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Preface

The present book is devoted to studying optimal experimental designs for
a wide class of linear and nonlinear regression models. This class includes
polynomial, trigonometrical, rational, and exponential models as well as
many particular models used in ecology and microbiology. As the criteria
of optimality, the well known D-, E-, and c-criteria are implemented.

The main idea of the book is to study the dependence of optimal de-
signs on values of unknown parameters and on the bounds of the design
interval. Such a study can be performed on the base of the Implicit Func-
tion Theorem, the classical result of functional analysis. The idea was first
introduced in the author’s paper (Melas, 1978) for nonlinear in parameters
exponential models. Recently, it was developed for other models in a num-
ber of works (Melas (1995, 2000, 2001, 2004, 2005), Dette, Melas (2002,
2003), Dette, Melas, Pepelyshev (2002, 2003, 2004b), and Dette, Melas,
Biederman (2002)).

The purpose of the present book is to bring together the results obtained
and to develop further underlying concepts and tools. The approach, men-
tioned above, will be called the functional approach. Its brief description
can be found in the Introduction.

The book contains eight chapters. The first chapter introduces basic
concepts and results of optimal design theory, initiated mainly by J.Kiefer.
In the second chapter a general theory of the functional approach is de-
veloped. Particularly, it is proved that for the class of models considered
in this book support points of optimal designs are real analytic functions
of some values (the initial values of parameters for nonlinear models and
the bounds of the design interval for linear models). This allows one to
approximate the support points by the Taylor series. In Chapters 3 and
4 this approach is applied to polynomial and trigonometrical models, re-
spectively. Chapters 5, 6, and 7 are devoted to rational and exponential
models. In Chapter 8, a nonlinear model widely used in microbiology and
called the Monod model is thoroughly studied.

I would like to thank Professor Sergey Ermakov, who attracted my
attention to exponential models. A part of this book is based on works
joint with Professor Holger Dette. I thank him for the permission to use our
results here. Note that the computer calculations were performed under my
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guidance by my Ph.D. students Andrey Pepelyshev and Liudmila Krylova. 1
am grateful to several anonymous referees for helpful comments on an earlier
version of the book and to Dr. John Kimmel for agreeing to prepare this
book for publication. The work was performed partly under the financial
support of Russian Foundation of Basic Research (Project Ns 00-01-00495
and 04-01-00519).

I thank my wife for her care of me and her help during this work.

Viatcheslav B. Melas
St. Petersburg
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Introduction

The present book is devoted to studying optimal designs for linear and non-
linear regression models possessing some Chebyshev properties — in partic-
ular; for polynomial, trigonometrical, rational and exponential models.

In the past, statistical procedures were applied to data, collected with-
out a definite design. However, even in the 19th century many researchers
felt the importance of rational choice of experimental designs. Interesting
historical facts on the matter can be found in Stiegler (1986).

Fisher was the first to consider design problems systematically. His
research on agrobiological experiments used the designs based on combina-
torial principles, such as the Latin squares, to estimate the influence of some
discrete factors. His popular book (Fisher, 1935) passed through many edi-
tions and affected the development and applications of experimental design.
Fisher’s approach is still developing (e.g., see Street and Street (1987)).

Another branch of experimental design goes back to the paper Box,
Wilson (1951). This paper offers an approach to finding the conditions for
some output variable to be of maximal value. The approach is based on
applying fractional factorial experiments to estimate the gradient of the
goal function. It is called the response surface methodology. The approach
is outlined in the paper by Box (1996) (bibliography included) (see also
Box and Draper (1987)).

The third branch, called the optimal design, was founded mainly by
Kiefer (see the collection of papers Kiefer (1985)). In terms of this approach,
the experimental design is a discrete probability measure, defined by the
set of various experimental conditions and weight coefficients corresponding
to them. These coefficients show how many experiments (with respect to
their total amount) should be performed under the condition. Here, the
optimality criteria are represented as various functionals defined on the set
of information matrices and possessing some statistical sense. A design, at
which such a functional attains its extremum, is called the optimal one.

This branch of the experimental design theory seems to be highly attrac-
tive from the viewpoint of calculations. The equivalence theorem, derived
in Kiefer and Wolfowitz (1960) and its various analogs and expansions,
which are reviewed in Kiefer (1974) and monograph Pukelsheim (1993),
give the necessary and sufficient optimality conditions; they are the main



2 INTRODUCTION

tools for developing both analytical and numerical methods of construct-
ing the optimal designs. At the same time, it should be noted that the
classical optimality concept is quite severe, since constructing the design
requires a fixed regression model and a fixed range of experimental condi-
tions to be prescribed. To a considerable extent, such a constraint can be
overcome by introducing multicriterial approach [e.g., see the introduction
to the monograph by Ermakov (1983)], considering systematic error [Box
and Draper (1987), Ermakov (1983), Ermakov and Melas (1995); Wiens
(1992, 1993)] and analyzing robust properties of optimal designs [see, e.g.,
Pronzato and Walter(1985)]. The brief review of the monographs, deal-
ing with the systematic statement of the optimal design theory, can be
found in the introduction to Fedorov and Hackl (1997). The monograph
by Schwabe (1996) considers constructing multidimensional designs on the
base of one-dimensional ones. The recent book by Miiller (1998) examines
the optimal design for the random fields. Sometimes experimental designs
defined above cannot be applied in practice. In such a case, one should
consider so-called replication free designs (see Rasch (1996))).

For physical experiments, it proved very important to consider the de-
sign region as a functional space. The corresponding approach was devel-
oped by the Russian mathematician V. Kozlov (see the book of his selected
papers Kozlov (2000)).

Reviews of experimental design problems and results can be found in
Bock (1998)and Rasch (2003) as well as in a two-volumed handbook Rasch
et al. (1996, 1998) which is, unfortunately, in German only.

The present book considers optimal designs for a wide class of models
mentioned at the beginning of this Introduction.

Such models were considered by many authors and the corresponding
literature will be cited throughout this book. However, many problems
remained unsolved or were solved only numerically and we will demonstrate
that the approach developed here allows one to obtain almost exhaustive
solutions in many cases.

Note that under nonlinear models we include all of the models for which
optimal (in a usual sense) design depends on true values of parameters.
We concentrate here on problems of parameter estimating. But it should
be noted that a similar approach can be used for discrimination between
competing models and other problems for which the criteria considering
here are appropriate.

The main approach developed here is based on the following ideas. Let
us consider a nonlinear regression model given at a finite or infinite design
interval. Assume that our task is to construct a locally D-optimal design.
This is a discrete probability measure maximizing the determinant of the
information matrix under given initial values of nonlinear parameters. In
many cases, the number of support points of locally D-optimal designs is
equal to the number of parameters and the weights of all points are the
same. Note that the support points are functions of the initial values of
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parameters. Sometimes these functions can be found explicitly. However,
in general, these functions are given implicitly by an equation system gen-
erated by necessary conditions of optimality. This system can be received
by equating the derivatives of the goal function by design points to zero.
Let the regression function be real analytic, which is the case for all models
considered in this book. Also, it can be proved that the Jacobi matrix of the
equation system is invertible for any fixed value of the parameter vectors.
Now, due to the Implicit Function Theorem (see, e.g., Gunning and Rossi
(1965)), the support points appear to be also real analytic functions of the
initial values. This allows one to approximate these functions by segments
of their Taylor series. In Chapter 2 of this book we introduce very conve-
nient recurrent formulas for calculating the Taylor coefficients. Note that
the zero coefficients can be calculated analytically by constructing a locally
D-optimal design for a special value of the vector parameter. To this end,
a method of asymptotic analysis is introduced.

A similar approach is introduced for studying the dependence of support
points of optimal designs for linear models on the bounds of the design
interval. These ideas go back to papers Melas (1978, 1995, 2000, 2004,
2005) and Dette, Melas and Pepelyshev (2004b).

Numerical studies show that the approach allows one to calculate op-
timal designs with a high precision. Note that it can be done simply by
hand, using the tables of coefficients given in this book.

The book contains eight chapters and an Appendix. The dependence
among chapters is represented in Figure 1.

In the first chapter, the basic concepts and results of the optimal de-
sign theory are briefly described. This chapter also introduces the Implicit
Function Theorem and basic properties of Chebyshev systems, providing
important tools for the functional approach. A general theory of this ap-
proach is developed in Chapter 2. This chapter is devoted to studying
locally D-optimal and maximin efficient designs for nonlinear regression
models of a Chebyshev type. Basic results of this chapter were briefly
described earlier. It is also proved here that under some conditions, sup-
port points of the optimal designs are monotonic functions of initial values
of nonlinear parameters. Similar results for ¢- and F-optimal designs are
obtained in the following chapters for more special types of model.

Chapter 3 is devoted to the implementation of the approach to poly-
nomial models on an arbitrary interval. It considers E-optimal designs
and designs optimal for estimating individual coefficients (eg-optimal de-
signs). Such designs can be found explicitly only for some types of interval.
Also, the functional approach allows one to study eg-optimal designs for
arbitrary intervals and F-optimal designs for symmetrical intervals of arbi-
trary length. In Chapter 4, D- and E-optimal designs are constructed for
trigonometrical models on arbitrary design intervals. Locally D-optimal
designs for rational and exponential models are studied in Chapter 5 and
6, respectively. Chapter 7 is about locally E- and c-optimal designs for a



4 INTRODUCTION

3 4 (1516 1[7]|8

Figure 1: Logical dependence between chapters

wider class of nonlinear models.

The last chapter considers a nonlinear model used in microbiology and
called the Monod model. For this model, locally D-, E- and c-optimal de-
signs are studied. Here maximin efficient designs defined in Miiller (1995)
are also investigated. In the Appendix some remarks on computer calcu-
lating the Taylor coefficients are given.

Note that due to a great variety of models, the notations in different
chapters are slightly different. However, the basic notations are the same.

It is worth mentioning that the models considered in this book de-
pend on a single variable. However, the recurrent formulas and the general
scheme of the approach are appropriate for multivariate models as well.
Such a model was considered in Melas, Pepelyshev and Cheng (2003), de-
voted to studying locally optimal designs for estimating an extremum point
of quadratic regression on a hyperball. In that paper, the designs were con-
structed explicitly and that is why they were not included in the present
book. The development of the approach to multivariate models is a matter
of a future work.



Chapter 1

Fundamentals of the
Optimal Experimental
Design

The present chapter is to recall some basic statements and definitions of
the theory of optimal design needed to develop the functional approach.

Here, the results will be outlined only. More detailed layout for Sec-
tions 1.1-1.7 can be found in the introductory chapters of Fedorov (1972),
Pukelsheim (1993), Fedorov and Hackl (1997).

The last two sections of the chapter are devoted to the Implicit Function
Theorem and properties of Chebyshev systems, respectively. The Theorem
is the corner stone of the functional approach. Also, regression models
considered in this book are closely connected with Chebyshev systems.

1.1 The Regression Equation
The following equation appears to be the basic one in regression theory:
yj:T)(xjve)+6jv j:]-a"'vNa (11)

where y1,...,yy are experimental results, n(x, ©) is a given function with
unknown parameter vector © = (01,...,0,,)7, €1,...,en are random vari-
ables, corresponding to the observation error and z1, ..., vy are experimen-
tal conditions, belonging to the set X usually called the design region.

The opportunity to represent the results of real experiments in form
(1.1) has been shown in many examples in Rao (1973), Fedorov (1972),
and Pukelsheim (1993).

Let us recall some basic assumptions of the classical research.

5



6 CHAPTER 1. FUNDAMENTALS OF OPTIMAL DESIGN

(a) Unbiasedness: Ee; = 0 (j = 1,...,N). It means that Ey; =
n(x;,0) (i-e., the model is free of a systematic error).

(b) Uncorrelatedness: Feje; =0 (i # j).
(¢) Variance homogeneity: Ee? =02>0 (j=1,...,N).

(d) Linearity of parametrization: n(x,0) = ©7Tf(z), where f(z) =
(fi(@),..., fm(@)T, fi(z),i=1,...,m, are given basic functions.

Furthermore, the following assumptions are usual:
(e) Functions {f;(x)}7, are continuous and linearly independent on X.

(f) ¥ is a fixed set, which can be considered as a compact topological
space.

As is usual in mathematical theory, these assumptions provide observ-
able results to be obtained and correspond to some extent to the features of
real experiments. Note that any assumption can be weakened (e.g., see Rao,
1973; Ermakov, 1983). However, it will imply some substantial difficulties.
The present book deals with weakened assumptions (d).

The main purpose in an experiment is either to estimate a vector of
unknown parameters, or to test a hypothesis on values of the parameters.
Here, the accuracy of statistical conclusions depends on both the method
of the statistical inference and the choice of the experimental conditions
(181,1‘27. .. ,:L‘N).

If (a)—(f) are assumed, then there exists the method (the least squares
technique), which provides the most accurate, in a well-defined sense, esti-
mation of the vector © of parameters under any fixed experimental condi-
tions. Thus, the general problem of estimating and selecting experimental
conditions is split into two independent problems. The following section
considers the first of them.

1.2 Gauss—Markov Theorem

Set X = (fi(xj))%’zl, X is a matrix of order N x m.
Model (1.1) under assumptions (a)—(d) can be represented as

Y = X0 +¢, (1.2)
where Y = (y1,...,yn)7, e = (e1,...,en)7,
FBe=0, V.=0I (1.3)

(I is the identity matrix of order NV x N and V is the variance matrix).
As usual, we call the estimator © of the vector © unbiased if E© = O for
any vector © € R"™. An estimator is called linear if it can be represented
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in the form © = SY, where S is some matrix of order m x N independent
of Y. R
A linear unbiased estimator © is called the best one if the matrix

is nonpositive definite for any unbiased estimator ©; that is,
V(6z) = V2 < 2TVgz = V(07 2)

for any vector z € R™. Here, the variance of scalar ©7 z is denoted by the
same letter as the variance matrix, so do not mix them up.

The procedure of the least squares technique is to select some 6 such
that

O =arg inf (Y -X0)T(Y - X6).
©cR™
To simplify the statement, let us assume that the condition
(g9) det XTX #£0

is satisfied.
The following theorem is well known.

Theorem 1.2.1 (Gauss—Markov theorem) The estimator of the least
squares method for model (1.2)—(1.8) under condition (g) is uniquely de-
termined, it is of the form

6 =(xTx)"tx"y,
and it is the best linear unbiased estimator. Moreover,
Vo =o*(XTX)"1.

The proof of the theorem and its expansions for the case of Eee’ =
W, where W is a given nonnegatively definite matrix, and for the case of
estimating the vector K6, where K is a given matrix (here condition (g)
can be omitted) can be found, for instance, in Rao (1973) and Pukelsheim
(1993).

The precision of the estimator can be improved by the optimal selection
of experimental conditions. This is the subject of the theory of optimal
design.

1.3 Experimental Designs and Information
Matrices

The set {Z1,...,Zn} of elements in X (although some of the elements may
coincide with one another) is called an exact (or discrete) design of experi-
ment of size N. Taking into account the possibility of coinciding elements,
we can present such a design in different form.
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Let us have only n < N distinct point. We can rename them
Z1,...,Zn. Suppose that z; occurs r; times among the points {Z1,...,Zn},
1=1,...,n.

Let us associate weight coefficients w; = r;/N with each of points z;,
i=1,...,n. A discrete probability measure, given by the table

=(o ) 0

will be called the normed exact (discrete) design or n-points design of size
N.
The matrix

M(§) = Zf(xi)fT(xi)wi (1.5)

is called the information matrix of design . By the Gauss—Markov theorem
we have

_‘72 -1
Vo = %M ()

for the variance matrix of the least squares estimate.

The design & is a discrete probability measure, defined by table (1.4),
which includes the points of the set X and the weight coefficients under
some additional restrictions. If these restrictions are omitted, the study of
designs becomes substantially more easy.

Introduce o—algebra of subsets B on X, including all subsets of one point.
The probability measure on (X, B) is called the approzimate (continuous)
design.

In many practical situations it is impossible to realize these designs
and such designs should be considered as approximation of some discrete
designs.

Let us write a design, concentrated at a finite number of points, in the
form (1.4), where coeflicients w; are arbitrary positive numbers such that
> w; = 1. As for the general case, let {(dz) stand for the corresponding
design. The matrix

M(E) = / F(@) /T (@)E(da)

is called the information matriz of the approximate design. This matrix
assumes the form (1.7) for designs, concentrated in a finite number of points.

Let = be the set of all approximate designs and M be the set of infor-
mation matrices corresponding to them:

M={M; M=M() forsome ¢e€E}

Let Z,, be the set of approximate designs, concentrated at n points (with
nonzero weights).
The basic properties of information matrices can be stated as a theorem.
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Theorem 1.3.1 ((Properties of information matrices)
(i) Any information matriz is non-negative definite.
(i) If n < m, then det M(£) =0 for £ € E,.

(iii) The set M is convex.

(iv) If conditions (a)—(e) are satisfied, set M, considered as a collection
of vectors composed of diagonal and off-diagonal elements of the ma-
trices, is a bounded and closed subset of R®, s = (m + 1)m/2.

(v) For any design £ € Z, there exists a design 5 € Z,, where n <
(m+1)m/2+ 1, such that

Proof of the theorem can be found in Karlin and Studden (1966, Chap.
X).
According to property (v), it is sufficient to consider only approximate
designs with a finite support. Thus, they will be considered as experimental
designs if not stated otherwise.

1.4 Optimality Criteria

Let us call the design £ nonsingular if det M (£) # 0. Such designs exist by
assumption (e). Let us consider only the case of estimating the whole set
of parameters O1,...,0,,. Here, only nonsingular designs are of interest.
The version of Gauss—Markov theorem adduced in Section 1.2 is valid for
them.

Typically, there is no design é such that the matrix

M7HE) - MTH(E),

is non-positive definite, where £ is an arbitrary design. Therefore, some
functions of information matrices, having strict statistical sense, are used
as the optimality criteria.

Let us consider some commonly used optimality criteria.

1.4.1 D-Criterion

The D-criterion is of the form

det M (§) — sup,
EEE

(here and further, the extremum is taken over all approximate designs).
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If the errors are normally distributed, this criterion corresponds to the
requirement to minimize the volume of the confidence ellipsoid with an ar-
bitrary fixed confidence level for the least squares estimators. This ellipsoid
is of the form

{0 (G-0"M (G- 0) <), (1.6)

where ¢ is a constant (depending only on the confidence level).

1.4.2 (G-Criterion
Set d(x,&) = fT(x)M () f(x).

The G-optimality criterion is of the form
maxd(z,§) — inf .
a:ex 3
Note that for normed discrete design &,
2

d(a,§) = TV (" F(@));

that is d(z, &) is equal (to constant precision) to the variance of a value,
predicted by the model at point x. The G-criterion has the minimax sense,
it means the minimization of the maximum of prediction variance.

1.4.3 MV-Criterion

tr M1(€) — il’Elf.

This criterion is to minimize the sum of the variances of the least squares
estimator ©.

1.4.4 c-Criterion

Let us introduce the value
%.(6) = {

where c is a given vector, M~ denotes a generalized inverse for M ,and the
notation ¢ € range M means that ¢ is a linear combination of rows of the
matrix M.

Let us note that the generalized inverse to a given matrix A can be
defined as an arbitrary matrix with the property AA~AA = A, and if an
equation system Ax = y has a solution, say Z, this solution is of the form
T=A"y.

A design minimizing ®.(£) will be called c-optimal. The statistical sense
of this criterion consists of the minimization of the variance of the best linear
unbiased estimate for a given linear combination of the model parameters
T=clo.

"M~ (¢)c if ¢ € range M (&)

o0 overwise,
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1.4.5 FE-Criterion

)\mm(M(§>) — S%pa

where Apin(M) is the minimal eigenvalue of the matrix M = M (§).

The E-optimality criterion secures the minimization of the maximum
axis of the confidence ellipsoid (1.6). This criterion was introduced in
Ehrenfeld (1955).

Note that since

Amin (M) = min "' Me,

the E-criterion secures minimization of the maximum of variances of linear
combinations ¢T@ under the restriction ¢T¢ = 1.

Sometimes it is useful to consider classes of criteria. The class of linear
criteria is a class of criteria of the form

tr LM ~1(€) — inf,
€

where L is some given non-negative definite matrix. Particularly, for L = I
and L = cc”, we have MV-criterion and c-criterion, respectively.
The class of ®,-criteria, introduced in Kiefer (1974), is of the form

(tr M_p(f))l/p — iI£1f7

where 0 < p < co. For p = 0o we have E-criterion, and for p = 1 we have
MYV -criterion.
Note that all the criteria above can be represented as

Q(M(E)) — Slgp

or as
T(V(E) — irglf,

where V(€) = M~1(¢£), ®(M) is a concave function of the matrix M ,and
U(V) is a convex function of the matrix V. So, the methods of solving
corresponding extremum problems can be unified.

If more optimality criteria are needed, especially for estimating the vec-
tor KO, where K is a given matrix of order s x m, s < m, see Pukelsheim

(1993).

1.5 Equivalence Theorems

The following result from Kiefer and Wolfowitz (1960) is of great impor-
tance in the theory of optimal experimental design.
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Theorem 1.5.1 (Kiefer—Wolfowitz equivalence theorem) For model
(1.1), a D-optimal design exists under assumptions (a)—(f) and the follow-
ing conditions are equivalent:

(i) & is a D-optimal design.
(i) & is a G-optimal design.
(i11) max, y d(z,£*) = m.

Moreover, all D-optimal designs have the same information matriz, and
the prediction variance function d(x,&*) attains its mazimum at the points
of any D-optimal design with finite support.

It is worth stressing that the theorem is true for designs to be D-optimal
in the class of approximate designs.

This theorem not only states equivalency between D- and G-criteria but
also gives the important necessary and sufficient condition of D-optimality:
Design {* is D-optimal if and only if max__y d(z,£*) = m.

The proof of the theorem can be found in Kiefer and Wolfowitz (1960).
Note that the problem det M({) — sup is equivalent to Indet M(§) —
supg. In fact, the proof is based on the concavity of the function Indet M
and the ability to evaluate its derivative in an explicit form.

It is worth mentioning that the D-efficiency of a given design with re-
spect to a D-optimal design can be evaluated by Kiefer’s inequality without
an explicit construction of a D-optimal design. This inequality yields for
the D-efficiency,

det M Y™ -y
P S S > v/m .
(max5 detM(f) = ¢ ’ (L7)

where the constant v is defined by

v = tg%g’}%] fT(f)Mil(f)f(t)

(see Pukelsheim (1993)).
Many analogs of the Kiefer—Wolfowitz theorem can be found in Kiefer

(1974). The equivalence theorem seems to be most general one is given in
Whittle (1973).

1.6 Iterative Numerical Techniques

The Kiefer—Wolfowitz duality theorem and its analogs are still the main tool
of constructing optimal design. For some quite slender class of standard
models and design regions (an interval, a circle, a ball and a hyperball,
a parallelepiped, and a hyperparallelepiped) the optimal designs (mainly
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for D-criterion) have been found in explicit form (e. g., see Fedorov (1972),
Kiefer (1985), Pukelsheim (1993), Ermakov et al. (1983)).

If it proves impossible to find an optimal design in an explicit form, it
can be found by numerical techniques.

The equivalence theorems give the basis for the special numerical tech-
niques to be constructed. The special iterative methods of constructing D-
optimal designs, similar to one another and based on the Kiefer-Wolfowitz
equivalence theorem, were originally offered by Fedorov (1972) and Wynn
(1970). Let us outline Fedorov’s version.

Set &, = {x;1}. Let & be some nonsingular design (i. e., det M (&) # 0),

So =121, Tngi i1, Hng }-
For s =0,1,..., find
Tpgts+1 = argmax_y d(z,s),
g = argmaxoeo,1] det M (§s41(e)),

where

Eorr(a) = (1 — )&y + @by, .., that is,

€S+1(a) = {‘rh <o Tngts+13 (1 - a)/j‘l(s)a R (1 - a)/ino+s(s)» Oé}.
It may be proved that o, has the explicit form

ds —m
(ds —1)m’

Qs = ds = d(Tngts+1:Es)-

If s — oo, the sequence of designs s under the assumptions of the
Kiefer—Wolfowitz theorem converges to some D-optimal design (in the sense
of weak convergence of probability measures).

A similar algorithm for optimality criteria of a general form also can be
designed (see Fedorov and Hackl (1997)).

The main advantage of such algorithms is that only one-point designs
are to be sought at each step, so dimensionality of the experimental problem
can be sufficiently reduced. In this view, currently they are the main tool
of numerical evaluation of optimal designs.

1.7 Nonlinear Regression Models

In the present book, we will consider the regression function n(z, ®), which
can not be represented in the form ©7 f(x). Other usual assumptions will
be reserved. Let us describe our basic model in more detail.

Let Q be a compact in R™, and X be a compact in R”. We will assume
that experimental results yq,...,yn € R! can be represented in the form

y; = n(vj, ©) + &5, (1.8)
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where {¢;} are independent and identically distributed random values, such
that Fe; = 0, Es? = 0% > 0, n(v,0) is a known function of unknown

parameters, ©7 = (01,...,0,,), v; €X, a © € Q, and 0? is unknown.
Introduce also the following assumptions:

(a) The function 7(x, ©) is continuous on X x €.

(b) The series of designs {{x} weakly converges to design £ that is, the
following relation is valid for any continuous function g(z) on X:

/36 o()n (dx) — /3€ 9(x)€(dz)

while N — oo.
(¢) The value of
[ n(z.0) =i ) ¢(c)
for ©, © C Q vanishes if and only if © = .
(d) The derivatives
on/00;, 0°n/00;00;, i,j=1,...,m,
exist and are continuous on X x 2.

(e) Oty, the true value of parameter vector, is an internal point of 2 and
the matrix

M(£,©) = /3€ F(2.0) 7 (2, ©)&(dx),

where

_ (On(z,0) on(z,©)
fT(x,G)—< IRt )

is nonsingular at © = Oy;.

Let £y be of the form
§ _ V1 . Un
N=\1iyn~N ... 1N )’
where some points of v; may coincide with each other:
N
Oy = arg min Y (n(vs, ©) — y;)% (1.9

0cN 4
i=1
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Theorem 1.7.1 If the random errors obey the above assumptions and as-
sumptions (a)—(c) are satisfied, then

@(N) — @tr

with probability 1 for N — oo, where O is defined by formula (1.9). If, in
addition, assumptions (d) and (e) are satisfied, then for N — oo, the dis-
tribution of the random vector v/ N (O y — ©4y) converges to the normal dis-
tribution with zero vector mean value and variance matriz oM~ (€, O1y).

A proof of this theorem can be found in Jennrich (1969).

Simulation studies (see, e.g., Section 8.4) show that the sampling co-
variance matrix become rather close to the asymptotic one, given by Theo-
rem 1.7.1, under moderate values of N. Therefore, the information matrix
M(&,0) can be used for constructing efficient experimental designs. The
majority of papers on design for nonlinear models are based on this ma-
trix. Note that for very small NV an alternative approach developed in Vila
(1990) and Pazman and Pronzato (1992) could be more appropriate.

The dependence of the information matrix

"L On(z(s), 0) On(z(s), ©
M(£,0) = (Z 20, 0) I )us>

m

s=1 ij=1
on at least one parameter is the basic fact for the models to be nonlinear
in the parameters.

Due to the theorem, the same criteria as in the linear case (e.g.,
det M(&,0)), can be selected as the optimality criteria, but, here, the op-
timal design depends on the vector of true values of parameters.

To overcome this difficulty, we can apply one of the standard statistical
approaches: locally optimal, sequential, minimax, or Bayesian.

The concept of locally optimal designs was introduced in Chernoff
(1953). A locally optimal design maximizes a certain functional of the
information matrix in which an initial value of the parameter vector is used
instead of the unknown proper value. The same functionals as that for
linear models can be implemented (e.g., det M (&, 0)).

For some models with one nonlinear parameter locally optimal designs
were found explicitly in a closed form (see the pioneer paper by Box and
Lucas (1959) or the recent paper by Han and Chaloner (2003) and references
in it). In Melas (1978), support points of locally D-optimal designs with an
arbitrary number of parameters were studied as implicitly given functions of
nonlinear parameters. This approach was developed in Melas (2001, 2004,
2005) for a wide class of nonlinear models. It can be called a functional
approach and will be further elaborated in the present book.

The idea of the sequential approach consists of partitioning the whole
set of experiments into a number of series.The estimates of parameters
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received on the basis of results of previous series are used for constructing an
optimal design for the current series. This approach is thoroughly described
in Fedorov (1972) and Silvey (1980). The design received in this way tends
in the limit (if the number of series tends to the infinity) to the true locally
optimal design (i.e., the design locally optimal for initial values equal to
the proper ones). Thus, studying locally optimal designs is important for
the sequential approach.

A minimax approach was implemented by Melas (1978). The idea of
this approach is to find designs optimal for the least favorable values of
parameters inside a given set of possible values. Let us describe an advanced
version of this approach developed in Miiller (1995) and based on the notion
of designs efficiency.

Let ®(M(&,0)) be a certain optimality criterion. In the present book,
we will consider criteria of D-, E-, and c-optimality:

®p(M(E,0)) = (det M(E,0))/™
<I>E'(]\J(Ea 6)) = Amin (M§7 9)) I

B (M(E0)) { (cTM_(f,G)c)_l7 if ¢ € rangeM (€, 0)

otherwise,

where m is the number of parameters of the model, Apin(A) denotes the
minimal eigenvalue of the matrix A, A~ denotes a generalized inverse for
the matrix A, and c is a given vector.

A design £*(0) will be called locally ®-optimal if it maximizes

D (M(E,0))

for a given 6.
A design will be called mazimin efficient ®-optimal (or, briefly, maximin
efficient) if it maximizes

e d(M(E,0))
Po(8) = inf S(M(£(),0)’

where (2 is a given set of possible values of the vector parameter.

Note that U (€) is the efficiency of the design £ with respect to a lo-
cally ®-optimal design for a least favorable value of 6 inside 2. This value
indicates how many more experiments we will need under the design £ with
respect to an “ideal” design to receive the same accuracy of estimating in
the worst case. This is the reason of the title “maximin efficient”.

Note that the construction of maximin efficient designs includes that of
locally optimal ones. Maximin efficient designs were found numerically for
different models and criteria in Dette, Melas, and Pepelyshev (2003), Dette,
Melas, and Wong (2004a) and other papers. Equivalence theorems for such
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designs were obtained in Miiller and Pazman (1998), Dette, Haines, and
Imhof (2003), and Dette, Melas, and Pepelyshev (2003).

Bayesian approach to constructing optimal designs for nonlinear model
consists of maximization of functionals of the form

[ 0e0ppan) (1.10)

or of the form

(M(£*(6),0)

where p(df) is given prior probability measure of 6’s possible values. This
approach was considered in a number of papers (see Pronzato and Walter
(1985) or Chaloner and Larntz (1989) among many others).

It proves that Bayesian designs can be constructed in a close form only
for some simple models with one nonlinear parameter. Studying locally
optimal designs seems to be important in the frame of this approach even if
we use criterion (1.10). The locally optimal approach can be also considered
as a special case of the Bayesian approach with p(df) equal to a probability
measure concentrated in one point.

Thus, in all cases, constructing locally optimal design remains an impor-
tant intermediate problem. If one would like to use such designs in practice,
it seems important to study the sensitivity of these designs to the initial
value. Thus the problem of dependence of the designs on these values is
actual.

In this book, we will study such a dependence with the help of the func-
tional approach. This approach is based on the Implicit Function Theorem
considering in the next section.

1.8 The Implicit Function Theorem

As will be shown in the next chapter, the necessary conditions of a design
optimality (D-criterion will be considered) can be transformed to a relation
of the form

q(t,2) =0, (1.11)
where 7 is the vector containing the design support points and weights, z
is the vector of the auxiliary parameters, and ¢ = (q1,...,¢s)? is a vector
function.

In such a way, points and weights of a design to be locally D-optimal
in the class of designs with a fixed number of points can be considered as
functions of auxiliary parameters implicitly given by (1.11). Studying this
equation can be performed on the base of the well-known Implicit Function
Theorem. Let us formulate the version of this theorem to be used in the
following chapters.



18 CHAPTER 1. FUNDAMENTALS OF OPTIMAL DESIGN

Remember the following well-known concept of analysis: Let U be an
open set in R, ¢ > 1.

Definition 1.8.1 A real function of vector variable v € U will be called
a real analytic function if in a vicinity of any point uy € U, it can be
expanded into a (convergent) Taylor series.

Theorem 1.8.1 (Implicit Function Theorem).

Let q(u) = (qi(u),...,qs(u)T, u= (1,2), 7 € R®, z € R* be a real con-
tinuously differentiable vector function defined in a vicinity U of a point
(7‘(0), Z(O)) and

S

0
q(T(O), 2(0)) =0, det (aqi(T(O), Z(m)) £ 0.
Tj

7,7=1

Then there exists a vicinity V' of the point 1oy such that at this vicinity, a
unique continuous vector function T(z) with the properties T(z()) = T(0),
and (17(2),z) € U, q(1(2), 2) = 0 is determined.

Moreover, the function 7(z) for z € V satisfies the following differential
equations:

where

S S

J(T,z):((afrj_jqi(ﬁz)) , Lj(m>=(£jqi(m>>

If q(u) is a real analytic vector function, then 7(2) is also real analytic
vector function.

i,j=1 i=1

The proof of this theorem can be found in Gunning and Rossi (1965).

1.9 Chebyshev Models

For applying the Implicit Function Theorem to studying optimal designs,
it is necessary to verify the invertibility of the Jacobi matrix of a corre-
sponding equation system. It can be done usually by numerical methods.
However, there is a wide class of regression models such that it can be done
in a strong theoretical way, which is certainly very important for analytical
studies. This class includes linear models with basis functions generating
a Chebyshev system. It includes also nonlinear models such that the basis
functions of corresponding linearized models generates such a system. For
brevity, we will call all of these models Chebyshev ones.
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Remember that a function system fi(t),..., fm(t) is call a Chebyshev
system on an interval X = [a, b] if for any z1,...,z,, such that

a<zT1 < - <xTm<b,

det (fi(2;));,—4 #0.

A number of following concepts and results are taken from Karlin and
Studden (1966, Chap. 1).

A set of functions fi,..., fm : I — R is called a weak Chebyshev system
(on the interval I) if there exists an € € {—1,1} such that

f1($1) fl(fm)
€- : 5 >0 (1.12)

for all x1,..., %, € I with
1 <To2 << Tyy-

If the inequality in (1.12) is strict, then {f1,..., fm} is called a Chebyshev
system. It is well known (see Karlin and Studden (1966, Theorem II 10.2))
that if {f1,..., fin} is a weak Chebyshev system, then there exists a unique
function

o cifilt) =T A0) (1.13)

with the following properties:

(i) [eTf) <1 Viel,
(ii) There exist m points s < -+ < 8, such that (1.14)

cTf(s) = (-1 i=1,...,m.

The function ¢*7 f(t) is called a Chebyshev polynomial, the points s1, ..., sn,
are called Chebyshev points and need not to be unique. They are unique if
1€ span{fi,..., fm},m >1and I is a bounded and closed interval, where,
in this case, s1 = mingcy «, S, = MaXgcr T.

Let us also define the generalized Chebyshev system of order p, originally
introduced by Karlin and Studden (1966).

Let ug,u1,...,u, be continuous real functions, defined on the closed
finite interval [c, d]. Let us assume that these functions are p times contin-
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uously differentiable. Set

U1 (tl) oo U tm)
17 2, N 11 o UQ(tl) Ug(tm)
U(tl, ty ..o tm>_det ’
U (t1) U (Em)
1 1 |
1, 2, ceey, M _ tl tg tm
F(tl, ty ..., tm)_det )
/A o

Am:{fz(t17atm)‘0§tl<t2<<tm§d}7
Ap={t=(ts,...,tm)lc<t; <ty <--- <, < d}

Definition. Let us call {u;}™ the ET-system of order p, if u; € CP~1[e, d],

1=0,1,...,n, and
1, 2, ...
U < b b ) m >
S1, 82, ..., Sm
§—>fF 1, 2, ..., m
tlv t?a ERE tm
where 5 € A,,, t € A,,, and not more than p successive components of ¢
are equal to each other.
Many models are Chebyshev ones. In this book, we will consider polyno-
mial, trigonometrical, rational, and exponential model as well some models

used in microbiology.
Polynomial models are of the form

>0,

n(t,0) = Z&fi(t), (1.15)

where f;(t) =t""1 i=1,...,m.

These models as well as their modification with f;(t) = e are
Chebyshev ones for any X = [a,b], —00 < a < b < 00, and any real A
since the Wandermonde determinant does not vanish.

With f;(t) =t!/(t+a),i=1,...,m, the model (1.15) is Chebyshev for
X =la,b], —a < a < b < oo, by the same reason.

Trigonometrical models have also form (1.15), where m = 2k + 1,

)\ti—l

fi(t) =1, fo;(t) = sin(jt), foj1(t) = cos(jt), (1.16)

j=1,..., k. Asshown in Karlin and Studden (1966, Chap. 1) the function
system (1.16) is Chebyshev on any interval X C (—m, ).
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Consider now rational and exponential models

k
n(tag) = Zgisﬁ(taai+k)a te [0,00),

i=1

where ¢(t,0,4r) = 1/[t + 0;1] for rational models and ¢(¢,0,15) =
exp(—0;4+xt) for exponential ones. Corresponding linearized models have
the form

BrE(t,0),
where 3 = (81,...,B2)" are the parameters to be estimated
0
t,0) = —n(t,0
1(2,0) = 2on(t,0),
f(ta 9) = (fl(tv 9), ceey fm(t70))T )
Pora10) = . Pylt.0) = e (17)
2j—1\4 - t+0j+k7 25\t - (t+6j+k)2’ .
j =1,...,k for rational models, and
Fag o1 (£,0) = €0, fi(1,0) = —O;te 0w, (1.18)
j=1,...,k for exponential models.

The Chebyshev property of the function system (1.18) on arbitrary in-
tervals [a,b], —o0 < a < b < oo is proved in Karlin and Studden (1966).
This property for (1.17) on interval [0, 00) for 61, ...,0; > 0 will be proved
in Chapter 6.

In Chapter 8, we will prove that a nonlinear model called the Monod
model and widely used in microbiology is also a Chebyshev model.



Chapter 2

The Functional Approach

This chapter is devoted to studying optimal designs for a wide class of
nonlinear regression models on the basis of a functional approach. This
class includes exponential and rational models as well as many particular
models of the Chebyshev type used in microbiology and other fields of
experimental research.

We consider designs that are locally D-optimal or maximin efficient D-
optimal among designs with the number of points equal to the number of
parameters. In many cases, such designs prove to be optimal or maximin
efficient among all approximate designs.

Support points of such designs are considered here as implicit functions
on the initial value of the nonlinear parameters or on characteristics of sets
containing, by the assumption, the true parameter value. A corresponding
equation system is derived and is called the basic equation system or the
basic (vector) equation. Studying this system allows one to prove that the
functions are real analytic and therefore can be represented by a Taylor se-
ries under natural conditions. Recurrent formulas for computer-calculating
the Taylor coefficients are introduced.

2.1 Introduction

Most results in the modern regression design theory were obtained for linear
models with a fixed design region (see Fedorov, 1972; Silvey, 1980; Kiefer,
1985; Pukelsheim, 1993). However, many models of practical importance
are nonlinear models (see, e.g., Seber and Wild, 1989). The commonly
used approach for experimental design in such models consists of their lin-
earization in a vicinity of some initial values of the nonlinear parameters
and application of locally optimal designs, briefly discussed in the previ-
ous chapter. In spite of such designs are usually depending on the initial
values, they can be used if a reliable knowledge about the parameters is

23
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available. These designs are also used in studying more complicated ap-
proaches: maximin and Bayesian ones (see Section 1.7).

Even if linear models are implemented, the design region often cannot
be considered as fixed. For example, in many microbiological studies (see
Pirt, 1984; Dette, Melas, and Strigul, 2005), the design region is a time
interval and can be chosen by an experimentator in different ways. The
introduction of design intervals with variable bounds can be considered
also as an artificial method for investigations of the structure of optimal
designs.

In the present chapter, we will consider nonlinear models given at a de-
sign interval. Our basic method here is the functional approach introduced
in Melas (1978) for studying exponential nonlinear models and our aim is
to apply it to a wider class of models.

The main idea of this approach consists of studying optimal design
points and weights as implicitly given functions of the bound of the design
interval and/or nonlinear parameters of the model. These functions can be
investigated on the basis of the Implicit Functional Theorem formulated in
Section 1.8 (see also Gunning and Rossi (1965)). In particular, in many
cases these functions prove to be real analytic which enables one to present
them by segments of the Taylor series. We will introduce here general
recurrent formulas for constructing such series and discuss their applications
for studying properties of optimal designs.

The functional approach seems to be useful when an explicit analytical
form of optimal designs is not available. It can be considered as an alterna-
tive or useful addition to merely numerical methods. It is worth mentioning
that similar approaches are well known in many fields of mathematics and
its application. For example, representing indefinite integrals by a power
series is the recognized technique of their calculation, and coefficients of
such series are tabulated and given in textbooks. However, in the field of
experimental design the functional approach is relatively new. References
to existing literature will be given throughout the book.

In Section 2.2*, we will introduce the basic ideas of the functional ap-
proach using exponential models (nonlinear by parameters) as an example.
Section 2.3 contains a list of assumptions justifying the implementation of
the functional approach and formulates without proofs the main theoretical
results. Section 2.4 is devoted to studying the basic equation. It is also in-
troduces general recurrent formulas for calculating the Taylor coefficients.
The application of the theory to the three-parameter logistic model is given
in Section 2.5. All lengthy proofs are deferred to Section 2.6.

*Note that in Section 2.2 and in Sections 2.3-2.6 a part of materials are taken from
Melas, V.B. (2005). On the functional approach to optimal designs for nonlinear models.
J. Statist. Plan. and Inference, 132, 93-116. (©2004 Elsevier B.V. with permission of
Elsevier Publisher.
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2.2 Basic Ideas of the Functional Approach

In this section we will introduce some basic ideas of the approach. We
will consider regression models given by linear combinations of unknown
exponentials as a typical example of nonlinear models.

In order to make the explanation more apparent, all technically difficult
mathematical results will be only formulated and their proofs will be given
in further sections.

Let us restrict our attention by the D-criterion and study locally D-
optimal designs and maximin efficient D-optimal designs.

As it was discussed in Section 1.7, the first of the problems has some
independent interest. It is also a necessary step for investigating the second
problem.

2.2.1 Exponential regression models

Let us consider the models given by relations

k
Yj:Zaie_)‘””f +e;,j=1,...,N, (2.1)
i=1
where Y7, ..., Yy are experimental results, aq,...,ar and Ay, ..., Ax are the

parameters to be estimated; and

€1,...,en are independent and identically distributed random values (ex-
perimental errors) with zero mean (Ee; = 0) and the variance Ee? = o2 >
0, and z1,...,zy € [0,00) are observation points.

Let us assume that k is known and the problem consists of an optimal
choice of observation points in order to estimate the parameters as accu-
rately as possible for a given number of possible observations at the interval
[0, 00).

The model (2.1) is of a great theoretical and practical interest. It is
often used in chemical and biological investigations (see, e.g., Becka and
Urfer (1996) and Han and Chaloner (2003)).

A discrete probability measure

e~ (o) 3

where 0 < z; < --- < =z, are support points and w; > 0, 7 = 1,...,n,
and > w; = 1 are weight coefficients, will be called the (approximate)
experimental design.

Let we have an opportunity to realize N experiments. We will say that
the experiments are performed in accordance with the design (2.3) if r;
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observations are performed in points z; (i = 1,...,n), where
r; = |w;N| or |[w;N| +1,

and |a] denotes the integer part of a, in such a way that > r; = N.

Set 0 = (ay, A1, ..., ax, A\x)T. Denote by 9(N) the least squares estima-
tor for 6 obtained from the results of N experiments in accordance with a
design of the form (2.3); that is,

6=0(N)= i, —
(N) = arg Grélénk ZZ ij n(x;, 0 ] )

=1 j=1

where
k

n(z,0) = Z a;e "

i=1
and Y;; is the result of the j-th experiment in the point x;.

Let 6* denote the true value of 8 in the model (2.1). It can be shown
by verification of regularity conditions of the Jennrich theorem (Jenrich,
1969) that with n > 3 and N — oo, the covariance matrix of the vector
((N) — 6%)/v/N tends to the matrix

[ [ 10w 0pg(an) - (2.0

where
0
f(.”L', 9) = %77(‘@79)7
( )§(da:) = Zg(xl)wlv
i=1
0=0".
The matrix
2k
S Onlesd) D0tz )
00; 00; #
s=1 i,j=1

is usually called the Fisher information matrix.
By immediate application of Binet—Cauchy’s formula to the determinant
of this matrix, we obtain

det ([ f(z,0)f7 (z,0)¢(dx))
2k

(2.5)
2k
= a% . a% Zl§i<---<i2k§n (Hs:l wis) det2 (wl(xij))l,jzl 5
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where
J— —_ 7A1:E
1/)1(1’) - aaln(xaa) =€ )
_ — _ —)\1$
Uale) = on(e,) = —ae
bapo1(2) = —n(, 8) = e
2k—1 a(lk ) 9
_ = ART
Yo (x) = o n(z,0) = —zxe .

Let us restrict ourselves by the D-criterion of optimality (for other cri-
teria, we can proceed in a similar way). A design is called D-optimal if
it maximizes the determinant of the information matrix. The problem is
to find a design maximizing the determinant among all possible (approx-

imate) designs. Note that with a; # 0, ¢ = 1,...,k, values of aq,...,ax

do not influence the solution of this problem (since they involve only in

the multipliers a?, ..., ai). Therefore, we can assume in the following that
2 2

af =---=aj,=1.

However, the design maximizing the value (2.5) depends, generally
speaking, on the value A = (Aq,..., ) = A* = (A],...,A}). Such a
dependence is the main feature of all nonlinear models.

There are several ways to overcome this difficulty. Let us begin with
the locally optimal approach (introduced by Chernoff (1953)). This ap-
proach consists of the replacement of the unknown value A* by a known
approximation for it (an initial guess).

A design will be called locally D-optimal if it maximizes the determinant
(2.5) withay = --- =ap = Land A = (Ay,..., A) = A@ = (AP A0y,

Let us set

M(EA) = / F(,0)f(x,0)T€(de),

where 0 = (1,\1,..., 1, ¢) and A = (A, ..., \) 7.
Note that this matrix coincides with the information matrix for the
corresponding linear model

Y = e M 4 Bowe ™M 4o 4 o1 M 4 Bore M 4 g (2.6)

where (1,..., 0 are parameters to be estimated and Ai,...,\; are as-
sumed to be known.

Now, we should make a very important remark. Note that we assumed
Ai #Aj @ # 7, when we formulated our model. In fact, if \; = A; for some

i # j, then the model (2.1) contains no more than k& — 1 terms of the form
a;e”NT,

However, we restrict ourselves by the models with k£ terms.



28 CHAPTER 2. THE FUNCTIONAL APPROACH

It should be noted that if A; = A; for some ¢ and j (i # j), then for each
of the determinants in the right-hand side of (2.5) the two corresponding
columns coincide. Thus, in this case, det M (£, A) = 0 for any design &.

However, from a mathematical point of view, it is useful to admit that
the value

min|A; — Aj|

can be as small as we like. Moreover, it can be verified [see Melas (1978)]
that the function

V(EA) = (det M (&, 1))/ TT(hi = 2)* (2.7)
i<j
can be codefined with preserving continuity at the set of all positive values
Ay Ak
Now, we are prepared to introduce a more convenient definition.

Definition 2.2.1 A design, maximizing the value (2.7) among all (approx-
imate) designs for an arbitrary fixed vector A with positive coordinates will
be called a locally D-optimal design.

For arbitrary A such that A; # A; (¢ # j), this definition corresponds
to the usual definition of locally D-optimal designs.

Note that designs that maximize the limit of (2.7) with A — A, =
v(1,...,1) that is locally D-optimal designs for points A = A, will play
an important role in the following consideration. Due to the continuity
arguments these designs will be nearly optimal for all vectors A whose
coordinates are close enough to each other.

We will construct and study locally D-optimal designs in the next sub-
section.

It should be noted that locally D-optimal (LD)designs depend on the
initial vector A = A and could be not very efficient if this vector is far
from the vector of true parameter values A*. However, the design could
be implemented in a sequential manner. One can take A = A(®) construct
an LD design for this vector, and realize N; experiments in accordance
with this design. Then one can construct the LS (least squares) estimator
0 = (Ny) and take the parameter vector A®) = A(N) in order to construct
the new LD design. By repeating this procedure several times, we will
obtain a design close to the LD design with A = A*.

The described procedure (see, e.g., Silvey (1980) for more accurate ex-
planation) cannot be appropriate if we need to have a design for all exper-
iments in advance. An alternative to such a sequential implementation of
LD design consists of using a minimax approach (see Section 1.7 for a more
detailed discussion).

Let us consider a reasonable version of the minimax approach.

Assume that for the vector A*, a set €2 of its possible values is given. In
particular, such a set can be obtained from preliminary experiments or by
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theoretical consideration of the underlying real problem. From a practical
point of view, the following type of set seems to be of a great interest:

Q=00)={A;(1-0)a; <N < (A+8)c,i=1,....k}, (2.8)

where ¢; is an approximation to Af, i = 1,...,k, and the value § € (0,1)
can be interpreted as a relative error of this approximation.

Note that the intervals [(1 — 0)¢;, (1 4 0)¢;] can be overlapped and even
can coincide with each other.

From a methodical point of view, it is very convenient that the set (2.8)

under fixed c1, ..., ¢k is determined by a single parameter J.
Let us call a design a maximin efficient D-optimal design if it maximizes
the value y
v 7
—_— =2k 2.
w ) 29

where £(A) is a LD design, 2 = Q(0) is determined by (2.8).
Note that the minimum here is achieved at some values A € § since €2
is a bounded and closed set.
The value (2.9) for a given design will be called the minimal efficiency.
Note that

if A satisfies the restriction X\; # A; (i # 7).
If we perform N experiments in accordance with a design &, then the
volume of a confidence ellipsoid for LS estimates will be proportional to

(;N)m det M (&, 1)

(see, e.g., Pukelsheim (1993)).

Thus, the minimal efficiency of a given design is equal to the ratio
N/N*, where N is the number of experiments along the design £ needed
for obtaining estimates with a given accuracy and N* is the similar number
for a LD design.

In the following subsections we will demonstrate opportunities of the
functional approach to constructing and studying LD and maximin efficient
D-optimal designs.

2.2.2 Locally D-optimal designs

It is easy to check that if the number of support points of a design &
is less than the number of parameters to be estimated (n < 2k), then
det M(&,A) = 0. By this reason, the designs with n = 2k is usually called
designs with minimal support. In the following we restrict our attention
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by such designs, and in Chapter 6, it will be shown that LD designs for
the exponential model (2.1) usually belong to this class of designs. Designs
that are LD in the class of designs with minimal support will be called, for
brevity, LDMS designs.

An immediate calculation shows that with n = 2k,

M(¢,A) = FTWF,

where W = diag{wy,...,war}, F = (¢u(x;)7%_,, and ¢y(x) are defined in
(2.8). Therefore,

det M(€,A) = [[2F, widet® F

2%
< (Z“’i) det’ F = (ﬁ)zk)det2 F,

2k
whereas the equality takes place if and only if w; = i, i=1,...,2k. Thus
LDMS designs have the form
&= < xj xf >,0<x1<-~~<xm,m:2k,

that is, all weight coefficients in such designs are the same.
Let us prove that in each of LDMS designs 21 = 0. Set

+A ... T+ A m
5A—<m11 v 1 >7FA:(¢I(@"]’+A))1J—1~

Consider the determinant

e_)\l(xl"l'A) e e_>\1($7n+A)

—(z1 + A)e—)\l(mﬁ-ﬁ) oo — (T + A)e—k1(mm,+A)
det FaA = det
e Ak (@FA) oAk (@ntA)
—(z1 + A)e M @EFA (g 4 A)e A @mtA)
Let us add the first line multiplied by A to the second line, ..., and
the (2k — 1)-st line multiplied by A to the (2k)-th line. Then let us extract
from each of the lines the multiplies of the form e=*4, i = 1,..., k. In this

way, we obtain
k
det Fia = e 2(Xi=1 M)A et F,

and with A < 0,
detzFA > det?F.

Thus, with 27 > 0, a design £ cannot be LDMS since with A = —z1,

det M(¢a, A) = (;)m det Fa > det M(¢, A).
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Therefore, for any LDMS design, we have x1 = 0.
Let us introduce the following notation:

T=(T1y s Tm-1) = (T2, ..., Tm),

0 cee Ty
P, A) = (V(&r, M),
R ={u:ue€ R u=(ui,...,us);u; >0,i=1,... s}

Note that there exists a one-to-one correspondence between vectors 7 €
Rf_l and designs of the form

c=e=( 27
The problem of LDMS designs is now reduced to the maximization of the
function o(7,A) by T € RTfl under a fixed A, where A = (Aq,..., A\g),
Ai>0,andi=1,...,1.
Since
(7, ) = C(A)(det F)/™,

F = (1/Jl(xj))l2)?1:1, where C'(A) does not depend on 7 and each of elements of
F tends to zero with x,,, — 0o, then the maximum of (7, A) by 7 € RT_l
is achieved in an inner point of RT_I for which 0 < 71 < --- < 7,. Due to
the known necessary conditions for extremum points in order for a design
& = & to be an LDMS design, it is necessary that with 7 = 7, the
following equalities be satisfied,

£¢(T,A):o,¢:1,...,m—1. (2.10)

Consider the case k = 1. In this case,

1 1 e A2 ?
detM(gTaA) = [2 det( 0 7$2€7)\112 >:|

1
2 _—2M\x
= 11‘26 1z

o(1,A) = [det M(&,, A)]Y/?

Equalities (2.10) assume the form of the single equation

0
677_1(7—16_)\171) = 6_)\17—1(1 — )\17—1) =0.
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The unique solution of this equation under fixed \; is
T1 = 1/)\1.

Thus, in the case k = 1, there exists the unique LDMS design

5*_57*_< 1(/)2 %;\ >

It can be proved (see Chapter 6) that this design is a LD design among all
approximate designs.

In the case k > 1, it seems impossible to find such an explicit solution
of the problem for arbitrary vectors A. However, we can find an explicit
solution for points A of the form A = (,...,7v), where v > 0 is an arbitrary
given number.

In fact, in this case,

V(e Ay) = lim det M(§r, A)/ T[T = A"

i<j

In order to calculate this limit, use the expansion of the exponential into
the Taylor series and elementary properties of the determinant. In Melas
(1978) it was proved that this limit is equal to

<1>mevzz"'2 =[5 - o) (2.11)

m -
1<J

It is easy to check that the value (2.11) coincides with the value of the
determinant of the information matrix for linear (by parameters) regression
model

E(Y|x)=e" Z Bzt L,
i=1

where v > 0 is a given number and f1,..., 3, are the parameters to be
estimated.

As it is known (see Karlin and Studden (1966, Chap. X)), (2.11) has
the unique extremal point

1
T = (SC;, cee ’x;kn) - ;(’Yla s af)/m—l)a
where 71,...,vn—1 are the roots of the Laugerre’s polynomial of degree

m — 1 with the associated parameter 1. Thus, we know the unique solution
of the equation system (2.10) under A = A,. For the case of an arbitrary
A, it can be proved (see Melas (1978)) that the equation system (2.10) has
a unique solution. Denote this solution by 7* = 7*(A). With arbitrary k,
the unique LDMS design is

Ex = Ex (A) = &ren)-
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Considering the determinant of the matrix F', it is easy to check that for
any scalar h # 0,

o(1,hA) = hp (%,A) .

Therefore, 7*(hA) = 7*(A)/h and we can restrict our attention to vectors
A with Zf:l Ai = k. It allows one to reduce the number of parameters.
Let us introduce the new parameters

z:(zl,...,zk_l)T, Zi=1—/\i,i=1,...,k—1.

Note that, for kK = 2, the number of new parameters is equal to 1. Note also
that with Zle Ai = k, there exists the one-to-one correspondence between
the set of new parameters and the set of vectors A:

k—1 k—1
)\izl—zi,izl,...,k—l;)\k:k—z/\i:1+2zi.
=1 =1

Denote
@(1,2) = (7, A(2)),

9
9i(7,2) = 5 @(r,2), i =1, om — 1, (2.12)

9(7-7 Z) = (gl (7-7 Z)» s agmfl(ﬂ z))T

Now the equation system (2.10) can be written as the vector equation
g(1,2) =0. (2.13)
This equation determines the vector function
z = 7T(2) = 7 (A(2))

implicitly, which allows to apply the Implicit Function Theorem (see Section
1.8).

We will now present an extended formulation of this theorem for the
vector function g(7, A) of a general form (not necessary connected with the
design problem considering here).

Let g(7,2), 7 € R™™', z € RF~1, be an arbitrary vector function g =
(g1, 9m—1)T with the following properties:

(i) g(,2) is a real analytic vector function in the point (7(g), 2()) (this

means that the component of this vector function can be expanded
into a convergent multivariate Taylor series in the point).

(ii) 9(7'(0)7 Z(o)) =0.
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(iii) The Jacobi matrix

ai : m—1
Jo :< i (r z))

,j=1

T:’T(O) ,Z:Z(O)
is invertible.

In order to formulate the theorem, let us introduce the following nota-
tions. Let Q(u) be an arbitrary (scalar or vector) function of one variable
that is infinitely many times differentiable in a point w ). Denote

Qo) = Q(w(0)),

1
sl dus

Q) = Q(u) L s=1,2,...

U=u(o)

If the function Q(u) is real analytic in a vicinity of the point u = u(g), then

o0
Q(u) = Q) + Y _ Qo) (1 — u(g))°
s=1
in this vicinity.
In the multidimensional case v = (u1,...,ux—1), it is necessary to in-
terpret s as the multi-index s = (s1,...,8,—1) and denote

11 gt g
Q(s):;
1

Q(u)

. TS Boew
Sp—1! Ouj ou* | =)

Theorem 2.2.1 Let a vector function g(7,2), T € R*', 2 € RF=1, possess
the properties (i)-(iii). Then in a vicinity (say U) of the point z (), there
exists a vector function T = 7(z) such that the following hold:

(1) g(7(2),2) =0, z€U.
(II) 7(2(0)) = 7(0) and 7(2) is a real analytic vector function in U.

(IIT) The coefficients 75y of the expansion 7((z) into the Taylor series

T Z) = Z e Z %(S)(Zl — Zl(o))sl e (Zk—l — Zk_l(o))sk_l

51:0 Sk71:0

can be calculated by recurrent formula that in the case k = 2 has the
form

7:(s+1) = _J(_O)lg(s+l)(7-<s>(z)a Z)7 §= 07 1a T

where

T<s>(2) = T(o) + Z T (2 Z(O)
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Note that assertions (I) and (II) are simply a reformulation of Theo-
rem 1.8.1. Assertion (III) was established in Dette, Melas and Pepelyshev
(2004b) and will be proved for the case of arbitrary k in Section 2.6.

Let us now apply this theorem to the function ¢(7, z) given by relations
(2.12). As is well known, the exponentials are real analytic at R' since

(NP0

A1
e =1-Xt+ o1 o

and the series is convergent for any A and ¢.
Additionally, multiplications and sums of real analytic functions are real
analytic and, therefore,

det (Y1 (25))i%=1

is a real analytic function in A = (A1,..., \)T and (z1,...,2,,) in RFt™.
Note that the function ¢(7,A) and the vector function g(7,z) are real
analytic in a vicinity of the points (7(g), Aq)), and (7(0),2(0)), respec-
tively, where Ay = (1,...,1), 70y = 7 (A©) = (11,--+,Vn-1), and
Zoy = (0,...,0),
In fact,
det M(&,, A)

[Tic; (N = A5)3

and it can be verified [see Melas (1978)] that this function, codefined with
preserving the continuity in points A such that A\; = A; for some i # j, is
real analytic for arbitrary 7 € R™~! and arbitrary A € RF.

Additionally, the function

V(gTv A) =

o(T,A) = (V(&, M)/

is real analytic as a rational degree of the real analytic function. It follows
from here by the standard arguments that the function @(7,z) and the
vector function g(7,z) are also real analytic for arbitrary 7 € R™~! and
z € RFL

Let us now calculate the matrix

0 i\ met
o = (22429

I7; ij=1

T:T(O) ,Z:Z(o)
82 m—1

~ (a5pn2)
(873873 ij=1

Due to (2.11) and the definition of @(7, z) given in (2.12), we have

m—1 m—1
m(p(T, zo))™ = e 2 == T (H ng> I @@=

i=1

T:T(o) ,Z:Z(o)
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A direct calculation shows that

8@(75 Z(O) )

= 1+*+Z TZ(O)) t=1,...,m—1,
o7; T Ts
and the derivatives are equal to zero with 7 = 7o) by the definition of the
point 7).
Therefore,
P3(1, 2(0) P(T(0): 2(0))
(Jo)is = —F5—75- = ——— (i #]),
071 8Tia7—j T=T(0) (’YJ - 71)2
9*@(1, z(0)) 1 1
Joy)ij = —o5 =- + 3 | (70, 20))>
(Jio))ss o | 2 ; ;=2 | Pl #0)

i,7=1,...,m—1.
Thus, for the matrix J = J(q), we have

(J)ij>0,i7éj, Jij<0,i,j:1,...,m—1,

m—1
M<0 i=1,....m—1.

j:1 73'

Due to the Hadamard criterion (see, e.g., Gantmacher (1998)), for an (m —
1) X (m — 1) matrix A

det A#0if (A)y > Y |Ayl,i=1,2,...,m— L
i#j

The matrix (—.J(g)) satisfies these conditions and, therefore, det Jgy # 0.
Thus, we proved that the function g(7, z) determined by equalities (2.11)
satisfies the conditions of Theorem 2.2.1 with 2z = (0,...,0). 7y =

(Y1 -5 Ym—1)-
Consider now the case k = 2. In this case, the regression function is

n(z,0) = a1e "N + age 2% ay,as # 0, A1 # Ao,

where A\; > 0 and A2 > 0. As will be shown in Chapter 6, LDMS designs
are in this case LD among all (approximate) designs. Support points of
these designs, as was already shown, do not depend on a; and as and if \;
and Ay are multiplied by the same number A > 0, then the points should
be divided by this number. Therefore, it will do to consider A such that
A1 + A2 = 2 and to study the dependence of the support points of LDMS
design on the parameter

Z:Z1zl—>\1=()\2—/\1)/2.
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Let z(g) = 0 and 7py = (71,72, 73) = (0.467, 1.652, 3.879).
Note that the function (7, z) is even,

90(7—7 Z) = 4,0(7'7 _Z)'

By this reason 7*(z) = 7*(—z) and all odd coefficients Ty 3 =10,1,...
are equal to zero. Therefore

T(2) =0y + Y Tlam - (2.14)
t=1

The coefficients can be calculated by recurrent formulas of Theorem 2.2.1.
These calculations can be easily realized with the help of the software pack-
age Maple. Some details of the implementation of the package are given in
the Appendix of the present book.

First even coefficients calculated in this way are presented in Table 2.1.

Table 2.1: Coefficients 7.9¢~, t =0,1,...,6

0 1 2 3 4 5 6
0.46791 | 0.02919 | 0.00305 | 0.00056 | 0.00022 | 0.00008 | —0.00005
1.65270 | 0.36419 | 0.21113 | 0.15971 | 0.13371 | 0.11650 0.10252
3.87938 | 2.00661 | 1.86581 | 1.92887 | 2.04481 | 2.16523 2.26335

The method allows one to calculate as many coefficients as we like. Since
the coefficients are already obtained, one can construct the corresponding
designs simply by several first coefficients in the expansion (2.14).

However, we have a few problems here. The first problem concerns the
radius of convergency of the series (2.14). Note that 0 < |z| < 1 since

z = (Al —)\2)/2 and ()\1 +)\2)/2 =1.

Numerical studies show that the series are convergent for any |z| < 1.
However, a strong theoretical proof of this fact is not obtained up to now.
The next problem consists of the determination of how many coefficients
should be used in order to calculate support points of LDMS designs with
an appropriate precision.
Denote 7(z, s) = T(0) + >, T2¢2>" and

1

s Ly ey

det M(§T z,8 7Z) Hm
Iisy =15 (2) = (detM(ﬁ((z))z)> ol

where £*(2) = &, (2 is a LDMS design.

The value I(4)(2) is the efficiency of the design &, (. ) constructed by
s first even coefficients with respect to the LDMS for a given z. This
value can be evaluated with the help of Kiefer’s inequality (see Section 1.6)
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2]

0h 02 04 7 06 0E

Figure 2.1: The dependence of support points of the LDMS designs on z
for the exponential model with & = 2

without calculating the LDMS design. Some numerical results are given in
Table 2.2. They represent an evaluation of I(,(z), obtained with the help
of Kiefer’s inequality. Note that with 0 < z < 0.5, I(gy = 1.00 and there is
no reason to calculate more coefficients.

Table 2.2: The efficiency of designs &, _,_ (»)

0.50 | 0.98 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
0.70 | 0.90 | 0.98 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
0.80 | 0.80 | 0.93 | 0.97 | 0.99 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
0.85 | 0.72 | 0.88 | 0.94 | 0.97 | 0.98 | 0.99 | 1.00 | 1.00 | 1.00 | 1.00
0.90 | 0.61 | 0.79 | 0.87 | 0.92 | 0.95 | 0.97 | 0.98 | 0.99 | 0.99 | 1.00
095|045 ] 0.61 | 071 | 0.78 | 0.83 | 0.87 | 0.90 | 0.93 | 0.94 | 0.96
0.97 |1 0.35 | 049 | 0.58 | 0.65 | 0.71 | 0.76 | 0.80 | 0.84 | 0.86 | 0.89

From Table 2.2 we can conclude that with |z| < 0.7, it will do to use
only one or two nonzero coefficients. However, for z = 0.9, we need 20
coefficients in order to obtain the efficiency greater than 0.995. Table 2.2
also shows that with |z| < 0.9, the expansions allow one to construct locally
optimal designs with a very high precision. For |z] > 0.9, we can use a
similar expansion with z() = 0,9 as the initial point. The dependence of
support points of the LD designs on z is presented in Figure 2.1. Note that
we used 10 nonzero Taylor coefficients in order to construct this figure.

The next important question is: How efficient are LD designs with re-
spect to equidistant designs usually implemented in practice?
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Table 2.3: The efficiency of LD designs in respect to the best equidistant
design

A 11 1.3 1.5 1.7 1.9 | 1.95
A | 09 | 0.7 | 05 0.3 | 0.1 | 0.05
I 1 213]206 192 1.70 | 1.80 | 2.20

Denote by
( 0 T/(N-1) ... T(N=-2)/(N—-1) T )
v = 1 1 1 1
N N N N

the design located in N equidistant points at the interval [0,7]. For large
N, the quality of this design is not very sensitive to the value of N, but it
depends on T'.

Consider the efficiency of LD designs constructed above with respect
to equidistant design with an optimal choice of T’; that is, we will take
the value of T in such a way that the minimal efficiency of the equidistant
designs for z € [0.1,0.9] is the maximal one.

Our numerical results are given in Table 2.3. In this table, T = 10,
N = 20;

. detM(fT*(A),A) 1/m m— A
- detM(fN’T,A) ’ o

We see from Table 2.3 that in the most cases the efficiency of the LD
design with respect to the equidistant design is more than 2 or close to 2.
This means that the number of experiments in accordance with a LD design
needed in order to achieve a given accuracy is approximately twice less than
the same number for the best equidistant design if A(®) = A*. However,
since A* is unknown, these results describe the efficiency of LD designs
only in an asymptotical sense. The influence of the choice of A on the
quality of LD designs can be studied numerically. However, in the following
subsection we will show that the application of the functional approach can
be used for such a study and allows one to compare LD designs with the
maximin efficient ones.

2.2.3 Maximin efficient designs

Assume that it is known that A* € Q, where Q is a given bounded and
closed set in R% = {A = (A1,...A\g); Ay > 0,4 =1,...,k}. Then a natural
criterion of the efficiency of a given design is the value

(VA Y™
IK?E(V(&(A»A)) ’ (215)
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where (A) is a LD design, and for A such that \; # A; (i # j), the value
V(& A)/V(E(A),A) is equal to det M (&, A)/ det M (E(A), A) [see the end of
Section 2.2.1 for a discussion on this matter]. The value (2.15) will be
called the minimal efficiency and the designs that maximize this value will
be called maximin efficient D-optimal designs or, brieflyy, MME designs.

We will study the MME designs for the exponential model (2.1) and the
set Q = Q(0),

Q) = Q6,¢) = {A = (Myee oy M) s (1=0)ay < N < (140)es, i = 1,..., k),

where § € (0,1), ¢ = (¢1,.-.,¢k), ¢; >0, and i =1,... k.

Let us restrict our attention to designs with the minimal support. In
the following, it will be shown (see Theorems 2.2.2 and 2.2.3 and numerical
results) that MME designs have the minimal support for sufficiently small
0 and arbitrary c.

We have already proved that

det M (éa,A) < det M(E,A),

where A A A
R i Sl P
0 zo ... xm
e=( o).

Therefore, MME designs with a minimal support have the from

0 m
§T=< 0 @ o ),T=(rh...,rm_o=(a:2,...,xm>. (2.16)

Let us introduce the function

[ VELN) YT
SO(T’ A) B (V(gT*(A)aA)> ’

where {.-(5) is a LDMS design.
Theoretical studies (see Theorems 2.2.2 and 2.2.3) show that for suffi-
ciently small § > 0,

minpeq(s,e) P(7,A) = min{@(7, (1 = §)c), (7, (1 + d)c}
= ming<a<1 @@(7, (1 — §)c) + (1 — a)@(, (1 + d)c).

Based on this, let us introduce the following class of designs. Let us
say that a design is a maximin efficient design with a minimal structure or,
briefly, MMEMS design, if this design is of the form (2.16), where 7 = 7
and 7 maximizes the value

min a@(7, (1 —98)c) + (1 — a)d(r, (1 + d)c)

0<a<l1
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at the set of all vectors 7 with positive coordinates.

In the case when intervals of possible values are the same for all para-
meters A\;, i = 1,...,k (i.e,, ¢ = cg = -+ = ¢x) the MMEMS designs can
be found explicitly.

In order to describe these designs, let us denote

u=(1,0) = (T1, ..., Tm—1, @),
(I)(u7 5) = 0“/3(7-3 (1 - 6)6) + (1 - O‘)@(T7 (1 + 5)C)a
€ = & - MMEMS design.

Let v1,...,7m_1 be, as above, the roots of Laugerre’s polynomial of
degree m — 1 with the associated parameter 1,

h = h(8) = 26/In (%) ,
I1(6) = [h((;)e(l—h(é))]m(m—l)/{

H = (det M(€+(0),¢)) /™.

Remember that 7*(vc) = 7*(¢) /7 for any v > 0. Also, it follows from
here that

G(1, (1 — 8)c) = (det M(&,, (1 —8)e) /™ J(H(1 - 9)),

G(r, (1 +0)c) = (det M (&, (1+8)c))/™ /(H(1 +9)).

This simplifies theoretical and numerical studies of the MMEMS designs.
An explicit solution of the problem in the case ¢c; = ¢ = -+ = ¢, is
given by the following theorem.

Theorem 2.2.2 Consider model (2.1) and the set Q@ = Q(0,¢) of the form
(2.4), where ¢c; = -+ = cg. In this case the following hold:

(I) There exists a unique MMEMS design for any fized c; > 0 and § < 1.
This design is

é:§+7 T= (7217"'77A-m—1)7
’7A'Z' :'yi/(clh(§)),izl,...,m—L

and
O(4,0) = 1(0).

(II) This design is a locally D-optimal design for A = c¢/h(d).

(IIT) For any sufficiently small positive 0, this design is MME among all
(approximate) designs and its minimal efficiency is equal to 1(9).
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Proof. Note that for A = (¢1,...,¢k), c1 = -+ = ¢ the value of V(&,A)
coincides with the value of determinant of the information matrix for the
linear (by parameters) regression function

e (By 4 Ba + o+ Bruz™ ),

where 3 = (61, ..., m) is the vector of estimating parameters and ¢; is a
given number (as we already mentioned a detailed proof can be found in
Melas (1978)). For this reason assertions (I) and (II) follows immediately
from the results of Dette, Haines and Imhof (2003). Assertion (III) is a
special case of Theorem 2.2.3(II). n

Note that the set of ¢ values for which assertion (III) holds can be found
numerically. In particular, we found in such a way that assertion (III) is
true for £k = 1 with 6 < 0.54, for £ = 2 it holds with § < 0.22, and for
k = 3 it holds with § < 0.18. Thus, under realistic values of § in the
case ¢; = -+ = ¢, MMEMS designs described in Theorem 2.2.2 are in fact
MME designs among all (approximate) designs. It is also worth mentioning
that in all of the cases, mentioned above, the minimal efficiency proves to
be grater than 0.9, which can be easily checked by the explicit formula for
1(9).

In the case of arbitrary values cq,...,cg, it seems does not possible to
find MMEMS designs explicitly. However, the dependence of such designs
on § with a given c¢ can be investigated with the help of constructing Taylor
series in a way very similar to that was already applied to LDMS designs.

As is well known, the function of minimum is continuous. Also, we
have already shown that the value V (&, A) tends to zero with 7,1 — oo.
Therefore, the function

o O(u,d), u=(1,a) (2.17)
is bounded with 7 € R7~! and there exists an MMEMS design (i.e., the
design that maximizes (2.17) by 7 € R"™1).

