ —log(ay+ )
pH ~ —log(1.14 x 107?)
pH ~ 2.94.

If we now increase the temperature to 200 °C (473 K), we need to repeat the
calculations to obtain the final pH:

AG® = 64,015 — 58.948(473) = 36,132.6J
In K =-9.19
K=102x10"*

ag+ = VK =V1.02x 104 =1.01 x 1072
pH ~ —log(1.01 x 1072) = 1.99.

Therefore, as temperature increases, so does the acidity in the electrolyte.

For part (b):

We need to keep 7, an;, and alz\ﬁ fixed. The Temperature is set at 100 °C and the
latter two variables are kept as one. By fixing the temperature, we have set the
equilibrium constant as well. With this information we can estimate how the partial
pressure of hydrogen affects the final acidity:

if Py, = 10 atm;

_ KXCZNi2+ XPHZ. _ —
ag+r = 4| —————=  agp+ =Aani =
ani

ag+ = /K x Py, = /1.3 x 1076(10) = 3.61 x 107°
pH ~ —log(3.61 x 107°) =2.44
if Py, = 100 atm;

ag- = 4/1.3 x 10-5(100) = 0.0114

pH = —1og(0.0114) = 1.94.
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From these calculations, it is clear that when partial pressure of hydrogen gas
increases, the solution becomes more acidic.

Part (¢):

In this case, the activity of nickel ions vary, which means that temperature,
hydrogen pressure and concentration of H* ions must be fixed. Again choosing
T = 100 °C, results in setting the equilibrium constant (K = 1.3 x 107°), thus:

if aype = 1072

ag+ = /K X ayp+

ag+ =1/1.3 x1076(102) = 1.14 x 107*
pH ~ —log(1.14 x 107*) = 3.94

if agpr = 1073,
ag+ = 1/1.3 x 1076(1073) = 3.6 x 107
pH ~ —log(3.6 x 107%) = 4.44.

Therefore if the amount of nickel ions decrease, the less acidic the solution
becomes.

Example 10 Calculation of a copper electrolytic refining plant capacity

1. An electrolytic copper refinery has 458 tanks of which 42 are used to produce
starting sheets. Anodes weigh 240 kg. Each tank has 22 anodes and 23 cath-
odes. There are three pulls of cathodes per anode. The current in each tank is
5400 A, and its efficiency is 92%. 11% of the anodes are turned into scrap.

Calculate: (a) The mass of each cathode. (b) The capacity of the refinery.

2. A second refinery has 39 cathodes (0.95 m x 0.95 m) and 38 anodes to a cell.
The anode weighs 240 kg and lasts 28 days. There are two pulls of cathodes per
28 days. The starting sheets weigh 4.54 kg. The current efficiency is of 93% and
2 V are applied to this cell.

Calculate: (c) What is the mass of the copper deposited on the cathode when
pulled. (d) What is the percentage of anode scrap? (e) What is the cathode current
density? (f) How many kg of copper are produces by kilowatt-day?

Solution
For part (a)

There are 22 cathodes in each tank whose weight is 240 kg. From this mass,
89% 1is concerted into copper cathodes, and 3 anodes are needed to obtain a
cathode. Since the mass of the starting anodes is given, and the ratio anode/cathode
is also known, we do not need to use Faraday’s laws to estimate the weight of each
cathode.
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Therefore the mass of a cathode is:

1 cathode

240 Kg, 0000 X 0.89 X = 71.2KEhode

anodes

For part (b)

To produce the copper cathodes there are 416 tanks available. The mass of
copper that is produced in a daily basis is given by Fraday’s law. We need to
assume a processing time of 24 h:

m y ixXtxM

u="n E——

C tan ks X F

where mg, is the mass of copper in g/day; i is the current (5400 A x 0.92); t is
the time (3600 s/h x 24 h); M = 63.54 g/mole; z=2; F=96,500 C/mole;
Nan ks = Number of tanks for electrolysis. Substituting these values:

(5400 x 0.92) x (3600 x 24) X 6354 _ o o8y

L= 416
e % 2 x 96500 day

Therefore the plant can produce 59 tons of copper per day.

For part (c):

In this case, two anodes are needed to produce a cathode, assuming 93% current
efficiency and subtracting the mass of the initial sheet (4.5 kg), gives the weight of
each cathode:

1
240Kg, 00 X 0.93 x =21 — 111.6kg. 100

anodes

Weathode = 111.6 — 4.5 = 107 kg.

For part (d)

Since two anodes are needed to produce a cathode. The amount of copper
consumed from the each anode is 107 kg x 2 = 214 kg; then the percentage of
anode scrap is:

Yoscrap = 100 x (1 — M)

W(Cu, anode
214
%scrap = 100 x (1 - %> = 10.8%.

Therefore 10.8% or 26 kg of the anode is thrown away as scrap.

For part (e):

To estimate the current density, first we need to know the amount of current
applied to the cell:
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 mxzxF 1 (107 x10%) x 2 x 96500 1
[=—

txM " n (3600 x 24 x 28) x 63.54 . 0.93
i=144.5A.

The current density is the ratio current/cathode area, therefore:

i 1445

current density = A= 0052

= 160%.

For part (f)

The power supplied to the cell is:
P=ixV=1445x2=289W.

The amount of copper produced daily is:

m _ixnxtxM 1445 x0.93 x (3600 x 24) x 63.54
“T X F 2 % 96,500
mey = 3823 g,

The amount of copper produced per unit of power is:

mey, 3823 gc, kgcy
=—=>1=1322 .
P 289W kW

Therefore 13.22 kg of copper are produced per kW per day.



Introduction

In nature, we rarely find pure components or elements. We live in a world made of
mixtures; therefore, we should shift our attention to mixtures components in solids,
liquids, and gases. Because of this, we are more interested in the thermodynamics
of mixing.

Solution thermodynamics has three properties that are of primary importance:
heats, entropies, and Gibbs free energies of mixing. These properties can be
expressed in terms of integral and differential (partial molar) quantities.

Integral properties are related to processes in which solutions are obtained from
pure components. Take, for example, pure elements A and B. To form a mixture of
these elements at constant pressure and temperature.

The mixing of ns moles of A with ng moles of B can be represented in the form

of a chemical reaction:
nAA—I—nBB = ((A) (B) > (4121)
na ng

If instead of using the actual number of moles, we define the molar fraction as:
x; = ni/(na +ng) with i = A or B, then expression (4.1a) can be rewritten as:

XAA + xgB = (xaxg) (4.1b)

This process is sketched in Fig. 4.1.

© Springer International Publishing AG 2017 95
G. Plascencia and D. Jaramillo, Basic Thermochemistry in Materials Processing,
DOI 10.1007/978-3-319-53815-0_4
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AC;mlx
AH i

X, moles of A + 1 mole of
ASpix solution
Alex

Fig. 4.1 The making of a binary mix (solution) from components A and B

In order to continue our discussion of solution thermodynamics, we need to
define the term solution. A possible definition would be':

A solution whether it be gaseous, liquid, or solid is a homogeneous mixture of
two or more substances (components); it constitutes a single phase.

The Concept of Activity

In Chap. 3 it was introduced by the term of activity, more precisely this term should
be called chemical activity. In the next paragraphs we are going to define such
quantity and how it relates to chemical equilibria in solutions and in phase
transitions.

Consider any chemical reaction such as:

aA+bB = cC+dD (4.2)

The equilibrium constant of reaction (4.2) is the ratio of the product of the
concentrations of reaction products over that of the reactants taking place in it:

K= (4.3)

The larger the value of K, the larger the concentration of reaction products and
the less the concentration of the reactants. Thus, the rate of a chemical reaction is
proportional to the active mass taking place in the reaction. This is known as
molecular concentration of the chemicals involved.

However, if there are mutual inter atomic interactions (collisions/repulsions),
atoms, or molecules are less free to interact among them, therefore, the apparent
concentration either decrease or increase, respectively. To overcome this, the actual
concentrations of the species taking part in chemical reactions or any transformation
can be substituted by the “activity” of each of them. Henceforth, the equilibrium
constant now becomes:

"Parker R.H., An introduction to chemical metallurgy, Pregamon Press, London, 1967.
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a b
_ajy Xag

d

K = c
aCXaD

(4.4)

It should be emphasized that the equilibrium constant strongly depends on the
temperature and the pressure of the system under study. Because of this feature, the
activity (and activity coefficients) is directly related to the change in Gibbs free
energy.

In its simpler form, the activity of a component can be defined as the ratio of its
vapor pressure (P;) over a solution, to the vapor pressure of the pure component
(P;°) at the same temperature, and assuming ideal gas behavior in the vapor phase:

(4.5)

From definition (4.5) it is evident that the activity of any component may vary
from O to 1 and is a dimensionless quantity.

In addition to that, in the case of gaseous species, it is possible to relate the gas
concentration to the total pressure of the system through their partial pressure
(Dalton’s Law), i.e.,

Pi = X; X P (46)

where P; is the partial pressure of the ith gaseous component in solution, x; is its
molar fraction, and P is the total pressure of the system.

The molar fraction of any component in any solution is the number of moles of
that component (n;) divided by the total number of moles (n = Z{ ni) in the
solution, i.e.

n;

X = ; (47)

In the case of pure condensed species (solids and liquids) their activities can be
considered as the unity.

Under ideal conditions, all components in a solution act independently of one
another; however, in real situations this simply does not happen, and all compo-
nents in a mixture interact between each other up to some extent. Such interactions
would reduce the availability of any component for other chemical reactions, and
the rate of reactions would no longer depend on the concentration of the compo-
nents, but on a fraction of that concentration; this fraction is the activity; therefore,
the activity of a substance in a solution is expected to vary with composition of the
solution and with the temperature.
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Partial Molar Quantities

The total value of any thermodynamic quantity, such as volume, enthalpy, entropy,
Gibbs free energy, or Helmholtz free energy of a solution consisting of ny, ny, ..., n,
moles of components 1, 2, ..., n, might be expressed in terms of pressure, temper-
ature, and the amount of moles of each component in solution as:

‘P:‘I’(P,T,nl,nz,...,nn) (48)

With ¥ being V, H, S, G, A, etc. The total derivative of expression (4.8) is:

oY oY oY
dV¥ = ( — — el
<ap> T.ny,ny,n, - <8T)P,n1,nz,n,, * (8n1>P‘T,n2,n,,

4.9
L < a\},) (4.9)
o ann P,T,I‘l],nz
Or simply:
oY oY — —
d¥ = | — — Y +¥+...+Y¥, 4.9
<8P> T,ny,na,n, * (3T>P,n|,nz,n,, - : - : " " ( a)
In general, form these last two equations, it can be defined:
- oY
Y = [ } (4.10)
O P.T.nynp,..ni—y i 41,

The term P; is known as the partial molar property (V, H, S, G, A, etc.) of the ith
component in solution. These quantities are defined as the rate of change of the
quantity (extensive) W when an infinitesimal amount of component i is added to the
system while keeping, the pressure, the temperature, and the amounts of all other
components in the mixture fixed.

Partial molar properties are intensive. In any system, at constant pressure and
temperature, the total value of the extensive property W is:

i=1
The value of the extensive property per mole of solution is:

¥ =) x5 (4.12)
i=1
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Thus, we have the following relationships for the different thermodynamic
quantities thus far discussed:

V=xVi+xVo+...4+x,V,

H=xH +xH,+.. +x,H,
S=x1851+08+. .. +x.5, (4.13)
G =xG, +xG>+ .. .x,G,

A= X]Kl -I-XQZQ +...X,A,

where V, H, S, G, and A represent the molar volume, enthalpy, entropy, Gibbs free
energy, and Helmholtz free energy, respectively. The partial molar Gibbs free
energy is also known as the chemical potential ().

The various partial molar quantities are related to each other by some of the
relationships developed in Chap. 1:

Gi=H,-TS;

a_,‘ _ C

()~

8@) o (4.14)
Z0) I

The Concept of Chemical Potential

Recalling expression (1.27), the Gibbs free energy for a system comprised by a
single component is defined as:

dG = VdP — SdT (1.27)

This implies that Gibbs free energy solely depends on pressure and temperature,
ie, G=GP, 7).

However, in systems with more than a single component, where the amount of
the substances present continuously change due to the advance of a chemical
reaction or because a given species is present in different concentrations in several
phases simultaneously (ice and water, water and vapor, etc.), results in extending
the dependency of Gibbs free energy to the number of moles of each component
present in the system; using Eq. (4.8), it results in:

G =G(P,T,n\,na,....n,) (4.15)


http://dx.doi.org/10.1007/978-3-319-53815-0_1
http://dx.doi.org/10.1007/978-3-319-53815-0_1
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Taking the derivative of expression (4.15), results in:

(@)t (), (o)
opP T,ny,ny,ny, or P.ny,ny,n, anl P.Tny,n,

() (o)
8n2 P.Tny,n, an” P.T.ny ny

Expression (4.16) shows that the variation of Gibbs free energy with respect to
the number of moles of the ith substance in the mixture is:

oG
(6., )

The quantity in expression (4.17) is called chemical potential of the ith com-
ponent in the mixture, thus we can rewrite Eq. (4.17) as:

0G

The chemical potential of a substance defines the rate of change of Gibbs free
energy per mole of substance present and it is an intensive quantity since it depends
on the mass of the system.

From definition (4.17a) we can see that under fixed temperature and pressure, the
rate of change in the amount of the other components while the system is:

(4.16)

Integrating (4.18) after adding 1 mol of material, results in:

Equation (4.19) means that multiplying the chemical potential by the amount of
substance within the system gives the free energy (Gibbs) of that pure component.
Now dividing (4.19) by the number of moles of the ith component in the system
gives:

b= (420)

n;

Equation (4.20) signifies that the chemical potential (1) represents the Gibbs free
energy per mole of a pure substance.

The chemical potentials are applicable to phase transformations and chemical
equilibria for pure substances and mixtures.
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Also, form Eq. (4.17a) we notice that the chemical potential of a substance in
solution is defined as the partial derivative of the Gibbs free energy with respect of
the number of moles of that particular component in solution, thus we can now
define the partial Gibbs free energy of the ith component in solution:

— oG
R — 4.21
G, (6) " (4.21)

On the other hand, we can express the Gibbs free energy change in terms of the
chemical potential of any component in solution. Recalling Eq. (1.32) we have:

G—G°=RTIna (1.32)
Substituting definition (4.21) into expression (1.32)
G, — G, = RT In(a;) = AG; (4.22)

Equation (4.22) represents the relative partial molar Gibbs free energy of the ith
component in solution.

Two problems arise from this definition: (1) the selection of the appropriate
species and (2) the selection of the proper standard state.

The properties of the selected species usually have been already measured (heat
and entropy content, heat capacity, etc.). Whereas the standard state is selected in
such a way that it is the most convenient for calculation purposes.

Conversely, the activity of a component can also be defined as the ratio of the
fugacity” of a substance to its fugacity in the standard state. This fugacity (f) can be
approached in terms of pressure, as previously shown.

From this discussion, we can also define the chemical activity of a component in
solution as:

o
g =R M (4.23)
RT
where |; is the chemical potential of species i in solution and ,° is the standard
state of i at the same temperature and pressure as the solution.

In those systems where the amounts of the substances constituting them change
because of a chemical reaction or by the formation of a solution, the free energy in
addition to temperature, and pressure will also depend on the amounts of the
components within the system. Take, for example, a system made of components
i and j; the free energy of such system can be defined as:

2Fugacity can be defined as a measure of the tendency of a gas to escape or expand. It is the
activity of a gas. Fugacity is not the same as pressure but it is closely related to it. The need for the
fugacity is to have a form for the chemical potential that looks like that of an ideal gas but still

obeys the rule that: (%), = V.


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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G =G(T,P,n;,nm) (4.24)

By assuming this functionality, the free energy of the system now becomes:
dG = VdP — SdT + p;dn; + pdn; (4.25)

If both the temperature and the pressure of the system are fixed, then the Gibbs
free energy only relates to the chemical potential of the components:

dG = pdn; + pydn; = > pdn; (4.26)
i=1

As systems grow in terms of the number of components, the variation in Gibbs
free energy becomes:

dG = Vdp — SAT+ ) _ pdn; (4.27)

i=1

Because of the relationship between G and |, it becomes evident that likewise
the Gibbs free energy, the chemical potential can be regarded as the driving force
which determines if a component would transfer within the system or move away
from it or simply undergo a chemical reaction.

Moreover, if a system is comprised of different phases (say A and B), the
chemical potential of the ith component relates to Gibbs free energy of each of these
phases by:

dGx = pMdn; (4.28a)

dGg = p!Pdn, (4.28b)

If phase equilibrium has not been attained, ith component will be transferred
from the phase with higher chemical potential to the phase with lower chemical
potential, until reaching the equilibrium condition. In view of this, assuming that
the molar transfer occurs from phase A to phase B as indicates Fig. 4.2. Equa-
tions (4.28a) and (4.28b) can be rewritten as:

(A)

dGx = ! x —dn; (4.29a)

dGg = p!? x dn; (4.29b)

The total Gibbs free energy change due to transferring the ith component from
phase A to phase B becomes:
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o dn, (B)
lon chemica A B
equilibrium B W=
K
Concentration of i in A decreases by -dn,
Concentration of i in B increases by dn,
-dn; moles of i
are transferred
from phase A
to phase B
I
c (A) . ! = (B)
hemical 5 1 3 A— . B
equilibrium i : Hi L

Fig. 4.2 Reaching the chemical equilibrium between phases A & B as component i is transferred
from the former to the later

4G = dG +dGy = —pVdn; + P dn; = (W — u )an; (4.30)

Therefore it is expected that p{® < ™. This condition means that in order to

achieve the equilibrium condition, a component always will transfer to a region
where its chemical potential is the lowest.

This principle confirms that the phase with the lower free energy always is going
to be the more stable in any system.

In reaching the equilibrium condition, the overall change in free energy must be
zero (dG = 0), thus to satisfy this condition, the chemical potential for the ith
component between phases must be equalized, i.e., p{® = pi*.

Equation (4.26) allows us to determine in a multicomponent system the amount
of moles that will be present in each individual phase along with the chemical
potential of each component present in every phase.

Take, for example, closed system made of components i and j and a single phase
(). The chemical potential of each species would be pf and py, respectively;
because the system is closed, no matter is exchanged, therefore the Gibbs free
energy of the system is:

dG* = pdnf + W'dn? (4.31)
Since there is no mass exchange, we have:

dn? = dn? =0 (4.32)
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Therefore dG* = 0, which means that the system is in equilibrium.

