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Foreword

It is a standard classroom exercise to assert that in a simple linear regression model
involving only one regressor [or, covariate] x, viz., y = o + Bx + error, the
covariate-values (x), assumed to be continuous and to lie in a finite nondegenerate
interval a < x <b, should allow for maximum dispersion in order that the
regression parameters can be estimated with the highest efficiency. This suggests a
50-50 split of the total number of observations, i.e., the set of observations are to be
generated by setting the covariate (x) at the two extreme values, viz., x = a and
x = b, equally often.

Going beyond this, there are basic results, when more than one covariate like this
are involved. On the other hand, in the absence of any such covariates, we have
available standard ANOVA models involving ‘design parameters’.

The ANCOVA models introduced in the textbooks and in the literature are based
on the study of models in situations wherein regression parameters and design
parameters are both present.

Naturally the question of the most efficient estimation of the regression
parameter(s) in the presence of design parameters needs to be studied in very
general terms, and also under very specialized experimental settings.

Lopes Troya initiated this study and BKS (Bikas Kumar Sinha) followed it up
with his research collaborators [Kalyan Das (KD), Nripes Kumar Mandal (NKM),
Premadhis Das (PD), Ganesh Dutta (GD), S.B. Rao, P.S.S.N.V.P. Rao, G.M. Saha
(GMS)]. It is amazing to note that so much was hidden in this topic of research, and
that their successful collaboration over these years had culminated in a Research
Monograph.

I had an opportunity to collaborate with BKS several years back and I am
thankful to the authors for approaching me to write this Foreword.
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viii Foreword

This monograph aims at providing an up-to-date account of the research findings
in various experimental settings. As the authors describe and admit, mostly they
confine to ‘idealistic scenarios’ in order to develop and apply tools and techniques
for the study of optimal estimation of covariates’ parameters. In the introductory
chapter as also in Chapter 9, they discuss about ‘real life’ examples and provide a
detailed study of optimality.

The authors have taken up a thorough study of the problems associated with this
area of research. I personally thank them for their tremendous efforts and con-
gratulate them for this remarkable achievement.

June 2015 Gour Mohan Saha
Retired Professor of Statistics

Indian Statistical Institute

Kolkata

India



Preface

Three of us are ‘Senior Citizens’ in the context of ‘Statistics Learning’ and we are
ever-grateful to our revered postgraduate teachers for highlighting the fundamental
and basic contributions of R.A. Fisher and Frank Yates in such areas as Design of
Experiments [DoE]. We had the opportunity to read their books, so much so that we
went through Fisher’s original book published in the 1930s. These are indeed
‘Treasured Collections’! Our fascination for DoE started from that point of time and
it has continued to be intriguing for more than 40 years! We thoroughly enjoy
reading, learning and discussing all aspects of DoE—theory and applications.

There are two incidences to be told in real-time experience underlying this
project.

First, around 2002 one of the co-authors was trying to make a ‘dent’ into a paper
on Optimal Covariates Designs [OCDs] with a colleague of him with very little
success primarily because the notations were difficult to follow. Fortunately for the
rest of us and for the optimal design community at large, they did not give up
altogether. Instead, at the earliest opportunity they approached one of the other
co-authors for looking into this paper. That was one positive development indeed
and together, they could digest the paper and go forward as a ‘high speed jet’! On
another occasion around 2003, again one of the co-authors was struggling with a
constructional problem involving OCDs and this time he was accompanied by one
enthusiastic graph-theorist and one matrix-specialist. While they were in ‘seemingly
deep’ trouble and in a ‘confused state of mind’, one of their colleagues—a design
specialist—suddenly ‘peeped in’ and made a very casual observation, ‘it seems ...
you are discussing some aspects of Mixed Orthogonal Arrays’ and that was it to
give again another big push to this work.

In a nutshell, these two incidences gave a boost to our group and we did not have
to look back any more! We have enjoyed working on this project. We have derived
much pleasure working in a group discussing, arguing and counter-arguing, till the
time that we thought we came to understand enough of this fascinating topic of
research to prepare a Research Monograph.

We must hasten to add that the youngest member of our group [GD] kept the
others in toe with his frequent ‘claims’ and ‘counter-claims’ and ‘proofs’ and
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X Preface

‘counter-examples’! Working with him was a matter of great pleasure for us. His
enthusiastic and provocative statements/claims frequently served as ‘make-belief’
prophecies which were to be verified by the other three; it was not easy all the time
anyway.

Finally, we are here with a comprehensive account of what we believe to be a
Treatise on OCDs, more from the viewpoint of ‘Idealistic Scenarios’ in different
experimental situations. The emphasis all through is about ‘optimal’ choice of what
are called ‘controllable covariates’ in continuous domain(s). Only in the last
chapter, we dwell on ‘realistic experimental situations’ and provide solutions to
some well-posed problems.

Confusion continued to follow us and it gave us a scope for generating argu-
ments and counter-arguments till we reached Clarity with our own understanding
of the findings.

Kolkata, West Bengal, India Premadhis Das
June 2015 Ganesh Dutta
Nripes Kumar Mandal

Bikas Kumar Sinha
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Chapter 1
Optimal Covariate Designs (OCDs):
Scope of the Monograph

1.1 Preamble: A Reflection on the Choice of Covariates

Most standard textbooks in the area of linear models and design of experiments
provide discussions on what are known as analysis of covariance models applied to
completely randomized designs (CRD), randomized block designs (RBD) and latin
square designs (LSD). It is a well-accepted practice in experimental design contexts
to use one or more available and meaningful covariates together with local control
to reduce the experimental error. Such a model comprises three components: local
control parameter(s) (if any), ‘treatment’ parameters, and the covariate parameter(s),
apart from the error. This generates a family of ‘covariate models’—serving as a
‘blend’ of ‘regression models’ (in the absence of treatment parameters) and ‘varietal
design models’ (in the absence of covariates). These are the so-called analysis of
covariance (ANCOVA) Models. Generally, for such models, emphasis is given on
analysis of the data. Inference-related procedures are fairly routine exercises and are
well discussed in the texts.

At times there lies a (possibly huge) potential for improving the experimental
results by suitably classifying/reclassifying the existing experimental units through
a study of the associated covariate values or by first suitably choosing the covariate
values from a larger lot and then, hopefully, identifying the associated experimental
units from a larger pool.

Here we cite a motivating example from Snedecor and Cochran (1989, p. 377),
suitably presented to explain our point. There are 30 patients for a study of lep-
rosy and there are three drugs (two antibiotics A and D, and one control F) to be
compared—each to be applied to 10 patients. For each patient we have available
a pretreatment score (count of bacilli) which may be used as a covariate. Table 1.1
shows the allocation of the three treatments covering all the 30 patients as against
their covariate values. There is nothing wrong with this and the data analysis is fairly
routine using an ANCOVA Model, once the CRD is implemented.

We now ask an intriguing question: How was the allocation of treatments (A,
D and F) across the pool of 30 patients decided? Was it purely ‘ad hoc’? Could

© Springer India 2015 1
P. Das et al., Optimal Covariate Designs, DOI 10.1007/978-81-322-2461-7_1



2 1 Optimal Covariate Designs (OCDs): Scope of the Monograph

Table 1.1 Original allocation of patients based on covariate values (patient serial number, covariate
value)

1 Treatment A | (P1, 3), (P2, 5), (P3, 6), (P4, 6), (P5, 8), (P6, 10), (P7, 11), (P8, 11),
(P9, 14), (P10, 19)

2 Treatment D | (P11, 5), (P12, 6), (P13, 6), (P14, 7), (P15, 8), (P16, 8), (P17, 8),
(P18, 15), (P19, 18), (P20, 19)

3 Control F (P21, 7), (P22, 9), (P23, 11), (P24, 12), (P25, 12), (P26, 12),
(P27, 13), (P28, 16), (P29, 16), (P30, 21)

Table 1.2 ‘Improved’ allocation of patients based on covariate values

1 Treatment A | (P1, 3), (P3, 6), (P4, 6), (P22, 9), (P6, 10), (P7, 11), (P24, 12),
(P9, 14), (P19, 18), (P10, 19)
2 Treatment D | (P2, 5), (P12, 6), (P14, 7), (PS5, 8), (P15, 8), (P8, 11), (P25, 12),
(P18, 15), (P28,16), (P20, 19)

3 Control F (P11, 5), (P13, 6), (P21, 7), (P16, 8), (P17, 8), (P23, 11), (P26, 12),
(P27, 13), (P29, 16), (P30, 21)

we do anything ‘better’? It would be an interesting exercise to compare different
conceivable allocations for say, ‘most efficient estimation’ of the covariate parameter
in the ANCOVA model underlying the CRD. A trial and error solution is given in
Table 1.2 and it turns out that we can achieve 12.28 % gain in efficiency by following
this plan.

There is much more to it. If we had a larger pool of patients to choose from, what
would have been our strategy for most efficient estimation of the covariate parameter?
It turns out that our optimal choice would necessarily accumulate all those patients
having equal split between the smallest and the largest pretreatment scores and that
would be needed for each treatment! If it turns out that in the pool, 3 and 21 are
the lowest and highest pretreatment counts of bacilli, then we would recruit five
patients with the lowest and five patients with the highest count for each of the three
treatments A, D and F. By doing so, we would have gained access over a group of 15
patients—each with the lowest count and another group of 15 patients—each with
the highest count! Then it would be a matter of dividing each group of 15 equally
into three so that there are five patients for each treatment from each group. This
would have resulted in the best possible allocation design with 309.78 % efficiency as
against the original allocation in Table 1.1 above and 264.97 % efficiency as against
the allocation indicated in Table 1.2 above. We revisit this example in Chap.9.

We take up a second example now. The data in Table 1.3 are from an experimental
piggery arranged for individual feeding of six pigs in each of five pens. From each of
five litters, six young pigs, three males (M) and three females (F), were selected and
allotted to one of the pens. Three feeding treatments denoted by A, B, C, containing
increasing proportions (p4 < pp < pc) of protein, were used and each was given
to one male and one female in each pen. The pigs were individually weighed each
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Table 1.3 Data for analysis

Pen Treatment Sex Initial weight Growth rate in
pounds per week
I A F 48 9.94
B F 48 10.00
C F 48 9.75
C M 48 9.11
B M 39 8.51
A M 38 9.52
I B F 32 9.24
C F 28 8.66
A F 32 9.48
C M 37 8.50
A M 35 8.21
B M 38 9.95
I C F 33 7.63
A F 35 9.32
B F 41 9.34
B M 46 8.43
C M 42 8.90
A M 41 9.32
v C F 50 10.37
A M 48 10.56
B F 46 9.68
A F 46 10.90
B M 40 8.86
C M 42 9.51
\% B F 37 9.67
A F 32 8.82
C F 30 8.57
B M 40 9.20
C M 40 8.76
A M 43 10.42

Data Source: Rao (1973), p. 291 and Schefté (1999), p. 217

week for 16 weeks. For each pig the growth rate in pounds per week was calculated.
The weight at the beginning of the experiment is also given in Table 1.3.

There are 15 female pigs and 15 male pigs available for this study and we arrange
their initial weights separately into two 5 x 3 arrays. The arrangements are shown
in Table 1.4a, b respectively.

Now one may consider the standard covariate model (ANCOVA) for two-way
RBD Pen x Treatment layout with a single covariate (here covariate is initial weights
of pigs) separately for females and males. The notations are standard and we use
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Table 1.4 Initial weight distribution as per allocation of pigs

Pen Treatment Totals
A B C

(a) Female

1 48 48 48 144
2 32 32 28 92
3 35 41 33 109
4 46 46 50 142
5 32 37 30 99
Totals 193 204 189 586
(b) Male

1 38 39 48 125
2 35 38 37 110
3 41 46 42 129
4 48 40 42 130
5 43 40 40 123
Totals 205 203 209 617

~vr and 7y to, respectively, denote the covariate effect for female and male pigs.
These are routine computations and for the given allocation design in Table 1.4, to
be denoted by dy, 14,(vr) = 57.8667 and 14, (M) = 116.2667.

Again, we ask an intriguing question: For the given collection of 15 female/male
pigs, is it possible to identify an improved reallocation plan across the two-way Pen x
Treatment table in the sense of increased precision in the estimation of the covariate
parameters? Another related question also makes some sense: If the experimenter
is given a ‘free choice’ of the 15 pigs (both female and male) from a larger pool,
what would have been an ‘optimal choice’, given that initial weight distribution is
perfectly known for the pool of pigs? Note that this question has embedded in it (i)
selection of pigs with suitable initial weights and (ii) their distribution across the
two-way table.

Below we provide answers to the two questions raised above. In Table 1.5a, b
we provide improved allocation designs (based on the given collection of pigs),
separately for female and male pigs with respective percent gain in efficiency given
by 1375.345 and 76.4908 %. In Table 1.6a, b, we provide optimal allocation designs
based on free choice of the experimenter, assuming that the initial weight distribution
for female pigs lies in the closed interval [28 Ibs, 501bs] and for males it is in the
closed interval [35 Ibs, 48 1bs].

We skip the details and will take up this example again in Chap. 9.

Remark 1.1.1 Our purpose in this monograph is to give the readers a taste of such
comparative results in diverse experimental contexts and with one or more covariates
being encountered simultaneously.
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Table 1.5 Improved allocation designs

Pen Treatment Totals
A B C
(a) Improved allocation for female pigs
46 28 48 122
30 37 50 117
48 35 32 115
41 46 32 119
32 48 33 113
Totals 197 194 195 586
(b) Improved allocation for male pigs
A B C Totals
37 38 48 123
38 46 40 124
40 42 41 124
43 39 42 123
48 40 35 123
Totals 206 205 206 617

Table 1.6 Optimal initial weights for female and male pigs

Treatment Totals
A B C
(a) Female
28 50 50 128
50 28 50 128
50 50 28 128
28 50 50 128
50 28 28 106
Totals 206 206 206 618 =G
(b) Male
35 48 48 131
48 35 48 131
48 48 35 131
35 48 48 131
48 35 35 118
Totals 214 214 214 642 =G

Much of the theory of OCDs has grown out of the ‘convenient proposition/
supposition’ that the experimenters have a ‘free’ choice in the selection of the exper-
imental units with any preassigned covariate values whatsoever! Notwithstanding
the fact that such a situation rarely arises in practice, the published literature is vast
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and varied in respect of all kinds of experimental design settings, with the proviso
that the optimal design theorists/statisticians are the masterminds in the whole busi-
ness and they have the ‘ultimate say’ in the choice of the experimental units from a
conceivably larger ‘pool” with designated covariate values.

We will dwell on the developments toward characterization and construction of
the OCDs as we have witnessed in the published literature, in the contexts of what
are identified as ‘ideal’ scenarios. This study will be taken up systematically in
Chaps.2,3,4,5,6,7and 8. In Chap. 9, we will consider application areas and discuss
some examples. Our understanding of the OCDs in the so-called ideal scenarios will
guide us towards identification of optimal/nearly optimal covariate designs in real-
life applications and some applications are discussed in Chap. 9.

We briefly trace the history of development of OCDs below.

The choice of experimental units possessing suitably defined/chosen values
of the covariates for a given experimental set-up so as to attain minimum vari-
ance/maximum precision for estimation of the regression parameters has attracted
the attention of researchers only in recent times. In the context of ANCOVA models
where both qualitative and quantitative factors are present, the problem of inference
on varietal contrasts corresponding to qualitative factors was studied by Harville
(1974, 1975), Haggstrom (1975) and Wu (1981). The problem of determining
optimum designs for the estimation of regression parameters corresponding to con-
trollable covariates was first considered by ! Troya Lopes (1982a,b). She restricted
investigations in the set-up of completely randomized design (CRD). Das et al. (2003)
extended it to the block design set-up, viz. randomized block design (RBD) and some
series of balanced incomplete block designs (BIBDs) and constructed OCDs for the
estimation of covariate parameters. Rao et al. (2003) revisited the problem in CRD
and RBD set-ups and identified the solutions as mixed orthogonal arrays (MOAsS),
thereby providing further insights and some new solutions. Dutta (2004, 2009) and
Dutta et al. (2007, 2009b, 2010a,c) considered optimal estimation of the regres-
sion coefficients under different experimental set-ups where the analysis of variance
(ANOVA) effects are non-orthogonally estimable. Dutta et al. (2009a) also consid-
ered optimal estimation of the regression coefficients in the set-ups of split-plot and
strip-plot designs where the ANOVA effects are orthogonally estimable. These were
subsequently generalized in Dutta and Das (2013a) to multi-factor set-up. For one-
way set-up, D-optimal designs were proposed by Dey and Mukerjee (2006) and,
these were further studied in Dutta et al. (2014). Dutta et al. (2010b) also considered
D-optimal covariate designs for estimation of regression coefficients in incomplete
block design set-up when global optimal designs do not exist. The other related

ILate Professor Jack Kiefer pioneered the study of optimal experimental designs in standard ANOVA
models as well as in regression designs. He guided Lopes Troya for her Doctoral Dissertation in
a topic which was to bridge ANOVA and regression designs into what are known as ANCOVA
models. The unfortunate premature death of Professor Kiefer was a blow to the design theorists in
general. His expertise and insightful contributions could have gone a long way in this direction.
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references are Wierich (1984), Kurotschka and Wierich (1984), Chadjiconstantini-
dis and Moyssiadis (1991), Chadjiconstantinidis and Chadjipadelis (1996), Liski
et al. (2002), Dutta (2009), Sinha (2009) and Das (2011).

1.2 Basic Set-Up and Optimality Conditions

Let the following covariate model be considered:
Y=XO0+Zv+e (1.2.1)

where Y"*! denotes the observation vector, X" *P denotes the coefficient matrix for
the ANOVA effects parameters 8’ = (01, 602, ..., 0 p) and 7€ denotes the matrix of
the values given to ¢ covariates, viz. Z = (z1 Lz, z") .Inthe above, Z is also called
the covariate design matrix of the vector of covariate effects v = (1, 72, ..., 7).
As usual, e is the random error component with E(e) = 0, Disp(e) = o1, where

I, is the identity matrix of order n. We represent the above set-up by the triplet:
(Y, X0 + Zn, 021,,) . (1.2.2)

Here the observations are uncorrelated and variances of each of the observations are
equal to 0. In addition to the comparison of ANOVA effects and in particular, of the
underlying treatment effects, interest lies in accommodating as many covariates as
possible, subject to these being optimally estimated. Situations where the covariates
are not under the control of the experimenter, were discussed by Harville (1974,
1975), Haggstrom (1975) and Wu (1981) in the context of comparison of treatment
effects. These are also briefly discussed in Shah and Sinha (1989). Traditionally, in
a study of linear regression design involving non-stochastic regressors, we tacitly
call for homogeneous experimental units so that the assumed model for the n x 1
observation vector Y is of the form

(Y, i, + 2, 021,,) (1.2.3)

where 1 represents the intercept term, y is the vector of covariate effects, Z is, as
before, the design matrix of covariate values and 1, is a vector of order n with
all elements unity. Understandably, the homogeneous nature of the experimental
units safeguards the same intercept term as indicated in the model (1.2.3) for every
expectation.

Here Z’s are assumed to be controllable/given non-stochastic covariates. The n
values z;1, Zi2,--.,Zin, assumed by the ith covariate Z; are such that they belong
to a finite interval [a;, b;] for eachi and j, i.e.
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a; <zjj <b;
. S (1.2.4)
Le. zjj = a’; e Z?}

so that zfj lies in [—1, 1] for each i, j. Then replacing z;; by z?‘j’s we get the
same covariate model in a reparameterized scenario, i.e. the regression coefficients
can be suitably adjusted and the constant part will be adjusted with p. Thus this
transformation does not hamper our optimality study. So, without loss of generality,
we can assume in (1.2.3), the covariate values z;;’s to vary within [—1, 1]. It is
well known that the experimental domain of the regressors being a c-dimensional
cube of the form: [—1, 1]¢, the most efficient design for estimation of the regression
coefficients (i.e. the «y-parameters) is derived from a Hadamard matrix (defined in
Chap. 2), whenever the latter exists. When n > ¢ and n = 0 (mod 4), it is enough
to start with a Hadamard matrix H,, of order n (in its standard form) and select any
c of its columns for the Z-matrix, leaving the first column which contains 1’s only.

This yields an optimum design for the (joint) estimation of i and «y on the basis of

2
. Lo . . o
n observations. Optimality here, refers to attaining the least possible value °- of

the individual variances simultaneously for all the covariate parameter estimates.
It is known that the maximum number of covariates (i.e. cmax) cannot exceed the
error degrees of freedom (d.f.) of a given set-up. Therefore cpax = (n — 1) under
the model in (1.2.3); cmax = n — v for a CRD set-up and for a block design set-up
cmax = n — b — Rank(C), where C is the characteristic matrix of a block design.
In general, the experimental set-ups are much more complicated and so are the
models much different from (1.2.3). Use of Hadamard matrices and other tools and
techniques has to be introduced in a systematic manner. The points to be noted are:

(i) We want optimal estimation of the covariates parameters.
(ii)) We want to know how many covariates can be optimally accommodated.

We mostly confine to the ‘idealistic’ situations wherein there exist conceivably
larger pools of experimental units with experimenter’s choice of the covariates’ val-
ues. This should serve as a basis and a guideline for actual experimental situations.

1.3 Chapter-Wise Summary

In Chap. 2, we study the choice of optimum covariate design in CRD set-up. Troya
Lopes (1982a, b) first studied the problem of choice of the Z-matrix in a CRD model
when the treatment allocation matrix X corresponds to an equal allocation number,
i.e. when n is a multiple of v. We will write as n = vb so that b is the common
allocation number of the v treatments under investigation. Here we discussed some
results from Troya Lopes (1982a) with reference to the W-matrices. If n is not an
integral multiple of v, this allows us to study situations where no equireplicate design
exists. In this situation, it is not possible to find designs attaining minimum variance
for the estimated covariate parameters. This problem has been considered by Dey
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and Mukerjee (2006) and Dutta et al. (2014). They provided optimum designs with
respect to ANOVA effect and covariate effects using D-optimality criterion. We also
deal with this issue in this chapter.

In Chap. 3, we discuss optimum covariate design in RBD set-up. For an RBD set-
up, (Das et al. 2003) studied for the first time, the problem of OCDs. They exploited
mutually orthogonal latin squares (MOLS) and Hadamard matrices to construct such
designs which attain the upper bound for the number of covariates which can be
incorporated in the covariate model for RBD. Rao et al. (2003) re-visited the problem
in CRD and RBD set-ups and identified the solutions as mixed orthogonal arrays
(MOA:?) (defined in Chap. 2), thereby providing further insights.

For BIBD set-up, Das et al. (2003) also initiated the construction of optimal
designs for covariates in some series of symmetric balanced incomplete block designs
(SBIBD) constructed through Bose’s difference technique and some BIBDs with
repeated blocks. Dutta (2004) dealt with the problem of constructing OCDs in some
other classes of BIBDs which may or may not have cyclic structure. However, he
dealt with the problem with the restriction n = 0 (mod 4). But such designs cannot
always be obtained because of the restriction n = 0 (mod 4). Dutta et al. (2010b)
found optimum designs with respect to covariate effects using D-optimality criterion
retaining orthogonality with the treatment and block effect contrasts, where n = 2
(mod 4). Results given by Das et al. (2003), Dutta (2004) and Dutta et al. (2010b)
are included in Chap. 4.

InaBIBD set-up, we have noticed that the scope of construction of OCDs becomes
limited as the parametric relations do not always permit the existence of Hadamard
matrices. Also, the stringency of equal occurrence of each pair of treatments limits the
scope of OCDs. For this, Dutta et al. (2009b) extended their research to the partially
balanced incomplete block design (PBIBD) set-up. Moreover, PBIBDs are popular
among practitioners and OCDs in this set-up will be of help to them. However, in
Chap. 5, we restrict to an important subclass of PBIBDs viz., the group divisible
designs (GDDs) and discuss about existence and constructional aspects of OCDs.
We have given a catalogue at the end of Chap. 5 which shows that the method covers
a large number of GDDs obtained from Clatworthy (1973).

Binary proper equireplicate block designs (BPEBDs) form a rich class of block
designs and this class encompasses designs beyond those considered in the previous
chapters. In Chap. 6, we venture into the constructional aspects of OCDs for such
designs. General cyclic and non-cyclic BPEBDs as also ¢-fold BPEBDs having OCD
structure have been studied and a catalogue has also been provided at the end.

In Chap.7, following Dutta and Das (2013b), we discuss the OCD problem in
balanced treatment incomplete block (BTIB) design set-up using Hadamard matrices
and other techniques described in previous chapters.

In Chap. 8, we start with a discussion of the OCD problems in crossover design set-
up and multi-factor set-up. For these designs, key references are Dutta and SahaRay
(2013) and Dutta and Das (2013a). Mixed orthogonal arrays and their generalized
version are very useful to construct OCDs in multi-factor set-ups.

In all the above cases so far discussed in various chapters, the observations are nat-
urally uncorrelated. But if they are not, then difficulty arises for the choice of OCDs.


http://dx.doi.org/10.1007/978-81-322-2461-7_3
http://dx.doi.org/10.1007/978-81-322-2461-7_2
http://dx.doi.org/10.1007/978-81-322-2461-7_4
http://dx.doi.org/10.1007/978-81-322-2461-7_5
http://dx.doi.org/10.1007/978-81-322-2461-7_5
http://dx.doi.org/10.1007/978-81-322-2461-7_6
http://dx.doi.org/10.1007/978-81-322-2461-7_7
http://dx.doi.org/10.1007/978-81-322-2461-7_8

10 1 Optimal Covariate Designs (OCDs): Scope of the Monograph

It becomes even more difficult for arbitrary variance-covariance matrix. However, if
the variance-covariance matrix has a nice structure, it is possible to construct OCDs.
In particular, Dutta et al. (2009a) considered the set-ups of the split-plot and strip-
plot designs where the correlations among the observations follow a definite pattern.
Further, they have seen that a generalized version of the mixed orthogonal array has a
close relationship with the OCDs for such set-ups. They have exploited it to construct
OCDs for such experimental contexts. In this Chap. 8, we also discuss this aspect at
length.

In the concluding chapter (Chap. 9), we turn back to the questions raised in Chap. 1
and deal with a number of application areas wherein optimality study in the context
of uses of covariates has a natural scope for enhancing the experimental results. We
rework on the two motivating examples and provide details of the computations.
We also take up four other examples arising in experiments involving covariates in
natural sciences.
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Chapter 2
OCDs in Completely Randomized
Design Set-Up

2.1 Introduction

We consider in this chapter the one-way linear model with v treatments, ¢ covariates
and a total of n experimental units. We work under the linear model

C
Vij =T+ > wz de. 1<j<m. 1<i<v. @2.1.1)
t=1

where n; (> 1) is the number of times the ith treatment is replicated; clearly

Zni =n. (2.1.2)

i=1

Forl < j <n;,1 <i < v,herey;; is the observation arising from the jth replication
of the ith treatment, 7; effect due to the ith treatment.
In matrix notation the above model can be represented as

(Y, X1+ Z~, 021,,) , (2.13)

where, Y is an observation vector and X is the design matrix corresponding to vector
of treatment effects 7V*! and Z = ((zf;) )) is the design matrix corresponding to
vector of covariate effects v**! = (31, 72, ..., 7). This is referred to as one-way
model with covariates (without the general mean).

Troya Lopes (1982a,b) studied the nature of optimal allocation of treatments and
covariates in the above set-up for simultaneous estimation of the (fixed) treatment
effects (in the absence of the general effect) and the covariate effects with maximum
efficiency in the sense of minimum generalized variance. This is to note that the
information matrix with respect to model (2.1.3) is given by a‘zl(n), where

© Springer India 2015 13
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I(n) = (’é,’g s ) (2.1.4)

andn' = (7/,7/).

The problem is to suggest an optimal allocation scheme (for given design parame-
ters n, v, c) for efficient estimation of the treatment effects as well as the covariate
effects by ascertaining the values of the covariates for each one of them, assuming
that each one is controllable and quantitative within a stipulated finite closed interval.

The information matrix of -~ is given by

o2 (y) =77 — ZXXX) XZ (2.1.5)

where (X’X) ™ is a generalised inverse of X'X satisfying
X'X (X’X)7 XX =XX

(cf. Rao 1973, p. 24). It is evident that Z'X(X'X)~X'Z is a positive semi-definite
matrix. So from (2.1.5), it follows that

o2 I(y) <ZZ (2.1.6)

in the Loewner order sense (vide Pukelsheim 1993) where for two non-negative
definite matrices A and B, A is said to dominate B in the Lowener order sense if
A — B is a non-negative definite matrix.

Equality in (2.1.6) is attained whenever

X'Z =0. (2.1.7)

If Z satisfies (2.1.7), then treatment effects and covariate effects are orthogonally
estimated. Again under condition (2.1.7), the information matrix I(vy) reduces to
I(v) = Z'Z. The z-values are so chosen that Z'Z is positive definite so that from
(2.1.6)

2 2

S > o >O'
Var(’yt)_#_7

IO

i=1 j=I

(2.1.8)

aszf e [=1, 11 Vi, j.1.
Now equality in (2.1.8) holds for all i if and only if the Z-matrix is such that

2920 =0 Vs £1. (2.1.9)
and

2 =1 (2.1.10)
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Condition (2.1.7) implies that the estimators of ANOVA effects parameters or para-
metric contrasts do not interfere with those of the covariate effects and conditions
(2.1.9) and (2.1.10) imply that the estimators of each of the covariate effects are such
that these are pairwise uncorrelated, attaining the minimum possible variance.
Thus the covariate effects are estimated with the maximum efficiency if and only if

7'7 = nl. 2.1.11)

along with (2.1.7). The designs allowing the estimators with the minimum variance
are called globally optimal designs (cf. Shah and Sinha 1989, p. 143). Henceforth,
we shall only be concerned with such optimal estimation of regression parameters
and by optimal covariate design, fo be abbreviated as OCD hereafter, we shall only
mean globally optimal design, unless otherwise mentioned.

It is clear that conditions (2.1.7) and (2.1.11) hold simultaneously if and only if
zij’s are necessarily +1 or —1 and that condition (2.1.7) is satisfied.

Itis difficult to visualize the Z-matrix satisfying conditions (2.1.7) and (2.1.11). In
the set-up of the model (2.1.3), it transpires from Troya Lopes (1982a) that optimal
estimation of the treatment effects and the covariates effects is possible when the
treatment replications are all necessarily equal, assuming that » is a multiple of v,
the number of treatments. We set n = bv, where b is the common replication of
treatments, henceforth. Das et al. (2003) had represented each column of the Z-
matrix by a v X b matrix W with elements of 1, where the rows of W correspond to
the v treatments and the columns of W correspond to different replication numbers.
Condition (2.1.7) implies that the sum of each row of W should vanish. Again,
condition (2.1.11) implies that the sum of products of the corresponding elements,
i.e. the Hadamard product of W) and W® | defined in (2.1.13) should also vanish,
1 <s <t < c. The above two facts can be represented in the following schematic
forms through the row totals and Hadamard product.

Row Totals:

Tr. Repl. no. - Row
J 1 2 ... b Totals

' 1 0
wW® — > 0 (2.1.12)
(=1
v 0

Hadamard product of W and W (cf. Rao 1973, p. 30):

Tr. Repl. no. —
y 12 ... b

1
WO x W = 5 (2.1.13)

(wij
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where ‘*’ denotes Hadamard product. For orthogonality of sth and #th columns of

Z, it is required that ZZ w(s) (’)
i=1j=1

The schematic representation (2.1.12), (2.1.13) of Das et al. (2003) is a break-
through in the sense that handling of Z-matrix has been made much easier and it has
been followed throughout the monograph.

Troya Lopes (1982a) first studied the nature of optimal allocation of treatments
and covariates in the above set-up when 7 is an integer. It may be noted that whenever
condition (2.1.7) is ensured, presence of the covariates in model (2.1.3) does not pose
any threat to the usual “optimal treatment allocation” problem. In Sect. 2.2, following
Troya Lopes, we intend to discuss about the availability of Z-matrices satisfying
(2.1.7) and (2.1.11) when the treatment allocation matrix X corresponds to equal
allocation number, i.e. in situations where » is a multiple of v. We will write n = vb
so that b is the common allocation number of the v treatments under investigation.
The situations where (2.1.7), (2.1.11) and b = % = integer are satisfied, are identified
as regular cases. Otherwise it is called a non- regular case. If the situation is non-
regular, then it is not possible to allocate simultaneously the treatments and covariates
optimally. For non-regular situation, efficient allocation of treatments and covariates
simultaneously can be done by using other specific optimality criteria. Dey and
Mukerjee (2006) and Dutta et al. (2014) considered this problem in non-regular
situations and found D-optimal designs in this context. Details are presented in
Sect.2.3.

It has been seen that Hadamard matrix plays a key role for constructing OCDs.
Definition of Hadamard matrix (cf. Hedayat et al. 1999, p. 145) is given below:

Definition 2.1.1 A Hadamard matrix H; of order ¢ is a ¢t x ¢t matrix with elements
=+1 satisfying

H[H; == tIt.

2.2 Covariate Designs Under Regular Cases

Consider the case when n is a multiple of v, that is n = vb where b is such that
H,, Hadamard matrix of order b, exists. We shall also consider some cases where
b is even. Then ANOVA parameters as well as the covariate effect-parameters can
be estimated orthgonally and/or most efficiently. This holds simultaneously for ¢
covariates and one can deduce maximum possible value of ¢ for this to happen. As
already mentioned, the most efficient estimation of vy-components is possible when
(2.1.7) and (2.1.11) are simultaneously satisfied and these conditions reduce, in terms
of W-matrices defined in above, to C, C, where
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C1. Each of the ¢ W-matrices has all row-sums equal to zero;
C>. The grand total of all the entries in the Hadamard product 2.2.1)
of any two distinct W-matrices reduces to zero.

Now we define optimum W-matrices for covariate designs in CRD set-up.

Definition 2.2.1 With respect to model (2.1.3), the ¢ W-matrices corresponding to
the ¢ covariates are said to be optimum if they satisfy conditions Cj and C; of (2.2.1).

In this context, the following results were deduced in Troya Lopes (1982a).

Theorem 2.2.1 Let c* be the maximum number of covariates that can be optimally
accommodated. Then a lower bound to c* is given by

(a) b—I when v = odd, Hy, exists;

(b) 2(b—1) when v = 2 (mod 4), H, exists;
(c) 4(b—1) when v = 0 (mod 4), Hy, exists;
(d) 3v when b = 0 (mod 4), H, exists;

(e) vwhen b =2 (mod4), H, exists.

Proof Hadamard matrix Hj, is given to exist and we write it as
Hp = (hy, hy, ..., hy_, 1). 2.2.2)

The choice of optimum W-matrices is indicated below one by one. The verification
of (2.2.1) is immediate and we leave it to the reader. The Kronecker product of
two matrices is formally defined in Chap.5 (Definition5.1.1) and it is used in the
constructions below.

(a) :
WD =1, @0, 1<j<b-1; (2.2.3)
(b) ,
WP = (1, 1) ®1y @b}, 1<j<b-1; oy
WEHED b — (1, — 1) @1y @b, 1<j<b-1 224
(©)

W vxb — (1,1, 1, D'®l:®h), 1<j<b-1
WOHED b — (1, — 1, 1, =1 @1y W, 1<j<b-1;
WQRO=D+pvxb — (1 1, —1, 1)/®1% ®h’j, 1<j<b-1,
WOG=D+Dvxb — (1 1 —1, — D'®l:@h), 1<j<b-1
(2.2.5)

(d) Let us represent a Hadamard matrix H, of order v as

H, = (h}, h3,....h}). (2.2.6)
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IA
=

WP — (1, -1, 1, =)@, ®h} 1<
5 DN

WotD vxb — (1 — 1, —1, 1)®1’b®h’;, 1<
p o0

WD vd = (1, 1, 1, =D, ®hi, 1<
iy

IA
=
~
D
N
~
N

IA
<

(e)
WO vxb — (1, — 1) ®1, ®h>j’f, I1<j<w. (2.2.8)
2

O

Remark 2.2.1 In case (c), we can assume existence of H, for all practical purposes
as v = 0 (mod 4). So in this case, an optimal design for maximum possible v(b — 1)
optimum W-matrices can easily be constructed as

WODEDED) =i @b, i=1,2,...,v, j=1.2,....b—1.  (229)

This was obtained in (Rao et al. 2003) where it was observed that OCDs in CRD
and RBD have one to one correspondences with mixed orthogonal array (MOA)
(definition given in Chap.3). This fact will be discussed in Sect.3.3 of Chap.3 in
some further details.

2.3 Covariate Designs Under Non-regular Cases

Now we examine the situations where at least any one of the conditions (2.1.7),
n

(2.1.11) and b = % = integer is violated. In that case, it is not possible to estimate
simultaneously ANOVA parameters and «y-parameters orthogonally and/or most effi-
ciently. Thus we consider D-optimality criterion to give an efficient allocation of
treatments and covariates in Set-up (2.1.1). Dey and Mukerjee (2006) and Dutta
et al. (2014) have considered this situation and found D-optimal design. Here we
discuss their contributions in this direction in details.

The vector of parameters 8, where

0:(//[/1’ M2,---7Mv,’Yl,-'-,’)’c)/ (231)

is assumed to be estimable.
The information matrix for @ is given by o—21(0), where

10) = (1 27). (232)

N = Diag(ni, na, ..., ny), (2.3.3)

T=(T.T).....T,), T; = 1, Z, (2.3.4)
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¢ = 2. Z)..... 7)) 23.5)
and
mH .
M@  _©
o 2 75
Z?IXCZ i2 “i2 i2 (2.3.6)
H.®  @©
Zin,' in,~"'Zin,-

For D-optimality, we have to maximize the determinant of 1(6), denoted as det(1(8)),
with respect to the design variables {zg;)} satisfying ZS‘) el[-1,1], 1 <j<n; 1<
i < v and n;’s satisfying (2.1.2).

From (2.3.2) it is easy to see that

v
det(I(0)) = (H ni)det(Z/Z —TN-'T)
i=1
v
(2.3.7)
— (H ni)det(Z’Z - Zn;‘T;T,-)
i=1 i
= det(N)det(C),
where
C=27->n'TT;. (2.3.8)
i
Note that C is the information matrix for the regression coefficients v, 72, ..., Ye.

The maximization of det(I(#)) is done in two stages. In the first stage, the maxi-
mization is done for varying z-values for fixed n;’s. This leads to an upper bound for
det(I(@)) obtained through completely symmetric C-matrices. At the second stage,

maximization is done for varying n;’s subject to Z”i = n, and this leads to a

1
sufficiently small class N of contending n = (ny, na, ..., n,)’s wherein the overall
upper bound to det(I(#)) belongs.

2.3.1 First Stage of Maximization

Maximisation of I(8) with respect to zg-) € [-1, 1] is based on the following lemma.

Lemma 2.3.1 A necessary condition for maximization of det(C) of (2.3.8) with

respect to zl(;) € [—1, 1], for fixed n;’s is that Z;;-)= +1Vijandt
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Proof From (2.3.8), C can be expressed as

C=ZMZ=27"7" (2.3.9)
where

Z* =MZ, M =diagM;, My, ..., M), M; =, —n _11 1). (23.10)

ni “n;

It is known that (cf. Galil and Kiefer 1980; Wojtas 1964), det(Z*'Z*) is maximum
at the extreme entries of Z*. Again, as z(’) ’ @ )’s the determinant

is maximum at the extreme values of z( )’s for all i, j and ¢. Hence the lemma
follows. O

s are linear in z;

Theorem 2.3.1 For fixed {n;}’s satisfying (2.1.2),

det (1)) < (H ni) {a+ (c — Db}(a —b)! (2.3.11)
i=1
where

a=n—20, b=~ (23.12)

§=>n;'6;, & =1(0) if n; = odd(even) (2.3.13)

i=1
6] ifbothofn, |§] are odd or even
{=£&m,0) =

6] +1 ifn=odd, |§] =even orn=even, |§| = odd
(2.3.14)
L8| = greatest integer less than equal to 6.

Proof Because of Lemma?2.3.1, we restrict Zf;-) to the class x = {Z(t) . (t) = =+1}.

From the Eq.(2.3.8), we note that, ¢, ,, the (¢, ' )th element of the C matrlx is given
by

Z Z(t) Z Z(t )
Cr =lez“> «) A7 - ] 1<t <c. (23.15)

It follows from Wojtas (1964) that det(C) is maximum when C is completely sym-
metric with all the diagonal elements equal to a and all off-diagonal elements equal

to b where a and b are given by max ¢;; and min |c,| respectively. Again as
1<t<c 1<t#t'<c
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zg.) = £1Vi, j and ¢, for fixed n;’s, it can be deduced that

max ¢y =n—0=a, min || =—5=0b (2.3.16)

I<t=c 1<t#t'<c

where ¢ and £ are given in (2.3.13) and (2.3.14) respectively. Therefore the theorem
follows. O

2.3.2 Second Stage of Maximization

In view of Theorem?2.3.1, we now consider the problem of maximizing

v

gn) =g(ny, ny,...,ny) = (H n,') {a + (c — D)b}(a — b)“1 (2.3.17)

i=1

v

with respect to n;’s subject to Zni = n, where a and b are given by (2.3.12)—

i=1
(2.3.14), so as to find the overall upper bound of det(I(@)). The following lemma
helps to reduce the class N of n’s where n = (ny, na, ..., ny), satisfying (2.1.2),
to a subclass in which maximum of g(n) lies.

Lemma 2.3.2 Letn* = (n’]", ni, ..., nj) be a maximizer of g(m) of (2.3.17) subject
to the condition (2.1.2). Then n* cannot have

(i) two unequal odd elements;
(i1) two even elements that differ by more than 2;
(iii) an even and an odd element that differ by more than 1. O

Proof (i) Without loss of generality it is assumed that n} and n} be odd and n} <
n5 — 2. Define n = (ny, na,...,n,), where ny = nj + 1, np = nj — 1 and
n; = n} Vi # 1, 2. Note that 7;’s satisfy condition (2.1.2). Then by Eq.(2.3.17),

v v
{0 ot * {@+(c=Db) @b
g(m*) (H"’)/(Hnt) ({a*+(c—1)h*}(tl*—b*)c_l)

i=1 i=1 (2.3.18)
_ D@D {@+(c—Db@—b)-"!
- nins (@ +(c—D)b*(a*—b5)e1°
where,
v v
- _— _ 1 1 1 1
a=n—Y i 'o=n—D T+ S+ =a"+—+— (2319
— — ny  n; ny  n;
i=1 i=1
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v
1 1
2 -1

i=1 1 2

L (1 1
<b'+(=+-=) 2320
ny n

We consider the two cases b < b* and b > b* separately.

(a) Let b < b*. Then, as by (2.3.19), a > a*, it follows that g(n) > g(n*), which is
impossible.

(b) Let b > b* and let b assume the highest possible value given in (2.3.20). Then
from (2.3.18)—(2.3.20), it is seen that

gm  (ni+ D3 —1
> >

1 2.3.21
g() i 2320

which is again a contradiction. As the inequality (2.3.21) is true for the highest value
of b, it will be true for all values of b in [b*, b* + & + ;-] as@ > a*.

(i) If possible, let n* have two even elements, say nj < n3 which differ by more
than 2. Then as in (i) above, we reach at a contradiction by increasing n} by two and
decreasing n3 by two.

(iii) If possible, let n* have an even element n} and an odd element n} which differ
by more than 1.

Case A: Let n] > n3. Satisfying (2.1.2), define n = (11, 1y, ..., ny), where n| =
ni —2, ny =nj3+2andn; =n} Vi # 1,2. Then by Eq. (2.3.17), we have

g@ (i =2k +2){a@+ (c— Db)@— b

= 2.3.22
g(n*) (nin3){a* + (c — Db*}(a* — b*)~! ( )
where,
~ 1 1 1 1
~ —] -1
a=n —Zni o =(n —an* (51*)4-(”—; - i +2) = a*—i—(% - " +2)
l 1
(2.3.23)

~ -~ ~ 1 1 1 1

b=|&=0| < |(£F =6 — — < b* — — . (2.3.24
1§ [ <1 )-i'(nZ n§—2)|_ 4—(”3 n§—2) ( )

We consider two cases when b < b* andb > b*. Forb < b*, it follows, from (2.3.22)

that g(R) > g(n*) as @ > a*. Again, for b > b*, we assume its highest value viz.
b* + (= — —=1) from (2.3.24) and use it in (2.3.22). It is seen that g(1) > g(n*),
2 2

which obviously holds for all other values of b > b* as @ > a*.
So we reach at a contradiction that n* is a maximizer of g(n).
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Case B: Let n] < n} (i.e. n] < n} — 3), then we have the following two cases:

(a) nj is not the only odd element of n*.
(b) n3 is the only odd element of n*.

For (a), let n* have another odd element n3. Then by part (i) of this lemma, n=n3.
Define n = (11, na,...,ny), where ny = nj +2,ny =n3 =n5 —landn; =
nt Vi #1,2,3. Thenby (2.3.17)

g@) (i +2)(ns— D> @+ (c— Db}@a—b)!
gm*) — (ininy)  {a*+ (c — Db*Ha* — b

(2.3.25)

where,
a=n— E ate =(n - E s ) + 2 =a"+ 2 (2.3.26)
L 1 n; n;

i i

_ 2
b=1€-0l < |E =+ | <b 4+ = (2.3.27)
2

If b < b*, then from (2.3.25) and (2.3.26) g(m) > g(n*) which is a contradiction.

If b > b*, the above contradiction also holds by the same reasons as given in
Case A.

For (b), let us define n = (n1, ny, ..., n,) satisfying (1.2) where n; = nj + 2,
ny =n3—2andn; =n? Vi # 1,2 Proceeding as before, it can be proved that
d=a (- ! b=(1 ! (2.3.28)
a=a — - , =(1- . 3.
ny ny—2 ny—2

Using (2.3.28) in (2.3.17), it is seen that

_ _ C
g(ﬁ)_(n*f+2>(n;—2>(”+c : "32)
s(0) i (n fe—1- %)

)

This is again a contradiction. Therefore the lemma follows. O

>1 as(n3 —nj) > 3.

From Lemma?2.3.2, we get the following theorem whose proof is immediate.

Theorem 2.3.2 Let 0 be an odd integer, where 0o = L | or L 1 4+ 1 according as

LUJ is odd or even and n* = (”T ni, ..., v) be a maximizer of g(m) of (2.3.17)

subject to Zni =n. Thenn} € {o—1,0,0+ 1}.

i
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Lemma 2.3.3 If f, f~ and f be the frequencies of 0, 0 — 1 and o+ 1 respectively,
then the following relations

fHf+ff=v of+@-Df +@+Df"=n, (2.3.29)

minimize considerably the search for optimum n, for which g(n) is a maximum.

Let N* (C N) denote the class of n’s satisfying Theorem2.3.2 and Lemma2.3.2.

Remark 2.3.1 For given n, v and c, let g(n*) be the maximum of g(n) of (2.3.17)
over n = (ny, ny, ..., ny) subject to Zn,- = n. Then by Theorem 2.3.1

1

det(1(0) < g(n*). (2.3.30)

If a choice of {zl(;)} exists corresponding to n*, such that equality in (2.3.30) holds,

then n* together with {zg)} gives a D-optimal design.

Remark 2.3.2 If all n;’s are even, so that all the T;’s of (2.3.4) may be made equal
to zero, then it is possible to estimate the regression parameters y’s orthogonally to
the p;’s. In that case, «’s are estimated most efficiently with the minimum possible
variance when Z/'Z = nl..

Remark 2.3.3 1f n; = % = an even integer for all 7, the situation reduces to regular
case and then Remark2.3.1 is in full agreement with Troya Lopes (1982a) and in
that case «’s can be estimated most efficiently so that each estimator has minimum
possible variance when Z/'Z = nl..

Remark 2.3.4 If the v levels of the single factor set-up are assumed to be the v
level combinations of m factors Fy, ..., F,, having s1, ..., s, levels, respectively
(v =[] si), then the optimum design for the single factor set-up is also optimum for
the estimation of -« and all effects up to m-factor interactions which can be obtained
through an orthogonal transformation of 4 and the mean vector p corresponding to
the v level combinations.

2.3.3 Examples

Now we consider following examples to illustrate the above method.

Example 2.3.1 Let us consider the one-way set-up with n = 12, v = 4. It follows
that V* = {(3,3,3,3),(2,3,3,4), (2,2,4,4)} = (3%, (2,32, 4), 2°,4%)).
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(a) For ¢ = 1, n* = (3%) is the unique maximizer of g(n) and this n* together with
Zi=(1,1, -, Zy=(1,1, =1, Zy=(1, 1, —=1), Z; = (1, 1, —1) gives
a D-optimal design.
(b) For ¢ = 2 both n* = (2, 32, 4) and (22, 4%) are maximizers of g(n).

(i) n* = (22,4?%) and

1 1 -1 1
1 1 -1 1 1 -1 -1 -1
Zl—(_l_l),Zz—( 1_1),Z3— 11 Ly = EEE
—1 -1 1 -1
give a D-optimal design.
(i) n* = (2, 32,4) and
L -1 1 1 -1 j_i
Z1= ,Z2= 1 -1 ,Z3= —1 1 ,Z4= ,also
-1 -1 1 1
1 1 -1 -1 1 -1

give a D-optimal design.
(c) For ¢ = 3, 4,n* = (22, 42) is the unique maximizer of g(n).

Example 2.3.2 In one-way set-up withn = 9, v = 3, ¢ = 3, D-optimal design
should be searched within the set {(2, 3, 4), (33)} of n. It is seen that for n = (3%)
and

—1-1-1 -1 + 1 -1 1 1
D;: ZzW=( 1 1 1},Z@= 1-1 1) andZ® = 1-1 1],
111 1 1-1 1 1-1

C = diag(8, 8, 8) and g(n) = 3°.83. But for n = (2, 3, 4), and

L1
o_( VY oo (o @_|-t-1 1

Dy 20 = 2O =1 11 ) andz® =
S -1 L -1 -1
R

It can be seen that C = 813 + %J 3, where J3 is a 3 x 3 matrix containing elements
one only. Also g(2, 3, 4) which is equal to 15360, attains the upper bound in (2.3.14)
and g(2, 3,4) > g(3, 3, 3) implying that D, is D-optimal.

Again forn =9, v = 3, ¢ = 4, itis noted that n* = (2, 3, 4) together with

-1 1-1
D; : z<1>=(_}_}_i_}),z®= 1111
111

1 1-1-1

-1 1 1

3 —
and Z7=1 12111
11 1-1

maximizes g(mn) of (2.3.17) and hence gives a D-optimal design.
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Remark 2.3.5 Itis seen from the examples that the choice of optimum n depends on
the number of the covariates used apart from the number of cells v in the set-up. Again

itis noted from (2.3.7) that det(I(0)) depends on two factors viz. det(N)(= H n;)and

1
det(C). Determinant of N increases as the homogeneity between the n;’s increases

subject to Zi n; = n. On the other hand det(C) increases, apart from ¢, with the
largeness of a and the smallness of b, which again are achieved by inclusion of
maximum number of even 7n;’s closed to L%J. The number of odd n;’s subject to

Z n; = n, in between the even ones with proper homogeneity, actually strikes a

b;lance between det(N) and det(C). It is also seen that, when c is small, det(N) is
the dominant factor, while, if ¢ is large det(C) becomes the dominant factor.