Consider the equation system

0 .
anq)(u,(?) =0,i=1,...,m. (2.18)

Let J(8) be the Jacobi matrix of this system,

j((s)( 82 <I3(u,5)>m

8ui8uj i,j=1

u=u(d)

where () is a solution of (2.18); the existence of this solution is provided
by the following theorem.
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Theorem 2.2.3 Consider the regression model (2.1) for the set Q =
Q(c,d) defined in (2.4); the following assertions take place:

(I) There exists a unique MMEMS design. Moreover, there exists a
unique solution of the equation system (2.18), first m — 1 compo-
nents of this solution generate the vector 7, and the matriz J(§) is
invertible. The solution is a real analytic function of §.

(IT1) If in a vicinity of A = ¢ the unique LDSM design is locally D-optimal
among all (approximate) designs, then the MMEMS design is MME
among all (approzimate) designs for sufficiently small positive .

A proof of this theorem will be given in Section 2.6.3.

Note that as in the case of Theorem 2.2.2(III), the set of § values for
which assertion (II) is valid can be found numerically. For example, with
k=2 and ¢ = (1,5), the MMEMS designs prove to be MME among all
designs for all § < 0.27.

Theorem 2.2.3 justifies studying MMEMS and MME designs along the
following steps:

1. Find numerically the MMEMS design for some value § = ¢y (in our
calculations, we took g = 0.5).

2. With the help of the recurrent formulas, construct the Taylor expan-
sions for functions &(d) and 71(0),. .., Fm—1(d).

3. Check whether the designs constructed are MME designs among all
approximate designs for different values of § by the equivalence the-
orem from Dette, Haines and Imhof (2003).

Let us illustrate the approach by examples.
With k = 1, the MMEMS designs are given by Theorem 2.2.2:

‘5:5*:(1(/)2 1712 )

where 71 = 1/(c1h(d)). A numerical calculation shows that this design is
MME among all approximate designs if § < 0.54.
Let £ = 2 and the set Q be

Q= Q(Z) = {(/\1,/\2); Ci(l - 5) <A< Ci(l + (S), 1= 1,2}.

Without loss of generality, assume that 1 = ¢; < ¢3. Set ¢o = 5 (for other
cases we obtain similar results).

Taylor coefficients for the functions ;(d), i = 2,3,4 and &(¢) in a vicin-
ity of § = dg = 0.5 are given in Table 2.4. Note that the series are convergent
for 6 € [0,1), and with 6 < 0.8, we need only three first coefficients to cal-
culate MMEMS with a good precision. The values of the functions received
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by usage of the first 11 coefficients are depicted at Figure2.2. Note that
the minimum efficiency is always achieved at the two points (1 — d)c and
(14 6)c. The behavior of the function (7, A) with 7 = 7(0.5), A € 2(0.5)
is shown in Figure 2.2. The dependence of the minimal efficiency on ¢ is
presented in Figure 2.2.

Table 2.4: Coefficients in the Taylor expansion for the functions Z(9),
23(0), £4(0), and «a(d) by degrees of (6 — 0.5).

j JAJQ fig i‘4 « j .f?g JA?3 .f?4 «

0] 0.17 | 0.69 | 2.06 0.44 6 | 0.49 5.33 13.56 | —0.54
11005034 | 1.16 | —0.14 7| 0.88 9.55 | 23.80 | —0.94
21009 | 067|213 | —0.09 8 | 1.60 | 17.26 | 42.59 | —1.66
310111099 | 2.87 | —0.14 91 295 | 31.35 77.19 | —2.97
41017 | 1.73 | 4.76 | —0.19 10| 5.50 | 57.22 | 141.40 | —5.37
510281299 | 785 | —0.32 11]10.32 | 104.91 | 261.17 | —9.74

The verification by the equivalence theorem mentioned above shows
that the MMEMS designs are MME among all approximate designs with
d < 0.28. Additionally, our calculations (not presented here) show that
MMEMS designs have the minimal efficiency at 40-50% more than the
best equidistant designs (such designs are often used in practice).

However, for § > 0.28, it is possible to construct even more efficient
designs. For example, with § = 0.5 we constructed numerically a design
that is MME among all approximate designs. This design has six support
points and is approximately equal to

0 0.140 0.440 1.048 1.75 3.25
024 018 019 016 0.13 010 /°

The minimal efficiency of this design is equal to 0.8431, whereas such effi-
ciency for the MMEMS design is 0.7045. Note that for the LD design at the
central point A = (1,5), this value is 0.6150, and for the best equidistant
design, it is 0.5904.

For model (2.1) with three exponentials, we obtained similar results.
However, the critical value of §, for which the MMEMS designs remains
MME among all designs, is smaller than that for the two exponential mod-
els.

2.3 Description of the Model

In this section we will introduce assumptions on the regression functions
providing the application of the functional approach. The corresponding
class of nonlinear regression models includes, in particular, the exponential
models, considered in Section 2.2, as well as rational models and the three
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Figure 2.2: Functions Z5(6), #3(9), and £4(0); z = 0(top) and the minimal of
efficiency of MMEMS design (bottom right) with § € (0,1). The efficiency
of MMEMS design with § = 0.5 over ©(0.5) (bottom left).

parameters logistic model. One more example is the Monod model to be
studied in Chapter 8. For this class of models we introduce the basic
equation determining the support points of locally D-optimal designs as
implicit functions of values of the model parameters.

2.3.1 Assumptions and notation

Let us consider the general nonlinear regression model
yj:U(Ija@)+5j7 j:L...,N, (219)

where y1,...,yn € R! are experimental results, © = (0y,...,0,,)7 is the
vector of unknown parameters, n(z, ©) is a function of known form contin-
uously differentiable along the parameters, z; € X, X is a given set, and
€1,...,en are independent and identically distributed random values with
zero expectation and a finite (unknown) variance o2 > 0.

Let us introduce the following notation (it was already given in Sections
1.7 and 2.2 but will be represented here for the sake of convenience of the
reader):

fi(xz,0) = 8%1_77(:5, ©),i=1,...,m,

f(.%',@) = (f1($7@)7"'afm(x7®))T7
M(E,0) = [ f(z,0)f"(z,0)¢(dx),

the information matrix,

¢ = ( o ),:vz#afj(z#y),xze3€7wz>0,sz L,
approximate experimental design.

Denote by ©* the proper vector of the parameters. Designs maximizing
the determinant of the information matrix for a fixed vector © will be
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called the LD designs. Usually, such designs depend only on a part of
parameters (see Section 2.2). Without loss of generality, assume that these
parameters are 0gi1,...,60, and call them nonlinear parameters. Denote
O = (01,...,01)T and O3 = (O41,...,0,)T. Let us fix ©; and consider
the matrix M (£,02) = M(§,0).

2.3.2 The basic equation

In many practical problems, X = [a,b], and we will restrict our attention
by this case.

The triple (n1,n2,n3), where ni(ns) is the number of support points of
design at the left (right) bound, ny,n3 =0 or 1, and ny =n —ny — ny will
be called a type of design.

Let us consider designs LD among designs with the minimal support
(i.e., with n = m). We call them LDMS designs. They often prove to be
LD among all approximate designs. As was shown in Section 2.2, for such
designs wy = -+, = w,, = 1/m.

Let ©2 € Q, where €2 is a given open set of possible values of ©3.

Assume that LDMS designs under ©5 € 2 have a fixed type (n1,na, n3),
ny +ne +mns = m. Consider the case ny = 1 and n3 = 0 (for all other cases,
we can proceed in a very similar way). In this case, we will define the vector
7 and the design &, as follows

T=(22y. s &Tm) = (T1,. 0y Tm—1),
€ o X1 ) Tm, _
T\ 1/m 1/m ... 1/m 1 = @

Assume that the set €2 contains r linearly independent vectors and there
are no r + 1 linearly independent vectors belonging to 2. For example, for

Q={(Oks1,---.0m)" : 0; >0, Z 0; = m — k}
i=k+1

r=m-—k—1.
Let @ be a given real analytic vector function on Q such that

@2—>Z:Q(®2) eR"

is a one-to-one correspondence and, therefore, the inverse function Q~1(2)
at the set Z = Q(Q2) is well defined. As an example, we can point out the
vector function

zi=1—0pyi,i=1,...;m; r=m—k—1, (2.20)

introduced in Section 2.2.
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Denote ©7(z) = (67,(Q7%(2))"). Let N be the set of all vectors
z € Z = Q(f) such that

det M(&,,0(r) =0

for any 7 € [a,b]™ . For the case of exponential models described in
Section 2.2, we have N = Q(f), where Q is the set of all vectors O, €
such that two or more coordinates coincide with each other and @ is given
by (2.20).

Let us introduce the following definition.

Definition 2.3.1 A vector function
T(z) : Z =V,

where
V={r=(r,....,mm-1) s a <1 <+ <71 < b}

will be called the optimal design function if for any z € Z \ N, the design
&r4(2) 1s a LDMS design for ©7 = (01,07 (2)), ©2(2) = Q7'(2) and for
any sequence z(qy, Z(a), - .. such that z;) € Z\ N, z; = 2 € N, i — o0,
lim 7%(2;) = 7°(2).
1— 00
This definition is given for the case ny = 1 and n3 = 0. The modification
for other design types seems to be obvious.
Let us define the function

p(7,2) = [det M (&7, 0(2))]™; (2.21)

the degree 1/m is introduced in order to secure a local convexity in a vicinity
of the extreme points.

Due to the above assumption for any fixed z € Z \ N, the maximal
value of the function ¢(7,2) by 7 € [a,b]™ ! is achieved in V. Therefore,
a necessary condition for &, to be an LDMS design consists of vanishing of
the derivatives

5o P(12) =0, i=1....m—1. (2.22)

Set 5
gi = gi(7,2) = %@(T,Z), i=1,....,m—1,

9= (glv"' 7gm71)T~

The equation system (2.22) can be now written in the form
g(r,2z)=0. (2.23)

This equation will be called the basic equation of the functional approach. It
allows one to reduce the LDMS designs problem to the analysis of implicit
functions. Such an analysis will be performed in Section 2.4. Now we will
describe a class of regression functions for which this equation has a unique
solution.
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2.3.3 The uniqueness and the analytical properties

Let Z, N, and @ be as described above. Let us introduce the following
assumptions:

A1l. The functions
filz,©(2)),i=1,...,m,

are real analytic by the variables {x1, z1,..., 2.} at (a,b) X Z.

A2. For ©, € Q all LDMS designs have the same type (n1,ng,ng). For
certainty, we will consider the case n; = 1 and n3 = 0. Denote

H(r) = H1§i§j§m($i —z)% 7= (T2, ..., Tm), T1 = a.

A3. There exists an algebraic polynomial ¥(z) such that

. . w
f f —

sup Sup —————~
2€Z\N TEV (2

Note that if the closure of Z does not intersect A, we can take ¥(z) = 1.
In this case, the assumption A3 means simply that the functions

fl(xve))v'--vfm(xv@)

generate an extended Chebyshev system of order m on [a,b] (see Section
1.9 for the definition) for all ©, = (©1,03), 6, € .

Note also that the exponential regression functions introduced in Section
2.2 possess this property and all other assumptions were justified in that
section.

Let us codefine the function

Sy P(T2) [ det M, O]
N 755 T B TP

by continuity with z € A/. This is possible due to assumption A3.

A4. There exists a vector z() € Z such that the equation system

o _ .
gw(r,z(o))=O,z:1,...,m—1,

has a unique solution with 7 € V.

In Section 2.2, we have shown that this assumption holds for the expo-
nential models with zy = (0,...,0).

Now, the basic theorem of the functional approach can be formulated
in the following way.
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Theorem 2.3.1 Let assumptions A1-A4 be fulfilled. Then the following
hold:

(I) There exists a unique optimal design function 7*(z) : Z — V. It is
a real analytic vector function in Z.

(I1) Taylor coefficients of this vector function can be calculated by recur-
rent formulas given in Section 2.4.

A proof of this theorem will be given in Section 2.6.

2.4 The Study of the Basic Equation

In this section we will study (2.23) for a vector function g(7, z) of a general
form not necessarily connected with studying optimal experimental designs.
We will obtain results stronger than that of Theorem 2.2.1(I, IT), namely
we will prove that under certain conditions, the function 7(z) determined
implicitly by this equation is unique.

2.4.1 Properties of implicit functions

Assume that m and r are arbitrary natural numbers, and m > r and m > z.
Let .
V=_{r=(m,....tm-1)T 1a<m < <7pm_y <)},

V={r=(,...;mtm )T ta<m < <Tm_1 <b},
and Z be an open one-connected set in R".
Let ¢(7,2), 7 € V, z € Z, be a function of a general form real analytic
inV x Z, and o(r,2) > 0.
Consider the case when ¢(7,z) = 0 for some points z € Z. Let N be
the set of all such points. Assume that there exists an algebraic polynomial
U(z) such that ¥(z) =0 for z € A and the function

o1, 2) = 9(7,2)/¥(2)

can be codefined in points z € N by continuity.
Let ¢(7,2) be the function codefined in the points z € A in this way.
Assume that ¢(7,2) >0,7€V, z€ Z, and

@)

0
T H
(p(r,2))™
sup ———~— < 00,
TEV H(T)

for any z € Z, where

m—1

Hrn=[[=-o* ] m-m)

i=1 1<i<j<m—1
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Let us denote

9(7—7 Z) = (91(7’, Z)) s agm—l(Tv Z)),

gi(Tv Z) = o, LP(T’ Z)?
(92 m—1
62 = (o),

g(Tv Z) = (T7 Z)/\I’(z)v

2 m—1

G(r,2) = G(1,2)/¥(z) = (87?87]- (T, z))

i,j=1

Consider the equations

g(1,2) =0,
(2.24)
g(Tv Z) = 07

2 € Z, 7 €V. For z € Z\ N, these equations are equivalent to each other.
Let us introduce the following assumptions:

(a) There exists a point z(y) € Z such that (2.24) has a unique solution
belonging to V.

(b) For any point z and any solution z = 7(z) of (2.24),

det G(, 2) # 0.

T=7(2)

Theorem 2.4.1 Let the assumptions formulated above be satisfied. Then
there ezists a unique vector function 7*(z) : Z — V such that

g(t*(2),z) =0.

This vector function is real analytic for z € Z and satisfies the equation

T=71*(2)

Proof. Due to assumptions (a) and (b) and the Implicit Function Theorem
(Theorem 1.8.1), there exists a vicinity of the point z( such that there
exists a unique vector function, say 7(z), satisfying (2.24). This vector
function is real analytic. Let U be a union of all such vicinities. Then 7(z)
can be extended to U in a unique way and this extended function is real
analytic in U.
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Suppose that U # Z. Denote the closure of U by U. Since U # Z, there
exists a point Z € U \ U, zZ € Z. Then there exists a sequence z(1), 2(2), - -
such that z(;) € U and lim; o 2(;) = 2. Denote by 7 the limit

*

zlggo 7(0)-
Then we have
§(7_', Z) =0.
Suppose that 7 € V. Then, due to assumption (b),
det G(7,2) # 0

and there exists a vicinity of point z, say W, and vector function T(l)(2>
such that 7(1)(2) = 7 and this vector function is real analytic in this vicinity.
Moreover, for sufficiently large i, z(;) belongs to this vicinity. It follows from
here that 7(;)(z) and 7(z) coincide in W N Z # (). Therefore, 7(1)(2) is a
real analytical extension of 7(z) to W and WCU. This is impossible by our
supposition and we obtained a contradiction.

Now, let 7 € V' \ V. Denote T4) = T(25)), i = 1,2,.... Then

T=T(5)

)
LI

(el 20) " — 527y
However, due to our assumption, the function

(7, 2)
Q(7)
is real analytic in V' x Z, and the limit should be finite. The obtained

contradiction shows that U = Z. In a similar way, it can be proved that
for any z € Z, (2.24) has a unique solution. "

In order to apply Theorem 2.4.1 to the function (7, z) defined in Section
2.3, we need only to verify property (b). To this end we will introduce a
representation for the Jacobi matrix of (2.24).

2.4.2 Jacobian of the basic equation

First, we analyze the Jacobian of the basic equation for functions (7, z)
of a general kind that can be represented as the minimum of some convex
function.
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Let m,r, and ¢t be arbitrary natural numbers, T ¢ R™ ', Z c R", and
2 C R be arbitrary open sets, and 2 be convex.

Consider the function ¢(7,a,z2),7 € T,a € A,z € Z, that satisfies the
following conditions: Function ¢(7, a, z) is twice continuously differentiable
along 7 and a; function ¢(7, a, z) is strictly convex along a.

Moreover, let function ¢(7, z) have the form

o(7,z) = ming(t,a, 2), (2.25)
acU

where the minimum is attained for any 7 € T and z € Z. Since the function
q(7,a, z) is strictly convex along a, this minimum is attained on the unique
vector @ = a = a(r, z). Therefore, function ¢(7,2) is twice continuously
differentiable along 7.

For any fixed z, let there exist a point 7 = 7(2) satisfying the equation
Zo(r,2) = 0.

Consider the following matrices:

a2 m—1
P ()
7 i,j=1
2 t,m—1
B= (ﬁqv’w))ijzl , (2.26)

t
— 92
D= (8aj8ai q(T7 a, Z)> —
i,j=1

at 7 =7 and a = a(7, z). It follows from the above conditions that matrix
D is positive definite and hence the inverse matrix D~ exists.

Theorem 2.4.2 Under the above conditions, the following formula is valid:
J(#(2),2) = E— B'D™'B.

Let us apply this theorem to the function (7, 2), defined by (2.21).

Denote the set of all positive definite m x m matrices A = (a;;), such
that apm = 1 by A. Assign a number v = v(4,5) in alphabetical order to
each pair of indices (i,7), ¢ < j, 4,5 =1,...,m, where (4,j) # (m, m). For
any vector a € RY, t = m(m +1)/2 — 1, define a matrix A(a) that satisfies
the following relations:

Aji = Q55 = Qu(4,5), Gmm = 1, %)= 1L...,m, ¢ <J

Define set 2l as
A={acR': Aa) € A}.

Evidently, 2 is open and convex in R’. Introduce the function

q(1,a,2) = (det A(a))"V™ tr (A(a) M (£, 2)) /m. (2.27)
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Consider the function ¢(7, z) = (det M (&, 2))Y/™. Tt is known (Karlin and
Studden, 1966, Chap. 10.2) that (2.25) is valid for this function. It can
also be checked that the function (2.27) possesses the required properties.
Therefore, by Theorem 2.4.2,

J(#(2),z) = E—B"D™!'B, (2.28)

where 7(z) = 7%(2). Set d(a) = (det A(a))~/™. Tt is easy to verify by
direct differentiation that the following formulas are valid for matrices B
and F:

E= diag{Ella LR Em71m71}7

82

Fu = 80 5 (@AW @) =1,

A(a") = comst (M(&re2),2) h (2.29)
B = (buk),

b= 25(a) S (@) v = (i),

$:$13k

Remark 2.4.1 Note that the matrix J = J(7*(2), z) is negative definite
and hence nonsingular provided at least one of the following conditions is
satisfied:

(1) All diagonal elements of matrix E are negative;

(2) Matrix B is of full rank.

Indeed, matrix BT D~!'B has the form SST; hence, it is nonnegative
definite in the general case and positive definite if matrix B has full rank.
Since J = E — BTD™1B, J is negative definite if either of conditions (1)
and (2) is valid.

This remark will be applied in Section 2.6.2 in order to prove that the
matrix J is invertible under assumptions A1-A4.

2.4.3 On the representation of implicit functions

It is well known that derivatives of implicit functions can be calculated with
the help of indefinite coefficients techniques, as introduced by Euler. In this
subsection we offer recurrent formulas convenient for the implementation
in software packages such as Maple and Mathcad. These formulas are
a generalization for the multidimensional case of formulas introduced in
Dette, Melas and Pepelyshev (2004Db).

Let us assume that s = (s1,...,8,), where s; > 0,7 = 1,...,r, are
integers. For an arbitrary (scalar, vector, or matrix) function F, denote
1 881 887.

splo-e sl 0250 T 027
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where z(g) is a given point.
Introduce also the notation

.
St: {S:(Sl,...,sr); 8120’23121‘;}’
=1

t=0,1,..., and
(z = 20)" = (21 = 210))"" - - - (20 — 2r(0))""-
Let the function ¢ (z) be of the form
U(2) = (2 = 2(0)"P(2),

where I = (Iy,...,1,),l; >0,i=1,...,r, are integers, and 1(z) is a homo-
geneous polynomial of degree p > 0,

P(z) =Y a)(z - 20)’,

s€S,

such that Q(p,0,...,0) # 0.
Let

I = U,S;,
T<It>(z) = Zsélt T(s)('z - Z(O))Sv T(s) = (T(Z))(s)v
Joy = (J(10),2)) -

First, let p = 0. Note that under condition (a), the matrices Jis)s 81 < Ui,
i=1,...,7, s #l, are zero matrices and det J;y # 0.

Theorem 2.4.3 Under conditions (a) and (b) for the function 7(z), de-
fined in Theorem 2.4.1, the following formulas hold:

(T(Z))(s) = 7J(;)1g(7<1> (2)72)(54-1)’ (230)

where [ =1;_1,s€ S, t=1,2,..., K —1.
If condition (c) is also fulfilled, then these formulas hold fort =1,2,....

Thus, if 7(g) is known, coefficients {7(5)} can be calculated in the follow-
ing way. At the step ¢ (t = 1,2,...), calculate all coefficients with indices
from S; by (2.30). This calculation can be easily performed by a computer
with the help of packages such as Maple or Mathcad.

Consider now the case p > 0. Define the set

S’tz{52(81,...,87«);81'ZO,iZl,...,T,31+QZSi=t}.
i=2
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Let
Iy =U!_,S;, u=(p,0,...,0),

Jatw) = (J(70),2)) (11 -
It can be verified that, under condition (a), det Ji4,,y # 0.

Theorem 2.4.4 With p > 0, Theorem 2.4.3 remains true with (2.30) re-
placed by
(T(2))(s) = *J(Ll_u)g(7'<l>(z)vZ)(s+l+u)7

where s € S’t, I = ft,l, andt=1,2,....

Note that u can be replaced by any vector of the form (0,...,p,0,...,0).

2.4.4 The monotony property

Let us obtain another representation for the Jacobi matrix. It is based
on the known formula for the derivative of the matrix determinant. This
representation is to help us to derive the monotony of coordinates of the
optimal design function for some forms of regression.

At first, let x € X and z € Z, where Z is some bounded set in R" and
filz,z),i = 1,...,m, are arbitrary twice differentiable with respect to z
functions.

Let the function (7, 2) be defined by (2.21). Let assumptions A1-A4 be
satisfied. We will use the formula of differentiating the matrix determinant
(see, e.g., Fedorov (1972)).

% det M (o)) = det M («) (tr Ml(a)aaaM(a)> ,

as well as the formula

where f(z) = f(x, z) and

1T ... Tm-1 Tm
&= 1 1 1 )
= ... =

Let us calculate the derivatives of the function

(P(T7 z) = (det M(é‘rv Z))l/m )
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T v+ Tm-—1 b
=11 11
L .. i 1

- %%O(T, 2)te M7H(E 2) (f () [ (7))

We obtain
9p(7, 2)
8Ti
2 _
= ﬁ‘p“—? Z)fT(Ti)M 1(67 z)f/(Ti)u
i=1,...,m— 1. Let z be fixed and 7 be such that

m—1

g(1,2) = <aa7_i<p(7—, z)) =0. (2.31)

i=1
Moreover, let 7 be a local maximum of the function ¢(7,2). Set F =
(fj(24))7%=,- Then the relation M = FFT /m is valid,

SEE)M & 2) () = mf T (r)(F~)TF~ f (7))

T T 01
m€i+1€j+1{ mi=j "

Let us consider the matrix

82 m—1
0= (Gagr ) 7=

where 7(z) is the unique solution of (2.31).
Using these relations and the formula of the inverse matrix differentia-
tion, derive

(G)ij

82

= _%‘P(T’ Z) (fT(Ti)M_l(fyz)f/(Tj)) (fT(Tj>M_1<§,z)f/(Ti))

(7,2)

- _%50(7'7 2) (el F7Lf'(my)) (ef F71f' (7))

for i # j, 4,5 =1,...,m — 1. For calculating the diagonal elements of the
matrix, let us also use the following relation:

2
T -1 / m*  0p(7, z) :
)M ) i) = =0,i=1,....m—1.
FrEMTHE S () = s P =0, m
The direct differentiation gives the following result
82
(G)ii = m@(ﬂz)

= e(n ) M€ ) ()

2
= Zp(r,2)el F Y (r),i=1,...,m—1.
m
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Now, assume the that functions f;(z) = fi(x,2),7i = 1,...,m, form an
ET-system (see Section 1.9 for the definition) of the first order under any
fixed z € Z.

Since the matrix F~! is formed by the cofactors of the elements of
matrix F', divided by its determinant, then, for j > i, i > 2, we have

el F=1f'(15)

det I

(with the evident changes for ¢ < 2). Inserting a column f’(z;) between a
line f(x;) and the following one, derive

el F1f'(15) = (=1)7 " det F/ det F,

P (f(xl)ff(@)f...ff(xi_l)ff(a:i+1)f...ff(a:j)ff’(xj)f...ff(a:m)> .
By definition of the ET-system of the first order, det F > 0. Thus,
sign [e] F~' /()] = (—1)77".
Similarly, for ¢ < j, we have
sign [e;‘-FHF_lf’(Ti)] = (=1)",
Therefore, for i # j
sign (Q)y; = (—1)(=1) """ H(-1)"7 = 1.

It will be proved in Section 2.6.2 that the matrix G is negative definite. Let
us use the following statement (see Szegd, 1959): If matrix A is positive
definite and each of its off-diagonal elements is negative, then all of the
elements of the matrix A~' are positive. Since the matrix G is negative
definite and its off-diagonal elements are positive, then the matrix A = —G
possesses the required properties. Applying the above statement, we have
that all of the elements of the matrix G~! are negative.
Thus, we have derived the following result.

Lemma 2.4.1 If functions fi(x,z),i = 1,...,m,z € X,z € Z, are twice
continuously differentiable on X and form an ET-system of the first order
for any fized z € Z, the matriz G is invertible and all of the elements of
matriz G=1 are negative.

Let the conditions of Lemma 2.4.1 be satisfied. By Theorem 2.3.1, the
optimal design function 7(z) : Z — V is uniquely determined. Let L; stand
for the vector

a 82 S—u )
87%9(7'73) = <8Tiazj<,0(7, Z))i=1 s g=12,...,7
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By the Implicit Function Theorem, we have

’

T, =-G'L;. (2.32)

J

Thus, if all of the elements of vector L; are positive, then
(Tl(z));] <0,i=1,...,m—1;

that is, all of the coordinates of function 7(z) monotonously decrease with
respect to z;.

Let us introduce a class of regression functions for which all the unfixed
points of a locally D-optimal design monotonously depend on each parame-
ter. We will show further that this class contains the exponential models
considered in Section 2.2, as well as some rational models.

Consider a real function K(z,y), defined for (x,y) € X x X;, where X
and X; are intervals. Let function K(z,y) be an extended strictly positive
kernel of the m-th order (ESP(m)) along both variables. The corresponding
definition can be found in Karlin and Studden (1966, Chap. I).

Consider the regression function

k
n(x,0) = 0;K(z,0i1k), 0; #0,i=1,....k, m=2k.
i=1
Let the functions f;(z,0) = a%in(x,@), 1 = 1,...,m, for ©y =
Ors1s- s 00) = (21,...,20) T € Z C .’flf be real analytic.

By the definition of ESP(m) functions f;(z,z),i = 1,...,m (for fixed
O1) at any fixed z € Z form an ET-system. Therefore, the optimal design
function 7(z) is uniquely determined at z € Z.

Assume that for some point z(g) for z = 2y, 7 = 7(2(0)) the following
inequality is valid:

0%p(r, 2)

=1, —u, j=1,...,k 2.
87-7(82] > 07 1 ) 78 u7 .] ) 71{: ( 33)

Theorem 2.4.5 Under the above conditions, all of the components of the
vector function 7(z) decrease with respect to each of z1,. ..,z in a strictly
monotonous way.

Proof. By Lemma 2.4.1 and formula (2.32), it is sufficient to prove that

(1, 2)
I 50,i=1,....m—1,7=1,... k.
07;,0%; J
for any z € Z.
Let z1 < Zo < -+ < Z,. Set v = z; and consider the function

do(1,2)/07, (v =1,...,m—1) as a function of v under fixed z;, i = 1, ... k,
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i#j, x1,...,Zm—1. Denote this function by h(v). Note that the function
h(v) has second-order zeros at points z;, i # j,i = 1,...,k, since the de-
terminants corresponding to h(v) and h'(v) have common lines. Moreover,
h(z;) = 0. Since ¢™(7, z) equals

constdet (K (zj,21), KL(xj,21),. ..,
(2.34)
K(zj, 21), K (25, 28)) _y »

then the function A(v) has no more than 2k — 1 zeros (counting with their
multiplicities). Therefore, h/(Z;) # 0. The case that some Z; coincide with
one another can be processed in a similar way (here determinant (2.34) is
to be modified as is stated in the definition of the ESP kernel). Thus, the
functions

82
do not vanish. Since, by assumption, condition (2.33) is valid for z = z(),
it is valid for any z € Z. "

Consider two examples.
Example 2.4.1 Algebraic sum of simplest fractions.

Let

1
K(z,y) = Tty X C [0,00), X1 C [0,00).

It is known that such a function is an ESP kernel of any order (Karlin and
Studden 1966, Chap. I). The corresponding regression function takes the

form
k

0;
n(x,0) = ——— x € [0,00),
00) =3 e € [0.)
Oivr > 0,60, # 0, ¢ = 1,...,k. For corresponding basis functions
fi(z,0),i = 1,...,k, condition (2.33) can be verified directly. It can be
demonstrated also that condition A4 is satisfied. These models will be
thoroughly investigated in Chapter 5.

Example 2.4.2 Algebraic sum of exponential functions.

Let
K(x,y) = emy’ XcC (7003 OO); X C (700700)'

This function is an ESP kernel of any order [Karlin and Studden (1966,
Chap. I)]. The corresponding regression function takes the form

k
77(377 @) = Z 9i6_0i+km7
=1

0; £0,i=1,....k k
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2.5 Three-Parameter Logistic Distribution

Consider the function
aett8

n(t,a,B,7) = 11 B

It is called a three-parameter logistic distribution. By the substitution
x=e!, 0§ =aand 6y =7, §3 = e~ ? this function is reduced to

011‘02

n(z,0) = s + 202

(2.35)
which is called the Hill equation in microbiological studies (see Bezeau and
Endrenyi (1986)).

We will construct locally D-optimal designs for model (2.35) using the
functional approach described above.

Assume that x € [a,b], a > 0, 6 # 0, 65 > 0. By a direct calculation,
we obtain

det M (¢, ©) = 0163 det M (C, 03),

where
B x3 G = ti ta 13
B 1/3 1/3 13 )7 3 13 13 )7
a:l ,i=1,2,3,
M(Ce, 03) thz,eg (t:,03)/3,
t t tlnt \"
f(t’e)_<9—|—t’(9+t)2’(9+t)2) '
Set

z2=1/03,r=1,Q=0,00), ¥(z) = 25 N = {0}. (2.36)

Assumption Al follows here from the properties of elementary functions,
A2 and A3 follows from the results of Dette, Melas, and Wong (2004b). Tt
was also proved there that a locally D-optimal design has the type (0,2, 1)
and is unique. It can be also proved that A4 holds for the considered model.

Thus, due to Theorem 2.3.1, it follows that support points of locally
D-optimal designs are real analytic functions of z with z € [0, 1).

Let us consider the case [a, b] = [0, 1], 63 = 1. For arbitrary 0 < a < b, 6,
optimal designs can be calculated by a scale transformation. With 63 — oo
and z = é — 0, we obtain

2 2
1

d t2 (1.0 xy x5

det”(fi(w;,05)) — det? x1 T2 L) = Q1 22)

26
r1lnx; x9lnas 0
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and

* *
(@5(2)w3(2) > arg | _max _ Q(or,wa).

Thus, it is easy to calculate numerically that z3(0) = 0.15370 and z5(0) =
0.61680.

By the recurrent formulas (2.30) given in Section 2.4, we calculated the
Taylor coefficients with z) = 0. The first coefficients are represented in
Table 2.5.

Table 2.5: Coeflicients of the Taylor expansions for x; and x5 in a vicinity
of point z =0

0 1 2 3 4 5 6

z1 | 0.15370 | —0.09435 | 0.06747 | —0.05117 | 0.04089 | —0.03371 | 0.02845

z2 | 0.61680 | —0.20012 | 0.08251 | —0.03885 | 0.02085 | —0.01212 | 0.00754

Let £<p,~(2) be the design constructed by using n first coefficients and
let Z,, be the maximal z such that

maXxE[O,l] |d(z7£<n> (Z)) - 3| < 10757

(2.37)
A, ) = @) M1, 2)f (@),
where
) = PBBE) (e ) = M€ O(:)), O(:) = (1,1,1/2)".

Note that due to the Kiefer—-Wolfowitz equivalence theorem (see Section
1.5), a design satisfying condition (2.37) will be very close to a locally D-
optimal design. Numerical calculations show that z;g ~ 0.705 and Zzyy =
0.865.

In a similar way we constructed expansions of the vector function
7 (2) = (}(2),#3(2))" in a vicinity of point z(g) = 1 by degrees of (z — 1)
and (1/z—1). The corresponding coefficients are presented in Tables 2.6 and
2.7, respectively. It proves that for the first expansion with 20 coefficients,
the inequality (2.37) holds with 0 < z < 2.7. For the second expansion
with the same number of the coefficients, it holds for 0.6 < z < 13.8.

The behavior of the design points for 0 < z < 10 is presented in Figure
2.3. We used the first expansion for z < 1 and the second for 1 < z < 10
to construct Figure 2.3.

Note also that the efficiency of the limiting design (at the point zy = 0)
measured by the quantity

det M 1/3
1) = (i) €= = €O

proves to be very high with z <1 (63 > 1). This efficiency is presented in
Table 2.8.
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Table 2.6: Coeflicients of the Taylor expansions for x; and x5 in a vicinity
of point z =1 by degrees of (z — 1)

0 1 2 3 4 5 6
1 | 0.09723 | —0.03401 | 0.01308 | —0.00530 | 0.00222 | -0.00095 | 0.00041
x2 | 0.47233 | —0.10533 | 0.02743 | —0.00791 | 0.00245 | —0.00080 | 0.00027

Table 2.7: Coeflicients of the Taylor expansions for 7 and x5 in a vicinity
of point z = 1 by degrees of (1/z — 1)

0 1 2 3 4 5 6

x; | 0.09723 | 0.03401 | —0.02093 | 0.01314 | —0.00844 | 0.00555 | —0.00375
xo | 0.47233 | 0.10533 | —0.07790 | 0.05838 | —0.04431 | 0.03404 | —0.02647

0.8

0.6

¥

044 X

0.24

\L

AR S

Figure 2.3: The dependence of the support points x; and x5 on z

Table 2.8: Efficiency of designs £(0) and £(1) and the points of locally
D-optimal designs

z 0.2 0.4 0.6 0.8 1.0
o 0.13690 | 0.12387 | 0.11333 | 0.10460 | 0.09723
s 0.57956 | 0.54751 | 0.51043 [ 0.49456 | 0.47233

y 1/3
(%ﬁéo)))) 0.99343 | 0.97771 | 0.95681 | 0.93310 | 0.90801

1/3

det M (£(1),z
(Wé))) 0.94919 | 0.97468 | 0.98995 | 0.99774 | 1

At the same time, the minimal efficiency of the design £(1) = &«
with 0 < 2z < 1 is even more than that of {(0) = &;-(0) = &r,,; see Table
2.8. Moreover, numerical calculations show that the design §(2*) = {1+ (.-
with z* = 0.5 has a maximum of the minimal efficiency at the interval (0, 1]
among locally D-optimal designs at points z = 0.1,...,0.9,1. Its minimal
efficiency is equal to 0.981.
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Note that a maximin efficient D-optimal design that is the design max-
imizing the minimum by z € [0.1,1] of the efficiency among all (approx-
imate) designs, was constructed numerically in Dette, Melas, and Wong
(2004b). This design is very close to £(0.5) and has the minimal efficiency
0.982.

A similar calculation was performed for the interval [1,10] for z. It
showed that the design £(4), the best design among £(1), £(2),...,£(10), has
minimal efficiency 0.8407. The maximin efficient design calculated in Dette,
Melas and Wong (2004b) has four support points with unequal weights and
its minimal efficiency equals 0.885. However, for example, design £(1), the
locally optimal design for z=1, has the minimal efficiency 0.5430 on [1, 10].
This design is rather bad! It requires almost twice as many observations as
£(4) to achieve the same accuracy of the estimates of the parameters if the
true value of z equals 10.

Thus, we see that the approach allows very efficient calculation of locally
D-optimal designs and gives an opportunity to study their efficiency.

We conclude also that locally D-optimal designs could be very efficient
if the initial values are chosen in an optimal way inside given intervals of
possible values.

2.6 Appendix: Proofs

We begin with the proofs for the theorems of Section 2.4.

2.6.1 Proof of Theorems 2.4.2, 2.4.3, and 2.4.4

Proof of Theorem 2.4.2. Due to the necessary condition for an extremum
point, we have
%q(T, a,z) =0
with an arbitrary fixed z € Z and with 7 = 7 = 7(2) and a = @ = a(z, 7(2)).
Consider this vector equality at fixed z and arbitrary a and 7 as an
equation system that implicitly defines a function a(7). The Jacobian of
this system at the points (7,a) equals det D # 0. Therefore, by the Im-
plicit Function Theorem, in a vicinity of 7 there exists a unique continuous
vector function a(7) such that a(7) = a. This function is continuously
differentiable and
Oa(T)
or

=-D7'B.

T=T7

An immediate calculation now gives

82
(aT_ —aq(r,a(r), 2)
J 7
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For any fixed z € Z, we have

p(r,2) = ming(r,a,2) = g(7,a(r), 2),
aec

with 7 from a vicinity of 7 = 7(z).
Differentiating this equality twice by 7, we obtain

J(#(2),2) = J(7,2) = E—- B'D™'B.

Proof of Theorem 2.4.3. Let 7(z) be an arbitrary K — 1 times continu-
ously differentiable vector function in a vicinity of a point z(g), z() € R’,
7(2) = (11(2), ..., Tm—1(%)). Consider the following auxiliary result.

Lemma 2.6.1 Under condition (b) and with p =0 and ! = 0 the following
equalities are valid:

at
W [9 (<1>(2),2) — 9 (7(2),2)] 2=z, = 0,

fork>1 se€ S, wherel =1;,t=1,2,... , K — 1.
Proof of Lemma 2.6.1. At first, consider £ = 1. Since

0 0 / 0
ag (T(Z), Z) = 59(7—; Z)‘T:T(Z) X T (Z) + &Q(T, Z)|.,.:.,.(Z),

we obtain for t =1,..., K — 1:
ot
@g(T(z)vz”Z:Z(o)

at

G o' . .
+‘ Z 1m§(7(0),2(0))7i1(1)"'Tit(l)h!"'lt!,
V1yeenslt =

where the right-hand side depends only on 7(g), . . ., 7(4) and does not depend
ON T(441),- ... LTherefore,

ot ot
%Q (T(Z), Z) |z:z(0) = %9 (T(t) (Z)7 Z) |z:z(0)~
In the case k > 1, the proof is similar. "

Return to the proof of Theorem 2.4.3. Let k = 1 and [ = 0. Note that
on the right-hand side of (2.38), only the first term depends on 7(;, as the
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other ones depend only on 7(,, s < t—1. Since g(7*(2), 2z) = 0 in a vicinity

of 2(0)>
t

T 0z t9(7<t 1> (2), )|z 20 —t'J(o)T(t

For k > 1, [ # 0, the proof is similar. "
Proof of Theorem 2.4.4. At first, consider [ = 0. Note that
(g(T<I>(2),z))(S+u) = Z A(w)g 9(1<1>(2), Z)(v) (2.39)
wHv=s+u

for any collection of indexes I,

T<1>(2) = ZT(S)('Z — %(0))"-

sel

For w = u, vector s is the only vector v such that w+v = s+ u. Let
s € Sn, I =1I,,. Note that for w # u, any vector v such that w+v=s+u
belongs to set Sy, t < n — 1, from which it follows that the right-hand side
of (2.39) has the form

Y (Tzfn> (2), z) o

It can be verified by direct calculation that Ji,) = a(u)j(o). Therefore,
Theorem 2.4.4 is valid at [ = 0. For arbitrary [, its validity can be verified
by direct calculation. "

2.6.2 Proof of Theorem 2.3.1

Consider a vector function 7(2) = (71(2), ..., Fm-1(2))T, 7(2) : Z — R™~1
such that & with 7 = 7(z) is a saturated locally D-optimal design at
the point ©°" = (@?T, (q_l(z))T). This function should satisfy equation
(2.10) and due to the Implicit Function Theorem (Gunning and Rossi, 1965)
we need only to prove that the Jacobi matrix, J, is invertible. For this, it
will do to prove that matrix B is of full rank. Suppose, oppositely, that
it is not the case. Then there exists a vector d € R™ !, d # 0, such that
d” B = 0 and therefore

m

> A + £ @) fE)] do =0, (2.40)

s=2

i,j=1,...,m, (i,7) # (m,m), z* = 75_1(2), fi(x) := fi(z,2),i =1,....m,
s=1,....,m—1.
Note that (2.40) holds also for (i,j) = (m,m). In fact, since

£ = ( xy ... oxh_, b )
i 1/m ... 1/m 1/m
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is a saturated locally D-optimal design, we have

m

et M(2) = Y (A dy =0, (241)

ij=1

where d;j = (M~ (&:,2))ij, s=1,...,m—1.
Multiplying (2.40) by ds and summing the results, we obtain

> (Z (filw$) f5(x3)) ds> di; = 0.
1,7=1 \s=2
Substituting (2.40) in the above equation, we obtain
<Z (f2(x2)) ds> i = 0.
s=2
Since (M (&5, 2)) " is a positive definite matrix,
D = €1, (M(67,2)) e #0, €, = (0,...,0,1)",

and, thus, (2.40) holds for (4, j) = (m, m).
Define a vector v by the equality

fi(a7) fm(27)
T S DU IR R
VI = ) )
fi(z) fm(2)
Certainly, vT f(zf) =0,i=1,...,m — 1, and we obtain from (2.40) that

Due to assumption A1, we have ¢7 f’ () #0,s=1,...,m—1. There-
fore,
Lpya=0,t=1,...,m, (2.42)

, m—1
where a = (dSI/Tf (zﬁ)) ; L) is obtained from the matrix
s=1
(f,(x;)):';;nlfl by rejecting the ¢-th line. It follows from (2.45) that
det Ly = 0,t = 1,...,m, and it implies det (fl(x;"))znjzl
the last equality is impossible. "
Note that if fi(z),..., fm—1(z) generate a Chebyshev system on [a,b],
then we need not use (2.41) and the points z*i,i = 2, ..., m need not to be
support points of a locally D-optimal design in order for the matrix B be of
full rank. This remark will be needed in the following for the consideration
of MMEMS designs.

= 0. However,
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2.6.3 Proof of Theorem 2.2.3

Let us begin with the proof of part (I). A direct calculation shows that the
matrix J = J(0) is of the form

where

u=1(9)
= (1, 1)’
lile(TZ) R2(Ti),zf1,. ,m—1,
1-6 146

a m
Ri(fi) = 5 (det M(&r, Ay)) !
= (det M(&, Agy))) "

FEF A)) M (&, M) F (7, Agsy,
s=1,2, A(l) =(1-90)e, A(Q) = (1 +d)e.
Let us prove that [ # (0,...,0)T. Suppose, oppositely, that [ = (0,...,0)7.

With u = 4, from the definition of %, we have

9 o, 0) =0,

0
—d =0,2=1,... -1
5a -®(u,6)=0,i=1,....m

oT;

for u = 4. From the first equality we obtain

det M (&5, A(l)) _ det M (&5, A(z))
1-94 B 140

Due to other m — 1 equalities, we have

1 R Ri(7;)  Ra(f:) .
_ . — = =1,... — 1.
1+§Rz(Tz)+Oé{15 4o 0,1 se,m

Now, it follows from the supposition I = (0,...,0)7 that

3 @(T,A(S))ZO,iZI,...,m, s=1,2
Ti

with 7 = 7.
A direct calculation shows that

[«

1+

90(77/\(2)) = ( m

.
1= 0A)
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Therefore,
a . :
87__(,0(7',1\(1)):0,ZZL...,’ITL—L
z (h#, Agy) = 0, h = 20 5y 1 249
aTiQD T, m) =Y —1_6,1— seeey M .

However, in Melas (1978) it was proved that the equation system (2.43)
has a unique solution in the set V. The contradiction obtained proves that
1#(0,...,0)T.

Let us now study the matrix A. Similar to the proof of Theorem 2.4.2,
it can be proved that the matrix A has the form

A=E—aBlD;|Bu) — (1 —a)BlyDy) B,

1 (2
where E is a diagonal matrix, D(;) and D o) are positive definite, and a = &.
Repeating the arguments from the proof of Theorem 2.3.1, obtain that
the matrices B(;y and B(z) have full rank and (E)y; <0,i=1,...,m — 1.
Therefore the matrix A is negative definite and invertible.
Now, we have

det J = —1T Al # 0.

Now, assertion (I) of Theorem 2.2.3 follows from Theorem 2.4.1.

Let us prove part (IT). From the general equivalence theorem for max-
imin efficient designs (see Dette, Haines and Imhof (2003) or Miiller and
Pazman (1998)) it follows that the MMEMS design &; is MME design
among all approximate designs if and only if the two following conditions
are satisfied:

af(z, Ay)) M~ (&, Ay) f(2, Ay)

+(1 = Q) FT (2, M) ) M (&, M) f (2, A)) <m

(2.44)

with 2 > 0, where A1y = (1 —d)c, Ay = (1 +d)c, and 7 = 7(J), and

Agg%)(ﬂ A) = min aQ(mAw) + (1 - )T Aw), (2.45)

where
Q(Ta A) = 50(7—7 A)/SD(T* (A)v A)

In a vicinity of A = ¢ let LDMS designs be locally D-optimal among all
approximate designs. Then, due to the standard continuity arguments,
inequality (2.44) holds for sufficiently small ¢.

In order to prove (2.45), we will need the following auxiliary result.

Lemma 2.6.2 Consider a general function o : V xQ — R, where V C R®
and Q C RF are open sets.
Suppose that the following assumptions are satisfied:
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(al) The function ¢ is positive and twice continuously differentiable.
(a2) For any A € Q, the equation
g(m A) =0,
T

where g(7,A) = (aincp(ﬂ A), ..., %QD(T, A)) possess a unique solu-

tion 7 = 7*(A).
(a8) For all A € Q, the matriz

K =BTJ(\)B,

where

consists of negative elements.

Let Q = Q(6), where
Q((S)Z {A’AZ()\l,...,)\k),(l—é)Ci S)\IS (1+(5)Ci,i:1,...,k},

0<d<1, and
Q(1,A) = (7, A) /(7" (A), A).
Then for T sufficiently close to 7*(A)

Jin Q(1,A) = oDin, a(Q(7, Ar)) + (1 = )Q(7, A2)),

where Ay = (1 =90)c, Aigy = (14 d)c.

Proof of the lemma. The proof is similar to that of Proposition Al in
Dette, Melas and Pepelyshev (2003). A direct calculation shows that

8 *
ox, AT () A) = 5-p(m A) o
. o ; (2.46)
FY g | o)
J=1 T=7*(A)
i=1,2,... k.
Due to assumption (a2), we obtain that
9? 92
aAia)\J SO(T ( )’ ) 5)\25'/\] <‘0(T’ )tau:T*(A)
s (92 5 5
+u;1 7,07, QP(T, ) rau=tau* (A a)\l’ru( )8)\J TU( )7
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i,j=1,...,k.
Now, it is easy to calculate
62
a)\iaAj Q(T, A) = Qlij (7'7 A)+ Q2i]‘ (7’, A),

where Q1;;(7, A) is such that Qq;;(7*(A),A) =0,

<6A?2A»“’(T’ A)) HA) = e(m Mg 6)\ o, ] /H2

and the above formulas it follows that the matrix

( e k
QT A))
8)\16)\j i,j=1
is equal to K.

Since all elements of this matrix are negative by assumption (a3), the
minimum of Q(7,A) by A € Q(0) is achieved at the set {A(), Az} for
sufficiently small 6 and with 7 sufficiently close to 7*(A). This is equivalent
to the assertion of the lemma. "

T=71*(A)

Now, let

1/m

We can assume that the function in the points A with A\; = A; for some
1 # j is codetermined with preserving the continuity (it can be done due
to the discussion in Section 2.2).

Condition (al) is evidently satisfied for this function and conditions (a2)
and (a3) are proved in Melas (1978).

Thus, due to Lemma 2.6.2 for the function ¢(7, A) determined by (2.48)
condition (2.45) takes place for sufficiently small §. This completes the
proof of part (II) of Theorem 2.2.3.



Chapter 3

Polynomial Models

Here, we study eg-optimal designs (i.e., designs to be optimal for individual
coefficients) and F-optimal designs in polynomial regression models.

On the basis of the functional approach, a full analytical solution is ob-
tained for eg-optimal designs on arbitrary intervals and E-optimal designs
on symmetrical segments of arbitrary length.

3.1 Introduction

The present chapter is devoted to constructing and studying optimal designs
for polynomial regression models on arbitrary intervals on the basis of the
functional approach. Here, we will demonstrate some peculiarities of the
approach for criteria different from D-criterion.

We will study eg-optimal designs (i.e., designs optimal for estimating
individual coeflicients) as well as E-optimal designs. The results seem to
be rather completed.

Polynomial models are the classical tool for approximating dependen-
cies of different kinds to be experimentally studied. These models possess a
great universality and applicability. They remain actual in spite of various
alternatives, elaborated in the last years, such as rational models, spline
functions, wavelet models, and exponential and other nonlinear (by para-
meters) regression models.

Basic results for optimal designs for the polynomial models can be
found in Karlin and Studden (1966), Fedorov (1972), Pukelsheim (1993). A
great number of articles are also devoted to such optimal designs (see, e.g.,
Studden (1980a), Pukeisheim and Torsney (1991), Dette (1993), Heiligers
(1994), Huang, Chang, and Wong (1995), Lopez-Fedalgo and Rodriquez-
Diez (2004) among many others). However, if we consider the three popular
criteria: D-, c-, and E-optimality we discover that only for D-criterion, the
problem is completely solved (under the condition that the observation er-

71
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rors are uncorrelated and their variances are either the same or described
by one of the standard weight functions).

The presence of a simple and complete solution in this case caused by
the invariance of the problem with respect to shift and scale transformations
(the support points of the D-optimal designs can be received by the same
shift and scale transformation). On the standard design interval [—1, 1] the
problem of D-optimal designs is reduced to that of maximization of the
corresponding Wandermonde determinants. The last problem was solved
in view of other purposes in the 19th century by Stilties (see, Karlin and
Studden (1966, Chap. X)).

The problem of c-optimal designs, (i.e., the designs minimizing the vari-
ance of a given linear combination of parameters) was studied mainly for
the case of estimating individual coefficients (Studden, 1968; Sahm, 1998;
Dette, Melas, and Pepelyshev, 2004b). A full solution of the problem for
this case was obtained in the last of these papers with the help of the
functional approach. This solution will be presented in the next section.

The substantial difference of this case from the case of the D-criterion
consists of the following. The eg-optimal designs nontrivially depend on
a parameter (equal to the ratio of the origin of the design interval to its
length) and can be of different types. The application of the functional
approach allows one to study this dependence.

E-Optimal designs have a similar peculiarity, but they are even more
difficult for the study. An E-optimal design is defined as a design maxi-
mizing the minimal eigenvalue of the information matrix. Also, the form
of E-optimal designs depends substantially on the multiplicity of this value
(see Melas, 1995).

The first to consider F-optimal designs for the general polynomial model
was Kovrigin (see Kovrigin (1980); unfortunately only an abstract of his
work was published in English). In that paper E-optimal designs were con-
structed for the standard design interval [—1,1]. This result in a slightly
more general form (truncated E-optimal designs were also considered) was
rediscovered in Pukelsheim and Studden (1993). In Heiligers (1991), E-
optimal designs were constructed for rather small symmetrical intervals and
segments lying on the nonnegative or nonpositive semiaxis. A generaliza-
tion of these results for heteroscedastic models can be found in Dette (1993)
and Heiligers (1994). In all of the cases, mentioned above, support points
of F-optimal design are extremal points of the polynomial least deviated
from zero on the corresponding interval. These points can be received from
extremal points of the Chebyshev polynomial of the first kind by the shift
and scale transformations. Such designs naturally can be called Chebyshev
designs. However, Chebyshev designs are the solution of the problem only
if its information matrix have multiplicity one or is a limit of such matri-
ces (Melas, 1995). Even, in the case of rather large symmetrical intervals
Chebyshev designs can not be E-optimal (Heiligers, 1991). Methods of con-
structing non-Chebyshev F-optimal designs were elaborated in Melas and
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Krylova (1998) and Melas (2000) on the basis of the functional approach.
Sections 3.3 and 3.4 are devoted to the elaboration of these methods.

3.2 Designs for Individual Coefficients

Individual coefficients in the polynomial model n(t,0) = >_." , 6;t* are pro-
portional to derivatives of the regression function at the point ¢t = 0: 6y =
1(0,0), 61 = (0,0), and 6> = 11" (0,0), ..., 1 = n™D(0,0)/(m—1)!.
At least the first and second derivative have the natural interpretation as
velocity and acceleration. By this reason, estimating of individual coef-
ficients can be of certain practical value. A more detailed discussion on
this question can be found in Sahm (1998). The theoretical interest in the
problem was caused, particularly, by the fact that the information matrix
of optimal design can be singular.

The main peculiarity of the application of the functional approach in
this case is the necessity of a joint study of the direct and the dual prob-
lems. Both problems are incorporated in the minimax representation of the
criterion. In the present section we will introduce and study an equation
system that determines solutions of both problems as implicit functions of
the value (a +b)/(b— a), where a and b are the bounds of the design inter-
val. It will be shown that the function can be expanded into a Taylor series
using general recurrent formulas introduced in Section 2.4. Also, it will
be shown through examples that these expansions allow one to calculate
optimal designs with a high precision®.

3.2.1 Statement of the problem

Consider the homoscedastic polynomial model
d i
Ely(t)] = BT f(t) = X1, Bit,
Var[y|t] = 02 > 0,

where the variable t belongs to the compact design interval [a,b] (—oo <
a<b<oo),B=(B,...,0,)T is the vector of unknown parameters, and
ft) = (1,t,...,t)T — the vector of basic regression functions; results of
different observations assumed uncorrelated.

As in the previous chapter, we will call (approximate) experimental
design a discrete probability measure

t1 ... tn
= |

w1 ... Wp
*In this section materials (theorems, tables, and figures) are taken from Dette H.,
Melas, V.B., Pepelyshev, A.N. (2004b). Optimal designs for estimating individual coef-

ficients in polynomial regression — a functional approach. J. Statist. Plan. Inference,
118, 201-219. (©2002 Elsevier B.V. with permission of Elsevier Publisher.
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where t; # t; (i # j) are observation points and w; > 0, >." | w; = 1 are
weight coefficients. As in Chapters 1 and 2, by M(£) we will denote the

information matrix .
= Zf(tz)fT(t Jw
i=1

As the criterion of optimality we will use the value
el M~ (&)ex, e, € range M ()
P(§) = .
0, otherwise,

= ,m, where A~ denotes a generalized inverse for A and e; =
0 0)T7..., =(0,0,...,0,1)7.

A de51gn will be called eg-optimal if it minimizes ®(§) in the class of
all approximate designs. Note that ®4(£) equals the variance of the best
linear unbiased estimator of Gj.

k
(1,

3.2.2 ¢-Optimal designs

In this section, we briefly review the known results about ep-optimal de-
signs that form the basis for our analytic approach in the following section.
Because the cases k = 0 (estimation of the intercept) and k = d (estima-
tion of the highest coefficient) are well known (see, e.g., Sahm (1998) or
Studden (1980a)), we restrict ourselves to the case 1 < k < d — 1. Sahm
(1998) introduced the sets

Ai = (—Vi—pt1-isVig1), 1=0,...,d—k,
Byi=—By; =[vi,pi], i=1,...,d—k, (3.1)
Ci = (pi» —pa—k+1-i), i=1,....,d—F,
where vy_41 = 00 and 11 < g < --- < y4_j are the roots of the k-th
derivative of the polynomial
(x +1)Ug-1(x) (3.2)

and U;(z) = sin((j + 1) arccos )/ sin(arccos ) is the j-th Chebyshev poly-
nomial of the second kind. The points p; are obtained from these roots via
the transformation

1 — cos(w/d)

i =vi + (1 +v)————.
pi=vit( +V)1+cos(7r/d)

Note that the union of these sets defines a partition of the real axis and

Sahm (1998) proved that the location of the parameter s* = Zf—g determines
the structure of the optimal design as follows. If

d—k
st e U AZ‘,
1=0
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the eg-optimal design is supported at d + 1 points, including the boundary
points a and b. If

d—k
st e U Blﬂ‘,
=1

the optimal design for estimating the parameter Sy is supported at d points,
including the boundary point a, and the case

d—k
st e U B2,i
=1

is essentially obtained by symmetry arguments interchanging the role of
a and b. In these cases, the eg-optimal design can be described explicitly
in terms of transformed Chebyshev points ¢; = cos(nj/d) and we refer to
Sahm (1998) for more details. In the remaining case,

d—k
ste ]G, (3.3)
=1

the situation is substantially more difficult. Here, the design is supported at
d points including both boundary points of the design space but an explicit
representation of the weights and support points is not available. Sahm
(1998) characterized the solution for this case by a constrained optimization
problem, which is difficult to use for the numerical construction of the
optimal design. Additionally, he proved the existence of points

;LZ-GCZ-, izl,...,d—k7 (34)

for which the solution of the design problem can be found explicitly. The
points p; are the zeros of the k-th derivative of the polynomial

(22 — 1)Uy_o(x), (3.5)

and for s* = u;, the egx-optimal design is obtained as the optimal design
for estimating fx in a polynomial regression of degree d — 1, where the case
s* e U?;(;C_lAi is applicable (see Section 3.2.3 for more details). Further, we
will propose an analytic approach that allows the (numerical) determination
in all cases specified by (3.3) and, therefore, closes the final gap in the

solution of the eg-optimal design problem on arbitrary intervals.

3.2.3 Analytical properties of ¢;-optimal designs

Throughout this section we restrict ourselves to the (unsolved) case (3.3).
In this case, as it was mentioned above, the optimal design is of the form

52:( ayth, ...t b ) (3.6)

* * * *
W, Wy, Wy, Wy
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If a is fixed and we vary b such that (2.3) is satisfied, the weights and
support points in (3.1) are functions of the right boundary point b, (i.e.,
tr=1ti(b),j=2,...,d =1, w; = wi(b)and j = 1,...,d). We collect the
information given by the ej-optimal design &; in the vector

T = T*(b) - (t;(b)a cee th—l(b)7w;(b)v cee 7w;(b)) (37)

and note that this function is well defined due to the uniqueness of the
er-optimal design & in (3.1) for 1 < k < d (see Sahm (1998)). Note that
formally the optimality criterion (1.3) could be considered as a function of
nontrivial weights and support points

T:(tg,...,td_l,wg,...,wd)7 (38)

where the points ¢; and w; correspond to the support points and weights of
a design of the form (3.1), and the optimal design is implicitly determined
as a solution of the equations

0

aTq)k =0.
However, a direct differentiation of the optimality criterion with respect to
support points and weights seems to be intractable due to the singularity
of the corresponding information matrix of the d-point design. In order
to circumvent this problem, we will relate the design problem to a dual
extremal problem for polynomials. This duality is used to derive a necessary
and sufficient condition for the parameters of the design and the coefficients
of the extremal polynomial by differentiating an appropriate function. We
begin with a slightly different formulation of the equivalence theorem for
er-optimal designs than is usually stated in the literature (for a proof of
the following lemma, see, e.g., Pukelsheim (1993)).

Lemma 3.2.1 Let fi(t) = (1,t,...,tF=L 81 DT denote the vector
obtained from f(t) = (1,t,....tHT by omitting the monomial t*. A design
& is eg-optimal on the interval [a,b] if and only if there exist a positive
number hy, and a vector ¢* € RY such that the polynomial py(t) = t* —
fE(t)q* satisfies the following conditions:

(1) hgpi(t) <1 VY t€ la,b],
(2) supp (&) C {t € [a,b] | hipi(t) = 1},
(3) [ pe(t) fr(t)déi(t) =0 € RY.

Moreover, in this case, hy = ®(&5). The polynomial py(t) is called an
extremal polynomial.



3.2. DESIGNS FOR INDIVIDUAL COEFFICIENTS 7

Throughout this section let

T= {(tg,...,td_l,wg,...,wd)T|a<t1 << tgog < by
(3.9)
w; > 0; Z;-l:2wj < 1}

define for any 7 € T the design &, by

g-,— _ ( a tl td—l b >’ (310)

w1 w2 ... Wg_1 wq
where w; =1 —ijz wj, and a vector dg € R for ¢ € R? by the equation
[Tty =t* = [ (g (¢ €RY). (3.11)
For any 7 € T, we will consider the function
o(q,7,b) = df M(&;)d,. (3.12)

It is well known (see Karlin and Studden (1966) or Pukelsheim (1993)) that
the optimal design &, « satisfies a saddle point characterization; that is,

¢ Hg*, 7,b) = min e max,epa (g, 7, b)

(3.13)
_ : -1
= MaXgege Minrer (¢, 7, b).
Here, the vector ¢* is the optimal solution of the extremal problem
inf sup |z* — fF(2)ql, (3.14)

q€R? 1clq,b]

and the saddle point is unique, because the extremal polynomial py(z) =
zk— f,? (z)g* must attain its extremal values at the support points of the ey-
optimal design &}, which is unique whenever 1 < k < d. Note that formally
the minimum has to be taken over the set of all vectors 7 € T such that
ey is estimable by the design &, i.e., e € Range(M (&;)). However, it is
straightforward to see that in the case e ¢ Range(M(&;)), we have

1 o
max ¢ (¢, 7,b) = 00

(see also Studden (1968)). Consequently, the optimization over the slightly
larger set T in (3.9) will yield a solution 7*,¢* such that ey is estimable
by the design &,«, even if this restriction is not incorporated in the defini-
tion of the set T. The following result is an immediate consequence of this
discussion and its proof is therefore omitted.
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Lemma 3.2.2 The design &+ is ex-optimal and the vector g* corresponds
to the solution of the generalized Chebyshev problem (3.14) if and only if
the point (¢*,7*) € R% x T is the unique solution of the system

0
gw(qa T, b) = 07

(3.15)
aiqsp(q7 7, b) =0
in the set of all pairs (q,7) € R? x T such that ey, is estimable by the design
& and such that

dEfO))? = =" fu®)? < dEM(&)d,  for all t€[a,b] .

Here, %g@ and a%ga denote the gradient of ¢ with respect to T € T and
g € R, respectively.

Lemma 3.2.2 determines a vector differential equation, which implicitly
determines 7*, ¢* as a vector-valued function of the boundary point b such
that (3.3) is satisfied (where the left boundary of the design space has
been fixed). In the following discussion, we will show that the Jacobian
matrix of equation (3.15) is nonsingular, which allows the application of
the Implicit Function Theorem to study the functions 7*(b) and ¢*(b) as
analytic functions of the right boundary b such that (2.3) is satisfied. To
this end, define

@ = (@1, e Gg(d_l)) - (quTT)a
(3.16)
©*(b) = (¢ (b), 7 (b))

as the vector containing the parameters of the eg-optimal design and the
coefficients of the solution of the corresponding Chebyshev problem and

?(0,b) = ¢(q,7,b);

then the basic equation (3.15) can be rewritten as

0
—@(0,b) =0 € R34, 3.17
A P(0,h) (317)
Theorem 3.2.1 For any fized a € R, define a function s : (a,00) — R by
(a+0b)

O =)

and B; = s~(C;); then the components of the function

UrB, — R364-D
o : =
b - O%(b)
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are real analytic functions. Moreover, the vector function ©* is a solution
of the system

G(O(b),b) - ©'(b) = Q(O(b),b) (3.18)
with initial conditions
O(bo) = ©"(bo), (3.19)

where by is any arbitrary point such that (3.3) is satisfied for sy = s(bg)
and the functions G and Q are defined by

0* 3(d-1)
6.5 = (55.99.7©@:0),_, - (3.20)
92 3(d—1)
QO.0) = (F55.20:0) _, (3:21)
Proof. We will prove that the Jacobi matrix
J(b) = G(0*(b),b) € R3@-1x3(d=1) (3.22)

is nonsingular. The assertion of Theorem 3.2.1 then follows by a straight-
forward application of the Implicit Function Theorem (see, e.g., Gunning
and Rossi (1965)). For this Jacobi matrix, we obtain the representation

D BT BT
J=Jb)=2| By E 0 , (3.23)

By, 0 0

where A_ denotes the 3(d — 1) x 3(d — 1) matrix obtained from A €
RB4-2)x(34=2) 1y deleting the (k + 1)-st row and (k + 1)-st column. The
matrices D, By, Bo, and E in (3.23) are defined as follows (¢} = a,t; = b):

D = M(&,+) € Ré+1x(d+1)
BT = (w3 f'(t5) - L £(25), iy /() - dEF(E L))
e(wsf(t), —wi f(E5), - (“1) iy £ (E5) )
BE = (B £(t3)- {£(63) = FD)},- o dB £(83) - {£(63) = F(4D)})
= c(f(t) = FED), (D) = FEDM -, (DU - FEDY),

E = diag (wsdl f(£5) - dT. 1" (13), ... wi_ydif () - dyf"(t ) )

= diag (wsp" (t3)p(t5), wip" (E)p(65), . Wiy P (i) P(ti) )
(3.24)
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where ¢ = A®1/2(¢,..), A € {—1,1} is a fixed constant, and the polyno-
mial p is defined by p(t) = d[. f(t) (all other entries in the matrix J are 0).
The Jacobi matrix J in (3.23) is essentially obtained by direct differentia-
tion and the properties of the extremal polynomial p(t) = d_. f(t) presented
in Lemma 3.2.1. For example, consider the calculation of the matrix BY
and let I_ € R¥*1X4 denote the identity matrix with the deleted (k4 1)-st
column. We obtain, by straightforward calculation,

Py 0

_ T
g~ o M) da

=217 (wj+1quf'(tj+1) f(tj) Fwjpady f(tjn) - f’(fj+1))

d—2

Jj=1

Now, for ¢ = ¢*, we have p(t;) = dL f(t}) = A(=1)Y0712(¢0) (5 =
2,...,d) for some A € {—1,1}. This follows from Lemma 3.2.1, which shows
that p is equioscillating and implies p'(t}) = di. f' (t7) = 0. Consequently,
we obtain

d—2

(17w ) s

2-A
®,/(¢,)

which proves the representation of the block BY in (3.23). The other cases
are treated similarly and left to the reader.

On the basis of the representation (3.23), the proof of the nonsingularity
of the Jacobi matrix J(b) is straightforward. Note that the matrix D_ is
non-negative definite, because it is obtained from the non-negative definite
matrix M (&,+) by deleting the (k+1)-st row and column. Similarly, the ma-
trix E defined in (3.24) is negative definite, which follows, because it essen-
tially contains the second derivatives p”(¢;) (i = 2,...,d—1) of the extremal
polynomial p(t) = t* — fI'(t)q* specified in Lemma 3.2.1. To be precise,
we note that the results of Sahm (1998) show that for the case b = p;, this
polynomial is of degree d — 1 whereas in the case b € C;\{;}, the polyno-
mial is of degree d with one extremum outside the interval [a, b]. A careful
counting of the multiplicities of the zeros of the polynomial ®(&,+)p?(t) — 1
shows

B =

p'(t) = di f"(t:) #0, i=2,....d—1. (3.25)

Moreover, by the oscillating property of the extremal polynomial, the
second derivative must alternate in sign, yielding p”(t;)p(t;) < 0 (i =
2,...,d — 1), and the definition of the matrix E in (3.24) shows that this
matrix has negative diagonal elements.

From these auxiliary results, it follows that the matrix

D_—-BTE™'B

is positive definite, where Bf denotes the matrix obtained from BT by
deleting the (k + 1)-st row. Similarly, let B be obtained from BZ by
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deleting the (k + 1)-st row, then it follows by the Frobenius formula (see,
e.g., Fedorov (1972)) and the representation (3.23) that det J(b) is equal to

D Bl BY
det | By E 0
By, 0 0
D_ BT D_ BT\ [ BF
—det( 5 B )-det{(32|0)< 5 e > ( ; )}
= —det E-det(D_ — BFE™'By) - det{By(D_ — BIE~'B,)"*Bl}.
(3.26)
Now, the matrix 32 is of rank d — 1 (because of the Chebyshev property
of the polynomials 1, x, r%) and the matrix D_ — BTE 1B, is positive

definite by the preceding dlSCUbSIOH Consequently, all determinants in
(3.26) are different from zero, which proves the nonsingularity of the Jacobi
matrix J(b). n

Theorem 3.2.2 Let by € B; = s~ 1(C;) for somei=1,...,d -k, and ©*
be the function defined in Theorem 3.2.1; then the coefficients in the Taylor
exrpansion

0" (b) = ©*(bo) + Y _ O (4, bo) (b — bo)’
j=1

in a neighborhood of the point by can be obtained recursively by the formulas

_ﬁJ (bo)(jb)mrl (O (0),0)| . (3.27)

=00

@*(n + 1,b0) =

where n =0,1,2,..., the polynomial @’(ks) of degree s* is defined by

O{,)(b) = ©7(bo) + > ©" (4, bo) (b — bo)’,

=1

and the function g is given by

9(0,0) = 55%(0,0) lo_s - (3.28)

%S@

This theorem is a particular case of Theorem 2.4.3.
In general, Theorems 3.2.1 and 3.2.2 show that for any by such that
(3.3) is satisfied, the functions

b t5(b), j=2,...,d—1,
wi b —wi(b), j=2,...,d,
G b—=qi(d), j=1,....d
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(here q; denotes the j-th component of the vector of coefficients ¢* of the
extremal polynomial) can be expanded into a Taylor series in a neighbor-
hood of the point byg. The coefficients of these expansions can be directly
computed from the recurrence formulas (3.27) and, therefore, the remaining
case in the optimal design problem for estimating the individual coefficients
in a polynomial regression on an arbitrary interval can be easily solved nu-
merically if we are able to find a point by such that (3.2) is satisfied and for
which the solution of the eg-optimal design problem is known. But such
a point has been identified by Sahm (1998), who showed that there exist
d — k points
pim s = e i1, d—k

a—bq;

such that the optimal design for estimating the parameter (; is supported
at the d Chebyshev points

« _bi—a j—l .
t5(bi) = 5 {cos(d_17r>—ul}, j=1,....,d, (3.29)

with weights

Sh_o(d— £ — Dyecos(LEm et Y ()

O ()

j=1,...,d, where yg = y4-1 = 1/2(d—1),v; =1/(d-1), j=1,...,d=2,
and C’f{\)(x) denotes the n-th ultraspherical polynomial (see, e.g., Szegd
(1959)). Moreover, the points p; (or, equivalently, b;) are determined as
the zeros of the polynomial in (3.5). For this reason, we are able to find
in each interval s~1(C;) a Taylor expansion for the weights and support
points of the ej-optimal design, which is based on the location b; = s~ (u;)
(i = 1,...,d — k). This technique provides a numerical solution for the
open design problem and will be illustrated in the following subsection.
We finally remark that the Taylor expansion is not necessarily valid on
the whole interval B;. From a theoretical point of view, it is possible that
further expansions have to be performed in order to cover the whole range
of B;. However, in all of our numerical examples only one expansion was
sufficient (although we cannot prove this in general).

wi(bi) = 271 ;o (3.30)

3.2.4 A numerical example

Consider the case d = 4. We are interested in the estimation of the coeffi-
cient of (41, 02, and (B3 in the case that cannot be treated by the results of
Sahm (1998). We concentrate on the case a = —1 and vary the parameter b,
which corresponds to the situation considered in Section 3.2.3. The general
case can be reduced to this case by an appropriate scaling of the symmetry
parameter s* = s(b) = (a +b)/(a — b).
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(a) If k = 3, we have one critical interval for the symmetry parameter s*
given by
Cy = (p1,—p1) = (—0.1213,0.1213),

and p; = 0, which corresponds in the b scale to the interval
By = s71(Cy) = (0.7836,1.2761) (3.31)

and b; = s71(0) = 1. The first six coefficients in the Taylor expan-
sion for the coefficients of the extremal polynomial, interior support
points and weights are listed in Table 3.1 and are calculated by the
procedure described at the end of Section 3.2.3 using the recursive
relation (3.27). For example, if b = 1.2, we obtain for the es-optimal
design on the interval [—1,1.2],

. < -1 —0.595 0.395 1.2 >
53:

0.239 0.412 0.261 0.088
and the extremal polynomial is given by
p3(t) =t — 0.654t* + 0.685t% — 0.808¢ — 0.134.

Similarly, the optimal design for estimating the coefficient of x> on
the interval [—1,0.9] is given by

¢ = -1 —0.406 0.506 0.9
370121 0290 0.379 0.210

and the extremal polynomial is

ps3(t) = t3 4+ 0.426t* — 0.333t% — 0.650t + 0.052.

The corresponding weights and support points are displayed in Fig-
ures 3.1 and 3.2 for a parameter b running continuously through the
interval (—1,00). Note that this covers all cases in (3.1) and that the
structure of the design changes four times.