In open systems where matter can be exchanged, mass transfer may occur freely
between the phases coexisting within the system. Thus for a three phase (a, B, v)
system containing components 7 and j, the total Gibbs free energy change would be:

dG = dG* + dG" +dG" (4.33)

or
4G = [wzdn +wan7| + [uldnf + wPanf | + [wan! +wlan] =0 (434)

Consequently, for a system comprised of n components allocated in m phases, the
total mass transfer between phases is conditioned by the chemical equilibrium that
must be attained between phases, i.e., dG = dG* + dGP + - +dG™ = 0; and that
the chemical potential of each component must be the same in every phase at fixed
temperature and pressure, S0 [ = p? = .- = ", for all components i = 1, 2, ..., n.

If we now consider the equilibrium between a liquid and its vapor, we have a
mono component system comprised by two phases; thereupon for this equilibrium
we have:
liquid __

M pvvapor (435)

And from Eq. (1.29), the Gibbs free energy for this system becomes:
R P
G=G +RTIn (F) (4.36)

where G° is the standard Gibbs free energy of the vapor under standard pressure
conditions (P°) and this pressure is chosen in such a way that it has a value of
1 atm.

If we now mix the vapor with different chemical species, then the Gibbs free
energy of the ith component in the gas mixture becomes:

P;
G; = G;+nRTn (P°> (4.37)
where P; is the partial pressure of component i in the mixture. If we divide
Eq. (4.30) by the number of moles in the system:

G _a

+RTn <5> (4.38)

n P°

And from the definition of chemical potential, given by Eq. (4.21), it is possible
to rewrite expression (4.31) as:


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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P;
W = 1 +RTIn (F) (4.39)

Notice that if P; = P° results in p; = p,°.
Now, going back to the equilibrium between the liquid phase with its vapor as
defined by expression (4.35), we have the following relationship:

. P;
plauid — e 4 RT In (F) (4.40)

This last relationship is valid because whenever there is a liquid (pure or mixed),
it is always in equilibrium with a vapor (gas) phase. Because of this, Eq. (4.39)
becomes fundamental in discussing the majority of systems, since invariably they
are equilibrated with a gas phase.

Considering a more complex system in which a mixture of different liquids is
present, the partial pressure of each component in the gas phase can be expressed
as:

Pl' =X; X Ptolal (46)
Relating this pressure to that in the standard state results in:

&:xixptotal (441)
pP° P° '

x; represents the molar fraction of the ith component in the liquid mix; hence-
forth, the chemical potential for this species becomes:

Ml.iquid mix _ ugas (442)

i 1

Combining Eqgs. (4.40), (4.41), and (4.42) results in:

N ) Prot:
Hﬁ‘qmd = e +RTln( ;(f‘ﬂ> + RT In(x;) (4.43)

It is evident that in mono component systems x; = 1, so the last term in
Eq. (4.43) becomes zero.

Solutions

As mixing takes place to form a solution, different interactions between components
take place. As a result of such interactions, different thermodynamic effects occur,
consequently different types of solutions can be found. The solutions described in
this text are illustrated in Fig. 4.3.

To obtain a solution made of components i and j, a two staged process must be
completed:
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| SOLUTIONS ‘
|
! '
IDEAL NON - IDEAL
Raoultian Dilute Regular

Fig. 4.3 Classification of solutions

1. Bring together components i and j.
2. Mix i and j together until forming a homogeneous solution.

The Gibbs free energy of mixing two components into a solution can be esti-
mated by using the free energies of each pure component.

Additionally, to obtain one mole of solution, it is necessary to mix x; moles of
i and x; moles of j. Since one mole of solution is formed, the mass balance must be:

Xi +Xj = l (444)

The Gibbs free energy associated to step 1 can be calculated from the molar free
energies of i and j, respectively:

G| = x;G; +XjGj (445)

Graphically, we can represent Eq. (4.45) by plotting the molar free energy as a
function of x; or x; (Fig. 4.4).

Whereas for stage 2, the free energy of the system will change as i and j atoms
mix until forming a solution; for this reason, the free energy at this stage (G,)
should consider both G, and the change in free energy due to mixing:

Fig. 4.4 Gibbs free energy

content of components i and G
before mixing takes place T i

G G,

I

1

Gi ]

1

I

I

I

1

1

1

0 1
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Gy = Gy + AGnix (4.46)

From this expression, we can define the free energy change during mixing as:
AGnix = G — G (4.47)

Similarly, we can expect the same relations for both the enthalpy and the entropy
of mixing:

AHnix = Hy, — H, (4.47a)
ASnix = 8> — Si (4.47Db)

Consequently:
AGix = AHpix — TASix (4.48)

Solution Models
From the previous discussion it can be argued that the heat associated to the mixing
process as shown in Fig. 4.5 can be estimated by:

AI_Imix = Holution — (xiH? +xjH](‘)> (449)

When the components of a mixture are mixed together, there is a Gibbs free
energy change and entropy change associated to mixing as well. This results in
absorbing or releasing heat from the solution. The amount of heat exchange in
Eq. (4.49) defines the character of the solution at hand.

lplue qure 1 = J solution

00000 000 00000000
00000 000 00000000

00000 000 ‘ 00000000
00000 666 M) G3R83588

00000 000 Q0000000
Gi; X G;; x; 1 mole of solution
L ) L |
1 T
Unmixed Mixed
G|= xiGi + XJGJ Gzz G| + Aijx

Fig. 4.5 Gibbs free energy change associated to mixing
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Ideal Solutions

To exemplify the ideal solution behavior, consider a liquid in equilibrium with its
vapor. To determine the strength of molecular bonding in the liquid, we should look
at its vapor pressure. The stronger the bonding, the lower the pressure the vapor
exerts over the liquid. If a solute is added to the liquid, then the vapor pressure
exerted by the solvent will be lowered accordingly; but the solute itself will also
exert its own vapor pressure. Thus, the vapor pressure of the solution will be the
sum of the pressures of the solvent and that of the solute.

Raoult’s Law states that the relative lowering of the solvent’s vapor pressure due
to solute additions is equal to the molar fraction of the solute in the solution. If the
solution is made of components i and j, each of them will exert its own vapor
pressure, thus the total pressure of the solution becomes:

P=P,+P (4.50)

Additionally, for the pure components, their respective vapor pressure would be
P;° and P;°. Thus according to Raoult’s Law:

P;
Xi = F

P, (4.51)
.Xj = F

j

This means that the vapor pressure of one of the components in solution is
directly proportional to the molar fraction of that component, thus the propor-
tionality constant is the vapor pressure of the component in its pure state (P,°).
Figure 4.6 depicts this.

Fig. 4.6 Graphical
representation of Raoult’s
Law. Deviations from this law
are also shown

ivi

act
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Any solution obeying Raoult’s Law is known as an “ideal” solution. These
solutions are found when their components are similar in size (atomic, molecular)
and must attract one another with the same force as their own molecules. Also the
vapor phase should follow the ideal gas Law.

Enthalpy Change Associated to Ideal Mixing

In assuming ideal behavior in the gas phase, we can set Py, in Eq. (4.6) equal to
the standard pressure, i.e., P°. Substitution of this into Eqgs. (4.41) and (4.5) results
in:

P,' )C,'Pl»o
a=—=—
PP

1

(4.52)

From this, it becomes evident that in ideal solutions, the activity of the ith
component in the mixture equals its own molar fraction in the solution:

a; = X; (4.52a)

For binary solution made of species i and j, we can estimate the Gibbs free
energy of mixing incorporating definition (4.52a) into Eq. (4.45):

AGEYN = x,G; + x,G; (4.53)

Using (4.36) into the last equation we obtain:

AG:ﬁi‘(‘l = xi(RTln(X,‘)) +x; (RT ln(xj))
AGdeal — RT(xi In(x;) + x; ln(xj))

mix

(4.54)

Similarly, we can compute the entropy associated to ideal mixing. To do so, we
need to use the second equation in (4.14):

) d AGid@al
ASideal — _d(AGwY) T ) (4.14)

Thus taking the derivative with respect of the temperature of Eq. (4.54) results
in:

i d
ASpt = — i [RT (x; In(x;) +x;1n(x;) ) (4.55)
It is obvious that the entropy change due to ideal mixing is:

AS9eN — R (xiIn(x;) +x; In(x;) ) (4.55a)

mix
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Since we now have computed the Gibbs free energy and the entropy changes
associated to ideal mixing, we can calculate the enthalpy change related to this
mixing process; to do so, the first relationship in Eq. (4.14) will be used:

AGEY = AH! — TAS (4.14)

mix mix
Substituting Egs. (4.54) and (4.55a) into (4.14) gives:

RT(X,‘ ln(xi) —|—.Xj In (.Xj)) = AHideal — T(—R(.X,‘ ln(xi) +Xj IH(Xj)))

mix

Solving for the ideal mixing enthalpy:
AHSY = RT (x;In(x;) 4+ x;In(x;) ) — RT (x;In(x;) +x;In(x;)) (4.56)
AH'% =0 (4.56a)

This result is very important. The fact that no heat evolves or it is absorbed means
that there are no strong interactions between atoms or molecules of those components
that are getting mixed. Moreover, the entropy change due to mixing is the parameter
that determines the chemical potential of the system since the Gibbs free energy
becomes exclusively dependent on that quantity. This is illustrated in Fig. 4.7.

Fig. 4.7 Effect of ideal T=298 K (25 °C)
entropy of mixing on the 6 e
Gibbs free energy of mixing el "'“w\
-7 E
AGiden +T d N ]
[ mix ] // \\
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ﬂ(}mix \ /
(] 1200+ \ / .
\ £
N\ 7
-1600 + ™ _— P .
2GS = -Tas
-2000 f f f f

0.0 0.2 0.4 0.6 0.8 1.0

X;



The Concept of Chemical Potential

6’ T T - T T
Agideal 4T ]
-1
TN VA _
l"'\“;::I':‘I = _R(xl In(x, )+ X [n("j )] /AH
0
-~ ideal _ - ideal
_”1\5\ AG miv _Tabmi\ If
[\ I
‘\\\ ; I
W i
-2000 + W\ 1
L WA / fff
‘\\\ N 523 K (250°C) / ; !
\\ N X i a"'rf
ON A
!
- [BY / / K
AGHUE 4000 T ~_ TR (500°C) - A
mix | voON —— // ‘;f
\
[.l] | \ \\ y }};
3 \ \\ 1023 K (750 °C), /
b ~ e 7
-6000 + N T E
\ I
£
~ 1273 K (1000 "(]//
S “,/
-8000 — : : :
0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 4.8 Effect of temperature increase on Gibbs free energy of ideal mixing

Temperature on the other hand becomes a multiple of the entropy of mixing.

This is shown in Fig. 4.8.

It is evident from these two figures that the parabolas describing the Gibbs free
energy are symmetrical and their lowest point occurs when x; = x; = 0.5. This
condition indicates that there is no heat exchange involved in ideal mixing. This
feature also indicates that the activity of each component is equal to their own molar
fraction in the solution. Departures from ideal behavior should show asymmetrical
features in the curves obtained for the thermodynamic quantities shown, therefore

the equations already obtained should change accordingly.

Nonideal Solutions

A nonideal solution shows a deviation from the Raoultian behavior, i.e., the activity
of the ith component in solution differs from its molar fraction. This is illustrated in

Fig. 4.6.

ideal __ 0

mix T
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To account for such deviation, a correction factor known as activity coefficient
has to be included, so it would allow for computing the activity of any component
in solution; therefore, the activity of the ith component in a nonideal solution can

a; = vYXi (457)

v; Is the activity coefficient of component i in solution. This coefficient depends
on pressure, temperature, and chemical composition of the mixture. Form the
definition of this coefficient; it is evident that in ideal solutions, its value is 1.

Dilute Solutions (Henrian Behavior)

In dilute solutions, Henry’s Law states that over a narrow composition interval, the

vapor pressure of a solute in solution is proportional to its mole fraction.
Considering a solution made of components A and B, with the solute being

component A, from applying Henry’s Law, the partial pressure of this component

is:

PA = ]’lA)CA (458)

In this last equation, s, is a constant under a given temperature. Using
expressions (4.5), (4.6), and (4.57), we obtain from (4.58):

aan = YaXa (4.59)

In (4.59) y°4 is a constant and represents the slope of the activity—composition
(molar fraction) plot at infinite dilution; it also represents the slope of such curve at
zero concentration of A.

Henry’s Law only applies over a concentration interval whose extent changes
from system to system. But its validity only occurs at very low solute
concentrations.

Alternative Standard States
Since the activity of a component in nonideal solutions differs from the molar
fraction, it becomes convenient in some instances to use a different standard state
then the pure substance.

Henry’s Law allows for using two alternative standard states™:

1. Infinitely diluted molar fraction.
2. Infinitely diluted weight percent.

3Upadhyaya, G.S., Problems in metallurgical thermodynamics and kinetics, Pergamon, Oxford,
UK, 1977.
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The former is defined in such a way that Henrian activity approaches the molar
fraction at infinite dilution:

l’lA = XA a8 Xp — 0 (460)

And hy is the Henrian activity of component A. This means that in the con-
centration range where Henry’s Law is valid, the molar fraction equals the activity.
Beyond such composition interval, the activity can be calculated by the following
relationship:

ha = faxa (4.61)

fa is the Henrian activity coefficient of component A, relative to the infinitely
diluted molar fraction standard state. The relation between the activity coefficient of
A with respect of the pure substance standard state and the activity of A relative to
the infinitely diluted molar fraction standard state is:

activity of A relative to pure substance SS
activity of A relative to diluted molar fraction SS|,

Ya = (4.62)

A = constant
The Gibbs free energy change associated to this change in standard state is:
AG® = RT'In(y3}) (4.63)

For the infinitely diluted weight percent standard state, this is the most widely
used in metallurgy. In this standard state, the Henrian activity approaches the
weight percent at infinite dilution:

ha = wt%s as wt%a — 0 (4.64)

In this case, it is customary to assume that Henry’s Law is observed up to 1 wt%
of A, then h, is has a value of one at this concentration, and the standard state is
called the 1 wt% solution. Deviations from the activity using this standard state are
estimated in terms of the Henrian activity coefficient relative to the infinitely dilute
wt% standard state.

ha = fa(Wthoa) (4.65)

Similar to the diluted molar fraction standard state, there is a relationship
between the activity referred to the pure substance standard state and that of the
infinitely diluted wt% standard state:

N activity of A relative to pure substance SS

(4.66)

Awt%,  activity of A relative to diluted wt % fraction SS|y _ ¢noiant
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Gibbs free energy associated to this change in standard state is:

AG° =RTIn <y° (4.67)

XA
A wt% A
In very small concentrations of solute A in A-B solutions, we have the following
approximation:

XA Mg

Wt%A 100M 5

(4.68)

M, and My are the molecular (atomic) masses of A and B components,
respectively. Substituting (4.68) into (4.67) yields:

Mg
AG° =RT|(1 S 1 4.
G (n(yA) + n(lOOMA)> (4.68a)

Regardless of the standard state selected to perform calculations, Eq. (1.38) still
holds; but the numerical values of AG° and K will depend upon the selected
standard state.

Sievert’s Law

A particular application of Henry’s Law in metallurgy relates to the dissociation of
gases (H,, S, Oz, N») in molten metals. Chemically, the decomposition of the any
of these gases can be represented as:

G, =2G (4.69)

where G represents any of the gases mentioned. According to expression (4.69),
Henry’s Law takes the form:

Pg = ksxg, (4.70)

This relationship fits well with the solubility (Sg) of these gases in the majority
of molten metals; this observation is known as Sievert’s Law and since the molar
fraction of the dissolved gas is proportional to its own solubility in the metal,
Sievert’s Law can be written as:

Sg = ksv/Pg (4.71)

ks represents a constant which is determined for every gas—metal system. If the
dissolving gas is not diatomic, (4.71) still is valid as long as Pg is expressed as the
partial gas pressure of the diatomic species.


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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Regular Solutions

It has been discussed that when components A and B are mixed together changes in
thermodynamic quantities like V, H, S, G, A, etc. occur. Assuming an ideal behavior
resulted in that the enthalpy change associated to mixing is zero and the entropy and
Gibbs free energy of ideal mixing are functions of the composition and temperature.

But in dealing with real, non-diluted solutions, beg the questions of how these
thermodynamic quantities change?, and how are they related to the activity or
activity coefficients of the components in solution?

We need to refer to Fig. 4.5. It is evident that in order to go from state 1
(premixed) to state 2 (mixed) the change of the thermodynamic quantities directly
relates to this state change. Also we can distinguish between real and ideal
behaviors during mixing, thus we can establish that the departure from the ideality
is accompanied by excesses in the thermodynamic functions as mixing occurs.

Such excess may be defined as the difference between thermodynamic function
for the real solution and that of the ideal solution, thus:

P = LIIrea.l - \Pideal (472)

With this definition, we can compute the excess Gibbs free energy of mixing for
a binary A-B solution. To do so, we need expressions (4.72), (4.59), and (4.54):

G = AGreal o AGideal

mixing mixing
G* = RT|xa In(aa) +xp In(ap)] — RT [xa In(xa) + xp In(xp)]
G* = RT[xa In(yaxa) +xp In(ygxp)] — RT[xa In(xa) + xp In(xp)]

This results in:
G* = RT[xa In(y,) +xp In(yg)] (4.73)

Similarly, it is possible to compute the excess entropy and enthalpy of mixing:

Olny, Olnyg
" ( or )P.XA o ( or P.xB

(4.74)

0lny Olny
XS 2 A B
H" = —RT [XA <—8T >P7XA +)CB ( (9T >P.’XB‘| (475)

From (4.75), the partial molar enthalpy for a component in solution is:

H =R (3 ‘“5%)> (4.752)

S¥ = —R(xaIny, +xpInyg) — RT

(1)



116 4 Mixing and Solution Thermodynamics

These last equations, show that in order to compute both the excess entropy and
enthalpy is necessary to calculate the partial derivatives of the activity coefficients
contained in them. To avoid such calculation, the regular solution model was
created; such model states that the entropy of mixing is equal to that of an ideal
solution and that the enthalpy of mixing is different from zero. Under these con-
ditions, for a binary solution, the associated mixing thermodynamic properties are:

AGnix = RT()CA ln(aA) + xB ln(aB)) (476)
ASpmix = —R(xa In(xp) + xp In(xp)) (4.77)

AHyix = RT(xaIn(y,) +xp In(yg)) = AGL;,

(4.78)

From Egs. (4.76) to (4.78), it is evident that the enthalpy of mixing in a regular
solution is equal to the Gibbs free energy associated to this type of mixing. Also to
identify if a solution behaves regularly, it should be calculated the interaction
parameter (Q2). Such parameter is constant and independent of the solution com-
position; furthermore it has the same value for all the components within the
system.

