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Introduction

l.1. Motivation and literature review

The improvement of industry involves the reduction of costs and
maximization of customer satisfaction. Satisfying customer demands
in a timely fashion has become difficult due to the random nature of
such demands, a problem compounded by machine failures and low
system availability. High system availability, minimal machine failure
and customer satisfaction cannot be achieved without good
management and a good knowledge of how to address problems while
making decisions. These decisions are generally associated with three
levels of hierarchical planning: strategic, tactical and operational
planning.

The allocation of resources can become necessary over long
periods of time, as purchase costs can become prohibitive.
Subcontracting and leasing have become very important for many
manufacturing enterprises because of the advantages that these
solutions can bring. Such industrial solutions are becoming
increasingly popular, for example subcontracting the workforce to
perform certain tasks (maintenance, supervision, audit, etc.) or leasing
workstations in order to produce the required quantities of products.

Several industrial constraints imposed on companies have led to
the revision of integrated maintenance production strategies. Such
strategies are adopted in order to develop and optimize new,
integrated maintenance-based production strategies, taking into
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account certain industrial constraints, such as logistics, quality,
warranties, and subcontracting. Through the development of such
maintenance/production strategies produced under constraints, we can
gain an overview of the maintenance strategies and production
decisions required to balance industrial system availability,
productivity and customer satisfaction.

1.2. Overview of the topic

This book explores several maintenance and production
optimization problems, taking into account certain industrial
constraints.

Chapter 1 covers an integrated production and maintenance
optimization strategy for a forecasting production and maintenance
problems. The production system is composed of a single machine M,
subjected to random failure. In order to satisfy the random demand,
under given service level, subcontracting assures the rest of the
production through machine M, with transportation delay. An analytic
study of the problem has been proposed using a sequential
determination of the economical production plan for which an optimal
preventive maintenance strategy has been calculated based on minimal
repair. Firstly, an economic production plan of principal and
subcontracting machines was obtained, which minimizes the total cost
of production and inventory for the cases with and without returned
products under service level and subcontracting transportation delay.
Secondly, a joint maintenance strategy is determined according to the
optimal production plan, under various constraints for production
rates, transportation delay and returned production deadlines.
Numerical results are presented to highlight the application of the
developed approach and sensitivity analyses show the robustness of
the model.

Chapter 2 presents a stochastic production, maintenance and
delivery problem for a deteriorating manufacturing system. Under
stochastic demand, in terms of service level, product return and
delivery time, this book proposes a mathematical formulation based
on quadratic modeling. Production and maintenance policies are
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developed in order to study the influence of delivery time on the
planning of production, maintenance and delivery activities.
Simulation results are presented to illustrate the exploitation of the
proposed approach.

In Chapter 3 we develop a mathematical model based on the
forecasting production/maintenance optimization problem, to study
lease contracts with basic and extended warranties based on win-win
relationship between the lessee and the lessor. The influence of
production rates in equipment degradation and consequently on the
total cost by each side during the finite leasing period is stated in order
to determine a theoretical condition under which a compromise-
pricing zone exists under different possibilities of maintenance
policies.

Chapter 4 presents presents a control policy of a manufacturing
system under cost, availability and quality constraints. The production
system consists of a two machines and two buffers and produces
conforming and non-conforming products. A preventive maintenance
strategy is developed in order to determine the instants at which
preventive maintenance has to be performed on each machine, and
both buffer inventory levels. A simulation, experimental design and
multi-criteria analysis are presented to prove the adopted approach.






Forecasting and Maintenance
under Subcontracting Constraint
with Delay in Transportation

This chapter presents a forecasting problem relating to production and maintenance
optimization to meet random demand with a single machine M; on a finite horizon. The
function rate of M; depends on the production rate for each period within the forecasting
horizon. In order to satisfy customer demand, subcontracting assures the remaining
production through machine M, with a delay in transportation. An analytical formulation
of the problem is proposed using sequential computation of the optimal production plan,
for which an optimal preventive maintenance policy has been calculated based on
minimal repair.

First, we find, the optimal production plans of the principal (M,) and subcontracting (M)
machines. Such plans minimize the total production and inventory cost for situations
with and without returned products at an agreed service level and with a delay in
subcontracting transportation.

Second, we determine a joint effective maintenance policy with the optimal production
plan, which integrates the various constraints for production rates, transportation delay
and returned production deadline.

Numerical results are presented to highlight the application of the approach we develop
and sensitivity analysis shows the robustness of the model.

Production and Maintenance Optimization Problems: ngistic Cons'traints a'nd Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.



2 Production and Maintenance Optimization Problems

1.1. Introduction

Industry improvement requires a reduction in costs and
maximization of customer satisfaction. These two goals can be
achieved with good management and decision-making. The
importance of subcontracting has grown both from economic and
production points of view. The new manufacturing paradigm, which
emphasizes outsourcing, cooperation, networking and agility, is
regularly discussed at a general level but very little empirical research
has been done on these issues.

Amesse et al. [AME 01] introduced the importance of
subcontracting as an industrial strategy across all domains.
Subcontracting requires collaboration, logic, coordination and
management between the manufacturing companies in order to meet
customer requires in terms of quantity and delay [AND 99, BER 01].

Recently, more work relating to production and maintenance
coupling has been published that integrates new constraints
corresponding to the concept of subcontracting. There are a number of
different works that deal with subcontracting under constraints, for
example [DEL 07] and [DAH 10]. Dellagi et al. [DEL 07] have
contributed to the development of integrated maintenance policies
while coupling maintenance and production under the constraint of
subcontracting. In an industrial model, they assumed that production
consisted of only one machine and, in order to satisfy customer
demand, it was necessary to collaborate with another subcontracting
machine. Dahane et al. [DAH 10] aims to determine maintenance
policies that consider the concept of subcontracting, but concerning
the provider of a subcontracting service. The optimal time for
maintenance and the optimal stock level, considering the relationship
between production and maintenance, is determined. The demand, in
several works that take the subcontracting approach, is assumed to be
constant and known across an infinite horizon. This type of problem is
more difficult in the case of random demand over a finite horizon. In
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this situation, variations in production rates are necessary to meet
demand.

Regarding a production/inventory problem without maintenance,
Holt et al. [HOL 60] proposed a model defining a quadratic cost
minimization program that approximates the cost functions for hiring
and laying off labor, overtime, inventory and product shortage through
the use of suitable quadratic functions. As a result, and considering
some constraints, this model provides an optimal smoothing solution
for aggregating inventory, production and the workforce. In this
context, Silva and Cezarino [SIL 04] have analyzed a production—
planning optimization problem that uses both imperfect information
from decision inventory variables and computes the expected cost.

Several works have dealt with the interdependent relationship
between production and maintenance planning. There are different
attempts to study the problem of conflict in management decisions and
the necessity of combining objectives in order to enhance the global
benefits of industry, and mainly to minimize global costs, in the
literature. Research has been carried out to analyze the problem of
joint production and maintenance optimization. In this context,
Aghazzaf et al. [AGH 08] have developed models dealing with
integrated maintenance based on aggregated production planning,
where decision variables related to preventive and corrective
maintenance are used. Recently, Hajej ef al. [HAJ 11] have dealt with
combined production and maintenance plans for a manufacturing
system satisfying random demand over a finite horizon. In their
model, they consider the influence of production on the degradation of
a machine, and consequently consider maintenance planning.

In our study, we build on models presented in Hajej et al. [HAJ 09]
and Ayed et al. [AYE 12] where the given manufacturing systems
cannot ensure the total demand over the given time horizon and
subcontracting is called for.

Ayed et al. [AYE 12] dealt with a randomly failing manufacturing
system M, which has to satisfy random demand across a finite horizon
at a required service level. To help meet demand, subcontracting
through another production system M, is used. M; operates with a
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variable production rate and its failure rate depends on both time and
production rate.

Hajej et al. and Ayed et al. [AYE 12 HAJ 09, HAJ 11, HAJ 12]
have, however, ignored several significant characteristics and terms of
manufacturing systems, such as transportation, terms of delay,
quantity and subcontracting transport, in their work. Many pieces of
research analyze transportation delays, such as the delay in delivery
between a manufacturing plant and the warehouse that has purchased
the manufactured goods, and the impact of such delays on the
manufacturing system. For example Richard and Chen [RIC 05],
which considered a multi-agent architecture of supply chain
integration, proposed heuristics and programming models in order to
devise demand-driven supply chains via two types of bidding
approaches: customization and webbing. Recently, based on the works
by Hajej et al. [HA 11, HAJ 12], Turki et al. [TUR 12] studied a
simple manufacturing model composed of one machine with a
transport delay between production (at the manufacturing plant) and
receipt by the customer (at the warehouse) by treating the impact of
delivery time and withdrawal on production/maintenance planning
and quantity transported per time period in order to satisfy a random
demand.

Motivated by the work in Turki et al. [TUR 12], we treat the aspect
of transportation in another more complex and realistic industrial
system composed of two machines (a principal and a subcontractor
machine), by integrating a subcontractor with its related
characteristics, such as transportation delay. This study has novelty
and originality in the development of a production and maintenance
optimization plan to address this type of problem. It shows that a
subcontractor machine can be used to help guarantee the desired
service level by distributing production so that the principal machine
is not used at its maximum rate, since its degradation rate is correlated
with production level.

The primary objective of this chapter is to determine economical
production planning over the finite horizon based on forecasting
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demand, taking into account the transportation delay relating to
subcontracting. The impact of transportation delay on optimal
production planning will be studied thereafter. Our secondary
objective is to establish economical production plans for the principal
and subcontractor machines, taking into account the influence of
products returned to the production system. The last objective is to
determine a joint effective maintenance policy using the optimal
production plan, which integrates the various constraints for
production rates, transportation delay and the deadline for product
return.

This remainder of this chapter is organized as follows:

— section 1.2 states the problem in the case where there are no
returned products. A general stochastic production/inventory model is
formulated. = The policy and analytical expression of
production/inventory are developed considering the influence of
subcontracting transportation delay on the production plans of
principal and subcontracting machines;

— section 1.3 deals with the case where products are returned. It
uses the initial system and shows the influence of the right to
withdraw from the production system;

— section 1.4 presents and develops the policy and the analytical
expression of maintenance, considering the influence of
subcontracting transportation delay and the return of products on the
optimal maintenance strategy;

— the conclusion is given in section 1.5.

1.2. Production without retuned products
1.2.1. Statement of the problem

In this work, optimal production planning based on forecasting the
problem of demand is formulated. We consider a manufacturing
system problem in which one part-type is produced through a single
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operation in order to satisfy random demand over a finite horizon, H.
We assume that the fluctuation in demand follows a normal
distribution with the mean and variance given by d and oy
respectively.

In order to satisfy this random demand with a given inventory
service level a, and to avoid shortage due to manufacturing system
unavailability, the enterprise has to build a stock buffer. The need for
additional stock to be used as a buffer leads to the need to call upon
another production enterprise, called the subcontractor. The
transportation delay related to the subcontractor, denoted by 7z, is
therefore considered between the subcontractor machine and the
stockpile, S. The products leaving the subcontractor are transported
with a transportation delay 7 before they arrive at the principal
stockpile.

The use of a subcontractor machine means that the main machine
does not have to work at maximum capacity, which reduces the total
production, inventory and maintenance costs. The subcontractor
machine is used to reduce pressure on the principal machine and
therefore reduce the number of failures and the maintenance cost.

Maintenance of the subcontractor’s manufacturing system, M,, is
outside our control. The only information about its maintenance is the
availability rate, . This assumption is realistic, since each piece of
equipment has its own failure rate and therefore its availability can be
calculated using the theory of reliability. In practice, availability is an
indicator that companies are always trying to improve upon. Machine
M, is also characterized by its maximal production rate U,"* and its
unit production cost C,, with C,,, > C,,. The industrial problem is
illustrated in Figure 1.1.

Our objective is to establish an economical production plan that
satisfies random demand, according to demand forecasting, and takes
into account the subcontractor transportation delay. The aim is to
minimize the sum of the production and inventory costs.
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U, (k
L S > Market
d(k)

Transportation time

R —

Figure 1.1. Initial production problem without any returned products

1.2.2. Notation

The following parameters are used in the mathematical formulation

of the model:

T

’

T
At
H
H. At

transportation delay

deadline for product return

length of a production period

number of production periods in the planning horizon
length of the finite planning horizon

production rate by machine M,, i€ {1,2} during period
k(k=0,1,..., H-1)

average demand during period k (k = 0, 1,..., H)
variation in demand during period k (k = 0, 1,..., H)

inventory level of Sat the end of period
k(k=0,1,..,H)

average inventory level of S during period
k(k=0,1,..,H)

unit production cost of machine M,
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Cp unit production cost charged by the subcontractor for
machine M,

Cs holding cost of one product unit during one period

M, machine 1

M, machine 2

mu monetary unit

um maximum production rate of M,

o minimum production rate of M

U, maximum production rate of M,

u,"" minimum production rate of M,

o probability index related to customer satisfaction and
expression of the service level

B> M, availability rate

) percentage of products returned

So initial inventory

Eu total maintenance cost

Ceon corrective maintenance cost

Com preventive maintenance cost

1.2.3. Optimization of production policy

The principal idea is to minimize the expected production and
inventory costs over a finite time horizon [0, H]. It is supposed that
the horizon is divided equally into A periods [HAJ 11]. Demand is
satisfied at the end of each period. The problem can be formulated as a
linear—stochastic optimal control problem under the constraint of a
stock level threshold, with the production rates corresponding to each
period as the decision variables.
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In the stochastic problem, fi(.) denotes functions that represent the
production, and inventory costs, and E{} denotes the mathematical
average value operator. Referring to Hajej et al. [HAJ 11], we
formulate the problem as follows:

{\//[(zkr)z [E{Z_ Je SU )+ fu (Su )}] [1.1]

subject to the level of inventory S at period (k+7). This is determined
by calculating:

— the inventory of S during period £;
— the production rate of the principal machine M; during period (k);

— the production rate of the subcontractor machine M, during
period (k — 7);

— the demand rate during period k.

Consequently, the inventory balance equation for each time period
is formulated in this way:

Sen =S AU+ Uy, —d, withke{0,1,..., H-1} [1.2]

with 7being the transportation delay introduced by the subcontractor.

The quantity of products produced by the subcontractor that arrives
at the principal stockpile S during period £ is the quantity of products
that has left the subcontractor during the period & — = The
transportation delay 7 is linked to the length of the production period,
i.e. the products arrive at the principal stockpile after 7 production
periods, so we can write this as follows:

TAtwithte{1,2,.....}
where At is the length of the production period.

To determine in which period the sub-contractor will begin
delivery, we therefore need to calculate k € {1,2,.....} — =
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The service level for each period is expressed by the following
constraint.

Prob[S,,; =0]>a with ke {0,1,....H -1} [1.3]

The following constraint defines the upper and lower bounds of the
production level during each period £:

0<U, SU™ +US™ with ke [0,L,..., H~1) [1.4]

1.2.4. Total production and inventory cost

In this section, we formulate a constrained stochastic problem
meeting a required service level, including subcontractor
transportation delay and random demand, by using the Holt-
Modigliani-Muth—Simonmodel.

1.2.4.1. The Holt-Modigliani-Muth—Simon model

The Modigliani-Muth—Simon model is considered one of the first
models to deal with the certainty—equivalence principle for dynamic
linear quadratic problems [BER 95]. It is wusually applied
as a benchmarking tool in order to compare different production
planning approaches and to provide managers and decision
makers with perspectives on and ideas about how to manage a firm’s
material resources [SIN 96]. Some other works, such as Hax et al.
[HAX 84], have proven that the Modigliani-Muth—Simon model is
useful for evaluating the production process. So, for example, the
quadratic inventory cost describes and takes into account both
negative (rupture and backorders) and positive (overstocking)
inventory status.

Inspired by the Modigliani-Muth—Simon model, we got the idea of
moving the emphasis to the machines instead of the workers,
production rate and inventory levels in order to plan optimal
production. In our work we also make some changes to the
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model, keeping its linear quadratic form. Furthermore, we take into
account some constraints on the decision variables in order to make
our approach more realistic and to ensure its applicability to real
industrial cases.

1.2.4.2. Quadratic total cost

In our problem, we reformed the Modigliani-Muth—Simon model
to determine an inventory and production policy that respected the
principle characteristic of an Modigliani-Muth—Simon model: the use
of a quadratic cost function. This function allows both an excess of
and shortage in inventory levels to be penalized.

The expected production and inventory cost for period k is given
by:

fk (Ul,k ’UZ,k ’ Sk ) = CSE{Slf} + CprlUlz,k + Cpr2ﬁ2U22,k [1 5]

The total expected cost of production and inventory over the finite
horizon H.At can then be expressed as follows:

Lk H
Flu) =3 Ui e =[S+ 2] GBS Gttt

k=0 =
with k€ {0,1,....H-1} L]

The decision to square two variables — storage and production — is
justified as it reflects the variation in stock storage and shortage. This
is an approximation used by economists.

1.2.5. Analytical study

In this section, we show the transformation of a stochastic problem
using the analytical study of policy and establish the deterministic
equivalent problem.
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1.2.5.1. Production and inventory costs

This approach consists of transforming the stochastic problem into
a deterministic equivalent by maintaining the principal properties of
the original problem.

Firstly, we propose the following notation for the mean variables:
E{S;}= §k JEWU, ,y=U,,  E{U,, }=U,,

U, being deterministic for each interval Az, since it does not depend

on the random variables d; and S .
Thus U, =U, :
and Vary =0 :

with U, =U,; + Uy, -

The total production and inventory cost are as follows in
Lemma 1.1.

LEMMA 1.1.—

2 H(H+1)

H-1
F(u)zcj SI%I +Z|:CSS/3+CIJF]U12,/C+Cp)'2ﬁ2U22,/C]+CS.0d f [1.7]

k=0
PROOF (see Appendix 1).—

The inventory balance equation is as follows:
Sen =S, +U, + By Uy, —d, with ke {0,1,....H 1}

1.2.5.2. Service level constraint

To continue transforming the stochastic problem into an equivalent
deterministic one, we consider service level constraint in a
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deterministic form by specifying a minimum cumulative production
quantity depending on the service level requirements through the
following lemma.

LEMMA 1.2.—

We recall that a defines the service level constraint. This constraint
is expressed as follows:

Prob[S;,; 20]>a with0<U, UM + U™

Then, fork = 0,1,..,H— 1, we have:

where U, () represents the minimum cumulative production quantity

expressed as follows:

U, (Sg.a)=V, o5l (a)+d, =S, k=01, H-1

2

where:

— ¥, 1s variation in demand d during period £;
- ¢, 18 the cumulative Gaussian distribution function with mean

d « and finite variance v, >0;
- (0;: is the inverse distribution function.
PROOF.—
Prob[ S, ,; 202 a with0 <U, U™ +U™
Up=Up+ B Uy,

= Prob[ S, +U,, +, Uy, —d; 20]2a
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= Prob[Sk U+ By Uppr 2 dk:l z ¢
:Prob[Sk +U + By Uy, —621( >d, —aA’k} Za

Sy +U  +6,-U ,,—c? d, —d
= Prob| =% L Iﬁ/z 2k ko> Tk k|>q
d

k

This equation is in the form of Prob [Y = X]a, with x =@ being

dy
a Gaussian random variable representing demand, dj, and where ¢a,
is a cumulative Gaussian distribution function of the following form:

Pa, : ’ 2 a [1.9]

Since lim¢, =0 apnd lime, =1 fynction ¢4, is strictly increasing,

dy ——oo dy —+eo
and we note that it is indefinitely differentiable. That is why we
conclude that ¢4, is invertible.

Thus, equation [1.9] becomes:

Sy +tU  +P,-Usyp_ —d _
k 1,k 2 2,k k > q)dkl (a) [1.10]

Va

k
= S +U By Uy —dp 2 60;:(0!)‘de
> Ui+ Uy 2 </’;kl(06)de =Sy +dy
It can consequently be concluded that:

U, (S¢.0)=V, ¢, (a)+d, =S, withk=0,1,...H-1.
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Using Lemma 1.1 and Lemma 1.2, we resume the equivalent
deterministic model as follows:

prl” (]12,/( + Cpr2 ! ﬁZ ' U22,k :| + Cs (O_a’)

H-1
F(u)=C, §,§+Z[CS-§,§+C ZH(ZH)
k=0

under the following constraints:

- ‘§k+1 = SAk +U, + B, Uy, —d, with k={0,1,...H -1},
U+ By Uy 207 (0, =S, +d, with k={0,1,...H -1},
—0<SU, U™ +U ) with k={0,1,....,H -1}

-0<U, U™
1,k I

0<U,, SU™.

-U, = Ul,k +ﬁz .UZ,kff-

1.2.6. Numerical example

In this section, a number of numerical examples are presented in
order to illustrate the use of the mathematical model developed in the
previous sections. We assume that the finite planning horizon H.At is
equal to 24 production periods with period length Az = 1month.

Subcontractor machine data

availability rate 3 =0.93

Unit production cost Cor2 =10 mu
Maximal production rate U™ =130 unit
Principal machine data

Unit production cost C,.; = 3 mu/unit
Maximal production rate U™ =130 unit
Inventory data

Inventory holding cost Cs = 5 mu/At
Initial inventory level S(0) =200
Service level a=0.9

Table 1.1. Numerical data
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Example 1

For the first example, the random demand is characterized by a
standard deviation that equals o=V, =5 and the average demand

for each period is presented in Table 1.2 below. This example treats
the case where the manufacturing problem does not consider the
transportation delay of subcontracting (7 = 0).

d(): d]= d2: d3= d4: d5: d(,z d7:
150 170 150 150 150 140 160 140
dg= dy= dip= di= dp= diz= dig= dis=
160 130 150 140 150 120 150 130
dig= di7= dig= dp= dy= dy = dy = dy3=
150 110 160 130 150 120 140 160

Table 1.2. Mean demand

In order to realize this optimization, we use the Numerical
Algorithms for Constrained Global Optimization with the
MATHEMATICA software. The economical production plans for the
principal and subcontractor machines are presented respectively in
Tables 1.3 and 1.4 with a minimal total cost equals to 2.9736x10° mu.

U1,0 = U1,1 = U1,2 = U1,3 = U1,4 = U1,5 = Ul,6 = U1,7 =
107 55 120 59 95 124 107 80
U1,8: U1,9: U],10: Ul,n = U1,12: U1,13: U1,14: U1,|5:
114 81 33 58 62 94 13 46
Ul,m: U1,17: U1,18: U1,19: U1,20: U1,21 = U1,22: U1,23:
127 82 115 22 53 6 71 113

Table 1.3. Principal machine: U*; x

Uz,o = U2,1 = Uz,z = U2.3 = U2,4 = U2,5 = Uz,a = U2,7 =
21 42 31 47 86 17 86 28
U2,8 = U2,9 = Uz,lo = U2,11 = Uz,lz = Uz,13 = U2,14 = Uz,ls =
120 19 116 57 92 60 119 84
U2,16 = U2,17 = U2,18 = U2,19 = Uz,zo = U2,21 = U2,22 = U2,23 =
128 119 80 49 62 45 74 62

Table 1.4. Subcontractor machine: U*s «
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Example 2

This second example deals with the impact of the transportation
delay of subcontracting on the production policy such as the
economical production plans for the principal and subcontractor
machines by varying the value of 7. We take the same average demand
presented in Table 1.2. Tables 1.4 and 1.5 presented the economical
production plans for the principal and subcontractor machines in the
case where the transportation delay of subcontracting 7 = 2.4¢ with a
minimal total cost equals 3.65355 x 10° um. In a more general way,
Figures 1.2 and 1.3 show the variability of subcontracting
transportation delay. In this case, as transportation delay T increases,
the production rates of the principal machine and subcontractor
machines are increased in order to satisfy the given service level.
Similarly, from Figure 1.4, we can note that if the transportation delay
of subcontracting increases, then the total production/inventory cost
increases.