In order to investigate the efficiency of the determined designs, we
use a lower bound for the efficiency derived in Dette (1996). For the
situation of eg-optimality, this bound is given by

(er M~ (&5)er) "
supe (e, M~ (§)ex) !

eff(§3) =
(3.32)

1
>
SUPte[—1,0] V hslt3 — f5 (t)q|

with h3 = el M~ (&5)e3. We obtain for the cases b= 1.2 and b = 0.9
the lower bounds 0.975 and 0.997, respectively, which demonstrates
that the designs determined numerically by the Taylor expansion are
nearly the optimal ones.
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Table 3.1: First six coefficients of the Taylor expansions of the coefficients
of the extremal polynomial 3 + ¢}t* + ¢5t2 + g3t + ¢} the interior support
points t5 and t5 and weights w3, w3, and wj of the ez-optimal design
in a polynomial regression of degree 4 on the interval [—1,b], where b €
(0.8836,1.2761). The center of the expansion is b; = 1.

0 1 2 3 4 5
a1 0.0000 | —0.6250 | —0.6250 5.4688 0.0000 —87.2500
g> | —0.7500 | —0.7500 2.5625 0.0000 —8.0000 8.0000

a3 0.0000 3.5000 0.0000 | —18.0000 18.0000 314.5000
a1 0.0000 | —4.0000 4.0000 13.0000 | —30.0000 | —217.2500
t3 | —0.5000 | —0.7500 2.0000 —1.0000 | —15.5000 23.7500
t3 0.5000 | —0.2500 | —2.0000 1.0000 15.5000 —23.7500
ws 0.3333 0.4444 | —0.0741 —2.2099 1.4053 26.1485
w3 0.3333 | —0.4444 0.3704 1.9136 —5.0021 —18.6588
w} 0.1667 | —0.4444 0.0741 2.2099 —1.4053 —26.1485

paints.

A\

~
4w

P
m
.

A1 Az As Bq

Figure 3.1: Support points of es-optimal designs for the cubic regression
model

weights
0.5
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81 B2 B3 By

Figure 3.2: Weight coefficients of es-optimal designs for the cubic regression
model

(b) If k = 2, we have two critical intervals for the symmetry parameter
s* given by

Cy = (—0.5687, —0.1213), C, = (0.1213,0.5687),
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and the specific points (where the solution is known) are p; =
—0.4564andps = 0.4564. This corresponds to the intervals

By = s~1(Cy) = (1.9677,3.6374),
(3.33)
By = s~ 1(Cy) = (0.2749, 0.5082)

and the points by = s71(u1) = 2.679%4andby = s~ (ug) = 0.3732 for
the parameter b, which can be used for the Taylor expansion in the
respective intervals. The corresponding support points and weights
are depicted in Figures 3.3 and 3.4, where the parameter b runs con-
tinuously through the interval (—1, 00). Note that this covers all cases
in (3.1) and that the structure of the design changes eight times.

For example, if b = 2.2, the optimal design for estimating the para-
meter (3 on the interval [—1,2.2] is

% -1 0.109 1.582 2.2
52:( )

0.217 0.415 0.283 0.085
and the extremal polynomial is given by

pa(t) = —0.498 — 0.217¢ + t* + 0.061t> — 0.194¢* .
The es-optimal design on the interval [—1,0.45] is given by

e = -1 —-0.716 —0.044 0.45
27\ 0083 0280 0417 0.220

and the extremal polynomial is given by
p2(t) = —0.103 + 0.090¢ + ¢* + 0.010¢* — 0.902¢*

(note that for b = 0.45, we have s* = 11/29, which corresponds to
the case b € Bg). The corresponding lower bounds in (3.32) for the
efficiencies are given by 0.9906 in the case b = 2.2 and 0.9745 for
b=0.45.

For the sake of completeness, the first coefficients of the corresponding
expansions are listed in Tables 3.2 and 3.3.

If £ = 3, the critical intervals for the symmetry parameter are given
by
Cy = (—0.8504, —0.6925),

Cy = (—0.2060, 0.2060),
C5 = (0.6925,0.8504)

and the specific points (for which the solution is known) are 1 =
0.7906, ue = 0, and p3z = 0.7906, respectively. This gives in the bscale



86 CHAPTER 3. POLYNOMIAL MODELS

points
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Figure 3.3: Support points of es-optimal designs for the cubic regression
model

weights
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Figure 3.4: Weight coefficients of ex-optimal designs for the cubic regression
model

Table 3.2: First six coefficients of the Taylor expansions of the coefficients
of the extremal polynomial t? + gjt* + ¢5t3 + ¢5t + ¢; and the interior
support points ¢35 and ti and weights w3, w3,and w) of the es-optimal
design in a polynomial regression of degree 4 on the interval [—1,b], where
b € (1.9677,3.6374). The center of the expansion is by &~ 2.6794.

0 1 2 3 4 5

gi | —0.6111 | —0.0837 0.2284 | —0.2006 | —0.0144 0.1035
a4 0.1679 0.6556 | —0.3245 | —0.1527 | —0.0306 0.5245
g3 | —0.3970 | —0.6202 0.4635 | —0.0246 | —0.0262 | —0.3029
g1 0.0000 0.2550 | —0.2492 0.0956 | —0.0232 0.0922
t; | —0.0801 | —0.2936 0.2332 0.0121 | —0.1175 | —0.0640
t3 1.7596 0.2064 | —0.4092 | —0.0212 0.3126 0.0944
w5 0.4550 0.0679 | —0.0338 | —0.0097 | —0.0004 0.0283
w3 0.2116 | —0.1159 0.0804 0.0117 | —0.0308 | —0.0320
wy 0.0450 | —0.0679 0.0338 0.0097 0.0004 | —0.0283
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Table 3.3: First six coefficients of the Taylor expansions of the coefficients
of the extremal polynomial t? + ¢jt* + ¢5t3 + ¢t + ¢; and the interior
support points ¢35 and ¢ and weights w3, w3,and w} of the es-optimal
design in a polynomial regression of degree 4 on the interval [—1, ], where
b € (0.2749,0.5082). The center of the expansion is by ~ 0.3732.

0 1 2 3 4 5

g7 | —0.0851 —0.3725 1.2528 10.3417 —33.0375 —172.2301
g | —0.0627 1.5888 6.2421 | —37.8069 188.1016 2915.9334
a3 1.0636 | —14.7798 7.5615 | 212.6852 | —1336.5488 | —10635.3851

a1 0.0000 | —13.1439 | 13.4439 | 168.2561 | —1132.4771 —7551.2227
t5 —0.6567 —1.2064 7.8709 | —24.0211 —237.7108 2949.0192
t3 0.0299 —0.7064 | —4.4867 13.6928 75.3346 —1269.9645
ws 0.2116 0.8321 1.9158 | —20.5706 26.1568 1026.1537
w3 0.4550 —0.4878 | —0.4334 9.4172 —57.9234 —266.3371
w} 0.2884 —0.8321 | —1.9158 20.5706 —26.1568 —1026.1537

the intervals

By = s~1(C}) = (5.5041, 12.369),
By = s~ 1(Cy) = (0.6583, 1.5190),
Bs = s~1(Bs) = (0.0808,0.1817)

and by = s71(u1) = 8.5511,bp = s71(0) = 1 and b3 = s 1(u3) =
0.1169, respectively. The corresponding tables for the coefficients
in the Taylor expansions and the figures for the support points and
weights as functions of the parameter b can be found in the technical
report of Dette, Melas, and Pepelyshev (2000). The interpretation
of these graphs and tables is exactly the same as in the previous
examples and therefore omitted.

3.3 FE-Optimal Designs: Preliminary Results

As it was pointed out in Chapter 1 F-optimal designs minimize the variance
of the least favorable linear combination of the parameters and by this
reason can be of a practical interest. The main task of the present and the
next section is to derive a solution of the problem for polynomial models
of arbitrary degree on arbitrary symmetrical segments. Some results for
nonsymmetrical segments are also will be presented. Moreover we will
begin with a dual theorem for general linear model to provide a tool for the
study.
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3.3.1 Statement of the problem and a dual theorem

Consider the standard homoscedastic linear regression model

E(ylt) = 0" f(1), (3.34)

where f(t) = (fi(t),..., fm(t))T is the vector of known functions that are
linear independent and continuous on a compact topological space X and
0 = (01,...,0,)7T is the vector of parameters to be evaluated.

Let ¢ be a discrete probability measure on X (approximate experimental
design) given by the table

ot
£<w1 wn>’
where t; #t; (i #j), w; >0, Y i w; =1, and

MO = [ 10 O,
A design is called E-optimal if it maximizes

Amin(M(g))a

where A, denotes the minimal eigenvalue of M in the class of all approx-
imate designs.

Our main problem is constructing and studying F-optimal designs for
the case X = [—r,7], fi(t) = t*~1, i = a,...,m. For this purpose, we will
need a duality theorem obtained independently in Pukelsheim (1980) (see
also Pukelsheim (1993)) and Melas (1982). In the last paper a more direct
approach was implemented and we will use it throughout the section.

Since the set of information matrices is compact (e.g., see Karlin and
Studden (1966, Chap. X)), an F-optimal design for the standard model of
linear regression exists.

Let £, be an F-optimal design. Let P, denote a linear subset of R™,
spanned by the eigenvectors corresponding to the minimal eigenvalue of
M(&,). Let P =NP,, where the intersection is realized over all E-optimal
designs.

Let A be the class of non-negative definite matrices A, such that tr A =
1. The results of Melas (1982) can be stated in the following way.

Theorem 3.3.1 (Duality and equivalence theorem) For the model
described above, the E-optimality of a design £ is equivalent to the ex-
istence of a matriz A* € A such that

max FEOA F(t) < Amin(M(£9)).

Moreover,

Inin max FrAf(t) = max Amin (M (£)),



3.3. E-OPTIMAL DESIGNS: PRELIMINARY RESULTS 89

where the minimum on the right-hand side is taken over all experimental
designs, and equality

fT(t)A*f(t) = /\min(M(g*))

is valid for all support points t € supp &* of any E-optimal design £*.
The polynomial
p(t) = fT(1)A*f(t)

will be called an extremal polynomial.

Theorem 3.3.2 Any matriz A* from Theorem 3.3.1 is of the form
A" =" qipiply,s
i=1

where v =dim P, a; > 0, Y a; =1, and {p(;)} is some orthonormed basis
in P. This basis will be called an extremal basis.

Note that the matrix A* is a solution of the dual problem,

manc f1 () Af (t) — min.

3.3.2 The number of support points

Now, we will consider polynomial models on arbitrary design intervals; that
is, we will assume X = [a,b], f;(t) =71 i=1,...,m.
The case m = 1 is trivial since the regression function is a constant and
does not depend on the choice of design.
For the case m = 2,
0T f(t) = 0y + Oat; (3.35)

a full solution is given by the following theorem.

Theorem 3.3.3 Consider the linear model (3.35) on the arbitrary design
interval [a,b], —o0o < a < b < oc0.

1. If ab > —1, then an E-optimal design is unique; this design is

« [ a b
3 _<w 1—w>’
where w = (2 + b% + ab)/[4 + (a + b)?], and

Amin(M(€7)) = r2/(r +v?),

where r = (b—a)/2 and v = (b+a)/2.
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II. If ab < —1, then any design of the form

Ul U2
€u1 Juz2 U2 __u ’
U2 —Ul U2 —ul

where 0 > uy > a, 0 < ug <b, |ugus| > 1 is E-optimal, and

Amin (M(Eul,ug)) =1

Proof. Let ab < —1. Then designs of the form &,, ., exist, and for them,

1 0

M(£u1,u2) = ( 0 |’U,1UQ‘ ) ; Amin(M(gul,uz)) =1

since |ujuz| > 1. Note that for an arbitrary design &,
Awin(M(€) < P M(€)er = 1.

Thus designs &, .4, are E-optimal designs.
Now, let ab > —1. By an immediate calculation, we obtain that

(M) = |5+ %]
where r = (b—a)/2 v=(b+a)/2.
Set
u 1\ * T, T
q=(— ) , A" =4qq /7 q.

)
rr

Then we have

. 2
g JT(OA" (1) = oo ( r u) Ja"a =1/4"q = Anin(M(£)),

and by Theorem 3.3.1, the design £* is an F-optimal design. A verification
that the F-optimal design is unique can be done with the help of Theorem
3.3.1 and is left to the reader. "

Now, let m > 2. Denote by &£*,

(2 /
e=(4

an F-optimal design and set

3E* S *
N——

A= Amin (M(f*)) .
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Lemma 3.3.1 Ifm > 2, then all E-optimal designs have the same support
with the interval endpoints included.
An extremal polynomial is uniquely determined by the expression

p(t) = A\ +(t —a)(t — b) H (t—tF)

where a < t5 < --- <ty _; < b are support points of an E-optimal design
and vy > 0 is a constant. Additionally, \* < 1.

Proof. Let us fix a matrix A* from Theorem 3.3.1. Let £* be an arbitrary
FE-optimal design and t* a support points of £*. Then we have

FE@Af(t) <A, t € [a,b],

frenAf(tr) = 1.
Suppose that
p(t) = fT(OAf(t) £ X

Note that p(t) is a polynomial of degree < 2m — 2. If t* = a or b, then
t* is a root of the polynomial p(t) = \* — p(t). Also, if t* # a, b, then t* is
a root of multiplicity > 2 of this polynomial.

If n < m, then A\pnin(M(€)) = 0. Therefore, an E-optimal design pos-
sesses no fewer than m support points. This means that the polynomial p(t)
has degree 2m — 2 and the same number of real roots on [a, b] with regard
to their multiplicity. It follows from here that p(¢) has the form pointed
out in the lemma and all E-optimal designs have the same support, a and
b belong to £*, and n =m

Let us now demonstrate that the polynomial equals A* identically cannot
be an extremal one. Suppose, oppositely, that

plt) = TR AF(t) = M. (3.36)

According to Theorem 3.3.2, any matrix A* is of the form

Elep(i)p%’;)ai, where {p(;)} is some orthogonal bases of P, a; > 0, and
> a; = 1. Therefore, equality (3.36) can be represented in the form

i 2
Z (pg;)f(t)) a; = N\
i=1
This equality is valid if and only if e; = (1,0,...,0)7 € P and \* = 1.
Let us demonstrate that if m > 2, then A\* < 1 for any interval [a,b].
Indeed,
= A (M(€9)) < T M(€")er = 1,

and since M (£*)eq # e1 for m > 2, A* < 1. n

The following result is needed in order to prove the uniqueness of an
FE-optimal design.
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Lemma 3.3.2 Let m and s be arbitrary integers. If wvectors by =

(bgi), .. .,bgi)), i = 1,...,m, are not all null vectors, then there exists a
vector 8= (01,...,0s) such that

STpbl #£0,i=1,2,...m.
j=1

Proof. It b= (by,...,bs) # 0, the equation 2221 B;b; = 0 is a hyperplane
equation. It is obvious that there exists a vector 8 that lies outside of m
hyperplanes. "

Theorem 3.3.4 For the model of polynomial regression on an arbitrary
compact interval with m > 2, an E-optimal design is unique. By Lemma
3.3.1, it is concentrated at m points, including a and b.

Proof. By Lemma 3.3.1, all F-optimal designs have the same support

*

points {a = t5,t5,...,t5 _1,t5, = b}. Let us demonstrate that the weight
vector w = (wi,...,w)T is determined uniquely.
According to Theorems 3.3.1 and 3.3.2,

v 2

Z (p%;)f(xf)) ;=N 1=1,...,m,

i=1
where {p(;)} is some orthonormal basis of P, o; > 0, and } o; = 1.
Without loss of generality, assume that oy,...,a, > 0, v < v. Vec
tors b(;) = (p{l)f(x*)j,...7pg;/)f(acj)) are not null vectors for any j =
1,...,m. By Lemma 3.3.2, there exists a vector § = (1, ...,y ) such that

s l

S b £0,1=1,...,m.

Consider the vector p = Z;’Zl Bip(;)- Since this vector is a linear com-
bination of vectors p(;) € P, we have p € P and

M(E)p = \"p.
Denote
L= (fia])d)] =,
where ,
dr = Zfi(ﬂ?l)pi = Zﬁjb§l) #0,1=1,....m.

i=1 =1

Note that
Lot = | Y3 file)) fiaDpwi | = M(E)p.

j=11=1
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‘We obtain
Lw* = X*p.

The matrix L is invertible due to

det L =dy -+ dpdet (a771) " 0.
i,j=1
Thus, the vector w* = \*L~!p is uniquely determined. "

As in the previous section, the triple (nj,ng,ns), where ni(ns) is the
number of support points equal to the left (right) bound of the design
interval and ny = n — ny — ng, will be called a type of design.

Theorem 3.3.4 asserts that all F-optimal designs are of one and the
same type (1,m —2,1).

However, for E-optimal designs, the concept of design type is not suffi-
cient because the method of design constructing depends also on one more
value: the multiplicity of the minimal eigenvalue of the information matrix.

3.3.3 Chebyshev designs

Consider now a model, that is a generalization of the polynomial model.

Assume that X = [a,b], —00 < a < b, 00, and the functions {fi(t)}M,
generate a Chebyshev system on [a, b]. Remember that a system {f;(¢)}™,
is called a Chebyshev system if for any ¢1,...,%,, such that a <t; < s <

- < ty, < b, the determinant det (f; (tj))?fj:l does not vanish. Since
Vandermonde’s determinants do not vanish, the system 1,¢,...,t" ! is a
Chebyshev one on the arbitrary interval [a, b].

We will need the following results concerning Chebyshev systems (see
Section 1.9).

For any Chebyshev system, there exist pointsa < t; <ty < --- <, <b
and a vector v = (71,...,%m)? such that

YIfE) = (1) i=1,....m,

W) <1, teab].

The function T f(¢) is often called a Chebyshev polynomial and points
t1,...,tm are called Chebyshev points. The Chebyshev polynomial is de-
termined uniquely. As for Chebyshev points, they are determined uniquely
under the condition that a constant belongs to the linear space spanned by
the functions f1(t),..., fm(t).
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Let us introduce the following notation:
= (£E) (1) s
Aj=(eIF1y), i=1,...,m,
wz:‘Al|/Z:11|AJ|’ izl)"'ama

‘D:((Dla"'au—)m)Ta 5‘:1/7T7

= ([t .t

{= ( W1 ... WO >
concentrated in the Chebyshev points will be called the Chebyshev design
(in the E-optimal design problem).

Denote by A_ the matrix A with the last row and last column rejected.
Let

(3.37)

The design

A2(A) = Amin(A).

In many cases, the Chebyshev design is an F-optimal design, as can be
seen from the following theorem.

Theorem 3.3.5 Consider the regression model (3.34), where X = |a, b
and the basic functions fi(t),..., fm(t) generate a Chebyshev system on
[a,b]. Then the following assertions hold:

(a) @ =F~1y/yTy and £ is a c-optimal design with ¢ =~y
(b) If A\o(M(€)) > A, then € is an E-optimal design and dimP = 1.

(¢) If dimP = 1 and Chebyshev points are determined uniquely, then £
is the unique E-optimal design and Ao(M(§)) > M.

Proof. (a) By the definition of @;, we have @; > 0,7 =1,...,m. At first,
assume that w; #0,i=1,...,m.
Let &, be an arbitrary design with the support in points 1, ..., #y:

5W:(tl tm>7wizo’i: e, M

w1 cee Wi

Denote H = diag{w1,...,wm}.
Due to Cauchy’s inequality, we have

"My =~ (FYTH (F )y

=D (€ F )

i=1

> (i ef F~ 7|>2

1=1

m
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and the equality holds if and only if w = @.
In addition, due to the inequality

p T Apgm A7 g > (pTq)?,

which is true for arbitrary vectors p and ¢ and a positive definite matrix
A (see, e.g., Gantmacher (1998)), and the properties of the Chebyshev
polynomial v7' f(¢) we have

YIM (& )T M~ (& )y

m s L
= lz (" f(E)) w’] YIM (€)Y
i=1
="M )y =7,
and the equality holds if and only if
M= E )y = (V)

By multiplying both sides of the last equality by M (£,), we obtain that
it is equivalent to the equality

M &)y =v(v"),

and since f7(¢;)y = (—1)%, it follows that

M)y =Fw=v/("7)

Thus, the minimum of v M ~*(£, )y by all w such that w; > 0,i =1,...,m,
and Y1, w; = 1 is achieved if and only if

w=F"ly /v

Therefore, 0 = F~ 1y /’yT'y.

The case when @; = 0 for some i can be considered similarly with
replacement of the inverse matrix by the pseudoinverse in the sense of
Moor—Penrous.

Note that for the vector v and the design £, we have

IfT(t)y]) <1, t € [a,b],
fTE)y =1, i=1,...,m

and
Fo=v/v"y.
Due to an obvious extension of Lemma 3.2.1, the design ¢ is c-optimal
for the vector ¢ = 7.
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(b) Denote M = M(£). Let A\o(M(£)) > X and let p € R™! be an

arbitrary vector. Then, with 7 = (p7:0) € R™, we have

PTM
p'p

i

> )\min(M,) = )\Q(M) > 5\ =1 /’}/T’}/

Additionally, as it was proved above,
M~y =Fo = M.

Therefore, for arbitrary vector ¢ € R™, we have a representation g =
ap + B for some o, 8 € R! and

¢"Mg _ o’p" Mp+2aBA(pTy) + 5 _ |
q"q  a?pTp+20B(pT) + BTy T

and the equality holds if and only if & = 0. Thus,

-
_ M _
)\min(M) - ’}/Ti’y =\
el
Let us verify that the matrix A* = yy7 / 7T~ satisfies conditions of The-

orem 3.3.1 for £* = £. Due to the properties of the Chebyshev polynomial,
we have

(fT(t)’Y)Z ! - >\min(M)'

T *
relat) S AT i) ATy ¥Ty

Therefore, due to Theorem 3.3.1, £ is an E-optimal design and P = {av},
a € R', and dim P = 1.

(c¢) Assume that dimP = 1. Let p be the unique vector in P such that
[p|]| = 1. By Theorem 3.3.2 we obtain that A* = pp?. Therefore,

FrRA* () = (" f())%,
and by Theorem 3.3.1,

T 2_ *
o (' f@t)" =%,

(pr(lt))2 =\, tesupp £,

where £* is an F-optimal design and A\* = Apin (M (£%)).
Due to the uniqueness of the Chebyshev polynomial, it follows from here
that
p=9/VX5, A* =437 /4Ty and X\* = X

Additionally, if the Chebyshev points are uniquely determined, then

supp & = {t1,...,tn}
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for any E-optimal design. Let w™ be the vector of weight coefficients of an
E-optimal design £*; then £* = £« = ( otjl* ZZ )
Since v € P, we have

M(&*)y = Fw* = X'y = Ay
and this means that
Ww=Fly/yTy=0, &=¢

Thus, € is a unique E-optimal design, A = Anin(M(€)), and X is a simple

eigenvalue of M(€).
Hence,

A2(M(€)) > Amin(M(£)) = .

Let us return to the system fi(t) = 1, fa(t) = t,..., fm(t) = t™" ! on
arbitrary interval [a,b]. This system is a Chebyshev one and it is easy to
check that

v

r 2’ 2’

t—wv b—a b+a
Y f(t) Tm_1< ) r= =

where Ty,—1(t) = cos[(m — 1) arccost], the Chebyshev polynomial of the
first kind. Additionally, points ¢; = #;(r,v) are determined uniquely, and

t;(r,v) = rt;(1,0) + v, (3.38)

m—1

where #;(1,0) = cos ( i—1 7r), i=1,...,m.
Let us call a design € nonsingular if the matrix M (€) is invertible.

The following lemma provides a basis for the application of Theorem
3.3.5.

Lemma 3.3.3 Consider the polynomial regression model on an interval
[a,b]. Let either of the following two conditions be fulfilled:

(i) m > 2 and [a,b] C [-1,1].
(i) ab > 0.

Then, for an arbitrary nonsingular design &, the minimal eigenvalue of
M(&) is simple.

From this lemma it obviously follows that under condition (i) we have
dim P = 1 and, therefore, due to Theorem 3.3.5(c), the Chebyshev design
¢ is the unique E-optimal design.



98 CHAPTER 3. POLYNOMIAL MODELS

Proof of Lemma 3.3.3. Let condition (i) be fulfilled and £ be an arbitrary
nonsingular design on [a,b]. Since [a,b] C [—1,1] £ is a nonsingular design
on [—1,1]. Let us prove that the minimal eigenvalue of M () is simple.
Assume, oppositely, that the multiplicity of the minimal eigenvalue is equal

to or more than 2. Then there exists a vector g7 = (¢”:0), where ¢ € R™!
such that
Mg =23"q, M = M(£), A = Ain(M).

Set g7 = (0:¢"T) € R™. Then

1 2
Mg = / (" f(t))” &(dt)

-1

- / (" (1) ¢ (ap)

1
1
~ 2
< [ @) e
-1
=7 Mg=X\"7=X3"q
and equality is achieved if and only if supp £ = {—1,1}. However, any
nonsingular design has at least m > 2 support points and, therefore,

q"Mq

i'q

<A,

which is impossible. The obtained contradiction proves the proposition of
the lemma in case (i).

Now, let condition (ii) be fulfilled and £ be an arbitrary nonsingular
design on [a,b]. Consider the case b > a > 0. The case a < b < 0 can be
obtained by the substitution ¢t — —t.

Denote {t1,...,tp} =supp &, t1 < ty < -+ < t,,. From nonsingularity
of M(€), it follows that n > m. Note that any determinants of the form

(fij (tkl ))j,lzl )

s = 1,2,...,m does not vanish (see, e.g., Gantmacher (1998)). Due to
the Binet—Cauchy’s formula, it follows from here that any minor of matrix
M(€) is positive. For matrices with this property (such matrices are called
strictly positive), all eigenvalues are simple (Gantmacher, 1998). "

Denote by & = &(r,v), r = (b—a)/2, v = (b+ a)/2, the Chebyshev
design for the polynomial model (with m parameters) on the interval [a, b],

=z [t it

§=¢&nv) = < D1 ... @ )
where ¢; = t;(r,v), &; = @;(r,v) are defined by formulas (3.38) and (3.37),
respectively.
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Due to Theorem 3.3.5(c), this design is an unique E-optimal design for
intervals defined in Lemma 3.3.3.

Consider now the case of symmetrical design intervals [—r, r] and show
that the Chebyshev design is not an E-optimal design for such intervals
with sufficiently large r. First, let us show that support points of an F-
optimal design for symmetrical design intervals are located symmetrically
with respect to the origin.

Denote by &* = £*(r),

Eﬁﬁ(r)z(w% wt‘f)’

xf =i (r), wf =wi(r), o] <zh <. <zl i=1,...,n, an E-optimal

7 K2
design on [—7, 7],

A= A(r) = Amin (M (7 (7).

Due to Theorem 3.3.4, an E-optimal design is unique and n = m for
m > 2.

Lemma 3.3.4 For m > 2, an E-optimal design for polynomial regression
on symmetrical intervals is unique and located in points symmetrical with
respect to the origin:

=54 ¢t =1,...,k with m = 2k,

—T] =Topio 4t =1,k xp =0 with m =2k + 1.
Weight coefficients of the design have also symmetrical values:
W =wip g 0 =1,k with m = 2k,

Wi =Wipio i i =1,...k, withm =2k +1

Moreover, for symmetrical intervals, dimP =1 or 2.

wi ... wh

be an F-optimal design on the design interval [—r, r]. Assume that m = 2k
(the proof for m = 2k + 1 is similar). Consider the design

Proof. Let

nd X1 P ~ * ~ * .
§:<~ - ),xiz—x%ﬂ_i,wizw%ﬂ_i,z:l,...,k.

The matrix M(£) for the design & = (£* + £)/2 with rows and columns
moved to the first positive assumes the form

M, O
0 My, )’
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It is known (see, e.g., Gantmacher (1998)) that the minimal eigenvalue
of any non-negative definite matrix M can be represented in the form

min p? Mp.
[lpl1=1

(M0 (M C
Amln( 0 M2 ) ZAI‘HID( CT M2)

for My, Ms > 0 and any matrix C, from which

Therefore,

/\min(M(f) Z /\min (M(f*))7

and £ is an F-optimal design. If the design £* does not satisfy conditions
of the lemma, then £ # £*. Since by Theorem 3.3.4 an E-optimal design is
unique for m > 2, this is impossible.

Let us now prove that dim P < 2. Note that the set of eigenvalues of
matrix M (&) = M(£*) is a conjunction of such sets for M; and Ms.

Similar to the proof of the second part of Lemma 3.3.3, it can be checked
that all eigenvalues of M; and Ms are simple. Therefore the multiplicitly
of any eigenvalue of M (£*) is no more than 2 and it means that dimP < 2.
[ ]

In the following, we will use a lemma on polynomials with fixed absolute
values.

Let p(z) = Z?:ll p;z*~! be a polynomial of degree n such that for
ngl <"'<5En+1

plei) = (~1)'as,
where a; > 0,i=1,2,...,n+ 1. Let
n+1

pla) =Y pia'
=1

be a polynomial such that |p(z;)| <a;, i =1,...,n+ 1.

Lemma 3.3.5 |p;| > |pi| and pi(=1) > 0, i = 1,....,n+ 1, for the
polynomials being considered.
Proof. Represent the polynomial @(x) in the form
0 1 T R A
ntl a 1 oz ... b

H('ri - xj)’

j<i

p(z) =Y pir'' = det
=1

nt1 1 Tppr ... xhoy
+



3.3. E-OPTIMAL DESIGNS: PRELIMINARY RESULTS 101

where a; = @(z;). Note that

pi=(-1)"det (@ 1 ... 2" "2ttt ... x”)T_LH /8

J J J/45=1
n+1
= (=1 a(-1)"116;./0,
s=1
where
o i—1,i+1 k
;s = det (1 ce T EST L Ij)j;ﬁg,jel:nﬂ
S TR ) S
1<j,lL,j#s

j<i
Since @(x;) = (=1)'as, [pil = | g as(=1)%6:4/0] > [pil, i =1,...,n + 1.

Lemma 3.3.6 The Chebyshev design & = £(r,0) is not an E-optimal de-
sign for polynomial regression on design interval [—r,r| with sufficiently
large .

Proof. Let § = q(r) be the coefficient vector of the polynomial T,,,_1(t/7),
" f(t) = Tn-a(t/7),

where T, _1 () = cos[(m — 1) arccos z] is the Chebyshev polynomial of the
first kind.

Denote
- _ a1
A(r) = (7" (na(r)
TR (& tm
E=in=gro=( L ).
where t; = t;(r) and w; = @;(r), i = 1,...,m, are defined by formulas

(3.38) and (3.37).
Consider the case m = 2k + 1, k = 1,2,.... Let us show that in this
case,
@i(r)=0@", i=1,....k—1,k+1,...;m, 7 — oo.

It is easy to check that M = M (&(r)) is of the form

M = FAFT,

where A = diag{@1,...,0mn} and F = (fi(t;)(-1)7)"

ij=1"
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Also, it can be checked that rows of F~! (denote them by I(1y, ..., )
consists of coefficients of the Lagrange interpolation polynomlals con-
structed by points t1,...,tn:

Ty =T ) =[] s—2.i=1,...m,

where el = (1,0,...,0),..., el =(0,0,...,0,1).
The vector g(r) is

Q(T) = X(T) (QIv 07 q37"_2, Oa ey Oa q2k:+1r_2k)Ta

where (q1,0,¢3,0,...,0,q1:1)" = q(1).
Since ;(r) = rt; (1)

oy =007+, =1, m,
where by) does not depend on r.
Therefore,
koo 4 1
Wi = Omy1-i = A(7) Zbé;)(I2j+17”_4] =0 (7‘4>
j=1

with r — oo since A\(r) — 1 with 7 — co.
Thus, we obtain that

Amin (M (E(r)) = min p" M(E(r))p < (M(E(r))),,

1
rwl 0(7"2)

Amin (M(g(?”)) —0

with 7 — oo and it means that £(r) cannot be an E-optimal design for
sufficiently large 7.

Let now m = 2k. Note that, in this case, the vector § = ¢(r) has the
form ¢ = (q1, G2, - - -,q2x) T, where G211 = 0,7 =0,1,...,k — 1. Therefore,

A —-1
A(r) = <Z (6(0))31-7"2(2“)) — 00

|Ip|| )

’EB

I
‘H\M uMg

Therefore,

with r — oo.
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Suppose that A*(r) = Anin (M( (r) )

Due to Lemma 3 3 1, X*(r) < 1 for any » > 0. Let us move rows
and columns of the matrix M (£(r)) to the first positions; then the matrix
assumes the form

My 0\ _ [ ME) 0

0 M, 0 M(&(r)) )
By the arguments in the proof of Lemma 3.3.1, all eigenvalues of M; are
simple and, therefore,

A(r) = min{Amin (M1(€(r)) s Amin (M2(€(r)))}-

Hence, \*(r) is a simple eigenvalue of M (&(r)) for r > 7, where T is a
sufficiently large number, providing that A\(r) > 1
Let ¢* be the eigenvector corresponding to A\*(r) such that ||¢*|| = 1.
With » > 7, we obtain by Theorems 3.3.1 and 3.3.2 that A* = ¢*¢*”
and
T LE)] =2 () <A@, i=1,...,m.

At the same time, we have

and, therefore,

where g = g(r)/V/A(r), [|af| = 1.
Due to the lemma on polynomials with fixed absolute values (Lemma
3.3.5), we obtain
A(r)

>1
A*(r)
with 7 > 7, but ||q|| = 1. The obtained contradiction proves that £(r) is not
an F-optimal design on [—r, r] for sufficiently large r in the case m = 2k.
]

llq]| >

3.3.4 A boundary equation

The following lemma provides a necessary and sufficient condition for F-
optimality of the Chebyshev design in the case of symmetrical intervals.
Remember the notation A\y(A) = Anin(A-), see Section 3.3.3.

Lemma 3.3.7 For polynomial regression on an arbitrary symmetrical in-
terval [—r, 7], the design &, is E-optimal if and only if

A2 (M(&:)) = A(r).
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Proof. Let us denote for the sake of brevity Aa(r) = Ao (M (€,)). Tt follows
from Theorem 3.3.5 that the condition Az(r) > A(r) is a sufficient condition
for E-optimality of the design &,.

The same arguments show that the condition Aa(7) > A(r) implies E-
optimality of the design &,. From the arguments at the end of the proof of
Lemma 3.3.6, it follows that under the condition Ag(r) < A(r), the design
€, is not E-optimal design. Thus, the condition Ay(r) > A(r) is not only
sufficient but also necessary for E-optimality of the design &,. "

It follows from Lemma 3.3.6 that

A2 (M(&:)) = A(r) (3.39)

has at least one positive solution. This equation will be called the boundary
equation. It can be solved numerically.

In Section 3.4.4, we will point out an explicit form for this equation for
the cases m = 3,4, and 5.

Denote by r* the minimal positive root of this equation. Due to Lemma
3.3.7 with 7 < 7*, the design &, is the unique E-optimal design for poly-
nomial regression on [—7,r]. The case r > r* will be studied in the next
section.

3.4 Non-Chebyshev E-Optimal Designs

The present section is devoted to constructing and studying E-optimal de-
signs for the polynomial regression model on sufficiently large symmetrical
segments. In this case, as it was proved in the previous section, there ex-
ists a unique E-optimal design and this design does not coincide with the
Chebyshev one. In fact, for m = 3,4, and 5 we will construct E-optimal
designs for all symmetrical segments. The study is based on the functional
approach as well as auxiliary results that are of some independent interest.

We will introduce a basic equation determining support points and
weights of E-optimal designs as implicitly given functions of the length
of the segment. The limit values (under some normalization) of these func-
tions will be found with the length tends to infinity. It will be also proved
that these functions are real analytic for sufficiently large r. Also, Taylor
expansions will be constructed on the basis of general formulas introduced
in Chapter 2.

3.4.1 Basic equation

Consider the polynomial regression model (f;(z) = 2~ 1,i =1,...,m) on
a symmetrical interval X = [—r,r]. The case m = 1 is of no interest and
the case m = 2 was already studied in Theorem 3.3.3.

Let m > 2 and r* be a minimal positive root of the boundary equation
(3.39). Due to Lemma 3.3.6, for r < r*, there exists a unique F-optimal
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design and this design coincides with the Chebyshev design &,. For r > r*,
the Chebyshev design is not, generally speaking, F-optimal, but an E-
optimal design is unique as well.

Let us construct an equation determining points and weights of the E-
optimal design as implicit functions of r» with » > r*. This equation has
the same form for even and odd m, but some details are different.

First, consider the case of odd m, m = 2k + 1. Set z = 1/r2. Due to
Lemma 3.3.4, an E-optimal design has the form

S S %9k t L
o ex B vz N2 vz Vz o T Nz Vz
& =¢£(2)= ;
vy vy vy VZ_H vi ... vy v

Wherel>t§>--~>tz>0,22leug‘+uz+1:1, vi>0,t =t;(z), and

v = v} (z) are some numbers.
Denote
A (2) = Amin (M (£7(2))) ;
Amin (M) denotes, as earlier, the minimal eigenvalue of M.
For any arbitrary design &, set

Mi(E) = [ Fon(0) 7 (D),
M (&) = [ fro)(t) f5 ()€ (at),

where f1)(t) = (1,¢%,...,t**)T and fo)(t) = (¢,83,..., 2" 1T,

Due to Lemma 3.3.4, for any nonsingular design ¢ the multiplicity of
the minimal eigenvalue of M;(§) and Ms(€) is equal to 1.

Let p* = (p},...,p},1)T be an eigenvector of M;j(€), corresponding
to its minimal eigenvalue, and ¢* = (¢f,...,q;_, 1) a similar vector for
M5(€*). As was shown in the proof of Lemma 3.3.4 both matrices are
strictly positive. Therefore (see, e.g. , Gantmacher (1998)), the vectors p*
and ¢* are determined uniquely, and all of their elements are not zero and

have interlacing signs:
sign(p;_;) = (=), i=0,...,k—1,
sign(gp_,) = (-1)% i=1,...,k—1,
Introduce a vector T,
T=(Bls s Phr Qs s Gy W1y oo Whs Y2, Yk) T
= (2Fp1, .. 2o V2 T, NV 2,

201 /2, .., 2u 2,85, )T

where 0 < t, < - < 1o < 1, v; > 0, Zleui < 1/2, p1,...,pk, and
q1,---,qr are some numbers.
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Let us introduce also the vector

™ =1%(2) = (ZFpt, . app, oz g, L ot zegE otz

Wiz, 208 [z 252 )T
(3.40)
where o* = a(z) is a positive number.
Let
_f —r =1ty ... =Tl 0 rty ... rto T .
gT’Z_<V1 Vo ... Uk Vkt1 Vg ... Vo vy )] r=1/vz,

where v =1-2 Zle Vk, be an experimental design corresponding to a

vector T,

P Mi(&r2)p + 4" Ma(ér.2)a
p'p+4q"q

)T

@(T’ Z) =

b

where p = (p1,...,pr, 1)T and ¢ = (q1,. .., qx
Consider the equation

E@(T, z) =0. (3.41)
Since the function ¢(7, 2) is obviously differentiable by 7, this equation is
well defined.

Lemma 3.4.1 With arbitrary z, 0 < z < z*, where z* = 1/r*? and r*
is the minimal positive root of the boundary equation (3.39), there exist
a*(z) > 0 such that the vector 7%(z) determined by relation (3.40) is a
solution of (3.41), and

Proof. By immediate differentiation, we obtain

d elMip (1, 2)el'p

) p(7,2) =2 [ T T~ T T |

D p’p+qTq  pTp+qTq

8 ( ) |: ezTMZQ 90(7-7 Z)equ
e\T,z) = -

Jq; pIp+qTq  pTp+qTq

4qi

i=1,...k,
(3.42)

},i:l,...,k—l,

where M1 = Ml(fq—,z)7 M2 = Mz(fﬂz), €1 = (1,0,...,0):’17...,65_‘_1 =

(0,...,0,1), p= (p17'~‘7pk71)T7 and q= (qla“qu)'
In addition, since p* and ¢* are eigenvectors, we have the relations

M, (gT*(Z),Z)p* = A" (Z)p*a
M2(£T*(z),z)q* = A*(’2)(]*7

p(m7(2),2) = A" (2).



3.4. NON-CHEBYSHEV E-OPTIMAL DESIGNS 107

Therefore, the right-hand sides of equalities (3.42) vanishe with 7 = 7*(2)
and we obtain

8]91‘ (p(’r? Z) |T=T*(z) =0,

0
87(]7;30(7-7 Z) |‘r:‘r*(z) =0,

fori=1,2,... k.
In order to prove the equalities

0 0
=0, — =0,i=1,...,k,j=2,...,k
aWiSO(T, Z) ) ayz 90(7—7 Z) ) b ) y Ry J ) ’

with 7 = 7*(2), let us study some properties of the extremal polynomials,
defined in Theorem 3.3.1.
We will need the following auxiliary result.

Lemma 3.4.2 Consider the polynomial regression model on the interval
[—7, 7] with r > r*, where r* is the minimal positive root of the boundary
equation (3.89). Let m = 2k + 1 > 2. Then the extremal polynomial has
the unique representation of the form

p(t) =" fW)? +y(d" Fy(w)? y =t (3.43)

where f(y) = (Ly,....y")T and fa)(y) = (L,y,....y*)T. Moreover,
there emwist positive values 3 and 3 such that p = +/Bp* and ¢ = V/Bq"*,
where p* and ¢* are defined earlier.

Proof of Lemma 3.4.2. Due to the definition of the extremal polynomial,
we have
p(t) = fH(Af(2),

where f(t) = (1,¢,...,t™ )T and A* is defined in Theorem 3.3.1. Due
to Theorem 3.3.4 and Lemma 3.3.1, it is a unique polynomial of degree
2(m — 1) attaining its maximal value equal to A\*(z) in points 0, %rt},
i=1,... .k

Therefore, p(t) is an even polynomial and p(t) = p(y) and y = 2, where
p(y) is a unique polynomial of degree m—+1 attaining its maximal eigenvalue
A (2) in points 0,45 /z, ..., y5/z, yf =2, i =1,..., k. It follows from here

that
J

Z(A*)ijﬂ—i =0, j=24,...,2k. (3.44)
i=1
Denote .
P = (p1,0,p5,0,...,0,p51)", Php1 = 1,

p=p/llp*],
q_: (07qT707q;7""07qZ)T’ q]t = 17

7 /llg"|l-

q
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Note that vectors p and ¢ generate an orthonormal basis in P since
M(ET*(Z),Z)ﬁ = )‘*(z)ﬁa
M(g‘r*(z),z)d = )‘*(Z)(j

Let us show that this basis is an extremal one (in the sense of Theorem
3.3.1). In fact, due to Theorem 3.3.2,

A" = Fép(l)p(Tl) +(1— ﬂ)p(Q)p,(TQ),

where

Py = 0p + V1 — 024,
P2y = V1 —092p—44q

for some k and J, where 0 < k, 6 < 1.
Thus, from relations (3.44) it follows that

J J
Hzp(l)ip(l)jﬂ—i + (1 - k) ZP(2)¢P(2);‘+1—1‘ =0,

i=1 i=1
j=2,4,...,2k. A simple calculation now gives
l
SV1—62(1-26)) pigiy_ =0, 1=12.. k.
i=1

Note that due to the interlacing property of signs of {p, ¢/}, we have

l
prql*-i,-l—i #07 .] = 172a"'7k7

i=1

and, therefore,

0vV1—62(1-2k) =0;
that is, either §v/1 — 02 = 0 or k = 1/2. In both cases, we receive
A" =r'ppt + (1 - w)qq"

with ¥ = k or k" = 1 — k and this means that the vectors p and § generate
an extremal basis of P. Due to last formula, we have

p(t) = fT(t)A*f(t)
=r'(p1 f(1)” + (1= &) f (1))

Denote f(y) = (L,y,...,4") and f1)(y) = (L,y,...,4""!) and rewrite the
extremal polynomial in the form

p(t) = py) = BT F W) + 8 (@ Ty ) v, (3.45)
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where 3,5 > 0.

Thus, there exists a representation of the form (3.43), and p = /Bp*
and q = \/F'q*.

It is easy to check that such a representation is unique.

In fact, note first that 8 and 3’ are determined uniquely. Suppose,

oppositely, that for (51, 81) # (8,6'),
p(t) = p(y) = L™ f(w))? + BLa*" fay(w)Py
Then it should be that

B =BT fW)? = (B =B fay(w)?y,

which is impossible.

Note that § # 0, otherwise p(y) has degree m — 2, which is impossible.

Suppose that 8/ = 0. Then p(t) = const (T),_1(t/r))? since the Cheby-
shev polynomial of the first kind of degree m —1 is the unique polynomial of
degree m — 1 with leading coefficient 2™~2 achieving its maximal absolute
value in the interval [—1, 1] in m points (see, e.g., Rivlin (1974)). It is easy
to check that the design £*(z) should coincide with &, which is impossible
due to Lemma 3.3.7 for r > r*.

Thus, 8 and §’ > 0, and from (3.45) we obtain

(P TF W)+ (¢ Th )y
p*Tp* + a*2q*Tq*

ply) =

for some a* > 0 (a*? = /).
Note that for 0 < z < z*,

=1

k
(ol + 11?) (r,2) = 3 | (F000)” +3 (75 )a) |
+(£(0)

) (I—wy——wg).

Therefore, with 7 = 7*(2),

0 (Y
a%w(T,Z)—(p(Z>) w;=0,i=1,...,k,
9

Thus, we proved that for any z, 0 < z < z*, there exists a* = a*(z) such
that 7 = 7%(2) is a solution of the equation Z¢(r,z) = 0. .

Remark 3.4.1 Note that with m = 2k + 1, the extremal polynomial p(y)
is a nonnegative polynomial of degree m — 1 = 2k for any y > 0. Also,
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for arbitrary nonnegative polynomial of degree 2k, say Q(y), there exists a
unique representation of the form

k k—1
Q) =on [[(y—w)? + a2 [J (v — vi)*, 01 >0, a2 > 0,
=1 =1

where 43 < v; < ug < -+ < vy < uy (see Karlin and Studden (1966,
Chap.5)). We will call such a representation the Karlin-Shapley represen-
tation. Since this representation has the form (3.43) and the representation
of such a form is unique for the extremal polynomial due to Lemma 3.4.2,
we obtain that

that is, both polynomials have the maximal number of positive roots and
they are interlacing, as described above.

For m = 2k, a similar result holds. This remark will be needed in the
following section.

The equation

dp(1,2)
or =0

will be called the basic equation. This equation determines support points
and weights of an F-optimal design as well as the elements of an extremal
basis as implicit functions of the length of the design interval.
It proves possible to find a limit of the vector 7%(z) with z — 0.
Denote by J(z) the Jacobi matrix of the basic equation

0?¢(r, 2) s
J(z) = ((%%)i’j_l [—

where s = 4k — 1 is the size of the vector 7.
For any (scalar, vector, or matrix) function Q(z) denote

Q) = lim Q(z),

Z2—2(0)
(n)
Q) = lim CAMC I
Z‘)Z(U) n!

bt in(n + 1) arceos )
sin((n + 1) arccos
Un(t) = m ) te [_17 1]7

be the Chebyshev polynomial of the second kind.
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Lemma 3.4.3 With m = 2k + 1 > 2, there exists the limit of 7*(z) for
Z = Z(0) = 0:

70y = (Br0)s - -+ Pr(0)> G1(0)» - - > Th(0)> D1(0) s - - - Dr(0)» F2(0) s - - Tk(0)) 5
where Ji_iy1(0) = tiﬂ-, t=1,...0k, and 0 < tgpq11 < -+ < top, = 1 are

positive extremal points of Tor—1(t) on [0, 1],

(L8, )0y = (12 = 1)y () /22070,

Py = Broys - - - Proy» )7
(t, £, 2N q0) = Tar-( /22(k D,

= DO gty e = (10,007,
|p1(0)|

A N
F= ((*l)kﬂil yj(o)y;-(_ol))i

=1

W) =

A proof of the analog of this lemma for m = 2k will be given in Section

3.4.3.
Consider now the case m = 2k > 2. In this case, we will use the

following notation:

f(l)(t) = (1at27 o atQ(kil))Ta f(2)(t) = tf(l) (t)a

(@=/ﬂMﬁﬂﬁ%W%

& = [ fo @50,

T:(ﬁl)"'75/%@17"'7qk—13@1a"'aa)k—lag27"'7z~7k—layk)T
= (Zkil\/;pla ceey \/gpkvzkilqla <oy 2qK—1,
w1 /2, 2051 2ttt )2 = (T, Te) T
k—1
s=4k -3, v; > 0, Zl/i<1/2,
i=1
€. = —r —rty ... —rtp rtp ... rls T
ET N\ 1y vy ... g Ve ... Uy 17 )]
—1/2—2%
_ TMl(éTZ)p+qTM2(£TZ)
p(1,2) = ;
pTp+4qTq

pP= (pl;-~-,pk)T, q= (QIa"'7qk—171)T'



112 CHAPTER 3. POLYNOMIAL MODELS

Denote by p* = (p},...,p5_1,1)T and ¢* = (¢},...,q;_1,1)T the eigen-
vectors of M1(£*(2)) and M3(£*(z)), corresponding to their minimal eigen-
value, respectively, where £*(z) is the unique E-optimal design.

Due to Lemma 3.3.4, this design is of the form

N —r —rty ... —rty, rt; ... vty r
5(z)=< L Jro b : ) (3.46)

vy vy ... U vp ... Uy U

where v; > 0,i=1,...,k, andZ, 1Y
Let A*(2) = Amin (M(f*(z))) and

7 (2) = (281 /2pt, .t azph otz 2R e a

Wiz, 2 2 5 R 2 2) T

=1/2.

where o* = a*(z) is a positive number.
As in the case of odd m, it can be proved that the equation

0
Etp(ﬂ z)=0
with arbitrary z, 0 < z < z* possesses the solution 7 = 7*(z) with some

a* = a*(z).
Let us point out the form of the limit 7*(z) with z — 0.

Lemma 3.4.4 With m = 2k and z — z@0) = 0, there exists the limit

T(o) = lim 77(2)

= (P1(0)> -+ » Pr(0)> Q1(0)5 - - + » Te—1(0)» P1(0) - - - » P—1(0) 5
G2(0)s - - - Tk—1(0) Y(0)) " »

where g;0) = 2,0 =2,...,k, Yeo) = L, 0 = & < ... <t <1 are
nonnegative extremal points of Tok—1(t),

k
> Byt = Topa(t) /257,
=1

k . -
Z @iyt " = (t? = DU2p—5(t) /2273, Gi(o) = 1,
=1

Boy; = (—1)e] (I ~2(°)|e +62>, j=1,...k—1,

F= (g;@l)(_l)jil)ijﬂ '
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A proof of this lemma will be given in the next section.

Let 7*(2) be such as described above for m = 2k+1 or m = 2k with the
corresponding determination of the function (7, z). Let us codetermine the
function 77(2) in z = 0 by relation 77(0) = 7, and for z <0, |2] € (0,27)
by relation 7*(z) = 7*(—2).

The following theorem describes properties of functions 7*(z) and J(z).
It is a typical result of the functional approach.

Theorem 3.4.1 Let m > 2 and the vector function 7*(z) be such as it was
determined above. Then there exists a number zZ, 0 < z < z* such that the
matriz J(z) is nonsingular with z € (=%, 2) and the vector function 7*(z)
is real analytic with z € (-2, 2).

The proof will be given in Section 3.4.3.

Denote
g(r.2) = (fnw, z))

Due to Theorem 3.4.1 and Lemmas 3.4.3 and 3.4.4, we can calculate the
coefficients in the Taylor expansion

0= Yo
n=0
by general recurrent formulas from Section 2.4:

* -1 *
Torny = = (J) ™ (9(7205(2):2) ey » (3.47)

where n =0,1,..., and 7'(*0) is determined in Lemmas 3.4.3 and 3.4.4,

S

i=1

Tins(2) = Z T(*i)zi.
i=0

As it was already pointed out in Section 2.4, these formulas can be realized
in the software package Maple and others.
Consider now the problem of exactness of these expansions. Denote by

) = &(n)(2) the design
g(n) - §T2n>(z)72
obtained by using n coefficients of these expansions.
Let for m = 2k + 1,

(Ly, .., y")p)? + (Ly,....y" )Py
pTp+qTq

ﬁ(n)(yv Z) =

)

and for m = 2k,

(Ly, ...y D)+ ((Ly,...,v" 1))y
pTp+qTq

ﬁ(n) (ya Z) =

b
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where
n
p=Pen>(2) =D _Pi)?'
i=0
n
q=q<n>(2) = Z(j(i)z’,
i=0
Denote

A (2) = Amin (M (&r+(2).2)) »

and note that A, (2) # A<n>(2), generally speaking.

Lemma 3.4.5 With m > 2, the following inequalities are satisfied:

<\ < 0 .
Ay (2) < A7(2) < max o) (v, 2)

This lemma is an obvious corollary of Theorem 3.3.1. Thus, we have

0 <A (2) = Apy(2) < [nax, (Pn(y,2) = Ay (2)) -

3.4.2 Limiting designs

In the present section, we will prove Lemma 3.4.4 (note that Lemma 3.4.3
can be proved in a quite similar way). The following proof is based in the
representations for extremal polynomials.

Let m = 2k > 2, z = 1/r?, and

. I R DS~ S 1
ew=( 8 F o g )
1 2 e k E o0 V2
where 7 = ¢¥(2), v = v*(2), i = 1,...,k, t1 = r = 1/4/z, is the unique
E-optimal design for polynomial regression on the interval [—r, r].
Consider the equality

k T (02 T \\2
Ay — 1/Z)H(y—y¢)2 _ (@ f(yl)))Tptryq(jqqf(y)) 7 (3.48)

where f(y) = (1,y,...,v* DT, 0<yp < ... <y <1/2, A< L.

Due to Lemmas 3.3.1 and 3.3.4, the left-hand side of this equality with
A= N(2), yi = t:%, i = 2,...,k, and a positive v > 0 coincides with
p(y) = p(\/y), where p(t) is the extremal polynomial defined in Theorem
3.3.1. Additionally, A*(z) < 1 due to Lemma 3.3.1, and by Lemma 3.4.2,

the right-hand side with p = va*p*, ¢ = ¢* is also equal to p(y).
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Thus, equality (3.48) holds for A = \*(2), yv; = v, i = 2,...,k, and
p = Varp*, ¢ = ¢* for some v > 0. Equating coefficients under y**~! in
both sides of the equality, we obtain the relation

4
p'p+q"q
Without loss of generality, set g, = 1. Equating the free terms and coefhi-
cients under y2*~1 | derive

’)/:

p1+Hz 2yz/z

(3.49)
pTp+q7q

k

Pi+ 2akq51 = —1/2 =2 yi. (3.50)
i=2
Let us change the variable y — y/z and use the following notations

i = 2y, i = pi2" Tz @ = i i =1, K,

Ui =yl B = Vorpl N @ = qf M i =1,k

A = Zp222(7, 1)+qu2 2(i—1)

Now, (3.48)—(3.50) assume the form

k

v g0 = 5 [0 0) v @0 e
k
A= (51 + [[3D)/A, (3.52)
k
P+ 201 =—1-2> i (3.53)
=2

where 0 < g5, < --- < yg < 1.

By standard arguments, it follows that ¢!, py, ¢, ¢ = 1,...,k, are
continuous functions of z. Since zt;? < 1, values §; = 2t}? tend to finite
limits; denote these limits by @), i = ., k. Since A*(z) < 1, A*(2)
tends to a finite limit (say A(g)).

Due to Remark 3.4.1, we have

k—1
~*Tf(y)=H(y—uZ), 0<wu;<1,i=1,...,k—1,
i=1
B k—1
p*Tf(y):pkH(y Ul)? O<UZ<1aZ: ’ 7k_1
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Therefore, ¢ = 1 and ¢; tends to finite limits with z — 0. Note that p;,
tends to a finite limit due to (3.53). It follows that all p; (i = 1,...,k)
tend to finite limits and A — 1.
Denote the limits of p* and ¢* by p(y and qq), respectively.
Considering (3.52), we see that A\ > 1 if gy > 0. However, \*(z) < 1
and lim A*(z) < 1. Therefore, Ay = 1, gr) = 0 and we obtain by an
immediate calculation that

AMz) =1+ Az + H(2)2%,

where A1)y = —(q1(0)/P1(0))* = —2|P2(0)/P1(0y| and H(z) < const < oo for
any z, 0 < z < z*.
Denote

k
Az p,4) = (ﬁ% +Hz7§) / A,
=2

Note that the minimum of A(z, 5, §) by all vectors j and § € R such that
gr = 1 and

GTF@D) + it (@ F@D) =C, i=1,... .k, (3.54)

where C'is a positive constant, is equal to A*(z). Moreover, this minimum
is achieved if and only if p = p* and § = ¢*, where p* and ¢* satisfy (3.51)
with A= X*(z) and §; =g, i =2,..., k.

In fact, multiplying both sides of (3.54) by v//A and summing with
i=1,...,k, we obtain

C  p"Mi(£(2))p + " Ma(£(2))g
A pTp+q7q
> Amin (M(§7(2))) = A*(2),

where p = (p1,....pe)7, @ = (q1,....q)" and p; = P/~ 2, ¢ =
Gi/z*% i = 1,2,...,k. The equality holds if and only if 5 = p* and
g = ¢*, which follows from (3.51). Note that the pair (p*, ¢*) is determined
uniquely due to Lemma 3.4.2.
Passing to the limit in (3.51) with z — 0, we obtain that ) and g0
give the minimum of
lim Az) —AO) = X(0) = =2 |p20)/P1(0)|

z—0 z

under the condition

Qi) +yb?(ws) =1, i=1,2,...,k,

where y; = ¥;0), 1 = 1,...,k,

e(y) = Doy W)/ 1Prols ©W) = a0 f W)/ P10 -
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Let us rewrite the condition in the form

By Lemma 3.3.5, the absolute value of the coeflicient of polynomial ¢(y)
under y (equal to |[pa)/P1(0)|) Will be maximal under restrictions (3.55) if

o(y) = (1)1 —yp?(ys), i=1,....k,

and
=0 or 1, ¢(yz):07 yi:gi(o)a 2217,]{}—1

From the last equalities, it follows that

Let us introduce the polynomials

k—1
t -
hi(t) = o(t?), ho(t) = —— | [ (#* = Gi(0))
|p1(0)| i—2
Note that
1 k—1
v’ () — v (-1 [[w = Gi0))”
pl(o) =2 (3 56)

1 k—1 :

= y(1 =) [ = Gi0)* = 1 = »)h3 (/1)
Loy i=2

Let us divide both sides of (3.51) by p7 and pass to the limit with z — 0.
Taking into account (3.56), we derive

1=h3t) + (1 —t3)h3(t).

As is known (see, e.g., Karlin and Studden (1966, Section 9.5)), this iden-
tity in the class of polynomials holds if and ounly if hi(¢) and ho(t) are
Chebyshev polynomials of the first and the second kind, respectively, with
a sign precision.

Taking into account degrees of hi(t) and ho(t) and signs of coefficients
pr and qx, we obtain that

hi(t) = Tap_o(t), ho(t) = Usps(t).

From this, we obtain formulas given in the formulation of Lemma 3.4.4 for
Doy and G(oy by simple calculations.
Additionally, since
hl(t) < 1a
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92(0), - - - » Yk—1(0) are squares of extremal points of the Chebyshev polyno-
mial Tgkfg(t).

Now, let w;(z) = 2v/(z), i = 1,...,k, and @;(2) = wi(2)/z, i =

.,k — 1. Since w;(z) > 0 and Z 1wl( z) = 1, there exist the lim-
its wj0) = lim.owi(2), i« = 1,...,k. Let us find these limits. Then
we will prove the existence of the limits Yoy = lim, o5 (2) and @;) =
lim, ,o@;(2), i =1,...,k — 1 and find them.

Let

- CHEWVE . tVE GVE . )VE
55(2)( e R O RO ) )

where t§(2)y/z = 1.
Consider the matrices

Mi(z) = My(€7(2)),  My(2) = Ma(£7(2)),
My(z) = Mi(£7(2)),  Ma(z) = Ma(E"(2))-

A direct calculation shows that

My =Z7 "My Z7Y, 7y = diag{l, z,..., 2" 71},
My =Z; "My Zy Y, Zy = diag{V/z, 2z, ...,V/z2" 1),

Denote
Zy =272 Zy, =72

Then from equalities
Mip* = A*(z)p*

Msq* = X (2)q*

it follows, that
Mip = X (2) Z1p, (3.57)

Moq = N (2)Z2d, (3.58)
where p = 2*1/2Z71p* and § = 2122
Let us pass to the limit in (3.57). Then we have
My 0)B(0) = Proyer, e1 = (1,0,...,0)7.

Remember that

Ployf i)/ 110 = ¢ @i(0)) = Tor—2(\/Tioy) = (1)

Therefore,

Ployfy(VFi) = Ploy f Ficoy) = (=1 Hproy - (3.59)
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By the definition of M; we have

Zf(l) Y; f(1)(\ﬁ)wj~

Using (3.59), we derive

My0)boy = Fwo) |10 = [B1(0yle1,
where

P = (i),

3,7=1 '
Since g (o) = 0, we have
Fep = e

and it means that w(y) = eg.
Now, using this limit value, we obtain that

Moy = f1)(0) £, (0) = exef .
It also follows from w(g) = e, that
Myo) = f(2)(0)f$5(0) = 0.

Let us divide both sides of (3.58) by z and pass to the limit with z — 0.
Taking into account that Mj(g) is a zero matrix, we derive

Mzu)ii(o) = qi(0)€1-

Using the definition of My = My(z), rewrite the last equality in the form

Z f(2 \/ f(g)(\/ Yi(0) )wz(o)Q(o) =+ Z/k(o)€1€1 Q(o) = Q1(0)€1 (3.60)

Since
k
f(g)(\/y)qw) = |ﬁ1(o) |\/271/)(y) = |ﬁ1(o) |\/§H(y - gl(O))?
i=1

we have
F5 Wi =0, y =Ty, i=1,....k
Inserting these values to (3.60), we obtain that
Z/Z(o)fh(o)ﬁ = @1(0)61

and y;(o) =1.
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Now, let us return to equality (3.57) and divide both sides by z. Passing
to the limit on the right-hand side, we obtain the expression

Pryer + AyDio)e1s

where A1y = —2[Pa(0)/P1(oy|- Since this limit is finite, we conclude that
there exist finite limits of @;(z) = w;(2)/z, i =1,...,k.
Using values w(g) = e, 3/;(0) =1, we find

k—1
My = Z [f @) [T i) = Fk©) " neo))] @ico) (3.61)
7lj—legerf + eleQT.
In addition, we obtain from (3.57) that
Ml(l)ﬁ(o) + M1(0)]5(1) = piyer + Aq)Pioyers

and since Ml(())ﬁ(l) = 616{]3(1) = ]31(1)61, we have

Ml(l)ﬁ(O) = >\(1)ﬁ1(o)€1. (3.62)
Denote @) = (@100, -+ @r—1(0), — 2?2—11 d)i(o))T Then inserting

(3.62) on the left-hand side of (3.62), we find

Foo)lpioy| + e2b1(0) + e1b20) = —2

Since sign p1(g) = (—1)*~* and % < 0, we have

@y = F71 (=) e2 + (=1)" |20y /Pr(0yle1] -

This formula completes our proof. "

In order to elucidate the results obtained, let us consider the case m = 4.
In this case, k = 2 and by the above formulas we have

Y10) =L, Y200y =0,
hi(t) = Ta(t) = 2t — 1, ho(t) = Ui(t) = 2¢,
Py = (=1/2, )", 4oy = (-1,1)7,
A1) = —2[P2(0) /P10y = —4-
The limit of (3.51) is now

L+ (y—1)y° =2y —1)> + 4y(y — 1)?
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1 -1 1 -1 . 0 1
F = ~ ~ = 9 F - 9
( Yi0) —Y2(0) ) ( L0 ) ( -1 1 )

N _ 2
Wa(0) = eQTF 1(62 +2e) =(-1,1) ( 1 ) =—1.

and

Thus,

70) = (Pr(0)> P2(0)> @1.(0)> P1(0)> ¥2(0)) " = (—=1/2,1,—1,1,1)".

These results will be used in Section 3.4.4 for constructing non-Chebyshev
FE-optimal designs.

3.4.3 Proof of the main theorem

In this section, we will prove Theorem 3.4.1 in the case m = 2k. A proof
for m = 2k + 1 can be constructed in a similar way.

Let m = 2k, X = [-r,r], and r = 1/y/2, 0 < z < z*. Note that the
extremal polynomial is positive for all sufficiently small values of z due to
Lemmas 3.4.4 and 3.4.5. Denote by Z the supremum of all such values.

With z > z* the polynomial p(t) is the square of the Chebyshev poly-
nomial and it vanishes in its zeros. Thus, 2 < z*.

Let us now prove that with 0 < z < Z the determinant of the Jacobi
matrix J(z) does not vanish.

Denote 1 = (pT', ¢7) and introduce the matrix P;:

pt p2 .- pr 0 O 0
0O po p2 ... pp O 0
p - 0O ... 0 p1 p ... pr O
i O ¢1 ¢ ... ¢ 0 ... 0
0 0 q1 q2 B ) 0
O 0 ... 0 @& g ... q

(The order of matrix P, is 2k x 2k.)

This matrix is the resultant matrix of polynomials p” f(#2) and tqT f(?),
fy) = (1,y,...,y*1). It is known (see, e.g., Van der Warden (1967)) that
det P, # 0 if and only if these polynomials have no common roots.

Denote

Z = dla’g{l’ Z27 e )Z2(k71); Za 237 ey ZZkil}.

An immediate verification shows that the function (7, z) can be written

in the form
o(t,2) = 71 Prc/7T Z7,
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where

k
c= Zf(gi)wi» w; =2, 7 =p",q"), wi = 2.
i=1

By immediately calculating the derivatives 02p(t,2)/0m,01; (i,j =
1,...,s) at the point 7 = 7*(z), we obtain the following formulas:

J=J(z)=

2 (M—/\Z P,rY> 7 (3.63)

T Zx \ (PY)T D

where the symbol “_” right of a matrix means that its 2k-th row and 2k-th
column are rejected,

M:<%@ @b)’

- -1 & ...ty oty ...ty 1
£= ;
| Z 7 7 7 S 24
: - k—
Y= (Ywa)v Y, = ((f(yz) - f(zyk))z)i:1l s

k-1
Y, = <(f/(2?i)«z®i)f=21 Ef'(zyk)«wk> s =1 we=1- Z@Z
i=1

p=(g §) A= @.0)

1 . N
E= §dla§; {7 Prf (Go)oz, ..., 7" Prf (Jr—1)@k-1%,
TP f (zyk)wkZQ} )

f@) =My, v O 7l =77 = ", ¢").

In this representation, vanishing terms, e.g., 77 P f (§;), are omitted. Set

2*=1/r*2
T

Let A be the matrix - T 7TJ — with omitted k-th column and k-

th row, and let a be the omitted column with omitted k-th element,
Tz

. mZm

a* = (

J)kk- Note that the matrix A is of the following form:

A= ( A ) (3.64)

where G is the matrix M — A\Z with omitted k-th and 2k-th columns and
k-th and 2k-th rows, H is the matrix P;Y with omitted k-th and 2k-th
rows, matrix D is the same as in (3.63) to constant precision.
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Since the multiplicity of the minimal eigenvalue of the matrix Z1M Zy
(Zy = diag{1,1/z,...,1/2*"1,1/\/z,...,1/(y/22*~1)}) is not more than 2,
and there are no zeros in the vector 7*, the matrix G is positive definite.

Since the Vandermonde determinant is not zero, the matrix Y is of full
rank. Since the polynomials p* f(x) and ¢7 f(x) have no common factors
and Py is the resultant matrix of these polynomials, det P, # 0. Therefore,
the matrix H is of full rank.

By the Frobenius formula (see, e.g., Fedorov (1972, Chap.1)),

det A = det Gdet(D — H'G'H).

Since the matrix H is of full rank, H'G~'H > 0.
All of the elements of the matrix D are nonpositive and —D > 0, from
which it follows that
det A > 0,

since the matrices D and HYG~1H are of order (2k — 1) x (2k — 1).

Let us demonstrate that det J(z) # 0 for z € (0,2). Multiplying the
2nd, 3rd, ..., and k-th rows of the matrix J(z) by po, ..., Dk, respectively,
adding them to the first one, multiplied by p1, gives us the matrix

T T
0 by b
by G H |,
b HT D

where b{l) =(0,...,0) and

blyy = (B f(§1))%2 — B f(yk2))?2, o, B F(Gk-1))2 — (BT fyn2))*2

(7 F)2) @2 (BT Fr2)?) wnz)

Note that the vector b2y # 0, since, otherwise, pT f(y) would be a Cheby-
shev polynomial, which is impossible. Therefore, det J(z)=b7 A=1b#£0.

Thus, detJ(z) # 0 with z € (0, 2).

By a straightforward but rather tedious calculation, it can be checked
that the limit of J(z) with z — 0 exists and is equal to the zero matrix.
Also, the limiting matrix Ji;y = lim. ¢ J(2)/z exists and det Jy # 0. The
last relation can be proved by arguments similar that was already used for
proving det J(z) # 0.

Now, by the Implicit Function Theorem (see Section 1.8), 7*(2) is a real
analytic vector function for z € (—2,0)U (0, 2). Also, by the same theorem,
7*(2) is real analytic in a vicinity of zero since det Ji;y # 0.

In the next section, we will construct F-optimal designs for cases m =
3,4, and 5. For m = 3 the solution proves to be available in an explicit
form. Also, for m = 4 and 5, we will construct E-optimal designs with the
help of Theorem 3.4.1.
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3.4.4 Examples

For the case m = 2, F-optimal designs were found in an explicit form for
arbitrary design intervals in Section 3.3.2. Here, we consider the case of the
symmetrical design interval for m = 3, 4, and 5. In the case of quadratic
model the (m = 3), E-optimal designs are found in an explicit form. For
the cubic model (m = 4) and the model of the fourth degree (m = 5), we
will construct E-optimal designs with the help of the functional approach.

Example 3.4.1 Quadratic model on symmetrical interval
Let
n(t,0) = 0y + Ot + 05t%, t € [—r,7].

In this case, an explicit form of E-optimal designs can be obtained by a
direct analysis of the characteristic equation and is given by the following
theorem.

Theorem 3.4.2 For the quadratic model on symmetrical intervals X =
[—r,r], an E-optimal design is unique and it is

E*_(r 0 r)
poo1=2p p )’

where

1
44 rt for r<v2
n= 5
-1
T27 for r>+/2.
In the first, case \* = 41%, and in the second case, \* = ’“2751_

Proof. From Lemma 3.3.4, it follows that an F-optimal design is unique
and is of the form

—r 0 r
§M—( bo1-2p H)’ 0<p<1/2.

Thus, the problem is reduced to maximization by u € [0,1/2], the value
Amin (M(gu)) :

This value can be found by a direct calculation using the characteristic
equation. In fact, eigenvalues of the matrix

1 0 212
M(E,) = 0 2ur? 0
2ur? 0 2urd

are the roots of the characteristic equation

det(M — ) =0,
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where [ is the identity matrix.
Since

det(M(£%) — ) = (2ur® — A) [(1 — A)(2ur? — X) — 4p®r?],
we obtain the following expressions for the eigenvalues,

A\ = 212,

1+ 2pr £ /(1 + 2ur%)2 + 16p2r% — 8urd
2 Y

Aoz =

and )\3 < /\2.
Let us find a stationary point of the function A3 = A\3(u) by the equation
(As(p)) = 0:
4 Art(1 + 2ur?) + 32urt — 8rt
2¢/(1 4 2prh)2 + 16p2rt — Surt
Note that the denominator is not equal to zero and the equation is
reduced to

V(4 2purh) + 16274 — 8urt = 14 2ur + 8 — 2.
Squaring both sides and collecting similar terms, we obtain

p((r*+1)p—1)=0.

Denote by pu* = 7,41+ 7 one of the two roots of this equation.

The root p = 0 is not appropriate since A3(0) = 0. In addition,
A3(1/2) = 0 and, therefore,

r4

A = A =)= ———.
0<iu<pl/2 3(k) 0<uS1/2 3() = dalu) rt4-4
This value is the minimal eigenvalue of M (£(u*)) if As(p™) < A(p*);
that is, if
_rt ot
ri+4 T i 4”
Thus, with 7 < /2,

sUp. Amin (M(§(n)) = As(u") = r* /(r* + 4).
0<pu<1/2

For r > /2, the value x for an E-optimal design should satisfy the condition
A1(p) = A3(p); that is,

dpr? =14 2ur* — /(1 + 2ur*)2 + 16p2r* — 8ur?,
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V(4 242 + 16p2r% — 8urd = 14 2ur* — 4ur?.

Squaring and collecting similar terms, we have
—8urt = —8ur? — 162rS.

From this it follows 2 = 1 + 2ur* and, therefore,

r?—1 r2—1
= —_— >\* = )\ P =
M 2T4 ? 1’3(/’0 7'2 )
which completes the proof. "

Note that in the present case, dim P = 1 with r < /2 and dim P = 2
with r > 1/2. The Chebyshev design is

- —r 0 r
=0 e )

1 _ 22
rdd4 14422

and it coincides with an E-optimal design with 7 < v/2. The value r* = /2
is the minimal positive root of the boundary equation

Az (M(E(r))) = A(r),

where
z=1/r%

p=

which assumes the form

2z _ 1
14422 14422

z=1/r?

and reduces to
2z—1=0.

This equation has, in fact, the unique solution z* = 1/2 and r* = 1//2* =
V2.
With 7 > v/2, the E-optimal design is also located in Chebyshev points,
but it is not a Chebyshev design in the sense introduced in Section 3.3.
For m > 3 it seems impossible to find non-Chebyshev E-optimal designs
explicitly and we will apply the functional approach developed above.

Example 3.4.2 Cubic model
Let m = 4;

n(t,0) = 0y + Ot + O5t> + 043, t € [—r,7].

