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1 Introduction

In modern societies, tax systems raise large amounts of revenue for funding public sector
activities.1 Alongside transfer systems, they also redistribute income and alleviate pov-
erty. Although all components of public action may play a role in reducing poverty and
inequality, it is nevertheless the case that tax/transfer policy and public provision of
education, health care and social services together have a crucial role to play in treating
the symptoms and also the causes of poverty. Not surprisingly, the setting of tax rates
and the generosity and structure of transfer programmes generate heated controversy
among politicians, social scientists, and the general public. Normative analysis is crucial
for tax/transfer design because it makes it possible to assess separately how changes in
the redistributive criteria of the government and changes in the size of the behavioural
responses to taxes and transfers affect the optimal tax/transfer system. Optimal tax
theory provides a way of thinking rigorously about these trade-offs. It provides a
methodology for designing tax/transfer systems to achieve the best outcome given the
constraints. The seminal theoretical work in this area was carried out by James Mirrlees
(1971).2 Practical tax policy debate is also influenced by the modern optimal tax theory
literature, the most notable example of which is the Mirrlees Review (2011). The Review
says that optimal tax theory ‘is nevertheless a powerful tool and, throughout this volume,
the conclusions of optimal tax theory will inform the way in which we discuss policy’
(Tax by Design: The Mirrlees Review, p. 39).
The theory of optimal taxation begins by clarifying the objectives of policy and

identifying the constraints upon policy. The tax system that best achieves the objectives
while satisfying the constraints is identified as the optimum one. There are four main
elements in determining the optimal income tax schedule in the Mirrlees model: the
social welfare function; the distribution of earning abilities; the individual supply or
behavioural response function; and the production structure. Together, these four
components produce the degree of optimal after-tax/transfer distribution. Hence, the
optimal tax literature combines two rather different origins of economics: the ethics-
related tradition and the engineering-related tradition.
The social welfare function embodies society’s values about issues of equity and

fairness. It is increasing in each individual’s utility, so that it fully embodies the Pareto

1 The OECD Revenue Statistics shows that there are large differences in the share of taxes in GDP in
developed countries varying in 2012 from 48 per cent in Denmark to 24.3 per cent in the US.

2 Vickrey (1945) is an early formalization of the optimal income tax problem. But he does not solve the
optimal tax formula.



principle. At the same time, it may incorporate aversion to inequality, or a degree of
priority to the worse off. Under a sum-utilitarian social welfare function, the government
seeks to maximize aggregate utility. This implies a case for redistribution from the rich to
the poor when there is diminishing marginal utility of income. An extreme case is the
utility-based version of the Rawlsian difference principle—maximin—which attaches no
weight at all to anybody’s well-being apart from that of the worst-off individual. Hence
the government seeks to maximize the utility of the worst-off person in the society. This
yields a case for redistribution, even if there is not diminishing marginal utility of
income. The optimal tax theory focuses on the consequences of any form of taxation
and public expenditure for the distribution of well-being, without any particular ethical
concern for the values emerging from the market. In other words, pre-tax income has no
independent moral significance.3

Social welfare can embody value judgements other than those associated with the
distribution of utility. Optimal tax theory and public economics more generally have
remained rooted (too rooted) in utilitarianism. Outcomes can also be assessed in
different ways. We may decide to focus on individual well-being, but this does not
necessarily mean experienced utility.4 Governments may also take a non-welfaristic
approach, attaching weight to objectives that do not reflect individual preferences.
There are several examples of this that are relevant when considering optimal tax policy.
An example of a non-welfaristic objective is poverty alleviation, where the objective may
be to remove as many people as possible from below some poverty line in consumption
or income.5 Since poverty alleviation typically ignores the value of leisure to those in
poverty, it is necessarily non-welfaristic. For many years (and most recently in Sen 2009),
Amartya Sen has been arguing for a non-welfarist approach and notably for individual
capabilities, defined broadly as the freedom that people have to function in key dimen-
sions. Social welfare may be a function of individual well-being, but well-being assessed
in terms of capabilities may lead to different conclusions.
The skill of an individual, broadly understood, is what determines his or her ability to

produce income. Since factors affecting earnings ability (for example intelligence, inher-
itance, family background, motivation, luck) are not equally distributed, pre-tax income
distribution is far from equal. In the standard optimal income tax model it is assumed
that the labour services supplied by different individuals differ in productivity according
to their different skills. A common efficiency unit is therefore used, and it is assumed that
an individual with skill n works y hours and supplies labour services at the amount of ny,
as measured in efficiency units.
The taxpayer can alter his or her behaviour according to the tax system he faces. In

particular, the taxpayer chooses how much labour to supply. The labour supply function

3 Their book The Myth of Ownership (Murphy and Nagel 2002) has the same starting point.
4 Kaplow (2008a) in turn argues strongly that policy prescription should be based solely on a welfaristic

social welfare function, taking account of no other considerations.
5 See Kanbur, Keen, and Tuomala, 1994a, b.
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provides essential information about the costs of a redistributive tax system. The
Mirrlees model considers labour supply changes in continuous variables such as working
hours (on its intensive margin). However, much of labour supply consists of the decision
to work or not to work, such as the labour force participation of parents with small
children, retirement decisions, and responses to disability.
The standard model uses a production structure with one basic input—labour in

efficiency units—with a fixed wage. In much of the literature it is assumed that the
elasticity of substitution between individuals of different productivities is constant and
infinite. Consequently, the ratio of the wages of any two groups of individuals with
different skills is completely independent of the number of hours supplied by these
groups. This ensures that redistribution occurs only through the fiscal system. If the
wages earned by the various groups of individuals also depend on their labour supply,
then there is a second route by which the tax system can bring about some redistribution.
First Mirrlees (1971) examines the optimal tax problem in general terms, without

assuming a specific form of utility and of the distribution of skills. A striking feature of
the optimal income tax literature is that there are only very few purely analytical results
concerning the marginal tax structure. Roughly speaking there are, in the Mirrlees
model, two analytical results: the marginal tax rates lies between 0 per cent and 100
per cent; and it is zero at both ends of the distribution. The lower endpoint result (Seade
1977), in particular, has been taken as suggestive in arguing against very high effective
marginal rates on the poor. How relevant is it? The result says that, if no one earns zero
income at the optimum, then the optimal marginal tax rate faced by the lowest income
earner is zero. An important requirement for this result is boundedness away from zero.6

It can be said that the very basic nature of income tax problems requires quantitative
results. Mere general principles are not of much value. Thus, our natural aim is to find in
the optimal income tax models how to connect empirical measurements to specific
numerical proposals. This is also one of our main aims in this book.
How should we tax and support low-income people? In fact, characterizing optimal

income transfers was one of the motivations offered by Mirrlees (1971) for his explor-
ation of the optimal non-linear income tax, and he remarked on the inability to address
transfers without regard to the rest of the income tax schedule. This idea is aptly
described by Mirrlees (1971, p. 208):

It was a major intention of the present study to provide methods for estimating desirable tax rates
at the lowest income levels, and a surprise that these tax rates are the most difficult to determine,
in a sense. They cannot be determined without at the same time determining the whole optimum
income tax schedule. To put things another way, no such proposal can be valid out of the context
of the rest of the income tax schedule.

Hence, it would be better to speak about tax/transfer schedules.

6 As shown by Ebert (1992), if there is an atom of non-workers, there is a positive marginal tax rate at the
level where earnings begin.
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Transfer programmes for the poor should be distinguished from social insurance
programmes such as a publicly provided pension system, medical insurance, and
unemployment insurance. Social insurance has been widely regarded as the cornerstone
of modern income support policy. In most developed countries, social insurance
accounts for the largest share of the social security budget, and it is seen as fundamental
to the prevention of poverty. Yet social insurance has been permanently under attack
during recent decades. Some people see the existing systems of income maintenance as
failing to provide adequate support to those with low incomes. It is argued that social
insurance should be replaced by a basic income guarantee which provides benefits
without any links to age or past earnings history. This view is often linked to a desire
to integrate income tax and social security systems. Second, attacks have come from
those who are aiming to reduce state expenditure on income maintenance. Supporters of
this view argue that if there is a constraint on total government spending, then more
finely targeting the payments using means-tested transfers to those most in need is the
most efficient way to alleviate poverty. Finer targeting of programmes to alleviate poverty
appears an attractive option in an era of greatly constrained expenditure budgets. It
seems as though policy-makers could achieve greater poverty reduction with fewer
resources if only they would resort to the magic of targeting. But fine targeting is not
without its costs. The administrative costs of ensuring that benefits from a programme
reach the target group can be high.
There is a vast literature on programmes for low-income people, both theoretical and

empirical. In the normative literature on the subject, the following questions are basic
ones. Why should the government be in the role of helping the poor? How should cash
assistance programmes be optimally designed? What is the role of in-kind transfers or
publicly provided private goods? What are the implications of behavioural economics for
the programme design?
Different approaches to the role of the government can be distinguished. Government

provision of transfers to the poor can be seen as necessary to correct the market failure
created by the situation in which the rich are altruistic toward the poor and the welfare of
the poor is a public good. Because the welfare of the poor is a public good, private charity
can be expected to under-provide transfer to the poor. Then the publicly provided
transfer has the potential to make all individuals better off. Governments may also
take a paternalistic approach in the sense of giving weight to the well-being of persons,
but judging that well-being not according to the preferences revealed by individuals
themselves, but according to preferences chosen by the government. The distributive
justice approach in turn views support for the poor as a moral responsibility of the
government even if the rich do not care about the poor.
There are two basic approaches to thinking about the design of low-income support

programmes. The integrated approach embeds the problem of designing low-income
support into the general problem of choosing an optimal tax/transfer system. Thus, as
suggested in the quotation from Mirrlees (1971) above, the transfer programme is
designed as part of an optimal income tax system. If the social welfare weight on the
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poor is sufficiently large, the poor end up paying negative taxes, which can then be
interpreted as transfers. We focus on this approach here. The partial equilibrium
approach in turn considers the problem of minimizing the fiscal cost of providing the
poor with some minimum utility or income level. For normative work, the minimum
utility constraint makes the most sense. However, as a positive matter, it often seems to
be that politicians do not value the leisure of the poor, and hence the minimum income
constraint is an interesting one to adopt if the goal is to explain programme design.
A minimum income constraint is an example of a non-welfarist objective.7 The advan-
tage of this approach is that it does not require the modelling of an entire economy and
hence permits a sharper focus on the problem of programme design. At the same time
this approach may be misleading in its avoidance of the whole tax/transfer system.
How to tax top incomes is also very topical after several decades of increasing top

income share. The increasing share of total income of the top income earners has been a
notable feature of changes in income inequality in English-speaking countries, while in
Europe, the Netherlands, France, and Switzerland—and, elsewhere, Japan—display
hardly any change in top income share (see Atkinson and Piketty 2007, 2010).8 This
trend toward income concentration has also taken place in the Nordic countries, trad-
itionally low-inequality countries. For example, the top percentile income (disposable)9

share in Finland doubled in the latter part of the 1990s. At the same time, top tax rates on
upper-income earners have declined significantly in many OECD countries, again par-
ticularly in English-speaking countries. Piketty et al (2014) investigate the link between
skyrocketing inequality and top tax rates in OECD countries and find a strong correlation
between tax cuts for the highest earners and increases in the income share of the top 1 per
cent since 1975.10 Economists have formulated several hypotheses about the causes of
increasing inequality, but there is not a fully compelling explanation. For example,
Atkinson et al (2011) emphasize that it is very difficult to account for these figures on
inequality with the standard labour supply/labour demand explanation. Hence we really
have to think about things such as social policies and progressive taxation.
As mentioned above, the optimal income tax literature also provides a striking result

on a top marginal tax rate. The optimal marginal tax rate for the highest-waged person is
zero. Sadka (1976) says that the highest income should be subject to a zero marginal tax
rate but, strictly speaking, this result applies only to a single person at the very top of the
income distribution, suggesting it is a mere theoretical curiosity. Moreover, it is unclear
that a ‘top earner’ even exists. For example, Saez (2001, p. 206) argues that ‘unbounded
distributions are of much more interest than bounded distributions to address the high
income optimal tax rate problem’. Without a top earner, the intuition for the zero top

7 See e.g. Besley and Coate (1995) and Moffitt (2006).
8 The more recent estimates of Camille Landais (2007) show a rise in recent years in France.
9 Finland is one of those few countries for which we have data on disposable (after tax/transfer) top

income.
10 Moreover, they also find that top tax rate cuts are not associated with higher economic growth.
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marginal rate does not apply, and marginal rates near the top of the income distribution
may be positive and even large. Calculations in Tuomala (1984) show that the zero rate is
not a good approximation for high incomes.
In Mirrlees (1971) all wage distributions were unbounded above and therefore he did

not have a zero rate result. He, in turn, presented precise conjectures about optimal
assymptotic tax rates in the case of utility functions separable in consumption and
labour. One of the least well-known features of Mirrlees’ (1971) paper is the demonstra-
tion (on page 189) that the optimal marginal tax rate converges to a positive value when
the upper tail of the skill distribution is of Paretian form, with this value being a function
of the Pareto parameter and the characteristics of the utility function. It appears that the
role of the latter depends solely on their appearance in the constraints, and does not
depend on them entering the government’s objective function. The key assumptions
behind these results are that either the marginal utility of consumption or the social
marginal valuation of utility goes to zero when the wage rates tend to infinity (see also
Dahan and Strawczynski, 2012). In this situation we need only information on labour
supply elasticities and the shape of the skill distribution to determine the optimal top
marginal income tax rate.
Optimal income tax research, particularly recent work, has mainly focused on the

upper and lower parts of the income distribution—in other words, how to tax high-
income earners and low-income people. There are many good reasons for this focus. It is
clear, however, that it is equally important to understand how to tax those taxpayers in
between. In many advanced countries poverty rates are 10–15 per cent or even higher.
Hence the group in between amounts to around 80–85 per cent of all taxpayers.
Because one of the key factors explaining the shape of an optimal income tax schedule

is the assumed family of distributions of earning abilities, it is interesting to look at
distributions other than the lognormal and Pareto distributions. Saez (2001, p. 226),
building on the work of Diamond (1998), carried out numerical simulations and
concluded, in dramatic contrast to earlier results, that marginal rates should rise between
middle- and high-income earners, and that rates at high incomes should ‘not be lower
than 50% and may be as high as 80%’. These results are more consistent with existing tax
systems. The key difference between these findings and earlier studies is in the under-
lying assumptions about the shape of the distribution of wages. Mirrlees (1971),
Atkinson (1972), and Tuomala (1984) assumed a lognormal distribution, whereas
Diamond (1998) and Saez (2001) argued that the right tail is better described by a Pareto
distribution.
As is commonly known, lognormal distribution fits reasonably well over a large part of

the income range, but diverges markedly at both tails. Pareto distribution, in turn, fits
well at the upper tail. When James Mirrlees came to do his numerical calculations for the
shape of optimal non-linear tax schedules, he used lognormal distribution. This distri-
bution perhaps seemed a natural one for him to use, given that lognormal distribution
was by then already the functional form of choice for the graduation of income
distributions; however, its use by Mirrlees (1971) effectively sealed its dominance as
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the optimal non-linear income taxation literature exploded, and virtually every paper on
the topic in the coming decades used lognormal distribution for numerical calculations.
Champernowne (1952) proposes a model in which individual incomes are assumed to

follow a random walk in the logarithmic scale. In this book we replace lognormal
distribution with Champernowne distribution.11 Specifically, we use the two-parameter
version of the Champernowne distribution. This distribution approaches asymptotically
a form of Pareto distribution for large values of wages, but it also has an interior
maximum. Without assuming constant labour supply elasticity, as in Diamond (1998)
and Saez (2001), the numerical simulations in Chapter 5 of this book show that: (a) it is
difficult to find the U-shaped pattern of the marginal income tax rates over the entire
distribution of wages; (b) it is either sufficiently high pre-tax inequality or a combination
of sufficiently high pre-tax inequality and sufficiently low revenue requirement that leads
to a pattern of optimally increasing marginal tax rates.
A key question in numerical simulations is how the distribution of skill is chosen. In

Saez (2001), the skill distribution is ‘backed out’ from the empirical distribution of
income. Moreover, in order to do so, it is assumed that the tax function is linear. This
does not of course match the highly non-linear tax functions observed in practice, and
seems particularly inappropriate in an optimal non-linear framework. Furthermore, it has
to be assumed that the elasticity of labour supply is constant. An alternative approach,
one introduced in Kanbur and Tuomala (1994), is to accept the non-linearities that
characterize income tax schedules, and furthermore to allow for utility functions which
imply non-constant labour elasticity. They select a skill distribution which, through the
model, produces an earnings distribution that matches empirical earnings distributions.
Even if the shape of the ability distribution were known, other uncertainties remain.

For example, the question of what appropriate social welfare function to use—and, in
particular, how much concern there should be over inequality—is a normative question
that cannot be answered with data. In addition, characteristics of the individual’s utility
function can affect the pattern of optimal income tax rates. Dahan and Strawczynski
(2001) study the importance of income effects (equivalently, declining marginal utility of
consumption) for the pattern of marginal tax rates. They argue that concave utility
lowers optimal tax rates at high incomes and that marginal tax rates may be declining
even for a Pareto distribution of wages. Tuomala (2010) replaces the utility functions
used in previous simulations with a quadratic utility of consumption with a bliss point.
This greatly reduces the curvature of the utility function over consumption. This utility
function with upper bound on consumption necessarily implies a concave budget
constraint in Mirrlees’ (1971) model. In other words, the marginal tax rates are increas-
ing in income, at least in the utilitarian case. The simulations in Tuomala (2010) and in
section 2.4 demonstrate this.
The relevant elasticities are crucial for optimal marginal tax rates. Saez (2001) used a

constant labour supply elasticity formulation not because there was strong empirical

11 It is often referred to as the Fisk distribution (see Fisk, 1961a, b). See also Bevan (2005).
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evidence for it, but because there was not strong evidence against it. However, since the
Saez (2001) paper, a survey by Röed and Ström (2002) has provided some evidence for
labour supply elasticity declining with income for Norway. Röed and Ström (2002)
(tables 1 and 2) offer a review of the evidence. They conclude that the limited evidence
indicates that labour supply elasticities are declining with household income. High
labour supply elasticities among low-wage workers are also confirmed by empirical
evaluations of various in-work benefit schemes operating in the US, the UK, and some
other countries. By contrast, there is empirical evidence on the elasticity of taxable
income showing that higher elasticities are present among high-income individuals.
Feldstein (1995) estimated large elasticities of taxable income with respect to tax rates
among high earners. Gruber and Saez (2002) and subsequent research (see a recent
survey by Saez, Slemrod, and Giertz 2012) generated much smaller elasticities. The
estimates in Gruber and Saez (2002) also support the hypothesis that elasticity increases
with income. If high-income workers are particularly elastic in how their taxable income
decreases with higher tax rates, this would imply lower optimal marginal tax rates on high
incomes, all else being the same. But, as with the distribution of abilities and the social
welfare function, there is much debate over the true pattern of elasticities by income. For
example, Diamond (2003, p. 13) writes: ‘there is a major issue of interpreting of the
elasticity given that high earners probably have more ability to do intertemporal substi-
tution of realized income. It is the intertemporal government budget constraint that is
relevant, not the annual one’. All this leaves us in an uncomfortable position.
The standard optimal tax models assume a very simple utility function which is

uniform across all individuals, increases in consumption, and decreases in work effort.
There is an increasing acceptance that the welfare of individuals is not solely determined
by material circumstances but also depends heavily on their relative position in society.
As shown by behavioural economics and happiness research, among others, utilities may
be interdependent because of relative consumption or status or positional concerns. One
way to explain this would be to assume that people care about the consumption or utility
level of others; that people have ‘social preferences’. Relative consumption (income)
concern or status-seeking creates negative externalities because gains in one’s status
reduce someone else’s. If these externalities are as important as a growing body of
empirical studies seems to suggest, taxing consumption externalities might be welfare-
enhancing in just the same way as any other Pigouvian tax. This simple intuition does
not tell us anything about the effects of relative income concerns on the tax schedule. Is
income tax an effective tool for reducing inequalities and attenuating possible external-
ities arising from relative income concerns? There are some papers which ask these
questions in an optimal non-linear tax framework. Do people make comparisons
between or among individuals of similar incomes? Or is the lifestyle of the upper middle
class and the rich a more salient point of reference for people throughout the income
distribution? One can also argue that rich people are largely motivated by status goods
and by relative status. If so, they can be just as happy with less money, so long as other
rich folk have less money too. If that is true, then taxing the rich is a free lunch. Surely the
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government, even a wasteful government, could use this money for something. High tax
rates are also not a worry if rich people are motivated by intrinsic rewards. Chapter 7
examines the impact of redistributive non-linear income taxation in a model with
relative consumption concern.
It is now well understood that while universal benefits are costly means of poverty

alleviation, the other extreme of fine means-testing through income-related transfers and
benefits is not without its problems either. Thus, for example, proposals such as a
negative income tax or social dividend scheme have built-in conflicts between a suffi-
ciently high income guarantee to the poor and sufficiently low marginal tax rates on the
population to maintain incentives. Transfers can be made contingent upon different
characteristics. This is often called ‘tagging’. Categorical or contingent benefits, which
make transfers conditional not upon income but upon characteristics such as old age,
gender, region, unemployment, disability, etc., can be used to target resources to the
poor, making benefits vary with poverty in the group as a whole. Of course, if there is
variation of incomes within a group, then there will continue to be some leakage to rich
individuals within groups that are poor on average, and relative neglect of poor individ-
uals within groups that are rich on average. For these reasons, some income testing
within groups may be appropriate, although the incentive effects of such income testing
will again be relevant.12 Given these developments in understanding, Atkinson (1992,
quoted in Immonen et al 1998, p. 179) writes: ‘the issue of policy design is not therefore a
confrontation between fully universal benefits and pure income testing; rather the
question is that of the appropriate balance of categorical and income tests’.
Akerlof (1978)13 was among the first to recognize that the use of contingent

information to implement several tax/transfer schedules, one for each group, was
bound to be superior to being restricted to a single schedule for the whole population.
However, he did not say much about the quantitative gain from such differentiation,
nor about the shapes of the schedules for the different groups. The tagging literature
has thus grown, and is still growing. However, its central assumption is still that the
groupings available to the government are given and fixed. The government cannot
rearrange these groupings—it cannot increase or decrease the number of groups, nor
can it choose one type of grouping over another. Thus the assumption is on the one
hand that the groupings are available to the government without cost, yet on the other
hand that it is too costly for the government to deviate from the groupings specified by
the analyst. However, if the implementation of tagging is itself costly, and if the costs
are a function of the number and type of groupings available, the question arises: how
many and which types of groups should the government choose to tag? This is the
question addressed in Kanbur and Tuomala (2013).

12 There are of course many other considerations that also arise in comparing categorical and means-
tested benefits, not the least of which is the possibility of incomplete take-up of the latter as a consequence
of stigma and/or hassle: see, e.g., Atkinson (1992), Besley (1990), and Cowell (1986).

13 In fact a two-tier social dividend system, as in the Meade report (1978) pp. 271–6, is a very similar idea.
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The welfarist approach ranks social outcomes solely according to how they affect
individual utilities. Utility also plays a dual role in the welfarist literature on optimal
taxation. It is the same utility function employed by individuals in their decision that
enters the social welfare function. Both of these are open to question. The modelling of
individual decision-making has been particularly questioned in the recent literature on
behavioural public economics. As we mentioned earlier, the government can also take a
non-welfaristic approach, attaching weight to social objectives that do not reflect indi-
vidual preferences. Much of the attention of non-welfarist approaches has focused on a
particular form of non-welfarism, namely poverty reduction. Policy discussion on
poverty alleviation and the targeting of social policy often concentrates almost exclu-
sively on income. Little weight is typically given to issues like the disutility the poor
experience when working. Indeed, sometimes work requirements are seen in a positive
light, as is often the case with ‘workfare’. This is in marked contrast with conventional,
utility-based objectives in optimal income taxation literature. Therefore it is worthwhile
to examine the implications of poverty reduction objectives on optimal income tax rules.
It must also be remembered that the dividing line between welfarism and non-welfarism
is not very clear. Conventional tax analysis utilizes social welfare functions with inequal-
ity aversion, which already implies a deviation of assessing individual welfare with the
same function which the individual uses himself. In some sense, the social objective
functions form a continuum in the welfarism–non-welfarism scale. Kanbur et al (1994a)
examine the properties of the Mirrlees-type optimal income tax model when the
government objective is alleviation of income poverty. Instead of social welfare maxi-
mization, the government aims to minimize an income-based poverty index of the
general additively separable form. This specification captures a number of widely used
poverty measures, such as the headcount ratio and the Gini-based measure of Sen
(1976). Note that while it bears similarity with a Rawlsian social welfare function
(focusing on the poor), the poverty index depends only on income. In the Rawlsian
difference principle, an individual’s well-being is judged according to an index of
primary goods. Chapter 9 examines optimal non-linear income taxation in a model
with non-welfarist social objectives.
The Mirrlees model generally assumes that individuals have the same preferences, so

that the same utility function can be used to represent their interests in the social welfare
function. It is quite plausible to assume that in reality, for all sorts of reasons, individuals
differ in both skill and preferences. Multidimensional heterogeneity in individuals’
characteristics is a realistic assumption, but it complicates the analysis notably. In fact,
differences in tastes raising ‘different kinds of problems’ is precisely the reason Mirrlees
gave in 1971 for taking identical individual utility functions to determine income tax.14

The problem of heterogeneous preferences is not just about incentives. It is also

14 Pigou (1968, p. 58) offered a similar reasoning when he wrote ‘But, since it is impossible in practice to
take account of variations between different people’s capacity for enjoyment, this consideration must be
ignored, and the assumption made, for want of a better, that temperamentally all taxpayers are alike’.
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normative, because the social objective must then involve interpersonal comparisons of
individuals with diverse preferences. In the welfarist tradition of welfare economics,
there is no principle on which such comparisons can be grounded. This tradition always
assumes that the relevant utility functions are provided by some impartial authority.
When heterogeneity emanates from preferences, comparison of the groups with differ-
ent utilities is no longer clear, as was pointed out by Sandmo (1993). In this context,
using a utilitarian social objective function may entail some ethical objections.
In the Mirrlees (1971) model of optimal income taxation, there is no uncertainty.

Once skill type is revealed, individual effort controls income perfectly. In practice, there
is considerable uncertainty in income. Income is partly due to individual effort and
partly due to luck, but the government can only observe realized income, not effort. In
this case, a redistributive tax system can be interpreted as a form of social insurance
against the possible bad fortune of being endowed with low abilities. The optimal
redistribution scheme is a balance between providing workers with adequate incentives
to acquire skills and with sufficient insurance. A well-known problem in the design of
optimal income tax under uncertainty, or any insurance mechanism, is asymmetric
information between government and individuals. The design of optimal redistributive
taxation with ability differences and with earnings uncertainty has largely been studied
separately. The literature on optimal income taxation with income uncertainty is much
more limited, and has generally assumed away ability differences. Mirrlees (1974) was
the first to examine the design of optimal redistributive income tax under income
uncertainty. Mirrlees (1974), as Tuomala (1984) and Low and Maldoom (2004), assume
that all individuals are ex ante identical, so supply the same amount of labour, but differ
in earnings because of some innate idiosyncratic uncertainty that is resolved after labour
is supplied.
There has been relatively little attention devoted to studying optimal income taxation

when both ability differences and earnings uncertainty are present. Eaton and Rosen
(1980b) considered the choice of a linear progressive income tax in a model with two
ability-types and uncertain earnings. Given the difficulty of obtaining analytical results in
even this simple setting, they solved some numerical examples. Depending on the
parameters chosen, such as the degree of risk aversion, adding uncertainty to the
standard optimal redistribution problem with two ability-types could either increase or
decrease the optimal linear tax rate. Tuomala (1979, 1990) considers optimal income
taxation when individuals do not fully know their productivity skills in making labour
supply decisions. Again, given the complexity of the problem, numerical solutions are
needed. So the income tax has both a redistributive role and an insurance role.
The theory of optimal income taxation under uncertainty has been developed

under the assumption that individuals maximize expected utility. However, prospect
theory has now been established as an alternative model of individual behaviour, with
empirical support. Kanbur et al (2008) explore the theory of optimal income taxation
under uncertainty when individuals behave according to the tenets of prospect theory. It
is seen that many of the standard results are modified in interesting ways. The first-order
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approach for solving the optimization problem is not valid over the domain of
losses, and the marginal tax schedule offers full insurance around the reference con-
sumption level.
There are various extensions to the optimal non-linear labour income tax model using

other tax instruments. The most important one is commodity taxation or indirect
taxation. These extensions retain the supply-side characterization of the labour market.
The Mirrlees (1971) model assumes consumption is aggregated into a single composite
commodity. Once multiple goods are recognized alongside leisure, commodity taxation
becomes relevant. There are two important results in optimal tax theory related to
commodity taxation. Diamond and Mirrlees (1971) showed that if commodity taxes
were imposed optimally and pure profits were taxed, production should be efficient.
Another result is the Atkinson–Stiglitz (1976) theorem (AS hereafter). It says that if
utility is weakly separable in goods and leisure, and if the optimal non-linear income tax
is in place, differential commodity taxation is not required. It implies that redistribution
is better achieved through income tax than by taxing necessities preferentially. There has
been a large literature on the AS Theorem, recently excellently summarized in Boadway
(2012). If preferences are not weakly separable, higher commodity taxes should be
imposed on goods that are more complementary with leisure (Christiansen 1984;
Edwards, Keen, and Tuomala 1994). There are several other cases that support differ-
ential commodity taxation with non-linear income taxation. When individuals differ not
only in skills but also, among others, in preferences, wealth, and needs, differential
commodity taxation becomes desirable.
As in the case of commodity taxation, publicly provided private goods and pure public

goods, when these goods are financed by non-linear income taxation, can be seen as
additional instruments for redistribution policy. Much of the activities of the modern
welfare state are related to provision of private goods (education, health care, childcare
and care of the elderly, etc.). In some developed countries the share of GDP would be as
much as 15–20 per cent, whereas the share of pure public goods (general administration,
defence, etc.) is quite small. Redistribution is one, although not the only, reason why
these intrinsically private goods are publicly provided. Introducing additional distortion
policies, which would not be used in a first-best world without asymmetric information,
can be useful in a second-best situation, if they help mitigate the distortions stemming
from the income taxation. Such policies include, among others, provision of public goods
(Boadway and Keen 1993) and public provision of private goods, such as education or
day-care (e.g. Blomquist and Christiansen 1995, Boadway and Marchand 1995, Cremer
and Gahvari 1997, Blomquist, Christiansen, and Micheletto 2010).15 In more detail, this
literature uses the self-selection approach to optimal non-linear taxation, along the lines
of e.g. Stiglitz (1982) and Stern (1982), with two types of households that differ in their
income-earning abilities. Long ago Pigou (1947, pp. 33–4) claimed that the existence of

15 Currie and Gahvari (2008) offer a survey on public provision of private goods.
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distortionary taxes was a reason for not ‘carrying public expenditures as far’ as would be
done if we could apply the rule of equating marginal cost to marginal benefit of
individuals. Pigou’s claim has also often been employed in political debate on the size
of the public sector. Actual economies should thus attain a lower level of public
expenditure than in the situation where lump-sum taxes are assumed to be available.
The validity of Pigou’s reasoning, however, is usually justified in the Ramsey economy,
where linear taxes and a representative consumer are assumed. This issue was analysed
by Atkinson and Stern (1974) in the Ramsey tax model, following Stiglitz and Dasgupta
(1971), who had noticed that Pigou’s argument is not necessarily correct in an optimal
tax framework. Wilson (1991) and Mirrlees (1994) consider an economy with hetero-
geneous individuals and point out that the government’s informational constraints allow
for the introduction of a lump-sum tax in addition to linear consumption taxes. These
papers show that in this setting the second-best optimal level of provision can be greater
than the first-best level. Gaube (2005) studies the validity of Pigou’s claim within the
two-type version of non-linear income taxation employed by Boadway and Keen (1993),
where the lump-sum taxes are ruled out. Gaube (2005) expands the results of Boadway
and Keen, providing sufficient conditions for both under- and over-provision of the
public good in the income tax optimum.
How to tax capital incomes is also very topical after several decades of growing wealth/

income ratios in many advanced countries (see Piketty and Zucman 2014). Two lines of
thought in the tax literature rationalize the zero tax on capital. First the Atkinson–Stiglitz
theorem, under special assumptions on preferences, implies zero tax on income from
capital. The second line of thought supporting zero capital taxation is that of Chamley
and Judd. In their case, any positive tax on capital income compounds into a high
implicit tax rate on forward consumption. When individuals differ not only in product-
ivity (wage), as in the standard model, but also, say, in inherited wealth, discount factor,
longevity, we have a good case for taxing capital income. In a four-types model (two
wage rates and two discount factors) of work and retirement, Tenhunen and Tuomala
(2010) find implicit marginal taxation of savings for one high-skilled person and implicit
marginal subsidization of savings for one low-skilled person for all but the highest
correlations. Diamond and Spinnewijn (2011) use a model with jobs rather than choice
of hours by workers facing a given wage rate. In a four-type model they show that,
starting with the optimal earnings tax, introduction of a small tax on the savings of high
earners raises social welfare, as does the introduction of a small subsidy to the savings of
low earners. This is similar within the rules for tax-favoured retirement saving.16

There are other reasons to undermine zero capital income tax results. These are the
implications of large uncertainty about future earnings and the difficulties in practice in

16 Kocherlakota (2005) provides an argument for regressive earnings-varying wealth taxation. He
analyses a model with asymmetric information about stochastically evolving skills, which is not present in
Diamond and Spinnewijn (2009). On the other hand, see Nielsen and S�rensen (1997) on the optimality of
the Nordic dual income tax.
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distinguishing between labour and capital incomes. In the so-called new dynamic public
finance literature, the emphasis is on uncertainty in an intertemporal setting (Golosov
et al 2007; Kocherlakota 2010). Ability is heterogeneous, but evolves in a stochastic
manner period-by-period. In each period, individuals choose their labour supply and
their saving knowing their current skills, but having only expectations of their future
skills. Much of the emphasis in this literature is on the implications for the taxation of
capital income, with the typical finding that capital income should face positive taxation.
Christiansen and Tuomala (2008) examine a model with costly (but legal) conversion of
labour income into capital income. Despite preferences that would result in a zero tax on
capital income in the absence of the ability to shift income, they find a positive tax on
capital income.
In the real world it is very likely that inheritance affects, in particular, the income

levels of the very rich. Hence, taxes on labour income alone are not able to limit
inequality. Piketty and Saez (2013) develop a theory of optimal capital taxation in
which they emphasize three different rationales for capital taxation. Their analysis
implies that the ideal tax system should combine a progressive inheritance tax, in
addition to progressive income and wealth taxes.
Should capital income be taxed more or less heavily than labour income? What is the

appropriate relationship between the marginal taxation of capital income and the
marginal taxation of labour income? The Nordic dual income tax features linear taxation
of capital income and non-linear taxation of earnings. In principle, the capital income
tax rate can be set at the highest or lowest positive tax rates, or something in between. In
the background paper for the Mirrlees Review, Banks and Diamond (2010) do not
conclude that labour and capital should be taxed at the same rates; however, they do
suggest that the marginal tax rates on capital and labour incomes should be related to
each other in some way to discourage the conversion of labour income into capital
income, as opposed to the Nordic system. However, they note that without extensive
calibrated calculations, it is unclear how strong the relationship between labour and
capital income taxes should be. In sum, the difficulty in distinguishing, in practice,
labour and capital income provides support for a so-called comprehensive income tax
(i.e. taxing the sum of labour and capital income)—or, at least, for taxing capital and
labour income at rates that are not too different.
The structure of this book is as follows. Chapter 2 begins with historical and inter-

national background on taxes, transfers, and redistribution in actual economies.
Chapter 2 also provides some background material on different ethical positions in
optimal redistributive tax literature. It briefly discusses obstacles to the employment of
lump-sum taxation and introduces a simple two-type model for a first step to optimal
income tax modelling. Chapter 3 provides the most direct application of results on
optimal linear income taxation. Chapter 4 sets up the basic Mirrlees (1971) model and
highlights the role of different elements of the model in determining the shape of the
optimal non-linear tax schedule. We first consider what we can say on the basis of the
first-order conditions of the problem. However, analytical characterization does not lead
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far. Using numerical simulations, in Chapter 5 we study the role of different elements of
the model in determining the pattern of optimal non-linear tax/transfer. Chapter 6
analyses optimal redistribution in the so-called extensive margin case and briefly dis-
cusses optimal redistribution and involuntary unemployment. Chapter 7 analyses how
concern for consumption relative to others (‘relativity’) affects the structure of optimal
non-linear income taxation. The main focus of Chapter 7 is the interplay of relativity and
inequality in determining the optimal structure of income taxes. Chapter 8 examines
targeted programmes not only based on income information, as in previous chapters, but
able to use information on characteristics that are immutable, such as age. Chapter 9
provides a general non-welfarist formulation of the income tax/transfer problem, which
unifies special cases that have been studied in non-welfarist tax literature. Chapter 10
considers optimal redistribution when individuals differ not only in productivities but
also in working preferences. Chapter 11 first reviews the standard benchmark model of
optimal taxation with moral hazard under income uncertainty and then characterizes
optimal tax rules when individual behaviour is described by prospect theory. Chapters 12
and 13 extend the optimal labour income tax with commodity taxes and public provi-
sion. In these chapters the key question is: can the government design a better redistri-
bution system combining income taxation, commodity taxation, and public provision?
In other words, can it meet the same distributional objectives but with smaller efficiency
costs? Chapter 14 asks the question of how capital income should be taxed. One of the
limitations of the standard income tax model is that it does not address intertemporal
problems. In an intertemporal setting, capital income taxation becomes relevant. The
theoretical case for capital income taxation is also discussed in Chapter 14. Finally,
Chapter 15 provides concluding remarks and discussion on the policy relevance of
optimal tax literature.
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2 Optimal labour income
taxation: background

2.1 Taxes, transfers, and redistribution
in actual economies

The modern progressive income tax was created at the beginning of the twentieth
century.1 In every country, at the time of adoption, the income tax was applied to a
tiny group of wealthy people, typically the top 1–2 per cent of the population. Over the
past century the progressive income tax transformed from an elite tax to a mass tax, then
was gradually extended to the entire population (or at least to the majority of the
population). This made tax revenues much more significant. This evolution to mass
income tax is an important part of the rise of the modern welfare or social state. As seen
in Figure 2.1, tax revenue relative to national income has grown dramatically over the
process of development. Without doubt, this remarkable growth of tax revenue is one of
the most striking economic phenomena of the past two centuries. In rich countries the
ratio between tax revenue and national income was less than 10 per cent in the early
twentieth century, rose enormously between 1950 and 1980, and then stabilized at
around 30–50 per cent in most advanced economies.2 There is, however, a quite large
range among rich countries; the tax is highest in Sweden, at around 50 per cent.
Madisson (2001) documents that, on average, France, Germany, the Netherlands, and
the UK raised around 12 per cent of GDP in tax revenue around 1910 (financing army,
police, basic infrastructure, and general administration), rising to around 46 per cent by
the turn of the millennium. The corresponding US figures are 8 per cent and 30 per cent.
When looking at the current cross-section of countries’ (see Table A2.1 in appendix 2.1)
tax burdens relative to GDP,3 it can be seen that in 2013 the most advanced economies in
OECD countries raised between 35 per cent and 50 per cent of GDP in taxes. The United
States, in turn, raised 26 per cent of GDP in taxes. Among OECD countries, only Mexico,
Chile, and Turkey had lower taxes than the United States as a percentage of GDP.

1 For example, 1909 in the UK, 1913 in the US, 1914 in France, and 1920 in Finland.
2 It is of some interest to note that Figure 2.1 implies thatWagner’s law (the tendency for public expenditure

to grow faster than GDP) or the Baumol effect (stagnating productivity in services and especially in the
government sector) cannot explain stability during the past three decades in those countries.

3 National income is equal to GDP–capital depreciation + net foreign factor income. Roughly, national
income is about 85–90% of GDP.



How can we explain this transition from elite to mass tax? Can we see this evolution
happeningalso indevelopingcountries?Tax-to-national incomeratios are in turnmuchsmaller
in lessdevelopedcountries.Higher-incomecountries today raisemuchhigher taxes thanpoorer
countries, indicating that they have made larger investments in fiscal capacity. As noted by
Besley and Persson (2013), the tax share in GDP of today’s developing countries does not look
very different from the tax share in GDP 100 years ago in what are now advanced countries.

2.2 Tax structures in the OECD area

Tax structures in Table 2.1a are measured by the share of major taxes in total tax
revenue. While, on average, tax levels generally rose in the 1960s and 1970s, the share
of main taxes in total revenues—the tax structure—has been remarkably stable over
time. Nevertheless, several trends have emerged up to 2012, the latest year for which data
is available for all thirty-four OECD countries.4 Based on the following assumptions5 (all
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Source: Total tax revenues were less than 10% of national income in rich countries until 1900–1910; they represent
between 30% and 55% of national income in 2000–2010. Sources and series: see Piketty.pse.ens.fr/capital21c.

4 Based on the individual OECD country data, the share of taxes falling on capital income has declined
slightly in Europe and has been approximately stable in the United States.

5 These assumptions are not necessarily justified.

OPTIMAL LABOUR INCOME TAXATION: BACKGROUND 17



labour taxes are paid by labour; all capital taxes, including corporate tax, are paid by
capital and consumption taxes are paid by consumers as a rough approximation, the
share of the total tax burden falling on capital income roughly corresponds to the share
of capital income in national income (i.e. about 25 per cent). The remaining 75 per cent
of taxes falls on labour income. Decomposing total taxes into labour taxes (including all
social contributions, employer and employee), capital taxes, and consumption taxes, the
share of labour taxes over the period of the past two decades has been slightly less than 40
per cent, the share of capital taxes slightly less than 30 per cent, and the share of
consumption taxes slightly less than 25 per cent. In general, actual tax systems achieve
some tax progressivity, i.e. tax rates rising with income, through the individual income
tax. In most OECD countries, individual income tax systems have brackets with increas-
ing marginal tax rates. Social security or payroll taxes and consumption taxes in turn are
proportional or flat rates. After World War II up to the end of the 1970s, most OECD
countries had very progressive individual income taxes, with a large number of tax
brackets and high top tax rates (see e.g. OECD 1986). Over the past two or three decades,
this has changed. For example, Landais, Piketty, and Saez (2011) found clear regressivity
in the top centiles in France. An important reason for this is that capital income is largely
exempt from progressive taxation. There are also doubts that the inverted U-shaped tax
curve can be found in many other developed countries. In the United States as well,
income tax rates decline at the very top due to the preferential treatment of realized
capital gains, which constitute a large fraction of top incomes (Piketty and Saez 2013).

Table 2.1a Tax structure in OECD countries1

1965 1975 1985 1995 2005 2010 2012

Personal income tax 26 30 30 26 24 24 25

Corporate income tax 9 8 8 8 10 9 9

Social security contributions2 18 22 22 25 25 26 26

(employee) (6) (7) (7) (9) (9) (9) (10)

(employer) (10) (14) (13) (14) (14) (15) (15)

Payroll taxes 1 1 1 1 1 1 1

Property taxes 8 6 5 5 6 5 5

General consumption taxes 12 13 16 19 20 20 20

Specific consumption taxes 24 18 16 13 11 11 11

Other taxes3 2 2 2 3 3 3 3

Total 100 100 100 100 100 100 100

Source: OECD Revenue Statistics: 1. Percentage share of major tax categories in total tax revenue. Data are included from
1965 onwards for Australia, Austria, Belgium, Canada, Denmark, Finland, France, Germany, Greece, Iceland, Ireland, Italy,
Japan, Luxembourg, the Netherlands, New Zealand, Norway, Portugal, Spain, Sweden, Switzerland, Turkey, the United
Kingdom, and the United States; from 1972 for Korea; from 1980 for Mexico; from 1990 for Chile; from 1991 for Hungary
and Poland; from 1993 for the Czech Republic; and from 1995 for Estonia, Israel, the Slovak Republic, and Slovenia.
2. Including social security contributions paid by the self-employed and benefit recipients (heading 2300) that are not
shown in the breakdown over employees and employers. 3. Including certain taxes on goods and services (heading 5200)
and stamp taxes.
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Due to income shifting from labour income to capital income, even in Finland the
average tax rate schedule has been declining over the two or three top percentiles since
1994. In the sense of both marginal and average tax rates, the income tax is regressive in
the top centiles in Finland.
Besley and Persson (2013, in figure 4) give at least a partial picture of how fiscal

capacity has evolved over time, based on a sample of eighteen countries using data from
Mitchell (2007). Their figure plots the distribution of three kinds of changes in tax
systems since 1850. It illustrates the key changes in tax systems over time. The graph
shows that income taxes began appearing in the mid-nineteenth century, and direct
withholding follows somewhat later. VAT is a more modern phenomenon. In the
Besley–Persson sample of eighteen countries, only the US has not introduced a form
of value-added tax by the end of the year 2000.

2.3 Inequality and redistributive policy

The OECD’s post-war history of income inequality can be divided, at least roughly, into
two phases.6 From 1945 to about the mid-1980s, pre-tax inequality, or the inequality of
market incomes (incomes from earnings and capital), decreased because of a reduction
in skilled/unskilled wage differentials and asset inequality. The second phase occurred
from the mid-1980s onwards, when pre-tax inequality reversed course and increased.
For this latter period we have evidence from the Luxembourg Income Study (LIS)
database. This database provides both market (pre-tax) and disposable income distribu-
tions for a number of OECD countries over the past three decades. Table 2.1b, based on
Immervoll and Richardson (2011), shows inequality trends for market or pre-tax
incomes (Gm, including any private transfers) and disposable incomes (Gd, market
incomes plus cash benefits minus income taxes).

Table 2.1b Redistribution in the tax-benefit systems as a whole: inequality before and after taxes
and transfers, countries with full tax-benefit information for mid-80s, mid-90s, and mid-00s

Pre-tax income Disposable income Redistribution

Gm Change. % of
base period

Gd (Gm�Gd)/Gm % Change.% of
base period Gm

(5)/(2)

(1) (2) (3) (4) (5) (6)

mid-80s 36.2 26.7 26.4

mid-90s 39.2 8.2 27.4 29.9 6 73

mid-00s 39.8 9.8 28.3 28.7 5 53

Source: Immervoll and Richardson (2013).

6 See Tanninen and Tuomala (2005).
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According to LIS data over the periods considered, market incomes in working-age
households have become more unequal everywhere except the Netherlands and Switz-
erland. In most cases, market-income inequality rose more strongly between the mid-
1980s and the mid-1990s. In addition, most of the countries with data going back further
than this time saw large increases in market-income Ginis before the mid-1980s (for
example in the United Kingdom they rose by almost 10 points between 1979 and 1986).
It is not only these large changes in market-income inequality that explain increasing
trends in inequality of disposable incomes; redistribution policies had a substantial effect
as well, especially since the mid-1990s. The difference between the Gini values for market
incomes and disposable incomes is a much-used measure of the overall redistributive
effect of taxes and transfers (column 4 in Table 2.1b). On average, across countries for
which the data are available, inequality increased both before and after taxes and
transfers. Between the mid-1980s and the mid-1990s, redistribution systems offset
around three quarters of the increase in market-income inequality (column 6). Using
the LIS database, Tanninen and Tuomala (2005) also find that redistribution in these
countries is positively associated with inherent inequality up to the mid-1990s. The
upwards trend in market-income inequality then continued after the mid-1990s, but at a
much slower pace in most countries. Yet inequality of household disposable income
(column 3) rose more rapidly in the second decade. Although the rise in market-income
inequality slowed significantly, government redistribution became less effective in com-
pensating growing inequalities. In relative terms, redistribution decreased (column 4)
despite continually growing market-income inequality (column 1). Over the two decades
as a whole, market-income inequality rose by about twice as much as redistribution
(column 6). Taxes and transfers now reduce inequality by about 29 per cent (column
4)—more than in the mid-1980s, but less than in the mid-1990s.
Similar results for each country are presented in Immervoll and Richardson (2011) in

Table 5. There is, however, a quite large range among rich countries in the extent of
redistribution measured by (Gm�Gd)/Gm; it is highest in Sweden, at 48 per cent in 1995,
and lowest in the US, at 17 per cent in 2000. Among the countries shown, tax-benefit
systems in the Nordic countries, the Czech Republic, and Poland achieve the greatest
reduction in inequality, lowering the Gini value by 13 points or more in the mid-2000s
(this corresponds to about 40 per cent of market-income inequality in Denmark,
Finland, and Sweden, and a third or less in the other countries), while the smallest
redistributive effect is seen in Switzerland (5.5 points, or 18 per cent), the US (8.1. 18 per
cent), and Canada (8.8. 22 per cent).
The extent of pre-tax inequality mitigation was strongest in Canada, Denmark,

Finland, and Sweden, where government redistribution offset more than 70 per cent of
the rise in market-income inequality up until the mid-1990s. In Denmark, redistribution
increased twice as much as market-income inequality. As in other countries, on average,
redistribution in these countries has become less effective in offsetting growing pre-tax
inequality since then. For instance, in Finland, redistribution through taxes and benefits
offset more than three quarters of the 23 per cent increase in pre-tax or market-income
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inequality up until 1995, but by 2004 this had dropped to 50 per cent. In a majority of the
countries shown in Immervoll and Richardson (2011; Table 5), redistribution has
declined since the mid-1990s. Tax-benefit systems in Canada, Finland, and Israel have
become less redistributive since the mid-1990s, despite a continuing rise in market-
income inequality.
Inequality can be measured in various different ways. The Gini coefficient used above

is the most popular measure. However, the Gini index is not without its critics; for
example, it has been criticized for not taking the shape of the distribution into account.
An alternative way to study inequality is by focusing on the top income share. An
important reason for this is that the top income earners’ increasing share of total income
over the past three decades has been a notable feature of the changes in income
inequality in Anglo-Saxon countries (see Fig 2.2), including the US, UK, and Canada
(see Atkinson 2002; Piketty and Saez 2003), while in Europe the Netherlands, France,
and Switzerland display hardly any change in top income shares7 (see Fig 2.3). This trend
toward income concentration has also been seen in the Nordic countries (see Fig 2.4),
which are traditionally low-inequality countries. The top percentile disposable income
share in Finland doubled in the latter part of the 1990s. At the same time, top tax rates on
upper income earners have declined significantly in many OECD countries, again
particularly in English-speaking countries.8 Economists have formulated several hypoth-
eses about the causes of increasing inequality, but there is no fully compelling explan-
ation. For example, Atkinson et al (2011) emphasize that it is very difficult to account for
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Figure 2.2 Top 1% share: English-speaking countries, 1960–2010

Source: World Top Incomes Database.

7 The more recent estimates of Landais (2007) show a rise in recent years in France.
8 Piketty et al (2014) investigate the link between skyrocketing inequality and top tax rates in OECD

countries. They find a strong correlation between tax cuts for the highest earners and increases in the income
share of the top 1 per cent since 1975.
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these figures using the standard labour supply/labour demand explanation. Hence we
really have to think about things such as social policies and progressive taxation.
In their discussion of the United States’ top income shares, Piketty and Saez (2003)

argue that top capital incomes were reduced by several major events, including the Great
Depression, the two World Wars, and periods of high inflation. They also argue that top
tax rates played an important role, with high taxes on capital lowering the rate of capital
accumulation. Following Piketty and Saez (2003), most authors have argued that the
dramatic increase in tax progressivity that took place in the inter-war period in many
countries studied, and which remained in place at least until recent decades, has been the
main factor preventing top income shares from coming back to the very high levels
observed at the beginning of the preceding century.
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Figure 2.4 Top 1% share: Nordic Europe, 1960–2010

Source: World Top Incomes Database.
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Figure 2.3 Top 1% share: Middle Europe, 1960–2010

Source: World Top Incomes Database.
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Piketty-Saez (2013, Figure 1) depicts the top marginal income tax rates (marginal tax
rate applying to the highest incomes) in the United States, the United Kingdom, France,
and Germany since 1900. During the twentieth century, top income tax rates followed an
inverse U-shaped time-path in many countries. Top rates were very small around the
period 1900–20 in those countries. They rose very rapidly in the 1920s–40s, particularly
in the US and in the UK. Since the end of the 1970s, top tax rates on upper income
earners have declined significantly in many OECD countries, again mainly in English-
speaking countries. For example, the US top marginal federal individual tax rate was
remarkably high—91 per cent—in the 1950s–60s, but is only 35 per cent nowadays.
At the same time, a substantial fraction of capital income receives preferential tax
treatment under most income tax rules. In other advanced countries, such as the Nordic
countries, top tax rates on upper income have declined dramatically since the beginning
of the 1990s.
Piketty, Saez, and Stantcheva (2014) find a very strong correlation between the

decrease in top marginal tax rates and the surge in top income shares since 1960. In
other words, the countries with the largest decrease in their top marginal tax rates are
also the countries with the largest increase in top income shares. They also find no
evidence of a correlation between growth in real GDP per capita and the drop in the top
marginal tax rate in the period between 1960 and the present. It is important to note
there has been large growth in top income shares in several advanced countries over the
past few decades, at the same time as a shift in the burden of taxation from top to further
down in the income distribution. Hence knowledge of average tax rates is very relevant
for redistributive purposes.

2.4 Redistribution through public expenditure

In many European countries taxes exceed 40 per cent of GDP, but those countries,
especially Nordic countries, generally provide much more extensive transfers and gov-
ernment services to their citizens than the US does. Much of the activities of the modern
welfare state are related to provision of private goods or in-kind transfers (education,
health care, childcare and care of the elderly, public housing, and so on) (see Table 2.1c).
In practice, a large share of public expenditure is allocated to the provision of those
goods. In some advanced countries the share of GDP is as much as 15–20 per cent—
especially in Nordic countries—whereas the share of pure public or collective goods
(general administration, police, defence, etc) is quite small. Hence much redistribution
takes place through the provision of goods and services, rather than the tax-transfer
system. The differences in government growth are due to a different kind of expansion of
the welfare state, including publicly provided education, retirement benefits, health and
other care, social insurance, and income support programmes. Unfortunately our
empirical estimates on the extent of redistribution through public provision are not as
strong as those on transfers in cash (in Table 2.1b).
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In many European countries, since around 1950 inequality was initially reduced, as
they had a tax system that paid for the social or welfare state. However, we have to
remember that in measuring income inequality (see Table 2.1b), we should include
things like the value of health care and the value of education. Many European countries
introduced a free health service and free schooling during the period of declining
inequality and increased tax revenue to national income. From studies based on LIS
data we know that throughout Europe, countries with higher tax rates have lower
inequality.
In most OECD countries, social insurance accounts for a greater part of government

spending on social security. Social insurance is seen as an important device to prevent
poverty, yet since the 1980s it has come increasingly under attack. One line of attack has
come from those, such as the Thatcher government in the UK in the 1980s, aiming to
reduce expenditure on income maintenance. Supporters of this view argue that by using
income-tested benefits, income maintenance programmes direct help to those in need
with lower fiscal and incentive costs. Income or means-tested programmes provide the
largest benefits to those with no income, and those benefits are then phased out at high
rates for those with low earnings. Another line of attack came from the supporters of a
basic income scheme, who believe what is needed is the replacement of social insurance
with a basic benefit which would be independent of income and differentiated according
to only a small number of categories.
In more recent years, income-tested benefits have been to some extent replaced by in-

work benefits. This is particularly the case in the US and UK, and less so in other
advanced countries. In-work benefits, in turn, are nil for those with no earnings and

Table 2.1c Public spending on individual goods in kind and in cash (average 2005–2009, %GDP)

Individual goods
in kind

Health Non-market recreation
and culture

Education Social
services

Market
subsidies

Individual
goods in cash

Austria 15.6 5.5 0.8 4.9 1.0 3.3 18.4

Finland 18.8 6.8 0.9 5.9 3.7 1.3 16.1

Germany 12.2 6.1 0.5 3.7 0.7 1.2 18.5

Greece 8.9 4.6 0.3 3.6 0.3 0.1 15.9

Ireland 13.7 6.9 0.6 4.7 1.0 0.5 11.2

Italy 13.4 6.7 0.6 4.3 0.8 0.9 17.1

Norway 17.9 6.9 0.6 5.3 3.1 1.9 12.5

Poland 13.3 4.8 1.1 5.5 1.3 0.6 14.9

Portugal 14.5 6.4 0.8 5.8 0.8 0.8 13.8

Spain 13.0 5.7 1.0 4.2 1.0 1.0 12.2

Sweden 20.4 6.3 1.0 6.5 5.3 1.4 15.5

UK 16.3 6.9 0.8 5.6 2.4 0.6 12.4

Source: Stats: OECD.org; dataset: Public Finance and Employment: Expenditures according to COFOG.
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concentrated among low earners before being phased out. The weakness of these
programmes is that they provide no support to those with no earnings, i.e. those most
in need of support.

2.5 Defences of different ethical positions

The role of the state is evidently the starting point for the study of optimal taxation
and public economics in general. What rationale may be given for the existence of the
state and the power it possesses in taxation and public spending? Any normative
theory such as optimal tax theory must have a view of the proper functions of the
government. We can distinguish different views of the role of the government
throughout the history of political philosophy. In particular, our interest here is to
bring out their implications for the redistributive policy. The views vary, roughly
speaking, from support for no redistribution (libertarianism) to support for relatively
large redistribution (egalitarianism). The view that there would be no case for moving
from the no-tax position is associated in modern political philosophy with Robert
Nozick. The basic axiom of Nozick’s analysis (1974) is the principle which states that
each individual has the right to consume that which he or she produces. There are
three principles in Nozick’s analysis which test the fairness of procedure: (i) fairness in
the original acquisition of wealth; (ii) fair transfer of wealth; and (iii) rectification
injustice in wealth. According to Nozick, redistribution is unjust except as retribution
for past entitlement injustice. Nozick’s theory accepts only minimal intervention by
the government—the so-called night-watchman state. Nozick writes that ‘a minimal
state, limited to the narrow function of protecting against force, theft, fraud, enforce-
ment of contracts, and so on, is justified; that any more extensive state will violate
persons’ rights not to be forced to do certain things, and is unjustified’ (1974, p. ixy).
The minimal state may not impose taxes, for example, for any purposes other than to
support the operations of the night-watchman state, such as the police. Nozick
distinguishes between two kinds of theory concerning what he calls ‘justice in distri-
bution’. First, justice in holdings (wealth) is historical and time-slice principles of
justices are invalid. Hence he is saying that the common analogy between the fair
division of the cake and the just distribution of income is meaningless, because the
economy per se has no income to distribute. Optimal tax policy is thus concerned not
with distribution but with redistribution. Redistribution is just only when it rectifies
the improper holding of wealth and thus never as a means of redistributing labour
income. According to Nozick, ‘taxation of earnings from labour is on a par with forced
labour’ (1974, p. 169).
Kenneth Arrow (1978) has strong doubts about this. He writes:

There are large gains to social integration above and beyond what the individuals and subgroups
could achieve on their own. The owners of scarce personal assets do not have a private use of
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these assets which is considerable, it is only their value in a large system which makes these assets
valuable, hence, there is a surplus created by the existence of society as such which is available for
redistribution’ (Arrow 1978, pp. 278–9).

However, even if taxes are not to be used to redistribute income, there is still the question
of how they should be levied to finance the operations of the minimal state. Second,
Nozick’s analysis does not attempt to find a good social objective function, but rather a
good set of rules for a given society’s operations. The question is how to evaluate social
processes and how to do this independently of the result generated. If a good set of rules
consistently generates outcomes that are disastrous, how can the rules be considered
good? As Sen (1984, p. 312) put it, ‘there is something deeply implausible in the
affirmative answer. Why should it be the case that rules of ownership, etc., should
have such absolute priority . . . ?
How does Nozick’s position relate to the so-called welfare theorems? The first

welfare theorem says—given some pre-conditions; no externalities, perfect competi-
tion, perfect information, rational individuals—that the results of the market mech-
anism are Pareto-efficient, so that the outcomes are not improvable in ways that
would enhance everyone’s utility (enhance someone’s utility without reducing the
utility of anybody else). This result is often taken—rightly or wrongly—as an
argument for minimal state intervention. The market ensures a desirable outcome
in the sense of Pareto efficiency. The structure of argument in the first theorem
differs from that of Nozick’s analysis. If the initial situation and the process—a
perfectly competitive market—are fair, this is enough for Nozick. The third
element—Pareto-efficient allocation—is irrelevant. There is no need for intervention.
The first welfare theorem in turn takes that the outcome is the basis. It is just this
focus on outcomes which distinguishes the other views from that of Nozick. In
welfare economics, a Pareto-improving change means that it is unanimously pre-
ferred. This can lead to quite different conclusions about the role of the government’s
redistributive functions. It may be so when there is a utility interdependence so that
the consumption of the poor enters the utility function of the rich. This leads to an
individual interest in redistribution. It may be a form of social insurance or reflect
paternalist motives. The utility interdependence, or, in other words, externality,
implies that the conditions for welfare theorems do not hold. Figure 2.2a illustrates
this: at the point a in the absence of transfers the rich are much better off than the
poor; now the rich, however, care about the poor, and would be actually better off if
there is a transfer. In Figure 2.2a we move from a to b. This would be Pareto-
improving, so that both would be better off. Libertarians such as Nozick would accept
this transfer if it is voluntary and involves no coercion. How can we be sure that there
is a move from a to b? Namely there may be no private transfers at all, or it is too
small. The reason is the well-known problem of free-riding, a possibility that was
clearly expressed by Milton Friedman in his book Capitalism and Freedom: ‘It can be
argued that private charity is insufficient because the benefits from it accrue to people
other than those who make the gifts . . . we might all of us be willing to contribute to the
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relief of poverty, providing everyone else did. We might not be willing to contribute the
same amount without such assurance’ (p. 191).
How to choose between Pareto-efficient allocations without a utility interdependence?

How to choose the point between b and c? One way is to appeal to the notion of ethical
preferences, as in Harsanyi (1955). Such preferences may lead to people supporting
the government pursuing distributional policies which maximize a social welfare func-
tion in which their own interest is only one component. This gives a rationale for the
Bergson–Samuelson social welfare function which expresses social states as a function of
individual utilitiesW ¼ Wðu1; :::; uNÞ. Optimal tax theory generally incorporates equity
concerns by taking the object of policy to be the maximization of some Bergson–
Samuelson social welfare functions. This approach has come to be known as welfarism,
after Sen. A central ingredient of welfarism implicit in the social welfare function W is a
willingness to make interpersonal comparisons. The nature of the interpersonal com-
parison one is willing to make may influence the form of the W.
The next question is: what form should the social function take? A utilitarian social

welfare function takes the form: W ¼ u1 þ :::;þ uN . Utilitarianism implies in a two-
person world that the utility of person 1 is a perfect substitute for the utility of person 2.
How can we justify this form? One of the best-known modern defences of the utilitarian
social welfare function was provided by Harsanyi (1955). Following Vickrey (1945),
Harsanyi also made the original position assumption. In this position, the veil of
ignorance prevents anyone from knowing who exactly he or she is going to be. They
start from the position that choice under risky conditions can be described as a
maximization of expected utility. The expected utility theorem itself does not establish
any welfare implications for the so-called von Neumann–Morgenstern utility function.
The Vickrey–Harsanyi argument puts matters in a different perspective. The reasoning
can be understood as a mental experiment in which people are making decisions behind
a veil, and they do not know which of the people 1 to N they will be. On the basis of the
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Figure 2.2a Utility interdependence
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principle of insufficient reason the individual assigns a probability 1/N to each possible
outcome; after further assumptions, Harsanayi (1955) concludes that in this situation
individuals’ choices will made according to the expected utility, where the utility
function is defined by the von Neumann–Morgenstern utility function.9

A pure or classical utilitarian social welfare function is indifferent to the distribution of
utilities. A natural way to introduce concern about distribution is to make the social welfare
function quasi-concave in individual utilities. One example yielding quite a rich class of

social welfare function is the following iso-elastic form: W ¼ 1
1�b ∑

N

i¼1
ðuiÞ1�b; ui > 0. This

gives us the utilitarian case where b = 0 and it is strictly convex where b > 0.
Rawls (1971) proposed an alternative form of social welfare criterion to maximize the

well-being of the least advantaged in society. The Rawlsian approach has been taken as
the main alternative to utilitarianism, and this is also true in optimal tax theory. A central
postulate of both the Rawlsian approach and of utilitarianism was referred to as asset
egalitarianism by Arrow (1971). The natural endowments of individuals are treated as
common or collective assets. Natural advantages, superiority in intelligence, or strength
do not in themselves create any claim to greater rewards. The principles of justice are ‘an
agreement to regard the distribution of natural talents as a common asset and to share in
the benefits of the distribution’ (Rawls 1971, p. 101). One justification for this position is
that the distribution of personal skills is morally arbitrary. Like Vickrey (1945) and
Harsanyi (1955), Rawls (1971) bases his theory of justice on a similar construction. He
also considers choices made in an initial position in which people have no knowledge of
their social position and preferences. The ‘veil of ignorance’ is assumed to ensure that the
choice of moral principles is impartial or just. Rawls (1971) derives in the original
position the statement for maximin—the distributional formula prioritizing the interest
of the worst-off. The quality of an entire life is at a stake in the original position;
it implies a high degree of risk-aversion. Rawls (1971) argues that probabilities are
ill-defined and should not be used in calculations. He argues that in this situation people
will reveal a very high degree of risk-aversion. Consequently they will be concerned with
the worst possible outcome. Society should organize in such a way that guarantees the best
outcome for the least advantaged. Taxes should be raised to help the poorest, although it is
important to note that Rawls’ theory of justice involves much more than this one
principle. In fact, there is a prior principle which attaches first importance to liberty as
an objective, so that the pursuit of distributional justice takes second place to the require-
ment that ‘each person has an equal right to the most extensive scheme of equal basic
liberties compatible with a similar scheme of liberties for all’ (Rawls 1971, p. 60).
Utilitarianism requires one to be willing to compare changes in utility to evaluate

reforms, whereas maximin requires one to compare levels. Maximizing the utility of the
worst-off person in society is not the original version of Rawlsian thought; it is a kind of

9 Here Rawls (1971) makes a mistake when he argues that average utilitarianism assumes risk neutrality
(p. 165). In fact, the degree of risk aversion is taken into account in the utility function.
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welfarist version of Rawls. Arrow (1973) argues that Rawls’ formulation of the objective
may be seen as a limiting case of the iso-elastic function. as b tends to infinity. HenceW
takes the form: miniui i.e. maximin. Rawls (1974) objects to this interpretation. For him,
it is wrong to suggest that we can ‘shift smoothly from the moral conception to another
simply by varying the parameter (b)’ (Rawls 1974, p. 664). Rawls (1974. p. 143) suggests
that an important feature of a distributive criterion is that it should serve as a public
principle: ‘citizens generally should be able to understand it and have some confidence
that it is realized’. He claims that the maximin, unlike utilitarianism, satisfies this
criterion of sharpness or transparency. Hence a change in tax policy that benefits the
least advantaged should be easily observable.
Does the assumption of the original position really imply the highly specific, indeed

unique, form—maximin—as argued by Rawls (1971)? It is not at all clear what would be
chosen in that kind of impartial aggregation. Vickrey and Harsanyi arrive at the
utilitarian formula of maximizing the sum of utilities of all precisely from the same
premises. There are also other claimants to a solution, e.g. maximizing an equity-
adjusted sum-total of utilities (Mirrlees 1971). This implies that there may not exist
any perfectly just social arrangement on which impartial agreement would emerge. How
useful is it for the world in which we live to characterize an ideal (transcendental in Sen
2009) state justice? So is a veil of ignorance method really needed? However, as Pogge
(1989) argues, one can accept Rawls’ principles of justice without accepting his rationale
in terms of a social contract.

2.6 The Edgeworth model

Edgeworth (1987) has justly become the basic reference for the original roots of modern
redistribution tax theory. His analysis provides the most natural starting point for our
discussion on income redistribution models because his basic approach has been used in
most subsequent analyses about the theory of optimal income taxation.
Edgeworth (1987) considers the case where income is fixed. In other words, labour

supply is perfectly inelastic. The gross or before-tax income of individual i is denoted by
zi.i¼ 1, . . . ,N and the tax paid by T(zi). Let us assume that all individuals have the same
utility function u(x) increasing and concave in disposable income x (since there is only
one period, disposable income is equal to consumption). Disposable income is pre-tax
earnings minus taxes on earnings, so that xi ¼ zi�TðziÞ. The government’s problem as
formalized by Edgeworth (1897) chooses the tax function T(zi) to maximize the utili-
tarian social welfare function W ¼Puðzi�TðziÞÞ subject to revenue constraintP

TðziÞ ¼ 0 (pure redistributive taxation). The first-order condition of this problem
yields u0ðxiÞ ¼ l:i ¼ 1; :::;N , where º is the multiplier associated to the government’s
revenue constraint. This implies that xi ¼ zi�TðziÞ is constant across i = 1, . . . , N
i.e. 100 per cent tax rate. Hence, utilitarianism with fixed labour income and concave
utility (marginal utility u0ðz�TÞÞ is decreasing with z� T produces full redistribution of
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incomes. This is what Edgeworth called the principle of minimum sacrifice, or the equal
marginal sacrifice rule. Edgeworth only considered the utilitarian case. The result also
holds for the other social welfare function. The limiting case is the maximin criterion
where the government’s objective is to maximize the utility of the most disadvantaged
person, i.e. to maximize the minimum utility (maximin). This outcome is also very
sensitive to the form of individual utilities. Namely, linear utility implies no taxes at all,10

while introducing just a bit of concavity leads to full redistribution. The Edgeworth
result, at least to some extent, created the ill-deserved reputation of utilitarianism as a
radical distributive criterion. Sen (1973, p. 16) argues that

maximising the sum of individual utilities is supremely unconcerned with the distribution of that
sum . . . Interestingly enough, however, not only has utilitarianism been fairly widely used for
distributional judgements, it has—somewhat amazingly—even developed the reputation of being
an egalitarian criterion.

Lerner (1944) in turn extends the Edgeworth result to the situation in which individuals’
utility functions differ and the government cannot observe utility functions (i.e. who has
which utility function). Sen (1973) generalizes Lerner’s result for any concave social
welfare function.
In fact, there is nothing intrinsic to the utilitarian objective which leads to this

outcome in the Edgeworth model. It reflects the set of opportunities which are assumed
to be available. In a two-individual diagram (Figure 2.2b), the utility possibility frontier
becomes symmetric. We could transfer income so that one euro taken from the rich
meant one euro for the poor person. Hence maximizing the sum of their utilities gives
social indifference curves which are straight lines at the 45-degree line. Both have equal
levels of welfare. In this case one is led naturally to the 45-degree line. But we also note
that in this example the maximin gives just the same answer as the utilitarian principle.
It is not perhaps surprising that Edgeworth, as a very conservative economist, had his

own doubts: he wrote, ‘the acme of socialism is thus for a moment sighted; but it is
immediately clouded over by doubts and reservations’ (Edgeworth 1897, p. 104).11 It was
not surprising that these conclusions raised a number of doubts and reservations.
Sidgwick was one of the first to take up the so-called ‘incentive question’, to use modern
terminology. He wrote: ‘it is conceivable that a greater equality in the distribution of
products would lead ultimately to a reduction in the total amount to be distributed in
consequence of a general preference of leisure to the results of labour’ (quoted in
Edgeworth 1925). Following John Stuart Mill, Sidgwick also saw that if ‘a dull equality’
was imposed on liberty and diversity of opinions and tastes, the progress of knowledge
and culture would be threatened. It is interesting to note that the nineteenth-century

10 In the libertarian case we have the same outcome.
11 It is of some interest to note that, in their ten-point programme called the Communist Manifesto, and

with hardly any connection to Edgeworth’s result, Marx and Engels put strong progressive income taxation
in second place only to the abolition of private land ownership.
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utilitarians were ready to sacrifice a welfarist approach, to use the term introduced by
Sen. In fact, Mill and Sidgwick pointed out the importance of incorporating non-utility
information in social judgements.
It is clear that a fully egalitarian result depends on the strong assumption that labour

supply is perfectly inelastic. Starting with Mirrlees (1971), one of the main achievements
of modern optimal tax theory has been to fill the gap which had arisen due to neglect of
the incentive considerations and to derive optimal tax schedules, taking into account the
effects of taxation on labour effort. A key difficulty with Edgeworth’s solution is that the
government cannot observe productivities of individuals (wage rates). It observes
income, which is a function of productivity and effort. Other doubts and reservations
have also received some attention, but clearly not enough.
As mentioned in the introduction, some ethical objections may be entailed in the use

of a utilitarian social welfare objective when, because of different needs for certain
consumption goods, individuals differ in their ability to generate utility. As shown by
Sen (1973), the utilitarian approach cannot easily handle heterogeneity in individual
utility functions. Consumption is no longer necessarily equal across individuals, and is
higher for individuals more able to enjoy consumption. Namely, if individuals have the
same utility functions, equal marginal utilities of all coincide with equal total utilities. Sen
(1973) pointed out that, given the diversity of human beings in generating utility from
consumption, the two may pull in opposite directions. To use an example given by Sen
(1973), suppose two persons of equal productivity differ in the amount of utility they
obtain from a given amount of income. Some are more ‘efficient’ at generating utility
from income than others. If aversion to inequality is high, one would want to redistribute
from those who are more efficient utility-generators to those who are less so. On the
other hand, if aversion to inequality is low, so what matters is the sum of utilities rather
than its distribution, one might want to redistribute from those who are less efficient at
generating utility to the more efficient ones. The analogy would be with education or
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Figure 2.2b The symmetric utility possibility frontier
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health expenditures (Arrow 1971). Should educational resources be concentrated on
those who are most able to use them, or should they be allocated so that difficult learners
are favoured? Similarly, how should health expenditures be allocated among persons
with afflictions that are more easy versus more difficult to treat?
When individuals have heterogeneous preferences, comparing welfare across popula-

tions becomes conceptually problematic. In terms of the social welfare function, there is
no well-defined comparable measure of real income across individuals when individual
preference orderings are heterogeneous. Over the past several decades, the growing body
of work in social philosophy, welfare economics, and social choice theory has investi-
gated problems of responsibility. A theory of individual responsibility is often connected
with a popular ideal, equality of opportunity. All conceptions of equal opportunity draw
on some distinction between morally justified and unjustified inequalities. The key
starting point of the literature on equality of opportunity is the idea that inequalities
in outcomes can be partitioned into justifiable sources of inequality and unjustifiable (or
illegitimate) sources. Roemer makes the following distinction: ‘separate the influences on
the outcome a person experiences into circumstances and effort: the former are attri-
butes of a person’s environment for which he should not be held responsible, and effort
is the choice variable for which he should be held responsible’ (Roemer 1998, p. 24).
Roemer’s (1998, 2008) contribution relates to an earlier philosophical debate which was
launched by Dworkin (1981a, 1981b), who argued that certain types of preferences
should not be accepted as a legitimate rationale for egalitarian redistribution. For
example, if a person would be very unhappy were he or she unable to drive fast cars,
this should not justify any claim to transfer resources to this person. On the other hand,
if a person was born with low inherent abilities to succeed in the labour market, this
might be a acceptable basis for redistribution.
As pointed out by Kanbur and Wagstaff (2014, p. 4), ‘everything rests on coming to a

separation of legitimate and illegitimate differences for the egalitarian impulse. . . . If
preferences are themselves determined by resources, say parental resources, then a clean
separation may not be possible, certainly empirically and perhaps even conceptually’.
According to Fleurbaey (2008), the concept of responsibility itself suggests different

kinds of reward principles. For example Cohen (1989, p. 914) writes: ‘We should . . .
compensate only for those welfare deficits which are not in some way traceable to the
individual’s choices’. Fleurbaey (2008, p. 10) calls this kind of approach a liberal one12

‘because the absence of intervention may be viewed as a hallmark of neutrality toward
different ways to exercising responsibility’. Fleurbaey (2008) also pointed out that this
reward principle can be connected to libertarianism: namely, if the circumstances are the
same, individuals are fully responsible for their differences.
Economics literature on this question has developed in two directions. The liberal

reward principle has been adopted by Fleurbaey (2008), and Fleurbaey and Maniquet

12 Based on writings by Arneson and Cohen.
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(2011) provide one conceptual way of approaching this problem. They consider optimal
income tax models where individuals differ in skills and in preferences for work. The
problem of redistribution becomes complex when pre-tax income inequality is deter-
mined jointly by unequal abilities and incentives in the context of multidimensionality.
(We return to this problem in Chapters 10 and 14.) If one supposes that individuals are
responsible for their own preferences, while they are not responsible for their product-
ivity, the principles of compensation and responsibility suggest that they should be
compensated for differences in their productivity, but should be neither penalized nor
rewarded for differences in their preferences. In other words, their theory develops social
objective criteria that trade off the Equal Preferences Transfer Principle (with the same
preferences, redistribution across unequal skills is desirable) and the Equal Skills Trans-
fer Principle (at a given level of skill, redistribution across different preferences is not
desirable). A trade-off arises because it is impossible to satisfy both principles simultan-
eously (Fleurbaey 1994). Boadway et al (2002) provide a general analysis of this situation
and demonstrate how the tax structure depends on weights placed on different types of
households in the social welfare function. A plausible case is, e.g., where the weight given
to the utility of a hard-working low-skilled worker is higher than that of a lazy high-
skilled agent.
Roemer (1998) and Van de Gaer (1993) propose a compromise between the principle

of compensation and the principle of responsibility. They propose combinations of
the maximin and utilitarian social welfare functions, so that a high-inequality aversion
is applied along the dimension of circumstances, whereas a zero-inequality aversion is
applied in the dimension of responsibility. Applying these principles in practice is not
easy, although some attempts have been made (see Roemer 1998; Roemer et al 2003;
Schokkaert et al 2004; Aaberge and Colombino 2006). We will apply this principle in
Chapter 14 in the context of capital income taxation.
For those who prefer to think of the justification for redistribution as being based on

the inequality of opportunity, differences in preferences may provide a suitable basis for
distinguishing economic rewards but differences in skills, in turn, do not. Following
either the Roemer–Van de Gaer or Fleurbaey–Maniquet approaches, in a society con-
sisting of individuals with the same productivity but different working preferences, there
should be no redistribution. Equality of opportunities would be achieved in such a
society. This point of view raises questions on the nature of preferences. In fact, there
is a very fine dividing line between differences in preferences that are due on the one
hand to physiological characteristics and those due on the other hand to psychological
attitudes to work. It may be argued that both skills and preferences are ‘circumstances of
birth’. Or: how appealing are equality of opportunity principles inherently? The fairness
of redistribution needs to be carefully evaluated: is it justified to redistribute income from
a person who likes to consume expensive goods and is willing to work hard for that
purpose to people who hate working but are also satisfied with the low income resulting
from their choices? This problem has been widely discussed in the literature of social
choice. A low preference for work may mean two different things: taste for leisure and
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difficulty to work. As Banks and Diamond (2010, p. 667) observe, ‘viewing a worker as
lazy (liking leisure) is very different from viewing a worker as having difficulty working
longer, perhaps for physical reasons’.

2.7 Non-welfarism and paternalism

The literature of optimal redistributive taxation has so far mainly concentrated on the
social welfare functions with a non-decreasing function of individual’s utilities. There are
good reasons to suppose that many people have different notions of welfare or distri-
butional justice with regard to redistribution. Society may not always prefer a change
which leaves everyone at least as well-off as they were before that change. For example,
consider a change which has no effect on anyone except the richest individual in this
society, whose wealth or income doubles. No one is worse off (ruling out envy), but it
is not inconceivable that society may judge that the increased inequality in itself makes
the change undesirable. It means that society may have non-Paretian objectives. For
example, Simons (1938) states the ultimate case for tax progressivity in a single
sentence: ‘the case for drastic progression in taxation must be rested on the case
against inequality—on the ethical or aesthetical judgement that the prevailing distri-
bution of wealth and income reveals a degree (and/or kind) of inequality’. Plato in turn
made the following judgement:

We maintain that if a state is to avoid the greatest plague of all—I mean civil war—though civil
integration would be a better term—extreme poverty and wealth must not be allowed to arise
in any section of the citizen body, because both lead to both these disasters. That is why the
legislator must now announce the acceptable limits of wealth and poverty. The lower limit of
poverty must be the value of the holding. The legislator will use the holding as his unit of
measure and allow a man to possess twice, thrice, and up to four times its value (quoted in
Cowell 1977, p. 26).

Hence, according to Plato, no one in society should be more than four times richer than
its poorest member.
Policy recommendations on redistribution, or more generally on taxation, are typic-

ally reached after balancing different considerations. They are not the product of a single
optimization exercise. Hence it is necessary to distinguish outcomes and process.
Outcomes appear in the social welfare function, but process often features in debates
about redistribution or taxation in general. Outcomes can be assessed in different ways.
We may focus only on individual well-being, but this does not necessarily mean
experienced utility. We may adopt welfarism as typical in optimal tax theory. Then
only utility information matters, implying that individuals are the best judges of their
own welfare and their welfare is all that matters, e.g. neither liberty, rights, etc. enter into
considerations, nor do quantities of particular goods consumed. This may miss aspects
of social policy that are, in practice, of some concern, such as merit goods (or bads) such
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as hard drugs, but also such as hours worked. In the standard setting we do not care
whether someone reaches given utility through transfer or through work, but it seems
in practice that many people do. Any such concerns can be called paternalistic. The
notion that individuals may not make the best choices for themselves raises difficult
issues. In fact, individuals may want the government to intervene, to induce behaviour
that is closer to what individuals wish they were doing. Myopia, procrastination,
consumption of addictive goods are examples of behaviour that lead to the so-called
new paternalism and that imply non-welfarist objective functions (see Kanbur, Pirttilä,
and Tuomala 2006).
Much of the attention of non-welfarist approaches has focused on a particular form of

non-welfarism, namely poverty alleviation. Policy discussion on poverty alleviation and
the targeting of social policy often concentrates almost exclusively on income. Little
weight is typically given to issues such as the disutility the poor experience when
working. Indeed, sometimes work requirements are seen in a positive light, as is often
the case with workfare. This is in marked contrast with conventional, utility-based
objectives in optimal income taxation literature. Therefore it is worthwhile to examine
the implications of poverty redistribution policy. Besley and Coate (1992) and Kanbur,
Keen, and Tuomala (1994) start from the fairness principle, that everyone should be
entitled to a minimal level of consumption. This approach resembles well the tone of
much of policy discussion in developing countries, including the MDGs (United Nations
Millennium Development Goals, one being to halve the extreme poverty rate), where
the objective is explicitly to reduce poverty rather than maximize well-being. Similarly,
the discussion regarding cash transfer systems is often couched especially in terms of
poverty alleviation.
The principle of ‘fair equality of opportunity’ is one of three principles of John Rawls’

‘justice as fairness’. Rawls (1971) assessed opportunity in terms of primary goods such as
income, wealth, and so on. As mentioned above, for many years Amartya Sen has been
arguing for the consideration of alternative evaluative bases, notably individual capabil-
ities, defined broadly as the freedom that people have to function in key dimensions. Sen
(1980) took issue with Rawls’ concept of primary goods, arguing that this idea does not
adequately reflect the freedoms that people have to pursue their goals. Sen (1980)
pointed out the heterogeneity in people’s ability to transform primary goods into
freedoms. This critique led to Sen’s (1985) conceptualization of well-being in terms of
primary ‘functionings’—‘what people are able to be and do (rather than in terms of the
means they possess)’ (Sen 2000, p. 74). Social welfare may be a function of individual
well-being, but well-being assessed in terms of capabilities may lead to different conclu-
sions. The central element in Sen’s analysis is the concept of well-being. Welfarist
analysis such as classical utilitarianism equates well-being with happiness. This may
often be misleading. Similarly, if we interpret well-being as a utility, we face a number of
problems. In economic theory, utility is often interpreted as a kind of calibration system
which reflects choices. If an individual’s choice between x and y is x, then we say that he
or she derives from x more utility than from y. Even if utilities are well defined, it does
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not necessarily reflect individual well-being. Preferences may have been formed
endogenously, by a process of cognitive dissonance, so that people learn to like what is
available to them (Elster 1982). Neither does equating well-being with utility take into
account the diversity of motivation behind a person’s choice. Sen argues that the right
focus is not on utilities, or commodities, or characteristics—in the sense of Gorman
(1956) and Lancaster (1971)—but rather on something that he calls a person’s capability.
The bike example used by Sen (1982) illustrates. There is a sequence from a commodity
(a bike), to a characteristic (transportation), to a capability to function (the ability to
move), to a utility (pleasure from moving). Sen argues that the third category—that of
capability to function—comes closest to the notion of well-being. Sen defines functioning
as ‘achievements of a person; what he or she manages to do or to be’. He emphasizes that
the capability approach is very flexible: ‘It can be used in many different ways, since an
informational format (base on capabilities) for ethical analysis does not provide a specific
moral formula’ (Sen 1984, p. 27).
We can see a parallel between the above discussion of fair redistribution when

individuals differ in working preferences and Sen’s capability approach. Namely, there
is an important general problem of interpersonal variations in converting incomes into
the actual capabilities of an individual to do this or be that. This could be rephrased to
refer to work preferences in this kind of model. Attempts to allow for heterogeneous
preferences in the population have generally involved arbitrary weights for each type of
utility function featuring in the social welfare function, and therefore no specific result
about the desirable direction of redistribution.
It is typical, as the Mirrlees review did, to start the discussion of a ‘good tax system’ with

the four maxims fromAdam Smith’s TheWealth of Nations. The first of these maxims says:
‘(i) The subjects of every state ought to contribute towards the support of the government,
as nearly as possible in proportion to their respective abilities . . . ’ (2012, p. 470).
Smith interprets the ‘abilities’ of citizens as their revenue or income. Unlike Smith,

Mill has doubts regarding the principle of taxation according to which taxpayers should
contribute to the government’s revenue in accordance with ability to pay. It was not
obvious to Mill that this principle leads to progressive taxation in the sense of increasing
average tax rate with income. As a general rule, he recommended a proportional tax. But
on the other hand, as explained by Sandmo (2011), Mill recommended that income
below a certain limit (in his case 50 pounds) should be exempt from taxes. In fact, this
tax-exempt area, combined with proportional tax on income above 50 pounds, implies
progressive taxation. In other words, average tax rates are increasing with income. We
could also interpret ‘abilities’ as capabilities.13 This alternative interpretation could lead
us in a different direction in tax policy recommendations. For example, if we take a
capabilities interpretation, the natural tax unit is the individual, rather than the house-
hold or family. How should we modify the public policy rules? For example, how do the

13 In fact, some tax deductions can be justified in advancing capabilities.
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rules of public provision of private and public goods with optimal taxation change if we
make ‘a fundamental shift in the focus of attention from the means of living to the actual
opportunities a person has’ (Sen 2009, p. 253)? We will come back to these questions
in Chapter 13.
Optimal tax theory and welfare economics in general can be criticized on the basis that

they do not recognize the plurality and diversity of values. Sen (2009) illustrates this by
the ‘three children and a flute’ example, where we have to decide which of three children
should be given the flute: Anne, who can play; Bob, who is poor; or Carla, who made the
flute. There are ‘plural and competing reasons for justice, all of which have claims to
impartiality’ (Sen 2009, p. 12). Hence, Sen argues that ‘theorists of different persuasions,
such as utilitarians, or economic egalitarians, or labour right theorists, no-nonsense
libertarians . . . almost certainly they would each argue for totally different resolutions’
(Sen 2009, p. 13). It is also the case that theorists may recognize there is some appeal to
different claims. We may have some sympathy both with Bob (who is poor) and with
Carla (who made the flute). It has been common practice in optimal tax theory that the
optimal choice of tax and spending can indeed be parameterized in terms of the degree of
inequality aversion, with the Rawlsian principle (maximin) emerging as a limiting case.
As we mentioned above, Rawls did not accept Arrow’s interpretation to ‘shift smoothly
from the moral conception to another simply by varying the parameter (b)’; it is also the
case that the different views about the flute cannot be represented by varying one
parameter. It is our aim to extend the optimal income tax model in the spirit of the
flute example, allowing for diversity of objectives (see especially section 2.4). A number
of earlier scholars in the area of public finance were aware of the diversity of social
objectives. For example, Musgrave (1959, p. 5) writes: ‘There is no simple set of
principles, no uniform rule of normative behaviour that may be applied to the conduct
of public economy. Rather we are confronted with a number of separate, though
interrelated, functions that requires distinct solutions’. Musgrave followed along these
lines analysing each aspect of public finance in terms of those objectives that seemed
most appropriate, such as merit wants, utilities, and aggregate level of activity. There are
also some examples along these lines in modern writings on tax theory, for example
Feldstein (1976) on tax reform and Atkinson (1995). More recently, Weinzierl (2012,
p. 1) provides an explanation for a limited use of tagging in the actual income tax system.
He argues that ‘this puzzle is a symptom of a more fundamental problem. Conventional
theory neglects the diverse normative criteria with which, as extensive evidence has
shown, most people evaluate policy. In particular if the classic principle of Equal Sacrifice
augments the standard utilitarian criterion, optimal tagging is limited’. Weinzierl’s
(2012) approach has its own weaknesses. Namely, it is not obvious how to guarantee
commensurability between two very different ethical frameworks. Utilitarianism is based
on the end-state principle, libertarianism (‘equal sacrifice’)14 not. Rawls (1974) objects to

14 LiamMurphy and Thomas Nagel (2002, p. 28) have argued: ‘If (and only if) that (libertarianism) is the
theory of distributive justice we accept, the principle of equal sacrifice does make sense’.
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this as an example of ‘intuitionist’ ethics—that is, an ambiguous ethical norm that
requires each individual to apply his moral intuition to balance libertarian and utilitarian
views (Rawls 1971, section 1).

2.8 Obstacles to optimal lump-sum taxation

If the government is unconstrained in ability to deploy lump-sum taxes it can move
around the first best utility possibility frontier at will, achieving distributional objectives
and financing public goods. Lump-sum tax has no effect on behaviour at margin. It is
like money taken from the wallet overnight. It does have an intra-marginal effect, but no
substitution effect. It also does not interfere with the necessary conditions for the first
best optimum to correspond to redistribution endowment in the second welfare the-
orem. More specifically, the second welfare theorem says that, under certain assumptions
(the absence of economics of large scale and externalities, and people are rational), every
Pareto-efficient state of affairs could be achieved as a competitive equilibrium with zero
tax on commodities and the appropriate lump-sum tax imposed on each individual,
provided that initial endowments were distributed appropriately. It is not hard in
principle to conceive of lump-sum taxes, e.g. a genuine poll tax would be one, or tax
on age or sex, nearly. But most observed taxes in practice, however, are not lump-sum,
and do distort, i.e. prevent the attainment of some necessary conditions for the first-best
Pareto efficiency. Why do we not observe in real life many lump-sum taxes? As the
examples above suggest, this is something to do with equity.15 While there are no
theoretical barriers to lump-sum taxation per se—such as a poll tax, or a tax on sex—
there are therefore presumably some barriers to optimal lump-sum taxation. Indeed
there are: public economics has recognized for a long time that, with asymmetric
information about earnings ability, the government simply cannot finance its activities
without using distorting taxes. Even without redistribution concerns, the inability to fully
cover needed government expenditures with a poll tax that is low enough that everyone
can (and will) pay it implies a need for distorting taxes to raise sufficient revenue, for
public goods and other public expenditure, for example. And moreover, some degree of
concern about income distribution is widely accepted as a government role that affects
both tax-setting and other programmes that require financing.
To see the barriers to optimal lump-sum taxation, we bring this out in a model much

used in optimal income tax literature: namely, the two-type model, where we have two
individuals, 1 and 2. They differ only in ability or skill, described by pre-tax wage ni
(i=1,2) and have identical preferences u ¼ UðxÞ�c z

n

� �
, where x is consumption, U(x)

15 The community charge (poll tax) introduced by the Thatcher Conservative government in the UK, in
effect from 1989/1990 to 1993, is a good example of this. The tax proved deeply unpopular. Even before the
tax became law in England, the protests quickly became a national issue, with large-scale riots in London and
other big cities in the UK.
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increasing and strictly concave and y is labour supply (y could be interpreted as number
of hours worked by the individual or equally well as being effort), z = ny is before-tax
income, and c z

n

� �
is increasing and strictly convex. Further, we assume constant returns

to scale and perfect competition in the production sector. Individual i pays ti a lump-sum
tax (i=1, 2), regardless of z and x. ti depends on i, i.e. the government can tell which
individual is which; that is, the tax authority can observe productivity. Hence taxes can
be based on productivity. So xi ¼ zi�ti. By varying ti (i=1, 2) the government can
achieve the first best allocation it wants. Which will it choose? It depends on the social
objectives. Suppose a utilitarian social welfare function.
The government maximizes Wðu1; u2Þ ¼ uðx1Þ�c z1

n1
� �þ uðx2Þ�c z2

n2
� �

s.t.
x1 þ x2 � z1 þ z2(linear technology) with respect to x and z. The first order conditions
imply x1 ¼ x2 and c0ðz1=n1Þ<c0ðz2=n2Þ. Because c is strictly convex and preferences
are identical, z1=n1 < z2=n2, i.e. labour supply of type 1 is smaller than that of type 2. The
two have the same level of consumption but the high-ability one works harder, meaning
that u1 >u2. Utility is decreasing with n. This is like point a in Figure 2.2c. Mirrlees
(1974) showed in the continuum case that utilitarian first-best has utility decreasing with
n, dUdn < 0, so long as leisure is normal and u ¼ uðx; z=nÞ. (See proof in appendix 2.2.).
Hence, utilitarianism is consistent with Marx’s dictum from ‘The Critique of the Gotha
Program’: ‘from each according to his ability, to each according to his needs’.
The high-ability types are naturally upset! This is not a problem if the government

really can observe wage rates. But suppose realistically wage rates are unobserved.
The government knows one of each ability, but not which is which. The first-best
optimum cannot be implemented; high-ability will pretend to be or mimic low-
ability. To prove this we define Vðx; z; nÞ ¼ Uðx; znÞ. So Vðx; z; n2Þ>Vðx; z; n1Þ (*).
Suppose a quasi-concave social welfare function giving a point like a in Figure 2.2c,
at which u1 ¼ Vðx1; z1; n1Þ � Vðx2; z2; n2Þ ¼ u2. Then we see from (*),
Vðx1; z1; n2Þ>Vðx2; z2; n1Þ and the high skill type will mimic the low. Hence in
Figure 2.2c the points above the 45-degree line are not incentive-compatible; or, to
put it another way, they violate the self-selection constraint.
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a
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Figure 2.2c The 1.best optimum
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So we have to put up with distorting taxes in practice. The result that the low-skill type
does better than the high one at the optimum is striking and emphasizes the problem of
implementing the first-best optimum when we cannot observe individual types. Hence
self-selection rules out lump-sum taxation other than a poll tax. This implies that we
need to use distorting taxes.
In summary: it must be in the individual’s interests to choose the income–

consumption pair that the government intends. Intended z and x must increase with
ability (skill or productivity). If it is not so, it is better to pretend to be a low-ability type.
This is the essential content of self-selection or incentive compatibility constraint.
Formally for any pair i and j, using their utility functions uðxi; yiÞ � u xj; n

j

ni y
j

� �
.

So we face a constraint additional to technology and endowment: the situation then
known as ‘one of second-best’. Now our opportunities are more limited. We face a trade-
off between equity and efficiency. Then we will typically want to use other tax devices to
redistribute, even though they distort. We may want to introduce distortions/inefficiency
in pursuit of distributional objectives. Note we need to be careful here on the meaning of
‘inefficiency’: the optimum is Pareto-efficient relative to constraints, but violates condi-
tions for the first best Pareto efficient.
Optimal tax theory is concerned with the conditions for taxes that do optimize a social

welfare function given asymmetric information, and how those taxes vary with both
economic circumstances and alternative normative concerns. Distortionary taxation
arises as an optimal form of policy in the world of imperfect information, not imposed
as an exogenous constraint.
The issue of design is fundamental to public economics. We move from what we

would like to achieve to what we can actually implement. Optimal taxation is only one
example; others include regulation, social insurance, public provision (public good,
publicly provided private goods). The government must work with imperfect informa-
tion. Information imposes specific constraints on tax design, as seen above. There are
two main types of information: about individuals—income, expenditure, age, marital
status, etc.—and about transactions—input and output quantities, expenditure by prod-
uct category. There are in turn two key types of information problem—hidden action
(moral hazard), and hidden information (adverse selection).
The central element in optimal tax theory is information. Tax policies apply to the

individual only on the basis of what is known about him or her. We saw above that
when government can’t observe wages, it may not be able to induce individuals to
behave as it would like. It is no longer in the first best world. Neither n nor y is
separately observable, but z=ny, the individual’s income, is. It could be argued that it is
inconsistent to suppose that the government can observe before-tax income and know
the relationship between labour supply and ability, but not be able to base tax on
ability (wage). Atkinson (1982, p. 23) makes an important point when he writes, ‘The
apparent inconsistency may however be due to the different status of different types of
information. Most importantly, the calculated relation between y and n may be based
on statistical evidence which is not acceptable in the calculation of individual taxes’.
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Atkinson also finds support from Adam Smith, who writes that ‘the quantity to be paid
ought to be clear and plain to the contributor, and to every other person’ (2012,
p. 652).
In the two-person context implementation requiresVðx2; z2; n2Þ � Vðx1; z1; n2Þ, i.e. the

self-selection constraint on the high-productivity type, and Vðx1; z1; n1Þ � Vðx2; z2; n1Þ,
i.e. the self-selection constraint on the low-productivity type. We might expect what is
shown in Figure 2.2d, where the so-called second-best utility possibility frontier ABCD lies
inside that for the first best, except at the no redistribution point.
On the segment AB, the self-selection constraint on the high-productivity type bites.

Here we can find both the maximin and utilitarian solutions; at the interval BC neither
self-selection constraint bites and there is no redistribution here. Competitive equilib-
rium lies between B and C and satisfies both self-selection constraints. Between C and
D the self-selection constraint on the low-productivity type bites. The Figure suggests an
interesting case in which the self-selection constraint on the high-ability type bites. On
the AB segment, redistribution is from high type to low type. The optimal tax literature
has focused on this case. This is an important point to note, since the Rawlsian position
is often seen as very egalitarian—namely, maximizing the position of the least well-off
may be consistent with quite wide inequalities. For example, we could justify cutting the
tax of top income earners if that yields more revenue to redistribute to the poor. Rawls
himself (as many others) believed that his position is ‘strongly egalitarian’ (p.76). Okun
(1975), in his book Equality and Efficiency, contrasts Rawls with Friedman. According to
Okun (1975), Friedman gives priority to efficiency and Rawls in turn to equality. As we
see in Figure 2.2d, this is not quite right. From Figure 2.2d we see that the Rawlsian or
maximin point A does not coincide with that for utilitarian, and neither coincides with
the 45-degree line. The points from B to A are Pareto-efficient. But the points from A to
E on the 45-degree line are Pareto-inefficient, making both worse off.
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Figure 2.2d The 2.best utility possibility frontier
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2.9 Pareto-efficient income taxation
in the two-person case

Tomake things simpler, we consider the discrete-type model with individuals of two skill
levels or abilities and government facing the self-selection constraint. Within these
models the seminal contributions are Guesnerie and Seade (1982), Stern (1982), and
Stiglitz (1982). Stern (1982) and Stiglitz (1982) focused on a model with two types of
individuals. The appeal in using this approach is the simplicity of analytics and, more
importantly, easily interpretable results. At the heart of the non-linear income tax
analysis are the self-selection constraints or the incentive compatibility constraints
restricting redistributive policy. Perhaps the most prominent advantage in this approach
is its capability to address the incentive issue explicitly through analysis of the self-
selection constraint. The advantage of the two-type model or, more generally, the
discrete model is to clarify the mimicking issues—to prevent more able from mimicking
less able—behind taxation that were not completely transparent in the continuous
model, where they were expressed in terms of differential equations. However, some
caution is in order. The two-type model is too simple to say something useful on the
issue of progressivity. As we shall see in Chapters 12 and 13, it is useful as an ingredient
when we analyse supplementary instruments to income taxation.
There are two individuals, 1 and 2. They differ only in productivity or ability,

described by pre-tax wage ni (i=1.2) and n2 > n1. They have identical preferences with
respect to consumption and income. The information structure is such that the govern-
ment only knows the statistical distribution of people, but does not have information on
who is who. The government is assumed to design a menu of net and gross incomes (x,z)
implicitly defining the tax schedule (T=z�x) and letting the taxpayers self-select income
points by choosing their labour supply and, hence, income (for fixed wage rates, n).
What are characterizations of the Pareto-efficient structure when the self-selection
constraint bites on high ability? The tax policy is determined subject to the government
budget constraint and the self-selection constraint that no type of individual should choose
the income point intended for the other type. It means that the binding constraint is that
the skilled type should not mimic the unskilled. As seen in Figure 2.2e, both ‘(x,z)
contracts’ lie on the same indifference curve for the type 2s, and type 2’s contract has
more consumption, x, and more gross income, z. The utility can now be expressed as a
function of disposable income and the gross income, which for a fixed wage rate can be
taken as a measure of the labour supply. Since for a given skill level utility Uðx; z=nÞ ¼
Vðx; z; nÞ is increasing in x and decreasing in z, the indifference curves are upward-
sloping. Higher utility levels correspond to lower z or higher x. Hence the indifference
curve corresponds to a higher utility level as we move to the north-west in the (x,z) plane.
Assumption B of Mirrlees (1971) and the Agent Monotonicity assumption (AM) of Seade
(1982) imply that indifference curves in consumption–gross income space become flatter
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the higher an individual’s wage rate, which in turn ensures that both consumption and
gross earnings increase with the wage rate. Hence we do not need an incentive compati-
bility constraint for the type 1s. In other words, low-productivity workers strictly prefer
their allocation.
It is useful to illustrate the marginal tax structure geometrically in the following figures

2e, f, and g (see formalities in appendix 2.3). First, we have to ask: can it be optimal to
‘pool’ (offer single (x.z)-pair) or is it always optimal to separate? Stiglitz (1982) shows
that in the two-person case, it is always optimal to separate (see proof in appendix 2.3).
Note, however, this is a rather special case. It is no longer true in the three-person case.
We have two results on marginal tax rates:

(i) No distortion at the top, i.e. the marginal tax rate (MTR) of the type 2s (high-
productivity workers) is zero: MTR2¼ 0 (point b in Figure 2.2e and 2.2f). To see this
suppose MTR2>0. Then we replace ðx2; z2Þ by b in Figure 2.2e. This leaves the
indifference curves I1 and I2 unchanged but increases revenue. Note that generally
this is just Pareto-efficient. Even with the maximin case we still want MTR2¼ 0.

(ii) The marginal tax rate of the type 1s (low-productivity workers) is positive: MTR1>0.
We cannot have MTR1¼ 0; if we could we would have both MTRs¼ 0 and be
looking at a first-best situation, so the self-selection constraint on the high-skilled
one would not be binding. So suppose MTR1<0 (a point on the left from ðx1; z1Þ),
then replace ðx1*; z1*Þ by ðx1; z1Þ in which MTR is positive. This move raises more
revenue from type 1.

Intuitively, the use of distortionary taxation allows the government to relax the self-
selection constraint on type 2s in the following way. Let’s start with the lump-sum
allocation where the self-selection constraint just binds with lump-sum taxes (in
Figure 2.2g points a1and a2). In those points it is possible to achieve incentive

v5

z

X

45°

v1

(z1,x1) (z2,x2)

Sl=1

b

Figure 2.2e The two-type model and marginal tax rates
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compatibility, while not distorting the choice of the type 1s as in Figure 2.2g. In
Figure 2.2g we pass the type 2s’ indifference curve through a point a1 at which the slope
of the type 1s’ indifference curve is 1, i.e. the marginal tax rate is zero. Yet this allocation
(a1and a2) is not optimal. Since the opportunity cost of additional income is higher for
type 1s than type 2s (reflecting the higher labour supply required to generate a given
income), distorting income slightly downwards for type 1s (from Figure 2.2g, bymoving a
very small distance leftwards along the type 1 indifference curve) by imposing a positive
marginal tax rate, a point b1, but reducing their after-tax income so their utility does not
change, makes the mimicking individual worse off. Moreover, this also leaves unchanged
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Figure 2.2f The two-type model and marginal tax rates
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Figure 2.2g The two-type model and marginal tax rates
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revenue from type 1s. This reform relaxes the incentive compatibility constraint, making
it possible to shift the indifference curve of type 2s and hence allowing an increase in tax
revenue from them. This is possible because we can increase z2, or decrease x2, or both.
With help from an increase of revenue from the type 2s we can increase x and/or reduce
z of the type 1s. And consequently, their utility increases. Hence we can increase the
extent of redistribution from the type 2s to the type 1s with such a change. As shown
in Figure 2.2g, we can continue to move leftwards along the indifference curve I1 and
pushing down the indifference curve I2. We can continue this until the marginal gain of
redistribution is zero—in Figure 2.2g, point b2.
Optimal allocation can be implemented by many tax structures. In the optimum:

x2 > x1, z2 > z1, V2 >V1, Tðz2Þ>Tðz1Þ but Tðz2Þ
z2 � ð�Þ Tðz1Þz1 . Hence a tax system can be

progressive or regressive.
The principle—the incentive compatibility or self-selection constraint is relaxed and

redistribution can be pushed further—can be extended to more than two types.
Guesnerie and Seade (1982)16 introduced the so-called chain property and considered
an arbitrary, but finite, number of types. In order to push further redistribution from
higher to lower productivity workers, the income of all but the highest productive worker
must be distorted downwards. Let’s look at the case for more than two skill types:
n3 >n2 >n1.
An optimal tax solution can have the following properties. Figure A2.2 (in appendix

2.3) illustrates the case in which individuals are fully separated by skill type. The
incentive constraint may be binding on the next lowest type only. The lowest skill
types may not work. The equilibrium may be partial pooling or bunching as in
Figure A2.3 (in appendix 2.3). It may be optimal that one or more skill types at the
bottom are not working. They are bunched and receive the same consumption x with
gross income z=0 as in Figure A2.3 (in appendix 2.3). In all these cases of multiple skill
types, the marginal tax rate is zero at the top. Marginal tax rates for i = 1. 2 are between
0 and 1. Optimal allocation satisfies: xi > xi�1, zi > zi�1, Vi >Vi�1, TðziÞ>Tðzi�1Þ. Again,
the tax system can be progressive or regressive.
The lesson we take from this simple model is that distortionary taxation arises as an

optimal form of policy in the world of imperfect information, not imposed as an
exogenous constraint. This approach has not been without its critics. Piketty and Saez
(2013. p. 15) argue

that informational concerns and observability is not the overwhelming reason for basing taxes
and transfers almost exclusively on income. . . . It seems more fruitful practically to assume
instead exogenously that the government can only use a limited set of tax tools, precisely
those that are used in practice, and consider the optimum within the set of real tax systems
actually used.

16 See also Weymark (1986) and Simula (2010), who further developed the discrete model in the
quasi-linear case.
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Endogenous wages: In the basic optimal income tax model, labour supplied by workers
of different skills is a perfect substitute, so relative wage rates are constant. If labour
supplies are imperfect substitutes, relative wages vary inversely with relative labour
supplies, following classical general equilibrium modelling. The consequence, as shown
by Stern (1982) and Stiglitz (1982), is that the tax system should encourage labour supply
of high-skilled workers. In this two-type model (type 2s are higher skilled than type 1s),
the relative wage rate of type w1

w2, determined on the market, is a decreasing function
of y1=y2, so imposing a negative marginal income tax rate on the high-skilled will
redistribute indirectly to the low-skilled and improve welfare (see appendix 2.3). This
does not necessarily mean that the average tax rate should be reduced. Namely, if leisure
is a normal good, the income effect of higher tax payments will likely also encourage
high-skilled labour supply.

n APPENDIX 2.1 TOTAL REVENUE AS % OF GDP IN OECD COUNTRIES

Table A2.1 Total revenue as % of GDP

Year 1965 1975 1985 1995 2005 2013

Country

Australia 20.6 25.4 27.7 28.2 29.9 ..

Austria 33.6 36.4 40.5 41 40.8 42.5

Belgium 30.6 38.8 43.5 42.8 43.4 44.6

Canada 25.2 31.4 31.9 34.9 32.3 30.6

Chile .. .. .. 18.4 20.7 20.2

Czech Republic .. .. .. 34.9 34.5 34.1

Denmark 29.5 37.8 45.4 48 49.5 48.6

Estonia .. .. .. 36.2 30.4 31.8

Finland 30 36.1 39.1 44.5 42.1 44

France 33.6 34.9 41.9 41.9 42.8 45

Germany 31.6 34.3 36.1 36.2 33.9 36.7

Greece 17 18.6 24.4 27.6 31.3 33.5

Hungary .. .. .. 41 36.8 38.9

Iceland 25.5 29.2 27.4 30.4 39.4 35.5

Ireland 24.5 27.9 33.7 31.8 29.5 28.3

Israel .. .. .. 35.2 34.3 30.5

Italy 24.7 24.5 32.5 38.6 39.1 42.6

Japan 17.8 20.4 26.7 26.4 27.3 ..

Korea .. 14.2 15.3 19 22.5 24.3

Luxembourg 26.4 31.2 37.5 35.3 38.2 39.3

Mexico .. .. 15.2 14.9 17.7 19.7

Netherlands 30.9 38.4 39.9 39 36.4 ..

New Zealand 23.6 28 30.6 35.8 36.4 32.1

Norway 29.6 39.2 42.6 40.9 43.2 40.8

Poland .. .. .. 36.1 32.9 ..
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n APPENDIX 2.2 ‘UTILITARIAN COMMUNISM ’

Proof utilitarian first-best has utility decreasing with n so long as leisure is normal.
Note u=u(x,y)
The first-order conditions of government’s problem

uxðxðnÞ; yðnÞÞ ¼ l ð1Þ

uLðxðnÞ; yðnÞÞ ¼�ln ð2Þ
Differentiating (1) and (2)

�
uxx uxy
uyx uyy

��
dx=dn
dy=dn

�
¼
�

0
�l
�

implies

�
dx=dn
dy=dn

�
¼ 1

Δ

�
uyy �uxy
�uyx uxx

��
0
�l
�

ð3Þ

¼ l
Δ

� ��
uxy
�uxx

	
where Δ ¼ uxxuyy�ðuyxÞ2 by concavity.
From (3):

du
dn

¼ ux
dx
dn

þ uy
dy
dn

¼ l
Δ

� ��
uxuxy�uyuxx

	
Δ

¼ l
Δ

� �
uy uxy

ux
uy

� �
�uxx

� 	
< 0

¼ ðþÞð�Þ½þ�
latter plus if leisure is normal.

Portugal 15.7 18.9 24.1 28.9 30.2 33.4

Slovak Republic .. .. .. 39.6 30.8 29.6

Slovenia .. .. .. 38.4 38 36.8

Spain 14.3 18 26.8 31.3 35.2 32.6

Sweden 31.4 38.9 44.8 45.6 46.6 42.8

Switzerland 16.6 22.5 23.9 25.5 26.5 27.1

Turkey 10.6 11.9 11.5 16.8 24.3 29.3

United Kingdom 29.3 33.6 35.6 32.1 33.8 32.9

United States 23.5 24.6 24.6 26.7 26.1 25.4

OECD—Average 24.8 28.6 31.7 33.6 34 34.1
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n APPENDIX 2.3 FORMALITIES OF PARETO-EFFICIENT TAXATION
IN THE TWO-TYPE CASE

There are two individuals, 1 and 2, or two groups with equal sizes. They differ only in
ability, described by pre-tax wage ni (i=1.2). They have identical preferences with regard
to consumption and income, where x is consumption and y is labour supply. z=ny is
before-tax income. This assumes constant returns to scale and perfect competition in the
production sector.
T(zi) is taxes paid by type i, and xi ¼ zi�TðziÞ.
Indirect utility function

Vðxi; zi; niÞ ¼ maxyfUiðxi; yiÞ; zi ¼ niyi; xi ¼ zi�TðziÞg:
What are characterizations of PE structure when the self-selection constraint bites on
high ability?
We know both contracts lie on the same IC for 2 (since º2 > 0) and 2’s contract has

more x and more z (from AM)
Max V ¼ Vðx1; z1; n1Þ
s.t
Pareto-constraint (�)Vðx2; z2; n2Þ ¼ �V 2,
Self-selection constraint (�) Vðx2; z2; n2Þ ¼ V̂ ðx1; z1; n2Þ and
Revenue constraint (º) z1 þ z2 ¼ x1 þ x2 (the ‘pure redistribution’ case)
The Lagrangean function

L ¼ Vðx1; z1; n1Þ�d
�
Vðx2; z2; n2Þ� �V 2

�
�m
�
Vðx2; z2; n2Þ�V̂ ðx1; z1; n2Þ

�
�lðz1 þ z2�x1�x2Þ:

ð1Þ

Differentiating with respect to zi and xi:(i=1, 2)

x1 : V1
x þ mV̂x þ l ¼ 0 ð2Þ

x2 :�ðdþ mÞV2
x þ l ¼ 0 ð3Þ

z1 : V1
z þ mV̂ z�l ¼ 0 ð4Þ

z2 :�ðdþ mÞV2
z �l ¼ 0 ð5Þ

Combining (3) and (5) we have MTR for type 2:

�ðdþ mÞV2
x�ðdþ mÞV2

z ¼ 0 )�V2
z

V2
x
¼ 1 ð6Þ

From (6) MTR2=0.
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From (2) and (4) we obtain MTR for type 1.

V1
z

V1
x

¼ mV̂ z�l

mV̂ x þ l
ð7Þ

Multiply by mV̂ Xþl
V̂ x

(7) we have:

mþ l

V̂ x

 !
V1
z

V1
x
¼ mV̂ z

V̂ x

� l

V̂ x

) ð8Þ

l

V̂ x

V1
z

V1
x
þ 1

� �
¼ m

V̂ z

V̂ x

�V1
z

V1
x

 !
) ð9Þ

MTR1 ¼ mV̂ x

l
V̂ z

V̂ x

�V1
z

V1
x

 !
ð10Þ

mV̂ x
l is positive and the mimicker is more able than type 1. Now in (10) both terms on the

right-hand side are positive. The latter term V̂ z

V̂ x
�V1

z
V1
x

� �
is positive by the AM condition.

�V̂ z

V̂ x

<�V1
z

V1
x
, V̂ z

V̂ x

>
V1
z

V1
x
:

So MTR1 > 0. A positive marginal tax rate is possible only insofar as type 2 has a
greater willingness to supply income than type 1 at the point ðx1; z1Þ.
It is always optimal to separate in a two-type model.
Proof: At a, slopeðV1Þ> slopeðV2Þ, see FigA1, so either (i) slopeðV2Þ< 1ð) MTR2 > 0Þ in

which case offer b (b has to be near enough V2 to be the below 45-degree line through a), or
(ii) slopeðV1Þ> 1ð) MTR1 � 0Þ in which case offer c (similarly cmust be near enoughV1).
Note that inefficiency of pooling is not an attribute of the AM condition. Figure A2.1

uses only local properties. What AM does give us, given inefficiency of pooling, is that it
cannot be the case that both self-selection constraints bind at the optimum.
Proof: Suppose not. Then the two bundles would both have to be on both indifference

curves. Since pooling is inefficient, they must be different bundles. But then the indifference
curves must cross more than once, violating AM. So one or other self-selection can bind.
Optimal income taxation and endogenous wages: The production side of the econ-

omy is modelled using an aggregate, constant returns to scale, production function
Fðy1; y2Þ. First, the wage rates are endogenous in a similar way as in Stern (1982) or
Stiglitz (1982). In the following, Ω ¼ w1

w2 depicts the relative wage of the low-skilled type.
Assuming a competitive labour market, Ω is a function of y1=y2, w

1

w2 ¼ F1ðy1;y2Þ
F2ðy1;y2Þ. It captures

the idea that the relative wage rate of type 1, determined at the market, is a decreasing
function of y1=y2. Hence, if the government uses its policy instruments so that the
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relative labour supply of type 2 household rises, it carries a redistributive benefit through

an increase in the relative wage of the low-skilled household. So @Ω
@y1 < 0 and @Ω

@y2 > 0.

Max Vðx1; y1Þ
s.t. Vðx2; y2Þ ¼ �V 2 and self-selection constraint Vðx2; y2Þ � Vðx1;Ωy1Þ. And pro-

duction constraint Fðy1; y2Þ ¼ x1 þ x2

z

X

45°

(z1,x1)

(z2,x2)

(z3,x3)

I1
I2

I3

Figure A2.2 Three types and individual fully separated by skill type

z

X

45°

V1

V2

c

a

b

Figure A2.1 No pooling
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The Lagrangean

L ¼ V1ðx1; y1Þ þ d½V2ðx2; y2Þ� �V 2�þ
m½V2ðx2; y2Þ�V̂ ðx1;Ωy1Þ� þ l½Fðy1; y2Þ�x1�x2�: ð1Þ

The first order conditions:

x1 : V1
x�mV̂x�l ¼ 0 ð2Þ

x2 : ðdþ mÞV2
x�l ¼ 0 ð3Þ

y1 : V1
y�mV̂y

@Ω

@y1
y1 þΩ

� �
þ lFy1 ¼ 0 ð4Þ

y2 : ðdþ mÞV2
y �lV̂y

@Ω

@y2
y1 þ lFy2 ¼ 0: ð5Þ

Dividing (5) by (3) and using MTRðwyÞ ¼ 1þ Vy

wVx
MTR2 ¼ mV̂y

lw2
@Ω
@y2 y

1.

Find MTR2 <0, since @Ω
@y2 > 0 (1 and 2 are not perfect substitutes) and V̂y < 0.

In taking into account the general equilibrium effect on wage determination, govern-
ment should be induced to lower the marginal tax rate on the more productive individ-
uals. By doing so, the government increases their labour supply. But by increasing their
use in production, this reduces the before-tax wage differential and thus relaxes the self-
selection. Because of general equilibrium effects, taxation affects both factor incomes and
disposable incomes, whereas only the latter effect was present in the Mirrlees model.