Incidentally, the above analysis is based on the work in Dutta et al. (2014) and it
improves over what was achieved in Dey and Mukerjee (2006).
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Chapter 3
OCDs in Randomized Block Design Set-Up

3.1 Introduction

For two-way layout, the set-up can be written as

(Y, i1+ X7+ Xo8 + Zn, azln) G.1.1)

where u, as usual, stands for the general effect, Fuxl ﬁb x1 represent vectors of

treatment and block effects, respectively, and X'I'Xh and ng” are, respectively, the
corresponding incidence matrices. Y, Z as usual, represent an observation vector of
order n x 1 and the design matrix of order n x ¢ corresponding to vector of covariate
effects v“*! respectively. It should be noted that each column of Z-matrix has a
natural interpretation in terms of the correspondence of the covariate values with the
experimental units in the RBD set-up we start with.

We straightway compute the form of the information matrix for the whole set of
parameters 7 = (u, 3, 7/, v/ )/ underlying a design d with X4, Xo4 and Z; as
the versions of X, X, and Z in (3.1.1):

n 1'Xyy 1'Xoy 17Z4
X1, X1a X1, X0a X Za
X/ZdXZd X/ded

Z&Zd

Li(n) = (3.1.2)

For the covariates, as before, we assume, without loss of generality, the (location-
scale)-transformed version: |z§t.)| <1;i,j,t.

It is evident from (3.1.2) that orthogonal estimation of treatment and block effect
contrasts on one hand and covariate effects on the other is possible when the condi-
tions

" Za =0, X,,Zg=0 (3.1.3)

© Springer India 2015 27
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are satisfied. It is to be noted that under (3.1.3), 1’Z; = 0’ also holds. Further, as
before, most efficient estimation of ~-components is possible whenever, in addition
to (3.1.3), we can also ascertain

7,74 = nl,. (3.1.4)

It is also true that, whenever (3.1.3) is ensured, presence of the covariates in (3.1.1)
does not pose any threat to the usual optimal design problem in a block design set-
up as the covariate parameters and the block design parameters are orthogonally
estimable.

As before for an RBD set-up, following Das et al. (2003), we recast each column
of the Z"*¢ = (£1) matrix by a W-matrix of order v x b. Corresponding to the
treatment x block classifications, conditions (3.1.3) and (3.1.4) reduce, in terms of
W-matrices, to C; — C3 where

C1. Each W-matrix has all column-sums equal to zero;

C,. Each W-matrix has all row-sums equal to zero;

C3. The grand total of all the entries in the Hadamard product
of any two distinct W-matrices reduces to zero.

(3.1.5)

Now we define optimum W-matrix for covariate design, in an RBD set-up.

Definition 3.1.1 With respect to model (3.1.1), the ¢ W-matrices corresponding to
the ¢ covariates are said to be optimum if they satisfy the conditions C; — C3 of
(3.1.5).

We arrange the remaining sections of this chapter as follows. In Sect.3.2, we
consider the constructional methods of optimum W-matrices given by Das et al.
(2003) and in Sects.3.3 and 3.4, we discuss the relationships between OCDs and
MOAs and construction of optimum Zs given in Rao et al. (2003).

3.2 Construction of Optimum W-Matrices

Here we consider the following method for constructing optimum W-matrices given
in Das et al. (2003). They used mutually orthogonal latin squares (MOLS) for con-
struction of optimum WSs. The method is given in the following theorem.

Theorem 3.2.1 Suppose H,, and m MOLS of order v exist. Then m(v — 1) optimum
W-matrices can be constructed for an RBD with b = v blocks and v treatments.

Proof For the construction of the optimum W-matrices, we will proceed as follows:
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Step 1 We set the Hadamard Matrix H,, in the following form:
H, = (hl, hy, ..., hy_q, 1) 3.2.1)

where h; denotes the jth column of H,.
Step 2 We can construct the ith member L; of the set of m MOLS of order v by
using the symbols

ail, aip, ..., aiy; 1 <i <m. (3.2.2)

Step 3 Take L; and replace the symbols a;1, a;2, ..., a;y by the elements of h;
successively and we get a W-matrix. By varying i, j we get m(v — 1) W-matrices.
We can easily check from the properties of MOLS and Hadamard matrices that these
are optimum Ws. ]

Remark 3.2.1 When b = v = 27, p = integer, we have a complete set of MOLS of
order v. Then we can construct (b — 1) (v — 1) optimum W-matrices. In this situation,
it exhausts the error degrees of freedom in RBD model.

Example 3.2.1 We illustrate the above method of construction by citing an example.
Take b = v = 2% and replacing a; ; by other suitable symbols, we write down the
MOLS of order 4 as follows:

abed ad By psrq
_|badc _|Brad lgrsp
Li=lcaan | 2= v B3« > Ls= spqr
dcba 60476 rqps
We write Hy as
I 1 11
—1-1 11
Hi=| ;| =@ hy b3 . (3.2.3)
-1 1-11

Using hy, hy and hs in L, we get the following three optimum W-matrices:

-1 1-1 1-1-1 1 1111
M| -1 111 @ -1 1 141 @ | 1 1-1-1
WSl oo YT YT e
-1 1-1 1 1-1-1 1 “1-1 1 1

Similarly, using hy, hy and h3 in L, and L3 respectively, we get six more optimum
W-matrices as

1-1 1-1 1-1-1 1 1 1-1-1
1-1 1-1 G _|-1 1 1-1 © _|-1-1 11
-1 1-1 1 » W = I -1-1 1 » W = -1-1 1 1]

-1 1-1 1 -1 1 1-1 1 1-1-1

w® —
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-1 1-1 1-1-1 1 11-1-1
—1 1-1 1 @ | 1-1-11 @ _ |-1-1 11
- W E YR o

-1 1-1 -1 1 1-1 “1-1 1 1

w? —

Remark 3.2.2 When b = pv, v = 0 (mod 4), p >1, H, and m MOLS of order v
exist, then by writing the W-matrices of order v x b side by side p times, we can
get m(v — 1) optimum W-matrices. If in addition H, exists, then we can construct
pm(v — 1) optimum W-matrices. Below in Theorem3.3.1 we provide non-trivial
generalization of these results using mixed orthogonal arrays.

3.3 Relationship Between OCDs and MOAs

Orthogonal arrays (OA) introduced by Rao (1947) were generalized by Rao (1973)
to Mixed orthogonal arrays (MOA) which have wide applications specially in the
construction of designs. There are various results on constructions of OAs and MOAs.
We refer to the books of Hedayat et al. (1999) and Dey and Mukerjee (1999) for
details. Also a website of Sloane is available for ready reference and we also have
a catalogue of potential sources on OAs and MOAs (cf. http://neilsloane.com/oadir/
index.html). Definition of MOA (cf. Hedayat et al. (1999), p. 200) is given below:

Definition 3.3.1 An MOA(N, s]f‘s2 . s,, v, t) is an array of size k x N, where

v
k = Z k; is the total number of factors, in which the first k; rows have symbols

1=
from {0, 1, ..., s; — 1}, the next k» rows have symbols from {0, 1, ..., s — 1}, and
so on, with the property that in any ¢+ x N sub-array every #-tuple occurs an equal
number of times as a column.

Rao et al. (2003) identifies the construction of OCDs to that of MOAs. In this
chapter, we will discuss the relationship between the OCDs in the set-ups of CRD,
RBD and MOAs. This was established in Rao et al. (2003).

We consider the following theorem given in Rao et al. (2003).

Theorem 3.3.1 A set of c optimum W-matrices of order v x b under the RBD set-up
co-exist with an MOA(vb, v x b x 2¢, 2).

Proof Fori =1, 2, ..., c, let W) matrix be written as
W(i) vxb _ (Wii)’ W;l)’ - Wl(al))

where w ; ) is the jth column of W), Now we consider an array A with 2 4 ¢ rows
and vb columns where the first two rows of A form the following 2 x vb sub-array

12...v12...v...12...v

11...122...2...bb...b (3.3.1)


http://neilsloane.com/oadir/index.html
http://neilsloane.com/oadir/index.html
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corresponding to the vb level combinations of the treatment and block factors and
the (2 +i)th row of A is given by (wgl)/, wg)/, o W,(;)/),i =1,2,...,c. Note that
first row and second row of A have v and b symbols respectively and the remaining
rows have two symbols +1 and —1. From the properties of optimum W-matrices it
can be easily proved that A is an MOA(vb, v x b x 2¢, 2).

Conversely, given any MOA (vb, v x b x 2¢, 2), we can take, without loss of
generality, the first two rows in the form (3.3.1).

We construct W@ -matrix by using the elements of (i +2)th row of A, where w @

m,m’’
the (m, m")th element of W® = the element in the (i + 2)th row of A corresponding
to the ordered pair (m, m’) in the first and second rows of A, m #m' =1,2,...,c.

O

Corollary 3.3.1 A set of c optimum W-matrices of order v X b under the CRD set-up
co-exist with an MOA(vb, v x 2, 2).

Proof Given a set of ¢ optimum W-matrices wO W2 WO of order v x b
under the CRD set-up, observe that in this situation, the column sums, corresponding
to the blocks, of the W-matrices need not be zero. Hence the array A in the above result
without the second row can be shown to be a mixed orthogonal array MOA(vb, v X
2¢,2). O

Remark 3.3.1 Theorem3.3.1 and Corollary 3.3.1 help us to construct OCDs for the
set-ups of CRDs and RBDs from the list of suitable orthogonal arrays.

3.4 Some Further Constructions of Optimum W-Matrices

In this subsection we exploit the properties of Hadamard matrices and conference
matrices to construct OCDs in CRD and RBD set-ups.

Theorem 3.4.1 [f there exist Hy and Hy, then (b — 1)(v — 1) optimum W-matrices
can be constructed for an RBD with b blocks and v treatments.

Proof Write
H, = (h;, hy, ..., h,_;, 1) (3.4.1)

and
H, = (h’f, h3, ..., h;_,, 1). (3.4.2)
Let us write

W((bfl)(i*1)+j):h,'®hjf’, i=12,...,v—1, j=12,...,b—1. (34.3)
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We can easily check that these W-matrices satisfy conditions C; — C3z of (3.1.5)
giving ¢ = (b — 1)(v — 1) OCDs. These Ws exhaust the error degrees of freedom
of the RBD. O

Remark 3.4.1 We note that, by Theorems 3.3.1 and 3.4.1 we can construct an MOA
(vh, v x b x 20=D®G=D 2y from these (v — 1)(b — 1) optimum W-matrices and
conversely for given this MOA(vb, v x b x 2=Do-1) 2), we can also construct
(b — (v — 1) optimum W-matrices, H, and Hp.

Corollary 3.4.1 [f there exist Hy and Hy, then v(b — 1) optimum W-matrices can
be constructed for an CRD with v treatments, each being replicated b times.

Proof The matrices defined in Eq. (3.4.3) can also be treated as optimum W-matrices
of CRD set-up considered in Corollary 3.4.1. In this situation, we can construct an
additional number of (b — 1) optimum W-matrices for this CRD set-up given by

WO=De=Dt) =1, @h¥, j=1,2,....b—1. (3.4.4)

Thus in total, we get v(b—1) optimum W-matrices for this CRD set-up. These exhaust
the error degrees of freedom of the CRD. As stated Corollary 3.3.1 an MOA(vb, v x
2¢, 2) can be constructed from the above W-matrices in usual way. ]

Example 3.4.1 Let b = v = 4. Consider Hy of (3.2.3). From (3.4.3), we can con-
struct optimum W-matrices as follows:

=1 1-1 I=1-1 1

“1o1-1 1 11 11
a _ ;o . w@ _ 1
Wh=hoh =, s Wi=sheh={ 1, ; ||

“1o1-1 1 11—

11—t

-1 11—l 1
G _h @l — .
Wh=hieohs=1 1 1 ’

-1-1 1 1

S —hy @, —
Woh=meh={_, 1 14

1-1-1 1

1-1 1-1
1-1 1-1
-1 1-1 1
-1 1-1 1

WP =h; ®hj| =

11 1-1
—— _
s Wi =hooh =,
11 1-1
1 —1—1 1

e N e Y
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1 -1-1
1 —1-—1
1 .

1
1
—1 -1

1, 2, 3. Therefore, MOA(16, 4 x 4 x 29, 2) can be

constructed in the lines of Theorem 3.4.1:

/
3=

W —h;®h

-1 -1

Note that here h}f = hj forallj

1 2 3 4 1 2 3 4 1 2 3 4

2 2 2 2 3 3 3 3 4 4 4 4

1 —1-1
1-1-1
1 -1

2 3 4
1
1 -1
1 -1
1 -1-1
1-1-1

1

1

1

1-1-1 1-1

1 1-1

1 -1
1 -1

1-1-1 1-1 1-1 1-1

1 -1

1-1
1-1
1
I —-1-1-1-1
I -1-1-1-1

1-1-1

1
1 -1
1
1 —-1-1

1-1-1 1 1-1 1-1-1
1

1
1 -1-1

1

I -1-1

1 -1

1

I —-1-1

1
1
1

1 -1-1-1-1

1

1

1
I-1-1-1-1

I 1 1

1

1 -1-1

1

1-1-1

1

A=

The above W-matrices are also optimum in CRD set-up with 4 treatments each
being replicated 4 times. However as mentioned in Corollary 3.4.1 three additional

W-matrices can be constructed and these are given below:

);

1-1-11
1-1-11
1-1-11
1-1-11

11-1-1
11 -1-1
11-1-1}|"
11-1-1
The corresponding MOA(16, 4 x 2'2, 2) for the CRD set-up is given below:

/
Hh =

); Wi =1; @1

1-11-1
1-11-1
1-11-1

(1111
w2 —1;®h

/
1=

wl0 = 1;®h

1 2 3 4 1 2 3 4 1 2 3 4
1 -1-1 1-1-1

1 -1-1

1 -1

1 —-1-1
1 -1-1
1-1-1
1

1
1

2 3 4

1

1-1

I 1-1

1-1
1 -1

1 -1
1 -1

I-1-1 1-1
1 -1

1 -1

1-1 1

1 -1

I -1-1

1-1 1

1-1 1

1 1-1-1
1-1-1-1-1
1-1-1-1-1

1 —1-1

1 1-1-1 1
1

1-1-1

1

1-1-1

1 -1

1

1
1-1-1

I-1-1-1-1

1

1

1
1-1-1-1-1

1 1 1

1
1

1 -1-1

1

1 —1-1

1
I -1-1-1-1

1-1-1-1-1

1

1

1
1

1

l1-1-1-1-1-1-1-1-1

l1-1-1-1-1-1-1-1-1

1

1

1
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Theorem 3.4.2

(a) IfHyp and H% both exist, then v(b — 1) optimum W-matrices can be constructed
for a CRD with v treatments and b replications.

(b) If Hyp and H% both exist, then (b — 1)(v — 1) — (b — 2) optimum W-matrices
can be constructed for an RBD with b blocks and v treatments.

Proof of (a) Write Hy;, as a 2b x 2b matrix with the last column as (1,1, ..., 1)
and the last but one column as (1;, —1;)". Further write H% as a matrix with the last
column as 1,. Let H}} be a matrix of order 2b x 2(b — 1) obtained from Hy;, by
deleting the iast two columns. It follows that in each column of HJ; both the top
b elements and the bottom b elements have equal number of 1’s and -1’s. Now we
construct a matrix A of order v(b — 1) x vb as:

Ay =Hy ®H;.

We convert A; into an MOA(vh, v x 2°®=D  2) by appending the row:
1,2,...,b,1,2,...,b,...,1,2, ..., b) of length vb. This establishes the result
via Corollary 3.3.1. (]
Proof of (b) Let H}, be a matrix of order 7 x (5 — 1) obtained from H% ignoring the

2
last column consisting of all 1s. Now we construct A of order (v —2)(b — 1) x vb
as follows:
A =Hj® H’g .
From A, we can construct an MOA(vb, v X b X 2W=2)b=D+1 2) by adjoining

three more rows; the first two rows are used for coordinatisation and third row is
1, ® 1, —1)® (-1, 1)). The proof follows from the method of construction of
2 7 2

Theorem3.3.1. ’ O

Remark 3.4.2 Theorem 3.4.2(b) strengthens and generalises Theorem4.3.4, p. 54 in
Dey and Mukerjee (1999).

Example 3.4.2 Let b = 6,v = 4. We take Hj; in accordance with the proof of
Theorem 3.4.2:

-1 1l—-1—-1—-1 1 1 1-1 11

1 1 1-1 1-1-1-1 11 11

I—1 1 1—-1 I—-1—-1-1 1 11

1 1—-1 1 1—-1 1—-1-1-1 11

I—=1—1 1 1 1-1 1 1-1 11

1 1—=1—-1-1 1 1 1-1 1 11 .
Ho=1 | | o111 -1-1-11 = (Hi3. hui 1),

I 1—-1 1—-1—-1—-1 1 1 1-11

1 1 1—-1 1 1—=1 1—-1-1-11

1 1 1 1-1 1 1-1 1-1-11

-1 1 1 1-=1 1 1-1 1-11

l—-1—-1—-1 1 1 1—=1 1 1-11
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and

H, = (_} i) = (H3, 1).

Therefore using A; = HBW ® Hj, we can construct MOA(24, 4 x 220, 2) as
described in Corollary 3.3.1. Using A, = H}}’ ® H} and the row (1, D®(1, —1)®
(-1,-1,-1,1,1,1) = (-1,—-1,-1,1,1,1,1, 1,1, -1, —1,—1,—1,—1, —1, 1,
1,1,1,1,1, —1, —1, —1), we can construct MOA(24, 4 x 4 x o1l 2) as described
in Theorem 3.3.1. Now it is routine task to construct optimum W-matrices for CRD
and RBD from these MOAs.

For further construction of MOAs we need the concept of Conference Matrices
which is introduced below (cf. Hedayat et al. (1999), p. 152).

Definition 3.4.1 A symmetric matrix S of order n with elements +1, —1 and O is
said to be a conference matrix (CM) if it can expressed in the form

/
S— (101 l,xl) (3.4.5)
e
satisfying S§’ = (n — DI,.

In such a representation of S the matrix A in (3.4.5) is called the core matrix of
the CM. It can be easily checked that this A satisfies the conditions

AN =(n— DL, — 1,41 A=A"and Al, | =0.

n—1»

Note that CMs are known to exist for the following values of n (cf. Wallis et al.
(1972)):

(1) n = p* + 1 where p is a prime and s is a positive integer such that p* = 1
(mod 4).

(2) n = (h — 1)? + 1 where A is the order of a Skew-Hadamard matrix.

(3) n = (h — 1)" 4 1 where 4 is the order of a CM and p > 0 is an odd integer.

Setn — 1 = p and let A be as in (3.4.5) and let A* be the matrix of order p? x p?
obtained by taking the Kronecker product of A with itself. Define a matrix X as

I,-1, -1, ... -I,
KAt -1, J,-1I,... —I,
-1, -1, ...J,—1I,

where each block is of order p x p and J, =1 pl;).

Theorem 3.4.3 X is a core matrix of a CM of order p>.
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The proof is given in the Appendix. In the following theorem we give a method
of constructing OCDs from CMs.

Theorem 3.4.4

(a) If b =2 (mod4), (b —1) is aprime or a prime power and H, exists, then ¢ =
v(b — 1) optimum W-matrices can be constructed for a CRD with v treatments
and b replications.

(b) If b = 2 (mod 4), (b — 1) is a prime or a prime power and H, exists, then
c=({b-—-1w-—1)— (b—2) optimum W-matrices can be constructed for an
RBD with b blocks and v treatments.

Proof We will construct OCDs through the following steps.

Step I: We start with S, a CM of order (p + 1) x (p + 1)where A = (a;;) be the
core matrix of S of order p x p.
Step II: Define a matrix B of order (p + 1) x p such that the (i, j)th element b;; is
given by

bi; =—0 fori=1,2,...,p,

b,'j :aijafori,j=1,2,...,p, andi;ﬁj

b(p_;,_l),j:ﬁ forj=1,2,...,p,

where o and 3 are elements satisfying l.a =«; —l.a=—a; 1.0=0; —1.0
—-06; a.a = (—a).(—a) = B.8 = (=0).(—=0) = c aconstant; a.0 = [f.a =
—(@).f = (-p)a=a(—p) = f.(-a) =0, a(-a) = (—a).a = f.(-P) =
(=p).8 = —c.
Define another a matrix C of order (p + 1) x p such that the (i, j)th element ¢;;

is given by

Cii =a fori=1,2,...,p,

Cij =aq;jffori,j=1,2,...,p, andi # j

C(p+1),j = —« forj=1,2,...,p.

Now we construct a matrix D of order (p + 1) x 2p as
D=B:C).

It is observed that the columns of the matrix D of order (p + 1) x 2p are orthogonal
(cf. Theorem 3.4.5 in the Appendix).

Example 3.4.3 For n = 6, let the core matrix A be

0 1-1-1 1
I 0 1-1-1
-1 1 0 1-1
—-1-1 1 0 1

1-1-1 1 0
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From the definitions of B, C and D, we have

-0 a—-a—-a o o [B-B-0 O

a—f a-a-a [ a B-0-p

_m.n_ | a—f a—a-p [ o B
D=B:C) = a—a a—B a-B-8 B o B (3.4.6)

a—a—a a—-0 pB-0-0 B «

6 B B B f-a—-—a—a—a-—«a

Step III: By assumption, H, exists and we write it as

H, = (hy, hy,...,hy_1, hy, =1)). (3.4.7)

Take one pair, say (h;, h;) and replace the two symbols «, 3 by h;, h’j respectively
in the matrix D of order b x 2(b — 1). Then each column of D will give a matrix
of order b x v and so we can get 2(b — 1) matrices using all the columns of D
for the fixed pair (h;, h;). Now using ith column of D and jth pair (hy;_1, hy;) of
columns of H,, we get a matrix of order b x v which is denoted by U(¢=Dv/2+/) Now
varyingi over 1, 2,...,2(b—1)and jover 1, 2,..., 5, we get v(b — 1) matrices
UuD, U@, ., U= We can easily check that WD=UD’ W@=y®’
WeC=D)_g@®G=1) " are y(h — 1) optimum W-matrices for CRD set-up.

However in RBD set-up, we cannot use the last column h,, as the sum of elements
of the last column is not zero. So leaving it out we have only % distinct pairs of
columns (hy, hy, ..., h,_») and an extra column, h,_1. By using these distinct pairs
of columns we can construct (b — 1) (v — 2) W-matrices from D in the same manner
as described in above. Here we can also construct one more optimum W-matrix using
the residual column h,_; as

1 /
1 ® hv7]~

Therefore for RBD set-up, we can construct (b — 1)(v —2) 4 1 optimum W-matrices
in all. =
Now we illustrate the above method by considering the following example.

W((b—l)(v—2)+l) ’_ (

SIS

Example 3.4.4 Letb = 6 and v = 4. Then Hy is

1 1 11
—-1-1 11

Hy = 1—1-1 1 = (hy, hy, h3, hy =14).
-1 1-1 1

Then take v = h| and 3 = h), and using the first column of D of (3.4.6), we get the
following W-matrix:
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-1 1 1-1
1-1 1-1
-1 1-1 1
-1 1-1 1
1-1 1-1
1-1-1 1

Similarly, using the above methods we get other W-matrices for CRD and RBD.

Appendix

Proof of Theorem 3.4.3 It is observed that X is a symmetric matrix. Now (i, i )th block
matrix of XX is
4
(XX = z (aixA = Ip) (aiA = 1p) + (@i A+ Jp —1p)(a;; A+ T, — 1))
k=1, ki

P
= Z (@} A% —2a A+ 1) + I, —1,)J, — 1) since a;j = aj; anda;; = 0 Vi
k=1 k#i

P P
=(pl, —Jp) D aj —2AD aiu+ (p— DI, + pJ, = 2J, +1,
k=1 k=1
= (pIp _Jp)(P - 1) —2A.0+ (P - I)Ip + (P - 2)Jp +Ip
=(p(p—D+pl+ (-2, — (-1,
=p1, -,

(i, j)th block matrix of XX’ is

P
XX = D (anA —T)ayA — 1) + (@A +J, —1p)(a;iA —1,)
k=1, k#i,j
+ (a,-jA — Ip)(ajjA -l—Jp — Ip)
p
= D (anajA’ —apA —apA+1, + Jp —1p)@;iA - 1))
k=1, k#i,j

+(aijA —1,)Jp —1p)
=—(plp =Jp) +aijA+aijA+ (p =Dl —Jp —aij;A =1, = Jp —aijA+1,
= —Jp
Thus XX’ = p?L,2 —J 2. U
Theorem 3.4.5 The columns of the matrix D are orthogonal.

Proof The cross product of ith and jth elements of B,
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P p
D biibii = D buibij + biibij + bjibjj + b(pr1).ibpi1).j
k=1 k=1, ki, j
P
= D (auo) (@) + (—P)aija) + (@jia)(=B) + 4.3
k=1, ki, j
P
= D anar(a.q) +aij(—B).0) + aji(e.(=p) + ¢
k=1, k+#i,j
P
ZCZakiakj +0+0+c¢
k=1
=—c+c=0.

Similarly, it can be shown that the columns of C are also orthogonal. Now
we want to show that any column of B is orthogonal to any column of C. For
this, we consider the cross product of ith column of B and jth column of C:

p P
D bicki = D buickj + biicij + bjicjj + bpi).icpr.
k=1 k=1, k#i,j
P
= Z (aki)(ak; B) + (=B)(aij B) + (ajia)(a) + B.(—a)
k=1, ki, j
P
= z aribrj(a.B) + aij((=3).8) + aji(a.(-)) +0=0—-c+c+0=0
k=1, k+i.j
O
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Chapter 4
OCDs in Balanced Incomplete Block Design
Set-Up

4.1 Introduction

A balanced incomplete block design (BIBD) as an arrangement of v treatments into
b blocks each of k (< v) treatments, satisfying the conditions:

1. Every symbol occurs at most once in each block.
2. Every treatment occurs in exactly r blocks.
3. Every pair of symbols occurs together in exactly A blocks.

Let us consider a BIBD (b, v, r, k, lambda) satisfying (3.1.3) and (3.1.4) where
X», has a similar structure as in RBD. But now the structure of X, is somewhat
different. In the W-matrix corresponding to the incidence matrix of the said design
the non-zero elements (4=1) appear only in the r positions in every row and the k
positions in every column. So the situation is more complex than before in the sense
that in the case of an RBD, we were to place &=1’s in all the vb cells of the W-matrices
while here, we have to place +1 in the non-zero cells of the incidence matrix NV*?.
Thus, the construction of optimum W-matrix or equivalently the Z-matrix depends
on the method of construction of the corresponding BIBD.

The elements of optimum W-matrices for a BIBD set-up should satisfy following
conditions

v
> w =0vj; wf? =0 Vi
i=1 j=1

and 4.1.1)

v b ,
D> wiwi =0vs #£s.

i=1 j=1
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Condition (4.1.1) can be presented schematically as

Tr. bl.no. > Row

N 12... b Totals

1 0

2 0

wWe) — . o l<s<c “4.1.2)

: (£n;j)

v 0

Column
Total 00...0

and

Tr. bl. no. —
y 12...0b

WOvxb ywOvxb _ (4.1.3)

b v
0= S ulul)

i=1 j=I

In the set-up of a binary design, we use the notations 7;;s to indicate the incidence
pattern of the treatments across different blocks. Naturally, n;; = 1 or 0 according
as the (i, j) combination is present or absent. When n;; = 1, we need to ascertain
the value of w;; (+1 or —1). It is observed that the condition (4.1.1) does not require
any other property of BIBD other than that it is proper, binary and equireplicate.
So it follows that the above principle of constructing optimum W-matrices equally
applies for any binary proper equireplicate block design (BPEBD) not necessarily
for the BIBD set-up only. So in this context we shall consider also BPEBD set-up
whenever necessary.

In a BIBD set-up, W-matrices of order v x b can be constructed from the incidence
matrix of the BIBD by placing +1’s in the non-zero r positions in every row and
in the non-zero k positions in every column such that W-matrices satisfy condition
(4.1.1). For the BIBD set-up, Das et al. (2003) initiated the construction of OCDs
in the following experimental designs:

(i) some series of SBIBDs constructed through Bose’s difference technique (cf.
Bose 1939),
(ii)) some BIBDs with repeated blocks.

Later Dutta (2004) dealt with a number of classical series of BIBDs having inci-
dence matrices derived essentially through Bose’s difference technique which was
not covered in Das et al. (2003). With this, he covered a large class of existing
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BIBDs. Again Dutta et al. (2007) considered the problem of OCDs for a series of
complements of SBIBDs obtained through projective geometry.

It may be mentioned that in the series considered in Sect.4.2, the layouts have
cyclical pattern which simplified the choice of W-matrices. But the series of SBIBDs
considered in Sect.4.3 does not possess the above cyclical property.

When n # 0 (mod 4), it is impossible to find designs attaining minimum variance
for estimated covariate parameters. Dutta et al. (2010) considered this problem and
instead of using the criterion of attaining the lower bound (viz. ”72) to the variance
of each of the estimated covariate parameters =, they found optimum designs with
respect to covariate effects using D-optimality criterion retaining orthogonality with
respect to treatment and block effect contrasts, where n = 2 (mod 4). We consider
their work in Sect. 4.4.

4.2 BIBDs Through Bose’s Difference Technique

In this section, we consider some series of BIBDs constructed by applying Bose’s
difference technique (Bose 1939) and present construction procedures given by Das
et al. (2003) and Dutta (2004) for W-matrices satisfying (4.1.2) and (4.1.3).

Theorem 4.2.1 Suppose a SBIBD (v = b, r = k, \)is obtained by applying Bose’s
difference technique and a Hadamard matrix Hy of order k exists. Then (k — 1)
optimum W-matrices can be constructed.

Proof Hj exists by assumption and it can be represented as
Hy = (hy, hy, ...y, D). 4.2.1)

Without loss of generality take the initial block of SBIBD as the first block and
transform it into the form of the first column vector of the incidence matrix. Then we
replace the non-zero positions of this column vector successively by the elements of
h,. This gives the first column vector of W), Now we develop this column into the
full form of W) cyclically. If the above method is carried out for each of the vectors
hy, hy, ..., hg_y, then we get (k — 1) W-matrices. We can easily check that these
W-matrices satisfy condition (4.1.1) and are optimum. (]

Example 4.2.1 Consider SBIBD (7, 4, 2) obtained by cyclical development of the
initial block (0, 3, 5, 6) mod 7. Note that the first column of the incidence matrix
is given by ( 1001011 )/ and others are obtained by cyclic permutations of this
column. As block size is 4 we consider the 3 columns of Hy viz.h] = (1 =11 —1),
h)y=(11-1—1)andh} = (1—1—11)excluding (111 1)/. Let us consider
h; and construct W1 by replacing the non-zero elements of the first column of N
by the elements of hy in that order and permute cyclically. W is given by
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1-1 1 0-1 0 0\
0O 1-1 1 0-1 O
0 0 1—-1 1 0-1
wh=1-100 1-1 10
0—-1 0 0 1-1 1
1 0—-1 0 0 1-1
-1 1 0-1 0 O 1

and the corresponding column of Z is (1, —1, 1, —1,—-1,1,—1,1,1,—-1,1, -1, 1,
-1,1,—-1,-1,1,—-1,1,—1,1,—1,1, -1, 1, —1, 1).

Similarly, construct W and W by using h, and hj3 respectively and the
corresponding columns of Z accordingly. It can be seen that all the conditions in
(4.1.1) are satisfied by Ws. Z gives the OCD in the design format. Thus an OCD for
three covariates is obtained.

If the blocks of such BIBD is repeated m times each where H,, exists then we
can increase the number of covariates in the new BIBD with repeated blocks and the
result is represented in following corollary.

Corollary 4.2.1 Suppose an SBIBD (b, r, \) is available as per the description in
Theorem4.2.1. Suppose further that H,, exists for some m. Then for the BIBD (v, B =
mb, R = mr, k, A = mM\) obtained by repeating the blocks of the SBIBD, we can
construct ¢* = m(k — 1) optimum W-matrices.

Proof Let us write H,,, as
H, = (h{,h3, ... h}) = (h),).

Denote the W) -matrices of Theorem4.2.1 by Wffl ;, and the required W-matrices
by G, x p-matrices as follows:

(t.r) 1) ( ( 1)
Gy = (MW B WO, W) = @ W, 422)
It is now a routine task to verify the claim of the corollary. O

Example 4.2.2 Consider BIBD (7, 28, 16, 4, 8) obtained by repeating 4 times each
of 7 blocks of SBIBD (7, 4, 2) of Example4.2.1. H4 can be written as

1111
-1 11

Ho= [ ) [ =& b3, b3 by = ().
1111

Take W) of Example4.2.1 and the corresponding G-matrices are as follows:
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11 _ (1) (1) (1 M Y.

Gv><B - (W7><7’ _W7><7’ W7><7’ _W7><7) ’
(L,2) _ (1) (1 (1 Y.

vaB - (W7><7’ _W7><7’ _W7><7’ W7><7) ’
(L,3) _ (1) (1) (L D y.

vaB - (W7><7’ W7><7’ _W7><7’ _W7><7) ’
L4 _ (1) (1 (D (D

Gv><B - (W7><7’ W7><7’ W7><7’ W7><7)'

Similarly, we construct other G-matrices using other W-matrices of Example4.2.1
and the columns of Hy.

Remark 4.2.1 IfaBIBD (v, mv, mk, k, \)isformed by developing m initial blocks
each of size k, then m (k — 1) optimum W-matrices can be constructed whenever H,,
and Hy, exist. The result follows by noting that the above principle may be applied
when the blocks are not repeated but are obtained by developing m initial blocks.

Remark 4.2.2 Let for a BIBD (v, b, r, k, \) t optimum W-matrices be available.
Then for the BIBD (V = v, B = mb, R = mr, K = k, A = m)) obtained by
repeating each block m times, mt optimum W-matrices can be constructed whenever
H,, exists. A similar but a more general result is discussed in Chap. 6.

When a BIBD is not necessarily cyclic, we can always accommodate ¢* = k — 1
covariates optimally if each block of the design is repeated twice and Hy exists.

Theorem 4.2.2 Suppose a BIBD (v, b, r, k, \) exists which is not necessarily cyclic.
Then if Hy, exists, we can construct ¢* = k — 1 optimum W-matrices for the BIBD
(V=v,B=2b,R=2r,K =k, A =2)\).

Proof Let NV*? denote the incidence matrix of the former BIBD. Let Hy =
(hy, hy, ..., hg_, 1). In order to construct Wg)x p-matrix, we fill up the non-empty

positions in NV*| the incidence matrix, by placing the elements of h, successively
in each column and in the order the positions appear. We denote the resultant matrix
as W2*?_ Then

Wg)xB = (W)X W),
It is now easy to assert the claim. (I

Now we consider some other series of BIBDs which are not necessarily symmetric
but are constructed by Bose’s difference technique and give the constructional method
of OCDs as given in Dutta (2004). At first we consider the complementary designs
of the Steiner’s triple system (cf. Bose 1939) obtained by difference technique

BIBD(v =32t + 1),b=0Ct + D@2t + 1),r =3t + L,k =3, A=1). (42.3)
Theorem 4.2.3 Let t be an even positive integer such that 2t + 1 be a prime number

or a prime power and further let Hy; and He; exist. Then we can construct (2t — 1)
optimum W-matrices for the following complementary design of (4.2.3)
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BIBDW =32t + 1), ¥ =@t + D@t + 1), ¥ =2t3t + 1), k' = 6t,
N =0+ D@t — 1)+ 1. (4.2.4)

Proof Let 0, 1,...,2t be the elements of GF (2t 4+ 1). To each element a of GF
(2t + 1), we associate three symbols 1, 2, 3 to have three treatments a;, a», az. Itis
well known that the initial blocks for the series (4.2.3) are given by (cf. Bose 1939,
p-373)

St ={1,201,02), 21, 2t = 1)1,02), ..., (t1, ¢ + 1)1, 02)};
S5 = {(12, (20)2,03), (22, 2t —1)2,03), ..., (2, (t + 1)2,03)};
S5 = {13, (20)3,01), (23, (2t = 1)3,01), ..., (13, (t + 1)3, 0D}
Sy = (01,02, 03).

We divide the initial blocks of the design (4.2.4) which is the complementary
design of (4.2.3) into the following four sets:

S1={01,21,31,..., 2t =D, 12,2, ..., (2)2,03, 13, ..., (20)3), (O1, 11,31, ..., 2t =21, 201, 12, 22,
ey (20)2,03, 13, ..., (20)3), ..., O, 1y, ..., =D, t+2)1,...,201,12,20,...,(2t)2,03, 13, ..., (21)3)};
S> ={(02,22,32, ..., 2t — 1)2, 13,23, ..., (2t)3,01, 11, ..., 21)1), (02,12,32,..., (2t — 2)2, (2t)2, 13, 23,

< (203,00, 1, @01, ..., 02, 12, ..., (t= D2, (t+2),.... (20)2,13,23, ..., (203,01, 11, ..., 2D}
S3 =1{(03,23,33,..., 2t — )3, 11,21, ..., 21)1,02, 12, ..., (2t)2), (03, 13,33,..., 2t —2)3, 21)3, 11,21,
(201,02, 1,00, 2t)2), ..., (03,13, ..., = D3, (t+2)3,...,(20)3, 12,20, ..., 20)1,02, 12,..., (21)2)};
Sy ={(11,21,..., 2t)1, 12,22, ..., (2t)2, 13,23, ..., (21)3)}.

Let us assume the existence of Hy, where kK’ = 61 and write it as
Hy = (hy,hy, ... hy g, 1). 4.2.5)

Consider the first % initial blocks of the set S;(i = 1, 2, 3) and display them in the
form of column vectors of the incidence matrix. Let us replace the non-zero elements
of the jth column by the elements of hg, where hy is any one of the first (2 — 1)
columns of Hy'. We develop this initial block by cyclically permuting the elements to
form a matrix UZ.JS oforderv' x (2t+1),j =1,2,..., L. Using the same procedure we
transform (% + j)th block of S; by -hg and develop in the same manner. We denote this

L
matrix of order v’ x (2¢ + 1) by Ul?s+'l i=1,23 j=12,..., %). In this way we

i 5+, .
can constructUijS and Ufs ! G=12,..., %)fordlfferents (s=1,2,...,Q2t=1).
Again, for an even integer ¢, we assume that Hy; exists and write it as

Hy = (h{,h}, ... hi . 1). (4.2.6)

Consider the single initial block S4. Note that the 2¢ elements except zero of Sy
correspond to each of the symbols 1, 2 and 3. Transform the elements of this block
into the form of a column vector of the incidence matrix. Then we replace the non-zero
elements of each class of this column by the elements of h} (s = 1,2,..., (2t — 1))

and develop this column into full form of U§4) as
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4 4 4
U@ = (v v vy, 4.2.7)
where, fori = 1,2,3, V¥ (i = 1,2,3) is a matrix of order (27 + 1) x (27 + 1)
obtained by cyclical permutation of the elements of the column vector after replacing
the non-zero elements of ith class of the initial block of S4 by h}.

Schematically, the form of the W) matrix, s = 1,2, ..., 2t — 1, can be written
as
M (D)7 Qe+1)x0’ . ]
Uls
: Using hg
(%)/ 2t+1)xv’
Uls =S
G+1)y @e+1)xv’ 1
Uls
: Using — hy
@) Qt+1)xv’
U}‘f) PIEm)) .
/7 2t+1)xv N
U2S
: Using hy
(57 Qt+1)xv
U2s =95
U(%-H)/ 2t+1)xv’
W(S)/ _ 2s
: Using — hy
(t) 2t+1)xv’
U%f} PIES)) 3
7 t+1)xv’ T
U3s
: Using hy
(%)/ 2t+1)xv’
U3s =8
G+1)y @+1)xv’
U3s
: Using — hy
1)y t+1)xv’
i @ @ @
/ / /
(@) Vls V2s V3s
=l 1 i
Using h Using h} Using h}
So varying s = 1,2,...,2¢t — 1, we can construct (2¢ — 1) optimum W-matrices.
This establishes the claim. O

We shall illustrate the construction through the following example.

Example 4.2.3 Fort = 2, BIBD (15, 35, 28, 12, 22) is the complementary design
of BIBD (15, 35, 7, 3, 1). Thus we have three optimum W-matrices, each of order
15 x 35. We exhibit the construction in detail.
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Note that the four sets are:

S1 ={(01, 21, 31, 12, 22, 32, 42, 03, 13, 23, 33, 43), (01, 11,41, 12,22, 32,42, 03, 13, 23, 33, 43)};
S ={(02, 22, 32, 13, 23, 33,43, 01, 11, 21, 31, 41), (02, 12,42, 13, 23, 33, 43, 01, 11, 21, 31, 41)};
83 ={(03, 23, 33, 11, 21, 31, 41, 02, 12, 22, 32, 42), (03, 13,43, 11,21, 31,41, 02, 12, 22, 32, 42)};
Sq ={(11,21,31,41, 12,22, 32, 42, 13, 23, 33, 43)};

Hj; is available in standard literature (cf. Hedayat et al. 1999, p. 151). Without loss
of generality, we take

hl = (_17 17 15 _17 15 17 1’ _17 _17_15 17_1)/;
hy =(—=1,-1,1,1, -1, 1, 1,1, =1, =1, =1, 1);
h3=(_1917_171511_1513171’_17_17_])/'

H,; = H, can be written as

11 11
1—1—-11

Hi=| | | _;;|=ainn
—1-1 11

Then proceeding along the steps described in Theorem 4.2.3, we obtain Ugll), Uﬁ),
Ug]), UEZ]), Ugll) and Ugll) each of order 15 x 5, where

01 11 29 31 41 0p 12 23 35 47 03 13 23 33 43

-1 0 1 1 0 0-1 1 1 1-1-1-1 1-1

U(l)/ o-1 0 1.1 1 0-11 1-1-1-1-1 1
= 1 60-1r 0 1.1 1. 0-1 1 1-1-1-1-11},

1 1.0-1 01 11 0-1-1 1-1-1-1

o1 1 0-1-1 1 1 1 O0-1-1 1-1-1

01 11 2y 31 41 02 12 23 35 45 03 13 23 33 43

1-1 0 0-1 0 1-1-1-1 1 1 1-1 1

U(Z)/_ -1 1-1 0 0-1 0 1-1-1 1 1 1 1-1
= 0-1 1-1 0-1-1 O I—-1-1 1 1 1 11},

0 0-1 1-1-1-1-1 01 1-1 1 1 1
-1 0 0-1 1 1-1-1-1 0 1 1-1 1 1

-1 1 1-1 1 1 O
1-1 1 1-1 0 1

1 -1

0 1—-1-1 0-1-1 1
v =[-1 1-1 1 1-1 0 1 0

0 1

10

I1-1 0-1-11{,
0-1 1-1 0-1
1-1-1 1-1 0

0 0-1-1 1-1
1
1

1-1 1-1 1 1-1
1 1-1 1-1 0 1-




4.2 BIBDs Through Bose’s Difference Technique

1-1—-1 1-1-1-1 0 0 1 0 1 1-1 1
—1 1-1-1 1 1-1-1 0 0 1 0 1 1-I

U= 1-1 1-1-1 0 1-1-1 0-1 1 0 1 1],
-1 1-1 1-1 0 0 1-1-1 1-1 1 0 1
~1—1 1-1 1-1 0 0 1—1 1 1-1 1 0

0-1 1 1-1 1 1 1-1-1-1 0 1-1 0
~1 0-1 1 1-1 1 1 1-1 0-1 0 1-I

v’ = 1-1 0-1 1-1-1 1 1 1-1 0-1 0 1
I 1-1 0-1 1-1-1 1 1 1-1 0-1 0

1 1 1-1 01 1-1-1 10 1-1 0-1

and

01 11 21 31 41 02 1o 25 35 45 03 13 23 33 43
0 1—-1—-1 1—-1-1-1 11 1-1 0 0 1
p@ | 10 I-1-1 I-1-1—-1 1 1 1-1 00
3 T -1 10 1-1 1 1-1-1-1 0 1 1—-1 0
~1-1 1 0 1—-1 1 1-1-1 0 0 1 1-1
1-1-1 1 0-1-1 1 1-1-1 0 0 1 1

Using h’l‘, the matrices Vﬁ), Vg) and Vé‘? each of order 5 x 5 are obtained as

01 11 29 31 44 02 12 25 37 4

0 1 1-1-1 01 1-1-1

@ -1 0 1 1-1 @ _|—-1 0 1 1-1
V” ] -1-1 0 1 1 ’V21 ] -1-1 0 1 1}

1-1-1 0 1 1-1-1 0 1

1 1-1—-1 0 1 1-1—-1 0

03 13 23 33 43

0 1 1-1-1

@@ _| -1 0 1 1-1
Vil = -1-1 0 1 1
1-1-1 0 1

1 1-1-1 0

Thus W is obtained by suitably arranging the U and V-matrices as
1)7 35x15 M7 1) 1) 12y (D7 12y 4
w35 = Uy Uy Uy, Uy, Usy, Usy, U7,
where

4y @ @@ @)
U™ =V, Vg ,V31 )-
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Similarly, W® and WP can be constructed by using (hy, h}) and (hs, h;) respec-
tively.

Dutta (2004) also constructed OCDs for the following series of BIBD. For detailed
discussion, readers are referred to the original paper.

V=54 1), b = (5t D@+ 1), =45t +1), K =200, N = (5t + )4 — 1)+ 1,
(4.2.8)

and

V =4@t+ 1), b = @+ DG+, F =3t@r+ 1), K =126, N = @4+ 1D)Gt — D)+ 1.
(4.2.9)

4.3 BIBDs Through Projective Geometry

As mentioned earlier in the series considered in Sect.2.2, the layouts had cyclical
patterns which simplified the choice of optimum W-matrices. Now we consider com-
plementary designs of the SBIBDs obtained through projective geometry. However,
by suitable partition of the blocks into different sets, and by judicious choice of
the covariate values, it is possible to construct OCDs for the series with parameters
V=b=sN+sVN . qs+1,r=k=sN,N=sVN_sN-1

4.3.1 Partitioning of the Blocks

With the help of the Galois field GF (s), we can construct the finite projective geome-
try of N dimensions, to be written as PG (N, s), where, s = p”, p is a prime number
and 7 is any positive integer. Any ordered set of (N + 1) elements (xg, x1, ..., XnN)
where the x;’s belong to GF (s) and are not simultaneously zero, is called a point of
the projective geometry PG (N, s). (xo, X1, . .., xy) = X and px’ represent the same
point, where p(# 0) €GF (s). It is known that the number of points in PG (N, s)

(AR D i W A O]
(Serl_1)(Sm—l)...(s—l) . FOI‘ more

detailed discussions in this respect one is referred to Bose (1939).

By making a correspondence between the points and the m-flats of PG (N, s)
with the varieties and the blocks respectively, we get a BIBD with parameters (cf.
Bose 1939, p. 362): v = ¢(N,0,s), b = ¢(N,m,s),r = ¢(N — 1,m — 1,5),
k=¢@m,0,5),\=¢(N —2,m —2,s). Form = N — 1, the following SBIBD is
obtained:

is equal to ¢(N, m, s), where ¢(N,m,s) =

v=b=sN sV . ps41, r=k=sN"14N 24 1541
A=sN 1y N2 4 4541
43.1)
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We consider the complementary design given in (4.3.1) which is also an SBIBD with
the following parameters:

V=t =N+ N s, =k =Y, A=V =V (@32)

It was mentioned earlier that the choice of the levels of the covariates in a BIBD set-
up depends on the method of construction of the BIBD and the maximum number of
covariates satisfying condition (3.1.5) varies from series to series. The blocks of the
SBIBD with parameters given in (4.3.2) are partitioned into (sV =1 + sV =3 4 ... 4+
s2 4 1)(=t, say) disjoint sets; each set contains (s + 1) blocks such that the portion
of the incidence matrix of the complementary design corresponding to these (s + 1)
sets conforms to that of the incidence matrix of an RBD with suitable parameters.
This fact has been used in the choice of the Z-matrix.

We note that the number of (N — 1)-flats passing through a particular (N — 2)-flat
isgivenby ¢(1, 0, s) = s+ 1. Such (s + 1), (N — 1)-flats passing through a particular
(N — 2)-flat can be obtained as follows:

Consider an (N — 2)-flat, given by

a’x=0, bx=0 (4.3.3)

where, a and b are two column vectors with elements from GF (s) such that rank
(A’) = rank(a, b) = 2.

The (s + 1), (N — 1)-flats containing the (N — 2)-flat given in (4.3.3) are given by
(Aa’ + A2b)x = 0; (A1, X2) # (0, 0) and (A1, A2)= p(A1, \2) where, pis a non-
zero element of GF (s). If NV is odd, then the full set of (N, N — 1, 5), (N-1)-flats

can be partitioned into (S‘Y_NSES_JI) = ‘NN;IX_II’S) = (N sV 52 D) sets
each containing (s + 1), (N — 1)-flats having a common (N — 2)-flat, are disjoint. As
the blocks correspond to (N — 1)-flats, so through one to one correspondence, we can
partition the blocks into (s¥~! 4+ sV =3 4+ ... 452 4 1) disjoint sets each containing
(s 4 1) blocks. It will be clear from the following two examples from Dutta et al.

(2007) covering both the situations where s is a prime number and a prime power.

Example 4.3.1 N =3, m =2, s = 2. There are 15 blocks which can be partitioned
into five sets each of size 3:

x0=0 x1=0 xp =0
Si:x1+x=0 Sr:x0+x3=0 S3:x1+x3=0
xo+x1+x=0 xo+x1+x3=0 x1+x+x3=0
x3=0 xo+x1=0
S4:x0+x2=0 Ss:xp+x3=0

xo+x2+x3=0 x0+x1 +x2+x3 =0.
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It is to be noted that only two equations in each set S; are independent and these can
conveniently be represented as Ax = 0. It is clear that the choice of A-matrix in S

is given by:
1000
0110)°

The choice of A-matrices for other S’s are obvious.