A direct calculation shows that the boundary equation (3.39) in this case
assumes the form

642° — 322% + 602 — 3022 + 112 — 3 =0.
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This equation has the unique positive root z* = z*(4) ~ 0.381425.
Therefore, due to Theorem 3.4.2 with » < r*(4) = 1/4/2%(4), the E-
optimal design coincides with the Chebyshev design and has the form

" -r —rt Tt T
&= ( 11 ) ;
N A
where ¢ is the unique positive root of the polynomial
(T3(t)) = (4¢® — 3t)" = 122 — 3,
t =1/2, and p can be found from (3.37) and is equal to

3+ 1622
6(9 + 1622)’

Amin (M(£7)) = A(r)

1

— _ 2
S oY

For r > r*(4), an E-optimal design due to Lemma 3.3.1 has the same form.
Due to Lemma 3.4.4, the limiting vector 7o) is equal to

70y = (Pr(0)> P2(0) @1.(0)> @100 Y2(0)) " = (—=1/2,1,-1,1,1)".

Using this vector and the explicit form of matrix J(z), we obtain j(o) =0,

4 2 0 1 1 3
2 1 0 1/2 -1/2 1/2

Jn=|0 0 1 0 -1 |, g9=]| -2
1 12 0 0 0 0
1 -1/2 -1 0 0 -1

Therefore, 7(1) = —j(_l)lg(g) = (1,-2,1,-2,1)T. Coefficients 7(,,) with n =
0,1,...,9 calculated by (3.47) are given in Table 3.4.

Table 3.4: Table of coefficients (m = 4)

n| 0 1 2 3 4 5 6 7 8 9

AR I I
Do 1] -2 1] -3 1 2 [ —38 o= 9t
G| -1 1] -2 5| -8 4] 31 [ —147 362 | —348
@ 1] -2 0 8| —38 ] 78 2| =579 | 2064
o 1] -1 1] =2 6 | —13 11 58 | —350
p) 1] —4 8 -8 —4] 24| —8] —132 404 | —364
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In Table 3.4 the coefficients Ay, n =0,1,...,10, for the function

A(2) = Amin (M(E'r(z),z))

are also given.
Note that all coefficients are exact. With the help of Table 3.4, we can
construct the design

§n)(2) = &ry (2,2
From general formulas (3.46), we obtain
rt =11, pt=z2wi/2.
Also from Table 3.4 we have
p=1—z+23—-224 4.
w=1—-2z4224+824+....

Thus, the values x and p in the E-optimal design can be approximately
calculated. In order to check the quality of the approximation, consider the
casen=3,r=22=1/r>=1/4.

In this case, we have

1 1\°
Yies> (0.25)=1—=+ (=] =0.766

4 4
1 1
wicss (0.25) =1 — 5+t 0.563

Tr A \/Yyi1<a> ~ 0.875, pu~wicss/8=0.07

2 088 088 2
E<3>(0-25)’“(o.07 043 0.43 0.07)'

Note that due to Lemma 3.3.5 we have
A< )\(Z) < Mg,

where A1 = \) and A\ = maxo<y<1 pn(y). The values of A\; and Ay for
different n and z are given in Table 3.5.

From Table 3.5 we conclude that for » = 2, the first three coefficients
secure an acceptable efficiency of the design § = {(3):

Amin(M(§3)))  0.37407 _

= ~ 0.99.
AmiIl(M(ET(z))z)) 037722

For r greater than 2, the efficiency of the design 3)(z) will be even
greater, as can be seen from Table 3.5. However, numerical calculations,
omitted for the sake of brevity showed that the series constructed in a
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Table 3.5: Table of efficiency (m = 4)

z n A A2
0,01 | 1096010 | 0,96117
0,01 2 | 0,96079 | 0,96081
0,01 | 3096079 | 0,96079
0,15 | 3 | 0,55219 | 0,56539
0,15 5 | 0,55247 | 0,55302
0,15 | 10 | 0,55257 | 0,55257
0,25 3| 0,37407 | 0,46476
0,25 5 | 0,37403 | 0,38293
0,25 | 10 | 0,37705 | 0,37744
0,25 | 20 | 0,37721 | 0,37726
0,25 | 30 | 0,37722 | 0,37722
o "
087 h 0.8
0.6 0.6
y y
0.4+ 0.4
0.29 0.29
0 02 1;.4 2z 06 08 1 0 o2 (;.4 2 06 08 1
Figure 3.5: The dependence of Figure 3.6: The dependence \*(z) for
x(z) = rt for the case m =4 the case m — 4

vicinity of point z = 0 converge very slowly if z is close to the critical value
2*(4) =~ 0.38.

The behavior of the point x(z) = rt is shown in Figure 3.5. We can
see from this figure that the function is monotonic. Note that all other
components of the vector 7(z) also have a monotonic behavior. However,
it is difficult to prove this in a strong way. The behavior of A*(z) is shown
in Figure 3.6.

If we need an E-optimal design for points close to r*(4), it proves rea-
sonable to make calculations in the two stage. First, with the help of
expansions in vicinity of z = 0 we can approximate the vector 7(z) with
z = 0.2. Then we can construct the expansion at the point z = 0.2 and use
it for calculating the F-optimal design. We will demonstrate this approach
for the model of the fourth degree (m = 5) in the next example.
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Example 3.4.3 Model of fourth degree
Now let m =5,

n(t,0) = 01 + Oat + O3t + 04> + 05t*, t € [—r, 7).
The boundary equation in this case assumes the form
642" — 322" +962° — 4427 + 332 — 12 =0.
This equation has the unique positive root
2" = 2*(5) =~ 0.396787.

With » < r*(5) = 1/4/2*(5) due to Theorem 3.3.4, the F-optimal design
coincides with the Chebyshev design:

&= —r —rt 0 rt r
B vy Vo V3 V2 I ’
where v3 = 1 — 2v; — 2u5, t = 1//2,

422(1 + 222) 1622(1 + 22)
V=", V= —
DT 64t 16422 117 7 6424 16422 + 1

and
Amln(M(g*)) = (6424 + 642’2 + 1)71.

Consider the case r > r*(5). In this case, by Lemma 3.3.6, the E-
optimal design is unique and has the same form, but an explicit form for
x1, V1, and v, is not available. Let us apply the functional approach.

For m = 5, the vector 7 has the form

T = (ﬁhﬁ?a 617 627@1; @2, ZtQ)T.
Applying Lemma 3.4.3, we obtain that
o) = (1/4,-5/4,-3/4,1,1,8,1/4)",
Aoy = i Amin (M(&r2),2)) = 1.

Matrix J(g) is a zero matrix and J(y) is equal to

9 3 0 0 —1/4 —-1/4 —6
3 3/2 0 0 0 0 -3/2
0 0 2 3/2  1/4  —1/8 -2
0 0 3/2 9/8 1/4 —-1/32 —3/2

~1/4 0 1/4  1/4 0 0 0

~1/4 0 -1/8 -1/32 0 0 0

-6 -3/2 -2 -3/2 0 0 -3/2
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Table 3.6: Coefficients for initial point zg = 0

0 1 2 3 1
| 1/4 | —5/12 5/18 727 —146/81

P2 | —5/4 | 5/6 —5/9 —26/27 532/81

@ | —3/4 | b5/4 5/24 —31/72 4717864

@ | 1 —5/3 —5/18 31/54 —151/24

Dy | 8 | —688/9 | 45632/81 | —2691136/729 | 149801216/6561
o | 1 —41/9 | 1888/81 | —96560/729 | 4945072/6561
7 | 1/4 5/6 —5/9 —2/27 52/81

) 1 —9 56 —320 13083

First coefficients of the Taylor expansion of the vector function 7(z) in
a vicinity of z = 0 are represented in Table 3.6. Similar coefficients for
A(z) = p(7(2), 2) are also given in the table.

From Table 3.5 we see that the coefficients for weights and for the min-
imal eigenvalue increase much faster than others. A numerical study shows
that the radius of convergency for &1 = 2v1/z and @9 = 215/ 7 is approxi-
mately 0.16, whereas for other components of 7, it is approximately 0.35.

Note that A, @1 and @y can be expressed by the rest elements of 7.

For arbitrary m = 2k + 1, we have from (3.48) that

2 2
k+1 ~ koo~
(Zi:l pi) + (Zizl Qi)
L =3 2 2.9
> it p?z% +2im1 %2221

and for k = 2, a direct calculation gives

A:

) [)k?-f—l - 1a

_— MG — G27?)

Wy = — = = ~ <\
92(1 — 92)(q1 + G292)

- MG22* — 172)

wp =

(1 —=72)(q1 +d2)

Thus, we can approximate p1, P2, ¢1, G2, and g2 by the Taylor expansions
and calculate A\, w1, and @s by the above formulas. This method allows one
to find support points and weights of the E-optimal design with a great
precision for z < 0.3 (r > 1/\/ﬂ)

In order to solve the problem in the intermediate case 0.3 < z < 0.396,
we constructed re-expansion of the function 7(z) in a vicinity of point z =
0.2.

By the method described above, using 15 coefficients of the expansion
at zero point, we calculated the first column in Table 3.7. Other columns
are calculated by the recurrent formulas.

To show the efficiency of designs {,)(z) obtained by the Taylor expan-
sion at z = 0.2, we calculated the bounds A\; and )\ for different values of
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Table 3.7: Coefficients for initial point z; = 0.2
0 1 2 3 4 5
P1 0.17804 | —0.30698 0.22962 —0.20355 —0.02974 0.36925
p2 | —1.10688 0.60901 | —0.43501 0.55512 —0.10179 —1.11856
q1 | —0.48819 1.41862 1.00063 3.72679 11.81191 40.91730
q2 0.65139 | —1.88521 | —1.31832 —5.06216 | —16.14959 | —54.73347
w2 2.21396 | —9.66086 | 36.65304 | —121.46442 374.99630 | —1108.795
w1 0.52635 | —1.33370 2.49681 —6.18865 16.62481 | —45.22451
Y2 0.39473 0.61899 | —0.48325 0.25700 0.20932 —0.34837
A 0.23768 | —1.44590 5.21544 —15.39351 41.72046 | —109.9943

z and n. The results are presented in Table 3.8. For example, consider the
case z = 0.35. With n = 2 the efficiency of design &(,,)(2) is grater than

0.10124
0.10132

= 0.999.

Table 3.8: Table of efficiency

z n )\1 )\2
0.05 10 | 0.65880 | 0.65887
0.05 15 | 0.65880 | 0.65885
0.05 20 | 0.65880 | 0.65881
0.35 2 | 0.10124 | 0.10487
0.35 5 | 0.10132 | 0.10217
0.35 10 | 0.10132 | 0.10142
0.35 15 | 0.10132 | 0.10133
0.35 18 | 0.10132 | 0.10132
0.39 3 | 0.08185 | 0.08887
0.39 5 | 0.08185 | 0.08554
0.39 10 | 0.08185 | 0.08347
0.39 19 | 0.08185 | 0.08246
0.39679 | 2 | 0.07896 | 0.08649
0.39679 | 5 | 0.07897 | 0.08355
0.39679 | 10 | 0.07897 | 0.08143
0.39679 | 20 | 0.07897 | 0.08022

In the rest of this section, let us point out an efficient way of calculating
§(m)(2). A numerical verification shows that the series for p, p2, and 72
have a very quick convergency. This can also be seen immediately from
Table 3.7.

The weights for the F-optimal design and the minimal eigenvalue can
be calculated from p1, ps, and g2 by the formulas

2l/i :@iz = >\Az 1= 1,27
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1 1
087 087"
x,,,m”’/— M
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0.4 0.41
027 02
0 0.2 04 7z 06 0.8 1 0 0.2 AR 0.8 1

Figure 3.7: The dependence of nor- Figure 3.8: The behavior of the

malized support point x = z(z) for  minimal eigenvalue for the case
the model of the fourth degree m=5

A= 1/(A1+ Ay + Ag)
A= (A, Az, A3)" = F~diag{1, 2%, 2*}p,

NI g i i
where F = (;,5;7"), - bi = (L0, 50)5, 5= (1,52, 1), 1 = 1, 5 = 0.

Table 3.9: Coefficients for functions py, p2, and gs in point z = 0.2

0 1 2 3

D1 0.17804 | —0.307 0.230 | —0.204
p2 | —1.10688 0.609 | —0.435 0.555
Y2 0.39473 0.619 | —0.483 0.257

For the convenience of the readers we provide a simplified table of coeffi-
cients for p1, P2, and g (see Table 3.9). Using these coefficients, the reader
can calculate an E-optimal design for any given design interval [—r, 7],
r > r*(5) = 1.5875. The behavior of the normalized support point = z(2)
is represented in Figure 3.7. Again, we have a monotony dependence. It
is worth mentioning that the Taylor expansions provide the construction
of the figures and such a construction would be more difficult and not so
perfect by a merely numerical approach.



Chapter 4

Trigonometrical Models

Trigonometrical models can be considered as approximations of unknown
continuous functions by segments of their Fourier series. Such models have
a wide field of actual and potential applications.

In the present chapter, we consider trigonometrical regression models of
one variable on arbitrary intervals. We study D- and E-optimal designs for
this class of models with the help of the functional approach. In compari-
son with polynomial models, the main differences consist in the following.
First, support points of D-optimal designs for arbitrary intervals cannot be
obtained by the scale transformation of such points for the standard design
interval. Second, information matrices of F-optimal designs can have a
minimal eigenvalue of an arbitrary multiplicity.

4.1 Introduction

Trigonometric regression models of the form

m

y:ﬁ0+2ﬂ2j—l 51n(.]t) +252j COS(jt) +€7 te [C, d]7 (41)

j=1 j=1

—00 < ¢ < d < o0, are widely used to describe periodic phenomena (see,
e.g., Mardia (1972), Graybill (1976), or Kitsos, Titterington, and Torsney
(1988)) and the problem of designing experiments for Fourier regression
models has been discussed by several authors (see, e.g., Hoel (1965), Karlin
and Studden (1966, p. 347), Fedorov (1972, p. 94), Hill (1978), Lau and
Studden (1985), Riccomagno, Schwabe, and Wynn (1997)). Most authors
concentrate on the design space [—m,7]. For the D-criterion, it was estab-
lished that optimal designs are concentrated in equidistant points and have
one and the same weights for these points. Pukelsheim (1980) and Melas
(1982) showed that these designs are also E-optimal ones.

135
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However, Hill (1978) and Kitsos, Titterington, and Torsney (1988)
pointed out that in many applications, it is impossible to take observations
on the full circle [—m,7]. We refer to Kitsos, Titterington, and Torsney
(1988) for a concrete example; they investigated a design problem in rhyth-
mometry involving circadian rhythm exhibited by peak expiratory flow,
for which the design region has to be restricted to a partial cycle of the
complete 24-hour period.

In the present chapter, we address the question of designing experi-
ments in trigonometric models, where the design space is not necessarily
the full circle but an arbitrary interval [¢,d] C R. Recently, Dette and
Melas (2003) considered optimal designs for estimating individual coeffi-
cients in this model and gave a partial solution to this problem. In the
present chapter, we consider the D- and E-optimal designs.

The D-criterion is a reasonable criterion if efficient estimates of all pa-
rameters in the model are desired (see Section 1.5). D-Optimal designs are
investigated in Section 4.2*. Some preliminary results are given in Section
4.2.1. It is demonstrated that the structure of the D-optimal design de-
pends only on the length a = (¢ — d)/2 of the design space and that there
only exist two types of D-optimal design (this result seems to be unknown
for the complete circle). Our main result of Section 4.2.2 proves that the
support points (and weights) of the D-optimal design are analytic func-
tions of the parameter a and that an appropriately scaled version of the
D-optimal design converges weakly as a — 0 to a nondegenerate discrete
distribution on the interval [0, 1]. Following the functional approach devel-
oped in Chapter 2, these results are applied to obtain Taylor expansions
for the support points of the D-optimal design (considered as a function
of the parameter a = (d — ¢)/2), which allows a complete solution of the
D-optimal design problem in the trigonometric regression model (4.1) on
the interval [, d].

Note that it proves possible to calculate explicitly as roots of a classical
polynomial the limit of the support points of D-optimal designs normed
by the length of the design interval when this length tends to zero. The
technique is based on a differential equation for the polynomial having
roots in the support points. This equation is similar to that was introduces
by Stilties (see Karlin and Studden (1966, Chap. X)) for maximization of
Vandermonde determinants. In Section 4.2.3, a similar equation is derived
for D-optimal designs on arbitrary intervals. This allows one to derive, in
the next section, an algebraic equation for the vector of coefficients of the
polynomial with roots in the support points of D-optimal designs. The

*In this section materials (theorems, tables, and figures) are taken from Dette, H.,
Melas, V.B., Pepelyshev, A. (2002). D-Optimal designs for trigonometric regression
models on a partial circle. Ann. Inst. Statist. Math., 54(4), 945-959. (©2002 The
Institute of Statistical Mathematics, and Dette, H., Melas, V.B., Biederman, S. (2002).
D-Optimal designs for trigonometric regression models on a partial circle - a functional-
algebraic approach. Statist. Probab. Let., 57, 389-397. (©2002 Elsevier Science B.V.
with permission of Elsevier Publisher.
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combination of the functional and the algebraic approaches allows one to
make calculations much more quickly.

Finally, some examples are given in Section 4.2.5, and in the linear and
quadratic trigonometric regression model on the interval [—a, a], D-optimal
designs are determined explicitly.

In Section 4.3, similar results are obtained for E-optimal designst. In
Section 4.3.1, we introduce two auxiliary results. The first is the equivalence
theorem on E-optimal designs for general linear models, discussed earlier
in Section 3.2 and repeated here for the convenience of the reader. The
second result shows that E-optimal designs for the interval [c,d] can be
obtained from such results on the interval [—a,a], a = (d — ¢)/2, simply by
adding ¢ + a to all of the support points. This result is similar to that for
D-optimal designs proved in Section 4.2.

As was already mentioned for the full interval [—7, 7] E-optimal designs
are D-optimal and vice versa. In Section 4.3.2, we show that this result
remains true for intervals [—a,a] if and only if @ > (1 — 1/(2m + 1)).
In Section 4.3.3, E-optimal designs are explicitly found for intervals [—a, a]
with a < @,,, where @, > 7/2 is a critical value. This result is based on the
equivalence theorem and on the proposition that for a < @,,, the minimal
eigenvalue of the information matrix for Chebyshev designs (introduced in
Section 3.3) is simple. Section 4.3.4 includes the full solution on the basis
of the functional approach. Here, E-optimal designs are studied for the
intervals [—a, a] with @, < a <7 —1/(2m + 1). Results of Section 4.3 are
based on Dette and Melas (2002).

In Section 4.4, we perform a numerical comparison of D- and E-optimal
designs. We prove that D-optimal designs have a high FE-efficiency and
FE-optimal designs have a high D-efficiency. However, an advantage of F-
optimal design is that for a < a,,, such designs can be found explicitly.

4.2 D-Optimal Designs

4.2.1 Preliminary results for D-optimal designs

Consider the trigonometric regression model (4.1); define 8= (5, f1,- . .,
Bom)T as the vector of parameters and let

f(t) = (1,sint, cost, ..., sin(mt),cos(mt))T = (fo(t),..., fom ()T (4.2)

be the vector of basic regression functions. An approximate design is a prob-
ability measure £ on the design space [, d] with finite support (see Chapter
1). The support points of the design £ give the locations where observa-
tions are taken, whereas the weights give the corresponding proportions of

TIn this section materials (theorems, tables, and figures) are taken from Dette, H.,
Melas, V.B. (2002). E-Optimal designs in Fourier regression models on a partial circle.
Math. Methods Statist., 11(3), pp. 259-296. (©2003 Allerton Press, Inc. with permission
of Allerton Press, Inc.
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total observations to be taken at these points. Due to the 2m-periodicity
of the regression functions, we restrict ourselves without loss of generality
to design spaces with length d — ¢ < 27. For uncorrelated observations
(obtained from an approximate design), the covariance matrix of the least
squares estimator for the parameter [ is approximately proportional to the
matrix

M(E) = / ST (£)de(t) € REmHIx2m+t (4.3)

which is called the information matriz in the design literature. An optimal
design minimizes (or maximizes) an appropriate convex (or concave) func-
tion of the information matrix and there are numerous criteria proposed in
the literature that can be used for the discrimination between competing
designs (see Section 1.5).

In this section, we are interested in D-optimal designs for the trigono-
metric regression model (4.1) on the interval [c,d], which maximize the

determinant
det M (£)

of the Fisher information matrix in the space of all approximate designs
on the interval [c,d]. Note that a D-optimal design minimizes the (ap-
proximate) volume of the ellipsoid of concentration for the vector § of the
unknown parameters in the model (4.1) (see Section 1.5) and that opti-
mal designs in the trigonometric regression model (4.1) for the full circle
[¢, d] = [, 7] have been determined by numerous authors (see, e.g., Karlin
and Studden (1966), Fedorov (1972), Lau and Studden (1985), Pukelsheim
(1993), or Dette and Haller (1998) among many others).

Our first preliminary result demonstrates that for the solution of the
D-optimal design problem on a partial circle, it is sufficient to consider
only symmetric design spaces. To be precise, let

=8 ) (49

denote a design on the interval [c,d] with different support points tg <
-+ < t, and positive weights wy, . ..,w, adding to 1 and define its affine
transformation onto the symmetric interval [—a, a] by

S
g’7_<wo wn)’ (4.5)
where a = (d —¢)/2 and t; =t; — (d +¢)/2,i=1,...,n.

Lemma 4.2.1 Let M(n) and M(&,) denote the information matrices in
the trigonometric regression model (4.1) of the designs n and &, defined by
(4.4) and (4.5), respectively; then

det M(&,;) = det M (n). (4.6)
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Proof. If the number of support points satisfies n + 1 < 2m + 1, then
both sides of (4.6) vanish and the proof is trivial. Next, consider the case
n = 2m, for which we have (see, e.g., Karlin and Studden (1966))

det M(&,) = (det F(&,)* [T wi , (4.7)
=0

where the matrix F(&,) € R?mH1x2m+1 i defined by

F(&y) = (fillj)) 1 am- (4.8)

yeen

Now, it to easy to see that the vector f(t) defined by (4.2) satisfies, for any
a € R,

flt+a)=Pf(t),
where P is a (2m + 1) x (2m + 1) diagonal block matrix defined by

1
Q)

Q(ma)

and Q(B) is a 2 x 2 rotation matrix given by

_( cos(8) sin(9)
QB = ( —sin(B) cos(f) )
Obviously, we have det P = 1 and obtain from (4.7) and (4.8)
det M (¢&,) = det M(n) ,

which proves the assertion of the lemma in the case n = 2m. Finally, in
the remaining case, n > 2m, the assertion follows from the Binet—Cauchy
formula and the arguments given for the case n = 2m. "

From Lemma 4.2.1, it is clear that it is sufficient to determine the D-
optimal designs for symmetric intervals

[Cvd]:[_aaa]v O<a§7r,

and we will restrict ourselves to this case throughout this section. For fixed
a € (0,7], let & denote a D-optimal design for the trigonometric regression
model on the interval [—a, a]. Note that, in general, the D-optimal design
for the trigonometric regression model is not necessarily unique (see, e.g.,
Fedorov (1972), who considered the case a = 7). However, it is known that
the optimal information matrix M (£¥) is unique and nonsingular (see, e.g.,
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Pukelsheim (1993, p. 151)). Moreover, due to the equivalence theorem for
D-optimality (see Section 1.6), the design £ satisfies
d(t,&;) <0 forallt €[—a,al, (4.9)

with equality at the support points, where

d(t,&) = fF (M) f(t) — (2m +1). (4.10)
Let Egl) denote the set of all designs of the form
—tm ... —t t t - tm
€= &a) = ( —tm b : ) (4.11)
Zmtl " 2Zmtl  Zm+l  2m4l " Zmil

where 0 =ty < t; < --- < t,, = a, and define
=) = {g | supp(€) C [~a,a], d(t,€) =0 for all t € [—a, a}} (4.12)

as the set of all designs on the interval [—a, a] with a vanishing directional
derivative for all ¢ € [—a, a]; then we obtain the following auxiliary result.

Lemma 4.2.2 Let £ denote a D-optimal design on the interval [—a,al;
then
& eV UED.

Proof. Due to the equivalence theorem (4.9), any design £ € 5512) is D-
optimal for trigonometric regression model (4.2.1) on the interval [—a, a).

Now, assume that
o (5% Lo Up
§ = ( W1 ... Wy >

is D-optimal for the trigonometric regression on the interval [—a, a], where
the support points satisfy —a < u; < -+ < u, < a. If& & 59), then
d(t,€) £ 0, but due the equivalence theorem, we have

d(u,f) S 0 YVue [70‘70’]7

d(ui, &) =0 Vi=1,...,n,

d
e d (), =0 Vi=2.n— L.

If € denotes the reflection of £ at the origin, then it is easy to see that
det M (&) = det M (&) and, consequently, ¢ is also D-optimal. Moreover, the
concavity of the D-criterion implies that the symmetric design £* = (£ +
€)/2 is also D-optimal in the trigonometric regression (4.1) on the interval

[—a,a]. Note that there exists a permutation matrix P € R*m1x2m+1 gych

that
Parer” = () Wie ) 13)
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where

M) = [ 100 € rree,
Mo() = [ R W) € R (1.19)

My() = [ fs waz(e) € B

and f.(t) = (1,cos(t),...,cos(mt))T and f,(t) = (sin(t),...,sin(mt))T.
Because the information matrix of the D-optimal design is unique (see
Pukelsheim (1993)), we obtain (note that £* is symmetric)

M2(§) = MZ(é) = M2(£*) =0¢c Rm+1><m7
which implies for the directional derivative in (4.10)

g(t) =d(t, &) = £ OMHE () + £ )M E) fo(t) — 2m+ 1)

= Z% cos(it) (4.15)

for appropriate constants 7, . . ., Yom (note that the last representation fol-

lows by well-known trigonometric formulas). From £ ¢ EE?), we obtain that
the polynomial g(¢) is not identically zero and the equivalence theorem
shows that every support point is a zero of the function g. Moreover, the
functions {1, cost,...,cos(2mt)} form a Chebyshev system on the interval
[0,a] and a Chebyshev system on the interval [—a,0]. Consequently, g has
at most 2m + 1 roots in the interval [0, a] and at most 2m + 1 zeros in the
interval [—a,0] (including counting of multiplicities) (see Section 1.9 and
Karlin and Studden (1966), Ch. 10). Consider the case [0,a] and substi-
tute ¢t = arccos x, then it follows, observing the definition of the Chebyshev
polynomials of the first kind,

T;(x) = cos(i arccos x) (4.16)

(see Rivlin (1974)), that g(arccosx) is a nonpositive polynomial of degree
2m on the interval [cosa,1]. Consequently, if g(arccosz) has exactly 2m
roots (including counting of multiplicities), the boundary points cosa and 1
have to be roots of g(arccosx). Note that a similar argument applies to the
interval [—a, 0] and, therefore, the nonpositive function g defined in (4.15)
has at most 4m roots (including counting of multiplicities) in the interval
[—a, a]. Because the number of regression functions is 2m + 1, it therefore

follows from (4.2.1) that any D-optimal design n & =? has exactly 2m + 1
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support points in the interval [—a,a], including the boundary points. A
standard argument shows that all weights of the D-optimal design have
to be equal ie. (w; =1/2m+1),j=1,....2m+1). If{ ¢ =1, then
€ # € and, consequently, &* = (£ 4 €)/2 is a D-optimal design for the
trigonometric regression model (4.1) on the interval [—a, a] with more than
2m + 1 support points, which is impossible, by the above discussion. This
shows that £ € Egl) and proves Lemma 4.2.2. "

4.2.2 Analytic properties of D-optimal designs

Lemma 4.2.2 motivates the consideration of designs of the form (4.11) and
our next lemma gives an explicit representation for the determinant of the
information matrix of this type of design.

Lemma 4.2.3 Let £ denote a design of the form (4.11) and x; = cost,,
i =0,...,m; then

227712 UL

det M(€) = @ (1 - 22)(1 — ;) 1<.H.< (2 — )%, (4.17)

Proof. For any design £ of the form (4.11), we have
det M (&) = det M7 () det M3(€),

where the matrices My (€), M2(€), and M3(€) are defined by (4.14). Define

the design n¢ by
Zo Tq ‘e T,
Ne = 1 2 2 ;
2m—+1 2m—+1 et 2m—+1

then it is straightforward to see that

Mi(€) = ( / 11 T, ()T (2) dnf@))::o,

Ms(§) = (/1 (1 = 2*)Ui(2)Uj () dns(fv)> ,

-1 i,j=0

where T;(z) is the Chebyshev polynomial of the first kind defined in (4.16)
and
sin((7 4+ 1) arccos x)

sin(arccos x)

is the Chebyshev polynomial of the second kind (see Rivlin (1974)). Because
T;(x) is a polynomial of degree i with leading coefficient 2¢=1, it follows that
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M (€) is essentially a Vandermonde determinant; that is,
om 2
det ( ]70 ,m) )
(2m+ 1)m+1( € ( )z_O,...,m

om? i
= Gy 0w T =)

1<i<j<m

det M, (¢) = 2m(m=D

(note that zo = 1). Note that the support point xo of 1 has a vanishing
contribution to the matrix M5(£) and that the leading coefficient of U;(x)
is 2¢. Therefore, we have, by similar arguments,

det M3(&) = GmiDm H (1—a? H (zj — ;)2
i=1

1<i<j§m

and a combination of these formulas yields (4.17), which proves the asser-
tion of Lemma 4.2.3. "

We now study the function

$e,a) =[O0 -2))@—2)> [ (x5 —2)* (4.18)

1 1<i<j<m

—

(2

as a function of the length a of the design space. To this end, we note that
Zm = cos(a) and introduce the sets

T={(r1, e, m-1)" | 0<T< - <Tp_q1 <1} (4.19)
X=A{(x1,...,2m_ 1) | z;=cos(ary), i=1,...,m=1, (11,...,Tm_1)  €T}.

Note that any de81gn Ee= = of the form (4.11) is uniquely determined
by a point 7 = (71,... ,Tm,l)T € T or its corresponding function z =
(z1,... ,xm,l)T € X by the transformation t; = ar; = arccosz;, i =
1,...,m—1 (note that ty = 0,t,, = a), and by Lemma 4.2.3 the determinant
of M(§) is proportional to the function ¢ given in (4.18). By standard
arguments, it can now be verified that for fixed a € (0, 7], the function ¢ in
(4.18) is a strictly concave function of x = (21, ...,2m_1)7 € X. Therefore
(for fixed a) the function ¢(z,a) has a unique maximum in X, which will
be denoted by x*(a) (because of its dependence on the length of the design
space). The function ¢ is obviously differentiable and z*(a) can be obtained
as the unique solution of the equations

%qﬁ(m,a) =0cR™ L (4.20)

Moreover, for any x € X, the matrix of the second partial derivatives

G(x,a)z( > gb(x,a))m_l

Bxiaxj ij=1
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is positive definite and, in particular, the matrix
J(a) = G(z*(a),a)

is positive definite for all a € (0, 7]. It, therefore, follows from the Implicit
Function Theorem (see Section 1.8) that the function

x{ o :v*)((a) !

defined as the solution of (4.20), is real analytic. In other words, for any
point ag € (0, 7] there exists a neighborhood Uy of ag, such that the func-
tion z*|y, can be expanded in a convergent Taylor series. Observing the
symmetry ¢(z,a) = ¢(x,—a), it therefore follows that the function

[-7,7\{0} = T
rccos 275 (Ja arccos %, 1 (Ja))\" (4.21)
a—>r*(a):(accos i D,..., ! )

a a

is also real analytic. The following result shows that the function 7* can
be extended to a real analytic function on the full circle [—,7].

Lemma 4.2.4 The function 7* defined by (4.21) can be extended to a real
analytic function on the interval [—m, 7|, where

7(0) = lim r(a) = (77, 70 y)”

T << Ty

-~ _1, are the positive roots of the polynomial

1,1/2 1 _ana 1
Pr(n—l/)(2x2_1) = 2 PQ(m )1( ) = mpém(x)

and Pi(a’ﬂ) (z) denotes the i-th Jacobi polynomial orthogonal with respect to
the measure (1—2)®(14+x)Pdx and Py, (z) is the 2m-th Legendre polynomial
orthogonal with respect to the Lebesgue measure on the interval [—1,1].

Proof. The assertion of Lemma 4.2.4 follows if we prove the exis-
tence of lim, ,o7*(a) and the claimed form of its components. Let
2, = (cos(ary),...,cos(at,_1))T; then the expansions sint = t + o(t) and
cost =1 —t2/2 + o(t?) show that for a — 0,

2m2m+1)
Brra) = o HT [T 72—+ ofa)

1<i<j<m

(T, = 1) and, consequently, the limit lim,_,o 7*(a) exists and can be ob-
tained by maximizing the function

i =T1ra-mr [ -

1<i<j<m—1
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over the set 7' defined in (4.19). Note that standard arguments show
the strict concavity of the function ¢ and, consequently, the point 7% =
(15,...,75_1)T, where the maximum is obtained, is unique. Taking par-
tial derivatives of the logarithm of ¢ yields the system

3 47 e
—+ ! T+ Y 5—==0,i=1,....m—-1,
J=1,57#1 ’

and substituting Tf =y; € (0,1) gives

3 4 oy
— 4+ + -=0,i=1...m—-1.
Yi Y —1 Z

Similar arguments as given in Karlin and Studden (1966) or Fedorov (1972)
show that the polynomial ¢ (y) = []"'(y — y;) satisfies the differential
equation

y(L =" (y) + (3/2 = 7/2y)0"(y) + (m — 1)(m + 3/2)¥(y) = 0. (4.22)
It is well known (see, e.g., Szego (1975, Section 4.21)) that the unique
polynomial solution of this differential equation is given by the polynomial

P(1/2 1)( 2y)

m—1

and the assertion of the Lemma now follows from transformation y = 72

and the equation P,(La’ﬁ)(—x) = (-1 )"P(ﬁ’a)( ) (see Szegd (1975, formula

(4.1.3))). The alternative representations of the polynomial P(1 1/2)(2 2

1) are a consequence of pie0 (x) = P,(z) and Theorem 4.1 in Szeg6 (1975).

Table 4.1 shows the polynomial P(1 Y 2)( — 1) (normalized such that
the leading coeflicient is 1) and the Correspondlng values 7;° = /y; for lower
degrees m = 2,3,4,5. The following result shows that for small designs
space, that is,

a<mw(l-1/(2m+1)),

the solution of the optimal design problem can be obtained by a Taylor
expansion of the function 7* in (4.21) at the point @ = 0, where the i-
th component 7;(0) of the vector 7*(0) is the i-th positive root of the

polynomial p 1/2)(233 —1).

m

Theorem 4.2.1 Consider the trigonometric regression model (4.1) with
design space [—a,al, where 0 < a < .
(i) Ifa>n(1—1/(2m+1)), then the design £ with equal masses at the
2m + 1 points,
1—1—m
ti=2r——, i=1,...,2 1 4.2
1 ™ 2m + 1 i 1 ) ) m + ) ( 3)

18 a D-optimal design.
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Table 4.1: Values of the components 7 (0), ..., 7, _;(0) of the vector 7%(0)
defined in Lemma 4.3.2 and the polynomial solution of the differential equa-

tion (4.22) for various values of m

m | Y(y) and 7;(0)
2 | Yy) =y—3/7
71(0) = /3/7 ~ 0.6546
3 | v(y) =y*—10/11y +5/33
75(0) ~ 0.4688, 75 (0) ~ 0.8302
4 [ Y(y) =y> —7/5y% +7/13y — 7/143
71(0) =~ 0.3631, 75 (0) =~ 0.6772, 73 (0) =~ 0.8998
5 | ¥(y) =y* — 36/19y> + 378/323y? — 84/323y + 63/4199
71(0) = 0.2958, 75 (0) =~ 0.5652, 73 (0) ~ 0.7845, 77 (0) ~ 0.9340

(i) If a < w(1 —1/(2m + 1)), the D-optimal design (denoted by &) is
unique and is of the form

* * * *
—-a —at,,_q ... —aTy 0 ary ... aTy_1 G 194
1 1 1 1 1 1 1 ’ ( . )
2m—+1 2m—+1 tt 2m+1 2m+41 2m4+1 T 2m+41 2m—+1

where T is a real analytic vector function on the interval [—m, 7]
defined by (4.21) and Lemma 4.2.4.

Proof. Recall the definition of the set =52 in (4.12) and assume that the
design £* € =2 is D-optimal for the trigonometric regression model (4.2.1)
on the interval [—a, a]. Because d(t,£*) = 0 for all t € [—a, al, it follows from
the Chebyshev property of the functions {1,sint,cost,...,sinmt,cosmt}
that d(¢,£*) also vanishes on the full circle [—7, 7] (see Karlin and Studden
(1966, p. 20)). Consequently, £* is also D-optimal for the trigonometric
regression on the interval [—m, 7], which implies (by the uniqueness of the
D-optimal information matrix)

M(€*) = diag(1,1/2,...,1/2),
det M(€%) = 272,

On the other hand, we have

lim mgax det M (&) =0,

a—0

and, consequently, for sufficiently small a, the D-optimal design cannot be
an element of the set E((IQ). From Lemma 4.2.2, it follows that the D-optimal
design must belong to the set Egl) and the discussion in the first part of this

section shows that for sufficiently small a, the D-optimal design is unique
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and of the form (4.24). Now, let £ denote the design defined by (4.24) and

*

a* =sup{a € (0,7] | & is D-optimal}

= sup{a € (0,7] | det M(£*) <272™} (4.25)

(note that the second equality follows by continuity and Lemma 4.2.2). Tt
is well known (see Fedorov (1972) or Pukelsheim (1993)) that the uniform
distribution &, at the 2m + 1 points defined by (4.23) is D-optimal for the
trigonometric regression model on the interval [—7, 7). If 6 = w(1—1/(2m+
1)) denotes the largest support point of this design, it follows that £ = &,.
Consequently, the design & specified in part (i) of Theorem 4.2.1 is also
D-optimal for the trigonometric regression on the interval [—a,a] and the
D-optimality of £§ on [, w] shows

)
which implies the inequality a* < a for the critical bound in (4.24). Now,
for any design of the form

—t . =t t t . t
¢=¢(a) < " I S T ) (4.26)
2m—+1 e 2m—+1 2m—+1 2m—+1 e 2m+1
with 0 < t; < --- < t,, < m, it follows from Lemma 4.2.3 that
det M(¢) = CT[A-a?)1—2)? [ (o5 —=)* = hixe)
i=1 1<i<j<m
with C = 227" /(2m + 1)21 z¢ = (21,...,2m)7, and z; = cost; (i =
1,...,m). The discussion at the beginning of this section shows that h is

strictly concave. Additionally, we have for the design &7,
h(zer) =272,

and for any other design ¢ of the form (4.26),
h(zg) < 272"

(because otherwise a convex combination of £ and &, would have an infor-
mation matrix with a determinant larger than 272™, which is impossible).
Consequently, because & is of the form (4.26), it follows for the quantity
a* defined by (4.25) that a* = a.

If @ > a, the discussion in this proof shows that the design specified by
part (i) of Theorem 4.2.1 is D-optimal. If a < @, definition (4.25) shows
that the D-optimal design is in the set Egl) and Lemmas 4.2.3 and 4.2.4
(with their corresponding proofs) imply that the D-optimal design for the



148 CHAPTER 4. TRIGONOMETRICAL MODELS

trigonometric regression on the interval [—a, a] is of the form (4.24), which
completes the proof of the theorem. "

Note that Theorem 4.2.1 provides a complete solution of the D-optimal
design problem. In case (i) with ¢ > 7(1 — 1/(2m + 1)), a D-optimal
design for the trigonometric regression model (4.2.1) on the interval [—a, a]
is explicitly given by the uniform distribution at the support points specified
by (4.23), but is not necessarily unique. If ¢ < w(1 — 1/(2m + 1)), the D-
optimal design is unique and specified by (4.24), where the vector 7*(a) =

(11 (a),...,7%_1(a))T can be obtained by means of a Taylor expansion at
the point a = 0,
" (a) = Z 7'(’;)ai7 (4.27)
=0

and the vector 77, = 77(0) is given in Lemma 4.2.4. It follows from general
formulas of Section 2.4 that the coeflicients in the above expansion can be
calculated by the recursive relations

1

T(st1) = —mfl(o) (%)SHQ(TED(G)»G)

s=0,1,2,..., where
Tis(a) = Y Tha
i=0

denotes the Taylor polynomial of degree s € {0,1,2,...},

m—1

7(0) = (afaTas(sc))

b

4,5=1 T=7*(0)

and 5
g(t,a) = §¢(xr,a) eR™ L

Note that, in general, an exact determination of the radius of convergence
for the Taylor expansion (4.27) seems to be intractable. In general, several
re-expansions might be needed to obtain the D-optimal design for any a €
(0,7(1—1/(2m+1)). However, our numerical calculations in Section 4.2.5
indicate that the expansion at the point a = 0 always gives the D-optimal
design for the trigonometric regression model (4.1) on the interval [—a, a]
for any a € (0,7(1 —1/(2m + 1)).

4.2.3 The differential equation and the eigenvalue
problem

Note that due to formula (4.17), the support points of the D-optimal design
on the interval [—a, al, t;(a), i = 1,...,m, can be written in the form

t;(a) = arccos(x}),
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where z* = (zF,...,z},) is the unique point of maximum of the function
¢(x,a) on the set

X={z=(x1,...,2m); 0< 21 <+ < Xy, = cos(a)}.

Calculating the first partial derivatives of ¢(z,a), we obtain

m—1
1 3 4 4
_ -0
1+ z; 1—xi+mi—1+a+,z,mi—mj ’
J=1,j#i
i =1,...,m—1, with ; = z}, where @ = 1 — cos(a). Consider the

supporting polynomial

m—2

m—1
H z—xf)=2""1 4 E Pz
=1 i=0

Applying the following well-known equality (see, for instance, Fedorov,
(1972))

m—1

D U 3 R
w—ay 2@ T T

j=1.j#i

we obtain the relations

"

-1-2 2
1—22 z—1+a Y'(2)
for z = a7,...,x},_,. Multiplying the equation by the common denomina-

tor, we obtain

(1=2)(z—14+a) (2)+ (—422+ (1 —2a)2+3—a) (2) =0

again for z = 27,..., 2} .
Since on the left-hand side there is a polynomial of degree m vanishing at
the m —1 points =}, ¢ =1,...,m—1, we can equate this to the polynomial

1 multiplied by a linear factor, so that the problem turns out to be one of
solving a second-order differential equation

P(z) = (1-2)(z — 1+ a)y (2) + (42 + (1 — 2a)z + 3 — )¢ (2)
—(Poz + N)Y(2) =0, (4.28)
where 99 = —(m — 1)(m + 2) is obtained by comparing coefficients of z™
and A is an unknown real constant.

Since the solution ¥* of the differential equation is supposed to be a
polynomial of degree m — 1, we can rewrite P(z) in the form

P(z)=(2",...,2,1) A\ «a) ¢, (4.29)
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where 1) = (Yp_1,...,%0)T and A = A(\, a) is some (m + 1) x m-matrix.
Note that the first row of A consists of zeros. Let B = B(\ «) be the
matrix obtained from A by deleting the first row with elements b; ; =
(B(\, @))ij, i, = 1,...,m. Comparing the coefficients of the monomials
2, §=0,...,m,in (4.29) yields

(m —j)(m — j+3) — o, j—i=1
(m=j)((1-a)m—j+1)=1)=A j—i=0

bij =1 (m—j)m—j—a+2), j—i=-1 (4.30)
(m—=j)m—j—1(a—-1), j—i=-2
0, otherwise.

Note that the matrix B is of the form B = B(\,a) = B(a) — X\ I, and
A is an eigenvalue of the matrix B(a). Therefore, we can rewrite (4.28) in
the form

(B(a) = A Iy,) ¢ = 0. (4.31)

For known A, we conclude from (4.30) that the vector ¢ can be calculated
by the following recursive relations

"/Jmfl =1
m—1
wy == Z bm*V*l*mfj w] /bm*Vfl,mfu’ (432)
j=v+1
where v =m —2,m —3,...,0.

A method to calculate the eigenvalue of interest will be described in
the following subsection. Our approach based on the algebraic equation
(4.32) will be called an algebraic approach. Note that a similar method
was suggested in Dette, Haines, Imhof (1999) and Melas (1999) for studying
(locally) D-optimal designs for rational models. Here, we will combine this
approach with the functional approach.

4.2.4 A functional-algebraic approach

Consider the function

g\, ) =det(B(a) — A Ly,).

The unknown value A in (4.28) is a function of o (A\*(«x), say), to be explic-
itly given by

g\, a)=0.
Since \ is a simple eigenvalue of B(a) (recursive formula (4.31) shows that

the corresponding normalized eigenvector is unique), the following equation
holds:

Lgna) £0

A=A ()
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Due to the Implicit Function Theorem (see Section 1.9), \*(«) is a real
analytic function on the interval (0,&), where & = 1 — cos(a) and @ is
defined in (4.5). This also follows from the fact that simple eigenvalues of a
matrix are real analytic (see Lancaster (1969)). Consequently, the function
A*(a) can be expanded into a Taylor series on this interval. To expand
this function in a neighborhood of the origin, we must continue it to the
interval (—é, &). So our aim is to find the limit of A*(«) when o« — 0, which
can be realized by taking the limit in (4.28). Since all of the points in the
D-optimal design tend to zero, it follows that 7 — 1, ¢ =1,...,m—1, and
for the supporting polynomial, ¥(z) — (1 — z)™~!. By direct calculations,
we obtain
lim \*(a) = 1 — m?.
a—0
Hence, the function
Ma), O<a<aé
Ma)=<{ M(-=a), 0>a>—da
1-m?, a=0

is real analytic on the interval (—&, &). Consider its Taylor expansion
A~ > .
/\(Oé) = Z /\(i) Oél, /\(0) =1- m2, (4.33)
i=0
and let

Acn> (@) = Z Adi) ',
1 o

n!l dan
To determine the coefficients A(;) in this expansion, we will use the following

recursive formulas, which are the particular case of general formulas from
Section 2.4:

Aty = =J7H0) (9an> (@), @)y, n=0,1,...,

0
Ja) = 5= g
The first values of the scaled coeflicients 5\(1-) = /\(Z-)T are given in Table 4.2.
Note that since the eigenvectors of a matrix are real analytic functions
(see Lancaster (1969)), the coefficients ¥; = ¢;(a), j = m—2,...,0 are real
analytic functions on the interval (0, &). So the problem of determining the
components of the (normalized) eigenvector can be dealt with analogously
to that of calculating the eigenvalue. By the relations

(9()‘<n>(05)704))(n) = 9Acn> (@), a)

0(20'

A, Q).

R ’(/)j(a), I<a<a
P (@) =% Yi(—a), 0>a>—d
¥;(0), a=0,
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Table 4.2: Coefficients /_\(i) = Zi)\(i) in the expansion (4.33) of the eigen-
value and coefficients 1);(;) in the expansion (4.34) of the components of the
corresponding eigenvector (’(/307 .. ,z/AJm,l).

7 0 1 2 3 4 5

m =2 o | -1| 0.85714 | -0.06997 | -0.02856 | -0.00886 | -0.00133
A -3 -0.57143 | -0.27988 | -0.11424 | -0.03544 | -0.00533
m = 3| Yo 1| -1.81818 | 0.67618 | -0.02666 | -0.00204 | 0.00190
iy | -2 1.81818 | -0.07012 | -0.03345 | -0.01963 | -0.01248
Al -8 1 -1.09091 |-0.42074 | -0.20068 | -0.11779 | -0.07489
m =4 o | -1| 2.80000 |-2.22277 | 0.48317 | -0.00808 | 0.00222
1(5) 3| -5.00000 | 2.29169 | -0.05781 | -0.01309 | -0.00261
oy | -3 2.80000 | -0.06892 | -0.03375 | -0.02060 | -0.01400
Awy |—15] -1.60000 | -0.55138 | -0.27001 | -0.16480 | -0.11199
m = 5| o) 1| -3.78947 | 4.74901 | -2.23711 | 0.32001 | -0.00380
Y1y | 4| 11.36842 | -9.56600 | 2.36016 | -0.03433 | -0.00019
(10 6 |-11.36842 | 4.88488 | -0.08948 | -0.02490 | -0.00831
Y3y | 4| 3.78947 | -0.06792 | -0.03357 | -0.02072 | -0.01430
Ay |—24| -2.10526 | -0.67923 | -0.33566 | -0.20720 | -0.14296

where 1;(0) = (=1)™ 91 (m — 1)! / (j!(m — j — 1)!), these functions can
be analytically expanded on the interval (—&, &). The Taylor expansions

J’j(a) = Z Vi o'/ 2 (4.34)
i=0

can be constructed using the recursive formulas (4.30). The first coefficients
are listed in Table 4.2.

Using the values of the ¥;(a) for the components of the eigenvector, the
Taylor expansions of the functions (which give the support points of the D-
optimal design), t;(a), i = 1,...,m—1, can be constructed as follows. Note
that these functions are real analytic because the roots of a polynomial are
real analytic functions of its coeflicients.

Let us define the polynomial p(u,«) by the relation

p(u, @) = '™ (1 — au).

Denote by u;(0), i=1,...,m—1, the roots of p(u, 0) =const PT(,}’_ll/z)(Qu—l),
where PT(HB _’71) is the Jacobi polynomial with parameters (8,7) of degree
m — 1. Construct expansions of the solutions u;(a) = u(«) of the equa-
tion p(u, @) = 0 with the initial condition u(0) = w;(0) by the functional
approach described earlier and return to the original variables ¢;(a) =
arccos(z;(«)) = arccos(l — au;(a)), a=1—cos(a), i=1,...,m— 1.
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Proceeding as described earlier, we obtained the first coefficients of the
Taylor expansions for the support points ¢;(a), i =1,...,m — 1, of the D-
optimal design for the trigonometric regression model (4.2.1) on the interval
[—a,a] (if @ < @). Note that the present approach appears to be prefer-
able with regard to computer time and memory compared to the direct
functional approach. This is not surprising, since the algebraic-analytical
approach takes into account the special structure of the problem at hand.

4.2.5 Examples

Example 4.2.1 Our first example considers the linear trigonometric re-
gression model (m = 1) on the interval [—a,a], for which the solution is
rather obvious. If a > 27/3, the design

. _2r 2z
§a=< FAE T >
3 3 3

is D-optimal, whereas for a < 27/3, the D-optimal design for the linear
trigonometric regression model on the interval [—a, a] is given by

s:;=(1“ ! )
3

3
Example 4.2.2 In the quadratic regression model, the situation is more
complicated. If a > 47 /5, then part (i) of Theorem 4.2.1 shows that the

design
y _4m 2 g 2m 4m
§a:( 15 15 1 ? ? )
5

W=

This follows directly from Theorem 4.2.1.

5 5

5 5

is D-optimal. If a < 47/5, the D-optimal design can be obtained by means
of a Taylor expansion, as indicated in the second part of Theorem 4.2.1.
However, in this particular case, an explicit solution is possible by a careful
inspection of the arguments given in Section 4.2.2. Part (ii) of Theorem
4.2.1 shows that the D-optimal design in the quadratic trigonometric re-
gression model is in the set E((ll) whenever a < 47/5 and, consequently, only
one support point ¢; = ¢j(a) has to be determined. This can be done by
a direct differentiation of the function ¢(z,a) in (4.18). Note that m = 2,
x9 = cosa, and, therefore, ¢(z,a) is a function of only one variable, say
x1 € (—1,1). Elementary calculus yields that the derivative of ¢ has zeros
at the points x1 = cosa, zo = 1 and

1
T34 =g 2cos(a) — 1 F /33 + 12cos(a) + 4cos(a)2].

It is easy to see that only one of these two points yields a solution in the
interval [cos a, 1] and, consequently, the D-optimal design for the quadratic
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Table 4.3: Coefficients in the expansion (4.35). The D-optimal design in
the trigonometric regression model (4.2.1) on the interval [—a, a] with 0 <

a < mw(l—1/(2m+ 1)) has equal masses at the points —a, —t,—1, ..., —t1,
0, t1,...,tm—1, a, where t; = arf(a), i=1,...,m — 1.
) 0 2 4 6 8 10

m=2 Tf(i) 0.65465 | -0.21977 | -0.07747 | 0.04852 | 0.06118 | -0.02116
m=3| 7y (iy| 0-46885 | -0.19145 | -0.00875 | 0.02584 | -0.00184 | -0.00283
73 () | 0-83022 | -0.13502 | -0.10286 | -0.05465 | -0.00161 | 0.03946
m=4|7{ ;| 0.36312 | -0.15556 | 0.00820 | 0.01117 | -0.00368 | -0.00011
T3 () | 0-67719 | -0.18093 | -0.07349 | 0.00094 | 0.02393 | 0.01100
T3 (i) | 0-89976 | -0.08456 | -0.07603 | -0.06025 | -0.03806 | -0.01256
m = 5| 7{ ;| 0.29576 | -0.12851 | 0.01204 | 0.00501 | -0.00238 | 0.00036
T3 () | 0-56524 | -0.18316 | -0.03971 | 0.01585 | 0.01178 | -0.00245
73 (5 | 0.78448 | -0.14366 | -0.08805 | -0.03360 | 0.00483 | 0.01980
T4 iy | 0-93400 | -0.05677 | -0.05431 | -0.04874 | -0.03965 | -0.02762

trigonometric regression model on the interval [—a, a] with 0 < a < 47/5 is

given by
* —a _ff (a)
ga = 1 1 ’

t7(a) = arccos (; [2 cos(a) — 14 /33 + 12 cos(a) + 4cos(a)2]> .

ti(a)
1
5

ul= O
= Q

5 5

where

Example 4.2.3 In the general case m > 3, the second part of Theorem
4.2.1 has to be applied if a < (1 —1/(2m+1)) (note that in the remaining
case, a D-optimal design is explicitly given in part (i) of Theorem 4.2.1).
From Table 4.1, we obtain the values of 7(0), ¢ = 1,...,m — 1 (provided
m < 5), and the nontrivial support points 7;*(a) for 0 < a < 7(1—1/(2m+
1)) can now be calculated by means of a Taylor expansion, as indicated
at the end of Section 4.2.2. Using the functional algebraic approach, we
calculated the values of the first coefficients in the expansion

T;(a):iﬁ‘m (%)l i=1,...,m—1 (4.35)
=0

for m = 2,3,4,5. These coefficients are collected in Table 4.3. It can
easily be shown that 7;°(a) is an even function of the parameter a and,
consequently, the odd coefficients vanish and only the even coefficients are
displayed.

Consider as a concrete example the case m = 3. If a > 67/7, a D-
optimal design for the cubic trigonometric regression model on the interval
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[—a,a] is given by part (i) of Theorem 4.2.1; that is,

_6n _am _2m g 2 4z or

\

o= 1 7 4 1T 1 1)
7 7 7 7 7 7 7

If 0 < a < 67/7, the D-optimal design can be calculated from the expansion
(4.21) and Table 4.3. For example, if a = 1, we obtain that the D-optimal
design for the cubic trigonometric regression model on the interval [—1, 1]
is given by

1
7 7 7

N —1 —0.8154 —0.4494 0 0.4494 0.8154 1
§a = ( 1 1 1 1 1 1 ) .
7 7

7 7

4.3 FE-Optimal Designs

4.3.1 Preliminary results and FE-optimal designs on
large design spaces

Consider the common regression model
k
y=> 0ifj(x)+e, zEX, (4.36)
j=0

where the explanatory variable varies in the compact design space
X, fo,..., fr are continuous and linearly independent regression functions,
and observations at different points are assumed to be independent.
In the present section, we are interested in the E-optimality criterion,
which is given by
D(€) = Amin(M(€))

where Apin(A) denotes the minimum eigenvalue of a symmetric matrix
A € RFFIXk+1 - Note that maximizing ® is equivalent to minimizing the
function

1

— = -t = max Tt .
P(¢) Amax(M7(8)) lallo=1acks+1 M= (&)a

The expression a? M~1(¢)a is proportional to the variance of the least
squares estimate for the linear combination a?6(a € R**1) and, there-
fore, an F-optimal design minimizes the worst variance over all possible
(normalized) linear combinations.

It follows by standard arguments (see, e.g., Pukelsheim (1993)) that an
F-optimal design exists. For the convenience of the reader, we will repeat
here the equivalence theorem already formulated in Section 3.2 (Theorem
3.3.1).
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For an E-optimal design (g, we define P¢, as the eigenspace corre-
sponding to the minimal eigenvalue A\pin(M(Eg)) and

P = N Pep (4.37)
¢pis E-optimal

as the intersection of all eigenspaces corresponding to F-optimal designs.
It can easily be verified that P # @) and the following lemma gives a char-
acterization for E-optimal designs.

Lemma 4.3.1 (Equivalence Theorem) A design £* is E-optimal for
the regression model (4.36) if and only if there exists a non-negative definite
matriz A* € REFIXE+1 gych that tr A* = 1 and

max FT(2)A" f(2) < Ain(M(€7)). (4.38)

Moreover, if * is a support point of £*, there is equality in (4.38), that is,
FTa) A f(2%) = Amin(M(£7)),

and the matriz A* can be represented as

S
A* = E aiziz;‘r,
i=1

where z1,...,2s is an orthonormal basis of the set P defined in (4.37),
s=dimP, and oq,...,a5 >0 with >, _; a; = 1.

In the specific situation of the trigonometric regression model (4.1),
we have X = [c,d], fo(t) = 1/V/2, fa;(t) = cos(jt) (j = 1,...,m), and
faj—1(t) = sin(jt) (j = 1,...,m). Note that we use a slightly different
parameterization of the intercept, but most of our results are also valid
for the trigonometric regression model with fo(t) = 1. Our first result
shows that the F-optimal design in the trigonometric regression model is
essentially invariant with respect to transformations of the design space by

an additive shift.
(ot
= wy ... W

denote a design on the interval [c,d], a = (¢ +d)/2, and &, be the design
obtained by the linear transformation t — t — a, that is,

£ _ tl —a ... tn —a A
m w1 e W, ’
then the information matrices M(n) and M(&,) in the trigonometric re-
gression model (4.1) have the same eigenvalues, in particular

Amin (M (1)) = Amin(M (&)

Lemma 4.3.2 Let
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Proof. Let f(t) = (1/v/2,sint,cost,...,sin(mt),cos(mt))”; then we have
for any o € R,

f(t+a) = Pla) (1),
where P(«) is a (2m + 1) x (2m + 1) (block) matrix given by

S

Q(ma)

with
Q) = ( cosf  sinf3 ) c R2X2

—sinf3 cosf

Because P(«) is orthogonal, the matrices M (n) and

M) = [ s @isn = [ - o aao
= P(-a)M(n)P*(~a)

have the same eigenvalues and the assertion of the lemma has been estab-
lished. "

From the proof of Lemma 4.3.2 it follows that for any ®,-criterion in the
sense of Pukelsheim (1993), the solution of the ¢,-optimal design problem
for the trigonometric regression model (4.1) on the interval [¢,d] can be
obtained from the solution of the corresponding problem on the interval
[—a,a] and a linear transformation. For this reason, we will restrict our
subsequent investigations on E-optimal designs to symmetric intervals of
the form [—a,a], where 0 < a < m. Note that, in general, an E-optimal
design for the trigonometric regression model (4.1) on the interval [—a, ]
is not necessarily unique. For example, it follows from Lemma 4.3.1 that

for the full circle [—a,a] = [—m, 7], any design with information matrix
111 1
M* =TIy =d o= R2mH1x2m+l 4.39
2m+1 1ag(222 a2>€ (4.39)

is F-optimal. In particular, any design of the form

£Z=<tf t?) (4.40)

n “n e n

with n > 2m + 1 and
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has information matrix M* (see Pukelsheim (1993)) and is therefore E-
optimal for the trigonometric regression model on the interval [—m, 7). In
the following, we will prove that the E-optimal design for the trigonometric
regression model is unique, provided that the design space is sufficiently
small.

To this end, let Egig denote the set of all designs of the form

—t .o —ty tg tp ...t
c=ew=(g W o m TR

where 0 =ty <t < -+ <tm_1 <tm =aand w; >0(j =0,...,m) such
that Z;n:o w; = 1. Furthermore, define

=(2

= {¢] supp(¢) € [~a.a). 34" € PDEm +1): 14" = 1,

= FTOAF(®) = Ain(M(©)) V t€ [~a,a]}, (4.41)

where PD(2m+1) denotes the set of all positive definite (2m+1) x (2m+1)
matrices. A straightforward calculation shows &5,,,, € 552;7 and with the
aid of Lemma 4.3.2, it is easy to see that the design &5, ; defined in (4.40)
is E-optimal for the trigonometric regression model on the interval [—a, a],
whenever a > a, where

1
a=a = 1-— 4.42
a=a(m) =7 (1- 507 ) (142)
denotes the largest support point of the design &3, , ;. The following result
shows that F-optimal designs for the trigonometric regression model on the
interval [—a, a] are either in the set EE}I; or in Egz)), depending on the sign

of the quantity a — a.

Theorem 4.3.1 If a € [a, 7|, then any E-optimal design for the trigono-
metric regression model (4.1) on the interval [—a, a] is contained in the set
Egig defined in (4.41). If a € (0,a), then the E-optimal design for the
trigonometric regression model on the interval [—a,a] is unique and con-

tained in the set 58 Moreover, € € Egz; if and only if the information

matriz of € is of the form (4.39).

Proof. Let £* denote an E-optimal design for the trigonometric regres-
sion model on the interval [—a,a] (0 < a < =), then it follows by similar
arguments as given in the proof of Lemma 4.2.2 of Section 4.2 that
* - =(1) | =(2)
&S0 VEW
(we only have to replace the equivalence theorem for D-optimality by
Lemma 4.3.1). The same arguments show that if an F-optimal design
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for the trigonometric regression model (4.1) on the interval [—a, a] belongs
to the set EEB, then it is the unique E-optimal design on [—a, a].

We now prove the last assertion of the theorem. If a > a, then the
design &3, defined in (4.40) is E-optimal for the trigonometric regression
on the interval [—a, a] and therefore satisfies M (&5, 1) = M*, where M*
is given in (4.39). Consequently, any design & on the interval [—a, a] with

M (&) = M™* must also be F-optimal and satisfy £ € E%

€= t1 ta ... i,

o wp; w2 e Wh
denote an arbitrary design on the interval [—a, a]; then it is easy to see that
the information matrix of £ in the trigonometric regression model satisfies

Conversely, let

(M@ =5, w(ME) =m+ . (1.3

Now, assume additionally that & is E-optimal and a > a; then the E-
optimality of the design £3,,,, in (4.40) implies

A (M€)) = At (M (€51 11)) = Ain(M7) = 5.

On the other hand, we have from the well-known estimates (M (€)):; >
Amin(M (§)) = 5 and the equations in (4.43) that

1 2m+1 1 .
3= P> s
m+2 ;(M(g))zz,2(2m+]_) m_|_2’
which shows X
(M(é-))“:§7 i:17...72m+1.

In the next step, let o = (M (§));; = (M(&));; denote the element in the
position (7, j) of the information matrix of the design &, where 1 < i # j <

2m—|—1, and define
= €; sign(a)e; ),
b V2 & !

where e; € R*™*1 denotes the i-th unit vector. Then ||p||3 = 1 and we
obtain
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which implies o = (M (§));; = 0, whenever 1 < ¢ # j < 2m + 1. Conse-
quently, the information matrix of any E-optimal design is diagonal (i.e.,
M(&) = 3Iami1)-

Now, let a < a; then it follows from the results of Section 4.2 that for
any design & on the interval [—a, a],

1 2m-+1
det M (&) < ()
2
(2)

(see the proof of Theorem 4.2.1). Because any E-optimal design £* in =
satisfies det M (£*) = det M* = 272~ there are no E-optimal designs on
the interval [—a, a], which belong to the set =2 (if a < @). Consequently, by
the discussion at the beginning of the proof, the E-optimal design is unique
and an element of the set E((ll). Finally, if @ > a, we have shown that the
information matrix of the F-optimal design for the trigonometric regression

model is unique and equal to the matrix M* = M (&3,,,1) = 3I2m+1, where

the design &3, is defined by (4.40). Because £3,,,1 € =P it follows from
definition (4.41) that any F-optimal design belongs to the set =2

Note that Theorem 4.3.1 provides a solution of the E-optimal design
problem in the trigonometric regression model on the interval [—a, a] when-
ever a > a =7(1—1/(2m+1)). In this case, the solution is not necessarily
unique. However, the information matrix corresponding to FE-optimal de-
signs is unique although the E-criterion (considered as a mapping on the
positive definite matrices) is not strictly concave. If a < a, the E-optimal
design on the interval [—a, a] is unique and will be described explicitly in
the following subsection, when the parameter a is sufficiently small.

4.3.2 F-optimal designs on sufficiently small intervals

Throughout this chapter let
Ty (x) = cos(k arccosx) , keNg,

denote the k-th Chebyshev polynomial of the first kind (see Rivlin (1974)),
which are orthogonal with respect to the arcsine distribution; that is,

/1 - 1 if i=j>1,
2 T e = 2 if i=j=0, (4.44)
™)1 VI—a? 0 if i

It is well know (see Rivlin (1974)) that Ty (z) is the unique solution of the
extremal problem

min max |2k71xk—|—ak_1ajk71 +-- 4+ a1z +agl ,
A0,y ar—1€R xe[fl,l]
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and, in particular, we have equality at the Chebyshev points s; = cos(in/k);
that is,

Ti(si) = (—1)%, i=0,...k.
Throughout this chapter, let « = cosa € [—1,1), define

11—« _ 1+«
2 b)

i=0,...,m, (4.45)

as the extremal points of the Chebyshev polynomial of the first kind

2r—1—« qa0 i
Th| ——m— | = =+ wili(x 4.46
(72) = e L wne (4.46)
on the interval [«, 1], and define
1 .
t; = ti(a) = —arccosz;, 0= 0,...,m. (4.47)

We will consider designs of the form

2 —at ... —aty tyg aty ... at
§a = < - B g s ) (4.48)
2 . 2 wWo 2 . 2
as candidate for the E-optimal design in the trigonometric regression model
(4.1) on the interval [—a, a] (note that &, € Egig) The weights in (4.48) are
given by
S lgq F~"ei :
W; =W(a) = = e——, 1=0,...,m, (4.49)
o Ym0 lad Fte;]
where e; € R™T! denotes the (i + 1)-st unit vector, the vector ¢l =
(Ga0s - - - s Gam) € R™FL is defined by the representation (4.46), and the
matrix F € RmT1Xm+1 ig given by

1 1 1
V2 V2 V2
Tl(IZ?o) Tl(l'l) Tl(li

. m) (4.50)

To(xo) Tm(z1) ... Tml(xm)
The following result specifies some properties of the design defined in (4.48)

and (4.49) and is the main tool for proving its E-optimality for sufficiently
small design spaces [—a, a].

Lemma 4.3.3 Let &, denote the design defined by (4.48) and (4.49); then
the following statements are correct.
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(i) If 0 < a < m/2, then the weights w; = w;(a) can be represented as

where the constant A, s given by

1

“ ol

(4.51)

the vector qX = (qao, - - - » Gam) 8 defined in the representation (4.46),
and
T —x;
li(x) = d
Z(x) H T; — Ty
J#i
denotes the i-th Lagrange interpolation polynomial with knots
XOy .-y T given by (4.45).
(i) For all a € (0,7, the quantity A\, defined in (4.51) is an eigen-
value of the matrix M(E,) with corresponding eigenvector 4, =

(qa07 07 dal, 07 e 507 qam)T~

(i) The support points and weights defined by (4.47) and (4.49), respec-
tively, satisfy

. m—i\ .
il_r}r})ti(a):coscr o ), i=0,...,m,
1

— if i=1,....m—1

S () m

=1 4§
— if i=0,m
2m
Proof. Let w = (wo,...,w,)" € RTH; S w; =1 and
—at ... —at;p t aty ... at
Gy = (T A )

D) 5 0 5 B

be an arbitrary design with positive weights at the points +at; (i =
0,...,m). It was shown in Theorems 4.1 and 4.3 of Dette and Melas (2001)
that for a € (0,7/2], the optimal designs £(g),{(2);. - -, §(2m) for estimating
the individual coefficients By, Ba, . . . , Bo2m, respectively, in the trigonometric
regression model (4.1) on the interval [—a, a] are of the form

£ = &a(wiy), 5=0,...,m,

where the weights w(;) = (w0, - - ,w(j)m)T are given by
By
= 2D 0, m, (4.52)
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and

S
() 1 — 1,2
= (—1)"L+Z+che;frF €j, (4.53)

with ¢g = 7/v2 and ¢; = 7/2(j = 1,...,m). Note that we use a slightly
different notation for the support points ¢; and weights w(;); compared to
the cited reference.

A similar argument as given in the proof of Lemma 4.3.2 of Dette and
Melas (2001) shows that the design 7¢,,, obtained by the transformation

o = { G0 ISR

is optimal for estimating the coeflicient J; in the Chebyshev regression
model

5 m

and the representation (4.46) in this chapter and Lemma 4.3.1 in the cited
reference show
-1 .
qgj = e,JrMT (n5(2_j)>ej> j=0,...,m

where Mp(n) denotes the information matrix of the design 7 in the model
(4.55). Moreover, recalling the definition of the matrix F in (4.50), it follows
from Lemma 8.9 in Pukelsheim (1993) that

a2 = ¢ My (e, )e (Z\eTF ) = (e Ee)

i=0
(4.56)
(j =0,...,m), where the last equality is obtained by a careful analysis of
the sign pattern in the matrix F~! observing that a € (0, 7/2]. Because the
sign of qq; for a € (0,7/2] is (—1)™77, we obtain

m

Goj = Y (-] Flej, j=0,....m, (4.57)
=0

and the second equality in (4.53) gives, for the vector ¢ = (quo, - - - Gam ),

= anj(e?F_le
=0
1 m
Gaj dx
= ; —T() —— 4.58
/. DM Ee (4.58)

2/1“) dx
= — X)) —F/——==
m™J)_1 V1—22
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(1 =0,...,m), where we have used the representation (4.46) and the fact
that ¢; = 7/2 (j = 1,...,m) and ¢y = 7/+/2. Moreover, observing that
for a € (0,7/2] the sign of gq; and e] F~'e; is (—1)""7 and (—1)™+"*7,
respectively, we obtain that the sign of g7 F~le; is (—1)’. Now, the poly-
nomial in (4.46) attains the values (—1) at the point z; (i = 0,...,m) and
it follows that

T(MT220) = G L) = L1

Combining these arguments yields

m
Z e Flei| =
i=0 =

2 — ot dx

i —1)? () ——— 4.59
Y ! [ e (4.59)
2 ! 2r — 1 — « dx

_Z T2 ="

77[1 m( a ) Tz = o e

where the last equation is a consequence of the representation (4.46) and
the orthogonality relations (4.44). Assertion (i) of Lemma 4.3.3 now follows
from definition (4.49) and the identity (4.58).

In order to prove the second assertion of Lemma 4.3.3, let P €
R2m+1x2m+1 denote a permutation matrix such that

(—1)'qi F'e;

s

PM () P" = M(&,) = ( Me(a) -~ 0 ) : (4.60)

where the blocks in the matrix M(&,) are defined by

MA&) = [ R0 fT (1) de(r) € R (4.61)

—a

M©) = [ £ (0T (1) de(r) € BT, (4.62)

and the vectors f.(t) € R™*! and fs(t) € R™ are given by

fI(t) = (1/V2,cost, ..., cos(mt)),
fI(t) = (sint,...,sin(mt)),

respectively. Because the matrices M (éa) and M (éa) have the same eigen-
values and its corresponding eigenvectors are related by the transformation
x — Pz, assertion (ii) of Lemma 4.3.3 follows, if we prove that the vector
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Go = Pq, = (¢7,0T)T € R?™+1 is an eigenvector of the matrix M (£,) with
corresponding eigenvalue

Aa = ((if@a)fl = (Q§Qa)7l~

However, this follows easily, observing that the sign of ¢ F~1e; is (—1)* for
a € (0,7] and from the representation of the weights w; in (4.49), which
gives

Mc(éa)qa = ch(atl)fg(atl)wZQa
=0
=3 fulat) P
i:O a ba
= FF™ gy = AaGa.
qa qll

Consequently, we obtain
M(éd)‘ja = Aada,

completing the proof of the second assertion of Lemma 4.3.3.
For the proof of the remaining third part, recall that the sign of g,; and
el F~le; is (=1)™7 and (—1)"™*"*7, respectively. Then (4.57) implies for

sufficiently small a,
m

dog| = D lef 77
i=0

and from the first equation in (4.58), we have
(_1)ing_1eZ— = (—l)i Z |qaj|(_1)m_j‘ejF_lei|(—1)m+i+j

m
Z|Qaj||ej eil-
j=0

A summation of these quantities yields for the weights of the design éa
defined in (4.48),

o aF el N wijyi - aza), i=0 m
1 T (] ) - A )
ST el 2

where )
|9a;]
aj(a) = #7

™ i=0,...,m, (4.63)
s=0 l1as
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and the weights w(;); are defined in (4.52), corresponding to the optimal
design

- . —aty,, ... —aty to atq . aty,
S =E(wy) = W(j)m LI0) PR w1 Wi)m
2 s 2 (4)0 2 e 2

for estimating the individual coefficient 82; in the trigonometric regression
model (4.1) on the interval [—a,a], whenever 0 < a < 7/2. Note that we
use the second representation in (4.53) and (4.56) to find this normaliza-
tion. In other words, the design éa is obtained as a convex combination of
the optimal designs for estimating the individual coefficients in the trigono-
metric regression model on the interval [—a,a] (whenever 0 < a < 7/2);
that is,

m

éa = Zaj(a)§(2j)~ (4.64)

Jj=0

If @ — 0, the representation (4.46) implies that (o = cosa)

hm(l —a)™q, = f € R™TL
a—0
where f = (fo,..., fm)T # 0 denotes the vector in the expansion
m— m f
N, ij (4.65)

Consequently, we obtain from (4.63) for the weights in the convex combi-
nation (4.64),

* If]|2

lim aj(a) =) = =m— 575 =0,

a—0 ’ Zz o|fz‘

Finally, Corollary 4.2 in Dette and Melas (2001) shows that for j =0,...,m
the optimal design §(5;) for estimating the individual coefficient (z; in the
trigonometric regression model on the interval [—a, a] converges weakly in
the following sense

ii_r%g@j)([_a’at]) = C([_lvt])v te [_1’ 1]a

where the limiting design ( is given by

—Ym —Ym—1 e —Y1 Yo Y1 s Ym—1 Ym
¢= 1 1 1 1 1 1 1
4m 2m et 2m 2m 2m et 2m 4m

with
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Consequently, equation (4.64) shows that &, has the same weak limit, i. .
ili%ga([—a, at]) = ¢[-1,4], t € [-1,1],

and assumption (iii) of Lemma 4.3.3 follows by rewriting this statement in
terms of the support points and weights of the designs £, and (, respectively.