I3

z

X

I2
I1

(z1,x1)

(z2,x2)

(z3,x3)

45°

Figure A2.3 Three types and bunching

OPTIMAL LABOUR INCOME TAXATION: BACKGROUND 51



y1=y2 decreases and w1

w2 increases. The mimicker has to work more to get the same income
as type 1. So self-selection constraint can be relaxed.
Dividing (4) by (2) and rearranging terms, we have:

MTR1 ¼ mV̂x

lw1

V̂y

V̂y
Ω�V1

y

V1
x

 !
þ lV̂y

lw1

@Ω

@y1
y1 > 0:

MTR1 is positive: the first term is positive by AM and the second term is positive since
@Ω
@y1 < 0.
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3 Optimal linear income taxation

3.1 The basic model

Analysis of the optimal non-linear income tax problem poses considerable technical
difficulties1 because the government has to choose the entire income tax function.
Realizing fully the nature of this complication, it is clear that the income tax problem
is considerably simplified if attention is confined to a linear tax schedule.2 Linear income
tax is the simplest redistributive programme that the government is likely to consider
employing. In the linear income tax system the tax is characterized by a lump-sum
income or a basic income b paid to each individual and a proportional tax on each euro
earned at a rate t (the flat rate). Hence the linear income tax model provides no scope
for comment on the question of progressivity in the marginal tax-rate sense. If t > 0 and
b > 0 the linear income tax is progressive, in the sense that the average tax rate rises over
the entire income range (see Fig 3.1a, b). The linear income tax schedule provides a
minimum guaranteed income to individuals whose income falls short of the critical level.
This is the feature of the linear income tax system which leads us to refer to the section of
the tax schedule below z* in Figure 3.1b as a negative income tax. The negative income
tax system, or the social dividend system, as it was called by Lady Rhys Williams in 1943,
has been proposed, supported, and widely discussed by several distinguished economists,
such as Meade, Friedman, Tobin, and Atkinson.3 In particular, in a developing country
context, a redistributive linear income tax system, which combines a lump-sum transfer
with a proportional income tax and which can be implemented by withholding at source,
provides a feasible and comprehensive tax-benefit system.
Individuals face a linear income tax schedule T(z)¼�b + tz, where b = lump-sum

income (basic income) and t=tax rate (constant). Every individual in this model faces a
budget constraint x(n)¼ az(n) + b, where a¼ (1�t) the net of tax rate. The revenue
requirement of the government, R, to be used for expenditure on public goods is taken as
given. The government’s budget constraint is

t
X

zi ¼ Nbþ R: ð1Þ

1 From the technical point of view, it is not necessary to introduce the incentive compatibility constraints
in the optimal income tax problem explicitly.

2 This simplified problem was examined in a number of papers by Sheshinski (1972), Atkinson (1995),
Itsumi (1974), Romer (1976), Stern (1976), Dixit and Sandmo (1977), Helpman and Sadka (1978), Deaton
(1983), and Tuomala (1985), among others. Extensive numerical results have been provided by Stern (1976).

3 For some history on negative income tax and related proposals, see Kesselman and Garfinkel (1978).



The central issue considered in the analysis of the optimal linear income tax is that of
choosing between the basic income and the associated tax rate. Therefore it is plausible
to express individuals’ preferences in terms of the indirect utility function, denotedV (a,b).
In making this choice, the government is assumed to be constrained by a government
budget constraint and by the responses of taxpayers. The taxpayers are assumed to adjust
their labour supply in response to changes in taxation.
The government’s problem is to choose b and t so as to maximize the social welfare

function

Tax rate%

Average tax rates

Thresholds

0

Gross income z

Marginal tax rates

Figure 3.1a Linear income tax: average and marginal rate

T

–b

T(z) 

Figure 3.1b Linear income tax
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X
WðVið1� t; bÞÞ ð2Þ

under the budget constraint t
X

zi ¼ Nbþ R.
From the first-order condition of this problem we arrive at the condition (see the

derivation in appendix 2.2.1)

t
1� t

¼ 1
e

1� zðbÞ
�z

� �
; ð3Þ

where e ¼ d�zð1�tÞ
dð1�tÞ�z (the elasticity of earnings with respect 1�t, net of tax), b =WVVb is the

social marginal utility of income, and U ¼ zðbÞ
�z . Denote I¼ 1�� as a normative measure

of inequality or equivalently of the relative distortion arising from the second best tax
system. Clearly � should vary between zero and unity. One would expect it to be a
decreasing function of t (given g ¼ R

N). There is a minimum feasible level of t for any
given positive g and of course g must not be too large or no equilibrium is possible.
Hence any solution must also satisfy t > tmin if the tax system is to be progressive. That
is, if the tax does not raise sufficient revenue to finance the non-transfer expenditure, R,
the shortfall must be made up by imposing a poll tax (a negative b) on each individual.
One would expect the elasticity of labour supply with respect to the net of tax rate e to be
an increasing function of t (it need not be).
Rewriting (3) in turn, we have:

t ¼ 1� U
1� Uþ e

: ð4Þ

This formula gives the rate of the optimal linear income tax. Given e� 0 and because 0�
I < 1, then both the numerator and the denominator are nonnegative. Thus the rate of
the optimal tax is between zero and one. Formula (4) captures neatly the efficiency-
equity trade off. t decreases with e and � .

(i) In the extreme case where U ¼ zðbÞ
�z ¼ 1, i.e. the government does not value

redistribution at all, t¼ 0 is optimal. We can call this case libertarian.
Libertarianism in the sense of Nozick (1974) opposes all redistribution.
According to the libertarian view, the level of disposable income is irrelevant
(ruling out both basic income, b, and other public expenditures, g, funded by
the government).

(ii) If there is no inequality, then again �¼ 1 and t¼ 0. There is no intervention by the
government. The inherent inequality will be fully reflected in the disposable
income. Furthermore, lump-sum tax is optimal; b¼�g or T¼�b.

(iii) When �¼ 0, we call this case ‘Rawlsian’ or maximin. The government maximizes
the basic income b (assuming the worst-off individual has zero labour income). In
fact, maximizing b can be regarded as a non-welfarist case.
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When the government is ‘Rawlsian’ or revenue maximizing, we get:4

t ¼ 1
1þ e

: ð5Þ

For example, if e = 0.25, t = 80%. This is clearly much higher than tax rates in any of the
actual countries with the highest tax to net national income (typically slightly over 50 per
cent). Formula (5) also gives the top tax rate of the so-called Laffer curve. In popular
American discourse, the tax rate–tax revenue relationship is labelled the Laffer curve.5 It
is, however, known that long ago, in 1844, Jules Dupuit gave a very clear description of
this relationship. He wrote,

if a tax is gradually increased from zero up to the point where it becomes prohibitive, its yield is at
first nil, then increases by small stages until it reaches a maximum, after which it gradually
declines until it becomes zero again. It follows that when the state requires to raise a given sum by
means of taxation, there are always two rates of taxes which will fulfil the requirement, one above
and one below that which would yield the maximum. There may be a very great difference
between the amounts of utility lost through these two taxes which yield the same revenue.
(Translation in Arrow and Scitowsky 1969, p. 278)

To illustrate formula (4) further, we concentrate on a special case where there are no
income effects on labour supply and the elasticity of labour supply with respect to the
net-of-tax wage rate is constant. If e denotes this elasticity, the quasi-linear indirect
utility function is given by:

vðnð1� tÞ; bÞ ¼ bþ ½nð1� tÞ�1þe

1þ e
ð6Þ

so that e is constant.
The inequality measure, I ¼ 1� zðbÞ

�z , depends on the welfare weights. These weights
strictly depend on utility V(n) and hence on the tax rate and of the basic income, b. To
simplify, we assume that the social marginal valuation depends only on n and not on the
level of utility. We adopt a constant relative inequality aversion form of the welfare
function: the contribution to social welfare of the ith individual is ni1�b

1�b , where � is the
constant relative inequality aversion coefficient. Hence the social marginal value of
income to an individual with wage rate n is proportional to n�b. As noted by
Atkinson (1995), this assumption may be described as non-welfarist. We assume, also
for simplicity, that the n-distribution is a unbounded Pareto distribution f ðnÞ ¼ 1

n1þa for
a>0, i.e. a Pareto tail with the coefficient Æ, and the utility function is (5) (see appendix
3.1). The Pareto density has a polynomial right tail. It is varying at infinity with index

4 We can derive (5) as follows. If we want to increase the tax rate from t to t+dt then tax revenues go from
R to R+dR, and dR = zdt +tdz and further dR = zdt�tez dt/(1�t). dR = 0 if and only if t/(1�t) = (1/e).

5 ‘It has been said that the virtue of the Laffer curve is that you can explain it to a congressman in half an
hour and he can talk about it for six months’. Hal Varian, Intermediate Microeconomics. 3rd edn, p. 278.

56 OPTIMAL REDISTRIBUTIVE TAXATION



–Æ�1. Thus, the right tail is thicker as Æ is smaller, implying that only low-order
moments exist. Using the property of the Pareto distribution:

ΕðnjÞ ¼ anj0
a� j

ð7Þ

in (4) we can calculate the values of the optimal tax rate and of the basic income from the
following formula (see Table 3.1).

t
1� t

e ¼ 1� 1� 1þe
a

1� 1þe
aþb

" #
ð8Þ

Substituting the labour supply function:

y ¼ ½nð1� tÞ�e ð9Þ
to the revenue constraint (1), we can express the basic income and the revenue constraint
relative to the average earnings and re-write the revenue constraints as follows:

b ¼ tð1� tÞe � g ð10Þ
The above analysis assumes away income effects. Including them, we have to rely on
numerical simulations. The most comprehensive optimal linear income taxation simu-
lations are those of Stern (1976). He takes a labour supply function that allows for
different values of elasticity of substitution between leisure and consumption. In his
central case, he takes elasticity of substitution of 0.4, a government revenue requirement
of approximately 20 per cent of national income. Stern (1976) assumes that the net social
marginal valuation of income decreases with the square of income, then the optimal tax
rate is 54 per cent and individuals’ lump-sum grant or basic income in turn equals 34 per
cent of average income. In this central case, an extremely low labour-supply elasticity
implies an optimal tax rate of 49 per cent, and an elasticity as high as had been used in
Mirrlees (1971) implies an optimal tax rate of 35 per cent. In the absence of the need to
finance government expenditures, the optimal tax rate is 48 per cent. Stern comments
that ‘The utilitarian approach therefore gives taxation rates which are rather high
without any appeal to extreme social welfare functions, and need only invoke labour
supply functions of the type which are commonly observed’ (1976, p. 151).

Table 3.1 Tax rates t and b: Pareto distribution, Æ¼2, g¼ 0

e �¼1.0 �¼1.0 �¼2.0 �¼2.0

t b t b

0.25 58.8 47.1 64.0 49.6

0.5 50.0 35.4 54.5 46.8
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How useful is the linear income tax model for the purposes of understanding the
degree of redistribution in actual economies? Would it be a rough approximation of an
actual tax/transfer system? This depends on the extent to which all transfers are
independent of income. If they are, then the activities of the government are to be
described by three elements of the linear income tax model: the total of taxes less
subsidies, T, which varies with income and expenditure; the total of lump-sum
transfers or subsidies, b; and the total expenditure of government on public good,
R. In fact, Mirrlees (1979) relates the actual UK economy to linear income tax by
classifying public expenditure into categories used in the model. This means that all
transfers taken together are fairly close to a lump-sum grant, that is are about constant
with income. Doing some interpolations6 in Stern’s (1976) calculations, Mirrlees
(1979) finds that the optimal t was 46 per cent in 1976 in the UK if the net social
marginal valuation of income decreases with the square of income and the elasticity of
substitution is 0.5 and 32 per cent in the case of the Cobb–Douglas preferences.
Correspondingly, lump-sum transfers b should be 36 per cent or 21 per cent of
national income, compared with the marginal rate of 45 per cent and lump-sum rate
of 35 per cent in the UK in 1976.
Although it is possible to examine the implications of using any type of social welfare

function, a convenient approach for present purposes is to specify welfare in terms of
each individual’s income, rather than utility. The term z(b) can thus be replaced by the
equally distributed equivalent level of income, ze, defined as the level of income which, if
obtained by everyone, produces the same social welfare as the actual distribution. Hence,
the term I can be replaced by Atkinson’s inequality measure, since it is the proportional
difference between arithmetic mean income and the equally distributed equivalent level.
The inequality measure I depends on the distribution of z. Assume that the distribution
is well approximated by a Champernowne distribution. Harrison (1974) shows that in
the case of a Champernowne distribution and inequality aversion parameter approach-
ing unity the equally distributed equivalent income corresponds to median income so
that the Atkinson’s measure of inequality becomes I ¼ 1� zðbÞ

�z .
In fact, this is exactly the measure i that Champernowne (1952, p. 609) proposes as an

alternative indicator of inequality to Pareto’s constant coefficient. He justifies this as
follows:

under very simplifying assumptions i, so defined, would be the proportion of total income that is
absorbed in compensating for the loss aggregate satisfaction due to inequality.

The assumptions he makes are:

(1) That pre-tax income determined satisfaction and (2) that median satisfaction was equal to
arithmetic mean satisfaction.

6 Interpolations are needed because Stern (1976) gives only the optimal marginal tax rate and not the
subsidy rate. Moreover, he computed solutions only with a rather large interval of R.
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Hence, Champernowne is suggesting a very specific case of Atkinson’s concept of the
equally distributed equivalent income where his assumption (2) holds. A great advantage
of this measure is that it is easy to compute.

3.2 The optimal provision of public goods

In the model so far discussed, there has been no dependence of individual utilities on
public expenditure; that is, there is no role for public good. To include the public good we
write V(1–t, b, G) and subtract a term lrG from the Lagrangean where r is the producer
price of the public good. The producer price of private consumption is normalized to 1.
Let us now define the marginal willingness to pay for the public good by the expression
s ¼ vG

vb
. The Lagrangean is then maximized with respect to G. From this condition (see

appendix 3.1) we have the following rule for the supply of public good:

s*ð1� t �zb Þ ¼ r � t �zG ð11Þ
where s* ¼

P
bisiP
bi

is the welfare-weighted average marginal rate of substitution between

public good and income for the individual. The latter term at the right-hand side is the
revenue effects. They can be very important in practice. A revenue gain arising from
provision of the public good strengthens the case for it. (11) can be rewritten as:

r ¼ s*� tðs*�zb � �zGÞ ð11’Þ
if, for example, labour supply is independent of the level of public good provision,
�zG ¼ 0, and �zb < 0 if �* is positive. Therefore the second term in (11’) would make r less
than the welfare-weighted aggregate marginal rate of substitution. In Chapter 13 we
return to the question of provision of public goods under optimal taxation.

3.3 Majority choice of the tax rate

It may be of some interest to consider the connection between the optimal tax rate and
the tax rate chosen by the median voter. The implications of majority voting tax rates
have been studied in the context of the linear income tax by Roberts (1977), who
provides a number of interesting results on the conditions under which a voting
equilibrium exists. Single-peaked preferences guarantee a voting equilibrium in which
the median voter dominates. With single-peaked preferences, the median voter preferred
tax rate is a Condorcet winner, i.e. wins in majority voting against any other alternative
tax rate. Single-peakedness arises if the relationship between V and t is concave, so that
d2V
dt2 >0. With positive marginal utility and a concave relationship between b and t, single-
peakedness is guaranteed if the individual always works. Hence, the median voter is the
voter with median income z (median). In fact, Roberts (1977) shows that in the case of
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linear income tax, it is sufficient that preferences be such that we can order people by
income independently of the tax schedule.7

We see from formula (12) that we have the tax rate of the median voter where social
welfare weights are concentrated at the median so that z(b) = z(median). This shows that
there is a close connection between optimal tax theory and political economy. Although
the tax-rate formula is the same as in the optimal linear income tax model, the welfare
weights are generated by the political process and not from marginal utility of consump-
tion as in the standard utilitarian tax theory.
Median voter optimal tax rate:

t
1� t

¼ 1
e

1� zðmedianÞ
�z

� �
ð12Þ

The formula implies that when the median z approaches the mean z, the tax rate should
be low, because a linear tax rate achieves little redistribution (towards the median) and
hence a lump-sum tax is more efficient. On the other hand, when the median z recedes
from the mean income, the tax rate approaches the revenue-maximizing tax rate t ¼ 1

1þe.
If the median voter has income z (median), equal to 75 per cent of the mean income and
e¼ 0.25, then the tax rate is 50 per cent. This voting theory is not very realistic in that it
takes no account of the representative nature of democracy and of the possibility that
individuals may have other reasons for their voting behaviour than immediate self-
interest.

3.4 A two-bracket income tax

Before returning to the general optimal non-linear income tax problem, it is helpful to
consider briefly a simpler extension. A two-bracket income tax applies a constant rate t1
to all income up to some specified level z*, and another constant rate t2 to all income over
the specified level z*.
The government now chooses t1,t2, z*, and b to maximize social welfare. This problem

has been examined by Sheshinski (1989) and Slemrod et al (1994). Sheshinski (1989)
shows that, under standard assumptions, marginal tax rates are increasing in income (i.e.
tax schedule is convex). Slemrod et al (1994) noticed that Sheshinski’s proof does not
hold in general. They perform numerical simulations for an optimal two-bracket income
tax using functional forms and parameters similar to those used in earlier numerical
work (e.g. Stern (1976)) and show that the optimal upper bracket marginal tax rate is less
than the optimal lower-bracket rate (tax schedule non-convex: see Figure 3.1c).8 Never-
theless, in all simulations in which the optimal transfer, b, is positive, the overall income

7 See also Creedy and Francois (1993).
8 In the context of the two-bracket income tax with income uncertainty, Strawczynski (1998) derived the

opposite result. Chapter 7 analyses income taxation under income uncertainty.
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tax schedule is progressive in the sense that average tax rates are rising in income. In the
case closest to Stern’s central case (elasticity of substitution of 0.4, a government revenue
requirement of approximately 20 per cent of national income, and the net social
marginal valuation of income that decreases with the square of income), the optimal
two-bracket tax has a marginal rate of 60 per cent on low incomes and 52 per cent for the
top 23 per cent of taxpayers. The intuition behind their results is that the lower rate on
high-income individuals encourages harder work and thus generation of more tax
revenue. Apps et al (2013) in turn argue that Slemrod et al’s (1994) simulation results
depend heavily on assumption of the lognormal distribution of wages. As is well known,
the lognormal distribution fits reasonably well over a large part of the income range but
diverges markedly at the upper tail. The Pareto distribution in turn fits well at the upper
tail. Replacing the lognormal distribution with the Pareto distribution and using rea-
sonable elasticities, Apps et al (2013) find rising marginal tax rates in their numerical
simulations.

n APPENDIX 3.1 OPTIMAL LINEAR INCOME TAXATION

The government has redistributive objectives represented by a Bergson–Samuelson
functionalWðV1; :::;VNÞ withW ’ > 0,W” < 0. The government’s problem is to choose
b and t so as to maximize the social welfare functionX

WðVið1� t; bÞÞ ð1Þ

under budget constraint (1) in the text.
Let º denote the multiplier associated to the budget constraint. The Lagrangian of this

problem is:

Tax paid

T(z) Convex

T(z) non-Convex

z* z

Figure 3.1c A two-bracket income tax
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L ¼
X

WðViða; bÞÞ þ l ð1� aÞ
X

zi � Nb� R
��

ð2Þ

Using Roy’s theorem, Vi
a ¼ Vi

bz
i. Then the first-order conditions with respect to b and a

are: X
bizi ¼ l

X
zi � ð1� aÞ

X
zia

� �
ð3Þ

X
bi ¼l N � ð1� aÞ

X
zib

� �
ð4Þ

where bi ¼WVV
i
b is the social marginal utility of income.

Denote g = R / N and

�z ¼
X
i

zi=N: ð5Þ

(5) Divide (3) by (4) X
biziX
bi

¼ �z � ð1� aÞ�za
1� ð1� aÞ�zb ð6Þ

Denote zðbÞ ¼
X

bizi=
X

bi, welfare-weighted average labour income.
Total differentiation of revenue constraint:

db
dagconst:

¼ ��z þ ð1� aÞ�za
1� ð1� aÞ�zb ð7Þ

From (6) and (7) we note that

zðbÞ ¼ � db
dagconst:

ð8Þ

This tells us that welfare-weighted labour supply should be equal to the constant revenue
effect of tax-rate changes in b.
By total differentiation (5) and using (8) we have:

d�z
dagconst:

¼ �za þ �zb
db

dagconst:
¼ �za � �zbzðbÞ ð9Þ

When we impose g as a constant we have to give up one of our degrees of freedom. Now
the interpretation of d�z

dagconst:
is the effect on labour supply when a is changed, as is b, in

order to keep tax revenue constant.

62 OPTIMAL REDISTRIBUTIVE TAXATION



Using (9A) we can write (6A)

zðbÞ � �z ¼ ð1� aÞ d�z
dagconst

¼ �t
d�zð1� tÞ�z

dð1� tÞð1� tÞ�z ð10Þ

This gives (3) in the text.
The first-order condition with respect to G gives:X

Wi
VV

1
G ¼ l

�X
r � ð1� aÞ

X
ziG

�
ð11Þ

Dividing (11) by (4) we obtain:X
bisiX
bi

¼ r � ð1� aÞ �zG
1� ð1� aÞ�zb

ð12Þ

Rewriting (12), we have (11’) in the text.
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4 The optimal non-linear labour
income tax problem

The optimal non-linear tax problem is the same as the linear income tax problem, except
that the tax designer has to choose any non-linear income tax schedule T(z) instead of an
affine function (see figure 4.1b). The pioneering work by Mirrlees (1971) addresses the
optimal design of non-linear income taxes in a welfarist setting. The issue of incentives
for supplying labour is tackled directly by modelling individuals as choosing between
work and leisure given the tax-transfer schedule they face. There are assumed to be a
large number of individuals, differing only in the pre-tax wage they can earn. Mirrlees
(1971) focused on a single characteristic of individuals for simplicity, that is, their skill or
ability as reflected in the wage rate or pre-tax wage. The government then chooses a
schedule that maximizes a social welfare function defined on individuals’ welfare, that is,
on the utility they derive from their consumption–leisure bundles. There is a continuum
of individuals, each having the same preference ordering, which is represented by a
utility function u=u(x,1�y) defined over consumption x and hours worked y, with ux > 0
and uy < 0 (subscripts indicating partial derivatives). The utility function is assumed to
be continuously differentiable and concave. It offers a positive marginal utility of
consumption and a negative marginal utility of labour. All individuals are assumed to
be perfect substitutes for one another, that is, they differ only in their number of
efficiency units of labour. An ability level n corresponds to each individual such that,
if the individual works for y hours, he or she supplies z=ny unit labour. There is a
distribution of n on the interval [0, 1) represented by the density function f(n).
Suppose that the aim of policy can be expressed as maximizing the following social

welfare criterion:

W ¼
ð1
0

WðuðnÞÞf ðnÞdn; ð1Þ

where W(.) is increasing in each individual’s utility, so that it fully embodies the Pareto
principle. At the same time, it may incorporate aversion to inequality, or a degree of
priority to the worse-off. The government cannot observe individuals’ productivities or
abilities and thus is restricted to setting taxes and transfers as a function only of earnings,
T(z(n)). The government maximizes W subject to the revenue constraint:

ð1
0

TðzðnÞÞf ðnÞdn ¼ R ð2Þ



where R can be interpreted as the required revenue for essential public goods. The more
non-tax revenue a government receives from external sources, the lower R is. In addition
to the revenue constraint, the government faces incentive-compatibility constraints.
These in turn state that each n-individual maximizes utility by choice of hour or labour
effort. Hence:

u½ny � TðnyðnÞÞ; 1� yðnÞ� � u½n0yðn0Þ � Tðn0yðn0ÞÞ;
1� n0yðn0Þ=nÞ� for all n and n’:

ð3Þ

It means that an individual of type n has to work n’/n times that of type n’ to get the same
income.
Incentive compatibility required that each taxpayer/consumer would choose from a

set of available consumption/income pairs. That set is defined by the allocation of
consumption and income among consumers. The curve c(z) in Figure 4.1a describes
that allocation, showing consumption at different income levels. Each taxpayer/con-
sumer chooses from that curve: each has an indifference curve tangential to the alloca-
tion curve, such as I1 and I2 in Figure 4.1a. Ruling out corners, the curve must be a lower
envelope to a collection of individual indifference curves—one for each type of con-
sumer. As a consequence, utility increased as the wage increased, at a rate equal to the
derivative of utility with respect to the wage, holding consumption and income constant.
Income was also an increasing function of the consumer’s wage rate. Furthermore, we

have to assume that people with higher wage rates always found it easier to produce more
income (by working) than those with smaller wages. Of course this assumption is
restrictive but, broadly understood, quite plausible in this setting. In Figure 4.1a, the
assumption means that different people’s indifference curves cross one another once
only. The condition is known as the single-crossing property (or sometimes the
Mirrlees–Spence condition; see appendix 4.1). With that assumption, one has a full
characterization of incentive-compatible allocations.

x Production constraint

C(z)

l1 l2

45°

l3

z

Figure 4.1a Incentive compatible
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Since T(z)=ny�x, we can think of government as choosing schedules y(n) and x(n)1. In
fact, it is easier to think of it choosing a pair of functions, u(n) and y(n), which maximize
welfare index (1) subject to the incentive-compatibility condition, (3) (written in a more
manageable form as du

dn ¼ � yVy

n ¼ unðx; z; nÞ2; see appendix 4.1) and the revenue
requirement (2). Hence the optimal income tax problem could now be converted into
something very like a standard control-theory problem, with utility as the state variable
and income the control variable. The envelope condition just described was essentially
equivalent to a statement that the rate at which utility increased in the population, with
respect to the wage rate, was equal to the partial derivative of the individual’s utility with
respect to the wage rate—just a known function of that individual’s consumption,
income, and wage.

45°

1z z= −

c=x

z

1
dc
dz dz

= −

z
1

z
2

Benefit

received

Tax paid

dT

c(z) T(z)

Figure 4.1b Tax schedule

1 Figure 4.1b illustrates average and marginal tax rates.
2 Totally differentiating utility with respect to n, and making use of workers’ utility maximization

condition, we obtain the incentive compatibility constraint. The first order condition of individuals’
optimization problem is only a necessary condition for the individual’s choice to be optimal, but we assume
here that it is sufficient as well. Assumptions that assure sufficiency are provided by Mirrlees (1976a). Note
also that while we here presume an internal solution for y, the incentive compatibility condition remains
valid even if individuals were bunched at y=0 since, for them, du/dn=0.
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Mirrlees (1971) first examines the optimal tax problem in general terms, without
assuming a specific form of utility and of the distribution of skills. Next we recall the
main analytical results from the welfarist literature on optimal non-linear income
taxation (we have gathered the proofs in appendix 4.1). Four general qualitative conclu-
sions emerge:

(1) The marginal tax rate should be non-negative everywhere. In other words, con-
sumption never rises more rapidly than income.

(2) The marginal tax rate on the lowest earner should be zero so long as everyone
supplies some labour at the optimum (Seade 1977).

(3) The marginal tax rate on the highest earner should be zero so long as wages in the
population are bounded above (Sadka 1976).

(4) If there is bunching at the lower part of distribution, the marginal tax rate is positive
at the end of the bunching interval.

The first result is more striking than is commonly recognized.3 Although it may well be
optimal for the average tax rate (the ratio between tax paid and income earned) on the
least well-off to be negative, it cannot be desirable to subsidize their earnings at the
margin.4 Intuitively this means that it is cheaper to get people to a given indifference
curve by reducing the average tax rate rather than by exacerbating deadweight loss
through distorting their labour supply decisions. The limitations of the second and third
results concerning the endpoints are well known: simulations suggest that zero is a bad
approximation to optimal marginal tax rates in the tails of the distribution. The marginal
tax rate equal to zero at the top only holds for the person with the very highest income
level, and must be able to identify that person (see numerical results in Chapter 5). It
does not hold elsewhere because of interdependence between marginal tax rates for
lower-income people and the average tax rates for people higher up the income scale.
Note the amount of revenue raised depends on the average tax, not the marginal tax
rate.5 The important assumption behind the zero marginal tax rate at the top result is
that there is some upper bound to the skill distribution, as opposed to the support just
being [0,1). Mirrlees (1971) only considers, realistically, an unbounded wage(skill)
distribution, and therefore he did not get the zero tax rate result. Although the marginal
tax rate is zero, the average tax rates can be high.
Mirrlees (2006) noticed a further result from his 1971 model. He sketches a model in

which top marginal tax rates of 100 per cent or nearly 100 per cent may be justified. He
assumes high substitutability between consumption and labour, and furthermore an
upper bound on labour supply in efficiency units. The government is utilitarian and an

3 Seade (1982) clarified the conditions under which this result holds.
4 An exception to this conclusion may occur in cases where people do not vary their hours of work

continuously (on the intensive margin), but can only choose between alternative occupations (including
non-work) working hours fixed (on the extensive margin). A subsidy to low-skilled work may be optimal
(Diamond 1980; Saez 2002). Note that no participation decision is given in Mirrlees (1971).

5 Although the marginal tax rate is zero, average tax rates can be high.
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individual’s utility function is a concave function of consumption minus labour (e.g. log-
function). This situation, with realistic wage (productivity, skill) distribution, yields
marginal tax rates approaching 100 per cent on the highest incomes. The reason for
this result can be seen as follows. With this utility function, the indifference curves
(see Figure 4.1c) are straight lines between zero labour and upper bound. For the
incentive compatibility the c(z) curve is a lower envelope of the straight lines, one line
for each type of taxpayer. The single-crossing condition implies that the indifference
curves become flatter when the wage rate (productivity) increases. The budget constraint
is necessarily concave. The slope of c(z) curve converges to zero. In other words, the
marginal tax rate converges to 100 per cent. Hence the optimal income tax is strictly
increasing all the way to the top. This finding also shows howmisleading the result is that
the marginal tax should be zero at the top. It is very special and not particularly robust.
Notwithstanding the extreme assumptions behind this result, Mirrlees (2006, p. viii)
makes an important point in commenting on earlier simulation results of declining
marginal tax rates with income: ‘though it may be right for realistic models, [it] is not
certainly a general truth.’
There is also one further extreme case in which the optimum marginal tax rate is 100

per cent (see Stern 1976). This is a case in which there is no substitutability between
consumption and work. In other words, consumption and leisure are consumed in
fixed proportions (reverse L-shaped indifference curves). Formally, u=min(x,1�y).
This means that there are no welfare losses from income taxation. This does not
mean that the first-best optimum can be achieved, however: zero elasticity of substi-
tution does not imply inelastic labour supply. Although the substitution effect of a
wage change is zero, we still have the income effect, which gives a backward-bending
supply curve.
It can also be shown that if it is optimal for some not to work, then the optimal

marginal tax rate at the bottom of the income distribution is strictly positive. It is not

x Production constraint

C(z)

45°
z

l1 l2 l3

Figure 4.1c Marginal tax rates on the high incomes

68 OPTIMAL REDISTRIBUTIVE TAXATION



possible to use a similar argument here as in the case of those paying the top rate of tax.
The difficulty lies in the fact that if the marginal tax rates from any point downwards in
the scale are lowered, this increases the tax burden of the people affected, whereas at the
upper end of the income distribution, reductions in marginal tax rates mean reductions
in tax payments by those involved. The essential point about the zero marginal tax rate at
the lowest income level is that there is no one lower in the distribution of income, and it
is therefore possible to reduce the marginal tax rate without compromising distributional
objectives. Thus only efficiency considerations apply in the case of the lowest income.
Nevertheless, these results continue to colour professional thinking on issues of rate
structure. The lower endpoint result, in particular, has been taken as suggestive in
arguing against very high effective marginal rates on the poor.
Based on the first-order conditions, optimal tax theory suggests that marginal income

tax rates should be higher (i) the less responsive particular individuals are to tax rates, (ii)
the more the government wishes to redistribute from rich to poor, and (iii) at points in
the earnings distribution where the number of individuals is small relative to the number
of taxpayers with earnings exceeding this amount.
Because of difficulties in determining the shape of the optimal income tax schedule by

mere inspection of the first-order condition, following the lead of Mirrlees (1971),
numerical calculations have proven useful in generating results. It can be said that the
very basic nature of income tax problems requires quantitative results. Mere general
results are not of much value. Numerical simulations can help join the theoretical
analysis with empirical estimates of labour supply elasticities and of the distribution of
skills or income in order to provide further illumination. To get any further, one has to
simulate. One of our main focuses in this book is numerical simulations. Before moving
to numerical simulations, we consider some simplified special cases.

4.1 Quasi-linear preferences

For simplicity and transparency we first present, following Atkinson (1990, 1995) and
Diamond (1998), the special case in which preferences are quasi-linear in consumption
(as earlier in linear income taxation).6 There are no income effects in labour supply. This
special case is extensively used in both theoretical and applied optimal tax literature. The
quasi-linear assumption is also restrictive because it eliminates declining marginal utility
of consumption (utility is linear in x), which is a key motivation for redistribution.

6 Following Lollivier and Rochet (1983), many papers have focused on the polar case in which all income
effects are absorbed by labour supply, i.e. on preferences over consumption and leisure which are separable
and linear in leisure. In this case the tax schedule is independent of the labour response because the disutility
of labour is constant, a fact which seems to be incompatible with the empirical findings.
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Preferences are represented by a utility function:

u ¼ x � y1þ
1
e

1þ 1
e

; ð4Þ

where x is a composite consumption good and hours worked are y, with Ux= 1 and Vy < 0
(subscripts indicating partial derivatives) and where V(.) is convex. Equation (4) implies a
labour supply function y ¼ ðð1� T 0ðzÞÞnÞe with a constant elasticity e. With these
preferences we note from the first-order condition, ½ðð1� T 0ðzÞÞn�e, that everybody
with n>0 works. The optimal marginal taxes, denoted by tðzðnÞÞ ¼ T 0ðzðnÞÞ, for a type
n must satisfy (see the derivation of (5) in appendix 4.2):
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|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

ð5Þ

The marginal tax rate in (5) is depicted as tðzÞ
1�tðzÞ instead of just t(z). The reason is that the

tax here is applied to the tax-inclusive tax base z or after-tax income.7

The elasticity in the A-term is not the conventional one. Denoting by º the multiplier
of the government budget constraint, we define the social marginal welfare weight on

taxpayer n as fðnÞ ¼ W 0ðuÞ
l , where l ¼ Ð1

0
W 0½uðxÞ�f ðpÞdp. In other words, the Lagrange

multiplier º is equal to the population average of W 0½uðnÞ�.8
The welfare weights ç(n) measure the social value of giving a unit of income to an

individual with income n, relative to the social value of dividing it equally among all
individuals. In the classical utilitarian case ç is constant for all n, then the marginal tax
rates are uniformly zero. There is complete distributional indifference (given the quasi-
linearity in preferences), then there is no taxation.
Since W 0½uðnÞ� is decreasing in n (concave function), the equity effect in Cn is

increasing in n. The denominator in Bn will also be increasing in n below the mode
(since nf(n) is increasing), and An will be larger the more elastic labour supply is. The
pattern of optimal marginal tax rates is unclear, except at the very top and the very
bottom, where t(z)=0 (unless there is bunching; see appendix 4.2).

7 To see this, dx=dz�dT, so dx
dT ¼ dz

dT � 1. Since dz
dT ¼ 1

T 0ðzÞ, this yields
dT
dx ¼ tðzÞ

1�tðzÞ where T
0ðzÞ ¼ tðzÞ.

8 If the minimum income is zero, then this is not true.
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To understand intuitively the marginal tax formula (5) we consider the following
perturbation or tax reform: raise the marginal tax rate for individuals with income z’
(say, in a small interval z’ to z'+� where � is infinitesimal), leaving all other marginal
tax rates unchanged (see Figure 4.1d). There are two effects of the perturbation. First,
individuals with income levels in the treated interval will have their labour supply further
distorted. The higher the marginal tax rate, the higher the distortion. Second, individuals
with income levels above z'+� will pay higher taxes, but they will face no additional
distortion because their marginal tax rates are the same. The first effect is a cost and the
second effect is a benefit because the social welfare function values redistribution. All
individuals above income level z’ will pay more tax, but these individuals face no new
marginal distortion. That is, the higher marginal rate at z’ is inframarginal for them.
Since those thus giving up income are an above-average slice of the population (the part
of the population with income above z’), there tends to be a redistributive gain. Roughly
speaking, the higher the benefit from the second effect relative to the cost of the first
effect, the higher should be the marginal tax rate at z(n).
The formula for the optimal marginal tax rates reflects this logic. The higher the ratio

ð1�FðnÞÞ
nf ðnÞ , the higher is benefit relative to cost, because the distorted group is smaller

Tax paid

zT

T

T°

T° 

0

z’

Figure 4.1d The relationship between average tax rate and marginal tax rate

THE OPTIMAL NON-LINEAR INCOME TAX PROBLEM 71



relative to the group who pays more taxes. The smaller the labour supply elasticity, the

lower is the cost, because the lower is the distortion. The higher 1� W 0
l is, the higher is

the benefit, because the average value of W' on the interval [n,1) is lower.

4.2 Alternative social objectives and quasi-linear
preferences

The maximin or Rawlsian case: If we assume the Rawlsian social objective then the
factor Cn in (5) is constant. Then the pattern of marginal tax rates depends only on B,
that is, on the shape of the n-distribution. If the upper part of the n-distribution is the
unbounded Pareto distribution, and the utility function is (4), then (5) takes the form
t

1�t ¼ 1þ 1
e

� �
1
a. Hence, using the Rawlsian social welfare function, we do not obtain the

rising part of the U-shaped marginal tax rates as in Diamond (1998).9

Poverty radicalism: The ‘smoothly falling welfare weights’ class of social welfare
functions has long dominated analysis of optimal income taxation. However, alternatives
have been suggested as capturing better certain classes of value judgements. The first of
these is to be found in the literature on poverty indices. Starting with Sen (1976), the
literature consciously gives a zero social marginal utility to incomes above a critical level
(‘the poverty line’), thus allowing a focus on incomes below this level. Sen (1976) codified
this as the ‘focus axiom’, and it is formalized in terms of welfare weights by Atkinson
(1990). Forcing welfare weights to fall to zero well before the highest incomes are reached
may indeed be considered extreme relative to the standard inequality aversion. Kanbur
and Tuomala (2011) refer to it as ‘poverty radicalism’ (see Figure 4.2a). This alternative
has not been without its critics. Stern (1987), in a defence of standard parameterizations,
expresses dissatisfaction with poverty indices because welfare weights fall to zero (and
may do so discontinuously for some indices) at the poverty line. It is argued that this is
too extreme; it can be avoided by using standard parameterizations and letting the degree
of inequality aversion increase, which gives greater and greater weight to the poor, while
ensuring that (i) weights fall smoothly and (ii) they do not fall to zero at a finite value of
income.
If the weight is only positive on the poorest person, and is zero on everybody else, then

we arrive at the Rawlsian maximin objective function, which is usually derived as a limit
of a standard social welfare function where inequality aversion goes to infinity. Hence we
have a version of the Rawlsian social welfare function, where the maximand is the

9 In the general additive case with maximin, C is
Ð ðf ðpÞ=UxÞdp. It is declining with n since u(x) is concave

and the integral term declines in n. This might suggest declining marginal rates.
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welfare of the worst-off individual. This is a very standard interpretation in public
economics. We could, however, adopt a different version. Indeed, it is interesting that
Rawls (1971, p. 98) himself suggested an extension of this type:

One possibility is to choose a particular social position, say that of the unskilled worker, and then
to count the least advantaged of those with the average income and wealth of this group, or less.
The expectation of the lowest representative man is defined as the average taken over this whole
class. Another alternative is a definition solely in terms of relative income and wealth with no
reference to social position. Thus all persons with less than half of the median income and wealth
may be taken as the least advantaged segment.

Viewed in this way, poverty radicalism as depicted in Figure 4.2a can be seen as a
generalization of the Rawlsian maximin to include a larger set of persons at the bottom
of the distribution.
It is of some interest to note that if the Pareto distribution applies over the whole range

of n and the maximand of the Rawlsian social welfare function is the welfare of those
below the poverty line, the optimal marginal tax rate is increasing up to the poverty line.
The importance of this observation undermines the fact that the fit of Pareto distribution
over the whole range of income turns out to be quite poor. For Pareto distributions,
ð1�FðnÞÞ
nf ðnÞ is constant and equal to the Pareto parameter. However, the empirical income

distribution is not a Pareto distribution at lower income levels. Therefore we apply
Champernowne distribution (appendix 4.5 provides exposition of the Champernowne
distribution).

1

nnpov

average φ

φ

Figure 4.2a Poverty radicalism
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If we take poverty radicalism for a social objective, the optimal tax formula becomes
(see the derivation in appendix 4.2):

t
1� t

¼ 1þ 1
e
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1� FðnÞ
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n � n* ð6bÞ

Hence the marginal tax rate above n* is the same as in the maximin case. Table 4.1
illustrates numerically. It shows the marginal tax rates in the case of e=0.25 and 0.5, and
the distribution of n is Champernowne with the shape parameter Ł=2.5 and 3.0. From
Table 4.1 we see that the marginal tax rates increase in income up the poverty line.
Charitable conservatism: Another case for extending the optimal income tax model

in the spirit of the flute example in Sen (2009), allowing for the diversity of objectives, is
charitable conservatism. This alternative to the standard view has been discussed by
Atkinson (1990)—this time an alternative not in the radical but in the conservative
direction. Atkinson (1990, 1995) considers the charitable conservative position, where
the marginal welfare weight of consumption takes on two values—a high one for poor
people and a low one for non-poor people. Atkinson (1990) reasons as follows (p. 241):

It may be that complete distributional indifference characterizes the social welfare function of
some Conservative governments, but there is a more charitable position, which believes that the
government should be concerned with poverty but not with redistribution. This charitable
conservative position exhibits a degree of concern for the poor, but this is the limit of the
redistributional concern and there is indifference with respect to transfers between those above
the poverty line.

Table 4.1 Optimal marginal tax rates with social objectives with poverty radicalism

t%

Ł = 3.0 Ł = 2.5

F(n) e=0.25 e=0.5 e=0.25 e=0.5

0.01 90.0 85.0 90.0 82.0

0.05 90.9 85.5 90.3 82.6

0.10 91.3 86.4 91.0 83.3

0.15* 91.7 86.9 91.3 84.0

0.50 76.9 66.6 76.1 61.4

0.90 64.9 52.6 64.0 47.1

0.99 62.9 50.5 61.8 44.8

74 OPTIMAL REDISTRIBUTIVE TAXATION



The weights characterizing charitable conservatism as specified by Atkinson (1990, Fig
4.2b) fall discontinuously at the poverty line and are constant thereafter at a positive
level. The only difference between poverty radicalism and charitable conservatism seems
to be the magnitude of the weight given to above the poverty line incomes—the pattern
of the weights above the poverty line (constancy) is the same for both. If we take a
charitable conservative position, the last term in (5) is equal to ð1� fcÞ. Suppose now
that there is a critical value of income, npov, known as the poverty line. The reason why
this value of income is critical depends on the behaviour of the valuation function, and
therefore the welfare weights. Atkinson’s (1990) representation of charitable conserva-
tism10 is shown in Figure 4.2b. As can be seen, the weights jump to a lower value at npov..
Formally, we can write:

ð1� NpovÞfc þ Npov
fc

k
¼ 1; ð7Þ

where Npov is a fraction of people who are below the poverty line. It can be calculated
when we know Œ and Npov.
Table 4.2 presents marginal tax rates for the Rawlsian, poverty radicalism, and char-

itable conservatism objective functions. The optimal marginal tax rates rise when,
holding mean constant, overall inequality of the pre-tax inequality increases (from Ł=3
to Ł=2). (i) As might be expected, marginal tax rates are lower for charitable conserva-
tism than for poverty radicalism. Marginal tax rates decline much faster for charitable
conservatism than for poverty radicalism. (ii) The Rawlsian maximin objective function
produces a very similar pattern of marginal tax rates compared to poverty radicalism—
this supports the argument earlier that poverty radicalism might be thought of as a
generalization of Rawlsian maximin.

φ

1

nnpov

Average φ

Figure 4.2b Charitable conservatism

10 In the general additive case with maximin, C is
Ð ðf ðpÞ=UxÞdp. It is declining with n since u(x) is

concave and the integral term declines in n. This might suggest declining marginal rates.

THE OPTIMAL NON-LINEAR INCOME TAX PROBLEM 75



The intuitions behind the pattern of marginal tax in cases of maximin—that the social
welfare weight is concentrated on the least advantaged—and poverty radicalism—that
social welfare weights are concentrated among those living in poverty—is that since the
poor are now poorer and require greater support, higher marginal tax rates are in turn
necessary to meet the budget constraints. These higher marginal tax rates will of course
have incentive effects on the poor, but this is traded off against the need for finer
targeting to support the very poorest, when an increase in pre-tax inequality has made
them even poorer. The argument runs in reverse if inequality falls. Due to the C term
in (5), things are more complicated in the charitable conservatism case.
Tax perturbation approach: Saez (2001) derives an optimal tax formula by using a tax

perturbation11 approach. He also translates the analysis from n-space to z-space. If one
begins with some tax schedule T(z), assumed to be optimal, it must be that no slight
adjustment to the schedule will change the level of social welfare. Consider an adjust-
ment that slightly raises the marginal tax rate at some income level, z (say, in a small
interval from z to z+dz), leaving all other marginal tax rates unaltered. This has the
following effects. Figure 4.3, taken from Diamond and Saez (2011), further illustrates this
approach.

(1) Let H(z) be the distribution function of individuals by income z (which equals ny
and so is endogenous), with density h(z). To the first order, the tax paid by everyone
whose income is larger than z increases by dtdz; if these individuals are (1�H(z)) in
number, tax revenue increases by (1�H(z))dtdz.

(2) The response to the small tax increase dt of an individual earning z is equal to
dz ¼ �zedt=ð1� tÞ. Now the income supply or gross income in case of (4) can be
written z ¼ ny ¼ ðð1� tðzÞÞnÞeneþ1. Hence the elasticity of labour income with

Table 4.2 Optimal marginal tax rates with social objectives (Rawlsian, charitable conservatism,
poverty radicalism) and Champernowne distribution (Npov=0.15, e=0.3)

F(n) Maximin Maximin Ch.con k = 0.5 Ch.con k = 0.5 Povrad Povrad
¨ Ł=2 Ł=3 Ł=2 Ł=3 Ł=2 Ł=3

0.10 95.7 93.2 74.5 63.9 93.0 90.0

0.15 94.7 90.1 63.5 54.5 93.3 90.5

0.50 81.2 74.1 35.9 27.1 81.2 74.1

0.90 70.4 61.4 23.6 17.1 70.4 61.4

0.99 67.0 58.2 21.0 15.3 67.0 58.2

0.999 58.7 52.2 15.6 12.4 58.7 52.2

11 There are some earlier contributions using the tax perturbation method. Christiansen (1981) intro-
duces the tax perturbation approach, but his main interest is the conditions under which the Samuelson rule
is valid when non-linear income tax and linear commodity taxes are available to finance the supply of public
goods. Using a tax perturbation method, Piketty (1997) derives the optimal non-linear income tax schedule
under maximin without income effects. Roberts (2001) derives it also under a utilitarian case. A kind of
perturbation is discussed in Diamond (1968).
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respect to (1�t(z)) is e ¼ dzð1�tðzÞÞ
dð1�tðzÞÞz. The reduction in income dz implies a reduction

in tax revenue equal to tdz (no income effects here). So we have hðzÞdztzedt=ð1� tÞ.
(3) This tax increase also creates a social welfare cost of�dtdz½1� HðzÞ�W 0ðzÞ. W’(z) is

defined as the average social marginal welfare weight for individuals with income
above z.

At the optimum, effects (1), (2), and (3) must exactly cancel out, so that
ð1� HðzÞÞdtdz � hðzÞdztzedt=ð1� tÞ � dtdz½1� HðzÞ�W 0ðzÞ ¼ 0. This implies:

t
1� t

¼ 1
e
ð1� HðzÞÞ

zhðzÞ ð1�W 0Þ ð8Þ

which is the equivalent of (5). The marginal tax rate is decreasing in the elasticity of
taxable income e and W’(z), as expected. It is increasing in (1�H(z)), the number of
persons whose tax payments go up when the marginal tax rate on z rises, and decreasing
in zh(z), which is the total output of those at income level z. Of course, (5) is derived
under some restrictions, including quasi-linearity of preferences and a constant labour
supply elasticity.

4.3 Optimal top marginal tax rates: unbounded
distribution and quasi-linear preferences

As discussed above, the famous zero top rate result applies only to the top income-
earners. If there is no upper bound of the skill distribution, the marginal tax rate at the
top is no longer zero. Now we make an empirically plausible assumption that there is no
upper bound.

Small band (z,z+Δz):slope 1-T’(z)

Reform:slope 1-T’(z)-Δt

z z

c=z-T(z)

z-T(z) Mechanical tax increase

ΔtΔz(1-H(z))

Behavioural response tax change

Δz=-Δtez(1-T’(z))

Tax change:T’(z)Δzh(z)Δz

=-h(z)ezT’(z)/(1-T’(z))ΔzΔt

Δz

ΔtΔz

Social welfare effect:
-ΔtΔz[1-H(z)]W(z)

Figure 4.3 Tax perturbation approach
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Diamond (1998) shows that when preferences satisfy (4) and labour supply elasticity e
is constant, the optimal marginal taxes must satisfy (5). For any social welfare function
W with a property that limu!1W 0ðuÞ ¼ 0, and individual preferences represented by
(4), then the integral in (5) asymptotically converges to 1 and tðnÞ

1�tðnÞ converges

to tðnÞ
1�tðnÞ ¼ 1þ 1

e

� � 1�FðnÞ
nf ðnÞ from below.

In the case of the unbounded Pareto distribution of skills above the modal skill f ðnÞ ¼
1

n1þa for a > 0, 1�FðnÞ
nf ðnÞ ¼ 1

a, the asymptotic optimal marginal tax rate is given by:

limn!1
tðnÞ

1� tðnÞ ¼ 1þ 1
e

� �
1
a
; ð9Þ

where Æ is the Pareto coefficient. Hence:

t ¼ 1
1þ ax

ð10Þ

where x ¼ 1þ 1
e

� �
. Formula (10) is an explicit formula for the optimal top income tax

rate. It shows that the optimal top tax rate is independent of the cut-off income z* within
the top tail (see Figure 4.4). It is also the asymptotic optimal marginal tax rate coming
out of the standard non-linear optimal tax model of Mirrlees (1971). That is, the optimal
marginal tax rate is approximately the same over the range of very high incomes where

Top bracket

Reform

z * z

c=z-T(z)

z*-T(z*)
Mechanical tax increase
Δt[z-z*]

Behavioural response tax change
tΔz=-Δtezt(1-t)

Figure 4.4 Optimal top tax rate
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the distribution is Pareto and the social welfare function has curvature so that W 0½uðnÞ�
tends to zero when u tends to infinity. This will, hence, approximately be true for large n
or z. Assuming that the average social marginal welfare weight among top bracket
income earners is zero allows us to obtain an upper bound on the optimal top tax rate.
Hence (23) gives a revenue-maximizing tax rate. If we assume the maximin social
objective,12 Pareto distribution, and quasi-linear preferences, then the pattern of mar-
ginal tax rates depends only on 1�FðnÞ

nf ðnÞ ; that is, on the shape of the n-distribution. We have
the same formula as in (10).
Saez (2001) provides a simple derivation of the top income tax rate in terms of gross

income z based on approximation. The government chooses t to maximize tax revenue
R from the top bracket (as the government puts no marginal social welfare weight on top
bracket earners);13 R = t(zm(1�t)�z*). z* is a threshold and zm is the mean income of
those with incomes above z* (in other words, if z* is a threshold above which a
hypothetical top rate of tax applies, then the mean income of those affected is zm, and
zm�z* is the amount of income over which the new tax rate applies). The first-order
condition is t dzm

dð1�tÞ ¼ zm � z*.
Dividing by zm we have: tdzmð1�tÞ

ð1�tÞzmdð1�tÞ ¼ 1� z*
zm
(*), where at the left-hand side we have

the aggregate elasticity of income in the top bracket with respect to the net-of-tax rate
1�t. The formula (*) is essentially the same formula as formula (14) in Tuomala (1985)
in the linear optimal income tax model (and formula (3) in Chapter 3). The revenue-
maximizing top rate that applies above the threshold z* is given by t

1�t e ¼ 1� z*
zm

or
t ¼ 1

1þe=I, where I ¼ 1� z*
zm

is a measure of inequality. But if the distribution of top
incomes has a Pareto distribution then this is equivalent to formula (10) and independ-
ent of the threshold z*. The Pareto distribution has an important connection with van
derWijk’s law. The average income zm above the level z* is proportional to z* itself, i.e. or
z*
zm

¼ a�1
a (see for example the discussion in Cowell 1977). Hence we have t ¼ 1

1þea. Note
that this formula is in fact the same as (5) in the optimal linear income tax in Chapter 3.14

When z* = 0, a ¼ 1 ¼ z
z�z*, we have (5) in the linear income case.

Alternative social preferences and top tax rates: One may argue that it is too extreme
to put zero asymptotic welfare weight on the top earners. For example, Feldstein (2012)
argues that it is repugnant to set weights in this way. Alternatively we might assume that
f has a positive lower bound which is approached as n rises without limit. Of course this

12 Maximizing utility of the worst-off person in the society is not the original version of Rawls (1971). It is
a kind of welfarist version of Rawlsian thought. ‘To interpret the difference principle as the principle of
maximin utility (the principle to maximize the well-being of the least advantaged person) is a serious
misunderstanding from a philosophical standpoint’: Rawls, 1982).

13 Alternatively, assume one wants to increase the marginal tax rate from t to t+dt over some income
bracket [z; z+dz]. Then tax revenues go from R to R+dR, with:dR = (1�H(z)) dtdz�h(z)dzt’ez dt/(1�t) (h(y)
the density function for labour income, and H(y) the distribution function). dR = 0 if and only if t/(1�t) =
(1�(z))/zh(z)(1/e).

14 When z* = 0, a ¼ 1 ¼ z
z�z*, we have the linear income case.
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is not obvious how to determine a positive lower bound. Given the lower point of f, the
optimal rate is now:

t ¼ 1� f
1� fþ e=I

: ð11Þ

The optimal top marginal tax rate is decreasing with elasticity e and the social marginal
welfare weight on top earner f, and increasing in the inequality parameter I. This rate is
also less than the revenue-maximizing rate with the same inequality parameter and
elasticity.
Atkinson (2012, p. 747) writes:

Economists tend to assume that it is e (the elasticity) that is the core of their subject, but equally
central should be a (the distribution). This is particularly the case where the distribution of top
incomes is becoming more concentrated in the form of a lower value for a Pareto parameter,
implying a higher optimal top tax rate.

The excellent Pareto fit of the top tail of the distribution has been well known for over a
century, since the pioneering work of Pareto (1896), and has been verified in many
countries and many periods, as summarized in Atkinson et al (2011). In those twenty-
four countries reported in Atkinson et al (2011), the Pareto parameter typically varies
between 3.0 and 1.67. The top tail of the income distribution is closely approximated by a
Pareto distribution characterized by a power law density of the form h(z) = (1/z1+Æ),
where Æ>1 is the Pareto parameter.15 Such distributions have the key property that the
ratio zm/z* is the same for all z* in the top tail and equal to Æ/(Æ –1). z* is the top x per
cent threshold income and zm is the average income of top x per cent. Higher Æ i.e. lower
coefficient Æ/(Æ �1), (i.e. less fat upper tail) implies lower inequality. A lower coefficient
means larger top income shares and higher income inequality. In Finland in the period
1990–2009, the Pareto parameter (taxable income) varied between 3.7 (1992) and 1.79
(2004; see Figure 4.5 and also appendix 4.5).
Empirical work on the incentive effects of labour income taxation generally identified

quite low labour supply elasticities. Much of this research viewed labour supply in terms
of hours. It has long been recognized that behavioural responses of taxation are not
confined to participation and hours worked. Feldstein (1995) proposed that we should
examine the response of taxable income to changes in tax rates. Taxable income is
determined not only by hours and participation; individuals can respond to other
taxation margins such as job choice, intensity of work, timing of compensation, tax
avoidance, and tax evasion. Feldstein (1995) found very high elasticities exceeding 1.
Slemrod (1996) pointed out that many of those dramatic responses were actually

15 It is still the case that the original purpose of the Pareto function is its most fruitful application. This
view is nicely expressed by Cowell (1977, p. 88) when he writes: ‘Although the Pareto formulation has
proved to be extremely versatile in the social sciences, in my view the purpose for which it has originally been
employed is still its most useful application—an approximate description of the distribution of income and
wealth among the rich and the moderately rich’.
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primarily due to tax avoidance rather than real economic behaviour. Subsequent
research generated considerable smaller estimates. In a recent survey on taxable income
elasticities, Saez et al (2012, p. 42) conclude: ‘The most reliable longer-run elasticity
estimates range from 0.1 to 0.4, suggesting that the U.S. top marginal rate is far from the
top of the Laffer curve, but greater than one would calculate if the sole behavioural
response was labour supply.’
Much attention has been devoted to the effects of top marginal tax rates on the

earnings distribution. As pointed out by Atkinson et al (2010), higher top marginal tax
rates can reduce top reported earnings through different channels. In particular, it has
long been shown that the bulk of the elasticity response for top incomes comes from
income-shifting between various tax bases. For instance, lower capital income tax rates
might lead to a rise in top taxable incomes reported as capital income, but this rise can be
almost entirely offset by a corresponding decline in taxable earned income reported to
the labour income tax (see more on this in the context of optimal capital income
taxation).
Most of the behavioural response of top incomes to top tax rates seems to be due not

to a real change in economic activity and output, but simply to a re-labelling of income
outlays over various tax bases. Using the terminology introduced by Saez et al (2012) in
their survey, the behavioural response of top incomes involves substantial tax external-
ities which, like all externalities, have an impact on welfare and policy analysis. In
general, the literature estimates this elasticity based on the sum of labour and capital
income. Top income shares together with information on marginal tax rates by income
group can be used to test theory and estimate the taxable elasticity.
We employ the property of (10) to calculate optimal top income tax rates using

reduced-form estimates of the taxable income elasticity for high incomes and a Pareto
parameter of Figure 4.5 from the Finnish income distribution. Figure 4.6 displays our
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income and zm is the average income of top 1%.

Source: Riihelä et al (2013).

THE OPTIMAL NON-LINEAR INCOME TAX PROBLEM 81



simple calculations for two different values of elasticity over the period 1990–2010. The
value e=0.25 is a mid-range estimate in Table A3.1 (see appendix 4.3) and also in the
recent survey by Saez et al (2012).
Tables 4.3a, b, and c illustrate with some parameter values top marginal rates with

different social objectives (utilitarian and revenue-maximizing). As mentioned earlier,
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Source: Riihelä et al (2013).

Table 4.3a Utilitarian top marginal tax rates (%) ç=1/3

Æ=1.5 Æ=2 Æ=2.5 Æ=3

e=0.25 64.1 57.3 51.7 47.2

e=0.50 47.2 40.1 34.9 30.9

Table 4.3c Rawlsian (maximizing revenue on the high earner) top marginal tax rates (%) ç=0

Æ=1.5 Æ=2 Æ=2.5 Æ=3

e=0.25 72.7 66.7 61.5 57.1

e=0.50 57.1 50.0 44.4 40.0

Table 4.3b Utilitarian top marginal tax rates (%) ç=1/2

Æ=1.5 Æ=2 Æ=2.5 Æ=3

e=0.25 57.1 50.0 44.4 40.0

e=0.50 40.0 33.3 28.6 25.0

82 OPTIMAL REDISTRIBUTIVE TAXATION



since the end of the 1970s, top tax rates on upper income earners have declined
significantly in many OECD countries, again mainly in English-speaking countries.
For example, the US top marginal federal individual tax rate was a remarkably high 91
per cent in the 1950s–60s, but is only 35 per cent nowadays. In other advanced countries,
e.g. Nordic countries, top tax rates on upper income have declined dramatically since the
beginning of the 1990s. The top tax rate in Finland was 44.3 per cent in 2010. The
corresponding top tax rate was 62.7 per cent in 1990. The tax rates in Table 4.3a and b
are based on the approximation formulas (10) and (11). They give smaller values than
the asymptotic rates. For example, in the revenue-maximizing case with Æ=2 and e=0.5,
we have t=50 per cent, but the asymptotic rate with the same parameter values is 60 per
cent (from formula (10)).
Responses to tax rates can also take the form of tax avoidance. Tax avoidance can be

defined as changes in reported income due to changes in the form of compensation but
not in the total level of compensation. In the Finnish tax system, tax-avoidance oppor-
tunities arise when taxpayers can shift part of their taxable labour income into capital
income. Income-shifting is possible in practice for the top 1 per cent of taxpayers, i.e. for
wealthy owners of closely held companies. Piketty et al (2014) extend the revenue-
maximizing top tax-rate formula with the elasticity of tax avoidance. The formula
takes the following form: t ¼ ð1þ taeAÞ=ð1þ aeÞ (see Piketty et al 2014 for a deriv-
ation), where eA ¼ ð1�tÞdA

zdðt�tÞ is the tax-avoidance elasticity and A is shifted income so
that ordinary taxable income is a difference between real income and A and shifted
income is taxed at a constant and uniform marginal tax rate � lower than t. For given
� = 25 per cent16, we assume ϵ = 0.5 (0.7)17, ϵ* = 0.3 (0.1), ϵA = 0.2 (0.6),18 Æ = 2 and
� = 25 per cent, then we obtain a revenue-maximizing top rate t = 55 per cent
(54.2 per cent). What are the tax policy implications of top tax rates based on this
formula? They simply reflect weaknesses of the tax system. In fact, the optimal tax
system should minimize the income-shifting channels. In other words: what fraction of
the tax-avoidance elasticity can be eliminated by better tax design and tax enforcement?

4.4 Additive utility and income effects

We now move to the more general case with income effects. To make things simpler we
assume that the utility function is additive:

u ¼ UðxÞ þ Vð1� yÞ ð12Þ

16 It was capital income tax rate in the 1993 reform.
17 e=(d/z)e*+eA where e* is the real labour supply elasticity, and the ordinary taxable income z=d�A

(d=real income).
18 We chose the values of elasticities assuming that in Table 1 the elasticity based on the 1993 reform also

reflects income shifting, but not the estimate of elasticity based on the 1989 reform.
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defined over consumption x and hours worked y, with Ux>0 and Vy < 0 (subscripts
indicating partial derivatives). Omitting details (see appendix 4.4) from the first-order
conditions of government’s maximization, we obtain the condition for the optimal
marginal tax rate. It is useful to write the ABC formula for marginal rates19,20, denoted
by t(z) =T '(z), in terms of traditional labour supply elasticities21, Eu (uncompensated
labour supply elasticity), and Ec (compensated labour supply elasticity):

t
1� t

¼ 1þ Eu

Ec

� �
|fflfflfflfflffl{zfflfflfflfflffl}

An

½1� FðnÞ�
nf ðnÞ

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Bn

Ux

ð1
n

ð1�W 0UðmÞ
x

l
Þð1=Um

x Þf ðmÞdm

1� FðnÞ

2
6666664

3
7777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

ð13Þ

Although formula (13) is more complicated than in the case without income effects, it
does however provide several insights (see the derivation of (13) in appendix 4.3). There
are three elements on the right-hand side of (13) that determine optimum marginal tax
rates. We now consider what formula (13) tells us about optimal marginal rates at the
lower part of the income distribution.

(1) First, the term on the right-hand side of (13), An, expressing labour supply
responses in uncompensated and compensated elasticities, represents the standard
efficiency effect, reflecting also conventional wisdom. It says that, other things being
equal, the marginal tax rate is decreasing in Ec. It is also important to note that, for a
given compensated elasticity Ec, the decomposition into uncompensated and income
effects matters. The higher are income effects (in absolute terms) relative to uncompen-
sated effect, the higher is the marginal tax rate. The higher the compensated elasticity is,
the lower the optimal marginal tax rate. What is also important here is that the elasticity
may vary across population. This means that we need to know how the elasticity varies
with the wage rate. Is it higher at the lower end of the income distribution than at the
upper part? This is an empirical question. We shall return to this in the simulations.

19 Revesz (1989), Atkinson (1995), Diamond (1998), Piketty (1997), and Saez (2001) have formulated the
Mirrlees first order conditions in terms of elasticities.

20 There is an important difference between (13) and the formulation in Saez (2001, p. 215). Taking into
account that the tax rules and other parameters will determine the relationship between the ability
distribution and the resulting income distribution, Saez (2001) translates the results from those in terms
of the distribution of abilities to those in terms of the distribution of income. In other words, Saez (2001)
took a step forward by deriving an optimal tax formula by expressing his optimal tax formula in terms of the
notion of virtual earnings distribution and verifying the consistency of his solution with Mirrlees’. Saez
(2001, p. 215) defines the virtual density at earnings level z as ‘the density of incomes that would take place at
z if the tax schedule T (:) were replaced by the linear tax schedule tangent to T (:) at level z’.

21 See also Wilson (1993) in the context of non-linear pricing. See appendix 4.4 for the derivation.
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(2) The second term, Bn, tells us that the shape of the wage distribution affects the
optimal marginal tax rate at the wage level n through the ratio 1�FðnÞ

nf ðnÞ . This ratio is the
inverse hazard rate (or the Mills ratio) divided by n. When we increase the marginal tax
rate at some n (n is low), we collect more revenue on more productive individuals, who
are 1�F(n) in number. In other words, an increase in marginal rate depends on the
proportion of the population above n. The purpose of higher marginal rate is to increase
the average tax rate higher up the scale. Hence 1�F(n) is in the numerator. We distort
only the behaviour of the marginal type, which explains why f(n) in turn is in the
denominator.
The marginal tax rate is higher when n is lower in the distribution (1�FðnÞ

n is decreasing
in n) and when nf(n), an indicator of the extent of earnings at the wage level n, is smaller.
Hence, raising marginal rates on very low incomes, say z*, raises substantial revenue
because most of the taxpayers have income higher than this level. Moreover, higher
marginal rates at the bottom are inframarginal for this large group. In other words, the
high marginal rates act as a lump-sum tax on higher earnings. Secondly, in the denom-
inator f is not very large and n in turn is low, so there is little lost revenue. These
considerations explain why several simulations produce high marginal rates at the
bottom of the distribution. In particular, this is the case when the labour supply elasticity
is constant. It must be remembered that our story above is based on ceteris paribus
assumptions.
Formula (13) also suggests that, other things being equal, the marginal tax rate should

be lower the denser the population is at that point, i.e. higher f(n). In other words, the
larger the fraction of the taxpayers paying more tax, the smaller is the group being
distorted. On the other hand, for the typical distribution, the density weighted by n is
likely to decline with n above some point suggesting a higher marginal tax rate on high
earners. From Figures 5.1a, b, and c in Chapter 5 we see that at the lower part of n-
distribution, the B-term is lower for the Champernowne distribution (defined in appen-
dix 4.5) than in the case of lognormal distribution (see footnote 4 in Chapter 5). The
component 1-F in the numerator is smaller and the f component in the denominator will
be larger. This suggests that the optimal marginal tax rate at a low level of income might
be smaller in the Champernowne case than in the lognormal case. Our numerical
simulations support this.

(3) The third term, Cn, reflects income effects and incorporates distributional con-
cerns.Ux has also a central role in the term C; the effect itself is in the front of the integral
and in the integral itself we need to knowW0Ux

22, where W’ is the social weighting of an
individual and Ux is their marginal utility from consumption. There is a distinction
between the concavity of individual utility functions, Ux, and concavity that might exist

22 It can be shown that W'Ux is decreasing in n* (n* is the skill level at which W 0ðuðn*ÞÞ
Uxðxðn*Þ; yðn*ÞÞ ¼ l) so long as W(u) is concave and leisure is normal. W 0ðuðn*ÞÞuxðx; yÞ is decreasing
in n*. See proof in appendix 2.3.1.
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in the social welfare function, W’. While the latter involves a value judgement, the former
is a representation of individual utility that in principle might be measurable. The
integrand term measures the social welfare gain from slightly increasing the marginal
tax rate at n and distributing as a poll subsidy to those below n the revenue raised from
the consequent increase in average tax rates above n. To put it another way, the integrand
in the numerator is the difference between the marginal euro that is raised and the euro
equivalent of the loss in welfare for those taxpayers paying more tax above n*. W0Ux

indicates the impact of changes in social utility of income, and division by º,23 the
shadow price on revenue constraint, converts this welfare measure into euros. Dividing
by 1�F(n) gives an average for the affected population. Altogether, the C term tends to
favour rising marginal rates.
The income effects enter through the terms A and C. In the term A it affects how

elasticities vary with skill.24 Income effects are related to the concavity of the utility of
consumption, as people are willing to work more when after-tax income is lower. In the
utilitarian case this might mean thatW0Ux is decreasing more sharply in the presence of
income effects. This suggests that income effect should lead to a greater extent of
redistribution. This effect through W0Ux does not yet imply that the marginal rates are
increasing in income. In fact, this effect is missing in many simulations.
A concave utility of consumption means that income effects are weaker for high-

income earners. This pushes marginal tax rates down at high levels of income. On the
other hand, when Ux decreases with n, its impact on inequality aversion pushes in the
opposite direction. The interaction of these two forces determines the optimal tax-rate
schedule. But this is about as far as we can get at this level of generality.25 In the tradition
of the non-linear taxation literature, we can provide a better understanding of the form
of optimal policy through numerical simulations. We can compute post-tax income at
each level of n and thus calculate inequality of pre and post-tax income as well as total
income for different values of key parameters. Section 2.4 takes up this task.

23 Note º is itself a function of the overall distribution, l ¼ 1=ðÐ1
0
ð1=UxÞf ðpÞdpÞ (the social welfare

function is utilitarian, i.e. W’=1).
24 As shown by Chetty (2006), there is a relationship between risk aversion and the labour supply. Or, to

put it another way, there is the connection between the coefficient of relative risk aversion (r) and the ratio of
income wage elasticities. We can see this link by differentiating the FOC of individual’s problem and using
again the Slutzky equation:

@y=@b
@yc=@n

¼ Uxxn
Ux

ð*Þ

where yc is compensated labour supply. As seen from (*), the curvature of the utility function with respect to
consumption (the coefficient of relative risk aversion) is important because the labour supply response to an
increase in income is related to howmuch the marginal utility of consumption changes as income changes. If
Uxx is large, the marginal utility of consumption falls sharply as income rises, so that the taxpayer will reduce
labour supply when his or her earnings rise.

25 There are also a number of asymptotic results for the unbounded case. For example, Mirrlees (1971)
demonstrates that the marginal tax rate can converge to 100 per cent under some conditions. See also
Diamond (1998) and Saez (2001).
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4.5 The non-linear utility of consumption
and asymptotic rate

The quasi-linear cases considered above yield insights, but within the framework of the
assumptions made. How robust are these insights? What happens when we move away
from quasi-linearity? Saez (2001) also shows that the main results of Diamond (1998)
can be generalized to preferences with income effect. Saez (2001) presents a formula for
the optimal asymptotic tax rate for a more general setting based on an approximation.
The welfare-maximizing top rate in the highest tax bracket equals
t ¼ ð1� fÞ=ð1� fþ aec � �Þ, where f<1 is the social marginal welfare weight for
top income earners (it measures the social value in euros of transferring a marginal euro
to an income earner in the top tax bracket) and ec is the compensated elasticity of taxable
income, Å is the income elasticity, and Æ is the Pareto parameter of the earnings
distribution. The equation is therefore an explicit formula for the optimal asymptotic
top income tax rate if the social welfare weight is taken as exogenous.
As in Diamond (1998), Dahan and Strawczynski (2012) rely on the direct limit

argument, i.e. the limit of optimal non-linear marginal tax rates when the wage tends
to infinity.26 They show that Diamond’s asymptotic tax formula is not limited to the
linear case and can be used for the non-linear utility of consumption as well. Dahan and
Strawczynski (2012) also replicate the optimal asymptotic tax of Mirrlees (1971, equation
66), but in terms of labour supply elasticities instead of marginal utilities.
As noted by Mirrlees (1971), the asymptotic marginal tax rates are sensitive to the

non-linearity utility of consumption. Above in (22) we assume that utility of consump-
tion is linear. If the marginal utility of consumption takes the form of ux = x�ª, then the
asymptotic marginal tax rates are sensitive to the value of ª in the neighbourhood of 1.
For example, with constant labour supply elasticity and ux = x�2, formula (9) in Saez
(2001) yields the optimal asymptotic rate equal to 100 per cent. Mirrlees (1971) devoted
much attention to the case where the utility function is of the Cobb–Douglas form,
u = logx+log(1�y), the social welfare function is isoelastic, and skills are lognormally
distributed or according to the Pareto distribution. Marginal tax rate with the Pareto
distribution tends asymptotically as n tends to infinity to 2

1þy, where Ł is the shape
parameter or Pareto parameter. This is also true for the Champernowne distribution.
We can give a fuller description of the solution than is provided in Mirrlees (1971 case

ii, pp. 196–200) in the case of Champernowne distribution (see the derivation in
appendix 4.5). When the path to the singular solution starts from labour supply y=0,
this implies that the marginal tax rates increase monotonically from t ¼ 1

ð1þyÞ to t ¼ 2
1þy

(see appendix 4.5 for the derivation). It is also important to note that these asymptotic
results are independent of the net revenue requirement. Interestingly, the same

26 Most relevant cases of asymptotic tax rates were already analysed by Mirrlees (1971, pp. 188–93).
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asymptotic value holds—for the current skill distribution and preferences27—both in the
Rawlsian or maximin and utilitarian cases as long as the marginal utility of consumption
goes to zero as wage goes to infinity. In other words, although the shapes of the respective
marginal tax schedules differ radically in the maximin and utilitarian cases at the lower
end of the income distribution, they converge at the upper end.28 In fact, this is not
surprising. In the utilitarian case the weight attached to the top incomes tend to zero
when n goes to infinity. This is also true in the case where the government minimizes
some well-behaved poverty index. Of course, this convergence may not be apparent over
the income range of practical interest. Whether this is the case will emerge in the
numerical simulations provided below.
In Table 4.4 we compare asymptotic rate with the optimum non-linear tax rate at the

upper part of n-distribution. A number of interesting points emerge from the patterns in
Table 4.4. There are quite big differences between the numerical and asymptotic rates.
The asymptotic solution is not a very accurate approximation for even the top 1 per cent,
with Ł=2, 2.5, and Ł=3. But this difference is much smaller than in Mirrlees (1971). The
reason is that here we are using distribution with a much thicker upper tail than that
used in Mirrlees (1971). Both asymptotic and numerical rates are in line with the top
rates we find in many advanced countries. It is perhaps slightly surprising to find rather
high tax rates with the Cobb–Douglas preferences where the labour elasticity is rather
high, around 0.5, at the income level of top one per cent. In the case Ł=2 the asymptotic
rate is 67. The asymptotic tax of Mirrlees (1971, equation 66) is 60 per cent: his formula
is not in terms of labour supply elasticities but in terms of marginal utilities.
The current (2010) top marginal rate for the top 1 per cent in Finland is 44.3 per cent.

The corresponding top tax rate was 62.7 per cent in 1990. With the Pareto parameter
a = 2.5, (2.0) the labour supply elasticity e = 0.25 yields revenue-maximizing top
marginal tax rate t of 61.5 per cent (66.7 per cent) and utilitarian with positive welfare
weight (0.5) yields t of 52.6 per cent. The more general case with the Cobb–Douglas
preferences and Æ = 2.5 gives the top rate of 57 per cent. It is clear that this kind of
calculation of the optimal tax rate needs to recognize explicitly that there is much
uncertainty particularly related to supply elasticities, and not only to rely on one
estimate. Notwithstanding this, one conclusion we can draw from our application

Table 4.4 Asymptotic and numerical top marginal tax rates, f(n)=Champernowne u=lnx+ln(1�y)

Ł=2 Ł=2.5 Ł=3 F(n)

Asymptotic rate 67 57 50

Numerical rate 50.1 40.4 33.8 99

27 Mirrlees (1971) notes this in a footnote on page 200.
28 In fact this is also true in numerical simulations. In Chapter 5 we see that both in maximin and

utilitarian cases, the marginal tax rates are almost the same at the 99 per cent point of the skill distribution.

88 OPTIMAL REDISTRIBUTIVE TAXATION



without any uncertainty is that the current top marginal tax rate in Finland is not close to
the top of the Dupuit–Laffer curve.
How we assess our results for the top marginal tax rate depends also on whether

elements left out of the model change them. There are good reasons to suspect that the
labour market of top income earners deviates from the standard competitive model in a
number of important respects.29 Persson and Sandmo (2005) investigate optimal income
taxation in a ‘tournament’model where wages are determined not by productivity but by
one’s productivity relative to other workers. As they note, such a model might be
particularly relevant to the salaries of top executives. Would it therefore be a more
suitable framework within which to examine the optimal top tax rate? There are
problems with the tournament explanation, however, and there is no real evidence
that it applies to executive pay. For example, tournaments might provide poor incentives
when it is apparent that one player is likely to win and others likely to lose the
competition (due to differences in skills or other qualities; see Eriksson 1999). Finally,
if the economic activity at high income levels is primarily socially unproductive rent-
seeking, then it would be plausible to impose high marginal rates at top income levels.
One element left out of the above theoretical analysis is capital income. As long as

capital income is taxed less heavily than labour income (as in the Nordic dual income
tax), there is an incentive to convert some labour income into capital income. Narrowing
the difference between tax rates of labour and capital income is one way to limit the
extent of income-shifting. We come back to these questions in Chapter 14.
Taxes and transfers might affect migration in or out of the country. For example, high

top tax rates might induce highly skilled workers to emigrate to low top tax-rate
countries. Mirrlees (1971) assumes that migrations are impossible but emphasizes that
‘since the threat of migration is a major influence on the degree of progression in actual
tax systems, at any rate outside the United States, this is an assumption one would rather
not make’ (Mirrlees, 1971, p. 176). Mirrlees (1982) studies income taxation and migra-
tion mainly from the perspective of developing countries. As suggested by Simula and
Trannoy (2010), taking into account potential losses in the tax base due to migration can
significantly reduce the level of the optimal top marginal tax rate. In a simple case this
can be seen by extending formula (10), adding migration effects using migration
elasticity �. It is the elasticity of numbers with respect to after-tax income, x. We have
the following formula: t ¼ 1

1þaeþ�.
From Table 4.3b we see that when Æ=2 and e=0.25, t=2/3. If there is migration with

elasticity �=0.4, then the revenue-maximizing tax rate decreases to 52.6. Thus, large
migration elasticities could indeed significantly decrease countries’ ability to tax high
incomes. We should emphasize that this is a single-country optimum. A single country

29 There are quite few studies in optimal taxation where workers are not paid their marginal product (see
a survey by Sörensen 1999). There are models with labour market imperfections such as trade unions (e.g.
Aronsson and Sjögren 2004, 2010) and search models (e.g. Hungerbuhler 2010). Stantcheva (2012) analyses
models in which firms cannot perfectly observe the productivity of their workers.
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does not recognize the external effects it might impose on other countries by cutting its
top tax rate. From a global welfare perspective and with complete fiscal co-ordination,
migration elasticity is not that relevant for optimal tax policy.

4.6 Optimal bottom marginal tax rate

The result that there will usually be a group of people in the lower end of the ability
distribution ‘who ought to work only if they enjoy it’ (Mirrlees 1971, p. 186) has also
been regarded as qualitative. The optimum is typically characterized by a certain fraction
of individuals, at the bottom end, choosing not to work (where we have dx

dn ¼ dz
dn ¼ 0,

there is bunching of individuals of different n). The requirement for the endpoint results
is boundedness of income, boundedness away from zero, and infinite. To be specific, we
have to consider more closely the zero marginal tax-rate result at the bottom end of
distribution. This result needs some comments, however. Seade (1977) has noticed that
the result depends on the value of �Vy=nUx, the marginal rate of substitution of
consumption for labour, when y=0. Two cases can be distinguished here. In the
‘bunching’ case, if the marginal rate of substitution remains strictly positive as y>0,
then there will be a group of people (0�n0) who do not work provided that they face a
non-negative marginal tax rate. In the ‘no-bunching’ case,�Vy=nUx ¼ 0 for any n>0, so
that if the marginal tax rates are less than one (100 per cent), then all individuals with
n>0 prefer to work. In the ‘bunching’ case the marginal tax rate is in general not zero at
the lower end of n-distribution. In fact, the utility function used in the numerical
simulations does not fulfil the ‘no-bunching’ condition. Therefore, preferences generat-
ing bunching at the bottom must arise whenever the distribution of wages goes down to
zero, provided we restrict attention to non-negative marginal tax functions. This result
was noticed by Mirrlees (1971, p. 185, footnote 1) who, however, was implicitly making
an assumption on individual preferences: that even when no work is done, (y = 0). Hence
individuals have a strict marginal dislike for work, and so behave as if they would like to
work even less, as in Figure 4.7a (corner solution). We can now express the marginal tax
rate at n=n0:
In the utilitarian case:

tðn0Þ ¼ f0 � 1

f0 � 1þ n0f ðn0Þ
Fðn0Þ

ð14Þ

where f0 ¼ W 0Uxðx0;0Þ
l is the welfare weight on non-workers.

In the maximin case:

tðn0Þ ¼ 1

1þ Fðn0Þ
n0f ðn0Þ

ð15Þ

(see the derivation in appendix 4.3).
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Figure 4.7b No bunching
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n APPENDIX 4.1 OPTIMAL NON-LINEAR INCOME TAX MODEL

There is a continuum of individuals, each having the same preference ordering, which is
represented by a utility function u=u(x,y) over consumption x and hours worked y. The
function u is strictly increasing in x, strictly decreasing in y, defined for x�0, i.e. the
consumption is unbounded, while 0�y�1, with ux > 0 and uy < 0. Also, u(x,y) is
assumed to be strictly concave. Individuals are otherwise identical, but they differ in their
income-earning ability, or in the pre-tax wage n they can earn. There is a distribution of
n on the interval ð0;1Þ represented by the density function f(n). The cumulative skill
distribution in the population is F(n). Therefore the number of persons with labour
parameter n or less is F(n). The function F(n) is assumed to be differentiable and strictly
positive, giving the probability density function for skill: f ðnÞ ¼ F

0 ðnÞ. The gross income
of the n-individual is z=ny. Thus the total labour available for use in the economy

is Z ¼ Ð1
0
zðnÞf ðnÞdn.30 The demand for consumer goods (total consumption in the

society) is X ¼ Ð1
0
xðnÞf ðnÞdn.

Individuals maximize utility subject to the budget constraint:

max
x;y

uðx; yÞ subject to x ¼ ny � TðnyÞ; ð1Þ

where T depicts the non-linear tax schedule set by the government. The necessary
condition of (1) is given by

uxnð1� T 0Þ þ uy ¼ 0; ð2Þ
where T 0=t depicts the marginal tax schedule. For later use inverting utility we have
x = h(u,y) and calculating the derivatives

hy ¼ � uy
ux

; hu ¼ 1
ux

; ð3Þ

It is usual in optimal tax theory to assume an additively separable individualistic welfare
function. One can of course allow for any increasing transformation of individual
utilities here, so as to capture a greater or lesser concern with inequality on the part of
the government. Suppose, therefore, that the aim of policy can be expressed as maxi-
mizing the following social welfare criterion

W ¼
ð1
0

WðuðnÞÞf ðnÞdn ð4Þ

30 Considering finite labour supply, we have
ð1
0

nf ðnÞdn<1.
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whereW(.) is an increasing and concave function of utility. The government cannot observe
individuals’ productivities and thus is restricted to setting taxes and transfers as a function
only of earnings, T(z(n)) . The government maximizes S subject to the revenue constraint

ð1
0

TðzðnÞÞf ðnÞdn ¼ R ð5Þ

where R is interpreted as the required revenue for essential public goods. The more non-
tax revenue a government receives from external sources, the lower R is. In addition to
the revenue constraint, the government faces incentive-compatibility constraints. These
in turn state that each n-individual maximizes utility by choice of hour.

ufny � TðnyðnÞÞ; yðnÞg � ufn0yðn0Þ � Tðn0yðn0ÞÞ; n0yðn0Þ=ng for all n and n’: ð6Þ
It means that an individual of type n has to work n’/n times that of type n’ to get the same
income.
Following Mirrlees (1971), it is useful to use the following ‘trick’. Totally differenti-

ating utility with respect to n, and making use of workers’ utility maximization condi-
tion, (2), we obtain the incentive-compatibility constraint. This individual-optimization
condition gives the self-selection constraint for the government-optimization problem.
The government cannot observe individuals’ productivities and thus is restricted to
setting taxes and transfers as a function only of earnings, T(z(n)).

Differentiating u ¼ uðny � TðnyÞ; z=nÞ with respect to n gives

du
dn

¼ uxð1� tÞy þ ½uxnð1� tÞ þ uy� dydn ð7Þ

and making use of workers’ utility-maximization condition, (2), we obtain the incentive-
compatibility constraint,

du
dn

¼ unðhðu; yÞ; y; nÞ ¼ � yuy
n

;31 ð8Þ

Preferences are taken to satisfy the further restriction that @s
@n < 0, where we have defined

the variable s ¼ �uyðx; z=nÞ=nuxðx; z=nÞ to denote the marginal rate of substitution
between x and y.
This is assumption B of Mirrlees (1971) and the agent monotonicity assumption of

Seade (1982). It implies that indifference curves in consumption-gross income space
become flatter the higher an individual’s wage rate is, which in turn ensures that both

31 The first-order condition of individuals’ optimization problem is only a necessary condition for the
individual’s choice to be optimal, but we assume here that it is sufficient as well. Assumptions that assure
sufficiency are provided by Mirrlees (1976a). Note also that while we here presume an internal solution for y,
(8) remains valid even if individuals were bunched at y = 0 since, for them, du=dn ¼ 0.
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consumption and gross earnings increase with the wage rate. AM or the assumption B or
a single-crossing condition32 implies that for any income tax schedule the more able
individual will choose to earn a higher income than the less qualified (if the marginal tax
rate is less than 100 per cent) (see Figure A4.1.1). It also ensures that redistribution goes
from high to low incomes.
A sufficient condition for agent monotonicity—given identical preferences—is that

consumption is normal.
Proof: writing uðx; yÞ ¼ uðx; z=nÞ, y being labour supplied. The slope of indifference

curves in (x,z)-space is

ϖðnÞ ¼ �uy z
n2
� �

ux
¼ �uyy

nux
ð9Þ

ϖ0ðnÞ ¼ 1

ðnuxÞ2
nuxð�yuyy

�z
n2

	 

Þ

h i
þ uyyux þ uyynuxy

�y
n2

	 


¼ n

ðnuxÞ2
½uxyuyyy� þ uyyux � uyyuxy
� �

¼ n

ðnuxÞ2
y2 uyy � uxy

uy
ux


 �� �
ux þ uyyux

� �
ð10Þ

T1=tax paid

n=n’

T2

b

a

Z

X

45°

n=n

Figure A4.1.1 Single crossing condition

32 It is also called the Mirrlees–Spence condition.
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In (10), uyy � uxy
uy
ux

	 
h i
< 0 if and only if consumption is normal and

uyyux < 0: ð11Þ
Hence it is sufficient33 for the AM condition—given identical preferences—that con-
sumption is normal.
Figure A4.1.1 illustrates the AM or single-crossing condition. As seen in Figure A4.1.1,

the slope of the indifference curve of n is steeper than that of m at the point where they
cross. The figure also implies that x(n’)<x(n) and z(n’)<z(n). This simply means that
more productive individuals have higher consumption and gross income. To prove it
more rigorously:

Define

vðnÞ ¼ maxxðnÞ;zðnÞuðx; z; nÞ ð12Þ
subject to (x,z) ∈ B and B is assumed not to depend on n.

Denote xðnÞ; zðnÞ ¼ arg maxxðnÞ;zðnÞuðx; z; nÞ
subject to (x,z) ∈ B
So

vðnÞ ¼ uðxðnÞ; zðnÞ; nÞ ð13Þ
where v depends on efficiency units of labour and on the characteristic n explicitly.
Following Mirrlees (1976a), note that

vðnÞ � uðxðnÞ; zðnÞ; nÞ ¼ 0 � vðn0Þ � uðxðn0Þ; zðn0Þ; nÞ for all n’ ð14Þ
where v is the utility level of an-individual who claims to be of type n’.
Hence n’=n minimizes vðn0Þ � uðxðn0Þ; zðn0Þ; nÞ. Assuming differentiability yields the

incentive constraint

v0ðnÞ ¼ unðxðnÞ; zðnÞ; nÞ ð15Þ
and the second-order condition

v00ðnÞ � unnðxðnÞ; zðnÞ; nÞ;
(14), (15) and v0ðnÞ ¼ un þ uxx0 þ uzz0 imply

uxx
0ðnÞ þ uzz

0ðnÞ ¼ 0:

Since

v00ðnÞ ¼ unn þ unxx
0ðnÞ þ unzz

0ðnÞ

33 Note it is not a necessary condition.
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unxx
0ðnÞ þ unzz

0ðnÞ � 0

�unxz
0ðnÞ uz

ux
þ unzz

0ðnÞ � 0

uxz
0ðnÞ½unzux

u2x
� unxuz

u2x
� � 0:

By assumption ux > 0, the single-crossing condition hence implies, by differentiating the
marginal rate of substitution with respect to n: � unz

ux
þ unxuz

u2x
� 0. Hence, z0ðnÞ � 0, gross

income, z, increases with ability, and furthermore, since from x0ðnÞ ¼ � uz
ux
z0ðnÞ, con-

sumption also increases with n.
Assuming a single-crossing condition, one only has to make sure v0ðnÞ ¼ unðxðnÞ;

zðnÞ; nÞ and z0ðnÞ � 0. If z0ðnÞ � 0 is binding, some low-ability types would be bunched
at the bottom, not working, and only receiving a transfer. With such bunching, the
marginal tax rate at the bottom will be positive (Seade 1977), and the income tax system
will be a non-linear negative income tax.

Derivation of the marginal tax rate

Since T= ny–x, we can think of government as choosing schedules y(n) and x(n). In fact,
it is easier to think of it choosing a pair of functions, u(n) (the state variable) and y(n)
(the control variable), which maximizes index (4) subject to the incentive-compatibility
condition (8) and the revenue requirement

R
[z(n)�x(n)]f(n)dn=R. Introducing multi-

pliers l and m(n) for the budget constraint and incentive-compatibility constraint, and
integrating by parts, the Lagrangean becomes

L ¼
ð1
0
ððWðuÞ þ lðny � xÞÞf ðnÞ � m0u� m�Þdnþ mð1Þuð1Þ � mð0Þuð0Þ; ð16Þ

Differentiating with respect to u and y gives the first-order conditions

Lu ¼ ðW 0 � lÞhuf ðnÞ � m0ðnÞ � mðnÞ unx
ux

¼ 0; ð17Þ

Ly ¼ lðn� hyÞf ðnÞ þ mðnÞnuxϖn ¼ 0; ð18Þ
Defining �ðu; y; nÞ ¼ unðhðu; yÞ; y; nÞ too, it is straightforward to check that

�y ¼ �nuxϖn;�u ¼ unx
ux

:

Dividing (18) by lf, using (2), (3), and (9) and rearranging, (18) becomes
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tðzðnÞÞ ¼ �mðnÞuxϖn=lf ; ð19Þ
where

mðnÞ ¼
ð1
n

ð l
ux

�W 0Þexpð�
ðn0
n

unx=nuxÞf ðn0Þdn0; ð20Þ

is the multiplier on the incentive-compatibility constraint. This latter satisfies the
transversality condition

mð0Þ ¼ mð1Þ ¼ 0 ð21Þ
and

mðnÞ>0; for n ∈ ð0;1Þ: ð22Þ
It should be clear from (19) that the variation of the optimal marginal tax rate with the
level of income is a complex matter. There are few general results on the marginal tax
rates T’=t.

1. t(z(n))�0 proof:

The idea of the proof, due to Werning (2002), is as follows. Manipulating the first-order
conditions, we show that if marginal tax rates are not positive then there exist two ability or
productivity levels n0<n1, such that: (i)marginal tax rates are zero at n0 and n1; (ii) marginal
utility of consumption is lower at n0. These two properties together with normality of leisure
imply that utilitymust be higher atn0 than atn1.However, this violates a necessary condition
for incentive compatibility: more productive agents must be better off! Hence we can
conclude that negative marginal tax rates cannot be optimal.
The marginal tax rate for an agent with productivity n has the same sign as the

Lagrangian multiplier on the incentive constraint m(n). We will prove that this multiplier
m(n) > 0, for n ∈ (0,1) as long as output y(n) is strictly positive. Optimality requires that
the multiplier must be zero at the boundaries, mðnÞ ¼ mð�nÞ ¼ 0. If m(n) < 0, for some
n ∈ (0,1), then there must be some ‘maximal interval’ [n0,n1] with n0 < n1 such that
mðnÞ � 0 for n ∈[n∈½n0; n1�], with mðn0Þ ¼ mðn1Þ ¼ 0 and m0ðn0Þ � 0 and mxðn1Þ � 0.
Define the expenditure function (without distortions) for individual n by:

Eðv; nÞ ¼ minc;ð1�yÞðnð1� yÞ þ xÞ s:t: uðx; 1� yÞ ¼ v

since at n0 and n1m=0, x(n), (1�y(n) at n0, n1 solve this problem. The applying envelope
theorem is: Evðv; nÞ ¼ 1=Ux ¼ 1=ux ¼ hv.
Combining (23) with these facts, we obtain:

E0
v ¼

1� m
00=f 0

l
� 1

l
� 1� m

01=f 1

l
¼ E1

v
:

or Evðvðn0Þ; n0Þ � Evðvðn1Þ; n1Þ.
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More explicitly: Evðvðn0Þ; n0Þ � Evðvðn1Þ; n1Þ with n0 < n1. We now show that
implies that vðn0Þ � vðn1Þ. Toward a contradiction, assume instead that vðn0Þ< vðn1Þ.
Strict concavity of U(x,1�y) implies that Evv > 0 and normality of leisure implies that
Evn ¼ Env ¼ ð1� yÞv � 0. Thus, n0 < n1 and vðn0Þ< vðn1Þ imply the opposite inequal-
ity, Evðvðn0Þ; n0Þ<Evðvðn1Þ; n1Þ, a contradiction.
Thus, vðn0Þ � vðn1Þ. Finally, vðn0Þ � vðn1Þ violates incentive-compatibility

constraints—since output is positive, more productive agents must be better off! It
follows that m(n) < 0 is not possible and thus that marginal tax rates are non-negative.

2. We can also show (more trivially) that t�100 per cent: no one would ever locate in a
range where t>100 (at least in theory).

Proof. From the first-order condition for an individual choice uxnð1� tÞ þ uy ¼ 0, we
can see that at an interior solution x’>0, 1þ uy

nux
> 1.

3. tðzð�nÞÞ ¼ 0 (�n highest n, f(n) bounded above) (Sadka, 1976).

Proof. This follows from transversality conditions and (19).

4. tðzðnÞÞ ¼ 0 n : yðn (n lowest n) (Seade, 1977).

Proof. If there is no bunching transversality condition and (19) imply the result:
If there is bunching at the lowest n, the marginal tax rate is positive at the end of

bunching interval.
The two latter results assume that there are some upper and lower bounds to the

ability distribution, as opposed to the support just being [0,1). If some individuals have
zero ability, they will not work and the zero marginal tax-rate result does not hold. To get
any further one has to simulate.

n APPENDIX 4.2 QUASI-LINEAR PREFERENCES

We assume, as in Atkinson (1990) and Diamond (1998), quasi-linear preferences Ux = 1
with constant the elasticity of labour.

u ¼ x þ Vð1� yÞ ð1Þ
Each n-individual maximizes utility by choice of hours worked, solving
maxx;yu ¼ x � VðyÞ subject to the budget constraint x = ny–T(ny). (2)
The first-order condition at the individual level is:

Vy ¼ ð1� tÞn; t � T0 ð3Þ
where Vy is the first derivative of V. From the first-order conditions of government’s
maximization, we obtain the following condition for optimal marginal tax rate t(z):
[Note now: t

1�t ¼ 1
1�t � 1 ¼ n

VY
� 1]
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The quasi-linear utility function u = x+V(1�y) is defined over consumption x and
hours worked y, with ux = 1 and Vy < 0 (subscripts indicating partial derivatives).
Introducing multipliers l and m(n) for the budget constraint (3) and incentive-
compatibility constraint du

dn ¼ � yVy

n ¼ � and integrating by parts, the Lagrangean
becomes

L ¼
ð1
0
ððWðuÞ þ lðny � xÞÞf ðnÞ � m0u� m�Þdnþ mð1Þuð1Þ � mð0Þuð0Þ: ð4Þ

With quasi-linear preferences differentiating of the Lagrangean (20) with respect to u
and y gives the first-order conditions

Lu ¼ ½W 0 � lÞ�f ðnÞ � m0ðnÞ ¼ 0 ð5Þ

Ly ¼ lðnþ VyÞf ðnÞ þ mðnÞðVy þ yVyyÞ=n ¼ 0 ð6Þ

(5) satisfies the transversality conditions

@L
@uð0Þ ¼ mð0Þ ¼ 0;

@L
@uð1Þ ¼ mð1Þ ¼ 0:

Integrating (5),

mðnÞ ¼
ð1
n

½l�W 0�f ðmÞdm: ð7Þ

This latter satisfies the transversality conditions m(0)=m(1)=0

[Integrating (5),
Ð1
n

dm
dn dn ¼ mð1Þ � mðnÞ].

The transversality conditions and (6) imply

mðnÞ> 0; for n ∈ ð0;1).

The tranversality condition m(0) = 0 yields l ¼ Ð1
0
W 0½UðxÞ�f ðpÞdp.

From the first-order conditions of government’s maximization, we obtain the follow-
ing condition for optimal relative marginal tax rate t(z):

t
1� t

¼ ð1þ yVyy

Vy
Þ 1
lnf ðnÞ

ð1
n

½l�W 0�f ðmÞdm: ð8Þ

Multiplying and dividing (6) by (1�F(n)) and with u ¼ x � y1þ
1
e=ð1þ 1=eÞ, we obtain

the formula (17) in the text.
The marginal tax-rate formula is:
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t
1� t

¼ ½1þ z�|fflfflffl{zfflfflffl}
An

½1� FðnÞ�
nf ðnÞ

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Bn

ð1
n

½1� f�f ðn0Þdn0

ð1� FðnÞÞ

2
6666664

3
7777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

ð9Þ

where a welfare weight for unit change in income is simply:

fðnÞ ¼ W 0ðuÞ
l

ð10Þ

where l ¼ Ð1
0
W 0½u�f ðn0Þdn0. The Lagrange multiplier l on the government budget

constraint is equal to the population average of W 0½u�. (W 0½uðnÞ� is decreasing in n
(concave function)).
Interpretation: uniform transfer to all individuals leaves labour supply unchanged and

just boosts consumption, and thus utility. Hence, º is the average of the marginal social
utilities. The interpretation is that a unit increment in n leads to an increase in social
valuation of W’. But to get the value of this in terms of income requires normalization.
One natural procedure is to normalize by the average of W’ in the population. Put
another way, ç(n) measures the social value of giving a unit of income to an individual
with income n, relative to the social value of dividing it equally among all individuals. In
the classical utilitarian case ç is constant for all n, then the marginal tax rates are
uniformly zero.
Since C is the average of ½l�W 0� from n to the top of the n-distribution, C(n) is

increasing in n. Formally,

C0ðnÞ ¼ �½1� FðnÞ�ðl�W 0Þf ðnÞ þ l½1� FðnÞ�CðnÞf ðnÞ
l½1� FðnÞ�2

¼ ½lCðnÞ � ðl�W 0Þ� f ðnÞ
l½1� FðnÞ�> 0

ð11Þ

where the sign follows from the fact that W 0½u� is decreasing in n. This implies that
lCðnÞ > l�W 0.

Poverty radicalism and marginal tax rates

n2f ðnÞ 1þ Vy=n

Vy þ yVyy
¼
ðn*
0

ððW 0=lÞ � 1Þf ðnÞdn
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1þ VyðyÞ
n


 �
¼ �VyðyÞ

ne
FðnÞ
nf ðnÞ

W 0

l
� 1

� �
n � n*

where e ¼ ð1þ yVyy=VyÞ

tðnÞ ¼ ð1� tðnÞÞ FðnÞ
enf ðnÞ

W 0

l
� 1

� �
n � n*

tðnÞ
1� tðnÞ ¼

FðnÞ
enf ðnÞ

W 0

l
� 1

� �
n � n*

tðnÞ ¼
W 0
l � 1

W 0
l � 1þ enf ðnÞ

FðnÞ
n � n*

n APPENDIX 4.3 THE TAXABLE INCOME ELASTICITY AT THE TOP

Using the Finnish data Riihelä et al (2013) estimate the elasticity of taxable income around
a tax reform episode taking place between pre-reform year and post-reform year as follows:

e ¼ ðlogS1 � logS0Þ
logð1� t1Þ � logð1� t0Þ ð1Þ

where S1 is the top 1 per cent income share after reform and S0 before reform, t0 is the
marginal tax rate of the top 1 per cent before reform and t1 is the marginal rate after
reform. t is the net-of-tax rate (1-MTR). Absent tax changes S0=S1.
Applying this simplemethod around the 1989/90 tax reformby comparing 1989 and 1991

generates an elasticity of 0.13 for the top 1 per cent (Table A4.3.1, column 2).34 Column 3 in
Table A4.3.1 shows the elasticities for the next 4 per cent. Comparing 1992 and 1995 around
the tax reform 1993 gives a much larger elasticity of 0.69 for the top 1 per cent. It shows that
the elasticity estimates obtained in this way are sensitive to a specific reform.
They also estimate the elasticity using the full time-series evidence and estimate the

elasticity e with a log-form regression specification of the form:

logðTop Income ShareÞ ¼ Æþ e logð1� tÞ þ u: ð2Þ
Such a regression without time trend yields a very high estimate of the elasticity of 0.65
for the top 1 per cent. For the next 4 per cent the estimated elasticity is rather small 0.06.
It is quite possible that inequality has also changed for some reason not related to
taxation. To take into account these other considerations we could add some controls.

34 The elasticity estimates in Pirttilä and Selin (2011) for the mean income fall in the range 0.2–0.4.
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This is not an easy task. We added time trends to (2). A combination of linear, square,
and cube time trends did not improve the model (see Riihelä et al 2013). As pointed out
by Saez et al (2012), the problem with time-trend specification is that we do not know
what time trend specifications are necessary for non-tax related changes.35

Difference-in-differences estimates are presented in column (1) of Table 4.1. For that
it is assumed, absent the tax change, the top 1 per cent share would have increased as
much as the next 4 per cent.36 These estimates are rather high for the full time-series
regression and do not change with different time trends.
However, there is a great deal of uncertainty around these numbers. The elasticity is

estimated using changes to top incomes that happened during the 1990s, a period when
the top rate of income tax was falling and when income inequality was increasing. This
approach may then confuse responses to the policy with any underlying factor (e.g.
income-shifting37) increasing inequality.38 Hence it is clear that our elasticity estimates
are too high. This is especially true for the DD full time-series regression. Namely,
income-shifting was possible in practice for the top 1 per cent taxpayers. Finally, we
should also bear in mind that the taxable income elasticity is not derived from immut-
able preferences, but is affected by the structure of the tax system (see Kopczuk and
Slemrod, 2002).
Kleven and Schultz (2014) use the full population of tax returns in Denmark since

1980 (large sample size, panel structure, many demographic variables, stable inequality).
There are a number of reforms changing tax rates differentially across three income

Table A4.3.1 Elasticity estimates using top income shares time-series and tax reforms (source:
Riihelä et al, 2013)

Top 1 per cent Top 1% Top 95–99%
DD using the
next 4% Simple Simple
as control difference difference
(1) (2) (3)

The tax reform episodes

1989 vs. 1991 (Tax reform 1989/90) 0.32 0.13 0.01

1992 vs. 1995 (Tax reform 1993) 0.49 0.69

35 See also Piketty, Saez, and Stantcheva (2014).
36 e ¼ logðS1=Sk1Þ�logðS0=Sk0Þ

log½ð1�t1Þ=ð1�tk1Þ��log½ð1�t0Þ=ð1�tk0 Þ�
, where tk and Sk are the marginal tax rate and the income share for

the control group, top 95–99 percentiles. And a log-form regression specification of the form:

logðS1=Sk1Þ � logðS0=Sk0Þ ¼ aþ e log½ð1� t1Þ=ð1� tk1Þ� � log½ð1� t0Þ=ð1� tk0Þ� þ u
37 Figure 4.2 provides indirect evidence on income-shifting within the top 1%.
38 By utilizing Norwegian micro-data on individuals, firms, and firms’ owners in the period 1993–2003,

Thoresen and Alstadsæter (2010) find that the interaction between business characteristics and features of
the dual income tax system motivate organizational shifts that result in substantial income gains for the
owners.
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brackets and across tax bases (capital income taxed separately from labour income).
They define treatment and control group in the year 1986 (pre-reform) and follow the
same group in years before and years after the reform (panel analysis). Their key findings
are: (a) small labour income elasticity (0.1) and (b) greater capital income elasticities
(0.2–0.3).

n APPENDIX 4.4 ADDITIVE PREFERENCES

For simplicity we assume that the utility function is additive:

u ¼ UðxÞ þ Vð1� yÞ ð1Þ
defined over consumption x and hours worked y, with Ux > 0 and Vy < 0 (subscripts
indicating partial derivatives). Individuals differ only in the pre-tax wage n they can earn.
Additive preferences differentiating of the Lagrangean (16) in appendix 2.3.1 with
respect to u and y give the first-order conditions

Lu ¼ ½W 0 � hul� f ðnÞ � m0ðnÞ ¼ 0 ð2Þ

Ly ¼ lðn� hyÞf ðnÞ � mðnÞðVy þ yVyyÞ ¼ 0 ð3Þ
(2) satisfies the transversality conditions

@L
@uð0Þ ¼ mð0Þ ¼ 0;

@L
@uð1Þ ¼ mð1Þ ¼ 0

Integrating (2),

mðnÞ ¼
ð1
n

h l
Ux

�W 0
i
f ðn0Þdn0: ð4Þ

This latter satisfies the transversality conditions m(0)=m(1)=0

[Integrating (2),
Ð1
n

dm
dn dn ¼ mð1Þ � mðnÞ].

The transversality conditions and (3) imply

mðnÞ > 0; for n ∈ ð0;1Þ:
Using (4), we obtain from (3) the following condition for the optimal relative marginal
tax rate t(z); [Note: t

1�t ¼ 1
1�t � 1 ¼ Uxn

VY
� 1]

t
1� t

¼ 1þ yVyy

Vy


 �
Ux

lnf ðnÞ
ð1
n

l
Ux

�W 0
� �

f ðn0Þdn0: ð5Þ
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Differentiating the FOC of the individual maximization, Uxnð1� tÞ þ Vy ¼ 0, with
respect to net wage, labour supply, and virtual income, b, we have, after some manipu-

lation, elasticity formulas: Eu ¼ ðVy=yÞ� ðVy=UxÞ2Uxx

Vyy þðVy=UxÞ2Uxx
, (income effect parameter)

x ¼ �ðVy=UxÞ2Uxx

Vyy þðVy=UxÞ2Uxx
, and from the Slutsky equation Ec ¼ Eu � x, then

Ec ¼ ðVy=yÞ
Vyy þðVy=UxÞ2Uxx

. Using formulas for Eu (=uncompensated wage elasticity) and Ec

(=compensated wage elasticity), we have ð1þ yVyy

Vy
Þ ¼ ð1þ EuÞ=Ec.

Multiplying and dividing (5) by (1�F(n)) we can write the formula (27 in the text) for
marginal rates:

t
1� t

¼ 1þ Eu

Ec

� �
|fflfflfflfflffl{zfflfflfflfflffl}

An

½1� FðnÞ�
nf ðnÞ

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Bn

Ux

ð1
n

ð1�W 0U ðn0Þ
x

l
Þð1=Un0

x Þf ðn0Þdn0

1� FðnÞ

2
6666664

3
7777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

ð6Þ

The term Cn reflects income effects and incorporates distributional concerns. It measures
the social welfare gain from slightly increasing the marginal tax rate at n and distributing
as a poll subsidy to those below n the revenue raised from the consequent increase in
average tax rates above n. From the transversality conditions we can deduce that m(n)
increases with n for low n (their social utility of income, W0Ux, exceeds the marginal
social cost of public funds, º) and decreases with n for high n. The turning point depends
on º.39 The lower º is, the higher is the n at which the turning point occurs. Thus as the
revenue requirement falls, and hence º falls, the range over which m(n) increases
stretches further. It can be shown that W0Ux is decreasing in n* (n* is the skill level at
whichW 0ðuðn*ÞÞUxðxðn*Þ; yðn*ÞÞ ¼ l) so long asW(u) is concave and leisure is normal.
W 0ðuðn*ÞÞuxðx; yÞ is decreasing in n*

Proof: We prove this in case of a general utility function u=u(x,y).
Differentiating W 0ðuðn*ÞÞuxðx; yÞ we have

W 00uxu0 þW 0ðuxxx0 þ uxyy
0Þ ð*Þ

So long as W is concave, the first term of (*) is negative. Hence it suffices to show that
� ¼ ðuxxx0 þ uxyy0Þ< 0
Since x(n)=ny(n)�T(ny(n)), we have

39 Note º is itself a function of the overall distribution, since from (4) l ¼ 1=ðÐ1
0
ð1=UxÞf ðpÞdpÞ (the social

welfare function is utilitarian, i.e. W’=1).
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x0 ¼ ð1� tÞðny0 þ yÞ
so that � ¼ ðuxxð1� tÞy þ ðuxxð1� tÞnþ uxyÞy0Þ.
Using the first-order conditions of individual’s utility maximization, we have

� ¼ ðuxxð1� tÞy � ðuy
ux
Þðuxx � uxyðuxuyÞÞy

0Þ :

Define leisure s = 1–y and Bðx; sÞ ¼ uðx; 1� sÞ. So Bs ¼ �uy and Bsx ¼ �uyx.
Now

� ¼ ðuxxð1� tÞy � ðBl
Bx
ÞðBxx � Bxsð

Bx
Bs
ÞÞy0Þ< 0

if leisure is normal. Above we assume that y>0. For those n for which y(n)=0, W0ux is
constant.
Since m(n) affects the marginal tax rate positively, this means that the range over

which the latter increases also stretches further—at least for this reason. In this sense,
therefore, more tax revenue leads to a less progressive tax structure. The intuition, put
crudely, is that the lower the revenue requirement is, the more the government can
afford to support the poor with a generous poll subsidy, recouping at least part of this by
a pattern of rising marginal tax rates on the better-off (see Table 4.2).
As should be obvious from the above discussion, the exact pattern this term in (6)

follows as n rises depends on the social welfare function and the shape of the wage
distribution. So the shape of the wage distribution is also important here. Moreover, it is
obvious in the integral term in (6) that the functional form ofUx has an important role in
determining the shape of the schedule.

Maximin

We can distinguish two cases:
(i) n � no and (ii) n > no the whole population is at work in the optimal solution.
In the case (i)

L ¼ uðnÞ þ
ð
n

1
lðny � xÞÞf ðnÞ � lFðnoÞxðnoÞ � m0u� m�Þdnþ mð1Þuð1Þ � mðnÞuðnÞ

Lu ¼ �lhuf ðnÞ � m0ðnÞ ¼ 0

LuðnoÞ ¼ 1� lhuFðnoÞ � m0ðnÞ ¼ 0

Ly = 0 implies
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ti
1� ti

¼ 1þ Eiu

Eic

� �
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

ð1
n�

ðl=Ui
xÞfiðn0Þdn0

1� FiðnÞ

2
6666664

3
7777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

at n=no;

ð1þ u0yðx0; 0Þ
n0u0xðx0; 0Þ

Þ ¼ � u0yðx0; 0Þ
n0u0xðx0; 0Þ

lFðn0Þ
n0f ðn0Þ

tðn0Þ ¼ 1

1þ lFðn0Þ
n0 f ðn0Þ

Optimal marginal tax rates at the bottom

Utilitarian case
From (4) and (5) we can write at no.

lnof ðnoÞ 1þ V0
y ðx0; 0Þ

n0u0xðx0; 0Þ

 !
¼ mðnoÞV0

y ðx0; 0Þ
no

1þ V0
y ðx0; 0Þ
n0u0x

 !
¼ �yðu0; 0Þ Fðn0Þ

n20f ðn0Þ
W 0

l
� 1
uxðx0; 0Þ

� �

where �y ¼ �ðVyðn0Þ þ yðn0ÞVyyðn0ÞÞ.
And further

1þ V0
y ðx0; 0Þ

n0u0xðx0; 0Þ

 !
¼ � V0

y ðx0; 0Þ
n0u0xðx0; 0Þ

Fðn0Þ
n0f ðn0Þ

W 0uxðx0; 0Þ
l

� 1

� �

and noting at n = n0, y=0 and 1þ Vy

n0ux
¼ tðn0Þ, then we have

tðn0Þ ¼ ð1� tðn0ÞÞ Fðn0Þ
n0f ðn0Þ

W 0uxðx0; 0Þ
l

� 1

� �
or

tðn0Þ ¼
W 0uxðx0;0Þ

l � 1
W 0uxðx0;0Þ

l � 1þ n0f ðn0Þ
Fðn0Þ
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Maximin case:

1þ V0
y ðx0; 0Þ

n0u0xðx0; 0Þ

 !
¼ � V0

y ðx0; 0Þ
n0u0xðx0; 0Þ

lFðn0Þ
n0f ðn0Þ

or

tðn0Þ ¼ 1

1þ lFðn0Þ
n0f ðn0Þ

:

n APPENDIX 4.5 PARETO DISTRIBUTION, CHAMPERNOWNE DISTRIBUTION,

AND AN ASYMPTOTIC SOLUTION OF THE OPTIMAL TAX PROBLEM

There are a number of mathematical distribution functions extensively used in describ-
ing wage, income, and wealth distributions, such as lognormal, Pareto, and Gamma.
Empirical evidence is not conclusive about the quality of each in fitting actual distribu-
tions. Specifically, Pareto distributions are found to fit reasonably well at the upper tail of
distributions, but the fit over the whole range of income turns out to be quite poor. As for
other functions such as lognormal and Gamma, while providing a good fit over a large
part of the income range, they differ markedly at the upper tail. The explanation for this
different performance seems to be that these functions are defined so as to reach a
maximum in the interior of the interval definition, thereby giving a better fit over the
values around the mode. These functions have the drawback, however, that their
elasticity nf 0

f increases unboundedly after the mode has been attained, thus contradicting
the large evidence of a constant elasticity at the upper tail, which is precisely what
characterizes Pareto distribution. To avoid this, we adopt Champernowne distribution.
Here we use the two-parameter version of Champernowne distribution also known as
Fisk distribution.40 The parameter m is the median value and Ł is a constant corres-
ponding to Pareto’s constant for high incomes. Champernowne distribution approaches
asymptotically a form of Pareto distribution for large values of n, but it also has an
interior maximum. As the lognormal, Champernowne distribution exhibits the follow-
ing features: asymmetry, a left humpback, and a long right-hand tail. It has a thicker
upper tail than in the lognormal case.

Pareto distribution

Statistical study of personal income distributions originated with Pareto’s formulation of
income distribution in his famous Cours d’economie politique (1897). Pareto was well

40 See Champernowne and Cowell (1999).
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aware of the imperfections of statistical data; however, he succeeded in showing that
there is a relation between the number of taxpayers with personal income greater or
equal to z, Nz and the value of the income z given by a downward sloping income. It has
long been well known that the original Pareto function describes only a portion of the
reported income distribution. This was recognized by Pareto, but later this point was
under-emphasized. Pareto (1897) specified log NZ ¼ A� a log z or NZ ¼ e�z�a. Nor-
malizing by the number of income receivers, we have Nz

N ¼ 1� HðzÞ ¼ z
z0

	 
�a
where F is

cumulative distribution function, Æ is a Pareto or a shape parameter (also measuring the
thickness of the upper tail), and z0 is a scale parameter. The density is

hðzÞ ¼ aza0
z1þa ; z � z0> 0 :

Pareto density is always decreasing while empirical distributions are in general unimodal
(first increasing and then decreasing). Therefore, Pareto distributions are useful to
approximate empirical distribution above the mode.
There is an interesting link between the hazard rate and the excess mean function.

Define the excess mean function

BðzÞ ¼ Eðz̃ � z : z̃>zÞ ¼

ð1
z

ðw � zÞdHðwÞ

ð1
z

dHðwÞ
; z � 0:

Integrating by parts, we can write in the form

BðzÞ ¼ 1
1�H

ð1
z

ð1� HðwÞÞdw; z0 � z:

The mean excess function arises in connection with van der Wijk’s (1939) law. It says the
average income of everybody above a certain income level z is proportional to z itself.
Formally,Ð1

z
whðwÞdw
Ð1
z
hðwÞdw

¼ �z for some � > 0:

The hazard rate of a Pareto distribution is given by

rðzÞ ¼ a
z
; z > z0:

For the mean excess function, a straightforward calculation gives
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Bðz*Þ ¼ z
a� 1

; z > z0:

Hence, Pareto distribution obeys van der Wijk’s law.
In other words, rðzÞBðzÞ ¼ a

a�1 for all z.
We can also express Pareto distribution in the terms of elasticity with respect to z as

follows:

rðzÞ ¼ zhðzÞ
ð1� HðzÞÞ ¼ �a or

zh0

h
¼ �ð1þ aÞ:

It says that if income z increases by 1 per cent, the portion of income-receiving units
having income greater than or equal to z declines by Æ per cent. The vast amount of
empirical work done so far confirms that the Pareto distribution fits rather well toward
the upper tail of the income distribution. This empirical evidence led Mandelbrot (1960)
to introduce a weak Pareto law. Mandelbrot referred to relation 1�HðzÞ

z�a ¼ 1 for all z as the
strong Pareto law. H(z) follows an exact Pareto distribution. If this property is to be
retained for top incomes, an appropriate condition appears to be limz!1

1�HðzÞ
z�a ¼ 1.