_ RTIn(y,) RTIn(yg)

5] 2
B XA

Q

(4.79)

Excess properties can also be used to determine partial molar quantities; for
example, the excess partial molar Gibbs free energy of component i in solution is:

G, = RTIn(y,) (4.80)
Hence for an A-B solution:
G = xoGy, +x8Gy (4.81)
Similarly:
G’ =H' TS’ (4.82)
and so on.

The effect of the interaction parameter € can be seen in the sketches in Fig. 4.9.

Gibbs-Duhem Equation

With the use of Eq. (4.12), it is possible to express any extensive thermodynamic
quantity as:
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Fig. 4.9 Effect of the interaction parameters on the different thermodynamic properties

ind@ =0 (4.83)
i=1

Equation (4.83) is known as Gibbs—Duhem equation. This equation is used to
calculate partial molar quantities of a component when those quantities from the
other components in solution are known. Also it is possible to compute activities
and activity coefficients of an unknown component when data form other compo-
nents in solution are known. To do so, Gibbs —Duhem equation in a binary system
takes the form:

__ AR —
d¥, = — 2 d¥g (4.84)
XA
To solve this equation, it is necessary to integrate. It is customary to set the upper
integration limit as x5 = xa. The lower integration limit should be set in a way that

the value of ¥, is known. However, it is also convenient to set the lower limit as
xa = 1, i.e., when no solution is formed:

XA=XA XA=XA
d%:—/ B 4P, (4.85)
XA
xa=1 xa=1

Equation (4.85) is solved numerically.
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To exemplify the use of this equation, consider computing the activity of
component A in a binary solution if the activity of component B is known:

)CAdEA -|—de63 =0
xadRT Inap +xgdRT Inag =0
xadInas +xgdlnag =0 (486)

XA XA
Jdlnas = — fi‘—idlnaB
1 1
Similarly, the activity coefficient of a can be computed:

XA

XA
/dlnyA: —/x—BdlnyB (4.87)
XA
1 1

Examples of Calculations

Example 1 Estimation of Partial Molar Quantities
Part (a) The following data for liquid Zn—Sn alloys at 710 K is available

Xzn AHix (3) ASnix (J/K)
0 0 0

0.1 9121 25.94
0.2 7950 18.87
0.3 6736 15.48
0.4 5648 11.8
0.5 4184 8.54
0.6 3180 6.11
0.7 2008 4.1
0.8 1088 2.3
0.9 259 1.05
1 0 0

Calculate:

i. The partial molar Gibbs free energies and the integral free energies at all
compositions
ii. Plot all the calculated data as a function of the composition
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Table 4.1 Gibbs free energy

of mixing after Eq. (1.21) o é?mix
0 0
0.1 —9296.4
0.2 —5447.7
0.3 —4254.8
0.4 —2730
0.5 —1879.4
0.6 —1158.1
0.7 —903
0.8 —545
0.9 —486.5
1 0

iii. Calculate the activities and activities coefficients of both Zn and Sn at all
compositions

Solution
To calculate the partial molar Gibbs free energies of the components, first, we need
to calculate the Gibbs free energy of mixing. To so, we use Eq. 1.21.

AGnix = AH pnix — TASpix (1.21)
Results from this operation are shown in the Table 4.1.

With the tabulated Gibbs free energy of mixing, we can compute the partial
molar Gibbs free energy for both the zinc and the tin. To do so, we need to plot
AG ix versus the molar fraction of zinc (or that of tin). This is shown in Fig. 4.10.

To determine the partial molar Gibbs free energy at every composition, a tangent
line is drawn over each composition point and then the partial molar Gibbs free
energy of tin is read directly from the graph on the left axis. Similarly, the partial
molar Gibbs free energy of zinc is read on the left axis. This is illustrated in the plot
below shown in Fig. 4.11. The results after repeating this procedure at every
composition are shown in Table 4.2.

The last column in Table 4.2 is the result of using expression (4.13):

AEmix = xZnEZn + xSnGSn (4 13)

As seen from this column there is good agreement between the Gibbs free
energy of mixing.

Since each partial molar Gibbs free energy is known, it is possible to calculate
the activity and the activity coefficient of each component by using Eq. (4.22) in the
following form:


http://dx.doi.org/10.1007/978-3-319-53815-0_1
http://dx.doi.org/10.1007/978-3-319-53815-0_1
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Fig. 4.10 Gibbs free energy of mixing in the Zn—Sn system at 710 K
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Fig. 4.11 Determination of the partial molar Gibbs free energy of zinc and tin in a binary Zn-Sn
alloy

Ei =RT ln(ai) (422)

And because the molar fraction for each component is known, the corresponding
activity coefficients can be computed easily:
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Table 4.2 Partial molar
Gibbs free energy in the
Zn-Sn system

Table 4.3 Computed values
of the activity and activity
coefficients for Zn and Sn in
the Zn—Sn system at 710 K

Results for these calculations are shown in Table 4.3.

In the case of the activities of zinc, it is noticeable the extremely high values for
this quantity, especially at x, = 0.2. The reason for such numerical values is that
the partial molar Gibbs free energy for this metal is positive in the interval
0.6 > xz, > 0.2. Although numerically consistent, activity values larger than unity
lack of any physical sense.

Part (b) The enthalpies of mixing of Cd-Sn alloys at 773 K are given in the

table below

Xcd

0.1
0.3

XzZn

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

XZn
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Gsn ()

0

=5700

—12,200

—8350

=7750

=7000

-5150

-1975

—1175

—4000

0
Asn Vsn
0.38 0.42
0.13 0.16
0.24 0.35
0.27 0.45
0.31 0.61
0.42 1.04
0.72 2.39
0.82 4.10
0.51 5.08

ai
Yi=—
Xi

AH iy

(J/mole)

0

1247.7

2729.6
(continued)

Gzn J)
0
—41,650
21,600
5300
4800
3250
1500
—450
-390
—100

Aazn
0.00086
38.83
2.45
2.26
1.73
1.29
0.93
0.94
0.98

Gmix (J)
0
—9295
—5440
—4255
—2730
—1875
-1160
-907.5
—547
—490
0

VYZn
0.01
194.15
8.18
5.64
347
2.15
1.32
1.17
1.09
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(continued)
Xcd AH pix
(J/mole)
0.5 3347.2
0.7 2596.2
0.9 1052.3
1 0

Calculate the values of the partial molar enthalpies of mixing of cadmium and tin
in a mixture containing 60% molar Cd.

Solution
Similar to part (a), we need to plot the data given and at the composition (60% Cd,
40% Sn) draw a tangent line crossing the mixing enthalpy curve. The tangent line
must cross each axis and then read the values for the partial molar enthalpy of each
element.

The partial molar enthalpy of Zn at 773 K in a Zn-60% mole Cd alloy is
5600 J/mole, whereas that of Cd is 1400 J/mole.

Part (c) Ag—Cu alloys exhibit a regular behavior in the solid state. The
enthalpies of mixing at 500 °C (773 K) are given as a function of the copper
content

XCu AH iy
0.1 —1402
0.2 —2740
0.3 —3807
0.4 —4686
0.5 —5146
0.6 —5188
0.7 —4728
0.8 —3598
Find:

i AI‘ICu and AHAU at xcy = 0.3
ii. AG,;, at xgy = 0.3

Solution
For part (i), we need to proceed like in the previous examples (Figs. 4.12 and 4.13):
From the figure, the partial molar enthalpy of gold at 0.3 mol of copper is
—1000 J/mole, whereas for copper that value is —10,500 J/mole.
For part (ii), since the solution exhibits a regular behavior, the Gibbs free energy
of mixing can be calculated using Eq. (4.72), thus:
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X, =06
J
Az = 5600
™ mole
6000
5000 4
= 4000 1
=
E
-
= 3000 A
i}
E
fa o] @ Xy =0.6
<
2000 Al <1400
mole
‘_____..--'""-_

1000

=
< O

Fig. 4.12 Estimation of the partial molar enthalpies of Zn and Cd in a Zn—60% mole Cd alloy at
773 K

0
b
)

2000 +\
T -4000  @%. =03
= AHa _-moﬁ
E 5
= -6000 + ~—1

- ~
‘E ~ ”
= = ~
< -8000 + S
~
~
~
~
-10000 + 1 1 1@ %, =03 \\.
AHe, = -10500 ’
mole
-12000 + + + +
0 0.2 0.4 0.6 0.8 1

Xcu

Fig. 4.13 Estimation of the partial molar enthalpies of gold and copper in a Au—30% mole Cu
alloy at 773 K
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AEmix = Aﬁfrfix - TAE:‘(;T:I
AGpix = 3807 — 773[—8.314(0.31n(0.3) + 0.7 In(0.7))]
— J
AGpix = —7733
mole

Example 2 Calculation of Activity Coefficient
Part (a). The activities of aluminum at different concentrations in Al-Cu
solutions at 1373 K (1100 °C) are provided below:

XAl Aaal

0.90 0.890
0.75 0.690
0.63 0.500
0.53 0.310
0.45 0.200
0.38 0.100
0.30 0.030
0.20 0.005
0.10 0.008

Calculate the activity coefficient of aluminum in a solution containing 49 mol%
aluminum.

Solution
To solve this problem, we need to calculate the activity coefficient of aluminum:

Yol = aal
Al —
XAl

From the data provided, we can calculate the activity coefficient and then plot it
against the molar (atomic) fraction of aluminum. From that resulting plot, we can
directly find the value for such coefficient (Table 4.4).

From the plot below (see insert), the value of the activity coefficient of aluminum
is 0.515 (Fig. 4.14).

Part (b). The following data is available for the Fe-Si system at 1600 °C
(1873 K)

XFe log vsi
0.1 —-0.01
0.2 -0.02
0.3 —0.06

(continued)
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Table 4.4 Activity
coefficient of aluminum in
Al-Cu alloys at 1373 K

Fig. 4.14 Estimation of the
activity coefficient of Al in
Al-Cu alloys at 1100 °C

(continued)

XFe
0.4
0.5
0.6
0.7
0.8
0.9
1

Determine:

XAl

0.90
0.75
0.63
0.53
0.45
0.38
0.30
0.20
0.10

Yal

125
Aaal YAl
0.890 0.989
0.690 0.920
0.500 0.794
0.310 0.585
0.200 0.444
0.100 0.263
0.030 0.100
0.005 0.025
0.008 0.080
1.0 —
: 0.53 ,-O'-
0.8 _:_ ao.sn—: ’OI
L oae P
06 T e oo oo vasP
s Xa
0.4 i ,p
L '
L o
0.2 + ,"
b o ko)
I e ST
0.0 0.2 0.4 0.6 0.8 1.0
Xal
log vsi
-0.14
-0.7
—-1.2
—1.45
-1.56
-1.62
-1.65

i. The change in the activity of silicon over the Fe—Si system.
ii. The correction required to change from pure silicon standard state to the 1 wt%
Si standard state in iron at the indicated temperature.
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Table 4.5 Silicon content,

activity, and activity Are log si i i dsi
coefficient in Si-Fe alloys at 0.1 ~0.01 0.9 0.977 0.87951
1600 °C 0.2 —0.02 0.8 0.955 0.76399
0.3 —0.06 0.7 0.871 0.60967
0.4 —0.14 0.6 0.724 0.43466
0.5 —0.7 0.5 0.200 0.09976
0.6 -1.2 0.4 0.063 0.02524
0.7 —1.45 0.3 0.035 0.01064
0.8 —1.56 0.2 0.028 0.00551
0.9 —1.62 0.1 0.024 0.0024
1 —1.65 0 0.022 0
1
0.9 T
0.8 +
0.7 T
0.6 T
7
® 057
0.4
0.3 +
02 T
0.1 +
0 O
0 1

Fig. 4.15 Activity of silicon as a function of iron content in Si—Fe alloys at 1600 °C

In part (i), from the given data, we need to compute both the molar fraction of
silicon as well as its activity coefficient. To determine the molar fraction of silicon
we must subtract from one the molar fraction of iron. To calculate the activity
coefficient of silicon, we must take the antilogarithm (base 10) of such coefficient
from the provided data. Once these quantities are known, we can determine the
value of the activity of silicon at every composition by multiplying the activity
coefficient and the molar fraction of silicon (Table 4.5).

Plotting the activity of silicon versus the iron content in the melt results in
Fig. 4.15.

From this figure, it is clear that at high concentrations of iron, the activity of
silicon is very low, thus we can assume Henrian behavior. Now plotting the activity
of silicon as a function of the silicon content at very low Si concentrations would
allow us to compute Henry’s constant for silicon (y°g;); this is illustrated in
Fig. 4.16.
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Fig. 4.16 Estimation of 0.015
Henry’s constant in diluted
Si-Fe alloys at 1600 °C

0.010 +

agj

Xsi

With Henry’s constant, we can calculate the correction factor by using
Eq. (4.67):

M,
AG® = RT In [vgi 1001?;5] (4.67)

Substituting values:

AG® = 8.314(1873) In [0.025 100 % 23

5585 } = —11840417J

The correction for changing standard state from pure silicon to 1 wt% Si in iron
at 1600 °C is —118.4 kJ.

Part (c) A stream of nitrogen gas is passed over mercury at 100 °C. The flow
rate is such that the gas becomes saturated with Hg vapor. The total volume of
nitrogen used was 22 L, measured at 20°C and 1 atm of pressure.

Calculate the vapor pressure of Hg (200 g/mole) at 100 °C, if 0.067 g of mer-
cury were found in the nitrogen.

The same experiment was carried out using a sodium—mercury mixture with
xpg = 0.878. The 22 L of nitrogen contained 0.0471 g of mercury. Determine the
activity of mercury and its activity coefficient. Also find the Gibbs free energy of
mixing of mercury.

Solution
We need to calculate the number of moles of nitrogen in the experiment. To do so,
we must assume an ideal gas behavior form the nitrogen:

PV 1.01325 x 10°(22 x 107%)
RT 8.314(373)
nn, = 0.915 moles N,

}’IN2
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We need to determine the molar fraction of mercury in the gas phase. To do so
we need to calculate the number of moles of mercury and from the number of moles
of Hg and N, compute the molar fraction of mercury:

1 mol
nye = 0.067 g Hg x ﬁ;ég — 3.35 x 10 “moles Hg
3.35 x 1074
i = — 8 x =3.66 x 10~

" npg+nx,  3.35x 104 +0.915
Since the total pressure is 1 atm (1.01325 x 10° Pa):

Phg = XgProw = 3.66 x 1074(1)
Py = 3.66 x 10+ atm

For the second part, we need to calculate the mole fraction of mercury in the gas
phase after repeating the experiment:

1 mole
nyg = 0.0471 g Hg x 300 Hg ~ 2.36 x 10~*moles Hg

Niig 236 x 1074

- — =2.58x107*
Mg +1x, | 2.36 x 104 +0.915 x

ng

With this result, the partial pressure of mercury over the mixture is 2.58 x 10~
atm.

The activity of mercury in the Na-Hg mixture can be calculated using
Eq. (4.52), making P°y, = 3.66 x 10" atm and Py, = 2.58 x 10™* atm:

Pyg 258 x 107

= 202 0705
Py, 3.66 x 10~

aHg

To calculate the activity coefficient of mercury in the Hg—Na mixture, we need to
use the molar fraction of mercury in the mix, thus using Eq. (4.57) we have:

OHg = YHgYHg

ang _ 0.705 —08

The = T 0.878
To determine the Gibbs free energy of solution in the mixture, we use Eq. (4.36)

AGy, = RT In(ayg)
AGy, = 8.314(374) In(0.705) = —1084 J
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Part (d) In AgCI-KCl solutions at 800 °C, the activity of AgCl is 0.409 when
Xagal = 0.5; additionally, the molar partial enthalpy of AgCl is—1793 J. This
quantity can be assumed independent of temperature. Calculate the activity of
AgCl at 1000 °C in an equimolar AgCIl-KCIl mixture.

Solution
To solve this problem, we need to combine Eqgs. (4.78) and (4.10), this results in:

AH soc1 = RT In(Yagcr)

Since the enthalpy of the silver chloride in independent of temperature, we can
substitute its given value into last equation as well as those of the gas constant and
the temperature, thus:

—1793 = 8.314(1273) In(Yaqc1)

—1793
Yagclr = €Xp

| =0.8442
8.314(1273)]

Since the composition of the binary mixture is known, we use the activity coeffi-
cient and the molar fraction of the silver chloride to compute its activity at 1000 °C:

AagCl = Yagcl XAgCl
AagCl = 0.8442 x 0.5
apagCl = 0.422

Example 3 Ideal solutions (Raoult’s Law)
Part (a) Calculate:

i. The heat effect after dissolving 1 mol of nickel (solid) in 9 mol of copper
(liquid) at 1200 °C (1473 K), assuming these metals form an ideal solution
ii. The entropy change for this process

Solution
Part (i):
Since the solution is ideal, the enthalpy of mixing associated to the dissolution of
nickel in copper is zero.
Part (ii):
To compute the entropy change, we need to use Eq. (4.55a):
ASideal = —R[xCu ln(xCu) + XNi ln(xNi)]

mix
1

9
u:—:(),9; l:—:O]
=179 N9
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ASUe = —8.314[0.91n(0.9) + 0.1 In(0.1)]

mix

ideal , __ J
ASICrs = 2.7 mole K

Part (b) A metal (M) can be removed from molten lead by selective oxi-
dation at 900 °C (1173 K). Assuming that M forms an ideal solution with lead,
determine the limiting concentration to which M can be removed from lead.

Use the following data:

2Pb + 0, =2Pb0  AGS,,, = —200832]
IM+30, =My0;  AGS,,; = —334720]

Atomic weight of M = 122 g/mole
Atomic weight of Pb = 207 g/mole

Solution
To eliminate M from the molten lead, we are seeking for the reaction:

3PbO +2M =3Pb + M;0;

The Gibbs free energy for this reaction is obtained by reversing the lead oxi-
dation reaction and to multiply it by 1.5 and then add that result to the Gibbs free
energy for the oxidation of M. As a result of this the Gibbs free energy for the lead
refining reaction is —33472 J.