Example 43.2 N =3, m = 2and s = 22, There are 85 blocks which can be
partitioned into 17 sets each of size 5. Let the elements of GF (22) be ag = 0,
ar =1, ay = x, a3 = 1 + x, where x is a primitive root of GF (22). Then the 17
sets are:

x0=0 x2=0 xo+x =0
x1 =0 x3=0 X1 +x3=0
Si:xo+x1=0 S :xp+x3=0 S3:xo+x1+x2+x3=0
X0+ axx; =0 X2+ anx3 =0 X0 + aox1 +x2 +axx3 =0
X0+ azx; =0 X2+ a3xz3 =0 X0 + a3x] +x2 +a3x3 =0
X0+ apxp =0 x0+azxy; =0
x1 +a3zxz3 =0 X1 +apx3 =0
Sq i x0 4+ x1 +axa+a3x3 =0 S5 1 x0 +x1 +a3xy +ax3 =0
X0 + aox; +axxo +x3 =0 X0 + anx] + a3xz + azx3 =0
x0 + a3x1 + axxy + azx3 =0 xo + a3x; +azxa +x3 =0
xo+x3=0 X0+ apx3 =0
X1 +x24+x3=0 X1+ a3xy +axx3 =0
Se:x0+x1+x=0 S7:x0+x1+a3x; =0
X0 + axx; + apxo + a3xz3 =0 X0+ axx; +x24+x3=0
X0 + a3x; + azxy + azxz3 =0 X0 + a3x] + axxo + azxz3 =0
xo +a3xz3 =0 xXo+x2+x3=0
X1 +apxy + azxz3 =0 X1 +x2=0
Sg:xo+x1 +axxy =0 So:xo+x1+x3=0
x0 + aoxy + azx2 +axxz =0 X0+ aoxy + azxa +x3 =0
X0+ o3x; +x2+x3=0 X0 4+ a3x1 +oxy +x3 =0
X0+ apxy +a3x3 =0 X0+ a3xy + axx3 =0
X1 +apx; =0 X1 +azx; =0
S10:x0+x1+a3x3 =0 S11:x0+x1+ax3 =0
X0+ axx) +x2+azxz3 =0 X0 + aoxy + axx2 + aox3 =0

x0 + azx; + azxy + azxz3 =0 X0 + a3x; + x2 + azx3 =0
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xo0 + a3xy +azx3 =0 x0 + axxy + apx3 =0
X1 +axxy +x3=0 X1 +azxy +x3=0
Sp:ixo+xi+x2+ax3=0  Si3:xp+x+x2+a3x3=0
x0+axx; +x3=0 X0 + azxy +azxr =0
X0 + azx) + axxyo =0 X0 +a3x;+x3=0
xo+x2+a3x3 =0 x0+x2+azx3 =0
X1+ aoxy +azxz3 =0 X1+ a3xy +aszx3 =0
Sia:x0+x1+a3x+x3=0 Si15:x0+x1+axxp +x3=0
X0 + apx] + axxp =0 X0 +anx; +a3x3 =0
x0 + a3x] +azx3 =0 X0+ a3x; +azx; =0
X0+ oax+x3=0 X0+ o3x2+x3=0
X1 +x2+ax3=0 X1+ x4+ azxz3=0
S16:x0+x1+a3x2+a3x3 =0 S17:x0+x1 +axxy +axx3 =0
X0 + apx] + axx3 =0 xXo+ax];+x2=0
xo+a3x; +x2=0 xo + azx; +azx3 =0

where, (xo, X1, X2, x3) is a point of PG (3, 2%).
As an illustration, the choice of A-matrix corresponding to S; and Sy are given,

respectively, by
1000 10a O
0100/ \01 0 a3)"

Similarly, A-matrices for other S;’s can be written.

4.3.2 Optimum Covariate Designs

From (4.3.1), we see that any block of the design contains k = (sV ~14)\) treatments
and any two blocks have exactly A treatments in common. As any two blocks of the
set S; (i = 1,2,...,t;t = (sN_1 4+ sV 452 4 1)), have the same
A treatments in common, without loss of any generality, we can write the portion
N;, the incidence matrix corresponding to the blocks in S; (i = 1,2, ...,¢) in the
following form (with some rearrangement of blocks if necessary):

Uy 0 00 1y O
0 Uy, ... 0 1,

N, = (4.3.4)

(S (S

The part of the incidence matrix of the design with parameters in (4.3.2) correspond-
ing to the part N; of the design with parameters in (4.3.1) is obtained by replacing
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ones by zeros and zeros by ones in (4.3.4) and is given by:

(S RPN (VR AN
v, 1, ... U,,0

NS/ = “’V ‘fv ' YN :A (43.5)
Uy Uyyo 00

Using the structure (4.3.5) above, we develop a method for choosing covariates
optimally for the series of complementary designs of (4.3.1). The precise statement
follows.

Theorem 4.3.1 Ifs = 27 where p is any positive integer; then (sN =1 —1)(s — 1) +
(s — 1) optimum W-matrices can be constructed for the design with parameters in
(4.3.2), where N is an odd integer.

Proof Since s is a power of 2, Hiv—1 and H exist and we write them as
HSN—I = (hl, ey hsN—l_l, 1)

H, = (h},....h'_,1).

s Mg 1>
Again, the matrix (4.3.5) can be written as
NS = (A1 Agis o A A 0)

where A j; is the matrix in the jth column block of Nf Lj=1,2,...,(+ 1.
We replace kth non-null row of Aj; by the kth row of hih; k = 1,2,...,s,
m=12,...,(s —1)and n = 1,2, ...,(sN_1 — 1) and denote the resultant
matrix by Ajl.. We repeat the procedure for each Aj; with the same m, n. This
leads to a matrix W;";m’n with elements £1 satisfying the properties C; and C, of
condition (3.1.5). Using the same h,,, and h}} we get difterent W;k;m,n ’s corresponding
to different Nl.c’ ’s. Therefore, for fixed m, n

W*/

2m,n’

W;kn,n — (W*/

1;m,n?

c W;k ;/m,n)

satisfies the properties C1 and C» of condition (3.1.5). For different choices of h,,
and h} we get N1 —Ds =1, W;,, ,-matrices which satisfy condition (3.1.5).
The transformation required to be applied on (4.3.5) to get back the corresponding
portion of the incidence matrix of the design may also be applied on the elements of
the above W*-matrices to get the original W-matrices.

Again, note that the number of unit vectors in the rows of N{ " is s which is the
same as that of the elements of hy,. We replace the gth vector 1/y_; in the first
column block matrix of N§ " by +1; ~_1 Or by —1; ~_ according as the gth element of
hy, is +1 or -1, respectively, to get AT*. Now we permute +17_;, =1’ y_; and 0’ _,
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in the rows of A7* cyclically to get A%, A", ..., A;‘j’;] and hence can construct
a new W-matrix viz. W, By taking different h},, we can construct (s — 1), W*-
matrices. Itis easy to show that these W}, *-matrices together with the W, , -matrices,
m=1,2,....,s = 1),n=1,2,...,(s¥1 — 1) satisfy condition (3.1.5). Thus in
all, we get (s~ — 1)(s — 1) 4+ (s — 1) optimum W-matrices. O

Example 4.3.3 We consider the SBIBD whose blocks are the 2-flats of PG (3,2), so
that the parameters of the SBIBD are v = b = 15,r = k = 7, A = 3. Now for the
complementary design, the parameters are: v/ = b =15, r' =k’ =8, N = 4.

According to Example4.3.1, the sets of blocks of the complementary design,
where the treatment corresponding to the point (xg, X1, x2, x3) is indexed by 23x0 +
22x1 4 2xp + x3, are:

S1 =1(8,9,10, 11, 12, 13, 14, 15), (2, 3,4, 5,10, 11, 12, 13), (2, 3, 4,5, 8,9, 14, 15)]
S»=1[4,5,6,7,12,13,14,15), (1,3,5,7, 8,10, 12, 14), (1, 3,4, 6, 8, 10, 13, 15)]
S35 =10(2,3,6,7,10, 11, 14, 15), (1, 3,4,6,9, 11,12, 14), (1, 2,4, 7,9, 10, 12, 15)]
S4=1(1,3,5,7,9,11,13,15),(2,3,6,7,8,9,12,13),(1,2,5,6, 8, 11, 12, 15)]

S5 =1[(4,5,6,7,8,9,10,11),(1,2,5,6,9, 10, 13, 14), (1,2,4,7, 8, 11, 13, 14)]

We write H, and Hy as

H2=( 11)=(h1, 1) and H4=

11 11

. N D

11 1—1—11 | =00 b b3 D).
1 1-11

Using hy and hf (i = 1, 2, 3) and proceeding according to Theorem4.3.1 we
can construct three optimum W-matrices. Below we give WTyl-matrix which is
constructed by using h; and h.

00 00O0OO0OOTI1I-11-1 1-1 1-1
601-11-1 0 0 0 0-1 1-1 1 0 O
0-1 1-1 1 0 0-1 1T 0 0 0 O0-1 1
oo0o011-1-1 000 O0 1 1-1-1
1 0-1 0-1 0 1 1 0-1 0—-1 O 1 O
-1 0 1-1. 01 0-1 0 1 0 O0-1 0 1
01 100-1-1 00110 0-1-1
1 0-1-1t 0 1 0 06 1 0-1-1 0 1 O
-1-1. 0 1. 060 01 0-I-1 0 1 0 0 1
1 01 0-1 0-1 01 0 1 0-1 0-1
o 1-1t 0o 0-1r 1 1-1 0 0-1 1 0 O
-1-1. 0 0 1 1 0-1 0 0-1 1 0 0 1
oo0o011-1-111-1-1 00 00
1-1 0 0-1 1 0 0-1 1 0 0 1-1 O
-1 1 0-1 0 0O 1-1 0 0 1 0-1 1 O
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Similarly, by taking the combinations (hy, h3) and (hy, h}) we can construct WT,z
and W7 5 respectively. Using h, we can get another matrix W™ which is given
below:

00 00O0O0OO-1-111T11-1-1
o111 1000O0-1-1-1-1 020
0-1-1-1-1 0 0 I 1 0 0 O O 1 1
o0 0-11-11 0 0 0 0 1-1 1-1
1 01 0-1 0-11 01 0-1 0-1 0
-1 0-1 1 01 0-1 0-1 O O 1 0 1
0-1 1 0 0 1-1 0 0-1 1 0 0 1-1
1 0-1 1 0-1 0 0 1 0-1 1 0-1 O
-1 1. 0-1 0 01 0-1 1T 0-1 0 O 1
-1 01 0-1 01 01 0-1 01 0-1
o 1-1t o0 1-1 1-1 0 0 1-1 0 O
lI-1r 0 0 1-1 0-1 0 0 1-1 0 O 1
o0 0-111-1-11 1-1 00 0 O
1 10 0-1-1 0 0-1I-1 0 O 1 1 O
-1-1. 0 1. 060 01 100 1 0-1-1 0

Thus four optimum W-matrices are constructed.

Remark 4.3.1 In Sects.4.2 and 4.3, OCDs have been constructed for BIBD set-
ups. The series of BIBDs considered here are either constructed through Bose’s
method of difference (cf. Bose 1939) or through projective geometry. As mentioned
earlier, it is very difficult to find OCDs for arbitrary BIBDs. But for the particular
case when b = mv, where m is any positive integer, OCDs can be constructed for
arbitrary BIBDs. More generally, in such situation, OCDs can be constructed for any
BPEBD which will be considered in Chap. 6. The class of BPEBDs contains cyclic
designs which also contain a number of BIBDs. Though the method described in
Chap. 6 covers a large class of BIBDs, but the methods applied in these sections are
illustrative and important in their own merit.

4.4 D-Optimal Covariate Designs in Block Design Set-Up

The optimal designs considered in previous sections of this chapter are necessarily
D-optimal. But such designs cannot always be obtained because of the restriction
n = 0 (mod 4). When n # 0 (mod 4), finding optimal design is very difficult. Dutta
et al. (2010) consider D-optimal design in this set-up when n = 2 (mod 4). In this
case of a block design for given b and v, the reduced normal equation for estimation
of ~ is given by

(ZQZ)y =7'Qy
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which yields
Y =(Z'Q2)~'Z'Qy
where
Q=0I-XXX)"X), X=X, Xa).

Hence, the information matrix for ~ is given by I(v) = Z'QZ. Since Q is non-
negative definite, it follows that

7/ QZ < 7'Z (in Lowener order sense; Pukelsheim 1993)
‘="if and only if Z’X = 0, i.e., if and only if
ZX, =0, ZX, = 0. (4.4.1)

Thus the problem is that of selecting Z-matrix with |z§;)| < 1 satisfying (4.4.1)
such that the covariate design is D-optimal, i.e., det (Z'Z) is maximum when Ze Z,
Z={Z:z) e[-1,11Vi, j}.

4.4.1 Conditions for D-Optimality

We have already observed that when n = 2 (mod 4), it is impossible to estimate
~-components most efficiently in the sense of attaining the lower bound ‘j—: to the
variance of the estimated covariate parameters. Thus, in the case n = 2 (mod 4), the
problem is that of choosing a matrix Z"*¢ = (zlg]t.)) with zg.) e [—-1,1]V 1, jsuch
that det (Z'Z) is a maximum subject to the orthogonality condition (4.4.1). Towards

this, we state the following lemma giving a necessary condition for maximization of
det(Z'Z),Z € Z (cf. Galil and Kiefer 1980; Wojtas 1964).

Lemma 4.4.1 A necessary condition for maximization of det (Z'Z) where Z€ Z, is
that 2 = £1V i, j. 1.

From the above lemma, it is clear that we can restrict to the class Z* = {Z :
zg.) = +1Vi, j, t} for finding the D-optimum design. In this direction, we have the
following theorem.

Theorem 4.4.1 A covariate design Z* € Z* is D-optimal in the sense of maximizing
det (Z'Z7) subject to the condition (4.4.1), if it satisfies

Z¥ZF = (n — )1, + 2J. 4.4.2)
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where 1. is the identity matrix of order ¢ and J. is the matrix of order ¢ with all
elements equal to unity.

Proof Because of Lemma4.4.1, we can restrict to the class Z* for maximization of
det(Z'Z). For any Z € Z*, we can write

n Si2 ...981¢

, . S12 n o...82
det(Z'L)y =det | . . . . |, (4.4.3)

S1e $2¢ ... N

where s, = Z Zzg-)zl(},), t#t'=1,2,...,c. Because of (4.4.1), each column
i

of Z is orthogonal to 1,,, and hence orthogonality of any pair of columns of Z implies
that n = 0 (mod 4) which violates our assumption that » = 2 (mod 4). So, no off-
diagonal element of Z'Z can be zero. From Wojtas (1964) the determinant in (4.4.2)
is maximum if all s;;’s are equal to s, where

0 < s < min|s;;|. 4.4.4)
i#j

As zg-) ==l and n = 2 (mod 4), |s;;| can not be equal to 0 or 1 Vi # j. Therefore,
the minimum value of |s;;| is 2. So the theorem is proved. ([l

Now we can represent any column of Z* (which is a column vector of order n x 1)
in the form of a matrix U?*? corresponding to the v x b incidence matrix of the block
design.

With the conditions (4.4.1) and (4.4.2) in terms of U-matrix, the conditions
reduce to:

C1. Each U-matrix has all column-sums equal to zero;

C,. Each U-matrix has all row-sums equal to zero;

C3. The grand total of all the entries in the Hadamard product
of any two distinct U-matrices reduces to 2.

(4.4.5)

4.4.2 Construction of the D-Optimal Covariate Design
in a SBIBD Set-Up

In Sect.4.4.1, we have established that a Z-matrix is D-optimal subject to condi-
tion (4.4.1) if it satisfies (4.4.2). Now in a BIBD set-up, the U-matrices defined in
Sect.4.4.1 can be constructed by suitably replacing the non-zero elements of the inci-
dence matrix of BIBD by +1 such that the conditions in (4.4.5) are satisfied. Here,
we consider the series of irreducible SBIBD (cf. Raghavarao 1971) with parameters
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v=b, r=k=v—1, A= v —2, where k = 2 (mod 4), b is an odd integer. To
start with, we consider the following lemma which gives a method of construction
for particular value of the parameters viz. v = b =7, r = k = 6 and A = 5. This
will help understand the method for the general case.

Lemma 4.4.2 Three U-matrices can be constructed for the irreducible SBIBD with
parametersv =b =T, r =k =6, A =5.

Proof Without loss of generality the incidence matrix N”*7 can be written in the
following partitioned form:

(4.4.6)

Z

Il
—_ |t e O
e B e e = N
—_— | = = O =
e i e e
—_ | O = = =
— O | = e e e
O = = = = =

Let us denote the 5 x 5 top left-hand matrix by Nyj; the 4 x 2 top right-hand
matrix by Nj7; the 2 x 4 bottom left-hand matrix by Np1; the 3 x 3 bottom right-hand
matrix by Noy. Then, we can write

01111

10111 1111 011
Niyy=|11011], Ny = ’lzz(llll),Ngzz 101 ). 447

11101 110

11110

We see that ‘0’ the element of 5th row and 5th column is common to both Nj; and
N»>. We shall see later on that this particular element always remains static in this
position during the process of construction. Such bordering of an element which
is common both in Nj; and Ny»> does not, in any way, hamper the construction of
optimum Z-matrix. Consider a Hadamard matrix Hy of order 4, where the first two
columns are h; = (1, —1,1,—1) and h, = (1, 1, —1, —1)’. Now we replace the
non-zero elements of the first column of Ny; by the elements of h; and through

cyclical development of this column we generate Ugll) of order 5 x 5 as

0-1 1-1 1
1 0—-1 1-1
vl=-1 1 0o-1 1]. (4.4.8)

1-1 1 0-1
-1 1-1 1 0
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Again with hy, we generate another matrix ngl) in the same way. It can be checked

that the row sums and column sums of each of Ugll) and Uﬁ) are equal to zero
and the sum of all elements of the Hadamard product of these two matrices also
vanishes. Next, by replacing the non-zero elements in the first column of Ny, in
(4.4.7) by (1, —1), we get a column vector (0, 1, —1)". By cyclically permutation of
this column, we generate a 3 x 3 matrix Uy where

-1 1
Uy = 1 0-1}. (4.4.9)
-1 1

Finally, we construct three 7 x 7 matrices U, U, and Uj3 corresponding to the
incidence matrix N, by replacing the matrices Ny, N2, N2; and Np; in (4.4.7),
respectively, by:

1 1 1
(a) U(bl))’ U(%%)), U(g))/7 U;
/
(b) U11 s U12 s U12 ,-Up; and
2 112 Ly
(C) _Ull s U12 5 U12 ) _U22-

Thus, finally, corresponding to (a)-(c) above, we have the following three
U-matrices:

0-1 1-1 1] 1-1
I 0-1 1-1|—-1 1
-1 1 0-1 1] 1-1
U = I-1 1 0-1|—-1 1
-1 1-1 1 0|]—-1 1
1-1 1-1] 1 0-1
-1 1-1 1|-1 1 O

, (4.4.10)

0-1-1 1 1} 1-1
I 0-1-1 1|—-1 1
I 1 0-1-1] 1-1
U=|-1 1 1 0-1|—-1 1], (4.4.11)
—-1-1 1 1/ 0] 1-1

1 I -1-1|—-1 0 1
—-1-1 1 1/ 1-1 0

0 1 1—1-1| 1—1
1 0 1 1-1|-1 1
—1-1 0 1 1| 1—-1
Us=| 1-1-1 0 1/-1 1], (4.4.12)

1 1—-1-1[0] 1=1

I 1-1-1]-1 0 1
—1-1 1 1] 1=1 0
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It can be easily checked that Uj, U; and Us satisfy all of condition (4.4.5) and these
constitute the required D-optimal covariate design. O

Theorem 4.4.2 If a Hadamard matrix of order (v — 7) exists, then we can construct
three U-matrices for an irreducible SBIBD (v = b, r =k =v—1, A= v —2)
where k is 2 (mod 4), k > 6.

Proof As in (4.4.6), we partition the incidence matrix N as

1 ...1 1t 11111
10 ...1 1111111
11 0 11 1 11
1 1ol 1 1 1 1
11 : 1po11111
N = , ) (4.4.13)
11 : 11101111
11 Ih 110111
11 Ih 111011
11 : 11111101
11 : 10111110

Asin Lemma4.4.2, we denote the (v — 6) x (v — 6) top left-hand matrix by NT 1> the
(v — 7) x 6 top right-hand matrix by N’fz; the 6 x (v — 7) bottom left-hand matrix
by N3,; the 7 x 7 bottom right-hand matrix by N3,. Then we can write

N>lk1 = Jv—6 - Iv—67 NTQ = J(v—7)><6 = N3/11 N;z = J7 - 17» (4414)

where I, is the identity matrix of order (*), J, is the matrix of order (*) with all
elements equal to unity.
Let the first three columns of a Hadamard matrix of order (v — 7) be h}, h} and

h3. Following the same steps as in Lemma4.4.1, we construct three matrices Uill)*,

ngl)* and U(ﬁ)* each of order (v — 6) x (v — 6) corresponding to the matrix N¥, of
(4.4.14) with the help of hj, h} and h3, respectively. Again for NJ,, we construct
three matrices Vi, V, and V3 each of order (v — 7) x 6 as

Vi=h{®a',V; =hj®a"and V; =h; ®a’, wherea’ = (1, -1, 1, -1, 1, —1).

Now using U; from (4.4.10) to (4.4.12) for N3, and UY)*, V;, V! for Nt , N,
and N31 of (4.4.14), respectively, i = 1, 2, 3, we get the D-optimal design. O
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Example 4.4.1 Let us consider a SBIBD with parameters v = b = 11, r = k =
10, A = 9 where the initial block is (1,2, 3,4,5,6,7,8,9, 10) mod 11. The inci-
dence matrix can be displayed as

0111 1011111
1o11 1411111
1101 1111111
1110 1111111
111 1101011111
N=(|111 11 011T1T11
111 11101111
111 11 110111
111 10111011
111 10111101
111 191111110
The first U-matrix is given by:

0-1 1-1 1] 1-1 1-1 1-1

1 0-1 1-1|—-1 1-1 1-1 1

-1 1 0-1 1] 1—-1 1-1 1-1

1-1 1 0-1|—-1 1-1 1-1 1

-1 1-1 1}, 0/-1 1-1 1 1-1

U = lI-1 1-1 1 0—-1 1—-1-1 1

-1 1-1 1/-1 1 0-1 1 1-1

-1 1—-1f 1-1 1 0—-1-1 1

-1 1-1 1|-1 1-1 1 0-1 1

1-1 1—-1f 1—-1 1-1 1 0-1

-1 1-1 1/-1 1-1 1-1 1 O

Similarly, we can construct the other two.

Remark 4.4.1 The proposed design is also optimal with respect to any Type I criteria
in the class of Z* = {Z*"%¢ : zf;) = +1Vi, j, t}, rank(Z*) = ¢ (cf. Cheng 1980).
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Chapter 5
OCDs in Group Divisible Design Set-Up

5.1 Introduction

It is observed that the BIBDs are restrictive as every pair of treatments should occur
equal number of times. As a result the availability of OCDs in this set-up becomes
limited. In this context, it is observed that PBIBDs are less restrictive and at the same
time are popular among practitioners. So it is desirable to have OCDs involving these
set-ups. Dutta et al. (2009) have considered the problem of construction of OCDs in
the series of PBIBDs which are obtained not only through the method of differences
but also are obtained by other methods as described by Bose et al. (1953), Zelen
(1954) and Vartak (1954). In this chapter, we will only confine to GDDs and discuss
methods of construction of the OCDs based on GDDs.

To construct OCDs we have often applied two matrix-products, viz. Kronecker
product and Khatri-Rao product. The definitions of the matrix-products can be found
in Rao (1973), p. 29-30, where the Khatri-Rao product has been termed as ‘New
Product’. For completeness we reproduce the two definitions below:

Definition 5.1.1 (Kronecker-Product) Let A = (a;;) and B = (b;;) be two matrices
of orders m x n and p x g respectively. Then the Kronecker product of A and B,
denoted by A ® B, is defined to be an mp x ng matrix expressible as a partitioned
matrix with @;;B as the (i, j)th partition,i = 1,2,...,mand j = 1,2,...,n,ie.

A ®B = (g;;B). (5.1.1)
Definition 5.1.2 (Khatri-Rao Product) Let A = (Aq,...,Ax) and B = (By, ...,
B;) be two partitioned matrices with the same number of partitions. Then the Khatri-

Rao product of A and B, denoted as A © B, is defined by

AOB= (A ®Bi,...,A; ®By). (5.1.2)

© Springer India 2015 65
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5.2 Optimum Covariate Designs

In this section, we mainly confine to the work in Dutta et al. (2009) and describe the
construction of OCDs described therein for different series of GDDs.

These designs are based on the concept of association scheme with respect to
PBIBDs, which is defined below for the sake of completeness.

Definition 5.2.1 Given v symbols 1, 2, ..., v, a relation satisfying the following
conditions is said to be an association scheme with m classes:

1. Any two treatments are either 1st, 2nd, ..., or mth associates, the relation of
association being symmetrical; that is, if the symbol « is the ith associate of the
symbol 3, then (3 is the ith associate of .

2. Each treatment « has n; ith associates, the number n; being independent of a.

3. If any two treatments « and 3 are ith associates, then the number of symbols that
are jth associates of «, and kth associates of 3, is pi/. « and is independent of the
pair of ith associates a and (3.

The numbers v,n; (i =1,2,...,m) and p;k (i,j,k=1,2,...,m) are called the
parameters of the association scheme.

Given an association scheme for the v treatments, we define a PBIBD as follows:

Definition 5.2.2 Given an association scheme with m classes and given parameters
as above, we get a PBIBD with m associate classes if the v symbols are arranged
into b blocks of size k (< v) such that

1. Every symbol occurs at most once in a block.

2. Every symbol occurs in exactly r blocks.

3. If two symbols « and [ are ith associates, then they occur together in \; blocks,
the number ); being independent of the particular pair of ith associates « and 3.

The numbers v, b, r, k, \; (i = 1,2, ..., m) are called the parameters of the design.
Two-associate class PBIBDs were classified by Bose and Shimamoto (1952) in the
following types depending on the association schemes:

. Group divisible (GD)
. Simple (SI)

. Triangular (T)

. Latin-square type (L;)
. Cyclic (C).

| N R N R

In the context of cyclic design, more refined definition has been suggested by Nandi
and Adhikari (1966). However, our consideration of OCDs will be based only on the
GDD:s. For the other types, we refer to Dutta et al. (2009).

Definition 5.2.3 (GD association scheme and design) Forintegersm > 2andn > 2,
consider v = mn treatments, which are divided in an m groups is containing n
treatments. Any two treatments of the same group are called first associate and any
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two treatments for different groups are called 2nd associate. The parameters of the
GD association scheme are as follows:

v=mn, np=n—1,n =n(m—1),

0y _[(n—2 0 o2y 0 n—1
Pl—(Pl‘j)—( 0 n(m—l))’ P2—(P,-j)—(n_1n(m_1)). 5.2.1)

A PBIBD is said to be group-divisible if it is based on the GD association scheme.

If N be the incidence matrix of GD design then the characteristic roots 6; of the NN’
matrix and the respective multiplicity «;, i = 0, 1, 2 are given by

Op =1k, apg=1
0h=r—X\, ay=m(n—1), (5.2.2)
92=rk—v)\2, a2=m—1.

A GD design is called

(a) singularifr = Aq;
(b) semi-regular, if r > A\ and rk = v)\y;
(c) regular, if r > A and rk > v ;.

Note 5.2.1 In what follows, the incidence matrices of the relevant designs are repre-
sented in terms of their transposes, keeping the same style as in the case of BIBDs
followed in earlier chapters.

5.2.1 Singular Group Divisible Design (SGDD) Set-Up

It had been shown in Bose et al. (1953) that if in a BIBD with parameters
v*, b*, r*, k* and \* each treatment is replaced by a group of n treatments, an
SGDD can be obtained with parameters

v=nv", b=b" r=r" k=nk*, \ =r*, o =\, m=v*, n=n. (52.3)

Here m stands for the number of groups in the corresponding association scheme. It
will be seen that W-matrices for such an SGDD with parameters in (5.2.3) can be
constructed and the construction of W in this case does not depend on the method
of construction of the corresponding BIBD.

Theorem 5.2.1 A set of t optimum W-matrices can be constructed for the SGDD
with parameters in (5.2.3), where

(1) t = c, if c optimum W-matrices exist for an RBD with n treatments and r
blocks;
(i) t=v*(n— D@ — 1), if Hyx, H,, and H, exist;
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(i) t=v*(n =D —=1)— @ —2)),

(a) if n=2(mod4),(n—1) is a prime or a prime power and Hy~ and H, exist;
or
(b) if Hyx, Hy,, and H% exist;

(iv) t = v* if n=even, r = even and Hy» exists.

Proof Consider the SGDD with parameters in (5.2.3) obtained by replacing each
treatment of the BIBD(v, b, r, k, A) by a group of n treatments. Let the n treatments
of the SGDD corresponding to the treatment 6; (i = 1,2, ..., v*) of the BIBD be
denoted by (01;, 62;, - .., 0y;) and the transpose of the partitioned incidence matrix
of the SGDD be denoted by

N’:( i N’ZN,’N;*) (5.2.4)
where N; is the incidence matrix corresponding to (0y;, 62i,...,6,); i = 1,
2,...,v* If the rows of N; containing the null elements only are omitted, then
the reduced matrix corresponds to the incidence matrix of an RBD with n treat-
ments arranged in » blocks. We denote an RBD with r blocks and n treatments by
RBD(n, r). This is true for all i. For the time being, let it be assumed that ¢ optimum
W-matrices for an RBD(n, r) exist and let them be denoted by W, Wp, ..., W,.
Putting the elements of W; of RBD(n, r) in the corresponding non-zero positions
of each N;, a matrix W’; is obtained and let its transpose be written as

ij’: ( ”f’/, ;’/,, jij). (5.2.5)
It is easy to verify that each of W}, W3, ... , W give optimum W-matrices for the

SGDD (5.2.3) and thus (i) of the theorem follows.
Again if Hy+ exists then the number of optimum W-matrices can be increased by
application of Khatri-Rao product. Let H,+ be written as

H,« = (h;;,), where hy, is the (I, m)th element of Hyx.

Forl =1,2,...,v* amatrix W}"j* is constructed by Khatri-Rao product where
the transpose of W;*]* is

Wi =h O W;f/ = (hnWT;, hnWﬁ}, e hWH

; Ho e W) (5.2.6)

where hy is the /th row of H,+. Now varying [ and j, v*c optimum ij?"-matrices can
be constructed and it can be easily checked that these matrices satisfy the condition
(3.1.5).

It is proved in Chap. 3 that the values of ¢ are (a;) (n — 1)(r — 1), if H,, and H,
exist; (a2) (n — )(r — 1) — (n — 2),if n = 2 (mod 4), (n — 1) is a prime or a prime
power and H, exists and (a3) (n — 1)(r — 1) — (n — 2), if Hy,, and H% exist. These
values imply, respectively, (i7), (iii) of the theorem when H,« exists.
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Again if n and r are even, we can write a n X r matrix W as

w=(37)

where J is a 5 x 5 matrix with all elements unity. It is easy to see that Wy gives an
optimum W-matrix for an RBD(n, r). Thus (iv) of the theorem follows. O

Remark 5.2.1 Exchanging the roles of r and n in (iii) of Theorem5.2.1, we may
gett = v*((n — 1)(r — 1) — (r — 2)) optimum W-matrices for the SGDD with
parameters in (5.2.3) if r = 2 (mod 4), (r — 1) is a prime or a prime power, H,» and
H,, exist or H,+, Hy, and H% exist.

Remark 5.2.2 If v* is an even integer, then a set of ¢ optimum W-matrices can be
constructed for the SGDD with parameters (5.2.3) by using 1/ and (1’ —l’ui )

i

respectively in place of the rows of Hy« in (5.2.6). Again from (ii)z—(iii) 2of
Theorem 5.2.1 it follows that

(i) t=2n—-1)(r —1)if H, and H, exist;
() t=2(n—1D)@F—-1)—m—2)) Ifn =2 (mod 4), (n — 1) is a prime or a prime
power and H, exists or if Hp,, and H% exist;

respectively.

Remark 5.2.3 It is easily seen that for the construction of optimum W-matrices for
RBD(n, r), itis necessary that r and n must be even. If r, n and v* are even but none
of them are multiple of 4, then 2 optimum W-matrices can always be constructed for
the SGDD with parameters (5.2.3) by using two orthogonal rows as in Remark 5.2.2.

*

Remark 5.2.4 Suppose t; optimum W-matrices exist for the BIBD(v*, b*, r*,
k*, \*); then additional #; optimum W-matrices, orthogonal to the previous ones,
can be constructed for a SGDD with parameters given in (5.2.3).

We give some examples illustrating (i), (ii) and (iv) of Theorem5.2.1 and
Remark 5.2.4.

Example 5.2.1 Consider a BIBD with parameters v* = b* = 3, r* = k* = 2,
A* = 1 with the incidence matrix

110
N =011
101

Now for n = 2, the SGDD with parameters v = 6, b = 3, r = 2, k = 4,
Al =2, X2 =1, m =3, n =2 has the transpose of the incidence matrix,

111100 1,1, 0
N=(oo1111|=(011
110011 1,0 1,
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H, is written as
1 1
H, = (1 _1) — (n.m3).

Applying the method described in Theorem3.4.1 and using h3, only one W-matrix
for RBD(2,2) can be constructed and it is given by

-1 hy’
— — 2
w=(L)= ()

Using W1, only one W-matrix for above SGDD can be constructed (vide Eq. (5.2.6))
and its transpose is given by

1-1 1-1 0 0 by by 0
“=( 0 0-1 1 1-1)=( 0-ny ny
-1 1.0 0-1 1 ~hy 0 —hY

Again, there exists a W-matrix for the BIBD (cf. Chap.4) which is given by

0-1
Wo=1|-1 1
0-1 1

Using W(y), one more W-matrix for the SGDD can be constructed through Kronecker
product and its transpose is given by

1, -1, o 1 1-1-1 0 0
H=Wpel= o 1,-1,)=( 00 1 1-1-1
-1, 0 1 —1-1 0 0 1 1

Itis easy to check that W}, is orthogonal to W7.

Example 5.2.2 Consider a BIBD with parameters v* = 4, b* = 24, r* = 12,
k* =2, \* = 4 (this is obtained by repeating BIBD(4, 6, 3, 2, 1) 4 times) with the
transpose of the incidence matrix

1100
0110
0011
1001
1010
0101

N*/ — 14®

The SGDD with parameters v = 16, b = 24, r = 12, k = §, A\ = 12,
A =4, m = 4, n = 4 is obtained by replacing each treatment of the BIBD
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with n = 4 treatments. The transpose of the incidence matrix N16%2* of SGDD can
be written as

lafla) 00
vlolily
N — (N*/ ® 121) — 14 ® vl 04/1 1& _ (N/124X4, N/224X4, N/324X4, Né/‘24><4) )
4 4

1,01 |0/
0'1,]0'|1,

Hy4 and Hy, are written as follows:

111 1 h,
1-1 1-1 h,

Ha=1,_1.1 1T |n = (h{, hj, b}, h}), (5.2.7)
11-1-1 h,

-1 1-1-1-1 1 1 1-1
-1 1 1-1 1-1-1-1 1 1
1-17 1 1-1 1-1-1-1 1
1 1-1 1 1-1 1-1-1-1
-1-1-1 1 1 1-1 1 1-1
-1 1-1-1-1 1 1 1-1 1
-1-1-1-1-1-1—-1-1-1-1-1
1 1-1 1-1-1-1 1 1 1-1
1 1 1-1 1 1-1 1-1-1-1
-1 11 1-1 1 1-1 1-1-1
-1-1 1 1 1-1 1 1-1 1-1
lI-1-1-1 1 1 1-1 1 1-1

1
1
1
1
1
1

1

1

1

1

1
Hy; = } = (h{*,h3*, ... hi], h}3),

1

1

1

1

1

Now we define the matrix: USJZM) = h;‘ ® h;*/; Vi=2,3,4; j=2,3,...,12.

It can easily be checked that these 33 U; ;s give the optimum W-matrices for an
RBD4, 12). We write Uz | = w, Upp = we, . JUg 1 = w3 respectively.
Let us consider

W(l) — h; ® h;*/
=(,-1,1,-NYed,-1,1,1,-1,-1,-1,1,1, -1, -1, 1)
lI-1 1 1-1-1-1 1 1I-1-1 1
-1 1-1-1 1 1 1-1-1 1 1-1
1-1 1 1-1-1-1 1 1-1-1 1
-1 1-1-1 1 1 1-1-1 1 1-1
=(a, —a,a,a, —a, —a, —a,a,a, —a, —a, a),

where a = hJ is of order 4x 1 (vide (5.2.7)).
By putting the elements of W in the non-zero positions of each N; (i =
1,2,3,4), W’f is obtained and its transpose is written as
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Wi = (Wit Wi Wi W) (5.28)

Wi, =(a,0,0,-a,a,0,a,0,0,-a,-a,0,-a,0,0,a,a,0,-2a,0,0,-a,a,0)
le =(a,—a,0,0,0,a,a,—a,0,0,0,—a, —a,a,0,0,0,a,—a, —a,0,0,0,a)
W%‘l = (0,a,—a,0,a,0,0,a, —a,0,—a,0,0,—a,a,0,a,0,0, —a, —a, 0,a,0)
le =(0,0,a,—a,0,a,0,0,a,—a,0,—-a,0,0,—-a,a,0,a,0,0,—a, —a,0,a).

In this way, by using the remaining 32 W-matrices of RBD(4, 12), we get another
32W;f’s,j =2,3,...,33.

Now by taking the Khatri-Rao product of the hy of (5.2.7) and the matrix W7 in
(5.2.8), we get W3¥ whose transpose is

Wil =hy ® Wi' = (W7}, —W3;, W3, —Wij).

Similarly, by taking the Khatri-Rao product of (h;,W7), (h3,W7) and (hy,W7),
respectively, three other optimum W-matrices, i.e. Wi, W3¥, Wi can be con-
structed. As before, by using different rows of Hy and other 32 Wj’s, we get addi-
tional 128 optimum W-matrices for the said SGDD.

Moreover, there exist three optimum W-matrices for the BIBD and these are
constructed by the method described in Chap.4 and are given by

(h1 ® U (h, ® U (h3 @ U")';

where
1-1 0 O
0 1-1 0
* 0 0 1-1
U=11 0 o=
1 0-1 0
0 1 0-1

Using these three W-matrices of BIBD, we can construct three more optimum W-
matrices for the SGDD as described in Remark 5.2.4 and it is easy to see that these
three are orthogonal to previous 132 optimum W-matrices. So we get 135 optimum
W-matrices in all for the said SGDD.

Example 5.2.3 Considera BIBD with parameters v* = 4, b* = 8, r* = 6, k* = 3,
A* = 4 with the transpose of the incidence matrix

1110

v (1 [o111
N —(1)® 1011

1101
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An SGDD with parameters v = 8, b =8, r = 6, k = 6, A\ = 6, A\ = 4,
m = 4, n = 2 is obtained by replacing each treatment of the BIBD with n = 2
treatments. The transpose of the incidence matrix N of SGDD can be written as

N =N"®(, 1).

H, is written as

1 1
H; = (1 _1) =(hT h;)

It follows that the matrix W given below is the transpose of a W-matrix for an
RBD(2, 6):

1 -1 by’

1 -1 by’

/o -1 _ hﬁ/
Wi=l-1 1|7 -ny
—1 1 —h¥

—1 1 —h’

Proceeding in the lines of Theorem 5.2.1, we construct

* */ */ */ */
Wl - (Vvll7 W21’ W31’ W41)’

where
h;/ h;/ h;/ 0/
0/ h*/ h*/ h*/
h*/ 6/ h%/ h%/
, h%/ , h*/ , 6/ , h%/
1= _hi/ ; Wy = _h%/ ; W3y = —h;’ ; Wy = (2)/
0 —h¥ —h¥ —h¥
—h¥ (2)/ _h%/ _h%/
2 2 2
_h;/ _hzl 0/ —h;/

and using W’]" and the second row of Hy of (5.2.7), one optimum W-matrix for the
SGDD can be constructed where its transpose is

[T = ha © WY’ = (Wif, W3, Wij, ~Wi))
Similarly by taking the Khatri-Rao product of (W%, hy), (W¥, h3) and (W7, hy),

three other optimum W-matrices can be constructed for the above SGDD, where hy,
h3 and h4 are, respectively, the first row, third row and 4th row of Hy in (5.2.7).
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5.2.2 Semi-Regular Group Divisible Design (SRGDD) Set-Up

According to Bose et al. (1953), it is known that the existence of an SRGDD with
parameters v = mn, b = 2\, r=nd, k=m, \{ =0, \a, m, n implies the
existence of an orthogonal array, OA(nZ)\z, m, n, 2)and conversely. The definition
of an orthogonal array (cf. Raghavarao 1971, p. 10) is given below:

Definition 5.2.4 A k x N matrix A with entries from a set of s (> 2) elements is
called an orthogonal array of size N, k constraints, s levels, strength 7, and index A
if any ¢+ x N sub-matrix of A contains all possible ¢ x 1 column vectors with same
frequency A. Such an array is denoted by OA(N, k, s, 1).

In this case, using the properties of orthogonal array (cf. Raghavarao 1971) one can
find the optimum covariate designs which is stated in the following theorem.

Theorem 5.2.2 Let the existence of an OA(nz)\z, m, n, 2) and the existence of
Hadamard matrices of order n and my = k(2 < m; < m) be assumed. Then
(n — 1)(k — 1)my optimum W-matrices can be constructed for an SRGDD with
parameters v = mn, b = nz)\z, r=nX, k=mi, \ =0, X2, mi, n where
my +my =mandmy > 2.

Proof Let the orthogonal array OA(n?)X,, m, n, 2) be denoted by the matrix A with
n% X\, columns and m rows. The n symbols in the pth row of the orthogonal array are
denotedas (p—D)n+1, (p—Dn+2,...,pn;p=1,2,..., m.Letitbe partitioned

into two sub-matrices Aj and Aj, i.e. (ﬁ—;) where A corresponds to first m| rows

and A, corresponds to last mo (my = m — mj) rows of A. Using A1, an SRGDD
with parameters v = mn, b = n2X\a, r = nhy, k =my, my, n, \j =0, Ay,
where m| + my = m and m> > 2 can be constructed, where the n%)\, columns of
A give the b = n2\, blocks of the SRGDD. Let a Hadamard matrix of order n be
written as

H, =[h;,hy,... , h,_1,1]. (5.2.9)
Again let the n symbols in each row of A, be replaced by (A1, hj2,...,hjs),
where h j;’s are the elements of hj, the jth column of H,, j = 1,2,...,(n — 1)
and the new array A3'(j) = (aj’(j),a5'(j), ..., a,, (j)) thus obtained is still an

orthogonal array of strength 2, but with the two symbols 41 and —1 in each row.
Let the incidence matrix of the SRGDD corresponding to the orthogonal array A
be denoted as NV*? with the jth column as, n; = (n1j,n2j,...,ny), njj =0or
1;1 <i <wvw, 1 <j <b.The non-zero elements of each column of N (containing
k non-zero elements) are replaced by the k elements (£1) of h, the uth column
of Hy, u = 1,2,..., (k — 1) in that order and thus N} is obtained with the jth
column as nj?(u) = (nTj(u), n’z‘j (u), ...,njj(u))’, j =1,2,...,b. Obviously the
element n;."j (1) assumes one of the three distinct values +1 or —1 or 0. Now, a matrix
W(j, u, q) is obtained by taking the Khatri-Rao product of a7(j) and Nj;. A matrix
W(j, u, q) is written as
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at, ()
Wi.u.g)=al(DON;=| : |o(nfw)...n5w) (5.2.10)
at, (J)
It is easy to see that the W(j, u,q), g =1,2,...,my, u=1,2,...,(k—1), j =
1,2,..., (n — 1) matrices given by (5.2.10) satisfy the condition (3.1.5). Thus the

theorem follows. O
Example 5.2.4 Consider SRGDD with parameters v = 8, b = §, r = 4,
k=4 m =4, n =2, \y =0, \» = 1 which is obtained from OA(8, 7, 2,

2) as follows:

Let A = OA(S, 7, 2, 2) where

1357 9 11 13
236 7|10 11 14
1467 9 12 14
, 24571010 12 13
A=l13538|10 12 14|=®WlA)
2368 9 1213
146 8|10 11 13
2458 9 11 14

Using A1, the SRGDD with above parameters is obtained and the incidence matrix
N corresponding to the design is written as in the form of its transpose

10101010
01100110
10010110
N — 01011010
110101001
01 100T1OQO01
10010101
01011001
H; and H4 are written as
1 1 11
(1 1y ] N | N
H2_(1 _1)_(h1,1), H; = | -1 -1 1 = (h], h3, h3, 1).
-1 1 —-11
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Replacing the elements in the columns of A, by those of hy, A’z‘(l) can be written as

1-1 1—-1-1 1-1 1
A =1 1-1-1-1-1 1 1] =@, aiD),ai1).
1—-1-1 1—-1 1 1-1

If the non-zero elements of each row of N are replaced by the four elements (£1)
of first column h’]" of Hy in that order, then the transpose of NT is obtained as

Block Treatment —
N 123 456 7

8
1 10-1 010-1 O
2101-1 001-1 O
3110 0-101-1 O

4101 0-110-1 0

I'=5110-1 010 0-1
6 |]01-1 001 0-1
7110 0-101 0-1
8 \01 0-110 0-1

Now using the Khatri-Rao product between the first column aj (1) of A5(1) and N7,
the following the transpose of the W-matrix can be constructed as

| 1 0-1 0 1 0-1 0
1 0-1 1 0 0-1 1 0
1 1 0 0-1 0 1 -1 0
_1 v |l o-1 0 1 -1 0o 1 of .,
qfleNT=l_y o 1 0-1 o o 1|=WGELD.
1 0 1 -1 0 0 1 0 -1
~1 1 0 0 1 0 -1 0 1
1 0 1 0-1 1 0 0 —1I

Note that W'(1, 1, 1) matches with N}’. In this way, altogether 9 optimum W-matrices
can be constructed for different choices of columns of A%(1) and first three columns
of Hy (excluding hy).

Remark 5.2.5 1t follows from Theorem5.2.2 that the maximum number of W-
matrices that can be constructed depends on the maximum value of my (m—1)(n—1)
where m| > 0, mp > 0, m; + my = m and each of m1, n is such that H,,, and H,,
exist.

Remark 5.2.6

(a) If n is even but H,, does not exist, then it is possible to construct (k — 1)m>
optimum W-matrices for the SRGD with the above parameters by using a vector
of the form (1’,, —1’,)’ in place of the columns of H,,.
2 2
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(b) Similarly if k is even but Hy does not exist, then it is possible to construct
(n — 1)my optimum W-matrices for the SRGD with the above parameters by
using a vector of the form (1/,, —1,)’ in place of the columns of Hy.

2 2
(c) Again if n, k are both even but H,, and Hy do not exist, then it is possible to
construct my optimum W-matrices for the SRGD with the above parameters by

using two vectors of the form (1,, —1’,) and (1), —1’,)’ in place of the columns
z 33

2
of H,, and H;.

5.2.3 Regular Group Divisible (RGD) Design Set-Up

It is known that if from a BIBD with parameters v*, b*, r*, k*, \* = 1, all the r*
blocks in which a particular treatment occurs are deleted, then a RGD design with
parameters v = v* — 1, b =b* —r*, r=r*—1, k =k*, \1 =0, A =1,
m = r*, n = k*—1 can be obtained (Bose et al. (1953); also see Raghavarao (1971)).
It is difficult to construct covariate design optimally for such GD design obtained
from arbitrary BIBD with the parameters v*, b*, r*, k*, \* = 1. However, for
some series of BIBDs, it is possible to provide optimum covariate designs. Let the
series of BIBD designs with parameters:

P* =@+ DG+ D), v =4@t+ 1), r* =4t + 1,k =4, =1 (5.2.11)

be considered with the initial blocks:
2 L2042 _a42i o42042i
(xll’x] LT X l)

(xgi’ x%t+217xéx+21’ x§y+2t+21)
. (5.2.12)

) 1 k) 1
(01,02,03,00); i =0,1,...,t—1,

(x32i’x§t+2l xa+21 xa+2t+21)

where 4t + 1 is prime or prime power and x is a primitive root of GF(4r + 1);
1, 2, 3 are the three symbols attached to x, « is an odd integer and oo the invariant
treatment symbol (cf. Bose 1939). If the initial block containing treatment symbol co
in (5.2.12) is deleted and others are developed, then an RGD design with parameters:

b=3tM4t+1),v=3@t+ 1), r=4t,k=4 =0 r=1m=4+1,n=3
(5.2.13)

is obtained. The (4¢ 4 1) groups obtained by developing (01, 02, 03) over GF(4¢ + 1)
give the association scheme for the above RGD design. The following theorem pro-
vides optimum covariate designs for the series with parameters given in (5.2.13).

Theorem 5.2.3 If H; exists, then 3t optimum W-matrices can be constructed for
the RGD design with parameters given in (5.2.13).
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Proof Let the 3¢ initial blocks other than (01, 03, 03, 00) of (5.2.12) be divided into
t sets of 3 blocks each, the ith set being

» Xq » Xo s » X3

(x%i, x§t+2l, xiy+21’ xiy+2t+2z)) ,1=0,1,...,t—1.

o 2 2042 _a+2i _a+2042i 20 2042 a2 a2t42i
Sl+1—((xl X, , ()cz,x2 ) X3 )

Also, let each of the initial blocks of S; 1 be displayed in the form of column vectors
of the incidence matrix and development of these initial blocks will give rise to the
sub-incidence matrix N; of order 3(4¢ 4+ 1) x 3(4¢ + 1), once more we restrict to the
transpose matrix where

Ngi)/ N;i)/ 0
N/ =] o NN
Ng)/ 0 Ngz)/

It is easy to see that Ngl) and Ng) matrices corresponding to two portions of the
initial blocks of S;, are obtained by cyclically permuting the column vectors of
each of the matrices. For j = 1,2, the two non-zero positions of the first column
of N;') is replaced by +1 and —1 successively and then this column is permuted

cyclically in the same way as N was obtained. The resultant matrix is denoted by

Wi.i) . By replacing the N;i) by W in N;’s one would get a matrix W;; of order
3(4t 4+ 1) x 3(4t 4+ 1) whose transpose can be displayed as

WY)/ Wg)/ 0
i={ 0 wirwe
W;’)/ 0 W(ll)/

Then two other matrices, viz. W;, and W;3 are constructed from W;| and N;, respec-
tively, where their transpose matrices are respectively

ng)/ _Wg’)/ 0 Ngi)/ —Ng)/ 0
{2 — 0 WY)/ _Wg)/ /‘% — 0 Ngi)/ _Néi)/
i ’ i

—Wg)/ 0 ng)/ _Ng)/ 0 Ngt)/

It can be easily checked that these three matrices satisfy the condition (3.1.5) for each
i,i =1,2,...,t. If Hadamard matrix H; = (h,,;) exists, the number of W-matrices
can be increased ¢ times. The 3¢ optimum W-matrices can be constructed and their
transpose can be displayed as
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hm1 W/lj
, hmZ W/zj .
Wim=[""o| Jwm=12.5j=123 (214
Bt W
j

It can be easily seen that these 3¢ matrices given in (5.2.14) satisfy the condition
(3.1.5) and give optimum W-matrices. (I

Example 5.2.5 With t = 1 the RGD design with parameters v = 15,b = 15,
r=4,k=4,2\1 =0, \, = 1,m = 5,n = 3 is considered and the initial blocks
forming the single set are {(11, 41, 22, 32),(12, 42, 23, 33), (13,43, 21, 31)} and the
groups of the association scheme are generated from (01, 02,03). The transpose of
the incidence matrix of this design

S}
w
N

0111213141 021222324, 03 13233343
01001[00110[00000
10100[00011[00000
01010[10001[00000
00101[11000[0000°0
10010[01100[00000
000O0O0O[OT1TOO1]0O0OT1T1O0 N ND
N=|00000 101000001 1f_ 6 N%’MW
00000[01010[1000°1 AV SN
NS 0 N
00000[00101[11000 2 i
00000[10010[01100
001 10[00000[]0T100O0°T
0001 1[00000[1010°0
10001[00000[010T10
11000[00000[00T10°1
01100[00000|100T10
with
01001 00110
10100 00011
NY=lo1o10|,N”=]10001
00101 11000
10010 01100

The transpose matrices of the three optimum W-matrices are respectively

Wil)/ W;l)/ 0

1 1
= 01 W§ y ng)/
w0 wiY
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Wil)/ _Wg)/ 0 Nil)/ _Nél)/ 0

/12 — 0 ng)/ _ng)/ , /13 — 0 Ngl)/ —Nél)/
_Wél)/ 0 Wg])/ _Nél)/ 0 Ngl)/

where,

01 0 0-1 00 1-1 0

-1.0 1 0 0 00 0 1-1

w=1 0-1 01 o], W’=|-1 00 01

0 0-1 0 1 1-1 0 0 0

1 0 0-1 0 0 1-1 0 0

and N(ll) and Nél) as above.