U= U, = U= U= Ug= Ups= U= U=
113 63 120 110 130 42 60 70
Ug= Uip= U= U= U= U= Upiu= Upis=
120 116 68 103 73 99 62 13
Uii6= Upp= Upis= Up9= U= Ui = Unxp= Uiz =
120 90 121 32 130 70 130 98
Table 1.5. Principal machine: U*1
Uz,o = U2,1 = Uz,z = U2,3 = U2,4 = Uz,s = U2,6 = U2,7 =
95 104 44 97 84 108 33 78
Uz,s = U2,9 = U2,10 = U2,11 = U2,12 = U2,13 = U2,14 = Uz,ls =
55 43 72 95 81 130 77 21
Uz,m = U2,17 = U2,18 = U2,19 = Uz,zo = U2,21 = Uz,zz = Uz,23 =
10 54 52 42 0 69 - -

Table 1.6. Subcontractor machine: U*s «



18  Production and Maintenance Optimization Problems
T=() = = = = T=D ccveeverinens =4
150
g
2100
c
i)
B
3 50
o
a
0
1234567 8 9101112131415161718192021222324H
Figure 1.2. Production rate variation as a function
of 1 for the principal machine
=0 ---- =2
150
goo -\ N ‘\
s N,
850
3 \
e (l v
a 0 ‘\,’ ‘I‘__\__.
1234567389 1011121314151617181920212223&4
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Figure 1.4. Total cost variation as a function of T



Forecasting and Maintenance under Subcontracting Constraint 19

Example 3

In the same context, we treat the influence of the service level on
the production policy such as the optimal production plans for main
and subcontractor machines as well as the minimal total cost. In this
case, we use the same average demand of the first example and we
take the case where the transportation delay of subcontracting is 7= 2.
From Figure 1.5 and Table 1.7, we interpreted that the higher value of
production rates for the principal and subcontractor machines as well
as the higher value of the total cost corresponds to the higher service
level. This can be explained by the fact that, when the service level
increases and in order to satisfy this higher service level, the main and
subcontractor machines are required to produce more.

o Total production and inventory cost
0.7 2.86485 x 10°

0.9 3.65355 x 10°
0.97 4.87342 x 10°

Table 1.7. Total cost variation as a
function of service level o with =2

150
¥0
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©
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1234567 8 9101112131415161718192021222324
H
Figure 1.5. Production rate variation as a function
of service level for principal machine with 7= 2
Example 4

In this example, we are interested in finding the optimal production
plans of principal and subcontracting machines for each value of
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standard deviation o in order to study the impact of the standard
deviation variation on the production policy. Using Table 1.8 and
Figure 1.6, we can see that the higher value of the total
production/inventory cost corresponds to the higher value of the
demand variance variability. This can be clarified by the reality that,
as variance of demand increases, the production rates of principal and
subcontractor machines increase, the stock level augments and,
consequently, the total production and inventory cost increases.

o Total production and inventory cost
1.5 3.36385 x 10°
2.23 3.65355 x 10°

5 5.34356 x 10°

Table 1.8. Total cost variation as a function
of standard deviation o with =2

6=2.23

150

100

wn
o

Production rates

123456789 10111213141516171819202122232H4

Figure 1.6. Production rate variation as a function of
standard deviation o with 7= 2

1.3. Production with retuned products
1.3.1. Statement of the problem

In this section, we extend the initial system to include the case of
returned products. In order to satisfy random demand with an
inventory service level of ¢, the enterprise calls upon another
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subcontractor. At the same time, the production system takes into
account products returned by customers. These products are still new
and in stock. In the field of manufacturing, the return of products to
stock is called the “right of withdrawal”. This right gives the customer
a specific deadline 7’ by which to return products. Our objective is to
establish economical production plans for the principal and
subcontractor machines, taking into account the influence of the right
of withdrawal in the production system.

The problem we will be modeling is illustrated in Figure 1.7.

Ui(k)

— A\ ¢ o dth
\ 8d(k-7)
\ \ﬂzrket
Transportation time \
Us(k)
—

Figure 1.7. Production problem with returned products

1.3.2. Optimization of the production policy

The following stochastic problem provides optimal production
plans for the planning horizon:

-1

H H
(L}!T[,gl,) z Ji (Ul,leZ.k’Sk): Cy E{SZ/}JrZ

[CA 'E{SAZ}+ Con U+ Cpra B Uiy } J
k=0 k=0

subject to:

Sk‘H :Sk +(]1,k +ﬂ2 'Uz’k_,[ +I"(k)—d N kE{O,l,...,H—l} [1'1 1]

r(k) = a‘dk—r' k e {0,1,...,[‘] — 1} [1'12]
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Prob[S;,, 20]2a , ke {0,1,..,H -1} [1.13]
0<U, U™ +U™, kel0,1,...H -1} [1.14]

As in section 1.2, constraint [1.11] defines the inventory balance
equation for each time period. Relation [1.12] defines the quantity of
products returned by the customer; this quantity is part of the demand
returned by the customer after the specific deadline, t’. Constraint
[1.13] imposes a service level requirement on each period as well as a
lower bound on the inventory variables so as to prevent stock-outs.
The last constraint defines an upper bound on the production level
during each period, &. We therefore cannot exceed a given maximum
production rate.

1.3.3. Analytical formulation

In this section, we devise a deterministic formulation to make it
easier to resolve our stochastic problem.

1.3.3.1. Production and holding costs

We can simplify the expected value of the production/inventory
costs as follows in Lemma 1.3.

LEMMA 1.3.—

H+1
‘q%k+cpr2'ﬁ2‘[];k7r}+q'0-5'( )

A H-1 A
FUU) =8+ 3] €81+
k=0

prl

[H+t-@-2] 11.15]

1.3.3.2. The inventory balance equation

If we have d, = d . » the state balance equation for stock (equation
[1.11]) can be converted to:

Sia =S +U s+ By Uy + 7 —dy with ke {0,1,..,H =1} [1.16]

Fo=6.d, . withke{0,1,..,H -1}
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PROOF.—
It is assumed that the first and second statistical moments of the

demand variable are known for each period £, that is, E{d(k)}=d,

and V (k)= o2 for each k.

The inventory variables Sy are statistically described by their

. A2
means, E{S, } =S, , as well as their variance, Vs, = E{(Sk —Sk) } .
The inventory balance equation [1.2] can be reformulated as:
Sea =S, U+ By Uy, +0.d, . —d, with ke {0,1,...,H -1} [1.17]

If we take the difference between equations [1.11] and [1.17], we
obtain:

Sen = Sin = (Sk -5, )+[U1.k ~Ups ]*’(ﬂz Uspe =2 ‘02,A1J+5'(dA1, —d;_,, )*(dk 7dAA)
0 0

+E{(dk —c;’k)z}+2-E{(Sk =8, )-0- (e —dicy )}
2 E{(5, -8 ) (e ~dy )} -2 (e ~d, ) o -(d, iy )}

Since S, and d, are random independent variables, we can deduce
that:

E{(Sk -5,)(d, —a?k)} = E{s, -$,} E{d, -d,]
E{(Sk =56 (diey —dis )} =o-E{s, -5} Ela,_, -d, . ]

Ef(d,—di)-0-(diey ~ iy )| =0 E{d ~d.} - E{di, —di. ]
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Hence:

E{s, =S, ) =E{s,}-E{$,} =0

A

Eld,-d,}=E{d,}-E{d,]

E{dk_TI ~d;_, } =E£{d, ., | —E{é,(_rl } =0
Therefore:
= E{(Sk+l ~S )2} = E{(Sk -5, )Z}Jr(a)2 ~E{(dk_,1 ~d,._, )2}+E{(dk —-d, )2}

If we assume that Vg (k=0)=0 and that %, is constant and equal

to o, for all periods, we can deduce that:
Vo (k1) =V, (k) +((6) +1)- 3

For:

V, (k)= (k+ (k=1)-(6)’)

Since Vg, = E{(Sk —@k)z} =E{Sk2}—§k2 , We can write
E{s,2} =8, =} (k+(k-1):(5))

Hence,

{52} =i (k+(k=1)-() | + S, [1.18]
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Substituting [1.18] into [1.6], we obtain:

H o
£ (U1»U2)=[Z fie(UiaoUa . $)=C, ‘E{SIZI}JF z
k=0

I:CS ‘E{SAZ}JF Cont Uik +Cpy B ‘U'lz,Afr:I ]
k=0

H-1

F(Ul,Uz)ziCsx[ﬁ‘kz+(k+(k—1)~(5)2)-Gj}+Z(Cp,l UL +C,yB,-Us,L)

k=0 k=1

F(U,U,) Zc xS, +ZC x[(k+(k 1)-6%)-0 ]+Hl(cp,1 UL +C,, B,-Uz,.,)
k=0 k=1
. H-] H
F(U,U,)=C %8, z(c xS +C,, UL +C, .- B, 7,(,)+ZC§><[(k+(k—l)<§2)<aj}
k=1 k=0
H-1 . H H
F(ULU,) S+ (CXSIHC, UL +C, B UL, )4 Co0s Y k4 CLo 8 o) Y (k1)
k=1 k=0 =0

t

N -1
F(Ul,Uz):CS'SIZI + |:C S2+C1ul 'Ulzvk+C1”.2'ﬁz'U22'k7r:|+Cs '0-5 @[

0

H+d*(H=-2)]

-~
i

1.3.3.3. The service level constraint

The transformation of the service level constraint into a
deterministic form is given by Lemma 1.4.

LEMMA 1.4.—

Prob[ Sy, 20]2a = Uy 2U,(S,0) with Uy =Uy; + 55 -Uss_, [1.19]

where:

— U,(S;,a) is the minimum cumulative production quantity;

— U,(S,,0)=(V, xV,,_.)x¢" (&) +d, —6xd,_.-S, k=0,1,..,H-1 1is
the variation in demand, d, during period k;

-V, is the variation in demand, d, during period k —1’;



26  Production and Maintenance Optimization Problems

— @ is the cumulative Gaussian distribution function with mean

2 2
1 q - R q and finite variance 1 v+ g v, >0
V ‘/d,k V 7' ' V k '

d k-1’ d k~ d,

-1, . e .
-0 is the inverse distribution function.
PROOF.—

Sin =S tU+ B, Uy +1—d,
Prob(SkH 20)2a
Prob(S,+U,, +B,-U,,  +r-d, 20)2a
Prob(S, +U,, +f, U,  +r2d)2a
Prob(Sk+U1/k+,b’2-Uz/kfr+rk—£lk2dk—£lk)205
Prob(dk—z;lkSSk+UI,k+ﬂ2-U2,k_T+rk—[;lk )Za

Prob(dk —&k <S5 +U, + 8, U, + od, . —EAlk) o

A A

Prob(d,—d,~5-d, ,+8-d_, <S,+U, +B,-U,, +5-d, . ~d|>a
Prob dy—d, - 5'(‘11#1' _dk—r') < S;+U,, +p,-U,,  +6-d_.—d, -
Vd,k X Vd,k—‘r' Vd,k X Vd,k—‘r'

Prob 1 dk _dk 5 Xdkfr' _dk—r' < Sk +lll,k +ﬁ2 .LlZ,k—‘r +5 dk—‘r' _dk >a
e Ve Vi VXV,

k1" dk-t




Forecasting and Maintenance under Subcontracting Constraint 27

where:

—d . 1s the mean demand during period £;

A

- dk_,, is the mean demand during period (k — 7°);

- Var(d(k)):V >0 is the variation in demand d during

dk —
period k;
- Var(d(k—r')) =V,,, 20 is the variation in demand d during
period (k- 7).
. —d
v

d,k

d

Note that X:[ k} is a Gaussian random variable with a

distribution identical to d; and y = M 1s a Gaussian
d,k-1'
random variable with a distribution identical to dy_. This formulation

1 and

is equivalent to Prob(AxX+BxY<C)>6 with A=
d,k-1'

)

d,k

B=- , X =AxX is a random Gaussian variable with a distribution

1 4 .
-d, and variance

identical to 1 . :%x f(%j , with mean A . [}k =

d,k-1'
2
AV, = (Lj V. >0. It is a random Gaussian variable with a
d,k—1

distribution 1dentical to f.= ! % f(yj , with mean
Y B B

2
A S a . ]
B-d, . =~ v -d,_,. and variance B*-V,, . =[— ] V20,
d,k

Thus T = X'+ Y'is a random Gaussian variable with a distribution
identical to h=/_.*f., with mean A d .+ B d ... and variance

+B*.V >0 .

Jk d,k-7'

A%V,
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where @ is a probability distribution function of 7.

Sk +u1,k +ﬂ2 .uz,k—‘r +6- &k—r' _&k >a 1.20
Vd,k XVd,k—r‘ [1.20]

Since E’;}‘/’_w and ]igq’_)l, we conclude that ¢ is strictly

increasing. We note that ¢ is indefinitely differentiable, so we
conclude that ¢ is invertible:

Sk+u1k+ﬂ2'u2k— +5.&\k—' Ak 1
’ - —2¢"(a) 121
Vd/kXVd/k—r' [1.21]

A A

u, +4-U,, = (Vd,k XV, . )x o (a)+d —Sxd,_.

thus

RS, 2020 = ((L{ﬁ@-l{k{)z(%kx%kff)xqo’l(a)ﬁ{—&m;lk# =5 ) =01,...H-1

1.3.4. Numerical example

Using the same numerical example data as in the previous section
(without retuned products case), a numerical example is presented in
this section in order to illustrate the use of the analytical model
developed in the case of production optimization with returned
products. The following table provides a recap of the data.

Subcontractor machine data
availability rate S, =0.93
Unit production cost Cpry =10 mu
Maximal production rate U,"* = 130 unit
Principal machine data
Unit production cost Cprr = 3 mu/unit
Maximal production rate UM = 130 unit
Length of production period At =1 month
Inventory data
Inventory holding cost Cs =5 mu/At
Initial inventory level S(0) =200
Service level a=09

Backordered product

percentage of backordered product 5€[0,0.5]
returned production deadline 7 =1.At

Table 1.9. Numerical data
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The average demand with a standard deviation o = 2.23 is
presented in Table 1.10 below.

dp=1501|d, =170| d; =150 | d;3=150 | dy=150 |ds=140| dg=160 | d; =140

_ _ dip= dpy= dp= diz= dig= dis=
dy =160 1dy =130 /5, 140 150 120 150 130
dig= di7= dig= dig= dy= dy = dy= dy3=
150 110 160 130 150 120 140 160

Table 1.10. Mean demand

Example 1

In this first example, we are interested in studying the influence of
the returned product quantity on the optimal production plans for the
main and subcontractor machines by varying the value of J. In this
case, we study the variability by considering that the transportation
delay of subcontractor is fixed at 7= 1.At. Figures 1.8 and 1.9 show an
interesting result since the percentage products returned ¢ increases,
so the principal and the subcontractor machines produce less, because
the returned product quantity will be designed in the principal stock to
help satisfy the customer and reduce the pressure on the principal and
subcontractor machines.

150

100

50

Production rates

1234567 8 9101112131415161718192021222324
H

Figure 1.8. Production rates of principal machine variation as
a function of percentage of products returned o with t= 1.4t
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N B O
o O O o

Production rates

o

1234567829 101112131415161718192021%}23

Figure 1.9. Production rates of the subcontractor machine variation as a
function of percentage of products returned o with t= 1.4t

Example 2

In this example, we interpret from the variability of percentage of
backordered products and the transportation delay of subcontracting.
According to Figure 1.10, we note that the higher value of o
(percentage of backordered products) corresponds to the lower one of
the optimal total cost. This can be explained by the fact that, when the
returned product quantity increases, the main and subcontractor
machines produce less and consequently the total production and
inventory cost decrease. On the other hand, we note that in the case
where the transportation delay equals the backorder delay (7= 7" = 1),
we obtain the best combination and the lower total cost.

returned production deadline 7’=1

27000
©
< 25000 6=0:2
X
2
& 23000 —
= 21000 F=—e __ === 5=0.4
= Te-e__--""7

19000 T

0 1 3
Transported Delay t

Figure 1.10. Total cost variation as a function of the transportation
delay 1 and percentage of products returned &
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1.3.5. Optimization of returned products by a specified
deadline

In this section, we optimize the authorized deadline for product
return. The main idea is to express a relationship between the
subcontractor’s transportation delay and the backorder delay. The

T
relation is as follows 7'=—with x e ]O,T] This relationship
X

enables us to minimize the total production/inventory cost for the
subcontractor transportation period selected. This section correlates
the subcontractor transportation delay and the definition of the
withdrawal (return) period.

The relationship between transportation delay and the deadline for
returned products takes into account the minimization of the total
production/inventory cost for a specified period of subcontractor
transportation and correlates the delay relating to subcontractor
transport with the definition of the withdrawal period. This
relationship enables us to find the optimal combination of
transportation delay and product return deadline to minimize cost.

As the deadline for returned products decreases, the quantity of
products returned to the principal stockpile increases in order to
satisfy customer demand and reduces pressure on the principal and
subcontractor machines, and therefore decreases the transportation
delay imposed by the use of a subcontractor. In this case, the
subcontractor transport delay decreases, and consequently the total
production/inventory cost decreases. In the opposite case, if the
deadline for returned products increases, the quantity of products
returned decreases and consequently the principal machine relies more
heavily on the subcontracting machine. In this case, the transportation
delay related to the use of a subcontractor decreases.

Two examples will be presented to highlight the application of the
optimization idea; we consider the same numerical example data as in
the previous section. We recall, that the objective is to determine the
returned product deadline 7’ in order to minimize the total
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production/inventory cost for different values of subcontractor
transportation delay 7.

Example 1

We start with the first case where the subcontractor transportation
delay is 7= 3. In this case we vary the value of x in order to obtain the
minimal total production and inventory cost. The above results

illustrate the minimum total cost for different values of x € [1, T] .

For each value of x, we calculate the economical production plans of
the subcontractor and the principal machines and the optimal returned
production deadline 7’. Using Figure 1.11, we note that for the
subcontractor transportation delay (7= 3, x = 3), the optimal total cost
is equal to 2054200 mu obtained corresponding to an optimal returned
product deadline 77 = 1 and the economical production plans for the
main and subcontractor machines are given by Tables 1.11 and 1.12.
In the same way, Tables 1.13 and 1.14 show the result of the case 2 (7
= 3, x = 1.5) where we obtain a minimal total production and
inventory cost equals 2.04687x106 mu and an optimal returned
production deadline 7’ = 2. Tables 1.15 and 1.16 present the result of
case 3 (7 = 3, x = 1) with a minimal cost equal to 2.25156x106 mu
and optimal returned production deadline 7’ = 3.

Case 1: Transportation delay t = 3, and x =3

7’ =1 and Cost = 2.0542x10° mu

2080000
2075000
2070000
2065000
2060000
2055000
2050000
2045000
2040000

Total cost

Figure 1.11. Variability of returned production deadline with 7= 3, and x = 3
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U1,0= U1,1 = U1,2= U1,3= U1,4= U1,5= Ul,6: Ui-=0
83 35 102 42 102 106 120 L7
Ug= U= U= U= U= U= Upy= Upis=
40 103 49 56 89 100 40 20
U= | U= | U= | U= | U= | U= | Un=| Uxn=
28 16 85 1 63 0 99 116
Table 1.11. Principal machine: U*; x
Uz‘o = _ Uz‘z = U2,3 = U2‘4 = Uz,s = _ U2,7 =
s |9n70) 4 52 78 338 |77 36
U,e=2 Upo = Upio= | Upn=| U= | Upi3= | Ugu= | Ups=
28 94 13 8 67 89 26 81
U2,16 = U2,17 = U2,18 = U2,19 = Uz,zo = _ _ _
47 112 26 17 53 - - -
Table 1.12. Subcontractor machine: Uy
Case 2: Transportation delay t1=3,and x = 1.5
7’ =2 and Cost* = 2.04687%106 mu
Ul,o = U1,1 = U1,2 = U1,3 = U1,4 = U1,5 = Ul,6 = U -=0
83 35 102 42 102 106 120 17
U1,3= U1,9= U1,10= U1,11 = U1,12= U1,13= U1,14= U1,15=
40 103 49 56 89 100 40 20
UI,16: U1,17: U1,18: U1,19: U1,20: U1,2| = U1,22: U1,23:
28 16 85 1 63 0 99 116
Table 1.13. Principal machine: U*; x
Uz,o = _ Uz,z = U2,3 = U2,4 = U2,5 = _ U2,7 =
55 U1 =0 43 52 78 38 U2 =7 26
Uye=2 Uz,o = U2,10 = U2,11 = U2,12 = U2,13 = U2,14 = U2,15 =
28 94 13 8 67 89 26 81
Usi6= Usi7= | Usis= Usi9= | Uxp= _ _ _
47 112 26 17 53 - - -

Table 1.14. Subcontractor machine: U*;
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Case 3: Transportation delay t =3, and x =1

7’ =3 and Cost =2.25156 x 106 mu

UI‘OZ U1,1 = U1,2: U1,3 = U1,4: U1,5: Ul,6: U1,7:
83 130 118 37 24 63 57 50
U1,8= U1,9= Ul,lo= U1,11 = U1,12= U1,13= U1,14= Ul,15=
79 0 3 79 56 72 70 37
U1,16= U1,17= Ul,18= U1,19= Ul,zo= U1,21 = U1,22= U1,23=
72 126 9 114 75 31 91 48

Table 1.15. Principal machine: U*; «

Uz,o = U2,1 = Uz,z = U2,3 = U2,4 = Uz,s = U2,6 = U2,7 =
50 92 39 95 52 14 78 82
UZ,S = U2,9 = U2,10 = U2,11 = U2,12 = U2,13 = U2,14 = Uz,15 =
75 26 8 37 59 12 31 20
U2,16 = U2,17 = Uz,ls = U2,19 = Uz,zo = _ _ _

49 87 0 15 111 - - -

Table 1.16. Subcontractor machine: Uy

Example 2

In this second example, we vary the value of the subcontractor
transportation delay 7 (7= 1 and 7= 3) and we compare the different
results such as the optimal subcontractor transportation delay, the
optimal total cost and the optimal returned product deadline. Using
Figure 1.12, we note that for the subcontractor transportation delay
7= 1, the optimal total cost is obtained for x = 1 corresponding to the
optimal returned product deadline 7 = 1 as for subcontractor
transportation delay 7 = 3 the withdrawal right requires that the
optimal returned product deadline is 7” = 2.

Hence, based on the results of the previous sections as well as this
section, we note that when 7 increases, we produce more on the
principal machine and store more to meet future periods. According to
the previous results presented through the variability of 7, the storage
costs are visibly impacted. Thus, the desirable strategy to adopt for the
return of products from customers is finding an optimal period
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(maximal delay of backorder) in order to remove pressure on the stock
and to reduce costs, therefore the choice of 7 must be optimized and
correlated with the subcontractor transportation delay 7. The results
presented in this section show the existence of an optimum.

Total Cost
*1000000
60000

50000

40000

30000

20000

10000

0

Figure 1.12. Variability of returned production deadline

1.4. Joint maintenance policy

The aim of this section is to determine an effective joint
maintenance policy with an optimal production plan that integrates the
various constraints related to the production rates, transportation delay
and product return deadline. The maintenance policy has to ensure the
creation of the volumes necessary to meet customer demand. We
adopt a maintenance policy based on block strategy and combine it
with demand forecast. This maintenance policy ensures the reliability
necessary for the main machine, which is directly impacted by the
delivery deadline, as demonstrated previously. Its advantage is that it
is easy to apply without disrupting the production plan. In this section,
we optimize this proposed policy in order to determine the optimal
period on the horizon, H, according to a cost minimization criterion.
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1.4.1. Description of the problem

Machine M is subject to random failures. Its probability of
degradation is described by the probability density function of time to
failure f{¢), for which the failure rate A(¢) increases with both time and
the production rate U,(f). There is a correlation between the influence
of the variation in production rate and equipment degradation, and
hence impacts the average number of failures. Maintenance improves
the availability of machine M by reducing the failure costs, thus
ensuring the production plan is achieved across the horizon, H.

The maintenance strategy under consideration is the preventive
maintenance policy with minimal repair at failure. This strategy is
commonly used in industry. The novelty of this contribution compared
to the literature is that in previous work authors developed the theory
of the hedging point with a production rate varying only between
0 and d (request) or U,,, (maximal rate). In our work, we calculate the
production rates for each period in order to reflect planning
commitments while correlating the degradation of machine M’s
production rates. We optimize the production rate over a finite
horizon. As production rates vary from one period to another, the
maintenance plan must change accordingly, because degradation is
not uniform over the planning horizon. The production rate is used to
calculate the periodicities of preventive maintenance actions.

The horizon, H, is partitioned into N equal parts, each of length T.
Perfect preventive maintenance or replacement is performed
periodically at times i.7, i = 0,1,....N and N.T = H.At, following
which the unit is as good as new. When a unit fails between
preventive maintenance actions, only minimal repair is performed. It
is assumed that the repair and replacement times are negligible.

The dependence of system degradation on the production plan is
manifested by an increased failure rate according to both increased
time and production rate [HAJ 09]. That is why we focus on the joint
optimization strategy in which we consider maintenance in order to
establish the optimal maintenance strategy according to a criterion of
cost minimization characterized by the optimal number, N*, of
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preventive maintenance actions to be performed over the finite
horizon, H.At.

1.4.2. Analytical study

The analytical expression of the total maintenance cost is given in
equation [1.22]:

& (ULN)=C,, x(N-)+C,,x4,(U,N) [1.22]

where N € {1,2,3.....} and 4, (U,,N) correspond to the expected

number of failures that occur during horizon H, considering the
production rate in each production period A¢.

Each period, k, of the horizon, H, is characterized by its own
production rate, U;, which is established from the production plan.
The failure rate evolves during each interval according to the
production rate adopted in this interval. It also depends on the
cumulative effect of the failure at the end of the previous period. As
per the approach taken by Hajej et al. [HAJ 09], degradation at the
end of the period is accounted for. In fact, the failure rate in interval &
is expressed as follows:

d(®) =1, (At)+;]]”‘/1” o Vvieload] [1.23]

max

with

ho=% and A}, (t)= g‘* 2,(0)

max

In equation [1.23],  (¢) is the nominal failure rate corresponding

to the maximal production rate.