This is Mandelbrot’s weak Pareto law.

Estimation of the Pareto coefficient

Figure A4.5.1 depicts the ratio zm/(zm�z*), with z* ranging from zero to €300,000 annual
incomes in 2000, 2005, and 2010. The ratios in different years show that top tail of the
distribution is very well approximated by a Pareto distribution. The top 1 per cent
threshold z* was €99,398 and zm was €175,680 in 2010.
Another method: assuming that F(Z) within the top group is such that 1�F is

proportional to z-Æ, then within-group share of the top 1 per cent within the top 10
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Source: Riihelä et al (2013).
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per cent, denoted by S1
S10
, is given by ð0:1Þða�1=aÞ. The relation can be expressed:

a ¼ 1
1þlog10ðS1=S10Þ

The Champernowne distribution

f ðnÞ ¼ y
myny�1

ðmy þ nyÞ2
 !

in which Ł is a shape parameter and � is a scale parameter. The cumulative distribution
function is

FðnÞ ¼ 1� my

ðmy þ nyÞ
For the inverse hazard rate

limn!1
1� FðnÞ
nf ðnÞ ¼ limn!1

my þ ny

yny
! 1

y
:

and in the elasticity form

nf 0

f
¼

y my

ny � 1
	 

my

ny þ 1
� � � 1

and for later use

2þ nf 0

f


 �
¼ 1�

y 1� m
n

� �y	 

1þ m

n

� �y	 
 :

An asymptotic solution of optimal tax problem

Now we consider a case with u = U(x) + V(1–y). Define

v ¼ 1þ Vy=nUx

Vy þ yVyy
; ð1Þ

and rewrite Ly ¼ lðn� hyÞf ðnÞ � mðnÞðVy þ yVyyÞ ¼ 0

n2fv ¼
ð1
n

ðð1=UxÞ �W 0=lÞf ðnÞdn ð2Þ
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Differentiating (2) with respect to n, we have

dv
dn

¼ � v
n
ð2þ nf 0

f
Þ þ 1

n2
ðW

0

l
� 1
Ux

Þ ð3Þ

and the incentive-compatibility constraint

du
dn

¼ � yVy

n
ð4Þ

Two differential equations in u and v provide the solution to the optimal income tax
problem, together with the condition (2) and at n=no

41;

no
2f ðnoÞvo ¼

ðn0
0

ð1=Ux �W 0=lÞf ðnÞdn ð5Þ

and the transversality condition m(1)=0 and (2) require that

ln2fv ! 0ðn ! 1:Þ ð6Þ
Condition (6) guarantees an accurate value for no.
We analyse asymptotic marginal tax rates in the following case:
The utility function is u = log x+log(1�y) . We denote s=1–y and put w = log n. Now we
can write:

v ¼ sðs� x
n
Þ: ð7Þ

For any social welfare function W with a property that limu!1W 0ðuÞ ¼ 0 we can
simplify (3),42 and if f(n) is the Champernowne distribution, then (3) becomes

dv
dt

¼ �vð1� y 1� m
n

� �y	 

1þ m

n

� �y	 
 Þ � sð1� v
s2
Þ: ð8Þ

Since

limn!1
nf 0

f
¼ �ð1þ yÞ ð9Þ

41 no, largest n for which y(n)=0, may be in some cases rather large. In the interval [0, no], y=0, and x=x0
and then u=U(xo)�V(0) (*). (*) and (13) are needed for starting values in numerical solutions of (11) and (3)
conditional on a trial value for no.

42 Equivalently we have a maximin case.
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we can rewrite

dv
dw

¼ vðy� 1Þ � sð1� v
s2
). ð10Þ

Hence from (4) and noting that u ¼ log nþ logðs� v
sÞ þ log s,

we have:

du
dw

¼ du
dn

dn
dw

¼ 1� 1
s
ds
dw

þ ½ð1þ v=s2Þ ds
dw � 1

s
dv
dw�

ðs� v=sÞ ¼ 1� s
s

ð11Þ

Using (11), we can write:

ds
dw

¼ vð1þ yÞ � 2s2

2s
ð12Þ

Denote v
s2 ¼ t, i.e the marginal tax rate.

It follows that

ds
dw

¼ s
2

	
tð1þ yÞ � 2



ð13Þ

Differentiating t ¼ v
s2 with respect to w and substituting dv

dw from (10), we obtain

dt
dw

¼ ty� t � 1
s
ð1� tÞ � 2t

ds
dw

1
s

ð14Þ

Substituting (12) to (14) we have

dt
dw

¼ ð1� tÞ tð1þ yÞ � 1
s

� �
ð15Þ

The solution to equation (13) and (15) is shown in Figure A4.5.2. The equations are
autonomous in the sense that the evolution of t and s or (1�y) is independent of no.

s=1/2 s 10

t dt/dw’=0

ds/dw=0E

P

1

2/(1+Ѳ)

1/(1+Ѳ)

Figure A4.5.2 The solution of (14) and (15)
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Hence the solution of t is determined solely from (13) and (15). For dt
dw ¼ 0, it has to be

t ¼ 1
ð1þyÞs and for ds

dw ¼ 0 in turn t ¼ 2
1þy.

Hence we have a complete description of the solution in the case of Champernowne
distribution. When the path to the singular solution starts from s=1, this implies that the
marginal tax rates increase monotonically from t ¼ 1

ð1þyÞ to t ¼ 2
1þy.
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5 The shape of optimal income
tax schedule: numerical
simulations with income
effects

The special cases considered in Chapter 4 yield insights, but within the framework of the
assumptions made. How robust are these insights? What happens when we move away
from quasi-linearity? On the basis of the first-order conditions it is possible to say
relatively little about the general shape of the tax schedule. The optimal marginal tax
rates in more general cases become considerably more difficult to interpret, because
labour supply can vary with skill and because of income effects. This section presents
optimal tax schedules with alternative assumptions. Therefore, numerical calculations
have proved useful in generating useful results (appendix 5.4.1 gives details of the
computational procedure and the FORTRAN program used). Moreover, it can be said
that the very basic nature of income tax/transfer problems requires quantitative results.
Mere general principles are not of much value.
What did emerge from numerical calculations in Mirrlees’s (1971) pioneering contri-

bution was that marginal tax rates are more or less constant. The suggested optimality of
a constant marginal tax rate schedule was questioned by Atkinson (1972) and Tuomala
(1984), who argued that the result was special to the specific functional forms used by
Mirrlees (1971). For example, Atkinson (1972) showed that using a maximin objective
function, as opposed to the Mirrlees utilitarian formulation, led to considerable non-
linearity in the pattern of marginal tax rates. Tuomala (1984) showed that significant
non-linearity occurred when a different preference structure was chosen than that used
in Mirrlees (1971) (Cobb–Douglas or log–log formulation). In the numerical calcula-
tions that followed Mirrlees (1971), marginal tax rates decrease with income for the vast
majority of the population. This picture is at odds with observed patterns in most
advanced countries. There are, however, some counter-examples in the optimal income
tax literature.1,2 Kanbur and Tuomala (1994) show that increases in inherent inequality

1 Increasing marginal rates may be optimal under non-standard assumptions, e.g when people care about
relative levels of consumption (Tuomala 1990 and Chapter 7), when there is significant wage uncertainty
(Tuomala 1990, Low and Maldoom 2004) (see Chapter 11 for more on this), and when earnings are allowed
to be less than perfectly correlated with productivity (Bevan 2002).

2 Boadway et al (2000) provide a full characterization of the solution when preferences are quasi-linear in
leisure.



can alter the qualitative pattern of optimal marginal tax rates. The optimal graduation
can indeed be such that marginal tax rates increase for the majority of the population,
but there continues to exist a significant income range at the top where marginal
tax rates decline. Diamond (1998) assumes a Pareto distribution of skills rather than
the lognormal distribution that Mirrlees (1971) and others have assumed. Using quasi-
linear preferences, he finds rising marginal tax rates on those above the modal skill
level to be optimal.3 Saez (2001), in a more general treatment, showed that the optimal
income tax schedule would be U-shaped. Like Diamond (1998), Saez (2001) assumes
that the elasticity of labour supply is constant at all productivity levels. He simulates with
US data a marginal tax rate schedule that slopes upwards around a fairly high income
level.
There are four key elements in the optimal non-linear income tax model which we

have to specify to solve it numerically. Next we consider each of them in turn.

5.1 Distribution

Following Mirrlees (1971), most work on optimal non-linear and linear income taxation
used the lognormal distribution4 to describe the distribution of productivities (e.g.
Atkinson 1972; Stern 1976; Tuomala 1984, 1990; Kanbur and Tuomala 1994; Immonen,
Kanbur, Keen, and Tuomala 1998; Creedy 2001, 2009; Mankiw et al 2009, etc.). As is well
known, the lognormal distribution fits reasonably well over a large part of income range
but diverges markedly at both tails. The Pareto distribution in turn fits well at the upper
tail. However, our concerns about the lognormal distribution as an adequate descriptor
for observed distributions, and some problematic features of optimal non-linear income
tax schedules with the lognormal distribution, have led us to look for an alternative.
Champernowne (1952) introduced a distribution which now carries his name (see

appendix 4.5). In fact, the distribution had been introduced much earlier by
Champernowne (1937), but that work is even less well known. In Champernowne
(1952) and Champernowne (1953) it was argued that this distribution fitted observed
distributions well, and a process generating the distribution was also proposed. However,
it is striking how little the Champernowne distribution is used today in income distri-
bution analysis, especially compared to the lognormal distribution. This imbalance is
remarkable, especially given the well-known failure of the lognormal distribution to
describe income distributions in their upper tail and the capacity of the Champernowne
distribution to do just that, while at the same time doing equally well, for example, in
capturing unimodality of the income density function. The Champernowne distribution

3 See also Atkinson (1990, 1995).
4 ln(n; m, �2) with support [0,1) with parameters m and � (see Aitchison and Brown 1957). The first

parameter m is log of the median and the second parameter is the variance of log wage. The latter is itself an
inequality measure.
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is unimodal and approximates a Pareto distribution in the upper tail, allowing us to
represent key features of observed income distributions.
What accounts for this imbalance of treatment in the income distribution literature

between the Champernowne distribution and the lognormal distribution? One reason
might be the appeal of the underlying Gibrat process which leads to a lognormal
distribution, but this needs to be compared closely, then, to the Champernowne process
to see which comes closest to reality. A second reason is undoubtedly the convenient
properties of the lognormal distribution, for example the closed-form expressions that
obtain for expectations of constant elasticity functions. These properties are well laid out
in Aitchison and Brown (1957), and this tract on the lognormal distribution surely
contributed to its high visibility and use in applied economics generally, including in
income distribution analysis.
There is, however, a third reason. When James Mirrlees came to do his numerical

calculations for the shape of optimal non-linear tax schedules in his classic Nobel prize-
winning paper, Mirrlees (1971), he used the lognormal distribution. This distribution
perhaps seemed a natural one for him to use, given that the lognormal distribution was
by then already the functional form of choice for the graduation of income distributions.
However, its use by Mirrlees (1971) effectively sealed its dominance as the optimal non-
linear income taxation literature exploded, and virtually every paper on the topic in the
coming decades used the lognormal distribution for numerical calculations.
Champernowne (1952) proposes a model in which individual incomes are assumed to

follow a random walk in the logarithmic scale. Here we use the two-parameter version of
the Champernowne distribution (known also as the Fisk distribution). This distribution
approaches asymptotically a form of Pareto distribution for large values of wages, but it
also has an interior maximum.
The probability density function and the cumulative distribution function of the

Champernowne distribution are:

f ðnÞ ¼ y
�

myny�1

ðmy þ nyÞ2
�

and FðnÞ ¼ 1�
�

my

ðmy þ nyÞ
�

ð1Þ

where Ł is a shape parameter and m is a scale parameter. For the distribution ratio:

limn!1
1� FðnÞ
nf ðnÞ ¼ limn!1

my þ ny

yny
! 1

y
: ð2Þ

confirms that the Champernowne distribution approaches asymptotically a form of
Pareto distribution for large values of wages.
Before presenting the results, it may be useful to review some features of the simula-

tion methodology, in particular in comparison to the method in Saez (2001). A key
question is how the distribution of n is chosen. Ideally we would like to use empirical
earnings distributions in numerical simulations. This cannot apply directly, because the
distribution of z is affected by income taxation. This means that when we change utility
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function or its parameters, we also change the distribution of n so that resulting
distribution of z (absent the tax) remains the same. Otherwise, we get an effect through
the changes in utility functions, but also through a change in the distribution of z.
Inference of parameters from observed empirical earnings distributions is a long-
standing issue in the optimal income taxation literature. A number of methods have
been proposed, each with its own weaknesses. The Saez (2001) method is no exception.
In Saez (2001), the skill distribution is ‘backed out’ from the empirical distribution of
income. To calculate the optimal tax schedule, Saez makes additional assumptions about
the model structure. He calibrates the exogenous ability distribution such that actual T(.)
yields empirical income distribution and assumes that labour supply elasticity is constant
(which implies a restricted form for the utility function). This assumption is contradicted
by a growing body of evidence.5, 6 He further assumes a linear tax schedule in inferring
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5 Röed and Ström (2002) (table 1 and 2) offer a review of the evidence. They conclude that the limited
evidence indicates that labour supply elasticities are declining with household income. Using Norwegian data,
Aaberge and Colombino (2006) provide support for declining elasticities. High labour supply elasticities among
low-wage workers are also confirmed by empirical evaluations of various in-work benefit schemes operating in
theUS,UK, and someother countries. By contrast, there is empirical evidence on the elasticity of taxable income
that higher elasticities are found among high-income individuals. See e.g. Gruber and Saez (2002).

6 The method of Kanbur and Tuomala (1994) is acknowledged by Saez (2001), footnote 4.
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the skill distribution from the earnings distribution. This is contradicted by tax schedules
the world over, and seems particularly inappropriate in optimal non-linear taxation. The
strong assumptions required for structural identification of the model reduce the
confidence of the optimal tax schedule calculations.7 An alternative approach, one
introduced in Kanbur and Tuomala (1994), is to accept the non-linearities that charac-
terize income tax schedules, and furthermore to allow for utility functions which imply
non-constant labour elasticities. We cannot now ‘back out’ the skill distribution, as in
Saez (2001). Rather, we should select a skill distribution which, through the model,
produces an earnings distribution that matches empirical earnings distributions. In other
words, the income distribution inferred from the skill distribution matches the actual
distribution. This is the method followed in this book.
Based on the Finnish income distribution data (cross section), Riihelä et al (2013)

estimated, by using maximum likelihood methods, several two and three-parameter
distributions with corresponding measures of goodness of fit (several of them plus
the log-likelihood value for estimated model). Among two-parameter distributions,
Champernowne is the best fitting for pre-tax income distribution in Finland
(1990–2010).8 The Ł-parameter varies from 2.78 to 2.4. Over the period from the latter
part of the 1990s to 2010, the Ł-parameter was almost constant, at around 2.5. Hence
Ł=2 reflects a low range estimate (high inequality) and Ł=3 in turn a high range estimate
(low inequality). The Gini coefficients estimated by this distribution (Gini=1/Ł) are quite
close to those calculated from the data. Interestingly, the location parameter m in our
notations (median) in the Champernowne distribution is quite close to that calculated
from the data.
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Champernowne-Fisk distribution (Riihelä et al 2013)

7 It is very appropriate in calculating top marginal rates.
8 See Kleiber and Kotz (2003) pp. 238–9 on empirical applications of the Champernowne–Fisk

distribution.
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5.2 Preferences

Labour supply responses to taxation are of central importance for income tax policy.
If most of us work only for financial reward, this undoubtedly limits the possibilities
of redistribution. It raises the question of necessity to provide incentives to work.
What is meant by incentives to work? Many people may think that taxes have very
little to do with the number of hours worked: in most jobs, the number of hours
worked is fixed; furthermore, the number of hours worked in different jobs is a
consequence of technological and institutional considerations, including unions and
government regulation. There are labour supply responses along many dimensions.
The incentive issue is not so much about hours worked but more about intensity
of work. People may also be affected in their occupational choice (including educa-
tion). From economic history we know that, in many countries, a continuing rise in
the real wage rate over the twentieth century was associated with continuing reduc-
tion in annual hours worked. With the exception of Japan, there was a general
downward trend in hours worked until the early 1980s; thereafter the trend stabilized
in most of the nine OECD countries (see Tanninen and Tuomala 2009). At the
beginning of the twenty-first century countries could be roughly grouped into two: in
Australia, Canada, Japan, New Zealand, and the US, average annual hours of work
are around 1,800 hours; in France, Germany, the Netherlands, and Sweden the
average was less than 1,600 hours. Only Finland and the UK seemed to be some-
where in between.
The standard textbook model considers an individual who must allocate a unit of time

(a day, a week, a month, a year) between paid work and the various non-paid activities
that economists traditionally call leisure. In the standard model, labour supply arises
from a balancing act between after-tax income and leisure. There are two forces at play:
the income and substitution effects (Slutzky equation). Which way the combination
works out depends upon preferences. With a higher wage and unchanged working
hours, the individual can consume more and enjoy the same leisure. To the extent that
leisure is a normal good—consumption increases when income increases, and vice
versa—higher wages lead to higher consumption and leisure and less work. The substi-
tution effect, on the other hand, makes leisure more expensive in terms of consumption
forgone, and leads to less leisure and more work. The two effects operate in different
directions and, in the case of a backward-sloping supply curve, the income effect
dominates (see appendix 5.1).
We use in simulations the following special cases of the constant elasticity of substi-

tution form:

uðx; yÞ ¼ ½x�a þ ð1�yÞ�a��1=a ð3Þ
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where the elasticity of substitution between consumption and leisure, �=1/(1+a), has
been used in numerical simulations:
Case u1:
� = 1 (log–log or Cobb–Douglas case)

u ¼ log x + log ð1�yÞ ð4Þ
and case u2:
� = 0.5 (a=1)

u ¼�1
x
� 1
ð1�yÞ : ð5Þ

In the absence of taxation both in the case of �= 1 and �= 0.5, the labour supply
function is backward-bending. From careful analysis of the econometric evidence
then available, Stern (1976) derives the central estimate of �= 0.408. The relation-
ship to the estimated coefficients is not straightforward, but some indication is
given by the fact that a two-standard error range in the substitution effect would
lead, by interpolating from Stern (1976, Table 2), to an interval of around 0.2–0.6
for �. The resulting difference in the optimum (linear) tax rate in the utilitarian
case is between 36 per cent and 18 per cent (interpolating from Stern 1976,
Table 3a).
Other preferences yield more complex relationships between net wage and labour

supply. A comprehensive review article by Stern (1986) describes many possibilities,
discussing the quadratic specification and other alternatives. In fact, in the empirical
labour supply studies, e.g. Keane and Moffitt (1998), preferences over working time and
net income are given by a utility function that is quadratic in hours and net income.
We also solve numerically cases in which utility function is quadratic in consumption

(quadratic approximation) with a bliss point;
case u12

u ¼ ðx�1Þ�aðx�1Þ2�ð1�yÞ�1; x 2 ð0; 1Þ ð6Þ
As displayed in Figure 5.2, the utility of consumption in (6) is essentially less curved than
that used in the previous simulations.

5.3 Social objectives

Based on its use of a social welfare function, the optimal tax approach is often accused of
assuming a benevolent government. Is this criticism justified? Calculation of what a
benevolent government should do is not the same as assuming that there is a benevolent
government. Rather, we should ask what policies one would want to see a benevolent
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government follow. The answer to such a question can help inform a democratic debate
about government policies. As Buchanan and Musgrave (1999, p. 35) wrote:

Just as homo economicus or a competitive Walrasian system are useful fictions to model an
ideal market, so it is helpful to visualize how a correctly functioning public sector would
perform. . . . Unless ‘correct’ solutions are established to serve as standards, defects and failures
of actual performance cannot even be identified.

The optimal tax literature mainly works with a social welfare function in which individ-
ual utility depends on both consumption and the disutility of labour. Another approach
is to focus on income distribution, using a social income evaluation function as devel-
oped by Atkinson (1970) or income poverty minimization as in Kanbur et al (1994a).
This approach has been criticized for giving too much weight to encouraging work,
particularly by low earners. The Bergson–Samuelson social welfare function, expressing
social welfare as a function of individual utilities, has been the workhorse of welfare
economics since its introduction. Its special parametrizations have proved particularly
fruitful in the analysis of optimal taxation. For example, much use has been made of
functional forms where the social marginal utility of income falls smoothly as income
rises. Indeed, choice of this pattern of welfare weights, capturing ‘inequality aversion’,
may be described as the currently accepted practice. Of course, the rate at which welfare
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weights fall, the magnitude of inequality aversion, is still a matter of choice. Several
parameterizations exist which permit convenient representation of the degree of inequal-
ity aversion,9 for example the ‘constant elasticity’ class of functions, and these have been
used extensively (see Figure 5.3a).
A constant absolute utility–inequality aversion form: the social welfare function of the

government is:

W ¼�1
b
e�bu ð7Þ

where b measures the degree of inequality aversion in the social welfare function of the
government (in the case of b=0, we define W=u). If we write W�b =

Ð
e�buf ðnÞdn then

the limit as b!1 is given by W=minn[e
u].

The curvature in the utility of consumption modifies social marginal weights W'Ux

and makes the government preferences (implicit) more redistributive. Hence the overall
curvature for (7) with (4) is 1+b. Overcoming possible philosophical problems, we may
take a view that ß is an observable variable, not a social judgement (see Kaplow 2008a).
The ‘smoothly falling welfare weights’ class of social welfare functions has long

dominated the analysis of optimal taxation (see Figure 5.3a). It has to be said that the
conventional inequality-aversion view has certain advantages. It avoids the discomfort of
discontinuous changes in weights. It has a pleasing unity and flexibility, as captured by
the inequality-aversion parameter. In spite of these properties, and its popularity, the

Average W’1

W’

n

Figure 5.3a The smoothly falling welfare weights

9 This is called a prioritarian social welfare function by Adler (2012), who provides an excellent and
comprehensive exposition on social welfare functions used in applied welfare economics.
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assumption of a constant elasticity is not without problems. As noted by Little and
Mirrlees (1974, p. 240), ‘there is no particular reason why social marginal valuation
should fall at the same proportional rate at all consumption levels. Why should twice
as much consumption deserve a quarter of the weight, whether consumption is low
or high?’
As we mentioned above, the optimal income tax theory has taken into account

differences in social objectives. Formula (7) reflects this. It is also important to recognize
the diversity of social objectives. In Chapter 4 we analysed two different positions:
charitable conservatism and poverty radicalism. Next we take up new positions.
Rank-order social preferences: An alternative social weighting function is that where

the social marginal valuation declines according to the ranking in the n-distribution. In
other words, we have the rank-order social welfare function. Rank-order weights repre-
sent society’s aversion to inequality. This social welfare function first weights individual
utilities according to the rank of the individual’s utility in the population, with greater
weight given to individuals with lower utility, and then adds the weighted utilities. An
example of the rank-order social welfare criterion is the Gini or Sen social welfare
function. For example, the social marginal valuation implicit in the Gini coefficient
depends on the income rank order and is bounded above by 2 and below by 0. Initially
the social marginal valuation falls slowly with income, but then the decline accelerates.
The ethical justification behind this rank-order social welfare function is at least equally
convincing as the justification behind the traditional ‘constant elasticity’ class of welfare
functions.10

Aaberge (2000) provides a parametric variant for rank-order social preferences. The
weighting function Wk(n) is a weighting function defined by:

Wk ¼
�log F; k ¼ 1
k

k�1
ð1�Fk�1Þ; k ¼ 2; 3;:::

8<
: ð8Þ

when k!1 Wk(n) approaches the utilitarian case. Then there is no concern of
inequality. When k=2, then W2=2(1�F). This is in effect the weighting underlying
the Gini coefficient, as shown by Sen (1974), who provided an axiomatic justification for
such a social welfare function. The social marginal valuation declines linearly with F,
from twice the average for the lowest paid taxpayer to approaching zero when n goes to
infinity (see Figure 5.3b). In the case of k=1, the weighting function takes the form

10 As noted by Aaberge and Flood (2008), the differences between these two approaches for measuring
social welfare arise from the so-called independence axioms. ‘Whilst the expected utility independence
axiom requires that the ordering of distributions of individual welfare is invariant with respect to identical
mixing of the distributions being compared, the rank-dependent independence axiom requires that the
ordering is invariant with respect to identical mixing of the inverses of the distributions being compared’
(Aaberge and Flood 2008, p. 16).
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W1=�logF. As noted by Aaberge (2000), this is in turn the weighting underlying a
measure of inequality that was proposed by Bonferroni (1930).
Yitzhaki (1979) provides another parametric variant for rank-order social objectives. The

social marginal weighting function can be written now as follows: Wı=ı(1�F)ı�1, where
the role of the parameter ı is similar to that of the inequality-aversion parameter. When
ı=2, we have the weighting underlying the Gini coefficient. With ı=3,Wı=3(1�F)2.
There are also problems with the rank-order preferences based on those weighting

functions presented above. Namely some people do not accept that the weights do tend
to zero very fast at the very top of the income scale, as can be seen from Figure 5.3b. We
may want to allow for the possibility that the social marginal valuation remains strictly
above a positive value as income tends to infinity. The following specification of the
social weighting function allows for this:W=2�F. This is bounded above by 2 and tends
to 1 when income increases.
Equal opportunities: An egalitarian redistribution policy should instead seek to equal-

ize those income differentials arising from factors beyond the control of the individual.
Thus, not only the outcome matters, but also its origin and how it was obtained. This is
the essential idea behind Roemer’s (1998) theory of equality of opportunity, where
people are supposed to differ with respect to circumstances, which are attributes of the
individual’s environment that influence her earning potential and which are ‘beyond her
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control’. The wage rate depends in part on their own effort (say acquiring education and
training, etc.) and in part on social background. For individuals with the same effort but
different background types, the maximin criterion is applied. Thus we have a social
ordering over each effort group. Then we can apply the utilitarian criterion over such
minimum numbers.11 Roemer’s methodology can be translated into the social welfare
function framework (this topic was discussed in Chapter 2 and will be discussed further
in Chapter 14).
The equality of opportunity principle developed by Roemer (1998) and Roemer et al

(2003) concentrates weights uniformly on those coming from a disadvantaged back-
ground. Hence, if the likelihood of coming from a disadvantaged social background
decreases with income, the weights also decrease with income. The justification for
weights decreasing with income is here completely different from that in a constant
elastic case; or, as in the above quotation from Little and Mirrlees (1974, p. 240), there is
no justification (or it is missing) in a constant elasticity case.
We simplify things so that there are two types of social backgrounds (say parental

education or incomes (wealth)). Now the social marginal welfare weights can be

constructed as follows: W 0ðnÞ ¼ fLðnÞ
fLðnÞ+ fHðnÞ, where fL(n) is the proportion of individuals

at each n with a bad social background and fH(n) is the proportion of those individuals
who have a better social background. The social welfare weights are zero for those
coming from a better social background and one for those with a worse social
background. Now, simplifying further, suppose at polar cases W0(n=0)=1 and
W '(n=nmax)=0. Hence W’(n) decreases with n and at the top there are only those
with a better social background; at the bottom only those coming from a worse social
background. W’ is decreasing here but for quite different reasons than in the gener-
alized utilitarian case. One possible functional form is the complementary cumulative
distribution function or simply the tail distribution, and is defined as W'= (1�F(n))
(see Figure 5.3c).
Revealed social preferences:What are the social welfare weights that are implied by the

current tax/benefit systems if these systems would indeed have been optimized? There
are a growing number of studies trying to reveal social or distributional preferences
behind tax/transfer policy. Those studies start from the existing tax and transfers system
and reverse-engineer it to obtain the underlying social preferences. An explicit use of
interpersonal comparisons to evaluate public policy was introduced by Christiansen and
Jansen (1978). They assumed that, over the period of time for which they had data, the
Norwegian government had been using the indirect tax system to maximize an additive

11 The Roemer SWF seems to be close to the leximin SWF. The Roemer SWF can be revised to
incorporate the continuous formula. Aaberge and Colombino (2006) introduce a generalized version of
Roemer’s (1998) Equality of Opportunity (EOp) framework, which they call extended EOp. Unlike the pure
EOp criterion of Roemer (1998), the extended EOp criterion allows for alternative weighting profiles in the
treatment of income differentials between and within types when types are defined by (observable)
circumstances that are beyond people’s control.
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symmetric social welfare function which depends upon a single parameter called the
inequality-aversion parameter. They found that the inequality-aversion parameter was
quite far from the utilitarian value, thus confirming what many would have guessed, that
Norway acts so as to give more social weight to low-income people. A similar study was
carried out in India by Ahmad and Stern (1984); they found a similar outcome, namely
that there was substantial inequality aversion.12 By calculating the implied social welfare
weights we are able to uncover which social preferences apparently underlie current tax/
benefit policy. This provides useful information to policy makers so as to improve the
current tax-benefit systems. When welfare weights are increasing with income or when
they are negative, the current tax system does not redistribute income in the most
efficient way. Hence, welfare improvements can be achieved by reforming the tax system.
However, recently rather detailed micro-data on incomes and corresponding marginal

tax rates have become available in order to study the social preferences implicit in tax-
benefit systems. One of the first studies using micro-data was by Bourguignon and
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12 See also Decoster and Schokkaert (1989).
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Spadaro (2012). They considered the revealed social preferences of the French tax-
benefit system, considering the inverse optimal problem. Zoutman, Jacobs, and Jongen
(2012) used this method to find the redistributive preferences of political parties implicit
in reform proposals, combining the reform proposals with micro-data on the income
distribution and elasticity of the tax base in the Netherlands. They find that all parties
gave a higher social weight to the poor than the rich and that the differences between
social welfare weights were rather small. Bargain et al (2011) estimate labour supply
elasticities on micro-data and characterize the redistributive preferences embodied in the
welfare systems of seventeen EU countries and the US, under the assumption of
optimality. They find that social welfare weights are always positive, though they are
not monotonically declining for low-income groups, in line with the findings from the
studies just considered. They further find that there are only significant differences in
social welfare weights over income between groups of countries (the US vs. continental/
Nordic Europe vs. southern Europe), with rather similar social welfare weights over
income within groups of countries.
Using a simple online survey with more than 1,000 participants, Saez and Stantcheva

(2013) illustrate how the public preferences can be mapped into generalized social
marginal welfare weights. Their results suggest that the public views on redistribution
are inconsistent with standard utilitarianism.

5.4 Revenue requirement

R = 1�X=Z= 1� Ð xðnÞ f ðnÞdn= Ð zðnÞ f ðnÞdn is specified as a fraction of national
income varying between X/Z=1.1 and X/Z=0.8. If X/Z=1, then taxation is purely
redistributive. If X/Z>1, then we have outside resources available (e.g. foreign aid;
state-owned firms make positive profits).
The results of the simulations are summarized in Figures 5.4–5.14. and Tables 5.1–5.4.

Tables 5.1–5.4 give labour supply,y; gross income, z; net income, x (also x at the point n0,
denoted by x0 and F at the point n0, denoted by F0);

13 and optimal average (ATR)
and marginal tax rates (MTR) at various percentiles of the ability distribution, when
X/Z=0.9 or R=0.1. Tables also provide the decile ratio (P90/P10) for net income and
gross income. Unlike the scalar inequality measures, the use of fractile measures such as
the decile ratio allows us to consider changes in inequality at various different points in
the distribution. Since marginal tax rates may be a poor indication of the redistribution
powers of an optimal tax structure, we measure the extent of redistribution, denoted by
RD, as the proportional reduction between the decile ratio for market income, z, and the
decile ratio for disposable income, x. To relate these results to empirical labour supply

13 y(n0)=0. The range of n was n0 to 1.5, at which point the integrated value of f(n) was more than 0.9999.
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studies we give the values of the uncompensated elasticity, Eu, and income effect
parameter, �.

5.5 The level of marginal tax rates

Let us consider first the level of the marginal tax rates. As expected, the marginal tax rates
are higher when inequality aversion in the constant elasticity or rank-order sense is
higher. The levels of marginal tax rates increase when � increases or k goes from
utilitarian case k=1 to the case of k=1. The levels of marginal tax rates also increase
with revenue (see Figs 5.9a, b, c) and decrease with the elasticity of substitution or larger
labour supply responses. Increasing pre-tax inequality increases the level of marginal
tax rates. These numerical results confirm our discussion in the context of marginal tax
formula (13) in Chapter 4.

Table 5.1 (case u1)

�= 0 Ł=3.3 X/Z=0.9

F(n) y z x ATR% MTR% Eu �

0.10 0.32 0.06 0.08 �35 38 0.58 �0.5

0.50 0.43 0.16 0.15 �7 30 0.16 �0.5

0.90 0.46 0.33 0.27 19 32 0.09 �0.5

0.97 0.47 0.49 0.37 23 33 0.07 �0.5

0.99 0.47 0.69 0.50 27 33 0.05 �0.5

P90/P10 5.44 3.26

RD(%) 40

n0=0.08 x0=0.046 F0=0.01

Table 5.2a (case u2)

�= 0 Ł=3.3 X/Z=0.9

F(n) y z x ATR% MTR% Eu �

0.10 0.50 0.09 0.14 �50 58 0.18 �0.22

0.50 0.55 0.20 0.19 6 52 �0.003 �0.30

0.90 0.53 0.38 0.28 27 52 �0.09 �0.37

0.97 0.51 0.54 0.35 33 53 �0.13 �0.41

0.99 0.49 0.72 0.44 39 51 �0.18 �0.46

P90/P10 4.22 2.0

RD(%) 52.6
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5.6 Pre-tax inequality and increasing
marginal tax rates

Kanbur and Tuomala (1994) show with lognormal distribution that when holding mean
constant higher values of inherent inequality (higher �) are used, optimal marginal tax
rates increase with the income over the majority of the population (see Figure 5.4).
Mirrlees (1971) justified his choice of � = 0.39 for the distribution of n from the work

of Lydall (1968) on earnings distributions in the UK. Kanbur and Tuomala (1994) find
some support for higher � values in a US study by Slemrod (1992). He calculates that the
Gini coefficient of wages and salaries increased from 0.489 to 0.578 in the US between
1972 and 1988. We know (see Aitchison and Brown, Theorem 2.7 and Table A1) that if
� = 0.7 and 1.0, then the Gini coefficients are 0.379 and 0.52. Moreover, the figures
reported for developing countries (for example Anand and Kanbur 1993) suggest

Table 5.2b (case u2)

�= 0 Ł=2.5

F(n) y z x ATR% MTR% Eu �

0.10 0.41 0.06 0.14 �133 62 0.38 �0.19

0.50 0.50 0.18 0.19 3 61 0.08 �0.28

0.90 0.50 0.44 0.29 35 63 �0.04 �0.36

0.97 0.47 0.73 0.39 45 64 �0.1 �0.43

0.99 0.45 1.05 0.50 52 64 �0.16 �0.48

P90/P10 7.33 2.07

RD(%) 71.8

n0=0.03 x0=0.12 F0=0.001

Table 5.2c (case u2)

�= 0 Ł=2 X/Z=0.9

F(n) y z x ATR% MTR% Eu �

0.10 0.30 0.04 0.15 �100 62 0.82 �0.17

0.50 0.45 0.17 0.19 �18 66 0.19 �0.26

0.90 0.47 0.51 0.30 41 71 0.002 �0.36

0.97 0.45 0.95 0.43 55 71 �0.1 �0.44

0.99 0.44 1.58 0.63 60 68 �0.22 �0.53

P90/P10 12.75 1.96

RD(%) 84.6

n0=0.02 x0=0.13 F0=0.0
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inequality values in this range. Thus it seems to us that our computations with � = .7
and 1. are not based on empirically implausible estimates. On the other hand we know
(see Kleiber and Kotz 2003, p. 224) that the Gini coefficient for the Champernowne
distribution is G ¼ 1=Ł:14 So if Ł= 2.0 and 3.3, then the Gini coefficients are 0.5 and
0.303, respectively. To study further the degree of sensitivity of the shape of the tax
schedule to the choice of parameter Ł in the Champernowne distribution, we com-
puted solutions when Ł varies from 1.5 to 3.3 with different utility functions. In case of
the Champernowne distribution a scale parameter m is as in Mirrlees (1971) with
lognormal distribution; e�1 = .36788.15 (See Figure 5.1d for the Ł estimates in Finland.)
Figures 5.5a, b, and c depict these cases. When Ł=2.5, the marginal tax rates increase
for the lowest decile and then remain constant. When Ł is less than 2.5 the marginal
tax rate is increasing with income up to around F(n)=0.98.16 These results reinforce the
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Figure 5.4 f(n) = lognormal distribution, holding mean constant m=e�1 (Kanbur and Tuomala
1994)

14 In Finland over the period 1987–2007 the Gini coefficient of factor income varied from 0.38 to 0.47.
The corresponding values for the Ł parameter are 2.6 and 2.14.

15 Based on British income distribution data by the Royal Commission on the Distribution of Income and
Wealth 1971 Ł = 3.37. Many distributions are fit by McDonald (1984) to US income distribution data. One of
them is a distribution called a Fisk distribution, which is a special case of Champernowne distribution. The
parameter Ł varies in this study from 2.5 (1970) to 2.27 (1980). In Harrison’s (1974) study for the British
data based on data from 1952–1970, the parameter Ł varies between 1.9 and 2.5. His results also depended on
the estimation technique used.

16 In the case u1 with Ł lower than 2.2 the marginal tax rate increases with income.
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findings of Kanbur and Tuomala (1994) with lognormal distribution. Unlike in Kanbur
and Tuomala (1994) with lognormal distribution, we have here—practically speaking—a
progressive marginal rate structure throughout when Ł is less than 2.5 and the case u2. In
the case u1, the elasticities are decreasing in income; in the case u2 the compensated
elasticities decrease until the median income and then remain constant (see
Tables 5.1–5.4).
In Figure 5.4 we see that in the lognormal case the marginal tax rates increase at the

bottom with higher pre-tax inequality. But as we in turn see in Figures 5.5a and b, this is
not the case with the Champernowne case. When Ł=1.5 and 2.0, marginal tax rates are
lower at the lower part of distribution. At least partially, the explanation is that the
population is denser at the lower part when Ł is smaller, i.e. higher f(n) (see Figure 5.1a).

5.7 Top income shares and average tax rates

As is well known, there has been large growth in top income shares over the past few
decades in several advanced countries. At the same time there has been a shift in the
burden of taxation in many advanced countries, from the top to further down in the
income distribution. Earlier in the chapter there was a lot of emphasis on top marginal
tax rates. Also, our discussion of tax structures so far has been entirely about marginal
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tax rates. It is true that much of the literature has focused on marginal tax rates, but
computational techniques can be used to say something about average rates. Now we
consider: how does optimal income tax schedule change when top income inequality
increases? Our numerical results suggest that this shift in tax burden cannot be justified
in the standard Mirrlees model, which embodies conventional assumptions about
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inequality aversion and the trade-off between equity and efficiency. As we see in
Figure 5.5d (utilitarian) and Figure 5.5e (maximin), an appropriate response to rising
inequality is a shift towards a more progressive income tax system. The shape parameter
Ł in itself is an appropriate measure for increasing top income shares. Recall lower Ł
means greater inequality. From Figure 5.5b we see that the marginal tax rates in turn
increase except in the bottom 10–20 per cent. The more relevant tax rates for redistribu-
tive purposes are average tax rates. Therefore we show in Figures 5.5d and e how average
tax rates decline among the bottom 75 per cent when pre-tax income inequality
increases. This is so with other specifications employed on preferences, social objectives,
and revenue requirement. In fact, there is a sizeable literature on measuring progressiv-
ity, which is largely based on average tax rates (see Kakwani 1980, Lambert 1989).

5.8 The curvature of utility over consumption
and increasing marginal tax rates

It is slightly surprising to notice that essentially only two utility functions—a Cobb–
Douglas (or log–log) and a CES with the elasticity of substitution between consumption
and leisure being 0.517—are employed in these simulations. In particular, the role of the
assumed form of utility of consumption in determining the shape of the tax schedule is
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17 Saez (2001) also uses utility functions with constant compensated elasticity.
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not clear. Dahan and Strawczynski (2001) show, however, that rising marginal tax rates
at high incomes, as presented by Diamond (1998), depend on the assumption of utility of
consumption. Their simulations focus only on high levels of income, not the whole
schedule. Tuomala (2010) shows numerically the sensitivity of the marginal tax rate
structure to the assumed form of utility of consumption. He replaces the assumptions of
utility of consumption used in previous simulations to quadratic utility of consumption
with a bliss point. This form is essentially less curved than those used in previous
simulations. In addition, it is important to note that there is a close link between a
taxpayer’s labour supply and the curvature in utility of consumption.
The utility function that is quadratic in consumption (quadratic approximation) with

a bliss point,18(6), implies that the distribution of consumption is bounded upward by
1þ 1

2a. For the same reason, the distribution of earnings is also bounded upward. This
might limit the applicability of the model at the very upper tail of distribution. It turns
out, however, to be the case that with those parameter values used in calculations in
Tuomala (2010), the highest values of consumption are clearly smaller than the upper
bound (=1.1 when a=5)—for instance, when �=0.7 consumption is 0.94 at the 99.9
percentile point of the ability distribution.
Previous simulations (see e.g. Mirrlees 1971; Atkinson 1972; Tuomala 1990; Kanbur

and Tuomala 1994) have used either the logarithmic utility of consumption or
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Figure 5.5e Maximin, f(n) =Champernowne distribution holding mean constant m=e�1

18 Stern (1986) discusses the quadratic specification and other alternatives. In fact, in the recent empirical
labour supply studies—see Blundell and Macurdy (1999) and Keane and Moffitt (1998)—preferences over
working time and net income are given by the utility function that is quadratic in hours and net of income.
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U(x)=�1/x. The important property of both these functions is that the coefficient of
relative risk aversion (r) (the curvature of utility over consumption) is constant (r=1 and
2 with fixed labour supply). In the light of Table 1 in Chetty (2006), those values of r may
be too high. The coefficient of relative risk aversion in the utility function (6) (case u12)
in turn varies at different points of the function. With parameterization used in our
computations, the values of r are more in line with empirical labour supply literature.19

The utility of consumption in (6) is a kind of ‘mixture’ of these two forms. The utility of
consumption in (6) is essentially less curved than those used in the previous simulations.
Now the elasticity-based marginal tax formulation turns out to be useful because we can
calculate traditional labour supply elasticities at each point of the distribution.
Much of this research viewed labour supply in terms of hours. Available evidence

indicates that there is an enormous variation in elasticities of labour supply (see
appendix 5.1). Estimates of uncompensated wage elasticity are typically negative, but
close to zero for male workers. For females, married women, and lone parents, they vary
from small negative to large positive. In the survey of the international literature by
Blundell and Macurdy (1999), the estimates for males range from around 0 to 0.25 and
for females from around 0 to 2.03. The income elasticities are generally small (negative)
and of a magnitude such that the compensated elasticities measuring the substitution
effect are positive. Empirical work on the incentive effects of labour income taxation
generally identified quite low labour supply elasticities. Meghir and Phillips (2010)
survey the elasticity of hours worked with respect to the wage. For men, they conclude
that ‘although one can start discussing the relative merits of the approaches taken,
existing research will lead to the conclusion that the wage elasticity is zero’ (p. 234).
For women, the elasticity of weekly hours worked is ‘in the range of approximately
0.0 to 0.3’ (p. 230). Their preferred estimate is a value of 0.13 for all married women
except those with young children. They also say that ‘the results of annual labour supply
show greater responsiveness to wages’. The reason for this, they argue, is probably that
variations in annual hours worked are a combination of participation responses and
intensive responses. Compensated elasticities were often found in other surveys to be
near 0.1 or 0.2, which implies that the elasticity of substitution between leisure and
consumption is around 0.5 in the CES utility function (see appendix 5.1).
The striking thing in the numerical results shown in Figures 5.6–5.8 is that, once we

assume that preferences are given by the utility function that is quadratic in consump-
tion, the shape of optimum tax schedules may be altered drastically. The marginal tax
rates rise with income, practically speaking, over the whole range. The reason for this can
be found in Figure 4.1c in Chapter 4. This utility function with upper bound on con-
sumption necessarily implies a concave budget constraint in Mirrlees’ (1971) model. The
optimal income tax rate schedule features marginal tax rate progressivity, except that in
cases (b=1) and (b=2) rates decline slightly at the very top of wage distribution. In fact

19 Using thirty-three sets of estimates of income and wage elasticities, the mean value of r calculated by
Chetty (2006) is 0.71 in the additive utility case.

136 OPTIMAL REDISTRIBUTIVE TAXATION



the marginal rate rises after the 99th percentile point. The marginal tax rate increases
with income up to the 99.7 percentile point.
Unfortunately, there is little evidence regarding the relationship between labour supply

elasticities and wage rates.20 Analysing data from an earlier labour supply study, Sadka,
Garfinkel, and Moreland (1982) computed the compensated wage elasticity for each
quintile of income distribution and found that it decreases as income increases. Röed
and Ström (2002) (Tables 1 and 2) offer a review of themore recent existing evidence. They
conclude that the limited evidence indicates that labour supply elasticities are declining
with household income. Using Norwegian data, Aaberge and Colombino (2006) provide
support for declining elasticities.21High labour supply elasticities among low-wageworkers
are also confirmed by empirical evaluations of various in-work benefit schemes operating
in many countries. By contrast, there is empirical evidence that the elasticities of taxable
income are higher among high-income individuals. (See e.g. Gruber and Saez 2002).
In all cases considered in Tuomala (2010), income effects were negative and relatively

small at all income levels. This is compatible with empirical labour supply studies
summarized by Meghir and Phillips (2010). Both compensated and uncompensated
wage elasticities decline with income. This in turn is compatible with the results in
Aaberge and Colombino (2006). The striking thing in the numerical results in Tuomala
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20 Empirically, we also need estimates as to how the elasticity varies with the wage rate. It is quite
surprising to note that Blundell and Macurdy (1999) do not say anything about this.

21 Aaberge and Flood (2008) find this same pattern for Sweden, too.
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(2010) is that I and Eu are quite similar, as in Aaberge and Colombino (2006) (see their
table 3.3). Figure 5.6 provides a graphical presentation of the marginal tax rate structure
with lognormal distribution. Figures 5.7 and 5.8a, b display the marginal tax rates when
f(n) is the Champernowne distribution. We see how sensitive tax rates and the shape of
tax schedules are to the choice of the standard deviation, � or Ł, and the distributional
parameter, � or k. As expected on the basis of the previous simulations, the levels of the
marginal tax rates and the shape of the schedules are fairly sensitive to the choice of
the standard deviation of n, � (see Figure 5.4), and the distributional parameter, � (see
Figure 5.7 and 5.8a,b).22

It is important to note that the extent of redistribution and a rising marginal tax rate
may be two quite different things. Numerical results in Tuomala (2010) show that the
extent of redistribution is much larger with higher �, but the marginal tax schedule is
much steeper in the case of �=0. In fact, there is a slightly declining portion at top
incomes with higher �. Moreover, the level of the lump-sum transfer component x0 is
fairly sensitive to the specification of the model. In particular, the level of x0 is very
sensitive to the choice of b (distributional parameter).
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22 Of course, when we change the parameters of the model we should also calibrate the n-distribution
indirectly so that the distribution of z remains the same. In practice this is rather laborious to do.
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5.9 Is there a U-shaped marginal tax/transfer
rate curve?

The U-shape of tax schedules in Saez (2001) was a direct consequence of the U-shaped
pattern of distribution ratio. Unlike in Saez (2001), the distribution ratio in our calcu-
lations is, roughly speaking, the L-shape in all specifications considered (see Figure 5.1c).
Moreover, in all cases we calculated, the elasticity of labour supply is not constant.
Hence, the shape of the tax schedule is determined by the interplay between all factors
discussed in the context of formula (13) in Chapter 4. In calculations displayed here, the
distribution ratio is roughly speaking L-shaped in all specifications considered (see
Figure 5.1c). Hence, the shape of the tax schedule is determined by the interplay between
all factors discussed in the context of formula (13) in Chapter 4. The results displayed in
Figures 5.7–5.8 show that it is not possible to get a U-shaped pattern in the case of
quadratic utility function. In the case u1, when the pre-tax inequality is rather low we
have a U-shaped marginal tax rate structure and the marginal rates are rather high at the
bottom of the distribution.23 Figure 5.9a displays the case with Ł=3.3 and lower
(X/Z=1.1) and higher (X/Z=0.8) revenue requirements.24 The marginal tax rate curves
decrease from the bottom to middle incomes (around median). The marginal tax rate
curves slope upward starting at around the range of 60–70 percentile of wage distribu-
tion and then rise until income level is at the 99th percentile (see Figure 5.9a). Figure 5.9b
shows that when Ł=2.0 we do not have a U-shaped curve in either revenue requirement
case. In the case of u2 (utility function (5)),25 in turn, the marginal rates are declining

Table 5.3 (case u12)

�=0 Ł=2.5 X/Z=0.9

F(n) y z x ATR% MTR% Eu �

0.10 0.16 0.03 0.05 �95 11 2.35 �0.05

0.50 0.40 0.15 0.15 �3 20 0.60 �0.08

0.90 0.50 0.44 0.35 19 39 0.27 �0.15

0.97 0.51 0.75 0.52 30 50 0.13 �0.23

0.99 0.51 1.07 0.67 37 54 �0.05 �0.36

P90/P10 14.7 7.0

RD(%) 52.3

n0=0.10 x0=0.03 F0=0.04

23 Bevan (2005) also computes a U-shaped pattern with the log–log utility function.
24 Revenue=1-X//Z.
25 Saez (2001, p.225) criticizes CES specification because the income effects are unrealistically large,

around�1. Saez’s statement is not always correct and should have been qualified to that income effect is
around—1 asymptotically in the case � <1. Using (32) and denoting x ¼ n dy

db, where x ¼ ny þ b (b=the
virtual income). We have x ¼� 1

ð1þnðd�1ÞÞ. Now we see that in the case � =1 (case u1) x ¼�0:5. When � < 1,
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with income when the Ł parameter is higher than 2.5. The marginal tax rates increase,
however, for the lowest percentile and then fall, and above-middle incomes are roughly
constant and finally rise again, although not to the height of the rates applied to lower-
income individuals. In this case the marginal tax rate curves slope upward starting at
around the 70–80 percentile range of the wage distribution, and then rise until income
level is at the 97th percentile point. The point in which the marginal tax rate curve
slopes upwards is much higher in Saez (2001)—around 80,000 dollars/year—than in
our cases.26

As shown in Figures 5.9a and b with different utility functions and revenue require-
ment (X/Z-ratios), only in the case of the log–log utility function (the u1 case) and when
the pre-tax inequality is low enough are the marginal rate curves clearly U-shaped, and
even more so with lower revenue requirement (higher X/Z). In other words, with lower
revenue requirement (higher X/Z), the tax schedule is more progressive, in the sense that
the range of rising marginal rates increases. This is just what our discussion suggested in
the context of the marginal tax formula (13) in Chapter 4. Some intuition for this might
be developed as follows. First, it may be useful to describe the income tax schedule so that
it consists of two elements: the guaranteed income—an individual with no income would
get the lump-sum subsidy or the guaranteed income x(no) =xo=0�T(z=0)=�T(0).
(T(0) is negative if the government has redistributive goals)—and the pattern of marginal
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then � converges to�1 as n goes to infinity. As seen in Tables 5.2a x ¼�0:46 at the 99 percentile point of the
n-distribution. It is very far from �1.

26 See also Brewer et al (2008), who perform simulations using data from the UK.
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tax rates t(z). The latter element describes both how the guaranteed element is clawed
back or taxed away and how the tax burden increases with income. Consider the case
where revenue requirement is positive but there is high concern for the poor. In this case
it is likely that there will be a high guaranteed income but also high marginal tax rates on
low-income people to claw back revenue. As the revenue requirement falls, and in fact as
it becomes negative so that outside resources are available, the minimum income
requirement for the poor can be met easily without having to claw back revenue with
high marginal tax rates. Thus we should expect to see low marginal tax rates on the poor.

5.10 Alternative social preferences: maximin
and marginal tax rates

Numerical results seem to suggest that marginal tax rates tend to increase for all
taxpayers with increasing inequality aversion (see Figures 5.7, 5.8 and 5.10a). The
shape of the tax schedule seems to change for lower values of b in quite a similar way
as with increasing revenue requirement. But if we adopt the maximin (‘Rawlsian’) social
welfare function, things change quite dramatically, as our remarks earlier in some
simplifying cases suggested. Namely, when b=1, we find that marginal tax rates decline
continuously with income. It seems, therefore, that it is a sufficiently high inequality
aversion that leads to a pattern of optimally declining marginal tax rates. It may appear

0

10

20

30

40

50

60

70

80

0 10 20 30 40 50 60 70 80 90 100

M
T

R
%

F(n)

Marginal tax rate curves u2

X/Z=1.1

X/Z=0.8

Figure 5.9d f(n) =Champernowne distribution with Ł=2.0, m=e�1 and u2

THE SHAPE OF OPTIMAL INCOME TAX SCHEDULE: NUMERICAL SIMULATIONS WITH INCOME EFFECTS 143



0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100

M
T

R
 %

F(n)

Marginal tax rate curves u2, X/Z=0.9, theta 2.0

β=0

β=∞

Figure 5.10a f(n) =Champernowne distribution, u2, utilitarian �=0, X/Z =0.9 and maximin �=1

-100

-80

-60

-40

-20

0

20

40

60

80

100

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

%

z

Marginal and average tax rate curves: u2, maximin, 

theta=3.3, X/Z=0.9

X/Z=1.1 X/Z=0.8

Figure 5.10b f(n) =Champernowne distribution, u2, X/Z = 0.9 and maximin �=1

144 OPTIMAL REDISTRIBUTIVE TAXATION



surprising that the Rawlsian objective does not lead to graduated tax rates, but it follows
from the fact that this objective is not concerned with inequality among those not in the
‘least fortunate group’. It is important to note that average tax rates rise with incomemuch
more steeply in the Rawlsian case than other cases considered in our simulations (see
Figure 5.10b and Table 5.4). The marginal tax rate curve crosses the average tax rate curve
at the income level of F(n)=0.995. Moreover, there is more redistribution in the maximin
case (see Table 5.4) than in other cases. Altogether the numerical results suggest that
differences in distributional objectives have important implications for optimal tax design.
In fact, in all cases shown in Tables 5.1–5.3, average tax rates are increasing in income.
Analytically it is difficult to establish this. Boadway and Jacquet (2008) show that in the
maximin case, assuming additive preferences in consumption and labour, single-peaked f
(n), and constant elasticity labour supply, then marginal tax rates decline with n and the
average tax rate T(z)/z will be single-peaked in income if T(z)<0 at the lowest income.
Figure 5.10b confirms these patterns without assuming constant elasticity.

5.11 Other alternative social preferences:
rank-order preferences, equal opportunities,
poverty radicalism, and charitable conservatism

The optimal tax schedule with the Gini-weighted social preferences departs considerably
from those with the linear utilitarian social welfare function. In all cases considered, the
marginal tax rates increase for the two lowest deciles. With rank-order preferences k=2
(the Gini weights) and k=3 (and v=3), in all cases considered, the marginal tax rates
increase for the two lowest deciles. In other words, we do not obtain the U-shaped
marginal tax rate curve with k=2 and 3. Fig 5.11a displays the case with relative small
pre-tax inequality (Ł=3.0) and Fig 5.11b in turn the case with large pre-tax inequality
(Ł=2.0).

Table 5.4 Maximin

Ł=2.5
F(n) y z x ATR% MTR% Eu �

0.11 0.005 0.001 0.14 �139 88 �0.12

0.50 0.42 0.15 0.18 �6 79 0.33 �0.22

0.90 0.52 0.45 0.23 47 72 �0.01 �0.33

0.97 0.51 0.74 0.32 57 70 �0.11 �0.40

0.99 0.51 1.08 0.43 60 63 �0.21 �0.47

P90/P50 3 1.64

RD(%) 45.3

n0=0.16 x0=0.137 F0=0.11
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Figure 5.11a, b displays the marginal tax rate with a different pattern of rank-order
welfare weights (k=1,2,3,1(utilitarian)), pre-tax inequality and revenue requirement
R=0.1 (X/Z=0.9). Let us consider first the level of the marginal tax rate schedule. The
level of marginal tax rates increases when k goes from utilitarian case k=1 to the case of
k=1. As expected, the marginal tax rates are higher when inequality aversion in the rank-
order sense is higher. In all cases with the social marginal weighting underlying the Gini
coefficient, and in most cases in other specifications, the marginal tax profile has the
bandy-stick profile in skill and income. When k=1 or 2, in all cases considered, the
marginal tax rates coincide at the upper part of the distribution. In the cases with rank
order preferences k=2,3, in all cases considered, the marginal tax rates increase for the
two lowest deciles. The behaviour of the social marginal valuation function is an
important determinant of the pattern of optimal income taxation. The optimal tax
schedule with rank-dependent social preferences departs considerably from those with
the utilitarian social welfare function. Marginal tax rates are higher at all income levels
for the rank-order cases than for the utilitarian case. Marginal tax rates decline much
faster for the utilitarian case than for the rank-order cases when pre-tax inequality is
relatively low (Ł is greater than 2.5). With rank-order preferences k=2 (the Gini weights)
and k=3 (and v=3), in all cases considered, the marginal tax rates are increasing for the
two lowest deciles. In other words, we do not obtain the U-shaped marginal tax rate
curve with k=2 and 3. When k=1 or 2, again in all cases considered, the marginal tax
rates coincide at the upper part of the distribution. In other words, the marginal tax rates
at the two or three highest deciles are, practically speaking, the same.
The shape of optimal tax rates in Figure 5.12 with equal opportunity social preferences

is quite similar to the case of rank order with Gini weights. The justification for weights
decreasing with income is here, however, completely different from that in a rank-order
or a constant elastic case.27

Figure 5.13 displays marginal tax rates for the poverty radicalism case with F(npov =
0.15). The marginal tax rates increase up to around the poverty line. As expected, the
marginal tax curve in this case resembles the maximin case except that there is an
increasing part up to the poverty line. Hence, there is a kink in the optimal tax schedule
with bunching at the poverty threshold. The marginal tax rate is Rawlsian above the
poverty threshold.
Figure 5.14 displays marginal tax rates for the charitable conservative position in the

case with k=1/3 and npov = 0.25 (see equation (7) in Chapter 4). Now things are more
complicated in this more general setting with income effects than was the case in
Chapter 4. As noted in the context of (13) in Chapter 4, the C-term tends to favour rising
marginal rates when income is low.Ux has also a central role in the termC. Income effects

27 Starting from the empirical finding that when poor parents have more disposable income, their
children’s cognitive performance improves, Gelber and Weinzierl (2014) find that the optimal welfarist
policy in this context leads to more progressive taxation. In other words this would mean more redistributive
policy toward low-income parents than is the existing US tax policy.
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are related to the concavity of the utility of consumption, as people are willing to work
more when after-tax income is lower. In the charitable conservative case this means that
weightsW'Ux are decreasing both below and above the poverty line and the weights jump
to a lower value at npov . This suggests that this effect, throughW'Ux, with relatively low k,
the utility function (5) (case u2), and n-distribution (lognormal or Champernowne), leads
to increasing marginal rates below the poverty line.

5.12 Bunching and the interplay between
the curvature of utility over consumption
and the social marginal weighting function

The optimum is typically characterized by a certain fraction of individuals, at the bottom
end, choosing not to work (where we have dx/dn=dz/dn=0, there is bunching of
individuals of different n). Given that high marginal tax rates are optimal near the
bottom when Ł is greater than 2.5, the finding that the percentage of those choosing not
to work at all is rather high might be unsurprising. It turns out to be the case that things
are not that straightforward. Namely, in the case u2 we have the highest marginal tax
rates near the bottom, but the percentage of those choosing not to work is smaller than in
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other cases calculated. One interesting aspect in numerical results is that the amount of
bunching is quite sensitive to the choice of Ł and the curvature of utility over consump-
tion. When Ł is greater than 2.5, in the case of u2, there is very little bunching. It turns
out to be practically zero. In the case of u2 and (Ł=2, k=2, X/Z=0.9) the amount of
bunching is 3 per cent, i.e. F(no)=0.03.

28 But in the case of u12 and (Ł=2, k=2, X/Z=0.9),
the amount of bunching is 16 per cent. Hence it is not only the inherent inequality that is
crucial in determining the amount of bunching, but also the interplay between the
curvature of utility over consumption and the social marginal weighting function. It is
increasing with � (see more on this in Tuomala 1984). As seen in Figure 5.10b (maximin)
and Figure 5.13 (poverty radicalism), when Ł=2, the amount of bunching is around 18
per cent and 13 per cent, respectively. Hence the combination of high inequality aversion
and high inherent inequality is crucial in determining the amount of bunching.

5.13 Guaranteed income and redistribution

How sensitive is the level of the guaranteed income or lump-sum transfer component of
the tax system to the different specification of the model? And what is the relationship
between the lump-sum transfer and the progressivity of the tax schedule? Table 5.5
displays the ratio of the guaranteed income to the average gross income with social
welfare functions (utilitarian and Rawlsian), utility function u2, and different revenue
requirement, R (=1–X/Z). This ratio is clearly higher in the Rawlsian case than in the
utilitarian one. It may be slightly surprising that the ratio is not, in the Rawlsian case,
sensitive to the choice of revenue requirement. From Figures 5.5a and b we see, in the
case u2, that the marginal tax rates at the lower part of income distribution are much
higher than in other cases considered. From Tables 5.6 and 5.7 we in turn see that the
guaranteed income xo is also much higher and rather substantial compared with other
cases. Tables 5.5–5.8 display the ratio of the guaranteed income to the average gross and
net income with different welfare weights and Ł when utility is either u2 or u12 and
revenue requirement, X/Z=0.9. This ratio is clearly higher in the case of �=1 and Gini
weights 2(1�F) (k=2) than in the case of the pure utilitarian �=0. The ratio is

28 But when Ł=1,5 (u2, X/Z=0.9 and linear utilitarian) the amount of bunching is 6%, i.e. F(no)=0.06.

Table 5.5 The ratio of the guaranteed income to the average
gross income: u2 and Ł=3.3

X/Z Rawlsian utilitarian �=0

1.0 0.76 0.53

0.9 0.68 0.46

0.8 0.59 0.39
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increasing with pre-tax inequality (Tables 5.6–5.8). Tables 5.8, 5.9, and 5.10 show the
extent of redistribution (in terms of our measure) in the case of u2, u12, and different
distributional objectives.
It is of some interest to compare our results with other studies. In a linear income tax,

in Stern’s (1976) central case with a tax rate slightly higher than 50 per cent, a lump-sum
transfer is around one-third of average income. In the optimal two-bracket scheme,
Slemrod, Yitzhaki, Mayshar, and Lundholm (1994) have a similar lump-sum transfer
and a slightly higher marginal tax rate at the low bracket (around 60 per cent) than at the
top bracket. Numerical simulations for the non-linear case in Saez (2001) show that the
guaranteed benefit may be as high as 40 per cent of average earnings even for moderate
redistributive tastes and that the phasing-out rate is very high, typically around 70–80
per cent. The desirability of such a schedule is to some extent based on constant labour
supply elasticities used in Saez’s (2001) simulations—namely, that kind of schedule
targets benefits at the most needy individuals in the economy and concentrates labour
supply disincentives to individuals with low earnings ability. These reductions in labour
supply incentives at the bottom are not very costly because their labour supply elasticities

Table 5.6 The ratio of the guaranteed income to the average
gross income: u2 and X/Z =0.9

¨ Rawlsian utilitarian � = 0 Gini weights

2.5 0.68 0.51 0.60

2.0 0.70 0.56 0.68

Table 5.7 The ratio of the guaranteed income to the average
net income: u2 and X/Z =0.9

¨ � = 0 � = 1 Gini weights

3.3 0.52 0.66 0.62

2.5 0.61 0.69 0.67

2.0 0.62 0.70 0.71

Table 5.8 The ratio of the guaranteed income to the average
net income: u12 and X/Z =0.9

¨ � = 0 � = 1 Gini weights

3.3 0.06 0.25 0.33

2.5 0.15 0.35 0.42

2.0 0.25 0.44 0.51
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are the same as those higher up in the distribution, and because the beneficiaries would
not have had very high earnings even in the absence of the programme. Diamond (1968,
p. 296) also offers the conjecture that the low-ability group might best be given a higher
grant and higher marginal tax rates, the latter because distortion is not that great.
In sum: a typical conclusion from numerical simulations (Mirrlees 1971; Tuomala

1984; Saez 2001) has been that the Mirrlees model suggests a relatively generous lump-
sum grant for those with no earnings and very high phasing-out rates up to the median
income (see the thin curve in Figure 6.1a in Chapter 6). This conclusion can be argued
against. There are good grounds to feel that these simulations are based on overly
restrictive and unrealistic specifications of the utility function and the skill distribution.
For example, Mirrlees (1971) assumes log–log utility implying too-high labour supply
elasticities, Tuomala (1984) uses lognormal skill distribution which has a too thin upper
tail, and Saez (2001) assumes constant labour supply elasticity (a one-parameter constant
elasticity utility) at all income levels. Above we showed that when we take a more flexible
specification for the utility function—quadratic utility function—empirically better
grounded skill distribution, and relatively mild redistribution preferences, we obtain
the following low-income support programme: relatively generous lump-sum grant
(basic income) and increasing marginal tax rates31 (see the thick curve in Figure 6.1a
in Chapter 6). Interestingly, we also obtain this pattern with CES function when the pre-
tax inequality is sufficiently high but not unrealistically so. What is also important is that
increasing top income inequality (smaller Ł in the Champernowne distribution) leads to
more progressive taxation (in the sense of increasing average tax rates in income).

Table 5.9 The extent of redistribution (RD):29 u2, X/Z=0.9

¨ � = 0 � = 1 Gini weights

3.3 52.6 67.0 61.6

2.5 71.8 86.1 80.3

Table 5.10 The extent of redistribution (RD):30 u12, X/Z=0.9

¨ � = 0 � = 1 Gini weights

3.3 31.1 49.5 28.1

2.5 52.3 55.0 44.4

29 We measure the extent of redistribution, denoted by RD, as the proportional reduction between the
decile ratio for market income, z, and the decile ratio for disposable income, x.

30 In the case of Gini weights RD is based on P(90/50).
31 Colombino (2009) provides an interesting discussion from the empirical point of view on the lessons of

optimal income tax simulations for designing low-income support programmes. See also De Vincenti and
Paladini (2009).
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n APPENDIX 5.1 LABOUR SUPPLY ELASTICITIES

Static model: setup

An individual’s preference ordering is represented by a utility function over consump-
tion x and hours worked y. The individual earns wage w per hour (net of taxes) and has b
in non-labour income. The function u=u(x,y) is strictly increasing in x, strictly decreas-
ing in y, defined for x�0, i.e. the consumption is unbounded, while 0� y� 1 with ux> 0
and uy < 0. Also, u(x,y) is assumed to be strictly concave. Individual solves max; u(x,y)
subject to x=wy+b.
The first-order condition for the choice of work hours, wuc+uy=0, defines uncom-

pensated (Marshallian) labour supply function y(w,b).
The possibilities open to the worker include working anywhere between 0 and some

maximum hours at a fixed hourly wage rate. These possibilities are shown by the budget
constraint AB in Figure A5.1, where OB is a non-labour income. The choice made by the
worker is a function of the parameters describing their economic opportunities, here w
and b. As w and b change, so too will y. A convenient way of representing these changes
is in terms of elasticities.
Define the elasticities: uncompensated elasticity of labour supply: Eu ¼ @y

@w
w
y . The

elasticity of labour supply with respect to the net wage is the percentage change in y
(hours of work) when net wage w increases by 1 per cent. For example, where the
elasticity is equal to 0.5, this implies that a 10 per cent rise in wages produces a 5 per cent
rise in hours of work.

I1 I2

B

A

E

x

y

•

Figure A5.1 Labour supply
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Income effect parameter: x ¼ w @y
@w. € increase in earnings if person receives €1 extra in

non-labour income. Compensated (Hicksian) labour supply function yc(w,u), which
minimizes expenditure wy�x st to constraint u(x,y)�u. Compensated elasticity of labour

supply: Ec ¼ @yc

@w
w
y >0.

It has long been known that taxing earnings may have a discouraging effect on labour
supply, although the effect is on the whole uncertain because the fact that a tax
impoverishes people may induce them to work more to retain their consumption level.
It is a standard balancing act in consumer–worker theory between a substitution effect
(the tax makes leisure less expensive in forgone consumption, therefore they work less)
and an income effect (the tax makes one poorer, and people may want to share this
scarcity between lower consumption and lower leisure, therefore they work more).
Next we examine the effect of a tax on labour income in this textbook model. The

change in net wage due to the increase of a tax on labour income reduces the worker’s
disposable income to w(1�t)y+b. Now y may have changed as a result of the tax. In
Figure A5.2 we see that the budget line still starts from B but the slope is now w(1�t) .
The new budget line is BA’. The labour supply choice shifts to point E’ on the
indifference curve 2. This shift can be decomposed into two effects: (1) The substitution
effect, shift from E’’ to E’, is moving along the indifference curve. (2) The income effect
means a shift from E to E’’. The worker is now worse off, being on a lower indifference
curve. The substitution effect is negative. The income effect in turn is typically expected
to be positive so that the worker is less well-off and therefore less able to afford leisure.
Hence the overall effect is ambiguous. It depends on the relative strength of these two
effects. It means that the tax may cause people to work less or more. In other words, the
elasticity of labour supply may be negative rather than positive.
Formally, the Slutsky equation: @y

c

@w ¼ @y
@w�y @y

@b. This implies Ec=Eu��

Table A5.1 and A5.2 show elasticities for male and women.

I1 I2

B

A

E

•

x

y

E’•

E’’

Income 

effect

Substitution effect

A’

Figure A5.2 Substitution and income effects
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n APPENDIX 5.2 NUMERICAL SOLUTION PROCEDURE

Now we consider a case with u=U(x)+V(1�y). Two differential equations (see appendix
4.5)

Table A5.1 Elasticity estimates for males: static models

Authors of study Year Uncompensated elasticity Compensated elasticity

Ashenfelter–Heckman 1973 �0.16 0.11

Boskin 1973 �0.07 0.10

Eight British studiesa 1976–83 �0.16 0.13

Eight NIT studiesa 1977–84 0.03 0.13

Burtless–Hausman 1978 0.00 0.07

Wales–Woodland 1979 0.14 0.84

Hausman 1981 0.00 0.74

Blomquist 1983 0.08 0.11

Blomquist–Hansson–Busewitz 1990 0.12 0.13

MaCurdy–Green–Paarsch 1990 0.00 0.07

Triest 1990 0.05 0.05

Van Soest–Woittiez–Kapteyn 1990 0.19 0.28

Kuismanen 1998 0.06 0.08

Ecklof–Sacklen 2000 0.05 0.27

Blomquist–Ecklof–Newey 2001 0.08

Notes: Where ranges are reported, mid-point is used to take means.
a = Average of the studies surveyed by Pencavel (1986).
b = Effect of surprise permanent wage increase.

Source: Keane (2011) and Meghir and Phillips (2010).

Table A5.2 Elasticity estimates for women: static models

Authors of study Year Uncompensated elasticity Compensated elasticity

Cogan 1981 0.89a

Heckman–Macurdy 1982 2.35

Blundell–Walker 1986 �0.20 0.01

Blundell–Duncan–Meghir 1998 0.17

Ilmakunnas 1997 0.10 0.29

Kimmel–Kniesner 1998 3.05b

Kuismanen 1998 0.23 0.23

Moffitt 1984 1.25

Notes:
a = Elasticity conditional on positive work hours.
b = Sum of elasticities on extensive and intensive margins.
Source: Keane (2011) and Meghir and Phillips (2010).
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dv
dn

¼�v
n

�
2þ nf 0

f

�
þ 1
n2

�
W 0

l
� 1
Ux

�
ð1Þ

and

du
dn

¼�yVy

n
ð2Þ

in u and v provide the solution to the optimal income tax problem, together with the
condition

n2fv ¼
ðn
0

�ðW 0=lÞ�ð1=UxÞ
�
f ðnÞdn ð3Þ

and at n=no
32;

no
2f ðnoÞvo ¼

ðn0
0

ððW 0=lÞ�ð1=UxÞÞf ðnÞdn ð4Þ

and the transversality condition m(h)=0 and (4) requires that

ln2fv ! 0ðn ! 1Þ ð5Þ
The condition (4) guarantees an accurate value for no .
We can write the optimal marginal tax rate

�
nþ Vy

Ux

�
n2f ðnÞ ¼ xy

ð1
n

�
1
Ux

�W 0

l

�
f ðn0Þdn0 ð6Þ

where��y=(Vy+yVyy) and º is the multiplier on the revenue constraint, at no

lnof ðnoÞ
 
1þ V0

y ðx0; 0Þ
n0u0xðx0; 0Þ

!
¼ mðnoÞV0

y ðx0; 0Þ
no

ð7Þ

 
1þ V0

y ðx0; 0Þ
n0u0x

!
¼ gyðu0; 0Þ Fðn0Þ

n20 f ðn0Þ

"
W 0

l
� 1
uxðx0; 0Þ

#
ð8Þ

where �y=�(Vy(n0)+y(n0)Vyy(n0))

32 no, largest n for which y(n)=0, may be in some cases rather large. In the interval [0, no], y=0 and x=x0
and then u=U(xo)�V(0) (*). (*) and (13) in Chapter 4 are needed for starting values in numerical solutions
of (1) and (2) conditional on a trial value for no.

156 OPTIMAL REDISTRIBUTIVE TAXATION



And further 
1þ V0

y ðx0; 0Þ
n0u0xðx0; 0Þ

!
¼� V0

y ðx0; 0Þ
n0u0xðx0; 0Þ

Fðn0Þ
n0 f ðn0Þ

"
W 0uxðx0; 0Þ

l
�1

#
ð9Þ

Equations (1) and (2) form a pair of non-linear differential equations, which can be
solved only by numerical integration methods. In this study, a forward Euler and a
fourth-order Runge–Kutta method are used. In equations (1) and (2) the unknowns are
u, v, and º. Instead of solving º, a value is assumed for it. A rough estimate can be
obtained by calculating

Ð1
0
ð1=UxÞf ðnÞdn=

Ð1
0
W 0f ðnÞdn for some plausible y and x. The

condition, �(1)=0, makes the numerical solution difficult. A trial-and-error method is
used to obtain a value n0 which enables fulfilment of the condition y(n0)=0. The value of
x at n0 is solved from equation (9) by using Newton’s iteration method. When º is given
and x(n0) is solved, the integration of (1) and (2) can begin. The general step is:

viþ1 ¼ vi þ fvdn ð10Þ

uiþ1 ¼ ui þ fudn ð11Þ
where ç is an integration operator and dn is the step length. In the case of the Euler
method,

fv ¼�v
n

�
2þ nf 0

f

�
þ 1
n2

�W0

l
� 1
Ux

�
ji

fu ¼�yVy

n
ji

i.e. the derivatives evaluated at the beginning of the step.
When ui+1 and vi+1 are obtained, the new values for y and x are calculated from (6)

and from the utility function by using Newton’s iteration method. In numerical appli-
cations, the following functions were used: u= log x+ log (1�y) and u ¼�1

x� 1
ð1�yÞ. f(n) is

the Champernowne distribution with the probability density function and the cumula-
tive distribution function f ðnÞ ¼ y

�
myny�1

ðmyþnyÞ2
�

FðnÞ ¼ 1� my

ðmyþnyÞ, where Ł is a shape
parameter and m is a scale parameter. A constant absolute utility–inequality aversion
form was used for the social welfare function of the government,WðuÞ ¼�1

b e
�bu, where

b measures the degree of inequality aversion in the social welfare function of the
government (in the case of b = 0, we define W = u). If we write W�b ¼ ∫e�buf ðnÞdn
then the limit as b!1 is given by W=minn[e

u].
Solutions of x and y as functions of u and v where u and v are known from (10) and (11):

�1
x
� 1
1�y

�u ¼ 0
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1þ Vy

nUx
=xy�v ¼ 0

or generally,

gðx; y; uÞ ¼ 0

hðx; y; vÞ ¼ 0 :

Again, using Newton’s method,

xnþ1

ynþ1

� �
¼ xn

yn

� �
�
� gxðxn� Þ gyðxn� Þ
hxðxn� Þ hyðxn� Þ

� gðxn� Þ
hðxn� Þ

� �
where xn� ¼ xn

yn

� �

where gx � gðxþds;yÞ�gðx;yÞ
ds by numerical integration.

The range of n was from n0 to 1.5, at which point the integrated value of f(n) was more
than 0.9999. The step length dn was 0.02 in most computations and the forward and
forward Eulermethods were used for the integrations. Some cases were calculated by using
the Runge–Kutta method and a smaller step length to assess the accuracy of the compu-
tations. Extra care was taken to obtain an accurate value for n0 and to satisfy y(n0)=0.
In sum: the formulae (1) and (2) form a pair of non-linear differential equations in u

and v. These two differential equations provide the solution to the optimal income tax
problem together with the revenue requirement and m(1)=0. This differential equation
system can be solved only by numerical integration methods. In this study, a fourth-order
Runge–Kutta method is used. In equations (1) and (2) the unknowns are u, v, and º.
Instead of solving for º, a value is assumed for it. The condition, m(1)=0, makes the
numerical solution difficult. A trial-and-error method is used to obtain a value n0, which
enables us to satisfy the condition y(n0)=0. Extra care was taken to obtain an accurate value
for n0 and to satisfy m(1)=0. The value for x at n0 is solved from equation (8) by using the
Newton method. When º is given and x(n0) is solved, the integration of (1) and (2) can be
started.When ui+1 and vi+1 (i refers to an iteration cycle) are obtained, the new values for y
and x are calculated from equation (6) and from the utility function by using the Newton
method. The range of n was from n0 to 1.5, at which point the integrated value of f(n)
was more than 0.9999. In our calculations this transversality condition takes the form
m(1)!0, when n!1 because we use the density function with infinite range.

n APPENDIX 5.3 FORTRAN PROGRAM WITH SOME COMMENTS

>C ###### OTO #######
C select function u:
C NUSEL=1 u=ln(x)+ln(1�y)
C NUSEL=2 u=-1/x-1/(1�y)
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C select formulation for g:
C NGSEL=1 EXP(BY)
C NGSEL=2 B=0 (beta=0)
C maxmin case: NFORM=0

IMPLICIT REAL*8 (A-H,O-Z)
COMMON /DPAR/NDIS,SIG,RK,TTH,XMY,ALF
COMMON /CONTR/IFXY
DIMENSION TUL(10)
DIMENSION TULO(500,9),NT(500)

C data:
C NUSEL (1 or 2), NGSEL (1 or 2), NFORM 0=maxmin, BET=beta
C INCR (output incr, at every INCR step)
C ITKMAX max number of iterations
C DN increment of n
C XIO, guess for initial value of X (XI to be determined by iteration)
C ERMAX maximum allowed error in iterations
C DS increment of X in numerical differentiation, small for accuracy
C RNOI RNOF ND, guess of initial value for N, N-final, increment of N-initial
C (RNO is guessed, RN is usually stepped with negative DN
C to obtain final terminal condition: TEST=0 and FK=1, by trial)
C NTUL, number of output points
C TUL, output point values of N
C RLAI RLAF DRLA, lambda initial, lambda final, increment of lambda
C (usually lambda is constant, RLAI=RLAF and DRLA=0,
C lambda can also be stepped (incremented) in trying to find a solution)
C SIG, RK parameters for lognormal distribution
C TTH, XMY parameters for Champernowne distribution
C ALF parameter for exponential distribution
C read data

READ(5,*)NUSEL,NGSEL,NFORM,INCR,ITKMAX,NTUL,NDIS
READ(5,*)BET,RNMAX,DN,XIO,ERMAX,DS
READ(5,*)RNOI,RNOF,DNO
READ(5,*)(TUL(I),I=1,NTUL)
READ(5,*)RLAI,RLAF,DRLA
IF(NDIS.EQ.1)READ(5,*)SIG,RK,ZKA,ZMYA
IF(NDIS.EQ.2)READ(5,*)TTH,XMY
IF(NDIS.EQ.3)READ(5,*)ALF
WRITE(6,100)

100 FORMAT(' NUSEL NGSEL NFORM INCR,ITKMAX,NTUL,NDIS
.'/' BET RNMAX DN XIO ERMAX DS
.'/' RNOI RNOF DNO
.'/' (TUL(I),I=1,NTUL )
.'/' RLAI RLAF DRLA')
WRITE(6,120)NUSEL,NGSEL,NFORM,INCR,ITKMAX,NTUL,NDIS
WRITE(6,121)BET,RNMAX,DN,XIO,ERMAX,DS
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WRITE(6,121)RNOI,RNOF,DNO
WRITE(6,121)(TUL(I),I=1,NTUL)
WRITE(6,122)RLAI,RLAF,DRLA
WRITE(6,123)

123 FORMAT(‘distribution parameters’)
IF(NDIS.EQ.1)WRITE(6,121)SIG,RK,ZKA,ZMYA
IF(NDIS.EQ.2)WRITE(6,121)TTH,XMY
IF(NDIS.EQ.3)WRITE(6,121)ALF

120 FORMAT(1X,16I5)
121 FORMAT(8F12.6)
122 FORMAT(1X,8E13.5)

FMLT=1.
IF(NFORM.EQ.0)FMLT=0.

C
C step lambda from RLAI to RLAF with increment DRLA (in interval
C of DILA), DRLA can be negative also,
C lambda affects the ratio XF/ZF,
C for greater accuracy refined search with smaller DRLA
C
C intervals for searching parameters lambda and rno:
C DINO and DILA
C

DINO=RNOF-RNOI
DILA=RLAF-RLAI
LLM=0

2000 CONTINUE
LLM=LLM+1
RLA=RLAI+(LLM-1)*DRLA
WRITE(6,2030)RLA

2030 FORMAT(' RLA=',E14.6)
LKM=0

1000 CONTINUE
C
C step N0 from RNOI to RNOF with increment DNO
C to obtain finally TEST=0 at FK=1,
C (as close to 1 as required),
C program is run interactively with monitoring results,
C for greater accuracy refined search from known values with smaller DRLA
C etc.
C

LKM=LKM+1
RNO=RNOI+(LKM-1)*DNO
WRITE(6,80)RNO

80 FORMAT(' RNO=',E14.8)
ITU=1
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C
C output points at FK1, FK2, ... (FK=integral f(n)dn)
C first output point, TULOS=FK1
C

TULOS=TUL(ITU)
C
C initialize variables
C

N=0
Y=0.
Z=0.
ZF=0.
ZZF=0.
ZFDZ=0.
ZZFDZ=0.
ZMY=0.
ZSIG=0.
XI=XIO

C
C initial value for X is XI
C and initial value for RN (i.e. N) is RNO
C
C calculate some values at RN=RNO
C the same results (with marginally less computation effort) if INIT is called here?
C

CALL INIT(XI,RNO,DN,NUSEL,NGSEL,BET,F,FD,FK,XF,UF,UXF,EF,RNF,
.RNNF,U,UX,UY,PSY,GD)
APU=FK/F/RNO/RNO

C
C calculate initial value fox X (XI) by iteration
C DS is increment of XI (small for accuracy)
C DH/DX calculated by numerical differentiation
C

ITK=0
48 CONTINUE
C CALL INIT(XI,RNO,DN,NUSEL,NGSEL,BET,F,FD,FK,XF,UF,UXF,EF,RNF,
C .RNNF,U,UX,UY,PSY,GD)
C APU=FK/F/RNO/RNO

ITK=ITK+1
CALL HS(XI,NUSEL,NGSEL,NFORM,FK,H1,APU,RLA,BET,RNO)

C
C store XI temporarily
C

XII=XI
XI=XI+DS
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CALL HS(XI,NUSEL,NGSEL,NFORM,FK,H2,APU,RLA,BET,RNO)
XI=XII
HX=(H2-H1)/DS
DX=-H1/HX
XI=XI+DX
ER=ABS(DX/XI)
IF(ER.GT.ERMAX.AND.ITK.LT.ITKMAX) GOTO 48
IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX)WRITE(6,141)

141 FORMAT(' XI iteration failed in ITKMAX cycles => try next N0')
C
C or STOP (not active)
C141 FORMAT(' XI iteration failed in ITKMAX cycles => STOP')
C IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX)STOP
C
C
C ER>ERMAX and ITK=ITKMAX, i.e. not converged, try next N0 value
C (GOTO 900)
C

IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX) GOTO 900
C
C calculation of initial value for X successful, output some results
C

WRITE(6,140)ITK,RNO,XI,H1
140 FORMAT(' ITK RNO XI H1',I4,E18.7,2E14.4)
C
C set initial values for X and N for integration from N0
C

X=XI
RN=RNO

C
C calculate (again) some values at N=NO
C

CALL INIT(X,RN,DN,NUSEL,NGSEL,BET,F,FD,FK,XF,UF,UXF,EF,RNF,
.RNNF,U,UX,UY,PSY,GD)
FO=F
FKO=FK
VO=(1.+UY/UX/RN)/PSY
V=VO

C
C test if V negative at NO
C (if so goto next trial NO)
C

IF(V.LT.0.)WRITE(6,400)V,U,UX,GD
400 FORMAT(' VO<0, UO UXO GDO',/4E14.6)

IF(V.LT.0.)GOTO 900
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ITO=0
RN=RN-DN

C
C integration from RN=RNO starts here
C
40 CONTINUE
C
C call subroutine DIS to calculate distribution values
C F(N) and its derivate FD(N)
C

CALL DIS(RN,F,FD)
C
C step (integrate) with constant DN
C (N is step number)
C

N=N+1
RN=RN+DN
IF(RN.GT.RNMAX)WRITE(6,960)

960 FORMAT(' STOP, RN > RNMAX => increase RNMAX')
IF(RN.GT.RNMAX)STOP
FDN=F*DN
FK=FK+FDN
XF=XF+X*FDN
UXF=UXF+FDN/UX
ZF=ZF+Z*FDN

C
C ZKA given as data (value known after running the program)
C (does not affect the solution)
C

ZZF=ZZF+(Z-ZKA)*(Z-ZKA)*FDN
GD=1.
IF(NGSEL.EQ.1)GD=EXP(-BET*U)
EF=EF+GD*FDN
RNF=RNF+RN*FDN
RNNF=RNNF+RN*RN*FDN
FU=-Y*UY/RN
FV=-V/RN*(2.+RN*FD/F)+(FMLT*GD/RLA-1./UX)/RN/RN
U=U+FU*DN
V=V+FV*DN

C WRITE(6,410)V,U,UX,GD
C410 FORMAT(' V U UX GD',/4E14.6)

UF=UF+U*FDN
C
C if iteration in XY fails, then IFXY=1
C
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IFXY=0
C
C solve for X and Y by Newton’s iteration method in XY
C

YO=Y
CALL XY(X,Y,NUSEL,NGSEL,RN,U,V,DS,ERMAX,ITKMAX)
IF(IFXY.EQ.1)WRITE(6,950)

950 FORMAT(' iteration in XY failed, IFXY=1 => GOTO 900')
IF(IFXY.EQ.1)GOTO 900
INDXY=0

C
C also required that X(N) > 0 and Y(N) < 1
C (if not try next RNO)
C

IF(X.LT.1.E-7.OR.Y.GT..999999)INDXY=1
IF(INDXY.EQ.1)WRITE(6,62)RN,X,Y

62 FORMAT(' **** INDXY=1, N X Y',3E14.4)
C IF(INDXY.EQ.1) STOP

IF(INDXY.EQ.1) GOTO 900
ZO=Z
Z=RN*Y
DZ=Z-ZO
IF(N.EQ.1)goto 889
ZFDZ=ZFDZ+Z*F*DZ

889 CONTINUE
C
C ZKA and ZMYA given as data (initially zero)
C (known after running the program)
C

IF(N.EQ.1)goto 908
ZZFDZ=ZZFDZ+(Z-ZKA)*(Z-ZKA)*F*DZ
DLOGZ=DLOG(Z)
ZMY=ZMY+DLOGZ*F*DZ
ZSIG=ZSIG+(DLOGZ-ZMYA)*(DLOGZ-ZMYA)*F*DZ

908 CONTINUE
C #############################################
C required DZ(N)=Z(N)-Z(N-DN) > 0
C if not try next RNO
C

IF(DZ.GE.0.) GOTO 60
WRITE(6,980)RN,Y,YO,DZ,FK

980 FORMAT(' N Y YO DZ<0 FK',5E14.6)
GOTO 900

60 CONTINUE
C
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C ATR, average TR
C

ATR=(Z-X)/(Z+.0000001)
IF(DABS(ATR).GT.1.D0)ATR=DSIGN(1.D0,ATR)

C
C TEST for terminating condition: TEST=0 (from above) and FK=1
C

TEST=V*RN*RN*F
GOTO(21,22),NUSEL

21 UX=1./X
UXX=-1./X/X
UY=1./(Y-1.)
UYY=-1./(Y-1.)/(Y-1.)
GOTO 299

22 UX=1./X/X
UXX=-2./X/X/X
UY=-1./(1.-Y)/(1.-Y)
UYY=-2./(1.-Y)/(1.-Y)/(1.-Y)
GOTO 299

299 CONTINUE
THE=(1.+UY/UX/RN)

C
C output after certain FK-values and
C after INCR number of steps
C

INDT=0
IF((N/INCR)*INCR.EQ.N)INDT=1
IF(FK.GE.TULOS)INDT=1
IF(FK.GE.TULOS)ITU=ITU+1

C
C next output point
C

TULOS=TUL(ITU)
IF(TEST.LT.0.0)INDT=1
IF(INDT.NE.1)GOTO 910
ITO=ITO+1
NT(ITO)=N
TULO(ITO,1)=RN
TULO(ITO,2)=X
TULO(ITO,3)=Y
TULO(ITO,4)=Z
TULO(ITO,5)=FK
TULO(ITO,6)=ATR
TULO(ITO,7)=TEST
TULO(ITO,8)=THE
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TULO(ITO,9)=UF
910 CONTINUE

IF(TEST.LT.0.)GOTO 930
IF(RN.LT.RNMAX)GOTO 40

930 CONTINUE
WRITE(6,500)N,TEST,THE,RN,FK

500 FORMAT(' *****N TEST THE RN FK'/,I6,4E16.7)
XZ=XF/(ZF+1.E-8)

C
C requirement: TEST goes to zero at approximately FK=1 (here at FK>0.995)
C

IF(FK.LT..995)GOTO 1100
WRITE(6,70)NUSEL,NGSEL,NFORM,VO,RNO,FO,FKO,APU

70 FORMAT(' NUSEL NGSEL NFORM VO RNO FO FKO APU',/3I2,5E13.4)
WRITE(6,180)
DO 920 NN=1,ITO

920 WRITE(6,200)NT(NN),(TULO(NN,J),J=1,8),TULO(NN,9)
200 FORMAT(I5,8F7.4,F8.4)

WRITE(6,940)XF,ZF,XZ
940 FORMAT(' XF/ZF=',E14.5,' /',E14.5,'=',E14.5)

WRITE(6,943)ZF,ZZF,ZFDZ,ZZFDZ
943 FORMAT(' ZF ZZF ZFDZ ZZFDZ'/,4E14.5)

WRITE(6,636)N,ZMY,ZSIG
636 FORMAT(' N ZMY ZSIG',I5,2E13.4)
105 FORMAT(1X,2I4,6F10.4)
110 FORMAT(' INCR ITKMAX RNMAX DN XI RLA ERMAX DS')
180 FORMAT(' N RN X Y Z FK'

1,T43,'ATR TEST MTR U ')
C180 FORMAT(' N RN X Y Z FK'
C 1,T43,'ATR TEST EU RI ')

GOTO 1100
900 CONTINUE

WRITE(6,130)RN,FK,X,Y
130 FORMAT(' failed, RN FK X Y',6E12.4)
1100 CONTINUE

IF(DINO.GT.0.AND.RNO.LT.RNOF)GOTO 1000
IF(DINO.LT.0.AND.RNO.GT.RNOF)GOTO 1000
IF(DILA.GT.0.AND.RLA.LT.RLAF) GOTO 2000
IF(DILA.LT.0.AND.RLA.GT.RLAF) GOTO 2000
STOP
END
SUBROUTINE

INIT(X,RN,DN,NUSEL,NGSEL,BET,F,FD,FK,XF,UF,UXF,EF,RNF,
.RNNF,U,UX,UY,PSY,GD)

C
C integrate numerically (here with 3-point Gaussian rule)
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C some initial values from 0 to NO

C
IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION GP(3),WEI(3)

NGP=3
GP(1)=-.774596669241483
GP(2)=0.
GP(3)=-GP(1)
WEI(1)=.5555555555555555
WEI(2)=.8888888888888888
WEI(3)=.5555555555555555
M=0
FK=0.
XF=0.
UF=0.
UXF=0.
RNF=0.
RNNF=0.
EF=0.

C
C number of intervals DN from 0 to NO
C

NA=RN/DN

C
C test if number of intervals sufficient for integration
C from 0 to N0,
C (here taken arbitrarily 10)

C
DNA=RN/NA
IF(NA.LT.11)GOTO 50
GOTO(41,42),NUSEL

41 U=DLOG(X)
UX=1./X
UY=-1.
PSY=1.
GOTO 499

42 U=-1./X-1.
UX=1./X/X
UY=-1.
PSY=1.

499 CONTINUE
GD=1.
IF(NGSEL.EQ.1)GD=EXP(-BET*U)
DO 30 M=1,NA
RNA1=(M-1)*DNA
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RNA2=RNA1+DNA
DO 35 IP=1,NGP
PSI=GP(IP)
P1=.5*(1.-PSI)
P2=.5*(1.+PSI)
RNA=P1*RNA1+P2*RNA2
CALL DIS(RNA,F,FD)
DLE=.5*DNA*WEI(IP)
FDN=F*DLE
RNF=RNF+RNA*FDN
RNNF=RNNF+RNA*RNA*FDN
FK=FK+FDN
XF=XF+X*FDN
UXF=UXF+FDN/UX
EF=EF+GD*FDN

35 CONTINUE
30 CONTINUE

CALL DIS(RN,F,FD)
RETURN

50 CONTINUE
WRITE(6,60)NA,RN,DN,DNA

60 FORMAT(' number of intervals too small in INIT',/,
.' smaller DN needed NA RN DN DNA',/
.I3,3E12.4)
STOP
END
SUBROUTINE HS(X,NUSEL,NGSEL,NFORM,FK,H,APU,RLA,BET,RNO)

C
C calculate function H
C

IMPLICIT REAL*8 (A-H,O-Z)
GOTO(11,12),NUSEL

11 CONTINUE
IF(X.LE.0)GOTO 20
U=DLOG(X)
UX=1./X
UY=-1.
PSY=1.
GOTO 199

12 U=-1./X-1.
UX=1./X/X
UY=-1.
PSY=1.

199 CONTINUE
GD=1.
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IF(NGSEL.EQ.1)GD=EXP(-BET*U)
GDR=GD/RLA
IF(NFORM.EQ.0)GDR=1./RLA/FK
H=APU*(GDR-1./UX)-(1.+UY/RNO/UX)/PSY
RETURN

20 CONTINUE
WRITE(6,40)

40 FORMAT(' X le 0, STOP')
STOP
END
SUBROUTINE XY(X,Y,NUSEL,NGSEL,RN,U,V,DS,ERMAX,ITKMAX)

C
C calculate X and Y by Newton's iteration method
C DS is increment of X
C ITK is iteration cycle counter
C

IMPLICIT REAL*8 (A-H,O-Z)
COMMON /CONTR/IFXY
IFXY=0
ITK=0

10 ITK=ITK+1
CALL GH(X,Y,NUSEL,NGSEL,RN,G1,H1,U,V)

C
C present value of X saved temporarily
C

XV=X
X=X+DS
CALL GH(X,Y,NUSEL,NGSEL,RN,G2,H2,U,V)
X=XV
XJ11=(G2-G1)/DS
XJ21=(H2-H1)/DS
YV=Y
Y=Y+DS
CALL GH(X,Y,NUSEL,NGSEL,RN,G2,H2,U,V)

C
C present value of Y saved temporarily
C

Y=YV
XJ12=(G2-G1)/DS
XJ22=(H2-H1)/DS
DET=XJ11*XJ22-XJ12*XJ21
DUM=XJ11
XJ11=XJ22/DET
XJ22=DUM/DET
XJ12=-XJ12/DET
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XJ21=-XJ21/DET
DX=-XJ11*G1-XJ12*H1
DY=-XJ21*G1-XJ22*H1
X=X+DX
Y=Y+DY
ER=ABS(DX/X)+ABS(DY/Y)
IF(ER.GT.ERMAX.AND.ITK.LT.ITKMAX) GOTO 10
IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX)WRITE(6,20)

C20 FORMAT(' ER gt ERMAX and ITK eq ITKMAX in XY => STOP')
20 FORMAT(' ER gt ERMAX and ITK eq ITKMAX in XY => IFXY=1')
C IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX)STOP

IF(ER.GT.ERMAX.AND.ITK.EQ.ITKMAX)IFXY=1
RETURN
END
SUBROUTINE GH(X,Y,NUSEL,NGSEL,RN,G,H,U,V)

C
C calculate G and H needed in solving X and Y
C

IMPLICIT REAL*8 (A-H,O-Z)
GOTO(11,12),NUSEL

11 G=DLOG(X)+DLOG(1.-Y)-U
UX=1./X
UY=1./(Y-1.)
UYY=-UY*UY
GOTO 199

12 G=-1./X-1./(1.-Y)-U
UX=1./X/X
UY=-1./(1.-Y)/(1.-Y)
UYY=2.*UY/(1.-Y)

199 CONTINUE
PSY=-UY-Y*UYY
H=(1.+UY/UX/RN)/PSY-V
RETURN
END
SUBROUTINE DIS(RN,F,FD)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON /DPAR/NDIS,SIG,RK,TTH,XMY,ALF,AA

C
C Lognormal distribution
C

GOTO(10,20,30),NDIS
C ONE=1.D0
C TWO=2.D0
C PI=TWO*ASIN(ONE)
10 CONTINUE
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PI=3.14159265
SIGP=SIG*SQRT(2.*PI)
APU3=DLOG(RN)-RK
APU=-APU3*APU3/SIG/SIG/2.
F=EXP(APU)/(RN*SIGP)
APU2=(-1./RN-APU3/SIG/SIG/RN)
FD=F*APU2
RETURN

C
C Champernowne distribution
C
20 CONTINUE

APU=XMY**TTH+RN**TTH
F=TTH*XMY**TTH*RN**(TTH-1.)/APU**2.
FD=TTH*XMY**TTH*(TTH-1.)*RN**(TTH-2.)/APU**2.
j -2.*TTH**2.*XMY**TTH*RN**(2.*TTH-2.)/APU**3.

C write(6,200)rn,f,fd
C200 format(' n f fd',3e12.4)

RETURN
C
C Exponential distribution
C
30 CONTINUE

F=EXP(-RN/ALF)/ALF
FD=-F/ALF

c write(6,200)rn,f,fd
c200 format(' n f fd',3e12.4)

RETURN
END

Further comments:

The value of n0 or RNO in the program is found by stepping from RNOI to RNOF using
a constant increment for DNO. The value of RNO is accepted when the test value TEST
goes to zero at a point where the probability integral FK is close enough to unity (in the
program version this value was set to 0.995 but more stringent criteria could be set); it
could also be made a data item. The results are that output for every value of RNO after
the above criteria is fulfilled. If DNO is small, only small changes in results are expected.
This program is executed interactively, so that the user can monitor how the solution

develops. It is found that in most cases a proper value of RNO can be searched from an
initial value of RNO downwards, i.e. putting in negative DNO. RNO can obtain quite
different values in different cases. A more refined search algorithm could be pro-
grammed. The value of lambda affects the X/Z ratio, but also the value of RNO has an
effect on this ratio. If one aims at a certain exact value of X/Z, this can be obtained by trial
and error with several runs. In the final run, by giving the same value for RNOI and
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RNOF, the amount of output is restricted (or by giving, for example, RNOI then RNOF
larger than that and DNO negative), and this is the case for lambda RLA as well. Altering
other data parameters may require quite different RNO. For some values, due to non-
linearity, a solution may not be obtained at all. Trial and error can be tried. In all
computations we select an n-distribution which, through the model, produces an
earnings distribution that matches empirical earnings distributions.
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6 Optimal income tax/transfer
programme in the extensive
margin model

Many existing transfer programmes with very high phasing-out rates have often been
held responsible for the low work-participation rates among welfare recipients. This has
led politicians to advocate programmes that would make work sufficiently attractive to
reduce the need for income support. In the early 1990s, the Earned Income Tax Credit
(EITC) programme in the United States was substantially increased, and is now the
largest cash transfer programme for the poor. The United Kingdom has introduced and
expanded a similar programme (Working Family Tax Credit). Many other European
countries have also implemented such programmes on a more modest scale, or are
contemplating introducing such programmes (see Gradus and Julsing 2001). The EITC
schedule, shown in Figure 6.1b, is fundamentally different from a traditional means-
tested programme (Figure 6.1a). The EITC does not provide any income support for
individuals with no earnings, but all earnings below a given threshold are partially
matched by the government, creating a strong incentive to enter the labour force and
work. As a result, the slope of the budget constraint in the phasing-in range (depicted in
Figure 6.1b) is higher than 1: an extra euro of earnings translates into more than one
euro in after-transfer income.
Since Mirrlees (1971), the theory of optimal taxation has largely been developed in the

intensive model setup, where labour supply is continuous. The Mirrlees model considers
labour supply behaviour on its intensive margin, with changes in continuous variables
such as working hours. In such models, tax rates are always positive, so an EITC would
not be optimal. However, much of labour supply is the decision to work or not to work,
such as the labour force participation of parents with small children, retirement deci-
sions, and responses to disability. Diamond (1980), Saez (2002), and Laroque (2005)
among others have studied the extensive margin—that is, participation decision—and
show that negative taxes may be optimal in a model where the only decision is to work or
not to work.
Liebman (2001) analyses the incentive and income distribution effects of changing the

many parameters of the EITC for single taxpayers. He finds that a schedule close to the
current US one is optimal for plausible relative weights put on efficiency and equity
concerns. Saez (2002) integrates labour force participation into an optimal tax model
and shows that with sufficiently high participation elasticities, transfer schemes such as



the EITC can be optimal. These analyses by Saez and Liebman suggest that there is a
significant theoretical justification for a policy such as the current US EITC. There are,
however, studies of alternative policies that assume that policy-makers can collect
information on hours (and wages), which suggest that such policies are better targeted
and have fewer distortions than an EITC (see Macurdy andMcIntyre 2004, for example).
Empirical studies have shown that the extensive-margin response (choosing whether

or not to enter the labour force) is much more elastic than the intensive-margin response
(choosing how many hours to work once one has decided to enter the labour force). The
main reason why this is the case is the fixed costs of working: the search costs of finding a
job; transportation costs; child-care expenses; and so on. Moreover, Meghir and Phillips
(2010) clearly show the heterogeneity of responses: for the highly educated participation
elasticity is zero, but the estimate for men with low educational qualifications is 0.23 for
single men and 0.43 for men in couples. The fixed cost of working may differ
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substantially between countries. In the Nordic countries, which have very developed
child-care systems, the elasticity of participation among parents with young children
may differ from that in the US or the southern part of Europe. For instance, subsidizing
goods that are complements to labour supply, such as day care and care of the elderly,
may be attractive, since they support labour force participation.1

Let us consider the discrete version of Saez’s (2002) model. There are I + 1 possible
earnings levels w0 = 0 < w1 < . . . < wI. Each individual has a potential earning level wi and
can choose either to work and earn wi or be out of the labour force and earn w0 = 0. The
government sets the tax schedule depending on earnings Ti = T(wi). This is an integrated
tax and transfer program: T can be positive or negative. Consumption in work state i:
ci = wi � Ti. Individual choice to work depends on the difference between ci = wi � Ti

(work) and c0 = w0 � T0 (not work). In other words, type i takes a job with fixed hours,
pays a tax Ti and consumes ci = wi � Ti.
The proportion of individuals of type i who decide to work is a function hi that is

increasing in ci� c0. With no income effects and quasi-linear utility function, the optimal
tax formula becomes:

Ti � T0

ci � c0
¼ ð1� fiÞ

�i
ð1Þ

where f s are welfare weights; the social marginal utility of income. This formula is a
simple inverse elasticity tax rule.2 Efi = 1 (average f =1) and Å is participation elasticity:

� ¼ ci � c0
hi

@hi
@ðci � c0Þ ð2Þ

fi is decreasing wages (w) and Å is positive.
There are three effects on a small reform, dci = �dTi > 0:

1. Mechanical change in revenue dM = hidTi.
2. Behavioural effect: dhi = ��ihidTi / (ci – c0), hence the tax loss: dB = �(Ti � T0)dh =

�eihidTi(Ti � T0) / (ci � c0).
3. Welfare effect: each individual in job i loses dTi and the welfare loss is dW = fihidTi
at the optimum dM + dB + dW = 0. This implies the formula (1).

The striking implication of (1) is that if f1 > 1, then T1 must be lower than T0. Hence
the low-income earners should receive an earnings subsidy.3

1 Bastani et al (2013) estimate participation elasticities using unique tax variation created by the Swedish
housing allowance reform in 1997. Their preliminary central estimate of the participation elasticity is 0.06.

2 This formula is essentially the same as the formula (4) in Mirrlees (1982). Mirrlees (1982) considers the
model of optimal taxation in the presence of migration. In that model, individuals can either choose to work
in their (home) country or to leave the country and work and be taxed abroad.

3 Christiansen (2012) elaborates further on this result and shows the conditions required for the result to
be valid. He argues that the result depends crucially on the labour supply responses of people in income
brackets above that of the working poor. Then, distinguishing between more and less poor working people,
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But in the maximin (Rawlsian) case f1 is zero; then the negative marginal tax rates
(subsidies) disappear. In particular, the welfare weight attached to the working poor
should be lower than that of the non-employed. This is not surprising: a government
with maximin objective would never want to use participation subsidies, since these
subsidies imply a redistribution from the non-working to the working population.4

Rewriting (38) as follows, Ti ¼ ðci�c0Þð1�fiÞ
�i

þ T0, we can consider how taxes change as
one goes up the earnings scale. If the right-hand side of this formula increases in income,
Ti will rise with income and marginal rate is positive. Meghir and Phillips (2010) provide
some support that �i declines with income. So Ti will rise with income when ci and 1 – fi

also rise with income and �i is not increasing in income (see Jacquet et al 2009).
Saez (2002) also analyses optimal income transfers for low incomes in the case of no

income effects when labour supply responses are modelled along the intensive margin
(intensity of work on the job) and along the extensive margin (participation in the labour
force). When behavioural responses are concentrated along the intensive margin, the
optimal transfer programme is a classical negative income tax programme with a sub-
stantial guaranteed income support and a large phasing-out tax rate. However, when
behavioural responses are concentrated along the extensive margin, the optimal transfer
programme is similar to EITC, with negative marginal tax rates at low income levels and a
small guaranteed income. It is often neglected both in empirical and theoretical studies
that in most welfare schemes, individuals are not free to choose to live on social benefits.

6.1 Intensive and extensive margin

In the Mirrlees model, individuals can only adjust their labour supply on the intensive
margin. They can decide to work more or less, but they cannot decide to enter or exit the
labour market entirely. In contrast, Diamond (1980) derives the optimal tax schedule
where individuals can only adjust their labour supply along the extensive margin. Saez
(2002) and Jacquet et al (2009) combine the Mirrlees model with the Diamond model to
analyse the optimal non-linear income tax and the optimal participation tax. Allowing
both intensive and extensive margins, it turns out that optimal taxes (transfers) are
characterized by budget constraint and

Ti � Ti�1

ci � ci�1
¼ 1

eihi

XI

j¼1

hj

�
1� fj � �j

Tj � T0

cj � c0

�
for i � 1 ð3Þ

where

he shows that if a single working type faces a negative tax it is the poorer one. He also extends the analysis by
endogenizing wages and shows that key conditions will be of the same form as with exogenous wages.

4 Jacquet et al (2009) and Zoutman et al (2012a) demonstrate for the US and the Netherlands that
participation is subsidized only on a net basis using utilitarian social objectives.
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e ¼ ci � ci�1

hi

@hi
@ðci � ci�1Þ

It may be illuminating to note that Ti�Ti�1
ci�ci�1

is the same thing as T
0
i

1�T
0
i

in the standard

formulation of optimal tax rules, where T
0
i ¼ Ti�Ti�1

Zi�Zi�1
is the effective ‘marginal’ tax rate

(EMTR) faced by group i defined at the income group level. Formula (3) is highly
comparable to the standard marginal tax formula in the Mirrlees model. The marginal
tax is inversely related to the size of the group and the intensive-margin elasticity ei.
A noticeable difference is the presence of the extensive-margin elasticity Åi.
Whether marginal tax rates are positive or negative depends on the relative magni-

tudes of two different elasticities, e and Å . To see this we can take the extreme case where
the participation elasticity Å is zero. Now optimal taxes satisfy

Ti � Ti�1

ci � ci�1
¼ 1

eihi

XI

j¼1

hjð1� fjÞ for i � 1: ð4Þ

This is simply a discrete version of Mirrlees. In that case, negative marginal tax rates
resulting from in-work support, such as the US EITC, are never optimal, since they
discourage productive workers at the intensive margin.
When both elasticities are positive, the sign of marginal rates depends on the relative

magnitude of these two elasticities. So it means that it is not necessary so that marginal
tax rates at the bottom should be zero.
Numerical simulations in Saez (2002) show that a subsidy for low-skilled workers is

optimal when labour supply responses are concentrated along the extensive margin. The
intuition is as follows: introducing a subsidy for low-skilled workers is good for redis-
tributive purposes and also induces some individuals to enter the labour force, and thus
allows the government to save on welfare outgoings. In contrast, in a model with
intensive-margin responses, a subsidy for low-skilled workers would induce some
higher-skill workers to work less in order to take advantage of the subsidy, and would
thus increase the cost of the programme. That is why such subsidies are not optimal in
the Mirrlees (1971) model. Therefore, a government contemplating an increase of
incentives for low-skilled workers must precisely weigh the positive effect on work
participation and the negative intensive labour-supply effect for higher-skilled workers.
Saez (2002) presents simulations of this optimal transfer model using empirical estimates
of the intensive and extensive elasticities of labour supply. Since the extensive elasticity
appears to be much larger than the intensive elasticity, the simulations show that the
optimal programme should have lower guaranteed benefits (perhaps around 20 per cent
of the average earnings in the economy) but that the phasing-out rate should be close to
zero on the first $6,000 of earnings, so as to make work pay and not deter labour force
participation. The benefits should then be phased out at substantial rates for earnings
between $6,000 and $15,000. A high phasing-out rate in that earnings range creates only
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moderate reduction in labour supply because effort on the job (intensive margin) is not
very sensitive to incentives. The transfer programmes we have described here are
individually based and not family-based. During the 1990s, US income transfer and
tax policies shifted towards trying to encourage work among low-income families.
Optimal tax theory, however, suggests that work subsidies are usually an inefficient
way to raise the incomes of poor families unless the work effort of recipients has external
benefits and/or taxpayers/voters prefer redistributing income to the working poor rather
than the idle poor. Saez (2002) discusses the conditions under which work subsidies may
be economically efficient and assesses empirical evidence that suggests welfare reform
and expansions of the EITC have increased work effort among low-income families, but
is inconclusive about whether the policy shift has enabled them to advance beyond
entry-level jobs or benefited their children.
Jacquet et al (2009) also derive the optimal tax schedule under both intensive and

extensive labour-supply responses. The extensive margin is introduced using the
so-called random participation model. When individuals participate they incur an
idiosyncratic utility cost or benefit on top of the changes in income and leisure. The
disutility is individual-specific and reflects the individuals’ outside options such as
household production or income from the black labour market.
Jacquet et al (2009) extend Saez (2002) by providing analytical and numerical results

about the sign of optimal marginal tax rates in a model with both intensive and
extensive margins. They analytically derive a fairly mild sufficient condition under
which optimal marginal tax rates are positive almost everywhere. In their model,
individuals are heterogeneously endowed with two unobserved characteristics: their
skill level and disutility of participation. Using US data they find that, for the least
skilled workers, participation taxes are typically negative under a utilitarian case, while
they are always positive under maximin. Under utilitarian objectives, with a strictly
positive lower bound for the earnings distribution, their simulations show a negative
participation tax rate at this minimum (as for the EITC) and positive (as for the NIT)
marginal tax rates.
It is again important to note that decisions about participation and occupational

choices are driven by heterogeneous working preferences. We face the question of how
to treat heterogeneous preferences for social welfare purposes.
The extensive margin and its reaction to monetary incentives has a role at the

beginning and the end of working life. Therefore it is perhaps surprising that there is
not that much work on the interaction between non-linear income taxes and pension
systems. Diamond (2009, p. 6) comments on this situation as follows:

Apart from some simulation studies, theoretical studies of optimal tax design typically contain
neither a mandatory pension system nor the behavioural dimensions that lie behind justifications
commonly offered for mandatory pensions. Conversely, optimizing models of pension design
typically do not include annual taxation of labour and capital incomes. Recognizing the presence
of two sets of policy institutions raises the issue of whether normative analysis should be done
separately or as a single overarching optimization.
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6.2 Involuntary unemployment and optimal
redistribution

There are various kinds of labour market models in which unemployment is affected by
taxation.5 Empirical evidence in turn suggests the importance of these effects as shown
in the literature (e.g. Manning 1993; Røed and Strøm 2002; Sørensen 1997). The effect of
the marginal tax rate on pre-tax wages obtained in these models is also consistent with
the empirical findings on the elasticity of taxable income with respect to the marginal tax
rate surveyed by Saez et al (2012). According to them, the most plausible estimates for
the elasticity of earnings to one minus the marginal tax rate range from 0.1 to 0.4 in the
US. Whether this elasticity is due to a labour-supply response (as in a Mirrleesian
model), to a non-competitive wage setting response, or to tax avoidance, to our know-
ledge, remains an open empirical issue.
It is possible to identify different categories of involuntary unemployment. Here we

focus on involuntary unemployment due to labour market failure. There is already some
literature in which optimal redistribution analysis has been extended to the extensive-
margin models with frictional/search unemployment—by Boone and Bovenberg (2002),
Boadway, Cuff, andMarceau (2003), Hungerbuhler et al (2006), and Lehmann, Parmentier,
and Van der Linden (2011), among others—and to efficiency–wage unemployment—by
Boadway, Cuff, and Marceau (2003) and Holzner, Meier, and Werding (2010) among
others. The frictional/search unemployment models have been deployed in two different
contexts: (1) optimal income redistribution when involuntary unemployment is treated as
permanent; (2) the form of insurance when frictional unemployment is temporary.
Engström (2009) extends the Stiglitz–Stern (1982) two-skill model of optimal taxation

by introducing search unemployment, but with exogenous hourly wages. As we have
seen above, there have been many contributions to the theory of optimal taxation based
on the so-called self-selection approach with two types of individuals. Engström (2009)
studies the rationale for unemployment benefits as a complement to optimal non-linear
income taxation. Given that unemployment is mostly a low-skilled phenomenon, the
paper shows that the mimickers do not benefit from unemployment benefits intended
for the low-skilled individuals to the same extent as the true low-skilled workers do. If the
mimickers do not face spells of unemployment, they will not benefit from this transfer at
all, which makes the unemployment benefit an attractive tool for redistribution. The
results also hold in the case with search unemployment.
In the Mirrlees setting, hourly wages equal marginal products of labour and are

independent of taxation. Therefore labour supply is the source of inefficiencies.