Appendix

A list of OCDs for suitable subclasses of GDDs, viz. SGDDs, SRGDDs and RGDDs
divided as singular (S), semi-regular (SR), regular (R) is given below. These are
extracted from the catalogue prepared by Clatworthy (1973) and amenable to con-
struction of OCDs. See Dutta et al. (2009, 2010) in this context. In the constructional
method column, T stands for Theorem and R for Remark (Tables 5.1, 5.2 and 5.3).
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Table 5.3 OCDs in RGDDs

v b r k AM | X | m | n t 3t | Method of
construction

106 | R114| 15 15 4 4 0 1 5 3 1 3 Example5.2.5
107 | R129| 27 54 8 4 0 1 9 3 2 6 T523
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Chapter 6
OCD:s in Binary Proper Equireplicate Block
Design Set-Up

6.1 Introduction

In Chaps.4 and 5, we have considered OCDs in the set-ups of BIBDs and PBIBDs,
which belong to the class of BPEBDs. It was observed earlier that the constructions
of OCDs on BIBDs and PBIBDs depend heavily on the method of constructions of
these designs and also that the designs having cyclic nature were more suitable for
constructing OCDs. Dutta et al. (2010) investigated the problem of construction of
OCDs for the general class of BPEBDs where b is a multiple of v. The cyclic designs
with “full sets’, a number of BIBDS, PBIBDs and a host of other designs belong to
this class of PBEBDs and consequently the construction of OCDs on these set-ups
will follow from the general method. The only restriction that the designs have to
follow is that b should be a multiple of v.

The cyclic designs with ‘partial sets’ do not have b as a multiple of v but as these
are BPEBDs we have considered the set-ups as a related discussion. In this chapter,
we mainly concentrate on Dutta et al. (2010) and describe the construction of OCDs
described therein.

6.2 BPEBDs with b = mv

It can be noticed that it is difficult to construct OCDs for any arbitrary block design.
The procedures depend heavily on the methods of construction of the corresponding
block designs and often optimum W-matrices are searched for designs which are
mainly constructed through the method of differences. But now we shall describe a
technique for constructing OCDs in BPEBDs with b = mv, m = positive integer,
which does not depend on the method of construction and hence can be widely
applied to a large class of commonly used block designs. The following lemma and
theorem will help us in the construction of OCDs in such set-ups.

© Springer India 2015 89
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Lemma 6.2.1 Let C be a k x b matrix with v elements ty, tp, . .., t, where b = mv,
m= a positive integer, such that each element occurs at most once in each column
and an equal number of times in the whole matrix C. Then from C we can construct
a v X b matrix A with (k + 1) symbols a1, az, . .., ar and 0 such that each of the
non-null symbols occurs once and only once in each of the b columns and m times
in each of the v rows of A.

Proof From the properties of the matrix C it can be easily seen that the columns can
be identified with the b blocks of a BPEBD d with constant block size k and with
v treatments #1, f2, . . ., t,. We know from Agrawal (1966) that for a BPEBD with
b = mu, the k treatments in the b blocks of d can always be arranged such that each
treatment occurs m times in each of the k positions in the blocks. We denote such
an arrangement by a k x b matrix B. From the above matrix B, we can construct
a v X b matrix A by putting the element g; in its (i, j)th cell if #; occurs in the /th
row and jthcolumnof B,/ =1,2,...,k, i =1,2,...,b, j=1,2,...,v. Other
positions are filled in with zeros. Obviously it follows from the property of B that
each of aj, ay, . . ., ax occurs once and only once in each of the b columns of A. As
every treatment occurs m times in each of the k rows of B, it is evident that each
of the symbols ay, as, ..., a; occurs m times in each row of A. Thus the lemma is
proved. O

Remark 6.2.1 It may sometimes be challenging to construct a B mentioned above.
But if a BPEBD with b = muv has a cyclic solution, it is very straightforward to
construct the B-matrix. When the block design with b = mv does not have a cyclic
solution, the construction of B seems to be difficult and a trial and error method is
used to get the desired configuration, whose existence is guaranteed by Lemma 6.2.1.

Now we prove the main theorem.

Theorem 6.2.1 For any BPEBD d(v, b,r, k) with b = mv; m (> 1) a positive
integer, (k — 1) optimum W-matrices can be constructed provided Hy, a Hadamard
matrix of order k, exists.

Proof We write the matrix Hy as
H;y = (1,hy, hy, ... . hey) (6.2.1)

From a BPEBD d(v, b, r, k), we can always, by Lemma 6.2.1, construct a v x b
matrix A where each of ay, as, .. ., a; occurs m times in each row and once in each
column. We identify the k elements of h; with the symbols ay, ay, . . ., a; and replace
these symbols in A with their identified elements of h;; i = 1,2, ..., k. Thus we
get (k — 1) matrices Wy, Wa,...,W;_1 corresponding to hy, hy,...,hi_1 respectively.
From the properties of the matrix A and those of Hy, it easily follows that the W;’s
satisfy the optimality condition (3.1.5). ([

Example 6.2.1 Let us consider the symmetric BIBD with parameters v = b = 7,
r = k = 4,A = 2 constructed heuristically by Nandi (1946). The blocks
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are: (1, 2,3,4),(1,2,5,6),(1,3,6,7),(1,4,5,7),2,3,5,7),2,4,6,7), (3,
4,5, 6). The B- and A-matrices of Lemma 6.2.1 can respectively be written as

a, ap a3 a4 0 0 O
a a; 0 0 a3 ag O

1234576
2165743 @ 0 a0 as 0 a
B= and A=]|as 0 0 a 0 ay a3
351726 4 0 as 0 a a 0 ax
4 671325 0 as av 0 0 a3 ay
00a4a3a2a10
Consider
1 1 1 1
1 -1 -1 1
Ho=1, | _; _;|=®hh hy).
1 -1 1 -1

Using Lemma 6.2.1, we construct the following three W-matrices by using the iden-
tification a = hy, a = hy and a = hj respectively, where 2’ = (ay, az, a3, a4) and
they are as follows:

1 -1 1 -1 0 0 O 1 -1-1 1 0 O O
-1 1 0 -1 0 -1 1 0 0 -1 1 0
1 0 1 0 -1 -1 -1 0 1 0 1 0 -1
Wi=|-1 0 0 1 -1 1], W= 1 0 0 1 0 -1 -1
0 1 0 -1 1 -1 0-1 0-1 1 0 1
0 -1 -1 1 1 0 1 -1 0 0 -1 1
o 0-1 1-1 1 O 0o 0 1 -1 -1 1 0

1 1 -1 —1 0 0 O

1 1 0 0 -1 -1 0

-1 0 1 0 -1 0 1

W; =] -1 0 O 1 0 I —1

0 —1 0 1 1 0 —1

0 —1 1 0 0 —1 1

0O 0 -1 -1 1 1 0

It is easy to observe that W;-matrices satisfy the optimality condition (3.1.5).

Remark 6.2.2 1f k is even, then it follows from Theorem 6.2.1 that at least one opti-
mum W-matrix can always be constructed by identifying the a’s with (1/,, —1/).
2 2

In the following theorem, we shall see that the number of optimum W-matrices
can be increased substantially if the BPEBD obeys an additional condition of k-
resolvability. Now we give the definition of a-resolvability of a design (Raghavarao
1971, p. 59).


http://dx.doi.org/10.1007/978-81-322-2461-7_3

92 6 OCDs in Binary Proper Equireplicate Block Design Set-Up

Definition 6.2.1 A BPEBD with number of treatments = v, number of blocks = b,
number of replications of each treatment = r and block size = k is said to be a-
resolvable if the sets can be grouped into ¢ classes Sy, 5>, ..., S, each with (3 sets,
such that in each class every symbol is replicated « times.

We then have
va=kB, b=1t83, r =ta.

Thus a k-resolvable BPEBD with b = mv requires that the » = mv blocks can be
partitioned into m sets S, S2, . .., Sy each of which contains v blocks such that each
of the v treatments occurs k times ineach S;,i = 1,2, ..., m.

Theorem 6.2.2 For a k-resolvable BPEBD with b = muv, it is possible to construct
m(k — 1) optimum W-matrices, provided Hy and H,, exist.

Proof As the design is k-resolvable, then Lemma 6.2.1 is applicable to the blocks
of each S; and from these v blocks a matrix A;’X” can be constructed where A;

contains each of the symbols ay, az, . .., a; once and only once in each row and in
each column, i =1, 2, ..., m. It is also to be noted that
A=A, A ..., A (6.2.2)

is the A-matrix of Lemma 6.2.1 corresponding to the b = mv blocks of BPEBD
where each of the symbols occurs m times in each row and just once in each column
of A.

According to the method described in Theorem 6.2.1, we can construct a matrix
W;; from A j byidentifying aj, az, . . ., a; with the elements of h;, the ith column of
Hy in (6.2.1). By juxtaposing W;;, j = 1,2, ..., m, for fixed i, we obtain a matrix
W;, where

Wi=Wy,Wo, ..., W), i=1,2,...,(k—-1). (6.2.3)

Varying i in (6.2.3), we get (k — 1) matrices W1, W», ..., W;_1 which are optimum
W-matrices for the BPEBD. As the BPEBD is k-resolvable and H,,, exists, we can
increase the number of optimal W-matrices. By taking the Khatri-Rao product among
hj = (hjl, hjz, e h}fm)/, the jth column of H,, and W; of (6.2.3), m(k — 1)
matrices Wji can be constructed, where

iji = hjf/ OW,; = (hj.IWh-, h72W2i, Ceey hj.me,») s

Vi=1,2,...,(k=1;j=12....,m. (6.2.4)

It is easy to verify that W*,s satisfy the condition (3.1.5) and hence give m(k — 1)
optimum W-matrices for the k-resolvable BPEBD. ([

Example 6.2.2 Let us consider the following 2-resolvable BIBD with parameters
v=>5,b=10,r =4,k =2, A = 1 where the blocks can be represented in the form
of a matrix B of order 2 x 10 as
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1234512345
B:(23451‘34512)=(B1’B2)

Now the A-matrix of order 10 x 5 can be constructed as

Tr. Bl. —
N 1 2345678910
1 a 0 0 0 azla; O 0 ax O
A= 2 |axa; 0 0 0/0a; 0 0ay | =(A1,Ay)
3 Oa2a100a20a100
4 0 Oaxa; 00 ap 0 a; O
5 00 0aal0 0a 0a

Considering the column (1, —1)" of H; and identifying 1 with a; and —1 with ay,
one W-matrix can be constructed by using Theorem 6.2.1 as

1 2 3 4 5
1-1 0 0 O
0 1-1 0 O
0 0 1-1 0
0 0 0 1I-1 ,
Wi=|-1 00 0 1]|= (g}l)

1 0—-1 0 O 21
01 0-1 0
0 0 1 0-1

-1 0 0 1 0
0—-1 0 0 1

Since this is a resolvable design and m = 2, when H exists, two optimum

W-matrices can be constructed by using Theorem 6.2.2 as
=10 (Wi, Wy ); Wi =(1,-1)0 (Wi, Wy ) = (Wi —Wy).

Remark 6.2.3 Let Hy exist and m (>2) be even, then 2(k — 1) optimum W-matrices

can be obtained for a resolvable BPEBD by using (k — 1) columns (except the column

of all 1°s) of Hy and using 1,, and (1., —1/,)’ for the two choices of orthogonal
2 2

vectors in the Khatri-Rao product in Theorem 6.2.2.
Remark 6.2.4 1f both of k (>2) and m (>2) are even, then two optimum W-matrices

can be constructed for a resolvable BPEBD by using the two pairs of vectors
((1’ , l/k) 1,,) and ((1/ ,—l’k ), (lm, —1,)") for the columns of Hy; and H,,
2 2

respectlvely in Theorem 6. 2 2.

Remark 6.2.5 Let H,,, exist and k(>2) be even. Then following Theorem 6.2.2,
m optimum W-matrices can be constructed for a resolvable BPEBD by using m
columns of H,, and (1), —1/,)’ as a column of fictitious H.

2 2
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Remark 6.2.6 If t optimum W-matrices exist for any BPEBD, then the same number
of W-matrices exist for the dual of that design where the blocks of the original design
play the role of the treatments. This is because an optimum W-matrix for the dual
design is also optimum for the original design.

6.3 Cyclic Designs

Cyclic designs are BPEBDs obtained by developing m (>1) initial blocks where the
v treatments are the elements of a module M. All cyclic designs belong to the class
of PBIBDs with at most % associate classes. Many incomplete block designs may be
set out as cyclic designs.

If there are v treatments denoted by 0, 1,...,v — 1 which are elements of a
module M, and are arranged in blocks of size k so that each treatment is replicated
r times, then the cyclic design with these parameters is denoted by C(v, k, r). Given
any initial block, another block is generated by adding o (mod v) to each treatment
of the initial block where o« € M. If all the v blocks thus obtained from the given
initial block are all distinct then this set of blocks is said to form a ‘full set’. If v
and k are relatively prime to each other then the v blocks generated from an initial
block always give a full set with parameters (v, k = r). On the other hand if v and k
have a common divisor d, then for every value of d, there always exists at least one
initial block where all the v blocks generated from an initial block are not distinct;
only 5 of them are distinct. This set of blocks forms a ‘partial set” with parameters
(v, k,r = 7). Full or partial sets can be used singly or in combination to construct
cyclic designs. For a detailed study, one is referred to John et al. (1972) and John
(1987).

According to John (1987), for given v and k, the (Z) distinct blocks can be set
out in a number of cyclic sets where the sets are either ‘full sets’ consisting of v
blocks each or are ‘partial sets’. If v and k are relatively prime, then all the sets are
“full sets’. On the other hand, if v and k are not relatively prime then ‘partial sets’

consisting of 7 distinct blocks arise, where d is any common divisor of v and k. For

example, for v = 7 and k = 3 the 35 = (;) all possible distinct blocks can be set

out in five cyclic ‘full sets’ each of 7 blocks and the five initial blocks can be taken
as (0, 1,2),(0, 1, 3),(0, 1,4), (0, 1, 5), (0, 2, 4) mod 7. On the other hand, for v = 8
and k = 4, the 70 = (i) all possible blocks can not be divided into all ‘full sets’ as
“full sets’ because 8 does not divide 70. Moreover as 4 and 2 are common factors of
v = 8 and k = 4, there should be ‘partial sets’, one containing 4 blocks and another
containing 2 blocks. The seventy distinct blocks can be set out in 8 “full sets’ of 8
blocks each; one half-set of four blocks viz. (0, 1, 4, 5), (1, 2, 5, 6), (2, 3, 6, 7),
(3, 4,7, 0) and one quarter-set of two blocks given by (0, 2, 4, 6), (1, 3, 5, 7).

If there exists a partial set consisting of 5 blocks in a cyclic design, then we see
that each treatment is replicated § times in these blocks. So the number of covariates
to be accommodated in a cyclic design depends on whether the sets are full or partial
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and also on the number of sets. When cyclic designs consist of ‘full sets’ only, then
a systematic way for assigning values to the covariates can be developed. However,
when a design contains ‘partial sets’, it is difficult to specify the number of covariates
to be accommodated beforehand. Some examples of cyclic designs containing ‘partial
sets’ are considered in Dutta et al. (2010) where they have provided a solution for
OCDs through an ad hoc method.

It is to be noted that Das et al. (2003) and Dutta (2004) proposed OCDs on
some series of BIBD’s which belonged to the class of cyclic designs. Moreover, all
irreducible BIBDs can also be obtained by cyclically developing some sets of initial
blocks. So we can cover all these designs and a lot of other designs under a general
technique described in the following section.

6.3.1 Cyclic Designs Containing ‘Full Sets’ Only

It is proved in Theorem 6.2.2 that, for resolvable BPEBDs the number of covariates
can be increased over the number of covariates for ordinary BPEBD with the same
parameters. It can be easily noted that cyclic designs with m initial blocks giving
m full sets of blocks always give resolvable BPEBDs. The particular case when
the resolvable BPEBDs are cyclic designs, construction can be done more easily by
exploiting the circular nature of the blocks. The precise statement follows.

Theorem 6.3.1 Let a cyclic design with parameters v,b = mv,r = mk,k be
obtained by developing m initial blocks each of size k and also let Hy and H,,, exist.
Then m(k — 1) optimum W-matrices can be constructed.

Proof Let Hy and H,, be written respectively in the following form:
Hk = (la h19 h21 M} hk—l) and Hm = (h*7 h§1 Tt h;kn)

where
* * * ¥ o\, s o
h = (b, hijy, ..., h;,); i=1,2,...,m.

Also let the m initial blocks of the design be displayed in the form of column vectors
in the incidence matrix of that design. The k non-zero elements of the gth initial
block are replaced by the k elements of h; in that order and are cyclically permuted
to geta v x v matrix W,. Again from h;“ and W;,,q =1,2,...,m, we construct
av X b matrix Wj.i by applying Khatri-Rao product, i.e.

W;ﬁ-i = h;»k/ © Wj = (/’Z%Wﬂ, h;kzwj'z, ceey h;.kajm) ; (6.3.1)
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where
W;=W;1,Wjo,.... W), j=12,...,(k=1. (6.3.2)

By varying j and i, m(k—1) such W%, -matrices can be obtained. It can easily be seen
that these matrices satisfy the condition (3.1.5) and are optimum. Thus the theorem
follows. 0

Note 6.3.1 It is to be noted that the cyclic design with ‘full sets’ is k-resolvable.
So m(k — 1) optimum W-matrices could have been constructed following Theorem
6.2.2. But as the design possesses cyclic nature, OCDs can be constructed more
easily through Theorem 6.3.1.

Example 6.3.1 Let a cyclic design with parameters v = 13,b = 26,r =8,k =4
with the initial blocks as (1, 4, 12, 13), (1, 4, 10, 13) mod 13, be constructed. Let Hy
and Hj be written as

I 1 1 1
I-1-1 1 I 1
-1 1-1

We identify the elements of h; with the non-zero elements of the first column of
N, the part of the incidence matrix corresponding to the first initial block. Then we
permute cyclically this column in the same way as N| was obtained and get matrix
Wii. In the same way, by identifying the elements of h; with non-zero elements
of the first column of N, the part of the incidence matrix corresponding to the
second initial block and cyclically permuting it, we get W1,. These matrices can be
visualized as

Treatments —
23 4567 8 9101112 13
W/_(IOO—IOOOOOOOI—l)
1= and cyclic permutations

)

Treatments —
123 45678 9101112 13
W,_(100—100000100—1)
12— and cyclic permutations ’

Then by Theorem 6.3.1, six optimum W-matrices for this design can be constructed
by using hy, hy, h3 and the two columns of Hj. For instance, if h; and hT are used,

then from (6.3.1), the two W-matrices W7,, W7, are given by

Wi =hoW;=(1,1)0 (Wi, Wi2) = (Wi, Wi2)
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and
Wi, =hy « OW; = (1, —=1) © (Wi, Wiz) = (Wi, —Wi2)

Incidentally, it is seen that the cyclic design, discussed in Chap.5, is a two-
associate class PBIBD with parameters v = 13,b = 26,r = 8§,k = 4, )\ = 1,
A2 = 3,n1 = ny = 6. The first associates of the treatment i are (i +2,i +5,i + 6,
i+7,i+8,i+11)(mod 13).

Below we make some remarks regarding methods of construction of optimum
W-matrices where at least one of H; and H,, does not exist so that Theorem 6.3.1
can not be applied.

Remark 6.3.1 If Hy, exists but m is an odd integer, so that H,, does not exist, then
(k — 1) optimum W-matrices can be obtained for the said cyclic design and they are
givenby 1,, OW;, j =1,2,...,k — 1, where W; is obtained from (6.3.2).

Remark 6.3.2 1f none of Hy and H,, exists and k = 2 (mod 4) and m is an odd

integer, then one optimum W-matrix can be constructed as 1,, © W*, where W* is

a matrix analogous to W of equation (6.3.2) obtained by using (1, —1/)’ for the
2 2

cyclical permutation in the incidence matrix.

Remark 6.3.3 LetHy existandm = 2 (mod4),m > 2.Inthis case,2(k—1) optimum
W-matrices given by h** © W can be obtained, where h** is 1,, or (1), —1,)".
2 2

Remark 6.3.4 1If each of k, m is of the form 2 (mod 4) so that none of H; and H,,
exists, then 2 optimum W-matrices can be constructed as h** © W* where h** is 1,,,
or (1%,, —1%,)" and W* is the same as in Remark 6.3.2.

2 2
Remark 6.3.5 1If H,, exists but H; does not where k = 2 (mod 4), k > 2, then m
optimum W-matrices can be constructed as hf © W*,i = 1,2, ..., m where W* is
the same as Remark 6.3.2.

6.3.2 Cyclic Designs Containing Some Partial Sets

It was mentioned earlier that it is difficult to propose a systematic method for finding
OCDs for cyclic designs containing ‘partial sets’. It should be noted that the number of
optimum W-matrices depends on the properties of the ‘partial sets” and consequently
on the nature of the columns of H; whose elements are used to replace the non-zero
elements in the blocks of the incidence matrix. We consider the following example
illustrating an ad hoc method which depends on the nature of the partial set.

Example 6.3.2 Consider the irreducible BIBD with parametersv = 6, b = (2) =15;

r= (g) =10,k=4,)\= (g) = 6. The design can be obtained from the three initial
blocks: [(0, 1,2, 3), (0, 2, 3,4), (0, 2, 3, 5)] mod 6, where the first two give ‘full sets’
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containing six distinct blocks each and the last one gives a ‘partial set’ containing
only three distinct blocks. We consider Hy as

1 1 1 1
1-1-1 1

Ho=|, ", |=@h nn (633)
1—-1 1-1

It is to be noted that, as in Theorem 6.3.1, all the three columns hy, h, and h3 of
(6.3.3) cannot be used in each of the three subsets of blocks obtained by developing
cyclically the three initial blocks. The last three blocks obtained from the third initial
block are ‘partially cyclic’; only hy, hy can be used to construct W-matrices but h;3
cannot be used as it will not lead to zero column-sums. Using h; and h;, we get two
W-matrices, namely W;l) and W’(z) respectively by applying the method described
in Theorem 6.3.1:

Treatments — Treatments —
01 2 3 4 5 01 2 3 4 5
1-1 1-1 0 O 1-1—-1 1 0 O
0O 1-1 1-1 O 0O 1-1—-1 1 O
0 0 1-1 1-1 0 0 1-1-1 1

-1 0 0 1-1 1 1 0 0 1-1-1
1-1 0 0 1-1 -1 1 0 0 1-1
-1 1-1 0 0 1 —-1-1 1 0 0 1
1 0—-1 1-1 O 1 0—-1—-1 1 O
21): 01 0—-1 1-1]; Wéz): 01 0-1-1 1
-1 0 1 0-1 1 1 01 0-1-1
1-1 0 1 0-1 -1 1 0 1 0-1
-1 1-1 0 1 O -1-1 1 0 1 O
0-1 1-1 0 1 0-1—-1 1 0 1
1 0—-1{ 1 0-1 1 0-1{—1 0 1
-1 1 0/|-1 1 O -1 1 0/ 1-1 O
0—-1 1] 0—-1 1 0—-1 1 0 1 -1

6.3.3 Cyclic Designs Where Each Element Corresponds
to a Number of Symbols

Here any treatment is denoted by a; where « is any element of the module M =
(0,1, ...,m)and j is one of the n symbols 1, 2, ..., n. The following is an example
of a design which is obtained by the classical method of difference (cf. Bose 1939)
where each symbol of the module M = (0, 1, 2, 3, 4) corresponds to two symbols
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1 and 2. If the blocks can be grouped into sets which have cycles, then optimum
W-matrices can be constructed by exploiting this property. The method is illustrated
through the following example.

Example 6.3.3 Consider the GD design with parameters v = 10,b = 20,r = 8,
k=4)X =0,\ =3, m = 5,n = 2 with the initial group (0, 0) mod 5.
The initial blocks are (01 , 12, 22, 42), (02, 11 , 21 , 41), (0] , 22, 32, 42), (02, 21 s 31 , 41)
mod 5. We divide the four initial blocks into two sets viz. S; = {(0y, 12, 22, 4»),
(01,22,32,42)}and S, = {(0;, 11,21, 41), (02,21, 31, 41)}. In the first five columns
of the incidence matrix corresponding to the initial block (01, 12, 22, 4) of Sj, the
non-zero elements are replaced by the elements of h; of (6.3.3) and in the last five
columns corresponding to (01, 2, 33, 42) of Si, the non-zero elements are replaced
by those of —h;. We denote this matrix, of order 10 x 10, by U(ll). In the same way
by using h; and —h; in the two initial blocks of S> we get a matrix ng) . U(ll) and
ng) are given by

00 /1 000 0-1 00 0 0
I, 0100 0 0-100 0
2] 00100 00-10 0
331 000 1 0 00 0-1 0
g _Tr4 | 0000 1100 0 0-I
1T L 0| 0-1 0 1-1] 0 1-1 1 0}f"
I, |-1 0-1 0 110 0 1-1 1
2| 1-1 0-1 0/ 1 0 0 1-1
31 0 1-1 0—-1|]-1 1 0 0 1
4 \-1 0 1-1 0/ 1-1 1 0 0
00 /0 1 0-1 1/ 0—1 1-1 0
Lf 101 0-10 0-1 1-1
20l -1 1.0 1 0]-1 0 0—1 1
331 0—1 1 0 1] 1-1 0 0—1
g _ Trd | 1 0-1 1 01 1-1 0 0
'~ J0|=1T 0000O0T1O0O0TO0O0
b o—1 0 000 1 000
22| 0 0-1 0 000 0 1 0 0
31 00 0-1 000 0 0 1 0
4\ 0 0 0 0-1/ 0 0 0 0 1

From U(ll) and U;z), we construct two optimum W-matrices as
1 2 1 2
wob = iV uP), w2 =i, —uP).

Similarly we can get four more optimum W-matrices viz. WD, W22 WG and
W2 by using hy and h;.
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6.4 t-Fold BPEBDs

In Das et al. (2003) it was been seen that optimum W-matrices could be constructed
for BIBDs with repeated blocks. In this section, we propose to extend the result to
any BPEBD with repeated blocks. Thus the method will be applicable to BIBDs,
PBIBDs and a lot of others with repeated blocks. Also it has been seen that in our
method the number of optimum W-matrices can substantially be increased. Precise
statement follows.

Theorem 6.4.1 Lett repetitions of the blocks of a BPEBD d (v, b, r, k) be considered
where b = mv. Also let Hy and H; exist. Then we can construct t(k — 1) optimum
W-matrices for the t-fold design BPEBD d (v, bt, rt, k).

Proof As Hy exists, according to the method described in Theorem 6.2.1, it is pos-
sible to construct (k — 1) optimum W-matrices for the /th BPEBD d (v, b, r, k) with
b = mv, m, a positive integer, where the nth optimum W-matrix for the /th BPEBD
be denoted as U, 1 = 1,2,...,6,n =1,2,... .k — 1.
For fixed n, the optimum W—matnx for the Whole design considering all the folds
together is given by
um =", o, ... uM).

By assumption, H; exists and it is written as
H, = (h{,h3, ... h] . h)) (6.4.1)

whereh = (1,1,...,1).
Then as the 7-fold BPEBD is resolvable, then by Theorem 6.2.2

Uj =hYo U U, ... U™, j=12...nn=12..k-1(642)

gives t(k — 1) optimum W-matrices for the 7-fold BPEBD d(v, tb, tr, k). (Il

Corollary 6.4.1 Let t repetitions of the blocks of a BPEBD d (v, b, r, k) be consid-
ered where b = mv where b = mv = p" + 1, m, h are positive integers, p" = 1
(mod 4) and p is a prime odd number. Also let Hy and H; exist. Then we can con-
struct (t — 1)(b — 1)(k — 2) optimum W-matrices in addition to t(k — 1) optimum
W-matrices constructed earlier.

Proof Additional (t — 1)(b — 1)(k — 2) optimum W-matrices for the BPEBD
d(v, bt, rt, k) can be constructed through the following steps:

Step 1:
Let, s be an odd prime power and let ag, , . . ., as—1 denote the elements of GF(s).
Consider, an s x s matrix Q = (g;;), where g;; = x(0; —«),i,j=0,1,...,(s—1)

and Yy is the Legendre function satisfying
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x(B) =1 if Bis a quadratic residue in GF(s)
=0 if3=0
= —1 otherwise.

This map satisfies x(8162) = x(81)x(B2). It is well known that Q satisfies the
following properties (cf. Hedayat et al. (1999), p. 150):

@.Ql, =0, 1.Q=0
b. QQ' = sI; — Js

c. Qis symmetric if s = 1 (mod 4), skew—symmetric if s = 3 (mod 4).

Under condition of the theorem it follows that » = 2 (mod 4) and b — 1 is an odd
prime power and so a symmetric matrix Q = (g;;) of order (b — 1) x (b — 1) exists.

Let ul(;’) be the ith row of the nth optimum W-matrix Ul(") for the /th BPEBD
d(v,b,r,k),n =1,2,....,k—1,1 = 1,2, ..., 1. Using the rows of U™ and the
elements of Q(b’l)x(b’l), we define a matrix A;(n, n’) of order b x (b — 1)v where
the ith row is the partitioned into (b — 1) sub-vectors ag.) (n,n’) of order 1 x v, as

all(nn) = ifi=j=1.2..b-1
=giul i # =12 b—1 nEn =12, k-1
= ifi=b, j=1,2,...,(b—1).

Similarly we can define another matrix B;(n, n’) of order b x (b — 1)v where sub-
vector bg.) (n,n’) in B;(n, n’) stands for ag.) (n, n') of the A;(n, n’)-matrix. Actually

bg-)(n,n/)z—ul(;l,) ifi=j=12,....,b—1
— g i £ =12 b=l nEn = 1,2 k=1
—ul) ifi=b, j=1,2,....,(b—1).

This is to be noted that ul(ln )ul(?)/ = k =block size and ul(;l)ul(;’/)/ =O0foralll, i, n #

n’. Now we construct the matrix C;(n, n’) of order b x 2(b — 1)v as follows:
Ci(n,n") = (Ay(n,n’) : Bi(n,n')).

Let C;;(n, n') denote the jth set of v columns of C;(n,n’), j =1,2,...,2(b — 1),
i.e.

ail} (n,n") bgl; (n,n’)
) / 0] /
a,:(n,n') by:(n,n")
Cjjn.ny=| "2 Crptsjny=| 21" L j=1,2,...b—1.
a;’/? (n,n') b,(]’/? (n,n')



102 6 OCDs in Binary Proper Equireplicate Block Design Set-Up

Using the properties (b) and (c) of the Q-matrix, we can easily check that 127 [Cyj(n, n')
*Cpjr(n,n)]1, =0V j # j'=1,2,...,2(b— 1), where ‘*’ denotes the Hadamard
product.

Step 3:
For fixed n # n’, let us define the following v x br matrix as

Wpi(nvn,) = h;/ @ (C/ll(na n/)s C/zl'(ns n/)9 R C;l‘(ns n/)) )
p=1,2,...,¢-1,i=12,...,20b-1). (6.4.4)

We show below that W, i
d(v,bt,rt, k).
From the properties of Cj; (n, n’) and h; it can be proved that

@) 1,W,i(n,n)=0"Vi, pasly =1, 01,
i) u1,=0Vi =1,2,....b,n=1,2,...,(k—1),1=1,2,...,1,

(i) 1, [W i (n,1n') % W (0, /) 1,=0VI = 1,2, ..., (t = 1);i # j=1,2,...,
2(b— 1),

(n,n’) gives an optimum W-matrix for a BPEBD

which imply conditions C;, C; and C3 of (3.1.5) respectively.

Again for (n,n’) # (n”,n""), Wp;(n,n’) and W p; (n”, n"”) are orthogonal in the
sense that sum of the elements of the Hadamard product of the above matrices is
zero. Thus we have only % such distinct pairs of (n, n’). So using these % distinct
pairs for each [ and 7, j, we can generate w ie.t—1Db -1k —-2)
optimum W-matrices for the BPEBD d (v, bt, rt, k). We can also easily check that
these W-matrices are orthogonal to the 7 (k — 1) optimum W-matrices of (6.4.2).

Soin all, we get t(k — 1) + (¢t — 1)(b — 1)(k — 2) optimum W-matrices for the
BPEBD d(v, bt, rt, k). (]

Example 6.4.1 We consider 2-fold of the BIBD(v =9, b = 18, r =8, k = 4,
A\ = 3) with the initial blocks (x°, x2, x4, x) and (x, x3, x°, x7), where x is a
primitive root of GF(32).

We write Hy as

1 1 1 1
1-1-1 1

Ho=1, | _;_{|=@hihhs).
1-1 1-1

Applying Theorem 6.2.1 we construct Ul(l) for the /th fold of the design by using
h; as
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Similarly using hy we get Ul(z) as

0 1 x 2x+12x+22
0 1 0 -1 0 —I
1 0 1 0 -1 1
0-1 0 0 1 0
1 0 0 0 1 0
0 1 -1 -1 0 0
1 -1 0 0 0 0
0 0 0 1 —1 I
1 0 1 1 0 0
u@®9— 1 0 0-1 0 0 -
00 1 0-1 0
00 0 -1 0 0
1 0 0 1 0 -1
0 1 -1 o0 0 1
1 0 0 0 0 1
0 0 1 -1 -1 0
1 -1 =1 0 0 0
0 -1 0 0 1 —1
1 -1 0 1 1 0

2x x+2x+1
0 —1 0
0 O 0
0 1 1
1 -1 0
1 0 0
-1 0 -1
0o 0 -1
0 O 1
-1 1 0
1 0 -1
-1 -1 1
1 0 0
0 0 1
0o 1 -1
0 1 0
0 —1 0
-1 0 0
0 O 0
2x x+2x+1
0 1 0
0 0 0
0 —1 1
-1 -1 0
1 0 0
-1 0 1
0o 0 -1
0o 0 -1
1 1 0
-1 0 1
-1 1 1
1 0 0
0o 0 -1
0 -1 -1
0 1 0
0 —1 0
1 0 0
0 O 0

103
;1=1,2
;1=1,2
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In the same way, using h3 we can construct UI(S). Since b — 1 = 17, so we can
construct Q-matrix of order 17 x 17. From (6.4.3) we write the C;(n, n’)-matrix by
using the appropriate elements of Q. To save space, below we show C; 1(1, 2), C; 2,
C;.18(1,2) and C;,19(1, 2) only.

Cl 1(1 2) _ ( (1) (2)/ 2) u(2)/ _ul(’25)/ u(2)/ 2y 2y 2y 2y 2y

Wop-Wo,- W, ., 1,6 > W7 .U g W g, Uy 1, —U; 4y,

@y @y @y @y @y @7y y,

W1, =W g3, Wy g4~y 155 Uy 1, —W 17, —U; 4

_ (2)' (1)/ @y @ Q) 2y @y 2y 2) 2y @y
Cia(1,2) = (w7, w5, w5, u, uls, —u e, u, =g, —yg W5, 0,

(2)/ (2)/ ) @y @y 2y (1)/ /
U5 =) g =0 s 0 s W, =), =y )

_ @y (1 (Hr (1) (D (L) 1y (1) Dy (1)
Crag(1,2) = (—u/ w5, =5, 0y, =05, =Wy 0 =Wy 2, W g, — Uy g, W),

Ly (1) (s (1) (1) (L) (2)/ /
=W g Wy s =0y Wy, = e W e — Wy g )

C; 1o(1 2)=(u(1)/ @y @y (1 (1) @y Ay 1y Oy (D Ay

L1 W oWy g Wy W s, =y o, W g, g, =W g, W g, Uy g
(Ly (Ly (1) (Hr (1) (Ly (2)/)/ [=1,2.

W 12 Ty 3 W g T s Wy e Uy 17 Wy g
As t = 2, H; exists and is written as

11
H, = (_] ]) = (h}, h).

From (6.4.4),

C;1(1,2) C1(1,2)
Wi (1,2)36%9 — p* 11 ):( , )
11(1.2) 10 (02,1(1,2> —Cr1(1,2)

can be constructed.

Similarly other W-matrices such as Wy 2 (1, 2), Wy 13(1, 2), and Wy 19(1, 2) can
be constructed. In this way we can construct (r — 1) (b — 1) (k — 2) = 34 W-matrices
for BIBD(9, 36, 16, 4, 6) which is a 2-fold of the BIBD(9, 18, 8, 4, 3). Again
from (6.4.2) 6 additional optimum W-matrices can be obtained. So in all, we get 40
optimum W-matrices for BIBD(9, 36, 16, 4, 6).

So far we have we assume b = mv for the BPEBDs. Now we try to construct
optimum W-matrices for t-fold BPEBD d(v, b, r, k), where b # mv, m(> 1), a
positive integer.

Theorem 6.4.2 Suppose a cyclic BPEBD d(v = b, r = k) exists. Again, if Hy, H;
and Q of order (b — 1) x (b — 1) exist, then we can construct (t —1)(b—1)(k —2) +
(t — 1)(k — 1) optimum W-matrices for the t-fold of these BPEBD d(v = b, r = k).

Proof As Hy and H; exist, (t — 1)(k — 1) optimum W-matrices can be constructed
using the cyclic property of the incidence matrix as in Theorem 6.3.1 and the addi-
tional number (r — 1)(b — 1)(k — 2) optimum W-matrices can be constructed by
using properties of Q-matrix as in proof of Corollary 6.4.1. (]
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Appendix

As mentioned earlier, BIBDs and PBIBDs form an important sub-class of BPEBDs
and the lists of BIBDs and PBIBDs are readily available (Tables 6.1 and 6.2). So,
for OCDs in BPEBD set-up with b = mv we have considered BIBDs with b = mv
where v, b < 100, r, k < 15 from the list given in Raghavarao (1971) and the GDDs
with b = mv and r < 10, k < 10 from the same catalogue of Clatworthy (1973).
In this connection, we have to mention that in Chap. 5, we have also prepared tables
for OCDs in GDDs set-up. However the readers need not get confused between the
tables of the two respective chapters. Here we can construct some more OCDs in
GDDs set-up and these are separated by using a ‘x’ mark for additional designs,
which are not in Tables 5.1, 5.2 and 5.3 of Chap. 5, in the 11th column in Table6.2.
A number of BIBDs and GDDs with b = mv are cyclic designs (Table 6.3).

These designs have not been considered separately in cyclic design class. A sep-
arate list for the cyclic BIBDs having partial cycles has only been considered. Here
¢ denotes the number of optimum W’s for BPEBD. Other parameters have usual
significance.

Table 6.1 OCDs in BIBD with b = mv

SI. no. | Parameters c Design no. Method of
construction
v b r k A
1 5 10 4 2 1 2 3 Theorem 6.2.2
2 5 4 4 3 3 4 Theorem 6.2.1
3 7 4 4 2 3 11 Theorem 6.2.1
4 7 21 6 2 1 1 12 Theorem 6.2.1
5 7 7 6 6 5 1 13 Theorem 6.2.1
6 9 36 8 2 1 4 18 Theorem 6.2.2
7 9 18 8 4 3 6 19 Theorem 6.2.2
8 9 9 8 8 7 7 21 Theorem 6.2.1
9 11 11 6 6 3 1 30 Theorem 6.2.1
10 11 55 10 2 1 1 31 Theorem 6.2.1
11 11 11 10 10 9 1 32 Theorem 6.2.1
12 13 13 4 4 1 3 37 Theorem 6.2.1
13 13 26 12 5 2 40 Remark 6.2.5
14 15 15 8 8 4 7 44 Theorem 6.2.1
15 16 16 2 1 47 Remark 6.2.2
16 16 16 10 10 6 1 49 Remark 6.2.2
17 19 19 10 10 5 1 56 Remark 6.2.2
18 19 57 12 2 3 57 Theorem 6.2.1
19 21 42 12 6 3 2 61 Remark 6.2.5

(continued)
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Table 6.1 (continued)

6 OCDs in Binary Proper Equireplicate Block Design Set-Up

SI. no. | Parameters c Design no. Method of
construction
v b r k A
20 23 23 12 12 6 11 Dual of 64 Theorem 6.2.1
21 23 50 8 4 1 6 66 Theorem 6.2.2
22 27 27 14 14 7 1 Dual of 71 Remark 6.2.2
23 31 31 6 6 1 1 75 Remark 6.2.2
24 31 31 10 10 3 1 76 Remark 6.2.2
25 45 45 12 12 3 11 85 Theorem 6.2.1
26 57 57 8 8 1 7 87 Theorem 6.2.1
27 91 91 10 10 1 1 91 Remark 6.2.2
Table 6.2 OCDs in GDDs
Sl. no.| v b r k Al N |m n c Designno. | Method of
construction
1 6 3 2 4 2 1 3 2 2 S1 Remark 6.2.6
2 6 6 4 4 4 2 3 2 3 S2 Theorem 6.2.1
3 6 12 |38 4 8 4 3 2 6 S4 Theorem 6.2.2
4 10 |10 |4 4 4 1 5 2 3 S9 Theorem 6.2.1
5 10 |20 |8 4 8 2 5 2 6 S10 Theorem 6.2.2
6 18 |36 |8 4 8 1 9 2 6 S15 Theorem 6.2.2
7 8 6 6 6 4 4 2 1 S19 Remark 6.2.2
8 9 2 6 2 1 3 3 1 S21 Remark 6.2.2
9 9 6 6 6 3 3 3 1 S23 Remark 6.2.2
10 10 |10 |6 6 6 3 5 2 1 S26 Remark 6.2.2
11 12 |12 |6 6 6 2 4 3 1 S29 Remark 6.2.2
12 14 |14 |6 6 6 2 7 2 1 S33 Remark 6.2.2
13 21 |21 |6 6 6 1 7 3 1 S42 Remark 6.2.2
14 26 |26 |6 6 6 1 13 |2 1 S44 Remark 6.2.2
15 10 |5 4 8 4 3 5 2 6 S51 Remark 6.2.6
16 10 |10 |8 8 8 6 5 2 7 S52 Theorem 6.2.2
17 12 |3 2 8 2 1 3 4 4 S53 Remark 6.2.6
18 12 |6 4 8 4 2 3 4 6 S54 Remark 6.2.6
19 12 |12 |8 8 8 4 3 4 7 S56 Theorem 6.2.2
20 14 |7 4 8 4 2 7 2 6 S59 Remark 6.2.6
21 14 |14 |8 8 8 4 7 2 7 S60 Theorem 6.2.2
22 18 |18 |8 8 8 3 9 2 7 S65 Theorem 6.2.2
23 20 |10 |4 8 4 1 5 4 6 S66 Remark 6.2.6

(continued)
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Table 6.2 (continued)

Sl no.| v b r k Al A m n c Design no. | Method of
construction

24 20 |20 |8 8 8 2 5 4 7 S68 Theorem 6.2.2
25 26 |13 |4 8 4 1 13 |2 6 S71 Remark 6.2.6
26 26 |26 |8 8 8 2 13 |2 7 S72 Theorem 6.2.2
27 36 |36 |8 8 8 1 9 4 7 S77 Theorem 6.2.2
28 50 |50 |38 8 8 1 25 |2 7 S80 Theorem 6.2.2
29 12 |12 |10 |10 |10 |8 6 2 1 S99 Remark 6.2.2
30 15 |3 2 10 |2 1 3 5 1 S100 Remark 6.2.6
31 15 |15 |10 |10 |10 |5 3 5 1 S104 Remark 6.2.2
32 18 |18 |10 |10 |10 |5 9 2 1 S105 Remark 6.2.2
33 22 (22 |10 |10 |10 |4 1 |2 1 S111 Remark 6.2.2
34 30 (30 |10 |10 |10 |2 6 5 1 S115 Remark 6.2.2
35 42 |42 |10 |10 |10 |2 21 |2 1 S119 Remark 6.2.2
36 55 |55 |10 |10 |10 |1 11 |5 1 S123 Remark 6.2.2
37 82 (82 |10 |10 |10 |1 41 |2 1 S124 Remark 6.2.2
38 4 4 2 2 0 1 2 2 1 SR1 Theorem 6.2.1
39 4 8 4 2 0 2 2 2 2 SR2 Theorem 6.2.2
40 4 12 2 0 3 2 2 1 SR3 Theorem 6.2.1
41 4 16 |8 2 0 4 2 2 4 SR4 Theorem 6.2.2
42 4 20 |10 |2 0 5 2 2 1 SR5 Theorem 6.2.1
43 6 18 |6 2 0 2 2 3 1 SR7* Theorem 6.2.1
44 8 16 2 0 1 2 4 2 SR9 Theorem 6.2.2
45 8 32 2 0 2 2 4 4 SR10 Theorem 6.2.2
46 10 |50 |10 |2 0 2 2 5 1 SR12* Theorem 6.2.1
47 12 |36 |6 2 0 1 2 6 1 SR13 Theorem 6.2.1
48 16 |64 |8 2 0 1 2 8 4 SR15 Theorem 6.2.2
49 20 |100 |10 |2 0 1 2 10 |1 SR17 Theorem 6.2.1
50 8 8 4 4 0 2 4 2 3 SR36 Theorem 6.2.1
51 8 16 |8 4 0 4 4 2 6 SR39 Theorem 6.2.2
52 16 |16 |4 4 0 1 4 4 3 SR44 Theorem 6.2.1
53 16 |32 |8 4 0 2 4 4 6 SR45 Theorem 6.2.2
54 32 |64 |8 4 0 1 4 8 6 SR49 Theorem 6.2.2
55 12 |12 |6 6 0 3 6 2 1 SR67 Remark 6.2.2
56 12 |12 |6 6 2 3 3 4 1 SR68* Remark 6.2.2
57 18 |18 |6 6 0 2 6 3 1 SR72* Remark 6.2.2
58 16 |16 |8 8 0 4 8 2 7 SR92 Theorem 6.2.1
59 32 |32 |8 8 0 2 8 4 7 SR95 Theorem 6.2.1

(continued)
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Table 6.2 (continued)

Sl no.| v b r k Al A m n c Design no. | Method of
construction

60 64 |64 |8 8 0 1 8 8 7 SR97 Theorem 6.2.1
61 20 |20 |10 |10 |O 5 10 |2 1 SR108 Remark 6.2.2
62 4 8 4 2 2 1 2 2 2 R1* Theorem 6.2.2
62 4 8 4 2 2 1 2 2 2 R1* Theorem 6.2.2
63 4 12 |6 2 4 1 2 2 1 R4* Theorem 6.2.1
64 4 16 |8 2 6 1 2 2 4 R8* Theorem 6.2.2
65 4 16 |8 2 4 2 2 2 4 R9* Theorem 6.2.2
66 4 16 |8 2 2 3 2 2 4 R10* Theorem 6.2.2
67 4 20 |10 |2 8 1 2 2 1 R14* Theorem 6.2.1
68 4 20 |10 |2 6 2 2 2 1 R15* Theorem 6.2.1
69 4 20 |10 |2 4 3 2 2 1 R16* Theorem 6.2.1
70 4 20 |10 |2 2 4 2 2 1 R17* Theorem 6.2.1
71 6 12 |4 2 0 1 3 2 2 R18* Theorem 6.2.2
72 6 18 |6 2 2 1 3 2 1 R19* Theorem 6.2.1
73 2 24 |8 2 4 1 3 2 4 R22* Theorem 6.2.2
74 6 24 |8 2 0 2 3 2 4 R23* Theorem 6.2.2
75 6 24 |8 2 1 2 2 3 4 R24* Theorem 6.2.2
76 6 30 |10 |2 6 1 3 2 1 R28* Theorem 6.2.1
77 8 24 |6 2 0 1 4 2 1 R29* Theorem 6.2.1
78 8 32 |8 2 2 1 4 2 4 R30* Theorem 6.2.2
79 8 40 |10 |2 2 1 2 4 1 R32* Theorem 6.2.1
80 8 40 |10 |2 4 1 4 2 1 R33* Theorem 6.2.1
81 9 27 |6 2 0 1 3 3 1 R34* Theorem 6.2.1
82 9 45 |10 |2 2 1 3 3 1 R35* Theorem 6.2.1
83 10 |40 |8 2 0 1 5 2 4 R36* Theorem 6.2.2
84 10 |50 |10 |2 2 1 5 2 R37* Theorem 6.2.1
85 12 |48 |8 2 0 1 3 4 4 R38* Theorem 6.2.2
86 12 |16 |10 |2 0 1 6 2 1 R40* Theorem 6.2.1
87 15 |75 |10 |2 0 1 3 5 1 R41* Theorem 6.2.1
38 6 6 4 4 3 2 2 3 3 R94* Theorem 6.2.1
89 6 12 |38 4 6 4 2 3 6 R95* Theorem 6.2.2
90 6 12 |8 4 4 5 3 2 6 R96* Theorem 6.2.2
91 8 16 |8 4 4 3 2 4 6 RO8* Theorem 6.2.2
92 8 16 |8 4 6 3 4 2 6 R99* Theorem 6.2.2
93 9 9 4 4 3 1 3 3 3 R104* Theorem 6.2.1
94 9 18 |8 4 6 2 3 3 6 R105* Theorem 6.2.2

(continued)
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Table 6.2 (continued)

Sl no.| v b r k Al A m n c Design no. | Method of
construction

95 10 |20 |8 4 0 3 5 2 6 R106 Theorem 6.2.2
96 12 |12 |4 4 2 1 6 2 3 R109* Theorem 6.2.1
97 12 |24 |8 4 4 2 6 2 6 R110* Theorem 6.2.2
98 14 |14 |4 4 0 1 7 2 3 R112* Theorem 6.2.1
99 14 |28 |8 4 0 2 7 2 6 R113* Theorem 6.2.2
100 15 |15 |4 4 0 1 5 3 3 R114* Theorem 6.2.1
101 15 |30 |8 4 6 1 5 3 6 R115* Theorem 6.2.2
102 15 |30 |8 4 0 2 5 3 6 R116* Theorem 6.2.2
103 15 |30 |8 4 1 2 3 5 6 R117* Theorem 6.2.2
104 16 |32 |8 4 4 1 4 4 6 R120* Theorem 6.2.2
105 26 |52 |8 4 0 1 13 |2 6 R128* Theorem 6.2.2
106 |27 |54 |8 4 0 1 9 3 6 R129* Theorem 6.2.2
107 |28 |56 |8 4 0 1 7 4 6 R130* Theorem 6.2.2
108 10 |10 |6 6 5 2 2 5 1 R166* Remark 6.2.2
109 15 |15 |6 6 5 1 3 5 1 R168* Remark 6.2.2
110 |27 |27 |6 6 3 1 9 3 1 R170* Remark 6.2.2
111 28 |28 |6 6 2 1 7 4 1 R171* Remark 6.2.2
112 12 |12 |8 8 6 5 6 2 7 R186* Theorem 6.2.1
113 14 |14 |8 8 7 2 2 7 7 R187* Theorem 6.2.1
114 |21 |21 |8 8 7 1 3 7 7 R188* Theorem 6.2.1
115 |24 |24 |8 8 4 2 4 6 7 R189* Theorem 6.2.1
116 |48 |48 |8 8 4 1 12 |4 7 R190* Theorem 6.2.1
117 |63 |63 |8 8 0 1 9 7 7 R191* Theorem 6.2.1
118 12 |12 |10 |10 |9 8 4 3 1 R203* Remark 6.2.2
119 14 |14 |10 |10 |8 6 2 7 1 R204* Remark 6.2.2
120 14 |14 |10 |10 |6 7 7 2 1 R205* Remark 6.2.2
121 18 |18 |10 |10 |9 2 2 9 1 R206* Remark 6.2.2
122 |27 |27 |10 |10 |9 1 3 9 1 R207* Remark 6.2.2
123 |32 |32 |10 |10 |6 2 4 8 1 R208* Remark 6.2.2
124 |75 |75 |10 |10 |5 1 15 |5 1 R209* Remark 6.2.2
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Table 6.3 OCD:s in cyclic designs

SL. no. | Parameters Solution ¢ | Method of construction
v |b |r k
1 6 |15 |10 (4 |6 |Two ‘full sets’ of blocks 2 | Analogous to Example
each and the initial blocks: 6.3.2

[0, 1,2, 3),(0,2,3,4)]
mod 6; the initial blocks
0,2, 3,5) mod 6

2 19 |37 |12 |4 2 Difference set: 3 Remark 6.3.1
(0, x%, x5, x12);

0,x%, x7, x13);

0,x%, x8 x"); xisa
primitive root of GF(19)
3 22 |77 |14 |4 |2 |Difference set: 2 | Analogous to Example
(x?, x]3, x5, x§‘+3); 6.3.2 and Example 6.3.3
G xS gy,

(2, x], x5 x50y,

(xg, xg, x§, x§y+3);
(e o1 g
(x%, xg, x?+2, x§”+5);
(0, 13, x8, x0T
(3, 24, 2L
15 41
(00,01, 02, 03);

(00,01,02,03); xisa

primitive root of GF(7)

X
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Chapter 7
OCDs in Balanced Treatment Incomplete
Block Design Set-Up

7.1 Introduction

Here we deal with the balanced treatment incomplete block (BTIB) design set-up
with p + 1 treatments and ¢ covariates and investigate the problem of most efficient
estimation of the covariate parameters in BTIB design set-ups. As a useful class of
designs for testing test treatments against control, Bechhofer and Tamhane (1981)
introduced BTIB design. Suppose in a test-control design d, the treatments are in-
dexed by co, 1, ..., v with cg denoting the control treatment and 1, 2, . . ., v denoting
the v(>2) test treatments. Let k denote the common size of each block, and b denote
the number of blocks available for experimentation. Thus n = kb is the total number
of experimental units. According to Bechhofer and Tamhane (1981), the design d is
called a BTIB design if

(a) d is incomplete, i.e. no block contains all the v + 1 treatments,
() Aegi = Aegs 1 = 1,2,...,vand Ny, = A, i1 #i2 = 1,2,...,v, where
b

Auw! = Znujnufj, u #u' =co,1,...,vandn;; denotes the number of times
Jj=l
the ith treatment appears in the jth block,i =cg, 1,...,v,j=1,2,...,b.