We recall that Hajej et al. [HAJ 09] assumed that machine
degradation is linear according to the production rate. We can write
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the failure rate function as expressed by Hajej et al. [HAJ 09] in the
following way:

= Ul,l,/' Ul,k,/
by ()= do s+ 2, A (A + 222 A, (1) 1 e [0.A7]  [1.24]

=1 max max

Let /n denote the integer part of (.). The average number of failures
over horizon H.At is thus:

. ’"(”H)Xijm (/+])><T—1n{(j+l)x£]><m
A, (U.N)= > [a,m+ | A o (ndt
: T 1)1[(/‘#[))(7)‘*[ J
Jj=0 i:ln(/xA—)Ho 0 ar)
t

+ x A, (t)dt

[I’l((#])xﬁrl]j_l]xm(’HI)XT [Ul,[ln[(jﬂ)x;}ﬂ) ] [1 25]

U

0 max

In expression [1.25] we therefore replace A (r):

(1n((j+1)><%)—In(jx%)]xmxﬂn_/_(to)+

ln((/+l)><%]m . U,
+ U—’ﬂ (4r) |dt
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—
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We now replace T = H/N:

[M((/H)X N%Z[J—]n(jxﬁnxmxﬂo(to)+

e | o),

o x Y ZUud’ + . Z J~
U ‘:M(/XLJH =1 U,,

At

max ,1”[ N(’) 10
I”[(/H)XH]

N-At

4, (VHL)=Y| Y 5" 2, (A ){(ijl)in[—]n[WJXAt]

=0 =

dt+

(j+1 x——h((“l)

b
n '!’ o [ EJA[N]'A ] 1]'('/ N A, (t)dt

max

U

L _(j+dL
l,[[n[(’;.li,ﬁ] ]H].(M) X[I"(UH) Njﬂ}xm UH)XNXA/ /1" (t) s

max 0

+

U

1.4.3. Numerical example

The following numerical example is considered to illustrate our
approach. We use the same data for production, inventory and service
level of the previous numerical example. The number H of periods At
is equal to 24, with Az = 1. The machine M, has a degradation law
characterized by a Weibull distribution. Recall that our contribution
for maintenance is to study the influence of the variation of the
production rate on the machine degradation that is new in the
literature. Equation [1.24] shows the evolution of the machine failure
rate according to its use (which in our case is the production rate for
each period) respecting at the same time the continuity of the
equipment reliability for a period to another. This equation has been
validated in other scientific papers. Concerning the Weibull law, we
have chosen a numerical example where we have assumed that the
degradation of the equipment follows the Weibull law with parameters
y=2 and = 100 (with these two parameters, the degradation is linear
¥y = 2). From this equation, we determined the average number of
failures assuming that after each preventive maintenance action the
equipment is on state “as good as new” and that maintenance action
may be applied during the production as it can be at the end of the
period.
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The other data are as follows: C,,, = 500, C,,, = 4500, At = Imonth,
Ao =02, Cppy = 3mu, Cppy = 10mu, UM =130, U, = 130, 8, = 0.93,
service level a = 0.95, Cs = 5Smu, initial inventory Sy = 200 and the
standard deviation o= 2.23.

Optimization of returned
d~(dok=0......H) production deadline: 7’

|:> According to transported
Delay 7

Total Maintenance
<—/| Costa@m

Figure 1.13. Maintenance optimization

U*=(Uy 4,k=0......H-1)

Using the previous sections, an optimization procedure was
implemented using the Numerical Algorithms for Constrained Global
Optimization (Nelder Mead methods) with MATHEMATICA.

In this section, we are interested in different examples where we
determine the optimal strategy of maintenance characterized by the
optimal number of preventive maintenance actions N* in the case with
returned products and the case without returned products.

Example 1 (without returned products)

According to the economical production plan for the main machine
obtained in the case without returned products with different values of
subcontracting transportation delay 7 and the relationship of failure
rate presented in equation [1.24], we determine the optimal number of
preventive maintenance actions N* for each value of 7(7=0, 7= 1,
7=4).

Figures 1.14-1.16 illustrate the minimum total cost for different
values of the number, N, of preventive maintenance actions to be
performed. We note that for the subcontractor transportation delay
7= 0 and according to the economical production plan for the main
machine obtained in Table 1.3, we obtained an optimal total cost equal
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to 5059700.2 mu, with two preventive maintenance actions being
performed during the horizon H = 24. This optimal total cost becomes
more expensive for 7= 1 with the economical production plan that is
presented in Table 1.5, and equal to 5229300 mu with three preventive
maintenance actions, and significantly more expensive equal to
6251100.1 mu with six preventive maintenance actions being
performed for subcontracting transportation delay 7= 4.

Optimal number N* of preventive maintenance actions

Optimal number of preventive

maintenance actions
Total Cost

5800000
5600000
5400000
5200000
5000000
4800000
4600000

R

~

Figure 1.14. Total cost variation as a function of N with =0

Optimal number of preventive maintenance

Total Cost actions
5800000 A

5600000 -
5400000 -
5200000 -

5000000 -

4800000

~N
0o

Figure 1.15.

Total cost variation as a function of N with =1
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Optimal number of preventive

Total cost maintenance actions
7500000
7000000
6500000 \/
6000000
5500000
1 2 3 4 5 6 7

N

Figure 1.16. Total cost variation as a function of N with 7= 4

Hence, from Figure 1.17, we can see that the higher value of
transportation delay 7 corresponds to the higher value of the optimal
total cost and the optimal number of preventive maintenance actions.
This can be explained by the fact that, as transportation delay
7 increases, the principal machine produces more to meet the
customers’ demands, thus the machine will undergo more failures.
According to the previous results presented through the variability of
7, subcontractor transport delay is visibly impacted.

Figure 1.17. MP number variation as a function of 1
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Example 2 (with returned products)

We are interested in this example by the case where we consider
the products returned by the production problem. In this case, we
optimize the maintenance strategy according to the result obtained in
example 1 of section 3.4. In this case, we determine the optimal
number of preventive maintenance actions N* corresponding to the
optimal production plan for the main machine with a percentage of
returned products ¢ = 0.2 and a transportation delay of subcontractor
fixed at T = 1.At. Figure 1.18 shows that the optimal number of
preventive maintenance actions N* = 2 and consequently two
preventive maintenance actions are performed during the horizon H =
24. The last result corresponding to the optimal number of preventive
maintenance actions (N* = 2) is lower than the result of example 1 of
the case without returned products N* = 3. We can see that the higher
values of returned products corresponds to the lower values of
production rates. Consequently, the plan of production which has a
lower value of production rates is characterized by a lower optimal
number of preventive maintenance actions N* = 2. This can be
explained by the fact that, as production rates decrease, normally the
failure rate decreases as well as the average number of failures and
consequently the number of preventive maintenance actions.

without returned products

= - = with returned products

Total Cos
5800000 A

5700000 -
5600000 -
5500000 -
5400000 -
5300000 -
5200000 -
5100000 -
5000000 -
4900000 -
4800000 T T T T T T 1

Figure 1.18. Total cost variation as a function of N with =1
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1.5. Conclusion

This chapter analyzes a constrained stochastic production and
maintenance planning problem. In order to meet demand across the
horizon considered, subcontracting is required. At a given service
level, we have formulated and solved the related stochastic
production/inventory and maintenance problem.

The subcontractor, as it is based elsewhere, introduces a delay as
stock needs to be transported to the principal stockpile. It also
introduces constraints related to availability, maximum production
capacity and unit production cost. The key is to consider the influence
of the transportation delay introduced by the subcontractor in the
context of production, inventory and maintenance.

In the initial case (section 1.2), where we considered a production
system without returned products, we formulated and solved a linear
quadratic stochastic production problem to obtain a preliminary
production plan that took into account the transportation delay
introduced by a subcontractor. Using the Modigliani-Muth—Simon
model, the preliminary production plan included the production and
inventory costs at a given service level. This plan defined the
production rates for the main production system and for the
subcontractor’s machine during each period over the production
horizon. We then evaluated the influence of the subcontracting
transportation delay on the production plan.

In section 1.3, we went on to consider a production system taking
into account products returned by customers. Here, we optimized the
deadline authorized for product return by expressing a relationship
between the subcontractor’s transportation delay and the deadline for
returned products in order to minimize total cost.

In section 1.4, we analyzed the influence of the transportation
delay introduced by the subcontractor in the maintenance policy in
order to determine the optimal number of preventive maintenance
actions to minimize the total costs related to production, inventory and
maintenance.
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In the future, we will consider a more complex system with a
subcontractor transportation cost. We will also take into account the
cost of executing an order. For the maintenance strategy, we will
consider the new hypothesis that the corrective and preventive times
are not negligible. In this case we will deal with new policy to recover
the quantity lost during maintenance.

In other future research, we will consider the aspect of leasing in
our problem. The idea is to switch between a subcontracting machine
and leased machines in order to minimize the production, inventory
and maintenance costs.






2

Sequentially Optimizing Production,
Maintenance and Delivery Activities
Taking into Account Product Returns

This chapter develops and analyzes a stochastic optimization problem with a service
level constraint to generate a sequentially optimal plan of production, maintenance and
delivery activities in a deteriorating manufacturing system. Stochastic demand and
product returns are both accounted for, the latter of which allows for re-stocking new
products returned by the customer that are thus in a saleable condition. A constrained
production—maintenance—delivery problem that incorporates service level, stochastic
demand, delivery time, failure rate and proportion of products returned is formulated
based on the quadratic model. This quadratic formulation is adapted to provide
inventory, delivery, production and maintenance policies. The objective of this chapter is
to study the influence of delivery time on the planning of production, maintenance and
delivery activities. Finally, we work through a simulation to illustrate the exploitation of
the proposed approach.

2.1. Introduction

In recent decades companies have had to cope with decreasing
profit margins due to the competitive environment, which in turn has
motivated them to seek improvements in their production and
maintenance planning performance. In the literature there are many
papers that have treated the maintenance planning problem
independently of the production planning problem, despite the fact

Production and Maintenance Optimization Problems. Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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that in the past few decades we have seen the emergence of research
that treats both problems simultaneously. Holt ez a/. [HOL 60] have
developed a linear decision rule that considers inventory and
production planning without maintenance, and which provides an
important contribution to the literature. The proposed analytical rule
allows us to obtain the optimal solution to the quadratic cost function
of production, inventory and workforce levels. The principle of this
method is to minimize the inventory and workforce equations.

According to Bertesekas [BER 95], the Modigliani-Muth—Simon
model is one of the first to deal with the certainty equivalence
principle for dynamic linear quadratic problems. This model is usually
used as a benchmarking tool in order to compare different production
planning approaches and to provide managers and decision-makers
with perspectives on and ideas about how to manage a firm’s material
resources [SIN 96].

Hax and Candea [HAX 84], for example, proved that the
Modigliani-Muth—Simon quadratic approach is useful for evaluating
the production process. For example, by using the Modigliani-Muth—
Simon model, the quadratic inventory cost describes and takes into
account the possible status of inventory, whether negative (shortage)
or positive (overstocking). In this context, Buzacott [BUZ 67]
analyzed the role of a buffer inventory in increasing the productivity
of an unreliable production system.

Aghezzaf et al. [AGH 07] developed a sequential maintenance and
production planning model for a production system subject to random
failures. This model takes into account the system reliability
parameters and capacity in the development of the optimal production
plan.

Van der Duyn Schouten and Vanneste [VAN 95a] introduced a
finite-state Markov decision model for the optimal preventive
maintenance of an installation in a production line with an
intermediate buffer. Under certain suitable conditions they proved
that, for each fixed buffer level, the optimal policy is of the control-
limit type.
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Das and Sarkar [DAS 99] considered a production—inventory
system, where inventory is maintained according to an (s, S) policy
and the production process is subject to failure. The authors studied
a preventive maintenance policy and employed a simulation-based
optimization algorithm to obtain optimal policy parameters.

Iravani and Duenyas [IRA 02] considered a make-to-stock
production/inventory system consisting of a single deteriorating
machine that produces a single item. They formulated the integrated
decisions of maintenance and production using a Markov decision
process.

Rezg et al. [REZ 04], as well as Chelbi and Ait-Kadi [CHE 04],
analyzed a strategy that builds a safety inventory in order to satisfy
demand when production is interrupted during maintenance actions.
Cheung and Hausmann [CHE 97] developed the sequential
optimization of a strategic safety inventory and age-based
maintenance policy (taking into account the age of machines, as
machines need more maintenance as they age). In practice the failure
rate increases with both the equipment use and time, but the latter is
rarely considered in the literature. For instance, Hu et al. [HU 94]
analyzed the optimal conditions for a hedging point strategy
controlling a production system that takes into account machine
failure that depends on the number of parts that are produced by the
machine.

Most works in the literature consider a perfect service level and
perfect manufacturing systems, and do not take into account the
impact of service level and the proportion of defective items on
system performance measures and costs. More recently, Hajej et al.
[HAJ 09, HAJ 11] considered a manufacturing system composed of a
randomly failing machine that satisfies a stochastic demand under a
service level constraint. The authors ignored some crucial properties
of a production system, however, such as transportation in terms of
delivery time and the quantity transported.

Most manufacturers are trying to decrease the delivery time, i.e.
the time the parts spend travelling between the store and the
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customer’s warehouse. This delivery time has a great impact on
system performance. Turki et al. [TUR 12a, TUR 12b] have taken into
account random demands and machine failures. These authors studied
the influence of delivery time on optimal inventory level. Dolgui and
Ould-Louly [DOL 02] developed a supply planning model based on a
specified stochastic lead time and proposed a method for determining
the optimal planned lead time. Lee [LEE 05] proposed a model for
evaluating investment strategies in preventive maintenance and
inventory in an imperfect manufacturing system taking delivery time
into consideration.

The quantity of products transported, a property of manufacturing
systems that has been considered recently, relates to the quantity of
products transported from the stockpile to the warechouse [FUN 05]. In
order to achieve a targeted service level, a warehouse needs to be
purchased to contain enough parts. This depends to a certain degree
upon the quantity being transferred between the manufacturer and the
customer warehouse.

The study of combined production, maintenance and delivery
strategies is a very recent topic in the literature. Hajej ef al. [HAJ 14a]
have determined optimal production plans for principal and
subcontracting machines that minimize the total production and
inventory cost in systems with and without returned products that
meet a specified service level and incorporate subcontracting
transportation delay. In Turki et al. [TUR 12b] a manufacturing model
was considered that takes into account the transportation delay
between the principal stockpile and customer warechouse. They then
studied the impact of delivery time on maintenance planning in a
simple case. Motivated by this work, we decided to combine
production, maintenance and delivery plans taking into consideration
machine failures, stochastic demand, delivery time, service level
and returned products (where the products previously delivered to
the customer are returned in a good-as-new state and are therefore
in a saleable condition). Hence, this work is original as it studies
the impact of delivery time, the rate at which products are returned
and service level on optimal production and maintenance plans,
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taking into account delivery. We make three contributions in this
chapter:

— we consider the relationship between transportation delay and the
rate at which products are returned, and then study their influence on
the optimal production, delivery and maintenance plans;

—we add to the literature about maintenance and the contribution
of the influence of variation in production to machine degradation. In
our study we take into account the evolution of machine failure rate
according to the production rate for each period, respecting the
continuity of equipment reliability from one period to another;

— we study the interaction between:
- the production rate,
- the quantity of products transported,
- the delay in delivery,
- the amount of products returned,
- the service level.
The proposed approach is based on sequential resolution. We

determine an optimal production plan and as a consequence determine
the optimal maintenance policy.

Section 2.2 presents a stochastic delivery, production and
maintenance model considering the impact of delivery time, while
section 2.3 transforms this model in to a deterministic equivalent.
Numerical examples are presented in section 2.4. Section 2.5
concludes the chapter.

2.2. Planning of production, delivery and maintenance

This section presents the notations (section 2.2.1) and assumptions
(section 2.2.2) used throughout this chapter. It goes on to explain
the model (section 2.2.3) and the derivation of cost expressions
(section 2.2.4).
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2.2.1. Notation

The following parameters are used in the explanation of the model:

)

r(k)
At

HA
u(k)

k)

d(k)

S, (k)

S,(k)

rate at which products are sent back to the warechouse
So (where the products are still in asaleable condition)

time between the customer receiving the products and
returning them (at a rate o) to the warehouse S

quantity of products returned by the customer after 7.
length of the production period

delivery time (the value of the delivery time is a
multiple of Ar)

number of production periods in the planning horizon
the length of the finite planning horizon

the number of products produced by machine M
during period &, with:

k=1{0,1,....,H— I}
U = {u(0), u(l), ..., u(H - 1)}

the number of products transported from S; to S
during period &, with:

k=1{0,1,...H-1}
0 =1{0(0), 0(1), ..., Q(H - 1)}
average demand during period k£ where k£ = {0, 1,...,

H

variation in demand during period k where
k=1{0,1,..., H}

inventory level at S; at the end of period k& where

k=10, 1,...,H}

average inventory level at S; during period k& where

k=1{0,1,.... H}
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Sy (k)
)

o
CS 1

CS()

G

o

Gyso (k)

Cpm
Ccm

Umax
Umin
F(1)

R(1)
4,(1)

A (1)

inventory level at S, at the end of period £ where
k=1{0,1,..., H}

average inventory level at Sy during period k£ where
k=1{0,1,..., H}

unit production cost of machine M

inventory holding cost of one product unit during one
period at S,

inventory holding cost of one product unit during one
period at Sy

delivery cost

delivery vehicle capacity

total maintenance cost

expected quadratic value of the sum of the inventory,
production and delivery costs for period &

preventive maintenance action cost

corrective maintenance action cost

monetary unit

maximum production rate of machine M

minimum production rate of machine M

probability index related to customer satisfaction and
expressing the service level

probability distribution function associated with the
time to failure of M

reliability function, equal to 1 — F(¢)
nominal failure rate corresponding to the maximal
production rate

machine failure rate during period k where

k=1{0,1,.... H}
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s? initial inventory level of S
Sy initial inventory level of Sy
N number of preventive maintenance actions over the

finite horizon, H

¢, (U,N) average number of failures over the finite
horizon, H

(7 cumulative Gaussian distribution function

u(k), O(k) and N decision variables

In this section, a discrete-time model for sequentially optimizing
production, maintenance and delivery planning is formulated in a
sequential way over a finite horizon. In this chapter, we consider a
one-machine manufacturing system that produces one type of product
and which is composed of a customer with stochastic demand and two
inventories (S;, Sp). S) is the manufacturing store in which the
manufactured products are initially kept. These products are then
transported to a second store (Sp) for sale. Sy is thus the purchase
warehouse in which products taken from §; are stored and from where
customer demand is satisfied.

It takes time to transport the manufactured products from the
manufacturing store S; to the purchase warehouse Sy. Thus, we
consider a delivery time 7 between S, and Sy (see Figure 2.1). In order
to propose a more realistic system, we consider that the manufactured
parts are transported from S; to S, by a conveyance that has the
capacity Q,. Warehouse S, allows customer demand to be satisfied
according to a prescribed service level, 6.

As we mentioned in the introduction, a proportion of the
manufactured products delivered to the customer is eventually
returned to S;. Machine M is subject to random failures, and the
failure rate varies according to both time and to the number of
products produced by machine M.
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The goal is to simultaneously provide optimal delivery,
maintenance and production plans that satisfy the stochastic demand
in a sequential manner. The objective is to minimize the sum of the
manufacturing, delivery, inventory and maintenance costs.

Maintenance

ffffffffffffffffffffffffffffffffffffff

T So § Random
Demand

v

Delivery ' \

Returned Products

Figure 2.1. Description of the problem

2.2.2. Context and assumptions

In this model, we make the following assumptions:

1) customer demand follows Gaussian distribution and every
unsatisfied demand in a period is backordered;

2) the delivery time 7is constant and is a multiple of Az (the length
of a period). If we assume that the products leave S| in period £, they
will arrive at Sy in period k+7/At;

3) the returned products are still new and in saleable condition;
4) the rate at which products are returned () is constant;
5) the return deadline (7,) is constant;

6) the quantity of products returned by the customer (#(k)) is
proportional to demand and products should be returned to Sy after the
specific deadline 7. This proportion is specified by the rate at which
products are returned (0);
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7) the maximum (U,,,,) and minimum (U,,;,) production rates are
constant and known;

8) the vehicle capacity (Q,) is constant and known;

9) we assume that after each preventive maintenance action, the
equipment is “as good as new” and that maintenance actions may be
applied during production as well as at the end of the period;

10) we assume that the durations for repair and overhaul are
negligible;

11) the following are constant and known:
- the production cost (C,,),
- the inventory holding cost at S} (Cs)),
- the inventory holding cost at .Sy,
- the delivery cost (C)),
- the preventive maintenance action cost (C,,),
- the corrective maintenance action cost (C,,).

Assumption 1 is usually supposed in the literature considering a
stochastic demand distribution.

For assumption 2, it is normal to assume that the delivery time, 7,
is multiple of At (the length of a period). For this reason we use a
discrete-time model.

Assumption 3 is commonly made in manufacturing models that
consider whether returned products (i.e. right of withdrawal) pass
possible quality control or inspection conditions before the decision to
restock is made.

Assumption 4 is often made in manufacturing models that consider
returned products. Many works in the literature have proposed either
normally distributed return rates or constant return rates.

For assumption 5, the return deadline is usually assumed to be
constant in the literature.
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Assumption 6 is also often made in manufacturing models that
consider returned products. However, in our model the quantity of
product returned by the customer is stochastic and the fact that it is
proportional to demand is also stochastic.

Assumption 7 is common in production planning.

Assumption 8 is an original characteristic of our model, due to the
consideration of a transport vehicle with limited capacity. This
proposition makes our model more realistic.

In the literature it is usually assumed that after each preventive
maintenance action, the equipment is in a state where it is “as good as
new”, as in assumption 9. We have assumed this because it allows us
to analytically study the influence of production on both machine
degradation and the average number of failures. This analytical study
is difficult to resolve if we assume a policy without minimal repair.
Maintenance is carried out at the end of the period as we assume that
the delivery action is also applied at the end of the period.

Assumption 10 is proposed in order to simplify the analytical study
of the maintenance. If we assume that the durations during which
repair and overhaul are carried out are not negligible, we have to take
into account lost production during maintenance procedures, and this
makes the study very difficult.

Assumption 11 about constant and known unit costs is classical.

2.2.3. Setting the problem

In this section, a constrained stochastic optimization problem is
formulated using a quadratic model by extending the work of Holt
et al. [HOL 60]. The principle of the optimization method is to
minimize the total expected cost over a finite time horizon [0, H]. In
each period the demand is stochastic and follows Gaussian
distribution. There is an average and a standard deviation given in
each period. Demand is satisfied when the service level is met. This
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depends on the stock balance equation and remains stochastic due to
demand.

As the service level constraint is stochastic, we can determine a
minimum cumulative quantity that satisfies the customer. In what
follows we present the stochastic problem, where Gy, (k) denotes the

expected quadratic value of the sum of the inventory, delivery and
production costs, while Cp,(.) denotes the maintenance cost
comprising both corrective and preventive maintenance costs.

Min(U,Q,N) (GUSQ (H)+ Hil Gyso (k) +Cry (U,N)j
k=0 [2.1]

REMARK 2.1.— we do not consider production control and transport at
the end of the horizon, H; therefore u(H) = Q(H) = 0. Thus, we write

the function GUSQ(H) independently.

As mentioned before, we use a discrete time model to describe the
system. At period k+1, therefore, the inventory balance level of S; is
equal to the inventory level in the previous period (i.e. period k) plus
the number of products produced by machine M in period %, minus the
number of products transported from §; to Sy in period k. Thus, the
store level at period k+1 is described as follows:

S (k+1)=8,(k)+u(k)—Q(k) [2.2]
with
k=1{0,1,....,H-1}
The inventory balance equation of Sy is equation [2.3].

The quantity of parts entering the warehouse Sy during period £ is
the quantity that left store .S in the period k — 7/A¢. In other words, the
transported parts that arrive at store Sy in period & match the quantity



Sequentially Optimizing Production, Maintenance and Delivery Activities 59

of parts that left store S; in the period £ — /At and is represented by
O(k — 7/At). Here, 7/At represents the number of periods that the
products take to be transported between S; and S,. However, to
simplify the writing of the equations, we assume that Az = 1, i.e. we
have Q(k — 1) instead of Q(k — 7/Af). Thus, during period k+1 the
warehouse level is equal to the warehouse level during period & plus
the parts entering Sy having left store Sy, i.e. O(k — 7), plus the parts the
customer has returned, i.e. r(k), minus the number parts requested by
the customer in period k. Hence, the warehouse level in period k+1 is
described as follows:

S,(b)+0k—7)—d(k)+r(k)  Ifk=>t

Sok+ z{ Sy (k) —d(k)+r(k) otherwise [2.3]

with
k=1{0,1,...., H—1} and r>1.

REMARK 2.2.— we assume that Q(k-7) = 0 when k<t. When k<t, k— 7
is negative (i.e. we have negative instant), this is impossible.

The quantity of returned parts denoted by (k) is a portion of the
demand that is withdrawn by the customer after a specific period
denoted by 7. In this case, r(k) is presented as follows:

Tr

5-d[k—
r(k)= At

]zé-d(k—r,.) ifkzt,
[2.4]

0 otherwise

with
k=1{0,1,...,H—1} andz, 21.

REMARK 2.3.— in the case when £<z,, the index of d(k — 7,) is negative
(i.e. the instant is negative). This situation is impossible, therefore we
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assume that d(k — 7,) = 0 when k<z,, or in other words that »(k) = 0
when <z, .

The service level constraint that corresponds to a period k is
described by the following constraint:

Prob (So(k+1)> 0) with k = {0, 1,..., H} [2.5]

In what follows we present the constraint that defines the lower
and upper bounds of machine production for a period, £:

Umin < u(k) < Umax [26]

2.2.4. Mathematical analysis

In this section, we formulate an optimized constrained stochastic
problem. We use this formulation to describe a constrained
production—maintenance—delivery problem that takes account of:

— delivery time;

— product return;

— stochastic demand;

— rate of machine failure; and
— service level.

Inspired by the Modigliani-Muth—Simon model, we adapted the
approach to formulate a stochastic model of this problem.