In addition, we need to determine an expression for the equilibrium constant of
the lead refining reaction in terms of the concentration of M and need to calculate a
numerical value for such constant:

aM,0 “13>b
K= ”é”%bo
and
a 03
AG® = —RT In(K) = —RT In (M)

M%Pbo

In the expression of the equilibrium constant, since an ideal behavior is assumed,
the activities of lead and those of the oxides can be considered as one, additionally,
the activity of the metal M equals to its molar fraction. Thus we obtain:

AG® = —RT 1n(1x1“)

X2, x13
substituting numerical values :

33472 = ~8.314 x 1173 x In(})
M
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Solving for xy:

[ 1
XM = W:OJS mole of M

This means that there are 0.18 mol of M and 0.82 mol of Pb. With such molar
fractions we need to compute the masses of each metal, i.e.:

gM__
0.18 mole M x 122moleM =219%¢g

ghb _
0.82 mole Pb x 207 =S5 = 169.74 ¢

concentration of M :

_ 2104
VM = 550 S X 100

%M =11.5%

Therefore, M can be removed from the lead up to 11.5 weight %.

Part (c) In lead refining, antimony is removed from liquid lead by selective
oxidation with air at 900 °C (air does not oxidize lead). Assuming Raoult’s
Law, estimate the minimum amount of antimony in (mass%) dissolved in lead
after purification.

Use the following data:

AGgpr03 @ 1100 K = —417,563 J/mole; AGgp03 @ 1200 K = —394,970 J/mole

Mgy, = 121.75 g/mole; Mp, = 207.2 g/mole

Solution
The oxidation of antimony can be represented by the following chemical reaction:

3
2Sbpy, + 502 = Sb,0;3

Assuming a lineal dependency between Gibbs free energy for the antimony
reaction and temperature, allow us to estimate the free energy at 1173 K (900 °C):

R —417563 4394970
AGszoaA, 173 — 1100 — 1200

AGg03, 1173 = —401070

(1173 — 1200) — 394970

The equilibrium constant for antimony oxidation reaction is:

__ Gsh,04
— 2 15
ag, X P02
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To use this constant, we need to do some considerations:

e Sb,0; is a pure oxide, thus its activity is 1
e Since antimony is forming an ideal solution, its activity equals its molar fraction
e Air contains 0.21 mol%, thus the partial pressure of oxygen in air is 0.21.

With these assumptions, we can rewrite the equilibrium constant as:

1
K=— =
K2, (0.21)"7

To solve for xg, first we need to calculate the value of K, to do so, we use
Eq. (1)

AGYy7; = —RT In(K)
K = exp(=351173)

K = 7.25 x 10"

With this value, we can calculate the molar fraction of antimony:

1
Xsp = © xsp =3.79 x 1070
% \/7.25 x 107020

The mass of the remaining Sb in solution is:

msp = xspMsp
mgp = 3.79 x 107%(121.75)
mgp = 4.61 x 107" gg,

To calculate the mass% of antimony, we need to add the mass of the lead. Since
the mole fraction of antimony is very small, we can consider xpp, as 1. Thus there
are 207.2 g of lead and 4.61 x 1077 g of antimony. Therefore, the mass percentage
of remaining antimony is: 2.22 x 10~ mass% of Sb.

Part (d)

The standard Gibbs free energy for the reaction:

CO,+C =2CO
Is

AG°® = 170700 — 174.5T ()
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The equilibrium ratio Pco/Pco, over molten steel containing 1 wt% C at 1600 °
C (1873 K) under 1 atm is 1003. Determine the activity of carbon in the steel with
respect of pure solid carbon.

Solution
For the given reaction, the equilibrium constant is:

2
PCO

acPco,

To compute the activity of carbon, we need to calculate the numerical value of
the equilibrium constant and that of the partial pressures of CO and CO,:
The equilibrium constant is given by:

170700 — 174.5 T = AG® = —RT InK
170700 — 174.5(1873) = —8.314(1873) InK
InK = 10.03

K =2.262 x 10*

From the Pco/Pco, ratio given, we can express the partial pressure of CO in
terms of that of CO,:

Pco

= 1003 = Pco = 10031)(;02
Pco,

Substituting this relationship in the expression for K:

2p2
K — Péo 1 1003 PCOZL _ 10032Pco2

= Pcoyac ~  Pco, ac = ac
Pco + Pco, = 1;

1003Pco, +Pco, =1

PC02 = ﬁ =9.96 x 10~*

Thus :
¥— 1003°Po,  1003%(9.96x107*)
- ac - ac

Substituting the numerical value of K and solving for the activity of carbon:

~10032(9.96 x 107%)

_ — 0.044
ac 2.262 x 10° 0.0

The activity of carbon in molten steel at 1600 °C is 0.044.
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Part (e) At 150 °C, component A has a vapor pressure of 1.4 atm and that
of component B is 0.6 atm. A solution of A and B is prepared and allowed to
reach the equilibrium with its vapor. The vapor is equimolar. What is the
molar fraction of A in the solution?

Solution
Assuming an ideal mixing, we have from Eq. (4.6):

P,’ :)C,'P;)

Since the vapor over the mixture contains the same amount of moles of A and B,
then we have that P, = Pg. Because of this condition, we can use Eq. (4.6) as follows:

XAPX :)CBP%
XAPOA = (1 7XA)P%

Solving for xa:
1 1

434_1_#6‘—1-1

=03

—_

The initial mole fraction of a in the solution is 0.3.

Part (f) The vapor pressure over an aqueous solution contains 21 mg of
water per liter at 25 °C, what is the concentration of the solute? The vapor
pressure of water at 25 °C is 0.031 atm.

Solution

We need to determine the number of moles of water in the vapor over the solution:

0.021¢

——— — = 0.0012 mole H,0
18g/mole mole T2

Using the ideal gas law, we can calculate the pressure exerted by the water vapor
over the solution:

moleK

atmL
g 0-0012mole (0.08206 ) (298K)
— = = 0.029 atm

P = =
Vv IL

Assuming an ideal behavior, the molar fraction of the water can be calculated
from Eq. (4.6):

(e}
water

Puuer  0.029
water = po == 0.031 0

P water — xwaterP

water
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The solute content is then 1 — xyqer = 0.06

Example 4 Diluted solutions (Henry’s Law)

Part (a) Data was recorded in measuring the vapor pressure of mercury
over Bi—-Hg alloys at 321 °C. At that temperature, the vapor pressure of
mercury is 0.5039 atm.

With the given data:

i. Plot Py, vs X
ii. Calculate the activity of mercury for each alloy with respect of pure liquid
mercury as standard state. Also calculate the activity coefficients of mercury.
Plot the results.
iii. Recalculate the activities of mercury, but now use the infinitely diluted molar
fraction standard state.

Data:
XBj Py, (atm)
0.1486 0.4579
0.247 0.4237
0.347 0.3855
0.463 0.3276
0.563 0.2737
0.67 0.2171
0.793 0.1395
0.937 0.0463
Solution

Part (i). We need to compute the molar fraction of mercury (xy, = 1 — xg;) and the
plot the pressure of mercury vs its molar fraction (Fig. 4.17).

Part (ii). To determine the activities of mercury in the different alloys, we must
use Eq. (4.5). In this particular case, P°yg has been given, and its value is
0.5039 atm. Since the molar fractions and the activities of mercury are known, we
can compute the activity coefficients of mercury (yyg) using Eq. (4.57). Results of
these calculations are shown in the Fig. 4.18.

For part (iii), we need to change the standard state from pure mercury to the
infinitely diluted molar fraction. To do so, we need to calculate the value of the
Henrian activity coefficient for mercury (y°yg). To do this, we need to determine the
slope in the ay, versus xy, plot at very low mercury content. Such value should be
utilized to determine the Henrian activity of mercury (hyg) according to Eq. (4.62),
since the activity of mercury is already known. This means that in order to compute
the new activities of mercury, we must multiply the activities calculated in part
(ii) by y°ne. The estimation of y°y, is shown in Fig. 4.12.

Table 4.6 summarizes the results of this problem; whereas Fig. 4.20 compares
the different activities computed in this problem (Fig. 4.19).
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Fig. 4.17 Partial pressure of
mercury vs its molar fraction
in Hg-Bi mixtures at 321 °C

Fig. 4.18 Activities and
activity coefficients of
mercury in Hg-Bi alloys at
321 °C as a function of
composition

Fig. 4.19 H’s constant for
Hg in diluted Hg-Bi alloys at
321 °C
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Table 4.6 Activity and
Henrian activity of mercury in
Hg-Bi alloys at 321 °C

Fig. 4.20 Comparison
between activity and Henrian
activity of mercury in Hg-Bi
alloys at 321 °C

XBi

0.1486

0.247
0.347
0.463
0.563
0.67

0.793
0.937

1.0

Pug
(atm)

0.4579
0.4237
0.3855
0.3276
0.2737
0.2171
0.1395
0.0463

137

ng aHg ’YHg hHg

0.8514 | 0.9086 1.0672  0.673
0.7530 | 0.8407 1.1165  0.623
0.6530 | 0.7650 1.1715  0.567
0.5370 | 0.6501 1.2107  0.482
0.4370  0.5431 1.2427  0.402
0.3300 | 0.4308 1.3055  0.319
0.2070 1 0.2768 1.3370  0.205
0.0630 | 0.0919 1.4588  0.068

0.8 +

04 0.6 0.8 1.0

Part (b) Zinc vapor pressure over o and  brasses at 800 °C was recorded:

Phase
o

XZn
0.1
0.2
0.3
0.35
0.4
0.45
0.5

Py, (mm Hg)
2

7.4

22

35

37

56

93

The vapor pressure of pure zinc (in mmHg) can be estimated with the equation:

6620

log Py, = —1.255 log(T) + 12.34 — —
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i. Calculate the activity of Zn in o and [} brasses, and plot the activity vs the
molar fraction of zinc
ii. Calculate the activity coefficients of zinc and plot them vs molar fractions.
iii. Draw the curve for the ideal solution
iv. How is the behavior of these alloys with respect of an ideal solution?

Solution
First, we need to determine the pressure of pure zinc at the test temperature:

log P, = —1.25510g(1073) + 12.34 — %
log Py, = 2.367
Py, =232.8mmHg

Since we now have the pressure of zinc at the different compositions and that of
the pure element, we now can compute the activity of zinc in the different com-
positions, according to Eq. (4.5). Also, having already determined the activities of
zinc, we can calculate the corresponding activity coefficients by using Eq. (4.57).
Finally, if an ideal behavior is assumed, then we should plot x, versus xz,. This is
shown in Fig. 4.21, next:

As seen from the previous image, the line of the activity of zinc lies below that
of the ideal behavior, henceforth, these solutions have a negative deviation with
respect of the ideality.

Table 4.7 summarizes the computed values of the different quantities used in this
example.

Part (c) Newhouse et al.* measured the electromotive force in Ca-Mg alloys
at 500 °C. The measurements were made over mixtures with different calcium
contents. The following data is provided:

XCa Ec, (mV) Aamg

0.01 167 0.990
0.05 163 0.990
0.1 161 0.990
0.19 161 0.990
0.31 157 0.940
0.49 7.5 0.046
0.6 3 0.039
0.69 1 0.035
0.8 —4.3 0.032

“Newhouse J.M., Poizeau S., Kim H., Spatocco B.L., Sadoway D.R., Electrochimica Acta. 91,
2013, 293-301.
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Fig. 4.21 Comparison of 0.9
ideal and nonideal activity of | +YZn

zinc over different brasses 1
0.7 + !

0.6 +
05 +
04 +
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Azp, ideats Azn Vin
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Table 4.7 Activities (ideal Phase | xy, Py, g Yo dn
and nonideal) over different (mm Hg) . deal’
brasses at 800 °C
o 0.1 2 0.008591  0.085911 0.1
0.2 7.4 0.031787  0.158936 0.2
0.3 22 0.094502 1 0.315008 0.3
035 35 0.150345 | 0.429557  0.35
B 0.4 37 0.158936 | 0.39734 0.4
045 56 0.240552 | 0.53456 0.45
0.5 93 0.399488 1 0.798976 0.5

Calculate:

i. The activity of calcium at the different composition tested
ii. The partial molar Gibbs free energies of calcium and magnesium
iii. The molar Gibbs free energy of mixing and how it departs from the ideal
behavior.

Solution
To determine the activity of calcium in the mixtures, we need to use Eq. (3.28):

RT
E =" In(ac,) (3.28)

Solving for the activity of calcium, yields:

nFE
dca = eXp| — ﬁ


http://dx.doi.org/10.1007/978-3-319-53815-0_3
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Table 4.8 Computed activity of calcium, partial molar Gibbs free energy of Ca and Mg, and
Gibbs free energy of mixing

XCa E Adca amg AGc, AGMg AGnix AG i,
(mV) (kJ/mole) (kJ/mole) (kJ/mole) ideal
(kJ/mole)
0.01 167.0 0.0066 0.990 —32.231 —0.06459 —0.38625 —0.35991
0.05 163.0 0.0075 0.990 —31.459 —0.06459 —1.63431 —1.2758
0.10 161.0 0.0079 0.990 -31.073 —0.06459 —3.16543 —2.08922
0.19 161.0 0.0079 0.990 -31.073 —0.06459 —5.95619 —3.12482
0.31 157.0 0.0090 0.940 —30.301 —0.39766 —9.66769 —3.97879
0.49 7.5 0.7983 0.046 —1.4475 —19.7886 —10.8015 —4.45338
0.60 3.0 0.9138 0.039 —-0.579 —20.8495 —8.68721 —4.32526
0.69 1.0 0.9704 0.035 —-0.193 —21.545 —6.81212 —3.97879
0.80 —4.3 1.1378 0.032 0.8299 —22.1209 —3.76026 —3.21595

With n = 2 eg/mole, F = 96,500 J/V/eq, R = 8.314 J/mole/K, T = 773 K and
E the voltage readings. Substituting the constant terms in the previous equation:

ac, = exp(—30.031E)

The results for the calculated activities of calcium are shown in Table 4.8, along
with the activity of magnesium (provided). These activities are plotted together and
compared to the activities of these metals if Raoultian behavior were exhibited. See
Fig. 4.22a.

Since the activity of both calcium and magnesium are known, we can compute
the partial molar Gibbs free energy of each element according to Eq. (4.22):

Results are shown in Fig. 4.22b. Once we have the partial molar Gibbs free
energies, we can compute the partial molar Gibbs free energy of the mixture
according to Eq. (4.45):

AEmix = xCaAECa + ngAEMg (445)

Finally, the Gibbs free energy of mixing was calculated following Eq. (4.54):

AGY = RT (xca In(xca) +xmg In (xng) ) (4.54)

Figure 4.22c compares the Gibbs free energy of ideal mixing with that of the

nonideal solution.

Results for the calculated activities and Gibbs free energies are shown in
Table 4.8.
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Fig. 4.22 a Computed activities (ideal and nonideal) of Ca and Mg at 773 K; b Partial molar
Gibbs free energy of Ca and Mg at 773 K; ¢ Gibbs free energy of mixing (ideal and nonideal) in
the Ca—Mg alloy at 773 K

Part (d) Considerable amounts of magnesium are produced by molten salt
electrolysis. The salts used for electrolysis contain NaCl; this results in mag-
nesium bearing sodium with typical concentrations lying between 2 and
200 ppm (parts per million). Because of these extreme low concentrations,
reliable determination of the activity of sodium becomes an issue.

Determine if sodium—magnesium mixtures with high Mg contents obey Henry’s
Law. If so, determine the value of Henry’s constant fore sodium (y°na,), if the

electrolysis takes place at 735 °C.

The following data is available:

MgCl, = Mg + Cly;
AG® = 618604.4 4+ 56.819T log(T) — 304.5T J/mole
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NaCl = Na+0.5 - Cly; 2)
AG°® = 478231.2 — 149.8 T J/mole

Also experimental data from Rosenkilde et al.” is available:

ANa ANaCl AameCI2
3.40 x 1077 0 1
1.80 x 1077 0.024 0.757
4.80 x 1077 0.089 0.427
4.00 x 1076 0.477 0.05
930 x 10°° 0.693 0.016
137 x 107° 0.753 0.011
3.1 x 1077 0 1

1.9 x 1077 0.024 0.757
3.7 x 1077 0.089 0.427
1.5 x 10°¢ 0.289 0.128
3.9 x 1076 0.477 0.05
6.6 x 10°° 0.693 0.016
92 x 107° 0.753 0.011
Solution

We need to combine reactions (1) and (2) to obtain the equilibrium between
magnesium sodium and their respective chlorides. To do so, we must multiply
reaction (2) by two and subtract Eq. (1) from the modified reaction (2):

2NaCl =2Na+Cl, AG®° =2[478231.2 — 149.87)
Cl, + Mg = MgCl, AG° = —618604.4 —56.819T log(T) + 304.5T

This results in:

2NaCl + Mg = 2Na + MgCl, 3
AG® = 337858 — 56.819T log(T) +4.9T

At the test temperature of 735 °C (1008 K), the Gibbs free energy of formation
is:

AG°® = 170778 /mole

On the other hand, we can relate this Gibbs free energy of formation to the
equilibrium constant by using Eq. (1.38):

SRosenkilde C., Arnesen L.H., Wallevik O., J. Phase Equilibria. 21(6), 2000, 521-527.


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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AG° = —RT In(K)
Solving for the equilibrium constant K results in:

AGO} { 170778

K = _ | = B ————
CXP[ “*P| 78314 x 1008

] =1.41x107°
RT

According to reaction (3), the equilibrium constant can be expressed as:

2
aN, AMmgCl
K: Na gLl

2
ANac1 AMg

Since the concentration of sodium in magnesium is very low, we can assume that
the activity of magnesium is fixed at one. Substituting Rosenkilde’s data, we can
compute the activity of sodium:

2 2
_ KX age X avg K X ago
AaNa = =
AameCl, amgCl,
Plotting the activity of sodium versus the molar fraction of this component yields
the following graph (Fig. 4.23).
As seen in this figure, the activity of sodium may be represented by a straight
line at very low concentrations, therefore, sodium forms solutions (low Na con-

tents) with magnesium that follow Henry’s law. The Henrian activity coefficient of
sodium in magnesium is 0.041.