According to Bechhofer and Tamhane (1981), a BTIB design neither needs to satisfy
b

the condition that r; = Z nij, (1 <i < v), the number of replications of the ith test
j=1

treatment are all equal nor, does it require to be binary in the test/control treatments.

But as mentioned earlier Dutta and Das (2013) considered only those BTIB designs

which were constructed in Bechhofer and Tamhane (1981) and Das et al. (2005)

where the designs had all r; = r.

© Springer India 2015 113
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So here the discussion is restricted to the set-up of BTIB design with parameters
v, b, k, r, rey, A, A, which is denoted by BTIB(v, b, k, r, ¢, A, Ag), Where
b

Fop = Z nej s the replication of the control treatment.

j=1
Let y;j; be the response and zl(;} be the value of the rth covariate when the
treatment i is applied to the unit / of block j,i = co,1,...,v,j = 1,2,...,b,

I=12,...,n5(Mn; =0,1,2,..),t = 1,2,..., c. The model which we work
with is
C
Vijt =+ 7+ B + D vzl + eijis 7.1.1)

t=1

where p is the general mean, 7; is the effect of treatment i, 3; the effect of block
J» 1,72, - - -, Ve are the regression coefficients associated with the ¢ covariates 71,
Zs, ..., Z. respectively and e;;; is the observational error corresponding to y;j;. As
usual, the random errors {e;;;} are assumed to be uncorrelated and homoscedastic
with common variance 0. As in other chapters it is assumed that the values of each
covariate are in the interval [—1, 1], i.e.

zg.}e[—l,l], i=col,ov; =12, b =12, ns t=1,2,...,c.
(7.1.2)

In matrix notation Model (7.1.1) can be represented as
Y, ply + X017 + X088 + Zv, L,0?) (7.1.3)

where Y = (..., yij, ...) is the vector of observations of order n x 1, 7, 8 and
~ correspond, respectively, to the vectors of treatment effects, block effects and the
covariate effects; X and X are, respectively, the design matrices of treatment effects
and block effects and Z = ((zl(t.})) is the design matrix corresponding to the covariate
effects. 1,, is a vector of order n with all elements unity and I,, is the identity matrix
of order n.

With reference to the model (7.1.3), it is evident that for the estimation of the
covariate effects orthogonally to the treatment and block effects we will impose
the conditions as stated in (3.1.3) and the regression parameters are estimated with
maximum efficiency if additionally, (3.1.4) holds.

7.2 OCDs and W-Matrices

With respect to Model (7.1.3), ~ is estimated most efficiently if Z-matrix satisfies
conditions (3.1.3) and (3.1.4). The choice of the Z-matrix is usually difficult under
the most general block design set-up. As mentioned in Chap.4 that in the binary
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design set-up Das et al. (2003) had represented each column of the Z-matrix by a
matrix W, where the rows of W corresponded to the treatments and the columns
of W corresponded to the blocks. This brought in some ease in construction of the
Z-matrix. But a BTIB design need not be binary; however, in the BTIB designs
which we are considering here, the portion for the test treatments is binary, but the
control treatment may occur more than once in a block. So to represent the columns
of an optimum Z-matrix by W-matrices, we convert the incidence matrix of a BTIB
design to one which is binary.

/

Let N = (ng, N/)
be the incidence matrix of the BTIB design, where nC1 *b indicates the incidence
vector of the control treatment and Ny indicates the incidence matrix of the test
treatments. For our convenience in construction of OCDs, we replace the incidence
vector nc of the control treatment by a ny, x b matrix N’g with elements 0 and 1
where the jth column of N*& contains Ney; unities in some order and (n., —n, ;) zeros
in other places, j = 1,2, ..., b, n, being the maximum of n.,, n¢y,, ..., ney,- TO
fix ideas and to illustrate the technique we will use a definite order of 1s and Os
where 1’s are followed by 0’s. Therefore, the incidence matrix N can be written in a
transformed form with the elements 0 and 1 as

N*(n(.0+v)><b — (Nz’/’ N/T)/ (7.2.1)

#(ncy xb) . L . .
where Ncn 07" is actually the incidence matrix corresponding to the control treat-

ment in the binary form.
Now we can make a correspondence between the elements of any column of Z

with the positive entries of N*. Also, as the other entries of N* are zeros and the

z-values are +1, we can get a matrix W from N* by replacing nfj’s by :i:n;."l.

according to the values of rth column of Z. The W)-matrix precisely represents the

tth column of Z. Note from (7.2.1) that W) can be accordingly partitioned as

/

WO (e +v)xb _ (Wg)/, Wg)’) (7.2.2)

Here optimum W-matrices are being constructed from N*, the incidence matrix of a
BTIB design, by putting +1 or —1 in the non-zero positions of every row and every

column of N*. From the definition of the W-matrix it follows that the conditions
(3.1.3) and (3.1.4) change to the following:

C. W _matrix has all column sums equal to zero;

Cy. ng)-matrix has all row sums equal to zero;

C3. The grand total of all the entries in the Hadamard product
of WO and W) jg equal tond,y, 1 <t #t <c.

(7.2.3)
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We may note in passing that (i) W(t) (£1, 0) does not posses any such property

of its row total (ii) however, it is trivially true that > > wC) (i, j) is equal to zero.

Definition 7.2.1 With respect to model (7.1.3), the W-matrices corresponding to
the ¢ covariates are said to be optimum if they satisfy the condition (7.2.3).

Remark 7.2.1 ltis to be noted that if ¢ = 1, only the conditions C; and C; are to be
satisfied by the W-matrix to be optimum.

7.3 Optimum Covariate Designs

As it has already been mentioned earlier that the construction of OCDs depends
on the methods of construction of the corresponding BTIB designs, we divide this
section into three subsections according to the methods of construction.

7.3.1 BTIB Design Obtained from Generator Designs

Following (Bechhofer and Tamhane 1981), we define generator designs which are
BTIB designs with v test treatments and b blocks of size k each such that no proper
subsets of blocks can give rise to a BTIB design. Suppose that there are sg generator
designs Dy, D2,..., Dy, (say) and let D, /\E’O) be the frequency parameters associated
with D; and let b; be the number of blocks required by D; (i = 1, 2,..., s9). Then a

S0
BTIB design D = |J f;D; obtained by forming unions of f; > 0 replications of D;

i=1

50
has the frequency parameters A = Z f,-)\(i Z ﬁA(i) and b = Z fib;

blocks cf. Bechhofer and Tamhane (1981) We cons1der the generator demgns con-
structed by Bechhofer and Tamhane (1981) and construct OCDs for these BTIB
designs.

(i) For each v > 2, k = 2 there are exactly two generator designs and these are

_feoco...co R |
D‘_[lz...v]’ Dz_[m... v ] (7.3.1)
From these generator designs, implementable BTIB designs of the type D = f1 D U

f>D5 canbe constructed for f1, fo > 0. When f; = f> = f (say), the corresponding
design parameters for D are

v, b=fww+1)/2), k=2, r=rqp=fv, Ay =1, A= f. (7.3.2)
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For the construction of OCDs for BTIB design with v even and f = 1 the following
lemma will be helpful.

Lemma 7.3.1 Let v (>2) be even and f = 1 in the parameters (7.3.2). Then a
W-matrix for the BTIB design with parameters v, b = v(v +1)/2, k =2, r =
Teo =V, A=1, A, = 1 obtained by D = D| U Dy, can always be constructed.

Proof The incidence matrix N* of the design D can be written as

Lo o.. o o
N = ( v ) (1.3.3)
I, A A} ... A%, , B

where A} of order v x v is obtained from cyclic permutation of the following row

12...ii+1i+4+2...v

(10...0 1 0 ...0); i=12...,(v—2)/2" (7.34)

and
/
B = (Iv/z, Iv/z) . (7.3.5)

Corresponding to A’ we construct a matrix W', by cyclical permutation of the vector

12...0ii+1i42...v

(10...0 =1 0 ...0); i=1,2,...,(v—2)/2 (7.3.6)

obtained from (7.3.4) by replacing the non-null elements by 1 and —1 respectively,
i=1,2,...,(v—2)/2. Thus we get the following matrix

-2)/2
W; vxv(v—2)/ — (W;l’ W§’2, o W;@iz)/z) (7.3.7)

after juxtaposition of W3 ;’s. Again corresponding to the matrices I, of (7.3.3) and
B of (7.3.5) we define the two following matrices

I, 0 * UXV/2 I /2
wrvw = (T . W = ?*). 73.8
! ( 0 Iv/z) : (—Iv/z 738
Using W7, W3 and W3 in N* of (7.3.3), the following W-matrix of order (v + 1) x
v(iv+1)/2
1 -1 | 0 | 0
W* = ( v/2 v/2 ) (7.3.9)
Wi [W3W3
can be seen to satisfy conditions C;—C3 of (7.2.3). O

Example 7.3.1 Take v = 4. The incidence matrix N* of the design when v = 4
looks like
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1111[0000[00

1000{1001(10 1o lo
N“=10100{1100]01 Z(I4A*B) (7.3.10)
0010[0110[10 417
0001/0011(01
From (7.3.6), W;’ | can be written as follows:
1-1 0 O
W 0 1-10
W2,1— 0 0 1-1
-1 0 0 1
Therefore from (7.3.9), W*-matrix is given by
1 1|-1-1]0 0 0 0] 0 0\
-1 00 O/ 1 0 0-1] 1 0
W* = 0-110 0|-1 1 0 0| 0 1 (7.3.11)
o 0j1 0J]0-1 1 0O|—-1 O
0 0/0 1|0 O0-1 1|0 -1

The following theorem gives method of construction of OCDs for the general form
of the above designs.

Theorem 7.3.1 Let v be even and a Hadamard matrix of order f exist. Then f
optimum W-matrices for the series of BTIB designs with parameters given in (7.3.2)
can be constructed.

Proof Incidence matrix of the design (fD; U fD;) is actually f replications of N*
of (7.3.3) and hence can be written as

N DX /2 — o, ®N* (7.3.12)

where N* is defined in (7.3.3) and ) denotes Kornecker product. By assumption,
Hadamard matrix of order f exists and is written as

H; = (h;, hy, ... hy). (7.3.13)
Now we construct the matrix W™ as follows
W =h QW i=12..f (7.3.14)

where W* is defined in (7.3.9). We can easily check that W*’s satisfy all properties
of optimum W-matrices. ]
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Example 7.3.2 Letv =4, f = 4. Considering N* from (7.3.10)

1111000000
1000(100110
N**:l’f® 0100{110001 (7.3.15)
0010011010
0001001101

H,4, a Hadamard matrix of order 4, is written as

111 1
1-1-1 1

Hi=1 1 | _y_; | =0 b2 b3 hy (7.3.16)
1-1 1 -1

where hy; is the /th column of Hy. Four optimum W-matrices can be constructed as
follows:

Wi =h QW* = (W*, W* W* W*): W;* =hj QW
= (W*, —W*, W*, —W*);

Wi =h Q) W* = (W, —W* —W*, W*): W;* =h, X)W~
= (W*, W* —W* —W*);

where W* is given in (7.3.11).

(ii) Following Bechhofer and Tamhane (1981), for given (v, k) and k > 3, let a
generator design D, have m + 1 plots assigned to the control treatment in each
block; the v test treatments be assigned to the remaining k,, = (k — m — 1)-plots
of the b, blocks (0 < m < k — 2) of the design in such away that they form a
BIBD. The incidence matrix of D,, can be transformed into N* of expression (7.2.1),
where N’g looks like the incidence matrix of a RBD with (m + 1) treatments arranged
in by, blocks. This is denoted by RBD(m + 1, by,). Nt is incidence matrix of the
BIBD with parameters v, by, rm, kn = k —m — 1, )\, which is denoted by
BIBD(v, by, rm, km, Am). Here three cases have been considered vizm = 0, m =
even and m = odd and in each of the three cases, OCDs can be constructed for
generator designs.

Case 1: When m = 0 one plot in each block is assigned to the control treat-
ment and the test treatments in the blocks each of size kg = (kK — 1) form a
BIBD(v, by, 9, ko, o). Let N be the incidence matrix of the BTIB design Dy with
parameters v, b = by, r = rg, k = ko + 1, A = Ao, A, = r and it can be
written as,

N = (1,, N7 (7.3.17)
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where N7 is the incidence matrix of a BIBD(v, bqg, rg, ko, Ao). It is convenient
for the construction of OCD for Dy, if N7 is the incidence matrix of a kg-resolvable
BIBD with by = sv, s > 1 being an integer. This requires that the by = sv blocks
can be partitioned into s sets Ty, Ta,. .., T each of which contains v blocks such that
each of the v treatments occurs ko times in each T;, i = 1,2, ..., s. By exploiting
the properties of ko-resolvable BIBD, it is possible to construct OCD for Dy. Precise
statement follows:

Theorem 7.3.2 If a ky-resolvable BIBD(v, by = sv, ro = sko, ko =k — 1, Xo)
exists, then it is possible to construct sko/2 optimum W-matrices for the generator
design Do with parameters v, b = sv = by, k, r = sko =19, 1oy = SV, A =
A0, A¢y = sko, provided Hyy 1 and Hy > exist.

Proof As the BIBD is kg-resolvable, then Lemma6.2.1 of Chap. 6 is applicable to
the blocks of each T;. According to Lemma6.2.1 of Chap. 6, the k treatments in the
v blocks of T; can always be arranged such that each treatment occurs exactly once
in each of the kg positions in the blocks and this arrangement is denoted by a ko x v
matrix B; and from the matrix B;, it is possible to construct a v x v matrix A?*" by
putting an element g; in its (m, g) th cell if mth treatment occurs in the /th row and
gthcolumnof B;,! =1,2,...,kyp,m, g = 1,2, ..., v. Other positions are filled
in with zeros. It is easily seen that A; contains each of the symbols ay, az, ..., ax,
once and only once in each row and in each column, i = 1, 2, ..., s. Now a matrix
A’ of order (v + 1) x 2v is defined by pairing the A;’s as follows

1 1
* v v . V—
A = ( i 2i)’ Vi=1,2,...,s/2. (7.3.18)

It is given that Hy, a Hadamard matrix of order &, exists. Let it be written as:

H ( ! 1;{0 ) (7.3.19)
ko+1 = . 3.
0+ lk() H;{ko
where
H,’g0 = (hi,h;, ..., h,i‘o) = core matrix of Hy+1, (7.3.20)

b’ is the jth column of Hj . Now a matrix W;; can be constructed from A} by
identifying the symbols ay, as, ..., ay, of As;_1 and Ay; with the elements of hj
and —h* respectively and also replacing first row of A¥ by (1;, —1;)). By juxtaposing
W;i, i=1,2,...,5/2, for fixed j, we obtain a matrix W;, where

W, =W;1,W;2,....,Wjn); j=12,... k. (7.3.21)

Varying j in (7.3.21), ko optimum W-matrices, W, Wo,...,W,, are obtained. Again
as H; /> exists, itis possible to increase the number of optimum W-matrices. By taking
the Khatri-Rao product of h; = (h;1, hi2, ..., h;s/2), the ithrow of Hy 5, with W
of (7.3.21), sko/2 matrices W j; can be constructed, where
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W;; =h; @Wj = hitWj1, hioWja, ..., his2Wjs2),
Vi=1,2,....8/2; j=1,2,..., k. (7.3.22)

It is easy to verify that W j;’s satisfy condition (7.2.3). (I

Remark 7.3.1 If s = 2, then ky optimum W-matrices, Wi, W,...,W,,, can be
constructed whenever Hy exists.

This is illustrated by considering the following example:

Example 7.3.3 Let us consider the following 3-resolvable BIBD(S, 10, 6, 3, 3)
obtained by cyclical development of two initial blocks (0, 1, 2) and (0, 1, 3) con-
structed from the module M = (0, 1, 2, 3, 4). The blocks with the treatments
renamed as (1, 2, 3, 4, 5) can be represented in the form of a matrix B of order 3 x 10

as
12345|12345

B=[23451|123451 | =By, By).
34512(45123

Now the A-matrix of order 5 x 10 can be constructed from B as

ar 0 0 azazla; 0 a3 0 ap

ar ag 0 Oa3a2a1 0613 0
A=]azara; 0 0[]0 axa; 0 a3 | = (A1, Ay).

Oazsazxa; Olaz 0 apa; O

0 Oazsara|0 az 0 ar aq

The core matrix H§ obtained from Hadamard matrix Hy of (7.3.16) is given

—1-1 1
Hi=|( 1—-1-1]=@ hi h). (7.3.23)
—1 1 -1

Considering h} for A| and then identifying —1 with ay, 1 with a; and -1 with a3
of Ay and similarly identifying the elements of —h}] with those of Ay, W; can be
constructed by using Theorem7.3.2 as

11 1 1|=1-=1-1-1-1
-1 0 0—-1 1|1 0 1 0—1
1-1 0 0—1|—1 1 0 1 0

Wi=l_y 1.1 00l0-110 1] (7.3.24)
0-1 1-1 0|1 0-11 0
0 0—-1 1-1]0 1 0—=1 1

Similarly W> and W3 can be constructed by using h3 and hj respectively. It is easy
to see that W1, W, and W3 satisfy condition (7.2.3).
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Remark 7.3.2 1f ¢* = sko/2 optimum W-matrices for the generator design Dy with
parameters v, b = sv, k, r = sko, rey, = SV, A = Ao, Ag, = Sko exist, then it is
possible to construct ¢*u optimum W-matrices for the BTIB(v, b = svu, k, r =
sukg, re, = suv, A = ulg, Ao = sukp), which is obtained by repeating Dy
u-times, provided H,, exists.

Case 2: m=even and N*, the incidence matrix of D,, which is a BTIB design with
parameters v, b = by, k, r =1y, reg = (m+ Dby, X=Xy, Ay = (m+ Dy,
can be written as

N* — (J/(m+1)><bm’ N/T)/ _ (mexm’ Né/)/ (7.3.25)

where NE; is the incidence matrix of Dy, a BTIB design with parameters v, b =
b, k—m, r =1y, re =bpy, A= XAp, Aey = . J¥bm a matrix of order m x by,
with all elements unity, can be considered as the incidence matrix of an RBD(m, b;,).
From Theorem 7.3.2 it follows that if the BIBD in Dy is &, -resolvable, then OCDs
can be constructed for Dg. By combining the optimum W-matrices for Dy with those
for RBD(m, b,,) (cf. Chap.3), it is possible to construct OCDs for D,,. The results
are stated in the following theorem.

Theorem 7.3.3 Ifu; optimum W-matrices exist for Do with parameters v, b = by,
km+1=k—m, r =rp, reg =bm, N\ = An, Ay = I'm and un optimum W-
matrices exist for RBD(m, by,), then u = min{uy, us} optimum Ws for Dy, with
parameters v, b =by, k, r =1y, reg = M+ Dby, A=Ay, Ay = (m+ Dy,
can be obtained.

Proof Let the u; optimum W-matrices for Dy and u, optimum W-matrices for
RBD(m, b,) be denoted as Wo 1, Wo2,..Wo,, and W w®@

Wﬁ: 2])? s p respectively. It can be seen that the following u matrices

. /
Wi = (wf?;?/RBD,wg)’i) L i=1,2...,u (7.3.26)

satisfy the condition C and hence u optimum W-matrices are obtained for D,,. [

Example 7.3.4 Consider D, with parametersv =35, bp =10, k =6, r =6, r¢, =
30, A =3, A = 18 and the incidence matrix of D, is

33333|33333
10011|10101
11001|11010
1110001101
01110/10110
00111101011

Here 3 optimum Ws exist for Dy (see Example 7.3.3) but one optimum W-matrix
can be constructed for RBD(2, 10) which is given by
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0 _ 1 1 1 1 1-1-1-1-1-1
Wz,RBD—(_1_1_1_1_1 1 1 1 1 1

Therefore one optimum W can be constructed for D, by using any one of 3 optimum

Ws for Dy given in (7.3.24) and Wg}e s p as follows:

1 111 1|-1-1-1-1-1
-1-1-1-1-1/1 1 1 1 1
1 111 1|-1-1-1-1-1
-1 0 0-1 1|1 0 1 0-1
1-1 0 0-1|-1 1 0 1 O
-1 1-1 0 0/ 0-11 O
0-1 1-1 0|1 0-1
0 0-11-10 1 0-—

Case 3: When m = odd, then optimum W-matrices for D,, are obtained in the same
manner pairing the optimum W-matrices.

Theorem 7.3.4 Suppose u and uy optimum W-matrices exist for RBD((m+1), by,)
and BIBD(v, by, rm, kn =k —m — 1, \y) respectively. Then u=min{uy, us}
optimum W-matrices for Dy, with parameters v, b = by, k, r = ry, ¢y =
(m + Dby, A= Ap, Ay = (m + 1)ry, can be constructed.

Proof Let the W%I)g D> ng)g D""’W%IIE)D be 11 optimum W-matrices of RBD and the
Wg; BD* Wg} B D,...,Wg‘f; p be uz optimum W-matrices of BIBD. Then u optimum

W matrices of D, can be constructed as follows:
W= (Wer Wy, i=1,2,..u. (7.3.27)

It can be easily checked that W;s satisfy the condition (7.2.3). ([

Remark 7.3.3 For given (v, k), it is possible to construct optimum Ws for Dy,
Dj,..., Dx—2 respectively by using Theorems 7.3.2—7.3.4 and by imposing suitable
conditions. The generator design D;_; contains no control treatment; it is an RBD
or a BIBD with the v test treatments if v = k or v > k respectively. Optimum Ws for
Dy—1 are the same as the optimum Ws for the corresponding RBD or BIBD as the

k—1
case may be. Hence the optimum Ws for the combined BTIB design, D = |J f; D;

i=1
with at least one f; > 0 (i = 1,2, ..., kK — 2) can be obtained by suitably using the
Ws of the generator designs D,, (0 < m < k—1). Butitis difficult to say beforehand
how many Ws exist for D since the number of optimum W-matrices depends on the
parameters of the generator designs and the number of generator designs used.

Remark 7.3.4 Below we describe the construction of OCDs for a BTIB design which
looks similar to that described in Remark 7.3.3, but the constructional method de-
scribed therein is not applicable since the irreducible BIBD used here is not neces-
sarily resolvable. Let G; be the set of (:’) blocks formed by choosing all possible i
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treatments from a set of v test treatments and then by augmenting with (v — i) repe-
v

titions of the control treatment co, i = 1,2, ..., v. It easily follows that | JG; = G
i=1

forms a BTIB design with parameters v, b =2 — 1, k = v, r = 2v-1 Teg =

p¥~1—1), A=2""2and Ay = (v — 1)2Y=2. For v = 4, k = 4, the construction

of OCDs for such BTIB design is illustrated bellow.

co Co Co Co co €y Co Co Co CO
) eocococo ] cocococococo
Gi = €0 €0 Co €0 G2 =1 103412
3412 234134
co Co Co €O 1
1234 2
Gs=12341( %73
3412 4

Using hy, h3 and hy of (7.3.15), 3 optimum Ws can be constructed by exploiting the
inherent cyclic nature of the G;’s where

/

W= (W wir) =

G | Gs Gy |Ga
C";‘rt“’l00000000001—11—10
: 00 0 0/ 1 1 1 1—-1-1|-11=11]0
v 11 1 I|=1=1—-1-1-1-1|1=1 1=1]0
| T o-rT I[T 0 o0-T T o100 ofT|,
n 1 -1 0=1]-1 1.0 0 0 1/0 1 0 0|1
=1 1-10/0=110 100 0<10/T1
v 0-1 1-110 0-11 0 10 0 0 1]|=1

G | G, G3 Gy
Control / 0 0 0 O 00 00 OT1 1 1 1]0
Tr. 000 O]-1 1 1-11 1|-1-11 1]0
l 1 1 1 1|-1-1-1-1-1-1|-1-1-1-1
-1 0 1-1/1 0 0 1—=1 0] 1 0o 0 of-1].
Test | -1—-1 0 1|/ 1—-1 0 0 0—-1{0 1 0 0
Tr. l1-1—-1 0/0 1 -1 0 1 0/0 0-1 0f1
l 0 1-1-10 0 1 1 0 10 0 0—1|—
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/
Wi = (W W) =

Gi | G2 Gs |Gy
C";r”"]oooooooooo-ll—llo
' 000 0 1—-1-11<1<1|-1 1 1-=1|0
v 11 1 1|l=1—-1—=1—=1 1 1/ 1-1 1-1]0
— T 0-1—-1]-1 0 0 1 -1 0] 1 0 0 0|1
-t o-1 1100 0-1{0-10 01
1—=1 100 1 1010/ 0 0-1 0[1

v 0-1-11/0 0 110 1/0 0 0 1|1

7.3.2 BTIB Designs Obtained from BIBDs

In this section, we consider two constructional methods of BTIB designs. Method
(1) was given by Bechhofer and Tamhane (1981) and Method (ii) was described in
Das et al. (2005). Both are based on BIBDs.

(i) From Bechhofer and Tamhane (1981), it is known that from a BIBD(v*, b, r,
k, A) where v* > v, a BTIB design with parameters v, b, k, r, ro, = (V* —
V)r, A, Ag, = (v* — v)\ can be obtained by replacing the treatments v + 1, v +
2, ..., v* by the control treatment. Here v should be such that each of the new blocks
after replacement contains at least one test treatment. The optimum W-matrices for
BTIB design can be constructed by using optimum Ws for the corresponding BIBD.
The following theorem gives the results precisely:

Theorem 7.3.5 If c* optimum W-matrices exist for BIBD(v*, b, r, k, \), then an
equal number of optimum W matrices for BTIB design with parameters v, b, k, r,
reg = (V¥ —v)r, A, A¢y = (V* — v)A can be constructed.

Proof of the theorem follows from the fact that any optimum W-matrix for the BIBD
remains optimum for the corresponding BTIB design as the latter is obtained from
the first one by just renaming of the (v* — v) treatments.

The method will be clear from an example. Consider a symmetric BIBD (v* =
b="7r=k=4,\=2). Here 3 optimum Ws for the BIBD can be constructed
(cf. Chap.4) and these are denoted by W1 grpp, W2, srpp and W3 grpp. These Ws
provide three OCDs for the BTIB design. Take v = 5 and Treatments 6 and 7 of the
BIBD are relabeled by the control treatment ¢ of BTIB design. Using W1 grpp, an
optimum W-matrix for the BTIB design can be constructed as
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Treatment —>

Test Control
1 2 3 4 5|6 7
1 0 0-1 0Of 1 -1
-1 1 0 0-1{ 0 1
1 -1 1 -1
W/I,BIBD = 0 1 -1 (1) 8 0 _01 :W/I,BTIBD'

-1 0 1 -1 1[0 O
0-1 0 1-1] 1 0
0 0-1 0 1|—-1 1

Similarly from W2 grpp and W3 prpp, two more optimum Ws for BTIB design
can be obtained.

Remark 7.3.5 It is to be noted that the number of optimum Ws for the BTIB design
considered above does not depend on the numbers of either the test treatments or the
control treatments used but depends only on the existence of optimum W-matrices
for the corresponding BIBD as the same W-matrixe for BIBD is used for the BTIB
design.

(ii) Consider a BIBD, dj, with the parameters v*, b*, r*, k*, A\*. Replace a given
setof i (0 <i < v* —2) of the treatments in dy by the control treatment and call the
resultant design BIB; (v*, b*, k*).Finally, each block of the design BIB; (v*, b*, k*)
isaugmented by # > O replications of the control treatment, such that (i, u#) # (0, 0).
Denote this design by d. Then, it is easy to see that d is a BTIB design with parameters
v=v"—i, b=b" k=k"4u, r=r"re, =ir+bu, X=X A, =
iX*+r*u, 0 <i <v*—2, u>0.For convenience, the design d is denoted by
BIB; (v*, b*, k*, u).Note thata BIBy(v*, b*, k*, u)is a BTIB of the R-type while
a BIB{(v*, b*, k*, u) is a BTIB of the S-type. For a definition of R- and S-type
BTIB designs see Hedayat and Majumdar (1984). OCDs for such BTIB design can
be obtained by the following theorem:

Theorem 7.3.6 Suppose that ¢} and c optimum W-matrices exist for RBD(b*, u)
and BIBD(v*, b*, r*, k*, X\*) respectively. Then c** = min{cy, c3} optimum
W-matrices exist for BTIB(v = v* —i, b = b*, k = k™ +u, r =r*, r,, =
ir*+b*u, A= XN, A\, =iX +r*u)fori=0,1,...,v"-2

Proof The proof is simple and follows along the lines of Theorems7.3.4 and
7.3.5. O

7.3.3 BTIB Designs Obtained from Group Divisible (GD)
Designs

In this section, again we deal with two methods of construction of BTIB designs
from GD designs where the first method was illustrated in Bechhofer and Tamhane
(1981) and the lastone in Das et al. (2005).



7.3 Optimum Covariate Designs 127

(i) According to Bechhofer and Tamhane (1981), BTIB design can be constructed
from group divisible (GD) design with u treatments and b blocks of size k. The
association scheme of such a GD design can be obtained by representing the treat-
ments in the form of an m x w array (with mw = u). Any two treatments in the
same row of the array are first associates, and those in the different rows are second
associates. For OCDs in GD design set-up one is referred to Chap. 5. Suppose that
m > k. One can take v = m and relabel the entries in each of n; > 0 columns of
the array by 1, 2, ..., v and entries in the remaining 7, = w — n; > 0 columns by
the control treatment c, thus obtaining a BTIB design. We shall only consider those
BTIB designs, no block of which contains the control treatment entirely. OCDs can
be constructed for such BTIB design and precise statement follows:

Theorem 7.3.7 If c*** optimum W-matrices exist for a GD design then an equal
number of optimum W-matrices exists for the BTIB design obtained from the GD-
PBIBD.

Proof of the theorem is simple. The method is explained through an example by
considering the singular group divisible (SGD) design S2 (u = 6, b = 6, r = 4,
k=4, A\ =4, A\ = 2)in Clatworthy’s table (1973), page 83, given by

blocks —

[
AN W DN
A o—_= O\ W
N DN =
W N DN
—_ W N

with the following association scheme:

14
25
36

By relabeling the treatments 4, 5 and 6 by ¢(’s, a BTIB design can be obtained where
no block contains the control treatment entirely. The blocks are:

blocks —>

b1 |b2|b3|b4|bs|be
1)12(1(1]2]1
213(3(2|3|3|
co|co|Co|co|co|Co
€0|€0[€0|C0|C0|C0

For the given SGD design, 5 optimum W-matrices (cf. Chap.5) can be constructed
and using these W-matrices 5 optimum Ws for the BTIB design can also be con-
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structed by identifying the control treatment in different blocks with the original
treaments 4, 5, and 6. One of the W-matrix is given by

control Tr. _(i _11 (1) (1) _11 _3
+ _ _ ,
W, = 1 0 1 1 0-1 _ (Wg)/’ W(Tl) Y
Test Tr 0 1-1 0-11
! ) 1-1 0-1 1 O
1 0-1-1 0 1

Remark 7.3.6 In Chap.5, we provide a list of optimum Ws for a large number of
GD designs. These optimum Ws may be used to generate the optimum Ws for the
BTIB designs, obtainable from these GD designs.

(i1) Consider two GD designs d; and d. Suppose that the parameters of d; are
v, b;, ri, ki, A\1j, M\2i, 1 =1,2. Assumethatky; > kyand A\ +A12 = A1+ = .
Then the design obtained by taking the union of the blocks of d and d», after adding
the control treatment k; — k; times to the blocks of dj, is a BTIB design (cf. Das
et al. 2005) with the following parameters:

Vv, b=b1+ by, k=ky, r =r1+1r2, reg =blka — k1), A\, Ay =r1(ka — k1).
(7.3.28)

Following theorem describes the construction of OCDs for such BTIB designs.

Theorem 7.3.8 Suppose c;* and c5* optimum W-matrices exist for the GD designs
with parameters v, b;, ri, ki, Mi, X, i = 1,2, kp > ky and M1 + A2 =
21 + A22 = A and the RBD(ky — ki, b) respectively, then it is possible to construct
= min{c*, 5", c3*} optimum W-matrices for the BTIB design with the
parameters given in (7.3.28).

Proof The proof is simple and hence omitted. O

Remark 7.3.7 Theorem7.3.8 also holds for any two 2-associate PBIB designs with
same association scheme. For details, we refer the original paper of Dutta and Das
(2013).

Remark 7.3.8 In this chapter, construction of OCDs in BTIB design set-up has been
considered and a large number of commonly used BTIB designs is covered. It is
expected that these designs will serve practical purposes to a large extent. As the
results are of varied nature, a summary of the BTIB design set-ups and the conditions
of existence of OCDs, etc. is presented in the following table which may be helpful
for ready reference (Tables 7.1, 7.2 and 7.3).
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Table 7.1 BTIB designs obtained from generator designs
Design Conditions No. of optimum
W-matrices
Do UD; (Lemma?7.3.1) m=0, k=2, v=-even 1
f(DoUDy) (Theorem7.3.1) | m =0, k =2, v =evenand Hy f
exists
Do (Theorem7.3.2) k>2, m=0, (k— 1)— resolvable stk —1)/2
BIBD(v, sv, s(k—1), k —1, Ao) Hy
and Hj > exist
D,, (Theorem7.3.3) k > 2, m(> 0) = even, up OCDs for | u=min{u;, us}
RBD(m, b,,) and u; OCDs for
DO(U, bm, k—m, Ym, bm, )\m5
Ae = Ipy) exist
D,, (Theorem7.3.4) k > 2, m(> 0) =odd, u; OCDs for u=min{uy, us}
RBD(m + 1, b,,) and up OCDs for
BIBD(v, by, rm, k—m —1, A\p)
exist
Table 7.2 BTIB designs obtained from BIBDs
Design Conditions No. of optimum W-matrices
BTIB design mentioned in Existence of ¢* OCDs for c*
Theorem7.3.5 BIBD(v*, b*, r*, k*, \*)
BTIB design mentioned in Existence of ¢j OCDs for c** = min{c}, c}}
Theorem7.3.6 RBD(b*, u) and ¢ OCDs for
BIBD(v*, b*, r*, k*, \*)
Table 7.3 BTIB designs obtained from GD designs
Design Conditions No. of optimum W-matrices
BTIB design mentioned in | Existence of ¢*** OCDs for GD [
Theorem7.3.7 design
BTIB design mentioned in | Existence of ¢}* OCDs for ¢ = min{c]*, ¢3*, c3*}

Theorem7.3.8

GDDS(U, b,‘, Fi, k,‘, )\1,‘, )\2,‘),
i=1,2ky>ki, At +A2= A
+ A2z and existence of ¢§* OCDs
for RBD(kp — ki, b)
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Chapter 8
Miscellaneous Other Topics and Issues

8.1 OCDs in the Crossover Designs

The problem of optimal choice of covariates in the set-up of crossover design or
repeated measurement design (RMD) has been considered by Dutta and SahaRay
(2013). A crossover design is used in an experiment in which a unit is exposed to
various treatments over different periods. In such an experiment, ¢ treatments are
assigned to n experimental units each of which receives one treatment during each
of the p periods. Such designs are very often used in many industrial, agricultural
and biological experiments. Under the traditional model, it is assumed that each
treatment assigned to an experimental unit (e.u.) has a direct effect on the e.u. in the
same period and also carryover effects (residual effects) in the subsequent periods.
Efficient estimation and testing of the direct effects as well as residual effects are
of interest to practitioners from an application point of view. The reader is referred
to Stufken (1996) and Bose and Dey (2009) for a review on this topic. In practice,
situations arise when controllable covariates are used conveniently in this set-up to
control the experimental error. For example, in treating arthritis pain or prevention
of heart disease, the duration of daily exercise or walking plays a role, besides the
effects of medicines. Thus the duration of exercise or walking can be viewed as
a controllable covariate when formulating an appropriate model for the study of
the effects of different medicines in such cases. So the problem arises to propose
appropriate designs which will allow most efficient estimation of these covariate
effects on the response. The aim is to address this issue dealing with ¢ covariates for
some classes of strongly balanced and balanced crossover designs which are known
to be universally optimal for the estimation of direct treatment effects and residual
treatment effects in an appropriate class of competing designs.

© Springer India 2015 131
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8.1.1 Preliminary Definitions and Notations

We assume ¢ treatments, denoted by 1, 2, .. ., t are to be compared using n e.u.s over
p periods. Let €2, ,,, , denote the class of such crossover designs. A designd € ; , p
is uniform on the periods if each treatment is assigned to an equal number of subjects
in each period. A design d € ; ,, p is uniform on the subjects if each treatment is
assigned equally often to each subject. A design is said to be uniform if it is uniform
on the periods and uniform on the subjects. A crossover design is said to be balanced,
if no treatment is immediately preceded by itself and each treatment is immediately
preceded by every other treatment equally often. A crossover design is called strongly
balanced if each treatment is immediately preceded by every treatment (including
itself) equally often.

Here, we deal with a covariate model allowing ¢ covariates under the crossover
design set-up. Let d(i, j) denote the treatment assigned by d € €, , in the ith
period to the jtheu.;i = 1,2,...,p, j = 1,2,...,n. The model of response
for the observation y;; with zg), the value of the /th covariate Z; received in the ith
period on the jth experimental unit is given by

¢
!
Yij =+ o + B+ Ta,j) + pai-1,j) + Z’nzgj) + eij, (8.1.1)
=1

where (1 is the general mean, «; is the ith period effect, 3; is the jth experimental
unit effect, 74, ;) is the direct effect due to treatment d(i, j), pa—1,j) is the first
order residual effect of treatment d (i — 1, j) with pg(o,j) = Oforall j =1,2,...,n;
~; is the regression coefficient associated with the /th covariate, [ = 1,2, ..., c. As
usual, the random errors {e;;}'s are assumed to be uncorrelated and homoscedastic
with the common variance o2.

Writing the observations unit wise, in matrix notation the above model can be

represented as
(Y, plyp +Xia +XoB + X574 Xap + Zry, 1p0°) (8.1.2)

where Y is the observation vector of order np x 1, o, 3, T, p and -~ correspond,
respectively, to the vectors of period effects, experimental unit effects, direct effects,
first-order residual effects and the covariate effects; X, X5, X3, X4 and Z denote,
respectively, the part of the design matrix corresponding to the period effects, exper-
imental unit effects, direct effects, first-order residual effects and covariate effects,
1,,, is a vector of all ones of order np and I,,, is the identity matrix of order np.

In model (8.1.2) each of the covariates 7Z;’s, [ = 1,2, ..., c is assumed to be a
controllable non-stochastic variable. Applying a location scale transformation of the
original limits of the values of the covariates, without loss of generality, it is assumed
that the np values zg-)’s taken by the I/th covariate Z; can vary within the interval
[—1,1],ie.
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dlel-L1Li=12.pj=12 .. ml=12..c (813

With reference to model (8.1.2), it is evident that orthogonal estimation of the
ANOVA effects and the covariate effects is possible whenever the following condi-
tions:

X/Z =0, Vi=1,234 (8.1.4)

are satisfied. Further, the covariate effects are estimated with the maximum efficiency
if and only if (cf. Pukelsheim 1993)

77 = npl.. (8.1.5)

Therefore, optimal estimation of each of the covariate effects is possible while the
estimates of the ANOVA effects remain unaltered, if and only if Z satisfies the
conditions (8.1.4) and (8.1.5) simultaneously. In the sequel, any Hadamard matrix
of order R is written as

Hz = (™, ... n{). (8.1.6)

For a Hadamard matrix in the seminormal form we assume, without loss of generality,
hgeR) tobe 1.

Note thatundermodel (8.1.2) forany d € €2, p, X1 =1,®1, andX; =1,Q1,.
Thus for d, conditions (8.1.4) and (8.1.5) are equivalent to the following conditions:

) (l> =+1Vi=12...,p; j=1,2,...,n;1=1,2,..., c,
@i ZZ(Z) = 0Vj=12,...,m;1=12,...,¢c
o) _ o o

(zzl)Zz = 0Vi=12,....p;l=12...c
@iv) Z zl(? = OVk=1,2,....,:1=1,2,...,c,

(i, ):d (i, j)=k
o) > z(j): OVk=1,2,....5; I =1,2,....c,

(u)d(z 1,j)=k
(vi) ZZ (D = ovigr=12. ¢

i=1j=1

(8.1.7)
Thus to obtain an OCD for any d € €2; ;) it is required to construct the Z-matrix
satisfying the conditions laid down in (8.1.7). In general, for any arbitrary d this
problem of construction is combinatorially intractable. Dutta and SahaRay (2013)
handled this issue of construction by adopting the technique used by Das et al. (2003)
where each column of the Z-matrix can be recast to a W-matrix. Using this idea,
the /th column of Z-matrix, a vector of order np x 1 is represented in the form of
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the matrix W) of order p x n, where the columns correspond to the experimental
units in the order 1, 2, ..., n and the rows correspond to the periods in the order
1,2,...,p.

To elucidate the idea, the /th column of Z-matrix is written as W)-matrix in the
following way:

CIRGING,
T
Z Z ... Z

wO | TR 2 e (8.1.8)

OO 0
Zp1 Zp -+ Zpn

The requirement of the Z-matrix satisfying the conditions (ii) and (iii) of (8.1.7) is
equivalent to having zero row sums and zero column sums for each row and each
column of WO [ = 1,2, ..., ¢. To visualize the conditions (iv) and (v) of (8.1.7) in
terms of the W-matrix we define two more matrices of order p x n as follows:

d(1,1) d(1,2) ... d(1,n) 0 0 0
d2,1) d2,2) ... dQ2,n) d(l,)  d1,2) ... d(,n)
Vi= : . Vo= :
d(p, ) d(p,2) ... d(p,n) dp—1,1)d(p—-1,2)...dp—1,n)
(8.1.9)
Recalling that d(i, j) denotes the treatment assigned to the jth unit in the ith period
ofd € Qpp,i =1,2,...,p,j =1,2,...,n, it is now easy to verify that the

requirement of the /th column of the Z-matrix satisfying the conditions (iv) and (v)
of (8.1.7) is equivalent to the requirement of the sums of zg.)’s corresponding to

the same treatment to be equal to zero after superimposition of W® on V; and V;
respectively, [ = 1,2, ..., c.

Thus the necessary and sufficient conditions in terms of the elements of W,
I =1,2,...,cfor the existence of an OCD are summed up as follows:

(C1) Each of the elements of W is either +1 or —1;

(Cr) WO _matrix has all row sums equal to zero;

(C3) W@ _matrix has all column sums equal to zero;

(C4) After superimposing W) on Vi, for every treatment as specified in V7,
the sum of the elements of W) corresponding to the same treatment
is equal to zero;

(Cs) After superimposing W) on V», for every treatment as specified in V3
the sum of the elements of W) corresponding to the same treatment
is equal to zero;

(C¢) The grand total of all entries in the Hadamard product of WO and
w@ s equal to np or zero depending on [ = [’ or I # I’ respectively.

(8.1.10)
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It is worthwhile to note that a covariate design Z for ¢ covariates is equivalent to ¢
W-matrices which are convenient to work with.

Definition 8.1.1 With respect to model (8.1.2), the ¢ W-matrices corresponding to
the ¢ covariates are said to be optimum if they satisfy the conditions laid down in
(8.1.10).

Remark 8.1.1 1t is to be noted that if ¢ = 1, only the conditions C1—Cs of (8.1.10)
are to be satisfied by the W-matrix for an OCD to exist.

Definition 8.1.2 The maximum number of covariates cannot exceed the error
degrees of freedom for the ANOVA part of a given set-up.

Here, our aim is to construct an OCD. In other words optimum W-matrices, with
as many W-matrices as possible for a crossover design which is uniform strongly
balanced or strongly balanced, uniform on the periods and uniform on the units in
the first p — 1 periods or uniform balanced. The construction of W-matrices is much
dependent on the particular method of construction of the underlying basic crossover
design. We will denote by ¢* the maximum value of ¢, the number of covariates in
a given context as attained by a given method of construction. In reality, a limited
number of covariates turn out to be useful. Thus given the choice of ¢* optimum
W-matrices, the experimenter has the flexibility of selecting the optimum values of
the required number of covariates from a large pool of possible options, appropriate
to the experimental situation and availability of the resources.

8.1.2 Main Results

Here the construction of W-matrices satisfying (8.1.10) for different series of
strongly balanced and balanced crossover designs obtained through different con-
structional methods are given. We briefly discuss the method of construction of
the underlying basic crossover design to understand the construction of optimum
W-matrices as their interdependency has already been pointed out.

Strongly Balanced Crossover Design Set-up in €2, , 2 ,,
Ithas been shown in Stufken (1996) that a uniform strongly balanced crossover design
d* in €, , , is universally optimal for the estimation of direct treatment effects and
residual treatment effects and can always be constructed using latin squares and
orthogonal arrays whenever n = A\12 and p = A\t for integers A; > 1 and \y > 2.
We start with this particular method of construction of d* assuming A\; = 1 and
obtain an OCD. The construction of OCD with n = A2, A\; > 1 will be taken up
later.

Let A, be an orthogonal array, denoted by OA (t2, 3, t, 2) with entries from
S = {1,2,...,t}. Such an orthogonal array can easily be obtained from a latin
square L = ((/;;)) of order ¢, t > 2 as follows:



136 8 Miscellaneous Other Topics and Issues

t times t times t times
r— e e e P e
A 11...1 22...2 ... tt...t 8.1.11)
l2.t 1200 L 121 o
l]]l]z...l], 121122...12; l;]ltz...ln

Let B; be an orthogonal array OA (tz, 2, t, 2), obtained from A, by deleting the
thirdrowin A;. Fori € {1,2,...,t —1}1et A; = A; +i and B; = B; + i, where i
is added to each element of A; or B;, modulo 7. Let the two arrays A and B of order
3t x 12 and 2t x 12, respectively, be defined as

A B,
As B>
A= . , B= e (8.1.12)

With )\, > 2, writing \y = 361 4 28, for non-negative integers ¢; and &2, the p x t>
array d* defined by

d*=(@A,..., A, B,....BY (8.1.13)

consisting of §; copies of A and J, copies of B is a uniform strongly balanced
crossover design in 2 p.