The model proposed by Holt et al. [HOL 60] presents a decision
rule that determines an aggregate production, inventory and workforce
policy. The proposed rule is determined by minimizing the quadratic
production cost and describes the balance between production,
inventory and workforce components. In our study we extend a
quadratic model based on Holt et al. [HOL 60] in order to provide
production, maintenance, inventory and delivery policies.
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We now turn our attention to formulating expressions for the
quadratic cost functions introduced in section 2.2.3.

2.2.4.1. Derivation of expressions of production, inventory and
delivery costs

The main principle of the model is to define a quadratic cost
function that penalizes both shortage and excess inventory. Our
quadratic function is used to take into account the variation of a
parameter of interest: inventory levels that are either too high or too
low. It does this by using squared mathematical expectation.

In this chapter we have made some changes to the model, keeping
its linear quadratic form. We take into account some constraints on the
decision variables to make our approach more realistic and to ensure
its applicability in real industrial cases.

Let the expected quadratic holding, production and delivery costs
for period & be given by:

Gysp (k) =Gy (k) + G (k) + Gy (k) [2.7]

where E|[ ] denotes the mathematical expectation operator, and:

—the expected quadratic production cost for the number of
products u(k) is:

Gy (k)=C,, xE[u(k)*] [2.8]

— the expected quadratic holding cost for the inventory level in a
period £ is:

Gy (k)= Cg X E[ S, (k) |+ Cgy X E[ Sy (k)] [2.9]

— the expected quadratic delivery cost for the number of products
transported, Q(k), in a period £ is:

GQ(k>=C,XEK%J ] 2.10]

v
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Using the quadratic approach, the expected total cost of inventory,
delivery and production over the finite horizon H.At, denoted by
Gl is described as follows:

H
GTUSQ = 1;0 GUSQ (k)=

: o))
4| € xE[u(ky 0 ]+C xE|| =
CSIXE[SI(H)2]+CSUXE[SO(H)Z]+HZI X ELulhy 0]+ K 0, ” [2.11]
k=0
+Cs XE[S,(k)" ]+ Cs X E[ Sy ()’ ]

2.2.4.2. Derivation of the expression of maintenance cost

In this section we consider minimal repair by way of preventive
maintenance over a finite horizon H.At. At times A.T (with & = {0,
1,..., N}) we overhaul unit production, see Figure 2.2. Hence, the
principle of the proposed overhaul is to replace several critical
components in order to restore the production unit to a condition
where it is “as-good-as-new”. In other words, a minimal repair is
carried out when the machine breaks down between successive
overhauls.

There is a correlation between the delivery and production plans
and system degradation: there is an increase in the rate of failure with
an increase in the number of products produced by the machine and/or
with longer periods of time [HAJ 09]. For this approach we elaborate
on an analytical resolution that deals with the deterioration of the
machine and does not only depend on the time but also on the rate of
production. There is a correlation between the influence of variation in
production and time on the degradation of the machine and on the
average number of failures. Therefore, the advantage of this
maintenance strategy is to improve machine availability and minimize
maintenance costs in order to ensure production needs are met across
horizon H. Other works develop the theory of the hedging point with a
production rate that can only vary between 0 and the demand or the
maximum production rate. In our work, we determine the rates by
period to meet planning commitments while correlating the
degradation of machine production rates. As these production rates
vary from one period to another, the maintenance plan also changes to
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reflect the fact that degradation is not uniform over the planning
horizon. The periodicities of preventive maintenance actions are thus
recalculated to account for this.

A sequential optimization strategy is adopted to consider the
maintenance strategy in order to obtain an optimal strategy that is
characterized by the optimal number, N*, of preventive maintenance
actions required over the finite horizon, H.At.

The maintenance cost is represented by the following function:
Cor (U= {u(),u(2),...u(H-1)},N)=C,, x(N-1)+C,, X, (U,N) [2.12]

with ¢, (U,N) being the average number of failures over the finite
horizon, H.

Overhaul Periods

0 T 2T 3T N-1T NT

| | | | | | | ! | | Production

! ! ! ! l l l I I Periods
0 At 2.At 3.At (H-1).At H.At

Figure 2.2. Maintenance and production periods

2.3. Transformation of the stochastic production,
maintenance and delivery planning model to a
deterministic equivalent

In this section, we transform the formulation from the previous
section into a deterministic equivalent problem so that we may
optimize it in section 2.4. Before presenting the transformation,
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however, we need to explain why we have decided to deal with this
transformation.

2.3.1. Motivation

Many works deal with the transformation of a stochastic problem
into deterministic equivalent in order to arrive at a solution. For
example, through the steps of this transformation from stochastic
problem into an equivalent deterministic we transform the
probabilistic service level constraint into a deterministic constraint by
specifying a minimum cumulative production quantity, depending on
service level requirements.

The new part of our transformation deals with the transformation
of a stochastic production, maintenance and delivery planning model
into a deterministic equivalent. To the best of our knowledge this
model, which establishes a production, maintenance and delivery
planning problem, has never been dealt with in the literature.

2.3.2. Transforming the production, inventory and delivery
cost (expression [2.11]) into a deterministic equivalent

In this section, we present the approach that we used to transform
the stochastic problem into a deterministic equivalent. The
deterministic problem retains the principal properties of the original
problem.

The production, inventory and delivery quadratic costs can be
simplified as demonstrated in Lemma 2.1.

LEMMA 2.1.—

H

. A , o H
GTyp =Y (CSlel(k)2 +Cy, xSO(k)‘)+ Csoxé:l(o,; VX[ H +1+(H —1)><5']><7

k=0
Ha : 2.13
+ 2 [prxu(k)z +C,x[%k)] J [ ]

v
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The inventory balance equation [2.2] can be described as:
Sk +1)=5, (k) +u(k)-Olk)

with
k=1{0,1,...H-1}

and the inventory balance equation [2.3] can be described as:

So(k)+Q(k—r)+a‘><c§(k—zr)—é(k) Ifk>t andk>1

. Sy (k)+6xd(k—1,)—d(k) Ifk>t andk<t
Sylk+1)=1" r ;
S, (k)+Q(k—7)—d(k) k<t andk>t
S, (k)—d(k) Ifk<t, andk<t
with

k=10,1,...,H-1},and 7, >1.
PROOF.— See Appendix 2.
2.3.3. Transforming the service level constraint (equation
[2.5]) into a deterministic equivalent

In this section, we present the transformation of the stochastic
service level constraint into its deterministic equivalent. Through the
following lemma, we specify a minimum cumulative transportation
quantity that depends on the service level.

LEMMA 2.2 —

This lemma is inspired by the Modigliani-Muth—Simon model
used in by Holt e al. [HOL 60] and Silva Filho et al. [SIL 05].

Prob (S,(k+1)20)>0 = (Q(k )2 (Vk <V, )w"(a) — Sy (k) +d(k)—5xd (k- r,_))
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with
k=1{01,..,H-1} [2.14]

where ¢ is a cumulative Gaussian distribution function mean

1 ,a?(k)—é-(i(k—f) and finite variance Hl] ><Vk+[—§] oV >OJ,
Vi Vi v v,

k—f’ =
k=1, k k-7, k

and @' denotes the inverse distribution function.
PROOF.— According to equation [2.5], we have:
Prob(S,(k+1)=0))
In this case, the service level requirement constraint is given by:
= Prob(S, (k) + Ok —7)+ 6xd(k—1,)—d(k) 20) =6

= Prob(S, (k) + Q(k—7) > d(k) - 5xd(k—1,)) >0

We add 5><c§(k—z',) to the expression to get:
- Prob(SO(k)+Q(k—r)+6><a7(k—r,_)—a7(k)2d(k)—(f(k)—é‘x(d(k—r,_)—a?(k—f,_)))249

We divide the expression by V, XV, _. and then we have:

= Prob >0

So(k)+O(k—7)+xd(k-1,)—d(k) _ d(k)—c?(k)—5><(d(k—f,-)—c?(k—fr))
VixVe, - VXV,

Then

1 dR)=dk) 5 d(k=1,)=d(k=1,) _Sy(k)+Qk~7)+Sxd(k~1,)~d(k)

Prob >0
- [V oW V. Vo<l J [2.15]
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Note that:

— X:(d(k)—a?(k)] is a Gaussian variable with a distribution
Vk

identical to d(k);

— Y:[d(k —7,)-dk _Tr)] is a Gaussian variable with an identical
Viee

distribution to d(k — 7,);
The formulation is then equivalent to:

Prob(Ax X + BXY<C)>8
— )

= g__9 .
v, , and v

Note that X'=AxX 1s a Gaussian stochastic variable with

an identical distribution to fx,zix f (%), with  mean

Axd(k)=

; . : 1Y) .
xd(k) and variance A“><Vk={ JXVkZO, while

k-1 k-1

Y'=BxY 1s a QGaussian stochastic variable with an identical

distribution to fy,=—%xf(%} with mean BxJ(k—T,)=—V£xJ(k—r,)
k

. o
and variance B'xV,_, = (V

} XV, 20,
k ¥

Thus we get a Gaussian stochastic variable with an identical

distribution to A= fy. X f;, Bxg(k_f)z_ﬁxg(k_f) and
r Vk r

. Al
variance B xVj_, = (V] XVie 20,
k
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The cumulative Gaussian distribution function of is denoted by ¢.

Equation [2.15] implies that:

S,(k)+O(k —7)+ 8xd(k —7,)—d (k) o [2.16]
VXV, -

and we conclude that it is strictly increasing. We note that the
equation is indefinitely differentiable, so we conclude that it is
invertible.

Equation [2.16] implies that:

Sy (k) +Q(k —7)+ 6xd(k—1,)—d (k)

>0 ' x(0
V., xV,_, ¢ )

therefore:

Sy(k)+Qk—1)+8xd(k—7,)—d(k)2V,XV,_, X" x(8)
Ok—1)2V, xV,_, X9 (0)=S,(k)—xd(k—-1,)+d(k)
thus:
Prob(S,(k+1)20)>6 :>(Q(k—r)2Vk><V,H’_><¢"><(0)—S0(k)—5><a?(k—r,_)+a?(k))

Q.E.D.
2.3.4. Transforming the maintenance cost (expression
[2.12]) into a deterministic equivalent

In this section, the optimal maintenance strategy is determined.
This means that we will determine the optimum number of preventive
maintenance actions (N¥).

THxNe=H [2.17]
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At At
L |- . .
L = > Production Periods
0
:/ ZS } } :H Maintenance Periods
In(T/At) T 2T (N-DT  NT

Figure 2.3. Evolution of the rate of failure over time.
For a color version of this figure, see
www.iste.co.uk/rezg/services.zip

The analytical expression of the total maintenance cost is described
as follows:

Cpy (U,N)=(N=1)xC,, +C,, x@y, (U,N) [2.18]

where Ne {1,2,3.....}, and ¢, (U,N) corresponds to the expected

number of failures that occur in the horizon H with consideration of
the number of products produced by machine M during every
production period At.

Recall that 4,(¢) represents the function of the linear failure rate at
production period k£ (see Figure 2.3), while 1,(¢) is the nominal
condition failure rate, which is known as the maximal production
failure rate. Then we have:

utk)
U

max

A ()= A (A + ——=X 4, (1) [2.19]

This equation shows the evolution of the machine’s failure rate
according to use (which in our case is the production rate for
each period) respecting the continuity of equipment reliability
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from one period to another. This equation has been developed in
Hajej et al. [HAJ 14b]. From this equation, we have determined the
average number of failures, assuming that after each preventive
maintenance action the equipment is “as good as new” and that
maintenance action may be applied during production as well as at the
end of the period.

In what follows, we present the average number of failures over the
finite horizon, which is a function of the failure rate.

Let /n denote the integer part of (.). The average number of failures
over the horizon, H, is:

Nt In[(jﬂ)x% " (J'+1)><T—In((j+l)><Al')><At
oyU.D=2| T[40+ ] A (t)dt

IO imm( e+ © 0 "{(‘”')XEJH

[2.20]
[M((./H)xljﬂ)xm In (]+1)X£ +1
At At
+ [ x A, (1) dt

(j+1)><T Umax

and

A0 =40+ 24,0

- Ve [0,r]
= 40 =)+ B+ 22,0

where B, =0 and A, (¢,)=4,-
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Therefore, we replace A,(¢) in expression [2.20]:

T T
[In[(j+l)><z)—In(jXE)JXAtXﬂ(,(tO)+

mf (i i lnr(/’+l)><Lr
( v j?’[z' u(l)x/lu(At)]dt R %)
0

U AN
At

At

fu(i)
U

max

X Ay (2)dt

PP

T
i=1I X— [+1
= L]

i (j+1)xT " (J+1)xT
(J+1)XT =1 [7“ }xm I [7Al w(l)
N1+ ) >

0 1=1

X A, (At) |dt
Pu (U,T): 0

M7
<

max

j+1)xT
(/+l)xT—1n[%)xm u [ln [%j + 1]

+
! U

max

At (+nr
X i

U

J

X A, (t)dt

+

Ao (t) dt

r
max In[ (L= |xar
”[(.r ) m]

We now replace T'= H/N:

. H R H
[1}1((]"—1))( NxAt]—In(]x NxAt)]xAtx/lo(tOH

n,[(,n)xﬁj’;
7’10(5”“& s S yae +
=1

max J:In(jxljﬂ
At

. m((,H)XL)

NxAt ) At
X > Ju(i)yx A, (t)dt +
0

-

H :‘\’7] +1)xH
o (v-174) =0 "'[(]NX)A/ ] u(l) H (j+1)xH
> U—xﬂo(At)x[(jH)xﬁ—In[ijxm]

U

=
NxAt

I=1 N X At

max

o (j+i)H (J+)xH
(m)fo/,,I[ DL )xm M[In[iNxAt +1

+ X A, (1) dt
0 U o (1)
j+1)xH
ul In % +1 (gt
N XAt TN
X | Ao (1) dt
U H
max In[(/+l)><mj><Al
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In the following section we are interested in studying the impact of
delivery time, the rate of product return and service level on the
optimal production and delivery plans and on the optimal maintenance
strategy. The model we have derived is used for the optimization.

2.4. Numerical example and numerical optimization
procedure

In this section, some numerical examples are presented to study the
impact of different model parameters on optimal production and
delivery quantity plans by varying parameters such as delivery time,
rate of returned products and service level. Then, the results are
interpreted and discussed. Firstly, the principle of used optimization
numerical procedure is presented followed by different numerical
examples concerning our model.

2.4.1. Numerical optimization procedure

Using the stochastic model formulation presented in the previous
sections, we formulate a deterministic equivalent problem for the
integrated  optimization problem of inventory, production,
maintenance and delivery quadratic costs as follows:

H ~ 2 a 2
D {C S (k) +C -8 (k J+
LG ST s S ()
H -1 2 0 (k) 2
C Xu(k) +C, x| =12
win | 2| CPr u (k) / [ 0, ] [2.21]
U0V
o2 _1).s2]. 4
+CS0 75 [H+1+(H 1)-0 } 5
+(N—1)~Cpm+Ccm-goM (U,N)
Subject to:

S (k+1)=S,(k)+u(k)—Ok) withk = {0, 1,..., H-1}  [2.22]
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S,(k+1)=S,(k)+ Ok —1)+oxd(k—,)—dk) Withk = {0, 1,..., H-1} [2.23]

O(k=7)2(V,xV,_, %@ (6)=S,(k)+d (k)-Sxd(k—7,)  with
k=10, 1,..., H-1} [2.24]

U, <u(k)<U

max With k=40, 1,..., H-1} [2.25]

Due to the nonlinearity of the problem constraints and in order to
realize this optimization, we used a Numerical Algorithms for
Constrained Global Optimization based on the Nelder Mead methods.
Indeed, The Nelder—Mead technique was proposed by John Nelder
and Roger Mead [NED 65] and is a nonlinear optimization technique
for minimising an objective function in a many-dimensional space and
which used for solving problems that derivatives may not be known.
Furthmore, the Nelder—-Mead technique is a heuristic search method
that can converge to non-stationary points on problems that can be
solved by alternative methods. Lagarias ef al. [LAG 98] presented the
convergence properties of the Nelder-Mead algorithm applied to
functions in dimensions 1 and 2. The authors proved the convergence
to a minimiser for dimension 1, and various limited convergence
results for dimension 2. Fazekas ef al. [FAZ 08] defined the principle
of the Nelder-Mead algorithm as the following. A simplex is the
convex hull of n+ [ vertex in an n-dimensional space. The method
starts from an initial working simplex which is created using the given
initial parameter value. The algorithm then performs a sequence of
transformations (that can be reflection, expansion, contraction or
shrink) of the working simplex, to decrease the objective function
values at the vertices. The algorithm is terminated when the size of the
simplex is sufficiently small, or when the function values at the
vertices are close to each other in some norm. In each iteration step,
the algorithm typically needs only one or two objective function
evaluations which are quite low compared to most other methods. For
more details about the Nelder-Mead method, we cite the article by
Yang et al. [YAN 12] which presented an algorithm that describes the
general Nelder-Mead simplex method. The simplex search algorithm
does not guarantee that the obtained point is a global minimum on the
whole parameter domain (as many nonlinear optimization techniques).
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Thus, it is important to use as much prior information about the
modeled process as possible to choose proper initial parameter values
for the method.

The following numerical optimization procedure is proposed to
solve the problem. It has five steps:

— Step 1: Introduce input data (demand, production cost, inventory
cost, delivery cost, corrective maintenance cost, preventive
maintenance cost, etc.)

—Step 2: Use equation [2.24], to determine the minimum
cumulative transportation quantity that depends on the service level
constraint given by equation [2.25].

— Step 3: Choose a production vector U = {u(1),u(2),....,u(H-1)}, O
= {Q(1),Q(2),....,QH-1)} by varying the production quantity and the
delivery quantity for each period according to constraints [2.24] and
[2.25] and the number of preventive maintenance actions /N in order to
consider all possible production, delivery and maintenance plans.

— Step 4: For every plan established in step 3, we calculate each
time the corresponding total cost (equation [2.21]).

— Step 5: Determine the optimal values of the decision variables
which yielded the minimal total cost.

2.4.2. Numerical example

The different input data are summarized in Table 2.1 below (“mu”
stands for monetary units):

Reliability data

System time to failure distribution F(t): Weibull distribution with :
Scale parameter: f = 100 & Shape
parameter : y =2

Corrective maintenance cost Ccm = 3000 mu.

Preventive maintenance cost Cpm =500 mu

Inventory data

Inventory holding cost for S; Cs; =0.2 mu.

Inventory holding cost for S, Csp=0.2 mu.
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Initial inventory level for S, S, (0)=120
Initial inventory level for S, S, (0)=50
Service level 6=0.9
Production data

Finite horizon of production H = 36 months
Length of production period At = 1 months
Unit production cost Cpr =2 mu.
Minimal production rate Umin = 3.
Maximal production rate Unax= 17.
Delivery data

Delivery cost C =12 mu
Delivery vehicle capacity 0,=6

Time between the customer receiving | 7.= 1

and products returning

Rate of returned product 0=0.3

Table 2.1. Numerical data

Example 1

In this first example, we assume that the demand is generated by
Gaussian distribution with standard deviation o, = 1.2, and the average
demand for each period At is given by the following Table 2.2.

doO) | dn | d@ | d®) | d&) | d©)
15 17 15 15 15 14
d(6) d(7) d(8) d(9) d10y | dan
16 14 16 15 15 15
d(12) | d@3) | da4) | das) | dae) | da7)
15 15 15 13 15 15
d(18) | d@19) | d@0) | d@ey | d2) | d23)
16 13 15 15 14 16
d@24) | d@25) | d@6) | d@e7) | d@8) | d(29)
16 16 14 15 15 14
d30) | d@3l) | d32) | d33) | d34) | d(35)
15 16 14 16 14 14

Table 2.2. Average demand for the numerical example



76  Production and Maintenance Optimization Problems

Using a numerical procedure based on the Nelder-Mead algorithm
programmed on MATHEMATICA® software which has been used to
perform the calculations and obtain the optimal solution for any given
instance of the problem. However, in our case and by using the
Nelder-Mead algorithm, we just enter the values set of each parameter
(i.e. the possible parameter values vector). Thus, in this numerical
example, the values sets are : for the production we have U,;, =5 <u
<Upax = 17 (i.e. u = {5,6...,17}), for the transported quantity we have
0<0<Qv==6(ie. u={0,1..,6}) and the maintenance we have /<N
<H =36 (ie. N= {1,2...,36}). Then, the numerical algorithm based
on the Nelder-Mead methods chooses randomly the initial parameter
values and run the simplex method repeatedly with different initial
parameter values to find a local extremum. The minimum among
resultant local extreme values is selected as a solution. Therefore, this
algorithm finds the minimum of the objective function while
guaranteeing the optimality of the solutions.

The optimal production, delivery and maintenance plans are
presented respectively in Tables 2.3 and 2.4 as well as in Figure 2.4.

u*(0) w*(1) u*(2) w*(3) u*(4) w*(5)
8 12 17 17 17 12
u*(6) u*(7) u*(8) u*(9) u*(10) u*(11)
12 10 7 13 17 11
u*(12) u*(13) u*(14) u*(15) u*(16) u*(17)
16 16 13 12 11 9
u*(18) u*(19) u*(20) w*(21) u*(22) u*(23)
5 5 11 10 17 5
u*(24) u*(25) u*(26) u*(27) u*(28) u*(29)
13 17 17 14 17 11
u*(30) u*(31) u*(32) u*(33) u*(34) u*(35)
7 7 16 9 8 6

Table 2.3. Optimal production plan
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0*%(0) o*(1) 0*(2) 0*() 0*(4) 0*(5)
30 25 5 7 17 5

0*(6) o*(7) 0*(8) 0*(9) 0*(10) O*(11)
5 16 3 27 0 21

0%(12) 0*(13) 0*(14) 0*(15) 0*(16) o*(17)
18 10 6 13 0 11

0*(18) 0*(19) 0*(20) 0*(21) 0*(22) 0*(23)
10 0 8 29 0 5

0*(24) 0*(25) 0*(26) 0*(27) 0*(28) 0*(29)
13 20 10 10 15 27

0*(30) 0*(31) 0*(32) 0*(33) 0*(34) 0*(35)
11 8 1 0 0 7

Table 2.4. Optimal delivery plan

Tables 2.3 and 2.4 illustrate the optimal production and delivery
plans that minimize the total cost of the system in order to satisfy the
stochastic demand under the given service level. As we see in the
Table 2.3, the production quantity of course changes from one period
to another and this is due to the variability of the demand. We see that
in the periods when £k = {2, 3, 4, 10, 22, 25, 26, 28}, the production
takes the maximum value and this is due to that our model forecasts
the production quantity according to the demand value under the
service level constraint. For the optimal delivery plan which is
presented in the Table 2.4, is determined based on the relationship
with the production/maintenance planning and the service level.
Indeed, our model forecasts for each period the quantity to deliver
between the manufacturing store and a purchase warehouse and this is
according to the production quantity and the demand value.

We present in Figure 2.4 the total cost as a function of the delivery
time 7and number of the preventive maintenance actions N. As we see
that the lowest total cost value corresponds to 7* = 2 and N* = 2.
Therefore, over the finite horizon H of 36 months, two preventive
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maintenance actions should be done, i.e. at every T* = H/N* = 18
months.
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Figure 2.4. The total cost as a function of the delivery time
7 and number of preventive maintenance actions N

Example 2

In this second example, using the same data as example 1, we will
treat the case of a new production system composed by a machine that
characterized by minimal production rate equals to Umin = 100 and
maximal production rate U,.x = 500. The rates of new forecasting
demands are higher than the first demands of example 1 and are
characterized by a standard deviation equals to ;= 5 for each period
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and their averages are given by the following table 5. Also, we assume

that initial inventory level for §,= 100 and for S; = 200.

dO) | day | d@ | d@) | d@) | d©)
350 420 340 392 431 444
d(6) d(7) d(®) d(9) d(10) | dau
442 340 392 375 392 400
d(12) | d@3) | da4) | das) | dae) | d@7)
350 370 395 415 431 444
d(18) | d@19) | d@0) | 42y | d2) | d23)
442 340 392 375 400 420
d@24) | d@25) | d@6) | d@7) | d@8) | d(29)
350 340 392 370 431 392
d30) | d@3l) | d@32) | d33) | d34) | d(35)
500 350 320 420 365 480

Table 2.5. Average demand

The optimal production and delivery plans are presented in
Tables 2.6 and 2.7 respectively. According the obtained economical
production plan and the relationship of failure rate, we optimize the

maintenance

strategy by determining the optimal number of

preventive maintenance actions which equals to N* = 3 corresponding
to the optimal delivery time 7* = 2 presented in Figure 2.5. Comparing
by the first example, we can note that the optimal number of
preventive maintenance and the total cost are higher. We can interpret
that production rates increase then the failure rate increases as well as
the average number of failure and consequently the number of
preventive maintenance actions.
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u*(0) u*(1) u*(2) u*(3) u*(4) u*(5)
500 341 417 406 100 370
u*(6) u*(7) u*(8) u*(9) u*(10) u*(11)
500 361 399 175 457 500
u*(12) u*(13) u*(14) u*(15) u*(16) u*(17)
100 468 100 500 447 145
u*(18) u*(19) u*(20) u*(21) u*(22) u*(23)
500 107 230 372 100 255
u*(24) u*(25) u*(26) u*(27) u*(28) u*(29)
500 100 339 445 114 100
u*(30) u*(31) u*(32) u*(33) u*(34) u*(35)
100 347 277 397 500 226
Table 2.6. Optimal production plan
0%0) o*(1) 0*(2) 0*(3) o*(4) 0*(5)
525 524 500 500 500 500
0%(6) 0%(7) 0%(8) 0*9) | 0*10) | o*11)
576 500 0 1000 245 111
0%12) | 0*13) | 0*14) | 0*15 | 0*16) | 0*17)
371 0 658 0 328 296
0*(18) 0*(19) 0*(20) 0*(21) 0*(22) 0*(23)
132 0 496 0 266 0
0*(24) 0*(25) 0*(26) 0*(27) 0*(28) 0*(29)
527 539 441 0 514 400
0*(30) 0*(31) 0*(32) 0*(33) 0*(34) 0*(35)
417 500 695 0 88 0

Table 2.7. Optimal delivery plan
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Figure 2.5. The total cost as a function of the delivery time
7 and number of preventive maintenance actions N

Example 3

Using the same data as previous example but by changing the
value of the standard deviation of random demand, we determine the
economical production and delivery quantity plans for each value of ¢
(6=2.5,6=5,6=10).