Theorem 4.3.2 For sufficiently small a > 0, the design éa defined in
(4.48) and (4.49) is E-optimal for the trigonometric regression model (4.1)
on the interval [—a, a]. The minimum eigenvalue is given by Amin(M (&,)) =

Ao, where
2 [t 2r — 1 —« dx
Al = Tazi/ T2 7
a 4 4 T ) I—o 1.2

and the vector qq = (qaos - - -, qa0)” is defined by the expansion (4.46).

Proof. Recalling the definition of the design &, in (4.48) and (4.49), we
will study the asymptotic behavior of the matrix

a*™ M (o)
as a — 0. To this end, let

sin((k + 1)arccosz)

U =
k(@) sin(arccos x)

. k>0, (4.66)

denote the Chebyshev polynomial of the second kind and define

2(1 — cost)

u=u(t) = e

Obviously, cos(kt) = Ti(1 — %u) sin(kt)/sint = Up_1(1 — %u), and,
consequently, there exists an (m 4 1) x (m + 1) matrix S(;) and an m x m
matrix S(z) such that the vector

Ft) = (fF ), 1E ()" € 2+

can be represented as

f(t) = SAf(u(t)),
where

sint sint sint

(1) = (%,u(t)7...,um(t), kgt ) —um_l(t)>T, (4.67)

a a a
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and the matrices A and S are defined by

a® a?\"™" a? PEAN
A=A(a) =diag{1, 2, ... (& A 4,
(@ dlag{,z, (%) adl (%) } (4.68)

and S
0
g ( Sw )
( 0 S

respectively, A, S € R T1x2m+1 Tt is easy to see that the matrices S(y)
and S(o) do not depend on the parameter a and are lower triangular with
nonvanishing diagonal elements. Consequently, we obtain an alternative
representation for the matrix M(€,) defined in (4.60):

M (&) = SAM (&) AST, (4.69)
where

M(g) _ /f(t)fT(t) df(t) c R2ZmH1Ix2m+l
Now, let

R T

ft) = (i,t{...,t2m,t,t3,...,t2m*1)

V2

and define for any design &,

1) = [ Fonf" e deco (4.70)
as the corresponding information matrix. From the expansions

(at)®
2

1 — cos(at) = (1+o0(a)) and sin(at) = at(1 + o(a))

and (4.67), it is easy to see that
lim Flat) = F(0).
Consequently, we obtain from the third part of Lemma 4.3.3 and defin-
ition (4.68) that
Tim 37(£,) = M(0),

where ( is the limiting design defined in (4.66). Moreover, from (4.68), we
have

a—0

2 m
lim (a ) A~Y(a) = diag(0, ... ,0,1,0,...,0), (4.71)
2 — —

which gives, for the matrix M(fa) in (4.69),

a® —

lim (> mel(éa) = (ST)"'Dpst (4.72)

a—0 2
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and for the corresponding (m + 1) x (m + 1) block,

a—0

2 R _ _
lim (2> MY (€)= (Sh)) " DayS ), (4.73)

where the matrix D € R?mT1x2m+1 ig defined by
_(Pw 0
= ()

D(l) — Aemeﬁ c IRm+1><m-‘,—17

with

em = (0,...,0,1)T ¢ R™T1
A =ep MM (Cem.

and M, (¢) denotes the m +1 x m -+ 1 matrix formed by the first m + 1 rows
and columns of the matrix M(¢) defined in (4.70). Because the matrices
D and D(yy have rank 1, the matrices on the right-hand sides of (4.71) and
(4.72) have only one nonvanishing eigenvalue. From the discussion at the
end of the proof of Lemma 4.3.3 we have

a—0

a2 m
lim <2> Qo= f#0cR™,

where the vector f is defined by the expansion (4.65). Similarly, it follows
for the eigenvalue A\, ' of M~1(&,) that

a2 2m a2 2m
lim (2> A= lim <2> Gaqa = fTf#0.

a—0 a—0

Consequently, the continuous dependence of the eigenvalues of a matrix
from its elements (see Lancaster (1969)), formulas (4.72) and (4.73) imply
that for sufficiently small a, the matrices

() e (%) mre

2m
<a2> P
2
In other words, the minimal eigenvalue A, of the matrix M(€,) has multi-
plicity 1, provided that a is close to 0.

Now, let 0 < a < a be sufficiently small such that this property is
satisfied. By Lemma 4.3.3(ii), the vector ¢, = (¢u0,0, Ga1,0,---,0, Gam)T
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is the eigenvector corresponding to A\, and we define A* = \,q,q.. With
these notations, from (4.46) we have

T 2 20—1—a
T () A* (¢a fe(1)) T (5=57)
max tA t) = max ————— = max ————
tel-asa] f ( ) f( ) t€[—a,a] qgjqa z€[a,1] q;{Qa
1 _ . .
= T = Mo = Amin(M(E0)) = Amin (M (E0)

and the optimality of the design éa follows from the Equivalence Theorem
given in Lemma 4.3.1.

Finally, the integral representation of ;! follows from the orthogonal-
ity properties (4.44) of the Chebyshev polynomials and the representation
(4.46); that is,

e 2 [t dx
)‘glzqgQa: QaiQa’*/ b;Ti(x)T;(x) ——=
Ot [ w0
2 [ (a0 - 2 dx
EEWTTE S
(% > widi@) =
2/1T2 2r—1—a dz
mf " 1—a V1—22’
where bp =1/2 and b; =1 if j > 1. .

The following corollary is an immediate consequence of Theorem 4.3.2
and its proof.

Corollary 4.3.1 Let
a=a(m) =sup{a >0 | Auin(M(£,)) = A, (4.74)

where Aq is defined in (4.51). Whenever 0 < a < a, the E-optimal design
for the trigonometric regression model (4.1) on the interval [—a,a] is given

by the design &, defined in (4.48) and (4.49). Moreover,
a = min{g(l),g(z)},
where the quantities a(;y and a9y are given by
agy = agy(m) = sup{a > 0Amin(Me(&)) = Aa},
(4.75)
a9y = azy(m) = sup{a > 0| Amin (M (€4)) > Ao}
The quantities a(;y and g,y have been calculated numerically for lower-

order trigonometric regression models and are listed in Table 4.4. Note that
these values are rather close to the upper bound @ = 7(1 — 1/(2m + 1))
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obtained in Section 4.2 and, consequently, Theorem 4.3.1 and Corollary
4.3.1 cover a rather large range of the interval (0,n] for the parameter a
of the design space [—a, a]. Moreover, Table 4.4 indicates that both values
might be equal in general, and in Section 4.3.4, we will prove that a(;) = a(s)
for all m € N.

Table 4.4: Bounds @, a = min{a(),a()}. The E-optimal design for the
trigonometric regression model (4.1) on the interval [—a,a] can be found
analytically whenever a € (0,a] U [a, 7

for various values of m

m| 4 a(2) a

2 [0.741x | 0.741x | 0.8
3 | 0.7947 | 0.7947 | 0.8577
4 | 0.8277 | 0.8277 | 0.8897
5 | 0.8517 | 0.8517 | 0.9097

Note Table 4.4 does not contain the case m = 1, for which a complete
analytic solution is presented in the following section. For later purposes,
we require the following auxiliary result, which is probably of independent
interest.

Lemma 4.3.4 Let 0 < a <a=7(1—1/(2m+ 1)) and &* denote the E-
optimal design for the trigonometric regression model (4.1) on the interval
[—a,a]. If the minimum eigenvalue of the information matriz M(£*) has
multiplicity 1, then .

5* =&,
where the design &, is defined in (4.48).

Proof. From Theorem 4.3.1 we have that the F-optimal design £* is
unique and of the form
. ( S A A 5, )
3 S 3

Now, let
A= Amln(M(g*)) = min{)\min(Mc(E*))a >\m1n(Ms(€*))}

denote the minimum eigenvalue of the matrix M (£*) and consider first the
case where \* = Apin(Mc(€*)). Obviously, \* is a simple eigenvalue of
M. (¢*) and we define ¢ = (qo,-..,qm)" as the corresponding eigenvector.
With the notation § = (go,0,q1,0,...,0,¢,)" and A* = g /" q, it follows
from Lemma 4.3.1 that (note the £* is E-optimal)

(a" fe()?

A=
qTq

max ]fT(t)A*f(t) = max

t€[—a,a te[—a,al
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The polynomial
U(z) = q* f.(arccos )

attains its maximum absolute value in the interval [a, 1] at the m+1 points
xf =costy (i=0,...,m) and must coincide with the polynomial

T (230—1—04)7
l1—«

which implies supp(€*) = supp(&,), ¢ = Fqa and A* = Ay = 1/¢7¢q. From
the equation

Mc(g*)Qa = Aaa;

it is then easy to see that the weights w; must coincide with the weights of
the design &, given in (4.49) and it follows that &* = &,.

Second, if A* = Ayin (Ms(£%)) < Amin(Mc(£¥)), then a similar argument
shows that &* is concentrated at 2m points, which is impossible. "

4.3.3 Example: The linear trigonometric regression
model on a partial circle

In this subsection we study the linear trigonometric regression model on

the interval [—a,a], which indicates that even this relatively simple case

is not trivial. Our next proposition specifies the E-optimal designs in the

linear trigonometric regression model. In this case, it proves that a = a

and we will show in the following subsection that this equality only holds
in the linear case.

Proposition 4.3.1 Consider the linear trigonometric regression model
(m=1) on the interval [—a,a].

(i) If a =27/3 < a <, then an E-optimal design is given by

=0
5:::(? )
3

(i) If 0 < a < a = 2x/3, then the E-optimal design is unique and given

by
—a 0 a
£ = ( MO g () b ) ; (4.76)

2

col= |y

W=

where
4+ 2cosa

" 4+4+2(1+cosa)?’

(4.77)
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Proof. The first point and the statement of uniqueness in part (ii) follows
from Theorem 4.3.1, which also shows that the F-optimal design is of the
form (4.76) whenever 0 < a < a. If a is sufficiently small, we can use
Theorem 4.3.2 and Corollary 4.3.1 and obtain from the representation of
the weights by the first part of Lemma 4.3.3 [xg = 1, 21 = a = cosa,
dao = —V2(1+a)/(1 - a), g1 = 2/(1 - )]

1 - pfa) = {4”(”‘“)}2/ T+ S0}

(1—a)? ), 1-a VoR AN
B 1+a+a?
T4+ 2(1 4 )

where we have used the orthogonality relation for the Chebyshev polyno-
mials of the first kind. The representation (4.77) now follows from a trivial

calculation; that is,
4+ 2«

M) = i ap

Note that this formula can also be obtained from the representation wg =
qFF~Ley/qr qa, where ey = (1,0)T and

1 1
F=( v2 v2 |,
1 @
A straightforward calculation shows that

W (-0
CT 4421 4 )2

(4.78)

(4.79)

is the minimum eigenvalue of Mc(éa) and has multiplicity 1. Consequently,
the critical value a can be obtained as

a= sup{a € (0,a)|Amin(Me(£4)) < )\min(Ms(éa))}

= inf{a € (0,0) Amin (Mo (&) = Amin(Ma(a)) }

which gives the equation

o (-a® 4420
Aa* m*u(a)(1702)74+2(1+a)2( 70&2)
_ (1+a)(4+2a)>\
1—0¢ as

where we have used the representation (4.78) and (4.79) for the last equal-
ities. This yields the equation 2a? + 7o + 3 = 0, which gives
1 2m

cosa=q=—=, a=
2 3
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as unique solution in the interval [—1, 1].

By Theorem 4.3.2 and Corollary 4.3.1, the F-optimal design for the
linear trigonometric regression model (m=1) on the interval [—a, a] is given
by (4.76) and (4.77) whenever a € (0,a], which proves part (ii) of the
proposition. =

4.3.4 FE-Optimal designs on arbitrary intervals

As was shown in Section 4.3.1, we can restrict the discussion of the E-
optimal design problem to the case of symmetric intervals [—a,a], 0 < a <
m. For 0 < a <a=a(m) and a = a(m) < a < m, we have already received
explicit solutions for the E-optimal design problem in the trigonometric re-
gression model (4.1) on the interval [—a, a]. Note that the range (a,a) not
covered by these results is rather small (see Table 4.4) and, consequently,
explicit solutions of the F-optimal design problem are available for most
cases. Moreover, in Section 4.3.3, we have shown that in the linear trigono-
metric regression model with m = 1, we have ¢ = @ = 27/3 and a complete
analytic solution is available in this case.

Now, we will prove that for m > 2 it follows that a < a and elaborate
a technique for the case ¢ < a < a that can be used for the numerical
construction of E-optimal designs and is based on the functional approach.
The method will be illustrated for the quadratic and cubic trigonometric
regression model at the end of this subsection.

We begin with a reformulation of Lemma 4.3.1. To this end, let us
introduce the function

(¢ fy(@)® + (1 —2?)(p" fio) (2))?

V(z) =V(z;q,p) = P

, (4.80)

where ¢ = (qo,.--,qm)? € R™T! is an arbitrary vector with ¢, = 1,
p=(po,...,pm_1)T € R™ is an arbitrary vector, and the functions fay(x)
and f(2)(z) are defined by

fiy(@) = (1/\/57 Ty(x),. .. 7Tm(x)) , (4.81)
f(g)(x) = (UO(x)a---aUm—l(l'))~ (482)

Due to Theorem 4.3.1, we can restrict our consideration to the case a < @
and designs & € EELI). The following result is a refinement of Lemma 4.3.1

for the model at hand.

Lemma 4.3.5 For the trigonometric regression model (4.1) on the interval
[—a,a] with 0 < a < a, the design

§:<—tm oo =t ty t1 ... tm>7 (453)

Wi wy wy Wi,
) ) wo 3
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with tg = 0 and t,, = a is E-optimal if and only if there exist vectors
q=qla) = (qo,--,qm)" € R™*T with q,, = 1 and a vector p = p(a) € R™,
such that the inequality

U(x) = ¥(x;9,p) < Amin(M(§)) (4.84)

holds for all x € |, 1], where the function V(x;q,p) is defined in (4.80).

Moreover, if a design & of the form (4.83) is E-optimal, then these
vectors are eigenvectors of the matrices defined by (4.61) and (4.62) corre-
sponding to the minimum eigenvalue A = Apin(M (§)) of the matriz M(§);
that is,

and
U(x;) = ¥(cosa), i=1,...,m—1,
, (4.86)
U (z;))=0,i=1,...,m—1,
where x; = cost;, 1 =0,1,...,m—1.

The polynomial ¥(x) is uniquely determined. The vectors p and q can
be chosen such that the polynomials

pr(2)($) and qTf(2) ()

have interlacing roots, and under this additional condition, the vectors p
and q are also uniquely determined. If a € [0,q], it follows that p = 0.

Proof. Let us prove that the inequality (4.84) is a necessary condition
for F-optimality. To this end, assume that a design & of the form (4.83) is
FE-optimal and let A* be the matrix, defined in Lemma 4.3.1, such that the
inequality (4.38) is satisfied.

Consider the function

U(z) = h(arccosz),
where h(t) = fT(t)A*f(t), t = arccosz. Note that due to Theorem 4.3.1,

U(z) # const whenever 0 < a < a. Since

sin(k arccos x) = /1 — x2Uy_1 ()

and
cos(k arccos x) = Ty (),

it follows that ¥(x) is a polynomial of degree 2m [note that ¥(x) is not
constant, and by Lemma 4.3.1, it has 2m — 1 roots counting multiplicities].
Our polynomial is non-negative for —1 < z < 1 due to non-negative def-
initeness of the matrix A*. It is known (see Karlin and Studden (1966,
Chap. 2) that such a polynomial can be represented in the form

V() = ¢i(x) + (1 — 2?)p3(x),
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where ¢1 () is a polynomial of degree m and @2 () is a polynomial of degree
m — 1, that is,

m m—1

pi(z) = Ci [[(@ =), 02 =Cs [ (@ —60),

i=1 1=1
and that the roots of these polynomials are interlacing, that is,
M<h <7< <dn1=< Ym,

1<y << Yy 01 < < Ot

Moreover, this representation is unique. Since the polynomials Ty(z),
Ty (), ..., T;n(x) are linearly independent and the same is true for the poly-
nomials Up(z), ..., Un—1(x), we have

p1(a) = Cq" fy (@),

p2(x) = Cp” fia)(x),
where C' > 0 is a constant and ¢ = (qo,...,qm)7 € R™*! and p € R™
are appropriate vectors with ¢,,, = 1. Recalling that the functions v/2f(t),

k = 0,1,...,2m, are orthonormal with respect to measure % dt on the
interval [—7, 7], we obtain

% ! fEOA f(t)dt = trA* =1,

and, therefore,

2 [1 dx
1=— V(r)——
7T/71 (I)\/l—.’L‘Q

cr dx
B 27 ,1{<‘1Tf<1>(w>>2+(pr<2>(x)>2<1—x2> Vi—a?
= C(qTq +pr).

Consequently, C' = 1/(q*q + pTp), and due to Lemma 4.3.1, it follows for
all t € [—a, a] that

FEOATF () < Amin (M (),
or, equivalently,

(¢" fr(2)? + (1 — 2?)(p" fro)(x))?
qtq+pTp

U(z) = W(z;q,p) = <A (487)
for all z € [a, 1], where A = Apin (M (€)) denotes the minimum eigenvalue of
the matrix M (&). Therefore, condition (4.84) follows from the E-optimality
of the design . Due to Lemma 4.3.1, the left-hand side of the inequality
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(4.87) attains its maximal value A at the support points x; = cost;, i =
0,...,m (since ¥(x) = h(t), t = arccosz) and the system of equations in
(4.86) also provides a necessary condition for E-optimality.

To prove that (4.85) is also a necessary condition for E-optimality, we
put x = cos t and integrate the left-hand side of (4.87) with respect to the
measure £(dt). We obtain

gt M. (€)q + pT My (&)p
pTp+qlq

< A (4.88)

where the second term should be replaced by zero if p = 0. Since

mqm‘”qﬁffm — Auin(M(€)) > A
(4.89)
. pTM(€)p
mﬁlnpﬁT](a)p - Amin(Ms(f)) Z >‘ ’

it follows that ¢ is an eigenvector of the matrix M.(§) corresponding to its
minimal eigenvalue \; that is,

Similarly, p is either equal to 0 € R™ or an eigenvector of the matrix M ()
corresponding to its minimal eigenvalue A. In both cases, we have the
equation

M;(&)p = Ap.
Finally, we prove that (4.84) is a sufficient condition for E-optimality of
the design £. To this end, define

A=(qq" +pp")/(¢"qa+p"p);
then tr A =1 and it follows from (4.84) that for all ¢ € [—a, a],

Due to Lemma 4.3.1, the design ¢ is F-optimal.

Note that the polynomial ¥(z) is uniquely determined by the conditions
(4.86) and (4.84). Moreover, we proved earlier that the vectors p and g are
uniquely determined under the additional condition of interlacing roots.

Let 0 < a < g; then Apin(Ms(€)) > A, and from (4.88) and (4.89), it
follows that p = 0. In the case a = g, the equality p = 0 follows from a
continuity argument. =

Lemma 4.3.5 will be used to obtain a representation for the minimal
eigenvalue of the information matrix of the E-optimal design. This rep-
resentation will be essential for the numerical construction of E-optimal
designs.
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Lemma 4.3.6 For the trigonometric regression model (4.1) with m > 2,
we have for the quantities a and a defined in (4.74) and (4.42), respectively,

a < a.

Proof. It is evident that a < a. Suppose that a = a; then Theorem 4.3.2
and Corollary 4.3.1 show that for a < a, the design &, defined by (4.48)
and (4.49) is F-optimal. For a < a, there exists a unique E-optimal design
by Theorem 4.3.1 and a continuity argument shows that there also exists a
unique F-optimal design in the case a = a = a, which is of the form

—tm ... —1 to t1 e tim
*
&= 1 1 1 1 1 ’
2m-+1 et 2m-+1 2m-+1 2m-+1 et 2m-+1

where the support points are given by

™ 1
th="1(1— ),':0,..., .
m( 2m+1 ! m

Therefore, £* = £, and we obtain the equations

’ {m’(l 1 )} 1—a m’+1+d 0
cos t; =cos|—|(1— = cos — 1=0,....,m
’ m 2m + 1 2 m 2’ e
where @ = cosa and a = 7(1 — QMIT) In order to prove that this is
impossible, we note that for 0 < a < m, 1/2 < u < 1, it follows that

1 —cosa 14 cosa

cosau > —5 CosTU + — (4.90)

This inequality can be proved observing that for a = 0 and a = w, we have

1——cosa 1+ cosa
CcosSau — ———— COSTU — ———— =
2 2
and verifying that the derivative of the left-hand side has only one zero in
the interval (0,7) corresponding to an absolute maximum in this region.
Substituting a = @ and u = i/m in (4.90), we obtain a contradiction, which
shows that a < a whenever m > 2. n

Throughout the remaining part of this subsection, we assume m >2 (the
linear case m=1 was discussed in Section 4.3.3), a < a < @, and define

pla) = p(a) € R™,

g(a) = (qo(a), ..., gm-1(a))" €R™,
z(a) = (z1(a), ..., xm-1(a))" € R™1,
w(a) = (wo(a),. .., wm_l(a))T e R™,

where p(a) and q(a) = (q1(a),...,qn_1(a),1)T are the vectors defined by
Lemma 4.3.5, z;(a) = cost;(a), i = 1,...,m — 1, and {t;(a)}i=1,....m—1,
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{w;(a)}i=0,...,m—1 correspond to the positive support points and weights
of the E-optimal design £, on the interval [—a,a]. For arbitrary vectors
q = (q07 o 7Qm71)T7 ﬁ = (p()? vee 7pm71)T7 T = (xla LR 7xm71)T7 and w =

(wo,...,wm,1)T, with a = cosa < xp1 < - < a1 < 1, w; > 0,1 =
0,...,m—1, and Z;’;Bl w; < 1 we define the vectors
@ = (907 .. ;04m—2)T = (ﬁTaqTaxT7wT)T S R4m_17

and, similarly,
0(a) = (fo(a), .., 0am—2(a)” = (7 (a),q" (a), 2" (a),w" (a))" € R*™ !

as the vector containing the support points and weights of the E-optimal
design and the components of the vectors g(a) and p(a) defined in Lemma
4.3.5. Let us introduce the function

AO.a) = mz_: (¢" fay(@i)? + (1 — zF)(p" fr2) (Ii))Qwi (4.91)

— q"q+p'p
(¢ f1)(@))* + (1 — a®)(p" fi2) (@)

_l’_
¢q+pTp

(1—wy—- = Wmn-1),

where 2o = 1 and the vectors ¢ and p are given by ¢ = (¢7,1)” and p = p.
If &, is the F-optimal design on the interval [—a, a], then

Aa) := A(O(a), a) = Amin(M (§a)),

and an immediate differentiation of the function A(©,a) shows that the
conditions

0

00;

coincide with conditions (4.85) and (4.86) if © = ©(a). Therefore, by

Lemma 4.3.5, these conditions are necessary conditions for the vector ©(a),

which gives the support points and weights of the E-optimal design. We

will call the vector equation (4.92) the basic equation. In order to study the

Jacobi matrix of this equation, we will present a couple of auxiliary results,
which are of independent interest. To this end, denote by

o Tm,
’[’]:
Wwo ... W

a design on the interval [«, 1] (with 2o = 1) and let

A©,a)|los =0, i=0,...,4m —2, (4.92)
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be the design corresponding to n by the transformation (4.54), where t; =
arccosz;, ¢ = 0,...m. Similarly, for any symmetric design £ of the form
(4.93) on the interval [—a, a], we denote by

i) oo I
Ne = P
wog ... Wy

with z; = cost;, t = 0,...,m, the design on the interval [, 1] obtained by
the transformation (4.54). Finally, v = v(a) denotes the multiplicity of the
minimum eigenvalue of the matrix M.(&,) and u = u(a) is the multiplicity
of the minimum eigenvalue of the matrix M(,), where &, denotes the E-
optimal design for the trigonometric regression model on the interval [—a, a]
and the matrices M. (&,) and M;(&,) have been defined in (4.61) and (4.62),
respectively.

Lemma 4.3.7 Let 0 < a < w. A design &, of the form (4.93) is an E-
optimal design for the trigonometric regression model (4.1) on the interval
[—a,a] if and only if

€a = gnay

where 1, is an E-optimal design for the Chebyshev regression model (4.55)
on the interval [, 1] and a = cosa.
Moreover, the quantities a and a9y 1N (4.75) are equal, that is,

1) = 42

and the multiplicities v(a) and u(a) of the minimal eigenvalues of the ma-
trices M.(£,) and Ms(&,) of the E-optimal design &, satisfy

v(a) =u(a) +1
whenever v(a) > 1.

Proof. Let us begin with the last assertion; denote with £, the E-optimal
design and by q(1),...,qu) the eigenvectors of the matrix M.({,) corre-
sponding to its minimal eigenvalue Apin (M.(€,)) and define the coordinates
of gy by q¢jyis @ = 0,...,m, j = 1,...,v. Without loss of generality, we
can choose q(1) such that q(1),, = 1, q(2) such that q(z),, = 0, q(3) such that
43ym = 43)ym—1 = 0, and so forth. For v > 2, we introduce the polynomials

2
aly foy (@)
90%(-'13) = ( (l)T : ) 5
4(1)4(1)
2
T
b (q(i)fu)(l")) _
902(37) - q’(];)q(i) y 1 7é 1a
oz) = i (z) + ¢5(2)

2 )
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where the vectors f(1)(z) and f(2)(z) have been defined in (4.81) and (4.82),
respectively. Note that the polynomial g is non-negative of degree m and

/ 9(c0s Ea(dt) = Amin(Me(€a). (4.94)

As in the proof of Lemma 4.3.5, we can find appropriate vectors ¢ €
R™*1 and p € R™ such that the polynomial g(x) can be represented in the
form

g9(x) = ¢i(z) + (1 — 2*) 5 (), (4.95)
y(z

where ¢1(z) = ¢* f1)(z) and @2(x) = p” f2)(x). Substituting x = cost,
integrating both sides of (4.95) with respect to the measure &, (dt) and
taking into account the identity (4.94), we obtain

mln( (ga)) = qTMc(ga)q + pTMs(fa)p
> Amin(Me(€2))q"q + Amin (M (&))" p. (4.96)

A further integration of the function g(cost) with respect to the uniform
distribution dt/27 on the interval [—m, 7| yields (observing the representa-
tion (4.95))

¢"q+p'p=1 (4.97)
Earlier we proved that

mm( (ga)) > Amin(Mc(ga))v

and, consequently, (4.96) and (4.97) imply that one of the following condi-
tions holds:

(i) v=1p=0, Amin(MC(ga)) = )‘min(M(fa)) < /\min(MS(ga))a
(ii) v > 1, p # 0 is an eigenvalue of the matrix M;(&y), Amin(Mc(£s)) =

Amin (M (€a))-

Part (ii) is an immediate consequence of the previous discussion. For a
proof of case (i), assume that

A= Amin(Me(€a)) = Amin(Ms ()
and let p and ¢ be vectors such that p ## 0 and
Mc(&a)q = Mg, Ms(§a)p = Ap-
We introduce the polynomial
9(@) = @) + (1 - 2%)@a(w),

where @1(z) = ¢ f1y(z) and @a(z) = p” f(2)(x). This polynomial can be
represented in the form

(aF foy(@))” + (aF Fay (@)

2
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and a similar calculation to that given in the previous discussion shows that
g1 and g9 should be eigenvectors, corresponding to Amin(M.(€,)). There-
fore, it follows that v > 2 and this proves that part (i) is correct.

In the first case, Amin(M(&,)) is simple. In the second case, v > 2,
and for each eigenvector q(;), there exists an eigenvector p(;) of the matrix
M(&q). It can be easily checked that the vectors p(;), i = 2,...,v, are of
the form

(p(2)07 s ap(2)m71)Ta
(p(3)07 -5 PB3Yym—2, 0)T7

(P@)0s -+ s Pym—v+1,0, - .. ,O)T.

Consequently, these vectors are linearly independent, which gives v(a) >
u(a) + 1. In a similar way, we can prove that v(a) < u(a) + 1 and for the
case v(a) > 1 we obtain that

v(a) = u(a) + 1.

From (4.96) and (4.97) it also follows that v(a) > 1 in the case
Amin(Mc(€2)) = Amin(Ms(€q)). Recalling the definition of acpy and a)
in (4.75), it thus follows that

agy = inf{a [ v(a) > 1},
Q) = inf{a | /\min(MC(ga)) = )‘min(MS(fa))} )
and the previous remarks yield
aa) = &) = &

In order to prove the first assertion of Lemma 4.3.7, let £, be a symmetric
E-optimal design of the form (4.93) for the trigonometric regression model
on the interval [—a, al; then it follows from the previous discussion that

Amin(]\4(£a)) = Amin(Mc(ga))'

From the definition of the transformation (4.54), we have

MC(ga) =M (77&1)7

where

M) = [ @)1 (i)

denotes the information matrix of the design 7 in the Chebyshev regression
model (4.55). Therefore, a design &, is an E-optimal design for the regres-
sion function f.(t) on the interval [—a, a] if and only if the design 7, is an
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E-optimal design in the Chebyshev regression model (4.55) on the interval
[cr, 1], where @ = cosa. Now, it is easy to verify that any F-optimal design
of the form (4.93) for the regression function f.(t) on the interval [—a,a]
is also an E-optimal design for the trigonometric regression model on the
interval [—a,a] and vice versa. Thus, a design &, of the form (4.93) is
an F-optimal design for the trigonometric regression model on the interval
[—a,a] if and only if the corresponding design 7, is an E-optimal design
for the Chebyshev regression model (4.55) on the interval [«, 1]. .

Throughout this chapter we denote by 7(a) the number of common
roots of the polynomials ¢;(z) = ¢” f1)(z) and @a(x) = p” fi2)(2) defined
by Lemma 4.3.5. The following result provides the basis for the implemen-
tation of the functional approach.

Theorem 4.3.3 Consider the trigonometric regression model(4.1) on the
interval [—a, a], where 0 < a < 7 and m > 2. Then a < @ and there exists
a number v € N and real quantities

a=a1<ay<az<---<a,=a
such that the vector function

. (Q,(i) — R4m—1
o { a — O(a)

18 uniquely determined, real analytic on the set

v—1

U (aj,a541), (4.98)

Jj=1

and satisfies the system of equations

) .
IR a)‘(_):@(a) —0,i=0,...,4m —2, (4.99)

where the function \(©,a) is defined in (4.91).

Proof. We have already proved that the vector function ©* is uniquely
determined and satisfies (4.99). It is also obviously continuous. In order to
study its analytic properties we define

2 4m—2

0
G(©,a) = (8913@- 2O, a)) o

as the Jacobi matrix of the system (4.99) and denote by

J = J(a) = G(6(a),a)
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the corresponding value at the point © = ©(a). A straightforward but
tedious differentiation shows that this matrix is of the form

S By B
J=h| By D 0o |, (4.100)
By 0 0

where h = 1/(¢"q + p'p), ¢ = q(a), and p = p(a). The matrices in the
block matrix (4.100) are given by

S _ M(l) O 7
O M(Q)

My = My(€,) — Al

Similarly, if A_ denotes the matrix A with deleted last row and last column,
M3 is defined by

where

M(?) = (MC(fa) - >‘Im+1)—a
D = diag{di1,...,dm—1,m-1},

where the elements of the matrix D are given by

"

dii = ((¢" f)(@)* + (" fz)(2))?(1 — 2?)) oty L DT
and
By = ((fu)(x)qTf(l)(‘”)) Yilam ) ’
e=wi(a) ) ;1. m—1
Bay = ((fu)(x)(l — %) wi ) ’
r=z;(a) i=1,...,m—1
By = (fay(@i)a" foy (@), g, s

Blyys = (fey(@i)p” fioy(zi) (L =), oy

where b_ denotes the vector b with deleted last element. Let a € (a,a) such
that the following condition is satisfied:

(A) There exists a neighborhood U of the point a such that for alla € U,
we have
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Denote by 61, ...,0d, the common roots of the polynomials

q (a)f(l (z),
P2 (117) = p"(a) f2) (@),

‘G
==
I

by Y1,...,Ym—r the remaining roots of the polynomial ¢;(z), and by

Kls---,Kkm—1—r the remaining roots of the polynomial s (x); that is,
T m—T1
pi(z) = [[(x—a) [ (@ =),
i=1 i=1

m—71—1

@2(17) = Kkm—r H H xr — "‘37
i=1

(recall that it was shown in the proof of Lemma 4.3.5 that ¢ and @9 have
simple roots, which are interlacing, and note that x,,_, denotes not a root
of the polynomial ¢5 but its leading coefficient). Define the vector

("')(CL) =0 = (717"'77771—7‘7”‘:17'"7Km—7a617"' aéTai(a)aw(a))T
= (007"'704m—1—T)T'

and note that in a neighborhood of the point a, there exists essentially a
one-to-one correspondence between the points ©(a) and ©(a). Consider
the matrix

J=HTJH, (4.101)

with
4m—1—71,4m—2

H = (96:/90; )

/9, i=0,j=0
We will prove below that the matrix .J is nonsingular for any point @ satis-
fying condition (A). Because 7(a) € {1,2,...,m}, it therefore follows that
all points a € (a,a) except for a finite set denoted by {a1,...,a,} satisfy
condition (A). Therefore, the vector function

0F : a— O(a)

is a real analytic vector function on the set (4.98) due to the well-known
Implicit Function Theorem (Gunning and Rossi (1965)). Because the co-
efficients of a polynomial are analytic functions of its zeros, it follows that
the vector function ©* is also real analytic on the same set.

The proof of the nonsingularity of the matrix J is tedious and we indi-
cate the main steps. Denote by P the eigenspace of the matrix M.(,) cor-
responding to its minimal eigenvalue Ay (M.(&,)) and by P, the subspace
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of all vectors r = (ro,71,...,7m,)" such that the polynomial >t g’ has
the form
T m—T
H(.’E — (51) Z ’Fjﬂ?j
i=1 §=0
for some vector 7 = (q,...,7m_-)" of size m — 7 + 1. For the sake of
transparency, we introduce the notation F(x) = (1,x,...,2™)T and define

the following for vectors r, s € R™+1:

1
<r,s>= /71 (r"F(z)) (s"F(2)) n¢, (dz) %

X [i [ (TP@) (T F@) \/%

A straightforward calculation shows that the condition

ON©,a)

i

is equivalent to the condition

< Gy q > = XNO,a),

where the vector g, € P, is defined by

d
0, F(2) = — > ¢"F(x) = ——q" F(x) .

for any ¢ = 1,...,m — 7. This means that
¢y €EP, i=1,.... m—T

(note that the vectors g, ,...,qy,,_, are linearly independent). Note that
a direct calculation gives

2 A ' M (&), A 1
9 A(@,a)z(qw”jﬂ(&f)\(@,a)) = j=1...,m—r.
970 a4y, 4, T
Since ¢,, € P, we obtain
0? A

a%a%)\(@,a):o, ij=1,...,m—r,

In a similar way, it follows that

pHiEP(Q)a i:17"'7m_7->
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where P(y) is the eigenspace, corresponding to Amin(M(s)(€a)), and by the
same arguments we obtain

32
8;@8@

A©,a)=0, i,57=1,...,m—T.

It is easy to check that for a € (a,a), it follows that 7 > 1. Moreover,
using the above formulas, we obtain that the matrix J has the structure
indicated in Table 4.5, where A is a non-negative definite matrix and D is
the negative definite matrix, defined earlier.

Table 4.5: Structure of the matrix J defined in (4.101)

1 m—-7 m—1 m-1 m

110 b7
m-—T 0 vT BT | cf
m—1 14 A BT | T
b
m—1 B1 BQ D 0
m Cl CQ 0 0

If b # 0 and the matrices C = (C; : C3), By and B have full rank it
follows by similar arguments as given in Section 3.2 with the help of the
Frobenius formula that det J # 0. The verification of the listed conditions
is equivalent to the verification that certain polynomials are not identically
zero. This can be done by the standard technique of counting zeros and is
left to the reader. Thus det.J # 0 for any point a satisfying condition (A).

Since the vector function ©(a) = ©(arc cosa) is real analytic on the set
defined by (4.98), it can be expanded into a Taylor series in a neighborhood
of any point @ # a;, j = 1,...,v, a < @ < a, and we obtain for its
components an expansion of the form

Oi(a) = Oixla—@)"r, i=0,...,4m -2,
k=0
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where & = cosa and a = cosa. For the determination of the coefficients
{01}, the general recurrent formulas introduced in Section 2.4 can be ap-

plied, provided that initial conditions 6,9, i = 0,...,4m — 2 are known.
To find such initial coefficients ©® = (0.0 -+ 04m—20)T, we solve the
equation
am=2 , o 2
(O) = a ‘ =
QOW) . ; (aeix(e, a) @_@(OJ 0

for some a, which can be done by standard numerical algorithms. To obtain
an approximation of the function ©(a) with a given precision, we have to
find one or several points ai,...,ax, construct the corresponding Taylor
series and verify that the calculated design is E-optimal with sufficient
precision (note that ©(a) contains also the vectors p(a) and ¢(a) by Lemma
4.3.5). In the following examples, we will illustrate this approach for the
quadratic and cubic trigonometric regression model on the interval [—a, a).

Example 4.3.1 Consider the quadratic trigonometric regression model on
the interval [—a, a]

BT f(t) = Bo/V2+ Bicost + By sint + B3 cos 2t + [y sin 2t.

By the discussion of Section 4.3.1, it follows that for a = 0.87 < a < m,
an F-optimal design is given by

4m 2w
5 50

1

5

Similarly, Corollary 4.3.1 and Theorem 4.3.2 show that for 0 < a < a =
0.7417, the unique E-optimal design is given by

<—a —t(a) 0 t(a) a>

Wo 2

S U\‘§
S m‘§

(S
(S

where
1+ cos a)

2

and the weights wg, wy, and wy can be found by formula (4.49). In the
intermediate case

t(a) = arccos (

a=0.7411r < a < 0.87 = a,

we will construct the F-optimal design by the functional approach. Note
that due to Theorem 4.3.1, an E-optimal design is of the form
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where tg = 0 and t2 = a. Since wy + w1 + we = 1, it is enough to consider
the weights w; and wy and the point x1 = arccos t;. We take a = 0.777 ~
(@+ a)/2. The first Taylor coeflicients for the parameters

go = qo(arccos a),

g1 = q1(arccos @),

po = po(arccos a),

p1 = p1(arccos a),

1—x1 =1—z;(arccos o),
wy = w1 (arccos «v),

we = wa(arccos ),

in the expansion
oo
O(arccosa) = Z 0" (a — cosa)”
n=0

are listed in Table 4.6. The dependence of the support points and weights
of the E-optimal design in the trigonometric regression model from the
parameter a € (a,a) is illustrated in Figure 4.1. In the present case, it
follows that a1 = a < as = a, and for a1 < a < as, we have

7(a) =1, u(a) =1, v(a) =2.
It is also interesting to note that for 0 < a < a; = a, we have
u(a) =0, v(a) =1,
whereas for the case a = as < a < 7, it follows that
u(a) =2, v(a) = 3.

In other words, if the parameter a is increased from 0 to 7, the multiplicity
of the minimum eigenvalue of the information matrix of the FE-optimal
design changes from 1 to 5 by steps of size 2.

Example 4.3.2 Consider the cubic trigonometric regression model on the
interval [—a,a] (i.e., m = 3). Then, similar to the preceding example, an
E-optimal design can be found in an explicit form whenever 0 < a < g =
0.7947 and a < a < 7, a = 6/7m ~ 0.8577. In the case a > @, the design

_6r _4r _2t ir 6
7 7 7

T
1 1
7 7

is F-optimal (but not necessarily unique), whereas in the case a < a, the
support points of the unique E-optimal design are given by

3

1 1 1

i \I‘§

1
7 7 7 7

34 cosa

1+3cosa>
4

ta, + (
a arccos 4

) , :I:arccos(
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Table 4.6: Coeflicients in the Taylor expansion (4.3.1) for the quadratic
trigonometric regression model (m = 2), where 0.741 < a/7 < 4/5=10.8

0 1 2 3 4 )
Do 0.4771 | -0.0781 | -1.3312 -1.9692 1.2116 3.8592
D1 -0.4928 | 2.0781 | -0.5175 0.0124 1.9268 -1.7913

Qo -0.3532 | -2.7276 | 11.4353 | -92.0212 | 896.9923 | -9.90e+03
a1 -0.3794 | -2.5761 | 15.1122 | -109.6045 | 1.05e4-03 | -1.15e+04
1—z¢ | 0.7588 | -1.2582 | 1.5801 3.9027 0.3966 -11.1756

w1 0.1862 | 0.1994 | 0.5826 0.2185 -2.1883 -5.1277
Wa 0.2289 | -0.4732 | -0.3163 0.5386 -0.2008 0.5346
3 optimal support points 0.26 optimal weights
W
25 ty 0.24
2 / 0.22
15 i o2
—— T o8 \d
1
0.16]
0.5 1420 0.14 w,
0 0.12
0.6 0.65 0'73/11 0.75 038 085 0.9 0.6 065 07 47,075 08 085 0.9

Figure 4.1: Support points and weights of the F-optimal design in a
quadratic trigonometric regression models on the interval [—a, a] for various
values of a

and the weights are obtained from formula (4.49). It was found numerically
that
ap =a<as~=08113r <az3=a=6/7r ~ 0.857m,

and for a € (a1, a2), the first coefficients for the Taylor expansion at the
point a; = 0.817 are presented in Table 4.7, whereas Table 4.8 contains the
corresponding coefficients for the case a € (ag,as) (for the expansion at the
point ay = 0.837). Note that the multiplicities of the minimal eigenvalues

of the matrices M,(&,) and M.(£,) are given by
u(a) =0, v(a) =1 if a€(0,ay),
u(a) =1, v(a) =2 if a € (a1,a2),
u(a) =2, v(a) =3 if a € (az,a3), (4.102)
u(a) = 3, v(a) =4 if a € (as,m),

where a1 = a and a3 = a.
The behavior of the optimal design points and weights is presented in
Figure 4.2. It was verified numerically that the points and weights can be
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Table 4.7: Coefficients in the Taylor expansion (4.3.1) for the cubic trigono-

metric regression model (m = 3), where 0.794 < a/7 < 0.8113

0 1 2 3 4 5
Do -0.3965 | 4.0928 | -0.3055 | -12.3495 -11.4981 | 761.5907
D1 0.6477 | -1.8835 | -3.2233 -5.1845 1.6191 | 811.6268
D2 -0.5608 | 1.6899 3.0650 3.2670 -2.9128 | -928.5566
Qo 0.1501 | 2.0088 | -28.2704 | 430.0770 | -8.39e+03 | 1.96e4-05
Q1 0.2599 | 4.2543 | -37.1810 | 612.9954 | -1.27e+04 | 2.96e+4-05
Q2 0.2219 | 3.4819 | -34.7987 | 534.1822 | -1.11e+04 | 2.56e4-05
1—z;| 0.4047 | -1.4247 2.2884 9.9250 15.0767 | -48.0838
1-zo| 1.3565 | 0.3121 0.7705 2.0655 2.2545 | -12.2375
wq 0.0966 | 0.4030 1.2655 1.5036 -9.9210 | -81.2046
wa 0.1397 | -0.3048 1.2041 5.8567 -1.1242 | -68.7337
w3 0.2164 | -0.4311 | -2.8260 -3.6782 21.5715 | 101.4223

Table 4.8: Coefficients in the Taylor expansion (4.3.1) for the cubic trigono-
metric regression model (m = 3), where 0.8113 < a/7 < 6/7 = 0.857

0 1 2 3 4 5)
po |-0.0674 | 9.6717 | 12.2522 43.8534 | -2.67e+03 | 6.11e+04
1 0.8655 | 5.9768 | -7.3377 1.8819 | -2.75e+03 | 6.44e+04
p2 | -0.7126 | -3.5536 9.0726 | -65.9985 | 3.11e+03 | -7.76e+04
Qo 0.6670 | 9.0433 |-68.2559 | 962.3302 | -1.87e+04 | 4.10e+05
a1 0.5298 | 5.6016 |-35.9075 | 387.2603 | -6.62e+03 | 1.30e+05
Q2 0.0868 | -0.7658 | 22.7645 |-454.2934 | 9.99e¢+03 | -2.39e+05
1—z¢| 03917 | -0.3409 | -1.0703 2.8779 38.4908 | 158.1277
1—zo | 1.2958 | -1.9386 1.7869 25.6580 62.2862 | -124.9227
wq 0.1197 | 0.6556 | -1.8890 -4.5152 46.8271 18.8599
wa 0.1383 | 0.0358 1.8823 1.6989 -29.6814 | -78.2035
w3 0.1826 | -1.0283 0.8572 5.4231 -35.5716 57.4784

determined with high precision. Figure 4.3 shows the extremal polynomial

" fay (@) + (¢ fizy (2))?

pIp+q7q

in the equivalence theorem for various values of a (note that by Lemma
4.3.5, this function has to be less than or equal to the minimum eigenvalue of
the information matrix corresponding to the F-optimal design with equality
at the support points).
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optimal support points optimal weights

=0
007 075 5,08 0.85 0.9 0.7 075 af 08 0.85 0.9

Figure 4.2: Support points and weights of the F-optimal design in a cubic
trigonometric regression models on the interval [—a, a] for various values of a

045
0.4
0.35 -
03
0.25 -
0.2
015 -

0.1

0.05 - \

0 1 1 L 1
-1 -0.8 -0.6 04 0.2 0 0.2 04 0.6 08 g/ 1

Figure 4.3: The extremal polynomials for various values of a

4.4 Numerical Comparison of D- and FE-
Optimal Designs

Let us now compare D- and F-optimal designs for trigonometrical regres-
sion models on intervals [—a,a], 0 < a < 7. It is interesting to know how
good F-optimal designs are in the sense of the D-criterion and how good
D-optimal designs are from the F-optimality point of view.

Formally, we will calculate the value

(et M) \Y™
eﬂD(é)(deW\4(§w))

for £ = {g and the value

)\min (M(f))

eﬁ.E(&) - Amill(M(gE))
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for £ = £p, where £g denotes an F-optimal design and £p denotes a D-
optimal design.

We will include in the comparison some equidistant designs usually used
in practice. For brevity, a design will be called a uniform design on [—a, a]
if it is concentrates in 2k 4 1 equidistant points with equal weights and

), i=1,2,... 2k +1fora<a,a=(2k+

1)w/(2k + 2). For a > a, the points of uniform designs are —a + o + zii.:za
i =1,...,2k + 1, where « is arbitrary number in [0,a — a]. The uniform
designs will be denoted &,.

D- and F-optimal designs constructed by the methods described are
listed in Table 4.9 for k = 2,3,4,5 and a = 0.2,0.3, ..., 1. In all cases when
the designs are not presented, they coincide with the uniform designs.

In Table 4.10, we show the efficiency of the uniform, D- and FE-optimal
designs.

It can be noted that for small «, the uniform designs perform rather
poorly, especially, in the sense of E-criteria. Also, one can see from Ta-
ble 4.10 that the D-efficiency of E-optimal designs are higher than the
FE-efficiency of D-optimal design. It allows one to recommend E-optimal
designs for small design intervals. One more advantage of E-optimal de-
signs for small design intervals in comparison with D-optimal designs is
that the first can be calculated explicitly by the formulas given in Section
4.3.

these points are —a (1 —
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Table 4.9: Optimal designs for trigonometrical model on [—a, d]

k=2
a/w 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t1D/a | 0.646 0.634 0.618 0.596 0.569 0.536

t1E/a | 0.701 0.694 0.680 0.667 0.646 0.620

woE 0.237 0.220 0.197 0.162 0.122 0.095

w1 B 0.250 0.249 0.245 0.238 0.226 0.212

wae 0.132 0.142 0.156 0.181 0.213 0.241

k=3
t1D/a | 0.461 0.452 0.438 0.421 0400 0.376 0.349
toD/a | 0.825 0.817 0.806 0.789 0.768 0.735 0.694
t1E/a | 0494 0486 0.475 0.460 0.442 0.420 0.354
toE/a | 0.862 0.858 0.850 0.839 0.824 0.802 0.751
wo 0.158 0.147 0.133 0.116 0.098 0.085 0.121
w1 B 0.162 0.156 0.146 0.131 0.110 0.081 0.081
wae 0.171 0.176 0.183 0.190 0.194 0.189 0.156
w3z E 0.088 0.094 0.105 0.121 0.147 0.188 0.203
k=
t1D/a | 0.358 0.349 0.339 0.325 0.309 0.290 0.269
toD/a | 0.671 0.660 0.646 0.628 0.603 0.573 0.536
tsD/a | 0.896 0.892 0.884 0.873 0.856 0.831 0.794
t1E/a | 0.378 0.371 0.361 0.349 0.334 0.316 0.296
toE/a | 0.700 0.694 0.682 0.667 0.646 0.620 0.587
tsE/a | 0922 0.918 0.913 0.906 0.896 0.879 0.854
wo 0.118 0.111 0.100 0.087 0.071 0.051 0.034
w B 0.121 0.114 0.106 0.094 0.080 0.065 0.061
wo 0.125 0.124 0.122 0.117 0.107 0.088 0.061
w3l 0.129 0.136 0.144 0.156 0.168 0.178 0.165
Y 0.066 0.070 0.078 0.090 0.110 0.144 0.196
k=5
t1D/a | 0.287 0.288 0.276 0.264 0.251 0.234 0.219 0.202
toD/a | 0.561 0.556 0.535 0.517 0.495 0.469 0.437 0.403
tsD/a | 0.778 0.779 0.759 0.741 0.720 0.690 0.651 0.605
taD/a | 0.936 0.936 0.924 0.917 0.904 0.885 0.853 0.805
t1E/a | 0297 0.299 0.290 0.281 0.268 0.254 0.237 0.201
toF/a | 0.596 0.571 0.561 0.546 0.526 0.501 0.472 0.402
tsE/a | 0.794 0.798 0.789 0.776 0.757 0.732 0.699 0.603
taE/a | 0938 0.934 0.934 0.940 0.932 0.919 0.900 0.810
woE 0.097 0.091 0.082 0.070 0.058 0.045 0.037 0.094
w B 0.094 0.093 0.085 0.073 0.061 0.047 0.029 0.082
wao 0.104 0.099 0.094 0.084 0.075 0.062 0.050 0.094
w3l 0.113 0.112 0.112 0.105 0.102 0.092 0.068 0.082
w Y 0.097 0.106 0.114 0.131 0.146 0.163 0.168 0.092
ws 0.043 0.045 0.053 0.072 0.087 0.114 0.167 0.104
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Table 4.10: Comparison of optimal designs for trigonometrical model on
[_aa a]

k=2
a/m 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
effp(&,) | 0.910 0.923 0.939 0.958 0.977 0.993
&r) | 0.942 0.951 0.960 0.960 0.946 0.915
&) | 0439 0477 0.539 0.630 0.743 0.829
effg({ép) | 0.847 0.862 0.882 0.905 0.914 0.895

— = e
—_ =
e )

a/m 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

) | 0.782 0.804 0.835 0.873 0.917 0.961 0.993
g)| 0.944 0.949 0.953 0.951 0.933 0.884 0.915
&) | 0.167 0.185 0.217 0.273 0.373 0.545 0.745
¢p) | 0.825 0.833 0.841 0.850 0.866 0.840 0.819

— =
— e |

a/m 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
&) | 0.655 0.683 0.724 0.776 0.840 0.910 0.974
¢r) | 0.945 0.951 0.953 0.946 0.930 0.870 0.786

&) | 0.059 0.066 0.080 0.104 0.155 0.270 0.515
¢p) | 0.825 0.819 0.823 0.827 0.818 0.795 0.740

— = e
e e e

a/m 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
&) | 0.543 0.574 0.619 0.681 0.760 0.890 0.945 1.000 1
&r) | 0.951 0.954 0.950 0.889 0.920 0.901 0.752 0.993 1
1
1

&) | 0.019 0.023 0.028 0.044 0.060 0.117 0.303 0.947
¢p) | 0.809 0.811 0.815 0.943 0.796 0.583 0.701 0.972




Chapter 5

D-Optimal Designs for
Rational Models

Rational functions are often used for approximating an arbitrary continuous
function. Rational approximations are usually better than polynomial ones
since they include sufficiently fewer sets of parameters.

The present chapter is intended to construct and analyze locally D-
optimal designs for the rational model with the help of the functional ap-
proach developed in the previous chapters. Note that maximin efficient
designs can be studied in a way similar to that demonstrated in Section 2.2
for exponential models.

5.1 Introduction

The problem considered in this chapter was studied in a number of papers.
He, Studden, and Sun (1996) proved that the problem of constructing lo-
cally D-optimal designs for rational models is equivalent to that of finding
D-optimal designs for polynomial regression models with variance func-
tions that are also polynomials. The last problem was considered in Karlin,
Studden (1966), Fedorov (1972), Huang, Chang, and Wong (1995), Chang
and Lin (1997), Ortiz and Rodziquez (1998), Imhof and Studden (1998),
Cheng, Kleijnen, and Melas (2000). The connection between the problems
is discussed in Dette, Haines, and Imhof (1999). Two basic approaches
to constructing locally D-optimal designs were used: the implementation
of numerical procedures and construction of designs in a closed analytical
form.

The numerical construction proves to be easy enough since the deter-
minant of the information matrix can be represented explicitly. As for an-
alytical characterizations, they are based on the idea suggested by Stieltjes
(Karlin and Studden (1966)). Stieltjes considered the problem of max-

197
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imizing Vandermonde determinant multiplied by a weight function. He
introduced a differential equation of the second order for the polynomial
having roots in the design points. This equation proves to have a unique
solution to be one of the classical orthogonal polynomials.

This approach allows one to obtain an analytical characterization of lo-
cally D-optimal designs in some special cases. (A review of previous results
on this matter and some novel ones can be found in Dette, Haines, and
Imhof (1999)). In this chapter, we develop this approach into an algebraic
approach.

However, the main purpose of the present chapter is to apply the theory
developed in Chapter 2. It proves that an optimal design function under a
mild restriction on the parameters is uniquely determined and it is a real
analytic vector function. Thus, it can be presented by a Taylor series to be
constructed through Theorem 2.4.4.

The chapter is organized in the following way. Section 5.2 is devoted
to the description of rational models. Two basic representations are intro-
duced: rational models in the form of ratio of two polynomials and such
models as algebraic sums of simplest fractions. Section 5.3 contains the
study of the number of points in a locally D-optimal design. It proves that
under our basic assumptions, described in Section 5.2, this number coin-
cides with the number of parameters. This result is a slight modification
of Theorem 5 in He, Studden, and Sun (1996). Section 5.4 considers the
application of the functional approach to rational models. To find the zero
term in the Taylor expansion of optimal design functions, an algebraic ap-
proach mentioned earlier is developed in Section 5.5. Here, we also give
the full analytical solution of the problem for models presented as simplest
fraction or the sum of two such functions. In the last section, an example
is introduced. The Taylor expansion is built for the model in the form of
an algebraic sum of three simplest fractions. The influence of the number
of Taylor coefficients taken into account on the efficiency of the designs is
studied numerically. Some results of this chapter were published in Russian
[Melas (1999)] and were announced without proof [Melas (2001)].

5.2 Description of the Model
Let ©1 = (01,...,0m )T € R™ % 05 = Op_ts1,---,0m)T € R¥, P(z) =
P(xz,01), and Q(z) = Q(z,©2) be polynomials of one variable z € R:
m—k ) k .
P(z)=> 0;277", Q@)=Y 0 1mra’ " +at. (5.1)
Jj=1 j=1
Let © = (0y,...,0,,)T. Consider the function

m(z,©) = P(x,01)/Q(x, 03). (5.2)
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Let X be some interval, {2 be some given bounded subset in R™.
Assume that the following conditions are satisfied:

(a) The fraction in the right-hand side of (5.2) is irreducible for © € Q.
(b) Polynomial Q(z,©3) does not vanish at x € X, © € Q.
(¢) m > 2k.

Consider the case of X = [0,d], d < co. The case of arbitrary intervals
can be analyzed in a similar way.

In this chapter, we will analyze the locally D-optimal designs at points
0 € Q for regression function (5.2) as conditions (a), (b), and (c) hold.

In the following section, we will prove that a locally D-optimal design
under these conditions exists, it is unique, and it consists of m points with
equal weights. We will also derive a representation for the determinant of
the information matrix of a design concentrated at m points.

As some additional condition holds, regression function (5.2) can be
represented as an algebraic sum of the simplest fractions.

Consider the condition

(d) Multiplicity of all roots (both real and complex) of the polynomial
Q(z) = Q(x,03) is equal to 1 for © € Q.

Let 71 < 72 < -+- < 9 be real roots of the polynomial Q(z) and
¢1 £1iby,...,cp, £1ib, be the complex ones (b1,...,b, #0), t +2p = k.

It is easy to verify that for m = 2k+I the right-hand side of equality (5.2)
can be represented as

_ Lo t s
m(2,0) = 3 fa9 = 4 3 2L
j=1 j=1 J

(5.3)
P - ~
+ 21 (9j+l+t + 9j+l+t+px) /(@ —=c;)* + 8],

=

where

9: (Qla"'aamfkvfyl?'"a’thclv'”vCpabl?"'7bp)T7

and we also have
0; #0,j=1+1,...,m—kfor © € Q.
Regression functions (5.2) and (5.3) are equivalent in the following sense.

Lemma 5.2.1 Let conditions (a), (b), (¢), and (d) be satisfied. Then the
determinant of the information matriz for regression function (5.3) and
any experimental design coincides with such a determinant for regression
function (5.2) with a constant precision that does not depend on the design.
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This lemma will be proved in the following section. The case of the
roots of more than multiplicity 1 can be considered in a similar way.
Let us also consider the following condition:

(e) v <0,i=1,...,t,¢;<0,7=1,...,p

It validates some additional results.

5.3 The Number of Points

Let & be an arbitrary experimental design, concentrated at m points,

5_(w1 o i’;) (5.4)

Without loss of generality, assume that
0<z1 < <z <d.
Consider regression function (5.2).

Lemma 5.3.1 Let conditions (a) and (b) hold. Then the determinant
of the information matriz for designs of form (5.3) and regression func-
tion (5.2) assumes the form

2

det M (£, 0) = Ihv [ @-o)/[[QC@)] . 65

1<i<j<m

where Q(z) = Q(x,03), C = C(O) is independent on the design, and
C(®) #£0.

Proof. Note that in this case, the basic functions assume the form

f( ) fZ(x @) 00, 771(957@)7 1=1,...,m,
1 x gm k1
fl(x)*whfé(l’)* Q(x)a"'afm—k( ) Q(J?) )
B NN 0
Fmtr(®) = =gy @) = =50y

Consider the determinant of the matrix

(f] (ml)) i,5=1"
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Now, multiply the elements of the first line of matrix F' by Q?(x;) and
represent the determinant of the matrix by Laplace’s rule through elements
of this line. Since the elements of other lines does not depend on x7, derive

Q*(x1) det F = Q(x1)R(x1) + P(21)S(21), (5.6)

where R(z) is a polynomial of < m—k—1-st order and S(x) is a polynomial
of < k — 1-st order.

Consider function (5.6) as the function of x = x; for fixed values of
Za,...,ZTm,m and denote it by L(x). Then L(z;) = 0,7 = 2,...,m, since for
x1 =x; (1=2,...,m), two lines of matrix F' coincides with one another.

Let us demonstrate that det F' # 0. Indeed, if det F' = 0, then L(z1) =
0, so

Q(z)R(z) + P(x)S(x) = 0.
Since P(z) and Q(z) do not have a common divisor, R(z) = 0 and S(x) = 0.
By induction, it is easy to check that this is impossible. So L(z) # 0, which
means that

L(z) = const H (x — xy),

m>1>1

where const # 0. Similarly, representing the determinant through elements
of other lines, we obtain that det F' has the form

¢ I -2/ I@@).

1<i<j<m
where C'= C(0) # 0 and is independent of the design. Therefore
det M(£,0) = wy - - - wyy, det 2F,
implies formula (5.5). .

The following statement holds for regression function (5.3).

Lemma 5.3.2 Let v1 < --- < 7, (¢, b;) # (¢;,b5) fori # j, and 0; #
0,i=10+1,...,m— k. Then the determinant of the information matriz of
design (5.8) for regression function (5.2) has form (5.5), where

Q) =[J@ -] (@=c;)*+2)
j=1 j=1

and C = C(©) #0.

This lemma can be proved similarly to the previous one.

Note that for designs of form (5.4), the statement of Lemma 5.2.1 follows
from Lemmas 5.2.1 and 5.3.1. For arbitrary designs, this statement can be
proved using the Binet—Cauchy formulas and the above lemmas.

Now, analyze the problem of the number of points of a locally D-optimal
design. The following result holds.
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Theorem 5.3.1 If conditions (a), (b), and (¢) are satisfied, then a locally
D-optimal design for regression function (5.2) at any point ©(©) € Q exists,
it is unique, and it is concentrated at m points with equal weights. If m >
2k, two points of the design coincide with the endpoints of interval X. If
m = 2k and conditions (d) and (e) are also satisfied, then the left endpoint
of the interval is one of the design points.

Proof. The existence of a locally D-optimal design follows from that
functions (5.2) and (5.3) are continuously differentiable and the interval X

is compact.
&= ( w1 ... Wy )

Let
be a locally D-optimal design. Without loss of generality, assume that
0<zi<a;<---<z, <d.
Note that n > m, since otherwise det M (£*,©) = 0. Set
g(x) = [T (x)M7H(E", ©)f (),
where f(x) = f(z,0) is defined above and © is fixed. By the Kiefer—
Wolfowitz equivalence theorem (see Section 1.5),

glz) <m,z € X, glay)=m, i=1,...,m.

Since function g(z) is differentiable, that implies

where if 27 # 0, then ¢'(z7) = 0, and if =}, # d, then ¢'(x}) = 0. Function
g(z) = g(x) — m is represented with the sum of polynomials and fractions.
Bringing these fractions to a common denominator reveals that the function

g(x) has the form 3
g(z) = P(2)/Q*(x),

where Q(z) = Hf:1($+9i+l+k) and P(x) is a polynomial of degree < 2m—2
for I > 0 and degree 2m for I = 0. Since the function g(x) has at least 2n —2
zeros (taking into account the multiplicity), then we have n = m, a7 = 0,
and z}, = d for | > 0. Therefore, for I > 0, the function g(x) has the form

m—1
const x(z — d H r—x)?/Q*(x).
=2

Now, let I = 0. Since by formula (5.5), det M (£,0) decreases while in-
creasing all design points by the same value, 27 = 0 and z7 is a zero of
odd multiplicity of the function g§(z). Moreover, for x — oo as well as for
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& — —oo we have P(z) ~ —(ma™)?2. Therefore, the function §(z) has a zero
at ¢1 < 0, zeros of at least second multiplicity at points 2}, i =2,...,n—1,
and either zero of multiplicity > 2 at z} < d or one zero at c; = d and
another at cg > d. Since P(m) is a polynomial of degree 2m, n = m and the
function g(x) has the form

m—1

const z(z — c1)(x — ¢2)(x — c3) H (x —25)?/Q*(x),

=2

where ¢; < 0 and either z, = co = d,c3 > d, or co = ¢3 = z}, < d. Since
the number of design points is equal to the number of parameters, all of the
points of a locally D-optimal design are of the same weight. Assume that
there exist two different optimal designs &; and &. Then by the Equivalence
Theorem, design (&1 + &2)/2 is optimal. However, this design includes at
least m + 1 distinct points, which contradicts the above layout. "

Lemma 5.3.3 In the hypothesis of Theorem 5.3.1 for m = 2k and suffi-
ciently large d, inequality x;, < d is valid.

Proof. Let 21 =0 < 29 < -+ < &y, & = {1, ., T, 1/m, ..., 1/m},
and 0 = miny<;<g 0; 4. Then, by formula (5.5), for T; = z; + 4,

1 1
det M (&,0) < const— — —
O MM, Ty T
1
= aw(xg, e 1)y
where w(xa,...,2Zm—_1) is a bounded function (i.e., w(xa,...,Tm-1) < C1,

where C is a constant).
Therefore, det M (&,0) is small at large z,,. Hence, z}, < d for suffi-
ciently large d. "

5.4 Optimal Design Function

Consider regression function (5.2). Let ©; # 0 be fixed and

P
Z(l) = {z € R : fraction M is irreducible} .
Q(z, 2)

Consider a locally D-optimal design for ©7 = (01,27), 2 € Z;). This
design exists, it is unique, and it concentrates at m points, as have been

demonstrated in Theorem 5.3.1. Let u be the number of support points
of this design on the left border of X, v = 0 or 1, m — s be the number
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of points on the right border of X, and m —s = 0 or 1. Let the values u
and m — s be constant at 2 € Z C Z(y), , = 0 at w = 1, and x,, = d at
m—s=1,

T= Ty Tsmu) = (X1quy -, Ts),
where 0 < 214, < cdots < x5 < d are arbitrary points. The above results
permits one to prove the following theorem.

Theorem 5.4.1 Let conditions (a), (b), and (¢) from Section 5.2 be satis-
fied. Then an optimal design function for regression function (5.2) atz € Z
is uniquely determined, formed by m coordinates, and it is a real analytic
vector function.

Proof. Consider the function
2/m

s = I @)/ [[@G2)

1<i<j<m
By Theorem 5.3.1,
C(©)@(7,2) = (T, 2) = (det M(£,2))"/™,

where £ = {z1,...,2m;1/m,....,1/m}, 7 = (x1,...,Zm), and C(O) # 0
for ©®y € Z. Since for any points 0 < z1 < 22 < -+ < T, < d the
equality det M (€, z) > 0, z € Z(1) obviously holds, the functions f;(z,0) =
8%7;77(%@)’ i=1,...,m, for Oy € Z,0; # 0 form a Chebyshev system
on X. Using the explicit formula for the system determinant, it is easy to
verify that they form an ET-system of order m.

Let 7*(z) be an optimal design function and 7*(z) be a function, formed
by all unfixed points of the locally D-optimal design (i.e., 7 = 7/, ,,i =
1,...,s8—u). Since a locally D-optimal design is unique, 7*(z) includes m
coordinates and both functions are uniquely determined. Thus, assump-
tions Al-A4 from Section 2.3 are satisfied. By Theorem 2.3.1 for

0? "
J(7,2) = (Haﬁ(f',z)) ;
873673 ij=1
J(z) = J(77(2), 2),
the inequality det J(z) # 0 holds for z € Z and all unfixed points of a
locally D-optimal design are real analytic functions at z € Z. Thus, 7*(2)
is a real analytic function at z € Z. "
Let us state a similar result for regression function (5.2) with p = 0.

Theorem 5.4.2 Let 0; #0,i=1,....,m—k,e >0,p=0, and

Z={2€RF: 2i#2 (i #]), zi>ei=1,...,k},

Z={zeRF: z;>¢ei=1,... k).
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Then, for any € > 0, the optimal design function for regression func-
tion (5.2) at any z = Oy € Z exists, is uniquely determined, and consists
of m coordinates, one of which vanishes.

For any m > 2k and for m = 2k with the additional condition that d is
sufficiently large, it is a real analytic vector function at z € Z. It can be
analytically extended to Z.

This theorem can be proved in a similar way as the previous one.
The following monotony theorem is also valid for regression func-
tion (5.2).

Theorem 5.4.3 Under hypothesis of Theorem 5.4.2 and with p = 0, all
the unfized coordinates of an optimal design function decrease in a strictly
monotonous manner with respect to any of the arguments z1, ..., zk.-

Proof. By Theorem 2.4.5, it is sufficient to verify that

0%
WW(T,Z) > 07

i=1,...,s—u,j=1,...,kand z € Z. A direct calculation gives that the
left-hand side of this condition is equal to

1

(25 +7i)?

5.5 Algebraic Approach and Limiting
Designs

By Lemmas 5.3.1 and 5.3.2, the problem of finding a locally D-optimal
design for regression function (5.2) for X = [0, d] can be reduced to finding
the maximum of the following function:

h
T(x1,...,¢m) = H x; H (zj — 1),
i=1

for0<z; < - <z, <d,
h(z) = Q~*(z,0%").

This problem for some other functions h(z) and, in particular, for h(z) =
x(d — x) was stated and solved by Stieltjes (see, e.g., Karlin and Studden
(1966, Chap. X). Further, let us develop a technique for finding locally
D-optimal designs based on his idea, described in Section 5.1.
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Example 5.5.1 Let £ =1 and [ = 0; that is, regression function takes the

form 0
1
=——,0:>0,0, #0.
n(‘x) T+ 92a 2 y V1 7é
A direct calculation demonstrates that locally D-optimal design has the

form
0o 6
§:<1/2 1/22)’d>92
0 d
52(1/2 1/2>’d§92'

Now, let k > 2. Consider the case [ = 0 and d sufficiently large. Set
r=k—1. Let ¥ = (¢o,...,%s)T, where 9y = 1. Consider the polynomial
Y(x) = Z;ZBI WP;x™ 17 Let x9, ..., 2, be the roots of this polynomial.
Then

m
Y(z) = [z — =)
=2
It is easy to verify (see also Fedorov (1972)) that the following equality
holds:

19" (i) _ 1o -
2 ) => Li=2,....m. (5.7)

G T
Let ¢*(z) stand for a polynomial that vanishes at points z35,..., 2%, 0 <
x5 < --- < x,, which are the points of a locally D-optimal design for
some fixed @go). It has been demonstrated above (see Theorem 5.3.1) that
27 = 0 is the minimal point of such a design and function 7'(0, za, . . . , &,,) =
const det M (£, 9),
5 . 0 T1 ce Tm
"\ 1/m 1/m ... 1/m
has a unique stationary point. Therefore,
0 T(0 )=0,i=2
— To, ooy Ty) =0,1=2,....m
a(L‘Z‘ s L2y s m ) ) )
for z; = 2%, j = 2,...,m. Using the explicit form of function T', write this

equality in the following form:

1 1 (ot
3 +—*—2Q(xl):o,z‘:2,...,m.
X

A Q=)
Using relation (5.7) for ¢ (x) = ¥*(x), derive
L) 1 L,Qw)

2¢'(z) = Q)

=0
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for x = 7,7 = 2,..., m. Bringing the left-hand side of the equality to the
common denominator, we have

¥ (2)2Q(z) + 2¢(2)Q(z) — 42y (2)Q'(2) = 0 (5.8)
for x =af,i=2,...,m, and ¥(z) = ¥*(z). Denote z; = 952)_k+1, e 2=

97(,?), Zk+1 = 1. Then

k+1

Q(z) = Q(x,07) = Z 2T

Denote the left-hand side of equality (5.8) by R(z,z). Differentiating
R(z, z) with respect to z;, l = 1,...,k+1, and collecting the similar terms,
derive

(R(z,2))., = F'(z) Dy,

where F(z) = (™7~ am*=2 . 1)T and Dy is the (m+7) x m matrix,
whose elements are defined by the following formula:
0, v—pu#l-—1
Dy =
(m—v)Y(m+1—-v—-4Al), v—p=1-1,

p=1....mv=1....m+r,l=1,...,k+ 1. From this, it follows that

R(z,z) = FT (2)A(2)¢,

where i
Z) = Z ZlD(l) + D(k+1). (59)
=1
At the same time, since R(z,z) =0 for x = zf,i = 2,...,m, and @) = ¥*,
k—1
— <Z AM*%’) V¥ (x), (5.10)
=0
where Ao = A§ = (m — 1)(m — 4k), A1,..., \x—1 are some real numbers.

Represent the left-hand side of equality (5.10) as

k—1
T(x) Z NE@yY
=0
where E(;) is an (m + r) x m matrix and

0, 411,
E(l)up,: 1 p=1....mv=1....m+r.
V_:U’:l_17

)
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Thus, vector 1*, corresponding to polynomial *(x), solves

k1
<A(2‘) -> >\1E(l)> Y =0, (5.11)
1=0

where \g = A{, for some real values of A\j,..., A\p_1.
Let, vice versa, the vector ¢ solve (5.11) for Ag = A§ and some real
values of A1,..., Ax—1 and let polynomial ¢ (z) have the positive roots 0 <

Tg < o0 < T Set v; = (22,Q(F)Y (%)) Li = 2,...,m. It is evident
that v; # 0. Then

0 T(0,Za, ..., &) = FL(2:)A(2)0v;

T
k—1
— 7T (%) (Z AZE(Z)> g
1=0
(Z)\~k 1— l> )7}1‘:07
i = 2,...,m. Since the stationary point of function T'(0,za,...,2.) is
unique, we have To = 5,..., Ty = T,

Consider the matrix
A(2) — Ny E) — Z NEq).