We now present the actual construction of OCD, in other words optimum W-
matrices ford™ in €, ;2 , undera variety of choices of # accommodating the maximum
number of covariates as attained by the given method of construction.

Case 1: t = 0(mod 4)

The following theorem relates to an OCD for d* in €, ;2 3.

Theorem 8.1.1 Suppose H;, H3; and further s(> 2) mutually orthogonal latin
squares (MOLS) of order t exist. Let d* in 2 2 3, be constructed as described
in (8.1.13). Then there exists a set of (3t — 1)(t — 1)(s — 1) optimum W-matrices
d* e Qt‘l2,3t'

Proof Without loss of generality we assume that H, and H3; are in the seminormal
form. Let Ly, L3,..., Ly be s MOLS of order ¢, based on the symbols 1,2, ..., ¢.
Suppose L is used for constructing A; in (8.1.11) and Lﬁq) = Ls + ¢q, where ¢
is added to each element of Ly modulo ¢, is used to develop the third row of A,
g=12,...,t—1in(8.1.12) to give rise to d* in 2, ;2 3, as described in (8.1.13).
Now we proceed to construct the optimum W-matrices for d* in €, ;2 3, as follows.

Ineach of the L;, i = 1,2,...,s — 1, replace the symbols 1,2, ..., by the
elements of hy) in order, for j = 1,2,...,¢t — 1. Let di,/l/ denote the replaced mth

row of L;,m = 1,2, ..., t written with the symbols of hy). Now juxtaposing side

by side these 7 rows, we obtain a row vector D’ : of order > given by
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D, = (af": a1 a). (8.1.14)

Now we construct W of order 3¢ x % as follows:
wh =w;, = hfﬁ’) ®Dj;;
i=1,2,...,s=1,j=1,...,t—1, f=1,...,3t -1,

I=(—-De-DCBt-D+G-D@Bt—-1)+ f.
(8.1.15)

Using the properties of latin square, Hadamard matrices and the fact that L;, i =
1,2,...,s — 1 is orthogonal with qu), qg = 1,2,...,t — 1, defined above, it
is not hard to see that W®’s satisfy the conditions of (8.1.10) and the maximum
number of covariates in the given context attained by the method of construction is
cF=0Cr—-D(—D(s—1). ]

An illustration of the above method of construction with + = 4 follows.

Example 8.1.1 t =4,d* € Q416,12

123 4 123 4 123 4
2143 3412 4321
Li=sls a2 2=las21B=21 43
4 3 21 2143 3412
and
2222333344441 11°1
234123412341234°1
2341 143232144123
3333444411112222
34123412341234712
A_|3412214343211234
“l4444111122223333
4123412341234123
4123321414322341
1 1112222333344 44
1234123412341 234
1 234432121433412
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The forms of H4 and Hj, for our use are

~1 1-11
1-1-11
Ho=| 7,7, (8.1.16)

1 1 11

1 11 1 1 1111111
1 1-1 1 1 1-1-1-1 1-11
—1-1 1-1 1 1 1—=1-1—-1 11
1—-1-1 1—-1 1 1 1-1-1-11
1 1-1-1 1-1 1 1 1-1-11
~1-1 1-1-1 1-1 1 1 1-11
Ho= 1y 12121 12111 11| ®.1.17)
1—-1-1-1 1—-1-1 1—-1 1 11
I 1-1-1-1 1-1-1 1-1 11
1 1 1-1-1-1 1—-1-1 1-11
1 1 1 1-1-1-1 1-1-1 11
1—1 1 1 1—=1-1-1 1-1-11

Now using h(14), the first column of Hy and L, we construct D/1 | as
D’H: (—1 1-1 1: 1-1 1—-1:-1 1-1 1: 1-1 1—1).

Hence using hilz), the first column of Hja, W) = Wy, = hilz) ® (al!, dil,
di!, d}') takes the form

-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1
l-1r 1-1-1 1-1 1 1—-1 1I-1-1 1-1 1
l-1r 1-1-1 1-1 1 1-1 1-1-1 1-1 1
-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1
i1-1 1-1-1 1-1 1 1-1 1-1—-1 1-1 1
i1-1 1-1-1 1-1 1 1-1 1-1—-1 1-1 1
lI-1r 1-1-1 1-1 1 1I-1 1-1—-1 1-1 1
-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1
-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1
-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1
lI-1r 1-1-1 1-1 1 1-1 1-1-1 1-1 1
-1 1-1 1 1-1 1-1-1 1-1 1 1-1 1-1

wo —

Similarly 65 more choices of the optimum W-matrices can be constructed.

Remark 8.1.2 In practice in the above situation the experimenter has the flexibility
to choose the values of the required number of optimum covariates from the set of
66 possible optimum choices.
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Remark 8.1.3 In particular for t = 4, three more optimum W for d* in Q416,12
can be constructed by trial and error method as follows:

L -1, 1, -1 -1, 1, -1,
LoL Ll R S
B R B R
o111 1 1 -1
67) —13 12: —1?1 12 (68) 12 —121‘ 12 —1?1
w = / / / / , W = / / / / s
B A A
11 IRV
oo oo
1, -1, 1, -1, 1, -1, 1, -1,
L -1, 1, -1 -1, 1, -1 1
e S -1, 1 -1 1
L -1 -1, 1
e S
R e
-1, 1, 1, -1
oL Ll
w9 — _14 14 14 _14

1, -1, -1, 1,
S A
1, -1, -1 1

—1jt 171 1jL —1jt

—1jt 151 1fl —1jt

—lj1 151 1fl —lj1
4 4 4 4

Theorem 8.1.2 Suppose H;, and further s(> 2) mutually orthogonal latin squares
(MOLS) of order t exist. Let d* in S, 2 5, be constructed as described in (8.1.13).
Then there exists a set of (2t — 1)(¢t — 1)s optimum W-matrices d* € ; ;2 5.

Proof The proof is along the similar lines of the proof of Theorem3.1. Note that
d* € ;2 5, as described in (8.1.13) can be constructed without requiring to use L;.
So L can also be used to construct the row vector D/ j (8.1.14) of order 2 as before,
i=1,2,...,s; j=1,2,...,t— 1. Since H; and hence H»; exist, assuming both
of these in the seminormal form, we construct W of order 2¢ x #2 as follows:

W(l) ZWW':h}ZO® (dil’i/: dgj, . ...:d;’//);
i=1,2,...,s, j=1,...,0—1, f=1,...,2t — 1,
[=G-De-=D2-D+(G =D =D+ f

with ¢* = (2t — 1)(r — 1)s in the given context. O
g
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Remark 8.1.4 For t = 4, four more optimum WO for d* in €24,16,8 can be con-
structed by trial and error method as described below:

L -1, 1, -1 L -1 1,-1

-1, 1, -1, L L -1 L

-1, 1, -1, 1, -1, 1,-1, 1,

o4 -1 1 -1 1 65 1 -1 1. -1
W = —12 1i —12 12 . W = —13 12 —13 12 ’

1, 1,1, 1 -1 1 -1

1, -1, 1, -1, 1, -1, 1,-1,

1, -1, 1,-1, -1, 1,-1, 1,

1, -1, -1, 1, 1, -1, -1, 1,

1, -1, -1, 1, ~1, 1, 1, -1,

1, 1, 1, -1, —1, 1, 1,-1,

66 -1 1 1 -1 7 1 -1 -1 1

W = 1:: —12 —12 12 . WO = 11 —121 —11 12

p L -1 L1 -

L 1L L -1

L 1L L -1 -1 1

Case2:t =2 (mod 4),t #2,6

It is clear that H; does not exist but if s MOLS of order ¢ exist then (s — 1) optimum
W-matrices can be constructed for d* € €, ;2 3, (vide 8.1.13) using the same steps

/
followed in the proof of Theorem3.1 and the vector a; = (I/L , =1 ) and ay =
2 2

2
exists, (2t — 1)s optimum W-matrices can be constructed for d* € €, 2 5, (vide

!
(1’3“ —1/3,) instead of the columns of H, and H3; respectively. Similarly if Hp,
2

/
8.1.13) following the same steps of Theorem 8.1.2 using the vectora; = (I’L , —I’L)
2 2

instead of the columns of H;.
Case3:t=2

Since a pair of MOLS does not exist for # = 2, the methods discussed in earlier cases
do not apply here to construct an OCD. We adopt trial and error method to construct
optimum W-matrices.

Theorem 8.1.3 Let df in Q4,6 and dy in Q2 4.4 be constructed as described in
(8.1.13). Then there exist 2 optimum W-matrices for each of df and d.

Proof Recalling (8.1.12) it is easy to see that 4} and dj given below represent the
strongly balanced design in €27 4 ¢ and €27 4 4 respectively.
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2211
2121 2 211
2112 2121
dy 112 2| dy = 112 2 (8.1.18)
1 212 1212
1221

Optimum W-matrices denoted by W7 and W} for df and Wi* and W3* for dJ,
respectively, can be constructed as

1 1-1-1 1-1 1-1
1-1-1 1 1 1-1-1
—1 1 1-1 1-1 1-1

* *

Wisl oo ™= oo
~1 1 1-1 —1-1 1 1
1-1-1 1 ~1 1-1 1
1 1-1-1 1-1-1 1
~1 1-1 1 -1 1 1-1

sok sk __

A T R Al I R R R

1-1 1-1 -1 1 1-1

Cased:t=6

It is known that for + = 6 a pair of MOLS does not exist and hence we take up the
construction of OCD in this case separately.

We start with a uniform strongly balanced crossover design d* € Q¢ 36,13 con-
structed (vide 8.1.13) using the latin square L (say) given by

123456
214365
651234

L=|eer 143 (8.1.19)
436521
345612

Theorem 8.1.4 Let df in Q636,18 and d5 in Q636,12 be constructed (vide 8.1.13)
using L of (8.1.19). Then there exist an optimum W-matrix for di and 11 optimum
W matrices for dj.

Proof Let D be a matrix of order 6 x 6 with elements &1 as follows:
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11 1-1-1-1 d,

I 1—1-1-1 1 d,

o=t 1| | 4
D=1 111 11 1|7 |d (8.1.20)

—1-1 1 1 1-1 d;

—1 1 1 1-1-1 A

Itis to be noted that the row sums and column sums of D are zero. Moreover superim-
posing D on L, it can be seen that for each symbol in L, the sum of the corresponding
elements of D is also zero. Thus an optimum W-matrix for di" in 26,36,18 (vide 8.1.13)
using L of (8.1.19) can be formed taking a = (1’9, - 1’9)/ and the rows of matrix
D as

WO =a@(d): dy:, dy: d): d: dp).

But for dj in 6 36,12 (vide 8.1.12), 11 optimum W-matrices can be formed using
H, of (8.1.17) as follows:

WO =—n" @ :dy:dy: dj:ds:dy), I=1,2,..., 1L
m

So far we have discussed the construction of optimum W-matrices for uniform
strongly balanced crossover design df in €, 2 3, and d5 in ; 2 5, separately. Let
¢} and cj denote the maximum number of optimum W-matrices for d and d}
respectively in the given context. Now we will consider the construction of optimum
W-matrices for a strongly balanced crossover designd* in €2, ;2 ,, (vide 8.1.13) where
p = (361 + 20,)t for non-negative integers d; and d. Write

da*=[dy,....d7. a5, ....d5'] (8.1.21)

taking &) copies of d and d, copies of d5.
Define

8o = min{d;, &2} and ¢y = min{c], c3}. (8.1.22)

Corollary 8.1.1 Suppose H;, and Hs, exist. Let d* in Q, 2, be constructed as
described in (8.1.21) for p = (301 +262)t, 61, 92 > 0, non-negative integers. Then
there exists a set of dyco optimum W-matrices for d* where 0y and co are defined in
(8.1.22).

Proof Let the c| optimum W-matrices for d} be denoted by W7, ..., W, and the
1
¢; optimum W-matrices for d5 be denoted by W™, ..., WZZ. Then it can be easily
2
seen that W) defined as
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*k
wh =w;; = (W:"jf*) ; where W}, = hl@l) ® W7 and Wy = hl(52) ® Wi
(8.1.23)
i=1,2,...,0, j=1,2,...,c0, I =co(i — 1) + j, are the required W-matrices
for d*. O

Remark 8.1.5 Note that Hs, and Hy, are not necessarily assumed to be in the semi-

hl@l) hl@) can as well be of the form of a vector all ones.

normal form. Thus and

Remark 8.1.6 1t is not hard to see that the set of dgco W-matrices in Corollary 8.1.1
is not unique.

Remark 8.1.7 The construction of optimum W-matrices for a strongly balanced

design d* in €, ) 2, for A} > 1 can easily be obtained by taking the Kronecker

product of the rows of H), and the corresponding optimum W-matrix of €, > ,

whenever H),, exists. In case of non-existence of Hy, for A\; even, the role of the

rows of H), above can be taken by the vectors 1//\1 and (I/M , —1&1 ). In case of \
2 2

odd, the vector of all ones serves the purpose.

Case 5:t odd

Whenever ¢ is odd, it is easy to verify that an OCD for a uniform strongly balanced
crossover design d* in €2, ;2 , as described in (8.1.13) does not exist as Condition
C, of (8.1.10) is not attainable. Let a uniform strongly balanced crossover design
d*™ € )2, , be defined as

d* = 1’/\l ®d* (8.1.24)

for some positive integer A;. The following theorem relates to the construction of
OCD for d**.

Theorem 8.1.5 Suppose H),;, H), and a pair of mutually orthogonal latin squares of
ordert exist. Let d** be defined as in (8.1.24). Then there exists aset of (A\jt—1)(p—1)
optimum W-matrices for d**.

Proof Suppose L1 and L, are pairwise orthogonal latin squares of order t and L, has
been used in (8.1.12) and (8.1.13) to construct a uniform strongly balanced crossover
designd*in Q; 2 ,. Now we proceed to construct the optimum W-matrices for d**.
Assuming H); and H,, in the seminormal form, for eachi = 1,2,..., M\t — 1,

()
1

partitioning h into Ap parts as

i _ (a0 Oty ainr),
B = (B, B ) (8.1.25)

we construct a row vector ij’ of order 72 considering L and hfj’.\”), for every fixed
je{1,2,..., \}, following the steps as described in Theorem 3.1. Thus
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D = (a7, a4, (8.1.26)
Now we construct WI(J/() of order p x 2 as follows:

(D) _p® ijr g TN
w2 = ns ®(d’{”, d;”,...,df”) C =12 A1, f=1,2,.... p—1
(8.1.27)
Finally W% matrix of order p x A% is given by:

1 j A
WO = Wi W W),

i=12... . at—1, f=12,....p—1L1=G—-D(p-1+f

It can be easily checked that these W)’s are the required optimum W-matrices for
d** in Q; \2,p and ¢* = (A1t — 1)(p — 1) in this given context. O

!/
Remark 8.1.8 1f for p even, H,, does not exist, then a = (1/1; , —1’,,) can be used
2 2

instead of h;p ) in the above theorem.

Strongly Balanced Crossover Design Set-Up in ©; \,/ \,r+1

It has been shown in Stufken (1996) that a strongly balanced crossover design that is
uniform on the periods and uniform on the units in the first p — 1 periods is universally
optimal for the estimation of direct treatment effects as well as residual treatment
effectsin €2, ,, . We now take up the construction of OCD for such design whenever
t is odd and )\, is even, as otherwise an OCD fails to exist.

Whenever ¢ is odd, a uniform balanced design d(’)" existsin §2; 2;,;, whichis obtained
by juxtaposing two special latin squares of order ¢ side by side (cf. Bose and Dey
2009; Williams 1949). A strongly balanced design d** obtained by repeating the last
period of djj is uniform on the periods and uniform on the units in the first # periods
(cf. Cheng and Wu 1980). Now for some positive integer A, taking A copies of this
design let a strongly balanced design d* in € 2xr,1+1 be constructed as

d* =1, ® d** (8.1.28)

Theorem 8.1.6 Suppose Hj), exists. Let d* be defined as in (8.1.28). Then there
exists a set of 2\ — 1 optimum W-matrices for d*.

Proof Assuming Hyy, in the seminormal form, the optimum W®-matrix for d* in
¢ 2xr,1+1 can be constructed as:

W(l)za*®hz(2/\)®1;, I=1,2,...,2A -1,

2 2

U
where a* = (1/r+1’ -1, ) . O



8.1 OCDs in the Crossover Designs 145

It has been shown in Stufken (1996) that the above idea of (Cheng and Wu 1980) to
construct a strongly balanced design from a uniform balanced design can be extended
to cover p = Apt + 1. The required uniform balanced design djj in €; s, ), iS @
A2 X A1 array of special latin square of order . We refer to Stufken (1996) and Bose
and Dey (2009) for the details of the construction. Now repeating the last period of
this uniformly balanced design, we get a strongly balanced design d* in QM r+1
which is uniform on the periods and uniform on the units in the first p — 1 periods.
The following theorem deals with the construction of OCD for this d*.

Corollary 8.1.2 Suppose Hy,,1+1 and H), exist. Then there exists a set of Aot (A1 —1)
optimum W-matrices for a strongly balanced d* in Q4 )¢ \yr+1-

Proof It is readily verified that assuming H,, and H), in the seminormal form,

i=12.. 00 j=12... -1, 1l=0\—-DG—-D+j (8129

are the required optimum W-matrices. (]

Balanced Crossover Design Set-Up

In this section we consider the construction of OCD for Williams square (1949) and
Patterson (1952) designs as the basic designs which are uniform balanced crossover
design with appropriate parameters.

It is known that for all even values of 7, a uniform balanced design dg in
exists which is a balanced latin square and is referred to as a Williams Square in
the literature. There does not exist any optimum W-matrix for dj in €2, , ast — 1
being odd, Condition Cs is not attainable. Let for some positive integer A, a uniform
balanced crossover design be constructed as

dy* = 12\ ®dj. (8.1.30)
We next deal with the construction of optimum W-matrices for di* in €, s ;.

Theorem 8.1.7 Suppose H; and H), exist. Then there exist (t — 1)>(\ — 1) optimum
W-matrices for di* in Q; \s; as defined in (8.1.30).

Proof Assuming H; and H) in the seminormal form

WO =Wy =h@h @h: i j=1.2...1-1 f=12....A-1,
I=Gi—-1DA=Dt-D+G=DA=1D+f (8.1.31)
are the required optimum W-matrices for d3* in ; ;. O

Remark 8.1.9 If H; does not exist but H) exists then a set of A — 1 optimum
‘W-matrices for da‘ can be constructed as
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Wi =hV' @a*®a", [=1,2,...,)

i
where a* = (1;/2, —1;/2) )

Remark 8.1.10 An OCD for a uniform balanced crossover design in €2; ; ; or €2; 2;
cannot be constructed for ¢ odd.

A popular choice of balanced crossover design is the one given by Patterson
(1952) for p < t, as this often involves a moderate number of subjects while keeping
the number of periods small. For ¢ a prime or prime power, consider {L;},i =
1,2,...,t — 1, a complete set of MOLS of order t where L; | can be obtained by
cyclically permuting the last  — 1 rows of L;. Then the ¢ x ¢ (¢t — 1) array P given by

P=(Ly, La,...,Li—1). (8.1.32)

yields a Patterson design in € ;(;—1),;. Now, on deleting any ¢ — p rows of P one gets
aPatterson designin ; ;(;—1),p with p < t (cf. Bose and Dey 2009; Patterson 1952).
The construction of optimum W-matrices for a Petterson design in €2 ;(;—1), p is very
much dependent on the existence of the optimum W-matrices for arandomized block
design (RBD) (cf. Chap. 3).

Now we consider the following theorem which gives the optimum W-matrices
for a Patterson design.

Theorem 8.1.8 If there exists a set of c W-matrices of order p x (t — 1) for an RBD
(p, t — 1), then there exists a set of ¢ optimum W-matrices for a Patterson design in

Q 1(t—1), p-

Proof The optimum W-matrices for the Patterson design in 2;;;—1),, can be
obtained by replacing 1 by 1, and -1 by -1 in the W-matrices of RBD

(p, (t = 1)). O

For ¢ prime of the form 4u + 3, where u is a positive integer, a Patterson design
exists in €2 2/, (141),2 Which is formed by juxtaposing two RBDs((r + 1)/2, t) side
by side. For details of the method of construction we refer to Patterson (1952).

Theorem 8.1.9 Suppose H(;11) > exists. Then there exists a set of (t — 1) /2 optimum
W-matrices for a Patterson design in ; 21 (14+1)/2-

Proof Assuming H;41)/2 in the seminormal form,

WO =n""P g0, —hel; 1=1,2,...,¢-1)/2 (8.1.33)

]
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8.2 OCDs in Multi-factor Set-Ups

Rao et al. (2003) proposed optimum covariate designs (OCD) through mixed orthog-
onal arrays for set-ups involving at most two factors where the effects for the quali-
tative factors and those of the quantitative controllable covariates were orthogonally
estimable. In essence, completely randomised designs and randomized block designs
were studied in Rao et al. (2003). Dutta and Das (2013) extended these results and
proposed OCDs for the m-factor set-ups where the factorial effects involving at
most ¢ (< m) factors and those of the covariates are orthogonally estimable. It is
seen that for such model specifications, optimum designs can be obtained through
extended mixed orthogonal arrays (EMOA, Dutta et al. 2009) which reduce to mixed
orthogonal arrays for the particular set-ups of Rao et al. (2003).

In this section, we will introduce extended mixed orthogonal arrays and cite
some applications. In the process, we will deal with the following simple illustrative
examples:

(i) RBD with b = v = 4 and two observations per cell; (ii) LSD of order 4; (iii)
Graeco LSD of order 4; (iv) LSD with 2 observations per cell; (v) LSD of order 6.

8.2.1 Model and Optimality Conditions

Let Fy, F>,...,F, be m factors with s1, s2,...,s, levels, respectively (s; >

2, 1 <i < m), and zW 7@ . 7© denote ¢ covariates. Also, let n com-
m

binations be chosen from all possible v = H sq level combinations and €2 denote
the set of n chosen level combinations. Foxfxa ievel combination (ji, jo, ..., jm) of
Q, let (¥ jpejms ZEi)JZJm zﬁ)n]m ’ZET)Jz i ) denote the vector of observa-
tion and the values assumed by the covariates. As mentioned earlier, we assume the
location-scale transformed version of the covariate values, viz |z(11)]2 | < 1 forall
(J1s J2s -5 jm) € Qandl = 1,2, ..., c. We also assume that the level comb1nat1ons
in © are so chosen that the interactlons, involving at most ¢ factors (1 < ¢t < m),
are orthogonally estimable and all the effects involving (¢ + 1) and higher order
interactions are negligible and contribute to the error.

The reader may note that we are now in the framework of a factorial design of
a very general nature. In the above we are referring to asymmetric factorial design.
The definition of main effects and interaction effects are very standard and excellent
expository article of Bose (1947) provides all the basic results in this direction (also
see Gupta and Mukerjee 1989 and Kshirsagar 1983).

The following linear model is assumed (cf. Kshirsagar 1983)

- i1 i1i2 i1in..is
Vitjzeim = H T+ Z 9’ + Z 9]-1,1]-!,2 +- 4+ Z jSlj’,zmjit

1<i1<m 1<ii<ip<m 1<ij<iz<...<i;<m
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c
O]
+ N e (8.2.1)
=1

where, (j1, j2, ..., jm) € 2, 0;‘, is the effect due to j; th level of F;,, Gj.l,izj, is the
i1 nJi

interaction between jj th level of F;; and jj,th level of F;, and so on, 1 <t < m.

Further, ~; is the regression coefficient for the /th concomitant variable Z O] =

1,2, ..., c. The restrictions on the factorial effects are the following:

Si()(

DONR =0 Vi iy iy (i) 1Sl <in<...<ig<m, 1<u<t
X Jiy Jig -+-Jiy u a
Jia=

In matrix notations, the model (8.2.1) can be rewritten as
(Y, X0 +Z, 0°L,), (8.2.2)

where X and Z are suitably defined.
Therefore, for the model (8.2.2), the condition (3.1.3) for estimating the
~-components orthogonally to the ANOVA effects reduces to

7' X =0. (8.2.3)
Further, from (3.1.3) and (3.1.4) it follows that the most efficient estimation of

~-components independently of the ANOVA effects is possible whenever, in addition
to (8.2.3), we can also ascertain

77 =nl. (8.2.4)
The condition (8.2.4)impliesthatz ", . =+1viand > 0 0

(1 J25e0 jm) €82
=ndyp V1 <l#I <c,wheredy = 1(0)whenl =1" (I £1).

Let us consider a fixed set of ¢ factors viz. Fy, Fa, . .., F,. Also, let X12! denote
t

the coefficient matrix of order n x (H si), corresponding to the factorial effects of
i=1
the factors Fy, Fs, . .., F,. Itis not difficult to verify that X121 isa (0, 1)-matrix and
the condition X!>+*' Z = 0 implies that Z is also orthogonal to any design matrix
corresponding to any sub-set of the factors Fy, F», ..., F;. Again, it must be noted
that conditions such as above need to be satisfied for any choice of ¢ factors out of
m factors.
Thus we get the following theorem.

Theorem 8.2.1 With respect to the linear model (8.2.2) for an m-factor set-up, the
following conditions:


http://dx.doi.org/10.1007/978-81-322-2461-7_3
http://dx.doi.org/10.1007/978-81-322-2461-7_3
http://dx.doi.org/10.1007/978-81-322-2461-7_3
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@ 20 =Y Gja ) €Q =12,
i) > Z%)jzm = 0; the summation >." is taken over all those level combi-
nations in Q which contain any given level combination for the t factors
Fi,, Fi, ... F,, 1 <ii<ia<...<i; <my
O] @) _ r_ _
(iii) z 2y = ndp YL U =1,2,... ¢, where & = 1(0)

152500 Jm)ES
whenl =1'(1 £1'),

are necessary and sufficient for the optimal estimation of each of the covariate effects
~;’s, with the minimum variance Var (V) = ‘77 vi=1,2,...,c.

From data analysis point view, to attain simplicity and optimality, it is desirable
that a fractional factorial design should be such that all ¢ and less factor effects would
be orthogonally estimable with balance. This requires that the fraction denoted by A,
should be an MOA (n, s1 X sp X - -+ X 8¢, u), u = min{2¢, m} (cf. Dutta et al. 2009).
To construct an OCD on this set-up, we should search for z vectors with elements £1
such that condition (8.2.3) for orthogonality to the design matrix is satisfied. This, in
effect, implies that the elements, viz. £1 of any z vector should occur orthogonally
to any choice of ¢ rows of A, i.e. all the level combinations for the choice of any ¢
rows from A and any one row of Z should occur an equal number of times.

It thus transpires that a systematic study of OA, MOA and EMOA introduced
below, can be profitably utilized for construction of OCDs in factorial design contexts.

8.2.2 Extended Mixed Orthogonal Array (EMOA)
and Construction of OCDs

We describe a new type of array, called extended mixed orthogonal arrays (EMOA)
introduced in Dutta et al. (2009) in connection with OCDs in the set-ups of split- and
strip-plot designs. The definition of EMOA is as follows.

Definition 8.2.1 Let us consider a k x n array where the k rows corresponding to

the k factors be divided into p sets Sy, Sz, ..., S,. The ith set S; contains k; (> 2)
p

factors F;1, Fia, ..., Fi;, with Zk,- = k, where F;; has s;; (= 2) levels. The array

i=1

is said to be an extended mixed orthogonal array (EMOA) if

(i) for the choice of any d; (> 2) factors from S;, all possible level combinations
of these d; factors occur equally often (say A; A may depend on the selected
factors),i =1, 2,..., p;

(i1) for the choice of any d sets (d > 2),say S;;, Si,, . .., Si,, the level combinations
arising out of any #;, factors from S;,, any #;, factors fromS,,, ..., any #;, factors
from S;,, where 1 < ti; < d,-j, 1<i) <ip <---<ig < p,occur equally often
(say p times; © may depend on the selected factors).
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ki
Such an array is denoted by EMOA [n, k, ﬁ [1si-@. do.....dp).
(d; t1, 12, ..., tp)]. The frequency parameters A and uic:aln];b:elobtained from the para-
ki
meters already included in the notation above. An EMOA [n, k, f[ H sij, (d1, da,
...,dp), (d; 1, t,...,tp)]is also an EMOA [n, k, =

p ki

[T 150 @ d.....d)). @ 1. t.....6)] where d] < d;. 1] < ;. Vi

i=1j=1
and d’ < d. It is to be noted that a compound orthogonal array (cf. Hedayat et al.
1999, p. 230) and the array proposed by Chakravarti (1956) can also be seen as
EMOAs with particular parameters.

Remark 8.2.1 If d; =t and u; be a non-negative integer such that 1< u; <;, 1 <
q

ifpsatisfyingZu,-j =t,where2 <g <dandl1 <i; <ip <...<liy <p,

j=1
then the EMOA [n, &,

P ki P ki
1115 @. da.....dp). @ n. ta,....tp)]is an MOA (n, []]]sii- .
i=1j=1 i=1j=1
Also it follows that an EMOA can always be looked upon as a MOA of strength 2.

Remark 8.2.2 From the above discussions it follows that the OCD on the factorial
set-up under consideration can be displayed in the form of an array; the chosen n
level combinations of the m factors form n columns of a m x n matrix denoted by A
and the z-values of the ¢ covariates form ¢ rows of a ¢ x n matrix denoted by B. This

(m 4 ¢) X n array (f;) is such that A forms an MOA(n, s; X §3 X - X Sy, U),

u = min{2¢, m}, with elements in the ith row as the levels of F;,i = 1,2, ..., mand
B forms an OA (n, ¢, 2, 2) with elements +1 or —1 in each row. From the discussion
after Theorem 8.2.1, it follows that all the level combinations for the choice of any ¢
rows from A and any one row from B occur an equal number of times. This array is
actually an EMOA [n, m + ¢, s1 X $3 X +-- X 8§, X 2°, (u, 2), (2; ¢, D].

Thus we get the following theorem.

Theorem 8.2.2 The existence of an EMOA [n, m + ¢, §1 X §2 X -+ X Sy X
2¢, (u, 2), (2; t, 1)] implies the existence of an OCD in a multi-factor set-up
where all the main effects and interactions up to t-factors are orthogonally estimable,
u = min{2¢t, m}.

Below we cite an example of an EMOA for clear understanding of the concepts and
definitions.
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Example 8.2.1 Let us consider the following orthogonal array D, with parameters
(16,5, 4, 2)

11 11222233334444
1234123412341234
1 234214334124321 (8.2.5)
1 234341243212143
123443212 14334132
and another orthogonal array B with parameters (4, 3, 2, 2)
1-1 1-1
B=|1-1-1 1]. (8.2.6)
I 1-1-1

Replacing the level j in the first row of D by the jth column of B, j = 1, 2, 3 and 4,
we construct an array By of order 3 x 16. Now let D; be the 4 x 16 array obtained
from D after ignoring the first row. Then the 7 x 32 array C obtained as

_ (BB,
C_(Dl Dl)

is an EMOA [32, 7, 2° x 4%, (3, 2), (2; 3, 1)], where By is the array obtained from
B; by interchanging —1 and 1. Let, S; denote the set of three rows corresponding
to the B’s and S; denote the set of four rows corresponding to D’s. Then see that
each level combination arising out of three rows of Sy occurs four times, while any
level combination arising out of any two rows of Sy occurs twice. So A123 = 4 while
Aiyiy = 2,4 <y, ip < 7. Again, for the choice of the three rows of S and any row
from S, all possible level combinations occur just once. So p123;, = 1,4 <i; < 7.

Some modified versions of this array have been used in the construction of OCDs
in the examples considered below.

8.2.3 Examples of OCDs

We undertake several examples for construction of OCDs in simple experimental
set-ups. Subsequently, in the sections to follow, we develop general results.

Example 8.2.2 RBD with b = v = 4 and 2 observations per cell.

Consider Hj¢ and denote the columns of Hy¢ by the vectors PSRN C}

Let y\) denote the 16 x 1 observation vector arising out of the RBD involving
the first observation in each cell. Similarly, we also have y® available as the second
observation vector across the 16 cells. It does not matter if the observations are laid
down row-wise or column-wise.
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Let zD, z® ..., z(19 be associated with y(l) vector and let their ‘negations’
occupy the respective positions in y®.

It is noted that U = vector of average of the two observations in each cell has, for
its expectation, exclusively the terms involving the general mean p, the block effect
parameter(s) and the treatment parameter(s) and these are free from the covariate
parameter(s) represented by the z-components. On the other hand, V = vector of
differences [divided by 2] has, for its expectation, terms involving only the covariate
parameters and these are free from the ‘design parameters’. These covariate parame-
ters have associated with them the corresponding z vectors. Since the z vectors are
mutually orthogonal with elements (£1), we are in a position to optimally accom-
modate 16 covariates.

Remark 8.2.3 This approach is definitely very transparent and one can see how
orthogonalization of the two observations within each cell has resulted into separation
of the two sets of parameters: design parameters and covariates parameter.

Remark 8.2.4 Ttis not clear if this approach might lead to the possibility of including
any more covariates optimally. Towards an affirmative answer for this we take a look
at the RBD with v = b = 4 with one observation per cell. From Das et al. (2003) and
Rao et al. (2003) it is known that for this set-up with single observation per cell there
are nine z vectors that can be accommodated optimally. Denote these vectors of order
16 x 1 by z}, 23, ..., z§. It is now enough to repeat these z* at both the positions
in each cell. These provide additional 9 covariates, besides the 16 outlined above,
thereby giving a total of 25 covariates, the maximum number that can be achieved
with 32 observations and v = b = 4.

Below we demonstrate an equivalent but unified method of arriving at the same
result by means of EMOA to ascertain the existence of an OCD with 25 covariates
optimally included.

Consider the array D defined in (8.2.5). By replacing the levels 1, 2, 3, 4 in the
kth row of D by the elements of the jth row of B defined in (8.2.6) successively,
j =1, 2, 3, we can construct an array Ci of order 3 x 16,k =1, 2, 3, 4, 5. Now
let A be the 2 x 16 array obtained from D after ignoring the last three rows. A
provides the set-up for the RBD. Then the 27 x 32 array E is obtained as

Al A
1T,
Ci|—-C;
C| —Cy
_ C3 _C3 _ Ry Ry
E= al-c |~ (E™, E™).
Cs| —Cs
G| C3
Cy4| C4
Cs| Cs
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provides 25 optimal covariates. The matrix E is displayed below in the partitioned

It is readily verified that E is an EMOA [32, 27, 4% x 2%, (2, 2), (2; 1, 1)] which
form with the observations separately shown in two cells.

8.2 OCDs in Multi-factor Set-Ups

Cell position 1

2 2 2 2 3 3 3 3 4 4 4 4

1 1
1

1

1 2 3 4 1 2 3 4

2 3 4

2 3 4

1

1-1-1-1-1

1 1

1-1-1-1-1 1

1
1

1

1

1

lI-1-1-1-1-1-1-1-1

-1 -1-1-1-1-1-1-1

1

i1-1-1 1 1-1-1 1 1-1-1 1 1-1-1 1
lI-1-17 1 1-1-1 1 1—-1-1 1 1-1-1
1-1 1-1
1

1

1-1-1
1 -1
1

1-1

1
1 -1-1

1-1-1

1-1

I -1-1 1

1 -1-1

1

1 -1

1 —1-1

1

1-1-1-1-1

1

1-1-1 1-1 1
1-1-1-1-1

1

1-1-1

1 1

1-1-1 1
1 -1

1

1 -1
1 —-1-1

1 —-1-1

1 -1

1 -1
1

1-1-1 1

1

1 -1
1

1
1 -1-1

1
1-1-1-1-1

1 -1-1

1

1-1-1-1-1

1

1

1-1-1 1-1
1-1

1-1

1-1
1

1-1-1

1-1

1

1-1-1

1

1 -1

1-1-1

1 -1-1 1

1-1-1-1-1 1

1 -1-1 1

1

I1-1 1-1 1-1-1 1-1

1-1-1

1

1

1 -1

1-1-1-1-1

1-1-1 1 1 1 1-1-1

1

1-1
1 -1-1

1-1-1

1-1

1-1
1

1 1-1-1 1

1-1

1
1-1-1-1-1 1

1-1-1

1

1 —-1-1-1-1

1

1
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Cell position 2

2 2 2 2 3 3 3 3 4 4 4 4

1 1
1

1

1 2 3 4 1 2 3 4

2 3 4

2 3 4

1
-1-1-1-17-1-1-1-1-1-1-1-1-1-1-1-1

-1 -1-1-1
—1-1-1-1

1
I -1-1-1-1

I-1-1-1-1

1 1

1
1

1

1

—1-1-1-1-1-1-1-1

1 1-1-1 1 1-1-1 1 1-1
1-1-1 1 1-1-1 1 1-1-1 1
1

1 -1-1
1

1
1 -1

1

-1

-1 -1

1 -1
1 -1-1
1
1

1 —-1-1

1 -1

1

1-1

1
1
1

1 -1-1

1 1-1-1
1

1 -1-1
1

1-1-1 1

I-1 1 1-1

1 -1-1

1 -1

1

1

1 -1-1-1-1

1 -1

1-1-1 1

1

1

1 -1
1 —-1-1
1

1 —-1-1

1 -1
1 -1

1

1-1-1
1-1

1
1

1-1-1

1

1 1-1-1
1

-1 -1

1

I 1-1-1-1-1
1-1
1

1

1-1-1
1-1
1

1-1

1
1-1-1

1 -1-1

1-1

1
1

I -1-1

1 —-1-1

1

1-1-1 1-1
I —-1-1

1

1

1 —-1-1-1-1

1

1-1 1-1 1-1-1 1-1

1 -1

I-1-1 1-1 1
1-1-1-1-1

1

1-1-1 1 1 1 1-1-1

1

1 -1
1 —-1-1

1 -1-1

1 -1

I 1—-1-1 1

1 -1

1
I -1-1-1-1 1

1 —-1-1

1

1-1-1-1-1 1

1

1

Remark 8.2.5 In the structure of the EMOA we can readily identify the two sets of
z-vectors arising out of the first Method. In Dy, the rows of the three components

[C3, C3]; [Cy4, C4]; [Cs, Cs]represent the nine z*s vectors of Remark 8.2.4 while

the rest are identified as the z vectors.

Remark 8.2.6 Here we note that

Ay

_16G
-lc

Ry
E]

Cs
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isan EMOA [16, 11,4% x 2°,(2,2), (2; 1, 1)] and thus from Theorem8.2.2 it follows
that this EMOA provides an OCD for RBD set-up with 4 blocks and 4 treatments with
single observation per cell, i.e. a standard RBD with b = v =4 (this in agreement with
Dutta et al. 2009; Rao et al. 2003). Here we accommodate the maximum possible
number of 9 covariates optimally.

Example 8.2.3 LSD of order 4 with provision for formation of six z vectors
Define

Ay
ELSD — C4
Cs

It is observed that ESP is an EMOA [16, 9, 43 x 2°, (2, 2), (2; 1, 1)], where A,
is the 3 x 16 array obtained from D after ignoring the last two rows. A; gives the
set-up the 4 x 4 LSD. We can easily infer from Theorem 8.2.2 that this EMOA gives
an OCD for LSD set-up with 4 rows, 4 columns and 4 treatments. EFSP is displayed
as follows:

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
1 2 3 4 1 2 3 41 23 412 3 4
1 23 4 2 1 43 3 412 4321
I-1 1-1 1-1 1—-1—-1 1-1 1—-1 1-1 1
EPP=1-1-1 1-1 1 1-1 1-1-1 1-1 1 1-1

i1 1 -1-1-1-1 1 1-1-1 1 1 1 1-1-1
i1-1 1-1-1 1-1 1-1 1-1 1 1-1 1-1
i1-1-1 1 1-1-1 1-1 1 1-1-1 1 1-1
1 1-1-1-1-1 1 1 1 1-1-1-1—-1 1 1

Thus we construct OCD with 6 covariates which is the maximum possible number
of covariates.

Example 8.2.4 Graeco LSD of order 4 with provision for formation of three
Z vectors.

Define
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It is observed that ESESP is an EMOA [16, 7, 4* x 23, (2,2), (2; 1, 1)], where A3 is
the 4 x 16 array providing the set-up for Graeco LSD and is obtained from D after
ignoring the last row. It easily follows from Theorem 8.2.2 that this EMOA is the
OCD for Graeco LSD set-up. ESLSP is displayed as follows:

1 1 1 12 2 2 2 3 3 3 3 4 4 4 4
1 2 3 4 1 2 3 41 2 3 41 2 3 4
1 2 3 4 2 1 4 3 3 41 2 43 21
ECLSP—1 2 3 4 3 41 2 4 3 2 12 1 43
1-1 1-1—-1 1—-1 1—-1 1-1 1 1—-1 1-1
1-1-1 1 1-1-1 1-1 1 1-1-1 1 1-1
I 1-1-1—-1-1 1 1 1 1=1-=1-=1-1 1 1

Here we construct OCD with maximum possible number of 3 covariates.
Example 8.2.5 LSD of order 4 with 2 observations per cell.

By mimicking the arguments as in the case of an RBD of Example 8.2.2 with two
observations per cell, we can immediately associate 6 covariates in an optimal manner
since there are 6 error d.f. in the set-up of a latin square of order 4. These are analogous
to the z* vectors of Example 8.2.2. The remaining 16 z components are obtained by
referring to Hj¢ in the same way as was done there. The whole analysis can be carried
out by referring to EMOA. This is explained below.

Define
Al A
|16
C | -C
G| -C
F=|Cs3|-C; | =@V, F?),
Cy|—Cy
Cs|—Cs
Cy| Cy4
Cs| GCs

which is readily verified to be an EMOA [32, 25, 43 x 2%2, (2, 2), (2; 1, 1)]. The
matrix F is displayed below in the partitioned form with the observations separately
shown in two cell positions.
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8.2 OCDs in Multi-factor Set-Ups

Cell position 1

2 2 2 2 3 3 3 3 4 4 4 4

1
1
2 3 4 2

1

1

1 2 3 4 1 2 3 4

2 3 4

2 3 4

1
1

4 3 3 41 2 4 3 2 1

1

1 —-1-1-1-1

1 1 1

1-1-1-1-1
l1-1-1-1-1-1-1-1-1

1
1

1

1

1

l1-1-1-1-1-1-1-1-1

1

1-1-1 1

1-1-1 1 1-1-1 1
1 1-1-1 1 1-1-1
I-1-1 1-1

1

1-1-1

1-1-1

1 -1

1

1 —-1-1

1-1

1

1-1-1
1 1-1 1-1-1
1 1-1-1

1 -1

1
1 -1-1
1-1-1-1-1

1

1 -1

1-1-1
1

FRi

1

1

1 -1-1

1 -1

I-1 1-1-1
1 -1
1
1-1
1-1-1

1-1

1 -1

1

1 -1

1

1 —1-1

I —1-1

1 -1 1

1-1-1-1-1

1 —-1-1

1

I 1-1-1

1

1-1-1

1 -1
1-1-1

1-1
1

1 1-1-1 1

1-1

1

1

1 I 1-1-1-1-1
1-1

1-1-1-1-1

1

1-1 1-1-1
1 -1
1
1-1
1-1-1

1-1

1-1

I1-1-1 1-1 1
1

1-1-1

I-1-1 1-1 1
1-1-1-1-1

1

1 1-1-1

1

1-1-1

1-1
1-1-1

1-1
1

1 1-1-1 1

1-1

1

1

1-1-1-1-1

1

I1-1-1-1-1 1

1
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Cell position 2

2 2 2 2 3 3 3 3 4 4 4 4

1 1
1

1

2 3 4 2 341 2 3 41 2 3 4
1 4 3 3 4

1
1

1

2 4 3 2

1

2 3 4 2

-1-1-17-1-1-1-1-1-1-1-1-1-1-1-1-1

-1 -1-1-1
-1 -1-1-1

1
1-1-1-1-1

1 —-1-1-1-1

I 1

1
1

1

1

—-1-1-1-1-1-1-1-1

1 -1
1

lI-1-1 1 1-1-1 1 1-1-1 1
1 1-1-1

1

—1

I-1-1 1 1-1-1
1-1-1
1-1-1 1

1-1-1

1

—1 -1

_ 1
a 1 1-1
-1-1 1

FR2

1 1-1-1 1 1-1-1

1

1

1
1

1-1-1

1-1 1-1-1 1-1 1 1-1
1 1 1-1-1

1

1
—1 -1

I-1-1-1-1 1

1

1

1-1
1-1-1
1

1-1-1

1 -1

1

1-1-1

1
1

1-1-1

1-1-1 1 1-1
1

1

—1

1
1 -1

1-1-1-1-1

1

1

-1 -1

1 -1-1
1 -1

1-1 1-1
1

1 —-1-1

1

I-1-1 1-1 1
1

1 -1-1

1

1 -1

1-1-1-1-1

I 1-1-1

1

1-1
1 -1-1

1 -1-1

1-1

1-1
1

1 1-1-1 1

1-1

1
1-1-1-1-1 1

1-1-1

1

I1-1-1-1-1

1

1

Example 8.2.6 LSD of order 6.

It is very difficult to construct OCDs for latin square design when MOLS do not
exist. However, using some special structure of latin square it is possible to construct
at least one OCD in some case. We consider the following latin square (Sinha 2009,

p. 224)

(8.2.7)

123456
214365
6 51234
5621431
4 36521
345612

Using W-matrix given in Sinha (2009), we can construct the following EMOA [36,

4,6 x6x6x2,2,1),(2;2, DI

L=
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111 1 1 122 2 2 223 3 3 333
123 4 5 612 3 4 561 2 3 456
123 4 5 621 4 3 656 5 1 234
trrt1-1t-1t-111-1-1-111-1-1-111

4 4 4444 5 5555 5 6666 6 6
1 2 3456 1 2345 6 1234 5 6
5 6 2143 4 3652 1 3456 1 2}’
-1-1-1111-1-1111-1-1111-1-1

which gives an OCD with one covariate.

8.2.4 OCDs on Some General Set-Ups

Following are some examples of general nature and the OCDs thereon follow from
direct application of Theorem8.2.2. In all the results stated above and below, ¢
denotes the number of covariates optimally included. This may be noted once and
for all.

Generalization 1 (main effects plan set-up): Let A be an MOA(n, s1 X s2 X - -+ X
Sm, 2) giving an orthogonal main effects plan. Then, according to Theorem8.2.2,

B
sm X 2¢ (2, 2), (2; 1, 1)]. It follows that this EMOA is an MOA(n, s; X s X
cee X Sy X 26, 2).
Below we discuss a particular type of main effect plan obtained through hyper-
graecolatin square.

the matrix (A) gives an OCD if (1];) is an EMOA [n, m +c¢, s; X §o X --- X

Hypergraecolatin square set-up: Let A be an m x s matrix giving an OA

(s2, m, s, 2) obtained from m mutually orthogonal latin squares (MOLS) of
order s. The columns of A actually give the set-up of a hypergraecolatin square

(cf. Raghavarao 1971). Then B gives an OCD in the above set-up if (g) = MOA

(s2, s x2° 2),c< (s—D(s+1—m).

If m = 3, then B gives an OCD for an s x s latin square set-up (compare
Example 8.2.4).

The following theorem states a method of getting OCDs for this set-up with a
compromise on the error d.f. and pushing them to the covariates.

Theorem 8.2.3 Suppose H; and (m — 2) MOLS of order s with symbols 1,2, ...,s
existt m < s+ 1. Let A= 0OA (sz, mi + 2, s, 2) be constructed from m; MOLS
out of the (m — 2) (=m1 + mo) MOLS of order s. Then an OCD for the estimation
of c = mo(s — 1) regression coefficients in the set-up of an orthogonal main effects
plan involving (m1 + 2) factors can be constructed from the remaining my MOLS.
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Proof First we construct an orthogonal array, OA (sz, m, s, 2) using the (m — 2)
MOLS of order s (cf. Hedayat et al. 1999). Let this orthogonal array be denoted by
the following matrix E in a partition form as

A 2
_ (m1+2)xs
E— ( o )

myxs2

Here D is a resolvable orthogonal array of strength one (cf. Raghavarao 1971). A
Hadamard matrix of order s is written as

H; = (hy,hy, ... hg 1, 1). (8.2.8)

Let the symbol i of D, be replaced by & j;, where h j; is the ith element of the vector h,

i=1,2,... . 8, and anew m> x 52 arrayB(j) isobtained fromD, j = 1,2,...,s—1.
Note that B/) is an orthogonal array of strength 2 with the two symbols +1 and —1,
j=1,2,...,s—1.Nextwe construct the m, (s — 1) x s array B by the juxtaposition
of B, B®, . ,B6—D row-wise, as

BM

B®@

B= . . (8.2.9)
BG-D

p ) isan EMOA [s2, mi+24c, s™T2x2¢ (2, 2), (2:

1, 1)] where ¢ = ma(s — 1). So by Theorem 8.2.2, the result follows. (Il

We can easily check that (A

Remark 8.2.7 If m; = 1, then B gives an OCD for an s X s latin square design set-up
and in this case ¢ = (s — 1)(m — 3).

Generalization 2 (Set-up of m-way classification with single observation per cell):
m

Let A be an m x v array containing all the v = Hs,- level combinations of the m
i=1
factors. A is actually an MOA of strength m and all the factorial effects (v in number),
together with the mean, are orthogonally estimable from the v observations. But as
there is no error degrees of freedom left, no covariate can be accommodated. For this,
according to the usual practice, we assume that the m-factor interactions are negli-
gible and contribute to error. As A is an MOA with strength m, then all the factorial
effects up to (m — 1)-factor interactions are orthogonally estimable. So a ¢ X v matrix
B with elements %1, gives an OCD for the estimation of ¢ regression coefficients if

(1]:) isan EMOA [v, m +c¢, s1 X 53 X -+ X 8§y X 2¢, (m, 2), 2; m — 1, 1)],

m
where ¢ < H(sl- —1).
i=1
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Generalization 3 (Set-up of m-way classification with r (> 1) observations per
cell): Let in the above set-up each level combination be repeated r (> 1) times in
A. Then all the v factorial effects can be included in the model as the replications

provide with the error and a matrix B satisfying (1]:) = EMOA [vr, m + ¢, 51 X

§2 X o0 X Sy X 2°, (m, 2), (2; m, 1)] will give an OCD for the estimation of ¢
regression coefficients where ¢ < v(r — 1).

Generalizations 2 and 3 indicate how the OCDs can be obtained for this set-up
through EMOAs with suitable parameters. Constructions of such EMOAs can be
obtained by suitable adaptation of those for the MOAs given in Rao et al. (2003).
The results are stated in the following theorems.