Example 5 Regular solutions
Part (a) The enthalpies of mixing in various Cd-Zn alloys were measured at
800 K. Such measurements are shown next:

Fig. 4.23 Activity of sodium 10° F—— T
in diluted Na—Mg mixtures at E ’ 3
735 °C [ 1ox.=0.041 OBO
’
i NP g
E i ]
[ 2
7 1054 . '
= s b
; i
7’
+ s -
'
106 _E— ,,O _E
E ’ 3
107 S s EEE———
10°® 107 104 10 104
X

Na
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Xzn 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
AH ik 774 1372 1761 2008 2092 2025 1799 1397 803
(J/mole)

i. Plot the concentration dependence of the integral heat of mixing of these
alloys and by the method of tangents determine the partial molar heats for each
component.

ii. Find acq4 for each composition

iii. Do these solutions exhibit a regular behavior?

Solution
Part (i), plotting the data gives the following figure.

Repeating the procedure described in example 1 part a, the following enthalpies
of mixing were found from Fig. 4.24.

The last column of Table 4.9 is in good agreement with the data provided. The
little variations between the computed AH,,;, and that gives is attributed to the
reading from the plot in Fig. 4.24.

For part (ii)

Since the partial molar enthalpy of mixing of cadmium is known and by
assuming regular behavior in the Cd-Zn alloys, the activity of cadmium can be
calculated from Eq. (4.80) since for a regular solution the enthalpy of mixing equals
to the Gibbs free energy of mixing, thus:

Fig. 4.24 Enthalpy of 9000
mixing in Cd—Zn alloys at
800 K a—

5000 +

4000 +

3000 +

AH,, [V/mole|
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Table 4.9 Molar partial
enthalpies of zinc and
cadmium and mixing
enthalpy in the Zn—Cd system
at 800 K

X7Zn Hz,, (J/mole)
0 8750
0.1 6000
0.2 4800
0.3 3760
04 3150
0.5 2200
0.6 1440
0.7 900
0.8 500
0.9 200
1 0
Tcd = CXP[ RT

Xcd

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Hcq (J/mole)

200

510

905
1250
2000
2900
3900
5050
6300
8000

Hpix
(J/mole)
0

780
1368
1761.5
2010
2100
2024
1800
1410
810

0

145

(4.80)

Once the activity coefficient of cadmium is calculated, its activity can be esti-
mated by multiplying this coefficient by the molar fraction of Cd in the solution.
To verify the assumption of the regular solution behavior, we need to compute
the interaction parameter Q as indicated by Eq. (4.79):

RT 1
Q— NYcq

(1 — xCd)z

Results of these calculations are shown in Table 4.10.

Table 4.10 Interaction
parameter (Q2) in Zn—Cd
alloys at 800 K

Xcd

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Ycd

1.00
1.03
1.08
1.15
1.21
1.35
1.55
1.80
2.14
2.58
3.33

Aacd

1.00
0.93
0.86
0.80
0.72
0.68
0.62
0.54
0.43
0.26
0.00

(4.79)

Q

20000.00
12750.00
10055.56
7812.50
8000.00
8055.56
7959.18
7890.63
7777.78
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From the table, it can be seen that the Q parameter exhibits some variation
especially at high Cd contents, however, up to xcq = 0.6, the interaction parameter
shows little variability, thus we can affirm that the Cd—Zn solutions have regular
conduct.

Part (b) For an AgCIl-KCl liquid solution, the activity of silver chloride is
0.409 at the equimolar composition and 800 °C. It was also found that the
molar partial enthalpy of mixing of this chloride is —1793 J. This quantity is
independent of temperature. Calculate the activity of silver chloride at the
equimolar composition but at 1000 °C.

Solution

Since there is a value for the partial molar enthalpy of mixing for the silver chloride,
we can assume a regular behavior for the AgCl-KCI mixture; then to solve this
problem, we can use Eq. (4.75a) to first calculate the activity coefficient of the
chloride and then its activity:

AH pgc1 = RT I (Y pgc1)

AﬁAgCl) (4753)

Yagcl = exp( RT

Substituting values:

ool 1793
Tagar = &P\ — g3 4« (1000 +273)

) = 0.8442

With this coefficient, we now can calculate the activity of silver chloride:
dagCl = YAgCIXAgCl =0.8842 x 0.5 =0.422

At 1000 °C, the activity of silver chloride in an equimolar AgCIl-KCl solution is
0.422.

Part (c) A and B form regular solutions with an interaction parameter of
—4184 J. What is the activity of component A at 1000 K in an equimolar
mixture.

Solution
From Eq. 4.79, we can calculate the activity coefficient of A and then its activity:
_ RTIn(y,) _ RT In(y,)

Q
XZB (1 —)CA)Z

Substituting values and solving for y4:
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C(1-x)’Q  (0.5)7(4184)
In(va) =7 — = “%314(1000) = 1?8

v, = 0.88

And the activity of A is then:
ax = Yaxa = 0.88(0.5) = 0.44

Part (d) Gold-copper solutions are regular at 500 °C. At such temperature
the enthalpy of mixing is given below.

XCu AH i (J/mole)
0.1 —1402
0.2 —2740
0.3 —3807
04 —4686
0.5 —5146
0.6 —5188
0.7 —4728
0.8 —3598
Find:

i. AHc, and AHy, at xc, = 0.3
ii. AGmix at xgy = 0.3

Solution
We need to plot the data given, and graphically determine the partial molar
enthalpies of mixing for gold and copper (part (i)); this is illustrated in Fig. 4.25.

For part (i), to calculate Gibbs free energy of mixing, we need to apply
Eq. (4.82):

A(;mix = AI_Imix - TASmix (482)

The enthalpy of mixing at the composition is already given (—3807 J/mole).
Assuming regular behavior, the entropy term should be calculated using Eq. (4.77),
thus, substituting values in (4.82), we have:

AGpix = —3807 — 773(—8.314(0.3 In0.3+ 0.7 In0.7))
J
mole

AGpix = —3807 — 3926 = —7733
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Fig. 4.25 enthalpy of 0
mixing in the Au—Cu system e AH,,=-850 J/mole
at 500 °C 2000 +

-4000 +

AH,;, [J/mole]

-10000 ¢

-12000 + t + t y t t +
0 01 02 03 04 05 06 07 08 09 1
XCu

The Gibbs free energy of mixing at xc, = 0.3 is —7733 J/mole.
Part (e¢) The activities and heats of solution are reported for PbO-SiO,
binary mixtures at 1200 °C.

)CSio2 appo aSioz AHpbO (kJ/mole) Alfsio2 (kJ/mole)
0.1 0.85 0.0068 —-0.42 —45.2

0.2 0.66 0.031 -1.7 —41.8

0.3 0.45 0.095 -9.6 —18.8

0.4 0.27 0.25 —-18.0 —2.93

0.5 0.14 0.55 -23.0 4.20

0.6 0.079 0.88 -25.1 6.30

i. Construct the heat of formation curve for one mole of mixture
ii. Construct the integral free energy curve
iii. Construct the integral AS curve
iv. What are the values of AGpyo, AHppo, ASpro, and ap,o for a solution in which
Xppo = 0.53

Solution

To solve part (i), we need to calculate the activity coefficients of lead oxide and
silicon oxide by using Eq. (4.57). Once these coefficients are known, their
respective values are inserted in Eq. (4.78) to determine the enthalpy of mixing at
1473 K (1200 °C) as the silicon oxide contents increases. The resulting plot is
shown in Fig. 4.26.

Additionally, in part (ii), to compute the Gibbs free energy of mixing, we must
insert the activities (given data) of both oxides into Eq. (4.76) at 1473 K; results of
this operation are also plotted in Fig. 4.26.
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Fig. 4.26 Gibbs free energy and enthalpy of mixing at 1200 °C in the PbO-SiO, system

T=1200 °C
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Fig. 4.27 Entropy of mixing at 1200 °C in the PbO-SiO, system

Similarly, to determine the entropy of mixing (part iii), we need to substitute the
molar fractions provided in the data (determine xppo from xsio,), into Eq. (4.77) at
1473 K. Results are shown in Fig. 4.27.

To solve part (iv) we need to read directly the values of the quantities referred in
the problem at the ordinate axis when xsio, is O (pure PbO), either in Fig. 4.26 or
4.27. Form these plots we have:
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Table 4.11 computed values for the Gibbs free energy, the enthalpy and the entropy of mixing in
the PbO-SiO, system at 1200 °C

XSi0, apbo asio, PO Vsio2 Gmix Hinix Smix
(J/mole) (J/mole) (J/mole/K)

0.1 0.85 0.0068  0.944  0.068 —7903.30 —3922.16 2.70

0.2 0.66 0.031 0825 0.155 | —12579.21 —6451.02 4.16

0.3 0.45 0.095 0.643 0317 | —15493.31 —8012.34 5.08

0.4 0.27 0.25 0.450  0.625 —16411.78 —8169.73 5.60

0.5 0.14 0.55 0.280 1.100 | —15699.73 —7211.09 5.76

0.6 0.079  0.88 0.198 1.467 | —13373.48 —5131.43 5.60

Quantity Value

AHpyo —12,500 J/mole
AGpro —20,750 J/mole
ASpbo 5.2 J/mole/K
apbo 0.184

The activity of PbO was calculated using the Gibbs free energy of the oxide by
means of Eq. (4.22). Table 4.11 summarizes the results plotted in the previous two
figures.

Part (f) For a binary regular solution, Gibbs free energy of mixing is
expressed as:

AGpix = Qxaxp + RT(xa Inxa +xp Inxg)

The first term in the previous equation is related to the enthalpy of mixing,
whereas the second term relates to the entropy. Determine the effect of the inter-
action parameter ({2) on the Gibbs free energy of mixing and that of the entropy of
mixing.

Solution

To solve this problem, first we need to fix the temperature (entropy term) and vary
the interaction parameter. Second, we need to fix the interaction parameter and vary
the temperature. This is shown in the Fig. 4.28.

Example 6 Application of Sievert’s Law
It was found the following solubilities of oxygen in liquid silver (100 g) at
962 °C:

Po, (atm) 0.58 1.00 132 1.58
20,/100 g Ag 0.232 0.305 0.35 0.383
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Fig. 4.28 Effect of the interaction parameter, and that of the ideal entropy on the Gibbs free

energy of mixing in regular solutions

Fig. 4.29 Solubility of
oxygen in silver at 962 °C

0.4
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1.0

1.1

(P02)0.5 [atmO.SI

1.2 1.3

Show that the data fits Sievert’s Law. Calculate how much oxygen silver absorbs

at the test temperature from ambient air.

Solution

To solve this problem, we need to plot the data given; in this case the oxygen
content must be plotted against the square root of the partial pressure of oxygen.

Form the graph in Fig. 4.29, the slope of the resulting line is 0.305. The oxygen
content in the air is 0.21 atm and its square root is 0.458 atm®>. Substitution of this
value in the equation found from the data results in that the oxygen tat silver can
pick up from atmospheric air is 0.14 g O,/100 g Ag.
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Example 7 Application of Gibbs—Duhem equation
Part (a) It has been found that the activity coefficient of zinc in Zn-Cd alloys
at 435 °C can be represented by the equation:

Iny,, = 0.87(1 — xz4)*—0.30(1 — xz,)*

Find an expression for the activity coefficient of cadmium, and calculate the
activity of this metal in 30 and 50 molar% Cd alloys at 435 °C.

Solution
We need to use Gibbs—Duhem Eq. (4.86) to solve this problem. Such equation
takes the following form:

.xcdd In ’ch erznd In 'an =0 (1)

Solving for the logarithm of cadmium activity coefficient:
XZn
dInyey = ———d Inyyg, (2)
Xcd

To obtain the activity coefficient of cadmium in (2), we need to take the dif-
ferential of Inyz,:

In7y,, = 0.87(1 — xz20)*—0.30(1 — xz,)°
dInyy, = d[0.87(1 — xz1)>—0.30(1 — xz,ﬂ
d Iny,, = 0.87d(1 — x2,)*—0.30d(1 — x2,)°
dInyy, =2 x 0.87(1 — xz)(—dxz,) — 3 x 0.30(1 — xz4)*(—dxzn)
dIny,, = —1.74(1 — xz,)(dxzs) +0.90(1 — xz,)* (dxzn) (3)

Inserting (3) into (2):

dinyey = — % [_1.74(1 — xzn)dxzy +0.9(1 — sz)zden}

dnyey = —+ Xzn {_1.74(1 — xn)dizn +0.9(1 —sz)zdsz}

— XZn
dIn Ycd = _xZn[_1-74den + 09(1 — xzn)den]
dIn Yed = —xZn[—1.74den 4+ 0.9dxz, — O.9x2ndx2n]
dIn Ycd = —.XZH[—O.84den — O.9xanxZn]

dlnyey = [0.84xzydxzy + 0.9x7,dxz) (4)
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To obtain the expression for the activity coefficient of cadmium we need to
integrate equation (E7.4), to do so, we need to use the following limits to perform
the integration: @ xcq = 1, x7, =0, Ycqg = 1, and @ xcq = Xcg, Xzn = (1 — Xcq),
Yca = Yca-

Ycd l—xcq
/ dlnyey = / [0.84x7,dxz, + 0.9x7, dxz,

1 0
1 —Xcd

0.84 0.9
Inyeq|{®= [2)(%1 + 3)‘%1}

0
Thus the logarithm of the activity coefficient of cadmium is:
Inyey = 0.42(1 — xcq)* +0.3(1 — xcq)® (5)

To find the activity of cadmium at 0.3 and 0.5 mol fraction; we need to sub-
stitute these values into (5) to first calculate the respective activity coefficients and

then the activities:

Xcd Yca dcd
0.3 1.3617 0.408
0.5 1.1532 0.577

Part (b) Data for Cr-Ti alloys were collected at 1250 °C:

Xcr 0.090 0.190 0.270 0.370 0.470 0.670 0.780 0.890
acy 0.302 0.532 0.660 0.778 0.800 0.863 0.863 0.906

Determine the activity of titanium in a Cr-Ti solution containing 60 mol% Ti.

Solution
To solve this problem, we need to use Gibbs—Duhem equation:

xcrdInac, + xd In agy

XTi X, XTi
. — — 2C
{dlnaT1 = -5 ]f dlnac,

This last should be integrated at xt; = 0.6 (xc, = 0.4). The integration should be
performed graphically after plotting xc/xt; versus —In (ac,); such plot is shown in
Fig. 4.30.
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Fig. 4.30 Plot of x¢/x1; versus —In(ac,) to determine the activity of titanium at x; = 0.6 (inserr)

As seen in the insert of Fig. 4.30 the area to integrate is defined between
Xcdxr = 0.4/0.6 = 0.667, and xc/xt; = 0. Such area equals -0.2546, thus In
(atj) = —0.2546 and the activity of titanium becomes 0.775.



Introduction

In the last chapter, interactions between components forming mixtures were
discussed. As more constituents were added to the system, the equations describing
the thermodynamic quantities become more complex. However, it was shown in the
examples section that graphical representation of such equations is very useful in
determining those quantities.

In this chapter, we will be discussing how these graphic representations can be
utilized to perform rapid calculations and what is meant of them in a very practical
manner.

Equilibrium Among Phases and Compounds

When several substances (compounds and elements) are mixed together, several
reactions may take place and consequently, the overall chemical composition of the
mixture will change with time, until no more chemical changes occur. At this point
the system is said to be in equilibrium.

This seems to be an ideal situation, however for metallurgical systems;
chemical reactions at high temperatures take place fairly quickly so the chemical
composition of the system under study may approach the equilibrium condition. By
knowing the equilibrium condition, it is possible to evaluate different processes
and determine if further improvements in terms of selectivity and recovery are
possible.

To determine the equilibrium condition, it is clear from our previous
discussions that the key thermodynamic quantity to do so is the Gibbs free energy.
The manner in which we may determine this quantity depends on the situation we
are in

© Springer International Publishing AG 2017 155
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o Standard Gibbs free energies from constituents in solutions: AG° = Xx;u°(T)
e From absolute entropies and enthalpies of formation: AG® = AH°—TAS®
e From electrode potentials: AG® = —nFE°

Once the Gibbs free energy has been determined, the equilibrium constant
associated to the transformation under study is also determined. Such constant is
calculated from compositions based on activity ratios. Depending on the system, the
activity of the components may take different expressions, for example, consider the
general reaction

aA +bB = cC+dD (5.1)

The equilibrium constant for reaction (5.1) is

c d
_ A4cap

— (5.2)

axag

For many specific situations in metallurgy, one or several of the following
relations may apply:

The activity coefficient (y) depends both on temperature and composition.
Values for this coefficient are available for several systems. Also, it has been
observed that systems with strong chemical interactions exhibit activity coefficients
with very low values (0.001 and below). Elements and compounds that have little
mixing capacity (form immiscible phases), show very large values for their activity
coefficients (y; > 300). (Table 5.1).

Consequently, since there is a direct relationship between the activity, the
equilibrium constant and the Gibbs free energy, it is expected that for a given
system, the equilibrium constant varies as temperature does. Take for example the
following equilibrium:

H, +CO, = H,0+CO
_ PcoPuyo (53)

" Pco,Pu,

Data on the value of both the equilibrium constant and the associated Gibbs free
energy for reaction (5.3) are shown in Table 5.2

Table 5.1 Activity of a component in relation to its occurrence

Occurrence of i Activity of i

iis a gas a; = P; (atm)

iis a pure solid or liquid compound or element a; =1

i forms an ideal solution a; = x;

i forms a non-ideal solution a; = viX;

i forms an ideal aqueous solution a; = ¢; (moles of i/l = molarity of i)

i forms a non-ideal dilute solution a; = fi(%wt;)



Equilibrium Among Phases and Compounds 157

Table 5.2 Temperature effect on Gibbs free energy and equilibrium constant for reaction (5.3)

T AG° Log(K)
[°C] [kJ/mole]

0.000 29.656 —5.672
250.000 19.523 —1.949
500.000 10.387 -0.702
750.000 2.092 -0.107
1000.000 —5.576 0.229
1250.000 —12.790 0.439
1500.000 —19.672 0.580
1750.000 —26.300 0.679
2000.000 —32.728 0.752

40 2

AG® [kJ/mole]
01 8op

Temperature [°C]

Fig. 5.1 Variation of Gibbs free energy and the equilibrium constant with temperature for
reaction (5.3)

From the data in Table 5.2, it is evident that as temperature increases to 1000 °C,
reaction (5.3) proceeds from right to left (AG° < 0). Below such temperature, it
proceeds from left to right (AG° > 0). This is better illustrated in Fig. 5.1:

In view of this example, it seems quite helpful to express thermodynamic data
graphically; this would assist in making fast accurate calculations.