Set A = (A1,...,A\g—1). Derive from formula (5.9) that the first line of this
matrix is all zeros. Reject this line and denote the matrix obtained with
B(A) under any fixed A. Equation (5.11) takes the form

B\ = 0. (5.12)

Let X be fixed. Denote the elements of matrix B(\) by b;; = (B(X))ij,
t=1,...,m+r—1,5=1,...,m. Formula (5.9) implies that

bypy1=v(v+1), v=1,...,m—1,
from which it follows that (5.12) has no more than one solution % under

fixed A\. Let ¢ = 1)) be a solution of the equation. Then, by recursion,
we can derive

o =1, ¢, ==Y byth_1/(v+17), (5.13)
j=1



5.5. ALGEBRAIC APPROACH AND LIMITING DESIGNS 209

v=1 m — 1. Moreover,

geeey

b{m+if1)1/’(>\) =0,i=1,...,k—1,

where b, 4-1) is the (m + 4 — 1)-st line of matrix B(\). Set

Qi(N) = bl ¥y, i=1,.. k=1L

Here, Q;(\) is a polynomial of no more than the m — 1-st degree of k — 1
variables A1, ..., Ag_1.
Now, consider the system of equations

Q1(N)=0,...,Qk-1(N) =0 (5.14)

for any real vectors A = (A1,...,Ag—1). Since (5.11) at some fixed A\ (de-
note it with A*) has the solution 1) = ¢*, the system of equations (5.14)
has at least one solution. Moreover, vector * can be determined by formu-
las (5.13) and ¢* = h(r+y. If A is a solution of the system of equations (5.14),
then, evidently, the pair (:\,1/)(5\)) solves (5.11).

Let &, be the point of the locally optimal design for [ = 0, X = [0, oc].
Consider now the case I > 0 or [ =0 and d < Z},

Consider the equation

FH(2)A(2)¢ = " (2)Q(x)a(x — d)
+2(2z — d)y' (2)Q ()
—da(z — d)¢' (2)Q'(x).

The explicit form of matrix A can be found in a similar way, as in the
previous case. The layout remains the same.

Denote k =m —1forl=0andd >z}, k=m—2forl =0, d <2},
and for [ > 0.

Because of the above arguments, the following theorem has been proven.

Theorem 5.5.1 Let conditions (a), (b), and (c¢) be satisfied and conditions
(d) and (e) be satisfied for m = 2k. Then (5.11) with respect to vectors A
and 1 has the unique solution ()\,1/1), such that the polynomial 1/)( ) has
exactly k roots on [0,d]. Moreover, the system of equations (5.14) has the
unique solution \, such that polynomial V) (x) has k roots on [0,d]. Here,

A=A, V) (x) = 1;(35) = ¢*(x), and the mentioned roots are support points
of the locally D-optimal design for regression function (5.1).

Calculating locally D-optimal design by solving (5.11) or the system of
equations (5.14) will be called the algebraic approach.

In some cases with » = 1, the algebraic approach provides finding locally
D-optimal design in an explicit form. Consider the following example.
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Example 5.5.2 Let k = 2 and | = 0. Consider the regression function of

the form

0 6

x+ 05 x+ 04

01,02 £0, 03,0, >0, z € X =[0,d], and d is sufficiently large. In this case
m—1=3andr =%k—1=1.Set z;y =03, 20 = 04, and A = z; + z5. At
first, consider z1zo = 1. Matrix B has the form

77(%9) =

-2 2 0 0
12 —2A - 6 0
0 6 —2A -\ 12 ;
0 0 2 -2

det B(y) = (A2—2AX—24)2—36A2, \g = —12. From this, it follows that 1), =

N2, 1 = (A 28)A/2—12)/6, and 16 = (—(A-+ 24 )b — 6A/2)/12, 5 =

2tp5/A. Derive from these equalities that 1o = +A/2 and 15 = £1. Since

1(x) has only the positive zeros, 11 < 0 and 99 > 0; hence, A < 0,19 =

—A/2, and A2 + (2A + 6)\ — 24 = 0. Therefore,
AN=-A-3-(A+3)2+24

is the unique solution of det B(;y = 0 at which all the zeros of the cor-

responding polynomial t(z) are positive numbers, and () assumes the
form

A* A* A
S22 Sy 1=(e—-1)(22+(1+2 1).
x+2x 5T (x )<x+<+2>x—|—>

Therefore,

1 A+ 2
r=1ab,=--5 -1 Zo41) —4
T3 » To4 3 3 F (2+>

For arbitrary z; and zo, derive by the linear transformation of the model

2
* X V7122 A* A*
l’gzm,xQA:T —7—1:!: <2+1) —4

Locally D-optimal design has the form

_( 0 2 a3z )
=\ s 14 11 14
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For arbitrary & > 1 and m, the solution of (5.11) with the needed
properties can be found by means of Maple software.

Deriving explicit analytic expressions for the points of a locally D-
optimal design by means of the above algebraic approach seems to be
impossible for k > 3. Nevertheless, in this case the functional approach
provides expanding the design points into the Taylor series with respect to
the powers of z1,..., 2. In this view, an expression for the points of the
design at some specially selected point z(g) is needed.

Note that for z = 2z, = (..., )T we have det M (£, z) — 0. However,
the vector 7, composed by the design’s points that are distinct from the
ends of the interval [0,d], can be evaluated for z, = (a,...,a)T and its
coordinates are the limits of the locally D-optimal design for z — z,. Set
«a = 1. At first, consider [ = 0 and sufficiently large d. In this case, we have
the following equation for function (), which has been defined earlier:

P (x)x(z + 1) 4+ 2¢"(2)(z(1 — 2k) + 1) =Ao¢(2), (5.15)
Xo=(m—1)(m—2)+2(m—1)(1 — 2k).

Equating the coefficients to one another under the same degrees of x in the
left- and right-hand sides, derive

_ m(m—1)
1= 2(m—2k—1)’
Gyt =y, = m v 7 1) (5.16)

"v(2m —v -4k —1)’

v=1 m — 2.

Thus, the following theorem is valid.
Theorem 5.5.2 For m = 2k and X = [0,d], where d is sufficiently large,
nonzero points of the locally D-optimal design for regression function (5.3)

with z — (1,...,1)T converge to the zeros of the polynomial ¥(x), whose
coefficients can be calculated by formulas (5.16) for any k > 1.

Demonstrate the result of Theorem 5.5.2 by applying it to the following
example.
Example 5.5.3 Let k = 3, m = 6, the regression function be of the form
0 0 0
Lo, 2 0 7
T+ 04 x + 05 z + Og

01,065,035 £ 0, 04,05,05 > 0, x € X = [0,d], and d sufficiently large. Let
z; =013 — 1,1 =1,2,3. Applying Theorem 5.5.2, one obtains

77(9576) =

¥(x) = 2° — 152" 4 502° — 502% + 152 — 1 =
= (x —1)(x* — 1423 + 3622 — 14z + 1)
= (@ -1+ (=7 + VIB)z + 1)(2® + (=7 — VIB)z + 1),
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from which it follows that

x5 = (7+ V15 — /60 + 14v/15) /2 ~ 0.0927,
xh = (7T — /15 — /60 — 144/15) /2 ~ 0.3616,
xy =1,

xi = (7T— V154 /60 — 14V/15)/2 ~ 2.765,
zg = (7T+ V154 /60 + 14v/15)/2 ~ 10.78.

In the following section we will use this design to find the Taylor expansion
of the optimal design’s points.

Now, consider the case that either d > 0 is arbitrary and [ > 0 or that
!l = 0 and d is sufficiently small. By Theorem 5.3.1, in both cases points
x] and 27, havg the form zf = 0,2}, = d. Let ¢(z) = H;’:Ql(x —af) =
22162 ;™27 by = 1. Note, that for some A € R this function satisfies

@)z — d)(z +1) + 2¢"(2)((2z — d) — 2(z — d)2k)) =
= (Aox + N)Y(x), (5.17)
Ao = (m —2)(m —3) +2(m —2)(2 — 2k).

Let A be a m x (m — 1) matrix such that the left-hand side of the equation
is equal to
fr@) Ay, fl@)= (""", 21T
Let
B =B(\) =A—XNEy—AE1, Buy=DB_,

“won

where “_”means rejecting the first line of a matrix; matrices Fy and F;
were introduced earlier. The following result can be verified in a manner
similar to the proof of Theorem 5.4.2.

Theorem 5.5.3 For m = 2k and sufficiently small d > 0 as well as for
m > 2k and arbitrary d > 0, there exists the unique solution of

det B(l) ()\) =0

for A = X* € R such that the points of locally D-optimal design that are
neither 0 nor d, converge at z — (1,...,1)T to the zeros of the polynomial
¥(x), which solves (5.15) for A = X*. Coefficients of this polynomial can be
evaluated by recursive formulas (5.16).

Example 5.5.4 Let us consider the regression function

0, 02

C‘—‘) =
77(1:7 ) I+93+I+04
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for x € X =1[0,d], d < (5+/21)/2.
In this case,

U(2) = (v — @3) (0 — a3) = 2° + 1o + 4.
Equation (5.15) takes the form

22(z + 1) (z — d) + 2(2x + ¢1)(—22% + (1 + 4d)z — d)
= Aoz + A)(2® + 1z + 12), Ag = —6.

Matrix B(;) has the form

14d+6 — A 2d 0
—6 2(14+4d)— X 6 ,
0 —2d —-A
and
1 = (A—6—14d)/2d, 1o = (6 + 14d — \)/\. (5.18)

Note that with d = 1,
det B(1y = (A — 10)(A* — 20\ + 24)

and A* = 10 + 2/19 is a unique solution of det B(;)(A) = 0 such that the
corresponding polynomial ¢(x) has two roots inside the interval [0, d]. Due
to the continuity argument from this, it follows that for an arbitrary d, the
value \* is the maximal positive root of det B(1y(A) = 0, which can be write
in the form

A3 — (22d + 8)A\% + (112d* + 100d + 12)\ — 12d(14d + 16) = 0.

Thus, support points of the optimal design are 7 =0, z} = d,

[ 2)y2
$§73:—%$ %_ 2,

where 1 and ¥9 can be found by formulas (5.18) with A = A*.

5.6 The Taylor Expansion
As it have been proven earlier, the matrix J = J(z) is nonsingular for any

z € Z as well as for z = 2oy = (1,..., 1)T. Moreover, the previous section
presents a technique for solving

%@(%,z) =0 (5.19)
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at point z = z(p). Therefore, Theorem 2.4.3 can be used to expand the
points of a locally D-optimal design into the Taylor series.
Consider the case k = 3,

o 0, 05
n(x’e)_x+94+x+95+x+96’

Oy > 05 >0 >0, X= [0,00), (04+95+96)/3: 1.

In the previous section, we found (o) =~ (0.09,0.36,1,2.76,10.78).

Let 21294=1+A1+A2, 2’2295:1—A1, and z3 = 05 = 1 — As.
For arbitrary z;, zo, and z3, the design can be obtained by multiplying of
the points by (z1 + 22 + 23)/3.

Equation (5.19) in the present case assumes the form

01792)03 7é 03

1 +Z 1 9 1 " 1 n 1 —0
T; — T; — T T; +1+A1+Aq Z‘j-Fl-Al xj+1—A2 o
i#]

j=2,...,6.Set u=A1A5 and v = A; + As. Rewrite the equation in the
form

T T zj+l4+v  ai+2-v)r;+1ltu—v o

7 = 2,...,6. It follows from this equation that the points of the optimal
design are functions of arguments u and v and they can be expanded into
the Taylor series with respect to the powers of v and v in a vicinity of point
(0,0):

Ti(“’?”) = Z Z Ti(Sl,Sz)u81U327 (520)
s1=05s5=0
i=1,...,5. Applying Theorem 2.4.3, calculate the coefficients {7, s,)}
Results of the seven steps of this algorithm are presented in Table 5.1.
Let 7<;~ = T<;>(u,v) be the segment of the series (5.20) containing
coeflicients with s1 +s9 < 14,7 =1,2,.... The efficiency of designs obtained
from 7(g), 7<i>, i =1,...,6, by adding the point z] = 0 is shown in Table
5.2. Under the efficiency, we understand the magnitude

[det M (&, 2)/ det M(¢*, 2)]Y/™

where £* is a locally optimal design,

g _ 0 1 e Tm—1
T 1/m 1/m ... 1/m )’
We see from Table 5.2 that the efficiency of design &-, proves to be
very high. This table shows how many terms in the Taylor representation
should be used to obtain optimal designs with a desirable precision.

The approach can be applied for arbitrary rational models, described in
Section 5.2.
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Table 5.1: Coefficients for the rational model, kK = 3
g\ 0 1 2 3 4 5 6 7
0.0928 | 0.0449 | -0.0155 | 0.0080 | -0.0049 | 0.0033 | -0.0024 | 0.0018
0.3616 | 0.1514 | -0.0481 | 0.0254 | -0.0163 | 0.0116 | -0.0088 | 0.0069
0 | 1.0000 | 0.3333 | -0.0955 | 0.0493 | -0.0312 | 0.0220 | -0.0166 | 0.0130
2.7654 | 0.6861 | -0.1803 | 0.0900 | -0.0558 | 0.0387 | -0.0288 | 0.0224
10.7802 | 1.9661 | -0.5087 | 0.2534 | -0.1571 | 0.1090 | -0.0811 | 0.0632
0 0.0540 | -0.0310 | 0.0232 | -0.0189 | 0.0160 | -0.0139
0 0.1577 | -0.0961 | 0.0758 | -0.0648 | 0.0576 | -0.0523
110 0.2864 | -0.1798 | 0.1422 | -0.1212 | 0.1073 | -0.0972
0 0.4991 | -0.3166 | 0.2482 | -0.2096 | 0.1839 | -0.1654
0 1.3892 | -0.8869 | 0.6968 | -0.5893 | 0.5180 | -0.4663
-0.0449 | 0.0310 | -0.0386 | 0.0417 | -0.0437 | 0.0451
-0.1514 | 0.0963 | -0.1239 | 0.1404 | -0.1544 | 0.1670
2 1-0.3333 | 0.1909 | -0.2334 | 0.2622 | -0.2868 | 0.3088
-0.6861 | 0.3606 | -0.4130 | 0.4542 | -0.4907 | 0.5238
-1.9661 | 1.0174 | -1.1592 | 1.2758 | -1.3804 | 1.4756
0 0.0310 | -0.0464 | 0.0635 | -0.0811
0 0.0961 | -0.1517 | 0.2192 | -0.2940
310 0.1798 | -0.2844 | 0.4079 | -0.5439
0 0.3166 | -0.4964 | 0.7010 | -0.9241
0 0.8869 | -1.3936 | 1.9704 | -2.6011
-0.0155 | 0.0240 | -0.0515 | 0.0873
-0.0481 | 0.0763 | -0.1731 | 0.3088
4 1-0.0955 | 0.1479 | -0.3246 | 0.5736
-0.1803 | 0.2700 | -0.5658 | 0.9814
-0.5087 | 0.7601 | -1.5900 | 2.7607
0 0.0232 | -0.0566
0 0.0758 | -0.1944
510 0.1422 | -0.3637
0 0.2482 | -0.6287
0 0.6968 | -1.7680
-0.0080 | 0.0197
-0.0254 | 0.0652
6 |-0.0493 | 0.1250
-0.0900 | 0.2232
-0.2534 | 0.6284
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Table 5.2: The efficiency of designs 7;~,i=0,...,6

A | Ay 0 1 2 3 4 5 6

0.11]0.2]099 099|099 |0.99|0.99 | 0.99 | 1.00
0.0 | 0.3 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
-0.1 | 0.4 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
-0.2 1051099 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
021031100099 | 100 | 1.00 | 1.00 | 1.00 | 1.00
0.0 0.5]099 099 | 100 | 1.00 | 1.00 | 1.00 | 1.00
-0.2 1 0.7 1096 | 0.98 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
-0.3 1081092096 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
-04 1091|080 | 0881|097 |0.99 | 099 | 1.00 | 1.00
0.31]041]099 098|100 | 1.00 | 1.00 | 1.00 | 1.00
0.21]05]099 098|100 | 1.00 | 1.00 | 1.00 | 1.00
0.0 0.7]096 |0.96 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
-0.1 1 0.8 0910921099 |0.99 | 1.00 | 1.00 | 1.00
-02 1091079083096 |098 | 099 | 0.99 | 1.00
0405|097 094 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
021]07]094 092|100 | 0.99 | 1.00 | 1.00 | 1.00
0.1]0.8]090 088|099 |0.99 | 100 | 1.00 | 1.00
0.0]09] 078078096 | 0.96 | 0.99 | 0.99 | 1.00
0.51]0.6| 093|088 | 100 | 0.98 | 1.00 | 1.00 | 1.00
041]07]091|0.86 | 099 | 0.98 | 1.00 | 1.00 | 1.00
0.31]08]087 (082|099 | 097 | 1.00 | 0.99 | 1.00
02109075070 | 095|092 | 098 | 0.97 | 0.99
0.6 | 0.7 085 |0.76 | 0.99 | 0.94 | 1.00 | 0.97 | 1.00
0.5]08]08L 072|098 |0.92 | 1.00 | 0.96 | 1.00
04109070 |0.61|093]| 0.8 | 098 | 0.92 | 1.00
0.7108 ] 071 | 057|095 | 0.81 | 1.00 | 0.87 | 0.98
0609061049090 0.74 | 0.98 | 0.80 | 0.99
0.7109] 055|041 | 086 | 0.64 | 098 | 0.69 | 0.94
0.8 109|045 |0.31| 080 | 0.51 | 0.98 | 0.53 | 0.42




Chapter 6

D-Optimal Designs for
Exponential Models

In the present chapter, we will analyze the behavior of the locally D-optimal
designs for the regression functions of the following kind:

Jo k7
(@, 0) = a4+ D fiad e, (6.1)
j=1

i=1 j=1

where © = (61,...,0,,)T is the vector of parameters to be estimated, 6; =
Oo1,...,0s = bij,, s = Zfzoji,m =s+k,x € X =I[bd], and b and d are
arbitrary real numbers such that d > b.

Let us denote the nonlinear parameters of model (6.1) by A =

Osi1,--5 Ak = Osp-
If the first sum in the right-hand side of (6.1) vanishes, set jo = 0. If,
moreover, A; > 0, i = 1,...,k, consider also the set X = X3 = [b, 00).

Without loss of generality, we can assume A1 > Ag > --- > A;. Let us also
consider the particular form of function (6.1) at jo =0,75; =1:

k

n(z,0) = 291670’”’“. (6.2)

i=1

To simplify notation, let us analyze mainly the regression function (6.2),
since the layout for model (6.1) is very similar.

Functions of types (6.1) and (6.2) form an important class of solutions
of linear differential equations, so they are widespread in practice.

These regression functions were analyzed in Chapter 2. It has already
been noted that a locally D-optimal design for such a function depends only
on nonlinear parameters Aq,...,A\x. Now, we will present a more careful
formulation and a proof of some results announced in Section 2.2.

217
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In Section 6.1, the problem of the number of support points of a lo-
cally D-optimal design is considered. It is proved that in many cases, this
number coincides with the number of the parameters. For this reason,
the following investigations are performed for designs with such number of
support points.

Section 6.2 is devoted to studying optimal design functions, defined in
Section 2.3. It will be shown that under mild restrictions, these functions
are uniquely determined and are real analytical vector functions monoto-
nously depending on each parameter. Results of this section were previ-
ously obtained in Melas (1978) and presented in more detail in Ermakov
and Melas (1995, Chap. 5). However, here they are derived from the general
theory of Chapter 2 and in a slightly more general form.

In Section 6.3, the Taylor expansions are constructed for optimal design
functions for model (6.2) with k£ = 3. Tables of coeflicients of these series
are given and the figures illustrating the behavior of the design functions
are built. The influence of the number of coeflicients used for constructing
designs on their efficiency is numerically studied.

Remember that in Section 2.2, maximin efficient D-optimal designs for
the regression function (6.2) were already constructed and studied.

6.1 The Number of Support Points

The existence of a locally D-optimal design for model (6.1) at © € X; =
[w, d] is implied by the continuity of functions a%in(m, 0),i=1,...,m, and
the compactness of the interval. For lj = 0 and \x > 0, we can verify (see
below) that there exists a value d’ such that a locally D-optimal design for
X = [b,d] is independent of d at d > d’. So, the case ¥ = X = [b, 00) can be
reduced to X = X; = [b,d].

Let
o X1 T
£= ( W1 ... Wy )
be an arbitrary locally D-optimal design. For k > 2, let \ = (5\1, ceey Xk)T

be any vector such that Ay > --- > e, ;\i+1 = (;\i+;\i+2)/2, 1=1,...,k—2.

Theorem 6.1.1 For regression function (6.1), the number of points n* of
any locally D-optimal design satisfies the inequalities

m<n*<m-2k+k(k+1)/2+1.

Moreover, if k > 2, then n* = m for the vectors A, lying inside a vicinity
of a point of \ type.

Proof. To simplify notation, consider the case jo =0, j1 = - - = jr = 1,
and also m = 2k. The general case can be analyzed in a similar way.
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We begin the proof with a study of the corresponding D-optimal design
problem in the linear regression model

2k ~
Zﬂie_kzma (63)
i=1

where 0 < 5\1 < < 5\% are fixed known values and (31,..., 325 are the
unknown parameters to be estimated. It is easy to see that for a design
with masses 1, .., i, at the points x1,..., 2z, (n > 2k), the information

matrix in this model is of the form
2k

A(EN) = (i e_:\"xse_:\jzsws> . (6.4)
s=1

1,j=1

In the following, we investigate the maximum of det A(E,N), where the
components of the vector A = (A1, ..., \oz)T are defined by

Aoic1 =iy dai = N + A0 <A <ming—y, g1 (Vg1 —Ni), i =1,...,k,
(6.5)
where 0 < A\; < -+ < A (in the case k = 1, the value A > 0 can be chosen
arbitrarily). In the following, let

£ = argmaxdet A(f,S\)

denote a design maximizing the determinant, where the maximum is taken
over the set of all approximate designs on X. Note that designs maximizing
this determinant exist, because the induced design space

{(e*:\””, ce e*;\z’”)T | x € X}

is compact [see Pukelsheim (1993)]. By the well-known Kiefer—Wolfowitz
equivalence theorem, we have

max f7 () A7 (", N f(x) = 2k,

where fT(x) = (e_:\l””7 e 6_5‘2”) denotes the vector of regression func-
tions in the model (6.3). It follows from Gantmacher (1998) that any minor

of the matrix (e‘j‘ﬂj)fﬁ-:l with 21 > 3 > -+ > g and A < Ay < -+ <
Aoj is positive. Therefore, the Cauchy-Binet formula implies that

sign(A_l)ij = (=1)"", (6.6)

where we use the notation 4 = A(&*, 5\) for the sake of brevity.
We will need the following auxiliary result.
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Lemma 6.1.1 Consider the functions

t;
s i
— E o je Hi,j ,
j=1

where t; are arbitrary integers, i = 0,...,s and {w;, pij} are some real
numbers.
Let the following conditions hold:

(Z) minlgjgti_H Hiti,j > maxi<;<t; Hij, 1= 0, 1, e, S — 1.
(i1) signoy j =+1, j=1,...,¢,i=0,.
Then the function Z?:o bipi(x), where by, ..., bs are arbitrary real numbers,

has at most s roots counted with their multiplicity.

Proof of Lemma 6.1.1. Denote 7 = (zo, ..., xs),

J(7) = det (‘PZ(‘TJ))“ =0"

Using the expansion of the determinant by a line several times, we obtain

SEE SIS KH o, ) det ( “”J‘“)E,y_o] :

lo=1 Il,=1 L \i=0

Due to the Chebyshev property of exponential functions (see Karlin and
Studden, 1966, Chap. 1), each term on the right-hand side is positive when-
ever xg > &1 > -+ > xs. For fact, ([];_, cis,) > 0 due to condition (ii) and

det (e Htaev )s o > 0 due to condition (i) and the result from Gantmacher

Jv=
(1998).
Thus, J(7) > 0 for arbitrary zg > x1 > --- > z,. Moreover, we have
for any 7 = (Zg,...,Z¢) withZp > %y > - > &
Th—%J /H —x;) >0, (6.7)
1<J
since
1 91@ —
}gnfdet( IJ s,j= O/H z;)
1<J

ifeio < - <9is'

This property can easily be verified considering the number of the same
coordinates in the vector Z.

It is known (see Karlin abd Studden (1966, Chap. 1)), that under condi-
tions J > 0 and (6.7), any generalized polynomial of the form ZE:O bipi(t)
has at most ¢ roots counted with their multiplicity. "
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Let us represent the function

m— f1(z)A7" f(2)

in the form i
i=0

Let us define
wo(x) =m,

oro1(z) = (1) A e Gothioz =9 9k

1=
k—1 —(X Y )
(Plfl(l') — (_1)1 Z?:l +1 A2k+17j,l72k+jfle ()\2k+1—]+)\172k+171)£7
l=2k+1,... 4k

where Ai,j = (Ail)ij.

Consider the cases k = 1,2. Note that the coefficients in the functions
are positive since sign 4; ; = (—1)"*7 (i.e., condition (ii) holds). Moreover,
observing the definition of X in (6.5), condition (i) can also easily be verified
for k =1,2.

Now, we have

4k—1

m— fT(@)ATHE N f(2) = polx) + Y (—1)'@ile) == g(a),

i=1

and from the Equivalence Theorem for the D-optimality criterion, it follows
that g(z) < 0 for all 2. This implies for the support points, say z7,...,z},
of a design £* maximizing det A(&, \),

A careful counting of the multiplicities and an application of Lemma 6.1.1
now show 2n — 2 < 4k — 1, which implies n = 2k in the case k = 1 or 2.

In the case k > 3, the same arguments are applicable for any vector
)\ satisfying (6.5). In fact, for such A and the functions ¢;, i = 0,...,4k
defined above, both conditions of Lemma 6.1.1 can be easily verified. An
argument of continuity therefore shows n*(\) = 2k for the number of sup-
ports of a D-optimal design for the model (6.3) with respect to any A in a
neighborhood of the point A

For a proof of the second bound in the case k > 3, we consider an
arbitrary point of the form (6.5), say A= (5\1, .. .,S\Qk), and define s <
k(k +1)/2 as the number of distinct values in the set

{2)\17-'-32)\]67)\1+)\27'-'7A1+)\k7)\2+>\33-'~7)\k71+>\k}-
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We denote with u; < -+ < ug the distinct values from this set arranged by
increasing and introduce the functions

¢o(z) =m,
¢1(x) = Ajpe™ 1% = Aje M7,
Go(x) = —2A19e" (L1HA)Z,
Por_1(x) = e~ (WH2R)T L gemun® =2 s

Poi(x) = —ble (UH_A)E l=2,...,s,

Pas+1(T) = asr1e (“S+2A)x~

It can be easily checked that that the coefficients a;, b; and ¢; can be chosen
such that the representation

2s+1

@) AN V) = @ilz) (6.8)
=1

is satisfied. Due to equalities signA; ; = (—1)"™7, we have a;,b;,¢; > 0,
Il =1,...,s. By the same arguments as in the previous paragraph, we
obtain for the determinant

5 ~ 25+1

J(1) = det (@i(x5)); 50 -

with zg > 1 > -+ > 2541, the inequality j(T) > 0. Moreover, for any

vector 7 = (Zg,...,T2s41)7 with components satisfying zg > 71 > --- >
Tosy1, it follows,
lim J — > 0.
lim J(r)/ [ (i = 25)
>

Due to (6.8) and the Equivalence Theorem for the D-optimality criterion
we have for the generalized polynomial,

2s5+1

9(x) = o(x) = Y _ @ilx)
=1

g (x)=0, i=23,...,n—1.

Moreover, g has at most 2s+ 1 roots counted with corresponding multiplic-
ity. Consequently, 2n — 2 < 2s+ 1 < k(k + 1) + 1, which yields
"< k(k 2+ 1)

+141/2.

This proves the assertion of the theorem for the regression model of the
form (6.3).
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To prove the assertion of the theorem for the regression model (6.2), we
consider for an arbitrary approximate design £ the polynomial

g(z) =m — [T(2) A7 (&N f(2)
=m — f1(x) LT (LA(§)LT) " Lf(x),

(6.9)

where A = (\1,...,\gx) is defined by (6.5) and the 2k x 2k matrix L is
given by

Q 0 0 0
0 Q 0 0
000 ... Q

with

1 0
©= ( 1A —1/A )
Note that det L = (—1/A)* # 0 and that lima_, f7 (z) LT is equal to

= (e"\lx, —xe_>‘1"c, e e_)‘“’, —xe‘AW) ,
Consequently, we have for any design &,
lim LA(E,NLT = M(€, ), (6.10)
A—0

where the matrix M (&, \) is defined in Section 6.1.

If £* denotes a locally D-optimal design for the regression model (6.2)
with support points by x} < --- < z%., then it follows from (6.9) and (6.10)
that

m — f (@) M™HE N f(z) = Jimom — fT(2)AHE N f(x),  (6.11)

where the vector f7(z) corresponds to the gradient in model (6.2) and is
defined by

~T _ —)\11 _ —Alib —)\kz _ —)\km
- ) P ) :
(@) = (e xe e xe )

By the Equivalence Theorem, the polynomial on the left-hand side has roots

*

xy,..., 2., where %, ... x}._; are roots of multiplicity. Consequently, we
obtain 2n* —1 < h, where h is the number of roots of the polynomial on the
right-hand side of (6.11). By the arguments of the first part of the proof,
we have h < 4k — 1 for K = 1,2 and for £ > 3 in a neighborhood of points
A satisfying (6.5). Moreover, we have h < k(k + 1)/2 in general, which

completes the proof of the theorem. "
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By Theorem 6.1.1, we have n* =m at k =1, 2.

The same is true for & > 2, but for a subset of possible values of para-
meters \;. In addition, we performed a numerical study of locally optimal
designs for the case k = 3 and many distinct values of {\;}. It was not
found for any case when n* > m. All of this gives the ground to restrict
attention for designs with n = m. Therefore, in the remainder of this chap-
ter, we will study designs that are locally optimal among the designs with
n = m. These designs are called locally D-optimal designs with minimal
support. It is easy to check that in this case, all of the design points have
the 1/m weight. The behavior of the design points at changing the para-
meters will be studied by means of the basic differential equation that has
been introduced in Chapter 2.

6.2 Optimal Design Function

First, consider a regression function of form (6.2).
Let 0; #0,i=1,...,k, X =[b,00), and

Z={z2= (21, ,z)52i £ 2 (i £j), 2 >e,i=1,...,k},
Z={z=(21,.. ) zi >e,i=1,... k},

where ¢ is an arbitrarily small positive number.
Let ¢ = {z1,...,2m}, ®; € X, i = 1,...,m, be an arbitrary m-points
experimental design. Without loss of generality, assume that

b<uxi < < Xy

Determinant of the information matrix of such a design for regression
function (6.2) has the form

62 - 07 det®F((, 2),

where 2 = (041, ...,02)7

)

_ —z1x —Z1Zs ZKT —zpxs\™M
F(C,z)—(e s —xge s, etk —xee 3)521.

Thus the problem of finding a locally D-optimal design with minimal
support transforms to

det’F (¢, 2) — SUPces, (6.12)
where
E={C={z1,...,om}b< 3 <33 <+ <y, < 00}
Let ¢ = {z14, %24, Tmu}, | = 1,2,..., be an arbitrary sequence of

designs such that z,,; — oo with [ = oco. Decomposing the determinant
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of matrix F by its lowest line (only its elements depend on x,,), we have
that the determinant is the sum of values, each of which tends to zero at
[ — oo. Therefore,

det F'(¢,2) = 0

for | — oo and any fixed z € Z. Thus, the upper bound in problem (6.12)
is attained at some design. Since the exponential system of functions is a
Chebyshev one, we have

det F((,2) >0, z € Z.

Moreover, increasing all of the design points by the same value A > 0 leads
to decreasing the matrix F determinant by exp(—2A Zf 2;). Therefore,
for any locally D-optimal design with minimal support (LDMS design) on
X = [b,0), we have x; = b, and all the points of such a design have the
form

1 =b+21,..., 2y, =b+ Ty,

where {Z1,..., 2, } is the vector of support points of the LDMS design on
X = [0,00). Thus, without loss of generality, we can assume that X = [0, d,
where d is sufficiently large, and consider only the case x; = 0.

Thus, problem (6.12) can be reduced to

det F'(¢, z) — méiX,

where the maximum is taken over all of the designs of the form

{¢;¢={0,29,...,2m}, 0 <29 <+ <@y, < d}.

Introduce the design ¢, = {0, 2, ..., 2y}, corresponding to vector 7 =
(T1,. .. Tm—1) = (22, ..., Tm). Consider the function
@(1,2z) =det F(¢ry 2 /H 2 — zj)*
i<J

Evidently, it is a real analytic function for z € Z.

Expanding the elements of the matrix F' in series with respect to the
powers of x;2; (j = z,...,m; i =1,...,k) we can verify (see also Ermakov
and Melas (1995, Chap. 5)) that the function @(7, z) has the form

X 2
o(r,2) = constH Tj—x;) exp (—ZZLEZ> 1+0 <Z§1> , (6.13)
i=1

i<j

where §; = 2, — 2, 2 = Zle 2;/k, and it can be extended to points z € Z\Z
in a way to remain analytical at z € Z.

Let (7, z) stand for the function ¢(7, z), extended as mentioned earler.
Since the exponential functions form an ET-system, ¢(7,z) > 0 for z € Z.
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Let 7% = 7%(2) = (79, ..., 7} _1) = (5, ..., x,) be the vector of nonzero
points of some LDMS design
V:{T: (Tl,...,Tm_l), O<m < < Tt <d}

By the necessary extreme conditions, we have

0
590(7—7 Z) =0

for z€ Z, and 7 = 7" = 7*(2).
Let J = J(z) = J(7*(#), 2), where

82 m—1
J(T7 Z) = <a7—287—] 90(7_? Z)) i7j=1 :

Now, we can state the following theorem.

Theorem 6.2.1 Let X = [b,0), §; # 0,3 =1,...,k, 2 € Z. Then an
optimal design function for regression function (6.2) exists, is uniquely de-
termined, and is a real analytic vector function. One of its coordinates
coincides with b as the other ones strictly decrease along each of the argu-
ments z; =0;41, 1 =1,...,k.

Proof. Consider the system of functions
e AT —xeT AT L e kT —xpe PRT (6.14)
for z; # z; (i # j). At the points of coordinates of the form

2’1:... = Zjl = 217

Zj4l = = Zjy, = 22,00 3 2G4l = ... = 24, = Zt,
redefine this system in the following way:

e AT —gpemA . (—x)?aTlemmT
) i . i (6.15)
e—zta:7 _we—ztw7 o (_.,L,)2zt—1e—zt;v’
21 Zjl, i9 = jg —jl,..., i = jt _jt—l- Let C* = C*(Z) = {I‘T,,JU:H} be
the maximum point of the determinant of system of functions (6.14) or
(6.15). Then z7(z) = 0 and
—p(r,2) =0 (6.16)
for 7 = (a3,...,2%,). It has been already demonstrated for the case of

1 m —
z € Z and can be verified in a similar way for z € Z. Since systems of

functions (6.14) and (6.15) are ET-systems,
det J(7%(2),2) # 0.

Let us demonstrate that (6.16) has the only solution at point z) =
(a,...,a), where a > 0.



6.2. OPTIMAL DESIGN FUNCTION 227

Lemma 6.2.1 At the points of form zqy = (a,...,a), @ > 0 (6.16) has
the unique solution, which has the form T = (7f,...,75_1), 7' = v/2¢c,
where ¥1,...,Ym—1 are the zeros of the Laguerre polynomial of m — 1-st
order with parameter 0.

Proof. It is known (Karlin and Studden, 1966, Chap. 10.2), that point

(Y1, -+ -,¥m—1) is the only stationary point of the function
. m—1
e @ P H (Tj — T’L') H T; (617)
1<i<j<m—1 i=1

for @ = 1/2, 7 € V, and also Y v; = m(m — 1). By equality (6.13) the
function ¢(7, ) has form (6.17) for z = z(g), a = a.

Thus, the lemma is complete for « = & = 1/2. In the case of arbitrary
«, it can be verified by the direct differentiation that (6.16) holds if and

only if 7= (1,...,Ym-1)/(20). "

Since all, the conditions of Theorem 2.3.1 are satisfied, then for any
ze 7 7*(2) is uniquely determined. Moreover, by the same theorem,
7*(2) is a real analytic vector function.

By Theorem 2.4.5, it is sufficient to verify that

D?¢(r, 2)
87’1'82]'

fori=1,....m—1,7=1,...,k with 2 = z) = (..., @) to check the
monotony of the coordinates of the design function 7*(z2).

The direct calculation shows that the expression at the left-hand side
of (6.18) isequal to =1 forany i =1,...,m—1,j=1,... k. "

<0 (6.18)

Now, consider more general regression function (6.1).
Let @1 = (91, RN ,Hm_k)T,

(O11,...,615,) #(0,...,0), ..., (Ok1,...0kj,) # (0,...,0),
O = Om—ts1s- > 0m)T s 20 = Omti1s - 2k = O,
X =[bd],
where b < d are arbitrary real numbers.
Let Z be an arbitrary simply connected open set in R*, such that the

number of such points of a saturated locally D-optimal design that coincide
with w or d is fixed.

Theorem 6.2.2 Under the above conditions, an optimal design function
for regression function (6.1) exists, it is uniquely determined, and it is a
real analytic vector function. All of its coordinates that do not coincide with
b or d strictly decrease along each of the arguments z1, ..., 2.

This theorem can be proved similarly to the previous one.
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6.3 Taylor Expansions

Coordinates of an optimal design function can be expanded into the Taylor
series with respect to the powers of parameters by means of Theorem 2.4.4.
Let the regression function have form (6.2). The write it again for the
convenience of the reader,

n(x7 @) — Z 9i6—9i+k$7

Gi%o,iil,...,k, 9i+k %ej—i-k (17&‘7)’ i, = 13"'ak'

Consider the case 6;14 > 0,i=1,...,k,X =0, 00).

As it has been already demonstrated, there exists a unique LDMS design
(under fixed ;1) and this design corresponds to the vector

¢ ={0,23,...,25},0<as < <al,.

Denote 6 = Zle 0;1x/k. Note that multiplying all of the parameters
0;+r by some value implies dividing the design points by the same value.
Therefore, without loss of generality, we can assume Zle Oirr/k = 1.
Denote z; =1 — 041/0, ..., 21 = 1 — 02,_1/0.

The direct calculation for £ = 1 demonstrates that ¢* = {0,1}.

Let k > 2, Z = [-1,1]F1

V(z) = H1§i<j§1(9i+k - 9j+k)4v
7(2) = (25(2), ...,z (2)), 2(0) = 0,...,0).

Expand the vector function 7(z) into the Taylor series in a vicinity of
2(0)- Value 79y = 7(z(9)) can be determined by Lemma 6.1.1. The case
k = 2 was already considered in Section 2.2. Consider the case k = 3.

Example 6.3.1 Let k = 3,
n(x,0) = e %% 4 hre 7% 4 fge 06T,

6‘i+3 #+ 9j+3 (Z =+ j), 01,065,605 # 0, 9i+3 >0,1=1,2,3, (94+95 +96)/3 =1.
Denote z1 =1 — 05 and 29 = 1 — 6.

Consider optimal design function 7(z) = (25(2),...,2§(2)). Expand
this function into a Taylor series in a vicinity of point z(o) = (0,0):

81 .82
z+1 = Tl E E Ti(s1,82)%1 2 s

S1= 082 0

i =1,...,5. Applying Theorem 2.4.4 from Chapter 2, tabulate the coef-
ficients {7;(s,,s,)} (Table 6.1). In this table, the block numbered (s1,s2)
contains coefficient vector (7y(s, s,);- - ,7'5(51’52))71.



6.3. TAYLOR EXPANSIONS

Table 6.1: Taylor coefficients for Example 6.3.1

229

The form of Table 6.1 is because 7y, s,)

52\51 0 1 2 3 1 5
0.3085 | 0.0000 | 0.0054 | 0.0000 | 0.0002 | 0.0000
1.0565 | 0.0000 | 0.0638 | 0.0000 | 0.0086 | 0.0000

0 | 23054 | 0.0000 | 0.3037 | 0.0000 | 0.0896 | 0.0000
4.1995 | 0.0000 | 1.0078 | 0.0000 | 0.5103 | 0.0000
7.1301 | 0.0000 | 2.9050 | 0.0000 | 2.2077 | 0.0000

0.0054 | 0.0027 | 0.0003 | 0.0003
0.0638 | 0.0232 | 0.0172 | 0.0094
1 0.3037 | 0.0396 | 0.1791 | 0.0147
1.0078 | —0.2267 | 1.0206 | —0.5050
2.9050 | —2.2496 | 4.4153 | —4.3407
0.0005 | 0.0006
0.0258 | 0.0188
2 0.2687 | 0.0293
1.5310 | —1.0101
6.6230 | —8.6815

= T(s4,s;) and Theorem 2.4.4

gives coefficients with s; + so = 1,2,.... Thus, in this table, results of the

first five steps of the algorithm are given.

The behavior of the saturated locally optimal design points with z; =0
is presented at Figure 6.1. This figure shows that the design points are
increasing functions of the parameter.

121

104

Figure 6.1: Optimal design function with z; = 0 for Example 6.3.1

0

04
z 2

06

08

1

Analyze the efficiency of designs that can be obtained from 7,
T<1>(2),. .., T<5>(2) by appending them with zero, where 7., (2) is a seg-
ment of the Taylor series for function 7(z), including 1 + ¢ nonzero terms
of the expansion.
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Table 6.2: Efficiency of designs 7,

Z1 z9 In
0 1 2 3 4 )
0.0 0.4 1099|099 | 1.00 | 1.00 | 1.00 | 1.00
0.0 0.51]098 | 098 | 1.00 | 1.00 | 1.00 | 1.00
0.0 0.6 | 096 | 0.96 | 1.00 | 1.00 | 1.00 | 1.00
0.0 0710910911099 |0.99 | 1.00 | 1.00
0.0 0.8 1083|083 (096 | 096 | 0.99 | 0.99
0.0 091069 069|086 | 086 | 092 | 0.92
-0.2 0.5 1099|099 | 1.00 | 1.00 | 1.00 | 1.00
-0.2 0.6 | 0.97 | 0.97 | 1.00 | 1.00 | 1.00 | 1.00
-0.2 0.71093|093 1099 0.99 | 1.00 | 1.00
—0.2 0.8 | 0.86 | 0.86 | 0.96 | 0.97 | 0.98 | 0.99
—-0.2 0.9 071|071 ] 0.86 | 087|092 | 0.93
—-0.4 0.9 1073|073 ] 086|088 091 | 0.93
0.3 0.4 097|097 | 1.00 | 1.00 | 1.00 | 1.00
0.3 051094094 | 1.00 | 1.00 | 1.00 | 1.00
0.3 0.6 1091|091 | 1.00 | 099 | 1.00 | 1.00
0.3 0.7 1 0.85 | 0.85 | 0.99 | 0.97 | 1.00 | 0.99
0.3 0.8 | 0.75 | 0.75 | 0.95 | 0.93 | 0.99 | 0.97
0.3 0.9 1059|059 | 0850811094 | 0.89

Denote

1/m

I, = [detM(¢,_,_..0)/det M(¢",0)]"™,

e = {0, 7cnst1, -, Tansm—1;1/m, ..., 1/m}.

In Table 6.2, values of I,,, n =0,1,2,3,4,5, are given for different values
of z; and z9. Table 6.2 demonstrates the high efficiency of the designs.
Similar results can be obtained for the case k > 3.

An extension of the functional approach for studying maximin efficient
D-optimal designs was already described in Section 2.2.



Chapter 7
FE- and c-Optimal Designs

In this chapter, we investigate locally E- and c-optimal designs for a wide
class of nonlinear regression models. This class includes rational, logistic,
and exponential models. A method of asymptotic analysis for such models
is introduced. This method allows on to establish that if all nonlinear
parameters of the model tend to same limit, then locally E-optimal and
most of the locally c-optimal designs tend to the same limiting design,
which is e,,-optimal for a heteroskedastic polynomial model. Based on
this result, it is demonstrated that in many cases the locally E- and c-
optimal designs are supported at the Chebyshev points, defined in Section
1.8. These points proved to be real analytic functions of the nonlinear
parameters and these functions can be expanded into a Taylor series by the
general technique of Section 2.4. For rational models, the optimal designs
are found explicitly in many cases. It is also demonstrated that in the
models under consideration, E-optimal designs are usually more efficient
for estimating individual coefficients than D-optimal designs. Note that
Sections 7.1-7.3, 7.5 and 7.7, are based on Dette, Melas, and Pepelyshev
(2004a).

7.1 Introduction

It is the purpose of the present chapter to study locally E-optimal designs
for a class of nonlinear regression models, which can be represented in the
form

s k
Y = ahi(t)+ ) asio(t,b) +e (7.1)
=1 i=1

Here, hq,...,hs and ¢ are given functions, the explanatory variable ¢ varies
in an interval I C R, € denotes a random error with mean zero and constant
variance, and ai,...,Qs4+k,b1,...,br denote the unknown parameters of
the model. The consideration of this type of model was motivated by the

231
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recent work of Imhof and Studden (2001), who considered a class of rational
models of the form

Y = Zaztz s Z . i*g (7.2)

where ¢t € I,b; # b;(i # j), and the parameters b; ¢ I are assumed to be
known for all i = 1,..., k. Note that model (7.2) is in fact linear, because
Imhof and Studden (2001) assumed the b; to be known. These models are
very popular because they have appealing approximation properties (see
Petrushev and Popov (1987) for some theoretical properties or Dudzinsky
and Mykytowycz (1961), Ratkowsky (1983, p. 120) for an application of
this model). In this chapter (in contrast to the work of Imhof and Studden
(2001)), the nonlinear parameters in the model (7.1) are not assumed to be
known, but also have to be estimated from the data. Moreover, model (7.1)
considered here includes numerous other regression functions. For example,
in environmental and ecological statistics, exponential models of the form

are?t + ageb?t

are frequently used in toxicokinetic experiments (see, e.g., Becka and Urfer
(1996) or Becka Bolt, and Urfer (1993)) and this corresponds to the choice
o(t,z) = €' in (7.1). Another popular class of logarithmic models is ob-
tained from (7.1) by the choice ¢(t,x) = log(t — x).

Imhof and Studden (2001) studied E-optimal designs for model (7.2)
with s = 1 under the assumption that the nonlinear parameters by, ..., bg
are known by the experimenter and do not have to be estimated from
the data. In particular they proved that the support of the F-optimal
design for estimating a subset of the parameters aj,...,as4+1 is given by
the Chebyshev points corresponding to the regression functions in model
(7.2). These points are the extremal points of the function

*

k
1Y =)

in the interval I, which has the smallest deviation from zero; that is,

k

1+inibi .

i=1

supp |p*(x)| = min supp (7.3)

zel 02,0k 41 ge]

The universality of this solution is due to the fact that any subsystem of
the regression functions in model (7.2), which is obtained by deleting one of
the basis functions, forms a weak Chebyshev system on the interval I (see
Karlin and Studden (1966) and the discussion in Section 7.2). However, in
the case where the parameters by, ..., b; are unknown and also have to be
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estimated from the data, the locally optimal design problem for model (7.2)
is equivalent to an optimal design problem in the linear regression model

y = Zﬁm 1+Z(ﬁ§”}f I R

for which the corresponding regression function does not satisfy the weak
Chebyshev property mentioned above. Nevertheless, we will prove in this
chapter that in cases with k > 2, where the quantity

b; — b;
Ig?jX| i il

is sufficiently small, locally F-optimal designs and many locally c-optimal
designs for estimating linear combinations of the parameters are still sup-
ported on Chebyshev points. This substantially simplifies the construction
of locally E-optimal designs. Moreover, we show that this result does not
depend on the specific form of models (7.2) and (7.4) but can be estab-
lished for the general model (7.1) (or its equivalent linearized model). Ad-
ditionally, it can be shown numerically that in many cases, the E-optimal
design is in fact supported on the Chebyshev points for all admissible val-
ues of the parameters by,..., b, (b; # bj;i # j). Our approach is based
on a study of the limiting behavior of the information matrix in model
(7.1) in the case where all nonlinear parameters in model (7.1) tend to
the same limit. We show that in this case, the locally F-optimal and
many locally optimal designs for estimating linear combinations of the co-
efficients as41,bs41, .., as4k, bs+x in model (7.1) have the same limiting
design. This indicates that F-optimal designs in models of the type (7.1)
yield more precise estimates of the individual coefficients than the popular
D-optimal designs and we will illustrate this fact in several examples.

The remaining part of the chapter is organized as follows. In Section
7.2%, we introduce the basic concepts and notation, and present some pre-
liminary results. Section 7.3 is devoted to an asymptotic analysis of model
(7.1), which is based on a linear transformation introduced in the appendix
(see Section 7.7). In Section 7.4, we will establish some analytical properties
of support points of locally F-optimal designs considered as functions of the
nonlinear parameters for model (7.1). This allows one to apply the general
technique of Section 2.4 for representing the support points by the Taylor
series. Some applications of general results of Section 7.3 to the rational
model (7.2) and its equivalent linear regression model (7.4) are presented
in Section 7.5, which extends the results of Imhof and Studden (2001) to
the case where the nonlinear parameters in model (7.2) are not known and

*Note that in Sections 7.2, 7.3, 7.5 and 7.7 a part of materials (theorems, tables, and
figures) are taken from Dette, H., Melas, V.B., Pepelyshev, A. (2004a). Optimal designs
for a class of nonlinear regression models. Ann. Statist., 32(3), 2142-2167. (©2004
Institute of Mathematical Statistics.
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have to be estimated from the data. In Section 7.5, we also find locally c-
and F-optimal designs for particular rational models (see Examples 7.5.1 -
7.5.4). Section 7.6 introduces similar results for exponential models. This
section demonstrates also the usefulness of the functional approach in this
case.

7.2 Preliminary Results

Consider the nonlinear regression model (7.1) and define
f(t7 b) = (fl(t7b)7 ey fm(t7 b))T

= (hl(t)v SRRE) hs(t)’ (p(t, bl)v Qpl(tv bl)v ERE) QD(t, bk)? @I(tv bk))T
(7.5)
as a vector of m = s + 2k regression functions, where the derivatives
of the function ¢ are taken with respect to the second argument. It is
straightforward to show that the Fisher information for the parameter
(@1, Qs Qsy1, 5415+ s Qsiks bsii)T = (B1,-- -, Bm)T = B in the equiva-
lent linear regression model

Y =0T f(t,b) +e=>7_, Bihi(t)

(7.6)
+ Zle(ﬁswi—lw(t, bi) + Bsr2ip'(t,0:)) + €
is given by
M) = [ 7(e.0)7 (e b)ela), (7.7)
where £ = < Zl Z” ) is an approximate experimental design.
1 e n

The dependence on the parameter b will be omitted whenever it is clear
from the context. Among the numerous optimality criteria proposed in
the literature, we consider the D-, F-, and c-optimality criteria in this
chapter. A D-optimal design £}, for the regression model (7.6) maximizes
the determinant

[M(E, )] (7.8)

over the set of all approximate designs on the interval I. Similarly, an F-
optimal design £}, maximizes the minimum eigenvalue

/\min(M(§7 b))’ (79)

whereas for a given vector ¢ € R™, a c-optimal design minimizes the ex-
pression
' M~ (€,b)e, (7.10)

where the minimum is taken over the set of all designs for which the linear
combination ¢T3 is estimable (i.e., ¢ € range(M (&,b)) V b).
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Note that a locally optimal design problem in a nonlinear model (7.1)
corresponds to an optimal design problem in model (7.6) for the trans-
formed vector of parameters Kb, where the matrix K, € R™*™ is given
by

1 1
K, = diag(1,...,1,1,—,1,...,1,—). (7.11)
N—— a1 ag

s
2k

For example, a locally D-optimal design in model (7.1) maximizes the de-
terminant

|K, " M(E D) K, = |K P M (€, b)),

does not depend on the parameters ayq,...,as, and coincides with the D-
optimal design in model (7.6). Similarly, the c-optimal design for model
(7.1) can be obtained from the ¢-optimal design in the model (7.6), where
the vector ¢ is given by ¢ = K,c. Finally, the locally E-optimal design
in the nonlinear regression model (7.1) maximizes Apin (K, 1M (&,0) K1),
where M (€, b) is the information matrix in the equivalent linear regression
model (7.6). For the sake of transparency, we will mainly concentrate on
the linearized version (7.6). The corresponding results in the nonlinear
regression model (7.1) will be briefly mentioned, whenever it is necessary.

It is well known (see Studden (1968), Pukelsheim and Studden (1993),
Heiligers (1994), or Imhof and Studden (2001) among others and Sections
3.3 and 4.3 of this book) that for many linear regression models, the E-
and c-optimal designs are supported at the Chebyshev points.

For a further discussion, assume that the functions f1,..., f,, generate
a Chebyshev system on the interval I with Chebyshev polynomial ¢*7 f ()
and Chebyshev points s1,. . ., sy, define the mxm matrix F' = (fi(s;)){"=1,

and consider a vector of weights given by

JF~ e
w = (’U}l,...,u}m)T = W,

(7.12)

where the matrix J is defined by J = diag{(-1),1,...,(=1)™}. It is then
easy to see that

c*

llex)2

FJw = Em:f(sj)(—njwj € OR, (7.13)
j=1

where

R = conv(f(I)U f(~1))

denotes the Elfving set [see Elfving (1952)]. Consequently, if all weights in
(7.12) are non-negative, it follows from Elfving’s theorem that the design

& —< Lo S ) (7.14)

wyr ... W
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is ¢*-optimal in the regression model (7.6) [see Elfving (1952)], where ¢* €
R™ denotes the vector of coefficients of the Chebyshev polynomial defined
in the previous paragraph. The following results relates this design to the
E-optimal design.

Lemma 7.2.1 Assume that fi,..., fm generate a Chebyshev system on
the interval I such that the Chebyshev points are unique. If the minimum
eigenvalue of the information matriz of an E-optimal design has multiplicity
1, then the design &) defined by (7.12) and (7.14) is E-optimal in the
regression model (7.6). Moreover, in this case, the E-optimal design is
unique.

Lemma 7.2.2 Assume that the functions f1,..., fm generate a Chebyshev
system on the interval I with Chebyshev polynomial c*T f(t) and let &
denote the c*-optimal design in the regression model (7.6) defined by (7.14).
Then c* is an eigenvector of the information matriz M (£, b), and if the

corresponding eigenvalue A = W is the minimal eigenvalue, then £. is
also E-optimal in the regression model (7.6).

These lemmas are reformulations of Theorem 3.3.5, parts (a) and (c).

We now discuss the c-optimal design problem in the regression model
(7.6) for a general vector ¢ € R™ (not necessarily equal to the vector ¢* of
coefficients of the Chebyshev polynomial). Assume again that fi,..., fm
generate a Chebyshev system on the interval I. As a candidate for the
c-optimal design we consider the measure

_ _ S1 ce Sm
§e=&c(b) = ( Wy ... Wy ) ’ (7.15)
where the support points are the Chebyshev points and the weights are
already chosen such that the expression ¢/’ M ~1(£.,b)c becomes minimal;
that is,
el JF—1c| —

, i=1,..

S TR

m (7.16)

w; =

[see Pukelsheim (1993)]. The following result characterizes the optimal
designs for estimating the individual coefficients.

Lemma 7.2.3 Assume that the functions f1,..., fm generate a Chebyshev
system on the interval I and let e; = (0,...,0,1,0,...,0)7 € R™ denote
the j-th unit vector. The design &, defined by (7.15) and (7.16) for the
vector ¢ = e; 1s e;j-optimal if the system

{filie{l,....mN\{7}}

is a weak Chebyshev system on the interval I.
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Proof. If fi,..., fm generate a weak Chebyshev system on the interval I,
it follows from Theorem 2.1 in Studden (1968) that the design &.; defined
in (7.15) and (7.16) is e;-optimal if

eeiTJF_lej >0, i=1,...,m,

for some € € {—1,1}. The assertion of the lemma now follows by Cramer’s
rule. "

Remark 7.2.1 It is worthwhile to mention that, in general, the sufficient
condition of Lemma 7.2.3 is not satisfied. To see this, assume that k& >
3, that the function ¢ is continuously differentiable with respect to the
second argument, and that the functions fi(-,b),..., fin(-,b) defined by
(7.5) generate a Chebyshev system for any b. Define an (m — 1) x (m — 1)
matrix

Fj(z) :== (h1(tz‘),~-,hs(ti),<ﬁ(ti,b1),90'(ti7b1)7~~o790(ti,bj—1),90/(tiabj—1),

m—1

(P(ti,l')y (p(tiabj+1)a CR) @(t% bk)? @l(tiz bk)) 1 5
i=
where ¢ < t; < -+ < tjpm_1 < d,b; # b; whenever ¢ # j and x # b;. We
choose t1,...,tn_1 such that

g(z) = det Fj(xz) #0

(note that the functions f1,. .., fn, form a Chebyshev system and, therefore,
this is always possible) and observe that

g(bi) =0, i=1,... ki#j.

Because k > 3 and g is continuously differentiable, it follows that there exist
two points, say z* and 2**, such that such that ¢’(z*) < 0 and ¢'(z**) > 0.
Consequently, there exists an z such that

v=1,....m,v#s+2j—1

0=g(z)= det(fu(ti, bf)) ’

i=1,...,m—1

where the vector b is defined by bz = (b1,...,bj-1,Z,bj11,...,b;)T. Note
that the Chebyshev property of the functions fi,..., for2j—2, fs42j, -+ fm
would imply that all corresponding determinants were of the same sign.
Therefore the conditions ¢'(x*) < 0,¢'(x**) > 0 imply that there exists a
Z € (x*,Z) or & € (&, z**), such that the system of regression functions

{fl(tﬂbf% .. '7fs+2j72(tﬂ bi)»fs+2j(tvbi)7 .. '7fm(tﬂ bi)}
= {hl(t)7 .. -7hs(t)790(tvbl)790,(tabl)a .. ~7<P/(tv bj—1)7

80/(757 i‘)a QD(t, bj+1)7 QO/(t’ bj+1)a ey Qp/(t bk)}
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is not a weak Chebyshev system on the interval I. Finally, in the case k = 2,
if
lim ¢(¢,b) — 0,

|b| =00

it can be shown by a similar argument that there exists an & such that the
system

{hh (t)a LR hs(t)v @(ta bl)(P/(ta bl)(P/(ta j)}

is not a Chebyshev system on the interval I.

7.3 Asymptotic Analysis of £- and c-Optimal
Designs
Recall the definition of the information matrix in (7.7) for model (7.6) with,

design space given by I = [¢1,d1] and assume that the nonlinear parameters
vary in a compact interval, say

biG[CQ,dQ]; i=1,...,k.
We are interested in the asymptotic properties of E- and c-optimal designs
if

bi=xz+d6r;, i=1,...,k, (717)

for some x € [c2,da],d > 0,71 <rg <--- < rg,and § — 0. For this purpose,
we study for fixed £, A > 0 the set

QE,A:{bERk b —bj=6(ri —r;);4,5=1,...,k;

(7.18)
0 < g, b; € [Cg,dg], min#j "I“i — ’I“j‘ > A},
introduce the functions
filt,x) = fi(t) = hi(t), i=1,...,s,
(7.19)

fori(t,x) = foyi(t) = @ D(t,x), i=1,...,2k,
and the corresponding vector of regression functions
ft,x) = (filt,z), ..., fopor(t,z)T, (7.20)
where the derivatives are taken with respect to the second argument; that

is,
i

OO (t,x) = ;iugo(t,u) =02k -1
Again, the dependency of the functions f; on the parameter  will be omit-
ted whenever it is clear from the context. The linear model with vector
of regression functions given by (7.20) will serve as an approximation for
model (7.6) if the parameters b; are sufficiently close to each other.
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Lemma 7.3.1 Assume that the function
¢ :ler,di] X [ea,da] = R
in model (7.1) satisfies
@ € C¥* ey, di] x [c2,da])

and that for any fived x € [co,ds], the functions fi,..., fsion defined by
(7.19) form a Chebyshev system on the interval [cy,d1]. For any A > 0 and
any design on the interval [c1,d1] with at least m = s + 2k support points,
there exists an € > 0 such that for all b € Q. A, the mazimum eigenvalue
of the inverse information matriz M~—1(&,b) defined in (7.20) is simple.

Proof. Recall the definition of the functions in (7.20) and let

— d —
M€ ) = / F(t.2) (k) de () (7.21)

denote the information matrix in the corresponding linear regression model.
Because of the Chebyshev property of the functions fi, ..., fsio, it follows
that |M (&, )| # 0 (note that the design ¢ has at least s+2k support points).
It will be shown in the appendix (see Theorem 7.7.1) that under condition
(7.17) with 0 — 0, the asymptotic expansion

§*2M T b) = AT + 0(1) (7.22)
is valid, where the vector 7 = (J1,...,9ss2r)" is defined by

Ys2i-1 = — ] -;ﬁi(ri - Tj)_2 : Z-# %7 1=1,...,k,
’ ! ' (7.23)

’71 ::"_Ys:oy ’_Ys+2i:07 Z‘:la"'akb
and the constant A is given by
h=((2k — D)) (M~ & 2))mom- (7.24)

From (7.22) it follows that the maximal eigenvalue of the matrix M ~1(&, b)
is simple if § is sufficiently small.

For a fixed value r = (r1,...,r;) and fixed z € R in the representation
(7.17), denote by € = e(z,r) the maximal value (possibly co) such that the
matrix M ~1(&,b) has a simple maximal eigenvalue for all § < . Then the
function ¢ : (z,r) — e(z,r) is continuous and the infimum

inf{s(m,b)‘x € [e1,d1], Iginh“i -1l > A ]2 = 1}
i#j
is attained for some z* € [c1, d1] and 7*, which implies
e =¢e(z",r*) > 0.

This means that for any b € (2.« A, the multiplicity of the maximal eigen-
value of the information matrix M ~1(£,b) is equal to 1. "
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Theorem 7.3.1 Assume that the function ¢ : [c1,d1] X [c2,d2] — R satis-

fies
(TS CO,2k—1([cl’ dl] X [CQ, dg])

and that the systems of functions

{fl(tvb)’ s -afm(tab)}a
{fl(tﬂx)7 c ‘7fm(t7w)}

defined by (7.5) and (7.19), respectively, are Chebyshev systems on the
interval [c1,d1] (for arbitrary but fized x,by,...,by € [ca,d2] with b; #
b; whenever i # j). If ¢ is sufficiently small, then for any b € Q. A the
design &} defined by (7.12) and (7.14) is the unique E-optimal design in
the regression model (7.6).

Proof. The proof is a direct consequence of Lemma 7.2.2 and Lemma
7.3.1, which shows that the multiplicity of the maximum eigenvalue of the
inverse information matrix of any design has multiplicity one, if b € Q. A
and ¢ is sufficiently small. .

From Remark 7.3.1 we may expect that, in general, c-optimal designs in
the regression model (7.1) are not necessarily supported at the Chebyshev
points. Nevertheless, an analog of Lemma 3.1 is available for specific vectors
¢ € R™. The proof is similar the proof of Lemma 3.1 and therefore omitted
(see also the proof of Theorem 7.3.2, which uses similar arguments).

Lemma 7.3.2 Let ¢; = (0,...,0,1,0,...,0)7 denote the i-th unit vec-
tor in R™. Under the assumptions of Lemma 3.1 define a vector 4 =
(01"'701717“'7721@) eR™ by

’ygiinj#i(’f‘ifrj)i2 iil,...,k,

(7.25)
Vo1 = V2 Dy 1= 1.k
(i) If c € R™ satisfies c'4 # 0, then for any A > 0, sufficiently small
e, and any b € Q¢ a, the design () defined in (7.15) and (7.16) is
c-optimal in the regression model (7.6).

(ii) The assumption c¢'y # 0 is, in particular, satisfied for the vector
¢ =esy2j—1 for any j =1,...k and for the vector c = esy2; for any
j=1,...,k, which satisfies, condition

> ! #0. (7.26)

‘T — Ty
e#j I

Remark 7.3.1 Note that it follows from the proof of Theorem 7.3.1 that
the assumption of compactness of the intervals is only required for the
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existence of the set Q. A. In other words, if condition (7.17) is satisfied and
§ is sufficiently small, the maximum eigenvalue of the matrix M ~1(¢, b) will
have multiplicity 1 (independently of the domain of the function ¢). The
same remark applies to the statement of Theorem 7.3.1 and Lemma 7.3.2.

Our final result of this section shows that under assumption (7.17) with
small 4, the locally E- and locally c-optimal designs for the vectors ¢ con-
sidered in Lemma 7.3.2 are very close. To be precise, we assume that the
assumptions of Theorem 7.3.1 are valid and consider the design

c s [ E . Bm
=g =( o ), (7.27)
where §i,...,8,, are the Chebyshev points corresponding to the system

{fili=1,...,m} defined in (7.19),

_ lel JF~1| )
U Ll S 7.28
v Sty lef JF el ! " (7.28)

with F' = (fi(37))i%=1 and c € R™ is a fixed vector.

Theorem 7.3.2 Assume that the assumptions of Theorem 7.3.1 are satis-
fied and that for the system {f1,..., fm} the Chebyshev points are unique.

(i) If 6 — 0, the design & (b) defined by (7.14) and (7.12) converges
weakly to the design &, (x) defined by (3.10) and (3.11) for ¢ = ep,.

(ii) If ¢ € R™ satisfies ¢T3 # 0 for the vector 7 defined in (7.25) and
§ — 0, then the design £ (b) defined by (7.15) and (7.16) converges
weakly to the design &, (x).

(iii) The assumption c'y # 0 is, in particular, satisfied for the vector
¢ =esp2j—1 for any j =1,...k and for the vector c = esy2; for any
j=1,... k, which satisfies condition (7.26).

Proof. It follows from Theorem 7.3.1 that the design ¥ = &% (b) is locally
E-optimal for sufficiently small § > 0. In other words, if § is sufficiently
small, the design £. minimizes

max ¢! M~L(&,b)e
llellz=1

in the class of all designs. Note that the components of the vector r =
(r1,...,7r) are ordered, which implies

Cii2i17 #0, i= 1Lk
Multiplying (7.32) in the appendix with §**=2 it then follows from Theorem
7.7.1 in the appendix that for some subsequence 6 — 0,
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where the design £(z) minimizes the function

max (c"3)%el, M~ (&, z)em

llell2=1

and the vector 4 is defined by (7.23). The maximum is attained for
¢ = 7/||7]l2 (independently of the design &) and, consequently, £(z) is €p-
optimal in the linear regression model defined by the regression function
in (7.20). Now, the functions fi,..., fm, generate a Chebyshev system and
the corresponding Chebyshev points are unique, which implies that the
em-optimal design &, (z) is unique. Consequently, every subsequence of
designs ¢%. (b) contains a weakly convergent subsequence with limit &, ()
and this proves the first part of the assertion. For a proof of the second
part, we note that a c-optimal design minimizes

"M~ b)e

in the class of all designs on the interval I. Now, if ¢74 # 0 and

ez+2i715/:_H(7"i_7‘j)_22 2 ’ #0

J#i J#i

forsomei = 1,...,k, the same argument as in the previous paragraph shows
that £ (b) converges weakly to the design, which maximizes the function

(") e, MTH(E, z)em.

Ifel ,, 17 =0foralli=1,..., k, the condition ¢’y # 0 implies e, ,,5 # 0
for some ¢ = 1,...,k and the assertion follows by multiplying (7.32) in the
appendix with §**~% and similar arguments. Finally, the third assertion
follows directly from the definition of the vector 4 in (7.23). "

Remark 7.3.2 Note that Theorem 7.3.1, Lemma 7.3.2, and Theorem 7.3.2
remain valid for the locally optimal designs in the nonlinear regression
model (7.1). This follows by a careful inspection of the proofs of the previ-
ous results. For example, Theorem 7.7.1 in the appendix shows that

SR M (&, b) Ko = h(Ko7) (Ka7) T + o(1),

where the vector 4 is defined in Lemma 3.3 and, consequently, there exists
a set 2. A such that for all b € 2. A, the maximum eigenvalue of the inverse
information matrix in model (7.1) is simple. Similarly, if 6 — 0 and (7.17)
is satisfied, c-optimal designs in the nonlinear regression model are given
by the design &z(b) in (7.15) and (7.16) with ¢ = K,c whenever 57¢ # 0
and all these designs converge weakly to the e,,-optimal design in the linear
regression model defined by the functions (7.20).
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We finally remark that Theorem 7.3.2 and Remark 7.3.2 indicate
that E-optimal designs are very efficient for estimating the parameters
Gs+1,b1, ..., G54k, b in the nonlinear regression model (7.1) and the lin-
ear model (7.6), because for small differences |b; —b;|, the E-optimal design
and the optimal design for estimating the individual coefficients are close
to the optimal design for estimating the coefficient by. Therefore, we ex-
pect E-optimal designs to be more efficient for estimating these parameters
than D-optimal designs. We will illustrate this fact in Section 7.5, which
discusses the rational model in more detail.

7.4 Analytical Properties of Optimal Designs

As it was shown in the previous section with b € 2, where () is an open
set in R* locally E- and c-optimal designs for model (7.7) are located in
the Chebyshev points of the function system f1(¢,b),..., fm(£,b). Also,
the corresponding weight coefficients can be found by (7.12) and (7.16),
respectively. Thus, it will do to study the Chebyshev points «7,...,z},
and coeflicients of vector ¢* as functions of vector b.

We will show that under some not very restrictive additional conditions,
these functions are real analytic and can be expanded into a Taylor series by
formulas of Section 2.4. These conditions are certainly satisfied for rational
and exponential models.

We will need the following result.

Lemma 7.4.1 Let the following conditions be satisfied:

(a) Function, fi(t) = f1(t,b),..., fm(t) = fm(t,b) are functions of a
general form generating a Chebyshev system on the interval I with
b € B, where B is an open set in R*, and such that the Chebyshev
points are uniquely determined.

(b) Functions f;(t,b), i = 1,...,m, are real analytic in t with t € I for
any b € B.

(¢) The number (say uy) of Chebyshev points coinciding with the left
bound of I and the number (say us) of such points for the right bound
of I remains the same with b € B.

(d) For anyb € B and for any nonzero vector ¢, the equation ¢’ f'(t) = 0,
where f(t) = f(t,b) = (f1(t,b), ..., fm(t,0))T, has at most m—1 roots
and multiple roots are counted twice.

Then coefficients of the Chebyshev polynomial c*T f(t,b) and the Cheby-
shev point are real analytic functions of b with b € B.

Proof. Let, for certainly, I = [dy,ds], u1 = 1, ug = 0; that is,

di =t7(0) <--- <ty (b) <da
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where tT(b), = 1,...,m, are Chebyshev points of the function system
{fi(t,b),..., fu(t,b)}. All other cases can be considered in a similar way.
Denote

E= (tare )y () = (130, 15, (0))7
c=(c1,...,cm)7,
7= (Tt 7*(b) = (T (b),t*T (b))T.

Due to the definition of the Chebyshev polynomial (see Section 1.8), the
equation system

ch(tivb) = (_]—)iv i= 17 sy, t1 = d17
L f(ti,b) =0, i=2,...,m,
has the solution ¢ = ¢*(b), t = ¢*(b) and determine, the vector 7*(b) as an

implicit function of b, b € B.
The Jacobi matrix of this system has the form

a=arn=(7 5 ).

= (it )T
F = (f(t5, )7 s

D =diag {c” f"(t2),...,cT f"(tm)} .

Assume in the following that b is any fixed vector in B.

where

Denote
J(b) = Q(77(b),b).
Note that
det Q = det F det D
and

det FF #£ 0

for any points t; < ty < --- < t,,, due to the definition of the Chebyshev
system. Since

T =0,i=2,...,m,
due to condition (d) it follows that ¢*T f”(t;) #0,i=2,...,m, and
detD =" £"(t5) #0
i=2

Therefore, det J(b) # 0 for b € B.
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Now, the proposition of the lemma follows from the Implicit Function
Theorem (see Section 1.8). n

Taylor expansions for the vector function 7*(b) will be constructed for
exponential models in Section 7.6. In the next section we will obtain a
characterization of the Chebyshev points as roots of some polynomials for
rational models.

7.5 Rational Models

In this section, we discuss the rational model (7.2) in more detail, where the
design space is a compact or semi-infinite interval I. In contrast to the work
of Imhof and Studden (2001), we assume that the nonlinear parameters
bi,...,br &€ I are not known by the experimenter but have to be estimated
from the data. A typical application of this model can be found in the
work of Dudzinski and Mykytowycz (1961), where this model was used
to describe the relation between the weight of the dried eye lens of the
European rabbit and the age of the animal. In the notation of Sections 7.2
and 7.3 we have f(t) = f(t,b) = (f1(t),..., fm(t))T with

filt) = filt,b) =71, i=1,...,s,
foraio1(t) = foroima(t,b) = 25, i=1,...,k, (7.29)

fs+2i(t) = fs+2i(t7 b) = (t_lbi)2a i=1,... ’ ka

and the equivalent linear regression model is given by (7.4). The corre-
sponding limiting model is determined by the regression functions f(t) =

ft,x) = (fi(t,z),..., fm(t,z))T, with

fit)y=t"t, i=1,...,s,

_ _ (7.30)
fi+8(t):fs+i(t’x):ﬁa 7’:1772k

Some properties of the functions defined by (7.29) and (7.30) are discussed
in the following lemma.

Lemma 7.5.1 Define
B={b=(by,...,bp)"  €R* | b, & I;b; # b;};
then the following assertions are true;

(i) If I is a finite interval or I C [0,00) and b € B, then the system

{f1(t1,b),..., fm(t,0)}
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defined in (7.29) is a Chebyshev system on the interval I. If x & 1,
then the system

{.fl(ta 1‘)7 AR f_m(tv'r)}
defined by (7.30) is a Chebyshev system on the interval I.

(#i) Assume thatb € B and that one of the following conditions is satisfied:

(a) I C[0,00)
(b) s=1ors=0.

For any j € {1,...,k}, the system of regression functions
{fit,b) |i=1,...,m,i £ s+ 25}
is a Chebyshev system on the interval I.

(i1i) If I is a finite interval or I C [0,00), k> 2, and j € {1,...,k}, then
there exists a nonempty set W; C B such that for all b € Wj, the
system of functions

is not a Chebyshev system on the interval I.