5 For example; the monopoly union model (Hersoug 1984), the right-to manage union model (Lock-
wood and Manning 1993), the matching model (Manning 1993) and the efficiency wage model (Pisauro
1991).
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Hungerbuhler et al (2006) in turn consider an alternative source of inefficiency: taxes
alter the outcomes of the wage bargain and hence affect labour demand. Hungerbuhler
et al (2006) focus on two issues: (1) what is the effect of redistributive policy on
unemployment; (2) what are the implications of unemployment for the extent of
redistribution in the tax-transfer system. In the search model (Mortensen and
Pissarides 1999) it is assumed that there is heterogeneity in the labour market such
that it is not easy for the firm to find a worker for its vacant job with whom it can
produce output, and vice versa. Therefore this process is costly for both parties. Frictions
are implicitly modelled by a matching function that gives the number of successful
matches M as a function of the number of workers searching, o, and the number of
vacancies ı. Following empirical studies (see Blanchard and Diamond 1989 or
Petrongolo and Pissarides 2001) with the simplest model, the number of vacancies filled
is based on a constant-returns-to-scale matching function of the Cobb–Douglas form,
M(on, vn) = ogv1�g. The number of type-n matches is a function of the number of type-a
vacancies vn and of the number of type-n searching workers on, according to the
M function. The probability of a vacancy being filled is given by p(k) = M(o, v)/v,
p'(k) < 0, where k ¼ �

n is the ratio of the number of vacancies to the number of
unemployed competing for them. In other words, the ratio measures the labour market
tightness. The probability of a worker obtaining a job, assumed to be the same for all
workers, is p(k) =M(o,v)/v = kp(k), which is increasing in k. Once a match is found, the
wage rate w is determined by Nash bargaining over the surplus. If æ is the bargaining
power of workers, assumed to be given, w maximizes the Nash product (wn�t(wn)�b)æ +
(t(wn)�b)1�æ, where t(w) is the tax function on earnings as in the extensive-margin
model, b is the transfer to the unemployed, and n is the skill level of the worker.
Posting and searching vacancies produces potential benefits for the job-seekers and

the posting firm, but causes potentially offsetting externalities. When a firm creates a
vacancy, this increases the probability of workers finding a job, but decreases the
probability that other firms find a match; when a worker chooses to search, that increases
the probability that firms will find a match, but decreases the probability of other job-
seekers finding a job. These externalities are offsetting and search is efficient if æ = ª. This
is shown by Hosios (1990). The share of the worker’s surplus from bargaining then
equals the worker’s relative productivity at generating matches, and similarly for firms,
so workers’ search effort and firms’ choice in vacancies will be efficient. In this case, the
equilibrium bargaining wage maximizes the expected surplus of workers, kp(k)(n � t
(wn)�b).
Hungerbuhler et al (2006) assume that working hours are fixed and workers choose

whether to participate in the labour market in a job corresponding to their skill level,
denoted n. Workers have a common value of leisure, which implies there is a cutoff skill
level n* such that workers participate if and only if n � n*. Those workers who
participate but fail to be matched are classified as unemployed, while those who do
not participate are considered as inactive. Matching frictions create search externalities
and generate rents. Wage rates are then the outcome of bilateral worker–firm bargaining
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and wage bargaining at each skill level is assumed to be æ = ª. The government observes
negotiated wages w, and imposes a non-linear income tax t(w) and a transfer to the
unemployed b. However, worker skill n is private information to the worker and
employer. As in standard extensive-margin models, the average tax applying to each
skill level affects participation, which in this model is the marginal skill level n*. For
employed workers, the tax affects labour market outcomes in conflicting ways. Namely, a
higher marginal tax rate reduces the incentive for workers to bargain, leading to a lower
w, while a higher tax level reduces a worker’s surplus and yields an increase in the wage
payment and a decrease in employment. Unlike in the pure extensive-margin model
(Diamond 1980; Saez 2002), the participation tax applying to the marginal participant is
positive. Employment varies inversely with w. In the social optimum, average tax rates
rise with the wage rate and marginal taxes are all positive, including at the top. The
average tax rate is increasing and the marginal tax rate is positive everywhere, including
those at the top of the distribution. Yet, like in the Mirrlees model, interesting results
are produced numerically. For comparisons, Hungerbuhler et al (2006) calibrate the
Mirrlees model to generate the same distribution of earnings and the same elasticity of
gross earnings with respect to the marginal tax rate as their model. Marginal tax rates
and unemployment benefits tend to be substantially higher than those obtained in the
Mirrlees intensive-margin model. The comparison between the numerical results of their
model and the Mirrlees setting may give a misleading picture of the differences in these
two cases. Namely, Hungerbuhler et al (2006) assume quasi-linear preferences in con-
sumption in their simulation; as mentioned earlier, quasi-linearity eliminates declining
marginal utility of consumption, which is typically motivation for redistribution.
The Hungerbuhler et al (2006) approach embodied some strong assumptions;

Lehmann, Parmentier, and Van der Linden (2011) relax some of the stronger ones.6

First of all, they allow for heterogeneity in the value of leisure at all skill levels. The
consequence of this is that it creates voluntary unemployment at all skill levels alongside
involuntary unemployment. The participation decision at each skill level then creates an
additional margin of choice that constrains redistributive taxation, and makes possible a
comparison with the pure extensive-margin model of Diamond (1980) and Saez (2002).
In the maximin case they show that marginal tax rates are positive throughout and
higher than in the competitive labour market setting. As in the Diamond–Saez maximin
case, participation tax rates are positive at the bottom. Furthermore, assuming that the
participation elasticity falls with skills, average tax rates are rising. When the social
welfare function exhibits finite aversion to inequality, simulations show that the mar-
ginal tax rate and participation rate can be negative at the bottom, as in the Diamond–
Saez case, while the marginal tax rate at the top continues to be positive.
Boadway, Cuff, and Marceau (2003) relax the assumption on the inability to distin-

guish the voluntarily from the involuntarily unemployed. They study optimal policies in

6 Jacquet, Lehmann, and Van der Linden (2011) modify the pure extensive margin case by assuming the
government can observe wage bargains by skill level, so mimicking is not possible.

OPTIMAL INCOME TAX/TRANSFER PROGRAMME IN THE EXTENSIVE MARGIN MODEL 181



an extensive-margin model with high and low-skilled workers and both voluntary and
involuntary unemployment, where the latter could be due to either matching frictions or
efficiency wages. When equilibrium is based on matching process, either an employment
tax or an employment subsidy should be used, depending on the relative magnitude of
positive and negative externalities of matching. However, when unemployment is
induced by efficiency wages, the optimal level of unemployment can be obtained through
the personal tax-transfer system rather than by subsidizing firms. The involuntarily
unemployed are better off than those working. The efficiency wage model is, however, of
somewhat limited relevance in economies characterized by strict firing regulations and
high job security.
It is usually assumed that all unemployed workers obtain the same benefit b regardless

of their type, or whether they have chosen to search. In practice, benefits to the
unemployed differ between the voluntarily and involuntarily unemployed. Workers
are monitored to verify if they are genuinely involuntarily unemployed and are active
job-seekers. The monitoring system is an essential element of transfer programmes for
the unemployed. Boadway and Cuff (1999) study monitoring in the context of both
temporary involuntary unemployment and long-run unemployment, where involuntary
unemployment is generated by a simple matching technology. Unlike in Hungerbuhler
et al (2006), wages are set competitively by firms in the matching framework rather than
being determined by bilateral bargaining. In their model, as you might expect, the more
accurate the monitoring, the greater can be the transfer given to the involuntary and
long-run unemployed without attracting those who prefer to remain voluntarily
unemployed. On the more general level, their analysis emphasizes the importance of
monitoring in the optimal redistribution literature.
It is obvious that search models are more appropriate for explaining temporary rather

than permanent unemployment. In temporary cases, unemployment insurance becomes
a relevant policy instrument. There is a large literature on the optimal design of
unemployment insurance.7 Earlier models of unemployment considered sources other
than matching frictions, such as efficiency wage or turnover cost models, temporary
layoffs and implicit contracts (Baily 1974; Azariadis 1975; Feldstein 1978) and displaced
workers (LaLonde 2007).
Recent models analyse important trade-offs in designing efficient unemployment

insurance systems in search environments (Chetty 2008). It is an insurance-incentive
trade-off in the presence of moral hazard. Unemployment insurance helps workers
smooth consumption when they are unemployed. Unemployment insurance is necessarily
incomplete, even though the problem can be mitigated by monitoring the unemployed.
Optimal unemployment insurance—including eligibility requirements, wage replacement
rates, and duration—trades off these liquidity and moral hazard effects. This view of
unemployment insurance has been extended in various ways. Chetty and Saez (2010)

7 See for a survey of search-based theories of optimal unemployment insurance Coles (2008).
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allow for the fact that some private unemployment insurance exists in practice, if only
implicitly—an example being negotiated severance pay. Publicly provided unemployment
insurance crowds out private insurance, so reduces the optimal amount of unemployment
insurance, that is, the earnings replacement rate. Spinnewijn (2010) supposes that the
unemployed may mistakenly both overestimate the chances of finding an employment
match and underestimate the return to search. These effects tend tomake the optimal level
of unemployment benefits higher.
The search-and-matching model has become the standard theory of equilibrium

unemployment, but recent literature highlights its shortcomings in explaining periods
of high unemployment (Shimer andWerning 2005). An objection to the relevance of the
job-search theory has been the experience that a very high fraction of unemployed
workers are re-hired by their previous employers (Feldstein 1978). However, of greater
interest in a European context is that one may question the significance of the job-search
model when one observes that there are typically numerous applicants for each vacant
job, especially during times of recession. Moreover, a person who is eligible for
unemployment benefits is not free to search for as long as he or she wants for a new
job. If offered a job, he or she may have to accept it or lose unemployment benefit
(Atkinson and Micklewright 1991). The modelling should also allow for institutional
diversity, such as the degree to which there is centralized bargaining. With many trade
unions, each trade union is likely to take the total unemployment as given. In the polar
case of a single union, it will fully internalize the effect on unemployment, and it is
harder to get unambiguous tax effects (Calmfors 1982).
In recessions with high unemployment people want to work, but they cannot find jobs.

This suggests that employment is constrained by demand effects rather than supply effects,
as in the standard optimal tax analysis. As a result, in recessions, unemployment is likely to
be less sensitive to supply-side changes in search efforts and job search is likely to generate
a negative externality on other job-seekers in queueing the same job. Landais, Michaillat,
and Saez (2010) take into account this effect in a searchmodel where job rationing arises in
recessions and show that unemployment insurance should be more generous during
recessions. In severe recession, redistribution becomes close to lump-sum.

6.3 Social norms and redistribution

There is some literature on redistribution that takes a view that the social objective
function reflects social norms. One way to interpret this is that the social welfare function
is endogenized (see Saez and Stantcheva 2013). The notion of social norms was particu-
larly prominent in the Nordic welfare state debate literature in the 1990s. Lindbeck
(1995) argues that initially the welfare state did not affect labour market behaviour, but
over time people became more willing to live off unemployment benefits and gradually
negative effects began to emerge. Lindbeck (1995) does not, however, provide any
empirical evidence about the formation of social norms and their impact on people’s
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behaviour in the labour market. Boadway and Martineau (2013) model optimal redis-
tributive taxation when a social norm affects work participation.8 They examine the role
of societal consensus for the pursuit of redistribution, when this consensus is induced by
social norms that affect work-participation decisions. Their main findings are that in the
presence of a social norm affecting participants, the optimal extent of redistribution—
measured by the participation tax as chosen by a social planner, in the sense of Diamond
and Saez—is reduced, compared with the case when it is not. One reason for this is the
feedback effects of a decrease in participation, which lower the incitements to sustain
societal co-operation, thus increasing the budgetary costs of redistribution. This result is
less stark when the social norm is included as a cost of stigma for non-participants.

8 Such norms concerning the intensity of labour supply were also applied to the context of optimal
income taxation by Aronsson and Sjögren (2010).
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7 Relativity and optimal
non-linear labour income
taxation

There is growing empirical evidence questioning the assumption that an individual’s
preferences are independent of the consumption of others.1 The major alternative to this
assumption is that an individual’s well-being depends on his or her relative
consumption—how it compares to the consumption of others. This ‘relativity’ idea is
not new, of course. More than a hundred years ago, Thorsten Veblen2 maintained that
consumption is motivated by a desire for social standing as well as for enjoyment of
goods and services per se. Pareto and Pigou also doubted that an individual’s utility
depends only on his or her income (consumption). Pareto’s (1917) concept of utility was
totally different from the standard textbook definition. It was not restricted to the
satisfaction that an individual could get from his or her own consumption, but also
included all available sources of satisfaction, including those aroused by the consump-
tion and relative income levels of others. Pigou (1962, p. 91) in turn wrote that ‘the
satisfaction which a man derives from the possession of a given income depends, not
only on the absolute amount of income, but also on the relation substituting between it
and the incomes of other people’. Pigou then concludes that the so-called proportional
sacrifice principle indicates continued progression at the upper end of the income scale.3

Relative consumption (or income) concern or status-seeking creates negative exter-
nalities because a gain in one’s status is a loss to someone else. If these externalities are
important as empirical research seems to suggest, taxing consumption externalities
might be welfare-enhancing in just the same way as any other Pigouvian tax. However,
this simple intuition does not tell us anything about the detailed effects of relative income
concern on the optimal tax schedule. Do status considerations lead to a more progressive
tax system or a less progressive tax system? Is income tax an effective tool for reducing

1 Clark, Frijters, and Shields (2008) provide a good survey.
2 Later on Duesenberry (1949), Galbraith (1958), Hirsch (1976), Frank (1985, 1997), Bowles and Park

(2005), and Hopkins (2008), among others, wrote about the importance of relative position as a dominant
spending motivation.

3 More recent empirical research findings show that relative consumption concerns have important
effects on consumption but little, if any, on leisure: for example, Alpizar et al (2005), Solnick and Hemenway
(2005), and Carlsson et al (2007) all seem to indicate that leisure is typically less positional than many private
goods.



inequalities and attenuating possible externalities arising from relative income concerns?
How do inequality and relativity together determine the shape of the optimal tax schedule?
There are relatively few papers asking these questions in the optimal income tax

framework—those that are include Boskin and Sheshinski (1978), Oswald (1983),
Tuomala (1990), Blomquist (1993), Ireland (2001), Corneo (2002), and Aronsson
and Johansson-Stenman (2011). The reference point for Kanbur and Tuomala
(2013) is the paper by Oswald (1983), which also examines the impact of relativity
on optimal non-linear income taxation and which specifies the relativity in terms of an
individual’s consumption compared to population average.4 The key proposition of
Oswald’s (1983) paper is that ‘ . . . optimal marginal tax rates are higher in a predom-
inantly jealous world’ (p. 89). This theoretical result is confirmed with numerical
calculations by Tuomala (1990).
The Oswald (1983) result is of the ‘ceteris paribus’ variety—in other words, endogen-

ous variables such as the marginal social value of public funds, which would normally
change when the relativity parameter changed, are held constant. Kanbur and Tuomala
(2013) show, using numerical calculations, that the result still holds when full account is
taken of all endogenous variations. Second, the Oswald (1983) result, and the results of
the other papers in the literature, are about the level of marginal tax rates, and say
nothing about how the shape of the marginal tax rate schedule changes with relativity.
Kanbur and Tuomala (2013) show that higher relativity increases the progressivity of
taxation in the sense that marginal tax rates now rise faster with income. Third, they
address a question not touched by the literature—how does the impact of relativity on
optimal tax structure depend on the degree of inequality in society? Using analytical
results for specific cases and numerical calculations for more general specifications, they
show that the impact of relativity on the level and steepness of the marginal tax rate
schedule is dampened by greater levels of inequality. Although they provide some
intuition for this result, further analysis is needed to fully understand its structure.
This chapter is set out as follows. Section 7.1 presents the optimal income tax model

with relative consumption concern. Section 7.2 considers implications of relative con-
cern in the optimal non-linear income tax model with utilitarian and Rawlsian social
objective functions and with special assumptions on preferences and distributions.
Section 7.3 presents numerical simulations in the utilitarian case. Section 7.4 elaborates
on the interplay between relativity and inequality in determining optimal tax rates.
Section 7.5 concludes.

4 Boskin-Sheshinski (1978) and Blomquist (1993) stay within a linear income tax framework. Aronsson
and Johansson-Stenman (2011) use a two-type model. Ireland (2001) uses a Mirrlees (1971) optimal non-
linear income taxation framework, but his specification of relative concern is very different from Oswald
(1983) and the other papers in the literature. In his paper individuals signal status with consumption
(e.g. large houses, cars, boats, etc.), and there is a signalling equilibrium. It is not, therefore, easy to provide
direct comparison of his results with our results or those of Oswald (1983) and the other papers.
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7.1 Optimal non-linear taxation and relative
consumption concern

Do people make comparisons between or among individuals of similar incomes? Or is
the lifestyle of the upper middle-class and the rich a more salient point of reference for
people throughout the income distribution? A comparison consumption level, xr , can be
constructed as follows. Let x denote consumption, and let

xr ¼
ð
øðnÞxðnÞf ðnÞdn ð1Þ

where a distribution of wages (productivities), denoted by n, on the interval (0,1) is
represented by the density function f(n). There are a number of alternative interpret-
ations of the variable xr. The simplest one is obtained if each of the ø weights is equal to
one. In this case the average consumption is the comparison consumption level. We can
choose the weights ø so that xr is the consumption of the richest individual (this
corresponds to Veblen’s idea), of the median individual, or of something in between
the richest and the median. It is difficult to say without empirical evidence which is the
most plausible interpretation. Moreover, as Layard (1980) suggests, people may have
different xr values. In this paper, we restrict attention to the case where ø=1 for all n so
that xr is the average consumption of people in the economy.
There is a continuum of individuals, each having the same preference ordering, which

is represented by an additive utility function

u ¼ UðxÞ þ cðxrÞ þ Vð1� yÞ ð2Þ
where x is a composite consumption good, xr is a comparison consumption level, and
hours worked are y, with Ux > 0, cxr<ð>Þ0 and Vy < 0 (subscripts indicating partial
derivatives) and where V(.) is convex. As is typical in optimal tax literature, we have to
make simplifying assumptions like this separability assumption in order to be able to
make progress in our understanding of optimal tax schedules. Workers differ only in the
pre-tax wage n they can earn. Gross income is z ¼ ny and consumption, x, is after-tax
income.
Suppose that the aim of policy can be expressed as maximizing the following social

welfare criterion:

W ¼
ð1
0

WðuðnÞÞf ðnÞdn ð3Þ

where W(.) is an increasing and concave function of utility.
We should note before moving on that there are many difficult problems in formu-

lating the social welfare function. For example, we must decide whether the government
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ought to accept relative income concerns in social welfare. This is closely related to the
awkward question of whether we should include antisocial preferences such as envy,
malice, and so on in the social welfare function, or not. If so, it would be important to
consider the case where the government is ‘non-welfarist’ (paternalistic). But it could
be argued that to the extent that relative concerns or Veblen effects are real, they
should be respected when evaluating social welfare.5 In this chapter we follow the
latter, ‘welfarist’, route.
The government cannot observe individuals’ productivities and thus is restricted to

setting taxes and transfers as a function only of earnings, TðzðnÞÞ. The government

maximizes W subject to the revenue constraint
Ð1
0
TðzðnÞÞf ðnÞdn ¼ R and the incentive

compatibility constraints, dudn ¼
�yVy

n .
Since T=ny�x, we can think of government as choosing schedules x(n), y(n), and xr .

In fact it is easier to think of it choosing a pair of functions, u(n), y(n), and xr , which
maximize welfare index (3) subject to the revenue requirement, the incentive compati-
bility condition, and the comparison condition (1). We focus on the case where ø=1 for
all n so that xr is the average consumption of people in the economy.
We can now write the formula for marginal rates as follows (see appendix 7.1 for detail

of the derivation):
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where Eu is the uncompensated supply of labour and Ec in turn is the compensated
elasticity. The first term on the right-hand side of (4) is analogous to a Pigouvian tax
correcting for an externality. It could also be called a first-best motive for taxation, as it
corrects the individual activity to correspond to social preferences. From (4), there are in

5 Examples of the first include Kanbur, Keen, and Tuomala (1994a,b) and Pirttilä and Tuomala (2004),
while O’Donoghue and Rabin (2001), Bernheim and Rangel (2005), and McCaffery and Slemrod (2006) are
examples of the latter. See Seade (1980) for seminal work. However, it is not clear whether utility
interdependence should be allowed to enter the social welfare function: is envy a trait one wants to honour?
For example, Harsanyi (1982) does not accept antisocial preferences such as envy, malice, etc. in a utilitarian
social welfare function. See also Aronson and Johansson-Stenman (2011). They show that if relativity
concerns are based on mean value comparisons and all consumers are equally positional, the first-best
allocations under paternalist and welfarist governments are implemented through exactly the same marginal
income tax formulas. In the second-best situation there are remaining differences.
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addition to the externality term three elements on the right-hand side that determine
optimum tax rates: elasticity and income effects (A&C), the shape of the skill distribution
(B&C), and social marginal weights (C). The B-term reflects the ratio of the numbers of
people at higher levels (1�F) relative to the total income of those affected by the
marginal tax rate at this income level (nf). The C-term reflects the average redistribu-
tional gain of having the marginal tax rate at this income level. In other words, the
C-term in (4) is a measure of the social cost of taking one euro away from everyone above
that skill level. The C-term tends to favour rising marginal rates. This is especially so
when income is low or moderate. On the basis of (4) we can also notice that if the utility
of individuals depends negatively on the comparison consumption, the marginal tax rate
of the highest income is positive. Finally, (4) tells us that a higher ª, i.e. a higher relativity
concern, will tend to increase marginal tax rates.
This discussion provides some analytical insight into a presumption in the literature

that relativity concerns will raise marginal tax rates. But it should be clear from (4) that
the determination of the optimal tax schedule is a complex matter. Further insight can be
gained by simplifying assumptions and numerical calculations. We turn first to the case
of quasi-linear preferences.

7.2 Quasi-linear preferences: the utilitarian case

The terms in (4) simplify if we assume quasi-linear preferences with Ux ¼ 1. But even
this is still too complex, with a number of different influences in play, to allow useful
interpretation. This expression simplifies further if the n-distribution is a Pareto distri-
bution f ðnÞ ¼ 1

n1þa for a>0, i.e a Pareto tail with the coefficient a, and the utility function
is u ¼ x � uxr � y1þ

1
e=ð1þ1

eÞ, i.e. quasi-linear in consumption, u is the relativity parameter,
and there is constant labour supply elasticity (EC ¼ Eu ¼ e). A Pareto distribution
implies that the term B is constant and equal to a�1. If W’ goes to zero as n rises, then
in the C-term the integral term converges to 1 from below. Then for sufficiently large
n, t/(1�t) is increasing and converges to g

l ð1þ 1þe�1

a Þ þ 1þe�1

a .
Thus the marginal tax rate t increases with n and converges to a positive limit. Hence

the result shown by Diamond (1998) without relative consumption concern also holds
here. Note that the positive limit increases with the scope of relativity g and a�1 (i.e. with
increasing inequality). To get a better understanding quantitatively, we calculate an
example: assume an elasticity of 0.3; the social marginal welfare weight at the top decile
is 0.5 where ð1�FðnÞÞ

nf ðnÞ =0.5 6; and � = ½. The optimal marginal tax rate at this income level is
75 per cent; without any relative consumption concern it would be 50 per cent. Clearly,
the impact of relativity on the marginal tax rate is quantitatively significant.

6 This is based on the 2005 US empirical income distribution (see Diamond and Saez 2011).
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There may also be some interest in noting that when W0=1, i.e. when there is
complete distributional indifference (given the quasi-linearity in preferences), then all
taxation must be Pigouvian. From (4), it is also easy to see that without relativity concern
(u ¼ 0), the optimal income tax is simply the Mirrleesian tax.

7.3 Quasi-linear preferences: the Rawlsian case

Assuming the Rawlsian social objective of maximizing the utility of the worst-off person
in society7 (the factor Cn in (4) is constant), then the pattern of marginal tax rates is
given by:

t
1� t

¼ g
l
þ 1þ 1

Ec

� �
|fflfflfflfflffl{zfflfflfflfflffl}

An

1� FðnÞ
nf ðnÞ

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Bn

�
1þ g

l|fflfflffl{zfflfflffl}
Cn

�
ð5Þ

When the upper part of the n-distribution is the unbounded Pareto distribution and the
utility function is quasi-linear in consumption, we have:

t
1� t

¼ çþ 1þ 1
e

� �
1
a
½1þ ç� ð6Þ

where ç ¼ u
1�u.

(6) implies that the optimal marginal tax rate is increasing in the inequality parameter
a�1, and also increasing in the relativity parameter �.8

Table 7.1 illustrates and presents the marginal tax rates for different parameter values,
when a=2 and 3, � =0 and 1/2, and є=1/3, ½, and 1. It shows how the top marginal tax
rate decreases when the elasticity of labour supply є increases, the Pareto parameter a
increases and the degree of relative consumption concern declines. If the whole distri-
bution of wages is an unbounded Pareto distribution, then optimal marginal tax rates are
constant and positive.9

From (6) we see that the effect of an increase in the relativity parameter on progres-
sivity (in the sense of steepness of t) depends on the sign of d

dn
ð1�FðnÞÞ
nf ðnÞ . In particular, when

7 Note that while maximizing the utility of the worst-off person in society is commonly interpreted as
‘Rawlsian’ in the literature, it is not the original version of Rawlsian thought but a kind of welfarist version of
Rawls. ‘To interpret the difference principle as the principle of maximin utility (the principle to maximize
the well-being of the least advantaged person) is a serious misunderstanding from a philosophical stand-
point’ (Rawls, 1982, p. 175, footnote 13).

8 This result can be also derived with quasi-linear in-leisure preferences.
9 This implies that the optimal tax function is linear; TðzÞ ¼ kþ kz. The average tax rate is TðzÞz ¼ k

z þ t (*)
where t ¼ b

1þb is between zero and one and where b ¼ çþ 1þ 1
e

� �
1
a ½1þ ç�. Equation (*) implies that

average tax rates are increasing if and only if k is negative. If preferences are quasi-linear in consumption and
the distribution of n is an unbounded Pareto distribution, a maximin criterion implies increasing average tax
rates in income.
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it is negative (positive), the income tax schedule becomes more (less) progressive as a
result of an increase in relativity.
Table 7.2 displays optimal marginal tax rates for different percentile points of the

distribution two alternatives to the Pareto distribution: (i) Champernowne (1952)
distribution and (ii) lognormal distribution (with parameters m and �; see Aitchison
and Brown, 1957).10

Note that in Tables 7.2 and 7.3 (as well as in Table 7.1), these are marginal rates for all
taxes that vary with income, and should be compared with the schedules for total of taxes
on income and expenditures in real economies. From Tables 7.2 and 7.3 we can see that

Table 7.1 Rawlsian marginal tax rates (%) when people care about relative consumption
(Source: Kanbur and Tuomala 2013)

є =1/3 є =1/3 є=1/2 є=1/2 є=1 є=1

Relative concern a=2 a=3 a=2 a=3 a=2 a=3

�=0 66.6 57 60 50 50 40

� =1/2 83.3 78.6 80 75 75 70

Table 7.2 Rawlsian marginal tax rates (%) with Champernowne distribution

є=1/3 є=1/3 є=1/3 є=1/3 є=1 є=1 є=1 є=1

�=0 �=1/2 �=0 �=1/2 �=0 �=1/2 �=0 �=1/2

F(n) Ł=2 Ł=2 Ł=3 Ł=3 Ł=2 Ł=2 Ł=3 Ł=3

0.10 94.7 97.2 93.3 96.4 89.2 94.6 86.7 93.4

0.50 81.2 90.0 74.1 86.3 66.6 83.3 56.9 78.4

0.90 70.4 84.3 61.4 79.8 52.3 76.2 42.3 71.2

0.99 67.0 82.6 58.2 78.1 48.4 74.2 39.5 69.5

0.999 58.7 78.4 52.2 75.1 39.9 69.2 33.5 66.8

Table 7.3 Rawlsian marginal tax rates (%) with lognormal distribution

є=1/3 є=1/3 є=1/3 є=1/3 є=1 є=1 є=1 є=1

�=0 �=1/2 �=0 �=1/2 �=0 �=1/2 �=0 �=1/2

F(n) �=0.7 �=0.7 �=0.39 �=0.39 �=0.7 �=0.7 �=0.39 �=0.39

0.10 93.4 96.7 89.4 94.7 87.8 93.9 80.8 90.4

0.50 77.7 88.9 65.9 82.9 63.6 81.8 49.1 74.6

0.90 61.5 80.7 46.9 73.5 44.4 72.2 30.7 65.9

0.99 51.7 75.8 36.9 68.5 34.9 67.4 22.6 61.3

0.999 47.5 73.8 31.7 65.9 31.1 65.6 18.8 59.4

10 Lnðn;m; s2Þ with support [0,1). The first parameter m is log of the median and the second parameter
is the variance of log wage. The latter is itself an inequality measure.
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the marginal tax rates decrease with labour supply elasticities as expected. We also see
that marginal tax rates throughout are lower for the lognormal case than for the
Champernowne distribution. The results in Tables 7.2 and 7.3 again confirm that zero
is a poor approximation even for the top 0.1 per cent. Finally, and most importantly from
our point of view, as the degree of relative consumption concern increases, (i) marginal
tax rates increase throughout; (ii) they increase more at higher levels of income; and (iii)
the result is that the fall-off of marginal tax rates is less steep, and in this sense the tax
structure is more progressive.

7.4 The utilitarian case with income effects

When the elasticity of labour supply is not constant, the problem becomes more
complicated. Then it is not possible without simulations to say anything about the
shape of the tax schedule. The special cases considered in the previous section yield
insights, but within the framework of the assumptions made. How robust are these
insights? What happens when we move away from quasi-linearity?
This section presents optimal tax schedules with alternative assumptions. In Kanbur

and Tuomala (2013), simulations are performed for the utilitarian case. The distribution
f(n) is either the lognormal density (m,�) (mean, standard deviation) or the Champer-
nowne distribution (m,Ł).
The utility function takes the following form:11

U ¼ log x þ ç log
x
xr

þ log ð1� yÞ ð7Þ

where xr is the comparison consumption level and ç is a degree of relative income
concern.12 Of course, the form in (7) restricts the range of the elasticity of labour supply.
It is important to note that (7) not only affects directly individual utility levels but also
has behavioural effects, namely, relativity concerns (ç) can change an individual’s
marginal rate of substitution between consumption and labour supply. This can be
seen from individuals’ utility maximization condition; x=ð1þ çÞð1� yÞ ¼ 1� t.
The empirical research on relativity (status) also employs the log-linear specification

as in (7) (see Clark et al 2008, eqs (2) and (4)). One of the key findings of this research is
that the estimated coefficients on income (consumption) and income comparison are
statistically almost equal and opposite (see e.g. Clark and Oswald 1996, Blanchflower and
Oswald 2004, Luttmer 2005). This finding is robust to a variety of controls and is highly
statistically significant. Thus, relative consumption matters approximately as much as
own consumption; one euro of increased consumption increases utility by about the

11 Boskin and Sheshinsky (1978) employ the same functional form.
12 Note that ç=1 corresponds to a degree of relativity concern � = 0.5 in section 3.
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same amount as a euro reduction in average consumption in the society. Hence relative
income is close to a zero–sum game.
The optimal tax schedules are calculated numerically. The results of the simulations

are summarized in Tables 7.4–7.10. In these Tables, R (or X/Z) is revenue requirement
(R=0 means pure redistributive system), ATR is average tax rate, and MTR is marginal
tax rate. The Tables give labour supply, y, gross income, z, net income, x and optimal

Table 7.4 Utilitarian optimal taxation with relativity: lognormal skills distribution

�=0 �=0.5 R=0.0 ç=0

F(n) y z x ATR% MTR% Ec Eu

0.10 0.32 0.06 0.09 �50 30 1.06 0.56

0.50 0.41 0.15 0.15 �4 29 0.72 0.22

0.90 0.46 0.32 0.28 13 26 0.59 0.09

0.99 0.48 0.57 0.47 18 23 0.54 0.04

P(90/10) 5.33 3.11

RD% 41.7

F(no)=0.0003, x(n0)=0.05, x(n0)/x(median)=0.33

Table 7.5 Utilitarian optimal taxation with relativity: lognormal skills distribution

�=0 �=0.5 R=0.0 ç=1

F(n) y z x ATR% MTR% Eu Ec

0.10 0.22 0.04 0.13 �202 58 2.03 2.36

0.50 0.41 0.15 0.17 �14 60 0.67 0.95

0.90 0.53 0.37 0.26 30 61 0.26 0.59

0.99 0.59 0.68 0.38 44 60 0.13 0.46

P(90/10) 9.25 2.0

RD% 78.4

F(no)=0.015, x(n0)=0.11, x(n0)/x(median)=0.65

Table 7.6 Utilitarian optimal taxation with relativity: lognormal skills distribution

�=0 �=0.7 R=0.0 ç=1

F(n) y z x ATR% MTR% Eu Ec

0.12 0.01 0.001 0.13 � 61

0.50 0.34 0.14 0.17 �38 65 0.96 1.29

0.90 0.51 0.48 0.28 39 68 0.31 0.64

0.99 0.60 1.06 0.48 55 67 0.11 0.44

P(90/50) 3.4 1.64

RD% 51.8

F(no)=0.12, x(n0)=0.125, x(n0)/x(median)=0.7
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average (ATR) and marginal tax rates (MTR) at various percentiles of the ability
distribution. The Tables also provide the decile ratios (P90/P10) and ((P90/P50)) for
net income and gross income and the ratio between the guaranteed income x(n0)

13 and
median income. Since marginal tax rates may be a poor indication of the redistribution
powers of an optimal tax structure we measure the extent of redistribution, denoted by
RD, as the proportional reduction between the decile ratio for market income, z, and the
decile ratio for disposable income, x. Tables 7.4–7.10 give comparisons as ç and � (Ł)
vary. Figures 7.1–7.5 show marginal tax rates for different parameters.
Several patterns emerge from the simulations presented here, focusing specifically on

the impact of relativity on progressivity. As the parameter ç increases, (i) marginal tax
rates increase at all levels of income; (ii) the drop-off in marginal tax rates for higher
income levels is mitigated; and (iii) our redistribution measure, RD, increases. The
argument for greater progressivity as a function of relativity comes through in the
cases examined here—it is not just a property of the Rawlsian objective function, nor
restricted to the Pareto or the Champernowne distributions.

Table 7.7 Utilitarian optimal taxation with relativity: lognormal skills distribution

�=0 �=0.5 R=0.0 ç=3

F(n) y z x ATR% MTR% Eu Ec

0.10 0.11 0.02 0.15 �643 78

0.50 0.41 0.15 0.18 �20 79 0.95 1.15

0.90 0.58 0.40 0.23 42 80 0.38 0.58

0.99 0.66 0.76 0.30 60 81 0.21 0.41

P(90/50) 2.66 1.66

RD% 37.6

F(no)=0.07, x(n0)=0.14, x(n0)/x(median)=0.78

Table 7.8 Utilitarian optimal taxation with relativity: lognormal skills distribution

�=0 �=0.7 R=0.0 ç=3

F(n) y z x ATR% MTR% Eu Ec

0.22 0.01 0.001 0.16 – 81

0.50 0.30 0.11 0.18 �64 82 1.66 1.86

0.90 0.56 0.50 0.25 51 84 0.42 0.63

0.99 0.67 1.21 0.36 71 85 0.19 0.39

P(90/50) 4.54 1.56

RD% 66.0

F(no)=0.22, x(n0)=0.16, x(n0)/x(median)=0.89

13 There is a critical n0 such that yðnÞ ¼ 0 for n � n0 and yðnÞ>0 for n>n0.
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To further examine how sensitive the shape of the tax schedule and working hours are
to the choice of the parameter ç in the utility function and inherent inequality, we
computed solutions for ç=1.0 and 3.0 in the case of the utility function (7) and �=0.5
and 0.7 in the lognormal distribution (shown in Figures 7.1–7.6) and Ł=2 and 3 in the
Champernowne distribution (see Tables 7.9 and 7.10). We find that when ç and inherent
inequality increase the marginal tax rates are higher and increasing with income, up to
around F(n)=0.99.14

7.5 Relativity and inequality

From the results in Sections 7.2 and 7.3, we know that progressivity increases with
greater relativity concern. Greater relativity concern increases marginal tax rates
throughout, and they increase more at the higher levels of income. We also know,
from these sections and from Kanbur and Tuomala (1994), that progressivity increases

Table 7.10 Utilitarian optimal taxation with relativity: Champernowne skills distribution

�=0 Ł=2 R=0.0 ç=3

F(n) y z x ATR% MTR% Eu Ec

0.38 0.01 0.001 0.18 – 84

0.50 0.15 0.06 0.19 �228 85 1.32 1.52

0.90 0.51 0.56 0.25 55 88 0.57 0.77

0.99 0.69 1.06 0.44 69 90 0.16 0.36

P(90/50) 9.33 1.32

RD% 85

F(no)=0.38, x(n0)=0.178, x(n0)/x(median)=0.93

Table 7.9 Utilitarian optimal taxation with relativity: Champernowne skills distribution

�=0 Ł=3 R=0.0 ç=3

F(n) y z x ATR% MTR% Eu Ec

0.12 0.01 0.002 0.16 – 79

0.50 0.37 0.14 0.18 �33 80 1.06 1.36

0.90 0.55 0.42 0.24 44 83 0.45 0.65

0.99 0.65 1.06 0.34 68 85 0.23 0.43

P(90/50) 2.8 1.33

RD% 52.5

F(no)=0.117, x(n0)=0.155, x(n0)/x(median)=0.86

14 These results reinforce the findings of Kanbur and Tuomala (1994) that when higher values of inherent
inequality are used, optimal marginal tax rates increase with income over the majority of the population.
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Figure 7.1 Lognormal skills distribution (� = 0.5)

Lognormal skills distribution  (φ=1)
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Figure 7.2 Lognormal skills distribution (ç =1)
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Lognormal skills distribution  (σ=0.5)
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Figure 7.4 Lognormal skills distribution (� =0.5)

Lognormal skills distribution  (φ=3)
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Figure 7.3 Lognormal skills distribution (ç =3)
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with inequality. In this section we look at the interaction of inequality and relativity in
determining the optimal tax schedule. How does the effect of relativity on progressivity
change with inequality? And how does the effect of inequality on progressivity change
with relativity?
We have some theoretical guidance on these questions from the special case of the

Rawlsian objective function with an unbounded Pareto distribution. The marginal tax
rates for this case are given in equation (9). From this it is seen that the marginal tax rate
depends on the inequality parameter a�1 and the relativity parameter ç. The impact of
one on the optimal marginal tax rate thus depends on the level of the other. Differen-
tiating (6) first with respect to a�1 and then with respect to ç shows that the second order
cross-partial derivative of t is negative. This leads us to the following result: with quasi-
linear preferences, a Rawlsian objective function, and a Pareto distribution, the higher
inequality is, the lower is the effect of relativity in raising marginal tax rates. Similarly,
the higher relativity is, the lower is the effect of inequality in raising marginal tax rates.
Numerical illustrations of this proposition can be seen in Table 7.1. For example,

with labour supply elasticity of unity, (i) with a�1 = 1/2 when the relativity parameter
increases from 0 to ½, the optimal marginal tax rate increases from 50 per cent to 75 per
cent; but (ii) with a�1 = 1/3, for the same increase in the relativity parameter, the optimal
marginal tax rate rises from 40 per cent to 70 per cent. The results of Proposition 315 are
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Figure 7.5 Lognormal skills distribution (� =0.7)

15 In Kanbur-Tuomala (2013).
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for a special case. Do they hold for more general preferences, for the more general
utilitarian social welfare function, and for more general distributions? In what follows we
generalize by assuming preferences in (7), the classical utilitarian social welfare function
used in Section 4, and lognormal and Champernowne distributions. Moreover, Propos-
ition 3 is only for the level of the marginal tax rate. It does not speak to the progression of
marginal tax rates when they are not constant.
To see how the impact of greater relativity affects progressivity at successively higher

levels of pre-tax inequality, we have computed solutions for different parameter values of
relative consumption concern ç given pre-tax inequality, and then repeated the exercise
at a higher level of inequality. From Figures 7.3 and 7.4 we see that the greater relativity
raises marginal tax rates and increases progressivity, but this impact is dampened by
increasing inequality. Similarly, we can ask how the impact of greater inequality affects
progressivity with greater strength of relativity. From Figures 7.5 and 7.6 we see that
greater inequality increases progressivity, but this impact on progressivity is in turn
declining with an increase of relativity. Thus it seems that, in these numerical simula-
tions at least, relativity and inequality do not compound each other’s incremental effect
on progressivity. The numerical simulations provide support for the narrower theoret-
ical result in Proposition 1 see Kanbur-Tuomala (2013).
Given the inherent complexities of optimal non-linear income taxation, it is not

straightforward to develop an intuition for this result. But we can take the first steps
towards understanding, as follows. Consider the effects of an increase in the marginal tax
rate at some income level, z*=ny (say, in a small interval from z* to z*+Δ), leaving all
other marginal tax rates unaltered. There are four effects of such a change: (i), individuals
at that income level face a higher marginal rate, which will distort their labour supply, the
term A in equation (4); (ii), all individuals above income level z* will pay more tax, but
these individuals face no new marginal distortion. That is, the higher marginal rate at z*
is infra-marginal for them, the term B; (iii), since those thus giving up income are an
above-average slice of the population (it is the part of the population with income above
z*), there tends to be a redistributive gain; (iv), on top of those effects there is a Pigouvian
term g

l. Now an increase in pre-tax inequality implies that more of the extra revenue
gained due to effect (i) comes from taxpayers far above average and whose losses under
effect (iii) are therefore valued well below average. This means that the benefit of effect
(ii) increases in relation to the loss of effect (iii), making higher marginal tax rates more
attractive. The benefit of effect (ii) in relation to the loss of effect (iii) further increases
when we take into account externality effect through lð1þ g

lÞ, i.e. an augmented shadow
price of public funds. Hence, in addition to a direct Pigouvian effect, the marginal tax
rate further increases.
This still leaves open the question of the progression of optimal marginal tax rates. As

should be clear from (4), this is an even more intricate issue than the level of marginal tax
rates. The numerical calculations suggest that, for the cases examined, the cross-effect of
inequality and relativity on the progression of marginal tax rates is negative. However, a
satisfactory theoretical explanation for this must await further research.
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How does relativity affect the structure of optimal non-linear income taxation?
Kanbur and Tuomala (2013) provide three sets of answers to this general question.
First, it supports the conclusion in the literature that relativity leads to higher marginal
tax rates. In doing so it both generalizes some of the conditions under which this result is
obtained in the literature and fleshes out the detailed structure for optimal marginal tax
rates for specific functional forms of distribution, utility function, and social welfare
function. Second, it may also be the case that this is a more suitable framework within
which to examine the optimal top tax rate. Third, the paper goes beyond the literature
and examines the impact of relativity on the progression of optimal marginal tax rates.
By and large, we find support for greater progressivity, defined as the steepness of the rise
of the marginal tax rate schedule, as relativity concern increases. Fourth, it examines the
interplay of relativity and inequality in determining the optimal structure of taxes. Their
special analytical cases and more general numerical calculations support the conclusion
that higher inequality dampens the positive impact of greater relativity on the level and
progression of marginal tax rates.

n APPENDIX 7.1 DERIVATION OF RESULTS

Introducing Lagrange multipliers º, Æ(n) and ª for the constraints (5), (6), and (1) and
integrating by parts, the Lagrangean becomes

L¼
ð1
0
½ðWðuÞþlðny�xÞf ðnÞþgðm�xf ÞÞ�m0u�mΨ�dnþmð1Þuð1Þ�mð0Þuð0Þ ð1Þ

Differentiating with respect to u, y, and xr gives the first-order conditions
16

Lu ¼ ½W 0 � huðlþ gÞ�f ðnÞ � m0ðnÞ ¼ 0 ð2Þ

Ly ¼ lðn� hyÞf ðnÞ � ghyf ðnÞ � mðnÞðVy þ yVyyÞ=n ¼ 0 ð3Þ

Lxr ¼
ð
�lhxr f ðnÞdnþ g�

ð
ghxr f ðnÞdn ¼ 0 ð4Þ

(3) implies

g
l
¼

Ð
hxr f ðnÞdn

1� Ð
hxr f ðnÞdn

ð5Þ

where g
l is the shadow price of the average consumption constraint expressed in public

funds.

16 Inverting the utility function we have x ¼ hðu; y; xrÞ and calculating the derivatives
hy ¼ �Vy=Ux; hu ¼ 1=Ux; hxr ¼ �cxr=Ux
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(2) satisfies the transversality conditions

@L
@uð0Þ ¼ mð0Þ ¼ 0;

@L
@uð1Þ ¼ mð1Þ ¼ 0

and

mðnÞ>0; for n 2 ð0;1Þ:
Integrating equation (2),17

mðnÞ ¼
ð1
n

� ðlþ gÞ
ux

�W 0
�
f ðpÞdp ð6Þ

From the first-order conditions of government’s maximization, we obtain the following
condition for optimal marginal tax rate tðzÞ ¼ T 0ðzÞ; [Note: t

1�t ¼ 1
1�t � 1 ¼ Uxn

VY
� 1]

t
1� t

¼ g
l
þ ðzÞ Ux

lnf ðnÞ
ð1
n

� ðlþ gÞ
Ux

� G0
�
f ðpÞdp ð7Þ

where z ¼ 1þ yVyy

Vy
.

It is worth noting that the so-called end-point results no longer hold. From (13) and
the transversality conditions mðoÞ ¼ mð1Þ ¼ 0, the marginal tax rates are positive at
both ends when cxr< 0 (see Oswald 1983). This is also true with other comparators. As
shown in Tuomala (1990), the separability assumption used in Oswald (1983) can be
weakened so that � affects individuals’ choices. Unfortunately we are not able to say
more on the shape of the tax schedule with a weaker separability condition.
For more general distributions, the marginal tax rate will not be constant. To gain

further understanding on the relationship between the degree of progressivity repre-
sented by the steepness of t, and relativity, we solve for marginal tax in (16). It is given by

t ¼ 1� 1

ð1þ çÞ
h
1þ ð1þ e�1Þ ð1� FðnÞÞ

nf ðnÞ
i : ð8Þ

A measure of the degree of progressivity of t is given by:

dtðnÞ
dFðnÞ ¼

1
f ðnÞ

dt
dn

¼ 1
f ðnÞ

d
dn

ð1� FðnÞÞ
nf ðnÞ ð1þ e�1Þ

ð1þ çÞ
�
1þ ð1þ e�1Þ ð1� FðnÞÞ

nf ðnÞ
�2 : ð9Þ

17 Integrating equation (8) note
Ð1
n

dm
dndn ¼ mð1Þ � mðnÞ.

RELATIVITY AND OPTIMAL LABOUR INCOME TAXATION 201



With this formula we calculate the effect of an increase in ç on progressivity as
follows:

d2tðnÞ
dçdFðnÞ ¼ � 1

f ðnÞ

d
dn

ð1� FðnÞÞ
nf ðnÞ ð1þ e�1Þ

ð1þ çÞ2
h
1þ ð1þ e�1Þ ð1� FðnÞÞ

nf ðnÞ
i2 : ð10Þ

From (10) we see that the effect of an increase in the relativity parameter on progressivity
(in the sense of steepness of t) depends on the sign of d

dn
ð1�FðnÞÞ
nf ðnÞ . In particular, when it is

negative (positive) the income tax schedule becomes more (less) progressive as a result of
an increase in relativity.
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8 Optimal income taxation
and tagging

In the analysis so far, individuals have been assumed to differ only in their unobserved
ability. It is widely recognized that there are potentially severe incentive and other costs
of administering income-related transfers. One way of overcoming these costs is to
differentiate the population by easily observable indicators that are correlated with the
unobservable characteristic of interest. An individual’s labour market status or demo-
graphic attributes, for instance, may convey information on underlying productivity.1

Transfers can then be made contingent upon such characteristics. Akerlof (1978)2 was
among the first to recognize that the use of contingent information to implement several
tax/transfer schedules, one for each group, was bound to be superior to being restricted
to a single schedule for the whole population. However, he did not say much about the
quantitative gain from such differentiation, nor about the shapes of the schedules for the
different groups.
The two decades following Akerlof ’s (1978) seminal publication saw the application

and extension of the idea in a number of different directions and settings. Kanbur (1987)
and Besley and Kanbur (1988) applied the idea to the targeting of anti-poverty transfers
in developing countries. Kanbur and Keen (1989) provide some characterizations of
linear group-specific tax/transfer schedules with incentive effects. The design of distinct
non-linear income tax/transfer schemes for sub-groups of the population linked by
intergroup transfers was provided by Immonen, Kanbur, Keen, and Tuomala (1998)
(hereafter IKKT), with a focus on two key issues: what are the shapes of optimal tax/
transfer schedules when categorical information can be used to apply different schedules
to different groups, and how substantial are the potential welfare gains from applying
distinct schedules to distinct groups? The interplay between income relation and cat-
egorical benefits is also examined by Stern (1982). A number of other papers have
considered optimal taxes with tagging: for example, Bennett (1987) explores lump-
sum transfers between different types of individuals, and Parsons (1996) studies the
optimal benefit structure of an earnings insurance programme when ‘eligibility require-
ments’ are used as a tag to (imperfectly) identify those who are out of work.

1 Mirrlees (1971, p. 175) noticed: ‘One might obtain information about a man’s income-earning potential
from his apparent I.Q., the number of his degrees, his address, age or colour . . . ’

2 In fact the two-tier social dividend system in the Meade report (1978) pp. 271–6 is a very similar idea.



The continuing power of the tagging idea is shown by a burgeoning literature post-
2000, which has become more specific and considers tagging across different types of
groupings. Viard (2001a, b) studies tagging in an optimal linear income tax framework
allowing the demogrants to differ across groups but not the income tax rates; Alesina
et al (2007) advocate tagging based on gender; Blumkin, Margalioth, and Sadka (2007)
examine the redistributive role of affirmative action policy, asking whether in an
egalitarian society, supplementing the tax-transfer system with an affirmative action
policy would enhance social welfare; Mankiw and Weinzierl (2010) study a model with
many skill types who can be tagged on the basis of height; Jacquet and Van der Linden
consider stigma in the tagging model; Cremer et al (2010) study the properties of tagging
in an optimal income tax framework assuming quasi-linear preferences and a Rawlsian
social welfare function; and Boadway and Pestieau (2006) have studied the issue of
tagging with optimal income taxation in a two-group-two-skill-level setting.3

Following Kremer (2001), age-based taxation, in particular, has received especially
close attention in the last decade. Banks and Diamond (2010) argued that tagging based
on age may be socially acceptable because everyone can reach a given age at some time
during their life. The Mirrlees Review (2011) found this argument to be persuasive in
advocating some age-related tax reforms to influence labour market participation deci-
sions by older workers and parents with school-age young children. Blomquist and
Micheletto (2008) consider age-dependent non-linear taxation in a dynamic Mirrleesian
setting with heterogeneous agents and private savings using an overlapping generations
(OLG) model where individuals face a stochastic wage process. Bastani, Blomquist, and
Micheletto (2013) examine the quantitative implications of implementing an optimal
age-dependent non-linear labour income tax. Weinzierl (2011) provides a quantitative
assessment of the welfare gains from age-dependent non-linear income taxes.4

The tagging literature has thus grown, and is still growing, in leaps and bounds.
However, its central assumption is still that the groupings available to the government
are given and fixed. The government cannot rearrange these groupings—it cannot
increase or decrease the number of groups, nor can it choose one type of grouping
over another. Thus the assumption on the one hand is that the groupings are available to
the government without cost, yet on the other hand that it is too costly for the
government to deviate from the groupings specified by the analyst. However, if the
implementation of tagging is itself costly, and if the costs are a function of the number

3 Further, Kanbur and Tuomala (2006) analyse optimal aid allocation when the donor is faced with two
potential recipient countries with their own specific characteristics. Each recipient government chooses its
policies in light of its technology, preferences, and aid allocation. The donor has the task of choosing the aid
allocation from a fixed pool of aid resources, to optimize the donor’s welfare function. Among their findings
is that a key indicator for aid effectiveness is the degree of inequality in a country—more unequal countries
should get less aid. Bastani (2013) explores the optimal tax implications in a model with both singles and
couples and inequality across as well as within households.

4 Yet other recent analyses of age-dependent taxes include Erosa and Gervais (2002), and Lozachmeur
(2006).
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and type of grouping available, the question arises: how many and which types of groups
should the government choose to tag? This is the question addressed by Kanbur and
Tuomala (2014).
Although it can be shown that tagging is welfare-improving we can find very little

tagging in the actual income tax system. There are many reasons why tagging may be
unappealing in practice. First, tagging could induce stigma. Errors in tagging cast a
shadow on all persons tagged (Moffitt 1983; Jacquet and Van der Linden 2006). Akerlof
(1978, p. 17) writes that ‘the disadvantages of tagging . . . are the perverse incentives to
people to be identified as needy (to be tagged), the inequity of such a system, and its cost
of administration.’ Another concern of Akerlof is that tagging could violate horizontal
equity: ‘equals ought to be treated equally’. This is a prominent concern. For example,
Boadway and Pestieau (2006, p. 2) write: ‘Of course, such a systemmay be resisted because,
if the tagging characteristic has no direct utility consequences, a differentiated tax system
violates the principle of horizontal equity’. Similar statements are made by, e.g., Atkinson
and Stiglitz (1980). As stated byMusgrave (1959, p. 160) the principle of horizontal equity
provides an unsatisfying explanation for the limits to tagging: ‘If there is no specified
reason for discriminating among unequals, how can there be a reason for avoiding
discrimination among equals?’ On the other hand, a welfarist approach to social welfare
would overrule objections based on horizontal equity concerns (Kaplow 2008a).
Mankiw andWeinzierl (2010, p. 15) offer two critiques of utilitarianism, coming from

the areas of libertarianism and horizontal equity. They are ‘sceptical of the redistribution
of income or wealth because they believe that individuals are entitled to the returns on
their justly-acquired endowments’. More recently, Weinzierl (2012) provided an explan-
ation for limited use of tagging in actual income tax system. He argues that ‘this puzzle is
a symptom of a more fundamental problem. Conventional theory neglects the diverse
normative criteria with which, as extensive evidence has shown, most people evaluate
policy. In particular if the classic principle of Equal Sacrifice augments the standard
Utilitarian criterion, optimal tagging is limited.’
Weinzierl’s (2012) approach has its own weaknesses—namely, it is not obvious how to

guarantee commensurability between two very different ethical frameworks. Utilitarian-
ism is based on the end-state principle; libertarianism (‘equal sacrifice’) not.
It should be intuitively obvious, and it is clear from the literature, that there are gains

to be made in moving from no grouping to some grouping, unless of course the groups
chosen are identical to each other. But how do these gains depend on the nature of the
groups? How do they depend on the differences between groups? And how do they
depend on the number of groups? Answers to these questions are the building blocks for
a deeper analysis of the design of tagging, where the groupings can also be chosen by the
government. Kanbur and Tuomala (2013) take the first steps in such an analysis. Starting
with a simple framework and ending with numerical simulations based on data from
Finland, they show how groupings should be formed for tagging and provide a quanti-
tative assessment of how group differences affect the gains from tagging, and the welfare
gains from increasing the number of groups being tagged.
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The plan of this chapter is as follows. First, following Kanbur and Tuomala (2014), we
set out a starting framework, with two groups, simple transfers, and no behavioural
responses. It derives results for special cases in order to sharpen intuition on the
determinants of the gains from grouping. The results are illustrated with Finnish data
on income distribution by age. Section 3 stays with the two-group case but moves to a
more general framework of optimal non-linear income taxation with labour supply
responses. The optimal tax/transfer problem with tagging proves to be too complex
for an unambiguous analytical answer concerning the intra-group patterns of optimal
marginal tax rates without simplifying assumptions. Assuming quasi-linear prefer-
ences with constant elasticity of labour supply, we can analytically understand the
pattern of marginal rates in different groups and redistribution between two groups.
To pursue this further we turn to numerical simulations. The numerical results in
IKKT (1999) are based on utilitarian social objectives. Here we extend their analysis in
several ways. We consider non-utilitarian social welfare functions, other utility func-
tions and the pre-tax inequality in the tagged groups based on the Finnish income
distribution data. We also quantify the welfare gains from having the ability to
implement separate tax/transfer schedules by solving the optimal income taxation
problem when different groups can face different non-linear tax/transfers. Section 4
then takes up the case with more than two groups and, again using Finnish data for
application, provides a quantitative assessment of the gains from increasing
the number of groups to be tagged schedules. Section 5 concludes with a agenda for
future research.

8.1 A simple framework

Kanbur and Tuomala (2013) develop a simple framework for assessing the gains from
different types of groupings. There are no behavioural responses and attention is
restricted to very simple tax and transfer regimes. The government’s objective is to
maximize a utilitarian social welfare function. Only two groups are allowed. The
question, of course, is—which two groups? Because of its simplicity, the analytical
framework allows us to derive closed-form solutions, which in turn help to develop
intuitions on what sorts of group differences are relevant for tagging. Section 8.2 presents
a more general model which relaxes many of these assumptions.
Two groups are mutually exclusive and exhaustive groups, indexed 1 and 2. Let

income be denoted z and let the density function of income in the groups be f1(z) and
f2(z) with means �z1 and �z2 respectively. Let the population shares of the groups beN1 and
N2, with N1 + N2 = 1. The overall density is then:

f ðzÞ ¼ N1f1ðzÞ þ N2f2ðzÞ ð1Þ
The government’s objective function is given by:
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W ¼
ð
uðzÞf ðzÞdz ¼ N1

ð
uðzÞf1ðzÞdz þ N2

ð
uðzÞf2ðzÞdz ð2Þ

where u(z) is an individual level valuation function with u’>0 and u’’<0 in the usual way.
Consider now the simplest case of a group-specific tax-transfer regime. A lump-sum

tax a1 is imposed on each member of group 1 and the proceeds are used to finance a
lump-sum payment of a2 to each member of group 2. The self-financing constraint
implies that:

a2 ¼ N1

N2
a1 ð3Þ

Social welfare after the transfer is:

W ¼ N1

ð
uðz � a1Þf1ðzÞdz þ N2

ð
uðz þ N1

N2
a1Þf2ðzÞdz ð4Þ

and the impact of increasing a1 on welfare is:

dW
da1

¼ N1 �
ð
u0ðz � a1Þf1ðzÞdz þ

ð
u0ðz þ N1

N2
a1Þf2ðzÞdz

� �
ð5Þ

The optimal value of a1 can be found by setting dW
da1

equal to zero. This solves for a1
implicitly and we can then find the maximized value of W. Although simple, the
structure of the model still does not yield a closed-form solution. We can, however,
focus attention on small taxes and transfers. Evaluation dW

da1
at a1 = 0 gives us:

dW
da1

����
a1¼0

¼ N1

ð
u0ðzÞf2ðzÞdz �

ð
u0ðzÞf1ðzÞdz

� �
ð6Þ

This depends solely on Æ and on the properties of u’, f1(z) and f2(z), and can be used to
sharpen our intuitions on what types of differences between f1(z) and f2(z) will maximize
the welfare gain from the introduction of a tagged tax-transfer regime.
The two terms in curly brackets in (6) can be interpreted as the ‘distributional

characteristic’ of each group (Feldstein 1972). The term in curly brackets as a whole is
thus a measure of how different the two groups are along this metric. Equation (6) tells
us that there are two features which determine groupings which will give the biggest
impact on welfare with tagging—how different the groups are in terms of their popula-
tion shares, and how different the groups are in terms of their distributional character-
istic. Now, it might seem from the first feature that is it best to choose one very small and
one very large group in terms of population share. But notice that in the limit, as one
group comes closer and closer to becoming the whole population, the difference in the
curly brackets will disappear. There thus appear to be subtle trade-offs in group choice,
which will depend on also the exact form of the valuation function u(.). We now develop
a number of special cases to investigate this further.
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8.1.1 SPECIFIC FUNCTIONAL FORMS

If f1 and f2 are not in the relation of a mean preserving spread, then more specification
of functional forms of either f1 and f2, or of u(.), or of both, will be needed to get clear
results. Let

uðzÞ ¼ � z
p � z
zp

� �g
; z � zp ð7Þ

0; z > zp

for g� 0. ThenWwill be recognized to be nothing other than the negative of the famous
FGT family of poverty indices (Foster, Greer, and Thorbecke 1984):

Pg ¼
ðzp
0

z
p � z
zp

� �g

f ðzÞdz ð8Þ

Here zp is the poverty line and g is interpreted as the degree of poverty aversion. When
g = 0, Pg is simply the head count ratio of poverty. When g = 1 and g = 2, the depth of
poverty is also emphasized to different degrees.
Noting:

u0ðzÞ ¼ g
zp

z
p � z
zp

� �g�1

; z � zp ð9Þ

0; z > zp

expression (6) now becomes:

dW
da1

����
a1¼0

¼ N1g
zp

fP2;g�1 � P1;g�1g ð10Þ

where the subscript 1 and 2 on P indicates group-specific poverty, and the subscript
g � 1 indicates a poverty aversion of g � 1.
Expressions such as (10) are to be found in the literature on anti-poverty targeting

(Kanbur 1987, Besley-Kanbur 1988). For our purposes, what it shows is that if its
objective is to minimize poverty Pg, then for given population shares the government
should choose groups with the biggest difference in Pg�1. Thus if the objective is to
minimize the poverty gap measure P1, the transfer should be across groups with the
biggest difference in P0—in other words, the biggest differences in the head count
ratio.
If the utility function is with constant absolute inequality aversion,

uðzÞ ¼ � 1
b
e�bz; ð11Þ
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where b is the inequality aversion parameter, then substituting this in Equation 6 still
does not give a closed-form solution. While this can be calculated for empirical distri-
butions, as it will be in sub-section 8.1.2, further specification is needed for an analytical
closed form. With this in mind, let the densities be exponential:

fiðzÞ ¼ hie
�hiz; i ¼ 1; 2 ð12Þ

Then

dW
da1

����
a1¼0

¼ N1
h1

bþ h1
� h2
bþ h2

� �
ð13Þ

Thus the impact is greatest when the two densities are most different from each other, as
measured by the difference between their exponential parameters h1 and h2.

8.1.2 APPLICATION TO FINNISH DATA ON AGE STRUCTURE
OF INCOME DISTRIBUTION

Estimates on age structure of income distribution from 1990 to 2007 have been calcu-
lated from the Income Distribution Statistics (IDS) data based on a representative
national sample. The IDS is a sample survey of around 9,000–11,000 households
drawn from private households in Finland. The IDS contains information on incomes,
taxes, and benefits together with various socio-economic characteristics of the Finnish
households. Most of the information contained in the IDS has been collected from
various administrative registers. Auxiliary information is collected through interviews.
Figure 8.1a shows pre-tax mean incomes in different age groups in Finland in 1990,
2000, and 2007. They display an inverse U-shaped pattern, except in 2007. Figure 8.1b in
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etc.) in Finland 1990, 2000, 2007

Source: Riihelä et al 2013.
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turn displays Gini coefficients in the same age groups and years. The Gini coefficients are
higher in younger and older groups than in middle-age groups.
Figures 8.2 and 8.3 display welfare gains as in (6) for different specifications from

grouping through different age cut-offs: age 20, age 30, age 40, age 50, and age 60.
In Figure 8.2, based on poverty gaps in Finland in different age groups in 2001, we see that
if the government’s objective is to minimize poverty gaps, then the biggest impact in the
sense of poverty alleviation is achieved with age cut-off 30. Figure 8.3 shows welfare gains
as in (6), where u0ðzÞ ¼ 1

z ðb ¼ 0Þ and u0ðzÞ ¼ e�zðb ¼ 1Þ and the distribution of f1(z)
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and f2(z) are the Champernowne distribution with parameters y and m.5 Figure 4 also
shows that the biggest impact from tagging is achieved when age cut-off is at age 40.

8.2 Tagging and optimal non-linear income taxation

The simple analytical framework of the last section, and the special functional forms
used there, are useful for developing and sharpening intuition. However, they are clearly
special in: (i) the form of the tax-transfer regime; (ii) the government’s objective
function; (iii) the distributional forms used; and, perhaps most important, (iv) the
assumption of no behavioural responses. In this section we turn to a more general
formulation where these restrictions are relaxed. We do this by setting the problem of
choosing groups in the Mirrlees (1971) framework of optimal non-linear income
taxation.
Before going to the formal analysis, let us start with informal discussion of Dilnot,

Kay, and Morris (1984; henceforth DKM), who argue diagrammatically for a particular
pattern of Figure 8.4c. Suppose, as we henceforth shall, that group 1 is the poorer of the
two in the sense of having a less favourable distribution of abilities; for brevity, we shall
simply call group 2 ‘rich’ and group 1 ‘poor’. Representing members of group 1 by o and
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5 We calculate (8) with this specification both analytically and numerically. It turns out to be so that when
dz=0.0001 in numerical integration, the results are in both methods the same.
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members of group 2 by x, the no-tax outcome is then as in Figure 8.4a, with members of
group 1 clustered at relatively low levels of income. Figure 8.4b shows the effect of a
purely categorical benefit: a poll subsidy to members of group 1 financed by a poll tax on
members of group 2. This clearly brings about a considerable equalization of average
post-tax incomes in the two groups. But clearly, too, the scheme is very generous to the
outlying ‘rich’ member of the poor group 1 and, at the same time, very harsh on the
outlying poor member of the rich group 1. This then points to a gain from introducing
non-linearities in the group-specific schedules of the kind shown in Figure 8.4c, increas-
ing the tax paid by the rich outlier in the poor group and using the proceeds to reduce
that paid by the poor outlier in the rich group. Such a reform has the merit of increasing
intergroup transfers to the poorest of the poor but the disadvantage of raising the
marginal tax rates on these outliers; but since there are, by definition, few outliers, the
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first-order distributional gain will (up to some point) outweigh the additional dead-
weight loss. The implication of this line of argument is that the optimal combination of
categorical and income information has the feature that the marginal tax rate decreases
with income in the rich group but increases with income in the poor group. The
argument is intuitively appealing. On closer inspection, however, there is a puzzle. Recall
from the discussion above that the optimal group-specific schedules are the solution to a
standard one-dimensional Mirrlees problem (in which the revenue to be raised reflects
the optimal intergroup transfer determined in the second step of the two-dimensional
problem). And, while there are no general analytical results on the pattern of marginal
tax rates required to solve the Mirrlees problem, the solutions that have emerged in many
simulations typically have the feature that optimal marginal tax rates decrease with
income. This would lead one to expect simulations using standard functional forms and
parameter values to generate decreasing marginal tax rates within both groups. But the
DKM argument points, on the contrary, to increasing marginal rates within the poor
group.
Suppose, as before, that the population (the size of which is normalized to unity)

can be divided into two mutually exclusive and exhaustive groups, labelled 1 and 2.
Individuals are unable to alter or disguise the group to which they belong, which is
observed as costless by the government. Members of each group i (=1, 2) have
preferences ui = U(x) + V(1 – y) defined over consumption x and labour supply y,
but differ in their hourly gross wage (alternatively, their skill or ability), n. with Ux > 0
and Vy < 0 (subscripts indicating partial derivatives). Individuals differ only in the
pre-tax wage n they can earn. Gross income is z = ny. The groups differ in the form of
their preferences and/or the distribution of their abilities, the latter being described for
each group by a continuous density function fi (with corresponding distribution Fi(n))
on support ½0;1�. The within-group structure of the model is thus exactly as in
Mirrlees (1971).

x

o

o
o

o

o

o

o=group 1

x=group 2

Net 
income

Gross income

x

x

x

x

45°

x

Figure 8.4c (Tagging and taxing)

OPTIMAL INCOME TAXATION AND TAGGING 213



Suppose that the aim of policy to design tax/benefit schedule Ti(z) for two different
groups i=1, 2 can be expressed as maximizing the following social welfare criterion:

W ¼
ð1
0

X
NiðWðuiðnÞÞfiðnÞdn ð14Þ

where N denotes the proportion of the population in each group i andW is an increasing
and concave function of utility. The government cannot observe individuals’ productiv-
ities and thus is restricted to setting taxes and transfers as a function only of earnings,
Ti(z). The government maximizes W subject to the revenue constraint:

ð1
0

X
NiðziðnÞ � xiðnÞÞfiðnÞdn ¼ R ð15Þ

and the second constraint making use of workers’ utility maximization condition—in
each group, a person with wage n chooses y to maximize ui subject to x=ny�Ti(ny). We
obtain the incentive compatibility constraint constraints,

dui
dnðiÞ ¼

�yiVyðiÞ
nðiÞ for i ¼ 1; 2:ðICÞ ð16Þ

It is helpful to think of this problem as consisting of two steps. First we derive group-
specific optimal tax schedules, given a group-specific revenue requirement Ri. This
means solving the standard optimal income problem for each group (see Chapter 4).
The government’s problem is to design possibly non-linear tax/benefit schedules

Ti(z) for the groups. Its objective, we assume, is to maximize a social welfare function
of the general form. Comparing the separate schedule model with the single non-linear
form of the Mirrlees model, it is important to note the following result. First, let us
assume two groups. It is almost trivially true that if u1 = u2 and f1 = f2, the optimal
policy yields T = T1 = T2.

6 Thus we only have an interesting situation when either
preferences or distributions or both are different in different groups.
So solving the Mirrlees problem for all conceivable Ri then gives the maximized

contribution of group i to collective welfare as a function Wi(Ri) of the revenue
constraint imposed on it, with associated shadow price of revenue li = �Wi'(Ri) > 0.7

In the second step, the government chooses the optimal allocation of the aggregate
R over two groups selecting R1 so that is to maximize, W1(R1) + W2(R – R1). In other

6 Let fT1ðzÞ ¼ T2ðzÞg be optimal tax schedule implied by the solution of the tagging problem. Then there is
no such T(z) so that (i) TðzÞ ¼ T1ðzÞ ¼ T2ðzÞ. (ii) maxW½n;TðzÞ�>maxW½n : Ti; i ¼ 1; 2� and (iii) the
condition (2) and the incentive compatible condition (IC) hold. Proof: If maxW½n;TðzÞ�>maxW½n : Ti; i ¼
1; 2� and (2) and (IC) hold, then TðzÞ ¼ T1ðzÞ ¼ T2ðzÞ should be the solution of the tagging problem. This is a
contradiction.

7 Derivatives are indicated by subscripts for functions of several variables and a prime for functions of
just one.
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words it chooses optimal intergroup transfer and requires l1 = l2 = l, where l is the
marginal social cost of funds.
Hence we can conclude that if characteristic i is immutable, the redistribution across

characteristics will be complete until the average social welfare weights are equated
across characteristics. In the case where characteristics can be manipulated but they
are correlated with skill, then taxes will depend on both income, z, and characteristics, i.
The difference between this formula and the marginal tax formula in the Mirrlees

model is that the tax/transfer function ti(z) here is allowed to depend on i and f and F to
depend on i. The optimizations for each value of i are linked by common shadow price
on revenue l.
Using formulas for Eu and Ec, where Eu is the uncompensated supply of labour and Ec

in turn is the compensated elasticity, we obtain the following condition for optimal
group-specific marginal tax rate:

ti
1� ti

¼ 1þ Eiu

Eic

� �
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

Ui
x

Ð1
n�

ð1�W 0Ui
x=lÞð1=Ui

xÞfiðpÞdp

1� FiðnÞ

2
6664

3
7775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

ð17Þ

where the group-specific marginal tax rate is ti ¼


1þ Vy

nUx

�
.

8.2.1 MAXIMIN AND NO-INCOME EFFECTS

We turn now to stronger assumptions, on the government’s objective function and the
individual’s utility function, to provide further insights. If we assume the Rawlsian social
objective of maximizing the utility of the worst-off person uðnÞ. in society, the factor Cn

in (17) is constant. As in Cremer et al (2010), making some simplifications, we can
analytically understand the pattern of marginal rates in different groups and redistribu-
tion between these groups. The terms in (17) simplify if we assume quasi-linear
preferences with constant elasticity of labour supply,8

u ¼ x � y1þr :Ux ¼ 1ðEc ¼ eÞ ð18Þ
Suppose further there are two groups 1 and 2 with the same size. Group 1 is taken to be
poorer, having a lower average wage. The density function and the distribution function
for the whole working population are f ðnÞ ¼ ½f1ðnÞ þ f2ðnÞ�=2 and FðnÞ ¼
½F1ðnÞ þ F2ðnÞ�=2, respectively.
The marginal tax rate formula is in the maximin case

8 The individual first order condition ½nð1� tÞ�r implies that everybody with n>0 works. Hence there is
no bunching.
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ti
1� ti

¼ ½1þ e�|fflffl{zfflffl}
An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

ð19Þ

Now t depends only on 1�FðnÞ
nf ðnÞ , i.e. on the properties of the distribution.

We can solve the optimal income z(n) for both groups and the whole working
population (see appendix 8.2).
The marginal tax rate for the whole working population is a weighted average of the

marginal tax rates of groups 1 and 2.

t
1� t

¼ f1ðnÞ
f1ðnÞ þ f2ðnÞ

t1
1� t1

þ f2ðnÞ
f1ðnÞ þ f2ðnÞ

t2
1� t2

ð20Þ

Now we can summarize the following results:
Proposition 1: If we assume quasi-linear preferences and constant labour supply

elasticity in both groups with equal size, then with the maximin or the Sen social welfare
functions9 (Gini weights) the pattern of marginal rates is t1 < t < t2 for all n, if f2 dominates

f1 in the sense of the inverse hazard rate (divided by n,)10 i.e. 1�F1ðnÞ
nf1

h i
� 1�F2ðnÞ

nf2

h i
11.

Proposition 2: With the same assumptions as in Proposition 1, tagging implies redis-
tribution from group 2 to group 1 when the government has either the maximin or the Sen
social welfare functions (Gini weights).
It is important to note that with the assumption of quasi-linearity, the external revenue

requirement has no effect onmarginal tax rates. They depend only on the distribution and
the elasticity of labour supply in this group, not on the corresponding characteristics in the
other group. The distribution has a key role in the marginal tax formula in this specifica-
tion. We should know the relationship betweenΦ1(n) andΦ2(n)in order to be able to say
who are gainers and who are losers from tagging. We adopt in simulations later on, the
Champernowne distribution. For the Champernowne distribution,

Φ ¼ 1� FðnÞ
nf ðnÞ ¼ my þ ny

yny
ð21Þ

and

d
dn

my þ ny

yny
¼ �my

nyþ1
< 0: ð22Þ

9 In the Sen social welfare function, G0 ¼ 2ð1� FÞ, in turn we have

ti
1�ti

¼ ½1þ e�|fflffl{zfflffl}
An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

FiðnÞ|ffl{zffl}
Cn

10 This holds e.g. in the case of the Champernowne distribution.
11 With a constant elasticity of labour supply, the second order condition dzðnÞ

dn � 0

 �

holds here if and
only if Φ(n) is nondecreasing.
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Figures 8.5, 8.6, 8.7, and 8.8 illustrate the two possible cases when the inverse hazard
rates of Champernowne distribution do not intersect and when they do. Unlike with
lognormal n-distribution as analysed by Cremer et al (2009), when m1 < m2 and y1 = y2,
the distribution ratios Φ1(n) and Φ2(n) do not cross with the Champernowne distribu-
tion (as in Figure 8.5). Then in the two-group case, all individuals of the poorer (on
average) group 1 are the gainers from tagging. Again, as in the previous section with no
behavioural effects, this says that the government should use groupings with the largest
difference in mean.
If in turnm1 =m2 and y1 < y2 , then Φ1(n) andΦ2(n) cross (as in Figure 8.6). Suppose

y1 = 2 and y2 = 4, Φ1 = Φ2 yields a quadratic equation. The positive root is n*=0.2367
12.

Hence every individual in group 2 n is higher than n* (n* is the point where Φ1 = Φ2)
benefits from tagging. Now F(n* = 0.2367) = 0.22. In the (on average) richer group there
are 2, 78 per cent who benefit from tagging13. This sounds rather surprising.
Figures 8.7 and 8.8 display graphical solutions to the case where both mean ratios

m1/m, m2/m and y1 and y2 and the population shares of the groups are estimated from
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Figure 8.5 (1�F)/nf Champernowne distribution m=e�i. i=�0.8,�1, �1.2, y = 3

12 Φ1 = Φ2 implies n4 þ 2m2n2 �m2 ¼ 0. The solution of this equation is n2 ¼ �ð ffiffiffi
2

p � 1Þm2

(m=0.368). Hence n2 = 0.056.
13 Cremer et al (2010a) do not provide any corresponding estimate in their case with lognormal

n-distribution.
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the Finnish data. From the graphical solutions in Figure 8.7 and 8.8, we see that the
number of those who benefit in group 2 from tagging is much smaller: somewhere
between 15 and 20 per cent.

8.2.2 INCOME EFFECTS: AN APPLICATION TO THE FINNISH DATA

It is important to note that the special case considered in the previous section yields
insights, but within the framework of the assumptions made. When preferences are not
quasi-linear and the elasticity of labour supply is not constant, the problem becomes
more complicated. Then it is not possible to say anything about the shape of tax schedule
and gainers and losers from tagging without simulations. How robust are these insights?
What happens when we move away from quasi-linearity and the dominance require-
ment in the n-distribution? This section presents optimal tax schedules with alternative
assumptions. Let us now apply this framework to the specific case of the data on the age
structure of income distribution in Finland, as described in the previous section. We
begin by specifying social objectives further.
Social objectives: Social welfare is taken to be the function of utilities cardinalized as a

constant absolute utility–inequality aversion form: WðuÞ ¼ � 1
b e

�bu where b measures
the degree of inequality aversion in the social welfare function of the government (in the
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case of b = 0, we defineW = u). If we writeW�b ¼ ∫e�buf ðnÞdn then the limit as b!1
is given byW ¼ minn½eu�. This is of course the Rawlsian maximin. The curvature in the
utility of consumption modifies social marginal weights W’Ux and makes the govern-
ment preferences (implicit) more redistributive. An alternative social weighting function
is that where the social marginal valuation declines according to the ranking in the
n-distribution. In other words, we have the rank-order social welfare function. The
essential feature of rank-order social welfare functions is that they put more weight on
the utility of the worst-off. Rank-order weights represent society’s aversion to inequality.
An example of the rank-order social welfare criterion is the Gini or Sen social welfare
function. For example, the social marginal valuation implicit in the Gini coefficient
depends on the income rank order and is bounded above by 2 and below by 0. Initially
the social marginal valuation falls slowly with income, but then the decline accelerates.
The ethical justification behind this rank-order social welfare function is at least equally
convincing as the justification behind the traditional ‘constant elasticity’ class of welfare
functions. When W ’ = 2(1 – F), we have in effect the weighting underlying the Gini
coefficient, as shown by Sen (1974), who provided an axiomatic justification for such a
social welfare function.
Preferences are in each groups of the form u ¼ � 1

x � 1
ð1�yÞ, implying an elasticity of

substitution between consumption and leisure in each group of 0.5.
The distribution of the pre-tax wage within each group is assumed to be the Cham-

pernowne distribution with parametersmi and yi. We also assume that the tagged groups
differ only in the distribution of ability.14 Based on Finnish income distribution data
(cross-section) we estimated by using maximum likelihood methods, several two- and
three-parameter distributions with corresponding measures of goodness of fit (several of
them plus the log-likelihood value for the estimated model). Among two-parameter
distributions, Champernowne is the best fit for pre-tax income distribution in Finland
(2002–2010). The Ł parameter varies from 2.78 to 2.34. Over the period from the latter
part of the 1990s to 2010, the Ł-parameter was almost constant at around 2.5. Hence Ł =2
reflects a low range estimate (high inequality) and Ł =3 in turn a high range estimate (low
inequality). The Gini coefficients estimated by this distribution (Gini=1/Ł) are quite close
to those calculated from the data. Interestingly, the location parameter m in our
notations (median) in the Champernowne distribution is quite close to that calculated
from the data.
First we divide the Finnish working population into two groups on the basis of age,

with different age cut-offs, as discussed earlier, so that group 1 refers to all workers
between the age of 20 and 29. The proportion of the working people in this group is 0.21.
All workers between the ages of 30 and 64 belong to group 2. The proportion of working

14 It might be of some interest to look at the case in which members of the poorer group also have a lower
disutility of effort, and so work more hours at any given wage (in the absence of tax). In other words, in this
case the poor are also the hardest-working.
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people in turn in this group is 0.78. Next we increase the number of groups from two to
three. Now group 1 is the same as in the two-group case, group 2 refers to those between
30 and 54 (0.55), and those people between 55 and 64 belong to group 3 (0.24). For all
groupings we calculate tax schedules for the three social welfare functions introduced in
this section—utilitarian, Rawlsian and rank-order weights. The marginal tax rates of
different cases are shown in Figures 8.9–14. Figure 8.9 displays marginal tax rates in the
two-group case with utilitarian objective when the values form and y in different groups
are y1 = 2.3, m1 / m2 = 0.55 and y2 = 2.6, m2 / m = 1.05. For the case of single schedule,
y = 2.5. The marginal rates of the on average poorer group 1 increase throughout with
income both in Figures 8.9 and 8.10. The marginal rates of the richer group (on average)
are mainly declining in income, but they are no longer declining throughout in income.
The marginal tax rates of the single tax schedule increase in income. The marginal rates
of groups 1 and 3 increase in income, but the pattern of group 2 is more complicated. It
first increases up to the 10th percentile, then declines slightly, until it begins again to rise.
Figures 8.11–8.14 display the marginal tax schedules in maximin and rank-order (Gini
weights) cases. As expected, in the maximin case, the marginal tax rates decline with
income. In the rank-order case the pattern of marginal tax rates is very similar to that of
the utilitarian case, except the levels of rates are much higher throughout.
Unlike the marginal income tax rates, average tax rates increase in income in all cases

(except in the maximin case at the very top), indicating the progressivity of the three
schedules (see appendix 8.2). They are substantially affected by tagging. At the upper
part of the income distribution the average tax rates of the whole working population
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and the richer group 2 are very close to each other. The lower average tax rates faced by
individuals in group 1 means that they are the gainers in the tagging procedure.
IKKT (1998) argue that the key to understanding the shapes of schedules lies in the

revenue requirement. In the simulations of the one-dimensional Mirrlees problem, the
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revenue requirement is usually set at levels taken to correspond broadly to observed
levels of national expenditure on public goods: between, say, 10 per cent and 30 per cent
of aggregate gross income. The optimal group-specific revenue requirements, however,
reflect optimal intergroup redistribution and so can be of an entirely different order of

0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100

M
T

R
 %

F(n)

Marginal tax rate curves

older group

middle age group

younger group

Figure 8.12 Three separate schedules: maximin
Three groups: group 1 [Ł1 = 2.3, m1 = 0.202, N1 = 0.21], group 2 [Ł2 = 2.4, m2 = 0.317, N2=0.20], group 3 [Ł3=2.7,
m3 = 0.427, N3=0.59]

0

10

20

30

40

50

60

70

80

0 10 20 30 40 50 60 70 80 90 100

M
T

R
 %

 

F(n) 

Marginal tax rate curves 

older group

single schedule

younger group

Figure 8.13 Single schedule and two separate schedule: rank order social preferences

Group 1 [Ł1 = 2.3, m1 = 0.202, N1 = 0.21]

OPTIMAL INCOME TAXATION AND TAGGING 223



magnitude and indeed sign: much higher for richer groups; much lower, and quite
possibly negative, for poorer.
The differences in the shape of the skill (wage) distributions may be an equally or even

more important source of the different patterns in rates. In the two-group case for the
poorer group 1, a distribution with a lower mean will tend to have a lower B term in
expression (17) at the low end of the income distribution because 1-F in the numerator is
lower and f in the denominator is larger, favouring lower marginal rates. The C-term in
turn will continue to favour somewhat higher marginal rates. If the guaranteed income is
more generous, as we expect it to be in this group, and initial marginal rates are low, then
the welfare cost of higher payments by those with greater income will be less than
otherwise. For the richer group, the results at the low end of the income distribution
reverse. The 1-F component will be larger than in the single schedule case, and f will be
much smaller; these factors favour high marginal rates in this income range. Some offset
will be provided by the C-term.
Utility changes from moving a single schedule to separate schedules vary quite a lot at

different parts of the distribution. The last column in Tables A8.2.2–A8.2.18 in appendix
8.2 tells who are gainers (+)/losers (�). In the two-group case, losers in group 1 are those
in the top decile. In group 2, gainers are those at the very top. If the differences in means
between groups are big enough then all individuals of group 2 are losers in the utilitarian
case (see Table A8.3.5 in appendix) but not in maximin and rank-order cases. It may
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sound rather surprising that even the most well-off people in the richer (on average)
group are better off from tagging. But we have to remember that tagging is done to make
redistribution more efficient from higher to lower-skilled individuals. In the three-group
case, no one in group 2—the middle-age group—gains in the utilitarian case. In maximin
and rank-order cases the picture is otherwise the same, but there are fewer losers in
group 1 at the top decile and gainers at the top in this middle-age group.
The optimum is typically characterized by a certain fraction of individuals, at the

bottom end, choosing not to work (where we have dz
dn ¼ dx

dn ¼ 0), there is bunching of
individuals of different n. The combination of high inequality aversion and high
inherent inequality is crucial in determining the amount of bunching. In the utilitar-
ian case, the amount of bunching turns out to be very little. As seen in the Tables in
appendix 8.2, in the maximin case the amount of bunching varies between 10 per cent
(F0=0.10) and 20 per cent (F0=0.20). This is in strong contrast to what we observed
in the case with quasi-linearity and the constant elasticity of labour supply. The
different amount of bunching in maximin cases explains why the marginal tax
schedules are quite similar but the extent of redistribution between and within groups
differs.

8.2.3 CHOICE OF GROUPS AND OPTIMAL NON-LINEAR
INCOME TAXATION

Next we focus on the gains from having two tagged groups rather than being forced to
apply a single schedule to the population as a whole. This takes us to the second step.
Given the solution to the first step, the government chooses the optimal allocation of
aggregate R over groups; in other words, it selects Ri to maximize overall social welfare,
having first maximized each Wi for given R.
We divide the Finnish working population into two groups on the basis of age, with

different age cut-offs, as discussed above. For each cut-off, we calculate the welfare gain
from grouping for each of the three social welfare functions introduced in this section—
utilitarian, Rawlsian, and rank-order weights. The welfare gain reported in Table 8.1 is
the proportional increase in equivalent consumption in moving from the optimal single
schedule to the optimal group-specific—two groups—schedules. Table 8.1 immediately
gives us the answer to the question of which grouping is best for tagging; it is the one
which uses the age cut-off of 40 years.
Table 8.1 shows the results when two groups are formed by the following cut-offs: (i)

age 20 (i.e. single group), (ii) age 30, (iii) age 40, and (iv) age 50. The gains are modest,
but far from negligible. The rise in aggregate equivalent consumption x0 using categor-
ical information varies between 1.8 and 2.8 per cent, as shown in Table 8.1. In the
utilitarian case, welfare gain from tagging is clearly larger than other cases.

OPTIMAL INCOME TAXATION AND TAGGING 225



8.2.4 INCREASING THE NUMBER OF GROUPS

The discussion so far has maintained the number of groups at two. But each of these
groups could be further sub-divided, until there are as many tax schedules as
individuals. Of course if increasing the number of instruments in this way was
costless, it would make sense to do so, because welfare cannot decrease with more
instruments available. However, what if instruments are costly—what if the costs of
distinguishing between and monitoring across groups increases in the number of
groups? Then it would be optimal to limit the number of groups to well before each
individual is a group by themselves. But how many groups is optimal? The answer
depends on the costs of managing each additional group and, crucially, the marginal
welfare gain from increasing the number of groups. This section begins the analysis
of quantifying the gains from additional groups, in the specific context of our Finnish
data set.
We proceed as follows. We already know the optimal welfare levels when there is no

tagging, and when there are two groups with an age cut-off at 30. We will now calculate
the welfare level with three groups (under 30, between 30 and 40, and over 40) and four
groups (under 30, between 30 and 40, over 50). In each case we calculate the welfare
when the government uses all the information available to tag groups and implements
separate non-linear income tax schedules on each group to maximize overall social
welfare. These welfare levels are given in Table 8.2. Table 8.2 shows welfare levels for one
group, two groups, three groups, and four groups for three welfare functions—utilitarian,
Rawlsian, and rank-order.
The biggest impact from tagging is achieved with three groups in utilitarian and

maximin cases, but moving from two to three schedules does not just increase welfare
gain much; it should be clear from Table 8.2 that there are strong diminishing returns to

Table 8.1 Welfare effects of different age cut-offs (Estimates of Ł and m are based on year 2005)

Utilitarian Rank-order Maximin

x0 change % x0 change % x0 change %

Single schedule 0.163 0.163 0.178

two groups* 0.166 1.84 0.165 1.23 0.183 2.81

two groups** 0.164 0.61 0.164 0.61 0.178

two groups*** 0.164 0.61 0.164 0.61 0.178

x0: Consumption equivalent: x0 is that consumption which, if equally distributed with zero work hours, would give the same
social welfare integral as the allocation ((x, y,)} arising from a given tax schedule.
Single: Ł=2.5
Two groups *: group 1 [Ł1=2.3, m1/m=0.55, N1=0,21], group 2 [Ł2=2.6 m2/m=1.05 N2=0,79],
Two groups **: group 1 [Ł1=2.4, m1/m=0.86, N1=0,41], group 2 [Ł2=2.6 m2/m=1.10 N2=0,59],
Two groups ***: group 1 [Ł1=2.5, m1/m=0.90, N1=0,64], group 2 [Ł2=2.7 m2/m=1.16 N2=0,36]
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increasing the number of groups. For example, in the utilitarian case, welfare increases
by 1.84 per cent with the introduction of two groups compared to the single-group case,
but only a further 0.92 per cent of the base welfare is added when the groupings are
increased to three, and going from three groups to four groups only gives an additional
0.18 per cent. Thus the gains from increasing the number of groupings fall off quite
rapidly.
The large literature on ‘tagging’ shows that group-specific tax and transfer

schedules improve welfare over the case where the government is restricted to a
single schedule over the whole population. The central assumption of this literature,
however, is that the groupings available to the government are given and fixed. But
how many and which types of groups should the government choose to tag? This is
the question addressed in this chapter. Starting with a simple framework and ending
with numerical simulations based on data from Finland, Kanbur and Tuomala
(2014) show how groupings should be formed for tagging, and provide a quantita-
tive assessment of how group differences affect the gains from tagging. They also
provide a quantitative assessment of the welfare gains from increasing the number
of tagged groups.
Earlier we mentioned that the differences in the shape of the skill (wage) distributions

may be an equally or even more important source of the different patterns in rates.
Another reason for carrying out tagging analysis lies in which people’s preferences about
working vary with different age. In this kind of situation it may be desirable to have
income tax schedules varying with age and, in particular, having very different low-
income marginal tax rates at different ages. In fact, it is not only the preferences of people
that change with age; the distribution of skills within the age group also changes
considerably.

Table 8.2 Welfare levels of increasing the number of groups (Estimates of Ł and m are based on
year 2005)

Utilitarian Rank-order Maximin

x0 change % x0 change % x0 change %

Single schedule 0.163 0.163 0.178

2 groups* 0.166 1.84 0.166 1.84 0.183 2.81

3 groups** 0.1675 2.76 0.166 1.84 0.185 3.93

4 groups*** 0.1678 2.94 0.167 2.45 0.185 3.93

x0: Consumption equivalent: x0 is that consumption which, if equally distributed with zero work hours, would give the same
social welfare integral as the allocation ((x, y,)} arising from a given tax schedule.
Two groups: group 1 [Ł1=2.3, m1=0.202, N1=0.21], group 2 [Ł2=2.6 m2=0.407. N2=0.79],
Three groups: group 1[Ł1=2.3, m1=0.202, N1=0.21], group 2 [Ł2=2.4, m2=0.317, N2=0.20],
group 3 [Ł3=2.7, m3= 0.427, N3=0.59],
Four groups: group 1[Ł1=2.3, m1=0.202, N1=0.21], group 2 [Ł2=2.4, m2=0.317, N2=0.20],
group 3 [Ł3=2.6 m3=0.407, N3=0.23], [Ł4=2.5, m4=0.387, N4=0.36]
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n APPENDIX 8.1 DERIVATION OF DIFFERENT TAX/TRANSFER SCHEDULES

The optimality conditions for this problem are obtained by treating, in each group, u as a
state variable and y as a control variable; x is determined from the utility function. Now
there must exist a dual function m(n) such that

dmiðnÞ
dni

¼ W 0 � l
Ux

� �
fiðnÞ i ¼ 1;…;N ð1Þ

and differentiating with respect to yi i=1,2

ltifiðnÞ ¼ �miðnÞðVy þ yVyyÞ=n2 i ¼ 1;…;N ð2Þ
where the group-specific marginal tax rate is ti ¼ ð1þ Vy

nUx
Þ.

In addition we have transversality condition on mi(n)

mið0Þ ¼ 0; limn!1miðnÞ ¼ 0 ð3Þ
Using formulas15 for Eu and Ec, where Eu is the uncompensated supply of labour and Ec

in turn is the compensated elasticity, we obtain the following condition for optimal
group-specific marginal tax rate:16

ti
1� ti

¼ 1þ Eu
i

Ec
i

� �
|fflfflfflfflffl{zfflfflfflfflffl}

An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

Ui
x

ð1
n

ð1�W 0Ui
x=lÞð1=Ui

xÞfiðpÞdp

1� FiðnÞ

2
6666664

3
7777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Cn

The incentive compatibility condition dui
dni

¼ �yiVy

ni
can be written—following Mirrlees

(1971), eq. (15)—in integrated form:

uiðnÞ ¼ uið0Þ þ
ðn
n

Vi
0ðzðn0Þ=n0Þ

n02 ziðn0Þdn0; i ¼ 1;…;N ð4Þ

Substituting (4) into the revenue constraint (19) in the text for u(n) where x(n) = u(n) +
V(y(n)) yields

15 Differentiating the FOC of the individual maximization, Uxnð1� tÞ þ Vy ¼ 0, with respect to net
wage, labour supply, and virtual income, b, we have after some manipulation elasticity formulas:

Eu
i ¼ ðVy=yÞ�ðVy=UxÞ2Uxx

VyyþðVy=UxÞ2Uxx
, (income effect parameter) xi ¼ �ðVy=UxÞ2Uxx

VyyþðVy=UxÞ2Uxx
, and from the Slutsky equation

Ec
i ¼ Eu

i � xi, then Ec
i ¼ ðVy=yÞ

VyyþðVy=UxÞ2Uxx
¼ i ¼ 1:2.

16 From the first-order condition of the individual we obtain nt ¼ �ðVy=UxÞt=ð1� tÞ. We also multiply
and divide by ð1� FðnÞÞ to get formula (8).

228 OPTIMAL REDISTRIBUTIVE TAXATION



ð�n
n

zi�Vi

�
zðnÞ
n

�� �
fiðnÞdn�uiðnÞ�

ð1
0

Vi
0ðzðnÞ=nÞ
n2

ziðnÞð1�FiðnÞÞdn¼Ri; i¼ 1;…;N

ð5Þ
Here we have applied Fubini’s theorem for the double integral. The government now
chooses u(n) and z(n) to maximize u nð Þ. Differentiating with respect to z(n) and using
the first-order condition of individual’s maximization V 0ðyÞ

n ¼ 1� t (t marginal tax rate),
then the pattern of marginal tax rates is given by:

ti
1� ti

¼ 1þ 1
eðnÞ

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

An

1� FiðnÞ
nifiðnÞ

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Bn

ð6Þ

The first-order condition also gives l = 1.
Moreover, the quasi-linearity in consumption implies that dxðnÞ

dR ¼ �1. This can be
seen as follows. From the utility function we have

xðnÞ ¼ uðnÞ þ VðyðnÞÞ ð7Þ

and substituting this into the government revenue requirement we have

ð1
0

ðziðnÞ � uiðnÞ � ViðyðnÞÞxiðnÞÞfiðnÞdn ¼ R

Using the first-order condition of the government problem and Fubini’s theorem we
obtain

uiðnÞ¼�Rþ
ð�n
n

zi�Vi
zðnÞ
n

� �� �
fiðnÞdn�

ð1
0

Vi
0ðzðnÞ=nÞ
n2

ziðnÞð1� FiðnÞÞdn; i ¼ 1;…;N

Substituting this into (A7) and using (A4) yields

xðnÞ ¼ �RþMðnÞ ð8Þ
where

MðnÞ¼
ð�n
n
½zi�ViðzðnÞn

Þ�fiðnÞdn�
ð1
0

Vi
0ðzðnÞ=nÞ
n2

ziðnÞð1�FiðnÞÞdnþViðzðnÞn
Þ; i¼ 1;…;N

Hence M(n) depends only on the n-distribution and the specification of V(z/n).
Solving the optimal income z(n) for both groups and the whole working population

takes the following form zðnÞ ¼ 1þ 1
e


 �1þr
n1þr½ð1þ eÞΦðnÞ þ 1��r

The expression for u*(n), x*(n), u*i(n) and xi*ðnÞ
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u*ðnÞ ¼ u*ð0Þ þ 1þ 1
e

� �1þrðn
0
n1þr½1þ ð1þ eÞΦðn0Þ��1�rdn0 ð9Þ

x*ðnÞ ¼ u*ðnÞ þ 1þ 1
e

� �1þr

n1þr½1þ ð1þ eÞΦðn0Þ��1�r ð10Þ

ui*ðnÞ ¼ u*ðnÞ þ 1þ 1
e

� �1þrðn
0
n1þr½1þ ð1þ eÞΦiðn0Þ��1�rdn0; i ¼ 1;…;N ð11Þ

xi*ðnÞ ¼ ui*ðnÞ þ 1þ 1
e

� �1þr

n1þr½1þ ð1þ eÞΦiðn0Þ��1�r; i ¼ 1;…;N ð12Þ

Let Φ ¼ 1�FðnÞ
nf ðnÞ . For the whole working population, Φ(n) is a weighted average of Φ1(n)

and Φ2(n). From (19) in the text we can see that z(n) lies between z1(n) and z2(n) at the
optimum.
Using the closed-form solution (19) in the text and (4) and (8) we can solve u*(n), x*

(n), u*i(n) and x*i ðnÞ.

n APPENDIX 8.2 NUMERICAL SIMULATIONS

Table A8.2.1 Utilitarian no tagging

�= 0 Ł=2.5

F(n) y Z x ATR% MTR% Eu x u

0.10 0.41 0.06 0.14 �133 62 0.38 �0.19 �8.675

0.50 0.50 0.18 0.19 3 61 0.08 �0.28 �7.247

0.90 0.50 0.44 0.29 35 63 �0.04 �0.36 �5.455

0.97 0.47 0.73 0.39 45 64 �0.1 �0.43 �4.439

0.99 0.45 1.05 0.50 52 64 �0.16 �0.48 �3.813

n0=0.03 x0=0.12 F0=0.0

Table A8.2.2 Utilitarian tagging

�= 0 Ł=2.3 m1
m ¼ 0:55

F(n) y z x ATR% MTR% Eu x u

0.10 0.03 0.001 0.16 �261 50 10.1 �0.14 �7.180 +

0.50 0.32 0.07 0.19 �171 61 0.59 �0.22 �6.764 +

0.90 0.43 0.22 0.25 �11 65 0.17 �0.30 �5.804 �
0.97 0.45 0.38 0.30 21 65 �0.04 �0.35 �5.117 �
0.99 0.46 0.62 0.39 37 61 �0.09 �0.42 �4.413 �
n0=0.04 x0=0.16 F0=0.04
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Table A8.2.3 Utilitarian tagging

�= 0 Ł=2.4 m3
m ¼ 0:86

F(n) y z x ATR% MTR% Eu x u

0.10 0.37 0.05 0.15 �180 57 0.51 �0.19 �8.297 +

0.50 0.47 0.15 0.19 �29 58 0.14 �0.27 �7.085 +

0.90 0.48 0.38 0.28 25 62 �0.004 �0.35 �5.438 +

0.97 0.46 0.61 0.37 39 64 �0.06 �0.41 �4.580 �
0.99 0.44 0.94 0.48 48 64 �0.13 �0.47 �3.853 �
n0=0.03 x0=0.10 F0=0.001

Table A8.2.4 Utilitarian tagging

�= 0 Ł=2.6 m2
m ¼ 1:05

F(n) y z x ATR% MTR% Eu x u

0.10 0.44 0.08 0.14 �80 64 0.3 �0.2 �9.239 �
0.50 0.52 0.21 0.19 10 62 0.05 �0.28 �7.363 �
0.90 0.51 0.48 0.29 40 63 �0.06 �0.37 �5.479 �
0.97 0.48 0.74 0.38 48 65 �0.12 �0.43 �4.528 +

0.99 0.45 1.08 0.50 53 64 �0.17 �0.48 �3.621 +

n0=0.03 x0=0.11 F0=0.00

Table A8.2.5 Utilitarian tagging

�= 0 Ł=2.7 m2
m ¼ 1:22

F(n) y z x ATR% MTR% Eu x U

0.10 0.47 0.09 0.14 �45 67 0.3 �0.2 �9.218 �
0.50 0.54 0.24 0.19 22 63 0.05 �0.28 �7.482 �
0.90 0.52 0.53 0.29 44 64 �0.06 �0.37 �5.497 �
0.97 0.49 0.83 0.40 52 64 �0.12 �0.43 �4.439 ()

0.99 0.46 1.13 0.51 54 64 �0.17 �0.48 �3.813 ()

n0=0.03 x0=0.11 F0=0.00

Table A8.2.6 Utilitarian tagging

�= 0 Ł=2.5 m3
m ¼ 0:82

F(n) y z x ATR% MTR% Eu x U

0.10 0.37 0.05 0.15 �180 54 0.50 �0.19 8.155 +

0.50 0.47 0.16 0.20 �38 55 0.14 �0.27 �7.001 +

0.90 0.48 0.39 0.28 18 59 0.00 �0.35 �5.443 +

0.97 0.46 0.65 0.37 35 61 �0.06 �0.41 �4.555 �
0.99 0.45 0.93 0.47 43 61 �0.13 �0.46 �3.919 �
n0=0.03 x0=0.10 F0=0.0
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Table A8.2.7 Maximin no tagging

Ł=2.5

F(n) y z x ATR% MTR% Eu x U

0.11 0.005 0.001 0.14 �139 88 �0.12 �8.297

0.50 0.42 0.15 0.18 �6 79 0.33 �0.22 �7.859

0.90 0.52 0.45 0.23 47 72 �0.01 �0.33 �6.258

0.97 0.51 0.74 0.32 57 70 �0.11 �0.40 �5.171

0.99 0.51 1.08 0.43 60 63 �0.21 �0.47 �4.335

n0=0.16 x0=0.137 F0=0.11

Table A8.2.8 Maximin tagging

Ł=2.3 m1
m ¼ 0:55

F(n) y z x ATR% MTR% Eu x U

0.20 0.02 0.0001 0.16 77 – – � 7.336 +

0.50 0.29 0.06 0.17 �121 71 0.8 �0.19 �7.203 +

0.90 0.45 0.23 0.23 1 67 0.14 �0.29 �6.214 +

0.97 0.48 0.40 0.28 28 64 0.003 �0.35 �5.426 �
0.99 0.50 0.62 0.37 41 56 �0.13 �0.42 �4.678 �
n0=0.12 x0=0.16 F0=0.20

Table A8.2.9 Maximin tagging u2

Ł=2.4 m3
m ¼ 0:86

F(n) y z x ATR% MTR% Eu x U

0.13 0.005 0.001 0.14 86 – �0.13 �8.032 +

0.50 0.38 0.12 0.16 �36 77 0.43 �0.21 �7.689 +

0.90 0.50 0.40 0.24 40 72 0.03 �0.32 �6.243 +

0.97 0.50 0.68 0.32 53 69 �0.08 �0.30 �5.141 +

0.99 0.50 0.97 0.42 57 64 �0.19 �0.45 �4.400 �
n0=0.12 x0=0.14 F0=0.13

Table A8.2.10 Maximin tagging

�= 0 Ł=2.6 m2
m ¼ 1:05

F(n) y z x ATR% MTR% Eu x U

0.10 0.02 0.002 0.13 89 – �0.12 �8.489 �
0.50 0.44 0.18 0.16 10 79 �0.27 �0.23 �7.976 �
0.90 0.53 0.50 0.24 52 73 �0.04 �0.34 �6.283 �
0.97 0.52 0.80 0.33 59 70 �0.13 �0.41 �5.145 +

0.99 0.51 1.13 0.44 61 64 �0.22 �0.47 �4.329 +

n0=0.18 x0=0.13 F0=0.10

232 OPTIMAL REDISTRIBUTIVE TAXATION



Table A8.2.12 Maximin tagging u2

Ł=2.5 m3
m ¼ 0:82

F(n) y z x ATR% MTR% Eu x U

0.13 0.005 0.01 0.14 85 � �0.13 �7.929 +

0.50 0.38 0.11 0.17 �46 76 0.43 �0.21 �7.602 +

0.90 0.50 0.36 0.24 34 70 0.03 �0.32 �6.236 +

0.97 0.51 0.60 0.31 48 67 �0.08 �0.30 �5.230 �
0.99 0.51 0.86 0.41 53 60 �0.19 �0.45 �4.447 �
n0=0.12 x0=0.14 F0=0.13

Table A8.2.13 Rank order no tagging

Ł=2.5

F(n) y z x ATR% MTR% Eu x U

0.10 0.31 0.05 0.15 �200 71 0.7 �0.17 �8.264

0.50 0.45 0.17 0.18 �10 71 0.23 �0.25 �7.358

0.90 0.49 0.44 0.26 41 71 0.001 �0.34 �5.838

0.97 0.49 0.72 0.34 52 70 �0.08 �0.4 �4.862

0.99 0.47 1.07 0.45 58 68 �0.15 �0.45 �4.110

n0=0.04 x0=0.13 F0=0.003

Table A8.2.14 Rank-order tagging

Ł=2.3 m1
m ¼ 0:55

F(n) y z x ATR% MTR% Eu x U

0.10 0.12 0.01 0.12 54 �0.14 �7.180 +

0.50 0.32 0.07 0.19 61 0.6 �0.22 �6.764 +

0.90 0.43 0.22 0.25 �11 65 0.17 �0.30 �5.804 +

0.97 0.45 0.42 0.32 25 64 �0.02 �0.37 �4.983 �
0.99 0.46 0.62 0.39 37 60 �0.09 �0.42 �4.413 �
n0=0.05 x0=0.16 F0=0.04

Table A8.2.11 Maximin tagging

Ł=2.7 m2
m ¼ 1:22

F(n) y z x ATR% MTR% Eu x U

0.10 0.05 0.01 0.13 �100 90 7.5 �0.12 �8.690 �
0.50 0.46 0.21 0.16 24 80 0.22 �0.23 �8.099 �
0.90 0.54 0.54 0.24 54 73 �0.06 �0.34 �6.303 �
0.97 0.53 0.86 0.33 55 69 �0.15 �0.41 �5.123 +

0.99 0.51 1.19 0.44 64 64 �0.23 �0.43 �4.312 +

n0=0.19 x0=0.13 F0=0.08
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Table A8.2.16 Rank-order tagging

Ł=2.5 m2
m ¼ 1:05

F(n) y z x ATR% MTR% Eu x U

0.10 0.35 0.06 0.13 �100 73 0.6 �0.18 �8.481 �
0.50 0.47 0.19 0.18 6 72 0.22 �0.24 �7.648 �
0.90 0.50 0.48 0.26 45 71 �0.02 �0.35 �5.847 �
0.97 0.49 0.77 0.35 55 70 �0.10 �0.41 �4.842 +

0.99 0.48 1.12 0.46 59 67 �0.18 �0.47 �4.084 +

n0=0.04 x0=0.125 F0=0.002

Table A8.2.17 Rank-order tagging

Ł=2.7 m2
m ¼ 1:22

F(n) y z x ATR% MTR% Eu x U

0.10 0.38 0.08 0.14 �86 75 0.50 �0.18 �8.721 �
0.50 0.49 0.22 0.18 20 73 0.13 �0.26 �7.578 �
0.90 0.51 0.52 0.26 50 71 �0.05 �0.35 �5.869 �
0.97 0.50 0.82 0.35 57 70 �0.12 �0.41 �4.847 +

0.99 0.48 1.18 0.46 61 68 �0.18 �0.47 �4.083 +

n0=0.04 x0=0.12 F0=0.002

Table A8.2.18 Rank-order tagging

Ł=2.5 m3
m ¼ 0:82

F(n) y z x ATR% MTR% Eu x U

0.10 0.26 0.03 0.15 – 65 1.0 �0.17 �7.837 +

0.50 0.41 0.12 0.18 �49 67 0.3 �0.24 �7.121 +

0.90 0.47 0.34 0.26 26 68 0.05 �0.33 �5.819 +

0.97 0.47 0.592 0.34 43 68 �0.05 �0.39 �4.887 �
0.99 0.47 0.86 0.43 51 65 �0.13 �0.44 �4.228 �
n0=0.05 x0=0.14 F0=0.03

Table A8.2.15 Rank-order tagging

Ł=2.4 m3
m ¼ 0:86

F(n) y z x ATR% MTR% Eu x U

0.10 0.26 0.03 0.15 – 67 1.0 �0.17 �7.948 +

0.50 0.41 0.13 0.18 �39 70 0.3 �0.24 �7.198 +

0.90 0.48 0.38 0.26 32 70 0.04 �0.33 �5.816 +

0.97 0.48 0.63 0.33 47 69 �0.05 �0.39 �4.910 �
0.99 0.47 0.98 0.44 55 67 �0.15 �0.45 �4.141 �
n0=0.05 x0=0.14 F0=0.01
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9 Optimal income taxes/transfers
and non-welfarist social
objectives

Optimal tax theory has often been criticized for taking insufficient account of develop-
ments in other disciplines, notably philosophy and psychology. In particular, public
economics has remained too rooted in utilitarianism. The welfarist approach ranks social
outcomes solely according to how they affect individual utilities. Utility also plays a dual
role in the welfarist literature on the optimal taxation. It is the same utility function
employed by individuals in their decision that enters the social welfare function. Both of
these are open to question. The modelling of individual decision-making has been
particularly questioned in the recent literature on behavioural public economics. As
Peter Diamond put it, ‘In standard modelling, we assume consistent behaviour across
economic environments, captured in preferences that are defined only in terms of
commodities acquired (absent externalities). One of the key messages of behavioural
economics is that context (also referred to as situation) matters in ways that are not
recognized in standard modelling’ (Diamond, 2008, p. 1).
As noted in the introduction, however, there is a striking and fundamental dissonance

between the welfarist approach and the tone of much policy debate. It is the conse-
quences of reform for the incomes of the poor—the money in their pockets, not
something akin to money metric measures of their welfare—that are commonly dis-
cussed and analysed. This chapter therefore examines the implications of an alternative
approach to the design of non-linear income tax schemes. Governments may also take a
non-welfaristic approach attaching weight to objectives that do not reflect individual
preferences (see e.g. Sen 1985). Kanbur et al (1994a,b) adopt this kind of approach.
First, they take the objective of policy to be the minimization of a poverty index rather
than the maximization of a social welfare function. This approach is not without its
critics (see, for instance, Stern 1987), but in a technical sense at least it is relatively
straightforward. Loosely speaking, a poverty index defined on utility—attaching zero
weight to all households above some threshold—is merely a special form of social
welfare function. The second point of departure is more fundamental. The motivation
for this departure begins with the observation that the poverty indexes on which much
policy discussion focuses are, in practice, almost invariably defined in terms not of
utility but of income. In the presence of incentive effects, these criteria are very



different things (and can move in different directions). Indexes that focus on income
attach no significance to the effort put into earning income, or, put another way, attach
no weight to the leisure of the poor. And indeed it is clear that much policy debate is
cast in precisely these terms: the focus is on the income of the poor, not on how hard
they work to get it. First, to the extent that—rightly or wrongly—policy is often
evaluated, at least in part, by the use of such indexes, it is helpful to know what
kind of policy would be implied by the explicit pursuit of such a minimand. To make
the point more formally, we take a constant elasticity labour supply function with
elasticity e; y = ne where n is the wage rate. Now the indirect utility function can be
written as v = ny/(1+e) + b, where b is lump sum income (benefits and unearned
income). In the welfarist case, the level of indirect utility enters a welfarist measure of
poverty so that labour income is discounted by the factor (1+e). This factor in turn
takes into account the cost of working. The individual situation in much of the policy
debate is evaluated in terms of ny+b.
The government might also be concerned with particular aspects of a given low-

income support programme. For example, it might care about the cost of the pro-
gramme, programme take-up and the social stigma associated with the programme,
and how the programme will affect assistance recipients receive from private sources.
Governments may also take a paternalistic approach in the sense of giving weight to
the well-being of persons, but judging that well-being not according to the preferences
revealed by individuals themselves but according to preferences chosen by the gov-
ernment. These preferences may be justified from an altruistic perspective as reflecting
the weights that the non-poor put on the consumption patterns of the poor. For example,
Moffitt (2006) suggests that society might care about work per se, independent of well-
being as perceived by the individual. Tuomala (1990) notices that, even if the individual’s
income were independent of the amount he or she chose to work (the linear earnings
function has this fairly realistic property), he or she would choose a certain amount. It
turns out that in the linear income tax model, an increase in the subsistence quantity of
labour increases the optimal maximin income tax rate. In other words, the subsistence
quantity of labour mitigates the disincentive effects of income taxation. Mirrlees (2002)
in turn studies the optimal non-linear income tax schedule under the assumption that
the marginal utility of labour is positive for a sufficiently small amount of labour. He
shows in a wide class of cases that the marginal tax rate is 100 per cent for those on a low
income. (Figure 9.1 illustrates this possibility but does not prove it.) This requires that the
subsidies should be large enough to generate full employment by inducing sufficiently
large demand for all types of work.
Paternalism may also emerge in an otherwise welfaristic framework if one adopts

recent findings in the behavioural economics literature. That literature has stressed
various ways in which individual behaviour does not conform with the rational, well-
informed, far-sighted, self-interested view of standard economic theory. This has major
implications for positive economic analysis, as the apparatus of behavioural economics
has made progress in explaining a number of empirical phenomena that are not

236 OPTIMAL REDISTRIBUTIVE TAXATION



consistent with standard rational choice models.1 It also has implications for normative
analysis. For example, limited self-control may lead to over-consumption of alcohol and
drugs and underinvestment in human capital. In situations like these, individuals might
benefit if an outsider induced them to behave as if they had perfect self-control. This
outsider could be the government, and the inducements might be through tax and
subsidy policies. A new kind of market imperfection, mistakes in individual behaviour,
brings us, then, to the realm of public economics—specifically, behavioural public
economics.
Behavioural public economics is a rapidly expanding field whose central focus is on

public policy when individual preferences differ from social ones.2 O’Donoghue and
Rabin (2003) consider optimal paternalistic taxes that the government imposes to correct
individual behaviour regarding consumption of harmful goods. Sheshinski (2003) pro-
poses a general model with faulty individual decision-making, where restricting individ-
uals’ choices leads to welfare improvements. Kanbur et al (2008) examine taxation under
income uncertainty when individuals behave according to the tenets of prospect theory,3

but the government uses expected utility theory to evaluate the outcomes of this
behaviour. The situation in the normative part of this research agenda is, therefore,
one where market behaviour is generated by one set of preferences, but society evaluates
it with respect to another set of preferences. In many respects, the situation described
above is fairly common in welfare and normative public economics. Perhaps the most
well-known example is the analysis of so-called merit goods (Sandmo 1983, Besley 1988,
Schroyen 2005). The consumption of these goods, in the viewpoint of the government, is
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Figure 9.1 The marginal tax rate on a low income

1 For surveys of the literature, see Camerer and Lowenstein (2004) and Bernheim and Rangel (2008).
2 A general discussion is to be found in Camerer et al (2003).
3 Kahneman and Tversky’s (1979) prospect theory is a much-used alternative to the expected utility

theorem, with empirical support.
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meritorious and should be encouraged or imposed, ignoring individual choice.4 We
discuss these questions in Chapters 11 and 12.

9.1 Additively separable individualistic social
evaluation function

Kanbur, Pirttilä, and Tuomala (2006) (KPT hereafter) provide a general non-welfarist
formulation of the income tax problem, which unifies special cases that have been
studied in non-welfarist tax literature. The way in which the individual optimization is
modelled in KPT (2007) is the same as the approach in welfarist tax literature.5 As in
Mirrlees (1971), there is a continuum of individuals, each having the same preference
ordering, which is represented by an additive utility function u = U(x) + V(1 – y) over-
consumption x and hours worked y, with Ux > 0 and Vy < 0. Individuals are otherwise
identical, but they differ in their income-earning ability, or the wage rate, n. Workers
differ only in the pre-tax wage n they can earn. There is a distribution of n on the interval
n, �n represented by the density function f(n). Gross income is given by z = ny.
It is usual in optimal tax theory to assume an additively separable individualistic

welfare function. One can of course allow for any increasing transformation of individual
utilities here, so as to capture a greater or lesser concern with inequality on the part of the
government. Suppose, therefore, that the aim of policy can be expressed as maximizing
the following social evaluation criterion (allowing for non-individualistic preferences):

S ¼
ð
Pðx; y; nÞf ðnÞdn; ð1Þ

where P=P(.,n), following Seade (1980), is ‘the social utility’ derived from an n-
individual’s consumption and labour (leisure), which may in particular coincide with,
or be related in some special form to, u(.,n). S is restricted to be additively separable in
individual utilities, but the formulation still allows, e.g., the social welfare to depend in
any linear form on utilities or on specific goods such as income.6

4 Perhaps at some level one could also argue that redistribution—where the government can evaluate
individual welfare in a different way than the individuals themselves—and correction of externalities are
additional examples in which the social welfare function differs from the individual utility.

5 Note it is assumed that individuals are perfectly rational when assessing the self-selection constraint.
That individuals can make mistakes with respect to incentive compatibility constraints as well is clearly a
somewhat different topic from the one we consider. This is examined further in Sheshinski (2002).

6 The individualistic form of the welfare function has been criticized, most notably by Sen (1985),
as unable to meet in many instances common-sense notions of equality, which would generally
relate to distribution of consumption, i.e. directly to quantities not necessarily through utilities
(non-welfarism).
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From the first-order conditions of government’s maximization, we obtain the follow-
ing condition for optimal marginal tax rate t(z) = T '(z); (see appendix 9.1 for the
derivation)
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where ϖp ¼ � Py

nPx
denotes the social (paternalist) marginal rate of substitution.

The ABC terms on the right are familiar from the welfarist literature, whereas the first
term is novel. It captures the social value of divergence between private and social
preferences, and is therefore called the paternalistic motive for taxation. It could also be
called a first-best motive for taxation, as it corrects the individual activity to correspond to
social preferences. It is analogous to a Pigouvian tax correcting for an externality.7 The
conventional terms, the ABC terms at the right of (2) elasticity and income effects (A&C),
the shape of the skill distribution (B&C), and social marginal weights (C), represent in
turn the second-best motive for marginal distortion, arising from the asymmetric infor-
mation. It should be clear from (2) that the variation of the optimal marginal tax rate with
the level of income is a complex matter. Applying (2), it appears that there are four
elements on the right-hand side of (6) that determine optimum tax rates.
At the end points of income distribution, the ABC is zero, and the marginal tax is

completely determined by paternalistic motives. Suppose, for instance, that the social
planner regards very high incomes as unwanted per se. In this case, ϖp> ϖ. Therefore, the
marginal tax rate at the top is positive, despite the fact that this policy is not Pareto-
efficient. The marginal tax rate is used as a device to correct ‘undesirable’ social
outcomes. The sign of the marginal rate will depend on the interaction between these
terms. We might think of a government that has redistributive goals but more ‘Calvin-
istic’ or ‘puritanical’ views on working than taxpayers, so that it would like to see people
work harder and earn more. In this case, ϖp < ϖ. As is known from Mirrlees (1971), the
second term implies a non-negative marginal tax rate. The first term in turn implies a
marginal subsidy as an incentive to promote labour supply. At the top the marginal tax
rate is negative. Hence the property of welfarist optimal income tax—the non-negativity
of marginal rate—no longer holds.