From Figures 2.6 and 2.7 and Table 2.8, we note that, as standard
deviation o increases, the economical plans for the production and
delivery quantity increase as well as the total cost because the
machine will produce more in order to satisfy the random demand
under given service level and consequently the degradation degree of
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machine increases as well as the average number of failure and this
need more number of preventive maintenance actions (N* =4 for o=
10). On the other hand, we remark that the optimal delivery time is
unchanged and equals to 7* =2 for 0= 2.5 and o= 5 and decreases to
7* =1 if the standard deviation is increased o = 10.

c=5
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Figure 2.6. Economical production plan
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Figure 2.7. Delivery quantity plan
Standard Total Cost Optimal number of preventive | Delivery time 7
deviation o maintenance action N*
2.5 2.20037 x 10 2 2
5 2.05807 x 10° 3 2
10 4.00356 x 10° 4 1

Table 2.8. Delivery time t and number of preventive

maintenance actions N for each value of o
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Example 4

This last example treats the impact of the variation of corrective
maintenance cost unit Ccm on the maintenance strategy of the
optimization problem. In this case, we determine the different
optimization results, characterized by the optimal number of
preventive maintenance actions N*, by varying the value of Ccm (Cem
= 2000 mu, Ccm = 3000 mu, Ccm = 6000 mu) with unit preventive
maintenance cost equals to Cpm = 500. Table 2.9 shows that the
higher value of number of preventive maintenance actions (N* = 5)
corresponds to the higher value of corrective maintenance cost (Ccm =
6000). This can be explained by the fact that, as the corrective
maintenance cost increases, the optimal number of preventive
maintenance actions increase in order to reduce the failure rate since
the corrective maintenance cost become expensive.

Corrective maintenance Total cost Optimal number of preventive
cost unit Ccm maintenance action N*
2000 2.00356 x 108 2
3000 2.05807 x 108 3
6000 4.00356 x 108 5

Table 2.9. Number of preventive maintenance
actions N for each value of Ccm

2.4.3. Variability study of delivery time, returned products
and service level

In this section, we study the impact of delivery time, rate of
returned products and service level on the optimal production and
optimal delivery quantity plans. However, by using the previous
optimization procedure, we change the values of the delivery time,
rate of returned products and service level and then we determine the
corresponding optimal plans in order to study the variability of those
parameters.
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The
(Table 2.10).

following parameters

are used for the simulations

Reliability data

System time to failure
distribution

F(t): Weibull distribution with:

Scale parameter: f = 100 & Shape
parameter: y = 2

Corrective maintenance cost

Cem = 3500 mu

Preventive maintenance cost

Com = 100 mu

Inventory data

Inventory holding cost for S Cs; =3 mu
Inventory holding cost for Sy Csp=3 mu
Initial inventory level for S, S,(0) =20
Initial inventory level for S, S, (0) =50

Production data

receiving and products returning

Finite horizon of production H = 36 months
Length of production period At = 1 months
Unit production cost Cor =2 mu
Minimal production rate Unin=10
Maximal production rate Upax = 22
Delivery data
Delivery cost Cl=12m
Delivery vehicle capacity 0,=6
Time between the customer | 7.=1

Table 2.10. Numerical data

The service level 6<]0.5,

1], rate of backordered product

0 €0, 0.5] and returned production deadline 7.= 1 (for the simulation
of the variability of returned products rate and service level).
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In what follows, we are interested in finding the optimal
production plan and the optimal delivery quantity plan for each
value of delivery time 7 in order to satisfy the random demand given
in Table 2.2. Also, we are interested in finding the optimal delivery
time which minimizes the total cost and then we will provide
interpretation.

Example 1 (Variability of delivery time)

We used the Numerical Algorithms for Constrained Global
Optimization (Nelder—Mead methods) with MATHEMATICA to run
the problem optimization. The economical production plan and the
variability study are presented respectively in Tables 2.11-2.16 and
Figures 2.8-2.10.

Tables 2.11-2.16 illustrate example results for an optimal
production plan and an optimal transported quantity which minimise
the total cost for different values of the delivery time 7(7=1, 7= 2,
7=3).

Case 1: Delivery Time 1 = 1

Cost = 149230mu / N* =2

u*(0) u*(1) u*(2) u*(3) u*(4) u*(5)
22 22 22 8 1 17
u*(6) u*(7) u*(8) u*(9) u*(10) u*(11)
7 3 10 17 11 6
u*(12) u*(13) u*(14) u*(15) u*(16) u*(17)
4 2 0 14 13 22
u*(18) u*(19) u*(20) u*(21) u*(22) u*(23)
9 3 10 22 9 16
u*(24) u*(25) u*(26) u*(27) u*(28) u*(29)
0 17 16 0 4 9
u*(30) u*(31) u*(32) u*(33) u*(34)
22 1 9 10 17

Table 2.11. Principal machine u*(k)
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0*(0) 0*(1) 0*(2) 0*(3) 0*(4) 0*(5)
25 23 11 13 6 19
0%(6) o*(7) 0*(8) 0*(9) 0*(10) 0*(11)
0 25 14 14 0 0
0%(12) 0*(13) 0*(14) 0*(15) 0*(16) 0*(17)
16 17 16 7 1 12
0*(18) 0*(19) 0*(20) 0*(21) 0*(22) 0*(23)
17 1 25 5 17 19
0*(24) 0*(25) 0*(26) 0*(27) 0*(28) 0*(29)
2 0 12 11 16 0
0*(30) 0*(31) 0*(32) 0*(33) 0*(34) -
15 21 0 22 7 -
Table 2.12. Transported quantity: Q*(k)
Case 2: Delivery Time 1 =2
Cost* = 134987mu / N* =2
u*(0) u*(1) u*(2) u*(3) u*(4) u*(5)
18 22 22 22 9 4
u*(6) u*(7) u*(8) u*(9) u*(10) u*(11)
17 3 13 22 11 19
u*(12) u*(13) u*(14) u*(15) u*(16) u*(17)
9 0 9 0 17 7
u*(18) u*(19) u*(20) u*(21) u*(22) u*(23)
3 20 10 22 11 0
u*(24) u*(25) u*(26) u*(27) u*(28) u*(29)
22 5 3 10 12 12
u*(30) u*(31) u*(32) u*(33) - -
8 21 15 0 - -

Table 2.13. Principal machine u*(k)
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0*(0) o*(1) 0*(2) 0*(3) 0*(4) 0*(5)
25 25 21 25 0 15
0%(6) o*(7) 0*(®) 0*(9) 0*(10) Q*(11)

1 6 12 18 0 18
0*(12) 0*(13) 0*(14) 0*(15) 0*(16) 0*(17)
12 0 20 12 9 16
0*(18) 0*(19) 0*(20) 0*(21) 0*(22) 0*(23)
14 4 0 14 11 14
0%(24) 0*(25) 0*(26) 0*(27) 0*(28) 0*(29)
11 25 8 4 0 23

0%(30) 0*(31) 0*(32) 0*(33) - -
5 4 25 0 - -
Table 2.14. Transported quantity: Q*(k)
Case 3: Delivery Timet=3
Cost=142427mu / N* =2
u*(0) u*(1) u*(2) u*(3) u*(4) u*(5)
9 22 19 22 22 12
u*(6) u*(7) u*(8) u*(9) u*(10) w*(11)
15 14 22 0 22 0
u*(12) u*(13) u*(14) u*(15) u*(16) u*(17)
2 19 3 10 22 0
u*(18) w*(19) u*(20) u*(21) u*(22) u*(23)
11 22 5 4 15 10
u*(24) u*(25) u*(26) u*(27) u*(28) u*(29)
0 11 22 5 6 11
u*(30) u*(31) u*(32) - - -
0 5 9 - - -

Table 2.15. Principal machine u*(k)
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0%0) o*(1) 0*(2) %) o*(4) 0*(5)
25 25 25 23 20 13
0%(6) o*(7) 0*(8) 2*(9) 0*(10) o*(11)
0 13 5 10 16 14
0*(12) 0*(13) 0*(14) 0*(15) 0*(16) 0*(17)
0 25 8 3 5 20
0*(18) 0*(19) 0*(20) o*(21) 0*(22) 0*(23)
8 9 9 11 20 14
0%(24) 0*(25) 0*(26) o*(27) 0*(28) 0*(29)
0 6 25 0 11 15
0*(30) o*@31) 0*(32) - - -

10 19 7 - - _

Table 2.16. Transported quantity: Q*(k)

For each value of 7, we determined the economical production
plan, the optimal delivery quantity plan and the optimal number of
preventive maintenance. We note that for delivery time 7 = 2, we
obtained the optimal total cost equals to 734987 mu with two
preventive maintenance actions during the horizon H = 36, this
optimal total cost has become expensive for 7 = / and equals to
149230 mu with two preventive maintenance actions and more
economy equals 142427 mu with two preventive maintenance actions
for 7 = 3. However, in order to find an explanation of this optimal
delivery time, we have to discuss the determined optimal production
and optimal delivery quantity plans for the deferent delivery time
value.

We interpret from the variability of the delivery time that delivery
planning changes when the 7 changes. For example, if we see in
Tables 2.12, 2.14 and 2.16 the quantity to deliver at the period 25 (i.e.
0*(25)), we have 0*(25) =0 when 7= 1, 0*(25) =25 when 7=2 and
0*(25) = 6 when 7= 3. Also, the production planning changes when
the 7 changes (see Tables 2.11, 2.13 and 2.15). Indeed, this
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phenomenon is explained by the fact that when the delivery time
varies, that means that the arriving of the products from the
manufacturing store to the purchase warehouse varies. In other words,
more the delivery time increase more the transported products arrive
late to the purchase warehouse (i.e. more the purchase warehouse is
fulfilled late) and vice-versa. Thus, the delivery time has an impact on
the manufacturing store and the purchase warchouse levels (i.e.
inventory cost), and then of course it has an impact on the forecasting
of the production and delivery quantity planning and also on optimal
number of preventive maintenance actions. In conclusion, the optimal
planning of production, delivery quantity and maintenance changes
according to the delivery time value, and then of course the total cost
changes. Thus, through the study of the variability of delivery time,
we determined the suitable delivery time value that minimises the total
cost and which corresponds to 7= 2 in our numerical example. This
study is very useful for one company that should determine the
optimal delivery time in order to minimise as possible the total cost,
and above all in recent years where the industrial domain has seen a
strong competition between companies.

Example 2 (Variability of returned products)

The return of the products to stock is called the withdrawal right.
This right gives the customer a specific deadline for returning
products. Our contribution is to consider a relation between
transportation delay and the rate for returned product. The relation
takes into account the minimisation of total cost. This relation
correlates the transportation delay and the definition of the withdrawal
period. The purpose of this relationship shows that we can find the
best optimal combination of cost between the transportation delay and
the rate for returned product. This can be explained by the fact that, as
the quantity of returned product to the stock increases in order to
satisfy the customer and reduce the pressure on the principal and
therefore decreases the degradation degree of machine, consequently
the optimal number of preventive maintenance actions N. In the
opposite case, if the rate of returned product decreases, the quantity of
returned product decreases and consequently the principal machine
will work more and in this case the degradation degree of machine
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increases and consequently the number of preventive maintenance
actions.

In what follows, we are interested to find the optimal production
plan and the optimal delivery quantity plan for each value of returned
products rate o. According to Figures 2.8 and 2.9, we can see that the
higher value of returned products rate o (& = 0,6) corresponds to the
lowest total cost. This can be explained by the fact that, as returned
products rate J increases, normally the inventory level increases and
which means that we have enough products in the warehouse S, to
satisfy the customer. However, when ¢ increases we need less
products which are arriving from the manufacturing store S;.
Therefore, in this case, the number of products produced by machine
M and of course the delivery quantities decrease. Furthermore, when
the number of products produced by machine M decreases the number
of preventive maintenance actions decreases.

According to Figure 2.10, the lowest total cost corresponds to ¢ =
0,3 (higher value), z = 3 (higher value) and N = 2. However, when & =
0,1 the total cost is still high for all values of 7 and N. This can be
clarified by the reality that, as returned products rate increases, the
level of the purchase warehouse (from where the customer demand is
satisfied) increases, therefore the number of products produced by
machine M and the delivery quantities decrease, then consequently the
total production/inventory/delivery/maintenance cost decreases.

Production — = -§=0,3 ——8=0,2 5=0,6
30 rates
20 :/\-G—-—<.}—..\
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Figure 2.8. Number of products produced by
machine M variation as a function of product returned &
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Figure 2.10. Total cost and delivery time are function of product returned &

Example 3 (Variability of service level)

On the other hand, using Figure 2.11, the higher value of the total
production/inventory/delivery and maintenance costs corresponds to
the higher of the service level. We can note that, as service level a
increases, the machine produces more, and then we need to hold
longer the products in the manufacturing store and the purchase
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warehouse in order to meet the demand and to satisfy the higher
service level. Consequently, also the transported quantity increases.

0=0,85 -=---- 0=0,92 0=0,99

Total Cost
200000 -
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160000 - “~~.

140000 - BRI
120000 -
100000 -

80000 b . .
1 2 3 47T

Figure 2.11. Total cost and delivery time are function of service level a

2.5. Conclusion

In this chapter, a manufacturing system consisting of a failure-
prone machine, a manufacturing store, a purchase warchouse, and a
transport vehicle has been considered. The delivery time is modeled
taking into account vehicle capacity, machine failures, stochastic
demand and product returns. This work studied a constrained
production—maintenance—delivery problem including service level,
stochastic demand, delivery time, failure rate and product return rate.
A preventive maintenance plan is provided in order to decrease the
failure rate. A stochastic delivery—maintenance—production problem
that is based on a quadratic model is formulated and then solved.
Taking into account the influence of delivery time, we have
sequentially optimized the problem to obtain optimal delivery and
production plans with the corresponding preventive maintenance
periods. Numerical examples have been presented which illustrate the
proposed approach and the robustness of our model. The variability in
delivery time is elaborated on in order to study the influence of
delivery time on optimal production and the delivery plans. Variability
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in the rates of product return and service level are studied in order to
examine their impact on optimal production and delivery plans.
Furthermore, we study an equivalent model, which considers that the
rate at which a product is returned can be subtracted directly from
demand. The results of the variability study show that when the rate of
product return increases, the number of products produced by machine
M and the quantities of products delivered decrease in response. For
service level, when the service level increases, the number of products
produced by machine M and the quantities delivered increase.

For future research, we will consider a more complex system with
one manufacturing store, multiple warehouses and multiple transport
vehicles. We will also consider more than one customer, each with
stochastic demands.






3

A Decision Optimization Model for
Leased Manufacturing Equipment with
Warranty for a Production—
Maintenance Forecasting Problem

Due to the cost of equipment used in industrial production, many manufacturers lease
equipment with a warranty period over a finite leasing horizon, rather than purchasing it.
The lease contains the possibility of obtaining an extended warranty at an additional
cost. In this chapter, based on a production—maintenance forecasting optimization
problem, we develop a mathematical model to study the lease contract with a basic and
extended warranty based on a win—win relationship for the lessee and the lessor. The
influence of the rates of production on equipment degradation and consequently on the
total cost for each side over the finite leasing horizon is stated in order to determine a
theoretical condition in which a compromise-pricing zone exists under different
maintenance policies.

3.1. Introduction

Due to rapid advances in technology in recent decades, the creation
of new and better equipment has led to a high rate of technological
obsolescence in the market. The cost of owning new equipment is
very high so more industries have started leasing equipment rather
than buying it. When agreeing a leasing contract, the number and

Production and Maintenance Optimization Problems: Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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frequency of maintenance actions are the most important element in
negotiations between the manufacturer and the consumer.

In the past, when businesses owned equipment, the different
preventive and corrective maintenance actions were approved
internally. This began to change with the development of increasingly
complex equipment to carry out specialist services. The maintenance
of such equipment rapidly became uneconomical to carry out in-
house.

Most manufacturers do not consider maintenance a basic activity,
which is why they focus only on the principal activities, which are
considered the basic tenets of the business. In this context, the notion
of a warranty is attached to the concept of leasing equipment, since
the contract contains the details and guarantees the maintenance
service.

In light of these developments and the reasoning behind them, we
can consider the maintenance warranty to be an attractive selling point
when leasing equipment as it increases manufacturer (lessee)
confidence, thus increasing the interest of potential lessors. From the
customer’s (lessee’s) point of view, having a warranty means the cost
of repairs or replacement of defective equipment during the warranty
period is reduced.

The maintenance of leased equipment offered by the lessor is
generally specified in a lease contract agreed by the lessor to the
lessee [MUR 99]. Some research has analyzed the problem of
maintaining leased equipment, and numerous preventive maintenance
policies, which have been proposed and studied in various situations,
such as perfect or imperfect maintenance. Yeh et al. [YEH 07]
determine the optimal number of lease periods and define the
maintenance strategy for leased equipment based on a model of
minimal repair to restore the equipment to an operating condition
when it fails and imperfect preventive maintenance to avoid failure
until the age of the equipment reaches a certain threshold value. In the
same context, Jaturonnatee et al. [JAT 06] proposed a method in
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which the rate at which equipment fails is reduced after each
preventive maintenance action; they solve the optimal maintenance
policy of leased equipment under periodical preventive maintenance
actions.

Due to the complexity of maintenance actions required for various
machines, lessees prefer to pay for an extended warranty period at
extra cost in order to avoid the problems of increased production—
maintenance costs and production system perturbation. In this context,
Berke and Zaino [BER 91] treated two types of contract that were
intended to assure the lessee that the product would perform its
planned functions under specific conditions and for specified periods
of time. The first type of contract defined a combination policy that
proposed an initial free replacement warranty and from a certain
period the replacement item’s cost is calculated on a sliding scale. The
second type of contract was the fleet warranty, which guarantees the
purchaser of a large quantity of items an average field performance.

Continuing to focus on the aspect of warranty and maintenance,
Kim et al. [KIM 04] defined the relation between the warranty and
preventive maintenance by showing the impact of preventative
maintenance over the warranty period on the cost of warranty service.
Won et al. [WON 08] proposed two new warranty servicing strategies,
concerning imperfect and minimal repairs. In the first strategy, they
used functional optimization to determine the optimal improvement in
reliability when an imperfect repair was carried out during the
warranty period and dependent upon the age of the item. In the second
strategy, they include only an optimization parameter to determine the
optimal improvement in reliability that does not depend on the age of
the item being leased.

There are other types of warranties that can be applied to non-
repairable products, such as the renewing free-replacement warranty
(RFRW) where, in the case of product failure during the warranty
period, the product is replaced with a new one with a full warranty.
Chien et al. [CHI 08] analytically investigated the impact of the
RFRW on the optimal age replacement policy for a repairable product
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with a general failure model. They presented a general model
containing two types of failure when the product fails:

— type 1: minor failure, in which the failure is addressed by a
minimal repair;

— type 2: catastrophic failure, which can only be remedied by a
replacement.

In another paper, Chien et al. [CHI 10] presented a new warranty
strategy based on an age-replacement policy for products. This
strategy combined a fully RFRW with a pro-rata warranty policy
(RFRW/RPRW policy). They developed a cost model from the
user/buyer perspective and discussed special cases in order to
determine the corresponding local optimal replacement age by
minimizing the expected cost rate of a long run.

Most research concerning warranty problems considers a fixed
warranty period, while the dynamic or the extended warranty period —
especially in the lease contract — helps the lessor to remain in contact
with clients after the end of warranty period. Extended warranty helps
the customer (lessee) to continue to receive the same maintenance
service for equipment that is well known to the lessor. In this context,
Bouguerra et al. [BOU 12] developed a mathematical model to study
the opportunity provided by the extended warranty for the lessor and
lessee and proposed a long guarantee plan consisting of preventive
maintenance for systems subjected to random troubleshooting. This
strategy considers diverse options for maintenance policies during the
following periods:

— basic guarantee period;

— extended guarantee period;

— post guarantee period.

Shaomin and Phil [SHA 11] showed the influence of both the

length of warranty period and replacement time on the lifecycle cost
of the equipment. They formulated the expected lifecycle cost
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considering the opportunity-based age replacement policy with
minimal repair for an extended warranty and maintenance. They also
proved the conditions for the existence of optimal solutions for both
the length of the extended warranty period and the design life in
special cases.

Recently, another type of problem that deals with leasing/warranty
problem has been treated in [HAJ 13]. Hajej ef al. handled the
optimization problem of production and maintenance policies for
equipment under a lease contract with warranty periods. A
mathematical model of the total production and maintenance costs is
developed and optimal production planning as well as the
corresponding optimal maintenance strategy is derived by choosing
the optimal warranty periods for the lessee in order to minimize the
total cost.

Motivated by Hajej ef al. [HAJ 13], we can consider that work as a
continuation of our work determining the most optimal basic warranty
periods for the lessee. This study shows novelty and originality
relative to this type of problem, which uses a mathematical model to
study the opportunity provided by extending the warranty for the
lessee. Based on a production and maintenance forecasting problem
for a leased machine, we will determine the total cost of for each side
in order to determine, for any given situation, the area of possible
compromise yielding a win—win relationship with respect to the
extended warranty cost. The area of compromise is characterized by
the maximum extra cost the lessee should pay for the extended
warranty, and the minimum price at which the lessor should sell it. We
will show the influence of production rates as well as maintenance
actions on the manufacturing machine on the servicing cost over the
warranty and extended warranty periods.

This study proposes the idea of production and maintenance
coupling in a lease with a warranty. It has novelty and originality
relative to this type of problem, as it considers and proposes a new
maintenance strategy for a leasing contract with extended warranty
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based on a win—win relationship between the lessee and the lessor.
This is characterized by the influence of the variation in production
rates on the degree of machine degradation characterized by analytical
study that shows evolution of the machine failure rate according to its
use, at the same time respecting the continuity of equipment reliability
between one period and another. Secondly, in our opinion, no
analytical or numerical model has been stated in the literature that
leads to a decision framework where the lessee and/or lessor identify
extended warranty pricing zones that are acceptable for both sides.

The remainder of this chapter is organized as follows:

— section 3.2 states the problem;

—section 3.3 presents and develops the mathematical model
concerning the production forecasting problem and the different
maintenance policies considering the influence of production rates on
the degradation of the leasing machine;

—section 3.4 presents a numerical example illustrating our
approach, followed by a variability study showing the impact of
variation in preventive maintenance costs on our model;

— the conclusion is given in section 3.5.

3.2. Description of the problem
3.2.1. Notation
We have used the following notations in this chapter:

At length of a production period

L number of leasing periods
X warranty period
Xe warranty period including both basic period X and extension

Uy production rate of machine M during periodk (k = 0, 1,..., L)
d(k) average demand during period k (k = 0, 1,..., L)

Vag  variation in demand during periodk (k = 0, 1,...,.L)
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S, inventory level of S at the end of period k

(k=201..L)
S, average inventory level of S during period k
(k=201..L)

C, unit production cost of the leasing machine

p p g

Cs holding cost of a unit of product during one period

mu monetary unit

U™ maximum production rate of the leasing machine

U™"  minimum production rate of the leasing machine

o probability index related to customer satisfaction and expressing
the service level

So initial inventory

Cpm preventive maintenance cost

Ccm  corrective maintenance cost

3.2.2. Statement of the problem

In this chapter, we consider a production and maintenance
forecasting problem for a leased machine with warranty periods. We
aim to define a new aspect of the leasing contract. Generally, several
pieces of equipment are leased with a warranty period but there are
leasing contracts that for an additional cost give the lessee the
possibility of purchasing an additional period of warranty, which will
start at the end of the basic warranty period. Hence, the lessee has to
decide whether or not to buy the extended warranty and whether or
not the price is acceptable. It is a difficult decision for both sides. The
lessee does not know if the extra cost (the price of the extended
warranty) involved in leasing the equipment will exceed the potential
cost of repairs that would be borne by him/her if he/she does not take
the extended warranty. On the other hand, to ensure that the lessor
does not lose out, the price of the extended warranty should be higher
than the cost of the servicing claims (maintenance actions) borne by
him/her during the additional warranty period.

We will address all of these issues by proposing a forecasting model
in which a manufacturing machine is leased for a multi-horizon, L .At
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(we assume that the production horizon is split into equal periods with
a length equal to At), with multiple periods of warranty, X-Ar. We
suppose that the machine being leased is designed to produce only one
type of product in a manufacturing system consisting of a
manufacturing store, where the customer receives products over the
finite leasing horizon L. Moreover, for the forecasting problem, we
assume that satisfaction of demand is under a given inventory service
level, a, and the fluctuation in demand has a normal distribution with

mean and variance given by d and g, , respectively.