Theorem 8.2.4 [fr = 1 and,

(i) if there exists a Hadamard matrix of order s;(i = 1, ..., m), then an EMOA

m
[v= Hs,-, m-c, 51 X8 X - X8sp x2° (m, 2), (2; m—1,1)] exists,
i=1

m
where c= H(si — 1),
i=1
(ii) if Hadamard matrices of orders s1/2, 2sy and s; (i = 3, ..., m) exist, where s
m
is even, then an EMOA [v = Hsi, m-c, s X 82 X - X S X 2°, (m, 2),
i=1
' m
2; m — 1, 1)] exists, where c= {(s1 — D)(s2 — 1) — (52 — 2)}H(si —1);
i=3
(iii) if Hadamard matrices of orders s1 and s;(i = 3,...,m) exist and sp = 2
(mod 4) and (sp — 1) is a prime or prime power, then an EMOA [v =
m

Hsi, m—c, s X 82 X - X Sy X 2°, (m, 2), (2; m — 1, 1)] exists, where

i=1

c={Gs1 = D2 =1) = (52— 2)}H(Si - D.

i=3

Theorem 8.2.5 [fr > 1 and,

m
(i) ifthere exist Hadamard matrices of orders v = Hsi, 1, then an EMOA [vr, m+
i=1
C, §1 X 82 X -+ X 8, X 2¢ (m, 2), (2; m, 1)] exists, where c = v(r — 1),
m

(ii) if Hadamard matrices of orders v/2, v == Hsl- and 2r exist, where r is even,
i=1
then an EMOA [vr, m+c, | X 532 X -+« X 8§ X 2¢, (m, 2), (2; m, 1)] exists,
where c = v(r — 1);
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m
(iii) if a Hadamard matrix of order v = H s; exists andr = 2 (mod 4) and (r — 1)
i=1
is a prime or prime power, then an EMOA [vr, m +c¢, §] X §2 X -+ X Sy X
2¢, (m, 2), (2; m, 1)] exists, where c = v(r — 1). Below we cite an example
of an EMOA for clear understanding of Theorems8.2.4 and 8.2.5.

Example 8.2.7 Let us consider a 4 x 2 x 2 full factorial with one observation per
cell. Then EMOA [16, 6,4 x 2 x 2 x 23, (2, 2), (2, 1, 1)] can be constructed as
follows:

1 1 11 2 2 2 2 3 3 3 3 4 4 4 4
1 1 22 1 1 2211221122
1 212 1 21212121212 A3x16
l-1—-11—-1 1 1-1 1—-1—-1 1—-1 1 1-1 (2/3“6)’
1-1—-11-1 1 1-1-1 1 1-1 1-1-1 1
1-1-11 1-1-1 1-1 1 1-1-1 1 1-1

where Z'9% = (21, 25, z3) and z; = (1, -1, 1,-1) @ (I, =D ® (1, 1), 2, =
1,-1,-,hed -Hhed,-D,z=~10,1,-1,-H® 0, -1)®(, —1). Here
we accommodate 3 covariates optimally in the factorial set-up when all the main
effects and two-factor interactions are orthogonally estimable.

Again let us consider the 4 x 2 x 2 full factorial with two observations per cell. Then
EMOA [32,22,4 x 2 x 2 x 219,(2, 2), (2, 1, 1)] can be constructed as follows:

First set of Second set of
16 observations|16 observations
Hie | —Hje

Here we accommodate 16 covariates optimally in the factorial set-up with two obser-
vations per cell when all the main effects and interactions are orthogonally estimable.

Remark 8.2.8 (RBD set-up as a particular case of Generalization 2): Let Ay,
contain the all possible level combinations of an RBD with s; blocks and s, treat-
ments. Then by Remark 8.2.1, B, a ¢ x s157 matrix with elements 1 gives an OCD
if (g) is an EMOA [s152, 24c¢, 51 X852 X2, (2, 2), (2; 1, 1)], which is actually
an MOA (s152, s1 X s X 2¢; 2). This is in full agreement with Rao et al. (2003)
(compare Example 3.4.1 of Chap. 3).

Remark 8.2.9 (CRD set-up as a particular case of Generalization 3): If in partic-
ular, m = 1 in the set-up of Remark 8.2.10, then a matrix B, where (g) = MOA

(vr, v x 2¢; 2) gives an OCD for the estimation of the regression coefficients under
the CRD set-up with v treatments. This is also in agreement with Rao et al. (2003)
(compare Example 3.4.1 of Chap. 3).
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Remark 8.2.10 (Incomplete block design set-up): Let m = 2 and the columns
of A give the set-up of an incomplete block design where the block and the treat-
ment effects are non-orthogonally estimable. The same conditions (i)—(iii) of The-
orem8.2.1 apply for an OCD, but no general result similar to Theorem8.2.2 can
be proposed. The OCDs are difficult to construct here unless some patterns in the
incidence matrices exist (cf. Chaps.4, 5 and 6).

8.3 OCDs in Split-Plot and Strip-Plot Design Set-Ups

In the previous chapters we considered set-ups where the errors were assumed to
be uncorrelated. In this section, we consider the problem of finding OCDs for the
estimation of covariate parameters in the correlated set-ups of standard split-plot and
strip-plot designs with the levels of the whole-plot factor laid out in r randomized
blocks. An EMOA and Hadamard matrices play the key role for such construction.

8.3.1 Preliminaries

In the earlier chapters, we considered the set-up where the observations are uncor-
related. For the correlated model, the issue of finding the optimal covariate designs
was considered by Dutta et al. (2009) which we discuss in the present section. For
the general variance-covariance structure, it is difficult to construct the optimum Z-
matrix retaining orthogonality with effects related to the ANOVA part. Dutta et al.
(2009) dealt with standard split-plot and strip-plot design set-ups (cf. Cochran and
Cox 1950) for which variance—covariance matrices have special structures that can
be conveniently exploited to find the OCDs.

Consider the following non-stochastic controllable covariates model of a stan-
dard split-plot design set-up with the levels of the whole-plot factor (whole-plot
treatments) in » randomized blocks (cf. Chakrabarti 1962)

(Y, g + X1 +XoB + X357 + X4 + Zy, 0°%) (8.3.1)

where Y = (yul, ooy Yijks - -2 Yrpg )/ isthe rpg x 1 observation vector correspond-
ing to the rpq level combinations of the three factors, viz. the block (R), the whole
plot factor (A), and the sub-plot factor (B) arranged lexicographically; X1, X5, X3,
X4, Z are the design matrices corresponding to the block effects vector o/ <!, the
whole-plot effects vector 87!, the sub-plot effects vector 77*!, the whole-plotx
sub-plot interaction effects vector 674 *1 and the covariate effects ~¢*1 respectively.
Obviously, 1, is the coefficient vector corresponding to the intercept term 4. It may
be noted that X;;’s are (0,1) incidence matrices. Z is the matrix of covariate values.
For convenience, we partition X, (¢ = 1, 2, 3, 4) and Z as follows:
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rpgxng (9) ngxq (9) ngxq (9) ngxq (9) ngxq !
X = (XX XX

/
. 1 exq 1 exq 1 exq /1 exq
Zre = (279,22

(8.3.2)

where n, stands for the number of parameters in the gth classification corresponding
to the block, the whole-plot treatment and the sub-plot treatment,i.e.ny =, p, q, pq
for g = 1,2, 3, 4 respectively. Xl(,l) >, ijz) P XS) %9 Xf?') %P4 and Z?jxc are
the portions of the design matrices X1, X», X3, X4 and Z, respectively, corresponding
to the observations of the ith block and the jth whole-plot treatment (i = 1,2, ..., r;
j=1,2,..., p). Thus, if the structure of XE!) is investigated it is noted that in the ith
column, 1 corresponds to each of the g observations on the g levels of the sub-factor
B when R and A are fixed at i and j respectively. Other columns contain 0’s only. We
write 1 as g x 1 vector with all elements unity, e; as g x 1 unit vector with 1 at the
ith position, 6; = (61, 0j2,...,6;4), j=1,2,..., p, jth vector of interactions
of jth whole plot treatment with ¢ sub-plot treatments, j = 1,2, ..., p. With these
notations we write the following Xl(]g ) matrices.

L ) ... 01 O Oy ... Qp

XP=(00..0 1 0 ...0)" Vj (8.3.3)

It is to be noted that the structure of Xl(]l) is independent of j. In this way, we can
write the other X ;-matrices as follows:

BrBa ... Bj—1 B Bj+1 ... Bp

XP=(00...0 1 0 ...0)"" v (8.3.4)
T T2 ... Ty
XS) =(e1ex...e)" Vi, j; (8.3.5)

51 52...(51'_1 5‘/ (5]'_;,_1...5,,
XP=(00...0 1 0 ... 0)M v (8.3.6)

Now we consider the following example which illustrates the above set-up and the
representations.

Example 8.3.1 Letustake r = 2, p = 2, g = 4. Then X, X3, X3 and Xy are
written as follows.
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X(4)4x8
X(4)4><8
X(4)4><8
X(4)4x8

For a standard split-plot design, where intra-class correlation structure of the disper-
sion matrix is assumed, the elements of X-matrix (cf. Chakrabarti 1962) of (8.3.1)
are given by

1if i =i,
pif i =1,
0 otherwise,

=i k=K

1 L
— Cov(yijk, yir, jr k) = j=J k#K (8.3.7)
o
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and it can be expressed as

2=1L,QZi: Zi=010-pl,+pl, (8.3.8)

where p is the common intra-class correlation coefficient among the observations
corresponding to the sub-plot treatments within the same whole-plot treatment in
a block and J, = 1,1/, is the square matrix of order u with all elements unity.
Following Cochran and Cox (1950), p. 220, we assume p > 0 as the observations
corresponding to the different levels of the sub-plot treatments under the same level
of the whole-plot treatment are expected to be positively correlated.

In this correlated set-up, we are concerned with the optimum choice of Z for the
estimation of each of the regression parameters in the split-plot set-up with maximum
accuracy in the sense of minimizing the variance of the best linear unbiased estimators
of regression parameters retaining orthogonality with the estimators of the ANOVA
effects.

The Optimality Conditions for the Split-Plot Design Set-Up
The information matrix for n = (4, o', B, 7/, &, ') in the split-plot design
set-up (8.3.1) is given by

Im) =X, 227X, 2). (8.3.9)

where X = (1, X, X5, X3, Xy). From (8.3.8), ¥ ! can be written as

o1,
pre ol ] (8.3.10)

-1 _ 1 p
=1 (Iq - 1+(q—1)pJq)

It is evident from (8.3.9) that ~ is estimable orthogonally to the ANOVA effects if
and only if

X;Z_IZ =0, g=1,2, 3, 4, (8.3.11)
where X, is the design matrix of order rpg x n4 corresponding to the gth ANOVA

effect described in (8.3.2), withny =r, p, g, pq respectively for g =1, 2, 3, 4.
Using (8.3.10), the orthogonality conditions in (8.3.11) can be reduced to

ZZX(Q)/ YT @ - Dp (q —Dp ZZXEJQ)/J'IZU =0, (8.3.12)

i=1j=1 i=1j=1
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which is satisfied if

Z ZXW ij =0, (8.3.13)

i=1 j=1

and

7 X(~">’ Zii=0. 8.3.14
1+(q—1>pZZ Yo (8349

i=1 j=1

For ¢ = 1, 2, 3 and 4, (8.3.3)—(8.3.6) imply that the left-hand side of (8.3.13)
becomes, respectively,
the r x ¢ matrix

P q
> Zz(”) : (8.3.15)
c

j=1

~
—_

the p x ¢ matrix

roq
(Z ,(;{)) : (8.3.16)
i=11=1 j=12,...p, m=1,2,....c

the g x ¢ matrix

Zz ) : (8.3.17)

and the pg X ¢ matrix

.
( }j,{)) . (8.3.18)
i=l j=1,2,..p, 1=1,2,....q, m=12,....c

Again for g = 1, 2, 3 and 4, (8.3.3)—(8.3.6) imply that the left-hand side of (8.3.14)
becomes, respectively,
the r x ¢ matrix

14 q
a > > a7 , (8.3.19)

j=11=1 i=1,2,...,r, m=1,2,....c
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the p x ¢ matrix

(Z ZZ(’”) : (8.3.20)
j=12,....,p, m=12,....c

i=11=1
the g x ¢ matrix
ropq rop o4 ropo4q
S DGl DD > ] 8321
i=1 j=1I=1 i=1 j=11I=1 i=1 j=11=1

and the pg X ¢ matrix

U=( Q,...,U/j,...,U:,,)/, (8.3.22)
where
gxe _ Sh bl e ) (i)
U =10 | 2.2 > o 222 ZZZ
i=1 j=1I=1 i=1 j=1i=1 i=1 j=1 =1
(8.3.23)

Therefore, from (8.3.15)—(8.3.23), a set of sufficient conditions for (8.3.13) to satisfy
is

D=0 Vj=1,2,...,p1=1,2,....q. m=1,2,...,c,

(8.3.24)

It is seen from (8.3.9) that the information matrix for - under (8.3.24) when Xf}q )

follow the structure (8.3.3)—(8.3.6), is proportional to Z' X ~!Z. Again, by virtue of
(8.3.10)

rop
23 'z=1 > > 7,7, - 1+(q_l)pZZZ JoZi

i=1Jj=1 i=lJj=1 (8.3.25)

r p
lip Z Z Z;J'ZZJ

i=1 j=I

IA
|
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in the sense of Partial Loewner Order (PLO) dominance (cf. Pukelsheim (1993)) since

by assumption p > 0 and ZZZUJq ij = ZZZ’ 1,1, Z;; is non-negative
i=1 j=1 i=l j=1
definite. Equality holds in (8.3.25) if Z: ; 1, = 0Vi, j or, equivalently

q
ZI(Z):OVi:LL...,r, j=12,...,.q, m=12,...,c. (8.3.26)
=1

If, in addition to (8.3.24) and (8.3.26), Z;; satisfies

rop 4
zz (lj) l(lté/) =0Vm#m=1,2,. (8.3.27)

i=1 j=11=1

then ~,,’s are estimated orthogonally among themselves and orthogonally to the
ANOVA effects. Under the above conditions (8 3.24), (8.3.26) and (8.3.27), v can

be estimated with the minimum variance ‘= —po’ for each m if zlm ==+1Vi, j,l,m.

Hence we get the following theorem given in Dutta et al. (2009).

Theorem 8.3.1 In the standard split-plot design set-up (8.3.1) the following set of
conditions:

() 2D = 41 Vi =1,2....rnj=1,2...,p 1l =12..4q m=
12... ,C
(ii) ZZ‘”)_O Vi=1,2,....r, j=1,2,....p,m=1,2,...,¢c

(iii) Zz"”—o Vi=1,2,....p, 1=1,2,...,q. m=1,2,...,¢c

q
(iv) ZZZ Z(Z)Zl(x’) = rpqOmm where Oy = 1ifm =m’; =0 if m # m’,

i=1 j=11=1
is sufficient for the optimum estimation of each of the covariate effects with the
N2
minimum possible variance Var (V) =%, m=12,...,c

Note 8.3.1 It must be noted that the conditions laid down above are independent of
the actual value of p, assumed to be known and positive.

The Optimality Conditions for the Strip-Plot Design Set-Up

In a standard strip-plot design, as the levels of the sub-plot factor B are arranged
in strips, the dispersion matrix of the observation vector Y gets changed though the
mean vector remains the same as in (8.3.1). So the linear model (8.3.1) can be adapted
by replacing X by X*, with the elements of £* as
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1 ifi=i, j=j, k=kK
1 prif i=i', j=j, k#k
2OV TR =N i i =i L k=K
0 otherwise,

(8.3.28)

where y;jx, arranged lexicographically, is the yield of the plot belonging to the
kth column-strip and the jth row-strip in the ith block (i = 1,2,...,r; j =
1,2,....,p; k=1,2,...,q). Therefore, we can write (8.3.28) as

Disp(Y) = 021, @ T**
=1, +J,® X} (8.3.29)
Li=U=p— g+l T3 =2y

Following the same arguments as in split-plot design, here it is also assumed that
p1 > 0, pr > 0.Inastandard strip-plot design, for estimation of the covariate effects
orthogonally to the ANOVA effects, we, in analogy to (8.3.11), have from (8.3.1)
and (8.3.29)

X, 2'Z2=0, vg=1,2, 3, 4, (8.3.30)

where X;’s and Z are defined in (8.3.2). By virtue of (8.3.29), the conditions in
(8.3.30) reduce to

r
SXP'E 2 =0, Yg=1,2, 3, 4, (8.3.31)
i=1

where X;g ) and Z ;) are the portions of X, and Z corresponding to the pg observations
inthe ith block,i =1,2,...,r.
Again from (8.3.29),
2l =1,®B,-J,®B; (8.3.32)

where

el 1 B 1
B =% = T—p1 —p2 (Iq 1+(q—1)/)1—/)2‘]q)’

-1 _
B, = (X} +px3) zizi!

— P2 (I _ P12+ (g =2)p1+(p—2)p2) J )
T=p1=p)d+p1+(p=Dp2) "9 T+@—-Dp1—p2)A+(@G@—Dp1+(p—-Dp2)v4) "

(8.3.33)

By virtue of (8.3.2) and (8.3.32), the condition (8.3.31) reduces to

r p r p
S XBZy > > X BoZit + Zin+ - +Zip) =0 (8334)
i=1 j=1 i=1 j=1
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which is satisfied if

rop
S XY'BZ;; =0 (8.3.35)
i=1 j=I
and
r p

i=1 j=1

Since B is a completely symmetric matrix, it is seen that (8.3.24) is also sufficient
for (8.3.35) to hold. Again, using (8.3.33) in (8.3.36), a set of sufficient conditions
for (8.3.36) to satisfy is

ZZX(Q)/(Z11+Z,2+ A Zip) =0, (8.3.37)
i=1 j=1
and
s (9) < @) - < @j) - < ()]
/ 4 ] !
20 RTEN D3 IETN LTS 3L B
i=1 j=I j=11=1 j=11=1 j=11=1
(8.3.38)

It is seen that the condition (8.3.38) holds if (8.3.24) holds. Similarly as before, for
g =1, 2, 3 and 4, the left-hand side of (8.3.37) becomes, respectively,
the r x ¢ matrix

P q
p D> , (8.3.39)

Jj=11=1 i=1,2,...,r, m=1,2,....c

the p x ¢ matrix

UL roroqa
TR D3) 3038 N 35 35 31 U 35 3 31 1) IRCRPTS
11=1

i=1 j= i=1 j=1I=1 i=1 j=1I=1
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the g x ¢ matrix

Z Zz(”) (8.3.41)

i=1 j=1 1=1,2,....q, m=1,2,....c

and the pg X ¢ matrix

1L, (> > 4 : (8.3.42)

i=1j=1 I=1,2,.00q, m=1,2,0,c

So (8.3.37) holds whenever (8.3.24) holds. Using X(Q)’s from (8.3.3) to (8.3.6), and
following similar arguments as in a split-plot demgn it can be concluded that a set
of sufficient conditions to satisfy (8.3.35) and (8.3.36) is

};f 0 Vi=1,2,...,p,1=1,2,....q. m=1,2,...,c,
i=1
q

p
ZZZI(}"}{):O Vi:lszv-”’ry m=1,2,...,c.

j=11=1
(8.3.43)

These are the same as the conditions in (8.3.24) for orthogonality in a split-plot
design. The z-values satisfying (8.3.43) will ensure estimation of ~ orthogonally
to the estimates of the ANOVA effects. Under (8.3.43), the information matrix for
~ in standard strip-plot design set-up will be proportional to Z'X*~!Z. Now from
(8.3.32) and (8.3.33)

p p
737 = Zrlzgz**—lzi = ZZZ/ B Z ZZZ;].BQ >z
i=1 i=1 j=I i=1 j=I j=1
(8.3.44)

Here, as the observations in the same row-strip or in the same column-strip, are
subject to the influence of the same level of A and the same level of B, respectively,
it is expected that p; > 0, p» > 0 (cf. Cochran and Cox 1950) and B, is assumed
to be a positive definite matrix. Because of this assumption and the structure of By,
(8.3.44) implies that a design for which

ZZ(U) =0 Vi, j,m: ZZU) =0Vi,l,m (8.3.45)

hold, dominates any other design in the sense of PLO. If, in addition,



8.3 OCDs in Split-Plot and Strip-Plot Design Set-Ups 173

2 = 41 Vi, j, 1, m
e () (8.3.46)
SIS DD —ovm Em =1,2,.. e s
i=1 j=1I=1
then
7y—lz = P4 g (8.3.47)
I1—p1—p2

So from (8.3.43), (8.3.45) and (8.3.46), we get the following theorem which gives
a set of sufficient conditions for optimum estimation (in the sense of the minimum
variance for the estimator of each «y-component) of the covariate effects in a strip-plot
design.

Theorem 8.3.2 With respect to the linear model (8.3.1) for the standard strip-plot
design with variance structure (8.3.29), the following set of conditions:

(i) 29 = 1 Vi=1,2,....r, j=1,2,....p, 01 = 1,2,...,q, m =

Im

1,2,...,c¢c
r

(i) Sz =0 vi=1,2,....,p,1=1,2,....q, m=1,2,...,¢c
i=1

P
(i) > 2 =0 Vi=1,2,...,,1=12,...,q, m=1,2,....¢c
j=1

q
(iv) D g =0 Yi=12....rj=12....pm=12...c
=1

rp g
) 22222 Gt = P40
i=1 j=11=1
where 8y = lifm=m'; =0ifm #m’,

are sufficient for the optimum estimation of each of the covariate effects with the

o P 2
minimum variance Var (3,) =%, m=1,2,...,c.

Note 8.3.2 Comparing Var (5,,) in split-plot with that in strip-plot set-up, it is
expected that Var (7,,) under strip-plot is less than Var (73,,) under split-plot as p
is expected to be less than p; + p2. p is expected to be equal to p; if the row-strips
are taken to be the strips in split-plot design. The reduction is due to introduction of
column strips in strip-plot design.

Note 8.3.3 Condition (iii) of Theorem8.3.2 for OCDs in strip-plot design is an
additional condition with those conditions for OCDs in split-plot design set-up. We
can still get an OCD for split-plot design set-up without satisfying this condition.
Condition (iii) is called for to meet the condition of orthogonality with respect to
TOW-Strip.
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8.3.2 Optimum Covariate Designs

We can represent the sufficient conditions of Theorems 8.3.1 and 8.3.21in terms of a
(3 + ¢) x rpgq rectangular array where the first three rows (forming the first group)
contain all possible combinations of the levels of the block (R), the whole-plot factor
(A) and the sub-plot factor (B), respectively, arranged lexicographically. The (3 + i)th
row of the second group which corresponds to the ith row of Z’ have elements =1,
i=1,2,...,c. Itiseasy to verify that if the array satisfies the following conditions,
then both Theorems 8.3.1 and 8.3.2 hold true:

(a1) Z/ is an orthogonal array of strength 2.
(az) in any 3 X rpg sub-array containing any two rows from the first group and
any one row from the second group every level combinations occur equally often.

Conditions (aj)—(ap) imply that the array (3 + ¢) X rpg array is obviously an
EMOA[rpgq, 34c, rx px g x 2 (3,2),(2;2, 1)]. Therefore, we get the following
theorem.

Theorem 8.3.3 The existence of an EMOA [rpq, 3+c, r x p xq x2°(3,2), (2;
2, 1)] implies the existence of an OCD for both split- and strip-plot set-ups.

Below we describe some methods of getting an EMOA [rpq, 3+c¢, rx px g X2,
(3, 2), (2; 2, 1)] which gives an OCD for both split-plot and strip-plot set-ups.

Theorem 8.3.4

(1) IfH,, H, and H, exist, then an EMOA [rpq, 3+c, r X p X g X 2¢,(3, 2), (2;
2, 1)] can be constructed, where c = (r — 1)(p — 1)(g — 1).

(2) IfHy, H), and H% exist, where r is even, then an EMOA [rpq, 3+c¢, r X p X
q X2 (3,2),(2; 2, 1)] can be constructed, wherec = (r — 1)(p—1)(g — 1) —
(r—2)(p— 1.

(3) If r = 2 (mod 4), (r — 1) is a prime or a prime power and H, and H, exist,
where r is even, then an EMOA [rpq, 3+c¢, r x p x g x 2% (3, 2),(2; 2, 1)]
can be constructed, where c = (r — 1)(p — 1)(g — 1) — (r — 2).

Example 8.3.2 Letustaker =2, p =2, g = 4. Hy and Hy can be, respectively,

written as
(11 _ (H;
m=(171) = (%)

1—1-1 1
11| (H
He=111 14 _(1/)

1111

Forr =2, p=2, q =4, X1, Xy, X3 and X4 are written in Example 8.3.1.



8.3 OCDs in Split-Plot and Strip-Plot Design Set-Ups 175

The optimum Z/'-matrix for split- and strip-plot designs withr =2, p =2, g =4
is given by:
7/ — H3%16 — H; ®H’2‘ ®HZ

I1-1-1 1-1 1 1-1-1 1 1-11-1-1 1
=1 1-1-1-1-11 1-1-1 1 11 1-1-1]). (8348
l1-1 1-1-1 1-1 1-1 1-1 11-1 1-1

Let us augment the matrix Z' with a 3x 16 matrix D whose columns denote the
coordinates of the cells of the z-values in lexicographic order. Then (D’, Z’)/ gives
the EMOA[16, 2, 2x2 x 4 x 23, (3,2), (2; 2,1)] which is as follows:

111 1 111 122 2 22 2 2 2
1 111 2 2 2 2 111 12 2 2 2
1 2 3 4 1 2 3 4 1 2 3 41 2 3 4
l1-1-17 1-1 1 1-1-1 1 1-11-1-1 1
1 1-1-1-1-1 1 1-1-1 1 11 1-1-1

l1-1r 1-1-1 1-1 1-1 1-1 11—-1 1-1

Condition (iv) of Theorem 8.3.2 is an additional condition with those conditions
for OCDs in split-plot design set-up. We can still get an OCD for split-plot design
set-up if we use Hy instead of instead of H}. Therefore, the optimum Z’-matrix for
split-plot design withr =2, p =2, ¢ = 4 is given by:

7 — H6><16 — H; ®H2 ®HI

l1-1-1 1-1 1 1-1-1 1 1-1 1-1-1 1

1 1-1-1-1-1 1 1-1-1 1 1 1 1-1-1

l1-1r 1-1-1 1-1 1-1 1-1 1 1-1 1-1
“l1-1-1 1 1-1-1 1-1 1 1—=1-1 1 1-1/[" (8.3.49)

1 1-1-1 1 1-1-1-1-1 1 1-1—-1 1 1

lI-1t 1-1 1-1 1-1-1 1-1 1-1 1-1 1

It can be easily be verified that the above Z-matrices in (8.3.48) and (8.3.49)
satisfy all the conditions of Theorems 8.3.1 and 8.3.2 respectively.
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Chapter 9
Applications of the Theory of OCDs

9.1 Introduction: Eye-Openers

In this concluding chapter, we propose to discuss at length several examples from
standard textbooks. All of these examples deal with ANCOVA models and related
analyses of data. We intend to capitalize on our understanding of OCDs in different
ANCOVA models as discussed in Chaps. 2—8 and revisit these examples with a view to
suggest optimal/highly efficient designs for estimation of the covariate parameter(s).
As we will see, for some examples our task is very much routine but for others, it is
indeed a highly non-trivial exercise. Most of the material in this chapter is based on
Dutta and Sinha (2015).

Example 9.1.1 We started with this example in Chap. 1. It relates to a leprosy study
quoted from Snedecor and Cochran’s book (1989, p. 377). The point we made is
that there is ample scope of improvement in the efficiency of the estimates for the
covariates’ parameters if we have a ‘free’ hand in the recruitment of the patients and
if a ‘pool” is made available to us. Since the basic design is a CRD and there are
three ‘treatments’ under consideration—with ten patients to be recruited under each
treatment—an OCD suggests the following scheme of recruitment of the patients in
terms of their possession of original pre-treatment score (count of bacilli)—under
the supposition that we have a ‘free choice’ of the patients from a conceivably larger
pool. Table 9.1 shows the scheme.

It was further stated that as against the given patients’ ad hoc recruitment scheme
in Table 1.1 (Chap. 1), the above scheme provides more than 300 % gain in efficiency
towards estimation of the covariate parameter. Even with the ‘given’ pool of 30
patients, a suitable reallocation of the patients across the three treatments, as indicated
in Table 1.2 (Chap. 1), would have provided 12 % gain in efficiency against the ‘adhoc’
allocation in Table 1.1 (Chap. 1). The OCD given in Table 9.1 is based on the theory
developed in Chap. 2 with regard to the CRD. Recall the formation of W-matrix with
the coded covariate values. In applications, the code —1 (respectively, +1) is to be
replaced by x;,,;, (respectively, x;,q,) Which are ‘3” and ‘21’ in the above example.

© Springer India 2015 177
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Table 9.1 Recruitment of patients based on pre-treatment score in actual units (patient serial
number, covariate value)

1. Treatment A (P1, 3), (P2, 3), (P3, 3),

(P4, 3), (P5, 3), (P6, 21),
(P7,21), (P8, 21), (P9, 21),
(P10, 21)

2. Treatment D (P11, 3), (P12, 3), (P13, 3),
(P14, 3), (P15, 3), (P16, 21),
(P17, 21), (P18, 21), (P19, 21),
(P20, 21)

3. Control F (P21, 3), (P22, 3), (P23, 3),
(P24, 3), (P25, 3), (P26, 21),
(P27, 21), (P28, 21), (P29, 21),
(P30, 21)

We will now carry out the non-trivial exercise of identifying the design indicated
in Table 1.2 (Chap.1) as obtained through adequate re-allocation of the covariate
values of the given pool of 30 patients as in the given design, to be denoted by dp.
For the sake of completeness, we display the allocation of covariate-values over the
three treatments as in dj.

A:3,5, 6,6, 8,10, 11, 11, 14, 19
D:5,6,6,7, 8, 8, 8,15, 18, 19 =dp, say.
F:7,9, 11, 12, 12, 12, 13, 16, 16, 21

It follows that, in terms of the Z-scores ranging in [—1, 1],

10 0 0 —3.0000
0 10 0 —2.2222
16) = 0 0 10 1.0000

—3.0000 —2.2222 1.0000 8.8148

Routine computation yields: Information for vy, Iy, () = 7.3210.

Towards an ‘improved’ allocation, we arrange the data of pre-treatment scores of
all the 30 patients in ascending order: 3, 5, 5,6,6,6,6,7,7,8, 8,8, 8,9, 10, 11, 11,
11,12, 12,12, 13, 14, 15, 16, 16, 18, 19, 19, 21.

Now by using the following algorithms, we make an attempt to search for a design
for which the information of - is maximum.

Algorithm 1

Step 1: We conveniently divide ordered Z-scores into three blocks. Block 1 consists
of the first nine observations of arranged data, i.e. (3, 5, 5, 6, 6, 6, 6, 7, 7); Block
2 consists of the next 12 observations, i.e. (8, 8, 8, 8,9, 10, 11, 11, 11, 12, 12, 12);
Block 3 consists of the last 9 observations (13, 14, 15, 16, 16, 18, 19, 19, 21).
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Step 2: In Block 1 we allocate the first 3 observations i.e. (3, 5, 5) under treatment A,
the next 3 observations, i.e. (6, 6, 6) under treatment D and the last 3 observations,
i.e. (6,7, 7) under treatment F.
Step 3: In Block 2 we allocate the first 4 observations, i.e. (8, 8, 8, 8) under treatment
D, the next 4 observations, i.e. (9, 10, 11, 11) under treatment F and the last 4
observations, i.e. (11, 12, 12, 12) under treatment A.
Step 4: In Block 3 we allocate the first 3 observations i.e. (13, 14, 15) under treat-
ment F, the next 3 observations, i.e. (16, 16, 18) under treatment A and the last 3
observations, i.e. (19, 19, 21) under treatment D.

Hence we get the following arrangement:

Block 1 Block 2 Block 3

Al3, 5, 5|11, 12, 12, 12|16, 16, 18
D6,6,6/ 8, 8,8, 8 |19, 19, 21
Fl6, 7, 7|9, 10, 11, 11 |13, 14, 15

=di, sa

The information of v from dy = Iy, (7) = 8.1852.

Step 5: Start with d;. Consider the left block, i.e. Block 1. Permute the rows and
generate 3! = 6 options for this block, while keeping the middle and the right block
intact. Work out I(~y) for all the 6 options generated from the left block. Identify the
best case scenario and hold this intact while passing into the middle block. Here the
best design is found to be d;.

Step 6: For the middle block, i.e. Block 2, we follow a similar step. Here the best
design using Step 6 is

Block 1 Block 2 Block 3

Al3,5, 5|9, 10, 11, 11 |16, 16, 18
D|6, 6, 6/ 8,8,8,8 |19, 19, 21
Fl6, 7, 7|11, 12, 12, 12|13, 14, 15

=dj, say.

The information of 7 for dy = 1y, () = 8.2.
Step 7: For the last block, i.e. Block 3, we again follow similarly step. Ultimately we
get d» as the best design.

‘We now consider other aspects towards improving d>.

Algorithm 2
Here we consider three allocations:

(I) (ADF—DFA—FAD—— ADF—DFA—FAD—ADF—DFA—FAD—ADF)
(I) (ADF—DFA—FAD— ADF—DFA—FAD—ADF— DFA—FAD—DFA)
(IlT) (ADF—DFA—FAD——ADF—DFA—FAD—ADF— DFA—FAD—FAD)

and the the designs are respectively:

Block 1 Block 2 Block 3

3, 6, 7|8, 10, 11, 12|15, 16, 19
5, 6,78, 8, 11, 12 |13, 18, 19
5,6, 6[8,9, 11, 12|14, 16, 21

=d(, say;

A
D
F

3
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Block 1 Block 2 Block 3

3,6, 78, 10, 11, 12]15, 16, 21 _ _
78,8, 11, 12 13, 18, 19 — dun> 5%

.68, 9, 11, 1214, 16, 19

ss|iwlis=
w|
=)

Block 1 Block 2 Block 3

A3, 6,78, 10, 11, 12]15, 16, 19 _

D'5. 6 7 8. 8. 11, 12 13, 18, 21 — dum- say-
F|5, 6, 68, 9, 11, 12 |14, 16, 19

For the above three designs, Id(,) (v) = 8.2198, Id(”)(fy) = 8.2148 and Id(”,)(v) =
8.2148.

Algorithm 3
We may consider another allocation:

(AFD—FDA—DAF—AFD—FDA—FDA—AFD—DAF—FDA—AFD)
and the corresponding design is

Block 1|  Block 2 Block 3
Al3, 6, 7|8, 10, 11, 12|14, 18, 19

D|5, 6, 6|8, 9, 11, 12 |13, 16, 21
F|5, 6, 7|8, 8, 11, 12|15, 16, 19

= d3, say.

Here also I(v) = 8.2198.
Heuristic Search:

Gy G2 G3

9, 10, 11, 1214, 18, 19
8, 8, 11, 12 |15, 16, 19
8, 8, 11, 12 /13, 16, 21

)}

3 ’

= dy, say.

~

k] I

A
D
F

N | W
[e2IKe21Ke))
3

’ ’

This yields 1,,(y) = 8.2198 and d3 is equivalent to d4. Further, these are also
equivalent to d() in the sense of same information.

In the final analysis, we find that there is substantial gain in efficiency (more than
12 %) in the performance of the design d(;) or d3, as against the original design dy.
This is the design (d() or d3) displayed in Table 1.2 (Chap. 1).

Example 9.1.2 Wenow elaborate on the second example discussed in Chap. 1. Recall
that this refers to an RBD with b = 5, v = 3. In Chap. 3, we have discussed at length
OCDs under RBD set-ups but mostly the ‘regular’ cases, viz. both b and v being
multiples of 4 so that Hadamard matrices exist. Here is a deviation from that and
we take this rare opportunity to discuss the example in quite details. Note that we
have already provided solutions to two different aspects of the example: (i) For given
covariate-values, improved allocation of the available experimental units across the
RBD layout; (ii) For a ‘free’ choice of the covariate values within certain well-defined
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closed intervals, identification of the experimental units with covariate values of the
experimenter’s choice. Below we give detailed derivations of the above results. We
refer to Tables 1.3, 1.4a, b, 1.5a, b and 1.6a, b in Chap. 1.

Under an RBD ANCOVA model with a single covariate, recall the standard expres-
sion for information on ~, viz.

OIS DIEE W) I

S ©.1.1)

—ZZZU— —ZRZ SZ zo,—zoo

i=1 j=1

Our aim is to maximize the information of « given in (9.1.1) by properly allocating
the pigs in the two-way RBD layout. This applies to both female and male pigs. Note
that towards this, the row totals of the covariate-values should be as close as possible
and the same is true of the column totals. We start with the 5 x 3 table of covariate
values for the female pigs and proceed through the following steps:

Step 1: First, we arrange the rows in three sets where the first set consists of the
rows where all the covariate values are equal; in the second set, we consider those
rows where two of the three covariate values are not equal and the last set consists
of the rows where all the covariate values are unequal. The arrangement is shown in
Table9.2.

Step 2: We select the first row of second set (i.e., Pen No. 2) and permute the covariate
values keeping the other rows fixed. Next we compute the information of vy under
each permutation. Then we choose the design in which the information of v will
be a maximum. We do the same for the second row of the second set (i.e., Pen No.
4) keeping the other rows of the new design intact. Similarly, we do the same for the
third set also (Pen No. 3 and 5).

Step 3: We repeat Step 2 until all C;’s are as close as possible to GT* Finally, we
get the design where the information of yr is a maximum with Cp;’s as close as
possible to %£ . We denote it by dr1 and I, (vr) = 81.0667, where dF; is displayed
in Table 9.3

Table 9.2 Female

Pen Treatment Totals
A B C
1 48 48 48 144
2 32 32 28 92
4 46 46 50 142
3 35 41 33 109
5 32 37 30 99
Totals 193 204 189 586
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Table 9.3 dr;

Pen Treatment Totals
A B C
1 48 48 48 144
2 32 28 32 92
4 46 46 50 142
3 41 35 33 109
5 30 37 32 99
Totals 197 194 195 586
Table 9.4 An alternate Treatment Totals
arrangement A B C
30 48 * 78
32 46 * 78
41 37 * 78
46 35 * 81
48 28 * 76
Table 9.5 dr; Treatment Totals
A B C
30 48 48 126
32 46 33 111
41 37 32 110
46 35 32 113
48 28 50 126
Totals 197 194 195 586

Step 4: We arrange the initial weights under treatment A in ascending order and the
initial weights under treatment B in descending order. The arrangement is shown in
Table 9.4.

Since the sum of the two entries in each of 5 rows are 78, 78, 78, 81, 76, we fill
the entries under treatment C as 48, 33, 32, 32, 50. Then we get the design dr; and
here 1., (yr) = 782.4. We display the design df» in Table9.5.

For another option, we arrange the initial weights under treatment A in ascending
order and the initial weights under treatment C in descending order. The arrangement
is shown in Table 9.6.

Since the sum of the two entries in each of 5 rows are 80, 80, 74, 78, 80, we fill the
entries under treatment B as 37, 35, 48, 46, 28. Then we get the design dr3 displayed
in Table 9.7 and here 14, (yr) = 817.0667.
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Table 9.6 A second

: Treatment Totals
alternative A B C
30 * 50 80
32 * 48 80
41 * 33 74
46 * 32 78
48 * 32 80
Table 9.7 df3 Treatment Totals
A B C
30 37 50 117
32 35 48 115
41 48 33 122
46 46 32 124
48 28 32 108
Totals 197 194 195 586
Table 9.8 A third alternative Pen Treatment Totals
A B C
1 * 28 50 78
2 * 35 48 33
4 * 37 33 70
3 * 46 32 78
5 * 48 32 80
Table 9.9 dp4 Treatment Totals
A B C
41 28 50 119
30 35 48 113
48 37 33 118
46 46 32 124
32 48 32 112
Totals 197 194 195 586

Lastly, we arrange the initial weights under treatment B in ascending order and
the initial weights under treatment C in descending order. The arrangement is shown
in Table 9.8.

Since the sum of the two entries in each of 5 rows are 78, 83, 70, 78, 80, we fill the
entries under treatment A as 41, 30, 48, 46, 32. Then we get the design drs shown
in Table 9.9 and here 14, (7g) = 838.4.



184 9 Applications of the Theory of OCDs

Table 9.10 drs

Treatment Totals
A B C
41 28 48 117
30 35 50 115
48 37 33 118
46 46 32 124
32 48 32 112
Totals 197 194 195 586
Table 9.11 dre Treatment Totals
A B C
41 28 48 117
30 37 50 117
48 35 33 116
46 46 32 124
32 48 32 112
Totals 197 194 195 586
Table 9.12 dr7 Treatment Totals
A B C
46 28 48 122
30 37 50 117
48 35 33 116
41 46 32 119
32 48 32 112
Totals 197 194 195 586

Now we start with dr4 and proceed with Step 1 and Step 2. Then we observe
that dr4 is a better design. Next we can improve over dr4 by interchanging the first
element and the second element under Treatment C and denote the design by drs
shown in Table 9.10. Here Iy, (yr) = 843.7333.

Again we can improve drs by interchanging the second element and the third
element under treatment B and we denote the design by dr¢ shown in Table9.11.
Here 14,4 (7r) = 845.0667.

We can further improve dpg by interchanging the first element and the fourth
element under Treatment A and denote the design by dr7 shown in Table9.12. Here
Idp7 (71:) = 851.7333.

Lastly, we improve dr7 by interchanging the third element and the fourth element
under Treatment C and denote the design by drg showninTable 9.13. Here 14, (7r) =
853.7333.
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Table 9.13 dps Treatment Totals
A B C
46 28 48 122
30 37 50 117
48 35 32 115
41 46 32 119
32 48 33 113
Totals 197 194 195 586
Table 9.14 dry Treatment Totals
A B C
46 28 48 122
30 37 50 117
46 35 32 113
41 48 32 121
32 48 33 113
Totals 195 196 195 586
Table 9.15 d Pen Treatment Totals
A B C
5 43 40 40 125
1 38 39 48 110
2 37 38 35 129
3 41 46 42 130
4 48 42 40 123
Totals 207 205 205 617

Now we construct design drg shown in Table9.14 by interchanging the third
element under Treatment A and the fourth element under Treatment B of drg. Here
L4 (vG) = 846.5333 which is less than 1,4 (7F) even though column sums are more
or less equal. We stop here and recommend the design dFg for use.

As is indicated in the above, the designs dre to drg are displayed in Tables9.11,
9.12,9.13 and 9.14 respectively. Similarly, for increasing the information of vy, we
follow the Steps 1, 2, 3 and get the design denoted by djs1 and shown in Table9.15.

Here 1y,,, (vn) = 119.4667.

In the same way as mentioned above for female pigs, to get three designs we
follow Step 4 and find dy» shown in Table9.16 with I, (yi) = 195.4667, dy3
shown in Table 9.17 with I, (yg) = 202.1333 and dj4 displayed in Table 9.18 with
Lay, (ym) = 193.4667. Therefore, dy3 is a better design. Now we start with dy3 and
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Table 9.16 dy»

Treatment Totals
A B C
37 46 40 123
38 42 48 128
41 40 42 123
43 39 40 122
48 38 35 121
Totals 207 205 205 617
Table 9.17 du3 Treatment Totals
A B C
37 38 48 123
38 46 42 126
41 42 40 123
43 40 40 123
48 39 35 122
Totals 207 205 205 617
Table 9.18 d4 Treatment Totals
A B C
37 38 48 123
43 39 42 124
48 40 40 128
38 42 40 120
41 46 35 122
Totals 207 205 205 617

we improve it further and denote the design by dys with I, (var) = 202.5333 using
Steps 1, 2, 3. This design dyys is displayed in Table 9.19. Again we improve dyss by
interchanging the second element and the fourth element under Treatment C and
denote it by dye which is displayed in Table 9.20. Here 14,,, (yu) = 203.8667. Next
we improve dys¢ by interchanging the third element and the fourth element under
treatment C and denote it by dy7. Here Ig,,,(7ym) = 205.2. Lastly there is another
possibility to improve dys7 by interchanging the 4th element and the 5th element
under Treatment B. We denote it by dyg. Here 1,,, (7) = 204.5333.

We stop here and accept the design djy7 for the use of male pigs. It is a routine task
to compute the percent gain. The designs djs7 and dyg are displayed in Tables9.21
and 9.22 respectively.

Now we consider the ‘hypothetical’ situation for female data wherein the row
totals are equal or nearly equal to each other and also the column totals are equal or
nearly equal to each other. For female data, that would amount to the row sums being
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Table 9.19 dys

Treatment Totals
A B C
37 38 48 123
38 46 42 126
40 42 41 123
43 40 40 123
48 39 35 122
Totals 206 205 206 617
Table 9.20 dus Treatment Totals
A B C
37 38 48 123
38 46 40 124
40 42 41 124
43 40 42 124
48 39 35 122
Totals 206 205 206 617
Table 9.21 dj7 Treatment Totals
A B C
37 38 48 123
38 46 40 124
40 42 42 124
43 39 41 123
48 40 35 123
Totals 206 205 206 617
Table 9.22 dys Treatment Totals
A B C
37 38 48 123
38 46 40 124
40 42 42 124
43 40 41 124
48 39 35 122
Totals 206 205 206 617

117,117, 117, 117 and 118 and column sums being 195, 195, 196 since the total is
fixed at Gr = 586. In this hypothetical situation /(yr) = 870.5333. Therefore, the
relative efficiency of drg = 98.0702 % whereas the relative efficiency of 7 under
design dj is 6.6473 %. In other words, relative gain in efficiency by use of drg as
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against dy is more than 1300 %. Similarly, we consider the hypothetical situation for
male data where the row sums are meant to be 123, 123, 123, 124, 124 and column
sums are also meant to be 206, 206, 205. Here I (vy)s) = 205.2 which is equal to djs7.
Therefore, the relative efficiency of dy;7 = 100 % whereas the relative efficiency of
vy under design dp is 56.6602 %. In other words, relative gain in efficiency by the
use of dyy7 as against dj is more than 75 %. Hence we can improve the information
of covariate parameter by properly allocating the covariate values in the rows and
columns separately.
Recall the expression for I(y) given in (9.1.1) above. It is readily seen that

I(v)<22z,j——ZR2 9.1.2)

i=1 j=1

equality holds if Zoj = Zoo for all J» where zo; = C L and Zg9 = G and since we fix z;

at £1,1(7) <ZZZU——2R2 < 15—§ 430 = 13.33.

i=1 j=1
Again,

5 3 3
1
1) = 2.2 55— 5 2 G =h) (say) (9.1.3)

i=1 j=1 j=1

equality holds if zjo = Zzgop for all i, where z;p = % and Zg0 = % and () <
15 — % = 75—2 = 14.4. Therefore, combining the two inequalities, we deduce that
I(y) < 13.33. We display a design in Table9.23 for which I(vy) attains the bound
13.33.

The above exercise suggests that if we have such flexibility to choose the initial
weights for males and females separately, then our suggestion is the design shown
in Table9.23 in terms of z-values and this applies to both males and females. For
female and male pigs, the arrangement of weights for OCD are already shown in
Table 1.6a, b in Chap. 1 in terms of original weights.

Table 9.23 Design where A B C Totals
I (7y) is attained
-1 1 1 1
1 -1 1 1
1 1 —1 1
-1 1 1 1
1 -1 —1 -1
Totals 1 1 1 3=G
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9.2 Other Application Areas

In this section, we undertake four different types of examples of application of OCD.

Example 9.2.1 We consider the observations and the design (see Goos and Jones
(2011), p. 79) in Table 9.24.

The response variable is peel strength, which measures the amount of force
required to open the package. Raw material from three suppliers (S, S» and S3)
is used in the sealing process. We consider temperature (Z;), pressure (Z) and
speed (Z3) on the peel strength as covariates. These three covariates are controllable.
The range and unit of each covariate is given in Table9.25.

Note that the authors present a very general ANCOVA model in the book and
discuss some aspects of D-optimal designs. Instead, we will consider the simplest
model:

Table 9.24 Data for the robustness experiment

Run number | Temperature | Pressure Speed Supplier Peel strength
1 211.5 22 32 1 4.36
2 193.0 2.7 32 1 5.20
3 230.0 32 32 1 4.75
4 230.0 22 41 1 5.73
5 193.0 32 41 1 4.49
6 193.0 22 50 1 6.38
7 230.0 2.7 50 1 5.59
8 211.5 32 50 2 5.40
9 193.0 22 32 2 5.78
10 230.0 2.7 32 2 4.80
11 193.0 32 32 2 4.93
12 2115 2.7 41 2 5.96
13 211.5 2.7 41 2 6.55
14 230.0 22 50 2 6.92
15 193.0 2.7 50 2 6.18
16 230.0 32 50 2 6.55
17 230.0 22 32 3 5.44
18 193.0 2.7 32 3 4.57
19 211.5 32 32 3 4.48
20 193.0 22 41 3 4.78
21 211.5 2.7 41 3 5.03
22 230.0 32 41 3 3.98
23 2115 22 50 3 4.73
24 193.0 32 50 3 4.70
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Table 9.25 Range and unit

- Covariate Range Unit
of covariates
Temperature 193-230 °C
Pressure 22-32 bar
Speed 32-50 cpm

3
l
E(vj) =i + Dz}

=1

where y;; is the jth observation corresponding to ith supplier and s; is the effect
;
corresponding the (i, j)th observation and |zi(jl)| < 1for all i, j, I. Further, we will
take up the problem of estimating the three covariate parameters most efficiently by
selecting the design. With the replication numbers each equal to 8, it would have been
a trivial exercise in a CRD model with three covariates. Vide Chap. 2. However, with
(7, 8, 9) as the replication numbers, standard theory breaks down and we run into
what has been termed as ‘non-regular case’. As usual, the covariates are all coded to
lie inside the closed interval [—1, 1]. From Theorem 2.3.1 in Chap. 2, for fixed {r;},
ierp=7,mn=9, rn=_§,

due to ith supplier and ~; is the /th covariate effect, z;;” is the /th covariate value

det(I(0)) < (7 x 9 x 8) (a + 2b) (a — b)?

wherea =24 -0, b=0 = % + é and r; is the number of times the ith supplier
replicated.

Therefore, det(I1(0)) <7 x 9 x 8 x 13385.21. But it is very difficult to construct
Z-matrix where det(1(0)) attains the upper bound. Here we construct the design (say
d*) whose det(1(0)) is very close to the upper bound and the Z-matrix is written as:

7 = (Z'(S1).Z'(52). Z'(S3))

where
Z/(S)) = Z/(Sy) =
1-1 1-1-1 1-1 1-1 1-11-1 1-11\
1-1-1 1-1-1 1]; 1-1-1 11-1-1 11}’
-1 1-1 1-1 1-1 -1 1-1 11-1 1-11
7/ (S3) =

-1 1-11—-1 1-1
1-1-1 11-1-1 1
-1 1-1 11-1 1-1
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The information matrix for @ = (sy, s2, 53, 71, 72, 73)’ is given below:

700 —1 —1 —1
090 1 1 1
008 0 0 O

le@=1_1 170 24 0 o0
110 0 24 0
110 0 0 24

whence the information matrix for -y is

23.746 —0.254 —0.254
Ips(v) = [ —0.254 23.746 —0.254
—0.254 —0.254 23.746

Here det(I;+(8)) = 7 x 9 x 8x13385.14 and the relative D-efficiency = 1335214 x
100 = 99.9995 %. 1t is interesting to note that the three parts of the design d* are

derived essentially from Hg.