7 The marginal tax formula takes the same formal structure in the case when individuals care about their
relative position (see Kanbur and Tuomala 2013).
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9.2 Special cases; poverty reduction

In the absence of incentive effects (and with sufficient resources available for poverty
relief), the design of income-based targeting is a trivial exercise. After the poverty line is
established, those individuals who are initially below it are given exactly that transfer
needed to bring them just above it. Such a scheme involves no leakages. If there are no
labour supply or other effects in transferring or raising these resources, and if the
informational and administrative requirements can be met without cost, this method
provides perfect targeting. But once incentive effects are admitted, difficulties arise.
Because perfect targeting implies an effective marginal tax rate of 100 per cent on
those below the poverty line, the poor have no incentive to earn income. Their rational
labour supply decisions would then be likely to greatly increase the revenue costs of
alleviating their poverty. Incentive effects thus rule out marginal rates of 100 per cent on
the poor. The questions of precisely how high or low those rates should be, and of how
they should vary with income, then become considerably more complex.
Much of the attention of non-welfarist approaches has focused on a particular form of

non-welfarism, namely poverty reduction. Policy discussion on poverty alleviation and
the targeting of social policy often concentrates almost exclusively on income. Little
weight is typically given to issues such as the disutility the poor experience when
working. Indeed, sometimes work requirements are seen in a positive light, as is often
the case with workfare. This is in marked contrast with conventional, utility-based
objectives in optimal income taxation literature. Therefore it is worthwhile examining
the implications of poverty-reduction objectives on optimal income tax rules.8 It must
also be remembered that the dividing line between welfarism and non-welfarism is not
very clear. Conventional tax analysis utilizes social welfare functions with inequality
aversion, which already implies a deviation of assessing individual welfare with the same
function which the individual uses himself. In some sense, the social objective functions
form a continuum in the welfarism–non-welfarism scale.

9.2.1 LINEAR INCOME TAX

Kanbur et al (1994a) examine the properties of the Mirrlees-type optimal income tax
model when the government objective is alleviation of income poverty.9 Instead of social
welfare maximization, the government aims to minimize an income-based poverty index
of the general additively separable form. First, following Kanbur, Pirttilä, Tuomala, and
Ylinen (2015) (hereafter KPTY), we analyse linear income tax. Particularly in a

8 The literature makes clear that it does not necessarily advocate these objectives; rather, the aim is to
explore their implications.

9 Besley and Kanbur (1988) analyse commodity tax/subsidy rules (when no income taxation is available)
for poverty alleviation. Kanbur, Keen, and Tuomala (1994b) and Bradbury (2004) offer surveys. Ravallion
(2013) provides an excellent overview on anti-poverty policy.
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developing country context, linear taxation can be justified as an easily implementable
instrument. We have the same instruments, t, b, and R, that are used not for welfare
maximization, as in Chapter 3, but instead for poverty minimization. Note first that the
revenue-maximizing tax rate is in fact equivalent to the tax rate obtained from a
maximin objective function, since when the government only cares about the poverty
(consumption) of the poorest individual, its only goal is to maximize redistribution to
this individual, i.e. maximize tax revenue. The social evaluation function P(x,y,n) reduces
to D(x,x*) (Py = 0 and Px = Dx). In the discrete case the objective function is now:

S ¼ P
Dðxi; x*Þ ð3Þ

where x* is the poverty line. D is non-negative for x < x* and zero otherwise. It satisfies
the following properties:

Dx<0; Dxx>0 8 x 2 ð0; x*Þ: ð4Þ
This specification captures a number of widely used poverty measures, such as the
headcount ratio and the Gini-based measure of Sen (1976). Note that while it has a
similarity with a Rawlsian social welfare function (focusing on the poor), the poverty
index depends only on income. In the Rawlsian difference principle, an individual’s well-
being is judged according to an index of primary goods.10

The optimal tax rate becomes (see appendix 9.1 for a derivation):
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P
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Dcð1þ eÞziP

Dcð1þ ð1� tÞzibÞ (e=elasticity).

Here D̂ describes the relative efficiency of taxes and transfers in reducing depriv-
ation: the higher D̂ is, the lower the tax rate should be. Both the numerator and
denominator of D̂ depend on Dc, so the difference in the relative efficiency of the two
depends on zi1�t and zib. The more people react to taxes (relative to transfers) by
earning less, the higher D̂ is and the lower the tax rate should be. In Chapter 3, the
formula (3), z(�) has a similar impact: the higher the welfare-weighted income z(�),
the lower the tax rate should be. The difference is in using deprivation reduction as the
guiding measure for taxation instead of welfare measures. In addition, the same
efficiency result comes from the term 1

e.
Thus the D̂ in the optimal tax formula (5) entails a further efficiency consideration,

lowering optimal tax rates to induce the poor to work more. Kanbur, Keen, and Tuomala

10 Economists have, however, narrowed Rawls’s theory into one that allocates according to ‘maximin
utility’.
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(1994a) find a similar result in their non-linear poverty-minimizing tax model. Here, in
linear income tax, however, we are restricted to lowering the tax for everyone instead of
only the poorest individuals.
To summarize, the non-welfarist tax rules differ from the welfarist ones, depending on

the definition of non-welfarism in question (the Px and Py terms). However, when we
take poverty minimization as the specific case of non-welfarism, the tax rules are quite
similar to welfarist ones. The basic difference is that equity is not considered in welfare
terms but in terms of poverty-reduction effectiveness. A more notable difference arises
from efficiency considerations. With linear taxation, taking into account labour supply
responses means that everybody’s tax rate is affected, instead of just the target group’s. If
we want to induce the poor to work more to reduce their poverty, we need to lower
everyone’s tax rate. The welfarist linear tax rule does not take this into account. It is not
however possible to state that under poverty-minimization tax rates are optimally lower
than under welfare maximization, since we cannot directly compare the welfare and
deprivation terms. However, there is an additional efficiency consideration involved
under poverty minimization. Non-linear tax rules of course make it possible to target
lower tax rates on the poorer individuals, but in a developing country context with lower
administrative capacity this is not necessarily possible, and such considerations affect
everyone’s tax rate.

9.2.2 NON-LINEAR TAX

Next we turn to non-linear tax in a continuum case and write the government’s income-
based poverty index in the following additively separable form:

S ¼
ð
D½xðnÞ; x*� f ðnÞdn ð6Þ

In a second step, take the following form:
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In (7) we have defined the variable s = �Vy/nUx > 0 to denote the marginal rate of
substitution between x and y. Preferences are taken to satisfy the further restriction that
sn < 0. This is assumption B of Mirrlees (1971) and the agent monotonicity assumption
of Seade (1982). It implies that indifference curves in consumption–gross income space
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become flatter the higher an individual’s wage rate is, which in turn ensures that both
consumption and gross earnings increase with the wage rate.
Do the three central welfarist results continue to apply? Result 3 in Appendix 4.1 clearly

does. Using mðnÞ ¼ 0 in (7) and noting that DðxðnÞ; x*Þ ¼ 0 (so long as the highest
earner is not poor), it follows that tðzð�nÞÞ ¼ 0: the marginal rate at the top of a bounded
distribution should again be zero. This is as one would expect, for in the context of
poverty alleviation, the only reason to care about the highest earner—indeed, about any
of the non-poor—is as a source of revenue, and it is well known that in these circum-
stances one would want a zero marginal rate at the top: if it were strictly positive,
additional revenue could be extracted by slightly lowering it and thereby inducing the
highest earner to earn additional taxed income.
Results 1 and 2, in contrast, are overturned. Taking limits in (7) thereby assuming that

it is optimal for all to work, and using mðnÞ ¼ 0, one finds tðzðnÞÞ¼DxðxðnÞ;x*Þ
l s<0 by the

condition Dx < 0 (and assuming too that poverty is not entirely eliminated). Hence if
some amount of work is always desirable,11 the ABC at the right of (6) vanishes.
However, in the poverty alleviation case, the first term at the right remains, and the
marginal tax rate for the lowest earner is negative. In these circumstances the marginal
rate at the bottom of the gross income distribution should be strictly negative: if it is
optimal to have everybody work, poverty alleviation calls for a marginal subsidy on the
earnings of the very poorest. Indeed, the conclusion to be drawn here is of a rather more
general kind than the welfarist lower endpoint result in Chapter 4. Whereas the latter
applies, only at the lower extreme of the distribution, a set of measure zero, (7) implies—
given continuity—that there exists an interval over which a negative marginal rate is
appropriate.
Over some intervals at the bottom of the wage distribution, the marginal tax rate

derived in the poverty alleviation case is therefore lower than in the conventional
welfarist case. This policy, via inducing the poor to work and earn more, contributes
to poverty reduction. The finding is potentially important in policy terms, motivating the
use of wage subsidies such as the EITC (earned income tax credit).12 Note that the policy
outlined above would not necessarily raise welfare, because of the foregone leisure. Its
desirability arises from the fact that the social planner does not evaluate its policy based
on individual utility, but uses a different, non-welfarist notion.
Bradbury (2004) points out that policy discussion often goes beyond this, giving a

negative weight to leisure. One reason for this is paternalism. Compulsion to work may be
seen as in individuals’ best interests, for instance because of learning-by-doing reasons that
the individuals fail to see. Another reason relates to notions of obligation and reciprocity.
The recipients of the welfare benefits have ‘no rights without responsibilities’. They may
have a responsibility to work to be entitled to social welfare programmes, irrespective of
the desirability of the work to themselves.

11 This is the so-called no-bunching case.
12 Note this is a quite different argument favouring EITC than those based on Saez (2002).
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The formula (7) implies that if it is optimal for the lowest-ability earner to work, the
marginal tax rate at the lower end of the distribution should be strictly negative; that is, a
marginal earnings subsidy should be paid to the very poorest. The reason why this is
optimal from the non-welfarist perspective even though it cannot possibly be optimal
from a welfarist one can be seen in Figure 9.2, taken from KKT(1994).
Suppose that the initial position is one in which the marginal tax rate on the very

poorest individual is indeed strictly negative. This initial equilibrium is shown as point a
in Figure 9.2, an indifference curve of an n-individual being tangential to the segment
AA of the budget constraint implied by the tax system in force. The assumption of
a negative marginal rate implies that the slope of AA exceeds that of CC, which is the
45-degree line through a. Consider now a tax reform that increases the marginal rate at a
while retaining a itself as a feasible point; diagramatically the budget constraint rotates
clockwise about a to arrive at BB. The effects of this rotation of the poorest worker’s
budget constraint through the initial consumption-leisure bundle are that the individ-
ual’s welfare rises (because if the initial consumption-leisure bundle remains feasible, any
change in the individual’s behaviour must signify an increase in welfare); the individual’s
net income falls (because the only incentive effect is a substitution toward leisure
induced by the higher marginal tax rate); and the government’s revenue increases
(because the subsidy is paid at a lower rate on a narrower base). From the welfarist
perspective, the combination of the utility gain to the individual and the revenue gain to
the government makes this reform ambiguously desirable. From the non-welfarist
perspective, however, opposing effects are at work. The revenue gain is desirable, but
the net income loss to the poorest worker is not. Minimization of an income-based
poverty index will require striking a balance between the two effects, which will make a
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Figure 9.2 Negative marginal tax rate
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marginal subsidy on the very poorest optimal. The possibility of an optimally negative
marginal tax rate is confined, however, to the poorest of the poor. For those who find
themselves exactly on the poverty line, the optimal marginal rate can be shown to be
strictly positive. These qualitative implications of the non-welfarist approach thus point
to a pattern of marginal tax rates below the poverty line that is both complex and
potentially very different from that suggested by the welfarist tradition.
But how far do low or even negative marginal tax rates on the very poorest individuals

extend into the range of incomes? And how is the poverty-minimizing rate structure
affected by the precise location of the poverty line x* and by the form of the deprivation
function? The revenue requirement R will be taken to be 10 per cent of gross income,
again a conventional figure (intended as a very rough approximation to the levels of
expenditure on public goods commonly observed). Typically, poverty indices consist in
computing some average measure of deprivation by setting individual needs as defined
above at the agreed-upon poverty line x*. For this purpose, KKT (1994) take a poverty
index of the form developed by Foster, Greer, and Thorbecke (1984). They have

proposed defining a poverty index, Pb ¼
ð
0

n*
xðnÞ�x*

x*

h ib
f ðnÞdn; as the average of these

poverty gaps raised to some power � across individuals. The parameter � reflects the
degree of aversion to the depth of poverty. For example, when � = 0, the poverty index
does not take into account the size of existing poverty gaps—it is simply the
proportion of units below the poverty line. When � = 1, by contrast, it is just the
proportion of units below the poverty line multiplied by the average poverty gap. As
the parameter a increases beyond unity, the index Pb becomes more sensitive to the
poverty gap of the poorest among the poor. This has been widely used in the
analytical literature on targeting (as for instance in Besley 1990 and Kanbur and
Keen 1989). In KKT (1994), � = 2. One immediate implication of this specification
should be noted. With Cobb–Douglas preferences (so that the marginal rate of
substitution between consumption and work is strictly positive at zero hours) and
a lognormal wage distribution (so that the lower bound of n is zero), there are some
who will work only if the marginal tax rate at the bottom of the distribution is
infinitely negative. In both the welfarist context and that of income-poverty mini-
mization, it would be optimal to have some of the population idle. As noted above, in
the welfarist case, the optimal marginal rate at the bottom of the income distribution
is then strictly positive. However, for the case in which the objective is to minimize
income poverty and some households are idle at the optimum, we have been unable
to derive any general result on the sign of the optimal marginal rate at the lower
endpoint. The simulations provide some indication of the extent to which the
argument for non-positive marginal rates at the lower end (when the poorest
work) continues to exert some force when instead the wage distribution is not
bounded away from zero.
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Several features stand out from numerical simulations in KKT (1994). First, the
marginal rate on the lowest gross income—which, as just noted, we are unable to sign
in principle—emerges as very strongly positive: not only is it not negative, it is not even
low. Second, marginal tax rates decline monotonically from the poorest to the richest
individual, implying that the dictates of effective targeting can run exactly counter to the
popular notion that equity concerns require the marginal tax rate to increase with
income. Such declining marginal tax rates run counter to the conclusion sometimes
drawn from the welfarist literature that the administrative advantages of linear taxation
can be bought at relatively little loss in terms of policy effectiveness. As seen in Chapter 5,
this pattern of marginal tax rates seems to be quite specific. The third feature is that
increases in the poverty line reduce optimal marginal rates at and below the poverty line.
The intuition for this seems to be that the case for low marginal rates intended to
encourage those at or near the poverty line to move out of poverty becomes stronger as
the poverty line moves into denser parts of the distribution. Fourth, comparing the
maximin case with the others, increases in the extent of aversion to inequality among the
poor tend to increase the marginal rates that they optimally face. Other simulations
suggest that moderate variation in the revenue requirement affects the general level of
marginal tax rates (which tend to increase with the revenue required), but not the
qualitative pattern of their variation with income. This is perhaps as would be expected
because the greater the concern with alleviating poverty, the more attractive schemes
that approach minimum income guarantees are likely to be: the emphasis is then on
raising the consumption of the very poorest, and financing the transfer this requires calls
for relatively high marginal tax rates in the lower part of the distribution in order to
impose sufficiently high average tax rates further up the distribution. But perhaps the
most important feature of the results is the finding of marginal tax rates on the poor that
are invariably rather high (bearing in mind the fairly minimal revenue requirement). In
most cases marginal rates on the bulk of the poor exceed 60 per cent, and in all cases they
exceed 50 per cent. The case for low marginal tax rates to encourage the poor to help
themselves thus is less discernible in the simulations than expected. Even with the
relatively elastic labour supply responses implicit in Cobb–Douglas preferences (the
elasticity of substitution between consumption and leisure being unity), a stronger
mark is left by the case for high marginal rates associated with the unattainable ideal
of perfect targeting described at the start of this section. Simulations for the case in which
the elasticity of substitution is 0.5 (reported in Kanbur, Keen, and Tuomala 1994a)
confirm this impression. The optimal marginal tax rates that emerge from these simu-
lations are not necessarily higher in the non-welfarist case than in the welfarist one.
Indeed, it is not clear that a coherent comparison between the two approaches can be
made, because the latter, but not the former, depends on the cardinal representation of
preferences.
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9.3 Poverty rate minimization

The obvious objection to the poverty rate or headcount poverty measure is that it does
not indicate the severity of poverty; namely, people may be far below or close to the
poverty line. Atkinson (1998, p. 49) defends the use of this measure: ‘If a minimum
income is a basic right, the head count measures the number of deprived of that right. It
is indeed an either/or condition.’
Suppose the government cares only about the number of people living in poverty, that

is, the poverty rate. In that case, the government puts more value in lifting people above
the poverty line than helping those substantially below the poverty line. We simplify

further by assuming u ¼ x � y1þ
1
e

1þ1
e
.

Now if the government minimizes poverty rate (� = 0 in FGT-index), the optimal tax
formula becomes:

t
1� t

¼ 1þ 1
e

� �
|fflfflfflffl{zfflfflfflffl}

An

1� FðnÞ
nf ðnÞ

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Bn

n>n* ð8Þ

t
1� t

¼ 1þ 1
e

� �
|fflfflfflffl{zfflfflfflffl}

An

�FðnÞ
nf ðnÞ

� �
|fflfflfflfflffl{zfflfflfflfflffl}

Bn

n � n* ð9Þ

Hence the marginal tax rate above n* is the same as in the revenue maxining or maximin
case. The marginal tax rates are negative below the poverty line. The optimal tax
schedule resembles an EITC schedule with negative marginal tax rates at the bottom.

n APPENDIX 9.1 LINEAR AND NON-LINEAR INCOME TAXES

Linear income tax

Equation (8) in appendix 3.1 now becomesP
Dcðzi þ aziaÞP
Dcð1þ azibÞ ¼

P
zi=N � ð1� aÞPzia=N

1� ð1� aÞPzib=N

D̂ ¼
P

Dcð1þ ð1� tÞzi1�t=ziÞziP
Dcð1þ ð1� tÞzibÞ ¼

P
Dcð1þ eÞziP

Dcð1þ ð1� tÞzibÞ
Using the same steps as in the appendix to Chapter 3, the optimal tax rate becomes (5) in
the text.
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Non-linear tax

Suppose that the aim of policy can be expressed as maximizing the following social
welfare criterion:

S ¼
ð1
0

PðxðnÞ; yðnÞÞf ðnÞdn: ð1Þ

Introducing Lagrange multipliers º, �(n) for the revenue and incentive-compatibility
constraints (as in the Mirrlees model) and integrating by parts, the Lagrangean becomes

L ¼
ð1
0
ðPðx; yÞ þ lðny � xÞÞf ðnÞ � m0u� munÞdnþ mð1Þuð1Þ � mð0Þuð0Þ ð2Þ

Differentiating with respect to u and y gives the first-order conditions

Lu ¼
h
ðPx � lÞ 1

Ux

i
f ðnÞ � m0ðnÞ ¼ 0 ð3Þ

Ly ¼
h
Pxhy þ Py þ lðnþ Vy

Ux
Þ
i
f ðnÞ þ mðnÞðVy þ yVyyÞ=n ¼ 0 ð4Þ

(3) satisfies the transversality conditions

@L
@uð0Þ ¼ mðnÞ ¼ 0;

@L
@uð�nÞ ¼ mð1Þ ¼ 0 ð5Þ

and

mðnÞ>0 for n 2 ð0;1Þ; ð6Þ
Integrating (7)

ðn
0

h
ðPx � lÞ 1

Ux

i
f ðpÞdp ¼

ðn
0

dm
dn

dn ¼ mðnÞ � mð0Þ ð7aÞ

or

ð1
n

h
ðPx � lÞ 1

Ux

i
f ðpÞdp ¼

ð1
n

dm
dn

dn ¼ mð1Þ � mðnÞ ð7bÞ
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10 Heterogeneous work
preferences and optimal
redistribution

Although the models of the one-dimensional population have been useful for computa-
tions and examinations of the optimal income tax/transfer problem, they are not in all
respects accurate pictures of reality. To analyse redistribution policies more fully, it
would be useful to consider situations in which individuals are characterized by more
than just one parameter. In the simple model with identical preferences, all workers
earning the same level of income also have the same wage rates (marginal productivities).
When preferences vary in unspecified ways across individuals, this will no longer be the
case. Some people will be earning a given income because they are more productive,
others because they are more hard-working. The assumption that differences in earnings
are completely to be explained by differences in preferences (working or leisure prefer-
ences) is obviously an unrealistic one, just as the alternative explanation in terms of
ability differences is also a simplification of reality. A more realistic model should take
account of both. There are still other ways to relax the homogeneity assumption. One
way is to differentiate the population through easily observable indicators that are
correlated with the unobservable characteristic of interest. An individual’s labour market
status or demographic attributes, for instance, may convey information on underlying
ability. When these characteristics are observable and convey some information on
ability, we face the issue of tagging (considered in Chapter 8). When they are not
observable, we face the analytical difficulty of dealing with a multidimensional principal
agent problem. The government can only condition taxation on endogenous earnings
and not on the exogenous characteristics whose heterogeneity in the population are at
the origin of the redistribution problem.
To see this difficulty, let us return to the two-type case with homogenous preferences.

There the more able or skilled individuals need less extra consumption to accept earning
an additional euro, and if the social objective is redistributive, we know that the
constraint is that the more skilled may want to mimic the less skilled. In order to prevent
that, the less skilled must be induced to work less than would be efficient at their wage
rate. This makes mimicking behaviour less attractive to the better-skilled. Therefore we
have to put up the distortive taxation. In the case of heterogeneous preferences, the
analysis of incentive compatible allocations becomes complex. It means that incentive
constraints may then operate in all directions of skills. The pattern of the set of binding



incentive compatible constraint is then hard to know a priori. Only with some simpli-
fications can theoretical solutions can be found in this context. One way to avoid this
difficulty is to assume that there is a perfect correlation between skills and preferences.1,2

We return to these issues in the context of capital income taxation in Chapter 14.
How might these factors included in the optimal income tax model affect our views as

to the optimal level of income taxation and transfer payments? Should this, as many
seem to believe, be an argument for a more regressive tax/transfer system? In fact,
considerations of that kind can be seen to lie behind income tax reforms implemented
in several countries during the past decades. It is clear that the theory of optimal non-
linear income taxation becomes more complicated since we allow for individuals to
differ in more than one dimension. Papers in this area are few. Mirrlees (1976a, 1986)
sets out the framework of a multidimensional optimal tax problem and derives first-
order conditions for the optimal tax schedule. It is well known that formal results about
the optimal (one-dimensional) income tax are limited. Hence it is not surprising that
Mirrlees (1976a, 1986) has no general results concerning the shape of the optimal tax
schedule in the multidimensional case. In the context of non-linear pricing, Armstrong
(1996) and Wilson (1993) have analysed the problem of multidimensional types.
Armstrong (1996) shows a class of cases that allow explicit solutions. Wilson (1993)
also computes numerical solutions. These contributions are to some extent important in
the context of optimal income taxation. As is typically the case with non-linear pricing
literature, Armstrong (1996)3 excludes income effects. The motivation for ignoring
income effects when constructing non-linear tariffs for services and goods offered to
household customers is that their income elasticities are small and/or their residual
incomes are large in relation to their expenditures on non-linearly priced goods and
services. This assumption cannot be easily justified in the context of an optimal income
taxation model. In particular, in conjunction with the welfarist objective, it eliminates the
equity considerations that motivate the income tax problem in the first place. Therefore
we face a more complex problem in the context of the optimal income tax/transfers
problem.
Tarkiainen and Tuomala (1999) (TT hereafter) build on a model in which individuals

are assumed to differ in abilities, n, and work preferences, o. They also do not rule out
income effects. When individuals have different tastes for work, their welfare is no longer

1 In Ebert (1988) the problem is considered with some strict restrictions on the utility function which
allow transforming the two-dimensional problem into the one-dimensional one. There are also methods to
avoid the technical problems with multidimensional income-earning ability—see Lockwood and Weinzierl
(2012) and Rothschild and Scheuer (2013).

2 Sandmo (1993) (section 6) discusses the difficulty of signing a marginal tax rate in a linear income tax
model when individuals differ both in tastes and productivities. A number of other papers have considered
optimal taxes with heterogeneous preferences in a two-skills setting. See, for example, Blomquist and
Christiansen 2004; Boadway et al 2002; Cremer et al 2001; Cuff 2000; Kaplow 2008; Diamond and
Spinnevijn 2009; and Tenhunen and Tuomala 2010.

3 Laffont, Maskin, and Rochet (1987); McAfee and MacMillan (1988); Rochet (1985); Rochet and Choné
(1998); Wilson (1993).
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necessarily an increasing function of the productivity level. If everyone has the same
wage (skill), TT (1999) show numerically that in the utilitarian case the marginal tax
rates turn out to be non-decreasing over the majority of the population. Thus there is
redistributive taxation in this case. Some people would, however, say that if individuals
have the same opportunities then, while their choices may differ, there is no ethical basis
for redistributive taxation.
As we discussed in Chapter 2, when individuals have heterogeneous preferences,

comparing welfare across population becomes conceptually problematic. It may be the
case that an individual with a high disutility for work will work less than those with a
lower disutility for work at the same wage. In this case individuals with a high disutility
for work will be lower income earners. Are they also individuals with lower welfare?
Should the government redistribute towards these individuals? Unfortunately, it seems
to us that we do not have good answers for this. One possible case to think about here is
to view a high disutility for work as some form of disability that limits possibilities of
participation in the labour market.
Heterogeneity of preferences can be given different interpretations. Although econo-

mists typically think of preferences in terms of psychological characteristics of the
individual in question, those characteristics may also have non-psychological dimensions.
Sandmo (1993) noted that there is a parallel here to Sen’s discussion of capabilities (see
Sen 1982). Namely there is an important general problem of interpersonal variations in
converting incomes into the actual ability of an individual to do this or be that. This could
be rephrased to refer to work preferences in this kind of model. It is not obvious that one
would want to redistribute income from those who prefer to work a lot to those who prefer
to work little. Many of those politically on the right seem to believe in that way.
As is often the case with the one-dimensional optimal income tax model, we have to

rely on numerical simulations. In a two-dimensional model this is even more the case.
Moreover, now, the computation is much more demanding. TT (1999) used a uniform
distribution of parameters (taste for work and productivity). TT (2007) in turn used a
more realistic bivariate lognormal distribution, but in order to implement this more
complicated distribution numerically, new computational techniques had to be devel-
oped and employed. Rather than solve the first-order conditions associated with the
problem as in TT (1998), they directly compute the best tax function which can be
written in terms of a second order B-spline function.
The government chooses T(.) by solving the following optimization problem:

maxT

�
GðT; zðTÞÞ ¼

ð ð
t;o

uðz=n; z � TðzÞÞf ðn;oÞdndo
�

ð1Þ

s:t:
ð ð
t; s

½TðzÞ� f ðn;oÞdndo ¼ R ð2Þ

where z(T) is a solution of the following individual’s optimization problem
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zðTÞ ¼ arg maxzuðz=n; z � TðzÞÞ for all ðn;oÞ 2 Ω: ð3Þ
There are several features of numerical results that can be seen in Figures 10.1 and 10.2.
First, in the two-dimensional cases, the marginal tax rates are not monotone functions of
gross income. Second, in terms of levels of marginal tax rate, there is a substantial
difference between the one and two-dimensional cases. Optimal marginal tax rates are
higher for almost all income levels in the two-dimensional case compared to those
obtained from the one-dimensional model. In fact, there are two possibilities in the
case of the one-dimensional population. Namely, if people have identical preferences but
differ in abilities, we are back in the Mirrlees model. The opposite case to the Mirrlees
model is the one in which diversity of preferences is the sole source of inequality.
Numerical simulation was carried out for the log–log utility function:

u ¼ ln x þ o ln ð1� z=nÞ ð4Þ
These results shown in Figures 10.1 and 10.2 may be obvious to some, and surprising

to others. At least, they are surprising to those who believe that by taking into account
work preferences in the population we have an argument for a less redistributive tax/
benefit system. Given our specifications, numerical results suggest that this is not
necessarily so. Note also that a higher correlation between n and o lowers marginal
tax rates uniformly—or, put another way, marginal tax rates are higher when there is
positive (negative) correlation between work (leisure) preferences and productivity.
From Figures 10.1 and 10.2 we can also see that the marginal tax rates are increasing
around average z (0.28 negative correlation, 0.26 positive correlation). What might be an
intuitive explanation of these results? We know from the numerical results in Chapter 5
that a greater inherent inequality leads to higher marginal tax rates at each income level
in the one-dimensional income tax model. We might reasonably expect a greater
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dispersion of income in the two-dimensional world—at least, it seems to us that this is so
when there is a positive correlation between work preferences and productivity. The
maximization of the concave social welfare together with a greater dispersion of income
will imply higher marginal tax rates. The levels of z and x are considerably higher with
heterogeneous work preferences than with identical preferences. In other words, the
economy with heterogeneous work preferences seems to be richer than that of identical
work preferences. How can we explain this? It may be useful to consider how things are
in a no-tax economy in which diversity of work preferences is the sole source of
inequality. Thus people face equal opportunities in the labour market. To simplify
further, this economy consists of two types of individuals who differ in their work
preferences, o1 and o2, where o2 > o1. Given the utility function (4) in a no-tax
economy, the demand for leisure is (1�y) = o/(1 + o). If we now increase dispersion
of o in this economy, average leisure decreases—or, put another way, the average labour
supply increases and consequently the average gross income increases so that the
economy becomes richer. One has to be careful in making comparisons between the
one and two-dimensional problems. It is simply that we have different populations in
different cases. Therefore we should not take literally our comparisons in Figure 10.1.
They just show the solutions in the two-dimensional and the case when o = 1.
The guaranteed income, x at z=0, is higher in the two-dimensional case compared

to that obtained from the one-dimensional model. Moreover, one interesting aspect
of the numerical results is that there was quite little bunching. In the circumstances
under which bunching occurs, each individual faces the same pre-tax income and
consumption. This means that @z(n;o)/@n = @z(n;o)/@o=0 in a subdomain of Ω. In
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two-dimensional problems one might expect more bunching, simply because some
taxpayers with different work preferences will end up supplying the same amount of
labour. In the case of Figure 10.1 (æ = �0.3) the amount of bunching was about 3 per
cent. In the one-dimensional case the amount of bunching turns out to be, practically
speaking, zero.
The numerical results obtained direct us to influences that a richer picture of popu-

lation would have on the optimal income tax schedule. On the basis of our numerical
results, we conclude that the tax system is more redistributive compared to that obtained
from the one-dimensional case. This may be surprising to those who believe that taking
into account different work preferences is an argument for having less redistribution and
hence lower levels of income taxation and social security payments. It is not easy in the
two-dimensional problem to see through the mechanisms at work to determine the
extent of redistribution. For example, what is the role of preferences as in (6)? Numerical
results in TT (2007) seem to suggest that the correlation between n and s has a central
role in determining the extent of redistribution.
TT (2007) has relied on a particular cardinalization of working preferences. One may

feel uneasy about the analysis’ dependence on cardinalization, but this unease concerns
only the utilitarian approach as such. Indeed, within the utilitarian approach, some
reliance on a specific cardinalization is unavoidable; however, it would be desirable to
have a clear view of the ordinal properties of individual utility specifications and which
properties depend on the cardinalization. As suggested by Sandmo (1993), these results
may be interpreted in two different ways. One may fully accept the utilitarian approach
even in the case of different working preferences, and read our results as such. On the
other hand, one may interpret the results as an exploration of the serious limitations of
the utilitarian approach.
If one supposes that persons are responsible for their own preferences, while they are

not responsible for their productivity, the principles of compensation and responsibility
suggest that they should be compensated for differences in their productivity, but should
be neither penalized nor rewarded for differences in their preferences (Fleurbaey and
Maniquet 2005). Fleurbaey and Maniquet (1998) provide an earlier analysis of optimal
taxation which builds on an ordinal approach to social preferences. Boadway et al (2002)
provide a general analysis of this situation and demonstrate how the tax structure
depends on weights given on different types of households in the social welfare function.
A plausible case is, for example, where the weight given to the utility of a hard-working
low-skilled worker is higher than that of a lazy high-skilled agent. In a framework with
two-dimensional heterogeneity, Schokkaert et al (2004) find the social planner may have
a different idea than the individuals themselves about the ‘correct’ or ‘reasonable’
preferences for leisure. The social planner may, for instance, want to restrict the hours
worked to protect the workers from exhaustion or to impose limits to work (and
consumption) for ecological reasons. The latter motivation can also be related to
quality-of-life vs. material welfare considerations. Applying these principles in practice
is not easy, although some attempts have been made (Roemer 1998 and Roemer el al
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2003).4 In a world with full information and lump-sum taxes, it is impossible to satisfy
both principles simultaneously. In their recent study, Jacquet and Van de Gaer (2011)
make the interesting finding that the equality-of-opportunity approach tends to favour
the negative income tax against the EITC. This is an important result because it shows
that the choice between the EITC and the NIT is not only related to the nature of labour
supply margins (extensive or intensive), but very much dependent on social objectives.
For those who prefer to think of the justification for redistribution as being based on

inequality of opportunity, differences in preferences may provide a suitable basis for
distinguishing economic rewards but differences in abilities in turn do not. This point of
view raises questions on the nature of the parameters. Namely, it may be argued that
both attributes (working preferences and productivity) are circumstances of birth; or, as
Sandmo (1993) pointed out, there is a very fine dividing line between differences in
preferences that are due on the one hand to physiological characteristics and on the other
hand to psychological attitudes to work. Therefore, it is far from clear how unsuitable the
welfarist (such as utilitarian) criterion is in this context. Or: how appealing are equality-
of-opportunity principles inherently?

n APPENDIX 10.1 A TWO-DIMENSIONAL OPTIMAL INCOME TAX PROBLEM

The economy consists of many different types of individuals who are distinguished both
by earnings abilities, denoted by n, and work (or leisure) preferences, denoted byo. Thus
each individual is characterized by a vector [n, o]’ of type parameters that varies among
individuals. Both characteristics, n and o, are assumed to be private information that is
not available to the government. The distribution of these type parameters in the
population is given by a density function f such that f(n, o)�0 on a rectangular domain
Ω = [n0,n1]�[o0,o1]. There are two commodities in this economy, namely a consump-
tion good x and labour supply y. The economy is competitive so that pre-tax pay in each
job is the worker’s marginal product in that job. Hence his gross income z is given by
z = ny. The government knows that when it provides a non-linear income tax schedule
T: R+!R, where T(z) is the tax paid on gross income z, each individual maximizes his or
her utility function of the following additive form:

u ¼ UðxÞ þ oVðyÞ ð1Þ
subject to

x þ TðzÞ ¼ z; z ¼ ny ð2Þ

4 The paper also departs from the traditional welfarist literature by considering ‘responsibility-sensitive’
egalitarianism, due to Roemer (1998), where individuals should only be compensated for differences in their
innate skill levels, while they should be responsible for their preferences for leisure. Introducing these
concerns leads typically to smaller tax rates than in the welfarist case.

HETEROGENEOUS WORK PREFERENCES AND OPTIMAL REDISTRIBUTION 255



in choosing his or her labour supply. We assume that u 2 C2, Ux > 0 and Vy < 0 for all
x, y� 0, y < 1. The higher the value of o, the stronger is the preference for leisure or the
weaker is the preference for work (or the greater is the disutility of work). The additivity
assumption in (1) has very strong implications. Namely, the marginal utility of con-
sumption is independent of work preferences.
The labour supply behaviour can be modelled by first-order partial differential

equations. These are so called incentive-compatibility conditions. Next we formally
introduced these conditions. For that we define the maximum value function v:Ω!R by

vðn;oÞ ¼ max x;yfUðxÞ þ oVðyÞ; x þ TðzÞ ¼ z; z ¼ nyg ð3Þ
For each (n,s) we denote the optimum of (1)-(2) by (x(n, o), y(n, o)), and then we have

vðn;oÞ ¼ Uðxðn;oÞÞ þ oVðyðn;oÞÞ ð4Þ
We assume that x and y are differentiable with respect to n and s. When the government
chooses a tax schedule T, the individuals react to this schedule and modify their labour
supply behaviour. These reactions are presented by the following conditions (5) and (6).
Then, by differentiating (4) with respect to n and s and making use of necessary first-
order conditions of the individual’s problem, (1)-(2) we obtain ‘envelope’ (or incentive
compatibility) conditions

vn ¼ �oVy=n ð5Þ

vo ¼ V ð6Þ
for all (n,s) 2 Ω.
Conditions (5) and (6) are only necessary for the individuals’ choices to be optimal.

Sufficient conditions for a global maximum are considered in Mirrlees (1976a). We only
assume that conditions (5) and (6) are also sufficient for a global maximum so that we
can substitute the individuals’ utility maximization conditions by the weaker conditions
(5) and (6).
We may eliminate x by inverting (4) so that x(n, o) = �(v(n, o),y(n, o),n, o) for all

(n, o) 2 Ω . Given the tax schedule T, the government can calculate the gross income
z(n,s) and the consumption (net income) x(n, o) for an individual with characteristics
(n, o). Now, by choosing y as a control and v as a state function, the problem of the
utilitarian government in choosing the optimal income tax schedule can be described
as follows:

maxx;vW ¼
ð ð
Ω

vðn;oÞf ðn;oÞdndo ð7Þ

subject to the envelope conditions
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vn ¼ �oVy=n for all ðn;øÞ 2 Ω ð8Þ

vo ¼ V for all ðn; sÞ 2 Ω ð9Þ
and the revenue constraintð ð

Ω

½nyðn;oÞ � xðn;oÞ�f ðn;oÞdndo ¼ R ð10Þ

We can construct a Lagrangean5 by defining multipliers l for (10) and g(n, ø) for (8)
and a(n, ø) for (9)

Lðv; y; l; gÞ ¼
ð ð
Ω

f½vðn;oÞf ðn;oÞ þ lðnyðn;oÞ � xðn;oÞÞ� f ðn;oÞ

þgðn;oÞðvn þ oVy=nÞ þ aðn;oÞðvo � VÞgdndo ð11Þ
Using Green’s formula, taking into account that ª(n0, o)= ª(n1, o)=0, o 2 [o0, o1], and
Æ(n, o0)= Æ(n, o1)=0, n2[n0,n1] (transversality conditions), where n0, o0, n1, o1 are
lower and upper bounds for n and o, and setting the derivatives of L with respect to y
and v equal to zero, we obtain:

T
0 ðzÞ ¼ ð1 þ sVy

nUx
Þ ¼ � gðn;oÞo½Vyyy=n þ ðVy=nÞ�

lnf ðn;oÞ þ aðn;oÞVy

lnf ðn;oÞ ð12Þ

ð1� l
Ux

Þf ðn;oÞ ¼ gn þ ao ð13Þ

where we have used the facts that xvgx=1, xy= xvøVy = �o Vy/Ux. Equation (12) is the
marginal tax-rate formula. To say something about the properties of the tax schedule, we
should be able to deduce from (12) and (13) the sign of multipliers. It is still a necessary
condition for an optimum that the marginal tax rate faced by the highest income earner
should be zero. This can be deduced from (12) and the transversality conditions. Thus,
the optimal income tax schedule must have a zero marginal tax rate at the top, even when
the preference structures underlying the work-behaviour of different consumers differ in
any number of ways. The top-income person will now not necessarily be the one with the
highest wage rate. This result is interesting in the sense that this property is not purely
the result of an assumption that taxpayers differ only by a scalar parameter (the
additivity assumption in (1) is not crucial for the result here). Unfortunately these
endpoint results offer us little concrete guidance for tax policy purposes.

5 FollowingWilson (1993), this formulation can be called a relaxed version of the problem in which some
of the possibly relevant constraints are omitted. Namely, we know in a one-dimensional model that
relatively weak conditions suffice to ensure that the solution of the relaxed problem is the solution of the
complete problem.
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In sum, we can conclude that, analytically, we have no results concerning the shape of
the optimal tax schedule. Therefore computer simulation is the only way to gain further
insights. In fact, the most interesting results obtainable in the optimal income tax theory
are numerical calculations for specific examples. It can be said that the very basic nature
of income tax problems requires quantitative results. It is also good to remember that in
modern physics and applied mechanics, the many partial equations encountered are
almost invariably solved numerically.
If we solve y and v from (12) and (13) as a function of º, Æ, ª, Æs, ªt, n ando, substitution

in the state equations yields a system of partial differential equations for Æ and ª. This
system seems to be rather complicated even to be solved numerically.6 Therefore we will
adopt a direct method to solve this problem numerically. Wilson (1993, 1995) describes
various computational methods and solves some examples of non-linear pricing without
income effects. The complexity of the multidimensional non-linear income tax problem
addressed here suggests that an entirely different formulation and computational method
might be useful in practice (see Tarkiainen and Tuomala 2007).

6 In principle, the problem could be solved indirectly using necessary conditions, which must hold for a
solution of the problem. However, in practice this turned out to be very difficult even in very simple cases.
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11 Income uncertainty and
optimal redistribution

So far we have assumed that the inequality of earnings arises from differences in
abilities (and tastes) which are unalterable and are perfectly known to people when
they decide what training to undergo, what jobs to do, and how many hours, weeks,
and years to work. All the evidence tells us that this is not always the case. Much of
inequality of earnings seems to reflect random factors that were unpredictable when
many of the relevant decisions were taken. It is highly uncertain what kind of job
opportunities a first-class degree will open up, how the demand for engineers will vary
in the long run, etc.
An important limitation of the standard model is that there is no income uncertainty.

Once skill type is revealed, individual controls income perfectly. In practice, there is
considerable uncertainty in incomes. There are many relationships in economics where
the agents are no better informed than the principal. This is known in insurance as moral
hazard. If the agent’s behaviour is unobservable, it is usually not possible to deduce the
individual’s action from performance when the connection between action and per-
formance is uncertain. In many relationships this better describes the situation than the
adverse selection (hidden information) model does. Therefore it is also interesting to
examine the optimal income tax problem in the model as though it were a moral hazard
(hidden action) model. In the pure moral hazard model, everyone is identical at the point
when labour supply decisions are taken. In an optimal tax system with moral hazard,
income is partly due to individual effort and partly due to luck, but the planner can only
observe realized income, not effort. Mirrlees (1974) was the first to examine the design of
optimal redistributive income tax under income uncertainty. This moral hazard model,
later used by, among others, Varian (1980a, b); Tuomala (1984); Low and Maldoom
(2004); Pirttilä and Tuomala (2007); and Boadway and Sato (2011)1, is an alternative to
the more well-known adverse selection model of Mirrlees (1971), where income disper-
sion arises from differences in innate skill levels. The optimal redistribution scheme is a
balance between providing the workers with adequate incentives to acquire skills and
sufficient insurance. Low and Maldoom (2004) show how the degree of progressivity
reflects a trade-off between an insurance effect, which favours progressivity in the sense

1 Mirrlees (1990) and Hsu and Yang (2013) analyse linear income tax with uncertainty. Both papers show
that adding uncertainty always increases the marginal tax rate of the linear income tax.



of increasing marginal tax rates, and an incentive effect, which works against such
progressivity.
The important question is how opinion as to the relative contributions of skill and

luck to observed inequality should affect the optimum income tax system. We could
describe individuals by their mean productivity M and postulate that effort y(M)
maximizes Eu(c(MSy),y) where S is a random variable representing the element of
luck in labour supply, c is the consumption allowed by the tax system to someone who
earns MSy, and u is utility function. The distribution of S is independent of M, the sum of
utilities is a social objective, and total production is the sum of individual earnings
(before tax). We seek the function c that maximizes

Ð
EuðcðMSyÞ; yÞf ðMÞdM

st.
Ð
E½cðMSyÞ �MSy�f ðMÞdM ¼ R where y=y(M) is the function of M defined by the

maximization of Eu(c(MSy),y).
We should want to compare cases in which the differentiation of MS is the same but

the relative variances of the components M and S are different. The case with S as a
constant is studied in Mirrlees (1971). The case with M as a constant is studied in
Mirrlees (1974) and Tuomala (1984).
There has been relatively little attention devoted to studying optimal income taxation

when both ability differences and earnings uncertainty are present. Eaton and Rosen
(1980b) considered the choice of a linear progressive income tax in a model with two
ability-types and uncertain earnings. Given the difficulty of obtaining analytical results in
even this simple setting, they solved some numerical examples. Depending on the
parameters chosen, such as the degree of risk aversion, adding uncertainty to the
standard optimal redistribution problem with two ability-types could either increase or
decrease the optimal linear tax rate. Tuomala (1979, 1990) considers non-linear taxation
when individuals do not fully know their productivity skills in making labour supply
decisions. Again, given the complexity of the problem, numerical solutions are needed.
It seems to us that the right kind of model in which to examine the question of

implications of luck and ability is one in which some labour decisions are made early,
under imperfect information, while others are made at the last moment, under full
information. Along these lines, Tuomala (1986) considers a model in which individuals
first decide how much educational training to have without accurately knowing their
own abilities. Educational training reveals their abilities to themselves, and on the basis
of known abilities they make their labour supply decisions.
There is another, more recent, body of literature on the effect of uncertainty on

optimal redistribution policy. In the so-called new dynamic public finance literature,
the emphasis is on uncertainty in an intertemporal setting (Golosov et al 2007;
Kocherlakota 2010). Ability is heterogeneous, but evolves in a stochastic manner
period-by-period. In each period, individuals choose their labour supply and their saving
knowing their current skills, but having only expectations of their future skills. Much of
the emphasis in this literature is on the implications for the taxation of capital income,
with the typical finding that capital income should face positive taxation. We shall return
to this topic in the context of capital income taxation in Chapter 14. A lower level of
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saving makes it more difficult for taxpayers who turn out to be high-skilled to mimic
those with lower skills. In a related context, Cremer and Gahvari (1995) show that with
wage uncertainty, a case can be made for giving preferential commodity tax treatment to
consumer durables. They assume that individuals or households allocate their disposable
income to many goods. Some goods can be purchased after wages are known, while
others—durables—must be chosen before wage uncertainty is resolved. Subsidizing the
purchase of consumer durables makes it more difficult for the high-skilled to mimic the
low-skilled.
Income tax is only one element, albeit an important one, in the design of optimal

government redistributive policy. Indeed, recent optimal tax literature has devoted a lot
of attention to the use of other instruments, such as commodity taxation, minimum
wages, and public provision of public or private goods. Introducing distortions to the
choice in these tools can be useful if the additional distortions help alleviate existing
distortions arising from asymmetric information. We come back to these questions in
Chapters 12 and 13 both with and without income uncertainty. Income uncertainty, and
the need to deal with it by offering social insurance, is also an important part of the
concerns of real-world tax policy.
As does much of the moral hazard literature, this chapter utilizes the so-called first-

order approach for solving the optimization problem. In this approach, the incentive
compatibility constraint is captured by a local maximization constraint of the individ-
uals in a way shown below. Mirrlees (1975, 1999) was the first to point out that this
procedure may not necessarily be valid and, consequently, may fail to provide a global
optimum.

11.1 The moral hazard optimal income tax model

Consider an economy, as in Mirrlees (1974), where the worker–consumer does not know
what income, z, he or she will receive for each possible level of effort, y. In other words,
income is determined both by effort and by some random element. We denote the
distribution for z, given that effort y is undertaken by the worker, as F(z,y), and its
density as f(z,y). It is assumed that f(z,y) and F(z,y) are continuous and continuously
differentiable for all z 2 [z0,z1] and y. Moreover, we assume that the support of this
distribution is independent of y. The worker–consumer chooses effort y to maximize
expected utility: ð

uðxÞf ðz; yÞdz � y; ð1Þ

where x = z – T(z) is the after-tax income/consumption. As in much of the literature, we
concentrate on an additively separable specification of the utility function. The consumer
is risk-averse, hence u' > 0, u'' < 0. The first-order condition for the maximization of (1) is
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ð
uðxÞfydz � 1 ¼ 0: ð2Þ

The government is utilitarian and maximizes (1) subject to the individual optimization
constraint (2) and the budget constraint which, for a large identical population with
independent and identically distributed states of nature, can be written in the form:ð

½z � x�f ðz; yÞdz ¼ 0: ð3Þ

Taking multipliers Æ and º for the constraints (2) and (3) respectively, from the first-
order condition we obtain the marginal tax rate (MTR = T '(z))

MTR ¼ 1� x0 ¼ 1� au0z0

ld
ð4Þ

where z = fy/f is the likelihood ratio or the elasticity of output probability with respect to
effort and d =�(u'')/(u') is the coefficient of absolute risk aversion. This approach, where
incentive compatibility is modelled using equation (2), is the so-called first-order
approach (FOA).2 In the non-linear income tax model, the most interesting question
is without doubt how marginal tax rates behave as a function of income. When the
incentive compatibility constraint is slack, a = 0, the optimal marginal tax rate is 100 per
cent. This is the case of full insurance, which risk-averse individuals value. However,
when incentives to undertake effort matter, the optimal marginal tax rate is a comprom-
ise between risk aversion and providing incentives. If the consumers become more risk-
averse (d increases), the marginal tax rate increases, ceteris paribus. On the other hand, if
effort is more tightly connected with income (z' goes up), workers’ effort can be more
reliably tracked, and the optimal marginal tax rate is reduced. Key steps for demon-
strating this include showing that the after-tax income is increasing in income (x'(z) > 0)
and that the government’s maximization problem is concave.3 As shown in Tuomala
(1984), the sign of x''(z) is not unambiguous. Hence we cannot comment on the
progressivity in the sense of an increasing marginal tax rate with income. Note,
however, that in this setting it is not possible to prove the zero marginal tax rate at the
top. In fact, it is more likely that the marginal tax rate of top incomes is rather high.
While the probability of being the most productive in the society is so small, the
incentive losses from the severe taxing of the ex post most productive taxpayer is in
turn very small. By and large, the tax schedule in this simple model is so complicated that
it is difficult to say much about the shape of the optimal tax schedule without numerical

2 Mirrlees (1975, 1999) was the first to point out that FOA is not necessarily a valid procedure in a
potentially large number of cases, because it might lead to a local instead of a global optimum. Mirrlees
(1976b), Rogerson (1985), Jewitt (1988), and Alvi (1997) have explored conditions for the validity of the FOA.

3 In numerical simulations, one can also find solutions that are valid but do not satisfy CDFC (See e.g.
Low and Maldoom 2004).
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solutions for some specific examples. Before turning to numerical examples it is of some
interest to note that in the case where the utility function takes the Cobb–Douglas form
and the income distribution is gamma distribution, the tax schedule becomes linear (see
Tuomala 1984). Thus marginal tax rate is constant, but of course, when the intercept of
the consumption schedule is positive, the average tax rates are increasing in income, z.
Another interesting question is the existence of optimal policy in this setting—namely,
Mirrlees (1974) noted that under quite reasonable assumptions (income is distributed
lognormally and utility is unbounded), there is strictly speaking no optimal policy. In the
lognormal case, fy/f tends to �1 when z tends to 0. But now according to equation (4)
this is inconsistent with any positive value of Æ. Such a case is possible only when Æ=0
holds. This situation does not give an optimal policy. In this case, from the government’s
point of view, it is more advantageous to induce taxpayers to approach the efficient level
of effort by threatening them with a sufficiently large penalty if they fail to meet some
minimum income level. In other words, any feasible consumption schedule that is
positive for all z yields expected utility which is strictly less than the first-best solution.
Hence the government can achieve this outcome as though the incentive constraint
could be ignored. It should be emphasized, however, that this result is true only under
certain conditions. In particular, unbounded utility is essential. Another questionable
assumption in this model is that people can calculate events of a small probability. Does
this result have any practical relevance? It is clear an outcome of this kind is unaccept-
able. Does this then imply that we need an additional constraint or a different social
welfare function? This is also closely related to the question of whether one should
formulate the welfare function using the ex post or ex ante utilities of individuals. One of
the main arguments against ex ante utilities is the potential difference between subjective
and objective probabilities. In fact, we have assumed that the two are equal. Thus
discussions about this issue do not arise in this model here. For such discussions, see
e.g. Mirrlees (1974); Broome (1978); Atkinson and Stiglitz (1980).

11.2 Numerical simulations

In the tradition of the non-linear taxation literature, Pirttilä and Tuomala (2007) provide
further insight of the form of c(z) through numerical simulations. They consider the
case where the worker has the following non-separable utility function
uðc;yÞ¼ c1�g

1�gðaþby�bÞ� y, where a > 0, b > 0, b > 0.4 Suppose further that g > 1 (i.e. the
consumer’s risk aversion corresponds to empirically valid measures). The utility function
reduces to a standard separable case, used among others by Low andMaldoom (2004), when
a + by�b = 1. The consumption function c(z) takes the form c(z) = ((1+ah)(a+by�b)�ab
by�b�1)/l)1/g. Then c(z) is concave in its positive section,meaning that themarginal tax rate

4 The cross-derivative ucy ¼ �bby�b�1c�g<0, as required by the assumptions of the FOA.
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has a convex shape. The calculations were carried out, for simplicity, with the exponential
distribution,5 f(z,y) = (1/y)e�(z/y).
Table 11.1 displays the average (ATR) and marginal (MTR) tax rates across the

income distribution. Table 11.1 shows that marginal and average tax rates are higher
for all income levels in a non-separable case than in a separable case. Furthermore,
individuals put in more effort in a non-separable case than in a separable case.
Table 11.2 compares effort, y, and inequality measure, P(90/50) (percentile ratio),

under autarky (= no social insurance) and social insurance (socins) for the distribution
of consumption, c, and gross income, z. Note the gross income (pre-tax) distribution is
here endogenous. The consumption (post-tax) P(90/50) under social insurance (2.20,
2.04) is lower than the ratio under autarky (3.32, 3.33). To sum up, both informal
examination of the tax rule and the simulation results suggest that the marginal tax rates,
solved with a non-separable utility function, tend to rise in comparison to those based on
standard, separable, utility.

11.3 Prospect theory and moral hazard

Above, as in most principal-agent analysis, expected utility theory is used as a description
of agents’ behaviour under uncertainty. In his Nobel Lecture, Mirrlees (1997, p. 1324)
calls for closer scrutiny of this approach:

Table 11.1 Tax rates

g =1.2 Separable utility Revenue requirement=0 Non-separable utility a=0.5, b=0.1, �=0.5

F(z,y) ATR% MTR% ATR% MTR%

0.10 �25 30 �31 40

0.50 �8 39 �10 47

0.90 29 48 33 54

0.99 40 53 45 58

y=0.30 y=0.37

Source: Pirttilä and Tuomala, 2007.

Table 11.2 Effort and inequality

Effort y P(90/50)

Autarky Socins Autarky Socins(c) Socins (z)

Separable 0.50 0.30 3.32 2.20 3.35

Non-separable 0.48 0.37 3.33 2.04 3.34

Source: Pirttilä and Tuomala, 2007.

5 This satisfies the MLRC property since @ð fy=f Þ=@z ¼ 1
y2 >0.
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Problems of this kind are usually analysed with the assumption that people try to maximise their
expected utility. There are good reasons for thinking that may be a mistake. At least the
consequences of alternative theories of decisions under uncertainty for these situations should
be explored.

One such alternative theory of decision-making under uncertainty is prospect theory,
developed by Kahneman and Tversky (1979) and modified by Tversky and Kahneman
(1992), which has garnered significant empirical support (see Kahneman’s Nobel
lecture, 2003, and Camerer and Lowenstein 2003). In prospect theory, an individual’s
utility depends on how the outcome deviates from some reference point, rather than
directly on the absolute value of the outcome. Individuals are loss-averse; in other
words, a loss leads to a larger change in welfare than a gain of a similar size. Finally,
individuals may misperceive probabilities underlying the decision problem. In his
review of alternative theories for expected utility theory, Starmer (2000, p. 376)
concludes that because of many appealing features of rank-dependent or sign-
dependent models of decision-making under uncertainty, such as prospect theory,
‘there seems good reason to push forward the task of examining what implications
such models have in general economic contexts’. In the original Mirrlees (1974)
formulation of the income tax model, workers and the government maximize workers’
expected utility over income and effort. Kanbur, Pirttilä, and Tuomala (2008) (KPT
hereafter) introduce elements of prospect theory into individual behaviour, in keeping
with the emerging empirical consensus, to examine how optimal taxation results
change with the introduction of prospect theory preferences. They first assume that
the government respects the individual preferences, i.e. it is a ‘welfarist’ government.
However, there are elements in prospect theory that may or may not be desirable from
the social welfare point of view. For instance, the social planner may dislike the
consumers’ tendency to be risk-seeking for losses. Therefore, they also consider the
case where the government is ‘non-welfarist’ (paternalistic) and its objective function
may differ from that used by the individuals.
We consider first the welfarist case where individual behaviour is described by

prospect theory, and this is also accepted as a basis for social welfare. In prospect theory,
the utility function is replaced by a value function. The key assumptions about the value
function are that it ‘is (i) defined on deviations from the reference point; (ii) generally
concave for gains and convex for losses; (iii) steeper for losses than for gains’ (Kahneman
and Tversky 1979, p. 281). The two latter properties capture the idea that individuals are
loss-averse.
For simplicity, let us concentrate on the case where prospect theory is only related

to the utility of income. Individuals now maximize the expectation of the value function
v(c) ð

vðdÞf ðz; yÞdz � y; ð5Þ
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where d ¼ x � �x denotes the change in realized income from a reference income,
depicted by �x. The reference income is assumed to be exogenous. Note that the utility
function is still assumed to be additively separable between effort and income.
If there was a reference point for effort level, too, within this quasi-linear model, along

the lines of
Ð
vðdÞf ðz; yÞdz � ðy � �yÞ, the reference level would not change (1’). How-

ever, with a general, non-separable, formulation,
Ð
vðd; y � �yÞf ðz; yÞdz, the validity of

the FOA is a complicated matter even without reference levels, as shown by Alvi (1997).
A possibility for loss aversion on either side of the reference level for y—the individuals
could lose both from working less or more than the reference level—would add to the
complexity.
The individual’s first-order condition can be rewritten asð

vðxÞfydz�1 ¼ 0: ð6Þ

The marginal tax rate is

MTR ¼ 1� x0 ¼ 1� av’z’
lde

ð7Þ

where dv = �v"/v' is the coefficient of the individual attitude towards risk (see appendix
11 for the derivation).
To provide incentives for exerting effort, x should be increasing in z.6

An example: it is difficult to characterize the tax schedule in more detail within the
general model. KPT (2008) therefore consider the following example, where the utility
function and the distribution function are assumed to take certain functional forms.
Note this also explicitly allows for the kink in the utility function. Suppose first that the
utility function is

vðxÞ ¼ ðx � �xÞ1�b

1� b
; if ðx � �xÞ � 0 ð8aÞ

vðxÞ ¼ �h
ð�x � xÞ1�b

1� b
; if ðx � �xÞ<0; h � 1: ð8bÞ

The form in (8a) is of CRRA form and similar to what has been used in simulations of
the moral hazard model, such as those in Tuomala (1984). The function in (8b) is
otherwise similar, but it includes h, which is a loss-aversion parameter. The function also
satisfies the conditions that v"< 0 above the reference point and v" > 0 below the reference
point.

6 In order to be sure that the first-order approach is valid in this case with prospect theory preferences we
need to see how consumption is related to effort.
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Consider first the area above the reference point. Substituting (8a) in the first-order
condition yields:

x ¼
�
1
l
þ m

l
z
�ð1=bÞ

þ �x: ð9Þ

Suppose now that the distribution function is a gamma distribution, f(z,y) = {b/ˆ(r)}
(bz)r�1 y�r e�(bz/y). Then it can be shown that the likelihood ratio has the following form,
z = fy/f = bz/y2 + (1+r)/y. The likelihood ratio is also linear in z. Assuming A + Bz > 0,
consumption is determined by

xðzÞ ¼ ðAþ BzÞð1=bÞ þ �x; ð10Þ
where A = (1/l � as/ly), B = ab/ly2, and s = r � 1. In the example below, r=2.75
and b=3. If g is linear in z (as in gamma and exponential distributions), the tax
schedule will have a declining marginal tax rate if b < 1 and increasing marginal tax
rate if b > 1. These results are the same as in the standard model. In calculations we have
b = 1.2.
We now turn to the implications of (8b). Combining it with the first-order condition

implies

xðzÞ ¼ �x � hðAþ BzÞð1=bÞ: ð11Þ
This equation implies that x is decreasing in z 2 (z0,z*), where z0 is the smallest z and x
=�x at z = z*. In this example the consumption level offered at the lower end is just equal
to the reference consumption. Therefore, using these functional forms, the optimal
contract offers full insurance below the reference point, as illustrated in Figure 11.1.
Needless to say, this is not a general result, but it does suggest that it can be optimal to
lengthen the flat part of the consumption schedule downwards from reference
consumption.
In Figure 11.1 we see that the shape of the optimal income tax schedule becomes

more progressive when �x increases. Our calculations showed that the flat segment
covers about 4 per cent of the population with �x=0.1 (30 per cent of mean consumption)
and 3 per cent with �x=0.23 (50 per cent of mean income). The mean x and z also increase
with �x.
As is well known, in the expected utility version, one can approximate the first best

outcome with an extreme punishment for the worst possible outcome and full insurance
for all other outcomes. Usually the possibility for this ‘capital punishment’ is assumed
away, but its existence is still an undesirable outcome of the basic moral hazard model, as
Mirrlees (1997) has pointed out. It is interesting that our example provides an escape
route from this problem by providing full insurance for low values of gross income. In
this sense, prospect theory helps the motivation to work with the otherwise standard
version of moral hazard.
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11.4 Prospect theory non-welfarism

It is not necessarily clear that the social planner ought to accept all facets of prospect
theory when forming its social objectives. There is, for example, some evidence accord-
ing to which people underestimate their ability to cope with negative life-events, for
instance income losses (see the discussion in Frey and Stutzer 2004). Loewenstein et al
(2002) provide theoretical reasoning for this behaviour based on projection bias. The
projection bias can therefore imply that the utility function governing individuals’ long-
term welfare is different from that of their short-term welfare.7 But to the extent that loss
aversion is real, it should, of course, be respected when evaluating social welfare.
Perhaps a stronger case for paternalism could be built on the idea that the government

is not willing to accept risk-loving over the domain of losses. The society may want to
restrict gambles on stakes involved in income taxation. We therefore also consider the
case where the government’s and the individual’s objective functions differ. The indi-
vidual still maximizes the same value function (v) as in the previous section, but the
government’s objective function is globally concave, as in the expected utility model, and
denoted by u. Because of the concavity, it does not also involve any approximated kink
near the reference point.

0

20

40

60

80

100

120

0 10 20 30 40 50 60 70 80 90 100

M
T

R
%

F(z)

Marginal tax rate schedules

x(ref)=0.23

x(ref)=0.1

Figure 11.1 Marginal tax rates with two different reference consumption levels

7 Some forms of prospect theory also include biases in evaluating probabilities. These biases provide
further reasons for paternalism, akin to Sandmo (1983).
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The introduction of non-welfarism brings with it the interesting point that if the
government’s willingness to override loss-seeking behaviour is sufficiently strong, one
can avoid randomization over the domain of losses. Because of the potential complexities
of carrying out randomization in the real world, this may be a desirable outcome from
paternalism. But at the reference point, the tax schedule still offers full insurance
(marginal tax rate equal to 100 per cent).8 Even though the government is non-welfarist,
and its objective function does not directly include loss aversion, it must take individuals’
preferences into account through the incentive compatibility constraint (see appendix
11.1 for technical details).

n APPENDIX 11.1 THE MORAL HAZARD MODEL: THE STANDARD MODEL

Taking multipliers Æ and º for the constraints (2) and (3) in the text respectively, the
Lagrangean and the first-order condition with respect to x (pointwise optimization) are
as follows:

L ¼
ð
f½uðxÞ þ lðz � xÞ� f ðz; yÞ þ auðxÞfygdz � a� y ð1Þ

1þ az ¼ l
u0;

ð2Þ

value

losses gains

Figure 11.2 An example of a value function

8 It is of some interest to note that consumption is (weakly) monotonically increasing in gross income.
Namely, when the FOA is valid below the reference point, consumption is increasing in gross income for
small gross incomes, it is constant at the reference point over some interval of gross incomes, and finally
above that interval consumption is increasing in gross income.

INCOME UNCERTAINTY AND OPTIMAL REDISTRIBUTION 269



where z = fy/f is the likelihood ratio. This approach, where incentive compatibility is
modelled using equation (2), is the so-called FOA. Mirrlees (1975, 1999) was the first
to point out that FOA is not necessarily a valid procedure in a potentially large number
of cases, because it might lead to a local instead of a global optimum. Mirrlees (1976b),
Rogerson (1985), Jewitt (1988), and Alvi (1997) have explored conditions for the
validity of the FOA. When the utility function is separable as in our set-up, sufficient
conditions are:

1. Monotone likelihood ratio condition, MLRC: @z/@z > 0. Income is increasing
stochastically in effort, that is, higher output is more likely for higher effort than
lower effort.

2. Convexity of the distribution function condition, CDFC: Fyy(z,y) > 0. This is like a
diminishing returns condition, applied to the production of information of worker’s
action.

Key steps for demonstrating this include showing that the after-tax income is increas-
ing in income (x'(z) > 0) and that the government’s maximization problem is concave.
Appendix 1 in KPT (2008) provides details of the proof. In numerical simulations, one
can also find solutions that are valid but do not satisfy CDFC (see e.g. Low andMaldoom
2004).
We can now turn to the properties of the solution. Differentiation of (5) again with

respect to z, substitution and reorganisation yield the shape of x'(z):

x0 ¼ � aðu0Þ2z0
lu00

: ð3Þ

Denote the coefficient of absolute risk aversion as d = �(u")/(u'). Hence we get eq. (4) in
the text.
This equation shows that without the need to consider incentives, i.e. when the

incentive compatibility constraint is slack, a = 0, the optimal marginal tax rate is 100
per cent. This is the case of full insurance, which risk-averse individuals value. However,
when incentives to undertake effort matter, the optimal marginal tax rate is a comprom-
ise between risk aversion and providing incentives. If the consumers become more risk-
averse (d increases), the marginal tax rate increases, ceteris paribus. On the other hand, if
effort is more tightly connected with income (z' goes up), workers’ effort can be more
reliably tracked, and the optimal marginal tax rate is reduced.
KPT (2008) show in appendix 1 that the following assumptions are sufficient condi-

tions for the validity of the first-order approach for the problem at hand.

1. Monotone likelihood ratio condition, MLRC: @z/@z > 0. Income is increasing sto-
chastically in effort, that is, higher output is more likely for higher effort than lower
effort. The MLRC also implies the stochastic dominance condition (SDC), Fy(z,y)� 0.

2. Convex distribution function condition, CDFC: Fyy(z,y) > 0. This is like a diminishing
returns condition, applied to the production of information of worker’s action.
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3. Normality of leisure,
@ð�uy

uc
Þ

@c >0. This is implied by uyc � 0 and ucc < 0. Note x = c(z)

4. Increasing effort increases absolute risk aversion (IEIARA), @k
@y � 0, where

kðcðzÞ; yÞ ¼ �ucc
uc

is the coefficient of absolute risk aversion.

n APPENDIX 11.2 PROSPECT THEORY AND MORAL HAZARD

In prospect theory, the utility function is replaced by a value function. The key assump-
tions about the value function are that it ‘is (i) defined on deviations from the reference
point; (ii) generally concave for gains and convex for losses; (iii) steeper for losses than
for gains’ (Kahneman and Tversky 1979, p. 280). The two latter properties capture the
idea that individuals are loss-averse. Hence, the value function takes the S-shaped value
as in Figure 1.
The reference income is assumed to be exogenous.9 Note that the utility function is

still assumed to be additively separable between effort and income.
To capture the shape of the value function, we make the following assumptions about

the properties of the utility function:

(i) v' > 0
(ii) v'(�d) � v'(d)
(iii) v" > 0 for d < 0, v" < 0 for d > 0

Assumption (ii) captures the principle of loss aversion: ‘losses loom larger than corres-
ponding gains’ (Tversky and Kahneman 1992, p. 303). Assumption (iii) refers to
‘diminishing sensitivity for losses and gains’, i.e. a diminishing marginal utility for losses
and diminishing marginal disutility for losses.
The specification in (ii) allows for non-differentiability in v(d) at d=0. In fact, much of

the standard representation of prospect theory is in terms of a ‘kink’ at zero. However, in
this chapter we assume that the function v(d) is everywhere differentiable. This is because
the purpose of this paper is to study to what extent one can utilize first-order conditions
for analysing tax optima, and in particular the extent to which the standard first-order
approach can be modified. This implies that we are by definition in a world of differen-
tiable functions, thus excluding kinks. However, even without kinks the key features of
prospect theory as stated in (i), (ii), and (iii) can be captured with differentiable functions
and, furthermore, one can with suitable functional forms and parameter values approach
arbitrarily closely the description of individuals’ choices even if they were generated by a
function with a kink. Nevertheless, we return to the case where the kink exists via an
example at the end of this section.

9 Some of the implications of endogenizing the reference point were explored in an earlier version of this
chapter (see Kanbur et al 2004).
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We are now in a position to rewrite the government’s optimization problem. The
individual’s first-order condition can be rewritten asð

vðxÞfydz � 1 ¼ 0:10 ð1Þ

The Lagrangean and the first-order condition with respect to x (pointwise optimiza-
tion) are now as follows:

L ¼
ð n

½vðdÞ þ lðz � xÞ� f ðz; yÞ þ avðdÞfy
o
dz � a� y; ð2Þ

1þ az ¼ l
v 0
: ð3Þ

We first examine whether the first-order approach is valid in this case with prospect
theory preferences. For this, we need to see how consumption is related to effort.
Differentiate (3) again with respect to z and reorganize to obtain the shape of x'(z):

x0 ¼ � aðv0Þ2z0
lv00

: ð4Þ

The marginal tax rate is then written as (7) in the text.
To provide incentives for exerting effort, x should be increasing in z. Depending on

whether realized income is above or below the reference income, �x , three cases emerge.

1) For income above the reference income, d > 0, consumption x is indeed increasing in
income z, since the value function has similar properties to the standard case of Section 2.
In other words, u = v. The first-order approach is valid (following the arguments of
equations (A1)–(A4) in KPT (2008)), and the marginal tax rate is given by (7).

2) If d = 0 , the right-hand side of (A1) is not defined.
3) If the income is below the reference income, c < 0, the right-hand side of (4), i.e. x'(z),

is non-negative only if a < 0, since v">0. Using a similar procedure as in appendix 1 in
KPT (2008), one can determine the sign of a from

a
l

ð
vfydz ¼ covðv; 1

v 0
Þ

a
l
¼ covðv; 1

v 0
Þ;

ð5Þ

where the second line follows from (1). Equation (5) is a counterpart of the earlier
equation (A3). Now v and v' covary in the same directions for d < 0, we necessarily have

10 Similarly to the standard model, the second-order condition of individual optimization will be satisfied
when the first-order approach as a whole is valid.
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a� 0. However, the only case where the covariance is zero is when x is constant
irrespective of income. But then the worker has no incentives to provide positive effort.
Therefore, to induce effort, a < 0.
However, if a < 0, a relaxation in the incentive constraint reduces the social welfare

determined by (2). For a meaningful government optimization problem this cannot
hold. Therefore, one must conclude that the FOA is not valid for income below the
reference level. Proposition 1 summarizes the earlier discussion.
Proposition 1. In a moral hazard tax problem, when the individuals’ decision-making

is based on prospect theory, the FOA is valid if income is above the reference point.
When income is below the reference point, the FOA is not valid.
The optimal solution is therefore non-continuous. For consumption above the refer-

ence level, the marginal tax rate is given by (7). For income below the reference point, a
randomized schedule is optimal. To see this, recall that the convexity of the value
function implies that the consumer is in fact risk-loving if income is below the reference
point. It is therefore conceivable why conditions needed for an insurance scheme are
then not valid. The point that randomization may be desirable in a moral hazard context
is not new. Holmström (1979) and Arnott and Stiglitz (1988) have shown, however, that
randomization is never optimal for a standard, concave, moral hazard problem as in
Section 2. Rather, it can become optimal in more complicated situations (Arnott and
Stiglitz 1988).11 The optimality of randomization depends on the magnitude of dimin-
ishing sensitivity for losses. It may be the case that for stakes on the scale involved in
income taxation, diminishing sensitivity for losses may not hold. In this case, the tax rate
could remain continuous.
The next step is to characterize the tax schedule in more detail. Usually loss aversion is

introduced by a kink at the reference consumption. This is not necessarily a major issue.
We can always approximate arbitrarily well any kinked value function.12 If �v'' is very
large in the neighbourhood of the reference consumption, we can approximate a kinked
function by a differentiable one. In an approximation, e’ would fall continuously in an
interval ½�x; �x þ e� and v'' would approach �1. From (4) we see that when v'' is very
large, x’ is close to zero. Let denote xðz*Þ ¼ �x and xðẑÞ ¼ �x þ e. Since e’(x) is constant
over the short interval, it implies v0ð�xÞzðz*Þ � v0ð�x þ eÞzðẑÞ. This shows that consump-
tion x(z) is constant at �x over the interval ½z*; ẑ�. The net income is insensitive to gross
income over this interval. In other words, the marginal tax rate is 100 per cent in that
range. Beyond ẑ , consumption is monotonically increasing in z. Combining this discus-
sion and the point about randomization, one can deduce the following.13

11 Of course, the question remains how randomization can be implemented in real-world tax policy. One
of the ideas presented in this context is lax control of tax evasion. Another example is related to poverty traps
due to the interaction of social benefits and taxation. Then for low incomes, a minor change in before-tax
income can generate a large variation in after-tax income.

12 We are very grateful to a referee for this point.
13 It is possible that x(z) cannot cross the reference level. We rule out this possibility here.
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Proposition 2. In a moral hazard tax problem, when the individuals’ decision-making
is based on prospect theory and MLRC holds, the following features characterize optimal
tax schedule:

(i) 100 per cent marginal tax rate at the reference point over the interval of gross
income ½z*; ẑ�.

(ii) Optimal consumption is increasing above the reference point (as in the standard
model without loss aversion).

(iii) It is not optimal to have consumption between a minimum consumption and the
reference consumption.

The intuition for this result is that around the reference point, the individual is
extremely risk-averse, and therefore it is locally optimal to provide full insurance. In
the area below the reference point the individual prefers a gamble. Hence we have a
randomized tax schedule between a minimum consumption and the reference con-
sumption below the reference point. Above the reference point, the determinants of the
tax schedule are similar to the standard model with expected utility.

Prospect theory non-welfarism

The Lagrangean and the first-order conditions can now be written as

L ¼
ð n

½uðxÞ þ lðz � xÞ� f ðz; yÞ þ avðxÞfy
o
dz � a� y; ð6Þ

u0f þ av0fy � lf ¼ 0: ð7Þ

To determine how consumption is related to income, differentiate (7) with respect to z to get

x0 ¼ av0z0

u0du þ dvðl� u0Þ ; ð8Þ

where du = �u"/u' is the social coefficient of absolute risk aversion and dv = �v"/v' is the
coefficient of the individual attitude towards risk. For c > 0, the individual is risk-averse,
and dv is defined to be positive. However, for c < 0, because of diminishing marginal
disutility for losses the individual is in fact risk-loving, and dv < 0. The term l�u' is
positive because of (7). The marginal tax rate is

MTR ¼ 1� x0 ¼ 1� av0z0

u0du þ dvðl� u0Þ : ð9Þ

Let us now examine the conditions for the validity of the first-order approach. Appendix
2 demonstrates that the same conditions, namely MLRC and the CDFC, still constitute
part of the sufficient conditions. In addition, consumption x should be increasing in
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income z. For c > 0, this is always the case because then de � 0, and the denominator in
(4) and the term at the right of (8) are positive.
If c < 0, the denominator in (8) may be either positive or negative, depending on the

strength of diminishing marginal disutility for losses. Then the FOA remains valid if
the individuals’ risk-loving is sufficiently smaller than the social coefficient of risk
aversion, i.e. v'dv >�de(l�v'). However, if the individual is sufficiently risk-loving,
v'dv <�de(l�v'), the denominator and the right-hand side of (8) are negative, i.e. con-
sumption would be decreasing in income (effort). The following proposition summarizes:
Proposition 3. In a non-welfarist moral hazard tax problem, when the individuals’

decision-making is based on prospect theory, the FOA is valid if income is above the
reference point. The FOA is also valid below the reference point if the government’s risk
aversion sufficiently outweighs individuals’ diminishing sensitivity for losses.
Notice that around the reference consumption level, the individual is very risk-averse,

and therefore dv = �v"/v' is very large. This means that at the reference level,
v'dv < �dv(l�u') always holds. Even if the FOA would hold in the area below the
reference point, it can never be a global solution.

n APPENDIX 11.3 NUMERICAL SOLUTION: THE STANDARD MODEL

From the Lagrangean

L ¼
ð
f½uðcÞ þ lðz � cÞ� f ðz; yÞ þ muðcÞfygdz � m� y

we get

@L
@cðzÞ ¼ ucf þ mucfy � lf ¼ 0

eli 1þ mz ¼ l
uc
,

where z = fy / f.

and

@L
@y

¼ l
ð
ðz � cÞfydz þ m

ð
ufyydz ¼ 0

If u ¼ c1�p

1�p � y, so (p � 1)

cðzÞ ¼ ðð1þ mzÞ=lÞ1=p:
Suppose f is the gamma distribution, z ¼ fy=f ¼ bz

y2 þ 1�r
y , f ðz; yÞ ¼ b

GðrÞ ðbz=yÞr�1e�ðbz=yÞ

Now c(z) = (A+Bz)1/p, p � 1,
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where A ¼ ð1l � ms
lyÞ;B ¼ mb

ly2 , where s=r�1

A solution method: x= (y,�,º)T can be solved by Newton’s iteration method from the
equation system

@L
@y

¼ l
ð
ðz � cÞfydz þ m

ð
ufyydz ¼ 0 GLðinprogramÞ

@L
@m

¼
ð
uðcÞfydz � 1 ¼ 0 GYðinprogramÞ

@L
@l

¼
ð
½z � cðzÞ� f ðz; yÞ ¼ 0 ZCA:ðinprogramÞ

R ¼ ðLy; Lm; LlÞT ¼ 0

and then substitute to c(z):
Non-separable utility u = u(c,y) with ucy 6¼ 0. From the Lagrangean

L ¼
ð
f½uðc; yÞ þ lðz � cÞ� f ðz; yÞ þ mðuyf þ ufyÞgdz

we get

ucf þ mucfy þ muycf � lf ¼ 0

or

uc ¼ l
1þ mz

� muyc
1þ mz

:

@L
@y

¼ l
ð
ðz � cÞfydz þ m

ð
ðuyyf þ 2uyfy þ ufyyÞdz ¼ 0

Now the equation system is the following:

m ¼ �l
ð
ðz � cÞfydz=

ð
ðuyyf þ 2uyfy þ ufyyÞdzð¼ YLP=ALPÞ GL

@L
@m

¼
ð
ðuyf þ ufyÞdz ¼ 0 GY

@L
@l

¼
ð
½z � cðzÞ� f ðz; yÞ ¼ 0 ZCA
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If uðc; yÞ ¼ c1�p

1� p
y;

uy ¼ c1�p

1� p
; uc ¼ c�py; ucc ¼ �pc�p�1y; ucy ¼ c�p; uyy ¼ 0;

c(z) = (((1+mz)y+m)/l)1/p. As above we solve x= (y,�,º))T from the system and substitute
to c(z). We obtain

cðzÞ ¼ ðAþ BzÞ1=p; p � 1;

where A ¼ ð1l ð1� ms
y2 þ mÞ;B ¼ mb

ly3 , where s=r�1. If r=1 f is exponential distribution

f = y�1e�z/y. Now cðzÞ ¼ ððð1þ mð zy2 � 1
yÞÞy þ mÞ=lÞ1=p or cðzÞ ¼ y2

l þ mz
ly

� �1=g
.

If in turn uðc; yÞ ¼ c1�p

1�p y
�1,

uy ¼ � c1�p

1� p
y�2; uc ¼ c�py�1; ucc ¼ �pc�p�1y�1; ucy ¼ �c�py�2; uyy ¼ 2

c1�p

1� p
y�3;

Now cðzÞ ¼ ððð1þmzÞ
y � m

y2Þ=lÞ1=p.

FORTRAN program with some comments
C OPZB 17.12.2004
C NAG instead of imsl

IMPLICIT REAL*8 (A-H,O-Z)
COMMON /MATR/XJ(3,3),DX(3)
COMMON

/PAR/NUSEL,LTUL,NINTPZ,JAK,ZMAX,A,D,P,Q,S,CMIN,A1,A2,A3
C IMSL
C DIMENSION WKAREA(200)
C NAG

DIMENSION AA(41,41),RHS(41),WKS1(41),WKS2(41)
DIMENSION X(3),YJ(3,3)

C#### NJF=0 CONSTANT JACOBIAN MATRIX
C#### NJF=1 RLA EQUATION NOT INCLUDED
C#### NJF=2 RMY = 0
C#### U-FUNCTIONS
C#### NUSEL=1: U=LOG(C)+ 2: U=-1/C+
C#### DISTRIDUTION 1: EXP 2: GAMMA
C IMSL
C IDGT=0

MN=3
WRITE(6,50)

50 FORMAT(' NUSEL NJF ITKMAX ERMAX CMIN RELM'/
1,' LTUL JAK NINTPZ NINCR A D P Q S'/
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2,' DY DRMY DRLA'/
3,' ZMAX'/
4,' YA MYA RLAA'/
5,' A1 A2 A3')
READ(5,*)NUSEL,NJF,ITKMAX,ERMAX,CMIN,RELM
READ(5,*)LTUL,JAK,NINTPZ,NINCR,A,D,P,Q,S
READ(5,*)DY,DRMY,DRLA
READ(5,*)ZMAX
READ(5,*)YA,RMYA,RLAA
READ(5,*)A1,A2,A3
WRITE(6,51)NUSEL,NJF,ITKMAX,ERMAX,CMIN,RELM
J,LTUL,JAK,NINTPZ,NINCR,A,D,P,Q,S
J,DY,DRMY,DRLA
J,ZMAX
J,YA,RMYA,RLAA
J,A1,A2,A3

51 FORMAT(3I3,3E12.4,/,4I3,5E12.4,/,3E12.4,/,E12.4
J,/,3E12.4,/,3E12.4)
UFMAX=-1.E33
DZ=ZMAX/NINTPZ
IF(NJF.EQ.2) RMYA=0.
X(1)=YA
X(2)=RMYA
X(3)=RLAA
JF=1
ITK=0

910 CONTINUE
ITK=ITK+1
IF(NJF.EQ.0.AND.ITK.GT.1) JF=0
IF(NJF.NE.1) CALL ZCA(X,ZCA1,ZF,CF,UF,FK)
CALL FUNCT(X,GL1,GY1)
DX(1)=-GY1
DX(2)=-GL1
Y=X(1)
X(1)=Y+DY
CALL FUNCT(X,GL2,GY2)
CALL ZCA(X,ZCA2,ZF,CF,UF,FK)
X(1)=Y
XJ(1,1)=(GY2-GY1)/DY
XJ(2,1)=(GL2-GL1)/DY
XJ(3,1)=(ZCA2-ZCA1)/DY
RMY=X(2)
X(2)=RMY+DRMY
CALL FUNCT(X,GL2,GY2)
CALL ZCA(X,ZCA2,ZF,CF,UF,FK)
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X(2)=RMY
XJ(1,2)=(GY2-GY1)/DRMY
XJ(2,2)=(GL2-GL1)/DRMY
XJ(3,2)=(ZCA2-ZCA1)/DRMY
IF(NJF.NE.2)GOTO 559
XJ(2,2)=XJ(2,2)*1.E20
DX(2)=0.

559 CONTINUE
IF(NJF.EQ.1) GOTO 112
RLA=X(3)
X(3)=RLA+DRLA
CALL FUNCT(X,GL2,GY2)
CALL ZCA(X,ZCA2,ZF,CF,UF,FK)
X(3)=RLA
XJ(1,3)=(GY2-GY1)/DRLA
XJ(2,3)=(GL2-GL1)/DRLA
XJ(3,3)=(ZCA2-ZCA1)/DRLA
DX(3)=-ZCA1

112 CONTINUE
DO 911 I=1,3
IF(LTUL.EQ.22) WRITE(6,912)(XJ(I,J),J=1,3),DX(I)

911 CONTINUE
912 FORMAT(' XJ',3E12.4,E15.4)

WRITE(6,861)
861 FORMAT(' RESIDUAL')

WRITE(6,860)(DX(I),I=1,3)
860 FORMAT(2E12.4)

NEQ=3
IF(NJF.NE.1) GOTO 510
DX(3)=0.0
NEQ=2

510 CONTINUE
DO 500 I=1,3

C NAG (following is not needed if IMSL)
RHS(I)=DX(I)
DO 500 J=1,3

500 YJ(I,J)=XJ(I,J)
C CALL LEQT1F(YJ,1,NEQ,MN,DX,IDGT,WKAREA,IER)
C IF(IER.LT.34)GOTO 20
C WRITE(6,14)IER
C14 FORMAT(' IER=',I5)
C STOP
C NAG

IFAIL=0
CALL F04ATF(YJ,MN,RHS,NEQ,DX,AA,MN,WKS1,WKS2,IFAIL)
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WRITE(6,732)(DX(I),I=1,3)
732 FORMAT(' DX',3E12.4)

IF(IFAIL.EQ.0)GOTO 20
WRITE(6,14)IFAIL

14 FORMAT(' IFAIL=',I5)
STOP

20 CONTINUE
IF(NJF.EQ.2)X(2)=1.E-7
DO 950 N=1,3
REL=DABS(DX(N)/X(N))
IF(REL.GT.RELM)DX(N)=RELM*DX(N)/REL

950 CONTINUE
ER=0.0
Y=X(1)+DX(1)
RMY=X(2)+DX(2)
IF(Y.LT.1.E-6)Y=1.E-6
IF(Y.GT.0.99999)Y=.99999
IF(RMY.LT.0.01)RMY=0.01
IF(NJF.EQ.2)RMY=1.E-7
X(1)=Y
X(2)=RMY
ER=ER+DABS(DX(1)/X(1))+DABS(DX(2)/X(2))
RLA=X(3)+DX(3)
X(3)=RLA
ER=ER+DABS(DX(3)/X(3))
WRITE(6,830)ITK,ER,X(3),DX(3)

830 FORMAT(' ITK ER RLA DRLA ',I5,3E12.4,/' Y MY DY DMY')
WRITE(6,850)X(1),X(2),DX(1),DX(2)

850 FORMAT(4E12.4)
IF(ER.GT.ERMAX.AND.ITK.LT.ITKMAX) GOTO 910

C
C **** CALCULATE ZCA
C

CALL ZCA(X,ZCA1,ZF,CF,UF,FK)
WRITE(6,88)ZCA1,ZF,CF,UF,FK

88 FORMAT(' ZCA ZF CF UF FK',5E11.3)
WRITE(6,720)

720 FORMAT(' I Z C(Z) FK D(Z-C):DZ (Z-C):C UF')
DZ=ZMAX/NINTPZ
FK=0.0
UFK=0.
DZC=0.0
ZCZ=0.0
C=0.0
DO 730 I=1,NINTPZ
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Z=(I-.5)*DZ
COLD=C
CALL FF(Z,Y,F,FY,FYY)
FK=FK+F*DZ
CALL CFUNCT(X,Z,C)
GOTO(41,42),NUSEL

41 CONTINUE
U1=DLOG(C)
GOTO 49

42 CONTINUE
C U1=C**(1-P)/(1-P)
C U1=Y*C**(1-P)/(1-P)

U1=(A1+A2*Y**A3)*C**(1-P)/(1-P)
49 CONTINUE

U2=-Q*Z*Z
U=U1+U2-S*Y
UFK=UFK+U*F*DZ
IF(I.NE.(I/NINCR)*NINCR)GOTO 730
IF(I.EQ.1) GOTO 731
DZC=1.+(COLD-C)/DZ
ZCZ=(Z-C)/Z

731 CONTINUE
WRITE(6,740)I,Z,C,FK,DZC,ZCZ,UFK

730 CONTINUE
740 FORMAT(I5,6E11.3)
1000 CONTINUE

STOP
END
SUBROUTINE FUNCT(X,GL,GY)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON /MATR/XJ(3,3),DX(3)
COMMON /PAR/NUSEL,LTUL,NINTPZ,JAK,ZMAX,A,D,P,Q,S,CMIN,A1,A2,A3
DIMENSION X(3)
Y=X(1)
RMY=X(2)
RLA=X(3)
GL=0.0
ALP=0.0
YLP=0.0
DZ=ZMAX/NINTPZ
DO 200 I=1,NINTPZ
Z=(I-0.5)*DZ
CALL CFUNCT(X,Z,C)
CALL FF(Z,Y,F,FY,FYY)
GOTO(10,20),NUSEL
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10 CONTINUE
U1=DLOG(C)
GOTO 100

20 CONTINUE
C U1=C**(1-P)/(1-P)
C U1Y=C**(1-P)/(1-P)
C U1=Y*U1Y

U1=(A1+A2*Y**A3)*C**(1-P)/(1-P)
U1Y=A2*A3*Y**(A3-1.)*C**(1-P)/(1-P)

100 CONTINUE
U2=-Q*Z*Z
U=U1+U2-S*Y
YLP=YLP+(Z-C)*FY*DZ

c GL=GL+(U1+U2)*FY*DZ
c ALP=ALP+(U1+U2)*FYY*DZ

GL=GL+((U1+U2)*FY+U1Y*F)*DZ
ALP=ALP+((U1+U2)*FYY+2.*U1Y*FY)*DZ

200 CONTINUE
GL=GL-S
GY=GL+RLA*YLP+RMY*ALP
IF(LTUL.EQ.2)WRITE(6,300)Y,RMY,RLA,U1,U2,GL,YLP,ALP

300 FORMAT(' Y MY L U12GYA',3E12.4,/,5E12.4)
RETURN
END
SUBROUTINE CFUNCT(X,Z,C)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON /MATR/XJ(3,3),DX(3)
COMMON /PAR/NUSEL,LTUL,NINTPZ,JAK,ZMAX,A,D,P,Q,S,CMIN,A1,A2,A3
DIMENSION X(3)

C
C CALCULATE C(Z)
C

C=0.0
Y=X(1)
RMY=X(2)
RLA=X(3)
CALL FF(Z,Y,F,FY,FYY)
GOTO(10,20),NUSEL

10 C=(1.+RMY*FY/F)/RLA
GOTO 100

20 CONTINUE
C C=((1.+RMY*FY/F)/RLA)**(1/P)
C C=(((1.+RMY*FY/F)*Y+RMY)/RLA)**(1/P)

C=(((1.+RMY*FY/F)*(A1+A2*Y**A3)
J +RMY*A2*A3*Y**(A3-1.))/RLA)**(1/P)
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100 CONTINUE
IF(C.LT.CMIN)C=CMIN
RETURN
END
SUBROUTINE ZCA(X,ZCAA,ZF,CF,UF,FK)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON /MATR/XJ(3,3),DX(3)
COMMON /PAR/NUSEL,LTUL,NINTPZ,JAK,ZMAX,A,D,P,Q,S,CMIN,A1,A2,A3
DIMENSION X(3)

C
C CALCULATE ZCAA
C

ZF=0.0
CF=0.0
UF=0.0
FK=0.0
Y=X(1)
RMY=X(2)
RLA=X(3)
DZ=ZMAX/NINTPZ
DO 10 I=1,NINTPZ
Z=(I-.5)*DZ
CALL CFUNCT(X,Z,C)
CALL FF(Z,Y,F,FY,FYY)
FDZ=F*DZ
ZF=ZF+Z*FDZ
CF=CF+C*FDZ
FK=FK+FDZ

10 CONTINUE
IF(DABS(D-1.0).GT.0.00001) A=(1.0-D)*ZF
ZCAA=ZF-CF-A
IF(LTUL.EQ.2)WRITE(6,85)ZF,CF,UF,FK,ZCAA,A

85 FORMAT(' ZAC',6E12.4)
RETURN
END
SUBROUTINE FF(Z,Y,F,FY,FYY)
IMPLICIT REAL*8 (A-H,O-Z)
COMMON /PAR/NUSEL,LTUL,NINTPZ,JAK,ZMAX,AA,DD,P,Q,S,CMIN,A1,A2,A3
GOTO (10,20,30),JAK

10 F=(EXP(-Z/Y))/Y
FY=(-1./Y+Z/Y/Y)*F
FYY=(1./Y/Y-2.*Z/Y/Y/Y)*F+(-1./Y+Z/Y/Y)*FY
RETURN

20 RLAM=2.75
RLAM=3.
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R=2.5
GAR=1.33

C R=2.75
C GAR=1.61

R1=R-1.
APU=EXP(-RLAM*Z/Y)
F=RLAM/GAR*(RLAM*Z/Y)**R1*APU/Y
FY=F*(RLAM*Z/Y-R)/Y
FYY=FY*(RLAM*Z/Y-R-1)/Y-RLAM*Z*F/Y/Y/Y
RETURN

30 CONTINUE
ALF=2.
BET=2.
GAM=.75
A=ALF/(1.-GAM)
B=BET/GAM
AK=A*B/(B-A)
C=-Z*A
D=-Z*B
EA=EXP(C/Y)
EB=EXP(D/Y)
F=AK*(EA-EB)/Y
DUM=(C*EA-D*EB)*AK
FY=-F/Y-DUM/(Y**3)
FYY=F/Y/Y-FY/Y+3*DUM/(Y**4)+AK*(C*C*EA-D*D*EB)/(Y**5)
RETURN
END
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12 Optimal mixed taxation

So far we have focused on optimal labour-income taxation. What happens when the
government has access to additional instruments? One additional instrument is com-
modity or indirect taxation.1 There is a long history of optimal commodity taxes without
income taxes. Inspired by Pigou, Ramsey (1927) developed a theory for optimal com-
modity taxes in his article ‘A Contribution to the Theory of Taxation’. He was concerned
with how commodities should be taxed to achieve a given revenue from a representative
consumer. Ramsey showed that the optimal commodity taxes would be set so that,
roughly speaking, they reduce all commodity demands proportionately. Assuming
quasi-linear in-leisure preferences, optimal commodity tax rates are inversely propor-
tional to elasticities of demand, i.e. the inverse elasticity rule. Corlett and Hague (1953)
generalized Ramsey’s model for more general preferences. They consider a representa-
tive household that consumes two goods and leisure. The government can tax the two
goods, but not leisure. The Corlett–Hague rule states that a good which is more
complementary with leisure should be taxed at a higher rate.
Diamond and Mirrlees (1971) generalized Ramsey’s (1927) optimal tax analysis to

heterogeneous individuals that differed in their wage rates but had the same preferences.
In their analysis we face a fundamental conflict between equity and efficiency: goods with
the lowest price elasticity of demand should have high tax rates for the sake of efficiency,
but they are also the ones with the lowest income elasticity of demand that should be
taxed leniently on equity grounds. Deaton (1979) in turn extended the Corlett–Hague
theorem to this setting.2 An important result from Diamond and Mirrlees (1971) is the
production efficiency theorem, which says that if the optimal commodity tax system is in
place, and if pure profits are all taxed away,3 production efficiency should apply for the
economy as a whole (see appendix 12.1). This result is surprising since it is at odds with
the Lancaster–Lipsey (1956) second-best theorem, which says that in the second-best
situation we cannot just say anything on the nature of the optimum. The Diamond–
Mirrlees result in turn says that when there is a pre-existing distortion, introducing
another distortion to the economy may improve welfare. Its implications are that taxes
on producer inputs are eliminated, thus promoting production efficiency. This means no
taxes on, e.g., investment goods, office space, fuel, etc. The value-added tax (VAT)

1 According to OECD Revenue Statistics (2006) indirect taxation represents on average around 30 per
cent of total tax revenue in the EU19 countries.

2 The Deaton theorem has been generalized by Hellwig (2009).
3 See Munk (1978) on the qualification of this condition.



achieves this. The credit-and-invoice VAT used in most countries ensures that taxes on
producer inputs are eliminated. The use of producer prices for project evaluation within
the public sector is consistent with aggregate production efficiency (Little and Mirrlees
1974). There are, however, obvious limitations in the efficiency theorem. For example, if
profits cannot be fully taxed and/or not all goods are taxed optimally, the theoretical case
for production efficiency no longer applies. One important counter-argument is shown
by Naito (1999) in a model with non-linear income taxation and public production.
Suppose the public good is produced using two types of labour, skilled and unskilled.
Then it is optimal to deviate from production efficiency in public production and use
more unskilled labour, relative to market equilibrium, in public production. The reason
is that this increases demand for unskilled labour, increases their wage rate, and reduces
the burden to redistribute income by the distortive income tax.
Can the government design a better redistribution system combining income taxation

and commodity taxation? Can it meet then the same distributional objectives but with
smaller efficiency costs? In most developed countries, labour income is taxed on a non-
linear scale, whereas indirect taxation is linear. This system can also be defended on the
basis of information constraints: it is difficult to observe the amount of purchases by
individual consumers which would be needed to implement non-linear commodity
taxation on most goods. In other words, resale possibilities hinder, in most cases, the
implementation of fully non-linear taxation. The mixed taxation framework has the
attractive feature that it corresponds to the type of tax systems actually used. It corres-
ponds to the mixed taxation case in optimal tax literature (see Mirrlees 1976a; Atkinson
and Stiglitz 1976; Christiansen 1984; Revesz 1986, 2005; and Guesnerie 1995). The
availability of tax instruments in use in the optimal mixed tax model is not just assumed
but derived from the presence of asymmetric information between the government and
the taxpayers.
In the mixed tax framework, the most influential result is that of Atkinson and Stiglitz

(1976): when consumer preferences are separable between goods and leisure, there is no
need for differentiated commodity tax rates.4 Deaton (1979) in turn shows that if
preferences are weakly separable in goods and leisure and exhibit linear Engel curves
with the same slope for all individuals, then the optimal tax is a linear progressive income
tax: commodity taxes are not needed. The Atkinson–Stiglitz result has considerably
played down the potential role of differentiated commodity tax rates as a redistributive
device. Although such preference structure is not likely to be empirically valid,5 optimal
tax theory is quite often seen to provide a limited role for commodity taxation in
redistribution. Much policy advice has similarly argued that the scope of redistribution
achieved by differentiated commodity tax rates is relatively minor and similar impacts

4 There is a large literature on the A-S theorem, recently excellently summarized in Boadway (2012). See
also Hellwig (2010).

5 There is much empirical research rejecting weak separability in the utility function. See, e.g., Browning
and Meghir (1991), Crawford et al (2010), Gordon and Kopczuk (2013), and Pirttilä and Suoniemi (2014).

286 OPTIMAL REDISTRIBUTIVE TAXATION



could be more easily obtained by income-based targeting. For example, the IMF fiscal
affairs department seemed to subscribe to this view (Ebrill et al 2001).6 More recently
one key policy recommendation of the Mirrlees Review (2011), influenced by optimal tax
theory, is the proposal for a more broad-based VAT. Optimal tax theory is not the only
background to their argument for uniform rates of VAT. The Review emphasizes
administrative advantages of uniform VAT structure; moreover, it regards a uniform
tax as less vulnerable to lobbying pressure. A background study by Crawford, Keen, and
Smith (2010, Chapter 6) focuses mainly on the optimal taxation argument. In the
optimal tax literature, individual behaviour is mainly modelled by utility maximization
and social welfare is typically based on welfarism, i.e. assessed in terms of individual
utilities. Based on this kind of analysis, the Mirrlees Review concludes that ‘there is a
strong case for broadening the VAT base and moving towards a uniform rate. This
would increase consumers’ welfare’ (2011, p. 229). The Review also argues that it is
possible to devise a tax reform package that broadens the base for VAT, removing
zero rating ‘to raise net revenue for the Exchequer and to redistribute more resources
from better off households to less well-off households’ (2011, p. 217).7 The Review
recognized, however, the limitation of this kind of analysis at a number of points. For
instance, it says in a footnote on page 156: ‘ . . . lower taxes can offset the effects of market
power where firms are able to charge above the efficient price, but we do not pursue
those here.’8

12.1 The discrete-type model with individuals
of two skill levels

As in standard optimal income tax analysis, optimal policy is constrained by asymmetric
information between the government and individuals. Individuals’ income-earning
abilities are private information and tax policy must be based on (observable) income
instead. In designing the tax policy, the government must therefore take into account the
incentive compatibility or self-selection constraints of the individual. So it can deploy a
non-linear income tax T(z), leaving individuals with disposable income c(z)=z�T(z).
The government cannot observe individual purchases of the goods, but can tax market
transactions anonymously. The question of interest is whether it is optimal for the

6 Political economy considerations may also limit the desirable number of VAT rates. With a large
number of existing tax rates, interest groups may find it easier to lobby for further tax concessions.

7 More precisely, the Mirrlees Review recommends uniform commodity taxation, but with some goods
such as child care (needed for working) left untaxed. Bastani, Blomquist, and Pirttilä (2013) show that even if
all goods other than the good needed for working are separable from leisure, the optimal tax on these goods
should not be uniform. The key message of Bastani et al (2013) is that the optimal commodity tax system is
dependent on the expenditure side of the government.

8 See Myles (1989) on commodity taxation with imperfect competition.
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government to use differential commodity tax rates alongside this. In other words,
should commodity tax rates be uniform, or should they be different for different
goods? The tax policy tools include non-linear income tax and commodity taxes, ti.
Thus, we analyse a similar situation to that in Mirrlees (1976a): with an income tax T(ny)
and commodity taxes (tax vector) t=q�p, an individual’s budget constraint is
qx=z�T(z).
To make things simpler we consider the discrete-type model with individuals of two

skill levels or abilities and government facing the self-selection constraint. Within these
models the seminal contributions are Guesnerie and Seade (1982), Stiglitz (1982), and
Stern (1982), while the presentation here draws on the framework developed in Edwards
et al (1994). The appeal in using this approach is in the simplicity of analytics and, more
importantly, easily interpretable results. At the heart of the non-linear income tax
analysis are the incentive compatibility constraints restricting redistributive policy.
Perhaps the most prominent advantage in the self-selection approach is its capability
to address the incentive issue explicitly through the analysis of the self-selection
constraint.
We consider an economy consisting of two types: a type-1 individual has low

productivity with wage rate n1; a type-2 individual has higher ability so that n2 >n1.9

Individuals earn labour income zi ¼ niyi, with yi denoting the labour supply of individ-
ual i. We normalize time endowment so that leisure is given by li ¼ 1� yi. Individuals
have identical preferences defined on their consumption commodities, x ¼ ðx1; x2Þ.10
Income is taxed on a non-linear scale, and consumers allocate the after-tax income Bh

over consumption goods x ¼ ðx1; x2Þ.
It turns out to be useful to break the consumer’s optimization into two stages, as in

Mirrlees (1976a), Christiansen (1984), and Edwards et al (1994). First, the consumers
allocate a fixed amount of expenditure B (i.e. their income after income taxation)
optimally over the consumption goods, holding labour supply as given. We denote
consumer prices by qi ¼ pi þ ti, where pi and ti refer to (constant) producer price and
tax rate of good i. Furthermore, in the subsequence we will very often omit the
superscript h to avoid clutter. Consumer’s first-stage optimization gives conditional
indirect utility:

Vðq;B; z; nÞ ¼ max
X

Uðx; z
n
Þ
���X

i

qixi ¼ B

)
;

(
ð1Þ

For brevity, we write Vðq;B; z; nhÞ as Vhðq;B; zÞ. We introduce the agent monotonicity
condition by assuming that the level curves of V in (z,B)-space are, ceteris paribus, the

9 For simplicity, we have not included N1 of type-1 and N2 of type-2 consumers into the economy. This
extension could, however, readily be made.

10 The number of goods is restricted to two only for ease of presentation; generalization to a many-good
economy gives rise to no other difficulties.
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flatter the higher the wage rate of the individual is. This means that � Vh
z

Vh
B
decreases

with n. Finally, solving (1) gives conditional demand functions, with Vi ¼ @V=@qi:

xiðq;B; z; nÞ ¼ � Vi

VB
: ð2Þ

At the second stage of individual’s optimization, hours worked (earnings) are chosen to
maximize the conditional utility function, subject to the budget equation
Bh ¼ zh � TðzhÞ, with T denoting the non-linear income tax function. The second-
stage maximization yields the following condition (where T

0
indicates the marginal tax

rate):

Vh
Bð1� T 0Þ þ Vh

z ¼ 0 , T 0ðzhÞ ¼ Vh
z

Vh
B

þ 1: ð3Þ

In the government’s optimization problem we will concentrate on Pareto-efficient tax
structure, so that the social planner is assumed to maximize the welfare of the low-ability
class subject to a given level of utility to the high-ability individual. Since the government
cannot differentiate taxes by ability, its maximization problem is restricted by the self-
selection constraints of different types. This means that for both types, it has to be
optimal to select their own level of labour and not to mimic the choice of the other
class.11 As in Chapter 2, the more interesting case is where the binding self-selection
constraint is that of the high-ability individual; consequently, the government’s problem
has to be solved subject to the following constraint:

V2ðq;B2; z2Þ � V2ðq;B1; z1). ð4Þ
Moreover, the government is restricted by its budget constraint: the public good provi-
sion (rG) must be financed by income taxes T and indirect taxes ti:

12

Tðz1Þ þ
X
i

tix
1
i þ Tðz2Þ þ

X
i

tix
2
i ¼ rG: i ¼ 1;2: ð5Þ

12.2 Optimal commodity taxes

From the first-order condition with respect to q (or equivalently with respect to tax
rate t), we have the formula for the optimal commodity taxes (see appendix 12.2 for the
derivation). We simplify things further so that there are two goods, x1 and x2. We
normalize the tax on x2 to be zero, so that the only indirect tax will be t1 on x1.

11 This solution is a separating equilibrium which Pareto-dominates pooling equilibrium in a two-class
society, as is demonstrated in Stiglitz (1982).

12 In addition, consumers’ budget constraints are used to rewrite the government budget equation.
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t1 ¼ m*
ðx11 � x̂21Þ
ðxc1t1 þ xc2t1 Þ

ð6Þ

where m* ¼ V̂
2
Bm
l < 0 where the hat-term V̂

2
refers to type 2 individual mimicking low-

ability person. � and º Lagrange multipliers relate to (4) and (5) respectively and c refers
to the Hicksian (compensated) demand. There is thus in general no simple relationship
between the optimal tax on some commodity and its (compensated conditional) own-
price elasticity.
What can we conclude from (6)? The sign of the optimal commodity tax is

negative if the consumption of x1 is bigger for the true type 1 person than for the
mimicker, i.e. x11 > x̂21. The tax is positive if the mimicker consumes more of that
good, i.e. x11 < x̂21.
The mimicker and true type 1 have identical preferences; they only differ by the

amount of labour supply (the high-skilled mimicker can earn the income of the low-
skilled with fewer hours of labour supply). Therefore, the mimicker enjoys more leisure.
Consider the case where the mimicker’s consumption is higher. Then start from a zero
commodity tax. Assume that tax t is increased by a small amount, dt. The purchasing
power of type 1 decreases by x11dt. This loss can be compensated by decreasing income
tax for type 1, T1, by an equal amount. Equivalently, the loss for type 2 can also be
compensated. But the mimicker is now worse off, because x̂21dt � x11dt is positive when
x11 < x̂21. This makes mimicking less desirable and thus mitigates self-selection constraint.
When self-selection constraint is mitigated, a Pareto improvement in income taxation is
possible.
(6) is an implicit formulation for the optimal commodity tax structure. Edwards,

Keen, and Tuomala (1994) provide a straightforward intuition for why it would be
optimal to introduce a subsidy to a good which is complementary to labour supply.
Subsidizing such a good reduces the incentives of high-ability households to work
less, which is the distortion stemming from income taxation. Therefore, the pre-
existing distortions from the income taxation can be mitigated. Likewise, introducing
a tax on a good complementary with leisure would reduce the valuation of leisure
and lead to an increase in labour supply. Therefore if a commodity is a complement
(substitute) to leisure, optimal commodity tax is positive (negative). This resembles
the Corrlett–Haque (1953) result, which states that increasing the tax on the good
most complementary with leisure will increase welfare. Imposing a higher tax on
leisure complements relaxes the incentive constraints and allows the non-linear
income tax to be more progressive. A worker who is mimicking the income of a
lower-wage worker will obtain the same disposable income but have more leisure, so
will consume more of those goods that complement leisure. Imposing higher taxes on
such goods makes it more difficult to mimic, so relaxes the incentive constraint. It is
important to note that goods that are more complementary with leisure are not
necessarily luxury goods. This is one argument for the Mirrlees Review (2011)
support for uniform goods taxation.
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12.3 Effective marginal tax rates

From the first-order condition we get also the effective marginal tax rates: how the total
tax payment of type i changes when income increases. Denote the total tax payment by
tðziÞ ¼ TðziÞ þ txiðq;Bi; ziÞ. Therefore, differentiating gives the effective tax rate:

t0ðziÞ ¼ T 0ðziÞ þ t
@xi
@B

ð1� T 0Þ þ @xi
@z

: ð7Þ

Using the first-order condition, it can be shown that at the optimum (see appendix 8.2),
t0ðz2Þ ¼ 0 and t0ðz1Þ> 0.
These are the same results as in the case where income taxation only is used (see

Chapter 2), but here in terms of effective tax rates. Notice that for t0ðz2Þ ¼ 0, if t > 0, the
marginal income tax rate for type 2 must be negative. The zero effective marginal tax
rate of a type-2 individual means that if they have an infinitesimal increase in income,
the indirect taxes paid from extra income have to be compensated in direct taxation.
Hence this result is a kind of strengthening of the familiar end-point result deduced, for
instance, in Chapter 2, again with same qualifications.

12.4 The Atkinson–Stiglitz theorem

As shown by Atkinson and Stiglitz (1976), if consumer preferences are weakly separable
between goods and leisure, i.e. utility takes the form Uðcðx1; x2Þ; yÞ, differential com-
modity taxation should not be used. In other words demand does not depend on the
amount of leisure, and the mimicker and true type-1 person consume the same amount,
i.e. x11 ¼ x̂21. In this case, the demand for different commodities does not vary with the
wage rate (or labour supply), and that term at the right of (6) is always zero. The
Atkinson–Stiglitz result is often used as an argument against the use of differentiated
commodity taxation as a redistributive device. Direct income transfers (as a part of an
optimal income tax scheme) would be sufficient instead. It has to emphasize that this is a
result regarding the structure of tax system. It does not tell us about the appropriate tax
mix between labour income tax and commodity taxes. In fact, the appropriate mix
between income (direct) and commodity (indirect) taxes is one of the oldest issues in tax
literature. The modern optimal tax literature recognizes that the balance between direct
and indirect taxes is to some degree arbitrary. In other words, there is an equivalence
between consumption and labour-income (wage) taxes. This equivalence holds for any
form of tax on final consumption when taxes are proportional. Hence direct and indirect
taxes are similar in terms of their impact on individuals’ budget constraints and hence, in
the absence of fiscal illusion, on their behaviour. To say something on tax mix we have to
add to the model some extra feature. For example, Boadway, Marchand, and Pestieau
(1994) incorporate tax evasion into the design of an optimal mix tax system. Their paper
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is based on the assumption that indirect taxes may be more difficult to evade than direct
taxes. Of course, this is a rather controversial assumption.13

The Atkinson–Stiglitz result was extended by Deaton (1979) to the case where the
government can only apply linear progressive taxes. If the linear progressive tax is set
optimally, preferences are weakly separable and if the demand for goods is quasi-
homothetic, differential commodity taxes cannot improve social welfare. It is still
possible that goods have very different income elasticities of demand (as the case of
Stone–Geary preferences confirms). Both results (Atkinson–Stiglitz and Deaton) have
been generalized in cases with non-optimal income tax. Laroque (2005a) and Kaplow
(2006), following an approach suggested by Konishi (1995), showed the following. Start
with a set of differential indirect commodity taxes and any arbitrary non-linear income
tax, not necessarily optimal, and assume that preferences are weakly separable. There
exists a Pareto-improving tax reform that eliminates differential commodity taxes and
adjusts the income tax such that both the government revenue and incentive constraints
are satisfied. So, as long as there are no restrictions on changing the non-linear income
tax, there is a case for eliminating differential commodity taxes (or adopting a uniform
VAT)14,15 (see appendix 12.3 for formal proof ). The Mirrlees Review used this argument
for moving uniform VAT tax rates in a roughly distributive neutral way.16

How convincing is this argument? Boadway (2012) has some doubts:

It relies heavily on income-specific tax adjustments being undertaken as part of the commodity
tax reform. If they are not undertaken, the result would be convincing only if one subscribed to
the hypothetical compensation criterion of Little (1957) or Coate (2000) where by a change is
judged to be worth undertaking if the gainers could compensate the losers. Moreover, if the
income tax is not fully optimized for some reason and income tax reform is ruled out,
preferential tax treatment of necessities can be welfare improving . . . if a substantial number
of low-income persons are not in the labour force, complementarity with leisure loses its policy
relevancy. In these circumstances, preferential VAT treatment of necessities has more justifi-
cation. (Boadway, 2012, pp. 1154–5)

12.5 Support for differential commodity taxation

The Atkinson–Stiglitz result is one of the most important single results in optimal tax
analysis, but its applicability is limited. There are several considerations that support

13 The standard expected utility model of tax evasion predicts that evasion is decreasing in the marginal
tax rate. See Yitzhaki (1987).

14 If the income tax is less progressive than optimal for some reason, redistribution can then be improved
by favouring necessities in the commodity tax system (Boadway and Pestieau 2011).

15 In fact, the Laroque–Kaplow result might support a move to uniform commodity taxes even if the
income tax reform is potentially Pareto-improving satisfying in the sense of a second-best compensation
test. See Coate (2000) for further discussion of second-best compensation tests.

16 The Mirrlees review supports its VAT recommendation with their finding based on the UK data that
those goods are not complementary with leisure. The only exception was child care.
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differential goods taxation, though again not necessarily preferential treatment of neces-
sities. Examples include differences in unobserved endowments of some commodities
(Cremer, Pestieau, and Rochet 2001), differences in preferences (Saez 2002a; Marchand,
Pestieau, and Racionero 2003; Blomquist and Christiansen 2008); differences in the need
for particular goods (Boadway and Pestieau 2003), and differences in labour utilization
in producing commodities (Naito 1999). Boadway and Gahvari (2006) show that a
higher tax should be levied on goods whose consumption is more time-intensive as
long as consumption time is a substitute for labour.
Cremer et al (2001) study optimal income design in a setting in which individuals

differ in both ability and an unobserved endowment. They show how a differential
commodity tax system can improve welfare if used alongside the income tax in a setting
in which the Atkinson–Stiglitz (1976) theorem otherwise applies. In other words, in their
model, separability is no longer enough to obtain the Atkinson–Stiglitz result. They also
find that the self-selection constraints can take very surprising patterns (see more on this
in Chapter 14, section 2).
Saez (2002b) shows that a small tax on a given commodity is desirable if high-income

earners have a relatively higher taste for this commodity or if consumption of this
commodity increases with leisure. A small linear tax on a commodity preferred by
individuals with higher ability generates a smaller efficiency loss than does an increase
in the optimal non-linear income tax that raises the same revenue from each individual.
Saez (2002b) also investigates the conditions necessary to restore the Atkinson–Stiglitz
result with heterogeneous preferences.
As previously mentioned, in the optimal tax literature, individual behaviour is mainly

modelled by utility maximization, and social welfare is typically based on welfarism. The
limitation of this analysis for both the explanation of individual behaviour and the
formulation of social objectives is, however, recognized by several scholars. Another
limitation of the optimal tax literature is the assumption of perfect competition. Based on
the optimal tax model with this assumption of perfect competition, the Mirrlees Review
recommends to devise a tax reform package that broadens the base for VAT, removing
the zero rating, notably for food. Because food retailing in the UK (and in many other
countries)17 is highly concentrated, Atkinson (2012) criticises the review’s recommen-
dation. Namely, oligopolistic supermarkets may raise their prices higher than the tax.
The design of commodity taxes such as VAT has to consider the degree of market
competition. But how does the existence of imperfect competition affect the optimal
design of indirect taxation? It may be the case that lower taxes can offset the effects of
market power where firms are able to charge above the efficient price.
Fleurbaey (2006) studies how to combine linear commodity taxes and non-linear

income tax in a model where taxpayers have unequal skills and heterogeneous

17 Atkinson (2012, p. 775): ‘food retailing in the United Kingdom is highly concentrated. The top four
supermarkets in the United Kingdom have a market share of over 75 per cent. These firms are unlikely to act
as perfect competitors’. The top two supermarkets in Finland have a market share around 80 per cent.
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preferences about consumption goods and leisure. He proposes a particular social
welfare function on the basis of fairness principles and then derives a simple criterion
for evaluating the social welfare consequences of various tax schedules. Under the
proposed approach, the optimal tax should have no commodity tax for some range of
consumptions, and income redistribution would feature high subsidies to the working
poor. It is also shown that, even when the income tax fails to be optimal, commodity
taxes may not improve social welfare. Pirttilä and Tuomala (2004) in turn study mixed
taxation when the government uses non-welfarist social objectives. They show that if the
government aims to minimize poverty, lower tax should be levied on goods included in
the bundle that defines the poverty line. We return to this later on in this chapter.
Allowing for endogenously determined wages, Naito (1999) also extended the argu-

ment to the case with multiple consumption goods. In this case, applying a differential
commodity tax on the most skill-intensive good also increases w1

w2, so the Atkinson–
Stiglitz theorem does not carry over.
Using the discrete occupational model, Saez (2004) notes that, in the absence of

profits, in the case of endogenous wages the demand effects are a pure transfer from
low to high-skilled workers. Through demand effects an increase in high-skill taxes leads
to a reduction in the high-skilled workers’ labour supply and hence an increase in their
wages, plus a decrease in low-skilled wages. By readjusting the tax on high and low-
skilled workers the government can offset those demand effects on the net consumption
levels at no net fiscal cost. Hence the optimal tax formula does not change. Formally, the
discrete occupational model used by Saez (2004) is effectively identical to a Diamond and
Mirrlees (1971) optimal commodity tax model where each occupation is a specific good
taxed at a specific rate. In Diamond and Mirrlees (1971), optimal commodity tax rules do
not depend solely on production functions. Consequently the production efficiency result
of Diamond and Mirrlees (1971) carries over to the discrete occupational choice model,
implying that distortions in the production process (no taxes on input) are not desirable.
Extended to many consumption goods, the theorem of Atkinson and Stiglitz (1976) also
holds. Differentiated commodity taxation is not desirable to supplement optimal non-
linear earnings taxation under the weak separability assumption just presented.
Saez (2004) argues that the discrete occupational model captures the long term when

individuals choose their occupations, while the Stern–Stiglitz model with endogenous
wages captures a short-term situation where individuals have fixed skills and only adjust
hours of work. Suppose an increase in high-skill taxes leads to a reduction in high-skilled
labour supply and hence an increase in high-skilled wages (and a decrease in low-skilled
wages) through demand effects. Because of the absence of profits, those demand effects
are a pure transfer from low to high-skilled workers. Therefore, the government can
readjust the tax on high and low skills to offset those demand effects on the net
consumption levels at no net fiscal cost, leaving the optimal tax formula unchanged.
Those results are formally proven in Saez (2004). They stand in sharp contrast to results
obtained in the Stiglitz (1982) discrete model with endogenous wages where it is shown
that the optimal tax formulas are affected by endogenous wages (Stiglitz 1982).
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12.6 Fully non-linear taxation on commodities

The idea that goods preferred by the highly able ought to be taxed has a long history in tax
literature.18 Mirrlees (1976a) shows for the fully non-linear taxation on commodities, ‘the
marginal tax rates should be greater on commodities the more able would tend to prefer’
(Mirrlees 1976a, p. 337). As put by Mirrlees (1976a, p. 337), ‘This prescription is most
agreeable to common sense.’ In other words, taxes on goods preferred by high-ability
individuals contribute to progressivity and the redistribution of income.19 Non-linear
commodity taxation has not got much attention, one obvious reason being that non-
linear taxation is impractical for most commodities. This is not the case in taxing capital
income, to which we return in Chapter 14. This is also not necessarily the case with
housing consumption. Governments typically have information on personal housing
consumption levels. Housing is the most important item in family budgets and housing
outlays are influenced by government policy in a number of ways, either in the form of tax
relief or direct subsidies. It is argued that the higher the housing outlays, the lower the
taxable capacity, and therefore there should be a tax deduction or a tax credit for housing
outlays. On the other hand there is an argument that tax deductions are unacceptable
because under progressive income taxation it means that different individuals pay
different effective prices for housing and the price is lowered more for the rich than for
the poor. Therefore it has been proposed that a tax credit would be preferable to tax
deductions. A tax credit is simply equivalent to a proportional subsidy for housing: it
involves an equal reduction in the price of housing to all individuals. However, in many
countries housing costs are taken into account in basic maintenance supports. Thus, the
subsidy is not necessarily equal to all, but in effect housing subsidies might be non-linear.
From the Atkinson–Stiglitz theorem we know that if there is a freely variable non-

linear income tax, people differ only with respect to their earning potential, and the weak
separability between labour and other commodities holds, then neither tax deductibility
nor a tax credit would be desirable (see Atkinson 1977 or Atkinson and Stiglitz 1980).
Thus, the desirability of tax deductions or tax credit must be based on recognition of the
facts that there are long-run inequalities in access to housing, the weak separability does
not apply in preferences, and there are restrictions in the use of non-linear income tax
schedules. The third of these is explored by Atkinson (1977), who considers a model
where the individuals have identical utility functions but they differ in their earning
abilities (wage per hour). He shows in the case of linear taxation, when all goods are
normal and substitutes in the Hicksian sense, the optimal rate of subsidy on housing is
strictly less than the rate of income taxation. He also considers the case where the price of

18 For example, Tuomala (1990, p. 167) writes that ‘the marginal tax rates on commodities that the more
able people tend to prefer should be greater’, while Kaplow (2008, p. 140) argues ‘it tends to be optimal to
impose a heavier burden on commodities preferred by the more able and a lighter burden on those preferred
by the less able’.