The leased machine considered is subject to random failures. Its
failure rate, A(f), increases with both time and production rate. The
variation in production rate therefore has an impact on equipment
degradation and hence on the average number of failures. This impact
is considered in the model.

The leasing contract includes the machine under the warranty
period X with the possibility of extension until instant Xe for an
additional cost Cy paid by the lessee when initially leasing the
machine; namely, that all maintenance actions during the basic and
extended warranty periods are supported by the lessor at no cost to the
lessee. For the rest of the leasing periods, the equipment is not under
warranty and the maintenance actions are the responsibility of the
lessee.

This model uses the preventive maintenance policy with minimal
repair at failure with negligible duration, keeping the system failure
rate at nearly the same level across the horizon considered. The role of
maintenance is to increase the availability of the machine while
reducing the maintenance costs in order to ensure the production plan
is met across the leasing horizon L.

According to the forecasting problem, as well as obtaining the
optimal production plan for the machine being leased, our objective is
to develop a mathematical model to study the opportunity provided by
the extended warranty from the perspectives of the lessee and the
lessor. We will express the total expected cost incurred by each side
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during the product’s lifecycle in order to determine, for any given
situation, the maximum extra cost the lessee should pay for the
extended warranty, and the minimum price at which the lessor should
sell it. Taking into account the influence of preventive maintenance
actions performed on the leasing machine during the basic and
extended warranty periods, we consider different maintenance
strategies during the lifecycle of the leased machine.

Basic warranty period Extended warranty period

e —
k=0 k=1 k=2

....... Y=aA Xe=b.At

Figure 3.1. Lifecycle of a leased machine
with warranty and extended warranty periods

3.3. Mathematical model
3.3.1. Forecast production plan

3.3.1.1. Stochastic production model

Based on the approach proposed by Hajej et al. in [HAJ 11] and
[HAJ 13], the production planning problem is formulated as a
quadratic model, whose decision variables include production rates
and inventory levels. The purpose of this section is to develop a
mathematical model that will allow us to determine the optimal
production plan, U* (U* = u(k)*, with and k= 1,.., L — 1) during the
leasing horizon L.

Formally, the stochastic production model is defined as follows:
Minimize Z ¥j; - o fu(Uk, Si) = Cs - E{SE} + Xk = o Cs - E{SFY + Cpr - U [3.1]

subject to:
— inventory balance equation constraints

Sps1 = Sp+U,—dpkef{01,...,.L—1} [3.2]
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— the service level requirement for each period

Prob[Sgs; =01 = ak €{01,...,L — 1} [3.3]

— capacity constraints
0<U, U™ ke{01,...,L—1} [3.4]
3.3.1.2. Deterministic production model

An approach that transforms the stochastic problem into a
deterministic equivalent is necessary. This deterministic problem
maintains the main properties of the original problem.

The quadratic total expected cost of production and inventory over
the leasing periods can then be expressed as follows:

Z (u)= C‘x(.s;,_z)+:Z:)C\-SAAZ+Cp,_><ukz+Cb\><aL,3><w [3.5]

with:
— mean variables: £ {S,}= S5, ;

— variance variables: E {u,} = u, (variable u; is deterministic).

The inventory balance equation [3.2] can be reformulated as:

A

Sy =8, tu,—d, [3.6]
PROOF.— See Appendix 2.

3.3.1.3. Service level constraint

Taking another step to transform the stochastic problem into an
equivalent deterministic one, we consider a service level constraint in
a deterministic form by determining the minimum cumulative quantity
produced depending on the service level requirements.

For k€ {0,1,....,h; — 1}, we have:

Prob(Sk+1 20)2a = (Uk > Vd,k -(p;}k (a)+c:’k _Sk) [3.7]
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where:

— @ 4 1s the cumulative Gaussian distribution function with mean
d, and finite variance Var(d,)=V,, 20;

— V 41 is the variation in demand d during period £.

PROOF.— See Appendix 2.

3.3.2. Maintenance policy

Based on Hajej et al. [HAJ 11], the maintenance strategy considers
the manufacturing system’s degradation according to the production
rate during the leasing horizon L. The correlation between the
degradation of the machine and production rates is manifested by an
increased failure rate with increased time and production rate.

We assume that during the machine’s lifecycle, perfect preventive
maintenance or replacement are performed periodically at times
i.T,i=0,1,..., N; (with N; being the number of preventive maintenance
actions over each leasing period: basic warranty, extended warranty,
post warranty; and where T is the preventive maintenance action
interval) following which the unit is as good as new.

The evolution of the machine’s failure rate according to its use
(which in our case is the production rate for each period) respects the
continuity of equipment reliability from one period to another. This is
presented by an analytical equation.

The failure rate in interval k is expressed as follows:

() = A1 (AL) +—- 2, (t) Vt € [0,At] [3.8]

U
Umax
with:

Uk

Ak =0 — AO and Aﬂ,k(t) = ' An(t) [39]

Um ax
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where /In (¢) is the nominal failure rate corresponding to the maximal

production rate.

According to the maintenance strategy, we can define the different
numbers of preventive maintenance actions over each interval during
the leasing periods given as follows:

— Ni: number of preventive maintenance actions during the basic

warranty periods [0, X) with a value equal to In (%),
— N,: number of preventive maintenance actions during the leasing
periods [0, L) with a value equal to In (%),

— N;: number of preventive maintenance actions between the end
of basic warranty and the end of the leasing periods [X, L) with a

value equal to In (%),

— N4 number of preventive maintenance actions during the basic

and extended warranty periods [0, X.) with a value equal to In (%),

— Ns: number of preventive maintenance actions during the

extended warranty [ X, Xe) with a value equal to In (XeT_ X);

— Ng: number of preventive maintenance actions between the end
of the extended warranty periods and the end of leasing periods [X,, L)

with a value equal to In (%), where /n is the integer part of a real

number.

The analytic expression of the total maintenance cost incurred by
each side during the leasing period where ¢, (U,N,) corresponds to the

expected number of failures that occur during the different intervals
defined above, considering the production rate in each production
period A¢, is:

§(U.N,)=C,, x(N,-1)+C,x9, (U.N,) 3]
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Let In denote the integer part of (.). The average number of
machine failures rate defined above is therefore:

T . . T
i — XT -1 1)x— [XA
1 In[(ﬁl)xm) (j+1x n[(/+ )XAJX t

N, At
o, (U.N,) = (z)j A.(t) + j z}n[w%}l (t)dt
(1"[(i+l)><§)+l}<w ([ln((j+l)><;)+ 1]] [3.11]
+ j x A, (t)dt
(j+T Umax

Using the total cost, we can determine the area of possible
compromise yielding a win—win relationship characterized by the
maximum additional cost the lessee should pay for the extended
warranty, and the minimum price at which the lessor should sell it.
There are different maintenance strategies that can be adopted across
the leasing horizon, taking into account the impact of preventive
maintenance on the warranty servicing cost. The following
maintenance policies will be considered from lessor and lessee
perspectives:

— Policy I periodic preventive maintenance actions during the post
basic warranty period. For this policy we consider the following
possibility:

- Policy I-1. preventive maintenance actions are performed
during the extended warranty [X, Xe) at times i.7, i = 0,1,....N;s
supported by the lessor, and such actions are performed from the end
of the extended warranty [Xe, L) at times i.7, i = 0,1,...,Ns supported
by the lessee;

— Policy II: periodic preventive maintenance actions during the
warranty period. For this case we consider two different possibilities:

- Policy II-1: preventive maintenance actions are performed only
during the basic warranty period [0, X) at times i.7, i = 0,1,...,N;
supported by the lessor,
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- Policy II-2: preventive maintenance actions are performed
during both the basic and the extended warranty periods [0, X.) at
times i.7, i = 0,1,...,N, supported by the lessor.

X=a.At Xe=b.At
LA il /} L
F } } f } f } 1 f f = } t t f T } 1
....... | 0 T 2T Ns.T | 0 T
NoT NoT
N; PM actions supported N PM actions supported
by the lessor by the lessee

Figure 3.2. Evolution of the rate of failure for policy I.1

3.3.3. Maximum additional cost for an extended warranty

Here we determine the maximum additional cost that the lessee
should pay for the extended warranty during the leasing periods.
Comparing the total maintenance costs the lessee is liable for if he/she
takes or does not take the extended warranty period requires us to
determine the cost of the extended warranty period paid by the lessee.
For each maintenance policy, the best situation when buying an
extended warranty period would be when it costs the lessee the least
amount of money, i.e. when the total maintenance cost incurred during
the leasing horizon is lower than it would cost to maintain the
machine(s) if she/she does not take it.

We assume that E.p, and &.p, are the total maintenance costs
covered by the lessee’s maintenance policy (P) in two situations:
when he does not take the extended warranty period (n), and when he
does take it (y).

We recall that:
X
Nl —_ ;
L-X
Ns =7
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and

Xe

= al'At

where At is the length of the production period.
— Policy I
- Policy I-1:

fcl 1y + SrcX fcl in = ECX fcl in fcl—ly = ch < ACI

where:
x
n(3z) At
gcl—ln = Ccm f (t)dt
i=1 o
(UH) At)+At At Ait |
z Jl(t)dt+ fz(t)dt
=0 (}At)‘Li{t”O ‘I"(N3ATt)+§t+1o
+ N3 X Cpm
B C
X=a.4t /K
\/—%
.~“}‘=
....... 0 T 2T N;T
1 —
N T

N; PM actions supported by the lessee

Figure 3.3. Average number of failures
when the lessee does not extend the warranty period
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X
InA—

At
Of A (®)dt

[y

[in(
Ecl—ly [

i= e+10
X=a.At Xe=h.At
/TM D
F 1 e / A
....... ‘ 0 T 21 NoT 0 T I
A NoT NoT
B C

Figure 3.4. Average number of failures if the
lessee does extend the warranty period

ACI
Nj—1 ((J*'l)At) Z(r At m(ﬁ)
Z f A (©)de + f A (E)de
% T=0 o (o) +ae+1 0 i= In(N3 A)Fap+10
- cm
ln(%) ((1+1)At)+At At m(ﬁ)
- fl(t)dt— Z Z fl (t)dt — fxl (Ot
i= In(N5 At)+At+10 =0i=1m(j A A—E i= m(NSL)+§t+10

+ Cpm X (N3 — Ne)

[3.12]
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— Policy II
- Policy II-1I:
6611 1y + fcw = gcll 1in = ch fcII in ‘fcll—ly - ch < Bcl
mGEp A

Ser-1n = Ccm[ Z f)ti(f)dt

[i=m(n; op)+10

Na-1 m(U+D a2 ar n(z7) At |
+ Z Z fli(t)dt+ Z f/li(t)dtJ
j=0 i= In(] At) AX(:+1 0 i= In(N3-A%,)+A£t+1 0

In(

$eri-1y = Cem fﬂ (t)dt + Z fl (t)dt
z_m(zv1 47)+10 =750
In (+1)- L
_ ( At) At ar In(At) At ]
+ Z Z fll (t)dt + jli(t)dtl
1_0‘_1"(1& Ai“o l""(Né'ATt) )A(TEHO J
+ Ng X Cym
[ TN\ X
N3—1 m(G+D g ar At
By = Cem Z Z fﬂ(t)dt
=04 =m(j At) At+1
m%) At mGo  ac
+ Jh@m— Z Jh@w
i=1n(N3-ATt) o410 i=mnp)°
Ne—1 ’"((]“) At) At A In(Ai)
Z Z f A (t)dt — f A;(®)dt
J ®i=m(j At) Ai“o L"”(NGATt) )A(’ZHO

+ Cpm X (N3 — Ng)
[3.13]



112 Production and Maintenance Optimization Problems

- Policy 1I-2:

Serr- 2y +¢cx < Serr—an 2 €ex < Scrr-2n €c11—2y - ¢ex < Bg
[ mze) At
fli(t)dt

i=1n(N, - ATt)+1 0

Scri—an = Cem

No—1 (0D 3742y At 'n(ALt)

+ Z z f A (e)de + jt/l (t)dt]

l—ln(] At) At+10 L—In(N3 At) AX+10 J
+ N3 X Cpp

| @
f A (D)dt
i = In(Ns -At) At+10
T\ X
Ne-1 m<(1+1)'ﬂ)+ﬂ At ’"(&) At
+ Z Z fli(t)dt+ Z f/li

j=0 l—ln(] AL) )A(e+1° i:In(Na-It)+}A(—‘;+10
+ Ng X Cpm

fcn—Zy = Cem

[ mE) At
B, = Ccm[ Z f/li(t)dt

i=1n(Ny At)+1 0

Ny-1 m(UHD3e) e ac

W@
+ Z Z fl(t)dt+

]—0

fz@m

m(j5g)+ag+ i= ’"(N3 a0)*aett©

I"()A(t) At
f A (t)dt
i—In(N; At)+ +10
Ne~ '"(U Hr At) Bt o )
- Z Z f A,(Odt — Z
12)

j=0; i= In(] At)+A +10 i= In( 6"

At
f @) dt |+ Com
A+10
X (N3 — Ng)

X,
+

[3.14]
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3.3.4. Minimum price at which to sell the extended warranty

Here we determine the minimum price at which the lessor can sell
the extended warranty during leasing periods. We establish, for each
maintenance policy, the best situation for the lessor, i.e. the lessor
wins as it costs him/her less to maintain the machine(s) than the
amount paid by the lessee for the extended warranty.

We assume that &yp, and &yp, are the total maintenance costs the
lessor charges for the maintenance policy (P) in two scenarios:
without the extended warranty period (n) and with the extended
warranty period (y).

— Policy I
- Policy I-1:
Emi-1y — $mx < Smr—in = Sux 2 -1y — Smi—1n ~ Sy = Am
m(ft) at
Smi—in = Cem X J-/l (t)dt
i=1

Euicty = Com X [ " 8 ode + 530 U [5G el Gy x

m(j)+E 4170

In((j+1)-

Ay = Com X [21_0 l(,iz, A)tz g A(t)dt]+Cpm [3.15]

— Policy II
- Policy 1I-1

§M11—1y Emx < Smp—1n ~ Sux = Smu- 1y —&mi—1n = $mx = By
v m(UDgg) ae mG@p A

Smi—1n = Cem X Z Z f)h ®)dt + Z f/l (t)dt

j_Ol_InjAt+10 l—IanAt+10

+ Cpm X Ny
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Emi-1y = Cem X{ Z fli(t)dt
ji=o,

=0;= m(j-%)ﬂ 0
Gz mE  ar
+ Z f A;(®)dt + Z f A (t)dtj + Cpm X
i=n(Ny- At)+10 i=m(3;

By, [2 fAtxl (t)dt] [3.16]

— Policy 1I-2:

fMII—zy Smx < Smi—an ~ Smx = Smn- 2y —&mi—2n = $mw = Buz

[ Ny In((j+1) Zt) At In(At) ]
Smir—zn = Cem X Z Z f A (D)dt + Z f Ai(t)dt
[': L—In]At +10 l=ITlN1At +10 J
+ Cpm X Nq
((J+1) Az) At In(%) At
Smii-2y = Cem Z Z f A(®)dt + Z f A (®)de
]_Ol_ITl JAt +10 L=In(N4-A—t)+10
+ Cpm X N,
N, m(U+Daz At At In(At)
By, = Copm X Z Z fﬂ (t)dt + Z fl (t)dt
=0, In]At+10 i= InN4At)+10
T
N, 1n((1+1)-ﬂ> At In(At) At }
Z Z f A ()dt — f A (t)dt|
j= 1 In(j-£)+1 0 i= In(N1 ATt)+1 0 J
X (Ny — Ny)
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3.3.5. Win-win interval for the extended warranty cost

There are instances when there is a win—win interval with regards
to the extended warranty cost taking into account the maximum
additional cost that the lessee must pay and the minimum price at
which the lessor can sell the extended warranty. We will now
determine a theoretical condition under which a win—win interval
exists where the maximum additional cost for the lessee is greater than
the minimum selling price for the lessor.

— Policy I-1: using equations [3.12] and [3.15], there is an area of
financial compromise for the extended warranty where:

[ ) ae
ags < Ay = Co X Z | wwae
i= 0
1 ((1“) At) YA A (%)
t At At
z fﬂ(t)dt+ Z fli(t)dt
=0, Al) At+10 l—In(N3-%)+£+10
Xe
I"(E) At

- Z A;(t)dt

i= In(NS 'At) At+1 0

Ne—1 m((j +1)'E> Bt ar (ALt) At
Z Z f/l(t)dt— fl(t)dt
J=0 = (o) g1 0 l""(NéAt) ae+10
Neot In((]+1)'A—t> B ar ]
_ z Z fAi(t)dt|+Cpmx(N3—N6—N5)20
j=0 i:m(j-%)+%+1 0 J
[3.18]

— Policy II-1: using equations [3.13] and [3.16], there is an area of
financial compromise for the extended warranty where:
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[Ns 1 In((+1) ATt) AXt At

[Z Z f A (®)dt

Bey 2 Byy = Cep X

7= %i=m(j At) A_t+1
() At mGH  ac
+ Z f/l(t)dt—Zx Z fA(t)dt
i=’”(N3'ATt) ft“o L_In(At) 0
Ne—1 I"<(1+1) At) At A m(%) At ]I
- Z J A,()dt — Z f li(t)dti
J=0;- In(] At)+A—§+1 0 i= In(NG-%)+%+1 0 |
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[3.19]

— Policy 1I-2: using equations [3.14] and [3.17], there is an area of
financial compromise for the extended warranty where:

[ 1"(%) At
Buy = Bap = Comy X Z f A, (Dde

i= m(N1 -%)+1 0

_ ’"(U“)Ar) +ae At In(ﬁ) At
Z Z f A(Odt + f A ()dt
j=0 (] A1)+Axt+10 i= m(N3 ATt)+A£+1

m(52) at

- > f A(©dt
i=n(Ns- ATt)+§([+1
_ ’"(QH) Az)"m At

Z Z f A(0dt

0= In(] At)+AE+10

(At) ((1“) “) At
- fuc)dt—z z f/l(t)dt
i= ln(N6 At)+A +10 0= ln +1D

() '“(0'“)%) "

At Ny
- z f,li(t)dt+]zo Z f/li(t)dt

i= ln(N4-E)+l 0 =0;= In(j-%)+1 0
m( ST |
+ f/l(t)dr|+cpmx(N3 Ng— N, + Ny) > 0

i= m(lv1 At)+10

[3.20]
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3.4. Numerical example

In order to illustrate the model we have developed in this chapter,
we will consider a production/maintenance forecasting problem for a
company that has leased a machine that has to satisfy a stochastic
demand that is assumed to be Gaussian at a specified service level
over a finite leasing horizon. The number L of leasing periods At is
equal to 24, with At = 1 um. The leasing machine has a degradation
law characterized by a Weibull distribution with shape parameter ¢ =
2 and scale parameter § = 100 (with these two parameters, the
degradation is linear: ¥ = 2). From the failure rate equation, we will
determine the average number of failures, assuming that after each
preventive maintenance action the equipment is “as good as new”.

The following arbitrarily chosen input data are also considered:
—Cprl =3 mu;

—Cpr2 =10 mu;

—service level: a.=0.95;

—Cs= 5mu;

— initial inventory: S, = 20;

— variation in demand: Va, = 1.21;

-X=2;

— Xe = 6;

— Ccm = 1,500;
— Cpm = 200.

To compute the failure rate, we assume that the nominal
degradation follows a Weibull distribution given by:

y ()7
2 = L .|
=22
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The average of forecasting demand is presented in Table 3.1.

d; d, d; d, ds
15 17 15 15 15
ds d; dg dy diy
14 16 14 16 13
dy; dp; d;s diy d;s
15 14 15 12 15
dis diy dig dpo dy
13 15 11 16 13
dy dy dy3 dyy dys
15 12 14 16 14

Applying our analytical model, we used the numerical algorithms
for constrained global optimization (Nelder—-Mead) methods with the
Mathematica program in order to realize this optimization. First, we
want to find the optimal production plan, which is presented in
Table 3.2. According to the production plan obtained, we observe, for
each maintenance policy, the optimal preventive maintenance interval
T* and the existence of a win—win interval where the lower and upper
boundaries are, respectively, the minimum price at which the lessor
should sell the extended warranty, and the maximum additional cost

Table 3.1. Average forecasted demand

that the lessee should pay for the extended warranty.

u*(l) u*(2) u*(3) u*(4) u*(5)
9 14 8 12 12
u*(6) u*(7) u*(8) u*(9) u*(10)
15 9 13 14 11
u*(11) u*(12) u*(13) u*(14) u*(15)
10 5 11 12 5
u*(16) u*(17) u*(18) w*(19) u*(20)
15 16 12 10 6
u*(21) u*(22) u*(23) u*(24) u*(25)
2 5 17 3 14

Table 3.2. Plan to meet the forecast production requirements

From Table 3.3 we can determine, for example, that for Policy 11.2
(preventive maintenance performed during [0, Xe)) the optimal
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preventive maintenance interval for the lessor is equal to 7*,,= 3, and
for the lessee it is equal to 7*: = 2. The win—win interval for
the extended warranty cost is between 202.25 and 203.476 mu
(Figure 3.5), which are the threshold values for the lessor and the
lessee, respectively. In this case, the best compromise corresponds to
the value in the middle of this interval, which works out at an
extended warranty cost of 202.863 mu.

T | Policy I-1 Policy I1-1 Policy 1I-2

Lessor | Lessee | Lessor | Lessee | Lessor | Lessee

1 | 803,724 | 804,288 | 3.41471 | 800.309 | 803.194 | 803.194
403,72 | 404,288 | 3.41471 | 400.309 | 403.194 | 203.476
202,347(/5194,706 | 3.41471 | 200.238 | 202.25 | 403.759
203,724 | 204,288 | 3.41471 | 200.309 | 203.759 | 403.194

Bl W N

Table 3.3. Compromise intervals for the extended
warranty cost (in mu) for Com = 200 and Ccm = 1,500

In fact, from the lessor’s perspective, as preventive maintenance
actions become more efficient, the average number of failures
decreases. Consequently, he/she would pay less for minimal repairs
and therefore his/her threshold value for the extended warranty cost
becomes lower. From the lessor’s perspective, taking the extended
warranty will result in the leasing machine entering the post-warranty
period with higher reliability, thanks to preventive maintenance
actions performed during [X, Xe]. Consequently, the lessee is willing
to pay more for the extended warranty. Thus, preventive maintenance
becomes more efficient, giving a higher reliability and minimal
average number of failures, and hence the lowest number of minimal
repairs (with attendant repair costs) during the post-warranty period.

For Policy II.1, since the period during which preventive
maintenance is performed is only related to the basic warranty period,
the win—win interval for the extended warranty cost is between
341471 mu and 200.238 mu. Since there is no preventive
maintenance for the lessor, the minimal expected number of repairs
during this period remains the same with or without the extended
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warranty; whereas for the lessee, the optimal preventive maintenance
interval is equal to 7%, = 3.

From Figure 3.6, we can see for Policy I-1 that choosing an
extended warranty period would not be of interest to the lessee nor for
the lessor. There is no win—win interval because the minimum price at
which the lessor should sell the extended warranty (202.347 mu) is
greater than the maximum additional cost that the lessee should pay
for the extended warranty (194,706 mu). The extended warranty
would not be as advantageous for the lessor as for the lessee due to the
fact that there is no preventive maintenance, and hence the average
number of failures during [X, Xe] remains the same with or without
the extended warranty.

Lessor (Policy 1I-2) Lessee (Policy I1-2)

Extended warranty for the lessor -
>

Extended warranty for the lessee

202.25 202.863 203476

>

Figure 3.5. The win-win interval for the extended warranty for Policy 1I-2

Extended warranty for the lessee Extended warranty for the lessor
€ >
-

194.706 202.347 éx

I S

Figure 3.6. There is no win—win interval for the
extended warranty cost for Policy I.1
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3.4.1. Variation in preventive maintenance and corrective
maintenance costs

We will now identify the impact of varying the maintenance
preventive cost (Cpm) and the maintenance corrective cost (Ccem)
during the leasing horizon. Besides the nominal values (Cpm = 200
and Ccm = 1,500), we consider higher values (Cpme {300,400,600};
Ceme {1700,1900,2000}). The effect of varying the maintenance costs
can be observed for different policies. For different policies, we can
see that the period over which preventive maintenance is performed
has a direct impact on the average number of failures and on the
minimum number of repairs during the extended warranty period
[X, Xe].

From Tables 3.4 and 3.5 we can see that for Policy 1.1 (where
preventive maintenance actions are performed during [Xe, L)), the
preventive maintenance interval is increased if the preventive and
corrective costs are increased but it is not beneficial for either the
lessee nor the lessor to adopt the extended warranty period whatever
the maintenance costs. This can be explained by the fact that, at the
end of warranty period Xe, it will be too late to start preventive
maintenance action and that as the degradation of the leasing machine
increases preventive maintenance actions will not improve the
reliability of leasing machine, even if actions are performed more
frequently during [Xe,L].