Example 9.2.2 Here we consider the data given in van Belle et al. (2004) and repro-
duced below in Tables9.26 and 9.27. It relates to ‘exercise’ data for healthy active
males (44) and females (43). There are four covariates, viz. Heart Rate, Age, Height
and Weight. The response variable is the VO, Max, measured in a suitable unit.

As usual, we introduce coded covariates Z1, Z;, Z3, Z4, each in the range [—1, 1].
We reproduce the above tables only in terms of the four covariates in coded forms,
skipping the responses (vide Tables9.28 and 9.29).

It is a routine task to carry out data analysis using a 4-variate linear regression
model for each data set involving the four covariates. We skip that part. Instead, we
ask a non-trivial problem. If an experimenter is to design the survey to accommodate
10 males and 10 females out of the above ‘pool’ and to maximize information-
content for the joint estimation of the covariate parameters, what would have been our
recommendation? Again, if we had a ‘larger’ pool of healthy males and females with
specified Z,,;, and Z,,,x for each covariate, would our recommendation be far better
off? We propose to address both the problems below. We assume that the covariate
parameters are the same for both males and females for each of the characteristics.
In a way, we set v 7 = 71,F and so on.

For the first problem, we may use the following selection methods.

Method 1: Use of Heart Rate Data We start with the above data set and arrange
the data set separately for males and females both where the values of heart rate Z;
are in the ascending order. Then select 10 persons (5 males and 5 females) from the
smallest values of the Z;-scores and 10 persons (5 males and 5 females) from the
largest values of the Z;-scores and denote this design by d;. The data on covariates
of the selected persons are shown in Table 9.30.
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Table 9.26 Exercise data for healthy active males

SL. no. (VO, max)/Duration Heart rate Age Height Weight
1 0.0588 192 46 165 57
2 0.0627 190 25 193 95
3 0.0694 190 25 187 82
4 0.0670 174 31 191 84
5 0.0670 194 30 171 67
6 0.0662 168 36 177 78
7 0.0579 185 29 174 70
8 0.0618 200 27 185 76
9 0.0670 164 56 180 78
10 0.0652 175 47 180 80
11 0.0604 175 46 180 81
12 0.0609 162 55 180 79
13 0.0656 190 50 161 66
14 0.0688 175 52 174 76
15 0.0603 164 46 173 84
16 0.0547 156 60 169 69
17 0.0655 174 49 178 78
18 0.0545 166 54 181 101
19 0.0615 184 57 179 74
20 0.0695 160 50 170 66
21 0.0621 186 41 175 75
22 0.0713 175 58 173 79
23 0.0615 175 55 160 79
24 0.0579 175 46 164 65
25 0.0632 174 47 180 81
26 0.0500 174 56 183 100
27 0.0695 168 82 183 82
28 0.0549 164 48 181 71
29 0.0490 146 68 166 65
30 0.0606 156 54 177 80
31 0.0566 180 56 179 82
32 0.0638 164 50 182 87
33 0.0628 166 48 174 72
34 0.0626 184 56 176 75
35 0.0619 186 45 179 75
36 0.0619 174 45 179 79
37 0.0717 188 43 179 73
38 0.0413 180 54 180 75
39 0.0642 168 55 172 71
40 0.0702 174 41 187 84
41 0.0712 166 44 185 81
42 0.0753 174 41 186 83
43 0.0672 180 50 175 78
44 0.0746 182 42 176 85

Data source van Belle et al. (2004), p. 294
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Table 9.27 Exercise data for healthy active females
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SI. no. (VO; max)/Duration Heart rate Age Height Weight
1 0.0577 184 23 177 83
2 0.0611 183 21 163 52
3 0.0655 200 21 174 61
4 0.0583 170 42 160 50
5 0.0485 188 34 170 68
6 0.0398 190 43 171 68
7 0.0527 190 30 172 63
8 0.0552 180 49 157 53
9 0.0615 184 30 178 63
10 0.0566 162 57 161 63
11 0.0578 188 58 159 54
12 0.0597 170 51 162 55
13 0.0649 184 32 165 57
14 0.0594 175 42 170 53
15 0.0564 180 51 158 47
16 0.0590 200 46 161 60
17 0.0558 190 37 173 56
18 0.0488 170 50 161 62
19 0.0614 158 65 165 58
20 0.0552 186 40 154 69
21 0.0511 166 52 166 67
22 0.0495 170 40 160 58
23 0.0662 188 52 162 64
24 0.0480 190 47 161 72
25 0.0556 194 43 164 56
26 0.0540 190 48 176 82
27 0.0509 190 43 165 61
28 0.0520 188 45 166 62
29 0.0497 184 52 167 62
30 0.0560 170 52 168 62
31 0.0661 168 56 162 66
32 0.0634 175 56 159 56
33 0.0560 156 51 161 61
34 0.0525 184 44 154 56
35 0.0544 180 56 167 79
36 0.0555 184 40 165 56
37 0.0654 156 53 157 52
38 0.0508 194 52 161 65
39 0.0564 190 40 178 64
40 0.0587 188 55 162 61
41 0.0647 164 39 166 59
42 0.0575 185 57 168 68
43 0.0542 178 46 156 53

Data source van Belle et al. (2004), p. 341
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Table 9.28 Coded data for males

SI. no. Heart rate Age Height Weight

1 0.7037 —0.2632 —0.6970 —1.0000
2 0.6296 —1.0000 1.0000 0.7273
3 0.6296 —1.0000 0.6364 0.1364
4 0.0370 —0.7895 0.8788 0.2273
5 0.7778 —0.8246 —0.3333 —0.5455
6 —0.1852 —0.6140 0.0303 —0.0455
7 0.4444 —0.8596 —0.1515 —0.4091
8 1.0000 —0.9298 0.5152 —0.1364
9 —0.3333 0.0877 0.2121 —0.0455
10 0.0741 —0.2281 0.2121 0.0455
11 0.0741 —0.2632 0.2121 0.0909
12 —0.4074 0.0526 0.2121 0.0000
13 0.6296 —0.1228 —0.9394 —0.5909
14 0.0741 —0.0526 —0.1515 —0.1364
15 —0.3333 —0.2632 —0.2121 0.2273
16 —0.6296 0.2281 —0.4545 —0.4545
17 0.0370 —0.1579 0.0909 —0.0455
18 —0.2593 0.0175 0.2727 1.0000
19 0.4074 0.1228 0.1515 —0.2273
20 —0.4815 —0.1228 —0.3939 —0.5909
21 0.4815 —0.4386 —0.0909 —0.1818
22 0.0741 0.1579 —0.2121 0.0000
23 0.0741 0.0526 —1.0000 0.0000
24 0.0741 —0.2632 —0.7576 —0.6364
25 0.0370 —0.2281 0.2121 0.0909
26 0.0370 0.0877 0.3939 0.9545
27 —0.1852 1.0000 0.3939 0.1364
28 —0.3333 —0.1930 0.2727 —0.0909
29 —1.0000 0.5088 —0.6364 —0.6364
30 —0.6296 0.0175 0.0303 0.0455
31 0.2593 0.0877 0.1515 0.1364
32 —0.3333 —0.1228 0.3333 0.3636
33 —0.2593 —0.1930 —0.1515 —0.3182
34 0.4074 0.0877 —0.0303 —0.1818
35 0.4815 —0.2982 0.1515 —0.1818
36 0.0370 —0.2982 0.1515 0.0000
37 0.5556 —0.3684 0.1515 —0.2727
38 0.2593 0.0175 0.2121 —0.1818
39 —0.1852 0.0526 —0.2727 —0.3636
40 0.0370 —0.4386 0.6364 0.2273
41 —0.2593 —0.3333 0.5152 0.0909
42 0.0370 —0.4386 0.5758 0.1818
43 0.2593 —0.1228 —0.0909 —0.0455
44 0.3333 —0.4035 —0.0303 0.2727
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Table 9.29 Coded data for females
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Sl. no. Heart rate Age Height Weight

1 0.2727 —0.9091 0.9167 1.0000
2 0.2273 —1.0000 —0.2500 —0.7222
3 1.0000 —1.0000 0.6667 —0.2222
4 —0.3636 —0.0455 —0.5000 —0.8333
5 0.4545 —0.4091 0.3333 0.1667
6 0.5455 0.0000 0.4167 0.1667
7 0.5455 —0.5909 0.5000 —0.1111
8 0.0909 0.2727 —0.7500 —0.6667
9 0.2727 —0.5909 1.0000 —0.1111
10 —0.7273 0.6364 —0.4167 —0.1111
11 0.4545 0.6818 —0.5833 —0.6111
12 —0.3636 0.3636 —0.3333 —0.5556
13 0.2727 —0.5000 —0.0833 —0.4444
14 —0.1364 —0.0455 0.3333 —0.6667
15 0.0909 0.3636 —0.6667 —1.0000
16 1.0000 0.1364 —0.4167 —0.2778
17 0.5455 —0.2727 0.5833 —0.5000
18 —0.3636 0.3182 —0.4167 —0.1667
19 —0.9091 1.0000 —0.0833 —0.3889
20 0.3636 —0.1364 —1.0000 0.2222
21 —0.5455 0.4091 0.0000 0.1111
22 —0.3636 —0.1364 —0.5000 —0.3889
23 0.4545 0.4091 —0.3333 —0.0556
24 0.5455 0.1818 —0.4167 0.3889
25 0.7273 0.0000 —0.1667 —0.5000
26 0.5455 0.2273 0.8333 0.9444
27 0.5455 0.0000 —0.0833 —0.2222
28 0.4545 0.0909 0.0000 —0.1667
29 0.2727 0.4091 0.0833 —0.1667
30 —0.3636 0.4091 0.1667 —0.1667
31 —0.4545 0.5909 —0.3333 0.0556
32 —0.1364 0.5909 —0.5833 —0.5000
33 —1.0000 0.3636 —0.4167 —0.2222
34 0.2727 0.0455 —1.0000 —0.5000
35 0.0909 0.5909 0.0833 0.7778
36 0.2727 —0.1364 —0.0833 —0.5000
37 —1.0000 0.4545 —0.7500 —0.7222
38 0.7273 0.4091 —0.4167 0.0000
39 0.5455 —0.1364 1.0000 —0.0556
40 0.4545 0.5455 —0.3333 —0.2222
41 —0.6364 —0.1818 0.0000 —0.3333
42 0.3182 0.6364 0.1667 0.1667
43 0.0000 0.1364 —0.8333 —0.6667
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Table 9.30 Choice of males and females based on heart rate data
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SI. no. Heartrate | Age Height Weight Sex
1 —1.0000 0.5088 —0.6364 —0.6364 M
2 —0.6296 0.2281 —0.4545 —0.4545 M
3 —0.6296 0.0175 0.0303 0.0455 M
4 —0.4815 —0.1228 —0.3939 —0.5909 M
5 —0.4074 0.0526 0.2121 0.0000 M
6 0.6296 —1.0000 1.0000 0.7273 M
7 0.6296 —1.0000 0.6364 0.1364 M
8 0.7037 —0.2632 —0.6970 —1.0000 M
9 0.7778 —0.8246 —0.3333 —0.5455 M
10 1.0000 —0.9298 0.5152 —0.1364 M =dj, say
1 —1.0000 0.3636 —0.4167 —0.2222 F
2 —1.0000 0.4545 —0.7500 —0.7222 F
3 —0.9091 1.0000 —0.0833 —0.3889 F
4 —0.7273 0.6364 —0.4167 —0.1111 F
5 —0.6364 —0.1818 0.0000 —0.3333 F
6 0.5455 0.0000 0.4167 0.1667 F
7 0.7273 0.0000 —0.1667 —0.5000 F
8 0.7273 0.4091 —0.4167 0.0000 F
9 1.0000 —1.0000 0.6667 —0.2222 F
10 1.0000 0.1364 —0.4167 —-0.2778 F

The information matrix of < under d; is

Ly, ) =Iygy () +1pg, (1) =

7.1085 —2.5908

1.5553

5.0485 —3.4438

1.8097 0.6033
—3.4438 2.8317 —2.0649 —1.1962

1.8097 —2.0649 3.0785 2.4386

0.6033 —1.1962 2.4386 2.2241

0.7469

—2.5908 2.6322 —1.4470 —0.1490

det(Iy,) = 61.6096,20~* x det(I ;) = 0.0004.

1.5553 —1.4470

1.6592

0.4199

0.7469 —0.1490 0.4199 0.5682

12.1570 —6.0346  3.3650 1.3502
—6.0346  5.4639 —3.5119 —1.3452
3.3650 —3.5119 4.7377 2.8585
1.3502 —1.3452  2.8585 2.7923

Method 2: Use of Age Data Similarly as in Selection 1, we select 20 persons (10
males and 10 females ) by arranging the available reported information on age Z, in
ascending order. The selected data set is shown in Table9.31.



9.2 Other Application Areas

Table 9.31 Choice of males and females based on reported data on age
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SI. no. Heartrate | Age Height Weight Sex

1 0.6296 —1.0000 1.0000 0.7273 M

2 0.6296 —1.0000 0.6364 0.1364 M

3 1.0000 —0.9298 0.5152 —0.1364 M

4 0.4444 —0.8596 —0.1515 —0.4091 M

5 0.7778 —0.8246 —0.3333 —0.5455 M

6 0.4074 0.1228 0.1515 —0.2273 M

7 0.0741 0.1579 —0.2121 0.0000 M

8 —0.6296 0.2281 —0.4545 —0.4545 M

9 —1.0000 0.5088 —0.6364 —0.6364 M

10 —0.1852 1.0000 0.3939 0.1364 M = dy, say

1 0.2273 —1.0000 —0.2500 —0.7222 F

2 1.0000 —1.0000 0.6667 —0.2222 F

3 0.2727 —0.9091 0.9167 1.0000 F

4 0.5455 —0.5909 0.5000 —0.1111 F

5 0.2727 —0.5909 1.0000 —0.1111 F

6 —0.4545 0.5909 —0.3333 0.0556 F

7 0.3182 0.6364 0.1667 0.1667 F

8 —0.7273 0.6364 —0.4167 —0.1111 F

9 0.4545 0.6818 —0.5833 —0.6111 F

10 —0.9091 1.0000 —0.0833 —0.3889 F

The information matrix of < under d> is
3.7360 —3.4305 1.9192 0.9087
iy (0 =Tas 0 +1rs 0 = | 15107 1'5oms 23565 17466

0.9087 —0.6202 1.7466 1.5144

3.2678 —3.0323

1.5652 0.0854

—3.0323 6.1191 —2.8871 —0.6283

det(Iz,) = 196.608, 20~ x det(Iz,) = 0.0012.

1.5652 —2.8871
0.0854 —0.6283

3.0063

1.3940
1.3940 2.0522

7.0038 —6.4628 3.4844 0.9941
—6.4628 11.0793 —4.4099 —1.2485

3.4844 —4.4099 5.5628 3.1406 |’

0.9941 —1.2485 3.1406 3.5666

Method 3: Use of Height Data Similarly for height Z3, we show the arranged data
in Table 9.32.
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Table 9.32 Choice of males and females based on height data

SI. no. Heartrate | Age Height Weight Sex
1 0.0741 0.0526 —1.0000 0.0000 M
2 0.6296 —0.1228 —0.9394 —0.5909 M
3 0.0741 —0.2632 —0.7576 —0.6364 M
4 0.7037 —0.2632 —0.6970 —1.0000 M
5 0.0370 —0.4386 0.5758 0.1818 M
6 —1.0000 0.5088 —0.6364 —0.6364 M
7 0.6296 —1.0000 0.6364 0.1364 M
8 0.0370 —0.4386 0.6364 0.2273 M
9 0.0370 —0.7895 0.8788 0.2273 M
10 0.6296 —1.0000 1.0000 0.7273 M = ds, say
1 0.3636 0.1364 —1.0000 0.2222 F
2 0.2727 0.0455 —1.0000 —0.5000 F
3 0.0000 0.1364 —0.8333 —0.6667 F
4 0.0909 0.2727 —0.7500 —0.6667 F
5 —1.0000 0.4545 —0.7500 —0.7222 F
6 1.0000 —1.0000 0.6667 —0.2222 F
7 0.5455 0.2273 0.8333 0.9444 F
8 0.2727 —0.9091 0.9167 1.0000 F
9 0.2727 —0.5909 1.0000 —0.1111 F
10 0.5455 —0.1364 1.0000 —0.0556 F

The information matrix of < under d5 is

Ly (V) = Iyay (0) +1pgy () =

2.4000 —1.4396

2.2153

2.3566 —1.4126  0.5880 0.3333
—1.4126 2.0137 —2.8538 —1.5551

1.2949

—1.4396 2.2983 —2.5925 —1.1803
2.2153 =2.5925 7.7979 3.2704
1.2949 —1.1803 3.2704 3.6061

4.7566 —2.8522 2.8033
—2.8522 4.3120 —5.4463 —2.7354

3.3611

0.5880 —2.8538 6.2519 3.3611

0.3333 —1.5551 2.6572

1.6282

2.8033 —5.4463 14.0498 6.6315
1.6282 —2.7354 6.6315 6.2633

det(Ig,) = 267.4351,20~% x det(Iz;) = 0.0017.

Method 4: Use of Weight Data Lastly for weight Z4, we show the arranged data in
Table 9.33.
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Table 9.33 Choice of males and females based on reported weight data
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SI. no. Heartrate | Age Height Weight Sex
1 0.7037 —0.2632 —0.6970 —1.0000 M
2 0.0741 —0.2632 —0.7576 —0.6364 M
3 0.6296 —0.1228 —0.9394 —0.5909 M
4 —0.4815 —0.1228 —0.3939 —0.5909 M
5 —1.0000 0.5088 —0.6364 —0.6364 M
6 0.3333 —0.4035 —0.0303 0.2727 M
7 —0.3333 —0.1228 0.3333 0.3636 M
8 0.6296 —1.0000 1.0000 0.7273 M
9 0.0370 0.0877 0.3939 0.9545 M
10 —0.2593 0.0175 0.2727 1.0000 M = dy, say
1 0.0909 0.3636 —0.6667 —1.0000 F
2 —0.3636 —0.0455 —0.5000 —0.8333 F
3 0.2273 —1.0000 —0.2500 —0.7222 F
4 —1.0000 0.4545 —0.7500 —0.7222 F
5 0.0000 0.1364 —0.8333 —0.6667 F
6 0.3636 —0.1364 —1.0000 0.2222 F
7 0.5455 0.1818 —0.4167 0.3889 F
8 0.0909 0.5909 0.0833 0.7778 F
9 0.5455 0.2273 0.8333 0.9444 F
10 0.2727 —0.9091 0.9167 1.0000 F

The information matrix of < under dy is

—0.6423 2.6365 —0.9936 —0.2254
1.1352 —0.9936  4.0618 3.5874
1.9689 —0.2254 3.5874 5.8422

Ly, () = Iy, () +1pg, () =

1.9424 —0.6423

1.1352

2.8050 —1.4000 0.1887 0.0062
—1.4000 1.3298 —1.0116 —0.5517

0.1887 —1.0116 3.6323 3.8410

0.0062 —0.5517 3.8410 5.1531

1.9689 4.7474 —2.0423

1.3239 —2.0052
1.9751 —0.7771

det(ly,) = 292.4578,20~% x det(Iz,) = 0.00183.

Selection Method Based on Principal Component

Selection of 10 Males
A PCA is concerned with explaining the variance—covariance structure of a set of
responses through a few linear combinations of these responses. In this study, only
two eigenvalues were larger (14.6743 and 11.3163, respectively); so two components

1.3239

7.6941
7.4284

1.9751

—2.0423 3.9663 —2.0052 —0.7771

7.4284
10.9953
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Table 9.34 Details for PCA for Male Data

Comp.1 Comp.2 Comp.3 Comp.4
Standard 0.5594 0.4865 0.2595 0.2102
deviation
Proportion of 0.4733 0.3580 0.1018 0.0668
variance
Cumulative 0.4733 0.8313 0.9332 1.0000
proportion

were extracted, based on Kaiser principle (cf. Kaiser 1960). The first component
(PCys1) accounts for about 47.33 % and the second component (PCys2) accounts for
about 35.80 % of the total variance in the data set. Therefore the first two components
account for 83.13 % of the variance (vide Table 9.34).

The eigenvalues of Z}VIZM are 14.6743 = A1, 11.3163 = A\pyp2, 3.4597 = A\y3,

1.9446 = Aps4; where Zﬁ” = (zj(t,l,)i) is design matrix for covariate parameters for
male data and the corresponding eigenvectors (E’ M1 €m2 €30 § M4) are:

§M1 £M2 £M3 £M4
—0.4520 0.5225 0.7182 —0.0828

0.5955 —0.3808 0.6107 —0.3569
—0.5887 —0.4745 —0.0998 —0.6468
—0.3074 —0.5973 0.3182 0.6689

Therefore

PCy1 = —0.4520Zps1 + 0.5955Zp2 — 0.5887Zy3 — 0.3074Zp14
PCpr2 = 0.5225Zp11 — 0.3808Zps2 — 0.4745Zps3 — 0.59737Zp14

Now we take a convex combination of PCy;; and PCys; and get a new score and
denote it by Py = x2U4—PCyy1 + 1243 —PCyy = —0.0277Zy1 +0.1704Zs>

—0.5390Zys3 — 0.4336Z)74. Now we arrange Py score in ascending order and select
10 males where 5 are from the top and 5 are from the bottom. The data of the selected
males are shown in Table 9.35.

Selection of 10 Females
A similar PCA is carried out for female data. In this study, three eigenvalues
were larger (21.3051, 10.9512 and 7.2187, respectively); so three components were
extracted, based on Kaiser principle. The first component (PCf) accounts for about
51.29 %, the second component (PCrg») accounts for about 22.92 % and the third
component (PCr3) accounts for about 17.65 % of the total variance in the data set.
Therefore, the first three components account for 91.86 % of the variance (vide
Table 9.36).

The eigenvalues of Z’FZF are 21.3051 = Mgy, 10.9512 = Apo, 7.2187 = Ap3,

3.8364 = Apy4; where Z§4X4 = (zgj)) is design matrix for covariate parameters for
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Table 9.35 Male data

Heart rate Age Height Weight
0.6296 —1.0000 1.0000 0.7273
0.6296 —1.0000 0.6364 0.1364
0.0370 —0.7895 0.8788 0.2273

—0.2593 0.0175 0.2727 1.0000
0.0370 0.0877 0.3939 0.9545 = dys, say
0.7037 —0.2632 —0.6970 —1.0000
0.6296 —0.1228 —0.9394 —0.5909
0.0741 0.0526 —1.0000 0.0000
0.0741 —0.2632 —0.7576 —0.6364

—1.0000 0.5088 —0.6364 —0.6364

Table 9.36 Details of PCA for Female Data

Comp.1 Comp.2 Comp.3 Comp.4
Standard 0.6910 0.4618 0.4054 0.2753
deviation
Proportion of 0.5129 0.2292 0.1765 0.0814
variance
Cumulative 0.5129 0.7421 0.9186 1.0000
proportion

female data and the corresponding eigenvectors (5 r1: €2, EF3, € F4) are:

SFI £F2 ‘£F3 £F4
0.4400 0.7258 —0.5234 —0.0753

—0.4615 —0.2532 —0.6623 —0.5333
0.6504 —0.3185 0.2000 —0.6599
0.4128 —0.5547 —0.4975 0.5239

Therefore

PCr1 = 0.4400ZF1 — 0.4615ZF> 4 0.6504Zr3 + 0.4128ZF4
PCry = 0.7258ZF1 — 0.2532ZF> — 0.3185ZF3 — 0.5547ZF4
PCr3z = —0.5234Zp1 — 0.6623Zr> + 0.2000Zr3 — 0.4975Z 4

Now we take convex combination of PCry, PCry and PCrz and get a new score

i - M A M3
and denote it by Pp = AF1+AR2+AF3 PCr1 + AF1HAFR2 + AF3 PCr2 + AF1+AF2 + AF3

PCr3 = 0.3431ZF1 — 0.4404ZF> + 0.29927F3 — 0.0220ZF4. Now we arrange Pr
score in ascending order and select 10 females where 5 are from top and 5 are from
bottom. The data of the selected females are shown in Table 9.37.
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Table 9.37 Female data
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Heart rate Age Height Weight
—0.7273 0.6364 —-0.4167 —0.1111
—0.9091 1.0000 —0.0833 —0.3889
—0.4545 0.5909 —0.3333 0.0556
—1.0000 0.3636 —-0.4167 —0.2222
—1.0000 0.4545 —0.7500 —0.7222 = dFs, say
0.2727 —0.9091 0.9167 1.0000
1.0000 —1.0000 0.6667 —0.2222
0.5455 —0.5909 0.5000 —0.1111
0.2727 —0.5909 1.0000 —0.1111
0.5455 —0.1364 1.0000 —0.0556
Table 9.38 Selection of 10 males based on total scoring
Heart rate Age Height Weight
0.7037 —0.2632 —0.6970 —1.0000
—0.6296 0.2281 —0.4545 —0.4545
—0.4815 —0.1228 —0.3939 —0.5909
0.0741 —0.2632 —0.7576 —0.6364
—1.0000 0.5088 —0.6364 —0.6364 = dyse, say
0.6296 —1.0000 1.0000 0.7273
—0.2593 0.0175 0.2727 1.0000
0.0370 0.0877 0.3939 0.9545
—0.1852 1.0000 0.3939 0.1364
0.2593 0.0877 0.1515 0.1364

Therefore, ds = (ZMSS )
F

Therefore det(Iz(v)) = det(Iyas(y) + Irgs(y)) = 255.4019 and 2074 x
det(I145()) = 0.00160.

Selection Method Based on Total Scoring
‘We may also adopt one more ad hoc method of selection. This time we select males
or females by use of total Z-scores from all the covariates. For males, we base on
the Zyy = Zy1 + Zyo + Zyz + Zya values. We arrange Zyy in ascending order and
select 10 males where 5 are from the top and 5 are from the bottom. The data of the
selected males are shown in Table 9.38.

Likewise, we select 10 females based on Zr = Zg| 4+ Zp> + Zp3 + Zp4 values.
We arrange Zr in ascending order and select 10 females where 5 are from the top
and 5 are from the bottom. The data of the selected females are shown in Table 9.39.
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Table 9.39 Selection of 10 females based on total scoring

Heart rate Age Height Weight
0.2273 —1.0000 —0.2500 —0.7222
—0.3636 —0.0455 —0.5000 —0.8333
—0.3636 —0.1364 —0.5000 —0.3889
—1.0000 0.4545 —0.7500 —0.7222
0.0000 0.1364 —0.8333 —0.6667 = dpg, say
0.2727 —0.9091 0.9167 1.0000
0.5455 0.2273 0.8333 0.9444
0.0909 0.5909 0.0833 0.7778
0.5455 —0.1364 1.0000 —0.0556
0.3182 0.6364 0.1667 0.1667

Therefore, dg = (ZA;E ) Consequently, det(I14, (7)) = det(Iyqas (7)+HFas (7)) =

294.0333 and 20~* x det(Iz, (7)) = 0.00184.

At the end, we conclude that di < dy < ds < d3 < dy < dg, since 2074 x
det(I, (7)) = 0.0004, 20~* x det(I4, (7)) = 0.0012,20~% x det(I4,(7)) = 0.0017,
20~*x det(I4, (7)) = 0.00183,20~* x det(Iy; (7)) = 0.00160,20~* x det(I,, (7)) =
0.00184 and 87~* xdet(I;(~)) = 0.0006, where d is a design based on whole data set.

It thus transpires that the criterion of selection (dg) based on total scoring of the
participating males or females fares much better than the rest for efficient estimation
of the covariate parameters. It may be noted that implicitly we have exploited our
understanding of OCDs in carrying out this exercise.

Example 9.2.3 The data in Table 9.40 are from a study to evaluate the effect of roll
gap and variety of wheat on the amount of flour produced (percent of total wheat
ground) during a run of a pilot flour mill (cf. Milliken and Johnson (2001), p. 406).
Three batches of wheat from each of three varieties were used in the study with
enough raw material for all where a single batch of wheat was used for all four roll
gap setting. The experiment was conducted on three different days.

For each variety type, there are three batches of wheat with fixed but varying mois-
ture contents and the batches have been assigned across the 3 days of the experiment
as shown in Table 9.40.

Our purpose is to revisit this data set and examine the possibility of improving
the design for increased information on the covariate parameter. We will examine
the possibility of re-allocation of the batches of wheats across different days of the
experiment. Towards this, we start with a model description.

Model for 3 way layout (Day x Variety x Roll Gap):

Vi =p+Bi+Ti 0 Fy ey =12, j=12,...,p;1=12,...,q
9.2.1)
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Table 9.40 Data for amount of flour milled (percent) during the first break of a flour mill operation
from three varieties of wheat using four roll gaps

Day Variety Moist Roll gap
0.02in 0.04in 0.06in 0.08in

1 A 12.4 18.3 14.6 12.2 9.0
1 B 12.8 18.8 14.9 11.7 8.3
1 C 12.1 18.7 15.5 12.7 9.2
2 A 14.4 19.1 15.4 124 8.7
2 B 124 17.5 14.4 11.3 8.3
2 C 132 18.9 15.4 12.5 8.2
3 A 13.1 18.2 15.0 12.1 8.4
3 B 14.0 20.4 16.2 12.9 9.1
3 C 134 19.7 16.9 134 9.5

Source Milliken and Johnson (2001). Analysis of Messy Data: Volume III: Analysis of covariance,
Chapman and Hall/CRC

where p is general effect, 3; is effect due to ith day, 7; is effect due to jth variety,
d; is effect due to /th roll gap, -y is the covariate effect and z;; is the covariate value
corresponding to ith day and jth variety. Without loss of generality, we assume |z;;| <
1 for all i, j. Note that z;;’s are to be computed by using the standard transformation

I . , S 2(Xij—Xmi
of the original covariate values x;;’s and it is given by z;; = 20y —tmin) | Thege

Xmax —Xmin
Xmin and Xpqy are to be based on the entire collection of x;; values. In (9.2.1), ¢;;s are
random errors with

Viej) = o? Vi,j, 1
Cov(ejji, ejr) = po Vi, j, 1 #1'
Cov(ejji, ejy)) =0 Vi, j#j,1
Cov(e,:ﬂ, el-/ﬂ) =0 Vi 75 i/,j, 1

Therefore, Disp(y;j) = o2((1— Py +ply), Vi, j where 1 is an identity matrix of
order g and J, is a matrix of order ¢ with all elements unity.

Since for each day x variety combination, there are four correlated observations,
observational contrasts would provide information on the contrasts involving effects
of roll gaps, eliminating the effects of all other parameters, including the covariate
parameter, viz. the effect of moisture content. The average of the four observations,
on the other hand, will provide information on all the three components, viz. day
effect, variety effect and covariate effect, as in a standard RBD set-up.

We will start from there and proceed to examine the possibilities of rearrange-
ment of the moist batches of wheat for extracting maximum information on the
covariate effect.

In a general RBD set-up involving g correlated observations, we would proceed
as follows:
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o o4
o o4
> o4

s

ey
C &l es

| i i N
Valg=1) Valg=1) Valg=1 ag=D """ Jalg=D  ql@=T1)

such that LL" = 1,,.

Then
I+@—-p 0 0 ... O
0 l—p 0 ... 0
Disp(Ly;j) = o?L((1 — p)ly + pJg)L’ = o 0 0 T=p... 0
0 0 0 1—p
Now we take
I S
e 0 0 ... 0
0 11 0 ... 0
=
0 0 0 11
-p

Then Disp(MLy;;) = 02Iq. Let MLy; = yl’; Now our Model (9.2.1) can be writ-
ten as:

1 4 1 q q
72 R — (TR R I R
G- o Al G 00 (C’(" Gtk + 2.0 Z%z)

=1 =1

ﬁ(yl]l yii2) m(5l 62)+ m(el/l 6112)
m@ul + yij2 — zyzﬁ) m(él + 2 —203) + m(eul + eijp — 26ij3)

1

1 .
= 7m (B1+ 024+ 64-1 — (g — D) + (i1 + ez + -+ + €ijg—1 — (¢ — Deijg))

(9.2.2)

As explained above, the only source of information on the covariate parameter y
is the set of rp subtotals or means on Day x Treatment with the roll gap observations
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averaged out. Hence the model is:
yijo = 1" + Bi + 17 + zijv + eijo (9.2.3)
q q q
where y;j0 = % Zy,-jl, ejo = %1 Z eji, = p+ [17 z 0 with V(yi0) =
=1 =1 =1

and yjjo’s are uncorrelated. This is simply covariate model for RBD
with single covariate. The information of +y is

e 2 1 " 2 1 $ 2 G2
I(v)=22z,~j—l—72R,~ --2.G o (9.2.4)
i=1 j=1

i=1 j=I

(I+(g=Dp) o2

P r
where R; = Zzl-j, i=12,...,rand C; = Zz,-j, j=12,...,p, and
j=1 i=1

rop r p
G = ZZZ’J = ZR,- = ZCJ" Now we transform the moisture values of
i=1 j=1 i=1 j=1
Table 9.40 into z-values and the coded covariate values are shown in Table 9.41.
Information of 8 = (,u, a3, T, fy) is

9 3 3 3 3 3 3 -1.261
3 30 0 1 1 1 —2.130
3 0 3 0 1 1 1 0217
3 0 0 3 1 1 1 0.652
14,6) = 3 1 1 1 3 0 0 0.13
3 1 1 1 0 3 0 —0.478
3 1 1 1 0 0 3-0913

—1.261 —2.13 0.217 0.652 0.13 —0.478 —0.913  3.707

Iy, (y) = 1.8533.

Table 9.41 Coded z-values Day Variety Moist

—0.7391
—0.3913
—1.0000
1.0000 =dj, say
—0.7391
—0.0435
—0.1304
0.6522
0.1304

W[ W[ W[N] =] =] =
Q@ > Ol > O T >
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Now we consider the design given in Table 9.42.
Information of 8 = (u, a3, T, 'y) is

93 3 3 3 3 3.3
3300 1 1 1-1
303 0 1 1 1-1
3003 1 1 1-1

le®)={ 5 1 1 1 3 0 0-1
301 103 0-1
31 1 100 3-1
3l -l—1-1-1-1 9

14, (y) = 8. The D-efficiency of d; with respect to d5 is 23.1674 %. Hence if we use
d, instead of dp, then we improve the information of ~ a lot. The moisture values of
dy are given in Table 9.43.

Here we conclude that the design which is optimum under uncorrelated model is
also optimum under correlated model.

Table 9.42 Coded z-values

Day Variety Moist
1 A —1
1 B 1
1 C —1
2 A -1 = dp, say
2 B -1
2 C 1
3 A 1
3 B -1
3 C —1
Table 9.43 Uncoded z-values Day Variety Moist
1 A 12.1
1 B 14.4
1 C 12.1
2 A 12.1 = dp, say
2 B 12.1
2 C 144
3 A 14.4
3 B 12.1
3 C 12.1
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Remark 9.2.1 The reader may note that the allocation design d5 relates to a hypo-
thetical scenario under the assumption that there are indeed batches of wheat varieties
available with the stipulated moisture contents coded £1’s. The uncoded values are
shown in Table 9.43. Naturally, d, does not address the reality which is governed
by the given values of the moisture contents of nine bundles of the wheat. There-
fore, we turn back to the original collection of z-values as in d; and try to suggest
improvements over the given allocation.

Now we want to improve d; by reallocating the batches of wheat of each type

r 2

across the 3 days so that SSDays (=[l7 Z R,-2 - G—) is the least i.e. R;’s are as equal

i=1 P
as possible. So we have three treatments A, B, C and each has three bundles of input
material with naturally given day specific moisture contents. Consider Treatment A
so that we have 3! = 6 ways of distributing the bundles across the days. Likewise
3! = 6 for those of B and 3! = 6 for those of C and all are independent. So in effect
given the experimental material and no further input, there are 6 x 6 x 6 = 216 ways
of distribution of the bundles across 3 days and the given design is just one of these
216 possible allocations. Now we rewrite d; as in Table 9.44 and follow certain steps
for reallocation of coded z-values in each column.
Step 1: We select the first column and permute the covariate values keeping the other
columns fixed. Next we compute the information of v under each permutation. Then
we choose the design in which the information of v will be a maximum. We denote
the design by dsz (Table9.45).

The information of 7y is Iy, (77) = 3.1942.

Step 2: Now replace the second column by (—0.3913, 0.6522, —0.7391) and keep
the third column intact, and then permute the first column in all possible ways. Then
we get the design ds which improves the information of v and is equal to 3.2849
(Table9.46).
Step 3: Now replace the second column by (—0.7391, —0.3913, 0.6522) and keep
the third column intact, and then permute the first column in all possible ways. But

Table 9.44 d,
Day A B C Total
1 —0.7391 —-0.3913 —1.0000 —2.1304
2 1.0000 —0.7391 —0.0435 0.2174
—0.1304 0.6522 0.1304 0.6522
Table 9.45 d3
Day A B C Total
1.0000 —0.3913 —1.0000 —0.3913
2 —0.1304 —0.7391 —0.0435 —-0.913

3 —0.7391 0.6522 0.1304 0.0435
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Table 9.46 dy4

Day A B C Total
1.0000 —0.3913 —1.0000 —0.3913

2 —0.7391 0.6522 —0.0435 —0.1304

3 —0.1304 —0.7391 0.1304 —0.7391

Table 9.47 ds

Day A B C Total
1.0000 —0.7391 —1.0000 —0.7391
2 —0.7391 0.6522 —0.0435 —0.1304
—0.1304 —0.3913 0.1304 —0.3913

Table 9.48 ds

Day A B C Total
1.0000 —0.3913 —1.0000 —0.3913
—0.1304 —0.7391 0.1304 —0.7391
3 —0.7391 0.6522 —0.0435 —0.1304

Table 9.49 d-

Day A B C Total
1.0000 —0.7391 —1.0000 —0.7391
2 —0.1304 —0.3913 0.1304 —0.3913
—0.7391 0.6522 —0.0435 —0.1304

we cannot improve the information of -y than d4 (since here we get the design where
the information of « is 3.2345 and the design is best among the designs obtained
from all six permutations of the first column).
Step 4: Replace the second column by (—0.7391, 0.6522, —0.3913) and keep the
third column intact, and then permute the first column in all possible ways. But we
cannot improve the information of -y than d4 (since here we get the design where the
information of ~y is 3.2849 and the design is best among the designs obtained from
all six permutations of the first column). We denote this design by ds (Table 9.47).
Step 5: Replace the second column by (0.6522, —0.3913, —0.7391) and keep the
third column intact, and then permute the first column in all possible ways. But we
cannot improve the information of ~y than dj.

Now replace the third column of d; by (—1.000, 0.1304, —0.0435) and by follow-
ing all the steps mentioned above we get the designs dg and d7 where the information
of ~ is the same as ds (Tables 9.48 and 9.49).
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Table 9.50 dy

Day A B C Total
—0.7391 0.6522 —0.0435 —0.1304

2 1.0000 —0.3913 —1.0000 —0.3913

3 —0.1304 —0.7391 0.1304 —0.1304

Table 9.51 dy

Day A B C Total
—0.7391 0.6522 —0.0435 —0.1304

2 1.0000 —0.7391 —1.0000 —0.7391
—0.1304 —0.3913 0.1304 —0.3913

Table 9.52 dio

Day A B C Total
—0.7391 0.6522 —0.0435 —0.1304
—0.1304 —0.3913 0.1304 —0.3913
3 1.0000 —0.7391 —1.0000 —0.7391
Table 9.53 di;
Day A B C Total
—0.7391 0.6522 —0.0435 —0.1304
2 —0.1304 —0.7391 0.1304 —0.7391
1.0000 —0.3913 —1.0000 —0.3913

Now replace the third column of d; by (—0.0435, —1.000, 0.1304) and by follow-
ing all the steps mentioned above we get the designs dg, dy where the information of
< is the same as d4 (Tables 9.50 and 9.51).

Now replace the third column of d; by (—0.0435, 0.1304, —1.000) and by follow-
ing all the steps mentioned above we get the designs djo, d11 where the information
of v is same as d4 (Tables9.52 and 9.53).

Now replace the third column of d; by (0.1304, —1.000, —0.0435) and by follow-
ing all the steps mentioned above we get the designs dj2, d13 where the information
of ~y is same as d4 (Tables 9.54 and 9.55).

Now replace the third column of d; by (0.1304, —0.0435, —1.000) and by follow-
ing all the steps mentioned above we get the designs d14, d15 where the information
of v is same as d4 (Tables9.56 and 9.57).

Therefore, ds is the best design when the covariate values are given and the
relative efficiency of d; with respect to d4 is 56.42 %. Therefore, we are in a position
to improve the information of  in the design d; almost twice. But if we have such
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Table 9.54 d,

Day A B C Total
—0.1304 —0.3913 0.1304 —0.3913

2 1.0000 —0.7391 —1.0000 —0.7391

3 —0.7391 0.6522 —0.0435 —0.1304

Table 9.55 di3

Day A B C Total
—0.1304 —0.7391 0.1304 —0.7391

2 1.0000 —0.3913 —1.0000 —0.3913
—0.7391 0.6522 —0.0435 —0.1304

Table 9.56 d4

Day A B C Total

1 —0.1304 —0.3913 0.1304 —0.3913
—0.7391 0.6522 —0.0435 —0.1304

3 1.0000 —0.7391 —1.0000 —0.7391

Table 9.57 dis

Day A B C Total
—0.1304 —0.7391 0.1304 —0.7391
2 —0.7391 0.6522 —0.0435 —0.1304
1.0000 —0.3913 —1.0000 —0.3913

flexibility to choose covariate values then d is the best design. Here we note that we
continued our search till all R;’s are same or almost the same.

Example 9.2.4 The data in Table 9.58 are from an experiment on the effects of two
drugs on Mental Activity (MA). The mental activity score is the sum of the scores on
seven items in a questionnaire given to each of 24 volunteer subjects. The treatments
are Morphine, Heroin and a Placebo (an inert substance) given in subcutaneous
injections. On different occasions, each subject received each drug in turn. The
mental activity is measured before taking the drug (Z) and at 1, 2, 3 and 4h after.
The response data (Y) in Table9.58 are those at 2h after. As a common precaution
in these experiments, eight subjects took Morphine first, eight took Heroin first and
eight took the Placebo first, and similarly on the second and third occasions. These
data show no apparent effect of the order in which drugs were given, and the order
is ignored here.

Since each subject gets three treatments in three different time points in some pre-
determined order, we have a flexibility to allocate subjects to the three treatments at
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Table 9.58 Mental Activity scores before (Z) and 2 h after (Y) a drug

Subject | Morphine (M) Heroin (H) Placebo (P)
Z Y Z Y Z Y
1 7 4 0 2 0 7
2 2 2 4 0 2 1
3 14 14 14 13 14 10
4 14 0 10 0 5 10
5 1 2 4 0 5 6
6 2 0 5 0 4 2
7 5 6 6 1 8 7
8 6 0 6 2 6 5
9 5 1 4 0 6 6
10 6 6 10 0 8 6
11 7 5 7 2 6 3
12 1 3 4 1 3 8
13 0 0 1 0 1 0
14 8 10 9 1 10 11
15 8 0 4 13 10 10
16 0 0 0 0 0 0
17 11 1 11 0 10 8
18 6 2 6 4 6 6
19 7 9 0 0 8 7
20 5 0 6 1 5 1
21 4 2 11 5 10 8
22 7 7 7 7 6 5
23 0 2 0 0 0 1
24 12 12 12 0 11 5

Total 138 141 144

the first time point only. Thereafter, we repeat the allocation of the subjects of Time
point 1 for the next two time points. We analyse the data for each of the three time
points and employ CRD model for respective time points separately.

Although RBD analysis was carried out in the book, it is more appropriate to
treat this as an exercise in repeated CRD analysis and we may assume that the
covariate effect is the same across all the three time points. The point to be noted
is that the experimental subjects may be classified into three groups based on their
covariate values at Time Point 1 only. Subsequently, there is no scope to alter their
classifications to other groups.

We now proceed to objectively look into the given data on the covariates.

Towards this, we rearrange Z-values in Table 9.59a—c corresponding to time point
1, time point 2 and time point 3, respectively, and denote it by d.

Now we consider the CRD model for single covariate for each Time point.
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Table 9.59 Arrangement of the Z-values of the 24 subjects in the three different time points

(a) Time point 1

M H P

7 4 10

2 10 6

14 7 8

14 4 5

1 1 10

2 9 6

5 4 0

6 0 11

Totals 51 39 56

(b) Time point 2

H P M

0 6 11

4 8 6

14 6 7

10 3 5

1 4

5 10 7

10 0

6 0 12

Totals 49 44 52

(c) Time point 3

P M H

0 5 11

2 6 6

14 7 0

5 1 6

5 0 11

4 8 7

8 8 0

6 0 12

Totals 44 35 53

For Table9.59a—c, routine computations for a CRD yield, I4,(v1) = 364.75,
I4y(y2) = 330.875 and 14,(y3) = 365.75. We assume that y; = v, = 3 = -y (say),
i.e. there is no effect of time on the mental activity within the subject. Therefore
Lay (7)) = Lay (1) + Lay (72) + 14y (v3) = 1061.375.

It is evident that we have some flexibilities in suggesting an OCD for a CRD
model based on the covariate-values at Time Point 1 and, naturally, we should utilize
that provision at least to maximize /(7). We have considered all possible permu-
tations of Z-values at Time point 1 (TP 1) and by computer search we have found
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I(~y1) = 383.75, which is the maximum among all and we get 162 OCDs for Time
point 1 where /(1) = 383.75. These constitute one ‘Equivalence Group’ for the
subjects. This exercise is very special. We recommend one member of this family
in the absence of any other information and that presumably is the end of our task.
What is the impact of our choice on subsequent TPs 2 and 3? For various choices
of the family members, we obtain a range of () values combining all the three
TPs. We should look at the entire spectrum of /(-y) and see if there is wide variation
among them. One acceptable criterion may be () min 1 Within 2 % of I(7y)max. If
that has been the case in this example as assessed by the covariate values at TP 2 and
TP 3, we need not worry about our specific recommendation. Otherwise, there is a
scope of introspection and dig into ‘possible relations’ among the covariate values
for each subject over the TPs.

Since the size of EG is very large, therefore we have considered one member of
this group and then found out the impact of our choice on subsequent Time Points 2
and 3.

We fix the same allocation of the subjects, shown in Table9.60, for Time point
2 and Time point 3. In Table9.61 we show the allocation of Z-values under each
treatment for Time point 1, Time point 2 and Time point 3. We denote the design
by di.

If we look at Table 9.60, then there is still chance to improve dj, i.e. if we permute
the allocation of the subjects where same covariate values appear in the rows of
Table 9.60, then there is a possibility to improve the value of 1> () and /3(y). Here the
possible rows are R2, R3,R4,R5,R7,R8. We have considered all 2! x 3! x 2! x 2! x 3! x
2! = 576 permutations. By computer search, we have found 7 () max = 1102.875 and
I(7)min = 1018.625 and the improvement of the design with 7(y)max (=1102.875)
over the design with /()min (=1018.625) is 8.27 % (=10280=1018:623 100 97)
only. In Table 9.62, we show the design with maximum /() and denote the design
by d>.

Now we consider the design with Iy, () = 1018.625 and denote it by d3. This
design is shown in Table 9.63.

Table 9.60 Allocation of subjects based on OCD for Time Point 1 [TP1]

M H P Allocation of subjects
M H P
0 0 1 16 23 5
2 2 1 2 6 13
4 4 4 9 12 15
6 5 5 8 7 20
6 6 7 18 22 1
7 8 9 11 19 14
10 10 10 10 17 21
14 14 11 3 4 24

Totals 49 49 48
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Table 9.61 Arrangement of the Z-values of the 24 subjects for Time point 1, Time point 2 and
Time point 3

(a) Time point 1

M H P
0 0 1
2 2 1
4 4 4
6 5 5
6 6 7
7 8 9
10 10 10
14 14 11
Totals 49 49 48
(b) Time point 2
H P M
0 0 4
4 5 1
6 3 10
6 6 5
6 7 0
6 7 10
8 11 4
14 10 12
Totals 50 49 46
(c) Time point 3
P M H
0 0 5
2 4 0
5 1 8
6 8 6
6 7 0
7 0 8
6 11 11
14 5 12
Totals 46 36 50

Here I4,(72) = 333.875, I4,(v3) = 385.25, Ig;(2) = 313.625 and Iy, (73) =
321.25. It follows that the relative efficiencies of dy and dz with respect to dy are
103.91 % and 95.97 %. Therefore, though we start with optimal design for Time point
1, yet there might be a chance of getting less efficient design (viz., d3) than dj at the
end of Time point 3. Fortunately, still d3 has a very high relative efficiency as against
do. So our decision is not too bad to look for an optimal design with reference to
Time point 1 and follow it through.
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Table 9.62 Design d» with maximum I ()

Time Point 1 Time Point 2 Time Point 3 Allocation
M| H P H P M| H P M| H| P
0 0 1 0 0 4 0 0 5116 |23 5
2 2 1 4 5 1 2 4 0 2 6 |13
4 4 4 6 3110 5 1 8 9 |12 |15
6 5 5 6 6 5 6 8 6 8 7 |20
6 6 7 6 7 0 6 7 0|18 |22 1
7 8 9 6 7 |10 7 0 8 | 11 |19 | 14
10 | 10 | 10 | 11 4 8 | 11 | 11 6 |17 |21 | 10
14 |14 |11 [ 10 | 14 | 12 5114 |12 4 3 |24
Totals 49 |49 | 48 |49 |46 |50 |42 | 45 | 45

Table 9.63 Design d3 with minimum I ()

Time Point 1 Time Point 2 Time Point 3 Allocation
M| H P M| H P M| H P M| H| P
0 0 1 0 0 4 0 0 5116 |23 5
2 2 1 5 4 1 4 2 0 6 2 |13
4 4 4 110 3 6 8 1 5115 |12 9
6 5 5 6 5 6 6 6 8 8 |20 7
6 6 7 7 6 0 7 6 0|22 |18
7 8 9 6 7 |10 7 0 8 |11 |19 | 14
10 | 10 |10 | 11 8 4 |11 6 |11 |17 |10 |21
14 |14 |11 |14 |10 |12 | 14 5112 3 4 |24
Totals 49 | 49 | 48 |59 |43 |43 | 57 | 26 | 49
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