19 Golosov, Troshkin, Tsyvinski, and Weinzierl (2011) revisit to the general Mirrleesian setting, charac-
terizing optimal policy analytically and, for capital taxation, quantitatively.
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housing varies across individuals, but so that housing prices and wages are independent.
In housing markets with market imperfections this is not necessarily true. It is possible
that more able individuals have higher earning prospects and might thus have better
access to mortgages required for owner-occupied housing with lower unit costs. There is
some evidence from Finland (see Tenhunen and Tuomala 2007) that the correlation
between income and housing price is negative.
The potential redistributive role of housing subsidies has had relatively little attention

in the literature. However, non-linear housing subsidy schemes are commonly used by
many countries. Tenhunen and Tuomala (2007) examine the role of housing subsidy
schemes as a redistributive mechanism when tax policies are not artificially restricted to
be linear. They are optimized given the structure of information in the economy. The
underlying information structure is the standard one in the optimal taxation literature.
Unlike in the original Mirrlees model (1971), they address the design of housing taxes/
subsidies when individuals differ both in their productivity and the unit price of housing
they face. This leads to a four-type model. A bi-dimensional setting complicates the
analysis notably, as is discussed in Chapter 10 (see also Boadway et al 2002). The biggest
challenge in multidimensional problems is the choice of the binding self-selection
constraints (see more on this in Chapter 14 in the context of capital income taxation).
There are some analytical studies in a discrete case with two-dimensional heterogeneity,
but they are usually simplified further to a three-type case with strong assumptions on
binding self-selection constraints.20 Cremer and Gahvari (1998) study optimal taxation
of housing in the model where there are two types of housing goods (low and high
quality) for which the agents have different tastes. They assume that tastes for housing
and wages are positively correlated, and consider a two-type model with one particular
configuration of binding self-selection constraint.
Instead of choosing the binding self-selection constraints a priori, Tenhunen and

Tuomala (2007) include all of them in the optimization problem. To gain better
understanding of the housing subsidies and binding constraints, they solve the problem
numerically. A two-type model with perfect correlation between productivity and
housing prices is considered as a special case.
In the previous analysis, assumptions were chosen so that they rule out changes in pre-

tax (subsidy) housing cost. There is no good reason to think that distribution of housing
prices is fixed and given. The endogenous price determination is shown to have essential
effects on the optimal tax policy (Naito 1999; Micheletto 2004). Tenhunen and Tuomala
(2007) also extend the analysis of the optimal tax treatment of housing to take into
account the possibility that taxes (subsidies) affect housing prices.
Housing is typically analysed in the literature in such a way that there is nothing to

distinguish housing services from any other commodity. Atkinson (1977) gives two
interesting examples of this kind of view, from Milton Friedman and Friedrich Engels.

20 Discrete three-type models are considered e.g. in Cuff (2000) and Blomquist and Christiansen (2004).
A continuous case is considered numerically in Tarkiainen and Tuomala (1999; 2007).
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Public housing is proposed not on the ground of neighbour hood effects but as a means of helping
low-income people. If this is the case, why subsidize housing in particular. (Friedman, quoted
in Atkinson 1977, p. 8)

The rent agreement is quite an ordinary commodity transaction which is . . . of no greater and no
lesser interest to the worker than any other commodity transaction, with the exception of that
which concerns the buying and selling of labour power. (Engels, quoted in Atkinson 1977, p. 8)

Housing policy in many countries suggests that the commodity is, indeed, a ‘special’ or
merit commodity. Rosen (1985) discusses both the efficiency and equity arguments to
subsidize housing. The question of the optimal tax treatment for housing is closely
related to analysis of merit goods, starting with Musgrave (1959). The optimal tax
treatment of merit goods has been analysed by, for example, Besley (1988), Racionero
(2001), and Schroyen (2005). Also, ‘specific egalitarianism’, originally introduced by
Tobin (1970) suggests that intervening in the distribution of certain goods essential to
life, such as housing, might be beneficial. Thus paternalism may be a more plausible
characterization of housing policy in many countries. It may take the form that govern-
ment wants all households to receive a certain minimum level of housing services. As an
example, Tenhunen and Tuomala (2009) consider a specific type of paternalism, where
housing is introduced directly into the social welfare function.
Tenhunen and Tuomala (2009) provide some support for a view that a general income

tax based on earning abilities alone would not be sufficient for redistributive purposes
when individuals differ also in access to housing. The pattern of binding incentive
compatibility constraints plays a crucial role in determining the optimal tax treatment
of housing. The key lesson from their paper is that housing subsidy schemes have a
redistributive role and they are non-linear. Because of the two-dimensional heterogen-
eity, a distortion in the housing price is an effective way to relax an otherwise binding
self-selection constraint. This follows from the fact that even under separability, mim-
icker and mimicking individual do not consume the same amount of housing.
A justification for subsidizing or taxing housing consumption holds also without

introducing any merit-good argument to the analysis; in the optimal tax model where
agents differ in their abilities and access to housing it is optimal to tax and subsidize
housing, even with separable preferences. An important feature of their results is that
they do not depend on the specific form of social welfare function, but they hold also
with all constrained Pareto-efficient allocation.

12.7 Non-welfarist social objectives: poverty
minimization and commodity taxes

In contrast to much other policy discussion, where the emphasis is on income poverty
(and sometimes other measures of social situations), the traditional concern in public
economics is related to utility. This is reflected in the use of social welfare functions as

OPTIMAL MIXED TAXATION 297



governmental objectives. As in Chapter 5, one may wonder if the apparent difference in
objectives between much policy discussion and optimal tax analysis has some important
bearings on the optimality of different policies. It is therefore interesting to consider
some non-welfarist objectives as well.21

There are of course many possible alternatives of non-welfarism, such as the pion-
eering work by Sen (1985). Here we have extended recent work on one perhaps crude
form of non-welfarism, one that has the merits of capturing the common preoccupation
with income-based measures of poverty and, moreover, of being readily tractable. Here
we follow the approach taken in Kanbur, Keen, and Tuomala (1994a) and focus on a
particular form of non-welfarism, namely alleviation of poverty. Poverty is defined here
to capture either consumption or income poverty but can be interpreted to include other
measures as well, such as the social indicators suggested by Atkinson et al (2002).
Poverty alleviation provides a parsimonious form of social objective and yet can capture
key elements of the tone of policy discussion.22 It has to be stressed, however, that we do
not set out to capture the richness of Sen’s capabilities approach.
We discussed in Chapter 9 some earlier studies that examine optimal tax and transfer

schemes under non-welfarist objectives.23 Kanbur and Keen (1989) analyse what kind of
linear income tax schedules could be used to alleviate poverty. Kanbur, Keen, and
Tuomala (1994a) extend the analysis to a Mirrlees (1971) type of model to cover non-
linear income taxation.24 Besley and Kanbur (1988) analyse commodity tax/subsidy
rules (when no income taxation is available) for poverty alleviation. Besley and Coate
(1992, 1995) consider income-maintenance schemes, especially the role of workfare,
when the objective is to minimize the costs related to these schemes. They all find that
the some of the earlier results in tax analysis are no longer valid with non-welfarist
objectives.
Pirttilä and Tuomala (2004) analyse optimal non-linear income taxation, linear

commodity taxation, and public good provision when the government objective is to
minimize poverty.25 The tone of much policy discussion and a recent emphasis on social
policy and poverty, especially in the EU, motivate exploring the implications of such a
non-welfarist approach. The results from optimal tax policy under poverty alleviation
may therefore help understand further why real-world tax policy often differs from
recommendations from optimal tax literature. This analysis may also be seen as a

21 For example, the Mirrlees Review recognizes the nonutilitarian dimensions but it does not make these
explicit.

22 One can criticize this objective for not guaranteeing Pareto efficiency in all cases. For example, people
could be forced to work despite prohibitively high disutility of labour, to push them above the poverty line.

23 See Kanbur, Keen, and Tuomala (1994b) and Bradbury (2002) for surveys.
24 A related analysis by Wane (2001) considers a case where poverty is a public ‘bad’ that enters the

individual’s utility function.
25 Blomquist and Micheletto (2006) provide, in a two-type setting, a characterization of the properties of

an optimal redistributive mixed tax scheme when the government evaluates individuals’ well-being using a
different utility function than the one maximized by individuals.
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robustness analysis of optimal tax results in the mixed tax case when the objective is to
alleviate poverty.
As discussed, the result found by Atkinson and Stiglitz (1976) has considerably played

down the potential role of differentiated commodity tax rates as a redistributive device.
Although the preference structure required for this result is not likely to be empirically valid
(Browning and Meghir 1991), optimal tax theory is quite often seen to provide a limited
role for commodity taxation in redistribution. Much policy advice has similarly argued that
the scope of redistribution achieved by differentiated commodity tax rates is relatively
minor and similar impacts could be more easily obtained by income-based targeting.
Yet most countries continue to use multiple commodity tax rates. How can one

reconcile what we observe in practice and the message of the Atkinson–Stiglitz theorem?
As discussed, one obvious option is non-separability of preferences between goods and
leisure. In this case, the insight from optimal tax analysis (such as Christiansen 1984 and
Edwards et al 1994) is that commodity tax rates should be lower for goods which are
substitutes for leisure/complements with labour supply. However, it seems difficult to
explain many of the lower VAT rates employed in EU countries with the help of this
principle.26 We previously listed cases that can explain some part of the observed
commodity tax structures,27 but it still seems plausible that the selection of many
commodities for the lower taxed groups, such as foodstuffs, pharmaceutical products,
and social housing, may well have been motivated by the simple desire to alleviate the tax
burden on the poor. Pirttilä and Tuomala (2004) examine whether there is a theoretical
case, based on poverty alleviation, for such favourable tax treatment. They also examine
optimal effective marginal tax rates (combined influence of income tax and commodity
taxes) under poverty alleviation.
The standard approach to poverty measurement compares individual or household

h’s income, zh, to a poverty line x*. Following the approach by Kanbur et al (1994b),
poverty is measured by an index of

P ¼
ð1
0

Dðx*; zÞf ðzÞdz: ð8Þ

D(x*, z) denotes a deprivation index of individual earning income z and f(z) denotes the
density function of z. It is assumed that D is differentiable and takes positive values if
individual’s income is below the poverty line z and is zero otherwise. In addition, Dz < 0 ;
in other words, poverty decreases as income increases. For our purposes, this very
general type of poverty index is sufficient. For instance, formulation (8) encapsulates
the aggregate poverty gap (if Dðx*; zÞ ¼ max ðx*� z; 0Þ).

26 Indeed, some commodities with lower tax rates (such as TV broadcasting and sporting events) are
more likely to be complements with leisure. Subsidized or free public provision of day care can, however, be
motivated by complementarity with labour supply.

27 Boadway and Pestieau (2003) point out tax-evasion considerations.
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In the simplest case, poverty is related to the lack of sufficient amount of one
consumption good. We need to enlarge the set-up to cover a multiple-good case as
well. One starting point is a reference-good bundle, to which actual consumption
bundles are compared. In a general case, the reference-good bundle may also include
an individual’s labour supply. Denote this target by a vector ðx0; y0Þ, where x refers to
N commodity goods and y denotes labour supply. For the moment, we skip the
discussion on how the reference bundle is determined. We need to decide how the gap
between the reference bundle and actual consumption is measured. For simplicity, we
consider a deprivation measure D½x*; zðq; nÞ�, where

x*h ¼ sxx
0 � shyy

0 ð9Þ

and

zhðq; nhÞ ¼ sxxðq; nhÞ � shyyðq; nhÞ; ð10Þ

where q denotes consumer prices and xðq; nhÞ and yðq; nhÞ depict the uncompensated
commodity demand and labour supply, respectively. Equation (9) determines the
poverty line x*h which is defined as the resources needed to attain the target vector
at some shadow prices ðsx; syÞ. Equation (10) determines, in turn, the resources that are
actually at the disposal for h. Kanbur et al (1994b) point out that if y increases with n,
and x*h does not increase too rapidly with n (it would typically fall), then there exists a
unique wage rate n* at which zðq; n*Þ ¼ x*. Poverty can then be measured by varying
n so that

P ¼
ðn*
0

D
h
x*; zðq; nÞ

i
f ðnÞdn: ð11Þ

One also needs to determine the shadow prices ðsx; syÞ used in calculating the target
vector. Technological reasons would suggest using producer prices p, so that
px ¼ p ¼ q� t, where t denotes commodity taxes. Emphasis on the purchasing
power of the poor would support the use of consumer prices. But there can be other
weights attached to different commodities. One may include only some necessities
with their producer prices, but goods that are not included in the target vector have
zero weights. The social indicator approach by Atkinson et al (2002) may give some
guidance on what sort of commodities are included in the target vector. The poverty
line can then be interpreted as a broad measure consisting of basic consumption goods
and goods that are deemed valuable to acquire (e.g. medicine, children’s equipment,
housing, etc.).
A benefit associated with measuring poverty by consumption is that it may convey

better information about actual deprivation than information on income. This is why
many economists working on poverty measurement prefer consumption-based poverty
measures.
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Giving the government the choice to include/exclude goods from the reference
consumption bundle opens up the possibility for paternalism. Paternalism itself may
or may not be desirable,28 but the fact that not all goods are included in actual poverty
measures defends our choice. The choice of the reference bundle nevertheless has
many implications for poverty measurement. To exemplify, a person with a given
income may not be poor, but another person with the same income but a consumption
pattern where goods in the reference bundle are underrepresented is considered so.
Pirttilä and Tuomala (2004), while considering identical preferences, abstract from these
considerations.29

In what follows, we do not consider labour supply when measuring the target
commodity groups, and concentrate on income(expenditure)–poverty measures alone.
As discussed earlier, this captures the policy-makers’ tone of focusing on income instead
of leisure enjoyed by the poor. Then, x*h ¼ sx*, and one may write the poverty index
directly in terms of commodity demand as follows:

P ¼
ðn*
0

D½x*; sxðq;wÞ�f ðnÞdn: ð12Þ

12.8 Optimal commodity taxation and non-linear
income taxation

As shown in appendix 12.4, maximizing with respect to q yields the following formula:

t
ð
xcq fdn ¼ �

ð
pðnÞxnðq; b; y; nÞdnþ

ð
1
l
Dmsx

c
qðq; y; v; nÞfdn; ð13Þ

where p ¼ E�1
v a=l> 0 and Ev ¼ 1=vE.

30 where Dm ¼ @D
@m ¼ @D

@sxc : The expression in (13)
is an implicit formulation for the optimal commodity tax structure. The left-hand side of
this formula measures, as pointed out by Mirrlees (1976a), the extent to which com-
modity taxation encourages/discourages consumption of different commodities. The
first term on the right is similar to Mirrlees (1976a). It links the ‘index of discourage-
ment’ at the left to the differences in consumption of a particular good among people
with different abilities, n. @xi@n < 0 implies that the consumption of commodity i should be
discouraged and @xi

@n > 0 in turn implies that it should be encouraged. In other words,
commodity taxes should be higher on the commodities that more able people tend to
prefer.

28 For a defence of paternalism, see Thaler and Sunstein (2003).
29 A special case of poverty measurement is one where all goods are included in the measure with their

consumer prices. Implications of such a choice will be briefly considered presently.
30 The income tax is also assumed to be optimally chosen.
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The second term on the right measures the impact of commodity taxation on poverty.
Consider a case where good i is included in the deprivation measure and the tax
(consumer price) of good j is increased. Then the index of discouragement at the left
measures the discouragement of the consumption of j. If these goods are complements,
then xcq < 0, and the consumption of good j is encouraged. Likewise, if i and j are
substitutes, i.e. xcq < 0, the consumption of good j is discouraged through the tax system.
Finally, since we know that the compensated own-price effect is always negative, we can
infer that the consumption of goods that themselves feature in the deprivation measures
should be encouraged.
These remarks can be summarized as follows: (i) when the government minimizes

poverty, the consumption of goods that enter the deprivation measure (or are comple-
mentary to goods entering the deprivation measure) and that are favoured relatively
strongly by low-ability households should be encouraged; (ii) consumption of goods that
are substitutes for goods entering the deprivation measure or are favoured relatively
strongly by high-ability households should be discouraged.
In terms of tax rates, commodity taxes should therefore be the highest for goods for

which the high-ability households have a relatively strong taste and that are substitutes
for goods in the poverty measure. Commodity taxes should be the lowest for goods for
which the low-ability households have a relatively strong taste and that are included in
the deprivation measure or are complementary to goods in the poverty measure.
The intuition for the first part of the result (i) is straightforward. If a good is included

in the deprivation index, a decrease in its price leads to an increase in its consumption,
and thus to a reduction in poverty. Likewise, setting a relatively low (high) tax for goods
that are complements (substitutes) with goods in the deprivation measure reduces
poverty indirectly. The magnitude of the tax effects also depends on the weight/shadow
price(s) the goods have in the deprivation measure. For goods that are seen as essential in
reducing deprivation, poverty concerns have a strong impact. Goods that have secondary
importance for poverty reduction get less favourable tax treatment.31

On top of the income tax, it is therefore optimal to introduce a small subsidy to
directly reduce the cost of consumption of goods that are deemed necessary/important
for poverty alleviation. Since the starting point of income taxation alone also includes the
possibility that all commodities are taxed equally, the result also suggests that a com-
modity tax structure with a basic VAT rate applicable to most commodities and lower
rates applied to some basic commodities can be optimal when the government seeks to
alleviate poverty. Many of the real-world commodity tax systems have such a feature.
Allowing the government to minimize poverty may therefore explain many existing
commodity tax structures, which have been hard to combine with messages of conven-
tional tax theory.

31 A special case where all goods enter the deprivation measure with their consumer price (q) implies that
the last term at the right of (13) is the following

Ð
1
l

� �
Dm xc þ qxcq

� �
fdn. It is unfortunate that in this case, if

xcq < 0, one cannot sign the term.
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The interpretation of the second part (ii) of our summary results is the same as earlier
tax analysis. The government is still constrained by asymmetric information, and it must
design its tax schedules so that individuals’ incentive compatibility constraints are not
violated. Christiansen (1984) and Edwards et al (1994) show that goods that are nega-
tively related to labour supply should be taxed relatively more. Holding income constant,
a reduction in hours worked can be achieved by an increase in skills. Therefore, a good
for which people with higher abilities have stronger taste is negatively related to labour
supply.
The incentive effect vanishes if consumer preferences are separable between goods

and leisure (Atkinson and Stiglitz 1976). In this case, the demand for different com-
modities does not vary with the wage rate (or labour supply), and the first term on the
right of (13) is always zero. However, even with separable preferences, the second term
on the right in (13) may still be positive or negative. This gives rise to the following
observation: when the government seeks to minimize poverty, even with separable
preferences between goods and leisure, non-uniform commodity taxation is still optimal.
Based on utility maximization and welfarist social welfare objectives, the Atkinson–

Stiglitz result and its generalizations are often used as an argument against the use of
differentiated commodity taxation as a redistributive device (most notably in the
Mirrlees Review). Direct income transfers (as part of an optimal income tax scheme)
would be sufficient instead. In the present context, there is no reason to suppose that
influencing income is better than affecting consumption of the commodities. The
poverty index depends directly on the consumption of some of the commodities,
and it is in the interest of the government to promote their consumption. This also
implies that income-based targeting is not necessarily superior to targeting based on
consumption goods.

12.9 Effective marginal tax rates

From the first-order conditions we obtain the effective marginal tax rates32

1þ txz þ ð1� txbÞç ¼ 1
f
pçn þ

1
l
Dmpx

c
z; ð14Þ

where � is defined to be the marginal rate of substitution between income and expend-
iture on goods that are taxed on linear scale, i.e. çðx; y; nÞ ¼ �ð@b=@zÞu
¼ �Ezðq; z; n; vÞ. As in Mirrlees (1976a), the left-hand side of (14) measures the total
increase in the tax liability (including commodity taxes and the income tax), or the
effective marginal tax rate, of a household when income increases.

32 See appendix 12.1 for details.
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These observations can be summarized as follows: when the government minimizes
poverty, the effective marginal tax rate is zero at the top of the income distribution, but it
may be positive or negative at the bottom of the income distribution. If some work is
always desirable, and additional income increases the demand for goods that are needed
to alleviate poverty, then the effective marginal tax rate is negative at the bottom of the
income distribution.33

The standard result in optimal tax analysis—there should be no distortion at the top—
carries over to the present case with poverty minimization. This is not surprising since
the individual at the top is not the concern in poverty alleviation programmes.
But the result differs from standard welfarist tax analysis, where the marginal tax rate
at the bottom of the income distribution is also zero. The effective marginal tax rate at
the bottom of the income distribution can in general be positive or negative. The
intriguing case is the one where the goods in the poverty index are normal (additional
income increases their demand). With the negative effective marginal tax rate, the
government can motivate the poor individual to work more and earn more income.
When no weight is given to the leisure of this individual, such a policy is clearly desirable
from the poverty alleviation point of view. The result can also be seen as a justification
for various policies of wage subsidization that are currently applied in some countries,
either through cuts in employer’s social security contributions or through systems such
as the EITC.
Kanbur et al (1994a) (see Chapter 9) derived similar results for the case where the

government has access to income tax only. The novelty here is to calculate the effective
marginal tax rates that include both the income tax and commodity taxes. Typically, one
would assume that commodity taxes are on average positive, and therefore the result
would tend to reduce the marginal tax rates of the income tax only. However, in the
present case the consumption of commodities that are relevant for poverty calculation
should be subsidized. If no other commodity taxes are in use, the observation based on
(14) would tend to increase the marginal tax rates relative to those derived in the case of
no commodity taxes or subsidies.
The analysis shows that relatively low commodity tax rates (or subsidies) should be

placed on goods that are included in the poverty measure. This conclusion holds even if
preferences are separable between goods and leisure. In contrast to the result by
Atkinson and Stiglitz (1976), non-uniform commodity taxation can therefore be optimal
in a large number of situations. More generally, the consumption of goods that are
complements (substitutes) for goods entering the deprivation measure should be encour-
aged (discouraged).

33 Proof: Consider first the end point at the top of income distribution. Then the transversality condition
in (14) implies that the first term at the right of (14) is zero. Assuming that the highest income earner is not
poor, the second term is zero as well. At the bottom of income distribution, if some work is always desirable
(no bunching), the first term at the right is again zero. However, in general the second term may be positive
or negative. If xz > 0, the second term is negative, since Dm < 0. QED
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The simple, parsimonious, deprivation index applied here may be too crude a
formulation of a real-world government objective function. One important avenue
would be to explore if there are political economy arguments—such as altruistic prefer-
ences or efficiency losses from poverty—that would motivate such a choice. What is
sufficient for our qualitative results to hold is, however, that, in addition to standard
welfarist objectives, the government also cares about poverty. The social welfare function
could therefore also be a weighted average of social welfare and poverty. Another
important area for further research would be to analyse the quantitative importance of
the results using simulations. However, to our knowledge, no computational results are
available in the mixed tax case even under welfarist objectives.

12.10 Optimal mixed taxation and externalities

The mixed taxation case opens up a forum to discuss issues that are, though perhaps not
totally neglected, at least rarely addressed in environmental tax analysis. These include
the impact of externalities on marginal tax rates and the accurate role of commodity
taxation in the presence of externalities. The Atkinson–Stiglitz result allows us to achieve
all the desired redistribution through income taxation and there is no need to use
indirect taxes for equity objectives. One caveat which is entered is that efficiency may
require taxes to be levied, or subsidies paid, on goods and services that are socially costly
or beneficial—or so-called externalities. The seminal paper in environmental tax analysis
that addresses redistributional concerns is that by Sandmo (1975), which, among other
things, analyses optimal commodity taxation structure in the presence of an externality
in a many-person economy.
In political discussion, the idea of using environmental taxation to finance part of

government’s budget has had great interest. This possibility has also produced a growing
body of economic research analysing this public finance aspect of environmental taxes.
The models used to study the issue, such as Bovenberg and van der Ploeg (1994) and
Bovenberg and de Mooij (1994), consist typically of an identical individual economy
with proportional taxes and have efficiency as the sole objective of the tax system.34

This approach lacks, however, some features that might be relevant in environmental
tax analysis. First of all, concentration on a representative consumer economy excludes
the analysis of redistributional concerns’ influence on environmental policy. These
redistributional considerations are, however, likely to become an important determinant
of environmental tax policy, since the results from some empirical studies (Smith 1992,
Harrison 1994, Fullerton, Leicester, and Smith 2010) suggest that environmental taxes
tend to be, at least slightly, regressive. Second, analysing solely the choice between

34 For surveys on the double dividend theme (as it is known in the literature), see Goulder (1995) and
Oates (1995).
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proportional income tax and pollution tax, as in Bovenberg and de Mooij (1994),
restricts the use of various tax instruments in an unnecessary way compared to the
taxation systems actually in use: in most developed countries, income is taxed on a non-
linear scale, whereas indirect taxation is linear. Hence, a thorough analysis of the way the
use of environmental taxes as a source of public revenues influences the choice between
income and other forms of taxation calls for the use of a relevant framework, which in
most cases is the mixed taxation one.
Pirttilä and Tuomala (1997), Cremer and Gahvari (1998), Micheletto (2008), and

Tenhunen (2008) study environmental policy within the mixed taxation framework.
This setting for tax analysis contains very many relevant features of tax policy objectives
encountered in reality—namely, consideration of revenue drawing, redistribution, and
environmental quality. Among other things, this approach provides the opportunity to
examine whether the earlier models targeted to analyse the public finance aspect of
environmental taxation, while abstracting from the analysis of non-linear taxation and
redistributional concerns, still derive reliable findings.
With only income taxation in use, Pirttilä and Tuomala (1997) derive a rule for the

shadow price of the externality, measured in terms of public funds, that determines the
magnitude of the externality-based parts in the marginal tax rates. The results reveal that
while the externality’s direct harmful effect raises the marginal tax rates, the indirect
impact, arising from the self-selection constraint, dampens the rise in the most plausible
case. This is because the exacerbation of pollution decreases the value of leisure and
hence the incentive of the high-ability type to mimic the choice of the low-ability one,
which in turn facilitates redistribution and alleviates the harmfulness of the externality.
Although the sign of the marginal tax rates under most general conditions is indefinite,
introducing separability between leisure and the externality excludes the self-selection
effect and implies an unambiguous rise in marginal tax rates.
The reasoning above carries over to the mixed taxation case as well, but the shadow

price of the externality is then determined also by the commodity tax revenue effects
arising from changes in pollution level. The rules of the (effective) marginal tax rates are
also slightly revised in this case: with harmful externality, the marginal tax rates rise (fall)
if the environmentally harmful goods are normal (inferior). These conclusions concern-
ing the marginal tax rates therefore suggest that the results derived in some earlier
models, abstracting from income tax analysis and containing decreasing progressivity,
might be partly misleading.
In the first-best world Pigouvian corrective taxes are equal to the marginal social

damage. Suppose the utility function of consumer i is U ¼ Uðxic; xid; yi;EÞ, where xc is
the consumption of a clean good, Xd is the consumption of a ‘dirty’ good, y is labour
supply, and E is environmental quality, EðPi x

i
dÞ; E0 < 0. Hence 0 environmental damage

depends negatively on the aggregate consumption of the good. Consumers are ‘atomis-
tic’. They do not take environmental harm into account in consumption decisions.
Consumer optimization implies that

Ui
d

Ui
c
¼ qd

qc
, where qi ¼ pi þ ti consumer prices. This

means that the government can implement the first-best situation by setting taxes tc ¼ 0
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and td ¼ �
P

i
Ui
EE

0

l . This implies that the marginal environmental damage is equal to the
Pigouvian corrective tax.
How should corrective taxes with pre-existing tax distortions be set, i.e. when taxes are

also used both to collect revenue and to redistribute income? The first analysis of this
question is by Sandmo (1975). He showed that the so-called additivity property holds.
The corrective or environmental term is only present in the tax formula for the dirty
good, i.e. tc ¼ tRc and td ¼ tRd þ tPd where R refers to the (Ramsey) tax rule without
externalities and P to the corrective part of the tax rule.
The findings regarding the role of commodity taxation in the mixed case indicate, first

of all, that the additivity property discovered by Sandmo also applies in the broader set-
up of the present paper. The property shows that the externality-based part of commod-
ity taxation is added to the tax rules of the environmentally harmful good only; the level
of this term is determined by the shadow price of the externality, and its interpretation
corresponds therefore to the discussion in the previous paragraph. A striking feature
concerning the externality-internalizing taxation is that, with suitably chosen preference
restrictions (that are not less general than those used in many related papers), the
externality-based part of commodity taxation is exactly the same as the first-best Pigou
principle. Moreover, expressing the commodity tax rule by means of aggregate compen-
sated demand reveals that commodity taxation is determined by the self-selection
considerations targeted to facilitate redistribution on the one hand, and by the
externality-based objectives on the other.
Tenhunen (2007) shows that the Sandmo result of the separability of environmental

taxes fails with two-dimensional heterogeneity in the pooling optimum, but not in the
separating optimum. The explanation for this is that there are too few policy instruments
in the pooling equilibrium: commodity taxes should take care of both redistribution and
externality internalization.
Pirttilä and Tuomala (1997) and Cremer et al (1998) have shown that when prefer-

ences are separable so that U ¼ Uðzðxic; xidÞ; yi;EÞ, i.e. consumer demand depends
neither on the amount of leisure nor environmental quality, and the income tax is set
optimally, then the first-best Pigouvian tax can be used even in a second-best setting.
This means that redistributional concerns need not be taken into account when setting
environmental taxes. Tax distortions do not affect the corrective part of taxation as
opposed to the earlier ‘double dividend’ literature. Needless to say, the conditions for this
result are unlikely be true in real life.

12.11 Merit goods and commodity taxation

The notion of merit goods, as initiated by Musgrave (1959), is used as another motiv-
ation for public intervention that is distinct from those cases just described. Examples for
merit-good arguments are easy to find in reality. Compulsory education is perhaps the
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best known example of merit goods, whereas banning drug use is used to protect
consumers from a harmful demerit good. In all such arguments, the principle of
consumer sovereignty is ignored. The government’s intervention is thought to be
justified, since consumers make faulty choices. Public policy is then designed to correct
consumers’ choice, often against their will.
First-best commodity tax rules for merit goods, derived in the situation where there is

no need to resort to distortionary taxation, are directly targeted to correct the difference
between private and social valuations of these goods. In a second-best situation with
distortionary linear taxation, Ramsey-type rules emerge. Consumption of commodities
that are complementary to the merit goods should be encouraged, while substitutes
should be discouraged (see e.g. Besley 1988).
Racionero (2001) considers linear commodity taxation in the presence of merit goods

when the government has access to non-linear income taxation as well.35 Racionero
(2001) utilizes a merit-good modelling due to Besley (1988), where individuals disregard
the beneficial impact of consumption of one good on health, whereas the health effect is
taken into account in the government’s assessment of individual welfare. Assuming that
preferences are weakly separable between consumption and leisure—when no commod-
ity taxes would be needed without merit-good considerations—there should still be a
subsidy on the consumption of the merit good. The size of the subsidy is shown to be a
sum of two elements. It depends, first, on the average of the marginal effects on health
over individuals of different income level. Second, a covariance term emerges, which
measures the dispersion of the marginal effects on health across population. If, for
instance, workers with low income-earning ability are more sensitive to the subsidy
(increase the consumption of the merit good relatively more when subsidized), the
subsidy tends to be higher.36

Following Kanbur et al (2006), suppose that the individuals do not care about add-
itional positive effects of certain goods on health, while the government does. This
divergence can be expressed in the following way:

ug ¼ uðx; xh; yÞ þ cðxhÞ; ð15Þ
where ug reflects government’s preferences and u refers to individuals’ preferences.
cðxhÞ denotes the health function ( c0 > 0 and c00 < 0). Schroyen (2005) has provided
an alternative formulation, where the idea is that the marginal rate of substitution
between the (de)merit good and a numeraire good is higher (lower) for the government
than for the individual. The general structure of the tax rule below would remain similar
if the merit good was modelled along the lines of Schroyen (see Pirttilä and Tenhunen
2008 for details).

35 Racionero (2000) examines the case where individuals also differ in their preferences over the merit
good, but government only utilizes income taxation.

36 Similar modelling has been used by Racionero (2001) and, more generally, by Besley (1988).
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Using partially indirect utility functions, we write the government’s welfare function
as follows:

W ¼
ð
ðvðq; y; b; nÞ þ cðxhÞÞf ðnÞdn; ð16Þ

where b ¼Pqixi þ qhxh. Now with weakly separable preferences we can derive, using
the same procedure as in appendix 8.2, the implicit commodity tax formula for a merit
good:

tm
ð
ðxhÞcqfdn ¼ �

ð
1
l
c0ðxhÞðxhÞcqfdn; ð17Þ

where ðxhÞc is compensated demand. The left-hand side of (17) measures the extent to
which commodity taxation encourages/discourages consumption of merit good. The
term on the right-hand side measures the impact of health effect of merit good. Since
ðxhÞcq < 0, the term is positive, suggesting that the consumption of merit goods should be
encouraged. In terms of tax rates, commodity tax on merit goods should be low or
negative (a subsidy).

12.12 Sin taxes

One reason why people can end up making choices against their own good is excessive
discounting of future. This may result in e.g. over-consumption of goods that offer initial
satisfaction but belated suffering. O’Donoghue and Rabin (2003) consider how a pater-
nalistic government could respond to such a situation by designing appropriate, cor-
rective, ‘sin’ taxes.37

We can capture some of the arguments developed by O’Donoghue and Rabin (2003)
in the mixed tax framework. Consider a case where consumers have self-control prob-
lems, i.e. they end up consuming more of a harmful good than they ex ante would
consider the right amount. Utility is u ¼ u*ðx; a; z; nÞ, where a is a ‘sin’ good (x is
untaxed). All consumers have some degree of self-control problem so that there is an
over-consumption of a. By contrast, optimal behaviour maximizes u ¼ u**ðx; a; z; nÞ, so
that a*> a**. Otherwise the model is the same as the one used above. Typically self-
control models involve a dynamic element (e.g. the harm from eating unhealthy food
occurs in the future), but the static formulation of the self-selection constraint is still
possible, since the choice between healthy and harmful consumption occurs at present.
Now we have, using the same procedure as in appendix 8.2,

37 Similar modelling has been used by Racionero (2001) and, more generally, by Besley (1988). See also
Haavio and Kotakorpi (2011).
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ta

ð
acq fdn ¼ �

ð
pðnÞandn�

ð
1
l
Paa

c
q fdn: ð18Þ

With weakly separable preferences (the first term on the right-hand side is zero), we have
ta > 0, i.e. the consumption of the sin good should be taxed. If the first term of the right is
non-zero, the optimal commodity taxes are a combination of traditional welfarist
concerns and the need to influence the consumption of the harmful good.
An alternative formulation of sin goods might be one where the degree of irrationality

is assumed to vary across individuals. As optimal taxation exercises where agents differ
in two respects (as ability and tastes) are difficult, we concentrate on a simpler case where
individuals do not differ in terms of their income-earning ability. Utility may now be
defined by uðx; a;fÞ, where ç is an index of irrationality, with density f. The government
objective function takes the non-welfarist form NW ¼ Ð �ff ûðx; aÞf ðfÞdf. In other
words, û is the social utility derived from a ç individual’s consumption. Now we can
reinterpret our model in Chapter 9.
The optimal marginal tax rate formula can be written as follows:

T
0 ¼ ûxðs� ŝÞ

l
� mðçÞuxsb

lf
; ð19Þ

where s is again the (individual) marginal rate of substitution between a and x and ŝ ¼
� ûa

çûx
denotes the social marginal rate of substitution. The second term on the right is

again familiar from the welfarist literature, whereas the first term is novel. It captures the
social value of divergence between private and social time preferences. Suppose that for
the most irrational individual we have ŝ > s, so that society would like to see him to
consume less of the sin good than he would choose to do at any given prices. At the
optimum, the relative price of x faced by this individual is lowered to discourage his
consumption of a.

12.13 Optimal commodity taxes and income
uncertainty

Next we extend the mixed taxation framework in the case with income uncertainty. The
model is otherwise the same as in Chapter 7. Once income z is realized, a worker-
consumer pays income taxes according to schedule T=z�c(z) and uses the rest of his or
her income to choose the bundle of commodities x by maximizing utility.38 The worker

38 Note that while consumption takes place after the resolution of uncertainty, the consumer can still take
commodity demand and prices into account when choosing his or her level of effort. In order to preserve the
analysis analogous to conventional tax models under adverse selection, we abstract from explicit inter-
temporal modelling.

310 OPTIMAL REDISTRIBUTIVE TAXATION



is risk-averse with a partially indirect utility function Vðq; cðzÞ;G; yÞ, where
Vc > 0Vcc < 0, Vy < 0 and Vyy < 0. The consumer chooses a bundle x conditional on his
choice of y2(yL,yH) (effort belongs to an interval from low to high) and expenditure on
commodities, c. q denotes consumer prices and g the public good.
The worker-consumer chooses effort y to maximize private expected utilityð

Vðq; cðzÞ;G; yÞf ðz; yÞdz; ð20Þ

The necessary condition of (20) isð
ðVy þ Vfy=f Þfdz ¼ 0; ð21Þ

where fy=f ¼ z. It measures the impact of unobservable effort on the log-likelihood of
income.
The government maximizes expected utility with respect to c(z), y, and q subject to the

incentive compatibility condition (21) that individuals choose their effort optimally. This
approach, where the incentive compatibility condition is captured by (21), is called the
first-order approach (see Chapter 11 for more on this). To reiterate, in the optimal tax
problem the government maximizes:ð

Vðq; cðzÞ;G; yÞf ðz; yÞdz ð22Þ

subject to ð
ðVy þ VzÞfdz ¼ 0 ð23Þ

and a revenue constraint which, for large identical population with independent and
identically distributed states of nature, can be written in the formð

ðz � pxðq; cðzÞ; g; yÞ � rgÞf ðz; yÞdz ¼ 0 ð24Þ

where p denotes producer prices of commodities and r is the production price of the
public good.
From the first-order condition we get for each row of the matrix/vector equationðX

k

xciktkfdz ¼ m
ð
Vc

@xi
@y

fdz ð25Þ

Equation (25) is analogous to equation (86) in Mirrlees (1976a). The left-hand side of
(25) is a measure of the extent to which commodity taxes encourage consumption of the
different commodities. @xi@y < 0 implies that the consumption of commodity i should be
discouraged and @xi

@y > 0 in turn implies that it should be encouraged.
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The redistributive income tax system involves distortions because of the reduced
effort. The government wants to enhance effort, and one way to do so is to encourage
consumption of goods whose valuation increases with effort. In other words, it is optimal
to use differentiated commodity taxation (i.e. introduce an additional distortion), if the
additional distortion reduces the overall distortions of the tax system.
Note that there is an interesting analogy to the commodity tax rule derived in the

standard optimal taxation framework, where the government cannot observe the
income-earning ability of individuals. In other words, income-earning ability is hidden
information. In the standard model of Mirrlees (1976a), the consumption of goods for
which, at a given income level, highly skilled people have a relatively strong taste should
be discouraged. This policy reduces the value of leisure, encourages labour supply, and
may reduce the overall distortions of the tax system. In the present framework, effort is
unobservable to the government, i.e. it is hidden action. Therefore, the government seeks
to encourage effort by its commodity tax policy. The analogy is therefore related to how
the tax policy aims to reduce the efficiency losses stemming from asymmetric informa-
tion: in standard optimal tax setting from hidden information (ability), and in the
present, income-uncertainty framework, hidden action (effort).
Finally, from (25) we see that if preferences are separable between consumption and

effort, i.e. the indirect utility takes the form V ½vðq; cðzÞÞ;G; y�, there is no need to use
differentiated commodity taxation. Income taxation alone or income taxation with
uniform commodity taxation would be sufficient to achieve redistributive aims with
minimal efficiency losses. The separability result of Atkinson and Stiglitz (1976),
derived under varying income-earning ability, is therefore valid also in the case with
income uncertainty.
The conditions for when the first-order approach is a valid solution procedure are rather

stringent. However, it seems that for the Atkinson–Stiglitz separability result, these
conditions are not needed. To see this, denote vðq; cðzÞÞ ¼ wðzÞ. Using Roy’s identity
we have x ¼ xðq;wðzÞÞ. Now the worker/consumer minimizes the expenditure on goods
with respect to prices,

Ð
pxf ðz; yÞdz ¼ Ð pxðq;wðzÞÞf ðz; yÞdz, subject to the condition that

the consumer attains the maximum expected utility,
Ð
V½vðq; cðzÞÞ;G; y�f ðz; yÞdz ¼ V*.

For these preferences, the consumer gains nothing from commodity taxes. Costs are
minimized if the consumer pays the producer prices only, i.e. there are no commodity
taxes (q=p). Therefore, the Atkinson–Stiglitz separability result appears to be valid in the
income-uncertainty case even without the assumptions required for the first-order
approach.39 Practical commodity tax policy rules remain therefore the same irrespective
of whether income differences arise from uncertainty or differences in skills.

39 It appears that even if we adopted the timing structure used by Cremer and Gahvari (2001)—that
consumers commit to a consumption of some goods prior to the resolution of uncertainty—the Atkinson–
Stiglitz result would still remain valid for the goods consumed after the resolution of uncertainty, if there is
weak separability between these goods and effort. The taxation rule of the precommited consumption good
would presumably have a complicated structure, a topic analysed by Cremer and Gahvari (2001).
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12.14 Fully non-linear taxation and income
uncertainty

In the analysis of fully non-linear taxation, one can proceed with standard direct utility
functions of the form ð

uðx; yÞf ðz; yÞdz; ð26Þ

where x is a vector of many goods. The necessary condition of (26) isð
ðuy þ ufy=f Þfdz ¼ 0; ð27Þ

The government can directly control x for a given income. The first-order condition gives

uxi
uxj

¼ pi � muyxi
pj � muyxj

; ð28Þ

where m ¼ a=l (see appendix 8.4). Note first that with separable preferences, uyxi ¼ 0.
This means that there ought to be no distortion between goods; in other words, the
marginal rate of substitution between i and j on the left should be equal to the marginal
rate of transformation on the right. Therefore, a counterpart of the Atkinson–Stiglitz
result holds under non-linear commodity taxation as well.
If i is more complementary40 with effort than j is—or if i is a complement and j is a

substitute with effort—the right-hand side of (5) goes down (uyxi > 0 and uyxi > uyxjÞ. This
means that the relative price of i decreases at the margin. Therefore its consumption is
encouraged by the tax system, i.e. its marginal tax rate is negative. Likewise, the consump-
tion of goods which are substitutes with effort is discouraged by a positivemarginal tax rate.
This result is again connected with one derived by Mirrlees (1976a) for the fully non-

linear case without income uncertainty. In his analysis, ‘the marginal tax rates should be
greater on commodities the more able would tend to prefer’ (Mirrlees 1976a, p. 337). The
marginal tax rates in Mirrlees (1976a) are related to the skill level (hidden information),
whereas here they are related to the effort level (hidden action).

n APPENDIX 12.1 PRODUCTION EFFICIENCY

The government maximizes social welfare function Wðu1:; ; ; :uHÞ ¼ Wðvðq; bhÞ; :::Þ
s:t∑

h
xhðq; bhÞ ¼ z þ g where xh is h’s individual net demands, q ¼ ðq1; :::; qkÞ is a

consumer price vector, b ¼ ðb1; :::; bHÞ is a distribution of income, but h is not

40 Complementarity here must be interpreted as increasing the value (or decreasing the discomfort) of
effort, since uy < 0.
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individually observable. The private production z ¼ ðz1; :::; zkÞ is chosen when prices are
p ¼ ðp1; :::; pkÞ. The public production is g ¼ ðg1; :::; gkÞ with shadow prices
s ¼ ðs1; :::; skÞ. In the pure commodity tax problem, b=0. In the more general problem,
bh ¼ [profit share of individual h + b (lump sum transfer)]. Constant returns in the
private sector imply zero profit in equilibrium and therefore all profit shares are zero. In
this case, many alternative tax systems yield the same equilibrium. Suppose q, p, etc. are
associated with an equilibrium (all market clear - ∑

h
xhðq; bhÞ ¼ z þ g, private production

z ¼ ðz1; :::; zkÞ is chosen when prices are p ¼ ðp1; :::; pkÞ). Now let p0 ¼ lp; q0 ¼ mq; s0 ¼
us; b0 ¼ mb for positive numbers l; m; u. Then behaviour does not change, but the implied
tax rates are now t0 ¼ mq� us, r0 ¼ us� lpwhere r= s�p producer tax rate. These do not
need be proportional to t and r. Some goods previously taxed may not be subsidized, and
vice versa. Therefore one cannot answer such a question as: ought commodity i be taxed?
There is no unique answer. We can choose some commodity as untaxed numeraire. This
fixes the tax system for given relative prices, but changing the numeraire changes results.
Diamond and Mirrlees theorem: Assuming p ¼ ðp1; :::; pkÞ and s ¼ ðs1; :::; skÞ under

constant returns q*; b* maximize social welfare function Wðvðq; bhÞ; :::Þs:tX
h

xhðq; bÞ 2 X, then
X
h

xhðq; bÞ is in the frontier of X.X is the aggregate production set,

Z+G, where Z ¼PZj is the private production set and G is in turn the public produc-

tion set.
X
h

xhðq; bÞ in the frontier of X means that it is efficient; in other words, it is not

possible to produce more of everything. This also implies that, if
X
h

xhðq; bhÞ ¼ z*þ g*,

and z* maximizes p.zwith z inZ, then p also gives shadow prices for the public sector; s=p.

Proof: Suppose
X
h

xhðq; bÞ lies in the interior of X. Then a small increase in b is

possible while keeping
X
h

xhðq; bÞ in X. But increasing b increases every vhðq; bÞ, and
hence increases W. Therefore, q*, b* is not optimal. This contradicts the assumption, and
proves the theorem.
If there are private profits (decreasing returns in the private sector) but the govern-

ment taxes them at 100 per cent, the efficiency theorem still holds, because consumer
demands and welfare are still independent of producer prices.

n APPENDIX 12.2 OPTIMAL MIXED TAXATION

The government maximizes the welfare of the low-ability individual, given its budget
constraint, the fixed utility to the high-ability class, and the self-selection constraint of
the higher binding.
The Lagrangean of the government’s problem is:41

41 Alternatively, we could restrict the analysis to the same kind of externality modelling as in section (2);
in this case, the FOC for commodity tax would not depend on E.
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L ¼ V1ðq;B1; z1Þ þ d½V2ðq;B2; z2Þ � �V 2�
þ m½V2ðq;B2; z2Þ � V2ðq;B1; z1Þ�

þ l
X
h

�
zh �

X
i

pix
h
i ðq;Bh; zhÞ

�
� rG

" #
:

ð1Þ

The first-order conditions with respect to zh:s, Bh:s, the price qj, and E are:

V1
z � mV̂

2
z þ l 1�

X
i

pi
@x1i
@z

 !
¼ 0; ð2Þ

V1
B � mV̂

2
z � l

X
i

pi
@x1i
@B

¼ 0 ð3Þ

ðdþ mÞV2
Y þ l 1�

X
i

pi
@x2i
@z

 !
¼ 0 ð4Þ

ðdþ mÞV2
B � l

X
i

pi
@x2i
@B

¼ 0 ð5Þ

�V1
Bx

1
j � ðdþ mÞV2

Bx
2
j þ mV̂

2
Bx̂

2
j � l

X
h

X
i

pi
@xhi
@qj

¼ 0 ð6Þ

where the hat still refers to person 2 mimicking a type-1 individual.
In a Pareto-efficient mixed taxation scheme, the aggregate compensated change in the

demand of commodity j is given by

Δxj ¼ m∗ðx1j � x̂2j Þ ð7Þ

where

m* ¼ V̂
2
Bm

lðxc1q þ xc2q Þ
< 0

Proof: In order to show this, we need to manipulate the first-order condition given in
equation (6) in the following way:

X
h

X
i

ti
@xchi
@qj

¼
X
h

X
i

ti
@xhj
@qi

� Δxj

¼ �
X
h

X
i

pi
@xhi
@B

xhj þ
1
l

V1
Bx

1
j þ ðdþ mÞV2

Bx
2
j � mV̂

2
Bx̂

2
j

h i
;

ð8Þ
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where use has been made of the Slutsky relation

@xchi
@qj

¼ @xhi
@qj

þ @xhi
@B

xhj and
@xchi
@qj

¼ @xchj
@qi

ðsymmetry propertyÞ ð9Þ

Then, substitution for V1
B from first-order condition (3), and for ðdþ mÞV2

B from (5) in
equation (7) gives the result in equation (6) in the text.
We may now proceed to calculate the effective marginal tax rates for both ability types.

When the tax system consists of both direct and indirect tax components, the total taxes
(denoted by �) paid by individual h are (where B ¼ z � TðzÞ):

tðzÞ ¼ TðzÞ þ
X
i

tixiðq; z � TðzÞ; z; nÞ ð10Þ

Differentiating this with respect to z gives the marginal effective tax rate

tðzÞ ¼ T 0ðzÞ þ
X
i

ti
@xi
@B

ð1� T 0Þ þ @xi
@z

� �
ð11Þ

Substituting (4) into (44) gives:

t0ðzÞ ¼ 1þ
X
i

ti
@xi
@z

þ Vz

VB

� �
1�

X
i

@xi
@B

 !
ð12Þ

This can be further modified if we utilize the following conditions, which can be derived
from the adding-up conditions:42

X
i

pi
@xi
@B

¼ 1�
X
i

ti
@xi
@B

ð13Þ

X
i

pi
@xi
@z

¼ �
X
i

ti
@xi
@z

ð14Þ

With the help of these equations we can write the formula for a marginal effective tax
rate as:

t0ðzÞ ¼ 1�
X
i

pi
@xi
@z

þ Vz

VB

� �X
i

pi
@xi
@B

ð15Þ

For this definition we can deduce the following proposition:
The effective marginal tax rates in a Pareto-efficient mixed taxation scheme:
(a) the marginal effective tax rate faced by the high-ability type is zero; (b) the

marginal effective tax rate faced by the low-ability type is positive.

42
X
i

qi
@xi
@B

¼ 1 and
X
i

qi
@xi
@z

¼ 0.
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Proof: The marginal effective tax rate faced by the high-ability household can be
derived by dividing (4) by (5),

V2
z

V2
B
¼

�1þ
X
i

pi
@x2i
@zX

i

pi
@x2i
@B

ð16Þ

which can be rewritten after some rearrangements as

V2
z

V2
B

X
i

pi
@x2i
@B

¼ � 1�
X
i

pi
@x2i
@z

 !
: ð17Þ

Combining (15) and (17), the marginal tax rate faced by the high-ability type is given by
t0ðz2Þ ¼ 0.
Turn now to the tax rule for the low-ability type. Dividing (2) by (3) yields

V1
z

V1
B
¼

m
l V̂

2
Y � 1�

X
i

pi
@x1i
@z

 !

m
l V̂

2
B þ

X
i

pi
@x1i
@B

ð18Þ

Rearranging gives

V1
z

V1
B

X
i

pi
@x1i
@B

¼ � 1�
X
i

pi
@x1i
@z

 !
þ mV̂

2
B

l
V̂

2
Y

V̂
2
B

� V1
Y

V1
B

 !
ð19Þ

which can be substituted into equation (15) to give the marginal effective tax rate faced
by the low-ability type

t0ðz1Þ ¼ m∗
V̂

2
z

V̂
2
B

� V1
z

V1
B

 !
ð20Þ

The first term on the right-hand side is positive by the agent monotonicity condition (see
appendix 2.1).

n APPENDIX 12.3 KAPLOW'S RESULT

Kaplow’s proof:
Individual’s weakly separable—between labour and all other commodities—utility

function can be expressed as U ¼ uðcðx1; :::; xkÞ; yÞ, where the subutility function c is
homogenous across individuals. In other words the ratio of the marginal utilities of

OPTIMAL MIXED TAXATION 317



consumption for any two commodities i and j, at given levels of consumption of those
commodities and of all other commodities, is independent of the level of labour supply.
The idea of the proof is that a tax system ðt1; :::; tk;TðnyÞÞ that includes both a non-

linear income tax and a vector of commodity taxes can be replaced by a pure income tax
ðt1*; :::; tn*;ToðnyÞÞ that keeps all individual utilities constant and raises at least as much
tax revenue.
We will examine an income tax schedule T�(ny) that has the property that, if all

individuals continue to choose the same level of labour supply y(n) as under the initial
tax system, then their utility will be unchanged. In other words, it is possible to construct
such an income tax schedule for each income level due to the continuity of utility in income.
Let zðp1 þ t1; :::; pk þ tn; ny � TðnyÞÞ � max xfcðx1; :::; xkÞs:t:X

i

ðpi þ tiÞxiðnyÞ ¼
ny � TðnyÞð1Þg be the indirect subutility function for all n individuals. Next we construct
a Pareto-improving tax reform starting from an initial, differentiated commodity tax
regime ðt1; :::; tn;TðnyÞÞ. For simplicity, we then choose from among the multitude of
equivalent undifferentiated tax systems the one for which ti* ¼ 0, for all i. Moving to this
commodity tax vector will tend to change individuals’ utility because they no longer pay
commodity taxes (or receive subsidies) and because, with a new relative price vector, they
will change their consumption vector.
Define intermediate tax function T�(ny) such that

zðt1; :::; tk; ny � TðnyÞÞ ¼ zðt1*; :::; t1*; ny � T0ðnyÞÞ
Then such a T�(ny) (and is unique) as zðny � ToðnyÞ; pÞ is strictly increasing in ny �
ToðnyÞ: This implies that uðzðt1; :::; tk; ny � TðnyÞÞÞ ¼ uðzðt1*; :::; t1*; ny � T0ðnyÞÞ for
all ny.
Hence, both the utility and the labour supply choice are unchanged for each individ-

ual. The next question is how revenue compares between the initial tax system and the
new one. The idea will be to show that no individual under the new tax system
ðt1*; :::; tk*;ToðnyÞÞ can still afford the consumption vector purchased under the initial
tax system ðt1; :::; tk;TðnyÞÞ, and that the only way this can be true is if each individual
pays more tax (commodity taxes and the income tax taken together) under the new
system than under the initial one.
From the budget constraint and since ti* ¼ 0, for all ny, we obtainX

i

pixi > ny � ToðnyÞ ð2Þ

or, using the budget constraint (1) for the initial system to substitute for
P

pixiðnyÞ on
the left side of expression (2), we obtain

ny � TðnyÞ �Ptixi > ny � ToðnyÞ or
ToðnyÞ>TðnyÞ þPtixi for all ny.

Hence the total revenue is higher under the new tax system ðt1*; :::; tk*;ToðnyÞÞ than the
initial tax system ðt1; :::; tk;TðnyÞÞ.
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n APPENDIX 12.4 POVERTY MINIMIZATION AND COMMODITY TAXATION

Because of the need to deal with both non-linear and linear price structures, it is helpful
to apply dual techniques to solve the optimization problem. We utilize partial expend-
iture and indirect utility functions, first discussed by Mirrlees (1976a), which are
calculated for given income. Let the expenditure function for individual be
Eðq; z; n; vÞ ¼ min½qx : uðx; z; nÞ ¼ v� and the partially indirect utility function
vðq; b; z;wÞ ¼ max½uðx; z; nÞ : qx ¼ b�, where expenditure on linearly taxed goods
is b = E.
Household optimization will be used to generate the incentive compatibility con-

straint for the government optimization. In the case where one good only is subject to
non-linear taxation, for each n, x(n),z(n), maximize u subject to qx=z�T(z). We want to
express this in terms that can more easily be manipulated.
The individual’s optimization implies that for any n, n’,

Eðq; zðnÞ; uðxðnÞ; zðnÞ; nÞ; nÞ � Eðq; zðnÞ; uðxðnÞ; zðnÞ; z0Þ; n0Þ: ð1Þ
since the right-hand side is by definition greater than or equal to qx(n), which is in turn
equal to the left-hand side. Thus n0 ¼ n minimizes the right-hand side, and the deriva-
tive with respect to w’ vanishes at w:

Evun þ En ¼ 0 ð2Þ
On the other hand, using the envelope theorem, we know that un ¼ v0ðnÞ, since

individuals are all maximizing utility subject to the same budget constraint. Therefore
(2) implies that

v0ðnÞ þ En=Ev ¼ 0: ð3Þ
The resource constraint for this economy isð

ðwz � pxcÞfdw ¼ A; ð4Þ

where xc ¼ xcðq; z; v; nÞ (= Eq) and w is a shadow price for z. (We assume w=1.) The
Lagrangean of the government optimization problem can then be written as:

L ¼
ð n

ð�D½x*; sxcðq; z; v; nÞ� þ lðz � pxcÞÞf þ av0 þ aEn=Ev
o
dn

¼
ð n

ð�D½x*; sxcðq; z; v; nÞ� þ lðz � pxcÞÞf � a0v þ aEn=Ev
o
dn

� að0Þvð0Þ þ að1Þvð1Þ;

ð5Þ

where the latter formulation follows from integrating av0 by parts. Maximizing with
respect to q yields the following first-order condition:
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�
ð
Dmsx

c
qfdn�

ð
flpxcqf þ a@ðEn=EvÞ=@qgdn ¼ 0; ð6Þ

where Dm ¼ @D
@m ¼ @D

@sxc.
Combining Slutsky symmetry and the fact that qxcq ¼ 0; we have:

pxcq ¼ ðq� tÞxcq ¼ �txcq ¼ �ðq� pÞxcq: (7)

Using the properties of the expenditure function,

@ðEn=EvÞ=@q ¼ ðEnqEv � EvqEnÞ=E2
v ¼

�
xcn � ðEn=EvÞxcv

�
=Ev

¼ E�1
v ðxcn þ xcvunÞ ¼ E�1

v xnðq; E; nÞ
ð8Þ

Substituting (7) and (8) for (6) then gives the expression in equation (9), i.e. (13) in the text.

t
ð
xcqfdn ¼ �

ð
pðnÞxnðq; b; y; nÞdnþ

ð
1
l
Dmsx

c
qðq; z; v; nÞfdn; ð9Þ

where p ¼ E�1
v a=l> 0 and Ev ¼ 1=vE:43

To obtain the necessary conditions for the effective marginal tax rates, (5) is differ-
entiated with respect to v and z:

�Dmx
c
vf � lpxcvf þ af@ðEn=EvÞ=@vg � a0 ¼ 0; ð10Þ

að0Þ ¼ að1Þ ¼ 0; ð11Þ

�Dmsx
c
zf þ lð1� pxczÞf þ af@ðEn=EvÞ=@zg ¼ 0: ð12Þ

Bearing in mind the definition of f, the following properties hold:

@ðEn=EvÞ=@z ¼ E�1
v fEnz � ðEn=EvÞEnzg ¼ E�1

v ðEzn þ EznunÞ ¼ �E�1
v çnðx; z; nÞ ð13Þ

and
pxcz ¼ qxcz � ðq� pÞxcz ¼ Ey � tðxz þ xbEzÞ ¼ �ð1� txbÞç� txz: ð14Þ

Combining these with (12) enables one to write equation (14) in the text.

n APPENDIX 12.5 OPTIMAL COMMODITY TAXES AND INCOME UNCERTAINTY

The Lagrangean function of the optimization problem is:

L ¼
ð n

V þ aðVy þ VzÞ þ lðz � px � rGÞ
o
f ðz; yÞdz ð1Þ

43 The income tax is also assumed to be optimally chosen.
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The first-order conditions with respect to c(z) (point-wise maximization) and q are:

@L
@cðzÞ ¼ Vcð1þ azÞ þ aVyc � lpxc ¼ 0 for all z ð2Þ

@L
@q

¼
ð
fVqð1þ azÞ þ aVyq � lpxqgfdz ¼ 0 ð3Þ

The solution does not depend on optimality of y and therefore the first-order condition
for it is not shown. Note that (2) can be rewritten as Vc ¼ lpxc

1þaz �
aVyc

1þaz. Without
commodity taxation and separable preferences it would reduce to the standard first-
order condition in this class of models, i.e. Vc ¼ l

1þaz.
Finally, we rule out the possibility of obtaining the first-best solution by imposing an

extremely large penalty on the worst outcome and allowing for almost perfect insurance
for other outcomes (Mirrlees 1974). This solution would invalidate the interior solution
on which we concentrate. Extreme penalties would also be undesirable in practical
applications.
We will first concentrate on characteristics of optimal commodity taxation. From

Roy’s identity, Vq ¼ �xVc. Therefore, we can write in (3) the cross-derivatives

Vyq ¼ Vqy ¼ �xVcy � xyVc ð4Þ
Manipulating the first-order condition, we obtainð

�pxcqfdz ¼ m
ð
Vcxyfdz ð5Þ

where m ¼ a=l.
Slutzky symmetry implies pxcq ¼ ðq� tÞxcq ¼ �txcq ¼ �xcqt.
Reorganizing the term pxcg , one arrives at equation (25) in the main text.
Using (4) and the Slutsky equation, we have:ð

f�xðVcð1þ zÞ þ aVcy � lpxcÞ � axyVc � lpxcqgfdz ¼ 0:

In addition to those assumptions 1–4 in Chapter 11, appendix 11.1, we now need the
following assumption 5. Engel curves are either convex or linear (Engel curve condition
ECC). An increase in income must not increase consumption in a diminishing way, i.e.
xcc � 0. This assumption is not needed if commodity taxes are zero.
Assumptions 1–2 are sufficient when utility is separable between consumption and

effort. The unseparable case—which we want to focus on, since then commodity taxes
may play a role—requires conditions 3 and 4, as shown by Alvi (1997). Assumption 5 is
needed because of the inclusion of multiple commodities.
There is no doubt that these conditions are rather stringent and they may not

necessarily hold. However, some of them are less restrictive than they first seem. For a
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large number of non-separable utility functions, condition (4) is valid because @k
@y ¼ 0. An

earlier example often used in this strand of literature is a constant relative risk aversion
utility function, c1�g

1�g � y. Its non-separable counterpart, c1�g

1�g ðaþ by�bÞ, for example,
satisfies condition (4).
Assumption (5) is, in turn, valid for the so-called Gorman form of utility functions

used extensively in traditional empirical analysis of consumption behaviour (see e.g.
Deaton and Muellbauer 1980). There, the consumers’ cost function is of the form
cðv; q; yÞ ¼ aðq; yÞ þ vbðq; yÞ. Inverting it gives indirect utility: vðq; c; yÞ ¼ c�aðq;yÞ

bðq;yÞ .
The (compensated) demand for good k is then xck ¼ akðq; yÞ þ bkðq;yÞ

bðq;yÞ ½c� aðq; yÞ�,
which is indeed linear in c, but it still allows consumer demand to be dependent on effort,
y. Finally, it is important to remember that the conditions 1–5 above are sufficient, not
necessary. There may therefore be other cases when FOA is a valid solution procedure.

n APPENDIX 12.6 OPTIMAL NON-LINEAR TAXES AND INCOME UNCERTAINTY

The Lagrangean and the first-order condition for xi are therefore

L ¼
ð
fuðx; yÞ þ aðuy þ uzÞ þ lðz � px � rGÞgf ðz; y�dz ð1Þ

uxið1þ azÞ þ auyxi � lpi ¼ 0 ð2Þ
Dividing the optimality rule for xi with one for another good, xj, gives formula (3) in the
text.

uxi
uxj

¼ pi � muyxi
pj � muyxj

;

where �=Æ/º.

322 OPTIMAL REDISTRIBUTIVE TAXATION



13 Public provision and
optimal taxation

As in the case of commodity taxation, publicly provided private goods and pure public
goods, when these goods are financed by non-linear income taxation, can be seen as
additional instruments for public redistribution policy. Much of the activities of the
modern welfare state are related to provision of private goods (pensions, education,
health care, childcare, care of the elderly, etc.). In practice, a large share of public
expenditure is indeed allocated to the provision of those goods. In some advanced
countries the share of GDP would be as much as 15–20 per cent (see Figure 13.2 on
some European countries), whereas the share of pure public goods (general administra-
tion, defence, etc.) is quite small (see Figure 13.1).

13.1 Provision of public goods

In the case of pure public goods, exclusion of consumers is neither possible nor desirable.
In the first-best world, optimality for public goods requires that the sum of each
individual’s marginal valuation on the extra unit is equal to the marginal cost;
ΣMRS=MC. How should this Samuelson provision rule be adjusted when the provision
is funded by distortionary taxation and the government has redistributive aims? In
particular, since collecting public funds imposes distortions, should the public good be
underprovided relative to the Samuelson rule? As noted by Gahvari (2006), we can
distinguish two different strands of research literature. One of them studies the question
of the optimal provision of public goods in the presence of a general income tax (see, e.g.,
Mirrlees 1976a, Christiansen 1981, and Boadway and Keen 1993). The second general-
izes the concept of the marginal cost of public funds (MCPF) to take account of the
government’s redistributive concerns (see, e.g., Dahlby 1998, 2008; Sandmo 1998;
Slemrod and Yitzhaki 2001; and Christiansen 1999, 2007).
Long ago, Pigou (1947, pp. 33–4) claimed that the existence of distortionary taxes was

a reason for not ‘carrying public expenditures as far’ as would be done if we could apply
the rule of equating marginal cost to marginal benefit of individuals. Pigou’s claim has
often been employed also in political debate on the size of the public sector.1 Actual

1 These tools can also be used in debate about austerity programmes (see Atkinson 2014).



economies should thus attain a lower level of public expenditure than in the situation
where lump-sum taxes are assumed to be available. The validity of Pigou’s reasoning,
however, is usually justified in the Ramsey economy, where linear taxes and a represen-
tative consumer are assumed. This issue was analysed by Atkinson and Stern (1974) in
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Figure 13.1 Public goods in kind
Source: OECD COFOG.
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Figure 13.2 Publicly provided private goods
Source: OECD COFOG.
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the Ramsey tax model, following Dasgupta and Stiglitz (1971),2 who had noticed that
Pigou’s argument is not necessarily correct in an optimal tax framework. Atkinson and
Stern (1974) provide an example which is consistent with Pigou’s claim. Later on this
example was generalized by Wilson (1991) and Gaube (2000b). These papers study a
Ramsey economy, where individuals are identical and there is no lump-sum tax. It is
obvious that this issue needs to be considered in an economy with heterogeneous
individuals. The comparison between the first- and second-best levels of public good
with an identical individual is clearly uninteresting, since there is no plausible reason to
rule out a poll tax. Wildasin (1984), King (1986), Wilson (1991), and Mirrlees (1994)
consider an economy with heterogeneous individuals and point out that the govern-
ment’s informational constraints allow for the introduction of a lump-sum tax in
addition to linear consumption taxes. Although in real-world economies we do not
find anything exactly corresponding to a lump-sum tax or subsidy, Mirrlees (1994,
p. 223) explains that ‘personal tax allowances are not dissimilar in effect for those not
on the lowest incomes, and welfare payments apply to many on the lowest incomes’.
These papers show that in this setting, the second-best optimal level of provision can

be greater that the first-best level. This is explained by the observation that the lump-sum
tax accommodates the public sector with a non-distortionary source of marginal
finance and may hence lead to a higher level of public provision in second-best
than in first-best. More specifically, Mirrlees (1994) introduces a perturbation by a
small amount of inequality in n (skill/wage) and compares the resulting change in
the first-best and second-best levels of public good, Furthermore, he assumes that
utility is separable between private goods and public good, v(q,b,n)+ ψ(G) (q=commod-
ity prices and b=lump-sum income). Mirrlees (1994) shows that the second-best level of
the public good is higher than the first-best one if vbbn

vbn
> vbbb

2vbb
. This condition can be

expressed in the following form, 2vbvbn
An þ Aþ Ab

A < 0, where A ¼ � vbb
vb
is the coefficient of

absolute inequality aversion. The first two terms are positive (vbn < 0 and vbb < 0) and the
third negative. Thus the optimal level of public provision is greater in the second-best
situation if � An

A is relatively large. This is so if, for example, A is small. Mirrlees (1994,
p. 231) concludes: ‘It is disappointing, but not surprising, that one should not be able to
find a really simple, easily checked criterion for lower public expenditure in a second-
best economy. The main lesson of the analysis is that we cannot easily tell which way the
balance goes.’
Mirrlees (1976a) and Christiansen (1981) have extended the Mirrlees (1971) model of

optimal non-linear income taxation with a continuum of households to include the use
of the revenues for the provision of public goods. Here we follow a two-type simplifica-
tion according to Boadway and Keen (1993) and Edwards et al (1994). They analyse the
conditions for optimal supply of public goods in a two-type model with non-linear taxes
using the self-selection approach to optimal taxation. They derive a modified Samuelson

2 See also Diamond and Mirrlees (1971).
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rule that has a simple and appealing interpretation in terms of the self-selection
constraint at the heart of the problem. They give a remarkably simple criterion for
determining which way to deviate from the Samuelson rule when that decentralization
result cannot be invoked: when all households have the same preferences, under- (over-)
provision is optimal if and only if the public good is in a natural sense complementary
with (substitutable for) leisure.3

Consumer utility is V(xi,zi,G), where G is the public good. The government sets non-
linear income taxes and public provision optimally given the binding self-selection
constraint that the skilled person should not be better off mimicking the unskilled
type than choosing ‘his own’ consumption bundle V2(x2,z2,G) = V̂2(x1,z1,G) and govern-
ment budget constraint z1+z2�x1�x2= rG, where r is the producer price of the public
good. The producer price of private consumption is normalized to 1. From the first-
order conditions of this optimization we obtain the following modified Samuelson rule
(see appendix 13.1 for the derivation of the rule):X

i

MRSi ¼ r þ m*ðMR̂S2 �MRS1Þ ð1Þ

where m* ¼ mV̂
2
X

l > 0.
Following Boadway and Keen (1993), we will refer to the situation in whichP
i MRSi > r at the second-best optimum as involving ‘under-provision’ of the public

good relative to the Samuelson rule, and to
P

i MRSi < r as involving ‘over-provision’. As
emphasized by Boadway and Keen, the direction of this inequality does not indicate
relative levels of provision.
Rule (1) can be interpreted intuitively by applying the same logic as in the context of

the mixed taxation in Chapter 12. Consider the case in which the low-skill type values the
public good more than the mimicker, i.e.MR̂S2 <MRS1. Now, equation (1) shows that at
the optimum,

P
i MRSi < r so, the public good should be ‘over-provided’ relative to the

Samuelson rule. Therefore it should be possible to show that a Pareto improvement is
possible starting at an optimal income tax equilibrium with the first-best Samuelson rule
satisfied. To see this we start at

P
i MRSi ¼ r, and then increase G incrementally, and

adjust the income tax structure such that each type’s tax liability rises by their marginal
willingness to pay, MRSGX. There will be no change in the welfare of either type 1 or
type 2, and the government budget will not have changed. However, since the tax liability
of themimicking personwill rise byMRS1, which is greater than their valuationMR̂S2, the
mimicker will be worse off. Since themimicker and true type 1 have the same preferences,
but the mimicker has more leisure, the public good should be over-provided if it is
complementary with labour supply. In this case, over-provision of the public good
renders mimicking less attractive, relaxes the self-selection constraint, and improves

3 Gahvari (2006) generalizes Boadway and Keen (1993) to a model with many types of individuals, many
private goods, and without making any assumptions regarding which self-selection constraints are or are not
binding.
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welfare. This is captured by the last term of equation (1). With the welfare of both types
unchanged at their intended bundles, but mimicking less attractive (i.e. the self-selection
constraint relaxed), a change in the optimal income tax structure can then be undertaken
which will make both types better off. Thus the intuition for diverting from the first-best
Samuelson rule is exactly the same as the intuition for setting non-uniform commodity
taxes. Figure 13.3 taken from Boadway and Keen (1993) illustrates.
Let us start at point c in Figure 13.3, which is along the locus of constant T1 (tax paid

by type 1s). The marginal tax rate on type 1s can be lowered with the same total tax
revenue being collected. Type 1s are made better off, without inducing type 2s to mimic.
Over-provision of the public good will thus be a useful adjunct to income taxation as part
of redistributive policy because of its effect on the self-selection constraint. The argument
is symmetric for the opposite case in which the mimicker has a higher marginal
evaluation of G than the low-ability type. In this case, the exercise involves reducing
G starting from the Samuelson rule, and simultaneously reducing tax liabilities by the
respective MRSs. Again, a Pareto improvement is possible in which both types can be
made better off. Equivalently, social welfare can be improved in the sense that more
redistribution can take place.
Formula (1) also implies that MCPF is less than 1 if MR̂S2 < MRS1, and vice versa. In

other words, if labour is more complementary with G than with private consumption,
then MCPF<1.
The Samuelson rule in the second-best optimum: The central result and the analogue

of the Atkinson-Stiglitz theorem in this area is that of Christiansen (1981),4 who shows

T1=tax paid

T2

b,  budg.const.:

sl=1 MTR=0

a

z

X

45°

l1

l2

IC:sl=–vy/vx

c

Figure 13.3 Provision of public good

4 Tuomala (1990) also provides a decentralization result involving separability of the utility function.
However, his result is cast in a slightly different form than the usual Samuelson condition because he chooses
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that if all households have the same preferences (over private goods, labour, and a public
good), then public goods provision can be decentralized if labour is weakly separable
from goods (public and private) in the utility function. This is the case if MR̂S2 = MRS1.
Then the first-best Samuelson rule remains valid in the second-best world as well. It is
valid only if the valuation of the public good is independent of labour supply, i.e.
preferences are separable V(Ç(xi,G),zi).
Kaplow (2004) has extended this result to circumstances under which neither the tax

system nor the provision of public goods are optimal. Kaplow (2008)5 has argued that
the Samuelson rule should be satisfied even if the income tax is not set optimally as long
as preferences are separable as above. He employs the same intuition as in the context of
commodity taxes in Chapter 12. There is a problem, as in Chapter 12, with taking this
position, as pointed out by Christiansen (2007, p. 38).6 He writes:

Suppose that the (increase in the) public good is provided on the grounds of the Pareto principle
in a situation where the tax policy fails to be socially optimal. Then assume that the non-
optimality of the tax policy is being redressed. In general, we cannot know that the public good
provision is then optimal. It might have been the case that the provision was driven by a high
willingness to pay for the public good among people whose income and willingness to pay are
being substantially reduced by the tax reform. Maybe one would rather have shrunk the public
good provision as part of the total reform package. Hence, one might regret the more generous
provision. It can be noted that this is a problem that is not due to second-best constraints, but
arises already when applying the Samuelson rule in the first-best regime.

The provision rule (1) and the Christiansen (1981) result refer to the rule, not the level, of
public provision, since the rule is evaluated at a different optimum.7 Gaube (2005) studies
the validity of Pigou’s claim within the two-type version of non-linear income taxation
employed by Boadway and Keen (1993), where lump-sum taxes are ruled out. Boadway
and Keen (1993) explore whether the social marginal benefit,

P
MRSGx or

P
MRSGz , of

the public good exceeds its marginal production cost r in second-best. This investigation
corresponds to the common belief that the relationship indicates under-provision of the
public good in second-best (i.e. G(2.best) < G(1.best)) while

P
MRSGx < r or

P
MRSGz < r

indicates over-provision (i.e. G(2.best) > G(1.best)). However, Boadway and Keen point
out that these notions of over- and under-provision depend on the choice of the private
reference commodity: x or z. Gaube (2005) expands the results of Boadway and Keen,
providing sufficient conditions for both under- and over-provision of the public good in
the income tax optimum. In particular, he shows that the separability assumption of
Christiansen (1981) implies under-provision of the public good in second-best. Although
over-provision is also possible, Gaube’s results make it clear that such an outcome is not
very likely to happen as long as the public good is strictly normal.

to use an effective labour supply, z=ny, as a numeraire. It implies a different kind of separability condition.
As is clear from Boadway and Keen (1993) and Gaube (2005), the choice of numeraire makes a difference.

5 See also Gauthier and Laroque (2009). 6 See also Gahvari (2006).
7 See also King (1986), Mirrlees, (1994), Arnott (1994).
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13.1.1 PUBLIC GOOD PROVISION AND LINEAR INCOME TAX
UNDER POVERTY MINIMIZATION

How should we modify the provision rule if we consider social objectives other than
welfarist ones? For example, we could consider not just willingness to pay for public
goods but also their contribution to alleviating poverty. Public goods may also reduce
poverty, either directly or indirectly through the impact on consumer choice. One may
think of, loosely speaking, e.g. programmes against social exclusion or basic education
spending. Now we use the deprivation index as before in Chapter 9, defined over
consumption of the public good G and other private consumption c. Kanbur et al
(2015) derive from the first-order conditions (see appendix 13.1.2) the following
expression.

D*

�
1� t

X @zi

@b

�
¼ r � t

X @zi

@G
ð2Þ

where D* ¼
P

DGþ
P

Dca@z
i

@GP
Dcð1þa@z

i
@b Þ

captures the efficiency of the public good in reducing depriv-

ation relative to the income transfer (because DG,DC < ,D* > 0).
The result is analogous to 11’ in Chapter 3: the left-hand side captures the relative

efficiency of public good provision and the right-hand side shows the relative cost. The
tax-revenue impacts are important to determining the optimal level of public good
provision and income transfers. We can further rewrite this to achieve comparability
with equation (11’):

r ¼ D*� t

�
D*
X @zi

@b
�
X @zi

@G

�
ð3Þ

This shows how the price of the public good relates to the relative deprivation
efficiency of public good provision. Using the same example as in the context of (11’),
if, for example, labour supply is independent of the level of public good provision if
@zi
@G ¼ 0, and @zi

@b < 0 (or if @zi
@G > 0, and @zi

@b ¼ 0), the price r of the public good would be
higher than its relative efficiency in eliminating deprivation.

13.1.2 PUBLIC GOOD AFFECTS PRODUCTIVITY

Suppose now that the public good can have a productivity-increasing impact. An
example could be publicly provided basic education that affects individuals’ productivity
via the wage rate. We therefore suppose that the direct impact of the public good on
deprivation cancels out (i.e. DG = 0), whereas the wage rate becomes an increasing
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function of G, i.e. w'(G) > 0 (denoting z = w(G)y). This means that the expression in (2)
is written as:

X
Dcaðw @y

@G
þ w0yÞX

Dcð1þ aw
@y
@b

Þ
¼

r � ð1� aÞ
X

w
@y
@G

1� ð1� aÞ
X

w
@y
@b

ð4Þ

This means that even if labour supply would not react to changes in public good
provision, public good provision would still be potentially desirable through its impact
on the wage rate. In this way, public good provision can be interpreted as increasing the
capability of individuals to earn a living wage, which serves as a poverty-reducing tool,
and which can in some cases be a more effective way to reduce poverty than direct cash
transfers. The optimality depends on the relative strength of w'(G) > 0 versus the direct
impact of the transfers.

13.1.3 THE OPTIMAL PROVISION OF PUBLIC GOODS
IN THE CONTINUUM CASE

The deprivation index we consider in (12) in Chapter 12 is therefore reformulated as:

P ¼
ðn*
0

D
h
x*; sxcðq; y;G; v; nÞ;G

i
f ðnÞdn: ð5Þ

In a second-best world with asymmetric information, the government must worry about
the effects of public good provision on individuals’ incentives—in other words, the costs of
raising revenue for the public good using distortionary taxation. Pirttilä and Tuomala
(2004) derive the optimality condition for public good provision under non-linear income
taxation and linear commodity taxation when the government aims to minimize poverty.
To analyse this, suppose x, z, and E are also functions of G, and the production

constraint now includes the public good—in other words, a term lrg is subtracted from
the Lagrangean in (5) in appendix 12.4. Let us now define the marginal willingness to pay
for the public good by the expression a. The Lagrangean is then maximized with respect
to G. From this condition (see appendix) we have the following rule for the supply of
public good:
When the government minimizes poverty, the optimal provision of a public good is

determined by (see appendix 13.1.3):

r ¼ � 1
l

ð
DGfdn� 1

l

ð
Dmsx

c
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ð
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Despite its complicated appearance, the interpretation of the rule above is relatively
straightforward, given the existing knowledge from the welfarist case. The left-hand side
of (6) is the marginal rate of transformation, r. It is to be equated to a number of terms at
the right, capturing the benefits of public good provision. The last three of these are
familiar from the welfarist case. The third term at the right refers to the individual
marginal willingness to pay for the public good, reduced by a proportion equal to the
derivative of commodity taxes with respect to income spent on them. The fourth term at
the right is the direct tax-revenue effect of G, while in the fifth term �n measures how the
personal marginal willingness to pay or preference for the public good varies with n. This
term takes into account distributional considerations and corrects the direct estimates
(the first four terms on the right-hand side of (6)) for the social value of public good.
The first term on the right measures the direct marginal benefit of G in terms of

poverty reduction, weighted by the inverse of the Lagrange multiplier of government
budget constraint (l). The second term is the effect of public good provision on poverty
through the demand for commodities that are important for avoiding deprivation. If
public good provision increases the demand for these goods, the second term on the
right is positive, which increases the benefits of public good provision. Other things
equal, this effect tends to increase public good provision.
We can deduce � (n) from the optimal marginal tax condition (see equation (14) in

Chapter 12) and substitute it into (6). In the case of zero commodity taxes we have:

r ¼ � 1
l

ð
DGfdn� 1
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or alternatively

r ¼ � 1
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sð1þ sn=s

tn=t

�
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The single crossing condition implies that çn < 0. Hence the sign of the latter term in (7a)
depends on the sign of the denominator, i.e. �n=(EnG + EvGv). This term is negative if the
more able have a stronger preference for the public good and positive if the less able have
this. The latter term in (7b) implies, as suggested by Mirrlees (1976a, p. 353), that ‘the
social value of the public good is enhanced when its value for some individual responds
more sensitively to n than do his marginal tax rates’. It is interesting to note that in
Mirrlees (1976a),8 conditions (122) and (123) are a set of welfare-independent condi-
tions necessary for Pareto efficiency. In our case with poverty minimization, this is no
longer so.
As mentioned above, welfarist literature has established some decentralization results

about public good provision (see Christiansen 1981 and Tuomala 1990). In the decen-
tralized case, the decisions related to public good supply need not depend on

8 Kreiner and Verdelin (2012) derive the same conditions as (122) in Mirrlees (1976a).
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distributional concerns. Roughly speaking, when preferences between private and public
goods and leisure are separable, the first-best Samuelson rule is valid even in the case
where funds for the public good need to be raised with non-linear income taxation. Or,
put another way, this is the case if � and � are equally sensitive to n.9 In the present
context, if preferences are separable between consumption (of private and public goods)
and leisure, then the last term on the right of (6) is zero. Even if one supposes that there
are no commodity taxes (when the fourth term at the right vanishes), the rule given in (6)
still differs from the welfarist Samuelson rule, as xcG 6¼ 0, and because the direct impact of
public good provision (the first term on the right) stays in the rule.

13.1.4 PUBLIC GOOD PROVISION AND INCOME UNCERTAINTY

Let the expenditure function be E(q,v,G,y). Then we can define the marginal willingness
to pay for the public good, �, by the expression s ¼ � @E

@G ¼ EG. Using analogous
arguments to those in the case of commodity taxation, we show in appendix 13.1.2
that the rule for public good provision can be written in the following form:

r ¼
ð
sfdz �

ð
stxcfdz þ

ð
txGfdz þ m

ð
@s
@y

fdz ð8Þ

Equation (8) is analogous to equation (117) in Mirrlees (1976a). The marginal rate of
transformation at the left should be equated with the sum of the marginal rate of
substitution (the first term on the right), producing the Samuelson rule for public
good provision, and a number of additional terms. The second and third terms on the
right capture the impact of public good provision on commodity tax revenues. The key
addition is the last term on the right: if the marginal rate of substitution increases with
effort, the overall valuation of the public good (the right-hand side) increases as well.
Other things being equal, the public good should therefore be over-provided if it
increases the value of effort.10

There is again a clear relation to the standard optimal income taxation framework. In
Mirrlees (1976a), the public good provision rule is dependent on how the marginal
willingness to pay varies with income-earning ability. In the present framework, the
public good rule is related to how the marginal willingness to pay varies with unobserved
effort.

9 Tuomala (1990) shows that in the case of optimal non-linear income tax the Samuelson rule is still
valid if the utility function takes the form u=(x,ψ(x,z,G),n). That is, the overall utility from x, z, and G can be
expressed as a function of the subutility of x, z, and G and the level of x and n.

10 Note, however, that overprovision/underprovision rules can depend on the choice of the numeraire.
For discussion of this, see Boadway and Keen (1993). Similarly, the rules may not necessarily correspond to
similar differences in the level of public good provision, as the rule is evaluated in another optimum (Gaube
2005).
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Finally, it is natural to ask in this set-up when (8) reduces to the first-best Samuelson
rule even under asymmetric information. Clearly it is sufficient, for the Samuelson rule
to be valid with optimal mixed taxation, that preferences take the formV[v(q,c(z),G),y].
In other words, if indirect utility takes this form, then we have both the Atkinson and
Stiglitz (1976) result and the Christiansen (1981) result in the income-uncertainty
framework. Namely, from the result of Atkinson and Stiglitz (1976), such preferences
imply that all commodity taxes are zero at the optimum, so that at full optimum the
second and third terms of (8) vanish. Similar to the validity of the Atkinson and Stiglitz
result, one does not require the sufficient conditions needed for the first-order approach
to prove the validity of the first-best Samuelson rule in the second-best framework.
Minimization of

Ð
(px–rG)f(z,y)dz subject to

Ð
V[v(q,c(z,),G),y] f(z,y)dx=V* suggests that

costs are minimized if the public good is provided at the producer price, i.e. r.

13.2 Public provision of private goods

As we noted earlier, the provision of private goods forms a much larger share of
government budget than the provision of pure public goods. This can be considered as
somewhat odd, since it is generally supposed that the consumer knows best what amount
of private goods to purchase. As a stark contrast to this, the conventional wisdom of
many introductory economics textbooks has been that we should rely on the market to
provide private goods.
Why are these intrinsically private goods publicly provided? Does normative public

economics provide a case for public provision of private goods? Is there any other
explanation why private goods are publicly provided?
Most private goods are never publicly provided. Can we find a common factor

for publicly provided private goods? Christiansen (2001) identifies three factors. First,
most publicly provided goods or in-kind transfers are not tradable. In other words, these
goods cannot be resold or given away to others. Second, they impact more directly than
other goods on human resources and capabilities (in the language of Amartya Sen). Most
private goods that are publicly provided are provided mainly for children and elderly and
disabled people. They typically affect people’s ability to function in society and the labour
market in particular. Third, they are typically the outcome of labour-intensive produc-
tion. There is also a striking similarity across countries. Do these common features
explain why it is these goods that are being provided by the public sector? Almost by
definition, public provision implies that a good is made available free of charge or at a
nominal price. There must be some kind of quantity rationing or administratively
determined allocation, for example uniform provision, means-testing, income testing,
vouchers, etc.
We can find several welfare-theoretic arguments that may conceivably support a role

for public provision of private goods. For example, externalities, scale economies,
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transaction costs, and merit good arguments provide some reasons for public provision.
There are also non-welfarist reasons for public provision or subsidizing, say, health care,
education, and housing. As we said above, the publicly provided goods typically affect
people’s capability to function in society and the labour market. For many years,
Amartya Sen has been arguing for consideration of alternative evaluative bases, notably
individual capabilities, defined broadly as the freedom that individuals have to function
in different dimensions. Rawls (1971) assessed opportunity in terms of primary goods
such as income, wealth, and so on. Sen argues that opportunity is best seen directly in
terms of the extent of freedom that a person actually has—that is, by one’s capability to
achieve alternative beings and doings—most of which depend critically on one’s health
and education.
For these reasons, in this context the capability approach might be more plausible

than maximizing social welfare as the proper objective for the government. It is clear that
provision of public goods and publicly provided goods has an important role in
guaranteeing many aspects of capabilities. Hence the government should be concerned
with the distribution of capabilities. Well-being assessed in terms of capabilities may lead
to different conclusions. How should we modify the rules of public provision if we take
into account not only willingness to pay but also the contribution to capabilities? In fact,
we already saw in the case of poverty minimization, in formula (4) in section 13.1, what
happens when public provision has a productivity-increasing impact. We may interpret
G in formula (4) as a basic education.

13.2.1 TRANSACTION COSTS

There is evidence from a private health insurance market that 15 per cent of insurance
premiums are devoted to administrative costs. The proportion of administration in
health care expenditures is much higher in the US than in Canada and Europe.
A simple argument for public provision is the potential saving of transaction costs, as
with public provision there is not necessarily any monitoring of usage, or there are
simple administrative procedures for uniform treatment of everybody.

13.2.2 MERIT GOODS: BEHAVIOURAL ECONOMICS OR SOFT
PATERNALISTIC ARGUMENTS

Recent findings in behavioural economics have demonstrated that individual decision-
making suffers from various biases. There are a number of reasons why individuals are
particularly prone to make mistakes, for instance, in decisions related to health: the
information required for rational decision-making may be too demanding, or individ-
uals may undervalue, say, the returns on health investment accruing later in the future.
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In many situations it can therefore be desirable to induce behaviour that is closer to what
individuals wish they were doing.

13.2.3 SECOND-BEST EFFICIENCY ARGUMENTS

A number of studies have demonstrated that, with limited information and limited
policy tools, publicly provided (non-tradable) benefits can actually be desirable in a
second-best setting (see a recent summary by Currie and Gahvari 2008). This literature
has argued that in-kind transfers can be an efficient complement to the tax-transfer
system as a way to design a better redistribution system. It is based on the notion that in a
second-best world, quantity controls can be welfare-improving. In other words, is it
worthwhile for the government to use in-kind transfer (public provision) alongside cash
transfers for redistribution? This is related to the general result from Guesnerie and
Roberts (1984) that in a second-best situation, quantity restrictions may be optimal.
Introducing additional distortionary policies, which would not be used in a first-best

world without asymmetric information, can be useful in a second-best situation if they
help mitigate the distortions stemming from distortionary income taxation.11 In other
words, public provision of private goods may work to alleviate the underlying self-
selection constraint and enhance economic efficiency. One way to do this would be to tax
finance goods that the potential mimicker does not value very much. The argument of
this literature can most clearly be seen in a setting in which the main constraint to
redistribution is informational, and the government can freely use non-linear income
taxation. Public provision can relax the incentive constraint that precludes higher-skilled
individuals from mimicking lower-skilled ones. Thus, if a good that is substitutable for
leisure (i.e. complementary with labour) is also non-tradable, a transfer of that good that
forces low-wage individuals to consume more than they would freely choose will make it
more difficult for higher-wage individuals to mimic them. Such mimicking can be done
by supplying less labour, in which case the forced consumption of the good in question
will be less valuable to the mimicker than to the low-wage individual. Then the mimicker
will be made worse off as the benefits from the goods do not offset the additional tax
burden. The goods that are suitable for public provision are those that are less valued
when the consumer enjoys more leisure. The reason, as pointed out in Chapter 2, is that
what distinguishes a mimicker from the low-skilled person he will potentially mimic is
that, being more productive, he or she will earn the same income in less time, and thus
enjoy more leisure. Suppose public childcare is provided for the benefit of people
working long hours. If high-skilled persons were to mimic by working short hours,
they would no longer benefit very much from the childcare but still face the tax liability,
and mimicking would become less appealing. Day care, care of the elderly, and provision

11 We have already analysed above such policies’ over- or under-provision of public goods (Boadway and
Keen 1993) or differentiated commodity taxation (Edwards, Keen, and Tuomala 1994).
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of basic education can all be seen as complements to labour supply. Therefore their
public provision may help reduce distortions from income taxation.
The intuition of this argument was first noted by Nichols and Zeckhauser (1982), but

was subsequently formally developed by Blackorby and Donaldson (1988); Blomquist
and Christiansen (1995), (1998a), and (1998b); Boadway and Marchand (1995); and
Cremer and Gahvari (1997). Note that this is similar to the argument for using
differential commodity taxes: lower tax rates should also apply to goods that are more
substitutable for leisure. What if both public provision and price subsidies are available?
Blomquist and Christiansen (1998b) and Boadway, Marchand, and Sato (1998) have
shown that, even when optimal commodity taxation is allowed for, the use of public
provision can still be welfare-improving. They show that public provision tends to
dominate price subsidies, since price subsidies distort the consumption bundles of all
true-type persons, whereas this is not necessarily the case for public provision.
Blomquist, Christiansen, and Micheletto (2010) examine implications of public pro-

vision for tax distortions: suppose public provision is strictly tied to working hours (e.g.
day care) and paid by the income tax. Then part of the tax is a direct payment, like a
service fee or market price. Hence this implies that not all of the marginal tax rate is
distortionary. Therefore, to analyse how tax distortions differ between countries, one
must also look at how the taxes are employed.
Public provision can take two broad forms. Two major schemes that have been

identified are often labelled ‘topping up’ and ‘opting out’. Topping up implies that the
consumers can supplement any publicly provided amount by purchasing any additional
amount they want in private markets. Opting out means that the alternative to accepting
the public provision is to forego it and instead buy the whole amount in the private
market: for instance, children are sent to private schools rather than state schools.
Although such second-best arguments for public provision have attracted the most

attention in the optimal tax literature, they have received very little attention in the
public debate, which focuses primarily on the other justifications we discussed above. But
we can combine second-best and behavioural economies arguments. While price sub-
sidies and public provision can both be used as corrective devices, public provision can
be especially important in situations with individual mistakes. With public provision, the
government can make sure that the individuals consume at least a certain minimal
amount of goods deemed meritorious. So we can analyse optimal tax policy with
redistributive objectives and the public provision of a good that is undervalued by
individuals relative to government’s view. In other words, the government is paternal-
istic, i.e. tries to correct these mistakes by basing its own decision on what it thinks is
truly best for the individuals. We account for two potential constraints to optimality:
asymmetric information of agents’ productivity and mistakes in individual decision-
making. Intuitively, individuals’ undervaluation which is to be rectified should imply
desirability of public provision.
Pirttilä and Tenhunen (2008) analyse the optimal tax policy and public provision of

private goods when the government is paternalistic and has a redistributive objective.
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When individuals only differ with respect to their income-earning abilities, the publicly
provided goods should be over-provided, relative to the decentralized optimum, if
society’s marginal valuation of them exceeds the individual valuation and if these
goods are complements to labour supply. However, when the individuals also differ in
terms of their valuation of the publicly provided good, this simple conclusion does not
hold. Optimal marginal income tax rates are shown to differ from the standard rules if
publicly provided goods and labour supply are related.
All these above studies model the production side in a simple way with exogenous

wage rates for different types of households in a static setting. Pirttilä and Tuomala
(2002) extend the literature above in two main ways. First, they allow for a richer
description of the production technology that enables the before-tax wage rate to depend
on the labour supply of different households and, in various ways, the level of publicly
provided private goods. Many of the publicly provided goods (e.g. education) can have a
sizeable influence on the productivity of different households. It is also the case that in
practice, government involvement in public provision is indeed often motivated by
attempts to reduce wage inequality. Allowing for endogenously determined wages is
also interesting because it gives rise to new forms of distorting taxation and production
inefficiency, along the lines of the important contribution by Naito (1999).
Next, we analyse a simple static set-up, but with the endogenous wage structure. Now,

in contrast to results in earlier literature, there can be reasons for public provision of
private goods, even if we assume weakly separable preferences between goods and
leisure. The reason is that public provision can affect productivities of different kinds
of labour, thus affecting wage dispersion and the possibilities for redistribution. The
following section considers an example whereby the public provision itself influences
productivity—i.e. education that raises income-earning abilities—and discusses the
characteristics of optimal public provision in those circumstances.

13.2.4 PUBLIC PROVISION WITH PRODUCTIVITY AND RELATIVE
WAGE EFFECTS

There are two types of households in the economy: households of type 1 are less skilled
and earn income n1, while the more skilled household, type 2, earns a wage n2 (> n1). The
number of households of each type is 1. Households supply labour, denoted by y, and
consume two types of goods: a normal private good, c, and a quasi-private12 good, d. The
overall level of the latter good for the household is a sum of the public provision of the
good, depicted by g, and the private, topping-up part, d. We apply the terminology
introduced by Boadway and Marchand (1995) and call the situation where an increase in

12 The term ‘quasi-private’ only refers to the idea that this good is both provided by the government and
purchased by the household itself.
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g leads to a reduction in the private purchases, z, one where the household’s private
purchases of the quasi-private good are crowded out. The government supplies the same
amount of g to all households. In addition, we assume that g cannot be resold.
It is useful to break the household optimization into two parts. In the first, the

households make the optimal consumption decision for a given after-tax income (x)
and public provision. Denote household utility function by u(ci,yi,di+g), where the
subscript i� (1,2) refers to household type and is dropped below. Then, using the
household budget constraint, the household maximization of u(x�d,y,d+g) with respect
to z yields the following Kuhn–Tucker conditions:

�uc þ ud � 0; dð�uc þ udÞ ¼ 0; ð1Þ
where subscripts refer to partial derivatives.13 Conditions in (1) give the conditional
indirect utility function v(x, y, g)=u[x�d(x, y, g), y, d(x, y, g)+g] and conditional demand
for d, d(x, l, g).14

In the second step of consumer optimization, the household maximizes v(x,y,g) with
respect to its labour supply, subject to a given tax schedule, T(ny), and the budget
constraint x=ny�T(ny), where z=ny denotes the household’s gross income. The opti-
mization enables the marginal income tax to be expressed in terms of the utility function:

T
0 ðnyÞ ¼ MTRðnyÞ ¼ 1

n

vy
vc
þ 1: ð2Þ

The production side of the economy is modelled using an aggregate, constant returns to
scale, production function F(y1,y1,e), where e denotes the aggregate level of the quasi-
private good in the economy, i.e. the sum of private and public parts for the two
consumers. Note that the same technology is used to produce both goods. They thus
have similar producer prices as well. For simplicity, the prices for both goods are
normalized to unity. This specification captures two important features of the model.
First, the wage rates are endogenous in a similar way to those in Stern (1982) or Stiglitz
(1982). In the following, Ω ¼ n1

n2 depicts the relative wage of the low-skilled type.
Assuming a competitive labour market, Ω is a function of y1/y2 and e, n

1

n2 ¼ F1ðy1; y2; eÞ
F2ðy1; y2; eÞ . It

captures the idea that the relative wage rate of type 1, determined at the market, is a
decreasing function of y1/y2. Hence, if the government uses its policy instruments so that
the relative labour supply of the type 2 household rises, it carries a redistributive benefit
through an increase in the relative wage of the low-skilled household.15 The second key
feature of our framework is that the overall level of the publicly provided good is allowed
to affect not only consumers directly, but also the production side of the economy by

13 The derivative Uz refers to the derivative with respect to the third argument in the utility function.
14 Using the envelope theorem, the following properties hold:

vx ¼ uc; vy ¼ uy; vg ¼ ud:
15 See Stiglitz (1982) or Stern (1982) for details.
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influencing the productivity and the wage rates in the economy. Thus e has a positive
externality feature.
Following the standard idea of Pareto-optimal taxation, the government maximizes

the utility of the less-skilled households subject to the constraint that the skilled
household must stay at a given utility level. The government redistributes income by
taxing income on a non-linear scale. It may also use a uniform public provision of g as a
policy variable. The government can observe the labour income ny, but it observes
neither the income-earning abilities (the wage rates) of the households nor their con-
sumption allocation decisions (between c and z). Therefore, the government must select
the tax schedule subject to the self-selection constraint that the skilled household has an
incentive to work n2y2=n2 ¼ y21 , report income n2y2, and consume x2 (after-tax income),
instead of wishing to pretend to be the unskilled household, i.e. mimic, working n1y1/n2=
Ωy1, reporting income n1y1 and consuming x1. The government chooses the tax schedule
(or labour-after-tax income) bundles optimal to the two different household types
subject to the constraint that the skilled household be at a given utility level, the self-
selection constraint of the skilled household, and the resource constraint of the economy.
Given this income tax schedule, we may use the envelope theorem to detect the change in
the social welfare from an increase in the level of the publicly provided good as follows
(see appendix 13.2 for the derivation):

dL
dg

¼ ðv1g � v1xÞ þ ðdþ mÞðv2g � v2xÞ þ mðv̂2x � v̂2gÞ � mv̂2l
d⁣Ω
dg

y1 þ rFe
d⁣e
dg

: ð3Þ

The first three terms in (3) restate the Boadway and Marchand (1995) result (their
proposition 1) that public provision of private good is welfare-improving if the mimicker
becomes crowded out (i.e. his private purchases, d, fall to zero), while households of type
1 and type 2 that report their types are honestly not yet crowded out.16 The intuition is
that pushing g above the point where the private purchases of the mimicker fall to zero
makes the mimicker worse off, but if households of type 1 and 2 are not crowded out, it
increases social welfare by relaxing the self-selection constraint (that a type 2 household
honestly reporting its income must be better off than a mimicker). Boadway and Marc-
hand also note that in the case where the publicly provided good enters the households’
utility functions, if preferences are weakly separable between goods and leisure, the
mimicker and a true type-1 representative become crowded out at the same point,
because of which there is no benefit from having a positive provision of the publicly
provided good.
With separable preferences, the three first terms of (3) are zero. Hence the following

result emerges:

16 This may be seen by using the properties in (2) in appendix 13.2.1 and combining (3) with the
households’ first-order conditions in (1).
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If preferences are weakly separable between goods and leisure, public provision of
private good is welfare-improving if it (a) increases productivity and (b) reduces the
wage differentials of the households.
The results can be seen from the last two effects in (3). The direct productivity effect

(last term in (30)) is usually positive (if it is negative, then it offsets part of the potential
benefits for households, i.e. the original Boadway–Marchand part). What is more
interesting, however, is the link between the publicly provided private good and the
wage structure of the economy (the term �mv̂2l

d⁣Ω
dg y

1 ). If its provision leads to a relative
increase in the wage rate for type 1 households, then indirect redistribution through
public provision will Pareto-improve welfare by mitigating the incentive problem of the
non-linear income tax system. Intuitively this would be a case where the publicly
provided good augments the productivity of type 1 labour supply more than that of
type 2 labour supply. This effect is similar to the impact of labour supply on the wage
rates, as originally analysed by Stiglitz (1982) and Stern (1982). The result is also
important in that it bears resemblance to the interesting findings by Naito (1999) that
if wage rates are endogenous, redistribution devices that otherwise would not be
applied—in Naito’s case, public inputs and commodity taxation; in our case, public
provision of private goods—become welfare-improving.

13.2.5 PUBLICLY PROVIDED EDUCATION

Education is often considered a great equalizer in a society, capable of lifting less
advantaged children and improving their chances of success as adults. One widely
accepted social objective is to provide access to education for everyone, regardless of
his or her social background. To what extent do individuals differ in access to education,
especially for higher education? How does it depend on their social background, i.e. their
parents’ income and wealth? A growing body of research in developed countries suggests
that the achievement gap between rich and poor children is widening. As in the context
of housing above, we can find some support for a view that a general income tax based on
earning abilities alone would not be sufficient for redistributive purposes when individ-
uals differ also in access to education.
The issue of human capital investment raises the question of whether education

should be used as a policy tool to reduce inequality in skills. That is, should redistribution
policy focus on reducing ex post income inequality as in the standard model, or should it
be complemented by ex ante policies to reduce the source of earnings inequality? There is
a body of literature on optimal provision of publicly provided goods such as education
and health, beginning with Arrow’s (1971) paper. Arrow (1971) examines the normative
characteristics of redistribution using targeted government expenditures. Arrow suggests
that education is characterized by a correlation of ability with securing of benefits from
expenditures at the margin and in total. This yields output regressivity. However,
health expenditures are the opposite. Arrow assumes implicitly that ability or health
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status is observable, so that the optimal expenditure policy can be implemented.
Given this assumption, tax policy would dominate expenditure policy. In that sense
Arrow does not establish the normative basis for using expenditures for redistributive
purposes; instead, he assumes it. The interaction of optimal income taxation and
educational choices has been examined, among others, by Ulph (1977), Hare and
Ulph (1979), and Tuomala (1986). Following Arrow, the first two papers assume that
ability to benefit from education is observed by the education authorities. Assuming
that low-skilled persons are also less productive in education, it is inefficient to redis-
tribute using education to reduce inequality in skills. Education policies favouring
the low-skilled at the expense of the high-skilled reduce the amount of income available
for ex post redistribution (Hare and Ulph 1979). This information on educational
abilities is not available to the tax officials, however. Earnings inequality arising from
human capital investment cannot practically be disaggregated from that arising
from endowed differences in ability. De Fraja (2002) considers optimal education policy
when households are allowed to differ with respect to their income and the intellectual
ability of their children. Income is observed by the government. In this model the
optimal education policy is input-regressive, in sense of Arrow (1971). How surprising
is this result in this framework? It is mainly driven by the incentive compatibility
condition and the fixed budget of the Ministry for Education. Krause (2006) analyses
the case in which more equal wage rates tighten the incentive constraints that restrict
redistribution and increase the efficiency cost of redistribution (see also Stephens 2009).
As a result, low-ability persons might be better off if education were targeted at those of
higher ability.
The most recent literature on public provision departs from earlier contributions by

assuming that public provision cannot be related to an individual’s ability. Tuomala
(1986) in turn focuses on the question of how educational choices affect the progressivity
of the optimal income tax when labour productivity is no longer innate, but depends also
on the amount of education received. Optimal income tax progressivity can be affected
by incentive effects on human capital investment. If earnings are taxed progressively,
investment in human capital is discouraged, and this reduces optimal progressivity.
There are, however, offsetting forces. Bovenberg and Jacobs (2005) argue that this can be
mitigated by subsidizing human capital investment. As in Tuomala (1986), Brett and
Weymark (2003) consider an optimal non-linear income tax problem when individuals
can enhance their skills through education. Individuals vary both in skills and in their
education productivity. The authors show that marginal tax rates at the bottom of the
skill distribution might be negative to encourage education, and they might also be
increased at the top. They do not focus on the overall effect on progressivity. Blumkin
and Sadka (2005) examine the desirability of taxing (subsidizing) education as a sup-
plement to an optimal labour income tax in a model where individuals differ in both
innate ability and scholastic aptitude.
Next we focus on public provision of education. Similar to the previous section, the

individual may supplement publicly provided education from the private markets. The
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individual optimization now changes somewhat from the case presented above. The
individual utility now depends only on private consumption, c, and labour, y. Education
itself does not enter the utility function; it affects the individual’s wage through its
influence on productivity.
The marginal tax rate condition is similar to the one given in (2). The production

function now depends not only on the labour supply of the individuals, but also on the
level of their education. To simplify the production function somewhat, we assume that
it takes a specific, two-factor form with education-weighted effective labour supplies of
both household types. The production function may then be written as F(e1y1,e2y2). This
also means that Ω ¼ o1

o2 depends on g.
Since the government optimization remains the same as in the previous section, the

optimality conditions with respect to the tax rates are also the same. Given the optimal
tax schedule, the change in the social welfare with respect to public provision of
education is:

dL
dg

¼ ðv1g � v1xÞ þ ðdþ mÞðv2g � v2xÞ þ mðv̂2x � v̂2gÞ

þr F1y
1 d⁣e1
dg

þ F2y
2 d⁣e2
dg

� �
� mv̂2l

d⁣Ω
dg

m1:
ð4Þ

Boadway and Marchand (1995) show that with exogenous wages, public provision of
education is welfare-improving if the mimicker becomes crowded out before the true-
type households. This effect can be seen from the first three terms in expression (4).
Here, when the production function is more general, there are also additional impacts.
We can summarize the effects as follows:

Public provision of education tends to be welfare-improving if it (a) renders the
mimicker to be crowded out first, (b) increases productivity, and (c) reduces the wage
differentials of the households.
As discussed above, part (a) has already been shown by Boadway and Marchand

(1995). Part (b) is due to the fourth term in (4) and measures the value of additional
production arising from an increase in publicly provided education. Unlike in the case of
exogenous wages, the productivity effect is unambiguously non-negative, and positive, if
private education purchases are not crowded out. Part (c) is due to the last term in
expression (4), with a similar interpretation as before: if publicly provided education
reduces wage differentials, its provision becomes welfare-improving, other things being
equal.
Boadway and Marchand (1995) also show that if the mimicker becomes crowded out

at the same point as the true-type, there is nothing to be gained from the public provision
of education. More precisely, this is the case if the elasticity of the wage rate toward
education is similar for the mimicker and the true type 1. A similar result holds in our
framework as well: if type 1 and type 2 individuals also become crowded out, the fourth
term in (4) vanishes. In addition, with an equal elasticity of the wage rate toward
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education, additional education raises the wage rates of both types in a similar manner,
and therefore no impacts arise from the fifth term in (4).

13.3 Public sector employment

Public sector employment has grown in most OECD countries since the early post-war
period, but the cross-country differences are quite marked. In Germany17 and the UK,
public sector employment accounted for 15 and 14 per cent of the labour force in the
mid-1990s, whereas in the Nordic countries, the proportions were much bigger: in
Sweden, for example, the public sector employed 32 per cent of the labour force. In
countries with a high level of public employment, the extent of public provision of goods
such as education, health care, and social services is also much larger than in other
OECD countries. There also seems to be less inequality in countries where public
production is widespread (Lundholm and Wijkander 2002). Several explanations have
been suggested for public sector employment. One popular explanation in the political
economy literature is that governments have used public sector employment as a tool for
generating and redistributing rents. In other explanations, government employment has
been seen as way of ensuring income security. In other words, it can be used as a form of
social insurance.
When discussing public sector employment, it is also natural to examine the use of

public capital in connection to public production. As shown in several empirical studies
(see e.g. Aschauer 1990), the accumulated stock of public capital is an important factor
in enhancing the productivity capacity of the economy. Thus, decisions on public
investment taken by the government today have long-lasting effects on the well-being
of both present and future generations. Therefore the choice of discount rate that ought
to be used in evaluating public projects is one of the most important decisions taken by
the government (more on this in Chapter 14, section 14.6). It is not only important for
accepting or rejecting a specific project but, in particular, for the allocation of resources
between the public and the private sectors of the economy.
Pirttilä and Tuomala (2004) analyse the potential role of public sector employment

and public investment as redistributional devices along with a non-linear income tax.
The government cannot observe productivity and must design its redistributive policy
subject to the self-selection constraint that the skilled households do not want to mimic
the choice of the unskilled households. A key assumption of their approach is, following
Naito (1999) and Pirttilä and Tuomala (2002), that the relative wage rates of different
types of workers depend on their relative supplies and complementarity with capital.
Another key assumption is that there are two production sectors in the economy (private
and public) which both use low-skilled and skilled labour, but the factor intensities and

17 The public employment figures in Germany are not comparable with the Nordic countries. In
Germany there are a lot of quasi-private (NGO) agencies in the health care sector.
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complementarity with capital may differ. Using a two-type and two-sector optimal non-
linear income tax model with endogenous wages, they show that, to produce a given
amount of consumption, the government should employ more unskilled workers and
less-skilled workers than is necessary to minimize costs at the prevailing gross wage rate.
This policy reduces the relative supply of low-skilled labour in the private job market and
contributes to higher market wages for the low-skilled. In these circumstances, the
pressure to redistribute income using distortionary income taxes is reduced. The pro-
duction function in the public sector is given by Fgðyg1; yg2; ngÞ, where ygi denotes the
labour input of skill i used in the public sector.
These observations may provide one explanation for the large proportions of the

public sector and the combination of public production and public provision in some
countries, particularly the Nordic countries. It also implies that a larger public sector
may not necessarily hamper efficiency as much as is sometimes thought. The govern-
ment can mitigate the harmful effects of higher tax rates with suitably organized public
production/provision schemes. The Nordic countries seem to provide, again, a case in
point: countries such as Sweden have not suffered in terms of income level despite their
exceptionally large public sectors. In more general terms, the results in this chapter are
compatible with the empirical evidence related to the size of the public sector and
economic growth. While the overall picture the evidence provides is mixed, many
studies, such as Krusell et al (2000), Kneller, Bleaney, and Gemmell (1999), and
Padovano and Galli (2002), find that there is no robust relationship between the size
of the public sector per se (and hence average tax rates) and growth.
Earlier literature in optimal taxation has paid relatively little attention to the redis-

tribution motive in public sector employment. On public employment, a notable
exception is a paper by Wilson (1982), who studies optimal employment policy in a
linear income tax model with two types of labour. In the model where workers choose
the type of labour they supply, Wilson shows that the government should hire less
unskilled labour and more skilled labour than is necessary to minimize costs at the
prevailing gross wage rates. But this result is reversed when labour quantity is the choice
variable. A number of papers have extended the analysis to a setting with non-linear
taxation. Naito (1999) shows that production inefficiency in public production is
desirable if it leads to an increase in the relative wage of less-skilled workers. Gaube
(2000a) demonstrates how production efficiency is violated not only in special cases, but
in all potential regimes of second-best, two-sector, optimal taxation models. Lundholm
and Wijkander (2002) explicitly focus on public employment decisions and conduct
numerical simulations.
An interesting trade-off arises. Namely, the private sector may be more productive

in manufacturing some of the goods, but by having these goods produced by the
public sector, the government can enhance the wage rate of low-skilled workers in the
labour market more. This observation may explain one mechanism leading to a
relatively large scope of public employment and public sector in general in modern
welfare states. It also implies that through suitably arranged public production and
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expenditure policies, the government can offset some of the harmful effects of higher
tax rates. A larger government may not necessarily therefore harm efficiency as much
as is sometimes thought. This property is compatible with much empirical evidence
failing to find a robust negative link between the size of the government and the size of
the public sector.