Ellingham Diagrams

In Chap. 1 it was shown that the standard Gibbs free energy for a reaction may be
given by Eq. (1.22):


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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Fig. 5.2 Schematics of an ‘
Ellingham diagram 0K
(+)
_ T [°C /K]
<= < >
g phase change ,"’
=
(o]
&
<
slope = -AS°
AG® = AH® — TAS® (1.22)

A second look to Eq. (1.22) suggests a linear relationship between Gibbs free
energy and the temperature, where the slope is defined by the entropy term (AS°)
and the intercept with Gibbs free energy is AH®. Plots of Gibbs free energy versus
temperature are called Ellingham diagrams. A sketch of such diagram is shown in
Fig. 5.2:

Each plot in an Ellingham diagram represents a specific reaction, thus it is
possible to compare different reactions if Gibbs free energy lines corresponding to
similar reactions are plotted together. For example, consider that you want to know
the relative stability of various oxides. To be able to plot those oxidation reactions,
first every reaction must be related to a mole of oxygen consumed, thus the general
relationship can be written

2
2§Me +0y = Me.0, (5.4)

The equilibrium constant for this reaction is

2

g
K = f*of (5.5)
aMepoz

The system described by reaction (5.4) is comprised by two components (Me
and O,) and three phases (Me, O, and Me,0O,); thus applying the rule of phases to
this systems it results in F = 1, which means that at equilibrium only one variable
can be allowed to vary freely. If we consider that the temperature is fixed and that
the pure metal is oxidized to form a pure oxide, then the activity of these substances
is one; therefore at equilibrium, the standard Gibbs free energy of metal oxidation
only depends on the partial pressure of oxygen:
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AG®° = —RT InK = RT InPg, = 2.303RT log Po,

The quantity RT In Pq, is called “oxygen potential”.

Important Features of Ellingham Diagrams

For a given reaction line on the diagram, Me and Me,O,, coexist in equilibrium with
oxygen (at the equilibrium oxygen pressure) at a particular temperature. Below the
equilibrium line, at lower oxygen pressures, Me exists, whereas above the line at
higher oxygen contents (pressure), only Me,O, exists. The equilibrium oxygen
pressure can be found by extrapolating a straight line that goes from point O at 0 K
(=273 °C) through the intersection of the Me/Me,O,, line with the temperature of
interest, until it reaches the Po, scale on the right side of the diagram (Fig. 5.3).
In metallurgy reduction—oxidation reactions are quite common, since in order to
obtain a pure metal, oxides must be reduced, to accomplish this gaseous reducing
agents such as CO and H, gases are frequently used. Thus it is possible to determine

O
~
%
i
3, 0 Equilibriam CO/CO, ratio
for metal = metal oxide
system @ T=T,
Equilibrium H./H,0 ratio
far metal = metal oxide
g system @ T=T,
—
=
=
24
]
<
< "~
frage
.x‘\\
Equilibrium oxvgen partial
pressure of metal = metal
oxide system @ T=T,
T:T'.
0K Temperature [K]
CO/CO,
H,/H,0
P(:JZ

Fig. 5.3 Estimation of the equilibrium pressure of oxygen and the CO/CO, and H,/H,O ratios in
equilibrium with a metal/metal oxide pair (schematic representation)
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the CO/CO, and H,/H,O ratios in equilibrium with a metal/metal oxide pair, by
reading them directly in the Ellingham diagram. Similar to finding the equilibrium
oxygen pressure, the CO/CO, ratio is obtained by drawing a straight line from point
C on the left axis, through the point on the Me/Me,O,, line at the temperature of
interest, and to the CO/CO, ratio scale on the right side of the diagram (Fig. 5.3).
This scale is calculated from

2C0O + 0, = 2CO,
2
AG® = —RT In (PC#>

Péopoz

(5.7)

2
RT In(Po,) = AG® +RT In (1;)
CcO

The H,/H,0 is obtained in similar fashion as the CO/CO, one. The starting point
to read this ratio is point H in the left side of the diagram (Fig. 5.3). The scale of the
H,/H,0 ratio is calculated from

2H, + O, = 2H,0
2
AG® = —RT ln< Pio >

(5.8)

RT In(Po,) = AG®° +RT In ( ;;20>

In terms of thermal stability, most oxides are thermodynamically very stable.
Only noble metals silver, gold, copper, and the platinum group metals are found in
the native state. However, as temperature is raised, all oxides become less stable
and at sufficient high temperature they all decompose. This is due to an entropy
increase upon the decomposition into a metal and oxygen gas.

The trend of stability is from noble metals, through transition metals (iron to
tungsten), to the light reactive metals (Ti, Al, Mg). In Ellingham diagrams, this can
be seen by the relative position of the reaction lines. The most stable oxides are at
the bottom of the diagram, while the least stable oxides are found at the upper
part. If a metal located at the upper part of the diagram is in contact with metal
oxides located at the bottom of the chart, no reactions will take place; however, if a
reactive metal is in contact with an oxide of a more noble metal, an exchange
reaction will occur and the reactive metal will react with the less stable oxide.

In spite of not displaying the effect of activity changes in the equilibrium con-
stant, they can be evaluated; consider the equilibrium

2Fe + 0, = 2FeO (5.9)

The Gibbs free energy change associated to reaction (5.9) is



Ellingham Diagrams 161

2
AG® = —RT In (ZF—eO> (5.10)
ag.Po,

If pure iron is oxidized, its activity is one, and thus from Eq. (5.10), the partial
pressure of oxygen in equilibrium with iron and its oxide is

RT In(Po,) = AG° + 2RT In(ageo) (5.11)

If pure iron oxide results from the oxidation process, then the activity of the
oxide is one, and the partial pressure of oxygen is

RT In(Po,) = AG® (5.11a)

If for some reason not pure iron oxide results from the oxidation reaction, and
say its activity takes a value of 0.1, the partial pressure of oxygen under these
conditions is

RT In(Po,) = AG® +2RT In(0.1) (5.11b)

Since the equilibrium constant is fixed at a given temperature, the effect of
decreasing the activity of iron oxide results in a decrease of the partial pressure of
oxygen to keep the K value constant. Such decrease is represented by the term RT
In(0.1) in Eq. (5.11b). Physically this means that if the activity of an oxide is less
than unity, it becomes more difficult to reduce it to a metal. In an alloy, a metal with
low activity becomes more difficult to oxidize and higher oxygen potentials are
required. This is illustrated in Fig. 5.4.

Of interest is the reduction of oxides with carbon; two possible reactions can
occur between carbon and oxygen, these are

C+0, =C0O, (5.12a)
2C+0, =2CO (5.12b)
Also carbon monoxide can be oxidized with oxygen to form carbon dioxide
2CO 4+ 0, =2C0O, (5.13)
From these reactions, it has been observed

Temperature has little effect on the thermal stability of CO,

Increasing the temperature results in increasing the stability of CO

At 1000 K CO and CO, are formed in equal proportions

When CO is cooled to low temperatures it decomposes into O, and CO,
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AG°=RTIn (K)

0K Temperature [K]

P( )2

Fig. 5.4 Effect of reducing activities on the equilibrium pressure of oxygen

Effect of Entropy Changes

As indicated in Eq. (1.22), the Gibbs free energy depends on the entropy and this
quantity represents the slope in a AG® versus T line. Therefore, at any phase
transformation, the Gibbs free energy line exhibits slope changes due to the cor-
responding entropy change upon the transformation taking place. To illustrate this,
Fig. 5.5 shows the Gibbs free energy lines for the oxidation of liquid and gaseous
potassium at the boiling point of this metal, the lines coexist below the boiling
temperature the liquid is more stable and has lower values for Gibbs free energy,
whereas at temperatures above the boiling point, the gaseous phase is the stable one.

The entropy change is largely determined by the number of gas molecules that
are consumed or produced. In the solid state, if two solids react to produce another
solid, the net entropy change is practically zero, the same goes for a solid—gas
reaction in which a single gaseous product is obtained. However, when it comes to
gaseous reactions, the net entropy change becomes important; consider reaction
(5.13), there are 3 mol (2 mol of CO and 1 mol of O,) on the left side of the
equation; on the right side there are two moles of CO,. The net molar balance is

—1 mol, consequently the entropy change is negative, thus % is positive.
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Fig. 5.5 Gibbs free energy lines for the oxidation of liquid and gaseous potassium. At the boiling
point there is a sharp change in the slope of the line due to the entropy change
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Fig. 5.6 Comparison of the Gibbs free energy of formation of several metal compounds at
1000 K

It is also important to note that Ellingham can be constructed for sulfides,

chlorides, fluorides, etc.
Based on this, it is possible to compare the relative stability of metal oxides,
sulfides, etc. To do so, the Gibbs free energy is expressed in terms of a mole of S,,

0,, Cl,, F,, etc. This is shown in Fig. 5.6.
As seen in this figure, fluorides are the most stable compounds followed by the

chlorides, oxides, and sulfides. These differences in stability allow separating the
various metals during their extraction and refining.
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Fig. 5.7 Reversible decomposition voltage of pure metal oxides, sulfides, chlorides, and fluorides
at 1000 K

The relative stability of carbon and hydrogen compounds shows that they can
only be used to reduce metal oxides. In the case of sulfides, carbon and hydrogen
sulfides are less stable than metal sulfides, therefore they cannot be used to reduce
metal sulfides to metallic. In the case of fluorides, hydrogen may be used to reduce
some metal fluorides (CuF).

Chlorides like MgCl,, cannot be reduced by hydrogen or carbon to produce Mg
metal. This also is the case for reducing aluminum oxide to metallic aluminum.
Such compounds are typically reduced by applying electrical (direct) current
(electrowinning). Similar principles apply to aqueous electro refining, where only
fairly noble metals can be deposited on a cathode. More reactive metals cannot be
reduced since hydrogen gas will be formed.

In Chap. 3 it was established the relationship between the Gibbs free energy of
formation and the voltage needed to obtain a metal, therefore we can compare the
voltages needed to decompose the different metal compounds. This is shown in Fig. 5.7:

As expected to decompose the fluorides, more voltage is needed, since as
appreciated in Fig. 5.6 these compounds exhibit the highest chemical stability. The
opposite is also true for sulfides.

Predominance Area Diagrams

Given the relative stability of compounds, the question that now arises is how these
different species interact among them? Furthermore, it is necessary to actually know
under which conditions the different equilibria relations will hold so a given
chemical species may or may not exist or coexist with different ones.
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The chemistry in metallurgical systems is quite complex and therefore it should
be explained by putting together (as much as possible) all the thermodynamic data
that shows the equilibria in Me—X-Y systems. Where Me is any metal, X is a
gaseous species such as O,, S,, SO,, CO, CO,, Cl,, F,, N,, etc., and Y is another
gas different from X, but that it can also react with Me.

It can be shown thermodynamically that, at a given temperature, the various
relationships between the solid and gaseous components at equilibrium are deter-
mined by the partial pressures of X and Y alone. Thus, if X and Y are chosen as
process variables, bivariant equilibria can be represented by reactions such as'?

2Me + X, = 2MeX
Me +YX, = MeY + X,
2MeY + 3X, = 2MeX + 2YX,

(a
(b
(c
2MeX + 2YX2 +X2 = 2M€YX4 (d
(
(

(5.14)

MeY +2X, = MeYX, e
2Me + Y, = 2MeY f

~

For the reactions shown in expression (5.14), we should consider the activity of the
condensed phases (Me and MeX,, Y,, compounds) as unity and express their equi-
librium constants in terms of the partial pressures (equilibrium) of X, ¥, and X,, ¥,
species, thus we obtain the following expressions:

!

K =1

= @)
Ky = % (b))
P2 :
K, = % (c")
Y , (5.15)
Ky = PP (d)
K, = é (¢))
K=k

If we take the logarithm of the expressions shown in relationships (5.15), we
obtain

logK, = —log Py, (a”)

log K, = log Py, — log Pyx, (v")

log K, = 2log Pyx, — 3 log Py, (c”) (5.15a)
log K; = —(2log Pyx, + log Px,) (d") '

log K, = —2log Py, (e”)

log Ky = — log Py, (")

'Kellog H.H., Basu S.K., Trans AIME, 218, 1960, 70-81.
Rosengqvist T., Principles of extractive metallurgy 2" Ed., McGraw-Hill, New York, 1983.
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from the set of expressions shown in (5.15a) is evident the various relationships
between solid and gaseous components at equilibrium are solely determined by the
partial pressures of X and Y alone.

The relevant thermodynamic information associated to the reactions (5.14), can
be presented graphically using gas compositions at fixed temperature. This is
illustrated in Fig. 5.8

In the diagram presented in Fig. 5.8, the axes are defined by the partial pressure
of Y and X gases. Inside the diagram, different areas are formed; they are known as
predominance areas and they are identified by a chemical species made of com-
binations of Me, X, and Y.

Diagrams like this, indicate the state of equilibrium between two different gaseous
reactants and a solid chemical compound for different gaseous contents at a fixed
temperature. For example, consider point 1 in the diagram above. If the partial
pressures of X and Y are those indicated by x and y respectively, then under such partial
pressures, MeX (point 1) will be the stable solid phase in equilibrium with the gases.

Additionally, the lines in the diagram indicate gas compositions at which two solid
phases will be in equilibrium. It also can be seen in Fig. 5.8 that there are points where
three lines coincide; this means that at such points three solid phases will be in
equilibrium with the gas phase. This only happens at a very specific gas composition.

These kinds of diagrams are known as stability, predominance area or Kellogg
diagrams. They are useful in indicating how the gas phase should be controlled at a
given temperature to produce a desired metal product.

Kellogg diagrams can be constructed following the Gibbs rule of phases.
A system at a fixed temperature and made of three components (Me, X, Y) and two
phases (solid and gaseous) results in three degrees of freedom. Of these three
degrees, one is lost since the temperature is constant. The two remaining degrees of
freedom are related to the partial pressures of X and Y components. Thus the axes of
these diagrams are related to the X and Y contents in the system.

Once the axes of the diagrams are determined, it is necessary to decide which
chemical species are going to be included in the diagram. These kinds of diagrams
are custom made and represent the equilibrium between the selected species. If any

Fig. 5.8 Schematics of a
predominance area diagram MeYX,

for th tem Me—-X-Y
or the system Me MeY

log Py,

MeX
Me

log Py
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major species are not included in the diagram, then an actual situation is not fully
represented.

To define the predominance areas within the diagram it is necessary to use the
equations shown in (5.15a). That set of equations clearly show that they represent
straight lines. Such lines when they intercept each other define phase boundaries
and also equilibrium between species. Take for example the Pb—S,-O, system at
400 °C, shown in Fig. 5.9.

Form the previous diagram; X corresponds to oxygen whereas Y corresponds to
S, gas. Once the partial pressures of these two gases define the axis of the diagram,
the different areas can be easily defined by the intersection of the equations shown
in (5.15a). For example, the Pb area is defined by the intersection of the lines
corresponding to expressions (a”) and (f”). Additionally, the phase boundary
between lead oxide and metallic lead is also defined by (f”). Similarly, (a”) defines
the phase boundary between the metal and its sulfide. Lead sulfate field is defined
by three different reactions: The oxidation of the sulfide (relation e”), the sulphi-
dation of the oxide (relation analogous to e”, not shown in 5.15a); and the reaction
between the oxide and the sulfide (relation d”).

These diagrams are particularly useful in depicting sulfide roasting operations.
As a consequence of this, it is often found predominance area diagrams in terms of
SO, and O, gases.

Thermodynamic data as presented in Ellingham diagrams indicate that by
increasing the temperature, the value of the equilibrium constant decreases; con-
sequently the equilibrium lines in Kellogg diagrams move towards the right side in
these diagrams. For a given partial pressure of oxygen, the SO, pressure sets itself;
this results in changing the relative stability of the compounds in the diagram. If a
compound is stable at low temperature, it becomes unstable at high temperature and
vice versa. This is better illustrated in Fig. 5.10.



168 5 Phase Equilibria Il

Cu—S0,- 0, system @ 300 °C Cu - 80, - O, system (@ 1000 °C
0— : 0 -
B . /./' ///
-5 cu:~,// '»“___‘\.‘_ bt -5 o /,// ///'
E ez ~
o 107 E s o 10 T
< | ‘ = ,/ /
o | — o -~ e
&~ s & asp 7 cao cu
= cuta | -11] -
= 20 cu | e = 2 // o
| /'
25 25
230 i -30
=30 225 220 -15 -10 -5 0 -30 -25 -20 -15 -10 -5 0
Iog P(u Iog PUZ

Fig. 5.10 Change in stability in phases present in the Cu—SO,-O, system as a function of
temperature

Phase Diagrams

These diagrams are the graphical representation of the collection of phases that are
present in a system under a given set of conditions of pressure, temperature, and
chemical composition. The phases in the system are under equilibrium conditions
(minimum Gibbs free energy). Similar to Kellogg diagrams, these types of diagrams
must fulfill Gibb’s phase rule.

Phase diagrams are constructed in terms of the number of components present in
a system. For example, a system made of two components is known as a binary
system. Systems with three components are called ternary, and so on.

To construct one of these diagrams, it is necessary to have information about the
system under study, i.e., it is necessary to know if the components exhibit mutual
solubility (in the solid and/or liquid states), if so, it should be considered if that
solubility is limited or unlimited; also is necessary to know under which compo-
sitional range exist miscibility, etc.

If Gibbs free energy is plotted for a solid solution of A in B versus the molar
fraction of B at a given temperature, it will result in a curve like the one shown in
Fig. 5.11

From the Gibbs free energy curve shown in Fig. 5.11, it is evident that if the
solution is formed; at any composition, the solution has lower free energy than
either pure A or B, henceforth it will be the stable state of the system at the given
temperature. At the composition (xgz) shown by the PQZ line, the free energy of the
mixture of pure A and pure B correspond to point P (see Fig. 4.4); whereas that of
the solid solution is represented by point Q. The Gibbs free energy of mixing
(AGyix) is thus represented by the PQ segment (Eq. 4.47). This happens when there
is total solubility between A and B at all compositions at a fixed temperature.


http://dx.doi.org/10.1007/978-3-319-53815-0_4
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Fig. 5.11 Gibbs free energy
in a binary AB system at a
fixed temperature

Fig. 5.12 Gibbs free energy
composition curves for a
binary system with limited
solubility in the solid state at a
fixed temperature

On the other hand, if there is limited solubility at a given temperature, then it is
expected that two solid solutions (a solution rich in A where B dissolves into A and
B solution rich in B where A dissolves into B) will be formed. The Gibbs free
energy diagram in Fig. 5.11 has to be modified to show the presence of these two
solid solutions. This is illustrated in Fig. 5.12:

At equilibrium, any composition of the alloy lying between points E and F
would consist of a mixture of the two solid solutions o and 3, whereas any alloy of
composition to the left of point E would only consist of o, and to the right of point F
will only consist of B solution.