Proof. Part (iii) follows from Remark 7.2.1. Parts (i) and (ii) are proved
similarly and we restrict ourselves to the first case. For this purpose, we
introduce the functions 1(t,b) = (¥1(t,b), ..., %m(t, b)), with

(7.31)

¢s+z(t’l~?) = t_lg', 1= 1, .. .,2]{7,

where b = (l~)1, . ,Z;Qk)T is a fixed vector with pairwise different compo-
nents. With the notation

L(A) = < P Gk?A) ) e Rmxm,
G(A)
Gi(A) = € RE<H,
G(A)
G(A) = ( 71% ; ) € R2X?

(here I, is the s X s identity matrix), it is easy to verify that

F(t,0) = L(A)Y(t,ba) + o(1) (7.32)
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where by = (b1,by + A, ... bg,bpy + A)T. For a fixed vector T =
(t1,...,tm)T € R™ with ordered components t; < --- < t,, such that
t; €l (i=1,...,m), define the matrices

F(T7 b) = (fi(tﬁb))??j:l s

(T, b) = (vi(t;, b))y

then we obtain from (7.32),

det F(T,b) Ar (T, ba)

= lim
A—0
_ H1§i<j§m(tj —t;) H1§i<j§k(bi - bj)4

1 T (t — bi)?

where the last identity follows from the fact that ¢(T,b) is a Cauchy—
Vandermonde matrix, which implies

d 7y — H1§i<j§m(tj — ;) ngi<j§2k(gi - Ej)
et (T,b) = S L igie: ,
Hi:l j:l(tj - bi)

Now for any b € B the right hand side does not vanish and is of one sign
independently of T. Consequently {f;(t,b) | ¢ = 1,...,m} is a Chebyshev
system on the interval I. The assertion regarding the system {fi(¢,z) | i =
1,...,m} is proved similarly and therefore left to the reader. "

(7.33)

)

The case k£ = 1 will be studied more explicitly in Examples 7.5.1 and
7.5.2. Note that the third part of Lemma 7.5.1 shows that for k > 2,
the main condition in Theorem 7.5 in the paper of Imhof and Studden
(2001) is not satisfied in general for the linear regression model with the
functions given by (7.29). These authors assumed that every subsystem of
{f1,--., fm} that consists of m — 1 of these functions is a weak Chebyshev
system on the interval I. Because the design problem for this model is equiv-
alent to the design problem for model (7.2) (where the nonlinear parameters
are not known and have to be estimated), it follows that, in general, we
cannot expect locally F-optimal designs for the rational model to be sup-
ported at the Chebyshev points. However, the linearized regression model
(7.4) is a special case of the general model (7.6) with ¢(t,b) = (t—b)~! and
all results of Section 7.3 are applicable here. In particular, we obtain that
the E-optimal designs and the optimal designs for estimating the individual
coefficients as11,b1,...,as+k, by are supported at the Chebyshev points if
the nonlinear parameters by, . .., by are sufficiently close (see Theorem 7.3.1,
Lemma 7.3.2, and Remark 7.3.2).

Theorem 7.5.1 Consider the rational model (7.29) on the interval [—1,1]
with s > 1 and unknown parameters ay,...,as—1,a0s,b1,...,Qs4k, bg.
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(i) If s = 1, then the Chebyshev points s1 = $1(b),...,8m = Sm(b) for

the system of regression functions in (7.29) on the interval [—1,1] are
given the roots of the polynomial

4k

(1= 1) diU s spia(t), (7.34)
=0

where Uj(x) denotes the j-th Chebyshev polynomial of the second kind
(see Szegi (1975)), U_1(x) = 0,U_p(z) = —U,_2(x), and the factors
do, - .., ds, are defined as the coefficients of the polynomial

k

4k
Soditt =]t —m)*, (7.35)
1=0

i=1

where )
20, =1, +—, 1=1,...,k.
T

(3

(i) Let Qr C B denote the set of all b such that an E-optimal design for

the model (7.4) is given by (7.14) and (7.12); then Qg # 0.

Proof. The second part of the theorem is a direct consequence of Lemma
7.5.1 and Theorem 7.3.1, and the first part of the proposition follows by
Theorem A.2 in Imhof and Studden (2001). .

Remark 7.5.1 The following notes can be useful as an addition to Theo-
rem 7.5.1:

(a)

The Chebyshev points for the system (7.29) on an arbitrary finite in-
terval I C R can be obtained by rescaling the points onto the interval
[—1,1]. The case s = 0 and I = [0, 00) will be discussed in more detail
in Examples 7.5.1 and 7.5.3.

It follows from Theorem 7.3.1 that the set Qg defined in the second
part of Theorem 7.5.1 contains the set 2. o defined in (7.18) for suffi-
ciently small e. In other words, if the nonlinear parameters by, ..., by
are sufficiently close, the locally E-optimal design will be supported
at the Chebyshev points with weights given by (7.12). Moreover, we
will demonstrate in the subsequent examples that in many cases, the
set Qg coincides with the full set B.

In applications, the Chebyshev points can be calculated numerically
with the Remez algorithm (see Studden and Tsay (1976) or De Vore
and Lorentz (1993)). In some cases, these points can be obtained
explicitly (see Examples 7.5.1 and 7.5.2).
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Remark 7.5.2 We note that a similar result is valid for c-optimal designs
in the rational regression model (7.4). For example, assume that one of the
assertions of Lemma 7.5.1 is valid and that we are interested in estimating
a linear combination ¢’ of the parameters in the rational model (7.4).
We obtain from Lemma 7.3.2 that if ¢ € R™ satisfies ¢74 # 0, then for
sufficiently small € and any b € Q. a, the design £.(b) defined in (7.15) and
(7.16) is c-optimal. In particular, this is true for ¢ = esy9;_1 (for all j =
1,..., k) and the vector ¢ = e,9; if the index j satisfies the condition (7.26).
Note that due to the third part of Lemma 7.5.1, in the case k > 2 there
exists b € B such that the e, 9;-optimal design is not necessarily supported
at the Chebyshev points. However, from Theorem 7.3.2, it follows that for
a vector b € B satisfying (7.17), with § — 0 and any vector ¢ with ¢4 # 0
we have for the designs £ (b) and & (b) defined by (7.14) and (7.15),

g:* (b) - gem (Jj)a

&b = &, (),
where the design &, (z) is defined in (7.27) and (7.28), respectively, and
em-optimal in the limiting model with the regression functions (7.30).
Example 7.5.1 Consider the rational model

a
t—>

Y = +e, tel0,00), (7.36)

with b < 0 (here we have k =1, s =0, and I = [0,000)). The corresponding
equivalent linear regression model is given by
B B2

+

Y=g = t—0b)?

(7.37)

In this case, it follows from the first part of Lemma 7.5.1 that the system
of regression functions

= ﬁ} = (A1), 0}

is a Chebyshev system on the interval [0, co) whenever b < 0. Moreover, any
subsystem (consisting of one function) is obviously a Chebyshev system on
the interval [0,00). The Chebyshev points are the (local) extremal of the

function
(t) — (L + L)
I =P T =2 )
where p and k are determined by the conditions

g(t) <1 Vitel0,00),
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It is easy to see that s; = 0 and that ss is the positive solution of the
equation ¢’(t) = 0, which implies

Observing the relation g(s1) = —g(s2), by a straightforward calculation we

obtain
59 = V/2[b| = —V/2b
and the condition g(s;) = ¢g(0) = —1 implies
=2

which determines the Chebyshev polynomial explicitly. Now, we consider
the design &X(b) defined in (7.15) as a candidate for the c-optimal design
in model (7.37). The weights (for any ¢ € R?) are obtained from (7.16),
where the matrix F' is given by

b

7

1 1
bl (V24 1)
F=(fls)ym = | 1 (V24DW
b2 (\/§+ 1)202
A straightforward calculation shows that

1 < bl(—v/2¢1 + (2 4 V2)eab) )

Frle= —1b](4 + 3v2) (—cx + 2b)

which gives

£:(0) = ( 0 V2P ) , (738)

w1 w9
where the weights are given by

_ [b(—V2¢1 + (2 + v2)cab)|
bl{—v2¢c1 + (2 4+ V2)cab | +(4+3v2)| — 1 + o]}

wlzl—wg

It can easily be checked by Elfving’s theorem [see Elfving (1952)] or by
the equivalence theorem for c-optimality [see Pukelsheim (1993)] that this
design is in fact c-optimal in the regression model (7.37) whenever

ng 1 1
ca b (1+v2)d

In the remaining cases, the c-optimal design is a one-point design supported

att=b— 2—; In particular, by Lemma 7.2.3, the e;- and ez-optimal design
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for estimating the coefficients #; and f2 in model (7.37) are given by

v (B — 0 V2[o|

20-( 10 v 104va ) (7.30
. 0 V2 '
feg(b) = ( 1— % % ) 5

respectively. It follows from the results of Imhof and Studden (2001) that an
E-optimal design in the regression model (7.37) is given by the c¢*-optimal
design for the Chebyshev vector

¢* = (1+V2)[bl(=2, [bl(1 + v2))T;

that is,
. _( 0 V20p
§E - ( w1y Wo ) ) (740)
where
y 71(2—\/5)(6—4\/5%—62)717}\/5(2\/5—2—#(72)71710
T2 pi12-8v2 0 2 pi12-8V2 >

The corresponding information matrix is obtained by a tedious calculation,

(V- +6v2-8) 23— VD +VI-1)

b2(b2 + 12 — 8v/2) b3(b2 + 12 — 8v/2)
M(E5(b),b) =
23— vV2)(® +v2—1) (8v2 — 11)(7b% + 16v/2 — 20)
b3 (b2 + 12 — 8v/2) 7h4 (b2 + 12 — 8v/2)
(7.41)

and has a minimum eigenvalue

o 1m-2v2 1
R0 +12-8v2)  [ler|?

of multiplicity 1 with corresponding eigenvector ¢*. Note that for b — —oo,
this design approximates the optimal design £, (b) for estimating the indi-
vidual coefficient B in the rational model (7.37).

It is of some interest to compare these designs with the locally D-optimal
design. It follows from the results in He, Studden, and Sun (1996) and a
straightforward calculation that this design is given by

& = ( 0 “f' ) (7.42)

2 2

/\min (M(EE‘ (b) ’ b)

The designs are now compared by their efficiencies for estimating the coef-
ficients 31 and (3; that is,

- -1
el M 1(£,b)€i> L i=1,2. (7.43)

)= (e o
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The values el M *1(§:i,b)ei can be directly obtained from the Chebyshev
vector, which gives

Txpe1yex A0 +V2)R? =1
e M (gei’b)ez_{ 1+V2)%t it i=2.

Now, a straightforward calculation yields

2
V2D oessr i i1
) 31
eff;(£h) = ,
(\/547451) ~ 08493 if i—2.

for the efficiencies of the D-optimal design defined by (7.42). The corre-
sponding efficiencies of the F-optimal design in the regression model (7.37)
depend on the parameter b and are obtained by a straightforward but te-
dious inversion of the matrix M ({5 (D), b) defined in (7.41); that is,

28(b*(5v/2 — 7) + b?(34v/2 — 48) + 396 — 2801/2)

V-1 82+ 1T + 16v2—20)
eff; (b)) =
(V2 - 1) + (6v2 - 8)b? + 68 — 48v2 ifi =2
(V2 - 1)(0 — 82 + 12)(0 — 6v2 + 8) -
(7.44)

The corresponding efficiencies are depicted in Figure 7.1 for the range b €
[—2.5, —1]. We observe for the ej-efficiency for all b < —1,

0.9061 ~ 2T = limy -, o effy (§5(0))

<effi (§5 (b)) < effi(§5(—1)) ~ 0.9595,
and similarly for the es-efficiency,

0.9805 & eff2(E5(—1)) < effa(€p(0) < lim eff2(Ex (D) = 1.

This demonstrates that the F-optimal designs yield substantially more ac-
curate estimates for the individual parameters in the regression model (7.37)
than the D-optimal design.

We finally mention the results for the locally optimal design in the ratio-
nal model (7.36), which maximize or minimize the corresponding functional
for the matrix K;'M(£,b)K !, where K, = diag(1, —2). Obviously, the
locally e;-, e2-, and D-optimal designs are given by (7.39) and (7.42), re-
spectively, and coincide with the corresponding designs in the equivalent
linear regression model (7.37). On the other hand, the c-optimal design
for the rational model (7.36) is obtained from the ¢-optimal design £*(b) in
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-2.6 -2.477=2 2 ~ 1‘~.~8- 1.6 -1.4 -1.2
0.98
0.96
0.94
0

Figure 7.1: Efficiencies of the F-optimal design £*(b) for estimating the in-
dividual coefficients in the regression model (7.37) for various values dotted

line: effy(€*(D)).

(7.38) for model (7.37), with ¢ = K,c = (c1, —c2/a)T. Similarly, the locally
E-optimal design for the rational model (7.36) is given by

£E< 0 \@Ib>7

wi  wy
where the weights are given by

o — 2v/2a% + (4 + 3v/2)b?
L 2{4(1 4 v2)a? + (T +5V2)b?}
(44 3v2)(2a% + (1+V2)b?) 1wt

=1- =1-w;.

2{4(1 +V/2)a? + (7 + 5v/2)b?}

A comparison of the efficiencies for the D- and E-optimal designs, in the
rational model (7.36) yields similar results as in the corresponding equiva-
lent linear regression model (7.37). For a broad range of parameter values
(a,b), the locally E-optimal designs in the rational model (7.36) are sub-
stantially more efficient for estimating the individual parameters than the
locally D-optimal designs.

Example 7.5.2 We now consider the rational model

ag

y —
S —"

+e, tel-1,1], (7.45)

where |b| > 1. The corresponding equivalent linear regression model is given
by
B2 B3

Y = 2
ﬁ1+t—b+(tfb)2

+e, tel-1,1], (7.46)
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and the first part of Lemma 7.5.1 shows that this system is a Chebyshev
system on the interval [—1,1]. Moreover, the three subsystems obtained
by deleting one of the regression functions form also weak Chebyshev sys-
tems (this follows partially from Lemma 7.5.1(ii), and the remaining case
has to be checked directly). Therefore, the optimal designs for estimating
the individual coefficients and the F-optimal design are supported at the
Chebyshev points, which are given by s; = —1, s = 1/b, and s3 = 1. A
similar calculation in Example 7.5.1 shows that the E-optimal design in the
equivalent linear regression model (7.46) is given by

B w1 W2 W3 ’

where
wl:b+1'2b7—2b6+2b5+2b4—4b3—2b2+b+2
2 408 — bt — 42 + 5 ’
_(b* —1)(26° + 2b* — 3)
2T TS bt — a5
w3_b—1 267 + 2b° + 2b° — 2b* — 4b® + 2b* + b — 2

2 4b% — 4b* — 462 + 5 ’

Here, we have used Lemma 7.2.2 and the fact that the vector of the coeffi-
cients of the Chebyshev polynomial is given by

¢ = (207 — 1,4b(b* — 1),2(b* — 1)%)T.

The optimal designs for estimating the individual coefficients 8y, (2, and
(B3 are given by

) -1 5 1

&, = b(14-b) b2 1 b(b—1) ,
2(262—1) 262—1 2(262—1)

“=lie+p ae-p )

* < -1
ez _1
4

respectively. We note again that for |b] — oo, all designs are approximated
by the optimal design &7, for estimating the individual coefficient 83. The
corresponding efficiencies eff;(£5(b)), ¢ = 1, 2,3, are depicted in Figure 7.2
for the interval [2,4] and demonstrate again that the locally F-optimal
design is highly efficient for estimating the coefficients (1, B2, and (3 in
model (7.46).

The locally D-optimal design can be obtained by similar arguments as
given in Example 7.5.1; that is,

N[ | =
N
\—/

&)=

3

O[S
Wl =
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_ —— — — "Go9sl
0.96¢
0.94

Figure 7.2: Efficiencies of the F-optimal design £*(b) for estimating the
individual coefficients in the regression model (7.46) for various values of b €
[2,4]. Solid line: eff; (£*(b)); dotted line: effy(€* (b)), dashed line: eff3(£*(b))

and the corresponding efficiencies can be calculated explicitly and are given
by

2 1)\2
2@ 1) ifi=1
3(3b% — 302 + 2)

« 2

off (€5 (0) = ¢ 320" ifi=2
3 + 36b2
2

Again, we observe that, the locally F-optimal design yield substantially
more accurate estimates of the individual parameters than D-optimal de-
signs. Finally, the locally optimal designs for the rational model (7.45) are
obtained as follows. The optimal designs for estimating the individual co-
efficients and the locally D-optimal design coincide with the corresponding
designs in the linear regression model (7.46) whereas the locally E-optimal
design puts masses
2(b% — 1)* 4 a2b(8b° + 4b* — 1463 — 6b> + 7b + 3)

2{4(b? — 1)* + a3(160° — 28b* + 122 + 1}
e P D0~ 1) + a3t - 6~ 1))

27 42 — 1) + a2(16b5 — 28b% + 1202 1 1)
2(b% — 1)* + a3by(8b° — 4b* — 14b% + 6b% + 7b — 3)

2{4(b? — 1)* + a3(16b5 — 28b* + 1262 + 1)}

at the points —1,1/b, and 1, respectively.

wi =

*
w3 =

Example 7.5.3 We now discuss optimal designs for the rational model

ay
Y=—— telo 7.47
tfb1+tfb2+5 € [0,00), (7.47)
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where b1,bo < 0 and |bg — b2] > 0 (k = 2,5 = 0). The corresponding
equivalent linear regression model is given by

B Bo B3 Ba

Y:
P S T ey S T

s +e (7.48)

Locally D-optimal designs for model (7.47) [or, equivalently, (7.48)] have
been determined in Chapter 5, and the optimal designs for estimating the
individual coefficients can be obtained numerically from the results of this
chapter. We now compare these designs by looking at D-, E-, and e;-
efficiencies. For the sake of brevity, we restrict ourselves to model (7.48),
which corresponds to the locally optimal design problem for model (7.47),
with (a1, a2) = (1,1). In our comparison, we will also include the F-optimal
design in the limiting model under assumption (7.17); that is,

B1 Bo B3 Ba

Y:t—x+(t—x)2+(t—m)3+(t—m)4

+e, (7.49)

where the parameter x is chosen as x = (by + b2)/2. Without loss of gen-
erality, we assume that © = —1, because, in the general case, the optimal
designs can be obtained by a simple scaling argument. The limiting optimal
design was obtained numerically and is given by

(7.50)

Ep(1) = 0 018 1.08 7.9
B ~\ 013 026 027 034 /-

JFrom Theorem 7.3.1, we obtain that for sufficiently small

by — by
2

A —

)

the E-optimal designs for model (7.47) is given the design &} (b) defined in
(7.12) and (7.14). From Lemma 7.2.2, it follows that the design &}. () is
FE-optimal whenever

T M (&5(b), b)c”

AC* = c*T c*

< A2 (M(Ex(0),0) = A2,

where Apin (M (§5(b),0)) < A2y < --+ < A(m) denote the ordered eigenval-
ues of the matrix M (&5 (b),b). The ratio A(g)/Acx is exemplarily depicted
in Figure 7.3 for by = 1 and a broad range of by values, which shows that
it is always larger than 1. Other cases yield a similar picture and practi-
cally the locally E-optimal design for the rational model (7.47), and the
equivalent linear regression model (7.48) is always supported at the Cheby-
shev points and given by (7.12) and (7.14). In Tables 7.1 and 7.2, we give
the main characteristics and efficiencies for the locally E- and D-optimal
design £5(b), &5, (b) and for the E-optimal design EE(%) in the limiting
regression model (7.49). The efficiencies are calculated with respect to the



7.5. RATIONAL MODELS 257

Table 7.1: D- and E-optimal designs for linear regression model (7.48) on
the interval [0,00), where by = —1 — z and by = —1 + z. These designs
are locally D- and E-optimal in the rational model (7.47) for the initial
parameter a; = as = 1. Note that the smallest support point, of the D-
optimal design (¢7,) and E-optimal design (t]5) are equal to 0 and that

the masses of the D-optimal design are equal to each other

z 01 ]102]|03]04 ] 05|06 |07 | 087 09|09
t5p | 0.21 ] 0.20 | 0.20 | 0.19 | 0.17 | 0.15 | 0.13 | 0.10 | 0.06 | 0.04
tip | 1.00 | 0.98 | 0.95 | 0.92 | 0.87 | 0.80 | 0.71 | 0.60 | 0.44 | 0.31
tip | 478 | 4.73 | 4.65 | 4.54 | 439 | 419 | 3.94 | 3.60 | 3.13 | 2.78
t5 | 0.18 | 0.17 | 0.17 | 0.16 | 0.15 | 0.13 | 0.11 | 0.09 | 0.05 | 0.03
t3p | 1.08 | 1.06 | 1.03 | 0.99 | 0.94 | 0.87 | 0.77 | 0.65 | 0.47 | 0.34
thip | 7.85 | 7.77 | 7.65 | 7.46 | 7.21 | 6.88 | 6.45 | 5.88 | 5.05 | 4.43
wig | 0.13 1 0.13 | 0.13 | 0.13 | 0.12 | 0.10 | 0.08 | 0.07 | 0.05 | 0.03
wsp | 0.26 | 0.26 | 0.27 | 0.26 | 0.25 | 0.22 | 0.20 | 0.17 | 0.13 | 0.10
wip | 0.27 | 0.27 | 0.28 | 0.28 | 0.28 | 0.28 | 0.28 | 0.28 | 0.28 | 0.28
wyp | 034 1033 033|033 036|039 044 | 049 | 0.54 | 0.59

Table 7.2: The efficiency of the E-optimal designs &7, in the linear regression
model (7.48) on the interval [0,00) with b = —1 — z and by = -1+ 2
and the efficiency of the E-optimal design £5(—1) given in (7.50) in the
corresponding limiting model (7.49). The efficiencies effp(€), d;(£), and

CE(&) are defined in (7.51), (7.52), and (7.53), respectively

z 0.1 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
d1(€x) 0.81 | 0.81 | 0.83 | 0.87 | 1.04 | 1.28 | 0.72 | 0.52 | 0.48
da2(€x) 0.80 | 0.79 | 0.78 | 0.76 | 0.74 | 0.71 | 0.68 | 0.63 | 0.59
ds(€x) 0.81 | 0.81 | 0.81 | 0.83 | 0.86 | 0.94 | 1.08 | 1.38 | 1.79
ds(€5) 082 | 0.84 | 0.85 | 0.89 | 0.97 | 1.12 | 1.36 | 1.89 | 2.53
di1(€5(-1)) 0.81 | 0.82 | 083 | 087|093 |09 |092 | 1.14 | 1.37
d2(€5(~1)) | 0.80 | 0.80 | 0.82 | 0.86 | 0.94 | 1.09 | 1.38 | 2.04 | 2.81
ds(€5(—1)) | 0.81 | 0.81 | 0.83 | 0.86 | 0.93 | 1.09 | 1.51 | 3.42 | 10.00
da(€5(~1)) | 0.82 | 0.84 | 0.85 | 0.88 | 0.94 | 1.08 | 1.49 | 3.48 | 10.59
effp(€x) 0.89 | 0.89 | 0.89 | 0.88 | 0.85 | 0.81 | 0.75 | 0.67 | 0.60
effp(Ep(—1)) | 0.89 | 0.89 | 0.88 | 0.88 | 0.87 | 0.84 | 0.78 | 0.63 | 0.48
Cg(&x) 1.23 | 1.23 | 1.25 | 1.27 | 1.32 | 1.39 | 1.47 | 1.61 1.75
Cp(€p(—1)) | 123 | 1.23 | 1.22 | 1.16 | 1.08 | 0.92 | 0.72 | 0.50 | 0.38
D-optimal design for various values of the nonlinear parameters b; and by
and are defined by
1/m
et (6) = (goape) (751)
et M(fDa b)
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el M—1(&,b)e;
el M= (&p, blei

(in other words, we compare the performance of the design £ for estimating
individual coefficients with respect to the D-optimal design) and

Amin (M (€, b))
/\min(M(gfb b) .

di(§) = (7.52)

Ce(§) = (7.53)

Again, we observe a very good performance of the E-optimal designs.
These designs produce a reasonable D-efficiency for a moderate size of the
difference |b; — bo|, but are in many cases substantially more efficient than
the D-optimal designs for estimating the individual coefficients. The be-
havior of the design £ in the limiting regression model (7.48) is interesting
from a practical point of view because it is very similar to the performance
of the F-optimal design for a broad range of b; and b, values. Consequently,
this design might be appropriate if rather unprecise prior information for
the nonlinear parameters is available. For example, if it is known (by sci-
entific background) that by € [by,b1] and by € [by, by], the design

(55%)

might be a robust choice for practical experiments.

1000
900
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-10 -8 € b, -4 -2 0

Figure 7.3: The ratio A(s)/Ac+ for the design £(b), where b = (—1,b2).
The designs are E-optimal if this ratio is larger or equal than 1.

Example 7.5.4 Our final example discusses the rational model (7.47) with
an additional term for the intercept:

as as
Y = —_—
R

e, te[-1,1], (7.54)

where |b;| > 1 (i = 1,2) and |by — ba| > 0 (this corresponds to the case
k =2,s=1 in the general model (7.4)). The limiting model is given by

B B2 B3 B4 Bs
e S s R s L PR

te. (7.55)
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The notation is essentially the same as in the previous example. Our nu-
merical study showed that the locally F-optimal design for model (7.54) is
supported at the Chebyshev points for all choices of the parameters (by, bs)
(|bi] > 1,b1 # by). In Tables 7.3 and 7.4 we display the main features of
the locally F- and D-optimal designs £}, and £}, and the F-optimal design

135 (#) in the limiting regression model (7.55), which is given by

(7.56)

z ( -1 —-0.84 —0.33 049 1 )
1 1 1 1 -
8 4 4 4 8
The conclusions are very similar to those in Example 7.5.3. This indicates
that the observations from this example are, in some sense, representative.

7.6 Exponential Models

In the present section we will consider the models of the form

k
Y =) aie4e, 0<by < <by, (7.57)
i=1
where aq,...,ar and bq,...,b, are parameters to be estimated. These
models can be obtained from (7.1) by substituting s = 0 and ¢(t,b) =

exp(—bt).
The corresponding linearized model assumes the form

Y:ﬂTf(tab) +e,

where 3 = (81,...,B)7 is the parameter vector to be estimated,
f(t7 b) = (fl(t7 b)7 ey ka(t7 b))T 5 b= (b17 ey bk?)T7
f2i71(t7 b) = exp(_bit)v i = ]-a R k7 (758)

fgi(t, b) = texp(—bi,t), 1= 1, ceey k.
The limiting model assumes the form

Y =37 f(t,y) +e,
where B ) ) .
f(t,’)/) = (fl(t7’7)a cee ank(t77)) 3
Filt,y) = e "=t i =1,... 2k

As was pointed out in Section 1.8, the system (7.58) with by < -+ <
b and the system (7.59) with arbitrary - are Chebyshev systems on an
arbitrary finite interval, and for the the Chebyshev points are uniquely

(7.59)
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Table 7.3: Locally D- and FE-optimal designs for the rational regression
model (7.54) on the interval [—1, 1], where by = —3 — z, by = =3 + z, and
a3z = as = 1. Note that the largest and smallest support points, and of the
locally E- and D-optimal design satisfy t{, =t = land tj5 = tjp = —1,
respectively, and the masses of the locally D-optimal design are all equal.

= [ 0102 03] 05 ] 1 | 15 | 19

5, | -0.81 | -0.81 | -0.81 | -0.82 | -0.83 | -0.87 | -0.95
t2, | -0.32 | -0.34 | -0.34 | -0.34 | -0.38 | -0.47 | -0.70
i, | 041 | 041 | 0.41 | 0.40 | 0.37 | 0.29 | 0.08
3, | -0.84 [ -0.84 [ -0.84 | -0.85 | -0.86 | -0.89 | -0.96
t2, | -0.33 | -0.33 | -0.34 | -0.34 | -0.38 | -0.47 | -0.70
2, | 049 | 049 | 049 | 048 | 0.45 | 0.38 | 0.17
wiy | 0.13 | 013 | 0.13 | 0.12 | 0.1T | 0.09 | 0.05
wiy | 025 | 025 | 0.25 | 0.25 | 0.22 | 0.20 | 0.14
wiy | 025 | 025 | 0.25 | 0.25 | 0.25 | 0.25 | 0.25
wiy | 025 | 025 | 0.25 | 0.25 | 0.28 | 0.30 | 0.36
wip | 012 | 012 | 012 | 0.13 | 0.14 | 0.16 | 0.20

Table 7.4: The efficiency of the E-optimal designs £}, in the rational re-
gression model (7.54) on the interval [—1,1] with by = =3 —2, by = =3+ 2,
and a3 = as = 1 and the efficiency of the E-optimal design £ (—1) given in
(7.56) in the corresponding limiting model (7.55). The efficiencies effp (&),
d;(£), and Cg(&) are defined in (7.51), (7.52), and (7.53), respectively.

z 01 [02]03]05 ][ 1 [157]19
di(&5) 0.86 | 0.87 [ 0.87 [ 0.87 [ 0.84 | 0.82 | 0.75
da(&5) 0.83 | 0.84 | 0.84 | 0.84 | 0.85 | 0.90 | 1.21
ds (&%) 0.83 | 0.84 | 0.84 | 0.84 | 0.87 | 0.97 | 1.53
dy(€5) 0.83 | 0.84 | 0.84 | 0.83 | 0.88 | 0.81 | 0.74
ds(£5) 0.83 [ 0.84 | 0.84 | 0.84 | 0.83 | 0.82 | 0.76
di(£5(=3)) [ 0.86 [ 0.88 [ 0.88 [ 0.89 | 0.96 | 1.31 | 3.62
da(€5(—3)) | 0.83 | 0.84 | 0.84 | 0.84 | 0.85 | 1.05 | 5.74
d3(€5(=3)) | 0.83 | 0.84 | 0.84 | 0.84 | 0.84 | 1.01 | 5.72
dy(€5(=3)) | 0.83 | 0.84 | 0.84 | 0.83 | 1.08 | 1.28 | 3.74
ds(€5(=3)) ] 0.83]0.84 | 0.84 | 0.84 | 0.88 | 1.21 | 3.94
effp(£5) 0.93 [ 093093093 [093 0091 | 0.83
effp(£5(—3)) | 0.93 | 0.93 | 0.93 | 0.93 | 0.93 | 0.91 | 0.66
Cr(&h) 120 [ 119 [ 119 [ 1.19 [ 1.20 | 1.22 | 1.33
Cp(€5(=3)) 120|119 | 1.19 | 1.19 | 1.14 | 0.82 | 0.26
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determined. Thus, Theorem 7.3.2 holds for the regression models (7.57) on
an arbitrary finite interval.

It is also not difficult to check (and it is left to the reader) that condition
(d) of Lemma 7.4.1 is satisfied for the function system (7.58) and, thus, this
lemma can be applied.

Let Q be the set of values b for which the minimal eigenvalue of the
information matrix M (£.) is equal to b/c*Tc*. Due to Lemma 7.2.2, in this
case the Chebyshev design £+ is the unique locally F-optimal design. Thus,
in the case b € € for constructing locally E-optimal designs, it will do to find
Chebyshev points for the system (7.58). Also, if all coefficients determined
by (7.12) are non-negative, then for constructing c-optimal designs, it also
will do to find the Chebyshev points. Other cases appears to be more
complex and are not covered by the theory developed above. However, the
examples given below show that the theory for many models cover either
the whole set of possible values of the parameters or at least its significant
part.

The following remark is useful for understanding the behavior of optimal
designs.

Remark 7.6.1 Let Q denote the set of all vectors b = (by,...,b;)T € RF
with b; #bj, 7 # 7,b; > 0,7 =1,...,k, such that the minimum eigenvalue
of the information matrix of the local F-optimal design (with respect to
the vector b) is simple. The following properties of local F-optimal designs
follow by standard arguments from general results on E-optimal designs
(see Dette and Studden (1993), Pukelsheim (1993), as well as Chapters 3
and 4 of the present book) and simplify the construction of local E-optimal
designs substantially.

1. For any b € ), the local F-optimal design for the exponential regres-
sion model (7.57) (with respect to the parameter b) is unique.

2. For any b € Q, the support points of the local E-optimal design for the
exponential regression model (7.57) (with respect to the parameter b)
do not depend on the parameters aq,...,a.

3. For any b € ), the local E-optimal design for the exponential regres-
sion model (7.57) (with respect to the parameter b) has 2k support
points; moreover, the point d is always a support point of the local
FE-optimal design. The support points of the E-optimal design are
the extremal points of the Chebyshev function p? f(z), where p is an
eigenvector corresponding to the minimal eigenvalue of the informa-
tion matrix M (5 (D).

4. For any b € (), the weights of the local E-optimal design for the
exponential regression model (7.57) (with respect to the parameter b)
are given by

_J F~1p

pTp

*

(7.60)
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where pT = IJTkJF’l, J =diag(1,-1,1,...,1,-1),

F=(f(z7),-, f(z},)) € R

and z < ... <z}, denote the support points of the local F-optimal
design.

5 If b € Q, let a7 4(b),..., 75 4(b) denote the support points of the
local E-optimal design for the exponential regression model (7.57)
with design space X = [d, +-00). Then x7,,(b) =0,

m;d(b) = x;k,O(b) + d7 i = 27 R 2k7
z}o(vb) = x5y (b/v, i =2,...,2k
for any v > 0.

Consider now a few examples.

Note that the methods for constructing locally F-optimal designs ap-
plied below can be used only in the case when the support points of the
designs are the Chebyshev points for the system (7.58).

For this reason, all designs obtained by the Taylor expansion were
checked for optimality by means of the equivalence theorem for E-criterion
(Theorem 3.3.1). In all cases considered in our numerical study, the Equiv-
alence Theorem confirmed our designs to be locally F-optimal and we did
not find cases where the multiplicity of the minimum eigenvalue of the in-
formation matrix in the exponential regression model (7.57) was larger than
1.

Example 7.6.1 Consider the exponential model E(Y (7)) = aje~*1* cor-
responding to the case £ = 1. In this case, the Chebyshev function
é(x) = (1 + ¢5x)e~** minimizing
sup |(1 4 az)e M|
z€[0,00)

with respect to the parameter a € R and the corresponding extremal point
x3 are determined by the equations ¢(x3) = —¢(0) and ¢'(x5) = 0, which
are equivalent to

eMT2 _ Nzo +1=0, pre M2 4\ =0.

Therefore, the second point of the locally E-optimal design is given by
xh = t* /A1, where t* is the unique solution of the equation et =t — 1
(the other support point is 0) and the locally E-optimal design is given by
0, z%; wy, w3}, where the weights are calculated by the formula given in
{ s 2y 1y 2 S g Y g
Remark 7.6.1; that is,

wheMT2 4 ) N Atz
* > Wy = = >
xpe~MTs 4\ 4 AehTa T 2T gre= T 4\ 4 )\ eMi

*

w]_:

. (7.61)
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Example 7.6.2 For the exponential model
E(Y(z)) = aje” M + age 2" (7.62)

corresponding to the case k = 2, the situation is more complicated and
the solution of the locally E-optimal design problem cannot be determined
directly. In this case, we used the Taylor expansion introduced in Section
2.4 for the construction of the locally E-optimal design, where the point A q)
in this expansion was given by the vector Ay = (1.5,0.5)". By Remark
7.6.1(5) we can restrict ourselves to the case A\; +Xy = 2. Locally E-optimal
designs for arbitrary values of A\; + A5 can be easily obtained by rescaling the
support points of the locally E-optimal design found under the restriction
A1 + Ao = 2, whereas the weights have to be recalculated using Remark
7.6.1(4). We consider the parametrization A\; = 1+ 2, s = 1 — z and
study the dependence of the optimal design on the parameter z. Because
A1 > Az > 0, an admissible set of values z is the interval (0,1). We choose
the center of this interval as the origin for the Taylor expansion. Table 7.5
contains the coefficients in the Taylor expansion for the points and weights
of the locally E-optimal design; that is,

af =wilz) = Y wigy(z = 057, wf = wi(z) =Y wiy(z — 0.5
j=0 J=0

(note that 27 = 0 and w} = 1 —wh —wj — w}).

Table 7.5: The coefficients of the Taylor expansion for the support points
and weights of the locally E-optimal designs

J 0 1 2 3 4 5 6
Tayy | 0.4151 | 0.0409 | 0.0689 | 0.0810 | 0.1258 | 0.1865 | 0.2769
z3(;) | 1.8605 | 0.5172 | 0.9338 | 1.2577 | 2.1534 | 3.6369 | 6.3069
T4y | 5.6560 | 4.4313 | 10.505 | 20.854 | 44.306 | 90.604 | 181.67
woc;y | 0.1875 | 0.2050 | 0.6893 | 0.3742 | -1.7292 | -1.2719 | 7.0452
wzjy | 0.2882 | 0.2243 | -0.0827 | -0.8709 | -0.1155 | 2.7750 | 1.8101
wy;) | 0.4501 | -0.4871 | -0.9587 | 0.2323 | 2.9239 | -0.2510 | -12.503

The support points are depicted as a function of the parameter z in
Figure 7.4. We observe for a broad range of the interval (0, 1) only a weak
dependence of the locally E-optimal design on the parameter z. Conse-
quently, it is of some interest to investigate the robustness of the locally
FE-optimal design for the parameter z = 0, which corresponds to the vector
A= (1,1).

This vector yields to the limiting model (7.18), and by Theorem 7.7.1
given in the appendix, the locally E-optimal designs converge weakly to
the design fg = ¢ The support points of this design can obtained from

*
€2p”
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0 02 04 , 08 08 1

Figure 7.4: Support points of the locally E-optimal design &5 (A\) in the

exponential regression model (7.5), where k =2 and b € (1+ 2,1 — 2)T.

the corresponding Chebyshev problem:

inf sup |(1+ a1z + agx? + aza®)e™”|
1,802,083 ££(0,00)

The solution of this problem can be found numerically using the Remez
algorithm (see Studden and Tsay (1976)); that is,

Py(z) = (2* — 3.98552% + 3.159552 — 0.27701)e ™ ~.
The extremal points of this polynomial are given by
x] =0, x5 = 0.40635, x5 = 1.75198, x; = 4.82719;

the weights of design £} defined in Theorem 7.7.1 are calculated using
formula (7.12); that is

wi = 0.0767, w} = 0.1650, w3 = 0.2164, w} = 0.5419.

Table 7.6: Efficiencies of locally D- and E-optimal designs in the expo-
nential regression model (7.62) (A1 = 1+ 2, 2 = 1 — 2). The locally D-
and E-optimal design are denoted by &5 (A\) and &5 (), respectively, and
€% and &% denote the weak limit of the locally D- and E-optimal design as
A — (1,1), respectively

z 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Ip(&D) 1.00 | 1.00 | 1.00 | 0.99 | 0.98 | 0.95 | 0.90 | 0.80 | 0.61
Ip(Ex(N)) | 075 | 0.74 | 0.75 | 0.75 | 0.78 | 0.82 | 0.87 | 0.90 | 0.89
In(&x) 0.74 | 0.74 | 0.76 | 0.77 | 0.78 | 0.79 | 0.78 | 0.72 | 0.58
Ir(€E) 1.00 | 1.00 | 0.98 | 0.94 | 0.85 | 0.72 | 0.58 | 0.45 | 0.33
Ig(€5(N\)) | 0.66 | 0.66 | 0.66 | 0.67 | 0.70 | 0.74 | 0.79 | 0.82 | 0.80
Is(&)) 0.65 | 0.64 | 0.62 | 0.59 | 0.56 | 0.52 | 0.47 | 0.41 | 0.33
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Table 7.7: Efficiencies (7.65) of the designs &5 and &% [obtained as the
weak limit of the corresponding locally optimal designs as A — (1,1)] for
estimating the individual coefficients in the exponential regression model
(762) ()\1 =142z, =1-— Z)

z 01 ] 02 03] 04]05]06]07] 08] 09
I(€5,\) | 1.00 | 1.00 | 0.98 | 0.93 | 0.84 | 0.69 | 0.53 | 0.40 | 0.27
Li(€5,0) | 0.65 | 0.64 | 0.61 | 0.57 | 0.50 | 0.41 | 0.32 | 0.26 | 0.19
I2(€5,X) | 0.99 | 0.97 | 0.92 | 0.85 | 0.76 | 0.65 | 0.55 | 0.44 | 0.34
I(€5,0) | 0.68 | 0.70 | 0.70 | 0.68 | 0.65 | 0.60 | 0.54 | 0.46 | 0.37
I3(€5, ) | 1.00 | 1.00 | 0.98 | 0.93 | 0.85 | 0.73 | 0.56 | 0.38 | 0.20
I3(€5,0) | 0.65 | 0.64 | 0.62 | 0.58 | 0.52 | 0.45 | 0.35 | 0.24 | 0.13
I(€5, ) | 1.00 | 0.99 | 0.97 | 0.94 | 0.88 | 0.76 | 0.57 | 0.33 | 0.10
I4(€H,0) | 0.63 | 0.59 | 0.54 | 0.49 | 0.42 | 0.34 | 0.24 | 0.13 | 0.04

Some FE-efficiencies

Ip(EN) = 5 Aumin(M(E)) (7.63)

min(M (E5(A)))

of the limiting design E_E are given in Table 7.6 and we observe that this

design yields rather high efficiencies whenever z € (0,0.6). In this table, we

also display the E-efficiencies and the locally D-optimal design £5,()\), the

D-efficiencies L2k

det]%(f)) (7.64)
(n)

sup,, det M

Ip(&,N) = <

of the locally E-optimal design £},()), and the corresponding efficiencies of

the the weak limit of the locally D-optimal designs £7,. We observe that
the design £}, is very robust with respect to the D-optimality criterion. On
the other hand, the D-efficiencies of the E-optimal designs £};(A) and its
corresponding limit 5_}3 are substantially higher than the F-efficiencies of
the &5 () and &5,.

Finally, investigate the efficiencies

inf, el M~1(n)e;

=1
el M=(&)e;

LN = o2k, (7.65)

of the optimal designs £, and &% for the estimation of the individual para-
meters. These efficiencies are shown in Table 7.7. Note that in most cases
the design EE is substantially more efficient for estimating the individual
parameters than the design EE The design 5;:; can be recommended for a
large range of possible values of z.

Example 7.6.3 For the exponential model

E(Y(2)) = a1e”M% + age 2% 4 aze 3" (7.66)
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corresponding to the case kK = 3, the locally F-optimal designs can be
calculated by similar methods. For the sake of brevity, we present only
the limiting design [obtained form the locally D- and E-optimal designs if
A = (1,1,1)] and investigate the robustness with respect to the D- and
FE-optimality critera. The support points of the eg-optimal designs in the
heteroscedastic polynomial regression model (7.18) (with v = 1) can be
found as the extremal points of the Chebyshev function

Ps(x) = (2° — 11.7538z* 4 42.85132% — 55.646122 4 21.6271x — 1.1184)e ™",
which are given by

z] =0, x5 = 0.2446, x5 = 1.0031,

xy = 2.3663, xf = 4.5744, x§ = 8.5654.
For the weights of the limiting design 5;3 = 5:6,
of Section 7.3

we obtain from the results

w} = 0.0492, wj = 0.1007, w; = 0.1089,
wi = 0.1272, wi = 0.1740, w; = 0.4401.

For the investigation of the robustness properties of this design, we note by
Remark 7.6.1(5) that we can restrict ourselves to the case A\; + A2 + A3 = 3.
The support points in the general case are obtained by a rescaling, and
the weights have to be recalculated using Remark 7.6.1(4). For the sake of
brevity, we do not present the locally E-optimal designs, but restrict our-
selves to some efficiency considerations. For this, we introduce the parame-
trization Ay =1+ u+ v, A =1 —u, and A3 = 1 — v, where the restriction
A > >A3>0 yields

u<v,o<l, u>—-v/2.

In Table 7.8 we show the E-efficiency defined in (7.63) of the design &,
which is the weak limit of the locally E-optimal design £5,(A) as A — (1,1,1)
(see Theorem 7.7.1). Two conclusions can be drawn from our numerical
results. On the one hand, we observe that the optimal design 5;:; is robust
in a neighborhood of the point (1,1,1). On the other hand, we see that the
locally E-optimal design £5(\) is also robust if the nonlinear parameters
A1, A2, and Az differ not too substantially (i.e., the “true” parameter is
contained in a moderate neighborhood of the point (1, 1,1)). Table 7.8 also
contains the D-efficiencies of the E-optimal designs defined in (8.46) and the
E-efficiencies of the locally D-optimal design £},(A\) and its corresponding
weak limit as A — (1,1,1). Again, the D-efficiencies of the E-optimal
designs are higher than the E-efficiencies of the D-optimal designs.
Finally, compare briefly the limits of the locally E- and D-optimal de-
signs if A — (1,1,1) with respect to the criterion of estimating the individ-
ual coefficients in the exponential regression model (7.66). In Table 7.9, we
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Table 7.8: Efficiencies of locally and limiting D- and FE-optimal design,
withk=3M=14+u+v,da=1—uA=1—0)

u 0 0 0 [-02]-02]02]02] 04] 04

v 02 | 05| 08 | 06| 08| 03] 08]05]08
I (&p) 1.00 | 0.98 | 0.83 | 0.97 | 0.86 | 0.99 | 0.79 | 0.92 | 0.70
In(€x(\) | 0.78 | 0.85 | 0.90 | 0.86 | 0.90 | 0.66 | 0.90 | 0.61 | 0.86
In(£5) 0.75 | 0.78 | 0.74 | 0.78 | 0.75 | 0.77 | 0.71 | 0.78 | 0.65
Te(h) 0.98 | 0.76 | 0.43 | 0.71 | 0.48 | 0.93 | 0.36 | 0.53 | 0.19
Ie(€h(\) | 0.65 | 0.73 | 0.79 | 0.74 | 0.79 | 0.55 | 0.79 | 0.52 | 0.74
I(£h) 0.63 | 0.57 | 0.37 | 0.53 | 0.40 | 0.46 | 0.31 | 0.23 | 0.09

show the efficiencies of these designs for estimating the parameters in a,
b1, ag, by, as, and b3 in the model (7.66). We observe that, in most cases,
the limit of the locally E-optimal designs f_g yields substantially larger ef-
ficiencies than the corresponding limit of the locally D-optimal design é}‘)
Moreover, this design is robust for many values of the parameter (u,v).

Table 7.9: Efficiencies (7.65) of the designs £}, and &5 (obtained as the
weak limit of the corresponding locally optimal designs as A — (1,1,1) for
estimating the individual coefficients in the exponential regression model
(766) (M1 =14+u+v,o=1—-u,A=1—0)

u 0 0 0 [02]-02]02]02]04] 04]07

v 02 | 05 | 08|06 | 08/ 03] 08]|05]08]| 08
I(&%) | 0.98 [ 0.77 | 0.43 | 0.71 | 0.48 | 0.86 | 0.35 | 0.52 | 0.26 | 0.11
I(€5) | 0.63 | 0.56 | 0.36 | 0.53 | 0.40 | 0.59 | 0.30 | 0.41 | 0.22 | 0.10
Ir(€3) | 097 | 0.74 | 0.43 | 0.70 | 0.48 | 0.80 | 0.37 | 0.49 | 0.29 | 0.19
I>(€p) | 0.65 | 0.59 | 0.42 | 0.55 | 0.43 | 0.63 | 0.38 | 0.48 | 0.33 | 0.23
Is(€3) | 0.90 | 0.73 | 0.43 | 0.71 | 0.48 | 0.93 | 0.38 | 0.53 | 0.16 | 0.02
Is(€p) | 071 | 0.59 | 0.38 | 0.53 | 0.40 | 0.46 | 0.47 | 0.23 | 0.04 | 0.01
Is(€3) | 0.99 | 0.82 | 0.41 | 0.73 | 0.47 | 0.93 | 0.31 | 0.53 | 0.17 | 0.02
14(€5) | 0.60 | 0.50 | 0.29 | 0.51 | 0.36 | 0.48 | 0.20 | 0.25 | 0.10 | 0.01
Is(€3) | 0.99 | 0.85 | 0.30 | 0.76 | 0.35 | 0.93 | 0.21 | 0.53 | 0.11 | 0.02
Is(€p) | 0.55 | 0.39 | 0.12 | 0.33 | 0.14 | 0.46 | 0.09 | 0.23 | 0.05 | 0.01
Is(&5) | 0.99 | 0.84 | 0.26 | 0.75 | 0.31 | 0.93 | 0.18 | 0.53 | 0.09 | 0.02
Io(€p) | 0.53 | 0.34 | 0.08 | 0.27 | 0.10 | 0.45 | 0.06 | 0.22 | 0.03 | 0.01




268 CHAPTER 7. E- AND C-OPTIMAL DESIGNS

7.7 Appendix: Some Auxiliary Results
Recall the notation in Sections 7.2 and 7.3
fi(t):hi(t), t=1,...,s,
f5+2i,1(t) = f5+2i,1(t, b) = Lp(t, bz,) 7= 1, ceey /{3, (767)

Jsr2i(t) = forai(t,b) = ' (t,b:), i=1,...,k

fl(t):hz(t)7 iil,...,S,

fori@) = fori(t,x) = oD (t,z), i=1,...,2k.
Let f(t,b) = (fi(t),..., fm(®)" and f(t,z) = (fi(t),..., fm(t))" denote

the corresponding vectors of regression functions (m = s+2k) and consider
a design & on the interval I with at least m support points. In this appendix,
we investigate the relation between the information matrices

(7.68)

M@M:ijwﬂww%@

and

51(68) = [ Fitn) 7 t) de(t
I
defined by (7.7) and (7.21), respectively, if
57;=Ti5:bi—56—>0, i=1,...,k, (769)

where the components of the vector r = (r1,...,rg) are different and or-
dered.

Theorem 7.7.1 Assume that ¢ € C%?*=1 and & is an arbitrary design,
such that the matriz M (£,b) is nonsingular. If assumption (7.69) is satis-
fied, it follows that for sufficiently small &, the matriz M(&,b) is invertible,
and if 6 — 0,

MM MP(EF

-1 _ s—4k+4
M7 (& b) =0 +T(5)(FTM<2>T(5) Yy Th +o(1)

> T(6) + o(1),

B ) (7.70)
where the matrices T'(5) € R™*™, MM (€) € RS>, MP)(¢) € R®*%k and
M®B) (&) € R?**2F gre defined by

T(6) = diag(é%’2,...,52k’2,%,1,5,1,...%,1>,
N— —————

2k

S

( MO M@

were o ) e
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the vector v = (71,... ,Yor)T and h € R are given by h = [(2k —
DPen, M~HE x)em,

Y2i :1_[(7‘1'77’]‘)727 L= 1,...,]€,

i
) (7.71)
i—1 = —72i , i=1,..k,
Y2i-1 Y2 Z — G
J#
and the matriz F € R?**2F s defined by

0 ... 0 =

F =
0 ... 0 Gy

Proof. Define 1(5) = (1,4, ...,6%*71)T and introduce the matrices
L= (ly,... ly)T € R2F*2k (7.72)
11 1
T (1’7’77'”77> R2kX2k .

U= diag(Lqp 50 Gp—i) © (7.73)
where ly; 1 = 1(6;) and fo; = ' (8;), i =1,...,k). For fixed ¢t € I, we use
the Taylor expansions

2k—1 (i) +

pltr+8)= 3 D5y o)
§=0
2k—1 (i) n

¢ (t,z+0) = £ uy ’x,)&*l + 0(6%72)
= -1

to obtain the representation

F(t,b+ o) = ( v )f(t @) + (f?t))’ (7.74)

where Iy € R*** denotes the identity matrix and the vector f is of order

F(t) = (o(8%71),0(6%72), 0(6% 1), .. o(6% %)) .
It follows from in Karlin and Studden (1966, pp. 127-129) that

det L = H (51 — (Sj)4,

1<i<j<k

(7.75)

and, consequently, V =

= (v1,...,v9;) := L1 exists. The equality LV = I,,,
implies the equations

v3b(85) =0, ok (6;) =0, j#i,
vg(8;) =0, oI (5)) = 1,



270 CHAPTER 7. E- AND C-OPTIMAL DESIGNS

which shows that d1,...,0;-1,d;+1, ..., 0k are roots of multiplicity 2 of the
polynomial v1.4(§) and §; is a root of multiplicity 1. Because this polyno-
mial has degree 2k — 1, it follows that

UQﬂ/’( )=(—3;) H( 0~ 5jA )23 (7.76)

J#i

and a similar argument shows

0 — oy d—9;\2
vgi-19(8) = : (7.77)
2t 5—042]1_[1,(51-—@)
where the constants aq, ..., ax are given by
2 -1 .
ai5i+(§5i_5j) L i=1,...k (7.78)
VE]

From (7.74) and (7.75) we obtain
f(t,b+6r)fT(t, b+ 6r)

(58 )emren (B 5 ) e,

and integrating the right-hand side with respect to the design £ shows that

M(&,b+6r) = ( % LOU ) M€, )( IO LOU >T+o(52“). (7.79)

Now, define H;(8) = diag(62F-1,§2k—2, §2k=1 §2h—1 §2k=2) ¢ R2kx2k

and
_ Is 0 mxm,
H(5)(O H1(5)>€R ;
we obtain from (7.76) and (7.77) that
Hy(8)(L™H)T = (0] ) +o0(1)

where v = (71,...,72%)7 is defined by (7.71) and 0 € R?#*2k=1 denotes the
matrix with all entries equal to zero. By (7.67), this implies for the inverse
of the matrix M (&, b+ or),

(& b+ or)

Hl(é){< - ¢ ) ( - >+0(1)}H1(5)

-
ol Al A ) -



7.7. APPENDIX: SOME AUXILIARY RESULTS 271

where the matrix F is given by F = (0|y)U~! € R?**2*_The assertion now
follows by a straightforward calculation that shows that

FM®(F" = hyy".



Chapter 8

The Monod Model

In this chapter, the estimation problem and the problem of designing exper-
iments in a nonlinear regression model, used in microbiology, are studied.
The model is called Monod model, defined implicitly by a differential equa-
tion for the regression function and it has numerous applications in micro-
bial growth kinetics, water research, pharmacokinetics, and plant physiol-
ogy. It is proved that least squares parameter estimates are asymptotically
unbiased and normally distributed. The asymptotic covariance matrix of
the least squares estimator is the basis for construction of efficient designs
of experiments.

In spite of the regression function determined only implicitly, it is es-
tablished that the matrix corresponds to the covariance matrix of a certain
explicitly given linear model. Also, the basis functions of the last gener-
ates a Chebyshev system. This allows one to apply the theory developed
in the previous chapters for studying locally D-, E-, and c-optimal designs
for the Monod model. Sensitivity of these designs to the choice of initial
values for parameters is investigated numerically and on the basis of Taylor
expansions for support points. For rather small deviations of the initial
values from the proper ones, the designs remains very efficient and proves
to be considerably better equidistant designs that usually used in practice.
If the deviations are more serious, the maximin efficient designs, defined in
Section 1.7, are recommended. Such designs are constructed numerically
for a variety of intervals for individual parameters of the model.

The chapter is based on Dette, Melas, Pepelyshev, and Strigul (2003
and 2005). Note that Section 8.5 is completely new.

8.1 Introduction

The Monod model is widely applied for modeling biodegradation rates. It
is used for describing microbial growth and substrate degradations in all
kinds of applications (e.g., batch and continuous fermentation, activated

273
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sludge wastewater treatment, pharmacokinetics, plant physiology etc. (see,
e.g.. Pirt (1975) and Holmberg (1982))). Much of the versatility of the
Monod model is due to the fact that it can describe biodegradation rates
following zero-one first-order kinetics with respect to the target substrate
concentration (see Holmberg (1982)). Roughly speaking, the model consists
of a first-order differential equation; that is,

n'(t) = p(t)n(t), (8.1)

where the function p is defined by

(u(t) = 7913(5(?192 (8.2)

and the function s is given by the expression

s(t) = s0 = (10 — (1)) /93 (8.3)

(here, so = s(0) and ng = n(0) are given initial conditions). In microbiology,
a traditional notation is used for the unknown parameters of the Monod
model (see, e.g., Pirt (1975)). The parameter ¥; denotes the maximum
growth rate and is usually denoted by ftmax O Vinax; U2 is the saturation of
affinity constant and is often denoted by K. The parameter 3 is the yield
coefficient (often denoted by Y) and 7(t) and s(t) denote the concentration
of microorganisms and the concentration of the substrate, respectively. The
explanatory variable ¢ usually denotes the time, which varies in a compact
interval [0, 7], where the maximal time T can be of quite different size.
The minimum is several hours for optimal microbiological media, and the
maximum is 1 year or more for specialized groups of microorganisms. Due
to natural biological conditions we can assume ¥; > 0, ¢ = 1, 2, 3, the initial
conditions sy and 7y are usually known and positive and the explanatory
variable ¢ varies in an interval, say [0, 7T].

In a number of recent papers, the problem of parameter estimation and
the problem of designing experiments for this model was discussed in an ex-
tensive empirical study (see Vanrolleghem, Van Daele, and Dochaine (1995),
Merkel, Schwarz, Fritz, Reuss, and Krauth (1996), Ossenbruggen, Spanjers,
and Klapwik (1996)) . The results of these authors indicate that the infor-
mation quality of the experiments is highly dependent on the design, and
major improvements can be obtained by choosing the observations at ap-
propriate allocations (see Vanrolleghem, Van Daele, and Dochaine (1995)).

It it the purpose of the present chapter to provide some more theoretical
background for statistical inference in the Monod model. To be precise, we
assume that at experimental conditions t1, ... ,t,, independent observations
Y1)+ > YL(r1)s - -3 Yn(1)s - - s Yn(rn) are available, which are given by

Yi) = n(tj,g) +ejanyt=1...,r5, 5=1,...,n, (8.4)
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where n = n(-,0) is a solution of the Monod equation defined by (8.1).
In other words, r; denotes the number of observations at time point ¢;
(j = 1,...,n), () are independent and identically distributed random
values with zero mean and constant variance o > 0, and 6 = (J1,92,93)7
denotes the vector of parameters. Throughout this bection the “true” value
for § in model (8.1) will be denoted by 0* = (95,95, 95)T

In Section 8.2*, we demonstrate that statistlcal inference in this model
is closely related to analysis in an equivalent linear regression model and
we establish consistency and asymptotic normality of the least squares es-
timator (LSE) 6 = (J1,0,03)T, which minimizes the expression

T

DD Wi —n(t;, 0))* . (8.5)

Jj=11:i=1

For a sufficiently large sample size, we show that the covariance matrix
of the LSE can be approximated by the inverse of the Fisher information

matrix
3

0
e %T](tkv 0) oo ; (8.6)

tk7 )

n

02 Z N]

J=1 i,j=1

where N = Z?Zl r; denotes the total number of observations. In the sec-
ond part of Section 8.2, we will study locally optimal designs (see Section
1.7) for estimating the parameters in the nonlinear regression function ob-
tained as a solution of the Monod equation. These designs minimize an
appropriate functional of the Fisher information matrix defined in (8.6).
Although the regression function in the Monod model is only given im-
plicitly, we are able to obtain an explicit representation of the information
matrix (8.6), which can be used for the construction of locally optimal de-
signs. Exemplarily we determine optimal designs with respect to the D-,
E-, and c-optimality critera. Section 8.3 deals with the D-optimality cri-
terion. We find the best three-point designs and show that these designs
are D-optimal within the class of all designs if the design region [0,7] is
sufficiently large and the initial value 7y is sufficiently close to 0. These
results are used for the construction of efficient designs (with respect to the
D-criterion) on arbitrary design spaces. In Section 8.4, we present some
numerical results, compare the D-optimal designs with the uniform design
(which is commonly used for this type of problem), and study the sensitiv-
ity of the locally D-optimal designs with respect to changes of the initial
values for the parameters. Locally F-optimal designs and optimal designs
for estimating the individual parameters are investigated in Section 8.5,

*Note that in Sections 8.2-8.4 and 8.6 some materials (theorems, tables, and figures)
are taken from Dette, H., Melas, V. B., Pepelyshev, A., Strigul, N. (2003). Efficient
design of experiments in the Monod model. J. Roy. Statist. Soc., Series B, 65, 725-742.
(©2003 Royal Statistical Society.
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which also contains some numerical results. Some conclusions and recom-
mendations are given in Section 8.6, and all technical details were deferred
to an appendix in Section 8.8. Finally, it must be stressed at this point
that locally optimal designs are influenced by a preliminary “guess” for the
parameter values. Our results demonstrate that without any prior infor-
mation, locally optimal designs for the Monod model are not robust with
respect to misspecification of the initial parameters and therefore give some
arguments in favor of more robust optimality criteria (see Section 1.7). The
results of Sections 8.2-8.6 provide a first step in the construction of opti-
mal designs for the Monod model with respect to these more sophisticated
criteria. However, if certain intervals for the nonlinear parameters can be
specified based on a microbiological background, we are able to construct
locally optimal designs that are robust with respect to misspecification of
the initial parameters and allow efficient estimation of the parameters in
the Monod model. In many applications of the Monod model, the statis-
tical inference is made in two steps and some information regarding the
parameters in the model is available from the first step, which can be used
for the construction of efficient designs in the second step (see, e.g., Merkel,
Schwarz, Fritz, Reuss, and Krauth (1996)). In such cases the application of
the locally optimal designs determined in Sections 8.2—8.6 is well justified
and yields a substantial improvement with respect to the accuracy of the
parameter estimates. Moreover, such information can be used also for con-
structing maximin efficient designs defined in Section 1.7. In Section 8.7,
we construct numerically such designs for the Monod model. These designs
are based on given intervals for values of nonlinear parameters and have
some advantages to be discussed in this section. The last section contains
the proofs of the results.

8.2 Equivalent Regression Models

The analogue (up to the constant N/o?) of the Fisher information matrix
(8.6) is the matrix

3
N - 0 0
M(fve ) = (Z wk%n(tkve)’e_e* Mn(tkva)‘9_0*> ) (87)
k=1 : - J =1
where

e= (o) 9

which is called the information matriz of the design £&. Our first result
shows that least squares estimates based on an approximate design and

fIn this section some materials are taken from Dette, H., Melas, V.B., Pepelyshev,
A., Strigul, N. (2005). Design of experiments for the Monod model — robust and efficient
designs. J. Theor. Biol. 234, 537-550. (©2005 Elsevier Ltd. with permission of Elsevier
Publisher.
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a simple rounding procedure are consistent and asymptotically normally
distributed. The proof can be found in the appendix.

Theorem 8.2.1 Let & denote an arbitrary design of the form (8.8) on the
interval [0,T], n > 3, and assume that r; observations are taken at the
points t;, where the values r; are obtained by rounding the values w; N to
integers such that Z?Zl r; =N. Ifno,s0 >0 and

0* € Q={0=(V1,9,93)7 :9;>0,i=1,2,3}, (8.9)
then the nonlinear LSE 0 of the parameter 8* minimizing (8.5) satisfies
VN = 6%) 2 N(0,0>M(€,6%)), N — oo .

In other words, the vector \/N(é — 0%) has asymptotically a normal distri-
bution with mean zero and covariance matriz o> M (€, 0%).

Note that Theorem 8.2.1 provides asymptotic unbiasedness and normal-
ity of the LSE 6 in the Monod model (8.1). Moreover, asymptotically the
covariance matrix of the vector v Ny is given by

o* M, 0%),

where the information matrix is defined in (8.7). Following Chernoff (1953),
we assume that 6° is a prior guess of the “true” parameter 6* and call a
design &, locally D-optimal design if

det M (&50,0°) = max det M (€,6°),
where the maximum is taken over all designs on the interval [0,7]. The

concept of local optimality for nonlinear regression models requires two
assumptions:

e The number of observations is sufficiently large such that the asymp-
totic theory is applicable.

e If the design is optimal for prior guess #°, then it is also efficient for
the “true” (but unknown) parameter 6*; that is,

det M(&5,0%)\ /™
Ipe (&%) = [ S22iSe0? ) 14,
o) QMM@wﬂ 7

where m is the number of parameters (m = 3 in this case) and 0 is a
small positive constant.

The quantity Ig-(&0) is called “relative efficiency” of the design &, with
respect to the (unknown) design &j., and I,."(¢}},) represents the (relative)
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additional amount of observations that is necessary to obtain the same
accuracy with the design £, compared to the “ideal” (but unknown) design
&p«. The first assumption can be verified by simulations, and the second
assumption can be verified by a robustness study if the locally D-optimal
designs are known (see Section 8.4 for an example). If these assumptions
can be justified, the problem of searching a locally D-optimal design for the
Monod model (8.1) is equivalent to the problem of searching a D-optimal
design for the linear regression model

0

T T

0TI = OS]

and all results from the classical linear theory can be transferred to local
optimality criteria. For example, the local D-optimality criterion guaran-
tees (asymptotically) a minimum volume of the confidence ellipsoid if the
random errors in the model (8.4) follow a normal distribution (see Karlin
and Studden (1966, Chap. X)) and the local D-optimality can be char-
acterized by the celebrated equivalence theorem of Kiefer and Wolfowitz
(1960), which shows that a design &, is locally D-optimal if and only if

FrOM ™o, 0°)f(t) <m, Vtelo,T], (8.10)

where m is the number of parameters in the model. Moreover, the D-
efficiency of a given design with respect to a locally D-optimal design can
be evaluated by Kiefer’s inequality without an explicit construction of a
locally D-optimal design. This inequality yields for the D-efficiency,

1/m
det M(E6°) N
maxg det M (&, 0°) - ’

where the constant v is defined by

v= max fT(t)M'(&0°)f(t)

te[0,T)

(see Pukelsheim (1993)). Two further optimality criteria will be discussed
in Section 8,5, which have been proposed as alternative for the Monod
model (see, e.g., Vanrolleghem, Van Daete, and Dochain (1995) or Versyck,
Bernaerts, Geeraerd, and Van Impe (1999)). A design is called locally
FE-optimal if it maximizes the minimum eigenvalue

Amin (M (€,6°)) (8.11)

of the information matrix in the class of all (approximate) designs. An
FE-optimal design minimizes the worst variance

ax Var(p'0
Jmax Var(p0),
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taken over the variances of all (normalized) linear combinations of the pa-
rameter estimates pTé =" pﬂgi for the specific value 6°. If only one
linear combination is of interest, say ¢’ 6, the locally c-optimality criterion
might be useful, which determines a design minimizing the quantity

"M~ (&,0%c, (8.12)

where A~ denotes the generalized inverse of the matrix A and the minimum
is taken over the class of all designs ¢ for which the linear combination ¢
is estimable (i.e., ¢ € range(M (£,0°))) (see Pukelsheim (1993)). Note that

for the special choice of a unit vector ¢ = e = (0,...,0,1,0,...,0)T, the
c-optimal design minimizes the variance of the LSE for the parameter ¥,
k=1,...,m, for the specific value 6°.

Locally optimal designs have been constructed for several nonlinear re-
gression models (see Box and Lucas (1959), Melas (1978), Rasch (1990),
Ford, Torsney, and Wu (1992), Haines (1992, 1993), Sitter and Torsney
(1995), He, Studden and Sun (1996), Dette and Wong (1999) among many
others). The problem of determining optimal designs for the Monod model
under consideration is substantially more complex because the regression
function in model (8.1) is only defined implicitly and the model has two
nonlinear parameters. The main step in the solution of this design problem
consists in a derivation of an alternative representation of the information
matrix defined in (8.7). For this purpose, we introduce the notation

¢ = c(0) = soU¥3 + no,
(8.13)
b= b(9) = 192193/0,

Combining (8.2) and (8.3), we obtain from (8.1) the differential equation

) so¥3 + 10 — n(t)
soU3 + o — n(t) + V203

a) = 01Dy (s.1a)

n(t) =" S EE

From the initial conditions so > 0, g > 0, and 9¥; > 0, ¢ = 1,2, 3, it follows
that

80193
! 80193 + 192’(93
and the following lemma describes some general properties of the regression
function 7.

n'(0) =9 >0,

Lemma 8.2.1 Let n denote a nonconstant solution of the Monod equation
(8.1) and T > 0; then

nt) >0, n') >0, tel0,717,
770§77(t) < c, tG[O,T],

hmt%oo 77(t) =
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Note that the function 7 is strictly increasing on the interval [0, T] and
consequently, for a fixed vector 6, the inverse

t(z) = t(z,0) = n"'(z,0) (8.15)

exists on the interval [ng, n(T")] and satisfies ¢(n9) = 0. From (8.14) it follows
by a straightforward calculation

dn  dn 140 b\ !
- _ =1 — 9 [ =
dt  dt lt=n-1(u) ! ( - u) ’

diu_ du _191

dt  dn? 1 <1+b+ b )

u cC—Uu

and integrating the last formula, we obtain

x —
t(m)z/ i 1+b+ b du:i (1+b)1n£+blnc x .
w1\ u o c—u U1 Mo c="no

(8.16)

Throughout this chapter let
X = {n(t,0") | tel0,T]} (8.17)

denote the induced design space; then any design £ of the form (8.8) on the
interval [0,T] with 0 < ¢ <ty < -+ < t, < T induces a design ¢ on X by
the transformation

ni =nti,0°),i=1,...,n. (8.18)

In the following, we will prove that the matrix M (&, 6°) can be represented
as a function of the points 71, ..., n,. Note that such a relation is obvious for
linear models (see Pukelsheim (1993, p.3)) but, in, general not clear for the
Monod model under consideration, because the information matrix for this
model contains the partial derivatives of the regression function 7 evaluated
at the points t;. In order to prove this dependency, we differentiate the
identity

n(t(z,0),0)=x, 6€Q, x€lno,d, (8.19)

with respect to the parameters ¥; (i = 1,2, 3) and obtain

on(t,0) ot(x,0) n an(t,0)
ot 00, 00;

-0, i=1,2,3, (8.20)
with ¢t = t(z,0) and = = n(t, ). Now, observing (8.16) and (8.20), it follows
by a direct computation that for any ¢ > 0,

on(t,0)
00

— Ko(w), (8.21)
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where = n(t,6) and the matrix K € R3*3 is defined by

1+0b b
R
b b
K = _— —— . 8.22

cls iz U

Here,

o(z) = (p1(x), p2(x), p3(x))"

denotes a vector of regression functions with components

1(x) = o1 (2,0) = v(z)In —,

Mo
p2(z) = ¢a(,60) = v(a)In (8.23)
C=To
es(@) = pa(@,0) = v(a) T,
and
v(z) =v(x,0) = (1::(‘05)037—)55 . (8.24)

Note that for each 6, the function 7(t) = n(t,0) is strictly increasing with
limit lim;_, o 7(t) = ¢ (see Lemma 8.2.1). Thus, it is possible to extend this
function by the definition n(co0) = ¢. By the above discussion, we can now
transfer the original (locally) optimal design problem for the Monod model
to a design problem for a linear model on the induced design space X. To
this end, let

T oo I _
= < - < .
¢ <w1 wn),no_x1<x2< <z, <C (8.25)

denote an arbitrary design on the interval [ng, ¢], where ¢ < ¢, and define

€c=( bt > (8.26)

w1 cee Wy
with t; = t(x;,0%), i =1,...,n, as the corresponding design on the original
design space [0, T] with T = t(¢, 0°). We define
M(¢) = M(¢,0°) = Z%@(%)@(%)T
j=1

as the information matrix of the design ¢ in the (homoscedastic) linear
regression model

BTe(x) , (8.27)



282 CHAPTER 8. THE MONOD MODEL

where 8 = (81, 82, 83) denotes the vector of parameters. It follows from
(8.7) and (8.21) that
M(f(a 90) = KM(C) GO)KTv
pi _ (8.28)
————detM((,6°).
(ogogogy M0

The following results are now obvious from these considerations.

det M(§C7 90) =

Theorem 8.2.2 A design & is a locally D-optimal design for the Monod
model (8.1) on the interval [0,T] if and only if the induced design ¢ is D-
optimal for the regression model (8.27) on the interval [no,c|, ¢ = n(T),
under the standard assumptions about the measurement errors.

Theorem 8.2.3 A design & is a locally E- (ey)-optimal design for the
Monod model (8.1) on the interval [0,T] if and only if the design ( is
E- (ex)-optimal for regression function BT K(x) on the interval [ng,é],
¢ =n(T), under the standard assumptions on the measurement errors.

Consequently, it is sufficient to construct locally D-optimal designs for
the regression model (8.27) and locally E- and eg-optimal designs for the
regression model BT Kp(x). The locally optimal designs for the Monod
model (8.1) are simply obtained by transforming the design n in (8.25) to
the design & in (8.26). We will illustrate this method in the following
sections, discussing the different optimality criteria separately.

8.3 Locally D-Optimal Designs

Due to Theorem 8.2.2, it will be sufficient to study D-optimal designs for the
linear regression model (8.27) under the standard assumptions about mea-
surements errors. Recall the notation ¢ = n(co,0%) and & = n(T,0°) < ¢;
then it is easy to see that the definition of the vector of regression functions
© in model (8.27) can be continuously extended by putting

wi(c)=0,i=1,2
_C—To _ Sof€
903(6) - b 192 .

In other words, the vector of regression functions in model (8.27) is well
defined on intervals [, &, where ¢ = n(T,0°), 0 < T < oo, & < c. Let us
denote designs that are D-optimal in the class of all designs supported at
k support points as D-optimal k-point designs (E- and eg-optimal k-point
designs are defined similarly). It is well known (see Karlin and Studden
(1966, Chap. X)) that if the number of design points is less than the num-
ber of estimated parameters in the regression model, then the information
matrix is singular. Thus, the D-optimal design has at least three support
points. The following result determines the best three-point design for the
regression model (8.27). The proof is deferred to the appendix.
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Lemma 8.3.1 Assume that 0° € Q and that x5, x5 are determined by the
relation

(], x5,0%) = max{@(xhxgﬁo) no <1 <x9 <C } ) (8.29)
where the function ® is defined by
O(x1,20,0°) = det(goi(a:j))?,j:l, (8.30)

with x3 = ¢. The design

G = (p 117/T3 f/;3 1?3 ) (8:31)

is a D-optimal three-point design for the regression model (8.27) on the
interval [no, ¢] for any ¢ with ny < ¢ < c.