13.4 The potential role of minimum wages

The minimum wage is a widely used but among the most controversial policy tools.
Several introductory economics textbooks using the usual first-best reasoning demon-
strate that the minimum wage legislation is well intended but misguided. However, it is
shown by Guesnerie and Roberts (1984, 1987) that the use of first-best results is
inappropriate in a second-best world. The minimum wage is a potentially useful tool
for redistribution because it increases low-skilled workers’ wages at the expense of
higher-skilled workers or capital. The other side of the coin is that it may also lead to
involuntary unemployment, thereby worsening the welfare of workers who lose their
jobs. A large empirical literature has studied how the minimum wage affects the wages
and employment of low-skilled workers. There is also the normative literature on the
minimum wage.
This normative literature has examined whether the minimum wage is desirable for

redistributive reasons in situations where the government can also use an optimal
income/transfers system for redistribution. The key idea in early studies by Guesnerie
and Roberts (1984, 1987) and Allen (1987) is that the beneficial effect of a minimum
wage occurs if it relaxes the incentive constraint and hence expands the redistributive
power of the government. In the context of the two-skill Stern–Stiglitz (1982) model with
endogenous wages, Guesnerie and Roberts (1987) show that a minimum wage can
sometimes usefully supplement an optimal linear tax, but is not beneficial in the case
of an optimal non-linear tax even in the most favourable case where unemployment is
efficiently shared. This result is obtained because a minimum wage does not in any way
prevent high-skilled workers from mimicking low-skilled workers.
Marceau and Boadway (1994) in turn show that a minimum wage is welfare-

improving in the case of optimal non-linear income tax. They assume that the minimum
wage induces firms to reduce the number of workers employed. In the absence of a
minimum wage, a binding participation constraint determines labour supply.
A minimum wage that applies only to low-wage workers is welfare-improving, and
accompanying the minimum wage with unemployment insurance will improve social
welfare further. More specifically, the authors show that redistributive policy could be
improved by allowing the government to use a minimum wage and unemployment
insurance as additional tools. The beneficial effect of a minimum wage occurs even
though it tightens the incentive constraint (since the higher wage makes mimicking
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more attractive). This is so because the minimum wage, assuming it can be enforced,
targets low-wage workers and makes them better off. Boadway and Cuff (2001) show
that a minimum wage policy combined with forcing non-working welfare recipients to
look for jobs and accept job offers indirectly reveals skills at the bottom of the distribu-
tion. Using a continuous-wage Mirrlees optimal income tax setting with bunching at the
bottom (voluntary unemployment), the minimum wage causes unemployment for all
those with abilities below the minimum wage. Combining a minimum wage with a
policy rule that requires low-income workers to accept jobs that are offered to them
relaxes the incentive constraint applying at the minimum wage level and improves social
welfare. It might even increase employment.
This approach is not without its critics. Critique focuses on informational assump-

tions of these models; namely, they assume that the government can enforce the
minimum wage despite the fact that optimal income tax (intensive-margin) models
assume that wage rates are private information. Though this problem may be addressed
by assuming the minimum wage law is enforced by audit-and-penalty mechanisms, that
is costly and diminishes the effectiveness of the programme.
Guesnerie and Roberts (1984) and Allen (1987) assumed that minimum wages reduce

employment along the intensive margin (hours worked) rather than the extensive
margin (job loss). Lee and Saez (2010) avoid the informational issue by adopting the
extensive-margin approach of Diamond (1980) and Saez (2002).18 In the Lee–Saez
model, the government observes all wage rates.19 Workers choose whether to participate,
and those with the least taste for leisure do so. There are two different skill levels for
workers, w1(low skill) and w2. There are hi number of workers at ability level wi. The
production function is f (h1, h2) and different types of labour are imperfect substitutes. So
wages are endogenous due to imperfect substitutability of skills in the production. The
workers face different kinds of cost of effort, yi. The government can observe the wage
rates of different ability types, but not the individuals’ cost of effort. Individual utility is
assumed to be ut = ct – yt, where c is consumption. They show, in a model with a discrete
number of jobs and endogenously determined wage rates for different types of occupa-
tions, that introducing minimum wages can be useful even in the presence of an optimal
non-linear income tax under welfarist social objectives. A key assumption20 for the result
in Lee and Saez (2012) is that of efficient rationing. It implies that those who lose their
job first when the minimum wage is increased above the equilibrium wage of low-skilled
workers are those with the smallest surplus from work. This means that the social
planner is indifferent regarding whether they work or not (implying little efficiency

18 Blumkin and Danziger (2014) extend the Lee–Saez analysis to an environment with deserving and
undeserving poor and where labour supply decisions are concentrated along the intensive margin.

19 This is a stronger requirement than that in Boadway–Cuff and Guesnerie–Roberts, in which wages are
observable at the firm level.

20 Further assumptions employed are that the elasticity of supply of low-skilled workers is positive and
the elasticity o�f demand for them is finite.
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losses from the minimum wage) and what is left is the desirable redistributive effect in
terms of higher wages for those earning the minimum wage. Of course, the requirement
that the rationing of available jobs is efficient is a strong one. Also here we face the
problem of how to treat different preferences for social welfare purposes. If we adopt
poverty minimization as a social objective, we can avoid this problem.
Pirttilä and Tuomala (2002) consider a model with two sectors in which some low-

income workers may end up unemployed due to the minimum wage. Now suppose that
the government imposes a minimum wage wm (Fc

y1 <wm). The government has a new
control variable wm in addition to the old ones (non-linear income taxation, public
employment, and production) and a new constraint w1 � wm. So the minimum wage
does not restrict the labour supply of low-income workers directly, but it raises the wage.
The public sector hires more low-skilled workers, reducing the number of unemployed
due to the minimum wage in the private sector. By employing more low-income workers
at the minimum wage than the private sector would, the public sector does not minimize
costs, but the government can offset this efficiency loss by distributional gains.
Finally, some studies have explored the issue of jointly optimal minimum wages and

optimal taxes and transfers in imperfect labour markets. Blumkin and Sadka (2005)
consider a signalling model where employers do not observe productivities perfectly and
show that a minimum wage can be desirable to supplement the optimal tax system.
Cahuc and Laroque (2007) show that in a monopsonistic labour market model, with
participation labour supply responses only, the minimum wage should not be used when
the government can use optimal non-linear income taxation. Hungerbuhler and
Lehmann (2007) analyse a search model and show that a minimum wage can improve
welfare even with optimal income taxes if the bargaining power of workers is sufficiently
low. If the government can directly increase the bargaining power of workers, the
desirability of the minimum wage vanishes.
There are still considerations not analysed in this literature. A typical doubt regarding

the minimum wage is that employers have no interest in recruiting workers whose
productivity is less than the wage cost. But productivity is not fixed. It may increase with
the wage paid. Hence, for example, taking into account the idea of learning by doing
might strengthen the case for a minimum wage even in the case of a competitive labour
market.

13.5 Tax evasion and optimal redistribution

Although labour supply would be rather insensitive to taxes for most people, declar-
ations of earnings may be sensitive to taxes. Hence a problem relates more to the design
of a good tax-monitoring administration than a real incentive problem. The standard
approach simply assumes that taxpayers willingly report their true incomes. This may
sound slightly odd given the importance of asymmetric information in optimal
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redistribution analyses. There is nonetheless evidence that under-reporting of income
represents an informational constraint for at least some taxpayers.
The pioneering work on modelling tax evasion within the optimal tax theory is by

Allingham and Sandmo (1972). In their model individuals are deterred from evasion by
a fixed probability of auditing and a proportional penalty to be applied over and above
the payment of the true liability. In addition, taxpayers are risk-averse and taxable
income is exogenous.21 Yitzhaki (1987) extended the original model by assuming the
probability of auditing to be an increasing function of evaded income, but with risk-
neutral agents. The standard expected utility model of tax evasion predicts that evasion is
decreasing in the marginal tax rate. This is sometimes called the Yitzhaki puzzle.22

Sandmo (1981) was the first to combine tax evasion and optimal income taxation
approaches in the linear income tax model.23 Using the two-type model (high- and
low-wage individuals), Cremer and Gahvari (1995) and Schroyen (1997) analyse evasion
within a non-linear optimal income tax framework. The two-type setting greatly sim-
plifies the problem, but it also implicitly generates some of the most relevant results of
the papers, such as the optimality of the zero marginal tax rate for high-skilled workers.
As discussed in Chapters 4 and 5, Mirrlees (1971) only considers, realistically, an
unbounded wage (skill) distribution, and therefore he did not get the zero tax rate result.
There are quite straightforward ways to revise the standard optimal income tax

formulas to take account of the possibility of evasion or avoidance.24 The optimal
marginal tax rate depends inversely on the elasticity of labour supply. However, earnings’
responses can reflect either changes in labour supply or changes in reported income. As
Feldstein (1999) has argued, if evasion is costly to the taxpayer, the welfare cost of
taxation depends on the elasticity of earnings with respect to the tax rate, whether
changes in earnings come from labour supply effort or from efforts in evading or
avoiding taxes. As Chetty (2009) puts it, the elasticity of earnings is a ‘sufficient statistic’
to measure the deadweight loss of taxation.
As we saw earlier, some empirical estimates suggest that the elasticity of taxable

income is much higher at high income levels than elsewhere in the income distribution
(e.g. Gruber and Saez 2002). That clearly tends to favour lower marginal tax rates at the
top, and therefore less income tax progressivity. Of course, this depends on all changes in
earnings representing welfare costs: some earnings responses are due to tax avoidance or
evasion activities or simply costless transfers of income to other tax brackets, or result in
penalty payments to the government (Chetty 2009).

21 Several authors relaxed the risk-neutrality assumption and introduced expenditure on concealment
(see Cowell 1990; Kaplow 1990; Cremer and Gahvari 1995, among others).

22 There is some literature replacing the expected utility approach by Prospect Theory. However, this
literature disagrees on whether Prospect Theory overturns the puzzle (see Piolatto and Rablen 2013).

23 For a comprehensive review of tax evasion literature see Cowell (1990), Sandmo (2005), Sandmo
(2012), and Slemrod and Yitzhaki (2002).

24 Of course, tax evasion is conceptually different from avoidance, since it always implies an illegal action.
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Piketty et al (2014) build a model where the top incomes respond to marginal tax
rates through three channels: labour supply elasticity, avoidance elasticity, and bar-
gaining elasticity. They argue that the third channel is the main source of response.
Labour supply elasticity is typically small and is the real factor limiting the top tax rate.
Finally, tax avoidance elasticity reflects a poorly designed tax system, and can be
confined to be close to zero mostly by costless tax design reforms. Hence a reasonable
response would be to tighten up the tax administration rather than compromising tax
progressivity.
In the spirit of Piketty et al (2014), Balle et al (2015) study optimal non-linear labour

income taxation when taxpayers are allowed to evade taxes. Their main finding is that
the optimal marginal tax schedule is the same as in the Mirrlees problem and the
government should enforce no evasion by imposing a sufficiently large penalty under
a constant auditing probability.

n APPENDIX 13.1.1 PROVISION OF PUBLIC GOOD

The government optimization problem is

Max
L ¼ V1ðx1; z1;GÞ þ V2ðx2; z2;GÞ
m½V2ðx2; z2;GÞ � V2ðx1; z1;GÞ�
þlðz1 þ z2 � x1 � x2 � pGÞ

The first-order condition with respect to G:

V1
G þ V2

G þ mV2
G � mV̂

2
G � lp ¼ 0 ð1Þ

Notice that the first-order conditions x and z are the same as in the two-type case earlier.
Reorganize equation (1)

V1
G

V1
x

V1
x þ ð1þ mÞV

2
G

V2
x

V2
x � mV̂

2
G ¼ lp ð2Þ

where V1
G

V1
x
¼ MRSG;x. To see this we differentiate consumer utility function keeping utility

constant to get

Vxdx þ VGdG ¼ 0; i:e:
dx
dG

����
dV¼0

¼ �VG

Vx

Since we want a positive number, we set MRSi ¼ Vi
G

Vi
X
and return to (2) and substitution

from the first-order conditions with respect to x and z yields

MRS1 þMRS2 þMRS1mV̂
2
X=l� mV̂

2
G=l ¼ p
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n APPENDIX 13.1.2 POVERTY MINIMIZATION AND PUBLIC GOOD

Linear income tax

Dividing the government’s first-order condition for G with that of b, we have the
following relationship:

X
DG þ

X
Dca

@zi

@GX
Dcð1þ a

@zi

@b
Þ

¼
r � ð1� aÞ

X @zi

@G

1� ð1� aÞ
X @zi

@b

where D* ¼
P

DG þPDca @zi
@GP

Dcð1þ a @zi
@bÞ

captures the efficiency of the public good in reducing

deprivation relative to the income transfer (because DG, Dc < 0, D* > 0).

D*
�
1� t

X
n
@y
@b

�
¼ r � t

X
n
@y
@G

Non-linear income tax

Suppose x, y and E are also functions of g, and the production constraint now includes
the public good; in other words, a term lrg is subtracted from the Lagrangean in (5) in
appendix 12.4 in Chapter 12. The Lagrangean is then maximized with respect to g, which
yields the following first-order condition:

�
ð
ðDG þ Dmsx

c
GÞfdn�

ð
lpxcGfdn� lrþ

ð
af@ðEn=EvÞ=@Ggdn ¼ 0: ð1Þ

With the definition, s ¼ vG
vb ¼ �EG, we have

@ðEn=EvÞ=@G ¼ ðEnGEv � EvGEnÞ=E2
v ¼ E�1

v ðEnG þ EvGv
0Þ ¼ E�1

v sn: ð2Þ
By usual manipulation in tax theory (as in Mirrlees 1976a) we have

pxcG ¼ ðq� tÞxcG ¼ EG � tðxG þ xbEGÞ ¼ ð1� txbÞEG � txG: ð3Þ
Using (2) and (3) the first-order condition for the public good we have (3) in the text.

n APPENDIX 13.1.3 PUBLIC GOOD PROVISION AND INCOME UNCERTAINTY

The first-order condition with respect to G is

@L
@G

¼
ð
fVGð1þ ahÞ þ aVyG � lpxG � lrgfdz ¼ 0 ð1Þ
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Let the expenditure function be E(q,v,G,y). Then we can define the marginal willingness
to pay for the public good, �, by the expression s ¼ � @E

@G ¼ EG.
First note that

�EG ¼ �EVVG ð2Þ
Then, since EvVc = 1,

s ¼ �EG ¼ VG=Vc ð3Þ
In (2) and (3) we have used the fact that there is a duality between the prices of private
commodities and the quantity of public good and the willingness to pay for the public
good. In (3) we have used the analogues of the derivative property of the expenditure
function and Roy’s identity for the public good. Now we can write the cross derivatives

VyG ¼ VGy ¼ �EGVcy � EGyVc ð4Þ
where Egy ¼ @Eg

@y .
Using (3) and the Slutsky equation for the public good xG ¼ xcG þ xcEG we haveð n

�EGðVcð1þ hÞ þ aVcy � lpxcÞ � aEGyVc�lpxcG � lr
o
fdz ¼ 0 ð5Þ

Again using (3) in (4) and noting that

p:xcG ¼ ðq� tÞxcG ¼ Eg � t:ðxG þ xcEGÞ ¼ �t:xg þ ð1� t:xcÞEG ð6Þ
we have ð

aVc
@s
@y

� lpxcG � lr
� �

fdz ¼ 0 ð7Þ

Reorganising the term pxcG one arrives at equation (4) in the main text.
One possibility is that the public good affects the distribution of f(y,z), as in Anderberg

and Andersson (2003). This might mean e.g. that the public good enhances income-
earning abilities so that the distribution with G > 0 stochastically dominates one with
g = 0. Denoting V þ aðVy þ VhÞ þ lðz � px � rGÞ ¼ W, the Lagrangean can be written
as
Ð
Wf ðz; y; gÞ. Then the first-order condition with respect to g is the following:

@L
@G

¼
ð
fVGð1þ ahÞ þ aVyG þ aVhG � lpxG � lrgfdz þ

ð
WfG ¼ 0: ð8Þ

For brevity, let us concentrate on the case where VyG ¼ xG ¼ 0. The provision rule can
be rewritten as

r ¼
ð
sfdz þ a

ð
VhGfdzþ

ð
WfGdz; ð9Þ

where the deviation from the first-best Samuelson rule is dependent on how the public
good affects the distribution of f directly (the last term at the right of (9)) and how it
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influences the incentive compatibility constraint through the impact on the likelihood
ratio, hG. One possibility is that the public good enhances overall productivity. This tends
to lead to over-provision of the public good relative to the first-best rule. At the same
time, the public good might blur the relationship of effort on income, reducing the
likelihood ratio and leading to under-provision of the public good through the middle
term at the right of (9).

n APPENDIX 13.2.1 PUBLIC PROVISION AND EXOGENEOUS WAGES
(BOADWAY AND MARCHAND 1995; BLOMQUIST-CHRISTIANSEN 1995)

Now the instruments available for the government are non-linear income taxation and
public provision of private goods. When ‘topping up’ is allowed, the government sets a
minimum consumption for the publicly provided good, but the consumer may buy more
of it on the market:
2 types, n2 > n1. gross income z = ny, and individual budget constraint: xi = zi – T(zi)
There is a private good, ci and a quasi-private good, di = ei + g, where g is the publicly

provided amount and e refers to the private purchases of the good. Hence ci = di = xi

Consumer optimization:
Max V(ci, zi, di) = Max V(xi – ei, zi, ei + g). The idea is to write an indirect utility

function where the arguments are observable (x, y, g); v[xi – ei(xi, zi, g), zi, ei(xi, zi g)+g].
Consumer’s private optimization implies (at interior solution)

MRS ¼ vg
vx

¼ MRT ¼ 1

The situation where the publicly provided amount is so large that the private part e = 0 is
referred to as ‘crowding out’ the government optimization:

Max

L ¼ v1ðx1; z1; gÞ þ v2ðx2; z2; gÞ
m
h
v2ðx2; z2; gÞ � v2ðx1; z1; gÞ

i
:

þlðz1 þ z2 � c1 � c2 � 2gÞ
ð1Þ

The first-order conditions with respect to z and x are the same as earlier. Therefore, the
MTR results are the same as earlier. What is the change of social welfare if public
provision is increased? This is given by

dL
dg

¼ v1g þ v2g þ mv2g � mv̂2g � 2l ð2Þ

As in the Boadway–Keen model, this can be written as:

dL
dg

¼ v1g
v1x

þ v2g
v2x

� 2þ mv2g
l

v1g
v1x

� v̂2g
v̂2x

 !
ð3Þ
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Suppose we start from the initial situation with no public provision. This implies that the
consumers are not at a corner solution.

Therefore
v1g
v1x

þ v2g
v2x

� 2 ¼ 0: ð4Þ

The sign of dL
dg is determined by the term in the brackets.

Again, if the true type 1 person values the good relatively more than the mimicker, the
term in the brackets is positive. This holds as long as neither of the true type (1 or 2) is
crowded out.
Let us denote the crowding out level as g̃ i .
When dL

dg > 0 and g is complementary with labour supply and g̃ <minfg1 :g2g
When g is complementary with labour supply, the mimicker is crowded out before a

true type 1 person. Since the mimicker also works less than the true type 2 person, the
mimicker is crowded out first. Therefore there exists a positive level of public provision
which enhances social welfare.
The intuition is again to make mimicking less attractive and to boost labour

supply that will otherwise be distorted downwards because of the presence of
redistribution.

Public provision education and endogeneous wages

Let us denote the wage rate for household i as oi ¼ oðy1; y2; eiÞ, where ei = di + g.
The utility function is now uðc; yÞ ¼ u x � d; zo

	 

. The first-order conditions with respect

to z are now:

�uc � uyz
oe

ðoÞ2 � 0; d �uc � uyz
oe

ðoÞ2
 !

¼ 0; ð1Þ

where oe ¼ @o
@e . Now, the following properties hold for the conditional indirect utility

function v(x, y, g):

vx ¼ uc; vy ¼ uy; vg ¼ �uyz
oe

ðoÞ2 : ð2Þ

The Lagrangean of the government optimization problem can therefore be written as

Max
x1;y1;x2;y2

L ¼ vðx1 ; y1 ; gÞ þ d½vðx2 ; y2 ; gÞ � �v2�
þm½vðx2 ; y2 ; gÞ � vðx1 ;Ωy1 ; gÞ�
þr½Fðy1 ; y2 ; eÞ � x1 � x2 � 2g�:

where the hat terms refer to the so-called mimickers, i.e. type 2 households when
mimicking the choice of type 1. Stern (1982) and Stiglitz (1982) show that in this
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framework, the marginal tax rate for the skilled household is negative and the marginal
tax rate for the less-skilled household is positive.25 Given this income tax schedule, we
may use the envelope theorem to detect the change in the social welfare from an increase
in the level of the publicly provided good as follows:

dL
dg

¼ v1g þ ðdþ lÞv2g � lv̂2g � lv̂2y
dΩ
dg

y1 þ rFe
de
dg

� 2r: ð3Þ

Rewriting (3) by substituting for æ from the first-order condition with respect x1 and x2
yields

dL
dg

¼ ðv1g � v1xÞ þ ðdþ mÞðv2g � v2xÞ þ mðv̂2x � v̂2gÞ � mv̂2l
dΩ
dg

y1 þ rFe
de
dg

: ð4Þ

Since the government optimization remains the same as in the previous section, the
optimality conditions with respect to the tax rates are also the same. Given the optimal
tax schedule, the change in the social welfare with respect to public provision of
education is

dL
dg

¼ v1g þ ðdþ mÞv2g � mv̂2g þ r F1y
1 de

1

dg
þ F2y

2 de
2

dg

� �
� mv̂2y

dΩ
dg

y1 � 2r: ð5Þ

Rewriting (5) by substituting for æ from the first-order condition with respect x1 and x2
yields (4) in the text.

25 This result can be obtained by combining (7) and (8), as well as (6) and (5).
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14 Optimal capital income
taxation

14.1 Introduction

Starting around 1980, many developed countries abolished annual or inherited wealth
taxes. At the same time, almost all developed countries have seen a sharp decline in tax
progressivity. Moreover, a growing fraction of capital income was gradually left out of
the income tax base. Consequently, in the tax system, only a labour income tax is any
more progressive. In the Nordic dual income tax system, this has been done explicitly.
Dual income tax systems in turn have suffered from income shifting from progressively
taxed labour income to capital income, which is taxed at a lower, flat rate.1

We have also seen a rising share of capital in many advanced countries since the 1980s
(see Piketty and Zucman 2014). This, in turn, directly increases inequality, because
ownership of capital is much more unequally distributed than labour income. Therefore,
equity considerations suggest capital income should be taxed more than labour income.
If capital accumulation is sensitive to the net-of-tax return, these considerations in turn
suggest going in a different direction. Moreover, capital is more mobile internationally
than labour. Given these considerations, how should capital income be taxed? Roughly
classifying, we can distinguish four alternatives to taxing capital income: not at all;
linearly (Nordic dual income tax); relating the marginal tax rates of capital and labour
incomes; and taxing all income with the same schedule.
There is much tax research implying that there is no need to impose any tax on capital

or capital income. The often-cited results by Judd (1985) and Chamley (1986) finding
that no capital taxation is optimal arises asymptotically in models with infinitely lived
individuals. The significance of these findings is limited for a number of reasons. The
Ramsey setting assumes both identical individuals and unavailability of an income tax.
There is no redistribution problem and thus no need in principle to rely on distortionary
taxation. Many have questioned the model’s assumptions, especially that of an infinitely
lived agent (e.g. Banks and Diamond 2009). Piketty and Saez (2012, p. 1) describe these
results as follows:

1 As pointed out to me by Vidar Christiansen, in Norway there is a progressive element in the capital
income tax, since shareholders pay a tax on what is defined as above-normal return on shares. Other capital
income is taxed linearly. The Finnish dual income system is no longer purely linear.



Taken seriously, those results imply that all inheritance taxes, property taxes, corporate profits
taxes, and individual taxes on capital income should be eliminated and that the resulting tax
revenue loss should be recouped with higher labor income or consumption or lump-sum taxes.
Strikingly, even individuals with no capital or inheritance would benefit from such a change. E.g.
we should be explaining to propertyless individuals that it is in their interest to set property taxes
to zero and replace them by poll taxes.

Perhaps the most important doubts regarding the Chamley–Judd results come from
Straub and Werning (2014). They show that, in both models, taxation may be positive
even in the long run. They also argue that even when optimal taxes are zero in the long
run, this may only be true after centuries of high taxation.
There have been views on capital income taxation that deviate from the Chamley–

Judd prescription. For example, Johansen writes in his book Public Economics (1965,
p. 197):

In some countries income derived from wealth has been regarded as a surer and more permanent
form of income than earned income, and it has therefore been considered that a definite amount
of an income of this kind provided a higher tax ability than a corresponding amount of other
income, within a particular period.

Mirrlees (2000, p. 8) in turn writes:

some of [the] variations in the return on capital are the result of the application of the skill and
effort: but most is surely the result of risky outcomes. To that extent, there might be advantage in
a high tax on the returns, offset by a subsidy on the capital; for that would provide people with
insurance against investment risks. When one then takes account of the redistributive element of
taxation, there is case for taxing wealth . . . I suggest there is a case for a rather progressive tax on
income from capital after all, with perhaps some small offset related to capital value.

Diamond and Saez (2011, p. 181) in turn argue: ‘The difficulties in telling apart labour
and capital income are perhaps the strongest reason why governments would be
reluctant to completely exempt capital income and tax only labour income’.
These zero tax rate results are a striking contrast with the fact that all advanced

countries impose still substantial, although declining, capital taxes. For example, as of
2008, the European Union raised 8.9 per cent of GDP in capital taxes and 22.7 per cent as
a percentage of total taxation.2 Hence, there is a good reason why Piketty and Saez (2012,
p. 1) argue ‘the large gap between optimal capital tax theory and practice [is] one of the
most important failures of modern public economics’.
Another result in the literature in support of zero capital income taxation is the

Atkinson–Stiglitz (1976) theorem interpreted in the intertemporal context. If (i) all
consumers have preferences that are separable between consumption and labour, and
(ii) the same sub-utility function of consumption, uiðc; x; zÞ ¼ Uiðcðc; xÞ; zÞ, where c is
the first period consumption, x the second period consumption, and z earnings, then the

2 Taxation trends in the European Union, for GDP weighted EU-27 averages.
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government should use only labour income tax and should not use tax on savings.
Condition (i) says that the intertemporal marginal rate of substitution of consumption
does not depend on labour supply and (ii) requires all consumers to be the same in their
interest in smoothing consumption across their life cycle. In other words, there should be
zero differential taxation of first- and second-period consumption (no ‘wedge’ between
the intertemporal marginal rate of substitution and the intertemporal marginal rate of
transformation between consumer goods in different periods) if two conditions are
satisfied. To put it differently: if inequality entirely comes from labour income inequality,
then it is useless to tax capital; one should rely entirely on the redistributive taxation of
labour income. Under separable preferences, there is no point taxing capital income; it is
more efficient to redistribute income by using solely a labour income tax. Atkinson and
Stiglitz (1980, pp. 442–51) were themselves very well aware of the implausibly strong
assumptions (most notably the absence of inheritance and the separability of prefer-
ences) behind their zero capital tax result.
As in Banks-Diamond (2010, p. 559), the Atkinson–Stiglitz theorem can be seen in the

two different roles: ‘one is to show that limited government action is optimal in an
interesting setting, and the second is to provide, through the assumptions that play a key
role in the theorem, a route towards understanding the circumstances calling for more
government action (in this case distorting taxation of saving and therefore implicitly
taxing (or subsidizing) consumption in the second period relative to consumption in the
first period)’. This interpretation by Banks and Diamond (2010) is important because
this result has been misused as straightforward support for zero capital income taxation.
There is also an important difference between these two zero tax results. The Chamley–
Judd results focus on given initial wealth, whereas there is no inherited wealth in the
Atkinson and Stiglitz result. The wealth is saved from labour earnings. Hence new
money turns into old money.

14.1.1 A TWO-PERIOD AND TWO-TYPE MODEL

Tax rate schedules typically do not take into account the taxpayer’s pattern of earnings
over time. Instead, they are based on a snapshot—the taxpayer’s current annual income.
In fact, Mirrlees (1971, p. 175) suggests that one of the limitations of his analysis is that it
does not address intertemporal problems, even if ‘in an optimum system, one would no
doubt wish to relate tax payments to the whole life pattern of income . . . ’. Vickrey’s
(1939) is the famous early contribution to the normative theory of lifetime income
taxation. He proposed a cumulative averaging system for personal income taxation.
Basing his argument on horizontal equity, Vickrey argued that if the tax schedule were
convex, then individuals with fluctuating incomes would pay more taxes on average than
individuals with steadier incomes. Diamond (2003) analyses the lifetime redistribution
of income across individuals within a cohort. Thereby he avoids the dynamic compli-
cations that arise from intergenerational redistribution. More specifically, he considers a

OPTIMAL CAPITAL INCOME TAXATION 357



two-period variant of the Mirrlees (1971) income tax problem, where all individuals
work in the first period and then retire.
The Mirrlees model as an annual tax system requires that the government can commit

to ignoring the information that has been revealed by individuals’ choices. Therefore,
reinterpreting the Mirrlees model as a model of lifetime redistribution, we have to
assume that the government can commit to a lifetime tax. The lifetime version of the
Mirrlees model can be interpreted either such that the government controls first- and
second-period consumption and labour supply directly, subject to the self-selection
constraints. Alternatively, if we assume that there are no private savings, we have a
model of labour income taxation in the first period and public provision of pension in
the second period. This means that we consider the many-good non-linear tax model.
To introduce return to capital and the possible taxation thereof, it is useful to consider

a two-period and two-type model (low skill, L and high skill, H), with labour supply in
the first period and consumption in both the first and second periods. Savings from the
first-period earnings are used to finance second-period consumption and so generate
capital income that is taxable in the second period. With only a single period of work, the
model is about the taxation of savings for retirement. The government wishes to design a
lifetime tax system that may redistribute income between individuals in the same cohort.
There is asymmetric information in the sense that the tax authority is informed about
neither individual skill levels, labour supply, nor discount rates. The two types of
individuals, labelled L and H, are endowed with productivities (skill levels) that are
reflected by their respective wage rates nL and nH> nL. Individual i (=L, H) gets labour
income z = ny in the first period where n = wage rate, y = labour supply, and chooses how
much to consume c (first-period consumption) and x (second-period consumption).
The lifetime utility of an individual of type i is additive in the following way:

Ui ¼ uðciÞ þ dvðxiÞ þ cð1� yiÞ; ð1Þ
where c and x denote, respectively, consumption when young and when retired; y is
labour supply when young; and � is a discount factor (here we assume dL ¼ dH ¼ d).
U is increasing in each argument and u0; v0;c0>0 and u00; v00;c00<0 and strictly concave.
We also assume that all goods are normal.
Individuals are free to divide their first-period (when young) income between con-

sumption, c, and savings, s. Each unit of savings yields a consumer an additional 1+ç
units of consumption in the second period after tax income, x. As further simplifications,
we assume that there is a fixed rate of return to savings, which may be justified by
assuming that we consider a small open economy facing a world capital market. Con-
sumption in each period is given by ci ¼ niyi � TðniyiÞ � si and xi ¼ ð1þ çÞsi, i = 1.
Now let us assume that the government controls ci, xi, and yi directly, subject to the self-
selection constraints. The optimization problem is maximization of a following utilitarian
social welfare function: X

NiðuðciÞ þ dvðxiÞ þ cð1� yiÞÞ ð2Þ
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subject to the revenue constraint:X
Niðniyi � ci � rxiÞ ¼ R ð3Þ

where r ¼ 1
1þç

, and self-selection constraint:

uðcHÞ þ dvðxHÞ þ cð1� yHÞ � ûðcLÞ þ dv̂ðxLÞ þ ĉ 1� nL

nH
yL

� �
: ð4Þ

The self-selection constraint requires that a high-skilled individual weakly prefers the
bundle ðcH ; xH ; zHÞ to the two time periods intended for him or her to the bundle
ðcL; xL; zLÞ designated for a low-skilled individual.3 We consider the more interesting
case, where only the incentive compatibility or self-selection constraint of the high-
skilled type binds. This amounts to the region where redistribution takes place from
high-skilled to low-skilled.
The first-order conditions (presented in appendix 14.2.1 setting dL ¼ dH ¼ d) can be

written in a form:

uc
vx

� �L

¼ uc
vx

� �H

¼ d
r
; ð5Þ

which says individual i’s (i =L, H) marginal rate of substitution between consumption in
period one and consumption in period two should be equal to the intertemporal
marginal rate of transformation. Hence, there is no intertemporal distortion.
A much-discussed problem with taxing capital income concerns the inability of the

government to commit to future tax policies. Can the government commit to a tax policy
for two periods? Most analyses simply assume this away by allowing governments to
commit to policies, even in cases where lifetime optimal taxation is studied. In fact,
Roberts (1984, proposition 4), in an optimal dynamic taxation model without govern-
ment commitment, raises doubts about the government’s ability to use information from
early periods of life to accomplish redistribution in later periods of life with lower welfare
cost. The well-known problem with relaxing the commitment assumption is that it may
no longer be social welfare-maximizing for the government to design a non-linear
income tax system in which individuals are willing to reveal their skill types. Instead, it
may be optimal to pool the individuals so that skill-type information is not revealed.
Roberts (1984) concludes that if the time horizon is infinite and there is no discounting,
separation never occurs. This means that if high-skilled individuals live forever, they will
forever face personalized lump-sum taxation if they reveal their type. Moreover, since
they do not discount the future, they cannot be compensated in the present for
the everlasting personalized lump-sum taxation they would face after revealing their
type. Hence, separation is not possible. Berliant and Ledyard (2005) in turn examine a

3 The terms with a hat refer to mimicking behaviour. Note that regardless of different notation, the
functional form is the same with or without a hat.
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two-period model with discounting. In their model, the separation occurs when the
discount rate is high. The intuition is that if high-skilled individuals are not too
concerned about their future welfare, there exists a relatively low level of compensation
that they can be given in the first period for revealing their type and when facing
personalized lump-sum taxation in the second period. The assumptions on discounting
made by Roberts (1984) and by Berliant and Ledyard (2005) are extreme, and not
necessarily empirically plausible.
The so-called new dynamic public finance literature instead assumes that wages

change stochastically in each period, so what is learned about an individual’s type in
one period is not relevant for the next. Alternatively, it might be assumed that govern-
ment decision-making is sufficiently time-consuming that re-optimizing in the face of
recent information would not be feasible. The commitment assumption might be
criticized as being inconsistent with the information-based approach of the Mirrlees
model. The government cannot observe each individual’s skill type, which is the reason it
must use distortionary taxation. Ruling out lump-sum taxation in a dynamic Mirrlees
model using a commitment assumption might be considered somewhat artificial. The
commitment assumption might be criticized as being inconsistent with one of the
motivations behind the new dynamic public finance literature—to remove the need for
ad hoc constraints on the tax instruments available to the government, which must be
imposed in standard macro-style dynamic models (see Golosov et al (2007, 2010) for
further discussion4).
If government policy can be changed after private agents have accumulated asset

wealth, there will be an incentive for even benevolent governments to impose excessive
taxes on capital income (Kydland and Prescott 1977; Fischer 1980). Given this, one
expects capital income taxes to be higher than optimal, leading to a case against imposing
capital income taxes in the first place.5 Farhi et al (2011) provide a political economy
theory without government commitment that addresses both the level and the progres-
sivity of capital taxation. They point out that rising inequality is a destabilizing political
force, which may encourage future governments to expropriate capital through heavy
taxation. That threat could discourage saving and investment now. Hence, a progressive
tax on capital in the present may lead to more investment by preventing an increase in
inequality and by convincing firms that their wealth is (mostly) safe over the long term.
Gaube (2007) in turn interprets the practice of taxing current income in each period as a
partial commitment device. Gaube (2007) assumes that the government can commit to a

4 Examples of this literature include Kocherlakota (2005), Albanesi and Sleet (2006), and Werning
(2007), among others. Surveys of the new dynamic public finance literature are provided by Golosov et al
(2006) and Golosov et al (2011). For a textbook treatment of the new dynamic public finance, see
Kocherlakota (2010).

5 For example, Farhi and Werning (2008) and Acemoglu et al (2008, 2010) relax the commitment
assumption. The latter two papers, in particular, are concerned with the revelation and use of skill-type
information, but where politicians may use this information partly for their own benefit, rather than only to
maximize social welfare. Their analyses are therefore mostly positive in nature.
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tax policy at least for two periods. This assumption can be justified by the fact that the
income tax schedule is usually not redesigned each fiscal year. In the end, however, full
commitment may not be realistic. Roberts (1984) and Gaube (2007) do not, however,
consider taxes on savings as possible tax instruments. Gaube (2007) examined the
difference between general and period tax functions. He showed that the one-period
result of a zero marginal tax rate at a finite top of the earnings distribution does not apply
to the two-period model with separate taxation in each period when there are income
effects on labour supply, since additional earnings in one period would lower earnings,
and so tax revenues in the other period.6

In what follows we focus on the case where the government can commit. Extending
the analysis to the case where labour is supplied in both periods, the above results carry
forward. If individuals have the intertemporal and intratemporal separable utility func-
tion Ui ¼ uðciÞ þ cð1� yiÞ þ di½vðxiÞ þ cð1� y0iÞ�, there should be no capital income
tax, while if the utility discount factor is correlated with wage rates, the capital income tax
rate should be positive, as shown later on in the case with labour supply only in the first
period. This can be seen as a simple extension of the above analysis. Now the govern-
ment chooses consumption and income in both periods. The lifetime self-selection or
incentive constraint becomes:

uðcHÞ þ cð1� yHÞ þ d½vðxHÞ þ cð1� y0HÞ� � ûðcLÞ þ ĉ 1� nL

nH
yL

� �

þd½v̂ðxLÞ þ ĉ 1� nL

nH
y0L

� �� ð6Þ

where y’ is the second-period labour supply. From the first-order condition, we can see
that also in this case there is no intertemporal distortion on consumption for either
skill type.
With variable earnings in both periods, the pattern of tax rates on earnings over time

becomes relevant. Marginal tax rates for the high-wage persons will be zero in both
periods, as expected. For low-wage persons, optimal marginal tax rates will be positive
and will rise over time if the rate of growth of wage rates is less for low-wage types than
for high-wage types, and vice versa (Diamond 2007).
The Atkinson–Stiglitz result has been subject to considerable scrutiny in the literature,

and special attention has been devoted to circumstances in which it is violated. One
reason for departure is nonseparability in preferences. From the Corlett and Hague
(1953) analysis with linear tax, we know that commodities that are complements to
leisure should be taxed more heavily so as to increase work incentives. However, a
similar argument will hold when we consider consumption today and consumption
tomorrow. It may be efficient to discriminate against or in favour of saving if, given the

6 See also Berliant and Ledyard (2005).
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level of income, the way in which people want to divide their expenditure between
consumption today and consumption tomorrow depends upon how many hours they
work. By acting as a tax on future consumption, taxing savings may increase the
incentive to work if consumption tomorrow is related to leisure today. With non-
separability between consumption and labour, a key issue for the sign of taxing capital
income—taxing versus subsidizing—is the pattern of the cross-elasticities between
labour supply and consumption levels in the two periods. However, not much is
known about these cross-elasticities and thus there is not a strong reason from this
argument to reject the zero tax policy implication.
Boadway et al (2000) and Cremer et al (2003) show that where skill and inherited

wealth are not observable, a capital income tax might become desirable even with
separable preferences. A major focus of these two papers is to study capital income
taxation as an instrument to indirectly tax inherited wealth, particularly when it is not
perfectly correlated with skills. In the real world inheritances strongly influence income
levels, particularly among the very rich. Solow (2013) (http://www.newrepublic.com/
article/115956/alan-greenspans-map-and-territory-reviewed-robert-solow) puts this as
follows:

The actual outcome, including the relative incomes of participants, depends on ‘initial endow-
ments,’ the resources that participants bring when they enter the market. Some were born to
well-off parents in relatively rich parts of the country and grew up well-fed, well-educated, well-
cared-for, and well-placed, endowed with property. Others were born to poor parents in relatively
poor or benighted parts of the country, and grew up on bad diets, in bad schools, in bad
situations, and without social advantages or property. Others grew up somewhere in between.
These differences in starting points will be reflected in their marginal products and thus in their
market-determined incomes. There is nothing just about it.

Hence, taxes on labour income are inadequate to the task of limiting inequality because
they punish those who owe high incomes to greater ability and effort, rather than to
inheritance.
The logic of Mirrlees’ (1976a) result for taxing goods preferred by those with higher

skill can also be used as an argument for capital income taxation. In fact, Saez (2002)
argues, in the context of present and future consumption, that individuals with higher
earnings save relatively more, which suggests that high-skilled individuals are more likely
to have higher discount factors. Like Saez (2002), Diamond (2003) assumes that the
correlation between skills and time preferences is perfect so that problems of multi-
dimensional screening do not arise. Banks and Diamond (2010), in the chapter on direct
taxation in the Mirrlees Review, conclude: ‘With the plausible assumption that those
with higher earnings abilities discount the future less (and thus save more out of any
given income), then taxation of saving helps with the equity-efficiency trade-off by being
a source of indirect evidence.’
On average, those with higher earning capacity are more likely to save and will achieve

a higher return on any savings they have. This provides a strong case for taxing savings
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because saving is an indicator of having high earnings capacity. Tenhunen and
Tuomala (2010) extend Diamond’s (2003) analysis of non-linear taxation of savings
into the three-type and four-type models (two wage rates and two discount factors)
where time preferences and productivity abilities are imperfectly correlated. An indi-
vidual may be high or low-skilled, and they may have a high or low discount factor.
They mainly focus on numerical solutions to the multi-dimensional screening problem.
They also examine the possibility that the government’s discount factor may differ
from that of individuals, which creates a paternalistic motive for taxation. Diamond
and Spinnewijn (2009) build a model with jobs rather than choice of hours by workers
facing a given wage rate. They avoid problems of the multi-dimensional screening
assuming that jobs have fixed earnings and are specific to skill type in equilibrium. In a
four-type model they show that, starting with the optimal earnings tax, the introduc-
tion of a small tax on savings of high earners raises social welfare, as does introduction
of a small subsidy on savings of low earners. Both introductions ease the binding
incentive compatibility constraint. The result makes no use of the correlation across
types, although it does assume that at the optimum all higher-skilled workers hold the
higher output job. With a restriction on preferences, they also show that the optimal
linear earnings-varying savings tax has the same character. The intuition behind this is
that those valuing the future more (relative to the disutility of work) are more willing to
work than those valuing the future less. The incentive constraint binds for high wage/
low savers but not for high wage/high savers. This generates scope for taxing savings.
Both Tenhunen and Tuomala (2010) and Diamond and Spinnewijn (2011) assume full
commitment.
The so-called new dynamic public finance has extended the Mirrlees optimal

income tax approach to a dynamic setting (see e.g. Golosov, Tsyvinski, and
Werning 2007; Kocherlakota 2010). This is far from an easy task. Uncertainty is a
key feature of the analysis. If future earnings are uncertain, it is desirable to tax
savings to maximize social welfare. This is the key message of this literature. Intui-
tively, this means that if an individual plans to work less because of high taxes later on
in life, the individual saves more. Therefore, discouraging saving makes it harder for
individuals to respond to taxes. Without doubt, these models require a high level of
rationality from individuals.
The models examined by Golosov, Troshkin, and Tsyvinski (2011) (or Golosov et al

(2010)) avoid the complexities associated with multi-dimensional screening by assuming
that preferences for savings are a function of skills. They derive and illustrate optimal
labour wedges in connecting their generalized formulas to the static Mirrlees expres-
sions. They show that the size of the optimal implicit capital income tax wedge is
quantitatively fairly modest on average (figure 2, p. 25). Farhi and Werning (2012)
characterize the evolution of the labour implicit tax rates (wedge) over time analytically
and numerically in such an environment.
A typical assumption in the theoretical literature is that the tax authority can easily

distinguish the respective types of income. In practice, it is difficult to distinguish
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between capital and labour income (e.g. small businesses, self-employed, professional
traders). Differential tax treatment can induce shifting. Examples follow:

1. US C-corporations vs S-corporations: shift from corporate income and realized
capital gains toward individual business income (Gordon and Slemrod 2000).

2. Carried interest in the US: hedge fund and private equity fund managers receive
fraction of profits of assets they manage for clients. Those profits are labour income
but are taxed as realized capital gains.

3. The Finnish Dual income tax system has taxed capital income separately at preferred
rates since 1993. Pirttilä and Selin (2011) show that it induced shifting from labour to
capital income, especially among the self-employed.

Christiansen and Tuomala (2008) examine a model with costly (but legal) conversion
of labour income into capital income. Despite preferences that would result in a zero tax
on capital income in the absence of the ability to shift income, they find a positive tax on
capital income. With finite shifting elasticity, differential marginal tax rates for labour
and capital income taxation induce an additional shifting distortion. The higher the
shifting elasticity, the closer the tax rates on labour and capital income should be
(Christiansen and Tuomala 2008). Gordon and Slemrod (1998) raise the issue of shifting
between corporate and personal tax bases. Even with an infinite horizon, the Chamley–
Judd result of asymptotically zero capital income taxation does not hold in a model with
an inability to distinguish between entrepreneurial labour income and capital income
(Correia 1996; Reis 2007). In the extreme case, government cannot distinguish at all
between labour and capital income. It means government observes only total income
(labour income plus capital income). Then the only option is to have identical marginal
tax rates at individual level. In practice, this seems to be a very important consideration
when designing income tax systems, especially for top incomes. It is a strong reason for
having marginal tax rates on labour and capital income identical at the top.
An early contribution to redistributive tax policy in the presence of asymmetric

information in dynamic settings is that of Ordover and Phelps (1979). They consider
optimal non-linear taxation of income and savings in an overlapping generation’s model.
In their model, individuals live for two periods, but work only when young. Ordover and
Phelps (1979) show that it is optimal to tax the savings of most individuals (but not the
savings of the most skilled) whenever the marginal rate of substitution between con-
sumption when young and consumption when old depends on labour supply. On the
other hand, savings should remain untaxed at the margin whenever preferences are
separable across time. Using a similar generational structure and informational assump-
tions, Pirttilä and Tuomala (2001) (see also Brett 1997) argue that distorting savings
decisions can be optimal even when preferences are separable across time when future
relative wages are sensitive to current savings via their effect on capital accumulation.7

7 Naito (1999) has shown that the Atkinson–Stiglitz result does not hold with non-linear technology.
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In other words, they have shown that capital income taxation may be desirable even
when preferences are separable across time where future relative wages are sensitive to
current savings via their effect on capital income. In the context of an OLG model where
the concern is inter-generational redistribution, Blackorby and Brett (2000) show that
capital income taxes can implement parts of the Pareto frontier that would otherwise be
unattainable.
The Atkinson–Stiglitz theorem also implies that a consumption or expenditure tax8 is

superior to an income tax. The intuition is that one can achieve any degree of redistri-
bution by adjusting the rate schedule, so the only remaining question concerns effi-
ciency, as in the original commodity tax problem. That is, we can ask whether an
individual of a given earnings level should be taxed relatively more or less depending
on whether more income is allocated to first-period or second-period consumption. In
this basic case, neutrality (no differentiation in tax rates) is optimal because it avoids an
additional distortion (of the intertemporal pattern of consumption), whereas differenti-
ation would not help to offset the pre-existing distortion (of labour supply). There are
reasonably convincing arguments from behavioural economics that a subset of the
population systematically under-saves, and taxing capital income would provide further
discouragement. This is one reason for the Mirrlees Review’s opting for a form of
progressive expenditure tax regime that sheltered all capital income with the exception
of super-normal returns. The Meade report and Kay and King (1986) present an
argument for expenditure tax that the individual’s annual income is difficult to measure.
It is, however, so that consumption and income are equally difficult to measure for top
wealth holders. There are, however, arguments working against expenditure tax. There is
evidence from advanced economies on the growing gap in life expectancy between low
and high-income people. If gains in expected life spans are increasingly concentrated
among the well-to-do, we should not ask the less affluent to bear the main burden of an
aging society. This is clearly an argument against expenditure tax. This is also an
argument against increasing VAT on food.
In sum, from a point of view of equity, it seems fair to not discriminate against savers

if labour earnings are the only source of inequality and are taxed non-linearly. In reality,
capital income inequality is due to many different reasons: differences in savings
behaviour; difference in rates of returns (often lucky returns); shifting of labour income
into capital income; inheritances, etc. At the same time, there are other arguments
working against capital income taxation. Capital income taxes are costly to administer
and give rise to costly tax planning, relocation, and evasion. Some forms of asset income
are difficult to tax, such as the imputed return on human capital and consumer durables,
so inter-asset distortions are inevitable.

8 See on expenditure tax e.g. Kaldor 1955; Meade 1978; Kay and King 1978; King 1980.
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14.2 On informational rationales for taxing
capital income

14.2.1 HETEROGENEOUS TIME PREFERENCES

It is quite plausible to assume that in reality, for all sorts of reasons, both ability and time
preferences are not observable. Multidimensional heterogeneity in individuals’ charac-
teristics is a realistic assumption but it complicates the analysis notably as seen in
Chapter 10 (see also an excellent discussion on this in Boadway 2012). In the case with
heterogeneous time preferences, incentive constraints may then operate in all directions
of skills. The structure of the set of self-selection constraints or incentive-compatible
constraints is then difficult to deal with, and no theoretical solution has yet been found to
the multi-dimensional optimization problem in this context. There are some analytical
studies in a discrete case with two-dimensional heterogeneity,9 but they are simplified
further to a three-type case (Cuff 2000; Blomquist and Christiansen 2004). Cremer,
Lozachmeur, and Pestieau (2004) also consider social security and retirement decision in
a static model with agents differing in two dimensions: productivity and health status.
Cremer et al (2009) also examine a non-linear social security scheme when the govern-
ment has a paternalistic view and wants to help to overcome individuals’ myopia
problems. They all find some support for public intervention in terms of a pension
policy or a non-linear taxation of savings.
However, as discussed earlier, the problem of heterogeneous preferences is not just

about incentives. It is also a hard normative question, because the social objective must
then involve interpersonal comparisons of individuals with heterogeneous preferences.
In the welfarist tradition there is no principle on which such comparisons can be
grounded. This tradition always assumes that the relevant utility functions are provided
by some external authority. Economists who want to say something about the optimal
tax therefore can only consider the various possible results that can come for the various
possible weights attached to different utility functions.
The standard argument against taxing the return to saving relies on the assumption

that taxing saving creates inefficiencies and cannot help with redistribution. The recent
research in behavioural economics has demonstrated that individual decision-making
often suffers from various biases. Some people save more for the future than others
because they are more patient. Some save more because they have a greater understand-
ing of the options available and the consequences of saving, or not saving. In particular,
those with low earnings capacity do not save enough. They can be impatient and have
difficulty making appropriate calculations and decisions. In these situations, when there

9 An exception is Tarkiainen and Tuomala (1999; 2007), who present numerical calculations in the two-
dimensional optimal tax problem for a continuum of agents.
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is a possible conflict between an individual’s long-term preference and his short-term
behaviour, the government may want to intervene. If the observed level of saving is a
good proxy for earnings capacity, then taxing savings might be a useful way of redis-
tributing. We might then want to subsidize or otherwise encourage them to save. At the
margin, by taxing savings the government could raise revenue and redistribute from
those with higher earning capacity while reducing tax rates on labour supply.
Economists such as Wicksell, Pigou, Ramsey, and Allais10 have argued that the social

planner should be more patient than the individual. For example, Ramsey (1928)
claimed that it was ‘ethically indefensible’ not to take into account discounting of the
future utilities. Any such argument can be called paternalistic. The notion that individ-
uals may not make the best choices for themselves raises difficult issues. Individuals may
be fully rational and just happen to have a high preference for the present, which causes
them to save little, because too little weight is given to future contingencies. Should the
government be welfarist and maximize individual welfare, as the individual sees it?
Alternatively, as suggested in recent behavioural public economics literature, should it
be paternalistic, or non-welfarist, and discount the future at a different rate than
individuals? In fact, individuals may want the government to intervene, to induce
behaviour that is closer to what individuals wish they were doing. For example, in
models with quasi-hyperbolic preferences it is typically desirable to impose a particular
savings plan on individuals.
Tenhunen and Tuomala (2010) characterize the optimal lifetime redistribution policy

within a cohort. They consider the optimal tax treatment of savings when individuals
differ both in abilities and time preferences in both welfarist and paternalistic cases.11

The case with two-dimensional heterogeneity is considered both in analytical form and,
to gain a better understanding, also in the light of numerical examples. Next we consider
a two-period and two and four-type version of the Mirrlees model with different
correlations between skill and discount factor, with both welfarist and paternalistic
governments.12

10 ‘In actual societies it seems to be common that social choices deviate from consumer preferences in the
assessment of the relative importance of future needs with respect to present needs . . . Public saving and legal
arrangements such as compulsory pension schemes allow this objective to be realised. . . . It was in order to
generalise optimum theory to such a collective attitude that M. Allais put forward the concept of ‘rendement
social généralisé’. His idea is to define and investigate a notion of optimum in which individual preferences
are retained for the choice between consumption relating to the same date, but not necessarily between those
relating to different dates.’ (Malinvaud 1972, p. 244)

11 In a longer working paper version (Tenhunen and Tuomala 2007) a case of Rawlsian government is
also considered.

12 Sandmo (1993) considers a case where people differ in preferences, but are endowed with the same
resources. Tarkiainen and Tuomala (1999, 2007) also consider a continuum of taxpayers simultaneously
distributed by skill and preferences for leisure and income.
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A benchmark model: two types with a positive correlation between skill and
discount factor

Each individual has a skill level reflecting his wage rate, denoted by n, and a discount
factor, denoted by �. We denote low-skilled types by the superscript L and high-skilled
types by the superscript H. The assumption of positive correlation implies that dL � dH .
The proportion of individuals of type i in the population is Ni>0, with

P
Ni ¼ 1.

Do we have empirical evidence that high-type people are more patient? The assump-
tions on preferences that are made in this model imply that high-skilled people have
higher earnings and that people who discount the future less heavily have higher savings
rates. Given this, the statement ‘high-type people are more patient’ follows from the
empirical correlation between savings rates and earnings. In Figure 14.1, based on
Consumer Surveys in Finland over the period 1976–2012, we see that savings rates are
increasing in income.
Saez (2002) also argues that individuals with higher earnings save relatively more,

which suggests that high-skilled individuals are more likely to have higher discount
factors. In this case, discount factor is positively correlated with productivity level. For
this reason, we take as a starting point separable utility with different time preference.13

The lifetime utility of an individual of type i is additive in the following way:

Ui ¼ uðciÞ þ divðxiÞ þ cð1� yiÞ; ð1Þ
where we make the same assumptions as previously.
The government wishes to design a lifetime tax system that may redistribute income

between individuals in the same cohort. There is asymmetric information in the sense
that the tax authority is informed about neither individual skill levels, nor labour supply,
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13 Alternatively, the same outcome could be reached by assuming homothetic preferences and linear
Engel curves.
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nor discount rates. It can only observe before-tax income, ny. In this setting, where taxes
both on earnings and savings income are available, we examine whether or not savings
ought to be taxed. The separability assumption makes it possible to isolate the signifi-
cance of variations in time preferences.
The welfarist government: The government respects the individual sovereignty prin-

ciple and evaluates individuals’ well-being using their own discount rates. Assume that
the government controls ci, xi, and yi directly. Alternatively, if we assume that there are
no private savings, we have a model of labour income taxation in the first period and
public provision of pension in the second period.
In the welfarist case, government’s problem is to maximize the following social welfare

function: X
NiðuðciÞ þ divðxiÞ þ cð1� yiÞÞ ð2Þ

subject to the revenue constraint:X
Niðniyi � ci � rxiÞ ¼ R ð3Þ

where r ¼ 1
1þç

, and the self-selection constraint14

uðcHÞ þ dHvðxHÞ þ cð1� yHÞ � uðcLÞ þ dHvðxLÞ þ c 1� nL

nH
yL

� �
: ð4Þ

The first-order conditions15 can be expressed in the form:

uc
vx

� �i

¼ di

r
½1� di�; ð5Þ

where the left-hand side is individual i’s marginal rate of substitution between
consumption in the first and in the second period, and di is the distortion. A positive
(negative) di implies that type i should have an implicit tax (subsidy) on savings. It is
useful to define a relative difference in discount factors as �ij � di�dj

dj
, for any pair of

discount factors. The first-order conditions (see appendix) imply that

dL ¼ ðç1 � 1Þ�HL

dH ¼ 0
ð6Þ

where ç1 ¼ NL

NL�mHL. The returns to savings of type i should not be taxed when di is zero.

14 The direction of the binding self-selection constraint is assumed to be, following the tradition in the
one-dimensional two-type model, from high-skilled individual toward low-skilled individual. This pattern is
also confirmed by the numerical simulations.

15 In the numerical solution we also consider the marginal labour income tax rates. As has become
conventional in the literature, we may interpret the marginal rate of substitution between gross and net
income as one minus the marginal income tax, c

0 ðny=nÞ
nuc

¼ 1� T ’ðnyÞ, which would be equivalent to the
characterization of the labour supply of an agent facing an income tax function T(ny). The marginal labour
income tax rates satisfy the usual properties: T ’ðnLyLÞ>0 and T ’ðnHyHÞ ¼ 0.
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With dH=0, the optimal implicit marginal tax rate for the high-skill type is zero. When
we assume, empirically plausibly, �H > �L, we have dL>0 implying implicit taxation of
savings for the low-skill type. This is the same result as in Diamond (2003).
As a result of the two-dimensional heterogeneity, a tax on capital income is an

effective way to relax an otherwise binding self-selection constraint. This is because
even under separability the mimicker and the individual mimicked do not save the same
amount. A high-skilled individual choosing to mimic someone with less skill values
savings more than a low-skilled individual, since discount of the future is less for the
potential mimicker. Thus, taxing savings relaxes the self-selection constraint. Alterna-
tively, put another way: distortions generate second-order efficiency costs but first-order
redistributional benefits. The implication is that there should be a tax on the savings of
low-wage persons. Intuitively, lower saving by low-skilled (wage) persons reduces their
second-period consumption, making it more difficult for high-skilled (wage) persons to
mimic them. Hence, the tax rate on capital income should be positive if the discount rate
increases with the wage rate.

Differences in governments’ and individuals’ discount rates

Assume now that the government does not respect the individual sovereignty principle
and evaluates individuals’ well-being using a discount rate different from those of
individuals. Now the paternalistic government with a discount factor dg maximizes
social objective given by: X

NiðuðciÞ þ dgvðxiÞ þ cð1� yiÞÞ ð7Þ

The form giving the implicit marginal taxes for savings is now uc
vx

� �i
¼ dg

r ½1� ai� , where
ai gives the distortion. There is a correspondence between ai and di, given by
ai ¼ di þ�igðdi � 1Þ, for all types i. It can be observed that as long as di < 1, ai > di.
In other words, a positive (negative) Æi implies that the savings decision of type i is
under-subsidized (over-subsidized) relative to the first-best.
From the first-order conditions of government’s problem (appendix 14.2.1), we get

the following expressions:

aL ¼ ðç1 � 1Þ�Hg

aH ¼ ðç2 � 1Þ�Hg ð8Þ

where ç1 ¼ NL

NL�mHL and ç2 ¼ NH

NHþmHL.
From (8) we see that aL is negative and aH is positive, when type H individual’s

discount factor is smaller than that of the social planner. Relaxing the self-selection
constraint in this paternalistic case means an upward distortion for the savings of type
L and a downward distortion for the savings of type H. Contrary to the welfarist case, the
savings of the low-skill type are now subsidized. In other words, compared to the savings
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required to the first-best optimum, it is socially beneficial to have the high-skill type save
less and the low-skill type save more.
In the first-best situation with perfect information and a paternalistic government, the

distortion is ��gi. This marginal subsidy on savings corrects the effect of the difference
in the discount rates between individuals and government. In the second-best case
without paternalistic objectives, the results in (8) suggested a marginal tax on the low-
skill type and no distortion for the high-skill type. However, in the case where these two
phenomena (paternalistic objectives and imperfect information on both productivity
and time preferences) appear at the same time, the low-skill type is subsidized and the
high-skill type is taxed. One possible explanation for this somewhat surprising result is
that in addition to the separate effects16 of the two sources of distortions, they are also
likely to interact. This interaction can be expected to affect the incentive structure of the
economy. In this framework it is not possible to isolate the effects due to self-selection
constraint and to discount factors (paternalism) in distortions. It is only possible to say
that aH>��gH , i.e. in the second-best optimum the tax overcompensates the first-best
subsidy, and for the low-skilled type in the second-best optimum there is an additional
subsidy compared to first-best situation, i.e. aL<��gL.
Comparing the solution of the second-best problem given in equation (8) to the

laissez-faire we have a positive tax on savings for the high-skilled type and a negative one
for the low-skilled type. This implies that non-linear taxes and subsidies of savings are a
useful complement to non-linear taxation of labour income for a government interested
in redistribution.
In sum: as long as dH< dg, the savings of the high-skill type should be implicitly taxed

at the margin (under-subsidized relative to the first-best situation), while the savings of
the low-skill type should be implicitly subsidized (over-subsidized relative to the first-
best situation) when individuals differ both in their productivities and time preferences.

A four-type model, numerical considerations

To investigate further the properties of the optimal lifetime redistribution, Tenhunen
and Tuomala (2010) analyse a four-type case with numerical tools. Thus, instead of
deriving analytical results that are not very tractable in a general case, we consider the
four-type model only numerically. In a four-type model, the types are indexed, as in
Table 14.1. Without any assumptions on the interdependence of these two characteris-
tics, we end up having a four-type economy, with types denoted according to Table 14.1.
The proportion of individuals of type i in the population is Ni > 0, with

P
Ni ¼ 1.

16 The separate effects would have suggested that high-skill type should only face the subsidy resulting
from the paternalistic objectives, while the distortion of the low-skilled type would consist of a subsidy due to
paternalistic objectives and a tax resulting from the aim to avoid mimicking behaviour.
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The social planner maximizes a sum of utilities, (3), and the paternalist planner
maximizes (7) subject to the revenue constraint (3) and the self-selection constraints
given by

uðciÞ þ divðxiÞ þ cð1� yiÞ � uðcjÞ þ divðxjÞ þ c 1� njyj

ni

� �
; 8i; j and i 6¼ j ð9Þ

There appear twelve self-selection constraints in the optimization problem. The param-
eterization is as presented in Table 14.2. First, a uniform distribution of types is assumed,
i.e. Ni = 0.25, implying that there is no correlation between skill level and time
preference. The utility function takes the following separable forms of Ui ¼ � 1

ci � di 1xi �
1

1�yi (CES). The results of the numerical solution are given in Tables 14.3 and 14.4.
No a priori assumptions of the binding self-selection constraints are made in numer-

ical simulations. We do not choose the direction of redistribution a priori, i.e. the pattern
of the binding self-selection constraints is not restricted a priori. Tables 14.3 and 14.4
present the numerical results for CES function in the welfarist and paternalist cases:
private utilities in the optimum; the values of the marginal rates of labour income T’; the
marginal tax rates of savings, given by distortion di in the welfarist case and Æi in the

Table 14.1 Individual types

Wage

Low high

Discount factor Low type 1 type 3

High type 2 type 4

Table 14.2 Parameterization in the two-type economy

Fraction of individuals in each group Ni = 0.25 for i = 1,2,3,4

Discount factors �L = 0.6, �H = 0.8, �g =1, r = 0.95

Productivities (wages) nL = 2, nH = 3

Table 14.3 Utility levels at the optimum, marginal tax rates, and
replacement rates in the welfarist case. The binding self-selection
constraints are (3.1), (3.2), and (4.3)

U T’ d y x/ny means

type 1 �4.73 7.80 0 0.51 50.88 �c= 0.72

type 2 �5.10 13.17 �11.38 0.52 56.40 �x= 0.62

type 3 �4.22 0 5.14 0.52 41.29

type 4 �4.52 0 0 0.54 45.06
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paternalistic case; and the replacement rates in terms of second-period consumption
relative to the first-period gross income (x/ny).
In both the welfarist and the paternalistic case, type 2 consumers are worst off in terms

of utilities while type 3 consumers have the highest utility. The pattern of binding self-
selection constraints is the same in both cases. It can be noted that constraint (4,3) binds
even though type 3 consumers have higher utility. In our case this results from the fact
that the consumption levels available for a true type 3 are different (present consumption
relatively larger and future consumption relatively lower) from those that would be
chosen by type 4, given the possibility to allocate income freely between present and
future period consumption. Technically speaking, those individuals that are mimicked
in the optimum should be taxed. In the two-type case, we had a positive marginal tax
on both labour income and savings for the mimicked type. With two-dimensional
heterogeneity, the pattern of binding self-selection constraints can be less straightfor-
ward. Similarly, the constraint (4,3) binds to the three-type case here even though type
3 has higher utility than type 4. The direction of other binding constraints (3,1) and
(3,2) is something we could expect on the basis of the one-dimensional case with
differences only in productivity. We note that the most socially desirable redistribution
is from type 3 to type 2 (from the best-off to the worst-off). This binding constraint
in turn limits the opportunities to redistribute between other pairs of types. For
instance, it would be socially desirable to redistribute from type 4 to type 1, but this
is constrained by the fact that type 3 has to be provided with some information ‘rent’
((4,3) binds). Therefore, if we tax type 4 too heavily, he or she may begin to mimic
type 3.
In the optimum of the welfarist case there are positive marginal labour income tax

rates on both low-skilled types. The savings decisions of types 1 and 4 are not distorted.
Type 2 consumers, who are the worst-off types in terms of utilities, have a positive
marginal income tax and a marginal subsidy on savings, whereas type 3, the best-off type
in terms of utilities, faces a marginal tax on savings. There is bunching of types 1 and 2 in
the paternalistic cases, i.e. they always choose a common bundle of labour supply and
consumption. This means that the second-order incentive compatibility conditions are
not satisfied. This finding gives further validation for the three-type case considered
earlier: in the paternalistic case only three different types of consumers can be

Table 14.4 Utility levels at the optimum, marginal tax rates and replacement rates in the
paternalistic case. The binding self-selection constraints are (3.1), (3.2), and (4.3)

U T’ Æ y x/ny means

type 1 �4.84 12.81 �17.63 0.54 59.58 �c= 0.68

type 2 �5.15 12.81 �17.63 0.54 59.58 �x= 0.71

type 3 �4.23 0 14.13 0.54 46.54

type 4 �4.50 0 4.49 0.55 47.99
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distinguished.17 With the pattern of binding self-selection constraints, we could con-
clude that type 3 mimicking the common choice of types 1 and 2 is prevented by setting a
positive marginal income tax on types 1 and 2. This is compensated (at least partly) by a
subsidy on savings. The marginal tax on savings for types 3 and 4 is driven by the
paternalistic preferences of the social planner.
Tenhunen and Tuomala (2010) also checked how sensitive the results are for param-

eter values of discount factors, group sizes, and productivity (wage) differences. Marginal
tax rates for income from savings for types with lower discount factor are larger.
Increasing wage inequality marginal tax rates for both labour income tax and tax on
savings increase, which is in accordance with findings in the atemporal continuous
Mirrlees model (see Kanbur and Tuomala 1994; see also Chapter 5).

Correlation between skill level and time preference

A uniform distribution of all types implies that the correlation between skill level and
time preference is zero. However, this may not be the case; the two characteristics may be
imperfectly correlated. At the same time, changing the assumption of the correlation
allows us to consider the robustness of our results with respect to the distribution of
types. Figures 14.2 and 14.3 present the marginal tax rates on savings in the welfarist and
paternalist cases with the CES utility function.
From the figures we can see that the results for the marginal tax on savings are fairly

robust except for type 3. As the correlation between skill level and time preference
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Figure 14.2 Marginal tax on savings in the welfarist case

17 Blomquist and Christiansen (2004) and Cuff (2000) also apply a three-type version of a Mirrlees (1971)
optimal income tax model with heterogeneity in preferences between leisure and consumption.
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increases, or as the fraction of types 2 and 3 decreases, the distortion on type 3’s savings
decision increases significantly with both types of government preferences. In the
welfarist case, type 4 remains undistorted regardless of the structure of the economy.
Type 1 is also undistorted except at very high levels of correlation, where his savings
become taxed. In the paternalistic case, types 1 and 2 remain pooled, and the tax on
savings for type 4 is almost fixed at all levels of correlation. Note that the two-type case
above which is equivalent to a correlation of one corresponds to the right boundaries of
Figures 14.2 and 14.3.

Myopic behaviour

Next we analyse the model in which all individuals do not save voluntarily and, in their
labour supply decisions, they ignore the implications of their earnings when young for
retirement income—i.e. they are myopic. Myopic behaviour may be quite common for a
substantial proportion of individuals who hardly save and rely almost entirely on public
pension benefits. Does this model generate less dispersed retirement consumption than
the models with rational behaviour? Diamond (2003, chapter 4) and Diamond and
Mirrlees (2000) consider a benchmark situation where individuals do not save at all.18 In
their model workers are otherwise identical, but their skills differ, and the government’s
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Figure 14.3 Marginal tax on savings in the paternalistic case

18 See also Cremer and Roeder (2013).
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objective is to design an optimal redistributive policy for the working-age and for the
retired. If the social welfare function exhibits inequality aversion, the optimal retirement
consumption is shown to be higher for those whose lifetime income has been smaller.
It is worth stressing that myopic behaviour is distinct from the behaviour associated

with heavy discounting of the future. If individuals have low discount factors, they will
save little for their retirement consumption, but this reflects optimizing behaviour. By
contrast, if individuals are myopic and are subjected to forced saving, their welfare will
increase. Although the behavioural foundations of myopia differ essentially from those
of time-consistent utility maximization, the analysis developed above can be used with
minor modifications. We simply interpret the discount factor d as either 0 for perfectly
myopic types and 1 for completely rational individuals.
Myopic labour supply implies that the retirement consumption does not enter the

incentive compatibility constraint of a myopic mimicker. The social welfare function
depends on ex post utilities given by uðciÞ þ dgvðxiÞ þ cð1� yiÞ.
By assuming that all types are myopic, we get a two-type version of the continuum

model analysed in Diamond (2003). A more interesting case is to extend Diamond’s
analysis into a more realistic case in which some people save and some do not, i.e.
assume that myopia and ability are imperfectly correlated. To maintain the tractability,
we simplify the four-type model by assuming that there are actually only three types:
low-skilled types with a low discount factor �L, indexed as type 1; high-skilled types with
a low discount factor, type 3; and high-skilled types with a high discount factor, type 4.19

We assume that �L = 0, but unlike in Diamond (2003), we allow social planner and type 4
individuals to have different discount factors.
Myopic types perceive only the apparent utility uðciÞ þ cð1� yiÞ. Thus there is now

no first-best case, where the government could induce myopic types to save voluntarily
through a subsidy on savings.20 As a result, the interpretation based on private distortion
d cannot be used here. However, in the optimum, from the government point of view,
there is a distortion Æ also for myopic types. Myopic types take only the apparent utility
into account, also when mimicking. But rational type 4 perceives the changes in second-
period consumption that would occur if he mimicked myopic types, so the part reflecting
the utility from the second period remains in the self-selection constraints binding type 4
but vanishes from those binding types 1 and 3.
The social planner maximizes (7) subject to the revenue constraint (3) and the self-

selection constraints (see appendix 14.2.1). Numerical simulation suggests that whereas
none of the upwards self-selection constraints are binding, all of the downward con-
straints are. For type 1 the marginal taxation of saving is negative; for type 4 it is positive;
and the sign of the distortion is indeterminate for type 3 (see appendix 14.2.1).

19 There are also other possible structures for a three-type economy. A discussion on the issue is
presented in appendix 14.2.2.

20 The first-best distortion � dg�di

di
approaches –1 when �i goes to zero.
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The numerical solution (Table 14.5) with otherwise the same parameters as in the
earlier case, except for �L=0, also follows the same lines as the paternalistic case presented
earlier. The optimal savings tax rate for type 1 is negative, i.e. there is an implicit subsidy
for savings as suggested by the analytical part. For types 3 and 4 we have a tax.
In a three-type model when there are myopic individuals in the economy, the

paternalist government policy increases the savings of the low-skilled type and decreases
the savings of the high-skilled types compared to the paternalist government policy
without myopic individuals. When we interpret the model as a public pension system
and no private savings, the previous result indicates that the pension system is more
generous to low-skilled types and less generous to high-skilled types in the economy with
myopia.
Marginal labour income tax rates satisfy the usual properties: zero marginal rates for

both skilled types 3 and 4, T 0ðn3y3Þ ¼ 0 and T 0ðn4y4Þ ¼ 0. The government with
paternalist views and with myopic individuals yields higher marginal labour income
and savings tax rates than in the case without myopia. Also in the latter case, marginal
savings tax and subsidy rates are smaller. It may be surprising that when there are
myopic individuals in the economy, paternalist government policy increases saving and
makes saving larger than a paternalist government policy without myopic individuals. In
all cases considered, type 3—high-skilled and low discount factor—attains the highest
utility level. This may be interpreted so that there is in all cases a kind of bias towards the
present. In paternalistic cases our simulations show that in the optimum, type 1 and
type 2 are always pooled. This result can be used as a justification for a three-type
model.21 Numerical results in the four-type case also help us to choose a particular
pattern of self-selection constraints.
In sum: in this section we have examined the optimal redistribution policy when

society consists of individuals who do not differ only in productivity, but also in time
preference. Tenhunen and Tuomala (2010) extend Diamond’s (2003) analysis of the
non-linear taxation of savings to the three and four-type models and consider the
problem both analytically and numerically. In this section it is shown that when there
are both paternalistic objectives and imperfect information on individuals’ productivities
and time preferences, the results are not just the sum of distortion suggested by these

Table 14.5 The numerical solution in the paternalistic case with myopia. The
binding self-selection constraints are (3.1), (4.1), and (4.3)

U T’ Æ x/ny means

type 1 �3.96 14.61 �40.07 62.86 �c= 0.72

type 3 �3.35 0 33.85 42.90 �x= 0.71

type 4 �4.52 0 4.37 47.48

21 Blomquist and Christiansen (2004) and Cuff (2000) apply a three-type version of a Mirrlees (1971)
optimal income tax model with heterogeneity in preferences between leisure and consumption.
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phenomena alone. A possible explanation is that these sources of distortion, paternalism,
and two-dimensional unobservable heterogeneity interact. Tuomala and Tenhunen
(2010) results provide a rationale for distortions (upward and downward) in the savings
behaviour in a simple two-period model where high-skilled and low-skilled individuals
have different non-observable time preferences beyond their earning capacity.
This model can also be interpreted as analysis of a pension programme. When insuf-

ficient saving is caused by a low discount factor,22 our analytical and numerical results
support the view that there is a case for a non-linear public pension programme (second-
best redistribution) in a world where individuals differ in skills and discount factor.

n APPENDIX 14.2.1

Two types

Multipliers l and m are attached respectively to the budget constraint and the self-
selection constraint. The Lagrange function of the optimization problem is:

L ¼
X
i

Ni uðciÞ þ divðxiÞ þ cð1� yiÞ� � þ l
X

Niðniyi � ci � rxiÞ � R

" #

þmHL uðcHÞ þ dHvðxHÞ þ cð1� yHÞ � uðcLÞ � dHvðxLÞ � c 1� nLyL

nH

 !" #

The first-order conditions with respect to ci, xi and yi, i=L,H from the Lagrange function
given in equation (5) are:

NLuLc � lNL � mHLuLc ¼ 0 ð1Þ

NLdLvLx � lrNL � mHLdHvLx ¼ 0 ð2Þ

�NLc
0L þ lNLnL þ mHL

nL

nH
c

0L ¼ 0 ð3Þ

NHuHc � lNH þ mHLuHc ¼ 0 ð4Þ

NHdHvHx � lrNH þ mHLdHvHx ¼ 0 ð5Þ

22 We also analysed the model in which not all individuals save voluntarily and ignore the implications
for the retirement income of their earnings when young in their labour supply decisions, i.e. they are myopic.
The analytical results follow the earlier case (proposition 3). For type 1 the marginal taxation of saving is
negative, for type 4 it is positive, and for type 3 the sign of the distortion is indeterminate (see Tenhunen and
Tuomala 2007).
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�NHc
0H þ lNHnH � mHLc

0H ¼ 0 ð6Þ
In the paternalistic case the first-order condition with respect to ci, and 1yi, i=L,H,
remains unchanged, while (A2) and (A5) are replaced by

NLdgvLx � lrNL � mHLdHvLx ¼ 0 ð7Þ

NHdgvHx � lrNH þ mHLdHvHx ¼ 0 ð8Þ
Four types

Welfarist case:
The first-order conditions with respect to c, x, and y for type i, i=1, . . . ,4 are:

Niuc � lNi þ
X
j

mijuc �
X
j

mjiuc ¼ 0 ð1Þ

Nidivx � lNir þ
X
j

mijdivx �
X
j

mjidjvx ¼ 0 ð2Þ

�Nicy þ lNini �
X
j

mij � ni

nj
mji

� �
cy ¼ 0 ð3Þ

where l and mij are the Lagrange multipliers for the production constraint and self-
selection constraint preventing type i from mimicking type j and uc, vx and cy are partial
derivatives of sub-utility functions with respect to variable denoted by subscripts.

Paternalist case

The first-order condition with respect to y is the same as in the welfarist case. The
conditions with respect to c and x for i=1, . . . ,4 are:

Niuc � lNi þ
X
j

mijuc �
X
j

mjiuc ð4Þ

Nidgvx � lNir þ
X
j

mijdivx �
X
j

mjidjvx ð5Þ

14.2.2 HABIT FORMATION AND OPTIMAL CAPITAL INCOME TAXATION

Above and in the previous studies taxing the return to saving, it is usually assumed that
saving is non-positional. In an early work, Duesenberry (1949) in turn argued that saving
is positional and presented evidence to the effect. He proposed the idea of habit
formation—that the utility from consumption can be affected by the level of past
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consumption.23 The optimal tax design should also take into account the fact that
individuals with different preferences for savings (or myopic individuals) may be subject
to habit-formation or standard-of-living effects under which present consumption
influences the utility of future consumption. In recent years, models which allow for
various kinds of habit formation have been used to analyse a wide variety of phenomena
both in macro and microeconomics.
There is evidence that people tend to make errors in predicting changes in their future

tastes.24 All models considering under-saving due to high discounting or myopia can be
seen as special cases of the more general phenomenon of projection bias. Projection bias
implies that people, while understanding the direction of changes in tastes, systematic-
ally make mistakes in predicting the magnitude of the changes. When projection bias is
combined with habit formation, there exist two mechanisms that affect the savings
behaviour. First, projection bias leads to underestimation of the effect the current
consumption has on future utility, and hence encourages excessive consumption when
young. The second effect arises in a dynamic setting. As one gets used to higher
consumption levels, the new standard of living induces even higher consumption, and
also less saving, than what was earlier planned. Thus, both effects tend to leave savings
below the optimal level (see Loewenstein, O’Donoghue, and Rabin 2003).
In this section, following Tuomala and Tenhunen (2014), we study optimal lifetime

redistribution when individuals in a life-cycle cohort have habit-forming preferences
over period consumption. We assume that individuals are heterogeneous in a binary
fashion (i.e. high and low) with respect to their respective rate of labour productivity and
time preference. The government faces information asymmetry in that it is only able to
observe and verify the gross income and saving of individuals but not the labour supply,
labour productivity, and discount rates of individuals. We derive general mathematical
expressions that characterize optimal marginal tax/subsidy rates for the case of habit
formation with two-dimensional individual heterogeneity. The first-order conditions
suggest that habit formation affects results qualitatively. The pattern of marginal labour
income taxes depends on habit formation. To gain a better understanding, we examine
numerically the properties of an optimal lifetime redistribution policy with habit for-
mation. The effect of changes in the degree of habit formation is explored in the
numerical simulations, as well as the implications of different degrees of correlation
between skill and projection bias.

A four-type model with habit formation

Otherwise, the model is the same as in the previous section, except the utility of the
retirement-period consumption depends on past levels of consumption through a habit-

23 The idea was formalized by Pollak (1970) and Ryder and Heal (1973).
24 Loewenstein, O’Donoghue, and Rabin (2003) present a survey of some empirical evidence on the

presence of projection bias. People tend to underappreciate the adaptation to the change in the standard of
living, i.e. changes in their long-term preferences.
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formation or standard-of-living channel. In other words, preferences are not additive
over time. Parameter æ describes the degree of habit formation: the closer to zero æ is, the
smaller the effect of the habit is to the retirement period utility.25 Individuals’ utility is
given by

Ui ¼ uðciÞ þ di vðrci; xiÞ þ cð1� yiÞ: ð1Þ
The sub-utility functions u and c are increasing and strictly concave. In addition, v is
increasing and strictly concave with respect to x, whereas with respect to c it is decreasing
and strictly convex. The first-period consumption reduces second-period utility. We also
assume that all goods, both consumption goods and leisure, are normal.

Government optimization problem

Without any assumptions of the mimicking behaviour, there are twelve possible self-
selection constraints given by:

uðciÞ þ divðrci; xiÞ þ cð1� yiÞ � uðcjÞ þ divðrcj; xjÞ þ c 1� njyj

ni

� �
ð2Þ

for i,j = 1, . . . 4 and i 6¼ j.
Should the government be welfarist and maximize individual welfare, as the individual

sees it? Or, as suggested in recent behavioural public economics literature, should it be
paternalistic, or non-welfarist, and discount the future at a different rate than individ-
uals? In fact, individuals may want the government to intervene, to induce behaviour
that is closer to what individuals wish they were doing.
In the welfarist case the government maximizes the sum of individuals’ utilities:X

Ni½uðciÞ þ divðrci; xiÞ þ cð1� yiÞ� ð3Þ

whereas the non-welfarist or paternalistic government evaluates the future with a higher
discount factor �g than the individuals, i.e. dg>di for all i=1, . . . ,4.26

The optimization in both cases is subject to the self-selection constraints given in (2)
and the production constraint:X

Niðniyi � ci � rxiÞ � R � 0 ð4Þ

where r ¼ 1
1þy is the discount factor for production.

25 Non-separability of utilities alone would already imply habit formation, but we have chosen to use
parameter æ to make the effect of habit formation clearer.

26 Another case, where some of the individuals over-save, i.e. use too high a discount factor to maximize
their lifetime utility, can also easily be analysed with the same framework. Similarly, the case where
government uses the same discount factor as those suffering less from projection bias can be obtained as
a special case of the analysis presented here. In this chapter, however, we concentrate on the case where all
individuals suffer from projection bias and under-save as a result of it.
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Welfarist case

From the first-order conditions (1) and (3) in appendix 14.2.2 we can solve the marginal
tax of labour income in terms of the marginal rate of substitution between leisure and
working period consumption, Ti 0 ¼ 1� cy

niðucþdirvcÞ
. This can also be interpreted as the

implicit tax (or subsidy) on prolonged activity.
The marginal tax of labour income for type i is given by

Ti 0 ¼ 1� AB:27 ð5Þ
At this level of generality it is difficult to obtain clear-cut results. Any results depend on
the pattern of binding self-selection constraints. We cannot predict this on the basis of
the first-order conditions alone. The marginal rates of type i depend both on the pattern
of those constraints deterring others from mimicking type i and also on those self-
selection constraints preventing type i from mimicking others.
Based on our numerical simulations, we assume the following pattern of downward-

binding self-selection constraints, m31>0, m32>0 and m32>0 while mij=0 and mji=0, for all
other self-selection constraints. Given these binding constraints, we have the following
signs for marginal rates: T10>0 T20>0 T3 0<0 T4 0 ¼ 0. The so-called ‘no distortion at the
top’ result holds here too. There is a type nobody wants to mimic at equilibrium. It
means that no self-selection constraint is binding toward this type (in our case type 4).
Then mji ¼ 0 for all j 6¼ 4. Intuitively, because at equilibrium nobody wants to mimic
type I, there is no advantage in distorting such a person’s choices from the first best. If we
further assume that the government has to some extent redistributive concerns, at least
one mji is non-zero. In fact, if the optimal tax policy is truly second-best, then at least one
of the self-selection constraints must bind at the optimum. Hence the non-linear policy
scheme is a useful mechanism if the government has sufficient redistributive aims.
It is worth noting a special case in which people do not differ in discount factors. From

(5) we see that in this case, habit formation has no impact on the standard results that the
high-skill type should face a zero marginal tax rate and the low-skill type should face a
positive marginal tax rate. This is because the consumers rationally consider the effects
on their second-period utility when deciding their first-period consumption levels.
Hence, there is no need for the government to implement marginal tax-rate distortions
to correct the negative internality that an individual’s first-period consumption imposes
on their second-period utility.
Habit formation appears explicitly in the marginal tax rate formula (in the term A).

This term implies that the marginal labour income tax of type i is increased when type i
is mimicked by those with a more severe projection bias, and decreased if mimicked by
those suffering less from projection bias. The two sources of distortion, imperfect
information on both skill level and level of projection bias, interact. The effect of

27 A ¼ lNi

lNiþr
P

j
mjiðdj�diÞvc and B ¼ Niþ

P
j
ðmij�mjiÞ

Niþ
P

j
mij�ni

nj
mji

� �
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mimicking also comes from the coefficients mji in the part B in (5), so the effect is not
separable.
It is also worth noting that the idea that marginal labour income tax rates must be

non-negative does not necessarily hold here.28 The term A becomes greater than one
when r

P
j m

jiðdj � diÞvc < 0, i.e. when the sum of the discount factors of the mimickers
are greater than those of the mimicked (for the pairs for which the incentive constraint is
binding), and the term B, when ni > nj the mimicker has lower wage rate than the
mimicked (for the pairs for which the incentive constraints are binding).
The intuition behind this result is that in the Mirrlees model only those individuals

with a lower wage rate were in danger of being mimicked, but in the two-dimensional
case the pattern of the binding constraint can also be the other way around. The
additional disutility obtained from mimicking a type with higher wage rate by having
to work more than the mimicked type can be more than compensated by the additional
utility of the higher retirement consumption if the difference in the levels of projection
biases is high enough. In terms of support for prolonged activity, this result means that it
might be desirable to encourage longer working careers of some types with a wage
subsidy. However, without making any assumptions on the direction of binding incen-
tive constraints, it is not clear whether this outcome ever occurs. We will return to this
question in the numerical part of the paper.
Next we consider marginal tax rates on savings. The marginal rate of substitution

between consumption in the working period and retirement period is given by
si ¼ ucþdirvc

divx
.

From the first order conditions (5) and (6), we can write29

si ¼ 1
r

1� uc
lNi

X
j

mji�ji

" #
¼ 1

r
ð1� diÞ ð6Þ

where �ji ¼ dj�di

di
is the relative difference in the level of projection bias and where di

captures the implicit marginal tax on savings. A positive d reflects marginal tax on
savings, and a negative d implies a marginal subsidy.
Equation (6) implies that we have to consider only downward incentive constraints.

When type i is mimicked by a type with a less severe projection bias, the distortion
(marginal tax rate) for type i tends to increase. And similarly, when type i is mimicked by
a type with a more severe projection bias, the distortion (marginal subsidy rate)
decreases. The overall effect might be positive, negative, or zero, depending on the
binding self-selection constraints. Given the binding constraint, we have d1 ¼ d4 ¼ 0,
d2< 0, d3> 0. It is also true here that far-sighted high-ability individuals (type 4) face no
distortion on their savings (a zero marginal tax rate). Perhaps slightly surprisingly, the

28 Our result contradicts the traditional Mirrlees result. In multidimensional optimal tax problems,
however, negative marginal labour income taxes are sometimes found (see e.g. Boadway et al 2002, Judd
and Su 2006, Cremer et al 2001).

29 See appendix 14.2.2 for a derivation.
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savings decision of the low-skilled type 1 is also undistorted. This is due to the fact that
the individuals who should be deterred from mimicking the low-skilled are the high-
skilled with the same time preference as the low-skilled. Thus, no gain could be achieved
by taxing the savings decision of type 1.
It is also worth noticing that there is nothing that explicitly reveals the effect induced

by habit formation on the right-hand side of (6). Parameter æ, which is equal for all types,
cancels out in the derivation. This does not imply that the implicit tax rates are not
affected by habit formation; the magnitude of marginal rates will, however, depend on
habit formation.

Paternalistic case

Now the government using its own discount factor in the social welfare function
maximizes

P
Ni½uðciÞ þ dgvðrci; xiÞ þ cð1� yiÞ�, subject to self-selection constraints

(2) and the production constraint (4).
The marginal labour income tax in the paternalistic case can be solved from the first

order conditions (3) and (4) (see appendix 14.2.2): Tgi 0 ¼ 1� cy

niðucþdgrvcÞ.
In this case Tgi 0 ¼ 1� A0B0.30

There are now two sources for distortions that affect the design of optimal policy:
paternalistic view of correcting projection bias, and imperfect information on both
productivities and projection bias. These features interact so that the effects cannot be
separated from each other, i.e. labour income taxation is used at the same time to take
care of all distortions in the economy. As in the welfarist case the possibility of negative
marginal labour tax rates cannot rule out here. In the paternalistic case in turn the ‘no
distortion at the top’ result does not hold any longer.31,32

Tg1 0>0; Tg30>ð<Þ0; Tg40<0

The labour supply of type 4 is encouraged by a marginal subsidy. The bunch of types 1
and 2 faces a positive marginal tax on labour income. Type 3, however, may be taxed or
subsidized: Tg3’ can be positive as well as negative.
There are two possible ways to consider the distortion in savings: government’s and

individual’s points of view.33 Government’s view represents the actual distortion
required to implement the second-best optimum, whereas what determines the behav-
ioural effects is the distortion perceived by the individual. The marginal rate of substi-
tution between first and second-period consumption from the government’s point of

30 A0 ¼ lNi

lNi�r
P

j
mijðdi�dg Þvcþr

P
j
mjiðdj�dg Þvc and B0 ¼ Niþ

P
j
ðmij�mjiÞ

Niþ
P

j
mij�ni

nj
mji

� �
31 The result is not uncommon for a model with paternalistic objectives and multidimensional self-

selection constraints. A similar result is found e.g. in Cremer et al (2009).
32 Due to the bunching, the marginal tax rates on labour income are equal for types 1 and 2.
33 See for example Cremer et al (2009) for a similar approach.
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view can be obtained from the first order conditions34: ucþdgrvc
dgvx

� �i
¼: sgi. Using (4) and

(5) we obtain:

sgi ¼ 1
r

1� uc
lNi

ð
X
j

mji�jg �
X
j

mij�igÞ
" #

¼ 1
r
ð1� aiÞ; ð7Þ

where the relative projection biases �jg ¼ dj�dg
dg and �ig ¼ di�dg

dg are both negative due to
assumptions made on individuals’ and governments’ time discount factors. Æi captures
the implicit marginal tax on savings.35

As in previous cases, here also the signs of Æi s remain ambiguous in analytical
consideration. Compared to the welfarist case, it can be noted that now type i’s marginal
tax rate on savings depends on both those self-selection constraints restricting others
mimicking type i (as in welfarist case), but also on those self-selection constraints
stopping type i mimicking others.
The marginal tax rates on savings given by Equation (7) can now in turn be written as:

a1< 0 a3 � ð<Þ0 a4 > 0 :

This means that savings of the low-skilled individuals (type 1 and type 2) are subsidized.
It turns out that a3 can be positive as well negative, while type 4 faces a positive marginal
tax on savings.
As habit formation and projection bias are both likely to induce too-high first-period

consumption, encouraging people to work might become even more desirable than in
the welfarist case. That way pension savings would also increase, as not all additional
labour income is spent on first period consumption.

Numerical solution

To investigate further the properties of the optimal policy, we now turn to numerical
examples.36 The utility function is again the following a CES utility function:

34 See appendix 14.2.2.
35 The marginal implicit tax rate for savings chosen by the government, Æ, takes care of the negative

internality, whereas an individual making labour supply and savings choices sees that as a pure distortion.
From the perspective of the individual, the distortion is still given by d. From a similar term as in the
welfarist case, (12), we get the distortions from the individuals’ perspectives.

si ¼ 1
r

1� uc
lNi

�X
j

mji�ji � Ni�gi
�" #

�ð Þ

where �ji ¼ dj�di

di
and �gi ¼ dg�di

di
:

Compared to the welfarist case, there now appears an additional term NiΔgi in (*) that results from the
difference in the discount factors between the government and individuals. This can be called a Pigovian
term. When all μs are zero we are in the first-best situation.

36 To reach reliable quantitative results a general equilibrium approach would be more suitable. However,
introducing endogenous wages and interest rate would require a more sophisticated simulation model, and
it is left for future challenge.
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Ui ¼ � 1
ci
� di

1
xi � r ci � 1

1� yi
: ð8Þ

The degree of habit formation, æ, is assumed to be positive and less than one. The pattern
of the binding self-selection constraints is not restricted a priori, and there are 12 self-
selection constraints in the optimization problem.
The parameterization is the same as in Table 14.2 and the degree of habit formation,

æ=0.3, in the central case. First in the central variant specification the correlation between
skill and time discounting is zero and there is a uniform distribution of types in the
economy, i.e. the size of the groups of each type is identical, 0.25. The value for æ is
chosen to be 0.3, indicating that the utility of second-period consumption is mostly made
up of retirement-period consumption, and the relative consumption has a rather mod-
erate effect.
The pattern of binding self-selection constraints is presented in Table 14.6. A reduced-

form consideration of the optimum, taking into account only the downward binding
self-selection constraints, seems to be a reasonable simplification: none of the Lagrange
coefficients for the upward binding self-selection constraints is non-zero in the welfarist
case.37 In a welfarist case there are three binding constraints: one that prevents the
patient high-skilled type (type 4) from mimicking the short-sighted high-skilled type
(type 3), and two restricting type 3 from mimicking either of the low-skilled types.
However, in the paternalistic case the same self-selection constraints bind, but in
addition to that, constraints preventing type 1 from mimicking type 2 and vice versa
are binding, although the Lagrange multipliers are zero. Hence types 1 and 2 are actually
pooled in the optimum. A similar pattern of binding self-selection constraints was also
found with other parameter values for habit formation and number of types in the
economy.38

Table 14.6 Binding self-selection constraints: welfarist and paternalistic case

nL nLnH nH

type 1 type 3 type 1 type 3 

δH

δL δL

type 2 type 4 type 2 type 4 δ

37 By downwards and upwards binding self-selection constraints we refer here to our numbering. As the
numbering is chosen here more or less randomly, it is important not to make assumptions of the reduced-
form optimization before checking the actual pattern of binding constraints.

38 The only exception was the extreme case where types 1 and 3 suffered from full myopia. In the case
with myopia, the same three constraints (arrows in Table 14.6) are still binding, but the constraints between
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The results of the numerical solution of the central variant are presented in Tables 14.7
and 14.8. The marginal distortions for savings show that in the optimum, the tax
programme is non-linear: some types are subsidized at the margin while others are
taxed. In the welfarist case, savings of types 1 and 4 remain undistorted. In other words,
for type 4, the so-called ‘no distortion at the top’ result holds. However, type 2, the
patient low-skilled type, is subsidized at the margin. Type 3, the impatient high-skilled
type, is marginally taxed.
The treatment of savings observed by the individuals in the paternalistic case shows,

rather as expected, that all types receive a marginal subsidy for savings (negative di:s),
as the government with a higher discount factor wants to induce individuals to save
more for their retirement. The actual distortion for savings, i.e. the ones that also
individuals afterward perceive as true, however, shows a pattern of both subsidizing
and taxing savings income (ai:s). In the paternalistic case low-skilled types’ pension
savings are subsidized at the margin, while high-skilled types’ pension savings face
marginal tax.
There are some negative marginal labour income tax rates, even in the welfarist case.

The short-sighted high-skill type (type 3) gets a wage subsidy, while both the low-skilled
are marginally taxed, or undistorted as in the welfarist case.
Labour supply can also consider the retirement age of type i individuals. People work y

years and then retire. In our example, labour supply varies between 52 to 56 per cent of

Table 14.7 Numerical results, welfarist case

type U d Æ T’ y x/ny x/c means

1 �5.12 0 – 0.08 0.52 63.19 120.09 �c= 0.61

2 �5.50 �0.14 – 0.15 0.54 67.38 139.55 �x= 0.78

3 �4.56 0.07 – �0.02 0.54 51.31 117.76

4 �4.88 0 – 0 0.56 54.06 134.02

Table 14.8 Numerical results, paternalistic case

type U d Æ Tg’ y x/ny x/c means

1 �5.23 �1.22 �0.22 0.16 0.55 69.55 155.73 �c= 0.58

2 �5.55 �0.59 �0.22 0.16 0.55 69.55 155.73 �x= 0.86

3 �4.58 �0.56 0.18 �0.05 0.56 55.43 137.99

4 �4.85 �0.25 0.06 �0.01 0.56 56.56 143.72

types 1 and 2 are now genuinely binding, and in addition the constraint stopping the patient high-skilled
from mimicking the impatient high-skilled binds.
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the total time endowment. The labour supply of high-skilled types with lower projection
bias is the highest, while the differences between the types remain rather moderate.

The effect of the degree of habit formation

The magnitude of the distortion (subsidy or tax) on savings increases with the degree of
habit formation (Figure 14.4). In the welfarist case pension savings of types 1 and 4
remain undistorted. It can be noted that the marginal subsidy on savings perceived by
type 1 is required to be more than 100 per cent in order to induce the second-best
outcome, regardless of very low levels of habit formation.
The increase in the marginal tax or subsidy rates alongside rising habit formation

results from the fact that with a higher level of habit formation, projection bias causes
bigger welfare losses to (partly) myopic individuals. To maximize overall welfare,
bigger distortions are required to induce the optimal outcome. More surprisingly, a
similar pattern, although to a much smaller extent, appears also in the welfarist case,
where time discounting is interpreted as a pure time preference and is respected by
government.

Correlation between skill level and time discounting

In the central variant specification, the correlation between skill and time, discounting is
zero. Assuming a perfect correlation between productivity and the level of projection
bias, we are back in a two-type economy. However, the two characteristics may also be
imperfectly correlated. Changing the assumption of the correlation allows us to consider
the robustness of our results with respect to the distribution of types.
In our case, perfect positive correlation between skill level and projection bias means

that the economy consists of types 1 (low-skilled with high projection bias) and 4
(high-skilled with low projection bias) only, whereas perfect negative correlation
means that there are only types 2 (low-skilled with low projection bias) and 3 (high-
skilled with high projection bias) in the economy. To maintain the tractability of the
numerical problem, we have fixed the fractions so that half of each discount rate group
has a low and the other half a high wage, i.e. N1+N3=N2+N4=½, and that the fraction
of individuals with high projection bias is the same in both wage groups, i.e. N1=N3

and N2=N3.
Overall, the results in Tenhunen and Tuomala (2013) regarding optimal tax policy

seem to be rather robust with respect to the structure of the economy. Most changes
happen at the level of strong negative correlation between skill level and discount factor,
as in the previous section without habit formation.
In sum: Tuomala and Tenhunen (2013) studied the optimal lifetime tax policy in a

two-period model where individuals differ in both productivity and time discounting
and where their utility of the retirement period consumption is not independent of the
earlier standard of living. They considered both welfarist government maximizing
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Figure 14.4 Marginal tax rates for savings and the degree of habit formation
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the sum of individual utilities and the case where the government aims at correcting the
short-sightedness of individuals by using a higher discount factor for retirement period
utility. With imperfect information and two-dimensional heterogeneity of the individ-
uals, the optimal tax and pension policy depends crucially on the pattern of binding self-
selection constraints. Hence the tax policy can be based on both gross income and saving
of each type. The two sources of imperfect information interact. As both tax devices
are used at the same time to deter mimicking, the effects of each source of hetero-
geneity cannot be separated. Indeed, with habit-forming utilities and individuals
suffering projection bias, both labour supply and consumption decisions are sub-
optimal without government intervening with tax policy. To get an idea of the tax
and the effect of the degree of habit formation on it, we solved the problem
numerically. The numerical analysis shows that in the optimum the tax program is
non-linear: some types are subsidized at the margin while others are taxed. Taxation
or subsidization of savings provides indirect evidence about who has higher or lower
earnings potential and thus contributes to more efficient redistribution through the
tax system. Negative marginal labour income taxes are also possible in the optimum.
The marginal distortions for labour income and pension savings increase when habit
formation increases. Labour income subsidies (marginally) increase as habit forma-
tion increases for high wage earners under a non-welfarist social welfare function.
The pattern looks the same with marginal tax rates on savings: the magnitude of
distortion (subsidy or tax) in savings increases with the degree of habit formation.
Our numerical results also show that the length of working career increases with the
degree of habit formation. Overall, the results regarding optimal tax policy seem to
be rather robust with respect to the correlation between skill level and discount rates.
Most changes happen at the level of strong negative correlations between skill level
and discount rate.

n APPENDIX 14.2.2

The first-order conditions of maximizing (3) subject to (2) and (4) with respect to c, x,
and y for type i, i=1, . . . ,4 are:

Niðuc þ dirvcÞ � lNi þ
X
j

mijðuc þ dirvcÞ �
X
j

mjiðuc þ djrvcÞ ¼ 0; ð1Þ

Nidivx � lNir þ
X
j

mijdivx �
X
j

mjidjvx ¼ 0; ð2Þ

�Nicy þ lNini �
X
j

mij � ni

nj
mji

� �
cy ¼ 0; ð3Þ
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where l and mij are the Lagrange multipliers for the production constraint and self-
selection constraint preventing type i from mimicking type j and uc, vx and cy are partial
derivatives of sub-utility functions with respect to variable denoted by subscripts.
The first-order condition with respect to y is the same as in the welfarist case, given in

(7). The conditions with respect to c and x for i=1, . . . ,4 are:

Niðuc þ dgrvcÞ � lNi þ
X
j

mijðuc þ dirvcÞ �
X
j

mjiðuc þ djrvcÞ; ð4Þ

Nidgvx � lNir þ
X
j

mijdivx �
X
j

mjidjvx: ð5Þ

Derivations of implicit taxes on savings

Derivation for equation 6 in the text
Step 1: To rewrite the marginal rate of substitution ucþdirvc

divx
with the help of the first-order

conditions we first solve the numerator from equation (1). By adding and subtracting a
term

P
j m

jidirvc the first-order condition with respect to c given in equation (1) can be
written as:

Niðuc þ dirvcÞ � lNi þ
X
j

mijðuc þ dirvcÞ

�
X
j

mjiðuc þ dirvcÞ �
X
j

mjiðdj � diÞrvc ¼ 0
ðA1Þ

From this we can solve:

uc þ dirvc ¼
lNi þ

X
j

mjiðdj � diÞrvc

Ni þ
X
j

mij �
X
j

mji
ðA2Þ

Next we solve similarly the denominator of the marginal rate of substation. By adding
and subtracting term

P
j m

jidivx to the first-order condition with respect to x given in
equation (2), it can be written as

Nidivx � lNir þ
X
j

mijdivx �
X
j

mjidivx �
X
j

mjiðdj � diÞvx ¼ 0 ðA3Þ

From this we can solve

divx ¼
lNir þ

X
j

mjiðdj � diÞvx

Ni þ
X
j

mij �
X
j

mji
: ðA4Þ
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By combining (A1) and (A2) and making use of definition of the proportional difference
in discount rates, �ji ¼ dj�di

di
, we can write:

uc þ dirvc
divx

¼
lNi þ di

X
j

mji�jirvc

lNir þ di
X
j

mji�jivx
: ðA5Þ

Step 2: Manipulating equation to useful form.
The next trick is to multiply the both sides of equation (A5) by term

lNirþdi
P
j
mji�jivx

di
P
j
mji�jivx

.
This gives us:

lNir

di
X
j

mji�jivx

uc þ dirvc
divx

þ uc þ dirvc
divx

¼ lNi

di
X
j

mji�jivx
þ dirvc

divx
: ðA6Þ

Rearranging terms gives us:

lNir

di
X
j

mji�jivx

uc þ dirvc
divx

� 1
r

� 	
� ¼ � uc

divx
: ðA7Þ

From this form we can solve for the marginal rate of substitution, ucþdirvc
divx

, in a form given
in Equation (6).
Derivation of Equation (7) in the text
The paternalistic case follows a similar procedure to the welfarist case, so details of the

derivations are omitted. The terms to be added and subtracted to first-order conditions
are now

P
j m

ijdgrvc �
P

j m
jidgrvc and

P
j m

ijdgvx �
P

j m
jidgvx. The term that is used to

multiply equation in step 2 is given by
lNir�dg

P
j
mij�ig vxþdg

P
j
mji�jg vx

�dg
P

j
mij�ig vxþdg

P
j
mji�jg vx

.

Derivation of Equation (*) in footnote 35
Derivation proceeds similarly to earlier cases. The terms to be added and subtracted to

the first order conditions are Nidirvc �
P

j m
jidirvc and N

idivx �
P

j m
jidivx. In step two,

the multiplier to be used is
lNir�diðNi�gi�

P
j
mji�jiÞvx

�diðNi�gi�
P

j
mji�jiÞvx

.

Marginal tax rates (welfarist case)

T10 ¼ 1� Ni � m31

Ni � n1
n3 m

31
>0

T20 ¼ 1� lN2

lN2 þ rm32ðd3 � d2Þvc
Ni � m32

Ni � n1
n3 m

32
> 0

T3 0 ¼ 1� lN3

lN3 þ rm43ðd4 � d3Þvc
< 0
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T4 0 ¼ 0

d1 ¼ d4 ¼ 0; d2 ¼ uc
lN2

m32ðd
3 � d2

d2
Þ<0;

d3 ¼ uc
lN3

m43ðd
4 � d3

d3
Þ>0

Marginal tax rates (paternalist case)

Tg1 0 ¼ 1� ðN1 � m31Þ
½N1 � n1

n2 m
31�

lN
1

½lN 1 þ rvcm31ðd1 � dgÞ�>0

Tg30 ¼ 1� lN3

lN3 � rm31ðd3 � dgÞvc þ rm43ðd4 � dgÞvc
>ð<Þ0

Tg40 ¼ 1� lN4

lN4 � rm43ðd4 � dgÞvc
<0

a1 ¼ uc
lN1

m31ðd
3 � dg

dg
Þ<0

a3 ¼ � uc
lN3

½m43ðd
4 � dg

dg
Þ � m32ðd

3 � dg

dg
Þ� � ð<Þ0

a4 ¼ � uc
lN4

m43ðd
4 � dg

dg
Þ>0

Numerical simulations

Procedure

Numerical simulation was carried out with the Matlab programme. The function used
(fmincon) solves the optimum of a multivariable function with equality and inequality
constraints that may be linear or non-linear. It also determines which of the constraints
are binding. The same procedure is applied to all cases considered in this chapter.
Note that as the optimization function also allowed slack constraints, we were not

restricted to a priori assumptions on the binding self-selection constraints. Thus, we
included all possible constraints in the optimization procedure and simply determined
the binding constraints with the help of numerical solutions.
Multidimensional screening problems are numerically challenging to solve, as dis-

cussed in Judd and Su (2006). We also encountered some difficulties with the solvability
of the problem, as the matrix including the constraints with opposite self-selection
constraints is very close to being singular. These difficulties were met during the
sensitivity analysis; with some combinations of parameters, the problem was not solv-
able, or gave irrational values.

Parameterization

The distribution of the economy was chosen to be uniform merely for the simplicity and
comparability for the following cases. The discount factors, �L and �H, are set at 0.6 and

OUP CORRECTED PROOF – FINAL, 21/12/2015, SPi

OPTIMAL CAPITAL INCOME TAXATION 393



0.8, while �g is set equal to 1. These values are in line with e.g. Cremer et al’s (2006)
similar numerical calculations. The wage rates reflecting the productivities were chosen
to be 2 and 3 respectively. The magnitude of the wage rates was determined by the
solvability of the problem; with these wage rates, the labour supply decision, restricted to
lie between 0 and 1, was at reasonable levels.
Numerical table A14.2.2

Sensitivity analysis

We have considered the sensitivity of the analysis with the help of varying i) the degree of
habit formation, which allows us to compare the cases with and without habit effect, and
ii) the correlation between the characteristics of the individuals, skill level, and discount
factor. With some combinations of the parameters there is a failure to find the optimum,
but it is due to technical problems in the optimization algorithm.
The first part, sensitivity with respect to degree of habit formation, is presented in the

main text. The results considering sensitivity with respect to correlation between the two
unobservable features follow here.

WELFARIST PATERNALISTIC

L 2.0469 2.2483

m12 0 0

m13 0 0

m14 0 0

m21 0 0

m23 0 0

m24 0 0

m31 0.0502 0.0741

m32 0.0759 0.0741

m34 0 0

m41 0 0

m42 0 0

m43 0.0498 0.0704

WELFARIST PATERNALISTIC
C X c x

type 1 0.55 0.66 0.49 0.77

type 2 0.51 0.72 0.49 0.77

type 3 0.70 0.83 0.67 0.93

type 4 0.68 0.91 0.67 0.96
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14.2.3 HETEROGENEOUS PREFERENCES, EQUALITY OF OPPORTUNITIES,
AND OPTIMAL CAPITAL INCOME TAXATION

The assumption that differences in lifetime earnings are completely to be explained by
time preferences is obviously an unrealistic one, just as the alternative explanation in
terms of ability differences is also a simplification of reality. A more realistic model
should take both into account. There are well-known technical difficulties related to
incentive constraints to study multidimensional optimal tax problems including both of
the elements. Another problem is how to incorporate heterogeneous preferences into
social welfare function in analysing optimal tax policy. Social welfare functions can be
quite straightforwardly parameterized when individuals have the same preferences
represented by a utility function. In fact, there are two possibilities in the case of one-
dimensional population. Namely if people have identical preferences but they differ in
abilities, we are back in the Mirrlees model. The opposite case of the Mirrlees model is
that in which diversity of preferences is the sole source of inequality.
In the case of diversity in preferences some people would, however, say that if

individuals have the same opportunities while their choices may differ, there is no ethical
basis for redistributive taxation. According to this view individuals should be compen-
sated for circumstances affecting their wellbeing over which they have no control, such
as their family background or disability at birth. On the other hand, individuals should
be held responsible for circumstances which they can control, such as how many hours
or weeks they work. Hence, no redistribution should take place based on such choices.
The former is referred to as the principle of compensation and the latter the principle of
responsibility (see Fleurbaey 1994; Roemer 1998). By the principle of compensation, it is
fair to redistribute from high-ability to low-ability individuals. By the principle of
responsibility, it is unfair to redistribute from goods-lovers to leisure-lovers. In the
one-dimensional population, those principles are easy to apply. For example, if individ-
uals differ only according to their earnings ability (wage rate) and not in their prefer-
ences, then the principle of compensation reduces to a maximin criterion whereby the
tax and transfer system should provide as much compensation as possible to the worst-
off people. If individuals differ solely in preferences, the principle of responsibility calls
for no redistribution at all because everybody has the same opportunities. It would be
unfair to redistribute based on tastes. The standard welfarist approach can obtain this
result only in the case where social marginal utilities of net income are the same across
individuals (absent transfers).
When individuals differ in preferences, the problem of choosing different utility

functions for representing those preferences is more complex. If individuals have
different preferences, it is not clear how to weight their utilities in a social welfare
function. For example, with differences in time preferences, simply adding the utility
functions for different types will give arbitrarily heavier weight to those with higher
discount factors. One way to deal with this is to assume a paternalistic government,
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which uses not the subjective discount factors in the welfare maximization but instead a
desired discount rate. It can be argued that the fundamental distinction is not so much
between earning abilities and preferences but between those factors that are beyond an
individual’s control and those that are purely a matter of individual choice. Redistribu-
tion policies should aim to eliminate disparities in those matters that are beyond
individual control, but should be neutral about those matters within their control.
How to apply these two principles? There is a fundamental conflict between them.
Namely, even in the world of perfect information with lump sum redistribution tools,
the government cannot generally satisfy these two principles at the same time.
There are some recent contributions that incorporate heterogeneous time preferences

into optimal tax analysis while remaining agnostic about the appropriate cardinalization
(see Cremer et al 2009; Tenhunen and Tuomala 2010). In this setting the principle of
responsibility says that these differences should not be a base for redistribution, as an
individual has control over his timing of consumption. In the spirit of Roemer (1998)
and Van de Gaer (1993),39 Ravaska et al (2015) apply a compromise between the
principle of compensation and the principle of responsibility. For individuals with
same discount rates but different wage rates, the maximin criterion is applied, and
then the least well-off from each preference group are simply added together. In other
words, a zero aversion of inequality can be applied along the dimension of responsibility
(in this case time preference) whereas a high aversion to inequality is acceptable along
the dimension of circumstances (in this case skill).

A benchmark model: two types with a positive correlation between skill
and discount factor

Ravaska et al (2015) employ the same model as previously shown, except the social
objectives differ. In the case with positive correlation between skills and discount factors,
Romer and Van de Gaer’s approaches are equivalent with the maximin social welfare
function: now the government maximises the welfare of the worst-off group:

½uðcLÞ þ dLvðxLÞ þ cð1� yLÞ� ð1Þ
subject to the revenue constraint (3) and the self-selection constraint40 (4).
Again assuming, empirically plausibly, �H > �L, we have dL>0, implying implicit

taxation of savings for the low-skill type. This is the same result as in the utilitarian
case in section 14.2.1 and in Diamond (2003).

39 Bossert (1995) and Fleurbaey (1994) have studied the idea of compensating inequalities due to
circumstances only, while leaving other inequalities untouched.

40 The direction of the binding self-selection constraint is assumed to be, following the tradition in the
one-dimensional two-type model, from high-skilled individual towards low-skilled individual. This pattern
is also confirmed by the numerical simulations.
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Equality of opportunity and four types

In order to study the equality of opportunity, a compromise has to be made between the
principles of compensation and responsibility, by first computing the minimum within
each responsibility group (discount rates here) and then applying the utilitarian criter-
ion. This means that for individuals with the same discount rates but different wage
rates, the maximin criterion is applied and thus we have a social ordering over each
discount group. Then these minimum numbers are added together.41 Thus we have:

N1½uðc1Þ þ dLvðx1Þ þ cð1� y1Þ� þ N2½uðc2Þ þ dHvðx2Þ þ cð1� y2Þ� ð2Þ
The government now maximizes (2) subject to self-selection constraints (without any
assumptions of the mimicking behaviour, there are twelve possible self-selection con-
straints) given by uðciÞ þ divðxiÞ þ cð1� yiÞ � uðcjÞ þ divðxjÞ þ c 1� njyj

ni

� �
for i, j =

1, . . . ,4 and i 6¼ j. and the production constraint
P

Niðniyi � ci � rxiÞ � R � 0.

Numerical simulations

Ravaska et al (2015) use the CES utility function in numerical simulations, with param-
eterization as in Table 14.2. There are no a priori assumptions made on the binding
self-selection constraints in the numerical simulations. The formulas derived from the
first-order conditions do not reveal the signs of the distortions, so again we turn to the
numerical results. In the first specifications the discount factor remains the same as
earlier, �L = 0.6, �H = 0.8, but the size of the low-productivity group is set to 0.4 and the
high-productivity group to 0.6. These in turn are divided equally to the two preference
groups. Table 14.6 presents these results. The binding self-selection constraints in this
optimization are (3,1), (3,2), (4,2), and (4,3).
Interestingly, the results show that the labour supply of impatient and patient low-

productivity workers is nearly the same. This occurs because in the equality of

Table 14.9 Utility levels at the optimum, marginal tax rates, replacement
rates in the equality of opportunity. The binding self-selection constraints
are (3.1), (3.2), (4.2), and (4.3)

U T’ d y x/ny means

type 1 �4.6 47 0 0.36 64 �c= 0.67

type 2 �4.9 57 �0.65 0.37 79 �x= 0.66

type 3 �4.3 0 18 0.53 38

type 4 �4.7 0 0 0.55 43

41 Or we can first calculate the average utility in each skill group and then apply the maximin criterion to
such average figures.
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opportunity case, the saving decision of the patient worker is heavily subsidized, and this
leads to the situation that type 2’s replacement rate is also high. From Table 14.3 we see
that marginal tax rates on labour are significantly higher compared to the utilitarian case.
Interpreting the results without private savings, it can be noticed that the pension system
is progressive, i.e. the replacement rates are smaller for high-productivity workers than
in the utilitarian case (see Table 14.3). Compared to the utilitarian case (see Figure 14.3),
the labour supply or the length of career or retirement age of the low productivity type is
smaller. There are also significant differences in replacement rates compared to the
utilitarian case.

Concluding remarks

Although the present section in several respects extends the literature on optimal lifetime
redistributive policy, there are still many important aspects left. As in most two-period
models of optimum taxation, the present one also assumes that each individual lives for
two periods, but is work-active, earns income, and pays taxes on labour income only in
the first period. This is a useful simplification for many purposes, but it means that the
model fails to capture the problems arising when an individual is due to pay labour and
capital taxes in the same period. For example, labour supply of the elderly is one of the
most debated issues in many countries in the context of pension design. Furthermore, if
government and individuals have different views on the desirable level of leisure for old
people, we may have an additional case for paternalism. To include these concerns we
should consider a model in which the individual also works and pays labour taxes in the
second period when he or she receives the return on capital accumulated in the first
period. These questions and possible extensions to the OLG economy are analysed later
on in this book. If dynamic decision-making at the beginning of each period was allowed,
this would give opportunity to consider retirement decisions in more detail. Given that
in aging societies, the demand for labour is becoming an important issue, a consideration
of tax policy in a world where individuals have habit-forming utilities but suffer from
projection bias would be valuable information. Furthermore, we have assumed that
individuals do not differ in the degree of habit formation. This may crucially affect
individuals’ choices of retirement age, and the optimality of tax and pension policies.
These questions are left for future research.

14.3 Uncertain future earnings and capital income tax

None of us can be certain about how much we will be able to earn in the future. In the
Atkinson–Stiglitz model, a worker knows their full lifetime income before making any
consumption decisions. When consumption decisions are taken before earnings uncer-
tainties are resolved, the Atkinson–Stiglitz result does not hold. It means that in a two-
period model, second-period consumption should be taxed at the margin relative to
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first-period consumption. We may save not just to smooth our consumption over
predictable life events—having children or retiring—but also to protect ourselves in
case something goes wrong—being made redundant or getting sick, for example. Those
of us lucky enough to maintain a high earnings capacity may find ourselves with more
wealth than we had planned. Alternatively, to put it another way, most of us save to
hedge against a bad outcome and if the outcome turns out good, we will have ‘over-
saved’. This might lead to reduced labour supply and some form of tax on savings may
increase efficiency. At the margin, taxing savings will weaken the desire to work less and
will therefore reduce the distortionary effects of redistributive taxation. The underlying
logic of this result is that welfare is enhanced by providing insurance about future
earnings opportunities through the tax system. When leisure is a normal good, those
who save more, ceteris paribus, will tend to work less later on. Thus, discouraging savings
enhances the ability to provide insurance against future poor labour market possibilities.
Diamond and Mirrlees (1978, 2000) have already made this point in a special case.