If we now add to this analysis the presence of the liquid phase, where there is
total solubility in the liquid state and limited solubility in the solid phase, it is
necessary to add a third Gibbs free energy curve, that of the liquid solution. As the
temperature decreases from 7 (all system is liquid) to Ts, (all system is solid). As
the temperature drops, the liquid fraction constantly decreases until it disappears,
consequently, the stability of the liquid decreases in a way that its Gibbs free energy
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Fig. 5.13 Gibbs free energy curves for the A-B system as it solidifies from 7 to T
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curve moves until it is replaced by the curves of the resulting solid solutions. This is
illustrated in the sequence shown in Fig. 5.13 below.

Figure 5.13 shows the Gibbs free energy curves for the solid and liquid phases
of an eutectic (a liquid solution decomposes into two solid solutions at a fixed
temperature and composition) system at different temperatures. The Gibbs free
energy curves are also compared with the corresponding phase diagram.

Diagram (i) in Fig. 5.13 represents the phase diagram in which a liquid solution
(total solubility) decomposes at Ty (eutectic temperature) into o and B solid
solutions.

The minimum freezing temperature in the system is that of 7. Below such
temperature, the entire system is in the solid state. Above that temperature, the
liquid fraction increases as temperature does so. From this description, it is clear
that at 7' = T}, only the liquid phase exists at all compositions; therefore, the liquid
is the most stable phase; consequently, the Gibbs free energy of the liquid has a
lower value than those of the o and P solid phases; thus Gibbs free energy curve of
the liquid lies below those of the solid phases (diagram ii).

When the system’s temperature reaches 7, (just below the melting point of A
and above that of B), the o phase starts to stabilize at compositions to the left of
point C in diagram (iii). Between points C and D, a mixture of the liquid and o
phases are in equilibrium so they coexist in this composition interval. To the right
of point D, only the liquid phase exists, since it has the lower Gibbs free energy. At
this temperature (75), o phase is not stable at all.

If the temperature keeps dropping, until reaching T3, Pphase appears (diagram iv).
The Gibbs free energy curves for o and B phases pass below that of the liquid at the left
of point E and to the right of point J respectively; this means that at such composition
intervals o and [ are stable and no liquid is present. Between points E and F, a mixture
of o and liquid exist. Similarly, between H and J points, only liquid and B mixture
exists. Between points F and H, only liquid the liquid solution exists.

As temperature now reaches Ty (eutectic temperature), the Gibbs free energy
curves of both o and B phases have the same tangent than that of the liquid free
energy curve. At that particular temperature, (unique to this system) point M rep-
resents the eutectic point where o, B and the liquid coexist simultaneously. The
composition of o in the eutectic mixture is defined by point K (this point also
represents the maximum solubility of B in A in the solid state). Point N represents
the composition of B in the mixture (maximum solubility of A in B in the solid
state). Between points K and M, the alloy consists of primary o and eutectic (o + )
in equilibrium; between M and N points, primary 3 and eutectic are in equilibrium.
To the left of K and to the right of N, only o and P respectively will be the stable
phases.

Below T, at Ts, no more liquid is present at any composition; this is because the
Gibbs free energy curve of the liquid no longer intercepts the o curve or the p one.
Also the liquid curve does not have a common tangent with any of the solid phases
between points R and S (points of contact). Between points P and Q, there is a
mixture of o and B. To the left of point P only o exists; whereas to the right of Q,
there is only B.
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Calculation of Phase Diagrams

The previous discussion seems to depict phase diagrams as simply an intersections
f Gibbs free energy curves; however, this is not the case. Lots of thermodynamic
information lies behind what was described.

The key concept in drawing phase diagrams is that of the chemical potential. The
resulting Gibbs free energy curves and their corresponding intersections depend on
how the chemical potential of the different phases in the system meet at specific
points (equilibrium between phases).

Because of this, specific (invariant) reactions are found in multicomponent
systems. These reactions are

In considering the different equilibria taking place in a multicomponent system,
the Gibbs free energy of the phases in the system depends on the temperature, the
pressure and the composition as indicated in Eq. (4.27) (Table 5.3)

dG = VdP — SdT + » _ pdn; (4.27)
i=1

Additionally, for a system under equilibrium at 7 and P fixed, the chemical
potential of the species contained in the different phases contained in the system is
derived from Fig. 4.2, thus we obtain

4 = d (5.16)

Inserting (5.15) into (4.27) results in

VdP — S?dT + Z (g“' )dx“ = vPap — sPar + Z (8“’ )dx? (5.17)

i i=1 axi

Table 5.3 Invariant reactions found in multicomponent phase diagrams

Reaction Definition Graphical representation
Eutectic A liquid transforms into two solids L
L=o+ [ ——— ]
L=o+p) wtp
Eutectoid A solid transforms into two solids o Y
> — B
(Y =ao+ B) o+ B
Peritectic A liquid and a solid combine to a+L
. a L
produce another solid B
(@+L=p)
Peritectoid Two solids combine to form a third solid a+p B
@+B=7y D—=—\
Compound Two components react to form a AB,

compound of specific stoichiometry.
(Ax + By = AxBy)


http://dx.doi.org/10.1007/978-3-319-53815-0_4
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Expression (5.17) relates the temperature, the pressure, and the composition in
every phase comprising the system. Also by recognizing that when AG = 0, then
the entropy can be expressed in terms of the enthalpy (AS = AH/T) associated to
mixing. Such enthalpy term represents the heat involved in transferring a mole of
species i from phase o to phase f3; if the mixture behaves ideally, this enthalpy term
equals the latent heat of transformation from phase o to phase . After some
manipulation® of Eq. (5.17) we obtain general expressions for o and B phases to
determine the equilibrium lines in phase diagrams. Such equations are, for o phase

—p
i (x?AViu_’B) dP — i (xf‘ AH; )dT == i (x?R_;;rdsz> (5.18a)
X

i=1 i=1 i=1 i

Whereas for  phase

r r p—o r
> (x?Aviﬁw)dp - Z (x? AHT> ar = — Z (ﬁfdﬁ) (5.18b)

i=1 i=1 i=1 i

The set of Egs. (5.18) cannot be directly integrated and is not very useful beyond
showing how do temperature, pressure and composition vary simultaneously.
However, from these expressions a number of new ones can be deducted depending
on the specific type of phase diagram.

Computing phase diagrams relates to calculate phase boundaries among phases
in equilibrium. For example, consider a binary solution made of A and B com-
ponents: these components form liquid and solid solutions that behave ideally, the
chemical potential of each component associated to the solidification of the liquid
solution becomes:

i = A TAS 519

Recalling that the enthalpy change in ideal solutions is zero, Eq. (5.19) reduces
to:

A”?’Sﬂl = AS?SHI(TI' - Ti,fusion) (520)

If component B melts at a higher temperature than A, then its chemical potential
is greater than that of A and vice versa.

Then the liquidus* and solidus® lines for these kinds of diagrams can be cal-
culated using the following expression:

3Rastogi, R.P., Thermodynamics of phase equilibria and phase diagrams. Journal of chemical
education, 41 (8), 1964, 443-448.

“The temperature above which only liquid exist.
5The temperature that separates the solid phase from a solid + liquid region in a phase diagram.
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liquid 0,s—1

a; Ap;
In| Lot | = —— 5.21
n<a§°11d> RT (5.21)

Since the enthalpy of mixing is zero and also by assuming that Cpyiquia & Cpsotids
then the change in chemical potential can be approximated to the latent heat of fusion
(AHoi,fusion)-

Substituting these considerations into (5.21) results in

l'iquid AHC. . 1 1
In Cllv - _ ifusion [+ (522)
a?" : R T Ti,fusion

Both solutions (liquid and solid) are assumed ideal; then the activity of each
component in solution is equal to their respective mole fraction. Thus for compo-
nent A, we have

liquid AH® . . 1 1
x’:()hd = exp |:_ A, fusion (_ . >:| (52321)
X4 R T TA,fusion

Analogously, for component B, we obtain

liquid AHS . . 1 1
xl;()lid = exp |:_ B,fusion (_ _ >:| (523b)
Xp R T TB,fusion

To determine the solidus line, the mass balance indicates that x> + xj'd = 1.

Combining equations set (5.23) with the previous conditions results in

) AHS 1 1 . AHE ;. 1 1
xSOIldCX |:_ A fusion <_ _ >:| + xsghdex [_ B, fusion (_ _ )] -1
A P R T TAfusion B P R T TB,fusion

(5.24a)

For the liquidus line, a similar expression is obtained

VT AHY jion (11 +plidgy | AHp gion (11
! R \T Tatusion)] ~° R \T  Tgfusion
=1

(5.24b)

Equations (5.24) need to be solved for T, to obtain each of the lines. Systems
exhibiting this behavior are: Cu-Ni, Si—-Ge, NiO-MgO, among others. The Si—Ge
phase diagram is shown in Fig. 5.14:

In simple eutectic systems, where the solubility in the solid state is negligible, it
is possible to consider the activity of the solid phase as 1, and the liquidus line can
be calculated using a variation of Eq. (5.22)
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Fig. 5.14 Si—Ge phase diagram. The diagram exhibits total solubility in the liquid and in the solid
phases

- AH?: . |1 1 - -
In ailquld _ I,Rfusmn [T _ ] —In x%lquld +In y}lqmd (525)
i fusion

In the event that a regular solution forms in the liquid state, the liquidus line for
component A is given by the expression

o Q N2 AHS s 1 1
1 <1 N llqu1d) e ( llclmd> — __dAdusion (7 526
n Xp + RT W R T TA,fusion ( a)
The corresponding liquidus line for component B is
L. Q Lo 2 AH; fusi 1 l
1 ( hquld) ne (1 _ "quld) — _ _ bhusion [ 7 5.26b
\*s * RT B R T TBﬁfusion ( )

These lines (Eqs. 5.25, 5.26a, 5.26b) meet at the eutectic temperature and
composition (Tg, Xg).

Figure 5.15 shows the phase diagram of the Cu—Ag system which is represen-
tative of this type of systems:

From the previous discussion, it becomes evident that the form of phase dia-
grams with any number of components is ruled by Gibbs phase rule.

Therefore, as already shown, phase diagrams can be calculated from equations
involving Gibbs free energy of a particular between the considered phases. If
many equilibria take place in a system, then a set of Gibbs free energy equations
must develop; and to determining the corresponding phase diagram, the set of
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Fig. 5.15 Cu-Ag eutectic system

thermodynamic equations must be solved after careful assessment of all thermo-
dynamic quantities involved in describing the system under study. (Figure 5.16).

The assessment of thermodynamic values can be done after minimizing simul-
taneously the Gibbs free energy expressions.®’ This method is particularly useful in
describing systems with three or even more components. (Figure 5.17).

The expressions needed to perform the minimization of Gibbs free energy are
constructed by writing down the excess properties of phases in solution in terms of
composition and temperature. For example, consider a simple binary system; its
excess enthalpy and entropy can be represented as polynomials with the form:

HE = x,xp (ho +h(xpg — xa) +ha(xp — xA)2 + h3(xp — xA)3 +.. ) (5.27a)
Similarly, for entropy we have
SE = XAXB (S() + h] (.XB — XA) + SZ(.XB — XA)2 + S3(XB — XA)3 +.. ) (527b)

where &; and s; are empirical coefficients that are considered (for better approxi-
mation) independent of temperature.

SPelton, A.D., Thermodynamics and phase diagrams of materials, in Phase Transformations in
Materials (ed G. Kostorz), Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim, FRG, 1-73.
doi: 10.1002/352760264X.chl.

7Sangster, J., Pelton, A.D., J. Physical and Chemical Reference Data, 16 (3), 1987, 509-561.
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If the series shown in Egs. (5.27a, 5.27b) are truncated after the first term, then

GE = HE — TSE = XAXB(hO — TS())

Since the excess enthalpy of mixing equals the excess Gibbs free energy, then
this polynomial technique can be considered an extension of regular solution the-

(5.28)

ory. This approach is very satisfactory for systems exhibiting small deviations from
ideal behavior. In more complex systems, more sophisticated models are needed.



178 5 Phase Equilibria Il

For example, oxide mixtures or highly ionic systems are better described by
sub-lattice models such as that proposed by Temkin,® in which he considered that
cations and anions are evenly distributed on their respective sites regardless of their
charges; in such case, the Gibbs free energy of mixture is represented nearly
identical to that of an ideal solution.

Examples of Calculations

Example 1. Phase predomination diagram Part (a) Using the data below, construct
a phase predominance diagram for the Mg—CI-O system at 300 °C

Reactions @ T =573 K AG
[J]

1 Mg + 0.5 Ox(g) = MgO ~539667
2 Mg + Cly(g) = MgCl, —550524
3 Cly(g) + MgO = MgCl, + 0.50,(g) ~10858
4 Cly(g) + MgO, = MeCl, + Os(g) -15156
5 MgO, = MgO + 0.5 Os(g) —4298
6 Mg(ClOy4), = 30,(g) + Cly(g) + MgO, —459339
7 Mg(Cl0y), = MgCl, + 40,(g) —474495
Solution

To obtain the phase predominance diagram for the set of given equations, we need
to express the respective equilibrium constant in terms of the partial pressures of
oxygen and chlorine gas. The other species should be considered as condensed and
pure, thus their activity values 1.

After this first step, we need to express the equilibrium constants in terms of a
logarithm function; these steps are shown in the table below: (Table 5.4).

The next step in solving this problem is to plot the logarithmic expressions
shown in the table. It can be seen that every one of these expressions represents
straight lines

Once the different lines are plotted, we should mark the actual phase boundaries.
To do so, we have to join the interceptions where three equilibrium lines meet.
After this is done, we need to label the respective phase fields:

Part (b)
The Zn—S—O system at 500 °C can be represented by means of the attached
predominance area diagrams

8Temkin, M., Acta Physicochimica, 20, 1945, 411.
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Table 5.4 Eqpilibriurp . Reaction  Equilibrium Logarithmic function
constants and its logarithmic constant
form for chemical reactions in | . loxPr — —2102 K
the Me—Cl,—0, system K, = \/ITZ 0gFo, = —2log
2 K, = P; log Pcy, = —logK,
Cly
3 Ko /Po, log Pcy, = 3logPo, — log K3
37 Pq,
4 P, log Py, = logPo, — log Ky
K4 Té 2 2
5 Ks = /Po, log Po, = 2logKs
6 Kﬁ = PSOZPC]2 log PC]2 = log K6 -3 log PO2
7 K; =P¢, log Po, = jlogKy;
‘nﬁ:lll -0 -5 Phave Stabilty Disgram st 500,000 C uy!:‘l:m a0 -5 Phave Stabsliey Diagram a1 500,000 C
5 ]
= e a8
» B 0
In - .
4 0 ] o 28 » 15 11 3 L ”4 0 » » t » 1t " t] ]
g pO2g) g pOLig)

These diagrams show the same equilibria, but with different coordinate axis.
Use these diagrams to estimate the equilibrium constant for the following

reaction:
5 S, + Oy = SO,

What is the value of AG® for this reaction at 773 K?

Solution

In the Psgr—Po, diagram you have the equilibrium

Zn + SOQ

K

+ 0, = ZnSO4
1

Pso, xPo,

For reaction (1), log Pso> = 0, log Po, = —16
In the Ps,—Pg, diagram you have the equilibrium

Zn+0.5S, + 20, = ZnSOy4

K>
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For reaction (2), log Ps, = —7, logPg, = —16.
Subtracting reaction (1) from (2)

Zn+0.5S, 420, = ZnSO4 logK, = —0.5log Ps, — 2log Po,
ZnSO4 = Hg+ SO, 4+ 0, logK; = log Pso, + log Po,

0.5S;, +0, =SS0, logKs = lOgPso2 —log Po, — 0.51og Ps, (3)
From reaction (3)

logK; = log Pso, — (log Po, +0.51og Ps,)
logks =0 — (—16 — 0.5 x 7)
logK3 = 19.5

K3 — 10]9.5

AG®° = —RT InKj
AG® = —8.314 x 773 x In 1097
AG® = —289 kJ/mole

Example 2. Calculation of liquidus and solidus lines in phase diagrams Part

(a)

When mixtures of silicon and germanium are heated, melting occurs over a

range of temperatures:

© 0N A W N~

—_ =
—_ o

— = = =
AN AW N

Xsi Tstart metting [°C] Xsi Thinish melting [°C]
1 1414 1 1414
0.95 1408 0.97 1391
0.885 1395 0.9325 1366
0.85 1388 0.8925 1340
0.81 1377 0.875 1329
0.785 1369 0.7993 1281
0.765 1364 0.7625 1259
0.6975 1346 0.6875 1215
0.665 1335 0.595 1168
0.6275 1320 0.5375 1135
0.59 1307 0.43 1083
0.5525 1294 0.345 1045
0.495 1270 0.29 1027
0.4475 1250 0.2375 1005
0.385 1221 0.1575 977
0.35 1206 0.1075 962

(continued)
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Tslarl melting [OC]

1188
1157
1142
1109
1098
1074
1056
1038
1016
1001

983

972

955

938

0.057
0.015

181

Thinish meling [°C]
5 950
940
938

With the data provided, construct the corresponding phase diagram
Calculate the solidus and liquidus lines for this system (AHgsionsi = 50.2

c

= 36.9 kJ/mole)

Compare the calculated diagram with the experimental data, comment on

(continued)

N Xsi

17 0.32

18 0.2625

19 0.2325

20 0.18

21 0.165

22 0.1275

23 0.105

24 0.08

25 0.06

26 0.045

27 0.03

28 0.0225

29 0.0125

30 0

€

(ii)

kJ/mole_ A Hiiona
(iii)
your findings.

Solution

We need to plot the data provided to find the experimentally determined phase dia-
gram. The data reveals that the Ge—Si system exhibits complete solubility in both the

1500

1300 +

1100 +

Temperature [°C]

1=X,, exp

[ amg

osion Ot

R

Fig. 5.18 Comparison between experimental data and calculated one on the solidification of
Si-Ge alloys
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liquid and solid states, therefore ideal solution in each of these phases can be assumed.
Further, to calculate the corresponding solidus and liquidus lines, we need to use
Eqgs. 5.24a and 5.24b, respectively. The resulting diagram is shown in Fig. 5.18.