For Policies II.1 (preventive maintenance performed during [0,X))
and I1.2 (preventive maintenance carried out during [0,Xe)), there is a
different trend compared to Policy 1.1, since win—win intervals exist
for all values of Cpm and Ccm. These intervals become larger as the
maintenance costs increase, but for Policy II.1 the minimum price at
which the lessor should sell the extended warranty is fixed for all Cpm
and Ccm values since there is no preventive maintenance for the lessor
to carry out and the expected minimum number of repairs during this
period remains the same with or without the extended warranty.
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Cpm | Policy I-1 Policy II-1 Policy 1I-2

Lessor Lessee Lessor Lessee Lessor Lessee
200 202,347(45194,706 | 3.41471 | 200.238 | 202.25 | 203.476
300 302,34 (§5294,706 | 3,41471 | 300,238 | 300,282 | 303,759
400 402,34 (}§394,706 | 3,41471 | 400,238 | 400,282 | 403,759
600 602,347 (§§594,706 | 3,41471 | 600,238 | 600,282 | 603,759

Table 3.4. Variation in Com cost when Ccm = 1,500

Cem | Policy I-1 Policy II-1 Policy I1-2

Lessor | Lessee | Lessor | Lessee | Lessor | Lessee
1500 | 202.3474) 192.915 | 4.55294 | 200.238 | 200.282 | 203.759
1700 | 202.66 (y5191.97 | 4.55294 | 200.27 | 200.32 | 204.26
1900 | 202,973¢#5191,025 | 4.55294 | 200.302 | 200.358 | 204.761
2000 | 203.129(4 190,553 | 4.55294 | 200.318 | 200.376 | 205.012

Table 3.5. Variation in Ccm cost when Cpm = 200

3.4.2. Effects of variation in production period length At

In this section, we investigate the effects of varying the length (A¢)
of production during the product’s lifecycle. Beside the nominal value
(At = 1), we consider a higher value (At = 2).

T Policy I-1 Policy II-1 Policy II-2

Lessor | Lessee | Lessor | Lessee | Lessor | Lessee
1 903,830 | 904,180 | 3.41471 | 800.309 | 803.194 | 803.194
303,27 (305,28 | 4.7141 | 500.39 | 504.194 | 504.76
345,347 | 304,706 | 4.91471 | 501.238 | 522.25 | 503.759
360,724 | 306,288 | 4.94417 | 511.309 | 533.759 | 513.140

B WL N

Table 3.6. Compromise intervals for the extended
warranty cost at Com = 200 and Ccm = 1,500 and At = 2



A Decision Optimization Model for Leased Manufacturing Equipment 123

The effect of varying the production period can only be observed
for Policy II.1 and Policy I1.2. The optimal preventive maintenance
interval for the lessor is decreased for production period A¢ = 2 (Policy
IL.1: T*;,= 2 and T*c = 2) (Table 3.6) with a higher cost relative to
At = 1 (Policy II.1: T*, = 3 and T*: = 3) (Table 3.3). The
compromise interval for the extended warranty cost gets larger as the
number of preventive maintenance actions increases (with increased
production period). In fact, if the length of the production period or
the demand increases, the principal machine produces more to meet
customers’ demands; thus the machine will undergo more failures and
the preventive maintenance interval will increase. According to the
previous results presented through the variability in A¢, the production
period length is really impacted visibly.

For Cpm = 200 and Cem = 1,500 and At = 2, the compromise
intervals for the extended warranty cost are given in Table 3.6.

3.5. Conclusion

This chapter treats a forecasting production/maintenance problem
correlated to the adoption of an extended warranty period for a leasing
machine over a finite leasing horizon. First, we developed a
mathematical model for a forecasting problem in order to determine a
forecasting production plan. Second, an analytical model was
proposed in order to study the opportunity provided by the extended
warranty in a leasing contract from both the lessee and the lessor
perspectives. We proposed different maintenance policies during the
finite leasing horizon, which we have considered to be:

— the influence of production rates on the degree of degradation of
the leasing machine;

— periodic preventive maintenance actions with different costs.

For each maintenance policy, we expressed the total cost incurred
by the lessee and by the lessor in order to determine the maximum
additional cost the lessee should pay for the extended warranty, and
the minimum price at which the lessor should sell it. For each policy
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and for any given situation, conditions where a win—-win interval
exists between the lessee and the lessor have been found.

For future research, we will consider a more complex system with
other types of warranty policies (including the number of warranty
dimensions, the renewability of a warranty and warranty
compensation methods). For the maintenance strategy, we will
consider new hypotheses where the corrective and preventive times
are not negligible.



4

Global Control Policy Taking
into Account Maintenance
and Product Non-conformity

This chapter presents the control policy of a manufacturing system consisting of two
machines and two buffers. This production system generates conforming and non-
conforming products. The control variables considered are the instants at which
preventive maintenance has to be performed on each machine, and both buffer
inventory levels. Our objective is to reach the best compromise with regard to cost,
availability and quality. The approach adopted is based on simulation, experimental
design and a multi-criteria analysis.

4.1. Introduction

Having a reliable production tool that makes conforming parts,
respects deadlines and produces at low cost is a constant concern for
manufacturing companies. Production strategies based on the “just-in-
time” concept contribute to reaching the objectives of quality, time
limits and costs. Given the hazards of breakdowns and resource
availability, and in order to meet demand, it is often necessary
to establish a preventive maintenance policy and have buffer
stocks between the different machines. This must be done in order to
have the best possible availability of the production tool at the lowest
cost.

Production and Maintenance Optimization Problems: Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Several maintenance policies are suggested in the literature. The
most popular basic strategies are the age-type and the block-type
policies [BAR 65]. The mathematical models that govern them are
meant to maximize the availability of the equipment and to minimize
the average total cost of maintenance actions over an infinite horizon.
Many extensions have been provided for these models [SHE 81,
VAL 89, CHO 91, KEC 95].

The development of maintenance strategies for production lines
made up of one or more machines has been the subject of several
studies, such as those by Gershwin [GER 94] and Glassey et al
[GLA 93]. Some deal with predictive maintenance and imply
equipment inspection [CHE 98, BAD 02] and others focus on
equipment submitted to random shocks [PIE 76, SHE 95]. Wang
[WAN 02] has presented an overview of the topic.

It is important to note that the majority of maintenance models
only take into account data that are specific to maintenance, such as
hazard functions associated with failures and repairs, as well as the
costs of maintenance actions and spare parts. However there are an
increasing number of studies based on a more global approach which
jointly consider the parameters of maintenance and those relating to
production, such as the size of the batches that must be produced, the
size of buffer stocks, etc. For examples, readers can consult Buzacott
et al. [BUZ 92], Dallery et al. [DAL 92], Xie [XIE 93], Van Bracht
[VAN 95b] and Chelbi et al. [CHE 04] on the assessment of
production systems subject to random breakdowns. Chan [CHA 01]
suggests a simulation model to assess the performance of a production
line operating in “push production”. Tempelmeier [TEM 01] considers
the assessment of the performance of a non-homogeneous production
line depending on the maintenance parameters of the machines and the
quality of the products made. Chen et al. [CHE 97] considers
optimizing the buffer stock level and taking into account the age of the
machine on which preventive maintenance must be performed.

Other studies focus on the control of production systems within
which preventive maintenance is carried out [GHA 00, KEN 01].
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These studies develop analytical approaches supplemented with
simulations.

From a general point of view, analysis aiming to optimize
production systems made up of several machines and producing a
variety of products gives rise in the literature to Markovian-type
mathematical models, which lead to the Hamilton—Jacobi-Bellman
equations whose rigorous analytical resolution is tricky, if not
impossible, except in relatively simple cases [AKE 86]. Solving such
a problem generally involves breaking down the system into subsets
(composed of a machine and buffer stock) and determining sub-
optimality parameters. Several methodologies are presented in the
literature that enable us to determine sub-optimality parameters, for
example the double-threshold control [VAN 93], the hierarchical
heuristic approach [BAI 95] and the hierarchical asymptotic method
[SET 94]. Let us also note the methodology suggested by Burman
[BUR 95], and that proposed by Dallery et al. [DAL 99], which are
based on a resolution algorithm in the case of non-homogeneous
transfer lines.

Another resolution method suggested by Gharbi ef al. [GHA 03] is
based on an analytical approach coupled with simulation and
experimental design. The authors suppose that all the items produced
conform (i.e. there is no rejection), that the breakdown and repair rates
of machines are constant, and that there are no preventive maintenance
actions. In their models they view the production rates as control
variables.

In this chapter we consider a production system made up of two
machines and two buffer stocks (intermediary and final) making a
unique type of product where products that do not conform are
rejected at a specified rate. The failure rate of each machine increases
over time. The machines are submitted to an age-type preventive
maintenance policy that aims to improve machine availability and
reduce the production of non-conforming parts, which directly affect
the stock levels and cause losses.

The objective of this chapter is to determine an integrated
maintenance-control policy. It has been proven in previous studies
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[OUA 02, REZ 04] that an integrated maintenance-control strategy is
more economical than a basic maintenance strategy separating control
(stock management) and maintenance. We intend to simultaneously
determine the preventive maintenance periods on each machine as
well as stock levels in order to reach the best compromise between
cost, availability and quality. To solve this problem we use simulation,
experimental design and a multi-criteria analysis method taking into
account the cost criterion, the stationary availability of the system
(which should be maximized) and that of the number of parts rejected
(which should be minimized).

Section 4.2 of this chapter reviews the basic analytical model,
which describes the control of multi-machine and multi-product
stochastic production systems. Considering the difficulty of finding an
optimal solution through this analytical approach and the restrictive
hypotheses it implies compared to the situation of the system analyzed
(section 4.3), an approach based on simulation and experimental
design will be taken in sections 4.4 and 4.5 in order to analyze this
system. A multi-criteria approach is presented in section 4.6 in order
to reach the best compromise between cost, availability and quality.
Finally, the last section presents the conclusions of this study and
discusses some future prospects.

4.2. Control strategy for stochastic multi-machine multi-
product systems: analytical approach

Let us consider a production system made up of m machines
subject to random breakdowns and producing n types of products P;
(G = 1,2, .., n). The breakdown and repair rates of the m machines
are assumed to be constant. Adjustment time and costs are considered
to be negligible. The mathematical model and the optimality
conditions corresponding to this system are presented in detail in
Gharbi et al. [GHA 03]. Sections 4.2.1 and 4.2.2 give the notations
used and the formula for the updated average total cost, which
represents the functions that need to be minimized.
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4.2.1. Notations

Xi

i

q12
JO)

level of the inventory associated with machine
M G=1,.,m)

vector level of inventories; (x;xy,...,x,) = state of the
system vector

production rate of product P; on machine M;

vector production rate; (u;,uy,...u,) = control vector
vector representing demand

immediate cost function

x}r () = max(0,x () and X () =max(-x;(),0)

unit costs (per time unit) of storage and
shortage (respectively) of product P; withj =1, ..., n
discount rate

probability of occurrence of 4, B having occurred

state of machine i at instant 7 (§i(f) = 1 if the machine
is available, &(¢) = 2 if it is not)

i (t)=0
mdig (@) =s}=] ' 1f (1) =1,..,m

0 otherwise

transition rate from state 1 to state 2 of machine M;

updated average total cost function

4.2.2. Formulation of the cost optimization problem

The mathematical model presented in Gharbi ef al. [GAR 03] leads
to the following expression for the updated average total cost:

J(x,o,u()=E je‘/”g(x(t),u(t))dt) | xt)=x, &b =a [4.1]

0
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The problem consists of determining an acceptable solution u(’) €
U() that minimizes function J() while taking into account the
following constraints:

— the stock variation:

x(0) =u(t)—d [4.2]
— the constraints related to production control:
ug =0 Vkzj, i=L..,m [4.3]

— the characteristics of the system in order to meet downstream
demand:

il SR
d < ZMmax [4.4]

i= 1‘112 +q21

— the value of the immediate cost function:

g(x(),) = Z(C] j )+C]x1())

j=1

[4.5]

The problem can be formulated by means of the following function
v(.,0), which considers the initial mode of machine availability o

v(x, ) =inf J(x, a,u).
wel(a) [4.6]

It has been proven in Akella et al. [AKE 86] that under certain

hypotheses, function v(x,0t) is the solution to Hamilton—Jacobi—
Bellman equations:

pUx,) = ernljié){(u—d)va(x,a)+Qv(x;)(a)+g(x,0!) Fretou) VxeR" [4.7]

where V4(x,0) represents the partial derivative of function v(x,0). This
function is convex and the control policy associated with it is optimal.
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4.2.3. Complexity of the optimal control problem

The size of the Hamilton—Jacobi—Bellman equations is given by:

n
Dim=2" x3™" <[ [Ny (x)
Jj=1

where Nj(x;) represents the card [Gy(x;)], and Gy(x;) represents a
digital grid giving the relation between variables x; and products
P/,J: 1,...,7’1.

For example, Gharbi et al. [GHA 03] show that for a system made
up of two machines and producing five products (m = 2, n = 5) and
Ni(x) =100, =1, ..., 5, the dimension equation gives 2.36*10"
states. The extreme complexity of creating a resolution algorithm for
such a system is obvious.

Moreover, similarly to the production system considered in this
chapter, which will be presented in section 4.3, with non-constant
breakdown and repair rates (i.e. with non-Markovian processes) and
with non-zero rejection rates it is not possible to establish optimality
conditions like those given by equation [4.7]. No optimal control
policy is available in such cases.

4.3. Description of the production system and the control
strategy

The considered system (Figure 4.1) is composed of two machines
M; (i = 1, 2) in series, making only one type of product to meet
demand for an assembly line, through a final stock S,. Demand d is
characterized by an arrival frequency and the quantity demanded. The
frequency and the quantity can be random; they are represented by
their respective means. For the example discussed in this chapter,
periodicity and demand are ten time units and four parts, respectively.
The two machines M, deteriorate when used and are maintained
through an age-type preventive maintenance program, i.e. for each
machine a preventive maintenance is performed after m; time units
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without any breakdown and the machines are refurbished after each
breakdown.

A buffer stock S; is placed between the two machines in order to
reduce the risk of not meeting demand in the situation when machine
M, is unavailable after a breakdown.

Demand (d)

units / time units
A= == ==
ﬂLOSS Loss
=1(W1) = f(W,)

Figure 4.1. The considered production system

The two machines can operate at a production rate ¢; .. that is
superior to upstream demand and so it permits S; stocks to be rebuilt.
The stock management policy consists of producing stock at
maximum speed until the maximum level of stock, S;, is reached; at
this point the production level is reduced in order to simply meet
demand.

It is considered that each machine may produce non-conforming
parts. The number of non-conforming parts is proportional to the
operating time, W; [LEE 85, ROS 86, DOH 98]. These parts are
removed from the production line in S; stocks. Our goal is to
determine the operational characteristics of the production system (age
of each machine when it needs to undergo preventive maintenance and
the levels of both stocks) in order to reach the best compromise
between cost, availability and quality.
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The following working hypotheses are considered:

—the probability distribution functions associated with the
operating lives of the two machines and repair times are known,;

— breakdowns are detected instantaneously;

—maintenance actions are performed perfectly and make the
machine “as good as new”;

— the demands that cannot be met through stock S, are lost;

—all the costs relating to maintenance and stock management are
known and constant;

—all the resources required to perform maintenance actions are
always available at the right time.

As shown in section 4.2, the analytical treatment of this problem is
very complex, if not impossible. In the next two sections an approach
based on simulation and experimental design is taken in order to
analyze the production system. The goal is to obtain relatively simple
mathematical functions for total cost per time unit and for stationary
availability corresponding to a given configuration of input parameters
that describe the system.

4.4. Simulation model
4.4.1. Simulation principle

The simulation principle used is based on potential events that may
occur from a given state (see Table 4.1). Let us consider the subset
made up of machine M, and its upstream stock. From the different
states i (i = 1 ...4) of this subset, the graph of events e; and e’; that
may occur is determined (see Figure 4.2):

—Jj = d,: beginning of preventive maintenance;

—J = fue: end of corrective maintenance;

—J = dpy.: beginning of corrective maintenance;
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Possible events

State|  Description | B ef}’;\'};ng End of Mp Beﬁ;’;’}’:g End of Mc| Upstream ;’ar;
i (finc) ’ (fmc) | demand (d) production
(dmp) (dmc) (@)
1 M; in operation €ldmp €ldme erd eatel

2 |[M; in preventive

maintenance €2mp € 2fmp ex
3 | M, in corrective
maintenance €3dmp €3finc e
4 | M, stopped
C4dmp eqq

Stock overload

Table 4.1. The correspondence between states and events

Figure 4.2. The different states of the system

4.4.2. Simulation algorithm

The following simulation algorithm has been created and
programmed using the ProModel commercial software package.

The notations used are:
— Ccum_1: cumulative cost for machine I;

— T, (h,,m,): cost of stock management with and without shortage;

— Trep ; cumulative maintenance time for machine i.
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The inputs are:

— m;: maintenance periodicity for machine My;

— my: maintenance periodicity for machine M,;

— hy: value of stock Sy;

— hy: value of stock S»;

— ou: production capacity of machine M;;

— 0: production capacity of machine Mj;

— 0j3; upstream demand d;

— M,: average cost of a preventive maintenance action;

— M_,: average cost of a corrective maintenance action;

— TymmuL: simulation time.

It may be recalled that m;, m,, h; and h, represent the decision
variables.

The outputs are:

— CT: average total cost per time unit;

— DISP: stationary availability of the whole system;

— Cumul_loss: cumulative loss (non-conforming products).

For eachi, (i=1,2):

1) Generate the breakdown time W,

2) If W, >m,
then Ccym_1 = Ceum_1+M,
otherwise Ccym 1 = Ceym_ 1+ M.

3) Determine loss = f(min(W;,m;))

Cumul loss = Cumul loss + loss.

4) Generate a repair time D;

Trep_i = Trep i + D

Trurming_i = Trunning_i + min(Wi,mi)+Di.
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S)If b, >t

Qit]
then CCUM = CCUM +

otherwise Ccyv_i = Ceum_i+ T (h,m,) -

6) I_f Trunningﬁi < TSIMUL
then back to stage 1.
7) CTl = CCUM_i/ Trunningfi

2
CT=)CT;
i=1

DISP = (Trunningii - z"’1-‘R}EP71)/ Trunningii-
8) END.

The following numerical data, which are arbitrarily selected, will
be used in the rest of the chapter to illustrate the adopted approach:

— the density function associated with the operating life of each
machine is a Weibull law with a shape of o = 2 and a scale of
B=100;

— the durations of corrective and preventive maintenance actions
follow an exponential law whose means are 20 and 10 time units,
respectively;

- M, | =M, », =300 mu (monetary units), M, ; = M , = 2,000 mu;

— storage cost C, jis 4 mu per time unit for the products in stocks
S;and Sy;

— shortage cost C, ; is 260 mu for each unit lost;

— the upstream demand d to be met is defined by an average
quantity of four parts and a frequency of occurrence of 10 time units.

Once these data have been selected, the total cost per time unit, as
well as stationary availability, will only depend on the independent
variables hj, h,, m; and m,. In the following section we suggest a
methodology based on experimental design and variance analysis and
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on the notion of desirability in order to determine the best compromise
between cost availability and quality

4.5. Experimental analysis
4.5.1. Principle of the analysis

Mathematical modeling of the cost function or of the availability
function consists of finding, from a series of tests, a function IT =
f(X;) where X are the decision variables. In this case the variables are
mi, hl, my and hz.

In the first simulation enabling us to exclude a first-order
mathematical model, we are trying to represent each function (cost
and availability) by means of a quadratic model of the type:

k=1

i o XX +[Z:k:0{ii.X 7

i=1 j=2.(>i) i=1

k
=0y +) X+
i=1

with ¢; and ¢ representing coefficients to be determined.

A second series of off-line simulations has enabled us to select
intervals for variables m, &, m, and /#,. We have:

—my € [10, 390];

—my € [10, 390];

—h € [1,49];

—hye [1,49].

Three-level standardized variables have been used: —1, 0 and 1.

The relations between the real variables (m;, /;) and the standardized
variables (X,,;, Xj;) are given by the data in Table 4.2.

Level -1 | Level 0 | Level 1
m; | 10 200 390
|1 25 49

Table 4.2. Relations between real variables and standardized variables
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The different coefficients ¢; and ¢;; were obtained through multi-
linear regression on the 81 experimental tests carried out. Full
factorial designs with four factors and three levels were used in order
to establish a second-order model.

The simulations were performed over 5,000 time units. The results
were derived from the mean of five replications.

4.5.2. Determination and validation of the cost function

The regression analysis method [SAD 91] and the use of the
STATGRAPHICS software package serve as the basis of this model
when the value of each coefficient of the cost function (IT,), described
underneath, has been estimated.

The cost function associated with the data used is:

[T, = 23.0973 + 0.179808*X,,,; + 0.113333%X;,; — 1.52167* X0 —
3.35722%Xy + 0.829423%X,.12 + 0.35625% X ¥ Xy —
0.16875*X 1 * X2 + 0.32875% X ¥ X + 0.391154%X,,,% +
0.26875% Xy *Xma + 1.17375% X1 * X1 + 0.966154*X,n> +
2.03375*X 0 * X + 2.76615%X,,°

Analysis of variance permits us to statistically test the effect of
each factor and interaction on the total cost per time unit. To do so, for
each coefficient we determine:

1) the squared sum of deviations, SCE, given by the formula:
SCEk =£[=Zn:i(51<i)2
Mk =1
where:
— SCEy is the squared sum of deviations of coefficient K;
— N is the total number of tests in the experimental design;
— ng1s the number of levels for factor K

— Ex; is the effect of factor K at level J;
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2) the variance given by the relation with ddI(K), which is the
degrees of freedom of factor X

3) the percentage contribution of coefficient i given by relation

SCEg
SCE7,,

where SCE7,, is the sum total of the squared deviations;

4) the ratio of variance of the factor (or of the interaction) to
residual variance is denoted Fcuiared;

5) the coefficient Fieoreicas 18 determined thanks to the Fisher-
Snédécor table (5% risk, v; = 14, v, = 12; that is 3.13 in our example).

If the F.ucuiaea 1atio is superior to Fipeoreica, the test is considered
statistically significant (S) and the effect of the factor is then
highlighted. Otherwise it will be non-significant (NS). Table 4.3
shows the results obtained.

Source SCE ddl Variance % Cont. F jcyaeq Test
olimy 0.524 1 0.524 0.13 0.22 NS
oy hy 0.231 1 0.231 0.06 0.10 NS
03 : m, 41.678 1 41.678 10.71 17.44 S
0y h, 202.877 1 202.877 52.15 84.89 S
0y :m;> 1.077 1 1.077 0.28 0.45 NS
o :m.hy 2.030 1 2.030 0.52 0.85 NS
o3 mpm, 0.456 1 0.456 0.12 0.19 NS

1

1

1

1

1

1

1

os:mphy, 1729 1.729 0.44 072 NS
oy:h? 0356 0.356 0.09 0.15 NS
Oz:hypm, 1.156 1.156 0.30 048 NS
O hyhy,  22.043 22.043  5.67 9.22 S
O3 my:  2.173 2.173 0.56 0.91 NS
Oy : mph, 66.178 66.178  17.01  27.69 S
o h?  17.816 17.816  4.58 7.45 S
Résidus  28.677 12 239 7.38

TOTAL  389.001 26 100

Table 4.3. Results of the analysis of variance
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After the “pooling” operation (removing non-significant coefficients)
the equation becomes:

ITyp = 23.0973 — 1.52167* X — 3.35722* X, + 1.17375% X1 * Xho
+2.03375% Xy * X + 2.76615% X,

The optimal X,,;*, X, *, X,.»* and X),* are obtained by solving the
following equations:

oI, o
aXm] Xml:X:ﬂ
dIl; =0
Xpi| X=X,
and
aIT, =0
aXhZ Xpp=Xps
hence:
— Xmt* = —0.0402632;
= Xm* = -1

— Xm® = 0.0974958;
— XhZ* = 0784789,

which, returning to real values, gives us:
—m;* = 197 time units;
—h* = 1 part;
—my* = 223 time units;

—hy* = 43 parts;

for a minimum total cost of 21.54 mu.

Figures 4.3 and 4.4 show some iso-responses in the (m,, hy) plane
and the cost function in the (h;, m,, h,) space.
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Figure 4.3. Iso-response of the cost function in plane (my, hy). For a color
version of this figure, see www.iste.co.uk/rezg/services.zip

‘eponse
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Figure 4.4. Variation of the cost function in space (hi,mz, hy). For a
color version of this figure, see www.iste.co.uk/rezg/services.zip

In the experimental field, function IT, varies between 21.54 and
36.6 mu.

Tables 4.4 and 4.5 show the results of an analysis of the sensitivity
of the optimal solution incorporating the variations of some of the
parameters in our study. Table 4.4 shows the variation of the solution
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following the variation in the C,/C; (shortage cost/storage cost) ratio.
The higher this ratio rises — if there is an increase in shortage cost or a
decrease in storage cost — the higher the optimal values of stock levels
are. In Table 4.5 we analyze the effect of variation of the M./M, (cost
of a corrective maintenance/cost of a preventive maintenance) ratio.
The increase in this ratio causes a fall in maintenance periodicities and
an increase in total cost.