They apply this approach to the adjustment of retirement benefits as a function of the age
at retirement in a setting where the alternatives are a particular job or no work at all and
there is uncertainty about the ability to hold the job. Implicitly taxing both work and
savings allows for more redistribution to those who should retire early by discouraging
savings made in order to take advantage of an early retirement pension. The implicit tax
comes from a benefit level that rises at less than an actuarially fair rate with continued
work. The insight is that when less future work with lower future consumption results in
a higher marginal utility of consumption (and so a greater incentive to save), making
savings less available eases the incentive compatibility constraint. Golosov and Tsyvinski
(2006) revisit this case. They consider the problem of implementation of optimal
disability insurance when disability status is unobservable and show what instruments
can implement the optimum. Asset testing allows control of joint deviations in which an
individual, in anticipation of falsely claiming disability, increases his savings compared
to those implied by the optimal allocation. Golosov and Tsyvinski (2006) provide
numerical results that suggest the welfare gains from asset testing might be large. In
fact, asset testing is a feature of many real-world benefit schemes.
The case for taxing savings is also made by the new dynamic public finance literature

(see Golosov, Tsyvinski, and Werning 2006 and Kocherlakota 2010 for recent compre-
hensive surveys) using the mechanism design approach of social welfare optimization
with the government controlling individual consumption and labour, subject to incen-
tive compatibility constraints and aggregate resources. With additive preferences, a
robust finding of this literature is the ‘Inverse Euler Equation’—that the reciprocal
(inverse) of the marginal utility of consumption is equal to the expectation of the
reciprocal (inverse) of the future marginal utility of consumption— 1

u0ðcÞ ¼ E 1
u0ðxÞ where

c is the first-period consumption and x the second-period consumption (Jensen
inequality).
In a certainty model, the Inverse Euler Equation and the familiar Euler Equation are

the same. However, with uncertainty, the marginal utility of present consumption is less
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than the expected marginal utility of future consumption when the Inverse Euler
Equation holds. To see this, first note that Jensen inequality E 1

u0ðxÞ>
1

E 1
u0ðxÞ

. This implies

1
E 1
u0ðxÞ

<Eu0ðxÞ, since the inverse function is convex. Using this with the inverse Euler

equation gives u0ðcÞ ¼ 1
E 1
u0ðxÞ

<Eu0ðxÞ. Thus in the absence of restrictions, an individual

would want to save more than with the socially optimal plan. To implement such an
allocation one needs to have a ‘wedge’ reflecting implicit marginal taxation of future
consumption relative to earlier consumption, and so an implicit marginal tax on savings
or capital income.
The inverse Euler condition comes from optimally balancing the incentives for today’s

work coming from additional compensation today and from anticipated changes in
future resources because of today’s additional earnings, since the inverse of marginal
utility is the resource cost of increasing utility. Making it less attractive for someone with
higher future earnings skills to mimic someone with lower earnings skills improves the
equity efficiency trade-offs. The mechanism design approach generates the allocation
that is optimal, which is then supplemented by analysis of ways to implement such an
optimum, sometimes using familiar tax tools.
Following Diamond (2007), we consider uncertain future earnings in a two-period

model with work only in the second period and consumption in both periods. The key
assumption is that a consumption decision is made before the individual’s second-period
wage is known. With earnings occurring only in the second period, first-period con-
sumption is chosen before the uncertainty about future earnings is resolved. In this
model, second-period consumption should be taxed at the margin relative to first-period
consumption. This result holds whether there is general taxation of earnings and savings
or only a linear tax on savings with a non-linear tax on earnings. Indeed, in this case we
get an inverse Euler equation.
With the same notation as above, consider a one-type model with uncertainty about

second-period skill, but not first-period skill. There are not insurance markets to mitigate
uncertainty. Let �i now stand for the probability of having skill i in the second period.
We continue to assume that the only binding incentive compatibility constraint is that
type H does not want to imitate type L, which now refers only to the second period.
In the welfarist case, the government’s problem is to maximize the following social

welfare function:

uðcÞ þ cð1� y1Þ þ d½
X

piðuðxiÞ þ cð1� y2
iÞÞ� ð1Þ

subject to t Gþ c� z1 þ
P

pirðxi � z2iÞ � 0 (2)

where r ¼ 1
1þy, and the self-selection constraint42

42 The direction of the binding self-selection constraint is assumed to be, following the tradition in the
one-dimensional two-type model, from high-skilled individual towards low-skilled individual. This pattern
is also confirmed by the numerical simulations.
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uðxHÞ þ cð1� y2
HÞ � uðxLÞ þ c 1� nL

nH
y2

L

� �
ð3Þ

This problem has the FOCs for consumption levels:

u0ðcÞ ¼ l ð4Þ

ðpH þ mÞdu0HðxHÞ ¼ lrpH ð5Þ

ðpL � mÞdu0ðxLÞ ¼ lrpL: ð6Þ
Adding and taking a ratio to the first equation, we obtain:

u0ðcÞ
ðpH þ mÞu0ðxHÞ þ ðpL � mÞu0ðxLÞ ¼ dr�1: ð7Þ

Comparing this with the case without distortion, the taxpayer would gain from taxing
savings if

u0ðcÞ
pHu0ðxHÞ þ pLu0ðxLÞ<dr

�1: ð8Þ

Thus, we have implicit marginal taxation of savings, provided u0ðxHÞ<u0ðxLÞ, as follows
from the need to have xH>xL, to induce type H not to mimic type L.43 If a high-skilled
person works less (to mimic a lower-skilled person), this person would also like to reduce
the first-period consumption and hence save more, so tax on savings is a good way to
discourage mimicking. The intuition for this intertemporal wedge is that implicit savings
affect the incentives to work.
The mimicker prefers to implicitly save more than the agent who is planning to tell the

truth. An intertemporal wedge worsens the return to such behaviour. Intuitively, when
preferences are separable between consumption and leisure, leisure is a normal good.
Normality of leisure means that workers with a large amount of accumulated wealth in
period 2 are harder to motivate in that period. Hence, on the margin, good tax systems
deter wealth accumulation from period 1 to period 2 to provide people with better
incentives to work in the latter period.
Thus in a setting where everyone is the same in the first period, a plausible condition is

sufficient for a positive intertemporal consumption wedge. The insight, paralleling the
argument through the inverse Euler condition, is that with this condition, less future
work and lower future consumption will result in a higher marginal utility of consump-
tion and a greater incentive to save (unless the condition is not satisfied and the impact of

43 The underlying argument does not need the additive structure of preferences, provided that prefer-
ences are such that keeping xHenough larger than xHto just induce the higher labour supply implies a lower
marginal utility of consumption at the higher consumption level.

OUP CORRECTED PROOF – FINAL, 21/12/2015, SPi

OPTIMAL CAPITAL INCOME TAXATION 401



hours worked on the marginal utility of consumption overcomes the higher level of
consumption). Easing the incentive compatibility constraint then comes from making
the return to saving smaller.
With uncertain (future) wage rates, the government would like to provide insurance

by lowering after-tax earnings in the event of high wages in order to raise after-tax
earnings in the event of low wages. With asymmetric information, the government is
inferring wage rates from earnings and is limited by the ability of someone with a high
wage rate to choose low earnings nevertheless. The incentive compatibility constraint is
that those with high wage rates must find it in their interest to work harder and earn a
higher amount. However, a worker intending to earn a low amount despite a high wage
rate has a higher valuation of savings than if the worker were planning to earn a high
amount (assuming normality of consumption). Thus, taxing savings eases the incentive
compatibility constraint by making it less attractive to work less in the future. One
example is that retirement tends to come at an earlier age for those with more accumu-
lated savings (earnings opportunities held constant). Thus, discouraging savings encour-
ages later retirement and permits pensions that are more generous for those who need to
retire early and so have lower accumulated lifetime earnings.
This result has appeared in the pension literature as part of the design of a pension

system to recognize that some workers lose good earnings opportunities while others do
not. To provide lifetime earnings insurance, the encouragement of delayed retirement
should be less than actuarial, implying an implicit tax on continued work. In the setting
of providing insurance in this way, discouraging savings is part of providing insurance
more efficiently. This result appears in models of pension design that have no income
taxes, so it is not clear how it would carry over, if at all, in models that also have standard
annual taxation of earnings, not just lifetime taxes.
Cremer and Gahvari (1995) consider a model where wage rates are uncertain and

some goods must be purchased before the wage rate is revealed, while other goods and
labour supply must be chosen after the wage rate is revealed. Their setting is similar to
that used in Chapter 11 when we studied income taxation under uncertainty. Individuals
are identical ex ante but face uncertain wage. There is no differential tax on goods
purchased ex post. Instead, there is lower tax on goods purchased ex ante: under-
demanded for self-insurance. This provides justification for preferential treatment of
housing and other consumer durables. The intuition is that it is more difficult for those
with higher skill ex post to mimic those with lower skill, since the ex post consumption
requirement is higher (leisure is a normal good). It appears that even if we adopted the
timing structure used by Cremer and Gahvari (2001)—that some goods (durables and
housing) are purchased before the resolution of uncertainty—the Atkinson–Stiglitz
result fails. The Atkinson–Stiglitz result would still remain valid for the goods consumed
after the resolution of uncertainty, if there is weak separability between these goods and
effort.
The wage uncertainty may itself be partly the result of uncertain returns to human

capital investment. Anderberg (2009) shows that if human capital accumulation
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increases wage risk (i.e. increases the wage obtained with good shocks relative to bad
shocks), it should be taxed, and vice versa. The tax causes the utility cost to an individual
with a good productivity shock pretending to have had a bad productivity shock to be
higher, thus relaxing the incentive constraint.

14.4 Hard to distinguish capital income from
entrepreneurial earnings and capital income tax

One of the key issues in the optimal tax literature is how to differentiate taxes on labour
income and capital income, respectively. A typical assumption in the theoretical litera-
ture is that the tax authority can easily distinguish the respective types of income. In
practice, however, this is far from easy, as has been realized and discussed at length in
connection with the dual income tax in the Nordic countries. Norway witnessed
extensive circumvention of the income-splitting model introduced by the 1992 tax
reform. Any gap between the labour income tax rate and the capital income tax rate
may induce tax avoidance. Rather than having a substantial part of their income taxed as
labour income, many entrepreneurs found ways to have it taxed much more leniently at
the rate applied to capital income.44 This problem was a major motivation for appointing
a tax reform committee (the Skauge committee) that delivered its report in 2003 and led
to the introduction of a new shareholder income tax with a marginal tax rate close to that
of the labour income tax in order to remove the motivation for artificially channelling
the income earned through a corporation into dividends or capital gains. Opportunities
for income-shifting also exist for a large number of top executives (e.g. via stock options
and capital gains). There is extensive empirical evidence that income-shifting is a
significant issue, and accounts for a large fraction of observed behavioural responses to
tax changes.
Jäntti et al (2010) argue that the 1993 tax reform in Finland had an impact on the level

and composition of top incomes.45 Figure 14.5 documents a surge in capital incomes
(mainly dividends) of top 1 per cent starts just after the 1993 reform. Figure 14.6 also
shows that top tax rates on upper income earners have declined significantly after the
1993 reform. There is not much change in the composition of incomes among the next 4
per cent. The gap between the tax rates on labour and capital income was huge after the

44 In particular, many active owners of corporations have escaped the split model. One way to do this was
to invite more passive owners into the company to bring the ownership share of active owners below 66 per
cent. Between 1992 and 2000 the percentage of corporations subject to income-splitting fell from 55 to 32.
By avoiding mandatory income-splitting the owners were free to work for a very low official salary, while
reaping large dividends.

45 The proportion of capital income in 2007 was 53 per cent of income in the top one per cent group
(Figure 14.6). It was 11 per cent in 1990.
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1993 reform.46 The dual income tax dropped the marginal tax rates on capital income
the higher was the person’s total income before the reform. Those entrepreneurs who
saw the largest reduction in the marginal tax rates on capital income also experienced the
largest increase in capital income. At the same time, the share of labour income
decreased for these taxpayers. The increase in the share of capital income out of total
income was much more modest for high-income employees.

0

10

20

30

40

50

60

70

80

1
9

8
0

1
9

8
2

1
9

8
4

1
9

8
6

1
9

8
8

1
9

9
0

1
9

9
2

1
9

9
4

1
9

9
6

1
9

9
8

2
0

0
0

2
0

0
2

2
0

0
4

2
0

0
6

2
0

0
8

2
0

1
0

M
a
rg

in
a
l 
ta

x
 r

a
te

, 
%

Earned income, top 1 per cent

Earned and capital income, top 1 per cent

Earned income, 95–99 percentiles

Earned and capital income, 95–99 percentiles

Figure 14.6 Marginal tax rates and income shares for top 1 per cent and 95–99 percentiles

Source: Riihelä, Sullström, and Tuomala (2013).

0

10

20

30

40

50

60

70

1985 1990 1995 2000 2005 2010 2015

In
c
o
m

e
 s

h
a
re

 a
n
d
 a

v
e
ra

g
e
 t
a
x
 r

a
te

Capital income share Average tax rate

Figure 14.5 Capital income share and average tax rate for top 1 per cent in Finland 1987–2012

Source: Riihelä, Sullström, and Tuomala (2013).

46 ‘The (Finnish) system seems to offer generous opportunities for tax-avoidance by transforming labor
income into capital income. For example, retained corporate profits will increase the amount that is taxed as
capital income, and capital gains on shares are only subject to capital income tax.’ (Lindhe et al 2002, p.6)
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The Finnish reform of 1993 sharply reduced the marginal tax rates on capital income
for some corporate owners, but did not simultaneously change the taxation of labour
income. Corporate owners who can afford to save can reduce their intertemporal tax
bill by taking less labour income out of the firm, which increases the net worth of the
company. The increased net worth, in turn, increases the share of dividends that can be
paid tax-free in the future. People who are not owners of closely held corporations do
not have an access to this route. Pirttilä and Selin (2011) examine whether the
responses to the Finnish dual income tax reform of 1993 were different among
entrepreneurs and employees. The idea is that entrepreneurs have more leeway for
income shifting than employees. They first make the tax base as constant as possible so
that legislation changes governing the tax base would not distort our inference. They
then estimate, using the approach in the elasticity of taxable income literature (for this,
see e.g. Gruber and Saez 2002 and Aarbu and Thoresen 2001) how taxable capital and
labour income reacted to changes in the marginal tax rates on labour and capital
income. They found significant shifts of labour income to capital income among the
self-employed after the 1993 Finnish tax reform to a dual income tax with a lower rate
on capital income.
The most dramatic changes in marginal income tax rates in Finland have taken place

in the top percentile of the income distribution. It is interesting to note that the share
received by the top 1 per cent of income recipients started to increase after 1993. In
contrast to that for the next 4 per cent, the marginal tax rates of labour income and total
income after 1993 differ only slightly from each other (see Figure 14.6). This implies that
income-shifting possibilities are quite modest for this group.
A relevant question to ask is whether this increase in top incomes could have occurred

had the income tax system remained the same as before 1993. It is plausible to think that
the drastic reduction of top income tax rates which started in 1993 opened up the
possibility of the dramatic increase in top incomes that started around the mid-1990s
and accelerated in the end of the 1990s.
Landais et al (2010) found a clear regressivity in the top centiles in France. The

important reason is that capital income is largely exempt from progressive taxation.
There are also doubts that the U-shaped tax curve can be found in many other developed
countries.
Christiansen and Tuomala (2008) (henceforth referred to as Ch-T) analyse a model

wherein labour income can be camouflaged as capital income, but only at a cost, so that if
tax relief can be achieved by converting capital income into taxable labour income this
will be done to the extent that the marginal tax saving exceeds the marginal cost of
transforming the former type of income to the latter. The issue of fiscal manipulation in
the form of income-shifting has also received much attention in the context of the US tax
reforms of 1986. Gordon and Slemrod (2000) have argued that a large part of the
response observable in the tax return was due to income-shifting between the corporate
sector and the individual sector.
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While a capital income tax is sometimes assumed to be the only available instrument
for certain types of redistribution (e.g. between those who inherit and those who don’t,
as in Boadway et al 2000), in principle any redistribution might in Ch-T’s (2008) model
be achieved by means of a non-linear tax on earnings. The question is whether imposing
a tax on capital income may still be desirable. Income-shifting is sometimes related
to the choice between being an entrepreneur or a wage earner, as in Gordon and
MacKie-Mason (1995), where the role of the corporate income tax is to prevent a
distortion of this choice under income-shifting. Ch-T (2008) do not model this choice
explicitly, but one may conceive of income reported as capital income being earned as
business income. A more important aspect of our model is that, with differential taxation
of labour and capital, income-shifting allows the remuneration of marginal labour
supply to be taxed at the capital tax rate. As in Gordon andMacKie-Mason, the reporting
does not involve any tax evasion but is conditional on making use of perfectly legal ways
to organize one’s economic activities. Fuest and Huber (2001) discussed optimal taxes of
labour and capital in a model with income-shifting, but in other respects their model is
different from Ch-T, as we shall detail below after presenting the main structure of our
model.
Ch-T (2007) employ the simplest possible model, capturing the essentials of the

problem by making a number of assumptions that allow them to use a two-type,
asymmetric information model of non-linear income taxation bearing strong resem-
blance to the models of Stern (1982) and Stiglitz (1982). The two types of persons,
labelled L and H, are endowed with productivities (skill levels) that are reflected by their
respective wage rates nL and nH>nL. The two-type model has been used to analyse labour
and capital taxation in overlapping generation models. It is typically assumed that each
generation lives for two periods, but is work-active, earns income and pays taxes on
labour income only in the first period. This is a useful simplification, implying that one
can focus on the labour income tax of an agent in a single period, but it means that the
model fails to capture the problems that arise when an agent is due to pay labour and
capital taxes in the same period. To include the latter concern we shall consider a model
in which the agent works and pays labour taxes in the second period when he receives the
return to capital accumulated in the first period. As further simplifications we assume
that wage rates are constant over time and that there is a fixed rate of return to savings,
which may be justified by assuming that we consider a small open economy facing a
world capital market. To establish a benchmark close to previous models we shall start
out by considering the case in which labour income and capital income can indeed be
perfectly distinguished.
The rest of the section is organized as follows. First we establish the basic structure of

our model by setting up a simple benchmark model in which we address taxation of
savings in a two-type model where individuals live two periods. In order to fully retain
the simplicity of the conventional model, we make the assumption that the young pay no
taxes. Then we provide the formulas for linear taxation of savings without and with
income-shifting.
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14.4.1 A BENCHMARK MODEL

The classic optimal income tax model, Mirrlees (1971), treats differences in observed
income as being due to unobserved differences in ability. We will in general assume that
individuals differ not only in ability but also in initial endowments, denoted by e. In the
Ch-T model the initial endowment may be interpreted as representing various factors
affecting capital income. Beyond representing a tangible asset, say, in terms of inherited
wealth or exogenous labour income, it may, liberally interpreted, represent entrepre-
neurial skill, family background, social and business networks, and other circumstances
that are conducive to earning capital income. It is also quite plausible to assume that in
reality both ability and endowment are unobservable. This may be more plausible for
intangible assets, but in practice there are a number of non-transparent ways in which
even tangible assets can be transferred from one generation to the next.47 First-best
taxation is not feasible in this economy, because we cannot distinguish ex ante between
the two types. Thus, only anonymous tax systems are feasible.
There are in total four types of individuals. To avoid difficulties with multidimen-

sional optimal tax problems, variation is restricted to two types by assuming that there
are only two fixed n, e bundles (nH; eH and nL; eL),48 where we either assume that eH>eL

or eH ¼ eL. This framework allows us to consider as special cases either variation in
initial resource endowments or in skill, but also the case where one type is more richly
endowed with both initial resources and skill. The latter case may be justified as an
approximation to reality, as there is evidence of a strong positive correlation between the
two characteristics.49 Multidimensional variation would pose serious problems of tract-
ability that are likely to require numerical computations.
Each agent supplies y units of labour in the second period. The labour market is

perfectly competitive so that an individual’s effective labour supply equals his or her
gross income, z=ny. To simplify the exposition and notation without loss of generality,
we consider the case with an equal number of individuals of each type. The government
wishes to design a tax system that may redistribute income between individuals. There is
asymmetric information in the sense that the tax authority is informed neither about
individual skill levels and labour supply nor endowments. To introduce return to capital
and the possible taxation thereof, it is useful to consider a two-period model wherein an
individual starts out with the endowment e. The economy lasts two periods. Individuals
are free to divide their first period (when young) endowment between consumption,
denoted by c and savings, s. Each unit of savings yields a consumer 1+r additional units
of consumption in the second period. Denote after-tax income by B. Consumption in
each period is given by

47 This is a key point in Cremer et al (2003).
48 This is a less restrictive way to avoid multidimensional variation than the pure endowment variation

adopted in Fuest and Huber (2001).
49 See Pekkarinen et al (1985).
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ci ¼ ei � si; i ¼ L;H ð1Þ

xi ¼ Bi
2 þ ð1þ rÞsi i ¼ L;H: ð2Þ

Labour is supplied (elastically) only in the second period and all taxes are imposed in that
same period. (Exogenous labour income may be permitted in the first period.) The
analysis may be generalized to (elastic) labour supply in both periods but only by adding
considerable analytical complexity. The individuals have identical and additively separ-
able preferences over first and second period consumption and labour supply, repre-
sented by the utility function

Ui ¼ uðciÞ þ vcðxiÞ � cðyiÞ; i ¼ L;H ð3Þ
Unless otherwise stated, the functions u and c are increasing, strictly concave, and twice
differentiable. The function v is increasing, strictly convex, and twice continuously
differentiable. It is also assumed that all goods are normal. In this setting, where taxes
on both earnings and savings income are available, the question is whether or not the
return to savings ought to be taxed.

14.4.2 NON-LINEAR LABOUR INCOME TAX AND LINEAR
TAXATION OF SAVINGS

The tax system is similar to the Nordic dual income taxation where capital income is
taxed at a fixed rate (proportional tax) and a non-linear tax is levied on labour income.
That means that each type of tax is conditioned only on one type of income. This tax
system is similar to that of Boadway et al (2000) but is different from the taxes
examined by Fuest and Huber (2001), who postulate a non-linear tax function with
both capital income and labour income as arguments. While both regimes are of
interest, we wish to examine what is basically the Nordic type of tax system, which is
based on a mixture of principles and practical considerations that motivated this
particular dual design.50

It is well known from the tax theory with one-dimensional population that an
important role for linear taxes may be to alleviate the self-selection constraint imposed
under asymmetric information. This may be a role also where individuals differ both in
skills and initial endowments. Adopting standard procedures, we can characterize
Pareto-efficient second-best taxes. This is done by maximizing the utility of type L

50 One relevant concern has been the desire to have equal tax rates on corporate profits and (other)
capital income (interest, dividends, etc.) and, with a constant corporate tax rate, there will be a fixed tax rate
on capital income in general.
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UL ¼ uðeL � sLÞ þ vðBL þ ð1þ �rÞsLÞ � cðyLÞ ð4Þ
for a fixed utility assigned to type H, UH ¼ �UH , and subject to the pre-set revenue
constraint X

ðzi � Bi þ trsiÞ ¼ R i ¼ L;H ð5Þ

and the self-selection constraint

�UH � uðeH � ŝÞ þ v
�
BL þ ð1þ �r Þ̂s

�
� c

nL

nH
yL

� �
ð6Þ

where t is the tax rate for capital income, rð1� tÞ ¼ �r , R denotes the required tax
revenue, and �UH is the pre-assigned utility level of type H, and where ‘hat’ is used to
indicate type H as a mimicker who would choose the bundle intended for type L. The
maximization amounts to choosing bundles of gross and net incomes, zH ;BH and zL;BL,
while it is implicit that each type chooses the corresponding utility-maximizing level of
savings conditional on the values of e, B, and �r .
The self-selection constraint requires that an individual weakly prefers the bundle over

the two time periods intended for him or her to the bundle designated for the other
individual. We consider the more interesting case, where only the incentive compatibility
or self-selection constraint of the high-skilled type binds. This amounts to the region
where redistribution takes place from high-skilled to low-skilled. The natural limit of
redistribution is that, if taken too far, such redistribution might induce the high-skilled
type to pretend to be the low-skilled type. Such mimicking implies that the high-skilled
would choose a labour supply nLyL=nH to make his income equal to that of the low-
skilled, and he would choose savings ŝ to maximize intertemporal utility given the
second-period income he would earn as a mimicker. Imposing (6) precludes mimicking.
Multipliers a, m, and l are assigned to the constraints (4), (5), and (6).
From the first order conditions (see appendix) we obtain:

t ¼
l
m v̂Bð̂s � sLÞ
�ð@scL@t þ @scH

@t Þ
ð7Þ

where eL ¼ eH , the mimicker and the genuine low-skilled type have the same initial
endowment and the same second period income (being a property of mimicking), and
they will have the same level of savings. A larger initial endowment will induce larger
first-period savings. Christiansen and Tuomala (2007) state the following results:

(i) If eL ¼ eH and if preferences of individuals are additively separable, ŝ ¼ sL, and there
is no taxation of capital income at the optimum.

(ii) If eH>eL , the mimickers have a higher savings level, and there is a case for taxing
capital income at the optimum.

We shall leave further interpretation to the next section.
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14.4.3 INCOME SHIFTING

Above, labour income was treated as observable. In reality, the government cannot
directly observe an individual’s true labour income and capital income, but individuals
have to report their labour income and capital income for tax purposes. Now the
government faces an information problem not only because information on skill and
wealth is private, but even the true labour income is unknown, since individuals have the
possibility to shift labour income to capital income. Let z be the amount of income
reported as labour income in the second period whilst � is the labour income which is
converted to capital income. Hence, the actual labour income is z+�, and the labour
supply is y ¼ zþ�

w . Income-shifting involves costs, which could be modelled in different
ways. As the crucial role for these costs is to determine an optimum extent of income-
shifting, while their exact nature is less important, we choose the simplest possible way
by assuming that shifting an amount of income � inflicts a loss of net income k(�) on
the taxpayer,51 where k0ð�Þ>0 and k00ð�Þ>0. As above, each type of agent will choose
savings and income-shifting to maximize his utility.
In practice, income-shifting from labour to capital is an important issue as the

marginal tax on labour income exceeds the tax rate on capital income in countries
with a dual income tax, but in general whether an agent wants to shift income from
labour to capital depends on relative marginal tax rates. However, we shall simply rule
out the possibility of reversing the income-shifting by shifting income from capital to
labour (i.e. setting �<0) as it is an issue of minor practical interest. Thus we simply
impose the restriction that�>0. As we shall see and discuss further below, there may be
theoretical cases where this constraint will be binding.
To characterize Pareto-efficient second-best taxes we now maximize the utility of

type L

uðeL � sLÞ þ vðBL þ ð1þ �rÞsL þ ð1� tÞ�L � kð�L)) � cðz
L þ�L

wL
Þ ð8Þ

for a fixed utility �UHassigned to type H and subject to the revenue constraintX�
zi � Bi þ tðrsi þ�iÞ

�
¼ R i ¼ 1; 2 ð9Þ

and the self-selection constraint

�UH � uðeH � ŝÞ þ v
�
BL þ ð1þ rð1� tÞÞ̂s þ ð1� tÞ�̂ � kð�̂Þ

�
� c

zL þ �̂

nH

 !
:

ð10Þ

51 Alternatively, one might have assumed that the cost would reduce taxable income and hence the tax
liability, or that it would imply use of own labour.
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The following multipliers are assigned to the constraints: a to the pre-assigned utility of
type H, m to the revenue constraint, and l to the self-selection constraint.
From the first-order condition (see appendix) solving for t, we obtain the formula for

the optimal capital tax.

t ¼
l
m v̂Bðrŝ � rsL þ �̂ ��LÞ

� r @s
cL

@t þ r @s
cH

@t

� �� @�cL

@t þ @�cH

@t

h i : ð11Þ

The formula for the optimal capital income tax shows that three effects should be taken
into account. Where the mimicker would report a larger capital income (rs+D) than the
genuinely low-skilled type, the mimicker is hit harder when the return to capital (rs) and
the concealed labour income (D) are taxed more strongly, and the self-selection con-
straint is alleviated. This effect is captured by the numerator. On the other hand, the tax
causes a distortion of the inter-temporal consumption trade-off, represented by the
former term in the denominator. Finally, as it is possible to increase labour supply and
have it taxed as capital income due to income-shifting, the capital tax also distorts the
labour supply. This effect is captured by the latter term in the denominator. The
alleviation of the self-selection constraint should be traded off against the distortions.52

In sum:

The optimal tax is characterized by (11). If eL ¼ eH , and there is income shifting, taxing capital
income is part of the optimal tax policy.

In the absence of income-shifting there would be no tax on capital income. This would
correspond to the two-period model with labour supplied only in period 1 and prefer-
ences where consumption in the two periods is weakly separable from labour (leisure), as
discussed in the introduction to this chapter. Considering the expression for the tax rate t
in (11) above, we note that with income, shifting the numerator is positive and the
denominator is negative, and due to the minus sign, t is positive. Hence, there is a case
for taxing capital due to income-shifting.
Above we have focussed on the capital income tax. To characterize the optimal labour

income tax and overall tax policy we shall highlight a number of marginal tax rates which
are also crucial for the existence of income-shifting but were brushed aside above. First,
we note that there is a need to distinguish two tax rates on labour income, namely the
marginal tax rate on reported labour income and the marginal tax rate on labour income
reported as capital income. The latter is the more transparent one. As capital income is
taxed at a fixed rate equal to t, this is simply the marginal tax rate on labour income
disguised as capital income.
It is important to note that the crucial condition for using a capital income tax to relax

the self-selection constraint is that the mimicker would like to shift income to a larger
extent than the genuinely low-skilled. It is immaterial whether the high-skilled agent also

52 Christiansen andTuomala (2008) analyse in further detail the contents of each term in the formula for t.
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shifts income. It is not even crucial that the low-skilled type shifts income, as our result
would also go through with �̂>�L ¼ 0. However, raising t to a level where income-
shifting both by the mimicker and by the true low-skilled type is quenched would not be
efficient, as it would then fail to relax the self-selection constraint.

14.4.4 CONCLUDING REMARKS

Ch-T (2008) addressed non-linear taxation of labour income and linear taxation of
capital income in a two-period model with agents who differ in their earnings capacity.
As is well known, a capital income tax may be redundant in such a setting, given certain
separability assumptions on preferences. Beyond imposing those separability assump-
tions, we assume that the agents may organize their economic activity in perfectly legal
but costly ways that allow (part of) their labour earnings to be taxed as capital income,
which is a favourable option granted that the capital tax rate is lower. Even if an agent
makes use of this opportunity, the government can always tax him harder by increasing
the income tax on labour. A tax on capital income is strictly required neither for raising
revenue nor redistributing income. We show that there may still be a role for a capital
income tax, as taxation takes place under the usual asymmetric information constraint
causing tax distortions, and under income, shifting the capital income tax may alleviate
the effects of the information constraint.
We show our result in a simple two-period model with taxation only in a single period

and where high-skilled and low-skilled individuals may have different non-observable
resource endowments beyond their different earnings capacity. An important implica-
tion is that such endowments may impact on tax policy even without introducing a new
distributional dimension (as between those who inherit or not in Boadway et al (2000)).
An important finding is that with pure wage rate variation, there is no case for a

capital income tax unless there is income-shifting. With variation in initial endowments,
there is a case for capital taxation even without income shifting in the Ch-T model with
savings, but income-shifting will rather weaken this case, as the larger savers will have
less incentive to earn additional labour income to be reported as capital income.
The asymmetric information argument for a capital income tax must be traded off

against its distortionary effect not only on savings, as in the conventional model of
capital taxation, but also on labour as, due to income shifting, the capital tax now also
becomes a marginal tax on labour. The interaction between tax shifting and labour
supply is a key element. Inducing a larger reported labour income weakens the incentive
to earn labour income to be reported as capital income, as do a low marginal tax on
labour income and a large tax rate on capital income. The Ch-T model highlights a
central and complex interaction between taxes on income from labour and capital,
respectively. The crucial marginal tax rate is the effective marginal tax rate capturing
both the marginal tax on labour income tax and the marginal tax due to its income effect
on savings and hence on capital income. The latter effect will to a large extent influence
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the discrepancy between the tax rate on (reported) labour income and the tax rate on
(reported) capital income at the optimum, and thereby govern the inducement to shift
income.

n APPENDIX 14.1 INCOME SHIFTING AND CAPITAL INCOME TAXATION

The Lagrange function of the optimization problem is:

L ¼ uðeL � sLÞ þ vðBL þ ð1þ �rÞsLÞ � cðyLÞ
þ aðuHðeH � sHÞ þ vðBH þ ð1þ �rÞsHÞ � cðyHÞ � �UHÞ
þ m½

X
ðniyi � Bi þ trsi � R�

þ l �UH � uðeH � ŝÞ � vðBL þ ð1þ �r Þ̂sÞ þ c
nLyL

nH

� �� 	

Let subscripts denote partial derivatives. The first-order conditions for interior solution
with respect to Bi,i ¼ L;H, are

@L
@BL

¼ vLB � lv̂B � mþ mtrsLB ¼ 0 ð1Þ

@L
@BH

¼ avHB � mþ mtrsHB ¼ 0 ð2Þ

A ‘hat’ is assigned to a function where the suppressed arguments are those of the
mimicker.
Using Roy’s theorem and the Slutsky decomposition, the first-order condition with

respect to t can be written as follows:

@L
@t

¼� rsLvLB � arsHvHB þ lrv̂Bŝ þ mðrsL þ rsHÞ þ mtrsLBð�rsLÞ þ mtrsHB ð�rsHÞ

þ mtr
@scL

@t
þ mtr

@scH

@t
¼ 0

ð3Þ

where superscript c indicates compensated effects. Multiplying (1) by �rsL and (2) by
�rsH and substituting in (3), we have

lv̂Bð̂s � sLÞ þ mtð@s
cL

@t
þ @scH

@t
Þ ¼ 0

Consider the behaviour of an arbitrary agent supposed to maximize

U ¼ uðe� sÞ þ vðBþ ð1þ �rÞsþ ð1� tÞ�� kð�ÞÞ � cðz þ�

n
ÞÞ
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with regard to s and �, which yields the first-order conditions

Us ¼ �u0ðe� sÞ þ v0
�
Bþ ð1þ �rÞsþ ð1� tÞ� � kð�Þ

�
ð1þ �rÞ ¼ 0

U� ¼ v0
�
Bþ ð1þ �rÞsþ ð1� tÞ�� kð�LÞ

�
ð1� t � k0Þ � c0 z þ�

n

� �
1
n
� 0

implicitly defining s and � as functions of z, B, and t. At this point we have found it
handy to let a prime denote derivatives. The inequality applies where income shifting
reversal would be desirable and � >0 is binding.
The corresponding Lagrangian is

L ¼ uðeL � sLÞ þ v
�
BL þ ð1þ �rÞsL þ ð1� tÞ�L � kð�LÞ

�
� c

zL þ�L

nL

� �

þ a uðeH � sHÞ þ v
�
BH þ ð1þ �rÞsH þ ð1� tÞ�H � kð�HÞ

�
� c

zH þ�H

nH

� �
� �UH

� 	

� l uðeH � ŝÞ þ v
�
BL þ ð1þ �r Þ̂s þ ð1� tÞ�̂ � kð�̂Þ

�
� c

zL þ �̂

nH

 !
� �UH

" #

þ m½zL � BL þ zH � BH þ trsL þ trsH þ t�L þ t�H � R�
ð4Þ

The associated first-order conditions for an interior solution with respect to zi and Bi,
i=L,H are:

@L
@zL

¼ �c0 zL þ�L

nL

� �
1
nL

þ lc0 zL þ �̂

nH

 !
1
nH

þ mþ mtrsLz þ mt�L
z ¼ 0 ð5Þ

@L
@zH

¼ �ac0 zH þ�H

nH

� �
1
nH

þ mþ mtrsHz þ mt�H
z ¼ 0 ð6Þ

@L
@BL

¼ vLB � lv̂B � mþ mtðrsLB þ�L
BÞ ¼ 0 ð7Þ

@L
@BH

¼ avHB � mþ mtðrsHB þ�H
B Þ ¼ 0 ð8Þ

Using Roy’s theorem and the Slutsky decomposition, the first-order condition with
respect to t can be written as follows:

@L
@t

¼ ð�rsL ��LÞvLB þ ð�rsH ��HÞavHB þ lv̂Bðrŝ þ �̂Þ þ mðrsL þ�L þ rsH þ�HÞ
þ mtrsLBð�rsL ��LÞ þ mtrsHB ð�rsH ��HÞ þ mt�H

B ð�rsL ��LÞ þ mt�H
B ð�rsH ��HÞ

þ mtrscLt þ mtrscHt þ mt�cL
t þ mt�cH

t ¼ 0:

ð9Þ
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As above, superscript c indicates compensated effects. Multiplying (7) by ð�rsL ��LÞ
and (8) by ð�rsH ��HÞ and substituting in (9), we have:

lv̂Bðrŝ � rsL þ �̂ ��LÞ þ mtðr @s
cL

@t
þ r

@scH

@t
þ @�cL

@t
þ @�cH

@t
Þ ¼ 0 ð10Þ

14.5 Inherited wealth and capital income tax

If savings were only made for life-cycle smoothing purposes, and everyone has the same
preferences, then wealth differences for any given cohort will reflect earnings differences.
However, this is not the only way in which people receive capital. For example, some
people inherit it.53 Hence, capital income inequality is due to differences in wealth due to
past saving behaviour, inheritances received, and rates of return that have varied
dramatically over time and across assets.
Piketty and Zucman (2013) have estimated wealth for eight advanced economies: the

United States, Canada, Britain, France, Italy, Germany, Japan, and Australia. Their
estimates reveal some striking trends. Wealth-to-income ratios in these nations climbed
from a range of 200 to 300 per cent in 1970 to a range of 400 to 600 per cent in 2010.
Atkinson (2012, pp. 11–12) describes the role of inheritance and wealth taxes in this

development as follows:

After a long period when inheritance was declining, it is now increasing again in significance in
many advanced countries. In France, this has been shown in a recent study by Piketty
(2011). . . . Indeed, wealth taxes have been going out of favour for some time, having been
abolished in Austria, Denmark, Finland, Germany, Sweden and Spain. Although, we should
note that France has swum against the tide with its Solidarity Tax on Wealth.

Taxing inheritance gives rise to difficult conceptual issues.54 Hence perhaps it is not
surprising that the economic literature on inheritance taxation has been rather incon-
clusive. If the bequest is voluntary, then it is plausible from a strictly welfaristic
perspective, as in Kaplow (2008), that both the donor and the recipient utilities should
be included in social welfare. There are both efficiency and equity implications here.
However, when generations are linked by altruism then there will be an externality
involved in the transfer, i.e. donors take account of their own altruistic utility from the
transfer, but not the additional utility to the recipients. From an efficiency point of view,
a Pigovian subsidy should be made to internalize this externality. Farhi and Werning
(2010) allow for the social planner to value welfare of children generation separately
from dynastic welfare and show that the corresponding externality due to insufficient
giving should be addressed by policy that subsidizes bequests (albeit in a ‘progressive’

53 In Boadway, Marchand, and Pestieau (2003) when wealth transfers are unobserved taxing capital
income is indirect consumption tax.

54 Boadway, Chamberlain, and Emmerson (2010) give an excellent survey on inheritance taxation.
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manner). When bequests are unintended, because they arise from precautionary savings
held as self-insurance against uncertainty about longevity, taxing them will not be
distorting. Cremer and Pestieau (2006) suggest that the optimal taxation of accidental
bequests could be at 100 per cent from an efficiency perspective. Of course, it is not easy
in practice to identify which bequests are unintended. The Mirrlees Review based its
argument for inheritance taxation on equality of opportunity in the sense that redistri-
bution should aim to equalize persons’ opportunities in the market economy, but should
not penalize them for the way they exercise those opportunities (cf Roemer 1998).
Inheritances received over the life-cycle create better opportunities for the recipients
and so should be taxed.
In the real world it is very likely that inheritance affects, in particular, income levels

of the very rich. Hence, taxes on labour income are not alone able to limit inequality.
Piketty and Saez (2014) employ linear taxation and make many extensions of a steady
state setup and generally find a role for inheritance taxation. They emphasize three
main rationales for capital taxation. First, the tax authority cannot easily distinguish
capital and labour income. Second, notions of income and consumption flows are
difficult to define and measure for top wealth holders. Finally, there are strong
meritocratic reasons why we should tax inherited wealth more than earned income
or self-made wealth. This implies that the ideal tax system should combine a progres-
sive inheritance tax, in addition to progressive income and wealth taxes. Piketty
and Saez (2012) show that optimal inheritance tax formulas can be expressed in
terms of estimable ‘sufficient statistics’, including behavioural elasticities, distributional
parameters, and social preferences for redistribution (see Kopczuk 2013 for a recent
survey).
One of the most famous ethical cases for inheritance tax was put by John Stuart Mill,

as quoted in the Mirrlees Review (2011):

I see nothing objectionable in fixing a limit to what anyone may acquire by mere favour of others,
without any exercise of his faculties, and in requiring that if he desires any further accession of
fortune, he shall work for it.

The Meade Committee followed the Millian tradition: inherited wealth is widely considered—
and we share the view—to be a proper subject for heavier taxation on grounds of both fairness
and economic incentives. The citizen who by his own effort and enterprise has built up a fortune
is considered to deserve better tax treatment than the citizen who, merely as a result of the fortune
of birth, owns an equal property; and to tax the former more lightly than the latter will put a
smaller obstacle in the way of effort and enterprise (Meade 1978, p. 318).

Rising inequality is often (too often) discussed in terms of differences in labour
income. The standard optimal income tax analysis is also based on differences in earning
capacity. In other words, there is simply one dimension along which people differ. The
wage distribution is certainly important, but people differ also in wealth they have. One
highly significant phenomenon in recent years in many developed countries has been the
ending of the downward trend in wealth concentration, and inheritance and wealth
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transferred earlier in life through gifts inter vivos has returned as a source of inequality.
As a reaction to this, the Mirrlees Review recommends a comprehensive lifetime wealth
receipts tax. Atkinson (1972) proposed the application of the tax on a cumulative basis to
all capital receipts over the lifetime, given the importance of transfers made earlier in life
and their impact on inequality of opportunity (Atkinson 1972).
When we take into account inherited wealth, we are again in a two characteristic

model. When there is greater inequality in inherited wealth, does this lead us to tax
inheritance more heavily and earned income less heavily? However, the multidimen-
sionality also introduces a new element, which is the extent to which we can operate
separate progressive taxes on earned income and on inherited wealth—or do they have
to be jointly taxed?
First, we start with a simple model where each individual supplies y units of labour in

the second period. The labour market is perfectly competitive so that an individual’s
effective labour supply equals his or her gross income, z = ny. To simplify the exposition
and notation without loss of generality, we consider the case with an equal number of
individuals of each type. The government wishes to design a tax system that may
redistribute income between individuals. There is asymmetric information in the sense
that the tax authority is informed about neither individual skill levels and labour supply
nor endowments. To introduce return to capital and the possible taxation thereof, it is
useful to consider a two-period model wherein an individual starts out with the endow-
ment e. The economy lasts two periods. Individuals are free to divide their first-period
(when young) endowment between consumption, denoted by c and savings, s. Each unit
of savings yields a consumer 1+r additional units of consumption in the second period.
Denote after-tax income by B. Consumption in each period is given by

ci ¼ ei � si; i ¼ L;H ð1Þ

xi ¼ Bi
2 þ ð1þ rÞsi i ¼ L;H: ð2Þ

Labour is supplied (elastically) only in the second period and all taxes are imposed in that
same period. (Exogenous labour income may be permitted in the first period.) The
analysis may be generalized to (elastic) labour supply in both periods but only by adding
considerable analytical complexity. The individuals have identical and additively separ-
able preferences over first and second period consumption and labour supply, repre-
sented by the utility function

Ui ¼ uðciÞ þ vðxiÞ � cðyiÞ; i ¼ L;H: ð3Þ
Unless otherwise stated, the functions u and c are increasing, strictly concave, and twice
differentiable. The function v is increasing, strictly convex, and twice continuously
differentiable. We also assume that all goods are normal.
In this setting, where taxes on both earnings and savings income are available, we

examine whether or not the return to savings ought to be taxed. For full non-linear
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taxation (earnings and capital income) we have to assume that the tax authority has the
ability to observe savings. Here no restrictions are placed on tax instruments. This means
that we consider the many-good non-linear tax model. The tax schemes required to
implement the allocation of this economy are necessarily more complicated than linear
schemes we have considered so far. The self-selection constraint requires that an
individual weakly prefers the bundle, over the two time periods, intended for him or
her over the bundle designated for the other individual. We consider the more interest-
ing case, where only the incentive compatibility or self-selection constraint of the high-
skilled type binds. This amounts to the region where redistribution takes place from
high-skilled to low-skilled. The natural limit of redistribution is that, if taken too far,
such redistribution might induce the high-skilled type to pretend to be the low-skilled
type. Such mimicking implies that the high-skilled would choose a labour supply
nLyL=nH to make his income equal to that of the low-skilled, and he would choose
savings ŝ to maximize intertemporal utility given the second-period income he would
earn as a mimicker. Now we maximize the utility of type L

UL ¼ uðeL � sLÞ þ vðBL þ ð1þ rÞsLÞ � cðyLÞ ð4Þ
for a fixed utility assigned to type H, and subject to the revenue constraintX

ðniyi � BiÞ ¼ R i ¼ L;H ð5Þ

and self-selection constraint

�UH � ûðeH � ŝÞ þ v̂
�
BL þ ð1þ rÞ̂s

�
� ĉ

nL

nH
yL

� �
ð6Þ

Imposing (6) precludes mimicking. The multipliers a, m, and l are assigned to the
constraints.
From the Lagrange function the first order condition with respect sH gives

�au0ðcHÞ þ að1þ rÞv0ðxHÞ ¼ 0 ð7Þ
This implies that there is no implicit marginal taxation of savings for type H (eH ; nHÞ

u0ðcHÞ
v0ðxHÞ ¼ 1þ r ð8Þ

where the left hand side is the marginal rate of substitution between after-tax income in
period two and after-tax income in period two of type H. (17) implies that savings
decisions of type H are not distorted at the margin.
The first order condition with respect sL in turn gives

�u0ðcLÞ þ ð1þ rÞv0ðxLÞ � lu0ðcLÞ þ lð1þ rÞv0ðxLðeHÞÞ ¼ 0 ð9Þ
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From the condition for type L we have

ð1� lÞu0ðcHÞ
ð1� l v0ðxLðeHÞÞ

v0ðxLÞ Þv0ðxLÞ
¼ 1þ r ð10Þ

If and only if v0ðxLðeHÞÞ ¼ v0ðxLÞ, i.e. eL ¼ eH , there is no taxation of savings for type L at
the margin. In empirically plausible cases where individuals with higher initial wealth e
have higher savings rates, then we have implicit taxation of savings for type L at the
margin.
Hence, taxation of savings depends, among other things, on the degree of correlation

between the e and n. One case is where they are independent, but that is hardly true. One
extreme case is the classical class model where workers have labour income and no
capital and capitalists have capital but no labour income; the correlation is minus 1. At
the other extreme is the case where the amount inherited is determined by the parent’s
earnings and earning power is perfectly correlated across generations. For example in the
United States, the correlation is 0.5—the highest of the OECD countries (see OECD
2010).
It is clear that inherited wealth and earnings are correlated but less than perfectly. In

that case, in order to tax them appropriately we may need to take account of both
dimensions at the same time. To gain a better understanding we need numerical
simulation. Again, we are in the situation in which taxing capital income depends not
only on the separability in the utility function (as in the Atkinson-Stiglitz Theorem) but
also on the degree of linkage between the marginal distributions.

14.5.1 TWO-PERIOD AND TWO-TYPE MODEL WITH THE LABOUR
SUPPLY IN BOTH PERIODS

When we allow the labour supply in both periods and assume the intertemporal and
intratemporal separable utility functionUi ¼ uðciÞ þ cð1� yiÞ þ di½vðxiÞ þ cð1� y0iÞ�,
then the income tax system becomes more complicated with taxes in both periods. When
the government can impose optimal labour income taxes in both periods, no capital
income taxation is needed. This can be seen in a simple extension of the above analysis.
Now the government chooses consumption and income in both periods. The lifetime
self-selection or incentive constraint becomes

uðcHÞ þ cð1� yHÞ þ d½vðxHÞ þ cð1� y0HÞ� � ûðcLÞ þ ĉ 1� nL

nH
yL

� �

þ d½v̂ðxLÞ þ ĉ 1� nL

nH
y0L

� �� ð11Þ

where y’ is the second period labour supply. From the first-order condition we can see
that also in this case there is no intertemporal distortion on consumption for either skill
type.
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Assume that eH> eL

uðBH
1 þ eH � sHÞ þ cð1� yHÞ þ d½v

�
BH
2 þ ð1þ rÞsH

�
þ cð1� y0HÞ� �

ûðBL
1 þ eH � sLÞ þ ĉ 1� nL

nH
yL

 !
þ d½v̂ðxLÞ þ ĉ 1� nL

nH
y0L

 !
�:

ð12Þ

From the Lagrange function, the first-order condition with respect to sH gives

�u0ðcHÞ þ ð1þ rÞv0ðxHÞ � mu0ðcHÞ þ ð1þ rÞmv0ðxHÞ ¼ 0: ð13Þ
This implies that there is no implicit marginal taxation of savings for type H (eH ; nHÞ, as
can be seen from (13)

u0ðcHÞ
v0ðxHÞ ¼ 1þ r: ð14Þ

The first-order condition with respect to sL in turn gives

�u0ðcLÞ þ ð1þ rÞv0ðxLÞ � mû0 ðcL½eH �Þ þ mð1þ rÞv̂0 ðc2LðeHÞÞ ¼ 0 ð15Þ

u0ðcLÞ
v0ðxLÞ ¼ m

û0

v̂0
þ ð1þ rÞ: ð16Þ

In an empirically plausible case, individuals with higher initial wealth e have a higher
savings rate, then we have implicit taxation of savings for type L at the margin.

14.6 Capital income taxation and endogenous pre-tax
wages in the OLG model

Next we analyse the intertemporal dimension of direct taxation in the overlapping
generations model. There are several earlier papers that have analysed taxation in the
OLG model. An early contribution is by Ordover and Phelps (1979).55 Stiglitz (1987)
extended the analysis to include general equilibrium considerations arising from
endogenously determined pre-tax wage rates. Brett (1997), using the self-selection
interpretation of optimal taxation, described capital income taxation rules if preferences
are not separable. In a OLG model, Boadway, Marchand, and Pestieau (1998) treat
labour and capital income taxation separately, in the spirit of the so-called dual income
tax system. In their model, bequests have a key role. Finally, by means of a somewhat
different methodology of dynamic programming, Atkinson and Sandmo (1980) examine

55 There is some earlier work done by the same authors; see the references cited in Ordover and Phelps
(1979).
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optimal savings income taxation under the case where there is no heterogeneity within
generations.56

Here the presentation draws from the framework used in Pirttilä and Tuomala (2001).
They allow for a rich description of the production technology that enables the before-
tax wage rate to depend on e.g. the labour supply of different individuals. This is a quite
plausible and important assumption in an essentially long-term, dynamic framework.
Pirttilä and Tuomala (2001) combine two well-known economic models: the Mirrlees
(1971) model of optimal taxation and the overlapping generations model as represented
in Diamond (1965). The reason for this is that this combination, encompassing hetero-
geneity both within and between generations, provides an appropriate means to study
savings taxation and public provision (both pure public goods and publicly provided
private goods) in a dynamic model with distortionary taxation.
In a general equilibrium setting in which wages are not given, capital taxes or subsidies

may be optimal if they favourably influence the distribution of pre-tax income through
the effects of changes in the capital stock on wage rates. In this instance and more
broadly, when the government cannot directly control the capital stock through debt or
other policies, taxation or subsidization of capital serves as a substitute instrument.
Allowing for endogenously determined wages is also important because it gives rise to
new forms of distorting taxation and production inefficiency, along the lines of Naito
(1999).

14.6.1 THE FRAMEWORK

In the model, individuals are assumed to differ in two respects: by their birth date and
their income-earning ability. Applying the self-selection approach to tax analysis, there
are assumed to be two types of households in each generation. The government tax
policy is, hence, restricted by the self-selection constraint of high-income households.
The wage rates of the individuals are endogenously determined on the labour market and
depend on the labour supply decisions, the capital stock, and the level of the public good.
Thus, we examine a very general class of public goods, which, in addition to their impact
on consumer utility, also affect the production possibilities of the economy. In an
overlapping generations economy individuals live across two periods, supplying labour
in the first and consuming a composite good in both periods. For simplicity, there is no
population growth. Each generation consists of two households that have different
productivity in the labour market. As usual in the optimal taxation literature, type 2
households’ wage rate, w2, is higher than the wage rate of type 1 individuals, w1. The
following notations are used: cti denotes the consumption of a individual of type i born at

56 Using the same approach, Park (1991) relaxes the homogeneity assumption but does not derive many
concrete results. For an excellent overview of various OLG tax models, see Renström (1998).
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time t when young, xti the consumption of the same individual when old, yti individual i’s
labour supply, and Gt the level of the public good at period t. The utility function, which
is assumed to be identical between the individuals, may then be written as
Ui ¼ Uðcti ; xti ; yti ;Gt;Gtþ1Þ.57 Individual optimization, given a government’s labour
income tax schedule Tðwt

iy
t
i Þ, enables the marginal income tax rate to be written as:

MTRðwt
iy

t
i Þ ¼

1
wt
i

Ut
i;y

Ut
i;c
þ 1; ð1Þ

whereUt
i;l, for instance, depicts the partial derivative of the utility of individual i at period

t with respect to its labour supply.
The production side of the economy utilizes four factors: capital denoted by kt , the two

kinds of labour, and the public good. Hence, the production function can be written as
F ¼ Fðkt; yt1; yt2;GtÞ. The production function is assumed to exhibit constant returns to
scale with respect to labour and capital under perfect competition. Factor prices are then
determined by the marginal productivities as follows: Ft

k ¼ rt , Ft
l1
¼ wt

1 and Ft
l2
¼ wt

2. As
mentioned above, the public good contributes positively to the output, i.e. Ft

G is positive.
Because G appears both in the utility and the production functions, it is a good such as
roads used both by consumers and for commercial traffic, or environmental quality
enjoyed by consumers but at the same time beneficial for production. Note that how the
production function is specified here involves endogenous determination of the wage
rates of the two household types. The relative wage between the two types may therefore
be written as a function ot ¼ wt

1
wt
2
¼ oðkt; yt1; yt2;GtÞ.

The government’s problem is to maximize intertemporal social welfare that includes
welfare comparison both within and between generations. Applying the interpretation
by Brett (1997) of the social welfare function, we assume that the government is
utilitarian within the generation, but the utilities of different cohorts are taken into
account via a general social welfare function G. Alternatively, we could choose a
formulation with a general social welfare function within generations as well. Because
the assumption of within-generation utilitarianism is not crucial for the results but may
be expositionally briefer, we apply it here. In both regimes, the government chooses
optimal tax rates for both income and savings taxation, subject to a resource constraint
for each period.
The public good is a stock variable that evolves from one period to another according

to the relationship:

Gt ¼ bGt�1 þ gt; ð2Þ

57 Note that households enjoy utility from the public good both when young and when old. For brevity,
we omit Gtþ1 from the notation below.
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where b is a depreciation parameter that takes values from zero to one, and gt is the
decision-based increase of the public good at period t. Supposing that the producer price
of the incremental public good in terms of the numeraire, private consumption, is p, the
resource constraint of the economy for each period may be written as

ktþ1 ¼ Fðkt; yt1; yt2;GtÞ þ kt � ct � xt�1 � pgt; ð3Þ
where ct depicts the aggregate consumption by the two young individuals born at time t,
and xt�1 the aggregate consumption of the old at the same period.
The informational assumptions we apply are similar to the standard Mirrlees-type

income tax problem. The government can observe the income of the two individual types
but not their type, i.e. their wage rate. This implies that the tax schedule must be planned
to fulfil the self-selection constraints of the individuals. Concentrating on the ‘normal’
case where the redistribution occurs from the high-ability type to the low ones, the self-
selection constraint that may bind is

Uðct2; xt2; yt2;GtÞ � Uðct1; xt1;otðkt; yt1; yt2;GtÞyt1;GtÞ; ð4Þ
where otðkt; yt1; yt2;GtÞyt1 gives the required labour supply of a high-ability type when
mimicking the choice of the low-ability type to earn the income level of the true low-
ability type. Note that as the individuals retire in the second period of their life, at that
period their types are public information because of their decision at the first period.
Hence, no self-selection constraints for the old need to be considered.
An important assumption to note is that the government possesses perfect control

over the capital stock. As shown by e.g. Atkinson and Sandmo (1980), this implies that
only one of the resource constraint and government budget constraint needs to be taken
into account. Because of this, together with the observation that the resource constraint
may be derived from combining the government’s and the individuals’ budget con-
straints in the Mirrleesian fashion, the multiplier associated with the resource constraint,
rt , may be interpreted as the shadow price of government’s revenue.58 Although the
main purpose is to focus on capital income taxation and public provision, the charac-
teristics of an optimal income tax schedule under endogenous wages derived in a static
framework by Stern (1982) and Stiglitz (1982) (see also Chapter 2) also apply in the
dynamic case of the present chapter. Unlike in the standard model, the marginal tax rate
faced by the high-ability individuals is negative instead of zero. The intuition, as noted by
Stern (1982), is clear: on top of the income tax, it is optimal for the government to rely on
the redistributive capacity of the economy by pushing the labour supply of the high-
ability type further, and hence to achieve an increase in the relative wage of the low-
ability type.

58 The calculations revealing how the resource constraint can be split into individual and government
budget constraints are available from the authors upon request.
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We now turn to the properties of the optimal non-linear taxation of capital income
(savings), which may be deduced by comparing the marginal rate of substitution
between the present and the future consumption imposed on the individuals.
From the first order conditions of the government’s problem (details in appendix

14.6), Pirttilä and Tuomala (2001) obtain the following result:

Propostion 1: Within each generation, the optimal marginal capital income tax rate (MTR for
savings) is positive (negative) for the high-ability individual, if an increase in capital reduces
(raises) the relative wage rate of the low-ability type, ot . The MTR for savings of the low-ability
individual is positive (negative), if an increase in capital reduces (raises) the relative wage rate and
the mimickers value future consumption more (less) than the true low-ability types. Otherwise
the MTR for savings of the low-ability type individuals is ambiguous.59

Its intuition is straightforward: if an increase in savings and, hence, in the capital stock,
leads to a decrease in the relative wage of the low-income individuals, it becomes optimal
for the government to distort the savings level downwards because of redistributional
impacts that arise. The self-selection concerns expressed in the marginal tax rule for the
low-ability type were, however, discussed earlier in Brett (1997). As he points out, if
mimickers have a lower valuation of future consumption, taxing savings is a device to
relax the self-selection constraint and obtain a Pareto improvement through easier
redistribution. This part also makes it clear why, with weakly separable preferences
between goods and leisure, capital income taxation cannot be used to deter mimicking.60

The reason is that in that case, a true type 1 and a mimicker have the same valuation for
savings, and the self-selection term (see (14) in appendix 14.6) vanishes.
Note that even if preferences are separable between goods and leisure, the endogenous

wage term in the tax rules provides justification for distorting capital income taxation:

Corollary 1: If consumer preferences are weakly separable between goods and leisure, it is optimal
to impose a tax (subsidy) on capital income, if an increase in the savings—i.e. investment—by
generation t leads to an decrease (increase) of the relative wage of the low-income individuals
(otþ1) of the next generation, t+1.

In the standard taxation model in an OLG economy (in the model examined by Ordover
and Phelps (1979), for instance), there is no reason to rely on taxation between the
generations. This is because the income-earning abilities of the generations are inde-
pendent of each other, and there is no device to transfer income from one generation to
another. The possibility that changes in capital stock may influence income-earning
abilities and wage differences in the future provides a rationale to resort to distorting
taxation of savings of the present generation in favour of future cohorts. This result can
also be interpreted as a reservation to the old issue of the optimality of the so-called
expenditure tax.

59 Stiglitz (1987) provides similar results but does not discuss their implications on marginal tax rules.
60 The result that there should be no capital income taxation if preferences are weakly separable between

goods and leisure has been shown originally by Ordover and Phelps (1979).
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Furthermore, this result has implications to production efficiency. The presence of the
endogenous wage term (the last term) in expression (2) in appendix 14.6 implies
production inefficiency at the optimum of this model. In other words, the across-time
ratio of marginal social values of commodities is not equal to the marginal rate of
transformation of commodities across time, i.e. 1þ rt 6¼ rt�1

rt . Thus, this kind of produc-
tion inefficiency justifies capital income taxation in this model. This is in contrast with
the famous efficiency theorem by Diamond and Mirrlees (1971). The discussion here
bears an obvious similarity with the important work by Naito (1999) who shows that, in
the presence of endogenous wages, the introduction of distortions in the public sector
can Pareto-improve welfare.

14.6.2 THE OPTIMAL PROVISION OF A PUBLIC GOOD
IN AN OLG FRAMEWORK

There are several examples of public goods that have dynamic characteristics that could,
and should, be formulated as durable goods: environmental quality (e.g. climate change),
the basic infrastructure of the society, as well as the material and immaterial heritage of a
nation. Thus actions taken by the government today affect the position and the well-
being of future generations. The aim here is a joint examination of optimal taxation of
savings and the provision of public good in a genuinely dynamic framework.61 Pirttilä
and Tuomala’s (2001) paper is related to those of Batina (1990) and Myles (1997). Batina
considers ways to affect production efficiency by modifying a (static) public good
provision rule in a representative consumer economy with linear taxes, when govern-
ment debt policy is restricted. Myles, in turn, derives a dynamic formulation of the
Samuelson principle using a representative consumer model with no distortionary
taxation and no OLG setting.62 The public good is modelled as a stock that preserves
from period to another and provides a potentially intriguing link between the taxation of
different individuals. Indeed, it is shown how our dynamic formulation of the Samuelson
rule in a second-best world addresses efficiency and distributional considerations both
within and between generations. Finally, worth noting is the fact that the modified
Samuelson rule developed by Pirttilä and Tuomala (2001) is derived in a setting where
the tax policy instruments (the possibility for non-linear income and savings taxation)
are practically relevant.

61 Using the same approach, Park (1991) relaxes the homogeneity assumption but does not derive many
concrete results. For an excellent overview of various OLG tax models, see Renström (1998).

62 John and Pecchenino (1994) examine optimal environmental policy in an OLG economy with the first-
best world assumptions, where the environment is modelled as a stock variable.
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The dynamic public good provision rule can be expressed as follows:

Proposition 2: In the presence of the optimal income and savings taxation scheme, the dynamic
formulation of the Samuelson rule for a public good is given by

p ¼
X1
t¼t

rt

rt
bt�tSMBt

G:

The notion of SMBt
G measures the social marginal benefit of an increase in the level of

the public good at time t; its interpretation is discussed shortly below. Let us begin
the interpretation of this proposition by noting that the dynamic formulation of the
Samuelson rule is written in a similar way to the static one (see Chapter 13): the left-hand
side depicts the marginal rate of transformation between producing an incremental unit
of public good in terms of private consumption. The right-hand side, in turn, measures
the sum over time of the marginal social benefits of an incremental public good. The key
aspect to note is that the expression on the right now measures not only the sum of the
marginal rate of substitution within one generation, but a sum of all these intratemporal
utilities together.63

The marginal social benefit of the public good, as given in equation (19) in appendix
14.6, takes into account all the influences of an increase in the public good stock at one
period. The first term in this expression captures the sum of the marginal rate of
substitution for the public good of the two types of households that are working at
that period. This term is hence equal to the corresponding term in the standard
Samuelson rule of the static case. Within the overlapping generations model, however,
the presence of the public good affects two cohorts at the same time. Thus the optimality
condition also takes into account the sum of the marginal rate of substitution for the
public good of the households that are old at the examined period. This influence is
encapsulated in the second term in (19) in appendix 14.6. The third and fourth terms in
the public good provision rule address the impact of the public good on the self-selection
constraint. Recall and as discussed in Chapter 13 that in the second-best circumstances
where the government cannot observe individuals’ abilities, its redistributive efforts are
limited by the self-selection constraint of the more skilled (higher wages) individuals. For
instance, as demonstrated by Boadway and Keen (1993), if the individual valuation of the
public good decreases with leisure, the government may ease the self-selection constraint
and assist redistribution by distorting the public good provision upwards. This follows
from the observation that in that case, the true type 1 individuals have a higher valuation
of the public good than the mimickers, and revenue-neutral increases in the public good
provision hence deter mimicking. These self-selection impacts are taken into account in
the present model as well, but for both generations living in the period considered.

63 This discussion could be related to the literature on cost-benefit analysis of public projects. An
important early contribution in this field within the OLG models is Pestieau (1974).

OUP CORRECTED PROOF – FINAL, 21/12/2015, SPi

426 OPTIMAL REDISTRIBUTIVE TAXATION



The remaining terms in (19) in appendix 14.6 refer to the presence of the public good
in the production function. The first of these, Ft

G, simply measures the direct influence of
the public good on the production possibilities. If this impact is positive, it increases the
marginal social benefit of public good provision. The second arises from the fact that the
public good may also affect the relative wage in the economy. If, for instance, the public
good increases the relative wage of type-1 workers, this impact raises the social benefit of
public good provision. To conclude, the divergence of the MSB at a given point of time
from the fully efficient Samuelsonian principles stems from the imperfect redistributive
capacity of the government. In these circumstances, under- or over-provision of the
public good may be used for intergenerational redistributive purposes through the self-
selection impact and the influence on the relative wage.
Let us move on to interpretation of the dynamics of the proposition 2. Basically, the

rule measures the sum of the marginal benefits over time. The parameter bt�t in the
rule captures the physical depreciation of the stock of the public good that, if evaluated
at time t, starts at period t+1. The intuition emerging from the term rt

rt is important
and interesting. As noted earlier, the multiplier æ is associated with the shadow price of
the public funds. Now suppose that this shadow price is for some reason higher at
period t+1 than at period t. This means that the weight for the MSBtþ1

G is higher than
that of MSBt

G, which implies that the public good increase at period t should be
relatively high. The intuitive explanation stems from the observation that as the public
funds become more expensive at next period, it is useful to increase the stock already
at period t, and take advantage of the preservation of the public good as a stock to the
next period.
In second-best tax models with redistributive objectives, the interpretation of the

shadow price of public funds, æ, depends on the social value of redistribution and on the
efficiency losses of taxation.64 Therefore, under the most general second-best circum-
stances, the actual realized value of æ remains unknown. Consider next a special case
where the tax system may operate in the first-best world within each generation (that is,
the terms referring to self-selection vanish). Then it may be deduced from equation (6) in
appendix 14.6 that the ratio of the shadow prices at different periods is determined by
rtþ1

rt ¼ @⁣W
@⁣Utþ1 =

@⁣W
@⁣Ut . This expression highlights the intergenerational redistribution aspect

present at the dynamic public good provision rule. It states that if the social marginal

64 This issue comes close to the notion of marginal cost of public funds (MCPF). In its usual form, as a
division of shadow price of public funds by the shadow price of private income, it does not show up in non-
linear tax models that follow the self-selection interpretation, such as Boadway and Keen (1993).
Christiansen (1999) incorporates the notion into such a regime and shows that public funds are distor-
tionary (MCPF>1) if the self-selection constraint is tightened, i.e. the tax increase of the high-ability type is
large enough. The present set-up is more general than that of Christiansen in that it also encompasses capital
income taxation. Examining the level of MCPF in our framework would certainly be interesting, but worthy
of a separate analysis.

OUP CORRECTED PROOF – FINAL, 21/12/2015, SPi

OPTIMAL CAPITAL INCOME TAXATION 427



value of an extra income for generation t+1 is higher than that of generation t, the sum of
the marginal rate of substitution of generation t+1 has a higher weight on the public
good provision rule. This implies that the public good stock may be employed as a
intergenerational redistributive device: in the described case, the increase of the public
stock should be high at this period, since it increases the utility of the people living in the
future. Note that similar kinds of intertemporal considerations are present in a second-
best case as well, though in a muted form, as the evaluation of rtþ1

rt becomes more
complicated.
The modified dynamic Samuelson rule encompasses both intra- and intergenerational

distributional concerns. These concerns arise from the fact that the redistributional
capacity of the government is restricted. Given these circumstances, it is usual, as
discussed in Chapter 13, in the public economics literature to ask if there are some
special conditions under which the second-best optimality rule reduces to the simple,
first-best one. Were this the case, the public good provision rule would become much
more simplified. Christiansen (1981) and Boadway and Keen (1993) show that if
consumer preferences are weakly separable between goods and leisure, the first-best
rule for the public good provision remains valid also for the second-best case under non-
linear income taxation.
In the present model with the public good affecting the production function and the

level of wages as well, these separability conditions do not hold. The following corollary
summarizes this:

Corollary 2. Under the optimal income and savings taxation scheme, if consumer preferences are
weakly separable between goods and leisure, the dynamic analogue of the public good provision
rule does not reduce to the first-best intragenerational Samuelson principle.

The notion of the first-best rule in the intragenerational sense refers to a situation where
only the direct effects of the public good are taken into account in the social marginal
benefit of the public good, given in expression (19) in appendix 14.6. To put it more
rigorously, the social marginal value of an incremental public in the first-best situation
would then be given by SMBt

G �Pi MRSti;GC þPi MRSt�1
i;GX þ Ft

G. The dynamic
Samuelson rule of Proposition 2 would still depend on intergenerational concerns,
captured by the discount factors—hence, the notion of the ‘intragenerational Samuelson
principle’. While the separability structure mentioned in Corollary 2 makes the self-
selection term disappear from the social marginal valuation of the public good [expres-
sion (19)], the last term referring to the impact of public good on wages remains in the
formulation. In contrast to the results cited earlier, it is not possible to separate efficiency
and equity concerns in the public good provision in conditions where standard separ-
ability assumptions are valid.
Both the capital income tax and public good provision rules depend crucially on the

implications of endogenous wages. In particular, the standard rules required for decen-
tralization of equity and efficiency concerns need to be augmented by imposing
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separability also in the production side of the economy. In other cases, first-best rules do
not remain valid in second-best circumstances.
This section has examined the problem of optimal taxation and government

expenditure in a dynamic setting combining a Mirrlees type of an optimal income
tax model and an overlapping generations model, such as that used by Diamond
(1965). While it is not surprising, therefore, that most of the properties of these models
carry over to the present set-up, combining them makes it possible to derive some
properties of optimal taxation of income from capital. In particular, it is possible to
characterize the shape of an optimal tax on capital income similarly to the way in
which the properties of optimal labour income taxation have been highlighted before
in a static framework. Allowing the wages to be endogenously determined in the
model, we also provide a rationale for distorting capital income taxation: the marginal
tax rate on income from capital depends on the relative valuation between present and
future consumption by true low-ability individuals and mimickers, and on the impact
of capital stock on the income-earning abilities of future generations. The latter impact
seems to have interesting implications: it calls for violation of production efficiency
and means that the separability result derived by Ordover and Phelps (1979) does not
hold within this setting.
Pirttilä and Tuomala (2001) also examined the optimal provision of a public good

which is treated as a stock variable. This was addressed by deriving a dynamic analogue
of the Samuelson rule of public good provision in a second-best world with distortionary
labour and capital income taxation. The rule was shown to capture not only efficiency
considerations, but also inter- and intragenerational redistributional concerns. As in the
case of capital income taxation, the standard separability rules do not remain valid in the
present set-up with endogenous wages.

14.6.3 PUBLICLY PROVIDED PRIVATE GOODS IN AN OLG FRAMEWORK

Pirttilä and Tuomala (2002) consider public provision of private goods in a genuinely
dynamic overlapping generations economy. They extend the analysis into a dynamic,
infinite horizon, OLG framework, where the individuals live for two periods, supplying
labour in the first and retiring in the second. The purpose is to demonstrate how the
extension of the production side of the economy to include a stock of publicly provided
private good that preserves from period to another can affect the public provision rule. In
particular, the publicly provided private good may be motivated both for intragenera-
tional and intergenerational reasons. Many of the publicly provided goods have arguably
interesting dynamic and cross-generational effects, because of financing arising from a
different generation (pensions) or potential externality effects between generations
(education). The government may be interested in the provision of such goods precisely
because they have a special characteristic to enhance individuals, capabilities. Part of the
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effects of the publicly provided good can thus be modelled as a stock that preserves from
period to another and provides a potentially intriguing link between the taxation of
different individuals. In such a case, the decision rule for the publicly provided private
good involves efficiency and distributional considerations both within and between
generations.65

The intergenerational effects of public provision are clearly essential in public provi-
sion of pensions, for example. However, important implications also arise in the context
of education: public provision of education not only affects efficiency of redistribution
within one cohort; it can also have lasting effects because of accumulation of knowledge
in the economy. These impacts are of key interest in this section, which focuses on the
role of public provision (say education) in an OLG framework.66

What is novel in the OLG set-up are the intertemporal productivity effects that arise
from the presence of human capital in the model. The level of education, or human
capital, that is obtained at a given period partially preserves to the following periods. In
the subsequent periods, therefore, present investments in education affect first the wage
structure and second the overall productivity of the economy. These impacts are not
taken into account by the individuals themselves in their educational decisions. There-
fore, besides the present period effects, there can be intergenerational reasons for public
provision of education.67

If future productivity effects are large enough, public provision can be welfare-
improving even if we consider the case where no impacts arise from the (static) crowding
out mechanism. Finally, it is interesting to note that some of these impacts may of course
partially offset each other: there can be trade-offs between within-period impacts and
benefits to the future generations. Balancing these requires comparison of the shadow
value of public funds and the importance of the self-selection constraint in different
periods, because the valuation of future benefits depends, among other things, on these
terms.

65 One of the key interest areas in the recent economic research following the asymmetric infor-
mation approach to optimal redistribution has been the attempt to explain the role of public provision
of private goods (such as education, health care, day care and care of the elderly) as part of a
redistributive set of instruments (see e.g. Blomquist and Christiansen (1995), (1998a), and (1998b),
Boadway and Marchand (1995), and Boadway, Marchand, and Sato (1998)). All these studies model
the production side in a simple way with exogenous wage rates for different types of households in a
static setting.

66 For an early contribution in the intertemporal context, see Hare and Ulph (1981). The crucial element
in their model is imperfect capital markets.

67 It is interesting to compare the dynamic provision rule of the publicly provided private good to the
dynamic Samuelson rule of a pure public good, analysed above and in Pirttilä and Tuomala (2001). The key
difference is that if a public good is durable, its effects on the utilities of future generations must be taken into
account directly, whereas the publicly provided private good affects directly only the utilities of current
generation. The dynamic impacts in the private good case arise from the potential production side
implications.
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n APPENDIX 14.2 TAXATION, THE DYNAMIC FORMULATION OF THE SAMUELSON

RULE, AND THE OLG MODEL

If we ignore the generation that is old at period 1,68 we are now in a position to write the
Lagrangean for the government optimization problem as follows:

L ¼ W½Uðc11; x11; y11;G1Þ þ Uðc12; x12; y12;G1Þ; :::�
þ
X1
t¼1

lt½Uðct2; xt2; yt2;GtÞ � Uðct1; xt1;otyt1;G
tÞ�

þ
X1
t¼1

rt½Fðkt; yt1; yt2;GtÞ þ kt � ct � xt�1 � pgt � ktþ1�

þ
X1
t¼1

mt½bGt þ gtþ1 � Gtþ1�

ð1Þ

For a given level of the public good, the first-order conditions at an exemplary date t
revealing the optimal tax structure are the following:

kt : rtðFt
k þ 1Þ � rt�1 � ltÛ

t
2;y

@⁣ot

@⁣kt yt1 ¼ 0; ð2Þ

ct1 :
@⁣W
@⁣Ut

Ut
1;c � ltÛ

t
2;c � rt ¼ 0; ð3Þ

ct2 :
@⁣W
@⁣Ut

þ lt
� �

Ut
2;c � rt ¼ 0 ð4Þ

xt1 :
@⁣W
@⁣Ut

Ut
1;x � ltÛ

t
2;x � rtþ1 ¼ 0; ð5Þ

xt2 :
@⁣W
@⁣Ut

þ lt
� �

Ut
2;x � rtþ1 ¼ 0; ð6Þ

lt1 :
@⁣W
@⁣Ut

Ut
1;y � ltÛ

t
2;y ot þ @⁣ot

@⁣yt1 yt1� �
þ rtFt

y1 ¼ 0; ð7Þ

lt2 :
@⁣W
@⁣Ut

þ lt
� �

Ut
2;y � ltÛ

t
2;y

@⁣ot

@⁣yt2 yt1 þ rtFt
y2 ¼ 0; ð8Þ

where the hat-terms refer to the type-2 when mimicking the choice of the type-1.

68 It is a usual feature of dynamic optimal taxation exercises that it is optimal for the government to
collect the bulk of the revenue by confiscating the capital stock at the outset. We want to abstract from these
complications by leaving out the generation 0. For a good overview on these issues, see Domeij and Klein
(1998).
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Proof of proposition 1: The marginal income tax rate for the high-ability type may be
deduced by dividing (8) by (4) and combining the result with the property in (1):

MTRðnt2yt2Þ ¼
ltÛ

t
2;l

rtnt2

@⁣ot

@⁣yt2 yt1; ð9Þ

which is negative, since Û
t
2;l is negative and the increase in the labour supply of the high-

ability type increases the relative wage of the low-ability workers (i.e. @⁣ot

@⁣yt2 > 0). The
corresponding tax rate for the low-ability type follows from dividing (7) by (3) and
some rearrangements:

MTRðnt1yt1Þ ¼
ltÛ

t
2;c

rtnt1

Û
t
2;y

Û
t
2;c

ot � Ut
2;y

Ut
2;c

 !
þ ltÛ

t
2;y

rtnt1

@⁣ot

@⁣yt1 yt1: ð10Þ

To sign this expression, note first that the latter term, referring to the endogenous wage
structure, is positive, since increasing labour supply of the low-ability type decreases
their relative wage rate (@⁣ot

@yt2
<0). The term in the brackets is positive, because of the

standard single-crossing property: the indifference curve for the high-ability type at a
given point in (income, consumption) -space is assumed to be flatter than that of the
low-ability type. This results from the fact that the type-2 households find it easier to
transform leisure to consumption because of their higher ability. It may be shown that
under the single-crossing assumption, the marginal rate of substitution for the mimicker
is determined by

Û
t
2;y

Û
t
2;c

ot , and that the term in the brackets is positive. Combining the
effect of the two forces in (13), the marginal income tax rate for type-1 households is
positive. QED.
Proof of proposition 2: Individual optimization between the present and future

consumption, for a given after-income-tax income, implies that the marginal savings
tax rate (with sti denoting the savings of household i) may be expressed by:

MTRðstiÞ ¼ �Ut
i;c

Ut
i;x
þ 1þ rtþ1: ð11Þ

Note next that leading and rearranging (2) yields rtþ1 ¼ rt þ ltþ1Û
tþ1
2;y

�
@⁣otþ1

@⁣ktþ1 ytþ1
1 Þ=ð1þ rtþ1Þ. By means of this property and the one in (11), and dividing (4)

by (6), we obtain

MTRðst2Þ ¼
ltþ1Û

tþ1
2;y

rt
@⁣otþ1

@⁣ktþ1
ytþ1
1

Ut
2;c

Ut
2;x

: ð12Þ

This expression reveals that if an increase in savings (and hence in the level of capital)
reduces the relative wage rate of the low-ability households, it is optimal to impose a
positive marginal savings (=capital income) tax on type-2 households. The MTR for
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savings of the low-ability type may be derived in a similar manner. Divide first (3) by (5)
and use the properties above to get:

Ut
1;c

Ut
1;x

1þ ltþ1Û
tþ1
2;l

rt
@⁣ot

@⁣kt ytþ1
1

1þ rtþ1

2
4

3
5 ¼ ltÛ

t
2;x

rt
Û

t
2;c

Û
t
2;x

� Ut
1;c

Ut
1;x

 !
þ 1 ð13Þ

This enables us to write the tax rate as follows:

MTRðst1Þ ¼
ltþ1Û

tþ1
2;l

rt
@⁣otþ1

@⁣ktþ1
ltþ1
1

Ut
1;c

Ut
1;x

� ltÛ
t
2;x

rt
Û

t
2;c

Û
t
2;x

� Ut
1;c

Ut
1;x

 !
ð1þ rtþ1Þ: ð14Þ

This expression encompasses two distinct influences: the first term on the right is
analogous to the expression in the MTR for savings of the high-income type, and
captures the effect of extra capital on the relative wage rate. If @⁣otþ1

@⁣ktþ1 is negative, the
endogenous wage term in (14) implies a positive marginal tax rate on savings, and vice
versa for a positive @⁣otþ1

@⁣ktþ1 . The latter term in (14), arising from the self-selection consid-
erations, becomes positive (negative) if a mimicker has a higher (lower) valuation of
future consumption than a true type-1 representative. Clearly, in the case where the two
impacts have different signs, the MTR for savings of type 2 remains ambiguous. QED.
The optimality conditions are the following:

Gt :
@⁣W
@⁣Ut

ðUt
1;G þ Ut

2;GÞ þ
@⁣W
@⁣Ut�1

ðUt�1
1;G þ Ut�1

2;G Þ þ ltðUt
2;G � Û

t
2;GÞ

þlt�1ðUt�1
2;G � Û

t�1
2;G Þ � ltÛ

t
2;l
@⁣ot

@⁣Gt
lt1 þ rtFt

G þ mtb� mt�1 ¼ 0;
ð15Þ

gt : � rtpþ mt�1 ¼ 0: ð16Þ
Note that the level of the public good affects at the same time t both the young and the
old living in that period, and it also influences the production possibilities and the
relative wage in the economy. Equation (15) may be reformulated by substituting
from (3), (4), (5), and (6), and by defining the marginal rate of substitution between
the public good and the consumption when young and the consumption when old as

MRSti;GC ¼ Ut
i;G

Ut
i;c

and MRSti;GX ¼ Ut
i;G

Ut
i;x
, respectively. Conducting these operations in (15)

yields:

MRSt1;GC
ltÛ

t
2;c

rt
þ 1

 !
þMRSt�1

1;GX

lt�1Û
t�1
2;x

rt
þ 1

 !
þMRSt2;GC þMRSt�1

2;GX

� ltÛ
t
2;G

rt
� lt�1Û

t�1
2;G

rt
� ltÛ

t
2;l

rt
@⁣ot

@⁣Gt
lt1 þ Ft

G þ mt

rt
b� mt�1

rt
¼ 0:

ð17Þ
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Using lt∗ as shorthand for
lt Û

t
2;c

rt and lt�1
# for

lt�1Û
t�1
2;x

rt , (17) may be rewritten as:

SMBt
G þ mt

rt
b ¼ mt�1

rt
; ð18Þ

where

SMBt
G �

X
i

MRSti;GC þ
X
i

MRSt�1
i;GX þ lt∗ðMRSt2;GC �MR̂St1;GCÞ

þ lt�1
# ðMRSt�1

2;GX �MR̂St�1
1;GXÞ þ Ft

G � ltÛ
t
2;y

rt
@⁣ot

@⁣Gt
yt1:

ð19Þ

According to equation (18), the shadow value of the public good at one period should be
equal to the value of an incremental unit of the public good (SMBt

G) plus the shadow
value of the public good next period. To arrive at the final formulation of the dynamic
public good provision rule, lead (18) first by one period, then two, and so on, and
substitute these values again in (18).69 Combining the result with (18) enables us to state
proposition 2 in the text.

14.7 Other cases for capital income tax

There are still many other considerations related to capital income taxation. In a multi-
period model with a rising age–earnings profile, individuals might be liquidity-
constrained early in life if they need to finance houses, durable goods, and human capital
accumulation, or to hold assets to insure against uncertainty in the length of life. In these
circumstances, postponing tax liabilities until later on in life relaxes the liquidity
constraint. A number of papers have shown that the optimal tax on capital income
can become positive when capital market imperfections are introduced, even in models
with no inheritance. Typically, the optimal capital income tax is positive because it is a
way to redistribute from those with no credit constraints (the owners of capital) toward
those with credit constraints (non-owners of capital). Aiyagari (1995) and Chamley
(2001) make this point formally in a model with borrowing constrained infinitely lived
agents facing labour income risk. They show that optimal capital income taxation is
positive when consumption is positively correlated with savings. They do not compute
numerical values for optimal capital tax rates. Farhi and Werning (2011) also propose a
quantitative calibration of an infinite horizon model with borrowing constraints but they
find small welfare gains from capital taxation. In contrast, Conesa, Kitao, and Krueger
(2009) calibrate an optimal tax OLG lifecycle model with uninsurable idiosyncratic
labour productivity shocks and borrowing constraints, and find capital income tax is

69 In other words, we simply add the first-order conditions for the public good evaluated at different
periods together to obtain the present value of an increase in the public good.
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36 per cent and labour income tax is 23 per cent in their preferred specification. The
main effect seems to be that capital income tax is a way to shift the tax burden onto older
cohorts and to alleviate the liquidity constraints faced by younger cohorts. Of course, in
principle, this could also be achieved by using age-dependent taxation. In fact, public
pension systems do this in practice. Jacobs and Bovenberg (2010) demonstrated that
capital taxes are optimally positive even in the absence of binding credit constraints,
since the capital tax reduces the disincentives of the labour tax on human capital
investments. Alvarez et al (1992) show, in a representative individual two-period context
with a constant wage rate in the two periods, that optimal labour income tax should fall
with age if the interest rate exceeds the utility discount factor. If labour income taxes
must be constant over time, capital income should face a positive tax rate if the interest
rate exceeds the utility discount factor, and vice versa. Cremer, Lozachmeur, and
Pestieau (2010) show that if expected longevity is increasing in skills, tax on capital
income is desirable.
As we see in Chapter 12, the Atkinson–Stiglitz result is often used as an argument

against the use of differentiated commodity taxation as a redistributive device. Direct
income transfers (as a part of an optimal income tax scheme) would be sufficient instead.
When the government seeks to minimize poverty, even with separable preferences
between consumption of present and future periods and leisure, taxation of saving is
optimal. As noted in Pirttilä and Tuomala (2004), this result can also be linked to the
taxation of savings. When different commodities are interpreted as consumption in
different points in time, the Atkinson and Stiglitz (1976) result implies that savings
should not be taxed. A plausible case in practice is one where the poverty index is
measured based on current consumption. This measurement, which can be defended at
least if poverty is transitory, would imply a relative encouragement of present over future
consumption, in other words, a positive tax rate on savings. Overall, there are reasonably
strong cases for capital income tax. Taken together, these results suggest that capital
income tax rates should be positive (see Banks and Diamond 2010).
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15 Discussion and conclusions

The optimal tax framework developed by Mirrlees (1971) has dominated the economics
of taxation for the past forty years. It provides an analytical framework for thinking
through the relationship between inherent inequality and the extent of redistribution.
Three elements of the model are useful for this purpose. First is the concept of in-
herent inequality, reflecting, among other things, skilled/unskilled wage differentials,
asset inequality, and social norms. If there is no intervention by the government, the
inherent inequality will be fully reflected in the disposable income. However, if the
government wants to intervene—as seems to be the case in developed countries—it will
find the second component of the Mirrlees model, the egalitarian objectives of the
government. And if the government tries to redistribute income from high-income
people to low-income people, there will be incentive and disincentive effects. In other
words, the redistribution policy is the product of circumstances and objectives.
In fact, some of the basic features of redistribution in OECD countries can be

explained through the Mirrlees model. Tanninen and Tuomala (2005) examine the
relationship between the inherent inequality and the extent of redistribution by utilizing
the Luxembourg Income Study (LIS) database. This database provides both market (pre-
tax) and disposable income distributions for a number of OECD countries over the past
two or three decades. They find that redistribution in these countries is positively
associated with inherent inequality up to the mid-1990s. If the inherent inequality
increases (decreases) for any given incentive effects and the degree of espoused egalitar-
ianism, so will the society’s redistributive effort. The authors’ empirical results are based
on the assumption that the degree of espoused egalitarianism has remained constant
over the period considered. Namely, there have not been significant changes in the
overall progressivity of the OECD countries between 1985 and 1994 (see Messere 1998).
Of course, distributional objectives differ from one country to another and from one
government to another. There is, however, some recent individual-country evidence that
there could have been a shift in norms, causing government to become less willing to
finance transfers and to levy progressive taxes (e.g. in the UK and Finland; see Atkinson
1999), leading to reductions in the extent of redistribution. One could argue, in line with
Atkinson (1999), that these kinds of changes have been episodic rather than time-trend,
and are therefore rather difficult to justify for example in the context of median voter
models. Thus, future research should be focused on the role of the egalitarian objectives
of government, which is also an important component of the Mirrlees model.



A key insight of the optimal tax theory is that the different elements of the tax system
cannot be determined without at the same time determining the whole optimum tax and
expenditure system. The Mirrlees Review notes (2011, p. 2):

the crucial insight that the tax system needs to be seen as just that—a system. While we address
the impact of each tax separately for simplicity of exposition, we focus throughout on the impact
of the system as a whole—how taxes fit together and how the system as a whole achieves
government’s goals.

In other words, it makes it possible to focus on some element of the tax system, but at the
same time we should be sure that no proposals can be valid out of the context of the rest
of the tax system. Keeping in mind this insight, we now discuss some policy lessons of
optimal tax theory.
Several types of low-income support programmes are used in practice in developed

countries. Each of them can be justified by a different theory and set of assumptions. The
numerical simulations carried out in the Mirrlees model predict that optimal transfer at
bottom takes the form of a negative income tax; the optimal income support programme
is characterized by a guaranteed income for those without earnings and a positive
phasing-out rate of the support as earnings increase. The level of the guaranteed income
depends positively on government’s distributional preferences, the curvature of utility
over consumption, and the shape of the pre-tax income distribution, and negatively on
government revenue requirement and the elasticity of substitution between consump-
tion and leisure. The level of the phasing-out or withdrawal marginal rate also depends
positively on government’s distributional preferences, the shape of the pre-tax income
distribution, the curvature of utility over consumption, and government revenue
requirements, and negatively on the elasticity of substitution between consumption
and leisure.
As is well known, the older literature on optimal income taxation did not provide

support for the general presumption that the taxation of income should be progressive
throughout, in the sense of increasing marginal tax rates. Surprisingly, numerical
examples in most cases give a negative answer to this, with optimal income tax schedules
typically being progressive at low levels of income and then regressive from a certain
point onwards. Two main exceptions to this general shape have been noticed in the older
literature: one is that with a Pareto distribution of skills, Mirrlees (1971) found rather
high asymptotic marginal taxes (about 30–60 per cent) for the thick and slowly falling
Paretian upper tail, in contrast with fairly low marginal taxes at high incomes (15~20 per
cent, asymptotically zero) for the more rapidly falling lognormal (both for elasticities of
substitution between consumption and leisure not greater than one). Given that, the
results of Diamond (1998) and Saez (2001)—the marginal tax rates are increasing in the
upper part of income distribution—are not perhaps that surprising. Another exception is
when the supply of labour is positively sloped at all high levels of (net) income (Mirrlees
1971, case (i) on p. 189), in which case not much money needs to be left to the high-
income people from their marginal earnings to have them always working more the
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more able they are, thus making optimal marginal tax rates tend asymptotically to one,
so as to exploit these taxpayers’ revenue and/or redistributive possibilities.
As mentioned in the introduction, the increasing share of top income earners in total

income has been a notable feature of the changes in income inequality in many advanced
countries. We also noted above that the cuts in top marginal tax rates have had a crucial
role in this evolution. How high should the top marginal tax rate be? In Chapter 4 we
provide some answers based on the standard model. How to assess these results for the
top marginal tax rate? It is clear that it depends on whether elements left out of the
standard model change them. There are good reasons to suspect that the labour market
of top income earners deviates from the standard competitive model in a number of
important respects. They are not paid their marginal product. For example, as Persson
and Sandmo (2005) argue, a ‘tournament’ model where wages are determined not by
productivity, but by one’s productivity relative to other workers, would be more relevant
for the salaries of top executives. Or, if the economic activity at high incomes is primarily
socially unproductive rent-seeking, then it would be plausible to impose higher marginal
rates at top income levels than those calculated above. Based on rent-seeking by
executives, and how cutting top rates of tax encouraged this rent-seeking, Piketty,
Saez, and Stantcheva (2014) provide an alternative model that they call a ‘compensation
bargaining’ model. They argue that with lower tax rates, the CEO has a much greater
incentive to put lots of effort into the bargaining process with the company. They, rather
than the tax authority, will receive the rewards from being successful. The paper also
shows that there is a ‘clear correlation between the drop in top marginal tax rates and the
surge in top income shares’ (p. 232). Furthermore, they have microeconomic evidence
that CEOs’ pay for firms’ performance (such as stock options) outside the CEO’s control
is more important when tax rates are low. Lockwood, Nathanson, and Weyl (2012, p. 1)
in turn argue that ‘If higher-paying professions (e.g. finance and management) generate
less positive net externalities than lower-paying professions (e.g. public service and
education) taxation may enhance efficiency’. In their model, marginal tax rates may be
Pigouvian taxes on externality-generating activities. Interestingly, in their model, high
elasticities of switching careers, in response to incentives, may support progressive
taxation rather than working against it (see also Rothschild and Scheuer 2012). Our
numerical examples on top tax rates in Chapter 7 just take into account the externality
effect. In fact, the comments made by Arrow (1978) in his critique of Nozick (1974)
capture, essentially, all these above cases. It is useful to reiterate the quotation presented
in Chapter 2 here:

There are large gains to social integration above and beyond what the individuals and subgroups
could achieve on their own. The owners of scarce personal assets do not have a private use of
these assets which is considerable, it is only their value in a large system which makes these assets
valuable, hence, there is a surplus created by the existence of society as such which is available for
redistribution. (Arrow 1978, pp. 278–9)
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Finally, it is somewhat misleading to count corporate mega-salaries as earned or labour
income. Robert Solow in turn made an important observation on this in his review of
Piketty’s book for The New Republic (2014): ‘It is pretty clear that the class of super-
managers belongs socially and politically with the rentiers, not with the larger body of
salaried and independent professionals and middle managers’.
Atkinson (2014) in turn emphasizes that marginal tax rates are not only about

incentives; they are just as much governed by notions of fairness. This means that we
have to consider social objectives other than revenue maximization. Fairness implies that
people should keep a reasonable share of what they make. Hence Atkinson (2014)
suggests that the marginal tax rate for the rich should be no different from that
applied to the incomes of poor. In the UK case this means that the top rate should
also be 65 per cent.
The U-shaped pattern is very close to the marginal rate structure commonly observed

in many countries. This pattern has sometimes been referred to as a tax structure which
sets the floor for poverty and the ceiling to riches on egalitarian grounds. High marginal
tax rates at lower income levels are due to the interaction between the various schemes
for income support and income taxation at the lower end of the income scale. The
U-shape of tax schedules in Saez (2001) was a direct consequence of the U-shaped
pattern of distribution ratio. One of the key lessons from our numerical simulations in
Chapter 5 is that without assuming constant labour-supply elasticity, as in Diamond
(1998) and Saez (2001), it is difficult to find the U-shaped pattern of the marginal income
tax rates over the entire distribution of wages. Our numerical simulations in Chapter 5
show that it is either a sufficiently high pre-tax inequality or a combination of sufficiently
high pre-tax inequality and sufficiently low revenue requirement that leads to a pattern
of optimally increasing marginal tax rates. In particular, Tuomala (2010) found that the
utility function quadratic in consumption and with upper bound on consumption
necessarily implies a concave budget constraint in the Mirrlees (1971) model. In other
words, the marginal tax rates are increasing in income, at least in the utilitarian case.
Hence Tuomala’s (1990, p. 14) conclusion that ‘it is difficult (if at all possible) to find a
convincing argument for a progressive marginal tax rate structure throughout’ in the
Mirrlees model has turned out to be too hasty.
Our numerical results also indicate that it is a sufficiently high inequality aversion

(maximin, ‘Rawlsian’) that leads to a pattern of optimally declining marginal tax rates.
This may sound surprising, but we have to remember that a high marginal tax rate as
such has no valuable distributional function. Its role is to increase the average tax rates
higher up the income scale. It is also worth noting two things related to the maximin
case. The declining marginal tax rates are not surprising, due to the fact that social
welfare weights are concentrated only on the least well-off. Second, the extent of
redistribution is still much larger in the maximin case than in the other social objectives
considered. Furthermore, we show that the revenue requirement has a central role in
determining the extent of redistribution and the level of the guaranteed minimum
income.
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There is a tendency to focus on the efficiency costs and to ignore differences in
distributional objectives. In their survey in the Journal of Economic Perspectives,
Mankiw, Weinzierl, and Yagan (2009, p. 148) say explicitly that they regard these
differences as of ‘secondary importance, and one would not go far wrong in thinking
of the social planner as a classic “linear” utilitarian’. In this book we have examined the
effect of the several alternative criterion of social preferences. It turns out to be so that the
differences between different social objectives are of far from ‘secondary importance’.
The substantial growth in top income shares over the past few decades in rich

countries, together with the fact that, over the same period, top tax rates in virtually all
these countries have been falling rapidly, has led to the obvious question of the appro-
priate levels of taxation of top incomes. At the same time we have seen a shift in the
burden of taxation from the top to further down in the income distribution. In Chapter 4
there was a lot of emphasis on top marginal tax rates. It is true that much of the literature
trades on marginal tax rates, but the computational techniques can also be used to say
something about average rates. In Chapter 5 we considered how the optimal income tax
schedule changes when top income inequality increases. Our numerical results suggest
that this shift in tax burden from top to further down cannot be justified in the standard
Mirrlees model, which embodies conventional assumptions about inequality aversion
and the trade-off between equity and efficiency. In fact, an appropriate response to rising
top income inequality is a shift toward a more progressive income tax system.
The Mirrlees model focuses only on intensive-margin response of labour supply. But

empirical literature shows that participation labour-supply responses may be most
important especially for low incomes. Diamond (1980), Saez (2002), and Laroque
(2005) incorporate such extensive labour-supply responses into an optimal income tax
model. By introducing fixed job packages (cannot smoothly choose earnings), refundable
tax credits such as EITC are desirable in the Saez extensive-margin model because they
redistribute more money to those on a low income and save the government money by
getting people away from welfare benefits. In the Mirrlees intensive-margin model, the
second effect is ruled out. Creating an EITC would always cost government more
through intensive responses. It is always preferable to redistribute by giving more
money to the lowest income. The extensive model can be extended to allow both
intensive and extensive responses, allowing higher types to switch to lower jobs. Hence
the general formula for optimal tax is a function of both intensive and extensive margin
elasticity.
There are several benefits in the NIT, such as no one being omitted, low administra-

tion costs, and no stigma. On the side of costs are efficiency losses from less work.
Benefits of the EITC are that it offers more incentive to work and low administration
costs. The costs of the EITC are efficiency loss in phase-out range and no coverage of
non-workers. On the basis of the existing research literature it is too early for a final
verdict on the choice between the EITC and the negative income tax. There are features
missing both in Mirrlees (1971) and Saez (2002). In these models the incidence and
efficiency losses of taxes and transfers have been analysed in isolation from expenditure
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side. There is now a relatively large literature that has attempted to explain the role of
public provision of private goods or in-kind transfers (such as education, health care, day
care, and care of the elderly) as part of a redistributive set of instruments.1 Blomquist,
Christiansen, and Micheletto (2009) show that the negligence on the expenditure side
may imply a serious misperception of the effects of marginal tax rates. The reason is that
part of the marginal tax may in fact be payment for publicly provided goods and reflects
a cost that the consumers should bear in order to face the proper incentives. Hence, part
of the marginal tax has the same role as a market price; it conveys information about the
real social cost of working more hours. Their main result is that there is a gain in
efficiency where public provision of such a service replaces market purchases. Hence, it
might very well be that economies with higher marginal tax rates have less severe
distortions than economies with lower marginal tax rates.
Jacquet and Van de Gaer (2011) make the interesting finding that the equality of

opportunity approach tends to favour the negative income tax against the EITC. This is
an important result because it shows that the choice between the EITC and the NIT is
not only on the nature of labour-supply margins (extensive or intensive) but very much
dependent on social objectives. In other words, it is not solely a question of ‘social
engineering’.
The effects of taxes and benefits on behaviour that we have considered so far are

short-term—for example, to the extent to which a tax credit might encourage more
people to take paid work. In addition to these short-term impacts, there may also be
long-term effects. But what effect will the EITC have in the long run, perhaps by
influencing the decisions people make about education or training? Since it reduces
the financial reward from seeking higher wages, one might expect it to reduce the
incentive to invest in training. We know little about these effects and they may be
more significant than many of those that we do understand much better.
If relative income matters, how does this affect income tax progressivity? Chapter 7

provides three sets of answers to this general question. First, it supports the conclusion in
the literature that relativity leads to higher marginal tax rates. Second, by and large, we
find support for greater progressivity, defined as the steepness of the rise of the marginal
tax rate schedule, as relativity concern increases. Third, none of the papers in the
literature, to our knowledge, examines the interplay of relativity and inequality in
determining the optimal structure of taxes. Our special analytical cases and more general
numerical calculations support the conclusion that higher inequality dampens the
positive impact of greater relativity on the level and the progression of marginal tax rates.
Should we adopt the low-income support programme based on either targeting by

income (NIT&EITC) or targeting by indicators (tagging and taxing)? Targeted pro-
grammes based not only on income information, as in NIT&EITC, but which can use

1 See e.g. Nichols and Zeckhauser (1982), Blomquist and Christiansen (1995), (1998a), and (1998b),
Boadway and Marchand (1995), Cremer-Gahvari (1997), Boadway, Marchand, and Sato (1998), and
Pirttilä-Tuomala (2002).
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information on characteristics that are not easily manipulable and are related to work
ability such as age, disability, or families with young children could help to improve
redistribution with lower efficiency costs on the margin. Tagging relaxes incentive
constraint by tying the tax rate to immutable qualities. The issue of policy design is
not therefore a confrontation between fully universal benefits and pure income testing;
rather, the question is that of the appropriate balance of categorical and income tests.
Simulations point to two important features of the solution in tagging problems. First,

the gains from the use of categorical information can quite plausibly be significant.
Second, and more strikingly, the qualitative pattern of the optimal group-specific
schedule may be entirely different across groups: marginal tax rates optimally decrease
with income within the richer group, yet within the poorer group they optimally
increase with income (over most of the income range, at least). One possible explanation
for this is that inter-group transfers may imply group-specific revenue requirements
for poorer groups that are very much lower than simulations have conventionally
considered in the standard Mirrlees (1971) model, and optimal tax design in such
circumstances may involve a generous poll subsidy recovered from the better-off by a
pattern of increasing marginal tax rates over much of the income range. The differences
in the shape of the ability distributions in different groups may be an equally or even
more important source of the different patterns in rates. Our simulations in a single
schedule case already suggest this pattern. It is also important to note that optimal
marginal tax rates are lower on poorer groups. This deviates from the practice of using
higher combined (tax/benefit systems) marginal rates at the phase-out range.
The large body of literature on ‘tagging’ shows that group-specific tax and transfer

schedules improve welfare over the case where the government is restricted to a single
schedule over the whole population. The central assumption, however, is that the
groupings available to the government are given and fixed. But how many and which
types of groups should the government choose to tag? This is the question addressed by
Kanbur and Tuomala (2014). Starting with a simple framework and ending with
numerical simulations based on data from Finland, they show how groupings should
be formed for tagging, and provide a quantitative assessment of how group differences
affect the gains from tagging. They also provide a quantitative assessment of the welfare
gains from increasing the number of tagged groups. Their results are the first steps in a
richer analysis of tagging which expands the question of design to the arena of choice
over groups being tagged.
Do policy prescriptions differ if we adopt non-welfarist social objectives? The safest

conclusion in Chapter 9—although a provisional one, because our simulations are
inevitably only special cases—seems to be that a concern with income poverty does
not in itself provide a strong case for marginal tax rates on the bulk of the poor that are
substantially lower than expected from the perspective of the welfarist tradition. The
reason for this, it seems, is that shifting from the welfarist to the non-welfarist perspec-
tive introduces two considerations that point in opposite directions. First, the case for
lower marginal tax rates on the poor is strengthened by the prospect of inducing them to
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raise their own incomes. The non-welfarist view attaches no weight to the leisure that the
poor forgo; this underlies the result that a marginal earnings subsidy on the very poorest
is optimal when that individual works. Second, the case for lower marginal tax rates on
the poor is weakened by the need to support the incomes of the poor, rather than their
welfare, which could be ‘bought’ by allowing them a relatively high amount of leisure:
supporting the incomes of the poor calls for relatively high marginal tax rates in the
lower part of the income distribution, and the revenue needed for this support requires
that sufficiently high average tax rates be imposed on higher incomes. The simulations
suggest that these two opposing effects broadly offset one another.
An important simplification in the optimal income tax model with extensive and/or

intensive margins is that individuals differ only in skills but not in other characteristics.
In Chapter 10 we extend our discussion into a two-dimensional population. The numer-
ical results obtained in the case where people differ not only in skill but also in some
other characteristics direct us toward influences that a richer picture of population would
have on the optimal income tax schedule. On the basis of numerical results in this
setting, we conclude that the tax system is more redistributive compared to those
obtained from the one-dimensional case. This may be surprising to those who believe
that taking into account different work preferences is an argument for having less
redistribution and hence lower levels of income taxation and social security payments.
The problem of optimal taxation when people have different preferences raises difficult
normative questions. A higher income may be due either to differences in innate
productivity levels or to differences in effort. Over the past several decades, the growing
body of work in social philosophy, welfare economics, and social choice theory has
investigated problems of responsibility. This is often connected with an ideal of equality
of opportunity. The key starting point of the literature on equality of opportunity is the
idea that inequalities in outcomes can be partitioned into justifiable sources of inequality
and unjustifiable sources, but, as pointed out by Kanbur and Wagstaff (2014, p. 4), ‘a
clean separation may not be possible, certainly empirically and perhaps even
conceptually’.
If we see redistribution as a form of insurance, then a relevant distinction can be

made between redistribution before and after the ‘veil’ of ignorance. In the Rawlsian
original position, redistribution is carried out between people whose identity is—
hypothetically—not yet known. Appeal to such a principle is an appeal to our moral
intuition. But where individuals face randomness in their incomes, social insurance may
be in the interest of identified individuals. For some reason, Mirrlees (1974) has received
less attention than Mirrlees (1971). One reason (e.g. Kaplow 1991) is that government
may not be better than the private market in providing such insurance.2,3 In adverse

2 For two potential approaches to addressing private insurance provision see Golosov and Tsyvinski
(2006) and Chetty and Saez (2010).

3 The trouble with this is that it assumes a world of perfectly competitive and perfectly clearing markets,
but in such a theoretical framework we find none of the contingencies for which the social insurance exists.
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selection (e.g. Mirrlees 1971) models, only government can improve redistributive
outcomes once abilities (skills) are revealed to individuals. If, in turn, differences in
income are a result only of luck and have nothing to do with ability, then the optimal
income tax may well involve taxing top incomes at very high marginal rates. Since the
after-tax reward falls, this weakens the incentive to work of top income-earning people.
But the chances of becoming a top-income individual (which depend only on luck here)
are pretty low anyway, so taxing top incomes at a high rate would not really discourage
much effort from those hoping to become one of those at the top.
The findings in a model of optimal non-linear income taxation under income uncer-

tainty, where the preferences are modelled along the lines of prospect theory, have
potentially important implications. For income-taxation models, the optimality of full
insurance around or below the reference point suggests that high marginal tax rates at low
incomes may not necessarily be as harmful as is sometimes claimed. In fact, such a system
supports organizing a minimum income level through e.g. social assistance.
Since calculations require simplification, the simplicity of the model is not in itself

subject to apology. But we should reassess some of the considerations that have been
simplified away or might be thought to have been ignored. Some people may choose to
work even when they could receive more income support if they did not work. This is not
surprising, because a certain amount of work adds interest to life and helps self-respect.
People and jobs vary greatly in the extent to which work is intrinsically desirable. Does
this imply higher marginal rates and guaranteed income? It may be imposed as a prior
constraint that everyone should derive financial gain from working. If this is the case,
then solutions to the low-income or basic income design problem which has the property
that at the optimum some people choose not to work will be ruled out. The support
scheme may then be constrained to offer a level of guaranteed income which on other
grounds would be regarded as inadequate.
On top of the income tax, the government has access to other forms to redistribute

income—such as commodity taxation, public goods, and public provision of private
goods (education, health care, social services). Can the government design a better
redistribution system with the help of these additional instruments? Atkinson and
Stiglitz (1976) considerably played down the potential role of differentiated commodity
tax rates as a redistributive device. Although such preference structure required for this
result is not likely to be empirically valid, optimal tax theory is quite often seen to
provide a limited role for commodity taxation in redistribution. Much policy advice has
similarly argued that the scope of redistribution achieved by differentiated commodity
tax rates is relatively minor and similar impacts could be more easily obtained by
income-based targeting. In the optimal tax literature, individual behaviour is largely
modelled by utility maximization and social welfare is typically based on welfarism, i.e.
assessed in terms of individual utilities. It is this kind of analysis that lies behind the
policy recommendations in the Mirrlees Review such as the ‘strong case for broadening
the VAT base and moving towards a uniform rate’ (p. 229). Yet most countries continue
to use differential commodity tax rates. There are several considerations that support
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differential goods taxation in the welfarist tradition. Examples include differences in
unobserved endowments of some commodities; differences in preferences; differences
in the need for particular goods; differences in labour utilization in producing commod-
ities. In the non-welfarist context (e.g. the aim of the tax policy is to minimize poverty),
there is no reason to suppose that influencing income is better than affecting the
consumption of the commodities. The poverty index depends directly on the consump-
tion of some commodities, and if it is in the interest of the government to promote their
consumption, then this also implies that income-based targeting is not necessarily
superior to targeting based on consumption goods.
All above results are based on the assumption of perfect competition. Would the

existence of imperfect competition change our conclusions on the optimal design of
commodity taxation? There are good reasons to believe they could change. As explained
by Auerbach and Hines (2003, p.15), the condition for an optimal tax on an imperfectly
competitive market ‘carries precisely the interpretation . . . for the tax conditions in the
presence of externalities. Intuitively, the “externality” in the case of imperfect competi-
tion is the outcome of the oligopolistic output selection, resulting in the extra mark-up’.
In fact, this observation implies that externalities are much more widespread than what
we considered in Chapter 12. It is not just the environmental harmful goods (pollution)
or alcohol and tobacco, but also externalities across many industries.
Much of the activities of modern welfare or social state are related to provision of

private goods (pensions, education, health care, childcare, care of the elderly, etc.).
Redistribution is one, although not the only, reason why these intrinsically private
goods are publicly provided, whereas the share of pure public goods is small (general
administration, defence, etc.). Introducing additional distortionary policies, which would
not be used in a first-best world without asymmetric information, can be useful in a
second-best situation if they help mitigate the distortions stemming from the distor-
tionary income taxation. In other words, public provision can be an efficient comple-
ment to the tax-transfer system as a way to design a better redistribution system. This is
based on the notion that in a second-best world, quantity controls can be welfare-
improving. We can find several welfare-theoretic arguments that may conceivably
support a role for public provision of private goods. For example, externalities, scale
economies, transaction costs, and merit-good arguments provide some reasons for
public provision. There are also non-welfarist reasons for public provision or subsidiz-
ing, say, health care, education, and housing. As previously noted, the publicly provided
goods typically affect people’s capability to function in society and the labour market.
Amartya Sen’s capability approach might be more plausible in this context than maxi-
mizing social welfare as the proper objective for the government. It is clear that provision
of public goods and publicly provided goods has an important role in guaranteeing many
aspects of capabilities. Hence the government should be concerned with the distribution
of capabilities. How should we modify the rules of public provision if we take into
account not only willingness to pay but also the contribution to capabilities? This is an
important research topic for the future.
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The literature has also argued that not only public provision but also public produc-
tion can be an efficient complement to the tax-transfer system as a way to design a better
redistribution system. By employing relatively more low-skilled than skilled labour in
public production, low-skilled labour becomes scarcer in the private sector, and the
relative wage of low-skilled labour in the private sector increases. Because of the
reduction in wage inequality, the need to redistribute income by distorting income
taxation decreases. These observations may provide one explanation for the large
proportions of the public sector and the combination of public production and public
provision in some countries, particularly in the Nordic countries. It also implies that a
larger public sector may not necessarily hamper efficiency as much as is sometimes
thought.
One of the limitations of the standard income tax model is that it does not address

intertemporal problems. In an intertemporal setting, capital income taxation becomes
relevant. The theoretical case for capital income taxation seems to be fairly strong, as
discussed in Chapter 14. It is particularly strong if those with higher earning capacity are
more likely to save and will achieve a higher return on any savings they have. This
provides a strong case for taxing savings, because savings are an indicator of high
earnings capacity. Capital income could be taxed, and with a different rate schedule.
The recent research in behavioural economics has demonstrated that individual

decision-making often suffers from various biases. Some people save more for the future
than others because they are more patient. Some save more because they have a greater
understanding of the options available and the consequences of saving, or not saving. In
particular, those with low earnings capacity do not save enough. They may be impatient
and have difficulty making appropriate calculations and decisions. In these situations
when there is a possible conflict between an individual’s long-term preference and his
short-term behaviour, the government may want to intervene. If the observed level of
saving is a good proxy for earnings capacity, then taxing savings might be a useful way of
redistributing. We might then want to subsidize or otherwise encourage them to save. At
the margin, by taxing savings, the government could raise revenue and redistribute from
those with a higher earning capacity while reducing tax rates on labour supply.
Allowing the wages to be endogenously determined in the OLG model, Pirttilä and

Tuomala (2001) and Chapter 14 (14.6) have shown that capital income taxation may be
desirable even when preferences are separable across time where future relative wages are
sensitive to current savings via the impact of capital stock on the income-earning abilities
of future generations, i.e. their effect on capital income. The latter impact seems to have
interesting implications: it calls for violation of production efficiency and means that the
separability result derived by Ordover and Phelps (1979) does not hold within the
present setting. The latter result can also be interpreted as a reservation to the old
issue of the optimality of the so-called expenditure taxation.
If savings were only made for life-cycle smoothing purposes, and everyone has the

same preferences, then wealth differences for any given cohort will reflect earnings
differences. This is not the only way in which people receive capital, however. For
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instance, some people inherit it. Recent studies show that after a long period in which
inheritance was declining, it is now increasing again in significance in many advanced
countries. Again we have a fairly strong case for capital income taxation. This is
especially the case if inheritances are not taxed. It is important to note in this context
that one of the lessons from Piketty (2014) is that the relatively high degree of equality
seen after WorldWar II was partly a result of progressive taxation, but even more a result
of the destruction of inherited wealth.
The standard argument against taxing the return to saving relies on the assumption

that taxing savings creates inefficiencies and cannot help with redistribution. Other
arguments against it are related to administration considerations. One is that some of
the most important assets are likely to escape taxation, either because their returns are
difficult to tax (imputed housing rents, personal businesses, human capital investment)
or because there are reasons for preferential treatment (retirement saving). The other is
the administrative complexity of taxing all forms of capital income, which was the one
reason for the proportional rate adopted in the Nordic dual system. Often many of these
reasons against taxing capital or capital income are political excuses to do nothing to
minimize tax avoidance. It is clear that international co-operation in fiscal matters makes
it easier to implement taxes on capital.
Our main conclusion in Chapter 14 was that neither zero taxation, nor taxing total

income, nor the Nordic dual income tax model were supported by the existing optimal
capital income tax models. In sum, the difficulty distinguishing in practice between
labour and capital income provides support for a so called comprehensive income tax
(i.e. taxing the sum of labour and capital income)—or, at least, for taxing capital and
labour income at rates that are not too different.
There are many questions that received little or no attention in this book, as well as

more generally in the optimal tax literature. For example, we have not raised issues of
political economy. There was, however, some brief discussion about the political econ-
omy of redistribution in the context of the median voter model and linear progressive
taxation. Moreover, there is a brief mention of it in discussing the backing out of social
weights from the observed tax system. This is not to say that nowhere else in the book are
tax systems more realistic.
Although in Chapter 14 we assume in examining capital income taxation that the

economy is a small open economy, it is clear that international and global perspectives
have got too little attention in this book, or more generally in public economics. In
particular in the context of capital income taxation, these considerations are important
both in understanding the present situation and in designing capital tax reforms in
future.
When economists are supposed to allocate most of their research time to worrying

about persistent unemployment, it may look odd to study income tax in a model that
assumes that every individual succeeds in supplying the labour it would like to supply. In
standard optimal tax-transfer models, all unemployment is voluntary. In the Mirrlees
variant with variable labour supply the optimum is typically characterized by a certain
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fraction of individuals, at the bottom end, choosing not to work. In extensive-margin
approaches, in turn, individuals of any skill level may choose not to participate in the
labour market, depending on their preferences for leisure. Moreover, all those who do
not supply labour are treated the same, whether they choose not to participate or are
unable to do so. It is clear that both approaches provide too simple a picture of the real
world. Since unemployment is the major economic problem in Europe, in particular,
today, attempts to integrate the conventional optimum tax approach with the unemploy-
ment problem are very important. Many tax theorists have clearly become increasingly
uneasy about the state of optimum tax theory within the Arrow–Debreu model while the
real world exhibits persistent unemployment. In the models of the Arrow–Debreu type,
unemployment only appears if labour is in excess supply at a zero wage rate. What is
clearly needed is to extend these models to understand redistribution policy during
recessions when people want to work, but cannot find jobs.4 Also, the need to depart
from the assumption of perfectly rational behaviour and perfectly functioning markets is
undoubtedly a major priority. The complexity of the second-best problem is such that we
need simple models in order to be able to illuminate the structure of the solutions. More
general formulations often yield results that are hard to interpret. The development of
specific models may also turn out to be fruitful when we contemplate departures from
the standard competitive model. It also means a bigger role for numerical simulations
connected to empirical evidence.

4 We briefly referred to this research in Chapter 6.
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