In general, it is not clear if there exist better designs (with respect to
the D-criterion) with more than three support points. In our numerical
study, we did not find D-optimal designs for the regression model (8.27)
with more than three support points, but a general proof of this property
for arbitrary design regions seems to be difficult. However, it is possible
to obtain theoretical results in this direction if the right endpoint ¢ of the
design space is sufficiently large and the initial condition 7y is sufficiently
small. For this purpose, we consider at first the design problem for the
regression model (8.27) on the interval [0,c]. In this case, the vector of
the regression functions can be rewritten in a more convenient form by the
substitution x — ca:

R x l—2 z—19 T
o(z) = cv(x) (lnﬁo,ln T g > ,

where 79 = n9/c. Thus, we can assume without loss of generality that
¢ =1 and the D-optimal designs on the general interval [0, ¢] are obtained
by a rescaling from the D-optimal designs on the interval [0, 1] (calculated
for ¢ = 1 and initial condition 7jp = 79/c). Because D-optimal designs are
not changed under nonsingular transformations of the regression functions,
the problem is reduced to the investigation of D-optimal designs for the
regression model 37 3(x,7j), where the vector ¢ is defined by

@(x,70) = (P1(x), Pa(x), @3(x))"

i _ (8.32)
_ () <ln(x/170) In 1—x x_770>T'

—hlﬁo’ 1—770’1—.13

A direct computation shows that for 75 — 0,
B(z,70) — Y(x)

i)(:cl,xQ,GO):det(cﬁi(xj))ij:l — \I/(.’El,l'g)
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(in the last equation, we put 3 = 1), where the functions ¢ and ¥ are
defined by

w@Q:v@)OJM1—x% ‘ >a

1-—2z
U(zy,x2) = % (x1)v(z2)[In(1 — 21) — In(1 — 5)] (8.33)
1 In(1—2) — In(1 — z2)
B R R
Lemma 8.3.2

(1) For any b = Y203 > 0, the unique D-optimal design for the regression
model BT (x) on the interval [0,1] is given by

i B B o1
S\ 1/3 1/3 1/3 )°
where the points 1 = T1(b) and To = Ta2(b) are determined by the
relation

U (%1, T2) :max{ U(zq,22) ‘ 0<z1<z5<1 }

and the function U is defined in (8.33).

(2) There exist positive numbers e > 0 and § > 0 such that for anyng < €
and any ¢ > c¢— 0, the design given in Lemma 8.5.1 by formula (8.31)
is the unique D-optimal design for the regression model (8.27) with
design region [no,c|. Moreover, if ng — 0 and ¢ — 1, we have

VIMN GV = M),

where M(C) is the information matriz of design C in the regression
model BT(x), M(C) is the information matriz of design ¢ in the
regression model 3T p(x), and V = diag(—1/Inng, 1,1). In particular,
it follows that

e M~1(¢r)es — 3b°.

The following theorem is now obtained by the combination of Lemmas
8.3.1 and 8.3.2 and Theorem 8.2.2.

Theorem 8.3.1 Consider the Monod model defined by (8.1) - (8.3) on the
interval [0,T].

(1) For any ° € Q and 0 < T < oo, a locally D-optimal three-point
design 1s given by

. ty s T
Sr = (1/3 1/23 1/3> (8:34)
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where

1 ; -
t;f:ﬂ[(ub)ln(xz)mlnc ’72}, i=1,2,

1 Mo C — I‘i
and the points x} are determined by the relation (8.29).

(2) The design &} determined by (8.34) is the unique locally D-optimal
design for sufficiently large T and sufficiently small ng.

(8) For N — oo, T — o0, and ng — 0 the following relation holds:
N

o2

8.4 A Numerical Study

D(¥3) — 3072

We begin with a numerical construction of the design ¥ defined by (8.31),
which is D-optimal for the regression model (8.27) on the interval [0,
according to the second part of Lemma 8.3.2. The function ®(x1, 2,0
defined in (8.30) for z3 = ¢ is of the from

q
%)

(1, 19,0%) = v(x1)v(22) [ln S P N P Pt ) I L

o C—1Mo o C—MNo b

where the function v is defined by (8.24). The maximum of ® on the set
{(x1,22) | no < 1 < x2 < ¢} can be calculated by a standard gradient
method. Define 79 = n/c: then it is again sufficient to consider only
the case ¢ = 1 (see the discussion in Section 8.3). The designs ¢ on
the interval [, ¢] can be simply obtained from the designs on the interval
[7jo, 1] multiplying the support points with ¢. Table 8.1 shows locally D-
optimal three-point designs on the interval [7jo, 1] and the diagonal elements
of the corresponding covariance matrix for various values of the parameters
b = Y993 and 7. According to Lemma 8.3.1, these designs are locally
D-optimal among all designs with three support points. The optimality in
the class of all designs was checked by an application of Kiefer’s equivalence
theorem (see Kiefer and Wolfowitz (1960) or equation (8.10)). We observed
in all considered cases that the checking condition was satisfied and our
numerical study shows that the D-optimal three-point designs are in fact
D-optimal within the class of all approximate designs on interval 7o, c].
We will now discuss the corresponding designs for the Monod model de-
fined by the differential equation (8.1), which are related to the D-optimal
designs for the linear regression model (8.27) by the relations (8.25) and
(8.26). Because n(oc0) = ¢, the corresponding designs for the Monod model
have a support point at T" = oo and cannot be realized in practice. This fact
was also observed empirically by Vanrolleghem, Van Daele, and Dochain
(1995), who showed that for the commonly used optimality criteria (includ-
ing the D-, ¢-, and E-criterion), the optimal strategies yield to prohibitively
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Table 8.1: Locally D-optimal three-point designs ¢ for the equivalent re-
gression model (8.27) on the interval [ro, 1] for various values of 7jp and
b = ¥213. These designs are of the form (8.31) and determined by Lemma
8.3.1. Also shown are the diagonal elements m® (i = 1,2) of the matrix
M~Y(¢f) rounded to integers. Optimal designs on the interval [fjoc, ¢] can
be obtained by rescaling the design ¢ with the factor ¢. The value of
m3 = (M~1(¢}))s3 is given by 3b>/(1 — 7jo)?.

711‘ 722‘ 33 *‘

b a:f\ xg\ m m m 3 ’11\ ’22\ 735

7o = 0.2 flp = 0.1

0.1 ] 0.70 | 0.95 31 23 1 0.05 | 0.67 | 0.95 13 19 | 0.04
0.25 | 0.65 | 0.93 71 70 | 0.29 | 0.61 | 0.92 28 57 | 0.23
0.75 1059 | 091 | 279 | 367 | 2.64 | 0.55 | 0.89 | 101 | 284 | 2.08

11058 (090 | 428 | 593 | 0.54 | 4.69 | 0.89 | 153 | 456 | 3.70
21056 | 0.89 | 1321 | 2013 | 18.7 | 0.51 | 0.88 | 458 | 1521 14.8

iio = 0.05 iio = 0.01

0.1 ] 0.65 | 0.94 7 17 1 0.03 | 0.62 | 0.94 2 15 | 0.03
0.25 | 0.59 | 0.92 14 50 | 0.21 | 0.56 | 0.91 5 43 | 0.19
0.75 | 0.52 | 0.89 49 | 244 | 1.87 | 0.49 | 0.88 16 | 205 | 1.72

1] 0.51|0.88 74| 389 | 3.32 | 0.48 | 0.87 241 325 | 3.06
21048087 | 217 | 1286 | 13.3 | 0.45 | 0.86 69 | 1065 | 12.24

long experiments. However, even if the D-optimal designs are not directly
implementable, they can be used as a basis for evaluating the efficiency of
other designs, which are used in practice. For example, consider the design

&= ( 1t;3 1?3 1t/33 ) (8.35)
where tf =t7(6°), i = 1,2, are points of the design
¢ = ( oty oo >
o0 1/3 1/3 1/3
on the infinite design space [0, oo], which was determined in Theorem 8.3.1.

We will now choose the point t3 such that the efficiency of the design é
with respect to the design £,

A\ 1/3 - 1/3
;[ et M(E) [ det M() (8.36)
“aetirien) ) T\ der () '
is equal to a given value 1 —§ (note that (¢- = (r). The corresponding

values of the point t3 are represented in Table 8.2 for various values of 4,
b, and 79. From this table, we can conclude that for ¢3 = 2t3 the efficiency
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of the design f is at least 0.98 for all considered parameter combinations.
Thus, if t5 < T'/2, the designs

b = ( 1t/T3 1t/§3 12;?3 ) (8:37)

are close to the locally D-optimal designs on the interval [0, 0c] and they
can be realized in practice. Note that the true efficiency of these designs
on the interval [0, 7] is usually larger than 1 — 4§, because our comparison
is based on a design for an infinite design space, and the locally D-optimal
design on the interval [0,7] has always a smaller determinant than the
locally D-optimal design &% on the infinite design space [0,00]. In other
words, the designs given in (8.37) have at least D-efficiency 1 — § for the
concrete interval [0, T], whenever t5 < T/2.

Table 8.2: The third support point t3 of the design f defined in (8.35), such
that the relative D-efficiency (8.55) is at least 1 — §. The last two columns
show the ratio k(1 — §) = t3/t5.

1-96
b| mo| t1| 5[ 09095098099 k(0.95) | k(0.99)
l3
0.25 0.11]25 3.4 4.2 4.4 4.7 4.9 1.3 1.4
0.5 0.11] 3.0 4.4 6.0 6.5 7.1 7.4 1.5 1.7
0.75 0.11] 3.5 5.4 7.8 8.5 9.3 9.9 1.6 1.8
1 0.1 | 4.0 6.5 9.7 1 10.5 | 11.6 | 12.4 1.6 1.9
1.5 0.1 | 5.1 85 1133|146 | 16.2 | 17.4 1.7 2.1
2 0.1]6.1 105 | 17.0 | 18.7 | 20.8 | 22.5 1.8 2.1
0.25 02117 2.5 3.4 3.6 3.9 4.0 1.4 1.6
0.25 | 0.05 | 3.3 4.2 5.1 5.3 5.6 5.8 1.2 1.4
0.25 | 0.01 | 5.2 6.2 7.1 7.3 7.6 7.8 1.2 1.2

We now compare the design £}, defined in (8.37) with the uniform design

T/n 2T/n ... T
5“:(1//71 1//n 1/n>' (8:38)

A numerical study indicates that the information matrix of the uniform de-
sign for n > 10, T' > 1.5¢5 does not depend sensitively on the parameters n
and T (these results are not displayed for the sake of brevity). Exemplarily,
we consider the case n = 10,7 = 2t¢3; other situations give similar results.
A comparison of the uniform design £, and the design £, given in (8.37)
with respect to the D-criterion shows that the D-efficiencies,

I(&u) = (%)3, (8.39)
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of the uniform design vary between 150% and 200% (see Table 8.3). This
indicates a rather poor performance of the uniform design &,. A more
refined comparison is obtained by looking at the the asymptotic variances
of the estimators for the parameters 1, ¢, and 3. Note that the ratio of
these variances is given by

d; = (MTED)ir 1,2,3. (8.40)

(M=1(&p))ii”
We observe from Table 8.3 that the uniform design produces a smaller
(asymptotic) variance of the estimator for the parameter 93 compared to the
design (8.37). On the other hand, the asymptotic variances obtained for the
estimators for the parameters #; and 1, are substantially smaller than the
corresponding variances obtained from the uniform design (8.50). However,
in realistic situations (see Pirt (1975) and Blok (1994) and the simulations
of the following paragraph), an efficient estimation of ¥; and ¥ is more
important, because the parameter 93 is usually estimated with much higher
precision than the parameters 9; and v5. Moreover, the loss of efficiency
using the uniform design for estimating ©; and J is substantially larger
than the loss of efficiency using the design £}, for estimating the parameter
3. Thus, if we consider estimation of the parameters 9¥; and 95 as more
important, the design £} yields a reduction of approximately 50% of the
variance compared to the uniform design £, (see the results in Table 8.3),
provided that the sample size N is sufficiently large. In order to investigate

Table 8.3: The efficiency of the design &}, defined in (8.37) in relation to
the uniform design &, defined in (8.50) in the Monod model (8.1). Here,
the efficiency d; defined in (8.40) (i = 1,2,3) corresponds to the estima-
tion of the individual parameters ¥, 92, and ¥3 and depends only on the

parameters 7jg = no/c and b. I(§,) corresponds to the D-criterion and is
defined in (8.39).

o 0.2 0.1
b | 01]025]075] 1 ] 2 |01]025[075] 1 | 2
d, |20 20 | 22 [23 25|19 21 | 22 |23 23
dy |22] 20|22 |23[24]21] 22|22 |23]23
d; |10 07 |06 [06|06|12| 08 | 06 |06]06

1) [ 16] 1.4 | 14 |[15[15]1.7] 1.6 | 1.5 | 15| 1.5
io 0.05 0.01
b | 01]025]075] 1 ] 2 |01]025[075] 1 | 2
d, |30 21 | 23 [ 23|24 |28 25 | 24 | 25| 24
dy |34 22|22 [23|24/30| 26 | 24 |25]24
ds |14 09 |07 [07|06|17]| 12| 08 |07]07

I(&) [ 21] 16 | 16 |15]16|24] 20 | 1.7 | 1.7] 17

how these asymptotic observations can be transferred to realistic sample
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sizes, a small simulation study was conducted. We simulated observations
according to the model (8.4) where the errors are normally distributed with
variance 0% = 0.01%2 and 02 = 0.022. The parameter § = (91, 92,93)7 was
estimated by the least squares technique using the Nelder-Mead simplex
method. For the parameter §* we fixed the value (0.25,0.5,0.25)7, which
corresponds to parameters observed in studies of microbial growth (see
Pirt (1975) or Blok (1994)). The simulation was repeated 400 times for
the sample sizes N = 20, 30,40, 60, and the designs £, and &, defined in
(8.37) and (8.50), respectively. The simulated variances of the estimators
for the parameters 91, 2, and 93 are represented in Tables 8.4 and 8.5
corresponding to the choices 0 = 0.01 and o = 0.02, respectively.

Table 8.4: Simulated and asymptotic variances of the estimates for the
parameters in the Monod model (8.1) for different sample sizes (N). The
variances are multiplied with N/o? (0 = 0.01) and are presented for the
uniform design &, and the design £}, in (8.37) obtained from the D-optimal
design on an infinite design space.

N 20 \ 30 \ 40 \ 60 \ 00
uniform design

01 771 606 575 529 551
02 | 17693 | 13637 | 12336 | 11944 | 12500
03 2.1 2.1 2.3 2.1 2.3
optimal design
0, 432 295 195 180 269
0, | 10101 | 6789 | 4357 | 4070 | 6055
03 3.3 2.9 2.9 2.6 3.0

For the sake of transparency these values are multiplied by N/o? (and
rounded to integers). The results confirm our asymptotic findings for re-
alistic sample sizes. The design &7, defined in (8.37) allows a substantially
more precise estimation of the parameters ¢; and 95 compared to the de-
sign £,. Note that the variances for the estimation of the parameter 3
are substantially smaller (independent of the design) than the correspond-
ing variances of the estimators for ¢; and 5. Finally, it is worthwhile to
mention that the asymptotic considerations of the previous paragraph are
applicable if N > 30. Thus, our simulation study confirmed that the design
&} performs much better than the uniform design &,.

8.5 Taylor Expansions
As was shown in the previous section, designs very close to locally D-

optimal designs for model (8.1) on the interval X € [0,7] can be easily
constructed on the basis of saturated locally D-optimal designs on [0, c0].
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Table 8.5: Simulated and asymptotic variances of the estimates for the
parameters in the Monod model (8.1) for different sample sizes (N). The
variances are multiplied with N/o? (0 = 0.02) and are presented for the
uniform design &, and the design &7, in (8.37) obtained from the D-optimal
design on an infinite design space.

N 20 \ 30 \ 40 \ 100 \ 00
uniform design

61 | 2936 | 2080 | 1791 564 551
Oy | 72541 | 49874 | 43325 | 13494 | 12500
03 4.0 3.8 3.7 3.6 2.3
optimal design
01 1056 867 798 278 269
0 | 23024 | 20390 | 14880 | 6359 | 6055
03 2.6 2.9 2.9 3.0 3.0

The dependence of the last designs on 69 was found in the explicit form.
Let us now study the dependence of the inner points of these designs on
initial values for > and 63 on the basis of the functional approach.

In the appendix, it will be shown that the basis functions of model
(8.38) generate a Chebyshev system on [0,¢] and the saturated locally D-
optimal designs for this model have one and the same type (0,2,1) for any
parameter values. The support points of the designs for model (8.1) are
obtained from that for model (8.38) by explicit formulas. Thus, using the
theory of Chapter 2, it is not difficult to establish the following results.

Theorem 8.5.1 The inner points of the saturated locally D-optimal design
&, 13, and ti, are real analytic functions of 09 and 69 under the condition
09,09 > 0. These functions are increasing for any of the parameters.

Due to Theorem 8.5.1, the functions ¢} (69,69), i = 1,2, where ¢} and ¢}
are the inner points of the design

_— t; t5 o
o=\ 13 13 )

can be expanded into a Taylor series in a vicinity of any point (ég , ég) by
degrees of u = 0 — 09 and v = 69 — 69.
Let us take so = 1, o = 0.03, 69 = 1.25, 63 = 0.5, and 63 = 0.25. These
values are of practical importance (see Pirt (1975) or Block (1994)).
Consider the design (* = (g‘;o,

. x5 T
=iz 13 13 )
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where ¢ = 50(0 4+ v) + 10. Due to Theorem 8.3.1, the inner points of €2,
can be expressed by z} by the formula ¢t} = ¢(x}), where

t(z) = {(1+b)1n <7;”0> —bln &

—x
C—To

| 1o,

where b = 0969 /c. The design ¢* does not depend on #9. With 69 = 69 =
0.5 and 09 = 69 = 0.25, we find numerically that

100y == 27(69,603) = 0.1618,
£(69,69) = 0.2540,

|
8

332(0) :

Now with the help of recurrent formulas of Section 2.4, we find the coeffi-
cients of the expansion

) — E y J oS
-Tz<n>(uav) - Li(j,s) WV,
0<j+s<n

n=12 ..., Ticp>(u,v) — mf(u—!—ég,v + ég), n — 0o, 1 = 1,2. These
coefficients are given in Table 8.6. Inserting these coefficients into (8.27),

Table 8.6: Coeflicients of Taylor expansions of x; and x5 by degrees of u
and v

u® vl 0 1 2 3 4 5
0 16176 .52428 | —.01972 .02099 | —.01715 | —.03217
.25403 .89405 | —.00564 .00800 | —.01390 .02515
1 —.03048 | —.11980 | —.00062 | —.00467 .02332
—.01392 | —.05670 | —.00357 .00441 | —.00598
2 .03902 .15412 .00167 .00295
.01702 .06945 .00416 | —.00561
3 —.05351 | —.21214 | —.00320
—.02214 | —.09045 | —.00515
4 07782 .30940
.03047 12451
5 —.11876
—.04400

we obtain the Taylor coefficients for the function

_ \71/3

a(p) = |det M (£7(8,),0,)] .

where p = (u,v) and ©, = (9 + u, 09 +v)T, given in Table 8.7.
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Table 8.7: Taylor coefficients of the function (det(M(¢,04)))/3 by degrees
of v and v

u® vl 0 1 2 3
0 .00877 .07301 16671 | .04199
1 —.02737 | —.22778 | —.51882
2 .06634 .05166
3 —.14698

Using coefficients from Table 8.6 and expanding the function Iny, y =
x/no, and y = (¢ — z) /(¢ — np) into Taylor series we find the coefficients of
the expansion

] .S
ticns(W,0) = Y tigpuv®,
0<iti<n

n=012... ticps(u,v) — tf(ég —&—u,ég +v),n — 0,i=12 The
coeflicients are represented in Table 8.8.

Table 8.8: Taylor coefficients of the functions ¢; and t2 by degrees of u and
v

% 0 1 2 3 4 5
0 | 11.08559 | 20.57254 | —35.41260 | 80.33176 | —202.83386 | 540.81013
16.40372 | 23.58760 | —45.16761 | 113.39015 | —316.69258 | 935.88713
1 714104 | 14.16692 | —24.51064 | 54.62668 | —132.94068
14.44336 | 18.39714 | —38.54685 | 102.49576 | —297.80900
2 34779 | 18102 | —.50627 | 1.64422
~.30382 | —.13480 48552 | —1.76129
3 | —.53855 | —.29211 84036
36261 | 15841 | —.57558
4 85658 | 47484
— 45962 | —.19693
5 | —1.39626
61543

Note that the support points of the locally D-optimal designs can be
calculated on the basis of the Taylor expansions very quickly and even by
hand. It is easy to check that the value ¢;<,~ (u,v) with n = 2 can be used
for a wide variety of the parameter values.

The obtained expansions can also be used for studying the robustness
of the locally D-optimal design with respect to the miss-specification of the
initial values.
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Let us take the design
&=t tn 0
0 1/3 1/3 1/4 )’

which is locally D-optimal for ©° = (0.25,0.5,0.25)7. Assume that the
proper value of the vector O is equal to ©a = (0.25 4+ Ay,0.5 4+ Ao, 0.25 4+
Ag)T, and A = (Ah Ag, Ag)T.

Let us consider the efficiency of design £, with respect to the locally
D-optimal design for different O # O°:

I _( det M (&,0n )
27 \det M(€5(©4),04) )

Using formula (8.27), we obtain

- ~ 1/3
det M(¢¢,(©a),0On)

det M(C*((:)A)7 éA)

A =

where O = (09 + Ay, 09 + As)T,

Go@) = (Mg T8 B )

and ca = so(Asz + 9??) + 70.

Table 8.9: Efficiency of the design &;

Ay | Ag Ag I

0 | -01]-0.11]0.34
0 | -01 0.1 ] 0.98
0 0.1 ] —-0.1|0.86
0 0.1 0.1 ] 0.69

Aq Ay Ag I Aq Ay Ag I
01| -0.1| —0.1 | 0.40 —0.05 0.05 0.05 | 0.44
0.1 —0.1 0.1]0.20 —0.05 0.05 | —0.05 | 0.76
0.1 0.1]—-0.10.10 —0.05 | —0.05 | —0.05 | 0.92
0.1 0.1 0.1 ] 0.79 —0.05 | —0.05 0.05 | 0.57

-0.1| —-0.1 | —=0.1 | 0.69 0.05 0.05 0.05 | 0.93

—-0.1] -0.1 0.11]0.14 0.05 0.05 | —0.05 | 0.57

—0.1 0.1 ] —-0.1|045 0.05 | —0.05 | —0.05 | 0.28

—0.1 0.1 0.1 ] 0.09 0.05 | —0.05 0.05 | 0.69
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Table 8.10: Efficiency of the design &

Aq Ao Ag I Aq Ao Ag I
0.01 | =0.01 | —0.01 | 0.954 —0.02 0.02 0.02 | 0.85
0.01 | —0.01 0.01 | 0.987 —0.02 0.02 | —0.02 | 0.95
0.01 0.01 | —0.01 | 0.976 -0.02 | -0.02 | —0.02 | 0.99
0.01 0.01 0.01 | 0.997 —-0.02 | —0.02 0.02 | 0.91
—0.01 | —0.01 | —0.01 | 0.997 0.02 0.02 0.02 | 0.99
—-0.01 | —-0.01 0.01 | 0.976 0.02 0.02 | —=0.02 | 0.91
—0.01 0.01 | —0.01 | 0.988 0.02 | —=0.02 | —0.02 | 0.82
—0.01 0.01 0.01 | 0.958 0.02 | —0.02 0.02 | 0.95

Denote by Ia(n) the approximate value of In obtained by the substi-
tution the design, (*(O) by its approximation

A . Ti<m> T2<n> CA

where T;<n> = Ticn>(u,v) and u = Ag, v = Aj. Note that Ia(n) is very
close to Ia if n =4 and A; <0.05,7=2,3.

The approximate values Ia = Ia(4) are given in Tables 8.9 and 8.10.
The results given in the tables allow one to make the following conclusions.
Under moderate deviations |0y — éi(0)| < 0.02, i = 1,2,3, the locally
D-optimal design constructed for the point © = (é§0)7 9&0),6}:&0))71 remains
very efficient. Under more serious deviations, the efficiency of this design
quickly decreases.

For substantial deviations, it is preferable to use the maximin efficient
designs. We will consider such designs in Section 8.7.

8.6 Locally E- and ¢;-Optimal Designs

In this section, we present a theoretical and numerical study of the locally
E- and eg-optimal designs in the Monod model. The optimality criteria
are defined in (8.11) and (8.12). Due to Theorem 8.2.3, it will be sufficient
to study the optimal designs for the regression model 37 Ko(x) on the
interval [no, €|, where the matrix K is defined by (8.22). It will be shown
in Proposition 8.8.1 of the appendix that the functions ¢1(z), @2(z) and
©3(x) defined in (8.23) generate a Chebyshev system on the interval [, ¢].
Then it is well known (see Karlin and Studden (1966, Chap. 1) that there
exists a function g(z),

9(z) = r1p1(z) + r2902(2) + T3903(2), (8.41)
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with real coefficients 71, 72, and r3 and (unique) points Z;, Zo, and I3
satisfying ng < 1 < &2 < &3 < ¢ such that

g(@;) = (-1, i=1,2,3, (8.42)
and such that the inequality
lg(z)] < 1. (8.43)

holds for all € [ng, ¢]. Counting the number of possible zeros of the func-
tion ¢'(x) shows that at least one of the points Z; has to be a boundary
point of the interval [ng,c]. Since g(n9) = 0, it follows that Z3 = & The
matrix ~ 5
is nonsingular because the functions 1, @2, and @3 generate a Chebyshev
system on the interval [7,, ¢] and the matrix K is nonsingular. The following
lemma gives the locally e;- and E-optimal designs and will be proved in
the appendix.

Lemma 8.6.1 (1) Ifno > 0 is sufficiently small, then the design

Ty Ty C
ce=| _ _ (8.44)
w1 WwWg Ws

is a locally E-optimal design in the regression model 37 Kp(x) on
the interval [no,c|. Here, the support points are defined by condition
(8.42) and (8.43) and the weights &; are given by

3
@ =14 314, (8.45)
j=1

where A; = eiTﬁ'_lr, i =1,2,3, and r = (r1,72,73)T denotes the
vector of coefficients of the function g defined in (8.41) — (8.43).

(2) For arbitrary ¢ < ¢, ng > 0, the design (g defined by (8.44) is a locally
E-optimal design for the regression model 3T Kp(x) on the interval
[n0, €] if and only if the condition

rTM(Ce)r = (rT(KTK) 7 ) Amin (KM (Cg)KT)

is satisfied, where r = (r1,72,73)T denotes the vector of coefficients
of the function g defined in (8.41)-(8.43). In this case, the design (g
is the unique (locally) E-optimal design.

(8) If no > 0 is sufficiently small, then the design
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is a locally ep-optimal design in the regression model 3T Kp(x) on
the interval [no,c|. Here, the support points are defined by condition
(8.42) and (8.43) and the weights &; are given by

3
Bi(k) = 1Al /37 1 Azel, k=1,2,3,
j=1

with Aj; = el F~le; (i,j =1,2,3).

(4) For arbitrary ng > 0, the design (., is a locally ey -optimal design for
the regression model 3T Ko(z) on the interval [no,c] if and only if

Ap >0, i=1,23.
In this case, the design (., is the unique (locally) ey-optimal design.

Note that it follows from Theorem 8.2.3 that a design ( is locally E-
(ex-)optimal for the regression model 87 K p(z) on the interval [, ¢ if and
only if the design & induced by the transformation (8.26) is locally E-
(er)-optimal for Monod model (8.1) on the interval [0, T], where T' = ¢(¢).
Therefore, if no constraints are imposed on the desired real-time operation,
the locally er- and E-optimal designs yield designs with prohibitively long
experiments. This fact was also observed empirically for the E-criterion by
Vanrolleghem, Van Daele, and Dochain (1995).

For the numerical construction of the F-optimal design (g, it is sufficient
to maximize the function

Q(-flv l‘g) = /\min(KTM(C)K)

on the set
U={(x1,22)"sm0 <1 <ap <2},

where ( is defined in (8.44) and (8.45). The design (., can be constructed
in a similar way and the optimality can be checked by the necessary and
sufficient characterizations (2) and (4) in Lemma 8.6.1. We conclude this
section with a comparison of locally D, E-, and es-optimal designs. The
characteristics of the locally optimal designs can be found in Table 8.11,
which shows the design (8.37) derived from the D-optimal design and the
E- and es-optimal design

* * *
% < tlE t2E 22f2D >
E=

w1 wo ws

* * *
% tlE t2E 2t2D
€2

my mz ,M3g

on the interval [0, 23 ]. Note that {7, and &7, have the same support points.
In all cases considered in our numerical study, the necessary and sufficient
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conditions from parts (2) and (4) of Lemma 8.6.1 were fulfilled, which leads
to the conjecture that the designs defined by (8.44) and (??) are in fact
locally E- and eg-optimal on any interval [0, T] and for any initial condition
no > 0.

Table 8.11: Comparison of D-, E-, es-optimal designs for various val-
ues of b = ¥213. The E- and & -optimal design have the same support
ti g, thye, 2t5 5 but different weights wy, we, w3 and my, mg, mg, respectively.
The D-optimal design has equal masses at the points t], 5, 2t5 5 and the
efficiencies d; and d; are defined in (8.47), while I(§) is defined by (8.46).

b 01]025] 05]0.75 1] 15 2
T, | 292329395 462530 | 667 8.04
3, | 3.51 | 4.25 | 545 | 6.64 | 7.82 | 10.18 | 12.54
1, | 2.65 | 2.94 | 347 | 4.03 | 459 | 573 | 6.88
t3, | 3.52|4.26 | 548 | 6.68 | 7.88 | 10.26 | 12.65
w, 0.45 | 0.42 | 0.41 | 0.40 | 0.40 | 0.40 | 0.40
wy 0.35 | 0.36 | 0.37 | 0.37 | 0.37 | 0.37 | 0.37
ws 0.20 | 021 | 022 | 0.22 | 0.23 | 0.23 | 0.23
my | 040 | 0.39 | 0.39 | 0.39 | 0.39 | 0.39 | 0.40
my | 0.39 ] 039|038 |038]038| 038 037
ms | 0.21]0.22]023]023|023| 023] 023

dq 0.80 | 082 ] 083|084 | 084 | 0.84 | 0.84
d 0.84 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85
ds 1.66 | 1.58 | 1.52 | 1.49 | 1.48 | 1.47 | 147
dq 0.82 1083|084 |084|084 | 084 | 0.84
ds 0.83 1084 | 0.8 | 085|085 | 0.8 | 0.85
ds 1.60 | 1.50 | 1.47 | 1.46 | 1.46 | 1.46 | 1.46

I(¢y) | 112 1.11 | 1.10 | 1.10 | 1.10 | 1.10 | 1.10
I(£;,) | 1.11 | 1.10 | 1.10 | 1.10 | 1.10 | 1.10 | 1.10

The designs were first compared by their D-efficiencies

o 1/3
1(€) = (C%) (8.46)

and we did not observe substantial differences with respect to this criterion
(see the last two columns in Table 8.11). For a more refined, comparison
we calculated the asymptotic efficiencies

(MR ;
RIS PR .
dy— WDy g g

b (MED))i Y
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for estimating the individual coefficients in the Monod model. We observe a
very similar behavior of the E- and es-optimal designs, which provide more
efficient estimates for the parameters ; and ¥, than the design £}, derived
from the D-optimal. On the other hand, this design is more efficient for the
estimation of the parameter 3. However, if improvement of accuracy in
the estimation of the parameters 9¥; and 15 is considered more important,
the F- and es-optimal design have some advantages.

8.7 Maximin Efficient Designs

As we have seen in the previous sections locally D- E-, and c-optimal
designs for the Monod model are rather sensitive to the miss-specification
of initial values for parameters. The notion of maximin efficient designs (see
the discussion in Section 1.6) allows one to construct more robust designs
if a set (say §2) of possible values of parameters is known. A design will be
called standardized maximin ®-optimal (or, briefly, maximin efficient) if it
maximizes

Vo (€) = min (I)(Mif’?)é)), (8.48)

9 O(M(&*(v),
where £*(0) is a locally ®-optimal design.
We will consider the case of D- and E-criteria,

Op(M(€,6)) = (det M(&,0))/™,
Pp(M(E,0)) = Anin(M(&,0)),

where m is the number of parameters in the model under consideration;
m = 3 in our case.

In this section, standardized maximin D- and E-optimal designs will be
denoted by &7, and £}, respectively.

The most important case for the choice of the set €2 in the maximin
criterion arises if the experimenter is able to specify intervals for the location
of each parameter 6;; that is,

(01,02,03) € Q = [z1,1, z21,0] X [22,1, 22,U] X [23,1, 23,0, (8.49)

where 0 < 2,1, < z;y < 0o (i = 1,2,3). In this section, we will compare
standardized maximin ®-optimal designs with uniform designs of the form

(8.50)

£

=

]

|
N
2|~
N
z~ N
~_

which are commonly applied in microbiological models. As was shown
in Dette, Melas, Pepelyshev, and Strigul (2005) with arbitrary T < oo,
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standardize maximin D- and FE-optimal designs for a compact set 2 €
[0,00) x [0,00) X [0,00) exist and are of the form

tq . tnl—l T
Wi .. Wpg—1 Wng )
For constructing such designs, a numerical method introduced in the work

cited above can be used. This method will be described in the following
subsection.

8.7.1 A numerical procedure

In Section 8.7.2, we will calculate some standardized maximin efficient de-
signs numerically and demonstrate that these designs have excellent effi-
ciencies compared to locally optimal uniform designs. We will now briefly
explain the algorithm used for these calculations. The algorithm is based
on the following conjecture, which was satisfied in all examples in our nu-
merical study. In this subsection, the function ® denotes the D-,E-, or
e;-optimality criterion (i = 1,2, 3) defined in Section 8.2.

Conjecture 8.4.1. For any design &, the set

Qo = Q&) = {0 0= argminw}.

0e (M (&, 0)) (8:51)

is finite, say Qo = {0(1),...,0(ny)} (n2 € N).

In all our considered examples, we observed that ny < 4, but a general
bound could not be established formally. Now, consider the set

L{nl = {(Ul,...,Uin) = (tl,...,tm,wl,...,wnl) ‘
(8.52)
0<ty < < tn, ST;’LUZ‘>O,Z;L:11U)Z':1}

and note that each element of U,,, defines a design with n; support points;

that is,
gu_< bt ey > (8.53)

wp ... Wpy—1 Wpy

It is proved in Dette, Melas, Pepelyshev, and Strigul (2005) that there exists
an np € N and a u € U, such that the standardized maximin ®-optimal
design is given by £* = £,. We will now describe an iterative calculation
of the standardized maximin ®-optimal design observing that at least 3
support points are required. Thus, we set n; = 3 and choose an arbitrary
(possibly locally ®-optimal) starting design, say &,, with ug € Uy,,. We put
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s = 0 and define

i = 2 min 2M (&, 0)) _ 9 i 2WME,0))
)™ Du vea ®(M(S,0)) g, Ot RO 05)

= min{zy12 EM
=1 5y, @(M(f;(j) 00)))

B D(M(&us05)))

U=U(s)
no

‘ hj > O;Zh]‘ = 1},
j=1

where we have used Conjecture 8.7.1 with Qo = Qo(§u) = {01), - -+ 0(na) }
and the formula for the derivative of the minimum. In the next step, we
calculate

U=U(s)

U(s+1) = U(s+1)(hs) = (1 — hs)’LL(s) + hsﬂ(s), (854)
where the weight hs maximizes the minimum ®-efficiency,
O(M(E,0
eff(€,0) = (M(£,6)) (8.55)

D(M(&5.0))
among all designs of the form &, with u = u(,, ) defined by (8.54); that is,

hs = argmax{ g%igeﬁé(fwsﬂ)(h)aa) |0<h<1 } .

Obviously, we obtain

min eff@(gu(

> min eff
min 0) = min effe (¢,

s4+1)7 s)? 6)

and in the case of equality, the design &y, ,, is standardized maximin ®-
optimal in the class of designs

By = {&u |uciy,} . (8.56)

Otherwise, it follows by standard arguments that the sequence of designs
({um )jeN, contains a weakly convergent subsequence with a limit, say & ,
that is a standardized maximin ®-optimal in the class =,,. Note that
in all cases considered in our study, the sequence (€u;,)jen, Was weakly
convergent and it is usually not necessary to consider subsequences. We
can now use the general equivalence theorem for standardized maximin ®-
optimality (see Dette, Haines, and Imhof (2003, Theorem 3.3)) to check
if the design &) is standardized maximin ®-optimal in the class of all
approximate designs (for the standardized maximin D-optimality criterion,
the corresponding equivalence theorem is stated in the appendix in Lemma
8.6.1. Otherwise, the procedure is continued with n; replaced by n; + 1
and an initial design in the class =,,11 constructed as follows: We define

* . na 0 Q(M((lia)g;kll +a£t’0(l)))
v = amgmaicgon) min{ % g = e
OK

> 0; Z;‘Li1 h; = 1}

a=0*t
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where & denotes the Dirac-measure at the point ¢ and

. e, QM- )& +ade=,05)))
Q" = argmaxX,e|o,1) mm{zj:1 h; SOLE 0,)) )
)’

> 0; Z;Lil hj = 1}~

The initial design &, (o) for the calculation of the standardized maximin ®-
optimal in the class =, 41 is finally defined by the vector uy € Up, 1,
which is given by

h;

Uo) = (U’*l:v cee 7u217t*7 (1 - CV*)’lUT, S (1 - a*)w:,lva*)a

where uj, ..., uy denote the support points of the design £ with corre-
sponding weights w7y, ...w,, . The first step of the procedure is now con-
tinued to obtain the standardized maximin ®-optimal design in the class
Zn,+1. If this design is not standardized maximin ®-optimal in the class of
all approximated designs, the procedure is repeated, increasing the number
of support points by 1. The algorithm stops if the standardized maximin ®-
optimality of the calculated design has been confirmed by the Equivalence
Theorem.

Note that the algorithm definitively terminates, because, as it is shown
in Dette, Melas, Pepelyshev, and Strigul (2005), any standardized max-
imin D, E-, or e;-optimal design is supported at a finite number of points.
Moreover, in our numerical study, all iterations usually stopped after a few
steps and the standardized maximin ®-optimal could quickly be identified
using the described procedure.

8.7.2 A comparison of maximin and uniform designs

For the sake of brevity, we will restrict the calculation of standardized
maximin optimal designs to a procedure that uses the optimal designs from
the infinite design space [0, 00]. As a consequence, we only have to tabulate
designs for one design space, namely [0, 00]. Moreover, the consideration
of an infinite design space is justified by the following observations. First,
it was demonstrated in Section 8.3 that efficient locally optimal designs on
a finite design space can easily be obtained from the designs on an infinite
design space using the following method. If

. 5 5 oo )
= * o « 8.57
G- 2o (3.57)

denotes a locally D-, E-, or e;-optimal design for the Monod model on
the design space [0, 00] and the right boundary of the design space [0, 7]
satisfies T' > 1.5¢5, then the design

55—( o6 T ) (8.58)

* * *
wyp Wy W3
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on the finite design space has at least a ®-efficiency of 0.98, where the ®-
efficiency is defined by (8.55). Similarly, it was observed in our numerical

study that if
¢ _( ...t

* *
wy ... wy_

11 > > (8.59)

W,

denotes a standardized maximin D-, E-, or e;-optimal design for the Monod
model on the design space [0, 00] and T > 2¢* then the design

n—1 >

- ... i, T )
= " i " 8.60
¢ (wl ceowh_y o W) ( )
has at least maximin efficiency 0.98, where the maximin efficiency is defined

by
Va()

effg,(§) = ———— 8.61
() suby Vo () (8.61)

and the robust optimality criterion ¥ (&) is given by (8.48). Second, we
note that in microbiological studies, the length of the design interval [0, T
can often be chosen by the experimenter.

In Tables 8.12 and 8.13, we present some standardized maximin optimal
designs for various regions of the parameter space (2, where the design in-
terval is given by [0, 00]. A typical vector of parameters observed in studies
of microbial growth by g = 0.03, sg =1, #; = 0.25, 83 = 0.5, and 05 = 0.25
(see Pirt (1975) or Blok (1994)) and for an illustration of the robustness
properties of the standardized maximin optimal designs, we took this point
as the center of the set ) required for the definition of the standardized
optimality criteria. In Table 8.12, we display standardized maximin D-
optimal designs for the Monod model on the set [0, 00|, whereas Table 8.13
contains the corresponding standardized maximin F-optimal designs. It is
interesting to note that in all cases, the standardized maximin optimal de-
signs require at least four support points. Moreover, the number of support
points is increasing with the size of the set () specified by the experimenter.
This observation was also made by Dette and Biedermann (2003) for the
Michaelis—Menten model. Note that the standardized maximin optimal
designs are always supported at a finite number of points and that in all
cases considered in our study, the optimal designs have at most six sup-
port points, including the right boundary point of the design space (see
also Conjecture 8.4.1). As pointed out in the previous paragraph, imple-
mentable and very efficient designs of the form (8.60) can be derived from
the standardized maximin optimal designs on the infinite designs space in
the case t¥_; < T. In particular, compared to the designs (8.57) on the
infinite design space [0, 0c], these designs have at least an efficiency of 0.98,
provided that the point ¢} _; satisfies 2t;,_, < T.

For this reason, we will now assume that the microbiological experiments
can be carried out over a sufficiently long time 7" such that these strategies of
design construction are applicable and compare the standardized maximin
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Table 8.13: Standardized maximin E-optimal designs in Monod model for various regions Q = [21,1,, 21,0] X [22,1, 22,u] X
(23,0, 23,0
Q NH wm mw w% wm wm w1 wo w3 W4y Ws Weg
[24, 26] x [47, 53] x [.24, .26] | 9.47 | 15.58 | 17.62 | oo 302 | 257 | 189 | 252
[.23,.27] x [.45,.55] x [.24,.26] | 9.19 | 14.77 | 18.34 | oo 273 | 258 | 245 | 223
[23,.27] x [45,.55] x [.23,.27] | 9.15 | 14.63 | 18.28 | oo 271 | 256 | 252 | .222
[.23,.27] x [.43,.57] x [.24,.26] | 9.25 | 14.60 | 18.23 | oo 270 | 257 | 254 | 220
[.23,.27] x [43,.57] x [.23,.27] | 8.99 | 14.03 | 16.72 | 19.31 | oo 261 | .204 | .166 | .161 | .207
[.22,.28] x [.45,.55] x [.24,.26] | 9.03 | 14.02 | 16.75 | 19.31 | oo 255 | 206 | 156 | .173 | .209
[.22,.28] x [.45,.55] x [.22,.28] | 8.78 | 13.48 | 16.55 | 19.91 | oo 235 | 197 | 200 | 171 | .197
[.22,.28] x [.43,.57] x [.24,.26] | 9.22 | 13.88 | 16.91 | 2.11 | oo 234 | 220 | 197 | 153 | .195
[22,.28] x [.43,.57] x [.22,.28] | 8.86 | 13.45 | 16.60 | 2.09 | oo 230 | .208 | 206 | .169 | .188
[.22,.28] x [.41,.50] x [.24,.26] | 9.02 | 13.71 | 16.89 | 2.31 | oo 246 | 213 | 201 | .154 | .186
[22,.28] x [41,.50] x [.22,.28] | 8.62 | 12.86 | 15.38 | 17.71 | 2.73 | oo | .218 | .174 | .148 | .147 | .137 | 177
[.20,.30] x [.41,.59] x [.24,.26] | 8.52 | 12.60 | 15.51 | 18.59 | 22.22 | oo | .202 | .180 | .171 | .158 | .129 | .161
[.20,.30] x [.41,.59] x [.20,.30] | 8.24 | 12.16 | 15.08 | 18.24 | 22.19 | oo | .182 | .202 | .164 | .149 | .152 | .151
ﬁ 20, .wo_ X Thov .@S X ﬁ 24, .ME 8.49 | 12.57 | 15.46 | 18.56 | 22.29 | oo | .203 | .182 | .168 | .159 | .131 | .158
_wo“ .wo_ X TEV .@S X _wog .wo_ 8.20 | 12.10 | 15.02 | 18.26 | 22.20 | oo | .176 | .204 | .168 | .152 | .156 | .144
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optimal designs with some uniform designs, which provide an alternative
design of experiment if there is only very vague prior information regarding
the unknown parameter. All of our efficiency considerations are restricted
to designs obtained from the optimal designs on an infinite design space
[0, 0] by the procedure explained by (8.59)—(8.60). The efficiencies of the
standardized maximin optimal designs on the interval [0,T] are slightly
larger, but the additional effort of calculating these designs for any interval
[0,T] under consideration is only justified if T' < 2t _;.

To be precise, we consider the problem of designing an experiment for
the Monod model with design space [0, 7] = [0,40]. For the uniform design,
we chose the uniform distribution on 20 points in the interval [0,40] (i.e.,
is the design &y (20),40 defined in (8.50) for N = 20 and T = 40). Note
that it can be checked numerically that for ng = 0.03, so = 1, 6; = 0.25,
0> = 0.5, and 03 = 0.25, the locally D-optimal uniform design is the uniform
distribution on the interval [0,32] and that §u(20),40 could be considered
as an approximation to the locally D-optimal uniform design, which takes
into account that the parameters required for the construction of the locally
D-optimal uniform design have been misspecified. Moreover, we checked
numerically that for the point 1y = 0.03, s = 1, 1 = 0.25, 6, = 0.5, and
03 = 0.25, the uniform design &(20),40 is only slightly less efficient compared
to the locally D-optimal uniform design &(20),32- The situation for the
other criteria is similar. In Table 8.14, we compare this uniform design with
the standardized maximin D-optimal designs derived from Table 8.12 and
the procedure described by (8.59) and (8.60). The comparison is performed
by considering the ratios

det M(€,0) )é
0) = .
Cr(&.0) <det M (&u(20),40,0) ) (8.62)
, _ (e Mg O)es) o
Ci(€,0) = M Garoy 10, 0)er) i=1,2,3 (8.63)
Ce(£,0) = Amin M(E, ) (8.64)

" AminM (420,40, 0)

of the corresponding optimality criteria. Note that these ratios depends
on the parameter § and that for a given 6 € Q, a larger value than 100%
indicates that the design & is more efficient than the uniform design (20,40
with respect to the corresponding optimality criterion. For the sake of
brevity Table 8.15 contains the maximum, minimum, and averaged values
of these ratios, which are indicated by the symbols “max”, “min”, and
“average” | respectively. For example, in the column with the label Cp and
“min”, the reader finds the minimum ratio

0ecQ

det M(£,0)  \®
7)

mlnc ok 79 = min
min p(€p,0) (det M (§u4(20),40,
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taken over the set 2, whereas in the column with the label Cp and “average”
the corresponding integrated values with respect to the uniform distribution
can be found; that is,

/ Cp(Ep,0) do
Q

(recall that the design €% on the interval [0,T] is obtained from the stan-
dardized maximin D-optimal design on the infinite design space in Table
8.12 by (8.59) and (8.60)).

We observe that the standardized maximin D-optimal design is always
better than the uniform design §(20),40, if the D-, E-, e1-, and ez-criterion
are used for comparing competing designs, because the corresponding min-
imum values are larger than 100%. The improvement by using a stan-
dardized maximin optimal design instead of the uniform design with re-
spect to these criteria can be substantial. For example, consider the set
Q = [0.20,0.30] x [0.40,0.60] x [0.20,0.30] corresponding to a situation
where only vague prior information regarding the unknown parameters
in the Monod model is available. In this case, the minimum gain in D-
efficiency by the standardized maximin D-optimal design is approximately
17%, the maximum is 43%, and the average, we have 25% improvement
compared to the uniform design & (20y,40- The performance of the stan-
dardized maximin D-optimal design would be even better if the parameter
space () could be specified more precisely. The advantages with respect to
the E-, e;-, and es-criterion are even larger. On the other hand, the uni-
form design &4(20),40 is more efficient for the estimation of the parameter
03. However, as pointed out in Section 8.3, the efficient estimation of #; and
0 is usually more important for the Monod model, because in realistic sit-
uations (see Pirt (1975) or Blok (1994)) the parameter 5 can be estimated
with much higher precision than the parameters #; and €5. The situation
for the E-optimality criterion is very similar. The standardized maximin
E-optimal design should be preferred in all cases, except if the primary goal
of the experiment is the parameter 63 and all other parameters are not of
interest for the experimenter.

8.8 Appendix

We will begin by proving a Chebyshev property for a systems of functions,
which will be crucial for a proof of the statements in Section 8.2-8.5. Recall
that a system of functions 1 (t),..., ¥ (t) is called a Chebyshev system
(T-system) on an interval [a, (] if

det ((t;))7_y > 0
for any o < t; < -+ < ty, < G (see Karlin and Studden (1966, Chap.1)).
The main property of a Chebyshev system is that any nontrivial linear
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Table 8.15: Comparison of standardized maximin E-optimal design with uniform designs of the form (8.50) (N = 20, T = 40)
on the design space [0,7] = [0,40]. The table shows the minimum, maximum and average values of the ratios defined by
(8.62), (8.63) and (8.64) in %.

min max average

Q Cp | Ci | Cy |C3|Cg |Cp | CyL | Cy |Cs|Cg|Cp| CL | Cy | Cs| Cg
[.24,.26] x [.47,.53] x [.24,.26] | 130 | 157 | 187 | 52 | 187 | 143 | 231 | 246 | 58 | 246 | 140 | 212 | 234 | 54 | 234
[.23,.27] x [.45,.55] x [.24,.26] | 124 | 159 | 160 | 51 | 160 | 143 | 186 | 211 | 62 | 211 | 133 | 180 | 187 | 53 | 187
[.23,.27] x [.45,.55] x [.23,.27] | 123 | 155 | 155 | 50 | 155 | 143 | 187 | 210 | 63 | 210 | 133 | 178 | 183 | 53 | 183
[.23,.27] x [.43,.57] x [.24,.26] | 121 | 159 | 152 | 49 | 152 | 145 | 187 | 213 | 63 | 212 | 134 | 179 | 184 | 53 | 184
[.23,.27] x [.43,.57] x [.23,.27] | 119 | 154 | 148 | 49 | 148 | 143 | 188 | 203 | 66 | 203 | 132 | 171 | 175 | 53 | 175
[.22,.28] x [.45,.55] x [.24,.26] | 119 | 153 | 147 | 50 | 147 | 143 | 180 | 200 | 67 | 200 | 132 | 169 | 173 | 54 | 173
[.22,.28] x [.45,.55] x [.22,.28] | 116 | 142 | 141 | 49 | 141 | 142 | 181 | 192 | 71 | 192 | 130 | 164 | 165 | 54 | 164
[.22,.28] x [.43,.57] x [.24,.26] | 118 | 143 | 141 | 49 | 141 | 146 | 190 | 202 | 70 | 202 | 132 | 169 | 168 | 54 | 167
[.22,.28] x [.43,.57] x [.22,.28] | 115 | 135 | 136 | 47 | 136 | 145 | 188 | 198 | 72 | 198 | 130 | 163 | 163 | 54 | 163
[.22,.28] x [.41,.59] x [.24,.26] | 115 | 137 | 138 | 48 | 137 | 148 | 189 | 207 | 72 | 207 | 131 | 163 | 166 | 54 | 165
[.22,.28] x [.41,.59] x [.22,.28] | 112 | 129 | 132 | 46 | 132 | 144 | 188 | 194 | 75 | 194 | 129 | 159 | 159 | 53 | 159
[.20,.30] x [.41,.59] x [.24,.26] | 107 | 119 | 126 | 47 | 126 | 146 | 189 | 197 | 81 | 197 | 128 | 152 | 152 | 58 | 152
[.20,.30] x [.41,.59] x [.20,.30] | 101 | 113 | 120 | 44 | 120 | 147 | 211 | 203 | 81 | 203 | 127 | 147 | 145 | 57 | 145
[.20,.30] x [.40,.60] x [.24,.26] | 106 | 118 | 125 | 47 | 125 | 147 | 191 | 201 | 81 | 201 | 128 | 151 | 152 | 57 | 152
[.20,.30] x [.40,.60] x [.20,.30] | 100 | 112 | 119 | 43 | 119 | 147 | 216 | 206 | 82 | 206 | 127 | 147 | 144 | 56 | 144
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combination 2221 a;;(t) of the functions 1, ...,1¥,, has at most m — 1
distinct roots in the interval [« 5].

Proposition 8.8.1

a) The system of functions

1 1 1
u by —u’ (by —u)(by — u)
is a Chebyshev system on any interval [a,b] C (0, co] whenever by, by >

b.

b) If a system of functions ¥1(x),...,¥m(x) is a Chebyshev system on

the interval [ng,b], then the system of functions

¢1(x) d$7"'7 1pTl’L(m) dx

Tlo Mo

is also a Chebyshev system on any interval [a,b] C (1o, b].

Proof.

(a)

Consider the determinant

J = det (wi(uj))?,jzl ,a<up <ug <uz<b,
where ¢ (u) = 1/u, ¥2(u) = 1/(by —u), and ¥3(u) = 1/[(by — u)(ba —
u)]. Let us multiply the é-th row by w;(by — u;)(ba — u;), i = 1,2, 3.

By a linear transformation of the columns, the resulting determinant
can be reduced to the Vandermonde determinant

det(u;_l)fﬁjzl = H (u; —uj) > 0.
j<i
Hence, J > 0 and the system v (u),¥s(x),¥3(x) is a Chebyshev

system on the interval [a,b] C (0, c0].

Let us suppose that assertion (b) of Proposition 8.8.1 is not true.
Then there exist real numbers a4, ..., a,,, not all equal to zero, such
that the linear combination

m

> [ wle) de = a(w)

i=1 no

has at least m distinct zeros in the interval [a, b] C (10, b]. Moreover,
we have ¢(n9) = 0, and therefore the derivative

q'(u) = Z ;i (u)

has m different roots in the interval [ng,b], which contradicts the
Chebyshev property of the system {4;(u)}.
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8.8.1 Proof of Lemma 8.2.1

The derivative of 7 is positive at the point ¢t = 0, and by continuity, it must
also be positive in a neighborhood of the origin. Moreover, the function
7i(t) = ¢ is obviously a solution of the differential equation (8.1). By the
Implicit Function Theorem (see Gunning and Rossi (1965)), it follows that
the differential equation (8.1) cannot have two differentiable solutions that
coincide at a point. Thus, the function 1 should be less than ¢ for any ¢ > 0
and must be increasing. Consequently, there exists the limit limy_, o 7(2).
Now, (8.1) implies that the limit of the derivative of n also exists. Because
71 is a bounded function, it follows from (8.14) that

limy o 7/ () = 0,

Hmt—)oo n(t) =¢

which completes the proof of Lemma 8.2.1. "

8.8.2 Proof of Theorem 8.2.1

Recall the definiton of the set Q = {6 = (V1,92,93)T :9; > 0,i=1,2,3}
in Theorem 8.2.1; then the assertion of the theorem follows from results of
Jennrich (1969) and the following lemma.

Lemma 8.8.1 Let n(t,0) denote the regression function determined by
(8.1)~(8.3).
(a) For any fized vector 6 € Q, there exist the derivatives
on 0%n
0Y; 09,00

(¢,0),

(taa)a Za.] = 13273-

(b) For any fized 6° € Q, the function

n

9(0) = (n(t;,0) —n(t;,6°)

j=1
with 0 < t1 < -+ < t, < o0 and n > 3 attains its minimum value
(equal to zero) in the set Q if and only if 0 = 6°.

(c) For any 0° € Q and for any design & with more than three support

points, it follows that
det M (&,0°) # 0.

Proof. Statement (a) is an immediate consequence of the identities (8.16)
and (8.20). Let us suppose that condition (b) is not valid. Then, as n > 3,
there exist two vectors 61y and 6(3) such that

n(ti7 9(1)) = U(ti7 9(2))7 i= 17 2a 3. (865)
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Define n; = n(t;,0(1)) (i = 1,2,3) and consider the two functions

t(J)(x) = t(l’,a(])) = n_l(xve(j))v J = ]-»2
Due to (8.65), we have t(1)(n;) = t(2)(n:) = t; (1 = 1,2,3), and observing
(8.16), we obtain

M q
ti = a1(9(]))/ a du + QQ(O(J))/

Mo M0 a3(9(j)) —u

N 1 d
u7

i=1,2,3, j = 1,2, where the constants a;(f) are given by

. 1+b_ 1 So193+770+192193
T 0 91 so¥s o
b1 s

91 01 sos+ 10

as(0) = ¢ = so¥3 + no.

aq (9)

a2(9) =

It is easy to verify that the conditions a;(0(1)) = ai(0(2)), i = 1,2,3, imply
(1) = 0(2). Consequently, there exist two different vectors

ag) = (a1(), az(j)» asy) = (a1 (0)), az(0()), as(0)", 5 = 1,2,
such that the equations

i q i 1
al(j) / — du -+ (12(]‘) / — du = tl',
no U asg) — U

o] 7o

are satisfied for all ¢+ = 1,2,3, and j = 1,2. Subtracting the equalities for
j = 2 from the equalities for j = 1, we obtain

L | i A
Al/ — dufa2(1)/ 3 du
no U no (asa) —u)(az@) —u)

i 1
+A2/ —— du=0
7o

a3(1) —Uu

(8.66)

for some constants A; = a;(1) — a;(2), i = 1,2,3. From Proposition 8.8.1, it
follows that the functions

wl(w>=[7j?, wz(ﬂﬂ):/njblduua ¢3($)=[7jwzw

form a Chebyshev system on an interval (19, d] whenever by,bs > d. Insert-
ing d = min{as(1),ase)}, b1 = asq), b2 = as(z), a1 = A1, @ = —ay1)As,
and a3 = Ay, we obtain from (8.66) that

3
Zaz%(%) = 07 .7 = 17273a

i=1
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where the coefficients «a; are not all equal to zero and we have, from Lemma
8.2.1, n; <minfag(),aswe) } (i =1,2,3). This equality contradicts the main
property of Chebyshev systems and the proof of assertion (b) is completed.

Finally, let us prove that assertion (c) is valid. From Proposition 8.8.1, it
follows that the functions ¢1 (), ¢2(z), and ¢3(z) defined in (8.23) generate
a Chebyshev system on the interval (0,00]. If n = 3, a direct calculation

shows shows that
M(¢,6°) = FTWF,

where W = diag{w1, wa, w3} and

TN
F — (an(tl’a )) .
99 i,5=1

Consequently, it follows that
det M (&,0°) = wywows(det F)?, (8.67)
whereas due to (8.21), we have

det F' = det K - det (9;(m:)); ,_, # 0,

where we used the Chebyshev property of the system {¢;(z)}3_;. In the
general case n > 3, let

a = (i1,12,13), {a = (
and denote by 7 the set of all different multiindices «; then the Binet—

Cauchy formula shows

det M(€,0°) =) det M (&, 0°)

acT

ti, b t; . . .
2 B, 1<i1<ig<iz<n
w“ wiz wiB

and all terms in the sum on the right-hand side are positive. "

8.8.3 Proof of Lemma 8.3.1

It follows by a standard argument that the optimal weights (with respect
to the D-criterion) are equal for any design with three support points.
Consequently, it is enough to verify that

0
——det F'(z1,x9,23) >0
D2 (71,22, 73)
for 1y < 1 < w9 < x3, Where F(x1, 22, 23) = det(g;(x;))? j—;. To this end,
we introduce the notation

L(z) = 9 det F(x1, 9, 1),

ox
fi(z1)  fa(z1)  fa(z1) (8.68)
G(x) =det [ fi(za) falz2) fa(z2) |,
fiz)  fa(z)  fa(=)
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with f;(z) = @;(2)/v(z); then a direct computation shows that
0 < det F(zy,20,2) = v(a1)v(z2)v(2)G(z)
and
L(z) = v(@1)v(z2)v' (2)G(z) + v(z)v(22)v(2)G () - (8.69)
Consequently, we obtain
L(z) = v(z1)v(22)v(2)G' (2)

for x = x1,z2. Observing (8.23) and (8.68), it follows that the function
G(x) has zeros at & = ng, x1,x2. Hence, there exist points u; and ug with
no < up < 21 < ug < 9 and G'(u;) =0, i = 1,2. Moreover, the functions
{fl(x)} form a Chebyshev system on the interval [, ] and the functions
{fi(x)} have the same property on the interval (7, ¢] by Proposition 8.8.1.
Therefore, the functions G’ and G have at most two zeros in the interval
(no,¢] and we obtain from G(z) > 0, G'(x) > 0 for z > x5 that both
terms on the right-hand side of (8.69) are positive for z > xo. This implies
L(z) > 0 for any x > x2 and, consequently, the largest support point of
the D-optimal three-point design must be attained at the boundary (i.e.,
T3 = 5). n

8.8.4 Proof of Lemma 8.3.2

Proof of assertion (1). Let b > 0 be an arbitrary fixed number and ¢ be
an arbitrary fixed design with at least n > 3 support points. Consider a
transformation of the function of the equivalence theorem for D-optimality
in the linear regression model 371 (z) defined by (8.33); that is,

d(z) = d(z,¢) = di(z) — da(2),

where
() = dy(2.€) = T3t (D (Qle) = T
3 3b2

R

and v(x) is given by (8.24) for ¢ = 1. We define g(z) = g1 (z) — g2(x), with
g1(z) = [2(1 — 2)*d} (2)]",

) = [z(1 - z)d)(x)]",

8

g2(

and introduce
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where M () is the information matrix of the design ¢ in the linear regression
model 374(x). Assume for a moment that F' = 3b%. In this case, a direct
computation gives

(1—2)3g1(x) = [-4G2? + (10G + 2E)z — 6(E + G)], -
8.70
25go(z) = [144(1 + b)? — 36(2 + b)(1 + b)z].

It is not difficult to see that all elements of the matrix M ~1(¢) are positive
and, in particular, G > 0 and E > 0. Moreover, for € (0, 1), we have

92(2) >0, g1(x) < 0.

The first of these inequalities is obvious. The second inequality will be
verified by considerating the roots x(;) and (2 of the equation

—4Gx? + (10G + 2E)z — 6(E + G) = 0,

which are given by

E+5G+VE?2 - 14EG + G?
T, = 1q :

Since £ and G are positive, it follows that (1), z(2) > 1 and we have from
(8.70) g1(z) < 0 for x € (0,1). Therefore, the function g(x) is strictly
negative for z € (0,1) if the condition F' = 3b? is valid.

Now, let

X1 xro Tn
— 0<x e €T <1
< (w1 Wy ... wn>’ S < SIS L

be a D-optimal design. From the proof of Lemma 8.3.1 and the Binet—
Cauchy formula, it follows that x, = 1. Notice that for x — 0, we have
Y(x) = (0,0,0)T and, consequently, the left boundary = = 0 of the design
space is not a support point of a D-optimal design (i.e., 1 > 0). By the
Equivalence Theorem for D-optimality, we have

d(z;) = v?(x)d(z;) = T (x) M~ (O(x) —3=0,i=1,...,n,
d(z)=0, i=1,....,n—1.
(8.71)
Let us assume that the design ¢ contains n > 3 points. From (8.33), we
obtain

lim v?(z)d(z) = 0

rz—1

and it follows that F = 3b%. Consequently, the arguments of the previous
paragraph are applicable and we have from (8.71) that

d(z)=0



8.8. APPENDIX 315

for x = x1, x9, x3 and for some points &1 € (x1, x2) and Ty € (21, x2). Thus,
the function d’(z) and the function x(1—x)2d’(z) have at least five roots in
the interval (0,1). Hence, g(z), being the third derivative of the function,
2(1 — 2)?d'(z) has at least 5 — 3 = 2 zeros in the interval (0,1). However,
we proved above that this is impossible. Thus, the assumption n > 4 yields
a contradiction and any D-optimal design for the regression model 371 (z)
on the interval [0, 1] is supported at exactly three points.

Finally, let us show that there exists a unique D-optimal design. The
existence of a D-optimal design follows from continuity of the function
Y(x) and compactness of the interval [0,1]. Assume that (1) and ((2) are
two different D-optimal designs. Then it follows by a standard concavity
argument (see Fedorov (1972)) that the design ¢ := C1)/2 + (2y/2 is also
D-optimal. However, this is impossible because the design 5 contains more
than three distinct points.

Proof of assertion (2). From the proof of assertion (1), it follows that
the function
v?(x)d(x)

has at most three maxima on the interval [0, 1] and assertion (2) follows by
a continuity argument. =

8.8.5 Proof of Lemma 8.6.1.

We will only present a proof of assertions (1) and (2). The remaining
statements regarding the ep-optimal designs are proved similarly. Let
h(z) = Ko(z) and s = (KT)~1r and define

N(Cr) = / W) (z) dip(x) = KN (Cp)KT (8.72)
then it is easy to see that assumption (2) can be rewritten as
rTM(Cp)r = s"N(Cp)s = (s"5)Amin(N (Cp)) - (8.73)
From (8.41-(8.43), we obtain
sTh(x;) = (=1)", i=1,2,3, (8.74)

sTh(z) <1 Vz (8.75)

and Elfvings theorem (Elfving (1952)) and (8.74) imply that the vector s
is an eigenvector of the matrix N(Cg) (i.e., is N((g)s = As). Observing
(8.74) and (8.73), it follows that

A

1=s"N(Cp)s=A-(s"s5) = Amin(N(Cx))
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and from (8.75) we obtain the inequality

hT(x)(£>h(q:) < = Amn(N(CR)) Ve
sTs ~ sTs m e '
Part (2) of Lemma 8.6.1 now follows immediately from the corresponding
equivalence theorems for E-criterion [see Pukelsheim (1993)]. The design
is unique, because the function g(x) defined in (8.41) is unique (see, e.g.,
Karlin and Studden (1966, Chap 1)).

To prove part (1) let us note that for ny — 0 we have

In Z _ _
F0) = ole) (2w 2L L2
Inng c—1ny c—=x

c—x xT—1

~ v(z) (l,ln ) =: ()

c—1m c—x

and that any subset with two functions of

{U(ff)7 v(@)In S8 p(z) L }

c—1no’ c—w

generates a Chebyshev system on the interval [ng, ¢]. Define

1+0 b
1 _
19%) nno 791b 0
K = —19—2111770 ~ 9 0
_bmo | b b
C’l93 o C’l93 ?93

and
() = / BT (x) de(x)

A straightforward but tedious calculation shows that for sufficiently small
7)o, the sign pattern of the matrix

is of the form

and, consequently, the matrix D has a simple eigenvalue for sufficiently
small 7y (see Gantmacher (1998)). It follows from general results on E-
optimality [see Dette and Studden (1993)] that the E-optimal design for the
vector of regression functions ¢ (x) is supported on the Chebyshev points.
Part (1) of the lemma is now obtained by a continuity argument. "
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Remarks on Computer Calculation
of Taylor Coefficients

Consider the problem of calculating Taylor coefficients for optimal design
functions, defined in Section 2.1.
As, example, let us take the regression function

n(z,0) = Ore~ % 4 fpe 007,

where 601,05 # 0, 03,04 > 0, 03 # 04, and x € [0, 0).

Denote u = (03 +04)/2 and z = (03 — 64)/2.

In Chapter 6 it was prove that a locally D-optimal design in this case
is unique and is of the form {0, x5, 23, 25;1/4,1/4,1/4,1/4}, where x} =
Zi(2)/u, ¢ = 2,3,4, and #;(z) = #;(0) with z — 0, where 225(0), 223(0),
and 2%4(0) are roots of the Laguerre polynomial of the third degree with
parameter 0.

Thus, it will do to find Taylor coefficients of the function

where
f(xz) — (67(1+z)zi , l’i€7(1+z)wi, ef(lfz)wi , xie*(lfﬂwi) 4
i=1
in a vicinity of point z = 0.
In the given case, the goal function has peculiarity of fourth order. The
problem can be solved with the help of the following computer program,
which realizes formulas from Theorem 2.4.4 in Maple suit.

Program

1. m:=4;
the number of points.

317
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2. f:= (t)— > matrix(1, m, [e~(1TWE te=(1+u)t o—(-w)t po—(1-u)t]),
matrix line of basic functions

3. p:=vector(m); p[l] = 0;
vector of optimal design points.

4. M := matrix(m,m);
for ¢ from 1 to m do
copyinto(f(pli]), M,i,1);
od;
detM := det(M);
calculating the information matrix M and its determinant. Variable
detM is a symbolic expression of w, p[2], p[3], p[4].

5. z[0] := matrix(m — 1,1,[.4679111137, 1.652703644, 3.879385241));

zero approximation.

6. g :=vector(m — 1);
for ¢ from 1 to m — 1 do
gli] := diff(detM, p[i + 1]);
od;
calculating of the left hand side of the basic equation g(-) = 0.

7. urr =4
the order of peculiarity.

8. J := matrix(m — 1,m — 1);
for ¢ from 1 to m — 1 do
for j from 1 to m — 1 do

Jli,j] = coeftayl(subs({seq(p[l + 1] = =z[0][,1],] = 1l.m —
1§7diff(g[ﬂ,p[j + 1)), u = 0,irr);
od;

invJ := inverse(J);
Calculating of the matrix J(;,.,) and the inverse matrix.

9. MAX :=10; h := matrix(m — 1,1);
the number of steps of the Algorithm 2.6.2

10. for ¢ from 1 to M AX do
for ¢ from 1 to m — 1 do
pli + 1] :=sum('z[k][i, 1] s u A K"/ K = 0..c — 1);
od;
for i from 1 to m — 1 do
h[i, 1] := coeftayl(g[i],u = 0,c + irr);
od;
z[c] := evalm(—invJ& * h);
od;
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recursion calculating the coefficients. At the step ¢ optimal design
points are replaced by the segment of the Taylor series. Calculating
matrix row h. The coefficients at cth step are calculated by formula
—invd * h.

11. print(z).

Let us describe the performance of the program.
Matrices J and invJ are of the form

—.47885 .063589 .007699
J = 063589 —.11423 .017997
.007699 .017997 —.03157

)

—2.3120 —-1.5116 —1.4256
v = | —1.5116 —10.606 —6.4146

—1.4256 —6.4146 —35.678
At the first step, obtain

0 0
h=1 0|, z[1]=1] 0
0 0

At the second step, obtain

—.02456 .02919
h= 003633 |, =z[2] = .36419
.056620 2.0066
and so on.
Remarks

(i) The basic equation can be given otherwise, in an immediate way.
(ii) The zero approximation for design points can be found numerically.

(iii) Performing the program can be done substantially more quickly if it
is possible to find the derivatives in block 4 analytically.

Thus, we have demonstrated that the computer realization of formulas
from Theorem 2.4.4 is rather easy.
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analytic, 78

basic, 6

convex, 11

exponential, 59

extended strictly positive, 58

INDEX

general, 68

implicit, 23, 49, 73

inverse, 46

monotonic, 129

optimal design, 55

real analytic, 18, 46, 151, 204,
227

regression, 36, 58, 89

Hyperball, 12
Hyperparallelepiped, 12

Inequality
Cauchy, 94
Kiefer, 12, 37, 278

Jacobi
matrix, 18, 34, 42, 78-80, 110,
121, 179, 183, 244
polynomial, 144, 152

Laguerre polynomial, 227

LD, see Design locally D-optimal

LDMS, see Design locally D-optimal
with minimal support

Legendre polynomial, 144

Limiting design, 205

Mabple suit, 37, 53
Matrix
covariance, 15, 138, 273, 285
generalized inverse, 10, 16, 74,
279
information, 7-9, 15, 26, 42, 45,
72, 74, 135, 138, 141, 147,
156, 160, 163, 197, 219,
235, 236, 240, 275, 276,
278-280, 282, 287, 314
Microbiological experiment,
302
Minimal eigenvalue, 11, 72, 88, 93,
98, 100, 105, 112, 123, 125,
132, 135, 155, 167, 169,
173, 177, 234, 236, 261
MME, see Design maximin efficient

298,
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MMEMS, see Design maximin effi-
cient
Model
equivalent regression, 276
exponential, 21, 24, 25, 217,
232, 259
linear, 27, 172
Michaelis—Menten, 302
Monod, 273, 279, 284, 285, 294,
298, 301
nonlinear, 15, 27, 235
nonlinear regression, 13, 23, 45,
231, 234, 235, 242, 273, 277
polynomial, 71, 231
rational, 21, 44, 197, 198, 245
three-parameter logistic, 24, 60
trigonometrical, 135
trigonometrical regression, 142,
156, 172
Monotony property, 55

Non-Chebyshev
FE-optimal design, 104
Nonlinear parameter, 15, 24, 46,
217, 232, 233, 245, 257,
258, 266, 276

Optimal design function, 203, 224,
228
Optimality criteria, 9, 76, 275, 302,
305
D-criterion, 9, 155, 300
D-optimality, 221, 222, 265
FE-criterion, 11, 262
FE-optimality, 266, 306
G-optimality, 10
MYV -criterion, 10
& -criterion, 11
c-criterion, 10
c-optimal, 279
e;-optimality, 299

Probability measure, 8, 17, 25, 73,

137

Regression equation, 5

333

Taylor
coefficients, 23, 24, 38, 43, 49,
61, 189, 198, 291
expansions, 43, 44, 61, 62, 81—
87, 104, 131, 136, 152, 154,
190, 191, 198, 213, 228,
245, 262, 263, 273, 289
Theorem
basic, 48
duality, 88
Gauss—Markov, 6
Implicit Function, 17, 18, 123
Kiefer—Wolfowitz equivalence,
12, 61, 202, 219, 278, 285
Type of design, 46, 93, 142

Vandermonde determinant, 93, 123,
136, 143, 309