In the figure it can be noticed the experimental data (full symbols solidus line,
empty symbols liquidus line), along with the calculated equilibrium lines. It is clear
that the computed solidus line is in better agreement with the provided data than the
estimated liquidus line. In both cases there is good agreement between experimental
data and the calculated ones. The more pronounced deviation exhibited by the
liquid phase can be attributed to the expected higher entropy associated to the liquid
state. Such entropy term is not present in the corresponding liquidus line equation.

Part (b). The following data was found on the heating of different Ag—Cu
mixtures upon melting:

N Xcu T N Xcu T N Xcu T
[°C] [°C] [°C]

1 0 962 28 0.425 793 55 0.775 940
2 0.0175 953 29 0.4375 800 56 0.7875 947
3 0.03 947 30 0.4475 803 57 0.795 950
4 0.0575 930 31 0.46 807 58 0.805 957
5 0.07 923 32 0.4675 810 59 0.815 963
6 0.1 907 33 0.475 813 60 0.8225 967
7 0.115 900 34 0.4975 820 61 0.835 977
8 0.1425 887 35 0.51 823 62 0.85 987
9 0.16 877 36 0.5175 827 63 0.865 993
10 0.1875 863 37 0.53 830 64 0.8825 1003
11 0.205 857 38 0.5425 833 65 0.8925 1010
12 0.2275 847 39 0.5525 837 66 0.9025 1017
13 0.235 843 40 0.585 850 67 0.915 1027
14 0.2575 837 41 0.595 853 68 0.9225 1033
15 0.275 830 42 0.6025 857 69 0.9375 1043
16 0.285 827 43 0.6175 860 70 0.9525 1057
17 0.295 823 44 0.63 867 71 0.9675 1063
18 0.3075 817 45 0.6475 873 72 0.97 1067
19 0.3175 813 46 0.66 880 73 0.9775 1072
20 0.33 810 47 0.6775 890 74 0.9825 1077
21 0.35 803 48 0.6925 897 75 0.9875 1080
22 0.36 800 49 0.705 903 76 0.9925 1083
23 0.3725 793 50 0.715 910 77 1 1084
24 0.3825 790 51 0.725 917

25 0.3925 787 52 0.74 923

26 0.4 780 53 0.75 927

27 0.41 790 54 0.7625 933
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Independently, Hultgren et al. published the following activity data for liquid
Ag—Cu alloys at 1400 K (1127 °C).

XAg AAg YAg Xcu Acu Ycu

1 1.000 1.000 0 0.000 0.000
0.9 0918 1.020 0.1 0.221 2.210
0.8 0.852 1.065 0.2 0.348 1.740
0.7 0.770 1.100 0.3 0.468 1.560
0.6 0.678 1.130 0.4 0.600 1.500
0.5 0.615 1.230 0.5 0.675 1.350
0.4 0.552 1.380 0.6 0.738 1.230
0.3 0.485 1.617 0.7 0.791 1.130
0.2 0.394 1.970 0.8 0.846 1.058
0.1 0.250 2.500 0.9 0.912 1.013
0 0.000 0.000 1 1.000 1.000

(1)  With the data provided, plot the liquidus lines corresponding to the silver and
copper components in the system
(ii) Calculate the solidus and liquidus lines for this system (AHfysion,ae = 11.3
kJ/mole sy, . = 13.1 kJ/mole) assuming no terminal solution in the solid
state and also by assuming a regular solution in the liquid (Q= 15 kJ/mole)
(iii) Compare the calculated liquidus lines with the data provided, comment on
your findings.

Solution

For part (i), simply we need to plot the data provided (temperature versus Xc,). To
determine the liquidus line assuming no solid state solutions in part (ii), we need to
use Eq. (5.25). Use the silver and copper activities provided by Hultgren et al. to
carry out the computation of the liquidus line. As indicated by (5.25) the liquidus
temperature is an implicit function, thus to find its value we need to use a numerical
approach to promptly solve the problem. In this case the bisection method with a
convergence criterion of 0.001 was used.

Comparison between the data provided and that estimated with Eq. (5.25) is
shown in Fig. 5.19. Finally, for part (iii), Eqs. (5.26a, 5.26b) were used to deter-
mine the corresponding liquidus lines. Similar to Eq. (5.25), the set of Eqgs. (5.26)
are implicit functions of 7, thus they were solved numerically as in part (ii). The
resulting lines are also plotted in Fig. 5.19.

As seen in the figure, it is clear that assuming regular solution in the liquid state
offers a better fitting in relation to experimental data than the assumption of
non-solid solutions. Regarding to the computation in part (ii), the data provided was
taken at 1127 °C, which is far higher than the actual liquidus temperature for the
different compositions therefore is expected that the activities of either copper or
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Fig. 5.19 Calculation of
liquidus lines in the Ag—Cu
system, using different models

Fig. 5.20 Ellingham
diagram for the CO, XO, YO,
and ZO species
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silver would be different when equilibrium with a minimum portion of solid within
the system. Also from the data provided, it was found that the Q parameter was of
13.5 kJ/mole. When using this value in expressions (5.26) there is considerable
departure from the experimental data. The best fitting was found when the inter-
action parameter (€2) has a value of 15 kJ/mole. (Figure 5.20) and (Fig. 5.21).

Example 3 Part (a) With the attached Ellingham diagram

Answer
@
equilibrium

(i1)
together

(iii)
(iv)

The temperature at which Ni, NiO, and oxygen at 10~'? atm are in
The temperature at which Si, SiO,, CO, and CO, (1 atm) are in equilibrium

The CO, pressure in equilibrium with that of CO in (ii)
The mean values of AH° and AS° for the reactions
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Fig. 5.21 Ellingham diagram for some oxides

a. 2Mn + O, = 2MnO
b. 4/3Al + O, = 2/3A1,03

1}
2)
3)
4)
5)
6)
7
8)
9)
10)
11)
12)
13)
14)
15)
16)

4Ag +0,=2Ag,0
4Cu+ 0,=2Cu,0
2Ni+0,=2NiO
2Co+ 0,=2C00
4/3Fe+ O, = 2/3Fe,04

2C00+0,=2C0,
3/2Fe+ 0, = 1/2Fe,0,
2H,+0,=2H,0
C+0,=2C0

2Mn + O, = 2MnO
2C+0,=2C0
Si+0,=S8i0,

Ti+ 0, =Ti0,

4/3A1+ 0, =2/3A1,0,
2Mg + 0, = 2M20
2Ca+ 0, =2Ca0

(v) Determine the AG® for the reaction: 3/2Si + Al,O3 = 2Al + 3/2Si0, at

1000 °C

(vi) Will the reaction in (v) proceed to the right or to the left?
(vii) At what temperature, if any, will the reactants and products in part (v) be in

equilibrium

(viii) By reference to the Ellingham diagram, comment on the feasibility of

a. Reducing MnO with CO
b. Reducing Al,05; with CO
c. Reducing Al,O3 with Ca

Solution Part (i)

We need to draw a line from point O in the scale at the left side of the diagram to
Pos = 1072, At the point in which this line intercepts the Ni-NiO equilibrium, we
need to draw a second line perpendicular to the temperature axis from that
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interception to the temperature axis and then directly read form the diagram the
temperature. In this case the equilibrium temperature is approximately 1075 °C
(1348 K).

Part (ii)

For this part, the temperature can be found at the intersection between lines 6 and
12. At that intersection, we need to draw a straight line from that point to the
temperature axis and read directly. In this case, the temperature is roughly 1680 °C.

Part (iii)

From part (ii) the equilibrium we are looking for is Si + 2CO, = SiO, + 2CO
(line 12-6 in the diagram). The equilibrium constant is K = (Pco/Pcon)®. The
equilibrium CO/CO; ratio in equilibrium with the reaction we are looking for can
be read from the diagram; in this case that ratio is 1072 (draw a line from point C in
the left side scale that passes through the Si—-CO,—Si0,—CO intersection and extend
it to the CO/CO, ratio scale and read directly). Since the total pressure is 1 atm,
Pco + Pcos = 1. Thus solving the following system:

2
P -

Pco +Pco, =1

This results in Pcor = 0.91 atm.

Part (iv)

Extending the Mn/MnO and Al/Al,O5 (lines 10 and 14 respectively) to the left
side scale of the diagram directly yields the mean enthalpy change (AH®). On the
other hand direct calculation of the slope of these lines gives the mean entropy term
(AS®). This results in AH im0 = —775 kJ/mole; AH® ayanoz = —1140 kJ/mole;
ASOMn/MnO =0.16 kJ/mole, ASOAI/A1203 = 0.22 kJ/mole.

Parts (v, vi & vii)

The equilibrium we are looking for is: 3/2Si + Al,O3; = 2Al + 3/2Si0,. To get
this reaction we need to combine reactions (12) and (14). The Gibbs free energy
changes for these reactions at 1000 °C are —680 kJ/mole and —850 kJ/mole,
respectively. To obtain the desired equilibrium we must multiply both reactions by
3/2 and subtract reaction (14) from reaction (12). Consequently the Gibbs free
energies values have to be multiplied by the 3/2 factor. This results in
3/2 x —680 + 3/2 x 850 = 255 kJ/mole.

The positive Gibbs free energy change indicates that the reaction would take
place to the left, this means that silicon cannot reduce aluminum oxide; however,
aluminum can reduce silicon oxide.

By examining lines 12 and 14 in the diagram, they are almost parallel over the
entire temperature interval, and also line 14 lies beneath line 12; this means that at
any temperature, aluminum is able to reduce silicon oxide; but the silicon never can
reduce aluminum oxide. This means that the products and reactants in the proposed
reaction never reach the equilibrium condition.
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Part (viii)

Manganese oxide can be reduced with CO at least at 1400 °C. Below that
temperature that is not possible, since AG° for Mn/MnO is below that of CO/CO..
Aluminum oxide can only be reduced by CO gas above 2000 °C. Finally, alu-
minum oxide can be reduced by calcium at any temperature indicated in the dia-
gram since the Gibbs free energy line of formation of CaO is always below that of
the aluminum oxide.

Part (b) The following Gibbs free energies of formation are given in kJ/mole of
oxygen.

T CcO Xo YO 70
[°C]

0 —251 0 —628 —1046
500 —342 50.2 —523 —941
1000 —439 105 —418 —837
2000 —628 -209 —628

What information can be obtained from this data set regarding to the extraction
of metals X, Y, and Z?

Solution

By plotting the data provided (DG® versus T) for each of the components shown in
the table, it results in the following diagram:

From this graph, it is clear that over the entire temperature interval, XO cannot
exist since its energy of formation is always positive, furthermore it can be reduced
by any of the other oxides. YO can only be reduced by CO above 900 °C, below
this temperature that is not possible since the Gibbs free energy line of YO lies
below that of CO under 900 °C. The same can be concluded for ZO, but for this
species, the equilibrium temperature is reached at 2000 °C.



Introduction

Up to this point, several thermodynamic functions have been developed to predict
the equilibrium position of chemical systems, especially those related to metallur-
gical processes. The examples developed throughout the manuscript represent
classical chemical thermodynamics calculations aimed at predicting the behavior of
metallurgical systems.

However, in spite of its usefulness, thermodynamics has some limitations. One
of these; relates to the inability to determine how well the energy is used in the
different metallurgical operations.

Traditionally, chemical and metallurgical systems are evaluated and/or designed
based upon mass and energy balances. This approach has been taught for many
years both in academia and in industry.

However, the constant exploitation of natural resources to produce metals (al-
loys, ceramics, etc.) at the expense of expanding the consumption of natural
resources such as fossil fuels and increasingly depleted ore bodies has led to the
reexamination of such traditional approach.

In addition to the high energy and natural resources consumption, metallurgical
processes produce considerable streams of waste materials with different degrees of
toxicity. Therefore, besides looking at maximizing metal production, it has become
imperative for engineers to reduce as possible the ecological footprint associated to
their processing units.

Recent trends in shifting towards industrial sustainability have led to optimizing
the efficiency of extraction and refining processes. However, the estimation of
process efficiency is not as simple as considering the ratio of process outputs to
process inputs.

© Springer International Publishing AG 2017 189
G. Plascencia and D. Jaramillo, Basic Thermochemistry in Materials Processing,
DOI 10.1007/978-3-319-53815-0_6
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To address this efficiency issue it is necessary to view a little further than the
results offered by mass and energy balances. It was commented that such balances
present some limitations. '~

1. Enthalpy (energy) balances are based on the First Law of Thermodynamics,
which only considers the energy as a constant, thus no energy degradation is
accounted for.

2. Heat balances do not provide information about the quality of the sensible heat
associated to a reactant stream.

3. Energy balances come in hand with mass balances; both of these balances are
solved independently and the former depends on the later. Because of this, they
do not reveal any significant information in terms of process optimization.

4. Energy balances are expressed in terms of energy units (J); whereas the mass
balances are expressed in terms of the amount of matter (kg, mole); therefore
two different dimensions are obtained after conducting these types of calcula-
tions resulting impossible to estimate a single process efficiency.

To overcome these limitations, it has been proposed to conduct exergy analysis
of metallurgical processes.

The Concept of Exergy

Exergy is a concept that is derived from the First and the Second Laws of Ther-
modynamics. Exergy overcomes the limitations of the First Law of Thermody-
namics which states that energy is conserved. On the other hand, it also uses the
concept of thermal efficiency derived from the Second Law of Thermodynamics to
indicate at what point during any process energy degrades so the process can be
improved. The relationship between energy, exergy, and entropy is illustrated in
Fig. 6.1.
A simple yet concise definition of exergy has been provided by Rickert’®

Exergy is the shaft work or electrical energy necessary to produce a material in its specified
state from materials common in the environment in a reversible way, heat being exchanged
only with the environment at temperature 7.

According to this definition, to calculate the exergy associated to a process it is
necessary to define the environment. The environment is set as temperature (7,) as
298 Kor 25 °C and pressure (P,) of 1.01325 x 10° Pa (1 atm). The exergy (B) of a

"Morris, D.R., Steward, F.R., Exergy analysis of a chemical metallurgical process. Met Trans, 15B
(4), 1984, 645-654.

®Klaasen, B., Jones, P.T., Durinck, D., Dewulf, J., Wollants, P., Blanpain, B., Exergy-based
efficiency analysis of pyrometallurgical processes. Met. Mater. Trans, 41B (6), 2010, 1205-1219.
3Rickert, L., The efficiency of energy-utilization in chemical processes, Chemical Engineering
Science, 29 (7), 1974, 1213-1620.
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Fig. 6.1 Relationship PROCESS
between energy, entropy and
exergy
ENERGY ENERGY
ENTROPY
ENTROPY
EXERGY

—»

material stream can be calculated by means of considering four distinctive exergy
contributions: kinetic exergy, potential exergy, chemical exergy, and physical
exergy. Thus the total exergy can be calculated by

B = By + B, + Beh, + Bph (6.1)

The kinetic exergy is referred to the rotation velocity of planet Earth; the
potential exergy relates to the elevation with respect of Earth’s surface at the
process location. The chemical exergy is the maximum work obtainable from the
substance at T, and P,. The physical exergy is the maximum work obtainable from
the state defined by T and P to the environmental state defined by T, and P,

For metallurgical processes, the kinetic and potential exergies can be neglected,
thus reducing expression (6.1) to

B = B¢, + Bph (6.2)

As mentioned before, to successfully use Eq. (6.2), it is necessary to define the
reference state.

Reference State

The reference state can be defined in many different ways; however, it is advan-
tageous to do so in terms of the surrounding atmospheric conditions. For physical
exergy, the most common environmental (reference state) conditions are 25 °C
(298 K) of temperature and 1 atm (101.3 kPa) of pressure. Recalling Chap. 1, the
standard state has been defined in the same manner as the reference state.


http://dx.doi.org/10.1007/978-3-319-53815-0_1
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Conveniently all thermodynamic data for chemical substances like enthalpies
and Gibbs free energy of formation are reported at this temperature and pressure.

In terms of chemical exergy, the reference state is more complicated. It has been
suggested that the reference state of a chemical substance is that in which the
substance occurs naturally in the planet. Because of this, the reference state of each
element can be chosen from a compound present either in the atmosphere, the
oceans or the Earth’s crust.

Once the reference state has been properly defined, it is now possible to calculate
both the physical and chemical exergies.

Physical Exergy and Chemical Exergy
The physical exergy of a process or a material stream can be computed by
Bpn = (H; - H;98) —To (S; - 398) (6.3)

On the other hand, the chemical exergy can be calculated as

By = AG} + > miBg, ; (6.4)
i=1

From these last equations, Hy is the standard enthalpy of reaction at temperature
T'; Hyg is the standard enthalpy of reaction at 298 K; S5 is the standard entropy of
reaction at temperature 7'; S5 is the standard entropy of reaction at 298 K; Ty is the
ambient temperature (298 K). AG? is the standard Gibbs free energy of formation of
reaction at 298 K; n; is the ith chemical element taking part in a reaction; and B, ; is
the chemical exergy of each element taking part in a reaction.

To determine the enthalpy and entropy terms in Egs. (6.3) and (6.4), we need to
use the heat capacities of the different species participating in the reactions under
study. It was indicated in Chap. 1, that heat capacities are represented as a function
of temperature, with the general form

1073
€07 pxioer (6.5)

Cp=A+Bx 10T+ T

Data for By, of chemical elements and many inorganic compounds have been
gathered and reported by Szargut et al.* Some of these values are shown in
Table 6.1.

Furthermore, in many metallurgical operations, oxygen enriched air is used to
enhance the metal refining processes while decreasing the volume of off gases
produced.

4Szargut, J., Morris, D.R., Steward, F.R., Exergy analysis of thermal, chemical, and metallurgical
processes. Hemisphere, New York, 1988.
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Increasing the relative oxygen content in the blasts used in these processes adds
an additional exergy cost, which can be computed with the equation

0 PO
Oy, enrichment = RTO In <Po 2> (66)
0,

In Eq. (6.6), Py, is the partial pressure of oxygen in ambient air (0.21 atm),
whereas Po, is the partial pressure of oxygen in the enriched blast. If no extra

o

oxygen is added to the air; then Po, is 0.21 atm, therefore Pq, o ichment 18 Z€TO.
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