C,/C; m* h* my* hy* I *(my*, h*)
50 197 1 223 42 20.95
Initial reference 65 197 1 223 43 21.54
100 197 2 224 45 23.02
200 196 3 225 48 24.97

Table 4.4. Comparative analysis for different Cp/Cs ratios

Mc/Mp  my*  hy* my* by T *(my*, hi¥*)
6.6 197 1 223 43 21.54
Initial reference 10 196 2 222 44 23.02
20 195 3 220 46 24.97

Table 4.5. Comparative analysis for different MC/MP ratios

4.5.3. Determination and validation of the availability
function

Obtained in the same way as the cost function, the stationary
availability function (I'l,) is associated with the data used as follows:

I, = 0.710713 + 0.111426*X,,; + 0.000716667*X,; +
0.114283*X,,,, + 0.00206111*X, — 0.143572*% X, > +
0.00044375%X 1 * X1 + 0.0270563* X1 ¥ Xmp + 0.00205625% X 1 * X
—0.00285577*Xy,> — 0.00455625% X}, ¥ X o — 0.00205625* Xy, * Xy, —
0.127856* X, + 0.00205625% X 0% Xy + 0.0221442% X,
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The analysis of variance for each coefficient calculated by the
STATGRAPHICS software package is given in Table 4.6.

Source SCE ddl Variance % Cont. Foycuiatea Test
O my 0.201232 1 0.201232  38.30 465.4 S
oy hy 0.000009245 1 0.000009245  0.002 0.02 NS
O3:m, 0.235092 1 0.235092  44.73 543.75 S
oy hy 0.0000764672 1 0.000076467 0.01 0.18 NS
oy : my? 0.0322772 1 0.0322772 6.13 74.65 S
o2 my.hy 0.0000031506 1 0.00000315063 0.00006 0.01 NS
O3 my.my 0.0117127 1 0.0117127 222 27.09 S
ot14: mp.hy 0.0000676506 1 0.0000676506 0.02 0.16 NS
O : hy? 0.0000189887 1  0.0000189887 0.0036 0.04 NS
O30 hy.my 0.000332151 1 0.000332151 0.06 0.77 NS
Olz4: hyhy 0.0000676506 1  0.0000676506 0.01 0.16 NS
Ol33 : my’ 0.0380619 1 0.0380619 7.24 88.03 S
O34 : mp.h,  0.0000676506 1 0.0000676506 0.01 0.16 NS
Olyq : hy? 0.00114175 1 0.00114175 0.22 2.64 NS
Residues 0.00518824 12 0.000432354 0.97

)y 0.5253 26 100.0

Table 4.6. Results of the analysis of variance

As could be expected, the only significant effects are those related
to maintenance periodicities in the case of availability, which means
that they are significantly different from zero with a 95% confidence
level.

After the “pooling” operation, the equation becomes:

Iy = 0.710713 + 0.111426*X,,; + 0.114283*X,,, -
0.143572%X 1> + 0.0270563% X ¥ X oo - 0.127856% X
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The optimal values, X,;* and X,,* are obtained by solving the
following equations:

oI, 0
aXml X=X

and
oM, o
aXmZ X =X;12

hence X,,;* = 0.44578 and X,»,* = 0.515639.

Returning to real values, we obtain m;* = 298 time units and m,* =
294 time units, giving a maximum availability of 79%.

Figures 4.5 and 4.6 show the variation in availability in relation to
maintenance periodicities.

maintenance? ~ X3
30 7 050 08 070"
X1
200 — =
1. : %ﬁ\\ 00 050 00
}30\ )
[ — -t —
I ] I
10 200 230
maintenance

Figure 4.5. Iso-responses of the availability function in plane (m4, my). For a
color version of this figure, see www.iste.co.uk/rezg/services.zip
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Figure 4.6. Variation of the availability function in plane (ms, my). For a color
version of this figure, see www.iste.co.uk/rezg/services.zip

In the experimental field, function Il, varies between 24% and
79%.

4.6. Finding the best compromise between cost, availability
and quality: multi-criteria analysis

Our control policy aims to determine the best compromise taking
into account the cost criterion (to be minimized), that of the stationary
availability of the system (to be maximized) and that of the number of
parts rejected (to be minimized).

The number of parts lost N(f) follows a model inspired by
Rosenblatt’s formula [ROS 85]:

0 ift<t

N(t
© o.P(t-1) ift>1

where:

— o is the percentage of faulty parts during a production cycle;
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— 1 is the age of beginning of breakdown;

— P is the production rate.

From the formula above, we notice that the number of parts lost is
null until instant ¢, representing beginning of a breakdown. We wish to
set the objective of a zero rejection rate. This implies that the time to
preventive maintenance m; (i = 1, 2) must be within an upper limit
equal to T. For our example, T is equal to 120 time units.

A

N(t)

0 T

Figure 4.7. Variation of function N(t)

It becomes quite clear that the ideal solution permitting us to
simultaneously reach optimal values for the three criteria considered —
minimum cost, maximum availability and minimal loss — cannot be
reached. The levels of the factors for an optimal response are not the
same as those that optimize the other responses.

The notion of desirability [HAR 65] enables us to seek a
compromise between different objectives that may be weighted. To
apply this concept, the Deringer representation [DER 80] is used (see
Figure 4.8) in order to graphically display the objectives of each
response.

To determine the optimal value for the target considered, the
experimenter sets an acceptable upper or lower limit. If the response
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obtained is equal to the target value, we will say that the partial desire
of the experimenter for that objective is 1 (goal 100% achieved). If the
response obtained is higher or equal to the upper limit, we will say
that the partial desire of the experimenter for that objective is equal to
zero (goal 0% achieved). Between these two points, Deringer suggests
modeling the evolution through a curve whose equation is given in
Figure 4.8. We will take a high T-shaped coefficient when this
function is preferred (Figure 4.9). We will take a low T-shaped
coefficient when the deviation of the response from the target value is
less important (Figures 4.10 and 4.11).

Function to study

d =1
Partial desire
A r
100 % d =] 2 Y
© ‘ ; yc - ysup
0 4 st onse
/ p 4 =0

Upper limit

Figure 4.8. Representation of desirability. For a color version
of this figure, see www.iste.co.uk/rezg/services.zip

In the case of the situation analyzed, where the minimum cost is
21.54 mu, let us suppose, for example, that the decision-maker accepts
an upper cost limit of 23  if this increase benefits availability.

The decision-maker wants to know whether availability is above
70%, as the target value is a maximum availability that of 79%.

As for the loss, the ideal goal being 0%, the decision-maker sets an
acceptable upper limit at 5%.
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dl
A
100%
50%
0% >
21.54 23 yl
Target Limit
Figure 4.9. Desirable cost
a
100% —
50%
0%
0.7 0.79 y2
Min Target

Figure 4.10. Desirable level of availability

d3 A
0% >
0% 5% V3
Target Limit

Figure 4.11. Desirable level of loss
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The shape of the curves for partial desire d; being defined for each
objective, they are turned into a global desire function D, in which
each partial desire is weighted by a weight W, depending on its
relative importance.

This function D is defined by:

—wl g™ W W,
D=xd"d}..d"

with:

The function obtained this way being too complex to be
analytically optimized, only numerical optimization procedures can be
used. This process is proposed by the computation software package
NEMROD (LPRAI, Marseille). This package has enabled us to
achieve a compromise (see Table 4.7) by reaching:

— 87% of the minimum cost objective, with a value of 21.66 mu;
—76% of the maximum availability objective, with a value of 77%;

—56% of the minimum loss objective, with a value of 4%.

Table 4.8 summarizes the results obtained.

Response | Response name | Value | d;% | Coef. T | Weight w;
yi Mean cost 21.66 | 87.65 10 2
V2 Availability 0.77 | 76.13 1 2
y3 Loss 4% 56.2 0.5 1
DESIRABILITY 81.69

Table 4.7. The compromise reached
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Minimum cost | Availability | Losses | Compromise determined
m, (t.u) 197 298 120 229
h, (unit) 1 / / 1
m, (t.u) 223 294 120 240
h; (unit) 40 / / 40

Table 4.8. Summary of results

4.7. Conclusion

This chapter has dealt with the determination of the operational
variables of a production system made up of two machines in series
and two buffer stocks. This system makes only one type of product
with a certain rejection rate because of non-conformity. The failure
rate of each machine increases over time. Machines undergo age-type
maintenance with random lengths between interventions. The decision
variables considered are the ages at which each machine must undergo
preventive maintenance, and the maximum levels of the two buffer
stocks. The huge difficulty of analytically solving this problem has
been overcome by using an approach based on simulation and
experimental design, accompanied by multi-criteria analysis.

To achieve this we have developed a simulation model based on an
integrated maintenance strategy pairing maintenance management and
stock management through control. The techniques arising from
experimental design permit us to derive a formal model to represent
the cost function and the system availability function. These models
represent a good approximation of the cost and availability functions.
They are models that are easy to implement and optimize.

As both functions of cost and availability obtained were simple
quadratic functions, the optimal values of the decision variables were
easily determined. Thanks to the implementation of multi-criteria
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analysis based on the notion of desirability, we have found an area of
compromise between three criteria:

— cost (to be minimized);
— availability (to maximized);

— loss (to be minimized);
while simultaneously optimizing these responses.

The path is thus clear for generalising the approach recommended
in this chapter to situations involving m machines and »n stocks, which
will now be further investigated.
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Appendix 1

It is assumed that the demand variable has its first and second
statistic moments perfectly known for each period k, that is,

E{d,}= c?k (mean) and Var ; = 05 (standard deviation) for each £.
The inventory variable S; is statistically described by its mean;
E{S,}=S, and its variance Vars, Vars = E{(Sk _ka)z} :

Varg, = E{(S, -5, "]

U, being constant for each interval Az, we have U, =U, and
Var 4, =0.

Uy is essentially deterministic, since it does not depend on the

random variables and S -
Thus U, =U; and Var, =0.
Balance equation [1.2] can be reformulated as follows:

St =S tU g+ By Uy =y [A1.1]

Production and Maintenance Optimization Problems: Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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If we determine the difference between equations [1.2] and [A1.1],
we obtain:

Sii—Se =8, =S, —(d, —d,)

= (S =S’ = (S, = 8) - (d, —dy))’

= E{(Su = Se)’ | = E{(S, =S~ (@, =)’}

= B| (S =SV} =S =S| +E{ (=47} 2|8 ~Si X~

Since S; and d; are independent random variables, we can deduce
that:

E{(S, =S, —d)} = E{(S, =S} E{ e, -d,)
Hence:
E{(s,-Sp} = E{s,}-E{$,} =0

and

E{(d, —dy)} = E{d,}-E{d,} =0
Therefore
E{(Si =S’} = E{(S, =57} + E{(d, ]
= (05, )’ =(0g) +(04, )’ [A1.2]

If we assume that 65, = 0 (for k£ = 0) and that o, is constant and

equal to o, for all periods, we can deduce that:

(Usk )2 = k(Udk )2
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Since: Vary, = E{(S, —8,*} =E{s5,?} -5}

and: Varg =(og, ) =k(oy, )
we can write:
E{s*}- 8} =k(o,)’

E{Skz} =k(o,)? + 8} [A1.3]

Substituting [A1.3] in expression [1.6] of the expected cost, we
obtain:

H-1 H-1
F(u):Cs~Sf,+ |:CS'SI§+Cpr1'Ulz,k+Cpr2'ﬂZ'UZZ,k:|+Cs'(O-d)2'Zk
k=0 k=0

n S s H(H +1)
F(u):Cs'S12~1+Z|:Cs'S13+CPrl'Ulz,k+Cpr2'ﬁZ'Uzz,k:|+Cs'(o—d)2'T

k=0






Appendix 2

PROOF FOR LEMMA A2.1.—

Since the demand is assumed to follow Gaussian distribution, it is
assumed that the first and second static moments of the demand
variable are known.

For each period k, if the expected demand is equal to the
average demand, we then have E[d(k)]=d(k) and V,=g; with
Vke{0,1,2,...H}.

The inventory variables Si(k) and Sy(k) are statistically described
by their means and variances, thus the expected inventory level at S is
equal to the average inventory level at S; and the expected inventory
level at Sy is equal to the average inventory level at Sy. We then have:

E[Sl(k)]:‘gvl(k)’ E[So (k)] = ASA‘o(k)

E{(Sl (k)—ﬁl(k))z}:VShk’ E[(So(k)—ﬁo(k))2}=V5\,,k

where Vs, x and Vs, are the variance in the inventory of S; and S,

respectively.

Production and Maintenance Optimization Problems: Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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The control variables, u(k) and Q(k), are deterministic for each
interval Ar. Therefore, V, =V, =0, with V, ; and are a variation of

u(k) and Q(k), respectively.

Where 7(k)=0 xd (k—7,), the inventory balance equations
[2.2] and [2.3] can be converted as follows:

= E[S,(k+D]=E[S, (k) +u(k) - Ok)] [2.2]
= 8, (k+1)=S8, (k) +ii(k) — Ok)
with

k=10,1,.. HI} [A2.1]

:E[So(kﬂ)]={E[S0(k)+Q(k—z‘)—d(k)+r(k)] Iszr} 23

E[S,(k)—d(k)+r(k)] otherwise

S, (k) + 0k —1)—d(k)+Fk) Ifk>t

= S,(k+1)= . A
So(k)—d(k)+ F(k) otherwise

with
k=10 1,..., H-1} and T > 1. [A2.2]

Equations [A2.1] and [A2.2] represent the mean inventory in each
period k, with k={0, 1,..., H—1}.

Taking the difference between [2.2] and [A2.1], we have:

S,(k+1)= S, (k+1)= S, (k)= S, (k)

= (Sl(k +1)= S, (k + 1))2 = (S1 - §1(k))2

= E[(Sl(k =S,k +1))2} _ E[(Sl —S‘l(k))z}
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Consequently,

Vs,,(k+1) = Vsl,k k=20
Taking the difference between [2.3] and [A2.2], we have:
E[S,(k+1)]-S,(k+1)

Based on equations [2.3], [2.4] and [A2.2], and according to the
values of 7 and 7,, we have four cases:

—case l when k>7, and k>1¢;
—case 2when k=17, and k<rt;

—case 3 k<Tr and k>7;
—case 4 when k<7, and k<z.

1) Case 1:
When k2>7, and k=7, we have:
Sy(k+1)=S,(k)+O(k—1)+oxd(k—1,)—d (k)
and
S, (k+1)=8,(k)+ Ok — 1)+ 5xd(k —1,)—d (k)
The difference between [2.3] and [A2.2] is given by:

So(k+1)—$’0(k+l) =(S,(k)+ Ok —7)—d(k)+ oxd(k —7;))

~(Sotk)+ 0k 1) =d (k) + Sxd(k~7,))

=(So(k)—So(k))—(d(k)+c?(k))+5><(d(k—f,,)—a?(k—r,,))
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Then the difference between [2.3] and [A2.2] in quadratic form is
given by:

(So(k+1)—§0(k+1))2 :(So(k)—ﬁo(k))2 +(a1(k)+ci(k))2 +6° x(d(k—rr)—dA(k—Tr))z
—2><(S0(k)—So(k))x(d(k)+¢§(k))+2x5x(50(k)—§0(k))x(d(k—r,)—a?(k—r,))—

2x5x(d(k)+c?(k))><(d(k—rr)—ci(k—rr))

Then we have the expected difference between [2.3] and [A2.2] in
quadratic form that is given by:

E{(So(k+l)—§0(k+l))z}=E[(S0(k)—.SA’O(k))Z}+E{(d(k)+c§(k))2}+é‘zxE[(d(k—Tr)—ﬁ(k—fr))z}
—ZXE{(SO(k)—SO(k))x(d(k)+c?(k))}+2><é'><E[(SO(k)—§0(k))x(d(k—r,)—a?(k—rr))}—

2><5><E[(d(k)+c?(k))x(d(k—rr)—c;’(k—rr)”

Since S, (k) is an independent random variable, we can deduce
that:

E[S,(0]=E| 5,0
So we have:
E[(so(k) =S, (0))x(d (k) + a?(k)ﬂ - E[(so(k) - .S:O(k))}x E [(d(k) + j(k))}

E[(s,,(k)—S‘u(k))x(d(k—rr)—d(k—rr } E[S(k) S(k)} [(d(k—rr)—ﬁ(k—r,))]
E[(d(k)+cf(k))><(d(k o) —d k- m} E[d(k)m(k)} [(d(k—r,)—cf(k—rr))]

hence:

E[(&(k)—&(k))} = E[S, ()< E[ Sy(k) | =0

[d(k ) —d(k - rr} Eld(k-1,)]- [a?(k—rr)}:c?(k—r,)—a?(k—rr)zo
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therefore:

E[(So(k+1)—§0(k+1))2}=E[(S(,(k)—S‘O(k))z}+E[(d(k)+a7(k))2}+52 xE{(d(k—rr)—aAl(k—rr))z}

Then we have the variance of Sy(k), which is given by:

k27 ,7 21

_ 5
krr r r

Vs, ko = Vs ¥ Vi #0677
with
Vo, s =(k+(k_1)x52)><a; k>t ,7.2>1

r 7

The general expression of VSO,k is determined as follows. Starting

with VSO,(k:O) =0, the variance at time 0 is equal to zero. For k= 0:
_ _ _ 2
VSO,(k+1) = VSO,k +V, = VSO,I = 75y.0 +0; = Vso,o

REMARK.— We know in case 1 that £ > 1 > 1. We assumed that £ = 0
just to determine the general expression Vso”‘ .

For k=1:
2
Vo =Vs,a ¥ Vit 6" xV, 7, 21
Vso,2=(2+52)><613
Fork=>2:

— 2
Vg = Vg w Vi + 1) <Viee Tp 21

Vsgu = (k+(k=1)x8%)x0} 7, 21,k22
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The general expression of VSo~ ;. 1s given by:

b (k+(k=1)x8")x 0} Ifk=1
S0k 0 k=0

Since:
:E[(So(k)—ﬁo(k))z}:E[So(k)zJ—S’o(k)z
= E[so(k)z]—ﬁo(/c)2 =(k+(k-1)x8")xo} k27,7 21
Finally we have:
E[S,(k) = (k+(k-1)x8)xal+S,(k)* [A23]
if k>, and k27,
2) Case 2:
If k>7, and K<T,we have:
Sy (k+1)=S,(k)+dxd(k -, —d(k)

and:

Sy(k+1)=S,(k)+dxd(k—1,)—d (k)

then the difference between [2.3] and [A2.2] is given by:
Sy(ke+1) =S, (k +1)=(S, (k) + Q(k =) —d (k) + Sxd(k —1,))

—(ﬁo(k)+Q(k—r)—cfl(k)+§><a7(k—r,.))

=(S0(k)—3'0(k))—(d(k)+a?(k))+6><(d(k—r,)—c?(k—r,))
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If this case is same as case 1, then we have:

E[S,06) = (k+(k=1)x8")xo}+S,(k) [A2.4]

if k=27, andk<T

3) Case 3:
If k<z,and k=7, we have:

and:
Sy(k+1)= S, (k) + Otk — 1)~ d (k)

Then the difference between [2.3] and [A2.2] is given by:
Sy(k+1) =Sy (k +1)= (S, (k) =Sy (k) )= (d (k) + d (k)

Then we have the difference between [2.3] and [A2.2] in quadratic
form, which is given by:

(8, k+ D= S,k +D) = (5,00 =5,(h)) +(ar(k)+c?(k))2

—2-(S0(k) - §0(k))><(d(k) + a?(k))

Then we have the expected difference between [2.3] and [A2.2] in
quadratic form, given by:

E{(So(kﬂ)—ﬁ‘o(kﬂ))z}:E[(So(k)—S’O(k))z}+E{(d(k)+c§’(k))2}
“2xE [(So(k) — 8,(k) ) (d (k) + c?(k))]

Hence:
E[d()+d(k) |= E[d(k)]-E[d(k) =0

VSO,(k+1) = VSO,k +Vy
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with:

|4 =
SO Jk

(k+(k—l)><é‘2)><o'/f If k=1
0 k=0

In this case, if we have k <7, and k=721, then we have:
Vs,u = (k+ (k=1)x8)x 0]
Since:
S 2 2 S 2
:E[(So(k)—so(k)) }E[So(k) IRG!
= E[S,(k)* |- S, (k)" = (k+(k-1)x6*)x 0}
Thus:
E[Sy(k) | =(k+(k=-1)x8>)xa}+S,(k) [A2.5]

if k<t andk<Tt

4) Case 4:
If k<z, and K<T, we have:
So(k+1)=S,(k)—d(k)
and:
Sy(k+1)=S,(k)—d(k)
Then the difference between [2.3] and [A2.2] is given by:

S,(k+1)— S, (k +1) = (So(k) - §0(k)) - (d(k) + a?(k))

Then the difference between [2.3] and [A2.2] in quadratic form is
given by:
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(SoCk+ D= Sy(k +1)) = (8,66) = $,(0)) + (k) +d (k)
-2 (So(k) - §O(k))x(d(k) + c?(k))

Then we have the expected value of the difference between [2.3]
and [A2.2] in quadratic form, which is given by:

E{(So(k+l)—§o(k+l))2}:E{(So(k)—§0(k))2}+E[(d(k)+c§(k))2}
2XE [(So(k) =8, () (d (k) + cf(k))}

Hence:

E[(d(k)ﬂi(k))}=E[d(k)]—E[a?(k)]=0
VSO,(k+1) = Vs .k +Vy

with:

(k+(k-1)x6*)x0;} Ifk>1
0 Ifk=0

14
Sq.k

Since:
:E[(So(k)—ﬁo(k)ﬂ = E[[S,(k)? ]Sy (ky*

sy ] Uz
0 0 0 k=0

thus if k<7, and k < 7we have:

k+(k=1)x8%)x0? + 8, (k)
E[Soac)z}:{( A) S [A2.6]
$,(0) k=0
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In conclusion in these four cases, forall k = {0, 1,..., H— 1}, 7, 21
and T > 1, we have:

k+(k=1)x8*)x 0} + 8, (k) k>1

7 )
ELsuwr]= $,(0) k=0

[A2.7]

Substituting [A2.7] in the expected cost [2.11], we obtain:

Gl = 3 (Cou xS, +c30xﬁo(k)2)+k§:1((k+(k—1)x52)xof)

k=0
2
+ Hz][cp, xu(k)* +C, x[%J ]
k=0 0]

v

= §(CoxS 7 +csox§0(k)2)+csoxé(o;)x[H+1+(H—1)x§2]x%

+Hi [Cprxu(k)2 +C,>{Q@] ]
Oy

=

-
>

o
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PROOF OF EQUATION [3.5].—

The inventory variable, S;, is statistically described by its mean and
variance:

E {(S,L, _S, )2}: Var(S,)
The expected inventory cost is:
c -E{s’}=c 82

The balance equation [3.2]:

Sk+1 =Sk+Uk—dkkE{0,1,....,L—1}

can be converted into an equivalent inventory balance equation, as
follows

= E{S,}=E{S}+U,—d, [3.2]

=8,=85,+U, -d, [A3.1]

Equation [A3.1] represents the mean variation of inventory at each
period &:

Production and Maintenance Optimization Problems: Logistic Constraints and Leasing
Warranty Services, First Edition. Nidhal Rezg, Zied Hajej and Valerio Boschian-Campaner.
© ISTE Ltd 2016. Published by ISTE Ltd and John Wiley & Sons, Inc.
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ke{l2,...,N-1}.
Furthermore, u;; is deterministic, since it does not depend

on the random variables dy and Sk That 18,
E{U}zUk with V(Uk):() Vk. Taking the difference between

[3.2] and [A.1]:

S _§k+l =5, _gk _(dk _d,\k)

:>E( S,M—SA‘,M)z):E((Sk—S‘k)z)+E((dk—ék)z)—2~E((Sk—§k)~(dk—a7k))

Since S, and d, are independent random variables, we can deduce
that:

E((S0=80)-(de=d))= £ (5. -5.))- £ ((4. - d.))
Also, we can see that:

E((s.=5,))=E(5)-E(S,)=0

E((a’k —d‘k))=E(dk)—E(cZk)=o

Consequently,

s s
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If we assume that o;(0)=0 and oy is constant and equal to oy for all
ks, we can deduce that:

(O'Sk )Z:k‘(o'd)z

:>E(Sk2)_§k2 :k'(o-d)2

y A
= E(S})=k-(0o,) +S.’ [A3.2]
Substituting [A3.1] in the expected cost [3.1]:

z :CX-E(SLZ)+ZL:C\\-E(SA2)+ c, -U;
i=0

Z(u):C‘_x(SALZ)+ LZIC\_-SAkZ+CW><uk2+Cb‘x(ad)zxi k
k

Z(u)=C,x(5,")+ :Z;C S+ C,, xu,+C xo,’ x#
PROOF OF EQUATION [3.6].—

S(k+1)=S(k)+U (k)—d (k)

Prob(S(k+1)20)2

Prob(S(k)+U (k)-d(k)20)2«a

Prob (S (k)+U (k)2d (k)2 «a

Prob (S (k)+U (k)-d (k)2 d (k)-d(k))>a

prop| S +U (k)= d (k) d(k)—cf(k)JZa

Vd,k Va’,k
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where:

-d (k) is the average demand at period £;

- Var(d (k )) =V,, 20 is the variation in demand d during
period k.

d,—d
This equation is in the form of Prob [Y > X]a, with X =k &
dy
being a Gaussian random variable representing the demand d, and
94, being a cumulative Gaussian distribution function of the form:

S(k)+U (k)—d (k) .
% 2

¢d,k

d k

Since 1meq =0 g limg, =1 ,

dy——o dp —+oo

function %4, is  strictly

increasing, and we note that it is indefinitely differentiable. That is
why we conclude that ¢,, is invertible.

Thus,

S(k)+U (k)=d (k)
Vd,k

>0 (o)
S(k)+U (k)=d (k)2V,, 9.} ()

U(k)2V,, .l (e)+d (k)= 5 (k)
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